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Abstract

Firms’ inventory or production decisions are influenced by a variety of factors, in-
cluding both the selling price of the end products and the purchasing cost of raw
materials. In most cases, there is a strong connection between purchasing costs and
selling prices. In my dissertation, I study the impact of prices on a firm’s inven-
tory decisions, particularly in systems with delivery lead time and environmental
concerns. The findings are reported in three studies. The first study analyzes the
joint inventory and pricing problem with lead time, which is known to be difficult to
solve due to its computational complexity. We develop a simple heuristic to resolve
the computational issue and reveal the impact of lead time on the joint decisions.
In the second study, we extend the heuristic approach in the previous study to sys-
tems with both positive lead time and fixed ordering costs. The effectiveness of the
heuristic in both studies are verified through both theoretical bounds and numerical
experiments. In the third study, we examine the effect of the procurement cost and
its volatility on a firm’s profit. This allows us to study under what conditions a firm
can profitably operate an eco-friendly supply chain. Our study also helps the firms
to understand what type of products would better absorb the higher costs associated

with an eco-friendly production system.
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Introduction

Firms’ inventory or production decisions are always determined to minimize the
mismatch between demand and supply. In practice, there are a variety of factors that
influence these decisions and their outcomes. Among these factors, the selling price
of the final products and the purchasing cost of raw materials are two non-neglect
ones, as the selling price has a strong impact on the demand and the purchasing
cost affects the supply quantity. In many cases, these two factors are also strongly
connected and influenced by each other. In my dissertation, I study the impact of
the selling price and the purchasing cost on a firm’s inventory decisions, particularly
in systems with delivery lead time and environmental concerns. The findings are
reported in three studies.

We first look into the joint inventory and pricing problem for systems with positive
lead time. Specifically, we consider a single stage, periodic-review model. At the
beginning of each period, the price and the replenishment quantity are simultaneously
determined, where demand in each period is stochastic and depends on the price.
There is a positive lead time between an order is placed until when it is received. The

objective is to maximize the total expected discounted profit over a finite horizon. In



practice, companies often integrate inventory and pricing decisions to match demand
with supply more efficiently. A company would typically offer a discounted price
when there is excess inventory or raise its price when the inventory level is low. The
problem of joint control of price and inventory has attracted significant attention in
academia. However, almost all papers assume a zero delivery lead time, because the
problem becomes intractable when lead time is positive. Given the growing number
of companies that source from low-cost countries, which comes at the expense of
longer lead times, it is crucial to understand how to coordinate inventory and pricing
decisions when lead times are present. Characterizing the optimal joint inventory
and pricing policy in systems with positive lead time is extremely difficult as one has
to keep track of the price decisions in each of the lead time periods, giving rise to
the curse of dimensionality.

Given the difficulty of the exact problem, we develop a simple heuristic that re-
solves the dimensionality issue. The heuristic provides a practical solution of coordi-
nating inventory and pricing decisions, and reveals insights that can help understand
the impact of lead time on managing such a system. In the heuristic, we use a myopic
pricing policy as the heuristic pricing policy that generates each period’s price as a
function of the initial inventory level. The heuristic replenishment policy is a base-
stock policy. In each period, the firm monitors its so-called price-deflated inventory
position and places an order to reach a target base-stock level. The price-deflated
inventory position is a weighted sum of the on-hand inventory and all pipeline inven-
tories, which is different from the inventory position in a standard inventory system
in that it depreciates the amount of on-hand inventory and pipeline inventories ac-
cording to a factor that measures the sensitivity of price to the inventory quantity. In
summary, the heuristic we propose involves a base-stock policy for inventory replen-
ishment and a myopic pricing policy that determines each period’s price according

to the initial inventory level.



To verify the effectiveness of our heuristic, we develop a theoretical upper bound
to the optimal profit based on the idea of information relaxation, a general frame-
work proposed by Brown et al. (2012). A key feature of the framework is the
development of a penalty function for the information relaxation. The upper bound
is tight provided that the penalty function is chosen appropriately — and this choice is
problem-specific. In our study, we craftily utilizes the proposed heuristic to construct
the penalty function, and derive an efficient algorithm to solve the upper bound sys-
tem. By comparing the heuristic cost to the upper bound profit, our heuristic is
proved to be near-optimal. To our knowledge, this is the first theoretical bound
developed for the dynamic pricing problem with positive lead time.

We use our heuristic policy to obtain insights regarding the impact of lead time
on the pricing policy. We find that, under both demand types, a shorter lead time
leads to a more stable pricing policy. Intuitively, when the lead time is shorter, it
is easier to predict future demand and therefore control the inventory available at
the beginning of each period. This translates into a more stable pricing policy. In
particular, our findings suggest that increased responsiveness (e.g., through a reduc-
tion in the procurement/production lead time) reduces the need to adjust demand
through prices in order to balance supply and demand.

In our second study, we extend the heuristic approach described above to systems
with fixed ordering costs. Chen and Simchi-Levi (2004 a,b) study this joint inventory
and pricing problem with fixed ordering costs in the context of zero lead time. They
show the (s, .S, p) policy and the (s, S, A, p) policy are optimal under additive demand
and multiplicative demand, respectively, by proving the objective functions follow
the structures of K —concavity and K — symmetric concavity. However, as a positive
lead time presents in the system, it not only rises the computational complexity, but
also makes the objective function lose the K —concavity structures. To the best of
our knowledge, this is the first study that addresses the joint inventory and pricing
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problem in a setting with both positive lead time and fixed ordering costs. In the
heuristic for such model, we use the myopic pricing policy as the heuristic pricing
policy, which only depends on the on-hand inventory level. Then, based on the linear
approximation of the myopic demand function, we show that the remaining inventory
problem is K —concave in the price-deflated inventory position defined in our first
study under both additive and multiplicative demand functions. This implies that
the heuristic replenishment policy follows the form of a (s, S) policy. The effectiveness
of the heuristic is confirmed by a numerical study with different values of the fixed
ordering costs.

In the last study, we examine the profitability of an eco-friendly supply chain. To
that end, we consider a manufacturer that decides on the extent of dependence on
petroleum-based components used for production. The procurement cost depends on
the price of oil, which is itself volatile. This volatility can be alleviated by using eco-
friendly components (whose price tend to be more stable) or production/distribution
techniques that rely less on oil. However, any of these alternatives may lead to higher
procurement costs. We model the price of oil as a time-correlated process, consistent
with observed data. The manufacturer uses a mark-up pricing policy to determine
the product’s selling price, and demand is a function of price. The first goal is
to determine the optimal production policy (i.e., mix of standard and eco-friendly
components, and their quantities) that maximizes profit in a finite horizon setting.
We characterize conditions under which a state-dependent myopic policy is optimal.
This allows us to shed light on the effect of procurement cost volatility on the firm’s
profit. Our results suggest that operating an eco-friendly production system may not
undermine the firm’s profitability because the benefits of a less volatile procurement
cost may outweigh the increased procurement cost. The magnitude of this benefit is
determined by the firm’s mark-up and the product’s price elasticity. In particular,
our results provide guidelines to understand what type of products would better

4



absorb the higher costs associated with an eco-friendly production system.

The remainder of this thesis is organized as follows. In Chapter 2, we study
the joint inventory and pricing problems for systems with a positive lead time and
introduce a heuristic for such problem. The heuristic idea is extended to a system
with a fixed ordering cost in Chapter 3. In Chapter 4, we study the profitability issue
for an eco-friendly production system by accessing the effects of the procurement cost

and its volatility. All the proofs are contained in the Appendix.



2

Joint Inventory and Pricing Problems with Lead
Time

2.1 Introduction

This chapter studies a joint inventory and pricing problem for systems with a positive
lead time. Specifically, we consider a periodic-review system in which demand in
each period is stochastic and depends on the pricing decision. Two price-dependent
demand forms are considered: additive and multiplicative. Unfulfilled demand at the
end of each period is fully backlogged, and linear holding and backorder costs are
charged. The price and the replenishment quantity are simultaneously determined
at the beginning of each period. There is a positive delivery lead time. The objective
is to maximize the total expected discounted profit over a finite horizon.

In practice, companies often integrate inventory and pricing decisions to match
demand with supply more efficiently. For instance, a company may offer a discounted
price when there is excess inventory or raise the price when the inventory level is
low. Pricing serves as a lever to reduce the incidence of supply and demand mis-

matches. The problem of joint control of price and inventory has attracted significant
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attention in the field — many papers have characterized the optimal joint pricing and
replenishment policy in various settings involving both the additive and multiplica-
tive demand forms. However, almost all of those papers assume a zero delivery lead
time. While these structural results are of practical use for companies with a neg-
ligible lead time (e.g., that source locally), the determination of an efficient policy
for firms that experience a longer procurement lead time is of interest. This is par-
ticularly the case given the growing number of companies that source from low-cost
countries, at the expense of a longer lead time. For example, Murphy (2012) reports
on Abercrombie & Fitch’s shift from air to ocean delivery to save in shipping costs.
The teen-apparel retailer sources products from China and this shift has resulted in
a significant increase in the delivery lead time — from days to weeks. As described
in the article, the longer lead time increases the chances of supply and demand mis-
matches, requiring frequent price discounts to liquidate inventory. Figure 1 exhibits
prices and inventory levels for two products sold through amazon.com.! The activity
book? is made in China, while the red wine? is elaborated in California. The graphs
show how prices fluctuate over time and how these price adjustments correlate with

the prevailing inventory levels. It is therefore crucial to understand how to coordi-

I The authors thank Seyed Emadi for suggestions on how to track inventory levels at amazon.com.
2 http://www.amazon.com/gp/product /B0001INEAD4
3 http://www.amazon.com/Red-Verjus-Fusion-750-ml/dp/B0029AFEHI
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nate inventory and pricing decisions when a lead time is present. Unfortunately, it is
difficult to characterize the optimal joint pricing and replenishment policy in settings
with a positive lead time. It is well known that the problem is intractable due to
its computational complexity. Indeed, to characterize the optimal policy in systems
with a positive lead time, one has to keep track of the pricing decisions in each of
the lead time periods, giving rise to the curse of dimensionality.

In this chapter, we propose a heuristic to determine a close-to-optimal joint pric-
ing and inventory replenishment policy for systems with a positive lead time. The
idea of the heuristic begins with the observation that the shape of the myopic price
(as a function of the initial inventory level) is close to that of the optimal pricing pol-
icy. (The myopic price is the price that maximizes the single-period profit based on
the initial inventory level in that period, without consideration of future outcomes.)
Therefore, as a first step, we propose the myopic price as the heuristic pricing pol-
icy. Although the myopic price simplifies the pricing policy, it does not reduce the
computational complexity for the inventory policy. To resolves this, we further pro-
pose a linear approximation of the myopic expected demand (the expected demand
evaluated at the myopic price) as a function of the initial inventory level. This ap-
proximation is supported by the observation that the myopic expected demand tends
to be linear over a wide range of initial inventory levels. Substituting this linear ap-
proximation into the profit function allows us to aggregate all inventory states (i.e.,
net inventory and pipeline inventory) into a single state variable, which we refer to
as price-deflated inventory position. The price-deflated inventory position plays the
same role as the inventory position (= net inventory + pipeline inventory) in the
traditional inventory problem with exogenous prices. However, unlike the inventory
position, the price-deflated inventory position is defined as a weighted sum of the
net inventory and pipeline inventory, where the weights are related to the sensitivity
of the myopic optimal price to the initial inventory level. This new state variable

8



assigns more weight to the inventory that is farther away from the system. We then
prove that a base-stock policy is optimal in this approximated system.

Based on these results, we propose a heuristic policy that decouples the pricing
and inventory decisions. For the pricing policy, we use the myopic price that depends
on the initial inventory level. For the inventory policy, a base-stock policy is imple-
mented. That is, at the beginning of each period, the system places an order if the
price-deflated inventory position is lower than the target base-stock level (and the
order is equal to the difference between the base-stock level and the price-deflated
inventory position), and it does not order, otherwise. To test the effectiveness of our
heuristic, we develop a theoretical upper bound to the optimal profit in the exact
system. The upper bound is based on the information-relaxation approach proposed
in Brown et al. (2012). The authors use a duality argument to show that a gen-
eral class of penalty functions can compensate for the relaxed state space. One key
enabler of Brown et al. (2012)’s method is the design of a problem-specific penalty
function that effectively compensates for the relaxed state space and that allows for
a tractable computation of the upper bound. We construct the penalty function
based on our proposed heuristic and show how to efficiently solve the resulting upper
bound problem. In addition, this penalty function yields a tight upper bound.

We find that our heuristic policy is near-optimal. We compare the performance
of the heuristic to that of the upper bound in an extensive numerical study includ-
ing settings with lead times ranging from 1 to 5 periods. The average percentage
error between the heuristic and the upper bound is 3.5% for the case of additive
demand and 3.7% for the case of multiplicative demand. For systems with relatively
shorter lead times, i.e., no longer than 2 periods, we find that the performance of
our heuristic is very close to that of the optimal solution — an average of 0.55% for
additive demand and 0.73% for multiplicative demand — and that the gap between

the exact solution and the upper bound contributes to a large portion of the average
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percentage errors between the heuristic and the upper bound. Moreover, our heuris-
tic consistently outperforms the one proposed in Federgruen and Heching (1999). In
settings with zero lead time, Federgruen and Heching (1999) characterize the opti-
mal policy when there are no fixed ordering costs and Chen and Simchi-Levi (2004)
characterize the optimal policy for systems with fixed order costs (see Section 2 for
further details on these policies). Our heuristic delivers close-to-optimal decisions in
systems with zero lead time as well. From a computational perspective, obtaining
the exact optimal policy in settings with zero lead time requires solving a dynamic
program with two decision variables whereas our heuristic involves the solution to
a single-period problem for the price and a single-variable dynamic program for the
inventory policy.

We use our heuristic policy to obtain insights regarding the impact of lead time
on pricing decisions. We find that, under both demand types, a shorter lead time
leads to a more stable pricing policy. Intuitively, when the lead time is shorter, it is
easier to predict future demand and therefore control the inventory available at the
beginning of each period. This translates into a more stable pricing policy. In partic-
ular, our findings suggest that increased responsiveness (e.g., through a reduction in
the procurement/production lead time) reduces the need to adjust demand through
prices in order to balance supply and demand. We also find that price discounts
may be offered in anticipation of the arriving inventory in-transit, even if the net

inventory level is relatively low.
2.2 Literature Review

The study of joint inventory and pricing problems can be traced back to Whitin
(1955) and Mills (1959), who studied this problem in a single-period model. Pertruzzi
and Dada (1999) provide a comprehensive review on this stream of literature. The

authors show that the cases of additive and multiplicative demand lead to distinc-
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tively different results regarding the optimal solution. In a multi-period setting,
Federgruen and Heching (1999) study a single-stage system with zero lead time. The
authors prove that a so-called list-price-base-stock policy is optimal for both the
nonstationary finite-horizon and stationary infinite-horizon problems. This policy
involves two parameters — a list price and a base-stock level. When the inventory
level at the beginning of a period is below the base-stock level, an order is placed
to reach the target level and the price is set equal to the list-price. Otherwise, no
order is placed and price is discounted so that a higher initial inventory level leads
to a deeper discount. The authors also suggest a heuristic for systems with positive
lead time and additive demand. In their heuristic, the price is fixed within the lead
time, which allows them to reduce the state space of the problem. Chen and Iyengar
(2012) propose an approach to generate policies for the joint inventory and pricing
problem, which involves solving a collection of linear programs. Numerically, the
performance of their approach is efficient. However, it only applies to systems with
zero lead time.

The literature studying joint dynamic pricing and replenishment decisions with
positive lead time is scarce. Pang et al. (2012) study this problem under additive
demand. The authors show that the problem is L-concave, which guarantees the
existence of a state-dependent optimal policy. However, they do not characterize
the structure of the optimal policy. From a computational perspective, it remains
difficult to obtain the global optimal solution due to the high dimensionality of the
state space. Nevertheless, they show that the initial inventory level has a larger
impact on the optimal pricing decision than the inventory in the pipeline. This
finding supports the use of a myopic pricing policy in our heuristic. Yu (2012)
discusses another approach to solve this problem for the case of additive demand,
with additional conditions on the ordering behavior.

Another related stream of research considers joint inventory and pricing decisions
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with uncertain supply. Li and Zheng (2006) study joint inventory and pricing control
in a setting with stochastic production yield and demand. Feng (2010) considers a
pricing and inventory problem in a model with uncertain capacity supply. In both
papers, the demand function is additive and the optimal replenishment policy is of
a threshold type, i.e., a positive amount is ordered only when the inventory level is
below a critical point. Readers are referred to Yano and Gilbert (2002), Elmaghraby
and Keskinocak (2003) and Chan et al. (2004) for comprehensive reviews of the
literature on dynamic joint pricing and inventory control.

In the inventory management literature, there is a number of papers developing
theoretical bounds to examine the effectiveness of heuristics. Zheng (1992) con-
siders a continuous-review, single-stage system with fixed order costs. The author
shows that the economic order quantity obtained from the deterministic counterpart
is 72.5% effective. Janakiraman et al. (2008) consider a periodic-review, lost-sales
model with positive lead time. The authors show that a dual-balancing policy guar-
antees a 200% effectiveness. For multi-echelon inventory models, it is fairly common
to examine the effectiveness of a heuristic by comparing the heuristic cost with a
theoretical bound. For example, Chen and Zheng (1998) compare a heuristic (r, nQ)
policy with a lower bound to the optimal cost for serial systems with fixed order costs.
Shang and Zhou (2010) employ the same approach to verify the effectiveness of the
heuristic (s, T') policy for a serial system. In this chapter, we assess the effectiveness
of our proposed heuristic by comparing its performance to that of an upper bound.
To our knowledge, this is the first theoretical bound developed for the dynamic joint

pricing and inventory problem.
2.3 Model and Preliminaries

We consider a single-stage system with a positive delivery lead time of L periods.
The net inventory level at the beginning of period ¢ before replenishment is z; and
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the pipeline inventory is represented by a vector wy = (wyy, -+ ,wr_14), where w;;
denotes the replenishment quantity to be delivered in [ periods, [ = 1,--- , L —1. At
the beginning of each period ¢, the replenishment quantity ¢, and the selling price p;
are determined simultaneously in order to maximize the total expected discounted
profit through the end of a finite horizon with T" periods. Let a denote the discount
factor. The demand in each period is stochastic and depends on the current period’s
price p;. Unfulfilled demand at the end of each period is fully backlogged. The
backlogging assumption is consistent with the models in other papers studying joint
pricing and inventory decisions, e.g., Federgruen and Heching (1999), Chen and
Simchi Levi (2004a,b), etc. While a lost sales assumption may be more appropriate
in retail settings, the backorder model can efficiently approximate the corresponding
lost-sales system when the service level is high. In fact, Huh et al. (2009) show
that the base-stock policy is asymptotically close to the lost sales model when the
backorder cost increases to infinity. As reported in Nagarajan and Rajagopalan
(2009), there are numerous studies (e.g., Anderson Consulting 1996, Gruen et al.
2002, Smith and Agrawal 2000) that suggest that service levels are typically high in
retailing — around 95% according to some estimates.*

We consider the cases of additive and multiplicative demand functions.

Additive demand: Dt (pta Et) = Dt (pt) + € = >\t — WPy + €, At > 0, Ly > 0,
where ¢, is a random variable with E[¢,] = 0, support on [—A,, B,], and

D, (pt> = A\t — [Pt

Multiplicative demand: D; (p;, ;) = D; (pe) € = \epy "€, Ae > 0, g > 1, where

€; is a random variable with E[¢;] = 1 and D, (p;) = \ip; .

Different forms of the demand function D, (py, €;) are usually associated with dif-

ferent shapes of the mean demand Dy (p;). In this study, we assume a linear mean

4 During the tracking period, no stockouts were observed for the products displayed in 2.1.
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demand under additive demand and an iso-elastic mean demand curve under multi-
plicative demand. Both of these curves are commonly used in the literature. (Nev-
ertheless, as discussed later in the chapter, our results continue to hold under other
shapes of the mean demand functions.) Price is allowed to change bi-directionally
(decrease or increase) from period to period. We impose constraints on the pricing

decisions to avoid negative expected demand:

{ [O, %] , additive demand,
bt € ¢

(0, +00), multiplicative demand.

To ensure positive demand for some range of prices under additive demand, we
further assume —A; > —\;. For both types of demand functions, the perturbations
€; are assumed to be independent from period to period. Each random variable ¢
has a continuous cdf F (-) and pdf f; (-), which are smooth enough to guarantee the
continuity and differentiability of all functions.

For both types of demands, the inverse demand function D; * (d;) = p; (d;) exists,

where d; represents the expected demand volume:

’\t;tdt, additive demand,

pe(dy) = <i

1/pe
2 ) ,  multiplicative demand.
t

The problem can be equivalently formulated as selecting the optimal replenishment
quantity ¢; and the expected demand d; in each period t (as opposed to the order
quantity and the price p;).

We define the demand function in terms of the expected demand d; and the

random variable ¢;:

d; + €;, additive demand,

D, (dt, Et) = {

di€y, multiplicative demand.
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The action space is denoted by 2;, and from the constraints on the prices, we have
that
Q, {[0, At],  additive demand,
(0, +00), multiplicative demand.
Let ¢; denote the unit purchasing cost, h; the unit holding cost and b; the unit
backorder cost in period ¢. The retailer pays a total purchasing cost ¢;q; and incurs

inventory-related costs given by
Gy ($t, dt) =E [ht ($t — Dy (dt, Et))Jr + by (Dt (dt, Et) - ZUt)Jr]

in each period t. We assume that the revenue collected in each period depends on the
demand volume instead of the sales amount, i.e., consumers pay upon arrival when
backorders happen. This is a standard assumption in the related literature. Based
on this assumption, the expected revenue in period t only depends on the expected

demand volume d;, i.e.,

Ry (dy) = E[p: Dy (py, €0)] = E[D; " (dy) Dy (dy, €0)] = py (di) E[Dy (p, €)] = pe (dy) .

Ry (dy) is concave in d; for both types of demand functions.

We index time counting forward, i.e., ¢ = 1 represents the beginning of the
planning horizon and ¢ = T represents the last period; ¢ = T + 1 represents the
end of the planning horizon. The sequence of events in each period ¢ is as follows:
(1) If t = L + 1, then the replenishment order placed L periods ago, namely ¢;_r,
is delivered; (2) The expected demand volume d; (or the selling price p;) and the
replenishment quantity ¢; are determined simultaneously; (3) Demand occurs; (4)
Costs and revenue are calculated at the end of the period.

Let V; (24, wg) denote the maximum expected discounted profit from period ¢ until

the end of the planning horizon with initial state vector (x;, wy). Then, V; (x¢, wy),
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t=1,---,T+1, satisfy the following recursive equations: Let Vi1 (xri1, Wri1) = 0;

Vilwowe) = max { R (d) = ey — Go (wdy) + aBViu (341, o) J(2.1)

qt=0,dteQy

— max {Jt (xt,Wt,dtaQt)}'

qt=0,dieQy
where the state dynamics are (2441, Wey1) = (T + wie — Dy (di, €0) s W, -+, Wh—14, Gt)-

Proposition 1. Under both the additive and multiplicative demand forms, V; (x;, wy)
is jointly concave in (xy, Wy) and Jy (x4, Wy, dy, qi) 1s jointly concave in (i, Wy, dy, Gr)

for all .

From Proposition 1, the optimal joint decisions, denoted by (gf, d;), can be ob-
tained from the first order conditions of J; (z;, wg,d;,q;). The optimal decisions
in each period depend on the L-dimensional state vector (xy, wy), i.e., (¢f,df) =
(qf (x4, wy), df (x4, wy)). Computing this state-dependent optimal policy is compu-
tationally infeasible due to the curse of dimensionality. This is in contrast to the
traditional inventory problem with exogenous demand, in which the inventory states
(pipeline inventory and on-hand inventory) can be aggregated into a single inventory
variable — the inventory position. Thus, the objective of this chapter is to provide a
simple heuristic for the joint pricing and replenishment problem with a positive lead

time.
2.4 Heuristic

In this section, we introduce and discuss the heuristic. The development of the
heuristic consists of three steps. In Section 2.4.1, we introduce the myopic expected
demand policy and characterize its properties. Based on the myopic demand’s struc-

tural findings, in Section 2.4.2 we construct a linear function to further approximate

® Pang et al. (2010) show the concavity of the exact problem for the additive demand case. Here,
we show the result for both cases.
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the myopic expected demand as a function of the initial inventory level. In Section
2.4.3, we study the remaining inventory problem and show that a base-stock policy

is optimal.
2.4.1 Muyopic Ezxpected Demand

We introduce the myopic expected demand function. Denote d (x;) as the myopic

expected demand that solves the following maximization problem:

max { Ry (dy) — Gy (x4, dy)} .

thQt

The myopic expected demand policy is a function of the net inventory level x; only,
i.e., it ignores the effect of pipeline inventory. Pang et al. (2010) show that the
initial inventory level has the largest impact on the optimal price for the additive
demand case. In addition, Propositions 3 and 5 below show properties of the myopic
demand policy that suggest that the myopic and exact optimal policies share a
similar structure. These results provide support for the use of the myopic policy to

approximate the optimal pricing policy.
Additive Demand Case

Proposition 2. Under an additive demand function,

(i) The myopic expected demand dM (x;) is mon-decreasing with slope between 0

and 1;

(Z’L) hmxt_>+oo dy(l’ﬁ = ()\t + /vbth/t>/2; limxtq_oo dy(l’t) = (>\t — /,Ltbt)/2

Figure 2.2 presents an example of the shape of the myopic expected demand

function in the case of additive demand®. The corresponding myopic price function

6 Although we work with the linear and exponential demand functions introduced in Section 3
(for the cases of additive and multiplicative demand, respectively), our results — and therefore the
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is given by pM(z) = (A — dM(x))/ps. As shown in the graph, d™(z) increases in
x. More specifically, the myopic demand function is relatively flat when x is either
small or large (and asymptotically approaches the bounds) and increases when x
is in an intermediate range of initial inventory levels. To explain the flat shape
of the expected demand curve when z is large, note that the increase in expected
demand to offset an increase in inventory when z is large hurts the profit because the
revenue decreases at an increasing marginal rate (due to the concavity of the revenue
function) while the marginal inventory cost remains nearly constant at h. A similar
logic applies when x takes small values. The structure of d™ () also indicates that
the myopic demand (pricing) policy is a less effective lever to control demand for
large or small inventory states, where the system becomes less profitable from the

relatively higher increases in inventory/backorder costs.
Proposition 3. Consider a setting with additive demand and L = 1. Then,

(1) df(x) < dM(x;) and equality holds if ¢; = 0;

applicability of our heuristic — are valid under different shapes of the mean demand functions D (p),
even when their curvature is more pronounced. Figure 2.2(b) illustrates the shape of the myopic
expected demand for another family of mean demand functions in the case of additive demand.
Figure 3 below similarly illustrates the shape of the myopic expected demand for the exponential
demand function introduced in Section 3 as well as for another functional form.
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(id) di* (o) = dM ()

(idd) limg, oo dff (2e) = (A + pehy — prece) /25 limg, oon di () = (A — pebe — prece) /2.
Consider now a setting with additive demand, L > 1, and hy = 0 for all t. Then,
(iv) df (ze, we) < dif ()

(v) Uy, , ., df (z,, we) = dY (x,) for all t.

Proposition 3 states that the myopic expected demand is an upper bound to the
exact expected demand for any z; and that both functions increase at the same rate
when L = 1. The difference between these two policies increases in the unit purchas-
ing cost ¢;. When ¢; increases, the optimal policy involves a lower expected demand
and a higher price. The order d (x;, w;) < dM(z;) is not preserved in general for sys-
tems with L > 1. Nevertheless, when h; = 0, we prove that this relationship holds.
Moreover, as shown in part (v), the myopic demand is optimal if there is ample
pipeline inventory. Numerically, we observe that the myopic expected demand func-
tion dM(z;) has a similar structure as the exact optimal expected demand function

for any level of pipeline inventory and any value of h;.
Multiplicative Demand
Proposition 4. Under a multiplicative demand function,

(i) The myopic expected demand d™ (z) is non-decreasing in x;

(ii) When hy # 0, by # 0, dM () has an asymptotic slope Cf that solves

—+00 h

dF (¢) = —" .
J €dF (c) Iy + by
1/C

Moreover, C} < 1 when ¢ follows a gamma distribution with mean 1.7

7 This also holds with other distributions, e.g., all normal distributions with mean 1.
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(iit) When x < 0, dM (x) is equal to a constant positive value

Coy = Ny l(l - 1//%)]!”'

by

Figure 2.3 provides an example of the shape of the myopic demand function under
multiplicative demand. The structure of the myopic demand function follows from
the fact that the revenue function is concave increasing in demand. This implies
that the myopic expected demand function increases to infinity as the inventory
level goes to infinity. As demand gets progressively larger, the rate of increase of
the revenue approaches zero. Thus, the asymptotic slope Cy is independent of the
demand parameters and is only determined by the critical fractile b,/(h; + b;). As
shown in Proposition 4(iii), the myopic expected demand equals a positive value Cyy,
when backorders occur. This value Cy; balances the revenue and the backorder cost.
Moreover, the value of Cy; decreases in the backorder cost rate and increases in the
demand parameters.

Proposition 5 shows that the myopic expected demand is an upper bound for the
exact optimal expected demand under a multiplicative demand form, consistent with

the case of additive demand.
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Proposition 5. Consider a setting with multiplicative demand and L = 1. Then
(i) di(ze) < di ().

Suppose now that L > 1, and hy = 0 for all t. Then,
(i) df (e, wy) < d}f (1)

(¢44) Ny, , ., df (x, we) = dM (z,) for all t.

2.4.2  Linear Approximation

Under the myopic pricing policy, we can transform the original problem into an
inventory problem where the future expected demand depends on the beginning
inventory level through the myopic price. Despite this simplification, the resulting
inventory problem continues to be L-dimensional. To resolve this issue, we propose

a linear approximation d;(z;) for the myopic demand d (z,), where

dt(ﬂft) = 5txt + Rt.

We omit the time index ¢ in the remainder of this section. We next discuss the
derivation of the parameters § and x for the additive and multiplicative demand

cases, respectively.

Additive Demand

Our goal is to find two points, (z*,d(z*)) and (z=,d™ (27)), to construct the
linear function that approximates the myopic expected demand for the intermedi-
ate range of inventory levels. A natural choice for z* is the point beyond which
the myopic demand curve starts turning flat. This turning point % is determined
by one of two values, % or x**. The point z* is such that d*(z*) is sufficiently

close to the upper bound, that is, z* is the solution to d™(z) = (A + ph)/2 — ¢
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FIGURE 2.4: Linear approximation — additive demand case, h = 1, b = 20, A = 60,
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for small (. (In the numerical study, we set ( = 0.05.) Because under addi-
tive demand, the expected demand in each period is constrained to the interval
[0, A], we define z** = min{z : d (z) = A} and let 27 = min{z*, z"*}. We simi-
larly define 2= = max{x!, 2*}, with 2! the solution to d™(z) = (A — ub)/2 + ¢ and
2" = max{z: d" (z) = 0}.5

Define & = (2% + 27)/2 and the parameters of the linear approximation as
§ = d™(z) and k = —6(2) + dM(2). Figure 2.4 shows an example of the lin-
ear approximation under additive demand. It follows from Proposition 2(i) that

0<d<l1.

Proposition 6. In the case of additive demand, d™ (z) is increasing in pu. Fur-
thermore, if h < b and € has a symmetric and unimodal density function, then ¢ s

mereasing in .

Proposition 6 implies that, as p increases, the corresponding myopic price be-

comes more sensitive to an increase in the initial inventory level. That is, for a larger

8 From the discussion before Proposition 3, note that %M:déw(zu) ~ —h P(a* > dM(2%) + )

%13" |d:d{f/f(xl) r btP(xl < d,{w(l‘l) + 6t)~

and
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N

1, an increase in x will result in a steeper reduction of the retail price under the

linear approximation to the myopic policy.

Multiplicative Demand

For the case of multiplicative demand, we use the results obtained in Proposition
4 to derive the linear approximation. Specifically, we set the intercept to be k = Cj.
Let 2 = min{z > 0 : d™(z) = x} be the smallest point at which the myopic
expected demand crosses the 45-degree line. This point is guaranteed to exist because
d™(0) = Cy > 0 and lim,_,,, d™(x) = C* < 1. On one hand, the inventory-related
cost is small when the net inventory level is in the vicinity of 2. On the other hand,
as x increases, the myopic expected demand increases as well to maximize revenue
(recall that the revenue function is concave increasing). We therefore define the slope
of the linear approximation as an average of the asymptotic slope C* and d' (z).
That is, § = (C* +d™ (2M))/2. Figure 2.5 illustrates the linear approximation
under a multiplicative demand function.

The linear approximation has some important properties. First, one can verify
that "™ (x™) < 1, which guarantees that 0 < § < 1 in the case of multiplicative

demand. Moreover, we show that § increases with . Again, note that p is the price
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sensitivity of the mean demand function and d measures the price sensitivity to the

inventory level.

Proposition 7. Under multiplicative demand, d'™ (QZM) 15 increasing in . In turn,

this implies that the slope 6 = (C* + d"™ (z))/2 is increasing in .
2.4.3 State Space Reduction and Heuristic Policy

In this section, we describe how to determine the heuristic replenishment and pricing
policy. We first substitute each period’s expected demand by the linear approxima-
tion d; (x¢) = 4y + k¢ and change the accounting scheme in the remaining inventory
problem by calculating the profit L periods forward. Since d can take negative val-
ues, we extend the definition of the revenue function to ensure that the problem is
concave. Under additive demand, we let R, (d) = dyp, (d,), dy € (—o0, +0). In the

case of multiplicative demand, we let

f{(d): dipe (dy), ifdy =&,
YU diRy (), itdy <€,

where ¢ is a small positive value.” For both types of demand, we have that R, (dy)
is concave in d;. The optimal inventory policy can now be determined from the

following recursion: Let IN/TH = (), and

‘7:5 (v, Wy) = fqrzlgéi E {aLﬁt-&-L(CTH-L (Te4r)) — C1qr — OéLGt+L(9Ct+La CZHL (Te41))
+ Oé‘7t+1 (Te41, Wt+1)} }7 (2.2)
= I;tlg%ijt (x4, Wi, qt) (2.3)
where (2141, Wi1) = (2 + wiy — Di(dy (21) ,€), w00, -+, qr), and @pyp = x4 +

ZZL:? Wi + q — ZZL;()l Dt+l(dt+l($t+l)a €t+l)-

9 Note that R;(0) = +00, so £ cannot take value at 0.
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The functions f/t (z¢, wy) and JNt (¢, Wy, q;) are concave because of the linearity
of d; (z¢). Because the single-period’s profit function depends only on z;., the
dimension of the state variable x;,; determines the dimension of the approximate
problem. Below we show that z;,; can be expressed as a weighted sum of the

variables x; and wy. To facilitate our discussion, we define

T; = price-deflated inventory position at the beginning of period ¢,
L—1
= Vo4t + Z Vit (Wit — Kegi—1) — Kigr—1, (2.4)

=1
where v}, = ﬁ;ll(l —04k), 1 =0,1,.... L —1, and
elt,t + L) = total weighted errors in periods ¢, ¢ + 1,..., t + L — 1,

L1 »
{leo Vig1t €41, additive demand,

Zf;ol Vi1t Kl (€00 — 1), multiplicative demand.

(Note that Fe[t,t + L) = 0 for both additive and multiplicative demands.)

We now derive the state variable x;,;. For the case of additive demand, we

have
L1 L1
TprL = Ty + Z Wyt + qr — Z (Ot41Te41 + Kt + €141)
=1 1=0
L1 L-1L-1
= H(l — 0wy + Z H (1 = Opyie) (Wip — Kigi—1 — €14i—1) + Gt — Ktan—1 — €401
k=0 I=1 k=l

:ft—i‘qt—G[t,t'i‘L).

For the case of multiplicative demand,

L-1 L-1

Typp = Tt + Z Wyt + q — Z (O141Tis1 + Kisr) €t
=1 =0
L—1 L—1L-1
= H(l - 5t€t)$t + Z H(l - 5t+k€t+k)(wl,t - /‘ft+l—1€t+l—1) T Gt — Kt+L—1€t+1-1
k=0 =1 k=l

25



Under the multiplicative demand form, the coefficients of z; and w; depend on the
random variables {etH}lL:_ll. In order to aggregate the terms corresponding to x;
and w;, we further approximate x;,; by using the mean values of those random

coefficients (= 1), obtaining

-1 L—11-1
Tiy = = H (1—6¢)ze + Z H 1 — Opin) (Wit — Kes1—1€041-1) + Gt — KesL—1€t4L-1
k=0 =1 k=l

= ft—l—qt—e[t,t—i—[/).

We can now express the optimality equations in (2.3) using the new state variable

7, and the decision variable y, = 7, + ¢;. That is, let ‘N/TH =0, and

‘Z (ft) = T+ g@% E{aLﬁt+L (CZH—L (xt+L)> — Gy — 04LGt+L («'Et+L’ Jt+L ($t+L)>
+Oé‘7t+1 (Tis1) }7 (2.5)

where zy =7, — €[t,t + L) and Ty = (1 — 0p1.1)[Y; — €[t,t + 1)] — keyr. Define
(]Nt ¥:) = E{OZLEHL <CZ€+L ($t+L)> —Ct@t—aLGHL («Tt+La 67t+L (xt+L)) +04‘7t+1 (Ter1)}

Theorem 8. The value function V, (%) in (2.5) is concave in T, and J, (7,) is con-
cave in vy, for all t. Let' s, = arg max J, (¥,). The optimal inventory policy for the

approzimated problem in (2.5) is a base-stock policy with parameters {5;}L_,.

The optimal base-stock policy derived in Theorem 8 serves as the heuristic re-
plenishment policy for the original system. Specifically, our proposed heuristic for
the joint inventory and pricing problem is as follows. In each period t, given the

state (zy, wy):
(i) Set the price equal to the myopic price, i.c., pM = p; (diw(a:t));
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(ii) Calculate T, as in (2.4) and 5, = arg max J, (7,). An order quantity ¢, = 5, — 7,

is placed if Z7; < 5;, and no order is placed otherwise.

We now discuss the physical meaning of Z;. Note that demand in each lead-time
period is composed of two parts, controllable and non-controllable. The controllable
portion refers to the demand determined by the linear approximation (i.e., by the
pricing decisions), while the non-controllable portion of demand refers to the remain-
ing random terms. The value of T, given in (2.4), can be interpreted as the expected
inventory level at the beginning of period ¢+ L, equal to the sum of the net inventory
x¢ and all the pipeline inventory terms w;, minus the total controllable demand dur-
ing the lead time. It follows from the properties of the slopes ¢; that the weights v,
in 7, satisfy vp; < v1; < ... <vp_1;. This suggests that the price-deflated inventory
position assigns a lower weight to the inventory that is closer to the system. To see
this, consider the inventory state at the beginning of period ¢, (z;, w¢). Since x; is
present in the system before the arrival of the pipeline inventory wy, the quantity x;
will be used to satisfy the entire controllable demand over the lead time. In contrast,
the pipeline inventory will be used to satisfy only a portion of that lead time demand.
Thus, the proportion of x; that is expected to be available at the end of the lead time
will be smaller than that of the pipeline inventory. This implies that the weights of
the pipeline inventory in Z; are progressively higher.

The order quantity ¢; that arises from the optimal policy in Theorem 8 equals
one period of future controllable demand plus the sum of past errors (uncontrollable
portion of demand) during the lead time, i.e., €[t,t + L). Consider an environment
with stationary parameters and L = 2. We assume that the system starts with
S0 = T so no order is placed in period 0. At the beginning of period 0, the manager

observes zp and w; and anticipates demand according to the linear approximation

~

do (z0). Let Dy = 670 (7). Based on xg, w0 and Dy, the manager can further antic-
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ipate the net inventory level at the beginning of period 1, given by z¢ + w; o — Dy,
and therefore anticipate a demand quantity ﬁl = Jl (1:0 +wi o — ﬁo) in period 1.

One period later, demand D is realized, so the manager can update ﬁl by a new
estimate D = 51 (o + w1 — Do) that accounts for the actual initial net inventory
level in period 1. At that point, the manager also estimates the demand in pe-
riod 2 based on the linear approximation of demand in that period. It follows that

G = 52 + (DO —EO) + (ﬁl — D1> = 32 + €[0,2). That is, the order quantity in
each period equals the estimate of next-period’s demand (through the linear approx-
imation of demand in that period) plus a sum of correction terms of past demand
estimations given the updated demand realized in the latest period (= the sum of

the uncontrollable demand). Figure 2.6 illustrates this ordering behavior. 1°.

2.5 Upper Bound

In this section, we derive an upper bound to the expected profit of the exact problem.
The idea behind the upper bound is based on the duality approach proposed in Brown

et al. (2010). The construction of the upper bound involves relaxing the information

10 This ordering behavior bears resemblance to the ordering pattern in a system in which demand
follows an MMFE model and ordering decisions are based on updates of the demand forecast. See,
for example, Chen and Lee (2010).
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set and imposing a penalty cost to compensate for the information relaxation. A key
feature of Brown et al.s framework is the development of a problem-specific penalty
cost that closes the gap created by the relaxed information set and that results in
a problem that can be solved efficiently. We next proceed to generate a penalty
function for our problem and show how to solve the resulting upper bound.

First, we relax the information set by considering the joint pricing and replenish-
ment problem under deterministic demand. We define the sample-path dependent
counterparts of the functions defined in Section 2.3. Given a demand sample path
{e}T, let Ri(d; | &) = pe(dy)Di(dy, €;) and Gi(xy,dy | €) = he(xs — Dy(dy, €)™ +
bi(Dy(dy, €;) — x)*. Define the recursion Vr,q = 0, and

Vilen we [ 1)) = max {Ri(d | &)~ g~ Gilw,dy | )

q:=0,d:e
+ Vi1 (@41, Wi | {e}fﬂ)}

= max (e we g di | {e)),

where ($t+1, Wt+1) = (SEt + Wy — D, (dt, Gt) y Wty WL—1t, C]t)- Then,
EVi(x, we | {€}]) = Vi(zy, wy) for t=1,--- T +1,

due to Jensen’s inequality and the concavity of the value function, where the expec-
tation is the average value of V;(zy, wy | {€}I) over all sample paths. Intuitively, a
higher profit is achieved if demand is revealed before making decisions.

Next, following Proposition 2.2 of Brown et al. (2010), we construct the penalty

cost function for each period ¢ and each sample path {e}! as

Wt(xtywtu(ﬁ;dt ‘ {E}tT> - Wt(xt7Wt7Qtadt)-
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Thus, the upper bound is obtained by taking the average over all sample paths of

VP (e we [ {e}) = max {Ru(di] &) = e~ Gl dy | )

q+=0,d:€Q

- [Wt(l’t,wu%,dt | {6}?) - Wt(xt,Wt7Qt>dt)]

+ AV (@, wee [ {eH) ], (2.6)

where (2411, Wes1) = (20 + wie — Dy (dys €r) ,way, -+, wr—14, q). (The superscript D
refers to the deterministic value function that involves the penalty cost.)

The penalty function needs to capture as much of the value of demand information
as possible. To that end, we use the value function obtained from our heuristic in
(2.5), with the appropriate corresponding definitions to denote the dependence on a
given sample path. That is, the penalty function is constructed using J; W, | {e}7)
and J, (9;), where J, (yt ] {e}tT) is the sample-path dependent counterpart of J, (U,)»

and is defined as

jt (?t | {E}tT) = {aLéwL (CZ-',-L (Tt11) | €t+L> — CtlYy — aLGt+L ($t+L, CZH—L (ze11) | €t+L>

+alin (@ [{ell)

Because these functions are concave, the expression to maximize in (2.6) is not
necessarily concave. We therefore further approximate J; (yt | {e}tT) and J, (7,) by

their first-order Taylor expansions around §, = arg max .J, (7,). More specifically, let

ajt (yt | {E}Z)

W@, g [ {e}]) = ‘775 (Et | {E}tT) + 7, ‘?th

¥, —51),

~

W@, q) = Ji(5)- (2.7)

! Incorporating this penalty function into the recursion defined in (2.6) results in a

" Denote 5, ({e}]) = argmax jt(yyHe}tT) Then we can alternatively construct the penalty function
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dynamic program with value function

VtD(xt, Wi ‘ {G}tT) = qtigf}fégt {Rt(dta Gt) - (Ct + Et)Qt — Ty — Gt(l'n dy, Et)
+aV2 (@, Wesn | {eH) |, (2.8)
7 (v AT
where ¢, = %‘@:R

Theorem 9. The average value of VP (xy, wy | {€}]) taken over all sample paths is
an upper bound to the optimal profit Vi(x1, wy) of the joint pricing and replenishment
problem given in (2.1).

Calculating the optimal value V;P(z1,wy | {€}T) involves solving a multi-state
dynamic program. We next show that the problem is, in fact, related to the dynamic

lot-sizing problem studied in Wagner and Whitin (1958). The following result sets

the stage for this connection.

Lemma 10. VP (z, wy | {€}T) = Dz, wi | {&}7) + VP(z1, w1 | {€}T), where
[(z1, wy | {€}T) is independent of the decision variables (q;,d;)i=1.... 7 and the second

- ; VD  _
term is defined recursively as Vi, =0, and

VtD(thaWt | {E}tT) = max {Rt<dt7 €) + 5ffdt — GG — Gt(%,dt, €t)
qt=0,d1eQ
+aV2 (w1, wesn | {€}F )} with (2.9)
t+1\Tet1, Wega 1) (o .
& o= ata+ Y RIS (- Giey),
k=t+1

~ Zk 1 ok le H]L o (1= 0kyj), additive demand
Sk g ale Hfzol( — Ok+j)€k,  multiplicative demand,

by taking the first order Taylor expansion around 5.({6}7), ie., Wi (@, :l{e}T) = T ({e}T){e}T),

Wi (T, q:) = E[jt(Et({e}tT)) a‘%yyf) |5, =3.({e}7) ] Numerically, the performance of the resulting

upper bound is similar to the one with the penalty function 2.7.
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fort <T—L—1,and¢ =c;+¢, 0 =0forT—L<t<T.

Lemma 10 states that for a given deterministic path {€}?, we can recursively
write the dynamic program in (2.8) as the sum of two terms. Because the first term
[(zy,wy | {€}?) is independent of the decision variables, the optimal solution for
VP (21, wy | {e}7) is the same as that for the dynamic program given by V> (1, wy |
{e}T). For a given sample path {€}?, the problem in (2.9) is equivalent to the dynamic
lot-sizing problem studied in Wagner and Whitin (1958). The authors provide an
algorithm to solve the dynamic lot-sizing problem. The output of this algorithm
consists of the optimal ordering time for a unit of demand in each period ¢, together
with the corresponding inventory holding and backorder costs associated with that
ordering time. We propose a similar algorithm to compute the optimal ordering
times, and we then use these ordering times and resulting holding and backorder
costs as inputs to the demand optimization problem. This leads to the optimal value
VP (21, w1 | {e}T). Note that we need to solve the first L periods in the initialization
stage before running the algorithm. We provide the details of the optimization

algorithm below.
Algorithm for ‘ZD(xt,Wt | {e}])

(Initialization) Compute the optimal demands (equivalently, prices) for the first

L periods: dP(zy,wq | {e}T), -, dP(z1,wy | {€}T).

1. (Wagner and Whitin) For a unit of demand in a given period ¢t > L, determine
the optimal ordering period 7*(t) by comparing the costs obtained from all

possible order periods 7. This can be determined by comparing;:

(1) If 7 =t — L, no inventory cost is incurred. The resulting (purchase) cost

incurred in period t is ¢_p/al;
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(13) If 7 = 1,2,--- ,t — L — 1, the order is delivered before demand occurs.
Therefore, a holding cost is incurred in periods 7 + L,--- ,t — 1. The

resulting cost incurred in period ¢ is ¢, /a'™7 + Zk L hy/at=F;

(tii) f 7 =t—L+1,---,T — L, the order is delivered after demand occurs.
Therefore, a backorder cost is incurred in periods t,--- , 7+ L — 1. The

L-1 j—
resulting cost incurred in period ¢ is ¢, /o'~ + > 1T oF Tty

The optimal ordering time 7*(t) is the period 7 with the smallest cost.!?

. Denote by ¢ the cost associated with the optimal ordering time 7*(¢) de-
termined in Step 1. The optimal expected demand in each period ¢ is then

computed as follows:
dP ({e}{_)) = argmax [R,(d; | &) + Cldy — G dy] -
thQt

The corresponding order quantity for period ¢ is given by

N

Qt {E}t 1) Z E}t 1) L ()=

where 1(;«(j)—y is the indicator function that equals 1 if 7%(j) = ¢ and equals

0, otherwise.

After determining the optimal solution (g, d;):=1.... r for each demand sample path

following the algorithm described above, we compute the upper bound E[V,” (x;, wy |

{e}1)] by averaging V,” (z;, wy | {¢}]) over all sample paths.

2.6 Numerical Study

In this section, we present the results of our numerical study. We first report the

performance of our heuristic and then discuss insights related to the impact of lead

12 Note that {¢;} depends on the sample path, so these parameters may not be stationary even if
the original problem has stationary parameters.
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time on the joint pricing and inventory decisions.
2.6.1 Performance of the Heuristic

We examine the effectiveness of our heuristic, which we denote BLS, by comparing
the resulting profit to that of the exact optimal solution (when lead time is short)
and to the profit derived from the upper bound. We also compare our heuristic with
the heuristic proposed by Federgruen and Heching (1999), which we denote FH. The
FH heuristic determines a price in each period and assumes that this price will be
maintained over the next lead-time periods. Based on this assumption, the inventory
states can be aggregated into a single variable and the heuristic policy takes the form
of a list-price base-stock policy. In their paper, this heuristic is examined in settings
with additive demand, so we extend it to the multiplicative demand case in our
numerical study.

We consider a total of 3,360 problem instances, including a set of 3,240 instances
with stationary parameters (648 instances with each L € {1,2,3,4,5}) and a set
of 120 problem instances with non-stationary parameters. The planning horizon is
set at T = 20 and a = 0.95. For the instances with stationary parameters, we
consider scenarios with ¢ € {1.5,2,2.5}, h € {0.4,1,4}, and b € {10, 20, 50,90}. For
additive demand, we set A € {60,90,120}, p € {0.5,1,1.5}, and € ~ Normal(0, 1);
for multiplicative demand, we set A\ € {500, 700,900}, x € {1.1,1.25,1.5}, and € ~
Gamma(2,0.5). These system parameters cover a wide range of scenarios, including
scenarios with service levels (= b/(b + h)) ranging from 71% to 99%.

For instances with L < 2, we compute the exact optimal solution and use sim-
ulation to generate the expected optimal profit. For all instances, we compute the
expected profit generated by the upper bound. We compute the BLS and FH heuris-
tic policies for all instances and use simulation to obtain the corresponding expected

profits. The simulation is conducted by generating 10,000 randomly generated sam-
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ple paths for each problem instance. For each sample path, we first calculate the
average value of inventory states over all periods and then re-compute the profit as-
sociated with that sample path by taking the initial on-hand and pipeline inventory
states equal to those average values.'®> We calculate the following percentage ratios

to evaluate the performance of the BLS heuristic:

{upper bound, optimal} expected profit - BLS heuristic expected profit « 100%
0.

{upper bound, optimal} expected profit

This ratio represents the percentage error with respect to the optimal (upper bound)
profit. Similarly, we examine the performance of the FH heuristic. Table 2.1 provides
a summary of the results.

The BLS heuristic is near-optimal when L < 2. The average percentage error
between the heuristic profit and the optimal profit is 0.61% among all instances with
L < 2, with a maximum gap of 1.70%. The BLS heuristic significantly outperforms
the FH heuristic. In general, our heuristic performs slightly better for the additive
demand case. The performance of the BLS heuristic tends to deteriorate when the
lead time becomes longer. For settings with L > 3, we compare the BLS heuristic
with the upper bound. While the percentage gap increases as L becomes larger,
this increase occurs at a decreasing rate. More specifically, the change in average
percentage gap systematically decreases from 1.7 (= 2.19%/1.31%) when L goes from
1 to 2, to 1.3 (= 6.17%/4.83%) when L goes from 4 to 5. This observation suggests
that the quality of the BLS heuristic will not deteriorate significantly for long lead
times. For L = 5, the average percentage gap remains satisfactory at 6.17%. The
gap between the optimal profit and the BLS heuristic profit is about one third of
that between the upper bound and the heuristic when L = 1 and L = 2. (This

proportion remains similar for a subset of experiments with L = 3 under which we

13 With stationary parameters, the inventory states tend to be stationary after the initial warm-up
periods.
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Table 2.1: Average percentage errors — stationary cases

Comparison to exact system Comparison to upper bound
Additive Multiplicative ~ Additive Multiplicative Average
BLS FH BLS FH BLS BLS BLS
L=1 032% 4.93% 0.52% 7.86% 1.34% 1.27% 1.31%
L=2 061% 10.38% 0.71% 11.85%  2.08% 2.30% 2.19%
L=3 - - - — 3.49% 3.47% 3.48%
L=4 - — - - 4.91% 4.74% 4.83%
L=5 - - - - 6.36% 5.98% 6.17%

computed the profit of the exact system as well.) This suggests that the gap between
our heuristic and the upper bound significantly overestimates the gap between the
BLS heuristic and the exact system.

The following observations also arise from the numerical study. (1) The heuristic
is more effective when the purchase cost ¢ is relatively small because the myopic
price is independent of ¢. Thus, when c is small, the gap between the myopic price
and the optimal price is small as well. (2) The heuristic is generally more effective
for large values of A and small values of p, as both result in larger revenues. (3) The
performance of the heuristic is, in general, not sensitive to h and b.

To further illustrate the performance of our heuristic, we compare the prices and
order quantities in the BLS heuristic and the optimal policy. See Figures 2.7 and
2.8. The decisions under our heuristic are very close to the optimal decisions. The
larger gaps occur for very low (negative) and very high net inventory levels under
additive demand. These gaps are mainly the result of the linear approximation used
to reduce the state space. Because these larger gaps occur for inventory levels that
lead to relatively high backorder or inventory costs, they are less likely to be observed
and therefore do not greatly affect the performance of our heuristic.

Finally, we report the results of the numerical study for settings with non-
stationary parameters. We consider base cases with ¢ = 2, h = 1, b = 50, and

A =60, u = 0.5,1 for additive demand, and A\ = 500, 4 = 1.25,1.5 for multiplica-
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FIGURE 2.7: Policy comparison — additive demand, L = 2, w; o = 10, T' = 20, ¢ = 2,
h=1,b=20, A=060, u=1.5.
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FIGURE 2.8: Policy comparison — multiplicative demand, L = 2, w; o = 10, T" = 20,
c=2,h=1,b=20, A =500, u = 1.5.

tive demand. The cost and demand parameters are varied one at a time, following
one of six patterns: increasing; decreasing; jump up / jump down (the cost takes a
constant value for the first half of the planning horizon, then increases [decreases| to
a higher [lower| level and remains at that level); and seasonal up / seasonal down
(the cost increases [decreases| gradually in the first half of the planning horizon
and then decreases [increases| gradually in the second half). For each instance with

non-stationary parameters, we set the initial states to equal those that are used for
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Table 2.2: Average percentage error - non-stationary cases

Comparison to exact system Comparison to upper bound
Additive Multiplicative ~ Additive ~ Multiplicative

L=1 036% 0.66% 1.14% 1.74%
L=2 08%% 1.03% 2.29% 2.52%
L=3 — — 3.41% 3.68%
L=4 — — 4.67% 4.91%
L=5 — — 5.39% 6.03%

the (stationary) base case. Table 2.2 reports the profit difference between the BLS
heuristic and the exact system for L € {1,2}, and the profit gap with the upper
bound for all values of L. The numerical results suggest that the our heuristic is also

very effective for non-stationary systems.
2.6.2 Pricing and Responsiveness

The order quantity and price functions in Figures 2.7 and 2.8 suggest that price
tends to be more sensitive to changes in the net inventory level than the order
quantity. In this section, we examine the value of responsiveness (e.g., through the
implementation of a quick response strategy) vis-a-vis the use of price controls to
balance supply and demand. We base our findings on the numerical study with
non-stationary parameters. In particular, we consider settings in which the unit
purchasing cost ¢; follows one of the following patterns: increasing, decreasing, jump
up, or jump down. To avoid the impact of discounting, we set & = 1. From this study,
we conclude that price reacts more to the change in cost as lead time increases. More
precisely, the range of prices charged over the planning horizon increases as lead time
increases. This suggests that, as lead time becomes longer, pricing becomes a more
useful lever to balance supply and demand due to the delay in receiving shipments.
We also examine the effect of price sensitivity p (of the mean demand functions)
on the range of prices charged over the planning horizon. As the price sensitivity

increases, the length of the price-range decreases. A large value of ;1 means that
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demand is more sensitive to price changes. Therefore, a relatively smaller adjustment
in price is sufficient to control demand as the cost (and therefore the order quantity
and inventory levels) changes.

We next study how a change in the lead time impacts the replenishment policy.

The next result shows that the base-stock level increases with the lead time.

Theorem 11. Consider two systems with different lead times Ly and Lo, identical
stationary parameters, and o = 1. Let the terminal condition for system L; be defined
as XN/TH = cTr_1,41 and let’s' denote the corresponding base-stock level derived from

Theorem 8. Then, Ly < Ly implies that 5' < 5°.

When L = 0 and demand is additive, 3%~ coincides with 2~ (defined in Sec-
tion 4.2) and the myopic price is a good approximation of the list-price defined in
Federgruen and Heching (1999). Under the base-stock list-price policy, the price is
discounted when the inventory level is higher than the base-stock level 379 As
the lead time increases, Theorem 11 shows that the price is discounted even if the
inventory level is below the base-stock level, in contrast to a setting with zero lead
time. This is illustrated in Figure 2.9. In the case of positive lead time, it may be

necessary to discount the price even if the on-hand inventory is below the base-stock
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level in anticipation of the inventory in-transit that will arrive in subsequent periods.

We finally use the numerical study to explore the impact of demand uncertainty
on prices. The additive and multiplicative demand forms exhibit a different depen-
dence on the random terms. Specifically, the demand variance is independent of price
under additive demand, but it is decreasing in price under multiplicative demand.
This results in different findings regarding the change of prices driven by changes in
demand uncertainty under the different demand forms. Under additive demand, we
find that the range of prices charged over the planning horizon increases in demand
variance, i.e., when demand is more variable, prices fluctuate more in order to bal-
ance supply and demand. Under multiplicative demand, the range of prices shifts
upwards as demand variability increases, i.e., a relatively higher price is charged in a
more variable system. In this case, an increase in price leads to a reduction in mean

demand, counteracting the increased variance of the random term.
2.7 Conclusion

In this chapter, we study the joint inventory and pricing control problem for a single-
stage system with positive lead time. Demand is price sensitive and is either of the
additive or of the multiplicative form. A replenishment decision and a selling price
are determined simultaneously in each period. The computation of the optimal pol-
icy in this system is computationally intractable. We provide a simple and effective
heuristic for this problem in which the decisions about the pricing and the replen-
ishment strategies are separated. First, the price (or, equivalently, the expected
demand) decision is determined by solving a series of single-period problems, leading
to a myopic pricing policy. We then propose a linear approximation to the myopic
policy as a function of the inventory level. This approximation allows us to reduce
the dimension of the state space. The single state variable is the so-called price-

deflated inventory position, which is a weighted sum of inventories in the system.
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The weights are determined by the slopes of the linear approximation, which mea-
sure the sensitivity of price to the inventory level. We show that a base-stock policy
is optimal in the approximated system. We also derive an upper bound to the exact
system and show how to efficiently compute the resulting expected profit.

We evaluate the performance of our heuristic by comparing it to the exact system
(for L < 2) and to the upper bound. Under both types of demand functions, our
heuristic is nearly optimal when compared to the profit of the exact system. The
relative gaps with the upper bound suggest that the heuristic performs very well
for longer lead times. Finally, we discuss the impact of lead time on the pricing
and inventory decisions. We find that, under both types of demand functions, price
becomes an efficient lever to balance supply and demand as lead time increases.
We also find that price discounts may be offered in anticipation of the upcoming

inventory in-transit.
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3

Joint Inventory and Pricing Problems with Lead
Time and Fixed Ordering Costs

3.1 Introduction

In this chapter, we still focus on the integration of inventory control and pricing
decisions. Different from the previous chapter, we consider systems where a fixed
ordering cost occurs whenever an order is placed. In standard inventory problems
(with price fixed), the studies with and without fixed ordering costs are parallel, as
these two phenomena co-exist in practice. However, when it comes to joint inventory
and pricing problems; especially with positive lead time, there is little study for the
settings with fixed ordering costs. This is because, as both the fixed ordering cost
and the positive lead time present in the system, the problem is computationally
intractable, and the structure of objective function becomes unclear.

We show in this chapter that the same myopic pricing policy, linear approximation
and resulting state reduction derived in Chapter 2 can be applied to construct the
heuristic pricing and replenishment policies in a setting with fixed ordering costs.

Specifically, we still use the myopic pricing policy, which depends only on the on-
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hand inventory level, as the heuristic pricing policy. Using the linear approximation
of the myopic demand function, we show that an (s, .S) policy is optimal based on the
price-deflated inventory position defined in Chapter 2. That is, if the price-deflated
inventory position is below s, then an order is placed to bring it up to S; otherwise,
no order is placed. To our knowledge, this is the first heuristic for joint inventory

and pricing optimization in a setting with fixed ordering costs.
3.2 Literature Review

In a periodic-review system with fixed ordering costs and fixed price (standard in-
ventory system), Scarf (1960) shows that the (s, S) policy is optimal for general lead
time, i.e, if the inventory position is below s, an order is placed to reach S; other-
wise, no order should be placed. In this paper, he also first introduces the concept
of K—concavity. In a continuous-review setting, the (r, Q) policy is proved to be
optimal by Galliher et al. (1959), where r is the reorder point and @ is the lot size.

In the literature of joint inventory and pricing decisions, Chen and Simchi-Levi
(2004 a,b) study a single-stage, periodic-review, multi-period planning model with
fixed ordering costs. They assume the delivery lead time is zero and prove that
an (s, S,p) policy and an (s, S, A, p) policy are optimal under additive demand and
a general form of demand (involving both a multiplicative and an additive demand
term), respectively. For the infinite-horizon model, they prove that the (s, S, p) policy
is optimal for general demand functions. Extensions and refinements of this problem
include Chen et al. (2006), Huh and Janakiraman (2008), and Song et al. (2009).
Chen et al. (2006) and Song et al. (2009) extend the optimality of the (s,S,p) and
(s,S,A,p) policies to lost-sale models with additive and multiplicative demands,
respectively, under mild assumptions on the demand function and randomness. Huh
and Janakiraman (2008) consider a multi-dimensional demand control approach in

both backorder and lost-sales models. The authors show the optimality of a so
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called (s,S)—type policy with stationary parameters. The (s, S)—type policy is a

generalization of the (s, S, p) policy.
3.3 Model

The basic model and notation is the same as those in Chapter 2. We define the
function I(u) as I(u) = 1, if w > 0, and I(u) = 0 if u < 0. Assume that a fixed
ordering cost K is incurred whenever an order is placed. That is, the total purchasing
cost in period t is given by KI(q;) + c¢iq;, with ¢, the order quantity in that period.
Let VX (x;, wy) denote the maximum expected discounted profit from period ¢ to

the end of the planning horizon with initial state vector (x;, w¢). Then, V;5 (z;, wy),

t=1,---,T+ 1, satisfy the following value-function recursion:
ijil = 0
VtK (xt, Wt) = qtz%l,gt}éﬂt {Rt(dt) - K](Qt) — Ceqy — Gt(xta dy)
+ aBVE (w41, Wt+1)}a (3.1)
where the state dynamics are (2441, Wet1) = (Te+wi e —Di(dy, €), war, -+, W14, Gt)-

3.4 Heuristic
We define the myopic demand d (x;) function as the solution to

max{R;(d;) — Gy(zy,dy)}.

dtGQt

Follow the same procedure in Section 2.4.2, we construct the linear approximation

c?t(xt) = 0;2¢ + K¢, both in the cases of additive and multiplicative demands as follows:
Additive demand: Define

5t = dgM(it), Ry = —(St(i't> + di\/l(it),
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#y is the average of two points z;” and z; , where z;7 = min{z¥, x*},

r; = min{z!, 2*}. x¥ is the solution to dM (x;) = (\; + pshy)/2 — ¢ and
zp* = min {z; : d} (z;) = N\ }. ) is the solution to d}(z) = (A — peby)/2 + ¢ and
2l = max {z; : d} (z;) = 0}.

Multiplicative demand: Define

(St = (Ot* + dgM (leiw))/2, Ry = OOta

where M = min{x; = 0 : dM(z;) =z}, C} that solves Szr/(g edF (¢) = 1 and

ht+bt
_ Mt
Cot = Mt [—(1 I}t/“t)] )

By substituting the expected demand decision d; in 3.1 with C’Zg(xt) = 0;T + Ky, We
get an approximate inventory problem with fixed ordering costs. Since the pricing
(demand) decisions have been fixed as the linear approximation, we can further
change the accounting scheme in this inventory problem by calculating the profit L

period forward and obtain the following value functions:

VT[SA =0
V@) = e+ maxE{a! By (drer (o) - K13, —T) — ey
—OéLGt+L(9Ut+L; CZt+L(fL‘t+L)) + O“N/tlfl(ftﬂ)}a (32)

The dimension of the state space in 3.2 depends on the dimension of x;, since the
single-period’s profit depends on x;, only. Follow a similar analysis in Section 2.4.3,

we can express x;,, in terms of the price-deflated inventory position y, i.e.,
Ty = yt — E[t,t + L) =T+ qe,

and Ty = (1 — 0pp) [y, — €[t,t + 1)] — Kisr, €[t, t + 1) is defined as in Section 2.4.3.
Therefore, the state space of the approximate inventory problem is reduced to one
dimension.
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Table 3.1: Average percentage error — Fixed ordering cost

Additive demand  Multiplicative demand
K =50 K=100 K =50 K =100

L=1 035% 0.39% 0.85% 0.93%
L=2 05% 0.68% 1.25% 1.29%
L=3 0.90% 0.97% 1.61% 1.70%

Lemma 12. (Scarf 1960) Let K > 0. We say that H(x) is K—convez if

K+ (0 + ) - Ha) - g1 =TT

for all positive 8 and v and all x.

Note that if H(z) is K —convex, then —H (z) is K —concave.

Define
jtK@t) = E{aLétJrL(JtJrL(ﬂfHL)) — oy — "Gy (Tyr, CTHL@HL)) + 0“7751 (Teg1)}-

Theorem 13. The function JX(3,) and the value function VI (z,) are K -concave
in 7, for allt. Let S, be the smallest value of J, that mazimizes ftK(yt). Let's; be the
largest value of x < S, satisfying JE (z) = K + JE(S,). The optimal replenishment
policy in each period t takes the form of an (3, S;) policy, i.e., if Ty < 3;, then order

Sy — Ty, otherwise, do not order.

The optimal replenishment policy is combined with the myopic price and it is
operationalized as described in Theorem 13. In the numerical section we report the

performance of this heuristic.
3.5 Numerical Performance

We examine the performance of the heuristic in settings with a fixed ordering cost
by considering 192 instances (96 each for additive and multiplicative demand) with
stationary parameters. The parameters under consideration are: c € {1.5,2}, h = 1,
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b € {20,50}, and X\ € {60,70}, p € {1,2} for additive demand, and A € {300, 500},
€ {1.25,1.5} for multiplicative demand. Table 3.1 provides a summary of the
results. The heuristic is also effective for systems with fixed ordering costs. The
average percentage gap between our heuristic and the optimal policy is below 1%
under additive demand and below 2% under multiplicative demand. The maximum
[minimum]| gap is 1.21% [0.11%)] under additive demand and 2.10% [0.34%] under

multiplicative demand.
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4

On the Profitability of an Eco-Friendly Production
System

In this chapter, we seek to examine the effect of the procurement cost and its volatil-
ity on a firm’s profit. This allows us to study under what conditions a firm can be
profitably operate an eco-friendly supply chain. To this end, we consider a manufac-
turer who can decide the extent of dependence on petroleum-based components for
production. The procurement cost depends on the price of oil, which is itself quite
volatile. This volatility can be alleviated by using eco-friendly components or pro-
duction/distribution techniques that rely less on oil. Any of these alternatives may
lead to a higher procurement cost. We model the price of oil as a time-correlated
process, consistent with observed data. The manufacturer uses a mark-up pricing
policy to determine the product’s selling price, and demand is a function of price.
The first goal is to determine the optimal production policy (i.e., mix and quan-
tity) that maximizes profit in a finite horizon setting. We characterize conditions
under which a state-dependent myopic policy is optimal. This allows us to shed

light on how the effect of the procurement cost on the firm’s profit. Our results sug-
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gest that operating an eco-friendly production system may not undermine the firm’s
profitability because the benefits of a less volatile procurement cost may outweigh
the increased procurement cost. The magnitude of this benefit is determined by the
firm’s mark-up pricing policy and the customer’s price elasticity. In particular, our
results provide guidelines to understand what type of products would better absorb

the higher costs associated with an eco-friendly production system.

4.1 Introduction

Society’s growing concern for the environment has led many firms to integrating
sustainable practices into their business processes. Eco-friendly practices and efforts
have been made to various stages of a supply chain, including the procurement pro-
cess, the distribution process and the consumption stage. For example, some firms
utilize reused or renewable materials in their production processes. Hybrid fleet ve-
hicles are used in the distribution system to save petroleum consumption. Wal-Mart
encourages its suppliers to reduce the weight of packages, to lower oil consumption
in the transportation process. Electric cars are promoted to reduce petroleum con-
sumption of consumers. From the environmental point of view, these strategies lead
to systems less dependent on oil, therefore reducing their environmental footprint.
In practice, the implementation of these eco-friendly strategies is limited by the cost
associated with their implementation and by the potential response from the market.

Our study focuses on the procurement stage of a production and distribution sys-
tem. In particular, we evaluate the profitability of implementing a sustainable pro-
curement strategy. This procurement strategy involves the substitution of petroleum-
based inputs with eco-friendly, sustainable components. This practice is increasingly
prevalent in several industries. From 2010, the Coca-Cola company started to re-
place the traditional plastic bottles, which are entirely made with components based

on petroleum and other fossil fuels, with a so-called 'Plant Bottle’. This "Plant Bot-
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tle” uses up to 30% of plant-based materials, which are mainly produced from sugar
cane. In contrast to crude oil, sugar cane is easy to plant and fast growing, there-
fore making the system more sustainable. This kind procurement strategy is also
common in the automobile industry. More than 30 parts of Mercedes-Benz’s plastic
components have been replaced by bio-plastic components made from natural fibers.
In both examples, the look and the functionality of the products remain the same,
but the use of eco-friendly components reduces the carbon footprint of the compa-
nies’ production systems. From the cost perspective (see Figure 4.1), the price of
standard PET plastic is highly correlated with the price of crude oil, which has an
increasing trend and exhibits high volatility. As a result, products based on standard
plastic exhibit similar cost patterns. On the other hand, bio-plastic is less dependent
on oil, therefore generally facing a more stable cost pattern. Due to the limitation
imposed by the necessary technology and the size of the market that consumes these
components, the price of bio-plastic tends to be, as of now, around 2 — 4 times higher
than that of standard plastic. As the technology evolves and the market for these
components expands, it is expected that the price of bio-plastic will decrease over
time. Furthermore, the decrease in production costs will be transferred to consumers
in the form of lower selling price for the products involved. According to a survey by
USDA (US Department of Agriculture) 2012, the price of soft drinks has increased
by 2% to 3% due to the increasing cost of the plastic package.

In view of the trade-off between higher procurement costs and lower volatility,
we study the optimal procurement policy in an environment with price-dependent
consumer demand. In particular, we consider a manufacturer who has access to
two substitutable sources of components. One input is highly dependent on oil (for
example, traditional plastic); the other input is not (for example, bio-plastic). The
manufacturer determines the order quantities for each kind of input in order to

maximize the total profit over a finite horizon. The cost of the oil-based component
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FIGURE 4.1: Price correlation between PET plastic and crude oil

is lower but more volatile fashion than that of the eco-friendly alternative. The firm
uses a mark-up pricing policy, so variations in cost are partially transferred over
to consumers. We first fix the proportion of traditional versus eco-friendly inputs
used in production and determine the optimal associated procurement policy. The
optimal procurement policy takes the form of a state-dependent-base-stock policy.
To further understand the impact of the cost level and its volatility on the firm’s
procurement strategy, we focus on a myopic policy. We show that there exists an
optimal proportion of traditional versus eco-friendly components that maximizes
profit. The proportion of eco-friendly component used in production decreases with
its cost and with the product’s price-sensitivity. Given the volatility associated with

the price of oil, a sustainable strategy can serve as a tool for operational hedging.
4.2 Literature Review

In the operations management field, there is a increasing number of papers address-
ing different issues related to the sustainability of supply chain operations. Plambeck
and Taylor (2012) study how the feedstock intensity will affect the clean tech manu-

factures’ profit when both the feedstock and output prices are uncertain. Benjaafar
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et al. (2013) study an inventory management problem with concerns of carbon emis-
sion. The paper also analyzes the effect of different emission regulations on supply
chain collaboration. Agrawal et al. (2012) investigate the the environmental impact
of leasing comparing to selling. Swamidas and Newell (1987) consider the influence
of the manufacture strategy using an empirical approach. The authors show that
the environmental uncertainty influences manufacturing strategy variables such as
manufacturing flexibility. Goyal and Netessine (2011) use a theoretical framework to
study the value of volume flexibility under an uncertain demand environment. Our
study contributes to the stream of literature on sustainable operations by focusing
on the impact of a procurement strategy that substitutes oil-based inputs with eco-
friendly counterparts. Avci et al (2013) study the consumer adoption problem of
electric vehicles and access the impact of a switching-station-based solution for the
battery range limitation.

From the modeling perspective, our paper is also related to the work involving
stochastic cost and demand processes. Fabian et al. (1959) present a solution to
the problem of determining inventory decisions when the purchasing price of the
raw material fluctuates from period to period. Sethi and Cheng (1997) and Chen
and Song (2001) study an inventory problem under a Markov-Modulated demand
process. Aviv (2003) and Chen and Lee (2009) incorporate more general time-series
models to describe the demand process. In our paper, both the purchasing cost of
the raw material and the demand process are stochastic and they are correlated.
Moreover, the cost of the oil-based component is related to the oil price. DeMiguel
et al. (2003) provide a framework to forecast the price of oil using a time-series

models.
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4.3 Model

We consider a system with a single manufacturer who faces a multi-period production
planning problem with planning horizon 7'. The production lead time is denoted as

L. The discount factor is «.
Procurement Process:

The manufacturer has access to two types of components: the oil-based input,
which we denote with a subscript O, and the eco-friendly input, which we denote with
a subscript E. The cost of each input varies stochastically over time. Specifically, we
model the cost processes as AR(1) processes with trend. Let C*(t) denote the unit

cost of input i at time ¢, i = O, E. Then, C°(t) and C¥(t) are expressed as:

CO, =aCP +0° + 5% + €?

CE, =aCF + 0% — 6%t + ¢f

where ' > 0 and e} is a Normal random variable with mean 0 and standard deviation
o,i=0,FE.

The cost of the oil-based input is positively correlated with the cost of the oil
price, which generally exhibits an increasing trend (so 6° > 0). On the other hand,
the eco-friendly input follows a decreasing trend due to the advances in technology
and the rate of adoption in the market (so 8% > 0). The cost of the oil-based input
is generally lower than that of the eco-friendly component. However, the price of oil
is more volatile. We model this by assuming that ECO(t) < ECE(t), for all ¢, and
09 > oF. In this paper, we focus on the trade-off between a more volatile oil-based
input and a more costly eco-friendly component.

The manufacturer chooses the proportion of eco-friendly components used in

production, which we denote as p;. Let C(t) be the total unit procurement cost at
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time t. That is,
C(t) = pCE(t) + (1 — p)CO(1),
The cost C(t) also follows an AR(1) process with trend, i.e.,

O(t + ]_) = aC(t) + Qt - (Stt + €,

where §; = p,0F — (1 — p)d°, 0, = p:0F + (1 — p;)0° and e; ~ Normal(0, 0;) with

or = 7/ (p0E)? + ((1 — p1)oo)?. Note that 6, measures the cost level of a product,
while o, measures its volatility. As p; increases with p; < 0¥/(0% + %), we have that
0; increases and o; decreases. That is, an increased proportion of the eco-friendly

component leads to a more costly, but also more stable, cost process.
Demand Process:

In practice, manufacturers frequently adjust the selling price of the final product
according to the change in their production costs. To capture the relationship be-
tween the production cost and the selling price, we assume that the manufacturer

follows a mark-up pricing policy. Let P(t) be the selling price at time ¢. Then,

P(t) = (1+p5)C1),

where [ is the mark-up level. Demand occurring in period ¢, denoted as D(t),
is stochastic and depends on price according to the following linear and additive
relationship:

D(t) = A = pP(t) + e,

where {¢;} are i.i.d. Normal random variables with zero mean and standard deviation

&.
From the relationship between P(t) and C(t), we can write the demand process

as a function of the procurement cost, as follows:

D(t) = A—pu(l+ 5)C(t) + €.
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Then, D(t) incorporates both the intrinsic uncertainty associated with demand and
the volatility associated with the cost of components. The total production cost paid
in each period is linear in the production quantity. A holding cost h and a backorder
cost b are paid for each unit of leftover inventory and backorder in each period. We
assume that these cost rates are constant over time.

In what follows, we first fix the proportions (p1, pa, -+, pr) and determine the
optimal procurement policy in each period that maximizes the total expected profit
through period T'. Based on these results, we next examine the impact of incorporat-
ing eco-friendly components on the profitability of the firm. Note that in our model,
the proportion of eco-friendly components used in production can be adjusted in
every period. However, in practice, a firm may not have the flexibility to alter this
proportion in every period; instead, it is usually fixed over time, i.e., there is a single
decision about the proportion of eco-friendly components used in production at the
beginning of the planning horizon which does not change over time. This scenario is
a special case of our model. All the results in Section 4 carry through if we assume

that p is constant over time.

4.4  Main Results

4.4.1  Optimality

Given (p1,p2,---,pr), the optimal procurement decision can be solved from the
following dynamic program. Let V;(z;, ¢;) denote the maximum expected profit from

period t and through the end of the planning horizon, given that the cost at time t is

¢, and that the initial inventory position is z;. Then, V;(zy, ¢;) satisfies the following
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Bellman equations:

Vi(wr,c) = maxE{R(D(t)) — C(t)(y: — xe) — a" Gy — D"(t))

Yt =Tt

+aBVi(y — D), C(t + 1)|C(1) = e}

where R(D(t)) = ED()P(t) and G(-) = E[h(-)* + b(-)"].

The next result characterizes the optimal replenishment policy.

Theorem 14. Given an exogenous set of values (p1, pa,- - , pr), the optimal replen-
ishment policy in each period is a state-dependent base-stock policy. Denote si(c;) as
the base-stock level in period t given that the unit procurement cost is C(t) = ¢;. If
xy < s(ct), then order sy(c;) — xy; otherwise, do not order. Furthermore, we have

that si(cy) is decreasing in c;.

Theorem 14 shows that the optimal ordering decision depends on the realization of
the current period procurement cost. As the realized unit procurement cost increases,
it becomes more costly to order. Then the optimal order-up-to level decreases, i.e.,

the chance of replenishment or the order quantity gets smaller.
4.4.2  Myopic Problem

To study the impact of incorporating eco-friendly components on the production
system, we now study the trade-off between utilizing the eco-friendly and the oil-
based components. These components differ in terms of their cost and volatility. To

this end, we focus on the following myopic problem:

max E{R(D(t)) = C(t)(y — x:) — a"G(y — D"(t)) + aC(t + 1)(y. — D(t))|C(t) = .}

Yt =Tt

Below we examine in what settings the myopic policy is optimal.
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Before solving the myopic problem, we first express the lead time demand D (t)
as DI(t) = ED*(t) + Ran(D*(t)), where ED*(t) is deterministic and all random

terms are included in Ran(D%(t)). Define

t+L—1
K(a,t,L) = > (j—(a+-+a))/(1-a),
j=t
e(a,t) = aleg+a eyt +oey
Then,
ED"(t) = AL —pu(1+ B)[LC(0) — K(a,t, L)d]
t+L—1
Ran(D*(t)) = ) [& — p(1+ Be(a, )]
j=t
Proposition 15. Given (p1, ps, -, pr), the optimal myopic procurement policy in

each period is a state-dependent base-stock policy. Denote sf(c;) as the myopic base-

stock level in period t. Then,
s¥(c;) = E[D¥(1)|C(t) = ¢;] + stdev(Ran(D*(t))|C(t) = ¢;,)z*(cy),

where 2z} = ®Y(h+c; —aE[C(t+1)|C(t) = ¢;]/(h+b)) and ®° is the ccdf of standard

normal distribution.

Proposition 15 shows that the myopic base-stock level can be expressed as the
mean demand during the lead time plus a safety stock. The latter depends on
both the intrinsic demand uncertainty and the volatility associated with the cost of
components.

Note that in the traditional inventory problem, the optimality of the myopic
base-stock policy is achieved when the myopic base-stock levels increase over time.
Similarly, we require s7(C(1)) < s5(C(2)) < --- < si(C(T)) to guarantee that
the myopic solution is optimal for the original problem. Note that the cost C()

57



in each period t is stochastic. Therefore, whether or not the above condition is
satisfied depends on the specific realization of the cost process. Proposition 77
below characterizes a setting where the base-stock levels are increasing in time. In

that setting, the myopic policy is optimal.

Proposition 16. Consider the terminal condition Vip_y = cr_pxpr_p. If the realiza-

tion of the costs C(t) = ¢; and C(t + 1) = ¢;41 satisfy

S Gralt+1) = b
14+a’ 1—aa

Cty1 — Ct < mln{

for all t, then we have s{(c1) < s5(c2) < --- < sp(cr). This implies that the myopic

procurement policy is optimal.

As stated in Section 4.3, the cost process of the final product has a decreasing
trend. However, the realization of the cost may either go up or down from period to
period. An increasing cost implies an increasing selling price or a decreasing demand
volume. In the traditional inventory problem, the myopic policy is not necessarily
optimal if demand is stochastically decreasing over time. The latter can occur in our
model if there is a jump in the procurement cost. However, Proposition 16 shows

that, as long as the magnitude of the cost increase is constrained in a certain range,

the myopic policy can still be optimal. Denote by U; = min {%704%},

Note that C(t + 1) — C(t) = a'e, — +=2

t
l1—a

d;. The probability that the myopic solution

is optimal is given by

7., Pr(C(t+ 1) — C(t) < U,) = 1L, Pr (et L Uit (1—a)d/(1— a)) |

at

Figure 4.3 provides an example of the discrepancy of the optimal policy and the

myopic policy. The cost realization of this example is presented in Figure 4.2
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We now explore the impact of employing an eco-friendly input in the production
process. Viewing the problem from the beginning of the planning horizon, we study
how a change in the proportion of the eco-friendly component used for production

affects the whole production process in terms of the optimal replenishment decisions.
Proposition 17. For every t, s;(C(0)) decreases in p;.

By increasing the proportion of eco-friendly components used in production, the
average unit production cost increases but also the cost process becomes more stable.

Therefore, both the mean demand volume and the demand variance decrease. As
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shown in Proposition 15, the critical fractile for the myopic base-stock level s} (C(0))
is defined as h + E[C(t) — aC(t + 1)|C(0)]/(h + b). With a higher cost, the critical
fractile gets larger. Then 2z} = ®°(h + E[C; — aC(t + 1)|C(0)]/(h + b)) also decreases
in the procurement cost. Taking these effects into account, the order-up-to level
decreases with the proportion of eco-friendly components used in production.
Denote the expected optimal myopic profit accrued in period t viewed from the

beginning of the planning horizon as V,*(C(0)). Then,

VM(C(0)) = [ER(D(t)) — (C(t) — aEC(t + 1))s*(C(t)) — aEC(t + 1)D(¢)

—aG(y — D*(t))|C(0)].
This function satisfies the properties described in the next result.

Proposition 18. (i) VM (C(0)) is concave in p; if b—[C(t)—aEC(t+1)] = ®(1)(b+h)
(or < ®(=1)(b+h)). In that case, there exists p} that maximizes VM(C(0)). (i) pf

mcreases in t.

When p increases, the revenue may either increase or decrease because a higher
production cost results in a higher price, but a lower market demand. The total
procurement cost may also increase or decrease: while the unit production cost in-
creases, the production quantity decreases. The inventory cost, however, will always
decrease as p increases. Because an increased dependence on eco-friendly component
leads to a more stable system, leftover inventory and backorders are less likely to
happen.

The concavity of the myopic profit depends on a set of parameter conditions.
Particularly, the condition b — [C(t) — «EC(t + 1)] = ®(1)(b + h) is satisfied when
the service level is relatively high (b%h > d(1) + W) In that case, the

manufacturer can improve its profit by increasing the proportion of eco-friendly in-

puts used in production, up to a level pf. In view of the expectations regarding
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a decreasing trend in the cost of eco-friendly components, the optimal proportion
increases over time.
Next, we study how the product’s price sensitivity affects the firm’s procurement

strategy.

Proposition 19. The optimal proportion of eco-friendly components p; determined

in Proposition 18 decreases in .

When product demand is more sensitive to the selling price, cost has a stronger
impact on demand. Proposition 19 shows that with a higher price sensitivity, a
lower proportion of eco-friendly components is needed to maintain profitability. This
is because a higher price sensitivity increases the effect of the cost process on the
demand process. When the cost process becomes more stable by incorporating the
eco-friendly component, the demand process is also more stable and this effect is
stronger with a higher price sensitivity. On the other hand, the revenue drops more
dramatically with the price change when the price sensitivity is high. Therefore, a
relatively lower proportion of eco-friendly components is preferred when demand is

highly sensitive to price changes.
4.4.8  Numerical Study

In this section, we use several numerical examples to illustrate the results derived in
Section 4. Figure 4.4 illustrates the result of Proposition 18. As can be seen in the
graph, the myopic profit is concave in the proportion of the eco-friendly component.
In later time periods, the optimal proportion of the eco-friendly component increases
due to its decreasing cost trend. Moreover, the profit of the manufacturer is gradually
increasing over time.

Figure 4.5 illustrates the result of Proposition 19, i.e., the dependence of the

optimal proportion of eco-friendly component on the price sensitivity. As the price
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sensitivity p increases, the optimal proportion p* decreases. Moreover, the optimal

profit also decreases.
4.4.4  Conclusion

In this chapter, we study the profitability of a sustainable procurement strategy that
relies on component materials with less fossil-fuel content. This strategy allows the
manufacturer to limit the exposure to procurement cost volatility, but may lead to

higher costs. We evaluate the impact of features of the cost process on the manufac-
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turer’s procurement decision and overall profit. We find that, in certain settings, the
benefit of risk reduction associated with the procurement of eco-friendly components
outweighs the cost increase, therefore improving the manufacturer’s profitability.
Given the current volatility of oil prices, a sustainable procurement strategy can be

regarded as a form operational hedging.
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Appendix A

Appendix

Proof of Proposition 1. We prove this result by induction. The result holds for
T + 1. Suppose that at t + 1, Vi1 (2441, Wee1) 18 jointly concave in (2,11, W¢y1) and

Ji1 (41, Wegn, deg1, qig1) is jointly concave in (2441, Wey1, diy, Gegr)-

The concavity of Vi 1 (2411, Wgy1) implies that
Visr (e + w1y — Dy (dis€r) ,way, -+, Wi—1t, Gr)
is concave in (x4, Wy, dy, ¢;) for any realization of ¢, since
(g + w1y — Dy (dyy &) ,way, -+, W14, Gr)

is an affine transformation of (x;, wy, d;, ¢;) under both additive and multiplicative de-
mand functions. Therefore, EViiy (2 + w1 — Dy (dy, €) s waoy, -+ - ,wr—14,q:) i con-
cave in (x;, Wy, dy, q;). Furthermore, the concavity of the revenue function and the
convexity of the inventory cost function imply that J; (z;, Wy, dt, ¢¢) is jointly concave
in (x;, wg,dy, q;). Concavity is preserved under maximization. Hence, V; (x;, wy) is

jointly concave in (xy, wy). []
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Proof of Proposition 2. To simplify notation, the subscript ¢ is omitted in this

proof.

(1) We need to show that 0 < dd];;(x) < 1 for all z. If d™ (z) lies on the boundary

of €y, then % = 0. Otherwise, d™ (z) satisfies the first-order condition of R (d)—

G (z,d) with respect to d, i.e.,

, 0G (x,d
R (d) - % |g—ar (= 0.
Thus,
(@) T (b fa=d) o
dx Rr(d)— 2Ced 2 (h+b) f(e—d)

(i) Using simple algebra, we can write the first order condition of d™ (z) as

A —2dM (x)

p =b—(h+b)F (z—d" (z)) (A1)

Since d™ (z) increases in x with rate smaller than 1, x — d™ (z) is increasing in
z. The monotonicity of z — d™ (z) implies that lim, .. F (z — d™ (z)) = 1, and
lim,—_o F (z — d™ (2)) = 0.

Since equation (A.1) also holds as x — +o0, we have

_9M _ 9% M
i 22207 @) A= 2 dT @) gLy iy F(zx—d" (z)) = —h,

r—+00 M ) r——+00

—9dM —2lim, , o, dM?
po A=2dY (@) A 2lim, o d (x)Zb_(h+b) lim F (z—d" (z)) = b.

r——00 Iu Iu r——00

Thus, limg o d¥ (z) = 2 and lim, ., o0 d™ (z) = 252 0

Proof of Proposition 3. (i) Under additive demand, the first order conditions of
the optimal joint decisions (df (z;), ¢} (z;)) are as follows:

R,lf (d) — %Gt ([L‘t, d) + %E%-&-l ($t +q— d— Et) |(df,q§‘)

—i + 5BV (2 + ¢ —d — &) | (a.07) = 0.
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The second equation of the first-order conditions implies that

0
a_qEVtH (z1+q—d—e) |(d§<,q;k): EVt,+1 (r¢ +q—d—¢) ’(d;k,q;k)z Ct,

and the first equation of the first-order conditions implies that

/ a !
Ry (d) — %Gt (1, d) |(d;<,q§<): EVii (e +q—d—e) |(d;k,q;<) :

Thus, the optimal demand policy df (z;) satisfies

, 0
Rt (d) - %Gt (ZCt, d) ’d;k: Cy.

The myopic demand policy dM (z;) satisfies the first-order condition

, 0
Ry (d) = 52Gt (21, d) |qp=0.

When ¢; > 0,

, F , F
Rt (d) — %Gt (.Tt,d) ’(df,q;k): Ct > 0= Rt (d) — %Gt (.’L't,d) ‘dgw .

The concavity of the function R, (d) — Gy (z,d) implies that R} (d) — ZG (24, d) is
decreasing in d for each value of x;. Hence dM (x;) > df (x,).

When ¢; = 0, the first-order conditions of d (z;) and d} (z;) are identical, im-
plying that d™ (z;) = d} (zy).

(i) Applying the implicit function theorem on the first order conditions of d (z;)
and df (x;), we obtain the derivative of d (x;) and d} (z;) with respect to x;, as
follows:

ddf (ve)  (he +bp) fe (2 — df () dd}" ()
dl’t - % + (ht + bt) .ft (ZEt - df (xt)) B dl‘t

€(0,1).

Thus, the optimal demand policy has the same slope as the myopic demand policy.
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(73i) From (), df (x;) satisfies the first-order condition

, 0
Rt (d) — %Gt (.Tt,d) ‘(df,q;"): Ct.

Using simple algebra, we can rewrite this equation as

)\t — 2(1;: (xt)

i = by — (he + by) Fy (2 — df (24)) + ¢
¢

The result in (i4) implies that z; — d¥ (x;) increases in ;. Thus, we have

Ty—+00

and

Tt—>—00
Equation (A.2) holds as x; — +o0. Therefore,

At — de (l't)

a:tlig-loo m :bt — (ht + bt) xtllg-lw E (Z‘t — d;k (.Tt)) + ¢ = —ht + ¢,
At — 2df
lim t—t(m :bt - (ht + bt) lim B (SUt — d: (.xt)) + ¢ = bt + ¢y,
Trt—>—00 /’Lt Tt—>—00
leading to

lim d* (z,) = At + pehy — pecy

XTt—>+00 2

and

lim df (xt) _ A¢ — ey — MtCt.

Tt—>—00 2

(1v) and (v) We first show by induction that for any t,

M : *
d;" (zy) = lim dj (%,wl,t, T 7wL—1,t>
w1,t—>+00
and limy, o0 V/ (24, w14, -+ ,wr—14) = 0 when h, = 0.

67



At time T, ¢} = 0,

Vr (iUT, wy,T, " ,wL—l,T) =Vr (ﬂfT) = dme%x {RT (dT) - Gr (93T, dT)} .

The problem that determines d% is the same as the one that determines d}/. There-
fore,
ds (zp,wir, - w1 7r) = dy (z7) = df (27).
Furthermore,
Vr (xr) = Ry (d (1)) — Gr (2, d7 (1)),

lew (ZL'T) = bT — (hT + bT) F (ZL’T - dr}: (CUT)) .

Thus, lim,, 4o VJ (x7) = —hgp = 0, and the results hold at time 7.

Suppose that at time ¢ + 1, dM, (x41) = dfq (x4, +90,wa -+ ,wp—1,) and
. Vi (5’5t+17 W1,t+1, " 7wL71,t+1)
lim = 0.
Ti41—>+0 &wtﬂ

Consider the problem at time t:

Vi (ﬂvm Wiy awL—l,t) = max {Rt (dt) — g — Gy (fEt; dt)
qt=0,d1eQy
+aEViir (@1, wigg, -, Wo—1441)
where 441 = x4 + w1y — di — . The first order condition for df (x;, w1, -+, wr_14)
is
R (d ) _ oG, (l’m dt) _ aEthH ($t+1, Wi,t41, """ 7wL71,t+1> —0
P od, 0T 41 '

Since x4, = ¥y + wyy — dy — €, we have by induction that

. Vit ($t+17 Wrt41, """ 7wL—1,t+1)
lim E
w1,4—>+00 0Ty 41
. Vi1 ($t+1, Wit41, " 7wL71,t+1>
= Ilim E
Tt41—>+0 6xt+1

=0.
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Hence, the first-order condition for df (x;, +00, way, - ,wr_1+) becomes the same as
, + t) ) Sty ) s

the first-order condition for d (x;), which implies that

lim  df (zg,wiy, - wp 1) = dY (3y)
wy,t—>+00
Furthermore,
li a‘/;f (l’t, Wity awL—l,t)
im
Tt——+00 8$t
0Gy (x4, d Vi1 (41, w S W
T ¢ (w4, dy) 4 oF i1 (T, Wi L-1,+1) iy
Tt—>+00 8dt aZL’t_H ¢
By Pang et al. (2012), df (zp.w1y4,--- ,wr—14) is non-decreasing in wy,, | =
1.+, L. Thus, limy, ,—yo df (24, w1y, ,wr—1,) = d' (z;) implies that
* M
dt (xta Wi, 7wL71,t) < dt (xt)

for any value of w; ;. [

Proof of Proposition 4. To simplify notation, subscript ¢ is omitted in this proof.

(i) The myopic demand d™ () satisfies the first order condition

0G (z,d)
R (d) - — = 0.
(d) 2
Thus,
dd (z) -Iged (h+0) &1 (2) >0, ifz>0,
d R (d) — 29&4 — _Rr(d) + (h+b)%f(§) =0, ifz<0,

i.e., d™ (z) is non-decreasing in .
(i) Using simple algebra, the first-order condition of d™ (x) can be written as
+00

AL =1 ) d™ | gegrr ey +h = (b + b)J €dF (€) |gan(a) - (A.3)
z/d
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The monotonicity of d™ (x) implies that

lm A (1= 1/p) d™V" | gri ey +h] = A4 (1= 1/p) lim d™ (2)""* + h = h,

r—+00 r—+00

i.e., the left hand side of (A.3) exists, which implies that the limit of the right hand
side of equation (A.3) also exists. Since on the right hand side of (A.3) the variable
x only appears in the lower limit of the integral in the function dML(xV we have that
lim, o d1”+(:c) exists. The value of lim,_, dML(x) could be 0, +o0 or some positive
constant. We now examine these three possibilities:

(1) If z/d™ (x) — 0 when z — +o0, then

J R () - foo edF (€) — Ee — 1.

w/dM (z)
The right hand side of (A.3) converges to (h + b), which does not equal the limit of
the left hand side of (A.3), unless b = 0.
(2) If #/d™ (x) — +o0 when x — 400, then

+0o0 +o0
f edF (e) — J edF (€) = 0.
x/dM (x) +o0

The right hand side of (A.3) converges to 0, which does not equal the limit of the
left hand side of (A.3) unless h = 0.
(3) When h # 0 and b # 0, lim,, o iy — constant, which implies that d™ (x) has

an asymptotic slope. Let C* be the solution to

+00 h
edF (€) = ——.
LC (€) h+b

Thus, C* is the asymptotic slope of d™ (z).
(i74) Since equation (A.3) holds for any value of z < 0, we have

AV =1/ ) d™ (2) " + h = (h +b) FOO edF (¢).

x/dM (z)
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Since € is nonnegative, we have that dML(z) < 0 for z < 0 implies that

FOO edF (e) :FOO edF (€) — Ec — 1.

z/dM (x) 0
For x < 0, we have

1/ M (. N—1/ M 1—1/pl"
A1 =1/p)d” ()" " +h=h+0b, d"(z)= T = Co. [

Proof of Proposition 5. (i) Under a multiplicative demand function, the first-order

conditions for the optimal joint decisions (df (x), g/ (x;)) are:

R; (d) - %Gt (l’t, d) + %E‘/t+1 (l’t +q— dEt) |(d;k,qt*)
—Ct + ain‘/t"rl (xt + q - th) |(df,qf) = O

The second equation implies that

0
%EVtH (2 + q — det) !(df,q;k)z EV/,, (x: + q — det) ‘(di‘,q;k): o,

and the first equation implies that

/ J !
R, (d) — @Gt (21, d) |(df,q2k): BV (i + 9= Dy (d,e1)) & |(df’q§<) '

Note that V}.; (z¢+1) is a non-increasing function due to the concavity of Viiq(-),

so V!

1 (xy + g — dey) is increasing in €, i.e., the random variables V}, | (z; + ¢ — de;)

and ¢, are positively correlated. Hence,
EV/\\ (x1 + q — det) € |<df,q;")> EV/,, (x1 + q — de;) Ee |(d;'<,q;*‘): EV/,, (z: + q — det) |(d;",q;k): ¢t

The myopic demand policy d (x;) satisfies the first-order condition R} (d)—-Z Gy (x4, d) | M=

0. Thus, R, (d)—2Gy (1, d) |(d* )= > 0 = Ry (d)— %Gy (w1, d) | gpr, which implies

that dM (z;) = df ().
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(i7), (¢it) First, we show that dj (z;, w¢) in nondecreasing in z; and wy ;. Because

d¥ (xy, wy) satisfies the first order condition

aJt(xt7Wt7Qtadt) / 0 J
adt = Rt (d) — a—th (l’t, d) + %E‘/;—i—l (l’t +q-— det) |(dz“,qf): 0’

we have that

odf (we, we) (@, We, G, di) /0diOy Ody (w,we) 0% Jy(xe, We, v, dy) /OdyOwn g
oxy aQJt(xt7wt7Qt7dt)/ad§ ’ awl,t aQJt(xtawtv%;dt)/ad% .

In addition,

62jt<xta Wt, Gt dt) _ 752Gt(9€t> dt) - aEa2Vt+1($t + Wi — dieq, Wt+1)E
6dt5xt @dtaa}t 8(36,5 + Wit — tht)Z b
azjt(xt, Wy, G, dy) _ E(72Vt+1<$t + Wy — diey, VVt+1)6
5dt8w1,t 8(xt + Wyt — tht)Q b
Because Z¢:(nd) _

Fra. (he + bt)%f(%) < 0, Vi(zy, we) and Jy(x¢, Wy, ¢, d;) are con-

cave functions, and ¢, is a random variable with positive support, it follows that

8d;" (z¢,wt)

ad* (+, : . .
G = 0 and w >0, i.e., df (z;, wy) is non-decreasing in x; and wy 4.

wi e

Next, we show by induction that for any ¢, d} (z;) = limy, ,—»1o df (24, W¢) and
limg, 1o V/ (24, Ww¢) = 0 when hy = 0. In period T', ¢ = 0, Vp (2, wr) = Vp (27) =
maxg,eqp { Rr (dr) — G (zr,dr)}. The problem that determines dj is the same
as the one that determines d}f. Therefore, d% (zv7,wr) = di(vp) = d¥ (z7).
Furthermore, we have Vr (zr) = Rp (dy (zr)) — Gr (zr,df (7)) and V] (zr) =

br —(hr + br) F (x—T> . As shown in Proposition 4, d¥. (x7) increases with asymp-

d(zr)
totic slope C} as xr goes to infinity. As Cf < 1, lim,,.— 4o 27 /d}(x1) = +00. Thus,
limg,. 4o V] (27) = —hr = 0. Therefore, the results hold in the last period.
Suppose that in period ¢ + 1, dM; (z441) = df,; (2, +0,way -+ ,wr_1,) and

OVig1(xe41,Wet1

limg,, | 40 o ) — 0. Consider the problem at time ¢:

Vi(z,wy) = max  {Ry(dy) — e — Gy (v, di) + 0BV (241, Wes1)}

q+=0,d1eQ
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where x441 = x; + wyy — die;. The first order condition for d (z;, wy) is

d
R},t (dt) B oG, (xt, t) B aEthH (xt+17Wt>€t -0,

od, 0T411

Since x;.1 = ¥y + wyy — dyey, we have by induction that

lim Ea%+1(1’t+17wt+1): lim Eav;tﬂ(xtﬂawwl)

wi,t—>+0 a$t+1 Tt41—>+0 a$t+l

=0.

E Vi1 (Te+1,Wer1)

. v, ,
T e = Elim,,, , o0 Wenn @i wern) o (), Hence, the

Then, lim,,, 40 0111

first-order condition of df (xt, +00,way, - ,wr—1+) becomes the same as the first-
order condition of d} (x;), which implies that limy, , 0 djf (24, i) = d} (2;). The
monotonicity of df (x;, wy) in wy; implies that dM (x;) > df (x4, wy). Furthermore,

lim 5Vt($t,Wt) — Lm _5Gt(It,dt)+aEth+1 ($t+17Wt+1)

Tt—>+00 6xt Tt—>+00 &dt 8xt+1

] |dt:d;k: —ht + O = O D

Proof of Proposition 6. In this proof, we explicitly denote the myopic expected
demand as a function of both z and u to study its dependence on u. To show that

0 increases in p, we need to show that

M ($+(M1) + 35_(/“)7“1) < dM ($+(M2) + 37_(M2)“u2)

2

for any pq, < po. Define

dM (x (p), ) + d™(z™ (), 1)
D

2™ () = {a s dM (@™ (), ) =

}.
Then, one can show that under a symmetric density function of €,

()t (w)
2

, i.e., we can equivalently define ¢ as § = d™ (2™ (), ). Furthermore, we can show

the following results (a detailed analysis is available from the authors):
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(1) w is increasing in p, which implies that

d/M (xmid(ﬂl)aﬂl) < d/M (xmz‘d(,ul)“u2)7

(2) If h < b, then x™(p) decreases in y, i.e., 2™ (uy) < 2™ (),
(3) Under a symmetric and unimodal density function of €, '™ (z, 1) decreases in x
These items imply that d™ (™), pn) < d™ (2™ (ps), po). O

when ¢ > x

Proof of Proposition 7. From the proof of Proposition 3, we have that d™(x)

satisfies the first-order condition

+0
AL =1/ ) d™ [ g_gri (@) +h = (h+b) J/d edF (€) la=a (),
and
dd' (@) et (b (E)
- 2G(x - x2 z
dx Ry (d) — 29 —Rr(d) + (h+b) 5 f (%)
for any x, where
—R"(d) = Al/“(l _ l)ld—l/u—l‘
oo

Then, at x = 2, dM(2M) = 2™ and the first order condition becomes

AVE (1 —1/p) M = (h+0) f+00 edF (e).

1

Furthermore,

1.1 -1/
—R”(dM(ZEM)) _ /\1/“(1——)—:L‘M 1/p—1

W
_ [(h+b)£ OoedF(e)—h]lei,
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which implies that

dd™ (z) |
7 lz=2xM=
dx [(h+b) " edF (€) — h]

Is increasing in p. []

Proof of Theorem 8. We prove this result by induction. The result holds in period
T + 1. Suppose that in period ¢ + 1, V,4, (ZT441) is concave in Ty and Ji1 (Upsr) 18

concave in ¥, , ;. Consider now the problem in period ¢, where
jt () = E{O‘LEtJrL <dt+L (xt+L)> —Ct?t—aLGHL (IHL, divr (UCHL)) +Oé‘~/t+1 (Te+1)}-

Since ;.1 is an affine transformation of ¥,, the concavity of XZH (Ty41) implies the
concavity of EV, (Ty41) in 7,. Furthermore, x;, 1 and A1 (244 1) are linear functions
of §,. Then, the concavity of the revenue function and the convexity of the inventory
cost function are preserved with respect to 7j,. Therefore, Jy (7,) is concave in g, and

Vv (T) = T+, (max {3;,T;}) is concave in T;. []

Proof of Theorem 9. The condition to ensure EV,” (z;, wi | {€}) is an upper bound
to the exact system, according to Proposition 2.2 in Brown et al. (2010), is that the
functions W;(%, q; | {€}¥) and W;(Z, ¢;) at each period ¢ depends only on decisions
up to time ¢, which implies that the penalty function W(Ts, ¢ | {€}7) — Wi (T4, q¢) is
dual feasible. In our case, these two functions only depend on decisions at time ¢.
1

Thus, EV,” (x;, wy | {¢}T) provides an upper bound to the optimal value function.

o7 (v:{e}7)

%, }yt:Et and v, = J, (5| {e}]) — J, (5;) — ¢5;. The penalty

Denote ¢, =

function can be written as a linear function of ¢; and z;:

Wi (T, g | {E}tT) — W@, ) = Ve — Gy — Cuy-

! Note that Brown and Smith (2011) also uses the first order Taylor expansion of an approximate
value function to generate the penalty function.
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Note that the penalty function is linear in all the state variables and decision vari-
ables. Substituting the above penalty function into (2.6), the upper bound to the

optimal value function is:

E‘/tD(SUt, Wt ’ {6}3—') = M + E{ max {Rt<dt, €t> — (Ct + Et)qt — Etft — Gt(l't, dt, Gt)

q+=0,d:€82
AV @i, W | {elf) b} (A1)
[

Proof of Lemma 10.

T
ViP(z,wil{e}]) = 2 [Rt di,€r) — (¢ + &) q — ey — Gy(ay, dy, Et)}

t=1

S

= F(xla Wi, {6} Z [Rt dt7 Et aﬁQt - Efdt - Gt(xta dy, Et)]

= T(wr, wi, {e}]) + VP (z1, wil{e}])

where
T-L L T-L
F( T _ - k—1—
SUl,Wla{E}l) = M+ Cxlo k1 + " T CpV kWm—1,1
k=1 m=2 h—m
L—1
k+L— 1 _
+ ok [ Z w570 53')] —Fi — &
k=1
T-L 1 L—1 . .
_ k=1 & I Vl,k’fk-s—l—l), 1 = additive demand
R; =

Zz 1Lo/€ 1 Zf:_ll Vi (Kksi—1 — 1)), i = multiplicative demand

P =

T—L—1 \T—L—1 _ . .
J=1, =
kel Ej el O 'wo ;¢j€k, 1 = additive demand
07

1 = multiplicative demand
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]

Proof of Theorem 11. We first prove that for both additive and multiplicative

—L

demands, under the terminal condition ‘7T+1 = ol Liczp_1, .1, the dynamic problem

is identical to the following myopic problem
max E[a"g(7 — e(L)) — § + ac(1 = ) (7 — e(1))],
Yy

in the sense that the optimal order-up-to level obtained in the myopic problem is the
same as the base-stock level of the dynamic problem. Here,

~ ~

9(y) = R(d(y)) — G(y,d(y))

and

e(L) = ZlL=1(1 — 0)k e, additive,
21L=1(1 —0)F k(e — 1), multiplicative.

To guarantee the optimality of the myopic replenishment policy, two conditions need
to be examined: 1) the total profit over the finite horizon needs to be expressed as the
summation of a series of identical single-period problems (myopic problem); 2) the
optimizer of the myopic problem can be achieved in each period, i.e., the inventory
state is regenerated.

We examine the first condition. Denote B as the total profit over the finite

horizon T', that is,
B = Z o Mg(xy) — cqr] — o’ FeTp_po.
t=1
Note that xi., = Tt + ¢ — €(L) = 7, — €(L), and 7 = (1 — §)(7,_, — €(1)) — k.
Plugging 7; = (1 — 9)(y,_; — €(1)) — & into the above expression of B, we obtain
B =g(x1) + ag(ze) + -+ aF g(xy) + Ty — ZtT;lL ater

+ X [a"g(y, — e(L)) = g, + ac(1 = 8)(y, — e(1))].
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That is, B is expressed as the summation of a term that is independent of any
decision variable and 7" — L identical single-period profit functions. Therefore, the
first condition above is satisfied.

Next we verify that the optimizer of the myopic problem can be achieved in each
period. Note that the random variables €(L) and €(1) can take both positive and
negative values. However, their realizations have a finite lower bound. Let —7% be the
lowest possible realization of €(L) and €(1). We shift the state variable, the decision

L ie., define 7, = 7, + 7%,

variable and the random variables by a positive volume 7
U =y, + 7 €L) = (L) + 7% and €(1) = €(1) + 7%. Thus, we can equivalently

express

B =g(x) +ag(x) + -+ ol tg(xr) + ¢z — ZtT:_lL orek

+ Yo la"g(Gr — E&(L)) — e + ac(l = 8)(G — &(1))).

where €(L) and €(1) are all non-negative random variables.

Let 5% be the maximizer of the single-period problem
max E[a"g(§ — €(L)) — f + ac(1 - 8)(7 — &1))].
)

As long as 5

can be reached at the beginning of the planning horizon, the positiv-
ity of the random variables €(L) and €(1) will guarantee that s is feasible in the
remaining periods. The myopic replenishment policy, expressed as a function of s*
is as follows: if 7 < 8%, then order 5 — Z; otherwise, do not order. Equivalently, this

policy can be stated as: if x < 5%, the order 5% — x; otherwise, do not order. Here,

5% solves

max Elalg(7 — e(1) — e + ac(1 — )(7 — (1))}

We have proved that the dynamic problem is equivalent to the myopic problem.
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Next, to compare the base-stock levels in systems with different lead times, we

can focus on the myopic problem:
max E[a’g(7 — (L)) — ¢ + ac(l — §)(7 — €(1))].
y

We show the result for the case of multiplicative demand and the analysis for the
case of additive demand follows similarly.

First, we shift all variables to guarantee the positivity of the random variables.
Let —7 be the lowest possible realization of €(L;), €(1;) and (1 — 0)e(L;) + r(e — 1),
i =1,2 and define €(L;) = e(L;) +7, €(1;) = €(1;) +7, 2 =T+7,y = y+7. Since we
shift the two systems by the same magnitude, this shifting will not affect the order

of the solutions to the two systems, i.e., the order of 3“* and 52 is the same as the

order of §¥1 and §%2. The latter are the solutions of

masx [0 g(§ — &(Li)) — cf + ac(L — )(F — A(L))].i = 1.2.

The comparison of the base-stock levels ¢, ¢ = 1,2, is now similar as in standard
base-stock models — refer to Song (1994). (The details of the analysis are available

from the authors.) []

Proof of Theorem 13. We prove this result by induction. In period T+1, ‘N/Z,ﬁl =0
is K -concave.

Suppose that in period t + 1, XZ{fl is K-concave. Then, in period ¢, from the
proof of Theorem 8 and the properties of K-concave functions, we have that JX(7,)
is K-concave in ¥,.

Following the definition of S, it is optimal not to order when 7, > S,. Likewise,
for 5, < T, < Sy, it is optimal not to order since jtK (T4) = J:K (Sy) + K.

We now show that for all Z, < 3,, it it optimal to order up to S, i.e., zK(ft) <
JE(S,) + K. Suppose that at the point 5, — v, with v > 0, we had JE (5, — 7) >
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JE(S,) + K. Then, we would have JX(S —~) > JX(5,). Defining 8 = S, — 5, we
have

BLIE(30) = T (5 = )]

5 < JKG) = JE (S, + B) + K,

jtK (3:) +

which violates the K-concavity of JK.

Next, we prove that VX (z;) is K-concave. Define V;* = VE(z,) — ;7. It is
suffices to show that ‘ZK *(7;) is K-concave. For any positive numbers v and 3, we
have:

Case 1. If 7, + B < 5 for all 2 < T; + 3, then ‘N/tlﬂ(z) = jtK(Et) + K, which is
K-concave.
Case 2. If 7, —~ > 5, for all z > T, — 7, then V;X*(2) = JK(2), which is also
K-concave.

Case 3. If T, —v <5, < T, + 3, then VEH (T, —v) = JE(S,) + K and V/*(z, + 8) =

JE (@, + B) < JE(S,). Moreover, if V/*(z,) = JX(5) + K, then

BV (@) = VI @ =] VE* (@) = JE(S

VEH(7,)+
() -

If VE*(3,) < JE(S) + K, then VE* (z,) = JE (). Therefore, V() is K-concave
in Et' D

Proof of Theorem 14. Prove by induction. Vp_; = 0. Theorem holds at time
T — L. At the beginning of time T'— L — 1, the current period procurement cost

C(T —L—1) = cp_p4 is first realized. Then the optimal procurement decision is

solved from

max E{R(D(T —L— 1)) — CT—L—I(yT—L—l — xT—L—l)

Yr—L—-12TT—L—1

—a"G(yp—p—1 — D*(t — L —1))}
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which is concave in y7_;_1. Then there exists a base-stock level sp_;_; that max-
imizes the above objective function. The first order condition of yr_; ; can be

expressed as follows:

L@G(yt_L_l — DL(t — L — 1))
OY—1-1

—Cr—p-1 =0«

Then from the convexity of the inventory cost function we can have that sy 1 is

non-increasing in ¢;. T Therefore, the results also hold at time ¢t — L — 1. []

Proof of Proposition 15. The myopic procurement policy in each period ¢ is solved

from the following single period maximization problem, which is concave in ;.

max E{R(D(t)) — C(t)(y — x:) — a"G(y — D"(t)) + aC(t + 1)(y: — D())|C(t) =}

Yt =Tt
Then optimal order-up-to level is determined from the first order condition:

3G(yt - DL(t))

~o = aE[C(1 + |C() = o] = oF

which is similar to the first order condition in the newsvendor model. Furthermore,
since we express the lead time demand in the way that separates the mean demand
value and the demand randomness, then we can write the myopic base-stock level
as the summation of the mean demand during lead time and the safety stock which

only depends on the randomness of the demand function. []

Proof of Proposition 16. Since s (c;) = E[DX(t)|C(t) = ¢;]+std(Ran(D*(t))|C(t) =
ct)z*(ct), then to show s§(¢;) increases in ¢, we analyze each part of s (¢;) separately.
The standard deviation std(Ran(D*(t))|C(t) = ¢;) is independent of ¢;, then we only
need to take a look at E[DL(t)|C(t) = ¢;] and 2*(c;).

The inequality E[D*(t+1)|C(t+1) = ¢;41] = E[D*(¢)|C(t) = ¢] can be expressed
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as

20— (1 +a)pu(1 + B — (1 + 58)0 + p(1 + )01

> 22 -1 +a)u(l+ B)ee — p(l + B)8 + p(l + B)d:

which is equivalent to (14a)u(1+8)(cts1—ct) < u(1+5)d, ie, (crp1—cr) < 0¢/(1+a).

To have z*(¢; + 1) < 2*(¢¢), it is equivalen to have

h+ ¢ —aE[C(t+ 1)|c] _ h+ ¢ — aE[C(t + 2)|ciya]
h+b b h+0b

Or equivalently,
¢ — aE[C(t + 1)|et] < o1 — aE[C(E + 2)|cr41].

¢t —aE[C(t+1)|ct] = (1 — aa)er — af + adst, then the above inequality is equivalent

to

Gt +1) ot
1—aa

Ciy1 — Ct S
]

Proof of Proposition 17. From the fact that EC(¢) is linearly increasing in py,
it is not hard to show that EDZ(¢) is linearly decreasing in p;, i.e., as more eco-
friendly inputs are incorporated into the production process, the production cost
tends to be higher and the demand during lead time tends to be dampened since
the higher cost is partially transferred to the selling price. On the other hand, with
a higher proportion of the eco-friendly input, the cost variance e(t) in each period ¢
is reduced. Then the variance of lead time demand is correspondingly reduced, i.e.,

Std(Ran(D(t))) decreases in p;. []

82



Proof of Proposition 18.

VM(C(0)) = [ER(D(t)) — (C(t) — aEC(t + 1))s*(C(t))
—aEC(t + 1)D(t) — aLG(y — DL(t))\C(O)]
= [ER(D(t)) — (C(t) — aEC(t + 1))ED*(t) — aEC(t 4+ 1) D(t)

—a®(h + b)std(Ran(D"(t)))6(*(C(1)))|C(0)]
where

ER(D(t)) = A1+ BEC(t) — u(1 + B)*EC(t)?

= M1+ B)[C(0) — 5, =)

—a

—u(L + B)*[C(0) — &, T 4 Ee(q, 1))

Since both &; and Ee(a,t)? decrease in p;, then ER(D(t)) is increasing, concave in p;.

From the expression of —(C(t) — aEC(t + 1))ED*(t) and —aEC(t + 1)D(t), it is
easy to tell that they are concave in p;. Next we check the concavity of —¢(2*(¢;)).
Since the density function of the standard normal distribution ¢(z) is convex when
z < —lorz =1, then we need z*(¢;) < —1 or 2*(¢;) = 1 to guarantee the concavity of
the myopic profit function, which is equivalent to b—[C'(t)—EC(t+1)] < ®(—1)(b+h)
and b—[C(t) —EC(t+1)] = ®(1)(b+ h). [

Proof of Proposition 19. To prove p* is decreasing in p, we only need to show
the myopic optimal profit VM (C(0)) is sub-modular in (p, 1). Since ER(D(t)) is the
only term contains both p and p and ER(D(t)) is sub-modular in (p, i1). Then p* is

decreasing in . []
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