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Abstract

Exponentially localized Wannier functions (ELWFs) are an orthogonal basis for the
low energy states of a material consisting of functions which decay exponentially
quickly in space. When a material is insulating and periodic, conditions which guar-
antee the existence of ELWF's in dimensions one, two, and three are well-known and
methods for constructing ELWF's numerically are well-developed. In this dissertation,
we consider the case where the material is insulating but not necessarily periodic and
develop an algorithm for calculating ELWF's.

In Chapter 3, we propose an optimization-free algorithm for constructing Wannier
functions in both periodic and non-periodic insulating systems. In this chapter, we
rigorously prove that under the assumption of “uniform spectral gaps”, a technical
assumption we introduce, that our algorithm constructs ELWFs.

While the uniform spectral gaps assumption is not always met in practice, in
Chapter 4, we prove that for a wide class of systems (both periodic and non-periodic)
it is always possible to modify our algorithm so that the uniform spectral gaps as-
sumption holds. As a consequence of this result, we conclude that for both periodic
and non-periodic systems our algorithm can construct ELWFs whenever they exist.

The results in this dissertation open the door for extending the theory of topolog-

ical insulators, a recently discovered class of materials, to fully non-periodic systems.

v
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Chapter 1

Introduction

1.1 Overview

Over the past century, quantum mechanics has been shown to be a powerful tool
for modeling physical systems on the atomic and subatomic scales. While quantum
mechanics has been extremely useful in understanding real world experiments, numer-
ically modeling large quantum systems remains a significant computational challenge
due in part to their inherent high dimensionality. As a first step to decreasing the
computational complexity of simulating large quantum systems, many algorithms
begin by reducing the computation space from a high dimensional Hilbert space to a
smaller subspace of physically relevant quantum states. Once this subspace is chosen,
to perform calculations we must make a choice of basis for this subspace. Not all
bases are equally well suited for computation however. When we are interested in
studying local observables of a material (such as polarization or magnetization) bases
which are well localized in space allow for sparse representations of these observables
which drastically speeds up calculations.

In this dissertation, we consider insulating electronic systems in two dimension
whose dynamics are described by an effective single-particle Hamiltonian, H. For
such a system, the subspace of physically relevant states is defined by an orthogonal
projection P, called the Fermi projection. When the Hamiltonian periodic, that is
H commutes with a group of translations, a natural choice of localized basis for
the Fermi projection is given by the Wannier functions. For periodic insulating
systems in two dimensions, there has been much work on understanding when a
basis of exponentially localized Wannier functions exist and how to calculate them

in practice.



The main contribution of this dissertation is to propose and prove the correctness
of an algorithm for calculating exponentially localized bases for the Fermi projection
in both periodic and non-periodic insulators. Since our algorithm produces Wannier
functions in the periodic case, we refer to the results of our algorithm as generalized
Wannier functions. Furthermore, as a consequence of our proof of correctness, we
also establish sufficient conditions for when an exponentially localized basis for the

Fermi projection exist in non-periodic systems.

The remainder of this chapter is organized as follow: In Section 1.2, we give
details of how Wannier functions arise as part of electron structure calculations and
the role the Wannier functions play in the study of topological phases of matter. In
Section 1.3, we will review the basics of Bloch theory and the standard construction of
Wannier functions in periodic systems. Next, in Section 1.4 we will give an overview

of the previous work on the theory of Wannier functions.

1.2 Wannier Functions in Context

1.2.1 Kohn-Sham Density Functional Theory

Kohn-Sham density functional theory (KSDFT) is the most widely used technique
for solving electron structure calculations today and in practice KSDFT achieves the

best compromise between accuracy and efficiency [HK64, KS65].

The starting point of KSDFT is the many-body Schrodinger equation. Typically,
when modeling a molecular system, we have nuclei (composed of protons and neu-
trons) and electrons. Since nuclei are much heavier than the electrons, we can often
assume that the nuclei are essentially stationary as compared to the electrons; this
assumption is known as the Born-Oppenheimer approximation. For a system with N
electrons under the Born-Oppenheimer approximation, the many-body Schrodinger

equation without spin is defined by the following Hamiltonian which acts on suitable



functions on R3V:

1 N N

H:—ézAmi+Z%mt(wi)+‘/ee(w17'” LN ). (1.1)

i=1 i=1
In the above equation {z;}Y, C R3 A, denotes the Laplacian with respect to x;,

Vet denotes the external potential induced by nuclei, and V. denotes the electron-

electron interactions.

Even under the Born-Oppenheimer approximation, the many-body Schrodinger
operator (1.1) is a differential operator on 3/N-dimensional space. Even for relatively
small systems (say N ~ 100), attempting to solve any problem involving (1.1) directly

is intractable due to the curse of dimensionality.

The first key idea underlying KSDFT is Hohenberg-Kohn theorem, which allows
us to mitigate the curse of dimensionality. To state the Hohenberg-Kohn theorem,

we must first define the notion of an electron density function

Definition 1. Given any function ¥ : R*" — R where [|¥|?> = 1, the electron

density corresponding to W is defined as follows:
p(x) = N/ (U (z, 29, ,2n)|*dog - - - day.

Next, let ¥y be the ground state of a Hamiltonian H as in Equation (1.1) (i.e.
U, is the eigenvector of (1.1) with smallest eigenvalue). Furthermore, let py be the
electron density corresponding to ¥,. The Hohenberg-Kohn theorem states that the
mapping po — H is injective up to an additive constant!. Since any quantum system
system is completely determined by its Hamiltonian, the injectiveness of this map
implies that any property of the system can be derived as a function of the ground
state density po. Hence, the overall goal of KSDFT is to calculate the ground state
density, po.

!That is if H; and H» are two Hamiltonians with the same ground state density po, then H; — Hy =
(constant). Such a constant simply shifts the spectrum of H and hence does not change the

physically relevant properties of H.



By definition, ppy minimizes an energy functional E[-]. For a general interacting

inhomogeneous electronic system, we can write the energy functional for this system

as follows [HK64]:
1 x)p(x
Bl = [Va@ip(o)da + 5 [E28 D daay a0
In this equation, the first term comes from the nuclei-electron interactions and the
second term comes from the electron-electron interactions. The functional in the final
term, G|, is correction term to the energy which is defined through Hohenberg-Kohn
theorem. The second key idea underlying KSDFT is to approximate the functional

G[-] as a sum of two terms:

Glp] :== Exlp] + Euclp]

where Fi[p| is the energy of N non-interacting electrons and FE,.[p] is known as
the “exchange correlation”. Philosophically, writing the functional G[p] in this way
imposes the ansatz that the system can be modeled as N non-interacting electrons
with some correction. Using this approximation for G[p], via the Euler-Lagrange
equation, we can translate minimizing the energy in (1.2) to finding the N lowest

eigenpairs {(g;, 1)}, of the following eigenequation

(—%A + Veff[P]) Vi =g,
N (1.3)
where p = Z ;|2
i=1

The effective potential, Vig[p|, written above has an explicit formula which incor-
porates the nuclei-electron interactions, the electron-electron interactions, and the
exchange correlation. Notice that (1.3) depends on the electron density p which in
turn depends on the collection {t;}¥ . In practice, (1.3) is solved iteratively until

convergence is reached.



Connection with this Dissertation

In this dissertation, we consider Hamiltonians of the form
H=(V+A?’+V (1.4)

where both A and V satisfy some regularity assumptions (see Assumption 1). Note
that if we take A = 0, then we obtain a Hamiltonian which is of the same form as
the one considered in (1.3). The function A represents the effects of a magnetic field
and a Hamiltonian of the form (1.4) can be derived as part of KSDFT by repeating
the argument from the previous section with the addition of a magnetic field.

Let us assume that we have found the lowest N eigenstates of Equation (1.3)
with the above Hamiltonian self-consistently. The main results of this dissertation
are concerned with finding a new basis for this low lying eigenspace which decays
quickly in space. A well-localized basis can drastically speed up calculations when

we are interested in studying local observables of a material.

1.2.2 Topological Insulators

One important concept in the study of materials is that of different states of matter
(i.e. solid, liquid, gas, etc.). Oftentimes, transitions between the different states of
matter are controlled by continuous parameters such a temperature or pressure. In
the early 1980s, it was found that there are also phase transitions which are con-
trolled by parameters which take on discrete values. In particular, work by Thouless,
Kohmoto, Nightingale, and den Nijs showed that the properties of a certain materi-
als can be connected to topological invariants [TKNdAN82]. Such systems are said to
exhibit “topological order”.

One class of systems with topological order are known as “topological insulators”.
Unlike normal insulators, which impede the flow of electric current, topological insu-
lators act as insulators in their interior but conduct electricity with minimal resistance

along their surface [KMO05]. This ability to conduct electricity with low resistance

5



has led to great interest for their application in low-power electronic devices. Fur-

thermore, recently topological insulators have been experimentally realized [Moo10].

Connection with this Dissertation

Most previous work on topological insulators has considered systems which are peri-
odic or close to periodic. In these works, periodicity plays a central role in building
the connection between properties of the material and topology. As we will see in
Section 1.3, in periodic systems, the existence of exponentially localized Wannier
functions is completely determined by whether the material in question is topological
or not.

In this dissertation, we define an algorithm for constructing exponentially localized
Wannier functions in both periodic and non-periodic system and prove sufficient
conditions for when this algorithm succeeds in constructing exponentially localized
Wannier functions. Because of the correspondence between exponentially localized
Wannier functions and topological invariants in periodic systems, we conjecture that
our algorithm can be used as part of extending the theory of topological insulators to
both periodic and non-periodic systems. This extension is of great practical interest

because most real world materials are not periodic.

1.3 Bloch Theory and Wannier Functions

In this section, we will review the basics of the Bloch theory and Wannier functions.
While we will only make use of this theory in Appendix A.4, it will be useful to
review these results to make the connection with previous work more clear. To clearly
illustrate the ideas behind the standard construction of the Wannier functions, we

will consider a simple system in two dimensions.

We begin by defining a translation operators T'x and Ty so that for any function



f:R*—=C,
Tx f(w1,m2) = f(v1 +1,29) Ty f(x1,22) = f(w1, 22+ 1).

Next, we will consider the following Hamiltonian densely defined on L?(R?):
H=-A+4+V (1.5)

where V' € L°°(R?) and V is 1-periodic in both variables (i.e. TxV = Ty V = V).
Under this assumption on H, standard results show that H is an essentially self-
adjoint operator densely defined on L?(R?) and that H is bounded below [RS75a].
Hence the spectral theorem applies and H has purely real spectrum.

Our second assumption on H is that it describes an insulator. Mathematically,
this translates to assuming there exists an scalar EFr € R, called the Fermi en-
ergy, such that Er is not in the spectrum of H. Under this assumption, the Fermi
projection, P, is defined as the projector onto the span on eigenvectors with eigen-
values less than Er (or more precisely, the spectral projector associated with the set
o(H) N (=00, Erl).

Since the Laplacian is translation invariant and V' is periodic, it is easy to check
that if H is as in Equation (1.5) then [H,Tx] = [H,Ty] = 0. Therefore, we should
expect to be able to find a simultaneous basis of eigenfunctions of H, T, and Ty.

This result is known as Bloch’s theorem and the basis of simultaneous eigenfunctions

is known as a Bloch basis [AM76]. Formally, we denote the Bloch basis by {¢x}

where k = (ky, ko) € [-7,7)? and n € N and we have that

Hwn,k = En,kwn,k
TXwn,k = eiklwn,k (16)

TyYng = %24,

The eigenvalues for F,, j, are ordered so that for each k € [—7, 7)%:

Fip < By < FEzp <---.

7



In the physics literature, the eigenvalue £, x is known as the energy and the variables
k = (k1, ko), corresponding to the phases in Equation (1.6), are known as the crystal
quasi-momenta.

Because of the assumption that Er is not in the spectrum of H and the fact that
n € N, we can find some N, called the band number, so that for all k € [—m, 7)?,

Eng < Ep < Enti1. Hence, by definition of the projector P, we have that:
range (P) = span({tk(z) : 1 < n < Nk € [-m,m)}).

While we can use the Bloch basis as a basis for range (P), using the definition of
Tx, Ty we see that Equation (1.6) implies that v, g(z1 + 1,15 + 1) = e!®1+k2)q 4 (7)
so the functions v, do not decay as |x| — oc.

To transform the Bloch functions to a basis which quickly decays in space, Wannier
[Wan37] proposed taking the inverse Fourier transform of the Bloch basis in the

crystal quasi-momentum as follows:

wnnle) = s [ ) (1.7

The collection of functions {w, g} are known as a basis of Wannier functions. Im-
portantly, the functions {w,, r} as defined in Equation (1.7) are not the only possible
basis of Wannier functions. Since eigenfunctions of H are only defined up to a choice
of complex phase we could alternatively define the Wannier functions in Equation

(1.7) by making the substitution:
Uk (T) — 6“”*’“2/1717,6(:5) where A\, € R (1.8)

More generally, for a system with N bands, this degeneracy is defined by a collection
of N x N unitary matrices {U (k)}ke[fﬂm)z and substituting the following expression
into Equation (1.7):

U go( ZU’“)wmk (1.9)

The mapping in Equation (1.9) is known as a “gauge transformation” and an in-

stance of the matrices {U®}yc(_r 2 is known as “choice of gauge”. By changing

8



the choice of gauge, one can change whether the corresponding Wannier functions
are localized in space or not. In particular, since Wannier functions are defined by an
inverse Fourier transform in the crystal quasi-momentum k, if we can choose a gauge
{UM}e—nm)2 so that the functions in Equation (1.9) are analytic and periodic in k
then one can show that the resulting Wannier functions decay exponentially quickly
in space [MPPT18, Appendix A].

In pioneering work, Kohn [Koh59] proved that for inversion-symmetric crystals in
one dimension with an isolated band (/N = 1) there always exists a choice of gauge
so that the corresponding Wannier functions decay exponentially fast in space. Since
this work by Kohn, there have been many works which have studied exponentially

localized Wannier functions from this perspective.

1.4 Previous Work on Exponentially Localized Wan-

nier Functions

In this section, we review of some previous work on the study of exponentially lo-
calized Wannier functions (ELWFs) both theoretical existence results (Section 1.4.1)

and numerical techniques (Section 1.4.2).

1.4.1 Theoretical Results

Inspired by Kohn’s result on ELWFs, there have been much research devoted to
understanding when ELWF's exist by analyzing different choices of gauge. As a result
of these efforts, it is now well understood that for periodic insulators in dimension one,
two, and three the existence of ELWFs is tied to the vanishing of certain topological

invariants. We give a quick review of these theoretical results

e In one spatial dimension, a basis of ELWFs for Fermi projection of an insulating

crystalline material always exists [Clo64, DC64, Nen83, HS88, Nen91].

9



e In two dimensions, the same result holds if and only if the Chern number, a

topological invariant associated with the Fermi projector, vanishes [BPCT07,

Pan07, MPPT18].

e In three dimensions, the result holds as long as three “Chern-like” numbers all

vanish [BPCT07, Pan07, MPPT18].

e In two or three dimensions, if a system satisfies time reversal symmetry then

the Chern number vanishes and hence a basis of ELWF's always exist [BPCT07].

To complement these results which connect ELWFs and topology, in [MPPT18] the
authors were able to show that for periodic systems in two dimensions that the Chern
number vanishes if and only if there exists a basis of Wannier functions with finite
second moment (and similarly in three dimensions). This result, combined with
the previous results connecting ELWFSs to the Chern number, forms the basis of the
localization-topology correspondence or localization dichotomy. More formally stated

we have the following theorem:

Theorem 1 (The Localization Dichotomy, adapted from [MPPT18]). Suppose that
H is a Hamiltonian densely defined on L*(R?) of the form

H=(V+A?’+V

which is insulating and satisfies a regqularity assumption (for example, Assumptions

1 and 2 are sufficient). Then the following are equivalent:

1) There ezists a choice of gauge corresponding to a basis of Wannier functions
{wy, r} which has finite second moment. That is there exists a constant C' < 0o

such that for all (n, R):

/2 @ — RP|w, p(@)|? de < C
R

2) The Chern number for the projector P vanishes.

10



3) There exists a choice of gauge corresponding to a basis of Wannier functions
{Wn.r} which is exponentially localized. That is there exists a constant C' < oo

and a constant v > 0 such that for all (n, R):
/ Rl ()P di < C
R2

The fact that the existence of an well localized basis is tied to the Chern number
(a topological invariant) has led materials with non-zero Chern number to be called

topological insulators.

1.4.2 Numerical Results

In addition to their theoretical significance, Wannier functions have proved to be
an important tool for numerical simulations. In particular, Wannier functions are
used to understand the nature of chemical bonds, calculate polarization in materials,
and construct accurate model Hamiltonians (discrete approximations to continuum
Hamiltonians) [MSV03]. Due to the many practical uses for well localized Wan-
nier functions, there have been a number of works which have proposed techniques
for constructing well localized Wannier functions in both periodic and non-periodic
systems. These methods can be roughly classified into two classes: those which use
gauge optimization and those which do not. Note that gauge optimization techniques
can only be used in periodic systems.

With regards to gauge optimization based approaches, as discussed in Section
1.4.1 for periodic systems, once the Bloch functions are chosen, calculating a basis
of Wannier functions is equivalent making a choice of gauge {U®)}. In a highly
influential work, Marzari and Vanderbilt proposed optimizing the gauge so that the
corresponding Wannier functions have variance which is as small as possible [MV97].
In the mathematical physics community, this objective function (minimizing the vari-
ance of the Wannier functions) has been dubbed the Marzari-Vanderbilt functional.

Since this initial work, the original ideas of Marzari-Vanderbilt functional minimiza-
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tion have been greatly expanded and implemented into highly optimized software
packages such as Wannier90 [PVA120]. Furthermore, in certain cases, it has been
shown that the minimizers of the Marzari-Vanderbilt functional exist and these min-
imizers correspond to exponentially localized Wannier functions [PP13]. Outside of
gauge optimization-based approaches, a number of other works have looked at con-
structing a good choice of gauge algorithmically [CLPS17, CHN16, CMT17, CM17,
FMP16a, FMP16b].

Much less work has been done on algorithms which do not use gauge optimization.
A typical approach is to mimic the Marzari-Vanderbilt approach by choosing an
appropriate cost functional and performing an optimization routine to construct well
localized Wannier functions (see [MCY20, SMY20] for some recent examples of this
approach). There also have been propositions to generate localized Wannier function
by using tools from numerical linear algebra (i.e. rank revealing QR factorizations)

[DLY15, DLY17].
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Chapter 2

Notation and Assumptions

2.1 Notation and Conventions

We begin by fixing some notations. Vectors in R? will be denoted by bold face with
their components denoted by subscripts. For example, v = (v1, vg, v3, -+ ,v4) € R%

For any v € R?, we use | - | to denote its Euclidean norm. That is

o] = (Z vf)m

i=1

For any f : R? — C, we will use ||f]| to denote the L:norm of f defined as

1= ([ ) a) -

Similarly, for any linear operator we will use ||A|| to denote the induced norm when

follows:

we view A as a mapping L?(R?) — L?(R?). That is,

IAS]]

FEL?(R?) ||f” '
J#0

IA]} =

We define the L>*-norm of a function f : R? — C as follows

| fllzee :==1inf {C >0 :|f(x)] < C almost everywhere} .

Given two sets A, B C R we define their diameter and distance as follows:
diam (A) := sup{|a; — as| : a1,a2 € A}
dist (A, B) ;= inf{|la — b| : a € A,b € B}
For any contour in the complex plane, C, we will use ¢(C) to denote the length of C.
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2.1.1 Exponentially Tilted Operators

Given a point (a,b) € R?, and a non-negative constant v > 0, we define an exponential

growth operator, B (4, by

By (ap) = €xp (7\/1 + (X —a)?+ (Y — b)2> = l(X—a,Y=b1)]
where X and Y are the standard position operators are defined as follows:
Xf(x) =z f(x) Y/(x)=12f(T)
Given a linear operator A, we define

Ay ab) = B%(aﬁb)AB;%a,b)- (2.1)

We refer to A, (4 as “exponentially-tilted” relative to A. We will often prove es-
timates where we use the notation (2.1) but omit the point (a,b). In this case the
estimate should be understood as uniform in the choice of point (a,b). As a note,
per our convention, when v = 0, A, (44 = A. Throughout this paper, we will assume
that the Fermi projector P is fixed to be the spectral projector onto oy for H satis-

fying Assumptions 1 and 2. For this projection we also define the operators @), P,
Qy:
Q:=1—-P

o -1
P’Y T B’Y:(avb) PB'Y,(a,b)

Qy = B%(mb)QBy_,%@b) =1-P,

where we have used our convention for exponentially tilted operators defined above.

Observe that
P? = (By,(a,b)PB;zmb)) (B%(%b)PB;,za,b)) = B%(a,b)PzB;%a’b) _ P’y

so P, is also a projection. Similarly, it can be checked that @), is also a projection.
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2.2 Assumptions

Now that we’ve setup our notations, we can move on to formally state our assump-
tions. With regards to our proofs, the assumptions on H are mostly used to establish
some decay estimates on the Fermi projector P. We state these decay estimates in

Section 2.2.1 and formally prove these estimates in Appendix A.1.

Assumption 1 (Regularity on H). Throughout this dissertation, we will assume that

the Hamiltonian H takes the following form
H=(iV+A?*+V
where A € L™ (R*% R?), div(A) € L*(R%R), and V € L™(R*; R).

Remark 2.2.1. Following the analysis given in [MMP20], we expect that our reg-
ularity assumptions can be relaxed to A € L*(R*R?), div(4) € L3.(R?), and

loc

V e L2, .(R?). We assume that A, div(A), and V are all L* to simplify the analysis.

uloc

For more details on the role of these assumptions see Remark 2.2.5.

Using standard techniques it is easy to verify that Assumption 1 implies H is
essentially self-adjoint on L?(R?) [RS75a]. Our second assumption on H concerns its

spectrum:

Assumption 2 (H has a spectral island). We suppose that H has a spectral island.
That is we can decompose the spectrum of H as o(H) = ooUoy where dist (09, 01) > 0

and diam (o) < oo.

Assumption 2 slightly generalizes the assumption that H is insulating that we

discussed in the Chapter 1.

2.2.1 Decay Estimates on P

As mentioned previously, a key part underlying our proofs in this dissertation are

some operator norm estimates on the projector P. At a high level, these estimates
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quantify the statement “P is exponentially localized” in a technical sense. The most
fundamental of these estimates is the following bound. There exists a C' > 0 such
that for all v sufficiently small

1P < C.

This bound is best understood when the system is a finite matrix. For any A =
(Az, Ay) and p = (ps, f1y), we can find vectors vy and v, which are simultaneous

eigenvectors of X and Y so that

XU,\ = )\xU)\ YU)\ = )\yU)\

Xv, = vy, Yv, = pyv,
By the definition of the spectral norm, we have that

1Py <C
= [(Vs By (@) PB (g pyva)| £ C

— Mwmany=bDle=1Ce=a X =01l () Poj\)| < C

= ’<Uu7PU,\>| < Ce (e =a,pny=b,1)[=|(Ae—a,Ay=b,1)])

(0, Pon)] < Cle VIR TR

where in the last line we have set (a,b) = (A;, Ay). From this calculation, we see that

in the position basis, the off diagonal entries of P decay exponentially quickly.

Formally, our proof requires the following technical estimates which we verify are

true for any Hamiltonian satisfying Assumptions 1 and 2 (see Lemma 2.2.3):

Assumption 3 (Decay Estimates for P). We say that the orthogonal projector P
satisfies decay estimates, if there ezist finite, positive constants (v*, Cy, Cq, Cs, Cy, Cs)
such that for all 0 < v < ~* and any A € R we have the following operator norm

bounds:
(i) |Py = P|| < Ciy

(ir) (o) [P, X]]| < Cs
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(b) P Y]| < Cy

(i) (a) |[[Py = P, X][| < Cyy
(0) Iy = Y] < Csy

(iv) I[P (X = NV < Cy

(v) (a) (X = N)V2[P.X|X =X\ < s
(b) (X = NVAPYI(X — N2 < Cs.

Assuming that P satisfies the bounds in Assumption 3, it is straightforward to

verify the following additional bounds (which we make use of in our proofs) also hold:

Corollary 2.2.2. If P satisfies decay estimates (Assumption 3), then P also satisfies
the following estimates for all v > 0 sufficiently small (including v =0):

(i) |12, 11Q- ] = O(1)

(i) [P X Q4 |Q X Pyl | P Y Q41 |Q,Y Pyl = O(1)

(iti) I[Py, X]II, I[Py, Y]l = O(1)

(iv) |, XQy — PXQ|,[|QyX P, — QXP| = O(7)

(v) [{X = WPPYQ(X — N2 (X = W)PPXQ(X — \) 12| = O(1)
(vi) [{X = N'2QY P(X = N2 X = N)V2QXP(X — X)7/2 = 0(1)
Proof. We will show that Assumption 3 implies

(X = NPPY QX — A) 72 = O(1).

The remaining parts of the corollary follow by similar techniques, and will be omitted.
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We calculate

(X = V2PYQ(X — \)~Y/2
= (X = NP, QX —N)71?
= (X = N)2P(X = N)7VHX = N2Y, QX — A
= (X = W2P(X — \)7VHX - W2y, PUX - 272

Hence
(X — N2PYQ(X — )72
< X = N V2PEX = )X = N Y PIX - 0T
<X = A2, PY(X = 072 4 PIJI(X = N Y2Y, PIX = )2
< (X = N2 P 1) (X = N2 P - 0
which is bounded due to Assumption 3(iv,v). -

Importantly, the spectral projectors for Hamiltonians H satisfying Assumptions 1

and 2 also satisfy our decay estimates:

Lemma 2.2.3. Suppose that H is a Hamiltonian satisfying Assumptions 1 and 2. If

P is a spectral projector onto oq, then P satisfies decay estimates (Assumption 3).

Proof. See Appendix A.1. n

Remark 2.2.4. If one can establish the projector P has an exponentially decaying

kernel in the sense that there exists finite, positive constants (C,~) such that:
|P(x, )| < Ce ==l
then it is easy to verify Assumption 3 is true (cf. [MMP20]).

Remark 2.2.5. The main proofs in this work only rely on the specific properties of

the Hamiltonian H in two places
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1. Establishing that P satisfies decay estimates as in Assumption 3.

2. A compactness result. In particular our techniques require that the operator

f(H +14)~t is compact for any f € C(R?).

If one can establish these two facts, then all the subsequent results follow. While we
focus on continuum systems in this dissertation, since operator norm estimates are
still well defined in discrete systems, our results can be easily extended to L?*(Z?) as

well as finite systems.
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Chapter 3

Projected Position Operators and

Localization

3.1 Introduction

In Chapter 1, we reviewed the theory behind Wannier functions in periodic materials
and we have seen that the existence of exponentially localized Wannier functions
(ELWFs) is tied to whether the Chern number associated to the Fermi projection
vanishes or not (see Theorem 1). In periodic systems, the key technical tool for
making the connection between localization and topology is the Fourier transform or
more generally the Bloch-Floquet transform. The Bloch-Floquet transform however
cannot used in non-periodic systems and therefore it is unknown whether a similar
localization dichotomy holds for non-periodic systems. There have been a number of
works which have extended the localization dichotomy to non-periodic systems which
are “close” to periodic systems by using perturbation or continuity-type arguments
[KO73, NN93, Koh59, Nen91, GK93, RK74, EL11].

In this chapter, we discuss a general approach for calculating ELWFs in fully
non-periodic systems by using projected position operators, that is operators of the
form PX P where P is an orthogonal projection and X is an essentially self-adjoint
operator densely defined on L?(R?). Unlike previous results which rely on relating
the non-periodic system of interest to a periodic system, the results in the chapter
directly apply to any system regardless of underlying symmetries.

The remainder of this chapter is structured as follows. In Section 3.2, we will

review the series of works by Kivelson [Kiv82], Niu [Niu91], and Nenciu-Nenciu

This chapter is prepared based on [SWL20a].
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[NNO8] which rigorously shows for a wide class of one dimensional, insulating sys-
tems, the eigenfunctions of PX P form an orthonormal, exponentially localized basis
for range (P). In Section 3.3, we will discuss our extension of the work of Kivelson,
Niu, and Nenciu-Nenciu to two dimensions. In particular, in this section we will prove
the correctness of an algorithm for constructing ELWFs in non-periodic systems in
two dimensions based on diagonalizing projected position operators. Since systems
in two dimensions can have topological obstructions, the proof of correctness for our
algorithm requires that we assume the operator PX P has “uniform spectral gaps”.
As we will show directly in Appendix A.4, assuming PX P has uniform spectral gaps
prohibits the existence of topological obstructions and therefore our results are in
accordance with previously known theory. In Section 3.4, we we will show how our
algorithm can be generalized to three dimensions and higher. Finally, in Section 3.5
we will numerically demonstrate the effectiveness of our algorithm on the Haldane

model (see Section 3.5 for the definition of the Haldane model).

3.2 Projected Position Operators in One Dimen-
sion

In one dimension, the eigenfunctions of projected position operator PX P was first
proposed as a means to define non-periodic Wannier functions by Kivelson in [Kiv82].
On an intuitive level, the eigenfunctions of the position operator X are delta functions
and so diagonalizing PX P can be thought of as constructing the ‘best approximation
to a delta function from functions from range (P). To support his proposal, Kivelson
showed that the exponentially localized Wannier functions constructed by Kohn in
[Koh59] are in fact eigenfunctions of PX P. After the work by Kivelson, Niu [Niu91]
argued heuristically that the eigenfunctions of PX P should decay faster than any
polynomial. Finally, Nenciu-Nenciu [NN98| was able to rigorously prove that for a

wide class of systems the eigenfunctions of PX P are exponentially localized. We will
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now give a sketch the proof of Nenciu-Nenciu.

To fix ideas, consider the Hilbert space L?(R) and let H be a Hamiltonian of the
form:

H=-A+V(z) VeL®R). (3.1)

Under these assumptions, it can be shown that H is essentially self-adjoint and hence
the spectral theorem applies [RS75al. As in Section 1.3, we will assume that the
spectrum of H has a gap at Er, the Fermi energy, and will let P denote the spectral

projection onto the states with energy less than Ep.

Due to the fact that H is a local operator and the fact that H has an energy gap
at Er, it can be shown using tools from Combes-Thomas-Agmon theory [CT73] in
an L%-sense the “off-diagonal” entries of P decay exponentially quickly. In the case
when P admits an integral kernel, these L? estimates roughly say that there exist

finite, positive constants (C,~) such that:
|P(x, )| < Ce 2=,

Using the exponential decay of P, Nenciu-Nenciu first show that PXP is well-
defined on the domain D(X) Nrange(P), and extends to an unbounded self-adjoint

operator range(P) — range(P). Using properties of the resolvent (H + i)~*

along
with the fact that X! tends to zero as X — oo, Nenciu-Nenciu then show that
(PXP +1i)~! is compact and hence PX P only has real, discrete eigenvalues. Hence,
the spectral theorem implies that the eigenfunctions of PX P form an orthonormal
basis of range(P). Therefore to complete the proof of their main result, it only remain
to prove that the eigenfunctions of PX P exponentially decay. This can be verified

by a direct calculation from the eigenequation PXPf = Af which again relies on

exponential decay of P.
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3.3 Projected Position Operators in Two Dimen-

sions

3.3.1 Introduction

In two dimensions, diagonalizing PX P does not result in a basis of functions which
are exponentially localized in both the X and Y simultaneously. In some numeri-
cal tests on a finite system, we found that the eigenfunction of PX P are typically
localized along lines of the form X = (constant) (see Figure 3.3) and hence are not
localized in both X and Y. More fundamentally, since X! only decays in one di-
rection, generally PX P does not have compact resolvent in two dimensions and so

PX P may not have any L2-eigenfunctions.

3.3.2 The Uniform Spectral Gaps Assumption

Considering the relationship between topology and ELWF's in two dimensions (The-
orem 1), to generalize the approach of Kivelson, Niu, and Nenciu-Nenciu we must
make an additional assumption which somehow prohibits topological obstructions.
In this work, we assume that PX P has uniform spectral gaps, a notion we make
precise in Assumption 4. The assumption is most clearly understood by considering
numerical example. In Figure 3.1, we plot the sorted eigenvalues of PX P of the

Haldane model [Hal88] in topological and non-topological phase.

In Figure 3.1, we can see that in the non-topological case the eigenvalues of PX P
can be separated into discrete steps whereas in the topological case the eigenval-
ues are essentially continuous. Informally speaking, we say that PX P has uniform
spectral gaps if its spectrum can be written as disjoint union of sets {o;} which are
separated by some minimum distance. It can be shown that in two dimensions, PX P
is essentially self-adjoint, hence we can define a collection orthogonal projectors { P; }

were P; projects onto the span of the eigenvector with eigenvalue from o;. We will
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Figure 3.1: Detail from plot of the sorted non-zero eigenvalues of PX P where P is
the Fermi projection and X is the lattice position operator [X¢],, = [my], . for the
Haldane model on a 24 x 24 lattice with periodic boundary conditions. Parameters for
the Haldane model are defined in Section 3.5.1. The left plot corresponds to a non-
topological phase (Chern = 0) with parameters (¢,t',v,¢) = (1,0,1,0). The right
plot corresponds to topological phase (Chern = 1) with parameters (¢,t',v,¢) =
(1, i, 1,7). In the non-topological phase, the spectrum of PX P shows clear gaps,

while in the topological phase, the spectrum does not have clear gaps.

now give a sketch for how assuming PX P having uniform spectral gaps allows one

to construct a ELWFs.

Proof Sketch

If we assume that PX P has uniform spectral gaps then we can reduce the original
problem of finding an exponentially-localized basis of range(P) to the problem of
finding exponentially-localized bases of the collection of subspaces range(P;), where
P; denotes the spectral projection onto each separated component of the spectrum

of PXP. Crucially, one can prove that

1. The projectors P; are exponentially localized, and
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2. Functions from range(P;) are quasi-one dimensional. That is, they are concen-
trated along lines of the form X = n;, where n; is a constant depending on

P

je

Using these properties, we can apply a modified version of the argument from Nenciu-
Nenciu’s work to each range(P;) in turn, and thereby build up a generalized Wannier

basis of all of range(P).

Towards these ends, we consider the family of operators P;Y P;, where Y is a
position operator acting in a non-parallel direction to X. Using the exponential
decay of P;, we prove that each P;Y P; is well-defined on the domain D(Y’), and
extends to unbounded self-adjoint operators on all of L?(R?). Since Y ! decays in
the Y direction and functions from range(P;) are concentrated along lines of the
form X = (constant), we can extend Nenciu-Nenciu’s analysis to show that each
P;Y P; has compact resolvent and hence only real, discrete eigenvalues. We finally
prove that the eigenfunctions of P;Y P; exponentially decay by a direct calculation
from the eigenequation P;Y P;f = Af, again using exponential decay of P;. It now
follows immediately that the union of the set of eigenfunctions of each of the P;Y P;
operators forms an exponentially localized basis of range(P).

By using this argument, the main result we will prove in this chapter is the

following:

Theorem 2. Suppose that H is a Hamiltonian satisfying Assumptions 1 and 2 and
P is the projector associated with og. Then, if PX P has uniform spectral gaps, there

exist functions {jm}myegxm and points {(aj, by)}imyesxm € R? such that
1. The collection {1jm}jmycgxm 5 an orthonormal basis of range(P).

2. Each ;. is exponentially localized at (a;jm,b;m) in the sense that

/ VI g ()P de dy < C (3.2)
R2

where (C,~y) denote finite positive constants which are independent of j and m.
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3. The set of {1jm}(jm)cgxm are the set of eigenfunctions of the operators P;Y P,
where P; are the band projectors defined by Definition 2.

Here J and M are the countable sets which index the projectors P; and the eigen-
functions of P;Y P; respectively.

3.3.3 Proof of Theorem 2

We begin by presenting the general outline of the proof of Theorem 2 assuming the
correctness of a number of lemmas. We will then prove these lemmas in the subse-
quent sections (Sections 3.3.4, 3.3.5, and 3.3.6). Key to our proofs are a number of
operator norm estimates on the Fermi projector P (Assumption 3) and the projectors
P;. The projectors P; are formally defined in Definition 2 and the required estimates
for P; are proven in Appendix A.2.

Since H is essentially self-adjoint, by the spectral theorem there exists an orthog-
onal projector P associated with oy. Because of Assumption 1 on H, by the Riesz

projection formula we can find a contour C in the complex plane enclosing o so that:

1
P=— [(A=H)'d\ 3.3
3t O 1) (3.3)

Furthermore, we may choose C so that C has finite length and
sup [|[(A — H) Y| < oo.
AeC

Recall, we define two-dimensional position operators X and Y with respect to a

choice of two-dimensional non-parallel axes by

Xf(z1,22) = 21 f(21,22), and Y f(2,y) = 22 f (21, 72), (3.4)
We now claim the following Lemma:

Lemma 3.3.1. Suppose that P is a projector satisfying decay estimates as in Assump-

tion 3. Then the operator PX P is well-defined on D(X) and essentially self-adjoint.
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We prove Lemma 3.3.1 in Section 3.3.4. Lemma 3.3.1 generalizes part (i) of
Theorem 1 of Nenciu-Nenciu [NN98] to two dimensions. The proof is essentially
identical, relying only on the exponential localization of P (Assumption 3).

We are now in a position to give our precise assumption on PX P. When it holds,

we say that PX P has uniform spectral gaps.

Assumption 4 (Uniform Spectral Gaps). We assume there exist constants (d, D)

such that:
1. There exists a countable set, J, such that:
o(PXP)=]a;
JET
2. The distance between o;, 01 (j # k) is uniformly lower bounded:
d:= I]n;’? (dist(aj, ak)> > 0.

3. The diameter of each o; is uniformly bounded:

D = max <diam(0j)> < oo0.

If PXP has uniform spectral gaps in the sense of Assumption 4, we can define
spectral projections associated with each subset {o;},_; of o(PXP). We will refer
to these projections as band projectors. Note that our use of “band” in this context
should not be confused with its use in the context of Bloch eigenvalue bands of

periodic operators.

Definition 2 (Band projectors). When PX P has uniform spectral gaps with con-
stants (d, D) and decomposition {c; };cs in the sense of Assumption 4, for each j € J

we let

P; = P(i/ (A—PXP)! d)\> P, (3.5)

21 C;
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where C; encloses 0; and satisfies

sup [[(A — PXP)7!| < Cd™" and ((C;) < C'(D + d) (3.6)

AeC;

for some absolute constants C, C" independent of j. In particular, P; is an orthogonal

projection onto the spectral subspace associated with ;.

Note that the existence of a contour C; satisfying (3.6) is clearly guaranteed by
the uniform spectral gap assumption (Assumption 4).

The addition of P in the definition (3.5) of the band projectors, P;, is to ensure
that range (P;) C range (P). This is necessary to avoid the trivial null space of PX P

consisting of functions in the null space of P. Since P commutes with PX P, we have

P = <i/ (A\— PXP)"! d>\>P.

271 C;

that

Our aim is to apply the Kivelson-Nenciu-Nenciu construction to each of the pro-

jections range(P;). We start with the following Lemma:

Lemma 3.3.2. Suppose that P is a projector satisfying decay estimates as in As-
sumption 3. Suppose further that PX P satisfies the uniform spectral gap assumption
(Assumption 4). Let P;, with j € J, be the band projectors as in Definition 2, and
letY be as in Equation (3.4). Then the operators P;Y P; are each well-defined on the
domain D(Y') and extend to unbounded, self-adjoint operators on L?(R?).

We prove Lemma 3.3.2 in Section 3.3.4. The proof is very similar to the proof of

Lemma 3.3.1, except that it relies on exponential localization of each P;, proved in

Appendix A.2.

We now claim that each of the operators P;Y P; has compact resolvent:

Lemma 3.3.3. Suppose that H is a Hamiltonian satisfying Assumptions 1 and 2
and P is the projector associated with oy. Suppose further that PX P satisfies the
uniform spectral gap assumption (Assumption 4). Let P;, with j € J, be the band
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projectors as in Definition 2, and let Y be as in Equation (3.4). Then each of the

operators P;Y P; has compact resolvent.

We prove Lemma 3.3.3 in Section 3.3.5. Lemma 3.3.3 generalizes part (ii) of
Theorem 1 of [NNO8] to two dimensions (we sketch the generalization to higher
dimensions in Section 3.4). The generalization is non-trivial since the decay induced
by Y alone is not sufficient for the resolvent of P;Y P; to be compact. To prove
compactness, we make use of the fact that functions in each subspace range(P;)
decay with respect to X.

Our final lemma states that eigenfunctions of the operators P;Y P; are exponen-

tially localized:

Lemma 3.3.4. Let P,YP;, j € J, be as in Lemma 3.3.2. Then there ezists a " > 0,
independent of j, such that if ¢ € range (P;) and P;Y Ppp = /1, then for alln € o,

/ e VI g () 2 dy < 1667V

Here b is a finite positive constant (independent of j and ) which depends only on
the collection {P;}jc7.

We prove Lemma 3.3.4 in Section 3.3.6. Lemma 3.3.4 generalizes part (iii) of
Theorem 1 of Nenciu-Nenciu [NN98] to two dimensions (we sketch the generalization
to higher dimensions in Section 3.4). Although the proof of Lemma 3.3.4 has a
similar structure to that of [NN98], our proof involves technical innovations which
are necessary to (1) generalize their proof to two dimensions and higher (2) give a
proof which does not refer to the original Hamiltonian H, requiring only operator
norm estimates on the projectors P;. We are now in a position to state our main

result in full detail.

Theorem 1. Suppose that H is a Hamiltonian satisfying Assumptions 1 and 2 and
P s the projector associated with o¢. Suppose further that PX P satisfies the uniform
spectral gaps assumption (Assumption 4). Then there exist functions {1;m}(jm)ycgxm

and points {(a;j,bm)}mesxm € R? such that
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1. The collection {1jm}(jm)egxm is an orthonormal basis of range(P).

2. Each ¥jm, (j,m) € J x M is exponentially localized in the sense that

[ VI 0,y dedy < C. (3.7)
R
where (C,~y) denote finite positive constants which are independent of j and m.

3. The set of {1 m}(jm)caxm are the set of eigenfunctions of the operators P;Y P;,
where P; are the band projectors defined by Definition 2.

Here J and M are the countable sets which index the band projectors as in Definition

2 and the eigenfunctions of P;Y P; for fized j, respectively.

Proof. The proof follows immediately from Lemmas 3.3.1, 3.3.2, 3.3.3, and 3.3.4
and the spectral theorem for self-adjoint operators. For each (j,m) € J x M, we
define the points (a;m, b;jm) by the (n,7') appearing in Lemma 3.3.4, i.e. a;,, can be
taken as any n € o;, while b;,, is the associated eigenvalue of 1;,, considered as an

eigenfunction of P;Y F;. O]

3.3.4 Proof that PXP and P;Y P; are essentially self-adjoint
(Proofs of Lemmas 3.3.1 and 3.3.2)

The proofs that PXP and P;Y P; are essentially self-adjoint in two dimensions are
almost exactly the same and they both use the same argument as given in [NNO9§].
Because the proofs are so similar, we will first prove that PX P is essentially self-
adjoint and then note the changes which need to be made to prove that P;Y P; is

essentially self-adjoint.

Proof of essential self-adjointness of PX P

To prove PX P is well-defined on D(X) and essentially self-adjoint we two norm es-

timates for the projector P. We recall our notation for exponentially tilted operators
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given in Section 2.1. Given a point (a,b) € R? and a non-negative constant v > 0,

we define an exponential growth operator by

Byapy = exp (1W/T+ (X —a)? + (Y ~b?).
Given an operator A, we can then define an “exponentially-tilted” version of A as

Ay ab) = BaanAB 4 (3.8)

We will often prove estimates where we use the notation (3.8) but omit the point
(a,b). In this case the estimate should be understood as uniform in of the choice of
point (a,b). As a note, when v =0, A, 4 = A.

Using this notation, we recall some estimates from our decay estimates on P

(Assumption 3). In particular, there exist finite, positive constants (C, C") such that:
12 <C (3.9)
I[P X]|| < ¢ (3.10)

With these estimates in hand, we can now prove that PX P is essentially self-adjoint.

Since X is essentially self-adjoint, we know that for all > 0, (X £iu)~! is well
defined and [|(X 4 i) Y| < p~!. Therefore, since P is a projection,

(PXP +ip)P(X +ip)'P = P(X +ip)P(X +ip) ' P,

where both sides of this equation are well-defined using Equation (3.9). Commuting

(X £ip) and P now gives
(PXP+ip)P(X +ip) 'P=P(X +ip)P(X £ip)'P
=P+ P[X,P)(X £ip)~'P
= P(I + P[X, P}(X £ip)~'P). (3.11)
Since ||[X, P]|| < C" < oo (Equation (3.10)), we can pick u > 2||[X, P]|| to conclude

that
1
IPLX, PI(X & i) P < .
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Therefore, we may invert I + P[X, P](X +iu)~' P in Equation (3.11) to get
-1
(PXP +iu)P(X + m)*P(I + PIX, P|(X + m)*P) — P

Hence, (PX P+ip) is surjective on range (P). Since PX P acts trivially on range (P)*
and p > 0 we can therefore conclude that (PX P + iu) is surjective on its domain.
Hence by the fundamental criterion of self-adjointness (see [RS72, Chapter VIII]),

PX P is essentially self-adjoint.

Proof of essential self-adjointness of F;Y P;

In this section, we require analogous estimates on P; as we required on P in Section

3.3.4.

Lemma 3.3.5. Suppose that P is a projector satisfying decay estimates as in Assump-
tion 3. Suppose further that PX P satisfies the uniform gap assumption (Assumption
4). For each j € J, let P; denote the band projectors defined in Definition 2. Then
there exist finite, positive constants (C, KY, ) such that for all 0 < v < g, each P;

satisfies
1Pl <C (3.12)
I[P, Y]l < K3 (3.13)
Proof. Given in Appendix A.2. O]

We can now prove essential self-adjointness of P;Y P; where j € J by an identical
calculation to that given in Section 3.3.4.

Using Equation (3.12), the operator
(BYP,£if)Py(Y +if)'P,
is well-defined for all i > 0. Since ||[F},Y]|| is bounded (Equation (3.13)), we can
choose fi > 2||[P;,Y]|| and repeat the same steps as in Section 3.3.4 to get that

1
(BY Py i) B(Y i) B (1+ P, BIY i)' B) =P (3.14)

which shows that P;Y P; £ if is surjective on range P; and we are done.
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3.3.5 Proofthat P;Y P; has compact resolvent (Proof of Lemma
3.3.3)

In this section, in addition to Lemmas 3.3.5, we require the following additional

estimate on P;:
Lemma 3.3.6. Suppose that P is a projector satisfying decay estimates as in Assump-
tion 3. Suppose further that PX P satisfies the uniform gap assumption (Assumption
4). For each j € J, let P; denote the band projectors defined by Definition 2. Then,
for any n € o}, the operator (X — n)P; is bounded, i.e.

(X =Bl < Ky
where KY is a positive constant independent of j.

Proof. Given in Appendix A.2. m

For the proof of Lemma 3.3.3, we will start by continuing the main calculation of
Section 3.3.4. We used Equation (3.12) and (3.13) to derive Equation (3.14), which
we restate here:

-1
(PY Py i) B(Y % i) By (T + B[V, P)(Y +if) 'P) = B
Since P;Y P; is essentially self-adjoint on range (P;) we may invert (P;Y P; £ i) for
> 0 to get:
-1
PY +if) B (I+ B[V, P)Y £ip)7'B;) = (BY Py + i)' P,

Since the product of a compact operator and a bounded operator is compact, it
follows that to show that (P;Y P; & iji)~! is compact on range (P;) it is enough to
show that P;(Y % ij1)~ ' P; is compact.

Let 7 € 0j, i.e. as in Lemma 3.3.6. Taking P;(Y £ iii)~'P; and inserting (X —
n+i) Y X —n+i)and (A +1)(=A+ 1)~ gives:

Y +ip) P
- [Pj(—A + 1)} [(—A F1)THY £ip) NX -+ i)—l} [(X —n+ z‘)Pj] . (3.15)
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We will prove Lemma 3.3.3 by proving that the first and last term of Equation (3.15)

are bounded and the middle term is compact.

Proofs that first and last terms of (3.15) are bounded

The last term of (3.15) is bounded by Lemma 3.3.6:

(X =n+ )Pl < [(X —n) Pyl +1

< K+ 1.
As for the first term, since F; is a spectral projection of PX P, we have
1P,(=A+ D[ =[[PP(-A+ 1) < |P(=A+1)|| < [[PA] + 1. (3.16)

It remains only to bound PA. We will prove that AP is bounded, from which bound-
edness of PA follows immediately from duality. Recall that P is defined through the
the Riesz projection formula (3.3). Since the contour C appearing in (3.3) has finite
length and A and P are both self-adjoint, (3.16) will follow immediately if we can

show

sup |AN — H)™!| < oo, (3.17)
AeC
To prove this bound we will essentially use the same technique used to prove [CFKS09,
Proposition 1.3]. Let ¢ be arbitrary. Then for A € C, (A\—H) !¢ € D(A). By Lemma
A.1.2 it follows that
AN = H)"'¢ll < allHA = H)7'ol| +b|(A = H) ¢
=al|(A = H)A = H)™'¢ = XA = H)"'¢|| +0l|(A = H)™'o||
< a||¢ll + (a|A| +b) [(A = H)'¢].

The bound (3.17) then immediately follows using the Riesz projection formula along

with the fact that C has finite length.
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Proof that middle term of (3.15) is compact

It remains only to prove that the middle term
(—A+ 1) " (Y +ip) (X —n+0) ! (3.18)

is a compact operator. We will do so by proving it is the limit of compact operators

in the operator norm topology. To this end, let xn denote a cutoff function

1 ifjz| < Nand |y <N
XN(xay> =
0 otherwise.

We can rewrite (3.18) using xn as

(A + 1) (Y £ i) (X —n+4) 7

+(—A+ DA —xm)(Y £ip) (X —n4i)7

(3.19)

We first note that since X! and Y ! decay as | X[, |[Y]| — oo, for all N sufficiently

large the second term is O(N~!) in operator norm. Therefore,

lim (—A+ 1) 'y (Y £ia) H(X —n+4)!

N—oo
=(-A+1D)' Y +ip) (X —n+ai)t
in the operator norm topology. It remains to prove that the first term in (3.19) is
compact for each N. Since (Y £ 1)1 (X —n +14)~! is bounded, it suffices to prove
that
(=A+1)""xn (3.20)

is compact for each N.

We will prove (3.20) is compact by showing it is Hilbert-Schmidt by showing that
its integral kernel is in L?*(R? x R?). We start by defining, for real and positive z, the
“modified Bessel function” Ky(z) through the integral

0 Z2
Ky(z) == / t~exp (_4_t - t) dt,
0
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(see (10.32.10) of [OLBC10]). Note that Ky(z) has a logarithmic singularity at the
origin and decays exponentially in z. The integral kernel of (—A + 1)~! in two

dimensions can be computed explicitly as (see [LLI7, Section 6.23]),

K, (\/(:v — )2+ (y - y’)2> -

21

Hence (3.20) is an integral operator with kernel

K(@,y,a',y) = Ko (Vo =P+ = yP) (@),

Integrating K (z,y,2’,y") we have

////IK(af,yﬁv’,y’)IQdxdydx’dy’ I 2//(
RJRJR JR ™

where

o| * XN) (%?J) dz dy,

Ko(z,y) == K, (\/1’2 + y2) :
Hence we are done if we can show |Ko|?* xn(z,y) € L'(R?). By Young’s convolution
inequality, this holds as long as x(, y) and |Ko(z, y)|? are both in L'(R?). The first

statement is obvious, while the second follows immediately when we change to polar

coordinates (r, ) where z = rcosf and y = rsin6:

//)KO x2+y)2

and use exponential decay of Ky(2).

dz dy = 27?/ | Ko(r)|[* 7 dr,
0

3.3.6 Eigenfunctions of P;Y P; are exponentially localized (Proof
of Lemma 3.3.4)
In this section, we will need somewhat stronger bounds on P; than in Section 3.3.5.

Let us recall that we define the exponential growth operator, B, (), for any (a,b) €

R? and any v > 0:

B (ap) = €xp (7\/1 + (X —a)2+ (Y- b)2>.
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Since most of the steps in our proof are independent of the choice of (a,b), we will

suppress this subscript and simply write B,. Recall that for any v > 0 we define
o -1
Py, = B,P,B;",

With these notations, the following lemma states the bounds on P; we require which

are proved in Appendix A.2.

Lemma 3.3.7. Suppose that P is a projector satisfying decay estimates as in Assump-
tion 3. Suppose further that PX P satisfies the uniform gap assumption (Assumption
4). For each j € J, let P; denote the band projectors associated with the separated
components o; of o(PXP) defined by Definition 2. Then there exist finite, positive
constants (7", K|, K, KY), independent of j, such that for all v < ~"

1 |[Pjy = Byl < Kiy

2 [Py, VIl < Ky

]77’

3. For alln € o0;:
(X = n)Pj, |l < K3 and ||Pj(X —n)|| < K3.
Proof. Given in Appendix A.2. n

With these estimates in hand, we are now ready to prove Lemma 3.3.4. The
overall strategy, which follows Nenciu-Nenciu [NN98], is to manipulate the eigenvalue

equation P;Y Pjv = n/v into the form
v=Lv (3.21)

for some operator £, multiply both sides of (3.21) by B, (44 for some (a, ), and then
use properties of £ to deduce that the left-hand side is bounded. Our proof differs

from Nenciu-Nenciu [NN98] in important details.
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Suppose that P;Y P; has an eigenvector v with eigenvalue 7’ and v € range (F;).

Since v € range (F;) we have that
P;Y Pjv =n'v <= P;Y Pjuv =/ Pjv <= P;(Y — ) Pju = 0.

Now for any operator O such that v € D(P;OPF;), adding iP;OP;v to both sides of

the above equation gives
Pi(Y —n' +1i0)Pju = iP;OPjv. (3.22)

The main difference between our proof and the proof of Nenciu-Nenciu lies in the
choice of the operator O. For now, let’s suppose that we have chosen O so that
(Y —n/+10) is invertible and multiply both sides of Equation (3.22) by (Y —n'+i0) ™!

to get
Y = +i0)'Pj(Y — 0 +iO)Pjv = i(Y — ' +i0)"' P;OPv. (3.23)

We can simplify the left hand side of Equation (3.23) by commuting P; and (Y —
n' +10) as follows

(Y =0 +i0)"'P(Y —n' +i0)P;
=P+ (Y — 0 +i0) '[P, Y — 1 +iO]P,

= (1+ (= o/ +i0)7 ([P, Y] + [P, O]) ) P,
Therefore, we can write Equation (3.23) as follows
(1 + (Y —1f +i0) ([P, Y] +i[P;, O])) P =i(Y — 1 +i0)""P,OPjv.
To reduce the number of terms in the next steps, let’s define
A= (Y —of +i0) (P, Y] +i[P).0)).
With this definition and using that v € range (P;) we have that

(I+ A =i(Y —n' +i0)"'P;Ov. (3.24)
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For the next step of the proof, we will want to show that the (I + A) has bounded

inverse. To do this, by Neumann series, it is enough to show that

1Al = (Y =7 +i0) ([P}, Y] +i[F;, OD]| < (3.25)

A~ w

For Equation (3.25) to hold, we require a particular choice of the operator O which
differs from the choice made in Nenciu-Nenciu [NN98]. We require that O satisfies

the following properties:

1. O commutes with B,.
2. O contains a cutoff in both the X and Y directions.
3. (Y — ' +140) is invertible.

For our proof, we let b > 0 be a constant to be chosen later and set O to be the
following operator:

O = by Wy + 1 X =1 (3.26)
where I3 (resp. II}) is a spectral projection for X (resp. Y) onto the interval I and
|X — | is the polar decomposition of X — n defined by |X —n| := /(X —n)2.

Before continuing we make three important observations about this choice for O:

1. Since X and Y commute and are essentially self-adjoint, the operator H[)g_b?77 +b}H§],_bm, 0]

is an orthogonal projector.

2. Due to the properties of the polar decomposition [RS72] and our bounds on P;
we know that for all v sufficiently small both ||P;,|X — n||| and ||| X —n|P;||

are bounded!.

IThe polar decomposition gives that there exist partial isometries U and V such that | X —n| =

UX —n)=(X —n)V and so

X = nlPjy || = IUX =) Pyl < [[(X =) Pjyll

1P 71X =l = 1P (X =) V| <[P (X = n)]
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3. Forallb> 0, [|[(Y —n +i0)7'| < b7l

In what follows, we will abbreviate II := H[)f;fb,n +b}H§7,7bm, ]

The key trick which allows us to show that ||A|| < 2 is the following lemma (see

[WDO08, Corollary 8] for an independent proof, see also [Kit07]):

Lemma 3.3.8. Let B, C be two bounded operators. If B is positive semidefinite then
1B, ClIl < || BIIC]I-

If both B and C' are positive semidefinite then
8.0l < ZIBlC.

Proof. Suppose that B is positive semidefinite and define B := B — s B|II. Since B
is a positive semidefinite operator its spectrum lies in the range [0, || B||]. Therefore,
the spectrum of B lies in the range [—21IB]|, 311 B]] and hence |B| = HIBJ|. Since

the identity commutes with every operator we have
1B, Clll = [I[B, Clll = [|BC = CBJ| < 2| B|lIC] = I B[IC]-
If C is also positive semidefinite then we can repeat the same argument using C' :=

C —3lCII as well to get [|[B,C]|| < 51 BI[C]. 0

We can now prove that, for b sufficiently large, [|A|| < 2. The following calcula-

tions are clear:
JAll = (Y = A+i0) [P, Y +i0]]|
< v = x+i0) (1P, Y1+ 1P, Ol )
<07 (1P Y1+ Bl T+ P51 =)
<8+ 07 (18 Y+ I B1X = nlll + 11X = nlBi).

Since P; and IT are both orthogonal projectors we can apply Lemma 3.3.8 to conclude

that [|[P;, II]|| < L. It now follows that
1 _
41 < 2+ 5 (B Y+ 1PIX — il + 11X — i),

40



and if we choose b so that
b> 4 (112, Y1+ 121X —nll + 11X —nlB]).

we have that

3
Al < 2

Note that because of our estimates from Lemma 3.3.7 we know that we can choose b

so that b < oo.

Returning to Equation (3.24), we now know that we can invert (I + A) and get

(I+ A =i(Y —n +i0)"'P;,Ov
v=i(I+A) (Y -7 +i0)"'P,Ov

To reduce the number of terms in the next steps, let’s define
C:=T+A) Y -y +i0)"".
With this definition Equation (3.27) becomes
v =1CP;0v.
Recalling that we chose O := bIl + | X — n|, we have that

v =1CP;0Ov
= iCP;(bIl + | X — n|)v
= ibCP;Ilv +iCP;| X — nlv

(I —iCPj|X —n|)v = ibC P;I1v.

(3.27)

(3.28)

Similar to before, we would like to invert the operator (I —iCP;|X —n|). Recall that

if
b> 4(IBL Y+ IBIX =il + 11X~ nlBi]),
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then [|A]| < 2 so we have that

ICI =111 + A~ (Y = +i0) |
<+ A =o' +i0) 7|

< 4p .

Therefore,
liCP;| X —nll| < 46~ P3| X — ]|l
Since we have chosen b > 4[| P;|X —nl||, the operator (I —iCP;|X —n|) is invertible.

Using this fact allows us to rewrite Equation (3.28) as
v=ib(I —iCP|X —n|) " CPIlv. (3.29)

After all of these algebraic steps, we have been able to derive an expression for v
as the product of a bounded operator and a cutoff function. The final step in this
argument will be to multiply both sides of Equation (3.29) by the exponential growth
operator B, and show that the result is bounded. The inclusion of the cutoff function
is what makes it possible to control this multiplication because B,II is bounded.
At least formally, we can multiply both sides of Equation (3.29) by B, and insert
copies of B! B, to get
Byv = ibB, (I —iCP;|X —n|) ' C P
— ibB, (I —iCPIX —nl) " (BB, )C (B, B, ) Py By B, )1Iw
=ib|(I —iCyPj,|X — UI)_l} {Ovpjn] |:B’YH:| v,

where we have used our convention for exponentially tilted operators P;, := B, P; B!

and similarly for C'. We will now show each of the bracketed terms are bounded.

The easiest term to bound is the last term, B,II. Let’s recall the definition of B, :

By o = exp (1W/T+ (X —a)? + (Y = 1)),
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While we have ignored the center point (a, b) thus far in the argument, here we will

HY

explicitly choose (a,b) = (n,7'). Since II = IIX 7/ — by 1]

i—bi+1] we clearly have:

||B%(777n’)H|| <e’ e,

To show that the first two terms are bounded we will show that, for v sufficiently

small, ||C,|| = O(b~1). Once we show this, the second term, C., P;

iy 18 clearly bounded

and we may pick b sufficiently large so that the first term is also bounded.

By definition, we have:
Cy=B,(I+A) (Y -1y +i0)"'B}!
— B, (1 + (Y =0 +i0)7 V[P, Y + z0]>1<y — i +i0)"' B
- (1 + (Y —1f +i0)7 [Py, Y + z’O])_l(Y — i +i0)~L.
For the above calculations to make sense, it suffices to show that
[0V = +i0) [Py, ¥ +i0] < 5
Since || P, — P;|| < K{~ we have that:
1Y =0 +1i0) 7' [Py, Y + O]
<N = +30) 7 (I1Psa YU + bl Psy I + [P, 1X = Il
< 67 (WP, YU + Bl [P = P+ P + 1Py 1X = ]

b*l

IN

1B Y+ 0l [Py = P T + B L2 T 4 (18, [ X = ] H)

IA

(
b1(%+¢W%ffﬂ+M%mYm+H%MX—nW+mX—M%MO
< 5 K4y + 07 (1B VI + 1B X =l + 11X = 1B ).
Therefore, if we pick v < (8K7)~! and
b= 8111y, Y11+ 1Py X =l + 11X =0l By, ).

we have that

N , 3
1P (Y =0 +i0) [Py, Y +i0]|| < 7.
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Therefore, for these choices of b and v we have that:

—1
IC Il < (1 + PinlY =0 +i0) [Py Y +i0]) (Y = +i0)7|

<4p7".
Now recall the original equation we wanted to bound:
B =i [(I —iCL P, | X — ny)l} [vaPm} lBWH] v.
Since b > 8]|Pj,|X — ||| we have that

ICLPiA X =l < 407H[Pjs | X — ]| <

N | —

Therefore,

|1 = iC, Py X — )| < 2

so combining all of our bounds together gives:

1Bl < [2] [0+ K] [ /5527

< 166"/\/ 14262

so long as
v < (8K3)™
b2 8( /1P Yl + P34 X = nlll + 11X = nlPis ).

This proves Lemma 3.3.4, completing the proof of Theorem 2.

3.4 Extension to Higher Dimensions

The proof of Theorem 2 generalizes to arbitrarily high dimensions under appropri-
ate generalizations of the uniform spectral gaps assumption (Assumption 4) by an
inductive procedure. We will explain in detail the necessary additional assumptions
and adjustments of our argument for the proof in three dimensions, from which the

necessary assumptions and adjustments in higher dimensions are obvious.
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Assume regularity and spectral gap assumptions analogous to Assumptions 1 and
2 hold and consider position operators X, Y, and Z acting on L?(R?) along directions
corresponding to a three-dimensional basis. Let P be the Fermi projection, and
consider the operator PXP. Assume PX P has uniform spectral gaps in the sense
of Assumption 4, and let P; denote spectral projections onto each of the separated
components of the spectrum of PXP. Now assume the operators P;Y P; also have
uniform spectral gaps in the sense of Assumption 4, and let P;; denote spectral
projections onto each of the separated components of the spectrum of P;Y P;. By
analogous reasoning to the two dimensional case, functions in range(P; ) are quasi-
one dimensional in the sense that they decay away from lines X = ¢;, Y = ¢ for
constants c1,co. We therefore claim that the set of eigenfunctions of the operator
P; ,Z P; ), will form an exponentially localized basis of range(P; ) for each j, k, and
that the union of all of these eigenfunctions over j and k will form an exponentially-
localized basis of range(P).

To make the above sketch rigorous, there are a few important steps in the proof

which must be checked. We will discuss each step in turn.

Proving bounds on P

First, we must check that we can prove operator bounds on P; ; which are analogous to
the operator bounds we prove in Appendices A.1 and A.2. To see that this is possible,
note that when we proved bounds on P; in Appendix A.2, we only required our decay
estimates on P (Assumption 3). It follows that under a uniform gap assumption on
P;Y P; we can prove an analog to Lemma on P, by a similar calculation using only

the estimates from Appendix A.2 on FP;.

Proving P;;ZP;; has compact resolvent

To prove P;,ZP;) has compact resolvent, mimicking the calculations preceding

3.15), it is sufficient to prove that P;,(Z + iji) 1 P;; is compact for each j, k. We
]7 j7
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will first show how a naive generalization of the proof that P;Y P; is compact in two
dimensions fails, and then present a correct generalization. Just as in equation (3.15),

we can write
Piu(Z xift) ' Py = [Pip(—A + 1)]
X [(~A+ 1) Z£ip) (X =0y +8) 7 Y = +4) 7]
X [V = e + ) (X —n; + @) P
(3.30)

where 7; € o;, where o; is the jth separated component of o(PXP), and 1y, € 0,
where oy, is the kth separated component of o(P;Y P;). To prove P x(Z +if) ' Py, is
compact, we must prove that the first and third terms in (3.30) are bounded, while
the second is compact. That the second term is compact and the first term is bounded
follow from essentially the same arguments as given in Section 3.3.5. Unfortunately,

it is unclear if the last term
(Y = e +0)(X —nj + i) P
is bounded. The trick is to write, instead of (3.30),
Pix(Z i) ' Py = [Pix(—A + 1))
X [(=A+1)™MZ £ip) NX —n; +4) A =y +0)
X [(Y =+ 0)2(X =y +14) 2Py
(3.31)
That the first term of (3.31) is bounded is clear. That the second term of (3.31) is
compact follows from an almost identical argument as given in Section 3.3.5. We now
show that the third term of (3.31) is bounded. Note that if f ¢ range(P;) then the
operator acting on f is clearly bounded. So let f € range(P; ). Then using the fact
that the geometric mean is bounded by the arithmetic mean, we have that
||(Y — N+ i)l/Q(X —n;+ i)1/2Pj,ka2
1 , .
<5 (N0 =+ DRIP4 10—y + )P IP).
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The first term is bounded since P;j, is the projection onto a bounded subset of the
spectrum of P;Y P; (by the same proof as that of Lemma 3.3.6). The second term is
bounded since P;;, = P;P;; and (X +n; 4+ 1) P; is bounded since P; is the projection
onto a bounded subset of the spectrum of PX P (Lemma 3.3.6).

Proving exponential localization of eigenfunctions of P;;ZP;

The generalization of the proof of Lemma 3.3.4 to three dimensions is straightforward
once we prove operator norm bounds on P;; analogous to the operator norm bounds
proved in Appendix A.2 on P;. The only modification necessary is that in three
dimensions the choice of the operator O (Equation (3.26)) must be changed to

Z
[nj—bm;+b [ﬁj,k*byﬂj,ker}H[nj,k,ﬁbmj,k,ﬁb] + ‘X 77]’ + |Y 77],k|;

where 7; € o, the jth component of o(PXP), n;x € 0,k the kth component of
o(P;Y P;), and n;,; denotes the [th eigenvalue of P;,ZP; .

3.5 Numerical Results

In this section we present results of implementing the numerical scheme suggested
by Theorem 2 for generating exponentially localized generalized Wannier functions.

The scheme is as follows:
1. Choose position operators X and Y acting in orthogonal directions.
2. Compute the Fermi projector P by diagonalizing the Hamiltonian H.

3. Diagonalize the operator PX P, and inspect o(PX P) for clusters of eigenvalues

separated from other eigenvalues by spectral gaps.
4. Form band projectors P; onto each cluster of eigenvalues.

5. Diagonalize the operators P;Y P; to obtain exponentially localized eigenvectors

which span the Fermi projection.
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As numerically, one can only deal with a finite system, it is necessary to clarify two

points compared with the infinite case.

First, note that any vector in a finite system is trivially exponentially-decaying by
taking C' > 0 sufficiently large and v > 0 sufficiently small in (3.2). It is necessary to
clarify, therefore, that the algorithm presented above yields exponentially-decaying
eigenvectors with C' > 0 and v > 0 which are independent of system size. In this

sense, our algorithm yields a non-trivial result.

Second, in finite systems, all operators have purely discrete spectrum and hence
there will be a spectral gap between any pair of eigenvalues. However, to obtain
localized eigenvectors it is not enough to simply form band projectors for each eigen-
value of PX P alone. Hence the clarification in the algorithm that we must form band
projectors from clusters of nearby eigenvalues separated from the remainder of the
spectrum by clear spectral gaps. This point is clarified by our rigorous analysis in the
following sections, where we show that the localization of the generalized Wannier
functions produced by our scheme is related to the minimal gap between the bands

of o(PXP) (see Section 3.3.6).

We choose to test our scheme on the Haldane model [Hal88] at half-filling, a simple
two-dimensional model whose Fermi projection, in the crystalline setting, may or may
not have non-zero Chern number depending on model parameters. For this reason,
the Haldane model is a natural model for investigating the connection between gaps
of PXP and topological triviality of P in the case where the material is periodic.
Historically, the Haldane model was the first model of a Chern insulator: a material
exhibiting quantized Hall response without net magnetic flux through the material.

We now briefly recap the essential features of this model.

3.5.1 The Haldane Model

The Haldane model describes electrons in the tight-binding limit hopping on a hon-

eycomb lattice. In addition to real nearest-neighbor hopping terms, the model allows
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for a real on-site potential difference between the A and B sites of the lattice, and for
complex next-nearest-neighbor hopping terms which break time-reversal symmetry

without introducing net magnetic flux.

In the crystalline case, the action of the Haldane tight-binding Hamiltonian acting

on wave-functions ¢ € [*(Z?%; C?) is:

A
(Hw>m,n ﬁb,n Téb,n + wﬁ,n—l + wﬁ—l,n
=0 +1
B
(H,l?b)mm, - g,n é,n + @Dréz-‘rl,n + Q/)’réz,’rz—l—l
A A A
a1 T djmf nt Vmiin—
R ot Vtin-a (3.32)
g,n—l + wgﬁ—lm + wrﬁ—l,n-ﬁ-l
4t fz,nfl + w;?ﬂrl,n + ¢$71,n+1
(&

B B B
m,n+1 + 77Z)m—1,n + 770771—&-1,71—1

Here, t,v,t’, and ¢ are real parameters expressing the magnitude of nearest-neighbor
hopping, the magnitude of on-site potential difference, the magnitude of complex
next-nearest neighbor hopping, and the complex argument of the nearest-neighbor
hopping, respectively.

By definition, at half-filling the Fermi level is at 0. An explicit calculation using
Bloch theory [Hal88] (see also [FC13]) shows that H has a spectral gap (and hence

describes an insulator) at 0 whenever
v # £33t sin .

Further calculation shows that the Fermi projection has a non-trivial Chern number

(equal to 1 or —1) whenever

| < 3vV/3|t’sin ¢|. (3.33)

In this case, exponentially-localized Wannier functions do not exist [MPPT18, MMMP19].
Whenever the parameters t,v,t', ¢ are such that (3.33) holds, we say the Haldane

model is in its topological phase.
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For some of our experiments, we add a perturbation to the Hamiltonian (3.32)
which models disorder. We replace the on-site potential v in (3.32) by a spatially
varying on-site potential v + n(m,n), where n(m,n) is drawn for each m,n from

independent Gaussian distributions with mean 0 and variance o?:
n(m,n) ~ N(0,0?) for each m,n. (3.34)

We refer to this kind of disorder as “onsite” disorder. Assuming H (3.32) has a
spectral gap with 02 = 0 (i.e. without disorder), then for sufficiently small o2, the
spectral gap will persist almost surely and our method can be applied.

To implement our method, we have to make a choice of position operators on
the space [?(Z?; C?). The simplest choice is to define X and Y consistently with the
crystal lattice by:

x| med | )i, ni

(X)n|  |mha] [V [
We refer to this choice of X and Y as the standard position operators. A couple of
remarks are in order. First, note that X and Y do not distinguish between A and
B sites. Second, the crystal lattice vectors are not orthogonal hence eigenvalues of
X and Y do not represent coordinates with respect to orthogonal axes. Since the

lattice vectors are linearly independent our method can nonetheless be applied.

3.5.2 Parameters for numerical tests and further remarks

For our numerical tests, we consider the Haldane model just described truncated to

a 24 x 24 lattice under the following conditions:

e Dirichlet boundary conditions with standard position operators, without disor-

der (Section 3.5.3).

e Dirichlet boundary conditions with standard position operators, with weak dis-

order which does not close the spectral gap of H (Section 3.5.4).
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e Dirichlet boundary conditions with standard position operators, with strong
disorder (Section 3.5.5). Note that in this case the spectral gap assumption on
H is no longer valid; though P will still be exponentially localized due to the

Anderson localization.

e Dirichlet boundary conditions with non-standard (rotated) position operators,

without disorder (Section 3.5.6).

e Periodic boundary conditions with standard position operators, without disor-
der. We consider parameter values such that the system is in a non-topological

phase and values such that the system is in a topological phase (Sections 3.5.7

and 3.5.8).

Note that we do not consider any examples with Dirichlet boundary conditions in
the topological phase. This is because H does not have a spectral gap in this case
due to edge states.

In each case we will display plots of the generalized Wannier functions gener-
ated by our algorithm. Specifically, given a generalized Wannier functions 1 &

({1, ...,24}% C?), we will plot the following matrix in a 3D surface plot:

VIR +REP bl + 0Bl o (el + 9P
VIR WE 2 et + ha2 el + 08

(3.35)

VIVt + B2 ol + BRIl + il

To make the exponential decay of ¢ as clear as possible, we will also show 2D plots

of the elementwise logarithm of this matrix.

We remark that while our theoretical results hold equally well in the both periodic

and non-periodic cases for infinite systems, we find for finite systems our algorithm
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works better for systems with Dirichlet boundary conditions. This is not entirely sur-
prising given that the position operators X and Y do not respect periodic boundary
conditions. It is possible that a better choice (see [Res98, Zak00, VmcFdAaMB*19]
for potentially related ideas) would improve the results in the case of periodic bound-

ary conditions.

3.5.3 Dirichlet Boundary Conditions using Standard Posi-

tion Operators

We consider the Haldane model with Dirichlet boundary conditions and parameters
(t,t',v,0) = (1, %, 1,%), which correspond to the non-topological phase. For this
choice of parameters the Hamiltonian H has a gap of ~ 1.006. We plot the eigen-
values of PX P in Figure 3.2, where we see o(PX P) shows clear gaps. We plot the
eigenvectors of PX P in Figure 3.3. We see that these eigenvectors are concentrated

along lines x = ¢ for constants c. We finally plot the eigenfunctions of P;Y P;, which

are localized with respect to x and y, for a few different values of j in Figure 3.4.
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Figure 3.2: Plot of sorted non-zero eigenvalues of PXP where P is the Fermi
projection and X is the lattice position operator for the Haldane model on 24 x 24

system with Dirichlet boundary conditions. Entire spectrum (left) and first 100

1

eigenvalues (right). Parameters chosen are (t,%',v,¢) = (1, 5,1,5). The spectrum

shows clear gaps.
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Figure 3.3: Plot of eigenfunctions of the operator PXP where P is the Fermi
projection and X is the lattice position operator for the Haldane model on 24 x
24 system with Dirichlet boundary conditions. Parameters chosen are (¢,t',v,¢) =
(1, %, 1,%). Each eigenvector of PX P is localized along a line z = ¢ for some constant

C.
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Figure 3.4: Plot of eigenfunctions of the operator P;Y P; for different values of j
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where {P;};cs are the band projectors for PXP, P is the Fermi projection, and
X, Y are the lattice position operators. The projection P comes from the Haldane
model on 24 x 24 system with Dirichlet boundary conditions. Parameters chosen are
(t,t',v,0) = (1, %, 1,7%). Top row is a 3D surface plot of the matrix from Equation
(3.35), bottom row is 2D log plot of the top row. Each eigenfunction shows clear

exponential localization in line with our theoretical results.
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3.5.4 Dirichlet Boundary Conditions with Weak Disorder

We now consider a case where translational symmetry is broken even away from the
edge of the material. Starting with the same parameters as in Section 3.5.3, we add
onsite disorder as in (3.34), with ¢% = i. We plot results for a realization of the
onsite disorder such that H has a clear gap ~ .253. We find that the eigenvalues of
PX P show clear gaps despite the disorder, see Figure 3.5. We can therefore form
projectors P;, and the operators P;Y P;. We plot the eigenfunctions of F;Y P; in

Figure 3.6. We observe that they are again exponentially localized, just as in the

case without disorder (Figure 3.4), in line with our theoretical results.
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Figure 3.5: Plot of sorted non-zero eigenvalues of PX P where P is the Fermi pro-
jection and X is the lattice position operator for the Haldane model on 24 x 24 system

with Dirichlet boundary conditions. Entire spectrum (left) and first 100 eigenvalues

1

(right). Parameters chosen are (¢,t',v,¢) = (1, {5, 1, 5), with onsite disorder drawn

from a mean zero normal distribution with variance }1. Despite the disorder, the

spectrum still shows clear gaps.
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Figure 3.6: Plot of eigenfunctions of the operator P;Y P; for different values of j

where {P;};c7 are the band projectors for PX P, P is the Fermi projection, and X,
. o . . 1 T
Y are the lattice position operators. Parameters chosen are (¢,¢',v,¢) = (1, 5,1, %),
with onsite disorder drawn from a mean zero normal distribution with variance }1.
Top row is a 3D surface plot of the matrix from Equation (3.35), bottom row is 2D log

plot of the top row. Despite the disorder, our algorithm yields exponentially-localized

generalized Wannier functions.
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3.5.5 Dirichlet Boundary Conditions with Strong Disorder

We consider the same setup as the previous section, but with disorder strong enough
(02 = 100) to close the gap of H (for the results shown in Figure 3.7, the gap of H
~ .07). Although our results do not directly apply to this case, the eigenfunctions of
H are themselves localized because of Anderson localization [And58]. It is therefore
plausible that PX P may have gaps and that the eigenfunctions of P;Y P; are localized
nonetheless.

We plot the non-zero eigenvalues in PX P in Figure 3.7. We find that o(PXP)
shows clear gaps, and hence we may define projectors P; and operators P;Y P;.

We observe that the eigenfunctions of P;Y P; are well localized. In Figure 3.8, we
plot the eigenfunctions of H in order of increasing energy value and plot an eigen-
function of P;Y P; which has the same center. We observe that as the energy level
increases, the corresponding eigenfunction of H becomes less localized. In compari-

son, the eigenfunctions of P;Y P; have similar rates of decay for all values of j € J.

29



201

Eigenvalue

o

Figure 3.7: Plot of sorted non-zero eigenvalues of PXP where P is the Fermi

projection and X is the lattice position operator for the Haldane model on 24 x 24

—
o

[y

Eigenvalue

{ ——

200 400
Eigenvalue Number

600

system with Dirichlet boundary conditions.

eigenvalues (right). Parameters chosen are (¢,t',v,¢) = (1

0 20 40 60 80
Eigenvalue Number

) 100

drawn from a mean zero normal distribution with variance 100.

60

100

Entire spectrum (left) and first 100

L1, %), with disorder is



!
20 20 0
B 10-* B
-t
1>
15 15 1075
. i .
= -
10-*
10 192 10
-
1t
4 5 10~
g1
-4
o [}
0 3 10 15 0 0 3 10 15 0
X X
1% 0
0 E
101 10t
15 10-6 15 0%
= =
10-* 10-*
10 10
10-10 10-1
5 1042 5 -3
-1 10—
o [}
0 5 10 15 0 0 5 10 15 0
X X
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j where {P;};c7 are the band projectors for PX P, P is the Fermi projection, and X,
Y are the lattice position operators. Parameters chosen are (t,t',v,¢) = (1, %, L,3),
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same center as the corresponding H eigenfunction.
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3.5.6 Dirichlet Boundary Conditions using Rotated Position

Operators

We now consider how our results change when we choose to work with different two-
dimensional position operators (equivalently, different two-dimensional axes). Note
that, although our proofs are independent of any particular choice of position opera-
tors, we cannot rule out the possibility that the uniform spectral gap assumption on
PX P (Assumption 4) holds only for particular choices. We also expect that different
choices of position operators will yield different exponentially-localized generalized
Wannier functions.

We consider the same Haldane model with Dirichlet boundary conditions but
without disorder as in Section 3.5.3, and introduce rotated position operators

-2 ¥y XEY
V2 V2

The eigenvalues of PX P are shown in Figures 3.9. We find that, just like the eigen-

(3.36)

values of PXP in Figure 3.2, the spectrum shows clear gaps. The eigenfunctions
of PXP are shown in Figure 3.10. They are clearly localized along lines z +y = ¢
for constant ¢. Since PXP has gaps (Figure 3.9), we can define the band projec-
tors P; as before. The eigenfunctions of P]}~/Pj are shown in Figure 3.11 and clearly

exponentially decay similarly to those in Figure 3.4.
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projection and X is the lattice position operator rotated by 45° (see Equation
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where {P;};c7 are the band projectors for PX P, P is the Fermi projection, and X,
Y are the rotated lattice position operators (see Equation (3.36)). The projection P
comes from the Haldane model on 24 x 24 system with Dirichlet boundary conditions.

Parameters chosen are (t,t',v,¢) = (1, %, 1,%). Top row is a 3D surface plot of the

matrix from Equation (3.35), bottom row is 2D log plot of the top row.
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3.5.7 Periodic Boundary Conditions, Topological versus Non

Topological

We prove in Appendix A.4 (Theorem 6) that for an infinite periodic system, when-
ever PX P has uniform spectral gaps, the Chern number must vanish. In this section
we provide numerical evidence that the uniform spectral gap assumption is actually
equivalent to the Chern number vanishing in the case of the Haldane model by form-
ing the Fermi projector P from the Haldane Hamiltonian with periodic boundary
conditions and numerically computing the spectrum of PX P for different values of
the Haldane model parameters. Our results are shown in Figure 3.12. For additional

insight into these figures, see the proof of Theorem 6 and, in particular, Figure A.1.

We find that for model parameters such that the model is in a non-topological
phase, o(PX P) shows clear gaps. For model parameters such that the model is in a
topological phase, every gap of o(PX P) closes. This conclusion holds even when we
choose model parameters such that the spectral gap of H is approximately equal in
either case (= 2).

Note that in the case where every gap of o(PXP) closes, our construction is
technically well defined since the spectrum of PX P is bounded on a finite domain.
On the other hand, it is totally ineffective because we can only define one band
projector P;, which equals P. Hence the eigenfunctions of P;Y P; in this case are the

eigenfunctions of PY P, which do not decay in x.
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Figure 3.12: Plot of sorted non-zero eigenvalues of PXP where P is the Fermi
projection and X is the lattice position operator for the Haldane model on 24 x 24
system with periodic boundary conditions. The left plot corresponds to parameters

(t,t',v,¢) = (1,0,1,7) (non-topological phase) and the right plot corresponds to

1

parameters (t,t',v,¢) = (1, 4,0, 3) (topological phase). The gap in H for both non-

topological and topological phase is ~ 2.
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3.5.8 Periodic Boundary Conditions, Standard Position Op-

erators

In this section we implement our algorithm in the non-topological phase of Haldane
with periodic boundary conditions, when o(PX P) shows clear gaps (Figure 3.12).
Note that when we take periodic boundary conditions the last three bands of PX P
appear to merge together. Since this does not occur in the case of Dirichlet boundary
conditions (see Figure 3.2), we conjecture that this behavior is because the operator
X does not respect translation symmetry with respect to x.

Despite this, our theory still applies since we can enclose the last three bands
by a single contour when we define the collection {P;};c7. For all bands but the
last one, we find the eigenfunctions of P;Y P; are exponentially localized like before.
These results are shown in Figure 3.13. For the last band, we find that instead of the
eigenfunctions of P;Y P; being localized along a single line = ¢ for constant c, they

are somewhat spread across an interval of z values: see Figure 3.14.
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Figure 3.13: Plot of eigenfunctions of the operator P;Y P; for different values of
j where {P;};cs are the band projectors for PX P, P is the Fermi projection, and
X, Y are the lattice position operators. The projection P comes from the Haldane
model on 24 x 24 system with periodic boundary conditions. Parameters chosen are
(t,t',v,¢) = (1,0,1,F). Top row is a 3D surface plot of the matrix from Equation
(3.35), bottom row is 2D log plot of the top row. For these figures we avoid the P;
where a few bands of the spectrum of PX P have clumped together (see Figure 3.12).
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Figure 3.14: Plot of eigenfunctions of the operator P;Y P; for different values of
j where {P;};cs are the band projectors for PX P, P is the Fermi projection, and
X, Y are the lattice position operators. The projection P comes from the Haldane
model on 24 x 24 system with Dirichlet boundary conditions. Parameters chosen are
(t,t',v,¢) = (1,0,1,%). Top row is a 3D surface plot of the matrix from Equation
(3.35), bottom row is 2D log plot of the top row. For these figures we consider the
P; where a few bands of the spectrum of PXP have clumped together (see Figure
3.12). Note that the generalized Wannier function generated by our method in this

case has a relatively large spread in x relative to those plotted in Figure 3.13.
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Chapter 4

A Weak Localization Dichotomy in

Non-Periodic Insulators

4.1 Introduction

In Chapter 3, we have introduced and proved the correctness of an algorithm for
constructing ELWFs. A key element of this proof was the notion of “uniform spectral
gaps” (Assumption 4). By assuming that PX P has uniform spectral gaps we were
able to construct a collection of orthogonal projectors {P;};es (Definition 2), prove
important estimates for this collection of projectors (Appendix A.2), and show that
the eigenfunctions of P;Y P; are exponentially localized (Lemma 3.3.4).

Due to the importance of uniform spectral gaps to our argument in Chapter
3, a natural question is “When does PX P have uniform spectral gaps?”. Since
we know that PX P having uniform spectral gaps implies that range (P) admits
an exponentially localized basis due to Theorem 2, a more nuanced question is “If
range (P) admits an exponentially localized basis does PX P have uniform spectral
gaps?”. The short answer to this question is no, but the complete story is more
complicated.

We will discuss an important class of examples which show that range (P) ad-
mitting an exponentially localized basis does not imply PX P has uniform spectral
gaps in Section 4.1.1. Despite this class of counter examples, the technical machinery
developed in Chapter 3 is quite robust and in Section 4.1.2 we will discuss how we
can modify the algorithm presented in Chapter 3 to ensure that “PX P” always has

uniform spectral gaps whenever range (P) admits a basis with sufficiently fast decay.

This chapter is prepared based on [LS21].
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This leads into the main result of this chapter: a weaker version of the localization

dichotomy for non-periodic systems (Theorem 5).

4.1.1 A Counter Example to the Necessity of PXP having

Uniform Spectral Gaps

As mentioned in Section 1.4.1, an important class of periodic insulators which always
admit a basis of ELWFs are those which satisfy time reversal symmetry. A further
subclass of time reversal symmetric systems are those which satisfy fermionic time

reversal symmetry defined which we now define.

Definition 3. We say a Hamiltonian H satisfies fermionic time reversal symmetry
if there exists an antiunitary operator! © satisfying the condition ©* = —1 such that

0, H] = 0.

As a consequence of this definition, if a system satisfies fermionic time reversal
symmetry, then the Fermi projector P also commutes with the time reversal operator
O (i.e. [©, P] = 0). For systems of physical interest, the time reversal operator, O,
also commutes with the standard position operators X and Y (i.e. [0, X] =[0,Y] =
0).

Given a system which satisfies time reversal symmetry, a natural question is
whether we can find a well localized basis for range (P) which also satisfies time
reversal symmetry. More specifically, we would like to find an orthonormal basis for
range (P) which is closed under the action of ©® up to a phase factor. Similar to
the Chern number, which vanishes if and only if range (P) admits a basis of ELWF's,
whether range (P) admits a well localized basis which satisfies time reversal symmetry
is related to a topological invariant known as the Z, invariant. In particular, we have

the following theorem:

1 An operator © is antiunitary if it satisfies the relation (Qw, Ov) = (w, v) = (v, w) for all w,v € H

where H is a Hilbert space.
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Theorem 3 (adapted from [FMP16b]). Suppose that H satisfies Assumptions 1 and
2. Suppose further that H s periodic and satisfies fermionic time reversal symme-
try. Then there exists a basis for ELWFE's for range (P) which satisfies time reversal

symmetry if and only if the Zy invariant is zero.

As discussed in Chapter 1, interest in topological insulators has exploded over the
fifteen years and there is much more which can be said about the physical properties of
systems with non-zero Z, invariant. We leave fully exploring the connection between
our work and topology to future work. For the purposes of this dissertation, the
example of systems with fermionic time reversal symmetry and non-zero Zs invariant

shows that there exist operators P and © such that:
1. range (P) admits an exponentially localized orthonormal basis.
2. P commutes with ©.
3. The position operators X and Y commute with ©.
4. Any basis of ELWFSs for range (P) cannot satisfy time reversal symmetry.

Because of these four properties, it can be shown that for systems with fermionic
time reversal symmetry and non-zero Z, invariant, it is impossible for PX P to have
uniform spectral gaps. The argument is as follows.

Towards a contradiction suppose that PX P has uniform spectral gaps. Since both
P and X commute with ©, we conclude that [©, PXP] = 0. Since by assumption
PX P has uniform spectral gaps, we can define the projectors P; and using the Riesz
projection formula for P; (Equation (3.5)) and it follows that [©, P;| = 0. Hence, since
Y also commutes with ©, we conclude that [©, P;Y P;| = 0. This is a contradiction
however, since we have proven that the eigenfunctions of P;Y P; are exponentially
localized and if P;Y P; commutes with © then its eigenfunctions can be chosen to
satisfy time reversal symmetry. Therefore, despite the fact that range (P) admits a

basis of ELWFs, PX P cannot have uniform spectral gaps.
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We note that a similar argument has been outlined by Vanderbilt and coau-
thors under the name the Wannier charge centers (WCCs) [SV11b, SV1la, TGV14,
GAY ™17, WZS'18]. In these works, the authors consider the eigenvalues of PX P
and show that the Z, invariant (and later the Chern number) can be connected to

these eigenvalues in the periodic case.

4.1.2 Constructing a Choice of Position Operator

Combining various lemmas together, the result proven in Chapter 3 is the following:

Theorem 4 (Restatement of Lemmas 3.3.2, 3.3.3, 3.3.4 with technical bounds). Sup-
pose that P is the spectral projector onto oy for a Hamiltonian satisfying Assump-
tions 1 and 2. Suppose further that there exists a collection of orthogonal projectors

{P;}jeq and finite, positive constants (v*, K{, Ky, KY) such that for all 0 < vy < ~*:

1. The projectors {P;}jcs decompose range (P) into orthogonal subspaces in the

sense that

(a) 3 jes Py =P.
P, j=k;
0, J#k.

2. Each P; is exponentially localized in the sense that

(b) PP, =

(a) 1Py = Bill < K77,
(b) I[P, Y]l < K3

3. Each P; is concentrated along a line of the form x = &; in the sense that for

each P; there exists a § € R such that:

(X = &)Piall < K5 and  [|P(X = &)l < K.

Then the following is true for each j € J:
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1. The operator P;Y P; is essentially self-adjoint (Lemma 3.3.2).
2. The operator P;Y P; has discrete spectrum (Lemma 3.3.3)

3. There exists finite, positive constants (C,7), independent of j, such that if ¢ €
range (P;) and P;Y Pjp =, then

/ IVIFEE =02 (1, )| dz dy < C.

Therefore by the spectral theorem, the collection of all eigenfunctions of the operators
{P;Y P;}jcy form a complete, exponentially localized, orthogonal basis for range (P)

(Lemma 3.5.4).

An important point of Theorem 4 is that it only makes assumptions about a
collection of orthogonal projections {P;},c7. These orthogonal projections could be
spectral projectors of the operator PX P but this is not strictly necessary. The main
result of this chapter is to show that if there exists an orthogonal basis for range (P)
with sufficiently fast algebraic decay, then it is possible to construct an essentially

self-adjoint operator X such that:

1. X is close to the true position operator X.
2. X is exponentially localized.

3. The operator PX P has uniform spectral gaps.

Using these properties, it can be shown that the spectral projectors for PXP satisfy
the assumptions of Theorem 4. Therefore, if we take {P;};cs to be the band pro-
jectors for PX P, then Theorem 4 implies that diagonalizing P;Y P; for each j € J

gives an exponentially localized orthogonal basis for range (P).

4.2 Technical Statement of Results

To formally state our results we will first make two important definitions: finitely

degenerate centers and generalized Wannier basis. Our definition for generalized
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Wannier basis differs slightly from those given previously in the literature [MMMP19,
MMP20]. We will discuss these differences in more detail in Section 4.2.1.

Definition 4 (Finitely Degenerate Centers). We say that a collection of functions

{W¥a}aer C L*(R?) has finitely degenerate centers if:

1. Each v, has a well defined expected position. That is, for all & € Z the following

quantities exist and are finite:

,ugz( 1= (Yo, Xtha) and ”}x/ = (Yo, Ya). (4.1)
We will refer to the point (uX, 1Y) as the center point for 1),

2. The collection of center points for {1, }acz has bounded density. That is, there

exists a constant M < oo such that for all (zg,yy) € R? we have

#{a: (1, ) € Bulwo, yo)}| < M
where B (g, o) is a ball of radius 1 centered at (xg, yo).

Definition 5 (Generalized Wannier Basis). Let P € B(L?*(R?)) be an orthogonal
projection. We say that a collection of functions {1, }aer is a generalized Wannier
basis if there exists a localization function G(-) : R — Ry and a constant C' > 0 such

that:

1. The collection {1 }acz forms an orthonormal basis for range (P) with finitely

degenerate centers.

2. Each 1, is localized about its center point in the sense that

Gl — (112, 1)) [Ya(@)]* < C

R2

where (pX, 1Y) is as defined in Equation (4.1).

In this chapter, we specifically consider two important special classes of general-

ized Wannier bases:
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1. We say a generalized Wannier bases is ezponentially localized if we can choose

G(|z|) = e*12! for some v > 0.

2. We say a generalized Wannier bases is s-localized if we can choose G(|xz|) =

(1+ |z|?)® for some s > 0.

The formal statement of our result is then the following:

Theorem 5. Let P be the spectral projector onto og for a Hamiltonian H satisfying

Assumptions 1 and 2. Then the following statements are equivalent:
1. P admits a generalized Wannier basis that is exponentially localized.

2. P admits a generalized Wannier basis that is s-localized for some s > 5/2.

4.2.1 Connection with Previous Work and Discussions

Generalized Wannier bases in two dimensions have been considered and defined in
previous works [NN98, MMMP19, MMP20|, however the definition we give in our
work slightly differs from these previous definitions. The main difference between
our definition of a generalized Wannier basis and the ones given in these previous
works lies in the conditions imposed on the center points. In our work, we define the
center point of a basis function v, to be its expected position in X and Y. While this
requires that each basis element has a well defined expected position, this assumption
is satisfied since we assume that P admits an s-localized basis for s > 5/2. We then
additionally assume that these center points do not cluster arbitrarily strongly to
prevent pathological counterexamples.

In the work by Nenciu-Nenciu [NN98§], the set of center points were only assumed
to be a discrete set. We found this assumption to be problematic as it allows the center
points to become arbitrarily strongly clustered. In the work of Marcelli, Monaco,
Moscolari, and Panati [MMMP19], the authors assume that the center points are

part of a Delone set (a set which is “nowhere dense” and “nowhere sparse”, see
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[MMMP19, Definition 5.2]). This Delone set assumption puts a fairly rigid structure
on the center points which does not play a role in our argument since we only focus
on the localization of the Wannier functions. The definition of a generalized Wannier
basis given in the more recent work by Marcelli, Moscolari and Panati [MMP20], on
the other hand, is equivalent to the finitely degenerate centers assumption so long as
the basis has a well defined expected position.

Before continuing with the remainder of this chapter we will quickly discuss
the Localization Dichotomy Conjecture for non-periodic insulators introduced in
[MMMP19]. In the periodic case, the Chern number plays an important role in
classifying when an exponentially localized basis of Wannier functions exists or not.
The natural extension of these ideas to the non-periodic case was introduced in

[MMMP19] (see also [CMM18]) and is known as Chern marker.

Definition 6 (Chern Marker). Let P be a projection on L*(R?) and x; be the
indicator function of the set (—L, L]>. The Chern marker of P is defined by

O(P) == Lli_r)rgo%tr (XLP[[X, Py, P]}PXL>

whenever the limit on the right hand side exists.

With this definition the Localization Dichotomy Conjecture as stated in [MMMP19]

is the following:

Conjecture 1 (Localization Dichotomy Conjecture). Let P be the spectral projector
onto oq for a Hamiltonian H satisfying Assumptions 1 and 2. Then the following

statements are equivalent:
(a) P admits a generalized Wannier basis that is exponentially localized.
(b) P admits a generalized Wannier basis that is s-localized for s = 1.

(c) P is topologically trivial in the sense that its Chern marker C(P) exists and is

equal to zero.
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The main result of this work shows that (b) = (a) for s > 5/2. In recent work
[MMP20], Marcelli, Moscolari, and Panati have shown that (b) = (c) for s > 5. Since
an exponentially localized basis is also s-localized for any s > 0, our result combined

with the result from [MMP20] implies that (b) = (c) for s > 5/2.

While in chapter we only consider systems in two dimensions, we expect that the
arguments in the work can be generalized to arbitrarily high dimension by a similar

approach to the one taken in Section 3.4.

4.3 Construction of X

Throughout the rest of this chapter, we will assume that P admits an s-localized
generalized Wannier basis with s > 5/2. That is, there exists an orthonormal basis

{%a }aez for range (P) such that:

1. {Wa}aer has finitely degenerate centers;

2. {4 }aer is s-localized for some s > 5/2 sufficiently large.

Our first step to constructing X will be to observe some important consequences of

the finitely degenerate centers assumption.

4.3.1 Consequences of Finitely Degenerate Centers

For each (m,n) € Z? let us define the unit box centered at (m,n) as follows:

. SRS AU S S
mn -— | 2,m 5 n 2,n 5]

If a basis {1, } satisfies the finitely degenerate centers assumption we know that there
is some finite number M such that no more than M basis elements have their center
in Sy,,. Using this property, we can relabel our basis as {w%?n}(mm)ezz where wﬁﬁ)n

has its center in S,,, and j is a degeneracy index which runs from 1 to M. In the
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case that the box S, , has fewer than M basis elements (say it has j*) then we define
@D%)n =0 for all j > 5*.
The importance of this relabelling is that it allows us to essentially discretize the

center points of the basis {w%)n} Recall that if wﬁ,{)n is s-localized then by definition
/(1 + |J}1 - /”L'nxl,n,j

where (14,5, i, ;) 15 the center point of )., Furthermore, by definition we know

2t |2s = p P 105 ()P dae < C. (4.2)

that:

1
Mg = < 5 and gy 5 —n| < (4.3)

Since (fi s fir ) and (m,n) are close, we have the following lemma:

Lemma 4.3.1. If 1/17(%),1 satisfies Equation (4.2) for some s > 0, then it also satisfies
[l =+ o =oY@ e <2C 41 (4

Hence, treating the center point of 1/)5,2)” as (m,n) instead of (ui’n, ,unym) only makes

the bounds worse by a constant factor.

Proof. Observe that for any (z,y) € R? and (m,n) € R? we have

1+ |z —m|* + |ag —n|2 = |(zy —m, 29 —n, 1)|?

= ’(‘xl - luﬁ,n,j? L2 — ugl,n,j’ 1) - (:ufv(l,n,j -m, :u}‘/n,n,j -n, 0)|2

(4.5)

Now recall the elementary inequality for any a,b € R? (which is an immediate con-

sequence of triangle inequality):

la+ b2 < 225(|a + |b[?*).
Therefore, using this inequality in (4.5) we have
(1+ |z1 —m|* + |z — n]?)®

< 228<|(x1 - Mﬁ,n,j? Ty — H}vfw,n,jv 1)|25 + |(HJWXLnJ - m, :U“Zz,n,j - 0)|25>
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1

Since |pyy,; —m| < 5

and |, —n| < 3 it’s clear that for any s > 0, |(zy ,,; —

M, fiy i — 1, 0)| < 1. Therefore, we conclude that:
[t = mp o = 0Py, (@) da
< / 2% ((1 @1 = g * + 122 = g ?) + 1) [Vin (@) dz
< 2%(C +1). O

Another important consequence of knowing an s-localized basis with finitely de-
generate centers for range (P) exists is any other localized basis must also have finitely

degenerate centers.

Lemma 4.3.2. Suppose that P € B(L*(R?)) is an orthogonal projector. Suppose
further that {1} and {¢.} are two distinct orthonormal bases for range (P) and
both bases are s-localized with s > 1. If {1,} has finitely degenerate centers then

{ba} must also have finitely degenerate centers.
Proof. Given in Appendix A.5. O

Because Lemma 4.3.2 and our assumptions, once we construct an exponentially
localized basis for range (P) we know that this basis must necessarily have finitely

degenerate centers.

4.3.2 The Construction of X

Since we have discretized the center points of the basis {w,(fl)n}, we can use this

discretization to define a new position operator X:

Xi= ) md ) (WL +QXQ. (4.6)

m,n,j
Since PQ = QP = 0 it’s clear that ¢(PXP) C Z. Furthermore, if we assume that
the basis {wy(ﬁ)n} has sufficiently fast algebraic decay then it’s possible to show that
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Hf( — X[ = O(1). Unfortunately, since the basis {w,(,]z)n} only decays algebraically, the
band projectors for PX P will generally not be exponentially localized. To address
this issue, we use the spectral filter approach used by Hastings in [Has09]. Specifically,

we define X via the formula:
X = [ f(t)f(ty)e X0ty XemiXtaYi)/A gt gy, (4.7)
]R2

Here A is a finite parameter to be chosen as part of our proofs and f(t) is a filter

function defined in terms of its Fourier transform as follows:

. 1_523 fgl
foy - QORI
0 €l =1

Note that since f(€) is C?(R?), tf(t) € L'(R). Also, note that [ f(¢)dt = f(0) = 1.

To better understand how this construction gives exponential localization for the
band projectors, let’s consider the simple case where X and X are both finite matrices.
In this case, for any A = (\;, \,) and o = (g, pty), we can find vectors vy and v,

which are simultaneous eigenvectors of X and Y so that

XU,\ = )\;BU)\ YU)\ = )\yU)\

Xv, = vy, Yv, = pyv,
For these vectors we have that
(vx, Xv,,) :/ F(t1) () (vy, X0V R/A X emiXOAYE)/By, ) Q¢ dt,
]R2

= <U)\, X/UN> f(tl)f(tQ)ei()‘ztl+/\yt2)/A€*i(Hztl+,“yt2)/A dtl dt2
R2

= <UA7XUM> (/R f(tl)€Z'(>\:):—Mac)t1/A dtl) (/Rf(tg)ei(>\.1;—/w)1f2/A dtg)
% ¢ )‘x_ x ¢ )‘y_ Y
= (on Kol (252 ) 7 (252 (45)

Since f is only non-zero on (—1,1), these steps imply that if [\, — pz| > A or

Ay — f1y] > A then (vy, X v,) = 0. This calculation shows that in this simple case
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that the formula Equation (4.7) sets the entries of X far from the diagonal to zero
(hence X is a local operator). Unfortunately, this calculation does not seem to
generalize to the continuum case due to the fact we do not have good control on
the oscillation of functions from range (Q)). Despite this technical difficulty, we can
still show that X satisfies some technical estimates needed to prove the estimates in

Theorem 4.

4.3.3 Proof Organization

The remainder of this chapter is devoted to proving properties of X and the operator
PXP and is organized as follows. Throughout this proof, we will make use of a
number of estimates on the projector P which were first stated in Section 2.2.1.
In Section 4.4, we show that X as constructed above is close to the true position
operator X. In Section 4.5, we will prove some technical estimates which imply band
projectors of PXP are exponentially localized. Finally, in Section 4.6 we will show
that PX P has uniform spectral gaps so the band projectors for PXP exist and are
well defined. Having proved these important estimates for X , we will finish the proof
of Theorem 5 in Section 4.7 by showing that the band projectors of PXP satisfy the

assumptions of Theorem 4.

4.4 Closeness of )A( and X

The main goal of this section is to prove the following proposition.

Proposition 4.4.1. Suppose that P is a projector satisfying decay estimates as in
Assumption 3. Suppose further that P admits a basis with finitely degenerate centers
which is s-localized for some s > 2, then there exists a finite constant C' > 0 such
that

IX - x| <C.

83



Let’s start the proof of this proposition with a straightforward calculation. By

definition of X we have that:

X _ X = f(tl)f(t2)ei(th+Yt2)/AXe—i(Xt1+Yt2)/A Aty dty — X
R2

= | Ft)f(t) (ei(th+Yt2)/AX—€—i(Xt1+Yt2)/A _ X) dt, dts
R2

_ f(tl)f(t2)ei(Xt1+Yt2)/A (X* - X)efi(Xt1+Yt2)/A dtl dtg (49)
R2

where we have used that [ f(¢)dt =1 and the fact that [X, e {1 +Y2)] = (. There-

fore,

|X - Xl < / LF(82) f (£2)e! X IA(X — X)XVt dty
R2

<15 = x1 ([ 1relan) ( [ 1rcalar)

Since f € L'(R), the proposition is proved so long as we can show that Hf( — X|| is
bounded. Let’s recall the definition of X

X =) mpd ) @9 |+ QXQ. (4.6, revisited)

m,n,j
Now since P + () = I we have that
X-X=P+QX(P+Q)-X
= PXP+PXQ+QXP+QXQ—-X
= (PXP =Y mpp@)@wil) + (PXQ+QXP).  (410)

m7n7]

Now at least formally we can write:

PXP = (Z \w%?nxwﬁf;?n\) X ( > Wfi:,)nf><w5i:?n'|>

1 Il il
m7n7.] m 7n 7‘7

=3 S w9, Xyl M i) ).

m7n7j m’?”’?j/
Since {¢7(%)n} is an orthonormal basis, we have that when (m,n, j) # (m/,n’, j'):

WD, X9y = (P (X —m)pl) ).
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Therefore, we can express the difference from Equation (4.10) as follows:

m,n,j

=3 ST @9, (X = m)el) MD)Wl .

m,n,j m’,n’,j’
Hence,

IX=XN <D0 > @8 (X —myw) M) wa) |

m,n,j m’,n’,j’

+1PXQI + QX P

Since || PXQ| + ||QX P|| is bounded by Corollary 2.2.2(ii) with v = 0, to finish the
proof we only need to control the operator norm of the first term, which also justifies
the expansion above. To do this, we will appeal the following proposition which we
prove in Appendix A.7. This proposition is little stronger than we need to prove
Proposition 4.4.1, but we will need to use this stronger result as part of the proofs in

Section 4.5.

Proposition 4.4.2. Fiz an orthonormal basis {wq(fl)n} For any h, g € L*(R?) define

Bonnj @nd G o o as follows:

iy /wmn ()| do gmn/jf:—/wmn, (2)] d.

If {1/1,(7{)”} is an s-localized basis with s > 2 then there exists an absolute constant

C > 0 such that

Z Z |77Z)mn’ X — m)@z)(j NG gr < ClR gl

m,n,j m’,n’,j’

Noting that hy,,; = (|hl, |w,(7{)n\> and gy = <]1p7(flj)n,|, lg|). This result proves

85



Proposition 4.4.1 since by definition

13 3 @@ (X —m)pl) Moy )|

m,n,j m’,n’,j’

= sup | > Y @ (X —m)wl) D)Wl )]

IR IGI=L gt

< sup DS [, (X —m)el) MRL D1 ()], 1g)-

N ey

4.5 X is exponentially localized

The main goal of this section is to prove the following proposition which gives a

precise meaning to the statement “X is exponentially localized”.

Proposition 4.5.1. Suppose that P is a projector satisfying decay estimates as in
Assumption 3. Suppose further that P admits a basis with finitely degenerate centers
which is s-localized for some s > 2, then there exist finite constants Cy,Cy > 0 such

that for any p € R and any v sufficiently small:

IX, - X|| < Cry (4.11)

(X =4+ ) X YIX =+ 0) 7 < G (4.12)

In the discrete case, proving Equation (4.11) implies that the matrix entries of X
decay exponentially quickly off the diagonal. Therefore, this bound captures at least
part of the statement “X is exponentially localized”. On the other hand, Equation
(4.12) controls the non-commutativity of X and Y. The need for this bound arises
as a technical condition needed to prove that the band projectors of PXP satisfy
the assumptions of Theorem 4 (in particular it is used to prove Equation (4.32b)).
Despite this difference in interpretation, the techniques to prove these two bounds
are quite similar. We will prove Equation (4.11) in Section 4.5.1 and Equation (4.12)
in Section 4.5.2
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4.5.1 Proof of Equation (4.11)

As we saw in Equation (4.9) in Section 4.4, using the fact that [, f = 1 and

(X, emiXaH+Y8)/A] = ) we have that:
X —X = | f(t)f(t)edXOTYRA(X — X)e i X0tYR)/A gt ),
R2

Hence, since X = PXP + QXQ and X = PXP + QXQ + PXQ + QXP we can

rewrite X — X in the integrand above and obtain:

X=X = [ [(t)f(t)eXnTY/APXP - PXP
R?
~QXP — PXQ)e i Xt+Vt)/A gy
= [ J)f(te) (e"(x“mﬂ/ A(PXP — PXP)e iXtitYt)/a
R
— ENIYRIAQX P 4 PXQ)e XY dty dy,

To reduce clutter in the next few steps, let’s define the following shorthands:

AW = [ (1)) f(ty)e! XY RIA(PX P — PX P)e i X0HYR)/A qp g,
R2

A® = [ f(t)) f(ty)e! XN TYR/AQX P + PXQ)e " XFYt)/A q, dt,
R2
Using this notation we clearly have that
X—X =AM _ 4™ (4.13)
Multiplying on the left by B, and on the right by B ! we have that
X, —X=AD - A®, (4.14)

where we have made use of our convention for exponentially tilted operators (Sec-
tion 2.1.1). Using the identities in Equations (4.13) and (4.14) we can rewrite the

difference we are interested in bounding as follows:

X, =X =(X, - X) - (X - X)



Hence to show that ||)?7 — X|| < C1, it is enough to find constants K, Ky so that

[AD — AV < Ky
A9 — 4D < Ky

We will show the bound for A® in Section 4.5.1 and the bound for A® in Sec-
tion 4.5.1.

Bounding ||AY — AD)||

To begin, we will first write PXP — PXP as an integral kernel. Repeating the
calculations from Section 4.4, we see that we can write the difference PXP — PXP

as follows:

PXP-PXP =Y Y (@9 (X -muwd) )o@ W) |

m,n,j m’,n',j’

Therefore, we can define the integral kernel K : R? x R? — R as follows:

=373 @9 (X = m)el) el (@)l (y). (4.15)

m,n,j m’,n’,j’

Using this kernel, for any g € C2°(R?) we have that:

(PXP - PXP)g)(x)= | K(z,y)g(y)dy.

R2

We can then use this kernel to express the action of A() on any arbitrary g € C>°(R?):

/ f tl 1x1t1+x2t2 )/A (/ K w y) —i(y1t1+yata)/A (y)) dtl dtg

_ K z(a:l Y1 tl/Ad > < 11172 Y2 tz/Ad ) d
g (x,y)g (/f t /f tr | dy
_ K ; 1—y1)A<2—92)d

[ Kewawi (M52) F(252)

Slightly abusing notation we define

S (am)r(5) w19
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With this notation we have

Now recall our definition for B.:

B, = By (ap) = €xp <7\/1 (X —a?t (Y - b)2> .
Since B, acts pointwisely, it’s easy to see that

BW(PXP i PXP)B,Y_IQ _ 67\($1—a,$2—b, 1)] K(CE, y)e—7|(y1—a, y2—b, 1)|g(y) dy.
R2

Therefore, repeating similar steps gives us that:

~f -
(ADg)(@) = | K(m,y)e@romtlglion—bl f <—Ay) g(y)dy (4.17)
R2

(AP =AW g) ()

— . K(a:’ y>(e’7‘($1—a,$2—b71)|6—’Y|(y1—a,y2—b,1)| — 1)f (a: — y> g(y) dy‘
R

Since we are interested in the spectral norm of AEYI) — AM | we can use our ex-
pression for (A(Vl) — AW)g, take the inner product with any h € L?(R?), and apply
triangle inequality so that the bound to show is the following

J.J.

€T —

e K (e )f (T3 atw)| dydw < Orllallin] 19

where

E(w, y) = e’yl(zl_a’z2_b’1)‘6_’7‘(:’!1_(17:[/2—17, 1)| o 1

Using reverse triangle inequality and elementary calculus we have that:

|€”/|(w1—a7w2—b71)|e—vl(y1—a7y2—b,1)\ —1 < |€7\(x1—yl7x2—y271—1)\ — 1|
— |€7|2—y\ —1

< Alz -yl
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So since f is compactly supported on [—~A,A]? we conclude that we can bound

Equation (4.18) with the following:
'y(\/iAeVﬁA)/ |h(x)K (x,y)9(y)| dy de. (4.19)
2

For our final step, we can substitute in the definition of the kernel K from Equation

(4.15) to conclude that:

/ (@) K (2, )9(y)| dy de
R2 JR2
< Z Z (W, (X —m)el) )|

S s ot

where the last inequality follows from Proposition 4.4.2. This proves that for all

< Clnllgll;

>0
A — A0 < (OvaAe? )y

which is what we wanted to show.

Bounding HA%Q) — AQ)|
Let’s begin by recalling the definitions for AS,Q) and A®
) F(t2) f(t)e XY RIA(Q X Py + P, XQ, e X0 2)/A qt, dt,
A® = [ f(ty) f(t)e' XY RIRQX P+ PXQ)e X1V R)2 4ty dty
R2
Hence we can write the difference we’re interested in as:
2 F(t) f(tg)e! XY R/2(Q XP, — QXP + P,XQ, — PXQ)e "Xt+¥Y12)/2 4t dt,

Due to our decay estimates on the projector P, by Corollary 2.2.2(iv), we have that
for all v sufficiently small

QX Py = QXP|[=0(y), and [[P,XQy—PXQ| = O(y).
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Hence applying these estimates we have that we can find a constant C' > 0 such that

a2 — < o ( [iralan) ([ 1ntaa)

finishing the proof that [|AT — A@| = O(v).

4.5.2 Proof of Equation (4.12)
To begin this section, let us fix some 1 € R and recall the quantity we want to bound:
(X —p+0) X, V(X —p+i) L (4.12, revisited)

Similar to the previous section, our first step bounding this quantity will be to rewrite

[)A(W, Y] into a more friendly form. Using that [X,Y] = 0 we have that

~

X, Y] = [X, = X,Y]

= [B,(X = X)B;",Y]

= B,[X - X,Y]B;"

= | f0)f(ta)e" T TRIEB X = X, Y]Ben R S dty dt

R
We can now decompose the difference X — X into two parts:
X-x-= (PXP _ PXP> + <PXQ + QXP).

Using this decomposition, let’s define A® and A® as follows:

AW = [ f(ty) f(t)e! X RIAR [PXP — PXP,Y]|B, e X0tV RIA 4t dt,
RQ

A = [ f(t) f(t)e'TYRIAB [PXQ + QX P, Y]B e XUty R)/A gt dt,
R2
=/, F(t) f(tg)e! XY RIA P XQ, + Q, X P,, Y]e "Xt/ qp, dt,
With this notation, clearly

(X = 48 X YI(X = p+ i)™

= (X —p+3) 1AV — ADYX — p+i)7L.
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Similar to Section 4.5.1, we will show that (X — pu+) " AM(X — p+i)~" is bounded
in Section 4.5.2 and (X — 4 1) "A® (X — p+14)~! is bounded in Section 4.5.2.

Bounding A®
We start by observing

(X =+ 0) AKX — i)Y
<NX =+ ) AV =+ )7
< [|AW]
so it suffices to show that ||A())|| is bounded. Repeating similar calculations as given

in Section 4.5.1 one can easily calculate the action of A® for any g € C=(R?) as

follows (cf. Equation (4.17)):

r1—a,To— — —a,yz2— (T Y
(A0g)(@) = [ (o )z = gt (228 ) dy

Next, taking the inner product with any h € L?(R?) we have that:
(n,AWg)
<) W@wHKﬂuyﬂmz—yﬂé““%“l””eﬂwl&”h”f(fi_y>dydw
RrR2 JR2 A
Since by reverse triangle inequality

e(@1—a,z2=b,1)] ,—7[(y1—a, y2—-b,1)| < N@i—y1,za—y2, 1-1)] _ lz—y|

using the fact that f is supported on [—A, A]? we conclude that

m&mmsmm%/‘ (@)K (@, 9)||9(y)| dy dz

R2 JR2

Hence, applying Proposition 4.4.2 we conclude that

AV = sup  |(h, ADg)| < CAV?A
Ih]|=lgll=1

completing the proof that A® is bounded.
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Bounding A®

Unlike the proof in the previous section, to show that (X — p+i)"'A® (X — p+4)~*
is bounded, we will need to use the additional decay provided by (X — pu+7)~!. In

this section we will prove the following bounds:

I(X = p+0) [P XQy YI(X — i) = O(1) (4.20)
I(X = +0) QX Py Y](X — pu+d) ] = O(1). (4.21)
Proving these estimates show that A® is bounded by the following argument
(X =+ )T AOX — i)
~| / F(t) F ()P EIA(X i) [PXQ, + QX P, Y]
(X — ) e EREYRIA gy dty||

<X — i) PXQy 4 QX PLYI(X — i) ( / \f(t)|dt) <o

which proves Equation (4.12).

We will only prove Equation (4.20) in this section, Equation (4.21) follows by
similar steps. Using that P,Q, = @, P, = 0 we have that for any p € R:

[P XQ’W ] [P (X N)Q'w ]
= Py(X —p)Q,Y =Y P(X — 1)Q,
= Py (X — M)[Qw Y]+ P(X —pn)YQ, — Y, P’Y](X — 1)@y — PY(X — p)@Q,

where in the last line we have commuted (), and Y in the first term and P, and Y
in the second term. Since [V, X — u] = 0 we see that two of the terms above cancel

so we get that:

[PWXQ'WY} = P’Y(X - M)[Q’Y?Y] - 1Y, P’y](X - M)Q'y
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Hence we have that

(X —p 4 9) P, XQq, YI(X — pu4-40) 7
= (X =+ )7 (P(X = )[@5, Y] = [V, PIX = ) Q) (X — i +4)7|
<X = g+ PUX = @) Q5 Y+ (1Y, PI(X = )@ (X — i +2) 71|
Due to Corollary 2.2.2(iii) we know that |[[P,, Y]] = [|[Q,, Y]]l < oo hence to finish

the bound, we only need to show that ||(X —p—+7) ' Py(X —p)|| and ||(X — u)Q, (X —

p+1)7Y| are both bounded. This is easy to see however since

(X —p+ )Py (X —p) = (X = p+ )P, X+ (X = p+0) (X = p)P,

(X =)@y (X —p+0)7" = [X,Q)(X —p+9)7' + Qy(X = p)(X —p+i)~"

which are both clearly bounded due to Corollary 2.2.2(iii). This proves Equation
(4.12) completing the proof of Proposition 4.5.1.

4.6 PXP has uniform spectral gaps

Let us begin this section by first noting that since PX P is essentially self-adjoint
and || X — X || is bounded (see Section 4.4), then that implies PXP is essentially
self-adjoint so the notion of uniform spectral gaps makes sense. In particular, we

have the following easy lemma

Lemma 4.6.1. Suppose that P is a projector satisfying decay estimates as in As-
sumption 3. Suppose further that P admits a basis with finitely degenerate centers

which is s-localized for some s > 2. Then PXP is essentially self-adjoint.

Proof. Recall the definitions of X and X:

X = Z m’w%)n><w7(rjz)n’ +QXQ (4.6, revisited)
m7n7j

X = | f(t))f(ty)@XNHYR)/A K emiX0Y0)/A 1) Gt (4.7, revisited)
R2
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Since f is real valued and X is clearly a symmetric operator, it’s easy to see that X

is also a symmetric operator.
Next, notice that
PXP=PXP+P(X - X)P
We have shown previously that PX P is essentially self-adjoint under Assumption 3
(see Lemma 3.3.1). Since | P(X —X)P|| < || X — X is bounded due to our proof from
Section 4.4, by the Kato-Rellich theorem [RS75a, Theorem X.12], PXPis essentially
self-adjoint. O

Having established essential self-adjointness, the main goal of this section is to

prove the following proposition:

Proposition 4.6.2. Suppose that P is a projector satisfying decay estimates as in
Assumption 3. Suppose further that P admits a basis with finitely degenerate centers

which is s-localized for some s > 5/2. Next, define a set of gaps G as follows:

1 3
G = - - . 4.22
U (m+ 7t 4> (4.22)
[f)? is as defined in Equation (4.7) then for A > 0 sufficiently large, G C P(P)?P).
Hence for such a choice of A, PXP has uniform spectral gaps.

The basic idea behind proving Proposition 4.6.2 is to pick some A € GG and consider
(A— PXP)~". Since by construction o(PXP) C Z we can formally write:

(A—PXP)'=(A—PXP+PXP—PXP)"
— (A~ PXP)! <I —(PXP — PXP)(\ — PX’P)1>_1.
If we can show that for some constant C'
|(PXP — PXP)(A— PXP)™ | < CA™Y, (4.23)
then by picking A > (2C)~! we have that
|(A = PXP) | < (A~ PXP)[|(1 ~ (PRP—~ PXP)(A— PXP) ") |
-1 -1
<(5) (-3 =
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where we have used that A € G and o(PXP) C Z. Hence A € p(PXP).

While it is possible to prove the bound in Equation (4.23), we found proving this
seems to require {wﬁﬁ)n} is s-localized with s > 3. We can slightly improve this to s >

5/2 by introducing decay from the Green’s function (A — PXP)~! “symmetrically”.

For this let us define the square root of (A — PX P)~!. Explicitly, for any A € G

we define Sy as follows

A= IAT2Q 4+ Y A =m0 Yyl (4.24)
m,n,j

Note that by construction [Sy, P] = 0.

Since P 4+ @ = I and the collection {1/1,(%)“} spans range (P) we have that:

A= PXP=AP+2Q = 3 mivJ) (il

m,n,j
=2Q+ Y A= m) G (Wil
m,n,j
A simple calculation shows that
S\ = PXP)Sh = MQ - e A
m b b
m,n,j

Hence, since A € R, S\(A — PXP)S)\ has eigenvalues +1.

With this definition of Sy we can now repeat similar steps to before to get

(A= PXP)'=(\—PXP+PXP—PXP)"!

-1

- SA(SA(/\ — PXP)S, — Sy(PXP — PXP)SQ Sh.
Therefore if we can show that
|S\(PXP — PXP)S,|| < CA™ (4.25)

then by choosing A > (2C') the previous argument implies that A € p(P)? P).
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Let’s start our proof of Equation (4.25) by considering the difference PXP—PXP.
Using the fact that [ f =1 we have that

PXP—PXP
— f(tl)f(t2)Pei(th+Yt2)/AXefi(Xt1+Yt2)/AP dtl dtg . PXP
R2

= f(tl)f(tQ)P <€i(th+Yt2)/AX€_i(th+Yt2)/A — X) P dtl dtg
R2

For the next few steps, let’s define the difference in parenthesis as D:

D(ty, ts) := PXOAY ) /A —i(Xt14Y ) /A _ §
With this short-hand notation, we have that:
IS\(PXP = PXP)S,| < / PO )| SsPD (1, ) PSal dir dts (4.26)
R2

We will now use techniques similar to those used by Hastings [Has09] to control
Equation (4.26). One important difference between the present work and previous
work is that the operators X, Y, X are not bounded. Despite this fact, due to the
multiplication on the left and right by Sy, we are able to control Equation (4.26) and

prove a similar bound to the one proved in Hastings” work [Has09, Lemma 1].

Our first step of controlling Equation (4.26) will be exchange the decay provided
by Sy (which is diagonal in the basis {1$),}) for (X — X)~Y/2 (which is diagonal in

the position basis). Formally, we calculate

|SxPD(ty, 1) PS,||
= [|S\P(X — MNV2(X = N 7Y2D(ty, 1) (X — M) 7V2(X — \Y2PS,||
< [SAPX = NY2[I(X = ) T2D (1, t2)(X = X)X = X)V2PS, |

Intuitively speaking, we should expect that ||SyP(X — \)/?| and [|[(X — A)/2PS,||
are both bounded since Sy is the square root of X when restricted to range (P) and

X and X differ by O(1) in the spectral norm. Indeed, we have the following lemma:
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Lemma 4.6.3. Suppose that P is a projector satisfying decay estimates as in As-
sumption 3. Suppose further that P admits a basis with finite degenerate centers
which is s-localized for some s > 2. Then there exists a constant C > 0 such that for

any X € G:
IS\P(X — N2 < C
(X = N)Y2PS,| < C

Proof. Given in Appendix A.8. O

Combining this lemma with the above calculation and Equation (4.26) we there-

fore conclude that

1S\(PXP — PXP)S,||

(4.27)
< 02/ FEDF @)X = X) 72D (1, t2)(X — A) 2| dty iy
]RQ
For the next few steps, let us define the shorthand
Xy = (X = \)72X (X — N7V (4.28)

Since | X — X || = O(1) it’s easy to see that for a fixed value of A, the operator X, is
bounded as an operator acting from L?(R?) — L?(R?). The subscript b is intended
to be suggestive of the fact that X, is a bounded version of X.

We can write the quantity (X — A)"Y2D(t;,5)(X — A\)~"/2 in terms of X, by

commuting (X — \)~Y/2 with e/Xt+Y®2)/A apd et X0+HY)/A a5 follows:
(X = N7V2D(ty, 1) (X — N)~Y/2
— <X _ )\>—1/2 (ei(th-i-Ytz)/AXe—i(th-‘rYtQ)/A _ X) <X _ )\)—1/2
— ei(Xt1+Ytz)/Aj(be—i(Xt1+Yt2)/A _ j(b_
Therefore, defining A(tq,t2) as

Aty tg) = XY 1) /A —i(Xt1 4 2)/A
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we see that by definition
(X = A)7Y2D(ty, 1) (X — N)7Y2 = A(ty, o) — A(0,0).
We now state an important proposition regarding Xb:

Proposition 4.6.4. Suppose that P is a projector satisfying decay estimates as in
Assumption 3. Suppose further that P admits a basis with finitely degenerate centers
which is s-localized for some s > 5/2. Then for any X\ € G there exists a finite

constant C' > 0 such that

X, Xl = X = 22X, X)X = A"V < € (4.2
1Y, Xolll = [{X = Ny, XX - )2 < C.

Proof. Given in Appendix A.9. O]

With this proposition in mind, for any ¢ € C>*(R?) we differentiate A(t,ts)d

with respect to t; to get:

atlA(tl, t2)¢ — iA—lei(th—‘rYtQ)/A (XXb o XbX)e_i(Xt1+Yt2)/A¢

_ iAflei(Xt1+Yt2)/A[X Xb]efi(thJrYtQ)/A(ﬁ_

This differentiation step is justified for any ¢ € C>°(R?) since X, X and XX, are
both bounded operators on C2°(R?). The fact that X, X is bounded is clear since
X is bounded on C°(R?) and X, as defined in (4.28), is a bounded operator. The
fact that XX, is bounded follows from the identity X X, = (X, )~(b] + X, X which is
bounded due to Proposition 4.6.4.

An analogous argument shows that
at2A<t1, t2)¢ _ Z’Aflei(Xt1+Yt2)/A [Y7 Xb]ef’i(xt1+Yt2)/A¢.

Due to Proposition 4.6.4, it’s easy to check that both 0y, A(t1,t2)¢ and 0y, A(t1, t2)d

are continuous functions of t;,%5 so we can apply mean value theorem to conclude
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there exists a (c1, c2) € [0,¢1] x [0, 5] so that:

I(A(t1, t2) — A(0)g]| < A7 e[|/t ALY, X Jem Tty
+ Aillcz‘ Hei(XC1+YC2)/A|:Y’ va]efi(XquYcz)/A(bH

< A7 (|6 IEX K]+ el Xl

Since C2°(R?) is dense in L?(IR?), this implies that there exists a finite constant C' so
that
X = X) 72D (1, 12) (X = X) 72| < CATY(Jta] + [t])-

Hence, substituting this bound into Equation (4.27), we have that
|S\(PX P — PXP)S,|
<ca [ sl + i) o de,
R?
< C'AT,

where to get the last line we have used the fact that by construction f(t),tf(t) €
L'(R). This completes the proof of Proposition 4.6.2 and hence establishes that for

A sufficiently large PX P has uniform spectral gaps.

4.7 The Band Projectors for PXP Satisfy the As-

sumptions of Theorem 4

Over the past few sections, we have proved a number of important properties of the

operator X. In particular we have shown that:
1. X is close to X (Section 4.4)
X =X =0(1)

2. X is exponentially localized (Section 4.5)
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(a) X, = X| =0y
(b) V€ RIX — o+ )7 [X, V)X = 0) 7| = O1)
3. PXP has uniform spectral gaps (Section 4.6)

1 3 S
U <m+17m+1) C p(PXP)

meZL

Our next step will be to use all of these properties to show that if { P; };cz are the band
projectors for PX P, then these projectors satisfy the assumptions of Theorem 4.
First, due to the fact that PX P has uniform spectral gaps, we can define the

orthogonal projection P; by the Riesz formula

1 ¥ p\—1
P = i (/cj()\ — PXP) d)\> P (4.30)

where the contour C; is chosen so that C; encloses the integer j and avoids O'(PX P).
We will assume without loss of generality that the contour C; is chosen so that for
all j € Z if A € C; then |\ — j| < 1. We can assume this without loss of generality
due to the characterization of p(P)? P) proven in Section 4.6.

As a technical note, the addition of P in the definition of P; makes it so that
range (P;) C range (P) for all j € Z and ensures that >, P; = P. Since P is a
projection, we know that [P)? P, P] = 0 and hence P; can be equivalently defined as

1 ~
P=— [ (A\— PXP)'Pdn. (4.31)
21 C;

The most technically involved part of showing that P; satisfies the estimates of
Theorem 4 is showing that the resolvent (\ — PX P)~! is exponentially localized in

following sense:

Proposition 4.7.1. Suppose that P satisfies decay estimates as in Assumption 3.
There exists finite, positive constants (C,v*) such that for all 0 < v <~*, all j € Z,

and all X € C; we have

IB,(A = PXP) B Y| = |\~ B,X,P) Y| <
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Once we prove Proposition 4.7.1, we can then prove that P; satisfies the assump-
tions of Theorem 4. More specifically, we can show that there exists finite, positive
constants (Cy, Cy, Cy) such that for all j, P; satisfies the following estimates for all

sufficiently small:

1Py = Bjll < Cay (4.32a)
I[P Y1l < Cs (4.32b)
[P (X = )| < C4 (4.32¢)
(X = J) Pl < Cy (4.32d)

It is important to note that the constants (C}, Cy, C3, Cy) from Proposition 4.7.1
and Equation (4.32) are independent of the choice j. While the tools from Chapter
3 allows one to prove these bounds uniformly in j, there are a few subtle technical
issues which arise as part of these proofs. For clarity of presentation, in the next few
sections we will prove Proposition 4.7.1 and Equation (4.32) for j = 0 only. We will
then return to discuss the modifications needed to prove the bounds uniformly for
j # 0 in Section 4.7.6.

The remainder of this section is structured as follows. We begin by proving an
important technical lemma in Section 4.7.1. We then make use of this lemma in
Section 4.7.2 to prove Proposition 4.7.1 for j = 0. After proving this proposition, we
will prove Equation (4.32a) in Section 4.7.3, Equation (4.32b) in Section 4.7.4, and
Equations (4.32¢) and (4.32d) in Section 4.7.5 (all for j = 0). Finally, in Section 4.7.6,
we will show how to generalize the previous proofs to j # 0. Once we have shown all
of these estimates, Theorem 4 then implies Theorem 5 completing the proof of our

main theorem.

4.7.1 Projected Position Operators and Their Resolvents

Over the next few sections, we will perform a simple calculation which we will repeat

multiple times. Instead of repeating this calculation each time, in this section, we
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will show this calculation in detail with an illustrative example. We will then state a
technical lemma (Lemma 4.7.2) which extracts the essence of the calculation at the

end of this section.

For our illustrative example we will show how to bound the following for A € C;
when j = 0:
XP(\—PXP)™". (4.33)

Intuitively, X P(A — PXP)~! should be bounded since X is close to X and (A —
P)?P)*l “inverts” X on range (P).

Formally, we calculate

|IXP(A— PXP)™!
= (X = X + X)P(A— PXP)7!
<X = X|[[(A = PXP)"Y| + | XP(\ — PXP)7!.

Since we know that | X — X|| = O(1), to show that Equation (4.33) is bounded we
only need to show that X P(A — PXP)~! is bounded.

Using the fact that I = @) + P we have that

IXP(A— PXP)™Y
= [(Q + P)XP(\ — PXP)7!||
< [|QXP|||(A = PXP)™!| + |[PXP(\ — PXP)7|

The first of these two terms is bounded since ||(A — PXP)~!| is bounded and

QX P < [Q(X — X)P| +[QXP]|
< X = X[+ QX P

where [|[QX P|| is bounded by Corollary 2.2.2(ii) with v = 0. Finally PXP(X —

103



PXP)~! is bounded since

IPXP(A— PXP) | =|(PXP—X+\(\—PXP)!
= | =I+XXA=PXP)!|
<1+ M\|N=PXP)7. (4.34)

The final bound in Equation (4.34) illustrates the importance of our choice of X € C;

where j = 0. Since A € Cyp, by construction we know that |A\| = |[A—0| < 1. Therefore,
IPXP(A\— PXP)™| < 1+[(A—PXP)7|

which is a constant independent of the choice of j. If we were considering j # 0, then
typically we would have that |[A| > 1 which would prevent us from having a uniform
bound. As mentioned previously, we will modify the argument in Section 4.7.6 to
make it work for j # 0.

From this calculation, we conclude that X P ()\—P)A( P)~!is bounded by a constant
only depending on |QXP|, | X — X||, and the gap size of PXP. By repeating
this calculation multiple times using our decay estimates on P (Assumption 3 and

Corollary 2.2.2), we have the following lemma:

Lemma 4.7.2. Suppose that P is a projector satisfying decay estimates as in As-
sumption 3. There exists finite, positive constants (Cy,Cq, Cs, Cy) such that for all
A € Cj where j = 0:

(i) |\ = PXP)"'PX| < C,
(ii) | XP(\— PXP)™'| < Cy
(iii) ||(A = P, X, P) 7 P, X | < Gy

(iv) |(A\— P,X,P)'P,X| < Cy
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4.7.2 Proof of Proposition 4.7.1

The main goal of this section is to show that there exists a finite, positive constant

C such that for 7 = 0 we have:

sup |(A — P, X, P,) 7| < C.
)\EC]'

This bound is proved by the following chain of implications which hold for all A € C;

(where USG is an abbreviation for uniform spectral gaps):

PXP has USG = ||(A = PXP) ! < 0o = ||(A = PXP,)!| < oo 135)
= [(A= P,XP) 7Y < 00 = ||(A = P,X, P,) 7! < oo.

In words, since PX P has uniform spectral gaps, we know that |[(A— PXP)~!|| < oo
for all A € C;. Using this fact, along with our previous estimates on P and X , We can
conclude that [|[(A — PX P,)7Y| < oo for all v sufficiently small. Once we know that
(A— PXP,)" is bounded, we can use that estimate to show that (A — P, X P,)™" is
bounded for all v sufficiently small. Finally, once we know that (A — Py)? P)7!is
bounded, we can show that (A — R,)A(WPW)*1 is bounded, finishing the proof of the

proposition. These steps will be detailed below.

Bounding [|[(A\ — PXP,)"!|

We start by performing a formal calculation. Adding and subtracting PXP in the

resolvent we want to bound gives that:
(A\—PXP)' = (A= PXP+PXP—PXP,)"

- ((/\ ~ PXP)— PX(P, - P))_l

—~ —~ -1 ~
<[ — (A— PXP)"'PX(P, - P)) (\— PXP)"".
Now observe that

I(A = PXP)"PX(P, — P

< [(A\=PXP)"'PX[|IP, - Pl
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Due to Lemma 4.7.2(i), we know that (A — PXP)"'PX is bounded. We also know
that that |P, — P|| = O(v) by Assumption 3(i) and thus we can pick 7 sufficiently

small so that

I(x = PXP)'PX(P, - P)| <

N | —

Therefore, by Neumann series we conclude that for all v sufficiently small
~ ~ ~ -1 ~
I = PEP) < (1= (= PRP) PR (P, = P)) (A= PXP)|
1\ -1 N
<(1-3) lla=PEP)7Y

which is bounded by a constant due to the fact that PX P has uniform spectral gaps
and the choice of \.

Bounding [|[(A — P,XP,)™|

Now that we’ve shown that (A — P)A(PV)’1 is bounded, we can bound (A — PW)A(PW)*I.

Performing similar formal calculations to before

(A\—P,XP,)"' =(A— PXP,+ PXP, — P,XP,)""
~ ~ -1
- ((A — PXP)— (P, - P)XP,

= (= PXP) (1= (P, = P)XP(A - P)A(PV)*)_I.

Similar to before, we will want to show that X P\ — PX P,)~! is bounded by a
constant and use that || P, — P|| = O(y) to conclude that (A — PQ?PV)_l is bounded
for all v sufficiently small. Unfortunately, the calculation used to prove Lemma 4.7.2

does not apply here. It turns out however that a slight modification of the calculation

which proves Lemma 4.7.2 allows us to show that X P, (A= PXP,)"" is bounded.
First, let us define the shorthand F := P, — P = () — (). Observe that

Q-Q,=E=Q=FE+Q,.

106



Using the fact that I = P + ) we have that
XP,(A\— PXP,)™!

— (P+Q)XP,(A\—PXP)™"

— (P+Q,+ E)XP,(A\— PXP)"!

= (P+Q,)XP,(A\—PXP)"' + EXP,(A— PXP,)"
Moving the term multiplied by E to the left hand side then gives that:

(I—E)XP,(A\—PXP)' = (P+Q,)XP,(A—PXP)"

XP,(A\—PXP,)"' = (I —E)""(P+Q,)XP,(\— PXP,)"".
Note that since ||E|| = |[|[Py — P|| = O(y), we can pick v sufficiently small so that
|(I — E)7Y|| is bounded. Therefore, taking norms on both sides gives that

IXP(x = PXP)™|
<= By I(IPX P = PXP) T + 110, X P I (A = PXP) )

This final equation can be easily be seen to be bounded by constant by observing

that
IPXP, (A= PXP)7'| <1+ (A= PXPy)™|
QX Pyl < [1Q4(X = X) Pyl + | QX By |

and Corollary 2.2.2(i,ii). Notice again, we require that A € C; for j = 0 to conclude

that |A\| <1 which is a constant independent of j.

Bounding ||(A — PW)A(WPW)AH

Now that we’ve shown (A — P,Y)? P,)~! is bounded, we can finally finish the proof of

Proposition 4.7.1. Similar to before, we have that

()‘_P’Y)?’YP'Y)il:()‘_P’Y)?P’Y—i_P’Y)?P’Y_P'Y‘)?’YP’Y)il

((/\_P’YXP’Y> _PV()?’Y_)?)P’Y)_l

~ ~ —1
(1= =PXP)'P(X, = X)P,) (A= PXP) ™
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Since

”PW(X’Y - X)PWH < ||P7||2||X7 - X”

and in Section 4.5 we showed that H)AQ — X|| = O(), we can choose ~ sufficiently
small so that

||(/\ - P’YXP’Y)_IPW(XV - X)PVH <

N —

and hence for all v sufficiently small
~ . 1\ -1 .
A-PEP) < (1-5) 0 -PXP)7.

Combined with the chain of implications in Equation (4.35), we conclude that (for
j=0)

sup ||[(A — P,X,P,)"'P,| < oo
AeC;

which finishes the proof of Proposition 4.7.1.

4.7.3 Proof of Equation (4.32a)

Similar to the previous section, let us define the shorthand F := P, — P. We begin

by writing down the definition of P;, and P; as contour integrals

1

PM_PJ'Z% C()‘_PWXVPQ_IPW_()‘_PXP)_IPd)‘
1 - ~ _
- <()\ ~PXP)'— (A PXP)—1>P7 + (A= PXP)'EdA
271 C

J

Taking norms of both sides then gives that:

1P = B

((C; > _ S S -
<" qup (J0 - PR P) - (- PRP) IR 4+ A~ PXPYE])

T 27 AEC;

Since A € C; and || E|| = O(y), we know that ||(A— PXP)~Y||| E|| = O(y). Therefore,
to finish the proof of Equation (4.32a) we only need to show the first term is O(7).
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Applying the second resolvent identity gives

(A= P,X,P,)"' — (A= PXP)~!
— (A= P,X,P)"(P,X,P, — PXP)(A\— PXP)™".

Next, adding and subtracting various terms gives

(A — P,X,P,) ' (P,X,P, — PXP)(A\— PXP)~!
= (- PX,P) (PX,P, — (P,X,P+ P,X,P) - PXP) (A~ PXP)"!
= (A= P.X,P) (P X,E+ P,X, P+ (P,XP~ P,XP) - PXP)(A~ PXP)""
= (A= P,X,P) Y (P,X,E + P/(X, - X)P+ EXP)(\ - PXP)™!

The middle term, PW(JA(V —)A()P is clearly O(7y) since we know that ||)A(V —X|| = 0(>).
Since || E|| = O() to finish the lemma we only need to show that

(A— PWXWPW)_IPW)A(W

XP(A\—PXP)™!

are both bounded operators. But we already argued that these quantities are bounded

4.7.4 Proof of Equation (4.32b)

We begin this proof by writing P; , in terms of its contour integral and taking operator

norms:

1 > —
H[PJ}"MY]H: [(ﬁ/c-(/\_PVX’YP’Y) 1P’yd)\>,Y ‘
< S wup v~ ,%,2) P YL

Therefore, to prove Equation (4.32b) it’s enough to show that [(A — P,Y)A(VPV)*PW, Y]
is bounded. Expanding this commutator and using the fact that [()\—P,Y)A(WPW)*, P, =
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0, we have that
[O‘ - ij?va)ilpw Y]

= (A= P’Y‘)?VP’Y)_IP’YY —Y(A- Pv)?vpv)_lpv

= (A= PX,P)'PY —YP,(A— P,X,P,)"!

=(A— P’Y‘)?’YP’Y)_IPVY(P’Y +@y) = (Py + Q)Y Py(A - P’YXWPW)_I

=[(A - Pv)?vpvrlv PYP)

+(A=PX,P)'P,YQ, — Q,YP,(A - P,X,P,)"!

Due to Corollary 2.2.2(ii) we know that @,Y P, and P,Y (), are both bounded. Since

(N — Py)?,ypv)—l is also bounded, we therefore only need to control the first term. A

standard commutator identity shows that:
(A - P&Pw:% PYP] ) L
= (A - P’YX’YPV)_I[P’YXVP’W PWYPW](A - P’YXWPV)_l
Now we can rewrite the commutator [Py)/(\',yPV, P,Y P,] as follows:
|P,X,P,, P,YP] =P, X ,PYP, — P,YP,X,P,
= Pv)?w(] —Q))YP, = PY(I - Q’Y))?WPW
= PX,, Y|P, - P,X,Q.,YP, + P,YQ,X,P,
Substituting this identity back into Equation (4.36) and taking norms then gives that
I\ = P.X,P) 7 [PXL Py, BY PO = PLXLP) |
< HO‘ B P’Y‘)?’YPV)_IP’Y[X% Y]Pv()‘ B P’YX’YP’Y)_IH (4.37)
1= B P) PP XL Q4 1Q4Y Py
IO =P P) PP Y Q1@ X, P
The last two terms can easily be seen to be bounded using Corollary 2.2.2. In

particular,
||P7X7Q7|| - ||P7(X7 - X+X-X +X)Q'y||

< (12X = XN+ 21X = X @ 1| + 12 X Q-

110



Hence, since we’ve shown that H)AQ — X|| = O(7), ||IX — X|| = 0(1), and Corol-
lary 2.2.2(i,ii), we conclude that the last two terms in (4.37) are bounded. Therefore,

to finish the proof of this lemma we only need to bound the first term in (4.37).

To bound this term, we will appeal to one of the bounds proven in Section 4.5. In
particular, in that section we showed that (Equation (4.12)) for any u € R we have
that

(X — p+0) ' [X,, YV](X —p+0) 7Y < o0 (4.12, revisited)

Now let’s recall the quantity we want to bound

Our first step will be to exchange the decay provided by (A — Pv)ACYPV)‘1 for (X —
p+ i)' so that we can apply Equation (4.12). To perform this exchange, observe
that for any pu € R:

(A= PX,P)7'Py= (A~ P’Y‘)?WPW)_IP’Y<X —p+ )X —p+i) 7
Now for any p € R we have

(A — PVXVP’Y)_l‘P’Y(X —p+ 1)
<A = P X, P) T PYX — )]l + |(A = PXLP) [Py

Choosing 1 = 7 = 0 and appealing to Lemma 4.7.2 we conclude there exists a

constant C so that

H()‘ - PVXWP’Y)APV(X + Z)H <C.

Similarly,
I(X + )P, (A= PX,P) 7Y < C
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Hence,

H(/\ - P’YXWPV)_IP’Y[X% Y]Pw()‘ - P7X7P7>_1||
= H()‘ - PVX'YPW)APV(X + Z)(X + i)il[X'w Y]P'y()‘ - P’YXWPv)ilH
< C”(X + i)_l[XVa Y]P’y()‘ - PVX’YP"/)_lH
< CP(X +4) X, YI(X )7
where to the get the last line we have inserted (X +4)7*(X + 4) on the right as we

did on the left. This final line is bounded due to Equation (4.12), completing the
proof of Equation (4.32b).

4.7.5 Proof of Equations (4.32c) and (4.32d)

Since we are considering the special case where j = 0, the quantity to show are
bounded are P;,X and XP;,. We we only show ||P;,X]| is bounded, the other

bound follows via a similar argument. Writing P, in terms of its contour integral

gives
1 > J—
1B X0 = |5 [ - PR R X O
((C; ~
< 4G) sup |(A — P, X, P,) ' P X|
27T )\EC]'

But || ()\_Pw)?va)_lprH is bounded due to Lemma 4.7.2. This completes the proof
of Equations (4.32¢) and (4.32d).

4.7.6 The Shifting Lemma Revisited

In this section, we review some of the tools which were proven in Appendix A.3 to
prove Proposition 4.7.1 and Equation (4.32) with bounds independent of the choice

J. The key trick is the following simple calculation. Suppose that A € C; for some
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j # 0. We have that

A~

(A= PP = ((A-j+5) - P(X - +j)P>_1
= (A=i)-PE—pP+iI-P)
= (0= -PE-)P+jQ)
Now since PQ = QP = 0 it can be shown that
(A= PXP) P = (A=)~ P(X~ )P+ Q) P
= (A =5) - P(X = j)P) P (4.38)

Through this trick, we are able to effectively “shift down” the contour C; by j. More

precisely, using this calculation, in Appendix A.3 we proved the following lemma:

Lemma A.2.5 (Shifting Lemma). Suppose P satisfies decay estimates as in Assump-
tion 3 and suppose that PX P has uniform spectral gaps with decomposition {0} ;ez.
For arbitrary n € C, define A\, := X\ —n and X,, := X —n. Then the following are

equivalent for all v sufficiently small:

1. There exists a C' > 0, independent of j, such that

sup [(A = P, XP)7'| <C
AeC;

2. There exists a C' > 0, independent of j, such that

sup sup H(An - P’)/XHP’)’)_IH <

AeCj nEoy
Furthermore, if ||(A— P, X P,) || is bounded we have for any j € Z andn € o(PXP):
(A — PWXPW)_IP’Y = (A — P”/anv)_lpv‘

Since the proof of Lemma A.2.5 only relies on the shifting calculation in Equation

(4.38), Lemma A.2.5 also holds if we replace X with X. Choosing 7 = 7 we have
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that by the lemma for all v sufficiently small
Pjqy = / (A — PW‘)?’YPW)_1P7 dA

J

:/C ((A_J) _Pﬂ/()?v_j)Pv>1P7d)‘

By replacing A with A — j and X with X — j in all of the arguments in Sec-
tions 4.7.2, 4.7.3, 4.7.4, 4.7.5 it can be checked that instead of a dependence on
|A| we have a dependence |\ — j| which is bounded by the construction of C;. There-
fore, we conclude that Proposition 4.7.1 and Equation (4.32) holds with constants

uniform in j proving the main theorem.
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Chapter 5

Conclusions and Future Work

In Chapter 3, we introduced and proved the correctness of an algorithm for con-
structing exponentially localized Wannier functions in insulating materials in two
dimensions (with clear extensions to higher dimension). Our proof of correctness
in this chapter fundamentally relies on the assumption that the projected position

operator PX P has uniform spectral gaps.

In Chapter 4, we saw that PX P may not always have uniform spectral gaps in
part due to the existence of topological obstructions (e.g. the Z, invariant). Despite
this, we were able to show that in two dimension so as long as range (P) admits a
basis which has sufficiently fast algebraic decay then it is possible to construct a new
position operator X so that PX P has uniform spectral gaps. As a consequence of the
construction of X , we were able to prove a weak form of the localization dichotomy
for non-periodic systems in two dimensions: If range (P) admits a basis which is

s-localized for s > 5/2, then it also admits a basis which is exponentially localized.

Because of the generality of our results, there are a number of interesting potential

future directions for this work.

Applications for Electron Structure Calculations

The results of this dissertation prove the correctness of an algorithm for constructing
exponentially localized Wannier functions. Since exponentially localized Wannier
functions are commonly used in practice, a natural next step of these results is to

apply our algorithm to a real world system.
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Applications to the Theory of Topological Insulators

Thus far, a majority of the work on topological insulators has focused on periodic
systems only. Through the main proofs in Chapters 3 and 4, we prove that the
vanishing of the Chern number is equivalent to the existence of uniform spectral gaps
of “PXP” in periodic system. One immediate question from this result is whether
the uniform spectral gaps condition can be used to establish the full localization
dichotomy in non-periodic insulators. As a first step, one could consider using the
vanishing of the Chern marker (see Definition (6)), to conclude that an s-localized
basis for range (P) exists for some s > 0. Some results in this direction have recently

appeared using K-theoretic generalizations of the Chern number [L.T20, BM20].

Applications for Data Analysis

Throughout most of our proofs, the fact that the projector P was associated to a
Hamiltonian system only played a minor role. So long as the off diagonal entries of
the projector P decay reasonably quickly (perhaps not exponentially quickly), most
of the details of the proofs in Chapters 3 and 4 will still carry through. Therefore,
we expect that performing the sequence of diagonalizations PXP — P;Y P; will
generally always give a well localized basis for range (P) (so long as PX P has uniform
spectral gaps). As such, the algorithm introduced in this dissertation could be applied
to construct sparse representations of general data sets, not just those arising from

quantum mechanics.
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Appendix A

Appendices

A.1 Decay Estimates for Fermi Projectors

In this section we will show that if H is a Hamiltonian satisfying Assumptions 1 and
2 and if P is a spectral projector onto oy then P satisfies the decay estimates from
Assumption 3. That is there exist finite, positive constants (Cy,Cy, Cs, Cy, Cs, )
such that for all 0 < v < v* the following bounds hold:

(i) 12 =PIl < Cry

(i) (a) I[Py, Xl < Co
(b) I[P, Y]l < Cy

(i)  (a) [I[Py = P, X]|| < Cay

(b) I[Py = P Y]| < Csy
(iv) [I[PAX = N2 < Gy

(v) (&) (X = NV2[P, X)X = X\)72 < G5

(b) [{X = NP YIX = N2 < Cs

The key tool for proving these estimates is to use the Riesz formula for the pro-
jector P. Since P is a projector onto oy, we can find a contour C of finite length
enclosing o( such that:

1
P=— [(z—H)'dz and supl/(z— H) | < cc. (A.1)
2mi Je zeC

To streamline our estimates for P, we will now state and prove three useful lem-
mas:
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Lemma A.1.1. Suppose that H satisfies Assumption 1 and f,g € C*(R?). Then we

have the following identities:

e’He /' = H+2iVf (iV+A) —Af+Vf-Vf (A.2)
ef[H, gle™! = —Ag+2iVg- (iV+ A)+2Vg-Vf (A.3)
Proof. 1t follows from a direct calculation. O]

Lemma A.1.2. Suppose that H satisfies Assumptions 1 and 2. Then A is H-bounded
in the sense that D(A) C D(H) and there exist constants a,b > 0 such that for any

Y € D(H),
A < al|HY|| +bl[Y.

Proof. Let Assumption 1 on H hold, and let ¢» € D(A). Then

[AY] = [[(A+ H)yp — Hp|| < [(A + H)pl| + |[H]. (A.4)

Explicitly,
A+H=—-21A-V —idivA+A- A+ V.

Hence,
I(A + H)yl < 4| Allz> sup [|0;9] + (IdivAl|zee + [[AZ + 1Vl ) 1] (A5)
j=1,
Now observe that for any ¢ > 0,

1 :
o501 < ell Al + vl 5 =1,2.

Substituting this inequality into (A.5), and then substituting (A.5) into (A.4), we

have

|A] < H | + el AlL = 1A |
. | 2 (A.6)
(420N + Al + LAR + Vi~ ) Tl
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Now, by taking e sufficiently small, we can ensure that 1 — 2¢||A||z~ > 0. For such ¢

we have that
[AY[| < (1 —4e||All )" | HY||

_ 1 :
+ (1~ def| Al =) " (4ZHAIILO<> +[|divAl| 2= + [ AllZ~ + IIVHLw> 11,

(A7)
which proves the Lemma with
0= (1- e Af)”
b= (1= )™ (Al + A+ AT + Vi )
and 0 < € < m. O

Lemma A.1.3. Suppose that H satisfies Assumptions 1 and 2. If z € C, where C is

the contour from Equation (A.1), then there exists an absolute constant C' such that
for all v € R?:
lv- (iV + A)(z = H)7H| < O]l

Proof. The proof is a straightforward consequence of Lemma A.1.2. First, note that

using boundedness of v and A,
[ - (=iV + || < v - (=iV)P] + 2wl Allo[[#]] (A.8)
On the other hand,
[o - (=iV)Pl < 2[loo ([[AY[ + 911 - (A.9)
Substituting (A.9) into (A.8) gives
[v - (=2V + A9 < 2f[v]loo[|AY[ + 2[v][oc + 2[|vlcoll Allee) 14l (A.10)
The result now follows upon combining (A.10) with Lemma A.1.2. O

With these three lemmas in hand, we will now prove the first three estimates (i), (ii), (iii)

in Appendix A.1.1 and the last two estimates (iv), (v) in Appendix A.1.2
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A.1.1 Exponential Localization Bounds
Let us first make use of Lemmas A.1.1 and A.1.3 to prove the following corollary

Corollary A.1.4. Suppose that H satisfies Assumptions 1 and 2. If z € C, where
C is the contour from Equation (A.1), then there exists constants (v*, K1, Ka, K3)
independent of z such that for all v < v* we have the following bounds:

1 ||(Hy = H)(z = H) || < K1y
2. (o) [Hy, X)(z = H)™'|| < K
(b) I[Hy, Y](z = H)7'|| < Ky
3. (o) |[Hy, — H X](z — H)7'|| < K3y

(b) [[Hy = H,Y](z— H)7'|| < K3y

Proof. We will show how to prove ||[H,—H, X](z—H)!|| < K37 using Lemmas A.1.1

and A.1.3. The remaining estimates follow by similar steps.

Choosing f(z,y) = vy/1 + (x — a)? + (y — b)? and g(z,y) = z with Lemma A.1.1

we have that

r—a
[H,, X] = 2ie; - (i1V + A) + 2ve; -
' VIH @ =P+ (y—ap
Similarly, choosing f(z,y) = 0 and g(z,y) = © we have that

[H, X] = 2iey - (iV + A).

Therefore,

[HW—H,X]:27e1'( i )

N e ) R TR
Therefore, clearly there exists a constant K3 such that ||[[H, — H,X|(z — H)™!|| <
Kg’)/. ]
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Proof of Bound (i)

We calculate
1

Py —P=—— CB,Y(Z —H)'B]' —(z— H) 'dz
1 _ _
:% C(Z_ny) 1_(Z_H) 1dZ
1 _ _
= 5 J,(z — H) T Hy — H)(z = H) 7

where the final line follows by the second resolvent identity. Hence
(C _ _
12, ~ Pl < YD sup (= — 1) 122, — 1)~ 1))
2T ec
The term (z — H,)~! is bounded since
(z — Hw)il =(x—H+H - H’y)il
-1
- @-H)*l([- (Hv—H)(z—H)’l) (A.11)
Due to Corollary A.1.4(1) we know that
I(H, — H) (= = H)7|| < K17

Therefore if we pick v < (2K;)~! we conclude that

_ _ I\t
1= B < =) (1-5)
Using this bound, we therefore conclude that
((C _
17, - Pl < WD sup (202~ 1)7)) (1517)
T zeC
which proves bound (i). O

Proof of Bound (ii)

We will show this bound for X only, the corresponding bound for Y follows by

analogous steps. We calculate

PoX] = g [l = )7 ] a:
= 5 = ) XY = )
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Hence

((C) _ _
102 X1 < S sup (162 — ) A, X1z — )1,
T zeC
Following the calculation from Equation (A.11) we have that
-1
[y, X)(2 = Hy) ™ = [Hy, X](2 = H) (1= (Hy = H)(z = H)™')

Therefore, following reasoning from Appendix A.1.1, we conclude that for all v <

(2K;)™!

P X1 < S s (206 = )71 (20002, X0 - 17 |

The above is bounded by a constant due to Corollary A.1.4(2) which proves bound (ii).
[

Proof of Bound (iii)

We will show this bound for X only, the corresponding bound for Y follows by
analogous steps. From the calculation in Appendix A.1.1 we have that

1

P,—P=— [(2—H,)"Y(H,— H)(— H) 'dz
2w Je
Hence
(P = P.X) = 5 1= 1) 0T, = 1) = 1) X

Now to complete this proof, we need to compute the following commutator
(= — H,) ™ (H, — H)(z — H)™, X].

This proceeds by an long but straightforward calculation. We start by commuting

X with (z — H)™:
(2= Hy) "' (H, — H)(z — H)'X
- ((z ~ H,)"Y(H, — H)) (X(z —H) '+ [(z—H)", X])
= (G- ) = ) ) (X 4 e 1) X)) - 1)
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Next, commuting H, — H with X gives us that:
(== Hy)"'(Hy - H)X (2 — H)™!
=(z—H,)™" (X(HW — H)+[H,— H, X]) (z—H)™".
Finally, commuting (z — H,)~* with X gives that:
(== Hy) "' X(H, — H)(z — H)™!
= (X ) e = )X ) )G - )

= (X G ) X0 ) e ), ) )
Combining all of these estimates together shows that:
(= — H,)™(H, — H)(z = H) ™', X]
— (2= H,) " (Hy — H)(= = H)'[H, X](= = H)™!
+(z—H,)'[H,— H,X](— H)™*
+ (2 = Hy) 7\ [H,, X)(z = H,) 7 (H, = H)(=— H) ™.
Hence
I1(z = H,)7 (H, = H)(z = H) ™, X]|
< (I = )7 ) (e = i)z = 1)~ ) (110, Xz = ) 7))
+ (1 = )70 (L, = B X)(= = H) 7))

(11 = 1)) (0 X = 1)) (1, = H) (= 5) 7).

We showed in Appendix A.1.1 that ||(z — H,) || is bounded and in Appendix A.1.1
that ||[H,, X](z — H,) '] is bounded. These bounds combined with Corollary A.1.4

implies bound (iii).

A.1.2 Square Root Localization Bounds

Similar to Appendix A.1.1 we will begin this section by stating a corollary which

follows from Lemmas A.1.1 and A.1.3.
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Corollary A.1.5. Suppose that H satisfies Assumptions 1 and 2. If z € C, where C
is the contour from Equation (A.1), then there exists constants (K4, K5) independent

of z such that for all A € R:
L[[HAX = NY2)(2 = H)7Y| < Ky

2. (a) (X = NVRH, X](X = NV2(z — H) V|| < K

(b) KX = NY2IH,Y(X = \)72 (2 — H)7H| < K

Proof. Applying Lemma A.1.1 with f(z,y) = 0 and g(z,y) = (x — \)/? gives

(H, (X — NV = (i;ff—W) + (%) er - (iV + A).

Hence, [H, (X —\)'/?](z— H)~! is clearly bounded by a constant due to Lemma A.1.3.

To get the second and third bounds, simply apply Lemma A.1.1 with f(z,y) =

In ((x — A)/2) and either g(z,y) = = or g(x,y) = y and use a similar argument. [

Proof of Bound (iv)

We calculate

PAX =N = o [ 1= )7 (X = )
= ﬁ C(z — H)'YH, (X - \)Y?|(z — H) ' dz.
Hence
I (x — 37 < 49 sup (= = )M (X = X))z — 1))
which is bounded by a constant due to Corollary A.1.5. n
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Proof of Bound (v)

We will only prove the bound for Y, the bound for X follows by similar steps. We

calculate
1 ~1
2m Jeo
1
— — H)'H,Y](z — H) ' d=.
= 57 e B Y - )
Therefore,

(X = N2PYIX = X712

< 1 up (12 = W2z — ) EL Y= - )X - 27

T 2m ec

To help with reducing clutter in the next few steps, let us define the shorthand
X, := X — . With this notation, we have that

(X = N2[PYIX = X))

< S s 10602z — 1) Y16 = 1) () )
< S5 sup (10622 — 1) ()21 ) L Y = )00 )

The first term on the right-hand side in the bracket is clearly bounded since

X2 (2 — H)~H(X) 7))
= (X0 Y2, (2 = H) X)) Y2+ (e = H) Y|
< I(z = H)T (X0 Y2 H)(2 = H)HXO) 2]+ (2 = H) 7|
< I(z = H)TH X2, H] (2 = H) M|+ (2 = H) 7|

which is bounded due to Corollary A.1.5(1).
To see that
(X'2IH, Y] (= = H)™H(X5) 72
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is bounded we perform the following calculations
(XOV2H, Y](= = H) ™ (X3) /2

— (X0 2LH, Y)Y (X0 Az — )X

— (XYL, Y)Y, (2 = H) (X002 4 (2 = 1))

= (002, Y)(00) 2 — )7 ([0 Y2, H) (= = H) 7 (X0) ™2 + 1)
Hence
ICXY2H, Y]z = H) X))

< (I PHHL Y002 = )7 ) (IC6) 72 H) = = )7 60772+ 1)

Since
[(X = Y2, H(= — H), and
(X = NP H VX =072z - H)
are bounded due to Corollary A.1.5, we conclude bound (v). O]

A.2 Bounds for P,

Recall that when PX P satisfies the uniform gap assumption (Assumption 4), we can

define band projectors

1 -1
P = (T/()\— PXP) d/\> P (A.12)

™ C;
for each 7 € J, which project onto the spectral subspace corresponding to each

separated component o, of the spectrum of PX P. Here C; denotes a contour enclosing

o; in the complex plane.

The goal of this section is to prove the following lemma:

Lemma A.2.1. Let P be an orthogonal projection satisfying Assumption 3 with
finite, positive constants (7', K1, K}). Now suppose that PX P has uniform spectral
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gaps in the sense of Assumption 4 with constants (d, D). If P; is a band projection
onto o; then there exists finite, positive constants (7", KY, Ky, KY), independent of
j, such that for all v < ~"

L [Py — Bl < Kiy

2. [Py, X < K3 and [|[P;, Y] < K5

2,7

3. For allm € o0j:

(X =mPjsll < K5 and [P (X —n)|| < K3,

The constant v" only depends on (v, K1, K}) and (d, D) and is independent of the

system size.

Note that Lemma A.2.1 is a re-statement of Lemma 3.3.7, and contains Lemma
3.3.6 as a special case.

The starting point of our proof will be our decay estimates for P (Assumption 3),
which established operator norm bounds on the Fermi projector P. In particular, we

will use that there exists finite, positive constants (7', K7, K}) so that for all v € [0,+/]
L |lPy =Pl < Kiy

2. [Py, X]|| < K3 and [P, Y]] < K

A.2.1 Proof of key estimate on (A — P,XP,)™*

The most difficult step in the proof of Lemma A.2.1 is to prove the following proposi-
tion, which states that the operator (A — P,X P,)! is bounded uniformly for A € C;

for all 7 € J by a constant which is independent of j.

Proposition A.2.2. There constants g > 0 and C > 0 such that for all v < 7y

supsup |[(A — P,XP,)7!| < C. (A.13)
JjeTJ )\GC]'
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To see why Proposition A.2.2 is relevant to Lemma A.2.1, recall the contour

integral definition (A.12) of P; and note that

1
P, = B, (2—m /C.(A — PXP)—ldA) PB!
_ B~ / (A= PXP)'ax ] (B,'B, ) PB;’
210 Je, K K
1
= (— | B,(A—PXP)"'B;'d\|P
(5 [ 5 7B P,
1
= — — P, XP)'d\ P A.14
(m/cj“ XP) )P, (A14)

where in the last step we have used that [B,, X] = 0 and
B,PXPB,' = B,P(B;'B,)XPB," = P,XP,.

Hence Proposition A.2.2 immediately implies, through (A.14), that for sufficiently

small v, there exists a constant C' > 0 such that
sup || P, || < C.
JjeTJ

With Proposition A.2.2 established, the other assertions of Lemma A.2.1 follow from

relatively straightforward manipulations.

We will prove Proposition A.2.2 across the next few subsections, with the proof
of one lemma postponed until Appendix A.3. We start by showing how a naive

approach at bounding (A.13) yields an estimate which is not uniform in j.

Failure of a naive approach to yield an estimate uniform in j

We start with the formal manipulations

(A= P,XP,))"' = (\— PXP,+ PXP,— P,XP,)""
— (A\— PXP, — (P, — P)XP,)™! (A.15)

— (A= PXP)"' (I - (P,— P)XP,(A— PXP)™")"".
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Recall that ||P, — P|| = O() by Assumption 3. It follows that if
(A= PXP,)"" and XP,(A — PXP,)""

can be bounded for all A € C; independently of j we are done by taking v sufficiently
small. Unfortunately, a direct attempt to bound (A — PX P,)~" fails in this respect.
More formal manipulations yield:
(A—-PXP)'=(\-PXP-PX(P,—P)"!
=(A—-PXP—-PX(P,—P))'(A\-=PXP)(\-PXP)"!
— (I - (A= PXP)"'PX(P,— P))"' (A= PXP)™",
Again, since || P, — P|| = O(v) by Assumption 3, we obtain a bound on (A— PXP,)~*

if we can bound

(A—PXP)'PX
for all A € C; independently of j. Let
Q:=1—-P
denote the orthogonal projector onto the orthogonal complement of range P. Since
P+Q=1,
|(A=PXP)'PX|| = ||(A\= PXP)'PX(P + Q)|
=[[(A= PXP)™ (PXP - A+ X+ PXQ)| (A.16)
<1+ [A[||(A=PXP)7| +||(A - PXP)'PXQ)]|.

It is easy to see that PX () is bounded, since
PXQ=PX(I—-P)=PX—-PXP=-P[X,P],

which is bounded by Assumption 3, and (A — PXP)~! is bounded for all A € C;
independently of j by assumption. Substituting these observations into (A.16) yields
a bound on (A — PXP)"!PX with the form

|(A=PXP)'PX|| < C+C|A
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which can be bounded uniformly for A € C; for any fixed value of j € J, but not

independently of j.

Remark A.2.3. The inserting of PX P, — PX P, in Equation (A.15) is non-obvious.
Initially, one might be tempted to insert PXP — PXP instead. To make this step

work, one would need to show that
|(P,XP, — PXP)(\— PXP)"'| = O().
Unfortunately, some numerical tests for finite systems suggest that:
|(P,XP, — PXP)(A — PXP) || ~ |system size| 7.

Since it does not seem possible to control ||(P,X P,— PX P)(A—PXP)™!| in general,

we have to resort to the more complicated argument we give above.

Strategy for proving an estimate which is uniform in j

We now explain how to improve on the j-dependent bound proved in Section A.2.1.
First, for each j € J, let n; € o; be arbitrary, and define a j-dependent “shift” of
A— P, XP, by

()\nj o P,YanPV)*l’

(A.17)
Ap, = A—n;, Xy =X -

We will proceed by the following steps:
1. Using the argument sketched in Section A.2.1, we will bound each shifted oper-

ator (A.17) uniformly in A over the contour A € C;, and uniformly over 7 € o,

by a constant which is independent of j € 7.

2. We will deduce the bound (A.13) from the set of bounds proved in part (1).

Before embarking on the proof of estimate (A.13), we pause to introduce some

notation and prove some elementary bounds which follow from Assumption 3.
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Notation and Some Easy Estimates

Recall that we defined ) := I — P to be the orthogonal projection onto the orthogonal

complement of P. We now make the following further definitions
Qy = B,QBy =1 - P,

E:=P,—P

We now note some easy estimates which follow from Assumption 3. We will prove

the following proposition:

Proposition A.2.4. For any P satisfying Assumption 3 and for all v sufficiently

small:
1P~ P =1Q - Q. = 1Bl < K~
2 [Pl <1+ Ky, and [|Q,]| <1+ K™,
For anyn € C, let X,, = X —n and A\, = X —n. Then
9. 1P, Q4 < 00 and [|Q, X, P < .
Proof. (1) An elementary manipulation implies that
Q-Qy =P~ P=E,

from which the claim immediately follows.

(2) The triangle inequality implies that
12l < 182y = Pl + ([Pl
<1+ Kly. (A.18)

An identical calculation implies ||@Q,] < 1+ Kj7v.

(3) Since P is a projection, we have that

2 _ -1 -1 _ 2p—-1 _
P?=B,PB;'B,PB;' = B,P*B;' = P

-
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Therefore, P, is also a projection. An immediate consequence of the fact that P, is

a projection is P,Q, = P, — Pf = 0. Since P,y = 0 we also have that

P, X,Q, = PV(X - 77)@7 =P,XQ, = [P%X]Qv

which is bounded due to Corollary 3(i,iii). Similar calculations show that ||Q, X, P, || <
0. [l

Estimating the j-dependent shifted operators (A.17)

We now move on to bounding each of the j-dependent shifted operators (A.17) uni-
formly in A over the contour A € C;, and uniformly in n € o}, by a constant indepen-

dent of j € J.

For simplicity of notation, we will drop the subscript j from 7; in this section.
Assuming for now that (A, — PX,P,)~" is well defined, then an identical calculation
to (A.15) gives

-1
O‘n o P’YXWP"/)il - ()‘77 o PXan)il (I o EXanO‘n B PXan)A) )
where E := P, — P. If we could show that
(A, — PX,P,)"" and X, P,()\, — PX,P,)"" (A.19)

are both bounded, then since ||E|| = O(y) we can choose 7 sufficiently small so that

(A, — P, X, P,)"! can be written as a product of bounded operators and we are done.

We will first prove that ||(\, — PX,P,) || is bounded and then we will then use
that result to prove that ||X,P,(\, — PX,P,)~ | is bounded.

Bounding (), — PX,P,)™*
Essentially the same calculations as in (A.2.1) give the following
—1
(= PXyP) ™ = (T = (A = PX,P) ' PX,E) (A~ PX,P)™".
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Hence
-1
||()‘77 - PX,?P7)_1H < ||(I - ()‘77 - PXnP)_IPXnE> ”“()‘17 - PXHP)_IH- (A-QO)

To show that the first term is bounded it is enough to show that for v sufficiently

small
[ — PX,P) PX, B < o
Inserting P + @@ = I, we have that
1Ay — PXnPYlPXnH = [l(Ay = PXHP)APXH(P"‘ Q)ll
< H()‘n o PXnP)_lenPH + H()‘n - PXT]P)_luHPXnQ“
< 1+ NIy = PX,P) 7+ ([ — PX,P) I PX,QL
By the definition of the contour C; (recall Assumption 4 and Definition 2), we know
that both |\,| and [|(A, — PX,P)~!|| are both bounded by constants which are in-
dependent of n € 0; and j. Since by Proposition A.2.4, we also know that ||PX, Q)|
is bounded, we can conclude that [|(\, — PX,P)"'PX,]| is bounded by a constant
independent of A and j.
Since || E|| < K}y if we pick v so that
1< ED (14 (M +1PX,QI) 10, - PX,PY )
we see that
[~ PX,P) PX, B < 3
and therefore by Equation A.20, ||(\, — PX,P,)~!| is bounded uniformly for A € C;

by a constant independent of j.

Bounding X, P,(\, — PX,P,)~"

The key trick proving this bound is noticing that £ = @) — @), and therefore Q) =
Q) + E. Inserting a copy of (P + @) into the quantity we want to bound gives
XnPW(An - PXUP’Y)_l - (P + Q)anw()‘n - PXUP’)’)_I
= (P+Qy+ E)X,Py(Ay — PXnPw)il (A.21)
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Now we can move the term containing E on the right hand side of Equation A.21 to
get:
(I = B)X,P,(\, — PX,P,)™" = (P + Q,) X, P,(\, — PX,P,)™"
Since || E|| < K7 so long as we pick v < (2K/)~! we can invert (I — E) to get:
Xy Py (A — PXan)il = - E)il(P + Q) Xy Py (A — PXan)il
Therefore,
||X77P”/(/\77 - PXWP’Y)_ln
< I = B (1PX Py (0 = PXGP) 4 1Q5 X, P (0 = PX,P) 7).
Now to finish the proof we only need to show that both
PX,P,(\, — PX,P,)"" and Q, X, P,(\, — PX,P,)"!
are bounded independent of A and j. However, with the estimates we have now both
of these bounds are fairly easy:
12Xy Py (Ay = PXy Py)7HE < T [l (Mg — PXy Py) 7|
HQWX’IPW()‘W - PXan)il” < ||Q7anv||||<>‘n B PXUPW)ilH‘
By the proof in Section A.2.1, we know that ||(\, — PX,P,)!| is bounded. Since
|Ay| is bounded by the construction of C; and from Proposition A.2.4 we know that
1@, X, Py || is also bounded, by the above logic we conclude that X, P, (\,—PX,P,)~!
is bounded. Therefore, by the above logic, for all v sufficiently small the operator
(A, — P, X, Py)~ ] is bounded uniformly for A € C; by a constant which is indepen-

dent of j € J. Since our arguments make no reference to any particular n € o;, this

estimate is also uniform in 7 € o;.

Deducing the key estimate (A.13) from the uniform bound proved on the
shifted operators (A.17)

The key estimate (A.13) can be deduced from the uniform bound proved on the

shifted operators (A.17) in the previous section via the following Lemma, whose
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proof we postpone until Appendix A.3.

Lemma A.2.5. Suppose P satisfies Assumption 3 with constants (7', K{, K}) and
suppose that PX P has uniform spectral gaps with decomposition {o;}jcs and corre-

sponding contours {C;}jes. Then the following are equivalent for all 0 <~y < ':
1. There exists a C' > 0, independent of j, such that

sup (A — PXP) 1 < C.
AEC;

There exists a C' > 0, independent of j, such that for each j € J:

sup sup [|(A,, — P,X,, P,) | < C

XEC; i€
Furthermore, for any 0 < v <~ if |[(A — P,XP,)7| is bounded we have for any
JEJT, ANEC;, and n; € 0y
(A — PWXPW)AP'Y = (A, — PVanPw)ilpv-
Proof. Given in Appendix A.3. ]

With Proposition A.2.2 proved, we can now proceed to prove the assertions of

Lemma A.2.1.

A.2.2 Proof of Lemma A.2.1(1)

Let € o; be arbitrary. Writing P;, and P; in terms of their contour integrals gives:

~ P, L (A= P,XP)"'P,— (A= PXP)"'PdA.

Y 27_‘_7/ Cj

Similar to the proof in Section A.2.1, we will want to work with the shifted versions

of (A= P,XP,) " and (A — PXP)™'. Due to Lemma A.2.5 we know that:
(A= P XP)7'Py = (A — P,X,P,) 7' P,
(A= PXP)"'P = (\, — PX,P)"'P.
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Therefore, we have that

PJ}W—PJ‘
1
s c()‘_P’YXPW)APV_()\—PXP)APd)\
1
= 5 J, O = PXGP)TIP = (A = PX,P)" Pd)
1 - - p—
— 2_m . <<)\7] - P"/XT]P'Y) 1 - ()\,r] - PX,,]P) 1)P+ ()\n _P’anP’Y) 1(P»y o P)d)\
1 - - —
= 2_m - (()\77 - P'VXUPV) 1_ (>\77 — PXUP) 1)P+ ()\77 _ P’anP'y) 1Ed)\
Therefore
1Py — Bi
= Ton 7 yeENE Y 7 n n N Xy .

The second term is O(y) since ||(\, — P, X, P,)~!|| is bounded and ||E| = O(y).
Therefore to finish the proof we need only need to show the first term is O(7).

Using the second resolvent identity we get
()‘77 - PWXWPW)_I - ()‘n - PXUP)_l

= (A = P,X,P) 7 (P X, Py = PXGP) (A, = PX,P)

= (A= PXy P (PX, Py = PLXP + PXGP = PX,P) (A, = PX,P)

= (= PXyP) (P X, B + BX,P) (A, = PX,P)

=\, — P,X,P)'P,X,E(\, — PX,P)"" + (\, — P,X,P,)) 'EX,P(\, — PX,P)"".
Therefore,

||()‘n o PVXnP“/)il - O‘n B PXnP)ilH

SH()‘?? - PVXWP’Y)_IP“/XWHHEH||()‘77 - PXnP)_1||
+ 1 = BX,P)HIEN X, PN, — PX, )Y
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Since we already know that ||(\, — PX,P)~!| and ||(\, — P, X, P,)}| are bounded
and || E|| = O() we only need to show that ||(\, — P, X, P,) ' P, X, | and || X, P(\, —
PX,P)~!| are bounded.

This is straightforward since

||(/\n - PVXUPW)_IPVXWH
= ||()‘77 - PWXnPw)_lvan(Pv + Qv)”
< ”()‘n B P’YXUP’Y)ilp’YXnP'YH + HO‘n B P’YXnPw)ﬂHHPvXnQWH

< 1+ NIy = PXG P)7H + 1 = Py X Py) IR, X0 Q0

which is bounded by our previous estimates.

Repeating similar steps for X, P(\, — PX,P)~! (where one inserts P + @ instead
of P, + Q) shows that X, P(\, — PX,P)~! is bounded. Therefore, by the previous

logic, we conclude that || P;, — P;|| = O(v) as we wanted to show.

A.2.3 Proof of Lemma A.2.1(2)

We will show that [|[P;,Y]| is bounded, that ||[P;., X]|| is also bounded follows by

similar calculations. By definition we have:

P Y1 = 5 [ 0= PXP) P, VI

2mi Je,

Hence

0(Cy) _
I[P Y1 < =2 sup [[[(A = B, XP)7 P, Y]||.
2T ec;
Noticing that

(A— P’YXP’Y)71P7 o P’y(/\ - P’YXP'y)i1
= (A= P’YXP’Y)_l [Py(A = P X Py) = (A= P,XP) P (A — P’YXP’Y)_17
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and hence [(A — P,XP,)™', P,] = 0, we have:

[(A— PVXP7>71P%Y] =[(A - P’YXP'Y)ilpw Y]

—(A\— P, XP)'PY —YP,(\— P,XP,)"!

:(A - PWXPW)_lPWY(PW + Qv) - (Pv + Q’Y)YP’Y()\ - P’YXP’Y)_l

=[(A - PWXPW)_17 PYP,]

+ (A= P,XP)'PYQ, — Q,YP,(A— P,XP,)"".
(A.22)

The last two terms in Equation (A.22) are bounded since ||Q,Y P, || and || P,Y Q.|| are
bounded (see Proposition A.2.4) and we showed that ||[(A — P,X P,)~!| is bounded

in Section A.2.1. Therefore, to show that ||[P},,Y]| is bounded it suffices to show
that [|[[(A — P,XP,)~ !, P,Y P.]|| is bounded.

An elementary commutator identity gives that
[()‘ - P’YXP’Y)_17 PVYP’Y] = <)‘ B P“/XPW)_I[PWYPw P’YXP’Y]()‘ B PWXPV)_I'

Since P, is idempotent, an easy calculation shows that (proven below in Lemma
A.2.6):
[P,YP,, PXP,| = —P,[[X, ], [Y, P]].

Hence

I[(X = P, XP)~ L PYP]| < |(A = P, XP)HI[PY Py, PXPI[[(A = P,XP)~ |
= || Py[[X, P, [Y, PN = PXPy) 12
< I, IX, B, [V, BN = Py X Py~
< 2| P |I[I[X, BN, BTN — P X Py) P

and so from the bounds in Proposition A.2.4 and above logic, ||[P;,, Y]] is bounded.
Lemma A.2.6. Suppose that P is idempotent (i.e. P> = P) and [X,Y] =0 then

[PX P, PYP] = P[[X, P|,[Y, P|
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Proof. Defining ) := I — P, this is just a straightforward calculation:

[PXP,PYP] = PXPYP — PYPXP
— PX(I —Q)YP+ PY(I —Q)YP
— PYQXP — PXQYP +PXYP—PYXP
= PYQXP — PXQYP
= PYQ[X, P] — PXQ][Y, P]
= PY,QJ[X, P] - P[X,Q][Y, P]
—P[Y, P|[X, P] + P[X, P][Y, P]
= P[[X, P [Y, P]].

In the above calculation, we have made use of the fact that PQQ = QP = 0 and so
QXP=QPX +Q[X,P]=Q[X,P]. []

A.2.4 Proof of Lemma A.2.1(3)

For this section, let us fix some 7 € 0, we will prove that ||(X —n)P;,|| is bounded.
The fact that || P; (X —n)]|| is bounded follows by essentially the same steps. Recalling
we define A, := A —n and X,, := X —n and using Lemma A.2.5 we have

(X — )Py = — / (X —n)(A— P,XP,) " Pyd

%Cj
L
_2m
1
=— [ X,P,(\,— P,X,P,)"d\
27T'lc ( '777’}’)
1

27T

R (A — P, X, P)) Py dA

(P + Q) X, P, (N, — P, X, P,) " dA.

where we have used that P, commutes with (), — P, X, P,)~'. Therefore,

e,

I6C=0P3al < 2 (122,20 = X, P LHIQ X, PO - P, ).
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Note that
||P’YX77P’Y()‘77 - PvXnPw)_IH <1+ |)‘77|||()‘77 - P’YXﬁP’Y)_IH'

Therefore, since ||(\, — P,X,P,) || and ||Q,X,P,| are both bounded, we can con-
clude that ||(X —n)P;,|| is bounded as we wanted to show.

A.3 Shifting Lemma

Let’s recall the result we would like to prove:

Lemma A.3.1. Suppose P satisfies Assumption 3 with constants (7', K1, K}) and
suppose that PX P has uniform spectral gaps with decomposition {o;}jcs and corre-
sponding contours {C;};es. For arbitraryn € C, define A\, :== A—n and X, := X —n.
Then the following are equivalent for all 0 <y < +':

1. There exists a C' > 0, independent of 7, such that

sup |[(A = P, XP)'| <C
AEC;

2. There exists a C' > 0, independent of j, such that

sup sup ||(\, — P, X, P)7 | < C'
)\GC]' neo;

Furthermore, for any v < 7' if ||(A = P,X P,)7|| is bounded we have for any j € J
and U € CJ
(A — PVXPV)_IPW = (/\nj - P”/anpv)_lpv'

The basic steps to prove this lemma are the following:

(/\77 - PvXnPW)_l = (/\ /R PW(X - 77)P~/)_1
=\N—n—-P,XP,+nP,)"!

=(A=PXP,—nQ,)"". (A.23)
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Since P, + @), = I, because of this calculation we know that
(A = Py X, P)7H = [[(A = P,X Py — n@Qy) 7|
<[[(A=PXP, - nQv)_lpfyH + (A= P XP, - 77@7)_1@7”-

Since P,Q~ = Q. P, = 0, we should expect that shifting by ()., should not change
what happens on range (P,). Similarly, the action of P, X P, should not change what

happens on range (@)). This observation leads us to expect that:
(A—P,XP, — 77QAY)*1P7 =(A— PVXPV)AP7 (A.24)
(A= P, XP, - 77@7)_1@7 = (A =1Q,)"'Q,. (A.25)

By similar reasoning;:
A =1Q)7'Qy = (A =n+nP)7'Qy = (A —n)"'Q,. (A.26)
Assuming Equations (A.24), (A.25), (A.26) are true, we conclude that:
1A = P Xy P) M < I = PLXP) TP+ 1A = nl @5 (A.27)

Since P satisfies Assumption 3 we know that || P, || and ||@,|| are bounded. Because
of the uniform spectral gaps assumption on PX P, since we have chosen n € o; and
A € C; we also know that |\ —n|~! is bounded by a constant independent of j and 7.
Therefore, Equation (A.27) shows that

1A = PXP) 7| < 00 = [|(Ay = P,X, Py) | < oo
We can prove the reverse implication by instead starting with the calculation

A=P,XP)" = (A=n+n—P(X—n+n)P)~"

= O‘n - P,X, P, + 77@7)_17

and proceeding along similar steps.

What remains to finish the proof of Lemma A.2.5 is to prove that Equations
(A.24), (A.25), (A.26) are all true. For this, we have the following technical lemma:
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Lemma A.3.2. Let P,Q be any pair of bounded operators such that PQ=QP=0.
Next, let A, B be possibly unbounded operators densely defined on a common domain

D. Suppose further that ||[P, A]|| both ||[Q, B]|| are bounded.

If A € C is any scalar such that ||(A + PAP)™Y| is bounded then ||(\ + PAP +
QBQ) ' P|| is also bounded and

(A+ PAP)'P = (A + PAP + QBQ)'P.

Note that applying Lemma A.3.2 three times proves that Equations (A.24), (A.25),
(A.26) are all true.

The assumption that ||[P, A]|| and [|[Q, B]| are bounded is purely a technical
assumption which ensures that PAP and QBQ are a well defined operators on D.

To see, why observe that
PAP = P[A,P|+ PPA and QBQ = Q[B, Q] + QQB.

For our purposes, the only unbounded operator we will need to be careful with is the
operator X. Since P satisfies Assumption 3 we know that ||[P,, X]|| = ||[Q~, X]| <

00, therefore we may apply Lemma A.3.2 without worry.

Proof of Lemma A.3.2. First, note that A + PAP + PBP is injective on range(P)

since for arbitrary non-zero v € range(P) N D,

H(mmm@gc}) v

_ H(mmmam) Pu

_ H (X n PAP) ol > O+ PAR) YY),

Now observe that since PQ = QP =0

[(A+ PAP + QBQ), (A + PAP)] = 0.
Since (A + PAP)~" is well defined, this implies that

(Gt PAP +OBO). (3 + PAP)| = 0
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Since QP = 0 we also have that

(A+ PAP + QBQ)P = (\+ PAP)P

= (A PAP)"'(\+ PAP+QBQ)P =P

— (\+ PAP + QBQ)(A\+ PAP)™'P = P.

The final equality implies that range (P) C range (A + PAP + QBQ). Since (A —
PAP)~" is bounded we can conclude that (\+PAP+QBQ) is invertible on range (P)

and so

(A+ PAP)™'P = (\+ PAP + QBQ)*P.

A.4 Uniform Spectral Gaps and the Chern Num-
ber

In this section we connect the uniform spectral gap assumption (Assumption 4) to
the existing well-developed theory of exponentially-localized Wannier functions in
crystalline insulators. Specifically, we prove that if the uniform spectral gap as-
sumption (Assumption 4) holds for a two-dimensional crystalline insulator, then it
is possible to construct an analytic and periodic Bloch frame for the Fermi pro-
jection. It is well established that existence of such a frame is equivalent to trivi-
ality of the Chern number, a topological invariant associated to the Fermi projec-
tion, and to the existence of exponentially-localized composite Wannier functions
defined via integration with respect to quasi-momentum over the Brillouin zone
[Clo64, DC64, Nen83, HS88, Nen91, BPC*07, Pan07, MPPT18]. To our knowl-
edge, the observation that the uniform spectral gap assumption (Assumption 4) is
sufficient for the construction of an analytic and periodic Bloch frame is original to

the mathematical literature, although it is implicit in the works of Soluyanov and
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Vanderbilt [SV11b, SV1la, TGV14, GAY 17, WZS*18], and the techniques required
for the proof are basically known [CHN16, CLPS17].

We will make the connection between the operator PX P and existence of a pe-
riodic and analytic Bloch frame through the hybrid Wannier functions (HWFs) first
described in [SPRO1] (see also [Niu91]). The key observation is that, with an appro-
priate Bloch frame, HWFs are exact eigenfunctions of PX P [Niu91, SV11b, SV1la,
TGV14, GAY ™17, WZS*18]. We will see that the uniform spectral gap assumption
(Assumption 4) gives a sufficient condition for the frame to be analytic and periodic
over the whole Brillouin zone.

The structure of this section is as follows. We will first recall the aspects of Bloch
theory which are necessary to state our results in Section A.4.1. We will then make
our assumptions precise and state the theorem which we will prove (Theorem 6) in
Section A.4.2. We will then construct an analytic frame over the whole Brillouin zone
which is periodic with respect to one of the components of the quasi-momentum, and
derive a condition under which this gauge is also periodic with respect to the other
component (Section A.4.3). We will then introduce the hybrid Wannier functions
which diagonalize PX P and show that the uniform spectral gap assumption implies
the condition necessary for the frame just constructed to be periodic with respect to

both components of the quasi-momentum (Section A.4.4).

A.4.1 Notation and Bloch theory in two spatial dimensions

We consider Hamiltonians with the form (recall Assumption 1)
H=(iV+A?+V, (A.28)

where A € L>®(R?*R?),divA € L*(R%*R), and V € L*(R*R) are real functions.
Let A denote a two-dimensional lattice generated by mnon-parallel lattice vectors
vy,v5 € R?, ie.

A= {mlvl + Moy : (ml,mg) € ZZ} . (A29)

144



We assume that the functions A and V are periodic with respect to A in the sense

that for all € R?
Alx +v) = A(xz), V(rx+v)=V(x) forall veA. (A.30)

Define L; := |v;|,j = 1,2. We work with coordinates defined with respect to the

lattice vectors v; and v, so that for € R?,
T = 2v1 + YUy (A.31)
for (z,y) € R%. We let  denote a fundamental cell of the lattice A, i.e.
Q= {zv; +yvo : (z,y) € [0,1]*}. (A.32)

For any k € R? let L denote the space of L? functions on Q with “k-quasi-

periodic” boundary conditions
L = {f(z) € L*(Q) : f(x+v) =e*"f(x) VveA}, (A.33)

and let Lf)er denote the same space but with periodic boundary conditions

L, ={f(x) e L*(Q): flx+v) = f(x) VveA}. (A.34)

The operator H restricted to any of the spaces L3 is self-adjoint and has compact re-
solvent. Its spectrum therefore consists only of real eigenvalues which can be ordered
with multiplicity as

Ei(k) < Ey(k)<..<E,k)<.. (A.35)

The functions k — FE, (k) are known as Bloch band functions, and the associated
L3 -eigenfunctions of these eigenvalues @, (x, k) are known as Bloch functions. The

parameter k is known as the quasi-momentum (or crystal momentum).

The dual lattice is defined by
A= {m1w1 + mows : (ml,mQ) € Z2} s (A36)
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where w; and wy are defined by the relations
UV, w; = 271'52‘]' Z,j = 1, 2. (AS?)

We work with coordinates defined with respect to the lattice vectors w; and ws so
that

Since Ly ., = L for any w € A*, the Bloch band functions (A.35) and associated
eigenprojections P, (k) are periodic with respect to A*. There is thus no loss in
restricting attention to k only in a fundamental cell of the dual lattice which we

denote by B and refer to as the Brillouin zone (see Remark A.4.1)

k k
B:= {ﬁwl + ﬁ’lﬂg . (k)l, kg) € [—7'(, 71']2} . (A39)

The Bloch functions ®,(x,k) extend naturally to functions on R? using the
boundary condition (A.33). These functions form a complete set in L*(R?) in the
following sense (see [Gel50, OK64, PBL78]| for proofs). For any f € L?*(R?), define
the Bloch-Floquet coefficients

Fullk) = (B B)] F(N oy > Lk € B (A40)
Then, for a suitable normalization of the ®,(x, k),
@) =3 [ Fal(a. k) dk. (A1)
n>1"B
It follows that the L?(R?)-spectrum of H is simply the union of the set of closed

intervals swept out by the maps k — E, (k) as k varies over the Brillouin zone, i.e.

o(H) =] | Euk). (A.42)
neN keB
The eigenvalues (A.35) and associated Bloch functions can equivalently be ob-

tained by noting that @, (x,k) € L3 is an eigenfunction of H with eigenvalue E, (k)

if and only if x,(x, k) = e **d, (x, k) is an eigenfunction of the operator

H(k):=(k+A—iV)’+V (A.43)
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2
per

acting on L2, with eigenvalue F, (k). Each y,(zx, k) is known as a “periodic Bloch
function”. The eigenprojections Py, (k) onto periodic Bloch functions satisfy the

symmetry

Poern(k +w) =e kP (k)e™* VYw e A*. (A.44)

Remark A.4.1. Note that generally speaking the Brillouin zone refers to the fun-
damental cell of the dual lattice defined as the set of points closer to the origin of
the reciprocal lattice than to any other reciprocal lattice points (Wigner-Seitz cell),
which does not agree with the definition (A.39) for every Bravais lattice. Here we
abuse notation because for our purposes it is simpler to work with the rectangular

geometry (A.39).

A.4.2 Problem statement

We at this point make our assumptions precise. Let H be a periodic Schrédinger

operator as in (A.28).

Assumption 5. We assume that there exists a positive integer N such that the Nth
and (N + 1)th Bloch band functions of H are separated by a uniform gap, i.e.

Eyap := min| Exa (k) — Ey (k)| > 0. (A.45)

Assumption 5 is essentially Assumption 2 specialized to the crystalline case. Note
that we do not assume gaps between the other Bloch band functions F, (k) where
1 <n < N. We define the Fermi projection P : L*(R?) — L?*(R?) as the orthogonal

projection onto the set of Bloch functions associated with the first N bands, i.e.

Pia) =3 /B (B, )] F()) ga, (e, ) . (A.46)

Because of the gap assumption (Assumption 5), we could equivalently define P via

a Riesz projection as in (3.3). It is useful to introduce orthogonal projections P(k) :
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L} — L% onto the sets of Bloch functions associated with the first N bands for each

kebB,ie.
P(k)f(@) =Y (@u(- k)] f()) 12 Pu(@, K). (A.A47)

n=1

We finally introduce orthogonal projections P,..(k) : L2, — L2, onto the sets of

per per

periodic Bloch functions associated with the first NV bands for each k € B, i.e.

Poer(R)f(®) =Y (xa(R) () 1z Xn(@, K). (A.48)

n=1

We now introduce the precise concept of a Bloch frame.

Definition 7. A Bloch frame is a choice of basis for range P, (k) at every k € B,

i.e. a collection of maps

B (12,)"

(A.49)
ko (21(z, k), ..., Ex(z, k),

where the set (Zi(x,k),...,En(x, k)) is a basis for range Py, (k) at every k € B.
We say the Bloch frame is analytic if every map k — Z,(x,k),1 < n < N is
(real) analytic for all k € B. We say the Bloch frame is periodic if every map

k—Z,.(x, k), 1 <n <N satisfies
Ea(x, k+w) =e ™2, (x,k) 1<n< N Vwe A, (A.50)

We will prove that

Theorem 6. Let P be the Fermi projection of a periodic Hamiltonian as in (A.46),
and assume the spectral gap Assumption 5. Recall the coordinates introduced in

(A.31), and define the operator X by

Then, if the operator PX P satisfies the uniform spectral gap assumption (Assumption

4), an analytic and periodic Bloch function gauge in the sense of Definition 7 exists.

148



We will prove Theorem 6 across the following sections. Recall that we have
introduced natural k-space coordinates (ki, k2) (A.38). We will first construct a Bloch
function gauge which is analytic over the Brillouin zone and periodic with respect to
k1. We will then prove that, whenever the uniform spectral gap assumption on PX P

holds, this gauge must also be periodic with respect to ks.

A.4.3 Proof of Theorem 6: Parallel transport unitaries and
construction of an analytic gauge periodic with re-

spect to k;

We first recall the notion of parallel transport of periodic Bloch functions (see [CHN16]
for more detail).

Recall we define Ppe,(k1,k2) to be the L2, -projection onto the set of periodic
Bloch functions at ki, ks, i.e. onto the span of {x,(x,k1,ka)},,<y- The operators
Poer(k1, ko) satisfy the following symmetries, which follow from symmetry of the
operator H (k) (A.43)

et P (K, ko)e™® = Pyo.(ky, ko + 27)
7 | e (A.52)
€_Zw1'wpper<k31, k’g)@zwl'm = Pper(kl + 27T, kg)

Following Kato [Kat95], we define unitaries T}, (k1) for each fixed ko € [—m, 7]
and for ky € [—m, 7] by the ODE

10k, Ty (K1) = i[Ok, Pper (K1, k2), Pper (K1, k2)] Tk, (K1)

(A.53)
T, (0) = 1.

We note three properties of these unitaries. First, the identity (see [Kat95, Chapter

2 §4])
Prer(k1, k2)Tie, (k1) = Tio, (k1) Pper (0, k2) (A.54)

shows that Tk, (k) restricted to range(P,e, (0, k2)) maps to range(P,e,(k1, k2)) bijec-
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tively. Second, using the symmetries (A.52), we have that, for example,
i@kl (€_iw2'mTk2(/€1)6iw2'm> = z[@kl Pper(k‘l, k‘g + 271'), Pper(k’l, ]CQ + 27’(’)] (e_iw2mTk2(k1)€iw2m)
e—iw2~mTk2 (0)€iw2~m — 17

(A.55)

and hence (since they satisfy the same initial value problems)
Tk2+27r(k71) = e_inmTkQ(k’l)eiwzm, TkQ(k’l + 271‘) = e_iwl'wY%2 (k’l)(iiwl.w. (A56)

Third, by the method of successive approximations (see [CL55]), the maps k;
Ty, (k1) and kg — Ty, (k1) are both (real) analytic since Py, (K1, k2) is analytic in both
variables. It is clear that by the same calculations we can also define unitaries Tk, (k2)
where ky € [—7, 7| is fixed and ky € [—m, 7| with analogous properties.

We first construct a Bloch frame which is periodic with respect to ks as follows.

Let {=,(x,0,0)},., <y be an arbitrary basis of the span of {x,(z,0,0)},_,.y- Define

En(x,0, k) :=Ty(ka)Z,(2,0,0) 1<n< N, ky€[—7, 7] (A.57)
By analyticity of To(k2), the Z,(x,0, ky) are analytic with respect to k. Using
symmetry of P, (k1, k2) (A.52) we have that

N
Em(@,0,—7) = €™*® Y " UppnZn(a, 0, 7) (A.58)
n=1

where U = {Upn }y <o n 1<n<n 1S @ unitary N XN matrix with eigenvalues (Ay, ..., An).

By unitarity we can write U as
U=QDQ*, D:=diag(\,...,A\n), (A.59)

where () is the matrix whose columns are the normalized eigenvectors of U, A1, ..., Ayx
denotes the eigenvalues of U, and diag(v) denotes the diagonal matrix with the
components of the vector v along its diagonal. Again by unitarity, we have that each
eigenvalue of U can be written \,, = ¢! where I, is real and —7 < T, < 7. We

define the matrix log of U in the usual way via spectral calculus as

logU :=Q (log D) Q*, log D :=diag(l'y,...,I'n). (A.60)
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To obtain a periodic frame along the line k; = 0 we define

kol ko log D
exp (—i 2 OgU) = Qexp (—i i )Q* (A.61)
27 27
where
log D . ,
exp <—ik2 o8 ) = diag ((:"F%::2 s e_lrg?) . (A.62)
27

We then define a new frame along the line k; = 0 by

~ kologU
En(x,0,ky) :=exp (—z 2 275;

) S, 0, ks). (A.63)

The En(:c, 0, ko) are clearly analytic with respect to ks, and are now periodic in the
sense that

En(x,0,—7m) = el es

=, (2,0, 7). (A.64)

We now extend this frame to the whole Brillouin zone by defining
En(@. ki ko) = Ty (k)Z0(@.0.k2) 1< 0 <N, (ki k) € [Fmal’. (A65)

Using the properties of Ty, (k1) the én(a:, ki, ko) are analytic with respect to both k;
and ko, and periodic with respect to ks since for any k; € [—m, 7],

So(@, by, —7) = T (k)20 (2,0, =) = 2T (ky )e W2 w222 (g0, 7)
= "2 ()2, (2,0, 7) (A.66)

1w T

=€ ‘—‘n(myklaﬂ-)v

where the second equality is by (A.56) and (A.64). Note that using (A.53) the frame

satisfies the following “parallel transport” property with respect to k;

<§m<m7 kl) k?) 6k1§n(m7 k:h k2)> 5 1 S m,n S N7 (k17 k?) € [_77', W]Q‘ (A67)

per

Having constructed a frame which is analytic and periodic with respect to ko, we
now aim to “mend” the gauge so that it is also periodic with respect to k1. We will

see that this is not always possible while preserving periodicity with respect to ks.
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For each ko, the gauge so far constructed will not in general be periodic with

respect to ki, but must satisfy

N

En(@, =T k) = €Y U (ko) Zn(@, m, ko) ki € [—r, 7] (A.68)
n=1

for a family of N x N unitary matrices U(ks) = {Umn(kQ)}lnglegnSN depending

analytically and periodically on ko € [—m, 7].

We now require a Lemma, whose proof is similar to Section 2.7.4 of [CHN16], see

also Kato [Kat95].

Lemma A.4.2. Let ¢(7) be a family of unitary N x N matrices depending analytically
and periodically on T € [—m,w|. Then there exist analytic and periodic functions
[—7, 7] = RY

(A.69)
T = v, (T)

for 1 <n < N such that v,(T) is an eigenvector of ¢(7) for every T € [—m, ].

Proof. We start by noting that the roots of the characteristic polynomial of ¢(7)
are branches of analytic functions of 7 with only algebraic singularities [Kat95]. It
follows that the number of eigenvalues of ¢(7) is a constant with the exception of
finitely many points in the interval [—m, 7|, which implies that every eigenvalue of
¢(7) is either degenerate for all 7 or non-degenerate except at finitely many 7. It
follows that we can find 7* such that every eigenvalue which is not degenerate for
every T € [—, ] is non-degenerate. We can define projections onto each eigenvector,
or degenerate family of eigenvectors, in a neighborhood of 7* via the Riesz projection

formula

Onlr) = —— / (2 — 6(r)) " dz, (A70)

- 2mi ),
where -, is a contour enclosing exactly one eigenvalue of ¢(7*). It is clear that the
projection is analytic in a neighborhood of 7*. We next note that each projection

can be analytically continued over the whole interval [—m, 7|, even through eigenvalue
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crossings (see Rellich [RB69]). By periodicity of ¢(7) and using the formula (A.70),
the projections @, (7) are also 2m-periodic. We can now define eigenvectors which
are analytic in 7 by defining parallel transport unitaries associated to the projections
Q. (7) as in (A.53). To make these eigenvectors periodic as well we use the same trick
as in (A.63), i.e. we use the matrix log of the unitary mapping the eigenvectors at

T 4+ 27 to those at 7* to rotate the eigenvectors so that they are periodic. ]

Using Lemma A.4.2 we can write U(kz) as

U(k)g) = Q(kQ)D(kIQ)Q*(kQ), D(kﬁg) = dlag()q(k?Q), ceey )\N(l{iz)) (A?l)

where QQ(k2) is the matrix whose columns are normalized eigenvectors of U (kz), chosen
to be periodic with respect to ko, and Ai(k2), ..., \n(k2) are the eigenvalues of U(ks).

We now define

The new frame {én(a:, ki, kg)} retains analyticity and periodicity with respect
1<n<N

to ks, and now satisfies, instead of (A.68),
Z(, =7, ky) = €PN, (ko) En (2, 7, k) 1< n < N. (A.73)

We finally shift the frame once more as

_:In(ko)ky v

En(il}', klu kQ) =e ' o :n<w7 klv kQ) 1<n< N7 (k17k2> S [_77-771-}27 (A74)

where T, (k2) is, for each 1 < n < N and each ke € [—7, 7], the logarithm of A, (k2)
chosen such that ky — T',(ks) is analytic and —7 < I',(0) < m. By construction,

the frame {En(m, k1, ko is analytic and periodic with respect to ki, but it is

)}1§n§N
possible that the shift (A.74) breaks periodicity with respect to ks because periodicity
of the A, (k2) does not imply periodicity of the I';,(k2), only periodicity mod 27, i.e.

it is only guaranteed that

Io(r)=T,(—7) mod2m 1<n<N. (A.75)
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If Iy (m) # ['y(—m), the frame will not retain periodicity with respect to ke. We will
see in the next section that when P.X P satisfies the uniform spectral gap assumption

(Assumption 4), it must be that
Lp(m)=T,(-m) 1<n<N (A.76)

and hence the construction described above must yield an analytic and periodic gauge

with respect to k; and k.

Remark A.4.3. Using periodicity of the Brillouin zone and of the complex exponen-
tial function it is natural to consider the maps ko — ', (ko) for 1 < n < N as maps
from S* — S'. The condition (A.76) then has the geometric interpretation that the

winding numbers of all of the maps ky — I',,(ks) are zero.

A.4.4 Proof of Theorem 6: the PX P gap assumption implies
(A.76)

In the previous section we constructed a Bloch frame {En(a:, ki, ko which was

)}1gn§N
analytic and periodic with respect to k; and periodic with respect to ks if and only if
(A.76) holds. In this section we show that the PX P gaps assumption (Assumption
4) implies (A.76).

We now introduce a basis of PL?(R?) which diagonalizes the operator PX P. Note
that via Bloch theory (the operator PX P is invariant under translations with respect

to vq, see Remark A.4.4) it suffices to consider the operator PX P restricted to the

family of spaces

Ly, = {f(z) € L*(Y) : f(z +v2) = ™™ f(x) }

| (A.77)
= {f(z,y) € LX) : f(m,y+1) =™ f(z,9)},
where ko € [0,27] and T denotes the strip
T :={zv; +yve:x € Ry € [0,1]}. (A.78)
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Define P(ky) : L, — Lj, by

Z/ (s ks ko) f(- )> D, (x, ki, ko) dky, (A.79)

then the restrictions of the operator PXP to the spaces LﬁQ are the operators
P(ky)X P(ky) : L, — L, where ky € [—m,7]. In particular, we have
o(PXP)= |J o(P(k)XP(ky)). (A.80)
ko€[—m,7]
We define quasi-Bloch functions (functions which span range P(ky, k2) but are not
necessarily individually eigenfunctions of H) by multiplying each of the components

of the Bloch frame by e*® = ¢ilk1e+k21] 5o that

U (a0, ky, by) = eFretkvls (ko k). (A.81)

In particular, we can equivalently define P(ks) in terms of the quasi-Bloch functions

= Z/ﬂ@’n(-, kuko) | 10)) . Wl ko k) b, (A.82)

We define hybrid Wannier functions (HWFs) for each M € Z by integrating the

quasi-Bloch functions with respect to k; along lines of constant ko

1 (" 4
H,(z, M, k) = %/ U, (x, by, koy)e ™M dk, 1 <n<N. (A.83)

Remark A.4.4. Here we invoke Bloch theory in two dimensions when translation
symmetry holds only in one direction. The manipulations needed to make the theory

rigorous can be found in, for example [FLTW16].

We claim that, if the Bloch functions are formed using the frame just con-
structed (i.e. after the shift (A.74)) and the operator X is defined as in (A.51),
that H,(x, M, k) is an exact eigenfunction of P(ky)X P(ks) for every ky € [—m, 7]
and 1 <n < N. To see this, first note that

1 L . ,
P (k) X P(ky) Hy(2, M, kz) = 5~ P(k») / Lyze ekl = (g ky ky)e ™M d .
(A.84)
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Since getlk1rtkay] —

—iL . I
=L P(ky) [U(2, ki, ko)e™M]

2 -7

—i0y, M7 +k2ul and integrating by parts we have

+i2ﬁp kQ/ Z<“m (-, k1, ko) | O, B (- er o) ) W, ey, e ™M (AL85)

+ U, (2, ey, ko) (—iM e R M Ak

where we have expanded Ok, Xn(, k1, ko) in terms of the other elements of the Bloch
frame, with ([) denoting the L2, inner product. Since U, (x, k1, ky) is 2m-periodic

with respect to kq, the first term of (A.85) vanishes. Now recall that using (A.74),

n(kg)kl )

En(:va kla kQ) ak:1: ( ) kl; k2)7 (A86)

Z,Fn(kg)

2

aklé ( 7k17k2) - -

where <um( ki, ko)
(A.85) simplifies to

8k1§n(:c,k1,k2)> —0forall 1 <m,n < N by (A.67). Hence

P (ko)X P(ko)H,, (2, M, ko)

(A.87)
= (LlM + f(l@g)) Hn(a:, M, kz),
where
T (k) 1= %ﬂ(k“’) (A.88)

is known as the nth Wannier charge center “at ky”. Since M is arbitrary, we see that

the spectrum of P(k9) X P(ko) is the union of shifted copies of LiZ
o(P(k2)XP(ky)) = | {IiZ +Zu(ka)}. (A.89)

1<n<N

Recall that in the previous section we constructed an analytic Bloch frame which
is always periodic with respect to k1, and periodic with respect to ks under condition
(A.76). We will now show that if (A.76) does not hold, the spectrum of PX P must
equal the whole real line R, which is clearly inconsistent with the uniform spectral gap
assumption. It then immediately follows that if the uniform spectral gap assumption
does hold, (A.76) must hold and hence the frame constructed in the previous section

must be analytic and periodic with respect to both k; and ks.
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Let us suppose that (A.76) does not hold, i.e. that for some 1 < ny < N we have
Ly (m) # Ty (—7). (A.90)

From (A.75), we have that |[',,(7) — 'y, (—7)| > 27, so by analyticity of the map
ko +— T'py(ka) we see that the map ko — T, (k) must sweep out the whole interval

[0, L;]. It now follows immediately from (A.80) that
o(PXP) =R, (A.01)

which is a contradiction of the uniform spectral gaps assumption (Assumption 4). We
conclude that the uniform spectral gap assumption on PX P implies that [',,(7) =

[, (—m) for every 1 <n < N and Theorem 6 follows.

Remark A.4.5. The proof of Theorem 6 generalizes without difficulty to tight-
binding models under analogous assumptions, the only difference being that Lf)er is

finite-dimensional.

Numerical computations of the spectra of Imlog P(ks)exp (222) P(k;) where
ke € [—m, m| for the Haldane model (where N = 1) are shown in Figure A.1. Here M

denotes the number of cells in the X direction. Since formally

M 2mi X
%Imlogexp( 7;\2 ) = X mod M, (A.92)

we expect the spectra of Im log P (k) exp (252 P(k») approximate those of P (ko)X P (k)
while respecting periodic boundary conditions (see Resta [Res98]). The computations
illustrate clearly that the uniform spectral gap assumption fails when the model is in
its topological phase because each eigenvalue of Im log P(k2) exp (%) P(ks) sweeps
out an interval of width 2% as ks is varied over the interval [—, 7], so that the union

of the spectra is the whole interval [—7, 7]. Similar figures appear in the works of

Soluyanov, Vanderbilt and coauthors [SV11b, SV1la, TGV14, GAY*17, WZS*18].
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Eigenvalue
Eigenvalue

2mi X

Figure A.1: Eigenvalues of Imlog P(ks) exp (#555) P(ks) as a function of ks, com-
puted from the Haldane model on a 10 x 90 lattice with periodic boundary con-
ditions in its non-topological (left) phase and topological (right) phase. Note
that for large M, Imlog P(ks)exp (252) P(ks) &~ ;P (ko)X P(ks). Eigenvalues of

Im log P(ks) exp (23£%) P (ko) sweep out closed intervals of width 22 as ks is varied

from 0 to 27 so that the spectrum of Imlog P exp (27”X ) P does not have gaps. In

2mi X )

the non-topological phase, eigenvalues of Imlog P exp ( P return to their origi-

nal values after ko is varied from 0 to 2.
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A.5 Proof of Lemma 4.3.2

Let’s recall the statement we want to prove:

Lemma 4.3.2. Suppose that P € B(L*(R?)) is an orthogonal projector. Suppose
further that {1} and {¢.} are two distinct orthonormal bases for range (P) and
both bases are s-localized with s > 1. If {1,} has finitely degenerate centers then

{ba} must also have finitely degenerate centers.

Proof. For this proof let X, (z,,4,) denote the characteristic function

1 € L + L X L + L
B x Zo 5 Zo 5 Yo 9 » Yo 5
XL,(z0,y0) —

0 otherwise.
and let || - ||z denote the Frobenius norm (Schatten 2-norm). Since v, has finitely
degenerate centers we can relabel it as {w,(,{)n} as we did in Section 4.3.1 where
(m,n) € Z* and j € {1,--- ,M} . Since {z/z,g{)n} forms an orthonormal basis, for any

(70,90) € R? by the definition of the Frobenius norm we have that:

M
||XL7(5507?/0)P||%' = Z ||XL,(Io,y0)P¢7(71,)nH2 = Z Z ||XL,(I07y0)¢7(—rJL,)nH2

- j=1 mn
Our basic strategy of this proof will be to first show that if {wr(,{)n} is an s-localized
basis with s > 1 with finitely degenerate centers then ||Xr, 2040 Pl|7 = O(L?). This
estimate essentially puts a limit on how strongly the center points for a localized
bases from range (P) can cluster. If a basis for range (P) does not satisfy the finitely
degenerate centers condition, then its center points cluster arbitrarily strongly, which
allows us to violate the O(L?) bound leading to a contradiction.

We'll start by proving the estimate for ||Xr, zo40)P||%- Towards these ends, let’s

split the sum over m,n into two parts

A = Z* N supp(Xar. (zo.0))
AC =77\ A.
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Note that the side length in the definition of A is 2L not L. Since 2L > L, we have

the following estimate for all (m,n) € A°
() 12

|’XL7(900,y0)w

| Xt @8 () da

(@~ (m,n))*1+9

(4) 24
/]R? XL,(aco,yo)(w> <w — (m7 n)>2(1+6) |¢m,n(‘r’c>’ €

1 "
< ((m — L,n — L))2(+9) /Rg XL (wo,0) () (T — (m, n))* )|¢7(71)n(93)|2 da

< C
=W =L+ (- D)

where in the second to last line we have used the following pointwise inequality which

holds for all (m,n) € A°

XLv(ﬂFo,yo)(w) < 1
( — (m,n))20+) = ((m — L,n — L))*1+9

and in the final line we have used our assumption that 1, , is s-localized for some

s > 1 to choose € sufficiently small so that

[ (@ =m0 @) de <
RQ

Using this estimate we have that

M
||XL,(x0,yo)P||%‘ = Z Z ||XL,(xo,y0) ,(%,)n||2

j*l m,n
—Z > Xl H“rz > X sl
j=1 (m;n)cA Jj=1 (m,n)eAc
o DD IR D
Jj=1 (mmn)€A Jj= 1(77171)614c
CM
MIL? + Z
2 — 732)\2(1+e)
(m,n) 622 ) +(n L> )
< AML*+ '
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where C’ is an absolute constant independent of L.

Next, towards a contradiction, let’s suppose that the basis {¢,} does not have
finitely degenerate centers. By definition, this means that for every N € Z, we can
find a ball B;(zy,yn) so that this ball has more than N center points in it. Recall

our notation for the unit box centered at (m,n):

¢ AT Lol
man = |M 2,m 5 n 2,n 5

Using basic planar geometry, it’s easy to see that each ball of radius 1 overlaps with
at most 4 of these unit boxes. Therefore, for each (zx,yy) (a center point for a box)

we can also find a pair of integers (my,ny) € Z? so that the box S contains at

mnN,"N
least % center points.

While we are assuming that {¢,} does not have finitely degenerate centers, since
this basis is s-localized with s > 1, we can still relabel this basis as {qb%)n} where the

degeneracy index j may run through an infinite number values.

Since (b%)n is s-localized for some s > 1, we also have that for all (m,n, j)

1L = X, (mm)) S 1 = /Rz(l = XL, mn) (@) |05, () da
(@ —(m,n))* Gy (2
= 1 — X1 omm) () ———= |09 (2)]? da
[0 = X (@) e 0 )

1 .
< — x — (m,n))?|6Y) (2)|?de
<= | (= ) (@)

C//
< —.
T V14212
where in the last line we have used the fact that @%n is s-localized with s > 1. Since

the constant C” is uniform in (m,n, j), we may find a real number L* so that for all

(m,n, j)
G2 < L
N G) 2 L
HXL*,(m,n)¢m,nH > 5
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Since by assumption {¢>$$3n} does not have finitely degenerate centers, there must
be an index (m*,n*) € Z?* so that there are more than 4(4M(L*)?+ C") center points

in the box Sy« ,+. This is a contradiction as

||XL*,(m*,ﬂ*)P||i“ = Z ||XL*,(m*,n*)¢%?n||2

m7n7.7

[4(4M(L*)?+C")]

2 Z HXL*,(m*,n*)Qb?(lem*

J=1

> 2(4M(L*)* + C")

2

which violates our previous bound. Hence {¢,} must also have finitely degenerate

centers. O

A.6 Technical Lemmas

We collect two technical lemmas here which will be used in other parts of the proof.

A.6.1 Decay Lemma

Recall, for each (k,¢) € Z* we define the unit box centered at (k, ()

1 1 1 1
S]g?g = [k_§’k+§) X |:€—§,€+§)

Also recall our special notation for the characteristic function for Sy,

1 x€ Skl
Xke(x) =
0 = ¢ Shg

Using this notation, we now state the following result:

Lemma A.6.1. For any sy,s2 > 0, any (m,n) € Z*, any (k,{) € Z?, and any
v € L*(R?) then

2772 Xkt (|1 X = m[ + 1) ([Y — n[ + 1)*0]]
(m — k)s1(n — £)s2

where (x) is the Japanese bracket (x) := /1 + 22.

(A.93)

I Xk,ev| <
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Proof. Instead of proving Equation (A.93) directly we will instead prove that:

Xk (1X = m| + D> (]Y — n[ +1)*0]

A.94
[|m — k| 4+ 1/2|51||n — €] + 1/2|* (A4.94)

[Ixr.ev]] <
Proving Equation (A.94) is sufficient since for all @ € Z one can check that
V1+a® <2l +1/2|.
Therefore, for any (m,n) € Z* and any (k,{) € Z* we have that

[l — k] + 1/2 7" < 2% (m — k)™

lln— €]+ 1/2|7%2 < 2% (n — ).

Hence, the proving Equation (A.94) implies Equation (A.93).

We will now prove Equation (A.94) in the case where m # k and n # ¢; the other
cases follow easily using similar arguments. Our main tool for proving Equation
(A.94) will be to use “strip” characteristic functions in X and Y:

§
1 |z —m| <d
x{lz1 —m| < d}(z) =
\O otherwise.

)
1 |zg—n| <d
Xtz —n| < d}(z) =

\ 0 otherwise.

The key observation is that characteristic functions
Xke and  x{|zy —m| <|m —k[—1/2}
have disjoint supports (up to a set of measure zero). Therefore,

e = Xee(1 — x{|lz1 —m| < |m — k| —1/2}). (A.95)
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Using Equation (A.95) for any function v we have that:

bl = [ xule@) de
R

= [ et = x{ler = m| < = K = 12D @) de

(1 -+ foy = m])
(1 foy — ml)

= [ sl =l =l < = k= 1/2)) v(@)P da

Since
1— {21 —m| < |m — k| — 1/2} = x{|z1s —m| > |m — k| — 1/2}
we have
(1= {ler —m| < [m— K — 1/2)) !
—XUr1i—m m — k| —
= (L4 [y = ml)>
1 1
= — > —kl—1/2 <
X{|$1 m| |m | / }(1+‘$1_m’>231 — (‘m—k!—I—l/?)ZSl
Hence
leeo|l? < ! / Tie(1+ Jor — m))? o(@)? de
= (m =k + 1/2)20 Jge ™"

et £ 1X = m])yo?
(Im — K] + 1/2)%

We will now apply a similar argument || xx.¢(1+|X —m/|)* v||>. By similar reasoning

to Equation (A.95), we have that

Xio = Xio(1 = x{|ze —n| <|n—{] —1/2}). (A.96)
Therefore,
ua 1 = sl = [ o =] (o)

- /Rz Xie( = xf{lwe —n| < Jn — €] = 1/2})(1 + |y — m|)*' |v()|* dz

(L+ |y = m)* (1 + |ap — n)*
(1 + |22 — nf)?

= [ st =l =l < = 1= 172} o()]* de.
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Hence, repeating a similar argument to before we conclude that:
ke (L + | X —m])* (14 [V — nf)*2o?
(lIm — k| 4+ 1/2)?51(|n — €| 4+ 1/2)2s2
This proves Equation (A.94) proving the lemma. ]

[Ixk,ev]]? <

A.6.2 Product to Sum Bound

Lemma A.6.2. For any s1,s2 > 0, any (m,n) € R?, and any v € L*(R?) we have
the following inequality:

[(1+[X = m[)* (1 4+ [Y = n])*0

< I+ X = m[) T =20]| + [[(1+ [Y = nf)™*20]].
Proof. Observe that the result is trivial if s; = 0 or s, = 0 so we can assume without
loss of generality that s; > 0 and sy > 0.
By definition we have that:
[(1+]X = m])™ (1 + [Y = n])*20]?

= [ b = ml) (0 o = 0] (o) de

Ss1+s2

Since s, o > 0 we can apply Young’s product inequality with p = % and g = o

so that
(1+]xy — m[)?* (1 + |xy — n)*=
_ 2s1p 1 _ 2s2q
< —(1+ ]z —m|)™* + q(l + |22 — 1)

<

[l= =

(14 |z — m|)*e1#2) 4 3(1 + |z — )21 )
Hence, using this pointwise bound:
0+ 1 = ml)* (1 [Y = )0
<+ X = ml) 0l 4 (1 Y = nl)

The result follows by taking square roots, using that va? + b? < |a| + |b|, and ob-
serving that max{p~1/2,¢7/2} <1 O

165



A.7 Proof of Proposition 4.4.2

We'll start this section by recalling the proposition we want to prove:

Proposition 4.4.2. Fiz an orthonormal basis {wﬁ,{)n} For any h,g € L*(R?) define

Rinm,j and gy v 50 as follows:

hnng = /|¢mn ()| do gm/nw:—/ ) ()] de.

If {@Dr(fb)n} is an s-localized basis with s > 2 then there exists an absolute constant C

such that
SN 1w, (X = m) ) Mgy < ClIBI gl
m,n,j m’,n' 5’

The core idea of this estimate is to make use of a modified version of Young’s
convolution inequality. Let’s start by recalling the standard Young’s convolution

inequality for three functions [LL97, Theorem 4.2]:

Theorem 7 (Young’s Convolution Inequality, Discrete Case). Suppose that g, h, k
are functions so that g € (P(Z*), h € t1(Z?), k € {"(Z*) where p,q,r > 1 and

11 1
S+ 4-=2
poq

Then we have the following bound:

> gl w'Tklm —m' o = n'Jhlm, ]| < [lglle || Ko | ollea

Roughly speaking, one can think of the proof of the proposition as applying this
inequality with p = ¢ = 2 and r = 1 where
h = hm,n,j
g = Gm'n'j
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It is important to note that (%), (X — m)¢( )| is not a convolution kernel so
Young’s convolution inequality does not directly apply. Despite this, some minor
modifications to the proof of Young’s convolution inequality let us derive a similar

result for our specific case.

With this argument in mind, in the following sections we prove the following two

lemmas:

Lemma A.7.1. If h € L*(R?) and the collection {w%)n} is an s-localized orthonormal
basis for s > 2 with finitely degenerate centers then there exists a finite constant C' > 0

such that

m TL,] m TL,j

Lemma A.7.2. If the collection {wfﬁ)n} is an s-localized orthonormal basis for s > 2
with finitely degenerate centers then there exists a finite constant C' > 0 such that:

sup < S 1w, (X —mpwl), />!> <

m,n,j m/ TL/ j/
FAAAS)

sup. (Z (i, (X — mwiii?n»\) <

Il Gl
m’,n .
k) 7] mynyj

Assuming these lemmas are true, we can now complete the proof of Proposi-
tion 4.4.2. First, by applying Cauchy-Schwarz to the sum over (m,n, j) and (m/,n’, j')

we get:

Z Z mn? X m)¢(]) >|hm,n,jgm’,n’,j’

m,n,j m’,n’j’

=30 3 (M0 (X =m0 o ) (10820 (X = 020

m,n,j m’,n' j’

1/2
(Z Z WD (X —m) m,n,)|hmw)
m,n,j m'.n’ 5’
1/2
(Z Z mn7 X m),lvbm’ n/>|951/’n/7j/>

m,n,j m’'.n’,j’
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Next, since all of the terms in the summand are positive, we can take the supremum
over (m,n,j) in the first sum and the supremum over (m/,n’; j') in the second sum

to get:

Z Z U (X = m) )
< (sup, > 1, (X —mp), >|)<Zh3n,n,j>

mn,j ., .
7 ml nl g m,n,j

Z Z mn7 X m)wr(nln >|gm n',g
m,n,j m’.n’,j’
< ( sup Z] 9 ,(i;)n,)o( Z gﬁl/,n,yj,)

m’ n’.j mon,j m' 5
Hence applying Lemma A.7.1 and Lemma A.7.2 we conclude that there exists a
constant C

Yo D W (X =m)o 5 M iy < ClI]llg]

m,n,j m’,n’,j’
proving the proposition.
We now turn to prove Lemmas A.7.1 and A.7.2. Our main technique for proving

these results is to insert a partition of unity of the form:

D Xelz) =
k¢

where
1 welk—4k+3)x[{—35.0+3)
Xko(T) =
0 otherwise.
We prove two technical lemmas (Lemmas A.6.1 and A.6.2) which relate the charac-

teristic functions yy, to the basis {zﬁ,(%)n} in Appendix A.6.

A.7.1 Proof of Lemma A.7.1

Before starting this proof, we will recall an alternate statement of Young’s convolution

inequality which follows from a duality argument applied to Theorem 7:

168



Theorem 8 (Young’s Convolution Inequality, Discrete Case, Alternative Statement).
Suppose that g,k are functions so that g € (P(Z?), k € (9(Z*) where p,q,r > 1 and
1 1 1
S -=1+-.
p q r
Then we have the following bound:

Zi?:@wm%w—mwaQ < llgllzo I 1lza

m,n  \m/,n’

Inserting the partition of unity EW Xk,e = 1 to the quantity we want to bound

gives:

> ( /R g @)h()] dw>2

m,n,]
2

-5 (5[ hedontiiominioe)

m,n,j k.t R2

2

= Z <Z||Xk,é¢%?n||||>(k,€h”>

m,n,j kL

2
= MSHPZ (Z ||Xk,z¢7(£,)n||||Xk,zh||> (A.97)
J m,n kL

where in the second to last line we have used the Cauchy-Schwarz inequality. The key
observation here is to note that the sequence {||xx¢h||}nez2 is square summable.

In particular, we have that

E:MMMFZX;WMNMM%w=/W®Wﬂw=MW-
k.0 I,

By applying Lemma A.6.1 with s; = s = 1 + ¢ and Lemma A.6.2 we have for any
e>0:

Cull(1X = m| + D)<Y — | + D)<y
(m — k)lte(n — £)1+e

x| <

= CulOX —m] + D> 29| + [[(1Y = n| + 1> 250))
- <m _ k>1+e <n _ £>1+e
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Hence, assuming zpmn is s-localized with s > 2, we can pick e sufficiently small so

that
. C
0| < 2
Xkl < (m — k)re(n — )i+’

Substituting this inequality into Equation (A.97) the sum to bound is therefore:

kel i
2 (Z e ew) A2

m,n k£

where we have dropped the supremum over j since the summand no longer depends

on j. Now notice that Equation (A.98) is the ¢? norm squared of a convolution. Since

1
Ixech|| € 2(Z?) and Weel(ﬁ)

applying Young’s convolution inequality with p = r = 2, and ¢ = 1, we conclude that

k h ’ 2
2 (Z st e @He) < Clnl

m,n k0

and the lemma is proved.

A.7.2 Proof of Lemma A.7.2

Let us begin this proof by recalling the bounds we want to show

sup,( >l ( >w£ii?n,>r> <

m?”?] m n, -/
e (Z [ (X = m)%i/,)n/ﬂ) <c
T \imn.g
Our first observation is that these two bounds are in fact equivalent. Since {wf,{?n

forms an orthonormal basis, we have that whenever (m,n,j) # (m/,n’, )

(W (X =)l = (0, (X =m0l (4.99)
Since Equation (A.99) is also true when (m,n,j) = (m/,n/, '), it follows that for any
fixed choice of (m’,n/, ') we have

ST WG, (X —m)pl) = 3T 1w, (X — )l )

m,n,j m,n,j
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Therefore, the bounds we want to show are

sup,< > 1w ( >w£ii?n,>r> e
m,n,j m'n' '
sup <Z| D (X —m)pY, n>|> <C.

mnnd N,
Using the fact that X is self-adjoint we easily see that the second bound is equivalent
to the first bound by making the relabeling (m,n, j) < (m/,n/, j').
For the rest of this argument, let us take (m,n, j) to be fixed and prove a bound
which is independent of the choice of (m,n,j). Inserting a partition of unity of

characteristic functions >, , xx¢ = 1 we have that:

Z ‘ wmn7 X_m)wg:?n’ﬂ

m/n’,j’
Z Z| kaX mwmrwwgz’?n’”
m/'n' g kil
D D IvweX = m)g et
m/,n',j' k/l
< a1 (sap 37 5 ot - i
m/,n' k.l
<1 (s 3 S b i+ Dokl ) (a0
m/,n' k.l
where in the last line we have used the pointwise bound (z —m)? < (|x — m| + 1)%

Applying Lemma A.6.1 with s; = s = 1 + € gives us that:

Cillxe(1X — m/| + DY — | + Dyl |

U < A.101
HXk,fwm n H = <m/ . k.>1+e<nl _ £>1+e ( ’ )
Next, applying Lemma A.6.1 with s; = sy = 1/2 + € gives that:
Ixke(1X = m| + gD, |
C X — 3/2+e Y — 1 1/24€ o
2lPone(1X = ml + DY2(Y —nl £ DVl 00

= (m — k)1/2+e(n — f)1/2+
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Applying Lemma A.6.2 to upper bound Equation (A.101) gives:

Oy (1X —m!| + )Y — /| + 1)+l |
<m/ _ k>1+e<n _ £>1+e

CLl(X —m!] + 128200 |+ (Y —w/| + 1229 )

— <m/ _ ]{3>1+6<’I’Ll o €>1+e
Cs

< .

— <m/ _ k>1+e<nl _ £>1+5

w901l <

(A.103)

In the last line, we have used the fact that by assumption {7%(%)71} is s-localized with

s > 2, so we can pick e sufficiently small so that
10X = |+ 02200 4+ 1Y = ']+ 1270 |

is bounded by a constant.
Plugging Equation (A.102) and Equation (A.103) into Equation (A.100) we have
that we can find a constant C; such that:
sup 3 D Ihke(1X = ml+ D) e, |
7’ m/,n’ kil

<20 Cillxe(|X = m] + D241y — n + )24l
m k 1/2+e<n _ €)1/2+6<m _ k>1+e<nl _ é)l—i—e

m'n' k/l

Treating (m,n, j) as a constant we can group the summand into two parts

ke (1X = m] + D)2y — n| + )Yl
<m — k>1/2+6<n _ g>1/2+e
1
<m/ _ k>1+e<n/ _ £>1+6 !

Ay =

Bm’—k,n’—é =

With this notation the sum we wish to bound can be written as:
Z Z At B it (A.104)
m' ! kL
However the above sum is the /'-norm of a convolution. Therefore, if we can show that
Ay € (1(Z*) and By, € (*(Z?) then by applying Young’s convolution inequality
(Theorem 8) with p = ¢ = r = 1 we can conclude that Equation (A.104) is bounded,
completing the proof of Lemma A.7.2.
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It’s easy to see that B, € ¢*(Z?*) for any € > 0 by integral test so we only need

to show that Ay, € ¢*(Z?*). Applying Cauchy-Schwarz inequality

2}1:§jmww—m+nwww—m+nwwﬁm
— k. — (m — k)L/2+e(n — ()1/2+e

1/2
< (Z xie(|X — m| + D)¥(|Y —n| + 1)1/2+61/)£3;?n||2)

‘ 1/2
1
X <Z <m _ k>1+2€<n _ €>1+26>

k.l

< (X = m| + 1YY =l + 1)V |

where in the last line we have made use of the fact that Zk,é Xke = 1. Since by
assumption {7,/1%)”} is s-localized with s > 2, by applying Lemma A.6.2 we conclude
that

11X —m| + 1?2 (|Y —n| + )29, |

m,n

is bounded for all e sufficiently small. This completes the proof of Lemma A.7.2.

A.8 Square Root Bounds

In this section, we will prove the following lemma which includes Lemma 4.6.3 as a

special case.

Lemma A.8.1. Suppose that P is a projector satisfying decay estimates as Assump-
tion 8. Suppose further that P admits a basis with finite degenerate centers which
is s-localized for some s > 2. Then there exists a constant C > 0 such that for any

A € G (recall that G is the set of gaps defined in Equation (4.22)):
IS\P(X =N < C
(X = XN2Psy| < €
ISy P(X = N2 <0

(X =N"PPSt <O
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Lemma A.8.1 follows as an easy corollary of the following result and our decay

estimates on P (Assumption 3 and Corollary 2.2.2):

Lemma A.8.2. Suppose that P is a projector satisfying decay estimates as Assump-
tion 3. Suppose further that P admaits a basis with finite degenerate centers which is

s-localized for some s > 2. Then there exists a constant C' > 0 such that for any
AeG:
|PS;'P— P(X - N)'2P| < "

Let’s assume Lemma A.8.2 is true and prove Lemma A.8.1. We will return to

prove Lemma A.8.2 in the next section (Appendix A.8.1).

Proof of Lemma A.8.1. We will show that

[SHP(X — W2 < C
ISYP(X — N < C

the other two bounds follow by using the fact for any bounded operator || A| = || Af]|.

For the first bound, we calculate
SIP(X = N2 = $\P({X = N2 = 871+ 57

=S P((X = N2 = 51) + P
= S\P((X = N2 = 57 (P+Q) + P
T P
where we have used that [P, S\] =0, P+ Q = I, and PQ = QP = 0. Therefore, we
have that
IS\PAX = )2
< ISl (IPEX = NY2P = PSP+ 1P(X = 02 ) + 1

< IS (IPCX = 2P = PSP+ 1P X = N2 +1.
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Now observe that ||[P(X — \)/2P — PS;'P|| is bounded due to Lemma A.8.2 and
I[P, (X — A)*/2]|| is bounded due to decay estimates on P (Assumption 3(iv)). Hence
the first bound is proved.

For the second bound, we calculate
SYIPIX = A7V = (71— (X = N2 (X = N2 POX - 2
- (S;l (X - )\>1/2>P<X ATV (X = NY2PIX - 2T
= (S' = (X = NY2)P(X = )2 [(X = N2 PI(X = 024 P
Hence, using the fact that ||(X — A)~*/2|| < 1, we get the upper bound
1S3 P(X = A) 2
< (55" = (X = NY2) P+ G = )2, Pl + 1
< IP(S5" = (X = W) P+ QUX = MY + (X — 2, Pl + 1
< IP(S51 = (X = V") Pl +2[[(X = )2, Pl + 1

which is bounded due to Lemma A.8.2 and Assumption 3(iv) as before. O

A.8.1 Proof of Lemma A.8.2

The proof of this lemma follows very closely with the proof of Lemma A.7.2 from
Appendix A.7. Writing out these two expressions in terms of the basis {wr(rjl)n} we
have that:

PSP =Y jm— A2 Y|

m,n,j

PX =P =" 5" i) (x = WY ) V)|

m,n,j m’,n’,j’

Since {w%)n} is orthonormal, we have that when (m,n,j) # (m/,n’,j'):

W (X = N0 = @, (X = N2 = = A2 )) )
= (@ (X = 02— ' = A2)ul) ) (A105)
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Therefore, we can express the difference PS;'P — P(X — \)Y/2P as follows:

PS;'P— P(X — \)'/?P

== >0 @ (X = N = = Al ) D) |

m,n,j m’,n’,j’

Now by Schur’s test, to show that PSA_lP — P({X — \)Y/2P is a bounded operator,

it’s enough to show that:

sup > (W) (X = N2 = fm = A2 )l )] < oo
mn]m/n/j/

sup S 10, ((X =02 = = M)l )] < oo
m/,n',j’

m,n,j

Due to Equation (A.105) and the fact that X is self-adjoint, we can see that the
above two bounds are equivalent so it is enough to prove the first of these bounds.

Inserting the partition of unity >, , xx¢ = 1 we have that

> S et ((X = 2Y2 = fm = A2y )

m/'n'j kil
< 30 D (X = M2 = fm = A2l |

m/n’,j" kJl
< S Iowe(1X = ml+ 17209 e -
m/n’,j kJl

To get the last line we have used the following sequence of pointwise inequalities:

(@ = N2 —m — A2
< [z —A) —|m — )| (elementary)
S N R RN e (T e

<V(r—m)2+1 (reverse triangle inequality)

<lr—m|+1. (elementary)
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Therefore, the quantity we want to bound is

ST N hwe(1X = m| + 1209 x|

m' g ke
<M <s3,p >0 el X —m| + 1)1/2¢Lz3n||||xk,zw£3;i?n,||) (A.106)
m' !k
In the proof of Lemma A.7.2, we showed that the following expression is bounded
when P admits a basis which is s-localized for s > 2 (see Equation (A.100)):
Sup D > k(1 — |+ 1w el
m' !k
Since (| X —m|+1)"2 < (|X —m|+1) this calculation implies that Equation (A.106)

is bounded, completing the proof of Lemma 4.6.3.

A.9 Proof of Proposition 4.6.4

Let us start this section by recalling the proposition we want to prove:

Proposition 4.6.4. Suppose that P is a projector satisfying decay estimates as As-
sumption 3. Suppose further that P admits a basis with finitely degenerate centers
which is s-localized for some s > 5/2. Then for any A\ € G there exists a finite

constant C' > 0 such that
1(X = NV2Lx, KX - N2 < ¢
[ ~] (A.107)
(X = X) 2y, XX = N2 < C

The core idea of this proof is to rewrite the commutators we are interested in

bounding into different parts we can control.

Let’s begin by considering the commutator [Y, X]. Using that Y = PY P4+PYQ+
QYP+QYQ and X = PXP + QXQ we have:

[V, X]=[PYP+PYQ+QYP+QYQ,PXP +QXQ]
=[PYP+PYQ+QYP,PXP|+[PYQ+QYP +QYQ,QXQ]
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where we have used that PQQ = QP = 0. Grouping the terms with PYQ + QY P

together then gives us:
Y, X] = [PYP,PXP] +[QYQ,QXQ] + [PYQ + QY P, X]
Performing similar calculations for [X, X] gives us
[X,X] = [PXP,PXP]+[QXQ,QXQ] + [PXQ + QXP, X]
= [PXP,PXP]+[PXQ+ QXP,X]
Therefore, we have three types of terms to bound:

1. [QYQ,QXQ] (see Appendix A.9.1)
2. [PXQ + QXP,X] and [PYQ + QY P, X] (see Appendix A.9.2)
3. [PXP,PXP] and [PY P, PX P] (see Appendix A.9.3)

While [QY Q, QX Q] can be bounded without using the decay terms, (X — \)~/2 (see
Appendix A.9.1), bounding the other terms requires making use of this additional
decay (see Appendix A.9.2 and Appendix A.9.3).

A.9.1 Bounding [QXQ,QY Q] term
Using the fact that Q = I — P and [X,Y] = 0 we easily calculate that
[QXQ,QYQ] =QXQYQ - QYQXQ

— QX(I - P)YQ - QY(I — P)XQ

— OXYQ - QXPYQ — QY XQ + QY PXQ

— QYPXQ - QXPYQ
Therefore,

I[QXQ, QY Q|| = [QYPXQ — QXPY Q)
< QY P[[PXQ| + QX P PY Q)

but this is bounded due to Corollary 2.2.2(i) with v = 0.
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A.9.2 Bounding [PXQ + QXP,X] and [PYQ + QY P, X] terms
In this section, we will show how to bound
(X =\ 7V2PYQ, X|(X — N2

Bounding (X — \)"2[QY P, X](X — A\)~"/2 and the other two terms follows using

similar steps.

Expanding this commutator gives us

[PYQ, X]=[PYQ,X — )
= PYQ(X — \) — (X = M) PYQ.

Let’s start by considering the term
(X = NPPYQ(X — \)(X — N2
Inserting a copy of (X — M\)Y2(X — \)~1/2 gives us that

(X = N72PYQ(X — N\)(X — \) Y2
= (X =N TEPYQIX = )2 (X = X)X = )X - 22
due to Corollary 2.2.2(v), we know that (X —\)"/2PY Q(X — \)'/? is bounded. The
second term can be seen to be bounded by adding and subtracting X:
X =) 72X = (X =02
= (X =) TAX = X+ X =X =0
<X = X[+ (= 2(X =)

<X - X[ +1.

Hence, these terms are bounded.
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A.9.3 Bounding [PXP,PXP] and [PY P, PXP] terms

In this section we will show how to bound the following quantities

(X — N V2[PXP,PXP(X — \)/?
(X = N V2[PY P, PXP)(X — \)~1/2,

We'll start by writing the commutators [PX P, PX P] and [PY P, PX P] in terms of
the basis {¢£{’n}

m,n,j m’,n' j’
=3 3w x >(PXP|¢ W9 = D) W), |PXP)
m,n,j m’',n’,j’
=30 > = m) W XU 00 )| (A.108)

m,n,j m’'.n’,j’
A similar calculation shows that
(PYP,PXP]=>" 3" (m—m)©{,, yol) Hwd ywi) | (A109)

m,n,j m' n'.j’
Since S) is diagonal in the basis {w,(%)n} it will significantly simplify our arguments if
we replace the decay provided by (X — \)~'/2 with S). Using Lemma A.8.1 we have
that
(X = X) "2 [PX P, PXPI(X — X))

< (X = N)7V*P[PXP,PXPIP(X — \)'|

< (X = N T2PSHISAPX P, PX PIS,[|[| S5 P{X — )72

< C?||S,[PX P, PXP]S,||

Similar calculations for Y show that

(X — NV [PY P, PXP)(X — \)~Y?|| < C?||S\[PY P, PX P]S,||
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Hence it suffices to show that S\[PXP, PXP|Sy and S)[PY P, PXP]S, are both
bounded. Using the expressions for [PX P, PX P] and [PY P, PX P] from Equations
(A.108) and (A.109), we get

S\[PX P, PX P]S)

= Z Z ’)\ m|1/2‘>\_) /’1/2<¢mn7 ¢m/”/>|¢7(’7]1?n><w£i:?n/|

m,n,j m',n’,j

S\[PY P, PX P]S,

_Z Z |)\ m|1/2|>\_) ,|1/2<¢mn,Y¢m,n>|¢T(7Z?n><wg:?n/|

m,n,j m’,n’,j’

Therefore, to finish the proof of Proposition 4.6.4, we will prove the following propo-

sition:

Proposition A.9.1. If {wﬁ,{)n} is an s-localized basis with s > 5/2, then there exists
an absolute constant C' such that for all X € G (recall that G is the set of gaps defined
in Equation (4.22)) we have

IIZ Z iy mll/QM ) ,|1/2<wmn,xw M@ ) w8, (A.110)

m,n,j m’,n’j’
A.9.4 Proof of Proposition A.9.1

In this section, we will only prove Equation (A.110), Equation (A.111) follows by
analogous steps.

To bound Equation (A.110), we will use Schur’s test. Recall that Schur’s test tells
us that if 7" is a linear operator defined by the discrete kernel K (m,n,j,m',n’, j'):

Tf(m,n.j)= Y K(mn,j,m' o' j)f(m' n,j)

m/ n/ J/
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and if for some real, positive functions p, ¢ we have

> 1K (myn, g, )la(m 0, §') < ap(m,n, j)  and

Il Gt
m7n7]

> p(m,n, §)IK (m,n, j,m 0, §)| < Bg(m!,n, ).

m,n

then ||T|] < v/aB. Equation (A.110) can be viewed as the operator norm of an

operator defined by the following discrete kernel:

(m —m/)
A —m|V2|\ — m’|1/2<¢m”’ Lb >

K(m,n,j,m',n' j") =

Choosing p(m,n, j) = |A—m|~"? and ¢(m/, 7/, j') = |\—m/|~*/? and applying Schur’s
test we see that it is enough to find «, 8 such that

/

[’ —m| @) o
P2 M_m,HA_mP/Qlwm, XU < [
X =
mZMIA s e 0 X0 <
Multiplying both sides of the first inequality by |A — m\1/2 gives that we need to show
that:
|m/ — m)|
> —|A_m|\< W, Xyu) ) < a (A.112)
m’ n’.j’

Similarly, multiplying both sides of the second inequality by |A —m/|'/? gives that we

need to show that:

m' —m

> g e <o (A113)
m,n,]

Since X is self-adjoint, proving the bound in Equation (A.112) immediately im-

plies Equation (A.113) with « = § by performing the change of index (m,n,j) <

(m/,n’,j"). Hence, we will focus on Equation (A.112) for the remainder of this section.

Similar to the proof of Proposition 4.4.2 in Appendix A.7, our main technique for

proving Equation (A.112) will be inserting a partition unity of the form:

Z Xke(T) =
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where

1 zelk—3k+)x[e—-L1r+1)
Xke(T) =
0 otherwise.

Since {w n} is an orthonormal basis <¢mn> fi:)n,) = 0 whenever (m,n,j) #

(m/,n',7"). Therefore, we easily see that

> I’ — m’| b9, X9 )|

m'n’ g’
-y == "”|’\< PO (X = mpu) ).

Now we can insert our partition of unity to get

> I = mly ) (X~ my) )

m/ n’.j

m’n’.j’
Z Z | | kawmnﬂ (X - m)wgz’?n’ﬂ
m/'n'.j kil
| ) .
<y Z ||XM<X m) D, xS |
m/'n',j kil
—m . Y
<M <SUP > Z il |||Xk (X —m) SrJL,)n||||Xk7€¢1(71’,)n’||) (A.114)
m/'n’ k/l

Using the fact that |m —m/| < |m — k|4 |m’ — k|, we can now upper bound Equation

(A.114) by the sum of the following two terms:

m—k . ,
> Z | |||><u(X m)YS, x| (A.115)
m/.n’ k/l
) Z HXH(X m)Y) xS |- (A.116)
m/n’ kJl

We will bound Equation (A.115) in Appendix A.9.4 and Equation (A.116) in Ap-
pendix A.9.4.

Bounding Equation (A.115)

For this proof, we will fix a choice of (m,n,j) and prove a bound which is uniform

n (m,n,j). Using Lemma A.6.1 with s; = 1/2+ ¢ and sy, = 1 + ¢ we have that for
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any € > 0

Cillxme(|X — /| + DY2He(ly —w/| 4+ 1)1+eg) |
<m/ _ k>1/2+e<n/ o E>1+e

ke || < (A.117)

Next, using Lemma A.6.2
IxXke(|X — /| + DY2H(Y —n/] + 1)1l |
< J(1X — ']+ D220 | |[([Y — ')+ 1)¥220) )

but this quantity is bounded by a constant, Cs, since we assume that the basis {wﬁ,?;?n

is s-localized with s > 5/2. Therefore, we can upper bound Equation (A.115) with

m—k - i’
> S T = Dl |

m/.n' k\l

m—k X—-m ,(ﬂ;)n
<C?ZZ|| | HXM( W ; ||

ol A\ — ml| m/ k>l/2+€<n/ _ g)l—i-e
Applying Lemma A.6.1 with s; = 1 and sy = 1/2 + ¢ we also have that

e (X —m)p$) ||
< Csllxne(|X —m| + D2(Y —n| + 1)Vl

A.118
- (m — k)(n — ()1/2+e ( )

To reduce clutter, in the next few steps let us define:
Ape = xie(IX = m| +12([Y = n| + D)2l . (A.119)

Note that we have excluded the dependence on (m,n,j) in our notation since we
have fixed a choice (m,n, j) for this proof. With this definition and the bound from
Equation (A.118) we have that

Zz\m k| HXM(X M)yl
N — /| (m/ — k)/2re(ns — ()it

m’'n’ k4t

|m — k| Apyg 1
<
C2C3 Z Z |)\ m'\ m — k)(n _ g>1/2+e (m’ _ k>1/2+6<nl _ g>1+e

m'n' kit
A
< )
0203;/%; A — m’| n — )12 (m/ — k)12 (n/ — f)i+e
< OO 1 Ak@ A
=2 3Z< — O)I/2re(n) — ()i Z’)\ m'[(m’ — kyi/2te (A.120)
n' L
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Let’s focus our attention on the sum over (m/, k)

Z Ak
S =l = Ry

Since A, ¢, and (m,n, j) are fixed this is a sum of the form

ZZ Je[m' — K]

which is clearly the ¢!-norm of a convolution. Therefore, by Young’s convolution

q

inequality (Theorem 7) with p =2, ¢ =1+ 5 and r = (2 ; 1

that

Z Ak
LT3 =l G’ = R

1/2 1/r
Z 2 1
S ( Ak,@) <§ : |A _ ml|1+e/2 2 : 1/2+6 r (A121)
k m’

m/

It’s easy to check that

1 2 + 5e + 2€2
— = =1 O(é?
<2+6)7“ 31 3¢ + e+ O(€)

so for € > 0 sufficiently small the last two terms in Equation (A.121) are bounded by

a constant, C;. Therefore, we conclude that

1 1/2
N
Z |)\ mzl m’ k 1/2+€ — (ZA ) ’ (A‘122>

Using this bound in Equation (A.120) then gives:

Z Z [m — k| ||Xk€(X_m)¢£rj;,)n||
|)\ m/| m — k>1/2+e<n/ _ £>1+e

m'n’ k\l

1/2
1
<CgC'4C5Z< e — )i <ZA > )
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Similar to before, this sum is the ¢!-norm of a convolution in n/,¢. Therefore, by

Young’s convolution inequality (Theorem 7) with p = ¢ =2, r = 1 we have that

1/2
1 2
Z (n — O)V/Zre(n/ — ()l+e ( Ek Am)

n' 0

1/2 1/2
) 1 1
() (Soes) (So)

The last two sums are clearly bounded for any ¢ > 0 so to finish the bounding

Equation (A.115), we only need to show the first sum is bounded. Recalling the
definition of Ay, as Equation (A.119):

DAL =D lxee(IX = m| + DAY —n| + 1)) |2
k0 k.0
= [|(1X = m| + 1)*(|Y —n|+1)"/* 90, |I%.

Applying Lemma A.6.2, we see that this quantity is bounded by a constant so long
as we assume that {10,(7]1)”} is bounded with s > 5/2. This finishes the proof that
Equation (A.115) is bounded.

Bounding Equation (A.116)

This bound follows by essentially the same argument as used to bound Equation
(A.115); we only include it for completeness. Similar to before, we will fix a choice
of (m,n,7) and prove a bound which is uniform in (m,n, j).

Using Lemma A.6.1 with s; = 3/2+ ¢ and s; = 1/2+ ¢ we have that for any € > 0

S Ol X = )+ 1Y — ] 4 1))
5 1o Clloue X =l | DY = £ DV

||Xk,é¢m/,n/|| < (m’ _ k>3/2+6<n/ — €>1/2+6

Next, using Lemma A.6.2

ke (|X —m!| + D2y — /| + DY) )

< (X — /| + )22 4+ [(|Y — 0|+ 1)2 2|
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but this quantity is bounded by a constant, Cs, since we assume that the basis {w%?n

is s-localized with s > 5 / 2. Therefore, we can upper bound Equation (A.116) with

ZZ

m/n’ k/l

HXH (X —m)y %)nHHXkEwg’)n’H

)\ — m’| k 3/2+e<n/ >1/2+e
m/'n’ k/l

|
1/2+e<n/_ >1/2+e

m—k ng m)Pmn
<C2ZZ‘ | HX>( )l
(
— k)

ka
<G Y D g m/|

m/'n' k\l

Applying Lemma A.6.1 with s; = 0 and s, = 1 + € we also have that

e (X —m)wd) ||

< Gsllxne(|X =m| + V(Y —n| + 1)y
- <TL _£>1+e

(A.124)

To reduce clutter, in the next few steps let us define (recall that we have fixed

(m,n,j5)):
A= xre(|IX —m| +1)(JY —n| + 1)1+E¢§n)n|| (A.125)

With this definition and the bound from Equation (A.124), we have that

3 ka,e(X — )|
’)\ m/‘ k>1/2+e<n/ _ g>1/2+e

m/'n’ k4t
< 0,0 Z Ap
23 § : P m’| n — )< (m/ _k>1/2+6<n1_£>1/2+6
m/'n’ kb
oNe 1 Aké A
=2 3Z< — O (n! — £)1/2te Z <X =/ [(m/ — k)1 (A.126)
n'

Using our calculation from Appendix A.9.4 (Equation (A.122)), we know that

Hx (X — m)in|
ZZP\ m/‘ kf>1/2+€<n/ >1/2+e

m/n’ kJl

1 N 1/2
D B e T <; )

n' f

Lo 1/2
(55" (P ) (S

L
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where in the last line we have used Young’s convolution inequality (Theorem 7) with
p=¢q=2and r = 1. Recalling the definition of /Ikvg we have that

DA =D (X = ml+ DY =+ 1) 0D, |

k. K,

= 11X = ml + 1)(|Y = nf + 1)) |2

which is bounded by a constant due to Lemma A.6.2 and the assumption that {wg?n
is s-localized with s > 5/2. This finishes the proof that Equation (A.116) is bounded,

completing the proof of Proposition A.9.1.
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