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Abstract

For the petroleum industry, layered medium subsurface detection plays an impor-

tant role in discovering reservoirs and drilling wells. In geophysics, resistivity is an

essential property for distinguishing formation layers or even small fractures. Well

logging with electromagnetic induction tools can measure the subsurface resistiv-

ity. This measurement includes two steps: 1) directly measure the low-frequency

response signals using the tool and 2) determine the subsurface geometric model and

resistivity. The problem is that no formula can directly calculate the resistivity from

the measured tool responses. A systematic solution is to combine forward electro-

magnetic simulations and inversion of the subsurface model. In this dissertation,

two categories of inversion are investigated: Determine the proper subsurface model

by 1) optimizing the objective function, such as data misfit, and 2) training a sur-

rogate model for the inverse mapping. Many forward simulations are demanded for

either estimating the data misfit of new candidate models or collecting data for train-

ing. Therefore, efficient electromagnetic simulation is critical for resistivity logging.

From complex to simple, three types of simulation are discussed: 1) borehole simu-

lation with real tool configuration, 2) borehole simulation with point sources as the

virtual tool, and 3) simplified layered medium simulation with virtual tool. Three

optimal methods are implemented, respectively: the domain decomposition method,

the finite element boundary integral method, and the analytical method. The tool

calibration and the borehole effects are studied in the comparison of these simula-
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tions. Ideally, the simplest forward simulation should be used in the inversion, and

the additional effects can be extracted as correction terms. The optimization-based

inversion of the formation model uses simulations of a virtual tool in the layered

medium. The Occam inversion or Monte Carlo Markov chain can minimize the data

misfit. Another special simulation for small fractures using the thin dielectric sheet

approximate method collects the dataset of fracture models. Fracture parameters

such as resistivity, extension, and tilt angle are accurately determined by machine

learning methods. The surrogate model also tends to predict fracture properties

correctly, even for the complete simulation result.
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1

Introduction

1.1 Triaxial Well Logging

Well logging is the practice of recording the geological formation penetrated by a

borehole. The borehole can be drilled for oil, gas, groundwater, mineral and geother-

mal exploration. The log may be based on visual inspection of samples brought to the

surface (geological logs) or on physical measurements made by instruments lowered

into the hole (geophysical logs). The oil and gas industry uses wireline logging to

obtain a continuous record of rock properties. It is carried out by lowering a logging

tool at the end of a wire line into the borehole and recording petrophysical properties

using a variety of sensors. Logging tools developed over the years measure natural

gamma rays, electrical, acoustic, nuclear magnetic resonance, and other properties of

rocks and their contained 
uids.1 In this work, we focus on the electrical resistivity

log using induction tools. Resistivity is the ability to impede the 
ow of electrical

current, expressed in 
�m. In general, it helps to distinguish the formation �lled with

salty water (good conductor) from that �lled with hydrocarbons (poor conductor).

Transmitters (T) and receivers (R) are fundamental components of the electro-

1 Resource: https://en.wikipedia.org/wiki/Well logging
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magnetic induction tool for resistivity measurement. Transmitters broadcast a con-

stant frequency signal. The signal travels through the formation and is picked up by

the receivers. Fig. 1.1a illustrates the theory of coaxial induction measurement.2 An

alternating current in the transmitter coil generates an alternating primary magnetic

�eld around the tool. This primary magnetic �eld generates eddy currents that 
ow

around the tool in the formation, causing an alternating secondary magnetic �eld

that is proportional to the formation conductivity. This secondary magnetic �eld,

together with the primary �eld, is sensed by the receiver coils as an induced voltage

[MK62, KCG89, CLST89]. To easily think of the tool signal in conductivity units,

receiver voltages can also be scaled to apparent conductivity [KPZ01, WBM� 06]. If

the receiver coil is oriented orthogonally to the transmitter coil, no voltage will be

induced in a homogeneous isotropic formation. If the formation is a layered medium,

the orthogonal coils will have a non-zero induced voltage. As shown in Fig. 1.1b,

the magnetic �eld at the orthogonal receiver is the image �eld due to the formation

inhomogeneity. Since the tool can also rotate about the tool axis, all components

in the x, y, and z directions are measured. Compared to coaxial or orthogonal mea-

surements alone, triaxial measurements provide more information about formation

[HBOH03, RBB� 03, YNLQ10, Dav10, XKY� 16, OHE� 06a, WBW� 13].

The well logging tool, also called the bottomhole assembly (BHA), typically con-

sists of the drilling bit, the rotary steerable system (RSS) and mapping-while-drilling

(MWD) or logging-while-drilling (LWD) tools. Fig. 1.2 shows an example of the tool

used in the Schlumberger GeoSphere service [SLM� 14]. The transmitter subsegment

(Tx) is placed as close to the bit as possible. Each receiver subsegment (Rx) has

three tilted antennas with 120� azimuthal separation. The transmitter and receiver

(TR) spacing of the GeoSphere is large (>10 m) because it is designed for ultradeep

directional resistivity measurements. The shallow resistivity measurement LWD tool,

2 Resource: Baker Hughes ViziTrak manual
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(a) (b)

Figure 1.1 : Physical theory of triaxial induction measurement. (a) Coaxial TR
pair. (b) Orthogonal TR pair.

Figure 1.2 : GeoSphere tool with approximate transmitter and receiver o�sets from
the bit.

Figure 1.3 : PeriScope tool with a set of directional transmitters and receivers.

between Tx and Rx1, can be PeriScope. The inclusion of a PeriScope will provide

enhanced resolution to the GeoSphere service with a measurement point near the

bit. Fig. 1.3 shows the antenna layout of the PeriScope tool [OHE� 06b]. The trans-

mitters T1 to T5 and the receiversR1, R2 are aligned with the tool axis. At both

ends of the tool, there are two 45� tilted receiversR3 and R4. The transmitter T6 is

orthogonal to the tool axis. The longest TR spacing (T5; R4 and T4; R3) is 2.4 m.
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Figure 1.4 : Illustration of landing the tool at di�erent positions.

Among the phases of a well's history: drilling, completing, producing, or abandon-

ing, we focus on the drilling, especially the logging-while-drilling techniques. Real-

time resistivity measurement helps drilling engineers make immediate decisions about

the future of the well and the direction of drilling. Fig. 1.4 shows an important ap-

plication of the GeoSphere service: landing optimization.3 Successfully placing and

drilling a horizontal well requires the driller to land the BHA in an optimal position

to maximize reservoir contact. If a well is landed too shallow with respect to the top

reservoir, a great interval of the lateral section must be drilled without oil produc-

tion. If the tool is landed too deep, it will trap the attic oil above the lateral section.

Accurate information about layer interfaces is critical for optimal geo-steering and

landing. Using the PeriScope tool can determine the resistivity in a shallow range,

which is insu�cient for the optimal landing because adjusting the drilling direction

requires su�cient depth. The GeoSphere tools with large TR spacing have the po-

tential to measure the resistivity in an ultradeep scope. Other applications of triaxial

tools include reducing the need for pilot wells, horizontal geosteering in multilayer

reservoirs, and reservoir mapping [YLL� 22, STM� 21, SBZ� 18, TO17].

3 Resource: Schlumberger GeoSphere manual
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1.2 The Inversion of Resistivity

No matter whether the PeriScope tools or the GeoSphere tools are used in resistivity

logging, the directly measured physical value is the induced voltage on the receiver

coil, which is proportional to the magnetic 
ux that penetrating the loop. However,

the physical property required for geosteering or subsurface mapping is electrical

resistivity. The tool theory tells us that the secondary voltage is sensitive to the for-

mation resistivity. We do not have the deterministic formula for calculating the resis-

tivity with the receiver voltage. Therefore, the resistivity measurement in Section 1.1

actually includes two steps: 1) perform the triaxial measurement to collect receiver

voltages and 2) inversely determine the formation resistivity [CL94, LC96, SL04].

The inversion of resistivity is based on the fact that the receiver voltage is deter-

ministic if the formation properties are known. The well logging is such a forward

process: formation is already there, the receiver voltage is measured. Denoting the

formation model asm and the data (voltages) asd, their mapping is expressed as

d � Fpmq: (1.1)

From the measurement, we only know the outputd. The input m is unknown.

The forward function F is approximated by electromagnetic simulations. The more

realistic the simulation model, the better an approximation to the real mapping of

the measurement, while more expensive.

The complete forward simulation should consider the real tool structures, the

borehole, formation of the layered medium, and the invaded zone formed during the

drilling process. The electromagnetic properties of these elements are di�erent. The

�nite element method (FEM) should be used. If the real tool moves and rotates in

the borehole, a series of similar simulations will be required. The domain decom-

position method (DDM) can improve e�ciency by reusing the matrix of the stable

subdomains.
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The tool calibration helps simplify the complete simulation by using the virtual

tool, i.e. magnetic dipoles. The advantage of using point source and receiver is that

the �nite element matrix remains the same for all tool locations. Furthermore, with

the help of the layered medium Green's function (LMGF), the FEM boundary can

be truncated at the surface of the invaded zone, and the surface integral equation

(SIE) can be used as the boundary condition.

The simplest simulation is to operate the virtual tool directly in the layered

medium, where the borehole e�ect and the invasion correction are ignored. An

analytical method using the re
ection and transmission coe�cients is available for

this kind of simulation.

From complex to simple, we have introduced three types of forward simulation.

In addition, we have at least two categories of resistivity inversion methods: 1)

optimizing the formation model m � to minimize data mismatchd � Fpm � q and 2)

training a surrogate model based on the dataset oft d; mu to perform the inverse

prediction:

m � F � 1pdq: (1.2)

If su�cient data are available, both forward mapping F and inverse mapping

F � 1 can be replaced by surrogate models. However, our experiments indicate that

training an accurate surrogate model to replace the forward simulation is di�cult.

For the optimization method, forward simulations are required to estimate the

data mis�t for each candidate formation model. For the method of training surro-

gate models, forward simulations are required to collect data. Therefore, forward

simulation is the essential core of resistivity inversions. In the next section, we will

introduce the basic formulations for the simulations.
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1.3 Basic Formulations

1.3.1 Maxwell's Equations

The equations in this Section are summarized based on Prof. Liu's classnote and the

books [Jin11, SS11]. Maxwell's equations are fundamentals of the electromagnetic

world. The time harmonic (ej!t ) version can be written as:

r � E � � j!� H � M ; (1.3)

r � H � j!� E � J; (1.4)

r � p� Eq � � e; (1.5)

r � p� H q � � m : (1.6)

If the frequency is zero, the electric �eld and magnetic �eld are uncoupled and can

be solved independently. Otherwise, the vector wave equations should be solved.

The �elds associated with electric sourcesJ; � e and magnetic sourcesM ; � m can be

separated. According to the duality theorem, the �elds associated with the magnetic

sources can be easily obtained from the �elds associated with the electric sources.

To calculate the �elds associated with electric sources, setM � 0 in (1.3) and

� m � 0 in (1.6). The magnetic 
ux can be formulated by the curl of an auxiliary

vector because the Gauss's law (1.6) indicates that it is a divergence-free vector:

B � � H � r � A : (1.7)

Substituting (1.7) into (1.3), a curl-free vector can be represented by the gradient of

an auxiliary scalar.

r � p E � j! A q � 0 � r � p� r ' q: (1.8)
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The Ampere's law (1.4) can be written in terms of the auxiliary magnetic vector

potential A and the electric scalar potential' :

r pr � A q � r 2A � � j!�� r ' � k2A � � J: (1.9)

wherek � !
?

�� is the wave number and the permeability is assumed to be constant.

The scalar Green's function and sommerfeld radiation condition will be derived based

on (1.9). If the permeability is location dependent, numerical methods should be used

to solve a vector wave equation such as:

r �
�

1
� prq

r � Eprq



� ! 2� prqEprq � � j! J imp prq; (1.10)

which is obtained by substituting (1.4) into the curl of Faraday's law (1.3). All pa-

rameters are position dependent. This di�erential equation together with boundary

conditions should be solved by the �nite element method. Previously,J can rep-

resent real impressed source or virtual equivalent source. To distinguish from the

equivalence currents, the impressed source is noted byJ imp . The M imp � 0 is used

for the derivation of (1.10) because magnetic current does not exist.

Recalling the magnetic vector potentialA, it is an auxiliary parameter without

speci�c physical meaning. (1.7) speci�es its curl. Its divergence should also be

speci�ed to make the solution unique. Lorenz's gauger � A � � j!��' is commonly

used, which can simplify (1.9) to the vector Helmholtz equation:

r 2A � k2A � � � J: (1.11)

Once A is solved, E and H can be easily calculated using (1.7) and (1.8). For

the second-order vector partial di�erential equation (PDE) of the form (1.11), the

solution vector can be expressed as

A prq � �
½

V

Jpr 1qGpr ; r 1qdv1; (1.12)
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where Green's functionGpr ; r 1qis the pulse response of a point source atr 1. Because

the curl operator in (1.11) works onr while the integral in (1.12) works onr 1, the

integral can be taken out when substituting (1.12) into (1.11):

½

V

rr 2Gpr ; r 1q � k2Gpr ; r 1qsJpr 1qdv1 � �
½

V

� pr � r 1qJpr 1qdv1: (1.13)

The vector PDE (1.11) then becomes a scalar PDE by using the general solution in

the form of (1.12):

r 2Gpr ; r 1q � k2Gpr ; r 1q � � � pr � r 1q: (1.14)

The analytical solution with reasonable physical meaning is selected:

Gpr ; r 1q �
e� jk |r � r 1|

|r � r 1|
: (1.15)

It represents the spherical wave propagating outward from the source locationr 1.

E-�eld and H-�eld can be obtained by substituting Green's function and magnetic

vector potential backward. In the far �eld (r ¡¡ r 1) approximation, E and H are

perpendicular to the propagation direction and satisfy a simple relationship:

r̂ � E � � H ; (1.16)

where r̂ is the unit radial vector in spherical coordinates and� �
a

� { � is the wave

impedance. It also makes sense that a spherical wave becomes a plane wave after

propagating a long distance. Substituting (1.16) into (1.3), the Sommerfeld radiation

condition for E-�eld is expressed as:

lim
r Ñ8

r pr � E � jk r̂ � Eq � 0: (1.17)

Note that the selected Green's function (1.15) also satis�es the Sommerfeld radiation

condition.
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For any electric source in a homogeneous background, the �elds can be easily

calculated using the magnetic vector potentialA . The use of Green's function makes

the radiation boundary condition already satis�ed. Similarly, for any magnetic source

in a homogeneous background, the electric vector potentialF should be used.

Fprq � �
½

V

M pr 1qGpr ; r 1qdv1: (1.18)

Following the principle of superposition, the electric �eld in a homogeneous back-

ground can be formulated as follows:

E � EA � EF � � j! rA �
1
k2

r pr � A qs �
1
�
r � F: (1.19)

1.3.2 Surface Integral Equations

If there are some homogeneous dielectric objects in the homogeneous background,

the tangential components of the electric and magnetic �eld must be continuous

across the interfaceS. The surface current can be used to enforce such a boundary

condition:

� M s � n̂i � E i � n̂i � E inc
i � n̂i � Esct

i ; i P tin; outu: (1.20)

where n̂i is the normal vector towards the mediumi . Furthermore, the scattering

�eld can be calculated from the induced surface currents using (1.19). The surface

electric �eld integral equations (EFIE) are formulated as follows:

n̂i � E inc
i � � M s � n̂i � r � i L i pJsq � K i pM sqs; i P tin; outu; (1.21)

where the integral operatorsL i and K i are de�ned:

L i pJspr 1qq � � jk i

¼

S

Jspr 1qGi pr ; r 1qds1 �
j
ki

r

�

� r �
¼

S

JsGi pr ; r 1qds1

�




� � jk i

¼

S

�
Jspr 1q �

1
k2

i
r pr 1 � Jsq

�
Gi pr ; r 1qds1; (1.22)
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and

K i pM spr 1qq � � r �
¼

S

M sGi pr ; r 1qds1 �
¼

S

M s � r Gi pr ; r 1qds1; (1.23)

where the integral over the source volume becomes the surface integral for these

induced surface currents. The symmetry of Green's function and some vector iden-

tities are used to derive the simpli�ed expressions. The method of moment (MoM)

can solve the SIE like (1.21) by discretizing the surface currents using divergence-

conforming vector basis functions whose normal component should be continuous

between adjacent elements.

1.3.3 Volume Integral Equations

For inhomogeneous objects in the homogeneous background, surface integral equa-

tions do not work because the simple Green's function (1.15) derived in a homoge-

neous medium becomes invalid inside the object. Instead, equivalent volume current

sources can be used in order to treat the object as transparent (the same as the

background): Jeq � j!� b� � E and M eq � j!� b� � H , where � � � p � � � bq{� b and

� � � p � � � bq{� b. The equivalent currents are nonzero only inside the object. After

extracting the equivalent currents, the object should be assigned the same material as

the background. The E �eld in homogeneous medium generated from the equivalent

currents can be formulated by (1.19). H-�eld has similar expressions.

Note that the E and H used to calculate the induced equivalent currents are the

total �elds. When the object is made transparent, the incident �eldsEb and H b

in the background are determined by the incident sources. The volume EFIE and
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magnetic �eld integral equation (MFIE) can be formulated as

Ebprq �
D prq

�
�

1
� b

rk2
b � rr �s

½

V

� 1
� pr

1qD pr 1qGbpr ; r 1qdv1

� j! r �
½

V

� 1
� pr 1qBpr 1qGbpr ; r 1qdv1; (1.24)

and

H bprq �
Bprq

�
�

1
� b

rk2
b � rr �s

½

V

� 1
� pr 1qBpr 1qGbpr ; r 1qdv1

� j! r �
½

V

� 1
� pr

1qD pr 1qGbpr ; r 1qdv1: (1.25)

In the volume integral equations (VIE), 
ux D and B are used as unknown vectors

because their normal components are continuous at the interfaces between di�erent

materials. To solveD and B inside the object, both volume EFIE and MFIE should

be considered. Similar to SIE, divergence-conforming basis functions should be used.

Both SIE and VIE are formulated based on the simple fact that the total �eld

is equal to the sum of incident �eld and scattering �eld. The total �eld can be

converted to the equivalent current, while the scattering �eld can also be calculated

from the incident equivalent current. The main advantage of integral methods is

that they solve the electromagnetic problem using minimal unknowns. For exam-

ple, only the unknownsJs and M s on the surfaces of homogeneous objects or the

unknowns D and B inside the inhomogeneous objects are required to solve. Once

these unknowns have been solved, scattering �elds everywhere can be easily calcu-

lated using (1.19) with Green's function. However, the methods based on integral

equations are also restricted by Green's function. Its analytical expression can only

be determined for some special types of media such as homogeneous medium or pla-

nar/cylindrical/spherical layered medium. For other irregular inhomogeneous media,
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a simple Green function such as (1.15) is not available. In these cases, a more general

�nite element method should be used.

1.3.4 Finite Element Method

In electromagnetics, FEM is used to solve a wave equation such as (1.10). Un-

knowns are directly associated withE instead of the equivalent current densities.

Therefore, the limitations of Green's function do not exist in FEM, which makes it

suitable for solving scattering problems with an inhomogeneous medium. In fact,

FEM is also good at solving �elds in cavity, wave guide, and other microwave de-

vices. Generally, all these problems can be abstracted as a boundary value problem.

The typical boundary conditions for electric �elds are the Dirichlet condition on the

conductor surfaces and the mixed (Neumann and Dirichlet) boundary condition on

the impedance surfaces:

n̂ � Eprq � P; r P � D ; (1.26)

and

n̂ �
�

1
� r

r � Eprq



�
jk 0

� r
n̂ � p n̂ � Eprqq � K N ; r P � N ; (1.27)

where P is the tangential electric �eld on the Dirichlet boundary � D . K N is the

source term on the impedance boundary.

To solve the boundary value problem speci�ed by (1.10), (1.26) and (1.27), a

weight function W i should be multiplied in the wave equation (1.10). After using

some vector identities and Gauss's divergence theorem, the weak form equations to
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be solved by FEM can be written as

½

V

�
1
� r

pr � W i q � pr � Eq � k2
0� r W i � E

�
dv

� � jk 0� 0

½

V

W i � J imp dv �
¼

� D

1
� r

p̂n � W i q � pr � Eqds

�
¼

� N

�
jk 0

� r
p̂n � W i q � p̂n � Eq � W i � K N

�
ds (1.28)

1.4 Overview

As summarized in Fig. 1.5, four types of forward solvers and two types of inversion

methods will be discussed. Complicated simulations are used to design/calibrate the

tool or reproduce the well logging data. Simple simulations are used directly in the

inversion algorithms. The details are discussed:

ˆ In Chapter 2, complete simulations including the operations of real triaxial

tool are solved by the loop-tree basis DDM (LT-DDM). The loop basis and

tree basis functions help to resolve the low-frequency breakdown.

ˆ In Chapter 3, the virtual tool is used in well logging simulations. The optimal

forward solver uses the loop-tree basis �nite element boundary integral (LT-

FEBI) method. Tool calibration factors can be extracted by comparing the

simulation of a real tool with a virtual tool.

ˆ In Chapter 4, the geological model is simpli�ed to the formation of the layer

medium, and the e�ect of the borehole is ignored. With the fast forward solver,

two optimization-based inversion methods are introduced: Occam's inversion

and the Monte Carlo Markov chain (MCMC).
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Figure 1.5 : Overview of this dissertation, including four types of forward simulation
and two types of model inversion.

ˆ In Chapter 5, the fracture, which divides the rock into two or more pieces, is

considered in the homogeneous formation. The thickness and extension of the

fracture are on di�erent scales. For such multiscale problems, the thin dielectric

surface (TDS) is used to approximate the fracture. The formulation of TDS-

SIE is derived from, but is more e�cient than, the VIE. We use this forward

solver to collect fracture data. After post-processing and training surrogate

models for inverse mapping, the fracture properties are predicted. Moreover,

the well-trained surrogate model can also be used to predict fracture properties

for simulation with the borehole, invasion, and layered medium.
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2

Triaxial Induction Tool Simulation

For designing or calibrating a triaxial induction well-logging tool, e�cient simulations

of moving the tool in an arbitrary borehole are essential. The computational time

of conventional methods is directly proportional to the number of logging points.

In this work, a domain decomposition method is developed to separate stationary

subdomains from the variable subdomain where the tool moves. E�orts are saved

in calculating the matrix related to the stationary subdomains. A special stationary

subdomain is the surface of the �nite-element volume. The combination of the �nite

element method and the surface integral equation method minimizes the number of

unknowns. Loop-tree basis functions are used on the layered medium boundary to

improve numerical accuracy at low frequencies. The domain decomposition method

that utilizes the layered medium Green's function and loop-tree basis functions is

proposed. The accuracy and e�ciency are validated in well-logging simulations with

a prototype induction tool including the solenoids, mandrel and sleeve.
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2.1 Simulation Method Selections

Triaxial induction tools have been widely used to measure formation conductivity

in well-logging. The tool usually contains several pairs of transmitter and receiver

coils (TRs) to detect triaxial magnetic couplings. For subsurface inversions, the

fast forward simulation is preferred. Therefore, mandrel and coil size as well as the

borehole e�ects are ignored [ZLB� 08, YNLQ10, WHF� 19]. The simpli�ed tools are

modeled by equivalent magnetic dipoles in the simulations. For point TRs that move

in a planar layered medium, the analytical method using the layered medium Green's

functions (LMGF) can quickly calculate the tool responses [Liu93b, CXS06, SLW06,

XC10, LHHL19].

To make forward simulations or inversion practical, borehole e�ects must be cor-

rected. Well-logging simulations that consider a borehole but still use equivalent

dipoles have been studied [Dav10, LYHH14, HWZ� 21]. For a symmetric vertical

borehole, the semi-analytical method with numerical mode matching (NMM) is avail-

able [WTYZ12, HHL16, RBT17, FDZ� 19]. When dipoles move in a homogeneous

deviated borehole, the method of moments (MoM) that solves the surface integral

equations (SIE) is accurate and e�cient [CJQC11, CXC11, CCJ12]. Taking into ac-

count the invasion between the borehole and the layered medium, the �nite element

method (FEM) or the �nite element boundary integral (FEBI) can handle inhomo-

geneity [RLC16, RCZ� 17, RHNL17, Hua19, ZWH� 22]. These methods are e�cient

in simulating well-logging curves with point TRs, because the geometric model and

mesh remain the same when the virtual tool is moving. Only the right-hand-side

excitation vector changes.

To help design or calibrate the tool, TRs are modeled with perfect electric con-

ductor (PEC) rings, and the mandrel is modeled with a metallic cylinder [DHM09,

XKY � 16, RCBT18, SBZ� 18, SRB21]. In these simulations with tangible tool struc-
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tures, the FEM or �nite-di�erence method or NMM-based methods are used. Al-

though NMM-based methods are fast, their pseudoanalytical nature limits the mod-

eling complexity of the tool. For modeling more realistic tool structures such as

the helix coils and the metallic sleeve with many slots, spatial discretization is more

convenient. For the FEM or �nite-di�erence method, the realistic tool structure can

be modeled by small meshes. This ability is important for designing or calibrating

real tools. Full-wave simulations of real tools not only check the quality of di�erent

designs, but also extract the scaling factors from the tool e�ects. As the well-logging

tool should move in a borehole, the real tool simulation at a single position is insuf-

�cient. However, for conventional FEM, the well-logging curves are collected from

independent simulations whose e�orts are directly proportional to the number of tool

positions.

The domain decomposition method (DDM) can improve the e�ciency of simu-

lating the moving tangible tool. The variable subdomain that consists of the tool is

separated from other stationary subdomains. The matrix of stationary subdomains

can be reloaded from the initial computations. Only the matrix of the variable subdo-

main needs to be recalculated. Transmission conditions handle interactions between

subdomains have been well studied in [LVL05, PLL13, GYS16]. A Riemann solver

transmission condition [LLL13] that uses two sets of unknowns on the same interface

can handle nonconformal meshes.

To reduce the number of unknowns in the FEM subdomains, SIE is used as an

exact boundary condition for the DDM simulations. The boundary surface is treated

as another subdomain. However, the boundary current discretized by Rao-Wilton-

Glisson (RWG) basis functions su�ers from low-frequency breakdown, even if the

impedance matrix is well conditioned [WGK95, BK95]. If DDM simply uses con-

ventional curl-conforming basis functions in the FEM subdomains and RWG basis

functions in the SIE subdomain, inaccurate results are observed at low frequencies
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[ZWH � 22]. Numerical precision has been improved by loop and tree (LT) basis func-

tions [WGK95, BK95, ZC00]. DDM using LT basis functions in the SIE subdomain

is denoted as LT-DDM.

2.2 E�cient Domain Decomposition

Many traditional domain decomposition only involves partial di�erential equation

methods. In this work, however, we develop a domain decomposition method by

combining the layered medium SIE and FEM. Moreover, the loop-tree basis functions

are used in discretizing the low-frequency SIE.

DDM divides the computational domain into smaller non-overlapping subdo-

mains. For example, Fig. 2.1a shows the cross section of an inhomogeneous object

in a 3-layer medium. Two volume subdomains and a surface subdomain are decom-

posed. The volume subdomains are solved by FEM. Figure 2.1b shows the boundary

between the object and the layered medium.

2.2.1 Finite Element Subdomains

The weak form of the vector Helmholtz equation for electric �eld in the two FEM

subdomains can be written as

»

V pi q

�
�

�
r � � pi q

m

�
� � � 1

r

�
r � Epi q

�
� k2

0� pi q
m � � r Epi q

�
dv �

jk 0

c
� br

� br

¾

Spi q

� pi q
m �

�
n̂ � ~H pi q

	
ds � j!� 0

»

V pi q
� pi q

m � Jpi q
imp dv; (2.1)

where the superscripti � 1 or 2 indicates the subdomain index. The vector� m

represents the m-th testing function. Complex relative permittivity� r � � 1
r � � e{ j!� 0

and relative permeability � r depend on position. k0 � !
?

� 0� 0 is the free-space

wavenumber. Normalizing the H-�eld by ~H � ZbH �
a

� 0� br{ � 0� brH improves the

condition number of the linear system matrix. The constants� br and � br are the

19



(a)

(b)

Figure 2.1 : Illustration of domain decomposition. (a) Cross section of the deviated
object in a 3-layer medium. (b) Mesh on the boundary surface.

average relative permittivity and permeability of the background, respectively.J imp

is the impressed electric current density.
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2.2.2 Boundary Integration with Layered Medium Green's Functions

The weak-form equation (2.1) must be solved in conjunction with the outer boundary

conditions. For planar layered media, the boundary condition can be modeled by a

surface integral equation. The �eld in the inner region satis�es the wave equation

(2.1). The �eld outside can be calculated from Green's functions and the equivalent

surface currents on the boundary of the object.

The weak form of the electric �eld integral equation (EFIE) is expressed as

¾

S

	 m �
�
� M s � � r n̂ � L E

�
~Js

	
� n̂ � KE pM sq

�
ds

�
¾

S

	 m �
�
n̂ � E inc

�
ds: (2.2)

where	 m is the m-th testing function. M s and ~Js are the magnetic surface current

density and the normalized electric surface current density, respectively.E inc is inci-

dent electric �eld of the background. Once the surface current density is determined,

the electric �eld outside the object can be calculated by

Eout �
?

�� L E

�
~Js

	
� KE pM sq (2.3)

The integral operators in (2.2) and (2.3) are de�ned as

L E

�
~Js

	
� jk 0

c
� br

� br

»

V 1
dr 1�Ge pr ; r 1q �~Js pr 1q; (2.4)

KE pM sq �
»

V 1
dr 1r � �Gm pr ; r 1q� M s pr 1q; (2.5)

wherer 1 and r represent the source position and the �eld position, respectively.�Ge

and �Gm are electric-type and magnetic-type dyadic Green functions, respectively.

They consider re
ections and transmissions at all layer interfaces, which are de�ned

in [CCJ12].
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2.2.3 Discretization with Basis Functions

The discretizations of the unknowns for (2.1) and (2.2) are di�erent. In the FEM

subdomains, the basic elements are tetrahedrons. Constant-tangential, linear-normal

basis functions (�rst order) or linear-tangential, quadratic-normal basis functions

(second order) can discretize the unknownE in (2.1). First-order FEM basis func-

tions are de�ned on edges:

� ij � l ij psi r sj � sj r si q; i � j (2.6)

wherel ij is the edge length between nodei and nodej . Note that i; j P1; 2; 3; 4 are

local vertex indices.si is the simplex coordinates in the tetrahedron. Reordering the

basis functions in each FEM subdomain,� pi q
n represents the n-th FEM basis function

in the i-th subdomain. n ¤ N pi q
V � N pi q

S , where N pi q
V and N pi q

S are the numbers of

unknown coe�cients associated with the E-�eld and H-�eld, respectively. OnlyN pi q
V

basis functions are independent. The basis functions for the H-�eld are the same as

those for the E-�eld. Electromagnetic �eld in (2.1) can be discretized

Epi qprq �
N pi q

V¸

n� 1

E pi q
n � pi q

n prq; r PV pi q; (2.7)

and

~H pi qprq �
N pi q

V � N pi q
S¸

n� N pi q
V � 1

~H pi q
n � pi q

n prq; r PSpi q; (2.8)

where En and ~Hn are the interpolation coe�cients to solve. In the SIE subdo-

main, the basic elements are triangles. To solve the low-frequency breakdown, LT

basis functions decompose RWG functions into divergence-free loop functions and

complementary tree functions. The loop function de�ned at each node is a linear
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combination of RWG functionsf RW G [WGK95]:

L n �
N t¸

i � 1

�
2f RW G

i; 2

l i; 2
�

2f RW G
i; 3

l i; 3

�

; (2.9)

where N t is the number of triangles that share the node.l is edge length. The

subscripts i; 2 and i; 3 represent the second and third edges in the i-th triangle,

where the �rst edge is opposite to the node. Tree functions are de�ned at the edges

that intersect a tree that traverses all triangles [WGK95]:

T n �
"

f RW G
t ; if edge t intersects a tree branch

0; otherwise
(2.10)

On a closed surface withNN nodes andNE edges, the surface currents in (2.2) are

descretized by

~Js prq or M s prq �
NN � 1¸

n� 1

X nL n prq �
NE¸

n� NN

X nT n prq; (2.11)

whereX n are the interpolation coe�cients to solve. The number of loop basis func-

tions isNN � 1 because loops are de�ned at nodes and the last loop is not independent.

Since LT is a linear combination of regular RWG basis functions, the total number of

basis functions remainsNE . Let 	 n represent the n-th LT basis function. Ifn   NN ,

	 n � L n , else if n ¤ NE , 	 n � T n . LT basis functions have been widely used in

MoM for scattering problems of homogeneous objects [WGK95, BK95, ZC00].

2.2.4 Transmission Condition

LT-DDM refers to DDM that uses SIE with LT basis functions as the exact boundary

condition. To solve the inner and outer �eld together, FEM unknowns in (2.1) and

SIE unknowns in (2.2) should be combined. The connections betweenE, ~H of the
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FEM subdomains andM s, ~Js of the SIE subdomain are speci�ed by

M s � � n̂ � E; (2.12)

and

~Js � n̂ � ~H ; (2.13)

wheren̂ is the normal outward unit vector of the boundary surface. Substituting (2.7)

and (2.8) into (2.1) and substituting (2.11) into (2.2) yields the underdetermined

linear systems. For the FEM subdomains, the system hasN pi q
V � N pi q

S unknowns,

but only has N pi q
V tested equations. For the SIE subdomain, the system has 2NE

unknowns but only hasNE tested equations. To guarantee a unique solution in all

subdomains, the coupling between subdomains at the interfaces should be considered.

There are interfaces between FEM subdomains and interfaces between the FEM

subdomain and the SIE subdomain. Unknowns at the interfaces have additional

constraints by the Riemann solver transmission conditions [LLL13]:

p̂n � Eq
�
Y pi q � Y pj q

�
� n̂ � Epi qY pi q � n̂ � n̂ � ~H pi qYb

� n̂ � Epj qY pj q � n̂ � n̂ � ~H pj qYb; (2.14)

and

�
n̂ � ~H

	 �
Z pi q � Z pj q

�
� n̂ � ~H pi qZ pi q � n̂ � n̂ � Epi qZb

� n̂ � ~H pj qZ pj q � n̂ � n̂ � Epj qZb; (2.15)

where n̂ is the normal unit vector that points from the i-th subdomain to the j-th

subdomain. Z pi q �
a

� r prq{� r prq is relative wave impedance in the i-th subdomain,

Y � 1{Z is the admittance. E and ~H representEpi q and ~H pi q in the i-th subdomain,
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and representEpj q and ~H pj q in the j-th subdomain. If the j-th subdomain is the

SIE subdomain, the corresponding �eld in (2.14) and (2.15) should be replaced by

M s � � n̂ � Epj q and ~Js � n̂ � ~H pj q, respectively. Such transmission conditions allow

two sets of unknowns on the interfaces, which makes the meshing of each subdomain

independent. Therefore, nonconformal meshes are supported by LT-DDM.

2.2.5 Overall Matrix

Replacement of the magnetic �eld in (2.1) with the transmission condition (2.15)

yields

»

V pi q

�
�

�
r � � pi q

m

�
� � � 1

r

�
r � Epi q

�
� k2

0� pi q
m � � r Epi q

�
dv �

jk 0

c
� br

� br

¾

Spi q

� pi q
m

Z pi q � Z pj q
� n̂ �

�
~H pi qZ pi q � n̂ � Epi qZb

� ~H pj qZ pj q � n̂ � Epj qZb

	
ds � j!� 0

»

V pi q
� pi q

m � Jpi q
imp dv; (2.16)

where the i-th subdomain should be a FEM subdomain. The j-th subdomain can

be the FEM subdomain or the SIE subdomain. In the example of Fig. 2.1, letN j;i

represent the number of basis functions that the j-th subdomain has at the interface

with the i-th subdomain. Substituting (2.7) and (2.8) into (2.16), there are two

(i � 1 or 2) sparse matrix systems withN pi q
V rows and N pi q

V � N pi q
S �

° 3;j � i
j � 1 N j;i

columns.

The weak form of the transmission condition (2.14) tested by� pi q
m on the surface

Spi q is written as

¾

Spi q

� pi q
m

Y pi q � Y pj q
� n̂ �

�
Epi qY pi q � n̂ � ~H pi qYb

� Epj qY pj q � n̂ � ~H pj qYb

	
ds � 0: (2.17)
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Substituting (2.7) and (2.8) into (2.17), there will be two (i � 1 or 2) sparse matrix

systems withN pi q
S rows andN pi q

S �
° 3;j � i

j � 1 N j;i columns.

Similarly, test the electric �eld Riemann transmission condition (2.14) with	 pj q
m

on the boundary:

¾

Spj q

	 pj q
m

Y pi q � Y pj q
�
�

� M sY pj q � n̂ � ~JsYb

� n̂ � Epi qY pi q � n̂ � n̂ � ~H pi qYb

	
ds � 0; (2.18)

where the j-th subdomain is the SIE subdomain (j � 3), the i-th subdomain can

be any FEM subdomain (i � 1 or 2) that has interfaces with the SIE subdomain.

Substituting (2.7), (2.8), and (2.11) into (2.18), a sparse matrix system withNE

rows and
�
2NE �

° 2
i � 1 N i;j

�
columns is obtained.

Substituting (2.11) into (2.2), a dense matrix system is obtained withNE rows

and 2NE columns.

In the example of Fig. 2.1, the total number of unknowns is
° 2

i � 1

�
N pi q

V � N pi q
S

	
�

2NE :

x �
�
E p1q

v ~H p1q
s E p2q

v ~H p2q
s ~Js M s

� T
; (2.19)

where E pi q
v has N pi q

V elements that includeN pi q
V � N pi q

S E-�eld coe�cients associated

with interior FEM basis functions and N pi q
S E-�eld coe�cients with surface FEM

basis functions. Both ~Js and M s have NE elements and are coe�cients associated

with the LT basis functions 	 . Based on the discretized form of (2.2), (2.16), (2.17),
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and (2.18), the balanced system matrix is written as

A �

�

�
�
�
�
�
�
�
�

A1;1
vv A1;1

vs A1;2
vv A1;2

vs A1;3
vj A1;3

vm

A1;1
sv A1;1

ss A1;2
sv A1;2

ss A1;3
sj A1;3

sm

A2;1
vv A2;1

vs A2;2
vv A2;2

vs A2;3
vj A2;3

vm

A2;1
sv A2;1

ss A2;2
sv A2;2

ss A2;3
sj A2;3

sm

A3;1
jv A3;1

js A3;2
jv A3;2

js A3;3
jj A3;3

jm

A3;1
mv A3;1

ms A3;2
mv A3;2

ms A3;3
mj A3;3

mm

�

�
�
�
�
�
�
�
�

; (2.20)

where the �rst and second superscripts indicate to which subdomains the test func-

tions and basis functions belong, respectively. The matrices in the �rst four rows

come from (2.16) and (2.17). The matrices in the last two rows come from (2.2) and

(2.18). Finally, the excitation vector on the right-hand side is

b �
�
Sp1q 0 Sp2q 0 0 Sb

� T
; (2.21)

whereSpi q � j!� 0
³

V pi q � pi q
m �Jpi q

imp dv is the interior source andSb �
¶

S 	 m �p̂n � E inc qds

is the exterior source.

2.2.6 Reuse of the Stationary Subdomains

In matrix (2.20), only the submatrix with superscript 3,3, i.e. the SIE part, is fully

dense. Other submatrices, including FEM parts and coupling parts between FEM

and SIE are sparse. Calculating the elements of dense SIE submatrix dominates

the simulation time. For simulations using the same SIE meshes and background,

the fully dense matrices can be reloaded. Furthermore, if only one FEM subdomain

changes, the matrices associated with the other stationary subdomains remain the

same. In the example of Fig. 2.1, the inner cylinder changes in series of simulations,

the outer cylinder and the boundary surface remain the same. After the initial

simulation, the matrices in (2.20) whose superscript is without '1' can be reused.

Because the number of meshes in subdomain 1 may change, the global indices of

all mesh elements must be reordered. Compared to recalculating the entire matrix,
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reordering the indices and �lling most nonzero elements by the initial matrix is

e�cient.

The materials speci�ed by relative permittivity � r , relative permeability � r , and

conductivity � are listed in Table 2.1. Skin depth� at the operating frequency

of 10 kHz indicates how large the background extension should be if pure FEM

(COMSOL) is used with the scattering boundary condition. The origin point is

de�ned in the center of the inner cylinder. Set the borehole deviated angle to be

0 degree. A unit magnetic dipole polarized in� � 30� ; � � 60� is placed at (0.04,

0.06, 0) m. The layer interfaces are atz � 0:5 m and z � � 0:5 m. The observation

points on the vertical line from (0.4, 0.3, 1) m to (0.4, 0.3, -1) m are outside the

FEM domains. COMSOL serves as a reference. For conformal meshes, the LT-

DDM results are plotted as dashed lines in Fig. 2.2. As listed in Table 2.2, the total

number of unknowns of LT-DDM is much smaller than that of COMSOL. For a

single simulation, the e�ciency of LT-DDM is better than that of FEM. When the

inner cylinder mesh is changed, the meshes at the interfaces become nonconformal.

A brute-force method is to run the simulation again. The simulation time should

be longer than 256 seconds due to more unknowns. However, LT-DDM reuse of

stationary subdomains. As in the last row of Table 2.2, the new mesh of the inner

cylinder has 11764 cells, while the meshes of other subdomains remain the same.

Based on the previous simulation with conformal meshes, LT-DDM only needs an

additional 52 seconds to �nish this subsequent simulation. The precision of LT-DDM

with the reuse of stationary subdomain is validated in Fig. 2.2 where the maximum

relative error is 2.3%.
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Table 2.1: Materials Properties
Material � r � r � (S/m) � (m)

inner cylinder 2.0 1.0 1.0 5.0
outer cylinder (top) 7.0 4.0 0.1 7.9

outer cylinder (middle) 1.0 1.0 0.9 5.3
outer cylinder (bottom) 4.0 1.0 0.03 29.1

background (top) 6.0 2.0 0.2 7.9
background (middle) 2.0 1.0 2.0 3.6
background (bottom) 10.0 1.0 0.8 5.6

(a) (b)

Figure 2.2 : Comparison of the magnetic near-�eld components on the vertical
observation line. (a) The real part. (b) The imaginary part.

2.3 Tangible Transmitter and Receiver

2.3.1 Solenoid

Moving a tangible tool makes the model at each location unique. For TRs con�gured

by solenoids, as illustrated in Fig. 2.3, meshes of the subdomain that includes these

metallic structures (106 S/m) change as they move. DDM which splits the vari-

able subdomains and the stationary subdomains can save time for the subsequent

simulations.

As illustrated in Fig. 2.4, the solenoids are moved in the center of an oil-based

well (0.001 S/m) from z = 2.66 m to z = {3.34 m with a step of {0.5 m. Compared to
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Table 2.2: Simulation Statistics of Using LT-DDM
Solver FEM Mesh SIE Mesh Unknown Time

COMSOL 955030 0 6069018 406 s
LT-DDM 9630+12518 998 187582 256 s

LT-DDM(reuse) 11764+12518 998 204356 +52 s

Figure 2.3 : Transmitter and receiver modeled by solid helix coils.

the 0.5 m TR spacing, the distances between the layer interfaces and the ends of the

well are large. Extending the well does not signi�cantly change the tool responses

around the two interfaces. Three subdomains are decomposed: the FEM subdomain

of the borehole, the FEM subdomain of the invasions and the SIE subdomain of the

boundary surface. Since SIE serves as exact boundary conditions in LT-DDM, the

simulation model is truncated at the boundary between invasions and the layered

background. Figure 2.5a shows triangular boundary meshes that remain the same

when the TRs move. The mesh number of the initial simulation is listed in Table 2.3.

The variable subdomain (borehole) has 151.6 k tetrahedrons. The stationary FEM

subdomain (invasions) has 29.1 k tetrahedrons. The stationary SIE subdomain has
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Figure 2.4 : The xz-plane section view of a 10 m section of a vertical well in the
three-layer formation.

1.7 k triangles. Second-order FEM basis functions and LT basis functions are used.

The total number of unknowns is 1154.6 k. The simulation for the �rst tool location

takes 467 s, including processing meshes, calculating LMGF, calculating elements of

SIE matrix, FEM matrices and their coupling matrices, solving the linear system

and calculating electromagnetic �eld. The most time-consuming part, calculating

the fully dense SIE matrix elements, is skipped in subsequent simulations. The total

simulation time for 13 tool locations is 2002 s. For the remaining 12 simulations,

each takes 128 s on average.

Table 2.3: Comparison of Mesh Numbers and Simulation Times (Solenoids)
Solver Mesh Unknown Single Total

LT-DDM 151.6+29.1+1.7 k 1154.6 k 467 s 2002 s
COMSOL(1 m) 339.0 k 2150.0 k 152 s 1976 s
COMSOL(25 m) 1076.0 k 7936.2 k 504 s 6552 s

For comparison, a traditional FEM solver without DDM is used. Pure FEM

requires su�cient extension to make the scattering boundary condition accurate.
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(a) (b) (c)

Figure 2.5 : Views of boundary meshes. (a) LT-DDM meshes. (b) COMSOL
meshes: 1 m. (c) COMSOL meshes: 25 m.

At 10 kHz, the skin depths of three background layers are 22.5, 4.8 and 11.3 m,

respectively. If the boundary only extends 1 m, the total number of FEM mesh cells

is 339.0 k. COMSOL mesh is shown in Fig. 2.5b. The mesh density in the borehole

is equal to that of Fig. 2.5a. Because the pure FEM matrix is sparse and symmetric,

calculating the matrix elements and solving the linear system only requires 152 s,

which is faster than LT-DDM in terms of a single simulation. However, when the

TRs move, the traditional FEM must start from the beginning. The total simulation

time for 13 locations is 1976 s. Because a 1 m extension is insu�cient, a 52.63%

di�erence is observed when comparing the receiver voltages in Fig. 2.6. Extending

the boundary to 25 m as shown in Fig. 2.5c, more mesh cells are required. A single

simulation time becomes 504 s. The total simulation time is 6552 s. The simulation

results are also plotted in Fig. 2.6. The relative di�erence between the LT-DDM and

the COMSOL (25 m) is 0.88%. The advantages of LT-DDM will be more signi�cant
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Figure 2.6 : Comparison of the receiver voltages when the pair of transmitter and
receiver moves over 13 locations.

if more tool locations are included, because the margin simulation time of LT-DDM

is 128 s, while that of a traditional FEM is 504 s.

An interesting observation is that the receiver voltages change when the conduc-

tivity of the solid coils changes in the simulations. If the conductivity is 10� 3 S/m,

that is, the same conductivity as the borehole, the coils become transparent. The

received voltages are shown in Fig. 2.7, which is quite di�erent from the receiver

voltages of the metallic TR coils. When the conductivity increases to 104 S/m, the

receiver voltages are closer to those of the transparent tool. When the conductivity

is 105 S/m, the receiver voltages are more like those of the metallic coils. More

conductivity values are examined in Fig. 2.8a and Fig. 2.9a. Using the voltage curve

of 1018 S/m as a reference, the di�erences from the reference are almost constant at

all tool locations, as shown in Fig. 2.8b and Fig. 2.9b. The reason why the constant

varies with the conductivity is still unclear. Since the result of using 106 S/m is very

similar to that of using 1018 S / m, we will assume that the metallic coils can be

replaced by perfect electric conductor (PEC) coils.
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Figure 2.7 : Low-conductivity e�ects for the induced voltage.

(a) (b)

Figure 2.8 : High-conductivity e�ects for the induced voltage. (a) Simulated re-
ceiver voltages. (b) Di�erences from reference.

2.3.2 Zero-Thickness PEC Coils

A challenge in simulating the solenoids is to generate meshes. The thickness of the

wire is 2 mm, while the 
atten length is 1.9 m (transmitter) or 1.6 m (receiver). Dis-

cretizing such a multiscale solenoid requires many tetrahedrons. Moreover, meshing

may not converge for a smaller wire thickness. One solution is to use zero-thickness

PEC coils as shown in Fig. 2.10a. Because the FEM basis function on the tetrahedron
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(a) (b)

Figure 2.9 : Conductivity ( 106 to 108 S/m) e�ects for the induced voltage. (a)
Simulated receiver voltages. (b) Di�erences from reference.

edge represents the tangential electric �eld, the coe�cients of these PEC edge basis

functions are zero. The PEC boundary condition on the speci�ed curves is achieved

by eliminating the associated unknowns in the linear equations. After replacing the

solenoids with zero-thickness coils, meshing becomes easier. As in Table 2.4, the

borehole, invasion and boundary surface have 37.8, 28.3 k tetrahedrons and 1.7 k

triangles, respectively. The number of unknowns is only 88.0 k when the �rst-order

FEM basis functions are used. The initial simulation takes 357 s and the total sim-

ulation of 13 locations takes 780 s. The receiver voltages are plotted in Fig. 2.11

with comparisons to the simulation results of the solenoid �lled with material of 1018

S/m. The zero-thickness PEC coils perfectly approximate the solenoids in terms of

accuracy and e�ciency.

Table 2.4: Comparison of Mesh Numbers and Simulation Times (PEC Coils)
Model Mesh Unknown Single Total

helix coils 37.8+28.3+1.7 k 88.0 k 357 s 780 s
rings(coarse) 35.5+27.9+1.7 k 84.9 k 351 s 763 s
rings(dense) 207.1+99.5+3.1 k 407.9 k 1063 s 1985 s
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(a) (b)

Figure 2.10 : Modeling of the transmitter and receiver with zero-thickness PEC
curves. (a) 5-turn helix coils. (b) 1-turn rings.

Figure 2.11 : Comparison of using 2 mm thickness solid helix coils and the zero-
thickness PEC helix coils.
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(a) (b)

Figure 2.12 : Simulation results of using zero-thickness helix coils and zero-thickness
rings. (a) Comparison of voltages. (b) The voltage ratio.

Intuitively, the receiver voltage should be proportional to the square of turns

considering the e�ects of both the transmitter and receiver. The simulation results

of using 1-turn PEC rings as in Fig. 2.10b are plotted in Fig. 2.12a. When TRs

move from z = 2.66 m to z = {3.34 m, the voltage ratios of the 5-turn helix coils

and 1-turn rings, as shown in Fig. 2.12b, are not 25. This indicates that the e�ect

of increasing the number of coil turns is not trivial. Therefore, it is important to

perform e�cient simulations to calibrate the tool.

To prove convergence in terms of meshes, a denser mesh scheme is simulated

which has 306.6 k tetrahedrons and 3.1 k surface triangles. The results are close to

those with 63.4 k tetrahedrons and 1.7 k surface triangles, as shown in Fig. 2.13, with

a relative L2-norm di�erence of 0.77%. The lower transmitter in Fig. 2.10b fed by a

current of 1 A can be viewed as a magnetic dipole oriented in� � 45� ; � � 0. The

upper receiver in Fig. 2.10b measures the induced voltage following the Faraday's

law of induction.

V �
»

E � dl � j!N lSr B; (2.22)

wherej is the imaginary unit, ! is the angular frequency,N l is the number of loops,

37



S is the area of the receiver loop, andB � � H is the magnetic 
ux density. The �rst

equation describes how the voltage is calculated in the numerical simulation. In this

example, the voltage is the integration of real-part tangential electric �eld along the

receiver's 1 mm gap. The second equation describes how the voltage is associated

with the magnetic �eld. Therefore, the TRs in Fig. 2.10b draw analogies from the

equivalent dipoles. To compare with the magnetic �eld of the virtual tool, which

uses a magnetic dipole of 1m2A, a scaling factor should be multiplied:

k �
1

j!�N lSr
�

1
N l I tSt

; (2.23)

where the �rst fraction converts the receiver voltage to the magnetic �eld, and the

second fraction normalizes the equivalent dipole magnitude of a loop current.St is

the area of the transmitter loop,I t is the electric current intensity on the transmit-

ter. This scaling factor assumes that the loop is small and that the perpendicular

magnetic �eld in the loop is uniformly distributed. For the virtual tool, the receiver

voltage is converted from the magnetic �eld by dividing the factor of (2.23). The

real parts of the virtual tool voltages are plotted in Fig. 2.13. The relative L2-norm

di�erence between the simulation of real PEC rings and that of the scaled virtual

tool is only 0.43%, which also validates the precision of LT-DDM with PEC curves

in the FEM subdomain.

In the simulations presented above, the virtual tool and the PEC rings exhibit

almost the same logging curves when moving in a vertical well. More complicated

TRs, such as 5-turn helix coils, have di�erent tool responses that require calibration.

In the example of solenoids, COMSOL validates the accuracy of LT-DDM. Also,

zero-thickness PEC helix coils have tool responses similar to those of solenoids. In

the next section, we will simulate more realistic tool con�gurations using LT-DDM.
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Figure 2.13 : Comparison of using zero-thickness PEC rings with di�erent mesh
densities and the scaled virtual tool results.

2.4 Moving Tools in a Deviated Borehole

2.4.1 Apparent Conductivity

Based on equations (25)-(30) in [KPZ01] and normalization of the triaxial induction

measurement in the Appendix of [WBM� 06], Table 2.5 summarizes the formulas for

tensor apparent conductivity with the transmitter being a magnetic dipole and the

receiver being a magnetic �eld observer. In these formulas,L is the TR spacing,! is

the angular frequency,� is the permeability of the free space. For the vertical well in

Fig. 2.4, only the components xx, yy, and zz of the apparent conductivity are non-

zero, as shown in Fig. 2.15. For the deviated well, some coupling components will

become non-zero. For a deviated well, the local coordinates in Fig. 2.14 can always

be de�ned to align the z axis with the well axis and also to make the y axis parallel

to the interfaces of the planar layer. The transmitter in the virtual tool simulations

should be magnetic dipoles polarized on the local x, y, and z axes. Keeping the

TR spacing at 0.5 m, the deviated well logging curves of nine apparent conductivity

components are plotted in Fig. 2.16. There are �ve non-zero components: xx, yy, zz,
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Figure 2.14 : XZ-plane section view of a section of deviated borehole in a three-layer
background.

xz, and zx. � zz still indicates the background conductivity, as its value is between

the background conductivity and the invasion conductivity at most locations.

Table 2.5: Formulas of Apparent Conductivity Components
Virtual tool T: M x T: M y T: M z

R: Hx � xx � 8�L
!� H im

x � yx � 8�L
!� H im

x � zx � 16�L
!� H im

x

R: Hy � xy � 8�L
!� H im

y � yy � 8�L
!� H im

y � zy � 16�L
!� H im

y

R: Hz � xz � 8�L
!� H im

z � yz � 16�L
!� H im

z � zz � 4�L
!� H im

z

2.4.2 Triaxial Induction Tool Basic Components

One pair of TRs is not enough to measure the apparent conductivity tensor. The

two pairs of TRs in Fig. 2.17 can be the simplest basic components of a triaxial

induction tool. From upper to lower, the rings are the R of pair 2, the R of pair

1, the T of pair 2, and the T of pair 1. TR spacing of each pair is 0.5 m. For the

logging-while-drilling tools, TRs can rotate along the tool axis, that is, the z-axis in
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(a) (b) (c)

Figure 2.15 : Triaxial induction simulation results in the vertical well. (a) Trans-
mitter is M x . (b) Transmitter is M y. (c) Transmitter is M z.

Fig. 2.17a. With the receiver voltages of TR pair 1 at� � 0 and � � 180� , two

apparent conductivity components are calculated:

� zz �
4�Lk
2!�

�
V pair 1

� � 0 � V pair 1
� � 180�

�
�

4�L
2!�

�
H im

z pM zq

� H im
z pM xq � H im

z pM zq � H im
z p� M xq

�
�

4�L
!�

H im
z pM zq; (2.24)

� xz �
8�Lk
2!�

�
V pair 1

� � 0 � V pair 1
� � 180�

�
�

8�L
2!�

�
H im

z pM zq

� H im
z pM xq � H im

z pM zq � H im
z p� M xq

�
�

8�L
!�

H im
z pM xq; (2.25)

where V is the receiver voltage. The subscript� is the rotation angle. k is the scaling

factor of (2.23). H im
z pM xq represents the imaginary part ofHz at the receiver when
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(a) (b) (c)

Figure 2.16 : Triaxial induction simulation results in the deviated well. (a) Trans-
mitter is M x . (b) Transmitter is M y. (c) Transmitter is M z.

the transmitter is a unit magnitude dipoleM x . Similarly, � yz can be calculated using

the receiver voltages at� � 90� and � � 270� .

The receiver voltage of TR pair 1 consists of two components because the tilted

transmitter includes horizontal and vertical components, while its vertical-oriented

receiver is sensitive toHz only. The receiver voltage from TR pair 2 consists of four

components because its receiver is also tilted:

V pair 2
� � 0 �

1
k

�
H im

z pM zq � H im
z pM xq

� H im
x pM zq� H im

x pM xq
�

: (2.26)

After rotating 180� on the tool axis, the 4 components become:

V pair 2
� � 180� �

1
k

�
H im

z pM zq � H im
z p� M xq

� H im
x pM zq � H im

x p� M xq
�

: (2.27)
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The sum of TR pair 2 voltages at� � 0 and � � 180� is associated with the xx and

zz components:

V pair 2
� � 0 � V pair 2

� � 180� �
2
k

�
H im

z pM zq � H im
x pM xq

�
: (2.28)

The subtraction of the receiver voltages from TR pair 2 at� � 0 and � � 180� is

associated with the components zx and xz:

V pair 2
� � 0 � V pair 2

� � 180� �
2
k

�
H im

z pM xq � H im
x pM zq

�
: (2.29)

Since the zz and xz components have been determined by TR pair 1, the xx and zx

components can be determined by

� xx �
8�Lk
2!�

��
V pair 2

� � 0 � V pair 2
� � 180�

�

�
�
V pair 1

� � 0 � V pair 1
� � 180�

��
�

8�L
!�

H im
x pM xq; (2.30)

� zx �
16�Lk
2!�

��
V pair 2

� � 0 � V pair 2
� � 180�

�

�
�
V pair 1

� � 0 � V pair 1
� � 180�

��
�

16�L
!�

H im
x pM zq; (2.31)

whereV pair 1 and V pair 2 should be obtained at the same locations, that is, the center

of TR pair 1 and TR pair 2 overlaps. Similarly,� yy and � zy can be calculated using

the receiver voltages at� � 90� and � � 270� .

For the deviated borehole in Fig. 2.14, the raw data from the LT-DDM simulations

are plotted in Fig. 2.18a and Fig. 2.18b for TR pair 1 and pair 2, respectively. Adding

or subtracting these voltages, Fig. 2.18c shows results that are already proportional

to � zz in (2.24) and � xz in (2.25). The post-processing results of (2.28) and (2.29)

are plotted in Fig. 2.18d.
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(a) (b)

Figure 2.17 : Two TR pairs to measure the apparent conductivity. (a) Tool rotation
angle is� � 0. (b) Tool rotation angle is � � 180� .

Multiplying the scaling factor of (2.23), in this example,k � 2:05� 105 according

to the formula, the apparent conductivity components� zz and � xz are calculated

directly from the voltages of TR pair 1, as plotted in Fig. 2.19a and Fig. 2.19b,

respectively. The other two components� xx and � zx are calculated by (2.30) and

(2.31), and are plotted in Fig. 2.19c and Fig. 2.19d, respectively. In comparison to

the results of using equivalent dipoles, the LT-DDM simulations of the two pairs of

PEC rings are correct. The rings in Fig. 2.17 can be replaced by 5-turn helix coils.

The well logging curves are similar, except that additional calibration is required as

in Fig. 2.12.
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(a) Raw data of TR pair 1. (b) Raw data of TR pair 2.

(c) Post-processed data of TR pair 1. (d) Post-processed data of TR pair 2.

Figure 2.18 : LT-DDM results of two TR pairs of PEC rings moving in a 30�

deviated borehole.

2.4.3 A Prototype Induction Tool

With e�cient LT-DDM, a more realistic tool segment is simulated. Fig. 2.20a shows

the con�guration of two TR pairs of PEC helix coils and a mandrel. The non-

magnetic mandrel passes through all coils and is of 4 cm radius and 2 m length. The

gap between the coils and the mandrel is 1 cm. Fig. 2.20b shows a hollow metallic

sleeve, with coils and a mandrel inside. Its thickness is 1 cm, its inner radius is 8

cm, and its height is 2 m. At the coil locations, the sleeve also has slots that are

perpendicular to the coil. Each slot is 1 cm wide and 10 cm high. Such slots are
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(a) The zz component. (b) The xz component.

(c) The xx component. (d) The zx component.

Figure 2.19 : Calculated results of the nonzero apparent conductivity components
using the 1-turn PEC rings.

used to let electromagnetic waves interact with the formation.

Moving and rotating the prototype induction tool in a deviated borehole as shown

in Fig. 2.20c, receiver voltages of the two TR pairs are plotted in Fig. 2.21a and

Fig. 2.21b. The simulation model is decomposed into the FEM subdomain including

the tool, borehole, invasions and the SIE subdomain on the boundary. The mesh

includes 363465 tetrahedrons and 1922 boundary triangles. Simulation of the initial

tool location takes 681 s. Because LT-DDM saves time in calculating the stationary

subdomains, the total simulation time of 22 tool locations is 2353 s. Using (2.24) to

(2.31), the receiver voltages are converted to apparent conductivity. Unlike Fig. 2.19
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(a) (b) (c)

Figure 2.20 : Prototype con�gurations. (a) Helix coils and a metallic mandrel. (b)
Metallic hollow sleeve. (c) Simulation model.

where the calculated results of PEC rings match those of the equivalent dipoles, the

prototype induction tool simulation results need additional scaling factors to mitigate

the e�ects of the helix coils, mandrel and sleeve. Using the well logging of equivalent

dipoles as a reference, the scaled results of using the prototype induction tool are

plotted in Fig. 2.22. Extra scaling factors are calibrated by minimizing the L2-norm.

For � zz and � xz , they are associated only with TR pair 1. Their di�erences from the

reference are smaller than those of� xx and � zx , which require arithmetic of the two

pairs of voltages. Even the scaling factors for� zz and � xz are di�erent. It indicates

that the 45� tilted transmitter cannot be decomposed intoM x and M z equally as in

(2.24) and (2.25). The projection of the tilted 5-turn helix coils along the z-axis is

still a circle of 5 cm, but the projection on the x-axis becomes an ellipse with the

major radius being 5 cm. The e�ective loop size in the x direction becomes smaller;

therefore, the magnitude of the decomposedM x is smaller than that of M z. In this
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(a) Raw data of TR pair 1. (b) Raw data of TR pair 2.

Figure 2.21 : LT-DDM results of the prototypical tool moving and rotating in the
30� deviated borehole.

example, it is not enough to calibrate the prototype induction tool using analytical

equations. Simulations with the exact tool con�guration become important.

For the tool simulation as shown in Fig. 2.20, we can also change the conductivity

of the tool structure for further investigation. For example, we �rst set the mandrel

and sleeve to be the same as the borehole mud, that is, only with the 5-turn coils.

Fig. 2.23 shows the raw simulation data and the apparent conductivity after tool

calibration with N l � 5. The logging curves look similar to those of using virtual

tool. Compared to Fig. 2.19, it indicates that the e�ects of 5-turn coils and those of

1-turn rings are similar after calibrations. Then we set the mandrel to magnetic with

a relative permeability of � r � 105. The simulation results are shown in Fig. 2.24.

With the ferrite core, receiver voltages do not have a signi�cant di�erence when

the tool is rotated in the borehole. Thus, the subtraction termV� � 0 � V� � 180� �

0. The calculated � xz and � zx are also close to zero. The� xx and � zz are also

incorrect compared to the results of the virtual tool. A possible reason is that most

of the magnetic �eld is propagating along the mandrel from the transmitter to the

receiver, which is not sensitive to the secondary �eld propagating in the borehole
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(a) The zz component times 80. (b) The xz component times 88.

(c) The xx component times 62. (d) The zx component times 72.

Figure 2.22 : Calculated results of non-zero apparent conductivity using the pro-
totypical tool. Extra scaling factors are multiplied.

and formation. Finally, we add the metallic sleeve with slots. Fig. 2.25 shows the

LT-DDM simulation results and the calculated apparent conductivity. Although the

magnetic mandrel is still there, the sleeve makes the tool sensitive to the secondary

�elds because of the perpendicular slots.
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(a) Raw data of TR pair 1. (b) Raw data of TR pair 2.

(c) The zz component. (d) The xz component.

(e) The xx component. (f) The zx component.

Figure 2.23 : LT-DDM simulation results of the tool structure only with 5-turn
PEC coils.
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(a) Raw data of TR pair 1. (b) Raw data of TR pair 2.

(c) The zz component. (d) The xz component.

(e) The xx component. (f) The zx component.

Figure 2.24 : LT-DDM simulation results of the tool structure with the 5-turn PEC
coils and the ferrite mandrel.
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(a) Raw data of TR pair 1. (b) Raw data of TR pair 2.

(c) The zz component. (d) The xz component.

(e) The xx component. (f) The zx component.

Figure 2.25 : LT-DDM simulation results of the tool with the 5-turn PEC coils,
the ferrite mandrel and the metallic sleeve with perpendicular slots.
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3

E�cient Virtual Tool Simulation

In the previous chapter, the complete simulation with real tool con�gurations was

compared with the simulation using a virtual tool. It proves that the tool calibration,

usually a constant scaling factor, can convert the virtual tool simulation to the real

tool simulation. To make virtual tool simulation more e�cient, we will introduce a

�nite element boundary integral (FEBI) method in this chapter. Conventional FEBI

using the Rao-Wilton-Glisson (RWG) basis function produces inaccurate results due

to the low-frequency breakdown of the boundary integral equation solution. We

applied loop-tree (LT) basis functions in the FEBI method to reduce the numerical

error at low frequencies. Such a LT-FEBI method can handle all speci�c requirements

of well-logging simulations at low frequencies. A direct solver is applied to make it

more e�cient to obtain logging curves with multiple source locations. The LT-FEBI

simulation results are validated in several numerical examples, including a challenging

model with a deviated borehole and invasion zones in the Oklahoma formation having

28 layers.

53



3.1 Theory and Formulation

3.1.1 FEBI with LMGF

For the virtual tool simulation, there are several characteristics associated with the

well logging properties: 1) the �nite-size object including the borehole and invasions

is inhomogeneous; 2) the transmitters and receivers are usually inside the borehole;

3) working at low frequency which is typically in the order of 10 kHz; 4) formation is

commonly considered to be planarly strati�ed for simplicity. Taking these points into

account, a suitable numerical method can be determined. Inhomogeneous objects

indicate that the method of moment (MoM) for surface integral equations (SIEs) can-

not handle the problem. For inhomogeneous objects, the volume integral equations

(VIEs) [ML03] are better than SIEs. But interior excitation is not suggested when

using VIEs because of the singularity at the source point. The high computational

cost of VIEs is another disadvantage. Among the three fundamental electromagnetic

numerical methods, only the �nite element method (FEM) can solve the problem.

However, the wavelength in the formation at low frequency is not small. It means

that the truncated boundary of FEM should be large. The lower the frequency, the

more unknowns may be required. The appropriate choice for inhomogeneous ob-

jects with interior excitations is the hybrid method of FEM and boundary integral

(BI), namely FEBI or hybrid FEM/MoM [DCR96, SJS � 98, JL88]. In the FEBI

method, the boundary integral can be applied on the outer surface of the invaded

zones, so that the volume of the FEM domain is minimized. Then we introduce the

formulations of FEBI together with the LMGF.

In a 3D inhomogeneous medium, the vector Helmholtz equation for the electric

�eld can be written as

� r �
�
� � 1

r r � E
�

� k2
0� r E � Se; (3.1)

where the complex relative permittivity � r � � 1
r � � e{ j!� 0 and relative permeability
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� r are position dependent.k0 � !
?

� 0� 0 is the free-space wavenumber. The source

term comes from the impressed current densitiesJ and M :

Se � j!� 0J � r �
�
� � 1

r M
�

: (3.2)

The weak form of (3.1) is

»

V

�
� p r � wmq �� � 1

r pr � Eq � k2
0wm � � r E

�
dv

� jk 0

c
� rb0

� rb0

¾

S

wm �
�

n̂ � ~H
	

ds �
»

V
wm � Sedv; (3.3)

where wm represents themth testing function. ~H �
a

� b0{ � b0H is the normalized

magnetic �eld where � b0 � � 0� rb0 and � b0 � � 0� rb0. The constants� rb0 and � rb0 are

the average relative permittivity and average relative permeability of the background.

This scaling improves the condition number of the system matrix. The weak-form

equation must be solved in conjunction with the outer boundary conditions. For

planar layered media, such a boundary condition can be modeled by a surface integral

equation with Dyadic Green's functions. It may be an electric �eld integral equation

(EFIE):

� M s � � rbn̂ � L E

�
~Js

	
� n̂ � KE pM sq � n̂ � E inc ; (3.4)

a magnetic �eld integral equation (MFIE):

~Js � � rbn̂ � L H pM sq � n̂ � KH

�
~Js

	
� n̂ � ~H inc ; (3.5)

or a combined �eld integral equation (CFIE) that combines (3.4) and (3.5). The com-

plex relative permittivity and relative permeability of the background are denoted

as � rb and � rb, where the subscriptb indicates the layer index of the �eld point. At

the boundary, M s � � n̂ � E is the equivalent magnetic surface current density and
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~Js � n̂ � ~H is the normalized equivalent electric surface current density with ^n being

the outward unit normal vector. E inc and ~H inc are incident �elds from the layered

background. The integral operators in (3.4) and (3.5) are de�ned as

L E

�
~Js

	
� j!� rb

� 1
c

� b0

� b0

»
dr 1�Ge pr ; r 1q �~Js pr 1q� pr 1q (3.6)

KE pM sq � � � b
� 1

»
dr 1r � �Gm pr ; r 1q �M s pr 1q� pr 1q (3.7)

L H pM sq � j!� rb
� 1

»
dr 1�Gm pr ; r 1q �M s pr 1q� pr 1q (3.8)

KH

�
~Js

	
� � � b

� 1
c

� b0

� b0

»
dr 1r � �Ge pr ; r 1q �~Js pr 1q� pr 1q (3.9)

where r 1 represents the source position vector andr represents the �eld position

vector. �Ge is the electric-type dyadic Green's function and�Gm is the magnetic-

type dyadic Green's function. They are equal in a homogeneous medium. In a

homogeneous medium with� rp and � rp , the dyadic Green's function can be written

as

�Ghm pr ; r 1q �
�

�I �
rr
k2

p



e� jk p |r � r 1|

4� |r � r 1|
; (3.10)

where�I is the identity dyad and kp � k0
?

� rp � rp . In layered media, (3.10) becomes

the primary term which is non-zero only when the �eld point and the source point are

in the same layerp. The secondary term associated with re
ection and transmission

can be expressed as a combination of transverse electric (TE) wave and transverse

magnetic (TM) wave terms. Therefore, the layered medium Green's functions are

formulated by

�Ge pr ; r 1q � �Ghm pr ; r 1q � �GT E
e pr ; r 1q �

1
k2

bp

�GT M
e pr ; r 1q; (3.11)

�Gm pr ; r 1q� �Ghm pr ; r 1q�
1

k2
pb

�GT E
m pr ; r 1q� �GT M

m pr ; r 1q; (3.12)
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wherekbp � !
?

� b� p and kpb � !
?

� p� b. The subscripts p and b are the layer indices

of the source point and the �eld point, respectively. The dyadic Green's functions

�GT E
e , �GT E

m , �GT M
e and �GT M

m are well de�ned in [SLW06, CCJ12].

EFIE (3.4) and MFIE (3.5) with layered medium Green functions can be tested

on the boundary and inserted into the weak form of the FEM equation (3.3) to form

a hybrid FEBI scheme:

¾

S

wm �
�
n̂ � E � � rbn̂ � L E

�
~Js

	
� n̂ � KE pM sq

�
ds

�
¾

S

wm �
�
n̂ � E inc

�
ds; (3.13)

and

»

V

�
� p r � wmq �� � 1

r pr � Eq � k2
0wm � � r E

�
dv

� jk 0

c
� rb0

� rb0

¾

S

wm �
�
� rbn̂ � L H pM sq � n̂ � KH

�
~Js

	�
ds

� jk 0

c
� rb0

� rb0

¾

S

wm �
�

n̂ � ~H inc
	

ds �
»

V
wm � Sedv: (3.14)

With conformal discretizations of FEM and MoM, i.e., the same meshes at the

boundary, the curl-conforming FEM basis function� and the divergence-conforming

MoM basis function 	 satisfying 	 � � n̂ � � , FEBI described by (3.13) and (3.14)

can be solved numerically. To increase 
exibility, another hybridization scheme using

the Riemann transmission condition will be discussed in Subsection 3.1.3.

3.1.2 Remedy for Low Frequency Breakdown

The commonly used EFIE/MFIE/CFIE with the RWG basis functions has been

found to become inaccurate in the low-frequency regime, where the dimension of the
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Figure 3.1 : Illustration of an inhomogeneous object in a planar layered medium.

surface is much smaller than a wavelength. The problem arises in the evaluation of

the impedance matrix. As the angular frequency! Ñ 0, the magnitude of the �rst

term, which is related to the magnetic / electric vector potential term in (3.10) be-

comes much smaller than the second term, which is related to the electric / magnetic

scalar potential [WGK95]. Thus, for a �xed-precision computation, the information

on the magnetic/electric vector potential is lost when the frequency is low enough

and the remaining information from the electric/magnetic scalar potential is insu�-

cient to determine the surface current densities. This is the low-frequency breakdown

in the regular numerical solution of the surface integral equations.

A remedy is to decompose the RWG basis functions into two parts: loop basis

functions L n and tree basis functionsT n . As shown in Fig. 3.2a, the loop basis

function is associated with the node. Within each triangle attached to noden, L n

has its vector direction parallel to the edge opposite to noden and forms a loop

around noden, so it is divergence free,r � L n � 0. With the loop basis functions,

the second term in (3.10) is forced to 0 so the information in the �rst term is well
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(a) (b)

Figure 3.2 : Illustration of the loop/tree basis functions on a piece of triangular
mesh. (a) Loop basis function. (b) Tree basis function.

preserved. Actually, the loop basis function is a linear combination of the RWG basis

functions f RW G [WGK95]:

L n �
N t¸

i � 1

�
2f RW G

i; 2

l i; 2
�

2f RW G
i; 3

l i; 3

�

; (3.15)

whereN t is the number of triangles attached to the node.l is the edge length and

the subscripts i; 2 and i; 3 represent the second and third edge in thei th triangle,

with the local �rst edge being opposite the node. As illustrated in Fig. 3.2b, a tree

starts from the node in a triangle and should traverse all triangles without repeat.

This tree is not unique. T n is equivalent to the regular RWG basis function but is

only associated with the edges that lie along the tree structure [WGK95].

T n �
"

f RW G
t ; if edge t intersects a tree branch

0; otherwise
(3.16)

Besides the loop-tree basis functions, there is another combination of loop-star basis

functions. However, studies in [WGK95] indicate that the loop tree scheme yields a

more stable impedance matrix with a larger reciprocal condition number. On a closed

surface withNN nodes andNE edges, triangular discretization ofX (representing~Js
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or M s) using loop-tree basis functions can be written as

X prq �
NN � 1¸

n� 1

X nL n prq �
NE¸

n� NN

X nT n prq: (3.17)

The number of loop basis functions isNN � 1 because loops are associated with nodes

and the last loop is no longer independent of previous loops. Since the loop tree

scheme is a linear combination of regular RWG basis functions, the total number of

basis functions should remainNE . In (3.17), X n represents thenth discretized scalar

unknown ~Jsn or M sn .

For the FEBI method, to maximize its 
exibility on modeling, the volume (FEM

domain) is discretized by tetrahedrons, and the surface (MoM domain) is discretized

by triangles. Using loop-tree basis functions on the surface and using curl-conforming

basis functions in the volume can solve the low-frequency breakdown problem in

well logging simulations. No special modi�cation of the FEM basis functions is

needed. However, using higher-order FEM basis functions can e�ectively reduce the

requirements of the mesh density. Therefore, the second-order curl-conforming basis

functions are used in Section 3.2.

3.1.3 Transmission Condition

In general, the MoM meshes are not necessarily the same as the boundary of the FEM

meshes. For such nonconforming meshes, the MoM basis functions do not overlap

with the FEM basis functions, so the MoM unknowns cannot be simply represented

by the FEM unknowns on the boundary usingM s � � n̂ � E and ~Js � n̂ � ~H . It

is necessary to reconsider the coupling approach instead of directly using the above

boundary conditions as is in (3.14).

At the interface between the FEM domain and the MoM domain with inner

wave impedanceZ i and background wave impedanceZb, stable conditions must be
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established for FEM unknownsE, ~H , and MoM unknownsM s, ~Js. The Riemann

transmission condition [LLL13, SMH90, MSH91, KKU02] is such a condition that

sets the tangential components of the electric �eld and the normalized magnetic �eld

at the interface as

X 1 pYi � Ybq � n̂ � EYi � n̂ � n̂ � ~H Yb0

� M sYb � n̂ � ~JsYb0 (3.18)

and

X 2 pZ i � Zbq� n̂ � ~H Z i � n̂ � n̂ � EZb0

� ~JsZb � n̂ � M sZb0; (3.19)

where Yi � 1{Z i and Yb � 1{Zb are the FEM domain admittance and the MoM

domain admittance, respectively. The constantsZb0 �
a

� b0{ � b0 and Yb0 � 1{Zb0

represent the average wave impedance and the average wave admittance of the back-

ground. X 1 in (3.18) can represent either ^n � E or � M s. Similarly, X 2 in (3.19) can

represent eithern̂ � ~H or ~Js.

Let � n represent thenth FEM basis function with n ¤ N I � NS, whereN I is the

number of interior basis functions andNS is the number of FEM basis functions on

the boundary. In (3.3), the �eld components can be discretized by

E prq �
N I � NS¸

n� 1

En � n prq; r PV; (3.20)

and

~H prq �
NS¸

n� 1

~Hn � n prq; r PS; (3.21)

whereEn and ~Hn are the interpolation coe�cients for the corresponding basis func-

tions. For the weak form (3.3), let the test functionwm � � m and replace the
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magnetic �eld under the surface integral with the Riemann transmission condition

for the magnetic �eld (3.19):

»

V

�
� p r � � mq �� � 1

r pr � Eq � k2
0� m � � r E

�
dv

� jk 0

c
� rb0

� rb0

¾

S

� m

Z i � Zb
�
�

n̂ � ~H Z i � n̂ � n̂ � EZb0

� ~JsZb � n̂ � M sZb0

	
ds �

»

V
� m � Sedv: (3.22)

Substituting (3.17), (3.20) and (3.21) into (3.22), a matrix system withpN I � NSq

rows and pN I � 2NS � 2NE q columns can be obtained. Testing the electric �eld

Riemann transmission condition (3.18) with� m at the boundary S:

¾

S

� m

Yi � Yb
�
�

� n̂ � EYb � n̂ � n̂ � ~H Yb0

� M sYb � n̂ � ~JsYb0

	
ds � 0: (3.23)

After discretization, a matrix system with NS rows andp2NS � 2NE q columns can

be obtained.

We use	 n to represent thenth loop/tree basis function. If n   NN , 	 n � L n

which is given by (3.15); else ifn ¤ NE , 	 n � T n which is given by (3.16). Following

the Galerkin procedure, the weak form of EFIE can be written as

¾

S

	 m �
�
� M s � � rbn̂ � L E

�
~Js

	
� n̂ � KE pM sq

�
ds

�
¾

S

	 m �
�
n̂ � E inc

�
ds: (3.24)

Substituting (3.17) into (3.24), a matrix system withNE rows and 2NE columns can

be obtained. Testing the electric �eld Riemann transmission condition (3.18) with
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	 m at the boundary:

¾

S

	 m

Yi � Yb
�
�

n̂ � EYi � n̂ � n̂ � ~H Yb0

� M sYi � n̂ � ~JsYb0

	
ds � 0: (3.25)

After discretization, a matrix system with NE rows andp2NS � 2NE q columns can

be obtained.

3.1.4 Overall Matrix Equations

For nonconformal meshes, thepN I � 2NS � 2NE q� 1 unknown vector can be written

as

x �
�
E i Es

~Hs
~Js M s

� T
; (3.26)

whereE i hasN I elements,Es hasNS elements, and~Hs hasNS elements. They are

associated with the FEM basis functions� . Both ~Js and M s have NE elements,

and are associated with the loop tree basis functions	 . With the unknown vector

de�ned in (3.26), the pN I � 2NS � 2NE q � p N I � 2NS � 2NE qsystem matrix can be

written as

A �

�

�
�
�
�
�

A ii A ie 0 0 0
Aei Aee Aeh Aej Aem

0 Ahe Ahh Ahj Ahm

0 A je A jh A jj A jm

0 0 0 Amj Amm

�

�
�
�
�
�

: (3.27)

The submatrices in the �rst two rows come from (3.22) with discretization; the

submatrices in the third row come from (3.23); the submatrices in the fourth row

come from (3.25) and the submatrices in the last row come from (3.24). Accordingly,

the source vector should be

b �
�
Si 0 0 0 Sb

� T
; (3.28)
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whereSi �
³

V � m �Sedv is the interior excitation term and Sb �
¶

S 	 m � p̂n � E inc qds

is the exterior excitation term. In well-logging applications, the logging curves are

obtained by moving the source from one location to another location with multiple

steps. For the overall matrix equations, the source vectorb changes among di�erent

excitation locations while the system matrixA is the same. If an iterative solver is

used to solve the unknown vectorx, the overall matrix equations need to be solved

multiple times because each source location has a unique excitation vector. A direct

solver may use the property thatA remains the same, the LU decomposition ofA or

the inverseA � 1 can be reused. Therefore, solving the unknowns with a direct solver

to obtain logging curves can be much faster than using an iterative solver. A direct

solver with LU factorization is used to calculate the LT-FEBI results in Section 3.2.

3.2 Numerical Examples

3.2.1 Dielectric Sphere in A 3-Layer Medium

The �rst example is a dielectric sphere in a three-layer medium. By this simple

example, the importance of using loop-tree basis functions at low frequencies is il-

lustrated. Geometries and materials are given in Fig. 3.3. The sphere that crosses

layer 1 and layer 2 is 0.2 m above the interface between layer 2 and layer 3. There

are four materials characterized by conductivity, relative permittivity, and relative

permeability. These parameters are set to include small and large conductivity con-

trasts, magnetic, and nonmagnetic materials. The source is a unit magnetic dipole

at the point (0.1 m, {0.2 m, 0.3 m). Its polarization direction is � � 40� ; � � 30� .

The observation points range from (0.2 m, 0.1 m, {0.8 m) to (0.2 m, 0.1 m, 0.8 m).

The source and observation line are intentionally not at the center of the sphere to

avoid hiding any possible numerical errors. Otherwise, some errors, especially those

associated with singular integrals, may be mitigated because of symmetry.

At 10 kHz, the wavelength inside the sphere is 998.9 m. The wavelengths in
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Figure 3.3 : Section view of a dielectric sphere in a three-layer background.

(a) Coarse: 300 triangular elements. (b) Dense: 1200 triangular elements.

Figure 3.4 : Two schemes of conformal meshes on the boundary of the sphere.

three background layers are 70.7 m, 316.1 m and 18.3 m, respectively. For such

large wavelengths, a coarse MoM mesh with an average edge length of 0.3 m should

be enough to discretize the sphere surface, as shown in Fig. 3.4a. The conformal

FEM mesh consists of 1251 tetrahedrons. For the LT-FEBI method, there are 151

loop basis functions and 299 tree basis functions, i.e. 450 MoM unknowns for both

electric and magnetic surface current densities. The number of unknowns in the FEM
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(a) Simulation at 10 kHz using the coarse mesh.

(b) Simulation at 10 kHz using dense mesh.

domain is 10200. The simulation results are shown in Fig. 3.5a. The imaginary parts

of the magnetic �eld components at the observation points are plotted. Using the

same meshes, the FEBI method with conventional RWG basis functions generates

di�erent results. The reference data come from the commercial software COMSOL

using FEM and applying the scattering boundary condition on a large spherical

surface with radius 50 m. The comparison in Fig. 3.5a shows that the LT-FEBI

result matches the pure FEM result, while the conventional FEBI does not. A

common attempt to reduce numerical error is to increase the density of the mesh.
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(c) Simulation at 10 MHz using the dense mesh.

Figure 3.5 : Comparisons of the imaginary part of the total H-�eld components at
observation points.

Fig. 3.4b shows �ner conformal meshes with 1200 triangular elements. In this case,

the LT-FEBI method has 601 loop basis functions and 1199 tree basis functions; the

conventional FEBI method has 1800 RWG basis functions. The comparison of results

using the dense mesh scheme is shown in Fig. 3.5b. The LT-FEBI result remains the

same, but the conventional FEBI result becomes di�erent. The two comparisons at

10 kHz indicate that the LT-FEBI result should be correct because it is the same as

the pure FEM result and it is independent of mesh density. The conventional FEBI

must su�er from some numerical errors as its result is not stable when changing the

mesh density.

To show that the numerical error in conventional FEBI is associated with low-

frequency breakdown, the same model as in Fig. 3.3 is simulated at 10 MHz. The

wavelengths in the dielectric sphere and the three background layers become 14.6

m, 2.2 m, 7.0 m and 0.6 m. Dense meshes are selected to generate the results in

Fig. 3.5c. Both the LT-FEBI and the conventional FEBI have the same result that

matches the reference data. Even using the coarse mesh, they are still the same but
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Figure 3.6 : The yz-plane section view of deviated borehole and invasions straddling
a 4-layer background.

slightly di�erent from the reference data because the mesh density is not enough at

10 MHz. This observation indicates that the loop-tree basis functions are equivalent

to the conventional RWG basis function at high frequency, but more accurate at low

frequency.

In terms of performance, the model in COMSOL has 1 million unknowns, which

is about 30 times those of the LT-FEBI model, while the mesh densities inside the

dielectric sphere are on the same level. COMSOL takes 4 GB peak memory and 60

s to �nish the simulation. The LT-FEBI method only needs 1 GB peak memory and

40 s.

3.2.2 Deviated Borehole and Invasions in A 4-Layer Medium

The second example is used to validate the accuracy of LT-FEBI in general well-

logging simulations. As shown in Fig. 3.6, a borehole is modeled by a cylinder rotated

about the x-axis by 60� . After rotation, the borehole coordinates are represented by

capital letters X, Y, Z and the background coordinates are still represented by small

68



(a) (b)

Figure 3.7 : Logging curves of di�erent apparent conductivity components. (a) TR
spacing: 0.1 m. (b) TR spacing: 1.0 m

letters x, y, z. Materials are characterized only by their conductivity values. The real

relative permittivity and relative permeability are set to 1. The borehole is �lled with

oil-based mud whose conductivity is 0.001 S/m. The invasion conductivities are not

the same at di�erent layers and their values are bounded by the borehole conductivity

and background conductivity.

The logging curves are obtained by moving the transmitter and receiver along

the Z-axis in the borehole coordinates. The triaxial transmitter inside the borehole

is modeled by magnetic dipoles oriented in the X, Y, and Z directions. Two receiver

locations 0.2 m and 2.0 m above the transmitter are considered. At each receiver

point, �eld components in the X, Y and Z directions are recorded. Using the formula

in [WBM � 06], the apparent conductivity component� ZY can be calculated from

the imaginary part of the Y component of the magnetic �eld (impHY q) when the
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excitation is a magnetic dipole polarized in the Z direction (MZ ). Similar formulas

can be applied to calculate� XX , � Y Y , � ZZ , � Y Z , which are shown in Fig. 3.7. The

remaining coupling terms associated with X,� XY , � XZ , � Y X and � ZX are all zero

because there is no rotation in the X direction. Note that the orientations of the

transmitter and receiver are described in the borehole coordinates. But these logging

curves are �nally used to study the background layers; the vertical axis in Fig. 3.7

is of the background coordinates. It represents the z coordinate of the middle point

between the transmitter and receiver. Consequently, the transmitter-receiver (TR)

spacing in the z direction is 0.1 m in Fig. 3.7a and 1.0 m in Fig. 3.7b. The transmitter

moves from z = 1.0 m to z = 6.0 m with a 0.1 m step in the z direction. For the

middle point between the transmitter and receiver, it ranges from 1.05 to 6.05 m in

Fig. 3.7a and from 1.5 to 6.5 m in Fig. 3.7b.

The LT-FEBI results are validated by running the pure FEM in COMSOL. The

simulation frequency is 30 kHz. The COMSOL model is truncated by a concentric

cylinder with a radius of 20 m and height of 55 m, so the distance between the object

surface and the boundary is about 20 m. It is not unreasonably large considering the

large wavelength at the low frequency. This COMSOL model has 1 million elements

and 6.3 million unknowns. For a single source location, the iterative solver used

in COMSOL takes 13 minutes and 26 GB peak memory. To obtain the curves in

Fig. 3.7, sweeping the source location with 51 points takes about 11 hours. For the

LT-FEBI method, non-conformal FEM and MoM meshes are used in this example.

The FEM mesh has 109809 tetrahedrons and its skin surface has 2032 triangles. The

number of FEM unknowns is 701882. The SIE mesh is generated independently. It

has 1860 triangles and forms 931 loop and 1859 tree basis functions. Calculating

the fully dense SIE impedance matrix takes 6 min and the direct solver takes 2 min.

Since the direct solver can reuse the factorization result for di�erent source locations,

the total simulation time for 51 source locations using the LT-FEBI method is only
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Figure 3.8 : An illustration of the boundary mesh and the information of 28-layer
Oklahoma formation information

9 min, and the maximum memory is 16 GB.

3.2.3 Simulation of The 28-Layer Oklahoma Formation

A challenging simulation with Oklahoma formation is done using the LT-FEBI

method. The Oklahoma formation contains 28 planar layers whose bed thickness

and conductivities vary widely [Dav11]. The formation parameters that include the

z-coordinate of the interface and the conductivity of each layer are given by the �rst

two columns in Fig. 3.8. In Fig. 3.9, the dotted curves represent the background
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conductivity, which is considered the true value. The dashed curves are analytically

calculated by using the layered medium Green's function with speci�c transmitters

and receivers moving vertically in the background without borehole and invasions.

The logging curves consist of 505 data points with a source location ranging from z =

{1.5 m to z = 48.9 m. The source is a vertical magnetic dipoleM z and the received

�eld component is Hz. Two types of TR spacing of 0.1 and 1.0 m are illustrated by

Fig. 3.9a and Fig. 3.9b, respectively. The result shows that the analytical logging

curve is close to the true value when the TR spacing is small. This is expected

because it is the ideal case in which induction tools are supposed to measure in well

logging. For large TR spacing, the shoulder e�ect makes the logging curve largely

di�erent from the true value. It may seem that the measurement with a short TR

spacing is much better than the longer one to avoid the shoulder e�ect. However,

the existence of borehole and invasions will make a di�erence.

In this case, the borehole is represented by a cylinder with a radius of 0.1 m

and is �lled with water-based mud whose conductivity is 1.0 S/m. The radius and

conductivity of the invasion in each layer are given by the last two columns in Fig. 3.8.

The boundary is selected as the outer surface of the invaded zones. The conformal

boundary mesh scheme is shown on the left of Fig. 3.8. There are 5492 triangular

elements with an average length of 0.25 m. They form 2747 loop and 5491 tree

basis functions. The total number of SIE unknowns is 16476. The FEM domain

has 252665 tetrahedrons and 1644132 unknowns. The LT-FEBI method needs 45

GB peak memory and 3 hours to solve such a large problem. As illustrated in

Section 3.2.2, it is ine�cient to obtain the logging curves using the iterative solver in

COMSOL. The estimated simulation time to obtain the logging curves by COMSOL

is several hundreds of hours. Instead, a semi-analytical 2D solver using the numerical

mode matching (NMM) method is used to validate the LT-FEBI result. In Fig. 3.9,

perfect correspondences are observed.
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(a) (b)

Figure 3.9 : Logging curves of the vertical Oklahoma model. (a)TR spacing: 0.1
m. (b) TR spacing: 1.0 m

Because the formula for calculating apparent conductivity is deduced in homo-

geneous media based on low-frequency asymptotic approximations, the use of this

formula in heterogeneous media will cause the yielded value to deviate from the true

value. Short TR spacing is seen to be sensitive to the in
uence of the borehole and

invasions, as shown in Fig. 3.9a. On the contrary, the result of the long TR spac-

ing already in
uenced by the shoulder e�ect does not change much after adding the

borehole and invasions, as shown in Fig. 3.9b. Another set of simulations using the

oil-based borehole also supports the same observation.

For the case with vertical borehole and invasions, there is no advantage in using

the LT-FEBI method compared to the NMM method in terms of e�ciency. However,
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(a) (b)

Figure 3.10 : Logging curves of the deviated Oklahoma model. (a) TR spacing: 0.1
m. (b) TR spacing: 1.0 m

the 3D solver can simulate the deviated borehole and invasions. In the deviated case,

the model is no longer symmetric with respect to the z axis, so the NMM method

cannot be used. The borehole and invasions are rotated 30� about the x axis in a way

similar to that in Fig. 3.6. New meshes with 232158 tetrahedrons and 6708 triangles

are used. On the boundary, there are 3355 loop basis functions and 6707 tree basis

functions. The total unknown number of the deviated model is 1543936. In Fig. 3.10,

the horizontal axis � ZZ with the capital subscript indicates that the transmitter and

receiver orientations are described in the borehole coordinates. The vertical axis still

represents the z-coordinate of the TR middle point in the background coordinates.

In the deviated case, the LT-FEBI is run with a special model where the borehole
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and invasions are set with the same conductivity as the background. The LT-FEBI

result with the virtual borehole is compared with the analytical solution in the layered

background. As shown in Fig. 3.10, the LT-FEBI result of the virtual borehole model

matches the analytical solution. Using the same meshes and simply changing the

conductivity for the borehole and invasions, the LT-FEBI result for the deviated case

with the borehole and invasions is represented by the dash-dotted curve. Compared

to the logging curves in the vertical case, the apparent conductivity component� ZZ

becomes smaller but of similar shape. A phenomenon not shown here is that the

horn e�ect at the interfaces can be observed in the logging curves of� XX and � Y Y

when the TR spacing is small.
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4

Formation Inversion

4.1 Fast Simulation in A Layered Medium

4.1.1 Formulation

The reference for this subsection is Chapter 2 of [Che95]. When the electromag-

netic properties of an isotropic medium are varying only in one direction, e.g. the

z-direction, the vector wave equations can be reduced to two decoupled scalar equa-

tions. Moreover, they characterize two types of waves: transverse electric waves

(TE) and transverse magnetic waves (TM). Assuming that the electric �eld is lin-

early polarized, the appropriate coordinates can be selected to makeEx � 0. Using

the separation of variablesEy � eypzqe� jk x x , the scalar wave equation for TE waves

can be written as
�
�

d
dz

1
�

d
dz

� ! 2�� � k2
x

�
ey � 0: (4.1)

When � and � are constants, the solution of (4.1) is a linear superposition ofe� jk z z

wherekz �
a

! 2�� � k2
x . When � and � are piecewise constant functions of z, (4.1)

can be solved �rst in each piecewise constant region, and a unique solution is later

found by matching boundary conditions across the discontinuities at the interfaces.
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The boundary condition for ey could be derived from (4.1). The term involving the

derivatives has to be �nite since all other terms are �nite in the equation. This

is only possible ifpd{dzq� � 1pd{dzqey is a �nite quantity at the interface of the two

regions. It indicates that ey and � � 1pd{dzqey are continuous at the interface. The

half-space re
ection and transmission coe�cients on the interface between region i

and i+1 can be determined as follows:

RT E
i;i � 1 �

� i � 1kzi � � i kzpi � 1q

� i � 1kzi � � i kzpi � 1q
; (4.2)

and

TT E
i;i � 1 �

2� i � 1kzi

� i � 1kzi � � i kzpi � 1q
; (4.3)

where kzi �
a

! 2� i � i � k2
x is the wavenumber in the z direction of region i. The

re
ection and transmission coe�cients satisfyT � 1 � R. When there is more than

one interface, as shown in Fig. 4.1, the generalized re
ection coe�cient could be

formulated [Che95].

~RT E
i;i � 1 � RT E

i;i � 1 �
TT E

i;i � 1
~RT E

i � 1;i � 2TT E
i � 1;i e

2jk zpi � 1qpdi � 1 � di q

1 � RT E
i � 1;i

~RT E
i � 1;i � 2e2jk zpi � 1qpdi � 1 � di q

; (4.4)

In the bottom layer, ~RT E
N;N � 1 � 0 because there are no re
ections. The generalized

re
ection coe�cient at each interface can be solved recursively. The wave in the i-th

region assumes the form

eyi � A i

�
ejk zi z � ~RT E

i;i � 1e� 2jk zi di � jk zi z
�

; (4.5)

whereA i is the amplitude in the i-th region:

A i e� jk zi di � 1 �
TT E

i � 1;i A i � 1e� jk zpi � 1qdi � 1

1 � RT E
i;i � 1

~RT E
i;i � 1e� 2jk zi pdi � di � 1q

; (4.6)
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Figure 4.1 : Re
ection and transmission in a multilayered medium.

In the upper layer, d0 � d1. Therefore, the amplitude in each region can also be

determined recursively. Similar analytical formulas can be derived for TM waves.

In practice, waves generated by �nite sources are not planar but can be decom-

posed into plane waves. The scalar wave equation

�
B2

Bx2
�

B2

By2
�

B2

Bz2
� k2

0

�
� px; y; zq � � � pxq� pyq� pzq: (4.7)

For a point source, the solutions of (4.7) in the spherical coordinates are

� prq �
e� jk 0 r

4�r
; (4.8)

which is equivalent to the integral of the scalar Green's function in (1.15). Next,

assuming that the Fourier transform of� px; y; zq exists, we can write

� px; y; zq �
1

p2� q3

8½

�8

dkxdkydkz
~� pkx ; ky; kzqe� jk x x� jk y y� jk z z: (4.9)

Using (4.9), together with the Fourier representation of the delta function, (4.7) can
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be expanded, and we �nd that

~� pkx ; ky; kzq �
� 1

k2
0 � k2

x � k2
y � k2

z
: (4.10)

Consequently, the solution of (4.7) can also be expressed as

� px; y; zq �
� 1

p2� q3

8½

�8

dkxdkydkz
e� jk x x� jk y y� jk z z

k2
0 � k2

x � k2
y � k2

z
: (4.11)

By the uniqueness of the solution to PDE (4.7) that meets the radiation boundary

condition at in�nity, we can equate (4.8) and (4.11), resulting in the Weyl identity:

e� jk 0 r

r
�

� j
p2� q

8¼

�8

dkxdky
e� jk x x� jk y y� jk z |z|

k2
z

: (4.12)

It can be interpreted as an integral summation of plane waves propagating in all

directions. It is the plane-wave expansion of a spherical wave.

When a point source is on top of a layered medium, it is best to decompose its

�eld in terms of TE and TM waves. Their propagation in a layered medium can be

analytically calculated if these TE and TM components are expanded in terms of

plane waves. The same procedures can be applied to a source embedded in a layered

medium. For a point source in the m-th layer, the z variation of the solution in the

m-th layer consists of the primary component, an up-going wave and a down-going

wave:

F pz; z1q � e� jk zm |z� z1| � Bmejk zm z � Dme� jk zm z: (4.13)

The last two terms are due to the re
ected waves at the boundariesz � � dm� 1 and

z � � dm . To �nd Bm and Dm , constraint condition can be derived for the waves at

z � � dm� 1 and z � � dm . After the derivations in [Che95], the �eld in region n at z
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due to a source in region m at z' is

F� pz; z1q �
�
e� jk zn z � ejk zn pz� 2dn � 1q ~Rn;n � 1

�
e� jk zn dn ~Tmn ejk zm dm � 1

�
�
ejk zm z1

� e� jk zm pz1� 2dm q ~Rm;m � 1

�
~Mm

~M n ; n   m; (4.14)

and

F� pz; z1q �
�
ejk zn z � e� jk zn pz� 2dn q ~Rn;n � 1

�
ejk zn dn � 1 ~Tmn ejk zm dm

�
�
e� jk zm z1

� ejk zm pz1� 2dm � 1q ~Rm;m � 1

�
~Mm

~M n ; n ¡ m; (4.15)

where ~Mm � r 1 � ~Rm;m � 1
~Rm;m � 1e� 2jk zm pdm � dm � 1qs� 1.

4.1.2 GeoSphere Channels

Fig. 4.2 shows the simpli�ed simulation of the triaxial response [SLM� 14]. The vir-

tual triaxial tool is used. The borehole and invasion are also ignored. The �elds

at the receiver locations are calculated using the analytical method. The triaxial

response is also called directional coupling. For well-logging with large TR spacing

tool such as the Schlumberger Geosphere, some special parameters (real-time chan-

nels) are further calculated from the directional couplings such asHxx , Hxy , Hxz ,

Hyx , etc. Table. 4.1 summarizes four types of channel that are sensitive to di�erent

formation properties [SLM� 14]. By selecting proper local coordinates, the dip angle

can always be rotated about the Y axis; thus, the xy, yx, zy and yz components are

assumed to be zero.

ˆ Ultradeep antisymmetrized directional attenuation (UADA) and phase shift

(UADP) are sensitive to layer interfaces, dip angle, and formation anisotropy

ratio.

ˆ Ultradeep harmonic anisotropy attenuation (UHAA) and phase shift (UHAP)

are sensitive to the formation's anisotropy ratio.
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Figure 4.2 : The simpli�ed virtual tool responses with �ve nonzero coupling com-
ponents.

Table 4.1: Four types of GeoSphere Channel.
Name Formula Sensitivity
UAD H zz � H xz

H zz � H xz
� H zz � H zx

H zz � H zx
Boundaries, dip and anisotropy

UHA H xx
H yy

Anisotropy
UHR � 2H zz

H xx � H yy
Resistivity

USD H zz � H xz
H zz � H xz

� H zz � H zx
H zz � H zx

Boundaries and conductivity contrast

ˆ Ultradeep harmonic resistivity attenuation (UHRA) and phase shift (UHRP)

are sensitive to the formation resistivity.

ˆ Ultradeep symmetrized directional attenuation (USDA) and phase shift (USDP)

are sensitive to layer interfaces and conductivity contrast.

When the TR spacing and the operation frequency are �xed, there are 8 channels.

If there are simulated/measured results for n TR spacings and m frequencies, we

will have 8� m� n channels in total. Inversion using these channels should be more

accurate than that using the elementary directional coupling components.
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4.2 Occam Inversion

4.2.1 Pixel Model

To inversely determine the electromagnetic properties of the formation, the �rst step

is to determine the model that characterizes the formation. Instead of guessing the

number of layers and determining the coordinates of each interface, we use the pixel

model shown in Fig. 4.3. The middle point of the transmitter and receiver, the

tool station location, is also the center of the pixel model. Pixels with independent

conductivity extend upward and downward within the speci�ed scope. The region

outside the scope is treated homogeneously as the boundary pixels. The formation is

assumed to be horizontally homogeneous. As shown in Fig. 4.3a, there are N uneven

pixels within the tool scope. The pixel size is smaller around the tool center. In the

formation model inversion, there will be at least N unknowns of the conductivity in

each pixel layer. Furthermore, the tool dip angle and formation anisotropy ratios

can also be included in the formation model.

When the tool moves forward, as shown in Fig. 4.3b, a new pixel model is consid-

ered. The inversion at each tool station can be independent or with lateral continuity.

Finally, a curtain section plot of the formation conductivity is visualized by �lling

all pixels with the inverted values.

Denoting the fast forward simulation asF, the GeoSphere channelsd are calcu-

lated from the fracture modelm � r � 1; � 2; :::; � N s by

d � Fpm; tvd; dip; f; tr q; (4.16)

where tvd is the true vertical depth of the tool, dip is the dip angle of the tool, f is the

operating frequency and tr is the TR spacing. (4.16) speci�es that the deterministic

d can be calculated once the fracture model and con�guration such as frequency and

TR spacing are given. The inverse functionm � F � 1pd; tvd; dip; f; tr qis not available

analytically. However, optimization algorithms can be used to �nd the modelm �
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that minimized the di�erence between the targetd � and the Fpm � ; tvd; dip; f; tr q.

During optimization (inversion), forward simulation should frequently be called to

examine new candidate models or calculate the Jacobian matrix. Therefore, fast

forward simulation is essential for the inversion.

4.2.2 Algorithm

In conventional algorithms [Liu93a, Liu94], a straightforward loss function (data

mis�t) will be de�ned as Lpmq � } d � Fpm; tvd; dip; f; tr q}2. Newton search method

can be used to �nd the optimalm � that minimizes the loss function. That is, taking

the �rst three terms of the Taylor series expansion of the cost function around the

current candidate modelm k in the k-th iteration:

Lpm k� 1q � Lpm k � � kq � Lpm kq � �gT pm kq �� k �
1
2

� T
k � ��Gpm kq �� k ; (4.17)

where �gpm kq � r Lpm kq is the gradient vector of the loss. ��Gpm kq � rr Lpm kq

is the Hessian matrix of the loss. Jacobian matrix with elements ofBFi pmq{Bmj is

required when calculating the gradient and Hessian of the loss function. The step

vector for the next formation model � k should be the stationary point of (4.17), that

is, the solution of

BLpm k� 1q
B� k

� ��Gpm kq �� k � �gpm kq � 0: (4.18)

The Gaussian-Newton method further simpli�es the calculation of the Hessian

matrix by eliminating second-order derivatives [HA04]. Another simpli�cation is to

change the formation model in the direction of the negative gradient of the loss

function: � k � � 
 k �gpm kq where the positive amplitude
 k should maximize the

reduction of loss in the descent direction:


 k �
|�gpm kq|2

�gT pm kq � ��Gpm kq � �gpm kq
: (4.19)
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(a) Model for inversion at the (i-1)-th tool station.

(b) Model for inversion at the i-th tool station.

Figure 4.3 : Pixel model for inhomogeneous formation.

This method is also known as the steepest descent method. Inversion following

these mathematical formulas can minimize the loss, but may not be reasonable. This

is related to the non-uniqueness of the inverse problem. For the pixel model, the true
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conductivity values only shift at the layer interfaces. That is, the conductivity of

most pixels should be the same as that of their neighbors. However, inversions

using the Gaussian-Newton method or the steepest descent method do not require

smoothness in the pixel formation model. Inspired by the Occam razor ("It is vain

to do with more what can be done with fewer"), a method called Occam inversion

[CPC87] was applied in the formation inversion. In the context, "fewer" means that

the pixel model is smoother, and "more" means that the result is closer to the truth.

Below is a brief introduction to this algorithm [CPC87].

The roughness of the pixel model can be characterized by}�Bm}2, where the

di�erence matrix �B is de�ned as:

�B �

�

�
�
�
�
�
�
�

0 0 0 ::: 0 0
� 1 1 0 ::: 0 0
0 � 1 1 ::: 0 0
::: ::: ::: ::: ::: :::
0 0 ::: � 1 1 0
0 0 0 ::: � 1 1

�

�
�
�
�
�
�
�

: (4.20)

In the Occam inversion, the target becomes to minimize the roughness of the

formation model }�Bm}2 which is also subject to the condition that the lossLpmq �

}d � Fpmq}2 does not exceed the thresholdX 2
� [Par84].

An unconstrained functionalU is formed using the Lagrange multiplier (� ):

U � } �Bm}2 � � � 1p}d � Fpmq}2 � X 2
� q: (4.21)

To �nd the model that minimizes U, we calculate the gradient and solve the

following equation:

�BT �Bm � � � 1JT Fpmq � � � 1JT d � 0; (4.22)

whereJ � r mF is the Jacobian matrix. It can be estimated using the �nite di�erence

approach. A simple iterative method can approximately �nd the argument that

minimizes (4.21).
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Step 1: Assume thatF is di�erentiable for the initial formation model mp1q and

estimate the next candidate model by steepest descent:

Fpmp2qq � Fpmp1qq � Jm p1q� : (4.23)

Step 2: Substitute (4.23) into (4.21), the expression of the object functionalU

becomes:

U � } �Bmp2q}2 � � � 1
�
}d � Fpmp1qq � Jm p1qmp2q � Jm p1qmp1q}2 � X 2

�

�
: (4.24)

Step 3: Greedily �nd the next modelmp2q to minimize (4.24), that is, calculate

the gradient of (4.24) and �nd the stationary mp2q.

mp2q �
�
� �BT �B � JT

m p1qJm p1q

� � 1
JT

m p1q

�
d � Fpmp1qq � Jm p1qmp1q

�
: (4.25)

Step 4: Use a 1D line search to determine the Lagrange constant� for the smallest

loss.

The above procedure describes how to determine the next candidate model. It

is expected to reduceUpmpi qq in several turns. Forward simulation should be called

many times in calculating the Jacobian matrix. The iteration should end when 1)

the di�erence between the current model and the next candidate model is below the

threshold � t , or 2) the value of the target function is below the thresholdUt , or 3)

the number of iterations exceeds the limit. When the code terminates by the last

condition, the formation model is not fully optimized. Our solution is to change

the initial formation model for another attempt, because the initial values could be

essential for many optimizations.

Fig. 4.4 shows an example of the Occam inversion. The tool station is at TVD =

1025 ft. The true model is a three-layer structure within the range of� 100 ft. We

run a forward simulation for the true model and use it for inversion. The initial model

is homogeneous and the conductivity value of each pixel is 5 S/m. The comparison of
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the initial results is shown in Fig. 4.4a. Then we calculate the next candidate model

following the four steps above. Fig. 4.4b shows the model and its forward simulation

results. Because none of the termination conditions is satis�ed, we continue to obtain

the next candidate model, as shown in Fig. 4.4c. After 4 iterations, the inversion

terminates because the target function value becomes smaller than the threshold.

The �nal inverted model and its simulation results are shown in Fig. 4.4e. This

example illustrates the iterative Occam inversion for one tool station, as shown in

Fig. 4.3a. When the tool moves to the next location, a new true model and its

simulation data should be used for the new inversion, which is independent of the

previous tool station.

4.2.3 Numerical Examples

The �rst example is the three-layer medium that we used in Chapter 2. The true

model is shown in Fig. 4.5a. The dashed line is the trajectory of the moving tool.

The dip angle is� � 30� . We run the forward simulation only with a virtual tool

in the layered medium, without the borehole and invasion, and calculate GeoSphere

channels of various frequencies and TR spacings. Fig. 4.6 and Fig. 4.7 respectively

shows the curve of each channel with TR spacing of 10" and 200". Post-processed

forward simulation is d in (4.21). We set the targetX 2
� to 10� 3. From z = 980 ft

to z = 1020 ft, there are 51 tool stations, with a moving step of z = 1 ft. With a

pixel of 0.5 ft, scope of 5 ft, Fig. 4.5b shows the Occam inversion results with the

"PeriScope" data ( TR spacings are 10" and 20"). This curtain plot consists of 51

columns (51-pixel models at the tool stations). The inversion result is close to the

true model around the tool center. At the two ends of the pixel model, the data

mis�t increases. Fig. 4.5c shows the inversion results using the same datad but the

scope becomes 100 ft. The pixel size is 1 ft and it gradually increases on the two

ends of the scope. Compared to the true model, the error in Fig. 4.5c is signi�cant.
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(a) Initial model.

(b) Model after one iteration.

(c) Model after two iterations.

It indicates that short TR spacing forward simulation data are not sensitive to the

conductivity at a great distance. Fig. 4.5d shows the Occam inversion results using

the "GeoSphere" data (TR spacings are 200" and 400"). The initial model is random.

For large-scope inversion, GeoSphere is better than Periscope. Fig. 4.5e shows the

Occam inversion results using the "GeoSphere" data while initialized with a reference

model. Because the Periscope provides shallow conductivity as shown in Fig. 4.5b,

the true conductivity above the current tool location is available. The reference
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(d) Model after three iterations.

(e) Model after four iterations.

Figure 4.4 : An example to illustrate the iterations of the formation model.

model is the combination of the true model (above the tool) and the random model

(below the tool). Using the reference model leads to more accurate inversion results.

Fig. 4.8 shows the inversion results for the Oklahoma formation of 28 layers

that we used in Chapter 3. Fig. 4.8a is the curtain plot of the conductivity within

� 100 ft. The dip angle is 60� . Fig. 4.8b shows the Occam inversion results using

the "GeoSphere" data (TR spacings are 200" and 400") and the initial model is

randomly determined. Fig. 4.8c shows the shallow inversion (� 5 ft scope) using the

"PeriScope" data ( TR spacings are 10" and 20"). With the initialization of the

reference model, Fig. 4.8d looks better than Fig. 4.8b. However, it is still di�cult to

distinguish all 28 layers from the inversion results.
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(a) The true model. (b) PeriScope Inversion, scope 5 ft.

(c) PeriScope Inversion, scope 100 ft.(d) GeoSphere Inversion(e) Half-true initializa-
tion.

Figure 4.5 : Curtain plots of the formation conductivity.
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Figure 4.6 : 8� 3� 1 GeoSphere channels for the three-layer model. Three frequen-
cies 2, 6 and 12 kHz and one TR spacing 10" are included.

Figure 4.7 : 8� 3� 1 GeoSphere channels for the three-layer model. Three frequen-
cies 2, 6 and 12 kHz and one TR spacing 200" are included.
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(a) The true model. (b) GeoSphere Inversion with homoge-
neous initialization.

(c) PeriScope Inversion. (d) GeoSphere Inversion with half-true ini-
tialization.

Figure 4.8 : Curtain plots of the Oklahoma model.

4.3 Monte Carlo Markov Chain Inversion

4.3.1 Formulation

To illustrate the variety of inversion methods, we introduce a stochastic method

named the Monte Carlo Markov Chain (MCMC) according to [SCW18]. It is a

Bayesian framework that resolves non-unique inverse problems by querying the sta-

tistical distribution of the formation model parameters. Instead of using the pixel

model, we specify the number of layers (k) within the scope and add the z-coordinates
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of the interfaces to the model parameter list:

m � r � 1; � 2; :::� k ; z1; z2; :::; zk� 1s: (4.26)

Given the measurement datad, the posterior predictive distribution (PPD) of the

modelsm is determined by Bayesian rules:

ppm|d; kq �
ppd|m; kqppm|kq

ppd|kq
: (4.27)

The likelihood function ppd|m; kqassesses the statistics of data mis�td � Fpmq.

Like in the most statistical inversions, a multivariate Gaussian distribution is used

to express the likelihood function:

ppd|m; kq �
1

a
p2� qN |Cd|

exp
�

�
1
2

pd � FpmqqT C � 1
d pd � Fpmqq



; (4.28)

whereCd is the error covariance matrix that describes the stochastic process of data

mis�t. The calculation of Cd is expensive because the forward simulation should be

called for many random samples. It is assumed that the prior probabilityppm|kq is

uniformly distributed for each parameter of the modelm.

MCMC is one of the most popular methods for drawing samples from PPD. The

random walk proposes a new candidate model. We decide whether to accept it by

evaluating the probability:

Apm � ; mq � min
�
1;

ppd|m � ; kqppm � |kq
ppd|m; kqppm|kq

�
(4.29)

The accepted model is appended to the Markov chain. According to [Has70], the

stationary distribution of the chain is the same as PPD. The mean or median of

the models in the stationary chain can represent the inverse result. The variance

indicates the uncertainty.
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Figure 4.9 : Comparison of the MCMC inversion and the Occam inversion for a
5-layer formation example.

Figure 4.10 : Statistics of the model parameters in the stationary Markov chain.

4.3.2 Numerical Examples

We used a 5-layer medium to examine the MCMC method. Fig. 4.9 shows the true

model, Occam and MCMC inversion results, respectively. Fig. 4.10 shows the statis-

tics of the MCMC method. After the covariance matrixCd is calculated, another

100 k models are simulated following the random walk MCMC process. We used the

last 20 k models in the chain to determine the inversion results. The distribution of

each formation model parameter indicates the con�dence in the inversion. The last

parameter is the anisotropy ratio. Since the true model is isotropic, this parameter

should be 1. The distribution agrees with the expectation that most of the models

in the stationary chain are isotropic.
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5

Fracture Modeling and Inversion

In well logging with triaxial tool responses, fracture inversion is to determine the

characteristics of the fracture, such as conductance, extension, and tilt angle. How-

ever, predicting the exact values is challenging. Such a precise regression model is

not only expensive for collecting su�cient data, but is also unnecessary in the real

application. Alternatively, we discretize the property space into several grids. The

goal of fracture inversion is to predict the grid label. Therefore, the regression is

converted to classi�cation. In the following sections, a simulation dataset of various

fracture models is collected using an e�cient forward method. Neural networks are

trained for inversion. Several strategies, such as zero baseline and pattern recog-

nition, are proposed to improve accuracy. Furthermore, the noise tolerance of the

proposed inversion method is examined.

5.1 E�cient Simulation for Fracture Models

5.1.1 Model Simpli�cation

A complete simulation of the real triaxial tool operating in a well requires modeling

the borehole, invaded zones, layered medium and real tool con�gurations, including
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coil antennas, a mandrel and a shell. As shown in Fig. 5.1, a tilt fracture is modeled

by a 70-inch-long and 0.25-inch-thick 3D brick. In Chapter 2, the virtual tool re-

sponses are almost equivalent to the real tool responses after calibration. LT-FEBI

can e�ciently simulate the responses of the virtual tool for the model in Fig. 5.1.

The simulated triaxial responses are plotted in Fig. 5.2. The horizontal axes repre-

sent the z coordinates of the middle point between the transmitter and receiver. The

components� xy , � yx , � yz, � zy are close to zero. For the other components, di�erent

TR spacings also lead to di�erent logging curves. In one simulation, the receiver and

transmitter locations are �xed. Therefore, curves with di�erent TR spacings start

and end at di�erent locations. This also occurs in real well-logging measurements.

The software should truncate the curves at the two ends to ensure that each remain-

ing tool location has complete data. The logging curves at the two ends should also

be 
at if the formation is homogeneous and the well extends far away. For� xz and

� zx , they are zero in a homogeneous medium and become nonzero when encountering

fractures or layer interfaces. For� xx , � yy and � zz, their 
atten values are close to

the formation conductivity but also a�ected by the TR spacing.

Although LT-FEBI is faster than conventional FEM, calculating the matrix ele-

ments and solving the linear system still require signi�cant time. Further simpli�ed

simulation is required to accelerate the forward step. As observed in simulating vir-

tual tool responses of the 28-layer Oklahoma formation, the well-logging curves with

or without the borehole and invasions have similar shapes. Furthermore, Fig. 5.3

illustrates the borehole e�ects for the simulation model of Fig. 5.1. The formation

conductivity is 0.1 S/m and the fracture conductivity is 5 S/m. The borehole is

�lled with oil-based mud (0.001 S/m) or water-based mud (1 S/m). When oil-based

mud is �lled, � zz components are smaller than those without a borehole and the

pulse of� zx has larger magnitudes. When water-based mud �lls, the� zz components

are larger than those without a borehole and the pulse of� zx has smaller magni-
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Figure 5.1 : Complete fracture model with borehole, invasion and layered medium.

Figure 5.2 : Simulation data of the complete fracture model.
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tudes. Here is an explanation: Oil-based mud reduces the average conductivity of

the background. Therefore,� zz, which is proportional to the background conduc-

tivity, becomes smaller. As the average conductivity decreases, the contrast of the

5 S/m fracture becomes greater. Therefore, the pulse magnitude of� zx increases.

On the contrary, water-based mud increases the average conductivity. Therefore, the

magnitude of� zz increases and the pulse height of� zx decreases. Although the e�ect

of the borehole is signi�cant, the shape of the logging curves remains. The borehole

e�ect may be omitted or added later in the fracture inversion.

One approach to save simulation time is to escape borehore and invasion. An-

other is to simplify the 3D fracture into a 2D surface. The thickness of the fracture is

usually 0.1 to 1 inch, while its extension can be 10 to 100 inches. High-quality meshes

with similar edge lengths for this multiscale model must be extraordinarily dense,

which makes conventional methods such as FEM or FEBI or VIE computationally

expensive. Alternatively, when the thickness is small compared to the wavelength,

the thin dielectric sheet (TDS) approximation for fractures converts volume meshes

to surface meshes because the �eld varies little in the normal direction. Then, the

size of high-quality meshes is no longer restricted by the thickness. Fig. 5.4 shows a

surface mesh example for a square fracture with 50" extension. The 4" radius hole

in the center is reserved for the well and allows the triaxial tool to pass through

the fracture. The center is �xed at z=0. The virtual tool consists of three perpen-

dicular magnetic dipoles and seven �eld observers with di�erent TR spacings. The

background is assumed to be homogeneous. TDS-based surface integral equations

(TDS-SIE) should be solved for this simpli�ed fracture model [HWZ� 19].
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(a) TR spacing: 12", zx component (b) TR spacing: 12", zz component

(c) TR spacing: 39", zx component (d) TR spacing: 39", zz component

(e) TR spacing: 72", zx component (f) TR spacing: 72", zz component

Figure 5.3 : Comparison of the borehole e�ect on the simulation of fracture models.
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Figure 5.4 : TDS-SIE meshes and simulation of the virtual triaxial induction tool.

5.1.2 Thin Dielectric Sheet Integral Equations

Based on the volume EFIE as illustrated in (1.24), the volume integral equation can

be simpli�ed for non-magnetic objects (� � � 0):

Ebprq �
D prq

�
�

k2
b

� b

½

V

� � pr 1qD pr 1qGbpr ; r 1qdv1

�
r
� b

½

V

r 1 � r� � pr 1qD pr 1qsGbpr ; r 1qdv1; (5.1)

The divergence of the product of the contrast ratio and electric 
ux is expanded as

r 1 � r� � pr 1qD pr 1qs � r 1� � pr 1q �D pr 1q � � � pr 1qr 1 � D pr 1q: (5.2)

To further expand, the tangential componentD t and the normal componentsD �
n ,

D �
n on the upper and lower surfaces as shown in Fig. 5.5 are used. The gradient of

contrast ratio is evaluated by

r 1� � pr 1q � r � �
� pr 1q � � �

� pr 1qŝs � � � � ŝ; (5.3)
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where � �
� pr 1q and � �

� pr 1q denote the contrast ratio within and outside the fracture,

respectively. If the outside of the fracture is the background medium,� �
� pr 1q � 0. ŝ

is the unit normal vector that points out of the fracture: ŝ � n̂ on the upper surface;

ŝ � � n̂ on the lower surface; ^s � t̂ on the side surface. In the source-free fracture,

the divergence of electric 
uxr 1 � D pr 1q � 0. Moreover, we separate the tangential

divergence from the normal divergence.

r 1 � D pr 1q � 0 � r 1
t � D tpr 1q � n̂ �

D �
n pr 1q � D �

n pr 1q
�

: (5.4)

Therefore,n̂ � D �
n can be replaced by ^n � D �

n and r 1
t � D t as

n̂ � D �
n � � r 1

t � D t � n̂ � D �
n : (5.5)

When the thickness� Ñ 0, (5.1) is approximated as

Ebprq �
D prq

�
�

k2
b

� b

½

V

� � pr 1qD pr 1qGbpr ; r 1qdv1

�
r
� b

�
�

»

C
t̂ � D tpr 1q� � � Gbpr ; r 1qdl1 �

»

S�
n

n̂ � D �
n pr 1q� � � Gbpr ; r 1qds1

� �
»

S�
n

r 1
t � D tpr 1q� � � Gbpr ; r 1qds1 �

»

S�
n

n̂ � D �
n pr 1q� � � Gbpr ; r 1qds1

�
: (5.6)

In this TDS-SIE formula [CC06], the scalar potential term has four integrals in

brackets to separate the contribution from tangential and normal �elds/equivalent

currents. Compared to the conventional TDS-SIE formula [HM75], where normal

�elds are ignored, this TDS-SIE formula is more accurate. The cost is to have more

unknowns on the TDS surface, that is, additional unknown coe�cients for the normal

component basis functions.

Conventional RWG basis functions can still be used to discretize the tangential

electric 
ux, even on an open surface. For the boundary edges of the open surface,
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Figure 5.5 : A thin dielectric sheet with associated quantities.

only one RWG basis function is de�ned. For each internal edge, it is shared by two

elements, and thus two RWG basis functions are associated with it, which is the

same as that in closed surface. For the normal component on the TDS surface, a

simple pulse basis function is de�ned in each element [CC06]:

p i prq �
"

n̂Ti ; r PTi

0; r RTi
(5.7)

where n̂Ti is the unit normal vector of the elementTi . The discretization of electric


ux on the TDS surface is written as

D prq � D tprq � D �
n prq �

M̧

i � 1

D t
i f

RW G
i prq �

Ņ

j � 1

D n
j p j prq; (5.8)

whereM is the number of total edges andN is the number of total elements. The

scalarD t
i and D n

j are the unknown coe�cients to be solved on the i-th edge and the

j-th element. Using the Galerkin testing procedure, the balanced matrix equations

are obtained and solved.
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5.2 Neural Networks for Fracture Inversion

5.2.1 Dataset of Fracture Models

We use TDS-SIE to obtain triaxial responses of the virtual tool for the simpli�ed

fracture model. Table 5.1 lists the sampling values for each fracture model param-

eter. Depending on the contrast of fracture and formation conductivities, the mod-

els are divided into two types: resistive and conductive. The combination of frac-

ture/formation conductivity ( � ), fracture thickness (� ), extension (L) and tilt angle

(� ) has 1680 and 1120 cases, respectively. Each simulation takes about 5 minutes on

average. The di�erences between resistive fracture and conductive fracture are signif-

icant: As shown in Fig. 5.6 and Fig. 5.7, the� zz curves have downward and upward

pulses, respectively. The 
atten values are close to the background formation con-

ductivity. As expected, � zz decreases when a resistive fracture is encountered, while

it increases when a conductive fracture is encountered. The components� xz and � zx

are zero in a homogeneous background and become nonzero near the fracture. The

cross-coupling components associated with y are zero. For nonzero components, the

pulse width and magnitude also depend on the TR spacing. Typically, the smaller

the TR spacing, the narrower and taller the pulse.

For each fracture model, the parametersm � t �; �; L; � u and the simulated triax-

ial responsesd � t � xx ; � xz ; � yy ; � zzu form data t m; du. The dataset is a collection of

pairs ofm and d. Each component ofd includes seven arrays corresponding to di�er-

ent TR spacingsTR � t 12; 15; 21; 27; 39; 54; 72u". Each array has 355 elements, i.e.,

355 tool locations. In the forward simulation, the input is the model parametersm

and the output is the triaxial responsesd. In the inversion, m should be determined

if given d.

We �rst observe some logging curves by controlling variables. In Fig. 5.8a, the

only variable is the background conductivity� , other parameters inm are �xed:
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Table 5.1: List of Variables for the Fracture Model.
Models Resistive Fracture Conductive Fracture

Fracture Cond (S/m) f 0.002g f 2, 5, 10, 20g
Formation Cond (S/m) f 0.02, 0.05, 0.1, 0.2, 0.5, 1g f 0.1 g
Fracture Thickness (") f 0.125, 0.25, 0.5, 1g
Fracture Extension (") f 10, 20, 30, 40, 50, 60, 70, 80, 200, 400g
Fracture Tilt Angle ( � ) f 0, 15, 30, 45, 60, 75, 90g
Total Simulation Cases 1680 1120

Figure 5.6 : TDS-SIE simulation of triaxial responses for a resistive fracture.

� � 0:25"; L � 50"; � � 60� . The TR spacing is also �xed at 12". Fig. 5.8b plots the

2-norm of these logging curves. The results with 12" TR spacing and those with 72"

TR spacing have similar magnitudes. The only variable in Fig. 5.9a is the extension of

the fracture. Other parameters are �xed:� � 0:1 S/m, � � 0:25"; � � 60� . Fig. 5.9b

shows the 2-norm of the logging curves for di�erent extensions. It is di�cult for

humans to decide the parameters of the fracture model by observing the triaxial

responses directly.

Fig. 5.8 and Fig. 5.9 just show a small portion of the fracture model dataset.

Because the dataset oft M; D u is too large to manually summarize the inversion
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Figure 5.7 : TDS-SIE simulation of triaxial responses for a conductive fracture.

rules, advanced methods should be used.

5.2.2 Classi�cation by Simple Neural Networks

For the dataset in Table 5.1, the fracture model parameters are discrete. It is more

reliable to predict the ranges of the fracture parameters than to predict precise

values. Ranges are represented by class labels. For example, the fracture extension

has 10 classes. Given triaxial responsesd such as in Fig. 5.6 or Fig. 5.7, the fracture

extension label should be predicted to be 50". According to the adjacent labels, the

range represented by this class label is 45" to 55".

Neural networks (NN) are trained to map triaxial responses to the labels of frac-

ture parameters. Fig. 5.10 illustrates the simple NN for the extension. The input

layer has 355� 7 � 4 = 9940 neurons. The �rst hidden layer has 4096 neurals.

The arrow represents the full connections between layers. There are 9940� 4096

connections between the input layer and the �rst hidden layer. A linear function
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(a) Logging curves when the TR spacing is 12".

(b) 2-norm of the corresponding logging curves.

Figure 5.8 : Control variable: background conductivity.

with tunable weight and bias is applied on each connection:

yj � wij x i � bj ; (5.9)
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