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 ÉÚÛÙÈÊÛ 

People with cystic fibrosis often have chronic, antibiotic resistant Pseudomonas 

aeruginosa biofilm infections, which are associated with worse decreased lung function 

and mortality . This resistance has been partially attributed to periphery sequestration, 

where antibiotics fail to penetrate biofilm cell clusters  and clear infection. The physical 

phenomena driving this periphery sequestration have not been definitively  established 

or modeled. This dissertation analyzed scientific literature to determine tha t size effects, 

volume-exclusion effects and attachment effects were important physical phenomena 

necessary to characterize chemical species diffusion in biofilms. These effects were used 

as the basis of a mathematical model, termed the DIVAC model, for chemical species 

diffusion in biofilms. It was found that this model, by allowing for spatially 

heterogeneous attachment site density and biofilm porosity, was able to predict 

periphery sequestration. Model predictions were best aligned with both 2-D dynamic  

and 3-D equilibrium simulation results  when porosity and attachment site heterogeneity 

were accounted for. Full use of model heterogeneity was needed to fit  experimental 

literature data on antibiotic periphery sequestration. A synthetic biofilm experimental 

system to test the DIVAC model was developed, and while able to replicate the size 

effects seen in real biofilms, it was not able to replicate the volume-exclusion and 

attachment effects.   
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ƕȭɯ(ÕÛÙÖËÜÊÛÐÖÕ 

[Disclaimer]: This dissertation directly uses passages and results from one published 

paper (1) by the dissertation author and paper co-author, with their permission. In addition, 

passages, figures and tables from drafts of several manuscripts in preparation are included in this 

ËÐÚÚÌÙÛÈÛÐÖÕȭɯ ÓÓɯÐËÌÈÚɯ×ÙÌÚÌÕÛÌËɯÐÕɯÛÏÐÚɯËÐÚÚÌÙÛÈÛÐÖÕɯÞÏÐÊÏɯÈÙÌÕɀÛɯÖÛÏerwise externally attributed 

are considered the intellectual contribution of the dissertation author and manuscript co-authors, 

including but not limited, A-Andrew Jones and Ishaan Brar. These co-authors retain the 

exclusive and perpetual right to publish the ideas discussed in this manuscript. This right 

extends to any unique and novel synthetic analysis of the scientific literature, which could be 

used as the basis for future scientific literature reviews.  

1.1 Background 

1.1.1 Biofilms  

3ÏÌɯÜÚÌɯÖÍɯÛÌÙÔȮɯɁÉÐÖÍÐÓÔȮɂɯÎÖÌÚɯÉÈÊÒɯÛÖɯÈÛɯÓÌÈÚÛɯÈɯƕƝƛƙɯ×È×ÌÙɯÉàɯ,ÈÊÒɯet al from 

Michigan State describing the microbial films which formed on a trickling wastewater 

filter  (2). Since these early studies, our understanding of these microbial aggregates has 

progressed considerably. Biofilms are generally understood to be collections of micro-

organisms at an interface which exhibit some combination of several key hallmarks: 

extracellular matrix production, quorum -sensing, socio-microbial interactions and 

spatial heterogeneity (3-6).  
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1.1.2 Cystic Fibrosis and Antibiotic Periphery Sequestration  

An important area where the concept of a biofilm has proven useful is in 

describing the state of chronic microbial infections in the disease cystic fibrosis. Cystic 

fibrosis is a genetic disorder mainly caused by mutation in the gene for the CFTR protein 

affecting 100,000 worldwide (7). While the drug class known as CFTR-modulators have 

significantly improved outcomes for people with cystic fibrosis, patients still acquire 

chronic Pseudomonas aeruginosa infections (7). In most cases of chronic P. aeruginosa lung 

infections, the bacteria have formed a biofilm that is recalcitrant to common antibiotic 

therapies (8). Two classes of hypothesis have formed to explain this antibiotic-biofilm 

recalcitrance: antibiotic diffusion -limitations and physiology -based mechanisms (9). The 

diffusion -limitations hypothesis states that specific or non-specific physical interactions 

between an antibiotic and the biofilm extra -cellular matrix lead to slower antibiotic 

penetration into biofilms, preventing antibiotics from reaching and kill ing interior cells 

(10). Mathematical models based on this hypothesis tend to quantify this diffusion -

limitation by assuming a biofilm with homogenous porosity and antibiotic attachment 

site density and incorporate antibiotic -ÔÈÛÙÐßɯÐÕÛÌÙÈÊÛÐÖÕÚɯÐÕÛÖɯÈɯɁÏÖÔÖÎÌÕÐáÌËɂɯ

diffusivity (11, 12). Experiments however have indicated that for certain antibiotics, 

antibiotic -matrix interactions cause biofilm recalcitrance not due to hindered diffusion 

but spatial heterogeneity in the biofilm causing antibiotics to disproportionately 

accumulate at the ×ÌÙÐ×ÏÌÙàɯÖÍɯÛÏÌɯÉÐÖÍÐÓÔɯÛÌÙÔÌËɯɁ×ÌÙÐ×ÏÌÙàɯÚÌØÜÌÚÛÙÈÛÐÖÕɂɯ(13-15). 

This represents a gap in the antibiotic modeling  literature: a need for a model which can 

predict periphery sequestration of antibiotic in bacterial biofilms.  
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1.2 Dissertation Research Aims 

To address this gap in the literature for modeling periphery sequestration of 

antibiotics in biofilms, this dissertation will  

1) summarize existing experimental literature to inform the modeling approach,  

2) develop a model for predicting antibiotic accumulation in bacterial biofilms 

and test this model against 2-D dynamic simulations,  

3) determine the capacity of the model to predict periphery sequestration 

through exploring its own parameters space, comparing its predictions  to 3-D 

equilibrium simulations, and testing the model against periphery sequestration 

data from prior experimental literature, and finally  

4) develop an experimental system for testing this hypothesis in a synthetic 

biofilm analogue, and test the developed system for important functional 

features of a biofilm.  

1.3 Applications of Species Transport Modeling in Biofilms  

In addition to the developed model having utility in better understanding the 

phenomena of antibiotic periphery sequestration, the general approach of developing 

models for species transport in microbial biofilms has applications beyond cystic 

fibrosis.  
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1.3.1 Applications in Understanding Biofilm Antibiotic Recalcitrance 

in Other Diseases 

Other forms of microbial infection can present as bacterial biofilms, and develop 

the trademark resistance to standard antibiotic treatment regimens, requiring more 

intensive antibiotic therapies  (8). Biofilm -related infections are estimated to be the case 

for 1.7 million hospital -acquired infections annually  (16).  These biofilms are associated 

with a wide -variety of diseases in addition to cystic fibrosis, including catheter -

associated urinary tract infections, central line-associated blood stream infection, 

ventilator -associated pneumonia, diabetic foot ulcers, medical device implant infections, 

endocarditis and urinary trac t infections (17). Models developed to better understand 

antibiotic interactions with cystic fibrosis biofilms have the potential to improve 

understanding of antibiotic -biofilms interactions for these diseases.  

1.3.2 Applications in PKPD Modeling  of Nanoparticle Antibiotic 

Therapies 

Evidence in the scientific literature of biofilm recalcitrance to traditional 

antibiotic therapies has motivated the development of antibiotic therapies which can 

overcome the recalcitrance of biofilms (18). To overcome the theorized mechanism of 

biofilm recalcitrance due to diffusive limitations, nanoparticles have been proposed as 

drug delivery vehicles for traditional antibiotics (19, 20). By tailoring nanoparticle 

properties to avoid diffusive -limitations like periphery sequestration, these 

nanoparticles offer a way to deliver antibiotics in a manner which better treats biofilm -

infections (21). These novel nanoparticle therapies as antibiofilm agents will require 
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FDA approval, and thus will require Administration, Distribution, Metabolism and 

Excretion (ADME) assessment in a drugs pre-clinical safety and efficacy evaluations 

(22). A general model for species transport in biofilms, which can account for transport 

of nanoparticles, can inform larger pharmacokinetic/pharmacodynamic models needed 

to perform these ADME assessments (23).  

1.3.3 Applications for Pollutant Exposure Modeling  for 

Environmental Biofilms in Environmental Risk Assessment  

In addition to being important to understanding microbial infections, biofilms 

are an important form of microbial life in the environment. These emergent forms of 

microbial life are thought to be the dominant form of life for bacteria and archaea in the 

environment, estimated to represent 80% of all bacterial and archaeal cells (24). Biofilms 

are also an important form of life for other types of microorganisms, with periphyton, a 

multi -phyla assemblages of microorganisms including algae and diatoms, representing 

up to 90% of primary production in certain aquatic ecosystems  (25, 26). Periphyton are 

important primary producers in that they both fix carbon and sequester nitrogen and 

phosphorous, making them bioavailable to consumers along with regulating their levels 

within the ecosystem (27-29). This makes periphytic biofilms critical in both nutrient 

cycling and food webs in freshwater and estuary systems (30, 31).   
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Figure 1: Picture of Periphyton . Reprinted with permission from Hobbs et al (32). 

Copyright 2019 American Chemical Society. 

To understand how a potential pollutant could affect the biofilms in an 

ecosystem of interest, an environmental risk assessment for the pollutant in the 

ecosystem of interest is performed. A critical component of these environmental risk 

assessments is exposure assessment (33). An exposure assessment determines, given a 

certain amount of pollutant a biological component (aka. wildlife species) of an 

ecosystem is exposed to, what the effective dose of that pollutant to the biological 

component of the ecosystem will be. These exposure assessments are usually informed 
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by models for biological species uptake, which are almost exclusively species-specific 

(34, 35). As discussed in Appendix J, the exposure assessment models available for 

bacterial biofilms in the environmental risk assessment literature are limited. Many of 

the most prominent  exposure-assessment models have no species-specific exposure 

models for biofilms (36), and the most advanced model in this area has a biofilm 

Ìß×ÖÚÜÙÌɯÔÖËÌÓɯÞÏÐÊÏɯÐÚɯÔÌÙÌÓàɯÈÕɯÈËÑÜÚÛÔÌÕÛɯÖÍɯÛÏÌɯÔÖËÌÓɯÜÛÐÓÐáÌËɯÍÖÙɯ×ÌÙÐ×ÏàÛÖÕɀÚɯ

microbial cousin, phytoplankton (37). Given this state of literature, a generalized model 

for chemical species accumulation in bacterial biofilms would help in developing these 

biological species-specific exposure models for environmental biofilms such as 

periphyton.  An example of translating a model for species transport in biofilms to the 

kinds of relations utilized in exposure models is outlined in Appendix H.  

1.4 Prior Experimental Literature on Species Accumulation in 

Biofilms  

Experimental studies from several different areas of scientific literature provide 

insight that can be used in developing a model for antibiotic accumulation in biofilms. 

These areas broadly include: studies on chemical species accumulation in single-species 

biofilms  and multi -species environmental biofilms such as periphyton.  

By analyzing these studies, the important effects of biofilms on chemical species 

diffusion can be determined.  
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1.4.1 Prior Experimental Literature on Species Accumulation in Single -

species Biofilms  

Prior experimental literature on accumulation of chemical species in single -

species biofilms will focus on the accumulation of two classes of chemical species: 

antibiotics and nanoparticles. These two classes of chemical species have some of the 

most extensive literature on experimental accumulation in single-species biofilms, and 

the approaches and conclusions from these chemical classes are indicative of the field as 

a whole.  

1.4.1.1 Prior Experimental Literature on Antibiotic Accumulation in Single -species 

Biofilms  

Research studies on the accumulation of antibiotics in bacterial biofilms are 

numerous, spanning a wide range of antibiotics and bacterial species. Three pieces of 

analysis will be done on this literature: what effects do biofilms have on antibiotic 

transport, does the study provide evidence for antibiotic periphery sequestration, and 

what this study suggests for the diffusion -limitations hypothesis.  

Studies are analyzed for their evidence relating to two effects: hindered diffusion 

of antibiotics in a biofilm compared to water, and antibiotic attachment to the biofilm 

extracellular matrix (ECM). Evidence for the hindered diffusion  effect required either 

certain antibiotics diffusing significantly slower through a biofilm compared to others, 

or more direct evidence like diffusivity estimates. Evidence for antibiotic attachment 

was either immobilized antibiotic within the biofilm or evidenc e of strong interactions 

between antibiotic and an ECM component. Evidence for the periphery sequestration 
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hypothesis constitutes concentrations of antibiotic deeper within a biofilm being lower 

than measures of concentration at the periphery of a biofilm.  

For a study to constitute firm evidence for the diffusion -limitations hypothesis 

for biofilm antibiotic recalcitrance, concentrations of antibiotic must be measurably zero 

in the deepest layers of the biofilm. Hindered diffusion is not sufficient. Peripher y 

sequestration is not sufficient but constitutes mixed evidence. Neither of these 

observations would  be sufficient to explain antibiotic  recalcitrance. In Table 1, a non-

comprehensive list of these experimental studies in this field  is outlined, listing the 

bacterial species composing the biofilm, the antibiotic(s) tested, and the results of the 

analysis.  

A few key generalizations about antibiotic diffusion in biofilms can be shown 

from these papers. First, there is significant evidence of hindered diffusion in biofilms. 

 ÚɯÌÝÐËÌÕÊÌËɯÉàɯ2ÛÌÞÈÙÛɯȹƖƔƔƗȺȮɯÈɯÓÌÈËÐÕÎɯÊÈÕËÐËÈÛÌɯÍÖÙɯÛÏÐÚɯÏÐÕËÙÈÕÊÌɯÈÙÌɯɁÚÐáÌ-effectÚɂɯ

(38), shown in Figure 2,where higher sizes of diffusing species lead to lower diffusivities 

in biofilms. This indicates that the extracellular matrix mesh in the biofilm could hinder 

the free-diffusion of the antibiotic.  
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Table 1: Studies on Antibiotic Accumulation in Biofilms.  *- Possibly refuted later in Anderl (2000), which showed 

importance of ϕ-lactamase in limiting penetration independent of diffusion limitations. N/a- No evidence either way. 

Study  Antibiotic(s)  

Bacterial 

Species 

 

Hindered 

Diffusion  

Attachment 

Effect  

Periphery 

Sequestration  

Diffusion -

Limitations 

Hypothesis  

Hoyle 

(1992)(39) 
Piperacillin  

P. aeruginosa 

579 
N/a N/a N/a Support* 

Dunne 

(1993) (40) 

Vancomycin, 

Rifampicin  
S. epidermidis N/a N/a N/a Refutes 

Darouiche 

(1994)(41) 
Vancomycin S. epidermidis N/a N/a N/a Refutes 

Yasuda 

(1994)(42) 
Gentamicin, Ofloxacin  

P. aeruginosa 

1008 
Yes N/a N/a Refutes 

Anderl 

(2000)(43) 

Ampicillin, 

Ciprofloxacin  

Klebsiella 

pneumoniae 
No N/a N/a Refutes 

Walters 

(2003) (44) 

Ciprofloxacin, 

Tobramycin  

P. aeruginosa 

FRD1 
N/a N/a N/a Refutes 

Stewart 

(2003) (38) 
Theoretical study Yes No No Refutes 

Jefferson 

2005 (45) 

Vancomycin 

 S. aureus Yes N/a Yes Refutes 

Stewart 

2009 (46) 
Daptomycin  S. epidermidis No No No Refutes 
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Davison 

2010 (47) 
Nisin  S. epidermidis No N/a No Refutes 

Singh 

2010(48) 

Vancomycin, 

Ciprofloxacin, 

Amikacin, Cefotaxime, 

Oxacillin  

S. aureus and 

S. epidermidis 
Yes N/a N/a Mixed  

Ortiz -Perez 

2011(49) 

Amikacin, 

Clarithromycin, 

Cirpofloxacin  

Myocbacteriu

m sp. 

(multiple)  

N/a N /a N/a Refutes 

Oubekka 

2012 (50) 
Vancomycin 

S. aureus, P. 

aeruginosa 
Yes Yes N/a Refutes 

Chiang 

2013(13) 
Tobramycin  

P. aeruginosa 

PAO1 
No Yes Yes Mixed  

Tseng 

(2013)(14) 

Tobramycin  
P. aeruginosa 

PAO1 

Yes Yes Yes 

Supports 

Ciprofloxacin  Yes No Yes 

Doroshenko 

(2014)(51) 
Vancomycin S. epidermidis N/a Yes Yes Mixed  

Lin 

(2014)(52) 
Erthromycin  S. epidermidis N/a N/a N/a Refutes 

Singh 

(2016)(53) 

Imipenem, Cefotaxime, 

Amikacin, 

Tetracycline, 

Chloramphenicol, 

ciprofloxacin, 

vancomycin 

E. coli, 

K 

pneumoniae, S 

epidermidis, S 

aureus 

Yes N/a N/a Mixed  
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Figure 2: Increasing Antibiotic Size Decreases Diffusivity in Biofilms.  Image courtesy 

of Stewart (2003), replicated with  publisher permission. Copyright 2003 American 

Society of Microbiology.  

There is also evidence in the literature for antibiotic attachment to the 

extracellular matrix during accumulation in a biofilm, with some of the strongest 

evidence coming from studies utilizing fluorescence correlation spectroscopy such as 

Oubbeka et al (50) and studies which show tobramycin attachment to biofilm eDNA (13, 

51). 

A few studies also showed evidence of periphery sequestration, or at least an 

extent of it. While these primarily were the same studies that showed tobramycin 

attached to eDNA within P. aeruginosa biofilms  (13, 14, 51), micrographs from Stewart et 

al 2009 (46) also appear to indicate some degree of periphery sequestration of the 

fluorescently tagged vancomycin in the S. epidermidis biofilm.  
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While not the direct topic of this research, we also analyzed these studies for 

support or refutation of the diffusion -limitations hypothesis for antibiotic recalcitrance. 

In most antibiotic -biofilm combinations tested, across a variety of experimental 

techniques, there was no evidence of biofilms causing limitations for antibiotic diffusion, 

and strong evidence to the contrary. Studies across several combinations of antibiotics 

and bacterial species did find cases of antibiotic diffusion -limitations in bio films, but 

often cases of diffusion-limitations were not correlated with antibiotic recalcitrance (48, 

49, 53).  The one notable counterexample is tobramycin accumulation in P. aeruginosa 

PAO1 biofilm microcolonies, with Tseng et al providing the strongest evidence, with its 

quantitative concentration profiles showing no tobramycin penetration into the biofilm 

microcolony (14). Chiang et al and Doroshenko et al provided evidence of periphery 

sequestration but did not show the quantitative concentration profiles with position 

necessary to determine if the antibiotic fully penetrated their biofilms (13, 51). Overall, 

these studies appear to indicate limited but important cases where a diffusion -limitation 

hypothesis uniquely explains biofilm antibiotic recalcitrance.  

1.4.1.2 Prior Experimental Literature on Nanoparticle Accumulation in Single -species 

Biofilms  

In the medical context of biofilms , nanoparticle-biofilm interactions have often 

been studied through the lens of antibiofilm nanotherapeutics  (19). Research studies on 

the interactions between biofilms and nanoparticles in a therapeutic context tend to 

focus on single-species biofilms, with a heavy emphasis on Pseudomonas aeruginosa. 

Studies of nanoparticle interactions with biofilms in therapeutics tends to have two 
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focuses: nanoparticles as direct antibiofilm agents, or nanoparticles a delivery systems 

for other antibiofilm agents  (19, 54, 55). In these contexts, a variety of studies have been 

published which look at the transport properties of nanoparticles in biofilms, 

summarized in Table 2.  

Table 2 : Studies Investigating Accumulation of Nanoparticles in Single Species 

Biofilms.  

Study  

Nanoparticle(s)  

Bacterial 

Species 

Reported Factors 

Affecting 

Nanoparticle 

Accumulation  

Core 

Composition  

Size 

[nm]  

Surface 

charge 

Peulen and 

Wilkinson 

(56) 

Rhodamine, 

Dextrans, 

Silver, 

Carboxylated 

Microspheres 

0.5-

67.5 

Negative, 

Neutral, 

Positive 

Pseudomonas 

fluorescens 

Nanoparticle size, 

biofilm density, 

surface charge, 

Guiot et al 

(57) 

Dextrans, 

COOH-Latex 

and NH 2-

Latex 

4-55 

Negative, 

Neutral, 

Positive 

Lactococcus 

lactis, 

Stenotrophonas 

maltophilia 

Biofilm Density, 

Nanoparticle Size 

Miller et al 

(58) 

L-tyrosine 

polyphosphat

e 

500-

2,500 
-- 

Pseudomonas 

aeruginosa 

PAO1 

Supernatant 

Flowrate 

Fabrega et 

al (59) 
Citrate-AgNP  65 Negative 

Pseudomonas 

putida OUS 82 

Concentration of 

Dissolved 

Organic Matter  

Morrow et 

al (60) 

Quantum 

Dots 
23-32 Negative 

Pseudomonas 

aeruginosa 

PAO1-GFP 

Nanoparticle 

size/charge 

Nevius et 

al (61) 

Polystyrene 

NPs 
22-190 

Negative, 

Positive 

Alteromonas 

macleodii 

Nanoparticle 

charge/surface 

chemistry 

Tripathi et 

al (62) 

Polystyrene, 

QDs 

10-

1,000 
Negative 

Pseudomonas 

aeruginosa 

Boston 41501 

Nanoparticle 

charge/surface 

chemistry 

Jing et al 

(63) 

Cerium 

Dioxide NPs 
100 --- 

Pseudomonas 

fluorescens & 

Mycobacterium 

smegmatis 

Bacterial Species 



 

15 

Li et al (64) 
Quantum 

Dots 
7.5-24 

Negative, 

Neutral, 

Positive 

Escherichia coli 

#'ƙϔ 

Nanoparticle 

charge/ 

hydrophobicity  

Xiao et al 

(65) 

nC60, fullerol,  

Citrate-AgNP, 

PVP-AgNP  

27-100 Negative 

Pseudomonas 

aeruginosa 

(ATCC 7700) 

Nanoparticle 

hydrophobicity, 

biofilm density  

Desmau et 

al (66) 

PVP-AgNP, 

SiO2-AgNP, 

SiO2-NH 2-

AgNP  

~90 
Negative, 

Positive 

Shewanella 

oneidensis MR-1 

Nanoparticle 

size/charge/ 

hydrophobicity  

Sankaran et 

al (67) 
Nanodextran  5-20 

Negative, 

neutral, 

positive  

Pseudomonas 

aeruginosa 
Nanoparticle Size 

Zhang et al 

(68) 

Nanodextran, 

fluorophores  
1-35 

Neutral, 

positive, 

negative 

Streptococcus 

mutans 

Nanoaprticle 

Size/Charge and 

Biofilm pH  

Habimama 

et al(69) 
Polystyrene 50 Negative Lactococcus lactis Hydrophobicity  

Hollman et 

al (54) 

Fluorescent 

Nanosensors 
~35 

Neutral, 

Positive 

P. aeruginosa, 

Streptococcus 

mutans 

Nanoparticle Size 

Rodríguez-

Suárez et al 

(70) 

Polystyrene ~64 
Positive, 

Negative 
P. aeruginosa 

Volume-

exclusion 

While these studies are not comprehensive of the field , important factors which 

shape nanoparticle interactions with biofilms are highlighted. One factor which 

unequivocally effects accumulation and transport is an interplay of nanoparticle size 

and biofilm ECM density, where there is significant hindered dif fusion when using 

either larger nanoparticles or denser ECM, presumably decreasing mesh size. The effect 

of charge, while not clear from the table, is more mixed. More evidence (54, 66, 70) than 

not (64, 68) shows that charge itself has little effect on overall transport of nanoparticles 

in biofilms. Instead, charge appears to be an inconsistent indicator of nanoparticle 

attachment to biofilm extracellular matrix, rather than having a distinct effect (61). 

Evidence also appears that nanoparticles can be excluded from permeating significant 
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portions of biofilms (70). Additional factors observed are diffusing species 

hydrophobicity, biofilm species composition/biomass density, and supernatant water 

chemistry properties such as dissolved organic matter.  

1.4.2 Prior Experimental Literature on Species Accumulation in 

Periphyton  

Prior experimental literature on accumulation of chemical species in periphyton 

biofilms will focus on the accumulation of two classes of chemical species: 

polychlorinated biphenyls, or PCBs, and nanoparticles. These two classes of chemical 

species have some of the most extensive literature on experimental accumulation in 

periphyton, and the approaches and conclusions from this field are indicative of the 

field as a whole.  

1.4.2.1 Prior Experimental Literature on PCB Accumulation in Environmental Biofilms  

Research studies on the accumulation of PCBs in periphyton primarily differ in 

how these grow their periphyton, and what PCBs they use. The endpoints reported in 

these studies are usually bioconcentration factors, with their primary results 

summarized in Table 3.  

Table 3: Summary of literature on accumulation of PCBs in environmental microbes.  dw - 

Biocentration Factor on a dry-weight basis 
▌ ╟╒║Ⱦ▌ ▀►░▄▀ ▬▄►░▬▐◐◄▫▪

▌ ╟╒║▌ ◌╪◄▄►ϳ  
 . HCPB- ƖȮƖɀȮƖȮƖɀȮƙȮƙɀ-

hexachlorobiphenyl.  ^- BCF calculated using average BCF from individual sampling 

events, data via Hobbs et al Table S6.   

 PCB Periphyton  Endpoint  

Study  
PCB 

Used 

Microbial 

Taxonomy  

Growth 

Apparatus  
BCF (dw) 

Wang et 

al(71) 

Aroclor 

1242 

Stigeoclonium 

sp. (Green 

algae) 

Culture 

Flask 
1,544 
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Wang et al 

(71) 

Aroclor 

1242 

Navicula 

pelliculosa 

(Diatoms) 

Culture 

Flask 
1,293 

Wang et al 

(71) 

Aroclor 

1242 

Oscillatoria 

formosa 

(Cyanobacteria) 

Culture 

Flask 
783 

Sallenave 

et al (72) 
HCBP 

Natural Stream 

Mixture  

Slides in 

Aquarium  
22,364 

Sallenave 

et al (72) 
HCBP 

Natural Stream 

Mixture  

Slides in 

Culture 

Jar 

20,430 

Hobbs et al 

(32) 

Natural 

Levels 

in 

Stream 

Natural Stream 

Mixture  

Natural 

Stream 
1201  ̂

 

These limited studies of PCB accumulation in periphyton shows exposure levels 

have a direct relationship with accumulation levels, as seen in Figure 3, allowing for a 

bioconcentration factor to be used to estimate accumulation levels in a biofilm. 

Additionally, data from Hobbs shows that PCB hydrophobicity (K ow) had a strong effect 

on bioconcentration factor.  

 

Figure 3: Direct Relationship Between Water concentration and Biofilm Concentration 

for Periphyton.  (Left) Water vs Biofilm Concentration of PCB mixture adapated with 

permission from Wang et al (73). Copyright 1999 Elsevier Science. (Right) Water vs 

Biofilm Concentration of PCB mixture adapated with permission from Hobbs et al (32). 

Copyright 2019 American Chemical Society. 
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1.4.2.2 Prior Experimental Literature on Nanoparticle Accumulation in Multi -species 

Biofilms  

In an environmental context, biofilm interactions with nanoparticles have been 

studied through the lens of nanoecotoxicology (74). Nanoecotoxicology, or the 

ecotoxicology surrounding nano -sized objects of human origin, has been an emerging 

field in the past two decades. The origins of the field can be traced to the seminal paper 

Éàɯ"ÖÓÝÐÕɯÞÏÐÊÏɯÜÙÎÌËɯÛÏÌɯÚÊÐÌÕÛÐÍÐÊɯÊÖÔÔÜÕÐÛàɯÛÖȮɯɁÔÐÕÐÔÐáÌɯÌÕÝÐÙÖÕÔÌÕÛÈÓɯ

consequences before a nanotechnology industry is established.ɂ(75)  Since then, a wide-

array of literature has investigated the possible effects of nano-objects such as 

nanoparticles on the health of the environment (76-78). A review by Desmau et al of 

periphytic biofilms control over engineered nanomaterials (ENMs) environmental fate 

was published which gives a good overview of the current state of the literature (74). A 

series of studies have been performed which quantified nanoparticle uptake in 

periphyton or other microbial assemblages in environmentally relevant contexts and are 

summarized in Table 4.  

One study worth highlighting was a study by Miao et al 2015 (79). It found, when 

controlling for pH, the kinetics of CuO NP bioaccumulation in periphytic biofilms 

follow simple pseudo -first order kinetics (R 2 = 0.94-0.96), with supernatant and biofilm 

equilibrium well described by the Langmuir adsorption model (R 2 = 0.9-0.98).(79) 

However, it is worth noting that the first -order fit appears to systematically under, then 

over, then underestimate the observed accumulation behavior. This systematic error 

ÐÕËÐÊÈÛÌÚɯ×ÖÖÙɯÔÖËÌÓɯÍÐÛɯÞÏÐÊÏɯÐÚÕɀÛɯÖÉÝÐÖÜÚɯÍÙÖÔɯÛÏÌɯÏÐÎÏɯ12 value.  
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Given this range of bioconcentration factors (BCFs) observed in these studies, the 

experimental factors which could be driving these differences should be discussed. No 

studies reviewed here explicitly found an effect of particle size on BCFs. One study used 

ENM with similar surface properties but different pristine diameters (30 and 115 nm 

citrate-stabilized AgNP). These two nanoparticles were found to have very similar 

logBCF (1.4 and 1.5, respectively). It is likely that agglomeration and dissolution 

mit igated any effects of pristine particle-size in this experiment.  
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Table 4 : Studies Investigated Accumulation of Nanoparticles in 

Periphyton. ║╒╕
Ⱨ▌ ╔╝╜ Ⱦ ▌ ╫░▫█░■□

▌ ╔╝╜ Ⱦ ▌ ◌╪◄▄►
 is the reported bioconcentration factor (biofilm wet 

weights used when possible). ◄╪╬╬ is the characteristic time for nanoparticle 

accumulation, usually estimated as the biofilm nanoparticle concentration reaching 50% 

of its equilibrium concentration. ◄▀▄▼ is the characteristic time for nanoparticle 

desorption, usually estimated as the biofilm nanoparticle concentration reaching 50% of 

its equilibrium concentration. Hydrophobicity not quantified and difficult to determine, 

thus not included.  

Study  

Nanoparticle  
Reported 

logBCF 

Kinetic 

Parameters Composition  
Size 

[nm]  

Surface 

charge 

Flood and 

Ashbolt (80) 

Fluorescent 

Microsphere

s 

100 

Likely 

negative 

(carboxylate 

modified)  

~2 
ὸ ςτ Ὤὶί 
ὸ ςρπ Ὠὥώί 

Ferry et al 

(81) 

Gold 

Nanorods 
65 Positive 2.18 ὸ ρς Ὠὥώί 

Burns et al 

(82) 

Gold 

Nanorods 
50 -53 mV 3.46 

ὸ ρς Ὤὶί 
ὸ σπ Ὠὥώί 

Cleveland et 

al (83) 

Citrate-

AgNP  

30 Negative 1.4 
ὸ  ͯρς Ὤὶί 
ὸ  ͯωφ Ὤὶί 

115 Negative 1.5 
ὸ  ͯρς Ὤὶί 
ὸ  ͯχ Ὠὥώί 

Fabrega et al 

(84) 

Citrate-

AgNP  

100-

700 
-18 mV 2.05 ὸ  ρς Ὤὶί 

Kroll  et al 

(85) 
PVP- AgNP  117 -17 mV 4.6 

ρπ άὭὲὸ
τ Ὠὥώί 

ὸ  ρψ Ὠὥώί 

Wright et al 

(86) 
TiO2 NP 150 17 mV 4-5.6 ὸ  ςψ Ὠὥώί 

Miao et al 

(79) 
CuO-NP 

100-

800 
-35-15 mV 3.6-4.25 

ὸ  υπ άὭὲ 
ὸ  τ Ὤὶί 

Grun et al 

(87) 

Citrate-

AgNP  
100 Negative 0.8 ὸ  ςπ Ὤὶί 
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Figure 4: Miao et al (2015) First order kinetics and Langmuir adsorption model fits of 

CuO NP accumulating in periphytic biofilms. (79)Figure reprinted with permission. 

Copyright 2014 Springer-Verlag Berlin Heidelberg.  

 

After size, surface charge is one of the most studied factors in ENM 

bioaccumulation in biofilms. In the pair of studies by Burns et al and Ferry et al, the BCF 

of negatively charged AuNP was an order of magnitude higher than the BCF for similar 

positively charged AuNP.   The opposite effect was seen in Miao et al, where positively 

charged ENM were found to have higher effective BCFs. It is worth noting that the effect 

of surface charge of the ENM on BCF seen in Miao et al was mediated by changing 

supernatant pH, which could have confounded this effect.  

Comparing Fabrega et al and Kroll et al [which used similar NP], the difference in 

logBCF seen (2.05 vs 4.6) could be attributed to a variety of factors. These could include 

the difference in hydropathic character of capping agent used, or even the change in 

functional groups seen in the capping agent.  

The importance of pH and dissolved organic matter (DOM) levels are seen in 

Miao et al (2015), where the accumulation of ENM in periphytic biofilms decreased with 

increasing levels of DOM and increasing pH. Similarly, in Furtado et al, nanoparticle 
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uptake was found to be affected by ionic strength and DOM levels. AgNP were found to 

be stable in a natural freshwater environment, which was attributed to the low ionic 

strength and high DOM of the water  (88).  

The bioaccumulation of ENM on periphytic biofilms has also been shown to 

depend on where within a mesocosm they are grown and exposed. In Bradford et al, 

periphytic biofilms cultured in the sediment of a mesocosm showed no toxicological 

effects at nominal concentration similar to those in other studies which did elicit toxic 

effects (20-80 µg/L).(89) The studies by Fabrega et al and by Grün et al also indicate the 

importance differences between biofilm, where similar AgNP lead to very different 

logBCFs (~115 vs 7.5).  

1.4.3 Prior Experimental Literature on Species Accumulation: 

Conclusions  

The literature on both single-species biofilms and multi -species biofilms indicates 

a common set of factors which mediate nanoparticle transport/accumulation in biofilms. 

This analysis is supported by a variety of review papers which have examined the same 

topic (74, 90, 91). From this research, what emerges is three distinct effects of biofilms on 

chemical species accumulation: a size-exclusion effect, a volume-exclusion effect, and an 

attachment effect.   

The size effect relates to the size of the diffusing species and the biofilm 

extracellular mesh and is comprised of two distinct components. The first is the size 

exclusion effect. Since hydrated meshes such as a biofilm extracellular matrix and a 

hydrogel are comprised of disorganized, overlapping biopolymer chains, they can allow 
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particles to diffuse through them, but only up to a certain size. As the particle reaches a 

ÊÏÈÙÈÊÛÌÙÐÚÛÐÊɯɁÔÌÚÏɯÚÐáÌɂȮɯÓÌÚÚɯÖÍɯÛÏÌɯÝÖÓÜÔÌɯÞÐÛÏÐÕɯÛÏÌɯÏàËÙÈÛÌËɯÔÌÚÏɯÕÌÛÞÖÙÒɯÐÚɯ

available for it to occupy.  Once the particle reaches a critical size, no amount of particle 

can accumulate within the matrix. Thus, as particle size increases, the equilibrium 

concentration it reaches within a hydrated matrix decreases, as less volume is available 

for the particle to permeate into.  

 

Figure 5: Size Effect Diagram.  The left side of the figure shows the effect on 

nanoparticle size, showing hindered diffusion and size -exclusion. The right side of the 

figures shows the effect of mesh size.  

 

The second aspect component of the size effect is the hindered diffusion 

component. As diffusing chemical species get larger and approach the critical mesh size, 

their diffusivity in the biofilm decreases. These two effect s will be referred to hereafter 

as the size effect. This effect is due to an interplay between the size of the accumulating 

species and the extracellular matrix mesh size.  

The second effect of biofilms on chemical species diffusion is the volume-

exclusion effect. In this effect, certain portions of the biofilm are impermeable to the 
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accumulating chemical species, creating an impermeable volume within the biofilm. 

This causes significant deviations from standard diffusion, as explored in literature on 

diffusion in porous media  (92). This effect in biofilms can be found in cases where the 

diffusing species is bacteria impermeable. This context can be important in the case of 

both charged diffusing species and nanoparticles. This effect is distinct from the size-

exclusion effect due to hydrated mesh.  

 

Figure 6: Volume -Exclusion Effect Diagram.  The top of figure shows volume available 

to diffusing species with an impermeable volume. The bottom of figure shows volume 

available to diffusing species without an impermeable sub-volume.  

 

The third effect is the attachment effect. This is where the diffusing species 

attaches to some portion of the biofilm extracellular matrix, causing immobilization of 

the diffusing species. This prevents the immobilized chemical species from contributing 

to the concentration gradients driving dif fusion, effectively hindering diffusion. This 

context can be important if there are sites within the biofilm extracellular matrix with 
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strong interactions with the diffusing chemical species that cause irreversible 

immobilization/attachment.  

 

Figure 7: Attachment Effect Diagram.  The left side of figure shows diffusing species 

completely mobile in matrix. The right side of figure shows diffusing species 

immobilized by attachment sites.   

 

These effects are not an exhaustive list of effect biofilms have on chemical species 

diffusion, as shown by other effects in Table 2. Other important effects include chemical 

species hydrophobicity, effects of charge on partition coefficients, sub-diffusive 

dynamics, more general obstruction effects, and hydrodynamic effects(93). These effects 

could be mediated through the size, volume -exclusion and attachment effects, though 

further evidence would be needed. While not explored here, these same effects also 

appear in experimental literature on species diffusion in hydrogels (10, 93-102). 

1.5 Prior Modeling Literature on Species Accumulation in Biofilms  

With this understanding of the important effects of size, volume -exclusion and 

attachment on chemical species transport in biofilms, models for species transport in 
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biofilms can be reviewed to determine how these factors could be incorporated into 

current models. 

1.5.1 Prior Modeling Literature on Species Accumulation in Single -

Species Biofilms  

Several different models will be explored here for understanding prior literature 

on species accumulation in biofilms. First is the basic model for diffusion utilized by 

Stewart 2003 (38), used for modeling non -reacting diffusion of species A in biofilms, 

where ὧ  is the concentration of species A, and where Ὀ ‎Ὀ   is the 

diffusivity of species A in the biofilm, ‎ being a dimensionless diffusivity constant, and 

Ὀ  is the diffusivity of species A in the water.  

‬ὧ

‬ὸ
Ὀᶯὧ 

Equation 1: Simple Diffusion  

Ὀ ‎Ὀ ȟύὬὩὶὩ ‎ ὧίὸ 

Equation 2: Simple Diffusivity  

This model was iterated on again by Stewart et al in 2016 in Equation 3, this time 

accounting for reaction of oxygen, Ὑὧ  
ᶻ

, in the system, where the diffusivity of 

the oxygen was not just constant throughout the biofilm, but was dependent on the 

porosity of the biofilm, ‰ȮɯÈÊÊÖÙËÐÕÎɯÛÖɯ,ÈßÞÌÓÓɀÚɯÌØÜÈÛÐÖÕɯÍÖÙɯËÐÍÍÜÚÐÖÕɯÐÕɯÈɯÔÜÓÛÐ-phase 

system (103). This porosity term was itself a spatially dependent term, ‰ὼ, shown in 

Equation 4.  

‬ὧ

‬ὸ
​‎‰Ὀ ​ὧ Ὑὧ  
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Equation 3: Reaction and Diffusion with Heterogenous Diffusivity  

‎ Ὢ‰ ύὬὩὶὩ ‰ Ὢὼ 

Equation 4: Spatially Heterogenous Diffusivity due to Porosity  

Building on this reaction -diffusion model, van Rossem et al published a model 

for antibiotic diffusion in liquid crystals which utilized an equilibrated antibiotic 

attachment term to the surface of impermeable liquid crystals, where ὧȟ  is the 

concentration of attached antibiotic , ‖ is dimensionless equilibrium constant, and  ‌ is a 

dimensionless attachment rate (104).  

‬ὧȟ
‬ὸ

​Ὀ​ὧ  

Equation 5: Reaction with Surface Attachment  

‬ὧȟ
‬ὸ

‖‌ὧȟ ὧȟ  

Equation 6: Surface Attachment Term  

This work was then extended where the barrier of the impermeable crystals and 

surface attachment were incorporated  directly in the diffusion of the antibiotic in the 

viral liquid crystals through a homogenization procedure (11) by assuming an on-

average constant density of liquid crystals using scaling procedures. Another model 

which explored antibiotic diffusion in biofilms with diffusion and adsorption was by 

*ÖÚáÛÖėÖÞÐÊáɯÈÕËɯ,ÌÛáÓÌÙȮɯÞÏÐÊÏɯÌß×ÓÖÙÌËɯÛÏÌɯÐÕÊÖÙ×ÖÙÈÛÐÖÕɯÖÍɯÚÜÉ-di ffusive dynamics 

into diffusion of antibiotics in a biofilm (12). 

While the previous models sought new ways of defining the governing 

equations for the biofilm system to model diffusion of antibiotics in a biofilm, Peulen 
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and Wilkinson applied a model from hydrogel transport theory to better understand the 

effect of nanoparticle radius on diffusivity in biofilms, shown in Equation 7. 

‎ Ὡὼὴ‗‰Ὑ  

Equation 7: Peulen Diffusivity Relation for Nanoparticles  

In this equation, ‗ lumps several fit parameters with a functional form for 

porosity, and  Ὑ is the radius of the diffusing nanoparticle. Other models which 

investigated modeling nanoparticle diffusion relating to biofilms, including Miller et 

al(58), Jing et al (63). The model presented by Jing et al is primarily concerned with 

surface adsorption of nanoparticles to biofilm cell clusters, and does not considered 

penetration. Miller et al does consider penetration into biofilms along with the 

concentration profile in the external fluid, but only considered simple diffusion within 

the biofilm.  

1.5.2 Prior Modeling Literature on Species Accumulation in Multi -

Species Biofilms  

Few modeling efforts have been made to uniquely describe chemical species 

diffusion in multi -species biofilms. The only known example was that Miao et al 

highlighted earlier, where nanoparticle accumulation into periphytic biofilms was fit to 

a first-order accumulation model  (79). This lack of modeling shows the need for 

application of outlined models for biofilm accumulation of chemical species for use in 

environmental risk -assessment.  
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1.5.3 Prior Modeling Literature on Species Accumulation in Porous 

Media  

To develop models for species transport in biofilms, theories taken from 

diffusion in porous media will be adopted. This is a natural extension of the approach of 

modeling biofilms as hydrogels, which are themselves porous media. The models 

developed will based primarily from two sources on diffusion in porous media: Bear 

and Cheng (105) and Tsao(106), the latter of which was found through Crank (92). 

The fundamental approach of using mass-balances to derive transport equations 

for species in porous media is adopted from Bear and Cheng (105). This approach is 

summarized in Equation 7.2.20 per source material, and modified slightly here for 

clarity in Equation 8. 

‬‰ὧ

‬ὸ
Ͻɳ‰ὐ ‰Ὑ  

Equation 8: Diffusion in Porous Media  

In this equation, ὧ  represents the concentration of a diffusing species in 

phase ‎ of the porous media, ὐ 
ᶻ

 represents the flux of said diffusing species in 

phase ‎, ‰  represents the porosity of phase ‎, and Ὑ  represents a source or sink term 

for the diffusing species in phase ‎.  

In addition to this model, the conceptual approach for porosity ‰ in porous 

media outlined in Tsao is utilized (106). In this approach, the standard definition of 

porosity is defined as the three-dimensional porosity, ὖ, shown in Equation 9. Tsao then 

conceptually defined a two -dimensional version of porosity, ὖ, where the area occupied 



 

30 

by the impermeable space within a cross-section of the total volume is divided by the 

total area of the cross-section. This concept was then extended down to a one-

dimensional version of porosity, ὖ, defined as the length of the impermeable space 

within a cross-sectional length of the total volume divided by the total length of the 

cross-section. ὖ and ὖ can then be turned into functional forms of position, ὖ Ὢὼ 

and ὖ ώȟᾀȭɯ3ÏÌÚÌɯÐËÌÈɀÚɯÈÙÌɯÚÜÔÔÈÙÐáÌËɯÉàɯEquation 9, Equation 10, and Equation 11, 

along with visualized in Figure 8, which is taken directly from Tsao.  

ὖ
ὺέὰόάὩ έὧὧόὴὭὩὨ ὦώ ὭάὴὩὶάὩὥὦὰὩ ὴὬὥίὩ

όὲὭὸ ὺέὰόάὩ
 

Equation 9: Tsao 3-D Porosity  

ὖ
ὥὶὩὥ έὧὧόὴὭὩὨ ὦώ ὭάὴὩὶάὩὥὦὰὩ ὴὬὥίὩ

όὲὭὸ ὥὶὩὥ
 

Equation 10: Tsao 2-D Porosity  

ὖ
ὰὩὲὫὸὬ έὧὧόὴὭὩὨ ὦώ ὭάὴὩὶάὩὥὦὰὩ ὴὬὥίὩ

όὲὭὸ ὰὩὲὫὸὬ
 

Equation 11: Tsao 1-D Porosity  

While the use of this approach to porosity is novel to the field of modeling  in 

biofilms, the resulting approach of understanding porosity being a function of position 

has roots in experimental studies of biofilms such as those by Lewandowski (107) and 

Zhang (108, 109). The treatment of porosity in a biofilm as a function of position has 

precedent in biofilm modeling, as shown in (103).  
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Figure 8: Visual Representations of 1 -D and 2-D Definitions of Porosity.  Figure 

reprinted with permission from Tsao (106). Copyright 1961 American Chemical Society. 
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Ɩȭɯ#ÌÝÌÓÖ×ÔÌÕÛɯÈÕËɯ3ÌÚÛÐÕÎɯÖÍɯ#(5 "ɯ,ÖËÌÓ 

2.1 Introduction  

To develop a model for chemical species accumulation in bacterial biofilms 

which predicts periphery sequestration, three of the identified effects of the biofilm on 

chemical species diffusion from the analysis of the literature will be utilized: the volume -

exclusion effect, the size-effect, and the attachment-effect.  These effects will be 

accounted for in a spatially heterogenous manner. 

The volume-exclusion effect accounts for a diffusing species inability to freely 

permeate through portions of the biofilm volume, such as cells. While not all diffusing 

chemical species are cell-impermeable, certain species, such as nanoparticles, have been 

found to be cell-impermeable, making this an important effect to account for in the 

general case (20).  

The size-effect will also be utilized but disaggregated into two distinct effects. 

The first is the size-exclusion effect. This is the effect of regions of biofilm interstitial 

volume being inaccessible to a diffusing species due to size-restrictions in th e pore space 

of the interstitial volume. This size -exclusion effect was combined with the volume -

exclusion effect to conceptually generate an impermeable volume for diffusing species in 

a biofilm. The second part of the effect, hindered diffusion, or the r educed effective 
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diffusivity of the diffusing species in the interstitial volume due to steric interactions 

with the biofilm mesh, will not be explicitly accounted for in the model. 1  

Finally, the attachment effect of diffusing species to biofilm extra-cellular matrix 

(ECM) will be utilized. While not all diffusing species attach to biofilm extracellular 

matrix, the phenomena is common enough to merit modeling  (see Table 2). 

While the model will be derived from first principles , the ultimate form of the 

governing equation used was grounded in prior theory. Three previous models in 

particular informed this theory. Stewart 2016 (103) accounted for biofilm porosity in a 

spatially heterogenous manner in the diffusivity term. van Rossem 2022 (104), 

introduced the reversible attachment term. Finally, diffusion of chemical species in 

porous media, as presented in Bear and Verruijt (105), informed the use of porosity 

directly in the model diffusion term. While not an explicit model of chemical species 

ÈÊÊÜÔÜÓÈÛÐÖÕɯÐÕɯÉÈÊÛÌÙÐÈÓɯÉÐÖÍÐÓÔÚȮɯ3ÚÈÖɀÚɯÈ××ÙÖÈÊÏɯÛÖɯÙÌËÜÊÐÕÎɯÛÏÌɯËÐÔÌÕÚÐÖÕÈÓÐÛàɯÖÍɯ

porosity also influenced the derivation approach (106).  

In this research aim, our objective was to develop a mathematical model for 

species diffusion in a hemispherical domain with an impermeable subdomain and 

species attachment in the complement permeable domain. This was achieved by 

accounting for the imperme able subdomain via porosity and its effect on 1) cross-

sectional area available for diffusion , 2) effective diffusivity , and 3) total volume species 

concentrations. These three porosity effects were then tested both separately and in 

 

1 See Discussion section for implications of this limitation.  
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combination for their ability to improve model agreement with simulations of a 2-D 

simplification of the system of interest compared to simpler diffusion models.  

2.2 Theory 

2.2.1 System Definition  

 

Figure 9: Diagram of Modeled System Geometry . Origin in middle of solid wall.  

Consider the diffusion of a dilute, mobile chemical species in the following 

domain: a perfect hemisphere, with domain ɱ , which contains an impermeable sub-

volume composed of discrete objects, ɱ Ṓɱ , leaving a permeable interstitial domain 

ɱ ḳɱ  ᷊ɱ  (where ɱ  is the complement of domain ɱ ). The diffusing species can 

only occupy the interstitial domain, which allows for its concentration to be represented 

as ὧȟ  
. The surfaces formed by the interface of ɱɯÈÕË ɱ will be 

represented by ‬ɱ , and for our purposes will always be impermeable, making ​ὧȟ

πɴ ‬  . The hemisphere rests on its perfectly flat face on a perfectly flat impermeable 

solid wall ɱɯÊÖÕÛÈÊÛÐÕÎɯÛÏÌɯ×ÌÙÔÌÈÉÓÌɯÚÜÉɪÝÖÓÜÔÌɯɱ, which we will call the solid -
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interface, represented by ‬ɱ Ȯ where ᶯὧȟ πɴ ‬ɱ . The curved surface of the 

hemisphere interfaces with a liquid source of diffusing species, ɱȮ with a constant 

concentration ὧ
 

, leading to the following boundary condition at the 

liquid interface with the permeable subdomain, ὧȟ ὧ ᶰ‬ɱ . Within ɱȮɯÛÏÌÙÌɯÈÙÌɯ

ÚÐÛÌÚɯÞÐÛÏɯÊÖÕÊÌÕÛÙÈÛÐÖÕɯὧȟ  
 where the diffusing species attaches and 

becomes immobilized. This attachment is represented by the chemical reaction shown in 

Equation 12, in which the Mobile (ὓ) diffusing species reacts with an Attachment Site 

(Ὓ), resulting in an Attached (ὃ) species, with concentration represented by 

ὧȟ  
.  

Ὓ ὓ ᵮὃ 

Equation 12: Chemical Reaction Representation of Diffusing Species Attachment  

The curved surface of the hemisphere sits at a constant radial position ὶ  from 

the origin of a spherical coordinate system in radians, ὶɴ πȟὶ ȟ—ᶰπȟς“ȟ•ᶰπȟ ɯ

wh ere the origin is at the center of the hemisphere flat surface. The entire hemisphere 

domain ɱ  ÊÖÕÛÈÐÕÚɯÕÖɯËÐřÜÚÐÕÎɯÚ×ÌÊÐÌÚȮɯὧȟ ὧȟ π  
 at some initial 

time ὸ ί ÍÖÙɯÛÏÌɯÛÐÔÌɯËÐÔÌÕÚÐÖÕɯὸ ίȭɯIn this analysis, the liquid source is much larger 

than the hemisphere, leading to negligible changes in ὧ  overtime in the liquid source. 

Additionally, we will consider the case where the resistance to mass-transfer due to the 

boundary layer formed at the ‬ɱ ɯÐÕÛÌÙÍÈÊÌɯÐÚɯnegligible to the dynamics of species 

accumulation compared to internal resistance to diffusion, allowing for a constant 
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concentration boundary condition. The system in consideration will also have no net 

flow through ɱȮɯÓÌÈËÐÕÎɯÛÖɯÈɯÚÛÐÓÓɯŘÜÐËȭɯ 

2.2.2 Control Volume Definition  

To model diffusion of the species in this domain, we will start with a mole -

balance on the mobile and attached diffusing species using spherical coordinates in a 

control volume.  

ὲ ȟ Ў ὲ ȟ ὐὃ ὐὃ Ў Ўὸ ὐὃ ὐὃ Ў Ўὸ ὐὃ ὐὃ Ў Ўὸ

ὲЎὸ 

Equation 13: Control Volume Mobile Species Mole -Balance 

ὲȟ Ў ὲȟ ὲЎὸ 

Equation 14: Control Volume Attachment Species Mole -Balance 

In Equation 13, ὲ άέὰ  is the number of mobile diffusing species within the 

interstitial -domain of the control volume; ὲ   is the instantaneous rate of mobile 

species attachment; and ὲ άέὰ is the number of attached diffusing species within the 

interstitial -domain of the control volume. The stoichiometric ratio of the attachment 

reaction leads to the rate of change of attached species being equal and opposite to the 

rate of change of mobile species. ὐ
 ᶻ

 is the flux of this species through the 

faces of the control volume. ὃ ά  ὭὲὸὩὶίὸὭὸὭὥὰ is the cross-sectional area available for 

diffusion along the faces of the control volume. Time and space subscripts refer to the 

position or time evaluated for the denoted state variable. To get this mole-balance into a 

differential form, the usual first step to divide both sides by the volume of the control 
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volume. Since only a sub-volume of the control volume is available for diffusion, ɱȮɯ

Ùather than use the total control volume ὠ ά , we will instead be using the volume 

available for the diffusing species to permeate through, ὠ ά  ὭὲὸὩὶίὸὭὸὭόά, as seen in 

Equation 15 and Equation 16.s 

ὲȟ Ў ὲȟ

 ὠ

 ὐὃ  ὐὃ Ў Ўὸ  ὐὃ  ὐὃ Ў Ўὸ

 ὠ

 ὐὃ  ὐὃ Ў Ўὸ ὲЎὸ

 ὠ
 

Equation 15: Control Volume Mobile Species Mole -Balance Volume Normalized  

ὲȟ Ў ὲȟ
ὠ

ὲЎὸ

ὠ
 

Equation 16: Control Volume Attachment Species Mole -Balance Volume Normalized  

2.2.3 Interstitial Volume Function Derivation  

The normal next step to convert this mole balance into a differential form is to 

rewrite volume term as  ὠ Ὢὶȟ—ȟ• ЎzὶЎ—Ў•, which, after re-arranging, allows for 

the definition of a derivative  
ὰὭά
ЎὼO Њ

Ў

 Ў
 to be applied on each term on both 

the right -hand side (RHS) for time and the left-hand side (LHS) for each spatial 

dimension. However, since we are dividing not by the total control volume but instead 

the interstitial portion of the control volume, the u nique function ὠ Ὢὶȟ—ȟ• ᶻ

ЎὶЎ—Ў• will need to be derived.  

To do this for our system, the triple -integral definition of a volume in spherical 

coordinates will be used, see Equation 17, where ὴὶȟ—ȟ•  is the probability that a given 

point in the hemisphere is within the interstitial volume.  
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ὠ ὴὶȟ—ȟ•ὶÓÉÎ •ὨὶὨ—Ὠ•
ЎЎЎ

 

Equation 17: Triple -Integral Definition of Interstitial Volume  

This ὴὶȟ—ȟ•  ÊÈÕɯÉÌɯÛÏÖÜÎÏÛɯÖÍɯÈÚɯÌßÛÌÕËÐÕÎɯ3ÚÈÖɀÚɯ2-D and 1-D definition of 

porosity to a 0-D (aka. a point) definition of porosity, so variation in all three spatial 

dimensions can be accounted for. To solve this integral, we are going to only consider 

systems where ὴ Ὢὶ, and is constant with respect to — and •. This translates to the 

impermeable objects (and therefor the interstitium) only varying with respect to the 

radial position in the hemisphere, and are uniformly distributed in the —- and •-

directions. Or, put another way, the interstitial volume is —- and •- invariant.  2  This —- 

and •- invariance in  ɱɯÈÕËɯÛÏÌÙÌÍÖÙɯὠ allows for another important simplification for 

our system. Our system is now defined in a way which is invariant in — and a 

combination of invariant/rotationally symmetric in • due to the no-flux boundary 

condition on the flat hemisphere face ‬ɱ ȭɯ3ÏÐÚɯÈÓÓÖÞÚɯÍÖÙɯÛÏÌɯÊÖÕÚÐËÌÙÌËɯÊÖÕÛÙÖÓɯ

ÝÖÓÜÔÌɯÛÖɯÌßÛÌÕËɯÛÖɯÙÈÕÎÌɯÖÝÌÙɯÛÏÌɯÌÕÛÐÙÌɯËÖÔÈÐÕɯÖÍɯ—ᶰπȟς“ɯÈÕËɯ•ᶰπȟȮɯÍÖÙÔÐÕÎɯÈɯ

ÚÌÔÐÊÐÙÊÜÓÈÙɯÚÏÌÓÓȭɯ3ÏÌɯÛÙÐ×ÓÌɪÐÕÛÌÎÙÈÓɯÛÖɯÚÖÓÝÌɯÍÖÙɯÛÏÌɯÐÕÛÌÙÚÛÐÛÐÈÓɯÝÖÓÜÔÌɯÊÈÕɯÕÖÞɯÉÌɯ

ÙÌÞÙÐŲÌÕɯÈÚɯEquation 18ȭ 

ὠ ÓÉÎ •Ὠ• Ὠ— ὴὶὶὨὶ
Ў

 

Equation 18: Zenith and Azimuth Angle Invariant Triple -Integral Definition of 

Interstitial Volume for a Hemisphere  

 

 

2 We will revisit this system definition and invariance in the Discussion section. 
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3ÖɯÚÖÓÝÌɯÛÏÐÚȮɯÈɯὴὶ must be found for a given system. In the interest of 

simplicity, in this work we will consider systems with a linear relation between radial 

distance and probability of permeable volume, ὴὶ ὶ‍ᶻ ”ᶻ, where ‍ᶻ and ”ᶻ are for 

now arbitrary constants. Using this definition and solving the triple -integral yields 

Equation 19. 

ὠ ς“z
‍ᶻ

τ
ὶ τὶЎὶ φὶЎὶ τЎὶὶ Ўὶ

”ᶻ

σ
ὶ σὶЎὶ σЎὶὶ Ўὶ

‍ᶻ

τ
ὶ

”ᶻ

σ
ὶ  

Equation 19: Non-simplified Interstitial Volume for a Hemisphere  

3ÖɯÚÐÔ×ÓÐÍàɯÛÏÐÚɯÍÜÙÛÏÌÙȮɯÞÐÛÏɯÛÏÌɯÒÕÖÞÓÌËÎÌɯÛÏÈÛɯÍÜÙÛÏÌÙɯÈÓÖÕÎɯÐÕɯÛÏÌɯËÌÙÐÝÈÛÐÖÕɯ

ÛÏÌɯÓÐÔÐÛɯÖÍɯÈÕɯÌß×ÙÌÚÚÐÖÕɯÐÕÊÓÜËÐÕÎɯÛÏÐÚɯÞÐÓÓɯÉÌɯÛÈÒÌÕɯÈÚɯЎὶO πȮɯÈÓÓɯÛÌÙÔÚɯÞÐÛÏɯЎὶ raised 

to a power of 2 or above become increasingly small compared to terms with a Ўὶ, 

allowing for them to be neglected. Applying this and simplifying Equation 19 further 

yields Equation 20. 

ὠ ὃЎὶ 

Equation 20: Interstitial Volume for a Hemisphere Function  

ὃ ς“ὶὴὶ 

Equation 21: Definition of Interstitial Area  

2.2.4 Differentiating the Mole -Balances  

 With the interstitial volume functi son formally defined, the control volume 

equations can be re-written as Equation 22 and Equation 23.  
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ὧȟȟ Ў ὧȟȟ
 Ўὸ

ὐὃ ὐὃ Ў

 ὃЎὶ
ὧȟ 

Equation 22: Concentration -based Control Volume Mobile Species Mole-Balance 

ὧȟȟ Ў ὧȟȟ
 Ўὸ

ὧȟ 

Equation 23: Concentration -based Control Volume Mobile Species Mole -Balance 

In this expression, the moles of both the attachment and mobile species have 

been replaced by the definitions ὧȟ ὲȾὠ and ὧȟ ὲȾὠ, along with the 

corresponding instantaneous rate of change. The —- and •- invariance of the system has 

also been extended to the mole-balance, allowing for those terms to be dropped from the 

ÉÈÓÈÕÊÌȭɯ ××ÓàÐÕÎɯÛÏÌɯËÌÍÐÕÐÛÐÖÕɯÖÍɯÛÏÌɯËÌÙÐÝÈÛÐÝÌȮɯÈÓÖÕÎɯÞÐÛÏɯ%ÐÊÒɀÚɯ%ÐÙÚÛɯ+ÈÞȮɯὐ Ὀ  , 

yields Equation 24 and Equation 25. 

‬ὧȟ
‬ὸ

ρ

ὃ

‬

‬ὶ
Ὀὃ
‬ὧȟ
‬ὶ

ὧȟ 

Equation 24: Differential Form of Mobile Species Mole -Balance 

‬ὧȟ
‬ὸ

ὧȟ 

Equation 25: Differential Form of Attached Species Mole -Balance 

2.2.4 Incorporating Attachment Rate Expression  

To account for diffusing species attachment in the system, the expression for 

ὧȟss 

ὧȟ Ὧὧȟὧȟ ὧȟ Ὧὧȟ 

Equation 26: Rate of Diffusing Species Attachment  
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In this equation, Ὧ 
 

ᶻ
 represents the intrinsic rate constant for 

attachment, and Ὧ   represents the intrinsic rate constant for re-mobilization of the 

diffusing species. The concentration of available sites for attachment, 

ὧ ȟ  
, has been replaced using Equation 27.  

ὧ ȟ ὧȟ ὧȟ 

Equation 27: Relation of Available and Total Attachment Sites  

In consideration of simplicity, the distribution of attachment sites ὧȟ in the 

hemisphere will be assumed to have a similar linear relation with radial position as that 

of porosity, summarized in Equation 28, where ‚ᶻ are for now arbitrary constants –ᶻ. 

ὧȟ ὶ‚ᶻ –ᶻ 

Equation 28: Attachment Site Profile 

Combining Equation 24, Equation 25, and Equation 26 yields updated 

differential mobile and attached species balances for this system. 

‬ὧȟ
‬ὸ

ρ

ὃ

‬

‬ὶ
Ὀὃ
‬ὧȟ
‬ὶ

Ὧὧȟὧȟὶ ὧȟ Ὧὧȟ 

Equation 29: Differential Form of Mobile Species Mole -Balance with Attachment  

‬ὧȟ
‬ὸ

Ὧὧȟὧȟὶ ὧȟ Ὧὧȟ 

Equation 30: Differential Form of Attached Species Mole-Balance with Attachment  

2.2.5 Incorporating Porosity as a Probability Function and Full 

Governing Equation  

While Equation 29 and Equation 30 could be used as governing equations for this 

system, the use of the interstitial cross-sectional area ὃ hides an important feature of the 
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equation: the positional dependance of this term. This can be done by exchanging ὃ for 

its definition in Equation 21, ὃ ς“ὶὴὶ. Rather than incorporate this definition, a 

ÊÏÈÕÎÌɯÐÕɯÝÈÙÐÈÉÓÌɯÞÐÓÓɯÉÌɯÜÚÌËȭɯ3ÏÐÚɯËÌÍÐÕÐÛÐÖÕɯÖÍɯÐÕÛÌÙÚÛÐÛÐÈÓɯÈÙÌÈɯÐÚɯÐËÌÕÛÐÊÈÓɯÛÖɯ3ÚÈÖɀÚɯ

available cross-sectional area for diffusion, allowing the quantity ὴὶ to be rewritten as 

the 2-D porosity function ‰ὶ.  

‰ ὶ‍ᶻ ”ᶻ 

Equation 31 : Relating Porosity to Probability Function  

With these substitutions, the full dimensional governing equation for the system 

can be written as Equation 32 and Equation 33. 

‬ὧȟ
‬ὸ

ρ

‰ὶὶ

‬

‬ὶ
Ὀ‰ὶὶ

‬ὧȟ
‬ὶ

Ὧὧȟὧȟὶ ὧȟ Ὧὧȟ 

Equation 32: Mobile Species Governing Equation - Dimensional  

‬ὧȟ
‬ὸ

Ὧὧȟὧȟὶ ὧȟ Ὧὧȟ 

Equation 33 : Attached Species Governing Equation - Dimensional  

This governing equation now reveals the same incorporation of porosity as Bear 

and Verruijt  (105), assuming ‰ Ὢὸ. 

2.2.6 Non-dimensionalizing the Governing Equations  

With the dimensional governing equations defined, these equations can be 

nondimensionalized. This nondimensionalizations serves several purposes. The first is 

making the resulting solutions as generally applicable as possible. The second is to draw 

out the relevant dimensionless parameters in the system. Using the dimensionless 
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parameter definitions defined in Equation 36, the resulting dimensionless governing 

equations are Equation 34 and Equation 35.  

‬ὧǶȟ
‬ὸǶ

ρ

‰ὶὶǶ

‬

‬ὶǶ
‎‰‰ὶǶὶǶ

‬ὧǶȟ
‬ὶǶ

‌ὧǶȟὧǶȟὶǶ ὧǶȟ ‖ὧǶȟ  

Equation 34: DIVAC Model Mobile Species Governing Equation  

‬ὧǶȟ
‬ὸǶ

‌ὧǶȟὧǶȟὶǶ ὧǶȟ ‖ὧǶȟ  

Equation 35: DIVAC Model Attached Species Governing Equation  
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‎   ; ‌  ; ‖  

Equation 36: DIVAC Model Dimensionless Variable Definitions  

‬ὧǶȟ
‬ὶǶ Ƕ

π 

Equation 37: DIVAC Model Symmetry Condition  

ὧǶȟ ὶǶ ρ ρ 

Equation 38 : DIVAC Model Liquid -Interface Boundary Condition  

This dimensionless form was grounded in defining the dimensionless time in 

terms of the diffusivity of the diffusing species in water , Ὀ  , which the model will 

assume is the diffusivity in the interstitial space, since the hindered diffusion component 

of the size-exclusion effect is neglected in our model. In this dimensionless form, three 

dimensionless groups emerge. The first is the dimensionless diffusivity ‎ ρ, which is 

equivalent to the ratio of effective diffusivity in the 1 -D hemisphere to the diffusivity in 

water, and is assumed to be a function of porosity, ‰.  The second is ‌ ρ, which can be 
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thought of as a dimensionless attachment rate for the mobile species to the attachment 

sites. The final is ‖ ρ, which is the dimensionless equilibrium constant for the 

attachment reaction. The boundary condition in Equation 38 is a restatement of ὧȟ

ὧ ᶰ‬ɱ ɯas defined in the initial problem statement. The symmetry boundary 

condition in Equation 37 is the same as the boundary condition used for the spherical (as 

opposed to the hemispherical) case, which is mathematically identical to this system.  

In the interest of easier self-reference, these governing equations, definitions and 

boundary conditions will be referred to as the DIVAC model moving forward, short for 

Diffusion In Variable Attachment and Cross -sectional area.   

2.2.7 Dimensionless Diffusivity Relation  

An important aspect not captured in the above derivation was an important 

change when the system moved from a 3-D control volume to a 1-D control volume by 

assuming —- and •- invariance. The diffusivity as defined before was the diffusivity in 

the interstitial space, which given we are not accounting for the hindered diffusion effect 

of the biofilm extracellular matrix, would just be equal to the diffusivity in water, 

Ὀ . The move to a 1-D control volume led to a need to redefine the relevant 

diffusivity as an effective diffusivity, or Ὀ ‎Ὀ  The relation between dimensionless 

diffusivity and porosity, ‎‰ , in porous media is a well -explored field of physics, with a 



 

45 

number of relations which can be utilized  (93). The relation which will be explored here 

is the most basic relation for diffusion in porous media, Equation 39.3 

‎
‰

†
 

Equation 39 : Interstitial to Total Volume Basis Relation - Mobile  

In this modeling effort, the tortuosity, †, given in most practical contexts it is 

treated as a fitting-factor, will simply be taken as † ρ. 

2.2.7 Attachment Site and Porosity Profiles  

To obtain the attachment site and porosity profiles for the system, only the 

function values at the radial boundaries need to be defined since both functions are 

assumed linear. In both cases, the exact porosity and dimensionless attachment site 

density values at the hemisphere center, ‰  and ὧǶȟ  and at the liquid interface ‰  and 

ὧǶȟ  are left as variables in the model.  

‰ὶǶ  π ‰  

Equation 40 : Porosity Solid -Interface Value  

‰ὶǶ ρ ‰  

Equation 41 : Porosity Liquid -Interface Value  

ὧǶȟὶǶ  π  ὧǶȟ  

Equation 42 : Attachment Site Solid -Interface Value  

ὧǶȟὶǶ ρ ὧǶȟ  

Equation 43 : Attachment Site  Liquid -Interface Value  

 

3 This approach will be critically examined in the Discussion of this research aim.  
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From these definitions, the previously arbitrarily defined parameters ‍, ”, ‚, and 

– can be defined in terms of the physical quantities ‰ , ‰ , ὧǶȟ , ὧǶȟ . Combining these 

definitions with Equation 28 and Equation 31 give Equation 44, Equation 45, Equation 

47, and Equation 48. 

‍ ‰ ‰  

Equation 44 : Heterogenous Porosity Dimensionless Parameter  

” ‰  

Equation 45 : Non-heterogenous Porosity Dimensionless Parameter  

‰ ‍ὶǶ” 

Equation 46 : Dimensionless Porosity Profile  

‚ ὧǶȟ ὧǶȟ  

Equation 47 : Heterogenous Attachment Site Dimensionless Parameter  

– ὧǶȟ  

Equation 48 : Non-heterogenous Attachment Site Dimensionless Parameter  

ὧǶȟ ‚ὶǶ– 

Equation 49 : Dimensionless Attachment Site Profile  

These new dimensionless parameters have important meaning. In particular, the 

Heterogenous Porosity Dimensionless Parameter ‍ and the Heterogenous Attachment 

Site Dimensionless Parameter ‚ entirely control the exten t of porosity and attachment 

site heterogeneity in the system. Thus, to study the effect of model heterogeneity, these 

are the parameters that need be adjusted in the model.  
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2.2.8 Converting Between Interstitial and Total Volume Basis  

The DIVAC model as developed is designed to calculate concentration on an 

interstitial volume basis for either the mobile or attached diffusing species in the model 

system. While there are contexts where only the concentration on an interstitial-volume 

basis would be of interest, in other cases concentration on a total-volume basis could be 

of interest. Total volume basis here refers to concentration based on the total volume 

within the system domain, including the impermeable sub -volume. This translates to 

ὧȟ ὲȾὠ and ὧȟ ὲȾὠ. To convert between these two volumes through the 

DIVAC model, simply multiplying the interstitial volume by the porosity gives the total 

volume concentration, summarized in Equation 50 and Equation 51.  

ὧǶȟ ‰ὧǶȟ 

Equation 50 : Interstitial to Total Volume Basis Relation - Mobile  

ὧǶȟ ‰ὧǶȟ 

Equation 51 : Interstitial to Total Volume Basis Relation - Attached  

‰ὶ
ὠὶ

ὠ
 

Equation 52 : Porosity, Interstitial Volume, Total Volume Relation  

2.2.9 Converting From Mobile and Attached Concentration to Total 

Concentration  

In addition to different contexts being better understood through interstitial vs. 

total volume basis, other contexts are better understood not through distinguishing 

between attached and mobile species, but instead through total diffusing species 
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concentration, ὧȟ ὧȟ ὧȟ. In the DIVAC model, this can be accomplished with 

simple addition, shown in Equation 53. 

ὧǶȟ ὧǶȟ ὧǶȟ 

Equation 53 : Total Species, Attached Species Mobile Species Relation  

2.2.10 Differentiating the Three Effects of Porosity  

This research aim sought to test the importance of the three distinct ways 

porosity is incorporating into the DIVAC model. The model simplifications tested can be 

organized by 1) the places porosity is incorporated in the model and 2) the values that 

porosity takes on in those places. The places porosity is in incorporated into the model 

are 1) the relation converting interstitial volume concentrations to total volume 

concentrations (Equation 50), represented by ‰, 2) the dependance of the dimensionless 

diffusivity term , ‎, on porosity, represented by ‰ , and 3) the incorporation of porosity 

into the variable cross-sectional area terms, represented by ‰ . In each of these places, 

for the models tested, the porosity can take on three forms: 1) no porosity 

considerations, or ‰ ρ, meant to represent a model where the porosity effects are not 

accounted for, 2) a constant average porosity, or ‰, meant to represent taking into 

account the average porosity, and 3) a full spatially dependent porosity profile, ‰ὶ, 

meant to represent fully accounting for the spatially heterogenous nature of porosity. To 

differentiate between the models, the notation ὓ ‰ȟ‰ȟ‰  will be used.  

╜● ╬ꜚȟꜚ╓ȟꜚ═ Ḋ  
‬ ὧǶȟ
‬ὸǶ

ρ

‰ὶǶ

‬

‬ὶǶ
‰ ὶǶ‰

‬ ὧǶȟ
‬ ὶǶ

  Ƞ ὧǶȟ ‰ὧǶȟ 

Equation 54: Model Simplification Notation  
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In this notation, each element represents a different place porosity is accounted 

for model number ὼ, and the value is takes represents the form the porosity takes on. For 

example, ὓ ρȟ‰ὶȟ‰  would represent simplification ώ of the DIVAC model where no 

concentration adjustments due to porosity are made, the diffusivity term is modified by 

a spatially dependent porosity profile, and the area -dependance on porosity is modified 

with an average porosity value for the system of in terest.  

2.3 Methods 

2.3.1 Overview 

With the DIVAC model defined for our system we can test predictions of both 

the proposed model and model simplifications against finite -element simulations of 

different versions of the defined system to find if the proposed model outperforms 

simpler models  in those different system scenarios.  

Rather than testing model simplifications against simulations of a 3-D replication 

of the system of interest, the system of interest will be tested against a 2-D replication of 

the system of interest using a semicircular geometry. This was done due to the 

computational intensity of dynamic 3-D finite element simulations over complicated 

geometries. Due to this simplification of the system of interest, the DIVAC model will be 

adjusted to be 2-D polar coordinates rather than 3-D spherical coordinates. This is seen 

in the ὶǶ rather than ὶǶ values in the denominator outside and numerator within the 

diffusion term  of Equation 54.  Additionally, due to the exact way to geometries were 

generated for the finite-element situations, it was more convenient that the characteristic 
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radial length used to non -dimensionalize the system of interest not to be the 

semicircular  radius of the system, but some arbitrary length ὶǶ, in practice leaving ὶǶ

ςυφ. This adjusts the system boundary condition as shown in Equation 55.  

ὧǶȟ ὶǶ ὶǶ ρ 

Equation 55 : DIVAC Model Liquid -Interface Boundary Condition for 2 -D 

Simulations  

 

Additionally, due to divide -by-zero errors which emerge for radial coordinates 

equal to zero for some of the models tested, the radial domain considered will exclude 

zero by moving the reflective boundary condition to some inner semicircle of radius 

ὶǶ ρφ.  

‬ὧǶȟ
‬ὶǶ ǶǶ

π 

Equation 56 : DIVAC Model Symmetry Condition  

In the 2-D semicircle geometry, this is seen in a small concentric semicircle acting 

as a no-flux boundary in the system  (see Figure 11). All other aspects of the system of 

interest defined in the theory section are preserved in the 2-D geometry and adjusted as 

necessary.  

This change in the radial domain of the system leads to the following changes in 

the dimensionless parameters in the porosity profile for the system.  

‰ ‍ὶǶ” 

Equation 57 : 1-D Model Porosity Profile  

‍
‰ ‰

ὶǶ ὶǶ
 

Equation 58 : 1-D Model Heterogenous Porosity Dimensionless Parameter  
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” ‰ ‍ὶǶ 

Equation 59 : 1-D Model Non -Heterogenous Porosity Dimensionless Parameter  

While we are using a term where attachment site density is heterogenous, this is 

not expected to significantly change the applicability of th e approach as compared to 

models like van Rossem et al (11). Since the attachment aspect of the DIVAC model is 

not being investigated, both the attached species governing equation and the attachment 

terms in the mobile species governing equation will be dropped in the tested full DIVAC 

model.  

2.3.2 1-D Continuum Model Testing with Finite Differences  

2.3.2.1 Models Tested  

The notation used in Equation 54 will be used to describe the DIVA C model 

versions tested. Rather than develop each of the 27 possible model simplifications, a 

curated subset of these model simplifications will be created to test distinct hypothesis 

for each system situation  simulated. The seven simplifications developed are 

summarized below.  

╜ ȟȟ Ḋ  
‬ ὧǶȟ
‬ὸǶ

ρ

 ὶǶ

‬

‬ὶǶ
 ὶǶ
‬ ὧǶȟ
‬ ὶǶ

  Ƞ ὧǶȟ ὧǶȟ 

Equation 60: Model Simplification 1  

╜ ȟꜚȟ ȡ 
‬ ὧǶȟ

‬ὸǶ

ρ

 ὶǶ

‬

‬ὶǶ
 ὶǶ
‬ ὧǶȟ
‬ ὶǶ

 Ƞ ὧǶȟ ‰ὧǶȟ 

Equation 61: Model Simplification 2  

╜ ȟꜚꜚȟ ȡ 
‬ ὧǶȟ
‬ὸǶ

‰

ὶǶ

‬

‬ὶǶ
 ὶǶ
‬ ὧǶȟ
‬ ὶǶ

 Ƞ ὧǶȟ ‰ὧǶȟ 

Equation 62: Model Simplification 3  
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╜ ꜚ►ȟꜚȟ ȡ 
‬ ὧǶȟ

‬ὸǶ

‰

ὶǶ

‬

‬ὶǶ
 ὶǶ
‬ ὧǶȟ
‬ ὶǶ

 Ƞ ὧǶȟ ‰ὶὧǶȟ 

Equation 63: Model Simplification 4  

╜ ꜚ►ȟꜚ ►ȟ ȡ 
‬ ὧǶȟ
‬ὸǶ
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‬

‬ὶǶ
 ὶǶ‰ὶ

‬ ὧǶȟ
‬ ὶǶ

 Ƞ ὧǶȟ ‰ὶὧǶȟ 

Equation 64: Model Simplification 5  

╜ ꜚ►ȟꜚȟꜚ ► ȡ 
‬ ὧǶȟ
‬ὸǶ

‰

‰ὶὶǶ

‬

‬ὶǶ
‰ὶ ὶǶ

‬ ὧǶȟ
‬ ὶǶ

 Ƞ ὧǶȟ ‰ὶὧǶȟ 

Equation 65: Model Simplification 6  

╜ ꜚ►ȟꜚ ►ȟꜚ ► ȡ 
‬ ὧǶȟ

‬ὸǶ
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‰ὶὶǶ

‬

‬ὶǶ
‰ὶὶǶ‰ὶ

‬ ὧǶȟ
‬ ὶǶ
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Equation 66: Model Simplification 7  

All ὓ ȟͯͯȟρ and ὓ ȟͯͯȟ‰  models are exactly identical since ‰  being constant 

leads the term exactly cancelling themselves out. This makes other identical 

combinations redundant, with only one needing to be tested.  

2.3.2.2 Finite-Difference Solution Techniques  

To solve each of these DIVAC model simplifications, finite -difference equation 

solution techniques for partial -differential equations were utilized  (110). The primary 

techniques used in this work were: domain discretization, centered finite -difference 

approximations, and the Method of Lines (for solving the systems of equations 

dynamically overtime), which itself utilizes the Newton -Raphson method combined 

with standard matrix solvers. An outline of this technique is outlined in Appendix B.  
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Python scripts used to implement these finite -difference algorithms along with the data 

post-processing are contained in Appendix  B.  

2.3.3 2-D Finite -Element Simulations  

 

Figure 10: MATLB PDE Toolbox Finite -Element Simulations Workflow  

Rather than creating custom codebases for running finite-element simulations, 

the off-the-shelf MATLAB PDE Toolbox (referred to as the PDEtoolbox) was utilized to 

run the finite -element simulations for the systems of interest. To utilize the PDEtoolbox, 

the workflow was to generate the system geometries outside of the PDEtoolbox (referred 

to simply as geometries), convert them to MATLAB PDE geometries (referred to as 

PDEgeometries), create meshes for these geometries utilizing the PDEtoolbox, define the 

governing equations and boundary conditions for the generated mesh in the PDE to 
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define the PDEmodel, and then run the PDEtoolbox finite -element solver on the 

PDEmodel. Appendices C contain all of the MATLAB code used to run these finite -

element simulations, including the post -processing steps in this section. 

2.3.3.1 System Variations Tested  

To test the applicability of the DIVAC model, several different simulation 

scenarios were considered of increasing complexity, under the assumption certain 

DIVAC simplified models would be more appropriate in simpler scenarios, and more 

complicated ones in more complicated scenarios.  

The four system scenarios all test system geometry with different porosity 

profiles, denoted by ╢◐‰ ȟ‰ . The first, ╢ ρȟρ, is where the system geometry has no 

impermeable sub volume, or a constant porosity of 1. The second, ╢ πȢωȟπȢω, is the case 

of porosity homogeneity, where in this case ‰ πȢω was used. The third scenario, 

╢ πȢωȟπȢψ, is the case of porosity heterogeneity with a positive Heterogenous Porosity 

Dimensionless Parameter, ‍, meaning the interior of the biofilm is less porous than the 

exterior. The fourth scenario, ╢ πȢψȟπȢω, is the case of porosity heterogeneity with a 

negative Heterogenous Porosity Dimensionless Parameter, ‍, meaning the exterior of 

the biofilm is less porous than the exterior.  

╢ ρȟρȡ ‰ ρ 

Equation 67: Simulation Scenario 1  

╢ πȢωȟπȢωȡ ‰ πȢω 

Equation 68: Simulation Scenario 2  
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╢ πȢωȟπȢψȡ ‰ ‍ὶǶ” Ƞ ‍    

Equation 69: Simulation Scenario 3  

╢ πȟψȟπȢωȡ ‰ ‍ὶǶ” Ƞ ‍    

Equation 70: Simulation Scenario 4  

2.3.3.2 System Geometry Generation (Conceptual)  

 

Figure 11: Diagram of Model System Geometry Generation.  Red circles indicate circles 

added one-by-one to a semicircular shell, represented by the dashed lines, within the 

larger semicircle geometry, the solid black line.  

To generate the system geometries, while the details of how this was done via 

MATLAB code are left for the next section, the conceptual approach will be explored 

here. The larger semicircle comprising the system geometry was conceptually 

ÚÜÉËÐÝÐËÌËɯÐÕÛÖɯÌÝÌÕÓàɯÚ×ÈÊÌËɯÊÖÕÊÌÕÛÙÐÊɯɁÚÏÌÓÓÚɂȮɯwhere the spacing between 

semicircles is ЎὶǶ. The innermost hemispherical shell has inner radius ὶǶȟ ЎὶǶȮɯÊÙÌÈÛÐÕÎɯ

ÈÕɯÐÕÕÌÙɯÐÔ×ÌÙÔÌÈÉÓÌɯÚÌÔÐÊÐÙÊÓÌ. The outer radius of the innermost hemispherical shell 

is ὶǶȟ ὶǶȟ ЎὶǶȭɯ3ÏÐÚɯ×ÈŲÌÙÕɯÙÌ×ÌÈÛÚɯÍÖÙɯÌÈÊÏɯÚÏÌÓÓɯὲȮɯÞÐÛÏɯÛÏÌɯ×ÖÓÈÙɯÊÖÖÙËÐÕÈÛÌɯ

ËÖÔÈÐÕɯÖÍɯÌÈÊÏɯÏÌÔÐÚ×ÏÌÙÐÊÈÓɯÚÏÌÓÓɯÉÌÐÕÎɯὶǶȟ ὶǶȟ ȟπ “ȟπ .  
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To generate each geometry, these shells were then filled with the number of 

circles necessary for the porosity of the shell to match the porosity predicted by the 

porosity profiles used in the 1D models for the center radial position of the shell , ὶǶȟᶻ

Ƕȟ Ƕȟ. To calculate the number of circles needed for each shell, first the area of each 

circle ὃ  with radius ὶǶ was calculated using Equation 71. 

ὃ “ὶǶ  

Equation 71: Area of Circle Used to Generate 2-D Geometry  

The area contained within each shell ὃ ȟ was then calculated using Equation 72. 

ὃ ȟ

“

ς
ὶǶȟ ὶǶȟ  

Equation 72: Area of Shell Used to Generate 2-D Geometry  

The porosity of the shell ‰  can be calculated by dividing the area occupied by 

the circles with the area occupied by the shell, and subtracting it from one. This is shown 

in Equation 73, where ά  is the number of circles within the shell.  

• ρ
ςά ὶzǶ

ὶǶȟ ὶǶȟ
 

Equation 73: Porosity of Shell Used to Generate 2 -D Geometry  

It is worth noting in this calculation the assumption that the spheres are 

completely contained within the shell. We can meet this condition by ensuring the center 

of all spheres is within a restricted radial domain of the shell. This work specifically uses 

( ὶǶȟ ὶǶ ς ȟὶǶȟ ὶǶ ς ), where the constant 2 is used as a buffer.  
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To ensure that the porosity profile of each shell matches the porosity predicted 

by the porosity profiles used in the 1D, the number of spheres to add can be found by 

setting the porosity profile from the 1 -D system (Equation 46) to •  to get Equation 74. 

• ρ
ςά ὶzǶ

ὶǶȟ ὶǶȟ
‍ὶǶȟᶻ ” 

Equation 74: Condition for 1 -D to 2-D Porosity Matching  

The central radial position of the shell, ὶǶȟ ,z is used to calculate the relevant 

porosity to match for the shell. Solving this for the number of spheres in a shell ά  

yields Equation 75. 

ά
ρ ‍ὶǶȟᶻ ” ὶǶȟ ὶǶȟ

ςz ὶǶ
 

Equation 75: Number of Spheres Per Shell  

To tailor the system geometry to each of the considered scenarios, which differed 

by the ‍ and ” parameters, the values for these parameters used for each scenario were 

used in the Equation 79 to determine the number of circles per shell.   

2.3.3.3 System Geometry Generation (Mechanical)  

To generate the geometry of used in each system variation, the process was 

ÚÌ×ÈÙÈÛÌËɯÐÕÛÖɯÈɯɁsemicircle ÎÌÕÌÙÈÛÖÙɂɯÈÕËɯÈɯɁcircle ÎÌÕÌÙÈÛÖÙɂȭɯ3ÏÌɯsemicircle 

generator generated interfaces ‬ɱ ɯÈÕËɯ‬ɱ ȮɯÞÏÐÓÌɯÛÏÌɯÊÐÙÊÓÌɯÎÌÕÌÙÈÛÖÙɯÎÌÕÌÙÈÛÌËɯ‬ɱ Ȯɯ

ÛÏÌɯÐÔ×ÌÙÔÌÈÉÓÌɪÐÕÛÌÙÚÛÐÛÐÈÓɯÚÜÉËÖÔÈÐÕɯÐÕÛÌÙÍÈÊÌȮɯÞÏÐÊÏɯÐÕɯÛÏÐÚɯÊÈÚÌɯÞÈÚɯÈɯÚÌÛɯÖÍɯ

ÐÔ×ÌÙÔÌÈÉÓÌɯÊÐÙÊÓÌÚɯȹÚÌÌɯÈÉÖÝÌȺȭɯ 
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3ÖɯÎÌÕÌÙÈÛÌɯÛÏÌɯÚÌÔÐÊÐÙÊÓÌɯÎÌÖÔÌÛÙàȮɯÈɯƖɪ#ɯÉÖÖÓÌÈÕɯÔÈÛÙÐßɯÞÈÚɯÎÌÕÌÙÈÛÌËɯÞÏÌÙÌɯ

ÌÈÊÏɯÌÓÌÔÌÕÛɯÐÕɯÛÏÌɯÔÈÛÙÐßɯÊÖÙÙÌÚ×ÖÕËÌËɯÞÐÛÏɯÈɯÜÕÐØÜÌɯÚ×ÈÛÐÈÓɯ×ÖÚÐÛÐÖÕɯÐÕɯÛÏÌɯÔÖËÌÓɯ

ÎÌÖÔÌÛÙàȭɯ3ÏÌɯÙÖÞɯÈÕËɯÊÖÓÜÔÕɯÐÕËÌßɯÖÍɯÈÕɯÌÓÌÔÌÕÛɯÐÕɯÛÏÌɯÔÈÛÙÐßɯÊÖÙÙÌÚ×ÖÕËÌËɯÛÖɯÛÏÌɯàɪɯ

ÈÕËɯßɪ×ÖÚÐÛÐÖÕȮɯÙÌÚ×ÌÊÛÐÝÌÓàȮɯÖÍɯÛÏÌɯÌÓÌÔÌÕÛɯÐÕɯÛÏÌɯÚàÚÛÌÔɯÎÌÖÔÌÛÙàȭɯ%ÖÙɯÌÈÊÏɯÔÈÛÙÐßɯ

ÌÓÌÔÌÕÛȮɯÈɯÛÙÜÌɯÝÈÓÜÌɯÐÕËÐÊÈÛÌËɯÛÏÐÚɯÚ×ÈÛÐÈÓɯÊÖÖÙËÐÕÈÛÌɯÐÕɯÛÏÌɯÚàÚÛÌÔɯÎÌÖÔÌÛÙàɯÉÌÓÖÕÎÌËɯ

ÞÐÛÏÐÕɯÛÏÌɯÓÈÙÎÌÙɯÚÌÔÐÊÐÙÊÓÌɯËÖÔÈÐÕɯɱȭɯ3ÏÌɯƖɪ#ɯ!ÖÖÓÌÈÕɯÔÈÛÙÐßɯÞÈÚɯÎÌÕÌÙÈÛÌËɯÉàɯ

ÐÕÐÛÐÈÓÐáÐÕÎɯÈɯÔÌÚÏÎÙÐËȮɯÈɯÚÌÛɯÖÍɯÛÞÖɯÔÈÛÙÐÊÌÚɯÞÐÛÏɯÛÏÌɯÚÈÔÌɯÚÐáÌɯÈÚɯÛÏÌɯÜÓÛÐÔÈÛÌɯƖɪ#ɯ

!ÖÖÓÌÈÕɯÔÈÛÙÐßȮɯÉÜÛɯÞÏÌÙÌɯÛÏÌɯÝÈÓÜÌÚɯÐÕɯÌÈÊÏɯÔÈÛÙÐßɯÌÕÛÙàɯÞÌÙÌɯÐÕÚÛÌÈËɯÛÏÌɯßɪÊÈÙÛÌÚÐÈÕɯ

×ÖÚÐÛÐÖÕɯÖÍɯÛÏÌɯÔÈÛÙÐßɯÌÓÌÔÌÕÛɯÍÖÙɯÛÏÌɯÚàÚÛÌÔɯÍÖÙɯÖÕÌɯÔÈÛÙÐßȮɯÖÙɯàɯÊÈÙÛÌÚÐÈÕɯ×ÖÚÐÛÐÖÕɯÖÍɯ

ÛÏÈÛɯÔÈÛÙÐßɯÌÓÌÔÌÕÛɯÍÖÙɯÛÏÌɯÚàÚÛÌÔɯÍÖÙɯÛÏÌɯÚÌÊÖÕËɯÔÈÛÙÐßȭɯ$ÈÊÏɯÌÕÛÙàɯÐÕɯÛÏÐÚɯÔÌÚÏɯÎÙÐËɯ

ÞÈÚɯÛÏÌÕɯÊÏÌÊÒÌËɯÍÖÙɯÐÛÚɯÙÈËÐÈÓɯ×ÖÚÐÛÐÖÕɯÞÐÛÏɯÙÌÚ×ÌÊÛɯÛÖɯÛÏÌɯÖÙÐÎÐÕɯÖÍɯÛÏÌɯÚàÚÛÌÔɯÎÌÖÔÌÛÙàɯ

ȹÜÛÐÓÐáÐÕÎɯÈɯÊÈÙÛÌÚÐÈÕɯÛÖɯ×ÖÓÈÙɯÊÖÖÙËÐÕÈÛÌɯÛÙÈÕÚÍÌÙɯÍÜÕÊÛÐÖÕȺȮɯÈÕËɯÛÏÌɯÐÕËÐÊÌÚɯÖÍɯÛÏÌɯÔÈÛÙÐßɯ

ÌÓÌÔÌÕÛÚɯÞÐÛÏɯÈɯÙÈËÐÜÚɯÓÈÙÎÌÙɯÛÏÈÕɯÛÏÌɯÐÕÕÌÙɯÚÌÔÐÊÐÙÊÓÌɯÈÕËɯÚÔÈÓÓÌÙɯÛÏÈÕɯÛÏÌɯÖÜÛÌÙɯ

ÚÌÔÐÊÐÙÊÓÌɯÙÈËÐÜÚɯÞÌÙÌɯÚÈÝÌËȭɯ ÓÓɯÛÏÌɯÔÈÛÙÐßɯÌÓÌÔÌÕÛÚɯÐÕɯÛÏÌɯƖɪ#ɯ!ÖÖÓÌÈÕɯÔÈÛÙÐßɯÞÐÛÏɯ

ÐÕËÐÊÌÚɯÔÈÛÊÏÐÕÎɯÛÏÖÚÌɯÞÐÛÏɯÛÏÌɯÊÖÙÙÌÊÛɯÙÈËÐÈÓɯ×ÖÚÐÛÐÖÕɯÞÌÙÌɯÛÏÌÕɯÈÚÚÐÎÕÌËɯÛÙÜÌɯȹÈÓÓɯÖÛÏÌÙɯ

ÚÛÈàÐÕÎɯÍÈÓÚÌȺȭɯ3ÏÐÚɯÊÙÌÈÛÌËɯÈɯƖɪ#ɯ!ÖÖÓÌÈÕɯÔÈÛÙÐßɯÞÌÙÌɯÛÏÌɯÔÈÛÙÐßɯÌÓÌÔÌÕÛÚɯÞÐÛÏɯÛÙÜÌɯ

ÌÕÛÙÐÌÚɯÊÖÙÙÌÚ×ÖÕËÌËɯÛÖɯÚ×ÈÛÐÈÓɯ×ÖÚÐÛÐÖÕÚɯÞÐÛÏÐÕɯÛÏÌɯÚàÚÛÌÔɯÎÌÖÔÌÛÙàɯÞÏÐÊÏɯÞÌÙÌɯÞÐÛÏÐÕɯ

ÛÏÌɯÚÌÔÊÐÙÊÓÌɯËÖÔÈÐÕȭɯ3ÏÐÚɯ!ÖÖÓÌÈÕɯÔÈÛÙÐßɯÞÈÚɯÛÏÌÕɯ×ÈÚÚÌËɯÛÏÙÖÜÎÏɯÈɯÛÞÖɪËÐÔÌÕÚÐÖÕÈÓɯ

ÔÈÙÊÏÐÕÎɯÊÜÉÌÚɯÈÓÎÖÙÐÛÏÔɯÛÖɯËÌŗÕÌɯÈɯÚÌÔÐÊÐÙÊÓÌɯÉÖÜÕËÈÙàɯÐÕɯÛÌÙÔÚɯÖÍɯÝÌÙÛÌßɯ×ÖÚÐÛÐÖÕÚɯ

ȹÈÕËɯÛÏÌÐÙɯÊÖÕÕÌÊÛÐÝÐÛàȺȭɯ6ÐÛÏɯÛÏÌɯÚÌÔÐÊÐÙÊÓÌɯÉÖÜÕËÈÙàɯÝÌÙÛÌßɯ×ÖÚÐÛÐÖÕÚɯËÌŗÕÌËȮɯÈÍÛÌÙɯ

ÚÖÔÌɯÓÐÎÏÛɯ×ÙÖÊÌÚÚÐÕÎɯÛÖɯÎÌÛɯÛÏÌÔɯÐÕɯÛÏÌɯÙÐÎÏÛɯÍÖÙÔȮɯÛÏÌɯÝÌÙÛÐÊÌÚɯÞÌÙÌɯÜÚÌËɯÈÚɯÛÏÌɯÐÕ×ÜÛɯ

ÛÖɯ, 3+ !ɀÚɯ×ÖÓàÎÖÕɯÎÌÕÌÙÈÛÖÙɯÍÜÕÊÛÐÖÕɯÛÖɯÊÙÌÈÛÌɯÈɯ×ÖÓàÎÖÕɯÖÉÑÌÊÛȭɯ 
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Figure 12: (Left ) Semicircle  System Geometry (Right ) Meshed System Geometry  

6ÐÛÏɯÛÏÌɯÚÌÔÐÊÐÙÊÓÌɯ×ÖÓàÎÖÕɯÖÉÑÌÊÛɯÎÌÕÌÙÈÛÌËȮɯÛÏÌɯcircle geometry polygon object 

could be generated. The circle generator process was very similar to the semicircle 

generator process, with the only difference being the method by which 2-D Boolean 

matrix was generated, and how the geometry was made into a MATLAB polygon. This 

meant looping through each shell, and if the number of circles had not yet reached the 

number required as calculated by Equation 75, generating a random coordinate for the 

new circle center within the restricted domain of the shell for a sphere center. This new 

circle center is the checked for whether it overlaps with the edges of the semicircle, along 

with any previously generated circles. If the new circle center passed these checks, then 

the circle was added to the 2-D Boolean matrix for the impermeable domain. After all 

the shells had been filled with the necessary number of spheres, the impermeable 

domain 2-D Boolean matrix was turned into a series of boundaries defined by vertices 

using the marching cubes algorithm to define ‬ɱ .  After some light processing, these 

circles were then subtracted one at a time from the semicircle polygon geometry, 

culminating in the generation of ɱȭ  
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Once ɱɯÞÈÚɯËÌŗÕÌËɯÈÚɯÈɯ×ÖÓàÎÖÕɯÖÉÑÌÊÛɯÐÕɯ, 3+ !ȮɯÐÛɯÞÈÚɯÛÏÌÕɯÜÚÌËɯÈÚɯÛÏÌɯ

ÐÕ×ÜÛɯÛÖɯ, 3+ !ɀÚɯÛÙÐÈÕÎÜÓÈÛÐÖÕɯÍÜÕÊÛÐÖÕȮɯÞÏÐÊÏɯÎÌÕÌÙÈÛÌÚɯÈɯÛÙÐÈÕÎÜÓÈÛÐÖÕɯÖÉÑÌÊÛɯÝÐÈɯ

#ÌÓÈÜÕÌàɯÛÙÐÈÕÎÜÓÈÛÐÖÕɯÍÖÙɯÛÏÌɯÐÕ×ÜÛɯ×ÖÓàÎÖÕȭɯ%ÐÕÈÓÓàȮɯÛÏÌɯÛÙÐÈÕÎÜÓÈÛÐÖÕɯÖÉÑÌÊÛɯÞÈÚɯÜÚÌËɯ

ÈÚɯÛÏÌɯÐÕ×ÜÛɯÛÖɯÛÏÌɯ/#$ÛÖÖÓÉÖßɯÎÌÖÔÌÛÙàɯÎÌÕÌÙÈÛÖÙɯÍÜÕÊÛÐÖÕȮɯÊÙÌÈÛÐÕÎɯÛÏÌɯ/#$ÎÌÖÔÌÛÙàɯ

ÖÉÑÌÊÛɯÕÌÌËÌËɯÈÚɯÛÏÌɯÐÕ×ÜÛɯÛÖɯÛÏÌɯÔÌÚÏɯÎÌÕÌÙÈÛÐÖÕȭ 

Further details on these geometry generators are left to the MATLAB code in 

Appendix C.  The use of binary masks to define the geometries were intentional 

decisions to facilitate future workflows involving utilizing confocal microscopy data 

directly to generate the model geometries.  

2.3.3.4 Mesh Generation  

The generated /#$ÎÌÖÔÌÛÙà was converted to a mesh using the PDEtoolbox 

mesh function, where the minimum element size was set to 2. 

2.3.3.5 Defining Governing Equations and Boundary Conditions  

With the system mesh generated, the governing equation and boundary 

conditions for the simulations matches those of the system. 

‬ὧǶȟ
‬ὸǶ

 ɳ ὧǶȟ ɴ ‬   

Equation 76: 2-D Simulation Governing Equation  

​ὧǶȟ πɴ ‬   

Equation 77: 2-D Simulation Interstitial -Impermeable Domain Boundary Condition  

ᶯὧǶȟ πɴ ‬ɱ  

Equation 78: 2-D Simulation Interstitial -Solid Domain Boundary Condition  
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ὧǶȟ ρɴ ‬ɱ  

Equation 79: 2-D Simulation Interstitial -Liquid Domain Boundary Condition  

The governing equation simply simulated free diffusion in the permeable 

domain, as our model would predict since no attachment is occurring. The solid -

interface ‬ɱ ɯin the system comprised both the flat face of the semicircle and the small 

inner semicircle of the geometry (used to ensure no divide by zero errors in the 1-D 

case). The method by which the edges of the PDEgeometry were matched to the 

corresponding interface is beyond the scope of this section, and is left in the MATLAB 

code in Appendix C.  

2.3.3.6 Solver Method  

The finite-element solver used for this system is the built-in dynamic solver in 

the PDEtoolbox. The time-domain used for the simulations was determined by trial and 

error, with a ὸǶ domain of π ρππȟπππ found to ensure equilibrium is reached. The large 

dimensionless time domain is due to the large dimensionless length domain from 0 to 

256. 

2.3.3.7 Data Processing  

The concentration values at mesh nodes overtime generated by the finite-element 

solver were used to generate two datasets. First, the values were used to generate 

dynamic heatmaps displaying concentration overtime within the simulated geometry, 

with locati on color corresponding to concentration at that point in the simulated 

geometry. This was done using both interpolation between mesh elements and the 
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MATLAB surfaceplot feature. These dynamic heatmaps (as there are .mp4 files) are 

included in thus dissertations ProQuest page as multimedia files.   

The second datasets generated were diffusing species concentration overtime on 

a total volume basis profiles. To compare the 1-D model results to the simulation results, 

the values from the mesh nodes ὔ overtime needed to be transformed twice. First, 

position value in cartesian coordinates of the node needed to be converted to radial 

position ὶǶ from the original cartesian coordinate system of the simulations . This simply 

required using the distance formula of the node from the center of the semicircle 

geometry.  

The second transformation was converting the concentration for that node, 

which represented the interstitial volume concentration, ὧǶȟ, to total volume 

concentration ὧǶȟ. This required, as per Equation 50, ὧǶȟ ‰ὧǶȟ, a porosity value for 

that node. Three possibilities for this porosity were considered. The first would have 

been calculating the porosity for the node using Equation 57, where the radial position 

input was ὶǶ. This method assumed the 1-D porosity profile used to generate the system 

was an accurate reflection of porosity throughout the geometry.  

To test this assumption, porosity profiles were calculated using the generated 

geometry for that simulation in two ways: on a position -average basis and a shell-

average basis. The position-average basis took the 2-D Boolean matrix, ὄ, generated for 

the impermeable subvolume and grouped all of the elements of the matrix, ὄȟὄȟỄὄ   

by their radial distance from the semicircle center, 
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ὄȟὄȟỄὄ ǶǶ ȠὄȟὄȟỄὄ ǶǶȠỄȠ ὄȟὄȟỄὄ ǶǶ
ὩὸὧȢ . For each unique distance 

found, ὶǶ, the true/false (1/0) values of the matrix elements,  ὄȟὄȟỄὄ
ǶǶ

 for that 

distance were averaged, ὄǶǶ. Since 1 here represented being in the impermeable 

subvolume, this average represented the average volume fraction of that unique radial 

position. This was then translated to porosity by subtracting it from 1.  

‰ǶǶ ρ ὄǶǶ 

Equation 80: Position -Average Porosity  

The shell-average method for calculating porosity was conceptually simper. 

Using the same the 2-D Boolean matrix, ὄ, the average matrix element value within a 

shell ὲ used to generate the geometry was averaged ὄ . This average was then used to 

calculate the shell-average porosity.  

‰ ρ ὄ  

Equation 81: Shell -Average Porosity  

Both the shell-average porosity and the position-average porosity were then 

compared to the theoretical porosity profile to determine the fidelity of the simulation 

geometries to the input porosity profiles using these two separate metrics.  

To calculate the total volume concentration ὧǶȟ results for each simulation, both 

methods for calculating the porosity profile were utilized. In both cases, a number of 

node elements ὔ needed to be averaged each time to determine an average interstitial 

volume concentration ὧӶȟ for a given porosity value. For ‰ǶǶ, for a given node, it was 

averaged with the other nodes closest to a unique position ὶǶ to get ὧӶȟȟǶ. For ‰ , all the 
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nodes within each shell were averaged to give ὧӶȟȟ. The total concentrations for each 

method were calculated as Equation 82 and Equation 83. 

ὧǶȟȟǶ ὧӶȟȟǶ ‰zǶǶ 

Equation 82: Position -Average Total Concentration  

ὧǶȟȟ ὧӶȟȟ ‰z  

Equation 83: Shell -Average Total Concentration  

Since no attachment occurred in the system, all mobile species concentrations  

ὧǶȟ were also equal to the total species concentration, ὧǶȟ. Only the shell-average 

versions of total concentration were then plotted against radial position  ὶǶ overtime for 

use in comparing with 1 -D results.  

2.3.4 1-D and 2-D Comparisons  

To test the ability of the DIVAC model  to better predict behavior of diffusing 

species in domains with an impermeable sub-volume , several scenarios with different 

impermeable sub volume distributions where considered. First was Ὓ ρȟρ, with no 

impermeable sub-volume. Second is, Ὓ πȢωȟπȢω, with a spatially homogenous 

distribution of impermeable sub -volume. Third, Ὓ πȢωȟπȢψ, where the impermeable 

subvolume is spatially heterogenous, with more in the center of the considered 

semicircle. Finally, Ὓ πȢψȟπȢω, where the impermeable subvolume is spatially 

heterogenous, with more at the edges of the semicircle. To test for the scenarios where 

the DIVAC model offer better prediction, each scenario was tested against a different 

subset of the 7 different model simplifications .  



 

65 

2.3.4.1 Comparison Combinations  

Rather than test a full-factorial combination of 1 -D and 2-D models, a select 

number of 1-D model simplifications were tested against each system geometry scenario 

simulated in 2-D using finite elements. The geometries with variable porosity each had 

two comparison groups of models, to reduce visual clutter. Using the developed 

notation developed , the following model simplification and scenario combinations were 

considered.  

╢ ρȟρḊ  ὓ ρȟρȟρ 

Equation 84: Models Tested Against Scenario 1  

╢ πȢωȟπȢωḊ ὓ ρȟρȟρ Ƞ ὓ ‰ȟρȟρ Ƞ ὓ ‰ȟ‰ȟρ 

Equation 85: Models Tested Against Scenario 2  

╢ πȢωȟπȢψ ȡ  ὓ ‰ȟ‰ȟρ Ƞ ὓ ‰ὶȟ‰ȟρ 

Equation 86: Models Tested Against Scenario 3 - Equilibrium Comparison Set  

╢ πȢωȟπȢψ ȡ  ὓ ‰ὶȟ‰ȟρ Ƞ ὓ ‰ὶȟ‰ὶȟρ Ƞ ὓ ‰ὶȟ‰ȟ‰ὶ  Ƞ ὓ ‰ὶȟ‰ὶȟ‰ὶ   

Equation 87: Models Tested Against Scenario 3 - Dynamic Comparison Set  

╢ πȢψȟπȢω ȡ  ὓ ‰ȟ‰ȟρ Ƞ ὓ ‰ὶȟ‰ȟρ 

Equation 88: Models Tested Against Scenario 4 - Equilibrium Comparison Set  

╢ πȢψȟπȢωḊ  ὓ ‰ὶȟ‰ȟρ Ƞ ὓ ‰ὶȟ‰ὶȟρ Ƞ ὓ ‰ὶȟ‰ȟ‰ὶ  Ƞ ὓ ‰ὶȟ‰ὶȟ‰ὶ   

Equation 89: Models Tested Against Scenario 4 - Dynamic Comparison Set  

2.3.4.2 Comparison Techniques 

To compare each model for each considered scenario, a qualitative measure and 

a quantitative measure were used. The qualitative measure used was plots of the shell-
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averaged concentration overtime for simulation of the scenario vs the predictions of 

each model. The quantitative measure used was a residual sum of squares value, ὙὛὛ, 

calculated using the total concentration data from the model prediction, ὧǶȟȟ , and the 

shell-averaged total concentration data for the simulations, ὧǶȟȟ. Since shell-positions 

ÞÌÙÌɯÕÖÛɯÙÌÍÓÌÊÛÐÝÌɯÖÍɯÛÏÌɯÚÈÔÌɯÈÙÌÈɯÖÍɯÚ×ÈÊÌɯȹÚÖÔÌɯÚÏÌÓÓÚɯÏÈËɯÓÈÙÎÌÙɯÈÙÌÈɀÚɯÛÏÈÕɯÖÛÏÌÙÚȺȮɯ

the residuals were weighted, with the weights proportionally to the area of the shell.  

ὙὛὛ ὧǶȟȟ ὧǶȟȟ ύ  

Equation 90: Models Tested Against Scenario 4 - Comparison Set #2 

ύ
ὃ ȟ

“ὶǶ ὶǶ
 

Equation 91: Area-Weight for Shell  

2.4 Results 

In this research aim, our objective was to develop a mathematical model for 

species diffusion in a hemispherical domain with an impermeable subdomain and 

species attachment in the complement permeable domain. This was achieved by 

accounting for the impermeable subdomain via its effect on 1) cross-sectional area 

available for diffusion, ‰  2) diffusivity , ‰ , and 3) total volume species concentrations, 

‰ . These three porosity effects were then tested both separately and in combination for 

their ability to improve model agreement with simulations of a 2-D simplification of the 

system of interest compared to simpler diffusion models.  
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2.4.1 Testing Porosity in 2-D Geometries  

To determine the degree of agreement between the porosity profile used to 

generate the discrete geometries in the 2-D finite -element simulations and the measured 

porosity in these geometries, both the shell-averaged porosity ‰  and the position -

average porosity ‰ǶǶ were used as metrics of the 2-D geometry porosity. Both these 

ÔÌÛÙÐÊÚɯÈÕËɯÛÏÌɯÛÏÌÖÙÌÛÐÊÈÓɯ×ÖÙÖÚÐÛàɯÍÖÙɯÌÈÊÏɯ2ÊÌÕÈÙÐÖɀÚɯÎÌÖÔÌÛÙàɯÈÙÌɯÚÏÖÞÕɯÉelow, 

along with a schematic of the geometry itself. Only Scenarios with porous geometries 

were analyzed. 

2.4.1.1 Porosity Profile for Scenario 2 Geometry  

The geometry schematic and porosity profiles for Scenario 2 are shown in Figure 

13. As would be expected based on how the geometries were generated, the shell-

average porosity exactly matched the theoretical porosity. However, the position -

average porosity showed significant deviations from the theoretical porosity, ranging 

within appro ximately 15% of the theoretical porosity. However, the position -averaged 

porosity by definition does replicate the theoretical porosity on average. The deviations 

observed reflect the discrete nature of the 2-D geometries generated, and could be a 

source of model deviation from simulations , see Discussion.  

The point-average porosity deviations from the theoretical porosity did not 

appear to be random with respect to position. They instead appeared to follow a 

periodic pattern. This pattern reflected the discrete nature of the geometry generation, 

which fille d discrete shells with spheres. This is validated by the number of periods 
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being equal to the number of shells in the geometry. This makes sense, as the shells had 

buffer regions where no spheres could occupy, leading to radial stretches with high 

porosity.  

 

 

Figure 13: Comparison of Measured Discrete Geometry Porosity Metrics to Porosity 

Profile Used to Generate Geometry for Scenario 2. (a) Schematic of Scenario 2 

geometry. (b) Theoretical, Shell-averaged and Point-averaged porosity vs radial position 

in Scenario 2 geometry. Porosity outside of the interstitial domain from 16 to 256 always 

1.  A constant value of 0.9 was the theoretical porosity profile. 
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2.4.1.2 Porosity Profile for Scenario 3 Geometry  

The geometry schematic and porosity profiles for Scenario 3 are shown in Figure 

14. The same patterns observed for Scenario 2 of an exactly aligning shell-average and a 

position -average deviating periodically within 15% of the theoretical porosity were 

observed for Scenario 3.  

 

Figure 14: Comparison of Measured Discrete Geometry Porosity Metrics to Porosity 

Profile Used to Generate Geometry for Scenario 3.  (a) Schematic of Scenario 3 

geometry. (b) Theoretical, Shell-averaged and Point-averaged porosity vs radial position 

in Scenario 3 geometry. Porosity outside of the interstitial domain from 16 to 256 always 

1.  A linear theoretical porosity profile ranging from 0.8 to 0.9 was used.   
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2.4.1.3 Porosity Profile for Scenario 4 Geometry  

The geometry schematic and porosity profiles for Scenario 4 are shown in Figure 

15. The same patterns observed for Scenario 2 of an exactly aligning shell-average and a 

position -average deviating periodically within 15% of the theoretical porosity were 

observed for Scenario 4.  

 

Figure 15: Comparison of Measured Discrete Geometry Porosity Metrics to Porosity 

Profile Used to Generate Geometry for Scenario 4. (a) Schematic of Scenario 4 

geometry. (b) Theoretical, Shell-averaged and Point-averaged porosity vs radial position 

in Scenario 4 geometry. Porosity outside of the interstitial domain from 16 to 256 always 

1.  A linear theoretical porosity profile ranging from 0.9 to 0.8 was used.  



 

71 

2.4.2 Comparing Model Predictions to Simulations Results for 

Concentration Profiles  

2.4.2.1 Scenario 1 Concentration Profile Comparisons for Models and Simulation  

The first scenario Ὓ considered the case of a semicircle with no impermeable 

volume, shown in Figure 16. This functioned as a base-case, as the model was a simple 

diffusion model, and the simulation simply diffusion in a semicircle. Agreement 

between the simulations and model indicated both solver systems were functioning 

properly.  

 

Figure 16: Diagram of Meshed System Geometry for Scenario 4.  Diagram of finite -

element mesh for system geometry of this scenario.  
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Figure 17: Model Fit for Simulation Scenario 1.  Shell-averaged concentration method 

used for 2-D simulation results. Residual -sum-of-squares calculated using shell-area 

weighting and are multiplied by 10,000 and rounded for convenience of comparison.  

The strong agreement, as shown both qualitatively in the overlapping data in 

Figure 17and quantitatively by the low ὙὛὛ value (see below figures for higher values of 

ὙὛὛ) between the 2-D simulation and the model indicated the two solver methods were 

set-up properly to test unique model simplifications and unique simulation geometries.  

This case also shows that for a system with no impermeable sub-volume, models 

which have methods for accounting for the three distinct effects of porosity are not 

necessary to predict diffusion behavior.  
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2.4.2.2 Scenario 2 Concentration Profile Comparisons for Models and Simulation  

The second scenario Ὓ considered the case of a semicircle with a spatially 

homogenous impermeable volume, as shown in Figure 13(a). The models tested against 

this scenario were: ὓ , where no porosity effects are considered; ὓ , where only the 

effect of average porosity on total species concentration ‰ was considered; and ὓ , 

where both the effects of average porosity on ‰ and diffusivity ‰  were considered.  

As shown in Figure 18, making no consideration of porosity in a system with 

porosity leads to poor model predictions, as seen for ὓ . Accounting for the average 

porosity exclusively on ‰, ὓ , led to the model prediction matching the simulation for 

the equilibrium diffusing species concentration profile on a total volume basis. 

Accounting for both ‰ and ‰ , ὓ , led to the model prediction closely matching the 

simulation for the entire dynamic diffusing species concentration profile on a total 

volume basis.    
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Figure 18: Model Fits for Simulation Scenario 2.  Shell-averaged concentration method 

used for 2-D simulation results. Residual -sum-of-squares calculated using shell-area 

weighting and are multiplied by 10,000 and rounded for convenience of comparison.  

The need to only account for average porosity in a diffusion model to get 

predictions with good agreement in this scenario makes perfect sense, as this geometry 

had spatially homogenous porosity, allowing for a constant value to represent the entire 

geometry.  

As noted in the methods section, since using a constant average value of ‰  is 

identicial to not accounting for ‰  at all (‰ ρ), its effect was not tested here. This 

makes intuitive sense based on how ‰  is manifested in the diffusion equation.  ‰  
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appears in both the numerator and the denominator of the diffusion term, where one is 

within a spatial derivative. If ‰ ὪὶǶ , then the two terms will exactly cancel.  

2.4.2.3 Scenario 3 Concentration Profile Comparisons for Models and Simulation  

The third scenario Ὓ considered the case of a semicircle with an impermeable 

volume more heavily skewed to the interior, as shown in Figure 14(a). The models tested 

against this scenario were: ὓ , where the effects of average porosity on ‰ and ‰  were 

considered; and ὓ  where the effects of the porosity profile on ‰ and the average 

porosity on ‰  were considered.  

As shown in Figure 19, making only considerations for the average porosity of a 

system with spatially variable porosity leads to poor model predictions, as seen for ὓ . 

Accounting for the spatially heterogeneous porosity through ‰, ὓ , led to the model 

prediction matching the simulation for the equilibrium diffusing species concentration 

profile on a total volume basis. The predictions of ὓ  reflected that in a semicircle with 

more impermeable space in the interior, on a total-volume concentration basis, there will 

be more diffusing species that accumulate at the periphery.  

To find a model which could predict the diffusing species concentration profile 

on a total volume basis dynamically, the predictions of the following models were 

compared to Ὓ: ὓ , where the effects of the porosity profile on ‰ and the average 

porosity on ‰  were considered; ὓ , where the effects of the porosity profile on ‰ and 

‰  were considered; ὓ , where the effects of the porosity profile on ‰ and ‰  along 
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with the effect of average porosity on ‰  were considered; and ὓ , where the effects of 

the porosity profile on ‰, ‰ , and ‰  were considered. 

As shown in Figure 20, making only considerations for the spatially 

heterogeneous porosity through ‰ and average porosity through ‰ , ὓ , led to 

reasonably good model predictions for the dynamic diffusing species concentration 

profile on a total volume basis, ὙὛὛρςχ. Accounting for the full porosity profile in ‰ , 

ὓ , leads to better model predictions, ὙὛὛυφ. Accounting for the full porosity profile 

in ‰ , while only accounting for average porosity in ‰ , ὓ , leads to better model 

predictions than ὓ  with an ὙὛὛφτ, with little difference compared to ὓ . Finally, 

accounting for the porosity profile in each porosity effect, ὓ , leads to the best model 

prediction of ὙὛὛςτ.  

These results indicate that in Scenario 3, the model which accounted for the full 

suite of porosity considerations in a spatially heterogenous manner led to best 

agreement with system simulations.  
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Figure 19: Equilibrium Model Fits for Simulation Scenario 3.  Shell-averaged 

concentration method used for 2-D simulation results. Residual -sum-of-squares 

calculated using shell-area weighting and are multiplied by 10,000 and rounded for 

convenience of comparison. 
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Figure 20: Dynamic Model Fits for Simulation Scenario 3.  Shell-averaged 

concentration method used for 2-D simulation results. Residual -sum-of-squares 

calculated using shell-area weighting and are multiplied by 10,000 and rounded for 

convenience of comparison. 

2.4.2.4 Scenario 4 Concentration Profile Comparisons for Models and Simulation  

The fourth scenario Ὓ considered the case of a semicircle with an impermeable 

volume more heavily skewed to the periphery, as shown in Figure 15(a). The models 

tested against this scenario were: ὓ , where the effects of average porosity on ‰ and ‰  

were considered; and ὓ  where the effects of the porosity profile on ‰ and the average 

porosity on ‰  were considered.  
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As shown in Figure 21, making only considerations for the average porosity of a 

system with spatially variable porosity leads to poor model predictions, as seen for ὓ . 

Accounting for the spatially heterogeneous porosity through ‰, ὓ , led to the model 

prediction matching the simulation for the equilibrium diffusing species concentration 

profile on a total volume basis. The predictions of ὓ  reflected that in a semicircle with 

more impermeable space in the periphery, on a total-volume concentration basis, there 

will be more diffusing species that accumulate at the exterior.  

To find a model which could predict the diffusing species concentration profile 

on a total volume basis dynamically, the predictions of the following models were 

compared to Ὓ: ὓ , where the effects of the porosity profile on ‰ and the average 

porosity on ‰  were considered; ὓ , where the effects of the porosity profile on ‰ and 

‰  were considered; ὓ , where the effects of the porosity profile on ‰ and ‰  along 

with the effect of average porosity on ‰  were considered; and ὓ , where the effects of 

the porosity profile on ‰, ‰ , and ‰  were considered. 

As shown in Figure 22, making only considerations for the spatially 

heterogeneous porosity through ‰ and average porosity through ‰ , ὓ , led to 

reasonably good model predictions for the dynamic diffusing species concentration 

profile on a total volume basis, ὙὛὛσυ. Accounting for the full porosity profile in ‰ , 

ὓ , leads to better model predictions, ὙὛὛρτ. Accounting for the full porosity profile 

in ‰ , while only accounting for average porosity in ‰ , ὓ , leads to better model 

predictions than ὓ  with an ὙὛὛρσ, with little difference compared to ὓ . Finally, 
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accounting for the porosity profile in each porosity effect, ὓ , leads to the second-worst 

prediction fit to the simulation data, ὙὛὛςω.  

These results indicate that in Scenario 4, accounting for ‰  and ‰  individually 

improved model predictions, but both simultaneously had a negative interactions effect.  

 

Figure 21: Equilibrium Model Fits for Simulation Scenario 4.  Shell-averaged 

concentration method used for 2-D simulation results. Residual -sum-of-squares 

calculated using shell-area weighting, and are multiplied by 10,000 and rounded for 

convenience of comparison. 
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Figure 22: Dynamic Model Fits for Simulation Scenario 4.  Shell-averaged 

concentration method used for 2-D simulation results. Residual -sum-of-squares 

calculated using shell-area weighting, and are multiplied by 10,000 and rounded for 

convenience of comparison. 

2.5 Discussion 

2.5.1 Primary Results of Study  

In this research aim, our objective was to develop a mathematical model for 

species diffusion in a hemispherical domain with an impermeable subdomain and 

species attachment in the complement permeable domain. This was achieved by 

accounting for the impermeable subdomain via its effect on 1) cross-sectional area 

available for diffusion, ‰ , 2) diffusivity, ‰ , and 2) total volume species concentrations, 
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‰ , summarized in Equation 34 and Equation 54. These three porosity effects were tested 

both separately and in combination for their ability to improve model prediction of 

simulations of a 2-D simplification of the system of interest compared to simpler 

diffusion models.  

The results of the model-simulation comparisons gave a few key findings. First, 

the ability of a model to predict simulations results at equilibrium was only dependent 

on the effect of porosity on total -volume basis concentration, ‰ . The other two effects of 

porosity, ‰  and ‰ , did not affect equilibrium behavior. This follows from the DIVAC 

model equation, as both effects of porosity were captured in the diffusivity term, which 

does not factor into steady-state solutions for the equation.  

Second, the accuracy of model predictions compared to the dynamic simulation 

results almost exclusively improved when ‰  and ‰  reflective of the system geometry 

were incorporated into a model. For system geometries with a homogenous 

impermeable sub volume, accounting for porosity improved performance  in all cases. 

For system geometries with heterogenous impermeable sub volumes, using 

heterogenous porosity profiles for ‰  and ‰  usually improved model performance. In 

the case of a heterogenous impermeable subvolume with more impermeable volume in 

the interior of the semicircle, ‍, using heterogenous porosity profiles for ‰  and ‰  

individually improved model performance, and taken together improved model 

performance. In the case of a heterogenous impermeable subvolume with more 

impermeable volume in the exterior of the semicircle, using heterogenous porosity 

profiles for ‰  and ‰  individually improved model performance, but taken together 
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decreased model performance. While the reasons for ‰  and ‰  to work antagonistically 

in the case of porosity profile with a negative heterogenous porosity dimensionless 

parameter, ‍ȮɯÈÙÌÕɀÛɯÊÓÌÈÙ and requires further study , overall,  the value in accounting 

for these terms is shown across different scenarios considered. 

2.5.2 Contextualization in Literature  

The DIVAC model was grounded in three of the effects of biofilms on chemical 

species diffusion found in experimental literature outlined in Chapter 1: size -exclusion 

effect, volume-exclusion effect, and attachment effect. The combination of the size and 

volume-exclusion effects were accounted for by the incorporation of biofilm porosity 

into the model in three distinct ways: area -restriction, lowered diffusivity, and reduced 

total volume concentration. The area-restriction and reduced total volume concentra tion 

incorporation of porosity can be traced to Bear and Veruijt (105). The incorporation of 

porosity to lower diffusivity can be traced to Stewart (2016) (103). The attachment effect 

can be attributed to van Rossem (104), though this is the first example of attachment 

with a spatially heterogenous attachment site density in the context of biofilms.   

While the full DIVAC model is unique in the context of biofilm  models, it is 

ultimately a simplified version of the generalized types of porous media transport found 

in fields such as transport of species in groundwater, which is the field the Bear and 

5ÌÙÜÐÑÛɀÚɯÔÖËÌÓɯËÌÙÐÝÌÚɯÍÙÖÔȭɯ3ÏÐÚɯÚÏÖÞÚɯÛÏÌɯ×ÙÖÔÐÚÌɯÖÍɯÛÏÌɯÎÌÕÌÙÈÓɯÈ××Óication of 

porous media transport theory in biofilm systems, as a foundation for models which can 

predict more comp lex behavior in biofilms. Models such as Kosztolowicz et al(12) and 
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van Rossem et al (2023) (11) for chemical species transport in biofilms are other good 

examples of this approach. 

One modeling framework not utilized here but that has similar applications is 

the modern Fick-)ÈÊÖÉɀÚɯÌØÜÈÛÐÖÕɯÍÖÙɯËÐÍÍÜÚÐÖÕɯÐÕɯÈɯÊÖÕÚÛÙÐÊÛÌËɯÊÏÈÕÕÌÓɯ(111). This 

equation is also utilized to account for variable cross-sectional area available for 

diffusion in a medium. The difference between the Fick -)ÈÊÖÉɀÚɯÌß×ÙÌÚÚÐÖÕɯÈÕËɯÛÏÌɯÖÕÌɯ

utilized in DIVAC be expressed below.  
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Equation 92: Fick-Jacobs Equation(111) 
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Equation 93: DIVAC Model Basis  

The difference in these expressions are a direct consequence of the divergent 

methods by which they were calculated, The DIVAC model via a traditional control -

volume method, Fick -Jacobs via a centered-difference approach. It is unclear what the 

advantages and disadvantages of each method are, and merits further study.  

2.5.3 Study Limitations  

The hindered diffusion component of the size effect of biofilms on diffusion was 

not directly considered in this model. This would not be overly difficult to amend. It 

would simply require the original diffusivity in the interstitial space, Ὀ, in Equation 24, 

to be replaced by an effective diffusivity, which would itself be a function of the porosity 

of the extracellular mesh, ‰ . If this mesh porosity was homogenous in the biofilm, it 
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could simply be incorporated as a constant into the dimensionless diffusivity ‎. If this 

porosity was itself a function of position in the biofilm, it would still be incorporated 

into ‎, but now its functional form would directly interact with the functional form of 

‎ Ὢ‰ ȟ‰  itself. Ultimately, this could be simply incorporated directly 

into the diffusivity. However, if the mesh significantly effects the available cross -

sectional area for diffusion, it would instead need to be incorporated all the way back in 

the probability function for porosity, ὴὼ, leading it to be incorporated not just into ‰ , 

but also into ‰ . 

This study notably did not use the well -established relation for effective 

diffusivity in a two -phase medium with impermeable spheres, a simplification of 

,ÈßÞÌÓÓɀÚɯÙÌÓÈÛÐÖÕɯ(103). Future versions of the model should incorporate this  to account 

for the hindered diffusion component of the size effect .  

Likely the biggest limitations of this model lies in part on its strength as a one 

dimensional model for diffusion. The DIVAC model simplifies a more complex 3-D 

system into one dimension for the purposes of predicted chemical species diffusion 

profiles. This has obvious advantages, as 1-D models can be solved using relatively 

simple finite -difference solvers, and be solved much more quickly, quickly enough even 

for the possibility of model fitting to data. This kind of versatility makes for a model 

useful across more contexts.  

However, this 1-D simplification was only made possible by perhaps the models 

biggest assumption: the dependance of the porosity and attachment site profiles on only 

one spatial dimension. In a real 3-D system with discrete objects comprising the 
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impermeable volume of a biofilm, this is obvious never strictly true. This is seen in  

Figure 13(b), where the position -average porosity, while it averages the theoretical 

profile, oscillates around this value. The way this type of real system is usually 

accounted for are the kinds of scaling and averaging procedures found in van Rossem 

(11). Application of these ideas to this model might allow for a better characterization of 

the deviations in position average concentration found in Appendix  E. 

The assumption of biofilm components such as bacteria being an impermeable 

sub-volume of biofilm, while practically useful for nanoparticle transport, is likely not as 

useful for antibiotic transport. Therefore, while this approach can still be used for 

antibiotics, quantifying the impermeable volume for transport would likely require 

experimental approaches such as (70), which can directly visualize these volumes.  
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#(5 "ɯ,ÖËÌÓɯ 

3.1 Introduction  

In this chapter, the DIVAC model for species diffusion and attachment in porous 

media is applied to the problem of predicting periphery sequestration of antibiotic in 

bacterial biofilms. A distinct version of the DIVAC model, the Heterogenous Biofilm 

Model , is shown to be able to model periphery sequestration at equilibrium. The 

equilibrium concentration profiles predicted by the full DIVAC model are shown to 

agree with the equilibrium concentration profiles from three -dimensional simulations of 

species diffusion and attachment, along with predicting periphery sequestration. Finally, 

the Heterogenous Biofilm Model  and several simplifications are tested for their utility in 

fitting experimental data extracted from Tseng et al (14), where periphery sequestration 

was observed in the accumulation of tobramycin and ciprofloxacin in Pseudomonas 

aeruginosa PAO1 biofilm microcolonies.  

3.2 Theory 

To test the applicability of the DIVAC model to predicted periphery 

sequestration of antibiotics in bacterial biofilms, a distinct version of the DIVAC model 

was utilized: the Heterogeneous Biofilm Model. The Heterogenous Biofilm Model  is a 

version of the DIVAC Model  (Equation 35), with a few key adjustments, as shown in 

Equation 94, Equation 95, Equation 96, Equation 97, and Equation 98. 
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Equation 94: Heterogenous Biofilm Model Mobile Species Governing Equation  
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Equation 95: Heterogenous Biofilm Model Attached Species Governing Equation  
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Equation 96: Heterogenous Biofilm Model Dimensionless Variable Definitions  
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Equation 97: Heterogenous Biofilm Model No -Flux Condition  
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Equation 98: Heterogenous Biofilm Model Liquid -Interface Boundary Condition  

The first adjustment is that it was developed in a cartesian coordinate system 

rather than the spherical coordinate system of the DIVAC model, with its spatial 

coordinate variable being ὼ ά rather than ὶ ά . The domain of this spatial coordinate 

is changed to ὼ ɴ πȟὌ], where Ὄ ά  is the height of the biofilm. Another adjustment for 

the Heterogenous Biofilm Model  is dropping the effect of porosity on the diffusivity 

term, or ‰ ρ, leaving ‎ a constant. The last adjustments are distinct functional forms 

for its porosity, ‰, and attachments site density, ὧǶȟ, profiles, shown in Equation 99 and 

Equation 100.  

‰ ‍
Ὡ ρ
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” 

Equation 99: Heterogenous Biofilm Porosity Profile  
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ὧǶȟ ‚ὼ – 

Equation 100: Heterogenous Biofilm Attachment Site Profile  

These forms were chosen as they can represent almost any monotonically 

increasing or decreasing profile over their respective domains, with the porosity profile 

having the additional benefit of well -defined derivatives.  The dimensionless parameters 

‍, ”, ‚ and – represent the same quantities as the DIVAC model. The parameters ὥ and ὦ 

are new dimensionless parameters meant to vary the shape of the attachment site and 

porosity profiles in the biofilm, respectively.  

All other aspects of the DIVAC model are maintained in the  Heterogenous 

Biofilm Model , with the necessary adjustments for the change to a cartesian coordinate 

system.  

3.3 Methods 

3.3.1 Using Heterogenous Biofilm Model  to Model Periphery 

Sequestration at Equilibrium  

To determine if the Heterogenous Biofilm Model  predicts periphery 

sequestration, the concentration profiles predicted by the model were solved 

numerically  at equilibrium over a range of dimensionless parameter values. After an 

initial sweep of the parameter space shown in Appendix D, the dimensionless 

parameters ‍ and ‚ were identified to be the primary drivers of periphery sequestration, 

motivating further study . The Heterogenous Biofilm Model was solved for 

concentration profiles for heterogeneity parameter domains ‍ᶰ πȢυȟπȢυ and ‚ɴ
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ρπȟρπ. To quantify the extent of periphery sequestration in the concentration profiles, 

the Sequestration Number, ὛὩ, was quantified for each solution using Equation 101. 

ὛὩ
ὧӶ ȟ ὧӶ ȟ

ὧӶȟ
 

Equation 101: Sequestration Number  

 ὧӶ ȟ represented the average concentration within some small distance ‏ from 

the liquid interface (here defined to be 5% of the ὼ-domain) ὧӶ ȟ represented the 

average concentration within the small distance ‏ from the solid interface .  Large 

positive numbers indicated periphery sequestration, while large negative numbers 

indicated interior sequestration. ὧӶȟ was the overall average concentration in the 

biofilm.  

The sequestration numbers for the steady-state concentration profiles found over 

ÛÏÌɯÌß×ÓÖÙÌËɯ×ÈÙÈÔÌÛÌÙɯÚ×ÈÊÌɯÞÌÙÌɯ×ÓÖÛÛÌËɯÈÚɯÈɯÏÌÈÛÔÈ×ɯÞÐÛÏɯÐÚÖÊÖÕÛÖÜÙÚɯÐÕɯ/àÛÏÖÕɀÚɯ

matplotlib package, showing the trend of sequestration with varying ‍ and ‚. 

3.3.2 Steady-State DIVAC Model Predicts Equilibrium Concentration 

Profiles for 3-D Simulations of Species Diffusion  

To determine the ability of the DIVAC model to accurately  model periphery 

sequestration behavior, the model was used to predict the concentration profiles 

resulting from simulations of species diffusion and attachment in a 3-D geometry at 

equilibrium. Using the primary parameters which control sequestration identified in the 

previous section, the DIVAC model was tested for three distinct values of both ‍

πȢρȟπȟπȢρ and ‚ ρȟπȟρ. Parameter values for the DIVAC model were otherwise 
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kept constant at ‎ ρ, ‌ ρ, – ςȢυ, ” πȢψ, and ‖ ρ.The DIVAC model results were 

then compared to 3-D simulations of systems with internal geometries that matched the 

porosity profiles of the DIVAC models.  

The DIVAC model was solved as presented in Chapter 2, with the exception that 

the effect of porosity on diffusivity was dropped from the model, ‰ ρ, leaving ‎ a 

constant. This was done since this effect of porosity only changes the dynamic results of 

the system, not the equilibrium results, as shown in Chapter 2.  In theory, the effects of 

porosity on variable cross-sectional area, ‰ ρ, could have been dropped for the same 

reason, but was not due to practical limitations of the developed DIVAC finite -

difference solvers. This meant only the effect of porosity on the conversion from 

interstitial concentration to total volume concentration, ‰  was accounted for with 

respect to porosity. However, this set-up also allowed the effect of attachment site 

density on equilibrium concentration profiles to be tested. All DIVAC models were ran 

for 5 units of dimensionless time to confidently reach equili brium, as the ὶǶ domain of 

this system was only πȟρ. The DIVAC model was solved in its full spherical coordinates 

form presented in Chapter 2, Equation 34, using the same numerical methods outlined 

in that chapter.  

To run the 3-D simulations, the same approach outlined in Chapter 2 of running 

finite -element simulations utilizing the MATLAB PDE Toolbox was used. The primary 

differences where the generated geometries were in 3-D, and the stationary PDE solver 

(rather than the full dynamic solver) was used. For the 3-D geometry, the same 

conceptual approach of filling concentric shells of the hemisphere with small spheres 
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was used (with the relevant math extended to three spatial dimensions). The primary 

difference was in the mechanics of the approach after a 3-D Boolean mask was 

generated. Whereas for 2-D, the approach was to use the MATLAB contour function to 

make the interstitial -impermeable interface, then use these vertices to generate a 

polygon object, which as triangulated and used as an input geometry, in 3-D, the 

isosurface function was used to make the interstitial -impermeable interface, ɱ ρ, 

which was then directly triangulated and used as an input geometry. Otherwise, the 

simulation and data processing methods were the same, simply extended to three 

dimensions. The concentration values reported for the simulations were calculated as 

shell-average concentration values for clarity. Similar plots using the position -average 

concentration values are available in Appendix E.  

3.3.3 Using Heterogenous Biofilm Model  to Fit Antibiotic Accumulation 

Profiles in P. aeruginosa Microcolonies  

To test the utility of this model in fitting the literature data from Tseng et al (14), 

three different simplifications of the Heterogeneous Biofilm Model, Ὄ , were tested 

against the full model. These simplifications were used to test the utility of the spatially 

dependent porosity, ‰ὼȟ and attachment site density, ὧǶȟὼ), terms in fitting the 

experimental data of Tseng to the Heterogenous Biofilm Model . The first simplification, 

the Homogenous Biofilm Model, Ὄ , used a constant average porosity, ‰, and 

attachment site density profile, ὧӶȟ, which translate to dimensionless heterogeneous 

parameter values of  ‍ π and ‚ π. The second, Ὄȟ the Heterogenous Porosity Model, 

used a spatially dependent porosity profile  ‰ὼ, which translates to ‍ π, and constant 
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attachment site density profile, ὧӶȟ,which translate to ‚ π. Finally, Ὄ , the 

Heterogenous Attachment Profile, used a constant average porosity, ‰, which translates 

to ‍ π, and a spatially dependent attachment site density profile  ὧǶȟὼ), which 

translates to ‚ π. 
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Equation 102: Homogenous Biofilm Model Mobile Species Governing Equation  
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Equation 103: Heterogenous Porosity Model Mobile Species Governing Equation  
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Equation 104: Heterogenous Attachment Model  Mobile Species Governing Equation  

For all models, the porosity used was applied as both the ‰ and ‰ , where ‰ 

was used to convert between interstitial and total volume concentrations. All models 

used the same attached species governing equation as Ὄ . The boundary condition used 

for the models at the liquid interface, normally a constant concentration boundary 

condition, was adjusted to fit the boundary condition seen in the experimental data. The 

antibiotic concentration at the biofilm -liquid interfa ce increased over time and gradually 

reached a steady-state in the experimental system. This boundary condition was fit to a 

6th order polynomial function to maximize goodness -of-fit, and this function used as the 

concentration condition at the biofilm -liq uid interface.   

To fit the models to the experimental data, first the model results for total 

concentration on a total volume basis were calculated. The total concentration on a total 
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volume basis value was used as the experiments measured fluorescent probe 

concentration in a confocal laser scanning microscope, such that the relevant volume 

was the total volume, and the probe concentration reflected the total amount of 

antibiotic in the  system (not simply the mobile antibiotic). To get these concentrations on 

the same unit scale, a conversion factor between concentration of fluorescent antibiotic 

and fluorescence absorbance units was fit to each set of data. The position values from 

the experimental data were converted to dimensionless positions using the radius of the 

bacteria biofilm microcolonies for a given dataset.  Experimental data from Tseng was 

extracted from figures in the paper using WebPlotDigitizer.  

With these adjustments made, the parameters for each model considered for each 

antibiotic dataset were manually adjusted through trial and error until a local minimum 

in the residual sum of squares values was found, ὙὛὛ. While this manual approach to 

model fitting likely precluded finding a more global RSS minimum, and therefor fit for 

each model considered, this limitation was judged not to affect the subsequent 

conclusions. In addition to reporting the RSS for the fit of each model to the tobramycin 

and ciprofloxacin accumulation datasets, the Akaike Information Criterion value for 

each model fit was calculated, per Equation 105, where ὴ was the number of model 

parameters, and ὔ was the number of datapoints used in the fitting.   

ὃὍὅςὴ ὔ ὰὲ
ς“z ὙὛὛ

ὔ
ρ 

Equation 105: Akaike Information Criterion  
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These values were then compared in a bar graph for each model fit for each 

dataset. It is worth noting that model fitting was over all the time -points simultaneously 

for each antibiotic accumulation profile, not every timepoint individually, leading to a 

global fit of the data.  

3.3.4 Numerical Solvers and Data Analysis  

All numerical solvers and finite -element solution methods mirrored those used 

in Chapter 2 and are available in the Appendices in their original form as Python and 

MATLAB  code. All other data analysis including calculations and figure generation was 

performed in these coding environments (SPYDER IDE for Python, default scripting 

environment for MATLAB), utilizing standard scientific Python packages such as 

numpy, scipy, and matplotlib, or a standard edition of MATLAB 2022b with the Partial 

Differential Equa tion Toolbox and the Data Analysis Toolbox.   

3.4 Results 

3.4.1 Heterogenous Biofilm Model  Predicts Periphery Sequestration  

To understand the capacity of the Heterogenous Biofilm Model  to predict 

periphery sequestration, steady-state concentration profiles for the model over the 

parameter space for the two dimensionless heterogeneity parameters, ♫ and Ⱪ, were 

found. The extent of periphery sequestration in these solutions was quantified and 

displayed on a heatmap in Figure 23. 
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Figure 23: DIVAC Models Periphery Sequestration.  Phase-space plot showing effect of 

porosity and attachment site heterogeneity constants (♫ and Ⱪ, respectively) on degree of 

antibiotic sequestration within the biofilm, ╢▄. Positive ╢▄ correspond to periphery 

sequestration (red), negative ╢▄ correspond to interior sequestration (blue). Contour 

lines of ╢▄ shown along with heatmap. Parameter values of ♬ ȟ♪ , ╫ , ╪ , 

Ɫ , ⱴ╢╘ Ȣ, and ⱥ  used for solving Eq. 1 & 2 with given ♫ᶻ and Ⱪ values. 

These results indicate that positive values of both ♫ and Ⱪ lead to prediction of 

periphery sequestration by the Heterogenous Biofilm Model . Conversely, negative 

values predict interior sequestration. A homogenous or homogenized antibiotic 

transport model for biofilms is not able to predict this periphery sequestration  

corresponding to ‍ π and ‚ π. Overall, this plot shows that the Heterogenous 

Biofilm Model  can predict periphery sequestration of antibiotic in a biofilm.  



 

97 

The curved shape of the isocontour lines and general asymmetry of this plot 

likely reflects the exact functional forms of the porosity and attachment site density 

profiles used. The sudden bumps in the isocontours on this plot are likely indicative of 

corruption in the dataset, as a previous version of the plot (1) had smooth isocontours, 

and no error issues near the x-axis. This previous version used the opposite definition of 

♫, requiring it to be updated.  

3.4.2 DIVAC Model Agreement With 3-D Simulations at Equilibrium  

To determine the ability of the DIVAC model to accurately replicate periphery 

sequestration behavior, the model was used to predict the concentration profiles 

resulting from simulations of species diffusing in and attaching in a 3-D geometry at 

equilibrium. The results are shown in Figure 24, where both the DIVAC model and 3-D 

Simulation equilibrium results for the nine different parameter combinations of ♫ and Ⱪ 

are shown.  
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Figure 24: DIVAC Model Predicts Equilibrium Total Species Concentration Profiles 

from 3-D Simulations and Periphery Sequestration . Equilibrium model predictions 

from DIVAC model match results from simulations of diffusing species in 3-D system 

for varying heterogenous model parameters ♫ and Ⱪ. All DIVAC model solutions used 

♬ , ♪ , Ɫ Ȣ, ⱬ Ȣ, and ⱥ .  

As shown in this figure, the DIVAC model results almost exactly mirror the 3-D 

Simulation results at equilibrium over the values of ‍ and ‚ tested. The results 

additionally  showed the same pattern observed in the Heterogenous Biofilm Model : 

increasing ‍ and ‚ led to increasing periphery sequestration in the system.  

3.4.3 DIVAC Better Fits Experimental Data on Periphery Sequestration  

To test the utility of the Heterogenous Biofilm Model , Ὄ , in fitting the literature 

data from Tseng et al, three different simplifications of Ὄ  were tested against the full 

model for both the ciprofloxacin and the tobramycin accumulation datasets into P. 
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aeruginosa biofilm microcolonies. The use of the homogenous biofilm model and the 

heterogeneous porosity profile model led to a poor fit to the observed accumulation data 

for both antibiotics ( Figure 25AɬD). The heterogenous attachment site profile with a 

homogenous porosity profile replicated the tobramycin accumulation data ( Figure 25E) 

but had poor goodness-of-fit measures to the ciprofloxacin data (Figure 25F). The model 

with both a heterogeneous porosity profile and heterogenous attachment site profile 

(Figure 25G and H) was able to replicate both the tobramycin and ciprofloxacin 

accumulation, with the AIC goodness -of-fit criteria lower or nearly as low as all other 

models for both antibiotics (Fig. 2I).  
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Figure 25: Heterogenous Model Best Fits Antibiotics Periphery Sequestration Data . 

Fits of homogenous biofilm model (A,B), heterogenous porosity model (C,D), 

heterogenous attachment site model (E,F), and full Heterogenous Biofilm Model  (G,H) 

to data on accumulation of tobramycin (A,C,E,G) and ciprofloxacin (B,D,F,H) into P. 

aeruginosa PAO1 microcolonies. Dots represent accumulation data from Figure 2 of 

Tseng et al, with different colors representing different time -points. Solid lines represent 

fits of the data using the respective model, with color matched between literature data 

and model fits. An assumption of positive ♫ for the porosity profile was inferred from 

biofilm cross-sections where antibiotic accumulation was tracked. (I) Comparison of AIC 

goodness-of-fit criteria of each model to the tobramycin and ciprofloxacin datasets.   

Best-fit parameter values for A, B, C, D, E, F, G, and H, respectively: ♪
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ȟȢ ȟȢ ȟȢ ȟȢȟȢȟȢȟȢȠⱥ ȟȟȟȟȟȟȢ ȟ Ƞ♫
 ɲȟɲȟȢ ȟȢ ȟɲȟɲȟȢ Ƞ ╫ ȟɲɲȟ ȟ ȟɲȟɲȟ ȟ Ƞⱴ╢╘
ȟɲɲȟȢȟȢȟɲȟɲȟȢ ȟȢ Ƞ Ⱪ ȟɲɲȟɲȟɲȟ ȟ ȟ ȟ Ƞ , ╪

ȟɲɲȟɲȟɲȟȢȟȟ ȟȠ Ɫ ȟɲɲȟɲȟɲȟȟȟȟȢ. All fits used ♬ . 

3.5 Discussion 

3.5.1 Main conclusions  

In this chapter, the DIVAC model for species diffusion and attachment in porous 

media is applied to the problem of predicting periphery sequestration of antibiotic in 

bacterial biofilms. A distinct version of the DIVAC model, the Heterogenous Biofilm 

Model , is shown to be able to predict periphery sequestration at equilibrium by 

increasing the values of the dimensionless heterogeneity parameters for porosity and 

attachment site density, ‍ and ‚, repsectively.  

The equilibrium concentration profiles predicted by the full DIVAC model are 

shown to agree with the equilibrium concentration profiles from three -dimensional 

simulations of species diffusion and attachment, with the same trend of increasing ‍ and 

‚ leading to higher periphery sequestration observed. This result was evidence of the 

importance of accounting for the effect of porosity on total volume concentration, ‰ , in 

a spatially dependent manner. It also provide s evidence of the importance of accounting 

for the spatial dependance of ὧǶȟ at equilibrium. These effects are important when 

attempting to predict periphery sequestration in particular, in addition to concentration 

profiles in general .  

Finally, testing of the Heterogenous Biofilm Model  and several simplifications 

against experimental data of periphery sequestration of antibiotics extracted from Tseng 
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et al (14), showed the value of accounting for both porosity heterogeneity (both ‰  and 

‰ ) and attachment site heterogeneity, ὧǶȟ in the dynamic profiles modelled. The 

importance of the effect of porosity of variable cross-sectional area, ‰ , appeared to be of 

limited utility in modeling  tobramycin accumulation, as shown in the stronger 

performance of the Heterogenous Attachment Site Model Ὄ , which does not account for 

‰ ,. This was likely due to the overwhelming effect of attachment site heterogeneity in 

this system, shown by the elevated heterogenous attachment site density parameter ‚ 

needed to fit the tobramycin data. While the importance of ‰  for tobramycin was 

limited, its importance for ciprofloxacin was shown by the strong fit of the full 

Heterogeneous Biofilm Model, which accounted for the spatial dependance of both ‰  

and ὧǶȟ.  

Overall, both these results and the results from Chapter 2 provide evidence of 

the importance of accounting for all three of the investigated effects of biofilms on 

species diffusion in a spatially dependent manner: the size-exclusion effect, the volume-

exclusion effect, and the attachment effect. The importance of the size-exclusion and 

volume-exclusion effect are found in the importance of the three distinct effects of 

porosity, all of which when included in the DIVAC model improved model performance 

compared to simulations. The only exception to this was the negative interaction effect 

of accounting for ‰  and ‰  in the time-dependent case, only for scenario of a porosity 

profile with negative ‍. The importance of the attachment effect through a spatially 

dependent attachment site density, which, when included in the DIVAC and 

Heterogenous Biofilm Model , improved both agreement with simulations and fit to 
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experimental data on periphery sequestration. Overall, these results show the capacity 

of the DIVAC model to account for the three effects of porosity, improve model 

performance across a number of contexts, and ultimately, predict periphery 

sequestration in a biofilm system.  

3.5.2 Context in Literature  

In addition to how this model differentiated from prior model in the literature 

highlighted in Section 2.5.1., results in this section highlight differentiations from other 

models for species accumulation in biofilms. A common model used for diffusion wher e 

species react is the Crank Assumption Set, which usually assumes a constant attachment 

stie profile (10). The Heterogenous Biofilm Model  allows for a depth -dependent 

attachment site concentration site profile, which in part allows for prediction of 

periphery sequestration  (4). The use of the ‍ term in the porosity profile , which  equates 

to heterogeneous porosity , allows for antibiotic to reach higher total volume 

concentration in areas of high porosity in the biofilm. This highlights the ÔÖËÌÓɀÚ ability 

to account for the volume -exclusion effect of porosity where antibiotic is unable to 

occupy impermeable-volume, distinguishing it from the Hinson and Kocher method of 

porosity incorporation, which only modifies the diffusion constant (10). Both the 

homogenous biofilm model ( 9) and the homogenized biofilm model (5) can be 

represented as the origin of the investigated phase-space in Figure 23 and shows no 

degree of sequestration, highlighting their inability to predict periphery sequestration at 

equilibrium.  
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While the Heterogenous Biofilm Model  utilizes a more flexible porosity profile 

than the DIVAC model, experimental evidence of porosity profiles indicates the 

functional form of the porosity profile is likely highly context dependent (107, 108, 112).   

3.5.4 Limitations and Future Directions  

Concentrations at early times in Figure 25 are likely underestimated due to 

implementation of the proposed model in Cartesian coordinates rather than the 

cylindrical coordinates more appropriate for this experimental system. Future work 

could implement algorithmic RSS -minimization techniques for m odel fits to ensure 

global minimums, rather than the manual trial -and-error procedure used.  

The inability to test the model in a time -dependent manner in all three spatial 

dimensions precludes the ability to test the utility of the model in the most -realistic 

simulations and  would be an interesting future direction of the work.  
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Ƙȭɯ$ß×ÌÙÐÔÌÕÛÈÓɯ3ÌÚÛÐÕÎɯÍÖÙɯ5ÖÓÜÔÌɪ$ßÊÓÜÚÐÖÕȮɯ2×ÌÊÐÌÚɯ

2ÐáÌɯÈÕËɯ ÛÛÈÊÏÔÌÕÛɯ$ÍÍÌÊÛÚɯÐÕɯ2àÕÛÏÌÛÐÊɯ!ÐÖÍÐÓÔɯ2àÚÛÌÔɯɯ 

4.1 Background 

This research aim sought to create a synthetic biofilm system for use in testing 

the DIVAC model. The specific type of biofilm we attempted to replicate are the 

hemi/spherical Pseudomonas aeruginosa colonies grown on a solid substratum common 

under low nutrient availability conditions  (113). The important features of the real 

system we wanted to model were: (a) a biofilm colony size of 25 ɬ 250 µm (b) with a 

well -developed extracellular matrix encasing (c) bacteria, forming a multiscale porous 

structure with (d) extracellular sites for attac hment of diffusing species, like an 

antibiotic. We simulated this system with a synthetic biofilm colony, that we termed a 

microcap, with a)  size (25-250 microns), comprised of (b) a nanocellulose hydrogel 

loaded with (c) impermeable particles (~1 micron) providing a multiscale porous 

structure, where (d) the spherical particles had charged surfaces to which a diffusing 

species would irreversibly attach and immobilize too. Other than size, which was 

selected in part for imaging purposes, these features all correspond to the core features 

of a biofilm established in Chapter 1 which were found to impact chemical species 

accumulation. The hydrate mesh of the hydrogel was designed to provide a size effect, 

the impermeable particle was designed to provide a volum e-exclusion effect, and the 

charged surface of the spheres was designed to provide sites for an attachment effect. 
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Creating the microcaps with these core features would allow for testing of the DIVAC 

model. 

 

Figure 26: Microcap and Experimental Apparatus Diagram.  Red circles represent 

microspheres. Microspheres with amine-coating represented. Nanodextran with no 

modification shown.    

This research aim tested the ability of a microcap synthesis method to replicate 

the important effects of a biofilm on species diffusion: (a) the size-effect, (b) the volume-

exclusion effect, and (c) the attachment effect. This was a necessary first step as DIVAC 

model experimental testing requires quantitatively predictable spatiotemporal profiles. 

This level of experimental precision requires a well -characterized and vetted 

experimental system. These important biofilm effects were translated to falsifiabl e 

hypothesis. For the size effect, the size-exclusion component was tested: do larger 

diffusing species accumulate at lower concentrations in the mesh domain. For the 

volume-exclusion effect: do diffusing species accumulate at a lower concentration in a 

microcap with impermeable particles compared to one without. For the attachment 
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effect: do diffusing species accumulate at a higher concentration in the microcap when 

attachment sites are present.  

4.2 Methods 

4.2.1 Microcap Design and Nanodextran Information  

 To generate the microcaps, hydrogels were used as the hydrated mesh domain 

to achieve a size-effect. Hydrogels have been used in prior studies to simulate the 

extracellular matrix of the biofilm (95). The hydrogel platform chosen for our system 

was nanocellulose hydrogels. This was primarily due to existing capacity in our research 

lab for nanocellulose design and synthesis, along with the flexibility of nanocellulose for 

chemical modification (114), which future studies could choose to utilize for a method of 

generating attachment sites independent of microspheres. Fluorescent polystyrene 

microspheres ranging from 0.7-0.9 microns in diameter were used to simulate bacteria 

and achieve a volume-exclusion effect. Three distinct microspheres, each with distinct 

microsphere surface chemistry, were used: no surface modifications (Plain), carboxylate-

modified (Carboxyl), and amine -modified (Amino). The carboxylate and amine -

modified microspheres were coated with these functional groups, which are either 

negatively or positively charged at neutral pH. These charged microsphere surfaces 

were designed to only act as attachment sites for the diffusing species if the diffusing 

species was oppositely charged. Nanodextrans conjugated to FITC (fluorescein 

isothiocyanate) were used as the diffusing species for the system. Two nanodextran 

molecular weights used were 150 kDa and 2,000 kDa, on the premise these molecules 
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would have different sizes, to test the size-exclusion effect. The fluorescently labelled 

nanodextrans were chemically modified to have either carboxymethyl (CM) groups with 

negative charge, diethylaminoethyl (DEAE) groups with positive charge, or no 

modif ication at all (Dx). The use of charged nanodextrans and charged microsphere 

surfaces was designed to produce the attachment effect.  

The microspheres were fluorescently labelled with a vendor proprietary 

fluorescent tag Nanodextrans were fluorescently labelled with fluorescein 

isothiocyanate (FITC).  

4.2.2 Materials and Equipment  

The following chemicals were used in this experimental process: cellulose 

powder (CAS#9004-34-6 | Sigma-Aldrich | Burlington, MA);  sodium hydroxide 

(CAS#1310-73-2 | Sigma-Aldrich | Burlington, MA); urea (CAS#57 -13-6 |  Sigma-Aldrich 

| Burlington, MA); pol ystyrene microspheres (Spherotech |  Lake Forest, IL) with no 

surface modifications (Prod# FP-0862-2), carboxylate-modified (Prod# FP-0862-2), and 

amine-modified (Prod# FP-0862-2); fluorescent nanodextrans (TdB Labs, Uppsala, 

Sweden) with no chemical modif ication and lower molecular weight  (Prod# FITC-Dx-

150), carboxymethyl groups (Prod# FITC-CM-dextran-150), diethylaminoethyl groups 

(Product # FITC-DEAE-dextran-150) and with no chemical modification and high 

molecular weight  (Prod# FITC-Dx-2000); Calcofluor Whi te (CW) stain (Cat# 29067 | 

Biotium | Fremont, CA, USA).  
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The following materials were used in this experimental process: 6-well culture 

plate (Pro# 10062-892 | VWR | Radner, PA, USA); 5 mL syringe with Leur -lock tip 

(SKU# 309646); 27G nozzle (SKU# NZ3270005001 | CELLLINK | Gothenburg, Sweden); 

two -channel microscopy flow cell (Prod# FC 275-AL | BioSurface Technologies | 

BozemanȮɯ,3Ȯɯ42 ȺɯÞÐÛÏɯƚßƖƙßƖɯÔÔɯ×ÖÓàÊÈÙÉÖÕÈÛÌɯÊÖÜ×ÖÕÚȰɯƕɤƜɂɯ(#ɯ/5"ɯÛÜÉÐÕÎɯ

(Prod# 13-712-77 | Fisher | Pittsburgh, PA).  

The following equipment was used in this process: refrigerated centrifuge with 

fixed angle rotor (Prod# 5910 Ri | Eppendorf | Hamburg, Germany); pressure -driven 

microfluidic system (Fluigent | Lowell, MA) with a primary pressure controller (Prod# 

LU-FEZ-0345), valve controller (Prod# ELU-SEZ), computer link (Prod# LU-LNK -0002), 

flowrate sensor/controller (Prod# FLU -L-D), multi -switch valve (Prod# ESSMSW003) 

ÊÖÕÕÌÊÛÌËɯÝÐÈɯƔȭƔƖƔɂɯ(#ɯƕɤƕƚɂɯ.#ɯÛÜÉÐÕÎɯȹ/ÙÖËșɯ"30-KIT-HQ); Zeiss LSM 900 confocal 

microscope (Zeiss | Oberkochen, Germany); NanoSight Pro with NTA Technology 

(Model # HBG5000 | Malvern Panalytical | Malvern, United Kingdom); Anton -Paar 

Particle Analyzer Litesizer 500 (Anton -Paar | Graz, Austria).  

4.2.3 Nanocellulose Solution Synthesis  

Nanocellulose was generated by taking 4.00 ± 0.05 g of dry cellulose powder and 

slowly mixing it with an ionic liquid solution composed of 7.00 ± 0.05 g sodium 

hydroxide, 12.00 ± 0.05 g urea, and 81.00 ± 0.05 g of reverse-osmosis filtered (RO) water 

and adding it to a 125 mL Erlenmeyer flask. The resulting suspension was mixed using 

an inert stir bar at 500 rpm until it was homogenous and consistently cloudy. The 
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suspension was then submerged in an ice-isopropyl alcohol bath with a temperature 

ranging between -10 and 0OC while still being stirred. After more than 1 hour of stirring 

and the dissolution of the cellulose, the liquid was separated into two 50 mL centrifuge 

tubes. The tubes were centrifuged at 10,000 RPM (rcf=13,751) for 10 minutes while 

maintaining a temperature of 22 OC. After centrifugation, the supernatant was decanted 

and saved as nanocellulose solution, with any settled solids discarded.  

4.2.4 Nanocellulose -Microsphere Solutions  

For each batch of nanocellulose solution made, four different nanocellulose-

microsphere solutions were made: one with Plain microspheres, one with  Carboxyl 

microspheres, one with Amino -microspheres, and one with no microspheres. These 

nanocellulose-microsphere solutions were prepared by mixing 5.0±0.1 mL of 

nanocellulose solution with 50±0.1 µL of 1wt% microsphere solution in the well of a 6 -

well cu lture plate. Once all four nanocellulose-microsphere solutions were prepared for 

each nanocellulose batch on the same plate, the plate was covered, wrapped in 

aluminum foil, and mixed for 24 hours on a shaking plate at 250 RPM at room 

temperature ranging from 22 -26OC. After 24 hours of mixing, the resultin ssg 

nanocellulose-microsphere solutions were stored at 4OC.  
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Figure 27: Design of Experiments and Replicates  

4.2.5 Microcap and Flow Cell Preparation  

With the nanocellulose-microsphere solutions prepared, a 5 mL syringe affixed 

with a 27G nozzle was used to fill the nozzle with nanocellulose -microsphere solutions. 

The nanocellulose solution was then extruded through the nozzle using the syringe. 

Once a small amount of nanocellulose solution was extruded, priming the nozzle, the 
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ÕÖááÓÌɯÞÖÜÓËɯÛÏÌÕɯɁÓÌÈÒɂɯÛÏÌɯÚÖÓÜÛÐÖÕɯÚÌÔÐɯÊÖÕÛÐÕÜÖÜÚÓàȭɯ3ÏÌɯÕÖááÓÌɯÛÐ×ɯÞÈÚɯÛÏÌÕɯ

repeatedly (between 10-30 times) pressed onto the surface of a polycarbonate coupon, 

with a microscopic amount of hydrogel being left behind on the coupon as residue with 

each press. The coupon then sat at room temperature in a plastic petri dish for greater 

than 48 hours to dry with no plastic cover but aluminum foil cover, which prevented 

contamination and fluorescent overexposure, but allowed for air flow. This led the 

hydro gel residues to dry onto the coupon and form microcaps. Before an experiment, 

the microcap covered coupon was loaded into a flow cell, where the flow cell chamber 

containing the coupon was filled with reverse -osmosis water first to rehydrate the 

microcap. Almost immediately after, the chamber was then filled with a 5 µM solution 

of Calcofluor White (CW) stain dissolved in water. The fluorophore would then slowly 

diffuse into the microcaps, allowing for fluorescent imaging of the hydrogel domain of 

the microcap.  
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Figure 28: Labelled Picture of Flow Cell.  

4.2.6 Nanodextran Exposure and Imaging Procedure  

Once the flow cell was loaded with coupons covered with  CW-stained 

microcaps, the flow cell  was then connected to a microfluidic apparatus with two inlets: 

reverse-osmosis filtered (RO) water and 30 mg/L fluorescently labelled -nanodextran 

ËÐÚÚÖÓÝÌËɯÐÕɯ#ÜÓÉÌÊÊÖɀÚɯ×ÏÖÚ×ÏÈÛÌɯÉÜÍÍÌÙɯÚÖÓÜÛÐÖÕɯȹ/!2Ⱥȭɯ3ÏÌɯÍÓÖÞɯÊÌÓÓɯÞÈÚɯ×ÓÈÊÌËɯÖÕɯÈɯ

confocal laser scanning microscope, which allowed for real -time 3-D fluorescent imaging 

of the microcaps.   
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Figure 29: Experimental Procedure Diagram.  

Each experiment involved a three-phase procedure: characterization, 

accumulation, and desorption. To perform an experiment, the flow chamber was flushed 

with 1 mL/min RO water during the characterization phase. While the flow chamber 

containing the microcap -covered coupon was flushed with 1 mL/min RO water, the 

microcaps on the coupon were checked to determine if there were three microcaps less 

than 250 microns in diameter (all tests had at least three). A z-stack, or a series of 

microscope images taken at close, regularly spaced focal lengths to reconstruct a 3-D 

image of a sample, was taken of three microcaps on each coupon (with the three smallest 

microcaps usually chosen). Field of view size was adjusted for each microcap to take up 

the entire image. Nyquist sampling was used to select z-section thicknesses and image 

resolution. These z-stacks were set up to image three features in each microcap: the 

hydrogel mesh by imaging the CW stain (Laser: 405 nm/Detector Range: 410-546 nm), 

the impermeable microspheres (Laser: 561 nm/Detector Range: 585-700 nm), and the 

presence of FITC (Laser: 488 nm/Detector Range: 410-546 nm). In addition to measuring 

the presence of FITC, this same signal was also used to determine the location of the 
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coupon within the image, as the coupon reflected green light at its surface. This first 

image before any FITC was added to the system will be referred to as the 

characterization image.  

After the characterization image of each of the microcap of interest, the 

microcaps were exposed to a continuous stream of nanodextran during the 

accumulation phase of the experiment. This was done by flowing 1 mL/min of the 30 

mg/L nanodextran dissolved i n PBS into the flow chamber continuously for 24 minutes. 

After this continuous exposure to a constant concentration of nanodextran, the flow in 

the chamber was stopped, and the microcaps re-imaged using the same parameters as 

those for the characterization image, producing an accumulation image for each 

microcap. This was done to quantify two things: the concentration of nanodextran (via 

the proxy measurement of FITC-signal) in the water immediately surrounding each 

microcap, and the concentration of nanodextran within each microcap.  

After these accumulation images, the flow chamber was flushed with RO water 

for 10-20 minutes (depending on amount of nanodextran in the inlet line), during the 

desorption phase of the experiment.  No z-stacks of the microcaps were taken after this 

desorption for the primary experiments  considered in this dissertation.  

During accumulation and desorption phases of each experiment, time -lapse 

imaging of a single-z-plane within one of the imaged microcaps was taken to monitor if 

the system reached equilibrium during each phase (which all were confirmed to reach).  
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4.2.7 Experimental Design  

To test the functional properties of these microcaps, three predicted experimental 

effects were tested to determine the capacity of these microcaps to replicate the biofilm 

features of interest: the size-exclusion effect to determine if a hydrated mesh was 

formed, the volume -exclusion effect to determine if the embedded microspheres were 

diffusing species impermeable, and the attachment effect to determine if the diffusing 

species were immobilized via opposite charge interactions with the surface of the 

microspheres, indicating diffusing species attachment sites.   

 

Figure 30: Diagram of Size -Exclusion Effect Test for Verifying the Hydrogel Mesh 

Property of the Synthetic Biofilm System.   

To test for the size-exclusion effect, the two different sized nanodextrans were 

used: 150 kDa and 2,000 kDa. The 2,000 kDa nanodextran was expected to have a larger 

particle size than the 150 kDa case. This was tested and confirmed using Nanoparticle 
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Tracking Analysis and Dynamic Light -Scattering measurements, shown in Table 5. 

Additional details on nanoparticle characterization are provided in Appendix F.  

Table 5: Nanodextran Characterization.  ÓÓɯÕÈÕÖËÌßÛÙÈÕÚɯËÐÚ×ÌÙÚÌËɯÐÕɯ#ÜÓÉÌÊÊÖɀÚɯ

Phosphate Buffer Solution (PBS). NTA  error reported as standard error from measured 

particle size distribution  (n=5). *- Standard error not reported on instrument. FITC -Dx-

2000 size measured twice on NTA , both sizes reported. DLS/ELS error reported as 

standard deviation of three triplicate measurements.  

Nanodextran  
Nanodextran Molecular 

Weight [kDa]  

Size via 

NTA [nm]  

Size via 

DLS [nm]  

Charge via 

ELS [mV]  

FITC-Dx-150 150 226 ± 14 115 ± 24 -1.2 ± 0.4 

FITC-DEAE-150 150 178 ± 5 107 ± 16 -0.4 ± 0.4 

FITC-CM-150 150 173* 771 ± 1000 -5.7 ± 3.2 

FITC-Dx-2000 2000 
297 ± 18 

306 ± 24 
81 ± 0.1 -2.4 ± 0.7 

 

Since hydrated meshes such as a biofilm extracellular matrix and a hydrogel are 

comprised of disorganized, overlapping biopolymer chains, they can allow particles to 

diffuse through them, but only up to a certain size. As the particle reaches a 

characterisÛÐÊɯɁÔÌÚÏɯÚÐáÌɂȮɯÓÌÚÚɯÖÍɯÛÏÌɯÝÖÓÜÔÌɯÞÐÛÏÐÕɯÛÏÌɯÏàËÙÈÛÌËɯÔÌÚÏɯÕÌÛÞÖÙÒɯÐÚɯ

available for it to occupy.  Once the particle reaches a critical size, no amount of particle 

can accumulate within the matrix. Thus, as particle size increases, the equilibrium 

concentration it reaches within a hydrated matrix decrease, as less volume is available 

for the particle to permeate into. Hence, a decrease in diffusing species concentration 

with particle size within the matrix at equilibrium shows the presence of a size -exclusion 

effect in the microcap, which in our system is likely indicative of the formation of a  
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hydrogel . Microcaps prepared using identical conditions were used in size -exclusion 

experiments.   

To test for the volume-exclusion effect, hydrogels were prepared either with 

microspheres within them or without microspheres . 

 

Figure 31: Diagram of Volume -Exclusion Effect Test for Verifying Impermeable 

Volume Property of the Synthetic Biofilm System.  

The microcaps without microspheres within them would be expected to reach a higher 

concentration of nanodextran if the volume -exclusion effect was observed. The 

reasoning for this is similar to the reasoning for the size-exclusion effect: certain portions 

of the microcap volume, specifically the volume occupied by the microspheres, would 

be unavailable for the nanodextran to occupy, leading to a lower concentration overall in 

the microcap. Identical nanodextrans were used in volume -exclusion experiments.  

To test for the attachment effect, hydrogels embedded with three different 

microspheres were prepared and tested against three different nanodextrans. 
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Figure 32: Diagram Attachment Effect Test for Verifying Presence of Attachment Sites 

in the Synthetic Biofilm System.  

 The different microspheres tested were no surface functionalization (Plain, 

neutrally charged surface), amine-functionalization (Amino, positively charged surface), 

and carboxyl-functionalized (Carboxyl, negatively charged surface). The different 

nanodextrans tested were no chemical modification (None, neutrally charged), 

carboxymethyl -modified (CM, negatively charged) and diethylaminoethyl -modified 

(DEAE, positively charged). Since we only expect oppositely charged combinations to 

lead to attachment between microsphere surface and nanodextran, we expect to see 

significant increases in nanodextran concentration within the microsphere only for the 

combination of CM -modified nanodextran accumulating in microcaps with amine -

modified microspheres, and DEAE -modi fied nanodextran accumulating in microcaps 

with carboxyl -modified microspheres. Two different control cases are considered for 

each of these combinations: (a) charged nanodextran and uncharged microspheres, and 

b) uncharged nanodextran and charged microspheres. Decreases in nanodextran 



 

120 

concentrations within the microcap would be expected in both cases compared to the 

oppositely charged nanodextran/microspheres case.  

4.2.8 Image Analysis  

To determine nanodextran concentration for each z-stack image taken, each pixel 

was assigned to be in one of four spatial domains in the image: (1) the water domain 

(liquid domain ɱ ), (2) the hydrogel domain (interstitial domain ɱ) (3) the microsphere 

domain (ɱ ), and (4) the coupon domain (solid domain ɱ ).  

 

Figure 33: Labelled Microcap from Characterization Image.  Red channel: fluorescent 

polystyrene microspheres (carboxyl-modified). Blue channel: CW-stained nanocellulose 

hydrogel. Green-channel: polycarbonate coupon-microcap interface.  

 

This was done by segmenting the hydrogel using the CW signal, the 

microspheres using the AF594 signal, and the coupon using the FITC-signal in each 

image, and assuming all remaining pixels were within the water domain. The total 

microcap domain was the uni on of the microcap and microsphere domains.  
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The microspheres were segmented using an Otsu threshold on the AF594 signal 

in MATLAB. The hydrogel domain was segmented in ImageJ using a Otsu threshold, 

followed by a region -filling algorithm (CW -stain only penetrated ~10 microns into 

hydrogel), followed  by an algorithm for discarding very small filled regions. The coupon 

was segmented using an edge-detection algorithm along the z -direction.  An important 

note on this process was that coupon segmentation was not perfect. The coupon 

segmentation algorithm was designed to favor a pixel as coupon as opposed to water or 

hydrogel on purpose, since the accuracy of the water and hydrogel signal was more 

important than the coupon signal.  

With each pixel assigned to a domain, the average value of the 

nanodextran/FITC signal in each domain in the microcap was quantified. Rather than 

use average FITC-signal in the microcap, ὊὍὝὅ , directly, the ratio of the FITC -

signal in the microcap to the FITC-signal in the water , ὊὍὝὅ , or the nanodextran-

microcap partition coefficient , ὑȮɯÞÈÚɯÊÈÓÊÜÓÈÛÌËɯÍÖÙɯÌÈÊÏɯÔÐÊÙÖÊÈ×ɀÚɯÈÊÊÜÔÜÓÈÛÐÖÕɯ

image, Equation 106. This ensured any variation in FITC concentration and signal within 

the flow cell was normalized between microcaps.  

ὑ
ὊὍὝὅ

ὊὍὝὅ
 

Equation 106: Microcap Partition Coefficient  

No image analysis was done on the collected characterization images, nor the 

dynamic accumulation/desorption images. The MATLB code for image analysis was 

included as Appendix G.  
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4.2.9 Statistical Analysis  

For each nanodextran-hydrogel combination tested, two types of replicates were 

used, all on the hydrogel side: batch replicates and microcap replicates. Three batches of 

each hydrogel tested (no microspheres, plain microspheres, carboxyl-microspheres and 

amine-microspheres) were generated, leading to 12 different hydrogels with three batch 

replicates each. For each batch, one coupon covered with microcaps was generated for 

each nanodextran tested, leading to 33 different coupons. On each coupon, three 

microcap replicates were tested on each. This led to a total of 99 microcaps tested.  

To compile the data for each experimental condition (nanodextran -microcap 

combination), the nanodextran -microcap partition coefficient for each microcap tested 

was first found (see Image Analysis for how this was calculated).  This value was then 

averaged for the three microcaps on each coupon tested, as these replicates were 

determined to be technical replicates, which warrant averaging together for the 

purposes of statistical analysis. This left three nanodextran-microcap partition 

coefficients for each experimental condition, each one representing a different hydrogel 

batch. These three nanodextran-microcap partition coefficients comprised the sample for 

each experimental condition.  

For each set of experimental conditions compared for each hypothesis, the three 

nanodextran-microcap partition coefficients for each batch were compared to each other 

ÜÚÐÕÎɯ6ÌÓÊÏɀÚɯÖÕÌ-way t -tests using an alpha of 0.05ȭɯ6ÌÓÊÏɀÚɯÛÌÚÛɯÞÈÚɯÜÚÌËɯÚÐÕÊÌɯ

variances were not assumed to be equal. One-way tests were used since only an effect in 
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one direction would constitute evidence for each hypothesis.  All samples passed the 

Shapiro-Wilks test for normality.  

4.3 Results 

The microcaps generated using this synthesis procedure were tested for their 

ability to replicate the core features of a synthetic biofilm. These included size-exclusion 

effects, volume exclusion effects and attachment effects. Different combinations of 

microcaps and diffusing nanodextran were used to test for these effects through 

equilibrium nanodextran partition coefficients in the microcaps.  

4.3.1 Testing for Hydrated Mesh Property via the Size Effect  

To test for the size-exclusion effect, nanodextran-microcap partition coefficients 

for microcaps with plain microspheres were compared between a 150 kDa nanodextran 

and a 2,000 kDa nanodextran. The results, as shown in Figure 34, show a statistically 

significant size-exclusion effect in the hydrogel mesh was observed.  
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Figure 34: Size-Exclusion Effect Test for Verifying the Hydrogel Mesh Property of the 

Synthetic Biofilm System.  Error bars represent 95% confidence intervals on the sample. 

P-value represents results from one-ÛÈÐÓÌËɯ6ÌÓÊÏɀÚɯÛ-test. Experiments used 4 wt% 

hydrogels loaded with 0.01 wt% plain polystyrene microspheres with neutrally charged 

nanodextrans. Partition coefficient represents nanodextran-microcap partition 

coefficient.  

4.3.2 Testing for Impermeable Sub -volume via the Volume -Exclusion 

Effect  

To test for the volume-exclusion effect, nanodextran-microcap partition 

coefficient for 4 wt% hydrogel microcaps embedded with either no microspheres or 0.01 

wt% plain microspheres were compared using a neutrally charged, 150 kDa 

nanodextran. The results, as shown in Figure 35, show no volume-exclusion effect due to 

the presence of the microspheres was observed.  
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Figure 35: Volume -Exclusion Effect Test for Verifying the Impermeable Subdomain 

Property of the Synthetic Biofilm System.  Error bars represent 95% confidence 

intervals on the sample. P-value represents results from one-ÛÈÐÓÌËɯ6ÌÓÊÏɀÚɯÛ-test. 

Experiments used 4 wt% hydrogels loaded with variable wt% plain polystyrene 

microspheres and neutrally charged, 150 kDa nanodextran. Partition coefficient 

represents nanodextran-microcap partition coefficient.  

4.3.3 Testing for Attachment Sites via the Attachment Effect  

To test for the attachment effect, 4 wt% hydrogels embedded with 0.01 wt% 

neutrally, negatively, and positively charged microspheres were tested against neutrally, 

negatively, and positively charged 150 kDa nanodextrans, shown in Figure 36. Opposite 

charge combinations were tested for increases in nanodextran-microcap partition 

coefficients compared to both the same charged nanodextran and uncharged 

microspheres and the uncharged nanodextran and same charged microspheres. No 

statistically significant attachment effect was observed across all comparisons. A non-
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statistically significant attachment effect was observed for the microcaps embedded with 

amine-modified microspheres with a carboxymethyl -modified nanodextran for 

comparisons to both control cases. 

 

Figure 36: Attachment Effect Test for Verifying Presence of Attachment Sites in the 

Synthetic Biofilm System.  Error bars represent 95% confidence intervals on the sample. 

P-values represent results from one-ÛÈÐÓÌËɯ6ÌÓÊÏɀÚɯÛ-test. Experiments used 4 wt% 

hydrogels loaded with variable 0.01 wt% plain -, carboxyl- and amine-modified 

polystyrene microspheres and neutrally, positively or negatively charged, 150 kDa 

nanodextrans. Partition coefficient represents nanodextran -microcap partition 

coefficient. 

4.4 Discussion 

This research aim sought to create a synthetic biofilm system for use in testing 

the DIVAC model against diffusing species which are bacteria impermeable. To 

accomplish this, nanocellulose hydrogel microcaps loaded with polystyrene 

microspheres were developed to proxy bacterial biofilms in the important features of a 

hydrated mesh, an impermeable subdomain, and presence of attachment sites. The 

replication of these features in the generated microcaps were tested for by quantifying 

an important experimental effect for each feature: the size-exclusion effect for verifying 
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the hydrogel mesh, the volume-exclusion effect for verifying the impermeable 

subdomain, the attachment effect for verifying presence of attachment sites.  

Experimental results indicated that while the size -exclusion effect, and therefor 

the hydrogel mesh feature of the microcaps, was verified, the attachment effect and the 

volume exclusion effect were not observed. This indicates that the microcaps as 

currently designed are unable to replicate the key biofilm properties needed to perform 

transport studies of an impermeable subdomain and presence of attachment sites.  

This finding of a size-effect is in agreement with much prior literature on 

chemical species diffusion in single bacterial species biofilms (38, 56). However, 

evidence of this effect is limited in multispecies biofilm literature on nanoparticles (59). 

This is most likely due to effects of agglomeration, dissolution and changes to the 

nanoparticle biopolymer corona in multispecies biofilms studies having strong effects on 

effective nanoparticle size during diffusion (115, 116). This shows the need for studies 

with more controls over nanoparticle stability in multispecies biofilm transport studies.  

A few distinct hypotheses could explain why the presence of microspheres and 

the use of chemically modified microsphere surfaces and nanodextrans did not elicit the 

effects of volume-exclusion and attachment. The simplest explanation is that the use of a 

0.01 wt% microsphere percentage within the hydrogels was too low to observe the 

anticipated effects. If little volume is made impermeable due to low concentration of 

microspheres, then the volume-exclusion effect would be anticipated to be small to the 

poin t of negligibility and certainly below any statistically significant threshold. In 

addition, too low of a concentration of microspheres would mean there are very few 
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sites for nanodextran attachment, which would also predict a small attachment effect, 

again possibly to the point of negligibility and certainly below any statistically 

significant threshold.   

For the volume-exclusion effect specifically, the other primary possibility is that 

the nanodextran can penetrate and diffuse into the polystyrene microspheres. While this 

does not seem likely, no experimental evidence is offered in this research proving or 

disproving this hypothesis.  

For the attachment effect, the other primary possibility is that the charged 

microsphere surfaces do not act as attachment and immobilization sites for its oppositely 

charged nanodextran. This could be due to a variety of reasons including the charge-

charge interactions not being strong enough to immobilize the nanodextran, the 

microsphere or the nanodextran not being charged species as anticipated, or even that 

the immobilization of the nanodextran does not lead to higher levels of nanodextran to 

accumulate into the hydrogel to balance the chemical potential gradient. While it is 

possible attachment does occur in these systems but too slowly to observe in this 

experiment, direct charge-charge interactions are the strongest intermolecular forces in 

chemistry, which would make for quick attachment, making this possibility seem 

unlikely.  This lack of a clear effect of charge in common in the scientific literature on 

diffusion of chemical species in hydrogel matrices such as biofilms (53, 67, 68, 70), see 

Section 1.4.1.2.  

Assuming the hypothesis that the none-observed effects were primarily due to a 

low concentration of microspheres within the microcaps, further experimental work 
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could replicate these experiments with higher concentrations of microspheres and look 

for the same effects on attachment and volume-exclusion. Further evidence for the size-

exclusion effect could be found by comparing current results to higher weight 

percentage nanocellulose hydrogels, which theoretically lead to smaller critical mesh 

size, which would be anticipated to cause lower nanodextran concentrations in these 

higher weight percentage microcaps (56, 93).   

If the microcaps experimental platform can be modified to achieve clear volume -

exclusion and attachment effect, it would provide a system that can test models for 

species diffusion in biofilms. This would be done using quantitative spatiotemporal 

profiles of diffusing species in the microcaps overtime. These profiles can then be 

compared to both simulations and modeling results to test proposed models for 

diffusion. Furthermore, many of the experimental and data analysis methods used for 

the microcaps experimental system could be applied to species diffusion in real biofilm 

systems, allowing for more direct testing of proposed diffusion models.    
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ƙȭɯ"ÖÕÊÓÜÚÐÖÕɯ 

The objective of this dissertation was to develop a model which could predict 

periphery sequestration of antibiotics in biofilms to better characterize and understand 

biofilm antibiotic recalcitrance. Analysis of prior experimental literature on chemical 

species diffusion in biofilms indicated three effects of interest of biofilms on chemical 

species diffusion: size, volume-exclusion and attachment. These effects were 

incorporated into the DIVAC model for species diffusion in biofilms. The effects of size 

and volume -exclusion were incorporated into the porosity terms in the DIVAC model, 

while the attachment effect was incorporated into the attachment terms. Both the 

porosity and attachment sites were dependent on species position in the biofilm  in the 

model. 2-D simulations showed the importance of incorporating all three effects of 

porosity heterogeneously to predict species accumulation profiles in geometries with 

heterogeneously distributed impermeable sub -volumes.  

3-D simulations also showed the importance of accounting for attachment site 

profile heterogeneity to predict periphery sequestration, along with the importance of 

the heterogenous dimensionless parameters in the DIVAC model to predict periphery 

sequestration. Use of a variant of the DIVAC mode, the Heterogeneous Biofilm Model, 

where porosity and attachment stie density where functions of biofilm position, was 

able to better fit experimental literature data for biofilm periphery sequestration  than the 

Homogenous Biofilm Model .  
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An experimental system for quantitatively testing the DIVAC model utilizing 

nanocellulose microcaps loaded with polystyrene microspheres was developed. This 

system was tested for its ability to replicate the size, volume-exclusion and attachment 

effects of biofilms on chemical species diffusion using nanodextrans as the diffusing 

species. While the developed system did show size-exclusion effects, it did not show 

volume-exclusion and attachment effects, likely due to too low of a density of 

microspheres in the nanocellulose microcaps. 

Overall, this dissertation was able to lay the groundwork for future work 

investigating the importance of periphery sequestration in biofilm antibiotic 

recalcitrance. A flexible modeling  framework for accounting for the spatially 

heterogeneous effects of impermeable sub-volumes and attachment site density should 

have the flexibility to fit and characterize most quantitative experimental data on species 

diffusion in either biofilms or synthetic analogues. An experimental platform for 

generating biofilm synth etic analogues was developed, along with the tests necessary to 

ËÌÛÌÙÔÐÕÌɯÛÏÌɯÚàÚÛÌÔɀÚɯÈÉÐÓÐÛàɯÛÖɯÙÌ×ÓÐÊÈÛÌɯÉÐÖÍÐÓÔɯÛÙÈÕÚ×ÖÙÛɯ×ÙÖ×ÌÙÛÐÌÚȭɯ 

Ultimately, it is quite possible that periphery sequestration is not correlated with 

biofilm antibiotic recalcitrance. Future studies beyond this dissertation can seek to 

answer this question. Even so, a good quantitative model and experimental system, 

developed here, provides the framework necessary to make this hypothesis testable and 

falsifiable.  
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 ××ÌÕËÐßɯ ȯɯ-ÖÔÌÕÊÓÈÛÜÙÌɯ3ÈÉÓÌ 

Symbol Definition  Units  

Chapter 1 

 ὧ Concentration Of Species A ὯὫ

ά
 

Ὀ  Diffusivity In Biofilm  ά

ί
 

‎ Dimensionless Diffusivity Constant  ρ 

Ὀ  Diffusivity of Species A in The Water ά

ί
 

Ὑ Reaction Rate of Oxygen ὯὫ

ά ίz
 

‰ Porosity of Biofilm  ρ 

ὧȟ Concentration of Attached Species ὯὫ

ά
 

‖ Dimensionless Equilibrium Constant  ρ 

‌ Dimensionless Attachment Rate ρ 

‗ Porosity Effect Constant on Diffusivity  ρ 

ὧ Concentration of Diffusing Species in 

Phase ‎ 

ὯὫ

ά
 

ὐ Flux of Diffusing Species in Phase ‎ ὯὫ

ά ίz
 

Ὑ  Source or Sink Term for The Diffusing 

Species in Phase ‎ 

ὯὫ

ά ίz
 

ὖ Three-Dimensional Porosity  ρ 

ὖ Two-Dimensional Porosity  ρ 

ὖ One-Dimensional Porosity  ρ 

Chapter 2 

 

ɱ  
Domain of Model Geometry, Perfect 

Hemisphere 
ρ 

ɱ  

Diffusing Species Impermeable Sub-

Domain composed of Objects of Model 

Geometry 

ρ 

ɱ 
Diffusing Species Permeable Interstitial 

Sub-Domain of Model Geometry  
ρ 

ὧȟ 
Concentration of Mobile Diffusing 

Species in Interstitial Domain  

άέὰ

ά  ὭὲὸὩὶίὸὭὸὭόά
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‬ɱ  
Interface of Permeable and 

Impermeable Hemispheres Domains 
ρ 

ɱ  
Domain of Diffusing Species 

Impermeable Solid Wall  
ρ 

ɱ  
Permeable Domain-Impermeable Wall 

Domain Interface 
ρ 

ɱ  
Domain of Diffusing Species Liquid 

Source 
ρ 

ɱ  Permeable Domain ρ 

ὧ  
Diffusing Species Concentration at 

Liquid Interface  

άέὰ

ά  ὭὲὸὩὶίὸὭὸὭόά
 

ὧȟ 
Concentration of Diffusing Species 

Attachment Sites in Interstitial Domain  

άέὰ

ά  ὭὲὸὩὶίὸὭὸὭόά
 

ὧȟ 
Concentration of Attached Diffusing 

Species in the Interstitial Domain 

άέὰ

ά  ὭὲὸὩὶίὸὭὸὭόά
 

ὶ  
Hemisphere Radius/Distance From 

Center to Liquid Interface  
ά 

ὶ Radial Position ά 
— Spherical Coordinate for Elevation  ὶὥὨ 

• 
Spherical Coordinate for Azimuth 

Angle  
ὶὥὨ 

ὧȟ 
Mobile Diffusing Species Initial 

Concentration in Hemisphere  

άέὰ

ά  ὭὲὸὩὶίὸὭὸὭόά
 

ὧȟ Attached Diffusing Species Initial 

Concentration in Hemisphere  

άέὰ

ά  ὭὲὸὩὶίὸὭὸὭόά
 

ὸ System Initial Time ί 
ὸ System Time Dimension ί 

ὲ  
Number of Mobile Diffusing Species in 

Control Volume  
άέὰ 

ὲ  
instantaneous rate of mobile species 

attachment 

άέὰ

ί
 

ὲ 
Number of Attached Diffusing Species 

in Control Volume  
άέὰ 

ὐ 
Flux of Diffusing Species through 

Interstitial Space 

άέὰ

ά  ὭὲὸὩὶίὸὭὸὭὥὰίz
 

ὃ 
Cross-Sectional Area of Intersitital 

Space 
ά  ὭὲὸὩὶίὸὭὸὭὥὰ 

ὠ  Volume of Hemisphere  ά  
ὠ Volume of Interstitium  ά  ὭὲὸὩὶίὸὭὸὭόά 

ὴ 
Probability Function For Likelihood A 

Point is Within the Interstitial 
ρ 
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Subdomain of a the Hemisphere 

Domain  

‍ᶻ Arbitrary Constant ρ 
”ᶻ Arbitrary Constant  ρ 

Ὧ Intrinsic Rate Constant For Attachment  
ά  ὭὲὸὩὶίὸὭὸὭόά

άέὰzί
 

Ὧ  
Intrinsic Rate Constant For Re-

mobilization  

ρ

ί
 

ὧ ȟ 
Concentration Of Available Sites For 

Attachment  

άέὰ

ά  ὭὲὸὩὶίὸὭὸὭόά
 

‰ Porosity ρ 

‚ᶻ Arbitrary Constant  ρ 

–ᶻ Arbitrary Constant  ρ 

ὸǶ Dimensionless Time ρ 

ὧǶȟ 
Dimensionless Concentration of 

Attached Diffusing Species in the 

Interstitial Domain  

ρ 

ὶǶ Dimensionless Radial Position ρ 

ὧǶȟ 
Dimensionless Concentration of 

Mobile Diffusing Species in Interstitial 

Domain  

ρ 

ὧǶȟ 
Dimensionless Concentration of 

Diffusing Species Attachment Sites in 

Interstitial Domain  

ρ 

‎ Dimensionless Diffusivity  ρ 

‌ Dimensionless Attachment Rate ρ 

‖ Dimensionless Equilibrium Constant  ρ 

Ὀ  
Diffusivity Of The Diffusing Species In 

Water 

ά

ί
 

† Tortuosity  ρ 

‰  Porosity at Solid Interface ρ 
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‰  Porosity at Liquid Interface  ρ 

ὧǶȟ  
Dimensionless Attachment Site 

Density At Solid Interface  
ρ 

ὧǶȟ  Dimensionless Attachment Site 

Density At Liquid Interface  
ρ 

‍ 
Heterogenous Porosity Dimensionless 

Parameter 
ρ 

” 
Non-heterogenous Porosity 

Dimensionless Parameter 
ρ 

‚ 
Heterogenous Attachment Site 

Dimensionless Parameter 
ρ 

– 
Non-heterogenous Attachment Site 

Dimensionless Parameter 
ρ 

ὧǶȟ 

Dimensionless Concentration of 

Mobile Diffusing Species in the 

Interstitial Domain on a Total Volume 

Basis 

ρ 

ὧǶȟ 

Dimensionless Concentration of 

Attached Diffusing Species in the 

Interstitial Domain on a Total Volume 

Basis 

ρ 

ὧǶȟ 
Dimensionless Concentration of Total 

Diffusing Species in the Interstitial 

Domain on a Total Volume Basis 

ρ 

ὶǶ 
Arbitrary Characteristic Radial Length 

Used for Non -Dimensionalization  
ρ 

ὶǶ 
Dimensionless Radial Position of 

Liquid -Hemisphere Interface 
ρ 

ὶǶ 
Dimensionless Radial Position of Solid-

Hemisphere Interface 
ρ 

ὓ  
Model X used to Test DIVAC Model 

Assumptions  
 

‰ 

Porosity Term Which Accounts for 

Effect on Conversion Between 

Interstitial And Total Volume Basis For 

Diffusing Species Concentration 

ρ 



 

136 

‰  
Porosity Term Which Accounts for 

Effect on Diffusivity  
ρ 

‰  
Porosity Term Which Accounts for 

Effect on Variable Cross-Sectional Area 
ρ 

‰ 
Average Porosity in Considered 

Geometry 
ρ 

‰ὶ 
Full Spatially Dependent Porosity 

Profile 
ρ 

Ὓ Model System Porosity Profile 

Scenario Tested 
-- 

ὶǶȟ Inner Radial Position Of Shell ὲ ρ 

ὶǶȟ  Outer Radial Position Of Shell ὲ ρ 

ὶǶ 
Radius of Circles Used To Populate 

The 2-D Semicircle Geometry With 

Impermeable Volume  

ρ 

ὃ  
Area Of Circles Used To Populate The 

2-D Semicircle Geometry With 

Impermeable Volume  

ρ 

ὃ ȟ Area Of Shell ὲ ρ 

ά  Number of Circles in Shell ὲ ρ 

•  Porosity of Shell ὲ ρ 

ὶǶȟ  z Central Radial Position Of Shell ὲ ρ 

ὔ Node in Finite -Element Mesh ρ 

ὄ 
2-D Boolean Matrix Used to Generate 

Finite-Element Geometries 
ρ 

ὶǶ 
Unique Radial Position in Finite -

Element Mesh 
ρ 
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ὄǶǶ 
Average Boolean Value at Unique 

Radial Position 
ρ 

‰ǶǶ 
Average Porosity at Unique Radial 

Position 
ρ 

ὄ  Average Boolean Value in Shell ὲ ρ 

‰  Porosity Value in Shell ὲ ρ 

ὧӶȟȟǶ 

Average Mobile Diffusing Species 

Concentration on An Interstitial 

Volume Basis at Unique Radial 

Position 

ρ 

ὧǶȟȟǶ 
Average Mobile Diffusing Species 

Concentration on A Total Volume 

Basis at Unique Radial Position 

ρ 

ὧӶȟȟ 
Average Mobile Diffusing Species 

Concentration on An Interstitial 

Volume Basis in Shell ὲ 

ρ 

ὧǶȟȟ 
Average Mobile Diffusing Species 

Concentration on A Total Volume 

Basis in Shell ὲ 

ρ 

ὙὛὛ Weighted Residual Sum of Squares ρ 

ὧǶȟȟ  
Predicted Average Mobile Diffusing 

Species Concentration on A Total 

Volume Basis for Model  

ρ 

ύ  Area-weight for RSS ρ 

Chapter 3 

ὼ Dimensionless Depth within Biofilm  ρ 

Ὄ Biofilm Height  ά  

ὥ 
Attachment Site Profile Shape 

Parameter 
ρ 
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ὦ Porosity Profile Shape Parameter ρ 

Ὄ  Heterogenous Biofilm Model  (or 

Simplification of)  
-- 

ὛὩ Sequestration Number [1] 

ὧӶ ȟ 
Average Concentration Close to The 

Liquid Interface  
[1] 

ὧӶ ȟ Average Concentration Close to The 

Solid Interface 
[1] 

ὧӶȟ Average Concentration in the Biofilm  [1] 

ὃὍὅ Akaike Information Criterion  [1] 

Chapter 4 

ὼ Dimensionless Depth within Biofilm  ρ 

ὊὍὝὅ 
Average FITC Signal in Comaprtment 

ώ 
ὃὟ 

ὑ  
Nanodextran Partition Coefficient 

from Water to Microcap  
ρ 
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 ××ÌÕËÐßɯ!ȯɯ%ÐÕÐÛÌɪ#ÐÍÍÌÙÌÕÊÌɯ,ÌÛÏÖËÚ 

This appendix covers the finite -difference methods used in this dissertation to 

solve the DIVAC and Heterogenous Biofilm Model s. The derivation for  ὓ  with 

attachment included is shown here. 

B.1 Finite -Difference Derivation  

B.1.1 Governing Equations  

The objective of this model is to solve a set of partial-differential equation which 

describe the accumulation rates of both mobile and immobilized (unbound/bound) 

nanoparticles in a hemispherical biofilm system . 

‬ὧǶ

‬ὸǶ

‎

ὶǶ‰

‬

‬ὶǶ
ὶǶ‰
‬ὧǶ

‬ὶǶ
‌ὧǶὧǶὶǶ ὧǶ ‖ὧǶ 

Equation 107 

‬ὧǶ

‬ὸǶ
‌ὧǶὧǶὶǶ ὧǶ ‖ὧǶ 

Equation 108 

ὧǶὶǶ ‚ὶǶ– 

Equation 109 

‰ ‍ὶǶ” 

Equation 110 

‰ᴂ ‍ 

Equation 111 

With BCs 

ὧǶὸǶ  
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Equation 112 

ὧǶὸǶ  

Equation 113 

ὧǶὶǶ  

Equation 114 

ὧǶᴂὶǶ  

Equation 115 

B.1.2 Modified Component Balances  

Expanding out the governing equation s, we get: 

‬ὧǶ

‬ὸǶ

‬ὧǶ

‬ὶǶ
‎

‬ὧǶ

‬ὶǶ
‎
ς

ὶǶ

‰ᴂ

‰
‌ὧǶ‚ὶǶ– ὧǶ ‖ὧǶ 

Equation 116 

‬ὧǶ

‬ὸǶ
‌ὧǶ‚ὶǶ– ὧǶ ‖ὧǶ 

Equation 117 

B.1.3 Outline of Solution Method  

Given the complex nature of these governing equations (coupled, second order 

nonlinear differential equations), a numerical method will be used to determine 

solutions. The method used here is a compilation methods outlined in Numerical Methods 

with Chemical Engineering Applications.1 Rather than explaining all of the theory behind 

this solution procedure, the general solution procedure will be outlined. Specifics to the 

problem at hand will be described later.  
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The solution method employed here fundamentally relies on what is referred to 

ÈÚɯÛÏÌȮɯɁ,ÌÛÏÖËɯÖÍɯ+ÐÕÌÚȭɂɯ4ÚÐÕÎɯÛÏÐÚɯÔÌÛÏÖËȮɯ/#$ÚɯÞÐÛÏɯÉÖÛÏɯÛÐÔÌɯÈÕËɯÚ×ÈÛÐÈÓɯ

derivatives are solved simultaneously. This is done by first discretizing the spatial 

domains and making finite -differences approximations on the governing equations, 

leading to a set of ODEs, one for each spatial node. These ODEs are then solved using 

ODE solver techniques, which in this case will be the Newton -Raphson method given 

the non-linearity of the governing equations. As with any set of coupled boundary -value 

problems, where each spatial node has two components, one for each dependent 

variable, the indexing will be interlaced to ensure sparse matrices for rapid solutions.  

B.1.4 Finite -Differences Approximations on Governing Equations 

(Interior Nodes)  

Before any code can be written, first the finite-differences approximation should 

be applied to the governing equations, and spatial variables replaced with a global 

index.  

The finite differences approximations can be summarized in the following 

equations for first and second derivatives.  

‬ώ

‬ὼ

ώ ώ

ςɝὼ
 

Equation 118 

‬ώ

‬ὼ

ώ ςώ ώ

ɝὼ
 

Equation 119 
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In these equations, ώ  and ώ  refer to the y-values of the nodes adjacent in the 

x-direction to the node being evaluated (ώ), and ɝὼ distance between nodes in the x-

direction. Centered finite difference approximations are used to minimize solution error. 

Plugging in these expressions to the spatial derivatives in our governing equations 

yields:  

‬ὧǶ

‬ὸǶ

ὧǶ ςὧǶ ὧǶ

ɝὶǶ
‎

ὧǶ ὧǶ

ɝὶǶ
‎
ς

ὶǶ

‍

‍ὶǶ”

ὧǶ ‌‚ὶǶ– ὧǶȟ ‌‖ὧǶ 

Equation 120 

‬ὧǶ

‬ὸǶ
ὧǶ ‌‚ὶǶ– ὧǶ ‌‖ὧǶ 

Equation 121 

B.1.5 Finite -Differences Approximations on Boundary Conditions 

(Interface Nodes)  

6ÐÛÏɯÛÏÌɯÐÕÛÌÙÐÖÙɯÕÖËÌÚɀɯËÐÍÍÌÙÌÕÛÐÈÓɯÌØÜÈÛÐÖÕÚɯÚÌÛɯÜ×ȮɯÞÌɯÊÈÕɯÔÖÝÌɯÖÕɯÛÖɯÛÏÌɯ

interface nodes. We will start with the Ὥ ὲ node, or the liquid -biofilm interface node. 

The relevant boundary conditions for this node are as follows (note: the dimensionless 

bound NP concentration, ὧǶ, has no boundary conditions since it has no spatial 

derivatives in its conservation equation).  

ὧǶὶǶ ρ ρ 

Equation 122 

For this node, we can assume the following equation: 

π ὧǶ ρ 
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Equation 123 

For the other interface node Ὥ π, the solid-biofilm interface node, this is a no 

flux boundary conditions, written as follows:  

ὧǶᴂὶǶ π π 

Equation 124 

We can apply a finite-difference approximation to this node to get the following 

node equation: 

ὧǶ ὧǶ

ςɝὶǶ
π 

Equation 125 

π ὧǶ ὧǶ  

Equation 126 

In applying this centered finite difference approximation, we have introduced an 

imaginary node Ὥ ρ. We can now eliminate this imaginary node by also applying the 

unbound nanoparticle balance to the interface node, as follows: 

‬ὧǶ

‬ὸǶ

ὧǶ ὧǶ

ɝὶǶ
ς‎ ὧǶ ‌– ὧǶ ‌‖ὧǶ 

Equation 127 

‬ὧǶ

‬ὸǶ
ὧǶ ‌‚ὶǶ– ὧǶ ‌‖ὧǶ 

Equation 128 
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B.1.6 Indexing of Variables (Global Variable)  

With the finite -differences approximation applied, the two variables, ὧǶ, ὧǶ, 

will combined into a global variable ώ. This done using an indexing procedure, which 

for one spatial variable is relatively simple. The individual variables in terms in terms of 

the global variable will be defined by : 

ὧǶ ώ  

Equation 129 

ὧǶ ώ  

Equation 130 

Plugging in these new variables into the governing equations yields the 

following for the interior nodes ( Ὥ ρȟςȟσȟỄȟὲ ρ). 

‬ώ

‬ὸǶ

ώ ςώ ώ

ɝὶǶ
‎

ώ ώ

ςɝὶǶ
‎
ς

ὶǶ

‍

‍ὶǶ”

ώ ‌‚ὶǶ– ώ ‌‖ώ  

Equation 131 

‬ώ

‬ὸǶ
ώ ‌‚ὶǶ– ώ ‌‖ώ  

Equation 132 

For the solid-biofilm interface node (Ὥ π), incorporating the global variable 

leads to the following equations : 

‬ώ

‬ὸǶ
ς‎
ώ ώ

ɝὶǶ
ώ ‌– ώ ‌‖ώ 

Equation 133 
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‬ώ

‬ὸǶ
ώ ‌– ώ ‌‖ώ 

Equation 134 

For the biofilm -water interface node (Ὥ ὲ), incorporating the global variables 

leads to: 

π ώ ρ 

Equation 135 

‬ώ

‬ὸǶ
ώ ‌‚ – ώ ‌‖ώ  

Equation 136 

Thus, what was originally a set of two PDEs has been changed to a set of ςὲ 

ordinary coupled differential equations which need to be solved simultaneously.  

B.1.7 Implicit Euler Set -up 

With the ordinary differential equations set -up, we can now incorporate the 

Implicit Euler scheme into our equations. Implicit Euler is a technique for solving sets of 

1st order ordinary differential equations, usually with a time -dependance, which can 

summarized with the following equation, with the underbar representing a vector 

quantity and ὴ representing a set of parameters used in the equation. 

Ὠώ

Ὠὸ
Ὢώȟὸȟὴ 

Equation 137 

To solve this set of ODEs, Implicit Euler in a sense just applies a forward -finite 

approximation to the time -derivative, as such where k is the time-index. 
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ώ ώ

Ўὸ
Ὢώ ȟὸȟὴ 

Equation 138 

 

We can then rewrite Ўὸ Ὤ, or the time-step, and re-arrange the equation such 

that: 

π ώ ώ Ὤz Ὢώ ȟὸȟὴ 

Equation 139 

Note that when evaluating the left -hand side of our ordinary differential 

equation, written as Ὢώȟὸȟὴ, we evaluate not the value at the previous time-point but 

the value at the NEXT time-point. This is the distinction between implicit and explicit 

Euler.  

What we can now do is apply Implicit Euler to each of the equations from each 

node. What we will end up with are a bunch of non -linear equations equal to zero. We 

will call the non -áÌÙÖɯÚÐËÌɯÖÍɯÛÏÌÚÌɯÌØÜÈÛÐÖÕÚɯÖÜÙɯɁÙÌÚÐËÜÈÓÚɂȭɯ 

Ὑ π ώ ώ Ὤz Ὢώ ȟὸȟὴ 

Equation 140 

B.1.8 Steady-State Residual Vector Set-up 

Next up will be defining the steady -state residual vector we will be using to 

solve the system of non-linear equations which will be the basis of solving this problem. 

%ÖÙɯÌÈÊÏɯÖÍɯÛÏÌɯÕÖËÌɀÚɯÎÖÝÌÙÕÐÕÎɯÌØÜÈÛÐÖÕÚɯÞÐÛÏɯÛÏÌɯÎÓÖÉÈÓɯÝÈÙÐÈÉÓÌɯώ incorporated, we 

will apply the Implicit Euler equation and get them in the form of a residual. We can 
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start with the equations for the interior nodes ( Ὥ ρȟςȟσȟỄȟὲ ρ). Applying the Implicit 

Euler equation gives: 

Re-arranging these to get residuals gives: 

Ὑ ȟ π
ώ ςώ ώ

ɝὶǶ
‎

ώ ώ

ςɝὶǶ
‎
ς

ὶǶ

‍

‍ὶǶ”

ώ ‌‚ὶǶ– ώ ‌‖ώ   

Equation 141 

Ὑ ȟ π ώ ‌‚ὶǶ– ώ ‌‖ώ  

Equation 142 

For the solid-biofilm interface node (Ὥ π), we have: 

Ὑȟ π ς‎
ώ ώ

ɝὶǶ
ώ ‌– ώ ‌‖ώ 

Equation 143 

Ὑȟ π ώ ‌– ώ ‌‖ώ 

Equation 144 

For the biofilm -water interface node (Ὥ ὲ), incorporating Implicit Euler and 

converting to residual form leads to:  

Ὑ ȟ π ώ ρ 

Equation 145 

Ὑ ȟ π  ώ ‌‚ – ώ ‌ὑώ  

Equation 146 

With these expressions, the residual vector for this problem can be defined as: 
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╡

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὑ Ὥ π

Ὑ Ὥ π

Ὑ Ὥ ρ

Ὑ Ὥ ρ
Ȣ
Ȣ
Ȣ

Ὑ Ὥ ὲ ρ

Ὑ Ὥ ὲ ρ

Ὑ Ὥ ὲ

Ὑ Ὥ ὲ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

Equation 147 

B.1.9 Steady-state Jacobian Matrix Definition  

With the residual vector defined, the Jacobian matrix for the problem can be 

ËÌÍÐÕÌËȮɯÜÚÐÕÎɯÐÛɀÚɯËÌÍÐÕÐÛÐÖÕɯËÌÍÐÕÌËɯÐÕ: 

╙▼▼

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‬Ὑȟ
‬ώ

‬Ὑȟ
‬ώ

ȢȢ
‬Ὑȟ
‬ώ

‬Ὑȟ
‬ώ

‬Ὑȟ
‬ώ

‬Ὑȟ
‬ώ

ȢȢ
‬Ὑȟ
‬ώ

‬Ὑȟ
‬ώ

Ȣ Ȣ ȢȢ Ȣ Ȣ
Ȣ Ȣ ȢȢ Ȣ Ȣ

‬Ὑ ȟ

‬ώ

‬Ὑ ȟ

‬ώ
ȢȢ

‬Ὑ ȟ

‬ώ

‬Ὑ ȟ

‬ώ
‬Ὑ ȟ

‬ώ

‬Ὑ ȟ

‬ώ
ȢȢ

‬Ὑ ȟ

‬ώ

‬Ὑ ȟ

‬ώ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

Equation 148 

Each of these entries will be defined in this section.  First, Jacobian expressions 

for the solid -biofilm interface nodes (all Jacobian values not mentioned hereafter are 

zero entries).  It is worth noting that only that derivatives of ώ  not need to be taken and 

can be considered constant because the ώ  vector is what is actually be solved for after 

every time-step. The  ώ  is assumed to be known from the previous iteration, and is thus 

constant.  
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ὐȟ
‬Ὑȟ
‬ώ

ς‎

ɝὶǶ
‌– ώ  

Equation 149 

ὐȟ
‬Ὑȟ
‬ώ

‌ώ ὑ  

Equation 150 

ὐȟ
‬Ὑȟ
‬ώ

ς‎

ɝὶǶ
 

Equation 151 

ὐȟ
‬Ὑȟ
‬ώ

‌– ώ  

Equation 152 

ὐȟ
‬Ὑȟ
‬ώ

‌ώ ὑ  

Equation 153 

Next, the Jacobian expressions for the interior nodes are provided below: 

ὐȟ
‎

ɝὶǶ

‎

ςɝὶǶ

ς

ὶǶ

‍

‍ὶǶ”
 

Equation 154 

ὐȟ
ς‎

ɝὶǶ
‌‚ὶǶ– ώ  

Equation 155 

ὐȟ ‌ώ ὑ  

Equation 156 

ὐȟ
‎

ɝὶǶ
 
‎

ςɝὶǶ

ς

ὶǶ

‍

‍ὶǶ”
 

Equation 157 
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ὐ ȟ ‌‚ὶǶ– ώ  

Equation 158 

ὐ ȟ ‌ώ ὑ  

Equation 159 

Next, the Jacobian expressions for the biofilm-water interface node are: 

ὐ ȟ ρ 

Equation 160 

ὐ ȟ ‌‚ – ώ  

Equation 161 

ὐ ȟ ‌ώ ὑ  

Equation 162 

Thus, the Jacobian matrix (╙) and Residual vector (╡  for this system have been 

defined.  

B.1.10 Method of Lines  

The solution of this system then will look like a set of vectors ◐ for each time 

point, defining the dimensionless concentrations of mobile/immobilized nanoparticle at 

each spatial node overtime.  

◐

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ώ
ώ
Ȣ
Ȣ
ώ
ώ Ứ
ủ
ủ
ủ
ủ
Ủ

 

Equation 163 
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To get these values, fundamentally what is being solved are sets of non-linear 

equations, and the solution method for this is a modified Newton -Raphson algorithm 

for implementation in initial value problems.  This involves solving the following 

equation for ◐▓ , which represents the y-vector at some time point ▓ , where k is the 

index for time -points (thus, time point ▓  the timepoint following timepoint ▓).  

╡ ◐▓ ◐▓ Ὤ╡╢╢
▓  

Equation 164 

This method assumes that ◐▓ has already been solved for, and expression ╡╢╢

█◐ has been determined, and a time step size Ὤ has been defined. This equation is an 

adaption of the implicit euler method for solving initial value problems for non -linear 

systems.  This non-linear equation is solved by making a guess for ◐▓ , using it to 

calculate the value of the steady-state residual matrix ╡╢╢
▓ █◐▓ , and then 

evaluating these terms to find ╡ for that guess of ◐▓ .  If the value of ╡ is then very 

small (defined by the norm of ╡ being less than some tolerance), then the equation has 

been solved for and ◐▓  is known.  If not, then to determine the next guess for ◐▓ , the 

Jacobian for the system ╙ is calculated using: 

╙ ╘ Ὤ╙╢╢
▓  

Equation 165 
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Where ╘ is the identity matrix, and ╙╢╢
▓ Ὢ◐▓  .  The next guess for ◐▪

▓  is 

then calculated using the following equation, where the backslash operator represents 

solving the linear system. 

◐▪
▓ ◐▓ ╙Ⱦ╡ 

Equation 166 

This new value of ◐▓  is then used to evaluate Equation Error! Reference source 

not found. , and if the norm of ╡ is less than the set tolerance, than the ◐▓  is accepted, 

and the next value of ◐▓  is calculated by using the just calculated value of the next first 

guess.  This whole process can be summarized by the following algorithm: 

B.2 Python Scripts 
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B.2.1 Main Code 

#!/usr/bin/env python3  

# - * -  coding: utf - 8 - * -  

 

# %% Code Version Numbers  

vn_N6=1.0 #See meta - data at bottom for details  

vn_Main_Code=1.0 #See meta - data fro details  

 

# %% Current Machine Running Code with neccesary adjustments  

"""Machine code feature is commented out as we aren't running the code on multiple 

machines for now, just my local machine Replaced with simple direct_export_path and 

internal_export_path variables"""  

# %% Current Machine Running Code with neccesary adjustments  

machine_number=2 #Input the machine you are running this code on  

 

"""Machine codes:  

    Josh's Macbook -  1 

    Josh's PC -  2 

 

"""  

 

if machine_number == 1: #Code to assign the right export paths for each machine, since 

each is unique  

   direct_export_path=r'/Users/joshuaprince/Library/CloudStorage/Box - Box/Quantum 

Biofilms/Code/Aim3/Finite - Differences/Code/Direct Exports'  

   internal_export_path=r'/Users/joshuaprince/Library/CloudStorage/Box - Box/Quantum 

Biofilms/Code/Aim3/Finite - Differences/Code/Internal Exports'  

    

if machine_number == 2: #Code to assign the right export paths for each machine, since 

each is unique  

   direct_export_path=r'C: \ Users \ joshu \ Box\ Quantum Biofilms \ Code\ Aim3\ Finite -

Differences \ N16\ Code\ Direct Exports'  

   internal_export_path=r'C: \ Users \ joshu \ Box\ Quantum Biofilms \ Code\ Aim3\ Finite -

Differences \ N16\ Code\ Internal Exports'  

 

    

# %% I don't remember what this is for but I'm scared to delete it  

from IPython import get_ipython  

get_ipython().magic('reset - sf')  

 

# %% Imports  

import time  

import os  

import numpy as np  

from N16_RJ import *  

from N16_method_of_lines import *  

from N16_parameter_tester import *  

from N16_parameter_matrix import *  

from N16_report_generator import *  

from N16_csv_generator import *  

from N16_linear_fitting import *  

from N16_experimental_data_extractor import *  

from N16_exp_data_fitter import *  

 

# %% Start Timer  

t_start=time.time()  

 

# %% Determine what run number this is then update run number  

counter_file = open(f"counter_file.txt",'r+')  

old_count_number=int(counter_file.read())  

new_count_number=str(old_count_number+1)  

counter_file = open(f"counter_file.txt",'w')  

counter_file.write(new_count_number)  

counter_file.close()  

 

# %%Inputs Code Block  

h=np.array([0.01]) #Define timesteps to test  
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tol=np.array([10**( - 8)])  #Define the tolerance the code will run with when running 

Newton - Rhapson  

t1=np.array([0]) #Define initialtime vector of values to test  

t2=np.array([5]) #Final Time  

nx=np.array([100]) #Mesh size  

gamma=np.array([1]) #Define effective diffusivity  

alpha=np.array([1]) #Define dimensionless and porosity adjusted binding rate constant  

xi=np.array([ - 1]) #Define attachment site density heterogeniety parameter  

eta=np.array([2.5]) #Define dimensionless attachment site density at center of 

hemisphere  

kappa=np.array([1]) #Definedimensionless equilibrium constant  

beta=np.array([ - 0.1]) #Define porosity heterogeniety parameter (phiLI - phi0)  

phi0=np.array([0.8]) #Define porosity at center of hemisphere  

Kp=np.array([1]) #Define partition coeffecient  

# rho=np.zeros(len(phi_min)) #initialize rho vector  

# eps=np.zeros(len(phi_min)) #initialize epsilon vector  

# for i in np.arange(0,len(rho)):  

#     rho[i]=phi_max  

#     # eps[i]=0 #hard - coding in beta equal to zero to simualte no porosity profile  

#     eps[i]=(phi_max[i] - phi_min[i])/(np.exp(b)+1)  

ci=10**( - 10) #Define the inital concentration in the biofilm (Can't be zero, if one 

wants to be zero, set it to a very small number instead)  

 

 

#%% Grab Experimental Results to fit to model  

# # experimental_data_file=r'C: \ Users \ joshu \ Box\ Quantum Biofilms \ Processed 

Data \ Extracted data from literature \ tseng_fits_Fig2B_Cyt5tob_incubation.csv'  

# experimental_data_file=r'C: \ Users \ joshu \ Box\ Quantum Biofilms \ Processed Data \ Extracted 

data from literature \ tseng_fits_Fig2B_Cy5cipro_incubation_bump.csv'  

# [experimental_results,fit_coeff] = 

experimental_data_extractor(experimental_data_file)  

 

# %% Generate Parameter Matrix for Testing  

[parameter_matrix,parameter_combos_count,vn_parameter_matrix_generator]=parameter_matri

x_generator(h,tol,t1,t2,nx,gamma,alpha,xi,eta,kappa,beta,phi0,Kp)  

                     

# %% Run parameters through numerical model (Heart of the Code)                

[c_set,vn_parameter_checker,vn_method_of_lines,vn_RJ] = 

parameter_checker(parameter_matrix,ci) #output the set of concentration over time and 

space results for each set of parameters tested  

#[c_set,vn_parameter_checker,vn_method_of_lines,vn_RJ] = 

parameter_checker(parameter_matrix,ci) #output the set of concentration over time and 

space results for each set of parameters tested  

 

# # %% Compare Model to Experimental Data  

# 

fitting_results=exp_data_fitter(c_set,experimental_results,parameter_combos_count,inter

nal_export_path,kconv,t2,direct_export_path,new_count_number,machine_number)  

 

# %%  

 

# %% Export results to csv files  

vn_csv_generator = 

csv_generator(c_set,parameter_combos_count,parameter_matrix,direct_export_path,new_coun

t_number,machine_number)  

 

# %% Fit model to first order approximation, plot approximation, and determine fit of 

approximation  

#[perc_acc_matrix,vn_linear_fitting]=linear_fit(c_set,parameter_combos_count,parameter_

matrix,internal_export_path)  

 

# %% Report Generator: Exports Plots as Word Document to Seperate Directory (see file 

N2_report_generator.py)  

#report=plot_generator(c_set,parameter_combos_count,parameter_matrix,new_count_number,v

n_N6,vn_Main_Code,vn_parameter_matrix_generator,vn_parameter_checker,vn_csv_generator,v

n_method_of_lines,vn_RJ,perc_acc_matrix,vn_linear_fitting,machine_number,internal_ expor

t_path)  

report=plot_generator(c_set,parameter_combos_count,parameter_matrix,new_count_number,vn

_N6,vn_Main_Code,vn_parameter_matrix_generator,vn_parameter_checker,vn_csv_generator,vn

_method_of_lines,vn_RJ,machine_number,internal_export_path)  
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# %% Stop Timer  

#End timer  

t_end=time.time()  

total_time=t_end - t_start  

print('Total time is sec'.format(total_time))  

 

#%% To export report, turn on this code block  

#Finish Report  

para5=report.add_paragraph(f'Time to Run (sec): ')  

report_filename_partial=f'N16_report.docx'  

report_filename_full=os.path.join(direct_export_path,report_filename_partial)  

report.save(report_filename_full)  

 

 

B.2.2 Parameter Matrix Generator 

#!/usr/bin/env python3  

# - * -  coding: utf - 8 - * -  

 

vn_parameter_matrix_generator=1.1  

 

import numpy as np  

 

def parameter_matrix_generator(h,tol,t1,t2,nx,gamma,alpha,xi,eta,kappa,beta,phi0,Kp):  

    

parameter_combos_count=len(h)*len(tol)*len(t1)*len(t2)*len(nx)*len(gamma)*len(alpha)*le

n(xi)*len(eta)*len(kappa)*len(beta)*len(phi0)*len(Kp) #Number of combination of 

parameters needed to test  

    parameter_matrix = np.zeros((parameter_combos_count,13)) #Initialize matrix with 

new combo of paramters in each row. 9 is because there are 9 paramteres, can change if 

model changes  

    k=0 #Begin counter for parameter matrix loop  

    for h_i in h:  #Loop for timestep  

        for tol_i in tol: #Loop for tolerances  

            for t1_i in t1:  #Loop for inital time  

                for t2_i in t2:  #Loop for final time  

                    for nx_i in nx:  #Loop for mesh - size  

                        for gamma_i in gamma:   

                            for alpha_i in alpha:  

                                for xi_i in xi:   

                                    for eta_i in eta:   

                                        for kappa_i in kappa:   

                                            for beta_i in beta:   

                                                for phi0_i in phi0:  

                                                    for Kp_i in Kp:     

                                                         k=k+1  

                                                         parameter_matrix[k,:]= é 

[h_i,tol_i,t1_i,t2_i,nx_i,gamma_i,alpha_i,xi_i,eta_i,kappa_i,beta_i,phi0_i,Kp_i]                                                 

    return [parameter_matrix,parameter_combos_count,vn_parameter_matrix_generator]  
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B.2.3 Main Solver 

#!/usr/bin/env python3  

# - * -  coding: utf - 8 - * -  

 

vn_parameter_tester=1.1  

 

import numpy as np  

from N16_method_of_lines import *  

from N16_Newton_Rhapson import *  

 

 

def parameter_checker(parameter_matrix,ci): #unpack paramteres and test  

#def parameter_checker(parameter_matrix,ci): #unpack paramteres and test  

     

    #Calculate other internal paramters to model  

    parameter_combos_count=np.shape(parameter_matrix) [0]  

    c_set = [[0 for i in range(15)] for j in range(parameter_combos_count)]  

    for i in np.arange(0,parameter_combos_count,1): #Begin for loop to test the 

different model paramters using MOL #Check if you got he upperbound right  

        h=parameter_matrix[i,0] #Define timesteps to test  

        tol=parameter_matrix[i,1] #Define the tolerance the code will run with when 

running Newton - Rhapson  

        t1=parameter_matrix[i,2] #Define initialtime vector of values to test  

        t2=parameter_matrix[i,3] #Final Time  

        nx=int(parameter_matrix[i,4]) #Mesh size  

        gamma=parameter_matrix[i,5] #Define effective diffusivity  

        alpha=parameter_matrix[i,6] #Define dimensionless and porosity adjusted binding 

rate constant  

        xi=parameter_matrix[i,7] #Define attachment site density heterogeniety 

parameter  

        eta=parameter_matrix[i,8] #Define dimensionless attachment site density at 

center of hemisphere  

        kappa=parameter_matrix[i,9] #Define shape paramter for binding site profile  

        beta=parameter_matrix[i,10] #Define porosity heterogeniety parameter (phiLI -

phi0)  

        phi0=parameter_matrix[i,11] #Define porosity at center of hemisphere  

        Kp=parameter_matrix[i,12] #Define partition coeffecient  

         

        #Calculate internal paramters to model  

        x=np.linspace(0,1,nx+1) #Define x (note, if x doesn't range from 0 to 1, should 

edit this)  

        c_set[i][0]=x #Pass along x - vector for this parameter set for plotting  

        t=np.arange(t1,t2+h,h) #Define t  

        c_set[i][1]=t #Pass along t - vector for this parameter set for plotting  

        ny=2*nx #Solution vector size  

        nt=len(t) #Define the number of timepoints  

        c_set[i][2]=nt #Pass along number of time - points used for this parameter set 

for plotting  

        y=np.zeros((ny+2,nt)) #Initialize y  

        y=y+ci #Make starting values not exactly equal to zero (divide by zero erros 

pop up)  

        y[ - 2,0]=1 #Set the boudnary condition to the right value (makes everything 

easier)  

        p=[gamma,alpha,xi,eta,kappa,beta,phi0,Kp] #dimensionless parameter matrix  

 

        #Run calculation for parameters of interest  

        [c,whoops,vn_method_of_lines,vn_RJ]=method_of_lines(t,x,y,h,p,tol) #Find the 

concntration profiles in space and time using Method of Lines (MOL)  

        #[c,whoops,vn_method_of_lines,vn_RJ]=method_of_lines(t,x,y,h,p,tol) #Find the 

concntration profiles in space and time using Method of Lines (MOL)  

        print('you whoopsed many times'.format(whoops))  

         

        #Unpack the data  

        cim=np.zeros((nx+1,nt)) #Initalize new concentration array where bound and 

unbound NP concentrations are "unpacked" such that they occupy two different matrices 

in the same 3 - D array  

        cia=np.zeros((nx+1,nt))  

        cit=np.zeros((nx+1,nt))  



 

157 

        ctm=np.zeros((nx+1,nt)) #Initalize new concentration array where bound and 

unbound NP concentrations are "unpacked" such that they occupy two different matrices 

in the same 3 - D array  

        cta=np.zeros((nx+1,nt))  

        ctt=np.zeros((nx+1,nt))  

        xindex=np.arange(0,nx+1)  

        yss_guess=np.zeros(2*nx+2)  

         

         

        #Define porosity profile for total voluem concentrations  

         

        #Translate results into better defined matrix  

        for x_i in xindex:  

            j=2*x_i #secondary index (position of unbound NP concentration in original 

concentration matrix)  

            k=2*x_i+1 #Secondary index (position of bound NP concentration in original 

concentration matrix)  

            cim[x_i,:]=c[j,:]  

            cia[x_i,:]=c[k,:]  

            cit[x_i,:]=c[j,:]+c[k,:]  

            phi=beta*x[x_i]+phi0  

            ctm[x_i,:]=c[j,:]*phi  

            cta[x_i,:]=c[k,:]*phi  

            ctt[x_i,:]=ctm[x_i,:]+cta[x_i,:]  

            yss_guess[j]=c[j,nt - 1]  

            yss_guess[k]=c[k,nt - 1]  

        c_set[i][3]=cim  

        c_set[i][4]=cia  

        c_set[i][5]=cit  

        c_set[i][12]=ctm  

        c_set[i][13]=cta  

        c_set[i][14]=ctt  

         

        # # %% Calcualte Steady - state profile  

        # [css,whoops2,vn_Newton_Rhapson,vn_RJss]=Newton_Rhapson(x,yss_guess,p,tol) 

#Find concentration profile at steady - state using Newton - Rhapson method  

        # print('you were bamboozled on ss calc many times'.format(whoops2))  

         

        # #Unpack SS profile and pass along to c_set  

        # cm_ss=np.zeros((nx+1,nt)) #Initalize new concentration array where bound and 

unbound NP concentrations are "unpacked" such that they occupy two different matrices 

in the same 3 - D array  

        # ca_ss=np.zeros((nx+1,nt))  

        # ct_ss=np.zeros((nx+1,nt))  

         

        # for x_i in xindex:  

        #     j=2*x_i #secondary index (position of unbound NP concentration in 

original concentration matrix)  

        #     k=2*x_i+1 #Secondary index (position of bound NP concentration in 

original concentration matrix)  

        #     for x_i in xindex:  

        #         j=2*x_i #secondary index (position of unbound NP concentration in 

original concentration matrix)  

        #         k=2*x_i+1 #Secondary index (position of bound NP concentration in 

original concentration matrix)  

        #         cm_ss[x_i]=css[j]  

        #         ca_ss[x_i]=css[k]  

        #         ct_ss[x_i]=Kp*css[j]+css[k]  

        # c_set[i][9]=cm_ss #Pass along steady - state mobile nanoparticle concentration  

        # c_set[i][10]=ca_ss #Pass along steady - state attached nanoparticle 

concentration  

        # c_set[i][11]=ct_ss #Pass along steady - state total nanoparticle concentration  

         

     

        #Find average NP Concentration Overtime  

        average_mobile_conc_overtime=np.zeros(nt)  

        average_attached_conc_overtime=np.zeros(nt)  

        average_total_conc_overtime=np.zeros(nt)  

        tindex=np.arange(0,nt)  

        for t_i in tindex:  
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            average_mobile_conc_overtime[t_i]=np.average(ctm[:,t_i])  

            average_attached_conc_overtime[t_i]=np.average(cta[:,t_i])  

            average_total_conc_overtime[t_i]=  é 

average_mobile_conc_overtime[t_i]+average_attached_conc_overtime[t_i]  

        c_set[i][6]=average_mobile_conc_overtime  

        c_set[i][7]=average_attached_conc_overtime  

        c_set[i][8]=average_total_conc_overtime  

         

             

    return [c_set,vn_parameter_tester,vn_method_of_lines,vn_RJ]  

 

 

B.2.4 Method of Lines 

#!/usr/bin/env python3  

# - * -  coding: utf - 8 - * -  

 

vn_method_of_lines=1.1  

 

import numpy as np  

import scipy as sp  

from scipy import sparse  

from scipy.sparse import *  

 

from N16_RJ import *  

 

def method_of_lines(t,x,y,h,p,tol):  

    yw=y[:,0] #Initalize the working concentration vector  

    index=np.arange(0,len(t)) #Creater index vector  

    whoops=0 #initialize error function  

    for i in index: #Begin for loop which iterates over all the entries in the time 

vector, assigning them the value td  

        yold=yw #update the old y - value  

        [R,J,vn_RJ]=RJ(x,yw,p); #Calculate Residual and Jacobian from new y value  

        R=yw- yold - h*R  

        k=0  

        while np.linalg.norm(R)>tol :  

            k=k+1  

            J=np.eye(len(yw)) - h*J; #Calculate new Jacobian from new y  

            J=sp.sparse.csc_matrix(J)  

            dif= - sp.sparse.linalg.spsolve(J,R) #Apply built in sparse Linear solver to 

find delta from J and R  

            yw=yw+dif ; #Update y  

            [R,J,nv_RJ]=RJ(x,yw,p); #Calculate Residual and Jacobian from new y value  

            R=yw- yold - h*R ; #Update Residual  

            if k>100:  

                print('Whoops')  

                whoops=whoops+1  

                break  

        y[:,i]=yw  

    return (y,whoops,vn_method_of_lines,vn_RJ)  
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B.2.5 Residual-Jacobian Generator 

#!/usr/bin/env python3  

# - * -  coding: utf - 8 - * -  

 

vn_RJ=1.1  

 

import numpy as np  

 

def RJ(x,y,p):  

#def RJ(x,y,p,t):  

    nx=len(x) - 1 #Grab the mesh size for position  

    ny=len(y) - 2 #Grab number of y - points  

    dx=1/nx #Calculate the distance between nodes (assumes domain is from 0 to 1)  

    gamma=p[0] #Define effective diffusivity  

    alpha=p[1] #Define dimensionless and porosity adjusted binding rate constant  

    xi=p[2] #Define attachment site density heterogeniety parameter  

    eta=p[3] #Define dimensionless attachment site density at center of hemisphere  

    kappa=p[4] #Define shape paramter for binding site profile  

    beta=p[5] #Define porosity heterogeniety parameter (phiLI - phi0)  

    phi0=p[6] #Define porosity at center of hemisphere  

    Kp=p[7] #Define partition coeffecient  

    R=np.zeros(ny+2) #Initialize R  

    J=np.zeros((ny+2,ny+2)) #Initialize J  

    index=np.arange(0,ny+2) #Creater index vector  

    for i in index:  

        if i==0 :  

            l=int(i/2)  

            R[i]=2*gamma/dx**2*(y[i+2] - y[i]) - y[i]*(alpha*(eta -

y[i+1]))+alpha*kappa*y[i+1]  

            scope1=2*gamma/dx**2*(y[i+2] - y[i]) - y[i]*(alpha*(eta -

y[i+1]))+alpha*kappa*y[i+1]  

            J[i,i]= - 2*gamma/dx**2 - alpha*(eta - y[i+1])  

            J[i,i+2]=2*gamma/dx**2  

            J[i,i+1]=alpha*(y[i]+kappa)  

        elif i%2==1 :  

            l=int((i - 1)/2)  

            R[i]=y[i - 1]*(alpha*(xi*x[l]+eta - y[i])) - alpha*kappa*y[i]  

            J[i,i]= - alpha*(y[i - 1]+kappa)  

            J[i,i - 1]=alpha*(xi*x[l]+eta - y[i])  

        elif i==ny:  

            l=int(i/2)  

            R[i]=y[i] - 1 

            J[i,i]=1  

        elif i%2==0 and i!=0:  

            l=int(i/2)  

            R[i]=gamma/dx**2*(y[i+2] - 2*y[i]+y[i -

2])+gamma/(2*dx)*(2/x[l]+beta/(beta*x[l]+phi0))*(y[i+2] - y[i - 2]) -

y[i]*(alpha*(xi*x[l]+eta - y[i+1]))+alpha*kappa*y[i+1]  

            J[i,i]= - 2*gamma/dx**2 - alpha*(xi*x[l]+eta - y[i+1])  

            J[i,i+2]=gamma/dx**2+gamma/(2*dx)*(2/x[l]+beta/(beta*x[l]+phi0))  

            J[i,i - 2]=gamma/dx**2 - gamma/(2*dx)*(2/x[l]+beta/(beta*x[l]+phi0))  

            J[i,i+1]=alpha*(y[i]+kappa)  

        else:  

            print('Uh oh')  

    return (R,J,vn_RJ)  
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B.2.6 .CSV File Generator 

#!/usr/bin/env python3  

# - * -  coding: utf - 8 - * -  

 

vn_csv_generator=1.2  

 

import numpy as np  

import pandas as pd  

import os  

 

def 

csv_generator(c_set,parameter_combos_count,parameter_matrix,direct_export_path,new_coun

t_number,machine_number):  

    for pc_i in np.arange(0,parameter_combos_count,1): #Begin for loop to plot the 

different model paramters using MOL  

        cm=c_set[pc_i][3] #Grab current Mobile concentration data to plot  

        ca=c_set[pc_i][4] #Grab current Attached concentration data to plot  

        ctt=c_set[pc_i][14] #Grab current Total total volume concentration data to 

export  

        t=c_set[pc_i][1] #Grab time - vector for this parameter set for plotting  

        x=c_set[pc_i][0] #Grab the position - vector for this parameter set for plotting  

        t_oof=np.floor(np.log10(np.abs(t[1]))).astype(int) #order of magninutde of 

time - step  

        t=np.around(t, - t_oof) #Remove some rounding errors from time data - set  

        x=np.around(x,3) #Remove some rounding errors from position data - set  

        ca_data=pd.DataFrame(data=ca, index=x, columns=t) #Create pandas dataframe for 

bound concentration  

        cm_data=pd.DataFrame(data=cm, index=x, columns=t) #Create pandas dataframe for 

unbound concentration  

        ca_data_filename_partial=f'bounddata{pc_i_{new_count_number -

{machine_number.csv'  

        ca_data_filename_full=os.path.join(direct_export_path,ca_data_filename_partial)  

        cm_data_filename_partial=f'unbounddata{pc_i_{new_count_number -

{machine_number.csv'  

        cm_data_filename_full=os.path.join(direct_export_path,cm_data_filename_partial)  

        ca_data.to_csv(ca_data_filename_full) #Export bound dataframe as csv  

        cm_data.to_csv(cm_data_filename_full) #Export unbound dataframe as csv  

        ca_data_filename_partial=f'bounddata{pc_i_{new_count_number -

{machine_number.csv'  

        ca_data_filename_full=os.path.join(direct_export_path,ca_data_filename_partial)  

        cm_data_filename_partial=f'unbounddata{pc_i_{new_count_number - {machine_number 

.csv'  

        cm_data_filename_full=os.path.join(direct_export_path,cm_data_filename_partial)  

        ca_data.to_csv(ca_data_filename_full) #Export bound dataframe as csv  

        cm_data.to_csv(cm_data_filename_full) #Export unbound dataframe as csv  

        ctt_data=pd.DataFrame(data=ctt, index=x, columns=t) #Create pandas dataframe 

for unbound total concentration  

        ctt_data_filename_partial=f'totaltotaldata{pc_i_{new_count_number -

{machine_number{.csv'  

        

ctt_data_filename_full=os.path.join(direct_export_path,ctt_data_filename_partial)  

        ctt_data.to_csv(ctt_data_filename_full) #Export unbound dataframe as csv  

 

    return vn_csv_generator  
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B.2.7 Report Generator 

#!/usr/bin/env python3  

# - * -  coding: utf - 8 - * -  

 

vn_report_generator=1.8  

 

import os  

import numpy as np  

import matplotlib.pyplot as plt  

import docx  

from docx.shared import Pt  

from datetime import datetime  

import matplotlib.animation as anim  

from matplotlib.animation import FuncAnimation  

 

def 

plot_generator(c_set,parameter_combos_count,parameter_matrix,new_count_number,vn_N2,vn_

Main_Code,vn_parameter_matrix_generator,vn_parameter_checker,vn_csv_generator,vn_method

_of_lines,vn_RJ,machine_number,internal_export_path):  

    """Static Plotting (Exported to Word Document)"""  

    report=docx.Document()  

    report.add_heading(f'Results from N16 Run #{new_count_number - {machine_number',0)  

    now = datetime.now()  

    dt_string = now.strftime("%d/%m/%Y %H:%M:%S")  

    date_time_line=report.add_paragraph('Date and Time Report Generated:  ')  

    date_time_line.add_run(dt_string)  

    report.add_paragraph(f'Machine number ran on -  {machine_number')  

    report.add_paragraph(f'N2 version: {vn_N2')  

    report.add_paragraph(f'Main Code version: {vn_Main_Code')  

    report.add_paragraph(f'Parameter Matrix Generator version: 

{vn_parameter_matrix_generator')  

    report.add_paragraph(f'Parameter Checker version: {vn_parameter_checker')  

    report.add_paragraph(f'CSV Generator version: {vn_csv_generator')  

    report.add_paragraph(f'Method of Lines version: {vn_method_of_lines')  

    report.add_paragraph(f'Residual - Jacobian Calculator version: {vn_RJ')  

    report.add_paragraph(f'Report Generator version: {vn_report_generator')  

    #report.add_paragraph(f'Linear Approximator version: {vn_linear_fitting')  

    style=report.styles['Normal']  

    font=style.font  

    font.name='Arial'  

    font.size=Pt(9)   

         

      

    for pc_i in np.arange(0,parameter_combos_count,1): #Begin for loop to plot the 

different model paramters using MOL  

        cm=c_set[pc_i][3] #Grab current Mobile concentration data to plot  

        ca=c_set[pc_i][4] #Grab current Attached concentration data to plot  

        ct=c_set[pc_i][5] #Grab current Total concentration data to plot  

        cm_ss=c_set[pc_i][9]  

        ca_ss=c_set[pc_i][10]  

        ct_ss=c_set[pc_i][11]  

        cut=c_set[pc_i][12]  

        cat=c_set[pc_i][13]  

        ctt=c_set[pc_i][14]  

        average_mobile_conc_overtime=c_set[pc_i][6]  

        average_attached_conc_overtime=c_set[pc_i][7]  

        average_total_conc_overtime=c_set[pc_i][8]  

        t=c_set[pc_i][1] #Grab time - vector for this parameter set for plotting  

        nt=c_set[pc_i][2] #Grab number of time points for this parameter set for 

plotting  

        x=c_set[pc_i][0] #Grab the position - vector for this parameter set for plotting  

        break_paragraph=report.add_paragraph('___________')  

        break_paragraph.runs[0].add_break(docx.enum.text.WD_BREAK.PAGE)  

        """Will add these back once code is working"""  

        report.add_heading('Parameter Set %i'%pc_i,1)  

        para1=report.add_paragraph(f'Step - size (h) : {parameter_matrix[pc_i,0]     ')  

        para1.add_run(f'Initial time (t1) : {parameter_matrix[pc_i,2]     ')  

        para1.add_run(f'Final time (t2) : {parameter_matrix[pc_i,3]     ')  
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        para1.add_run(f'Mesh size (nx) : {parameter_matrix[pc_i,4]')  

        para2=report.add_paragraph(f'Effective diffusivity (gamma) : 

{parameter_matrix[pc_i,5]      ')  

        para2.add_run(f'Dimensionless attachment rate constant (alpha): 

{parameter_matrix[pc_i,6] ')  

        para3=report.add_paragraph(f'Dimensionless binding site density heterogeniety 

(xi): {parameter_matrix[pc_i,7]      ')  

        para3.add_run(f':Dimensionless binding site density at hemisphere center (eta) 

{parameter_matrix[pc_i,8] ')  

        para4=report.add_paragraph(f'Dimensionless equilibrium constant (kappa): 

{parameter_matrix[pc_i,9]      ')  

        para4.add_run(f'Porosity Heterogeniety Constant (beta): 

{parameter_matrix[pc_i,10] ')  

        para5=report.add_paragraph(f'Porosity at hemisphere center (phi0): 

{parameter_matrix[pc_i,11]      ')  

        para5.add_run(f'Partition Coeffecient (Kp): {parameter_matrix[pc_i,12] ')  

         

        # %%Find relelvant maximums and minimums  

        upper_1 = np.amax(cm)*1.1 #Upper bound on Mobile Concentration  

        # upper_2 = np.amax(average_conc_overtime)*1.1 #Upper Bound on Average Mobile 

Concentration  

        # upper_3 = np.amax(change_in_concentration)*1.1 #Upper Bound on Change in 

Average Concentration  

        upper_4 = np.amax(ca)*1.1 #Upper bound on Bound Concentration  

        upper_5= np.amax(ct)*1.1 #Upper bound on total concentration  

        # upper_5 = np.amax(taverage_conc_overtime)*1.1 #Upper Bound on Average total 

Concentration  

        # upper_6 = np.amax(tchange_in_concentration)*1.1 #Upper Bound on total Change 

in Average Concentration  

        # upper_7 = np.amax(logtavg_conc_overtime)*1.1 #Upper bound on log of total 

average NP conc  

        # upper_8 = np.amax(logtchange_conc)*1.1 #Upper bound on log of total change in 

conc  

        # lower_7 = np.amin(logtavg_conc_overtime)*1.1 #Lower bound on log of total 

average NP conc  

        # lower_8 = np.amin(logtavg_conc_overtime)*1.1 #Upper bound on log of total 

change in conc  

        upper_9= np.amax(cut)*1.1 #Upper bound on mobile total concentration  

        upper_10= np.amax(cat)*1.1 #Upper bound on attached total concentration  

        upper_11= np.amax(ctt)*1.1 #Upper bound on total total concentration  

         

        # %%Mobile  

        #tindex_u=np.array([0,5,10,25,50,75,100,125,150,200,250]) for masnual control 

over timepoints plotted  

        tp_u=10 #number of time points to plot  

 

        #Linear discretization of plotted timepionts  

        space_u=int((nt - 1)/tp_u) #Linear discreitzation of timepoints  

        tindex_u=np.arange(0,nt,space_u) #Linear discreitization of timepoints  

        for i_u in tindex_u:  

            cc_u=cm[:,i_u]  

            ti_u=round(t[i_u],5)  

            plt.plot(x,cc_u,label='t={ '.format(ti_u))  

        

 

        plt.xlim(left=0,right=1)  

        plt.ylim(bottom=0,top=upper_1)  

        plt.xlabel('Position',fontsize=14)  

        plt.ylabel('Dimensionless Concentration',fontsize=14)  

        plt.title('Dimensionless Mobile Concentration plot',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        plt.legend(loc=(0.1,0.1))  

        Mobile_filename_partial=f'Mobileplot{pc_i .png'  

        Mobile_filename_full=os.path.join(internal_export_path,Mobile_filename_partial)  

        plt.savefig(Mobile_filename_full)  

        plt.close()  

        

         

        # %%Attached  
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        tp_b=10 #number of time points to plot  

         

 

        #Linear discretization of plotted timepionts  

        space_b=int((nt - 1)/tp_b) #Linear discreitzation of timepoints  

        tindex_b=np.arange(0,nt,space_b) #Linear discreitzation of timepoints  

        for i_b in tindex_b:  

            cc_b=ca[:,i_b]  

            ti_b=round(t[i_b],5)  

            plt.plot(x,cc_b,label='t={ '.format(ti_b))  

     

        plt.xlim(left=0,right=1)  

        plt.ylim(bottom=0,top=upper_4)  

        plt.xlabel('Position',fontsize=14)  

        plt.ylabel('Dimensionless Concentration',fontsize=14)  

        plt.title('Dimensionless Attached Concentration plot',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        plt.legend(loc=(0.1,0.1))  

        Attached_filename_partial=f'Attachedplot{pc_i .png'  

        

Attached_filename_full=os.path.join(internal_export_path,Attached_filename_partial)  

        plt.savefig(Attached_filename_full)  

        plt.close()  

        pics_paragraph1=report.add_paragraph()  

        pic1=pics_paragraph1.add_run()  

        pic1.add_picture(Mobile_filename_full, width=docx.shared.Inches(3))  

        pic2=pics_paragraph1.add_run()  

        pic2.add_picture(Attached_filename_full, width=docx.shared.Inches(3))  

         

        # %% Total  

        tp_t=10 #number of time points to plot  

         

 

        #Linear discretization of plotted timepionts  

        space_t=int((nt - 1)/tp_t) #Linear discreitzation of timepoints  

        tindex_t=np.arange(0,nt,space_t) #Linear discreitzation of timepoints  

        for i_t in tindex_t:  

            cc_t=ct[:,i_t]  

            ti_t=round(t[i_t],5)  

            plt.plot(x,cc_t,label='t={ '.format(ti_t))  

        """  

         

        #Logarthmic discreitzation of plotted timepoints  

        lognt_t=np.log10(nt) #Logarthmic timepoints  

        logspace_t=round((lognt_t)/tp_t,10) #Logarthmic timepoints  

        logtindex_t=np.arange(0,lognt_t,logspace_t) #Logarthmic timepoints  

        plt.figure(9*pc_i+2)  

        for logi_t in logtindex_t:  

            i_t=int(10**logi_t)  

            cc_t=ct[:,i_t]  

            ti_t=round(t[i_t],5)  

            plt.plot(x,cc_t,label='t={ '.format(ti_t))  

 """  

     

        plt.xlim(left=0,right=1)  

        plt.ylim(bottom=0,top=upper_5)  

        plt.xlabel('Position',fontsize=14)  

        plt.ylabel('Dimensionless Concentration',fontsize=14)  

        plt.title('Dimensionless Total Concentration plot',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        plt.legend(loc=(0.1,0.1))  

        total_filename_partial=f'Totalplot{pc_i .png'  

        total_filename_full=os.path.join(internal_export_path,total_filename_partial)  

        plt.savefig(total_filename_full)  

        plt.close()  

         

        # %%Mobile total  
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        #tindex_u=np.array([0,5,10,25,50,75,100,125,150,200,250]) for masnual control 

over timepoints plotted  

        tp_ut=10 #number of time points to plot  

 

        #Linear discretization of plotted timepionts  

        space_ut=int((nt - 1)/tp_ut) #Linear discreitzation of timepoints  

        tindex_ut=np.arange(0,nt,space_ut) #Linear discreitization of timepoints  

        for i_ut in tindex_ut:  

            cc_ut=cut[:,i_ut]  

            ti_ut=round(t[i_ut],5)  

            plt.plot(x,cc_ut,label='t={ '.format(ti_ut))  

        plt.xlim(left=0,right=1)  

        plt.ylim(bottom=0,top=upper_9) #Change this  

        plt.xlabel('Position',fontsize=14)  

        plt.ylabel('Dimensionless Concentration',fontsize=14)  

        plt.title('Dimensionless Total Mobile Concentration',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        plt.legend(loc=(0.1,0.1))  

        Mobile_total_filename_partial=f'Mobileplot_total{pc_i .png'  

        

Mobile_total_filename_full=os.path.join(internal_export_path,Mobile_total_filename_part

ial)  

        plt.savefig(Mobile_total_filename_full)  

        plt.close()  

         

        pics_paragraph2=report.add_paragraph()  

        pic3=pics_paragraph2.add_run()  

        pic3.add_picture(total_filename_full, width=docx.shared.Inches(3))  

        pic4=pics_paragraph2.add_run()  

        pic4.add_picture(Mobile_total_filename_full, width=docx.shared.Inches(3))  

        

         

        # %%Attached  total  

        tp_bt=10 #number of time points to plot  

         

 

        #Linear discretization of plotted timepionts  

        space_bt=int((nt - 1)/tp_bt) #Linear discreitzation of timepoints  

        tindex_bt=np.arange(0,nt,space_bt) #Linear discreitzation of timepoints  

        for i_bt in tindex_bt:  

            cc_bt=cat[:,i_bt]  

            ti_bt=round(t[i_bt],5)  

            plt.plot(x,cc_bt,label='t={ '.format(ti_bt))  

     

        plt.xlim(left=0,right=1)  

        plt.ylim(bottom=0,top=upper_10)  

        plt.xlabel('Position',fontsize=14)  

        plt.ylabel('Dimensionless Concentration',fontsize=14)  

        plt.title('Dimensionless Attached Total Concentration',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        plt.legend(loc=(0.1,0.1))  

        Attached_total_filename_partial=f'Attachedplot_total{pc_i .png'  

        

Attached_total_filename_full=os.path.join(internal_export_path,Attached_total_filename_

partial)  

        plt.savefig(Attached_total_filename_full)  

        plt.close()  

 

         

        # %% Total  total  

        tp_tt=10 #number of time points to plot  

         

 

        #Linear discretization of plotted timepionts  

        space_tt=int((nt - 1)/tp_tt) #Linear discreitzation of timepoints  

        tindex_tt=np.arange(0,nt,space_tt) #Linear discreitzation of timepoints  

        for i_tt in tindex_tt:  

            cc_tt=ctt[:,i_tt]  
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            ti_tt=round(t[i_t],5)  

            plt.plot(x,cc_tt,label='t={ '.format(ti_tt))  

        """  

         

        #Logarthmic discreitzation of plotted timepoints  

        lognt_t=np.log10(nt) #Logarthmic timepoints  

        logspace_t=round((lognt_t)/tp_t,10) #Logarthmic timepoints  

        logtindex_t=np.arange(0,lognt_t,logspace_t) #Logarthmic timepoints  

        plt.figure(9*pc_i+2)  

        for logi_t in logtindex_t:  

            i_t=int(10**logi_t)  

            cc_t=ct[:,i_t]  

            ti_t=round(t[i_t],5)  

            plt.plot(x,cc_t,label='t={ '.format(ti_t))  

 """  

     

        plt.xlim(left=0,right=1)  

        plt.ylim(bottom=0,top=upper_11)  

        plt.xlabel('Position',fontsize=14)  

        plt.ylabel('Dimensionless Concentration',fontsize=14)  

        plt.title('Dimensionless Total Total Concentration',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        plt.legend(loc=(0.1,0.1))  

        total_total_filename_partial=f'Totalplot_total{pc_i .png'  

        

total_total_filename_full=os.path.join(internal_export_path,total_total_filename_partia

l)  

        plt.savefig(total_total_filename_full)  

        plt.close()    

         

        pics_paragraph3=report.add_paragraph()  

        pic5=pics_paragraph3.add_run()  

        pic5.add_picture(Attached_total_filename_full, width=docx.shared.Inches(3))  

        pic6=pics_paragraph3.add_run()  

        pic6.add_picture(total_total_filename_full, width=docx.shared.Inches(3))  

     

         

        

         

        """# %%Unbound NP Change in Concentration vs Concentration  

        plt.figure(7*pc_i+3)  

        plt.plot(average_conc_overtime,change_in_concentration)  

        plt.xlim(left=0,right=upper_2)  

        plt.ylim(bottom=0,top=upper_3)  

        plt.xlabel('Concentration',fontsize=14)  

        plt.ylabel('Dimensionless Change in Concentration',fontsize=14)  

        plt.title('Unbound dC vs C plot',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        dCunbound_filename_partial=f'dC Unboundplot{pc_i .png'  

        

dCunbound_filename_full=os.path.join(internal_export_path,dCunbound_filename_partial)  

        plt.savefig(dCunbound_filename_full)  

        plt.close()  

        pics_paragraph2=report.add_paragraph()  

        pic3=pics_paragraph2.add_run()  

        pic3.add_picture(avgunbound_filename_full, width=docx.shared.Inches(3))  

        pic4=pics_paragraph2.add_run()  

        pic4.add_picture(dCunbound_filename_full, width=docx.shared.Inches(3))  

         

         

        """# %%Total NP Change in Concentration vs Concentration  

        plt.figure(7*pc_i+5)  

        plt.plot(taverage_conc_overtime,tchange_in_concentration)  

        plt.xlim(left=0,right=upper_5)  

        plt.ylim(bottom=0,top=upper_6)  

        plt.xlabel('Concentration',fontsize=14)  

        plt.ylabel('Dimensionless Change in Concentration',fontsize=14)  

        plt.title('Total dC vs C plot',fontsize=16)  
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        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        dCtotalNP_filename_partial=f'dC totolNPplot{pc_i .png'  

        

dCtotalNP_filename_full=os.path.join(internal_export_path,dCtotalNP_filename_partial)  

        plt.savefig(dCtotalNP_filename_full)  

        plt.close()  

        pics_paragraph3=report.add_paragraph()  

        pic5=pics_paragraph3.add_run()  

        pic5.add_picture(avgtotalNP_filename_full, width=docx.shared.Inches(3))  

        pic6=pics_paragraph3.add_run()  

        pic6.add_picture(dCtotalNP_filename_full, width=docx.shared.Inches(3))  

 

# %%Logarithms of Total NP Change in Concentration vs Concentration  

        plt.figure(7*pc_i+6)  

        plt.plot(logtavg_conc_overtime,logtchange_conc)  

        plt.xlim(left=lower_7,right=upper_7)  

        plt.ylim(bottom=lower_8,top=upper_8)  

        plt.xlabel('Log of Dimensionless Concentration',fontsize=14)  

        plt.ylabel('Log of Dimensionless Change in Concentration',fontsize=14)  

        plt.title('Total log(dC) vs log(C) plot',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        logdCtotalNP_filename_partial=f'logdC totolNPplot{pc_i .png'  

        

logdCtotalNP_filename_full=os.path.join(internal_export_path,logdCtotalNP_filename_part

ial)  

        plt.savefig(logdCtotalNP_filename_full)  

        plt.close()  

        pics_paragraph4=report.add_paragraph()  

        pic7=pics_paragraph4.add_run()  

        pic7.add_picture(logdCtotalNP_filename_full, width=docx.shared.Inches(3))  

 

%%Total NP Change in Concentration vs Concentration Animation  

        dCvC_anim_fig=plt.figure()  

        dCvC_anim_plot=plt.plot([])  

        dCvC_anim_holder=dCvC_anim_plot[0]  

        plt.xlim(left=0,right=upper_5)  

        plt.ylim(bottom=0,top=upper_6)  

        plt.xlabel('Concentration',fontsize=14)  

        plt.ylabel('Dimensionless Change in Concentration',fontsize=14)  

        plt.title('Total dC vs C plot',fontsize=16)  

        plt.xticks(fontsize=12)  

        plt.yticks(fontsize=12)  

        tp_dCvC_anim=100 #number of time points to plot for the animation for unbound 

concntration  

        space_dCvC_anim=int((nt - 1)/tp_dCvC_anim) #space between timepoints     

        def dCvC_animate(frame):  

            #update plot  

            

dCvC_anim_holder.set_data((taverage_conc_overtime[0:frame*space_dCvC_anim],tchange_in_c

oncentration[0:frame*space_dCvC_anim]))  

        

dCvC_anim=anim.FuncAnimation(dCvC_anim_fig,dCvC_animate,frames=tp_dCvC_anim,interval=10

0)  

        dCvC_anim_filename_partial=f'dCvC_anim{pc_i .gif'  

        

dCvC_anim_filename_full=os.path.join(internal_export_path,dCvC_anim_filename_partial)  

        dCvC_anim.save(dCvC_anim_filename_full)  

        #pics_paragraph5=report.add_paragraph() commented out when no log plot  

        #pic8=pics_paragraph5.add_run()  

        pic7.add_picture(dCvC_anim_filename_full, width=docx.shared.Inches(3))  

         

    return report  
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Appendix C: Finite-Elements MATLAB Code 

 

A sample of the MATLAB code used to run the finite -element simulations is 

included here for reference. This code is used for the 2-D finite -element simulations.  

C.1 Main Code 

Clear cache  

clc  

close all  

clear all  

Change MATLAB path  

%homepath for running on DCC  

homepath='C: \ Users \ joshu \ Box\ Quantum Biofilms \ Code\ Aim3\ Dynamic 

Simulations \ No_center \ zeroBeta'; %Define home directory for code  

cd(homepath) %Change directory to this home path  

 

%Add function library to path  

addpath('Library')  

 

% %homepath for running on PC  

% homepath='C: \ Users \ joshu \ Box\ Quantum 

Biofilms \ Code\ Aim3\ Simulations \ Stationary \ Constant_Porosity \ Constant_Attachment \ NoFlux_

Microspheres'; %Define home directory for code  

% cd(homepath) %Change directory to this home path  

Update Code Run#  

% Load the current value of the counter  

if exist('counter.mat', 'file')  

    load('counter.mat', 'counter');  

else  

    counter = 0; % Initialize if the file does not exist  

end  
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% Increment the counter  

counter = counter + 1;  

 

% % Display the updated counter value  

% fprintf('The script has been run %d times. \ n', counter);  

 

% Save the updated counter value back to the MAT - file  

save('counter.mat', 'counter');  

 

Input Parameters to Model  

% Define ECM parameters  

hemisphere_radius=256 ;  

 

%Bacterial geometry parameters  

num_shells=16 ;  

shell_size= hemisphere_radius/num_shells;  

microsphere_radius=(shell_size/2 - 2);  

inner_Radius=16 ; %Want a small inner radius that isn't in domain, only want it to take 

up one subshell  

phi_LI = 0.9 ;  

phi_SI = 0.9 ;  

beta= (phi_LI - phi_SI)/(hemisphere_radius - inner_Radius);  

rho= phi_LI - beta*hemisphere_radius ;  

 

%Mesh Parameters  

Hmin=2;  

 

%Attachment Site Parameters  

xi=0;  

eta=2.5 ;  

kappa= 1 ;  

 

%Dynamic Parameters  

dt=1000; %timestep  

t0=0; %Initial time  

tf=100000; %Final time  

time=t0:dt:tf; %time Vector  

 

 

%Specifcy Model Parameters, these essentially never change  

m=0 ; %Always zero, no second order time differential  

c=1; %diffusivity  

d=1; %0=steady - state, 1=transient  

a=0 ; %0=no ECM attachment  

f=0 ; %0=no ECM attachment  

c0=1; %ECM- water BC, concentration value  

h=1 ; %ECM - water BC, concentration coeffecient  

q1=0; %ECM- substratum BC, concentration coeffecient  

g1=0; %ECM- substratum BC, flux value  

q2=0; %ECM- bacteria BC, concentration coeffecient  

g2=0; %ECM- bacteria BC, flux value  

ci=0 ; %Initial Condition  

 

%Specify ECM attachment parameters  

 

Make new directory for saving files associated with run  

% Step 1: Create a new folder  

folderName = sprintf('Simulation_beta=%d_#%d',beta,counter) ;  % Name of the new folder  

mkdir(folderName);           % Create the new folder  

Begin report for Code  

import mlreportgen.dom.*;  

 

% Define the full path for the document  

docPath = fullfile(folderName, sprintf('SimulationResults_Run%d.docx', counter));  

 

% Create a Word document at the specified path  

doc = Document(docPath, 'docx');  

 

% Current date and time  
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timestamp = datestr(now, 'yyyy - mm- dd HH:MM:SS');  

 

% Add a title  

title = Paragraph(sprintf('Report for Run # %d',counter));  

title.Bold = true;  

title.FontSize = '24pt';  

append(doc, title);  

 

% Add a section heading  

heading = Paragraph('Metadata');  

heading.Bold = true;  

heading.FontSize = '18pt';  

append(doc, heading);  

 

% Define Model Assumptions  

text1 = Paragraph('Time - dependance: Dynamic'); %Steady - state vs Transient  

append(doc, text1);  

 

% Add a section heading  

heading = Paragraph('Simulation Parameters');  

heading.Bold = true;  

heading.FontSize = '18pt';  

append(doc, heading);  

% Add a table  

table = Table({'Parameter', 'Value'; ...  

    'Run#', counter; ...  

    'Porosity_LI', phi_LI; ...  

    'Porosity_SI', phi_SI; ...  

    'Hemisphere Radius', hemisphere_radius; ...  

    'Shell Size', shell_size; ...  

    'Microsphere Radius', microsphere_radius; ...  

    'Attachment Site Heterogeniety (xi)', xi;...  

    'Attachment Site Density (eta)', eta;...  

    'Attachment Equilibrium Constant (kappa)', kappa;...  

    'Minimum Mesh Size', Hmin );  

append(doc, table);  

 

% Add a section heading  

heading = Paragraph('Solver Parameters');  

heading.Bold = true;  

heading.FontSize = '18pt';  

append(doc, heading);  

% Add a table  

table = Table({'Model Parameter', 'Value'; ...  

    'Second - order time differential', m; ...  

    'Diffusivity', c; ...  

    'First - order time differential', d; ...  

    'ECM Attachment Term 1',a; ...  

    'ECM Attachment Term 2', f; ...  

    'ECM- water BC, concentration value', c0; ...  

    'ECM- water BC, concentration coeffecient', h; ...  

    'ECM- substratum BC, concentration coeffecient', q1; ...  

    'ECM- substratum BC, flux value', g1; ...  

    'ECM- bacteria BC, concentration coeffecient', q2; ...  

    'ECM- bacteria BC, flux value', g2 );  

append(doc, table);  

 

Background  

This script is the first version of the MATLAB script(s) to be used to run FEM 

simulations for species transport in bacteria biofilms. The high - level workflow of this 

script starts with taking in .tiff files containg the information on the biofilm 

interfac e, bacteria location and surface locations (either artifically generated or 

from experimental data). These .tiff files are then tranformed into .stl files. These 

data are then combined into a single final biofilm geometry. This geometry is then used 

by PDE toolbox to run a simulation of species transport through that geometry. The 

simulation results are then visualized.  

Interoperability With Hydrogel Work  

These scripts aim to be generalizable to both the work being done with biofilm 

transport and hydrogel transport. The hydrogel transport is being stuided as a useful 

proxy for biofilm transport.  
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Equation Being Solved  

 

Generate Biofilm - Liquid Interface .stl file  

tic  

ECMgeo_generator2 - D(hemisphere_radius,folderName,counter,inner_Radius);  

% ECMgeo_generator2 - Dfun(hemisphere_radius,folderName,counter,inner_Radius);  

% %Use this version for funnel - version of problem  

ECM_time=toc;  

text = Paragraph(sprintf('ECM geometry generator time: %d 

minutes',round(ECM_time/60,3))); %Steady - state vs Transient  

append(doc, text);  

 

Generate Bacteria .stl file  

tic  

bacteriageo_generator2 -

D(phi_LI,phi_SI,hemisphere_radius,microsphere_radius,shell_size,folderName,counter,inne

r_Radius,beta,rho); %Generate randomized bacterial matrix (phi_LI,phi_0)  

Bacteria_time=toc;  

text = Paragraph(sprintf('Bacteria geometry generator time: %d 

minutes',round(Bacteria_time/60,3))); %Steady - state vs Transient  

append(doc, text);  

 

Generate PDE Geometry  

% tic  

% [model,numEdges,figureFileName_full]=biofilmgeo_generator2 -

D(counter,folderName,hemisphere_radius,inner_Radius);  

% Biofilm_time=toc;  

% text = Paragraph(sprintf('Biofilm geometry generator time: %d 

minutes',round(Biofilm_time/60,3))); %Steady - state vs Transient  

% append(doc, text);  

Save Geometry Data to Report  

% %Add the Generated Geometry figure to the report  

% figImage = Image(figureFileName_full);  

% figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

% append(doc, figImage);  

Generate Mesh  

% % tic  

% % figureFileName_full=generate_mesh(model,counter,Hmin,folderName);  

% % Mesh_time=toc;  

% % text = Paragraph(sprintf('Mesh generator time: %d minutes',round(Mesh_time/60,3))); 

%Steady - state vs Transient  

% % append(doc, text);  

Save Mesh Data to Report  

% % %Add the figure to the report  

% % figImage = Image(figureFileName_full);  

% % figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

% % append(doc, figImage);  

 

Define Model to Solve for Geometry  

% tic  

% 

model_solver_dynamic(model,m,c,d,a,f,c0,h,q1,g1,q2,g2,time,ci,numEdges,folderName,count

er); %Call and execute model solver  

% Solver_time=toc;  

% text = Paragraph(sprintf('Solver time: %d minutes',round(Solver_time/60,3))); 

%Steady - state vs Transient  

% append(doc, text);  

%  

% counter2=0 %In case I neeed to hardcode the counter  

% folderName2=0;  % Name of the new folder in case I need to hardcode in the folder to 

pull simulations from  

 

Code If Using Old Data  

counter2=7; %In case I neeed to hardcode the counter  

folderName2 = sprintf('Simulation_beta=%d_#%d',beta,counter2) ;  % Name of the new 

folder  

 

 

% Add to report what old data is being used  
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text5 = Paragraph(sprintf('Using Simulation Results from Simulation# : %d',counter)); 

%Steady - state vs Transient  

append(doc, text5);  

Generate 2 - D Concentration Heat Map Plot Overtime  

tic  

TwoDHeatMapTime(folderName,hemisphere_radius,counter,counter2,folderName2,time);  

HeatMap_time=toc;  

text = Paragraph(sprintf('Heat Map time: %d minutes',round(HeatMap_time/60,3)));  

append(doc, text);  

Generate 2 - D Centerline Concentration Profile  

% tic  

% 

figureFileName_full=TwoDCenterplaneplot_generator(folderName,hemisphere_radius,counter,

folderName2,counter2) %If re - using old simulation data  

%  

% TwoDCenterlineplot_time=toc  

% text = Paragraph(sprintf('2 - D Centerline Concentration Plot time: %d 

minutes',round(TwoDCenterlineplot_time/60,3))); %Steady - state vs Transient  

% append(doc, text);  

%  

% % Add the figure to the report  

% figImage = Image(figureFileName_full);  

% figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

% append(doc, figImage);  

%  

Find 1 - D Spherical Concentration Profile (ECM and total volume basis)  

tic  

[figureFileName_full]=OneDSphericalConcentration_Generator_Dynamic(folderName,counter,h

emisphere_radius,shell_size,folderName2,counter2,time,inner_Radius,beta,rho) ; %If re -

using old simulation data)  

OneDSphericalplot_time=toc  

text = Paragraph(sprintf('1D Spherical Coordinate Concentration Plots Time: %d 

minutes',round(OneDSphericalplot_time/60,3))); %Steady - state vs Transient  

append(doc, text);  

 

% Add the figure to the report  

figImage = Image(figureFileName_full);  

figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

append(doc, figImage);  

 

% % Add the figure to the report  

% figImage = Image(figureFileName_full2);  

% figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

% append(doc, figImage);  

%  

% % Add the figure to the report  

% figImage = Image(figureFileName_full3);  

% figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

% append(doc, figImage);  

%  

%  

Find 1 - D Spherical Attached/Total Species Concentration Profile (Shell and Position -

Averaging)  

% tic  

% 

[figureFileName_full5,figureFileName_full6,figureFileName_full7,figureFileName_full8]=A

ttachmentSite_Generator(folderName,counter,kappa,xi,eta);  

% Attachmentplot_time=toc  

% text = Paragraph(sprintf('Attachment Concentration Plots Time: %d 

minutes',round(Attachmentplot_time/60,3)));  

% append(doc, text);  

%  

% % Add the figure to the report  

% figImage = Image(figureFileName_full5);  

% figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

% append(doc, figImage);  

%  

% % Add the figure to the report  

% figImage = Image(figureFileName_full6);  

% figImage.Style = {ScaleToFit ; % Scale the image to fit the page  



 

172 

% append(doc, figImage);  

%  

% % Add the figure to the report  

% figImage = Image(figureFileName_full7);  

% figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

% append(doc, figImage);  

%  

% % Add the figure to the report  

% figImage = Image(figureFileName_full8);  

% figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

% append(doc, figImage);  

Close and save the report  

% Close the document  

close(doc);  

 

% % Open the document  

% rptview(doc.OutputPath);  

 

 

C.2 Hemisphere Generator 

function ECMgeo_generator2 - D(hemisphere_radius,folderName,counter1,inner_radius) 

%Generate the ECM geometry for your simulation  

     

    % Load the current value of the counter  

    if exist('counter_hemisphere_surface.mat', 'file')  

        load('counter_hemisphere_surface.mat', 'counter');  

    else  

        counter = 0; % Initialize if the file does not exist  

    end  

     

    % Increment the counter  

    counter = counter + 1;  

     

    % Display the updated counter value  

    fprintf('This is the %d generated hemisphere geometry. \ n', counter);  

     

    % Save the updated counter value back to the MAT - file  

    save('counter_hemisphere_surface.mat', 'counter');   

 

    import mlreportgen.dom.*;  

 

    % Define the full path for the document  

    filename=sprintf('ECMGeometryGeneratorResults_Run%d',counter);  

    docPath = fullfile(folderName, filename);  

     

    % Create a Word document at the specified path  

    doc = Document(docPath, 'docx');  

         

    % Current date and time  

    timestamp = datestr(now, 'yyyy - mm- dd HH:MM:SS');  

     

    % Add a title  

    title = Paragraph(sprintf('Report for ECM Geometry Generator Run #%d',counter));  

    title.Bold = true;  

    title.FontSize = '24pt';  

    append(doc, title);  

     

    % Add a table  

    table = Table({'Parameter', 'Value'; 'ECMGeometry#', counter; 'Hemisphere Radius', 

hemisphere_radius );  

    append(doc, table);  

 

    % Define the size and resolution of your 3 - D grid  

    [x, y] = meshgrid( - hemisphere_radius:1:hemisphere_radius, 0:1:hemisphere_radius); % 

Note the change in the z - range  
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    % Compute the distance of each point from the origin  

    distance = sqrt(x.^2 + (y - hemisphere_radius).^2);  

 

    % Create a binary mask for the upper hemisphere with a small section  

    % cut - out (remove divide by zero errors in other solution)  

    binaryMask = (distance <= hemisphere_radius) & (y >= 0) & (distance>=inner_radius);  

 

    %Create planes of zeros to pad the faces of the mask  

    blank_plane1=zeros(size(binaryMask,1),1);  

    blank_plane2=zeros(1,size(binaryMask,2)+2);  

 

    %Pad the bacteria geometry to align it with ECM geometry:  

    binaryMask = cat(2, binaryMask ,blank_plane1);  

    binaryMask = cat(2, blank_plane1, binaryMask );  

    binaryMask = cat(1, binaryMask ,blank_plane2);  

    binaryMask = cat(1, blank_plane2, binaryMask );  

 

    % Generate new spatial coordinate system  

    [x, y] = meshgrid(0:1:2*hemisphere_radius+2, 

linspace(hemisphere_radius+2,0,hemisphere_radius+3)); % Note the change in the z - range  

 

    % Create the isocontour plot  

%     fig=figure('Visible','off');  

    fig=figure;  

    [C,h]=contour(x, y,binaryMask, [0.623,0.623]);  

%     title('Isocontour Plot');  

    xlabel('X');  

    ylabel('Y');  

    % Save the figure  

    figureFileName=sprintf('ECMgeo_Run%d.png',counter1);    

    figureFileName_full=fullfile(folderName, figureFileName);  

    saveas(fig, figureFileName_full);  % Save as a PNG file  

    % Add the figure to the report  

    figImage = Image(figureFileName_full);  

    figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

    append(doc, figImage);  

     

    vertices=[]; %edges matrix  

    faces=[]; %faces matrix  

    k1=1;  

    base=1;  

    vertices=[C(1,2), C(2,2)];%This line is particular to the ECM code  

    k3=1 ; %This line if particlar to the ECM come  

    for i1=3:size(C,2) %loop over all of the entries of the contour output function  

        % if C(1,i1)==0.623 %found new contour lines  

        %     k1=k1+1; %update contour number counter  

        %     %finish last contour line  

        %     faces(end,:)=[]; %override last face  

        %     %start new contour line  

        %     base=i1 - k1 ; %Define base vertex for all edges  

        %     flag=1; %set flag  

        % elseif flag==1 %skip face assingment for first entry in new contour line  

        %     k3=k3+1; %vertices number counter  

        %     vertices=[vertices; [C(1,i1), C(2,i1)]];  

        %     flag=0;  

        % else  

        k3=k3+1; %vertices number counter  

        vertices=[vertices; [C(1,i1), C(2,i1)]];  

        faces=[faces; [base, k3, k3+1]];  

        % end  

    end  

    faces(end,:)=[]; %override last face for last contour  

 

    %Grab inner hemisphere vertices and substratum vertices for BC definition later  

    inner_hemi_vert=[];  

    for i=1:length(vertices)  

        if vertices(i,2)>0.7 && vertices(i,2)<inner_radius+1 && 

vertices(i,1)>hemisphere_radius - inner_radius - 1 && 

vertices(i,1)<hemisphere_radius+inner_radius+2 %0.7 comes from the 0.623 you sued for 

isocontour  
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            inner_hemi_vert=[inner_hemi_vert ; vertices(i,:)];  

        end  

        if vertices(i,2)<0.7  

            inner_hemi_vert=[inner_hemi_vert ; vertices(i,:)];  

        end  

    end  

 

    %Interpolate between inner hemisphere vertices to rpevent leakage  

    x=inner_hemi_vert(:,1);  

    y=inner_hemi_vert(:,2);  

 

    % Number of interpolated points between each pair of adjacent points  

    numInterpPoints = 4;  

     

    % Initialize arrays for new interpolated x and y values  

    x_interp = [];  

    y_interp = [];  

     

    for i = 1:length(x) - 1 

        % Start and end points  

        x_start = x(i);  

        x_end = x(i + 1);  

        y_start = y(i);  

        y_end = y(i + 1);  

         

        % Linear interpolation for x and y values  

        x_temp = linspace(x_start, x_end, numInterpPoints + 2);  

        y_temp = linspace(y_start, y_end, numInterpPoints + 2);  

         

        % Append the interpolated points, excluding the last point to avoid duplication  

        x_interp = [x_interp, x_temp(1:end - 1)];  

        y_interp = [y_interp, y_temp(1:end - 1)];  

    end  

     

    % Append the last point  

    x_interp = [x_interp, x(end)];  

    y_interp = [y_interp, y(end)];  

 

    inner_hemi_vert_int=zeros(length(y_interp),2);  

    inner_hemi_vert_int(:,1)=x_interp ;  

    inner_hemi_vert_int(:,2)=y_interp ;  

 

    %Save the vertices  

    filename=sprintf('hemi_Vertices_%d.mat',counter1);  

    save(fullfile(folderName, filename),'inner_hemi_vert_int',' - v7.3') %Save variable 

for ease re - running code  

 

    pgon=polyshape(vertices); %Create polygon shape from vertices  

     

    %Plot polygon shape  

    fig=figure();  

    plot(pgon)  

 

    % Save the figure  

    figureFileName=sprintf('ECMgeopoly_Run%d.png',counter1);    

    figureFileName_full=fullfile(folderName, figureFileName);  

    % saveas(fig, figureFileName_full);  % Save as a PNG file  

 

    % % Add the figure to the report  

    % figImage = Image(figureFileName_full);  

    % figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

    % append(doc, figImage);  

 

    %Save the polygon  

    filename=sprintf('Hemispheregeo_Run%d.mat',counter1);  

    save(fullfile(folderName, filename),'pgon',' - v7.3') %Save variable for ease re -

running code  

 

    %Create triangulation object  

    TR = triangulation(pgon);  
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    %Save traingulation object  

    filename=sprintf('hemisphere_tri_Run%d.mat',counter1);  

    save(fullfile(folderName, filename),'TR',' - v7.3') %Save variable for  

 

    % Plot the triangulation  

    fig=figure;  

    triplot(TR);  

%     title('Triangulation from Contour Plot');  

    % Save the figure  

    figureFileName=sprintf('ECMgeotri_Run%d.png',counter1);    

    figureFileName_full=fullfile(folderName, figureFileName);  

    saveas(fig, figureFileName_full);  % Save as a PNG file  

     

    % Add the figure to the report  

    figImage = Image(figureFileName_full);  

    figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

    append(doc, figImage);  

 

    % Close the document  

    close(doc);  

 

end  

 

 

C.3 Microsphere Generator 

function bacteriageo_generator2 -

D(phi_LI,phi_0,hemisphere_radius,microsphere_radius,shell_size,folderName,counter1,inne

r_Radius,beta,rho)  

     

     

    % Display the updated counter value  

    fprintf('This is the %d generated bacterial geometry. \ n', counter1);  

     

    % Save the updated counter value back to the MAT - file  

    save('counter_bacteriageo.mat', 'counter1');     

 

    import mlreportgen.dom.*;  

 

    % Define the full path for the document  

    filename=sprintf('BacteriaGeometryGeneratorResults_Run%d',counter1);  

    docPath = fullfile(folderName, filename);  

     

    % Create a Word document at the specified path  

    doc = Document(docPath, 'docx');  

         

    % Current date and time  

    timestamp = datestr(now, 'yyyy - mm- dd HH:MM:SS');  

     

    % Add a title  

    title = Paragraph(sprintf('Report for Bacterial Geometry Generator Run 

#%d',counter1));  

    title.Bold = true;  

    title.FontSize = '24pt';  

    append(doc, title);  

     

    % Add a table  

    table = Table({'Parameter', 'Value'; 'Geometry#', counter1; 'Porosity_LI', phi_LI; 

'Porosity_0', phi_0; 'Hemisphere Radius', hemisphere_radius; 'Microsphere Radius', 

microsphere_radius; 'Shell Size', shell_size );  

    append(doc, table);  

 

    % Define the size of the 3 - D volume (adjust as needed)  

    volumeSize = [hemisphere_radius+1,hemisphere_radius*2+1];    

 

    %Generate position - vector for shell positions  
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    num_shells=((volumeSize(2) - 1)/2)/shell_size -

inner_Radius/hemisphere_radius*shell_size ; %Calculate the number of shells  

    shell_positions=zeros(num_shells,4); %Initialize the shell r - coordinate limits 

vector (first column is the shell - number, second is the lower r - limit, third is the 

upper r - limit, fourth is the center - r)  

    shell_positions_dim=shell_positions;%Initialize dimensionless shell radial 

positions vector  

 

    %generate vector for storing porosity values for each shell  

    porosity=zeros(num_shells,3) ;  

 

    %Create binary mask for spheres  

    binaryMask = false(volumeSize);  

 

    k1=inner_Radius; %running position tracker  

 

    % Generate new spatial coordinate system  

    [X, Y] = meshgrid(0:1:2*hemisphere_radius, 

linspace(hemisphere_radius,0,hemisphere_radius+1)); % Note the change in the z - range  

    radius = microsphere_radius; %Define radius  

    buffer=radius+2 ; %New definition of buffer  

     

    %Primary loop over all shells  

    for i=1:num_shells %Begin loop  

        shell_positions(i,1)=i ; %Define the shell - number for the shell - position vector  

        porosity(i,1)=i ; %Define the shell - number for the porosity vector  

        shell_positions_dim(i,1)=i ; %Define the shell - number for dimensionless shell 

position vector  

        shell_positions(i,2)=k1 ; %Define the r lower limit  

        shell_positions(i,4)=k1+shell_size/2 ; %Define the center - r  

        k1=k1+shell_size; %Update position tracker  

        shell_positions(i,3)=k1 ; %Define the r upper limit  

 

        %Define sphere properties  

        shell_positions_dim(i,2:end)=shell_positions(i,2:end)./hemisphere_radius ; 

%Define dimensionless shell radial positions  

        % num_spheres=(1 - beta*shell_positions_dim(i,4) - rho)*(shell_positions(i,3)^2 -

shell_positions(i,2)^2)/(2*radius^2); %Define number of spheres needed  

        num_spheres=(1 - beta*shell_positions(i,4) - rho)*(shell_positions(i,3)^2 -

shell_positions(i,2)^2)/(2*radius^2); %Define number of spheres needed  

 

 

        %Calculate Porosity and Store in Porosity Vector  

        porosity(i,2)=beta*shell_positions(i,4)+rho ;  

        % porosity(i,2)=beta*shell_positions_dim(i,4)+rho ;  

        porosity(i,3)=1 - 2*num_spheres*radius^2/(shell_positions(i,3)^2 -

shell_positions(i,2)^2) ; %Calculate porosity second way to confirm good math          

 

        if i==1 %Case of first subshell, don't want microsphere sticking out bottom  

            subVolumeLimits = [shell_positions(i,2)+buffer, shell_positions(i,3) ; 0, 

pi]; % Define the limits for X, Y, and Z  

        elseif i==num_shells %Case of last subshell, don't want microsphere sticking 

out top  

            subVolumeLimits = [shell_positions(i,2), shell_positions(i,3) - buffer ; 0, 

pi]; % Define the limits for X, Y, and Z  

        else %all others don't need buffer  

            subVolumeLimits = [shell_positions(i,2), shell_positions(i,3) ; 0, pi]; % 

Define the limits for X, Y, and Z  

        end  

 

 

 

 

        for j = 1:int8(num_spheres)  

            overlap = true;  

            while overlap  

                % Initialize flag for the second while loop  

                validCenter = false;  

 

                while ~validCenter  
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                    % Randomize the coordinates of the center of the sphere in 

spherical coordinates  

                    r_rand = subVolumeLimits(1, 1) + (subVolumeLimits(1, 2) -  

subVolumeLimits(1, 1)) * rand; % Generate a random radial value using upper/lower 

limits  

                    theta_rand = subVolumeLimits(2, 1) + (subVolumeLimits(2, 2) -  

subVolumeLimits(2, 1)) * rand; % Generate a random theta value using upper/lower limits  

 

                    center_sph = [r_rand; theta_rand]; % Generate random positions 

within subVolumeLimits  

 

                    % Translate those randomized coordinates into cartesian coordinates 

(This should provide some relatively randomized jitter to the system)  

                    translate=[hemisphere_radius,0] ;  %Specify x - coordiante 

translation that is needed to properly move the origin for coordinate transformation  

                    center_cart = polar_cart_coord_transfer(center_sph,translate);  

 

                    % Check if the center coordinate causes overlap with  

                    % the edges of the geometry  

                    Cond1=center_cart(2) >= microsphere_radius+2 ; %Check for 

microsphere too close to bottom  

                    Cond2=center_cart(2) <= volumeSize(1) - microsphere_radius - 2 ; %Check 

for microsphere too close to top  

                    Cond3=center_cart(1) >= microsphere_radius+2 ; %Check for 

microsphere too close to LHS  

                    Cond4=center_cart(1) <= volumeSize(2) - microsphere_radius - 2 ; %Check 

for microsphere too close to RHS  

                    if Cond1 && Cond2 && Cond3 && Cond4  

                        validCenter = true; % Valid center found, exit the while loop  

                    end  

                end  

 

                % Create a sphere at these randomized coordinates using the  

                % formula for a circle  

                sphereMask = (X -  center_cart(1)).^2 + (Y -  center_cart(2)).^2 <= 

radius^2;  

                sphereMask_buffer= (X -  center_cart(1)).^2 + (Y -  center_cart(2)).^2 <= 

(radius+2)^2;  

 

                % Check for overlap  

                overlap = any(binaryMask(sphereMask_buffer), 'all');  

 

                % If no overlap, add sphere to binary mask  

                if ~overlap  

                    binaryMask = binaryMask | sphereMask;  

                end  

            end  

        end  

    end  

         

    %Create planes of zeros to pad the faces of the mask  

    blank_plane1=zeros(size(binaryMask,1),1);  

    blank_plane2=zeros(1,size(binaryMask,2)+2);  

 

    %Pad the bacteria geometry to align it with ECM geometry:  

    binaryMask = cat(2, binaryMask ,blank_plane1);  

    binaryMask = cat(2, blank_plane1, binaryMask );  

    binaryMask = cat(1, binaryMask ,blank_plane2);  

    binaryMask = cat(1, blank_plane2, binaryMask );  

 

    % Define the center of the volume (central point)  

    center = [(size(binaryMask,2) - 1)/2, size(binaryMask,1) - 1];  

 

    % Get the indices of all true values in the binary mask  

    [trueX, trueY] = ind2sub(size(binaryMask), find(binaryMask));  

 

    % Calculate the distance of each true value from the center  

    true_distances = sqrt((trueX -  center(1)).^2 + (trueY -  center(2)).^2);  

 

    % Check if any true value is outside the desired radius  
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    outsideRadius = true_distances > hemisphere_radius;  

 

    % If any true values are found outside the desired radius, print their coordinates  

    if any(outsideRadius)  

        disp('There are true values outside the specified radius.');  

        trueValuesOutside = [trueX(outsideRadius), trueY(outsideRadius)];  

        disp('Coordinates of true values outside the radius:');  

        disp(trueValuesOutside);  

    else  

        disp('All true values are within the specified radius.');  

    end  

 

    % Define the center of the volume (central point)  

    center = [(size(binaryMask,2) - 1)/2, 1];  

 

    % Generate new spatial coordinate system  

    [X, Y] = meshgrid(0:1:2*hemisphere_radius+2, 

linspace(hemisphere_radius+2,0,hemisphere_radius+3)); % Note the change in the z - range  

 

    % Calculate distances from the center for each element in the binary mask  

    distances = round(sqrt((X -  center(1)).^2 + (Y -  center(2)).^2),0);  

     

    % Get unique distances  

    unique_distances = unique(distances);  

     

    % Initialize array to hold average values  

    average_values = zeros(size(unique_distances,1),2);  

    average_values(:,1)=unique_distances;  

     

    % Compute average value of binary mask for each unique distance  

    for i = 1:length(unique_distances)  

        mask_at_distance = distances == unique_distances(i);  

        average_values(i,2) = 1 - mean(binaryMask(mask_at_distance));  

    end  

     

    % Create a figure  

    fig=figure('Visible','off');  

    plot(unique_distances,average_values(:,2),'ok - ');  

    xlabel('Dimensionless Radial Position');  

    ylabel('Porosity');  

    hold on  

    plot(shell_positions(:,4),porosity(:,2),'or');  

    plot(shell_positions(:,4),porosity(:,2),'b - ');  

    legend('Posiiton - Average Porosity','Shell - Average Porosity','Theoretical 

Porosity','Location','southeast');  

 

    % Save the figure  

    figureFileName=sprintf('Porosity_Run%d.png',counter1);  

    figureFileName_full=fullfile(folderName, figureFileName);  

    saveas(fig, figureFileName_full);  % Save as a PNG file  

     

    % Add the figure to the report  

    figImage = Image(figureFileName_full);  

    figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

    append(doc, figImage);  

     

    % Generate new spatial coordinate system  

    [x, y] = meshgrid(0:1:2*hemisphere_radius+2, 

linspace(hemisphere_radius+2,0,hemisphere_radius+3)); % Note the change in the z - range  

 

    % Create the isocontour plot  

%     fig=figure('Visible','off');  

    fig=figure;  

    [C,h]=contour(x, y,binaryMask, [0.623,0.623]);  

%     title('Isocontour Plot');  

    xlabel('X');  

    ylabel('Y');  

 

    %Import Hemisphere Model Geometry  

    filename=sprintf('Hemispheregeo_Run%d.mat',counter1);  
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    filepath_full=fullfile(folderName, filename);  

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            pgon = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded Data is empty');  

        end  

    else  

        error('Failed to load data');  

    end  

    clear cell  

     

    vertices_all=[]; %initialize all vertices matrix  

    vertices=[]; %Initialize working vertices matrix  

    for i1=2:size(C,2) %loop over all of the entries of the contour output function  

        if C(1,i1)==0.623 %found new contour line  

            newhole=polyshape(vertices); %create new polyhspae from previous vertices  

            pgon = addboundary(pgon,vertices);  %remove polyshape from geometry  

            vertices_all=[vertices_all ; vertices];  

            vertices=[]; %restart vertices matrix  

        else  

            vertices=[vertices; [C(1,i1), C(2,i1)]];  

        end  

    end  

 

    %Add last vertice to find the substratum  

    vertices_all=[vertices_all; [hemisphere_radius/2, 50]];  

    vertices_all=[vertices_all; [3*hemisphere_radius/2, 0]];  

 

    %Import Inner hemi vertices  

    filename=sprintf('hemi_Vertices_%d.mat',counter1);  

    filepath_full=fullfile(folderName, filename);  

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            hemi_vert = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded Data is empty');  

        end  

    else  

        error('Failed to load data');  

    end  

    clear cell  

 

    %Add hemi vertices  

    vertices_all=[vertices_all; hemi_vert];  

 

    %Save the vertices  

    filename=sprintf('Vertices_%d.mat',counter1);  

    save(fullfile(folderName, filename),'vertices_all',' - v7.3') %Save variable for ease 

re - running code  

     

    %Plot polygon shape  

    fig=figure();  

    plot(pgon)  

 

    % Save the figure  

    figureFileName=sprintf('Bacteriapoly_Run%d.png',counter1);    

    figureFileName_full=fullfile(folderName, figureFileName);  

    % saveas(fig, figureFileName_full);  % Save as a PNG file  

 

    % % Add the figure to the report  

    % figImage = Image(figureFileName_full);  

    % figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

    % append(doc, figImage);  

 

    %Save the polygon  
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    filename=sprintf('Bacteria_Run%d.mat',counter1);  

    save(fullfile(folderName, filename),'pgon',' - v7.3') %Save variable for ease re -

running code  

 

    %Create triangulation object  

    TR = triangulation(pgon);  

 

    % Plot the triangulation  

    fig=figure;  

    triplot(TR);  

%     title('Triangulation from Contour Plot');  

%  

    %Save traingulation object  

    filename=sprintf('bacteria_tri_Run%d.mat',counter1);  

    save(fullfile(folderName, filename),'TR',' - v7.3') %Save variable for ease re -

running code  

 

    % Save the figure  

    figureFileName=sprintf('Bacteria Geometry_Run%d.png',counter1);  

    figureFileName_full=fullfile(folderName, figureFileName);  

    saveas(fig, figureFileName_full);  % Save as a PNG file  

     

    % Add the figure to the report  

    figImage = Image(figureFileName_full);  

    figImage.Style = {ScaleToFit ; % Scale the image to fit the page  

    append(doc, figImage);  

 

    %Save Theoretical Porosity Vector  

    filename=sprintf('porosity_%d.mat',counter1);  

    save(fullfile(folderName, filename),'porosity',' - v7.3') %Save variable for ease re -

running code  

 

    %Save Measured Porosity Vector  

    filename=sprintf('porosity_meas_%d.mat',counter1);  

    save(fullfile(folderName, filename),'average_values',' - v7.3') %Save variable for 

ease re - running code  

 

    %Save Shell - Positions Vector  

    filename=sprintf('shell_positions_%d.mat',counter1);  

    save(fullfile(folderName, filename),'shell_positions',' - v7.3') %Save variable for 

ease re - running code  

 

    % Close the document  

    close(doc);  

     

end  

 

 

 

C.4 Biofilm Generator 

function [model,numEdges,figureFileName_full]=biofilmgeo_generator2 -

D(counter,folderName,hemisphere_radius,inner_Radius)  

    %UNTITLED3 Summary of this function goes here  

    %   Detailed explanation goes here  

 

    % Initiative PDE model with geometry  

    model = createpde();  

 

    %Import Bacteria Model Geometry  

    filename=sprintf('bacteria_tri_Run%d.mat',counter);  

    filepath_full=fullfile(folderName, filename);  

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            bacteria_tri = cell{1 ; % Extract data in cell into variable  
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        else  

            error('Loaded Data is empty');  

        end  

    else  

        error('Failed to load data');  

    end  

    clear cell  

 

    nodes = bacteria_tri.Points';  

    elements = bacteria_tri.ConnectivityList';  

    geo=geometryFromMesh(model, nodes, elements);  

 

    mesh = generateMesh(model, 'Hmin', 0.1);  % Example with maximum element size of 

0.1  

 

    % Visualize the geometry and mesh  

    pdegplot(model);  

    fig=figure;  

    pdemesh(model);  

 

    % Save the figure  

    figureFileName=sprintf('Biofilm Meshed Geometry_Run%d.png',counter);  

    figureFileName_full=fullfile(folderName, figureFileName);  

    saveas(fig, figureFileName_full);  % Save as a PNG file  

     

    %Import Bacteria/substratum/hemispheres Vertices  

    filename=sprintf('Vertices_%d.mat',counter);  

    filepath_full=fullfile(folderName, filename);  

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            vertices_bact = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded Data is empty');  

        end  

    else  

        error('Failed to load data');  

    end  

    clear cell  

 

   %Identify edges closest to bacteria vertices  

    num_vertices=size(vertices_bact,1);  

    bact_edges=zeros(num_vertices,1);  

    for i1=1:size(vertices_bact,1)  

        bact_edges(i1)=nearestEdge(geo,vertices_bact(i1,:));  

    end  

 

    bact_edges=unique(bact_edges); %Isolate unique values  

    filename=sprintf('bact_edges_%d.mat',counter); %Save Shell - Positions Vector  

    save(fullfile(folderName, filename),'bact_edges',' - v7.3') %Save variable for ease 

re - running code  

 

    numEdges=geo.NumEdges;  

 

end  

 

 

 

C.5 Generate Mesh 

f unction figureFileName_full=generate_mesh(model,counter,Hmin,folderName)  

     

    %Generate Mesh  

    mesh=generateMesh(model,Hmin=Hmin);  

     

%     %Visualize Mesh  
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%     fig=figure('Visible','off');  

%     pdemesh(mesh)  

    % title("Mesh for Biofilm")  

     

    % Save the figure  

    figureFileName=sprintf('Biofilm Mesh_Run%d.png',counter);  

    figureFileName_full=fullfile(folderName, figureFileName);  

%     saveas(fig, figureFileName_full);  % Save as a PNG file  

 

end  

 

 

 

C.6 Model Solver 

function 

model_solver_dynamic(model,m,c,d,a,f,c0,h,q1,g1,q2,g2,time,ci,numEdges,folderName,count

er)  

     

    %Specify Model Coeffecients (aka, specify the model) for Steady - state Solution  

    specifyCoefficients(model,"m",m,"d",d,"c",c,"a",a,"f",f);  

 

    %Import Bacteria Model Geometry  

    filename=sprintf('bact_edges_%d.mat',counter);  

    filepath_full=fullfile(folderName, filename);  

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            bact_Edges = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded Data is empty');  

        end  

    else  

        error('Failed to load data');  

    end  

    clear cell  

 

    allValues=1:numEdges;  

    excludedValues = setdiff(allValues, bact_Edges);  

    hemisphere_surf=excludedValues';  

     

    %Specify Boundary Conditions  

    applyBoundaryCondition(model,"neumann",'Edge',bact_Edges,'q',q1,'g',g1) %Specify 

zero - flux condition for bottom and microspheres/bacteria  

    applyBoundaryCondition(model,"dirichlet",'Edge',hemisphere_surf,'h',h,'r',c0) 

%Specify constant concentration BC for rest of faces  

    % 

applyBoundaryCondition(model,"dirichlet",'Face',bottom_face+1:pre_merge_num_faces,'h',h

,'r',c0); %Specify constant concentration BC for rest of faces  

    % 

applyBoundaryCondition(model,"neumann",'Face',pre_merge_num_faces+1:num_faces,'q',q2,'g

',g2); %Specify zero - flux condition at bacteria - ECM boundary  

     

    %Specify Initial Condition  

    setInitialConditions(model,ci)  

     

    %Solve Equation (Dynamic solution)  

    results = solvepde(model,time);  

     

    %Extract the Results  

    u=results.NodalSolution;  

     

    %Save results  

    filename=sprintf('nodalsolution_%d.mat',counter);  

    save(fullfile(folderName, filename),'u',' - v7.3')%Save variable for ease re - running 

code  
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    filename=sprintf('PDEresults_%d.mat',counter);  

    save(fullfile(folderName, filename),'results',' - v7.3')%Save variable for ease re -

running code  

end  

 

 

 

C.7 HeatMap Generator 

Brief summary of this function.  

Detailed explanation of this function.  

function 

TwoDHeatMapTime(folderName,hemisphere_radius,counter,counter2,folderName2,tlist)  

     

    % Load PDE results  

    if counter2==0  

        filename = sprintf('PDEresults_%d.mat', counter);  

        filepath_full=fullfile(folderName, filename);  

    else  

        filename = sprintf('PDEresults_%d.mat', counter2);  

        filepath_full=fullfile(folderName2, filename);  

    end  

 

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            results = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded PDEresults is empty');  

        end  

    else  

        error('Failed to load PDEresults');  

    end  

    clear cell  

     

 

    % Assuming 'results' and 'tlist' are already defined  

    u = results.NodalSolution;  

     

    % Create a VideoWriter object  

    videoFile = sprintf('output_movie_%d.mp4',counter);  

    videoFile_full=fullfile(folderName, videoFile);  

    writerObj = VideoWriter(videoFile_full, 'MPEG - 4');  

    writerObj.FrameRate = 10; % Set the frame rate (frames per second)  

    open(writerObj);  

     

    % Define the meshgrid for 2 - D plotting  

    [X, Y] = meshgrid(0:1:2*hemisphere_radius+2, 0:1:hemisphere_radius+2); % Note the 

change in the z - range  

     

    % Interpolate the solution for each time step  

    v = interpolateSolution(results, X, Y, 1:length(tlist));  

     

    % Loop through each time step to plot and save frames  

    for i = 1:numel(tlist)  

        V = reshape(v(:, i), size(Y));  

        figure('Visible', 'off'); % Make figure invisible to prevent popping up  

        surf(X, Y, V, 'LineStyle', 'none');  

        axis equal;  

        view(0,90)  

        % title("Centerline cross - section with D=" + c + " [1]");  

        xlabel("x");  

        xlim([0, 2*hemisphere_radius+2]);  

        ylabel("y");  

        ylim([0, hemisphere_radius+2]);  

        clim([0, 1]); % Set the minimum and maximum color values  
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        colorbar;  

         

        % Capture the current figure as a frame  

        frame = getframe(gcf);  

        % Write the frame to the video file  

        writeVideo(writerObj, frame);  

        close(gcf); % Close the figure  

    end  

     

    % Close the video file  

    close(writerObj);  

     

    % % Open the video file using the 'open' command in Terminal (for macOS)  

    % system(['open ', videoFile]);  

end  

 

 

 

C.8 One Coordinate Transfer Post-processing 

Brief summary of this function.  

Detailed explanation of this function.  

function 

[figureFileName_full]=OneDSphericalConcentration_Generator_Dynamic(folderName,counter,h

emisphere_radius,shell_size,folderName2,counter2,time,inner_radius,beta,rho)  

Load PDE results  

    if counter2==0  

        filename = sprintf('PDEresults_%d.mat', counter);  

        filepath_full=fullfile(folderName, filename);  

    else  

        filename = sprintf('PDEresults_%d.mat', counter2);  

        filepath_full=fullfile(folderName2, filename);  

    end  

     

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            results = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded PDEresults is empty');  

        end  

    else  

        error('Failed to load PDEresults');  

    end  

    clear cell  

Load Measured Porosity results  

    if counter2==0  

        filename = sprintf('porosity_meas_%d.mat',counter);  

        filepath_full=fullfile(folderName, filename);  

    else  

        filename = sprintf('porosity_meas_%d.mat',counter2);  

        filepath_full=fullfile(folderName2, filename);  

    end  

     

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            porosity_meas = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded PDEresults is empty');  

        end  

    else  

        error('Failed to load PDEresults');  

    end  

    clear cell  
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Grab x/y/z coordinates for the nodes (in order)  

    mesh_results=results.Mesh; %grab the mesh object inside the results  

    mesh_nodes=mesh_results.Nodes; %grab the nodes attribute of the mesh object, which 

gives the x/y/z coordinates of the node  

Translate the x/y/z coordinates to the origin of the hemisphere embedded in the model 

geometry.  

    mesh_coordinates=mesh_nodes - [hemisphere_radius+1;1];  

Translate mesh coordinates into radial vector  

    mesh_radial=zeros(size(mesh_coordinates,2),1);  

    for i=1:size(mesh_coordinates,2)  

        center_cart=[mesh_coordinates(1,i),mesh_coordinates(2,i)];  

        center_sph =cart_polar_coord_transfer(center_cart,0);  

        mesh_radial(i)=center_sph(1);  

    end  

Load nodal solution  

    % Load nodal solution  

    if counter2==0  

        filename = sprintf('nodalsolution_%d.mat', counter);  

        filepath_full=fullfile(folderName, filename);  

    else  

        filename = sprintf('nodalsolution_%d.mat', counter2);  

        filepath_full=fullfile(folderName2, filename);  

    end  

 

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            u = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded nodalsolution is empty');  

        end  

    else  

        error('Failed to load nodalsolution');  

    end  

    clear cell  

Plot the radial value vs concentration (total volume basis and ECM volume basis)  

    %Turns out I needed to do that averaging anyway  

     

    %Collate radial coordinatea and solution values into one matrix  

    numt=size(u,2); %Grab number of timepoints  

    u_radial=zeros(size(u,1),2,numt) ; %Initialize matrix  

    for i1=1:numt %Loop over time - values  

        u_radial(:,1,i1)=mesh_radial ; %populate radial position radial coordinates  

        u_radial(:,2,i1)=u(:,i1) ; %populate solution values  

    end  

Shell - averaging ECM and Total Concentration  

    %Generate position - vector for shell positions  

    num_shells=hemisphere_radius/shell_size - 1 ; %Calculate the number of shells  

    shell_values=zeros(num_shells,5,numt); %Initialize the shell r - coordinate limits 

vector (first column is the shell - number, second is the lower r - limit, third is the 

upper r - limit, fourth is the average ECM - basis concentration value, fifth is the 

averag e total - basis concentration value)  

    porosity=shell_values;%Initialize dimensionless shell radial positions vector  

     

    % Initialize a vector to store the average values for each range  

    average_values = zeros(num_shells, 1);  

     

    %Primary loop over all shells  

     

    for i2=1:numt %Loop over time - values  

        k1=inner_radius; %running position tracker  

        for i3=1:num_shells %Begin loop  

            shell_values(i3,1,i2)=i3 ; %Calculate dimensionless shell radial positions  

            shell_values(i3,2,i2)=k1 ; %Define the r lower limit  

            porosity(i3,1,i2)=i3 ; %Define the shell number  

            porosity(i3,2,i2)=k1+shell_size/2 ; %Define the center - r  

            k1=k1+shell_size; %Update position tracker  

            shell_values(i3,3,i2)=k1 ; %Define the r upper limit  
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            porosity(i3,2,i2)=porosity(i3,2,i2) ; %Define dimensionless shell radial 

positions  

     

            % Find the indices of the rows where the first column value is within the 

current range  

            indices = u_radial(:, 1,i2) >= shell_values(i3,2,i2) & u_radial(:, 1,i2) <= 

shell_values(i3,3,i2);  

     

    %         % Find the indices of the rows where the first column value is within the 

current range  

    %         indices = find(u_radial(:, 1) >= shell_values(i,2) & u_radial(:, 1) <= 

shell_values(i,3));  

     

            % Extract the corresponding values from the second column  

            second_column_values = u_radial(indices, 2,i2);  

            porosity(i3,3,i2)= beta*porosity(i3,2,i2)+rho ;  

     

            % Calculate the average of the extracted values  

            if ~isempty(second_column_values)  

                shell_values(i3,4,i2) = mean(second_column_values);  

            else  

                shell_values(i3,4,i2) = NaN;  % Handle the case where no values fall 

within the range  

            end  

        end  

     

        %Convert ECM - volume basis concentration to total volume basis  

        shell_values(:,5,i2)= shell_values(:,4,i2).*porosity(:,3,i2); %  

 

    end  

Unique - point averaging ECM and Total Concentration  

 

    %Add two columns to measured porosity to store ECM concentration and total  

    %volume concentration  

    num_points=size(porosity_meas, 1);  

    point_values = zeros(num_points,4,numt);  

    for i2=1:numt %Loop over time - values  

        % Loop through each interval in B  

        for i = 1:length(porosity_meas)  

            % Define the current interval  

            if i==1  

                lower_bound = porosity_meas(i,1);  

            else  

                lower_bound = mean([porosity_meas(i - 1,1),porosity_meas(i,1)]);  

            end  

         

            if i==length(porosity_meas)  

                upper_bound = porosity_meas(i,1);  

            else  

                upper_bound = mean([porosity_meas(i,1),porosity_meas(i+1,1)]);  

            end  

            % Find the entries in the first column of A that fall within this interval  

            indices = find(u_radial(:, 1,i2) > lower_bound & u_radial(:, 1,i2) <= 

upper_bound);  

            % Extract the corresponding entries from the second column of A  

            if ~isempty(indices)  

                values = u_radial(indices, 2,i2);  

                % Calculate and store the average  

                point_values(i,1:2,i2)=porosity_meas(i,1:2);  

                point_values(i,3,i2) = mean(values);  

            else  

                point_values(i,1:2,i2)=porosity_meas(i,1:2);  

            end  

            point_values(i,4,i2)=point_values(i,3,i2)*point_values(i,2,i2); %Calculate 

total - volume average concentration using porosity and concentration values  

        end  

    end  

 

 

Plotting  
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    %Plot to compare concentration on total - basis using shell - averaging to 

concentration on total - basis using point - averaging  

    for i2=1:5:numt %Loop over time - values  

        plot(porosity(:,2,i2),shell_values(:,5,i2),'.') %Plot Total Volume Basis using 

shell - averaging  

        hold on  

    end  

    hold off  

    % Preallocate the string array  

    strArray = strings(1, (numt - 1)/5);  

    k1=0;  

    % Constructing the string array  

    for i3 = 1:5:numt  

        k1=k1+1;  

        strArray(k1) = "t= " + round(time(i3),1);  

    end     

     

    legend(strArray);  

    xlabel('Dimensionless Radial Position')  

    ylabel('Average Concentration')  

    xlim([0 hemisphere_radius])  

    % Save the figure  

    figureFileName=sprintf('Averaging Comparison Total - Basis_Run%d.png',counter);  

    figureFileName_full=fullfile(folderName, figureFileName);  

    saveas(gcf, figureFileName_full);  % Save as a PNG file  

 

    %Plot to compare concentration on total - basis using shell - averaging to 

concentration on total - basis using point - averaging  

    for i2=1:5:numt %Loop over time - values  

        plot(point_values(:,1,i2),point_values(:,4,i2),'.') %Plot ECM Volume Basis 

using unique - point averaging  

        hold on  

    end  

    hold off  

    % Preallocate the string array  

    strArray = strings(1, (numt - 1)/5);  

    k1=0;  

    % Constructing the string array  

    for i3 = 1:5:numt  

        k1=k1+1;  

        strArray(k1) = "t= " + round(time(i3),1);  

    end     

     

    legend(strArray);  

    xlabel('Dimensionless Radial Position')  

    ylabel('Average Concentration')  

    xlim([0 hemisphere_radius])  

    % Save the figure  

    figureFileName=sprintf('Averaging Comparison Total -

Basis_positionavg_Run%d.png',counter);  

    figureFileName_full=fullfile(folderName, figureFileName);  

    saveas(gcf, figureFileName_full);  % Save as a PNG file  

 

     

 

    % %Plot the radial position of the nodes vs the solution value for the  

    % %nodes, comparing no averaging, position - averaging, and shell - averaing  

    % %for ECM - volume basis concentrations  

    % plot(u_radial(:,1)./hemisphere_radius,u_radial(:,2),'*b') %Plot ECm - volume basis 

concentration using no averaging  

    % hold on  

    % plot(porosity_meas(:,1)./hemisphere_radius,porosity_meas(:,3),'.r') %Plot ECM 

Volume Basis using unique - point averaging  

    % plot(porosity(:,2),shell_values(:,4),' - ok','LineWidth',2) %Plot ECM - volume basis 

using shell - averaging  

    % legend('ECM - basis : No averaging','ECM - basis : Position - averaged','ECM - basis : 

Shell - averaged','Location','southeast')  

    % xlabel('Dimensionless Radial Position')  

    % ylabel('Dimensionless Concentration')  

    % xlim([0 1])  
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    % hold off  

    % % Save the figure  

    % figureFileName=sprintf('Averaging Comparison ECM - Basis_Run%d.png',counter);  

    % figureFileName_full1=fullfile(folderName, figureFileName);  

    % saveas(gcf, figureFileName_full1);  % Save as a PNG file  

    %  

    % %Plot to compare concentration on ECM - basis using shell - averaging to 

concentration on total - basis using shell - averaging  

    % plot(porosity(:,2),shell_values(:,5),' - or') %Plot Total Volume Basis using shell -

averaging  

    % hold on  

    % plot(porosity(:,2),shell_values(:,4),' - ok') %Plot ECM - volume basis using shell -

averaging  

    % % title('concentration vs Radius') %for some reason title hasn't been working. 

trying to fix it.  

    % legend('Total - basis : Shell - averaged','ECM - basis : Shell -

averaged','Location','southeast')  

    % xlabel('Dimensionless Radial Position')  

    % ylabel('Average Concentration')  

    % xlim([0 1])  

    % hold off  

    % % Save the figure  

    % figureFileName=sprintf('ECM vs Total - Basis Concentration 

Comparison_Run%d.png',counter);  

    % figureFileName_full2=fullfile(folderName, figureFileName);  

    % saveas(gcf, figureFileName_full2);  % Save as a PNG file  

    %  

    % %Plot to compare concentration on total - basis using shell - averaging to 

concentration on total - basis using point - averaging  

    % plot(porosity_meas(:,1)./hemisphere_radius,porosity_meas(:,4),'.r') %Plot Total 

Volume Basis using unique - point averaging  

    % hold on  

    % plot(porosity(:,2),shell_values(:,5),' - ok','LineWidth',2) %Plot Total Volume 

Basis using shell - averaging  

    % legend('Total - basis : Point - averaged','Total - basis : Shell -

averaged','Location','southeast')  

    % xlabel('Dimensionless Radial Position')  

    % ylabel('Average Concentration')  

    % xlim([0 1])  

    % hold off  

    % % Save the figure  

    % figureFileName=sprintf('Averaging Comparison Total - Basis_Run%d.png',counter);  

    % figureFileName_full3=fullfile(folderName, figureFileName);  

    % saveas(gcf, figureFileName_full3);  % Save as a PNG file  

 

 

Fix matrices to pass along to attachment site calculator  

    % %Fix porosity_measurements to have dimensionless position  

    % porosity_meas(:,1)=porosity_meas(:,1)./hemisphere_radius;  

 

    %Make new matrix for shell - average concentrations  

    shell_avg=zeros(size(shell_values,1),4,numt); %Initialize matrix  

    shell_avg(:,1,:)=porosity(:,2,:); %Add dimensionless radial values  

    shell_avg(:,2,:)=porosity(:,3,:); %Add porosity values  

    shell_avg(:,3,:)=shell_values(:,4,:); %Add ECM - basis shell - average concentrations  

    shell_avg(:,4,:)=shell_values(:,5,:); %Add total - basis shell - average concentrations  

 

    % %Adjust no average concentration radial positions  

    % u_radial(:,1)=u_radial(:,1)./hemisphere_radius;  

Save results  

    %Save Position - Averaged Concentration Vector  

    filename=sprintf('position_avg_conc_%d.mat',counter);  

    save(fullfile(folderName, filename),'point_values',' - v7.3') %Save variable for ease 

re - running code  

 

    %Save Shell - Averaged Concentration Vector  

    filename=sprintf('shell_avg_conc_%d.mat',counter);  

    save(fullfile(folderName, filename),'shell_avg',' - v7.3') %Save variable for ease 

re - running code  
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    % %Save No Averaged Concentration Vector  

    % filename=sprintf('no_avg_conc_%d.mat',counter);  

    % save(fullfile(folderName, filename),'u_radial',' - v7.3') %Save variable for ease 

re - running code  

 

 

End of Code  

end  

 

 

 

C.9 Attachment Post-processing 

[figureFileName_full1,figureFileName_full2,figureFileName_full3,figureFileName_full4]=A

ttachmentSite_Generator(folderName,counter,kappa,xi,eta)  

     

Load in Data  

Load in Concentration Profile -  No Averaging  

    filename = sprintf('no_avg_conc_%d.mat', counter);  

    filepath_full=fullfile(folderName, filename);  

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            no_avg_conc = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded PDEresults is empty');  

        end  

    else  

        error('Failed to load PDEresults');  

    end  

    clear cell  

Load in Concentration Profile -  Position Averaging  

    filename = sprintf('position_avg_conc_%d.mat', counter);  

    filepath_full=fullfile(folderName, filename);  

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            position_avg_conc = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded PDEresults is empty');  

        end  

    else  

        error('Failed to load PDEresults');  

    end  

    clear cell  

Load in Concentration Profile -  Shell Averaging  

    filename = sprintf('shell_avg_conc_%d.mat', counter);  

    filepath_full=fullfile(folderName, filename);  

    data = load(filepath_full);  

    if isstruct(data)  

        cell = struct2cell(data); % Load data to a cell  

        if ~isempty(cell)  

            shell_avg_conc = cell{1 ; % Extract data in cell into variable  

        else  

            error('Loaded PDEresults is empty');  

        end  

    else  

        error('Failed to load PDEresults');  

    end  

    clear cell  

Define Attachment Site Density Profile Function  

    function out=attachment(r,xi,eta)  

        out=xi*r+eta;  

    end  

Calculate Attached/Total Species Concentration -  No Averaging  
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    %Add columns to store attached/total species concentration  

    num_entries=size(no_avg_conc,1);  

    new_columns = zeros(num_entries, 2);  

    no_avg_conc = [no_avg_conc new_columns];  

 

    %Loop through and calculate attached species concentrations  

    for i=1:num_entries  

        no_avg_conc(i,3)=attachment(no_avg_conc(i,1),xi,eta); %Calculate concentration 

of attachment sites  

        no_avg_conc(i,4)=no_avg_conc(i,2)*no_avg_conc(i,3)/(kappa+no_avg_conc(i,2)) ; 

%Calculate Attached Species Concentration  

    end  

Calculate Attached/Total Species Concentration -  Position Averaging  

    %Add columns to store attached/total species concentration  

    num_entries=size(position_avg_conc,1);  

    new_columns = zeros(num_entries, 4);  

    position_avg_conc = [position_avg_conc new_columns];  

 

    %Loop through and calculate attached species concentrations  

    for i=1:num_entries  

        position_avg_conc(i,5)=attachment(position_avg_conc(i,1),xi,eta);  

        

position_avg_conc(i,6)=position_avg_conc(i,3)*position_avg_conc(i,5)/(kappa+position_av

g_conc(i,3)) ; %Calculate Attached Species Concentration on ECM volume basis  

        position_avg_conc(i,7)=position_avg_conc(i,6)*position_avg_conc(i,2) ; 

%Calculate Attached Species Concentration on Total volume basis  

        position_avg_conc(i,8)=position_avg_conc(i,7)+position_avg_conc(i,4) ; 

%Calculate Total Species Concentration on Total volume basis  

    end  

Calculate Attached/Total Species Concentration -  Shell Averaging  

    %Add columns to store attached/total species concentration  

    num_entries=size(shell_avg_conc,1);  

    new_columns = zeros(num_entries, 4);  

    shell_avg_conc = [shell_avg_conc new_columns];  

 

    %Loop through and calculate attached species concentrations  

    for i=1:num_entries  

        shell_avg_conc(i,5)=attachment(shell_avg_conc(i,1),xi,eta);  

        

shell_avg_conc(i,6)=shell_avg_conc(i,3)*shell_avg_conc(i,5)/(kappa+shell_avg_conc(i,3)) 

; %Calculate Attached Species Concentration on ECM volume basis  

        shell_avg_conc(i,7)=shell_avg_conc(i,6)*shell_avg_conc(i,2) ; %Calculate 

Attached Species Concentration on Total volume basis  

        shell_avg_conc(i,8)=shell_avg_conc(i,7)+shell_avg_conc(i,4) ; %Calculate Total 

Species Concentration on Total volume basis  

    end  

Plot the Results  

    %Plot Effect of Attach Species Concentration on Total Speceis  

    %Concentration for Position - Averaged Porosity on total volume basis  

    figure(2)  

    plot(position_avg_conc(:,1),position_avg_conc(:,4),'.r') %Plot Diffusing Species 

Concentration  

    hold on  

    plot(position_avg_conc(:,1),position_avg_conc(:,7),'.b') %Plot Attached Species 

Concentration  

    plot(position_avg_conc(:,1),position_avg_conc(:,8),'.k') %Plot Total Species 

Concentration  

    hold off  

    ylabel('Species Concentration')  

    xlim([0 1])  

    legend('Diffusing Species','Attached Species','Total Species')  

    xlabel('Radial Position')  

    % Save the figure  

    figureFileName=sprintf('TotalConcentration - PositionAverage_Run%d.png',counter);  

    figureFileName_full2=fullfile(folderName, figureFileName);  

    saveas(gcf, figureFileName_full2);  % Save as a PNG file  

 

    %Plot Effect of Attach Species Concentration on Total Speceis  

    %Concentration for Shell - Averaged Porosity on total volume basis  

    figure(3)  
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    plot(shell_avg_conc(:,1),shell_avg_conc(:,4),' - or','LineWidth',2) %Plot Diffusing 

Species Concentration  

    hold on  

    plot(shell_avg_conc(:,1),shell_avg_conc(:,7),' - ob','LineWidth',2) %Plot Attached 

Species Concentration  

    plot(shell_avg_conc(:,1),shell_avg_conc(:,8),' - ok','LineWidth',2) %Plot Total 

Species Concentration  

    hold off  

    ylabel('Species Concentration')  

    legend('Diffusing Species','Attached Species','Total Species')  

    xlabel('Radial Position')  

    % Save the figure  

    figureFileName=sprintf('TotalConcentration - ShellAverage_Run%d.png',counter);  

    figureFileName_full3=fullfile(folderName, figureFileName);  

    saveas(gcf, figureFileName_full3);  % Save as a PNG file  

 

    %Compare total Species Concentration on total volume basis for Shell - Averaged vs. 

Position - averaged Porosity  

    figure(4)  

    plot(position_avg_conc(:,1),position_avg_conc(:,8),'.r') %Plot Position - Averaged 

Total Species Concentration  

    hold on  

    plot(shell_avg_conc(:,1),shell_avg_conc(:,8),' - ok','LineWidth',2) %Plot Shell -

Averaged Total Species Concentration  

    hold off  

    ylabel('Species Concentration')  

    xlim([0 1])  

    legend('Position - Averaged','Shell - Averaged')  

    % Save the figure  

    figureFileName=sprintf('Total Averaging Comparison Total - Basis_Run%d.png',counter);  

    figureFileName_full4=fullfile(folderName, figureFileName);  

    saveas(gcf, figureFileName_full4);  % Save as a PNG file  

 

    %Plot Effect of Attachment Sites on Attach Species Concentration  

    figure(1)  

    yyaxis left  

    plot(no_avg_conc(:,1),no_avg_conc(:,2),'*r') %Plot Diffusing Species Concentration  

    hold on  

    plot(no_avg_conc(:,1),no_avg_conc(:,4),'.k') %Plot Attached Species Concentration  

    hold off  

    ylabel('Species Concentration')  

    ylim([0 1.2])  

    yyaxis right  

    plot(no_avg_conc(:,1),no_avg_conc(:,3),'ob')  %Plot Attachement Sites  

    hold off  

    ylabel('Attachment Site Concentration')  

    legend('Diffusing Species','Attached Species','Attachment Sites')  

    xlabel('Radial Position')  

    % Save the figure  

    figureFileName=sprintf('AttachmentSiteEffect_Run%d.png',counter);  

    figureFileName_full1=fullfile(folderName, figureFileName);  

    saveas(gcf, figureFileName_full1);  % Save as a PNG file  

Save results  

    %Save Position - Averaged Concentration Matrix  

    filename=sprintf('position_avg_conc_%d.mat',counter);  

    save(fullfile(folderName, filename),'position_avg_conc',' - v7.3') %Save variable for 

ease re - running code  

 

    %Save Shell - Averaged Concentration Matrix  

    filename=sprintf('shell_avg_conc_%d.mat',counter);  

    save(fullfile(folderName, filename),'shell_avg_conc',' - v7.3') %Save variable for 

ease re - running code  

 

    %Save No- Averaged Concentration Matrix  

    filename=sprintf('no_avg_conc_%d.mat',counter);  

    save(fullfile(folderName, filename),'no_avg_conc',' - v7.3') %Save variable for ease 

re - running code  

 

end  
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This plot uses slightly different nomenclature than the main body of the 

dissertation, with the following variable transformations: – ὧ, ‍  ‍, ” • . 

 

Figure 37: Full Parameter Space Exploration Plot for Heterogeneous Biofilm Model  

Total dimensionless antibiotic concentration profiles in biofilms at equilibrium with 

heterogeneous attachment site density and porosity profiles. Inset figures show 

attachment site and porosity distributions within the biofilm, where royal blue indicates 

the distribution held constant for each figure. A) Effect of attachment site density, ╬, 

with no attachment site and porosity heterogeneity . B) Effect of biofilm porosity, ⱴ, with 

no attachment site and porosity heterogeneity. C) Effect of attachment site 

heterogeneity, Ⱪ, with positive Ⱪ and ♫. D) Effect of porosity heterogeneity, ♫, with 

positive Ⱪ and negative ♫. E) Effect of attachment site distribution parameter, ╪, with 

negative Ⱪ and positive ♫. F) Effect of attachment site distribution parameter, ╪, with 

negative Ⱪ and negative ♫. All profiles used ♬ ȟ♪ , and ⱥ . 

  


