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Abstract

This thesis naturally divides itself into two sections. The first two chapters concern
the development of Bayesian semi-parametric models for arrival times. Chapter 2
considers Bayesian inference for a Gaussian process modulated temporal inhomo-
geneous Poisson point process, made challenging by an intractable likelihood. The
intractable likelihood is circumvented by two novel data augmentation strategies
which result in Gaussian measurements of the Gaussian process, connecting the
model with a larger literature on modelling time-dependent functions from Bayesian
non-parametric regression to time series. A scalable state-space representation of
the Matern Gaussian process in 1 dimension is used to provide access to linear time
filtering algorithms for performing inference. An MCMC algorithm based on Gibbs
sampling with slice-sampling steps is provided and illustrated on simulated and real
datasets. The MCMC algorithm exhibits excellent mixing and scalability.

Chapter 3 builds on the previous model to detect specific signals in temporal point
patterns arising in neuroscience. The firing of a neuron over time in response to an
external stimulus generates a temporal point pattern or “spike train”. Of special
interest is how neurons encode information from dual simultaneous external stimuli.
Among many hypotheses is the presence multiplexing - interleaving periods of firing
as it would for each individual stimulus in isolation. Statistical models are developed
to quantify evidence for a variety of experimental hypotheses. Each experimental

hypothesis translates to a particular form of intensity function for the dual stimuli
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trials. The dual stimuli intensity is modelled as a dynamic superposition of single
stimulus intensities, defined by a time-dependent weight function that is modelled
non-parametrically as a transformed Gaussian process. Experiments on simulated
data demonstrate that the model is able to learn the weight function very well, but
other model parameters which have meaningful physical interpretations less well.

Chapters 4 and 5 concern mathematical optimization and theoretical properties
of Bayesian models for variable selection. Such optimizations are challenging due
to non-convexity, non-smoothness and discontinuity of the objective. Chapter 4
presents advances in continuous optimization algorithms based on relating mathe-
matical and statistical approaches defined in connection with several iterative algo-
rithms for penalized linear regression. I demonstrate the equivalence of parameter
mappings using EM under several data augmentation strategies - location-mixture
representations, orthogonal data augmentation and L(Q design matrix decomposi-
tions. I show that these model-based approaches are equivalent to algorithmic deriva-
tion via proximal gradient methods. This provides new perspectives on model-based
and algorithmic approaches, connects across several research themes in optimization
and statistics, and provides access, beyond EM, to relevant theory from the proximal
gradient and convex analysis literatures.

Chapter 5 presents a modern and technologically up-to-date approach to discrete
optimization for variable selection models through their formulation as mixed integer
programming models. Mixed integer quadratic and quadratically constrained pro-
grams are developed for the point-mass-Laplace and g-prior. Combined with warm-
starts and optimality-based bounds tightening procedures provided by the heuris-
tics of the previous chapter, the MIQP model developed for the point-mass-Laplace
prior converges to global optimality in a matter of seconds for moderately sized real
datasets. The obtained estimator is demonstrated to possess superior predictive per-
formance over that obtained by cross-validated lasso in a number of real datasets.
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The MIQCP model for the g-prior struggles to match the performance of the former
and highlights the fact that the performance of the mixed integer solver depends
critically on the ability of the prior to rapidly concentrate posterior mass on good

models.
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1

Introduction

Chapters 2 and 3, which construct continuous time Bayesian semi-parametric models
for arrival times and temporal point patterns, can be read completely in isolation
from chapters 4 and 5, which deal with mathematical optimization of problems arising
in variable selection. The reader should feel free to start with the half that most

interests them.

e Chapter 2: “A Continuous-Time Model of Arrival Times”.

This chapter develops a Bayesian semi-parametric model of arrival times or
temporal point patterns. The observed times are modelled as a point process in
1 dimension - a realization from an inhomogeneous Poisson point process. Infer-
ence in these models is focussed on learning the intensity function, from which
all properties of the Poisson point process are derived. The intensity function is
modelled nonparametrically as a transformed Gaussian process which provides
support over a rich family of possible intensity functions. The challenge with
such “doubly stochastic” Poisson process models is that the resulting likelihood

is intractable - it contains an integral over the function being modelled as a



Gaussian process. Typical approaches to this challenge are through discretiza-
tion, using an approximate likelihood resulting from a discrete approximation
to the integral. This requires an undesirable arbitrary choice of discretization,
something which has the potential to introduce bias into the analysis. Similar
approaches bin the data into a partition of the time over which the process
is observed, proceeding to then model the data as counts. This also requires
an arbitrary choice of partition, which may also introduce bias into the anal-
ysis. This is a larger issue in chapter 3, where choosing a partition of time
may obscure temporal signals in the point pattern. A recent alternative to
discretization is a data augmentation approach based on thinning, augment-
ing an unobserved realization from an additional inhomogeneous Poisson point
process which can be regarded as a byproduct of the data generating process of
the observed point pattern. The likelihood under the complete data contains
only a tractable integral over a homogeneous Poisson point process. Previous
works developing this approach were lacking attractive MCMC algorithms for
performing inference, requiring many tuning parameters and still complicated
proposals for the intensity function. The attractiveness of the model proposed
in this chapter is perhaps its simplicity. In addition to augmenting the thinned
realization, each realization is elevated to a marked inhomogeneous Poisson
point process, where each point in addition to a time has an associated Gaus-
sian random variable. The latter is related to probit and Polya-gamma data
augmentation strategies, reducing the problem to essentially having Gaussian
distributed measurements of the intensity function over time. This is attractive
because it transforms an unfamiliar problem into a familiar problem, namely, a
problem where one has Gaussian distributed measurements of a function over
time which has received a lot of attention in the nonparametric regression and
time series literature. This enables many possibilities in modelling the tempo-

2



ral dependence of the intensity function. The approach adopted in this chapter
is to model the intensity function via a Gaussian process that admits an ex-
act state-space representation in one dimension by additionally modelling first
and second derivatives. This allows inference to be performed in linear time
by using filtering algorithms that exploit the Markov conditional independence

structure of the state-space representation.

Chapter 3: “Detecting Multiplexing in Neuronal Spike Trains”.

This chapter leverages the scalability and flexibility of the previously developed
model for detecting time-dependent signals in temporal point patterns arising
in neuroscience. The experimental goal is to better understand how neurons
encode information from multiple simultaneous external stimuli - behaviour
that is currently poorly understood. By recording the firing times of a neuron
presented with single stimulus and then comparing these with the firing times
of the same neuron presented with multiple stimuli it is hoped that their juxta-
position will reveal the relationships between single and multiple stimuli firing
rates. By modelling the temporal point patterns as realizations from an inho-
mogeneous Poisson point process, different experimental hypotheses about the
firing rate can be translated to different forms for the intensity function. One
such hypothesis amounts to the intensity function for the dual stimuli trials
being a dynamic superposition of the intensity functions for the single stimulus
trials. The most common analyses in neuroscience record multiple spike-trains
and regard these as realizations from the same inhomogeneous Poisson point
process - pooling them together to form a sufficient statistic. If the temporal
dependence of the superposition is not the same across repeated measurements,
then any temporal signal is lost when aggregating trials. In addition previous

analyses also binned firing times into an arbitrary partition of the time interval



of observation. If the bin width is of the order of the temporal dependence,
then the temporal signal can be lost. The model developed in this chapter ad-
dresses all of these issues. Experiments on simulated and real data reveal that
the model is capable of learning the temporal dependence of the superposition
very well, but other model parameters with meaningful physical interpretations

are difficult to learn from such data.

Chapter 4: “Continuous Optimization for Variable Selection”.

Continuous optimization refers to mathematical optimization problems in which
the parameters are elements of a continuum such as RP. This does not mean
that the objective function is a continuous function. In fact, the optimization
problems which are motivated as finding MAP estimates in Bayesian variable
selection models are typically non-convex, non-smooth and even discontinuous.
These applications fall beyond classical optimization theory and require new
tailored algorithms. This chapter initially began by exploring the utility of
orthogonal data augmentation in developing an EM algorithm for finding good
quality local solutions. After some literature review, it became clear that the
same algorithm had been discovered and re-discovered in many disciplines from
a variety of different motivations. This chapter begins by providing theoreti-
cal support for the MAP estimate under the point-mass-Laplace mixture prior
as an estimator is only attractive if it is both computationally tractable and
possesses desirable theoretical properties. The first approach adapts theory
for Lasso by assuming a compatibility criterion on the design matrix, allowing
bounds on sparsity, estimation error and predictive error that hold with high
probability to be derived. The resulting bounds reduce to existing bounds for
the lasso as special cases and also provide an upper bound on the sparsity of

the estimated regression vector - a bound which is not available for the lasso.



The second approach reaches similar results through different assumptions,
namely, the n—Null consistency criterion and the restricted invertibility factor
of the design matrix. Following these results the performance of the proximal
gradient and coordinate descent methods are evaluated on simulated datasets.
Surprisingly the coordinate descent methods appear to find better quality local

optima.

Chapter 5: “Discrete Optimization for Variable Selection”.

The theoretical properties derived in the previous chapter are for the MAP
estimate, in other words the global optimum of the optimization formulation.
Heuristics such as the proximal gradient and coordinate descent methods pro-
vide no guarantees of finding the globally optimal solution and can frequently
get stuck in very poor local optima. As such their practical use carries a high
risk, as one has no idea of the quality of the solution returned. This chapter
on global discrete optimization combines the heuristics of the previous chapter
with algorithms that are guaranteed to find the globally optimal solution or,
if stopped early, provide quantitatve statements about how optimal is the best
solution found so far. These problems are NP-hard and have exponential worst-
case complexity but can actually work surprisingly well for certain problems.
This chapter will illustrate when one can expect these algorithms to work well.
In particular, the mixed integer quadratic program developed for obtaining the
MAP estimate under point-mass-Laplace mixture priors converges rapidly in
a matter of seconds for moderately sized real datasets, making it a realistic
and practically viable approach. The mixed integer quadratically constrained
program developed for the g-prior, however, fails to converge in a reasonable
amount of time. This chapter begins by recalling the history of exact discrete

optimization methods applied to variable selection and proceeds to present a



modern state-of-the-art approach based on mixed integer programming, gen-

eralizing earlier work.



2

A Continuous-Time Model of Arrival Times

2.1 The Inhomogeneous Poisson Point Process

2.1.1 The Likelihood Function

The first two chapters of this thesis concern the modelling of temporal point-patterns
- sets of event times, denoted {¢;}!;, observed over an interval of time 7 < R. For
point patterns there are in fact two objects to be modelled. The first is the number
of points in the interval 7, denoted N(7), and secondly the times themselves. For
this reason a realization from a point process is commonly denoted as an ordered pair
¢ = (n,{t;}1~,) which makes the two quantities explicit. Sets are used for the times
instead of an ordered tuples because the ordering of the times is irrelevant. A typical
assumption is to model the point-pattern as a realization from an inhomogeneous
(or non-homogeneous) Poisson point process, popular for its simplicity and to some
extent its tractability. It is defined by an intensity function A : T — R™ that is locally
integrable, SB A(§)d¢ < oo for all bounded B € T, defining an intensity measure
A(B) = {5 A(€)d¢. The number of points in the interval of observation N (7) is under
this assumption a Poisson distributed random variable with rate A(T) = §-A(s)ds

and the times are assumed to be iid random variables from from a distribution with a
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probability density p(t) = A\(¢)/A(T) for t € T. From exchangeability it follows that
p({t:}=y) = n! 12, A(t:)/A(T), as there are n! different orderings of times which

result in the set {t;}I,. It then follows that the likelihood for A is given by

p((n, {ti}i21)|A) = p({t:}isyIn, Ap(n|A)

In the data augmentation strategies to follow it is useful to introduce the idea of
a marked point process. Under an enumeration of the points each point i has an
associated time t; and mark m;, and so a realization from a marked point process
is denoted & = (n, {(t;,m;)}",). If the mark distribution for m; is conditionally
independent of {t,},.; given t; with density p(m;|t;) then the likelihood is simply

n

p((n At ma) Vo)) = | | plmalto) A(ts)e b 2O, (2.2)

i=1

There are three important operations for manipulating point processes, namely, map-
ping, thinning and superposition. The former is of no importance in the applications

modelled in this thesis but the latter two warrant some discussion.
2.1.2  Thinning and Superposition

Thinning provides a way to sculpt new from existing point processes. In particular
suppose & = (n, {t;,m;}_,), is a realization from an inhomogeneous marked Poisson
point process with intensity A(-) and mark distribution m; = “accept” with probabil-
ity a(t;) or m; = “reject” with probability 1 — «a(t;), where o : R — [0, 1]. Using the
notation |S| to denote the cardinality of the set S and a subscript ¢ to denote the i'th

element of a tuple, let {4 = (|A|, A) where A = {(t,m); : (t,m) € {(t;,m;)}y,m; =



O L L )
~10 0. . 06 77" %8” T do

FI1GURE 2.1: Thinning a homogeneous Poisson point process with intensity A = 50 to
obtain an inhomogeneous Poisson point process with intensity A(t) = Ao (4sin(10t)),
where o is the logistic function. Points marked with “o” are accepted, whereas those
marked with “x” are rejected.

“accept”} and let &g = (|R|, R) where R = {(t,m); : (t,m) € {(t;,m;)}lq,m; =
“reject”}. Then &4 and £ are realizations from inhomogeneous Poisson point pro-
cess with intensity functions a(-)A(-) and (1 — a(-))A(:) respectively. The earliest
proof of this result is due to Lewis and Shedler (1979), but an alternative proof
based on densities can be found in Rao (2012). This provides a very convenient way
to generate realizations over an interval 7 from an inhomogeneous Poisson point
process with intensity satisfying sup{A(¢),t € T} < . Let A = sup{\(t),t € T}
and generate a realization from a homogeneous Poisson point process with constant
intensity function A. This is achieved by drawing a Poisson random variable n with
rate A7 and then simulating n uniform random variables over 7. Let the latter be
denoted {u;}! ;. Retain each u € {u;}_, with probability A(u)/A. The set of retained
times then forms a realization from an inhomogeneous Poisson point process with
rate A(-) by thinning. This process is illustrated in figure 2.1.

Superposition on the other hand is in some sense the reverse of thinning. Given
two realizations {4 = (ng, A) and {g = (ny, B) from inhomogeneous Poisson point
processes with intensity functions A4(-) and Ag(-) respectively, then {4 = (N, +
ny, AU B) is a realization from an inhomogeneous Poisson point process with intensity
function As(+) + Ap(+). A formal proof of the superposition theorem can be found in

the classic text of Kingman (1993).



2.2 The Gaussian Process Modulated Inhomogeneous Poisson Point
Process

2.2.1 Gaussian Process Intensity Functions

In order to avoid making particular strong assumptions about the intensity function,
such as restricting it to belong to a small parametric family, it is often preferable
to model it nonparametrically as further realization from another stochastic process,
one supporting a rich class of functions. Such a model is called a doubly stochastic
Poisson process or Cox process (see Cox (1955)). If a Bayesian nonparametric ap-
proach is adopted, modelling () = exp(f(t)) with a Gaussian process prior on f,
then the resulting model is called a log-Gaussian cox process. The log-Gaussian cox
process has proven to be a very popular model, most certainly due to its flexibility as
the Gaussian process prior has support over a rich class of functions (see Tokdar and
Ghosh (2007), Choi and Schervish (2007) and van der Vaart and van Zanten (2008)).
A Gaussian process is defined in terms of its mean function p(-) and covariance kernel
K(-,-), possessing the characteristic property that if f ~ GP(u(-), K(-,-)), then for
any finite number of times 1., the function values follow a finite-dimensional multi-
variate Gaussian distribution fi, ~ N, (i, K) where p; = u(t;) and K = K(t;,t;).
For further reading on Gaussian processes the reader is referred to Rasmussen and
Williams (2005).

A major challenge with the doubly stochastic Poisson process is the presence of
an intractable integral over an infinite dimensional random function in the likelihood.
Adams et al. (2009b) overcome this integral by reintroducing the thinned realization
in a data augmented model. Conditional on the observed and thinned realizations
the likelihood is that of a homogeneous Poisson point process and the integral is over
a constant intensity function. In order to generate the thinned realization, however,

an upper bound on the intensity function is required. This is not available in the

10



log-Gaussian cox process where A(t) = exp(f(t)) and so the authors instead choose
to model the intensity function as A\(t) = Ao (f(t)), where o is the sigmoid or logistic
function and A is a non-negative scaling constant. The authors name this parama-
terization as the sigmoidal Gaussian cox process and propose a Metropolis-Hastings
based MCMC algorithm to marginalize over the number and location of the thinned
times. A more efficient MCMC algorithm was later provided by Rao (2012), who
demonstrated that it is possible to sample the entire thinned realization in one step
within a Gibbs sampling algorithm, resulting in faster convergence due to the global
nature of the updates. When sampling the function f conditional on thinned and ob-
served realizations, Adams et al. (2009b) use Hamiltonian Monte-Carlo (Duane et al.
(1987)), whereas Rao (2012) uses elliptical slice sampling (Murray et al. (2010)). The
model introduced in this chapter provides two contributions. The first contribution
concerns two data augmentation strategies that result in multivariate Gaussian full
conditional distribution for the function f. The second uses the exact state-space
representation of the Matern covariance Gaussian process in one dimension due to
Hartikainen and Sérkka (2010), which enables linear-time filtering algorithms to be
used for likelihood evaluations and sampling of f from its full conditional distribu-

tion.
2.2.2  Data Augmentation Strategies

The motivation of the data augmentation strategies proposed in this section is to take
an unfamiliar problem and transform it into a familiar one. The current problem
essentially concerns the learning of a function where the likelihood for this function
is atypical. It is more common to see inference on functions being performed in ap-
plications such as nonparametric regression, where one possesses noisy observations
of the function over a set of inputs, for which there already exists a large base of

literature. In the inhomogeneous Poisson point process, however, information about
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the intensity function is not provided by noisy observations but by the presence
or absence of time-points. The proposed data augmentation strategies connect with
existing literature on nonparametric regression and time-series by imputing noisy ob-
servations of the intensity function through the information provided by the presence
or absence of time-points.

Let the intensity function be parameterized as A(t) = Ao(u + f(t)), where A
is a non-negative scaling constant and o : R — [0,1]. Let & = (ng, A), where

= {t?}2,, denote the observed data which will be modelled as a realization from
an inhomogeneous Poisson point process with rate A(t) and let &, = (n,, R), where

= {t7}:",, denote an unobserved realization from an inhomogeneous Poisson point
process with rate A — A(t). The likelihood then reduces to that of a homogeneous
Poisson point process

P& &l f N ) = [ o+ F) [ (1= a(u+ f(t)A+re T, (2.3)

te A teR

With a Gaussian process prior on f, it would indeed be possible to sample the func-
tion values over A U R via Hamiltonian Monte-Carlo or elliptical slice sampling but it
is possible to get a convenient conjugate update for f via data augmentation strate-
gies. Recall that augmenting a model of data Y,;s and parameters € with missing data
Yinis 1s a valid data augmentation when p(Yous|0) = § p(Yops, Yinis|0)dYmis. The two
data augmentation approaches that are considered are the probit data augmentation
of Albert and Chib (1993) and the Polya-Gamma data augmentation of Polson et al.
(2013). These approaches target different link functions but both result in tractable
full-conditionals for f. It is my experience that the Polya-Gamma approach results
in visibly better mixing, perhaps by nature of it being a scale-mixture as opposed to
a location-mixture, but at an increased computational cost of generating the Polya-

Gamma random variables. It is not clear whether this pays off overall.
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Probit Data Augmentation

Suppose o(-) = ®(-) where the latter is the standard normal cumulative distribution
function. 1 shall denote this model the probit Gaussian Cox process. The data
generating process for £, and &, can be viewed as thinning a homogeneous Poisson
point process with rate A by assigning a time-point ¢ to £, with probability A(t)/A =
O(pu+ f(t),1), otherwise assigning it to &,.. As noted by Albert and Chib (1993) this
is probabilistically equivalent to drawing a random variable m ~ N (u + f(t),1) and
assigning t to £, when m > 0, otherwise assigning it to &,.. To see this observe that
O+ f(t),1) = 1) (m)N(m|p + f(t),1)dm. By Bayes theorem it follows that
the distribution of m conditional on t is Njo ) (1 + f(t),1) if t were assigned to &,
and N(_o0) (1t + f(t), 1) otherwise, where the subscripted interval denotes an interval
of truncation. It is useful to reintroduce these m’s back into the model in the form
of unobserved marks.
Suppose that &, and &, are modelled as marked inhomogeneous Poisson point
processes with mark distributions Ny o) (e + f(t),1) and and N (@ + f(t),1)

respectively. The likelihood is then
(faafr‘faA ,U 1_[ (D ,u—l—f H (1_@(M+f(t)))Ana+nrefAT

te{te}ne te{tr}ir,

N(mlp + f(2). 1)
N S T (24)

(t,m)eA

I1 N(mlp+ f(t),1)

ter L Pl f(1) L(=cc.01(m).

The convenient property of this data augmented model is that ®(u + f(t)) and
1—®(u+ f(t)) terms cancel with the normalizing constants of the mark distributions,

resulting in a full conditional for f given by

o [ Nmlu+ f0),1) [ Nmlp+ £2), Dp(f). (2:5)

(t,m)eA (t m)eB
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Under a Gaussian process prior for f, the full conditional distribution over values
{te}le, O {tr}ir, is a tractable multivariate normal. It is intuitive to regard each
mark m; as providing a noisy measurement or observation of u + f at the time ¢;
with unit variance. The full conditionals for the unobserved marks are simply their
mark distributions. The tractability of all full conditionals presents the opportunity
of developing a Gibbs sampling algorithm to generate draws of f, 4 and A from the
posterior distribution. An alternative data augmentation strategy is also available

when o is the logistic function.
Polya-Gamma Data Augmentation

Suppose o(-) is the logistic function as in the sigmoidal Gaussian cox process. The-

orem 1 of Polson et al. (2013) states that

1 * 2
o(z) = = §ex/2J; e~ 2p(w)dw, (2.6)

where p(w) is the probability density function of a PG(1,0) (Polya-Gamma) random

variable. Moreover the conditional distribution

e w2 (w
k) = e EW; —, 1)

obtained by treating the integrand in as an unnormalized joint density in (x,w), is

a PG(1,z) random variable. Similarly

1 1 w0
l-olz)=1-5= 561/2f0 ¢ P p(w)du. (2.8)

As with the probit data augmentation approach, consider modelling &, and &, as

marked inhomogeneous Poisson point processes where the mark distributions are
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PG(1, 1+ f(t)). The likelihood then becomes

0

1 » )
pa&lf ) = ] Eemf(t))mj e 020 o,

te{td i 0

Q0
11 %e—(u+f(t))/2 J e 0 2 ()
0

te{tl}ir,

Ii[ e~ 1)/ (1) (2.9)

(t,m)eA 80 et FO?2p(m)dm”

—mlutf ()2 ()

e
JL e i

Ana +n,. €_AT

where p(m) is the density of a PG(1,0) in m. As before with the probit data aug-
mentation, a nice poperty about the Polya-Gamma augmented model is that the
integrals in the logistic link function cancel with the normalizing constants of the
mark distributions, resulting in the full conditional for f given by

o [] e 2 fOF [T e #CamdOlp(p), (2.10)

(t;m)eA (t,m)eR

resulting once again a multivariate normal full conditional distribution for f values
over {t¢}r*, u {tI}’r, under a Gaussian process prior assumption. For each pair
(t,m) € A it is intuitive to regard 1/(2m) as providing a noisy measurement or
observation of y+ f at time ¢ with observation variance 1/m. Similarly for each pair
(t,m) € R it is intuitive to regard —1/(2m) as providing a noisy measurement or
observation of p + f at time ¢ with measurement variance 1/m. It will later provide

}ﬂa"rnr 111

simplification and aid intuition to define new quantities {y;}"] 2} Rt

and {o;

Na

terms of the marks {m¢}’e, U {m]};", and define full conditionals with respect to
these newly defined quantities instead of the original marks. The full conditional
distributions for the marks are simply PG(1, 1 + f(t)) random variables.
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2.2.3 State-Space Representation of Gaussian Processes

The data augmentation strategies outlined in the previous section result in a tractable
multivariate Gaussian full-conditional distribution for f evaluated at times in {t¢}"*, U
{tr}ir,. As a result, the computational complexity of sampling f from its full-
conditional distribution is O((n, + n,)%). The computational burden is the price
one commonly pays for working with Gaussian processes. To address this issue a
number of approximations have been introduced in the literature, some are numeri-
cal, some are mathematical. The former usually deal with numerical approximations
to the linear algebra computations required in the multivariate normal. Popular
approaches are the low-rank Cholesky decomposition, the randomized singular value
decomposition of Halko et al. (2011) or approximate factorizations within a Krylov
subspace Chow and Saad (2014).

The latter concerns developing mathematical models that approximate the orig-
inal. Approximations of this ilk include the predictive process of Banerjee et al.
(2008) and nearest neighbour approaches of Datta et al. (2016) to name a few. All of
these methods are general purpose in the sense that covariance kernel used does not
really matter. There are, however, particular kinds of Gaussian process that possess
specific favourable properties. Take the exponential covariance kernel for instance
K(z,y) = p*exp(—|z — y|/7). Sample paths of this GP are nowhere differentiable
but the precision matrix is sparse, betraying conditional independence properties
of the function values. Indeed this GP can be constructed from a continuous-time
AR(1) model, possessing the Markov conditional independence property. To see this

let f; = f(t;) and consider the state equation

fi=¢ifie1 + &, (2.11)
where ¢; = exp(—|t; — ti—1|/7) and ¢ ~ N(0, p*(1 — exp(—|t; — t;—1]/7)?)). A lit-
tle algebra together with f; ~ AN(0,p?) shows that fi., ~ N(0,K) with K;; =
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p*exp(—|t; —t;|/7)). In this special case, therefore, a state-space model gives rise to
a Gaussian process. This means that instead of using the general O(n?®) machinery
for GPs, inference can be performed in O(n) complexity using the Kalman filter, a
specialized algorithm that exploits the Markov property.

Depending on the application, one might desire to have smooth sample paths.
A common choice is with the squared exponential covariance kernel K(z,y) =

p*exp(—(x — y)?/7?), which is a limiting case of the Matern covariance kernel

v

K, (z,y) = p° 1%1(;) (@L@ - y')VK,, <@@> , (2.12)

in the limit ¥ — o0, where I' is the gamma function and K, is the modified Bessel
function of the second kind. The exponential covariance kernel is also a special case
of the Matern with v = 1/2. A natural question to ask is whether there exists a happy
medium somewhere between v = 1/2 and v = oo0. Sample paths of 1-dimensional GPs
with the Matern-v covariance kernel are [v] — 1 times differentiable and, using the
results of Hartikainen and Sérkké (2010), have exact (v + 1/2)-dimensional state-
space representations. I shall use a v = 5/2 Matern covariance kernel, providing
sample paths that are 2-times differentiable, but also because the state-space has
dimension 3 as this allows highly optimized linear algebra routines to be used. It is
the case that for small fixed size matrices there exist highly optimized linear algebra
routines compared to those that handle matrices of arbitrary size. This is because
many operations on 3 dimensional matrices admit closed form expressions, and also
because 3 dimensional matrices have received a lot of attention computationally due
to the large number of physical systems that are simulated in 3-dimensional Euclidean
space.

Let Fy = (f(t;), f'(t;), f"(t:))* and consider following stochastic differential equa-
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tion

dF(t
J = AF(t) + Lw(t),
dt
where A = 0 0 1 1, L=1|0],
—3)3 =32 -3\ 1

A = /5/7 and w(t) is a white noise process with spectral density ¢ = (16/3)p?\°.
The observation of Hartikainen and Sarkkéd (2010) is that the first element of the
solution to the equation (2.13) is, probabilistically, a zero-mean Gaussian process
with Matern v = 5/2 covariance kernel. The continuous time model in equation

(2.13) can be converted to a discrete time model on a finite number of times t;., via

F,=®,F;_1 + ¢, (2.14a)
Fi ~N(0,Qu), (2.14b)
where ®; = exp(AA;), (2.14c)
A=t — 11, (2.14d)
e ~ N(0,Q;), (2.14e)
Ay
Q; = L exp(AT)LqL" exp(AT)"dr, (2.14f)
@
Qp = L exp(AT)LqL” exp(A7) dr. (2.14g)

The reader can find more details on these steps in (Bar-Shalom et al., 2002, Chap-
ter 4). The matrices F;, @; and Q. admit closed form mathematical expressions

as

1A2

25

(B +an+1)  naz+ay

2

B; = oD _1AZ)3 (—A2X2 4+ A\ + 1) (Ai - A?*) . (2.15)

2

(A?;“ - A,X”) (A2)3 — 3A,02) (A?f AN+ 1)
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p2 92 _%)\2,02
Qoo = 0 AL 0 : (2.16)
_l)\2p2 0 )\4p2

although the expression for (); is a bit too cumbersome to state here.

With the complicated details now stated, it is in fact very simple to validate this
construction by showing that the correct marginal distribution for f., is recovered,
considering f;, and f{, to be augmented data. From F; ~ N(0,Q) and looking
at Qu11 = p* it is clear that the marginal distribution for f; is N(0,p?). From
properties of the stationary covariance matrix it follows that ®;Q.,®7 + Q; = Q.
and so by a similar argument the marginal distribution for f; is also N(0, p?) for
i€ {l,...,n}. The covariance between F; and F;_; is given by ®;®;_; ... 0;_;11Qs =
exp(A(t; — ti—j))Qw. The element in row 1 column 1 of exp(A(t; — t;—;))Qqx is

identically
A
2 (1 At — i) + §(ti — ti_j)) e A bi—timg), (2.17)

which is exactly the covariance defined by the Matern v = 5/2 covariance kernel. This
shows that the state-space construction gives rise to the correct marginal distribution

for fi., and that adding fi., and f/. constitutes a valid data augmentation.
2.2.4 Forward Filtering Backward Sampling

In general sampling from the posterior resulting from a Gaussian process prior, or
evaluating the marginal likelihood of the data are operations with cubic complexity.
The state-space construction makes possible the use of the forward filtering backwards
sampling algorithm, for which the complexity is only linear. The Polya-Gamma and
Probit data augmentations can be regarded as imputing noisy observations of the
function F' over time. Consider the following state-space model

yi=p+ HEF, + vy, (Observation Equation), (2.18)

F,=®,F,_| +¢ (State Equation), (2.19)
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where H = (1,0,0), v ~ N(0,0?), ®; and ¢; as defined before.
Ignoring all hyperparameters for simplicity, the posterior distribution for F}., can

be factored in compositional form as
n—1
p(Flzn|y1:n) = p(Fn|y1n) l_[p(FHF;Z-&-l:na yl:n)- (220)
i=1
Sampling F}., could then be sampled compositionally from the factored distributions

in (2.21). Looking at these factors more closely reveals through the observation

p(ﬂ‘ﬂ+1:nay1:n> oc p(FiH|E)p(yifﬂ)p(ﬂ|y1:i), (2-21)

that p(F;|Fiv1m, Y1) = P(Ei|Fii1, 1) 1.e. F; is conditionally independent of Fj, .,
given F;;; and y;,;. Forward filtering constructs in one pass through the data the
conditional distributions p(F;|F;41,y1.i), the product of which define the joint poste-
rior. The backward sampling step, initialized by sampling F,, ~ p(F,|y1.,), samples

in one pass the F;’s from their conditional distributions p(F;|Fi.1, y1.)-
Forward Filtering

Suppose it is known that Fj|y;.; ~ N (m;, M;), then

Yit1 o+ Hdim,
Fig ||y ~ N Qim; |,0; |, (2.22)
F; my;
where
o7y + H(®ip Mi®l + Qi) HT H (P M@y, + Qir) HOi 1 M,
O; = D M;®F 4+ Qipa)HT Qi1 M@, + Qi D M; . (2.23)

Miq)iHHT Mi(I)zTH Ml

The new m;,; and M; 1, in Fy q|y1.501 ~ N(miy1, M;y1), are then derived from

multivariate normal theory as

M1 = i+
(2.24)
(D1 M@y + Qi) H [07, 1 + H(Pipa Mi®] + Que) H' ] (yisa — (+ HPiimy))
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and

Mgy = Q1 M@, + Qi1 —
(2.25)
(D1 M@y + Que)H [07, ) + H(®ipa M@ + Qi) H' |7 H (Pt My®)y + Qi)
Some computation can be saved by recognizing that multiplying by H = (1,0,0)

merely corresponding to taking a slice of a matrix. This recursion definition is

initialized with the base case
my = QuH[o? + HQH"] ™ (y1 — n), (2.26)
M, =Qp — QuH [0 + HQ H' ' HQ.. (2.27)
Backwards Sampling

The conditional distributions can then be obtained from (2.22) using multivariate
normal theory, giving

Fj|Fipr,y1a ~ N(my + Mi®] [ @1 M@y + Qiia ] (Frn — ©iamy) .

M; — Mi(I);-FH[(I)HlMi‘I%TH + Qis1] T P M;). 22

Starting with a draw of F,, from F,|y1., ~ N(m,, M,), function values F; can be

sampled given F;,; in linear time via (2.28).
Marginal Likelithood Fvaluation

The Gaussian process prior has associated hyperparameters of characteristic time-

scale 7 and variance p?, upon which one would like to place priors. At times it may be

useful to evaluate the marginal likelihood, p(yy..|u, p?, 7), having integrated out fi.,.

This too can be written in compositional form as p(y1|u, p*, 7) ]_[2.:11 p(Yis1|yra, i, P, 7)
and conveniently these factors are produced as a byproduct of the forward-filtering

stage as

yi+1|y1:i7 22 027 T~ N(M + H®;m;, Jz‘2+1 + H(q)z‘ﬂMiCI’iTH + Qi+1)HT)a
(2.29)
i, 027 ~ N (p, 07 + HQH™).
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This means that evaluating the marginal likelihood has complexity O(n) instead of
O(n?). In addition a nice unit test to check for the validity of the mathematics and
code is to compare the numerical value of the marginal likelihood computed in the
manner described previously with the value computed by evaluating N, (Y |u, ¥+ K),

where ¥ = Diag(o?,...,02).

Marginal Posterior for p

First, a note on model parameterization. Note that the mean parameter p which
occurs in the observation equation could have equally been placed in the state equa-
tion. Although the posterior is unaffected, different model parameterizations lead to
Markov chains with different mixing properties. A discussion of this can be found in
(Prado and West, 2010, Chapter 7). Combining the two different parameterizations
would be a neat application of the ancillary-sufficient interweaving strategy Yu and
Meng (2011). Instead, the approach adopted here is to sample (F, i) as a block by
first sampling p|y1.n, p?, 7 and then Fi.,|pt, Y1.n, p°, 7. The conditional distribution for
1 is available in closed form. To derive this it is necessary to reformulate the forward
filtering steps a little because currently each m; is an expression that depends on pu.

Suppose m; is of the form m; = C; + D;u, then

mit1 = Cip1 + Digip
where Ciy = (I — F H)®1C + Fiyiy,
(2.30)
Di+1 = (I - Fi+1H)@i+1Di - Fz’+17

Fip = (@i M@, + Qi) H [07 ) + H(Pip My®] | + Qin)H] ™

This is clearly the case for m; with C) = QOOHT[O'% + HQOOHT]_lyI and D, =
—QHT[0? + HQHT]™" and so it is true for all i € {1,...,n} by induction.

Suppose the prior distribution on p is N(fi,07), then the conditional distribution
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o, &y P2 T ~ N(c, v?) where

n— -1
o2 — Zl H®i1D; N 1 N 1
izl O'Z-2+1 + H((I)7+1A41(I),LT+1 + Qi+1)HT (T% + HQOOHT 0'2 (2 31>

c— 2 ni:l H®i1D; Yirr = HOinGi\ Y LB
02, + H(®i M@l + Qiy1)HT H®; 1 D; o2+ HQ HT o)’

i=1

The mathematics and code can be easily unit tested by comparing numerical values
of ¢ and v* with their O(n®) counterparts of v* = (1/o7, + 17(X + K)~'1)~! and

c=v*(1"(2 + K)7'Y + ji/o).
2.3 Full Model Specification

It is time to give a complete description to the proposed model for modelling arrival
times. Suppressing the augmentation of f’ and f”, the model reads

€a|A7 f7p“ ~ PPP(AJ(M + f('))vpa)a
57’|A7 f7p“ ~ PPP(A - AO—(M + f())vpr)a

f|p277- ~ Q'P(O, KZ;fQ(u ))7

p~N(0,07), (2.32)

A ~ Ga(ly, 1),

2 L IG(E 2
P (2, 2),
T ~ Ga(tl,t2),

where D, and D, are the appropriate mark distributions depending on which link

alNa

function is used. &, = (ng, {t¥, m?}e,) where t¢ and m{ are the time and mark for

r1Nr
i Ji=1

time-point ¢ in the point pattern &,. Similarly & = (n,, {t/,m ) where t] and
m, are the time and mark for point ¢ in the point pattern &.. When o is the probit
function, D, is Njow)(1 + f(),1) and D, is N_o(pr + f(-),1). When o is the
logistic function, both D, and D, are PG(1, u + f(-)) distributions.
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As alluded to earlier it is intuitive to regard the pairs of times and marks con-
tained in &, and &, as providing noisy observations of p + f over time. At present
one has an enumeration of the points in &, and an enumeration of the points in
& It is more convenient when stating the full conditional distributions to have an
enumeration of the union of these points and, for the purposes of the state-space
representation, it is helpful to choose an enumeration such that the time points are
ordered. For this reason it is helpful to define three new quantities t1.(n, +n.), ¥1:(na+n,)
and specify full conditional distributions in terms of these instead of

2
and O3 (o)’

the original marks. It is also sometimes helpful to use these quantities to define

2
Na

¥ = Diag(o?,...,0% ., ) and K - the covariance matrix resulting from the Matern
covariance kernel.
In the case when o is the logistic function, define two new sets

Yo = {(ty,1/(2m¢),1/m¢)}ie, and V" = {t], —1/(2m}),1/m}}. The first element of
the 3-tuple is once again a time, the second element corresponds to a noisy observa-
tion and the third element corresponds to an observation variance. Let Y = Y*u )"
and let V., +n, denote an enumeration of the elements of this set such that the times
are ordered i.e. Vi1 < Vo1 < -+ < Vngatn,),1- Lhe noisy observations yi.(n,4n,)

can then be defined as Vi.(n,4n,),2, With observation variances ai( defined as

na+nb)
V1i(na+ny),3, OCCUITing at times ti.,, +n, defined as Vi.(n,4n,),1-
The case when o is the probit function is considerably easier. It is the same as

the previous definition except Y* = {(t¢,m¢,1)}!'*, and V" = {t], m], 1}.
2.4 Gibbs Sampling

A cyclical Gibbs sampler can be constructed by iteratively sampling the following

conditional distributions.
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SIA fop

&, is a new independent realization of a marked inhomogeneous Poisson point process
with rate A — Ao (p+ f(-)) and mark distribution D,. When o is the probit function,
m¢|td ~ N w0 (pe + f(t¢),1) and when o is the logistic function m{[t} ~ PG(u +

ft))
{mi e [t fop

The unobserved marks of &, are simulated from the mark distribution D,. When
o is the probit function, m|t{ ~ Njow)(p + f(t¢),1,0) and when o is the logistic
function m¢[t¢ ~ PG(u+ f(t¢)).

7|0y &y 1, PP

p(7|&, &1, p7) o p(&ar &l P2, T)D(T) (2.33)

o€ N (Y1mgan, |1, 2 + K)p(T) (2.34)

There is no closed form mathematical express for the conditional distribution for 7.
As this is 1-dimensional, however, it is easy to complete via slice-sampling (see Neal
(2003)) which only requires the ability to evaluate the distribution up to a constant of
proportionality. The marginal likelihood p(&,, & |, T, p?) is easily evaluated in linear

time by running the forward filtering steps described in section 2.2.4 on ).

p2|€a7 57’7 M? T

This step, just as for 7, is completed via slice-sampling.

(F, p)léar & P77

First p is drawn from pu|&,, &, p?, 7 via the method described in section 2.2.4 on the
Y. Conditional on the new value of y, F' is sampled via forwards filtering backwards

sampling on ).
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Aléa, &

The Ga(l,lAg) prior is conjugate for the homogeneous Poisson point process with

rate A. It follows that

A=~ Ga(ng +n, + 14, T +15) (2.35)
Comments and Alternatives

The reader may wonder how it is justified to sample from p?|&,, &, i, T instead of
0%€a, &y Fy i, 7 ie. without conditioning on F'. Similarly for the 7 step. The above
steps are best viewed as sampling blocks (F,72)|—, (F,p?)|— and (F,pu)|—. It is
simply the case that drawing from F|r,— and F|p? — is unnecessary because the
next step draws from a distribution that does not condition on F'.

There is only one tuning parameter in the proposed MCMC algorithm, namely,
the length of the window in the “stepping-out” procedure of slice sampling. A
poorly tuned length may result in many likelihood evaluations for sampling the
full conditionals of p? and 7. Although likelihood evaluations under this model are
inexpensive, there are alternative MCMC approaches for which this issue does not
arise. This can be resolved by moving to a discrete prior on 7 and sampling p?
from p?|F, 7 instead of p?|7,&,, &, 1. The full conditional distribution p?|F, 7 is a
tractable inverse-gamma distribution. It is an open question whether the MCMC
exhibits better mixing when sampling p? from p?|F, 7 or from p?|7, i, &4, &, via slice-
sampling. In addition, moving to a discrete prior on 7 loses very little in terms of
model flexibility. What is gained is that the sampling step for 7 becomes easy as
7|p%, 1, €a, & is also a discrete distribution, requiring a fixed number of likelihood

evaluations which can be computed if desired in parallel.
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2.5 Ilustrations

2.5.1 Simulated Data

A single realization from an inhomogeneous Poisson point process with rate A(t) =
4000 (—1 + 3sin(273t)) is observed. The prior on pu is N (0,1/4) so that with ap-
proximately 0.95 prior probability s is in the interval [—1,1]. The prior on p? is
Gajo41(4/2,1/2) which gives approximately 0.9 prior probability that p> < 1. In
general it is a good idea to constrain p and the GP variance p? because p and f are
mapped through the link function, so there is no reason for these terms to be ex-
cessively large. Without informative priors for these parameters, the posterior could
potentially support very large values. The prior on A non-informative is Ga(2,ls)
with Iy chosen such that with 0.95 prior probability A < 400. The prior on 7 is
Ga(2,1s) such that with 0.95 prior probability 7 < 1. A shape parameter of 2 is used
instead of 1 because concentrating prior mass at zero for the time-scale can lead to
over-fitting. The posterior summaries of all parameters are shown in figure A.1. The
posterior summaries show very good mixing properties of the Markov chain and good
learning of the parameters p and A. Posterior credible intervals of A(f) are shown in

figure 2.2, showing that the intensity function is also learned very well.
2.5.2  Coal Mining Disasters

This dataset records in continuous time a sequence of 191 coal mining explosions
resulting in 10 or more fatalities over a period starting from March 15 1851 until
March 22 1962. Since its introduction in Maguire et al. (1952) and subsequent
correction by Jarrett (1979), it has become a popular test dataset in the point process
literature and has been studied in the works of Adams et al. (2009b) and Rao (2012).
The data is translated and scaled so that times occur on the unit interval. The priors

used in the analysis are the same as in the previous section. Trace-plots displaying
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excellent mixing and posterior summaries are shown in figure A.2. The estimated
intensity function is shown in figure 2.3, which corroborates the analysis in previous

works.

2.6 Discussion

The previous sections described a continuous-time Bayesian model for arrival times.
Based on the generative idea of thinning a homogeneous Poisson point process, the
intractable likelihood of the inhomogeneous Poisson point process is circumvented.
Parameterizing the intensity function with the logistic or probit link function and
augmenting the observed and thinned points to have Polya-Gamma or truncated
Gaussian marks connects this model with the larger literature on nonparametric
regression and time-series, allowing great flexibility in how the intensity function is
modelled over time. The approach proposed in this chapter has been to model the
linear term of the intensity function as a particular Gaussian process which admits
an exact state-space representation in one dimension. This circumvents the cubic
complexity usually associated with Gaussian processes and allows draws from the
posterior and evaluations of the marginal likelihood to be computed using filtering
algorithms with computationally complexity that is linear in the number of time-
points. The blocked Gibbs sampler exhibits excellent mixing and scales linearly in
the problem size.

Before this chapter closes it is necessary to discuss some further details that have
so far been postponed. Most importantly, the conditional distributions under the
state-space representation required for predicting the intensity function at arbitrary
new time points, as is required during the thinning process. Necessarily, the appro-
priate datastructure for storing realized function values that makes prediction at new
time points performant by exploiting the temporal nature of the data. Most inter-
estingly, from a computer science perspective, a novel implementation of Gaussian
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FIGURE 2.2: 95% Posterior credible band for the intensity function. The true inten-
sity function A(t) = 4000 (—1 + 3sin(273t)) is shown by the dashed black line. The
observed data is shown by the black ticks on the x-axis.

95% Posterior Credible Band of A

O;O. | .0;2. | |0;4| | .0;6. | .0]8. | |1;o
400:—
300:—
200}
100:—
O L L I L L LI 1L 1 WL ]

FIGURE 2.3: 95% Posterior credible band for the intensity function on the coal mine
dataset. The observed data is shown by the black ticks on the x-axis.
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processes that uses lazy evaluation, narrowing the disconnect between working with

Gaussian processes mathematically and computationally.

2.7 A Novel Implementation of Gaussian Processes

2.7.1 Motivation

The term ezpressiveness in the context of software engineering is the ability of a
language to reduce the number of transformations that a problem description must
undergo before it can be solved computationally. Usually there is some disconnect
between the mathematical description of the problem and how it is coded in a pro-
gram. Ideally one would like the code to be as close to the mathematics as possible.
This disconnect is inconveniently large when working with Gaussian processes. They
are commonly used to model functions, yet are never implemented as such compu-
tationally. The usual argument for this is that Gaussian processes are inherently
infinite dimensional objects, as for every ¢ € R one must associate f(t), and so it
is not possible to work with them directly. The usual problem transformation is
to specify ahead of time a finite discretization on which to learn and predict the
function and work with the discretized form of f computationally. This amounts to
storing function values in an array. This suffices in the simple applications, such as
a two-part Gaussian process regression where one has a set of observations on a set
of inputs and wishes to predict the function on a new set of inputs. In this case the
required discretization of f is known ahead of time, but matters become complicated
and messy in applications where it is not. For more complicated operations with
Gaussian processes the approach based on discretization soon becomes inelegant.
Consider the following motivation. It is very clear from the mathematics how to
generate a realization via thinning. One might write a function accepting as input
an intensity function, an upper bound thereupon, and an interval over which to

simulate. When f is not a function but a discretized version the thinning procedure
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must undergo a transformation to deal with the discretized version, diverging once
again away from the mathematics. In addition, the thinning procedure requires
knowing the function value on randomly selected number of inputs that is not known
in advance. There is a further problem. Once the value of f(¢) has been drawn or
realized at a time t, this function value must be conditioned upon when realizing
further f values at subsequent times. Informally once the value of f has been seen
at an input, then it is not possible to unsee it. The implication of this is that one
must maintain a record of all values for times upon which f has been realized. In
the following application this leads to an enormous amount of book-keeping. During
the thinning operation values of f need to be realized on uniformly drawn times to
compute the acceptance probability. Not all of these time are accepted and so the
times upon which f has been realized is not equal to the collection of times contained
in all observed and augmented realizations. This problem becomes exacerbated in the
following application where the model contains up to 60 different realizations from
different inhomogeneous Poisson point processes. This soon forces one to search for
a more elegant implementation of Gaussian processes than the common discretized
implementation.

Clearly the best implementation would allow f to remain a function as there is
then no divergence of the code from the mathematics. After all, much effort has gone
into modelling the arrivals in continuous-time without discretization, it would be nice
to avoid discretization in the computation also. The usual objection in imperative
languages is that it is not possible work with the infinite dimensional object f, but in
functional languages working with infinite dimensional objects is not just common, it
is the norm. The difference is in the method of evaluation. In imperative languages,
assignments are evaluated eagerly whereas in functional languages assignments are
evaluated lazily. Lazy evaluation means that the computation is delayed until is it

required. This allows one to work with the entire natural numbers an infinite lists of
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MCMC draws for example. It is perfect for implementing Gaussian processes, as f
can be defined for all ¢, but computation is only performed when evaluating f(t) for a
time ¢t € R. This section provides an implementation that allows random functions f
to be sampled from p(f) or p(f|Y’) in a manner that is no different from generating a
random variate from a uniform distribution. The random function is a function just
like any other, it can be evaluated at any input ¢ or passed around to other parts of
code. The output of the MCMC provides a linked list of functions, not a linked list of
arrays corresponding to f values on a random discretization. This implementation is
much closer to the mathematics requiring no problem transformation at all, resulting

in very clean code.
2.7.2  Conditional Distributions Under State-Space Construction

The first consideration is a datastructure in which to store key-value pairs (¢;, F'(t;)),
where F(t) = (f(t), f'(t), f"(t))*, corresponding to previously realized function val-
ues. The desiderata of the datastructure will soon become clear after studying the
conditional distributions under the state-space representation of the Gaussian pro-
cess. Suppose the function F' has been learned on a set of times 7" providing a set
of function values F = {F(t) : t € T'}. Given a new time ¢, one would like to draw
F, = F(t,) from p(F,|F) i.e. conditioning on all previously learned values. From
the Markov property of the continuous-time state-space representation, the condi-
tional distribution for F}, is determined by its nearest neighbours in time only. Let
to=min{te T :t>t,} and t, = max{t € T : t < t,} (a and b for after and before),

with associated F, = F(t,) and F, = F(t;). It follows from the Markov property
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that F), is conditionally independent of F\{F,, F}} given F, and F,. Let

o, = eXp(A(ta - tn)) (236)

®,, = exp(A(tn — 1)) (2.37)

Doy = exp(A(ta — 1)) (2.38)

Qo = Va_tn exp(AT)LqL” exp(AT)'dr, (2.39)
JO

Qn = an_tb exp(AT)LqL” exp(AT)'dr, (2.40)
JO

Qab = ra_tb exp(AT)LqL” exp(A7)"dr, (2.41)
JO

denote the required auto-regression and innovation matrices as in equations 2.14,

then the joint distribution of F}, and F}, conditional on the previous value Fj is given

by
F, .0, F P,QnPI + Qu PuQn
() (o) (" @ ) ew

This distribution can undergo some simplification. It is also true by direct forward
simulation that F,|F, ~ N (®Fy, Qup) which can be compared with the marginal in
(2.42). It follows that terms can be simplified as ®,P,, = exp(A(t, —t,)) exp(A(t, —
ty)) = exp(A(ta — ty)) = Pop and ©,Q,PT + Q, = Qup. The conditional distribution

is then available through multivariate normal theory as
Fn|Fba Fa ~ N((I)an + an)gQ;bl (Fa - (I)abe)7 Qn - an)gQ;blq)aQn)' (243>

If the set {t € T : t > t,} is empty but {t € T : t < t,} is not then the function
has been learned already at a time before but not after. In this case the conditional

distribution is that of forward simulation
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If the set {t € T': t < t,} is empty but {¢t € T : ¢t > t,} is not then the function has
been already learned at a time point after but not before. In this case the conditional

distribution is that of reverse simulation
Fn’Fa ~ N(qu)gnglFa7 Qoo - Qooq)gnglq)nQoo)

= N(CI)meQaR)?

(2.45)
where @fiij = &, for (¢,7) in {(1,1),(1,3),(2,2),(2,1),(2,3)} and CDf,ij = —d, 5
elsewhere. Informally this is because the sign of the first derivative changes when
time is reversed. Q% is defined similarly. If both sets are empty, then the function has
not been learned anywhere yet. In this case, the distribution of F), is the stationary
distribution.

Fy ~ N(0,Qy). (2.46)

Clearly in order to efficiently realize F' at a new time point ¢, it is algorithmically
necessary to efficiently retrieve its nearest neighbours in time from the data structure.
In addition, as the F' is progressively learned through its repeated use in different
MCMC steps, it is necessary to be able to efficiently insert new key-value pairs into
the datastructure while preserving the ability to quickly retrieve nearest neighbours

of future time points.
2.7.8 The Persistent AVL-Tree

When talking about key-value pairs in the current context the keys are times on
the real line, and the values are the corresponding function values. As they are
real valued, the keys possess a natural ordering. This is very important to quickly
retrieve nearest neighbours. The appropriate datastructure is any implementation
of a “sorted-map”. In C++4 this is implemented using red-black tree, whereas in
Clojure it is implemented as a persistent (immutable) AVL-tree.

The tree structure of the AVL-tree, based on the ordering of its keys, allows
nearest neighbours to be looked up with O(log N) complexity, where N is the total
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number of key-value pairs stored. Once the function value has been realized at this
new time, the key-value pair (¢,, F'(t,)) must be added to the datastructure, as it is
necessary to condition upon it when realizing F' at subsequent new times. Insertion
into the AVL-tree is an operation that also enjoys logarithmic complexity. Moreover,
in contrast to other types of binary tree, the AVL-tree is self-balancing meaning that
the maximum depth is kept as small as possible. This ensures logarithmic complexity
of retrieval of nearest neighbours, or indeed the function values if one asks for a time
that has already been realized, as F' is progressively realized through multiple usages

in the code.
2.7.4 FExample Implementation

Listing 2.1 shows the definition of a function which produces lazily evaluated real-

izations of F', written in Clojure.

1 (defn sample—gp [known—values gp—var gp—time—scale]

2 (let [cond—set (atom (into (avl/sorted—map) known-—values))]

3 (with—meta

4 (fn [t]

5 (if (contains? @cond—set t) (Qcond—set t)

6 (let [bef (avl/nearest @cond—set < t)

7 aft (avl/nearest @cond—set > t)

8 has—bef (not (nil? bef))

9 has—aft (mot (nil? aft))

10 has—both (and has—bef has—aft)]

11 (cond

12 has—both (let [[tb Fb] bef

13 [ta Fa] aft

14 delay—v (— t tb)

15 delay—n (— ta t)

16 Ft (sample—sandwich Fb delay—v Fa delay—n gp—var gp—time—scale )]
17 (do (swap! cond—set assoc t Ft) Ft))

18 has—bef (let [[tb Fb] bef

19 delay (— t tb)

20 Ft (sample—neighbour Fb delay gp—var gp—time—scale)]
21 (do (swap! cond—set assoc t Ft) Ft))

22 has—aft (let [[ta Fa] aft

23 delay (— ta t)

24 Ft (sample—neighbour Fa delay gp—var gp—time—scale)]
25 (do (swap! cond—set assoc t Ft) Ft))

26 :else (let [Ft (sample—mvn (statcov gp—var gp—time—scale))]

27 (do (swap! cond—set assoc t Ft) Ft))))))

28 {:var gp—var :time—scale gp—time—scale :data cond—set})))

Listing 2.1: A function for sampling a lazily evaluated realization of a Gaussian

process

The sample-gp function is an example of a closure, a concept introduced by Peter
Landin in 1964 and popularized by the scheme programming language. It is a func-

tion that returns a new function with its own environment, in which an AVL-tree
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is bound to the name cond-set (short for conditioning set - it will store the realized
times and function values). The function that it returns is defined between lines 4
and 27. Whenever this new function is evaluated at a new time ¢, it first checks
to see if this key is present in the AVL-tree i.e. if the function has already been
previously evaluated at this input. If it is present, the function returns F'(¢), if not
it attempts to find the keys nearest to ¢, in logarithmic time, and binds these to bef
and aft (previously “b” and “a”). Conditions that can arise are that ¢t has a nearest
neighbour both before and after, only before or after ¢, or there are currently no keys
in the AVL-tree. In the case when t is sandwiched between to other times already
present in the AVL-tree, then a value for F(t) is drawn from equation (2.43). The
other cases are handled similarly. This new key-value pair (¢, F'(t)) is inserted into
the AVL-tree (in logarithmic time) before returning the result to the user.

The behaviour to the user is as follows

core> (def mygp (sample—gp {} 3 1))

#core /mygp

core> (mygp 0.5)

#vector [2.5855374199430243,0.741972115586161,—10.952079103500354]
core> (mygp 10.5)

#vector [—1.1879519809380346,3.6235009428526337,—13.156076870588237]
core> (mygp 10.51)

#vector [—1.1523807108872246,3.4913880171082368,—14.086361936311798]

i.e. mygp is a lazily evaluated realization of a Gaussian process with variance 3 and
time-scale 1. It behaves like any other function in clojure. By inspecting the meta-
data it is possible to see the internal AVL-tree become updated with new key-value

pairs as the function is subsequently evaluated.

core> (def mygp (sample—gp 3 1))

#core /mygp

core> (meta mygp)

{:var 3, :time—scale 1, :data #atom[{} 0x5164dd9a]}

core> @Q(:data (meta mygp))

{3

core> (mygp 1)

#vector [0.3017980988600516,2.101152522085235,2.327574588156968]
core> @(:data (meta mygp))

{1 #vector [0.3017980988600516,2.101152522085235,2.327574588156968]}
core> (mygp 1.5)

#vector [1.40519429958541,2.1969074173882324,—1.312884773740397]
core> @(:data (meta mygp))

{1 #vector [0.3017980988600516,2.101152522085235,2.327574588156968],
1.5 #vector [1.40519429958541,2.1969074173882324,—1.312884773740397]}

This corresponds to a realization of F' from its prior distribution. The same code can

be used to generate lazily evaluated realizations of F' from the posterior distribution
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also. The procedure is in two parts. Suppose one has a set of observations {(¢;, v;)}1 ;.
The FFBS algorithm is first used to realize F at times {t;}_;. These times and func-
tion values are used to initialize the AVL-tree, passed to the sample-gp function in
the first known-values argument. For a new time ¢ ¢ {¢;}_; the posterior distri-
bution is conditionally independent of {y;}"_, given {F;}!' ; and so the conditional
distribution is p(F'(t)|F,, Fy) as before.

The main points are that the self-balancing AVL-tree maintains logarithmic com-
plexity of insertion and lookup operations as more and more function values are re-
alized. This means that looking up F'(t) for a previously evaluated ¢ in addition to
sampling a new value F(t)|F,, F}, for new a ¢ is fast. All the book-keeping, associated
with keeping track of times upon which F' has been realized, is handled internally
and is hidden from the user. The function F' behaves like any other function in the
language and can be passed to other functions such as the thinning function used to
generate realizations. Moreover, the reference to the AVL-tree is atomic, meaning
that this function is thread safe should one wish to use it in a parallel application.
In the following application sampling the large number of augmented independent
realizations as well as their hyperparameters can be performed in parallel. Thread

safety in this context means that there is no race condition on the AVL tree.
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3

Detecting Multiplexing in Neuronal Spike Trains

This chapter is a continuation of the former by using the previous model in an ap-
plication within neuroscience. In this application the arrival times are the times at
which a neuron (cell) discharges (fires) in response to an external stimulus. The
recorded point-pattern is referred to in the literature as a spike train. Understanding
temporal patterns in spike trains is the focus of neural encoding - how the brain is
able to encode information from the external environment. Encoding of information
can be at the individual cell level, through patterns in the spike train, or at a pop-
ulation level with multiple cells encoding the information as an ensemble. How the
brain encodes information from an external single stimulus is considered to be well
understood, yet this is not the case when presented multiple external stimuli. The
following application is motivated by the desire to understand this better.

The experimental setup, with some simplification of the details, is as follows.
A subject is played a sound at a frequency of A Herz and multiple spike-trains are
recorded from a single cell. The subject is subsequently played a sound at a frequency
of B Herz and multiple spike-trains are recorded from the same cell. The subject

is then played both sounds simultaneously and multiple spike trains are recorded
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from the same cell. Each spike train measurement will be referred to as a trial. The
single sound trials will be referred to as A and B, whereas the dual sound are simply
referred to as dual sound trials. The collection of 4n trials, n B trials and ng dual
trials will be referred to as a triplet, which corresponds to a single cell. Following
data collection, the analysis concerns discovering relationships between the dual and
single sound trials.

There are multiple hypotheses for how the brain encodes multiple information,
based on empirical observations. A simple hypothesis is that within a population
some cells fire like A and some like B. The respective proportions is something
that needs to be learned, and this proportion may depend on the frequencies of
each sound. An alternative is that each cell fires at an intermediate rate, somewhere
between the firing rate of each single sound trial, yet this hypothesis is less supported
empirically because behaviour is different compared to when the subject is played
a single sound at a frequency somewhere between sounds A and B. A more novel
and exciting hypothesis is the possibility of temporal multiplexing - a technique used
in telecommunications to transmit multiple signals across a single channel. This
behaviour is categorized by interleaving periods of firing like A and firing like B. If
such behaviour is present then it is desired to learn the period of multiplexing, how
quickly the cell switches between firing like A and then firing like B. This behaviour
will also be referred to as switching or dynamic.

The most common analyses in neuroscience are not able to detect within trial
dynamic behaviour. It is most common to regard repeated recorded spike trains as
repeated measurements of the same object, aggregating them together to form a suf-
ficient statistic. When repeated trials are pooled together, this smooths out any trial
specific temporal dependence. In addition, the data is not modelled in continuous-
time. Instead, an arbitrary choice of bin-width is made and the time-points are
binned to form count data - the number of time-points in each bin. Avoiding the
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arbitrary choice of bin-width is already desirable, but if the period of multiplexing
is shorter than the bin-width then this transformation of the data will obscure the
temporal behaviour. For these reasons new statistical tools are required.

There are two sides of the analysis. One side is to build a classifier that is able
to detect the presence of dynamic behaviour. The other side concerns learning prop-
erties of the cell. For instance, suppose the cell encodes information by sometimes
firing like A and sometimes like B. If some trials are like A and other are like B, then
it is desired to understand with what probability a new trial will be like A or like
B. Similarly dynamic behaviour might only be present in a subset of the trials, then
it is desired to understand with what probability a new trial will exhibit dynamic
behaviour. The period of multiplexing might also be different between trials, some
trials may multiplex at different rates, and so the cell distribution of multiplexing
periods is also desirable to learn.

The statistical challenge is to develop a model that is flexible enough to quantify
evidence for each of these different hypotheses, while at the same time avoiding
the dangers of making a model that is too flexible. The latter concerns over-fitting
the data and having too many parameters to be meaningfully learned. Indeed the
analysis is ambitious, attempting to learn many quantities of interest from data with
only moderate signal to noise ratio. The model presented in this chapter learns on

simulated datasets some quantities of interest well, but other quantities not so well.
3.1 Statistical Model for Multiplexing

The variety of different types of data necessitates a specific notation. There are
three kinds of trial A, B, D, and for each trial kind there “4n, Bn and Pn spike
trains recorded respectively. Each spike train is modelled as a realization from an
inhomogeneous Poisson point process, for which additional augmented realizations

are necessary. Instead of having four subscripts separated by commas the following
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notational rules are adopted. The left superscript denotes the type of trial, the
right superscript denotes the trial number, the left subscript denotes the realization
type and the right subscript finally denotes the point in an enumeration of the
point pattern. If no left superscript is present, it corresponds to a dual trial. The
reason for doing this is that some derived quantities will not be indexed by all four
parameters and so if one were using subscripts one would end up with quantities
possessing variable numbers of subscripts, of which the meaning is difficult to keep
track. Although having left and right sub and superscripts is unsightly, it is at least
consistent.

To begin, each A and B single sound trial is modelled as a realization from an
inhomogeneous Poisson point process with rate A\(¢) = AA(Au+4£(t)) and PA(t) =
BAo(Bu + Bf(t)) respectively. Each dual trial is modelled as a realization from an
inhomogeneous Poisson point process with rate X(t) = o (t)4\(t) + (1 — a?(t))EA(t)
where each realization has its own weight function o' : T — [0,1] structured as
a'(t) = o(u' + g'(t)). The link function o once again can be the probit or logis-
tic function. The weight function describes mathematically the extent to which
the dual sound trial behaviour is weighted toward single sound trials A or B. The
different experimental hypotheses translate to different forms of a’(t). There is a
time-averaged or static component y‘ and a dynamic component gi(t). To accom-
modate purely static behaviour ¢*(¢) is modelled as a mixture of the zero function
(0(t) =0 VteT)and a zero-mean Matern Gaussian process with weights (1 — 0)
and 6 respectively. Dual sound trials for which ¢*() is non-zero will be referred to as
dynamic, otherwise static. The parameter 6 is a probability of generating dynamic
trials that is intrinsic to each cell and is a quantity of interest. This motivates a
non-informative B(1,1) prior over 6.

Statements about the firing rate translate to statements about the intensity func-
tion. To illustrate the behaviour that this model can capture consider the following
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examples. When ¢(t) = 0 for all ¢ then the dual sound intensity is a static super-
position of the single sound intensities with weights o (p%) and (1 — o(u’)). When p'
is large in magnitude and positive the trial is firing like A, whereas when it is large
in magnitude and negative the trial is firing like B. When p‘ is moderate in magni-
tude the firing rate is somewhere between that of A and B. p! is of course allowed
to vary between trials, hence the superscript i. There is a hypothesis that the cell
sometimes fires like A and sometimes like B. In order to learn how the cell decides
new p' values the distribution of ;%’s is modelled as a Dirichlet process mixture of
normals. When ¢'(t) is non-zero, the firing rate is between the firing rate of A and
B with dynamic dependence. The multiplexing hypothesis corresponds to functions
g'(t) that exhibits high and low swings with period behaviour. The period may vary
between trials and so in order to learn the distribution of periods, the time-scale
of the Gaussian process is modelled with a discrete prior combined with a Dirichlet
prior on the probability vector. Learning the probability vector corresponds to the

time-scales favoured by the cell.
3.2 Data Augmentation

Each trial, modelled as a realization from an inhomogeneous Poisson point process,

requires additional unobserved realizations to be augmented to the model in order to

)}9") denote the realization

make the likelihood tractable. Let }¢' = ({n', {(J't}, dmi)}el,

aljs oM
from an inhomogeneous Poisson point process with intensity 4\ and appropriate
mark distribution, corresponding to the 7’th A trial with unobserved marks. As
before, an additional realization A¢! from an inhomogeneous Poisson point process
with intensity A — 4\ and appropriate mark distribution is required to make the

likelihood tractable. The realizations for the B trials Z¢* and B¢ are defined similarly

for i e {1,...,Bn}.
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The realization corresponding to the ¢’th observed dual sound trial is denoted
D¢t and is modelled as inhomogeneous Poisson point processes with rate \f(t) =
a()ANt) + (1 — a(t))PA(t), namely, a superposition of two intensities. By the
superposition theorem for the Poisson point process, see Kingman (1993), this can be

th Dpi {th 1” 4th 4
J

o Uity = A1t = v ]1Where

modelled in a generative way by assuming that {

{b t’} , and {f tz 2, are realizations of inhomogeneous Poisson point processes with
rates o (t)\(t) and (1 — a’(t))PA(t) respectively. The knowledge of whether a time
b tg- came from the former or latter realization is assumed lost in the observed data
and must be imputed. These realizations contain information about 4\, X and
o' and so to get a tractable full conditional for ¢°, (4f,4u) and (Bf,Bu) the same
strategy of adding latent truncated-normal or Polya-gamma marks must be used.
Moreover, an intractable integral remains in the likelihood. Additional augmented
realizations are required in order to remove it, which motivates the following set of

augmented realizations

CEANAL, At g ~ PPP(0 (t)*A(t), “Dy, Dy, Dy), (3.1)

DEAN AL, A, i, g ~ PPP((1 - ai(t)*A(t), D, D), (3.2)
DEAN,Af, A~ PPP(*A — AX(1),4D_), (3.3)

DEIPABL B il g ~ PPP((1— o' (1)°A(1), "Dy, D_, D). (34)
SENPF P, gt ~ PPP((6)PA(#), "Dy, Dy), (35)

§EIPN P[P~ PPP(PA—PX(t),"D_), (3.6)

for all i € {1,...,”n}. The intensities sum to *A + #A and so the likelihood reduces

to that of two homogeneous Poisson point processes. and for which

When the link function is the probit function the mark distributions *D, is
mlt ~ Nooo)(Fp + X f(£),1), *D_ is m|t ~ N (Vi + ¥ f(t),1) for X € {A, B}.
D’ is wlt ~ Npooy)(p' + ¢'(t),1) and D" is wlt ~ N _woy(pt + ¢'(t),1). In the
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logistic case *D; = ¥D_ is m|t ~ PG(1,%u + ¥ f(t)) for X € {A, B}. Similarly
D' = D" is wlt ~ PG(1, u* + ¢'(t)). The mark distributions D; and Dy are trivial
discrete distributions P[l = 1|t] = 1 and P[l = 0] = 1 respectively. Augmenting
points in these realizations with a binary label to record from which realization a
time-point arises is useful for the purposes of imputation as it is assumed that P¢ =

. . Dpi . . . Dpi
Dz_Dlpl U{z,LDtZD Dle;zx

Do i (Dyi Di i
(Cn' A7t T, T wy, P Gamy, gws, L1152 ). The labels are unobserved

but when imputed allow the realizations P¢* and P& to be reconstructed.
3.3 Complete Model Description

The full model is quite large and so it is best to state it in parts. The realizations

and parameters associated with the single sound trials are modelled as

JETAY i~ PPP(YA(), "Dy ), (3.7)
PN T~ PPP(YA = TA(L), TD-), (3.8)
A =T Ao (Tu+ T (1)), (3.9)

YA ~ Ga(ly, 1), (3.10)

Y~ N(0,07), (3.11)

YR N~ GP(0, KRR (), (3.12)

Y1 ~ Galty, ty), (3.13)

Yp? ~ IG(r1/2,12/2), (3.14)

for all X € {A, B} and i€ {1,...,%n}.
The observed and augmented realizations associated with the dual sound trials

are modelled as
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PEINAf At gt ~ PPP( (1) A(t), D, D', Dy), (3.15)

PETNAL, it o' ~ PPP((1— o (1) A(1), "Dy, DL), (3.16)
DEANAf, A~ PPP(AN — AN (1),4D_), (3.17)
NP Pt gt ~ PPP((1—a'(t))PA(t), "Dy, DL, Dy), (3.18)
SENNP Pt gt ~ PPP(a!(H)PA(L), "Dy, DY), (3.19)
DENENBf By~ PPPPA—B)1t),PD.), (3.20)

for all i € {1,...,Pn} with
. D .
?gz = ( {( ]71 m]:l w;:lDl;> U {<Dtl’4 m]a4Dw;’4Dl;) j= 1) The priors

on parameters associated with the dual sound trials are given by

a'(t) = o(u' +g'()), (3.21)
gy Lo P~ G0, K T () + (L= A1), (3.22)
76 ~ Bern(f), (3.23)
0 ~ B(by,bs), (3.24)
.
p("7p)oc > pud (P = 7), (3.25)
o
p~ Dir(ay, ... ap), (3.26)
Pp? ~ IG(r/2,7p%/2), (3.27)
plEt ~ N (i cop), (3.28)
i i~ g (3.29)
G ~ DP(a,m), (3.30)

where the base measure 7 is a N'(0,07) distribution and ¢ a positive constant less

than 1.
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3.4 The Euler-Maruyama Approximation

Before discussing MCMC for this model it is necessary to talk about the compu-
tational burden and approximations that can be used to improved performance. A
back-of-the-envelope calculation shows for each D trial contributes an expected num-
ber 4A of noisy measurements of A f and ZA of Zf, given all augmented realizations.
Similarly each A trial contributes an expected number of 4A noisy measurements
of Af, and each B trial contributes an expected number of A noisy measurements
of Bf. With 15 trials of each type with typical values of 4A ~ BA ~ 400, this
amounts to approximately 12000 data points each. These noisy measurements are
uniformly distributed in time over 7T, forming a very dense random discretization
in time. Given the proximity of subsequent time point, the Euler Maruyama ap-
proximation, see (Kloeden and Platen, 2011, Chapter 9), to equation (2.13) becomes
almost exact numerically. The Euler-Maruyama approximation is essentially a first

order approximation to the solution, resulting in the approximate state equation

Fi =& Fi 1 +¢

€ ~ N(O, Ql)
1 A; 0
where ®@; = 0 1 A;
—3NA; —3XZA; 1 - 3)A;
(3.31)
0 0 0
Q= 00 0
0 0 (16/3)p° A,

Aj=t;—ti

A =/5/T.

These approximate matrices ®; and Q; can also be motivated as performing series

expansions of ®; and @);, defined in equation (2.14), and retaining terms up to leading
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order in A;/7. With such a dense random grid, A;/7 is typically very tiny and this
approximation performs very well. ®; and @); can then be replaced everywhere by
the approximations. The computational advantage comes from the zeros present in
these matrices. It allows some linear algebra operations to be avoided, replaced by
expressions derived by hand. This mainly avoids the computation of inverses as it

turns out these matrices are diagonal.
3.4.1 Forward Filtering

To illustrate this consider the forward filtering stage. Let M; be of the form

Mivi 0 Mas
My=| 0 M 0 | (3.32)
Misi 0 M;sas

It follows from the form of ®;,; that ®;,1 M;®;1 + Q41 is a diagonal matrix give by

- My 0 0
DO Mi®Pi1 + Qi1 = 0 M 0 , (3.33)
0 0 BALPN + Miss(1—30A41)?

which leads to a complete forward filtering update of

Mgy — i g 0
1,11 0'i2+1+Mi,11
M = 0 M; 29 0 . (3.34)
0 0 1—36Ai+102)\5 + Mi733(1 — 3Ai+1)\)2

M; is clearly of this form,

4 1
P2 __P 0 —g)\ZPQ
Xy 0 , (3.35)
_%)\QPQ 0 )\4p2

=
I
o
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and so it follows that deriving M;,; from M, corresponds to merely updating the

diagonals of a diagonal matrix. Similar arguments lead to the expression for m;,, as

M 11 (yig1—p—mi1—mi20i11)
Miii+o7,

Miv1 = Mo + M3 (3.36)
=N 1 Aipr — 3N M 0D 4+ mys(1 — 341 0)

+mi1 + mi i

3.4.2 Backwards Sampling

The backwards sampling steps also enjoy simplified expression without the need for

linear algebra. In particular F;|F1, 91,541 ~ (¢;, Vi) where

Fz'+1,1 - mi,2Ai+1

¢ = Fig1o —mizAi (3.37)
3Mi,33(1*3Ai+1)\)(Fi+1,3+/\3mi,1Ai+1+3>\2mi,2A¢+1*m¢,3(1*3A¢+1>\))

3M; 33(1—308; 1 N)2+16X5p2 A1 1 +my3
and
0 0 M; 13
V; = 0 O 3M20 s , (3.38)
Mz 0 M;s3 — 22 i

16Ai+1p2>\5+3Mi733(1—3Ai+1>\)2

where of course M; 31 = M; 13 = 0 for all ¢ except 7 = 1. There is also an argument

for using the Euler Maruyama approximation for numerical stability.
3.4.8 Stability

Equation (2.43) requires taking the inverse of the matrix (), (in the sense of solving a
linear system). When the times ¢, and ¢, are close, this matrix becomes very poorly
conditioned and loses numerical accuracy. This is also the case when evaluating

p(F1.n|p?, 7) as this involves terms like ||Fj,; — A; 1 Fi|? - These become unstable

when times are very close to each other as the conditional distribution essentially
degenerates down onto the third dimension and so it is better to use the Euler

Maruyama approximation to avoid numerical instabilities. The conditional density
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for F}., can then be approximated as

1\ 1 .
pFln) = () o (=g U7 — (A%~ 3V + (1= 300 )
3.39
1 1\%? 1 (339
() e (cgartvn).
©

where V,, = Q4/p*. This can be used with conjugate inverse gamma priors on p? to

get an inverse-gamma full conditional distribution. The form of F'(t)|F,, F, under the
Euler Maruyama approximation is simple, but a little cumbersome and is omitted

for the sake of brevity.
3.5 Gibbs Sampling

When discussing the MCMC implementation it helps to break it down into parts. To

begin, consider the steps associated with the parameters of the single sound trials.
3.5.1 Steps for Single Trial Specific Parameters

The Gibbs steps for sampling conditional distributions of *F,*u, *p? and *7 for
X € {A, B} are much the same as in section 2.4, with the modification that dual trials
now also contribute noisy measurements of ¥+ f. All of these measurements must
be collected and enumerated, preferably in a sorted order in order to use the state-

space representation. When the logistic link function is used, let

nt

Ag = U{ (45, 1/, 1/tm)Yi O (G, 1/(2hmd), 1/t m))

3 . (3.40)
U (R, 1/(20m), 1/gmp) 2y,

||
I C:U

Ay:ASUAD,

then 4 corresponds to a set of noisy measurements of 4z +4 f. The first element of
each 3-tuple is a time, the second is a measurement the third is the measurement vari-
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ance. These need to be sorted before using the state-space representation, so for this
reason let AN = [1Y] and 4Y,.ay denote an enumeration of the elements of 4) such
that the times are ordered i.e. Ayl,l < Ay27]_, o, < A n1- An ordered sequence
of times can then be defined as 4t;.ay = 4.4 ~1 With corresponding measurements
Ayrany = AVpa ~,2 and measurement variances A 1 Ay = AV a ~3- The newly defined
Atan, “yray and 0'%: 4y can then be used to sample the conditional distributions
(AF,AT)|—, (AF,“p?)|— and (*F,4u|—) as in section 2.4. For the parameters associ-
ated with )\ the definition of the previously defined quantities changes only slightly.

The only modification is

7S = U{ Be 1/ 28mE), /Fmi) e O (P, 1/ 28 mi) 1/ Pmi) )Y

. b (3.41)
D = | UHt®r /2bmi). 1 /8mi,
i=1 k=4

3

S
Il

By:BSUBD,

from which the process is the same as before. The only difference when the probit link
function is used is that {(}¢%,1/(2ym’),1/3m )}5”( | is replaced by {(¥t5,7m}, 1)} nli

for each realization. The conditional distribution for *A is

YA|— ~ Ga(ly + *N, Iy + *nT + PnT) (3.42)
3.5.2  Steps for Augmented Realizations
The realizations A¢% for i € {1,...,4n}, B¢ for i € {1,...,Bn} and P¢ for i €
{1,...,Pn} and k € {2, 3,5, 6} are independent realizations of marked inhomogeneous

Poisson point processes defined in 3.7 and 3.15. The steps for sampling marks for

the remaining dual sounds trials are as follows

o A B o (PH)AA(P)
o Bla 17ADPA0, )~ B <<ai<£t;i>AA<£t;>+<1—ai<£t;‘->>BA<£t;i>>’

(3.43)
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and

?mz‘Dti' A)‘(')>B>‘<')7O‘i(') Dli =1~ ’Dé

o "j o Vg

D, i 7 i i
Pl Dt ANC), PAC), o ()01 =0~ PD,

(3.44)
D, i|Dyi A B 7 D i i
owj‘o tj? )‘()7 )\(),&() =1 ~D+

0 ]

(?w;"th;"?A)‘(')» B>\<‘)7 O/() ;U =0~DL.

0 ]

The newly sampled labels determine P& and &', Explicitly let O" = {(t},0 m!,” wz)};?:”;

and define subsets L' = {(t,m,w,l) € O : l = 1} and R' = {(t,m,w,l) € O : | = 0},

then P¢l and P& are given by

Pei = (1], ),
. o (3.45)
Pei = (R, RY)

3.5.8 Steps for Dual Trial Specific Parameters

o ) . . D , .
For each dual trial i, define PY" = e 045 {067 wh, 1)}, and N = [PY7].
These correspond to all noisy measurements of the function ¢* across all realizations.

Once again let ?)? ., denote an enumeration such that the times are ordered, the

7 .
1:N?

measurements yi, i and variances (02)3_ ni can then be defined as the

7

times 7.y,

first, second and third elements of these ordered 3-tuples. It is also helpful to let
these quantities define ¥ = Diag((c?)},...,(c%)%,) and K’ - the covariance ma-

)

L.yi- As the state-space

trix resulting from the Matern covariance kernel on times ¢

construction requires augmenting the first and second derivatives of the function ¢,

G'(t) = (g'(1), (') (1), (")"(1)).
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Conditional (Gy.0,,, P p?)|—

The variance term ”p? enters into the likelihood through all dual trials for which

v* = 1, therefore the full conditional is

p(P =) T T (€170 Pt o' !, AN B p(Pp?),  (3.46)

iyt=1ke{1,2,4,5}

o [ Nl i, S0+ Kp(Pp?), (3.47)

yi=1

which can be evaluated in linear time by running forward filtering on each required

Pyi A new value of Pp? is sampled via slice sampling. Sampling from G.p,, | p?, —
needn’t be performed in the cyclical Gibbs sampler.
Conditional (G, P7%)|—
The conditional distribution when ~; = 1
p(P7i =) [T pREPR P i 7 AN P N)p(r7), (3.48)
ke{1,2,4,5)
o Ny, 20+ Kp(Pr), (3.49)

which can be computed in linear time by forward filtering on ?)*. When ~¢ = 0 it

is merely the prior distribution This is also sampled via slice sampling and in the

D

cyclical Gibbs sampler the draw of G* conditional on 7% needn’t be performed.

Conditional (G*, u*)|—

Starting with p‘|—, when 4* = 0 the full conditional is N'(¢, (v*)*) where

N i
('UZ)i = i + =
;1 (0?); %

=

(3.50)




When +* = 1 the full conditional is normal with mean and variance computed as
in section 2.2.4. In the cyclical Gibbs sampler G* conditional on y¢ is not actually

drawn.

Conditional G*,~*|—

7*|— is a Bernoulli distribution with probability p’ given by
p'=0Y/(1+0Y,

N il S+ K76 (3.51)
Nyl 25 10

0’ =

where the numerator is computed by forward filtering on ?Y*. G? is then sampled
from the conditional distribution G|y, — by FFBS on PY".

Dp

Conditional i, ... g "|ut, ..., 1", —

The priors used are conjugate and so in this case the fi1, ..., fi, can be sampled via

algorithm 3 of Neal (2000).
Conditional 0|y*"", —

The beta prior is conjugate resulting in the beta full conditional

D

n DTL
Oy, — ~ Be(by + Y7 Pn— >4 + by). (3.52)
i=1

=1
Conditional p|Pr4"", —

D

The Dirichlet prior is conjugate to the discrete distribution on ?7¢, so the full con-

ditional for p is Dir(a; + c1, ..., ar + ¢x) where ¢; = Zj;"l P =1}
3.6 Model Performance on Simulated Data

The behaviour of the model will now be demonstrated on two simulated datasets.
In addition to being able to correctly classify dynamic vs static a’s for each trial, of
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particular interest is the ability to learn properties of the cell, namely, the probability
that a new trial will be dynamic and the cell’s distribution of x%’s and P7%’s. With
this information one would be able to make quantitative statements about «'(-) for
a new trial. It seems that the distribution of the p'’s is learned well, but § and the
distribution over P7% not so well. There is a tendency of the model to over-fit by
making trials dynamic when they should be static, and concentrating posterior mass
on smaller time-scales. In order to isolate and study this behaviour, the intensities
4X and B\ are considered known and fixed for the purposes of experimentation.

Consider the following simulated data. 15, 20 and 20 trials are generated for
types A, B and D respectively. The A and B single sound trials are realizations from
homogeneous Poisson point processes with rates 400 and 100 respectively, observed
over the unit interval. Each dual sound trial ¢ is generated from an inhomogeneous
Poisson point procecss where o' is dynamic with probability 0.5. When dynamic,
a'(t) = 0.5+ 0.4sin(27(¢; + t)/T;) where T; is a period sampled uniformly on the
interval [0.4,1] and ¢; is a phase shift sampled uniformly from [0, 7;]. When static,
a'(t) = ¢; where ¢; is drawn randomly from a mixture of two uniform distributions
with support [0.2,0.3] and [0.7,0.8] with equal weight. In total there are 14 dynamic
trials out of 20. The MCMC is run for 8000 iterations following 2000 burnin iterations
and every 10th iterate is retained. b; and by are taken to be unity so that the prior
on # is uniform. The first comment is that the posterior density for €, shown in
figure 3.1, is more skewed to 1 than expected. Figure 3.2 displays typical posterior
summaries for a truthfully dynamic and static trial. In both cases the 95% credible
interval correctly covers the true weight function, but the static trials are classified
as dynamic. Indeed most posterior draws of weight functions for static trials are
dynamic. Moreover, the time-scales for the static trials are also estimated to be
small, which is not expected.

Consider the probability vector in the discrete prior on the time-scale, upon
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FIGURE 3.1: (Left) Posterior density for Pp?. (Middle) Posterior density for 6.
(Right) Density functions p(fn,,,1|fi1.0,,) using posterior draws of fi;.n,,

which a Dirichlet prior was placed. Averaging each element across the MCMC draws
results in [0.18,0.53,0.19,0.04,0.05]. Now consider the posterior draws of the time-
scale for the static trial shown in figure 3.2. The relative proportions of draws is
almost identical to the probability vector p in the prior, revealing the the likelihood
for the static trials is rather indifferent to the time-scale. When dynamic trials
strongly favour short time-scales, and static trials are indifferent toward time-scales,
the probability vector p is pulled toward loading on smaller time-scales. Generating
new «a'’s from the posterior predictive would result more dynamic weight functions,
but would spike-trains generated from the posterior predictive look any different from
those upon which the model was trained?

Before assigning too much weight to this analysis, however, there is clearly an
issue regarding the mixing of 4*. This is not unexpected for a data augmented model.
This cannot reliably be used to classify trials or for learning a cell’s propensity to
create dynamic trials through learning the parameter 6. In order to resolve this issue

the model was simplified.
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FIGURE 3.2: Posterior summaries of parameters associated with dual sound trial
(left two columns) i = 9 (right two columns) ¢ = 14. The true o'(-)’s are represented
with black lines.

3.7 A Simplified Model

The mixture prior on the ¢’s is actually a remnant from an earlier model where the
time-scales for each dual trial were a common parameter given a continuous prior.
Having moved to a discrete prior on the time-scale, it is considerably simpler to
specific a discrete prior on the inverse of the time-scale with a point mass at zero.
This would also result in static a’’s. The Dirichlet prior could then be used to give
aprior probability 1/2 to the point mass at zero, and distribute the remaining mass
across the remaining point masses. Learning a cell’s propensity to generate flat a’s is
then possible by considering the posterior over p. Working with a prior on the inverse

time-scale with a point mass at zero is a little awkward numerically, and so instead
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consider a model which places a discrete prior on the time-scale with a point mass
at a very large value. The prior considered is taken, somewhat arbitrarily, to have
point masses at [0.1,0.2,0.5,1,100]. It is expected that the posterior probability that
Pzt =100 is high for the static trials. In addition a new dataset was generated. The
conditions are exactly the same as the previous dataset, but is now more balanced
with 10 static and 10 dynamic trials.

Figure 3.3 shows typical posterior summaries for a dynamic and static trial. As
before, the posterior for the weight functions concentrates well around the true func-
tions but the time-scale is poorly learned. Averaging each element of the probability
vector p across MCMC draws results in [0.03,0.71,0.16,0.07,0.04]. The posterior
probability of P7¢ values is also very similar to p for the static trials, as shown in
figure 3.2, adding support to the idea that the likelihood function for static trials
varies very slowly as a function of the time-scale. At this point, attempting to clas-
sify trials as dynamic or static based on the posterior of their time-scale parameter

is abandoned.
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FIGURE 3.3: Posterior summaries of parameters associated with dual sound trial
(left) 4 = 17 (right) + = 2. The true o‘(:) is shown in black in the bottom right
figure.
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3.8 Cell YKIC092311 1 609Hz 24° 742Hz —6°

Previous analyses identified this cell under these conditions as exhibiting the most dy-
namic behaviour among all triplets. The goal is merely to learn the weight functions
and not to attempt to classify them as switching or dynamic. In addition, learning
the cell’s time-scale distribution is abandoned and the probability vector p is fixed
with no Dirichlet prior. The discrete prior consists of locations [0.05,0.1,0.2, 0.3, 100]
with equal probabilities. The two frequencies are 609 and 742 Herz, at locations 24
and -6 degrees respectively. The measured spike trains are shown in figure 3.5. An
informative prior on 4A and ZA of Ga(15,1/20) was specified using domain specific
knowledge, putting approximately 0.95 prior probability between 170 and 470. The
variance, O’i, of the prior for 4y, and & and the base measure in the Dirichlet process
was taken to be 0.25. The prior on the GP variance was an inverse Gamma with
shape 2 and scale 0.5 truncated to the interval [0,4]. The purpose of constraining the
means and variances of the GP are that the function is composed with the link func-
tion, and so beyond a point it is unnecessary for the function values to be any larger.
The prior on the time-scale of 4 f and B f was taken to be a Ga(5,15) distribution
truncated to the interval [0.05, co0] in order to eliminate very small time-scales which
resulting in over-fitting. This puts approximately 0.95 prior probability between 0.1
and 0.7. The MCMC was run for 10000 iterations of which every 10’th iterate was
retained. Posterior summaries for *p,¥p? Y7, ¥ f YA and Y\ for X € {A, B} are
shown in figures A.3 and A.4. As is clear from figure A.4, the posterior favours
smaller time-scales even for the single sound intensity, hence why the truncation was
necessary in the prior to avoid over-fitting. The estimated single sound intensities
and dual sound weight functions are shown in figure 3.5. Under this analysis, the
flattish nature of the weight functions is most consistent with the intermediary static

superposition hypothesis.
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FIGURE 3.4: Posterior summaries for cell YKIC092311_1 609hz 24° 742hz —6°. (Left)
Estimated intensity functions 4\ and Z\. Black lines represent posterior median val-
ues and colour bands represent 0.95 posterior probability credible intervals. (Right)
Estimated weight functions o' for each dual trial 1 through 7. Black lines represent
posterior median values and colour bands represent 0.5 posterior probability credible
intervals.
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4

Continuous Optimization for Variable Selection

4.1 Spike and Slab Priors

This chapter is primarily devoted to spike and slab models. Initially introduced
by Mitchell and Beauchamp (1988), the spike and slab prior constituted a prior
on the regression coefficients which was a mixture of a point mass at zero and a
diffuse uniform prior. These two-component mixture priors have received a lot of
attention in the variable selection literature (see Ishwaran and Rao (2005), George
and McCulloch (1993), Clyde et al. (1996)) and remain popular to date. The specific

model that is studied in this chapter is the following spike and slab model

Y8 ~ N(XB,07%)
Bilvi ~ %DE(M /o) + (1 = 7:)do (4.1)

v ~ Bern(0),

although many of the following algorithms are also valid for other choices of slab den-
sity. Initially 6 is considered a fixed hyperparameter, but this assumption is relaxed

later. The properties of the posterior resulting from this prior have been studied
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in Castillo et al. (2015). This chapter considers the MAP (maximum a posteriori)
estimator of (4.1). It is organized as follows. The chapter begins with a study of the
theoretical properties of this estimator, generalizing existing results for lasso based
on /ly-regularity conditions of the design matrix quantified by the compatibility num-
ber (see Buehlmann and van de Geer (2011)). Thereafter, an alternative approach
deriving similar results based on the general theory of Zhang and Zhang (2012) is
provided. After the initial theory the remaining focus is on optimization methods
for computing this estimator. This chapter focusses only on continuous optimization
methods, which provide only a locally optimal solution. This leads to an interesting
survey of algorithms that have arisen in different disciplines. In particular four al-
gorithms are studied; the proximal gradient method, orthogonal data augmentation,
LQ decompositions of the design matrix and location mixtures of spherical normals
which exploit the separability of the penalty. All of these algorithms shall prove
to result in identical parameter mappings. The next chapter considers discrete op-
timization, algorithms which use the local solutions found from algorithms in this

chapter as starting points to find the globally optimal solution.
4.2 Theory Based on Compatibility Condition
Optimization Formulation

The problem of finding the global posterior mode of equation (4.1) can be written

as the following mathematical program

Byy

L 1 0 A A
Minimize F(f,7) := T,zHY — XB|3 - (log (m) + log (;1)) Z% + ;1H/3H1

subject to v € {0, 1}?,

Bi#0Ay=1)v(Bi=0nr7=0),
(4.2)

62



which corresponds to minimizing the negative of the log-posterior. This in turn can

be rewritten in the form of a penalized regression

1 A
L(B) := @\\Y—Xﬁl\%kollﬁ\\wr;1H5H1, (4.3)

where \g = —(log(6/(1 — 6)) + log(A1/c)). This clearly contains both ¢, and ¢,
(lasso) regularized least squares as special cases. This model is of interest to Bayesian
statisticians who wish to model sparsity through the prior p(7), and apply modest
shrinkage to the non-zero coefficients through the Laplace slab distribution. As the
lasso is obtained through the special case of A\g = 0, it is interesting to see how

available results for lasso can be generalized for (4.3).
Generalizing Results for Lasso to Spike and Slab

In the literature concerning theoretical results of the lasso it is actually more common

to study the following formulation

6= arg min [Y = XB[5/2n + Aol Blo + A5l (4.4)
eRP

where A\, = 0?)\o/n and A} = o\;/n. This is simply rescaling equation (4.3) by
(02/n). T follow this approach only for the sake of continuity in some of the constants
that have been derived in other works and I shall drop the primes on )\E) and Xl here-
out. The following results assume that the truth is linear, i.e. that Y = X3° + ¢ for
some true but unknown %, with noise terms &; ~ A (0, %) for a known variance o.
Moreover it is assumed that the columns of the design matrix have been scaled as

|2;]l2 = 4/n for each column i € {1,...,p}. It follows immediately from the definition

of B in (4.4) that
|Y = XBl5/2n + XollBlo + M IB1 < Y = XB3/2n + Xo| 80 + M| 8% (4.5)
Equation (4.5) can be rearranged to yield the commonly named basic inequality

1X(5 = 8%)5/2n + AollBlo + Al < €"X (B = 8°)/n+ Aol 8o + Adl| %11, (4.6)
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which isolates the only random term on the right hand side. Buehlmann and van de
Geer (2011) call this the empirical process term. One approach to deal with this is
to bound the empirical process term from above with high probability. Indeed, the
extended Holders inequality can be used to provide an upper bound as e X (B -
B9 < [ XTe| |3 —B°1. The next step is to make suitable assumptions on the noise
term to bound | XTe|., with high probability. This can be achieved by assuming the

noise variables are sub-Gaussian and using the tail probabilities to get the bound.

Definition 1. A random variable X € R is said to be sub-Gaussian with variance

proxy o2, denoted X ~ subG(c?), if E[X] =0 and

Efexp(sX)] < exp (02232) (4.7)

Corollary 2. Let X ~ subG(c?), then for any t > 0
P[|X| > t] < 2exp(—t*/(20?)) (4.8)

Proof. Choose any s > 0. The result can be obtained using the Chernoff bound as
follows

P[X > t] = Plexp(Xs) > exp(ts)]

_ Elexp(Xs))

exp(15) (Markov’s Inequality) (4.9)

< exp(s’0?/2 —ts) (Sub-Gaussian).

The last line holds for any s > 0 and so the bound can be tightened by using the value
of s for which the right hand side achieves a minimum. This occurs at § = —t/202,
which provides an upper bound on the right hand side of exp(—t%/(20?)). The result
then follows from P[|X| > t] = P[X > t] + P[X < —¢] O

Corollary 3. Let Xi,...,X, denote independent subG(c*) random variables and let
a € R? be an arbitrary vector, then > F_ a;x; ~ subG(c?|al3).
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Proof.

E[exp(sa’ X)] = HE[eXp(saixi)] (Independence)

=1

p ) . (4.10)
Hexp s*a’0®/2) (Sub-Gaussian)
i=1
= exp(s”|al3/2)
[

With the definition of sub-Gaussian random variables in mind attention can be
restricted to a set upon which the empirical process term is bounded with high

probability.
Lemma 4. Let F = {|X7T¢|/n < T} where €1,...,€, are independent subG(c?)
random variables and T = aq/m%, then

P[F] = 1 — 2exp(—t*/2) (4.11)
Proof.

1 — P[F] = Plmax |X]¢| = nT]

p
2 [|XTe| = (Union Bound)
i=1 (4.12)
< 2pexp(—n*T?/(2n0?))  (Sub-Gaussian Tail Probability)
= 2exp(—t*/2)
[

It is now possible to state the main result.

Theorem 5. Let Y = X% + ¢ where €1, ..., €, are independent subG(c?) random

variables and X is such that the columns have been scaled to have lo—norm of \/n.
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Let 3 defined as in equation (4.4) and let Sy = {i : 80 # 0}. With A\, = 204/ M%?

the following bounds

)\2
< (1 4.1
HﬁHO ( + 2\ ¢2 SO,)\O,)\1)) |SO‘7 ( 3)
22\
0 0
< Sol, 4.14
18— B (Al SO,AO,A1)>| ol (4.14)
) D 2D
X(B—pB3/n < L 2 D>1 4.1
X - 8/ < 5 (i + 2) 18 ¥D =1 (@)

hold on a set F with P[F] = 1 — 2exp(—t%/2), where ¢*(So; Mo, \1) is a modified

compatibility number defined as

¢(S7 >\07 >\1) =
e (4.16)
1nf {HUJ# . 2)‘0HUSC 0 + )\1||USC 1 < 3/\1HUSH1 + 2/\0”U5|0} s

n'2usly

Proof. The set F = {[|XT¢|/n < o t2+2l°gp} has a probability of at least 1 —

2exp(—t%/2) by lemma 4. On F the empirical process term can be bounded in the

basic inequality given by (4.6), yielding

1X(5 = 85/ + 2x]Bo + 2218l < AallB = 8% + 2201 80 + 2080 (4.17)

The I1 norms in equation (4.17) can be manipulated through the observation that

1B = 1850l + 1Bsgllx = 8% — Bsy, — B 11 + 1Bsg (4.18)
18— 81 = IBs, — Bollh + ”BS&HM (4.19)

to give
IX(B = B%)3/n + 2X0lBllo + 2X1]B30 ] — 2M1]Bs, — BY I + 21 |Bsg s o)

< MilBsy — Bl + Ml Bsglli + 220080 + 221]8° 1.
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This simplifies to

|X(8 = 83/ + 220lBllo + Ai| Bsg

< 3\ Bs, — B3, 11+ 2X0[8°(o,

(4.21)

providing the inequality

2201800 + M Bscll < 3M[Bse — BLI1 + 2X0] 8. (4.22)

Because ﬁga = 0 equation (4.22) can be written as

2o Bss — Bello + A1 Bse — Bsellr < 3AilBsy — B% 1 + 2X0[Bse — B llo-  (4.23)

The shows that the estimation error A := 3 — 3° satisfies 200/ Asello + ArfAselly <
3AAs, 1 + 2X0|As,lo- Returning to equation (4.21) and substituting equation
(4.19) gives

|X (B = 8% 3/n + 220 Blo + M5 — 81
= [ X (8= B%)[3 + 2X0lBll0 + Al Bs, — B8, [T+ M Bssls (4.24)

< AN Bsy — B3, 1+ 220]8%o

At this point, one might try to rid of the |fg, — B4, |1 term on the RHS by incorpo-
rating it somehow into the | X (3 — 3°)|2/n term on the LHS. The Cauchy-Schwarz
inequality could be used to bound |Bs, — % | from above by v/Sy|8s, — 8% |2, but
this still needs to be related to | X (8 — 8°)[s. It is for this reason that the modified

compatibility criterion is required. As seen from equation (4.23), the estimation error

A€ {ueRP:2X||luselo + Arfuse

1 < 3N |us, |1+ 2X0llus,llo}, and so it follows that
1B8sy — 8% 1 < |Sol"2| X B — X B°|2/(n2¢(S0; Ao; M1)). Equation 4.26 then becomes
|X (3 = B8%)3/n + 2X[Blo + M1 B — 8l

10|21 X (B — 8%z
" nlR26(S5 M, A2
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From the identity 4uv < u? + v? it follows that

1 5 0N 112 5 A 0 AID
(15 ) 15— #)/n + 27l + Al — 7 < ( o) 184

¢2<S7 )\07 )\l
(4.26)

for any D > 0. D can be chosen to tighten the bounds. In particular for D =1

. \2
< (1 ! 4.2
1o < (1+ g5 ) 10 (@27
and
. 2\ A
— B < —0+—1)S. 4.28
13- < (52 + s ) 10 (4.29
For D > 1
R D AD
X(B-B"5/n < ! 2\ : 4.2
X - )/ < 5 (o + ) 150l (1.20)
O

Equations (4.14) and (4.15) are direct generalizations of results for lasso under the
same set of assumptions for the spike and slab prior. In particular with \y =0, D =1
and D = 4 they reduce to inequalities found in theorem 6.1 of Buehlmann and van de
Geer (2011). Theorem 5 provides an additional bound, however, on the sparsity of of
the estimated regression vector, which is not present in the analysis for the lasso. It
is known that lasso typically over-estimates the number of active predictors, and so
having an upper bound on the sparsity of the estimator is useful. The new modified
compatibility number also warrants some discussion. When Ay = 0, the modified
compatibility number reduces to the original compatibility number present in other
works such as in Buehlmann and van de Geer (2011) and Castillo et al. (2015). The
original compatibility number ¢(S;0, A1) is actually independent of A; as it cancels
out, and so for the sake of simplicity the original compatibility number can be denoted
¢(S;0,1). There are two relevant questions. The first is how does ¢(S; Ag, A1) relate
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to ¢(5;0,1). The second question is how does ¢(S; \g, A1) behave as A\g and A\, are
varied. In particular, one would like to choose a specific form of A\g and A; in terms
of n and p to try and recover an oracle inequality, but as ¢(Sp; Ao, A1) appears in the
bounds in theorem 5 it is not clear how to do this.

Recall that the compatibility number was motivated by a desire to bound the
¢ norm of the estimation error g, — 4% in terms of | X3 — X°|3. In this sense
the compatibility number corresponds to an ¢s—regularity condition on the design
matrix. For a given set S it might be possible to find a constant ¢ such that |ug|; <
|S|M2|| X u|2/(n'?c) for all u € RP, but for this to hold for all u € RP the constant
¢ would likely need to be very small. The analysis for Lasso shows, however, that
Bs, — B, € O(Sy) © R? where O(S) = {u : |uge|1 < 3|lus|:}, and so one only
needs a constant ¢ such that [ug,|; < |So|*?|Xu[2/(n2c) holds for all vectors in
O(Sy). As O(Sp) is a subset of RP, then the constant does not to be as small. This is
the original compatibility number. The analysis for the point-mass-Laplace mixture
prior, however, showed that Bgo —Bgo € M (Sp; Mo, A1) < RP, where M (S; Mg, A1) = {u :
2(Xo/A1) (1S =1S]) + |use|ls < 3|us|i}. Under the assumption that the true vector 5°
is more sparse than it is dense i.e. |Sy| < |S§|, then M (So; Ao, A1) € O(Sp). To see this
let x € M (Sp; Ao, A1). Because the term 2(A\g/A1)(|S¢|—1S]) is positive by assumption,
it follows that |z§]1 < 3||xs|l; and so 2 € O(Sy). The modified compatibility number
results in a tighter bound therefore, because |us, |1 < [So|*/?| X ul|2/(n'/?c) need only
hold for w in the smaller set M (Sp; Ao, A1). Alternatively it is clear from the definition
that ¢(So; Ao, A1) = ¢(S0;0,1) as the infimum is over a smaller set. Increasing Ao
decreases the size of M (Sy; A\, A1) and the value of 1/¢(Sp; Ao, A1). The implications
for the bounds in theorem 5 then are that there is a trade-off between increasing
Ao and decreasing 1/¢(Sp; Ao, A1). In addition, 1/¢(Sp; Ao, A1) < 1/6(Sp; 0,1) when

So| < |S§] allows the following result to be stated.
0 g
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Theorem 6. Under the assumptions of theorem 5 with A\ = 20+/271og(p)/n, Ag =

o2(log p)/n and the additional assumption that |Sy| < |SS|, then 3 achieves the oracle
mequality

lo
pr 72[So], (4.30)

|X(5 = 8%)3/n < const.

on a set F with P[F] =1 —2exp(—(7 — 1) logp).

Proof. From theorem 5 with ¢* = (27 — 2)logp

. D A2D
X3 - B8/ < 5 (S + 20 S0l

~

D 4(2rlogp)D  _logp\
2
D—1 <n¢2(s;0,1) " o150l

1
< const. ng02\50|.
n

4.3 Theory Based on n—Null Consistency Condition

An alternative approach to understanding the theoretical properties of the point
estimator obtained from (4.4) is in the context of the general theory for concave
regularizers by Zhang and Zhang (2012). This was the approach used by Rockova
and George (2016) to establish theoretical properties for their spike and slab lasso
prior, which differs from the prior studied here as another Laplace distribution is
used instead of a point mass at zero. As there are many popular regularizers in the
modern literature, Zhang and Zhang (2012) derive general results that hold under
mild assumptions of the regularizer used. If the regularizer used is denoted g(z), the

authors assume that
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1. ¢g(0) = 0 (zero)
2. g(—z) = g(x) (symmetric)
3. g(z) < g(x +y) Yo,y > 0 (nondecreasing)

4. g(z +y) < g(z) + g(y) (subadditive).

These assumptions hold true for £y and ¢; penalties and for combinations of them. In
addition, it is assumed that the regularizer satisfies the n—null consistency (n—NC)

condition

Definition 7. Let n e (0,1]. A regularizer g satisfies the n—NC' condition if
min [le/n — XB[5/(2n) + g(B) = |e/nl3/(2n). (4.31)

The 1 — NC condition means that if the true regression vector 3% = 0, then the
global optimizer B = 0. I am using a shorthand where if the argument of ¢ is a
vector, like g(/), this is understood to mean »?_, g(5;). It should be clear from the
context depending on whether the argument is a vector or scalar. Given a regularizer
g, the threshold level is defined as

A" = inf {f + @} : (4.32)

t>0 ( 2 t

named so because the solution to argmin,{(z — t)?/2 + g(¢)} = 0 iff |z| < \*. For
the point-mass-Laplace mixture prior, the threshold level \* = /2X\g + A\;. The
assumptions on the design matrix are that the restricted invertibility factor is non-

zero, defined as

Definition 8. Forqg>1, S c {1,...,p}, and £ > 0, the restricted invertibility factor
1s defined as

1/q T
ISPEIX Xl ey < @(us)}. (4.33)

RIF,(¢,S =inf{
(&, 5) nlal,
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In order to import the results of Zhang and Zhang (2012), all that must be shown
is that the n—NC condition holds with high probability for g(8) = Ao|B]o + A1 ] 5]l:-

Theorem 9. Let the penalty g(B) = Xo| Blo + Ai| Bl with Ay = 24/ M%. Assume

€1y -.,€n are independent subG(a?) random variables. Then the n—NC' condition

holds with probability at least 1 — 2 exp(—t2/2).

Proof. Let § = argmin{(1/2n)|e/n — X 3|2 + g(8)}. Then by definition

(1/2n)e/n — XBI5 + 9(B3) < (1/2n)|e/n — XB5 + g(8) VB eR? (4.34)

As the RHS holds for all 5 € R?, it also holds for 8 = 0,, the vector of zeros. It

follows that
(1/2n)e/n — X B3 + 9(B) < (1/2n)|e/nf5. (4.35)
It remains to show that LHS > RHS.
(1/2n)e/n — XB[5 + 9(53) = (1/2n0)|e/nl5 + (1/20) 5" XTXB — " X5/ (nn) + g(5)

> (1/2n)|e/nl5 — [€" X5/ (nn)| + g(B)

> (1/20)|e/nl3 — "X /(nn) oo |81 + 9(6).
It follows from the assumption of sub-Gaussian errors and the form of A\; that
P[le" X /(nn)]lo < A1] = 1 — 2exp(—t?/2). Therefore

(1/2n)e/n = XBI5 + 9(B3) = (1/2n)e/nl5 = MBI + A8l + Aol Bllo
> (1/2n)|e/nlz,

with probability at least 1 — 2 exp(—t2/2). O

With the definitions of the threshold \*, the restricted invertibility factor RIF, (¢, S)
and conditions under when the n—NC condition is expected to hold with high prob-

ability it is possible to state the main result
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Theorem 10. LetB be defined as in equation (4.4), B° the true regression vector,

So=1{i:p2#0}, Y = XS+ e where e, ...,¢, are independent subG(a?) random

variables, n € (0,1], & = (1 +n)/(1 —n) and A\ = %q/m%. Then for all ¢ > 1
the following bounds

A (1+n)
—po 1/q
13— B HQ\RIF .50 (7/2Xo + A1) |So] (4.36)

A (1+n
| X5 — Xﬁng/n < 26 (2 m) V2 o + A1) |So (4.37)

hold with probability at least 1 — 2 exp(—t%/2).

The proof uses theorem 9 to assume that the n—NC condition holds with high
probability, the rest is then a direct consequence of Theorem 1 of Zhang and Zhang
(2012). Obtaining a bound on the sparsity of B requires more work, but is possible
through theorem 2 of Zhang and Zhang (2012). Setting A\ = (0% log p)/(n*n) attains
the oracle inequality with high probability as before. The next section switches at-
tention to optimization algorithms for obtaining locally optimal solutions to problem

(4.3).

4.4 Continuous Optimization Methods

4.5 Introduction

The optimization problem (4.3) is a member of the following class of problems

minimize F(5) := f(5) + g(5), (4.38)

where f(f) is a differentiable term and g(f) is separable penalty, meaning that
g(B) = XF  hi(B;) for functions hy,...,h,, possibly non-differentiable, possibly
discontinuous and possibly non-convex. For the point-mass-Laplace prior g(8) =
MollBlo + A8l = X5 Mol{B; # 0} + A\1]5;|. T will use the same function name g for
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the univariate case as it should be clear from the context of whether the argument is
a vector or scalar. The MAP estimate of logistic regression models under generalized
double Pareto priors of Armagan et al. (2013) is another example of an optimization
problem that falls within this class. The possibly non-smooth, possibly discontinuous
term presents significant challenges and in general an analytic solution to equation
(4.38) will not be available. The primary structural property that is exploited by
most algorithms is the separability of the penalty. This is useful when the solution to
the univariate or orthogonal case is analytically tractable, provided by the proximal

operator of the penalty defined as

prox,,(z) = argymin {%(y —z)* + g(y)} : (4.39)

A catalogue of penalties and their proximal operators can be found in the review
paper by Polson et al. (2015). When f(5) corresponds to a univariate regression,
equation (4.38) can be re-expressed in the form required by equation (4.39), and
so the minimizer can be computed through use of the proximal operator. When
f(B) corresponds to a p — dimensional orthogonal regression, (4.38) reduces to p
independent univariate regressions. Therefore, assuming that g has a tractable prox-
imal operator, there are at least two immediate ways of tackling the minimization in
equation (4.38). The first approach is to condition on all but one variable and solve
the resulting univariate conditional minimization problem. This is then repeated for
other variables in a cyclic, greedy or random way. The second approach is to ap-
proximate the function f(f) by a separable function f (B) and solve the p resulting
univariate minimization problems simultaneously.

Coordinate descent is an algorithm in the former category. It was largely ignored
until Friedman et al. (2007) found it to be effective in ¢; —regularized problems. It
remains competitive and is implemented in the popular R package glmnet for fitting

lasso constrained linear models described in Friedman et al. (2010). Non-asymptotic
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rates of convergence for this method, when applied to convex problems, are given in
Saha and Tewari (2013). A closely related algorithm is greedy coordinate descent,
where the variable to be updated is chosen in a greedy manner, also known as Gauss-
Southwell selection. The variable to update is selected as the one out of p candidates
for which solving the univariate minimization problem provides the greatest reduction
in the objective. The greedy coordinate descent is known to converge faster than
random coordinate descent for convex problems, see Nutini et al. (2015), but requires
p more computation per iteration.

For non-convex problems one cares arguably less about of the rate of convergence
to a local optimum and more about the ability of the algorithm to find the global
optimum. There are few theoretical results about the optimality of the previous
algorithms but common belief suggests that updating variables one at a time is very
susceptible to entrapment in local modes. For this reason, this chapter focusses on
algorithms of the second category that update all variables simultaneously. It began
initially with the development of two new algorithms motivated by the expectation-
minimization principle of Dempster et al. (1977). The first algorithm was based on
the orthogonal data augmentation idea of Ghosh and Clyde (2011), while the second
exploited a location mixture representation of the multivariate Gaussian distribution.
Comparing these algorithms with each other, the proximal gradient method (see
Rockafellar (1970)) and the iterative algorithm of Figueiredo and Nowak (2003) led
to a surprising observation that all four algorithms are, in fact, identical.

In order to compare the four algorithms considered in this chapter, a common
perspective with which to view them is needed. For the purposes of comparison it
is most convenient to consider each algorithm as a majorization-minimization (MM)
algorithm, reviewed in section 4.6.1. Although the proximal gradient method is more
commonly motivated by showing that the fixed-point of the proximal gradient map
satisfies the desired optimality condition for the minimum of a convex composite non-
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smooth objective function, this motivation does not hold for non-convex problems.
Instead it can be motivated as an MM algorithm by considering functions with
Lipschitz continuous derivative, which is outlined in section 4.6.3. This allows it to
be compared most readily with the EM algorithms arising from data augmentation
techniques, which are themselves special cases of MM algorithms operating within
a probabilistic context, as demonstrated in section 4.6.2. The following subsections
review the relevant theory for MM /EM algorithms and Lipschitz gradient functions
which is required in section 4.7 to demonstrate that all four algorithms result in

identical parameter mappings.

4.6 Preliminaries

4.6.1 MM algorithm

The majorization-minimization (MM) algorithm is a general method for generating

a descent algorithm. A function Q(-|3™) : Q@ — R is said to majorize a function

f:Q—Ratg™eQif
L f(B™) = Q(B™[B™) (tangency)
2. £(B) < Q(B|B™) VB € Q (domination)

The MM algorithm constitutes two steps. First by majorizing the objective about the
current iterate 4 with a function Q(-|3™) (surrogate), and then minimizing this

n+1

surrogate to obtain the next iterate 3**1. The tangency and domination properties

alone are sufficient to guarantee decrease in the objective.

F(BY) < QBMV18™) < (B™B™) = F(B™). (4.40)

How well suited the MM principle is to any given problem depends upon how easy

it is to find a readily minimizable surrogate, thus converting a hard optimization
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problem into a sequence of simpler ones. For the class of C! functions with Lips-
chitz continuous derivative there is a surrogate which has strong connections with
first-order gradient descent methods. Numerous examples in statistics and machine

learning can be found in Lange (2016).
4.6.2  EM algorithm

The EM algorithm of Dempster et al. (1977) is an example of an MM algorithm where
the objective function to be minimized is defined within the context of a statistical
model. The surrogate () is achieved by taking expectations and applying Jensen’s
inequality. Formally let f(3) correspond to the negative log density — log p(/3), where

p(/) is the marginal distribution obtained from some joint distribution p(3,n). Then

e [
F(8) = —1os | (a8 -

< —E[log p(8,7)|8™] + E[log p(n|3™)|8™],

where 1 have used concavity of the log function and Jensen’s inequality with the
expectation taken with respect to the conditional distribution for n given 8. The
right hand side of equation (4.41) possesses the desired tangency and domination
properties required for the MM algorithm, and so minimizing these terms with re-
spect to 3 to obtain the next iterate results in an algorithm possessing the descent
property. Technically both terms constitute the ) function in the MM algorithm
but as the second term is only an additive constant it does not affect the minimiza-
tion step and is typically dropped. There is a freedom as to how one chooses this
joint distribution, which usually takes the form of data augmentation or parameter
expansion, and is most useful when the joint distribution is much more amenable to
minimization than the resulting marginal. This chapter will visit three distinct data

augmentation ideas which are useful for penalized linear least squares problems.
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4.6.3  Lipschitz-Gradient Functions

In order to motivate the proximal gradient method as an MM algorithm the following
results for Lipschitz gradient functions are required. A differentiable function f :

R? — R is said to be p-smooth if it satisfies
) < f@) + (Vf(@)y—a)+ Sy —al} Vy,o R (442)

A differentiable function f : R? — R is said to be Lipschitz gradient if V f is Lipschitz
continuous. We will use the result that a Lipschitz gradient function with parameter
L is L-smooth. This follows from application of Taylor’s theorem and the Cauchy-

Schwarz inequality

F(y) = fla) +(Vf(a)y— )+ f (Vi(z +aly — ) — Vf(2).y — 2yda
< f(2) +(V(x)y -2y + f Vi + aly - 2)) — Vi(@)2ly — 2lada
< f(@) + (Vf(a)y — )+ Lly — a2 f ada

= @)+ V(@) y — 2>+ Sy~ l}
(4.43)

The right hand side of inequality (4.43) clearly satisfies the desired tangency and
domination properties of a majorizing function. It’s connection with gradient descent

methods can be readily seen by rewriting it in the following form with 2 = 5

n 1 n)\|2 L n 1 n 2
1(8) < J(B™) = 5 IV S (B3 + 518 - (5( - LV >>) B @4y

The minimization of the surrogate in equation (4.44) yields the next iterate as
g+l — pn) _ %V f(B™), which is recognizable as a gradient step with step size
1/L. The proximal gradient method can be motivated as an MM algorithm similarly.
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4.7 Algorithm Comparisons

In the next section I will demonstrate the main result that all four iterative algorithms
result in identical updating rules. For algorithms that operate within a probabilistic
framework I assume that the prior has the form p(5)ocexp(—g(3)) where g is the
penalty in the optimization formulation. Furthermore I assume for simplicity and
without loss of generality that the observation variance o2 = 1. Notationally I use

Ai(A) to denote the i’th largest eigenvalue of the matrix A.
4.7.1  Prozximal Gradient Method

The proximal gradient method concerns convex minimization of functions that can

be decomposed into a smooth and non-smooth part i.e.

min F'(5) := f(B8) + 9(b), (4.45)

BERP

where f is, as before, assumed to be a continuous function with L-Lipschitz contin-
uous derivative and ¢ a function, possibly non-smooth, with a tractable proximal
operator. Given a current parameter value 3™ one can apply the MM principle
using the surrogate derived from the Lipschitz continuity of the derivative to obtain

the proximal gradient method

)~ axgmin ( F(3) + (T1(3), 5~ 8) + 216 - 515 + 9(6) )

BeERP

= arg min (g(ﬁ) + %‘5 — (ﬁ(n) _ tVf(B(”))) |§) (4.46)

BERP

= prox,, (8" =tV (™))

with a step size t < +. The following rate of convergence is due to Beck and Teboulle

1
-

(2009). For convex problems, the step-size t = 1/L guarantees the following rate of
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convergence in the objective

1

< 59 - I3 (447)

A

F(p™) — F*

where F™* is the solution to equation (4.45) and * the argument that achieves this
minimum. This implies that the number of iterations required to obtain an e-optimal
solution is at most [ 3® — 3*||2]. Note that the proximal gradient method applied

2et

to the least squares problem considered here reduces to
B = prox,, (8™ —tXT(XB™ - V). (4.48)
4.7.2  Orthogonal Data Augmentation

Ghosh and Clyde (2011) introduced a novel data augmentation technique known as
orthogonal data augmentation, whereby added to the original design matrix X, are
additional rows X, such that X7 X, + XX, = LI, for L > A\ (X! X,). The data
augmented model is then
Yo|8, 0% ~ N(X,B,0%)
(4.49)
Y,|B, 0% ~ N(Xof,0%)
The “complete” design matrix X7 = [X7 XT] together with the observed and aug-
mented data Y, and Y, then forms an orthogonal regression problem which permits
closed form expressions for posterior model and variable inclusion probabilities (con-
ditional on the observation variance 02). This was applied successfully in conjunction
with Markov chain Monte Carlo (MCMC) to marginalize over the augmented data
and obtain Rao-Blackwellized estimates of posterior model and inclusion probabili-
ties and is implemented in the R package BoomSpikeSlab by Scott (2017).
The same data augmentation technique can be applied in the context of op-
timization to generate an iterative algorithm for solving (penalized) least squares

problems. By observing that an orthogonal penalized least squares problem reduces
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to p univariate optimization problems, the algorithm iterates between updating the
augmented data Y, and the regression coefficients 5. The surrogate is obtained by
taking the expectation of the negative log-posterior under the complete data with

respect to the augmented data Y, conditional on the current value of the parameters

5(n)

L 1
QUBIB™) = B[~ log p(B1Yo, Y B)ors |6 — T (XIY, + XTE[Y.|BODIS + g(5).
(4.50)
The expected value of Y, given 5™ is simply X, and so the surrogate provided

by the missing data is

QBIB™) = 218 — T(XIY, + XIX5O)3 + 9(5). (4.51)

Although motivated very differently, a little algebra shows that the surrogate pro-
vided by the orthogonal data augmentation idea is identical to the surrogate provided

by Lipschitz continuity of the derivative as in gradient descent

1 1
T (X¥o + X[ Xo™) = 2 (XJY, + (LT = X7 X,)8™)

L
(4.52)
1
= B = ZXT(X,87 - ¥,).
The surrogate is then minimized to obtain the new iterate as
1
(n+1) _ k_ T (n)

) = pro, (- ZXICGH - )). (4.59

The condition for L > \; (X X,) from the orthogonal data augmentation perspective
to ensure positive definiteness of LI, — XT X, and consequently a real valued X, is
equivalent to the condition that L be greater than or equal to the Lipschitz constant of
the derivative of 1/2||Y, — X, /%, namely, \; (X X,). This shows that for linear least
squares problems with arbitrary penalties that the orthogonal data augmentation
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and proximal gradient algorithms are essentially equivalent. This algorithm was also
subsequently published by Xiong et al. (2016) but the authors fail to identify the

connection with other methods.
4.7.8  Location Mixtures of Spherical Normals

Note that the Lipschitz surrogate in (4.44) is, up to negative logarithm, proportional
to the kernel of a Normal with a mean 3™ — (1/L)V f(8) and a covariance matrix
(1/L)I,. One might ask if the original density might be expressed as a mixture of
such Normals, and that forming the aforementioned surrogate be viewed as condi-
tioning on the mixing parameter. For multivariate likelihoods this is indeed the case.
Assume that the likelihood L(83) = N (8|, ), where the latter represents the den-
sity function of a multivariate normal with mean p and covariance matrix . Then,
for any ¢t < \,(2), the posterior density can be regarded as the marginal arising from

the joint
p(BY ) f N (Bl + 2 tL)N (20, % — t1,)p(8)dz, (4.54)

that is the multivariate likelihood can be expressed as mixing a spherical normal
over a latent location parameter. The parameter expansion is nice because now the
parameters of interest appear in the likelihood of a spherical normal distribution.
This means, assuming independent priors specified on the individual components
of 3, that the individual ;s are conditionally independent of each other given z.
Conditioning on z then reduces once again a multivariate optimization problem to
p univariate optimization problems. The only restriction is that ¢ < \,(X) to ensure
positive semi-definiteness of the covariance matrix of z. Let us consider an EM
algorithm, treating z as the missing “data”, and show how this too is just another

disguised version of the proximal gradient method.
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Let us start by forming the surrogate for the EM algorithm

QUBIB™) = Bl log p(B, A¥)|5"Joroy 16 — ( + BBV I3 + 9(8),  (4.55)
where
A8~ N+ (E—tD)™ )y (B —p), T+ (St (4.56)

It is useful at this stage to use the Sherman-Morrison-Woodbury formula to simplify

the above as

2B~ N((I =t (B —p),t—t=7'). (4.57)

It follows that

1 — n
Q(B!ﬂ‘"))OC%Hﬁ — (8" == (B — )5 + 9(8), (4.58)
for which minimization provides the next iterate as

B — prox, (B — 271 (8™ — ). (4.59)

This is identical to the proximal gradient method by observing that Vf(3™) =
YH(B™ — ) for f(B) = (B — pu)"S71(B — p). For linear least squares problems, for
which the corresponding likelihood function is L(3) = N (B|(XT X)) XTY, (XTX)™1),

equation (4.59) reduces to
gt = proxtg(ﬁ(") — tXT(Xﬁ(") -Y), (4.60)

as expected. Note that the condition arising from positive semi-definiteness of the
covariance matrix for z, namely, ¢ < \,(X) is the same condition arising from the
Lipschitz inequality, namely, that the inverse step-size 1/t be greater than or equal
to the Lipschitz constant, which in this case is A;(X7!) and specifically A; (X7 X) in

the linear least squares context.
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4.7.4  LQ-decompositions of the Design Matriz

This data augmentation strategy due to Figueiredo and Nowak (2003) appeared in
the context of wavelet based image processing where the design matrix is a product
of a matrix H with an orthogonal matrix W corresponding to the discrete wavelet
transform. The authors introduced missing data Z such that the augmented model
is

Y|Z~N(HZ, 1, —tHH")

(4.61)

Z|B ~ N(Wp,th)
where the covariance matrices are carefully chosen such that marginalization over Z
recovers the original distribution for Y|5. Once again this places the parameters of
interest in the context of orthogonal regression, resulting in p tractable univariate
minimizations for penalties possessing tractable proximal operators. Although the
form of X as X = HW was determined by the application, this data augmentation
strategy can be applied quite generally as one can express an arbitrary design matrix
X as a product of a lower triangular matrix H and an orthogonal matrix W via the
LQ-decomposition. Establishing the surrogate for the EM algorithm is achieved by

computing the expectation over Z conditional on Y and the current iterate 5™

1
QBIB™) = E[~logp(BY, 2)|Y, 8™ ]oc |8 = WIE[Z]Y, B™][3 + 9(B),  (4.62)
where the conditional expectation is given by
Z|Y,B~N(Qt"'WB+H"(I, - tHH")"'Y),Q), (4.63)

with
Q=@t"+H"(I,-tHH")'H)™". (4.64)
The expressions in equations (4.63) and (4.64) simplify considerably through the

repeated application of the Sherman-Morrison-Woodbury identity and are key to
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revealing the surrogate as the same as that developed in section. In particular,

repeated application shows that the covariance matrix can be expressed as
Q=@"'+H"(I,-tHH")'H)"' =t —tH" Ht, (4.65)

and the mean as

Qt'WB+ H' (I, —tHH")'Y) = (t —tH " Ht)t'WB + H (I, —tHH")™'Y)
=WpB+tH" (I, -tHH") 'Y
—tHTHWB — *H"HH" (I, — tHH")™'Y (4.66)
= (W —tH"HW)B +tH" (I, —tHH")(I, — tHH")~'Y

= (W —tHTHW)B + tH"Y.

It follows that the term involving the expectation in equation (4.62) can be rewritten
as
WTE[Z]Y, ™) = (WTW —tWTHTHW)E™ + tWTHTY
(4.67)
= 5" ¢ XT (X" ~Y),
and so the final minimization operation of the EM algorithm can be seen as a proximal

gradient step
B+D = prox, (8 — tXT (XA — Y)), (4.68)

as expected. Once again, the condition that I, — tHH” > 0 requires that ¢ <
MHHT) = 1/0(XTX).

4.8 Comparative Discussion

The last section considered three competing data augmentation strategies from statis-
tics and signal processing used to generate iterative algorithms for solving penalized
least squares problems and compared them to the proximal gradient method for com-

posite non-smooth optimization. The previous section demonstrated that all three
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algorithms, though motivated by three distinct data augmentation ideas, result in
parameter mappings that are identical to each other and to those resulting from the
proximal gradient method. For convex problems, it follows that they all exhibit the
same rate of convergence. None of these algorithms as presented so far are, how-
ever, optimal. In particular a lower bound on the complexity for any first order

optimization algorithm is given by

)y _ s 9L a0 g2
F(B™) ~ F* > o6 - 713 (169

see for example Nesterov (2014, chap. 2). An optimal first order algorithm would
attain the lower bound on the convergence rate up to a constant factor, whereas the
algorithms presented so far have a suboptimal convergence rate of O(1/n). Beck
and Teboulle (2009) and Nesterov (2013) give acceleration strategies for the prox-
imal gradient method which achieve the optimal rate of convergence in (4.69) up
to a constant factor. The established connection between the three data augmen-
tation algorithms and the proximal gradient method means that they can share in
this acceleration also. The data augmentation strategies are restricted to Gaussian
likelihoods, whereas the proximal gradient method is more general, requiring only
that the function f(f) is Lipschitz gradient, and can therefore be applied to other
problems such as penalized logistic regression.

When the problem is non-convex, one cares more about the quality of the local
solution obtained, not how fast it gets there. There is little literature establishing
properties of these algorithms for non-convex problems and so this chapter concludes

with some experimentation.
4.9 Experimentation for Non-Convex Problems

The proximal gradient method, randomized coordinate descent (CD), cyclic greedy

descent(CDC) and greedy coordinate descent (GCD) will be required in the next
86



section to get good quality initial solutions. The proximal operator of g(8) =

Ao Bllo + Adf Bl is

prox,,(z) = sign(z)(|z| — tAr)1{|z] > v/2tAo + A1}, (4.70)

and is shown in figure 4.1. It is similar to lasso but adds an additional region of
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FIGURE 4.1: Proximal functions for ¢ = 1 and (black,dashed) g(z) = 0, (blue solid)
g(x) = |z| and (red, dot-dashed) g(z) = |z| + 0.51{x # 0}

hard-thresholding, controlled by A\g. This helps to understand the properties of the
penalty. It is known that lasso typically includes too many predictors. In addition
choosing the tuning parameter \; in lasso involves a trade-off between selection and
shrinkage. Making \; too large gets good selection, but shrinks coefficients heavily.
Making A; too small, however, does not shrink coefficients too heavily but too many
predictors are included. The point-mass-Laplace mixture prior has an additional
degree of freedom in that Ay can be used to control selection, and A; can be used to
control shrinkage. It is a generalization of both ¢; and ¢, penalized regression. For
f(B) = |IY — XB|3/(2n), the gradient vector Vf(8) = (1/n)XT (XS —Y) and the

Lipschitz constant is Ly = Apax(X7 X)/n. The proximal gradient update is then

B« prox,, (8 — (t/n) X" (X - Y)), (4.71)
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where the step size ¢t < 1/L¢. For coordinate descent methods, the update of variable

B; holding all 3,; is

By < proxy,(«f (Y — Y 2;8))/n). (4.72)

i

To assess how susceptible the four algorithms (ccd, red, ged and proximal gradi-
ent) are to entrapment by local modes, 100 datasets are replicated under the same
conditions. Let ccd be the reference algorithm. For each replica, the difference in the
objective between the value returned by each algorithm and the reference is recorded
and the 100 instances are used to form box-plots. An algorithm exhibiting better
performance than cyclic gradient descent should result in more negative values. All
algorithms were seeded with an initial § = 0, and run until the absolute relative

change in the objective fell below a tolerance of 0.0001. The penalties used are
A = 04/(2logp)/n and Ay = (c?/n) logp.

Dataset 1

n = 300, p = 80, X; ~ N(0,%) for i € {1,...,p} with ¥;; = 0.95" 7YV = X" 4+ ¢
where ¢ ~ N(0,1,,) and 87 = 1 with probability 1/8 and zero otherwise. Figure
4.2 shows that the coordinate descent algorithms all perform similarly, whereas the

proximal gradient method performs much worse.
Dataset 2

This dataset uses a real design matrix X from the diabetes dataset of Efron et al.
(2004), available in the R package “lars”. 350 rows are randomly selected and the
columns are standardized to have zero mean and ,/n euclidean norm. There are
p = 64 predictors and 37 = 1 with probability 10/p and zero otherwise. The data is
simulated as Y = X3° + € where ¢ ~ N(0,31,). Figure

4.3 indicates that the proximal gradient method exhibits poorer performance than
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FiGUrE 4.2: Difference in objective value between solution from cyclic coordinate
descent (ced) and solution provided by randomized coordinate descent (red), greedy
coordinate descent (gcd) and proximal gradient method (proximal). 0.025, 0.25, 0.5,

0.75, 0.975 quantiles are -0.15, -0.04, 0.01, 0.06, 0.13 for rcd, -0.18, -0.06, 0.00, 0.06,
0.19 for ged and 0.15, 0.26, 0.34, 0.43, 0.53 proximal.

N 1
= T

cyclic gradient descent on this dataset, with greedy coordinate descent performing

marginally better.

05

red ged proximal

FiGUrE 4.3: Difference in objective value between solution from cyclic coordinate
descent (ced) and solution provided by randomized coordinate descent (red), greedy
coordinate descent (gcd) and proximal gradient method (proximal). 0.025, 0.25, 0.5,
0.75, 0.975 quantiles are -0.23, -0.05, 0.00, 0.03, 0.18 for rcd, -0.28, -0.08, -0.02, 0.00,
0.09 for ged and -0.07, 0.15, 0.28, 0.44, 0.87 for proximal.

Dataset 3

This design matrix for this dataset has been studied in Yang et al. (2016). n = 300,

p = 80 and the rows are simulated iid from a zero-mean multivariate normal with
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covariance matrix

(1 p g m
w10 0
s_lp 01 0
p 00 ... 1]

where 1 = 10/(204/80). Y|3 ~ N(X,31,) where j3; is simulated from a standard
normal with probability 10/p and zero otherwise. This design matrix was initially
studied in Wainwright (2009) and was demonstrated to be particularly challenging for
lasso. As shown in figure 4.4, the coordinate descent methods almost always return
the same solution, whereas the proximal gradient method almost always returns

something worse than cyclic gradient descent.

n2s5F

015F

ooof —— e L

red ed proximal
FiGURE 4.4: Difference in objective value between solution from cyclic coordinate
descent (ccd) and solution provided by randomized coordinate descent (red), greedy
coordinate descent (gcd) and proximal gradient method (proximal). 0.025, 0.25, 0.5,
0.75, 0.975 quantiles are 0.00, 0.00, 0.00, 0.00, 0.00 for rcd, 0.00 , 0.00, 0.00, 0.00,
0.00 for ged and 0.00, 0.00, 0.02, 0.07, 0.16 for proximal.
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5

Discrete Optimization for Variable Selection

5.1 Discrete Optimization

Selecting a single model with respect to some criterion, p(v|Y’) for instance, is a
discrete optimization problem. Discrete optimization refers to a class of problems
in which the domain D of the objective function is a finite or countably infinite
set. In addition, there may be certain constraints required by the problem that
partition the domain into a feasible set S, the set of elements in the domain satisfying
all constraints, and its complement. A discrete optimization problem can then be
represented abstractly as follows
Minixmize F(z)

subject to z € S.

In classical non-discrete optimization, D is typically a continuous metric space.
The distance metric is important as it defines the notion of a local neighbourhood.
In addition, continuity and differentiability of F(z) provide information about what

the objective may look like over these neighbourhoods. The basic intuition behind

91



iterative gradient methods is to consider directions which decrease the objective most
rapidly, based on derivative information contained within a local neighbourhood of
the current point.

The discrete optimization case is considerably harder. When § is discrete, it may
be harder to define a reasonable notion of distance and hence the meaning of a local
neighbourhood. If a neighbourhood is well defined, with no discrete counterpart of
continuity or differentiability it is not possible to infer how the function may change
over these neighbourhoods. This lack of information makes discrete optimization
problems more challenging and limits the number of methods with which one can
find a solution. In principle it is possible to evaluate the objective for all values of
x in S and choose the one achieving min{F'(x) : x € S}. This brute force approach
soon becomes computationally prohibitive as the problem size grows and one must
use a method that exploits more problem structure. In general these methods can
be classified into two categories. Exact methods which compute the globally optimal
solution and heuristics which find a feasible solution with no guarantees of optimality.
Both types have their merits and can be argued to be complementary to one another.
Heuristics are typically very fast algorithms which provide a good quality sub-optimal
solution. Yet, without any knowledge of the solution that the heuristic will provide,
it is difficult to supply any properties that the solution may possess, statistical or
otherwise. Exact methods on the other hand are guaranteed to find the globally
optimal solution, for which the properties may be easier to ascertain, yet usually
require considerably more computational effort.

Among some of the most popular general-purpose heuristics are genetic (Holland
(1992)), tabu-search (Glover (1989), Glover (1990)), variable neighbourhood search
(Mladenovi¢ and Hansen (1997)), multi-start greedy (Laguna and Marti (1999)),
ant colony (Dorigo and Di Caro (1999)) and simulated annealing (Kirkpatrick et al.

(1983)) algorithms. Overviews of these popular methods and many more can be
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found in the excellent texts of Aarts and Lenstra (1997) and Gendreau and Potvin
(2010). Early heuristics in the statistics community for variable selection problems
focused on stepwise methods, dating back at least as early as Efroymson (1960). This
algorithm interleaved forward and backward selection steps, using p—values under
F'—tests between models to select the predictor to be added or removed. This can
also be viewed as a greedy neighbourhood search algorithm on the residual sum of
squares (see Christensen (1987)). Although it is easy to create examples for which
stepwise methods do not select the optimal model (see Hocking and Hocking (1976)),
it is sometimes possible to quantify how bad the model selected by these methods can
be. Submodularity of the objective function is a useful property for understanding the
theoretical properties of greedy methods, and is used by Das and Kempe (2008) and
Das and Kempe (2011) to derive a constant-factor approximation in the best subset
selection problem. Stepwise and greedy procedures can be generalized by regarding
them as neighbourhood search algorithms on {0, 1}?, where the Hadamard distance is
the appropriate metric. A recognized failure of these deterministic algorithm is their
inability to recover from earlier mistakes and escape local optima. Such observations
motivated the development of stochastic neighbourhood search algorithms, such as
Shotgun stochastic search of Hans et al. (2007), which makes local stochastic moves
in neighbourhoods of Hadamard distance 2.

Exact methods on the other hand can usually be categorized as either dynamic
programming (Bellman (1954), Bellman (1957)) or branch and bound algorithms.
Both are divide-and-conquer approaches, differing in how subproblems are related
to each other. In branch and bound algorithms, the domain is recursively parti-
tioned into smaller independent subproblems. In dynamic programming algorithms,
however, the problem admits a special substructure that allows its solution to be
computed via solving smaller overlapping subproblems. In this manner, the solution
is “built-up” where solutions to subproblems are computed with aid of previously
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found solutions to the subsubproblems. Branch and bound will be a core concept in

the following chapters and therefore requires elaboration.
5.2 Branch and Bound

The earliest usages of branch and bound algorithms are believed to be Land and
Doig (1960), who were working on discrete programming problems, and Little et al.
(1963), who were working on the travelling salesman problem. Examples of varied
statistical applications solved by branch and bound can be found in Brusco and
Stahl (2005). Otherwise known as partial enumeration, branch and bound is able
to find the global optimum without evaluating each point in the feasible set. It
adaptively partitions the domain through a branching process, in which it eliminates
the possibility of finding the global optimum through bounding. The branching
process can be viewed as creating subproblems in which additional constraints are
added, requiring the solution to be in a restricted part of the domain. Solving the
original problem is then equivalent to solving these subproblems, but some of these
subproblems may be skipped because they have no feasible solutions or via bounding.
An upper bound on the globally optimal value is usually achieved by evaluating the
objective at a feasible point, chosen through a heuristic in order to get a good upper
bound. Computation of a lower bound on the optimal value for a subproblem is

achieved through solving a relazation.

Definition 11 (Relaxation). An optimization problem min{Fg(z) : ©x € Dg} is a
relazation of min{F(x) : x € D} if Fr(x) < F(x) for all x € D and/or D < Dg. A

feasible set Dy is relaxation of a feasible set D if D < Dgp.

A good relaxation is one that provides a tight lower bound and is easy to compute.
If a lower bound L on the subproblem corresponding to min{F(x) : v € A < D} is

found to be greater than the current upper bound on the global solution, then the
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global optimum does not occur in A and the subproblem can be skipped. Using the
notation Pp(S) to denote the problem (or “program”) of finding min{F(x) : x € S},

a general branch and bound algorithm can be described in pseudocode as follows

Data: An initial problem Pp(S n D)
Result: z such that F/(z) < F(z) forallz e S

1 Initialize:

2 M «— Pr(SnD); /* datastructure to store problems */
3 U« w; /* set upper bound to infinity */
a4 T <« Nil ; /* best solution found so far */

5 while M is not empty do

6 | Take a problem Pp(S nA) from M;

7 if AnS # ¢ then

8 y < solution to relaxation of Pr(S n A);

9 if F(y) <U then

10 if y € S then

11 U < Fr(y); /* update upper bound */
12 T—y; /* update best feasible solution */
13 else

14 Partition A = |, A; ; /* branch */
15 M—Mu(Pr(SnA)); /* Add subproblems */
16 end

17 end

18 end

19 end

20 return v

Algorithm 1: A generic branch and bound algorithm

The behaviour of the algorithm depends critically on the branching/partitioning
rule used to create subproblems (line 14) and how the next subproblem to be solved
is selected from the collection stored in M (line 6). If M is a stack with the LIFO
(last in, first out) property, then the order of subproblems visited follows a depth-
first traversal of the tree created by the branching process. The advantage of this
strategy is that it yields feasible solutions very quickly, providing an upper bound
U early on. Alternatively, if there is some domain specific information that allows

the probability of finding the globally optimal solution in a certain partition to be
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estimated, then the next subproblem can be selected as the one that appears most
fruitful. In this case M is a priority-queue and results in a best-first search strategy.
There are many more search strategies and a theoretical comparison of some of the
most popular can be found Ibaraki (1976) and Linderoth and Savelsbergh (1999).

Subproblems can be pruned or fathomed (skipped) if they are infeasible, meaning
there are no feasible solutions in this part of the domain (line 7), or are dominated
by an upper bound on the optimal value of the initial problem, meaning it is not
possible to find the optimal solution to the initial problem in this part of the domain
(line 9).

The earliest exact methods for variable selection were branch and bound algo-
rithms of Beale et al. (1967), Hocking and Leslie (1967), LaMotte and Hocking (1970)
and Furnival and Wilson (1974), the legacy of which can be found in the R package
“leaps” by Lumley (2017). Each algorithm considered the residual sum of squares
as the objective function and obtained bounds through its monotonicity property
RSS(A) < RSS(B), where A is any set of predictors and B < A. This earlier work

serves as a nice example with which to illustrate the concepts of branch and bound.
Branch and Bound for Residual Sum of Squares

As an example, suppose one wishes to find the model that minimizes the residual
sum of squares with size 2 out of a possible p = 5 predictors. The problem may be

formulated as follows
Minimize F(y):= Y — X,(X]X,) ' XTY3
¥

subject to vy € {0,1}?

P
Z i = 2.
i=1
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The domain can be partitioned by branching on a predictor i, creating two subprob-
lems in which constraints 7; = 1 and ~; = 0 are added. In order to quickly compute
a lower bound on the solution of these subproblems, a relaxation needs to be defined.
Recall to obtain a relaxation, one can either provide a function that lower bounds
the objective function or enlarge the feasible set. In this case, a relaxation can be
obtained by retaining the same objective function but enlarging the feasible set by
removing the >*_ ~; = 2 constraint. Without this constraint, the subproblem has
no combinatorial complexity and is trivial to minimize, namely, by the RSS under
the largest model satisfying the v; = 1 or 7; = 0 constraints. It is illustrative to step

through algorithm 1 generating the BnB tree shown in figure 20.

s L S .
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FIGURE 5.1: A Branch and bound tree generated from algorithm 1. Red nodes are
pruned through infeasibility, blue nodes are pruned through bounding

It is useful to introduce a shorthand notation Tt = {y € {0,1}? : 7, = 0Va €
{i,....k},7 = 1Vb € {l...n}}, and each node labelled T':-? corresponds to the
subproblem Pp(S n Tl-7) in addition to the value of the relaxation if computed.
The root node I' is relaxed to obtain a value of the RSS under the full model at
590. Branching is performed on predictor 1 and two subproblems with additional
constraints v; = 1 and v; = 0 are added to the stack M. ‘Popping the top problem off
of the stack corresponds to the subproblem with constraint v; = 1, I'!, for which the
relaxation is the same as the previous node. Branching is performed on predictor
2 and two subproblems are added to the stack. Problem I''? is popped from the

top of the stack, for which the relaxation is the same as the previous nodes, and
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branching occurs on predictor 3, creating two subproblems added to the stack. The
next problem is now I''?3. Models in this part of the domain include three predictors,
which are infeasible. Nothing is done with this node and it, along with the subtree,
is passively pruned. The next problem corresponds to I'i?) for which the relaxation
is 596. Branching occurs on predictor 4 and two subproblems are added to the stack.
The next problem is infeasible as it contains three predictors, and so this node along
with its subtree is pruned. The next problem is I'}3, for which the relaxation is
597. Branching occurs on predictor 5 and two subproblems are added to the stack.
The next problem is infeasible and is pruned. The relaxation of the next problem
is 615 and provides a feasible solution to the original problem, namely (1, 1,0,0,0).
The upper bound is updated to 615 and the best feasible solution acquired so far is
recorded. The next problem is I'} for which the relaxation is 616. This is greater
than the current upper bound U = 615 and so the optimal solution cannot be found
in this subtree. This node is pruned by dominance. The next problem is I'; for
which the relaxation is 617. As before, this is pruned by dominance. The stack is
now empty and the result that (1,1,0,0,0) provides the optimal objective value of
615 is returned.

This basic illustration was able to guarantee the optimal model of size 2 in 6
function evaluations instead of 10. It masks, however, an important point regarding
the decision on which predictor to branch. This branching strategy followed an
arbitrary order, whereas typically information from the solution to the relaxation is
used to decide on what predictor to branch. The performance of this BnB algorithm
is limited by the tightness of the relaxation. The solution to the relaxation provides a
lower bound on a subproblem, and subproblmes are skipped when this lower bound
is greater than current best upper bound. If it were possible to obtain a greater
(tighter) lower bound on a subproblem, then more of them could be skipped. It
is possible to get a much tighter lower bound by modelling 5.1 as a mixed integer
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quadratic program.
5.3 Mixed Integer Programming

Recent work by Bertsimas et al. (2016) has demonstrated that mixed integer quadratic
programming models are very effective in solving problem 5.1. A mixed integer
quadratic program describes problems of the form

Minimize z?Hz + ¢!z,
x

subject to Az < b,

._'L'Z'EZ, ViEI,

where I < {1,...,p} is an index set, H € R? a symmetric positive-semidefinite ma-
trix, ce R?, A e R¥*? and b € R*. It is mized because there are both real-valued as
well as integer variables. Special cases include quadratic programs (Z = &), linear
programs (H = 0, Z = ¢J) and mixed integer linear programs (H = 0), from which
it follow that MIQPs are NP-hard due to Kannan and Monma (1978). The perfor-
mance of the MIQP formulation is attributed to a combination of the theoretical
advancements of MIO solvers with enhanced hardware. Bixby (2012) compared the
performance of twelve consecutive versions of CPLEX, a mixed integer solver from
IBM (2011), dating from 1991 to 2007, on a set of mixed integer problems on the
same computer and reported a speed up of 29000. This impressive speedup is due
to theoretical and practical developments in the area of mixed integer programming
such as cutting plane methods (Marchand et al. (2002)), column generation (Barn-
hart et al. (1996)), integration with constraint programming to handle disjunctive
constraints, preprocessing and automatic model reformulation. In combination with
general speedups in computer hardware, solving mixed integer optimization prob-

lems is dramatically faster than it was 30 years ago. It is easy to verify, however,
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that the relaxation provided by the MIQP is much tighter than that provided by

monotonicity in the last section.
5.83.1 Introduction to Solving Mixed Integer Programs

An excellent introduction to solving mixed integer nonlinear convex/nonconvex pro-
grams, of which MIQP is a special case, is given in Belotti et al. (2012). The most
basic algorithm for solving MIQP problems is a branch and bound algorithm, which
dates back to the work of Dakin (1965). A relaxation of a MIQP problem is ob-
tained by relaxing the integrality constraints on the integer variables, allowing them
to be real-valued, satisfying any additional bounds present in the problem. This is
sometimes referred to as a continuous-relaxation or a QP-relaxation as the relax-
ation is a quadratic programming problem. A lower bound on a subproblem is then
obtained by solving this quadratic program via any appropriate algorithm, such as
the QP-simplex, interior point, or barrier algorithm to name a few. Branching is
then performed on one of the integer variables, creating two subproblems into which
the set of feasible integers for that variable is partitioned. Selecting an integer vari-
able to branch on has received much attention as it is critical to the performance
of the solver. A nice review of the most commonly used strategies can be found
in Achterberg et al. (2005). The idea of branching on the most fractional variable
under the solution to the relaxation, the variable furthest from integrality, known as
mazimum fractional branching or most infeasible branching is apparently no better
than randomly selecting a variable. Instead, the two most commonly used strate-
gies are strong branching and pseudocost branching. Both of these approaches try
to estimate the increase in the lower bound for branching on a fractional variable,
and choose the one that provides the greatest increase. For any subtree starting at
a parent node, corresponding to a particular subset of the domain A < D, one has

a lower bound on all the feasible solutions in A provided by the relaxation. When
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A is partitioned into two new subsets A, and A_ via branching, corresponding to
two child nodes, one obtains an increased lower bound on all the feasible solutions in
A provided by the minimum of the two relaxation solutions provided by each child
node. The idea is to make this lower bound increase as fast as possible so that as
many nodes can be pruned via comparison with the upper bound as possible. In
the notation of Belotti et al. (2012), introduce degradation estimates D;” and D;
for the increase in lower bound for branching left and right on variable z. A good
variable to branch on would be one for which both degradation estimates are large.

A commonly used function to score variables is
s; = pmin(Df, D7) + (1 — p) max(D;, D), (5.2)

where p is close to 1. Branching is then performed on the variable with the highest
score.

If the current lower bound for the current node is L, strong branching computes
the lower bounds L; and L; by solving the relaxation of each subproblem for all
choices of possible branching variable. Degradation estimates are then no longer
estimates but exactly D = L} — L and D; = L; — L. This results in a branch
and bound tree with very few nodes but is heavy in computation, as each branching
decision requires solving a number of quadratic programs. In short, it takes a peak
at all possible branching options and chooses the one which helps the lower bound
increase the fastest.

Pseudocost branching on the other hand is an alternative to strong branching
which aims to avoid the heavy computation. It attempts to estimate the increase
in lower bound by looking at historical increases whenever a variable has previously
been branched upon. In particular, if variable i has been branched upon n; times in

the history of the algorithm, one can estimate the increase in the lower bound per
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unit change in x; by averaging across previous instances:
1 & L —L; 1 & L, —L;
LSl g -t hizh oy
i = 15l = i ni = il = vs
where L; is the lower bound of parent node j, y; is argument for which the relaxation
of node j attains a minimum, L;;- is the lower bound on the child node attained from

branching left on variable ¢ and L}; is similar. If the relaxation to the current problem

attains at minimum at y, then degradation estimates

D = Ap([yil — i) D; = Ap(lwil —vi) (5.4)

can be used. These ideas can be combined to form hybrid approaches, or generalized
to an approach called reliability branching (Achterberg et al. (2005)).

Common node selection strategies are depth-first, best-first and least-discrepancy
search, with no single strategy being uniformly better than the others. Depth first
search has two favourable points. The first is that it dives down the tree very quickly
to obtain a feasible solution and hence an upper bound early on in the beginning of
the algorithm. This helps subsequent nodes to be pruned. In addition, sometimes
the BnB algorithm is not allowed to run until the optimality gap (upper bound
minus lower bound) becomes zero, but instead until it falls within some tolerance
or a time limit is exceeded. In this case it is useful to be able to return the best
feasible solution found so far. With respect to memory, depth first search is also
efficient. When there are only p binary variables to branch on, then there are at
most p subproblems stored in M as the algorithm attempts to branch left until a
node is pruned or infeasible and then backtracks.

Best first search on the other hand has exponential worst case complexity. It
selects the next problem to solve which has the smallest lower bound among all
subproblems stored in M. This has the potential to store all subproblems in M.

Suppose best first search decides to branch left on a node, but the children have a
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lower bound that is greater than all the other nodes in M, so it branches on one
of the other nodes and the same thing happens. In the worst case this branches
on all nodes and adds them to M. If, however, out relaxation is perfect and the
solution to the relaxation is no longer a lower bound but actually the solution to the
subproblem, then best first search branches optimally and creates the tree with the
smallest number of nodes. Best first search therefore works well when the relaxation
is tight.

Least- or limited-discrepancy search is a very interesting idea which uses a heuris-
tic to drive the search strategy. It is based on the intuition that a heuristic might
have succeeded in locating the global optimum if it were not for a small number of
mistakes along the way. Consider a greedy forward selection procedure that selects
predictors 3, 1 and 4 out of a possible 5. This can be regarded as branching left
on 3, then on 1, then on 4 and then branching right on 2 and then 5. A path of
discrepancy n is a set of branching decisions which differ from those taken by the
heuristic n times. For example left on 3, right on 1, left on 4, right on 2 and then
right on 5 is a path of discrepancy one. Whereas left on 3, right on 1, left on 4, left
on 2 and right on 5 is a path of discrepancy 2. Limited discrepancy search traverses
the tree in order of increasing discrepancies. As the discrepancy number increases,
the heuristic is trusted less and less. It embodies the idea that the global optimum
may be reached in a sequence of steps that is similar to those taken by the heuristic.
Depending on its implementation, its memory efficiency falls between that of depth

first and best first search.
5.4 A MIQP for Best Subset Selection

Bertsimas et al. (2016) introduced a mixed integer quadratic program equivalent of

5.1.
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Minimize F(B) := |Y — X3|3,

By

subject to v € {0,1}?,

p
Z% = ka
i=1

BiAO0OA(1=v%)=0)v (Bi=0na(1—")#0).
Problem (5.5) isn’t technically a MIQP, as the last constraint is not linear. In fact,
the feasible set defined by this disjunction is not even convex. There are special
ways to incorporate logical constraints into problem by performing special branching
procedures but discussion of these is deferred to a later chapter. Instead it is useful

to relax this constraint to a linear constraint via a big-M transformation.
5.4.1 Big-M Transformation

The big-M transformation is a neat trick to relax disjunctions to linear inequalities,
allowing the problem to be solved as a MIQP. It requires the knowledge of upper
and lower bounds on the parameters, the regression coefficients in this case. Using

these upper and lower bounds, equation (5.5) can be reformulated as

Minimize F(8) := |Y — X3|3,

Byy
subject to v € {0, 1}?,

p
Z Yi = k?
=1

(5.6)

When ~; = 1, 3; is free to be within the interval [ﬁl,ﬁl], otherwise 8; = 0. Naturally,
the lower and upper bounds must not render the globally optimal solution for /3

infeasible, yet choosing tighter bounds results in better performance. The reason
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for this is that choosing larger bounds increases the size of the feasible set, which
degrades the quality of the relaxation, as minimizing a function over a larger set
is guaranteed to achieve a smaller value. These upper and lower bounds can be
estimated from the data using optimization, a technique known as optimality based
bounds tightening. A discussion of this is deferred to a later section in order to

illustrate an important point.
5.4.2  Monotonicity vs Continuous Relazation

The reason why the MIQP based branch and bound outperforms the monotonicity
based branch and bound is that the relaxation is always tighter. To illustrate this,
suppose an example dataset has been generated where n = 100, p = 60, the rows
of the design matrix are simulated from a zero-mean multivariate normal with co-
variance matrix Y;; = 0.7 and observations y;|8 ~ N(x¥3,1), where the true
regression vector has elements 1 for i € {10, 20, 30,40, 50,60} and zero otherwise.
Suppose the cardinality constraint, k, is 6 and a node has been reached through
branching that corresponds to a subproblem of (5.6) with constraints 7; = 1 for
i € {10,30} and ; = 0 for i € {20,40}. The choice of node here is arbitrary, it is just
for the purposes of illustration. The optimal model in I" ;8;28 subject to the cardinality
constraint contains predictors 7, 10, 30, 50, 57 and 60, for which the regression coeffi-
cients are 0.48, 1.05, 0.76, 0.95, -0.40 and 1.03, with an RSS value of 251.53. A lower
bound on the RSS for the optimal model in F%g:ig can be obtained via monotonicity,
i.e. solving the relaxation obtained by removing the cardinality constraint, by eval-
uating the RSS at v* where 7¢ = 1 for all i ¢ {20,40} and zero otherwise. This gives
a lower bound of 28.26. In contrast suppose one places lower and upper bounds on
each regression coefficient of -1.5 and 1.5 respectively. Adding these constraints does
not change the optimal solution of the subproblem, as the optimal solution remains

feasible. The lower bound obtained from solving the continuous relaxation of (5.6)
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is 150.43. With moderate bounds on the regression coefficients therefore, the lower
bound provided by the continuous relaxation is much tighter than the relaxation
obtained by removing the cardinality constraint.

As the lower and upper bounds for g tighten around their values under the
optimal model, the continuous relaxation becomes perfect, and the lower bound
becomes equal to the solution of the subproblem. As they become larger, however,
the lower bound provided by the continuous relaxation becomes identical to the lower
bound provided by monotonicity. Recall that the relaxation when wanting to use
monotonicity was obtained by simply removing the cardinality constraint. Having
large bounds essentially does the same thing. A very large lower or upper bound on
B; multiplied by a small fractional value of ; is still large. The feasible set in RP?
for (8 defined by the constraints is then so large that the constraints are practically
irrelevant. It is clear, therefore, that in order to get better performance than the
branch and bound based on monotonicity one only need specify finite bounds on the
regression coefficients, so long as they do not render the globally optimal solution
for § infeasible. These bounds can be obtained through optimality based bounds

tightening.
5.5 Optimality Based Bounds Tightening

Generally speaking, if one is trying to maximize an objective function F'(z) over a
feasible set S and one already has a feasible solution z, obtained perhaps through
a heuristic, providing an upper bound F := F(&), then one can obtain upper and

lower bounds on z; by solving
T; = max{z; : x € S, F(z) < F}, (5.7a)

z; = min{z; : v € S, F(z) < F}. (5.7b)
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In practise the feasible set & may be non-convex and so the bounds are typically
optimized over a convex relaxation of S. With respect to the best subset selection
problem, the feasible set is defined by constraints on the model size. Maximiz-
ing/minimizing f; over this set would lead to another discrete optimization problem,

so instead one can solve a relaxation obtained by removing this constraint.

B; = max{f; : F() < ]5}, (5.8a)

B: = min{p; : F(8) < F}, (5.8b)

as it advocated in Bertsimas et al. (2016). How to obtain these bounds is described
later through optimality based bounds tightening. To conclude the example of best

subset selection, two full runs of the algorithm are demonstrated with 3; = —éi =1.5

and 3, = —éi = 300, the latter of which emulates the behaviour of the branch and
bound based on monotonicity. The same dataset as described earlier is used, with
the exception of reducing the number of observations to n = 70 in order to increase
the runtime, otherwise the BnB with regression coefficient bounds at 1.5 converges
too fast. In addition the model size was increased to k = 10. Figure 5.5 shows the

optimality gap of both runs over time. When f3; = —ﬁi = 1.5, the BnB algorithm

converges to global optimality in under 6 seconds, whereas when 3; = _éz = 300
to emulate lower bounds equivalent to those obtained by monotonicity, the BnB

algorithm takes 524 seconds.
5.6 Mixed Integer Models for Point Mass-Laplace Mixture Priors

In order to include the ¢; norm in the objective into a mixed integer quadratic

program, one must write s; = |;| and add the constraints —s; < §; < s;. The MIQP
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FIGURE 5.2: Optimality Gap (upper minus lower bound) when the lower and upper
bounds on the regression coefficients have absolute value (blue, short-dashed) 1.5
and (red, long-dashed) 300.

can then be formulated as

P P
Minimize F(s,3,7) := (1/2n)|Y — XB|3 + A1 Z Si + /\OZ%,
i-1

8,8,y i=1
subject to — ﬁi% < G < Bﬂi Vi e {17 cee 7p}7
—81<@<$z ViE{l,...,p},

(5.9)
si=0 Vie{l,... p},

p
i=1
ve (0,1} Vie{l,....p),

where k and k are lower and upper bounds on the model size. The can initially
be taken to be 0 and p respectively, but can be tightened using bound tightening
procedures. It may be tempting to think that the Big-M constraint could use s;
instead, that is, —s;y; < §; < 7;s;. This would be very convenient, as it would avoid
estimation of lower and upper bounds él and f3;, but it is neither a linear nor a
quadratic constraint as the second order matrix is not positive semi-definite. These

bounds must be estimated through optimality based bounds tightening.
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5.0.1 FExample: Diabetes Dataset

Once again consider the diabetes dataset of Efron et al. (2004). The dataset consists
of n = 442 observations and p = 64 predictors. A training/test partition of the
data was made by randomly selecting 350 rows to train on. The correlation among

predictors is shown in figure 5.3. The response and design matrix columns are stan-

S5555555!

FIGURE 5.3: Predictor correlations in diabetes dataset.

dardized to have zero mean and f;—norm of /n. To get some perspective 10-fold
cross validated lasso was performed with R package glmnet. The optimal value of
A1 obtained by cross validation is 0.017, resulting in a regression vector with 31 non-
zero elements for which the largest element is 0.35 in absolute value and achieving an
out of sample squared predictive error of 51.87. For the point-mass-Laplace model,
I take in this case a subjective approach to selecting Ay and A;. An estimate o2 is
obtained from fitting the full model, providing a value of 0.44. This determines Ay
as —(02/n) log(p). Given, that A; in lasso is struggling to achieve a balance between
selection and shrinkage, I expect that A; need not be so large for the point-mass-
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Laplace prior as Ay will take care of the selection, so I make the subjective choice that
A1 = 0.01 i.e. smaller than the value obtained by cross validation previously. Given
that the largest element selected by lasso is 0.35 in absolute value, I am also willing
to make the assumption that all the coefficients should lie in the interval [—4, 4] (for
the Big-M transformation). With these values, it takes no longer than 11 seconds to
solve the MIQP, resulting in a regression vector with 7 non-zero elements, achieving
a squared predictive error of 46.59. This is usually a first pass at solving the MIQP,
as typically one may wish to avoid specifying a hard constraint such as 3; € [—4, 4].

A more thorough approach follows.
Optimality Based Bound Tightening

The greedy coordinate descent heuristic produces a regression vector with 7 non-zero
elements obtaining an objective value of 0.26. Let F' = 0.26 and initially let §; = oo,
Bi=—wforalli=1,...,pand z = 0 and Z = p. Then an upper bound on j; can
be obtained from solving

Maximize [;,

K3

subject to  F(s,3,7) < F

(5.10)

and similarly minimizing to get a lower bound on ;. Clearly the globally optimal
solution must be a member of the set {(s, 5,7) € R* x R? x {0,1}* : F(s,3,~) < F}.

It must also be in the original feasible set. Equation (5.10) is maximizing 3; over

110



a relaxation of the intersection between these two sets. The relaxation provided by
relaxing integrality constraints is used so that an upper bound is obtained by solving
a QCP and not a MIQCP. One also have two choices. Solving this problems serially,
means that the bounds get updated for sequential indices ¢, meaning that the upper
and lower bounds obtained are tighter. Alternatively, one can solve these p quadratic
programs in parallel keeping the upper and lower bounds at plus and minus infinity.
Solving each of these quadratically constrained programs takes approximately 0.01 to
0.02 seconds for the diabetes dataset. After looping serially through the coefficients,
the upper and lower bounds are displayed in figure 5.4 in blue.

Given tightened bounds on the ;’s it is now possible to get an upper bound on

the maximum model size by maximizing

p
Maximize Z Yis
refoly o

subject to  F(s,3,7) < F

(5.11)
—si<Bi<s; Vie{l,...,p},

si=0 Yie{l,...,p}
p [h—

k<) v<k
=1

and similarly minimizing to get a lower bound. This gives an upper bound of 12 and
a lower bound of 1. One can keep iterating between tightening bounds on f;’s and
then on model sizes but subsequent improvements are modest. Fig. 5.4 shows the
bounds tightened on the regression coefficients having been tightened a second time

after tightening k and k.
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FIGURE 5.4: Intervals of permissible coefficient values defined after (Blue) first
bound tightening (Red) second bound tightening of model (5.9) on diabetes dataset.

Results and Discussion

Using the bounds achieved by optimality based bounds tightening and warm-starting
the solver with the solution found by the heuristic, it takes a mere 4 seconds to
solve the MIQP, exploring a total of 10562 nodes. In addition, the bounds obtained
this way are guaranteed not to render the global solution infeasible. As noted before
the estimator obtained from solving (5.9) obtains a squared predictive error of 46.59,
whereas the lasso estimator obtains 51.87. The estimated regression vector is shown
in figure 5.5. It illustrates a common phenomenon that lasso tends to include too

many predictors.
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FIGURE 5.5: Coefficients estimated from (bottom) 10-fold cross validated lasso (top)
solving (5.9)

It is an interesting question to ask how this method relates to the MIQP formu-
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lation of best subset selection by Bertsimas et al. (2016). Firstly, the heuristic used
by the authors, which they call a “discrete first order algorithm” | simply exploits the
Lipschitz gradient property of the objective, and so is yet again a discovery of the
same algorithm discussed in the previous chapter. Consider solving (5.6) with &k = 7.
To be generous, the globally optimal solution is computed first and now assumed to
be found by the heuristic. Performing bound tightening on (5.6) provides the bounds
shown in figure 5.6, which are much larger than the bounds computed for (5.9) as
(5.6) contains no regularization term. Using the bounds found by bound tightening
and warm-starting the solver with the globally optimal solution, it takes the solver
30 seconds to certify optimality, exploring a total of 55929 nodes. In short, it takes
much longer to solve (5.6) than (5.9).

Recall that branch and bound performs well when the globally optimal solution
has an objective value that is much less than the rest. In this case pruning is very
effective. If there are many local solutions with objective values very close to that
attained by the global solution, then the branch and bound algorithm is inefficient
at pruning. In the variable selection context, branch and bound performs well when
there is a dominant model. Adding the ¢; and {, penalties helps to differentiate
the good models from the bad models, and hence increases the difference in their
objective values. It was shown in Castillo et al. (2015) that point-mass-Laplace
mixture priors enjoy optimal rates of posterior contraction, that is, they concentrate
posterior mass on good models very quickly. In contrast, the best subset selection
problem contains no prior or penalty, resulting in feasible models having similar
objective values. This is evident from looking at the output of the solver. Solving
(5.6) explores 55929 nodes in 30 seconds, whereas solving (5.9) explores only 10562
nodes in 4 seconds. The solver was able to prune the tree much quicker in problem
(5.9) than in (5.6). In addition, (5.9) does not require an aprior constraint on the
model size.
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FIGURE 5.6: Intervals of permissible coefficient values defined after bound tightening
of (5.6)

5.0.2 FExample: Ozone Dataset

This example considers the Ozone dataset of Breiman and Friedman (1985). It
consists of 366 daily maximum one-hour-averaged ozone measurements with twelve
predictors. Of the twelve predictors three are factors, concerning time and date for
book-keeping, and eight are meteorological covariates. These are pressure (Pr), wind
speed (WS), humidity (Hu), temperature at Sandburg California (TS), temperature at
El Monte California (TE), inversion base height (IH), pressure gradient (PG), inversion
base temperature (IT) and visibility (Vi). After removing missing data there are only
203 observations. The data was randomly partitioned into training and test data by
selecting 150 measurements to train on. It is common in previous analyses to drop the
second temperature measurement. Models considered contain the remaining eight
meteorological covariates, all two way interactions between them and their quadratic
terms resulting in p = 44 predictors. The correlations between predictor is is shown
in figure 5.8. The predictors and the response were centered and scaled to have
ly—norm of /n.

It is my practical experience that choosing the wuniversal threshold of \y =
a\/m appears to be too strong. Performing cross validated lasso results
in a tuning parameter of \; = 0.002. As in the analysis of the diabetes dataset, A\
need not be as large in the point-mass Laplace mixture prior and so this parameter

was taken as 0.001. An estimate of 02 was obtained from fitting a linear model on
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the full model, defining Ay as —(2/n) log(p).

The greedy gradient descent heuristic identified a model with 5 predictors, of
which only 2 are present in the optimal model - containing predictors Hu?, PG?, IT,
Hu:PG, Hu:IT, TS:PG, TS:IT with the colon denoting interaction. Optimality based
bound tightening procedures resulted in the bounds displayed in figure in blue, where
solving 5.10 for each index took less than 0.01 seconds. The bounds on the model size
were then tightened to 1 and 17 by solving 5.11. A further round of bound tightening
on the covariates resulted in the bounds shown in figure in red. The MIQP solver was
seeded with the solution obtained from the heuristic and took 11 seconds to solve
to global optimality. The squared out of sample predictive error of the estimator

obtained was 11.37, compared with 11.55 of cross validated lasso.

15
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FI1GURE 5.7: Intervals of permissible coefficient values in Ozone dataset defined after
(Blue) first bound tightening (Red) second bound tightening of model (5.9).

5.7 Mixed Integer Models for Zellner’s G-Prior

In addition to spike-and-slab priors Zellner’s g-prior remains popular for its com-
putational tractability and desirable properties. Consider a canonical linear model
Y|v,a,8,0* ~ N(la + X, 3,,0%), where v is a model index, « is an intercept term,
X, and (3, are the design matrix and regression vector under model . A typical set

of priors might be the g-prior for the regression coefficients and reference priors for
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FIGURE 5.8: Predictor correlations in Ozone dataset.

the common model parameters «, o2 i.e.
B0, v ~ N(0,go*(XTX)™), (5.12a)

pa, 0?)ocl /o (5.12b)

The computational tractability of these priors is largely imparted through closed
form expressions for the marginal likelihood

(1 + g)n=1-p)/2
[1+g(1—R2)]"

pv) = )y gy

NN (5.13)

which can be seen to provide a principled balance between the competing objectives
of favouring small models and models with small coefficient of determination ng'
In addition to the posterior being independent of the units in which the covariates
and response are measured, the only tuning parameter is g, making model selection
under this prior a remarkably attractive automatic procedure. Many choices for ¢
have been proposed in the literature including ¢ = n in the unit information prior

of Kass and Wasserman (1995) resulting in similar behaviour to the BIC, g = p?
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FIGURE 5.9: Coefficients estimated from (bottom) 10-fold cross validated lasso (top)
solving (5.9) for Ozone dataset.

in the risk inflation criterion of Foster and George (1994) as well as using mixtures
of g-priors in Liang et al. (2008). Despite the attractive properties of the resulting
posterior, extracting information therefrom remains a challenging task. Enumeration
of the model space soon becomes computationally prohibitive with p and MCMC
approaches, the computational complexity of which is studied in Yang et al. (2016),
can be slow to converge and exhibit poor mixing. This section develops a mixed
integer quadratically constrained programming model for selecting the optimal model

under the g-prior.
5.7.1 Parameter Fxpansion

The posterior probability of a model v resulting from priors (5.12) is given by

1 p
logp(|Y) =k — 5 log(1 +9) )

i=1

n—1 [Ye — X8, 13 (5.14)
2 ( bRE

+ log p(),
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where k is a constant of proportionality and BAW = (X$ Xv)*lXZ; Y,. It is assumed
that the data has been centered Y, = Y — Y in addition to the columns of design
matrix so that 17X = 0,. In what follows the subscript ¢ will be dropped from Y,
and Y shall refer to the centered data unless stated otherwise. In order to find the
modal model 4 := argmax_ (3, logp(7]Y), it is in fact useful to re-introduce the

regression vector 3 through the following observation.

Lemma 12.

max logp(7[Y) = [max log L(v,8), (5.15a)
where P = {(g,b) € {0,1}’ x R? : b; = 0ifg; =0 (5.15Db)
Vie{l,...,p},
. p
L(v,5) = —5log(1 + g) ;7 +logp(7) (5.15¢)
2
_ ”; L log (1 +g||Y —YEmz)

Proposition 12 states that maximizing the posterior over models is equivalent to
maximizing a new function L(7, ) over a feasible set P which encodes the constraints

that (; cannot be nonzero unless v; = 1.

Proof. Let ®(8) = |Y — X2 and consider a specific v. Minimizing ®(3) over
feasible set P, = {b € R? : b; = 0ify; = 0} results in a minimal value of [V — X 3,2
where B:, is the OLS estimator of S under model v, padded with zeros to make a

p-dimensional vector. By monotonicity of the logarithm and the observation that

®(3,) < B(B)VS € Py, it follows that

—1log (1+g®(5,)/|V[3) = —log (1 + 9®(3)/|Y[3) V5 € P,
and consequently
log p(7]Y) = gg%fL(ﬁ,v)-
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The result then follows from maximizing the lhs over v € {0, 1}7. O

There are two main challenges with the parameter expanded formulation. Nei-
ther the (negative) objective function, nor the feasible set is convex. The disjunctive
constraints can once again be overcome with a Big-M transformation, but the loga-

rithmic term of the objective requires special attention.
Approzimating the Logarithmic Term

The main challenge is the non-concave term resulting from the composition of the
negative logarithm with a quadratic. One approach is to approximate this term
using piecewise linear functions. It is easier to build piecewise linear approximations
to univariate rather than multivariate functions over a bounded domain, and so it
is useful to further reformulate the problem with the introduction of an auxiliary

variable z as follows

log(1 u -1
Maximize — M Z i — n log (2) + log p(7y)

i—1

s.t. — %’ﬁi < B < Bﬂz’

(5.16)

Y — X33

14 g 2Pz o

Y3
2 <2< 2,

The objective is maximized by making z small, which in turn drives the residual sum
of squares toward smaller values through the second constraint in (5.32). The initial
lower and upper bounds on z are provided by the observation that the residual sum
of squares is minimized under the full model and maximized under the null model
and can be specified as 1 + g[|Y — X(XTX)"1XTY|3/|Y|3 and 1 + g respectively.
This conveniently defines an initial interval over which the logarithm must be ap-

proximated by a piecewise linear function, although this interval can be tightened.
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Once the logarithmic term is replaced by a piecewise linear function, the program

falls into the category of a mixed integer quadratically constrained program.

|
|
|
|
|
|
|
|
|
|
1

1 1
T T

b1b2 b3 b4 b5 b5 Zmin Zmax

FIGURE 5.10: (left) A piecewise linear approximation to the logarithm defined on
breakpoints {b;}¢_, (right) a polyhedral relation of the constraint z; = logz, for
2 € [Zminv Zmax]-

An alternative to approximations through piecewise linear functions is using spa-
tial branch and bound methods. The introduction of the auxiliary variable z also
helps in applying these techniques, although we shall now call this variable 2, and

introduce an additional variable z;

log(1 + g) © n—1

Maximize

s.t. — 1B, < Bi < Byvi
Z1 = 10g Z9 (517>

Y — X8B3

]- +g X 22
Y3

2SS <7,

So far this has done nothing but replace a non-concave term in the objective with
a non-convex constraint. This constraint can, however, be relaxed to a set of linear
constraints through linearization, increasing the feasible set as illustrated in figure
5.10. Relaxing integrality constraints on the binary decision variables 7; and solving

the continuous relaxation over this enlarged convex feasible set provides a valid upper
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bound on the original maximization problem. Spatial branch and bound methods
can now branch on z; in addition to the binary ;’s, creating subproblems into which
the interval of feasible values for 2, is partitioned. In each subproblem, the interval of
feasible values for 2, is smaller than the parent problem, and so polyhedral relaxation
better approximates the true non-convex feasible set. Computing the upper bound
for each subproblem requires solving a quadratically constrained program. While this
can be implemented with minimal effort, some additional care is required about when
to branch on the continuous z; or the binary ~;’s, for which a number of branching
strategies are discussed in Belotti et al. (2012).

The approach of solving a QCP at each subproblem is valid but is not pursued
here. Instead, one can go one step further and linearize all non-linear constraints,
including the quadratic constraint, solving an LP at each subproblem. As linearizing
the quadratic constraint increases the size of the feasible set, the upper bound pro-
vided by the LP-relaxation is not as tight as that provided by the QCP-relaxation. It
is easier, however, to solve an LP than a QCP, which may result in less computation
time overall. This is the approach used by the open-source solver Couenne of Belotti
et al. (2009), a general purpose mixed integer nonlinear program solver against which
the formulation based on piecewise linear approximations will be compared. For the

latter the Gurobi Optimization (2016) solver is used.
5.7.2  Piecewise Linear Approrimations

Approximating non-linear and/or non-concave terms via piecewise linear functions
allows the model to stay within the definition of a MIQCP, and use optimized solvers,
without the need to reach for more complicated MINLP techniques. To construct a
piecewise linear approximation f (2) to f(2) over [Zmin, Zmax| One may start by defining

d segments through a collection of breakpoints zpm = 0% < b' < -+ < b? = Zax.
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The approximating function f is then given by

far s+ (LN copnzepomy ey
or equivalently
f(2) =mpz +ap,  ze [V 0], (5.19)

where my, = (f(bF) — f(bF1))/(bF —bF~1) and ay, = f(b*~1) — myb*~1. The piecewise
linear behaviour can then be encoded in at least two different ways, either with
the introduction of new binary variables or using specially ordered sets of type II
Beale and Tomlin (1970), discussed in section 5.7.4. There are multiple ways to
model piecewise linear functions using binary variables including, but not limited
to, the multiple choice, disaggregated conver combination and models incremental
models, a review of which can be found in Belotti et al. (2012). According to the
computational experiments conducted by Vielma et al. (2010) the multiple choice
model exhibits the best performance for small to moderate numbers of break points
(=~ 16). This approach introduces d binary variables z;, where z;, = 1 indicates that z
is in the interval [0*~1 b¥], and d continuous variables wy, where wy, = z if 2 is in the
interval [b*~1, %] and zero otherwise. These requirements can be encoded through

the following constraints

d
dia=1 zef01}
k=1

d (5.20)
Z Wy = %,
k=1
bkflzk < W < bkzk.

How to choose the breakpoints and number of segments is also a consideration as
there is a trade-off between acquiring a good approximation and increasing the prob-
lem size through additional binary variables. Some approaches try to minimize the
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number of segments used whilst others try to minimize the approximation error for
a given number of segments. The approach used in this paper is simple; for a given
number of segments d, partition the interval [log(zmin),l0g(2max)] into d intervals of
equal length, defining d + 1 equally spaced grid-points. The breakpoints are then
defined as the image of the grid-points under the exponential function, as illustrated
in figure 5.10. An alternative approach using specially ordered sets of type II instead

of binary decision variables is discussed in section 5.7.4.
5.7.3 Model Space Priors

So far there has been no reference to the kind of priors over the model space. The

easiest priors to incorporate into a mixed integer formulation are those of the form

o]
p(y)ex <%> 1{5<|7|<E}(7)> (5.21)

where @ is a prior inclusion probability and k and k are minimum and maximum
model sizes respectively as this translates to a linear penalty on the model size
on the log-scale and a [inear constraints. Such sparsity priors have been studied in
combination with Zellner’s g-prior in Yang et al. (2016). Naturally it is possible to set
k = p, but choosing a smaller value if possible has computational advantages. Priors
of the form p(y) = h(3;F_, 7:) such as beta-binomial and Poisson priors can also be
formulated as part of a mixed integer program. In order to achieve true upper bounds
it is necessary that the continuous relaxation is concave. Unfortunately h(3>;_, ;) is
not concave when integrality constraints on the v;’s are relaxed. As done previously
for the logarithm function, h could be approximated using piecewise linear functions.
Alternatively one can exploit the property that there are only p + 1 model sizes, and
so there are only p + 1 function values of h to model. This is a natural candidate for

SOS constraints of type I, for which the construction is as follows
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5.7.4  Specially Ordered Sets of Type 1/11

Generally speaking a problem formulation may demand non-linear and even non-
convex functions to be realistic. Fortunately, there are some tricks which, under
certain circumstances, allow one to remain within the definition of a mixed integer
(quadratically constrained) program, without reaching for my complicated MINLP
methods. In the current context the prior on the model space may result in a non-
linear penalty on the model size. Moreover, the penalty may be non-concave, ruling
out the possibility of formulating the problem as a mixed integer non-linear concave
program. In addition, the (negative) logarithm in equation (5.14) is a non-linear
non-concave function. In this section we discuss the application of specially ordered

sets (SOS) of type I and II to address these challenges.
Type I

When the non-linear function is a function of an integer decision variable assuming
a finite number of possible values, then the function can be modelled using SOS
constraints of type I. Priors that result in a penalty on the size of the model contribute
a term h(}],_, ;) in the objective, where h is a possibly non-linear and non-convex
function. Despite these difficulties it is possible to exploit the fact that this term can
only assume at most p + 1 values, which can be modelled linearly in the following

manner

p
hoxo + hizy + - - + hyx), = h(E Vi) Function Row (5.22a)
i=1
p
Oxo + 1oy + - - + px), = Z Vi Reference Row (5.22Db)
i=1
To+ x4+, =1 Convexity Row (5.22¢)
Ty = 0
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where h; = h(7). The idea is to replace all occurrences of h(D>3F_, ;) with >*_ hyx;,
while adding the reference and convexity row as constraints. Although the convexity
row constraint could be achieved by requiring the x; to be binary decision variables,
modelling them as an SOS constraint of type I results in a more efficient branching
progress, enforcing a single x; be unity in the final solution with all others zero.
Instead of branching on an individual binary x, in which two subproblems are created
in which 2, = 0 and x; = 1, an index k € {0,...,p} is chosen and two subproblems
are created in which z; = 0 for all 2 < k£ and x; = 0 for all ¢ > k. For more detalils,
such as how to choose the aforementioned index the reader is directed toward Beale

and Tomlin (1970).
Type 11

The second type of SOS constraint differs from the first in that two neighbouring
are allowed to be non-zero in the final solution instead of just one. This is useful
for modelling piecewise linear functions, as the sum-to-one constraint coded in the
convexity row allows function values to be linearly interpolated between two break
points. In contrast to the method presented in section 5.7.2, however, SOS II con-
straints do not use any binary decision variables. This constraint finds application in
the current context by allowing a piecewise linear approximation to the logarithm to
be built. Let f(-) denote a piecewise linear approximation to the logarithm function
over a collection of breakpoints {b;}¢_, as described in equation (5.19). This can be

encoded linearly using SOS type II constraints in the following way
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fozo + fiz1 + -+ faza = f(2) Function Row (5.23a)

bozo + b1z1 + - + bgzg = 2 Reference Row (5.23b)
2tttz =1 Convexity Row (5.23¢)
2z, =0

where f; = f(b;). The idea is to replace every occurrence of f(z) with ZZ:O frzk,
while adding the reference and convexity rows as constraints. Specifying (zo, .. ., zq)
as SOS-II enforces the constraint that only two neighbouring (z;, z;11) can be non-
zero in the final solution. This satisfies z = b;z; + biy1(1 — 2;) and f(z) = f(b;)z; +

f(biv1)(1— z), which linearly interpolates the function between the two breakpoints.
5.7.5  Heuristics

Once again it is possible to develop heuristics for the g-prior similar to those in
the last chapter. Under independent Bernoulli priors with inclusion probability 6,
maximizing L(f,v) in (5.15¢) is equivalent to solving

Y — X583

Minimize F(B) :=log (1 + gY—”2> + Q(5), (5.24)
2

where Q(5) = Mol 8o (5.25)

2 0 1

for § as [ 8o = 37, . Indeed if 3 is optimal under (5.24), then (3,4 := I{8; # 0})

is optimal under (5.15c) and vice versa. This connects the problem with literature
on penalized regression. Marjanovic et al. (2015) and Blumensath and Davies (2008)
present iterative algorithms for finding local solutions in fy—regularized least squares
problems. The only complication is that the least squares term presents itself as an
argument to a logarithmic expression. This can simply be overcome with with a
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linearization step and motivated as an MM (Majorization-Minimization) algorithm

as described in section . Observe that the function

Q(BI18Y) :=1og(") + Xo||B]o

1 Y — XBI2
— |1 U ladl AN )
*%ﬂ( TR 7

|V — X3

where 2 =1+ aE ,
2

possesses the desired tangency and domination properties necessary for an MM al-

gorithm. All that is left is to exploit the separable property of the £y penalty, which

admits a tractable minimization solution in the univariate or orthogonal case:

1
prox,q(z) = arg min {Q—t(z —2)? + Nl{z # O}}

zeR
= z1{|z| > v/2t\o}.
With this in mind one can define coordinate descent updates,

Bi = proxymg(z; (Y - E i B5)/n),
j#i
2OV

where @) = =22
an

or proximal gradient updates
B proxme(f — (1/L)X"(XB - Y)),

Oy )2
where gb(t) _ Z H H27
gL

L = Anax(XTX).

5.7.6  Bound Tightening

(5.27)

(5.28)

(5.29)

Let the objective in (5.32) be denoted L(7, S, z). Once one has a feasible solution

(7, 5, Z) has been found through a heuristic one can obtain a lower bound on (5.32)
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by evaluating the objective at this feasible point L = L(7, B, Z). It follows that the

globally optimal value for z, denoted Z, must satisfy

—2L
Z < exp (—) : (5.30)

n—1

meaning that the upper bound z can reduced to Z = min{1 + ¢, exp(—nL/(n —1))}.
When using independent Bernoulli priors over the model space, it follows from the

same reasoning that

<l f)—l—%n—i}ﬂ)l@gg I
log(0/(1 —0)) —log(1 + g)/2

(5.31)

Upper and lower bounds on the regression coefficients can be computed once again

by optimality based bounds tightening, similar to what was done in section 5.6.1
5.7.7 FExample: Diabetes Dataset

Using independent Bernoulli priors with inclusion probability # and SOSII constraints
to model the piecewise linear function defined by a set of d breakpoints {b;}¢_, with

corresponding function values f; = log(b;), the overall MIQCP model is
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. 0 log(1+g)\ < n—1g
M 1 _ E - E: e
aximize < og -0 5 r Vi 9 = fizi

st. =B, <Bi<By Yie{l,...p}

(5.32)

z; =20 VZE{O,,d}
{20,...,24} SOSII

. 2
v - X85 _

1+g <
1Y)

2 <2 <7Z,

Using the same dataset as in section 5.6.1, the MM-cyclic coordinate descent al-
gorithm identified a model with objective value -919.21 containing predictors 3 and 9.
The MM-proximal gradient descent algorithm failed to escape from its initial value
of the zero vector. In contrast shotgun stochastic search was run for 30 iterations
identifying a model with objective value -917.04 containing predictors 3,4,5 and 9.
This allows Z and & to be tightened to 191.57 and 13 respectively. The lower bound 2z
computed using the RSS of the full model is 127.32. d = 4 linear segments are spec-
ified through a set of breakpoints [127.32,141.01,156.17,172.97,191.57] upon which
the f; values are [4.85,4.95,5.05,5.15,5.26]. Bound tightening on the regression co-
efficients results in the bounds shown in figure 5.11. The solver failed to converge to

global optimality by 1390 seconds as shown in 5.12.
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FIGURE 5.12: Progress of optimality gap over time.

The results are disappointing. The lower bound on the maximization problem
is obtained through shotgun stochastic search already at -917.04. The upper bound
is provided by the minimum over all open subproblem relaxations. One possible
explanation for the slow progress of the solver is that the poor bounds on the regres-
sion coefficients result in a very weak relaxation. The bounds provided by optimality
based bound tightening are very large because the logarithm decreases very slowly as
its argument increases. This means that when maximizing [3;, for example, it takes a
long time due to the —log(-) term before the objective falls below that obtained by
the heuristic. Suppose one is somehow able to provide much tighter bounds on the
regression coefficients then. Perhaps this would help. The top models identified by
SSS have coefficient values that are all less than 1 in absolute value. It is interesting
to see if reducing the feasible set by adding these constraints accelerates the progress
of the solver. When bounding the coefficients to be inside [—1, 1], the optimality gap
is still only 5.15% at 1390 seconds (c.f. 5.66%), and so it appears that adding tighter

bounds does not appear to help dramatically. For comparison, the Couenne solver
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of Belotti et al. (2009), a general purpose MINLP solver, applied to the original
problem only reaches an optimality gap of 11% after 1390 seconds.

Another possibility is that the way the piecewise linear approximation is handled
through SOSII constraints is the source of slow performance. To investigate this
one can replace logarithmic expression log(1 + g|Y — XB|3/|Y3) with 1 + g|Y —
XB|5/|Y|3), which requires no piecewise linear approximation and hence no SOSII
variables, and see how long the solver takes. This is now similar to the best subset
selection problem except that the cardinality constraint of 13 is much larger than
before and there is now a very modest penalty on the model size. Keeping the
constraints on the coefficients at [—1, 1] the solver converges in 1334 seconds. This
is an improvement, but it still takes a very long time. Another possibility is that
there is a problem with this formulation, but running Couenne, a black-box MINLP
solver, only reaches an optimality gap 11% in 1390 seconds.

A more likely explanation is that the posterior under g-prior concentrates mass on
a single model at a much slower rate than the posterior resulting from a point-mass-
Laplace mixture prior. Recall a branch and bound algorithm performs best when
there is a dominant model, or more generally when the globally optimal solution of
a maximization problem has an objective value that is much larger than all other
locally optimal solutions. When this is the case, it is much easier to prune/fathom
subproblems via bounding. This behaviour was already observed when comparing
the performance of the mixed integer solver on the best subset selection problem
against the posterior resulting from the point-mass-Laplace mixture prior. The for-
mer required the exploration of many more nodes in order to certify optimality. The
posterior under the point-mass-Laplace mixture prior is known to contract at an
optimal rate (see Castillo et al. (2015)) and it therefore makes sense that the mixed
integer solver is able to certify optimality quickly. The problem is much worse for the

g-prior for the following reason. In the best subset selection problem the objective
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is the residual sum of squares. Consider two models of the same size and consider
the difference in their residual sum of squares. This is the difference in objective
for the best subset selection problem. The difference in their objective values under
the MIQCP formulation for the g-prior is reduced due to the subadditivity of the
logarithm. If the difference between their objective values was A — B in the best
subset selection problem, it is reduced to log(1 + A) — log(1 + B) in the MIQCP
formulation for the g-prior (assuming g = n and |Y|3 = n). The objective value
across models becomes less separated. This can be argued to be a good thing from
the perspective of handling model uncertainty, but it makes it difficult to select the

modal model via discrete optimization.

132



6

Concluding Remarks

This thesis has presented research advances in Bayesian modelling of temporal point

processes and mathematical optimization in variable selection.

e Chapter 2: “A Continuous-Time Model of Arrival Times”.

Chapter 2 presents an elegant model for modelling arrival times without the
need for any binning discretization. It’s elegance lies in its simplicity, using
data augmentation strategies that are familiar to Bayesian statisticians. The
state-space representation of the Matern covariance Gaussian process in one di-
mension leads to a highly scalable model with a very practical implementation
based on AVL-trees. The proposed Gibbs sampler with slice sampling steps
exhibits excellent mixing as shown on a number of simulated and real datasets.
The developed model could also readily find application in density estimation,
a problem very similar to learning the intensity function. This connection has
previously been exploited by Taddy and Kottas (2012) who model the normal-
ized intensity as a Dirichlet process mixture of Betas. The idea is to model

a set of iid observations from an unknown density as those that are accepted
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from a rejection sampling procedure. Augmenting the rejected proposals and
modelling the density in a similar fashion as Ao (f) leads a model for density
estimation similar to the Gaussian Process Density Sampler of Adams et al.
(2009a), with obvious advantages. Naturally the scope is limited to densities

with bounded support.

Chapter 3: “Detecting Multiplexing in Neuronal Spike Trains”.

Chapter 3 attempted to explore how neurons encode information from dual
stimuli by discovering relationships between the intensity of the dual stimuli
trials to the intensities of the single sound trials. Early attempts to model
the dual stimuli trials were through a continuous-time Markov chain, switch-
ing between states of firing like A and firing like B, using the uniformization
based MCMC approach of Rao (2012). While this model is closest to the
multiplexing hypothesis, it was later decided to relax the assumption of firing
purely like A or purely like B. The dual intensity was subsequently modelled
as a dynamic superposition of the intensity functions for the single stimulus
trials. The weight function was modelled nonparametrically as a transformed
mixture of Gaussian process and the zero function. It was attempted to learn
a cell specific parameter corresponding to the probability of the cell to create
dynamic dual stimuli trials. The MCMC algorithm for this model experienced
difficulties with mixing, most surely due to the amount of missing data which
is augmented on each iteration. It was decided to move from the probit link
function to the logistic link function and use the Polya-Gamma data augmen-
tation technique in the hope of better mixing. This did not result in a sufficient
improvement in mixing. Overall I am not convinced that the Polya-Gamma
data augmentation trumps the probit augmentation, as the time required to

generate the Polya-Gamma random variables made a non-negligible contribu-
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tion to the overall runtime of the MCMC. In addition to the issues surrounding
mixing, there is a tendency to over-fit the data by favouring trials to be dy-
namic. The poor mixing prevented meaningful interpretation of the MCMC
output and so the model was simplified by considering trials to be static if
the posterior probability of their time-scale loaded heavily on long time-scales.
In simulation studies this did not provide a good means of classification, as
once again there is a tendency to over-fit the data by favouring small time-
scales. The eventual model assumed all trials were dynamic and was able to
provide good posterior credible intervals for the function values but neither
the time-scale of the GP for each trial nor the cell’s distribution of time-scales
was learned well. For the triplet analysed, the weight functions did not exhibit

much temporal dependence.

The stationary assumption of the Gaussian process could also be challenged.
In the data for the single stimulus trials it is commonly observed that there is
an initial rapid increase in firing rate, followed by a smaller less time dependent
firing rate. This favours a smaller time-scale to begin with, followed by a longer
time-scale. Modelling this with a stationary Gaussian process produces curves
that are either fluctuating too much in the latter part or failing to adapt to the
rapid increase in the former part. To overcome this I explored modelling the
intensities using the nested GP model of Zhu and Dunson (2013), which also
admits a state-space representation. In experimentation this failed to provide

noticeable improvement over the stationary Matern GP.

Chapter 4: “Continuous Optimization for Variable Selection”. Chapter 4 gen-
eralized existing results for Lasso, based on the compatibility criterion and sub-
Gaussian error assumptions, for the point-mass-Laplace mixture prior which

amounts to a penalty containing both ¢y and ¢; norms. The previous results for
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Lasso are recovered as a special case when ¢, = 0. Additional theoretical results
were provided using the results of Zhang and Zhang (2012), which assume the
n—Null consistency criterion and nonzero restricted invertibility factor. While
the former is a direct generalization of the “classical” proofs for lasso due to
Buehlmann and van de Geer (2011), future work must consider which of these
results is stronger and how these assumptions relate to many of the other as-
sumptions used in developing theory for sparse estimation procedures, of which

there are many.

Two new heuristic algorithms were presented for finding good quality local
optima in nonconvex problems resulting from separable penalties, namely,
through EM algorithms based on orthogonal data augmentation and location-
mixtures representations. The resulting parameter mappings were found to be
identical to a number of other algorithms proposed in the literature, namely, the
classical proximal gradient method from convex analysis, L) decompositions of
the design matrix by Figueiredo and Nowak (2003) and the discrete-first order
method proposed in Bertsimas et al. (2016). All of these algorithms attempt to
exploit the separability of the prior and from different starting points end up at
the same parameter mappings. The connection that I observe helps to provide
new perspectives on each algorithm and provides access to theory beyond EM
from convex analysis. While there is a lot of theory for the proximal gradi-
ent and coordinate descent methods applied to convex problems, there is little
known about their performance when applied to nonconvex problems. Simula-
tion studies suggested that coordinate descent methods are less susceptible to

entrapment from suboptimal local modes in nonconvex problems.

Chapter 5: “Discrete Optimization for Variable Selection”.
Chapter 5 explored the utility of some exact discrete optimization methods for
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solving challenging mathematical optimization problems in variable selection.
Since the early monotonicity-based branch and bound algorithms of the 1970s,
exact methods have received little attention within the statistics community,
while they have been actively developed outside. Mixed integer programming
has established itself as a very powerful and flexible approach for solving a
wide variety of discrete optimization problems. The performance of mixed in-
teger solvers has increased dramatically over the past decades with remarkable
speedups being provided by the development of new theory and methodologies
but also through technological progress. The wide variety of optimization prob-
lems that can be solved through mixed integer programming means that the
theory and methods continue to be actively developed, with solver performance
ever improving. The MIQP model developed for obtaining the MAP estimate
resulting from the point-mass-Laplace mixture prior converges in a matter of
seconds for real moderately-sized problems. This chapter has demonstrated
that solving some discrete optimization problems in statistics to global opti-
mality is, in fact, practically viable. It encourages a renewed interest in these
methods, with the possibility of them finding utility in many other areas of
statistics. There are obvious extensions to group variable selection and there
is active research on the development of mixed integer programming models
for sparse classification, see Bertsimas et al. (2017). Beyond mixed integer
methods, there is active research on solving high dimensional sparse regres-
sion through binary convex reformulations, see Bertsimas and Parys (2017).
Through use of a novel cutting plane algorithm, the authors claim to be able
to solve to global optimality sparse regression problems with a number of ob-

servations and predictors in the hundreds of thousands in a matter of seconds.

Just as one should not expect all discrete optimizations to be impossible, one
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should not expect all to be easy either. Indeed it was observed that the MIQCP
model developed for the g-prior did not converge to global optimality in a prac-
tically reasonable amount of time. This is because the g-prior is rather objective
and does not concentrate posterior mass on a single model at the same rate
as the point-mass-Laplace mixture prior, making it difficult to solve through
branch and bound. There are, however, some other strategies that could be
tried to improve performance. Among models of the same size, the model with
largest posterior probability is the model that minimizes the residual sum of
squares. If one were search for the optimal model of a certain size k, one could
solve the best subset selection problem with the constraint > 7; = k. This
would totally avoid the need to do a piecewise linear approximation to the
logarithm term. Finding the globally optimal model would then correspond to
finding the optimal model within each model size. If the number of possible
model sizes could be restricted through optimality-based bounds tightening,
and this number were small, then it could be implemented in the following
way. Starting by finding the optimal model of the largest size, the optimal
model of the second largest size could be found at a fraction of the total cost
by implementing a callback to the solver. Implementing a callback allows one
to add additional constraints without restarting the solver from the very be-
ginning. Reducing the model size would render some previously feasible nodes
infeasible. The solver is then able to solve the new problem in much less time
using information from the previous problem. How well this works in practice
is yet to be explored. In addition, the focus in this chapter has been on finding
the mode of p(v|Y") for the g-prior. Had one sought the joint mode p(3,~v]Y),

then it would have been considerably easier.
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