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Abstract

This dissertation describes sequential decision making problems in non-stationary
environments. Online learning algorithms deal with non-stationary environments,
but generally there is no notion of a dynamic state to model future impacts of
past actions. State-based models are common in stochastic control settings, but
well-known frameworks such as Markov decision processes (MDPs) assume a known
stationary environment. In recent years, there has been a growing interest in fusing
the above two important learning frameworks and considering an MDP setting in
which the cost function is allowed to change arbitrarily over time. A number of online
MDP algorithms have been designed to work under various assumptions about the
dynamics of state transitions so far and provide performance guarantees, i.e. bounds
on the regret defined as the performance gap between the total cost incurred by the
learner and the total cost of the best available stationary policy that could have been
chosen in hindsight. However, most of the work in this area has been algorithmic:
given a problem, one would develop an algorithm almost from scratch and prove
the performance guarantees on a case-by-case basis. Moreover, the presence of the
state and the assumption of an arbitrarily varying environment complicate both
the theoretical analysis and the development of computationally efficient methods.
Another potential issue is that, by removing distributional assumptions about the
mechanism generating the cost sequences, the existing methods have to consider the

worst-case scenario, which may render their solutions too conservative in situations
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where the environment exhibits some degree of predictability.

This dissertation contributes several novel techniques to address the above chal-
lenges of the online MDP framework and opens up new research directions for online
MDPs. Our proposed general framework for deriving algorithms in the online MDP
setting leads to a unifying view of existing methods and provides a general procedure
for constructing new ones. Several new algorithms are developed and analyzed using
this framework. We develop convex-analytical algorithms that take advantage of
possible regularity of observed sequences, yet maintain the worst case performance
guarantees. To further study the convex-analytic methods we applied above, we take
a step back to consider the traditional MDP problem and extend the LP approach
to MDPs by adding a relative entropy regularization term. A computationally effi-
cient algorithm for this class of MDPs is constructed under mild assumptions on the
state transition models. Two-player zero-sum stochastic games are also investigated
in this dissertation as an important extension of the online MDP setting. In short,
this dissertation provides in-depth analysis of the online MDP problem and answers

several important questions in this field.
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1

Introduction

In this dissertation, we study sequential decision making problems. The goal is to
develop algorithms for agents to make good decisions in non-stationary environments
based on past observations. Sequential decision making problems come in a variety of
different forms. Classical statistical learning (Vapnik (1998); Anthony and Bartlett
(1999); Bousquet et al. (2004)) assumes the agents work in a stationary world in the
sense that each element of the observed sequence is generated independently from
a fixed distribution. To better deal with non-stationary practical problems, in the
past decade, learning theorists have focused on relaxing or removing distributional
assumptions on the observed sequences, and numerous online learning methods have
been developed (cf. Cesa-Bianchi and Lugosi (2006)). In the online learning setting,
the agent faces an identical decision-making problem at each time step, and the action
of the agent doesn’t affect future costs. However, in many cases, it does not suffice to
assume that the decision-making agent is state-less, i.e., there are situations where
the agent’s action has a future impact. Markov decision processes (MDPs) (Puter-
man (1994); Herndndez-Lerma and Lasserre (1996); Arapostathis et al. (1993)) and
reinforcement learning (RL) methods (Watkins and Dayan (1992); Tsitsiklis (1994);
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Kaelbling et al. (1996)) all provide frameworks for sequential decision-making in a
random dynamic environment where the agent has a state. In those settings, the
agent’s action affects future states and costs through the evolution of the state vari-
able. However, the key assumption underlying those settings is that the agent is
operating in a known or stochastically stable environment, which limits the applica-
bility of those methods. To address this shortcoming, recent research combines the
MDP and the online learning frameworks into what is called online MDPs. Such
a setting arises as an extension to the online learning setting, where the agent is
making decisions in a dynamic and non-stationary environment and the action of
the agent affects the future. A detailed introduction of these learning models will be
given in the next section. This dissertation mainly considers online MDP problems
and presents algorithms with theoretically guaranteed bounds on their performance.

We introduce some real-world examples that motivate the online MDP setting.
The common features of the examples to be presented are that: 1) the agent’s action
affects the future through a state, which evolves according to Markovian dynamics;
2) the cost incurred by the agent at each decision instant may change over time in
an arbitrary fashion. First, consider the problem of intelligent patrol control. Tradi-
tional patrol system often suffers from passiveness, blindness, inefficiency and other
disadvantages. Suppose we wish to design an intelligent patrol control system that
makes the patrol more efficient and organized. The goal is to make good decisions to
efficiently navigate the protecting area and try to find as many suspicious activities
as possible. This problem can be modeled as an online MDP problem with arbitrary
costs. The patrol team is driving around the protecting area, at each decision in-
stant, the team is at some intersection, where the location is the state variable. The
team can send “street view” images of the potential searching directions to the con-
trol center. The control center the will automatically rate the safety level of these
possible searching areas based on their “street view” images and their experience
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about past crimes. Then the team will choose which direction to go to based on
this safety rating. Crime is often considered as unpredictable, so if we measure the
distance between the patrol team and the crime scene as the cost, it may be arbi-
trarily changing. It fits the online MDP setting where we are doing online prediction
with past observations in a dynamic and non-stationary environment. This type of
intelligent patrol control based on online control technique will offer a better and
more effective methodology for preventing crime, increasing the chance of success-
fully detect suspicious activities in a highly unpredictable environment. There is
another example application of online MDPs. Consider the inventory control prob-
lem where the manager has to decide how much items to order from the supplier
based on the amount of item he currently holds. This is an optimal control problem,
where the state is the stock, and the action is the amount of item ordered. The goal
is to maximize the revenue. Holding the stock has an inventory cost, and running
out of supplies is a clear revenue loss. Moreover, the revenue depends on the price
and demand of the products, which are assumed to be arbitrarily changing. This
problem can be captured by the online MDP setting, where we use online control
techniques to balance the trade-off between reducing inventory costs and increasing
product revenues.

In recent years, developing algorithms for online MDPs has been an active re-
search topic (McMahan (2003); Even-Dar et al. (2009); Yu et al. (2009); Neu et al.
(2010); Arora et al. (2012); Guan et al. (2012); Abbasi-Yadkori et al. (2013); Dick
et al. (2014)). However, most of the work in this area has been algorithmic: given
a problem, one would develop an algorithm almost from scratch and then prove its
performance guarantee. To provide a unifying view of existing methods and a general
procedure for constructing new ones, we derive a general framework for developing
online MDP algorithms in Chapter 2.

We can model a non-stationary environment as a source that generates a sequence
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of observations in an unpredictable and arbitrary way. Sometimes it is reasonable to
assume that the environment’s behavior is unstable and seemingly arbitrary, due to
the fact that the agent may interact with other agents that are irrational, oblivious,
or have a varying and unclear objective. The non-stationary assumption also makes
sense in the presence of many agents with conflicting interests. For example, in
strategic and adversarial settings, such as stock markets or bidding auctions, the
collective behavior of other agents is likely to change in unpredictable ways. A
major advantage of considering non-stationary environments is that we end up with
a solution of sequential decision making problems with basically no assumptions that
would invalidate our result. A possible pitfall is that, by removing distributional
assumptions on the data sequences, we have to consider the worst case scenario,
which may render our solution to be rather conservative. In this dissertation, we
address this downside by developing algorithms in Chapter 3 that take advantage of
possible regularity (e.g. predictability) of observed sequences, yet retain worst-case
performance guarantees in case the regularity assumption does not hold.

The presence of the state and the assumption of an arbitrarily varying environ-
ment complicate both the theoretical analysis and the development of computation-
ally efficient methods. Therefore, most of the existing methods have computational
issues for large-scale tasks. Moreover, although the optimal regret bound in terms of
the time horizon is already achieved (Even-Dar et al. (2009); Dick et al. (2014)), ad-
ditional assumptions on the state transition dynamics have to be imposed to ensure
the optimal-order bounds hold. It is desirable to make those assumptions milder.
These issues are investigated in Chapter 5 through a construction of a computation-
ally efficient algorithm for a new class of MDPs. This new class of MDPs grants the
agent direct control over the the state transitions, and the one-step cost not only
measures the desirability of each state, but also penalizes the deviation of the tran-
sition probabilities specified by the chosen action from some fixed known dynamics.
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We show that optimal policies are much easier to derive for this new class of MDPs
in online setting and the construction of our algorithm requires milder assumptions
on the state transition dynamics.

The online MDP problem can also be viewed as a dynamic game between the
agent and the environment. In this case, a non-stationary environment can be mod-
eled as an adaptive adversary from a game-theoretic perspective. In Chapter 6 of
this dissertation, we explore this direction by studying a certain class of two-player
stochastic games (Shapley (1953); Sorin (2002)). We provide computationally ef-
ficient near-optimal strategies for both players and prove that the actual payoff of
these strategies converges to the value of the game at fast rates.

In the rest of this chapter, we first describe the basic models we use in order
to fix ideas. We then briefly list the contributions of the dissertation. Specifically,
in Section 1.1, we review the MDP and online learning frameworks and discuss the
notion of regret. In Section 1.2, we summarize the contributions of this dissertation.
In Section 1.3, we introduce some frequently used notations throughout this disser-
tation in more detail. We leave motivation, literature review and precise statement
of contributions to the introduction section of each chapter.

The rest of the dissertation is organized as follows: Chapter 2 presents a general
framework for deriving online MDP algorithms. Chapter 3 develops an algorithm
that takes into account the “regularity” of the observed sequences. Chapter 4 con-
siders traditional MDP problems and extends the LP approach to MDPs by adding
relative entropy regularization. Chapter 5 gives an explicit description of a computa-
tionally efficient online strategy for a new class of MDPs. Chapter 6 considers single
controller stochastic games, which can be thought of as a game-theoretic model that
generalizes online MDPs, and quantifies the sub-optimality of stationary strategies
for finite-horizon stochastic games. We close by summarizing our contributions and

outlining some directions for future work in Chapter 7.
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1.1 Review of existing learning models

MDPs comprise a popular framework for sequential decision-making in a random
dynamic environment. At each time step, an agent observes the state of the system
of interest and chooses an action. The system then transitions to its next state,
with the transition probability determined by the current state and the action taken.
There is a (possibly time-varying) cost associated with each admissible state-action
pair, and a policy (feedback law) for mapping states to actions is selected to minimize
average cost. In the basic MDP framework, it is assumed that the cost functions and
the transition probabilities are known in advance. In this case, there are two ways
of designing policies “offline” - via dynamic programming (Bertsekas (2001)) (where
the construction of an optimal policy revolves around the computation of a rela-
tive value function), or via the linear programming (LP) approach (Manne (1960);
Borkar (2002)), which reformulates the MDP problem as a “static” linear optimiza-
tion problem over the so-called state-action polytope (Puterman (1994)). Here the
optimality criterion is forward-looking, taking into account the effect of past actions
on future costs. In many practical problems, however, this degree of advance knowl-
edge is unavailable. When neither the transition probability nor the cost functions
are known in advance, various RL methods, such as the celebrated ()-learning algo-
rithm (Watkins and Dayan (1992); Tsitsiklis (1994)) and its variants, can be used
to learn an optimal policy in an online regime. However, the key assumptions un-
derlying RL are that the agent is operating in a stochastically stable environment,
and that the state-action costs (or at least their expected values with respect to any
environmental randomness) do not vary with time. These assumptions are needed to
ensure that the agent is eventually able to learn an optimal stationary control policy.

Another framework for sequential decision-making, dating back to the seminal

work of Robbins (1951) and Hannan (1957) and now widely used in the machine



learning community (Cesa-Bianchi and Lugosi (2006)), deals with nonstochastic,
unpredictable environments. In this online learning (or sequential prediction) frame-
work, the effects of the environment are modeled by an arbitrarily varying sequence
of cost functions, where the cost function at each time step is revealed to the agent
only after an action has been taken. There is no state, and the goal of the agent is
to minimize regret, i.e., the difference between the total cost incurred using causally
available information and the total cost of the best single action that could have been
chosen in hindsight. In contrast with MDPs, the regret-based optimality criterion is
necessarily myopic and backward-looking, since the cost incurred at each time step
depends only on the action taken at that time step, so past actions have no effect on
future costs. There is also a more stringent model of online learning, in which the
agent observes not the entire cost function for each time step, but only the value of
this cost at the currently taken action (Auer et al. (2002)). This model is inspired by
the celebrated multiarmed bandit problem first introduced by Robbins (1952), and is
referred to as the nonstochastic bandit problem. One widely used way of constructing
regret-minimizing strategies for such bandit problems is to randomize the agent’s ac-
tions (exploration) so that the random cost value revealed to the agent can be used
to construct an unbiased estimate of the full cost function, which is then fed into a
suitable strategy that minimizes regret under the assumption of full information (ez-
ploitation). We will not consider nonstochastic bandit problems in this dissertation.
Instead, we refer the reader to a recent survey by Bubeck and Cesa-Bianchi (2012)
that discusses both stochastic and nonstochastic bandit problems.

Recent work by Even-Dar et al. (2009) and Yu et al. (2009) combines the MDP
and the online learning frameworks into what is called online MDPs with finite state
and action spaces. Like in the traditional MDP setting, the agent observes the
current state and chooses an action, and the system transitions to the next state

according to a fixed and known Markov law. However, like in the online framework,
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the one-step cost functions form an arbitrarily varying sequence, and the cost function
corresponding to each time step is revealed to the agent after the action has been
taken. The objective of the agent is to minimize regret relative to the best stationary
Markov policy that could have been selected with full knowledge of the cost function
sequence over the horizon of interest. The assumption of arbitrary time-varying cost
functions makes sense in highly uncertain and complex environments whose temporal
evolution may be difficult or costly to model, and it also accounts for collective (and
possibly irrational) behavior of any other agents that may be present. The regret
minimization viewpoint then ensures that the agent’s online policy is robust against
these effects.

Online MDP problems can be viewed as online control problems. The online
aspect is due to the fact that the cost functions are generated by a dynamic en-
vironment under no distributional assumptions, and the agent learns the current
state-action cost only after selecting an action. The control aspect comes from the
fact that the choice of an action at each time step influences future states and costs.
This online MDP problem reduces to a full information online learning problem in
the absence of state variables. Table 1.1 is a summary of advantages of the online
MDP framework over existing methods. Taking into account the effect of past ac-
tions on future costs in a dynamic distribution-free setting makes online MDPs hard
to solve. Consequently, compared to the various algorithms developed over the past
two decades for the online learning setting, there are not many algorithms derived
for online MDPs. There are two distinct lines of methods: the algorithms presented
by Even-Dar et al. (2009); Yu et al. (2009) require the computation of relative value
functions at each time step, while the algorithms in Zimin and Neu (2013); Dick et al.
(2014) reduce the online MDP problem into an online linear optimization problem
and solve it by online learning methods. These two lines of methods correspond to

the above mentioned two different ways of designing polices for basic MDPs.
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Table 1.1: Advantages of the online MDP setting over existing methods.

Future impacts | Applicable to | Applicable to

Methods of actions arbitrary costs | unknown costs
Basic MDPs Yes No No
Reinforcement learning Yes No Yes
Online learning No Yes Yes
Onine MDPs Yes Yes Yes

Even-Dar et al. (2009) first consider regret minimization in online MDPs and
prove a sublinear regret relative to the best stationary policy in hindsight. They
use an online learning algorithm in each state fed with the value function of their
aggregated policy used in the last round. Yu et al. (2009) show that regret minimiza-
tion is possible when the environment is oblivious (non-adaptive). Their proposed
algorithm is a Follow-the-Perturbed-Leader-type algorithm with improved computa-
tional complexity but a sub-optimal regret bound. Zimin and Neu (2013); Dick et al.
(2014) treat the online MDP problem as an online linear optimization problem and
provide algorithms that achieve sublinear regret bounds. Neu et al. (2010); Arora
et al. (2012) consider a similar online MDP setup by assuming only bandit-type feed-
back and prove sublinear regret bounds. Yu and Mannor (2009) consider a different
setting where the state transition dynamics is also changing over time. The regret
bound of their algorithm may potentially grow linearly with time. Abbasi-Yadkori
et al. (2013) consider the same setting and prove sublinear regret bounds at the price

of imposing stronger assumptions on the structure of the MDPs.
1.2 Contributions of the dissertation

This dissertation mainly considers online MDPs with finite state and action spaces.

In Chapter 2 ! | we give a general framework for deriving algorithms in the online

! This work is submitted to the journal Machine Learning (Guan et al. (2015)), and parts of this
work are published in Proceedings of American Control Conference (Guan et al. (2014a)).
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MDP setting. This framework brings existing methods under a single theoretical
interpretation and provides a general procedure for constructing new ones. The
general procedure greatly simplifies the development of algorithms for online MDPs
and derivation of performance guarantees. One well-known algorithm is recovered as
a special case by our framework and two new methods are presented.

In Chapter 3, we study the MDP problem with changing cost functions and
look into the situation where the sequence being encountered may exhibit some
“regularity”. We present an algorithm that guarantees sublinear steady-state regret
with respect to the best stationary policy. The regret scales with the error of our
prediction model for the cost sequences and does not exceed the usual worst-case
regret bounds if the sequence is actually not predictable by our model. This method
addresses the downside of existing online MDP algorithms that are too conservative
when only considering the worse-case scenario.

In Chapter 2 and Chapter 3, we sometimes need to reduce an online MDP problem
to an online linear optimization problem, which requires a projection onto a certain
convex polytope. In Chapter 4, we study this projection in-depth by relating it to
an entropy-regularized approach for traditional MDP problems. We show that the
ergodic occupation measure that minimizes the entropy-regularized ergodic control
cost is a member of an exponential family of probability distributions, which has
allowed us to exploit known results about exponential families to provide structural
results for the optimizing measure. Specifically, we have derived various properties
of the optimizing Gibbs measure, the corresponding ergodic cost and the relative
value function. These results open the door to further in-depth analysis of the online
MDP problem, such as optimal adaptation of the learning rate to observed data or
efficient approximate implementation of online policy selection algorithms.

Existing methods can attain optimal regret bounds in terms of the time horizon
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but run into computational issues. In Chapter 5 ?we propose a computationally
efficient online strategy with small regret under mild regularity conditions for a new
class of MDPs proposed by Todorov (2007, 2008, 2009), which we call MDPs with
Kullback-Leibler (KL) control cost. We also demonstrate the performance of the
proposed strategy on a simulated target tracking problem. Apart from rigorously
proving the performance guarantees, we also obtain a number of new results on
MDPs with KL control cost. Sharp bounds on the sensitivity of optimal control
laws to misspecification of state costs are provided, and our quantitative sensitivity
estimates for optimal controllers may be used not only in the online setting, but also
in the context of approximation algorithms for policy design — indeed, they can be
used to establish error bounds for schemes like value or policy iteration.

Finally, in Chapter 6 3, we transform online MDPs to single-controller stochastic
games and derive near-optimal strategies. We use stationary policies that arise from
regret minimization strategies and quantify the sub-optimality of such policies for
finite-horizon stochastic games. We show that the actual payoff converges to the av-
erage minimax payoff at fast rates. Therefore, these stationary policies can be seen
as efficient dynamics for zero-sum stochastic games to converge to minimax equi-
librium. We also provide a computationally efficient way of approximately solving

infinite-horizon stochastic games.
1.3 Notation

We will denote the underlying finite state space and action space by X and U, re-
spectively. The set of all probability distributions on X will be denoted by P(X),

and the same goes for U and P(U). A matrix P = [P(u|z)]sexueu With nonnegative

2 This work is published in the journal IEEE Transactions on Automatic Control (Guan et al.
(2014b)), and parts of this work are published in Proceedings of American Control Conference
(Guan et al. (2012)).

3 This work will be submitted to Proceedings of American Control Conference.
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entries, and with rows and columns indexed by the elements of X and U respectively,
is called Markov (or stochastic) if its rows sum to one: », , P(u|z) = 1,Vz € X. We
will denote the set of all such Markov matrices (or randomized state feedback laws)
by M(U|X). Markov matrices in M (U|X) transform probability distributions on X

into probability distributions on U: for any € P(X) and any P € M(U|X), we have

Z,u P(ulx), Vu € U.

zeX

The same applies to Markov matrices on X and to their action on the elements of
P(X).

The fixed and known stochastic transition kernel of the MDP will be denoted
throughout by K — that is, K (y|x, u) is the probability that the next state is y if the
current state is x and the action u is taken. For any Markov matrix (randomized

state feedback law) P € M(U|X), we will denote by K (y|z, P) the Markov kernel

(y|z, P) Z K (y|x,u)P(ulz).

ueU

Similarly, for any v € P(U),

K(y|lx,v) = 2Ky|xu

uelU

(this can be viewed as a special case of the previous definition if we interpret v as
a state feedback law that ignores the state and draws a random action according to
v). For any p € P(X) and P € M(U|X), u® P denotes the induced joint state-action

distribution on X x U:
p® P(x,u) = p(z)P(ulx), V(z,u) e X x U.

We say that P is wunichain (Herndndez-Lerma and Lasserre (2003)) if the corre-

sponding Markov chain with transition kernel K(:|-, P) has a single recurrent class
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of states (plus a possibly empty transient class). This is equivalent to the induced
kernel K (-|P) having a unique invariant distribution 7p (Seneta (2006)).

The total variation (or L) distance between vy, v, € P(U) is

HV1_V2H1—Z|V1 — va(u).

uelU

It admits the following variational representation:

i — ol = sup [(vy, f) —<ve, )

AN ESS

where the supremum is over all functions f : U — R with absolute value bounded
by 1, and we define the sup norm | f|o = max,ex|f(z)]. We are using the linear

functional notation for expectations:

W, ) =Eu[f] = > v(u)f(u).

ueU

The Kullback-Leibler divergence (or relative entropy) between vy and v, (Cover and

Thomas (2006)) is

D(vi|) = Z vi(u)log Z;EZ% if supp(v1) < supp(vz)

+o0 otherwise
Here and in the sequel, we work with natural logarithms. The same applies, mutatis
mutandis, to probability distributions on X. Here supp(v) = {u € U : v(u) > 0} is
the support of v.

Denote the set of all functions f : X — R by C(X). The span seminorm (also
called the oscillation) of f: X — R is defined as

| flls = max () —min f(z).

Note that |f|s = 0 if and only if f(x) = ¢ for some constant ¢ € R and all z € X;
|flls = [If + ¢||s for any f € C(X) and ¢ € R. Note that ||f[s < 2| f]w-
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We will also be dealing with binary trees that arise in symmetrization arguments,
as in Rakhlin et al. (2012): Let € be a vector (e, ..., er) of i.i.d. Rademacher random
variables, i.e., Pr(e; = 1) = 1/2. Let H be an arbitrary set. An H-valued tree h
of depth d is defined as a sequence (hy, ..., hy) of mappings h; : {£1}"1 — H for
t =1,2,...,d. Given a tuple ¢ = (g1,...,g4) € {£1}4, we will often write h;(¢)

instead of hy(g1.4_1).
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2

From minimax value to low-regret algorithms

Online learning algorithms are designed to perform in non-stationary environments,
but generally there is no notion of a dynamic state to model constraints on current
and future actions as a function of past actions. State-based models are common in
stochastic control settings, but commonly used frameworks such as MDPs assume a
known stationary environment. In recent years, there has been a growing interest in
combining the above two frameworks and considering an MDP setting in which the
cost function is allowed to change arbitrarily after each time step. However, most of
the work in this area has been algorithmic: given a problem, one would develop an
algorithm almost from scratch. Moreover, the presence of the state and the assump-
tion of an arbitrarily varying environment complicate both the theoretical analysis
and the development of computationally efficient methods. This chapter describes
a broad extension of the ideas proposed by Rakhlin et al. (2012) to give a general
framework for deriving algorithms in an MDP setting with arbitrarily changing costs.
This framework leads to a unifying view of existing methods and provides a general
procedure for constructing new ones. Several new methods are presented, and one of

them is shown to have important advantages over a similar method developed from
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scratch via an online version of approximate dynamic programming.
2.1 Introduction

Online MDP problems can be viewed as online control problems. The online aspect
is due to the fact that the cost functions are generated by a dynamic environment
under no distributional assumptions, and the agent learns the current state-action
cost only after committing to an action. The control aspect comes from the fact that
the choice of an action at each time step influences future states and costs. Taking
into account the effect of past actions on future costs in a dynamic distribution-free
setting makes online MDPs hard to solve. To the best of our knowledge, only a few
methods have been developed in this area over the past decade (McMahan (2003);
Even-Dar et al. (2009); Yu et al. (2009); Neu et al. (2010); Arora et al. (2012); Guan
et al. (2012); Abbasi-Yadkori et al. (2013); Zimin and Neu (2013); Dick et al. (2014)).
Most research in this area has been algorithmic: given a problem, one would devise
a method and prove a guarantee (i.e., a regret bound) on its performance. There are
two distinct lines of methods: the algorithms presented by Even-Dar et al. (2009);
Yu et al. (2009); Neu et al. (2010) require the computation of relative value functions
at each time step, while the algorithms in Zimin and Neu (2013); Dick et al. (2014)
reduce the online MDP problem to an online linear optimization problem and solve
it by online learning methods. These two lines of methods correspond to the two
different ways of designing polices for MDPs mentioned in Section 1.1. From a
theoretical and conceptual standpoint, it is desirable to provide a unifying view of
existing methods and a general procedure for constructing new ones. In this chapter,
we present such a general framework for online MDP problems that subsumes the
above two approaches. This general framework not only enables us to recover known
algorithms, but it also gives us a generic toolbox for deriving new algorithms from a
more principled perspective rather than from scratch.

16



Our general approach is motivated by recent work of Rakhlin et al. (2012), which
gives a principled way of deriving online learning algorithms (and bounding their
regret) from a minimax analysis. Of course, many online learning algorithms have
been developed in various settings over the past few decades, but a comprehensive
and systematic treatment was still lacking prior to Rakhlin et al. (2012). Starting
from a general formulation of online learning as a (stateless) repeated game between a
learner and an adversary, Rakhlin et al. (2012) analyze the minimax regret (value) of
this online learning game, which is the regret (relative to a fixed competing strategy)
that would be achieved if both the learner and the adversary play optimally. Rakhlin
et al. (2010) point out before that one could derive sublinear upper bounds on the
minimax value in a nonconstructive manner. However, algorithm design was done
on a case-by-case basis, and custom analysis techniques were needed in each case to
derive performance guarantees matching these upper bounds. The work of Rakhlin
et al. (2012) bridges this gap between minimax value analysis and algorithm design:
They have shown that, by choosing appropriate relaxations of a certain recursive
decomposition of the minimax value, one can recover many known online learning
algorithms and give a general recipe for developing new ones. In short, the framework
proposed by Rakhlin et al. (2012) can be used to convert an upper bound on the
value of the game into an algorithm.

Our main contribution is an extension of the framework of Rakhlin et al. (2012)
to online MDPs. Since online learning problems are studied in a state-free setting,
it is not straightforward to generalize the ideas of Rakhlin et al. (2012) to the case
when the system has a state, and the technical nature of the arguments involved in
online MDPs is significantly heavier than their state-free counterpart. We formulate
the online MDP problem as a two-player repeated game with state variables and
study its minimax value. We introduce the notion of an online MDP relazation

and show how it can be used to recover existing methods and to construct new
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algorithms. More specifically, we present two distinct approaches of moving from the
original dynamic setting, where the state evolves according to a controlled Markov
chain, to simpler static settings and constructing corresponding relaxations. The
first approach uses Poisson inequalities for MDPs (Meyn and Tweedie (2009)) to
reformulate the original dynamic setting as a static setting, where each possible state
is associated with a separate online learning algorithm. We show that the algorithm
proposed by Even-Dar et al. (2009) arises from a particular relaxation, and we also
derive a new algorithm in the spirit of Yu et al. (2009) which exhibits improved regret
bounds. The second approach moves from the dynamic setting to a static setting by
reducing the online MDP problem to an online linear optimization problem. After
the reduction, we can directly capitalize on the framework of Rakhlin et al. (2012).
We then derive a novel Online Mirror Descent (OMD) algorithm in the spirit of
Zimin and Neu (2013) and Dick et al. (2014) under a carefully designed relaxation
over a certain convex set. In short, while the existing methods fall into two major
categories, they both can be captured by the above two approaches, and these two
approaches arise from the same general idea: move from the original dynamic setting
to a static setting, derive the corresponding relaxation, and convert the relaxation
into an algorithm.

The remainder of the chapter is organized as follows. We close this section with
a brief summary of our results. Section 2.2 contains precise formulation of the online
MDP problem and points out the general idea and major challenges. Section 2.3 de-
scribes our proposed framework and contains the main result. The general framework
includes two different methods of recovering and deriving algorithms. Section 2.4.1
uses the first method and shows the power of our framework by recovering an exist-
ing method proposed in Even-Dar et al. (2009) and further derives a new algorithm.
Section 2.4.2 uses the second approach to derive a novel online MDP algorithm.

Section 2.5 contains discussion about future research.
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2.1.1 A summary of results

We start by recasting an MDP with arbitrary costs as a one-sided stochastic game,
where an agent who wishes to minimize his long-term average cost is facing a Marko-
vian environment, which is also affected by arbitrary actions of an opponent. A
stochastic game (Shapley (1953); Sorin (2002)) is a repeated two-player game, where
the state changes at every time step according to a transition law depending on the
current state and the moves of both players. Here we are considering a special type
of a stochastic game, where the agent controls the state transition alone and the
opponent chooses the cost functions. By “one-sided”, we mean that the utility of the
opponent is left unspecified. In other words, we do not need to study the strategy
and objectives of the opponent, and only assume that the changes in the environment
in response to the opponent’s moves occur arbitrarily. As a result, we simply model
the opponent as the environment.

A popular and common objective in such settings is regret minimization. Regret
is defined as the difference between the cost the agent actually incurred, and what
could have been incurred if the agent knew the observed sequence of cost functions
in advance. We will give the precise definition of this regret notion in Section 2.2.
We start by studying the minimax regret, i.e., the regret the agent will suffer when
both the agent and the environment play optimally. By applying the theory of
dynamic programming for stochastic games (Sorin (2002)), we can give the strategy
for the agent that achieves minimax regret (called the minimax strategy). It can
be interpreted as choosing the best action that takes into account the current cost
and the worst case future. Unfortunately, this minimax strategy in general is not
computationally feasible due to the fact that the number of possible futures grows
exponential with time. The idea is to find a way to approximate the term that

represents the “future” and derive near-optimal strategy that is easy to compute
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using the approximation.
Our main contribution is a construction of a general procedure for deriving algo-

rithms in the online MDP setting. More specifically:

1. Just as in the state-free setting considered by Rakhlin et al. (2012), we argue
that algorithms can be constructed systematically by first deriving a sequence
of upper bounds (relaxations) on the minimax value of the game, and then

choosing actions which minimize these upper bounds.

2. Once a relaxation and an algorithm are derived in this way, we give a general

regret bound of that algorithm as follows:

Expected regret < Relaxation + Stationarization error.

The first term on the right-hand side of the above inequality is the expected
relaxation, while the second term is an approximation error that results from
approximating the Markovian evolution of the underlying process by a sim-
pler stationary process using a procedure we refer to as stationarization. The
first term can be analyzed using essentially the same techniques as the ones
employed by Rakhlin et al. (2012), with some modifications; by contrast, the
second term can be handled using only a novel combination of Markov chain
methods. This approach significantly alleviates the technical burden of proving

a regret bound as in the literature before our work.

3. Using the above procedure, we recover an existing method proposed in Even-
Dar et al. (2009), which achieves O(v/T) expected regret against the best sta-
tionary policy. We show that our derived relaxation gives us the same expo-
nentially weighted average forecaster as in Even-Dar et al. (2009) and leads to
the same regret bound. We also derive a new algorithm using our proposed

framework and argue that, while this new algorithm is similar in nature to
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the work of Yu et al. (2009), it has several advantages — in particular, better
scaling of the regret with the horizon T'. Both of these algorithms are based on
introducing a sequence of appropriately defined relative value functions, and
thus can be viewed as instantiations of the first approach to online MDPs —

namely, the one rooted in dynamic programming.

4. We also present a different technique for deriving relaxations that implements
the second approach to online MDPs — the one rooted in the LP method.
This approach allows us to reduce the online MDP problem to an online linear
optimization problem over the state-action polytope. This reduction enables
us to use the framework of Rakhlin et al. (2012), and the resulting relaxation
leads to a novel OMD algorithm that is similar in spirit to the work of Dick
et al. (2014).

2.2 Problem formulation

We consider an online MDP with finite state and action spaces X and U and transition
kernel K (y|z,u). Let F be a fixed class of functions f : X x U — R, and let x € X
be a fixed initial state. Consider an agent performing a controlled random walk
on X in response to signals coming from the environment. The agent is using mixed
strategies to choose actions, where a mixed strategy is a probability distribution over
the action space. The interaction between the agent and the environment proceeds

as follows:

Xi==x
fort=1,2,....,T
The agent observes the state X, selects a mixed strategy P, € P(U), and then
draws an action U; from P;
The environment simultaneously selects f; € F and announces it to the agent
The agent incurs one-step cost fi( Xy, Uy)
The system transitions to the next state X;.1 ~ K(:| X3, Uy)
end for
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Here, T is a fixed finite horizon.

Assumption 1 (Oblivious environment). The environment E is oblivious (or non-
adversarial, open-loop), i.e., for every t, f; depends only on f'=1, but not on X* and

Ut

Assumption 1 is standard in the literature on sequential prediction (Cesa-Bianchi and
Lugosi (2006)) (in particular, it is also imposed by Yu et al. (2009)). We view the
above process as a two-player repeated game between the agent and the environment.
At each t > 1, the process is at state X; = ;. The agent observes the current state
x; and selects the mixed strategy P;, where P;(u|z;) = Pr{U; = u|X; = x;}, based on
his knowledge of all the previous states and current state z* = (z1,...,7;) and the
previous moves of the environment fi=' = (fi,..., f;_1). After drawing the action
U, from P;, the agent incurs the one-step cost f;(X;, U;). Adopting game-theoretic
terminology (Basar and Olsder (1999)), we define the agent’s closed-loop behavioral
strategy as a tuple v = (v1,...,77), where v, : X! x Ft=1 — P(U). Similarly, the
environment’s open-loop behavioral strategy is a tuple f = (f1,..., f;). Once the
initial state X; = = and the strategy pair (7, f) are specified, the joint distribution
of the state-action process (X7, UT) is well-defined.

Let My = My(U|X) € M(U|X) denote the subset of all Markov policies P, for
which the induced state transition kernel K (|-, P) has a unique invariant distribution

wp € P(X). The goal of the agent is to minimize the expected steady-state regret

} , (2.1)

where the outer expectation EYf is taken with respect to both the Markov chain

T T
RV &« EYf X, U)— inf E X, U
T T {tzlft( ty t) PIEI.}\/IO [;ft( 9 )

induced by the agent’s behavioral strategy ~ (including randomization of the agent’s
actions), the environment’s behavior strategy f, and the initial state X; = z. The
inner expectation (after the infimum) is with respect to the state-action distribution

22



mp ® P(x,u) = mp(x)P(ulzr), where mp denotes the unique invariant distribution
of K(-|-, P). The regret RY¥ can be interpreted as the gap between the expected
cumulative cost of the agent using strategy « and the best steady-state cost the
agent could have achieved in hindsight by using the best stationary policy P € M,
(with full knowledge of f = f7). This gap arises through the agent’s lack of prior
knowledge on the sequence of cost functions.

Here we consider the steady-state regret, so that the expectation with respect
to the state evolution in the comparator term E [ZL (X, U )} is taken over the

invariant distribution 7p instead of the Markov transition law K (-|-, P) induced by P.
Under the additional assumptions that the cost functions f; are uniformly bounded
and the induced Markov chains K (-|-, P) are uniformly exponentially mixing for all
P e M(U|X) (this assumption will be discussed in more detail in Section 2.3.1), the
difference we introduce here by considering the steady state is bounded by a constant
independent of T' (Even-Dar et al. (2009); Yu et al. (2009)), and so is negligible in
the long run. In our main results, we only consider baseline policies in M, that
are uniformly exponentially mixing, so we restrict our attention to the steady-state
regret without any loss of generality.

While it is certainly true that some non-stationary policy with complete prior
knowledge of the cost sequence may (and will) outperform any stationary policy, we
limit our consideration to stationary reference policies because it is needed to have a
fair comparison: indeed, no truly online strategy could compete with the best (i.e.,

omniscient) non-stationary policy.
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2.2.1 Minimax value
We start our analysis by studying the value of the game (the minimax regret), which
we first write down in strategic form as

V() = 1nfsup Ry = mfsup EYf [Z fi(X, Uy) — \I/(f)] : (2.2)

v t=1

where we have introduced the shorthand ¥ for the comparator term:

PeMg

U(f) = inf E [Z fu(X, U)] .

In operational terms, V' (z) gives the best value of the regret the agent can secure
by any closed-loop behavioral strategy against the worst-case choice of an open-loop
behavioral strategy of the environment. However, the strategic form of the value
hides the timing protocol of the game, which encodes the information available to the
agent at each time step. To that end, we give the following equivalent expression of

V(z) in extensive form:

Proposition 1. The minimaz value (2.2) is given by

V(z) = infsup.. mfsupE [Z fi( X, Up) — \D(f)] : (2.3)

Prop Pr fr =1

Proof. The agent’s closed-loop behavioral strategy -« is a tuple of mappings ~; :
Ft=1 — P(U),1 <t < T; the environment’s open-loop behavior strategy f is a tuple
of functions (fi,..., fr) in F. Thus,

V(z) = mfsupE'Yf [th X, Up) — ‘I’(f)]

t=1

T
=inf...infsup...sup BJ-07Jidfr [Z (X, Up) — (f)] :

At yr f1 fr
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We start from the final step 7" and proceed by backward induction. Assuming
M, .-, yr—1 were already chosen, and using Gr as a shorthand for fr (X7, Ur) —

U(fT), we have

T-1
inf sup EZT_I’“’T’fT_l’fT {Z Lfe(Xe, Up)] + GT}
t=1

T fi,.fr

g sl (o) e )

T frynfr—1 fr

fr

T—
=inf sup { R (Z [f:( X, Uy) ) + sup ]E;’TﬁlﬁT’fol’fT [GT]}

=1 Pr(Ur|XT) fr

T-1
= sup { LT ( [f:( X4, Uy) > inf  sup EZT_I’”’T’fT_l’fT [GT]}.

The last step is due to the easily proved fact that, for any two sets A, B and bounded

functions g; : A > R, g0 : A x B > R,

dnf sup {g1(a) + g2(a,v(a))} = sup [gl(a) + Inf go(a, b)]

(see, e.g., Lemma 1.6.1 in Bertsekas (2001)). Proceeding inductively in this way, we
get (2.3). O

From this minimax formulation, we can immediately get an optimal algorithm
that attains the minimax value. To see this, we give an equivalent recursive form for
the value of the game. For any t € {0,1,...,T — 1}, any given prefix f* = (fi,..., f;)
(where we let f° be the empty tuple e), and any state X;,; = x, define the conditional

value fort =T —1,...,0

veP(U

Vi(z, f') = inf sup{Zf T, u)v +E[V}H(Y fl,...,ft,f))x, 1/]}, (2.4a)

and Vp(x, fT) = —U(f).
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Remark 1. Recursive decompositions of this sort arise frequently in problems in-
volving decision-making in the presence of uncertainty. For instance, we may view
(2.4) as a dynamic program for a finite-horizon minimax control problem (Bertsekas
and Rhodes (1973)). Alternatively, we can think of (2.4) as applying the Shapley op-
erator (Sorin (2002)) to the conditional value in a two-player stochastic game, where
one player controls only the state transitions, while the other player specifies the cost
function. A promising direction for future work is to derive some characteristics of

the conditional value from analytical properties of the Shapley operator.

From Proposition 1, we see that V(z) = Vy(z,e). Moreover, we can immediately

write down the minimax-optimal behavioral strategy for the agent at ¢t = 0,...,7T—1:

o).

Note that the expression being minimized is a supremum of affine functions of v, so it

7t+1(x7ft) = argminsup {Z f(x,u)l/(u) + E[W+1(Y7 fla v 7ft7f)
veP(U) feF | Leu

is a lower-semicontinuous function of v. Any lower-semicontinuous function achieves
its infimum on a compact set. Since the probability simplex P(U) is compact, we are
assured that a minimizing v always exists. Using the above strategy at each time
step, we can secure the minimax value in the worst-case scenario. Note also that
this strategy is very intuitive: it balances the tendency to minimize the present cost
against the risk of incurring high future costs. However, with all the future infimum
and supremum pairs involved, computing this conditional value is intractable. As
a result, the minimax optimal strategy is not computationally feasible. The idea
is to give tight bounds of the conditional value, which can be minimized to form a
near-optimal strategy. We address this challenge by developing computable bounds
for the conditional value functions, choosing a strategy based on these bounds. In
general, tighter bounds yield lower regret and looser bounds are easier to compute,

and various online MDP methods occupy different points in this domain.
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In the spirit of Rakhlin et al. (2012), we come up with approximations of the

conditional value V;(z, f!) in (2.4). We say that a sequence of functions V; : X x F* —

R is an admissible relazation if for t =T —1,...,0:

\A/t(:c,ft) > inf sup{z f(z,u) +E[V}+1(Y fl,...,ft,f)|$,l/]}, (2.5a)

veP(U) f by

and YA/T(:E, 1) = —U(f). We can associate a behavioral strategy 4 to any admissible

relaxation as follows:

veP(U) feF

iz, f1) = argmlnsup{z f(z,u)v(u) +]E[XZ(Y,f1,...,ft_1,f) x,y]}.
ueU

Proposition 2. Given an admissible relazation {‘A/t}z;o and the associated behavioral

strateqy v, for any open-loop strategy of the environment we have the regret bound

T
Rt B3 [z 0 — ()| < Toto).

t=1

Proof. The proof is by backward induction. Starting at time 7" and using the admis-
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sibility condition (2.5), we write

E}7 [Z fe(Xe, Up) — \Il(f)]

t=1

T
< ]E:Z"f Z ft Xt7 Ut + VT<XT+17 fT)]

=1

~+

[T—1

= E}S Z fo(Xe, Uy) | + DS [fT(XT> Ur) + Vo ( Xz, fT)]

[ T—1

= ]Ej’f fi(Xe, Uy | + ZMT@T { Z frlwr,u [VT(xT’fT_l)]W)

t=1 ueU

+ E[‘/}T(XTJA; fT)‘fETﬁT(xT’ fT*l): }

T-1

< Ej’f [Z [i(Xy, Uy) + ‘7T—1(XT> Y,
=1

where pr € P(X) denotes the probability distribution of Xp. The last inequality
is due to the fact that 4 is the behavioral strategy associated to the admissible

relaxation {XAft}tTZO. Continuing in this manner, we complete the proof. O

Based on the above sequential decompositions, it suffices to restrict attention only
to Markov strategies for the agent, i.e., sequences of mappings 7; : X x F=! — P(U)
for all ¢, so that U, is conditionally independent of X*~1 U'~! given X;, f/=!. From
now on, we will just say “behavioral strategy” and really mean “Markov behavioral
strategy.” In other words, given X, f®=!, the history of past states and actions is

wrrelevant, as far as the value of the game is concerned.

Remark 2. What happens if the environment is nonoblivious? Yu et al. (2009) gave
a simple counterexample of an aperiodic and recurrent MDP to show that the regret is

linear in 7" regardless of the agent’s policy when the opponent can adapt to the agent’s
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state trajectory. We can gain additional insight into the challenges associated with
an adaptive environment from the perspective of the minimax value. In particular,
an adaptive environment’s closed-loop behavioral strategy is § = (d1,...,07) with

8¢ : Xt x U1 — P(F), and the corresponding regret will be given by

v,
Ex

D A(XL T - ‘If(f)]

[
<EY

M=

-
I

1

FlX0 UL) + Vi (X, fT)]

T-1

= EY? f(X,U) | +EY? [fT(XT, Ur) + ‘A/T(XTJrlv fT)] :

(...
I
—

Let’s analyze the last two terms:

E;’a [fT(XT7 UT) + VT(XT+1a fT)]

— J;(TJ-‘T P(dz”, df) fu P(dug|zr, f171) {fT(l’Ta ur) + E[\/}T (XT+1, fT) ‘xT, fT}} .

In the above conditional expectation, f may depend on the entire 27, so we cannot
replace this conditional expectation by E[-|zr, yr(27)]. This implies we cannot get

similar results as in Proposition 2 in a fully adaptive environment.
2.2.2  Major challenges

From Proposition 2, we can see that we can bound the expected steady-state regret
in terms of the chosen relaxation. Ideally, if we construct an admissible relaxation by
deriving certain upper bounds on the conditional value and implement the associated
behavioral strategy, we will obtain an algorithm that achieves the regret bound
corresponding to the relaxation. In principle, this gives us a general framework to
develop low-regret algorithms for online MDPs. However, with an additional state

variable involved, it is difficult to derive admissible relaxations ‘A/t(a:, f*) to bound
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the conditional value. The difficulty stems from the fact that now the current cost
depends not only on the current action, but also on past actions. Our plan is to
reduce this setting to a simpler setting where there is no Markov dynamics involved.
In that setting, we will be able to capitalize on the ideas of Rakhlin et al. (2010,
2012) in two different ways. More specifically, using Rademacher complexity tools
introduced by Rakhlin et al. (2010, 2012), we can derive algorithms in the simpler
static setting and then transfer them to the original problem. In the same vein, we
will also prove a general regret bound for the derived algorithms. Thus we will have
a general recipe for developing algorithms and showing performance guarantees for

online MDPs.

2.3 The general framework for constructing algorithms in online
MDPs

As mentioned in the above section, the main challenge to overcome is the dependence
of the conditional value in (2.5) on the state variable. Our plan is to reduce the
original online MDP problem to a simpler one, where there is no Markov dynamics.

We proceed with our plan in several steps. First, we introduce a stationarization
technique that will allow us to reduce the online MDP setting to a simpler setting
without Markov dynamics. This effectively decouples current costs from past ac-
tions. Note that this reduction is fundamentally different from just naively applying
stateless online learning methods in an online MDP setting, which would amount
to a very poor stationarization strategy with larger errors and consequently large
regret bounds. In contrast, our proposed stationarization performs the decoupling
with minimal loss in accuracy by exploiting the transition kernel, yielding lower re-
gret bounds. Using the stationarization idea, we present two different approaches
to construct relaxations, aiming to recover and derive two distinct lines of existing

methods. We call the first approach the wvalue-function approach. Making use of
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Poisson inequalities for MDPs (Meyn and Tweedie (2009)), we state a new admissi-
bility condition for relaxations that differs from the admissibility condition in (2.5) in
that there is no conditioning on the state variable. The advantage of working with
this new type of relaxation is that the corresponding admissibility conditions are
much easier to verify. The second approach is called the convez-analytic approach.
By treating the online MDP problem as an online linear optimization problem, we
are able to adopt the idea of Rakhlin et al. (2012) in a more straightforward way,
and use the admissibility condition in Rakhlin et al. (2012) to construct relaxations
and derive corresponding algorithms. These two approaches can recover different
categories of existing methods (it should be pointed out, however, that there is a
natural equivalence between these two approaches: the relative-value function arises
as a Lagrange multiplier associated with the invariance constraint that defines the
state-action polytope; cf. (Meyn, 2007, Sec. 9.2) for details). The main result of this
section is that we can apply any algorithm derived in the simpler static setting to

the original dynamic setting and automatically bound its regret.
2.3.1 Stationarization

As before, we let K denote the fixed and known transition law of the MDP. Following
Even-Dar et al. (2009) and Yu et al. (2009), we assume the following “uniform mixing
condition”: There exists a finite constant 7 > 0 such that for all Markov policies
P e M(U|X) and all distributions pu1, ps € P(X),

[ K (|P) — poK(|P) | < eVl — o)1, (2.6)

where K (:|P) € M(X|X) is the Markov matrix on the state space induced by P. In
other words, the collection of all state transition laws induced by all Markov policies
P is uniformly mizing. Here we assume, without loss of generality, that 7 > 1. As
pointed out in Neu et al. (2014), this uniform mixing condition is actually stronger
than the unichain assumption: K(-|-, P) is unichain for any choice of P € M(U|X)
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— see Section 1.3 for definitions. The uniform mixing condition implies that the
transition kernel of every policy is a scrambling matrix (A matrix K € M(X|X) is
scrambling if and only if for any pair z, 2’ € X there exists at least one y € X, such
that y can be reached from both z and 2’ in one step with strictly positive probability

using K as transition matrix).

Remark 3. The uniform mixing condition is rather strong, since it places significant
simultaneous restrictions on an exponentially large family of Markov chains on the
state space (each chain corresponds to a particular choice of a deterministic state
feedback law, and there are |[U|Xl such laws). It is also difficult to verify, since
the problem of determining whether an MDP is uniform mixing requires verifying
mixing for all the deterministic policies. Arora et al. (2012) relax this assumption
by considering deterministic state transition dynamics and weakly communicating
structure, under which it is possible to move from any state to any other state
under some policy. Although it is not clear yet if we can derive positive results with
stochastic state transition dynamics and weakly communicating structure, putting
weaker assumptions on state connectivity is another interesting avenue for future

research.

Consider now a behavioral strategy v = (71,...,7r) for the agent. For a given

choice f = (f1,..., fr) of costs, the following objects are well-defined:

o P e M(U|X) — the Markov matrix that governs the conditional distribution

of Uy given Xy, i.e.,
P (ulx) = [z, 7] (w);
. ,u;y’f € P(X) — the distribution of Xj;
o K e M(X|X) — the Markov matrix that describes the state transition from
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Xt to Xt-i—la i.e.,
K7 (ylz) = K(yle, PYT) = Y K (yle, w) PP (ulz);

¥.F

e /7 € P(X) — the unique stationary distribution of K, satisfying =) =

7T K where existence and uniqueness are guaranteed by virtue of the

unichain assumption;
o )7 = ()T @ P f) — the steady-state cost at time ¢.

Moreover, for any other state feedback law P € M(U|X), we will denote by nt f
the steady-state cost (mp ® P, f;), where mp is the unique invariant distribution of
K(-|-, P).

It will be convenient to introduce the regret w.r.t. a fixed P € M(U|X) with initial
state X; = x:

T T
R (P) = E}S [2 Ji(Xe, Uy) — 2 ﬁf’f]
t=1

t=1

7=

[ @ P £~ mr @ P 1)

~~
Il
—_

as well as the stationarized regret

P
(n?’f —n, ’f)

M7=

R (P) =

~
I
—

|
7=

[T @ P, fi) ~ (e @ P S|

~~
Il
_

Using the fact |11 — va)y = supy. <1 [<v1, f) — (ve, £), we get the bound

T

T
RYT(P) < R (P)+ Y | fillwold =m0 . (2.7)
t=1
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The key observation here is that the task of analyzing the regret RY¥(P) splits
into separately upper-bounding the two terms on the right-hand side of (2.7): the
stationarized regret RV (P) and the stationarization error 3.1, | filloo | — 777 1.
The latter can be handled using Markov chain techniques. We now present two
distinct approaches to tackle the former: the value-function approach and the convex-

analytic approach.
2.3.2  The value-function approach

The value-function approach relies on the availability of a so-called reverse Poisson
inequality, which can be thought of as a generalization of the Poisson equation from
the theory of MDPs (Meyn and Tweedie (2009)). Fix a Markov matrix P € M(U|X)
and let mp € P(X) be the (unique) invariant distribution of K(-|-, P). Then we say
that @ : X x U — R satisfies the reverse Poisson inequality with forcing function

g: XxU—->Rif

E[@(Y, P)

x, u] — Q(x,u) = —g(z,u) + (1p Q P, g), V(z,u)e XxU (2.8)

where

Qy. P) = > Pluly)Q(y,u)

ueU

and E[-|z, u] is with respect to the transition law K (y|x,u). We should think of this
as a relaxation of the Poisson equation (Meyn and Tweedie (2009)), i.e., when (2.8)
holds with equality. The Poisson equation arises naturally in the theory of Markov
chains and Markov decision processes, where it provides a way to evaluate the long-
term average cost along the trajectory of a Markov process. We are using the term
“reverse Poisson inequality” to distinguish (2.8) from the Poisson inequality, which
also arises in the theory of Markov chains and is obtained by replacing > with < in
(2.8) (Meyn and Tweedie (2009)). Here we impose the following assumption that we

use throughout the rest of the chapter:
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Assumption 2. For any P € M(U|X) and any f € F, there exists some @PJ :
X x U — R that solves the reverse Poisson inequality for P with forcing function f.

Moreover,

LX,U,F)= sup sup|Qpslle < o.
PeM(U|X) feF

Remark 4. In Section 2.4, we will show this assumption is automatically satisfied
when K is a unichain model (or, more generally, when all stationary Markov policies

are uniformly mixing, as in Eq. (2.6)).
The main consequence of the reverse Poisson inequality is the following:

Lemma 3 (Comparison principle). Suppose that @ satisfies the reverse Poisson
inequality (2.8) with forcing function g. Then for any other Markov matriz P' we

have

(Tp@P,g) — (o @ Pg) < Y, mpr(2) Y, | Plule)Qle,u) = P'(ul2)Qw, w)]

Proof. Let us take expectations of both sides of (2.8) w.r.t. 7p ® P

(tp@P,g) —{mp ® P, g) < ETFp/@P'{E[@(}/’ P)|IX,U] - Q(X, U)}

_27@, )P'( u|x{ @ (Y,P)|x,u]—@(x,u)}

— Eﬂ'p/ )P (u|2)E[Q(Y, P)|z, u] Z (Z e (y) K (zy, P’)) P'(u|z)Q(z, u)

where in the third step we have used the fact that mp/ is invariant w.r.t. K(-|-, P’).

35



Then we have

ZWP, P'(u|)E[Q(Y, P)|z, u] Z (ZWP, x\y,P')) (ulz)Q(z, u)
= Zﬂp/ {2 "(u|z)E Y P)|z, u] ZK(yW,P/)P/(U‘y)@(y?U)}

u u,y

= > 7pi() {Z '(ulz)E[Q(Y, P)|z, u] ZK(?JILP’)@(%P’)},

u Y

where the second step is by definition of @(y, P’). Then we can write

Z?TP’ {Z P'(u|2)E[Q(Y, P)|z, u] ZK ylz, PO y,P’)}
@ > api(@) {Z P'(u|z) (1@[@(5/, P)lz,u] = K (ylz, u)Q(y, P/)) }

_ ZWP, P'(ulz) { E[O(Y, P)|z,u] — E[O(Y, p/)\x,u]}

) 2 7 (2) P (u|z) K (y|z, u {ZP ane ZP, vl )}

x7u7y

(C)Z”P/ K(y|z, P') {ZP 19)Q ZP’ 19)Q )}
(d)Zﬂ_P/ 2[ (u|z)Q(z, u) — P'(ulz)Q(x, u)]

where (a) and (c) are by definition of K(:|-, P'); (b) is by definition of @(y, P’); and

in (d) we use the fact that 7p is invariant w.r.t. K(-|-, P’). O

Armed with this lemma, we can now analyze the stationarized regret RY-¥(P):

suppose that, for each , @;’f satisfies reverse Poisson inequality for P;”f with forcing
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function f;. Then we apply the comparison principle to get

@ =l < Ymets) (Za’*’fmm@rf(w,u)—P<u|as>@t’f<as,u>).

u

This in turn yields

DRIE)Y (2 PP ()37 () P<u|x>@z’f<x,u>>

u

T
+ D fellol
t=1

Note that @Zf depends functionally on P]’f and on f;, which in turn depend func-
tionally on f* but not on fy,1,..., fr. This ensures that any algorithm using @Zf
respects the causality constraint that any decision made at time ¢ depends only on
information available by time ¢.

Focusing on stationarized regret and upper-bounding it in terms of the CA)—
functions is one of the key steps that let us consider a simpler setting without Markov
dynamics. The next step is to define a new type of relaxation with an accompanying
new admissibility condition for this simpler setting. That is, we will find a relaxation
and admissibility condition for the stationarized regret rather than for the expected
steady-state regret directly. A new admissibility condition is needed because we have
decoupled current costs from past actions, which makes the previous admissibility
condition (2.5) inapplicable. The new admissibility condition is similar to the one
in Rakhlin et al. (2012), which was derived in a stateless setting. The difference
is that we are still in a state-dependent setting in the sense that the new type of
relaxation is indexed by the state variable. Now instead of having Markov dynamics
that depend on the state, we consider all the states in parallel and have a separate
algorithm running on each state. The interaction between different states is gener-

ated by providing these algorithms with common information that comes from an
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actual dynamical process. Thus, starting from this new admissibility condition, we
further construct algorithms using relaxations and then use Lemma 3 to bound the
regret of these algorithms.

Now we are in a position to pass to a simpler setting without Markov dynamics.
Instead, we associate each state with a separate game. Within each game, the agent
chooses an action and observes a signal from the environment, and the current cost
in each state is independent from the past actions taken in that state. The signal
generated by the environment is the @—function mentioned above in Assumption 2.
Although here we don’t use the one-step cost functions f; as the signal, we know
that the @—functions actually contain payoff-relevant information on f;. From this
perspective, the environment choosing one-step cost functions f; is equivalent to
letting the environment choose the corresponding @—functions.

To proceed, we need to introduce a new type of relaxation with a new admissibility
condition. The reason is that the relaxation V defined in (2.5) is a sequence of
functions with a state variable, and the state is changing at every time step according
to the state transition dynamics and the agent’s action. If we view the interaction
between the agent and the environment as a stochastic game, then the relaxation is
indeed a sequence of upper bounds on the conditional values of this game. However,
after stationarization, we end up with a family of relaxations indexed by the state
variable — for each state, we have a separate online learning game, and we have a
separate relaxation for each of these online learning games. Consequently, there is
no Markov dynamics involved in each of the new relaxations. The new relaxation at
each state x € X, which we will denote by {I//[\/x,t}le, is a sequence of upper bounds
on the conditional value of the corresponding online learning game. We define such
a relaxation as follows.

For each x € X, let ‘H, denote the class of all functions h, : U — R for which

38



there exist some P € M(U|X) and f € F, such that

he(u) = Qps(z,u),  Vuel.

We say that a sequence of functions WM :HL > Rt =0,...,T, is an admissible

relaxation at state z if the following condition holds for any hy 1, ..., hy 1 € Hy:

: (2.9a)

T
W.r(hD) = — inf Eyo, | hy,
W,T( 2) Vel’/IDI(U) U [; ,t(U)

W,.(ht) > inf sup {EUW[hI(Uﬂ+Wx,t+1(h;,hx)}, t=T—1,...,0.
veP(U) hyeH,

(2.9b)

Given such an admissible relaxation, we can associate to it a behavioral strategy

Yu(z, 1) = Pﬁ’f("fﬁ) = argmin sup {EUW[hw(U)] + Wm,t(hiflj hx)}
VEP(U) hZGHZ

hy,t = ?J:(ya ')a vy e X.

(Even though the above notation suggests the dependence of h,; on the T-tuples ~y
and f, this dependence at time ¢ is only with respect to 7% and f*, so the resulting
strategy is still causal.)

The relaxation {Ww7t}g—‘21 at state x is a sequence of upper bounds on the condi-
tional value of the online learning game associated with that state. In this game,
at time step ¢, the agent chooses actions u; € U and the environment chooses func-
tion h,; € H,. Although this relaxation is still state-dependent, there is no Markov
dynamics involved here, which means that now the state-free techniques of Rakhlin
et al. (2012) can be brought to bear on the problem of constructing algorithms and
bounding their regret. Specifically, we derive a separate relaxation {Wx,t}le and the
associated behavioral strategy for each state x € X. Then we assemble these into an
overall algorithm for the MDP as follows: if at time ¢ the state X; = x, the agent
will choose actions according to the corresponding behavioral strategy 74;(x,-). Note
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that although the agent’s behavioral strategy switches between different relaxations
depending on the current state, the agent still needs to update all the h-functions
simultaneously for all the states. This is because the computation of the h-functions
(in terms of the @ functions) requires the knowledge of the behavioral strategy at
other states. In other words, the algorithm has to keep updating all the relaxations
in parallel for all states.

Under the constructed relaxation, the value-function approach amounts to the

following;:

Theorem 4. Suppose that the MDP is unichain, the environment is oblivious, and
Assumption 2 holds. Then, for any family of admissible relazations given by (2.9)

and the corresponding behavioral strateqy ~, we have

PeM(UIX) 7,

T
Rj’f _ E;”f [Z [ (X, Up) — ¥ (f) ] < sup Z?Tp Wao + C}'Z Hﬂt’
(2.10)

where Cr = sup ez | floo-

Proof. We have

EY7 [Z fo(Xe, Uy) — ‘I’(f)]

t=1

T
< sup 2[<7r7f®P7f,ft> Tp®P, )] + X Mfillolid* — 1y
t=1

PeM(UIX) ;27

< sip Smpla 2(2P?’f<urx>@?’f<x,u> Pule)Q7 (. u>)

PeM(UIX) 7, =1 w

+ Z | filloolpig™® = m

4

where in the first equality we have used (2.7), while the second inequality is by

40



Lemma 3. Then we write the last term out and get

T-1
. Snrto)|
PeM(U|X) -1

(Z P (ul2) QY (a, u>) + 3 P (ul2) Q37 (2, u)

u u

1

T T
= > Plulr)Q) (a, U)] + 2 | filloollad T = m !
t=1

t=1
T-1 R A R A
< /S\}[llalx)ZWP [Z (Z P?’f(UIw)Q?’f(x,u)> + X PR (ul2) QY (2, u)
Pe T t=1 u u

T
+ Wz,T(hf)] + 2 fillool? = 7
=1

PeM(UIX) 7, =1 W

< sup ZWP [2 <2Pﬁ’f(“|$)©?’f(%u)>+Wx,T—1(hf_1)]

‘17

T
+ 3 I felloll 2
t=1

where the two inequalities are by the admissibility condition (2.9). Continuing this
induction backward, and noting that ;| 1 felo g = 75| < CF D I —

7|y, we arrive at (2.10). O

This general framework gives us a recipe for deriving algorithms for online MDPs.
First, we use stationarization to pass to a simpler setting without Markov dynamics.
Here we need to find the @t functions satisfying (2.8) with forcing function f; at each
time t. In this simpler setting, we associate each state with a separate online learn-
ing game. Next, we derive appropriate relaxations (upper bounds on the conditional
values) for each of these online learning games. Then we plug the relaxation into the
admissibility condition (2.9) to derive the associated algorithm. This algorithm in
turn gives us a behavioral strategy for the original online MDP problem, and The-

orem 4 automatically gives us a regret bound for this strategy. We emphasize that,
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in general, multiple different relaxations are possible for a given problem, allowing
for a flexible tradeoff between computational costs and regret.

We have reduced the original problem to a collection of standard online learning
problems, each of which is associated with a particular state. We proceed by con-
structing a separate relaxation for each of these problems. Because we have removed
the Markov dynamics, we may now use available techniques for constructing these
relaxations. In particular, as shown by Rakhlin et al. (2010), a particularly versatile
method for constructing relaxations relies on the notion of sequential Rademacher

complexity (SRC).
2.3.8 The convez-analytic approach

In the preceding section, we have developed a procedure for recovering and deriving
policies for online MDPs using relative-value functions that arise from revere Pois-
son inequalities. Now we show a complementary procedure that allows us to use an
admissible relaxation with no conditioning on state variables. Specifically, we reduce
the online MDP problem to an online linear optimization problem through station-
arization, and then directly use the framework of Rakhlin et al. (2012) to derive a
relaxation and an algorithm, which is similar in spirit to the algorithm proposed re-
cently by Dick et al. (2014). The idea behind this convex-analytic method is closely
related to the well-known fact that the dynamic optimization problem for an MDP
can be reformulated as a “static” linear optimization problem a certain polytope, and
therefore can be solved using LP methods (Manne (1960); Borkar (2002)). Under
this reformulation, we are in a state-free setting in the sense that the relaxation is no
longer indexed by the state variable, and the policy for the agent is computed from
a certain joint distribution on states and actions via Bayes’ rule.

As before, we start with the stationarization step. Recall that we decompose the

regret RY¥(P) into two parts: the stationarized regret RY¥(P) and the stationar-
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ization error Zthl | fillooll i’ — 72|y, that is:

T
RYI(P) < R (P) + ) | fulael i =7

T T
> (2 =) + U filolid® =77y
t=1 t=1

T
[ @ P, fy = (re @ P ] + X, Lfilollii?? = 7. (2.11)

t=1

Il
M=

~
Il
fu

Now, let G = P(X x U) denote the set of all ergodic occupation measures

g = {V e P(X x V) :ZK(y|x,u)y(x,u) = Zy(y,u),Vy € X}. (2.12)

U

The set G is convex, and is defined by a finite collection of linear equality con-

(XU (in fact, it is often referred to as

straints. Hence, it is a convex polytope in R
the state-action polytope of the MDP (Puterman (1994))). Every element in G can

be decomposed in the form
v(z,u) = mp(z) ® P(ulr), xeXuel

for some randomized Markov policy P € M(U|X), where 7p is the invariant distri-

bution of the Markov kernel
p(2'|z) = ZK |z, u) P(ulx), Vo, 2’ e X
uel
induced by P. For this reason, the linear equality and inequality constraints that
define G are also called the invariance constraints. Conversely, any element v € G
induces a Markov policy

vz, u)

Sl ) 21

By (ulz) =

where U(x) is the set of all states for which the denominator of (2.13) is nonzero.
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With the definition of the set G at hand, now it is easy to see that the first term
of (2.11) is the regret of an online linear optimization problem, where, at each time
step t, the agent is choosing an occupation measure v; = 7, S ® P F from the set
G (here we omit the dependence of v, on «, f for simplicity), and the environment
is choosing the one-step cost function f;. The one-step linear cost function incurred
by the agent is (14, f;). Since we can recover a policy from an occupation measure,
we just need to find a slowly changing sequence of occupation measures, to ensure
simultaneously that the first term of (2.11) and the stationarization error are both
small. Now we have mapped an online MDP problem to an online linear optimization
problem. As we mentioned earlier, the idea behind this mapping is simply the fact
that average-cost optimal control problem can be cast as a LP over the state-action
polytope (Manne (1960); Borkar (2002)).

For reasons that will become apparent later, it is convenient to consider regret
with respect to policies induced by elements of a given subset G’ of G. With that
in mind, let us denote by M(G’) the set of all policies P € M(U|X) that have the
form P, for some v € G'. For the resulting online linear optimization problem,
we can immediately apply the framework of Rakhlin et al. (2012) to derive novel

relaxations and online MDP algorithms. For any ¢ € {0,1,...,7 — 1}, any given

prefix f' = (fi,..., f;), define the conditional value recursively via
VeGfrs-o o f) = inf sup (o )+ Va(@lfueo S I} (214)
v €

where Vi(G'|f1, ..., fr) = —inf,eq S v, f), and Vp(G') = Vp(G'le) is the min-
imax regret of the game. Note that we are explicitly indicating the fact that the
optimization takes place over the ergodic occupation measures in G'. The minimax

optimal algorithm specifying the mixed strategy of the player can be written as

Wy = argminSUP {<l/7 f> + VT<gl|f17 s 7ft717f>} (215>

veG!  feF
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Following the formulation of Rakhlin et al. (2012), we say that a sequence of functions

‘A/T(g’|f1, ..., fr) is an admissible relazation if for any fi,..., f; € F,

?T(g/’fla"'vft) >gggf,Sl}p{<V>f>+?T(g/‘flw"aft)f)}? t:T_1770

(2.16a)
T

Ve(G@|fT) = — inf > v, fi). (2.16b)
t=1

We can associate a behavioral strategy to any admissible relaxation as follows:

Ar(x, f1) = v, = argmin sup {<u, H+ ‘A/T(Q’\fl, ooy fiot, f)} )

veG'  feF

In fact, as pointed out by Rakhlin et al. (2012), exact minimization is unnecessary:

any choice vy = 4;(x, fI=1) that satisfies
Ve @11 fe) 2 500 {0t £+ V(@i fimas P}
€

is admissible. The above admissibility condition of Rakhlin et al. (2012) is different
from (2.5) in the sense that there is no conditioning on the state variable. It is also
different from (2.9) because it is not indexed by the state variable. The following

theorem provides the main regret bound for the convex-analytic approach:

Theorem 5. Suppose that the MDP s unichain and the environment is oblivious.
Then, for any family of admissible relazations given by (2.16) and the corresponding

behavioral strategy 4, we have

RY (G = EYS {Z fi(X, Uy) —  inf E[Z ft(X,U)]}

PeM(g) | &

T
<Vr(G'le) + Cr Y T — Ty (2.17)

t=1

where Cr = sup ez | /oo
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Proof. Applying the same backward induction used in the proof of Proposition 2

(also see (Rakhlin et al., 2012, Prop. 1)), it is easy to show that

T T
Z<Vt7 fo = inf/2<y, fo < Vr(G'le).
t=1 93

Then it is straightforward to see that

T
E}S {Z [i( X, Up) — Pei\l/llfg/ E [2 [(X,U) ]}

t=1

T T
<X |G O EH g iat (e P + N Ul = 7y
t=1

~ MG

~

'ﬂ

T T
- :)\/af ;97.f
Z Vi, fr) —Vlggf,;<%ft>+;’ft”oomt kil P

where in the first equality we have used (2.7). O
2.4 Example derivations of explicit algorithms

In the preceding section, we have described two different approaches to construct re-
laxations and algorithms for online MDPs. Specifically, the value-function approach
make use of Poisson inequalities for MDPs (cf. Meyn and Tweedie (2009)) to reduce
the online MDP problem to a collection of standard online learning problems, each
of which is associated with a particular state. We need to construct a separate relax-
ation for each of these problems. The convex-analytic approach reduces the online
MDP problem to an online linear optimization problem, and uses a single relax-
ation (no longer indexed by the state) to derive algorithms. The common property
of these two approaches is that we can apply any algorithm derived in the simpler

static setting to the original dynamic setting and automatically bound its regret.
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2.4.1 The value-function approach

In this section, we apply the value-function approach to recover and derive a class
of online MDP algorithms (Even-Dar et al. (2009); Yu et al. (2009)). The common
thread running through this class of algorithms is that value functions have to be
computed in order to get the policy for each time step. The strategies derived in this
section using our general framework also belong to a class of algorithms for online
prediction with expert advice (Cesa-Bianchi and Lugosi (2006)). In this setting, the
agent combines the recommendations of several individual “experts” into an overall
strategy for choosing actions in real time in response to causally revealed informa-
tion. Every expert is assigned a “weight” indicating how much the agent trusts that
expert, based on the previous performance of the experts. One of the more popular
algorithms for prediction with expert advice is the Randomized Weighted Majority
(RWM) algorithm, which updates the expert weights multiplicatively (Littlestone
and Warmuth (1994)). It has an alternative interpretation as a Follow the Regular-
ized Leader (FRL) scheme (Shalev-Shwartz and Singer (2007)): The weights chosen
by an RWM algorithm minimize a combination of empirical cost and an entropic
regularization term. The entropy term (equal to the divergence between the current
weight distribution and the uniform distribution over the experts) penalizes “spiky”
weight vectors, thus guaranteeing that every expert has a nonzero probability of be-
ing selected at every time step, which in turn provides the algorithm with a degree
of stability. The common feature of the strategies we consider in this section is that
RWM algorithms are applied in parallel for each state.

We start by recovering an expert-based algorithm for online MDPs. Similar to
our set-up, Even-Dar et al. (2009) consider an MDP with arbitrarily varying cost
functions. The main idea of their work is to efficiently incorporate existing expert-

based algorithms (Littlestone and Warmuth (1994); Cesa-Bianchi and Lugosi (2006))
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into the MDP setting. For an MDP with state space X and action space U, there
are |U|XI deterministic Markov policies (state feedback laws), which renders the
obvious approach of associating an expert with each possible deterministic policy
computationally infeasible. Instead, they propose an alternative efficient scheme
that works by associating a separate expert algorithm to each state, where experts
correspond to actions and the feedback to provided each expert algorithm depends on
the aggregate policy determined by the action choices of all the individual algorithms.
Under a unichain assumption similar to the one we have made above, they show that
the expected regret of their algorithm is sublinear in 7" and independent of the size

of the state space. Their algorithm can be summarized as follows:

Put in every state x an expert algorithm A,
fort=1,2,... do
Let P;(-|x;) be the distribution over actions of A,,
Use policy P, and obtain f; from the environment
For every x € X

Feed A, with loss function @phft (x,-)=E [Z;io (ft(Xi, U;) — nft’fﬂ,
where E is taken w.r.t. the Markov chain induced by P,
from the initial state z, and ;"7 is the steady-state cost (rp, ® Py, fr)

end for
end for

As we show next, the algorithm proposed by Even-Dar et al. (2009) arises from a
particular relaxation of the kind that was introduced in the preceding section. For
every possible state value x € X, we want to construct an admissible relaxation that
satisfies (2.9). Here we show that the relaxation can be obtained as an upper bound
of a quantity called conditional sequential Rademacher complexity, which is defined
by Rakhlin et al. (2012) as follows. Let € be a vector (1, ...,er) of i.i.d. Rademacher
random variables, i.e., Pr(e; = £1) = 1/2. For a given x € X, an H,-valued tree h of
depth d is defined as a sequence (hy, ..., hy) of mappings h; : {£1}}"! — H,, where

H. is the function class defined in Section 2.3.2. Then the conditional sequential

48



Rademacher complexity at state x is defined as

T t
R:c t(h ) - Sup ]Eat+1;T mEEtJX 2 Z Es [hs—t(5t+1:s—1)] (U) - Z hx,s(u) ) Vhtx € HZ}
v s=t+1 s=1

Here the supremum is taken over all H,-valued binary trees of depth 7' —t. The
term containing the tree h can be seen as “future”, while the term being subtracted
off can be seen as “past”. This quantity is conditioned on the already observed
h', while for the future we consider the worst possible binary tree. As shown by
Rakhlin et al. (2012), this Rademacher complexity is itself an admissible relaxation
for standard (state-free) online optimization problems; moreover, one can obtain
other relaxations by further upper-bounding the Rademacher complexity. As we will
now show, because the action space U is finite and the functions in H, are uniformly
bounded (Assumption 2), the following upper bound on R,:(-) is an admissible
relaxation, i.e., it satisfies condition (2.9):

Wae(ht) = Blog (Z exp (—% > hm,s(u)>> + %(T —t)L(X,U,F)?,  (2.18)

ueU

where the learning rate 5 > 0 can be tuned to optimize the resulting regret bound.
This relaxation leads to an algorithm that turns out to be exactly the scheme pro-

posed by Even-Dar et al. (2009):

Proposition 6. The relazation (2.18) is admissible and it leads to a recursive ex-
ponential weights algorithm, specified recursively as follows: for all x € X, u € U, at

t=0,...,T—1,

Py (ulr) =

where vy 1s the uniform distribution on U.
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Proof. First we show that the relaxation (2.18) arises as an upper bound on the
conditional SRC. The proof of this is similar to the one given by Rakhlin et al.
(2010), except that they also optimize over the choice of the learning rate 5. For any
g >0,

< Blog (EE Zexp (%’_Ei[hi(s)](u)—%Zh (u))]),

where the first inequality is by Jensen’s inequality, while the second inequality is due
to the non-negativity of exponential function. Then we pull out the second term

inside the expectation E. and get

BlOg (Z €xXp <__ Z hm s ) [H exp <%€z [hz(g)] (U)) ])

< flog Z exp 1 Z hes(u) | x exp % max 2 ([hi(e)] (u))2
B B2 e1,er_ie{+1} 4

L T—
< flog Z e Z e s(u) max exp (62 ,ma e{+1} Z u))2>>

9 T—t

< flog Z exp —% 2 hs(w) > + Esup max  max Z ([hi(é‘)](u))Q,

h uel gq,..., ET—tE{il} i=1

where the first inequality is due to Hoeffding’s lemma (Hoeffding (1963))(also see,
e.g., Lemma A.1l in Cesa-Bianchi and Lugosi (2006)) applied to the expectation
w.r.t. €. The last term, representing the worst-case future, is upper bounded by

%(T —t)L(X, U, F)?. We thus obtain our exponential weight relaxation from (2.18).
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Next we prove that the relaxation (2.18) is admissible and leads to the recursive
algorithm (2.19). To keep the notation simple, we drop the subscript x in the follow-
ing. In particular, we use h; for hy 4, Wt for Wm, v, for Py(+|x), etc. The admissibility

condition to be proved is

sup {EU% [h(U)] + Wt(ht)} < Wit (A1),
thHz

Note that

B <V1,exp (—%Z
S

We have
flog (Z exp (—% Z hs(u)>)
ueU s=1
t
> hs> > + Blog |V
s=1

= [log <V1,eXp (—
1 =

= Blog <Vt,exp <—Bht)> + Blog <V1,exp <_B Z hs> > + flog U]
s=1

2 t—1
< By hn(U) + —L(X’QL;’ IV 4 Blog (2 exp (—% 3 hs<u>>) ,
s=1

ueU

™|~

where the first equality is due to the fact that 14 is the uniform distribution on U,

while the inequality is due to Hoeffding’s lemma. Plugging the resulting bound into
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the admissibility condition, we get

sup {Eth [h(U)] + Wﬂ(ht)}

hieH
1 1
< Blog exp | —= ) hy(u +2=(T —t+1)L(X,U, F)?
(; ( 3 ; ( ))) 5 )L )
- Wwytfl(htil).
Thus, the recursive algorithm (2.19) is admissible for the relaxation (2.18). [

The above algorithm works with any collection of @ functions satisfying the
reverse Poisson inequalities determined by the f;’s (recall Assumption 2). Here is
one particular example of such a function — the usual @-function that arises in
reinforcement learning and that was used by Even-Dar et al. (2009). Recall our
assumption that every randomized state feedback law P € M(U|X) has a unique
stationary distribution mp. For given choices of P € M(U|X) and f € F, consider

the function
R T
QP}f(IE,U) = hm EP Ef(Xt7Ut) _<7TP®P7f>‘X1 = .ZU,Ul = U] )
T—o0 =1

where X; and U, are the state and action at time step ¢ after starting from the initial
state X; = x, applying the immediate action U; = u, and following P onwards.
It is easy to check that @ p.f(x, u) satisfies the reverse Poisson inequality for P with
forcing function f. In fact, it satisfies (2.8) with equality. We can also derive a bound
on the Q-function in terms of the mixing time 7. Let us first bound Q p.f(x, P) where

P is used on the first step instead of u. For all ¢, let ui’f be the state distribution
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at time ¢ starting from = and following P onwards. So we have

N

T
Qps(x, P) = lim 3 [l @ P> = o @ P, )] < Ifl0 Y 16 P* = 7p Py

t=1 t=1

T
<2 flle e
t=1
< 27 fllo;

where ¢, € P(X) is the Dirac distribution centered at x, and the first inequality
results from repeated application of the uniform mixing bound (2.6). Due to the fact

that the one-step cost is bounded by Cr = sup;.z | f|l», we have

Qps(z,u) < Qpyla, P) + fla,u) — (bt @ P, f) < 27Cx + Cr < 37C.

We can now establish the following regret bound for the exponential weights strategy

(2.19):

Theorem 7. Let L = L(X,U,F). Assume the uniform mizing condition is satis-

fied by the controlled transition kernel K. Then for the relazation (2.18) and the

2T L2

Tog U We have

corresponding behavioral strateqy 4 given by (2.19) with 5 =

T
) log [U|T
R3S [Z FAX, U — ] 9L/2T log |U| + C'x(r + 1)y =2 ’2U‘ + (27 + 2)Cr.

t=1

Proof. Again, we drop the subscript « and write v; for P,(-|z), etc. We have

T
E’E’f[th(Xt,Ut)—\P(fF ap S e+ Cr Y i

=1 PeM(UIX) 7 =1
(2.20)

From the relaxation (2.18), it is easy to see Wx,(} < 2L+/2T log |U| for all states = (in

2T L2

fact, the bound is met with equality with the optimal choice of g = Tog U]

fogqor)- Since
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we have bounded the first term, now we focus on bounding the second term of the
regret bound.

The relative entropy between v, and v,_; is given by

_1Nt=2
i (o ST o
G
(-

(o

V1, €Xp

1
—B <Vt7 ht_1> + log

Using Hoeffding’s lemma, we can write

<1/1, exp (—% 22_21 h >> 12

() T 5

Substituting this bound into (2.21), we see that the terms involving the expectation

of h;_1 w.r.t. 1, cancel, and we are left with

D<VtHVt—1) < —.

Plugging in the optimal value of 8 and using Pinsker’s inequality (Cover and Thomas

(2006)), we find

log |U]
2T

lve — vl <
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So far, we have been working with a fixed state = € X, so we had v, = P"¥ (),
where 4 is the agent’s behavioral strategy induced by the relaxation (2.18). Since z

was arbitrary, we get the uniform bound

N N log U
mae |74 () — P (o) < 4/ "5 (2.22)

zeX 1 2T .

Armed with this estimate, we now bound the total variation distance between the
actual state distribution at time ¢ and the unique invariant distribution of K? . For

any time k < t, we have

Hmzf _ W?’le — ’Mz;flK’Z, M'kv,flva + ’uz flK% _ thle
(a)
< ’Mk IR fo n HMZwaf 13 fle,fH
b A~
(b) ‘/ﬂfK'y’ ﬂ.;Y:fK‘Y,fH I HM‘YfK‘Yf ’uk 1K7 fH
© 1l 5 5 5 5
< [t = w2+ mae [P - RG],
@ 10g|U
< eV |t -t ( + 3 e 2.23
e ? Z 5T (2.23)

where (a) is by triangle inequality; (b) is by invariance of 7rtA S wort. K:’ o (c) is by
the uniform mixing bound (2.6); and (d) follows from repeatedly using (2.22) together
with triangle inequality and the easily proved fact that, for any state distribution

w e P(X) and any two Markov kernels P, P" € M(U|X),

Wk (1P) = u (1P, < max |P(la) = P'C[a)];

Letting now the initial state distribution be u;, we can apply the bound (2.23)
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recursively to obtain

1

t
3.f =k log |U]
1 — Ty Hl—l-ZB ki _; 5T

So, the second term on the right-hand side of (2.20) can bounded by

/1 T
‘ <C}‘ 0g|U’ 2 —|-2 C]:,

which completes the proof. O

T
Cr ) Iuf = w2t

As we can see, this regret bound is consistent with the bound derived in Even-
Dar et al. (2009). Therefore, we have shown that our framework, with a specific
choice of relaxation, can recover their algorithm. The advantage of our general
framework is that we can analyze the part of the corresponding regret bound simply
by instantiating our analysis on specific relaxations, without the need of ad-hoc proof
techniques applied in Even-Dar et al. (2009).

The above policy relies on exponential weight updates. We now present a “lazy”
version of that policy, wherein time is divided into phases of increasing length, and
during each phase the agent applies a fixed state feedback law. The main advantage
of lazy strategies is their computational efficiency, which is the result of a looser
relaxation and hence suboptimal scaling of the regret with the time horizon.

We partition the set of time indices 1, 2, . .. into nonoverlapping contiguous phases
of (possibly) increasing duration. The phases are indexed by m € N, where we denote
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the mth phase by 7, and its duration by 7,,,. We also define T1.,,, = Ty U...UT,, (the
union of phases 1 through m) and denote its duration by 71.,,. Let M < T denote
the number of complete phases concluded before time 7. Here we need to describe

a generic algorithm that works in phases:

Initialize at t = 0 and phases T1,..., Tar sit. 7oy =T
For t € 71, choose u; uniformly at random over U
form=2,3,...
for te 7, do
if the process is at state x, choose action u; randomly according to P, (u|z)
where P, (u|x) is the state feedback law only using information from
phase 1 tom — 1
end for
end for

Because now we work in phases instead of time steps, we need to provide an
alternative definition of relaxations and admissibility condition. For every state
x € X, we denote by hJ' the 7,,-tuple (hys : s € Tp), and by hy 1., the 71.,-tuple
(hz1,he2, ... hyr.,,). For each x € X, we will say that a sequence of functions

—~

Wym : HIV™ — R,m =1,..., M, is an admissible relaxation if

T
Wont(horar) = — inf Egoy, | ey
,M( ,1.M) 1/617I31U) U [;1 ,t ]

veP(U) RmeHI™ T

Wx,m(hx,1:m> = Hlf sup {EU~V [2 h:}c,s(U)] + Wx,m+1(h$,1im7 h;nJrl)} :

For a given state x, we also define the conditional SRC in terms of phases:

Ram(beim) = sup]E5 1o TAX 2 Z qZ ot u)—ZZhw(u)

j=m+1  teT; i=1s€eT;

Here the supremum is taken over all H,-valued binary trees of depth M —m. When
recovering the method in Even-Dar et al. (2009), we replaced the actual future in-
duced by the infimum and supremum pairs in the conditional value by the “worst
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future” binary tree, which involves expectation over a sequence of coin flips in every
time step. By contrast, in the above quantity we replace the real future by the “worst
future” binary tree that branches only once per phase. Now we can construct the
following relaxation:

I//I\/ac,m(hac,l:m) = /Blog (Z exp (_

uelU

= 2LXU.FP v
5 Shtn) )+ 2RI 5

(2.24)

QI*—‘

The corresponding algorithm, specified in (2.25) below, uses a fixed state feedback

law throughout each phase:

Proposition 8. The relazation (2.24) is admissible and it leads to the following

Markov policy for phase m.:

i) (-

) S e, healu)
Pm( | ) - <V1,exp (_

— , (2.25)
Zi: 2867;' h’(E,S)

| | @I

where vy 1s the uniform distribution on U.

Proof. First we show that the relaxation (2.24) arises as an upper bound on the
conditional SRC. Once again, we omit the subscript « from h,, etc. to keep the

notation light. Following the same steps as in the proof for Proposition 6, we have,

for any 5 > 0,
E. [ max < 2 Z €; Z [hy(e i Z hs(u)
uel j=m+1 teT; i=1seT;

< flog [ E. | maxewp | 2 D) &% @)= 53 3 hu(w)

< Blog | E. | S exp %Z :; [ht(s)](u)—%z ()




Denote g, = Y,cu €XP (—% Diint DaseT: hs(u)> In the same vein,

M

Blog | gnEe | [] exp | Ze; D) ()] (w)

j=m+1

2 ul 2
< flog (gm X exp <@€m+l mgﬁe{ﬂ}j; (75 [h(e)] () >>

M
< Blog (gm max exp <%sm+1 max ) Z (7; [h(e] (u))2>>
..... ME + j:

m+1
2 M
2
< m Y |
Plog(gm) + gsupmax ~ max {il}j;ﬂ (75 [b(e)] ()

<mog<2exp( ZZh )) Z T?L(X,U, F)?,
ueU zlseT ]m+1

where the first inequality is due to Hoeffding’s lemma, while the last inequality is by
Assumption 2. We thus derive the relaxation in (2.24).

Now we prove that this relaxation is admissible, and leads to the lazy algorithm
(2.25) The admissibility condition to be proved is

sup {EU~Vm [Z hs<U)] + W:p,m<h1:m)} < Wx,mfl(hl:mfl%

™n
hmeHty SETm
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where v,,, = P,,,(:|z) is the Markov policy used in phase m. We have

(g 5500)

uel i=1 seT;

—ﬁlog<y1,exp (——ZZh >>+Blog|U|
i=1seT;

= ﬁlog<ym,exp (—— Z h )>—|—Blog<y1,exp ( %WZ: Z hs>> + S log U]
SE€ETm =1 se7;

2 2 m—1

SE€ETm ueU

Plugging this into the admissibility condition, we have

sup {Eme [Z hs(U)] + Wx,m(hhm)}

hmeH™ SETm

So the lazy algorithm (2.25) is an admissible strategy for the relaxation (2.24). O

Now we derive the regret bound for (2.25):

Theorem 9. Let L = L(X,U,F). Under the same assumptions as before, the be-

havioral strategy 4 corresponding to (2.25) enjoys the following regret bound when

B — 221 1 22L2
log U]

R . 20 M
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Proof. The state feedback law Pj’f (|x) that the agent applies within phase m is the
same for all t € 7,,, and we denote it by PY¥(.|z). Let K¢ denote the Markov
matrix that describes the state transition from X; to X, if ¢t € 7,,. Thus, we can

write

KV (y|z) = ZK ylz, uw) P (u]z), Va,y e X

First, we show that

T
27| 3000 - 0| < s Sierais €5 32 3 1 - it

=1 PeM(U[X) m=11t€T,

(2.27)

where 77 is the invariant distribution of K7/,

To prove (2.27), we write

Ej’f [Z fe(Xe, Up) — \Ij(f)]

T

< swp 2[ T @B, o — ar @ P S| + Y U filelliid? = 77y

PeM(UIX) 1= t=1

< swp ZZ[W‘@P’W» <7rp®Pft]+cf22|W—ﬂfu

PeM(UIX) ;= 1teT,, m=1teTm

< g Sl 22(2?’%@)@”@ W) - <u|x>©?’f<x,u>>

PeM(U|X) m=1teT,,

M
+ Cr Z Z | = 7%,

m=1teT,,

where the last inequality is by Lemma 3. By writing out the first term in the right
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hand side, we get

M
+Cr Z Z ”H?j

m=1teT,

< S [2 2(2P37f<urx>@?:f<x,u>>

PeM(UX) e

= > Pul2)Q7 (w,u)

t=1

M
+ ZVM(U|:L‘) Z Q) (x,u) + Wva(hM)] +Cr Z Z |dF — T,

teTmr m=1teTm

< sup Zﬂ'p [Z Z (ZP’V’ u|x)Q'7f(a: u)) +I7I\/$,M_1(hM_1)]

PEM U‘X m=1 teTm

T
r ~.f

+ g H :

Yl i = 72|

t=1
The last inequality is due to the fact that 4 is the behavioral strategy associated
to the admissible relaxation {I//[\/xm}ﬂj‘le Continuing this induction backwards, we
arrive at (2.27).

Next, we bound the two terms on the right-hand side of (2.27). From the form

of the relaxation (2.24), it is easy to see W%o < 2L\/2 log U] 32 72 for all states

x; in fact, this bound is attained with equality if we use the optimal choice § =

221 17 12L2
log |U]

second term of (2.27).

Since we have bounded the first term, now we focus on bounding the

From the contraction inequality (2.6) it follows that, for every k € {0,1,..., 7, —
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1}, we have

5.5 3.7 _ |, 3F 3.0\F _ AF ey
(SR Y A e R e |
—k 5, 3,
Sse i lefnfl"rl_wglf
< 2e7HT
Hence,
Tm—1 9
:?7f _ :?7f —k/’r
3 it e, <2 S e i
teTm k=0

Plugging it in (2.27), we have shown that

— e Y’

EY X, U) -0 <2L,|2log U]y 77+
z [; ft( t t) (f)] g ‘ ‘ Z; 1

]

Our behavioral strategy (2.19) is a novel RWM algorithm for online MDPs. Yu
et al. (2009) also consider a similar model, where the decision-maker has full knowl-
edge of the transition kernel, and the costs are chosen by an oblivious (open-loop)
adversary. They propose an algorithm that computes and changes the policy peri-
odically according to a perturbed version of the empirically observed cost functions,
and then follows the computed stationary policy for increasingly long time intervals.
As a result, their algorithm achieves sublinear regret and has diminishing computa-
tional effort per time step; in particular, it is computationally more efficient than
that of Even-Dar et al. (2009).

Although our new algorithm is similar in nature to the algorithm of Yu et al.
(2009), it has several advantages. First, in the algorithm of Yu et al. (2009), the policy
computation at the beginning of each phase requires solving a linear program and

then adding a carefully tuned random perturbation to the solution. As a result, the
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performance analysis in Yu et al. (2009) is rather lengthy and technical (in particular,
it invokes several advanced results from perturbation theory for linear programs). By
contrast, our strategy is automatically randomized, and the performance analysis is
a lot simpler. Second, the regret bound of Theorem 9 shows that we can control
the scaling of the regret with T" by choosing the duration of each phase, whereas the
algorithm of Yu et al. (2009) relies on a specific choice of phase durations in order
to guarantee that the regret is sublinear in 7' and scales as O(T%/). We show that if
the horizon T is known in advance, then it is possible to choose the phase durations
to secure O(T%?) regret, which is better than the O(7%*) bound derived by Yu et al.
(2009).

Corollary 10. Consider the setting of Theorem 9. For a given horizon T, the

optimal choice of phase lengths is T3, which gives the regret of O(T?%?3).

Proof. Let us inspect the right-hand side of (2.26). We see that both 4 /Zj]\/il 77 and

M have to be sublinear in 7. Since Y\, 7, = T and \/Zf\il 2 < \/(Zf\il 7;)?, at
least the first of these terms can be made sublinear, e.g., by having 7; = 1 for all j. Of
course, this means that M = T, so we need longer phases. For example, if we follow

Yu et al. (2009) and let 7,,, = [m!/3¢] for some € € (0,1/3), then a straightforward
if tedious algebraic calculation shows that M = O(T®*) and 4 /Zjﬂil 2 = O(T"®),
which yields the regret of O(T?/*).

However, if T is known in advance, then we can do better: ignoring the rounding

issues, for any constants Ay, Ay > 0,

min min{ A,
1I<SM<LT

(2.28)
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To see this, let us first fix M and optimize the choice of the 7;’s:

M M
min Z 7']-2 subject to Z T, =T.
j=1 J=1

By the Cauchy—Schwarz inequality, we have

Thus, Z]M:1 sz achieves its minimum when the above bound is met with equality. This
will happen only if all the 7;’s are equal, i.e., 7; = % for every j (for simplicity, we
assume that M divides 7" — otherwise, the remainder term will be strictly smaller

than M, and the bound in (2.28) will still hold, but with a larger multiplicative

constant). Therefore,

min min <{ A;

1<M<LT 1<M<LT

M M AT
T2+ AM - 7, =T » = min < L A2M> = O(T2/3),
L var

where the minimum on the right-hand side (again, ignoring rounding issues) is
achieved by M = T?%% and 7, =T 1/3 for all j. This shows that, for a given horizon T,
the optimal choice of phase lengths is 7"/3, which gives the regret of O(T?/3), better
than the O(T%*) bound derived by Yu et al. (2009). O

2.4.2  The convex-analytic approach

In this section, we use the convex-analytic approach to derive an algorithm that relies
on the reduction of the online MDP problem to an online linear optimization prob-
lem over the state-action polytope [recall the definition in Eq. (2.12)]. Structurally,
this algorithm is similar to the Online Mirror Descent scheme proposed and analyzed
recently by Dick et al. (2014); however, its key ingredients and the resulting perfor-
mance guarantee on the regret are more closely related to interior-point methods of
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Abernethy et al. (2012). Moreover, we will show that this algorithm arises from an
admissible relaxation with respect to (2.16).

We start by introducing the definition of a self-concordant barrier, which is basic
to the theory of interior point methods (Nesterov and Nemirovski (1994); Nemirovski
and Todd (2008)): Let K < R™ be a closed convex set with nonempty interior. A
function F' : int(K) — R is a barrier on K if F(x;) — +oo along any sequence
{x;}, < K that converges to a boundary point of K. Moreover, F' is self-concordant

if it is a convex C? function, such that the inequality

VA3F (v)[h, h, h] < 2 (V2F (0)[h, h])*”

holds for all v € int(K) and h € R™. Here, V?F(v) and V3F(v) are the Hessian
and the third-derivative tensor of F' at v, respectively. We also need some geometric
quantities induced by F'. The first is the Bregman divergence D : int(K) x int(K) —
R, defined by

Dr(v,w) = F(v) — F(w) —{(VF(w),v — w), v, w € int(K). (2.29)

The second is the local norm of h € R™ around a point v € int(K) (assuming V2F(v)

is nondegenerate):
[l = A/V2E()[h, h].
Finally, if F' is self-concodrant, then so is its Legendre—Fenchel dual F*(h) =

SUDyeint(ic) 1<h, v) — F(v)}. Thus, the definitions of the Bregman divergence and the

local norm carry over to F™*. Specifically,

I£5 = A/Cf, V2F*(h) f) = \/V2F*(h)[f, f]

is the local norm of f at h induced by F* (by the following assumption that F™* is
strictly convex, this local norm is well-defined everywhere).
Both our algorithm and the relaxation that induces it revolve around a self-

concordant barrier for the set K = G, the state-action polytope of our MDP. This
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set is a compact convex subset of R¥*IYl with nonempty interior. We make the

following assumption:

Assumption 3. The state-action polytope G associated to the MDP with controlled
transition law K admits a self-concordant barrier F : int(G) — R with the following

properties:

1. F is strictly convex on int(G), and its dual F* is strictly convex on RXI*IVI.

2. The gradient map v — VF(v) is a bijection between int(G) and RX*IVI " and

admits the map h — VF*(h) as inverse.

3. The minimum value of F' on int(G) is equal to 0.

This assumption is not difficult to meet in practice. For example, the universal
entropic barrier of Bubeck and Eldan (2015) (which can be constructed for any
compact convex polytope) satisfies these requirements.

We are now ready to present our algorithm and the associated relaxation. We

start by describing the former:

Fort=1,2,...do

If t = 1, choose v; = v* = argmin, ¢y (g) F'(V);

else choose vy = VF* (VF(v,_1) — Bfi_1)

Construct the policy P, = P,, according to Eq. (2.13)

Observe the state X;

Draw the action U; ~ P;(-|X;) and obtain f; from the environment
end for

Here, 5 > 0 is the tunable learning rate. Note also that, by virtue of Assumption 3,
the sequence of measures {4} lies in int(G). Next, we describe the relaxation. For
reasons that will be spelled out shortly, we focus on the regret with respect to policies

induced by elements of a given subset G’ of int(G). For ¢t =0,...,T, we let

t
Ur(@fro.. ) = sup {Zm o+ %Dm )} F28(T—1).  (230)
He s=1
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Note that 14,1 is a deterministic function of fi,..., f;, and therefore the relaxation

is well-defined.

Proposition 11. Suppose that the learning rate 8 is such that B||fi|$p,) < 1/2
for allt = 1,...,T. Assume that HftH*VF(vt) <1, forallt =1,...,T. The relaz-

ation (2.30) is admissible, and the algorithm that generates the sequence {v;} is also

admissible:
‘A/T(g/|f17 ooy ft—1) = sup {<Vt, H+ ‘7T(QI|f1, ooy i1, f)}
feF

Proof. First, we check the admissibility condition at time t = T'. Since the Bregman

divergence is nonnegative, we have

Vr(G'|fry s fr) —SUP{Z@, fs>+;DF(,U7VT+1)}

peg’

T
£ Y
— inf <u, 2 f >

Now let us consider an arbitrary ¢. From the construction of our relaxation, we have

sup {<Vt> fo)+ ‘7T<g/|f1a e 7ft>}

ft eF

—supsup{Zm, ) 0 e )+ 5 D vi) + 28(T >}

fteF ueg’ ﬂ

for all ¢t = 1,...,T. From the definition (2.29) of the Bregman divergence, the

following equality holds for any three p,v, A € G:
Dp(p,v) + Dp(v,A) = Dp(u,\) +{(VF(X) = VF(v),n—v). (2.31)

Since VF and VF* are inverses of each other, we have —ff; = VF(v41) — VF(1).
Using this fact together with (2.31), for any p € G’ we can write
Wy =, Bfe) = (VF (1) = VEW), u— 1)
= Dp(u,v) — Dp(p, vip1) + Dr(ve, vig). (2.32)
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Moreover, once again using the fact that VF and VF™ are inverses of one another,

we have
DF(Vta Vt+1) = DF*(VF(VtJrl)a VF(Vt))
= F*(VF(y1)) — F*(VF (1)) — (VF*(VE(1)), VE (1) — VE())

<A BlfelSren) (2.33)

where
2 3 4

Alr) = —log(l—7r) —r = %—F%—i—%—k....

Note that, because of the definition of A, the learning rate § must be chosen in such
a way that B||f;|3p,,) <1forallt=1,...,T. By hypothesis, we have B f;[% 5, <
1/2 for all t. The first line of Eq. (2.33) is by Prop. 11.1 in Cesa-Bianchi and
Lugosi (2006), the second is by definition of the Bregman divergence, and the third
follows from from a local second-order Taylor formula for a self-concordant function
(Nemirovski and Todd, 2008, Eq. (2.5)) (which is applicable because, by hypothesis,
Bl felSpp,) < 1/2 < 1 for all t) and the fact that the Legendre-Fenchel dual of a
self-concodrant function is also self-concordant.

Using the inequality logr < r — 1, we can upper-bound

1 . 1—-(1=r)(1+7r) r?
— — T = = .
1—r 1—r 1—r

A(r) =—log(l—r)—r<

Moreover, since S fil|3 r(,,) < 1/2 and | f¢[$py,,) < 1for all ¢t € {1,..., T} by hypoth-

esis, we can further bound

A (BIfel%rey) <2821 fel e, < 26%
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Applying Egs. (2.32) and (2.33), we arrive at

sup { i, fi) + Vr(@ 1 fus o)}

fte]-'

= sup sup {Z<M: fs> + <Vt 22 ft>+ 1DF(,u7 VtJrl) + Qﬁ( )}

FieF peg’ o]

t—1 1
?22225{2@7 —fo) + BDF(/% v) + BA (B”ftHVF (1) ) +28(T )}

t—1
<supsup{ Quy —fs) + DF(u,Vt)~I—25( —t+1)}

JteF peg’ | o4 6
= ﬁT(g,Lfla v 7ft—1)‘

This shows that the proposed algorithm (behavoiral strategy) is admissible, and the

proof is complete. O]

Here we impose the assumption that 8| fi[$p,) < 1/2forall ¢t = 1,...,T. A
restriction of this kind is necessary when using interior-point methods to construct
online optimization schemes — see, for example, the condition of Theorem 4.1 and
4.2 in Abernethy et al. (2012). The boundedness of the dual local norm | (|35, is a
reasonable assumption as well. In particular, Abernethy et al. (2012) point out that
if a large number of the points v; are close to the boundary of G’, then the eigenvalues
of the Hessian of F' at those points will be large due to the large curvature of the
barrier near the boundary of G’. This will imply, in turn, that the dual local norm
| fel% 7 18 expected to be small.

Now we are ready to present the online-learning (i.e., steady-state) part of the

regret bound for the above algorithm:

Theorem 12. Let Dp(G') = sup,eg Dp(v,11). Suppose that the learning rate B is
such that B[ fiSp,) < 1/2 for allt =1,...,T. Assume that | fi|$p,) < 1, for all
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t=1,...,T. Then for the relaxation (2.30) and the corresponding algorithm, we can

bound the online learning part of the regret as

T

T
Z<Vt, fo)— gggf/Z@a fo <
t=1

t=1

Drp(G')
5}

+ 20T. (2.34)

Proof. Since the relaxation (2.30) is admissible by Proposition 11, we have

T

T
Z<Vt7 f— Vlélgf, ;@a foy < Vr(G'le)

t=1

= sup
neg’

_ Dr(g))

{DF(:“a V1)

> +2BT}

+ 28T,

O

Remark 5. Since F' is a barrier, Dp(G’) will be finite only if all the elements of
G’ are not too close to the boundary of G. This motivates our restriction of the

comparator term to a proper subset G’ < int(G).

Finally, we present the total regret bound for the above algorithm, including the

stationarization error:

Theorem 13. Suppose that all of our earlier assumptions are in place, and also that

the uniform mizing condition is satisfied. Then for the relazation (2.30) and the

|

+ 26T + Cr(t + 1)*T Az + (21 + 2)Cr, (2.35)

corresponding algorithm, we have

T T
Ej’f 2ft<XtaUt)_ infg/)IE [;ft(X7 U)

] PeM(

Dp(G')
B

where Ap = max) o MaXeex |P_1(-|x) — Pi(-|2)]|;-
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Proof. Let us denote by P, = P,, the policy extracted from v, and the induced
marginal distribution of X; by u; € P(X). We also denote by K; the Markov matrix
that describes the state transition from X; to X;,1, and by 7, € P(X) its the unique
invariant distribution. Finally, we denote by 4 the behavioral strategy corresponding

to our algorithm. Then, for any f € F7, we can upper-bound the regret by

. T
R} (G = Z (s @ P, fr) — iggf, Z<y’ fo
t=1 t=1

N

T
<Y |mers- it o |+ Xl -l
MG =1

P

-+
Il
—

I
=

T T
v fr) — Iglgf, ;1@7 fo+ ; | fellooll pee — mea

-
Il
—

Dr(G')

T
< + 26T + ) | filloolle = il (2.36)
t=1

Now we focus on bounding the third term of the regret bound. For any time k < ¢,

we have

e — melly = 1 Ko — o1 Ko + prr—1 Ky — 7
(a)
< lpp—1 Ky — melly + -1 K1 — pe—1 K|y

b
o |1 Ky — me By + | pn—1 K1 — p—1 K

©
< e s — mly + max | P (1) = Bl

@ t—1

S 'Zk:lglg(x 125 () = Pya ()1, (2.37)
Johe

where (a) is by triangle inequality; (b) is by invariance of m; w.r.t. Kf’ - and (c)

follows from the uniform mixing bound (2.6), and (d) follows from the triangle in-

equality and the easily proved fact that, for any state distribution p € P(X) and any
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two Markov kernels P, P" € M(U|X),

Wk (1P) = ks (1P, < max |P(la) = P'C[a)];

Letting now the initial state distribution be u;, we can apply the bound (2.37)

recursively to obtain

t—1
ik

t
e =y < ey —mfy + 3 oe T Y max || Pi(|z) = Pra (o)l

zeX
k=2 j=k—1

t
<2 N e Tt -k +1)Ar
k=2

0
<2 VT4 B Z(k + 1)6’é
k=0

< 27V 4 (7 1 1) A7
So, the second term on the right-hand side of (2.36) can bounded by

T
Cr Y = 77|y < Cr(r + 1)*TAr + (27 + 2)Cr,
t=1

which completes the proof. O

The third term on the right-hand side of (2.35) quantifies the drift of the policies
generated by the algorithm. A similar term appears in all of the regret bounds of
Dick et al. (see, e.g., the bound of Lemma 1 in Dick et al. (2014)). Moreover, just
like the Mirror Descent scheme of Dick et al. (2014), our algorithm may run into
implementation issues, since in general it may be difficult to compute the gradient
mappings VF and VF* associated to the self-concordant barrier . We refer the
reader to the discussion in the paper by Bubeck and Eldan (2015) pertaining to

computational feasibility of their universal entropic barrier.
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2.5 Conclusions

We have provided a unified viewpoint on the design and the analysis of online MDPs
algorithms, which is an extension of a general relaxation-based approach of Rakhlin
et al. (2010) to a certain class of stochastic game models. We have unified two dis-
tinct categories of existing methods (those based on the relative-function approach
and those based on the convex-analytic approach) under a general framework. We
have shown that an algorithm previously proposed by Even-Dar et al. (2009) natu-
rally arises from our framework via a specific relaxation. Moreover, we have shown
that one can obtain lazy strategies (where time is split into phases, and a different
stationary policy is followed in each phase) by means of relaxations as well. In partic-
ular, we have obtained a new strategy, which is similar in spirit to the one previously
proposed by Yu et al. (2009), but with several advantages, including better scaling of
the regret. The above two algorithms are based on the relative-function approach via
reverse Poisson inequalities. Finally, using a different type of a relaxation, we have
derived another algorithm for online MDPs, which relies on interior-point methods
and belongs to the class of algorithms derived using the convex-analytic approach.
The takeaway point is that our general technique of constructing relaxations after a
stationarization step brings all of the existing methods under the same umbrella and

paves the way toward constructing new algorithms for online MDPs.
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3

Online MDPs with predictable sequences

3.1 Introduction

In the preceding chapters, we have presented no-regret algorithms with performance
guarantees for all possible cost sequences, including the worst-case scenario. There-
fore, the regret bounds are often conservative. More optimistic results are desirable
when the cost sequence may have some level of “regularity”. This chapter addresses
this concern by introducing a different model of non-stationary environments, where
algorithms with more favorable performance guarantees can be designed. The goal
is to develop algorithms that enjoy tighter regret bounds for “more predictable” cost
sequences while still providing the same guarantees as before in the worst case. For
example, in managing a company’s inventories, we often have some prior knowledge
of the future demands due to past experiences and records, and we would like to
form this prior knowledge into a predictive model and incorporate the model into
the decision loop.

We present methods for online MDP problems that take advantage of the so-

called “predictable sequences”. This notion is proposed by Rakhlin and Sridharan
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(2013a,b), where they present methods for online linear optimization that take ad-
vantage of benign (as opposed to worst-case) sequences. Our approach can be seen
as an extension of their work to the setting with state variable. We assume the agent
has a predictive model that returns an estimate of the current cost function given
all the previously revealed cost functions. We incorporate this estimate along with
all the previously revealed cost functions into choosing the current action. The pre-
dictive model can be seen as our guess of how the actual cost sequence is generated.
We present an algorithm that incurs smaller regret when our guesses become more
accurate over time.

The remainder of the chapter is organized as follows. Section 3.2 contains the
precise formulation of the online MDP problem with predictable sequences. Sec-
tion 3.3 describes our proposed algorithm and contains the main result. We close

this chapter in Section 3.4.
3.2 Problem setup

We consider an online MDP with finite state and action spaces X and U and a fixed
and known transition kernel K. Let F be a fixed and known class of functions
f:XxU—-R, and let z € X be a fixed initial state.

Here we follow the prediction model in Rakhlin and Sridharan (2013b) to define
predictable sequences. For each ¢t € {1,...,T}, fix a sequence of functions M, :
Fi=! - F, and let ft = My(f1,..., fi—1) be our estimate (or prediction) of f; based
on the revealed realization of fi,..., fi_1. We call {M;}  the prediction model of
the cost functions, and it is supposed to be available to the agent as prior knowledge.
Ideally, the prediction model should capture the predictable part of the evolution of
the cost sequence, with the underlying assumption that f; can be approximated as a

function of the previous revealed cost functions {fi, ..., fi_1} plus some unpredictable
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noise. If f, = My(f1,..., fi—1), it means we have a perfect prediction model for the
cost sequence. Our goal is to incur smaller regret if the estimates are close to the
true cost functions.

Consider an agent (A) performing a controlled random walk on X in response to
signals chosen by the environment (E). The agent is using mixed strategies to choose
actions, where a mixed strategy is a probability distribution over the action space.

The interaction between the agent (A) and the environment (E) proceeds as follows:

X1 =X
fort=1,2,...,T
A knows fI=! and prediction model ﬁ = M(f1,..., fie1);
A observes state X;, selects P, € M(U|X) based on X!, f{~! and M,
E selects f; € F and announces it to A
A draws U; ~ Pi(+|X}) and incurs cost fi( Xy, Up)
The system transitions to X;1 ~ K(:| X3, Uy)
end for

This setup is very similar to what we had in Section 2.2. The difference lies in the
way the agent uses his information to form his decision. At each t > 1, the agent
observes the current state z; and selects the mixed strategy P, where P,(u|z;) =
Pr{U; = u|X; = .}, using his knowledge of all the previous states and current
state 2, the previous moves of E, f*"" = (fi,..., fi_1), and the estimate of f;, i.e.,
ft = M(f1,..., fi—1). As before, we define A’s closed-loop behavioral strategy as
a tuple v = (v1,...,797), where v, : Xt x Fi=! — P(U). Similarly, E’s open-loop
behavioral strategy is a tuple f = (f1,..., f;). We impose the same assumptions
as in Section 2.2: We assume throughout that E is oblivious (or open-loop) in the
sense that we assume that the evolution of the sequence {f;} is not affected by the
state and action sequences {X;} and {U;}. We also assume the “uniform mixing
condition” (see Section 2.3.1 for details). After drawing the action U; from P,, A
incurs the one-step cost f;(X;,U;). Once the initial state X; = x and the strategy
pair (v, f) are specified, the joint distribution of the state-action process (XT,UT)
7



is well-defined.

The goal of the agent is to minimize the expected steady-state regret

} e

where the outer expectation EY is taken w.r.t. the distribution induced by A’s

T T
et 2 {3 v, 00 - g, B | S50
t=1

t=1

behavioral strategy -, E’s behavioral strategy f, and the initial state X; = .

As in Section 2.2, we consider the steady-state regret, so that the expectation in
the comparator term E [ZtT:I fi(X, U)] is taken over mp ® P(x,u) = 7p(z)P(u|z),

where 7p is the unique invariant distribution of K(-|-, P). The regret RYf can be
interpreted as the gap between the expected cumulative cost of A using strategy -~
and the best steady-state cost A could have achieved in hindsight by using the best

stationary policy P € M, (with full knowledge of f = f7).
3.3 The proposed strategy

In this section, we will present an algorithm that takes advantage of the prediction
model in the sense that the regret bound scales with the error of the prediction
model.

Here we need to reapply the stationarization idea to reduce the online MDP
problem to an online linear optimization problem, decoupling the current state and
the past actions. The reader can see Section 2.3.3 for details. Here we briefly review
the reduction to fix ideas. Recall that we define the regret w.r.t. a fixed P € M(U|X)

with initial state X; = x:

T T
RYI(P) = E}Y [Z fe(Xe, U) — Z nﬁf]
t=1

>

t=1

= i [<u?’f ® Pt%fv fi) —{mp ® P, ft>] ’

t=1
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and decompose the regret RY¥(P) into two parts: the stationarized regret RY7(P)

and the stationarization error Y [ filloo|u?® — 77°7||y, that is

x ‘ 1

T
Ry (P) < R (P) + Y | fuloel ! — 7!
t=1

T T
=S [ @B ) = @ P o] + NI filaliid = 71 (3:2)
t=1

t=1

Now we end up with an online linear optimization problem where at each time step
t, the agent is choosing an occupation measure v; = ' ® Pt%f from the set G
(here we omit the dependence of v, on ~, f for simplicity), and the environment is
choosing the one-step cost function f;. The agent then incurs the cost (v, f;). We
will derive an algorithm for the agent to choose occupation measures from G, so that
the total cost incurred by the agent is not much worse than the total cost incurred
by the best fixed occupation measure in G. Since we can recover a policy from an
occupation measure, we just need to find a slowly changing sequence of occupation
measures such that the online learning part of the regret is small, and the slowly
changing aspect will ensure the stationarization error is also small. We then utilize

the prediction model to bound the stationarized regret.
3.8.1 Algorithm description

The algorithm we use can be seen as a modified version of the FRL algorithm.
In particular, our algorithm selects the occupancy measure v; € G that solves the

optimization problem

1
pt =y, = ar%elgin {<u, % ;fs + %ft> + @(V)} , (3.3)

where ®(v) is the relative entropy regularization term D(v|vy), where vy € P(X x U)

is a given reference measure that assigns positive mass to every state-action pair
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(x,u). Note that v, does not have to be a member of G. Here we choose it to be
the uniform measure over all state-action pairs. The entropic regularization term
penalizes “spiky” occupation measures, thus guaranteeing that every action has a
nonzero probability of being selected at every time step, which in turn provides the
algorithm with a degree of stability. This algorithm is very similar to the Optimistic
Follow the Regularized Leader (OFRL) algorithm in Rakhlin and Sridharan (2013b).
Here we incorporate the prediction model of the cost function into the decision loop.
If the prediction turns out to be accurate (which means that ft is close to f;), the
method should yield tighter regret bounds. This method is “optimistic”, because it

incorporates M, into the calculation of the next decision as if it were true.
3.83.2  Main result

Before proving the regret bound of the above algorithm, we present the following

lemma:

Lemma 14. Let v} = argmin, g {(g,v) + B®(v)} and v} =

argmin, g {{(¢',v) + B®(v)}. Then we have

Blvg = vyl < llg = gl

Proof. For each function g € F, define F, : P(X x U) - R by

Fy(v) =<{g,v) + p2(v). (3.4)

We say the function F| is S-strongly convex with respect to ¢; norm if for all v,/ €
P(X x U),

p

F,(v) = F,(V') +{(VF,(V"),v = V) + §||y — V|2 (3.5)

It is well-known that ®(v) is 1-strongly convex with respect to the ¢; norm over
P (X x U) (see the proof of Example 2.5 in Shalev-Shwartz (2011). By Lemma 2.9 in

Shalev-Shwartz (2011), we know that if @ is 1-strongly convex with respect to some
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norm, then & is [-strongly convex with respect to the same norm. It is easy to
see that the linear term (g,v) does not affect the strong convexity. Therefore, we
know the function F,(v) is f-strongly convex over P(X x U). The set G of occupation
measures is a convex subset of P(X x U). Thus, Fy(v) is S-strongly convex on G as
well.

Let vy = argmin,g Fy(v) and v}, = argmin,g Fiy(v). By the strong convexity
of Fy, for any v € G, we have

B

Fy(v) = Fy(vg) = Slv =i (3.6)

and

B
—|v - V;H%. (3.7)

Fylv) = Fy() = -

g

These holds due to (3.5) and the fact that the gradient terms VF,(vy) and VF, (v5)

are zero. Replacing v in (3.6) with v, and v in (3.7) with v, we have

B
2

*

o(vg) = Fy(vg) =

lvy = vg 3.

and

B
2

lvy —vyli.

Fg/(V*> - Fg/<l/;/) =

Adding the above two inequalities together, we have
(Fy — Fg’)(”;’) + (Fy — Fg)(’/;) = 6”7/; - V;'H%-

From the definition of F,;, we have

lg—9g. vy +{g —g.vy) = Blvy —vyli.

Rearranging, we obtain

lg—d. vy —vy) = Blv; — vl

81



Then by Holder’s inequality,
lg = g'lclvy = vyl = Blvy — vyl

and if the term [[v¥ — v% [, is nonzero, i.e. if v} and v}, are different, by cancelling

out [lvy — vy|ly on both sides, we end up with
lg = 9'loe = Bllvg = vyl
If vy — vy = 0, then the desired bound holds a fortiori. O

Theorem 15. The proposed algorithm (3.3) enjoys the following regret bound:

4 T
1 ~
f< Z EHft — fill2, + Blog|X x U] + CfZ 1F — )L
=1 t=1

Proof. First, let v* = argmin,;(v, >, fi» and v, = 77 @ P, From (3.2), we

get

T T
v.F — mv.f
RYT = E] {Z (X, Uh) P%E[;ft(x,m]}
T T
< D= vt o+ Cr ) T = n
t=1 t=1

where Cr = sup sz | | oo-
. 1 t .
Define ji441 = arg min, g {3<’/’ Day fs) + (I)(V)} to be the unmodified Follow the

Regularized Leader. We have
T T R T R T
Z<Vt =5 fy) = Z<Vt — Bt fo — fo) + Z<Vt — 1, fo) + Z<Mt+1 — v fy
t=1 t=1 t=1 t=1

Using induction, we will now show that

T

Z@t ut+l,ft>+2<ut+l,ft> 2 oy + BO(v*) (3.8)

t=1 t=1
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The base case 7 = 1 is immediate because we can simply assume ]?1 = 0. Suppose

that the above inequality holds for 7 = T'— 1. Using v* = vy and adding (v —

HT+1, ]/C\T> + {pir+1, fr) to both sides, we have

T R T
Z<Vt — s, fr) + Z<Nt+1; fe)

S

-1

< ) lvr, fo) + BO(vr) + (vr — prsy, fr) + {prsr, fr)
1

-+
Il

T-1

v, Y, fo+ fT> + B®(vr) — (urt, Fr + (e, fr)

t=1

<

N

<

P

T-1
K141, 2 fi + J?T> + BP(prs1) — {prsa, fT> + (s fr)

T
< (v fT> + BP(v*)
t=1

by the optimality of vy and pr,;. This concludes the inductive argument, and we

have

T

T
Z<Vt —v* fi) < Z<Vt — fit1, ft — J?t> + BP(v¥) (3.9)
=1

t=1

Armed with Lemma 14, it is easy to see that

T
Z<Vt —v* fi) < Z<Vt — fey1s fr — ft> + BP(v¥)
=1

=1

~

T

< Y= pealal fi = Filoo + BO(v)

t=1

Ifi — fil% + BO*)

=

|

<
t

1
T 1 R

<) Glfe = Jill + Blog X x U],
t=1
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Note that if we have prior knowledge about the quantity Zthl | fe — ﬁ”w, we can

optimize the online learning part of the regret by choosing g = Zle %, and

then we have:

T T
RYT <2, [log X x U Y, |fi = 2, + Cr D i = 7T

t=1 t=1
The second term is the stationarization error term, and it can be treated the same
way as before. The key point here is that the regret will become smaller as the
prediction model becomes more accurate. Contrary to the online learning setting,
it is not possible to achieve zero regret even if we have a perfect prediction model.
It is inevitable to have at least some stationarizaton error no matter how accurate
the prediction model is. This result also shows how the presence of the state in
the online MDP problem fundamentally complicates both the theoretical analysis
and the development of no-regret methods. In general, the stationarization error is
difficult to analyze, and it is closely related to the quantitative study of merging and
stability of time inhomogeneous Markov chains on a finite state space. The readers

can see Saloff-Coste and Zuniga (2009) for details.
3.4 Conclusion

We have presented an algorithm that seeks to improve performance by exploiting
observed deviations of the arbitrary player from a worst-case strategy. We have
extended the work of Rakhlin and Sridharan (2013a.b) to the online MDP setting
and shown that the regret of our proposed strategy decreases when the prediction

model becomes more accurate.
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4

Information projection onto the state-action
polytope

The convex-analytic approach in Chapter 2 and the algorithm developed in Chapter 3
all require a projection onto the state-action polytope G, by which we reduce the
online MDP problem to an online linear optimization problem. In this chapter, we
study this projection in the traditional MDP setting by relating it to a certain class of
optimization problems. More specifically, the average-cost optimal control problem
for an MDP can be formulated as a linear program (LP) over the convex polytope
of ergodic occupation measures that characterize steady-state frequencies of states
and actions along the trajectory of the controlled chain, which in fact is the state-
action polytope. We extend this convex-analytic method by adding a relative entropy
regularization to the objective function, which allows us to minimize the long-term
average cost while staying close to some reference measure. We further relate the
resulting optimization problem to the theory of exponential families of probability
distributions and exploit this relation to derive structural results for the optimizing

measure, its associated policy, and the corresponding ergodic cost. These properties
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are then used to establish sensitivity and stability results, which can provide novel

insights into online MDP algorithms beyond establishing sublinear regret bounds.
4.1 Introduction

Consider the standard set-up for an MDP with finite state and action space X and
U (Puterman (1994); Arapostathis et al. (1993)). The average cost of a stationary

Markov policy w : X — U with the initial condition X; = x; is given by

J(w,xy) = lim sup fIE;”I
T—0

Zf(Xt>w(Xt))] ) (4.1)

where f: X x U — R is the one-step state-action cost, and EY [-] is the expectation
w.r.t. the law of the Markov chain X = {X;} with the deterministic initial condition

X1 = x1, and with controlled transition probabilities
Pr{X,.1 = y|X; = 2} = K(y|z, w(x)).

Here, K (y|z,u) is the controlled transition kernel. The construction of an optimal
policy that minimizes (4.1) for every initial condition z; is a well-known dynamic
optimization problem whose solution revolves around the average cost optimality
equation (ACOE) (Arapostathis et al. (1993)). Alternatively, it can be reformulated
as a ‘“static” optimization problem over a convex subset G of the simplex of all
probability distributions on Xx U (the so-called state-action polytope, see Section 2.3.3
for details). As a result, minimizing the long-term expected average cost can be
solved using a LP. The idea behind this convex-analytic method dates back to the
work of Manne in the early 1960s (Manne (1960)) (see Borkar (2002) for a detailed
introduction).

While the LP approach to MDPs is widely studied and used, there are some
situations where a direct application of this approach may not be suitable. We may

have some extra knowledge or side information that could be used to further constrain

86



our optimization problem. For example, we could directly get a nominal state-action
distribution from an expert in the field and want to use it as a reference during
the optimization. Alternatively, there are situations where we only have access to
certain sample state-action trajectories, which could be obtained from observing an
expert performing a task; the goal is to build a controller that mimics the expert
while minimizing costs. In this case, we could use the observed trajectories to form
an estimation of the state-action distribution and then use it as a reference. In those
settings, if we apply the traditional LP approach without any regularization, we will
be ignoring important data that could possibly improve our performance.

To address the gap between the traditional LP approach and the above-mentioned
situations, we add a relative entropy term to the original LP optimization objective.
Suppose we have computed a reference measure as a prior from observed data or
an external advice; the relative entropy between any candidate measure in G and
the reference measure (which may or may not be a member of G) will act as a
regularizer. By relaxing the LP approach with an entropy regularization, we find a
policy that makes the expected ergodic cost as small as possible while staying close
to the reference measure. Moreover, we also have a regularization parameter that
controls how much we should trust the side information; in the online setting, this
parameter can be interpreted as the learning rate. We will motivate our formulation
in more detail within the context of online MDP policy learning problem in the next
section.

We relate this entropy-regularized approach to the theory of exponential families
of probability distributions (Wainwright and Jordan (2008)), and extract various use-
ful properties of the optimizing measure, its associated policy, and the corresponding
ergodic cost, including their dependence on the state-action costs and the regular-
ization parameter. To the best of our knowledge, this connection is not addressed in
existing works. Understanding the behavior of the optimizing measure and the re-
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sulting policy gives an insight into several interesting problems, such as online MDP
policy learning. From previous chapters and recent work (Dick et al. (2014); Zimin
and Neu (2013)), it is known that we can solve an online MDP policy learning prob-
lem by using online linear optimization methods, where at each time step we deal
with an optimization problem that exactly falls in our formulation. However, exist-
ing works focus mainly on the regret analysis, so that the stability and sensitivity of
the derived policy are unaddressed. Our results on the sensitivity of the optimizing
measure can be used to study those kinds of properties of the resulting policies. We
also identify the role of the relative value function within our framework by relating
it to the canonical parameters of the exponential family, and derive its dependence

on the regularization parameter.
4.2 Entropy-regularized MDPs

In this section, we start by briefly reviewing the LP approach to MDPs, and then
give a formal description of our entropy-regularized approach.

Let X and U be finite state and action spaces, and K (y|x, u) be the state transition
kernel of a controlled Markov chain. Let G < P(X x U) be state-action polytope: the
set of all ergodic occupation measures (see Section 2.3.3 for details).

It is well-known that the average cost optimal control problem can be cast as
an LP over the state-action polytope G (Manne (1960); Borkar (2002)). Specifically,
under some mild assumptions (Manne (1960); Meyn (2008)), the optimal average

cost is independent of the initial state and can be expressed as the value of

min (v, f) subject to v € G. (4.2)

The basic idea is that we can express the expected long-term average cost of any
Markov policy as an expectation of the state-action cost w.r.t. the empirical distri-

bution of the states and the actions. Via limiting arguments relying on Birkhoff’s
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Individual Ergodic Theorem (Birkhoff (1931)), it can be shown that this empirical
distribution converges to an element of G. Thus, instead of solving a dynamic prob-
lem involving the long-term average cost, we can solve a static problem of minimizing
a linear functional of the joint distribution of the state and the action, subject to the
invariance constraints. In fact, the minimizing v* must be an extreme point of G, and
it is well-known that the extreme points of G correspond precisely to deterministic
control policies (Borkar (2002); Meyn (2008)). Therefore, the resulting policy P,
computed according to (2.13) is a Dirac measure for each z € X.

The ACOE can be seen to arise from this framework as well. Indeed, we can

account for the invariance constraint v € G by introducing the Lagrangian

Li(v,h)={v,f+ Kh—h®1), (4.3)

where the Lagrange multiplier h takes values in C(X), Kh is the element of C(X x U)
given by
Kh(z,u) = Y K(ylz,u)h(y),  Y(r,u)eXxU (4.4)

yeX

and h ® 1 is the function (z,u) — h(x). It can then be shown using the convex
duality (see Proposition 9.2.11 in Meyn (2008)) that the maximizer of L¢(v, h) over

C(X) is precisely the relative value function hy : X — R that solves the ACOE

hy(z)+n= min) {f(x,u) + Khy(z,u)}, veX (4.5)

uel(z

where U(z) < U is the set of allowable actions in state x and 7 is the value of the

linear program (4.2).
4.3 Problem formulation

We now consider a relaxation of (4.2) that adds a relative entropy regularization

term. Fix a state-action cost function f : X x U — R and consider the following
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problem:

Ilfleiél{ﬁ<l/,f>+D(l/”V0)}, (46)

where > 0 is the regularization parameter, and vy € P(X x U) is a given reference
measure. As we mentioned above, the motivation for this is that the Markov policy
induced by the optimizing occupation measure will minimize the expected ergodic
cost while staying close to the reference measure 1. Note that vy does not have
to be a member of G. For instance, if 14 is an empirical state-action distribution
computed from a finite-time trajectory of some MDP, it might not necessarily satisfy
the invariance constraints. We also point out that (4.6) can be thought of as a
scalarized version of the problem
minimize D(v|vy)

subject to (v, fy=¢, veg

for an appropriately chosen ¢ € R. We recognize this as the so-called information
projection (or I-projection) (Csiszar (1975)) of vy onto the set of all v € G satisfying
a given linear equality constraint. For this reason, we may refer to the problem
of finding the minimizer in (4.6) as an information projection onto the state-action
polytope.

We now describe the basic structure of the optimizing measure in G. Let N = |X],
and let X = {z™M, ... (M} be an arbitrary enumeration of the states. Consider N

functions r; : X x U — R defined for each i =1,..., N by

ri(z,u) = K(z9|z,u) — 1{z = 2}, (4.7)
The constraint v € G is equivalent to N linear constraints {v,r;) = 0,7 = 1,..., N.
From (4.7), we see that

N

Zri(z,u) =0, V(z,u) e X x U.

i=1
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That is, the functions rq,...,ry are linearly dependent. Fortunately, this is easy to
fix: if we remove one of the invariance constraints (say, the Nth one), the remaining
N — 1 constraints (v,r;) = 0, 1 <i < N — 1, still ensure that v € G. Then we can

rewrite the problem in (4.6) as

min {8, f)+ D(v|vo)}

veP(XxU)

subject to (v,r;) =0,i=1,...,N — 1. (4.8)

This is a convex program, since the relative entropy D(:|-) is convex in each of its
arguments. Introducing Lagrange multipliers for the invariance constraints and using
the nonnegativity of the relative entropy, it can be shown that the solution is given

by the Gibbs distribution

Voexp{—< f~I—ZN "y >}

Vi = — , (4.9)
(uovesp {= (7 + 55" })
where the parameters )\f e ,)\]B\,_l are chosen to satisfy the invariance constraints.

We can now extract the desired control policy:

Pﬁ(u|x) = ny (u|z)

I/O(x,u)exp{ Bf(x,u) Z }

_ . (4.10)

Zl/o(x,v)exp{ Bf(z,v) — Z mxv}

velU

Note that this policy is randomized, in contrast to the deterministic nature of the

optimizing policy in the usual average-cost setting without entropy regularization.

Remark 6. By eliminating the Nth invariance constraint, we have resolved a
nonuniqueness issue involving A?. If we had kept all N invariance constraints, then

the solution to (4.6) would have been of the same Gibbs form (4.9), except with N
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parameters )\/13 yee ,)\]BV. However, in that case adding an arbitrary a # 0 to each )\f ,

1 <1 < N, would have resulted in the same distribution fo . Removing the Nth

constraint is thus equivalent to setting )\]% = 0.
4.83.1 Motivation

Now we take a look at a situation where an optimization problem like (4.6) could
arise. Let us consider the online MDP setting with arbitrarily varying state-action
costs. In Section 2.3.3 we reduced the MDP problem to an online linear optimization

over G: the agent must select a sequence {14};2, in G to minimize the regret

T T
Z<Vt7 fe) — inf Z<V7 fe)
t=1 9

subject to the causality requirement that v, may depend only on fi,..., f;_1. The

Markov policy P; at time t is then given by P,,, according to (2.13). Dick et al.
(2014) propose an online policy based on the (inexact) MD algorithm (Cesa-Bianchi
and Lugosi, 2006, Ch. 11) over the polytope G, and we derived an OMD algorithm
in Section 2.3.3. Alternatively, one may consider the Follow the Regularized Leader
(FRL) algorithm (Cesa-Bianchi and Lugosi (2006)): at each time step ¢, the algo-

rithm selects

v = argerélin {B <I/, 2 fs> + D(V]l/o)} : (4.11)

where the reference measure 1y € P(X x U) assigns positive probability to each state-
action pair (z,u) € X x U. The intuition behind (4.11) is to balance exploitation
(where we minimize the expected cost given by the average of all previously revealed
cost functions) against exploration (where we may want to visit each state-action
pair infinitely often with probability one).

Both the FRL and the MD algorithms require a projection onto the the convex
polytope G. Existing works (Dick et al. (2014); Zimin and Neu (2013)) have so
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far focused mainly on deriving sublinear regret bounds. Much less is known about
the behavior of the optimizing measure and its associated policy. Here are some
questions that can naturally arise in this setting from a control-theoretic point of

view:

e How does a no-regret policy behave if we change the learning rate [ or state-

action costs?

e What plays the role of the relative value function in this entropy-regularized

setting, and how does it depend on state-action costs and learning rates?
e How do we efficiently implement this projection step?

Answers to these questions are crucial for understanding stability and sensitivity
properties of the resulting policies, but most of them have not been addressed in ex-
isting works. Peters et al. (2010) consider a similar setup and propose a reinforcement
learning method which identifies the role of the relative value function in the presence
of a relative entropy regularization. However, the sensitivity of their solution to the
step size and costs are not mentioned. Dick et al. (2014) deal with the projection
by an approximating algorithm, and Zimin and Neu (2013) only study the regret
bound and present the optimization problem without providing the solution. This
chapter aims to address these questions or at least shed some light on them. Indeed,
the optimization problem (4.11) has the exact same form as our entropy-regularized
formulation (4.6). Consequently, the optimizing occupation measure selected at each
time step ¢ is of the Gibbs form (4.9). In next section we study this Gibbs measure,

and relate the projection to the relative value function.
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4.4 Main results on the Gibbs policy

We now turn to our analysis of the Gibbs distribution (4.9) and the induced policy

(4.10). In particular, we address the following questions:

1. How do the invariance parameters )\f, i€ {l,...,N}, depend on the state-

action cost f and on the regularization parameter 37

2. How do the Gibbs distributions Vf behave as we vary 5 and/or f? Note that
increasing (3 corresponds to relaxing the relative entropy constraint in favor of

keeping the ergodic cost small.

3. What plays the role of the relative value function h in the presence of entropy

regularization? What is the corresponding analogue of the ACOE?

To that end, we exploit the fact that the optimizing distribution V? is a member of an
exponential family (Wainwright and Jordan (2008)), with some additional structure

arising from the invariance constraints.
4.4.1  Embedding into an exponential family

Let us fix a state-action cost function f € C(X x U). We impose the following

assumption:
Assumption 4. The N functions f,rq,...,ry_1 are affinely independent, i.e., the
functions r1 — f,...,rny_1 — f are linearly independent.

Next, we define the log-partition function?

N-1
() = log <V0,exp {—)\of - Z )\ﬂ‘z}>
i=1

I This terminology comes from statistical physics.
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of a vector A = (Ao, A1,...,An_1)" of N real parameters. Since f and all r;’s are
bounded, ®;(\) < oo for all A € RY. We denote by & the family of all Gibbs

distributions

N—-1
Vi 2 Vg exp {—)\of — > Airi— c1>f(A)} , Ae RN, (4.12)
=1

Since @ is everywhere finite, and with Assumption 4 in force, this is a regular
and minimal exponential family of distributions (Wainwright and Jordan (2008)),
where the functions f,rq,...,7n_1 are called the sufficient statistics and X € RY is
the vector of canonical parameters. The following standard result on regular and

minimal exponential families will be useful:
Lemma 16. The function ®) has the following properties:
1. It 1s strictly convex.

2. It is infinitely differentiable, and its derivatives are the cumulants of the suffi-

cient statistics. In particular:

Vo) = —Epales], V24(A) = Covya[iy], (4.13)

where By ,\[-] and Covy(+) denote, respectively, the expectation and covariance

w.r.t. vpy, and o5 : X x U — RY s the vector of sufficient statistics:

or(z,u) = (flz,w),r(z,u),...,ry-1(z,w).
4.4.2  Basic properties of the Gibbs policy
The Gibbs distribution 1/? that solves the optimization problem (4.6) has the form

(4.12) with A\g =  and \; = )\f fori =1,...,N — 1. Moreover, it is also an element

of the state-action polytope G. Thus, it is contained in the set

gfégfﬁg.
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Unlike G, this set is not convex (in fact, neither is ;). Let us introduce some

notation: We let A® € R denote the vector (3,A7,..., A% )", and we let
E(B) = <V?,f>
Dy(B) = D(vf|w)

Ap(B) = =571 0p(N7).
With this, we have the following result:

Theorem 17. The ergodic occupation measure 1/]@z that solves (4.6) is an element of

Gy, and has the following properties:
1. It satisfies the Helmholtz formula A¢(8) = E;(8) + 871D (8).

2. It has the equalizer property: Any ergodic occupation measure p € G with the

same ergodic cost as 1/?, i.e., {u, [y = Ef(B), satisfies

Vﬁ
@m%f-—Dmﬂ (4.14)

3. It has the I-projection property (Csiszar (1975)): for any pu € G with {u, ) =
Es(8),

D(u|wo) = D(ullvy) + D(vf|w), (4.15)
with equality if D(u|vy) < .

4. The vector \? solves the equation

Vo, (V) = ~Ey(B)eo, (4.16)

where eg = (1,0,...,0)7e RV,
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Remark 7. The term “Helmholtz formula” comes from statistical physics, where
the functional Af(u) = {u, f) + 87 D(u|rp) is known as the Helmholtz free energy

of u at the inverse temperature § (Ellis (1985); Streater (2009)). Then the fact that
Ap(B) = A;(v)) = min A 4.17
#(B) = Aglvy) = min = As(p) (4.17)

is referred to as the thermodynamic stability of 1/? .

Proof. By the definition of the relative entropy,

8
Dy(B) = <l/ﬁ,10g y—’;>

N-1
= — <yf,5f + ) /\fri> — (N7
1=1

= =B ) — ®p(N)
= B (As(B) — E¢(B)),

where we have used the fact that I/ﬁ € G, so that <V? ,17iy = 0 for all . Next, we write

Vﬁ N-1
<u,1og V—ﬁ> =— <u,ﬁf + ) A?n> —®p(N)
=1

= _B<:ua f> - (Pf()‘ﬁ)
= —BE;(B) + BAs(B)
= D(8),

where we have used the assumptions that p € G and (u, f) = E¢(8). Now, if
D(u|vg) = oo, then (4.15) holds trivially. Thus, we assume D(ulvy) < oo, ie.,
supp(p) € supp(rvy). But then, since Supp(yf) = supp(vp), we have D(u]\u?) < w,

and therefore

8
f f v

D(pfrvo) = <u,log —> = <u,log —ﬂ> + <u, log —f>
Yo Vs Yo

= D(ulv}) + D(v} |w),
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where in the last step we have used the equalizer property (4.14). Finally, we note

that

Wi fy=Ef(B) and @}, 1y =0,Vi,
and then use (4.13). O
4.4.8 Sensitivity to perturbations in f and

Next, we investigate the effect of varying the state-action cost f or the entropy
regularization parameter S. When f stays fixed, we are still in the same exponential
family £;. When we change f to f’, we must consider another exponential family
&y, where we assume that f’ still satisfies Assumption 4. Consequently, we now
use the notation )\’? , to indicate the dependence of the canonical parameters on the
underlying state-action cost explicitly. We start by analyzing the effect of varying

the cost function f:

Theorem 18 (Sensitivity to perturbations in f). For a fixzed 5 = 0 and for any two
f,fleC(XxU),

B, B 6_2 2
DOV} < 21f = fI2 (418)

Moreover, the ergodic cost is Lipschitz-continuous on bounded subsets of C(X x U):

|E(B8) = Ep(B)] < (MB+ 1) |If = [l (4.19)

where M = | flloo v | .f]oo-
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Proof. The bound (4.18) is proved as follows:

8|, 8 3 V?
DWiIvE) = { Vi, log =
I/f,

= BWE = )+ B(Af(8) — Ap(B))

<u0, exp {—ﬁf’ - Afn}>
(vo,exp {8 = L X} )
= B, f = £+ log (v, PV

_ B -1
2 Y

= B f — [y +log

where we have used Hoeffding’s lemma (Hoeffding (1963)) (also see (Cesa-Bianchi
and Lugosi, 2006, Lemma A.1)). This proves (4.18). Now, we prove (4.19):

B4(8) = Ep(B)| = [0 1) = ]

< ‘<1/? — l/?,,f>‘ + ‘<V?/,f -

< MHV? — V?I”TV + Hf - f,HOO

< MA/2D]|V5) + | = f'lle
< MB+DIf = flee,
where in the last two lines we have used the Pinsker’s inequality (Cover and Thomas

(2006)), as well as (4.18). O

Now we consider the effect of varying 3 while keeping f fixed. It will be convenient
to introduce the following shorthand notation:
Dy(8|8) = D(v]|v]).
Theorem 19 (Sensitivity to perturbations in ). For any f € C(X x U) and any

pair 3,5 =0,
Dy(B|8") + Dy (B'|8) = (Ef(B) — Ef(8) (8" = B) . (4.20)
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The corresponding ergodic costs satisfy

|E(8) — Er (8] < | f1%18 = B (4.21)
i.e., the function — E;(f5) is Lipschitz-continuous.

Proof. A simple calculation using the definitions gives

Dy(B|B) = ®(N) — &, (M) + Ep(B) (B — B).

Interchanging the roles of $ and ' and adding the two equations, we see that the

terms involving @ cancel, and we are left with (4.20). To prove (4.21), we write

BA(8) - Bx(3)| = |(v] = v . £)|

< | flollrf = v v

< 5171e (y/20,(619) + 120, (519))

< |floo\/ Ds(B18) + Dy (815)

= £ loor/ (E4(8) = E4(8) (8~ ),

where the third line is by the Pinsker’s inequality, the fourth line is by concavity of
the square root, and the last line is by (4.20). Squaring both sides and rearranging,
we get (4.21). O

4.4.4  Canonical parameters and the relative value function

The vector of canonical parameters A\’ € RV that identifies the Gibbs distribution
(4.9) as a member of the exponential family &; satisfies the relation (4.16). This
relation couples the coordinates )\g = [ and )\'f e )\J‘i,_l in a nontrivial way. We
now show that the parameters )\iﬁ , 1 <7< N —1, can be used to define a function

h? : X — R that plays the same role in the presence of the entropy regularization as
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the relative value function A in the entropy-unconstrained optimal control problem
(4.2).

Specifically, we define h? by setting

(4.22)

hﬁ(aj): 5_1)\?71,, ifx:x(i),iZL...’N_l
! 0, if =M,

With this, we can write

Z_ A ri(a,u) = B (Z K (y|z, w)hi(y) — h?(@)

yeX

Eg@mﬂ%m—@@».

Now the ergodic occupation measure V? and the induced policy P]’? can be expressed

V?(x,u)
vo(a.u) exp {5 (f(a,w) + Kij(a,u) - (@) )}
N (vo,exp{-B(f+ Kh—h®1)})
and
pfﬁ(u|x) B vo(z,u) exp {—B <f(x,u) + Kh?(x,u))}

Z vo(z,v) exp {—ﬁ <f(x, v) + Kh?(a:, v)) }

vel

respectively. We can now recognize the policy Pfﬁ as a “softmax” relaxation of the

deterministic optimal policy

w*(z) = argmin {f(z, u) + Kh(z, 1)}
ueU(z)

where h = hy solves the ACOE (4.5), except now we have U(z) =

{ueU:y(x,u) # 0} and, instead of choosing an action u that minimizes the sum
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of the immediate cost f(z,u) and the forecast future value Kh(z,u), the con-
troller samples each action uw with a probability that decays exponentially with
f(z,u) + Kh?(x,u).

Moreover, the gradient relation (4.16) that determines )\? can be derived alterna-
tively by considering the dual of (4.6), in the same way that the ACOE (4.5) arises
from the dual of (4.2) (Meyn (2008)). Specifically, let us introduce the Lagrangian

Li(v,h) =B, f+Kh—h®1)y+ D(v|w), (4.23)

where the Lagrange multiplier A takes values in C(X x U). Since the constraints in

(4.6) are given by linear (in)equalities, strong duality holds by Slater’s condition:

inf {8y, f)+ D(v||1p)} = su inf Eﬁy,h.
(50 )+ D) = swp int £ h)

Using the nonnegativity of the relative entropy, it is easy to show that the infimum

of ﬁ; (v, h) over v € P(X x U) is achieved by the Gibbs distribution

voexp{—pF(f+ Kh—h®1)}
(o, exp{=f(f + Kh—h@1)})’

B 4
Vih =

and that

inf L%, h
yend ) s h)

= —log vy, exp{—F(f + Kh—h®1)}).

This is a concave and differentiable functional of h, and writing out the corresponding
first-order optimality condition gives precisely (4.16) once we relate the maximizer
h? to the canonical parameters A7, ... A2 | through (4.22). We also observe that
ﬁ_lﬁ’?(l/, h) converges, as f — 400, to the Lagrangian (4.3) for the average-cost
optimal control problem without the entropy regularization. We can also write down

the analogue of the ACOE (4.5) in the presence of the entropy regularization:
A(ﬁ)——ll —B(f+EKh —hri®1
f - 5 0g ( Yo, €Xp f f )
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and the usual ACOE is recovered in the limit as § — oo.

There is still a question of how the canonical parameters /\55 ), 1<i< N-1,
or, equivalently, the relative value function h? , change as we vary . The following
theorem provides a partial answer, provided the log-partition function ® is strongly

convex:

Theorem 20. Fiz a cost function f : X x U — R. Suppose that there exists a

constant ¢ > 0, such that

D) = Bp(N) + VB (N) (A= N) + gHA YL (4.24)

for all \, N € RN, where || - || denotes the Euclidean (¢5) norm. Then

If15

R R Ll

for any 5, 5" = 0.

Proof. From the properties of the log-partition function ®; (see Lemma 16) it can
be shown (Wainwright and Jordan (2008)) that the gradient mapping A — V& ¢(\)

is invertible, and the inverse mapping is given by { — V®%(&), where

() = Sup {6 A — 2N}

is the Legendre-Fenchel conjugate of ®; (Hiriart-Urruty and Lemarechal (2013)).
Moreover, it follows from the strong convexity property (4.24) of ®; that V&7 is

Lipschitz-continuous with constant 1/c:

1
[VO}(&) = VEeHEN < —I€ =€ (4.25)
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(see (Hiriart-Urruty and Lemarechal, 2013, Theorem 4.2.1)). From this, we obtain

IXF = A7 | = [ V5 (B (B)eo) — VT (Ex(8)eo)|

< L I(ES8) - Es(3) o]
— ~IE8) — By ()
< m|ﬁ - 6/|7

C

where the first line is by (4.16), the second line is by (4.25), and the last line is by
(4.21). O

In general, it may not be straightforward to verify the strong convexity condition

(4.24), which can be thought of as a form of ergodicity.
4.5 Conclusion

We have extended the LP approach to MDPs by adding relative entropy regular-
ization. We have shown that the ergodic occupation measure that minimizes the
entropy-regularized ergodic control cost is a member of an exponential family of
probability distributions, which has allowed us to exploit known results about ex-
ponential families to provide structural results for the optimizing measure. These
results open the door to further in-depth analysis of the online MDP problem, such
as optimal adaptation of the learning rate to observed data or efficient approximate
implementation of online policy selection algorithms. We plan to explore these di-

rections in future work.
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5

Online MDPs with Kullback-Leibler control cost

5.1 Introduction

The set-up considered in preceding chapters is motivated by problems in machine
learning and artificial intelligence, where the actions are the main object of interest,
and the state merely represents memory effects present in the system. In this chapter,
we take a more control-oriented view: the emphasis is on steering the system along
a desirable state trajectory through actions selected according to a state feedback
law. Following the formulation proposed by Todorov (2007, 2008, 2009), we allow
the agent to modulate the state transitions directly, so that actions (resp., state
feedback laws) correspond to probability distributions (resp., Markov kernels) on
the underlying state space. As in Todorov (2007, 2008, 2009), the one-step cost is
a sum of two terms: the state cost, which measures how “desirable” each state is,
and the control cost, which measures the deviation of the transition probabilities
specified by the chosen action from some fixed default or passive dynamics. (We
also refer the reader to a recent paper by Kappen et al. (2012), which interprets

Todorov’s set-up as an inference problem for probabilistic graphical models.) An
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explicit construction of a computationally efficient strategy with small regret (i.e.,
expected difference between its actual total cost and the smallest cost attainable
using noncausal knowledge of the state costs) under mild regularity conditions is
presented, along with a demonstration of the performance of the proposed strategy
on a simulated target tracking problem.

More precisely, we consider a new class of MDP with a finite state space X,
where the action space U is the simplex P(X) of probability distributions over X. A
fixed Markov matrix (transition kernel) P* = [P*(z,y)].yex 1S given. A stationary
Markov policy (state feedback law) is a mapping w : X — P(X), so if the system is
in state z € X, then the transition to the next state is stochastic, as determined by
the probability distribution u(-) = w(z) € P(X). In other words, if we denote the
next state by X, then the state transitions induced by the action u are governed

by the conditional probability law
Pr{X" =2%X =2} = P(x,2") = u(z™) = [w(z)](z").

The one-step state-action cost ¢(x, u) consists of two terms, the state cost f(x), where
f: X— R, is a given function, and the control cost, which penalizes any deviation
of the next-state distribution u(-) = w(z) from the one prescribed by P*(z,-), the
row of P* corresponding to x. To motivate the introduction of such control costs, we
can imagine the situation, in which implementing the state transitions according to
P* can be done “for free”. However, it may very well be the case that following P*
will be in conflict with the goal of keeping the state cost low. From this perspective,
it may actually be desirable to deviate from P*. Any such deviation may be viewed
as an actiwve perturbation of the passive dynamics prescribed by P*, and the agent
should attempt to balance the tendency to keep the state costs low against allowing
too strong of a perturbation of P*. Our choice of control cost is inspired by the
work of Todorov (2007, 2009), and is given by the KL divergence (Cover and Thomas
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(2006)) D(ul|P*(z,-)) between the proposed next-state distribution u(-) and the next-
state distribution prescribed by the passive dynamics P*. One useful property of
this control cost is that it automatically forbids all those state transitions that are
already forbidden by P*. Indeed, if for a given x € X there exists some y € X such
that u(y) = [w(x)](y) > 0, while P*(z,y) = 0, then D(u|P*(z,-)) = +0. Thus, the

overall one-step state-action cost is given by

c(z,u) = f(z) + D(u|P*(z,-)), YxeXueP(X). (5.1)

In the online version of this problem (detailed in Section 5.2.1), the state costs
form an arbitrarily varying sequence {f;}72;, and the agent learns the state cost for
each time step only after having selected the transition law to determine the next
state. For any given value of the horizon, the regret is computed with respect to the
best stationary Markov policy (state feedback law) that could have been chosen in
hindsight. The precise definition of regret is given in Section 5.2.2.

Since this is a nonstandard set-up, we take a moment to situate it in the context
of usual models of MDPs. In a standard MDP with finite state and action spaces,
we have a finite collection of Markov matrices P, on X indexed by the actions u € U.

State feedback laws are functions w : X — U, and the set of all such functions is finite

X| X]

with cardinality |[U|"™. Therefore, in each state z € X the agent has at most |U|
choices for the distribution of the next state X+, and we may equivalently represent
each state feedback law w as a mapping from X into P(X) with & — Py (z,-).
Since the state space U is finite, the range of this mapping is a finite subset of the
probability simplex P(X). The criterion for selecting this next-state distribution
pertains to minimization of the expectation of the immediate state-action cost plus
a suitable value function that accounts for the effect of the current action on future

costs. In many cases, the one-step state-action cost ¢(z,u) decomposes into a sum

of state cost f(z) and control cost g(z,u), where f(x) quantifies the (un)desirability
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of the state x, while g(x,u) represents the effort required to apply action u in state
x.

In the set-up of Todorov (2007, 2008, 2009), the collection of all possible next-
state distributions is unrestricted. As a consequence, any mapping w : X — P(X)
is a feasible stationary Markov policy. Since any Markov matrix P on X can be
equivalently represented as a mapping from X into P(X) with z — P(z,-), there is
thus a one-to-one correspondence between state feedback laws and Markov matrices
on X. In contrast to the case when the agent may choose among a finite set of actions,
the probability simplex P(X) is an uncountable set, so the agent has considerably
greater freedom to choose the next state distribution. As before, we introduce a
state-action cost ¢(x,u) = f(z) + g(z,u), where f(z) measures the (un)desirability
of state x, while g(x, u) quantifies the difficulty of executing action u in state z. Since
actions u now correspond to probability distributions, and we choose the Kullback—
Leibler control cost g(x,u) = D(u|P*(z,-)), where P* is a fixed Markov matrix on
the state space X that may represent, e.g., the “free” dynamics of the system in the
absence of external controls.

The KL divergence is widely used in stochastic control and inference. First of
all, it has many desirable properties, such as nonnegativity and convexity (Cover
and Thomas (2006)). Secondly, if we adopt the viewpoint that the purpose of a con-
trol policy is to shape the joint distribution of all relevant variables describing the
closed-loop behavior of the system, then using the relative entropy to compare the
distribution induced by any control law to some reference model leads to functional
equations for the optimal policy that are often easier to solve than the correspond-
ing dynamical programming recursion (Kérny (1996); Sindelaf et al. (2008)) (e.g.,
see Karny (1996) for an alternative derivation of the optimal controller in an LQG
problem using relative entropy instead of dynamic programming); similar ideas are

fruitful in the context of robust control, where the relative entropy is used to quan-

108



tify the radius of uncertainty around some nominal system (Petersen et al. (2000);
Charalambous and Rezaei (2007); Hansen and Sargent (2008)). Moreover, the rela-
tive entropy is a canonical regularization functional for stochastic nonlinear filtering
problems (Mitter and Newton (2003)): an optimal Bayesian filter is the solution
of a variational problem that entails minimization of the sum of expected negative
log-likelihood (which can be interpreted as state cost) and a relative entropy with
respect to the prior measure on the state space.

To further motivate our interest in problems of this sort, let us consider two
examples. One is target tracking with an arbitrarily moving target (or multiple
targets). In this example, the state space X is the vertex set of an undirected graph,
and the passive dynamics P* specifies some default random walk on this graph. The
tracker’s discrete-time motion is constrained by the topology of the graph, while the
targets’ motions are not. At each time ¢, the state cost f; is the tracking error, which
quantifies how far the tracker is from the targets. For instance, it may be given by the
graph distance (length of shortest path) between the tracker’s current location and
the location of the closest target. Other possibilities can also be considered, including
some based on noisy information on the location of the targets. The control cost
penalizes the tracker’s deviation from P* as it attempts to track the targets. The
passive dynamics P* can be seen as the tracker’s prior model for the targets’ motion.
Moreover, if P* is sufficiently rapidly mixing, then any tracker that follows P* will
visit every vertex of the graph infinitely often with probability one; however, there
is no guarantee that the tracker’s prior model is correct (i.e., that the tracker will be
anywhere near the targets). Hence, the state-action cost will trade off the tendency
of the tracker to “cover” the graph as much as possible (exploration) against the
tendency to follow a potentially faulty model of the targets (exploitation).

Another example setting is real-time control of a brain-machine interface. There,

the state space X may be the set of possible positions or modes of a neural prosthetic
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device, and the passive dynamics P* may encode the “natural” (free) dynamics of
the device in the absence of user control; we may assume, for instance, that the state

Y

transitions prescribed by P* correspond to “minimum-energy” operating mode of
the device. If the user wishes to make the device execute some trajectory, the state
cost f; at time t may represent the deviation of the current point on the trajectory
from the one intended by the user. Since the user is a human operator with conscious
intent, we may not want to ascribe an a priori model to her intended trajectory, and
instead treat it as an individual sequence modulating the state costs {f;}72;. In this
setting, the Kullback—Leibler control cost penalizes significant deviations from the
free dynamics P*, since these will typically be associated with energy expenditures.

The common thread running through these two examples (and it is certainly
possible to construct many others) is that they model real-time interaction of a par-
ticular system with some well-defined “reference” or “nominal” dynamics P* with a
potentially unpredictable environment (which may include hard-to-model adversaries
or rational agents, etc.), and we must balance the tendency to respond to immediate
changes in the environment against the need to operate the system near the nominal

mode. Since no offline policy design is possible in such circumstances, the regret

minimization framework offers a meaningful alternative.
5.1.1  Our contributions and comparison with relevant literature

In this chapter, we give an explicit construction of a strategy for the agent, such that
the regret relative to any uniformly ergodic class of stationary Markov policies grows
sublinearly as a function of the horizon. The only regularity conditions needed for
this result to hold are (a) uniform boundedness of the state costs (the agent need
not know the bound, only that it exists); and (b) ergodicity of the passive dynamics.
Moreover, our strategy is computationally efficient: the time is divided into phases

of increasing length, and during each phase the agent applies a stationary Markov
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policy optimized for the average of the state cost functions revealed during all of
the preceding phases. Thus, our strategy belongs to the class of so-called “lazy”
strategies for online decision-making problems (Vovk (1990); Merhav et al. (2002);
Kalai and Vempala (2005)); a similar approach was also taken by Yu et al. (2009) in
their paper on online MDPs with finite state and action spaces. The main advantage
of lazy strategies is their computational efficiency, which, however, comes at the price
of suboptimal scaling of the regret with the time horizon. We comment on this issue
further in the sequel.

Our main contribution is an extension of the theory of online MDPs to a wide
class of control problems that lie outside the scope of existing approaches (Even-Dar

et al. (2009); Yu et al. (2009)). More specifically:

1. While in Even-Dar et al. (2009); Yu et al. (2009) both the state and the action
spaces are finite, we only assume this for the state space. Our action space
is the simplex of probability distributions on the state space, which is a com-
pact subset of a Euclidean space. Hence, the techniques used in the existing
literature are no longer directly applicable. (It is also possible to extend our
approach to continuous state spaces, but additional regularity conditions will

be needed. This extension will be the focus of our future work.)

2. Yuet al. (2009) assume that the underlying MDP is unichain (Puterman, 1994,
Sec. 8.3) and satisfies a certain uniform ergodicity condition (a similar assump-
tion is also needed by Even-Dar et al. (2009)). Their assumption is rather
strong, since it places significant simultaneous restrictions on an exponentially
large family of Markov chains on the state space (each chain corresponds to a
particular choice of state feedback law, and there are |U|X! such laws). It is
also difficult to verify, since the problem of determining whether an MDP is

unichain is NP-hard (Tsitisklis (2007)). By contrast, our ergodicity assumption
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pertains to only one Markov chain (the passive dynamics P*), it can be effi-
ciently verified in polynomial time, and we prove that it automatically implies
uniform ergodicity of all stationary control laws that could possibly be invoked

by our strategy.

. Because these stationary control laws correspond to solutions of certain
average-cost optimality equations (ACOEs) in the set-up of Todorov (2007,
2008, 2009), we establish and subsequently exploit several useful and previously
unknown results concerning the continuity and uniform ergodicity of optimal
policies for Todorov’s problem. These results, as well as the techniques used to
prove them, play a very important role in our overall contribution. Indeed, in
the online setting, the state cost functions are revealed to the agent in real time.
Hence, any policy used by the agent must rely on estimates (or forecasts) of
future state costs based on currently available information. Our new results on
Todorov’s optimal control laws provide sharp bounds on the sensitivity of these

laws to misspecification of state costs, and may be of independent interest.

. In Yu et al. (2009), the policy computation at the beginning of each phase
requires solving a linear program and then adding a carefully tuned random
perturbation to the solution. As a result, the performance analysis in Yu et al.
(2009) is rather lengthy and technical (in particular, it invokes several advanced
results from perturbation theory for linear programs). By contrast, even though
we are working with a continuous action space, all policy computations in our
case reduce to solving finite-dimensional eigenvalue problems, without any need
for additional randomization. Moreover, even though the overall scheme of our
analysis is similar to the one in Yu et al. (2009) (which, in turn, is inspired
by existing work on lazy strategies (Vovk (1990); Kalai and Vempala (2005);

Merhav et al. (2002))), the proof is self-contained and much less technical,
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relying on our new results pertaining to Todorov-type optimal control laws.
5.1.2  Organization of the chapter

The remainder of the chapter is organized as follows. We close this section with a
brief summary of frequently used notation. Section 5.2 contains precise formulation
of the new online MDP problem and presents our main result, Theorem 21. In
preparation for the proof of the theorem, Section 5.3 contains preliminaries on MDPs
with KL control cost (Todorov (2007, 2008, 2009)), including a number of new results
pertaining to optimal policies. Section 5.4 then describes our proposed strategy,
whose performance is then analyzed in Section 5.5 in order to prove Theorem 21.
Some simulation results are presented in Section 5.6. We close by summarizing our

contributions and outlining some directions for future work.
5.1.8 Notation

The notation used in this chapter is slightly different from previous chapters due
to the fact that we are working on a different action space. Here we introduce the
notation to avoid the possible confusion. We will denote the underlying finite state
space by X. A matrix P = [P(z,y)],yex with nonnegative entries, and with the rows
and the columns indexed by the elements of X, is called stochastic (or Markov) if its
rows sum to one: >, . P(z,y) = 1,Vx e X.

We will denote the set of all such stochastic matrices by M(X), the set of all
probability distributions over X by P(X), the set of all functions f : X — R by C(X),
and the cone of all nonnegative functions f : X — R, by C(X). We will represent the
elements of P(X) by row vectors and denote them by 7, u, v, etc., and the elements
of C(X) by column vectors and denote them by f, g, h, etc.

Any Markov matrix P € M(X) acts on probability distributions from the right
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and on functions from the left:

pP(y) = > px)P(x,y),  Pfz) = > Pla,y)fy).

zeX yeX

We will denote the set of all unchain Markov matrices over X by Mj(X). Given
p € [0,1], we say that P is p-contractive if
|uP =vPly < plp—=vly,  Yp,veP(X)

(in fact, every P € M(X) is 1-contractive). We will denote the set of p-contractive
Markov matrices by MY (X). It is easy to show that, for every 0 < p < 1, M{(X) <
M (X). The Dobrushin ergodicity coefficient (Seneta (2006); Cappé et al. (2005)) of
P e M(X) is given by

a(P) = + max |P(x,") — P(z', )],

z,x’'eX

and it can be shown that any P € M(X) is a(P)-contractive (Seneta (2006); Cappé
et al. (2005)). Finally, for any P, P’ € M(X) we define the supremum distance
P = Pl = max|[P(z, ) - Pz, ).

5.2 Problem formulation and the main result

5.2.1 The model

Denote the set of all functions f : X — R by C(X), and the cone of all nonnegative
functions f : X — R, by C,(X). Given the finite state space X, let F be a fixed
subset of C;(X), and let ; € X be a fixed initial state. Consider an agent (A)
performing a controlled random walk on X in response to a dynamic environment

(E). The interaction between A and E proceeds as follows:

X1 =T

fort=1,2,...
A selects P, € M(X) and draws X;;1 ~ P(X, )
E selects f; € F and announces it to A

end for
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At each t > 1, A selects the transition probabilities P;(x,y) = Pr{X;;1 = y|X; = x}
based on his knowledge fi=! = (fi,..., fi_1), and incurs the state cost fi(X;) and
the control cost D(Py,(Xy,-)|P*(Xy,)). The total cost incurred by the agent A at
time t is given by

a(Xi, B) = fi(Xe) + D(P(XG, ) PH(X4,-))-

and the objective is to minimize a suitable notion of regret.
5.2.2  Strategies and regret

A strategy for the agent A is a collection of mappings v = {7}, where v; : F'=! —
M(X), so that P, = (f*"'). This means our strategy is based on the complete

knowledge of all the past cost functions. The cumulative cost of v after T" steps is
T T
=Y (X, P) = Z (Xe,n (7).
t=1 t=1

To define the regret after T steps, we will consider the gap between Cp and the ex-
pected cumulative cost that A could have achieved in hindsight by using a stationary
unichain random walk on X (with full knowledge of fT). This gap arises through the
agent’s lack of prior knowledge on the sequence of state cost functions. Formally, we

define the regret of  after T steps w.r.t. a particular P € M;(X) by!

t=1

Ry(P) = Cr —EL [i e (X, P)] :

where the expectation is taken over the Markov chain induced the by comparison
transition kernel P with initial state X; = z;. As before, we assume throughout
that the environment is oblivious (or open-loop), in the sense that the evolution of

the sequence {f;} is not affected by the state sequences {X;}. In our case, it implies

I To keep the notation clean, we will suppress the dependence of the cumulative cost Cr and the
regret Rp on the strategy v and on the state costs fi,..., fr.
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that, for a fixed sequence fi, fo,... of state costs chosen by E, the state process
X = {X;}, induced by A’s choices Py, Ps, ... is a (time-inhomogeneous) Markov
chain. Now consider some set N' = M;(X). Adopting standard terminology (Cesa-

Bianchi and Lugosi (2006)), we will say that v is Hannan-consistent w.r.t. N if

. ERr(P)
limsupsup sup —=

<0, (5.2)
T—ow PeN fi,...freF T

where the expectation is w.r.t. the law of the process X starting at X; = x;. In
other words, a strategy is Hannan-consistent if its worst case (over F) expected per-
round regret converges to zero uniformly over N. We can alternatively interpret
the Hannan consistency condition (5.2) as follows: as the horizon T' increases, the
smallest average cost achievable by a strategy which is Hannan-consistent w.r.t. N’
will converge to the smallest long-term average cost achievable by any stationary
Markov strategy in A/ on an MDP with the state cost given by the empirical average

(1/T) 327, f: of the state costs revealed up to time 7.

5.2.8 The main result

Our main result (Theorem 21 below) guarantees the existence of a Hannan-consistent
strategy against any uniformly ergodic collection of stationary unichain policies under

the following two assumptions on the passive dynamics P*:

Assumption 5 (Irreducibility and aperiodicity). The passive dynamics P* is irre-
ducible and aperiodic, where the former means that, for every x,y € X, there exists
some n € N such that (P*)"(z,y) > 0, while the latter means that, for every x € X,

the greatest common divisor of the set {n € N: (P*)"(x,x) > 0} is equal to 1.

Assumption 6 (Ergodicity). The Dobrushin ergodicity coefficient a(P*) is strictly

less than 1.

Assumption 5 ensures that P* has a unique everywhere positive invariant distribution
™ (Seneta (2006)) and, for a finite X, it is equivalent to the existence of some n € N,
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such that
0 = min(P*)"(z,y) > 0

z,yeX

(see, e.g., Theorem 1.4 in Seneta (2006)). Assumption 6, which is frequently used in
the study of MDPs with average cost criterion (Herndndez-Lerma (1989); Di Masi
and Stettner (1999); Arapostathis et al. (1993)), guarantees that the convergence to
7 is exponentially fast (so that P* is geometrically ergodic), and it also imposes
a stronger type of ergodicity, since a Markov matrix P € M(X) has o(P) < 1 if
and only if for any pair x,2’ € X there exists at least one y € X, such that y can
be reached from both z and z’ in one step with strictly positive probability. For
example, if P* satisfies the Doeblin minorization condition (Cappé et al. (2005);
Meyn and Tweedie (2009)), i.e., if there exist some ¢ € (0,1] and some p € P(X),
such that P*(x,y) = du(y) for all z,y € X, then we will have a(P*) < 1—0 < 1 (see,

e.g., Lemma 4.3.13 in Cappé et al. (2005)).

Remark 8. As we pointed out in Section 5.1.1, our assumption is actually much
milder than the assumptions made in related literature (Even-Dar et al. (2009); Yu
et al. (2009); Neu et al. (2014)). Recent work by Neu et al. (2014) shows that the
assumptions made in Even-Dar et al. (2009); Yu et al. (2009); Neu et al. (2014)
are valid only if the Dobrushin ergodicity coefficient of the state transition kernel
induced by every policy is strictly smaller than one. By contrast, we only assume

this for the passive dynamics P*.
With these assumptions in place, we are now ready to state our main result:

Theorem 21. Let F consist of all f € C,(X) with ||f| < 1. Fizx an arbitrary

e € (0,1/3). Under Assumptions 1-6, there exists a strategy v, such that for any
pel0,1),

L o1V, (5.3)



As a consequence, the strateqy v is Hannan-consistent w.r.t. M7 (X).

Remark 9. The constant hidden in the O(-) notation depends only on the pas-
sive dynamics P* and on the contraction rate p of the baseline policies in MY (X);

cf. Eq. (5.44), and the discussion preceding it, for details.
5.3 Preliminaries

Our construction of a Hannan-consistent strategy in Theorem 21 relies on Todorov’s
theory of MDPs with KL control cost (Todorov (2007, 2008, 2009)). In this section,
we give an overview of this theory and present several new results that will be used
later on.

First, let us recall the general set-up for MDPs with finite state space X and
compact action space U under the average cost criterion (see e.g., Herndndez-Lerma
and Lasserre (1996) or Arapostathis et al. (1993)). It involves a family of Markov
matrices P, € M(X) indexed by actions u € U. The (long-term) average cost of a
stationary Markov policy (state feedback law) w : X — U with initial state X; = x4

is given by

T—o0 T i—1

J(w,z1) = limsup — IE [ic Xi,w ], (5.4)

where the expectation EY [-] is w.r.t. the law of the Markov chain X = {X,} with

controlled transition probabilities

Pr{X,,1 = y|Xi = 2} = Pyu)(2,y), X, =

and ¢ : X x U — R is the one step state-action cost. The construction of an optimal

policy to minimize (5.4) for every z; revolves around the ACOE

h(z) + )\—urerlljl(n {c(x,u) + P,h(x)}, zeX (5.5)
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where U(x) < U is the set of allowable actions in state x. If a solution pair (A, h) €
R x C(X) exists with |h|s < +o0, then it can be shown (Herndndez-Lerma and
Lasserre (1996); Arapostathis et al. (1993)) that the stationary policy

wy () = argmin {c(z,u) + P,h(x)}
ueU(z)

is optimal, and has average cost A for every x. The function h is called the relative

value function.
5.83.1 Linearly solvable MDPs

In a series of papers (Todorov (2007, 2008, 2009)), Todorov has introduced a class
of Markov decision processes, for which solving the ACOE reduces to solving an
eigenvalue problem. In this set-up, which we have described informally before, the
action space U is the probability simplex P(X), which is compact in the Euclidean
topology, and for each u € P(X) we have P,(z,y) = u(y),V(z,y) € X x X. Thus,
any state feedback law (Markov policy) w : X — P(X) induces the state transitions

directly via

PriXip = y|Xi = 2} = Py (2, 9) = [w(@)](y), ¢=1.

In other words, if X; = z, then u(-) = w(z) is the probability distribution of the next
state X;,.1. Hence, there is a one-to-one correspondence between Markov policies w
and Markov matrices P € M(X), given by w(z) = P(z,-).

To specify an MDP, we fix a state cost function f € C,(X) and a Markov matrix
P* as the passive dynamics, which specifies the state transition probabilities in the
absence of control. The one-step state-action cost function c(z,u) is given by (5.1).
If we use the shorthand c(z, P) for ¢(z, P(z,-)), then the average cost of a policy

P e M(X) starting at X; = z; can be written as

T—oo

T
J(P ) = hmsup T E;, [Z (X, P ] .
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Intuitively, if P has a small average cost, then the induced Markov chain X =
{X:} has a small average state cost, and its one-step transitions stay close to those
prescribed by P*.

The ACOE for this problem takes the form

h(z) + A= f(x) + ug}i&){D(uHP*(x, ) + E,h}. (5.6)

For a given h € C(X), the minimization of the right-hand side of (5.6) can be done in
closed form. To see this, let us define, for every ¢ € C(X), the twisted kernel (Balaji
and Meyn (2000))

P P*(x’ .)€_<p(')

S0(.17, ) = W’ reX (57)

which is obviously an element of M(X). Then we have

Join AD(| P7 (@, ) + Euh)

Q

- i, B [oe g 100

Y
= min {E [log Vu(
ueP(X) b, (x7

;)] log P*eh(:r;)} (5.8)

If we further define Aj(z) = P*e "(x), then the quantity in braces in (5.8) can
be written as D(u|P,(z,-)) — log Ay(z). Using the fact that the divergence D(u|v)
between any two p, v € P(X) is nonnegative and equal to zero if and only if y = v
(Cover and Thomas (2006)), we see that the minimum value in (5.8) is uniquely
achieved by uy(z) = Py(z,-) and is equal to —log A,(z). Thus, we can rewrite the

ACOE (5.6) as
h(z) + A = f(x) — log Ap(x), Vo e X. (5.9)

If we now consider the exponentiated relative value function V = e™" then (5.9) can
be also written as e~/ P*V (x) = e V(). Expressing this in vector form, we obtain
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the so-called multiplicative Poisson equation (MPE) (Balaji and Meyn (2000)):

eI PV = eV (5.10)

To construct the optimal policy for our MDP, we first solve the MPE (5.10) for
A and V, obtain h, and then compute the twisted kernel Ph(x, -) for every z € X.
The MPE is an instance of a so-called Frobenius—Perron eigenvalue (FPE) problem
(Seneta (2006)); there exist efficient methods for solving such problems; e.g., a recent
algorithm due to Chanchana (2007). We also should point out that, for each z € X,
the twisted kernel (5.7) is a Boltzmann—Gibbs distribution on the state space X with
energy function h and base measure P*(x,-). Boltzmann—Gibbs distributions arise
in various contexts, e.g., in statistical physics and in the theory of large deviations
(Ellis (1985); Streater (2009)), as solutions of variational problems over the space
of probability measures that involve minimization of a Gibbs-type free energy func-
tional, consisting of an affine “energy” term and a convex “entropy” term (given by
the divergence relative to the base measure). Indeed, the functional being minimized
on the right-hand side of (5.6) is precisely of this form.

In the sequel, we will often need to consider simultaneously several MDPs with
different state costs f. Thus, whenever need arises, we will indicate the dependence
on f using appropriate subscripts, as in cg, A¢, hy, Vi, etc. For instance, the MPE

(5.10) for a given state cost f is

PiVy = e MV, (5.11)
where Py = e TP* ie., Pi(z,y) = e~ f@ P*(x,y) for all 2,y € X.
5.3.2  Some properties of Todorov’s optimal policy

We now investigate the properties of Todorov’s optimal policy under the assumptions
on the passive dynamics P* that are listed in Section 5.2.3. Most of the results of
this section are new (with some exceptions, which we point out explicitly).
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We start with the following basic existence and uniqueness result, which is implicit

in Todorov (2007):

Proposition 22. Under Assumption 5, for any state cost f € C(X) the MPE (5.11)
has a strictly positive solution Vi € C(X) with the associated strictly positive eigen-
value e | and the only nonnegative solutions of (5.11) are positive multiples of V.
Moreover, the corresponding twisted kernel P, ; s also irreducible and aperiodic, and

has a unique invariant distribution 7; = 7 ; Py € P(X).

Proof. Consider the matrix Py = e~/ P* with entries Pi(x,y) = e~ /@ P*(z,y). For
any n € Nand any x,y € X, (P})"(x,y) > e~ Ufle (P (2, y). Since P* is irreducible
(Assumption 5), for any pair z,y € X of states there exists some n € N, such that
(P*)"(x,y) > 0. But then (P7)"(z,y) > 0 as well, which means that P} is also
irreducible. Therefore, by the Frobenius-Perron theorem (Seneta (2006)), P; has
a strictly positive right eigenvector V; with a positive eigenvalue r (the Frobenius-
Perron eigenvalue): PrVy = rVy. Thus, e~ = r. Moreover, the FP eigenvalue
is simple, and P has no nonnegative right eigenvectors other than the positive
multiples of V; (Seneta (2006)). This proves the existence and uniqueness part.

Now, using the fact that V; = e™"s solves the MPE (5.11), we can show that

mmw#%%mwx

whence it follows that

(P o) = P ),

S

As was just proved, Py is irreducible, and V} is strictly positive. Hence, for any pair
(z,y) € Xx X there exists some n € N, such that (th)”(m, y) > 0 as well. This proves

the irreducibility of P, ;- Now, since P} is irreducible, the Frobenius—Perron theorem
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says that there exists a unique strictly positive p € P(X), such that pby = e M

(Seneta (2006)). Now define 7y € P(X) through

) e OV p@Vie)
! Dex M)V () E.Vy '

A straightforward calculation shows that 7, is an invariant distribution of P, Ix

7Yrfphf<y) - Z ﬁ-f(x)th(I7y)

zeX

_ oy @R )

The uniqueness of 7; follows from the irreducibility of P, ;e O]

Since V; = e~"7 the fact that any positive multiple of V} is a solution of the MPE is
equivalent to the well-known fact that the relative value function hy as a solution of
the ACOE (5.6) is unique up to additive constants. That is, if a particular h; solves
(5.6), then so does any hy + ¢ for any additive constant ¢ € R. For this reason, we
can fix an arbitrary 2° € X and assume that h(z°) = 0 for any f. This ensures that
the mapping

f > hy, he(z) =0 (5.12)

is well-defined. The following results are new:
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Proposition 23. Under Assumption 5, the mapping (5.12) is bounded on compact

subsets of the cone C(X): for any f e C(X),
[glls < log 07" + 7| ], (5.13)

where n and 0 are defined in Section 5.2.3. Hence,

sup |htls <log6~' + nC. (5.14)
FeC (X); [ floosC

Proof. We essentially follow the proof of Theorem 3.2 in Fleming and Hernandez-
Herndndez (1997), with some simplifications. For each T € N, define the function

Wr : X — R via

eV 2 |, [exp (— Z f(Xy) — hf(XT+1)>] )

where E,[-] denotes the expectation w.r.t. the Markov chain X = (Xi, Xy, ...) with
initial state X; = x and transition matrix P*. Then a simple inductive argument

shows that

e Wr(@) _ o=TAr=hys(z) (5.15)

Y
Then, since e~/®) = ¢ Vi@ by (5.11),

Indeed, for each t let ¥, = [ Vi (Xs) PRV (@)

s=1 PFV;(X,)"

we can write

e V) = e TME, [UrVi(Xri1)] (5.16)
= ¢ TVE, [UrE[Vi (Xr41)[ X7 ] (5.17)
= ¢ TME, [Ur P*Vi(X7)] (5.18)
= e TME, [Wr Vi (X7)], (5.19)

where (5.16) follows from definitions, (5.17) and (5.18) use the Markov property, and

(5.19) again follows from definitions. Proceeding backwards, we get

Eo[VrVi(Xri1)] = Eo[U1 Vi (Xo)] = Eo[W1 P*V(X1)]
= Vi(x) = e (@)
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Substituting this into (5.16), we get (5.15), which in turn implies that hy(x) =
Wr(x) —TAs for all z € X, T e N. Since hy(z°) = 0, we can write hy(x) = Wr(z) —
Wr(z°),Vo € X,T € N. Let v (respectively, v°) be the distribution of X;; in
the Markov chain with transition matrix P* and initial state X; = z (respectively,

X7 = 2°). Then

viy) _ (P)"(,y)

) " )

=>60>0 (5.20)

for every y € X. Consequently, for any 7" > n we have

e~ Wr(@)

=E, [6—2?:1 F(X0) o= Zinn f(Xt)_hf(XT+1)] (5.21)

> elfleg, [e— S f(Xt)—hf(XT+1)] (5.22)

— e, lezf_n+1f(xt)hf(XT+1)M] (5.23)
v°(Xny1)

> ge-lfl=R, . [6— I f(Xt)_hf(XT+1)] (5.24)

= e~ flw g Wr (@) (5.25)

where (5.21) is by definition, (5.23) follows from the Markov property and a change of
measure, (5.24) follows from (5.20) and from the fact that f > 0, and (5.25) is again
by definition. Taking logarithms, we get Wy(x) —Wr(z°) < log 0~ + 7| f||», VT > 7.
Interchanging the roles of z and x°, we get |h(z)| < log6~* + 7| f|e. This proves
(5.13); (5.14) follows immediately. O

Moreover, the dependence of the relative value function h; on the state cost f is

continuous:

Proposition 24. Under Assumptions 5 and 6, the mapping (5.12) is Lipschitz-
continuous on compact subsets of C+(X): for every C > 0 there ezists a constant
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K = K(C) > 0, such that for any two f,g e C.(X) with | fllw, |g]e < C we have

Ihy = hgls < K[f = glc- (5.26)

Proof. The basic idea is as follows. For a given f € C,(X), let us introduce the
dynamic programming operator T; that maps any ¢ € C(X) to T;p € C(X), where
Vo eC(X),z e X,

Trp(x) = fz) + ank {Eue + D(p| P*(2,-))} -

Then we can express the ACOE (5.6) as hy+ Ay = Trhy. Hence, for any f, g € C1(X),
th - ths = H(Tfhf - )‘f) - (Tghg - >‘g)||s
= I Tshy = Tyhyl (5.27)

< HTfhf - r]thf“s + HTghf - Tgthp (5-28)

where (5.27) uses the fact that the span seminorm is unchanged after adding a

constant, and (5.28) is by the triangle inequality. We will then show the following:

1. For any ¢ € C(X) and any f, g € C,(X),

ITro = Tyll, < 2[f = glloo- (5.29)

2. For a fixed f € C(X), the dynamic programming operator T : C(X) — C(X) is
a contraction in the span seminorm: for every M > 0, there exists a constant
K' = K'(M) € (0,1), such that for any two ¢, ¢’ € C(X) with |¢|s, |¢'|s < M

we have

T — T, < K’ — ¢ (5.30)

Assuming that items 1) and 2) above are proved, we proceed as follows. First of all,
the first term in (5.28) is bounded by 2| f — glls by (5.29). Next, since | f| o, [glo <
C', Proposition 23 guarantees that there exists some M = M(C) < oo, such that
|hsls, [hglls < M. Therefore, there exists a constant K’ = K'(M) < 1, such that
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the second term in (5.28) is bounded by K'|hf — hyls. Therefore, |hy — hyf, <
—2_||f — glle, which gives (5.26) with K = 2/(1 — K").
We now prove 1) and 2). For any function ¢ € C(X) and any two f,g € C,(X),

we have

max {TfQO(«T> - Tg@('r)}

zeX

zeX

= max { {f(a:) + Meig(fx) {E o + D(p|P*(, )»]

o)+ int B0+ DGIP G| }

= max [f(z) — g(2)].

zeX

Similarly, we get mingex {Trp(z) — Typ(z)} = mingex [f(z) — g(x)]. Thus, |Tre —
Typls = |1f — gls < 2||f — g/, S0 we have proved (5.29).
To establish (5.30), we follow the proof of Proposition 2.2 in Di Masi and Stettner

(1999) with some simplifications. Pick any z, 2’ € X and let

v =argmin {E,¢" + D(u|P*(z,-))},
HEP(X)

v =argmin {E,p + D(u|P*(',"))},
peP(X)
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(z,-) and /() = P,(«/,-). Then

_p,
[Tro(x) — Tre'(2)] — [Tre(a’) — Tpe' ()]

inf {E,p+ D(u|P*(z,-
Inf  AEwe + D[ P*(w. )}

where explicitly v()
— inf {E,¢" + D(u||P*(z,-))}

peP(X)
— inf {E D(ul| P* (a2, -
HQS(X){ pp + D(p|P*(2,-))}
inf {E, + D(u|P*(«,
+ Jnf AR’ + Dl P, )

i
<E,o+ D(|P*(z,")) = B’ = D(v[|P*(z,-))
—Evo— DW/|P*(,-)) + By’ + D(/| P*(2, )

- [to =i -,

Pcp'(x/7 )”1 .

A standard argument shows that that {(¢ — ¢ )d(v — V) < 3¢ — ¢'[s|lv — V||v.
p@('r? ) o

Consequently,
[Tre =Tl
e
STyl U
psa’($,7 )Hl
(5.31)

Then the proof of (5.30) will be complete if we can show that
pcp (Qf, ) -

sup max
<M z,x’eX

.

1
K'(M) = =
e lelslels

< 1.
Suppose that (5.31) does not hold. Then there exist sequences {p,}, {¢/,} of functions
with [[pnlls, [¢h]ls < M,Vn, a set B < X, and a pair of points z, 2’ € X, such that
lim []5%(:1:, B) — P%(:c’,B)] =1,

n—0o0
where for any P € M(X) we denote P(z,B) = >, p P(x,y). This implies in turn
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that
lim P, (z,X\B) = lim P, (2/,B) = 0. (5.32)
n—ao0

n—a0

Since P,(z, B) = e~ l¢lsP*(x, B), (5.32) implies that P*(z,X\B) = P*(2/, B) = 0.
But this means that P*(z, B) — P*(2’, B) = 1, which contradicts Assumption 6.
Hence, (5.31) holds. O

More generally, the twisted kernel RD depends smoothly on the “twisting function”
©:

Proposition 25. Fiz any two functions ¢, ¢’ € C(X). Then the twisted kernels (5.7)

have the following properties: for any x € X,

D(Py(, )Py (x,)) < llo = ¢l (5.33)

le = ¢'[ls- (5.34)

N+~ oo

||p80<x7 ) — P«p’(% I <

Moreover, if Assumptions 5 and 6 hold, then there exists a mapping k : Ry — [0, 1),
such that
lels <C = a(P,) < k(C). (5.35)

Proof. We begin with (5.33). From definitions, we have
D(Py(,")| Py ()

= Ep,@[¢'(Y) = o(Y)] + log //\\Z(f)) : (5.36)
A simple change-of-measure calculation shows that
Ap(z) X, P y)e W
Ap(z) Ag(z)
Zy eF W= W) P (2, 4))e¢W)
. A (2)
= Ep, (4 [e?) 7], (5.37)



To bound the right-hand side of (5.37), we recall the well-known Hoeffding bound
(Hoeffding (1963)), which for our purposes can be stated as follows: For any u € P(X)
and any ¢ € C(X),

H

log E#ew <E. ¢+ g

Applying this bound gives

@/(517)
Aw@)

=

le — &I
SEpole(Y) (V)] + ——

1
og g

Substituting this bound into (5.36), we see that the terms involving the expectation
of the difference ¢ — ¢ cancel, and we are left with (5.33). To prove (5.34), we use
Pinsker’s inequality, [Py — P21 < /2D(P1|P;) (Cover and Thomas (2006)). To
prove (5.35), we follow essentially the same strategy as in the proof of Proposition 24
to show that x(C) = sup,,,.<c a(P,) < 1 for every C' > 0.

O

We close with the following basic but important result on steady-state optimality:

Proposition 26. For any f € C(X) and any P € My(X), define

‘]f(P) = E?TP[Cf(X’ P)] = EWP[‘]f(PvX)]'
Then
jf(phf) = inf jf(P)

PeM; (X)

Proof. Fix some P € M;(X). If there exists some z € X such that 7p(x) > 0 and

D(P(x,-)|P*(x,-)) = 400, then Proposition 26 holds trivially. Thus, there is no loss
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of generality if we assume that D(P(z,-)|P*(x,-)) < +0,Vz € X. Then

J(P) = Exp [f(X) + D(P(X, ) [ P*(X,-))]

= > () [f(x) + 3 P(z,y) logM

zeX yeX th (]J, y)

+ Z P(z,y)log —];Z(f’s))]

yeX

zeX

zzwwbw+mmwwa%mm

e_hf (y)
+ P(z,y)log ——
yeZX Ahf (SL’)

e~ i)
>ZW@P@+ZP@MM ]

zeX yex A, ()
= Exp [f(X) = Phy(X) — log Ay, (X)]
= Erp[f(X) = hy(X) = log An (X)],
where the inequality is due to the fact that the KL divergence is always nonnegative,
and the last step is due to the fact that 7p is the invariant distribution of P. By the
ACOE (5.9), we know that f(z) — hy(x) —log Ay, (7) = Ay for every x € X. So we

have J;(P) = Ay, VP € M;(X). Note that if we take the expectation Ex [-] of both
sides of the ACOE (5.6), we get

Ex [hr(X) + Af]
= Ex, [f(X) + D(Py, (X, )| P*(X, ")) + Py, hp(X)]

= Ex, [f(X) + D(Po, (X, )| P*(X,))] + Exy [ (X)),

where the last equality is due to the fact that 7 is the invariant distribution of P, ;e

Therefore, Bz, [f(X) + D(Pr, (X, )[P*(X,"))] = Jy(Py,) = As. So we now have
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Jp(P) = jf(th) for any P € M;(X), which completes the proof of Proposition 26.
O

5.4 The proposed strategy

Our construction of a Hannan-consistent strategy is similar to the approach of Yu
et al. (2009). The main idea behind it is as follows. We partition the set of time
indices 1,2, ... into nonoverlapping contiguous segments (phases) of increasing du-
ration and, during each phase, use Todorov’s optimal policy matched to the average
of the state cost functions revealed during the preceding phases. As in Yu et al.
(2009), the phases are sufficiently long to ensure convergence to the steady state
within each phase, and yet are sufficiently short, so that the policies used during
successive phases are reasonably close to one another.

The phases are indexed by m € N, where we denote the mth phase by 7, and its
duration by 7,,. Given € € (0,1/3), we let 7, = [m'/37¢]. The parameter e is needed
to control the growth of the total length of each fixed number of phases relative to
the length of the most recent phase (we comment upon this in more detail in the
next section). We also define 71.,, = 71 U ... U T, (the union of phases 1 through
m) and denote its duration by 7q.,,. Given a sequence {f;} of state cost functions,

we define for each m the average state costs

R N A

T1-
teTm Lm t€T1i:m

and let f© = f:0) — 0. Our strategy takes the following form:

form=1,2,...
solve the MPE e~/ pre—h™ — o=A0" o—h(m
let P(™) = Ph(m)
for t € T,
draw X; 11 ~ P (X,,")
end for
end for
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Since we use the same policy throughout each phase, the evolution of the state
induced by the above algorithm is described by the following inhomogeneous Markov

chain:

p@) p) p) p2) P2
Xl X2 XTI XTlJrl —_—> ...

The implementation of this strategy reduces to solving a finite-dimensional FPE
problem (Seneta (2006)) at the beginning of each phase to obtain a Todorov-type
relative value function. The corresponding twisted kernel then determines the sta-
tionary policy to be followed throughout that phase. An efficient method for solving
FPE problems was developed by Chanchana (2007). This method makes use of the
well-known Collatz formula for the FPE( Seneta (2006)) and Elsner’s inverse itera-
tion algorithm for computing the spectral radius of a nonnegative irreducible matrix
(Elsner (1976)). It is an iterative algorithm, which at each iteration performs an LU
factorization of an |X| x [X| matrix. The time complexity of each iteration is O(|X|?).
Chanchana’s algorithm outperforms the three best known algorithms for solving FPE
problems, which all rely on Elsner’s inverse iteration and have quadratic convergence.

Numerical experimental results can be found in (Chanchana, 2007, Section 3.5).

5.5 Proof of Theorem 21

5.5.1 The main idea

Following the general outline in Yu et al. (2009), the proof of Theorem 21 can be
divided into four major steps. The first step is to show that there is no loss of
generality in considering a different notion of regret, i.e., the steady-state regret, which
is the difference between the cumulative cost of the proposed strategy and the steady-
state cost of a fixed stationary policy. The second step is to bound the difference
between the expected total cost of our strategy and the sum of expected steady-state

costs within each phase. That is, for each m, the steady-state expectation of the cost
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incurred in phase m is taken w.r.t. the unique invariant distribution of P . After
this step, we may only concentrate on expectations over invariant state distributions,
which renders the problem much easier. For the third step, we show that the sum
of steady-state expected costs is not much worse than what we would get if, at the
start of each phase m, we also knew all the state cost functions to be revealed during
phase m, i.e., if we used the “clairvoyant” policy P*1 in phase m. In the fourth
step, we consider the sum of expected costs in each phase that could be attained if
we knew all the state cost functions in advance and used the optimal policy w.r.t.
the average of all the state cost functions throughout all the phases. We show that
this expected cost is actually greater than the sum of expected costs of each phase
when we only know the state cost functions one phase ahead. We then assemble the
bounds obtained in these four steps to obtain the final bound on the regret of our

strategy.
5.5.2  Preliminary lemmas

Before proceeding to the proof of Theorem 21, we present two lemmas that will
be used throughout. The proofs of the lemmas rely heavily on the results of Sec-

tion 5.3.2.

Lemma 27 (Uniform bounds). There exists constants Ko = 0, K1 =20 and 0 < a <
1, such that, for every f € F and every m € N,
les( PO < Ko, W] < K1, o(P™) < a

Moreover, the bound |cs(-,P)|sw < Ko holds for all P € M;(X), such that
D(P(x,)|P*(z,-)) < o for all x € X.

Proof. For every state x € X, let G, denote the set of states that can be reached from
x in one step by the passive dynamics P*, i.e., G, = {y : P*(x,y) > 0}. Let us also

define p¥ = miGn P*(x,y) and p* = mi)r(lp;. Since P™ = Py (m), and h(™ is bounded
YeG xE
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by Proposition 23, we have supp(P"™(z,-)) € supp(P*(z,)) = G,. Therefore,

P (z, y)
D(P™ (x,)|P*(x,)) = >, P (x,y)log ———
e P*(z,y)
1
< log —, Vre X, meN
P

and for any fe F
les (-, PU) oo

1
< [ flleo + m‘cg(xD(P(m)(x, )P (x,-)) <1+ log e
e

Thus, the first bound of Lemma 27 holds with Ky = 1 + log #. The same argument
works for any P € M;(X) that satisfies D(P(x,-)|P*(z,-)) < o, Vx € X. The second
bound holds by Proposition 23, where K; = logf~! + n. The third bound follows

from the second bound, ||h™|, < K, and by Proposition 25 with a = x(K;). [

Lemma 28 (Policy continuity). There exists a constant Ko = 0, such that, for every

meN,
|P D (g, ) — PO (2, )]y < Iif;m (5.38)
and
|t — 7y < (152% (5.39)

where ™™ s the unique invariant distribution of P . Moreover, there ezists a
constant K3 > 0, such that for D" (z) = D(P"™(z,")|P*(z,-)), Vo € X, we have

K,
| DO (&) — DIV () < =20

(5.40)

T1:m

Proof. Let us recall that each P is given by the twisted kernel Pjm), where the
relative value function h(™ arises from the solution of the MPE (5.11) with state
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cost f(lszl). Then
m m 1 m m
[PrD (@, ) = POz, )| < gAY = RO

KZTm

1:m

Ko\ sty st
< IFEm — frm D, < (5.41)

where the first step is by Proposition 25, the second by Proposition 24 with Ky =
K (1), and the third by Lemma 4.3 in Yu et al. (2009). This proves (5.38). Moreover,
Proposition 22 guarantees that P = P, ) has a unique invariant distribution 7™,

Therefore,

H7T(m) _ 7T(m+1)H1
— |7 pm) _ g (mtl) plm+l))
< ||7T(m)p(m) _ 7T(m)p(mH)Hl

+ ||7T(m)P(m+1) o ’/T(m+1)P(m+1)H1

< P = POV 4 afln ) — D)

< + afr™m — gD

where the third inequality follows from (5.41). Rearranging, we get (5.39).

Next, from the form of P and P+ we have
D(m)(l‘) o D(erl)(.T)

Apomin (2)
Apm) (1’ ) ’

T

(5.42)

where E{™ [-] denotes expectation w.r.t. PU™(z,-), and we can follow the same steps

we have used in (5.37) to show that

Ah(m+1) (x) _ E(m) [eh(nL)_h(nL+1)]
Apen () 7 '

136



Using the Hoeffding bound (Hoeffding (1963)), we can write

Hh(m) o h(m+1) H2
+ S

Aneren (®) g _ pomt)
8

lo
S hpem(@) F

(5.43)
Substituting (5.43) into (5.42) and simplifying, we get
D(m)(SU) - D(m+1)(x>
< E(m+1)[h(m+1)] . Eg(gm) [h(m+1)] + %h(m) . h(m+1)H§
< [V PO () — PO (2, )
Lyromy _ g omeny 2
+ b — B

K Koty
< - - -

1
+ = h(m) . h(m—i—l) 2
Kot | 1 ;

KlKQTm K22T72n
<

Ti:m 27-12:m
K2 m
< (KlKQ + —2) Tm
2 T1:m

Here, the third step uses the fact that ||, < K; (Lemma 28) and (5.41), the

fourth also uses (5.41), and the last is due to the fact that 72 < 1. Letting K3 =

KKy + KTE, we get (5.40). O

Remark 10. As will be evident from the proof below, we can specify the precise

form of the regret bound in (5.3) using the constants from the above lemmas:

(5.44)

5.5.3 Details

We are now ready to present the detailed proof of Theorem 21.
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Step 1: Reduction to the steady-state case. For any P € M;(X), let us define
the steady-state regret of our strategy v w.r.t. P by

RE(P) = Cp — K, [Z a(X, P)] ,

t=1

which is the difference between the actual cumulative cost of v and the steady-state
cost of the stationary unichain policy P initialized with 7p. Now let us fix some
p€[0,1) and consider an arbitrary P € M{(X), where without loss of generality we
can assume D(P(z,-)|P*(x,-)) < oo for all z € X. For each t > 1, let vy = §,, P!
be the distribution of X; in the Markov chain induced by the transition matrix P

and initial state X; = x;. For any T', we have

|R7(P) — R (P)]

= ]Efl [i Ct(Xtap)] _]EWP [Z Ct(X> P)] ‘

t=1 t=1

~ | Y Buled Xe, P)] — Expler(X, Pm‘

T
< 2 lel, P)loclve — mela
t=1

T

2K,
< 2K0 Z pt_l < 1 0
t=1 -r

, (5.45)

where the second inequality is by Lemma 27 and the fact that P € M7 (X). Therefore,
it suffices to show that the bound in (5.3) holds with ERS(P) in place of ERy(P).

Step 2: Steady-state approximation within phases. In this step, we approxi-
mate the cumulative cost within each phase by its steady-state value. Let M denote

the number of complete phases up to time 7', i.e. 7.y < T < 713741 (simple algebra
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gives M < (4/3)T3/4*+). Then we can decompose the total cost as

T1:M T
Cr = (X, Py) + 2 (X, )
t=1 t=71.pm+1
T1:M
< c(Xe, Br) + Kot = Crpyy + KoTarsa,

o~
Il
—

where the inequality is by Lemma 27. Since all state costs are nonnegative by

hypothesis,

1

E, [Z X P>] >E, [ X P)] ,

which implies that
RY(P) < RZ

T1:M

(P) + KoTnr1. (5.46)

For every time step ¢, let u; be the state distribution induced by our strategy when
starting from initial state distribution p; = d,,. Note that the transition matrix at
time t is P, = P if t € 7,,. We can decompose the expected cost in the first M

phases as

EC,, , = f DBy, [a(X, PO, (5.47)

m=1teT,,

and for every t € T, we have
E,, [c:(X, P™)]

< Erom [ao(X, PU)] + e, PU) ol e — 7™
< Enom [e(X, PO)] + Kol — 7™,

where the last step is by Lemma 27. In addition, for every k€ {0,1,..., 7, — 1}, we

have

HMT1:m_1+k+1 - W(m) H 1

< 0¥ty g1 — 7M1 < 207,

k

Hrsma 1 (PU) = am ()
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where the first inequality is due to Lemma 27. Hence,

Y E,, [e(X, P)]

teTm
Tm—1
< 3 Eoom [aX, PO+ 20 Y o
teTm =0
2K,
< Z Eﬂ'(m) [Ct(X, P(m))] + 1 _(())é
teTm
Substituting this into (5.47), we have
N 2KoM
m 0
ECr . < D5 2, Exow [a(X, PU)] + 1—a’

m=1teTm

Step 3: Looking one phase ahead. In this step, we show that the steady-state
cost in each phase is not much worse than what we could get if we knew everything

one phase ahead. For every m € {1,..., M}, we have

DB [e(X, PUM)]

t€Tm

< 3 Epien [ X, PO)] + Koy |n™ ) — )

t€Tm

K()KQTT%L

< T ma) [f(m) + D(m)] +
(1 — )71
= ijf(m) (P(m+1)) + TmEﬂ.(m-H) [D(m) — D(m+1):|

K0K2T72n
(1 — CY)Tl;m

)

_ KK 2
< Tme(m) (P(m+1)) + <1 0422 4 Kg) Tm

T1:m

where the first inequality is by Lemma 27, the second inequality is by Lemma 28,
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and the last inequality is due to (5.40) in Lemma 28. So we now have

EC Tm f(m)(P(m+1))

T1:M <

M=

1

M
KK 2 2K M
Z ( 02 3) Tm + 0 . (548)

T1:m l—«o

3
I

Step 4: Looking M phases ahead. In this step, we consider the fictitious situation
where we know everything M phases ahead, and show that the resulting steady-state
value is actually greater than what we could get if we knew everything just one phase

ahead. In other words, we claim that

M
Tm f<m>(P(m+l)) < Z Tm f<m>(P(MH))- (5.49)

M —
Tm f<m>(P(MH))
m=1
M-1 )
= Tm f<m>(P(MH)) + TMJﬁM)(P(MH))
m=1

= T T (PYTD) 4 7 T (PO0)

Z T1:M— 1J (1:M—1) (P(M)) +TMJJ?(M) (P(M+1)>

M-1
Z Tin ) ( (PM) + 7ag ] on (P (),

m=1

where the second equality is due to the fact that my.a_; fEM D = D e Tins s

Zf\le Tmf(m), while the inequality is by Proposition 26 and the fact that P(M) =

P, where h™) is the relative value function for state cost f FlLn—1) Repeating
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this argument, we obtain (5.49). Moreover,

M
Z T _f P(M+1)) _ TI:MJ . M)(P(M+1))
m=1

=T inf  Jrgoan (P
7’1.MP€}&11(X) f(l-M)( )

= inf E, [TlZMct(X,P) (5.50)

PeM;:(X) —

After these four steps, we are finally in a position to bound the expected steady-

state regret. Combining (5.48)—(5.50), we can write

T1:M
EC, ,, < mfﬁzlzquf1

PeM;(X) =1

1—« Tlem, 1—«

M
KoK 2 2KqM
+Z(°2+K3)T—m+ 0.

m=1

Therefore,

T1:M
MﬁMgv:m%M—Ewlzyuxpi

t=1

M
< EOTLM - Pe}&lf [Z ]

Kok 2 oK\ M
\Z(OQ )ﬁu-“ . (5.51)

1—« Tlm 1—«

Next we show that the right-hand side of (5.51) can be bounded by a quantity that

is sublinear in 7. From (5.46), we have

ER{SZ?(P) < ER® (P) + KoTaren

T1:M

M
KoK 2 9K,M
< (222 k) T T2 Kom
l—«

= Tim 1 —
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Due to our construction of the phases, M < (4/3)T%4*¢ and 7y < M if M > 1.
Moreover, it is a matter of routine but tedious algebraic calculations to show that the
choice 7, = [m%*] for m = 1,..., M for any € € (0,1/3) is sufficient to guarantee

that 7'31 < 4/T1.m. Thus, we obtain

M
KoK> ) 2 2K M
ERY(P) < E + K3 | /™ + + KoM
r(P) m_l(l—& ) m | 1—a 0

KoK 2
<M<%+KO+K3>
—

~X

3

11—«

4 ( Ko(K2 +2
<- <—°( 22 | gy 4 K3> T3/t

Therefore, recalling (5.45), we finally obtain
ERr(P)
T

_ERF(P) 2K,
T T(1—p)

x =

_ ;1 <K0(K2 + 2)

+ Ko + Kg) TVAe 4

-« T(1-p)

which completes the proof of Theorem 21.
5.6 Simulations

In this section, we demonstrate the performance of our proposed strategy on a sim-
ulated problem involving online (real-time) tracking of a moving target on a large,
connected, undirected graph G, which models a terrain with obstacles. The state
space is the set of all vertices (nodes) of GG. The target is executing a stationary
random walk on GG with a randomly sampled transition probability matrix, which is
different from the one that governs the passive dynamics P*. The motion of both the

tracking agent and the target must conform to the topology of GG, in the sense that
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both can only move between neighboring vertices. The graph used in our simulation
has 564 vertices.

To make sure that Assumptions 5 and 6 are satisfied, we construct the passive
dynamics in the form P* = (1 —0)P, + 0P, for some § € (0,1). Here, P, is a random
walk that represents environmental constraints, allowing the agent to go from a
given node either to any adjacent node (with equal probability) or to remain at the
current location. To ensure that the agent is sufficiently mobile, the probability
of not moving is chosen to be relatively small (in our case, 0.01) compared to the
probability of transitioning to any of the neighboring nodes. Since the underlying
graph is connected, the random walk P; is irreducible; it is also aperiodic since
Pi(z,z) > 0 for all vertices z. We also add a perturbation random walk Py, which
has a fixed column of ones (we can think of the node indexing that column as a
“home base” for the agent), and zeros elsewhere. The “size” of the perturbation is
controlled by ¢, which is set to be small (we have chosen § = 0.01), so the agent
only has a slight chance of returning to “home base” from any given node within
one step. This perturbation ensures that no two rows of P* are orthogonal, and
a(P*) <1—-4§=0.99.

The simulation consists of a number of independent experiments. Each individual
experiment runs for 7" = 1000 time steps. We first randomly sample a transition
matrix for the target motion. After simulating the target’s random walk for T" steps,
we record the target locations and use them to generate a sequence of state cost
functions {f;}_,. Then we feed these 1000 state cost functions sequentially to our
online algorithm and compute the resulting cumulative cost Cr. At each time ¢, the
tracking agent is in state (location) z;, the target is at location s;, and the agent’s

action is P;. The cumulative cost after T time steps is

2 [fi(z:) + D (Py(zs, )| P* (21, -))] (5.52)
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FIGURE 5.1: Regret versus time. The red curve shows the average of the regret
(the difference between the total cost of our strategy up to each time t and the total
cost of the best stationary policy up to that time) over 100 independent realizations
of the simulation. At each time ¢, the height of the gray region corresponds to one
sample standard deviation.

with state costs fi(z;) = dg(zy, s¢), where dg(-,-) is the graph distance (number of
edges in the shortest path) between the agent’s current location and the location of
the target, normalized by the diameter of G. Then we compute the best stationary

policy P in hindsight for the average of all the state costs by solving the MPE

e Pt = ¢ e

for the relative value function h, where f = %ZtTZI fi, and then setting

_ P*(x,)e "0

P(z, ) = Prei(z) reX

The regret is then computed with respect to the steady-state cost of this best sta-

tionary policy:

RT(P) = CT _EWP [Z Ct(Xa P)] y

t=1

where
a(X, P) = fi(X) + D (P(X, )| P*(X,)),

145



and 7p is the unique invariant distribution of P.

To plot the regret versus time with error bars, we implement the experiment 100
times and compute the empirical average of the regret across experiments. For each
realization the agent was initialized with the same starting state. The evolution of
the regret versus time is shown in Figure 5.1, where the regret at time ¢ is defined as
the total cost of our strategy up to time ¢ minus the total cost of the best stationary
policy up to time . We can see that the regret is growing sublinearly, as stated in
Theorem 21.

We also compare the total cost of our strategy to that of the best stationary
baseline policy among a set A of 10° randomly sampled stationary policies. Once
again, each experiment runs for 7' = 1000 time steps. The baseline policy Pyaseline 1S

the one that has the smallest total cost

T
Cr(Praseline) = mir}z [fi(ze) + D (P(x, )| P* (2, )] -
PeN T
among the 10° randomly sampled policies. The regret of our adaptive strategy is
thus given by Cr — Cr(Poaseline)-

As before, there are 100 independent experiments, where in each experiment the
agent using our strategy and the agent using the best sampled stationary policy were
initialized with the same starting state. The evolution of the regret versus time is
shown in Figure 5.2, where the regret at time ¢ is defined as the total cost of our
strategy up to time ¢ minus the total cost of the best sampled stationary policy up
to time t. We can see that the regret is negative, which implies that our strategy
outperforms the best sampled stationary policy for each particular realization of the

state cost sequence.
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F1GURE 5.2: Comparison of our proposed strategy to the best stationary policy in a
set of 10° randomly sampled policies. The red curve shows the average of the regret
(the difference between the total cost of our strategy up to each time ¢t and the total
cost of the best stationary policy up to that time) over 100 independent realizations
of the simulation. At each time ¢, the height of the gray area corresponds to one
sample standard deviation.

5.7 Conclusion and future work

The problem studied in this chapter combines aspects of both stochastic control and
online learning. In particular, our construction of a Hannan-consistent strategy (a
concept from the theory of online learning (Cesa-Bianchi and Lugosi (2006))) uses
several ideas and techniques from the theory of MDPs with average cost criterion,
including some new results concerning optimal policies for MDPs with KL control
costs (Todorov (2007, 2008, 2009)).

We have proved that, for any horizon T', our strategy achieves sublinear O(7%/4)
regret relative to any uniformly ergodic class of stationary policies, which is similar
to the results of Yu et al. (2009) for online MDPs with finite state and action spaces.
However, while our strategy (like that of Yu et al. (2009)) is computationally efficient,
we believe that the O(T%*) scaling of regret with 7T is suboptimal. Indeed, in the case
when both the state and the action spaces are finite, Even-Dar et al. (2009) present

a strategy that achieves a much better O(+v/T) regret. Of course, the strategy of
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Even-Dar et al. (2009) involves recomputing the policy at every time step (rather
than in phases, as is done here and in Yu et al. (2009)), which results in a significant
loss of efficiency. An interesting open question, which we plan to address in our
future work, is whether it is possible to attain O(v/T) regret for online MDPs with

KL control costs.
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6

No-regret algorithms for zero-sum stochastic games

We can view online MDPs as a special type of stochastic games (Shapley (1953);
Sorin (2002)), where an agent who wishes to minimize his long-term average cost is
controlling the state transition alone, while an oblivious environment chooses the cost
functions. The underlying assumption is that the environment is acting arbitrarily
and likely sub-optimally. This obliviousness is exploited by the rational agent. Earlier
work (Even-Dar et al. (2009); Yu et al. (2009); Guan et al. (2012); Dick et al. (2014))
in the literature concentrated on developing algorithms that achieve sublinear regret
bounds. The goal of this chapter is to study regret minimization in a richer setting.
We remove the oblivious environment assumption and let the environment be a
rational opponent who is adaptive to the agent’s actions and also has a specific goal,
which is to maximize his long-term average reward. In that case, the agent and the
environment are playing a zero-sum stochastic game, where the loss of the agent is
the reward of the environment and vice-versa. As before, we let the agent control the
state transition alone. Now both players may adapt their strategies based on history,

i.e., this is a subclass of zero-sum stochastic games where the the state transition is
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determined by one player.

Von Neumann (1928) laid the foundations of the field of game theory and algo-
rithms by proving the celebrated minimax theorem: for every two-person, zero-sum
game with finitely many pure strategies, there exists an equilibrium mixed strategy,
i.e., a mixed strategy for each player, such that no player can improve his payoff by
unilaterally deviating. Recent work by Daskalakis et al. (2011); Rakhlin and Srid-
haran (2013b) has shown that online optimization can be used to develop efficient
dynamics that lead the two players of the game to converge to an equilibrium. In
other words, if both players of a game use an online learning algorithm to com-
pete against their opponent, then the average payoffs of the players converge to the
minimax value and their averaged strategies constitute an approximate minimax
equilibrium. Motivated by this result, we investigate the following questions: what
is the role of regret minimization strategies for zero-sum single-controller stochastic
games? Do they lead the game to converge to the minimaz equilibrium? We answer
these questions by showing that, if the two players follow stationary policies derived
from regret minimization algorithms, then their average payoff will converge to the
average minimax payoff at fast rates.

Existing work on stochastic games has mainly focused on finding and com-
puting equilibria for these games (Shapley (1953); Mertens and Neyman (1981);
Parthasarathy and Raghavan (1981)). There is a well-developed theory for regret
minimization algorithms in repeated games (Cesa-Bianchi and Lugosi (2006)). Even-
Dar et al. (2009) first considered regret minimization in single-controller stochastic
games (online MDPs) and proved a sublinear regret relative to the best stationary
policy in hindsight. They also showed that, for standard stochastic games where the
environment controls both the costs and the state transitions, it is NP-hard to ap-
proximate the best fixed strategy within any factor better than 0.875, which means

it is NP-hard to derive an algorithm that has an expected average reward larger
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than 0.875R*, where R* is the optimal average reward obtained by a stationary
policy. Yu et al. (2009) also proved a hardness result for achieving sublinear regret
for standard stochastic games, and showed that regret minimization is possible for
single-controller stochastic games, where the environment is oblivious (non-adaptive).
Dick et al. (2014) treated the single-controller stochastic game as an online linear
optimization problem and provided algorithms that achieve sublinear regret bounds.
Guan et al. (2014a) provided a general framework for deriving regret minimization
algorithms in single-controller stochastic games under the assumption that the envi-
ronment is oblivious, and unified existing methods (Even-Dar et al. (2009); Yu et al.
(2009); Dick et al. (2014)) under a single theoretical interpretation.

In this chapter, we look at regret minimization and stochastic games from a dif-
ferent and novel prospective. We are not interested in minimizing the regret against
the best stationary strategy; instead, we shift our focus toward using regret mini-
mization strategies to derive near-optimal strategies for single-controller stochastic
games. To the best of our knowledge, this topic has not been the subject of previous
work. We first reduce a single-controller stochastic game to an online linear optimiza-
tion problem and use the resulting regret minimization strategies for both players
to generate a pair of stationary policies. We let both players follow these stationary
policies and show that the average payoff converges to the average minimax payoff
at fast rates.

The range of applications of stochastic games is severely limited by their high
computational cost. The computational burden is significant due to the curse of di-
mensionality, since the computational complexity scales quadratically with the num-
ber of states when dynamic programming is used. Our approach can be seen as an
alternative way of approximately solving two-player stochastic games by using sta-
tionary policies derived from regret minimization strategies. Moreover, by providing

the rate at which the payoff resulting from these policies converges to the minimax
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value of the game, we are able to precisely quantify the degree of sub-optimality of
these policies.

The rest of the chapter is organized as follows. Section 6.1 introduces the single-
controller stochastic game setting and shows how to reduce it to an online linear
optimization problem. Section 6.2 presents our main results. Section 6.3 summarizes

our contributions.
6.1 Problem formulation

We consider a single-controller stochastic game, i.e., only one player controls the
state transitions (Parthasarathy and Raghavan (1981)). The state space is denoted
by X, and there are two action spaces for two players, U; and U,. The cost function
is ¢ : X x Uy x Uy — [0, 1]. Player 1’s closed-loop behavioral strategy is denoted by
the tuple v = (71,...), where 7, : Xt x U{™t x U5 — P(U;), and his mixed strategy
at time t is denoted by P;,;. Similarly, Player 2 also has a closed-loop behavioral
strategy denoted by the tuple § = (01,...) with §, : X! x Uit x US™ — P(U,),
and his mixed strategy at time ¢ is denoted by P»;. Since Player 1 controls the
state transition alone, the controlled transition kernel is given by K (y|x,u), which
specifies the probability of moving to state y given the current state x and Player

1’s action u;. The game protocol is the following:

Xi==x
fort=1,2,...
Player 1 knows zf, u{ ™ ub™?,
Player 1 picks u;; ~ P 4;
Simultaneously
Player 2 knows xf, u}™ ub™?,
Player 2 picks ug; ~ Pay;
uy; and ug, are revealed to each other at the same time
Player 1 incurs cost c(z¢, u1 4, u2,), Player 2 incurs cost —c(xy, uy g, uay)
The next state is drawn by X1 ~ K(-|xy, ug )
end for
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A basic result in the theory of stochastic games is that, for every initial state x, the

game has a value given by

2l o T—o0

1 T
V(z) = inf sup lim sup ?EZ"; [Z (X, Ur s, U27t)] ) (6.1)
=1

This corresponds to an infinite-horizon stochastic game with optimal stationary
strategies for both players (Mertens and Neyman (1981); Parthasarathy and Ragha-
van (1981)). On the other hand, we can fix a time horizon 7', and look at this

quantity:

. 1 c
Vr(z) = 13f s%p TIE:Z’& [; (X, Ur g, Uay) (6.2)

In this case, instead, the optimal strategies of both players are non-stationary. Our
goal is to explore whether there exist regret-minimization strategies for the two
players, such that, if both players honestly follow stationary policies derived from
the prescribed strategies, their average payoffs will approach the average minimax
payoff at some fast rate.

Our approach is motivated by Rakhlin and Sridharan (2013b), who solve a saddle-
point optimization problem by playing two online convex optimization algorithms
against each other. Hence, we first need to reduce the single-controller stochastic
game to an online linear optimization problem. We start by introducing some neces-

sary details about this reduction, and then give a formal description of our approach.
6.1.1 Preliminaries

As mentioned earlier, a single-controller stochastic game can be seen as an online
MDP problem, where the cost functions are chosen by the environment and the
state transition is controlled by the agent alone. In Section 2.3.3, we have reduced

the online MDP problem to an online linear optimization problem. Here we adopt
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the exact same idea to reduce a single-controller stochastic game to an online linear
optimization problem.

By definition of the state-action polytope G, it is easy to see that we can asso-
ciate each policy with an occupation measure. Thus, we can let Player 1 choose an
occupation measure from G at each time step, instead of choosing his action u; € Uj.
Next, by allowing Player 2 to choose his action from a certain set, we can let the cost
function itself reflect Player 2’s action: for each uy € Uy, we have a state-action cost
function ¢y, (x,u1) = c(z,uy,uz). Let F be the closed convex hull of all such func-
tions: F = {3}, cu, P(u2)c(-, -, uz) : p € P(Uz)}, where choosing a point within this
set is equivalent to simply picking out a mixed strategy of Player 2. Here we slightly
change the notation by viewing the cost function at each time step as the mixed strat-
egy picked by Player 2. Namely, for each mixed strategy p; of Player 2 at time ¢, there
exists a corresponding cost function f; € F, such that >, ., pi(u2)c(-, -, u2) = fil-, ).
The key point is that the expected cost of following a policy can be then approxi-
mated by the inner product of the occupation measure associated with that policy
and the new cost function chosen from F. This is shown by Lemma 1 in Dick et al.
(2014). Consequently, we are able to reduce a single-controller stochastic game to an
online linear optimization problem, where at each time step ¢, Player 1 is choosing
the occupation measure v; from the state-action polytope G, and Player 2 is choosing
the cost function f; € F (here we omit the dependence of v, f; on 4, d for simplicity).
The one step costs incurred by Player 1 and 2 are (v, f;) and —(u, f;), respectively.
We would like to emaphsize that in this online linear optimization problem, at time
step ¢, Player 1 can only observe the quantity > ., pi(uas)c(zs, urs, uzy); Player

2 can only observe ) ve(xe, urg) (e, ur e, usyg). They don’t have access to their

Te,UL ¢

opponents’ mixed strategies.
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6.1.2  From online linear optimization to a single-stage game

Once the problem is reduced to an online linear optimization, we let both players

adopt regret minimization strategies, and we look at their online learning regrets:

T T
= D f — int 2 Y0 S < RN ), (63

t=1 t=1

T 1
Z ~v fo) — inf % ;(—@t, D)< R*w,...,vp). (6.4)
Here we assume that Player 1 produces a sequence of vq,...,vp by using a regret
minimization algorithm, and his regret is denoted by R'(fy, ..., fr) given his obser-

vations, which are averages of Player 2’s actions. Respectively, Player 2 produces
a sequence of fi,... fr by using a regret minimization algorithm, and his regret
is denoted by R*(vy,...,vr) given averages of Player 1’s actions. Note that there
is no Markov chain involved, and the strategies for both players depends only on
the averages of previous moves of their opponents. This online linear optimization
problem refers to the online learning (steady-state) component of the game. Since
this is a standard online learning problem, we know that there exist numerous regret
minimization strategies for both players such that R' and R? are sublinear (Cesa-
Bianchi and Lugosi (2006)). We refer to this online learning game by G1, and it
serves as a starting point of our analysis. Both players adopt regret minimization
algorithms in G1 and get sublinear regret bounds R'(fy,..., fr) and R*(vy,...,vp).

We denote the averages of the sequences of two players’ actions by vy = % Zle vy
and fr = %thl fi- They can be seen as stationary policies (strategies) for the
corresponding player. The following proposition will be exploited in the proofs of

the next section.

Proposition 29. Suppose both players adopt regret minimization strategies in G1.
Let {v;}I_, and {f;}I_, denote the sequences of the players’ choices. There exists a
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stationary policy for Player 1 to choose the occupation measure, given by vy, i.e., the
average occupation measure of all T measures drawn from the regret minimization
algorithm, such that, given any choice of Player 2, for a large enough horizon T, the
one-shot game where Player 1 chooses the occupation measure and Player 2 chooses

the cost function, converges to an equilibrium at fast rates:

sup{ir, f) — inf sup{v, f) < R'(f1,..., fr) + R*(v1,...,vr). (6.5)
feF veg feF
Proof. By linearity, we have

1 < _
inf ;@, fi> = infv, fry < sup inf(, f)

and
T
) _ 1
inf sup(v, f) < sup(ir, f) = sup — > u, f.
veg feF feF rer ' =

Because both G and F are convex, using von Neumann’s minimax theorem (see

Theorem 7.1 in Cesa-Bianchi and Lugosi (2006) for details), we have

sup inf{v, f) = inf sup{v, f).
feF ved veg feF

Therefore, we get inf,cg %Z;‘le@, fo) < inf,egsup ;. z(v, f). By adding the regret of

the two players, we have

1 < 1 <
— — inf — < RYMfy, ... (1, ... . .
fcgpr;<Vt’f> ll/IelthZI<y’ft> R <f17 7fT)+R (Vla 7VT) (6 6)
Using sup;z(Ur,f) = supsr % ZtT:1<’/t> f> and inf,cg % ZtT:1<I/, fiy <

inf g sup (v, f), we get (6.5).

This naturally leads to another question: how can we translate this result back to
the original dynamic game that has multiple rounds? We will answer this question by
relating the quantity inf,eg sup . (v, f) to Vr and relating the quantity sup ;. {vr, f)
to the payoff of a dynamic game.
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6.2 Regret minimization in stochastic games

6.2.1 Stationary strategies for finite-horizon stochastic games

Consider a one-shot game, where Player 1 chooses the occupation measure from G
and Player 2 chooses the cost function from F. The following lemma relates this
game to a finite-horizon two player zero-sum single-controller stochastic game, whose

value is given by (6.2).

Lemma 30. Suppose both players adopt regret minimization strategies in G1, and
{viyI, and {f}1_, are the sequences of the players’ choices. If Player 1 uses the
average occupation measure vr for the above one-shot game, then regardless of Player
2’s choice, Player 1’s payoff approaches the minimazx payoff of the T-step finite-
horizon stochastic game starting at any initial state x at fast rates. Specifically, let
RY(f1,..., fr) and R*(v1,...,vr) be the online learning regrets of the corresponding
regret minimization algorithms used in G1. Then there exists some constant C' such

that

sup{vr, f) < Vr(z) + % + RYf1, ..., fr) + R*(v1,...,vp). (6.7)
feF

Proof. To lower-bound Vr(x), we restrict Player 2 only to those strategies that draw
actions i.i.d. from some fixed distribution, ignoring the state. We denote the set of

all such strategies by A%,. For each such strategy of Player 2, Player 1 faces a T-step

157



MDP:

~

T
Vr(xz) = inf sup 5 [Z (X, Up s, U27t)]
=1

> inf sup ]E75

Z & Xta Ul,t7 UQ,t)
v 5eAf

t=

—

T
= infsup E”f[Zf Xt,Ult]

R4 f€-7: t=

[y

feF

T
> sup inf B/ [Z f(X:, Uy ] .

For a fixed choice of f € F, we denote the optimal payoff of that MDP starting
from initial state = € X by vh(z) = inf, EY/ [Zthl f(Xq, Ul,t)] and denote v, (z) =
limy_ o v ().

By Proposition 5.21 in Sorin (2002), we know that T\v{;(x) — vl ()] is uniformly

bounded. Thus, for each f € F, there exists a constant C'(f), such that

max |vh(z) — vl ()| < ===
zeX

(6.8)

Using the fact that F is a convex hull of finitely many functions, we know that there

exists a constant C' = maxer C(f), such that

C
/ _ el
P ) — i@ <
It is shown in Borkar (1988) that
v (w) = inf(v, f). (6.9)
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Consequently,

T
Vr(z) = supinf Y/ [Z (Xt,Usy) ]
fer =1

— sup v} ()
feF

C
> sup{infv, f) — —
sup{infCv. f) = 7}

= inf sup<y - %

veg fe

Combining this with (6.5), we get

suplvr, [) < Vr(zx )—|—%+R1(f1,...,fT)+R2(V1,...,VT).
feF

]

Next we relate the quantity sup; z(vr, f) to the payoff of different dynamic
games. We start with the online learning game G1. Recall that Player 1 uses a
regret-minimization algorithm to produce a sequence of T" occupation measures on
the space of state-action pairs X x Uy, and uses the average of these measures vy to
recover a stationary policy Pr : X — P(Uy). Tp, is the invariant distribution induced
by policy Pr, and we have vy = Ty ® Pr. Player 2 also adopts a regret-minimization
algorithm to generate a sequence of {f,}7 , and computes the average fr. Now we
consider a T-round stochastic game, throughout which Player 1 uses the stationary
policy Pr and Player 2 uses fr.

Armed with Lemma 30, we get the following theorem:

Theorem 31. Assume the uniform mixing condition is satisfied by the controlled
transition kernel K. Let Cr = supscr | fllw. When both players follow stationary

policies v = Pp and & = fr derived from regret minimization strategies in G1, we
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have

< maX{Ml,Mg}, (610)

T
E‘f o [Z c(Xe, Ury, Uz,t)] — V()
t=1

where M, = %—i—Rl(fl,...,fT)+R2(V1,...,I/T)—l-% and My = R'(fy,..., fr)+

R*(vy,...,vp) +

Proof. Now both « and § are stationary policies. We let p; be the actual state

distribution at time t. We have

1 d T
_E:L‘y’é [Z C(Xta Ul,t7 U2 it ] = [Z Xt, Ul R ]
t=1 t=1

~

1< o 1e
< TZ@T, fry+ 7 ilmpy = pelalfllo
t=1 t=1

_ 1 &
<{or, fry + T; 2¢7)| fllo

_ 205
< _F
SpVr ) T e
¢ 2t + 1)C
<VT(if)4‘TﬂLRl(fh---,fT)4—]%2(1/1,...,1/T)4- ( T) r

where the second inequality is by the uniform mixing condition, and the last inequal-
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ity is by Lemma 30. On the other hand, we can upper-bound Vr(x) by

Tf1 ,,,,, fr t=1
1 d _ - 5
< 7 fsul} Z ((mp, @ Pr, fr) + (e @ Pr — wp, @ Pr, f1))
LT =1
1 g _ 1 o
< T Sup Z<7TPT ®PT,ft> + fz 7o — e[ f oo
Jrenfr i t=1
2(r+1)C
< sup o, g+ 2D

We further upper bound it through:

; ¢ 2(r +1)C
VT(.Z') < irelg<y’ fT> + Rl(fl, .. -,fT) + Rz(l/l, . ->VT) + —( T ) 4
r 2(r+1)C
< <17T7fT> + R1<f1, .. -yfT) + R2(V17 . -7VT> + %
1 T 1 &
< SEYT | DX U, Une) | + = ey — el | £
=1 t=1
2(r+1)C
+Rl(flu'-'7fT)+Rz(Vl,...,VT)—l—%
1 T
S fEZ’a ZC(Xt,Ul,t,Uz,t) +RYf1,..., fr) + R*(v1,...,vp) +
t=1

where the first inequality is by (6.6), and the second-to-last inequality is by

o, fry — B8 [ S, (X0, Un, Un) || < £ 51 e, — il f o

This result quantifies the sub-optimality of stationary polices Pr and fr, and

shows that, when the two players use these near-optimal stationary strategies, the
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actual payoff converges to the average minimax payoff Vi (z) for the finite-horizon

stochastic game at fast rates.
6.2.2 Stationary strategies for infinite-horizon stochastic games

We can also extend the above result to infinite-horizon stochastic games. Bewley and
Kohlberg (1978) have shown that if both players follow optimal stationary strategies

in the stochastic game with limit expected average criterion:

T—o0

T
hmsup IE'Y’ [Z XtaUl,taUZ,t)la

or the limit average criterion:

T
EV‘shmsup— [Z Xt,Ul,taUZt)] ;

T—o0

then these strategies are optimal in both games and the value of the game is

Veo(z) = lim Vp(x). (6.11)

T—o0

This result also applies to the weak criterion, where one replaces limsup;_,,, by
liminfr_, ..

We also know that, in an undiscounted single-controller stochastic game, a pair
of optimal stationary strategies for both players always exists (Parthasarathy and

Raghavan (1981)). In this case, we have the following corollary:

Corollary 32. When both players follow stationary policies v = Pr and

§ = fr derived from regret minimization strategies, the average payoff

+EY° [Z;‘le c(Xe, Up g, Ugyt):l converges to the value of the game V(x) as T — 0.

This corollary shows that we can compute near-optimal stationary strategies for
both players by letting both players adopt an online learning algorithm to compete
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against their opponent. Compared to traditional methods, where we use a linear
program to find the value and optimal stationary strategies, this construction of
near-optimal strategies may be more computationally efficient for large-scale tasks,

in the sense that we can process the data in a stream rather than a batch.

6.3 Conclusion

We have derived stationary policies from regret minimization strategies for online
learning games, and shown that they can be used as efficient dynamics for zero-sum
stochastic games to converge to minimax equilibrium. In particular, if regret mini-
mization algorithms achieve sublinear regret, then the convergence to the minimax
payoff is also at sublinear rates. This result provides a novel method for approxi-
mately solving zero-sum stochastic games by computing near-optimal strategies that

approximate the minimax equilibrium efficiently.
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7

Conclusion

7.1 Summary of contributions

This dissertation has addressed the problem of online MDPs by providing advances

in the following key areas:

e We have provided a unified viewpoint on the design and the analysis of online
MDP algorithms by constructing a general framework for deriving algorithms.
This framework significantly alleviates the burden of the algorithm design and
proving performance guarantees. This has been accomplished by coming up
with a sequence of upper bounds on a certain quantity and plugging those upper
bounds into a recursively defined system of inequalities. FExisting methods
are proven to arise from this framework via specific upper bounds, and new

algorithms are derived using this framework.

e We have moved away from the common assumption that the cost sequences
are generated completely arbitrarily and developed an algorithm that takes
advantage of possible “regularity” of the observed sequences. We have proved

an optimal regret bound in terms of the time horizon, which only pays for
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the unpredictable part of the cost sequence and retains the usual worst-case

guarantees if the sequence is indeed arbitrary.

We have also studied the traditional MDP problem and extended the LP ap-
proach to MDPs by adding relative entropy regularization. The goal is to
provide additional insights into the convex-analytic methods applied in previ-
ous chapters. We have found a tight connection between ergodic occupation
measures that minimize the entropy-regularized ergodic control cost and a par-
ticular exponential family of probability distributions, which has allowed us to
exploit known results about exponential families to provide structural results
for the optimizing measure. These properties are then used to establish sensi-
tivity and stability results, which open the door to further in-depth analysis of
the online MDP problem, such as optimal adaptation of the learning rate to ob-
served data or efficient approximate implementation of online policy selection

algorithms.

We have proposed a computationally efficient online strategy with sub-optimal
regret under mild regularity conditions for a new class of MDPs. A more
control-oriented formulation is considered: the emphasis is on steering the sys-
tem along a desirable state trajectory. The proposed algorithm is much easier
to implement and compute than existing online MDP algorithms, and milder
assumptions are needed to prove performance guarantees. Along the way, sharp
bounds on the sensitivity of optimal control laws are provided. We have also
demonstrated the performance of the proposed strategy on a simulated target

tracking problem.

We have transformed online MDPs to single controller stochastic games by

making the environment able to respond to the agent’s previous actions. We
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have derived near-optimal stationary strategies for finite-horizon stochastic
games, and the sub-optimality of such strategies is quantified. We have shown
that they can be used as efficient dynamics for zero-sum stochastic games to
converge to minimax equilibrium. We have also provided a computationally

efficient method of approximately addressing the infinite-horizon case
7.2 Future work

This dissertation opens up possible directions for future research.

In Chapter 2, we have shown that, if we construct an admissible relaxation by
deriving certain upper bounds on the conditional value and implement the associ-
ated behavioral strategy, we will obtain an algorithm that achieves the regret bound
corresponding to the relaxation. In principle, this gives us a general framework to
develop low-regret algorithms for online MDPs. However, with an additional state
variable involved, it is difficult to derive admissible relaxations to bound the condi-
tional value. We bypassed this problem by presenting two alternative frameworks
where we decouple the current action from future costs. An interesting prospect for
future research is to see if we can derive algorithms directly from the admissibility
condition (2.4). This could be possible if we find a way to derive some characteris-
tics of the conditional value from analytical properties of the Shapley operator. We
may also apply the idea of empirical dynamic programming (Haskell et al. (2013))
to approximate the conditional value. If we can obtain a sub-linear and computa-
tionally feasible upper bound of the minimax value, it would be possible to explore
the optimal strategy for the adversary.

In Chapter 4, we have derived various properties of the optimizing Gibbs measure,
the corresponding ergodic cost and the relative value function. These results open
the door to further in-depth analysis of the online MDP problem, such as optimal

adaptation of the learning rate to observed data. It would be interesting to explore
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different ways to efficient approximate implementation of online policy selection al-
gorithms. Another possible extension of our work is to introduce some uncertainty
about the state transition kernel, which will draw tight connection between our set-
ting and the robust optimization problem.

Finally, in Chapter 5, we have proposed a computationally efficient algorithm
following the Todorov set-up. An interesting line of research is to explore if we
could improve the regret bound and extend our results to more general state spaces.
This will require more sophisticated machinery, e.g., Foster—Lyapunov criteria and
ergodicity with respect to weighted norms (Herndndez-Lerma and Lasserre (2003);
Meyn and Tweedie (2009)), as well as the spectral theory of the MPE for Markov
chains with general state spaces (Kontoyiannis and Meyn (2003)). Another promising
avenue for future research is related to the apparent duality between our set-up and
the theory of risk-sensitive control of Markov processes (Hernandez-Hernédndez and
Marcus (1996); Fleming and Herndndez-Hernandez (1997); Moldovan and Abbeel
(2012)).
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