Theta Functions and the Structure of Torelli
Groups in Low Genus
by
Kevin A. Kordek

Department of Mathematics
Duke University

Date:

Approved:

Richard Hain, Supervisor

Leslie Saper

Paul Aspinwall

William Pardon

Dissertation submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Mathematics
in the Graduate School of Duke University
2015



ABSTRACT

Theta Functions and the Structure of Torelli Groups in Low
Genus

by
Kevin A. Kordek

Department of Mathematics
Duke University

Date:
Approved:

Richard Hain, Supervisor

Leslie Saper

Paul Aspinwall

William Pardon

An abstract of a dissertation submitted in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in the Department of Mathematics
in the Graduate School of Duke University
2015



Copyright (© 2015 by Kevin A. Kordek
All rights reserved except the rights granted by the
Creative Commons Attribution-Noncommercial Licence


http://creativecommons.org/licenses/by-nc/3.0/us/

Abstract

The Torelli group T} of a closed orientable surface S, of genus g > 2 is the group
of isotopy classes of orientation-preserving diffeomorphisms of S, which act trivially
on its first integral homology. The hyperelliptic Torelli group T'A, is the subgroup
of T, whose elements commute with a fixed hyperelliptic involution. The finiteness
properties of T, and T'A, are not well-understood when g > 3. In particular, it is
not known if 75 is finitely presented or if T'A3 is finitely generated. In this thesis, we
begin a study of the finiteness properties of genus 3 Torelli groups using techniques
from complex analytic geometry.

The Torelli space 73 is the moduli space of non-singular genus 3 curves equipped
with a symplectic basis for the first integral homology and is a model of the classifying
space of T3. Each component of the hyperelliptic locus Ehyp in 73 is a model of the
classifying space for TA3. We will investigate the topology of the zero loci of certain
theta functions and thetanulls and explain how these are related to the topology of
T3 and 7§hyp . We show that the zero locus in by x C? of any genus 2 theta function is
isomorphic to the universal cover of the universal framed genus 2 curve of compact
type and that it is homotopy equivalent to an infinite bouquet of 2-spheres. We also
derive a necessary and sufficient condition for the zero locus of any genus 3 even

thetanull to be homotopy equivalent to a bouquet of 2-spheres and 3-spheres.
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1

Introduction

Let S, denote a closed orientable surface of genus g = 2. The Torelli group T
is the group of isotopy classes of orientation-preserving diffeomorphisms of S, that
act trivially on the first integral homology of S,;. This group encodes the difference
between the topology of the moduli space of genus g Riemann surfaces and the
moduli space of principally polarized abelian g-folds. Mess [28] showed that T3 is
a free group of countable rank. On the other hand, Johnson [23] showed that T,
is finitely generated for all ¢ > 3. However, it is presently unknown whether T,
is finitely presented for even a single g > 3. The folklore is that T3 is not finitely
presented and that 7} is finitely presented for all g > 4, but there is currently little
evidence for this.

Using techniques from complex analytic geometry, we will initiate a study of
the the finiteness properties of the genus 3 Torelli group 73 and the closely related
hyperelliptic Torelli group T'A3. This latter group is the subgroup of 73 commuting
with a fixed hyperelliptic involution. Though this investigation may at first appear
limited in scope, the genus 3 Torelli group is already incredibly complex. Its study

intertwines a wide array of subjects ranging from algebraic geometry and symplectic
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representation theory to geometric group theory and low-dimensional topology. It
turns out that the topology of genus 3 Torelli space 73 — which is a model of the
classifying space for T5 — is closely related to the topology of the zero loci of classical
theta functions

U5 :hy x C? - C (1.1)

and their associated thetanulls
U5(—,0) : h, —» C. (1.2)
Here b, denotes the Siegel space
{Qe My, (C): QF =Q, Im(Q) > 0}

of rank g. We will explain and develop this connection, as well as prove results
about the topology of the zero loci of theta functions in by x C? and the zero loci of

thetanulls in 3.

The main result of Chapter 3 is

Theorem 1. The universal cover C of the total space C of the universal family of
framed genus 2 curves of compact type is homotopy equivalent to a countably infinite

bouquet of 2-spheres.

In order to prove this, we will first show that C is biholomorphic to the zero locus
Os of a theta function ¥s on the universal framed principally polarized abelian sur-
face over hy. We then argue that the universal cover of Oy is simply its preimage in
by x C2?, i.e. the zero locus of Js in hy x C2. Using this explicit geometric description
of C. , we will then be able to compute its homology groups. From this we will be able
to deduce the homotopy type of C. Apart from its connection to Torelli groups, this
result is interesting because it is the first explicit description, of which we are aware,
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of the homotopy properties of the zero locus of a theta function in b, x CY with g > 2.

In Chapter 4, we will investigate the topology of the zero locus Dy of an even
thetanull ¥5(—,0) : h3 — C. The main results of this chapter are a computation of
the homology groups Hy(Ds,Z) for all k # 2 and the derivation of a necessary and
sufficient condition for Ds to have the homotopy type of a bouquet of 2-spheres and

3-spheres.
Proposition 2. The groups Hy(Ds) vanish for all k = 4 and H3(Ds) is free abelian.

We will demonstrate the existence of a countably infinite collection {T, (> Lea(s) Vier

of Dehn twists on separating simple closed curves such that the following holds.

Theorem 3. The component Dy is homotopy equivalent to a bouquet of 2-spheres and

3-spheres if and only if the relations |T¢, iy, Tv,)] € Ha(TA3z) span a direct summand.

The key fact that allows us to make these computations is that Dy is equal to a
component of the closure of the hyperelliptic locus in hs. Via this interpretation, we
are able to make use of Brendle-Margalit-Putman’s [6] result that each component of
the closure of the hyperelliptic locus is simply-connected as well as Brendle-Childers-
Margalit’s [5] result that T'Ag has cohomological dimension 2. Again, apart from any
applications to the study of Torelli groups, this result is of independent interest as
it offers the first (that we know of) conjectural picture of the homotopy type of the

zero locus of an even thetanull with g > 2.

In Chapter 5, we will see how the results of Chapters 3 and 4 fit into a larger
program whose goal is to uncover more about the structure of the groups 73 and
TAs.

We first apply the long exact sequence of Lee and Weintraub [26] to the period

red

map T3 — bz — h5?, where h5? denotes the locus of reducible period matrices in
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B3 (reducible period matrices are defined in Remark 12). This provides us with an

exact sequence
red @36
- — Hs(bs — b3, Fy) — H{(TA3,Fy)*" — Hy(T3,Fs) — 0,

as each of the 36 components Ds N (h3 — h5°?) of the hyperelliptic locus is a model
of the classifying space for T'As. This is the basic object which links the finiteness
properties of T3 with those of T'Az. Because the group theory of T'Ajz is closely
related to the topology of Dy, and because we are able to obtain sime understanding
of the topology of Ds, it appears to be easier to study T3 indirectly through T'As.

Since Hy(TA3,Fy) = Hi(TA3,Z) ® Fy, we can hope to obtain some information
about Hy(T3,Fy) by studying H;(T'As,Z). The advantage here is that we have
the long exact sequence of the pair (Ds, Ds n (hs — h5¢4)). The group Hi(TAs,Z)
is generated by the components of D5 := D;s n h5ed, with relations imposed by
transverse intersection with elements of Hy(D,,Z). Unless Hy(Djs) turns out to be
finitely generated, it seems that any precise estimate of the size of Hy(T' A3, 7Z) will
require explicit computations of the intersection numbers of 2-cycles on Dy with the
irreducible components of D%?. Thus it would be beneficial to have as explicit a
description of these cycles as possible.

One source of 2-cycles is a family of maps C* — Dy that we construct in Chapter
5. Here C* = C is the complement of a certain subvariety of codimension 2. This
introduces countably many spherical 2-cycles on D,. We do not yet know the inter-

section numbers of these cycles with components of D¢, nor do we know that these

2-cycles generate Ho(Ds). This will be the subject of future work.



2

Background Material

2.1 Mapping Class Groups

In this section we introduce the mapping class group of a closed orientable surface.
This will be followed by a survey of the Torelli group, which is a special subgroup of
the mapping class group. The standard reference for this material is Farb-Margalit’s
excellent introduction [9)].

Let S, denote a closed orientable surface of genus g. Let Diff"(S,) denote the

topological group of orientation preserving diffeomorphisms of S,.

Definition 4. The mapping class group of Sy, denoted I'(Sy), is the group of
path components of Diff"(S,). In other words, I'(S,) = Diff*(S,)/Difff (S,), where
Diffy (S,) < Diff*(S,) denotes the subgroup consisting of of orientation preserving
diffeomorphisms that are isotopic to the identity. This allows us to think of I'(S,) as

the group of orientation preserving diffeomorphisms of S; modulo isotopy.

Note that the isomorphism type of the group I'(S,) depends only on the the
number g. We will henceforth assume that for each g a reference surface S, of genus

g has been chosen. We shall use the symbol I'; in place of I'(.S,).
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One can also define variants of I'y for surfaces with boundary or surfaces with
punctures. Since these are not generally needed in the sequel, we will not do so here.

Several basic structural properties of I'; are known.

Theorem 5. For all g = 0, the group I'y is both finitely generated and finitely

presented.

This is trivially true when g = 0, since any orientation preserving diffeomorphism
of S? is isotopic to the identity. When g = 1. The generators are fairly simple to

describe. In order to do so, we first introduce some terminology.

A simple closed curve (SCC) on S, is an embedding S' — S,. A separating
simple closed curve (SSCC) is a SCC which separates S, into two disjoint subsur-

faces (each subsurface will necessarily have one boundary component).

Fix an orientation on S;. A Dehn twist T, on the simple closed curve c is a
homeomorphism of S, defined as follows. Any tubular neighborhood of ¢ in S, is
diffeomorphic to an annulus. Choose a tubular neighborhood N, of ¢ so that there is
an isomorphism of N, with A := {(r,0) : 1 <r < 2} taking the curve ¢ to the circle
r = 3/2. Define a diffeomorphism of A in coordinates by T": (r,0) — (r,0+2mw(r—1)).
Note that T acts as the identity on 0A. Now define a homeomorphism of Sy by trans-
planting T back to N, using an orientation-preserving diffeomorphism and extend
by the identity outside of N.. This is by definition 7,. Since T, is homotopic to an
orientation-preserving diffeomorphism of Sy, we will think of T, as giving rise to a
(uniquely defined) element of I';. The resulting mapping class is independent of the
choice of tubular neighborhood and depends only on the isotopy class of the curve

c [9].



The mapping class group I'; acts on the homology groups of S,. Since I'y acts
by orientation preserving diffeomorphisms, I'y preserves the intersection form on Sy
(once an orientation has been fixed). After choosing a symplectic basis for Hy(S,, Z),
this gives a representation I'y — Sp,(Z), where Sp,(Z) denotes the group of 2g x 2g
symplectic matrices with integer entries. It turns out that the symplectic represen-

tation is surjective.

Remark 6. It can be shown that I'y — Sp,(Z) = SLy(Z) is an isomorphism.
Similarly explicit descriptions of mapping class groups are generally lacking in higher

genus.

2.2 Torelli Groups

Definition 7. The Torelli group T is the kernel of I'y — Sp,(Z). In other words,
the elements of T, are isotopy classes of orientation preserving diffeomorphisms of

S, which act trivially on Hy(S,,Z).

In contrast with the mapping class group I'y, the Torelli group 7T} is not all that

well understood when g = 3. However, the following result is due to Dennis Johnson.
Theorem 8 (Johnson). The Torelli group T, is finitely generated when g = 3.

Johnson’s result breaks down when for g = 2. Mess was, however, able to give a
very explicit description of T5. To describe his result, we will need to introduce some
terminology. Let (V,w) be a free abelian group endowed with a symplectic form. A
symplectic splitting of V' is a direct sum decomposition V' =V, @ V_ such that V, is
orthogonal to V_ with respect to w.

If (V,w) is equal to H1(S,,Z) equipped with an intersection form, such a de-
composition is called a homology splitting. Let ¢ denote a separating simple closed

curve (SSCC) on S,. Then ¢ induces a homology splitting on S,. Conversely, every
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homology splitting on S, arises in this way. Two SSCC’s ¢, ¢z on S, induce the same

homology splitting if and only if ¢; is carried into ¢, by an element of T}

We are now in a position to state Mess’s result.

Theorem 9. The Torelli group Ts is isomorphic to a free group of countably infinite
rank. There is precisely one free generator for each homology splitting on Ss. The
generator corresponding to a homology splitting B is a Dehn twist T., on a SSCC cg

realizing (.

Remark 10. It is important to note that the isotopy class of cs cannot be chosen
arbitrarily — it is contained in a specific isotopy class of curves which induce the
homology splitting S. Unfortunately, this isotopy class has not been determined
explicitly. In [28], Mess conjectures that the isotopy class of cs is represented by

shortest-length closed geodesic inducing the homology splitting .

Remark 11. It is a major unresolved problem in geometric topology to determine
whether Tj is finitely presented when g > 3. Since T} is the trivial group and 75 is
clearly not finitely presented, the first open case is ¢ = 3. It appears to be a deep

and very difficult problem to determine whether T} is finitely presented.
2.2.1 Hyperelliptic Torelli Groups

Fix a hyperelliptic involution o on the reference surface S,. The hyperelliptic mapping
class group A, is defined to be the centralizer in I'y of 0. The hyperelliptic Torelli
group T'A, is by definition the subgroup 7, n A, of T,. Since any two hyperelliptic
involutions in I'; are conjugate [9], the isomorphism type of TA, does not depend
on the choice of T'A,.

Rather little is known about T'A,, except in the case g = 2, where TA, = T5.

It was recently shown in [5] that T'Aj is not finitely presented, but it is currently
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unknown whether T'Aj is finitely generated. It is known that T'A, is generated by
the set Dehn twists on separating simple closed curves that are preserved setwise by
o [18], [6]. Such curves are referred to as symmetric separating simple closed curves

(symmetric SSCC’s).

2.3 Curves

2.3.1 Geometry of Nodal Curves

Standard references for this material are [1], [2] and [14].

A curve is a complete complex algebraic curve. In this paper, we consider only
curves with at worst nodal singularities, i.e. singularities which are locally analyti-
cally isomorphic to the node xy = 0 in C2. Henceforth, the word “curve” shall be

used only in reference to nodal curves.

The dual graph of a curve is the graph whose vertices are its irreducible com-
ponents and whose edges are the nodes; an edge contains a node if and only if the
corresponding component contains the appropriate node. A curve of compact type
is a stable curve all of whose components are smooth and whose dual graph is a
tree [2]. These are precisely the nodal curves whose generalized jacobians are com-

pact complex tori [2].

A curve C is called hyperelliptic if it admits a 2:1 holomorphic map to a ra-
tional curve. In this case, there is a unique involution of C' compatible with this map
called the hyperelliptic involution. If C' is smooth, the Weierstrass points of C' are
the points which are fixed by the hyperelliptic involution; there are exactly 2¢g + 2 of
these. Every smooth curve of genus 2 is hyperelliptic, but this trend does not persist
in higher genus. This endows the set of genus 2 curves with special properties not

9



shared by curves in other genera.

Let C' denote a smooth curve of genus ¢g. Let K¢ denote the canonical divi-
sor of C. A divisor a € Pic? '(C) is called a theta characteristic if 2a = K.
These always exist; there are 229 of them. A theta characteristic o is called even
if h%(a) = 0 mod 2; « is called odd of h%(a) = 1 mod 2. There are 2971(29 — 1)
odd theta characteristics and 2971(29 + 1) even ones. « is said to be vanishing if

h%(a) > 0.
2.3.2  Moduli of Clurves

Fix a topological reference surface S, of genus g with g > 2. Teichmiiller space
Teich, is the space of all marked complex structures on S, up to isotopy. It is a
contractible complex manifold of dimension 3g — 3. The mapping class group I,
acts holomorphically and properly discontinuously on Teich, (though not freely).
The moduli space of genus g curves is the quotient M, := I',\Teich,. Its points
parametrize all inequivalent complex structures on the reference surface S,. It can
be shown that M, is a quasi-projective variety (see [2], p. 425).

The moduli space My has a more or less canonical compactification, the Deligne-
Mumford compactification Hg whose points parametrize isomorphism classes of sta-
ble curves of genus g. It is a complete projective variety (see [2], p.425). There is
an open dense subvariety M; c Mg parametrizing curves of compact type. Neither
M, nor Mg carries a universal family of curves, though every family of stable genus

g curves X — B determines a unique analytic morphism B — Mg.

Let C' be curve of genus g, and let F denote a symplectic basis for Hy(C,Z),
i.e. a framing. Torelli space T, is the quotient T,\Teich,, where T, denotes the

genus g Torelli group. It is the moduli space of framed curves of genus g. Since T,
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is torsion-free, 7, is a complex manifold of dimension 3¢ — 3, and it is a model for
the classifying space of T,. It carries a universal family of framed curves. 7, can
be enlarged to a complex manifold 7 whose points represent isomorphism classes
of framed curves of compact type. It is called the Torelli space of curves of compact
type. It is the moduli space of framed genus ¢ curves of compact type. It carries
a universal family of framed curves of compact type, extending the universal family
over T, The symplectic group Sp,(Z) acts on 7 via its action on frames, and there

- 5C

is an isomorphism Sp,(Z)\T, = M.
2.3.3 Moduli of Hyperelliptic Curves

This following material was learned from [16]. Other references are [9] and [30].

Fix a (topological) hyperelliptic involution ¢ on the reference surface S;. Denote
by Teichy the fixed point locus of the mapping class of 0. It is a contractible complex
submanifold of Teich, of dimension 2g — 1. The hyperelliptic locus Teichzyp in Teich,
is defined to be the union of all the I'j-translates of Teichy. These translates are
mutually disjoint, since the (holomorphic) hyperelliptic involution on a hyperelliptic
curve is unique. The stabilizer of Teichy is exactly A,.

Each component of the hyperelliptic locus in 7, (or M,) is defined to be the
image of Teichgyp in 7, (or My). The hyperelliptic locus 7;’””’ in 7, is the union
of the Sp,(Z)-translates of the image of Teichy, each of which is isomorphic to
TAg\Teich]. Since TA, is torsion-free, each component of the hyperelliptic locus
in 7, is a K(T'Ay, 1)-space. The hyperelliptic locus in M, is a union of copies of the

image of Teichy, each of which is isomorphic to A,\Teichy.

2.4 Abelian Varieties

Standard references for this material are [1], [3], [14], and [29].
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An abelian variety A is a compact complex torus that admits a holomorphic
embedding in some projective space. A polarized abelian variety is an abelian va-
riety along a cohomology class § € H?(A,Z) represented by a positive, integral,
translation-invariant (1,1) form . A principally polarized abelian variety (ppav) is
a polarized abelian variety whose polarization, viewed as a skew-symmetric bilinear

form on H(A,Z) can be put into the form

0 ]gxg
( _]yxg 0 ) (2.1)

with respect to some integral basis for H1(A,Z). A framing on a ppav (A,0) is a
choice of basis for H;(A,Z) which is symplectic with respect to §. The symplectic
basis will be denoted F.

Given a framed ppav (A, 0, F) one can find a unique basis of holomorphic 1-

forms for which the period matrix is of the form

< ]ig ) | (2.2)

In this case, Q is called the normalized period matriz of (A, 0, F). The period ma-
trix ) is symmetric and has positive-definite imaginary part. These are known as
Riemann’s conditions. A framed ppav can be recovered, up to isomorphism, as the
quotient Agq, := C9/A(Q) where A(Qy) = Z9 + Z9Q < CY along with its canonical
polarization and homology framing.

The space of period matrices of g-dimensional ppav’s is known as Siegel space of

rank g. Tt will be denoted by b,. It is an open subspace of My ,(C) = C99+1/2,

The product of two ppav’s (A, 61),(As,0s) is the ppav whose underlying torus
is A; x Ay and whose polarization is the product polarization pj6; @ p3i6s, where

12



pj : A; x Ay is projection onto the j* factor. A ppav which can be expressed as a
product of two ppav’s of positive dimension is called reducible. The sublocus of b,

parametrizing reducible ppav’s will be denoted b;e‘i.

Remark 12. The following notation shall be used throughout the paper. If a framed

(necessarily reducible) ppav has period matrix

Q- ( %1 £2 ) (2.3)

for matrices €2; € by, with g, + g» = g and g; > 0, then we will write 2 = Q; ® Q».
2.4.1 Theta Functions

A theta function of characteristic ¢ is a holomorphic function 95 : h, x C¢ — C

defined by the following series:

05(Q,2) = . exp(mi ((m + 6")Qm + &)+ 2(m + &) (z + 5")")) (2.4)

mezZ9

where § = (¢',0") € 1729/29 @ 179/79 = 17%9/7?9 ~ F5’. The vector § corresponds
to a 2-torsion point of Aq and s is called a theta function of characteristic 0.
By differentiating the series (2.4), one shows that Js satisfies the heat equation:

20y _ 00,
ij B 62]8zk

2mi(1 + 6,) (2.5)

where Q = (Q;;) and d;; is the Kronecker delta.

The theta function ¥4 is said to be even (odd) if for fixed Q) it is even (odd) as
a function of z. Equivalently, ¥s is even (odd) if the number ord,_¢9s(€2, z) is even
(odd). If ¥5 is even (odd), then the characteristic d is also said to be even (odd).
Equivalently, ¢ is even (odd) if and only if the number ¢'(§")" € Fy is equal to 0
(or 1). It should be noted that the theta function ¥5(€2, z) is a non-zero multiple of
V(2,2 4+ 6" +0"Q).

13



If a characteristic 6 € %Zzg can be written in the form
6 = (0, 800, (O, 30) (2.6)

for some characteristics §; = (8}, 07) € %Z%’j with g1 + -+ + g, = g, then we write

0 =01@-- @0, If Qis a block matrix of the form Q; @ --- ® (2, with ; € b,

then there are characteristics 0, € %ZQQJ' such that § = 6, ®---®6,, and

95(Q, 2) = Vs,@mm6, (0 2) = || 9s,(, 2(j) (2.7)

1<j<n

where 2(j) = (2g,4-g;11> -+ » Zg1 4t gj01)-

The restriction of the theta function 95 to z = 0 is the thetanull of characteristic

0. It is a holomorphic function
Us(—,0) : h, —» C. (2.8)

The thetanull ¥5(—, 0) is called even or odd, respectively, if the corresponding theta

function is. The odd thetanulls vanish identically.

The symplectic group Sp,(Z) of integral symplectic 2g x 2g matrices holomorphi-

cally on b, by the following formula:

M-Q=(AQ+ B)(CQ+ D)™ where M = ( é lB; ) € Sp,(Z). (2.9)
Theta functions enjoy special transformation properties with respect to the action
on b, x CY given by the formula M - (Q,2) = (M - Q, z-(CQ+ D) !). More specif-
ically, we have the function J5(M -, z-(CQ + D)™') is equal to u-Jg(, 2), where
u is a specific (very complicated) non-vanishing holomorphic function depending on
0, M, and z and ¢ is a characteristic depending on ¢ and M given by another

14



complicated formula. Precise formulas are given on p.227 of [3]. Thetanulls obey

similar transformation laws.

Now fix a period matrix y. The theta function ¥5(€, 2) does not descend
to a holomorphic function on Ag,; it is, however, a section of a positive holomorphic
line bundle on Ag,. The divisor on a ppav corresponding to a principal polarization
is called a theta divisor; these are unique up to translation ( [14], p.321). A theta
divisor is called symmetric if it is stable under the involution z — —z. The sym-
metric theta divisors are exactly the zero divisors of the theta functions J5(€, 2).
Any theta divisor on a reducible ppav A; x As is of the form ©; x Ay U Ay X O,
where ©; is a theta divisor on A;. The zero divisor of ¥5(£, 2) is even or odd if

ord,—os(20, 2) is even or odd, respectively.

The jacobian Jac(C') of a smooth curve C' is a special example of a ppav. Note
that it is canonically polarized by the cup product on H;(C,Z). There is a canonical
isomorphism Pic”(C) — Jac(C); this is the net content of Abel’s Theorem and the
Jacobi Inversion Theorem. The generalized jacobian of a curve of compact type with

components C; is the product [ [ Jac(C}).

Let C' be a smooth curve of genus g. Let W, ; < Pic? '(C) denote the codi-
mension 1 subvariety consisting of classes of effective divisors on C' of degree g — 1.
Choose a theta characteristic @ on C. The map Pic? '(C) — Pic’(C) defined by
r — x — «a sends W, 1 to the locus W, ; — « in Pic°(C). By Riemann-Roch, the
divisor W,_; — « is a symmetric theta divisor; it will be denoted by ©,. This is a
geometric formulation of Riemann’s Theorem.

The parity of ©, matches that of the theta characteristic a. Let § be a charac-
teristic such that ©,, is the zero divisor of ¥5. Then Riemann’s Singularity Theorem
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states that for L € Pic?~!(C),

mult, (W, 1) = mult; (0,) = ordy o(9s(Q, —)) = h°(L) (2.10)
2.4.2 Genus 2 Curves and their Jacobians

Let C denote a smooth curve of genus 2. Then there is a special interaction between
the theta characteristics, Weierstrass points, and the jacobian of C'. Since the canon-
ical linear system gives a 2:1 covering C' — P!, the Weierstrass point of C' coincide
with the odd theta characteristics on C.

By Abel’s Theorem, the choice of a Weierstrass point w on C' gives rise to an
embedding C' < Pic’(C) defined by p — p — w. The image is an odd theta divisor
in Pic’(C) = Jac(C). Thus any theta divisor on Jac(C) is isomorphic to C and is, in

particular, a non-singular curve. The Riemann Singularity Theorem gives a relation
ord, (1s(0, —)) = K(p) = 1 (2.11)

where € is the period matrix of Jac(C) and 95 is the theta function whose zero
divisor is ©,,. This implies that any theta function on the jacobian of a smooth

curve of genus 2 vanishes only to first order along its zero locus.

If C' is a singular genus 2 curve of compact type, then it consists of two el-
liptic curves Ei, E5 joined at a single node. The generalized jacobian of C' is the
product E; x E5. Any theta divisor on a 1-dimensional ppav consists of a single
point, and, from our description of the theta divisor on a reducible ppav, it follows
that theta divisor of F; x Ej is of the form E; x {ps} U {p1} x Es, for some points
p; € E;. In particular, C' is again isomorphic to the theta divisor of its (generalized)
jacobian. Any theta function 95(€, z) on E; x E, vanishes to first order along its

zero locus, except at a single point where it vanishes to order 2.
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2.4.3 Genus 3 Hyperelliptic Curves

There is a special relationship between non-singular hyperelliptic curves of genus
3 and theta characteristics. The following result is demonstrated in [16] and we

reproduce it here.

Lemma 13. A non-singular curve C' of genus 3 is hyperelliptic if and only if it
possesses a vanishing even theta characteristic. Such a theta characteristic is unique

up to linear equivalence, if it exists.

Proof. 1f C' is hyperelliptic, then its hyperelliptic linear system contains a vanishing
even theta characteristic by Riemann-Roch. Conversely, if C' has a vanishing even
theta characteristic o, then it moves in a linear system of degree 2 and dimension 1.
It follows that there is a 2:1 map C' — P!. Hence C is hyperelliptic. The uniqueness
of a follows from the fact that a hyperelliptic curve possesses a unique linear system

of degree 2 and dimension 1 ( [20], p.342, Prop.5.3). O

Lemma 13 implies that C' is hyperelliptic if and only if it possesses an even theta
characteristic a with the property that mult,®, > 0. Equivalently, C'is hyperelliptic

if and only if it has a period matrix lying on the zero locus of an even thetanull in

bs.
2.4.4  Moduli of Principally Polarized Abelian Varieties

A framed ppav can be recovered, up to isomorphism, from its period matrix. Conse-
quently, Siegel space b, can be viewed as the moduli space of framed ppav’s of dimen-
sion g. In the moduli interpretation, the action of an element M € Sp,(Z) on b, sends
the isomorphism class of (A, 6, F) to the isomorphism class of (A, 0, M - F), where
M - F denotes the image of the frame F under M. The quotient A, := Sp,(Z)\b, is

the moduli space of (unframed) ppav’s of dimension g.
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2.5 The Period Map

There is a holomorphic map 7, — b, which sends the isomorphism class [C; F] of
a framed curve to its period matrix. It is called the period map. The sharp form of
the Torelli Theorem [28] states that the period map is a double branched cover of its
image, and that it is injective along the locus of hyperelliptic curves.

The period map extends to a proper holomorphic map 7 — b, (the extended
period map) that sends a framed curve of compact type to its period matrix. The
Torelli Theorem no longer holds in this setting; the fiber over a point in bged will
have positive dimension.

When g = 2, the extended period map 75 — b2 is a biholomorphism [28]. This is
due to the fact that every genus 2 curve of compact type is hyperelliptic and the fact
that, if the curve is singular, it is isomorphic to two elliptic curves joined at their

respective identities.

18



3

The Topology of the Universal Cover C

Let X5 — by denote the universal family of framed principally polarized abelian
surfaces over h,. This can be constructed as the quotient of hy x C? by Z* via the
action

(my,ma) - (2, 2) = (Q, 2 + my + maf). (3.1)

Since it has a global homology framing, it is a topologically trivial fiber bundle over
b, with fiber a real 4-torus. Any theta function 9, : s x C2 — C can be viewed as a
section of a holomorphic line bundle on X5. The zero locus ©, < X5 will be referred
to as a theta divisor on X5. It can be viewed as a family of curves over hy. The first

result of this chapter is the following.

Proposition 14. The family of curves ©, — by is isomorphic to the universal curve

C2 i 7;6.

The geometry of ©, — by can be described explicitly using facts about theta
functions. This will allow us to give a very concrete description of the geometry of
the universal curve Co — T5°. We will be able to deduce results about the geometry
and topology of the universal covering C — C,, since, as we will show, the universal
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cover of ©, is simply the preimage of O, in hy x C?, i.e. the zero locus of ¥, in

hs x C2. The main result of this chapter is

Theorem 15. The universal cover C of C s homotopy equivalent to an infinite

bouquet of 2-spheres.
3.1 The Geometry of the Universal Family C

Before we begin, we fix some notation. Once and for all, define ¥ to be the theta
function 95 with characteristic § = (1/2,1/2,1/2,1/2). Define © to be the zero locus
of ¥ in X5. This is done for technical reasons, and is only a matter of convenience.
Any other theta divisor on X, is a translate of © by a 2-torsion section. Most of the
proofs that follows work equally well, with minor modifications, if an arbitrary theta

function is used in place of 4.
3.1.1 The Zero Locus © as a Family of Curves

Recall that a proper, surjective holomorphic map ¢ : X — S between complex
analytic spaces is called a family of nodal curves if it is flat and its fibers are nodal
curves [2]. Our first goal is to show that © — b is a family of curves. This involves
checking that the family is flat. There is a convenient test for flatness that applies
when the source and target are both connected complex manifolds, namely that the
fibers are equidimensional (see, for example, [13], pp.113-114). In order to apply this

criterion, we will first show that ¢ defines a complex submanifold © of Xs.
Lemma 16. The zero locus © < X5 is a non-singular subvariety.

Proof. This condition can be checked locally. At any point p € © < X,, there is a
defining function for © of the form 9,(2, z) on an open subset U of hs x C2. By the

heat equation, the gradient of this holomorphic function is

1029 1 2 1 02
( 0“9 0°v 0“9 ov 819). (3.2)

%62%’%621622’ 2_7%823’8_2’1’ 029
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This can never vanish, as that would imply that there is a period matrix €’ theta
function 9J,(€',—) has a zero of multiplicity at least 3. This would contradict the
fact that 9,(Q',—)"'(0) has at worst nodal singularities, as explained in Section

2.4.2. [l

Proposition 17. The projection f : © — by is a family of nodal curves. Every fiber
1s a genus 2 curve of compact type, and the fiber over Qg € by is naturally a framed

curve with period matriz €.

Proof. Since the map Xy — by is proper and O is a closed analytic subset of X, it
follows that p is proper holomorphic map. The fiber Oq, over €y € b, is isomorphic,
as an analytic space, to the intersection © N X3 o,. This is the analytic subspace of

X, locally cut out by functions
Q1 — Q)11 Q2 — ()12 Q22— (Qo)az I(Q, 2). (3.3)

From here it follows that the fiber Og, is isomorphic to the zero locus of J(€, 2)
inside the complex torus C?/A(€p). This is a genus 2 curve of compact type (hence a
nodal curve), and it naturally inherits the homology framing on X5 q,. With respect
to this framing, the curve O, has period matrix €. Since © and b, are connected

complex manifolds and the fibers of f are equidimensional, if follows that f is flat. [

Since framed curves of compact type have no automorphisms, the Torelli space of
compact type curves 75 is a fine moduli space. As such, there is a universal family
of framed curves of compact type C — TS°. The restriction of C to the preimage of
7> in C is the genus 2 Torelli curve, which we denote by C' — T3 [28]. It is a C®
fiber bundle over 7, with standard fiber S,.

Proposition 18. As a family of framed curves, the family f : © — bs is isomorphic

to the universal family C — T.

21



Proof. The moduli map hy — 7 is the holomorphic map which sends a period matrix
Qg to the isomorphism class [C; F'| of framed curves with period matrix €2y. This is
simply the inverse map of the period map 7 : 75° — b, hence it is a biholomorphism.
Since the family f : © — b, is recovered from C — T via pullback along 7!, there

is an isomorphism of families of framed curves © = C.

]

The fact that C is isomorphic to © will be of considerable utility in the sequel.
Using facts about theta functions, we will be able to explicitly describe the geometry

of © and its universal cover, and therefore that of C and C.

One of the first such results concerns the geometry of the locus C™? of reducible
fibers of C — 7. Define ©" to be the preimage of h5*? in © under the projection
© — bhy. Recall that a divisor with simple normal crossings is a normal crossings

divisor all of whose irreducible components are smooth.

Proposition 19. The locus C™? of singular fibers in C is a divisor with simple

normal crossings.

Proof. The isomorphism © =~ C induces a biholomorphism ©7¢¢ =~ C"¢. We will

prove that ©7¢¢ has simple normal crossings. Our strategy is to prove the result for

the locus @gf‘ihl lying over the connected component b; x h; < h5? = b, and then

use the action of Spy(Z) on X, to transplant the result to other components of h5ee.

The locus @{)’f‘ihl is clearly an analytic subset of © of codimension 1; it is defined
by the single equation fi5 = 0, where fi5 denotes the €215, component of the projection
f:© — by, viewed as a 3-tuple of holomorphic functions. We may identify @gf‘ihl
with the zero locus of ¥ inside of X3|p,«xp,- When Q5 = 0, there is a product
decomposition

I, 2) = V(1/2,1/2) (11, 2’1)19(1/2,1/2) (Q22, 22). (3.4)
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Now ©p¢4, is the union of the zero loci of g;(2, 2) := V1/2,1/2)(Qj;, 2;) inside of
Xo|p, xp,- Both components are smooth because, in local coordinates (€2, z) the gra-
dients of the functions ¥ /2,1/2)(€2};, 2;) are non-vanishing along their zero loci. This
is a consequence of the fact that the Jacobi theta function ¥(1/1/9)(7, ) has only
simple zeros. Thus ©p°%, is the union of two smooth components.

We now show that the locus where these components intersect is locally the union
of the hyperplanes z; = 0 and 2, = 0 inside of h x C2. The two components meet
along the locus z; = 2o = 0 in Xsg, xp,- Since this is local problem, we will work in
a sufficiently small neighborhood of z = (71 @ 72, 0) € hy x C?, as this is a point in
the preimage of the intersection of the two components. Locally around x we have
an identity

V(12,172 (S, 21)0/2,1/2) (a2, 22) = 2122 - (3.5)

where u is a non-vanishing holomorphic function. The claim now follows.

Now consider the component @;Eedd of ©¢? lying over the component bgeg of hied.
2,8 ’
A B .
Choose an element M = c p|E Sp,(Z) such that M carries the component

b1 x by to bgfg. Then the automorphism of Xy defined by

[Q,2] > [M-Q, 2 (CQ+ D) (3.6)

carries Xalp, xp, t0 X2 hyed- The theta function 9,/(€2, z) pulls back to

Da(MQ, 2 (CQ+ D)) = it 9 (9, 2) (3.7)

where 4 is a specific non-vanishing holomorphic function, and «’ is a specific char-
acteristic derived from « (see, for example, [29]). As we have argued, the zero locus
of this function in Xs|p, xp, is a divisor with simple normal crossings. It follows that

@gfffd is a divisor with simple normal crossings in ©. Since O™ is the union of all of
2,8

the @gffd, all of which are disjoint, ©"¢ is a divisor with simple normal crossings. [
2,8
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Let Xz denote a component of @Tf%. The projection © — by restricts to a
2,

red

projection Xz — h5%.

Lemma 20. The projection Xz — bgfg 15 a family of elliptic curves. It is trivial as

a bundle of real 2-tori.

Proof. The idea is to show that Ehremann’s Theorem [24] is applicable. First observe
that @gg% — hgfg is proper. Since X3 is a closed subset of @;Z%’ it follows that Xz —
bgfg is proper. We now argue that Xz — bgfg is a submersion. For simplicity, we
work with a component Xj, w5, over by x by of h°d. The argument can be transferred
to the other components of h5¢ by symmetry. Since the problem is local, we work
with the component Z of the zero locus of the holomorphic function f(£2;@Q0, 2) =
V(1/2.1/2) (1, z1) in by x by x C? all of whose points are of the form (11 @ Q92,0 )

where x € C.

Fix a point P = (1, ® 7,0, z) € Z. Define a map b; x h; — by x h; x C? by
Q11 D Qag — (211 D Na9, 0, 7).

This gives a section of the projection Z — b x h; passing through the point P. This
implies that Z — h; — b is a submersion, and hence that the projection Xz — bgfg
is a submersion.

Observe that the fiber in Xz over a point 71 @ 72 € b x b is the zero locus of the
function ¥y /2,1/2)(71, 21) in the complex torus C?/A(11®T72). This is just the subtorus
C/A(72) of C*/A(11 & 72) consisting of points of the form (0, z).

An application of Ehresmann’s Theorem shows that Xy, w5, — b1 x by is a trivial

fiber bundle with standard fiber a 2-torus.
O]

Remark 21. It should also be noted that the singular locus ©7¢45"9 of @ is

precisely the locus along which the components of ©"? intersect. Each irreducible
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component of @%*"9 ig jsomorphic to h; x h;. The projection © — bh, submerses

red,sing
hred
2,8

red red

the unique component of © lying over h5% onto hy%.

In a later section, we will invoke certain results from stratification theory (see
Appendix A for basic notions of this theory and [12] for a definitive reference). As a

consequence of our work so far we state the following proposition.

Proposition 22. The filtration © > 0" > @59 induces a Whitney stratification
of ©. With respect to this stratification and the Whitney stratification of by induced

by by D b5, the projection © — by is a stratified submersion.
3.1.2  Geometry of the Universal Cover of ©

Very shortly, we will compute the fundamental group of © (and therefore also that
of C). We will make use of the following lemma, though it is strictly stronger than

what we will need.

Lemma 23. The universal family C — Ty admits siz holomorphic sections. On each
smooth fiber, these sections pass through the six Weierstrass points. On the singular

fibers, these sections pass through the six non-zero points of order 2.

Proof. We will prove this lemma by working with the isomorphic family p : © — bs.
There are six theta functions J,(€2, z) of odd characteristic. These have the property
that the corresponding thetanull ¥, (—, 0) vanishes identically. Observe that there is
an equality

Va(Q, 2) = ug -9 (Q, 2 + 6, + Q) (3.8)

" 0" are elements of

al) Yo

where u,, is a certain non-vanishing holomorphic function and ¢
%ZQ. It now follows that there are six holomorphic sections w; : hs — ©, 5 =1,...,6,
defined by 2 — 4! + 62, where j is an index labeling the six odd theta nulls.
There is an involution of the family Xy — by defined by 2 — —z on each fiber.
This induces an involution ¢ of © — b, since the function (€2, ) is preserved up
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to non-zero scaling by the transformation (Q, z) — (€2, —z). Observe that ¢ fixes the
six sections wj, since on each fiber of X, they take values in the points of order 2. It
follows that, on each smooth fiber of ©, the involution ¢ restricts to the hyperelliptic
involution and the images of the w; pass through the six Weierstrass points of the
curve. Similarly, ¢ restricts to the hyperelliptic involution on each singular fiber, and
the images of the w; pass through the six non-zero points of order 2 on the curve.

All of this is then transported back to C — © via the isomorphism © = C. n

By Mess’s work [28], Tz is homotopy equivalent to an infinite bouquet of circles.
The generators of m1(73,p) have the following description. Identify 75 with by — h5ed
via the period map. Let Ag be a small holomorphic disk in h, that is transverse to

red

55 at pg. Then for each [ there exists a continuous path v from €2 to a point on

the boundary of Ag such that the oriented loops
75 00g - g (3.9)

freely generate 71 (ha — b5¢?, ). The Torelli group T is freely generated by the

monodromy of C — C"? around these loops.

Let us now fix some notation. These conventions will be in effect for the rest
of the paper. Let m = m(Ss,*) denote the fundamental group of the reference
surface S, of genus 2. Let 7’ < 7 denote the commutator subgroup, and define

H :=n/n" = H,(S2,Z) denote the abelianization of .

Lemma 24. The embedding C — X5 induces an isomorphism on fundamental groups

m1(C, %) — m(Xo, *).

Proof. Consider the Torelli curve C' — Ty (see [2], p. 461). This is a C® fiber

bundle S5 — C' — T3. The fundamental group of C’ is isomorphic to the pointed
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Torelli group T3 (see [9]). The only non-trivial segment of the associated long exact

sequence of homotopy groups is
lom—>T5, -1y —1 (3.10)

By the preceding lemma, the Torelli curve admits a section s : T — C’. This allows
us to view 75 as a subgroup of 75 ; and 715, as a semi-direct product 751 = 7 x Tb.

Observe that the inclusion C' — X, factors as C’ — C — X,. Notice also that
this inclusion induces a surjection 1 (C’, ) — (X, »). This latter statement follows

from the fact that the fibers of C' are embedded in the fibers of X, as theta divisors.

Consider the homomorphism i : 7 (C’, #) — m(C, #) induced by inclusion. This
is a surjection, since C’ is the complement in C of the normal crossings divisor C"%.
Elements of 75, viewed as a subgroup of 75, lie in the kernel of ¢ because by is
contractible. Elements in the commutator subgroup 7’ < © < T3 also lie in the
kernel of ¢ because, by Mess’s description of the monodromy, any separating simple
closed curve on any fiber of C’ is freely homotopic to a vanishing cycle of C. Since the
vanishing cycles are themselves nullhomotopic, it follows that any separating simple
closed curve on a fiber of C’ is as well. Since any element of 7’ can be written as a
product of separating simple closed curves, it follows that 7’ lies in the kernel. Thus
the subgroup 7’ x T5 of Ty lies in the kernel of 1.

There is a surjective homomorphism 7 x Ty — 7% =~ H defined by ¢ -t — G,
where t € Ty and ¢ € w. The kernel of this homomorphism is precisely @’ x T5. This
induces an isomorphism (7 x T5)/(7' % Ty) = H. Thus we have obtained a sequence

of group homomorphisms
H—>7T1(C,*) —>7T1(%2,*) (311)

such that the composition H — m(Xs,*) = H is surjective. Since H is a finitely

generated abelian group, this composition is actually an isomorphism. Furthermore,
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since H — m1(C, ) is surjective, the homomorphism 7 (C, *) — H is injective, hence

it is an isomorphism. O
We shall call upon the following corollary in a later section.

Corollary 25. The inclusion Cq, < C induces an isomorphism H,(Cq,) — H,(C),

where Cq, is any fiber.

We are now in a position to describe the geometry of the universal cover C of
C. We will do this by examining the geometry of the universal cover O of ©. As a
corollary of the preceding proposition, we see that the inclusion © — X, induces an
isomorphism of fundamental groups. From this it follows that the preimage of © in
ha x C2, i.e. the zero locus of ¥, in hy x C2?, is a connected covering space of © with
covering group H. In other words, it is the universal cover of ©. We will denote this
space by ©. Tt follows that there is an isomorphism C — © and that it respects the

fibers of the projections C—>C— ho and 0506 ho. We record this as

Lemma 26. There is a biholomorphism C — © which preserves the fibers of the

projections C — by and O — bo.

Let us now describe the fibers of C — b, in some detail. Since the inclusion of a
fiber Co — C induces a surjection on the level of fundamental groups, it follows that
the preimage of Cq in C is connected. Since this preimage is precisely the fiber 5Q of
C over ). It follows that the fibers of Cq, are connected. Since the covering C—Cis
an H-covering, it follows that the induced map Co — Cq is an H -covering. Since the
fundamental group m1(Cq, ) is a finitely generated group with abelianization H, it

follows that Cq, is the universal abelian covering of Cp. We record this in the following

Lemma 27. The fiber Co 0f5 over §) € by is the universal abelian cover of the fiber
Cq of C over ). Concretely, the fiber Co, is 1somorphic to the zero locus of the theta
function 9,(Q,—) : C* - C.
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Now define 0" to be the preimage of ©"*¢ under the universal covering 0 - 0.

Let C:)gffd denote the preimage of @gffd in ©. Then égfﬁd is a divisor in © with
2,8 2,8 2,8

simple normal crossings. It is easiest to see this by considering the locus (:)gf‘ihl
over h; x by. This is isomorphic to the zero locus of J,(Q11, 21)00 (a9, 22) inside

of h; x h; x C2. This is the subvariety of b; x h; x C? given by the union of the

components Di(m,n), Da(m,n), where m,n € Z, with equations
Dj(m,n) = {(Qu1, Doz, 21, 20) 1 25 = m + nlQ;} (3.12)

It is a divisor with simple normal crossings, and each irreducible component is iso-
morphic to h; x h; x C. Note that, for fixed j, the components D;(m,n) are acted
upon freely and transitively by m (X, #)/m1 (X, ) = Z*, where X is the component
of ©}%, whose preimage is the union of the D;(m,n).

By symmetry, the other loci égffd are seen to have an essentially identical de-
2,8

scription.
Also note that, much in the same way that the projection ©® — b, restricts to a

submersion Xz — bgfg, the projection 0 — b2 submerses each irreducible component

red,sing of

of (:)”efd onto hgeg. Additionally, each component of the singular locus (:)ff'ed
I 21B

b55

©7¢d, is isomorphic to h; x h; and mapped submersively onto b5°§ by the projection

b5
0 — ho. Note that set of these components are acted on freely and transitively by

the deck group H.

Lemma 28. The locus O of reducible fibers in O is a divisor with simple normal
crossings. Its irreducible components are isomorphic to b1 x by x C. The singular

locus ©™™9 s smooth, and its irreducible components are isomorphic to by x by.

Let S$° denote the universal abelian cover of Sy. As a corollary of the fact that
© — O =~ (' is a fiber bundle over by — h5¢ with fiber Sy, we have that O — Ord
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is a fiber bundle over by — h5e? with fiber Sgb. If Cred denotes the preimage of C"*? in

C. , then the same statement applies to C —Crd as well.

The preceding discussion is summarized in the following proposition.

Proposition 29. The filtration O 5 Ored 5 Qredsing i dyces a Whitney stratification
of 0. With respect to this stratification and the Whitney stratification of b induced
by by > b5e?, the projection 0 — bo is a stratified submersion.

~

3.2 Computing Hy(C) for k > 4

~

In this section, we will show that the integral homology groups Hy(C) vanish when
k = 4. This will be done by considering the PL. Gysin sequence derived in Hain’s
paper [18]. In our case, this is an exact sequence which relates the homology groups
of C and C — C to the compactly supported cohomology of Cred. Also in (18], a
spectral sequence was derived which will allow us to compute H* (CN”ed), given certain

combinatorial input that describes the way in which the components of Cred intersect.

We begin with the following statement.
Lemma 30. The total space of the fiber bundle
Seb G — el
is a K(G,1) space. The homology groups Hk(CN— Cwmd) vanish for k = 3.

Proof. Since the fiber and base of this fiber bundle are K(G,1) spaces, the total

space is as well. The group fundamental group I' := m (CN — CN”ed, x) is an extension
lo7n >0 —>T,—1. (3.13)

where 7’ denotes the commutator subgroup of @ = (53, #). Recall that 7’ is a free
group. Since 7’ and T3 are free, and therefore have cohomological dimension 1, the
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group I' has cohomological dimension at most 2 (see [7], p. 188). By the universal
coefficients theorem, this implies that Hy(I',Z) = 0 for £ > 3. Finally, we obtain

isomorphisms H,(C — C™?) = H,(I',Z) = 0 for k > 3. O
3.2.1 The PL Gysin Sequence

We now describe the long exact sequence constructed in [18]. Let X be an oriented
PL manifold of dimension m, and let Y < X be a closed PL subset (see [4], p.2).

Then there is a long exact sequence
o> HVFHY) > Hy (X —Y) > Hi(X) > HY 5 (Y) — -+ (3.14)

The groups H:(Y) can be computed, in principle, using the spectral sequence that
was constructed in the same paper. We describe it now.

Suppose that Y is a locally finite union

Y =]V (3.15)

el

of closed PL subspaces of the manifold X, where [ is a partially ordered set. Define

Yiio,in) = Yig 0 -0 Y, (3.16)
and set
Vi = H Y(io ,,,,, i) (3'17>
10<--<if
Then there is a spectral sequence
B = HY(Y,) = H:TY(Y) (3.18)

where )Y, = H Yoo N0 Y,

ap<--<Qg

We will apply these tools in the case where X = Cand Y = Cr. At this point,

we need to describe the combinatorics of the ways in which the components of Qred
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intersect. Note that the components of the form D, (m, n) do not intersect each other;
they only intersect components of the form Dy(m,n). Similarly, the components of
the form Dy(m,n) only intersect the components of the form D;(m,n). Just as

the components of @)gfi 5, fall into two types, so do the components of égfﬁd for an
2,8

arbitrary component bgeg of h5¢d. T'wo components of (:)gz% are of the same type if and

only if the deck group H carries one to the other. Arbitrarily label the components

red

of ©7%, of one type with a “17; label the components of éh”d of the other type with
2,

d
b2’

a “2”. Now O is the union of the components Dg1(m,n) and Dg,(m, n).
28

Lemma 31. The groups H*(C™*%) vanish unless k = 5 or k = 6.

Proof. Place any partial order on the set of irreducible components of Cred. Observe
that two components lw),gm (mq,n1) and 552,k(m2, ng) intersect if and only if f; = (55
and j # k. This implies that no more than two components of Cre can intersect
non-trivially. Otherwise two components of CNEEd of the same type would intersect;
but this is impossible. Therefore the subsets ) are all empty for s > 2.

As has already been established, the components of ) are analytically isomorphic
to b1 x b1 x C, hence diffeomorphic to R®. The components of ), are analytically

isomorphic to h; x b1, hence diffeomorphic to R*. Thus the E; page of the spectral
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sequence for H?(C"*4) is of the following form:

HE (Vo) 0
0 0
0 H ()
0 0

Because of the shape of this spectral sequence, all differentials vanish and this spectral
sequence degenerates at the E; page. It follows that H* (CN”ed) = 0 unless k = 5 or
k = 6. O]

We now combine this result with the vanishing of the homology of C —Cred in

degrees at least 3 to obtain, by use of the PL Gysin sequence, the following result.

~

Proposition 32. The group Hy(C) vanishes for k = 4.

Proof. For each k, we have exact sequences
HI7*(C) — H),(C — C™Y) — H,(C) — HZ(C?) (3.19)

coming from the PL Gysin sequence. By Lemma 31, when & > 4, the groups
HT*(Cre?) and H*(C?) are both zero, since then 7 — k and 8 — k are both < 4.

Furthermore, Hy(C —C%) = 0 for k > 4 by Lemma 30. This implies that H(C)

=0
for k > 4 by exactness. O]
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3.3 A Direct Sum Decomposition of Hy(C — Cr?)

It will be convenient for our purposes to replace C—Cr with a homotopy equivalent
space. Specifically, we would like to view it, up to homotopy equivalence, as a S$°
bundle over a 1-complex. We construct the 1-complex that will serve as the base as
follows.

View the real line as a CW complex having 0-cells at the even integers, and 1-
cells joining the integer 2n — 2 to 2n for each n € Z. Now attach a circle S3 = at each
even integer 2n. The resulting space is homotopy equivalent to an infinite bouquet
of spheres. Choose some indexing #(n) of the components hgfg by Z.

Now recall the description of Mess’s results given in Section 1.1.2 above. Define a
continuous map f from X to ha—h5® in the following way. On the interval [2n—1, 2n]
define f by f(t) = vs(m)(t); on the circle S5, define f to be an orientation-preserving
homeomorphism S;, — dAz which sends the point 2n € S}, to the point where 75
meets 0Ag; on the interval [2n,2n + 1], define f by f(t) = vsm)(1 —t). The map
f: X — by — bh5ed is a homotopy equivalence.

The bundle C — C™ — 7T, can now be pulled back to X. Call the pullback
bundle Cy. The total space of this bundle is homotopy equivalent to C—Cred. Let

E = ]_[ Sy, © X. Denote the restriction of Cx to E by Cy. Away from the point

nez

2n e S;,, choose a fiber F,, of CNX|5%n and define F' = H F, = Cx.

neZ

Proposition 33. There is a direct sum decomposition

Hy(C— ) = F& P Ha(Con,) (3.20)
B

where F is a free abelian group.

Proof. The inclusion C, B C — e factors through the inclusion H CNM 5 C C— Ered,
B
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and induces a homotopy equivalence Cp ~ HCNaAﬁ. By excision, there are natural

B

isomorphisms Hy,(Cx,Cg) = Hy,(Cx — F,Cg — F) for cach k.

The long exact sequence of homology for the pair (CN X, C £) has a segment

H3(5x,CNE) - Hg(gE) i Hg(gx) - HQ(CNX7CNE) (321)

which we study in several steps.

Step 1

Step 2

Step 3

: First we show that H3(5X,CNE) = 0. We will study the exact sequence of

the pair (CNX — F, CNE — F). Since CNX — F'is a fiber bundle over a contractible
CW-complex, it is a trivial bundle. It therefore has the homotopy type of a
single fiber, which we denote by Fy. Since Iy = S2° is homotopy equivalent to a
1-complex, it follows that C. x — F is homotopy equivalent to a 1-complex. Sim-
ilarly, each connected component of Cpr—Fisa S$b-bundle over a contractible

CW-complex. It follows that CNE — F' is homotopy equivalent to a 1-complex.

: The groups H3(Cx — F) and Hy(Cy — F) vanish by Step 1. It follows that
the group Hg(CNX — F| Cp— F ) also vanishes. On the other hand, the group
Hy(Cx — F) vanishes and the group H;(Cp — F) is free abelian. This implies
that Ho (6)( —F, Cr — F) is a subgroup of H; (CNE — F) and is therefore also free
abelian. Finally, this implies that HZ(gx,gE) ~ HQ(CNX - F Cp — F) is free

abelian.
: The conclusions arrived at in Step 2 imply that the sequence

is exact and that the image of the rightmost map is a free abelian group, which
we denote by F’'. This implies that there is a split exact sequence
0 — Hy(Cg) — Hy(Cx) — F' — 0. (3.23)
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By functoriality of the long exact sequence of homology for a pair, there is a

commutative diagram

~

00— Hy(Cp) Hy(Cy) F 0 (3.24)

| -~

0—— Hy([;Con,) —= Ha(C — C"%)

ik4
k4

with exact rows. This implies that the corresponding sequence

0— Hz(]_[ CNaAﬁ) — Hy(C—C) - F' -0 (3.25)
B

is exact. The result follows.

~ ~

3.4 The Computation of H3(C) and Hy(C)

Our tool of choice in this section is the long exact sequence of homology for the
pair (C,C — C"4). Recall that we have already shown that Hy(C) = 0 when k > 4
and that Hj (CN - ered) = 0 when k£ > 3. We are thus left to consider the sequence

0 — H3(C) — H5(C,C — C™%) — Hy(C — C"*%) — H,(C) — H5(C,C — C"%)

We will show that the boundary map @ : Hs(C,C — C™?) — H,(C — C?) factors in

the following way:

Hy(C — Cre4) (3.26)

/

(—Dﬂ H2(C~ﬂ)

11

This will imply that Hy(C) vanishes and, coupled with the fact that Hy(C,C—Cred)

is a free abelian group (generated by small disks transverse to the irreducible com-

~

ponents of C*4), that H(C) is a free abelian group.
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In order to carry this out, we will first find a convenient direct sum decom-
position for H3(5 C — CNTed) which is in some sense compatible with the boundary
map. Choose a closed tubular neighborhood N of h5¢?. This restricts to a tubular
neighborhood N of each component 5% of h3*?. Let N = N — dN. By excision,

there is a natural isomorphism

Hy(C,C — C™*) =~ (P Hs(Ch,,Cy, — C*). (3.27)
B

To prove the desired result, we will need to gain a thorough understanding of the
terms Hg(CwNﬁ,CNNB — nge‘i).
Fix a component bgfg of h5¢d. We will study the topology of the pair of spaces

(CN Nﬁ,g Ny — Ng“l). Our goal is to show that there is a homeomorphism
(@, v, = E%) = 158 x @iy Creirn) (3.28)

Here N(pg) is the fiber of Ny over the point ps € hgfg, CNN(pﬂ) is its preimage in C

and CNN*(pB) is the preimage of N*(pg) := N(pg) — pp in C. We may assume that
N(ps) = Ag.

In order to prove this result, it appears easier to first work with the pair of
spaces (O, Oy, — @%Z). The immediate goal is to show that the sequence of pro-
jections Oy, — Ng — b5 fibers the pair (Ox,. O, — 05%) locally trivially. We
will use Thom’s First Isotopy Lemma (see [12], p.41) to accomplish this. For the

reader’s convenience, we reproduce it here.

Theorem 34 (Thom’s First [sotopy Lemma). Let f: Z — R™ be a proper stratified
submersion. Then there is a stratum-preserving homeomorphism
h:Z—>R"x (f1(0)n Z) (3.29)

37



which 1s smooth on each stratum and commutes with the projection to R™. In par-

ticular the fibers of f|z are homeomorphic by a stratum-preserving homeomorphism.

By radially shrinking N if needed, we may assume that Njs is contained in a

red red

larger open tubular neighborhood N é of h5% such that the projection Nj — b5

red

agrees with the projection Ny — h5% on Ng.

Lemma 35. The subset @NTa C %2|N//3 1s closed. The subsets
On, —OF!, Oy, OFt—epte gphene (3.30)

of @Nﬁ are locally closed in X, Ny and form strata which endow @Nﬁ with the struc-
ture of a Whitney stratified subset of X, N With respect to this stratification, the

projection @NB — hgfg 1S a proper stratified submersion.

Proof. The proofs of the first two statements are straightforward, but somewhat
lengthy, verifications. The projection is proper because both of the maps @Nﬁ — Ng
and Nﬂ — hgfg are. The final statement follows from the fact that © — by is a
stratified submersion, the fact that Oy, — é‘Wg is a submersion, and the fact that

the bundle projections ﬁﬁg, Ng — f)gfg are submersions. O

Observe that the fiber of Oy, — 54 over pg is ©x,. This receives an induced
stratification from the stratification on O ; its strata are the intersections of Ox,

with the strata of O, .

Proposition 36. There is a commutative diagram

O = b4 x O3, (3.31)
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where the top horizontal map is a stratum-preserving homeomorphism and the diag-

onal maps are the natural projections.

Proof. By Lemma 35, we may apply Thom’s First Isotopy Lemma to the projection

red

map @Nﬂ — b5’ This gives the required result. n

Corollary 37. There is a homeomorphism of pairs
(O, On, — O5") = 35 x (O,,077)

which commutes with projection to bgeg This lifts to a homeomorphism

~

(O, On, — 05" 5 b5g x (O3, (:)z;)

which commutes with projection to bgeg’ Equivalently, there is a homeomorphism

~

(Cx,, Cx, — Ci) = b3§ » (CNZB,gz;) (3.32)

commuting with projection to bgfg .

We now derive a few consequences of Proposition 36.

Lemma 38. The total space of the family CNNﬂ 15 homotopy equivalent to a 1-complez.

Proof. We will first show that the total space of the family 555 — Ap is homo-
topy equivalent to a 1-dimensional CW-complex. This will then be combined with
Corollary 23 with Lemma 24.

We may assume that ZB is sufficiently small that CZB is homotopy equivalent to its
central fiber Cy, which is topologically the wedge T? v T? of two 2-tori. Consequently,
it is an aspherical space with fundamental group I' = 71 (T? v T?, #). Then Ca 5 is an

H-covering of Czﬂ and so is an aspherical space with fundamental group isomorphic

to the commutator subgroup [I',T']. On the other hand, the central fiber Co of Cy in
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5§B is another such space and so there is a homotopy equivalence CNO ~ CNZB. But
Cy is a 1-dimensional Stein space and so, by a theorem of Hamm [19] it has CW
dimension 1. N
Lemma 39. The inclusion CNaZﬁ — 5@; — CNEFd s a homotopy equivalence. Thus

CNNﬁ — Cl@ed has the homotopy type of a CW complex of dimension at most 2.

°? is a homotopy equivalence.

Proof. By Corollary 23, the inclusion CZZ <> Cﬁﬁ —Cj
Since the inclusion CNOKﬁ — CNZ; is also a homotopy equivalence, the result follows

after we note that the fundamental group I' of CNaZB is given by an extension
1> >T>Z-—>1 (3.33)
and therefore has geometric dimension at most 2 (see [7], p.188). [

Remark 40. Actually, CNNB — CNged has geometric dimension 2. By the Hochschild-
Serre spectral sequence, there is an isomorphism Hy(I',Z) =~ Hy(Z, Hi(n')). It is

readily verified that this latter group is non-zero.

Equipped with these results, let us now return to our analysis of the long exact

sequence of the terms Hg(gNﬁ,gNﬁ — CNEed). An application of Lemmas 24 and 25

reveals that the long exact sequence of homology for the pair (CN Nﬂ,CN Ny — 52‘3‘1) has a

segment

0— Hg(gNﬂ,CNNﬁ — Nged) i) HQ(CNNﬁ — CNEEd) — 0. (334)

Piecing all of these isomorphisms together, we now have a commutative diagram

H;(C,C — Cred) — 2~ H,(C — Cred) (3.35)



This implies that there is an exact sequence

~

0 — F' — Hy(C) — H(C,C — C% (3.36)

where F/ =~ Hy(C — CN"ed)/Hg(CNZﬁ). Since Hy(C,C — C"*%) is a free abelian group (it

is freely generated by small discs transverse to the components of 5red), the image

of Hy(C) in Hy(C,C — C"*%) is also a free abelian group. Thus H,(C) is an extension

of a free abelian group by a free abelian group and is therefore also free abelian.
Putting all of this together, we have deduced

Proposition 41. The boundary map 0 : Hy(C,C — C™?) — Hy(C — C™4) is injective,

~

and its cokernel is a free abelian group. Consequently, the group Hs(C) vanishes and

~

Hy(C) is a free abelian group.

We are actually in a position to deduce the homotopy type of C. Our strategy is

to apply the homological form of Whitehead’s Theorem (see [21], p.367).

Proposition 42. There is a homotopy equivalence \/ S% — 5f07" some index set I
I

~

whose cardinality matches the rank of Hy(C).

Proof. Since C is simply-connected, the Hurewicz Theorem gives an isomorphism

m(C) — H2(C). Thus each generator of Hy(C) is represented by a continuous map
52 C. By taking the wedge of all these maps, we obtain a continuous map
F\/s*-¢ (3.37)
I
which induces isomorphisms f, : H, (\/ S?) = .(CN) on all homology groups. Here
I is an index set whose cardinality matches the rank of Hy(C). Since \/ 5% and C are

both simply-connected and each admits the structure of a CW complex, Whitehead’s

Theorem implies that f is a homotopy equivalence. O
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~

3.4.1 The Rank of Hy(C)

~

We will now show that the rank of Hy(C) is infinite. The proof is not constructive,

but in the next section we give a way of producing reasonably explicit elements.

We begin with the following observation. Since C covers C with covering group

H, there is a Hurewicz fibration
C—C— K(H,1)
and therefore a spectral sequence
E2, = H(K(H,1),H,/(C)) = H..(C) (3.38)

converging to the homology of C.
By the computation of the homology of C. , the E? page of this spectral sequence

is rather sparse. It has only two nonzero rows, the relevant parts of which are

2
2

\_/Z
\/2
S

HO(H7H2( )) Hl(H7H2( )) H2(H7H2( ) H3(H7H2(

7 H AN’H AN H

~ ~

where H,(H, H2(C)) := H(K(H, 1), Hy(C)). This spectral sequence degenerates at

the E* page. Consequently, there is an isomorphism

Hy(C,Q) = A*Hy @ Ho(H, H2(C,Q))/d2,(A°H) ® Q. (3.39)

~

where Hg = H ®; Q. Since A7 Hy is finite-dimensional, the group Ho(C) has infinite
rank if Hy(C) does. We will demonstrate that Hy(C) does not have finite rank by

42



showing that it surjects onto a free abelian group of infinite rank.

The long exact sequence of integral homology for the pair (C,C — C™¢) has a

segment fitting into a commutative diagram

H;(Cay,) (3.40)

Hy(C) — Hy(C,C — C™) —— H,(C — C"*%) —— H,(C) —0

| i

Hy (b2, b2 — b)) — Hy (b — b5?)

where Cg, is any smooth fiber. With the aid of this sequence, one proves

Lemma 43. The sequence
Hy(C) — Hy(C,C — C™Y) — Hy(by, by — b5 — 0 (3.41)
18 exact.

Proof. This is a diagram chase. The crucial observation is that the composition
H,(Cq,) — Hy(C —C™) — H,(C) (3.42)
is an isomorphism. O

Our aim is to show that the projection Hy(C,C — C™?) — Hy (b2, by — h5?) has
a kernel of infinite rank. We will make use of an integral basis for Hy(C,C — C™?).
To construct it, arbitrarily label the two components of Cge‘i with a “1” and a “27,
respectively; denote these components by Dg; and Dg 4. Then it is possible to choose
a sufficiently small disc Ag which is transverse to hgfg at a single point such that
there are two holomorphic sections sg 1,552 : Ag — Ca, with the property that sg ;
intersects Dg ; transversely in a single point. Regarded as elements of Hy(C,C—C"%),

the sections {sg ;}5; form an integral basis for Hy(C,C — C"*).
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At the same time, the discs Ay form a basis for Ho (b2, ha — h5¢d). It is clear that
the image of sg; in Ha(ha, ha — h5¢?) equal to Ay for both choices of j. Thus the
kernel of the projection Hy(C — C"?) — Hy(ha, by — h5e?) is freely generated by the
differences {sz1 — sg2}s. This yields

Proposition 44. The group Hy(C) has infinite rank and, as a consequence, the group

~

Hy(C) has infinite rank.

~

3.5 Constructing Elements of Hy(C)

It follows from Mess’s description [28] of the monodromy of C—C"*? that any oriented
SSCC ¢ on a smooth fiber Cy of C —C"? is freely homotopic in C —C" to an oriented
vanishing cycle vg in one of the subfamilies Ca,. The precise value of the index
depends on the homology splitting of Cy induced by ¢.

Lifting to C— CN"ed, this implies that any lift £ of £ to C—Credis freely homotopic
to a lift U3 of the vanishing cycle vg. Assuming that Ag is sufficiently small, one
shows that ¥ is homologous in C — C to a 1-cycle of the form +(035,1 — 033,2),
where 55 ; denotes the lift of a section sg; : Ag — Ca, to CNAB and 0sg; denotes its
restriction to the boundary dAg of Ag. It follows that the image of the homology
class of £ in Hy(C —C™*%) is equal to the image of +(551 — 35.) under the boundary
map 0 : Hy(C,C — ) — Hy(C — C?). Certainly 551 — 35 is a non-zero.

Now suppose we have a collection of pointed, oriented SSCCs {¢}7_, on Co,
all with the same basepoint zy. Further suppose that each ¢, induces a distinct
homology splitting of Cy and that the product ¢; --- ¢, is trivial in m1(Co, o). Let
{Ek} be the set of of pointed lifts of the ¢}, to Co = C — Cred with basepoint T € Co.

Then there exists a non-zero element
= 2% (3w — 3sw.2) € HaC.C — C7*) (3.43)
k
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with the property that 0S = Z[Ek] — 0 e Hi(C—C"™). Here 8(k) indexes the
k:

component of h5? corresponding to the homology splitting induced by £, and [Zk]

denotes the homology class of lp in C — Cred.

Very shortly, we will argue that there exist non-empty collections {/;} of such
SSCCs. In order to do so, we work with the standard reference surface S;. Let
{a,b,c,d} denote the usual geometric basis for m (Ss, #). We will use a small amount
of commutator calculus in our computations. The crucial tool here is the Hall-Witt

identity (see [27], p. 290), which states that, for any elements x,y, z in a group G,
[2,y2] = [z,y] - [z, 2] oralternatively  [zy,z] = [y, 2]" [z.2]  (3.44)
where [a,b] = aba='b~! and a® = b~ tab.

Lemma 45. The elements [a,bc],[b™", cal® '* """ [a,b] and [ab,cal®”" € m1(Ss, *)
are represented by oriented SSCCs on Sy. They induce inequivalent homology split-

tings, and there is a multiplicative relation between them of the form
[a,bc] = [a,b][b~", cal”™ @ """ [ab, ca]”™. (3.45)

Proof. The proof that the four loops given above are SSCCs is an easy, if somewhat
tedious, verification. The corresponding homology splittings are given in the table

below.

Table 3.1: SSCC’s and the induced homology splittings.

SSCC Homology Splitting

[a, bc] Zla,b + c)y ®Z{c,d + a)

bl cal’ @V | Z(—b,a+ ) DZ{c,d—b)

la, ] ZLa, by ® Z{c,d)

[ab, ca]”™ Z{a + b,a + ¢y ® Z{c,d —a — b)
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It is easily seen that no two of these splittings are carried into one another by the
action of an element in Sp,(Z) x Sp;(Z) x Cy < Spy(Z).

Finally we verify the commutator identity in the statement of the lemma. It is
a striaghtforward application of the Hall-Witt identities. We remark that the proof
applies equally well in any group. Start with the separating simple closed curve
[a,bc] and expand using Hall-Witt: [a,bc] = [a,b] - [a,¢]’ . Using the identity

[z,y] = [z,yx] we may write
[a,¢] = [a,ca] = [abb ", ca] = [b", ca]” * " - [ab, ca]

so that finally we have [a,bc] = [a,b]-[b*, cal’ '@ 0" - [ab,ca]’ .
hat finally we h b o] - [b", cal’ "¢V - [ab, ca?
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4

Topology of the Hyperelliptic Locus in Genus 3

In this chapter we study the geometry of the hyperelliptic locus hgyp in h3. This is the
locus of period matrices of hyperelliptic genus 3 curves of compact type or, equiva-
lently, the closure in b3 of the locus of period matrices of smooth hyperelliptic genus
3 curves. We will in particular focus on the geometry of the irreducible components
of hgyp , each of which is the zero locus of some even thetanull. For this reason, ex-
plicit computations with thetanulls figure prominently in this chapter. These results
are essentially all due to Hain, and can be found in the unpublished manuscript [16].
However, a few of the proofs given here are, to my knowledge, original.

Using the PL Gysin sequence, we will apply our description of the geometry of
the zero loci of the even thetanulls to extract information about their topology, which
is closely related to group-theoretic features of the hyperelliptic Torelli group TAs.
We propose a necessary and sufficient condition, in terms of relations in the group
T Ag, for the zero locus of an even thetanull to be homotopy equivalent to a bouquet

of spheres.
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4.1 Preliminaries

4.1.1  The Geometry of hs.

In this section we will present a brief summary of part of Hain’s work [17] on the

geometry of hs.

Let h5e¢ denote the locus of period matrices of reducible framed principally polar-
ized abelian 3-folds. It is a closed subvariety of codimension 2. The action of Sps(Z)
red

on 3¢ permutes the irreducible components of h5°¢ transitively. Each component is

a translate of the component by x h; < b3, which is embedded via

(Q,T)H(g S):Q@T.

The stabilizer of hy x by in Sp4(Z) is equal to Spy(Z) x Sp,(Z).

The singular locus h5“™*™ of h5e? is precisely the locus parametrizing reducible
framed ppav’s which are a product of three genus 1 curves. It is a closed subvari-
ety of codimension 3. Again the Spy(Z)-action permutes the components of b5

transitively. Each component is a translate of the component b3 = by x h; x h; < b3

which is embedded via

1 0 0
(r1,79,73) > | 0 7 O
0 0 T3

The stabilizer of h; x h; x by in Sps(Z) equals Sp;(Z)? x Sz, where S3 denotes the

symmetric group on three letters and Sp,(Z)? = Spy(Z) x Sp;(Z) x Sp,(Z).

Hain has shown [17] that if p € b3 lies on a component of h5**™ then ex-

actly three components of b5 intersect at p. In fact, in a neighborhood of p there
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are holomorphic coordinates

T 21 23
21 T2 Z3
Z2 23 T3

for b3 such that locally around p these components are cut out by the equations

21222:0 21223:0 2222320.
4.1.2  The Hyperelliptic Locus and the Period Map

We recall some facts about the period map from Section 2.4.4. The period map
Tz — b3 is generically 2-1 onto its image and is branched over the locus of jacobians
of smooth hyperelliptic curves. Its image is exactly bz — b5 [16]. The period map
extends to a proper, surjective, holomorphic map P : 75 — b3, which will also be re-
ferred to as the period map, as the meaning will be clear from the context. Note that,

though the fibers of P over hz — h5e? are finite, its fibers over h5e

are 1-dimensional.
Let 7™ denote the hyperelliptic locus in 75. Standard arguments from de-
formation theory (c.f. [2], p.211) imply that 75" is a smooth subvariety of T3 of

dimension 5. We record this as

yp

Lemma 46. The hyperelliptic locus 7;,“’1 is a smooth divisor in TS .

Let h2% denote the image of 757" in hs. It is the closure in b3 of the locus of

period matrices of smooth hyperelliptic curves.

Lemma 47 (Hain, [16]). The hyperelliptic locus hgyp < b3 is the union of the zero

loci of the 36 even thetanulls.

Proof. The subset b2 A (h3 — h5°Y) < by is the union of the zero loci of the even
thetanulls 9J5(—, 0) restricted to hz — h5e4. This is a consequence of the fact that a
smooth curve of genus 3 is hyperelliptic if and only if it possesses a vanishing even
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theta characteristic, which is necessarily unique (c.f. Section 2.4.3). On the other

hand, every point of b5 is the period matrix of a framed hyperelliptic curve, and

every element of h5°? is contained in the zero locus of some even thetanull. O

It should be noted that Sp4(Z) acts transitively on the zero loci of the even

thetanulls and therefore also on the components of f)gyp . Thus the filtration
h3 S hgyp > hged 5 bged,sing

is stable under the action of Sp4(Z).

Henceforth, we shall denote by D, the sublocus of hgyp which is the zero lo-
cus of the even thetanull ¥s, (—,0). The next result will imply that the D, are

precisely the irreducible components of 7.

Proposition 48 (Hain, [16]). The zero locus D, of U5,(—,0) is non-singular.

Proof. This is a straightforward application of the heat equation for theta functions
and the Riemann Singularity Theorem. Suppose first that Q € D, n (h3 — h5e?).
Then 2 is the period matrix of a non-singular framed hyperelliptic curve C' and the
theta divisor ©, satisfies

mult,©, = h’(a) = 2.

By the heat equation, at least one of the numbers

%5,
0202y,

(2,0) = 2i(1 + 5,) 224 (0, 0
o0

is non-zero. Thus D,, is non-singular at €.

If Qe D, n b5e? the situation is somewhat more complicated. By the trans-
formation law for thetanulls, we may assume that 2 = Qy @ 79 € ho x h; and that
5., (2,0) = 0. We will argue that dJs, (—,0) vanishes to first order at 2. There are
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two cases to consider. The first is that Qg € ho —h5¢¢ and the second is that Qy € h5ed.

Assume that Qg € hy — h5¢%. Since € is in block form, we have
U5, (2, 2) = Vs, (R0, 2")0s,, (10, 2")

where 2z’ = (21, 22) and 2" = z3. Since J, is even and vanishing, it must be the case
that d,, and d,, are either both even or both odd and that at least one is vanishing.
If 64, and d4, are both even, then neither 95, (2, 2) nor Jsa, (7o, 2”) vanish at 0. It
follows that d,, and d,, must both be odd. Since odd thetanulls vanish identically,
it follows that s, (€0, 2") and Jsa, (70, 2”) both vanish at 0. Since the theta divisor
on the jacobian of a curve of genus 1 or 2 is smooth, it follows that both of these
functions vanish to first order at 0. Thus ordy©, = 2, and by the heat equation D,,
is smooth at €.

The second case to consider is that in which € h3. As above, we are free
to assume that Q = 71 @ 7 @ 73 and that Js_(Q,0) = 0. Under this assumption, we

have

V50 (€2, 2) = Vs, (11, 21)0s,, (T2, 22)Us,, (73, 23).

Since J, is even, then either all three of the d,, are even or two are odd and one is
even. In the first case, none of the factors vanishes at 0. So it must be that two of
the «; are odd and one is even. Thus it follows that Js, (€2, z) vanishes to second

order at z = 0. Again by the heat equation, D, is smooth at (2. m

. . : : hyp,si h
We are now in a position to describe the singular locus h3""*" of b3*.

Corollary 49 (Hain, [16)). The singular locus b7 of h5*" is equal to hied.

yp

Proof. Because the components of bg are all smooth, the singular locus of bﬁ,fyp

consists of those points p which lie in some intersection D, n Dg where o # f3.
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Since a smooth hyperelliptic curve C' has a unique vanishing even theta char-
acteristic, any period matrix for C' lies in exactly one of the D,. Thus, any point
p€ D, N Dg must be the period matrix of a singular curve and p € h5.

On the other hand, if p € h5? then p is contained in the intersection of two
distinct components of hgyp . In order to demonstrate this, we may first assume that

p € by x hi. Then p = Qy @ 7 for some €y € h and 75 € h;. Then for any choice of

odd characteristic d; of genus 2, the characteristic 6 = 0, @ (1/2,1/2) is even and
195(90 @Tg, 0) = 1951 (Qo, 0)19(1/271/2)(7'0, 0) =0-0=0.
This finishes the proof. O

Define D7 := D, n b5, Tt is a closed analytic subset of h3. We will need to

make use of the following lemma in later sections.

Lemma 50. The locus D'* = D, is a union of irreducible components of h5ee.

Proof. Each component of D' is a component of the zero locus of the restriction
of a thetanull ¥5,(—,0) to D,, where a # 3. Thus each component of Dred is a
closed analytic subset of h3 of pure dimension 4. Let X denote any one of these
components. Then X is contained in h5¢¢, the irreducible components of which are

also 4-dimensional. It follows that X is a component of h5. O
4.1.3  The Combinatorics of by*"

We will need to collect several facts which describe the combinatorics of the ways in

which the components of h2*” intersect eachother.

Lemma 51 (Hain, [16]).

yp

1. If p e byed — b5 then exactly siz components of h5YF intersect at p. These

siz components meet pairwise transversely.
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yp

2. If p € 55" then exactly nine components of Gi¥ intersect at p.

Proof.

red

1. We may assume that p = Qo @ 19 € (h2 — h5**) x hy. Let J, be any even

characteristic. First observe that for all € @ {25 € by x h; we have
Vs, (1 ® €, 0) =I5, (1,0)95,_ (€22, 0)

where 0,,, 04, are characteristics such that o, = dn, @ da,. Since 9, is even, it

must be the case that either both of the d,, are odd, or that both are even.

Now suppose that Js,_ (0 D 70,0) = 0. It must be that both d,, and da,
are odd, since if both were even then both s, (€2,0) and 95, (70, 0) would be
non-zero. On the other hand, there is exactly one odd characteristic (1/2,1/2)
in genus 1 and there are exactly six odd characteristics d,, in genus 2. For any
choice of odd characteristic d,,, the thetanull 95, (—,0) vanishes at p, where
0o = 0oy @ (1/2,1/2). Tt follows that there are precisely six even thetanulls

which vanish at p. In other words, exactly six components of h2¥” intersect at

p.

2. We may assume that p = 11 @7 @® 73 € h3. Let d, be any even characteristic.

For all Q; @ Qy ® Q3 € b3 we have

195(1 (Ql @ QZ @ 937 0) = 196 (Qla 0)195 (927 0)195 (Q37 O)

aq g ag

where the d,, are all genus 1 characteristics such that 6, = da;, @ 0oy D das-
Since 9, is even, it must be the case that either all of the d,, are even or that

two of the o, are odd and that the remaining one is even.

Now suppose that Js, (€0 @ 70,0) = 0. Then it must be that two of the

0a, are odd and that the remaining one is even. To see why, notice that if all
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of the d,, are even, then all of the numbers 195%_ (7;,0) are non-zero. On the
other hand, when the genus is 1, there are three even characteristics and one
odd characteristic. Given a fixed choice of two odd characteristics 5%1,5%
there are then three choices of even characteristic (5%.3 which produce an even
characteristic d, = 0oy D I, P da,. For any such choices the resulting thetanull
V5, (—,0) vanishes at p. It follows that exactly nine components of h3*” intersect
at p.

m

Note that if a thetanull ¥, (—,0) vanishes at a point p € h5ed — h5»*"9  then it
vanishes identically along the component of h5°? which contains p. Via the Sps(Z)
symmetry of the filtration on b3, this is a consequence of the fact that if a thetanull
Y5(—, 0) vanishes at a point p € (hy — h5¢4) x by, then ¥J5(—, 0) vanishes identically on

ho x h1. This statement is readily verified by explicit computation with thetanulls,

much as is done above.

red,sing

Lemma 52. Suppose that p € D, N b3 . Then D, contains at least two of the

three components of e which intersect at p.

Proof. We may assume without loss that p € h? and that o is a sum of genus 1
characteristics of the form oy @as@as with aq, ag odd characteristics and as an even
characteristic. Then it is enough to show that D, contains both of the components
b x by and by x by of h5?. But this is clearly true because for any elements 2 € b

and 7y € b1, we have
V5020 @ 70,0) = Vs, @64, (0, 0)Vs,, (70,0) =0

Js, (To @ o, 0) = 195a1 (7'07 0)195a2®6a3 (Qoa 0) =0

since «; and a3 are odd. O
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Corollary 53 (Hain, [16)). Let p € Dy A b5 Then D, contains exactly two of

the three components of b5 which intersect at p inside of hs.

Proof. Three components of b intersect at any point of h5°**" and 6 components

of h4¥" intersect at any point of h5e? — h5“*™_ This implies that 18 components of

BAYP intersect at any point of h5**™. However, as we have shown, only 9 distinct

components of hi¥” intersect at any point of h5°*™. This means that some of the
components of I)gyp containing p contain more than one of the components of h5
that contain p.

Now let p € h5**™ Then any component of h5* containing p also contains at

least two of the three components of h5°® which contain p, by the preceding lemma.

However, none of the components of bf;yp can contain three of the components of h5¢
containing p because, in that case, there would be more than 18 components of bgyp
meeting at p (counting multiplicity). This all implies that D, contains exactly two

of the components of h5? which intersect at p. O

Proposition 54. The divisor D" = D, has simple normal crossings.

Proof. Since the components of D"¢¢ are components of b3, each component of D¢

is non-singular. Now we need only show that D’® has normal crossings.

Suppose that p € D7 is a singular point. Then p € h5“**" and by the preceding
red

proposition exactly two of the three components of h5*® which intersect at p are
contained in D,. Since no two of these components are tangent in b3, this implies
that the two components which lie in D, intersect transversely. This completes the

proof. O
4.2 The Homology of the Components of f)gyp

The main result of [6] implies that each component D, is simply-connected. In
this section we carry out a computation of the groups Hy(D,) for £ = 3 of an
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arbitrary component D, of h5?. Unfortunately, a successful computation of Hy(Dg)
has remained elusive.
The primary tool in this calculation is the PL Gysin sequence from [18]. Specifi-

cally, we will apply the long exact sequence
> HO7FYDredy — Hy (Do) — Hy(Dy — DIFY) — - -

to the computation of the homology groups of D,. In order to carry this out, we will
need to pin down the compactly supported cohomology of D7 and the homology
of D, — Dr*d. Fortunately, using the spectral sequence for compactly supported
cohomology appearing in [18], we will be able to compute the groups HY(Dre)
exactly. Since D, — D'* is a K(TA3,1) (c.f. [6], [18]), much of its homology can
be computed using a result of Brendle-Childers-Margalit that appears in [5]. Their
result implies that the homology groups Hy(TAsz) all vanish when k& > 3 and that

Hy(TA3) is a free abelian group.

Lemma 55. The groups H¥(Dr*) vanish unless k = 7 or k = 8, in which case the

groups H*(D¢%) are free abelian.

Proof. We apply the spectral sequence (2.18) with X = D, and Y = D Since
Dred is a simple normal crossings divisor in D,, the subsets ), are all empty when

s = 2 by Corollary 53. Consequently, the E; page of the spectral sequence
EY' = H.(Y,) = H"(Dy) (4.1)

is very sparse. Since the components of D7 and Dr¢4*n9 are diffeomorphic to

by x b = R® and h3 =~ RS, respectively, the only non-trivial portion of the E; page
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is

HE (M) 0
0 0
0 HE (W)
0 0

Because of the shape of the F; page, the differentials in this spectral sequence all

vanish. The claim now follows immediately. O
Proposition 56. The groups Hy(D,) vanish for all k = 4 and Hs(D,,) is free abelian.
Proof. For each k > 0 the PL Gysin sequence has segments

H,*™ YD) — Hi(Da — D) — Hy(Da) — H,*~H (D).

Combined with the fact that Hy(D,) = 0 for k > 3 and HX=*(Dred) = 0 for k > 4,
we immediately find that Hp(D,) = 0 as long as k = 4. When k = 3, we get an
injection

0 — Hy(Dq) — HI(D;).
Since HT(Dr¢d) is free abelian by the spectral sequence computation, Hs(D,,) is also

free abelian. O

In view of the isomorphisms Hy(D, — D"¢Y) = H,(TA3) and the fact that D, is
simply-connected, the PL Gysin sequence has a segment

0 — H3(Dy) — H (D) —Hy(TAs)
— Hy(Dy) — H (D) — H\(TA3) — 0
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Since Hy(TAj3) is free abelian, if it were true that the image of H!(D,,) in Hy(TAj3)
were a direct summand, then it would follow that Hy(D,) is also free abelian. Since
H3(D,) is free abelian, it follows from the Hurewicz Theorem that, if this did occur,

there would be a continuous map

\/52 Vv \/ S3 — D, I5, I3 some index sets
I Is

inducing isomorphisms on integral homology groups. By the homological form of
Whitehead’s Theorem, such a map would necessarily be a homotopy equivalence.
On the other hand, if such a homotopy equivalence were to exist the image of the
boundary map H(D"?) — Hy(TA3z) would have to be a direct summand, since
then its cokernel would have to be a subgroup of the free abelian group Hy(D,,). We

summarize this discussion in the following

Lemma 57. The component D, is homotopy equivalent to a bouquet of 2-spheres

and 3-spheres if and only if the image of H(Dy) in Ho(TA3) is a direct summand.

This lemma can also be restated in terms of the group theory of T'As. It was
conjectured in [18] and proved in [6] that 7(D, — D7 ) = T'A3 is generated by
the conjugacy classes of small loops which encircle the components of D"*?. These
generators correspond to conjugacy classes of Dehn twists about SSCC’s on the
reference surface S3 that are fixed by the hyperelliptic involution.

Select a point p € D9 Then locally near p there is a complex 2-ball B(p)
which is transverse to the component of Dr¢%$"9 in which p lies and holomorphic
coordinates for D, with respect to which D¢ n B(p) is given by the equation
T179 = 0. We may assume that B is sufficiently small that D’*® n dB(p) a pair of
linked circles. Now take a small closed tubular neighborhood in dB(p) of each of
these circles. This produces two solid 3-tori, T;(p), j = 1,2, that represent classes in
H3(Dy, D, — D).
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Carrying out this construction for each component of D759 produces a gener-
ating set {T1(p:), To(ps) }ier for Hz(Dy, Do — D7¢?), where I is a set which indexes the
irreducible components of D7¢®*"9 and p; is contained in the i component. Note
that the only relations among these generators are of the form T (p;) + To(p;) = 0.

Let T;(p) = B(p) denote one of the solid 3-tori constructed above. Its boundary
OT;(p) represents a class in Hy(D, — DI*) = Ho(TAj3). Joining 0T;(p;) to the
basepoint * by a continuous path allows us to identify 07}(p;) with a relation of the
form

i[Tcl(i)a Tcz(z)] S HQ(TA:J,) = [F, F] M R/[}?7 R]

where F'is the free group on the twist generators, R < I is the subgroup of relations,
and the T, ;) are twist generators corresponding to the i" component of D", (This

is via Hopf’s formula for H,. See, for example, [7]).

Consider the exact sequence

Hs(Dy, D, — D'*"y — Hy (D, — DY) — Hy(D,) — Hy(D,, Do — D7) (4.2)
Al 14l
Hy(TAs3) EI—) 7z
J

where J indexes the components of D, Again, Hy(D,) is free if and only if the
image of H3(Dg,, Do — DI?) in Hy(TA3) is a direct summand. We are now able to

restate the preceding lemma in terms of the group theory of TAs as follows.

Lemma 58. The component D,, is homotopy equivalent to a bouquet of 2-spheres and

3-spheres if and only if the relations [T¢, iy, Te,)] € Ha(T'Asz) span a direct summand.
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5

Applications to the Study of Torelli Groups

In this chapter, we will discuss how the results of Chapters 3 and 4 fit into a larger
program of understanding the finiteness properties of the genus 3 Torelli group 75

and the genus 3 hyperelliptic Torelli group T'As.

5.1 The Lee-Weintraub Sequence

Let P : X — Y be a branched double cover with branching locus D. Lee and

Weintraub [26] have constructed a long exact sequence
- Hy (Y, D) =5 Hy(X) = Hg(Y) = Hp—t (Y, D) = -+ (5.1)

of homology with 5 coefficients. Here T, denotes the transfer map on homology.
The subset D may be viewed as a subspace of either X or Y. We shall apply this
red

exact sequence in order to analyze the double cover 73 — b3 — h5°* with branching

locus D := hf;yp N (b3 — bied).

Recall from Chapter 4 that D is the union of 36 disjoint components D, — D%,
each of which is a K (T Az, 1) space. Using the fact that hs — h5°? is 2-connected, we
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see that one segment of the Lee-Weintraub sequence reads
- > Hy(hs — b5, Fa) — Hi(TAs,Fy)®° — Hy(T3, Fa) — 0. (5.2)

From the existence of this exact sequence, we are able to make two immediate

observations.

1. If dimy, (H3(T3,F3)) = oo, then T3 is not finitely presented, nor is T'Az finitely
generated. Thus any computation which reveals Hy(T3,F3) to be of infinite

dimension would simultaneously resolve these two major open problems.

2. If Hi(TA3,Fy) were finite-dimensional, then H(T3,Fy) would also be finite-
dimensional. (Note that this would not automatically imply that T3 is of finite
presentation.) However, to date, no one has successfully computed any homol-
ogy groups of the form Hy(T,, A) where g > 3 and A is a finitely generated
coefficient module. Thus, even a demonstration that Hy(T3,Fy) is finite dimen-
sional would be interesting. Of course, a computation of H;(T'Ag,Fs) would
also be interesting in its own right, as the homology groups H;(T'A,, A) have

not yet been computed when g > 3.

These observations suggest that one should study the topology of a component
D, — Dr*d. As a preliminary step, we consider the interplay between the topology
of D, and D, — D'*. To this end, consider the following exact sequence

- — Hy(D,) — Hy(Dy, D, — DY) — Hy(D, — D) — 0. (5.3)

i
H(TA3)

red
a

Since Ho(Dg, D, — D7) is freely generated by the components of D’ we may
view the components of D’ as generators of H;(TA3z) with relations imposed by
transverse intersection with 2-cycles in Ho(D, ). Here, again, we are in a position to

make two immediate observations:
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1. If the image of Hy(D,) in Hy(D,, D, — D7) were finitely generated, then
H{(T'A3) would be of infinite rank. This would be the case, for example, if
Hy(D,,) were finitely generated, but it could also be the case even if Hy(D,,)
were of infinite rank. Furthermore, H;(T'A3,Fs) would be infinite-dimensional

by the Universal Coefficient Theorem.

2. A more difficult situation to deal with would be that in which the image of
Ho(D,) in Hy(D,, Dy — D'¢?) is of infinite rank. Here there are several pos-
sibilities: (i) Hy(T'A3) is of finite rank and finitely generated, (ii) Hy(T'Ajz) is
of finite rank but not finitely generated, (iii) Hi(T'A3) is not of finite rank. If
it could somehow be deduced that the image of Ha(D,) in Hy(D,, Dy — D7e%)
were of infinite rank, it is very likely that explicit intersection-theoretic com-
putations with 2-cycles would be required in order to elucidate the detailed
characteristics of Hy(T'Asz). Even worse, knowledge of the precise nature of the

torsion in Hi(T'A3) may also be required to get any kind of control over the

size of Hl (TAg, Fg)

Based on these observations, it seems clear that it is of the utmost importance
to determine the dimension of Hy(D,,) as well as clarify the precise geometric nature

of its generators.
5.2 The Search for Elements of Hy(D,,)

There appears to be a rich supply of spherical 2-cycles in Hy(D,) coming from the
topology of D, at “infinity”. The basic source of these cycles is the universal cover C
of the universal family C of framed genus 2 curves of compact type which was studied
in detail in Chapter 3. In this section, we will use the geometry of the boundary of
the Deligne-Mumford moduli space M3 of stable genus 3 curves to give a construction

of these cycles. The necessary background can be found in [15], [22] and in chapters
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XII-XIII of [2].
5.2.1 A Map C* — Msy

Recall that the top nodal stratum A;,, of the Deligne-Mumford compactification M

is the image of MZQ under the 2-to-1 “clutching morphism”
irr M2,2 - Ms (5-4)

which sends the class of a 2-pointed curve [C'; py, p2] to the class of the nodal curve
obtained by identifying p; with p,. The normal bundle (in the orbifold sense) of &;,.,
is the (orbifold) line bundle on M272 given by p’l“ufl ®p§w*1 where p; : Mg,g — 6272,
j = 1,2, are the tautological sections of the universal 2-pointed curve and w is the
relative dualizing sheaf of the (orbifold) universal curve Cpy — Mqs. We will use
this description of the top stratum of the Deligne-Mumford boundary to construct a

continuous map C* — M3, where C* = C — Credsin9,

In what follows, we will view C as a family of curves over hs, after identify-
ing 75 with b via the period map. Let f : C — by denote the natural projection,
and let f' : C* — by denote its restriction to the open subset C* of C. The fibered

product

X :=C xp, C* -2 5.5
b2

L,k

Cr————h

is a family of curves over C*. It is equipped with a tautological section, which we
denote by p; : C* — X. Recall also from Lemma 23 of Chapter 3 that the universal
family C possesses an involution o which restricts to the hyperelliptic involution on
each fiber. Then the composition py := o o p; is also a section of X — C*. Notice,

however, that p; coincides with py over the locus W which consists of the six (disjoint)

63



sections w; : hy — C.

These sections can be made disjoint. The blow up 7 : X 5> Xof X along the
image p; (W) of W separates p; and p,. This produces a new family X - C*, with
sections pp,pa. The fibers of X are unchanged over C* — W, but each fiber over a
point in W has acquired a smooth rational tail. Since X —C* may now be regarded
as a family of 2-pointed curves (owing to the existence of the two disjoint sections
we have just constructed), it is still a family of stable curves.

Let p : C* — Mzg be the moduli map of the family X — C*. We obtain a

morphism from C* to M3 as a composition

M. (5.6)

N PR
C K M272 girr

Observe that, since p; and py are hyperelliptic conjugates, the image of &;,.. o u lies

in the hyperelliptic locus ngp c M. The pullback along p of the normal bundle of
& 18 isomorphic to
ooaw o —1 A —1
‘C_pw ®p2w2/c*

1 )A(/c*

It turns out that this bundle has a simpler expression.

Lemma 59. There are isomorphisms pjw = wex R O(W). Consequently, there is an

isomorphism L = w?*_Q ® O2W).

Proof. Let E denote the exceptional divisor of w. Then pyE = W for each j. By the

blowup formula for the canonical divisor (see [14], p. 608), there is an isomorphism
ﬁ;fw)g/c* = pj (W*WX/C* ® (’)(E)) = piwx/cx @ O(W)

since p(W) has codimension 2 in X and the sections p; : C* — X meet E transversely.

As the formation of the relative dualizing sheaf commutes with base change (see, for
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example, [2], p. 98), there is an isomorphism wx e+ = Pr*we, and we have
Pjwxjer ® O(W) = piPriwes, @ O(W)
= piPriwe @ O(W) (since wepp, = we ® f*wh_; >~ we)

= We ®O(W)

Here we have used the fact that Prop, : C* — C is the inclusion and Prop, : C* — C
is the inclusion twisted by o. Note that we= is stable under o because C is embedded

in X5 as a family of symmetric theta divisors. The claim now follows at once. O]

Very shortly, we will make use of the fact that £ — C* pulls back to a trivial line

bundle on C* via the covering C* — C*. We prove this now.

Lemma 60. The line bundles pjw — C* pull back to trivial line bundles on C*.

Consequently, L pulls back to a trivial line bundle on C*.

Proof. The proof will proceed by showing that both O(W) and we= pull back to
trivial line bundles on C*. The six sections w; : hy — C can also be regarded as
sections of C* — h,y. These sections can be labeled in such a way that there exist

theta functions Js; distinct from 9(y/91/2,1/2,1/2) such that, as divisors on C*,
w0+wj=Z(195].|c*) jzl,...,E) (57)

Let @, denote the pullback of wy, to C*. Then (5.7) shows that the @y, are pairwise

linearly equivalent. It follows that the pullback W of W to C* satisfies

5
W=y ~ 3(d@y + @) ~ Z (95 ]a) - (5.8)
k=0
Thus W is principal.
The canonical bundle of X is trivial, so the adjunction formula gives we = [C]]c.
Since, as a divisor on by x C2, © is linearly equivalent to any of the Z (Us;), the
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pullback of [C]|¢ to C can be identified with the zero divisor of ¥s,, say, on C. In

other words, we pulls back to a trivial bundle on C. Tt follows that we= pulls back to

a trivial bundle on C*. This finishes the proof. ]
52.2 A Map C* — D,

By the local description [22] of the Deligne-Mumford boundary dM3, there exists a
sufficiently small tubular neighborhood U of the zero section inside of C* x C which
maps to Ms. The zero section is mapped to aﬁf;yp and the complement of the zero
section U* is mapped into to M;’hyp.

Observe that a homology framing on a genus 2 curve C' with two labeled points
T1, Ty gives rise to a homology basis on the nodal curve C' := C/r; ~ 5. On the
other hand, a homology basis on C determines an ordering of the subset {1, x5} of
C. This is because a homology basis for C is the same as a homology basis for C
plus a 1-cycle v relative to the subset {1, xo} with boundary dv = +(x; — x3). The
value of 0 determines an ordering of {zy,x2}.

Now assume that a symplectic basis for the homology of C' has been given, along
with an ordering of the points {z;,x2}. Then smoothing the node at x; ~ x5 de-
termines a symplectic basis on the resulting genus 3 curve up to the action of a
Dehn twist on the vanishing cycle. This process can be globalized to lift the map
u* — M;’hyp to 737", By Lemma 46, the latter space is a smooth subvariety of T5.
Thus the universal cover I/* maps into exactly one of its components. Since each
component maps to some D, via the period map, we have obtained a continuous

map U — D,.

The universal cover of Z:{\;‘ of U* is a trivial fiber bundle over C* with fiber the

universal cover of the punctured disc. Because the fibers of U* are contractible, there

66



exists a homotopy equivalence U* ~ C*. Since C* is the complement of countably
many disjoint copies of h; x by (by the description of C"*%*"9 in Chapter 3), C* is
simply-connected and the long exact sequence of the pair (5, 5*) reveals that the
groups Hy(C*) vanish when k > 4. Furthermore, we see that Hy(C*) and Hs(C*) are
free abelian of countable rank. By the homological form of Whitehead’s Theorem,

C* is homotopy equivalent to an infinite bouquet of 2-spheres and 3-spheres. Thus

we have obtained

Lemma 61. The holomorphic map C* > C* — M induces a continuous map

\/8*v\/ S =D, (5.9)

, h
into some component D, of h3*".

By applying the stabilizer Sp$(Z) of D, in Sp4(Z), we can construct infinitely
many more such maps. Clearly, this procedure provides a wealth of spherical 2-cycles
on D,. Of course, we have not yet shown that any of these cycles have non-trivial
intersection numbers with the components of D’¢¢; indeed we have not even shown

that these cycles are homologically non-trivial. This investigation will be the subject

of future work.
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Appendix A

A.1 Whitney Stratified Spaces

Definition 62. Let (S, <) denote a partially ordered set with order relation <. De-
fine a & decomposition of a topological space Z to be a locally finite collection of

locally closed subspaces S; = Z (Goresky-MacPherson call them pieces) such that
1. Z=]s

2.9 nS;#@ > S;c8; « i=jori<j(and we write S; < S;).

Definition 63. Let Z be a closed subset of a smooth manifold M, and suppose that

Z = US" is an S decomposition of Z, where S is some partially ordered set. This

decomposition is called a stratification if each piece S; is a locally closed smooth (not

necessarily connected) submanifold of M.

Definition 64. Let My, My be smooth manifolds and let X; = M; be closed stratified
subsets. A continuous map f : X1 — Xs is called stratified if, for each stratum
S < Xs, the preimage f~1(S) < Xy is a union of connected components of strata in
Xy and the restriction of f to f~1(S) induces a submersion f|;-1g) : f7H(S) — S.
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Definition 65. A stratification of Z < M is called a Whitney stratification if when-
ever S, < Sy the following conditions (called Whitney conditions A and B) are
satisfied. Suppose x; is a sequence of points in Sg converging to a point y € S,.
Suppose y; € S, also converges to y and suppose that, with respect to some local
coordinate system on M, the secant lines {; = T;y; converge to some limiting line ¢

and the tangent planes T,,Sz converge to some limiting plane 7. Then
(A) T,S, <1
(B) { <.

Definition 66. Let M be a smooth manifold, and let Z < M be a closed Whitney
stratified subset. Suppose that f : M — N is a smooth map between manifolds and

that the following conditions are satisfied:
1. flz : Z — N is proper
2. For each stratum A < Z, the restriction f|s : A — N is a submersion.

Then f is called a stratified submersion.
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