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Abstract

Humans are constantly exposed to mixtures of different chemicals arising from en-

vironmental contamination. While certain compounds, such as heavy metals and

mercury, are well known to be toxic, there are many complex mixtures whose health

effects are still unknown. It is of fundamental public health importance to under-

stand how these exposures interact to impact risk of disease and the health effects

of cumulative exposure to multiple agents. The goal of this thesis is to build data-

driven models to tackle major challenges in modern health applications, with a spe-

cial interest in estimating statistical interactions among correlated exposures. In

Chapter 1, we develop a flexible Gaussian process regression model (MixSelect) that

allows to simultaneously estimate a complex nonparametric model and provide in-

terpretability. A key component of this approach is the incorporation of a heredity

constraint to only include interactions in the presence of main effects, effectively

reducing dimensionality of the model search. Next, we focus our modelling effort

on characterizing the joint variability of chemical exposures using factor models. In

fact, chemicals usually co-occur in the environment or in synthetic mixtures; as a

result, their exposure levels can be highly correlated. In Chapter 3, we build a Fac-

tor analysis for INteractions (FIN) framework that jointly provides dimensionality

reduction in the chemical measurements and allows to estimate main effects and in-

teractions. Through appropriate modifications of the factor modeling structure, FIN

can accommodate higher order interactions and multivariate outcomes. Further, we
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extend FIN to survival analysis and exponential families in Chapter 4, as medical

studies often include collect high-dimensional data and time-to-event outcomes. We

address these cases through a joint factor analysis modeling approach in which latent

factors underlying the predictors are included in a quadratic proportional hazards

regression model, and we provide expressions for the induced coefficients on the co-

variates. In Chapter 5, we combine factor models and nonparametric regression. We

build a copula factor model for the chemical exposures and use Bayesian B-splines

for flexible dose-response modeling. Finally, in Chapter 6 we we propose a post-

processing algorithm that allows for identification and interpretation of the factor

loadings matrix and can be easily applied to the models described in the previous

chapters.
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1

Introduction

Humans are constantly exposed to mixtures of di�erent chemicals arising from en-

vironmental contamination. While certain compounds, such as heavy metals and

mercury, are well known to be toxic, there are many complex mixtures whose im-

pacts on health are still unknown. The primary focus of epidemiology and toxicology

studies has been on examining chemicals one at a time. However, chemicals usually

co-occur in the environment or in synthetic mixtures, and hence assessing joint ef-

fects is of critical public health concern. Certainly, �ndings from one chemical at a

time studies may be misleading (Dominici et al., 2010), (Mauderly and Samet, 2008).

Hence, it is of fundamental public health importance to understand how these expo-

sures interact to impact risk of disease and the health e�ects of cumulative exposure

to multiple agents (Braun et al., 2016)

Building a 
exible joint model for mixtures of chemicals is suggested by the Na-

tional Research Council (Mauderly et al., 2010), (Vedal and Kaufman, 2011), (Coun-

cil et al., 2004). Several attempts have been made to simultaneously detect the e�ect

of di�erent chemicals on health outcomes, using either parametric or nonparamet-

ric regression techniques. The former include regularization methods, like LASSO

1



(Roberts and Martin, 2005) or Ridge Regression, and deletion/substitution/addition

algorithms (Sinisi and van der Laan, 2004), (Mortimer et al., 2008). Some of these

techniques have also been applied to high dimensional spaces (Hao and Zhang, 2014).

While providing interpretability in terms of linear e�ects and pairwise interactions,

the resulting dose response surface is typically too restrictive, as chemicals often have

nonlinear e�ects.

In Chapter 1, we propose a MixSelect framework to simultaneously estimate a


exible nonparametric surface and interpret the association between chemicals and

the health outcome. To do so, we decompose the expected health outcome into a

linear main e�ect, pairwise interactions, and a nonlinear deviation. Our interest is

in model selection for these di�erent components, accounting for uncertainty and

addressing non-identi�ability between the linear and nonparametric components of

the semiparametric model. We propose a Bayesian approach to inference, placing

variable selection priors on the di�erent components, and developing a Markov chain

Monte Carlo (MCMC) algorithm. A key component of our approach is the incorpo-

ration of a heredity constraint to only include interactions in the presence of main

e�ects, e�ectively reducing dimensionality of the model search. We adapt a projec-

tion approach developed in the spatial statistics literature to enforce identi�ability in

modeling the nonparametric component using a Gaussian process. We also employ

a dimension reduction strategy to sample the nonlinear random e�ects that aids the

mixing of the MCMC algorithm.

Chemicals usually co-occur in the environment or in synthetic mixtures; as a re-

sult, their exposure levels can be highly correlated. High correlation usually occurs

within blocks of chemicals; for example, this can arise when an individual is exposed

to a product having a mixture of chemicals and when chemical measurements consist

of metabolites or breakdown products of a parent compound. There is a large public

heath interest in studying E� E, E� G and G� G interactions, with E = environ-
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mental exposures and G = genetic factors. However, current methods for quadratic

regression are not ideal in these applications due to the level of correlation in the pre-

dictors, the fact that strong sparsity assumptions are not appropriate, and the need

for uncertainty quanti�cation. Regarding the issue of sparsity, some exposures are

breakdown products of the same compound, so it is unlikely that only one exposure

has an e�ect on the outcome. Also, it is statistically challenging to tell apart highly

correlated covariates with limited data. For this reason, it is appealing given the

data structure to select blocks of correlated exposures together instead of arbitrarily

selecting one chemical in a group.

In Chapter 3, we propose a latent factor joint model, which includes shared factors

in both the predictor and response components while assuming conditional indepen-

dence. By including a quadratic regression in the latent variables in the response

component, we induce 
exible dimension reduction in characterizing main e�ects

and interactions. We propose a Bayesian approach to inference under this Factor

analysis for INteractions (FIN) framework. Through appropriate modi�cations of

the factor modeling structure, FIN can accommodate higher order interactions and

multivariate outcomes.

It is also very common to collect high-dimensional data and time-to-event out-

comes in medical studies. In such cases, Cox proportional hazards models are com-

monly used with variable selection or regularization to deal with the issue of high

dimensionality. Such approaches are typically not speci�cally designed to accommo-

date interactions among predictors. Cases in which predictors can be moderately to

highly correlated and heredity assumptions commonly used in high-dimensional in-

teraction detection problems are unwarranted are especially of interest. In Chapter 4,

we propose to address these cases through a joint factor analysis modeling approach

in which latent factors underlying the predictors are included in a quadratic propor-

tional hazards regression model. We provide expressions for the induced coe�cients

3



on the covariates. We further show how our results are applicable to any generalized

linear model with logarithmic link, such as Poisson and negative binomial regression.

In Chapter 5 we combine dimensionality reduction and 
exible nonparametric

regression. We provide a transformation for the chemical measurements that coher-

ently allows for sampling of data points that are missing or are below the limit of

detection (LOD), and 
exibly and e�ciently model dose-response curves. We pro-

pose to use a Gaussian copula model that allows to separate the dependence structure

among exposures with the marginal distribution of the chemical measurements. The

Gaussian copula model admits a latent representation of the measurements, where

the transformed chemicals have a normal distribution. As exposures can be moder-

ately high-dimensional with high correlations within blocks of variables, we model

the dependence among the transformed chemicals using factor models (Murray et al.,

2013). We then extend the model to regression settings by linking the latent vari-

ables and the outcome with a 
exible speci�cation using Bayesian splines (DiMatteo

et al., 2001). Using a one-to-one transformation via the latent representation of the

Gaussian copula model, we provide inference in the original scale of the `exposures'.

The Gaussian factor model is the crucial building block of the models introduced

in Chapter 3, 4 and 5. Without identi�ability constraints, it is well known that

the factor loadings display rotational ambiguity. To perform inference and interpret

the factor loadings matrix, we propose a computationally e�cient post-processing

algorithm in Chapter 6. We �rstly orthogonalize the posterior samples using Varimax

(Kaiser, 1958) and then tackle label and sign switching with a greedy matching

algorithm. We compare the performance and computational complexity with other

methods using a simulation study and high-dimensional gene expression data.

To the facilitate the reader, every chapter can be read independently. The code

is available on Github and in theinfinite R package on CRAN.
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2

Identifying main e�ects and interactions among
exposures using Gaussian processes

2.1 Introduction

Humans are exposed to mixtures of di�erent chemicals arising due to environmental

contamination. Certain compounds, such as heavy metals and mercury, are well

known to be toxic to human health, whereas very little is known about how complex

mixtures impact health outcomes. One of the key questions that epidemiology should

address according to Braun et al. (2016) is:What is the interaction among agents?

The primary focus of epidemiology and toxicology studies has been on examining

chemicals one at a time. However, chemicals usually co-occur in the environment

or in synthetic mixtures, and hence assessing joint e�ects is of critical public health

concern. Certainly, �ndings from one chemical at a time studies may be misleading

(Dominici et al., 2010), (Mauderly and Samet, 2008).

Building a 
exible joint model for mixtures of chemicals is suggested by the Na-

tional Research Council (Mauderly et al., 2010), (Vedal and Kaufman, 2011), (Coun-

cil et al., 2004). Recently, several studies have shown relationships between complex
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mixtures of chemicals and health or behavior outcomes. For example, Sanders et al.

(2015) reviews �ndings on perinatal and childhood exposures to Cadmium (Cd),

Manganese (Mn) and metal mixtures. Several attempts have been made to simulta-

neously detect the e�ect of di�erent chemicals on health outcomes, using either para-

metric or nonparametric regression techniques. The former include regularization

methods, like LASSO (Roberts and Martin, 2005) or Ridge Regression, and dele-

tion/substitution/addition algorithms (Sinisi and van der Laan, 2004), (Mortimer

et al., 2008). Some of these techniques have also been applied to high dimensional

spaces (Hao and Zhang, 2014). While providing interpretability in terms of linear

e�ects and pairwise interactions, the resulting dose response surface is typically too

restrictive, as chemicals often have nonlinear e�ects.

Nonparametric models can also be used to estimate interactions among chemi-

cals, ranging from tree based methods (Hu et al., 2008), (Lampa et al., 2014), to

Bayesian Kernel Machine Regression (BKMR) (Bobb et al., 2014), (Valeri et al.,

2017), (Liu et al., 2017) and Bayesian P-splines (Lang and Brezger, 2004). Although

tree based methods, like Boosted Trees or Random Forests, are convenient compu-

tationally and often provide accurate predictions, interpretation of covariate e�ects

is typically opaque. While providing good predictive performance, nonparametric

regression surfaces like BKMR provide excessive 
exibility when a simple parametric

model provides an adequate approximation. On the other hand, the estimation of

interactions with Bayesian P-splines becomes extremely challenging whenp is larger

than � 10, which is common in environmental epidemiology.

Our goal is to simultaneously estimate a 
exible nonparametric model and pro-

vide interpretability. To do so, we decompose the regression surface on the health

outcome into a linear e�ect, pairwise interactions and a nonlinear deviation. This

speci�cation, which we describe in Section 2.2, allows one to interpret the para-

metric portion of the model while also providing 
exibility via the nonparametric
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component. We address identi�ability between the parametric and nonparametric

part of the model by adapting a projection approach developed in spatial statistics,

see Section 2.2.1. We accurately take into account uncertainty in model selection

on the di�erent components of the model with a Bayesian approach to inference.

We choose spike and slab priors for main e�ects and pairwise interactions (George

and McCulloch, 1997) and allow for variable selection of nonlinear e�ects adapting

the approach of Savitsky et al. (2011), which introduces spike and slab priors in

the Gaussian process setting. We reduce computation imposing a heredity condition

(Chipman, 1996), described in Section 2.2.2, and applying a dimension reduction

approach to the Gaussian process surface (Guan and Haran, 2018), (Banerjee et al.,

2012), which we describe in Section 2.3.

We describe our e�cient Bayesian inference procedure in Section 2.3 and we pro-

pose a Markov chain Monte Carlo (MCMC) algorithm. We compare our method

with the state of the art nonparametric models and with methods for interaction

estimation in Section 2.4. Finally, in Section 2.5 we assess the association of metal

concentrations on BMI using data from the National Health and Nutrition Exam-

ination Survey (NHANES). This application shows the practical advantages of our

method and how it could be used as a building block for more complex analysis.

2.2 MixSelect Modeling Framework

Let yi denote a continuous health outcome for individuali , let x i � p x i 1; : : : ; xip qT

denote a vector of `exposure' measurements, and letzi � p zi 1; : : : ; ziqqT denote co-

variates. For example, `exposure' may consist of the levels of di�erent chemicals in a

blood or urine sample, while covariates correspond to demographic factors and poten-

tial confounders. For interpretability our focus is on decomposing the impact of the

exposures into linear main e�ects, linear pairwise interactions, and a nonparametric

deviation term, while including an adjustment for covariates. Each of the exposure
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e�ect components will include a variable selection term so that some exposures may

have no e�ect on the health response, while others only have linear main e�ects,

and so on. This carefully structured semiparametric model di�ers from usual black-

box nonparametric regression analyses that can characterize 
exible joint e�ects of

the exposures but lack interpretability and may be subject to over�tting and the

curse of dimensionality. By including variable selection within our semiparametric

model, we greatly enhance interpretability, while also favoring a more parsimonious

representation of the regression function.

Our model structure can be described as follows:

yi � xT
i � �

p¸

j � 1

¸

k¡ j

� jk x ij x ik � g� px i q � zT
i � � � i ; � i � N p0; � 2q;

g�
n � Pgn ; g � GPp0; cq;

(2.1)

where � � p � 1; : : : ; � pqT are linear main e�ects of exposures,� � t � jk u are pairwise

linear interactions, gn � r gpx1q; � � � ; gpxnqsis a nonparametric deviation, and� �

p� 1; : : : ; � qqT are coe�cients for the covariates. We include variable selection in

each of the three terms characterizing the exposure e�ects, as we will describe in

detail in Section 2.2.2. In addition, a key aspect of our model is the inclusion of a

constraint on the nonparametric deviation to enforce identi�ability separately from

the linear components. This is the reason for theP term multiplying g in the above

expression, withP a projection matrix to be described in Section 2.2.1. The notation

GPp0; cqdenotes a Gaussian process (GP) centered at zero with covariance function

c controlling the uncertainty and smoothness of the realizations.

In spatial statistics it is common to choose a Matern covariance function, but in

our setting we instead use a squared exponential covariance to favor smooth depar-
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tures from linearity; in particular, we let

cpx; x1q � covt gpxq; gpx1qu � � 2 exp
" p¸

j � 1

� j px j � x1
j q

2

*
; (2.2)

where� j is a smoothness parameter speci�c to thej th exposure and� 2 is the signal

variance. Similar covariance functions are common in the machine learning literature,

and are often referred to as automatic relevance determination (ARD) kernels (Qi

et al., 2004). They have also been employed by Bobb et al. (2014). However, to

our knowledge previous work has not included linear main e�ects and interactions

or a projection adjustment for identi�ability. The proposed GP covariance structure

allows variable selection (� j � 0 eliminates thej th exposure from the nonparametric

deviation) and di�erent smoothness of the deviations across the exposures that are

included. For example, certain exposures may have very modest deviations while

others may vary substantially from linearity.

The proposed model structure is quite convenient computationally, leading to

an e�cient Markov chain Monte Carlo (MCMC) algorithm, which mostly employs

Gibbs sampling steps. We will describe the details of this algorithm in Section 2.3,

but we note that the projection adjustment for identi�ability greatly aids mixing

of the MCMC, and our code can be run e�ciently for the numbers of exposures

typically encountered in environmental epidemiology studies (up to one hundred).

Code for implementation is available athttps://github.com/fedfer/MixSelect .

2.2.1 Non-Identi�ability and Projection

Confounding between the Gaussian process prior and parametric functions is a known

problem in spatial statistics and occurs when spatially dependent covariates are

strongly correlated with spatial random e�ects, see Hanks et al. (2015) or Guan and

Haran (2018). This problem is exacerbated when the same features are included in
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both the linear term and in the nonparametric surface. For this reason we project the

nonlinear random e�ectsg on the orthogonal column space of the matrix containing

main e�ects.

The usual projection matrix on the column space ofX is equal toPX � X pX T X q� 1X T .

We de�ne P � PK
X � I n � PX and setg�

n � Pgn . Firstly, notice that the projection

has an e�ect on the variance of the generated nonlinear e�ects, in particular:

n¸

i � 1

pg�
i;n q2 ¤

n¸

i � 1

pgi;n q2

This follows from

pg�
nqT g�

n �
�
pI n � PX qgn

� T �
pI n � PX qgn

�
�

� gT
n gn � p PX gnqT pPX gnq ¤ gT

n gn :

Figure 2.1 shows examples of realizations ofgn and g�
n . The curvature of the functions

drawn from the projected GP is greater than the curvature in the non-projected case.

Figure 2.1 : Realizations ofgn in dark gray and g�
n � Pgn in blue when � � 1 on

the left and � � 4 on the right, the horizontal dashed line indicates the mean.

Another possibility would be to project the nonlinear random e�ectsgn on the

orthogonal column space of the matrix containing both main e�ects and interactions.
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However, we noticed in our simulations that this would make the resulting nonpara-

metric surface too restrictive, especially when the number of possible interactions

ppp� 1q
2 is greater thann, resulting in a worse performance of the model. We did not

experience signi�cant confounding between the interaction e�ects and the nonlinear

regression surface. Finally, notice that rather than samplingg and then project-

ing onto the orthogonal column space ofX , we can equivalently sampleg� from a

Gaussian process with covariance matrixPcPT . Another option that we explore in

Section 2.3 consists in integrating out the nonlinear e�ects.

2.2.2 Variable Selection

In this section we describe the variable selection approach that we develop in order to

provide uncertainty quanti�cation and achieve parsimonious model speci�cation. We

assume that the chemical measurements and the covariates have been standardized

prior to the analysis. We choose spike and slab priors for the main e�ects and non-

linear e�ects. Regarding main e�ects, we choose a mixture of a normal distribution

with a discrete Dirac delta at zero. Let us de�ne as
 k the indicator variable that

is equal to 1 if thekth variable is active in the linear main e�ect component of the

model and equal to 0 otherwise. We have that� k � 
 kN p0; 1q � p 1 � 
 kq� 0. For the


 k we assume independent Bernoulli priors with success probability� . We endow

� with a Beta distribution with parameters pa� ; b� q. The prior expected number of

predictors included in the model isp a�
a� � b�

, which can be used to elicitate the hyper-

parameterspa� ; b� q. As a default we choosea� � b� � 1, which corresponds to a

Uniform distribution on � . We endow the main e�ects of covariate adjustments� l

with a Normal prior Nqp0; I q, for l � 1; : : : ; q.

We impose an heredity condition for the interactions. The heredity condition

is commonly employed for datasets withp P r20; 100s by one-stage regularization

methods like Bien et al. (2013) and Haris et al. (2016) or two stage-approaches as
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Hao et al. (2018) whenp ¡ 100. Strong heredity means that an interaction between

two variables is included in the model only if the main e�ects are. For weak heredity

it su�ce to have one main e�ect in the model in order to estimate the interaction of

the corresponding variables. Formally:

S: � j;k |
 j � 
 k � 1 � N p0; 1q; � j;k |p
 j � 
 k � 1qC � � 0

W: � j;k |p
 j � 
 k � 0qC � N p0; 1q; � j;k |
 j � 
 k � 0 � � 0

where S and W stand for strong and weak heredity respectively, and� 0 is a Dirac

distribution at 0. Models that satisfy the strong heredity condition are invariant

to translation transformations in the covariates. Weak heredity provides greater


exibility with the cost of considering a larger number of interactions, leading to a

potentially substantial statistical and computational cost. Consider the case when

the j th covariate has a low e�ect on the outcome but the interaction with thekth

feature is signi�cantly di�erent than zero. Strong heredity will sometimes prevent

us from discovering this pairwise interaction. Heredity reduces the size of the model

space from 2p� pp
2q to

° p
i � 0

� p
i

�
2pi

2q or
° p

i � 0

� p
i

�
2pi � i pi � 1q{2 for strong and weak heredity,

respectively. The heredity condition can also be extended to higher order interac-

tions.

As for the main e�ects and interactions, we apply a variable selection strategy

for the nonlinear e�ects. We endow the signal standard deviation� with a spike

and slab prior, i.e. � � 
 � F� p�q � p1 � 
 � q� 0, where F� p�qis a Gamma distribution

with parameters p1{2; 1{2q and 
 � has a Bernoulli(1/2) prior. We noticed that this

spike and slab prior prevents over�tting of the nonlinear term in high dimensional

settings, in particular when the variables are highly correlated and the true regression

does not include nonlinear e�ects. This added bene�t is highlighted in Section 2.4

when comparing with BKMR. Finally, when 
 � � 0, the regression does not include

nonlinear e�ects, resulting in faster computations. In this case, the computational
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complexity of the model equals the one of a Bayesian linear model with heredity

constraints.

With respect to the covariate speci�c nonlinear e�ects, we follow the strategy

of Savitsky et al. (2011), which is also employed by Bobb et al. (2014), and endow

the smoothness parameters� 1; � � � ; � p with independent spike and slab priors. In

particular � k � 
 � 
 �
k F� p�q � p1 � 
 � qp1 � 
 �

k q� 0, where F� p�qis a Gamma distribu-

tion with parameters p1{2; 1{2q. Only when 
 � is di�erent than zero, we allow the

covariate speci�c nonlinear e�ects
 �
j to be di�erent than zero. When 
 �

k � 0, the

kth exposure is eliminated from the nonparametric termg in p2:1q. As before, we

choose a Bernoulli prior for
 �
k with mean ' , and we endow' with a Beta prior with

parameterspa' ; b' q. As a default we choosea' � b' � 1, which corresponds to a

Uniform distribution on ' . A graphical representation of the model can be found in

Figure 2.2.

2.3 Computational Challenges and Inference

In this section we describe how we conduct inference for model (2.1). We also ad-

dress the computational challenges associated with Gaussian process regression in

the Bayesian framework and summarize the MCMC algorithm at the end of the

section.

We de�ned a mixture of Normal priors for the main e�ects, interactions and the

coe�cients of the covariate adjustments, namely� , � and � , in Section 2.2.2. Hav-

ing a Gaussian likelihood, the full conditionals for these parameters are conjugate,

hence we can directly sample from multivariate normal distributions within a Gibbs

sampler. This operation could be quite expensive since the number of parameters

is of order p2. However, thanks to the strong heredity condition, we only need to

sample the interactions between the variables with non-zero main e�ects and we set
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Figure 2.2 : Graphical representation of the model. The arrows between two nodes
indicate conditional dependence. Variables that are in the same plate share the same
indices. S{W refers to strong or weak heredity.

to zero all the others. Given each of the elements of� , � and � we can update the

labels 
 with a Bernoulli draw. We also re-parametrize the model setting� � � � � ,

so that we can directly update� 2 from an inverse Gamma distribution.

Dealing with the nonlinear termg can also be expensive since we need to sample

n parameters at each iteration. For this reason, we integrate out the GP term so

that marginally the likelihood of modelp2:1q is equivalent to:

y|�; � ; c � N pX� � diagpX � X T q � �Z; � 2I n � PcPT q; (2.3)

where � is a upper triangular matrix such that � j;k � � j;k when k ¡ j and zero

otherwise.

The covariance matrix depends on the hyperparameters� j , for j � 1; : : : ; p,

that de�ne the variable selection scheme for the nonlinear e�ects. The priors for

the smoothness parameters� j and � 2 de�ned in Section 2.2.2 are not conjugate
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so that we need a Metropolis-Hastings step within the Gibbs sampler to sample

these parameters. In order to compute the acceptance ratio, we need to evaluate

the likelihood of (2.3) and invert the matrix � 2I n � PcPT of dimension n: such

operation is of complexityOpn3q and needs to be donep times. For this reason we

approximate the matrix PcPT with the strategy described in Algorithm 1 of Guan

and Haran (2018). This approach is a generalization of Banerjee et al. (2012) and

uses random projections to �nd an approximation of the Eigen Decomposition of

PcPT . In particular we approximate this matrix asUmDmUT
m , wherem is related to

the order of the approximation, with m usually being much smaller thann. Dm is a

diagonal matrix of dimensionm and Um is of dimensionn� m. We can now apply the

Sherman-Morrison-Woodbury formula to compute the inverse of �� � 2I n � PcPT :

� � 1 � p � 2I n � PcPT q� 1 � p � 2I n � UmDmUT
mq� 1 �

�
1
� 2

pI n � Ump� 2Dm � UT
mUmq� 1UT

mq;

which now involves the inversion of anm � m matrix. Similarly we can simplify

the computations for the determinant of � using the Determinant Lemma (Harville,

1998):

|� | � | � 2I n � PcPT | � � 2n
m¹

j � 1

pD � 1
m;j;j � � � 2qDm;j;j :

It is challenging to design a sampler with satisfactory mixing for the smoothness

parameterst � j u. However we obtained good performance for an add-delete sampler,

which updates � j at every iteration. When the previous� j � 0, we performadd

move: sample from a distribution with support onR� . When � j � 0, we perform a

delete moveand propose� j � 0. Then, for the� j � 0, we also perform theGibbs-type

move and sample from the same proposal as in theadd move. The MCMC sampler

is summarized in Algorithm 1.
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Algorithm 1 MCMC algorithm for sampling the parameters of model (2.1)

Step 1 Sample
 j for j � 1; � � � ; p from

� p
 j |�q � Bernoulli
� 1

1 � 1� �
� Rj

�

where Rj �
|X T

0j � � 1X 0j � I |� 1{2expp1
2 mT

0 V0m0q

|X T
1j � � 1X 1j � I |� 1{2expp1

2 mT
1 V1m1q

, � � � 2I n � PcPT , m0 � X T
0j �

� 1y and

V0 � p X T
0j �

� 1X T
0j � I q� 1. X 0j is the matrix of covariates such that
 k � 1 for

k � j . X 1j is the matrix of covariates such that
 k � 1 for k � 1; � � � ; p, with X j

included.

Step 2 Sample� from � p� |�q � Betapa� �
° p

j � 1 
 j ; b� � p �
° p

j � 1 
 j q

Step 3 Sample the main coe�cients � 
 from � p� 
 |�q � N pV X T

 � � 1py � �Z �

diagpX � X T qq; Vq, where V � p X 
 � � 1X 
 � I q� 1 and the subscript 
 indicates
that we are including only the variables such that
 j � 1

Step 4 Set � j;k equal to zero according to the chosen heredity condition. Then
update � j;k following an appropriate modi�cation of Step 2

Step 5 Sample� following an appropriate modi�cation of Step 2

Step 6 If 
 � � 0, set � j � 0 and 
 �
j � 0 and move toStep 7, else go toStep 6'.

Step 6' If � j � 0, perform delete move: propose� �
j � 0 and 
 �

j � 0. If � j � 0
perform add move: propose� �

j ¡ 0 and 
 �
j � 1, for j � 1; � � � ; p. Compute

U�
mD � U� T

m with the approximation of Section 2.3, � �� 1 with Sherman-Woodbury
formula and |� �� 1| with determinant lemma. Then compute:

� 2 logprq � log|� �� 1| � log|� � 1| �
1
2

� T p� �� 1 � � � 1q�;

where� � y � p Z� � X� � diagpX � X T qq. Sampleu from a Uniform distribution
in the interval p0; 1qand if logprq ¡ logpuq, set � j � � �

j , 
 j , � � � � , |� � 1| � | � �� 1|

Step 7 For all j � 1; � � � ; p such that � j � 0, perform aGibbs-typemove: sample
� �

j from a symmetric proposal distribution and then followStep 5.

Step 8 Sample' following an appropriate modi�cation of Step 2.

Step 9 Sample� � 2 from a symmetric proposal distribution and update following
an appropriate modi�cation of Step 5. If � � 2 � 0 perform aGibbs-typemove.

Step 10 sample � 2 from � p� 2|�q � InvGammap1� n
2 ; 1� � T pI n � P c1P T q� 1 �

2 q where

c1px; x � q � p � � q2 exp
"

° p
j � 1 � j px j � x �

j q2

*
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2.4 Simulations

In this section we compare the performance of our model with respect to �ve other

methods: BKMR (Bobb et al., 2014), Family (Haris et al., 2016), hierNet (Bien

et al., 2013), PIE (Wang et al., 2019) and RAMP (Hao et al., 2018). BKMR is

a nonparametric Bayesian method that employs Gaussian process regression with

variable selection in a similar fashion as model (2.1). Family, hierNet, PIE and

RAMP are designed for interaction selection in moderate to high dimensional set-

tings. We generate the covariates independentlyX i � Npp0; I pq for i � 1; � � � ; n, for

n � 250; 500 andp � 25; 50, so that the number of parameters that we estimate with

model p2:1q is 353 and 1352, respectively. We generate the outcome as follows:

(a) yi � x1 � x2 � x3 � 2x1x2 � x1x3 �
1
2

x2
4 �

4
expp� 2x5q � 1

� � i

(b) yi � x1 � x2 � x3 � x4 � 2x1x2 � x1x3 � x2x3 � 2x3x4 � � i

(c) yi � sinpx1 � 3x3q �
1
2

x2
3 � expp� 0:1 � x1q � � i

where � i � N p0; 1q. The �rst setting involves a model with strong heredity and

nonlinear e�ects, whereas the second is an interaction model and the third a nonlinear

model. We evaluate the performance on a test dataset of 100 units with predictive

mean squared error for all the models. We compute the Frobenious norm for the

matrix containing pairwise interactions for Family, hierNet, RAMP and PIE. The

Frobenious norm between two square matrices � and̂� of dimension p is de�ned as

b
tracepp� � �̂ qT p� � �̂ qq:

We also compute posterior inclusion probabilities of nonlinear e�ects, so that we can

calculate the percentage of True positive and True negative nonlinear e�ects for our

method and BKMR. We average the results across 50 simulations. The results for
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n � 250 are summarized in Table 2.1 and Table 2.2 andn � 500 are summarized in

Table 2.3 and Table 2.4.

Across all the simulation scenarios, our model consistently achieves nearly the

best predictive performance in terms of prediction error and Frobenious norm, and

is able to identify main e�ects, interactions and nonlinear e�ects. The experiments

highlight the advantages of MixSelect in the context of the application, where the

dose-response surfaces usually have roughly linear, hill-shaped or sigmoid shapes.

Hence constraining the 
exible nonparametric surface allows MixSelect to have a

predictive and inference advantage over BKMR, which is the main nonparametric

method used in environmental epidemiology applications. For model (a), we achieve

a better performance because of the decomposition of the regression surface, and

we correctly identify linear and nonlinear e�ects. With respect to model (b), our

method is able to correctly estimate a regression surface without nonlinear e�ects,

thanks to the spike and slab prior on the term� . We also achieve a similar if not

better performance in the nonlinear scenario of method (c). Finally, Figure 2.3 shows

the estimated regression surface versus the true surface for model (a), whenn � 250

and p � 25.

Figure 2.3 : Estimated regression surface of model (a) withn � 250 andp � 25.
The red line indicates the true curve, the black line the estimated function, the grey
bands the pointwise 99% posterior credible intervals for the mean function and the
marks on the x-axis the data points in the training set.
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Table 2.1: Results from the simulation study under the three scenarios withp � 25,
n � 250. We computed test error, FR for interaction e�ects, percentage of true
positives and true negatives for main e�ects and interactions for MixSelect, BKMR,
hierNet, Family, PIE and RAMP. We divided each value of test error and FR by the
best (lowest) result for that metric. This makes the metric of the best model equal
to 1.

MixSelect BKMR hierNet Family PIE RAMP

test MSE 1 1:178 1:444 3:299 1:001 1:193
FR 1 2:962 7:234 4:027 2:652

model (b) TP main 1 1 0:974 0:974 0:962
TN main 0:941 0:865 0:869 0:692 0:921
TP int 1 1 0 :962 1 0:923
TN int 1 0 :993 0:946 0:996 0:997
TP nl 0 :596 0:981
TN nl 0 :988 0:656

test MSE 1 1:882 2:872 8:762 2:081 1:598
MSE beta 1 4:755 64:751 48:033 12:071

FR 1 9:526 16:658 4:196 2:121
model (b) TP main 1 1 1 0:974 0:954

TN main 0:999 0:878 0:847 0:680 0:990
TP int 1 0 :901 0:967 0:921 0:947
TN int 1 0 :990 0:937 0:987 0:999
TN nl 0 :992 0:696

test MSE 1:301 1:050 1:000 2:244 1 2:442
FR 1 10:400 3:047 13:246 4:715

model (c) TN main 0:881 0:839 0:834 0:890 0:920
TN int 1 0 :991 0:970 0:993 0:995
TP nl 0 :500 0:898
TN nl 0 :998 0:772
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Table 2.2: Results from the simulation study under the three scenarios withp � 50,
n � 250. We computed test error, FR for interaction e�ects, percentage of true
positives and true negatives for main e�ects and interactions for MixSelect, BKMR,
hierNet, Family, PIE and RAMP. We divided each value of test error and FR by the
best (lowest) result for that metric. This makes the metric of the best model equal
to 1.

MixSelect BKMR hierNet Family PIE RAMP

test MSE 1:011 4:057 1:361 3:210 1 1:153
FR 1:099 2:284 5:113 2:879 1

model (a) TP main 0:973 1 0:973 0:953 0:993
TN main 0:961 0:927 0:946 0:794 0:964
TP int 0 :950 1 0:970 1 0:980
TN int 1 :000 0:998 0:991 0:999 1:000
TP nl 0 :540 1
TN nl 0 :995 0:012

test MSE 1 13:501 2:826 9:174 2:383 1:314
FR 1 9:055 16:709 4:637 1:466

model (b) TP main 1 1 1 0:970 0:985
TN main 0:998 0:903 0:897 0:810 0:997
TP int 1 0 :930 0:970 0:905 0:970
TN int 1 0 :997 0:974 0:996 1:000
TN nl 0 :991 0:022

test MSE 1:468 3:901 1 2:322 1:007 2:427
FR 1 9:183 2:617 11:659 3:827

model (c) TN main 0:939 0:902 0:898 0:936 0:966
TN int 1 :000 0:997 0:987 0:998 0:999
TP nl 0 :500 0:980
TN nl 0 :999 0:020
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Table 2.3: Results from the simulation study under the three scenarios withp � 25,
n � 500. We computed test error, FR for interaction e�ects, percentage of true
positives and true negatives for main e�ects and interactions for MixSelect, BKMR,
hierNet, Family, PIE and RAMP. We divided each value of test error and FR by the
best (lowest) result for that metric. This makes the metric of the best model equal
to 1.

MixSelect BKMR hierNet Family PIE RAMP

test MSE 1:138 1 1:098 5:645 4:400 1:217
FR 1:033 5:659 5:820 2:465 1

model (a) TP main 1 1 1 1 1
TN main 0:758 0:798 0:947 0:679 0:919
TP int 1 1 1 1 1
TN int 1 :000 0:989 0:984 0:997 0:997
TP nl 0 :947 1
TN nl 0 :977 0:821

test MSE 1 1:902 1:430 8:928 1:363 1:061
FR 1 18:162 22:572 1:723 1:433

model (b) TP main 1 1 1 1 1
TN main 0:998 0:863 0:907 0:688 0:992
TP int 1 1 0 :978 1 0:989
TN int 1 0 :988 0:958 0:993 0:999
TP nl
TN nl 0 :984 0:673

test MSE 1:359 1 1:203 2:927 1:285 2:641
FR 1 8:759 2:508 9:600 5:542

model (c) TP main
TN main 0:808 0:719 0:868 0:834 0:851
TN int 1 :000 0:984 0:980 0:992 0:991
TP nl 0 :645 0:985
TN nl 0 :989 0:893
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Table 2.4: Results from the simulation study under the three scenarios withp � 50,
n � 500. We computed test error, FR for interaction e�ects, percentage of true
positives and true negatives for main e�ects and interactions for MixSelect, BKMR,
hierNet, Family, PIE and RAMP. We divided each value of test error and FR by the
best (lowest) result for that metric. This makes the metric of the best model equal
to 1.

MixSelect BKMR hierNet Family PIE RAMP

test MSE 1:135 11:409 1 5:630 4:057 1:181
FR 1:808 8:718 9:642 3:949 1

model (a) TP main 1 1 0:993 1 1
TN main 0:863 0:868 0:976 0:789 0:967
TP int 1 1 0 :989 1 1
TN int 1 0 :996 0:996 0:999 1:000
TP nl 0 :826 1
TN nl 0 :999 0:037

test MSE 1:000 12:987 1:420 9:485 1:364 1
FR 1:222 20:973 25:820 1:849 1

model (b) TP main 1 1 1 1 1
TN main 0:999 0:880 0:977 0:822 0:999
TP int 1 1 0 :990 0:995 1
TN int 1 0 :996 0:993 0:999 1:000
TN nl 1 0:046

test MSE 1:360 4:139 1 2:589 1:070 2:519
FR 1 7:990 2:078 8:885 3:562

model (c) TN main 0:894 0:815 0:950 0:901 0:942
TP int
TN int 1 :000 0:994 0:997 0:998 0:999
TP nl 0 :523 0:983
TN nl 0 :984 0:043

2.5 Environmental Epidemiology Application

2.5.1 Motivation

The goal of our analysis is to assess the association of fourteen metals (Barium,

Cadmium, Cobalt, Caesium, Molybdenum, Manganese, Mercury, Lead, Antimony,

Tin, Strontium, Thallium, Tungsten and Uranium) with body mass index (BMI).

Recently, several studies showed the relation between complex mixtures of metals and

health or behavioral outcomes. See Sanders et al. (2015) for example for a literature
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review on perinatal and childhood exposures to Cadmium (Cd), Manganese (Mn) and

metal mixtures. The authors state that there is suggestive evidence that Cadmium

is associated with poorer cognition. Claus Henn et al. (2014) report associations

between mixtures and pediatric health outcomes, cognition, reproductive hormone

levels and neurodevelopment. With respect to obesity indices, metals have already

been associated with an increase in waist circumference and BMI, see Padilla et al.

(2010) and Shao et al. (2017), using data from the National Health and Nutrition

Examination Survey (NHANES).

2.5.2 Data Description

We consider data from NHANES collected in 2015. We select a subsample of 2532 in-

dividuals for which at least one measurement of metals and BMI have been recorded.

We also include in the analysis cholesterol, creatinine, sex, age and ethnicity, which

has �ve categories (Hispanic, other Hispanic, non-Hispanic White, non-Hispanic

Black and other Etnicity). We choose Hispanic as a reference group for ethnicity.

Table 2.5 shows the correlations among chemicals, Figure 2.4 and Figure 2.5 show the

missingness pattern and the cases below the limit of detection (LOD). In NHANES,

di�erent groups of chemicals, such as metals or Phthalates, are only measured for a

subsample of individuals. This subsampling only depends on demographic charac-

teristics of the individuals and hence the missing at random assumption should be

appropriate in our context.

We apply the base 10 logarithm transformation to the chemical exposure values,

cholesterol and creatinine. We also apply the log10 transformation to BMI in order

to make its distribution closer to normality, which is the assumed marginal distri-

bution in our model. The log-transformation is commonly applied in environmental

epidemiology in order to reduce the in
uence of outliers and has been employed in

several studies using NHANES data (Nagelkerke et al., 2006), (Lynch et al., 2010),
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Table 2.5: Correlation matrix between Barium (Ba), Cadmium (Cd), Cobalt (Co),
Cesium (Cs), Molybdenum (Mo), Manganese (Mn), Lead (Pb), Antimony (Sb), Tin
(Sn), Strontium (Sr), Thallium (TI), Tungsten (W), Uranium (U), Mercury (Hg) in
the NHANES 2015 dataset.
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(Buman et al., 2013). We leave these transformations implicit for the remainder of

the section.

2.5.3 Missing data and LOD

In this subsection we describe how to explicitly model the covariates to allow im-

putation of observations that are missing or below the limit of detection. We are

particularly motivated by studies of environmental health collecting data on mix-

tures of chemical exposures. These exposures can be moderately high-dimensional

with high correlations within blocks of variables. For this reason we decide to endow

the chemical measurements, cholesterol and creatinine with a latent factor model.

Let X be then � p matrix containing the chemical measurements,Z an n � q matrix

containing the covariates and letWi � p X i ; zi 1; zi 2qT be a d � 1 vector containing

the 14 chemical measurements, cholesterol and creatinine. The factor model is as

follows:

Wi � � � i � � i ; � i � Ndp0; � q; (2.4)

� i � Nkp0; I q;

where we center the dataWi to have zero mean prior to the analysis, �� diagp� 2
1; : : : ; � 2

dq

is as residual variance matrix, � is a d � k factor loadings matrix, and � i are i.i.d.

standard normal latent factors. We assume an element wise standard normal prior for

� and endow � 2
j with independent Inverse-Gamma priors with parametersp1{2; 1{2q,

for j � 1; : : : ; d. From an eigendecomposition of the correlation matrix, the �rst 9

eigenvectors explain more than 85% of the total variability; hence we set the number

of factors equal to 9. Algorithm 2 describes how to sample the parameters of (2.4)

within an MCMC algorithm.

In addition to missingness due to chemicals that have not been assayed, 13:5%

of chemicals have been recorded under the limit of detection (LOD). We can impute
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Algorithm 2 MCMC algorithm for imputing missing observations and those under
the LOD while simultaneously sampling the parameters of model (2.4)

Step 1 Sample� i , i � 1; � � � ; n from a multivariate normal distribution:

� p! | | q � Nk

�
pI k � � T � � 1� q� 1� T � � 1Wi ; pI k � � T � � 1� q� 1



:

Step 2 Denote� j the rows of �, for j � 1; � � � ; d. Sampled conditionally indepen-
dent posteriors:

� p� j | | q � N
�

pI k �
� T �
� 2

j
q� 1� T � � 2

j W pj q; pI k �
� T �
� 2

j
q� 1



;

whereW pj q is the j th column of the matrix W and � is the matrix with rows equal
to � i .

Step 3 Sample� � 2
j for j � 1; � � � ; d from conditionally independent gamma distri-

butions

� p� � 2
j | | q � Gamma

�
1 � n

2
;
1
2

�
1
2

n¸

i � 1

pWij � � T
j � i q



:

Step 4 Sample missing observations from conditionally independent distributions;
if Wij is missing sample its value from

N p� T
i � j ; � 2

j q:

Step 5 Sample observations below the LOD from conditionally independent trun-
cated normal distributions:

X ij |X ij P r�8 ; log10pLOD j qs � TNp� T
i � j ; � 2

j ; �8 ; log10pLOD j qq;

where LODj is the limit of detection for exposurej and TNp�; � 2; a; bq is a trun-
cated normal distribution with mean � , variance� 2 and support in ra; bs.
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these observations as:

X ij |X ij P r�8 ; log10pLOD j qs � TNp� T
i � j ; � 2

j ; �8 ; log10pLOD j qq;

where LODj is the limit of detection for exposurej and TNp�; � 2; a; bqis a truncated

normal distribution with mean � , variance � 2 and support in ra; bs. A related ap-

proach was used in Ferrari and Dunson (2020) to impute chemicals below the LOD

within an MCMC algorithm.

To simplify data imputation under the above model and improve robustness to

model misspeci�cation, we apply a common \cut of feedback" approach (Lunn et al.,

2009). In particular, in imputing the missing values and those below the limit of

detection, we use the conditional posterior given only the data in theWi component

of the model and not taking into account thatWi also appears in the outcome model.

2.5.4 Statistical Analysis

We estimate a quadratic regression with nonlinear e�ects for the transformed chem-

icals, which are included in the matrixX , and we control for covariates, which are

included in the matrix Z , according to model (2.1). We use the speci�ed priors in

Section 2.2.2 and alternate between the steps of Algorithm 1 and Algorithm 2 at each

MCMC iteration to obtain the posterior samples. In environmental epidemiology,

the signal to noise ratio is usually low; hence we use the weak heredity speci�cation

in order to have greater 
exibility in our model and to enhance power in discovery

of linear interactions. We run the MCMC chain for a total of 5000 iterations, with

a burn-in of 4000.

We observed good mixing for main e�ect and interaction coe�cients. In partic-

ular, the average E�ective Sample Size (ESS) for main e�ects and interactions was

equal to 725. For the smoothness parameters, the e�ective sample size for each� j was

on average 3 times higher with respect to the corresponding parameters in BKMR.
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Table 2.6: Coverage computed at di�erent levels� for the in sample and out of
samplepredictive intervals of BMI .

level � in sample out of sample

0:01 0:99 0:98
0:025 0:979 0:968
0:05 0:96 0:942
0:1 0:91 0:88

We also computed the Geweke diagnostic for main and interaction e�ects, for a total

of 105 parameters. The Geweke diagnostic tests for a di�erence of the mean in the

�rst 25% of the MCMC samples and the last 25% of the samples. All computed

p-values were not signi�cant at the 0:01 level. Residual plots are included in Figure

2.6. The residual diagnostics suggest that the model assumptions are satis�ed fairly

well. Firstly, approximate normality holds, with only a mild deviation in the tails.

Secondly, inspecting the scatter plot of predicted BMI vs standardized residual, we

did not �nd any clear patterns, suggesting homoskedasticity and adequate �t of our

regression model. Lastly, we conducted posterior predictive checks, comparing the

mean of the in-sample predictions at each MCMC iteration to the data mean. Figure

2.7 shows that the two means align very well. We also observed good in sample and

out of sample coverage of 100p1� � q% predictive intervals for di�erent � values; refer

to Table 2.6.

The complexity per iteration of Gibbs sampling isOpn2mqwhen � � 0, wherem

is related to the approximation described in Section 2.3. When� � 0, the complexity

per iteration of Gibbs sampling isOpd2q, whered is the number of active main e�ects.
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2.5.5 Results

In our analysis, we found signi�cant nonlinear associations with BMI for Cadmium

and Tungsten with posterior predictive probabilities of having an active nonlinear

e�ect of 1 and 0:79, respectively. Figure 2.8 shows the estimated nonlinear surfaces

for Cadmium and Tungsten, when all the other variables are set to their median.

The nonlinear e�ect of Cadmium has a hill-shaped dose response, with a monotone

increase at lower doses followed by a downturn leading to a reverse in the direction

of association; presumably as toxic e�ects at high doses lead to weigh loss. We also

found a signi�cant negative linear association between BMI and Lead and Molyb-

denum, and the main e�ect estimates suggested a negative linear association with

Cesium, Cobalt and Tin. A similar negative e�ect for higher doses of Cadmium,

Cobalt and Lead was found in Shao et al. (2017) and Padilla et al. (2010), where

both authors found an inverse linear association between these metals and BMI,

suggesting that they can create a disturbance of metabolic processes.

We found positive linear interactions between Molybdenum� Strontium, Lead� Antimony,

and negative interaction between Lead� Uranium. Figure 2.9 shows the estimated

coe�cients for interactions. With respect to covariate adjustments, we found a posi-

tive association between BMI and Age, Creatinine and Cholesterol, as expected, and

also a negative association with ethnicities Other Hispanic, non-Hispanic White, non-

Hispanic Black and Other Ethnicity with respect to the reference group Hispanic,

refer to Figure 2.10. Finally, even if some of the chemicals were moderately corre-

lated, see Molybdenum and Tungsten for example in Table 2.5, our model was able

to distinguish the two e�ects, estimating a linear association for Molybdenum and

no association for Tungsten.

We compared the performance of our model with the methods described in Section

2.4: BKMR (Bobb et al., 2014), Family (Haris et al., 2016), hierNet (Bien et al.,
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Table 2.7: Performance of MixSelect, BKMR, RAMP, hierNet, Family and PIE for
in sample mean squared error when training on the complete cases and out of sample
mean squared error when holding out 500 data points.

MixSelect BKMR hierNet Family PIE RAMP

in sample MSE 0:530 0:031 0:573 0:879 0:626 0:572
out of sample MSE 0:687 0:919 0:611 0:927 0:710 0:604

2013), PIE (Wang et al., 2019) and RAMP (Hao et al., 2018). For simplicity in

making comparisons across methods that mostly lack an approach to accommodate

missing exposures, we focus on complete case analyses, discarding all observations

having any values that are missing. Table 2.7 shows the performance of the models

for in sample MSE when training on the full dataset and out of sample MSE when

holding out 500 data points. Notice that BKMR over�ts the training data in the

presence of highly correlated covariates and consequently has worse performance on

the test set. In addition, BKMR estimates a posterior probability of a nonlinear

e�ect greater than 0.87 for each chemical, which could be a result of over�tting. On

the other hand, MixSelect is able to distinguish a simple regression surface from a

more complex one thanks to the identi�ability constraint, which prevents over�tting.

Figure 2.11 shows the estimated main e�ects of the chemicals, and 95% credible

intervals for MixSelect. Notice that most of the main e�ect estimates of the other

models are equal to 0, perhaps due to low power. The method PIE also estimates

a negative association for Lead and Molybdenum; RAMP and hierNet estimate a

negative association for Lead. Finally, there is suggestive evidence of a negative

association between BMI with Cesium, Tin and Cobalt, which is also detected by

PIE.
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2.5.6 Application with Sex and Ethnicity Interaction

In this section, we assess whether the association between the metals and BMI

changes with sex or non-Hispanic Black ethnicity. In epidemiology, it is common

to conduct separate analyses for Blacks and non-Blacks as these groups can be very

di�erent with respect to certain exposures and outcomes. In NHANES studies,

(Shim et al., 2017) show suggestive evidence of age and sex interactions as well as

interactions between age and ethnicity for Lead, Cadmium, Mercury and Arsenic.

We run the analysis on the dataset with 2029 complete cases: 49% of observations

are Male and 19% are non-Hispanic Black. We preprocess the data following Section

2.5.2. We estimate a quadratic regression with nonlinear e�ects for the transformed

chemicals interacted separately with Sex and non-Hispanic Black ethnicity, which are

included in the matrix X , and we control for covariates, which are included in the

matrix Z , according to model 2.1. We estimate the model using the strong heredity

speci�cation and we compare the estimates of MixSelect with BKMR (Bobb et al.,

2014), Family (Haris et al., 2016), hierNet (Bien et al., 2013), PIE (Wang et al.,

2019) and RAMP (Hao et al., 2018).

Figure 2.12 shows the estimated nonlinear curves for Cadmium interacted with

Sex and non-Hispanic Black ethnicity, when all the other variables are set to their

median. The non linear e�ect of Cadmium in Females and non-Hispanic Blacks has

a hill-shaped dose response as in Figure 2.8, whereas it is negatively associated with

BMI in the Male subgroup. Table 2.8 contains the posterior inclusion probabilities of

nonlinear e�ects. Figure 2.13 shows the estimated main e�ects of the chemicals, and

95% credible intervals for MixSelect. Notice that Lead and Molybdenum exposures

have a stronger negative e�ect on Females than Males, and we observe the opposite

behavior for Tin and Cobalt. These associations are also estimated by PIE, and they

are partially supported by RAMP and hierNet. We found positive linear interactions
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between Cadmium� Cobalt and Cobalt� Tin for Males.

Figure 2.13 : Estimated main e�ects using MixSelect with 95% credible intervals
and estimated coe�cients using RAMP, hierNet, Family and PIE. We trained all
the other models on the dataset with complete cases and included interactions of
chemical measurements with non-Hispanic Black ethnicity and Sex.

Table 2.8: Posterior inclusion probabilities of nonlinear e�ects when including in-
teractions between chemical measurements with non-Hispanic Black ethnicity and
Sex.

Black Female Male

Antimony 0:594 0:989 0:117
Barium 0:150 0:093 0:060

Cadmium 0:338 1 0:832
Cesium 0:524 0:138 0:030
Cobalt 0:658 0:833 0:305
Lead 0:595 0:171 0:322

Manganese 0:211 0:435 0:271
Mercury 0:376 0:239 0:176

Molybdenum 0:154 1 0:229
Strontium 0:227 0:135 0:174
Thallium 0:329 0:380 0:009

Tin 0:324 0:448 0:091
Tungsten 0:442 0:444 0:010
Uranium 0:355 0:122 0:142
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2.6 Discussion

We proposed a MixSelect framework that allows identi�cation of main e�ects and

interactions. We also allow 
exible nonlinear deviations from the parametric speci-

�cation relying on a Gaussian process prior. We showed that MixSelect improves on

the state-of-the-art for assessing associations between chemical exposures and health

outcomes. To our knowledge, this is the �rst 
exible method that is designed to

provide interpretable estimates for main e�ects and interactions of chemical expo-

sures while not constraining the model to have a simple parametric form. We also

included variable selection, uncertainty quanti�cation, missingness in the predictors,

and limit of detection. The proposed speci�cation provides a nice building block for

more complicated data structures; for example, there are straightforward extensions

to allow censored outcomes, longitudinal data, spatial dependence, and other issues.

NHANES data are obtained using a complex sampling design, that includes over-

sampling of certain population subgroups, and contains sampling weights for each

observation that are inversely proportional to the probability of being sampled. We

did not employ sampling weights in our analysis because our goal was to study the

association between metals and BMI rather than providing population estimates.

One possibility to include the sampling weights in our method is to jointly model

the outcome and the survey weights (Si et al., 2015), without assuming that the

population distribution of strata is known.

With correlated features, variable selection techniques can lead to multiple models

having almost the same posterior probability of being the best one, and with few

observations the interpretation of results becomes di�cult. However, our method

provided better inference under correlated predictors than BKMR (Bobb et al., 2014).

We believe this is due to the projection approach, which protects against over�tting

by adding a constraint to the highly 
exible nonparametric surface. An alternative
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solution is to cluster the predictors at each iteration of the MCMC algorithm using

a nonparametric prior speci�cation for the coe�cients (MacLehose et al., 2007).

Instead of focusing on mean regression, we can easily modify MixSelect to accom-

modate quantile regression. In order to induce a regression on a speci�c quantile, one

can usep2:1qbut with the residual � i having an asymmetric Laplace distribution (Yu

and Moyeed, 2001). The asymmetric Laplace can be represented as a scale mixture

of Gaussians, facilitating a straightforward modi�cation to our MCMC algorithm;

refer to Chen et al. (2013a) for related work. Alternatively, it is possible to allow

main e�ects and interactions to vary with quantiles ofyi , see for example Reich et al.

(2011). We can also induce a quantile dependence on the nonlinear deviationg� px i q.

In particular, we can introduce uniformly distributed latent variables � i modifying

the nonlinear deviation asg� px i ; � i q, which is referred to as the Gaussian process

transfer prior (Kundu and Dunson, 2014).

Chemical studies usually involve up to dozens of exposures, but recent develop-

ments employing novel data collection techniques are starting to produce interesting

datasets in which the number of exposures is in the order of the number of data

points, so that the estimation of statistical interactions becomes infeasible with stan-

dard techniques. In this paper we impose heredity constraints and an approximation

to the Gaussian process surface in order to deal with this problem, but new devel-

opments for dimension reduction are needed to scale up to allow massive number of

exposures.
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Figure 2.4 : Pattern of missingness in the chemical exposure, cholesterol and crea-
tinine measurements.
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Figure 2.5 : Pattern of data below the limit of detection in the matrix X including
the chemical measurements.

Figure 2.6 : Histogram and QQ-plot of residuals and scatter plot of predicted BMI
values vs standardized residuals.
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Figure 2.7 : Histogram of the predictive mean at each MCMC iteration. The hori-
zontal red line shows the mean of BMI and the blue line the mean of the predictions.
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Figure 2.8 : Estimated dose response curves for the chemicals Cadmium, Tungsten,
Lead and Cobalt, when all the other quantities are equal to their median. The black
line corresponds to the posterior median, the shaded bands indicate 95% posterior
credible intervals, and the marks on the x-axis indicate the observed data points.

38



Figure 2.9 : Estimated interaction e�ects using MixSelect with 95% credible inter-
vals.
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Figure 2.10 : Estimated covariate e�ects using MixSelect with 95% credible inter-
vals. Hispanic is the reference group for ethnicity.

Figure 2.11 : Estimated main e�ects using MixSelect with 95% credible intervals
and estimated coe�cients using RAMP, hierNet, Family and PIE. We trained all the
methods on the dataset with complete cases. Exposure measurements are on the log
scale.
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Figure 2.12 : Estimated regression surface for Cadmium interacted with Sex and
non-Hispanic Black ethnicity, when all the other quantities are equal to their median.
The black line corresponds to the posterior median, the shaded bands indicate 95%
posterior credible intervals, and the marks on the x-axis indicate the observed data
points.
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3

Bayesian Factor Analysis for Inference on
Interactions

3.1 Introduction

There is broad interest in incorporating interactions in linear regression. Extensions

of linear regression to accommodate pairwise interactions are commonly referred to

as quadratic regression. In moderate to high-dimensional settings, it becomes very

challenging to implement quadratic regression since the number of parameters to be

estimated is 2p �
� p

2

�
. Hence, classical methods such as least squares cannot be used

and even common penalization and Bayesian methods can encounter computational

hurdles. Reliable inferences on main e�ects and interactions is even more challenging

when certain predictors are moderately to highly correlated.

A lot of e�ort has been focused on estimating pairwise interactions in moderate

high-dimensional and ultra high-dimensional problems. We refer to the former when

the number of covariates is between 20 and 100 and to the latter whenp ¡ 100.

When p � 100, the number of parameters to be estimated is greater than 5000.

When p P r20; 100s, one-stage regularization methods like Bien et al. (2013) and
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Haris et al. (2016) can be successful. Some of these methods require a so-called

heredity assumption (Chipman, 1996) to reduce dimensionality. Strong heredity

means that the interaction between two variables is included in the model only

if both main e�ects are. For weak heredity it su�ces to have one main e�ect in

the model. Heredity reduces the number of models from 2p� pp
2q to

° p
i � 0

� p
i

�
2pi

2q or
° p

i � 0

� p
i

�
2pi � i pi � 1q{2 for strong or weak heredity, respectively (Chipman, 1996). For

ultra high-dimensional problems, two stage-approaches have been developed, see

Hao et al. (2018) and Wang et al. (2019). However, these methods do not report

uncertainties in model selection and parameter estimation, and rely on strong sparsity

assumptions.

We are particularly motivated by studies of environmental health collecting data

on mixtures of chemical exposures. These exposures can be moderately high-dimensional

with high correlations within blocks of variables; for example, this can arise when an

individual is exposed to a product having a mixture of chemicals and when chemical

measurements consist of metabolites or breakdown products of a parent compound.

There is a large public heath interest in studying E� E, E� G and G� G interactions,

with E = environmental exposures and G = genetic factors. However, current meth-

ods for quadratic regression are not ideal in these applications due to the level of

correlation in the predictors, the fact that strong sparsity assumptions are not appro-

priate, and the need for uncertainty quanti�cation. Regarding the issue of sparsity,

some exposures are breakdown products of the same compound, so it is unlikely that

only one exposure has an e�ect on the outcome. Also, it is statistically challenging

to tell apart highly correlated covariates with limited data. For this reason, it is

appealing given the data structure to select blocks of correlated exposures together

instead of arbitrarily selecting one chemical in a group.

To address these problems, one possibility is to use a Bayesian approach to infer-
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ence in order to include prior information to reduce dimensionality while characteriz-

ing uncertainty through the posterior distribution. There is an immense literature on

Bayesian methods for high-dimensional linear regression, including recent algorithms

that can scale up to thousands of predictors (Bondell and Reich, 2012), (Rossell and

Telesca, 2017), (Johndrow et al., 2017), (Nishimura and Suchard, 2018). In addi-

tion some articles have explicitly focused on quadratic regression and interaction

detection (Zhang and Liu, 2007), (Cordell, 2009), (Mackay, 2014). Bayes variable

selection and shrinkage approaches will tend to have problems when predictors are

highly correlated; this has motivated a literature on Bayesian latent factor regression

(Lucas et al., 2006), (Carvalho et al., 2008).

Latent factor regression incorporates shared latent variables in the predictor and

response components. This provides dimensionality reduction in modeling of the

covariance structure in the predictors and characterizing the impact of correlated

groups of predictors on the response. Such approaches are closely related to princi-

pal components regression, but it tends to be easier to simultaneously incorporate

shrinkage and uncertainty quanti�cation within the Bayesian framework. In addition,

within the Bayes latent factor regression paradigm, typical identi�ability constraints

such as orthogonality are not needed (see, for example Bhattacharya and Dunson

(2011)). The main contribution of this chapter is to generalize Bayesian latent factor

regression to accommodate interactions using an approach inspired by Wang et al.

(2019). This is accomplished by including pairwise interactions in the latent vari-

ables in the response component. We refer to the resulting framework as Factor

analysis for INteractions (FIN). There is a rich literature on quadratic and nonlinear

latent variable modeling, largely in psychometrics (refer, for example, to Arminger

and Muth�en (1998)). However, to our knowledge, such approaches have not been

used for inferences on interactions in regression problems.

In Section 3.2 we describe the proposed FIN framework, including extensions for
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higher order interactions. In Section 3.3 we provide theory on model misspeci�cation

and consistency. Section 3.4 contains a simulation study. Section 3.5 illustrates the

methods on NHANES data. Code is available in R packagein�nitefactor.

3.2 Model
3.2.1 Model and Properties

Let yi denote a continuous health response for individuali , and X i � p x i 1; � � � ; x ip qT

denote a vector of exposure measurements. We propose a latent factor joint model,

which includes shared factors in both the predictor and response components while

assuming conditional independence. We include interactions among latent variables

in the response component. We also assume that, given the latent variables, the

explanatory variables and the response are continuous and normally distributed. We

assume that the data have been normalized prior to the analysis so that we omit the

intercept. The model is as follows:

yi � � T
i ! � � T

i 
 � i � � y;i ; � y;i � N p0; � 2q;

X i � � � i � � i ; � i � Npp0; 	 q; (3.1)

� i � Nkp0; I q;

where 	 � diagp� 2
1; � � � ; � 2

pq. In a Bayesian fashion, we assume a prior for the

parameters � � p !; 
 ; � ; 	 ; � 2qthat will be speci�ed in 3.2.2. Modelp1qis equivalent

to classical latent factor regression models; refer, for example, to West (2003), except

for the � T
i 
 � i term. Here, 
 is a k � k symmetric matrix inducing a quadratic latent

variable regression that characterizes interactions among the latent variables.

The above formulation can be shown to induce a quadratic regression ofy on

X . To build intuition consider the case in which� 2
j � 0 as done in West (2003)

for the special case in which 
 � 0. The many-to-one mapX i � � � i has multiple

generalized inverses� i � � T X i � bsuch that � b � 0. If we substitute in the regression
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equation, we obtain

Epyi |X i q � p � T X i � bqT ! � p � T X i � bqT 
 p� T X i � bq �

� X T
i � ! � X T

i �
� T X i � gpbq

The following proposition gives a similar result in the non deterministic case:

Proposition 1. Under model (1), the following are true:

(i) Epyi |X i q � tr p
 Vq � p ! T AqX i � X T
i pAT 
 AqX i ,

(ii) Covpyi ; X i q � � ! ,

whereV � p � T 	 � 1� � I q� 1 and A � V � T 	 � 1 � p � T 	 � 1� � I q� 1� T 	 � 1.

This shows that the induced regression ofy on X from model (1) is indeed a

quadratic regression. Let us de�ne the induced main e�ects as� X � AT ! and

the matrix containing the �rst order interactions as 
 X � AT 
 A. Notice that we

could de�ne 
 as a diagonal matrix and we would still estimate pairwise interactions

between the regressors, further details are given in 3.2.4 and 3.2.4.

In epidemiology studies, it is of interest to include interactions between chemical

exposures and demographic covariates. The covariates are often binary variables,

like race or sex, or continuous variables that are non-normally distributed, likeage.

Hence, we do not want to assume a latent normal structure for the covariates. Letting

Z i � p zi 1; � � � ; ziqqT be a vector of covariates, we modify modelp1q to include a main

e�ect for Z i and an interaction term betweenZ i and the latent factor � i :

yi � � T
i ! � � T

i 
 � i � Z T
i � � � T

i � Z i � � y;i ; � y;i � N p0; � 2q;

X i � � � i � � i ; � i � Npp0; 	 q; (3.2)

� i � Nkp0; I q;

where � is a k � q matrix of interaction coe�cients between the latent variables and

the covariates, and� � p � 1; � � � ; � qq are main e�ects for the covariates. Following

Proposition 1 we have that

Ep� T
i � Z i |X i ; Z i q � Ep� T

i |X i q� Z i � X T
i pAT � qZ i ;
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wherepAT � q is a p� q matrix of pairwise interactions between exposures and covari-

ates. In the sequel, we focus our development on modelp1q for ease in exposition,

but all of the details can be easily modi�ed to pertain to modelp2q.

3.2.2 Priors and MCMC Algorithm

In this section we de�ne the priors forp!; 
 ; � ; 	 ; � 2q, brie
y describe the computa-

tional challenges given by modelp1qand summarize our Markov Chain Monte Carlo

sampler in Algorithm 3. We choose an Inverse-Gamma distribution with parameters

p1
2 ; 1

2qfor � 2 and � 2
j for j � 1; � � � ; p. The elements of! and 
 are given independent

Gaussian priors. For � � t � i;j u, a typical choice to attain identi�ability requires

� i;j � 0 for j ¡ i and � j;j ¡ 0 for j � 1; � � � ; k (Geweke and Zhou, 1996). However,

some Bayesian applications, like covariance estimation (Bhattacharya and Dunson,

2011), do not require identi�ability of �. The same holds for inference on induced

main e�ects and interactions for modelp1q. Notice that model p1q is invariant to

rotations:

yi � � T
i PPT ! � � T

i PPT 
 PPT � i � � y;i ; � y;i � N p0; � 2q;

X i � � PPT � i � � i ; � i � Npp0; 	 q;

where P is a k � k orthogonal matrix P (PPT � I ). However, the induced main

e�ects satisfy

� X � 	 � 1� PpPT � T 	 � 1� P � PT Pq� 1PT ! � 	 � 1� p� T 	 � 1� � I q� 1!:

The same holds for induced interactions, showing that we do not need to impose

identi�ability constraints on �. We choose the Dirichlet-Laplace (DL) prior of Bhat-

tacharya et al. (2015) row-wise, corresponding to

� j;h |� jh ; � j � DE p� jh � j q h � 1; � � � ; k

� j � Dir pa; � � � ; aq � j � Gammapka;1{2q;
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wherej � 1; � � � ; p, � j � p � j 1; � � � ; � jk q, DE refers to the zero mean double-exponential

or Laplace distribution, and k is an upper bound on the number of factors, as the

prior allows e�ective deletion of redundant factor loadings through row-wise shrink-

age. The DL prior provides 
exible shrinkage on the factor loadings matrix, gen-

eralizing the Bayesian Lasso (Park and Casella, 2008) to have a carefully chosen

hierarchical structure on exposure-speci�c (� j ) and local (� jh ) scales. This induces

a prior with concentration at zero, to strongly shrink small signals, and heavy-tails,

to avoid over-shrinking large signals. The DL prior induces near sparsity row-wise in

the matrix �, as it is reasonable to assume that each variable loads on few factors.

In 3.2.4, we describe how the above prior speci�cation induces an appealing

shrinkage prior on the main e�ects and interactions, and discuss hyperparameter

choice. In practice, we recommend the rule of thumb that choosesk such that
° k

j � 1 vj° p
j � 1 vj

¡ 0:9, wherevj is the j th largest singular value of the correlation matrix ofX .

Proposition 2 in Section 3.3 provides theoretical justi�cation for this criterion. As an

alternative to row-wise shrinkage, we could have instead used column-wise shrinkage

as advocated in Bhattacharya et al. (2015) and Legramanti et al. (2019). Although

such approaches can be e�ective in choosing the number of factors, we found in our

simulations that they can lead to over-shrinkage of the estimated main e�ects and

interactions.

The inclusion of pairwise interactions among the factors in the regression of the

outcomeyi rules out using a simple data augmentation Gibbs sampler, as in West

(2003), Bhattacharya and Dunson (2011). The log full conditional distribution for

� i is:

�
1
2

�
� T

i p
!! T

� 2
y

� � T 	 � 1� � I � 2

 Yi

� 2
y

q� i � 2� T
i p� T 	 � 1X i �

!Y i

� 2
y

q
�
�

�
1
2

� 2� T
i !� T

i 
 � i

� 2
y

�
p� T

i 
 � i q2

� 2
y

�
� C;
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whereC is a normalizing constant. We update the factors� i using the Metropolis-

Adjusted Langevin Algorithm (MALA) (Grenander and Miller, 1994), (Roberts

et al., 1996). Sampling the factors is the main computational bottleneck of our ap-

proach since we have to updaten vectors, each of dimensionk. The overall MCMC

algorithm and the MALA step are summarized in Algorithm 3.

3.2.3 Higher Order Interactions

FIN can be generalized to allow for higher order interactions. In particular, we can

obtain estimates for the interaction coe�cients up to theQth order with the following

model:

Epyi |� i q �
k¸

h� 1

! p1q
h � ih �

k¸

h� 1

! p2q
h � 2

ih � � � � �
k¸

h� 1

! pQq
h � Q

ih ; (3.3)

which is a polynomial regression in the latent variables. We do not include interac-

tions between the factors, so that the number of parameters to be estimated isQk.

When Q � 2, this model is equivalent to 
 being a diagonal matrix. Recall that

� i |X i � N pAX; V q, where A and V are de�ned in Proposition 1. Since we do not

include interactions among the factors, let us just focus on the marginal distribution

of the j th factor, i.e � ih |X i � N p� h; � 2
hqwhere� h �

° p
j � 1 ahj X ij and � 2

h � Vhh . Below

we provide an expression forEp
° Q

q� 1 ! pqq
h � q

ih |X q, which can be calculated using non-

central moments of a Normal distribution, see Winkelbauer (2012) for a reference.

Ep
Q¸

q� 1

! pqq
j � q

j |X q �
t Q � 1

2 u¸

f � 1

t Q � 1
2 u¸

q� f

! p2q� 1q
h � 2q� 2f

h bo
qf

¸

k� � 2f � 1

�
2f � 1
k1 � � � kp


 p¹

j � 1

pahj X j qk j �

r Q � 1
2 s¸

f � 0

r Q � 1
2 s¸

q� f _ 1

! p2qq
h � 2q� 2f

h be
qf

¸

k� � 2f

�
2f

k1 � � � kp


 p¹

j � 1

pahj X j qk j ;

where bo
qf � p2q� 1q!

p2f � 1q!pq� f q!2q� f , be
qf � p2qq!

p2f q!pq� f q!2q� f and k� �
° p

j � 1 kh. We just need

to sum up over the indexh in p3q and we can read out the expressions for the
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Algorithm 3 MCMC algorithm for sampling the parameters of modelp1q

Step 1 Sample� i , i � 1; � � � ; n via Metropolis-Hastings using as a proposal distribution aN
�
� i �

1
2 r � i logp� p� i | | q

�
; �I k q.

Step 2 Sample the main e�ects coe�cients ! from a multivariate normal distribution:

� p! | | q � N
�

p
� T �
� 2 � I n {100q� 1�

�
y � diagp� 
 � q

�
{ � 2; p

� T �
� 2 � I n {100q� 1




where � is the matrix with rows equal to � i .

Step 3 Sample upper triangular part of 
, namely 
 U , from a multivariate normal distribution:

� p
 U | | q � N
�

p
� � T � �

� 2 �
ppp � 1q

2
q� 1� �

�
y � �! q

�
{ � 2; p

� � T � �

� 2 � I p pp � 1q
2

{100q� 1



where � � is a matrix containing the pairwise interactions of among the columns of� . Then set

 � 
 � 
 T

2

Step 4 Sample� � 2 from a Gamma distribution:

� p� � 2| | q � Gamma
�

1 � n
2

;
1
2

�
1
2

py � �! � diagp� 
 � T qqT py � �! � diagp� 
 � T q



Step 5 Denote � j the rows of �, for j � 1; � � � ; p. Samplep conditionally independent posteriors:

� p� j | | q � N
�

pD � 1
j �

� T �
� 2

j
q� 1� T � � 2

j X pj q; pD � 1
j �

� T �
� 2

j
q� 1




where X pj q is the j th column of the matrix X , D j � diagp� 2
j  j 1� j 1; � � � ; � 2

j  jk � jk q.

Step 6 Sample  jh for j � 1; � � � ; p and h � 1 � � � ; k from independent Inverse Gaussian distri-
butions:

� p jh | | q � InvGauss
�

� j � jh ; 1



Step 7 Sample� j for j � 1; � � � ; p from independent Generalized Inverse Gaussian distributions:

� p� j | | q � GInvGauss
�

1 � k; 1; 2
k¸

h� 1

|�jh |
� jh




Step 8 In order to update � jh for j � 1; � � � ; p and h � 1 � � � ; k, sample Tjh from independent
Generalized Inverse Gaussian distributions:

� pTjh | | q � GInvGauss
�

a � 1; 1; 2|� jh |



Then set � jh � T jh° k
h � 1 T jh

Step 9 Sample� � 2
j for j � 1; � � � ; p from conditionally independent gamma distributions

� p� � 2
j | | q � Gamma

�
1 � n

2
;

1
2

�
1
2

n¸

i � 1

pX ij � � T
j � i q
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intercept, main e�ects and interactions up to theQth order. In particular, we have

that the intercept is equal to
° k

h� 1

° r Q � 1
2 s

q� 1 ! p2qq
h V 2q

hh be
q0. When Q � 2 this reduces

to
° k

h� 1 ! p2q
h V 2

hh � tr p
 Vq, where 
 � diagp! p2q
1 ; � � � ; ! p2q

k q. The expression for the

main e�ects coe�cients on X j is
° k

h� 1

° t Q � 1
2 u

q� 1 ! p2q� 1q
h V 2q� 1

hh bo
q1ahj . When Q � 2 this

becomes
° k

h� 1 ! p1q
h ahj , hence� X � AT ! . Similarly the expression for the interaction

betweenX j and X l is equal to
° k

h� 1

° r Q � 1
2 s

q� 1 2! p2qq
h V 2q

hh be
q1ahj ahl and whenQ � 2 we

have
° k

h� 1 2! p2q
h ahj ahl which is equal to 2rAT 
 Aspj;l q.

In general, if we are interested in theqth order interactions, we can �nd the

expression on the top summation forf � q� 1
2 when q is odd and on the bottom

summation for f � q
2 when q is even. Finally notice that with Qk parameters

we manage to estimate
° Q

q� 0

� p
q

�
parameters thanks to the low dimensional factor

structure in the covariates.

3.2.4 Induced Priors

In this section, we show the behavior of the induced priors on the main e�ects and

pairwise interaction coe�cients under modelp1q using simulated examples, and we

show the induced grouping of coe�cients when we have prior information on the

covariance structure ofX . We endow! with a normal prior having zero mean and

covariance equal to �, where � is a diagonal matrix. Then, conditional on � and

	, the induced prior on � X is also Normal with mean 0 and covariance equal to

AT A. Recall from Proposition 1 that the induced main e�ect coe�cients are equal

to � T
X � ! T p� T 	 � 1� q� 1� T 	 � 1. This expression is equivalent to West (2003) and we

can similarly characterize the limiting case of 	 Ñ 0, i.e. when the factors explain

all of the variability in the matrix of regressorsX i . Let 	 � sI and s Ñ 0, together

with enforcing � to be orthogonal, we have that � X � � ! . It follows that � X has

the generalised singular g-prior(or gsg-prior) distribution de�ned by West (2003),
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whose density is proportional toexpp� 1
2 � T

X � T � � 1� � q.

Now, consider the extension presented in the previous section, where we include

powers of the factors in the regression ofyi . In Figure 3.1, we show the induced

marginal priors for main e�ects, pairwise interactions and 3rd order interactions

when p � 20 and k � 5; 10 when! and 
 are given N p0; 1q priors element-wise.

Increasing (or decreasing) the variance of the priors on! and 
 will directly increase

(or decrease) the variance of the induced main e�ects and pairwise interactions, as

� X and 
 X are linear functions of ! and 
 respectively. For a �xed k, there is

increasing shrinkage towards zero with higher orders of interaction. However, we

avoid assuming exact sparsity corresponding to zero values of the coe�cients, a

standard assumption of other methods. Although most of the mass is concentrated

around zero, the distributions have heavy tails. We can indeed notice that the form

of the priors resembles a mixture of two normal distributions with di�erent variances,

and that we place a higher mixture weight on the normal distribution concentrated

around zero as we increase the order of interactions. This is because higher order

interactions contain products of the elements ofA, previously de�ned in Proposition

1, and the elements ofA are a�ected by the DL prior shrinkage, sinceA is a function

of �. Also, notice that the priors have higher variance as we increase the number of

latent factors k.

In environmental epidemiology, it is common to have prior knowledge of groups

of exposures that are highly correlated and it is natural to include such information

in the speci�cation of �. One possibility is to impose a block sparsity structure

in which each group of chemicals is restricted to load on the same factor. Then,

cross group dependence is allowed including additional factors and endowing the

factor loadings with a DL prior. Suppose that the variables inX can be divided

in l groups: S1; S2; : : : Sl of dimensionsp1; p2; : : : ; pl , where l   k and p �
° l

r � 1 pr .

Letting � � r � B � 1s, where � B is p � l , we can assign a block sparsity structure to
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� B :

� B
p1 � 1;1 � : : : � � B

p;1 � 0

� B
1;2 � : : : � � B

p1 ;2 � � B
p1 � p2 � 1;2 � : : : � � B

p;2 � 0

� � �

� B
1;l � : : : � � B

p� pl ;l � 0

We show the e�ect of the block sparsity structure on the a priori induced group-

ings of main e�ects and interactions whenl � k, so that � � � B . Let us consider the

scenario when the true number of factors is equal to 2, and the variables inX can be

divided in two groups. This structure is reasonable when we have measurements of

di�erent chemicals that are breakdown products of the same exposure, for example

PCB metabolites (Longnecker et al., 2001). Then the a priori covariance between

main e�ects is equal toCovp� g; � h |g; h P Sr q � � h � g

p
° p

j PSr
� 2

j � � 2q2 , for r � 1; 2, when the

chemicals belong to the same group, and is zero otherwise. Hence, in this case,AT A

is block diagonal. On the other hand, assume that the number of factors is equal

to the number of covariates, with � being diagonal. In this case the induced covari-

ance on� is diagonal with elements
� 2

j

p� 2
j � � 2q2 . In general when there arel groups,

the variance of� h, with h P Sr , is equal to � 2
h

p
°

j PSr
� 2

j � � 2q2 . Hence, the variance of�

is lower with respect to the independent case since we are borrowing strength and

information from the other covariates within the same group.

Let us now focus on the symmetric matrix 
 of dimensionk, letting � p
 qbe the

vector of lower triangular elements of 
. De�ne the duplication matrix Dk as the

k2 � kpk� 1q
2 matrix such that Dk � p
 q � vecp
 q, see Magnus (1988) as a reference. The

duplication matrix can be easily calculated for orders 2 and 3, whereas the R package

matrixcalc provides the duplication matrix for higher orders. We are interested in
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the distribution of 
 X � AT 
 A. Notice that

vecp
 X q � vecpAT 
 Aq � p AT b AT qvecp
 q � p AT b AT qDk � p
 q:

We choose a normal prior on pairwise interactions, i.e.,� p
 q � N k pk � 1q
2

p0; I k pk � 1q
2

q,

so that vecp
 X q � Np2 p0; pAT b AT qDkD T
k pA b Aqq. Computing the covariance

pAT b AT qDkD T
k pA b Aq of the induced Normal prior on the matrix containing the

pairwise interactionsvecp
 X q � p ! 1;1; ! 1;2; � � � ; ! 4;3; ! 4q, we �nd that the variables

are divided in three groups:p! 1;1; ! 1;2; ! 2;2q, p! 3;3; ! 3;4; ! 4;4qand p! 1;3; ! 1;4; ! 2;3; ! 2;4q.

The quadratic e�ect of the �rst two covariates are correlated with each other and

with the interaction between them. The same holds for the variables loading on the

second factor. Finally, the third group contains the interactions between one variable

loading on the �rst factor and one variable loading on the second factor. In general,

with p variables andk factors, we will have in total k �
� k

2

�
groups. In particular,

the �rst k groups will be made by the interactions between variables loading on

the same factor. On the other hand, we have groups for the interactions between

variables loading on di�erent factors, as in the previous example withS1 and S2.

3.2.5 Complexity Gains

Inference under existing approaches for Bayesian linear modeling for pairwise inter-

actions whenp is moderately high is typically computationally infeasible. In fact

the complexity per iteration of Gibbs sampling isOpnp4 � p6q and the storage is

of order Opp2q. This is without considering any heredity structure. On the other

hand, with modelp1qwe just need samples of 	, �, ! and 
 to compute main e�ects

and interactions ofX on y thanks to Proposition 1. The complexity per iteration of

Gibbs sampling isOpk3p� npkq, wherek is the number of factors. In our motivating

applications, we haven ¡ p ¡ k. Further, the storage complexity is onlyOppkqsince

we only need to save the samples of �; � ; ! and 
.
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The computational complexity could be further reduced using the algorithm of

Sabnis et al. (2016), which allows one to distribute the covariance matrix estimation

to multiple cores, e�ciently using a divide and conquer strategy. Letg ¥ 1 denote

the number of cores at our disposal and assume thatp is a multiple of g. Letting

pg � p
g , the computational complexity becomesOpk3pg � npgkq. If we want to

estimate the interactions up to theQth order, the computational complexity becomes

Opk3pp � Qq � npkq. Moreover, the storage complexity isOpppk � Qqq.

3.3 Properties of the Model

In this section we prove that the posterior distribution of � � p !; 
 ; � 2; � ; 	 q is

weakly consistent for a broad set of models. LetKL p� 0; � q denote the Kullback-

Leibler divergence betweenppX; y |� 0q and ppX; y |� q, where

ppX; y |� 0q �
»

ppX |� 0; 	 0; � qppy|! 0; 
 0; � 2
0; � qpp� qd�:

We will assume that ppX; y |� 0q represents the true data-generating model. This

assumption is not as restrictive as it may initially seem. The model is 
exible enough

to always characterize and model quadratic regression in the response component,

while accurately approximating any covariance structure in the predictor component.

In fact it always holds that:

Epyi |X i q � � 0X i � X i 
 0X i ;

X i � N p0; � 0� T
0 � 	 0q;

where � 0 and 
 0 are functions of � 0 as in Proposition 1, and the true number of

factors is k0. When k0 � p, we can write any covariance matrix as �0� T
0 � 	 0. We

take an \over-�tted" factor modeling approach, related to Bhattacharya and Dunson

(2011), Rousseau and Mengersen (2011), and choosek to correspond to an upper

bound on the number of factors. In practice, we recommend the rule of thumb that
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choosesk such that
° k

j � 1 vj° p
j � 1 vj

¡ 0:9, wherevj is the j th largest singular value of the

correlation matrix of X . We have found this choice to have good performance in a

wide variety of simulation cases. However, there is nonetheless a potential concern

that k may be less thank0 in some cases. Proposition 2 quanti�es the distance in

terms of Kullback-Leibler divergence between the true data generating model and

the likelihood under model miss-speci�cation asn approaches in�nity.

Proposition 2. Fix � 0; 	 0 � s0I p, k0, and assume thatk   k0. As n increases the

posterior distribution of � and 	 � sI p concentrates around� � and 	 � , satisfying:

KL pp� 0; 	 0q; p� � ; 	 � qq ¤
k0¸

j � k� 1

vj

s0
;

wherevj is the j th largest singular value of� 0� T
0 .

Unsurprisingly, the bound of Proposition 2 resembles the Eckart-Young theorem

for low-rank approximation based on the Singular Value Decomposition of a matrix.

The Eckart-Young theorem states that the rankk approximation 
̂ of a matrix 


minimizing the Frobenoius norm is such that||
̂ � 
 ||F �
b ° p

j � k� 1 v2
j . In a similar

fashion as Principal Component Analysis and Factor Analysis, we can inspect the

singular values of the correlation matrix of the regressors in order to choose the

number of factors to include in the model, and thanks to Proposition 2 we know how

far the posterior distribution will concentrate from the truth.

The next proposition provides a su�cient condition in order to achieve posterior

consistency whenk ¥ k0. Notice that we achieve posterior consistency on the induced

main e�ects and pairwise interactions.

Proposition 3. Fix � 0 � p ! 0; 
 0; � 2
0; � 0; 	 0; k0q. Wheneverk ¥ k0, for any � ¡ 0

there exists an� ¡ 0 such that:

t � : d8 p� 0; � q   � u € t � : KL p� 0; � q   � u

56



whered8 is the sup-norm.

One can easily de�ne a prior on � such that it places positive probability in any

small neighborhood of �0, according tod8 . The prior de�ned in 3.2.2 satis�es this

condition. Consequently, the posterior distribution of � is weakly consistent due to

Schwartz (1965).

3.4 Simulation Experiments

In this section we compare the performance of our FIN method with four other

approaches: PIE (Wang et al., 2019), RAMP (Hao et al., 2018), Family (Haris et al.,

2016) and HierNet (Bien et al., 2013). These methods are designed for inference

on interactions in moderate to high dimensional settings. We generate 25 and 50

covariates in three ways:

X i � Npp0; �� T � I pq; � i;j � N p0; 1q; (factor)

X i � Npp0; Wq; rWsi;j � 0:8|i � j |; (linear)

X i � Npp0; I pq: (independent)

In the factor scenario we set the true number of factors equal to 7 forp � 25

and equal to 17 whenp � 50. FIN achieved similar performance when we chose a

smaller number of latent factors. The average absolute correlation in the covariates

is between 0:25 and 0:3 for the factor and linear scenarios whenp � 25. These two

simulation scenarios are the most similar to the environmental epidemiology data

analysis in Section 3.5.

For each scenario, we generate the continuous outcome according to a linear

regression with pairwise interactions:

yi � X T
i � 0 � X T

i 
 0X i � � i ;

where half of the main e�ects are di�erent from zero and� i � N p0; 1q for i �

1; � � � ; 500. We distinguish between a sparse matrix of pairwise interactions 
0, with
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only 5% non-zero interactions, or dense, where 20% of the elements are di�erent from

zero.

For each value ofp we have six simulation scenarios: factor, linear or indepen-

dent combined with sparse or dense pairwise interactions. We generate the non-zero

main e�ects and interaction coe�cients from a Uniform distribution in the interval

p� 1; � 0:5q
”

p0:5; 1q such that the regression equation follows the strong heredity

constraint. Strong heredity allows an interaction between two variables to be in-

cluded in the model only if the main e�ects are. This is done to favor RAMP, Family

and HierNet, which assume the heredity condition. We repeat the simulations 50

times and evaluate the performance on a test dataset of 500 units computing predic-

tive mean square error, mean square error for main e�ects, Frobenious norm (FR) for

interaction e�ects, and percentage of true positives (TP) and true negatives (TN) for

main e�ects and interactions. The percentage of TP and TN main e�ects is de�ned

as follows:

TPpmain e�ectsq �
1
p

p¸

j � 1

1p^� j � 0; � 0j � 0; signp^� j q � signp� 0j qq

TNpmain e�ectsq �
1
p

p¸

j � 1

1p�̂ j � 0; � 0j � 0q;

where ^� j is the estimated main e�ect for featurej and � 0j is the true coe�cient. FIN

is the only method reporting uncertainty quanti�cation and we set ^� j � 0 whenever

zero is included in the 95% credible interval. We equivalently de�ne the percentage

of true positive and true negative interactions.

The MCMC algorithm was run for 5000 iterations with a burn-in of 4000. We

observed good mixing. In particular, the E�ective Sample Size (ESS) was always

greater than 900 across our simulations, both for main e�ects and interactions. We

set the hyperparametera of the Dirichlet-Laplace prior equal to 1{2. We obtained
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similar results for a in the interval r1{p; ps. The results are summarized in Table

3.1-3.2 forp � 25 and in Table 3.3-3.4 forp � 50. Across all the simulations, we

chosek such that
° k

j � 1 vj° p
j � 1 vj

¡ 0:9.

In the factor scenario, FIN outperforms the other methods in predictive perfor-

mance and estimation of main e�ects and interactions, whereas the rate recovery of

true main e�ects and interactions is comparable to HierNet and PIE with sparse 
0

and outperforms the other methods when 
0 is dense. The latter scenario is the most

challenging with respect to selection of main e�ects and interactions. Most of the

other methods either select or shrink to zero all the e�ects. In the linear scenario,

FIN also shows the best performance together with PIE and Hiernet. Despite the

model misspeci�cation with independent covariates, FIN has a comparable predic-

tive performance with respect to the other methods, which do not take into account

correlation structure in the covariates. The 95% predictive intervals provided by

FIN contained the true value ofyi on average approximately 95% of the time in the

factor scenario, 89% for the linear scenario, and 79% for the independent scenario.

The average bias in the posterior predictive mean is negligible in each simulation

scenario.

The optimization method performed by HierNet (Bien et al., 2013) tends to

favor interactions only in presence of large component main e�ects, and in doing

so overshrinks interactions estimates, especially in thedense scenario. Penalized

regression techniques PIE (Wang et al., 2019) and RAMP (Hao et al., 2018) tend

to over-shrink coe�cient estimates and select too few predictors, particularly in the

dense scenario. On the other hand, FAMILY (Haris et al., 2016) performs a relaxed

version of the penalized algorithm by re�tting an unpenalized least squares model,

which results in a high false positive rate of main e�ects. We also considered di�erent

signal-to-noise ratios with� i � N p0; 1
4qand � i � N p0; 4q. The results are very similar
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to the results we have presented; hence, we omit them.

3.5 Environmental Epidemiology Application

The goal of our analysis is to assess the e�ect of ten phthalate metabolites, four

per
uoroalkyl (pfas) metabolites and fourteen metals on body mass index (BMI).

Phthalates are mainly used as plasticizers and can be found in toys, detergents, food

packaging, and soaps. They have previously been associated with increased BMI

(Hatch et al., 2008) and waist circumference (WC) (Stahlhut et al., 2007). There

is a growing health concern for the association of phthalates (Kim and Park, 2014),

(Zhang et al., 2014) and pfas metabolites (Braun, 2017) with childhood obesity.

Metals have already been associated with an increase in waist circumference and

BMI, see Padilla et al. (2010) and Shao et al. (2017), using data from the National

Health and Nutrition Examination Survey (NHANES).

We also consider data from NHANES, using data from the years 2015 and 2016.

We select a subsample of 7602 individuals for which the measurement of BMI is not

missing, though FIN can easily accommodate missing outcomes through adding an

imputation step to the MCMC algorithm. Figure 3.4 contains a plot of the corre-

lation between exposures. Several pairwise correlations are missing, as for example

between pfas and most metals, because some chemicals are only measured within

subsamples of the data. The average absolute correlation between the 28 exposures

is around 0:28, similarly to the factor and linear simulation scenarios presented in

Section 3.4. We also include in the analysis cholesterol, creatinine, race, sex, ed-

ucation and age. We apply the log10 transformation to the chemicals, cholesterol

and creatinine. Histograms of the chemical measurements can be found in Figure

3.2. We also apply the log10 transformation to BMI in order to make its distribu-

tion closer to normality, which is the assumed marginal distribution in our model.

The log-transformation is commonly applied in environmental epidemiology in order
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Table 3.1: Results from simulation study withp � 25 and dense
 0 in the three
scenarios: factor, linear and independent forn � 500. We computed test error,
Frobenious norm, MSE for main e�ects, percentage of true positives and true neg-
atives for main e�ects and interactions for Hiernet, Family, PIE, RAMP and FIN
model with a � 0:5 across 50 simulations. Test error, FR, and main MSE are pre-
sented as ratios compared to the best performing model.

HierNet FAMILY PIE RAMP FIN

test error 1:974 16:689 7:067 64:717 1

FR 1:361 1:013 1:418 1:620 1

factor main MSE 1:167 1:062 1:807 4:225 1

TP main 0:920 0:988 0:155 0:270 0:753

TN main 0:067 0:007 0:921 0:773 0:475

TP int 0 :151 0:807 0:105 0:037 0:699

TN int 0 :889 0:233 0:929 0:962 0:387

test error 1 2:662 1:688 6:309 1:565

FR 1 1:049 1:075 1:289 1:016

linear main MSE 2:421 1 1:766 4:259 1:263

TP main 1 0:996 0:177 0:301 0:572

TN main 0:002 0:005 0:904 0:805 0:718

TP int 0 :532 0:818 0:280 0:028 0:635

TN int 0 :849 0:278 0:887 0:968 0:570

test error 1 6:150 2:759 10:729 7:128

FR 1:175 1:548 1 2:042 1:654

independent main MSE 1 1:529 1:756 2:446 2:031

TP main 1 1 0:241 0:074 0:302

TN main 0 0:002 0:930 0:985 0:888

TP int 0 :989 0:952 0:641 0:005 0:412

TN int 0 :937 0:414 0:908 1:000 0:914
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Table 3.2: Results from simulation study withp � 25 and sparse 
 0 in the three
scenarios: factor, linear and independent forn � 500. We computed test error,
Frobenious norm, MSE for main e�ects, percentage of true positives and true neg-
atives for main e�ects and interactions for Hiernet, Family, PIE, RAMP and FIN
model with a � 0:5 across 50 simulations. Test error, FR, and main MSE are pre-
sented as ratios compared to the best performing model.

HierNet FAMILY PIE RAMP FIN

test error 1:284 5:274 1:206 4:225 1

FR 1:189 1:259 1 2:157 1:284

factor main MSE 3:430 1:560 1 1:590 1:312

TP main 0:667 0:823 0:698 0:583 0:812

TN main 0:445 0:259 0:863 0:834 0:716

TP int 0 :514 0:839 0:562 0:031 0:448

TN int 0 :959 0:580 0:974 0:965 0:941

test error 1:199 5:271 1 5:060 1:486

FR 3:889 6:859 1 7:916 5:370

linear main MSE 1 3:563 1:387 1:392 1:726

TP main 1 0:845 0:857 0:952 0:976

TN main 0:484 0:272 0:845 0:815 0:807

TP int 0 :970 0:887 0:964 0:077 0:917

TN int 0 :970 0:645 0:987 0:975 0:894

test error 1:425 9:685 1 12:746 3:438

FR 12:956 18:036 1 21:604 9:607

independent main MSE 1 6:082 3:056 4:326 3:055

TP main 1 0:830 0:860 0:630 0:900

TN main 0:418 0:585 0:847 0:915 0:898

TP int 1 0:852 1 0:071 0:921

TN int 0 :993 0:868 0:990 0:995 0:957

62



Table 3.3: Results from simulation study withp � 50 and dense
 0 in the three
scenarios: factor, linear and independent forn � 500. We computed test error,
Frobenious norm, MSE for main e�ects, percentage of true positives and true neg-
atives for main e�ects and interactions for Hiernet, Family, PIE, RAMP and FIN
model with a � 0:5 across 50 simulations. Test error, FR, and main MSE are pre-
sented as ratios compared to the best performing model.

HierNet FAMILY PIE RAMP FIN

test err 1 5:011 4:080 29:464 1:207

FR 1:317 1 1:369 1:098 1:021

factor main MSE 1:557 1 1:385 3:383 1:255

TP main 0:974 1 0:053 0:056 0:741

TN main 0:027 0:002 0:975 0:961 0:467

TP int 0 :135 0:858 0:072 0:002 0:662

TN int 0 :911 0:171 0:951 0:998 0:388

test err 1 1:547 2:100 4:717 1:781

FR 1:167 1 1:165 1:102 1:045

linear main MSE 14:006 1 1:873 3:267 1:827

TP main 1 1 0:071 0:034 0:114

TN main 0 0 0:945 0:968 0:913

TP int 0 :332 0:798 0:068 0:002 0:147

TN int 0 :866 0:280 0:966 0:998 0:902

test err 1 1:072 1:251 1:322 1:239

FR 1:211 1 1:112 1:140 1:105

independent main MSE 9:340 1:565 1:295 1:378 1

TP main 1 1 0:091 0:013 0

TN main 0 0 0:947 0:996 1

TP int 0 :516 0:861 0:082 0 0:0002

TN int 0 :810 0:308 0:991 1 1
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Table 3.4: Results from simulation study withp � 50 and sparse 
 0 in the three
scenarios: factor, linear and independent forn � 500. We computed test error,
Frobenious norm, MSE for main e�ects, percentage of true positives and true neg-
atives for main e�ects and interactions for Hiernet, Family, PIE, RAMP and FIN
model with a � 0:5 across 50 simulations. Test error, FR, and main MSE are pre-
sented as ratios compared to the best performing model.

HierNet FAMILY PIE RAMP FIN

test error 2:755 16:096 3:381 24:331 1

FR 1 1:184 1:103 1:358 1:168

factor main MSE 1:367 1:209 1:183 1:853 1

TP main 0:825 0:958 0:415 0:264 0:812

TN main 0:225 0:067 0:890 0:934 0:606

TP int 0 :631 0:940 0:485 0:014 0:645

TN int 0 :966 0:264 0:967 0:995 0:893

test error 1 5:894 1:168 8:743 3:281

FR 1:122 1:990 1 2:154 2:114

linear main MSE 1 1:751 1:614 2:148 1:674

TP main 1 0:900 0:496 0:342 0:696

TN main 0:208 0:141 0:856 0:954 0:787

TP int 0 :952 0:875 0:731 0:014 0:726

TN int 0 :972 0:560 0:972 0:997 0:877

test error 1 7:881 1:738 10:984 10:288

FR 1:595 2:588 1 2:884 2:762

independent main MSE 1 2:687 2:859 3:573 4:116

TP main 1 1 0:350 0:062 0:112

TN main 0:054 0:012 0:919 1 0:979

TP int 1 0:985 0:753 0 0:025

TN int 0 :979 0:355 0:979 1 1
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to reduce the in
uence of outliers and has been employed in several studies using

NHANES data (Nagelkerke et al., 2006), (Lynch et al., 2010), (Buman et al., 2013).

We leave these transformations implicit for the remainder of the section.

We assume a latent normal structure for the chemicals, which are included in

the matrix X , and use the other variables as covariates, which are included in the

matrix Z . We estimate a quadratic regression according to modelp2q. We specify

independent Gaussian priors for elements of� and �. Algorithm 3 can be easily

adapted for modelp2q. The matrix X has 60% missing data and Figure 3.3 contains

a plot of the missingness pattern. Since we are modeling the chemical measurements,

we can simply add a sampling step to the MCMC algorithm to sample the missing

data according to p2q. Similarly, 0:4% of chemicals have been recorded under the

limit of detection (LOD). In order to be coherent with our model we can sample

these observations as:

X ij |X ij P r�8 ; log10pLOD j qs � TNp� T
i � j ; � 2

j ; �8 ; log10pLOD j qq

where LODj is the limit of detection for exposurej and TNp�; � 2; a; bqis a truncated

normal distribution with mean � , variance� 2 and support in ra; bs. We imputed the

missing data using MICE (White et al., 2011) to compute the correlation matrix of

chemicals. We noticed from the Eigendecomposition of the correlation matrix that

the �rst 13 eigenvectors explain more than 90% of the total variability; hence we set

the number of factors equal to 13.

Figure 3.4 on the right shows the posterior mean of the matrix of factor loadings

�, before and after applying the MatchAlign algorithm of Chapter 6, which resolves

rotational ambiguity and column label switching for the posterior samples of �. The

matrix of factor loadings re
ects the correlation structure of the chemicals. We

can distinguish three families of chemicals: metals collected from urine, pfas and

phathalates. The pfas chemicals load mostly on the 1st factor, the metals from urine
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on the 8th factor together with the phthalates, which is expected since there is high

correlation between the two groups of chemicals. Finally, a group of highly correlated

phthalates loads on the 13th factor.

We also estimated a regression with pairwise interactions using the methods PIE,

RAMP, Family and HierNet introduced in Section 3.4. These methods do not directly

deal with missing data, so we imputed the missing data using MICE (White et al.,

2011). Figure 3.5 shows the estimated main e�ects of the chemicals. The signs of

the coe�cients are generally consistent across di�erent methods.

Figure 3.6 shows the posterior mean of the matrix of chemical interactions and

of the matrix AT � of pairwise interactions between exposures and covariates. As

expected, we estimate a \dense" matrix of interactions. This is due to exposures

being breakdown products of the same compound and high correlation between

chemicals belonging to the same family. For example the correlation between the

pfas metabolites is equal to 0:7, with only 1977 observations containing complete

measurements. Interactions between highly correlated pfas metabolites have been

observed in animal studies (Wolf et al., 2014), (Ding et al., 2013). Linear (Henn

et al., 2011), (Lin et al., 2013) and nonlinear interactions (Valeri et al., 2017) be-

tween metals have been associated with neurodevelopment. Interactions between

phathalates and other chemicals have been related to human semen quality (Hauser

et al., 2005). Finally, we estimate several interactions between chemicals and age,

cholesterol and creatinine, which are usually expected in environmental epidemiology

applications (Barr et al., 2004). The code for reproducing the analysis is available

at https://github.com/fedfer/factor_interactions .

3.6 Structural Equation Modeling of Interactions

In applied �elds such as epidemiology, multivariate outcomes are routinely collected

in many studies and it can be misleading to consider outcomes one at a time in
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analyses (Schwartz et al. (2010), Samoilenko et al. (2018)). Deleforge et al. (2015)

use inverse multivariate regression and addresses non-linearity using a kernel method.

Using an interaction screening approach, Kong et al. (2017) suggest a two-stage

method for identifying interactions for multivariate outcomes without relying on the

heredity assumption, and Pan et al. (2019b) propose a more 
exible model building

on Kong et al. (2017). However, none these methods report parameter uncertainty.

To address the problem of quadratic regression in high-dimensional settings with

correlated covariates and outcomes, we propose to use a Bayesian approach to in-

ference with Structural Equation Models (SEM). SEMs are a natural generalization

of factor analysis to multivariate outcomes and have been successfully employed for

multilevel data (Ansari and Jedidi, 2001) and nonlinear structures (Lee et al., 2004).

Dimension reduction in SEM is realized by the estimation of latent factors for out-

comes and covariates. Moreover, similar to principal component regression, SEM

directly characterizes correlated predictors and responses using latent factors.

Let Yi � p yi 1; � � � ; yiqq denote a vector of continuous health responses for indi-

vidual i , and X i � p x i 1; � � � ; x ip qT denote a vector of exposure measurements, for

i � 1; :::; n. Our goal is to jointly model the impact of the exposure measurements

on the outcomes and estimate interaction e�ects. We propose to use a structural

equation model, and we model the dependence between the outcome and the predic-

tors via the latent variables. Expanding on the Quasi-ML model proposed by Klein

and Muth�en (2007), which constrains the response vector to load on a single latent

factor, we consider a SEM with a quadratic form. Normalizing data prior to analysis
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so we can omit the intercepts, we let:

Yi � � y � i � � y;i ; � y;i � Nqp0; � q

X i � � x � i � � x;i ; � x;i � Npp0; 	 q

� i � � � i � 
 p� i q � � �;i ; � �;i � Nmp0; � � q

� i � Nkp0; � � q;

(3.4)

where � y and � x are factor loading matrices of dimensionsq� m and p � k, respec-

tively, �,	, � � and � � are all diagonal matrices, and � is a matrix of dimension

m � k. 
 p� i q is an m � 1 vector such that thej th element is equal to� T
i 
 j � i , with


 j being ak � k matrix containing the coe�cients of the pairwise interactions of� i

on � ij .

Proposition 4. Under Model (3.4), the following is true:

E pYi |X i q � � y

�
� AX i � Ep
 p� i q|X i q

�
;

whereA � V � T
x 	 � 1 and V � p � T

x 	 � 1� x � � � 1
� q� 1. Ep
 p� i q|X i q is an m � 1 vector

such that thej th element is equal toEp� i 
 j � i |X i q, for j � 1; :::; m. In particular we

have that:

Ep� i 
 j � i |X i q � tr p
 j Vq � X T
i pAT 
 j AqX i : (3.5)

Corollary 5. The induced main e�ects and interaction e�ects of Proposition (4) are

identi�able.

In epidemiology studies, it is of interest to include interactions between chemical

exposures and demographic covariates. The covariates are often binary variables,

like race or sex, or continuous variables that are non-normally distributed, likeage.

Hence, we do not want to assume a latent normal structure for the covariates. De-

noting Z i � p zi 1; � � � ; zi` qT as a vector of covariates, we can modify Model (3.4) to

include main e�ects for Z i :

Yi � �Z i � � y � i � � y;i ; (3.6)
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where� is a q� ` matrix, representing main e�ects for the covariates. If we are also

interested in interactions between the e�ect modi�ers and the chemical exposures,

we can further modify (3.4) as follows:

� i � � � i � 
 p� i q � � p� i q � � �;i ; (3.7)

where � p� i q is an m � 1 vector whosej th element is� i � j Z i , with � j being ak � `

matrix of interaction coe�cients between the latent variables and the covariates. Fol-

lowing Proposition 4, we can show that this speci�cation induces interaction e�ects

between covariates and chemical measurements.

Corollary 6. Adding (3.7) to Model (3.4), we have that:

E pYi |X i q � � y

�
� AX i � Ep
 p� i q|X i q � Ep� p� i q|X i q

�
� �Z i ;

whereA and Ep
 p� i q|X i qare de�ned in Proposition 4. Ep� p� i q|X i qis an m� 1 vector

such that thej th element is equal toE
�
� T

i � j Z i |X i

�
, for j � 1; :::; m. In particular,

E
�
� T

i � j Z i |X i

�
� X T

i pAT � j qZ i :

3.7 Discussion

We proposed a novel method that exploits the correlation structure of the predictors

and allows us to estimate interaction e�ects in high dimensional settings, assuming

a latent factor model. Using simulated examples, we showed that our method has

a similar performance to state-of-the-art methods for interaction estimation when

dealing with independent covariates and outperforms the competitors when there is

moderate to high correlation among the predictors. We provided a characterization of

uncertainty with a Bayesian approach to inference. Our FIN approach is particularly

motivated by epidemiology studies with correlated exposures, as illustrated using

data from NHANES.
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NHANES data are obtained using a complex sampling design, that includes over-

sampling of certain population subgroups, and contains sampling weights for each

observation that are inversely proportional to the probability of begin sampled. We

did not employ sampling weights in our analysis because our goal was to study the

association between exposures and BMI rather than providing population estimates.

One possibility to include the sampling weights in our method is to jointly model

the outcome and the survey weights (Si et al., 2015), without assuming that the

population distribution of strata is known.

Our MCMC algorithm can be e�ciently employed for n and p in the order of

thousands and hundreds respectively, which allows us to estimate around 5000 in-

teractions whenp � 100. However, it is necessary to speed up the computations in

order to apply our method to biggerp, which is common with genomics data. The

computational bottleneck is the Metropolis Hastings step described in 3.2.2. One

possibility is to include the heredity constraint (Chipman, 1996) while estimating

the factors.

In order to allow departures from linearity and Gaussianity, it is of interest to

model the regression on the health outcome as a non-linear function of latent factors.

Non parametric latent models have desirable properties in term of convergence rates

(Zhou et al., 2017) and large support for density estimation (Kundu and Dunson,

2014). Verma and Engelhardt (2018) developed a dimension reduction approach

with latent variables for single cell RNA-seq data building on Gaussian process la-

tent variable models (GP-LVM). Although attractive from a modeling perspective,

a major challenge is e�cient posterior computation. Another promising direction to

decrease modeling assumptions is to rely on a copula factor model related to Murray

et al. (2013).
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Figure 3.1 : Induced priors on main e�ects, pairwise interactions and 3rd order
interactions for p � 20 andk � 5; 10. The green lines corresponds to 0:25 and 0:75
quartiles and the red lines to the 0:05 and 0:95.
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Figure 3.2 : Histograms of the chemicals measurements included in the matrixX .

72



Figure 3.3 : Pattern of Missing data in the matrix X including the chemical mea-
surements.
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