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Abstract

This thesis presents a comprehensive investigation of the LASSO method in a non-

uniqueness regime and its ability of stable variable selection. We characterize when

LASSO may have non-unique solutions through a sufficient and necessary condition,

and how these non-unique solutions behave geometrically: all solutions must lie in the

same simplex within the same orthant, and they form a polytope structure in which

each corner represents the most parsimonious collection of features that does not

contain other corners. Leveraging this geometric structure, this work then explores

what to do to practically obtain these estimators, by proposing an efficient sampling

algorithm that returns uniformly distributed points on the polytope.

We present a non-asymptotic analysis of the ℓ2 coefficient error and feature se-

lection consistency for the non-unique LASSO, by restricting necessary conditions

(the eigenvalue condition and mutual incoherence condition) to a certain direction

or a subset of features. Our theoretical results show that, under strong assump-

tions, the non-unique LASSO is as theoretically efficient as the original LASSO.

Moreover, when dealing with features with multicollinearity in a dataset, numeri-

cal experiments demonstrate the superior stable variable selection performance of

our proposed non-unique LASSO over other existing algorithms, particularly if the

proper tuning parameters can be selected.
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Chapter 1

Introduction

Feature selection is a crucial process in statistics that involves identification of a

subset of relevant features (or variables) from a larger set for use in a statistical

model or analysis. This process has received significant attention in the research

community due to the ubiquity of high-dimensional data, and it finds application

in various fields such as bioinformatics, economics, and engineering. Among all the

available tools for feature selection, the most popular one is LASSO, which performs

parsimonious selection and coefficient estimation simultaneously.

This thesis aims to address a particularly challenging scenario in feature selection,

whereby a subset of features appears as linear combinations of others in a linear

model. To achieve this, this thesis explores and characterizes the LASSO in a non-

uniqueness regime, and hence contributes to the development of more effective feature

selection methods which could potentially benefit various fields and applications.

1.1 Previous Work

In this section, we briefly introduce some previous work related to feature selection.

While we cannot provide a comprehensive review of all the available methods, we will

mainly focus on those that prioritize stability and provide inference. In addition, we

discuss some properties and theoretical guarantees of LASSO that may benefit our

future analysis.
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1.1.1 Feature selection

Perhaps the most straightforward method for stable feature selection within the Fre-

quentist framework is through Bootstrap [Efr79], which is designed to estimate the

sampling distribution of estimated coefficients of any sparsity-induced algorithms,

such as LASSO [Tib96], SCAD [FL01], Elastic Net [ZH05], Adaptive LASSO [Zou06],

and MCP [Zha10]. This idea of “resampling” can be also applied to the Randomized

LASSO for creating a stability plot [MB10] that selects features based on a given

threshold and a given family-wise error rate.

Another category for stable feature selection is via a Debiased LASSO. This ap-

proach utilizes the LASSO estimate as a starting point and applies a debiasing op-

eration to generate an estimate that can be used to construct confidence intervals

([ZZ14], [Bü13], [vdGBRD14], [JM14]). Unlike most methods that estimate partial

regression coefficients, the Debiased LASSO directly estimates confidence intervals

for the full set of population regression parameters, although its implementation is

rather complicated and costly for a large problem size.

A recent line of research is the post-selection inference. The covariance test

([LTTT14], [TLT16]) assigns p-values to predictors as they are successively entered by

the LASSO. From a rather different perspective, [LSST16] characterizes the selection

events as a set of linear inequalities in the response vector, and derives a truncated

Gaussian distribution conditioned on this set for coefficients of each selected variable,

which yields exact p-values and confidence intervals. However, it is worth noting that

this approach may not be suitable for datasets that contain duplicate features.

In the Bayesian framework, feature selection is accomplished by selecting priors

that induce sparsity. One of the most well-known priors of this type is the Spike-and-

Slab prior [IR05]. This prior introduces a latent binary vector that induces a mixture
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of two components on the regression coefficients, one peaked at zero (the “spike”)

and the other a diffuse distribution (the “slab”). Nevertheless, the computational

efficiency of the Spike-and-Slab prior is limited in high-dimensional settings [TV22].

Stochastic search MCMC algorithms, for example, must explore a vast posterior space

of potential models.

Enjoying fast implementations, Global-Local Shrinkage priors have gained pop-

ularity in the Bayesian community with their excellent empirical behavior. The

“global” in “Global-Local” refers to a parameter that drives the overall sparsity level;

while the “local” parameters can either counteract the shrinkage towards zero that is

encouraged by small values of the “global” parameter, or further enforce it [TV22].

Some examples include the normal-gamma prior [BG10], the horseshoe prior [CPS10],

the generalized double Pareto prior [ABDL13], the Dirichlet-Laplace prior [BPPD15],

and the normal-beta prime prior [BG21].

1.1.2 LASSO

LASSO [Tib96] is a successful approach to achieve parsimonious feature selection and

simultaneous coefficient estimation. Given a response vector y ∈ Rn and a design

matrix X ∈ Rn×d, if we are willing to assume that y = Xθ∗ + ω where θ∗ ∈ Rd is a

true parameter and w ∈ Rn is the noise, then with a tuning parameter λn ≥ 0, the

LASSO estimator (solution) can be defined as

θ̂ ∈ arg min
θ∈Rd

1

2n
∥y −Xθ∥22 + λn ∥θ∥1 . (1.1)

The ℓ1-norm of coefficients as the penalty induces sparsity for the estimator,

and its convexity property also facilitates the computational process compared to

other concave penalties. However, when the design matrix X has highly-correlated
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columns, the LASSO estimator tends to be non-stable and only identify a subset of

the relevant features. Additionally, the special structure of ℓ1-norm penalty causes

trouble in obtaining a closed-form estimator, and makes it challenging to assess the

theoretical performance of the resulting estimator θ̂.

In order to understand the behavior of LASSO solutions compared with the true

model, [Wai19] develops upper bounds for the ℓ2 coefficient error ∥θ̂ − θ∗∥2 under

the restricted eigenvalue condition, as well as upper bounds for the prediction error

1√
n
∥Xθ̂ −Xθ∗∥2. [NRWY12] generalizes these results to generic M -estimators with

decomposable regularizers. Furthermore, the performance of the estimator θ̂ can

also be evaluated in terms of coordinate-wise variable selection. [ZY06] and [Wai09]

discuss the irrepresentable conditions that are necessary for the asymptotic analysis

of feature selection consistency, while [Wai19] extends this work to a non-asymptotic

version.

The aforementioned literature assumes the uniqueness of the true model and the

LASSO solution through strong conditions such as the restricted eigenvalue condition

(restricted strong convexity condition) and the mutual incoherence condition (irrep-

resentable condition). Fortunately, [Tib13] addresses the LASSO in a non-uniqueness

regime and obtains several meaningful results, such as several sufficient conditions

for the uniqueness of solutions, and a modified LARS algorithm that attains the

largest active set. Despite being mentioned in the discussion, the relationship be-

tween the solutions and true coefficients in the non-uniqueness regime has not been

well-addressed.
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1.2 Motivation

When a dataset contains highly-correlated features, detecting all the relevant ones

can be a challenging task. This issue can significantly hinder the utility of a model

in real-world applications and have an impact on interpretability. However, the situ-

ation becomes even more severe when the features are not just highly-correlated but

also exact linear combinations of other features. In such cases, none of the existing

methods perform well. As demonstrated in Figure 1.1, even in the low-noise and

low-correlation scenario, their sensitivity scores (the proportion of relevant features

that are selected) never surpass 75%. In fact, most features that are linear combi-

nations of other features are usually ignored, as they provide redundant information

for prediction.

Low noise, High correlation Medium noise, High correaltion High noise, High correaltion

Low noise, Low correlation Medium noise, Low correaltion High noise, Low correaltion

1000 2000 3000 4000 5000 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000

0.00
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0.00
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S
e
n
s
it
iv

it
y

Method

Bootstrap (CV)

Bootstrap (CV1SE)

LASSO (CV)

LASSO (CV1SE)

Horseshoe Prior

Stability Selection

Figure 1.1: Median sensitivity over 30 replicates verses sample size. For each case,
there are 20 repeated columns in the design matrix X.

The estimator is also unstable (non-unique) since features can be substitutable

for each other. For example, if X3 = 1
2
(X1 + X2) for a design matrix X ∈ Rn×3
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with one true parameter θ∗ = (1, 1, 0)⊤ and one estimator θ̂ = (1.2, 1.2, 0.1)⊤, then

ξ∗ = (0, 0, 2)⊤ can be another true parameter due to the same prediction value

Xθ∗ = Xξ∗, while ξ̂ = (0, 0, 2.5)⊤ can be another estimator because Xθ̂ = Xξ̂. In

this case, all of X1, X2, and X3 are relevant features and should not be ignored.

Therefore, this thesis is motivated to develop a novel framework that can effec-

tively detect all relevant features, even when they are presented as perfect linear

combinations of each other. In other words, the regression algorithm used in this

framework should be able to return non-unique estimators for true coefficients that

may also be non-unique, thereby allowing us to select the relevant features in a stable

and interpretable manner.

Interestingly, the non-unique estimators returned by LASSO method have more

intricate structure because of the ℓ1 penalty: the estimators not only preserve the

same prediction value but also maintain the same ℓ1-norm. This structure provides

the estimators with a special geometry and enables the analysis of the relationship

between θ∗ and θ̂. Hence, the second motivation of this thesis is to comprehensively

investigate the LASSO with non-unique solutions and make a theoretical contribution

to its analysis in a non-uniqueness regime.

Finally, in practice non-expert users of LASSO often neglect to check for multi-

collinearity in high-dimensional datasets before fitting the regression. Consequently,

they may blindly interpret the results and miss many equally important features.

This motivates this thesis to provide an approach that can help these users enhance

the credibility of their conclusions.
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1.3 Organization

This thesis focuses on the LASSO in a non-uniqueness regime and explores its ability

of feature selection with redundant features. The rest of this thesis is organized as

follows:

• In Chapter 2, we present the conditions and mechanisms under which LASSO

solutions become non-unique, along with an analysis of the geometric properties

of these non-unique estimators. To ensure clarity and conciseness, we focus on

essential definitions and lemmas that are critical for the development of this

thesis, while detailed proofs and other technical geometric results are provided

in Chapter 6.

• In Chapter 3, we demonstrate how to practically obtain these non-unique esti-

mators. We provide an intuitive justification for the proposed algorithm, while

leaving the proof details to Chapter 7. Additionally, we include a time analysis

of the proposed algorithm to demonstrate its efficiency.

• In Chapter 4, we assess the performance of estimators and investigate their the-

oretical guarantees, in terms of ℓ2-norm coefficient error and feature selection.

The prediction error is the same for uniqueness and non-uniqueness regimes.

Proofs are provided in Chapter 7.

• In Chapter 5, we validate the theoretical guarantees derived in Chapter 4

through simulations. We also conduct numerical experiments to compare the

feature selection performance of our non-unique LASSO method with other

existing methods.

• In Chapter 6, we delve deeper into on the geometric structure of both true

coefficients and the estimators of LASSO in the non-uniqueness regime.

7



• In Chapter 7, we present the proof details of lemmas, theorems, and corollaries

that are stated in Chapters 3 – 4.

• In Chapter 8, we conclude our thesis and discuss potential avenues for future

work.

8



Chapter 2

Problem Formulation

In this chapter, we provide a precise statement of the non-uniqueness of LASSO so-

lutions and necessary notations for the problem that is studied in this thesis. Specif-

ically, we (1) define the true coefficients and LASSO solutions (true theta set and

predicted theta set); (2) give a sufficient and necessary condition on the uniqueness

(or non-uniqueness); (3) study the geometric structure of theta sets.

2.1 LASSO regression and theta sets

The following lemma reveals a few basic facts about LASSO solutions as defined in

(1.1).

Lemma 1 (Lemma 1 of [Tib13]). For any y, X, and λn ≥ 0,

(a) There is either a unique LASSO solution or an (uncountably) infinite number

of solutions.

(b) Every LASSO solutions θ̂ gives the same fitted value Xθ̂.

(c) If λn > 0, then every LASSO solution θ̂ has the same ℓ1 norm,
∥∥∥θ̂∥∥∥

1
.

Since there might be infinitely many solutions for the optimization problem (1.1),

we define a predicted theta set (see Definition 1) to characterize all those solutions.

Additionally, in order to resemble the structure of LASSO solutions described in

Lemma 1, the true coefficients are allowed to be non-unique as well, as defined by

true theta set (see Definition 2).

9



Definition 1 (The predicted theta set). For a given design matrix X ∈ Rn×d, a

response y ∈ Rn and a tuning parameter λn > 0, the set of predicted thetas is

Θ̂ :=

{
θ ∈ Rd | θ ∈ arg min

ϑ∈Rd

1

2n
∥Xϑ− y∥22 + λn ∥ϑ∥1

}
.

Note that Θ̂ is not empty since the set Θ̂ is obtained by minimizing a convex

program which is always feasible.

Definition 2 (The true theta set). For a given design matrix X ∈ Rn×d and a

true coefficient θ∗ ∈ Rd, we assume that for any ϑ ∈ Rd such that Xϑ = Xθ∗,

∥ϑ∥1 ≥ ∥θ∗∥1. Under this setting, the set of true thetas is

Θ∗ :=

{
θ ∈ Rd | θ ∈ arg min

ϑ∈Rd
∥ϑ∥1 s.t. Xϑ = Xθ∗

}
.

Due to the assumptions on θ∗, the set of true thetas can also be written as

Θ∗ :=
{
θ ∈ Rd | ∥θ∥1 = ∥θ

∗∥1 and Xθ = Xθ∗
}
.

Clearly θ∗ ∈ Θ∗.

Remark. We use Θ to denote both Θ∗ and Θ̂ when we discuss their common

properties.

Now we define the active set to present all non-zero features.

Definition 3 (Active set). The active set of a vector θ is A(θ) := {j : θj ̸= 0}. The

active set of a set Θ is A(Θ) :=
⋃

θ∈ΘA(θ).

10



2.2 A necessary and sufficient condition on unique-

ness

Before investigating when the theta sets Θ∗ and Θ̂ would contain multiple elements,

we define the orthant, the simplex, and the kernel space of X (see Definitions 4 – 6).

Definition 4 (An orthant). Given a vector v ∈ {−1, 1}d, the orthant associated with

v (or simply, orthant v) is

Ov :=
{
θ ∈ Rd | θj · vj ≥ 0 for all j ∈ {1, · · · , d}

}
.

Definition 5 (A simplex in an orthant). A simplex in an orthant Ov is

Sv(τ) := {θ ∈ Ov | ∥θ∥1 = τ} ,

where τ specifies the ℓ1 norm of all points in the simplex.

Definition 6 (Kernel space of X). The kernel space of a matrix X ∈ Rn×d is

Ker(X) :=
{
θ ∈ Rd | Xθ = 0

}
.

We are now equipped to state a sufficient and necessary condition on the non-

uniqueness of thetas. This condition relies on the assumption that there must exist at

least one element in Θ∗ (and Θ̂), which is true per the Definitions 1 (and Definition 2).

Additionally, this condition applies to both Θ∗ and Θ̂, and for the sake of conciseness

we use Θ to represent both Θ∗ and Θ̂.

Lemma 2 (Sufficient and necessary condition). Suppose that θ ∈ Θ. The set Θ has

11



at least two distinct elements if and only if there exist 0 ̸= u ∈ Ker(X), v ∈ {−1, 1}d

and 0 ̸= k ∈ R, such that θ, θ + ku ∈ Ov and u ⊥ v. In particular, θ + ku ∈ Θ.

Lemma 2 reflects the geometric structure of a theta set Θ: a subset of a simplex

that preserves a kernel space structure. Figures 2.1a – 2.1c visualize theta sets from

2-D to 4-D, where the blue line (plane) in each figure represents Θ. To be specific, we

see two requirements for the set Θ to have multiple elements in addition to the given

θ ∈ Θ: (1) every vector u on the blue hyperplane is in Ker(X), and it is orthogonal

to the vector v (so is the entire set Θ and we say Θ ⊆ Sv(∥θ∥1)); (2) By moving from

θ along the direction u, it remains in the same orthant Ov, and every points on its

route are in the set Θ.

The first requirement on u “paves the way” for another element in Θ in addition

to θ, however, not every 0 ̸= u ∈ Ker(X)∩{ϑ : ϑ ⊥ v} will be on the blue hyperplane.

For example, in Figure 2.1d, the point θ must be outside of the orthant O(1,1,1) once

it moves along u. As a result, the non-uniqueness is not guaranteed unless we are

able to move through any u ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v} while still keep inside the same

orthant.

Since all elements in a theta set are placed in the same orthant, we are able to

define not only the sign of a vector, but also the sign of a theta set (see Definitions

7 – 8).

Definition 7 (The sign of a vector). The sign of θ ∈ Rd is

sgn(θ)j :=


1, θj > 0,

−1, θj < 0,

0, otherwise ,

12



(a) Θ ⊂ Sv(1) where v =
(1, 1)⊤

(b) Θ ⊂ Sv(1) where v =
(1, 1, 1)⊤

(c) Θ ⊂ Sv(1) where v =
(1, 1, 1, 1)⊤

(d) Θ ⊂ Sv(1) ̸= ∅ but the solution
is unique

(e) Θ∗ ⊂ Sv(1) and Θ̂ ⊂ Sv(0.8)
where v = (1, 1, 1)⊤

Figure 2.1: Geometric structures of Θ (The blue hyperplane).

for any j ∈ {1, . . . , d}.

Definition 8 (The sign of a theta set). The sign of a theta set Θ is

sgn(Θ)j =


1, θj > 0 ∃θ ∈ Θ,

−1, θj < 0 ∃θ ∈ Θ,

0, θj = 0 ∀θ ∈ Θ,

for any j ∈ {1, . . . , d}.

Particularly, for any j ∈ A(Θ), θ ∈ Θ, and v ∈ {−1, 1}d such that Θ ∈ Sv(∥θ∥1),

we have sgn(Θ)j = vj.
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Note that most of the time the dimension of v is different from the dimension of

Θ. For example, in Figure 2.1b, the set Θ is a 1-D segment although it lives in a

3-D orthant O(1,1,1). Similarly, the set Θ in Figure 2.1c is a 2-D plane while living

in a 4-D orthant O(1,1,1,1). In order to differentiate these two kinds of dimension, we

define an intrinsic basis and the intrinsic dimension of Θ (see Definition 9).

Definition 9 (The intrinsic basis of a theta set). Consider the matrix given a theta

set Θ:

U =

 X

sgn(Θ)⊤

 ∈ R(n+1)×d.

We denote by UA(Θ) ∈ R(n+1)×m the columns of U indexed by A(Θ) with |A(Θ)| = m.

Then the intrinsic basis of the theta set Θ is a kernel basis of UA(Θ). The intrinsic

dimension, denoted by r, is the rank of Ker(UA(Θ)).

When Θ∗ and Θ̂ are placed in the same orthant Ov, we have both Θ∗ ⊆ Sv(∥θ∗∥1)

and Θ̂ ⊆ Sv(∥θ̂∥1). Note that the two simplices Sv(∥θ∗∥1) and Sv(∥θ̂∥1) are parallel

to each other, which is implied by the following claim:

Lemma 3. Suppose that θ∗, ξ∗ ∈ Θ∗ ⊆ Sv(∥θ∗∥1) and θ̂, ξ̂ ∈ Θ̂ ⊆ Sv(∥θ̂∥1). For any

η̂ in Ov such that

η̂ = θ̂ + k · (θ∗ − ξ∗), k ∈ R \ {0},

it is also true that η̂ ∈ Θ̂. Similarly, for any η∗ in Ov such that

η∗ = θ∗ + k · (θ̂ − ξ̂), k ∈ R \ {0},

it is also true that η∗ ∈ Θ∗.

Figure 2.1e visualizes the Lemma 3 as follows: given the set Θ∗ (the green seg-

14



ment) and one θ̂ ∈ Θ̂, we may start from the point θ̂ and move along the direction

u = ξ∗ − θ∗ to find the entire set Θ̂ (the blue segment) as long as remaining in the

same orthant. Similarly, given the set Θ̂ (the blue segment) and one θ∗ ∈ Θ∗, we may

start from the point θ∗ and move along the direction û = ξ̂ − θ̂ to find the entire set

Θ∗ (the green segment) as long as remaining in the same orthant. In fact, the vector

u (and û) is the intrinsic basis of Θ∗ (and Θ̂).

For more technical details regarding the relative positions of Θ∗ and Θ̂, please see

Chapter 6.

2.3 The polytope structure

We now show the polytope structure of the theta sets.

Lemma 4. Both Θ∗ and Θ̂ are polytopes, where a polytope is the intersection of finite

number of half-spaces.

Proof. (1) Let

A =



X

−X

sgn(Θ∗)

−sgn(Θ∗)


, b =



Xθ∗

−Xθ∗

∥θ∗∥1

−∥θ∗∥1


.

Then for any ϑ∗ ∈ Rd, we have ϑ∗ ∈ Θ∗ if and only if Aϑ∗ ≤ b.

(2) Let

A =



X

−X

sgn(Θ̂)

−sgn(Θ̂)


, b =



Xθ̂

−Xθ̂∥∥∥θ̂∥∥∥
1

−
∥∥∥θ̂∥∥∥

1


,
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where θ̂ ∈ Θ̂. Then for any ϑ̂ ∈ Rd, we have ϑ̂ ∈ Θ̂ if and only if Aϑ̂ ≤ b.

One key to understand the polytope structure is the interpretation of corners in

the context of feature selection. We define each corner of the theta set Θ to be a most

parsimonious collection of features that does not contain each other. For example, if

both a = (1, 3, 2, 0, 0) and b = (1, 2, 2, 1, 0) are solutions, then the point b cannot be

a corner as A(a) ⊆ A(b). However, the point c = (0, 0, 0, 3, 3) being another solution

does not preclude the point a being a corner even if c is more parsimonious, since a

and c do not contain each other and stand for different feature representations.

Definition 10 (Corner). Suppose that a vector θ ∈ Θ ⊆ Ov. If θ is the only element

in Θ, then θ is a trivial corner. If Θ has multiple distinct elements, then θ is a

corner of Θ if there exists no u ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v} such that A(θ + u) ⊂ A(θ)

if θ + u ∈ Θ.

It is worth noting that the definition above is self-consistent in that it coincides

with the geometric definition of a polytope corner. We will elaborate this and other

properties of the corners with technical details in Chapter 6. Before concluding this

section, we introduce the concept of corner pair.

Definition 11 (Corner pair). Suppose that θ∗ ∈ Θ∗ ⊆ Ov and θ̂ ∈ Θ̂ ⊆ Ov for one

v ∈ {−1, 1}d. We call (θ∗, θ̂) a corner pair if

1. The vector θ∗ is a corner of Θ∗ and the vector θ̂ is a corner of Θ̂;

2. A(θ∗) ⊆ A(θ̂) or A(θ̂) ⊆ A(θ∗).
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Chapter 3

The Sampling Algorithm

In this chapter, we aim to answer the following question: how to find the theta sets Θ∗

and Θ̂ in practice if the dataset is given. As revealed by Lemma 1, when the theta

set has non-unique elements, they must be uncountably infinitely many. Another

perspective to see this is through the polytope structure: suppose that θ, ξ ∈ Θ, then

for any α ∈ (0, 1), we have αθ + (1 − α)ξ ∈ Θ due to the convexity. Therefore, it

is impossible to obtain all of the elements in a theta set practically. Fortunately, we

are able to approximate Θ by a set Θ̃ of iid samples that are uniformly distributed

on the polytope Θ.

3.1 Algorithm details

The set Θ̃ can be obtained by two steps. The first step, which has been well-researched

on, is to find any one element as a particular element. For a predicted theta θ̂ ∈ Θ̂,

[FHT10] develops fast algorithms for finding estimators of generalized linear models

with convex penalties by implementing cyclical coordinate descent. Based on these

results, they provide a package “glmnet” interfaced with R. In addition, a true theta

θ∗ ∈ Θ∗ can be found by a standard linear programming for the “slack version” of

coefficients (see Algorithm 1). Note that the input ξ∗ ∈ Rd achieves the same pre-

dicted value Xξ∗ as those achieved by any element in Θ∗, but ξ∗ does not necessarily

has the smallest ℓ1-norm. Here we use θ̃ ∈ Θ to denote this particular element when

we do not differentiate θ∗ ∈ Θ∗ and θ̂ ∈ Θ̂.
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Algorithm 1: Find one particular element find particular()

Input: The design matrix X ∈ Rn×d, and a given true coefficient ξ∗ ∈ Rd

that achieves the desired prediction value;
1 Solve the optimization problem: β∗ ← argminβ∈R2d 1⊤

2dβ

subject to
[
X −X

]
β = Xξ∗

β ≥ 0.
(3.1)

2 Transform the “slack” coefficient back to d-dimension:
θ∗ ← [β∗

1 − β∗
d+1, · · · , β∗

d − β∗
2d];

Output: One particular element θ∗ ∈ Θ∗.

The second step of the sampling algorithm, is to sample other elements from

the polytope using MCMC algorithms. One big challenge is to determine the right

orthant of Θ simply by the only one particular element θ̃ ∈ Θ that we obtained in

the first step. In other words, it is not trivial to recognize sgn(Θ)j for those j /∈ A(θ̃).

For example, in Figure 2.1a, the sign of the theta set is sgn(Θ) = (1, 1)⊤; however,

we may be uncertain about the sign of the second dimension if the particular element

we obtain is (1, 0)⊤. One possible solution is to try on both the orthants O(1,1) and

O(1,−1), but when the particular element is sparse enough the number of feasible

orthants would explode exponentially.

Fortunately, the “right” orthant of Θ, as defined by sgn(Θ), can be identified

using the facial reduction procedure that recognizes those always-zero dimensions

(see Algorithm 2). Note that the number of orthants we exam is of O(n) instead of

O(2d), which is powerful especially when n≪ d.

With the right orthant, we are now equipped to obtain a set of uniformly dis-

tributed samples on the polytope Θ (see Algorithm 3).

Additionally, all the linear programming in Algorithm 1 – 3 can be solved by the

lpSolve pacakge in R. The sampling on polytope in Algorithm 3 can be implemented

by the R package volesti [FCcifi22] which includes the function that draws i.i.d

18



Algorithm 2: Facial reduction facial reduction()

Input: The design matrix X ∈ Rn×d and one particular element θ̃ ∈ Rd

1 Construct the matrices

A′′ =

[
X −X
1⊤
d 1⊤

d

]
, b =

[
Xθ̃

∥θ̃∥1

]
;

2 for i← 1 to n+ 1 do
3 Solve the optimization problem

min
ξ∈Rn+1

c⊤ξ

s.t. A′′⊤ξ ≥ 0

b⊤ξ = 0

ξi = 1 or − 1

(3.2)

where c = 1n+1;
4 Obtain the auxiliary vector: z ← A′′⊤ξ;
5 if # (zj > 0, j ∈ {1, . . . , d}) ̸= 0 then
6 break;
7 end

8 end
9 Determine the right orthant s by

sj =


1, zj = 0,

0, zj > 0 and zj+d > 0,

−1, zj+d = 0,

j ∈ {1, · · · , d} ;

Output: The vector of right orthant s ∈ Rd.

samples uniformly distributed on a convex polytope.

Finally, we conclude this subsection by presenting two encapsulated algorithms

for users (see Algorithm 4 and 5).
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Algorithm 3: Target samples target draws()

Input: The design matrix X ∈ Rn×d, one particular element θ̃ ∈ Rd, the
sign of the right orthant s ∈ Rd, and number of draws p;

1 Construct the matrix

A =

[
X · diag(s)

1⊤
d

]
;

2 Remove column j of A for any j ∈ {k : sk = 0}: A← A[:, A(s)];
3 Find the kernel space V ← Ker(A);
4 Draw p i.i.d. uniformly distributed points of α from the polytope

−V α ≤ |θ̃A(s)|;
5 Obtain the absolute value of solutions θ(i) ← |θ̃A(s)|+ V α(i), i ∈ {1, . . . , p};
6 Add zero coordinates back: θ

(i)
j ← θ

(i)
j · (1− I(sj = 0)) for all j ∈ {1, . . . , d}

and i ∈ {1, . . . , p};
7 Place the solutions to right orthants: θ(i) ← diag(s) · θ(i), i ∈ {1, . . . , p};
Output: The set Θ̃ =

{
θ(i)|i = 1, · · · , p

}
.

Algorithm 4: Sample on Θ∗ sample true thetas()

Input: The design matrix X ∈ Rn×d, one given true coefficient ξ∗ ∈ Rd that
achieves the desired prediction value, and the number of draws p;

1 Find one particular element: θ∗ ← find particular(X, ξ∗);
2 Find the right orthant: s← facial reduction(X, θ∗);

3 Draw p uniformly distributed points: Θ̃← target draws(X, θ∗, s, p);

Output: The set Θ̃ of i.i.d. samples uniformly distributed on Θ∗.

Algorithm 5: Sample on Θ̂ sample pred thetas()

Input: The design matrix X ∈ Rn×d, the response variable y ∈ Rd, the
tuning parameter λ, and the number of draws p;

1 Find one particular element: θ̂ ← glmnet::glmnet(X, y, λ);

2 Find the right orthant: s← facial reduction(X, θ̂);

3 Draw p uniformly distributed points: Θ̃← target draws(X, θ̂, s, p);

Output: The set Θ̃ of i.i.d. samples uniformly distributed on Θ̂.

3.2 Algorithm justification

The algorithms can be justified with the following theorem. For technical details of

the proof please see Chapter 7.
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Theorem 1. The following statements are true (Statements 2 and 3 apply to both

the true theta set Θ∗ and the predicted theta set Θ̂):

1. The vector θ∗ ∈ Rd returned by Algorithm 1 is an element in Θ∗.

2. The vector s ∈ Rd returned by Algorithm 2 is sgn(Θ).

3. The set Θ̃ returned by Algorithm 3 is a collection of i.i.d. samples that are

uniformly distributed on the polytope Θ.

Now instead of rigorousness we justify the Algorithms 1 – 3 and explain the

intuition of Theorem 1 plainly in this section.

Algorithm 1 finds a particular element θ∗ ∈ Θ∗ by attempting to solve the opti-

mization problem in Definition 2:

arg min
θ∈Rd
∥θ∥1 s.t. Xθ = Xξ∗. (3.3)

However, it is generally difficult to minimize the ℓ1-norm of a vector, and therefore

we extend the θ ∈ Rd with slack variables into

β = [θ+1 , · · · , θ+d , θ
−
1 , · · · , θ−d ] ∈ R2d,

where θ+j = θj, θ
−
j = 0 if θj ≥ 0, and θ+j = 0, θ−j = −θj otherwise. This change of

variable transforms the optimization problem (3.2) to the optimization problem (3.1),

which is a linear programming and much easier to solve. In the proof of Statement 1

of Theorem 1 (see Chapter 7), we show the equivalence between the problem (3.1) and

the problem (3.2) and hence any solution to problem (3.1) after being transformed

back to d-dimension is exactly a particular element in Θ∗.
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Algorithm 2 finds the “right” orthants sgn(Θ) by bridging the desired sign with

an auxiliary vector. Specifically, in the proof of Statement 2 of Theorem 1 (see

Chapter 7), we show not only the equivalence between the set Θ̂ and the set B :={
β ∈ R2d : A′′β = b

}
, but also the following relationship: for any j ∈ {1, . . . , d}, we

have sgn(Θ)j > 0 if and only if there exists β ∈ B such that βj > 0 and βj+d = 0;

sgn(Θ)j = 0 if and only if βj = 0 and βj+d = 0 for all β ∈ B; sgn(Θ)j < 0 if and only

if there exists β ∈ B such that βj = 0 and βj+d < 0.

Table 3.1: The signs of β and z corresponding to sgn(Θ) for any j ∈ {1, . . . , d}.

βj βj+d zj zj+d

sgn(Θ)j > 0 βj > 0 ∃β βj+d = 0 ∀β zj = 0 zj+d > 0
sgn(Θ)j = 0 βj = 0 ∀β βj+d = 0 ∀β zj > 0 zj+d > 0
sgn(Θ)j < 0 βj = 0 ∀β βj+d > 0 ∃β zj > 0 zj+d = 0

Now the problem becomes how to determine the signs of β ∈ B. Fortunately,

the steps 2 – 8 in Algorithm 2, namely the facial reduction procedure, can return an

auxiliary vector z which enjoys the relationship with β ∈ B as shown in Table 3.1. In

other words, the facial reduction procedure performs as a bridge connecting the sign

of Θ with the vector of z, and by examining the signs of z we are able to determine

sgn(Θ).

Algorithm 3 returns a collection of i.i.d. samples uniformly distributed on Θ by

sampling only on its intrinsic basis. Note that the theta set Θ, although a polytope

itself, is non-degenerate and does not have a non-empty interior when its “intrinsic

dimension” is not of the same order as its active set. This issue will fail any standard

sampling algorithm on the polytope. For instance, in Figure 2.1b, a 3-D ball will be

proposed for a hit-and-run while the target 2-D region Θ is of measure zero in the

proposed ball. In this case, no new points can be accepted almost surely and the

MCMC cannot move or mix.
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Fortunately, the intrinsic basis as defined by Definition 9 is exactly the kernel space

V in Algorithm 3. Therefore, we transform the task of directly sampling on Θ into

the task of sampling the “coordinates” along the basis of V . In order to draw a new

θ, We move from the particular element θ̃ found previously along the basis in V for α

“step”, where α is uniformly drawn from the polytope Λ :=
{
α : −V α ≤ |θ̃A(s)|

}
. In

the proof of Statement 3 of Theorem 1 (see Chapter 7), we show that for any θ ∈ Θ,

there must exist an α ∈ Λ such that θA = θ̃A + diag(sA)V α, and vice versa. The

uniform distribution is preserved as well in this linear transformation. Hence, the set

Θ̃ returned by Algorithm 3 is indeed a collection of uniformly distributed samples on

the polyope Θ.

3.3 Time analysis

In this section, we conduct time analysis of the algorithms and make comparisons

both theoretically and numerically. Although we spend extra computation resources

to find the set Θ̃ instead of only one solution θ̃, we aim to compare this extra cost

with that of glmnet and Algorithm 1, and further argue that the sampling procedures

combined as Algorithm 4 and 5 are acceptable in terms of computation efficiency.

Table 3.2: Computation complexity of each algorithm.

One iteration Number of iterations
glmnet O(nd) O(1

ϵ
)

Algorithm 1 Between O(
√
nL) and O(4d) 1

Algorithm 2 Between O(
√
dL′) and O(2n) O(n)

Algorithm 3 O(dr) O(r3)

Table 3.2 shows the order of computation complexity in terms of n, d and the

intrinsic dimension r = rank(V ). Specifically, the R function glmnet implements
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a coordinate descent algorithm, which takes (nd) for an iteration [FHT10], namely

a complete cycle through all d variables. Although global convergence rates for

coordinate descent have not yet been well-established, [ST10] proves a convergence

rate of O(1/k) (where k is the iteration counter) under an isotonicity assumption,

and thus the number of iterations for convergence is approximately O(1/ϵ) given the

desired accuracy ϵ.

Note that the Algorithm 1 consists of exactly one linear program with a constraint

matrix in Rn×2d, while the Algorithm 2 consists of at most n+1 linear programs with

matrix in R2d×(n+1). Particularly, the number of iterations O(n) for Algorithm 2 is in

the worst case scenario and in practice this is often accomplished in a constant time.

For each linear program, the fastest algorithm ever known is the Renegar’s algorithm

[LS19]; this results in O(
√
nL) and O(

√
dL) for Algorithm 2 and 3 respectively, where

L and L′ are the time complexity for solving a linear system in each setting. However,

the most popular algorithm for linear programming, simplex algorithm (implemented

by lpSolve), has exponential complexity in the worst scenario.

Algorithm 3 implements a sampling algorithm on the polytope Λ = {α ∈ Rr : −V α

≤ |θ̃A(s)|
}
. The most popular choice is the hit-and-run algorithm [LV04] that takes

O(dr) to perform a binary search for each iteration and mixes approximately in O(r3).

In conclusion, the glmnet takes approximately O(nd/ϵ), Algorithm 1 takes be-

tween O(
√
nL) and O(4d), whereas Algorithms 2 and 3 combined together takes at

most between O(nd3/2r4L′) and O(n2ndr4).

Figure 3.1 compares the median running time over 30 replicates for glmnet (10-

fold cross validation), Algorithm 1, and Algorithms 2 – 3 combined (with 5000 in-

dependent draws) in different simulation settings. The running time for glmnet and

Algorithm 1 increases with more samples and this increment is amplified by a larger
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Figure 3.1: Median running time over 30 replicates verses sample size n for d ∈
{128, 256, 512} and r ∈ {1, 10, 20}.

dimension d, although it is not associated with the intrinsic dimension r. The run-

ning time for Algorithms 2 – 3, one the other hand, increases significantly with more

samples, more dimensions and especially more intrinsic dimensions. Fortunately, Al-

gorithms 2 – 3 do not take too long to find the set Θ, usually in a time less than 10

folds of the that spent on finding one particular solution.

Finally, we conclude this section by comparing the running time versus different

numbers of draws for Algorithm 3. In Figure 3.2, the experiment parameters are set

as n = 1000, d = 128, s = 16, and r = 6. The running time for glmnet (10-fold cross
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validation) and Algorithm 1 is not associated with the number of draws as analyzed

above, while the running time for Algorithms 2 – 3 combined increases linearly with

number of draws when keeping other parameters constant. Although we cannot know

the exact number of iterations needed to achieve good mixing, users should keep in

mind this perfect linear relationship between running time and number of draws, so

that practically a reasonable number of draws can be determined after taking into

consideration all affecting parameters including n, d and r.
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Figure 3.2: Median running time over 30 replicates verses number of draws (for
Algorithm 3) with 95% error bars.
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Chapter 4

Theoretical Guarantees

In this chapter, we investigate how the predicted theta set Θ̂ perform as an estimator

of the true theta set Θ∗. As the non-asymptomatic analysis in Chapter 7 of [Wai19],

we may develop theoretical guarantees for any θ∗ ∈ Θ∗ and any θ̂ ∈ Θ̂ from three

perspectives: (1) An upper bound for the ℓ2-norm of the coefficient error
∥∥∥θ̂ − θ∗

∥∥∥
2
;

(2) An upper bound for the prediction error
∥Xθ̂−Xθ∗∥

2√
n

; and (3) Feature selection

consistency. By Lemma 1, all elements in Θ̂ admit the same prediction value Xθ̂ for

any θ̂ ∈ Θ̂; similarly, all elements in Θ∗ also have the same prediction value Xθ∗ for

any θ∗ ∈ Θ∗ according to Definition 2. Consequently, by Theorem 7.5 of [Wai19],

when λn ≥ 2
∥∥∥X⊤w

n

∥∥∥
∞
, the squared prediction error is of at most O(λn ∥θ∗∥1):

∥∥∥X(θ̂ − θ∗)
∥∥∥2
2

n
≤ 12 ∥θ∗∥1 λn.

In other words, the prediction error result for our second perspective is the same for

both uniqueness and non-uniqueness regimes.

However, the upper bound result for the coefficient error,
∥∥∥θ̂ − θ∗

∥∥∥
2
≤ 3

√
sλn

κ

where κ is a constant in the restricted eigenvalue condition (Theorem 7.2 of [Wai19]),

is not necessarily true in the non-uniqueness regime. One intuition is that when

w ∼ N (0, σ2In) the tuning parameter λn is of order O( 1√
n
) in high probability, and

thus when the sample size n is large enough we have
∥∥∥θ̂ − θ∗

∥∥∥
2
→ 0 for any θ̂ ∈ Θ̂

and any θ∗ ∈ Θ∗, implying the uniqueness of solutions. This is due to the restricted

eigenvalue condition being too strong a constrain so certain types of relaxation on
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that condition are needed.

Similarly, the feature selection consistency result (Theorem 7.6 of [Wai19]) in-

dicates the uniqueness of LASSO solution as well. Therefore, some relaxation on

the original lower eigenvalue condition and the original mutual incoherence condi-

tion, as well as extra requirements for the column structures in X are critical in our

non-uniqueness regime.

4.1 Coefficient error

Intuitively, the distance between an arbitrary η̂ ∈ Θ̂ and an arbitrary η∗ ∈ Θ∗ may

vary even for the same X, y and λn. For example, in Figure 2.1e the coefficient error

∥θ∗ − θ̂∥2 may go to 0 when the simplex surface Sv(0.8) goes closer to Sv(1) as the

sample size n→∞; however, the error ∥θ∗− ξ̂∥2 may go to ∥θ∗ − ξ∗∥2 when the two

surfaces are close enough. In other words, different pairs of (η∗ ∈ Θ∗, η̂ ∈ Θ̂) lead to

different ℓ2-norm coefficient errors. Fortunately, when both Θ̂ ⊂ Ov and Θ∗ ⊂ Ov

for the same orthogonal vector v ∈ {−1, 1}d, the two theta sets are parallel to each

other against v, so the distance between η̂ and η∗ in the direction v must be invariant

for any η̂ ∈ Θ̂ and any η∗ ∈ Θ∗. Since it is reasonable to conjecture the closeness

(and consequently being in the the same orthant) for Θ∗ and Θ̂ when the sample size

n is large enough, we may relax the original restricted eigenvalue condition to the

direction v and obtain a slow convergence rate.

Theorem 2 (Slow convergence rate). Under the assumptions:

(a) A(Θ∗) = M ⊆ {1, 2, . . . , d} with |M | = m.

(b) Let v = sgn(Θ∗) ∈ Rd; denote by v∗ = vM ∈ Rm the non-zero part of v; denote

by Pv = v(v⊤v)−1v⊤ the projection matrix of v.
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(c) The design matrix satisfies

1

n
∥X∆∥22 ≥ κ ∥Pv∆∥22

for all

∆ ∈
{
∆ ∈ Rd : ∥∆Mc∥1 ≤ 2∥Pv∗∆M∥1 + ∥Pv∗θ

∗
M∥1 + ∥Pv∗⊥θ

∗
M∥1

}
.

Then for all θ∗ ∈ Θ∗, any solution in Θ̂ with regularization parameter λn ≥

2
∥∥∥X⊤w

n

∥∥∥
∞

satisfies the bound

∥∥∥Pvθ̂ − Pvθ
∗
∥∥∥
2
≤ λn

√
m

κ
+

√
λ2
nm+ λnκ(∥Pv∗θ∗M∥1 + ∥Pv∗⊥θ

∗
M∥1)

2κ
.

(a) Projections on v∗ = (1, 1)⊤ (b) Projections on v∗⊥ = (−1, 1)⊤

Figure 4.1: The projections of θ̂M with
∥∥∥θ̂M∥∥∥

1
= 1 on the directions v∗ = (1, 1)⊤

and v∗⊥ = (−1, 1)⊤.

The proof of Theorem 2 relies on such a fact: The projections of θ̂M on the

directions v∗ and v∗⊥ lead to ℓ1-norms no larger than
∥∥∥θ̂M∥∥∥

1
. For example, in Figure

4.1, we assume that Θ∗ ⊆ Sv∗(τ) where v
∗ = (1, 1)⊤ and

∥∥∥θ̂M∥∥∥
1
= 1, then regardless of
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the positions of θ̂M (inside or outside Sv∗(1)), we always have
∥∥∥Pv∗ θ̂M

∥∥∥
1
≤
∥∥∥θ̂M∥∥∥

1
and∥∥∥Pv∗⊥ θ̂M

∥∥∥
1
≤
∥∥∥θ̂M∥∥∥

1
. Particularly, when θ̂M ∈ Sv(1) we have

∥∥∥Pv∗ θ̂M

∥∥∥
1
=
∥∥∥θ̂M∥∥∥

1
.

Now we consider a special case of the classical linear Gaussian model.

Corollary 1. Suppose that for the linear model, (X, θ∗) satisfies the assumptions

(a) – (b) in Theorem 2, and w ∼ N (0, σ2In). In addition, the design matrix X is

C-column normalized, meaning that maxj∈{1,...,d}
∥Xj∥2√

n
≤ C. Then with

λn = 2Cσ

(√
2 log d

n
+ δ

)

where δ > 0, we have

∥∥∥Pvθ̂ − Pvθ
∗
∥∥∥
2
≤ λn

√
m

κ
+

√
λ2
nm+ λnκ(∥Pv∗θ∗M∥1 + ∥Pv∗⊥θ

∗
M∥1)

2κ

with probability at least 1− 2e−
nδ2

2 .

Under the setting of linear Gaussian model, the projected coefficient error has an

extra term of order O(
(log d)1/4·

√
m·(∥Pv∗θ

∗
M∥1+∥P

v∗⊥θ∗M∥1)1/2

n1/4κ1/2 ) with the tuning parameter

being of O( 1√
n
), if comparing with the uniqueness regime. However, Section 5.1 shows

through simulation that this projected error converges in a similar rate as the error∥∥∥θ̂ − θ∗
∥∥∥
2
in uniqueness regime. This implies that we may obtain a sharper upper

bound with improved proof technique in the future. For technical details of the proofs

for Theorem 2 and Corollary 1 please see Chapter 7.
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4.2 Feature selection consistency

As we previously argued, the lower eigenvalue condition and the mutual incoherence

condition (Theorem 7.6 of [Wai19]) applied to the entire dataset are too strong to

allow for the existence of multiple solutions. One strategy to relax these conditions

is to apply them only on a subset of features P ⊆ {1, . . . , d} to guarantee the selec-

tion consistency for a corner pair, and then extend the consistency property to the

remaining whole solution set.

Note that the structure of columns indexed by Pc := {1, . . . , d} \ P have to be

carefully designed such that both the existence of multiple solutions and the extension

of consistency property are valid. One motivation to construct so is based on the

Lemma 4 of [Tib13] that points out that if the entries of X ∈ Rn×p are drawn from

a continuous probability distribution on Rnp, then for any y and λ > 0, the LASSO

solution is unique almost surely. This result indicates that the non-uniqueness of

LASSO solution can only come from a design matrix of non-continuous distributions,

or from any continuous distribution with linear combinations of existing columns.

We establish a similar addition-column condition in Theorem 3 to achieve our goal.

Theorem 3 (Feature selection consistency). Given a design matrix X ∈ Rn×d, a

response vector y ∈ Rn. Assume that for an index set P ⊆ {1, · · · , d} with |P| = p:

(a) There exists θ∗ ∈ Θ∗ ⊆ Ov such that S = A(θ∗) ⊆ P with |S| = s and

Sc = P \ S.

(b) Lower eigenvalue:

γmin(
X⊤

S XS

n
) ≥ cmin > 0.
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(c) Mutual incoherence:

max
j∈Sc

∥∥(X⊤
S XS)

−1X⊤
S Xj

∥∥
1
≤ α.

(d) Addition-column condition: For any j ∈ Pc,

Xj =

mk∑
i=m1

aijXi +
mn∑

i=mk+1

bijXi

with ∣∣∣∣∣
mk∑

i=m1

aij · sgn(θ∗i )

∣∣∣∣∣+
mn∑

i=mk+1

|bij| ≤ 1

where {m1, · · · ,mk} ⊆ S and {mk + 1, · · · ,mn} ⊆ Sc.

Then for any λn ≥ 2
1−α

∥∥X⊤
ScΠS⊥(X)w

n

∥∥
∞, when

min
j∈S
|θ∗j | >

∥∥∥∥∥
(
X⊤

S XS

n

)−1

X⊤
S

w

n

∥∥∥∥∥
∞

+

∥∥∥∥∥
(
X⊤

S XS

n

)−1
∥∥∥∥∥
∞

λn︸ ︷︷ ︸
B(λn;X)

1. There exists θ̂ ∈ Θ̂ such that (θ∗, θ̂) is a corner pair with A(θ̂) = A(θ∗) and

∥∥∥θ̂ − θ∗
∥∥∥
∞
≤ B(λn;X).

2. Feature selection consistency:

⋃
θ∈Θ̂

A(θ) =
⋃
θ∈Θ∗

A(θ).

3. Corner distance: Suppose that K := {ξ∗ ∈ Θ∗ : ξ∗ is a corner, ξ∗ ̸= θ∗} is the
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set of all corners (other than θ∗) in Θ∗. If

B(λn;X) < min
ξ∗∈K

min
j∈A(ξ∗)

|ξ∗j | ·
minl∈S |θ∗l |
2maxl∈S |θ∗l |

,

then for each corner ξ∗ ∈ K, there exists ξ̂ ∈ Θ̂ such that

∥∥∥ξ∗ − ξ̂
∥∥∥
∞
≤
(
1 +
∥ξ∗ − θ∗∥∞
minj∈S |θ∗j |

)
·B(λn;X)

and A(ξ∗) ⊆ A(ξ̂).

The assumptions (a) – (c) and the magnitude of minj∈S |θ∗j | combined together

guarantee that there exists one θ̂P ∈ Rp such that A(θ∗) = A(θ̂P) for the same reason

in Theorem 7.6 of [Wai19]. The assumption (d) is a requirement for θ̂ = (θ̂P ,0d−p) to

be a LASSO solution to the optimization problem (1.1), and a requirement for (θ∗, θ̂)

to be a corner pair as well.

Interestingly, if we have feature selection consistency for one corner pair, then

any other features being selected should also be true features, and any other true

features should also be selected (see Lemma 14). For example, in Figure 4.2 where

the corner pair (θ∗, θ̂) admits the same active set {2, 3}, if another solution ξ̂ has

support including feature {1}, then by moving from θ∗ through the green line (which

has the same direction as the blue line), we may find other true coefficients that

have support including feature {1} as well; similarly, if another true coefficient ξ∗ has

support including feature {1}, then by moving from θ̂ through the blue line, we may

find other solutions that have support including feature {1}.

Additionally, the corner pair (θ∗, θ̂) have to be close enough to ensure that for

each corner ξ∗ ∈ Θ∗ we can find a paired ξ̂ ∈ Θ̂ such that A(ξ∗) ⊆ A(ξ̂) (see Lemma

15). Intuitively, as shown in Figure 4.2, if
∥∥∥θ̂ − θ∗

∥∥∥
2
is not small enough, we may end
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Figure 4.2: Feature selection consistency. The green segment represents Θ∗ and the
blue segment represents Θ̂.

up with one ξ̂ such that A(ξ∗) ̸⊆ A(ξ̂) by moving from θ̂ through the blue segment.

However, this will not be a concern if θ̂ and θ∗ are close enough such that the blue

solid segment moves to the position of the blue dashed segment. This “closeness”

requirement is reflected by the upper on B(λn;X). Moreover, the upper bound for∥∥∥ξ∗ − ξ̂
∥∥∥
2
is of the same order of that for

∥∥∥θ̂ − θ∗
∥∥∥
2
.

As a concluding remark of this section, we apply Theorem 3 to the classical linear

model and provide an approach to safely generate the dataset which satisfies all the

assumptions:

1. Set a true coefficient ξ∗ ∈ Rp with the active set S and s = |S| ≤ min {n, p};

2. Randomly draw each row of the design matrix Y ∈ Rn×p from N (0,Σ) where

Σij = ρ|i−j|, such that

max
j∈Sc

∥∥(Y ⊤
S YS)

−1Y ⊤
S Yj

∥∥
1
≤ α

where Sc = {1, · · · , p} \ S and 0 < α < 1. We denote cmin = γmin(
Y ⊤
S YS

n
) > 0.
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3. Construct the concatenated matrix X = [Y,W ] ∈ Rn×d where the columns of

W ∈ Rn×(d−p) are linear combinations of the columns in Y , and add d− p zeros

to the vector ξ∗ to obtain θ∗ = (ξ∗, 0d−p) ∈ Rd, such that there exists a non-zero

u ∈ Ker(X), a vector v ∈ {−1, 1}d, and k ∈ R satisfying θ∗, θ∗ + ku ∈ Ov and

u ⊥ v. In addition, we require that For any j ∈ {p+ 1, · · · , d},

Xj =

mk∑
i=m1

aijXi +
mn∑

i=mk+1

bijXi

with ∣∣∣∣∣
mk∑

i=m1

aij · sgn(θ∗i )

∣∣∣∣∣+
mn∑

i=mk+1

|bij| ≤ 1

where {m1, · · · ,mk} ⊆ S and {mk + 1, · · · ,mn} ⊆ Sc.

4. Generate y = Xθ∗ + w where w ∼ N (0, σ2).

Corollary 2. Assume that for the dataset (X, θ∗, w) generated using the strategy

above, we have maxj=1,··· ,d ∥Xj∥2 /
√
n ≤ C. Take

λn =
2Cσ

1− α

{√
2 log(p− s)

n
+ δ

}
(4.1)

for some δ > 0,

C0 =
1
√
cmin

+
2C

1− α

∥∥∥∥∥
(
X⊤

S XS

n

)−1
∥∥∥∥∥
∞

,

and

ϵ0 = min

{
minξ∗∈K minj∈A(ξ∗) |ξ∗j |

2maxl∈S |θ∗l |
, 1

}
·min

l∈S
|θ∗l |.

Then for any

n ≥
⌈ 2σ2C2

0 log p

(ϵ0 − δσC0)
2

⌉
+ 1,
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we have the feature selection consistency results in Theorem 3 with

B(λn;X) =
σ
√
cmin

{√
2 log s

n
+ δ

}
+

∥∥∥∥∥
(
X⊤

S XS

n

)−1
∥∥∥∥∥
∞

λn

and with probability at least 1− 4e−nδ2/2.

For technical details of the proofs for Theorem 3 and Corollary 2 please see Chap-

ter 7.
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Chapter 5

Numerical Experiments

In this chapter, we verify the theoretical results that were derived in Chapter 4,

as well as the performance of our non-unique LASSO when comparing with other

feature selection methods. We generate the data as follows: For the design matrix

X ∈ Rn×d, each row xi ∈ Rd is drawn i.i.d from a N (0,Σ), and the covariance matrix

Σij = ρ|i−j|. Then we divide the columns indices as {1, . . . , d} = S ∪ Sc ∪ Pc, where:

• S represents the active set of a corner θ∗ ∈ Θ∗ with |S| = s, and let θ∗S =

(1, . . . , 1)⊤ ∈ Rs.

• Columns indexed by Sc represent the irrelevant features with |Sc| = s̄, and let

θ∗Sc = (0, . . . , 0)⊤ ∈ Rs̄.

• Columns indexed by Pc with |Pc| = q are replaced with linear combinations of

those indexed by S, which satisfy the “Addition-column condition” in Theorem

3. Let θ∗Pc = (0, . . . , 0)⊤ ∈ Rq.

Note that the features indexed by P = S ∪ Sc, with |P| = p, are independent almost

surely and enjoy the unique true coefficient θ∗P . The features indexed by Pc, on the

other hand, bring in non-unique elements for the set Θ∗. The active set of Θ∗ is

A(Θ∗) = S ∪ Pc with |A(Θ∗)| = m. The relationship between S, Sc, P , Pc and

A(Θ∗) is summarized in Table 5.1. We will specify the form of linear combinations

for different settings in each specific section.

Besides the design matrix X and one corner θ∗, we also generate the response

variable y = Xθ∗ + w, where w ∈ Rn has i.i.d. N (0, σ2) entries.
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Table 5.1: The relationship between index sets S, Sc, P , Pc and A(Θ∗).

Set (Cardinality)
Sc (s̄) S (s) Pc (q)
P = Sc ∪ S (p = s̄+ s) Pc (q)
Sc (s̄) A(Θ∗) = S ∪ Pc (m = s+ q)

Coefficient of corner θ∗ 0s̄ 1s 0q

5.1 Bounds verification

In this section, we attempt to verify the upper bound we derived in Section 4.1.

Recall that the theoretical upper bound we obtained for
∥∥∥Pvθ̂ − Pvθ

∗
∥∥∥
2
is of

O(
(log d)1/2·

√
m·(∥Pv∗θ

∗
M∥1+∥P

v∗⊥θ∗M∥1)1/2

n1/4κ1/2 ) when λn is of O( 1√
n
). Although the parameter

κ is unknown and uncontrollable, we may compare this rate with the upper bound

of
∥∥∥θ̂ − θ∗

∥∥∥
2
in the uniqueness regime, O( (log d)

1/2·
√
s

n1/2kL
), which is deemed to be sharp

enough (Chapter 7 of [Wai19]). If the two upper bounds in both regimes behave

similarly as functions of n, d, and the correlation ρ between features, then they may

also share similar convergence rates.

For the experiment design, we set the sparsity s = ⌈
√
d⌉ and q = 2. In specific,

let S = {1, . . . , s}, Pc = {s+ 1, s+ 2}, and Sc = {s+ 3, . . . , d}. We induce multiple

thetas by setting Xs+1 = X1+X2

2
and Xs+2 = X1+X2+X3

3
. In this case, the set M in

Theorem 2 is A(Θ∗) = {1, . . . , s+ 2} with |M | = ⌈
√
d⌉ + 2; additionally, we have

v∗ = (1, . . . , 1)⊤ ∈ Rm.

Let λn = 2Cσ(
√

2 log d
n

+0.1), where C = maxj
∥Xj∥2√

n
. By implementing Algorithms

4 and 5, we obtain a collection H∗ of i.i.d samples drawn from Θ∗, and a collection

Ĥ of i.i.d. samples drawn from Θ̂. For each η∗ ∈ H∗ and each η̂ ∈ Ĥ, we calculate

their projected distance ∥Pvθ̂ − Pvθ
∗∥2.

Figures 5.1 – 5.3 compare the projected ℓ2-norm error ∥Pvθ̂ − Pvθ
∗∥2 in the non-

uniqueness regime (the left subfigures) with the ℓ2-norm error ∥θ̂−θ∗∥2 in the unique-
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Figure 5.1: The mean logarithm of ℓ2-norm coefficient error (over 50 replicates)
versus log n with 95% error bars.
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Figure 5.2: The ℓ2-norm coefficient error (over 50 replicates) versus log d with 95%
error bars.

ness regime (the right subfigures). Particularly, for Figure 5.1 we set d = 20, s = 5,

ρ = 0.1, and σ = 0.2; for Figure 5.2 we set n = 1000, ρ = 0.1, and σ = 0.2; for Figure

5.3, we set n = 1000, d = 20, s = 5, and σ = 0.2. The comparisons are conducted

in exactly the same experiment settings except that we have Pc = ∅ and m = s for
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Figure 5.3: The ℓ2-norm coefficient error (over 50 replicates) versus ρ with 95%
error bars.

the uniqueness regime. We see that the two errors, as functions of n, d and ρ, enjoy

quite similar values and converge in almost the same rate. However, this implies

that the rate we obtained in Section 4.1, O(
(log d)1/2·

√
m·(∥Pv∗θ

∗
M∥1+∥P

v∗⊥θ∗M∥1)1/2

n1/4κ1/2 ), is not

sharp enough; instead, we propose the actual convergence rate of the projected error

∥Pvθ̂ − Pvθ
∗∥2 to be O( (log d)

1/2·
√
m

n1/2κ
) although our proof technique must be improved

to attain this bound in the future.

5.2 Feature selection consistency

In this section, we attempt to compare the probability of correct variable selection

Pr(A(Θ̂) = A(Θ∗)) of our non-unique LASSO with that of original LASSO, when

the tuning parameter λ complies to the theoretical value (4.1). We are particularly

interested in this exact recovery probability versus sample size n, problem size d,

sparsity s and intrinsic dimension r.
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For the experiment design, we set the sparsity s =
√
d and r ∈ {1, 10, 20}. In

specific, let S = {1, . . . , s}, Pc = {s+ 1, . . . , s+ r}, and Sc = {s+ r + 1, . . . , d}. We

induce multiple thetas by setting Xj = Xs for all j ∈ Pc. In this case, the intrinsic

dimension r is exactly the same as |Pc| = q.

Let λn = 2Cσ/(1 − 0.2)(
√

2 log(p− s)/n + 0.1) where C = maxj
∥Xj∥2√

n
. By

implementing Algorithm 5, we obtain a collection Ĥ of i.i.d. samples drawn from

Θ̂. Then by repeating this process for N times, the probability of correct variable

selection can be estimated by P̂r(A(Θ̂) = A(Θ∗)) = 1
N

∑N
i=1 I(A(Ĥi) = A(Θ̂)), where

Ĥi is the collection obtained for the i-th time.

Figure 5.4 demonstrates how the exact recovery probability behaves for different

n, d, and r. For the uniqueness regime, we set Pc = ∅ and r = q = 0. For both

regimes, σ = 0.01 and ρ = 0.1. Generally speaking, the probability increases with a

larger sample size n and a smaller problem size d, however, it does not change too

much for different r. This conclusion is consistent with the theoretical results derived

in Section 4.2 which only involve n, s and p rather than q or r. Intuitively, as long

as the features in Pc satisfy the addition-column condition in Theorem 3, the feature

selection behavior of our non-unique LASSO should depend only on the particular

θ̂ with support in P . Therefore, the four similar sub-figures in Figure 5.4 behaves

similarly regardless of the intrinsic dimension.

5.3 Comparisons

In this section we compare our method with other existing algorithms which are

designed to achieve stable feature selection, including Stability Selection, Bootstrap,

and Bayesian linear regression with Horseshoe Prior. Before describing the simulation
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(a) Uniqueness regime.
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(b) Non-uniqueness regime when r = 1.
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(c) Non-uniqueness regime when r = 10.
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(d) Non-uniqueness regime when r = 20.

Figure 5.4: Estimated probability of exact recovery (over 50 replicates) versus sam-
ple size n (red for d = 128, green for d = 256, and blue for d = 512).

setting, we briefly introduce the three baseline methods mentioned above.

5.3.1 Baseline methods

The Stability Selection was proposed by [MB10] to estimate high-dimensional struc-

ture based on subsampling in combination with randomized LASSO algorithms. They
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provide an upper bound for the per-family error rate and achieve feature selection us-

ing a pre-specified selection probability threshold. Specifically, the expected number

V of falsely selected variables is bounded by

E(V ) ≤ 1

2πthr − 1

q2Λ
d
,

where πthr is the threshold of a feature’s inclusion probability, d is the number of

features, and qΛ is set as the number of selected variables that are determined by

the domain Λ for the regularization parameter. In practice, the Stability Selection

procedure can be implemented using the R function randLassoStabSel() in the

package monaLisa [MBSS21]. We choose the default function arguments: weakness

= 0.8, cutoff = 0.6, PFER = 10 and sampling.type = “MB”.

The Bootstrap is a popular nonparametric tool for assessing the statistical prop-

erties of complex estimators [Efr79]. [HTW15] takes advantage of the Boostrap as a

procedure to estimate the sampling distribution of cross-validated LASSO estimator

θ̂(λ̂CV ) and obtain corresponding confidence intervals for each coordinate. We regard

a feature as being selected if its confidence interval does not contain 0. In practice, the

Bootstrap procedure can be implemented using the R function bootLasso() in the

pacakge HDCI [LXL17]. We choose the default function arguments: B = 500, nfolds

= 10, type.boot = “residual”, alpha = 0.05, and standardize = “FALSE”. In

order to reduce the heterogeneity of performance caused by different tuning parame-

ters, we try both the method.cv = “cv” that minimizes the MSE, and the method.cv

= “cv1se” that follows the one-standard-error rule in cross validation.

The Horseshoe prior for Bayesian linear regression was proposed by [CPS09]. The

Horseshoe prior is a member of global-local scale mixtures of Gaussian distribution,

which concentrates most of its mass around 0 to eliminate weak signals and induce
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sparsity meanwhile keeps a heavy tail to allow for large signals. Specifically, the prior

πHS(θi|τ) is equivalent to:

θi|λi ∼ N (0, λ2
i τ

2), λi ∼ Cauchy+(0, 1).

Credible intervals generated from the posterior distribution provide a way to do

feature selection: a feature is regraded as selected if its credible interval does not

contain 0. In practice, the posterior distribution can be estimated by MCMC with the

R function horseshoe() in the pacakge horseshoe [vSCB19]. We choose the default

function arguments: method.tau = “halfCauchy”, method.sigma = ”Jeffreys”, burn

= 10000, nmc = 1000.

In addition to the baseline methods, we also describe the parameter choices and

the procedure of our non-unique LASSO. In order to reduce the heterogeneity of

performance caused by different tuning parameters, we choose both the λ that mini-

mizes the MSE, and the one following the one-standard-error rule in cross validation.

By implementing Algorithm 5, we obtain a collection Ĥ of i.i.d. samples uniformly

drawn from Θ̂. Then we estimate the active set A(Θ∗) by A(Ĥ).

Furthermore, we also implement a “subsampling” approach for the non-unique

LASSO. Specifically, we repeat the non-unique LASSO procedure for 30 times and

compute the probability of each feature being selected. A feature is deemed selected

if its inclusion probability exceeds 60%. Note that this choice of probability threshold

is ad-hoc and not guaranteed by any theory; however, choosing the same inclusion

probability as the Stability Selection method makes the comparison between them

much fairer.
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5.3.2 Data generation

Now we describe the data generation rules by specifying S, Sc and Pc. We consider

two types of true feature position (see Table 5.2): Type-1 position has the features

indexed by S and Pc occurring at roughly equally-spaced indices in between 1 and

d, while Type-2 position places S, Pc and Sc in sequence. The Type-1 position

is deemed to be a much “harder” case for LASSO-type feature selection algorithm

particularly when features are highly-correlated [HTT20]. Let Xj = XSs for any

j ∈ Ps in both types; in this case the intrinsic dimension r is exactly |Ps| = q.

Table 5.2: The index sets S, Pc and Sc for Type-1 an Type-2 feature positions given
d, s and m.

Type-1 Type-2

S
{
1 + ⌈d−m

m−1
⌉ · k : k ∈ {0, . . . , s− 1}

}
{1, . . . , s}

Pc
{
1 + ⌈d−m

m−1
⌉ · k : k ∈ {s, . . . ,m− 1}

}
{s+ 1, . . . ,m}

Sc {1, . . . , d} \ {S ∪ Pc} {m+ 1, . . . , d}

We compare six noise-correlation scenarios with different dimension d, sparsity

s, correlation ρ, and noise standard deviation σ, as shown in Table 5.3 which is

adapted from [BPVP20]. Note that the noise standard deviation can be determined

by σ2 = θ∗⊤Σθ∗/SNR. In addition, for each scenario we determine m by setting

m− s = r ∈ {1, 10, 20}.

Table 5.3: The noise-correlation scenarios. For each scenario, let s = d/8.

Low correaltion High correlation
Low noise ρ = 0.2, SNR = 6, d = 256 ρ = 0.7, SNR = 6, d = 256

Medium noise ρ = 0.2, SNR = 1, d = 128 ρ = 0.7, SNR = 1, d = 128
High noise ρ = 0.2, SNR = 0.05, d = 64 ρ = 0.7, SNR = 0.05, d = 64
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5.3.3 Metrics

We choose four popular metrics to assess feature selection performance: Sensitivity,

Specificity, False Discovery Rate, and F-score. The metrics are defined as follow:

• Sensitivity: the proportion of true features which are selected, which is given

by

Sen(Θ∗, Θ̂) :=
|A(Θ∗) ∩ A(Θ̂)|
|A(Θ∗)|

.

A sensitivity value closer to 1 corresponds to better performance.

• Specificity: the proportion of irrelevant features which are not selected, which

is given by

Spe(Θ∗, Θ̂) :=
|Ac(Θ∗) ∩ Ac(Θ̂)|
|Ac(Θ∗)|

.

A specificity value closer to 1 corresponds to better performance.

• False Discovery Rate (FDR): the proportion of selected features which are not

in the true support, which is given by

FDR(Θ∗, Θ̂) :=
|Ac(Θ∗) ∩ A(Θ̂)|
max{|A(Θ̂)|, 1}

.

A FDR value closer to 0 corresponds to better performance.

• F-score: the harmonic mean of 1− FDR and sensitivity, which is given by

FS(Θ∗, Θ̂) := 2×
Sen(Θ∗, Θ̂)×

[
1− FDR(Θ∗, Θ̂)

]
Sen(Θ∗, Θ̂) +

[
1− FDR(Θ∗, Θ̂)

] .
A F-score value closer to 1 corresponds to better performance.
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5.3.4 Simulation results

Figures 5.6 – 5.11 demonstrate how the baseline methods and our non-unique LASSO

behave in terms of sensitivity, specificity, FDR and F-score, when the sample size n

increases from 500 to 5000, for both Type I and Type II feature positions, intrinsic

dimension r ∈ {1, 10, 20}, and all six noise-correlation scenarios.

Note that the non-unique LASSO-related methods, including N-u-LASSO (CV),

N-u-LASSO (CV1SE), N-u-LASSO Subsampling (CV), and N-u-LASSO Subsam-

pling (CV1SE) in the figures, achieve overall better feature selection performance

in terms of higher F-scores, for lower correlation between features, a higher SNR, a

larger intrinsic dimension and the Type-2 position.

However, the advantages of these non-unique LASSO-related methods are not

evident when r = 1, which represents the worst-case scenario. In this scenario,

the non-unique LASSO (CV1SE) performs slightly better than other methods in

detecting relevant features when the noise is low to medium, and the non-unique

LASSO (CV) performs slightly better when the noise is high, but both methods tend

to recognize more features than they should. Overall, many baseline methods are

comparable to and even perform better than the non-unique LASSO in terms of the

F-score, especially the Horseshoe Prior for low to medium noise and the Bootstrap

(CV) for high noise.

Additionally, the subsampling approaches for non-unique LASSO do not show

any improvement over the original versions due to the ad-hoc choice of the inclusion

probability threshold. In fact, when r = 1 the non-unique LASSO behaves similarly

to the original LASSO; therefore, Figures 5.6 – 5.7 provide a benchmark to observe

any underlying benefits of our non-unique LASSO methods as the intrinsic dimension

increases.

47



Fortunately, the strengths of the non-unique LASSO over other baseline methods

are magnified when the intrinsic dimension r increases to 20 and when the features

are of Type-2. As shown in Figure 5.11, we observe that the highest sensitivity score

is always attained by one of our non-unique LASSO-related methods. Particularly,

when the noise level is low to medium, the N-u-LASSO (CV1SE) selects almost every

relevant features as the sample size n increases to 5000, while the sensitivity score

for other baseline methods never exceeds 75%. On the other hand, when the noise

level is high, the N-u-LASSO (CV) is able to select more than 60% relevant features

for large n whereas other baseline methods never select more than 40%. In order to

investigate if the improved sensitivity is due to better detection of features providing

redundant information, we examine the proportion of features indexed by Pc that

are selected when n = 5000 and the feature position is of Type-2. Figure 5.5 shows

that in all three scenarios, non-unique LASSO-related methods exhibit significantly

greater detection ability than other baseline methods, achieving a 100% detection

rate in low and medium noise cases.

Additionally, now the FDR value of N-u-LASSO (CV1SE) for low to medium

noise level, and that of N-u-LASSO (CV) for high noise level, are comparably lower

than other baseline methods.

Lately, the N-u-LASSO Subsampling almost always achieves higher F-scores than

Bootstrap when they are using the same tuning parameter. Both N-u-LASSO Sub-

sampling and Bootstrap involve multiple estimation procedures to eliminate the noise

effect, however, the N-u-LASSO Subsampling has a better chance to detect more un-

derlying relevant features by exploring the solution set geometrically. For the same

reason, although the non-unique LASSO subsampling approaches do not perform

better than their non-subsampling versions because of the ad-hoc choice for inclu-

sion probability threshold, there always exists a tuning parameter such that the
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Figure 5.5: The proportion of features indexed by Pc that are selected (over 30
replicates) for different methods, when n = 5000 and feature position is of Type-2.

N-u-LASSO Subsampling performs better than the Stability Selection with the same

inclusion probability threshold 0.6.

In conclusion, when the intrinsic dimension is large, the non-unique LASSO

method improves the ability of detecting columns indexed by Pc, but it in nature

intends to include more irrelevant features as well, which is a property from LASSO

([BPVP20] and [HTT20]). Fortunately, in many applications, missing relevant fea-

tures is more costly and more severe than including insignificant features. Moreover,

this weakness can be alleviated if we choose λCV for low to medium noise level and

choose λCV1SE for high noise level. The non-unique LASSO may not be a compre-

hensive enough method to handle all kinds of situations, but our simulation shows

its power when redundant but still important features exist in the dataset.
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Figure 5.6: The median values of each metric (over 30 replicates) versus sample size
n for intrinsic dimension r = 1 and Type-1 position.
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Figure 5.7: The median values of each metric (over 30 replicates) versus sample size
n for intrinsic dimension r = 1 and Type-2 position.
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Figure 5.8: The median values of each metric (over 30 replicates) versus sample size
n for intrinsic dimension r = 10 and Type-1 position.
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Figure 5.9: The median values of each metric (over 30 replicates) versus sample size
n for intrinsic dimension r = 10 and Type-2 position.
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Figure 5.10: The median values of each metric (over 30 replicates) versus sample
size n for intrinsic dimension r = 20 and Type-1 position.
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Figure 5.11: The median values of each metric (over 30 replicates) versus sample
size n for intrinsic dimension r = 20 and Type-2 position.
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Chapter 6

More on Geometric Structures of Theta

Sets

In this section, we elaborate more on the geometric properties of theta sets Θ with

technical details.

6.1 The relative positions

We begin with a statement on the condition for two thetas in the same simplex.

Lemma 5. Suppose θ, ξ ∈ Ov, let τ = ∥θ∥1 and θ ∈ Sv(τ). We have ξ ∈ Sv(τ) if

and only if ⟨θ − ξ, v⟩ = 0.

Proof. For the conciseness of notations, let M1 := {j : θj > 0}, M2 := {j : θj < 0}

and M3 := Ac(θ). Correspondingly, vj = 1 for all j ∈M1 and vj = −1 for all j ∈M2;

otherwise it is impossible to have θj · vj ≥ 0 for all j ∈ {1, · · · , d} which comes from

the fact that θ ∈ Ov. In this case, we have

⟨θ, v⟩ = ⟨θM1 , vM1⟩+ ⟨θM2 , vM2⟩+ ⟨θM3 , vM3⟩ = ∥θM1∥1 + ∥θM2∥1 + 0 = ∥θ∥1 .

and similarly, we have ⟨ξ, v⟩ = ∥ξ∥1.

Now we show the necessity. If θ, ξ ∈ Sv(τ), then ∥θ∥1 = ∥ξ∥1 = τ . As a result,

⟨θ − ξ, v⟩ = τ − τ = 0. Next we show the sufficiency. If ⟨θ − ξ, v⟩ = 0, then

⟨θ, v⟩ = ⟨ξ, v⟩ which indicates that ∥θ∥1 = ∥ξ∥1. Take τ = ∥θ∥1, then both θ and ξ

are on the simplex Sv(τ).
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This result reveals that for any θ, ξ ∈ Sv(τ), the vector v is orthogonal to the

vector θ − ξ. As shown in Figure 6.1, the simplex surface Sv(1) where v = (1, 1, 1)⊤,

is orthogonal to the vector v, so is any segment on the Sv(1).

Figure 6.1: Two distinct solutions θ and ξ on Sv(1) where v = (1, 1, 1)⊤.

The following lemma rigorously states that any two elements in a theta set live

in the same simplex Sv(τ). Particularly, in addition to be orthogonal to v, the vector

connecting any two elements must be in Ker(X) as well.

Lemma 6. For any given y,X and λn > 0, suppose that θ∗, ξ∗ ∈ Θ∗ are any two

distinct true thetas, and θ̂, ξ̂ ∈ Θ̂ are any two distinct LASSO solutions.

1. There exists a vector v ∈ {−1, 1}d such that both θ∗ and ξ∗ are in the orthant

Ov. In addition, ξ∗ ∈ Sv (∥θ∗∥1).

Similarly, there exists a vector w ∈ {−1, 1}d such that both θ̂ and ξ̂ are in the

orthant Ow. In addition, ξ̂ ∈ Sw(
∥∥∥θ̂∥∥∥

1
).

2. Take the direction u = θ∗−ξ∗, then u ⊥ v and u ∈ Ker(X) for any v ∈ {−1, 1}d

such that θ∗, ξ∗ ∈ Sv(∥θ∗∥1). Similarly, take the direction û = θ̂− ξ̂, then û ⊥ w

and û ∈ Ker(X) for any w ∈ {−1, 1}d such that θ̂, ξ̂ ∈ Sw(
∥∥∥θ̂∥∥∥

1
).
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Proof. 1. (a) By the Definition 2, we know ∥θ∗∥1 = ∥ξ∗∥1. Suppose that for any

v ∈ {−1, 1}d, θ∗ and ξ∗ do not belong to the same orthant Ov, then there must

exist a non-empty index set M ⊆ {1, · · · , d} such that for any j ∈ M we have

sgn(θ∗)j · sgn(ξ∗)j < 0; whereas for any j /∈ M we have sgn(θ∗)j · sgn(ξ∗)j ≥ 0.

As a result, for any

η∗ = αθ∗ + (1− α)ξ∗, α ∈ (0, 1),

we have

∥η∗M∥1 = ∥αθ
∗
M + (1− α)ξ∗M∥1

=
∑
j∈M

|αθ∗j + (1− α)ξ∗j |

<
∑
j∈M

α|θ∗j |+ (1− α)|ξ∗j |

= α ∥θ∗M∥1 + (1− α) ∥ξ∗M∥1 ,

and

∥η∗Mc∥1 = ∥αθ
∗
Mc + (1− α)ξ∗Mc∥1

=
∑
j /∈M

|αθ∗j + (1− α)ξ∗j |

=
∑
j /∈M

α|θ∗j |+ (1− α)|ξ∗j |

= α ∥θ∗Mc∥1 + (1− α) ∥ξ∗Mc∥1 .

These indicate that

∥η∗∥1 < α ∥θ∗∥1 + (1− α) ∥ξ∗∥1 = ∥θ
∗∥1 ,
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but

Xη∗ = αXθ∗ + (1− α)Xξ∗ = Xθ∗,

implying that θ∗ and ξ∗ do not attain the minimal ℓ1-norm among all θ’s sat-

isfying Xθ = Xθ∗, which leads to a contradiction.

(b) By Lemma 1, we have Xθ̂ = Xξ̂ and ∥θ̂∥1 = ∥ξ̂∥1. Consequently, we can

construct a similar argument as (a). Suppose that for any w ∈ {−1, 1}d, θ̂ and

ξ̂ are not in the same orthant Ow, then there must exist a non-empty index set

K ⊆ {1, · · · , d} such that for any j ∈ K we have sgn(θ̂) · sgn(ξ̂) < 0; whereas

for any j /∈ K we have sgn(θ̂) · sgn(ξ̂) ≥ 0. As a result, for any

η̂ = α′θ̂ + (1− α′)ξ̂, α′ ∈ (0, 1),

we have

∥η̂K∥1 =
∥∥∥α′θ̂K + (1− α′)ξ̂K

∥∥∥
1

=
∑
j∈K

|α′θ̂j + (1− α′)ξ̂j|

<
∑
j∈K

α′|θ̂j|+ (1− α′)|ξ̂j|

= α′
∥∥∥θ̂K∥∥∥

1
+ (1− α′)

∥∥∥ξ̂K∥∥∥
1
,
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and

∥η̂Kc∥1 =
∥∥∥α′θ̂Kc + (1− α′)ξ̂Kc

∥∥∥
1

=
∑
j /∈K

|α′θ̂j + (1− α′)ξ̂j|

=
∑
j /∈K

α′|θ̂j|+ (1− α′)|ξ̂j|

= α′
∥∥∥θ̂Kc

∥∥∥
1
+ (1− α′)

∥∥∥ξ̂Kc

∥∥∥
1
.

These indicate that

∥η̂∥1 < α′
∥∥∥θ̂∥∥∥

1
+ (1− α′)

∥∥∥ξ̂∥∥∥
1
=
∥∥∥θ̂∥∥∥

1
,

but η̂ achieves the same prediction value:

Xη̂ = α′Xθ̂ + (1− α′)Xξ̂ = Xθ̂,

implying that

1

2n
∥Xη̂ − y∥22 + λn ∥η̂∥1 <

1

2n

∥∥∥Xθ̂ − y
∥∥∥2
2
+ λn

∥∥∥θ̂∥∥∥
1
.

The result θ̂ /∈ Θ̂ leads to a contradiction.

In fact, Lemma 11 of [Tib13] states the same result from a different perspective:

by analyzing the subgradient from KKT conditions, we conclude that any two

distinct θ̂, ξ̂ ∈ Θ̂ must satisfy θ̂j · ξ̂j ≥ 0 for j = 1, · · · , d, so they must live in

the same orthant.

2. First we show that u lives in the kernel space of X. Since Xθ∗−Xξ∗ = Xu = 0,

we have u ∈ Ker(X).
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Next we show that u ⊥ v. Since both θ∗ and ξ∗ are in Sv(∥θ∗∥1), by Lemma 5

we have ⟨θ∗ − ξ∗, v⟩ = 0, which implies that u ⊥ v.

We can construct a similar argument for θ̂ and ξ̂.

Note that the results for any two distinct solutions can be extended to the whole

solution set.

Lemma 7. Given a theta set Θ including non-unique elements θ and ξ:

1. For any v ∈ {−1, 1}d such that vj = sgn(Θ)j where j ∈ A(Θ), we have Θ ⊆

Sv(τ) where τ = ∥θ∥1.

2. Suppose that u = θ − ξ. Then uA(Θ) is in the span of intrinsic basis of Θ.

Proof. 1. According to Statement 1 of Lemma 6, we have θj · ξj ≥ 0 for any

j ∈ {1, . . . , d} and any θ, ξ ∈ Θ. Therefore, it causes no conflict to take vj = 1

when θj > 0 ∃θ ∈ Θ, and vj = −1 when θj < 0 ∃θ ∈ Θ; when θj = 0 ∀θ ∈ Θ,

the corresponding vj can be either −1 or 1. Then by Definition 4, we have

θ ∈ Ov for any θ ∈ Θ since θj · vj ≥ 0 for all j ∈ {1, . . . , d}. In addition, note

that ∥θ∥1 is invariant for all θ ∈ Θ, and thus θ ∈ Sv(∥θ∥1) by Definition 5. This

implies that Θ ⊆ Sv(∥θ∥1).

Particularly, this construction of v includes all possible v ∈ {−1, 1}d such that

vj = sgn(Θj) where j ∈ A(Θ).

2. Note that uAc(Θ) = 0. Hence, it suffices to show that (a) Xu = 0; and (b)

sgn(Θ)⊤u = 0.

The argument (a) holds by Statement 2 of Lemma 6.
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For argument (b), note that θ, ξ ∈ Θ ⊆ Sv(τ), and by Statement 2 of Lemma

6 we have u ⊥ v. Since sgn(Θ)j = vj for all j ∈ A(Θ) and uAc(Θ) = 0, we have

sgn(Θ)⊤u = 0.

Now we are well-equipped to prove Lemma 3.

Proof of Lemma 3

Proof. First we show that η̂ ∈ Θ̂. Note that it suffices to show Xθ̂ = Xη̂ and

∥η̂∥1 = ∥θ̂∥1.

(a) Since θ∗, ξ∗ ∈ Θ∗, by definition we have Xθ∗ = Xξ∗. As a result,

Xη̂ = Xθ̂ + k ·X(θ∗ − ξ∗) = Xθ̂.

(b) Since

η̂ − θ̂ = k · (θ∗ − ξ∗) = k · u, k ∈ R \ {0},

we have
〈
η̂ − θ̂, v

〉
= k ⟨u, v⟩ = 0 by the necessity of Lemma 5. Then by the

sufficiency of Lemma 5, we have η̂, θ̂ ∈ Sv(τ) where τ = ∥η̂∥1 =
∥∥∥θ̂∥∥∥

1
, implying

that they share the same ℓ1-norm.

We can construct a similar argument for η∗.

Now we prove the sufficient and necessary condition in Lemma 2.

Proof of Lemma 2

Proof. We first show the necessity. If the set Θ has non-unique elements θ and ξ, then

by Statement 1 of Lemma 6, there exists a vector v ∈ {−1, 1}d such that θ, ξ ∈ Ov.
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In addition, if we take u = ξ − θ and k = 1, then by Statement 2 of Lemma 6, we

have u ∈ Ker(X), u ⊥ v, and θ + ku = ξ ∈ Θ.

Then we show the sufficiency. With the given conditions, in order to show that

θ + ku ∈ Θ, it suffices to show that (a) Xθ = X(θ + ku) and (b) ∥θ∥1 = ∥θ + ku∥1.

Since u ∈ Ker(X), we have k ·Xu = 0 so property (a) holds. In addition, since u ⊥ v,

we have ⟨u, v⟩ = 1
k
⟨(θ + ku)− θ, v⟩ = 0. Since both θ and θ + ku are in the orthant

Ov, by Lemma 5, we have θ, θ + ku ∈ Sv(τ) where τ = ∥θ∥1. As a result, property

(b) holds.

Finally, we propose a lemma that aims to facilitate other proofs in later (sub)-

sections.

Lemma 8. Suppose that θ, ξ ∈ Θ ⊆ Ov and θ ̸= ξ. Now take η = θ+ k(ξ − θ) where

k ∈ R. If θj · ηj ≥ 0 for all j ∈ {1, . . . , d}, then η ∈ Θ.

Proof. By Statement 2 of Lemma 6, for u = ξ−θ ̸= 0 we have u ⊥ v and u ∈ Ker(X).

Since θj · ηj ≥ 0, we know η ∈ Ov. Therefore, by Lemma 2 we have η ∈ Θ.

6.2 More on the polytope

In section 2.3 we showed that the theta set Θ is a polytope which is defined as the

intersection of finite number of half-spaces. We now discuss more properties of its

corners.

Lemma 9. A corner θ ∈ Θ ⊆ Sv(∥θ∥1) is the only element with the active set A(θ)

in Θ.

Proof. We prove by contradiction. Suppose that there exists another ξ ∈ Θ such that

A(ξ) = A(θ). Take u = ξ − θ. Now we proceed this proof with 3 steps.
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Step 1: Show that there must exist j such that uj · θj < 0. Otherwise, the set

index {1, . . . , d} can be partitioned as M1 ∪M2 ∪M3 where M1 := Ac(u), M2 :=

{j : uj · θj > 0}, and M3 := {j : θj = 0, uj ̸= 0}. For all j ∈ M1, we have ξj = θj.

When j ∈M2, since both θ and ξ must be in the same orthant, uj ·θj = (ξj−θj)·θj > 0

implies either ξj > θj > 0 or ξj < θj < 0. For all j ∈ M3, we have θj = 0 but

|ξj| = |uj| > 0. Combining the three pieces together we have ∥ξ∥1 > ∥θ∥1, leading to

a contradiction. Therefore, there must exist j ∈ A(θ) such that uj · θj < 0.

Step 2: Find one η ∈ Θ such that A(η) ⊂ A(θ). By Step 1 it is valid to take

k = minj:uj ·θj<0 {|θj|/|uj|} > 0 and i ∈ argminj:uj ·θj<0 {|θj|/|uj|} ⊆ A(θ). Now

consider η = θ + ku, then

• We have ηi = 0, because: (1) When θi > 0, we have ui < 0 so ηi = θi +

kui = θi − θi/ui · ui = 0; (2) Similarly, when θi < 0, we have ui > 0 so

ηi = θi + kui = θi − θi/ui · ui = 0.

• For any j ∈ A(θ) \ {i} we have sgn(θj) · sgn(ηj) > 0, because: (1) When

ξj ≥ θj > 0, we have ηj = θj + k(ξj − θj) > 0; (2) When θj > ξj > 0, we

have 0 < k < θj/(θj − ξj) so ηj = θj + k(ξj − θj) > θj − θj = 0; (3) When

ξj ≤ θj < 0, we have ηj = θj + k(ξj − θj) < 0; (4) When θj < ξj < 0, we have

0 < k < −θj/(ξj − θj) so ηj = θj + k(ξj − θj) < θj − θj = 0.

• For any j ∈ Ac(θ), we have ξj = 0 as well since A(ξ) = A(θ). Hence uj =

ξj − θj = 0. Consequently, ηj = θj + kuj = 0.

The analysis above indicates that θj · ηj ≥ 0 for all j ∈ {1, . . . , d}. By Lemma 8, we

know η ∈ Θ. In addition, we have A(η) ⊂ A(θ), since ηj = 0 for all j ∈ Ac(θ), and

ηi = 0 but i ∈ A(θ).

Step 3: Induce a contradiction. Now we find one θ + k(ξ − θ) = η ∈ Θ such that
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A(η) ⊂ A(θ), and k(ξ − θ) ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v} by Statement 2 of Lemma 6.

Then by Definition 10 the point θ is not a corner. This leads to a contradiction.

Based on this result, the following lemma shows that the corner in Definition 10 is

exactly the geometric corner of the polytope Θ ⊆ Sv(∥θ∥1). Note that by Statement

2 of Lemma 6 , for any two distinct points θ, ξ ∈ Θ, the direction u = θ − ξ must be

inside Ker(X) ∩ {ϑ : ϑ ⊥ v}. Therefore, the inability to move both directions along

any such u from θ coincides with the geometric definition of a corner of the polytope.

Lemma 10. Suppose that a vector θ ∈ Θ ⊆ Ov. The vector θ is a corner if and only

if there exists no u ∈ Ker(X)∩ {ϑ : ϑ ⊥ v} such that both θ+ u and θ− u are in the

polytope Θ.

Proof. When the set Θ has only one unique element θ, the θ itself must be a corner.

We only consider the case when Θ has non-unique elements in the following analysis.

(a) We first show the necessity. Assume that the vector θ is a corner. We

prove by contradiction. By supposing that there exists u ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v}

such that both θ + u and θ − u are in the set Θ, we proceed the proof in 4 steps.

Step 1: Show that if θ + u ∈ Θ, then A(θ) ∩ A(u) ̸= ∅. Otherwise the set index

{1, . . . , d} can be partitioned as Ac(u)∪ (A(u)∩Ac(θ)). Then for any j ∈ Ac(u), we

have |θj + uj| = |θj|, whereas for any j ∈ A(u) ∩ Ac(θ), we have |θj + uj| = |uj| >

0 = |θj|. Combining the two pieces together, we have ∥θ + u∥1 > ∥θ∥1, leading to a

contradiction.

Step 2: Show that there exists ϵ0 such that A(θ) ⊂ A(θ + ϵu) for any 0 < ϵ <

min{ϵ0, 1}. By Step 1 it is valid to take ϵ0 = minθj ·uj ̸=0 {|θj|/|uj|}. Then consider

ξ = θ + ϵu for any 0 < ϵ < min{ϵ0, 1}:
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• For all j ∈ Ac(u), we have ξj = θj + 0 = θj.

• For all j ∈ Ac(θ) ∩ A(u), we have ξj = 0 + ϵuj.

• For all j ∈ A(θ) ∩ A(u), we have ξj ̸= 0, because: (1) When θj · uj > 0, we

have |ξj| = |θj + ϵuj| = |θj| + ϵ|uj| ̸= 0; (2) When θj > 0 and uj < 0, we

have ξj = θj + ϵuj > θj − θj = 0; (3) When θj < 0 and uj > 0, we have

ξj = θj + ϵuj < θj − θj = 0.

The analysis above indicates that A(θ) ⊆ A(ξ) = A(θ + ϵu). In addition, we argue

that A(θ) ⊂ A(ξ) = A(θ + ϵu), otherwise the corner θ is not the only element in Θ

with the active set A(θ) which violates Lemma 9.

Step 3: Show that θ + u and θ − u cannot be in the same orthant. Note that by

Step 2, we have Ac(θ) ∩ A(θ + ϵu) ̸= ∅. Hence for any i ∈ Ac(θ) ∩ A(θ + ϵu), we

have ui ̸= 0, and

θi − ui = 0− ui = −(0 + ui) = −(θi + ui) ̸= 0.

Thus θ + u and θ − u cannot be in the same orthant.

Step 4: Induce a contradiction. Note that throughout the proof above we do not

constrain u besides u ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v}. We have shown through Steps 1 –

3 that as long as θ + u ∈ Θ, we have θ − u ̸= Θ since they cannot be in the same

orthant. This contradicts with our initial supposition.

(b) Next we show the sufficiency. Assume that θ is not a corner, then it

suffices to show that there exists u′ ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v} such that both θ + u′

and θ − u′ are in the polytope Θ. We proceed the proof in 5 steps.

Step 1: By Definition 10, there exists u ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v} such that

A(θ + u) ⊂ A(θ) and θ + u ∈ Θ. In fact, for any 0 < ϵ < 1, it is also true that
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θ + ϵu ∈ Θ due to convexity of Θ.

Step 2: Show that A(θ)∩A(u) ̸= ∅ if θ+ u ∈ Θ. The reason is the same as Step

1 of part (a) above.

Step 3: Show that there exists ϵ0 such that A(θ) = A(θ + ϵu) for any 0 < ϵ <

min{ϵ0, 1}. By Step 2 it is valid to take ϵ0 = 1
2
minθj ·uj ̸=0{|θj|/|uj|} > 0. Then

consider ξ = θ + ϵu for any 0 < ϵ < min{ϵ0, 1}:

• For all j ∈ Ac(u), we have ξj = θj + 0 = θj.

• For all j ∈ Ac(θ) ∩ A(u), we have ξj = 0 + ϵuj.

• For all j ∈ A(θ) ∩ A(u), we have ξj ̸= 0, because: (1) When θj · uj > 0, we

have |ξj| = |θj + ϵuj| = |θj| + ϵ|uj| ̸= 0; (2) When θj > 0 and uj < 0, we have

ξj = θj + ϵuj > θj − 1
2
θj = θj > 0; (3) When θj < 0 and uj > 0, we have

ξj = θj + ϵuj < θj − 1
2
θj =

1
2
θj < 0.

The analysis above indicates that A(θ) ⊆ A(ξ). Particularly, we argue that A(θ) =

A(ξ). Otherwise, we have A(θ) ⊂ A(ξ) which can only happen when Ac(θ)∩A(u) ̸=

∅ (see the second bullet point above); in this case, for any j ∈ Ac(θ) ∩ A(u), we

have θj = 0 whereas ϵuj ̸= 0, implying that (θ + u)j = uj ̸= 0. However, this

contradicts with the argument A(θ + u) ⊂ A(θ) as in Step 1. Hence it must be true

that A(θ) = A(ξ) = A(θ + ϵu).

Step 4: Show that θ− ϵu ∈ Θ as well. Since A(θ) = A(θ + ϵu) by Step 3, for any

j, we have either θj = uj = 0 or θj ̸= 0:

• When θj = uj = 0, we have θj − ϵuj = 0.

• When θj ̸= 0, we have |(θj − ϵuj)− (θj + ϵuj)| = 2ϵ|uj| < |θj|.
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Both cases imply that (θj − ϵuj) · (θj + ϵuj) ≥ 0 and hence θ− ϵu, θ + ϵu ∈ Ov. Now

with u ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v}, by Lemma 2, we conclude that θ − ϵu ∈ Θ.

Step 5: Conclude that there exists u′ ∈ Ker(X) ∩ {ϑ : ϑ ⊥ v} such that both

θ + u′ and θ − u′ are in Θ. By Steps 1 and 4, we know there exist ϵ > 0 and

u ∈ Ker(X)∩{ϑ : ϑ ⊥ v} such that both θ+ ϵu ∈ Θ and θ− ϵu ∈ Θ. Now by simply

taking u′ = ϵu, the desired argument is justified.

Finally, due to the consistency of our definition of corners with the geometric

definition of corners of the polytope, we propose the following properties over feature

selection:

Lemma 11. Given a theta set Θ. For any j ∈ A(Θ), there must exist a corner θ ∈ Θ

such that j ∈ A(θ).

Proof. Suppose that no corners contain the feature j in their active set, then the

coordinate j for all corners must be 0. Note that on the polytope Θ all elements are

linear combinations of the corners, so no solutions should contain the feature j in

their active set either. This contradicts with the assumption that j ∈ A(Θ).

Lemma 12. Given a theta set Θ containing non-unique elements. There must exist

θ, ξ ∈ Θ such that A(θ) = A(ξ) = A(Θ) but θ ̸= ξ.

Proof. First we show that there must exist θ ∈ Θ such that A(θ) = A(Θ). Sup-

pose that there are K distinct corners
{
θ(i)
}K
i=1

of the polytope Θ. Now take

θ = 1
K

∑K
i=1 θ

(i). Since θ
(i)
j · θ

(i′)
j ≥ 0 for any j ∈ {1, . . . , d} and any i, i′ ∈ {1, . . . , K}

(by Statement 1 in Lemma 6), and Lemma 11, we know θj ̸= 0 for any j ∈ A(Θ); this

implies that A(Θ) ⊆ A(θ). On the other hand, we know A(θ) ⊆ A(Θ) by Definition

3. Hence we have A(Θ) = A(θ).
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Now we argue that there exist another ξ ∈ Θ such that A(ξ) = A(Θ) but ξ ̸= θ.

Consider ξ = θ+θ(1)

2
̸= θ. Since θj · θ(1)j ≥ 0 for all j ∈ {1, . . . , d} (by Statement 1

in Lemma 6), we know A(Θ) = A(θ) ⊆ A(ξ). Similarly, by Definition 3 we know

A(ξ) ⊆ A(Θ), and thus A(ξ) = A(θ) = A(Θ).
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Chapter 7

Technical Proofs

In this section, we present all proof details of our main results. We first state a lemma

“Theorem of the alternative” for the sake of proving Theorem 1.

Lemma 13 (Theorem of the alternative). For the system F = {x ∈ Rn : Ax = b,

x ≥ 0} given a matrix A ∈ Rm×n and a vector b ∈ Rn, exactly one of the following

statements holds:

1. The system is strictly feasible, i.e., there exists x ∈ Rn such that Ax = b and

x > 0;

2. The auxiliary system is consistent: there exists y ∈ Rn such that

0 ̸= A⊤y ≥ 0, b⊤y = 0.

In addition, xj = 0 for all j ∈ sz :=
{
i : (A⊤y)i > 0

}
.

Now we present the proof of Theorem 1 which justifies the sampling algorithms.

Proof of Theorem 1

Proof. (1) Suppose that B∗ is the collection of all solutions to the optimization

problem (3.1) in Algorithm 1. We proceed this proof by 2 steps.

Step 1: Show the “pair sparsity” property of B∗, namely, if β∗ ∈ B∗, then for

any pair (β∗
j , β

∗
j+d), j ∈ {1, · · · , d}, at least one of β∗

j or β∗
j+d must be 0. Otherwise,
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without losing of generality, suppose that β∗
j ≥ β∗

j+d > 0, then by replacing β∗
j with

β∗
j − β∗

j+d and replacing β∗
j+d with 0, the resulting solution

[β∗
1 , . . . , β

∗
j − β∗

j+d, . . . , β
∗
d , β

∗
d+1, . . . , 0, . . . , β

∗
2d]

achieves the same prediction value as Xξ∗ but achieves a smaller ℓ1 norm

∑
k∈{1,··· ,2d}\{j,j+d}

|β∗
k|+ |β∗

j − β∗
j+d| <

∑
k∈{1,··· ,2d}\{j,j+d}

|β∗
k|+ |β∗

j |+ |β∗
j+d| = ∥β∗∥1 ,

which implies that β∗ does not attain the minimum of 1⊤
2dβ, and hence leads to a

contradiction. The same conclusion applies when β∗
j+d ≥ β∗

j > 0.

Step 2: Find a bijection between B∗ and Θ∗. Consider the mapping Sl from Θ∗

to B∗:

θ∗ 7→ [max{θ∗1, 0}, . . . ,max{θ∗d, 0},−min{θ∗1, 0}, . . . ,−min{θ∗d, 0}],

whose inverse mapping Sl−1 is given by

β∗ 7→ [β∗
1 − β∗

d+1, . . . , β
∗
d − β∗

2d].

By the “pair sparsity” property shown in Step 1, we know ∥Sl−1(β∗)∥1 = 1⊤
2dβ

∗. Now

we justify the mapping Sl to be a bijection as follows:

(a) For any θ∗ ∈ Θ∗, its corresponding Sl(θ∗) satisfies the constraints

[
X −X

]
·

Sl(θ∗) = Xξ∗, Sl(θ∗) ≥ 0 in optimization (3.1). Additionally, 1⊤
2dSl(θ

∗) must

attain the minimum of the objective in optimization (3.1). Otherwise, suppose

there exists another β ∈ B∗ such that 1⊤
2dβ < 1⊤

2dSl(θ
∗), then the correspond-

ing Sl−1(β) satisfies X · Sl−1(β) = Xξ∗ and ∥θ∗∥1 = 1⊤
2dSl(θ

∗) > 1⊤
2dβ =
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∥Sl−1(β)∥1, implying that θ∗ ̸∈ Θ∗ and resulting in a contradiction. Therefore,

we have Sl(θ∗) ∈ B∗.

(b) For any β∗ ∈ B∗, its corresponding Sl−1(β∗) satisfies the constraint X ·Sl−1(β∗)

= Xξ∗ in Definition 2. Additionally, ∥Sl−1(β∗)∥1 must attain the minimum of

the objection in Definition 2. Otherwise, suppose there exists another θ∗ ∈

Θ∗ such that ∥θ∗∥1 < ∥Sl−1(β∗)∥1, then the corresponding Sl(θ∗) satisfies[
X −X

]
· Sl(θ) = Xξ∗, Sl(θ∗) ≥ 0 in optimization (3.1), and 1⊤

2dβ
∗ =

∥Sl−1(β∗)∥1 > ∥θ∥1 = 1⊤
2dSl(θ), implying that β∗ ̸∈ B∗ and resulting in a

contradiction. Therefore, we have Sl−1(β∗) ∈ Θ∗.

Therefore, the vector returned by Algorithm 1, which is exactly Sl(β∗) for a

β∗ ∈ B∗, must be in Θ∗.

(2) Note that given a particular element θ̃ we have Θ =
{
θ ∈ Rd : Xθ = Xθ̃,

∥θ∥1 =
∥∥∥θ̃∥∥∥

1

}
. Now suppose that B =

{
β ∈ R2d : A′′β = b, β ≥ 0

}
given the (A′′, b)

in Algorithm 2. We proceed this proof by 3 steps.

Step 1: Show the “pair sparsity” property of B, namely, if β ∈ B, then for any pair

(βj, βj+d), j ∈ {1, · · · , d}, at least one of βj or βj+d must be 0. Otherwise, without

losing of generality, suppose that βj ≥ βj+d > 0, then by replacing βj with βj − βj+d

and replacing βj+d with 0, the resulting solution

[β1, . . . , βj − βj+d, . . . , βd, βd+1, . . . , 0, . . . , β2d]

achieves the same prediction value as Xθ̃ but achieves a smaller ℓ1 norm

∑
k∈{1,··· ,2d}\{j,j+d}

|βk|+ |βj − βj+d| <
∑

k∈{1,··· ,2d}\{j,j+d}

|βk|+ |βj|+ |βj+d| =
∥∥∥θ̃∥∥∥

1
,

72



which implies that θ̃ is not a particular solution and leads to a contradiction. The

same conclusion applies when βj+d ≥ βj > 0.

Step 2: Find a bijection between B and Θ. Consider the mapping Sl from Θ to

B:

θ 7→ [max{θ1, 0}, . . . ,max{θd, 0},−min{θ1, 0}, . . . ,−min{θd, 0}],

whose inverse mapping Sl−1 is given by

β 7→ [β1 − βd+1, . . . , βd − β2d].

By the “sparse property” shown in Step 1, we know ∥Sl−1(β)∥1 = ∥β∥1. Now we

justify the mapping Sl to be a bijection as follows:

(a) For any θ ∈ Θ, its corresponding Sl(θ) satisfies A′′ ·Sl(θ) = b, Sl(θ) ≥ 0. Hence

Sl(θ) ∈ B.

(b) For any β ∈ B, its corresponding Sl−1(β) satisfies X · Sl−1(β) = Xθ̃ and

∥Sl−1(β)∥1 = ∥β∥1 =
∥∥∥θ̃∥∥∥

1
. Hence Sl−1(β) ∈ Θ.

Step 3: Show that lines 2 – 8 in Algorithm 2 detect all zero coordinates of B

through facial reduction. According to Lemma 13, there must exist ξ ∈ Rn+1 sat-

isfying the optimization (3.2) in Algorithm 2, since for any β ∈ B at least half of

the coordinates are always 0 (so B is not strictly feasible). Moreover, according to

[IW22], the auxiliary vector z = A′′⊤ξ satisfies βizi = 0 for any i ∈ {1, · · · , 2d} and

any β ∈ B. This implies that if zi > 0 then βi = 0, ∀β ∈ B. Note that this procedure

of discovering and eliminating implicit zero coordinates, namely “facial reduction”,

can be done in only one iteration for a linear system [DW+17]. Hence if zi = 0 we

also have βi > 0 ∃β ∈ B, otherwise the zero-coordinates i cannot be detected in one

iteration.
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Step 4: Show that the vector s ∈ Rd returned by Algorithm 2 is exactly sgn(Θ).

The “sparsity property” shown in Step 1 and the bijection in Step 2 combined imply

such a fact: by supposing β = Sl(θ), we have θj > 0 if and only if βj > 0; θj < 0 if

and only if βj+d > 0; θj = 0 if and only if βj = βj+d = 0.

The fact above bridges sgn(Θ) and B, whereas the result of Step 3 bridges B and

the auxiliary vector z. Combining them together, we reach such a conclusion: for

any j ∈ {1, . . . , d}, we have sgn(Θ)j = 1 if and only if βj > 0 ∃β ∈ B, if and only if

zj = 0; we have sgn(Θ)j = 0 if and only βj = βj+d = 0 ∀β ∈ B, if and only if zj > 0

and zj+d > 0; we have sgn(Θ)j = −1 if and only if βj+d > 0 ∃β ∈ B, if and only if

zj+d = 0.

In conclusion, the s returned by Algorithm 2 is exactly sgn(Θ).

(3) Now with the right orthant sgn(Θ), we know the active set A = A(Θ) of the

set Θ and its cardinality |A| = m. We denote by XA the columns indexed by A of a

matrix X, and denote by θA the elements indexed by A of a vector θ. Similarly as

part 2, given a particular element θ̃ ∈ Θ we have

ΘA =
{
θA ∈ Rm : XAθA = Xθ̃, ∥θA∥1 =

∥∥∥θ̃∥∥∥
1

}
.

Clearly ΘA = {θA ∈ Rm : θ ∈ Θ}. Now suppose Λ =
{
α ∈ Rr : −Ker(A) · α ≤ |θ̃A|

}
where A =

XA · diag(sA)

1⊤
m

 and θ̃ are given in Algorithm 3. We proceed the proof

in 4 steps.

Step 1: Rewrite the vector θA ∈ ΘA. Note that the vector θA ∈ ΘA if and only if

XA

s⊤A

 θA =

 Xθ̃∥∥∥θ̃∥∥∥
1

 , θj · sj ≥ 0 for all j ∈ A,
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if and only if θA = diag(sA) · ξ where ξ ∈ Rm satisfies

XA · diag(sA)

1⊤
m


︸ ︷︷ ︸

A

ξ =

 Xθ̃∥∥∥θ̃∥∥∥
1


︸ ︷︷ ︸

b

, ξ ≥ 0.

By simple linear algebra, the solutions of Aξ = b have the form

ξ = diag(sA) · θ̃A +Ker(A)︸ ︷︷ ︸
V

·α = |θ̃A|+ V α

where α ∈ Rr and r is the rank of V . In addition, due to the non-negativity of ξ, all

α’s are formed as the polytope −V α ≤ |θ̃A|.

Step 2: Show that the columns of Ker(A · diag(sA)) represent a set of intrinsic

basis of Θ. Note that

A · diag(sA) =

XA

s⊤A

 =

 X

sgn(Θ)⊤


A

.

Therefore, the columns of Ker(A ·diag(sA)) are a set of kernel basis of UA(Θ) defined

by Definition 9, and consequently a set of intrinsic basis.

Step 3: Find a bijection between the sets ΘA and Λ. Now with the result in Step

1, we argue that the mapping f from Λ to ΘA

α 7→ θ̃A + diag(sA)V α

is bijective. It suffices to find the inverse mapping f−1 from ΘA to Λ:

θA 7→ [diag(sA) · V ]+ (θA − θ̃A)
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where [·]+ is the pseudo-inverse such that

[diag(sA) · V ] · α = θA − θ̃A. (7.1)

Note that the system (7.1) w.r.t. α must have exactly one solution for two reasons:

(a) The vector θA − θ̃A is in the column space of diag(sA) · V . When θA ̸= θ̃A, by

Lemma 7 and Step 2, we know θA − θ̃A is in the span of columns of Ker(A ·

diag(sA)) (intrinsic basis). Hence, there exists 0 ̸= α ∈ Rr such that

θA − θ̃A = Ker(A · diag(sA)) · α = diag(sA) ·Ker(A) · α. (7.2)

When θA = θ̃A, the vector θA − θ̃A = 0 is trivially in the column space of

diag(sA) · V .

(b) The matrix diag(sA) ·V is of full column rank and has more rows than columns.

Now that the solution to the system (7.1) always exists and it is unique, the inverse

mapping is well-defined and the mapping f is bijective.

Step 4: Show that the polytope Λ =
{
α ∈ Rr : −V α ≤ |θ̃A|

}
is non-degenerate:

(a) The matrix−V = −Ker(A) is of full column rank with more rows than columns.

(b) The polytope Λ has nonempty interior. Note that there must exist θ̃ ̸= η̃ ∈ Θ

such that |η̃A| > 0 according to Lemma 12. In addition, by equation (7.2) there

must have α′ ∈ Rr such that

η̃A − θ̃A = diag(sA) ·Ker(A) · α′,

implying that

−V α′ + |η̃A| = |θ̃A|.
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Therefore we can obtain α that is strictly feasible according to the Phase-I

method in [BV04].

Step 5: Show that Θ̃ are a collection of i.i.d. samples uniformly distributed on

Θ. Now that the polytope Λ is non-degenerate according to Step 4, standard al-

gorithms ([FCcifi22] and [CDWY18]) can always return i.i.d. samples Λ̃ that are

uniformly distributed on Λ. Additionally, note that the linear mapping f in Step 3

preserves uniform distribution: if α is uniformly distributed over Λ, then its linear

transformation f(α) = θ̃A + diag(sA)V α is uniformly distributed over ΘA.

In conclusion, lines 1 – 3 in Algorithm 3 construct the form polytope Λ; the line 4

draws p i.i.d. samples that are uniformly distributed Λ; lines 5 – 7 map the samples

on Λ to ΘA and add back those zero elements indexed by Ac simultaneously so that

i.i.d samples uniformly distributed on Θ are obtained ultimately.

Now we prove the theorem for ℓ2-norm coefficient error and its corresponding

corollary.

Proof of Theorem 2

Proof. Our first step is to show that under the condition λn ≥ 2∥X⊤w
n
∥∞, the error

vector ∆̂ = θ̂ − θ∗ belongs to the set

{∆ ∈ Rd : ∥∆Mc∥1 ≤ 2∥Pv∗∆M∥1 + ∥Pv∗θ
∗
M∥1 + ∥Pv∗⊥θ

∗
M∥1}.

Define

L(θ;λn) =
1

2n
∥y −Xθ∥22 + λn∥θ∥1.
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Since θ̂ is optimal, we have

L(θ̂;λn) ≤ L(θ∗;λn) =
1

2n
∥w∥22 + λn∥θ∗∥1.

Re-arranging yields the Lagrangian basic inequality

0 ≤ 1

2n
∥X∆̂∥22 ≤

w⊤X∆̂

n
+ λn{∥θ∗∥1 − ∥θ̂∥1}.

Since θ∗ is at most M -sparse and v∗ = sgn(Θ)M , we can write

∥θ∗∥1 = ∥θ∗M∥1 = ∥Pv∗θ
∗
M∥,

∥θ̂∥1 = ∥θ̂M∥1 + ∥θ̂Mc∥1

≥ ∥Pv∗ θ̂M∥1 + ∥θ̂Mc∥1

= ∥Pv∗θ
∗
M + Pv∗∆̂M∥1 + ∥∆̂Mc∥1

≥ ∥Pv∗θ
∗
M∥1 − ∥Pv∗∆̂M∥1 + ∥∆̂Mc∥1,

and

∥θ̂∥1 = ∥θ̂M∥1 + ∥θ̂Mc∥1

≥ ∥Pv∗⊥ θ̂M∥1 + ∥θ̂Mc∥1

= ∥Pv∗⊥θ
∗
M + Pv∗⊥∆̂M∥1 + ∥∆̂Mc∥1

≥ ∥Pv∗⊥∆̂M∥1 − ∥Pv∗⊥θ
∗
M∥1 + ∥∆̂Mc∥1.

Thus

∥θ̂∥1 ≥
1

2
∥Pv∗θ

∗
M∥1 −

1

2
∥Pv∗⊥θ

∗
M∥1 −

1

2
∥Pv∗∆̂M∥1 +

1

2
∥Pv∗⊥∆̂M∥1 + ∥∆̂Mc∥1,
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and

∥θ∗∥1 − ∥θ̂∥1 ≤
1

2
(∥Pv∗θ

∗
M∥1 + ∥Pv∗⊥θ

∗
M∥1) +

1

2
∥Pv∗∆̂M∥1 −

1

2
∥Pv∗⊥∆̂M∥1 − ∥∆̂Mc∥1.

Denote f(θ∗M) = ∥Pv∗θ
∗
M∥1+∥Pv∗⊥θ

∗
M∥1. Substituting into the basic inequality yields

0 ≤ 1

n
∥X∆̂∥22 ≤ 2

w⊤X∆̂

n
+ 2λn{∥θ∗∥1 − ∥θ̂∥1}

≤ 2∥X⊤w/n∥∞∥∆̂∥1 + 2λn{∥θ∗∥1 − ∥θ̂∥1}

≤ λn{∥Pv∗∆̂M∥1 + ∥Pv∗⊥∆̂M∥1 + ∥∆̂Mc∥1}+

λn{f(θ∗M) + ∥Pv∗∆̂M∥1 − ∥Pv∗⊥∆̂M∥1 − 2∥∆̂Mc∥1}

= λn{f(θ∗M) + 2∥Pv∗∆̂M∥1 − ∥∆̂Mc∥1},

indicating that

∆̂ ∈ {∆ ∈ Rd : ∥∆Mc∥1 ≤ 2∥Pv∗∆M∥1 + ∥Pv∗θ
∗
M∥1 + ∥Pv∗⊥θ

∗
M∥1}.

From assumption (c),

κ∥Pv∆∥22 ≤
1

n
∥X∆̂∥22 ≤ 2λn∥Pv∗∆̂M∥1 + λnf(θ

∗
M) ≤ 2λn

√
m∥Pv∆̂∥2 + λnf(θ

∗
M),

so

∥Pv∆̂∥2 ≤
λn

√
m

κ
+

√
λ2
nm+ λnκ(∥Pv∗θ∗M∥1 + ∥Pv∗⊥θ

∗
M∥1)

2κ
.

Proof of Corollary 1
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Proof. It suffices to show that

P
{
λn ≤ 2

∥∥∥∥X⊤w

n

∥∥∥∥
∞

}
≤ 2e−

nδ2

2 .

Consider the sub-Gaussian variable Zj = X⊤
j

w
n
with parameter at most C2σ2

n
, then

P[ max
j∈{1,...,d}

|Zj| ≥ t] ≤ 2de−
nt2

2c2σ2 .

By plugging in t = λn we can obtain the desired probability.

Before we prove the theorem for feature selection consistency, we propose and

prove two lemmas.

Lemma 14. Given a corner pair (θ∗ ∈ Θ∗ ⊆ Ov, θ̂ ∈ Θ̂ ⊆ Ov) where A(θ∗) = A(θ̂).

(a) Suppose that there exists ξ∗ ∈ Θ∗ such that A(θ∗) ̸= A(ξ∗), then by taking

u = ξ∗ − θ∗ and 0 < k < minj:uj ·θ̂j ̸=0

{
|θ̂j|/|uj|

}
, the vector ξ̂ := θ̂ + ku ∈ Θ̂.

Particularly, j ∈ A(ξ̂) for any j ∈ Ac(θ∗) ∩ A(ξ∗).

(b) Suppose that there exists ξ̂ ∈ Θ̂ such that A(θ̂) ̸= A(ξ̂), then by taking u = ξ̂− θ̂

and 0 < k < minj:uj ·θ∗j ̸=0

{
|θ∗j |/|uj|

}
, the vector ξ∗ := θ∗+ku ∈ Θ∗. Particularly,

j ∈ A(ξ∗) for any j ∈ Ac(θ̂) ∩ A(ξ̂).

Proof. (a) We proceed the proof by 2 steps.

Step 1: Show that A(u) ∩ A(θ̂) ̸= ∅. Otherwise, the index set {1, . . . , d} can be

partitioned as Ac(u) ∪ (A(u) ∩ Ac(θ̂)). For all j ∈ Ac(u), we have θ∗j = ξ∗j . For all

j ∈ A(u) ∩ Ac(θ̂), we have θ∗j = 0 due to A(θ̂) = A(θ∗) and consequently ξ∗j ̸= 0 due

to uj ̸= 0. Combining the two partitions together we have ∥ξ∗∥1 > ∥θ∗∥1, leading to

a contradiction.
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Step 2: Show that ξ̂ ∈ Θ̂. By the result of Step 1, it is valid to take k0 =

minj:uj ·θ̂j ̸=0

{
|θ̂j|/|uj|

}
> 0. Then for any 0 < k < k0:

• When θ∗j > 0 (and thus θ̂j > 0), we have ξ̂j > 0, because: (1) If θ∗j > ξ∗j ≥ 0,

then 0 < k < θ̂j/(θ
∗
j − ξ∗j ) and consequently ξ̂j = θ̂j + k(ξ∗j − θ∗j ) > θ̂j − θ̂j = 0;

(2) If ξ∗j ≥ θ∗j > 0, then we have ξ̂j = θ̂j + k(ξ∗j − θ∗j ) > 0.

• When θ∗j < 0 (and thus θ̂j < 0), we have ξ̂j < 0, because: (1) If θ∗j < ξ∗j ≤ 0,

then 0 < k < −θ̂j/(ξ∗j −θ∗j ) and consequently ξ̂j = θ̂j +k(ξ∗j −θ∗j ) < θ̂j− θ̂j = 0;

(2) If ξ∗j ≤ θ∗j < 0, then we have ξ̂j = θ̂j + k(ξ∗j − θ∗j ) < 0.

• When θ∗j = 0 (and thus θ̂j = 0), we have sgn(ξ∗j ) = sgn(ξ̂j), because: ξ̂j =

θ̂j + k(ξ∗j − θ∗j ) = k · ξ∗j .

The analysis above indicates that θ̂j · ξ̂j ≥ 0 for all j ∈ {1, . . . , d}, so ξ̂ ∈ Ov. By

Statement 2 of Lemma 6, we know u ∈ Ker(X) and u ⊥ v. Then by Lemma 2, we have

ξ̂ ∈ Θ̂. Particularly, by the last bullet point above, ξ̂j ̸= 0 for any j ∈ Ac(θ∗)∩A(ξ∗).

(b) We proceed the proof be 2 steps.

Step 1: Show that A(u) ∩A(θ∗) ̸= ∅. Otherwise, the index set {1, . . . , d} can be

partitioned as Ac(u) ∪ (A(u) ∩ Ac(θ∗)). For all j ∈ Ac(u), we have θ̂j = ξ̂j. For all

j ∈ A(u)∩Ac(θ∗), we have θ̂j = 0 due to A(θ∗) = A(θ̂) and consequently ξ̂j ̸= 0 due

to uj ̸= 0. Combining the two partitions together we have
∥∥∥ξ̂∥∥∥

1
>
∥∥∥θ̂∥∥∥

1
, leading to a

contradiction.

Step 2: Show that ξ∗ ∈ Θ∗. By the result of Step 1, it is valid to take k0 =

minj:uj ·θ∗j ̸=0

{
|θ∗j |/|uj|

}
> 0. Then for any 0 < k < k0:

• When θ̂j > 0 (and thus θ∗j > 0), we have ξ∗j > 0, because: (1) If θ̂j > ξ̂j ≥ 0,

then 0 < k < θ∗j/(θ̂j − ξ̂j) and consequently ξ∗j = θ∗j + k(ξ̂j − θ̂j) > θ∗j − θ∗j = 0;

(2) If ξ̂j ≥ θ̂j > 0, then we have ξ∗j = θ∗j + k(ξ̂j − θ̂j) > 0.
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• When θ̂j < 0 (and thus θ∗j < 0), we have ξ∗j < 0, because: (1) If θ̂j < ξ̂j ≤ 0,

then 0 < k < −θ∗j/(ξ̂j− θ̂j) and consequently ξ∗j = θ∗j +k(ξ̂j− θ̂j) < θ∗j −θ∗j = 0;

(2) If ξ̂j ≤ θ̂j < 0, then we have ξ∗j = θ∗j + k(ξ̂j − θ̂j) < 0.

• When θ̂j = 0 (and thus θ∗j = 0), we have sgn(ξ∗j ) = sgn(ξ̂j), because: ξ∗j =

θ∗j + k(ξ̂j − θ̂j) = k · ξ̂j.

The analysis above indicates that θ∗j · ξ∗j ≥ 0 for all j ∈ {1, . . . , d}, so ξ∗ ∈ Ov.

By Statement 2 of Lemma 6, we know u ∈ Ker(X) and u ⊥ v. Then by Lemma

2, we have ξ∗ ∈ Θ∗. Particularly, by the last bullet point above, ξ∗j ̸= 0 for any

j ∈ Ac(θ̂) ∩ A(ξ̂).

Lemma 15. Given the theta sets Θ∗ ⊆ Ov and Θ̂ ⊆ Ov. Under the assumptions that

(a) There exist distinct θ∗, ξ∗ ∈ Θ∗ such that both θ∗ and ξ∗ are corners.

(b) There exists θ̂ ∈ Θ̂ such that sgn(θ∗j ) = sgn(θ̂j) for any j ∈ {1, . . . , d}.

(c) The distance between θ∗ and θ̂ is small enough:

∥∥∥θ∗ − θ̂
∥∥∥
∞

<
minj∈A(ξ∗) |ξ∗j | ·minj∈A(θ∗) |θ∗j |

2maxj∈A(θ∗) |θ∗j |
.

Then by taking k = minj∈A(θ∗)∩Ac(ξ∗)

{
|θ̂j|/|θ∗j |

}
and ξ̂ = θ̂ + k(ξ∗ − θ∗) we have

ξ̂ ∈ Θ̂ with A(ξ∗) ⊆ A(ξ̂). In addition,

∥∥∥ξ∗ − ξ̂
∥∥∥
∞
≤
(
1 +

∥ξ∗ − θ∗∥∞
minj∈A(θ∗) |θ∗j |

)
·
∥∥∥θ∗ − θ̂

∥∥∥
∞
.
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Proof. For the conciseness of notations, let ϵ =
∥∥∥θ∗ − θ̂

∥∥∥
∞
, M1 = Ac(θ∗) ∩ Ac(ξ∗),

M2 = A(θ∗) ∩ A(ξ∗), M3 = A(θ∗) ∩ Ac(ξ∗) and M4 = Ac(θ∗) ∩ A(ξ∗). In addition,

let u = ξ∗ − θ∗.

We proceed this proof by 5 steps.

Step 1: Show that M3 ̸= ∅. Otherwise, the index set {1, . . . , d} can be partitioned

as M1 ∪M2 ∪M4, implying that A(θ∗) ⊆ A(ξ∗). This violates the fact that both θ∗

and ξ∗ are corners per Definition 10 and Lemma 9.

Step 2: Show that minl∈M3

{
|θ̂l|/|θ∗l |

}
= minj∈M ′

2∪M3

{
|θ̂j|/|uj|

}
, where M ′

2 :=

{i ∈M2 : |θ∗i | > |ξ∗i |} (it is valid to minimize over M3 since M3 ̸= ∅ per Step 1).

Denote ϵj = θ̂j − θ∗j , then we have

|ϵj| = |θ̂j − θ∗j | ≤ ϵ.

Now for any j ∈M ′
2 and l ∈M3,

|θ̂j|
|uj|

=
|θ∗j + ϵj|
|ξ∗j − θ∗j |

≥
|θ∗j | − |ϵj|
|ξ∗j − θ∗j |

≥
|θ∗j | − ϵ

|ξ∗j − θ∗j |

and

|θ̂l|
|ul|

=
|θ∗l + ϵl|
|θ∗l |

≤ |θ
∗
l |+ |ϵl|
|θ∗l |

≤ |θ
∗
l |+ ϵ

|θ∗l |
= 1 +

ϵ

|θ∗l |
.

Since

ϵ <
mini∈A(ξ∗) |ξ∗i | ·mini∈A(θ∗) |θ∗i |

2maxi |θ∗i |
≤
|ξ∗j | · |θ∗l |
|θ∗j |+ |θ∗l |

≤
|ξ∗j | · |θ∗l |

|ξ∗j − θ∗j |+ |θ∗l |
=
|θ∗j | − |ξ∗j − θ∗j |

|ξ∗j−θ∗j |
|θ∗l |

+ 1

(7.3)

where the last inequality and the last equation hold due to |θ∗j | > |ξ∗j | and sgn(θ∗j ) =
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sgn(ξ∗j ), we have

|θ̂j|
|uj|
≥
|θ∗j | − ϵ

|ξ∗j − θ∗j |
> 1 +

ϵ

|θ∗l |
≥ |θ̂l|
|ul|

.

As a result, minl∈M3

{
|θ̂l|/|θ∗l |

}
= minj∈M ′

2∪M3

{
|θ̂j|/|uj|

}
.

Step 3: Show that minj∈M ′
2∪M3

{
|θ̂j|/|uj|

}
= minj∈M ′

2∪M3, uj ·θ̂j<0

{
|θ̂j|/|uj|

}
. It

suffices to show that uj · θ̂j < 0 for any j ∈ M ′
2 ∪M3. Note that for any j ∈ M ′

2,

we have uj · θ∗j = (ξ∗j − θ∗j ) · θ∗j < 0, due to |θ∗j | > |ξ∗j | and sgn(θ∗j ) = sgn(ξ∗j ) ̸= 0;

consequently, we have uj · θ̂j < 0 as sgn(θ̂j) = sgn(θ∗j ). In addition, for any j ∈ M3,

we have uj · θ∗j = (0 − θ∗i ) · θ∗i < 0 since θ∗i ̸= 0; consequently, we have uj · θ̂j < 0 as

sgn(θ̂j) = sgn(θ∗j ).

Step 4: Show that ξ̂ ∈ Θ̂ and A(θ∗) ⊆ A(ξ̂). By Steps 2 – 3, we know k =

minj∈M3

{
|θ̂j|/|uj|

}
= minj∈M ′

2∪M3

{
|θ̂j|/|uj|

}
= minj∈M ′

2∪M3, uj ·θ̂j<0

{
|θ̂j|/|uj|

}
> 0.

Denote τ ∈ argminl∈M3

{
|θ̂l|/|θ∗l |

}
. Now we analyze the sign of ξ̂ = θ̂ + ku =

θ̂ + k(ξ∗ − θ∗):

• For any j ∈ M1, we have ξ̂j = θ̂j = 0, because ξ∗j = θ∗j = 0 and sgn(θ̂j) =

sgn(θ∗j ) = 0;

• For any j ∈M2 \M ′
2, we have θ̂j · ξ̂j > 0, because: (1) When θ̂j > 0 (and thus

θ∗j > 0), we have ξ∗j ≥ θ∗j > 0 so ξ̂j = θ̂j + k(ξ∗j − θ∗j ) > 0; (2) When θ̂j < 0 (and

thus θ∗j < 0), we have ξ∗j ≤ θ∗j < 0 so ξ̂j = θ̂j + k(ξ∗j − θ∗j ) < 0.

• For any j ∈ M ′
2, we have θ̂j · ξ̂j > 0, because: (1) When θ̂j > 0 (and thus

θ∗j > 0), we have θ∗j > ξ∗j > 0 so 0 < k < θ̂j/(θ
∗
j − ξ∗j ) and consequently

ξ̂j = θ̂j + k(ξ∗j − θ∗j ) > θ̂j − θ̂j = 0; (2) When θ̂j < 0 (and thus θ∗j < 0), we have

θ∗j < ξ∗j < 0 so 0 < k < −θ̂j/(ξ∗j − θ∗j ) and consequently ξ̂j = θ̂j + k(ξ∗j − θ∗j ) <

θ̂j − θ̂j = 0.

• For any j ∈M3, we have θ̂j ·ξ̂j ≥ 0, because: (1) When θ̂j > 0 (and thus θ∗j > 0),
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we have 0 < k ≤ θ̂j/θ
∗
j and consequently ξ̂j = θ̂j + k(0 − θ∗j ) ≥ θ̂j − θ̂j = 0;

(2) When θ̂j < 0 (and thus θ∗j < 0), we have 0 < k ≤ θ̂j/θ
∗
j and consequently

ξ̂j = θ̂j + k(0− θ∗j ) ≤ θ̂j − θ̂j = 0.

• For any j ∈M4, we have θ̂j = θ∗j = 0 but ξ̂j ̸= 0, because: (1) When ξ∗j > 0, we

have ξ̂j = 0 + k(ξ∗j − 0) > 0; (2) When ξ∗j < 0, we have ξ̂j = 0 + k(ξ∗j − 0) < 0.

The analysis above indicates that θ̂j · ξ̂j ≥ 0 for all j ∈ {1, . . . , d} so ξ̂ ∈ Ov. By

Statement 2 of Lemma 6, we know u ∈ Ker(X) and u ⊥ v. Then by Lemma 2, we

have ξ̂ ∈ Θ̂. Particularly, ξ̂j ̸= 0 for any j ∈M2 ∪M4, implying that A(ξ∗) ⊆ A(ξ̂).

Step 5: Justify the upper bound of
∥∥∥ξ∗ − ξ̂

∥∥∥
∞
. Since

k =
|θ̂τ |
|θ∗τ |

=
|θ∗τ + ϵτ |
|θ∗τ |

≤ |θ
∗
τ |+ |ϵτ |
|θ∗τ |

≤ 1 +
ϵ

|θ∗τ |
≤ 1 +

ϵ

minj∈M3 |θ∗j |

and

k =
|θ̂τ |
|θ∗τ |

=
|θ∗τ + ϵτ |
|θ∗τ |

≥ |θ
∗
τ | − |ϵτ |
|θ∗τ |

≥ 1− ϵ

|θ∗τ |
≥ 1− ϵ

minj∈M3 |θ∗j |
,

we have |k − 1| ≤ ϵ
minj∈M3

|θ∗j |
, and consequently

∥∥∥ξ∗ − ξ̂
∥∥∥
∞

=
∥∥∥ξ∗ − θ̂ − k(ξ∗ − θ∗)

∥∥∥
∞

=
∥∥∥θ∗ − θ̂ + (1− k)(ξ∗ − θ∗)

∥∥∥
∞

≤
∥∥∥θ∗ − θ̂

∥∥∥
∞
+

ϵ

minj∈M3 |θ∗j |
∥ξ∗ − θ∗∥∞

≤
(
1 +
∥ξ∗ − θ∗∥∞
minj∈M3 |θ∗j |

)
· ϵ

≤
(
1 +

∥ξ∗ − θ∗∥∞
minj∈A(θ∗) |θ∗j |

)
· ϵ.
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Now we present the proof of Theorem 3.

Proof of Theorem 3

Proof. (1) First we show that θ∗ is a corner of Θ∗. Suppose not, then there must

exist another θ∗
′ ∈ Rd such that θ∗

′ ∈ Θ∗ and A(θ∗′) ⊂ A(θ∗) = S. However, we then

have XSθ
∗
S = XSθ

∗′
S , implying that XS has a non-empty nullspace, which contradicts

with the assumption (b).

Next we find one θ̂ ∈ Rd such that θ̂ ∈ Θ̂. Consider

ϑ = arg min
θ∈Rp

1

2n
∥XPθ − y∥22 + λn ∥θ∥1 ,

then by assumptions (b), (c) and the magnitude minj∈S |θ∗j | > B(λn;X), according to

the Theorem 7.6 of [Wai19], we know that the solution ϑ is unique, and A(ϑ) = A(θ∗)

with sgn(ϑ) = sgn(θ∗). In addition, we have

∥θ∗P − ϑ∥∞ = ∥θ∗S − ϑS∥∞ ≤ B(λn;X).

Based on the KKT condition for ϑ

1

n
X⊤

P (XPϑ−XPθ
∗
P)−

1

n
X⊤

Pw + λnẑ = 0

where ẑ is the subgradient of ϑ, we have

− 1

nλn

X⊤
j [XP(ϑ− θ∗P)− w] = sgn(θ∗j ), j ∈ S

and

−1 ≤ − 1

nλn

X⊤
j [XP(ϑ− θ∗P)− w] ≤ 1, j ∈ Sc.
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Now we add d− p zeros to obtain θ̂ = (ϑ,0d−p) with A(θ̂) = A(ϑ), then it suffices to

show that θ̂ satisfies the global KKT condition. Let

ẑ′ = − 1

nλn

X⊤
PcXP(ϑ− θ∗P) +

X⊤
Pcw

nλn

,

Then for any j ∈ Pc

ẑ′j = −
1

nλn

X⊤
j [XP(ϑ− θ∗P)− w]

= − 1

nλn

(
mk∑

i=m1

aijX
⊤
i +

mn∑
i=mk+1

bijX
⊤
i

)
[XP(ϑ− θ∗P)− w]

=

mk∑
i=m1

aij ẑi +
mn∑

i=mk+1

bij ẑi,

so

|ẑ′j| ≤

∣∣∣∣∣
mk∑

i=m1

aij · sgn(θ∗i )

∣∣∣∣∣+
∣∣∣∣∣

mn∑
i=mk+1

bij ẑi

∣∣∣∣∣ ≤
∣∣∣∣∣

mk∑
i=m1

aij · sgn(θ∗i )

∣∣∣∣∣+
mn∑

i=mk+1

|bij| ≤ 1

due to assumption (e). Therefore,

1

n
X⊤(Xθ̂ −Xθ∗)− 1

n
X⊤w + λn

 ẑ
ẑ′


=

1

n

X⊤
P

X⊤
Pc

 (XPϑ−XPθ
∗
P)−

1

n

X⊤
P

X⊤
Pc

w + λn

 ẑ
ẑ′


=

0
0

 ,

and (ẑ, ẑ′) is the subgradient of θ̂. Thus we conclude that θ̂ ∈ Θ̂. Note that θ̂ is a

corner of Θ̂, otherwise there must exist another θ̂′ ∈ Θ̂ such that A(θ̂′) ⊂ A(θ̂) ⊆
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S. This indicates that XS θ̂S = XS θ̂
′
S and XS has a non-empty nullspace, which

contradicts with the assumption (b).

Now that both θ∗ and θ̂ are corners, and A(θ̂) = A(θ∗), we conclude that (θ∗, θ̂)

is a corner pair. In addition,

∥∥∥θ̂ − θ∗
∥∥∥
∞

= ∥ϑ− θ∗P∥∞ ≤ B(λn;X).

(2) Since the corner pair shares the same signs: sgn(θ∗j ) = sgn(θ̂j) for all j ∈

{1, . . . , d}, by Lemma 14, for any j ∈ A(Θ∗) \ A(θ∗), there always exists ξ̂ ∈ Θ̂ such

that j ∈ A(ξ̂) ⊆ A(Θ̂); Similarly, for any j ∈ A(Θ̂)\A(θ̂), there always exists ξ∗ ∈ Θ∗

such that j ∈ A(ξ∗) ⊆ A(Θ∗). This concludes that

⋃
θ∈Θ̂

A(θ) =
⋃
θ∈Θ∗

A(θ).

(3) Note the corner pair shares the same signs: sgn(θ∗j ) = sgn(θ̂j) for all j ∈

{1, . . . , d}. In addition, for any corner ξ∗ ∈ K, we have

∥∥∥θ∗ − θ̂
∥∥∥
∞

= B(λn;X)

< min
ξ∗∈K

min
j∈A(ξ∗)

|ξ∗j | ·
minl∈S |θ∗l |
2maxl∈S |θ∗l |

≤
minj∈A(ξ∗) |ξ∗j | ·minl∈S |θ∗l |

2maxl∈S |θ∗l |

Then by Lemma 15, there exists ξ̂ ∈ Θ̂ such that

∥∥∥ξ∗ − ξ̂
∥∥∥
∞
≤
(
1 +
∥ξ∗ − θ∗∥∞
minj∈S |θ∗j |

)
·B(λn;X)

and A(ξ∗) ⊆ A(ξ̂).
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Finally we prove the corollary of the theorem for feature selection consistency.

Proof of Corollary 2

Proof. Note that the assumptions in (b) – (d) in Theorem 3 are satisfied by construc-

tion. Now we verify the assumption (a) that θ∗ = (ξ∗,0d−p) ∈ Θ∗. First, the vector

ξ∗ ∈ Rp must satisfy

ξ∗ = arg min
θ∈Rp
∥θ∥1 s.t. Y θ = Y ξ∗,

since this optimization problem has a unique solution, otherwise Ker(Y ) ̸= ∅ but

this happens with probability zero when the matrix Y is generated from N (0,Σ).

Then ξ∗ satisfies the KKT condition:

z(ξ∗) +
n∑

i=1

λiY
(i) = 0

where z(ξ∗) ∈ Rp is the subgradient of ξ∗, Y (i) ∈ Rp is the i-th row of the design

matrix Y , and λi ∈ R is the i-th Lagrange multiplier. As a result,

−
n∑

i=1

λiY
(i)
j = sgn(ξ∗j ), j ∈ S

and

−1 ≤ −
n∑

i=1

λiY
(i)
j ≤ 1, j ∈ Sc.
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Now for any j ∈ {p+ 1, . . . , d}, let

z′j = −
n∑

i=1

λiX
(i)
j =

mk∑
l=m1

alj

[
−

n∑
i=1

λiY
(i)
l

]
+

mn∑
l=mk+1

blj

[
−

n∑
i=1

λiY
(i)
l

]
,

then

|z′j| ≤

∣∣∣∣∣
mk∑

l=m1

alj · sgn(ξ∗l )

∣∣∣∣∣+
mn∑

l=mk+1

|blj| ≤ 1.

Therefore,



z(ξ∗)

z′p+1

...

z′d


+

n∑
i=1

λiX
(i) =



z(ξ∗)

z′p+1

...

z′d


+



∑n
i=1 λiY

(i)∑n
i=1 λiX

(i)
p+1

...∑n
i=1 λiX

(i)
d


=



0

0

...

0


,

where [z(ξ∗), z′p+1, · · · , z′d]⊤ is a subgradient of θ∗. Thus we conclude that θ∗ ∈ Θ∗

and the assumption (a) is satisfied.

Next we verify the choice of λn and the resulting B(λn;X). Consider the events

Ω1 =

{
λn ≥

2

1− α

∥∥∥X⊤
ScΠS⊥(X)

w

n

∥∥∥
∞

}
,

Ω2 =

{
σ
√
cmin

[√
2 log s

n
+ δ

]
≥

∥∥∥∥∥
(
X⊤

S XS

n

)−1

X⊤
S

w

n

∥∥∥∥∥
∞

}
.

For the event Ω1, consider the sub-Gaussian variable Zj = X⊤
j ΠS⊥(X)w

n
with param-

eter at most C2σ2

n
, then

P[max
j∈Sc
|Zj| ≥ t] ≤ 2(p− s)e−

nt2

2C2σ2 .
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As a result,

P {Ωc
1} ≤ 2(p− s) exp

{
−C2σ2n

2C2σ2

[
2 log(p− s)

n
+ δ2

]}
≤ 2e−

nδ2

2 .

For the event Ω2, consider the sub-Gaussian variable Z ′
j = e⊤j (

1
n
X⊤

S XS)
−1X⊤

S
w
n
with

parameter at most σ2

cminn
, then

P[max
j∈S
|Z ′

j| ≥ t] ≤ 2se−
cminnt2

2σ2 .

As a result,

P(Ωc
2) ≤ 2s exp

{
−cminnσ

2

2σ2cmin

[
2 log s

n
+ δ2

]}
≤ 2e−

nδ2

2 .

Consequently, we have

P

{⋂
i

Ωi

}
= 1− P

{⋃
i

Ωc
i

}
≥ 1−

∑
i

P {Ωc
i} ≥ 1− 4e−

nδ2

2 .

These results indicate that the choice of λn and the resulting B(λn;X) satisfy the

requirement in Theorem 3 with probability at least 1 − 4e−
nδ2

2 . In addition, when

n ≥
⌈

2σ2C2
0 log p

(ϵ0−δσC0)2

⌉
+ 1, we have

B(λn;X) ≤ σ

[√
2 log p

n
+ δ

]
C0

< ϵ0 = min

{
minξ∗∈K minj∈A(ξ∗) |ξ∗j | ·minl∈S |θ∗l |

2maxl∈S |θ∗l |
,min
j∈S
|θ∗j |
}
.

Therefore all three claims in Theorem 3 are true.
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Chapter 8

Conclusion

We have conducted a comprehensive investigation of the LASSO under non-uniqueness

regime and its variable selection performance in a sparse linear model where features

are linear combinations of others. Under strong assumptions, the non-unique LASSO

exhibits the same level of theoretical efficiency as the original LASSO. Furthermore,

numerical experiments demonstrate the superiority of our proposed method in the

non-uniqueness regime, particularly if the proper tuning parameters can be selected.

However, we do realize that there are restrictions and potential future extensions

of our proposed method:

1. In Section 5.3, we performed a “subsampling” version of the non-unique LASSO

with the threshold of inclusion probability set to 0.6. However, it is important

to note that this threshold is an ad-hoc option and thus lacks theoretical justi-

fication. Further theoretical research is necessary to provide guidance for this

decision and to enable further control of the false discovery rate.

2. Due to the nature of ℓ1-norm, our proposed method is limited to handling

features that satisfy the addition-column assumption outlined in Section 4.2.

For example, if X2 = 2X1 for a design matrix X, then the feature X1 will not be

selected since it results in a larger ℓ1-norm for estimators. In order to address

a wider range of associations between features, it is necessary to extend our

analysis to other forms of penalties.

3. Another potential avenue for future research is to introduce an error term to the
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perfect linear combination of features, which would allow for a more generic way

of highly-correlated features. This extension would require exploring a wider

range at the bottom of the loss function through techniques such as MCMC

sampling.

Lastly, we would like to emphasize that the fundamental idea underlying Algo-

rithms 2 and 3 is to sample from a degenerate polytope with its nominal dimen-

sion greater than its intrinsic dimension. This approach can be generalized be-

yond the context of non-unique LASSO. Specifically, given a degenerate polytope

{x : Ax ≤ b}, the following algorithm provides a way to return its non-degenerate

version {y : Γy ≤ γ} by applying a generic theorem of alternatives and facial reduc-

tion technique [DW+17]. We plan to delve deeper into this algorithm in our future

work.
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Algorithm 6: Return a non-degenerated polytope transform polytope()

Input: A matrix A ∈ Rm×n, and a vector b ∈ Rm;
1 Construct the matrix A′ =

[
A Im×m

]
∈ Rm×(m+n);

2 SF ← FALSE;
3 r ← 0;
4 I ← ∅;
5 while SF == FALSE do
6 Remove the i-th column from A′ for any i ∈ I;
7 I ← ∅;
8 for j ← 1 to m− r do
9 Solve the optimization problem

y ← arg min
y∈Rm

c⊤y

s.t. e⊤i A
′⊤y = 0, for all i ∈ {1, · · · , n}

e⊤i A
′⊤y ≥ 0, for all i ∈ {n+ 1, · · · , n+m− r}

b⊤y = 0,

yj = 1 or − 1

where c = 1m;
10 if There is no y feasible then
11 if j < m− r then
12 continue;
13 else
14 SF ← TRUE;
15 break;

16 end

17 end
18 Obtain the auxiliary vector z = A′⊤y;
19 I ← {i ∈ {n+ 1, · · · , n+m− r} : zi > 0};
20 end
21 r ← r + |I|;
22 end
23 Find a projection matrix P : Rm → Rm̄, m̄ = rank(A) such that P chooses

the linearly independent rows of A;
24 A← PA, b← Pb;
25 Add (m− m̄+ n− r) independent rows to A such that A is invertible;
26 E ← A−1;
27 Γ← −E(n+1):(m+n−r),(m̄+1):(m+n−r);
28 γ ← E(n+1):(m+n−r),1:m̄ · b;

Output: The matrix Γ ∈ R(m−r)×(m−m̄+n−r) and the vector γ ∈ Rm−r.
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