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Abstract

Fault-tolerant quantum computation requires the measurements of error syndromes

and logical operators in a way that minimizes undesired correlated errors on the

quantum data. This thesis explores possible forms for performing these measure-

ments. Our first result aims at minimizing the number of ancilla qubits for syn-

drome measurement. We show that on a generalized surface code family known as

2D compass codes, each stabilizer check can be fault-tolerantly measured with a sin-

gle ancilla qubit, regardless of the weight of the check. Our result infers that large

ancilla blocks are not always necessary for performing stabilizer measurements of

high weight. We then look at another regime where ancilla size is less of a concern.

We show a simple framework that bridges Shor- and Steane-style ancillas, which are

arguably the smallest and biggest ancilla constructions for syndrome measurements

respectively. Our framework enables intermediate-size ancillas whose preparations

are easier than Steane-style ancilla, while being more robust against measurement

errors compared to Shor’s construction. We further show that our new constructions

could be useful for future quantum computers with long coherence time. Our final

result look at how the framework for constructing syndrome measurement circuits

can be modified to perform logical operator measurements. While Shor- and Steane-

style ancilla can be used for logical measurements, they have impractical time and

space overhead when applied to large quantum codes. We show that on a quantum

low-density-parity-check code family called hyperbolic surface codes, intermediate
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ancilla can be constructed such that no repetitive logical measurements are required

for boosting the accuracy. In addition, these ancilla blocks can be directly prepared

without postselection or state distillation.
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1

Introduction

The idea of quantum computing was first proposed by Manin [1] and Feynman [2],

then formalized by Deutsch [3] in 1980s. After series of foundational works on quan-

tum complexity theory [4] and breakthroughs in quantum algorithms [5, 6] by the

end of 20th century, it became clear that quantum computers can be advantageous

over classical computers on certain tasks, such as simulating quantum many-body

systems [6] and factoring large numbers [5].

However, building a quantum computer appears to be much more challenging

than a classical one, as quantum information is extremely sensitive to perturbations

created by its surrounding environment. Starting from the first demonstration of a

two-qubit gate [7], experimentalists have made tremendous efforts on improving the

fidelity of quantum operations and scaling up the number of quantum bits (qubits).

40 years after the birth of quantum computing, we can already have quantum com-

puters with tens or even hundreds of qubits [8], and achieve gate fidelity higher than

99:9% [9]. Unfortunately, the devices we currently have are still unable to run useful

applications promised by theoretical quantum computer science. As an example, to

factor a 2048-bit RSA integer with Shor’s algorithm, the error rate per gate operation

1



is required to be 10�14 or even lower [10]. It is now widely believed that the theory

of fault-tolerant quantum computation (FTQC) will play an indispensable role to

validate those applications.

The key idea of FTQC is to first scale up the number of physical qubits, then

encode information into some quantum error-correcting code (QECC) [11] to obtain

“logical” qubits. While the quality of each physical qubit is limited by fundamen-

tal physics or the control precision, the quality of logical qubits can surpass those

limitations once we have an enough number of physical qubits. However, scaling up

the quantum system size remains a tremendous challenge in engineering and physics.

Therefore, it is desirable to reduce the overhead of FTQC as much as possible.

At a first glance, the overhead of FTQC is completely determined by the choice of

QECC. Substantial efforts were made on finding QECCs with good parameters, such

as the encoding rate and code distance. However, a complete recipe for FTQC should

also include protocols for performing error correction and logical operations. These

protocols need to be fault-tolerant (FT) in the sense that errors cannot spread too

badly in the system. From a practical prospective, the gory details of FT operations

are certainly important for a faithful benchmark of the performance of a QECC.

The goal of this thesis is, however, to emphasize that fault tolerance is more than

implementation details of QECCs. Indeed, there still exists an enormous room for

new FT constructions.

FT error correction concerns about how stabilizer elements are reliably measured

with the use of ancilla qubits. The mainstream of FT error correction scheme is

Shor error correction [12], in which stabilizer elements are measured one by one using

Greenberger–Horne–Zeilinger (GHZ) states 1p
2
(j0wi+ j1wi) (cat states) as ancilla.

Steane proposed an elegant scheme known as Steane error correction [13], whose

ancilla is an entire code block prepared in a certain logical state. These two schemes

2



can be modified to perform logical measurements as well. See Ref. [14] for a thorough

discussions of Shor and Steane methods. The main contribution of this thesis is the

discovery of a family of FT schemes, in which Shor and Steane methods are two

special cases.

This thesis is organized as follows: Chapter 2 presents a specific example of FT

error correction that uses a single ancilla qubit to measure stabilizer elements of

arbitrarily large size; Chapter 3 shows how Shor and Steane error correction can be

unified into a single framework. Such a framework enables a new family of FT error

correction protocols; Chapter 4 extends the idea of Chapter 3 for constructing new

FT logical measurement protocols, which are useful for quantum low-density-parity-

check (LDPC) codes.

1.1 Preliminaries

Familiarity of the basics of QECCs is assumed for readers of this thesis, in particular

Calderbank-Shor-Steane (CSS) codes [15, 16]. An appropriate introduction can be

found in Terhal’s review Quantum Error Correction for Quantum Memories [17].

Here, I provide a minimal description for CSS codes to set up notations.

1.1.1 Binary vector spaces

Given a set Ω, we can define a vector space V
 where each vector corresponds to a

finite subset A � Ω, and vector addition is defined as the symmetric di�erence of

two finite subsets of Ω, i.e., for any two finite subsets A;B � Ω, we define A+B :=

(A [ B) n (A \ B). The symmetric difference yields A + A = ; and as a result V


is a binary vector space. For convenience, each element w 2 Ω is associated with

two other meanings: a subset fwg � Ω and indeed a vector fwg 2 V
. We can then

simplify the equation A =
P

w2Afwg as A =
P

w2Aw for every A 2 V
. As a result,

3



we have

V
 =

(X
v2A

v

�����A � Ω; jAj <1
)

= F2[Ω]; (1.1)

i.e., V
 is the binary vector space spanned by the set Ω, denoted by F2[Ω]. The

cardinality of a finite subset A � Ω, jAj, is also referred to as the weight of the

vector A 2 F2[Ω].

The (standard) inner product of F2[Ω] is a F2-bilinear form

h�; �i
 : F2[Ω]� F2[Ω]! F2

such that for any a; b 2 Ω, ha; bi
 = 1 if and only if a = b. Two vectors �;  2 F2[Ω]

are said to be orthogonal if and only if h�;  i
 = 0. More generally, two vector

subspaces V;W � F2[Ω] are said to be orthogonal (denoted by V?W ) if we have

hv; wi
 = 0 for every v 2 V , w 2 W .

Let Ω, Θ be two sets and M : F2[Ω] ! F2[Θ] be a linear map. The kernel and

image of M is denoted by kerM and imM . When Ω and Θ are finite, the transpose

of M is defined to be a linear map MT : F2[Θ]! F2[Ω] such that

hb;Mai� = ha;MTbi


for every a 2 Ω, b 2 Θ. In other words, under the standard bases Ω and Θ, the

matrix AT is the transpose of the matrix A. We also define the transpose of a vector

� 2 F2[Ω], denoted by �T, as the map

 7! �T := h�;  i
: (1.2)

1.1.2 Linear Codes

We now briefly discuss linear codes. Let Ω be a set of n classical bits. A linear code

on Ω is a subspace C � F2[Ω]. The vectors of C are called codewords. A parity-check

matrix H of C is a linear map from F2[Ω] to some other F2-vector space such that

4



C � kerH. In this work, we are not required to have C = kerH. The dual code of C

is defined by

C? :=
�
v 2 F2[Ω] : c

Tv = 0; 8c 2 C
	
: (1.3)

Note that C? � imHT. This is because for each x 2 Fm2 , we have

cTHTx = (Hc)T x = 0 (1.4)

for every c 2 C.

1.1.3 CSS Stabilizer Codes

Let Ω be a set of n qubits. The state space of the quantum system Ω is denoted

by H
 = C [F2[Ω]] �= C2n
. The Pauli group on Ω is denoted by P
. For each qubit

q 2 Ω, the Pauli X and Z operators on Hq is denoted by Xq and Zq. For each subset

 � Ω, the X-type and Z-type operators supporting on  are defined by

X[ ] :=
O
q2


X Tq
q 2 P
 (1.5)

and

Z[ ] :=
O
q2


Z Tq
q 2 P
 (1.6)

respectively. Note X0
q = Z0

q = 1q.

A quantum code on Ω is a subspace CQ � H
. A logical operator of CQ is an

operator L on H
 such that L(CQ) � CQ. A stabilizer code on Ω is defined by an

abelian subgroup S � P
 such that every operator P 2 S has eigenvalues �1, and

�1H

=2 S. The corresponding code space CQ is the common +1 eigenspace of all

the operators in S. In particular, if dim CQ = 1, the unique state in CQ (up to a

constant) is said to be a stabilizer state. If S = SX �SZ , where elements in SX (SZ)

are all X-type (Z-type), we say that S = SX � SZ is a CSS code [15, 18], and SX
5



and SZ are the X- and Z-stabilizer, respectively. We can represent SX and SZ by

two binary vector subspaces

CX := f 2 F2[Ω] : X[ ] 2 SXg �= SX (1.7)

and

CZ := f 2 F2[Ω] : Z[ ] 2 SZg �= SZ (1.8)

respectively. Note that for any  ; � � Ω, X[ ] and Z[�] commute with each other

if and only if  and � are orthogonal. As S = SX � SZ is abelian, we must have

CX?CZ . In this chapter, we prefer the binary vector space representation of CSS

codes, and use the notation CX?CZ to denote a CSS code.

For a CSS code CX?CZ with a codespace CQ � H
, the dimension of CQ is 2k,

where

k = n� dim CX � dim CZ : (1.9)

Thus we say that CX?CZ encodes k logical qubits. For any vector  2 C?Z , X[ ]

commutes with any stabilizers and hence must be a logical operator. Similarly,

for any � 2 C?X , Z[�] is a logical operator. In fact, we can always find k vectors

 1; � � � ;  k 2 C?Z and another k vectors �1; � � � ; �k 2 C?X such that  T
i �j = �ij.

Defining X̄i := X[ i] and Z̄j := Z[�j], we have

X̄iZ̄j = (�1)�ij Z̄jX̄i: (1.10)

Indeed, X̄i and Z̄i can be regarded as the logical Pauli X and Z operator of the i-th

logical qubit, respectively.

1.1.4 Surface codes

Examples of QECCs studied in this thesis are all surface codes and its variants [19,

20]. A nice pedagogical introduction is presented in Browne’s lecture notes [21].

In particular, it addresses the connection between surface codes (and CSS codes in

6



general) and homology of chain complexes, without assuming familiarity of algebraic

topology. The homology viewpoint is important for the development of this thesis.

Ref. [22] established the mapping between fault-tolerant error correction of the sur-

face code and (2+1)-dimensional spacetime decoding graph and showed the existence

of fault-tolerance threshold. A detailed treatment of such mapping is presented in

Chapter 3.

By utilizing the structure of the decoding graph, the Shor error correction circuit

for the surface code can be simplified in a way that each stabilizer element is measured

by a single ancilla qubit instead of a cat state [23]. Such simplification significantly

improves the fault-tolerance threshold of the surface code. Ref. [24] applied similar

idea on the Bacon-Shor code [25], which is a cousin of the surface code. Chapter 2

is an extension for Refs. [23, 24].

Hyperbolic surface codes, proposed in Ref. [26], is discussed in Chapter 4. Unlike

usual surface code variants, the number of encoded logical qubits scales linearly as

the number of physical qubits increases. A detailed discussion of hyperbolic surface

codes can be found in Breuckmann’s thesis [27]. The key concept for understanding

the constructions in Chapter 4 is the covering spaces. A thorough discussion of

covering spaces can be found in Chapter 1 of Hatcher’s textbook [28].
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2

Fault-tolerant syndrome extraction of 2D compass
codes

The majority of this chapter is taken from

S Huang, KR Brown, Phys. Rev. A, 101, 042312 (2020) [29].

2.1 Overview

Fault tolerance plays a central role in scalable and reliable quantum computation [12,

30, 31, 32]. One leading candidate for fault-tolerant quantum computation is the

surface code [19, 22], which lies in the family of topological subspace codes [33]. It

has an estimated fault-tolerant threshold value around 1% [34], and only requires

local interactions. These appealing properties open a promising path towards large-

scale quantum computation [35, 36, 37, 38]. However, implementing a universal set

of logical operations on subspace codes is a challenging task [39, 40, 41]. Another

candidate with lower overhead is the subsystem Bacon-Shor code [25, 42]. It is

arguably the best for demonstrating fault tolerance in the near term [43] due to

several practical advantages. For example, one can measure the non-local stabilizers

fault-tolerantly by either 2-local measurements [44] or bare syndrome qubits [24].
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Also, asymmetric Bacon-Shor codes with particular size can have transversal multi-

qubit controlled-Z gates [45]. However, without code concatenation, the Bacon-Shor

code fails to have a fault-tolerant threshold [44, 46].

By gauge fixing the Bacon-Shor code, a large class of subspace or subsystem

codes can be constructed, which are referred to as compass codes in Ref. [47]. The

flexibility of the code construction has several applications. For example, it provides

a template for constructing topological subsystem codes [48, 49, 50]. From an ar-

chitectural viewpoint, a subfamily of compass codes referred to as heavy hexagonal

codes have been proposed to minimize frequency collisions and crosstalk errors on

superconducting qubits [51]. Moreover, it has been shown that at the phenomenolog-

ical level, when the noise model is biased, one can choose asymmetric gauge fixings

to improve the threshold [47]. However, the behavior of compass codes at the circuit

level was not studied in the context of a low-overhead fault-tolerant scheme.

In this chapter, we first show that for a subclass of compass codes with a CSS

structure [15, 52], it suffices to use single syndrome qubits to extract error syn-

dromes fault-tolerantly. Our protocol is a generalization of the bare-syndrome-qubit

scheme for the surface code [22, 53, 23] and for the Bacon-Shor code [24]. Using

our bare-syndrome-qubit scheme, we study the circuit-level performance of a class of

topological subspace compass codes, which can also be viewed as generalized surface

codes, under biased noise on data qubits. We show that if the gate error rate is

low, one can still benefit from asymmetric gauge fixing even if the gate does not

preserve the bias. We expect that the performance can be further improved with the

help of bias-preserving gates or fault-tolerant gadgets [42, 54, 55, 56], and decoding

algorithms for biased noise [57, 58].
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Figure 2.1: The construction of a 5�5 compass code. We start with a 5�5 Bacon-
Shor code whose stabilizer group is generated by

Q
iXi;jXi;j+1 and

Q
j Zi;jZi+1;j,

which correspond to rectangles with blue and red boundaries, respectively. After
gauge fixing the Bacon-Shor code, the stabilizer generators are cut by cells with the
opposite color. For example, the stabilizer generator

Q
j Xj;2Xj;3 is cut by two red

cells in the second column into three pieces X1;2X1;3X2;2X2;3, X3;2X3;3X4;2X4;3 and
X5;2X5;3.

2.2 Background

2.2.1 Compass Codes

The Bacon-Shor code with distance n, denoted by BSn, is a subsystem code encoding

a single logical qubit into an n�n square lattice of qubits [25, 44, 5]. For convenience,

we label the rows and columns of the lattice from 1 to n, denote the qubit on row i and

column j by qi;j, and denote an operator O acting on qi;j by Oi;j. The stabilizer group

of BSn, denoted by S, is generated by
Q

iXi;jXi;j+1 (1 � j < n) and
Q

j Zi;jZi+1;j

(1 � i < n). The gauge group of BSn, denoted by G, is generated by 2-local operators

Xi;jXi;j+1 (1 � i � n, 1 � j < n) and Zi;jZi+1;j (1 � i < n, 1 � j � n).

Generally speaking, a compass code is a gauge fixing of the Bacon-Shor code [47].

If the enlarged stabilizer group is maximal, we obtain a subspace code. One can also
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construct subsystem codes by leaving some gauges unfixed. We focus on a subclass

of compass codes which can be easily visualized by coloring cells of the lattice. To

describe this, we first index each cell by the label of its top-left qubit; then we color

each cell by red or blue, or leave it blank. If the (i; j)-th cell is red, we fix the

gauge
Qi

k=0 Xk;jXk;j+1 2 G. If it is blue, then we fix
Qj

k=0 Zi;kZi+1;k 2 G. For

those uncolored cells, there are no corresponding gauge fixes. Fig. 2.1 presents an

example of a 5 � 5 compass code. Note that since we only perform X- and Z-

type gauge fixes, the resulting code is still a CSS code. Indeed, bit-flip (X-type)

errors and phase-flip (Z-type) errors can be decoded separately. Importantly, an

X-type (Z-type) error on a single qubit only changes no more than two syndrome

checks. This property guarantees that when we have perfect syndrome extraction

gadgets, decoding algorithms for the surface code [59, 60, 61] can be directly applied

on compass codes. In fact, when all cells are colored, the resulting code is exactly

a surface code defined on a planar graph [22]. In particular, the subspace Shor

code and the rotated surface code correspond to a uniform coloring and a checkered

coloring, respectively.

2.2.2 Decoding graph

A standard approach for decoding the surface code is to build two decoder graphs to

decode X- and Z-type errors separately. In the following we briefly review how to

construct the decoder graph for Z-type errors only. The construction of the decoder

graph for X-type errors is similar.

We first consider surface codes without boundaries. X-type syndrome checks

are vertices of the graph, while qubits are edges. For each qubit, we link the two

X-type syndrome checks with support on that qubit by an edge. Z-type errors

form a collection of paths in the graph, and only the syndromes at endpoints of

these paths will flip. The decoding problem then becomes finding the most probable
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collection of paths, given the endpoints of paths only. For symmetric noise models,

an efficiently computable choice is the collection with the minimum total length,

which can be further formulated as a minimum-weight perfect matching (MWPM)

among the given endpoints [22, 59]. For each two endpoints, the weight of matching

them is simply their distance in the decoding graph. For asymmetric noise, one can

weight each edge e by log
�

1�pe

pe

�
, where pe is the probability that a Z-type error

occurs on the corresponding qubit [22]. Note that if two edges e1, e2 with error

probabilities p1, p2 respectively link the same pair of vertices, then one can merge

them as a single edge e, associating an error probability pe = p1(1� p2)+ (1� p1)p2.

For surface codes with boundary, there will be some qubits covered by only one

X-type syndrome check, which leads to open edges in the decoder graph. Indeed,

a path might have only one endpoint. To address this issue, one has to close those

open edges by introducing extra vertices, which are allowed to be paired with the

flipped syndromes.

When imperfect measurements are considered, multiple rounds of syndrome ex-

traction have to be applied in order to obtain reliable syndrome. To decode mea-

surement errors as well, we construct a new decoder graph with dimension 2 +

1 [22, 53, 34, 23]: for each round of extraction, we make a copy of the initial decoder

graph to identify data errors in this round, and for two adjacent rounds, we link the

corresponding vertices together to represent measurement errors.

2.3 Fault tolerance with bare syndrome qubits

At the circuit level, the problem of decoding compass codes becomes more compli-

cated: errors on the syndrome qubits might propagate to the data qubits through

two-qubit gates and lead to high-weight data errors. Although universal fault-

tolerant protocols can be directly applied so that syndrome-qubit errors become
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distinguishable [62, 63, 64, 65, 65, 66], the resource overheads are usually prohibitive,

and it will be difficult to represent these errors in the decoder graph. However, in the

extreme case in which the stabilizers have the lowest weight, the surface code can be

decoded fault-tolerantly with just bare syndrome qubits [22, 23]. As another extreme

case, the Bacon-Shor code also has a bare-syndrome-qubit fault-tolerant scheme us-

ing a carefully designed gate sequence [24]. One naturally seeks to generalize such

simple protocols on arbitrary compass codes, whose existence was shown in Ref. [47].

To address this, we observe that in the language of compass codes, the fault-

tolerant schemes for two different codes have a unified description: for each Z-type

stabilizer check

S = Zi;j1Zi+1;j1 � � �Zi;j2Zi+1;j2 ;

where 1 � i < n and 1 � j1 � j2 � n, we assign a syndrome qubit aS initialized

to j0i, and then apply controlled-NOT gates between data qubits and aS, where the

data are control qubits and aS is the target qubit. Finally, we measure aS in the

Z-basis. The ordering of the controlled-NOT gates has the following zig-zag pattern:

qi;j1 qi;j1+1 � � � qi;j2

qi+1;j1 � � � qi+1;j2�1 qi+1;j2

Although a single Z-type error on the syndrome qubit might propagate through the

two-qubit gates, leading to errors of the form

Zi;j0Zi+1;j0+1 � � �Zi;j2Zi+1;j2

or

Zi+1;j0+1 � � �Zi;j2Zi+1;j2 ;

these errors will flip at most two checks that cover the two leftmost qubits, respec-

tively. To represent these errors, one can add edges crossing the faces of the decoder
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Figure 2.2: Fault-tolerant syndrome extraction using bare syndrome qubits on a
compass code. On the left, each red rectangle represents a Z-type stabilizer. CNOT
gates are applied from data qubits to ancilla qubits in the order specified by the
dashed arrows. If a Z-type error occurs on the ancilla qubits after each CNOT gate
represented by a dashed red line, those propagate to the three groups of data qubit
errors circled in the middle. The right hand picture represents the decoder graph,
with the three corresponding correlated errors highlighted in red.

graph. We notice that the new decoder graph is a triangulation of the original one.

An important fact is that such a triangulation does not create any shortcut between

two boundaries, which indicates that our scheme is distance preserving. See Fig. 2.2

for a demonstration of the bare-syndrome-qubit scheme working on the compass

code in Fig. 2.1. Note that for the Bacon-Shor code, since its decoder graph is a

chain without any inner faces, errors on syndrome qubits will not introduce any new

edges. For the rotated surface code, all new edges are perpendicular to the logical-Z

operator. Therefore a shortest path between two boundaries will never cross these

edges. Indeed, neglecting these edges in the decoder graph will not reduce the code

distance. For the subspace Shor’s code however, there exist shortest paths crossing

the new edges, which demonstrates the necessity of the triangulation.

2.4 Weighted union-find decoder

As mentioned in Section 2.2.2, our decoding problem can be formulated as a minimum-

weight perfect matching (MWPM) problem, which can be solved by Edmonds’ blos-

som algorithm [59]. However, it will take O(n9) time to decode, since our decoder
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graph has V = O(n3) vertices and the time complexity of blossom algorithm is

O(V 3). To accelerate our simulation, we use the union-find decoder proposed by

Delfosse and Nickerson [61]. The idea of the union-find decoder is to greedily explore

the metric space induced by the geodesic distance of the decoder graph. It finds a

closed neighborhood of the flipped syndrome such that each path-connected compo-

nent of that neighborhood either includes an even number of flipped syndromes, or

intersects with the boundary of the surface. Finally, it pairs flipped syndromes by

paths in the neighborhood arbitrarily. However, the union-find decoder only achieves

almost-linear time complexity on unweighted decoder graphs. To decode the syn-

drome more accurately, we have to generalize it to weighted decoder graphs, at the

cost of higher time complexity.

We first briefly describe the key part of the union-find decoding algorithm; that is,

how to find a neighborhood which guarantees that the code distance can be preserved.

The strategy is to use a greedy heuristic described by the following. Initially, the

neighborhood is set to be the set of flipped syndromes only. In each step, we choose

a path-connected component with the smallest boundary among those with an odd

number of flipped syndromes. We then enlarge it by including the points whose

distance from that component is no more than �. Here � > 0 is chosen to be the

minimum value such that either the enlarging component intersect with another, or

a new vertex is included. When two components intersect with each other, we merge

them into a single component.

Note that for unweighted graphs, components will only meet at either a vertex or

the middle point of an edge. In this case one can always choose � = 1=2. Using the

disjoint-set data structure for merging components [67], one can achieve O(n3�(n3))

time complexity [61], where �(�) is the inverse Ackermann function [68], which is

less than 5 for any practical value of n. For weighted graphs, however, components

can meet at any points in the metric space induced by the decoder graph. Without
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Figure 2.3 : Threshold behavior of the surface code with union-�nd decoders. Each
two-qubit gate is followed by a two-qubit depolarizing channel with ratep, while
each measurement fails with the same rate. The idling errors in the circuit are
ignored. (a) If the decoder graph is unweighted, the threshold is around 0:54%. (b)
Using a weighted decoder graph, we obtain a threshold value around 0:83%. (c) The
threshold of minimum-weight perfect matching is around 0:94% in this error model.

using advanced data structures, we have to determine� by visiting all the edges on

the boundary of the component, which takesO(n3) time. The total time complexity

increases toO(n6), which is still signi�cantly better than O(n9), the complexity of

blossom algorithm.

We estimate the threshold of the surface code with unweighted and weighted

graphs under the following noise model: each two-qubit gate is followed by a two-

qubit depolarizing channel with probability p, and each measurement fails with prob-

ability p. Note that we have not included preparation errors. The simulation results
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are shown in Fig. 2.3. We can see that decoding with weighted decoder graphs im-

proves the threshold value from 0:54% to 0:83%. As a comparison, we obtain an

0:94% threshold value with the use of the mininum-weight perfect matching decoder.

We further benchmark the performance of weighted union-�nd under standard sur-

face code noise model in Appendix A.

2.5 Biased Noise Model

We are interested in the performance of compass codes with pure dephasing memory

errors and unbiased gate errors. The error model is as follows: each two-qubit gate

is followed by a two-qubit depolarizing channel

E(� ) = (1 � pgate)� +
pgate

15

X

i

Pi �P i ;

wherePi runs through all non-trivial two-qubit Pauli operators; the outcome of each

measurement 
ips with probability pmeas; each idling qubit experiences a dephasing

channelEidle (� ) = (1 � pi )� + pi Z�Z . This follows from aT2 dephasing model which

commonly occurs in quantum devices [69, 70, 71]. If we �xpgate and pmeas, codes

with a higher pi threshold will downgrade the requirement of longT2 coherence time,

or reduce the overhead by doing syndrome extraction less frequently.

If pgate and pmeas are su�ciently small, the errors on data qubits will be biased

to Z . Previous work has shown that when the memory errors areZ-biased and the

gate errors are ignored, one can improve the threshold scaling by �xing moreX -type

gauges [47]. One might attempt to apply the same biased gauge �xing strategy at

the circuit level. However, we note that errors on syndrome qubits will correlate

excitations in di�erent rows of the lattice, which makes the biased gauge �xing less

e�ective.

To study the e�ectiveness of biased gauge �xing at the circuit level, we focus on a

subfamily of compass codes, which is referred to as elongated codes in Ref. [47]. Here
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we recall that an n � n elongated code with elongatioǹ is constructed by coloring

those cells (i; j ) with i � j (mod `) by red, and the remaining cells by blue. As the

elongation grows, moreX -type gauges are �xed.

We simulate the performance of (2 + 1)D elongated codes under our noise model.

For a lattice of sizen, we applyn rounds of faulty syndrome extraction and an ideal

round at the end, and then decode the syndrome with our decoder. We note that for

codes with larger elongation, each syndrome qubit interacts with more data qubits.

To avoid the complication of scheduling, we assume that the dephasing errors only

happen between two consecutive extraction rounds.

As a demonstration, we �x pgate = 0:3% and pmeas = 0:1%, and compare the

performance among̀ = 2; 3; 4 for di�erent values of the side lengthn and the

dephasing ratepi . Note that ` = 2 is the usual rotated surface code. The simulation

results for intermediate-size lattices are presented in Fig. 2.4. We can observe that

when the noise is unbiased, i.e.,pi ! 0, the surface code always performs better.

For �xed n, when pi is greater than a critical value, the noise becomes su�ciently

biased and elongated codes outperform the surface code. However, as the size of the

lattice grows, the critical value increases towards the threshold of the surface code.

2.6 Conclusion

we provide a simple fault-tolerant scheme for 2D compass codes with direct measure-

ments, which is independent of the size of the stabilizer checks. Our scheme uni�es

the direct measurement schemes for the Bacon-Shor code [24] and the (rotated) sur-

face code [23]. With our protocol, we study the performance of compass codes under

circuit-level noise. We show that for biased error models, it is possible to boost the

performance with a biased gauge-�xing. We expect further improvements with the

help of bias-preserving gates [56].

One drawback of our fault-tolerant scheme is the di�culty of parallelization of
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the circuit, which limits its practical use on systems with high idling error rate.

However, it is always possible to reduce the circuit depth by applying cat state

measurements [62], and one can balance the circuit depth against the number of

syndrome qubits.
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Figure 2.4 : Simulation results for intermediate-size elongated codes with �xed gate
error rate pgate = 0:3% and measurement error ratepmeas = 0:1%. pi is the idle error
rate and pL is the corresponding logical error rate. (a) 7� 7 lattice. (b) 9 � 9 lattice.
(c) 11 � 11 lattice.
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3

Between Shor and Steane: a unifying construction
for measuring error syndromes

The majority of this chapter is taken from

Shilin Huang and Kenneth R. Brown, Phys. Rev. A, 104, 022429 (2021) [72].

3.1 Overview

Stabilizer codes are a conventional choice of quantum error-correcting codes [73, 74,

75], where error correction is performed conditional on the measurement outcomes of

a set of code stabilizers, also known as the error syndrome bit string. The syndrome

extraction circuits need to be fault-tolerant [12, 76, 13, 77, 78, 79, 80, 81] as the act

of measuring sydromes also introduces extra errors on the quantum system.

The �rst fault-tolerant syndrome extraction scheme was proposed by Shor [12, 62].

In Shor's scheme, each syndrome bit is extracted from the data qubits to a veri�ed

ancilla cat state by transversal two-qubit gates. As transversal operations limit the

error propagation, no high-weight correlated errors can occur on the data qubits if the

cat states are veri�ed by postselection. The value of the syndrome bit is the parity
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of the transversal measurement outcome of the cat state. As any measurement error

will 
ip the syndrome bit, for a stabilizer code of distanced, one needs to repeat

the syndrome extraction forO(d2) rounds to guarantee fault-tolerance. Utilizing the

information of the code structure, the time overhead can be signi�cantly reduced on

particular codes [82, 83, 84, 85, 86, 87].

Optimizing Shor's scheme is an active area of research building o� substantial

progress since its invention. For example, for low-weight stabilizers, ancilla post-

selection could be avoided by decoding the ancilla cat states [88, 89, 79]. On speci�c

stabilizer codes, the space overhead can be reduced by allowing non-transversal data-

ancilla interactions that preserve the code distance [82, 90, 91, 92, 66, 89, 93, 94].

The time overhead can also be reduced by careful choice of sequential extractions

[86, 87]. Notably, as an alternative to cat-state measurements, 
ag error-correction

gadgets [79, 80, 95, 81] circumvent the need of ancilla postselection for arbitrary

stabilizer codes, while having a low qubit overhead for low-distance codes or large

distance codes with low-weight stabilizer measurements.

The extraction gadgets for Shor's scheme are arguably the smallest. As a trade-

o�, a large number of two-qubit gates are applied between data and ancilla qubits.

For many quantum devices, two-qubit gates are usually the most challenging oper-

ations to be implemented with high �delity [96, 97]. To minimize the data-ancilla

interaction, Steane [13] and Knill [78] suggested to use transversal two-qubit gates

to transfer the errors from the data block to an ancilla code block, then measure

the ancilla block to gain error information. Steane's scheme is specialized for CSS

(Calderbank-Shor-Steane) codes [15, 18], and needs two separate rounds of transver-

sal two-qubit gates for extracting theX - and Z-type stabilizers respectively. Knill's

scheme works for arbitrary stabilizer codes, and only needs one round of transver-

sal gate to extract all the stabilizers. Using a constant number of Steane or Knill

syndrome extraction, an arbitrary logical Cli�ord circuit can be implemented fault-
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tolerantly in O(1) steps [98]. Both Steane's and Knill's schemes aresingle-shot, i.e.,

no repetition of measurements are required. Indeed, each data qubit is touched by

O(1) two-qubit gates. However, comparing to a cat state, the ancilla blocks for both

Steane's and Knill's scheme are much harder to prepare, as they are as large as the

data block [77, 99, 100, 101, 102].

A natural question to raise is whether it is possible to balance the complexities

of ancilla preparation and data-ancilla interaction. In this chapter, we develop a

framework that generates a family of extraction schemes for CSS codes, including

Shor's and Steane's construction as its two extremes. This family gradually increases

the complexity of ancilla construction in exchange for reducing the number of two-

qubit gates between data and ancilla qubits required to fault-tolerantly measure the

error.

3.2 Syndrome extractions for CSS codes

On a stabilizer code, the errors are detected by measuring the stabilizer elements.

For CSS codes, it is natural to measure theZ- and X -stabilizer elements so that the

X -errors (bit 
ips) and the Z-errors (phase 
ips) can be handled separately. Here,

we are regarding aY-error as the combination of anX -error and aZ-error. In this

chapter, we focus onZ-stabilizer measurements, since an analysis ofX -stabilizer

measurements would be the same up to a Hadamard transform.

Let CX ?CZ be a CSS code on a set of data qubitsD with a codespaceQ � H D .

Suppose we have anX -error X [ ], where  2 F2[D], and we are measuring theZ-

stabilizer elementsf Z [� b]gb2 B , where� b 2 CZ and B is a �nite set of syndrome bits.

For each syndrome bitb 2 B, the outcome of the measurementZ [� b] is determined

by the value � T
b  2 F2. The binary vector

H :=
X

b2 B

�
� T

b  
�

b2 F2[B ]
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is called thesyndrome. The map

H :=
X

b2 B

b
 � T
b 2 Hom (F2[D ]; F2[B ])

is called aZ-check matrix of the CSS codeCX ?CZ . Note that we do not require the

condition rs(H ) = CZ . However, we do require that rs(H ) � C Z , as

H T =
X

b2 B

� b 
 bT

maps eachb2 B to � b 2 CZ .

If we are at the end of the computation, the syndrome of aZ-check matrix H

can be obtained by measuring all qubits ofD in the Z-basis: ifD is measured with

outcome  2 F2[D], then the syndrome is simplyH . In the intermediate steps,

however, we are not allowed to measure the data qubits directly, as the single-qubit

Z -measurements anticommute with theX -stabilizer elements. A general idea shared

by both Shor's and Steane's syndrome extraction protocols is to transfer theX -errors

to a set ofancilla qubitsA by CNOT gates: asCNOT propagates theX errors on the

control qubit to the target qubit, we can performCNOTgates with controls inD and

targets in A , then apply Z -measurements on all ancilla qubits to detect these errors.

Of course, this is far from being a valid construction. In the following, we explore

the necessary and su�cient conditions for a valid extraction circuit. To simplify our

problem, we do not initially consider the challenge of fault tolerance.

As a �rst step, we encode the information of theCNOT gates by a matrix � :

F2[D] ! F2[A ], where for each data qubitd 2 D and ancilla qubit a 2 A , � a;d = 1

if and only if a CNOT gate with control d and target a is applied. As theseCNOT

gates commute with each other and we do not consider the fault tolerance properties,

the order of theseCNOT gates does not matter. The product of allCNOT gates is
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denoted byU� . One can easily verify the following identities:

U� X [ ]X [ 0] = X [ ]X [ 0+ �  ]U� (3.1)

U� Z[� ]Z [� 0] = Z [� + � T � 0]Z [� 0]U� (3.2)

where ; � 2 F2[D] and  0; � 0 2 F2[A ].

Suppose the ancilla blockA is prepared in some statejanci . When there are no

errors on the data blockD, the action of U� is required to be trivial, i.e., for any

code statejdati 2 Q , we should have

U� jdati j anci = jdati j anci : (3.3)

Note that the code spaceQ is spanned by

n
Z [� ]j+ k i : � 2 C?

X

o
; (3.4)

where the logical statej+ k i is the CSS stabilizer state ofC?
Z ?CZ . This is true because

we have enumerated all the logicalZ -type operators. From (3.2),Z [� ] commutes with

U� for any � 2 F2[D]. Thus (3.3) can be simpli�ed as

U� j+ k i j anci = j+ k i j anci : (3.5)

Let X [ ] ( 2 F2[D ]) be an X -error on a codewordjdati 2 Q . From (3.1), we

have

U� (X [ ] jdati ) janci = ( X [ ] jdati )(X [�  ] janci ): (3.6)

If janci has a non-trivial Z -stabilizer represented byeCZ � F2[A ], �xing a Z-check

matrix eH : F2[A ] ! F2[B ] with rs( eH ) � fCZ , the syndrome ofeH will be eH �  2 F2[B ].

If H = eH �, we can obtain H = eH �  , the syndrome ofH , by measuring all qubits

of A in the Z-basis. One could naturally ask the following question:
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Question 3.2.1. Given two matrices eH : F2[A ] ! F2[B ] and � : F2[D] ! F2[A ]

such thatH = eH � is a Z-check matrix of the CSS codeCX ?CZ , can we �nd a state

janci 2 H A such that

U� j+ k i j anci = j+ k i j anci

and

Z [� ] janci = janci

for every � 2 rs( eH )? In other words, can the following circuit

jdati

U�

janci

extract the syndrome ofH ?

Suppose we already have a satisfying ancilla statejanci for a given eH and �. In

(3.6), if we take  2 C?
Z and combine (3.5), we will have

j+ k i 
 (X [�  ] janci ) = j+ k i 
 j anci ;

i.e., X [�  ] janci = janci . Using fCX � F2[A ] to represent theX -stabilizer of janci ,

X [�  ] janci = janci is equivalent as � 2 fCX . Therefore, we must have

�
�
C?

Z

�
� fCX : (3.7)

On the other hand, let fCZ � F2[A ] represents theZ-stabilizer group of janci . For

every � 2 fCZ , we have

j+ k i j anci = U� j+ k i (Z [� ] janci ) =
�

Z [� T � ]j+ k i
�

janci

Therefore � T � 2 CZ and hence

� T
�

fCZ

�
� C Z : (3.8)
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The conditions (3.7) and (3.8) implies thatU� preserves the CSS stabilizer group

�
C?

Z � fCX

�
?

�
CZ � fCZ

�
: (3.9)

If fCX = fCZ
?

, i.e., janci is a CSS stabilizer state and hence
�
�
�+ k

E
janci is the stabilizer

state of (3.9), the condition (3.5) must hold.

Our problem now becomes �nding a CSS stabilizer statejanci with X and Z

stabilizers fCX and fCZ ( fCX = fCZ
?

) respectively, satisfying (3.7), (3.8) and the con-

dition rs( eH ) � fCZ . A natural strategy is to minimize fCZ and maximize fCX = fCZ
?

.

The minimal choice offCZ is just rs( eH ) as required. The following lemma shows that

fCZ = rs( eH ) and fCX = ker( eH ) always satisfy (3.7) and (3.8):

Lemma 3.2.2. � T (rs( eH )) � C Z and �
�
C?

Z

�
� ker( eH ).

Proof. The �rst part follows from a direct calculation

� T (rs( eH )) = � T eH T (F2[B ]) = rs( H ) � C Z :

The latter part is also straightforward: for any  2 C?
Z , we have eH �  = H = 0.

Thus �  2 ker( eH ).

From the discussions above, we can conclude that given aZ-check matrix H

of CX ?CZ , any decompositionH = eH � corresponds a valid gadget extracting the

syndrome ofH . All the information of the gadget, except for the ordering ofCNOT

gates, is determined byeH and �, which allows us to de�ne a gadget in an abstract

way:

De�nition 3.2.3 (Z -extraction gadgets). A Z-extraction gadget of a CSS code

CX ?CZ on the blockD is a tuple (A ; B; eH; �) , where A is the set of ancilla qubits,

B is the set of syndrome bits,eH : F2[A ] ! F2[B ] and � : F2[D] ! F2[A ] are two
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matrices such thatH = eH � is a Z-check matrix of CX ?CZ . H , eH and � are re-

ferred to as the data check matrix, ancilla check matrix and gate matrix, respectively.

The ancilla blockA is prepared in the CSS state withX - and Z-stabilizer groups

isomorphic to ker( eH ) and rs( eH ), respectively. The gate applied betweenD and A is

U� .

If we apply two gadgetsG1 = ( A 1; B1; eH1; � 1) and G2 = ( A 2; B2; eH2; � 2), we can

view them as an united gadgetG = ( A ; B; eH; �) such that A = A 1[A 2, B = B1[ B2.

The gate matrix � and the ancilla check matrix eH are de�ned by

� =
�

� 1

� 2

�
; (3.10)

and

eH =

 
eH1 0
0 eH2

!

(3.11)

respectively. The total parity check matrix

H = eH � =

 
eH1� 1
eH2� 2

!

: (3.12)

We say that G is a sum ofG1 and G2, denoted byG = G1 � G 2.

We now review Shor's and Steane's constructions in our notation:

Example 3.2.4 (Shor's scheme [12, 62]). In Shor's scheme, each syndrome bitb2 B

corresponding to theZ-stabilizer elementZ [� b] (� b � D ) is extracted by a separate

gadgetGb =
�

A b; f bg; eHb; � b

�
such that � T

b
eH T

b b = � b. The whole gadget is therefore

G =
L

b2 B Gb, and we say thatG is a Shor-style gadget.

The simplest choice ofGb is to set A b = f ag to have one ancilla qubita, and

eH T
b b = a, � T

b a = � b. Since im eH T
b

�= F2 and ker ~Hb = 0, the ancilla qubit a is
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stabilized by the single-qubit PauliZ operator. This is known as thebare-ancilla

gadget . If all the Gb are bare-ancilla, the gate matrix and the data check matrix ofG

are identical, while the ancilla check matrix is the identity matrix of dimensionjB j.

Another choice ofGc is to set jA bj = j� bj. We �x a set bijection 
 : A b $ � b,

and de�ne the gate matrix� b by � T
b a = 
 (a) for every a 2 A b. The ancilla check

matrix is de�ned by eH T
b b= A b 2 F2[A b]. One can verify that the ancilla state is the

cat state
�
�+ j � bj

�
+

�
� � j � bj

�
. This is known as thecat-state gadget .

Example 3.2.5 (Steane's scheme [13]). In Steane's scheme, all theZ-stabilizer ele-

ments are extracted by one ancilla block. The ancilla blockA is a set identical to the

data blockD. The gate matrix � is identity matrix under the standard bases, and the

ancilla check matrix eH is identical to the data check matrixH . The ancilla state is

the CSS stabilizer state of~C?
Z ? ~CZ , which is the logicalj+ k i state, wherek is number

of logical qubits.

Shor's scheme bene�ts from having small transversal cat-state gadgets with an-

cilla blocks whose size are de�ned by the weight of the measured stabilizers,jAbj =

j� bj. If the stabilizers are measured in a serial manner, one only needs a number of

ancilla qubits equal to the highest-weight stabilizer, maxb(j� bj). Parallel syndrome

measurement is desirable and one will needF ancilla qubits, F =
P

b2 B j� bj. If each

one of then data qubits interacts on average withf measured stabilizers, then we

can also write F = fn . Measurements need to be repeatedT times until errors

due to measurement can be distinguished from errors on the data.T can scale as

O(d2)[12, 86, 87], in the worst case, but scales asO(d) for topological codes [82].

Steane's scheme requires large ancilla block size equal to the data block. However,

only one block is needed forZ -extraction. The total number of ancilla qubits is just

n, being less than thefn needed for parallel Shor. In addition, Steane is a single-shot

method, soT is constant. The cost of Steane is the preparation and veri�cation of the
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ancilla block, which becomes challenging as the code distance increases. However,

if we can prepare the ancilla, it greatly reduces the number of interactions between

the data block and ancilla block before correction is applied.

Our goal is to construct gadgets other than Shor- and Steane-style ones that

results in simpli�ed ancilla blocks compared to Steane and less interactions between

data and ancilla than Shor. Conceptually, we can start with Shor ancilla blocks and

merge ancilla blocks in a way that removes ancilla qubits. We now describe this

procedure in detail.

We start from Shor's cat-state syndrome measurement circuit, denoted byG =

(A ; B; eH; �). For every ancilla qubit a 2 A , it interacts with exactly one data qubit

and transfers the error to exactly one syndrome bit, i.e.,j� T aj = j eHaj = 1. In the

matrix language, each row of � and each column ofeH contains exactly one non-trivial

entry. We construct gadgets by applying a series of steps, each of which is described

by one of the following operations:

(i) Pick two ancilla a1; a2 2 A with � T a1 = � T a2. Mergea1 and a2 as one ancilla

qubit a. Update � by adding a row aT � = aT
1 � and deleting the rows aT

1 �

and aT
2 �; Update eH by adding a column eHa = eH (a1 + a2) then deleting the

columns eHa1 and eHa2.

(ii) Pick two ancilla a1; a2 2 A with eHa1 = eHa2. Merge a1 and a2 as one ancilla

qubit a. Update � by adding a row aT � = aT
1 � + aT

2 � then deleting the rows

aT
1 � and aT

2 �; Update eH by adding a column eHa = eHa1 then deleting eHa1

and eHa2.

It is easy to check that the updated eH and � satisfy the condition H = eH �. If

we only apply (i), each row of � will always have exactly 1 non-trivial entry. Indeed,

the gadget will be transversal on the ancilla. Assuming the ancilla block can be
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fault-tolerantly prepared by post-selection so that no correlated errors can occur, a

transversal gadget will not introduce correlated errors to the data block. If we keep

doing (i), we will eventually obtain Steane's scheme. On the other hand, if we only

apply (ii), we make the cat states smaller and introduce non-transversal interactions.

The extreme case where no ancilla can be further merged is the bare ancilla scheme.

By allowing both types of ancilla merging, we can generate a large number of

gadgets. In fact, arguably, all the gadgets can be generated in this way. To see

this, for any gadgetG =
�

A ; B; eH; �
�

, we can split each ancilla qubita 2 A into

j� T aj � j eHaj ancilla qubits: for each data qubitq 2 � T a and syndrome bitb2 eHa �

B , we associate an ancilla qubit to pass theX -error on q to b. The obtained gadget

is Shor's cat-state syndrome measurement scheme, and the reverse of the splitting

provides us the merging steps from Shor's scheme toG.

However, such an argument has a few exceptions. First, ifj� T aj = 0 or j eHaj = 0,

a will be split into 0 qubits so that the process is irreversible. Second, for each data

qubit q and each syndrome bitb, the number of ancilla qubits connecting them after

splitting, whose parity is qT Hb, can be more than one. In contrast, for Shor's scheme,

there must be exactlyqT Hb 2 f 0; 1g ancilla qubits. To handle these exceptions, we

can introduce pairs of redundant ancilla qubits to Shor's scheme before merging: each

pair of ancilla qubits pass the error on the same data qubit to the same syndrome

bit. After merging, we can add ancilla qubits that only connect syndrome bits. Of

course, we can add ancilla qubits that only connect data qubits as well. These ancilla

qubits are, however, not helpful for gaining error information.

The tradeo� of two merging operations are di�erent: operation (i) reduces the

number ofCNOTs between data and ancilla while making the ancilla block more en-

tangled; (ii) simpli�es the ancilla block preparation while taking the risk of introduc-

ing correlated errors and breaking fault tolerance. If we wish to have postselection-
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free ancilla, the stabilizer generators of the ancilla block should have weight no more

than 3, so that the residual error of each single error in the preparation circuit can

be reduced to a weight-1 error. Bare ancilla, Bell state and three-qubit GHZ state

are example states that satisfy this requirement. More generally, any CSS state

equivalent to a one-dimensional cluster state (up to Hadamard gates) can be directly

prepared. To preserve the code distance, the correlated errors introduced by these

simple gadgets need to be handled by either a well-designed decoder or modi�ca-

tions to the decoding circuits, such as 
ag qubits [79, 95, 81] and Divincenzo-Aliferis

ancilla decoding [88]. However, as the matrix decompositionH = eH � inherits the

code structure fromH , the detailed fault tolerance design will be code speci�c.

In Fig. 3.1, we illustrate how to obtain syndrome extraction methods for Steane's

seven-qubit code by applying merging operations on Shor's scheme. Instead of ap-

plying only one type of operations, we can apply both. As an example, we apply (i)

on Shor's scheme twice to obtain a transversal gadget (referred to as Scheme A in

Fig. 3.1), then apply (ii) �ve times to obtain a non-fault-tolerant circuit (referred to

as Scheme B) whose ancilla state can be prepared without veri�cation. As Steane's

code has distance 3, one can apply a Divincenzo-Aliferis decoding circuit [88] to make

Scheme B fault-tolerant. The details of the protocol are left in Appendix B.

When measurement errors are being considered, the use of di�erent extraction

gadgets will lead to di�erent decoding problem details. In the next section, as an

example, we will study the behavior of transversal gadgets on Kitaev's toric code [19]

thoroughly. In particular, we will show that by switching between di�erent gadgets,

the time overhead of fault tolerance can be reduced without increasing the ancilla

complexity.
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Figure 3.1 : For the Steane [[7; 1; 3]] code, we show how to construct syndrome
extraction circuits by merging ancilla qubits in Shor's scheme. In the circuit diagram,
the label sets of the data qubits, ancilla qubits and syndrome bits aref 1; � � � ; 7g,
f 10; � � � ; 120g and f a; b; cg respectively. The syndrome bits can be determined by a
collective measurement of the labelled qubit outputs. Two ancilla qubits can be
merged if they (i) talk to the same set of data qubits, or (ii) contribute to the same
set of syndrome bits. If we repeat applying rule (i), we will eventually obtain Steane's
scheme. Bare-ancilla extraction is the limit for applying rule (ii) only. For example,
we demonstrate Scheme A, a transversal gadget obtained by applying (i) on Shor
twice, and Scheme B, obtained by applying (ii) on Scheme A �ve times.
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3.3 Syndrome extraction of the toric code

We brie
y review the construction of the toric code [19]. A toric code is a CSS code

de�ned on an L � L periodic lattice on the torus. The lattice has a setV of L2

vertices, a setE of 2L2 edges and a setF of L2 faces. De�ne theboundary map

@: F2[F ] 7! F2[E ];

F 3 f 7! f e 2 Eje bordersf g; (3.13)

and the coboundary map

� : F2[V ] 7! F2[E ];

V 3 v 7! f e 2 Eje is incident to vg: (3.14)

For eachf 2 F and v 2 V, sincej@f\ �v j = 0 or 2, we must haveh@f; �vi E = 0.

Indeed, im� ? im@. Taking CX = im � and CZ = im @, CX ?CZ is a well-de�ned CSS

code on the edge setE. A non-trivial logical X -type (Z -type) operator is represented

by a non-contractible loop (cut) on the torus, which has minimum lengthL. In other

words, the toric code has distanceL. The Z- and X -check matrices of the toric code

are @T and � T , respectively. A Z-extraction gadget is therefore represented by a

decomposition@T = ~@T 
 T , or @= 
 ~@. The matrices ~@T and 
 T are the ancilla check

and gate matrices, respectively.

The Shor-style extraction gadget, denoted by (~E0; F; ~@T
0 ; 
 T

0 ), can be understood

as cutting the torus into L2 disjoint square faces. The set~E0 contains the 4L2 edges of

these squares. For two edges ~e1; ~e2 2 ~E0, if they were the same edge
 0~e1 = 
 0~e2 2 E

before the torus was cut, we can glue the two edges back, which corresponds to a

type-(i) merging of ancilla qubits ~e1 and ~e2. Therefore, any transversal gadgets can be

constructed by cutting the torus along some chosen edges. If we do not make any cut,

the gadget will be Steane-style; If we choose to cut along all edges, we will obtain the
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Shor-style gadget. In general, we will obtain a new topological space, with an edge

set ~E and a boundary map~@: F2[F ] ! F2[ ~E]. The map 
 : F2[ ~E] ! F2[E ] maps an

edge ~e 2 ~E back to its corresponding edgee 2 E on the torus. The boundary of the

space is~@F� ~E. Here, as a reminder,F is viewed as aF2-vector. If we cut along

an edgee 2 E so that j
 T ej = 2, we must have
 T e � ~@F. If we cut the torus into

several connected components so that the face setF is decomposed asF =
S

i Fi ,

where eachFi is the face set of a component, then the gadget (~E; F; ~@T ; 
 T ) can be

decomposed as

( ~E; F; ~@T ; 
 T ) =
M

i

�
~E i ; Fi ;

�
~@jF i

� T
; (
 j ~E i

)T

�
; (3.15)

where each ~E i :=
S

f 2 F i
~@f is the set of edges of the componentFi , ~@jF i is the

restriction of ~@on Fi , and 
 j ~E i
is the restriction of 
 on ~E i . That is, the ancilla

block ~E is decomposed as sub-blocks~E i , and two di�erent blocks are not entangled.

3.3.1 Phenomenological noise model

We now describe our model of fault-tolerant error correction. AsX - and Z-errors

can be corrected separately, we can ignore theZ-errors on the data qubits and the

X -stabilizer measurements. Suppose our computation starts from time 0 and never

ends. We extract theZ-check matrix @at every positive integer time. For every

t 2 Z+ , each data qubit could have anX -error at time t � 1=2, and the measurement

outcome of each ancilla qubit at timet could have a classical bit-
ip error. For now,

we ignore the data errors between twoCNOTs in the same extraction round.

Suppose the transversal gadget applied at timet 2 N is Gt = ( ~E t ; F; ~@T
t ; 
 T

t ),

where 
 t
~@t = @. An X -error on the data qubit e 2 E at time t � 1=2 is denoted by

the pair (e; t). The measurement error on the ancilla qubit ~e 2 ~E t at time t 2 T is
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denoted by the pair (~e; t). The set of all single data-qubit errors, denoted byD, is

D = E � N; (3.16)

while the set of measurement errors, denoted byM , is

M =
G

t2 N

~E t :=
[

t2 N

~E t � f tg: (3.17)

An error history is de�ned to be a �nite subset  � D [ M , or equivalently a vector

 2 F2[D [ M ]. The evaluation of data errors at timet � 1=2 (t 2 N) is a map

Dt : F2[D [ M ] 7! F2[E ];

 7! f e : (e; t) 2  \ Dg: (3.18)

For later convenience, the time coordinates of the errors are discarded. Similarly,

the evaluation of measurement errors at timet is a map

M t : F2[D [ M ] 7! F2[ ~E t ];

 7! f ~e : (~e; t) 2  \ M g: (3.19)

The data error propagating to the the ancilla block~E t is the accumulation of all data

errors before timet, which can be evaluated by the map

�Dt :=
X

t0� t

Dt0: (3.20)

In particular, we de�ne �D :=
P

t2 N Dt . The syndrome at time t can be therefore

evaluated by the map

� t = ~@T
t

�
� T

t
�Dt + M t

�
= @T �Dt + ~@T

t M t : (3.21)
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We can take the di�erence of the syndrome sequencef � tgt2 N,

� t := � t � � t � 1

= @T �Dt + ~@T
t M t � @T �Dt � 1 � ~@T

t � 1M t � 1

= @T
� �Dt � �Dt � 1

�
+ ~@T

t M t � ~@T
t � 1M t � 1

= @T Dt + ~@T
t M t � ~@T

t � 1M t � 1

= @T Dt + ~@T
t M t + ~@T

t � 1M t � 1: (3.22)

In the above calculation, we set� 0 = 0, �D0 = 0 and M 0 = 0 for convenience. We

can see that the data errorDt only contributes to � t , while the measurement error

M t contributes to both � t and � t+1 . The syndrome historyis de�ned as a map

� : F2[D [ M ] 7! F2[F � N]

 7!
G

t2 N

� t  : (3.23)

We now analyze the behavior of each single error. For each data error (e; t), one

can verify that

�( e; t) =
�
@T e

�
� f tg = f f 1; f 2g � f tg; (3.24)

wheref 1; f 2 2 F are the two faces sharinge as their borders. For each measurement

error (~e; t) 2 M , where ~e 2 ~E t , one can verify that

�(~e; t) =
�

~@T
t ~e

�
� f t; t + 1g: (3.25)

If ~e 2 ~@tF , i.e., ~e is an split edge,~@T
t ~e has only one face, and we say that (~e; t) is a

type-I error. Otherwise,j ~@T
t ~ej = 2, and (~e; t) is said to be atype-II error. The set of

type-I errors, denoted byM 1, is

M 1 =
G

t2 N

~@tF; (3.26)
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Figure 3.2 : An example of toric code syndrome extraction via our transversal
gadget construction. At time t, a veri�ed ancilla block consisting of 13 faces is used
to extract the syndrome bits (face operators) in the grey region via transversal CNOT
gates. (a) A bit-
ip data error creates a pair of defects at timet. (b) A measurement
error on the boundary of the ancilla block (type-I error) creates a defect at timet
and another one att + 1. (c) A measurement error in the bulk of the ancilla block
(type-II error) creates a defect pair at timet and another pair at time t + 1.
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while the set of type-II errors is denoted byM 2 = M � M 1.

The syndrome bit 
ips can be viewed as defects in the (2+1)-dimensional lattice:

each data error creates two defects in the same time slice; each type-I error creates

two defects on the same location, but in two consecutive time slices; each type-II

error creates four defects. We give an example of the e�ect of di�erent error types

in FIG. 3.2. If Gt is a Shor-style gadget, all measurement errors at timet will be of

type-I, and the data and measurement errors are referred to asspace-likeand time-

like errors respectively [82]. IfGt is a Steane-style gadget, however, all measurement

errors at time t will be of type-II.

3.3.2 Minimum-Weight Perfect Matching Decoder

Given an error history  2 F2[D [ M ] with observed syndrome history � 2 F2[F �

N], a decoder

Dec: F2[F � N] ! F2[D [ M ] (3.27)

will take �  as the input and output an estimation of error history 0 = Dec(�  )

such that �  0 = �  . The optimal choice of the decoder is the minimum-weight-error

(MWE) decoder DecMWE de�ned by

DecMWE (�  ) = arg min
�  0=�  

j 0j: (3.28)

If the gadgets are all Shor-style so thatM = M 1, the decoding problem can be

visualized by adecoder graphG with vertex set F � N and edge setD [ M 1: each

(f; t ) 2 F � N is a vertex and each error 2 D [ M 1 is an edge connecting the two

vertices (defects) in � . The error histories are also callederror chains, as they can

be visualized as sums of chains inG. Note that the map � evaluates the boundary of

a given error chain. Decoding a syndrome � is essentially �nding an error chain 0

whose boundary coincides with � . As an error chain always matches the defects

39



in �  into pairs, the MWE decoder returns a minimum-weight perfect matching

(MWPM) of the defects [82, 90, 36].

The existence of type-II errors complicates our problem, as they create four de-

fects instead of two. We have to use hyper-edges to represent these errors in the

decoder (hyper-)graph. Although we can still use a MWE decoder, the geometric

meaning will be less clear. Notice that for any type-II error (~e; t) 2 M 2 is equivalent

to two data errors (
 t ~e; t)+( 
 t ~e; t+1) 2 F2[D ]. As an approximation, we can pretend

that the type-II errors do not exist, and use the MWPM decoder

DecMWPM : F2[F � N] ! F2[D [ M 1]

on the decoder graph with an edge setD [ M 1. For convenience, we de�ne a map

� : F2[D [ M ] ! F2[D [ M 1]; (3.29)

D [ M 1 3  7!  ;

M 2 3 (~e; t) 7! (
 t ~e; t) + ( 
 t ~e; t + 1) ;

that projects all the errors onto the decoder graph. For each error history 2

F2[D [ M ], the MWPM decoder will regard it as an error chain � on the decoder

graph with total length j�  j = j j + j \ M 2j, or more explicitly

j \ D j + j \ M 1j + 2 j \ M 2j:

Indeed, the MWPM decoder can only guarantee that

jDecMWPM (�  )j � j �  j = j j + j \ M 2j: (3.30)

However, as shown below,DecMWPM can preserve the code distanceL:

Theorem 3.3.1. If j j < L= 2, DecMWPM will correct  without introducing a logical

error.
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Proof. Let  0 = DecMWPM (�  ). By applying the correction  0, the data error will

become an undetectable error�D ( +  0). Since the toric code has distanceL, it

su�ces to show that
�
� �D ( +  0)

�
� < L:

From (3.30) and the fact that j 0\ D j � j  0j, we obtain j 0\ D j � j  j + j \ M 2j.

Moreover,

j 0 \ D j + j \ D j

� j  j + j \ D j + j \ M 2j

� 2j j < L: (3.31)

The theorem is proved by combining (3.31) and the fact that

�
� �D ( +  0)

�
� � j  0 \ D j + j \ D j: (3.32)

3.3.3 Fault-tolerant error correction in �nite time

In practice, the circuit will always end in some �nite time T. All the errors and

defects can only occur beforeT. Indeed, the MWPM decoder will have a �nite

decoder graph of sizeO(TL2). As the MWPM algorithm runs in polynomial time

to the input size, for the purpose of reliable quantum memory, we can delay the

decoding until the end of the circuit execution. However, this will be impractical for

quantum computation tasks with non-Cli�ord gates [17]. Instead, we need to process

the syndrome bits and correct the errors as soon as possible. As the information

provided by the latest syndrome bits is always unreliable, they will be processed

only when further syndrome bits are gathered. For example, we can divide the time

axis by some chosen time

1 = t1 < t 2 < � � � < t i < � � � :
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In the i -th round of error correction, we decode the syndrome bits in the time interval

[t i ; t i +2 ) but only correct the errors in [t i � 1=2; t i +1 � 1=2); then discard the syndrome

bits in [t i ; t i +1 ) while keeping the syndrome bits in [t i +1 ; t i +2 ) for the next round of

correction. Note that the syndrome bits at timet i +1 need to be updated. This is

known as theoverlapping recovery method[82, 86]. The details are formally described

in Procedure 1, for which we de�ne

 [t; t 0] = f (e; t00) 2  jt � t00< t 0g (3.33)

and

�[ t; t 0] =
G

t � t00<t 0

� t00 (3.34)

for convenience.

Procedure 1 Overlapping Recovery
1: i  1.
2: Use MWPM to �nd an error history  0 such that

�[ t i ; t i +2 ] (�  +  0) = 0 :

3:    +  0[t i ; t i +1 ]. // Correct the error history. In practice, this is equivalent
to applying error correction on the data qubits and updating the syndrome at
time t i +1 .

4: i  i + 1, goto 2.

In the i -th iteration of Procedure 1, the decoder graph for MWPM only contains

the vertices (syndrome bits) and edges (errors) in [t i � 1=2; t i +2 � 1=2). In particular,

the type-I errors at time t i +2 � 1 will become open edges, i.e., edges connecting to

the time boundary. The defects not only can be paired with each other, but also can

be fused with the time boundary so that its lifetime is extended to the next round.

Intuitively, if the distance from time slice t i to t i +1 on the decoder graph, denoted

by d(t i ; t i +1 ), is too small, it would be too easy for the decoder to fuse a defect at

time t i to the time boundary. As a consequence, errors can hardly be corrected. If
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we use the Shor-style gadget for all the time, we will haved(t i ; t i +1 ) = jt i +1 � t i j, and

it has been shown thatjt i +1 � t i j = O(L) su�ces for fault-tolerance [82]. Naturally,

the result should be generalized asd(t i ; t i +1 ) = O(L) for arbitrary choices of gadgets.

To show this, we prove the following:

Theorem 3.3.2. In the i -th round of error correction, if the correction  0 creates a

propagating error , i.e., �  +  0 contains a path from the time slicet i to the time

slice t i +1 , then j [t i ; t i +1 ]j � 1
2 (d(t i ; t i +1 ) � L).

Proof. Suppose � +  0 contains a path P1 from a vertex (f 1; t i ) to some vertex

(f 2; t i +1 ), where f 1; f 2 2 F . �  +  0 must contain another path P2 from a vertex

(f 0
1; t i ) to a vertex (f 0

2; t i +1 ), where f 0
1; f 0

2 2 F and P1 \ P2 = ; . We must have

jPi j = j�  \ Pi j + j 0 \ Pi j: (3.35)

Let P3 be the shortest path from (f 1; t i ) to ( f 0
1; t i ), P4 be the shortest path from

(f 2; t i +1 ) to ( f 0
2; t i +1 ). We must have jP3j; jP4j � L . Consider the cycleC = P1 +

P2+ P3+ P4. By the de�nition of MWPM decoder, j 0j � j  0+ Cj, which is equivalent

to

j 0 \ Cj � j Cj � j  0 \ Cj: (3.36)

Combining j 0 \ Cj � j  0 \ P1j + j 0 \ P2j and (3.35), (3.36), we have

j 0 \ P1j + j 0 \ P2j

� j �  \ P1j + j�  \ P2j + jP3j + jP4j

� j �  \ P1j + j�  \ P2j + 2L: (3.37)

Adding j�  \ P1j + j�  \ P2j to both side of (3.37) and combining (3.35), we obtain

2 (j�  \ P1j + j�  \ P2j + L) � j P1j + jP2j: (3.38)
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Therefore,

j�  [t i ; t i +1 ]j � j �  \ P1j + j�  \ P2j

�
1
2

(jP1j + jP2j � 2L)

� d(t i ; t i +1 ) � L: (3.39)

Finally, as j�  [t i ; t i +1 ]j � 2j [t i ; t i +1 ]j, we have

j [t i ; t i +1 ]j �
1
2

(d(t i ; t i +1 ) � L) : (3.40)

Given the gadgetsfGtgt2 N, we can choose the time slicesf t i gi 2 N such that

d(t i ; t i +1 ) � �L = O(L)

for some constant� � 1. By Theorem 3.3.2, to make a propagating error happen,

the system should have at leastd(� � 1)L
2 e errors. As dL

2 e � d (� � 1)L
2 e errors can

already lead to a logical error, assuming the errors are independent, the probability

of a propagating error is negligible compared to that of a logical error.

Now we can move from these theorems to comparing di�erent transversal gadgets

by visualizing their decoder graph in time and space. The Shor-gadget leads to a

uniform 3D lattice decoder graph where the vertices are syndrome bits as shown in

Fig. 3.3a. As proved above, we need the time dimension to be comparable to the

space dimension. Steane-style syndrome extraction is capable of single-shot error

correction [77]. In our method, this is clear from the lack of time-like edges in the

decoder graph Fig. 3.3b. What intermediate schemes with block decoding generate

are decoder graphs that only have time-like edges on the edges of the block.

We create the blocks by partitioning theL � L toric code into m � m blocks,

where m divides L. We then use a smallm � m surface-code ancilla block with
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2m(m + 1) ancilla qubits. At the edges of the blocks, there are time like boundaries

as shown in Fig. 3.3c.

In this picture, it is clear that we can reduce time-like edges by shifting the

pattern of blocks. To simplify the shifting, we choosem = 3k for an integer k. At

every time step, we shift the position of the blocks up and to the right byk as shown

in Fig. 3.3d. By construction, the error gadgets repeat every three steps,Gt = Gt+3 ,

and we can verify thatd(t; t + 3) = 
( m). This enables us to achieve fault-tolerance

with jt i +1 � t i j = O(L=m):

3.3.4 Numerical Results

We study the circuit-level performance of our fault-tolerant error correction schemes

by Monte-Carlo simulations. TheX - and Z-syndrome extractions are applied alter-

natively. Our error model is parameterized by a single error parameterp and consists

of three parts:

1. Gate errors : with probability p, each two-qubit CNOT gate is followed by a

Pauli error drawn uniformly at random from the setf I; X; Y; Z g
 2 n f I 
 I g.

2. Measurement errors : with probability 2 p=3, a measurement outcome in

either the Z- or X -basis is 
ipped.

3. Preparation errors : Ancilla preparation can lead to correlated errors that

need to be removed through veri�cation or syndrome measurement decoding.

Here we assume a simple error model where the complicated ancilla blocks are

generated perfectly and then each qubit undergoes an independent depolarizing

channel with probability p1, which we set to eitherp or 0.

We further simplify by ignoring idling errors which enables us to avoid complications

due to scheduling. Comparison of these syndrome extraction methods for practical

application would require a detailed multi-parameter error model, a procedure for
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Figure 3.3 : The decoder graphs of the toric code: the syndrome bits are ver-
tices; the data errors are horizontal edges; and the type-I measurement errors are
vertical edges. (a) The decoder graph of Shor error correction is a homogeneous 3D
lattice. (b) The decoder graph of Steane error correction is a stack of 2D lattices.
Di�erent layers are not connected. (c) The decoder graph of block extraction. The
ancilla blocks when aligned leads to time-like correlations between direct repeated
measurements. (d) By o�setting the ancilla blocks, the time-like correlations require
space-like errors in order to correlate defects from top to bottom.
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ancilla generation and veri�cation, and the connectivity constraints of the quantum

processor. To accelerate our simulation, instead of the standard MWPM decoding

algorithm, we use a weighted variant of the union-�nd decoder [61, 103]. For the

surface code with bare ancilla, weighted union-�nd relative to MWPM decreases the

threshold from 0.72% to 0.62% for a standard depolarizing error model with idling

errors [103]. Table 3.1 and 3.2 compare our block extraction schemes and Shor's

and Steane's schemes for the two casesp1 = p and p1 = 0 respectively. In our noise

model, the thresholds of transversal-gadget extraction is lower (upper) bounded by

that of Shor's cat-state extraction (Steane's method). For block extraction, we �x

the ancilla block sizem when L ! 1 . In this case, we will still needO(L) rounds

of extractions even if we o�set the blocks. However, we observe that o�setting the

blocks yields di�erent threshold values than aligning them. This makes sense as the

two strategies provide di�erent decoder graph symmetries. Whenm gets larger, the

o�set version starts to yield higher threshold values. We also calculate the threshold

of the conventional bare-ancilla extraction scheme [36] for a comparison.

Table 3.1: Comparison of thresholds whenp1 = p.

Method
Shor Block Extraction

Steane
Cat Bare m = 3 m = 6 m = 9 m = 12

O�set
0.57% 0.83%

0.68% 0.89% 1.04% 1.13%
2.05%

Aligned 0.74% 0.89% 0.97% 1.04%

Table 3.2: Comparison of thresholds whenp1 = 0.

Method
Shor Block Extraction

Steane
Cat Bare m = 3 m = 6 m = 9 m = 12

O�set
0.91% 0.86%

1.15% 1.48% 1.73% 1.89%
3.12%

Aligned 1.2% 1.46% 1.6% 1.71%

The simulated data for a series of syndrome extraction methods in FIG. 3.4-3.9.

The decoder used is the weighted-union-�nd decoder [103] and for the bare ancilla,

cat decoders, andm � m block decoders we repeat the extraction forL rounds. For
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Figure 3.4 : Threshold behavior of Shor error correction with (a)p1 = p, cat state;
(b) p1 = 0, cat state; (c) p1 = p, bare ancilla; and (d) p1 = 0, bare ancilla, where
p1 is the preparation error rate. The syndrome extraction is repeated forL noisy
rounds and one ideal round. Each data point is obtained from 104 trials.

Steane, we compare the extraction method forT = 2 to T = 8 rounds regardless of

L.

3.4 Conclusion

An ideal fault-tolerant syndrome extraction circuit would have minimal interaction

with the data, easy to prepare ancilla blocks, and require a small number of measure-

ment rounds to make a decision. In this work, we have shown a family of extraction

circuits that produces methods between Shor's [12] and Steane's [13] schemes. These

circuits allow us to trade-o� the complexity of ancilla-block preparation for reduced

interactions with the data. Furthermore, by shifting the choice of ancilla-blocks in
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Figure 3.5 : Threshold behavior of aligned block syndrome extraction withp1 = p
and block size (a)m = 3, (b) m = 6, (c) m = 9 and (d) m = 12. We repeat the
syndrome extraction forL rounds. Each data point is obtained from 104 trials.

time, we can reduce the number of measurement rounds to achieve fault-tolerance

while maintaining constant ancilla-block complexity. Speci�ally for the toric code

of distanceL, we can use o�set blocks of sizeO(m2) to achiven fault-tolerance in

O(L=m) rounds.

When ancilla post-selections are allowed, we found that our error correction

schemes could yield higher thresholds for certain error models assuming negligible

idling errors and independent ancilla errors. For a more realistic threshold estima-

tion, we need to choose a speci�c ancilla preparation protocol. For the toric code

example, the ancilla blocks inherit the toric code structure and one can use the bare-

ancilla extraction circuit with post-selections to prepare them [36]. There also exist

protocols for preparing a general CSS stabilizer state by state distillations without
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Figure 3.6 : Threshold behavior of aligned block syndrome extraction withp1 = 0
and block size (a)m = 3, (b) m = 6, (c) m = 9 and (d) m = 12. We repeat the
syndrome extraction forL rounds. Each data point is obtained from 104 trials.

leaving any correlated errors [102]. The detailed simulation of these preparation

protocols are beyond the scope of this work and the utility strongly depends on the

physical error model.

We have presented the toric code as an example because it is well studied and

enables us to separate the advantages and disadvantages of our new methods from

advantages and disadvantages of new codes. The toric code allows for fault-tolerant

syndrome extraction with bare ancilla on a nearest-neighbor two-dimensional lattice.

Our methods are not a natural choice for the toric code, because the methods require

the architecture to break out of two dimensions and also creates new challenges for

generating ancilla blocks. On the other hand, we know that �nite-rate quantum error

correction codes are not compatible with Euclidean two-dimensional architectures.
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Figure 3.7 : Threshold behavior of o�set block syndrome extraction withp1 = p
and block size (a)m = 3, (b) m = 6, (c) m = 9 and (d) m = 12. We repeat the
syndrome extraction forL rounds. Each data point is obtained from 104 trials.

We hope that our framework will enable the development of high-threshold fault-

tolerant extraction circuits for these more qubit e�cient codes.

There are a number of directions for further study. Codes that typically use

Shor-style extraction, such as two-dimensional color codes [66, 104], can be decoded

with ancilla-blocks to improve the threshold. Concatenated codes that have high

thresholds with post-selected Knill or Steane schemes [78, 105] also have high ancilla

rejection rates and block methods can examine trading a reduced threshold for less

ancilla veri�cation. The non-fault-tolerant schemes developed here can be made

fault-tolerant using 
ag methods [80, 81, 66]. The time optimization and the choice

of ancilla blocks can be analyzed using the framework recently applied to Shor-

style extraction [86, 87]. Finally, these methods need to be tested in the face of
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Figure 3.8 : Threshold behavior of o�set block syndrome extraction withp1 = 0
and block size (a)m = 3, (b) m = 6, (c) m = 9 and (d) m = 12. We repeat the
syndrome extraction forL rounds. Each data point is obtained from 104 trials.

more realistic errors as experimental systems approach the complexity capable of

generating and utilizing large ancilla blocks.
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Figure 3.9 : Threshold behavior of Steane error correction for (a)p1 = p and (b)
p1 = 0. As Steane EC is single-shot, the number of syndrome measurement rounds
T is set to be �nite. Each data point is obtained from 104 trials. We estimate the
threshold for T = 2; 5; 8 and do not �nd a decrease of the threshold values.
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4

Homomorphic Logical Measurements

The majority of this chapter is taken from

Shilin Huang , Tomas Jochym-O'Connor and Theodore J. Yoder,

arXiv:2211.03625 [106].

4.1 Overview

Fault-tolerant quantum computation (FTQC) via surface codes [19, 20, 82, 107] has

been intensively optimized [108, 109, 110] due to its several experimentally friendly

features, including nearest-neighbor 2D connectivity [110], availability of e�cient de-

coding algorithms [82, 111, 112, 34, 113, 114, 115] and high fault-tolerance threshold

values [116, 115]. However, the resource requirement for surface code FTQC is still

daunting as the encoding rate vanishes in the asymptotic limit [117].

In principle, FTQC via quantum low-density-parity-check (LDPC) codes of non-

vanishing encoding rate can achieve constant space overhead and therefore be more

resource e�cient [118, 84]. While long-range interactions are unavoidable for these

codes [119, 120, 121, 122], as demonstrated by recent experiments [123, 124, 125],

connectivity is not a fundamental hardware constraint. Recent breakthroughs on
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quantum LDPC codes are encouraging: Theoretically, a series of results [126, 127,

128] led to the exciting discovery of \good" quantum LDPC codes, in the sense

that non-vanishing encoding rate and linear distance are simultaneously achieved

[129, 130, 131]; Practically, numerical studies have shown fault-tolerance threshold

values of quantum LDPC codes above 10� 3 [121], while the decoders and syndrome

extraction circuits have not been fully optimized yet.

How fault-tolerant logical operations are performed on quantum LDPC codes is

still far from well understood. As a proof-of-concept step, techniques from surface

code FTQC, such as code deformation [132] and lattice surgery [108], are �rstly

migrated to speci�c instances such as hyperbolic surface codes [133, 134] and hy-

pergraph product codes [135, 136, 137], then further generalized to any Calderbank-

Shor-Steane (CSS, [73]) quantum LDPC codes [138]. Importantly,individual ad-

dressingof logical qubits is enabled by the capability of performing arbitrary logical

Pauli measurements [138]. However, the code deformation processes oftentimes do

not preserve the decoding properties of given quantum LDPC codes at the quantum

memory stage, such as the ability of applying minimum-weight-perfect-matching

(MWPM) decoders [82, 111, 110] or single-shot error correction [139, 85, 84].

Since connectivity is not a limitation for devices implementing quantum LDPC

codes, transversal gates should also be considered as a valid candidate for logical op-

erations, despite of several no-go results on universality [39, 140, 141, 142]. Logical

unitaries based on transversal gates are constructed on speci�c homological product

codes [143] and hypergraph product codes [144]. Moreover, with the help of ancilla

codes, transversal two-qubit interaction can be used for performing logical measure-

ments. The �rst construction was developed by Shor [12, 62], in which any logical

Pauli operator is measured by an ancilla cat state of the same weight. While Shor

measurement supports individual addressing of logical qubits, the measurement cir-

cuit has to be repeated to boost the accuracy. As the code distance increases, the
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number of repetitions grows exponentially [134], which is unfavorable for large quan-

tum LDPC codes. To avoid repetitive readouts, Steane [13] and Knill [78] utilized

ancilla blocks encoded by the same code as data to perform single-shot logical mea-

surements. However, to address a particular logical qubit, the ancilla block needs

to be prepared in speci�c logical state, whose preparation requires protocols of large

space overhead such as distillation [145, 98] and code concatenation [78, 118].

Inspired by Chapter 3, we unify Shor and Steane measurements for CSS codes

into a single framework, calledhomomorphic measurements. In our framework, the

data code block can interact with an ancilla block encoded in another CSS code. By

choosing an appropriate ancilla code that encodes only one logical qubit and has the

same distance as the data code, we are able to perform single-shot measurements of

arbitrary single- and multi-qubit CSS logical Paulis without the need of state dis-

tillation, which circumvent the di�culties of both Shor and Steane measurements.

To show that constructing such ancilla codes is possible, we provide a procedure for

constructing these ancilla codes for surface codes on two-dimensional closed mani-

folds including Kitaev's toric code [19] and hyperbolic surface codes [26, 133, 146].

Our construction utilizes the concept ofcovering spacesin topology [28]. In con-

trast to logical measurement methods based on lattice surgery [133, 138], our ap-

proach supports conventional decoding algorithms including MWPM [82, 111, 110]

and union-�nd [113] in a straightforward way.

The chapter is organized as follows. Section 4.2 provides essential background

and present our notation. Section 4.3 reviews Shor and Steane measurements and

discusses their advantages and drawbacks. Section 4.4 presents our homomorphic

measurement framework. Section 4.5 provides the procedure for constructing ho-

momorphic measurement circuits for surface codes, and compares it to the existing

approaches. Section 4.6 concludes and discusses future research directions.
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4.2 Background

In this chapter, an [[n; k; d]] CSS code (HX ; HZ ) is de�ned by two parity-check ma-

trices HX : Fn
2 ! Fr X

2 and HZ : Fn
2 ! Fr Z

2 such that HX H T
Z = 0. The quantum code

has anX -type Pauli stabilizer group isomorphic to the space rs(HX ), and a Z-type

stabilizer group isomorphic to rs(HZ ). The X -type and Z-type logical operators

are represented by elements of ker(HZ ) and ker(HX ), respectively. The number of

encoded logical qubits

k = dim (ker( HX )=rs(HZ ))

= dim (ker( HZ )=rs(HX )) :

The X -distance (Z -distance), denoted bydX (dZ ), is the minimum weight of X -type

(Z -type) logical errors. We have

dX := min fj cj : c 2 ker(HZ ) n rs(HX )g ;

dZ := min fj cj : c 2 ker(HX ) n rs(HZ )g :

The code distanced = min f dX ; dZ g.

There is a well-established intepretation of CSS codes aschain complexes[147,

19]. In this thesis, a chain complex is a sequence of binary vector spacesf Ci g

connected by some linear mapsf @i g:

� � � ! Ci +1
@i +1��! Ci

@i�! Ci � 1 ! : : :

satisfying the condition @i � 1@i = 0. The maps f @i g are referred to as theboundary

maps. Any CSS code (HX ; HZ ) can be viewed as a length-3 chain complex

C2
@2�! C1

@1�! C0

with @2 = H T
Z and @1 = HX . The condition @1@2 = HX H T

Z = 0 is satis�ed by

de�nition.
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4.3 Fault-tolerant logical measurement via Shor and Steane methods

In this section, we provide a brief overview of Shor and Steane measurements. While

both schemes can be generalized for logical Pauli measurements of non-CSS stabi-

lizer codes [145, 98, 148], our discussion focuses on measuringZ-type logical Pauli

operators of CSS codes. We further discuss their limitations on large block codes.

4.3.1 Shor measurement

Shor measurement uses an ancilla cat state to measure the logical Pauli operator

directly, without utilizing the structure of the data code block. For example, to

measure aZ-type Pauli operator P of weight w, one can prepare aw-qubit ancilla

cat state 1p
2

(j+ 
 w i + j� 
 w i ), apply a transversal CNOT gate between the support

of P (as control) and the cat state (as target), and �nally measure all ancilla qubits

in Z -basis. The outcome of measurementP is obtained via taking the parity of

the individual measurement outcome. Assuming the cat states are prepared fault-

tolerantly in the sense that no correlatedZ-errors exist, the transversal CNOT gates

do not create correlated errors on the data block. The construction can be easily

generalized to measure arbitrary Pauli operators.

The cat state measurement is not yet fault-tolerant as any individual measure-

ment error can 
ip the logical measurement outcome. One might consider repeating

the cat state measurement to gain enough con�dence of the logical outcome by a

majority vote. However, life is not that simple: any single Pauli error on the data

block that anti-commutes with P will 
ip all of the repeated logical measurement

outcomes. To resolve this issue, we need to apply fault-tolerant error correction

between two consecutive cat-state measurements. Another idea to achieve fault tol-

erance is to choose di�erent representatives ofP in di�erent measurement rounds

[87].
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4.3.2 Steane measurement

Steane measurement utilizes the fact that transversal CNOT gates are available for

CSS codes. Instead of cat states, one can use the appropriate codeword of the CSS

code as the ancilla state.

We start with the case that the CSS code (HX ; HZ ) only encodes one logical

qubit. To measure the logicalZ operator of the data block, one can prepare an

ancilla code block in logical statej0i , apply a transversal CNOT gate between data

(control) and ancilla (target), and measure all qubits inZ -basis. To read out the

logical outcome, one applies error correction of the classical code de�ned byHZ , then

takes the parity of the individual outcomes inside the support of any representative

of the logical Z operator. Unlike Shor measurement, Steane measurement does not

require any repetitions. This is because the ancilla block can correct up tobd� 1
2 c

measurement errors. TheX -errors on data qubits before the transversal CNOT are

also not a concern, as they are equivalent to measurement errors.

More generally, if the data block encodesk > 1 logical qubits, to measure a

generalZ -type logical operatorP, the ancilla state should be stabilized byP and

any other X -type logical operators that commute withP. As an example, suppose

k = 3 and we want to measure the logicalZ1Z2Z3 of the data block. The ancilla

code state should be stabilized byZ1Z2Z3, X 1X 2 and X 2X 3, which is the logical cat

state

j+ 1 + 2 + 3i + j� 1 � 2 � 3i
p

2
:

4.3.3 Limitations of Shor and Steane measurements

Shor measurement, while straightforward, can have an impractical time overhead for

large quantum codes. The reason is that to obtain meaningful logical outcome, even

without counting the errors in ancilla state preparation, the individual measurement
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error rate p needs to satisfypw � 1. However, whenp is a constant for a quantum

code family, as the distanced increases, we will eventually havepw � pd � 1. As

pointed out in Ref. [134], the probability of measuring the logical outcome correctly

is 1
2 + 1

2(1 � 2p)w , which is exponentially close to 1=2 asd increases. As a result, a

fault-tolerant logical readout will require an exponential number of repetitions.

While Steane measurement is single-shot, the complication of Steane ancilla

preparation is a concern. A common strategy is to distill good ancilla states without

correlated errors from noisy ones with non-fault-tolerant preparations [105, 145, 98].

However, if an ancilla block is prepared by a non-fault-tolerant unitary encoding cir-

cuit, there can be typically O(np) number of correlated errors of arbitrary weights,

wherep is the physical error rate. As the code sizen increases, the rejection rate of

postselection will be exponentially close to 1 in order to distill usable ancilla blocks.

To overcome this issue, one has to apply code concatenation [149, 118] to reduce

the physical error rate p to at least p=n before state distillation, which result in

non-negligible space overhead.

4.4 Homomorphic logical measurements

For Steane measurement, there is a special case that postselection can be fully

avoided: For quantum LDPC codes ofk = 1, the Steane ancilla statej0i can be

prepared via Shor error correction [12]. The idea is to �rst initialize all the an-

cilla qubits in j0i , then repeat measuring the stabilizer elements for some number

of rounds and apply error correction. Each stabilizer element can be measured by a

cat-state gadget or other simpli�ed constructions [88, 79, 66, 89, 150, 93, 29, 151].

Note that the logical Z operator and Z-type stabilizer generators are already in

the stabilizer group before the repetitive stabilizer measurements. For this reason,

measuring the high-weight logicalZ operator is not required. For many quantum

LDPC code families, with appropriate choices of decoders and number of repetitive
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measurement rounds, logical state preparation via Shor error correction has a fault

tolerance threshold and is robust againsttypical errors [82, 84].

For codes encodingk > 1 logical qubits, it is straightforward to generalize the

above protocol to preparej0
 k i and j+ 
 k i . However, for other logical CSS ancilla

states, both Z- and X -type high-weight stabilizer elements exist. As a result, one

cannot avoid high-weight stabilizer measurements by initializing all ancilla qubits

in j0i or j+ i before Shor error correction. A natural thought on circumventing this

di�culty is to choose another [[m; 1; d0]] quantum LDPC code as ancilla. In fact,

Shor measurement is already an example, where the ancilla code is the quantum

repetition code with weight-2X -type stabilizers. It is just unfortunate that quantum

repetition code has distanced0 = 1, which results in the exponential time overhead of

Shor measurement. To avoid repetitive measurements, it is desirable to haved0 = d.

From the above observations, we are ready to ask the following question:can

we construct an[[m; 1; d]] ancilla quantum LDPC code for single-shot fault-tolerant

Z -type logical measurement?To answer this, we need to understand what kinds of

ancilla gadgets, including the choice of ancilla codes and how the data interacts with

ancilla, are allowed for a given data code. As we will see later, these ancilla gadgets

can be described as a homomorphism between two chain complexes representing the

ancilla and data CSS codes. For this reason, we refer these ancilla gadgets to as

homomorphic gadgets.

4.4.1 Homomorphic gadgets: de�nition

Suppose we have a data block encoded in an [[n; k; d]] CSS code (HX ; HZ ) and we

apply some CNOT gates to entangle the data block with an [[m; k0; d0]] ancilla CSS

code block (H 0
X ; H 0

Z ). The CNOT gates are encoded as a matrix � :Fm
2 ! Fn

2

referred to as thegate matrix, where � ij = 1 if and only if there is a CNOT gate

between i -th data qubit as control and j -th ancilla qubit as target. To simplify
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our discussion, the homomorphic gadgets we developed here are forZ -type logical

measurements. ForX -type logical measurements, the ancilla qubits serve as controls

while the data qubits are targets.

The data-ancilla interaction, represented by �, should be logical in the sense that

it preserves the total stabilizer group of two blocks. Before the interaction, the total

Z - and X -stabilizer groups are isomorphic to the vector spaces

TZ := rs
�

HZ 0
0 H 0

Z

�
� Fn+ m

2

and

TX := rs
�

HX 0
0 H 0

X

�
� Fn+ m

2

respectively. After the interaction, they become

T0
Z := rs

�
HZ 0

H 0
Z � T H 0

Z

�

and

T0
X := rs

�
HX HX �
0 H 0

X

�

respectively. To guaranteeT0
Z = TZ and T0

X = TX , we must have

rs(H 0
Z � T ) � rs(HZ ) (4.1)

and

rs(HX �) � rs(H 0
X ): (4.2)

From the above discussion, we give our formal de�nition of homomorphic gadgets:

De�nition 4.4.1 (Homomorphic gadget). An [[m; k0; d0]] homomorphic gadget for

an [[n; k; d]] CSS code(HX ; HZ ) is a tuple (H 0
X ; H 0

Z ; �) consisting of the following

data:
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(i) An ancilla [[m; k0; d0]] CSS code(H 0
X ; H 0

Z ),

(ii) The gate matrix � : Fm
2 ! Fn

2 ,

whereH 0
X , H 0

Z and � satisfy rs(HZ � T ) � rs(HZ ) and rs(HX �) � rs(H 0
X ).

4.4.2 Logical measurements

To measureZ-type logical operators of the [[n; k; d]] data code block (HX ; HZ ) using

an [[m; k0; d0]] homomorphic gadget (H 0
X ; H 0

Z ; �), one �rst prepares the ancilla code

(H 0
X ; H 0

Z ) in the logical state j0
 k0i , applies the data-ancilla interaction encoded by

�, and �nally measures all ancilla qubits in the Z-basis.

Before the data-ancilla interaction, theZ-stabilizer group of the ancilla block

is isomorphic to the vector space kerH 0
X as any Z-type logical operators of the

ancilla stabilize j0
 k0i . After the interaction, eachZ-stabilizer elementv 2 kerH 0
X is

transformed as aZ-type operator � v � v 2 Fn+ m
2 supported on both data and ancilla

blocks. If v 2 rs(H 0
Z ) is in the Z-stabilizer group of the ancilla code (H 0

X ; H 0
Z ), by

our de�nition of homomorphic gadgets,v will still be a Z-stabilizer of the ancilla

block after the interaction. After the transversalZ -measurements, the outcome ofv

can be used as a parity check to correctX errors. If v =2 rs(H 0
Z ), however, theZ-type

operator � v of the data block is being measured, whose outcome is the measurement

outcome of v. The group of Z -type logical operators measured by the gadget is

therefore isomorphic to �(kerH 0
X ). Typically, we choosek0 = 1 to measure just one

Z-type logical operator �v, where v 2 kerH 0
X is the unique non-trivial element. If

necessary, we can choosek0 > 1 to perform parallel logical measurements.
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4.4.3 Homomorphic gadgets as chain homomorphisms

We now address the naming of homomorphic gadgets. As discussed in Section 4.2,

we can describe the data and ancilla CSS code blocks as two chain complexes

C2
@2�! C1

@1�! C0

and

C0
2

@0
2�! C0

1
@0

1�! C0
0

respectively. The data-ancilla interaction is a linear map
 1 : C0
1 ! C1. In the

previous notation, the gadget is the tuple (@0
1; @0T

2 ; 
 1). The conditions (4.1) and

(4.2) are rewritten as

im(
 1@0
2) � im(@2) (4.3)

and

rs(@1
 1) � rs(@0
1) (4.4)

respectively. Eq.(4.3) implies that there exists a linear map
 2 : C0
2 ! C2 such

that @2
 2 = 
 1@0
2. Similarly, Eq.(4.4) implies that there exists a linear map
 0 :

C0
0 ! C0 such that 
 0@0

1 = @1
 1. Therefore we obtain a commutative diagram

C0
2 C0

1 C0
0

C2 C1 C0


 2

@0
2


 1

@0
1


 0

@2 @1

The series of mappingsf 
 i : C0
i ! Ci g is called achain homomorphismfrom f C0

i g

to f Ci g [28].

One might wonder the usefulness of the chain homomorphism formulation, as

the maps
 0 and 
 2 are not used for specifying a homomorphic gadget. However, as
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many quantum LDPC codes are constructed from homology of manifolds [19, 26] or

more general homological algebra [135, 127, 126, 129, 128], such formulation will be

convenient for �nding explicit homomorphic gadget constructions.

4.5 Homomorphic measurements of surface codes

We have not yet shown how to construct a homomorphic gadget with [[m; 1; d]] LDPC

ancilla to measure a desiredZ-type logical operator of an [[n; k; d]] CSS LDPC code.

Unlike Shor and Steane measurements, it is di�cult to come up with a universal

construction. For a proof-of-principle demonstration, we show that for surface codes

de�ned on a 2D closed manifold, including toric codes [19], hyperbolic surface codes,

[26] and variants [133, 146], one can construct [[m; 1; d]] homomorphic gadgets for

measuring arbitraryZ -type logical operators, where the ancilla codes are also surface

codes.

4.5.1 Surface codes

In this section, a surface code is de�ned by a cellulation of a manifoldM of dimension

no more than 2, denoted byM = ( V; E; F ), whereV, E and F are the sets of 0-cells

(vertices), 1-cells (edges) and 2-cells (faces) ofM , respectively. A chain complex

F2[F ] @2�! F2[E] @1�! F2[V]

can be constructed, where for eachf 2 F , @2f is the sum of edges that bordersf ,

and for eache 2 E, @1e is the sum of two endpoints ofe. As @2f is a closed loop, we

have @1@2f = 0 for all f 2 F . Therefore@1@2 = 0 and a CSS code (@1; @T
2 ) can be

de�ned, whereV, E and F are served as the sets ofX -checks, qubits andZ-checks,

respectively. Roughly speaking, aZ-type (X -type) logical operator corresponds to

a non-contractible loop (cut) of the cellulation of the manifoldM .
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Note that the manifold M is allowed to have boundary. To simplify our discus-

sion, for the majority of this section, we only allow the existence ofsmooth boundaries

so that Z -type logical operators are always loops instead of a path connecting two

di�erent rough boundaries. As an example, a surface code de�ned on a square does

not encode any logical qubit, which di�ers from the planar surface code [20] encod-

ing one logical qubit. On a planar surface code, two opposite sides of the square

are rough boundaries, while the other two sides are smooth. We will discuss surface

codes with rough boundaries in Section 4.5.6.

We also note that when dimM = 1, there will be no Z-checks asF = ; . In

particular, when M is a circle, the obtained code is a quantum repetition code with

two-body X -type stabilizer elements.

A general idea for constructing homomorphic gadgets for a surface codeD =

(V; E; F ) is to �nd another surface codeA = ( V0; E0; F 0) and a continuous map-

ping 
 : A ! D that preserves the cellulation structure. Then,
 induces a chain

homomorphism

F2[F 0] F2[E0] F2[V0]

F2[F ] F2[E] F2[V]


 2

@0
2


 1

@0
1


 0

@2 @1

between the chain complexes associated withA and D. Here @0
i are the boundary

maps ofA , and 
 i are linear maps induced by
 such that 
 0(v0) = 
 (v0), 
 1(e0) =


 (e0) and 
 2(f 0) = 
 (f 0) for any vertices v0 2 V 0, edgese0 2 E0 and facesf 0 2 F 0,

respectively. The resulting homomorphic gadget (@0
1; @0T

2 ; 
 1) has an ancilla CSS code

(@0
1; @0T

2 ) and a gate matrix � = 
 1.
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Figure 4.1 : (a) Homomorphic gadget for measuringZ 1 of the standard [[2d2; 2; d]]
toric code. The green line is the loop̀ corresponding toZ 1. The ancilla codeA
is a ribbon encoding only one logical qubit. The faces (Z -stabilizer elements) ofA
are colored in blue. The logicalX operator of A is formed by the edges on the cut
in red. (b) Full implementation of the homomorphic measurement. The data and
ancilla qubits are on the bottom and top layers respectively. The logical operator is
measured by performing a CNOT gate between the data qubits (as control) and each
corresponding ancilla qubit (as target). Note that there ared data qubits (vertical
edges) without corresponding ancilla qubits.

4.5.2 Homomorphic gadgets from subspaces

We now investigate how to construct a homomorphic gadget to measure someZ-type

logical operatorP of a surface codeD = ( V; E; F ) of distancedD . For simplicity, we

�rst assume that P correspond to a single loop̀ on the graph (V; E). The case that

P corresponding to multiple disjoint loops will be addressed in Section 4.5.4.

A straightforward idea is to pick a subcomplexA = ( V0; E0; F 0) of D such that

A � `, then utilize the inclusion map
 : A ,! D to induce the homomorphic gadget.

As 
 is injective, the data-ancilla interaction istransversal and immediately fault-

tolerant. An extreme case is thatA = ` does not contain any faces, i.e.,F 0 = ; . If `

is not self-intersecting, the homomorphic gadget corresponds to the cat-state gadget

for Shor measurement.

To avoid repetitive logical measurements, we need to enlarge the subcomplexA

and increase the code distancedA of A to dD . As shown in Fig. 4.1, we �nd that when
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D is the standard toric code and̀ is the horizontal loop on the torus corresponding

to the logical Z 1 operator, A can be chosen as the product of a horizontal circle of

length dD and a vertical segment of lengthdD � 1.

While we look forA of distancedA = dD , we also want to ensure thatA encodes

only one logical qubit so that the ancilla state can still be easily prepared. It is clear

that A cannot be arbitrarily large: the largest subcomplexA = D encodes as many

logical qubits asD does, which corresponds to Steane measurement of allZ -type

logical operators rather than just the single logical operator we wanted. In fact,

there exist cases where it is even impossible to �nd any subcomplexA � ` of D that

only encodes one logical qubit: if̀ is a self-intersecting loop which can be further

decomposed into two non-contractible loops̀1 and `2, even the smallest choice of

subcomplexA = ` will encode two logical qubits.

4.5.3 Homomorphic gadgets from covering spaces

To circumvent the di�culties discussed above, it would be nice if one can \unfold"

the manifold D in a way that ` represents the uniqueZ-type logical operator up to

stabilizers, while the otherZ -type logical loops ofD are unfolded. One can therefore

choose a large enough subcomplex of the newly obtained space without worrying

that other Z -type logical operators will be measured. As we will see in this section,

such intuition can be realized by the concept ofcovering spaces.

Groups acting on spaces

Before introducing covering spaces, we �nd it useful to discuss how the manifoldsM

for de�ning surface codes are constructed in general, using an abstract formulation

known asgroups acting on spaces. Our treatment mainly follows Refs. [27, 28].

Let U be a cellulation of asimply-connectedtwo-dimensional manifold, on which

all loops are contractible. LetG be a group of homeomorphisms fromU to itself such

68



that for each elementg 2 G, the map g : U ! U preserves the cellulation structure.

We can de�ne a spaceU=G by identifying each point u 2 U with all images g(u),

where g runs through all elements ofG. The elements ofU=G are therefore the

orbits Gu := f g(u)jg 2 Gg in U, and U=G is called theorbit spaceof the action of

G. De�ne the quotient map pG : U ! U =G by pG(u) = Gu for all u 2 U. As the

elements ofG preserves the cellulation structure ofU, the spaceM = U=G inherits

a cellulation structure from the mappG: for eachk-cell e of U, pG(e) is a k-cell of

M .

Example 4.5.1 (Toric code). To construct the standard[[2d2; 2; d]] toric code, one

can takeU = R2 and G be the set of translationst r;s : R2 ! R2, where (r; s) 2 Z2

and

t r;s (x; y) := ( x + dr; y + ds) (4.5)

for each (x; y) 2 R2. It is evident that G �= Z2 and M = U=G is a torus. If we

cellularize U as a square lattice, where the faces are the squares[i; i + 1] � [j; j + 1]

((i; j ) 2 Z2), the torus M will also be cellularized byd � d squares.

Example 4.5.2 (Hyperbolic surface codes). For a hyperbolic surface code, the uni-

versal covering spaceU = H2 is the hyperbolic plane with some regularf r; sg-tilling,

where f r; sg is the Schl•a
i symbol indicating that each face is anr -gon ands faces

meet at each vertex. The group of homeomorphisms fromH2 to itself that preserve

the tilling structure is called the Coxeter group and denoted byGr;s . The group G

is chosen to be a normal subgroup ofGr;s such thatG has no �xed points onU and

jGr;s =Gj < 1 so that U=G has �nitely many faces. See Refs. [26, 27] for details of

the constructions. The parameters[[n; k; d]] satisfy that k = O(n) and d = O(log n).
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Covering spaces

In practice, we are interested in choices ofG satisfying the following requirement:

for eachu 2 U, u has an open neighborhoodNu such that all the imagesg(Nu) for

varying g 2 G are disjoint and homeomorphic to

Nv := pG(Nu) � U =G;

which is an open neighborhood ofv := Gu 2 U=G. Moreover, the mappG maps

everyg(Nu) homeomorphically toNv. One immediate consequence is that the action

of G does not have any �xed points, i.e., there does not exist a non-trivialg 2 G

such that g(u) = u for someu 2 U.

Example 4.5.3. For the [[2d2; 2; d]] toric code, the neighborhoodNu for any u =

(x; y) 2 U = R2 can simply be chosen as an open diskD1=2(x; y) centered at(x; y)

of radius 1=2. For any choice of t r;s , the distance between(x; y) and t r;s (x; y) =

(x + dr; y + ds) is at leastd � 1 so that

D1=2(x; y) \ D1=2(x + dr; y + ds) = ; :

Another way to interpret the above technical requirement is, for eachv 2 U=G,

v has an open neighborhoodNv such that the preimage ofNv, p� 1
G (Nv), are disjoint

copies ofNv. In topology, U is called acovering spaceof U=G with the covering map

pG : U ! U =G. The important property of covering spaces we care about is the so-

called lifting property : for any point u 2 U, a loop ` on U=G starting at Gu = pG(u)

can be uniquely lifted as a path~̀on U starting at u such that pG maps ~̀down to

`1. Since` is a loop, the endpoint of~̀, denoted byu0, is also mapped toGu by pG,

i.e., u0 = g(u) for someg 2 G.

1 Formally, the paths ~̀ and ` are regarded as maps from [0; 1] to U and U=G respectively. By
mapping ~̀down to `, we meanpG � ~̀= `.
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Example 4.5.4. For the [[2d2; 2; d]] toric code, supposeu = (0 ; 0) 2 U = R2. The

horizontal loop ` on the torus U=G starting at Gu is uniquely lifted as a path~̀

starting at (0; 0) and ending atu0 = ( d;0) = t1;0(0; 0). Therefore u0 = g(u) where

g = t1;0.

If U is simply-connected by default, an additional property is guaranteed: the lift

~̀of ` is a loop if and only if ` is contractible on U=G. One can classify all loops̀

starting at v 2 U=G by the endpointsg(u) of their lifts ~̀. In fact, G is known as the

fundamental groupof U=G. See Ref. [28] for more details.

Given a subgroupH of G, one can de�ne another orbit spaceU=H with orbits Hu

(u 2 U). U=H is also a covering space ofU=G with a covering mappH
G : U=H ! U =G

de�ned by pH
G (Hu) = Gu for all u 2 U. This is to say that for any u 2 U, a loop

` starting at Gu 2 U=G can be uniquely lifted to a path `H on U=H starting at

Hu 2 U=H. Note that if ` is lifted to U as a path ~̀starting at u and ending atg(u)

for someg 2 G, the path `H must end at pH (g(u)) = H (g(u)). This is becauseU is

also a covering space ofU=H, and ~̀is a lift of `H . In particular, `H will be a loop if

and only if g 2 H .

Example 4.5.5. For the [[2d2; 2; d]] toric code, supposeH = ht1;0i � G is the group

of horizontal translations. The spaceU=H is a vertical cylinder de�ned by the product

of a horizontal circle of lengthd and the real lineR. A horizontal loop on the torus

U=G is lifted as a loop on the cylinderU=H. A vertical loop on the torus is lifted as

a vertical segment of lengthd.

In fact, there is a one-to-one correspondence between subgroupsH of G and

covering spacesU=H of U=G. The spaceU, which is the covering space of allU=H,

is called theuniversal coverof U=G.
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Figure 4.2 : The procedure of constructing the homomorphic gadget for measuring
Z1Z2 of the toric code ofd = 5. (a) The green path is the loop` corresponding to
the logical Z1Z2 operator. A basepoint of` is chosen and marked by the blue dot.
(b) The lift of ` from the torus U=G = T2 to its universal coverU = R2 is a path
connecting two points (x; y) and (x + d; y+ d). (x; y) and (x + d; y+ d) are related by
the translation t1;1 2 G. (c) The covering spaceU=H is a cylinder, whereH = ht1;1i .
The green path is the lift `0 of ` from U=G to U=H, which corresponds to the unique
Z-type logical operator ofU=H. The ancilla codeA is a chosen to be a neighborhood
of `0 colored by blue. The logicalX operator is formed by edges on the cut colored
in red.

Constructions of homomorphic gadgets

After the above discussion, we are ready to see that to measure aZ-type logical

operator of D = U=G represented by a non-contractible loop̀, instead of searching

for a subcomplexA � ` of D directly, we can lift the loop ` to a loop `0 on some

covering spacep : eD ! D that unfolds the other non-contractible loops ofD (except

for self-compositions of̀ ), then �nd a subcomplex A � eD such that A � `0 and

dA = dD .

As previously mentioned, eD = U=H for some subgroupH � G and p = pH
G is

the covering map fromU=H to U=G. To determine the subgroupH � G, suppose

the lift of ` from U=G to the universal coverU is a path from u 2 U to g(u) for

someg 2 G. If we pick H = hgi , from the previous discussion, all other loops except

for ` (and its self compositions) will be unfolded when being lifted fromD = U=G

to eD = U=H. The lift `0 from D to eD will therefore represent the unique logicalZ
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Figure 4.3 : Example of the implementation of a homomorphic measurement of
logical Z1Z2 in the toric code. The data code is de�ned on the torus on the bottom
layer. The ancilla code (de�ned in Fig. 4.2(c)) is a ribbon, which when mapped onto
the original torus corresponds to two layers with a single logical operator that is
given by the green loop. The logical operator is measured by performing a CNOT
gate between the data qubits (as control) and each corresponding ancilla qubit (as
target).

operator of the surface codeeD. However, eD is in�nitely large. To have a �nite-size

ancilla codeA, we can de�ne A � eD to be some surface code de�ned on a �nite

neighborhood of̀ 0 such that dA = dD . The gate matrix of the homomorphic gadget

is induced by the map
 := p � ~
 , where ~
 : A ,! eD is the inclusion map.

Example 4.5.6. Suppose we want to measure the logicalZ1Z2 of the [[2d2; 2; d]] toric

code. As shown in Fig. 4.2(a)(b), the loop̀ corresponding to logicalZ1Z2 is lifted

as a path onU = R2 from (0; 0) to (d; d) = t1;1(0; 0). Therefore we chooseH = ht1;1i
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