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Abstract

This thesis aims to present methods for characterizing and mitigating errors in quan-

tum computers. We begin by providing a historical overview of computing devices

and the evolution of quantum information. The basics of characterizing noise in

quantum computers and the utilization of quantum control and error mitigation tech-

niques to reduce the impact of noise on performance are also discussed. In the initial

part of the thesis, we focus on a particularly detrimental type of time-dependent

errors and derive theoretical limits of a closed-loop feedback based quantum control

protocol for their mitigation. Two different protocols, one suitable for fault-tolerant

systems and another for near-term devices, are presented and their performance is

demonstrated through numerical simulations. Additionally, we explore the mitiga-

tion of coherent noise at the circuit level through the use of the hidden inverses

protocol with results from experiments conducted at Duke University, Sandia Na-

tional Laboratories, and IBM. Finally, we propose a scalable error characterization

procedure for large quantum systems, which is tested through numerical simula-

tions to highlight its sensitivity to various sources of noise. Crucially, this protocol

does not require access to ideal classical simulation of quantum circuits unlike other

benchmarks such as quantum volume or cross entropy benchmarks.
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1

Introduction

Computing devices [Bec+03] have come a long way since their inception and they

have played a transformative role in many areas of life. Early computing devices

such as the abacus and the slide rule were used for basic mathematical calculations.

For example, the invention of the mechanical calculator in the 19th century made

it possible to perform more complex calculations, and the first electronic computer,

the Electronic Numerical Integrator and Computer (ENIAC) [ME47], was devel-

oped during World War II and was used for military calculations such as encryption

breaking.

In the 1950s and 1960s, mainframe computers were introduced, which were large

and expensive machines used primarily by businesses and government institutions.

However, the invention of the microprocessor in the 1970s paved the way for the

development of personal computers, which were smaller and more affordable.

The 1980s saw the rise of the personal computer with the introduction of the IBM

PC and Apple’s Macintosh. The 1990s brought the development of the Internet,

which revolutionized the way we communicate and access information. The 2000s

saw the rise of mobile computing devices such as smartphones and tablets, which

have become an integral part of our daily lives. Today, computing devices continue

to evolve and include virtual and augmented reality devices as well as the Internet

of Things (IoT) devices.

Moreover, computing has had a significant impact on scientific discoveries in a
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variety of fields. In physics, computing has been used to simulate and analyze the

behavior of subatomic particles [AT17], thereby helping to further our understanding

of the fundamental nature of matter and energy. In chemistry, computing has been

used to predict the properties and behavior of molecules, which allowed for the design

of new drugs and materials [AW59; Rah64].

In biology, computing has been used to analyze and interpret large amounts of

genetic data, which has led to new insights into the genetic basis of disease and

the development of personalized medicine [KD18]. In medicine, computing has been

used to develop new imaging techniques, such as magnetic resonance imaging (MRI)

and computed tomography (CT) scans, which have revolutionized the diagnosis and

treatment of diseases [MG75].

In earth science, computing has been used to model and predict weather patterns,

sea levels, and climate change [Ben+82]. In astronomy, computing has been used to

process and analyze data from telescopes and satellites, leading to new discoveries

about the origins of the universe and the nature of other celestial bodies [Col+19].

Overall, computing has played a crucial role in scientific discoveries by allowing

scientists to analyze and interpret large amounts of data, model complex systems, and

make predictions. It has also greatly increased the speed and accuracy of scientific

research and has led to new discoveries that would have been impossible without the

use of computing technology.

Quantum mechanics is a branch of physics that deals with the behavior of matter

and energy at the atomic and subatomic level. It was first developed in the early

20th century as a way to explain phenomena that could not be explained by classical

mechanics, such as the behavior of electrons in atoms [Bor26].

The development of quantum mechanics began in 1900 with Max Planck’s ex-

planation of the black-body radiation problem. He proposed that energy is not

continuous but instead is quantized meaning that it exists in discrete units. This
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idea was later developed by Albert Einstein, who used it to explain the photoelectric

effect [Fey63].

In the 1920s, a series of experiments were performed that further supported the

idea of quantized energy [GS22]. In 1924, Louis de Broglie proposed that particles,

such as electrons, can also exhibit wave-like behavior. This idea was confirmed by

experiments performed by Davisson and Germer in 1927 [DG28].

The development of quantum mechanics was also heavily influenced by the work

of Niels Bohr [Kra12], who proposed that electrons in atoms can only occupy certain

discrete energy levels, and by Erwin Schrödinger [Sch26] and Werner Heisenberg, who

formulated the wave equation and the matrix mechanics respectively to describe the

behavior of nature at the level of atoms.

In the 1930s and 1940s, the field of quantum mechanics was further developed by

the work of Paul Dirac [Dir30; Dir28], Enrico Fermi, and others, who developed the

theory of quantum electrodynamics (QED) to describe the behavior of electrons and

photons. John Clauser, Alain Aspect and Anton Zeilinger performed experiments

with entangled states to test of Bell inequalities [ADR82; Cla+69]. This evidence

that nature at small scale follows a different kind of physical laws than what we

experience in our daily lives started the quantum revolution. The first quantum rev-

olution gave us transistors, atomic clocks, lasers which form the bedrock of modern

computing, navigation and communication [BB48; EP55]. Although these technolo-

gies brought about radical advancements in scientific discoveries, scientists (namely

Richard Feynman [Fey82] and Yuri Manin[Man80]) in 1980s realized a computer

based on quantum information would be more efficient in solving problems that

are fundamentally quantum mechanical in nature than computers based classical

logic. While the idea that quantum computers can efficiently solve quantum simu-

lation problems seems intuitive, researchers also discovered their advantage in dif-

ferent computational tasks unrelated to simulating quantum systems. These include
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Charles Bennett’s cryptography protocols [BB84] to enhance storage and transmis-

sion of sensitive information, oracle problems including Deutsch’s algorithm [Deu92],

the Bernstein–Vazirani algorithm [BV97] and finally Peter Shor’s famous polynomial

time algorithm for factoring large numbers into its primes [Sho94]. In the 1990s, dis-

coveries in algorithms and theories were accompanied by remarkable advancements

in hardware to demonstrate highly controllable quantum systems [Mon+95; CZ95].

These developments together formed the bedrock of the second quantum revolution,

quantum information on quantum hardware.

In the field of quantum computing, handling noise presents a major challenge

to the advancement of this technology. This is because noise significantly reduces

the capabilities of a quantum computer. This dissertation aims to investigate meth-

ods of characterizing noise and mitigating its impact on performance. In the first

chapter, we provide an overview of the fundamental principles of quantum infor-

mation theory and introduce key concepts such as quantum characterization, veri-

fication, validation, and quantum error mitigation. In the second chapter, we pro-

pose real-time feedback-based control protocols using spectator qubits to counteract

time-dependent noise. In the third chapter, we investigate the application of hid-

den inverses, a circuit-level error mitigation technique to correct for coherent errors

and demonstrate its efficacy through experiments performed at Sandia National Lab

and IBM. In the fourth chapter, we propose a scalable error characterization proce-

dure to benchmark large quantum computers without relying on classical simulation.

Finally, we summarize our findings and conclusions in the fifth chapter.

1.1 Characterizing noise in quantum computers

The central components of building a functional quantum computer are qubits, which

are physical systems capable of storing quantum information primitives, and the

means to manipulate this information through quantum gates. In order to extract
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classical information from the �nal quantum states, a readout or measurement is also

necessary. However, deviations from the ideal mathematical counterparts of these

physical operations can result in \noise", which can be further divided into state

preparation and measurement error (known collectively as SPAM error) and gate

error.

To address these errors, the �eld of quantum characterization, veri�cation, and

validation (QCVV) has emerged. Tomography is considered the most comprehensive

method for evaluating the quality of a quantum state or operation, as it provides a

framework for reconstructing an unknown quantum state or process based on experi-

mental data. However, for more than three qubits, this method becomes impractical

due to the high number of samples required. Alternative approaches, such as random-

ized benchmarking [MGE12; EA_Z05], provide a way to extract partial information

about quantum processes, such as the average gate �delity or process �delity, to

quantify the di�erence between the ideal quantum operation and the noisy imple-

mentation. Other methods, such as quantum volume [Cro+19] and cross entropy

benchmarks [Boi+18], have been proposed to characterize the performance of large-

scale systems. However, they require access to ideal classical simulations, which

limits the size of the systems that can be evaluated.

In Chapter 2, the attention is directed towards time-dependent errors that can

cause signi�cant damage, and a theoretical limit is established for closed-loop quan-

tum control techniques to counteract these errors using spectator qubits. A protocol

to reach this limit for realistic noise models is described and demonstrated through

numerical simulation. Additionally, in collaboration with Faris Sabhi and Dr. Iman

Marvian, we developed a spectator qubit protocol that is more suited for near-term

devices. Chapter 4 introduces a protocol for characterizing large-scale quantum sys-

tems, which does not require classical simulations, unlike the quantum volume or

cross entropy benchmarks.
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1.2 Mitigating noise in quantum computers

Due to the inherent noise in physical systems, quantum computers can be unreliable

without quantum error correction. To overcome this issue and extract meaningful

results from computations, e�ective methods for dealing with noise are necessary.

There are numerous proposals for limiting the impact of noise, which can be broadly

classi�ed into two categories: (1) quantum control techniques at the hardware level

and (2) quantum error mitigation at the circuit or algorithmic level.

1.2.1 Quantum Control

Quantum control involves the active management of the evolution of quantum sys-

tems. It has been applied in a variety of �elds, including atomic physics, optics,

molecular chemistry, and quantum biology. At the heart of quantum computing is

the control of a quantum system through the manipulation of the properties of an

external electromagnetic �eld. By adjusting these properties, quantum gates speci�c

to a particular system can be designed. By gaining a thorough understanding of

the underlying noise, the parameters can be further optimized to make the quantum

operations resistant to noise. The process of learning the system's properties and

adapting the control protocol is called calibration.

Several techniques are commonly used in gate design, including composite pulses

[Lev86; Wim94; BHC04; TV11; Vit11; Ban+13; Gen+14; LYC14; Kab+14; MB14;

LYC16; CRR16] such as SK1 or BB1, which are widely used to correct systematic

errors in gates. Entangling operations are made to be robust against various noises

using frequency modulation [Leu+18], amplitude modulation [Roo08], phase modu-

lation [Mil+20], and batch optimization [Kan+21]. Additionally, gate idling errors

can be minimized through the use of dynamical decoupling pulses [VKL99; VK03;

RHC10; S�AS12; QL13; Pok+18]. By combining these protocols, single qubit gate

6



�delities of over 99:99% and two qubit gate �delities of over 99:9% [Bal+16] have

been achieved.

However, in the presence of time-dependent errors, the performance of these

protocols may deteriorate over time as the underlying noise changes. To address this

issue, in chapter 2, we describe a closed-loop feedback control protocol that allows

for the re-calibration of a quantum computer.

1.2.2 Quantum Error Mitigation

The ultimate goal in the �eld of quantum computing is to develop an error-corrected

and fault-tolerant quantum computer [AB97; Kit97; KLZ98; Got98; Kni05; AC07;

Ter15]. However, implementing quantum error correction requires a substantial qubit

overhead and operations that surpass a certain threshold. Despite recent advance-

ments in experimental error correction, it is unlikely that these techniques will be

applicable in practical settings in the near future. As a solution, quantum error

mitigation protocols [MYB19; Bon+18; MZO20; Che+19; KB20; Str+20; Cza+20;

ZG20] have been developed to reduce the impact of noise at the algorithmic level.

The most commonly used protocols aim to reduce the bias in the expectation value

of observables with a low to moderate overhead. This is achieved by running and

combining the results from multiple circuits. Two examples of such error mitigation

protocols are Probabilistic Error Cancellation (PEC) [Ber+22; TBG17] and Zero

Noise Extrapolation (ZNE) [TBG17]. While these protocols minimize the impact

on the ensemble of circuits, the noise level in individual circuits remains unchanged.

Chapter 3 introduces a circuit-level error mitigation technique called "Hidden In-

verses" that enhances the quality of individual circuits. The trapped ion experi-

ments described in this chapter were conducted at Sandia National Laboratory by

Dr. Christopher Yale, while the superconducting experiments were performed at

IBM quantum hardware by Dr. Vicente Leyton-Ortega of Oak Ridge National Lab.
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Our study shows that the use of hidden inverses can lead to improved performance of

variational algorithms in both trapped ion and superconducting quantum computers.
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2

Real time calibration with spectator qubits

The majority of this chapter is taken from Ref [MCB20]:

Swarnadeep Majumder , Leonardo Andreta de Castro, and Kenneth R. Brown.

\Real-time calibration with spectator qubits". npj Quantum Information 6 (1 Feb.

2020). doi: 10.1038/s41534-020-0251-y.

2.1 Introduction

One of the key challenges in constructing a quantum computer is keeping the er-

ror rate under an acceptable threshold, which will be a requirement even for future

fault{tolerant quantum computation [AB97; Kit97; KLZ98; Got98; Kni05; AC07;

Ter15]. The optimal control strategy for each quantum gate depends on the param-

eters that characterize the underlying error channelE. There has been an increasing

interest in tailoring control strategies to the error channel, such as variability-aware

qubit allocation and movement [TQ19], optimal quantum control using randomized

benchmarking [Kel+14], robust phase estimation [KLY15], noise-adaptive compila-

tion [Mur+19], and quantum error-correcting codes designed for biased noise [NP13;

TBF18; Tuc+19; Li+19].

Although an initial calibration may be su�cient for simpler devices, a fully func-

tional quantum computer will have to deal with the possibility of assessing changes

in the error parameters in real time. Many reduction techniques have been proposed

for errors that vary slowly in time, such as composite pulses [Lev86; Wim94; BHC04;
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TV11; Vit11; Ban+13; Gen+14; LYC14; Kab+14; MB14; LYC16; CRR16], optimal

control [MCF07; Gra+07; Sch+11; Mac+18], dynamical decoupling [VKL99; VK03;

RHC10; S�AS12; QL13; Pok+18], and dynamically corrected gates [KV09b; KV09a;

GUB12]. In this work, we analyze the use of a subset of qubits { called spectator

qubits { to perform real-time recalibration.

Spectator qubits probe directly the sources of error and thus do not need to

interact with the data qubits, so they can be distinguished from ancilla qubits used

for syndrome extraction [Sho95; Ter15] in quantum error correction. As long as the

error channel of the spectator qubits is correlated to the error channel of the data

qubits, it is possible to estimateE by measuring the spectators. Although sensor

networks [Qia+19], machine leaning techniques [Mav+17; GB18], and even spectator

qubits [Gup+19] have been proposed to keep track of error parameters that vary in

space or time, more often than not these techniques are not suitable for real-time

calibration because of how long it takes to extract useful information about the error

parameters from the experimental data. Here we describe the complete feedback loop

between the information extracted from the spectator qubits and the recalibration

of the control strategy on the data qubits, estimating how this information can

positively impact the control protocol. When the necessity for feedback is taken into

account, acquisition of information via the spectator qubits has to be su�ciently fast

such that the rate of errors in the data qubit does not exceed the rate at which the

parameters are being estimated. Such feedback schemes could in principle deal with

general classes of errors, but in this work we will limit our discussion to particularly

damaging coherent errors.

We illustrate the di�culty of using feedback against coherent errors with a sim-

ple example. Consider constant overrotations around thex-axis characterized by the

error parameter� . If the error rate is the same as the rate of acquisition of informa-

tion, the estimate of � after N overrotations will have an imprecision proportional
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to N � 1=2. For this reason, any attempt to correct the error with the inverse unitary

will result in an extant error that still grows with O(N 1=2):

eiN�� x e� iN [� + O(N � 1=2 )]� x = eiO (N 1=2 )� x : (2.1)

This kind of di�culty is common to coherent errors in general, but can be contained

with the help of quantum control techniques that reduce the speed with which the

errors accumulate in the data qubits. Other ways of balancing the increase of

errors with a su�cient fast acquisition of information are: usage of di�erent species

of qubits for data and spectators, and application of di�erent rates of measurements

in order to reach the Heisenberg limit. Here, we will focus on the �rst strategy of

making the data qubits less sensitive to errors via control strategies, and leave the

other methods to be explored in future work.

In this work, we propose that real-time calibration with spectator qubits can in

principle improve the �delity of any system undergoing coherent errors, as long as: (1)

the information available to the spectator qubits is su�cient to keep track of the rate

of change of the error parameters; and (2) we have a quantum control method capable

of su�ciently suppressing the speed with which the coherent errors accumulate in the

data. The general setup that we will consider is the one illustrated in Fig. 1, where

spectator qubits embedded in the same architecture as the data qubits are measured

periodically to determine the error pro�le. The errors might change in space and

time, but as long as they have some correlation between neighboring qubits, we can

extrapolate an error �eld that contains information about the error pro�le in the data

qubits. A classical apparatus then uses the information about this pro�le and about

the results of the spectator measurements to decide the best control strategy. Here,

we present the theoretical framework for studying multipartite systems composed

of spectator qubits and data qubits in presence of coherent errors, propose some

applications, and present analytical and numerical simulations of the performance of
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the spectator qubits.

Figure 2.1: General feedback loop setup for spectator qubits. Information
from the error �eld is acquired via measurements of the spectator qubits (red). This
is analysed by a classical apparatus, which then updates the optimal control strategy
for the data qubits (green).

2.2 Results

2.2.1 Theoretical limits

The purpose of spectator qubits is to obtain information about an error parameter

while its value slowly drifts. This problem can be approximated by a setting where

the error parameter is assumed to be �xed within a series of time slots. After the

end of each time slot, the parameter changes according to a probability distribution.

In this work, we will assume that the drift is su�ciently slow that this error
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parameter does not change signi�cantly during a measurement. In this limit, the

duration of the measurement process does not a�ect the result of the measurement,

and we can assume it to be instantaneous. However, the numberN of measurements

that can be performed in the period of time where the error parameters remain �xed

is still limited.

The precision with which we can learn about the drift from this series ofN

measurements is limited by the Cram�er{Rao bound [BC94]. Calling our imprecision

�# , the Cram�er{Rao bound has the form:

hj�# ji �
1

p
Nf �

; (2.2)

wheref � is the Fisher information about the error parameter� available to the system

between each measurement. The error parameter� could in principle represent any

kind of information about the error, but in the case of coherent errors it will often

mean an overrotation angle. Still in the context of coherent errors, if the system can

be represented by a pure-state density matrix� , the Fisher information takes the

speci�c form [BC94]:

f � = 4Tr

(

�
�

@�
@�

� 2
)

=
�
1 � h n̂ � � i 2

�
; (2.3)

where we are expressing the unitary error operator in terms of the rotation axiŝn as

U = e� i (n̂ �� )�= 2, and the expectation value is taken for the initial state of the system.

While the imprecision decreases with 1=
p

N , there are other resources that are

able to improve our estimate faster than that. Increasing the number of overrota-

tions L between each measurement reduces the imprecision by 1=L { the so-called

Heisenberg scaling { a kind of precision that can also be achieved by using entan-

gled qubits [Win+92; Bol+96]. These schemes increase the achievable precision by
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increasing the Fisher information between each measurement. However, the scaling

by the number of measurements will remain the same, 1=
p

N .

Calling the error parameter during thekth time slot � k , the optimal correction

scheme against the coherent errorU(� k) would be to simply apply its Hermitian

conjugate, Uy(� k). Our actual strategy might not be as good as the ideal one, so

this description will give us an upper limit for the possible recovery. Moreover, if we

only have access to an estimatê� k of � k , our strategy will be limited by the amount

of precision we can achieve in obtaining this estimate. Although it is possible that

our measurement scheme will not be able to saturate the Cram�er{Rao bound, this

will nevertheless provide an upper limit to how much precision we can achieve. An

example of a situation where the Cram�er{Rao bound is not saturated occurs when

we attempt to apply Robust Phase Estimation (RPE), a procedure that prescribes

doubling the number of gates before each measurement [Rud+17], resulting in a

precision that achieves the Heisenberg scaling [KLY15] if there are no time con-

strains. With time constraints, this scaling is not always true. Given this risk of

underperformance, and the fact that robustness of RPE to time-dependent errors

is not well-known [Mei+19], in this work we will only use a limited number of gate

repetitions before measurement and concentrate our analysis on the scaling 1=
p

N

that comes from varying the number of measurementsN .

Regardless of how we obtain the estimatê� k , once we have a reliable value for

it, the best possible evolution after the optimal correction strategy is represented by

the e�ective unitary V(� ):

V(� ) = Uy(�̂ k)U(� k); (2.4)

where � is an e�ective error parameter that depends essentially on the di�erence

between� k and �̂ k . Using this, we can estimate the best possible process �delity for
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a given � :

F (� ) =

�
�
�
�
�
Tr

�
V y(� = 0) V(� )

	

Tr f Ig

�
�
�
�
�

2

; (2.5)

which is proportional to the average �delity [PMM07]. Here, � = 0 corresponds

to perfect knowledge of the error parameter, allowing a perfect evolution of the

system. Additionally invoking the fact that the �delity for a coherent error should

be a continuous function of the angle, we can expand this �delity as a power series

around F (� = 0):

F (� ) =
1X

n=0

� nF (n)(0); (2.6)

where we are using the following notation for thenth derivative of the �delity:

F (n)(x) =
dnF
d� n

�
�
�
�
� = x

: (2.7)

By our choice of� , the point � = 0 corresponds to perfect knowledge of the error,

making the �delity take its maximum value. Therefore, F (� = 0) = 1, F (1) (� =

0) = 0, and F (2) (� = 0) < 0. Expanding the expression up to the second order and

representing the extra terms as a Lagrange remainder, we �nd:

F (� ) = 1 +
1
2

� 2F (2) (0) +
1
2

Z �

0
dx (x � � )2F (3) (x): (2.8)

Suppose� n is the e�ective error parameter if we do not update our estimates using

the spectator qubits, whereas� s is the e�ective error parameter if we use spectator

qubits to acquire information. The feedback loop will be successful if the �delity

obtained using spectator qubits is, on average, superior to the �delity that we obtain

without using them. Therefore, we want to satisfy:

hF (� s)i > hF (� n )i ; (2.9)
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which in Eq. (2.8) is equivalent to:

h� 2
si +

1
F (2) (0)

� Z � s

0
dx (x � � s)2F (3) (x)

�
< h� 2

n i +
1

F (2) (0)

� Z � n

0
dx (x � � n )2F (3) (x)

�
:

(2.10)

While it is possible to satisfy the necessary condition above even in situations where

our spectators have not helped to decrease the e�ective error parameters, usually we

will want to further impose that:

j� sj < j� n j ; (2.11)

a condition that is ultimately limited by the Cram�er{Rao bound. However, while

we try to meet this condition, we also should make sure that the errors do not

increase excessively. This can be translated into a second set of conditions that are

not necessary, but are su�cient to satisfy inequality (2.10) when we impose (2.11).

These conditions simply say that the higher-order terms of the expansion must be

negligible in comparison to the second-order terms that originate condition (2.11):

h� 2
si �

�
�
�
�

1
F (2) (0)

� Z � s

0
dx (x � � s)2F (3) (x)

� �
�
�
� ; (2.12)

h� 2
n i �

�
�
�
�

1
F (2) (0)

� Z � n

0
dx (x � � n )2F (3) (x)

� �
�
�
� : (2.13)

Do notice that, as su�cient but not necessary conditions, we do not need to respect

(2.12) and (2.13) in order to obtain satisfactory results with spectator qubits. How-

ever, if the feedback loop with the spectators is not improving the �delity of the

system despite condition (2.11) being met, then changing the scheme so that (2.12)

and (2.13) are satis�ed will su�ce to make the strategy work.

It is worth remarking that this kind of analysis that requires a Taylor expansion

around � = 0 is not adequate for metrics that do not have a derivative at� = 0,
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such as the diamond norm, which is de�ned as:

� � �
1
2

max
�

(k(V(� = 0) 
 1)[� ] � (V(� ) 
 1)[� ] k1) : (2.14)

For this reason, we opted to use the process �delity as de�ned in Eq. (2.5) in our

analyses. In any case, as there is a one-to-one correspondence between the diamond

norm and the process �delity for coherent errors, an improvement in one metric

translates into an improvement in the other one as well.

Finally, let us consider a simple example of a situation where forcing conditions

(2.12) and (2.13) to be respected also makes the complete feedback loop to function.

Suppose a data qubit and a spectator qubit simultaneously su�er the same kind of

overrotation, ei�X . In this situation, the necessary condition (2.9) takes the following

exact form after N measurements and overrotations:

cos2(N� s) > cos2(N� n ): (2.15)

If a measurement is performed after each overrotation, the best average estimate we

can �nd for � is given by 1=(2
p

N ), according to the Cram�er{Rao bound and Eq.

(2.3). A simple way of satisfying (2.15) is by restricting the arguments of the cosines

to the interval [� �= 2; �= 2] and then imposing condition (2.10). However,� s will only

be smaller than� n if we perform a number of measurements that is su�ciently large

to have a clear estimate of� n { i.e., if 1=(2
p

N ) < j� n j. By this point, however, the

increase inN may have brought the angles out of the [� �= 2; �= 2] range, in which

case the necessary condition (2.15) may no longer be satis�ed by simply reducing the

value of � s. In particular, this translates into a violation of the su�cient condition

(2.12). Instead, we have (see Section I of the Supplementary Material for details of

the derivation):
�
�
�
�

1
F (2) (0)

R2(� s)

�
�
�
� =

�
�
�
�
�

1
4N

+
cos(

p
N ) � 1

2N 2

�
�
�
�
�
; (2.16)
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whose right-hand side approaches� s � 1=
p

2N asN grows, which causes a violation

of the condition.

As this is a su�cient condition, its violation at this point can be seen as merely

incidental to the failure of the scheme. Nevertheless, satisfying the su�cient condi-

tions is all that is necessary to turn an ine�ective strategy into a successful one. In

our case, if we have quantum control strategies available that are capable to slowing

down the evolution of the data qubit to a fraction � < 1 of the speed of change of

the spectator, so that it now sees an e�ective error parameter�� , we �nd an easier

solution to be satis�ed:

h� 2
si � �

� �
�
�
�

1
F (2) (0)

Z � s

0
dx (x � � s)2F (3) (�x )

�
�
�
�

�
: (2.17)

As long asF (3) (� ) is continuous near the origin { a feature expected for coherent

errors { the right-hand side of the inequality should go to zero as� ! 0. This means

we can always �nd a su�ciently small value of � so that the su�cient conditions are

satis�ed. Such a suppression� of the errors in the data qubit, which can be achieved

via control techniques, is equivalent to making the spectator qubit more sensitive to

errors. This could be achieved by using di�erent kinds of species of qubits for data

and spectators. Although this is a promising direction for future research, in this

work we will focus on examples where the control techniques are responsible for the

suppression.

Moreover, if the actual error parameter� is small, we can alternatively suppress

� s by making the data qubit perceive a quadratic error in� , while the error in the

spectator remains linear. In other words, an e�ective error proportional to� (� 2� �̂ 2)

will be smaller than an e�ective error proportional to � (� � �̂ ).

In the simple example above we can make a feedback scheme work by increasing

the relative sensitivity of the spectator to the noise. We will see in the results

below that this kind of suppression is also useful in more realistic scenarios. It is
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particularly convenient that the quadratic suppression of errors is common in many

quantum control techniques [KV09a; S�AS12; Kab+14; Pok+18].

2.2.2 Application to magnetic �eld noise

A qubit precessing around an axis in the Bloch sphere due to some external coherent

error source will behave in a manner that is analogous to a spin-1/2 subjected to an

external classical magnetic �eld. Calling this external classical �eldB , the error will

be described by the unitaryU(t) = e� it B �� , where we are incorporating any constants

into the magnitude of B .

If we know the direction of the classical �eldB , we can achieve perfect dynamical

decoupling by applying� -pulses in a directionn̂ that is perpendicular toB [VKL99].

If we do not keep track of the direction ofB , protection against �rst-order errors can

still be obtained via repetitions of an XYXY sequence of� -pulses [GBC90; VKL99],

also known as XY-4 [Pok+18; Her+18] or modi�ed CPMG [Mau86]. However, if we

acquire information about the direction ofB and rotate the X and Y pulses to a

new planex0y0 that is perpendicular to B , this new tailored X0Y0-4 sequence will not

only cancel perfectly the errors caused by a staticB , but will also be robust against

small changes in the direction of the classical �eld.

By placing spectator qubits around the data, as depicted in Fig. 2(a), we can

detect drifts in the direction of a magnetic �eld. We measure the components ofB =

Bxx̂ + Byŷ + Bzẑ , by suppressing the undesirable parts of the qubit evolution [SSD16]

via dynamical decoupling { a process that can be extended to the spectroscopy of non-

unitary errors as well [Byl+11] and intermediate situations that involve both kinds

of errors [Her+18]. To achieve this, we measure one component at a time, applying

� -pulses in the direction that we want to measure, and preparing and measuring the

spectator qubit in two distinct bases that are not eigenvectors of the pulses applied.

Meanwhile, the data qubit must undergo a dynamical decoupling that suppresses the
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Figure 2.2: Diagrams of two spectator qubit applications. In both, we assume
an equal distancex0 between spectators (red) and data qubit (black). In (a), a
classical �eld is assumed to vary linearly in the position coordinate, so the �eld
in the data (B d ) can be estimated as the average of the �eld in the equidistant
spectators (B 1 and B 2). In (b), a laser beam has its ideal Gaussian pro�le (dashed)
changed into an actual beam (solid), which is characterized by the error parameters
� and ".

linear terms of all the components of the magnetic �eld.
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Figure 2.3: Classical �eld error with and without spectator qubits. Here we
show the average process �delity per sequence of four� -pulses spaced by a period
� , calculated numerically and averaged over 1000 runs (dashed), analytically (solid
for the case without spectator qubits), and semi-analytically (solid for the case with
spectator qubits) when we apply (a) just pulses perpendicular to the direction of
the �eld; (b) a tailored XY-4 sequence where thexy-plane is chosen so that it is
perpendicular to the magnetic �eld. Insets show the long term behavior of the
�delity, where the spectators stay inde�nitely below the threshold. We assume the
� -pulses to be instantaneous.
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In Fig. 3, we compare the process �delity (2.5) for the case where we maintain the

initial calibration with the case where the spectator qubits are used for recalibration.

Spectator qubits are able to keep 1� h F i below a 10� 4 threshold after the non-

recalibrated system has crossed it. Although some codes have thresholds of the

order of 1% [Kni05; RH07; RHG07; FSG09], a more strict threshold would allow

fault-tolerance using fewer resources. We consider the dynamical decoupling via

sequences of pairs of pulses perpendicular to the direction of the magnetic �eld and

also the tailored X0Y0-4 sequence. In both cases, the spectator qubits stabilize at a

level that remains inde�nitely below the threshold.

2.2.3 Application to laser beam instability

In ion trap quantum computers, the laser beams used to drive gates, cool ions, and

detect states can su�er from common calibration issues such as beam pointing in-

stability and intensity 
uctuations [HRB08]. Moreover, they can cause crosstalk,

rotations on neighboring qubits that occur when the laser beam overlaps with more

qubits than the one being addressed. In principle, the amplitude and pointing in-

stability can be probed by measuring the neighbors [Qia+19], although in practice

a series of such measurements can a�ect other qubits in the chain, creating an addi-

tional source of errors which we discuss further in the next section. If we assume the

system allows non-disruptive measurements of single qubits, two spectators closely

surrounding a data qubit become a possible way of assessing laser beam miscalibra-

tions, as depicted in Fig. 2(b).

Variations in the amplitude of the laser beam change the Rabi frequency 
 by

an amount (1 � "). Moreover, small errors in the direction of the laser beam are

responsible for underrotations. Assuming a Gaussian form for the laser beam, as

illustrated in Fig. 2(b), a small pointing displacement of� results in a quadratic
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change in the amplitude 
 of the laser beam a�ecting the data qubit:


 (1 � " ) e� � 2
� 
 (1 � " )

�
1 � � 2

�
: (2.18)

At a distance � x0 from the center of the Gaussian, the spectator qubits sense a

change in amplitude that is linearly proportional to the pointing displacement� :


 (1 � " ) e� (� x0 � � )2
�



c

(1 � " )
�

1 � 2�
p

ln c
�

; (2.19)

where c = ex2
0 . This allows the spectator qubits to be sensitive enough to estimate

� before this pointing error grows too much in the data qubit. For" , the problem

of having linear errors both in the data and in the spectator qubits can be overcome

by applying composite pulse sequences such as SK1 [MB14]. This kind of sequence

reduces the e�ect of the error in the data qubit to a higher order, while preserving

the linear e�ect on the spectator qubits.
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Figure 2.4: Beam instability errors, with and without spectator qubits.
This is the evolution in time of the average process �delity per gate for 
uctuating
parameters (a)� ; and (b) " . Discontinuities in the average solution over 1000 numer-
ical runs (dashed) and the analytical approximate solutions (solid) represent points
where there is a recalibration. Insets show analytical solutions for the longer time
scales, showing the point where the recalibrated systems cross the threshold.

The process �delity for the laser instability with and without recalibration with

spectator qubits is shown in Fig. 4. The improvement in �delity means that we
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are acquiring information fast enough to be able to recalibrate the system before

the errors become too large. If spectator qubits and data both were subjected to

an error linearly proportional to " , the recalibration would not be able to keep the

errors under the same threshold for the same values of the parameters, as can be

seen in Fig. 5. It is therefore crucial to choose a measurement strategy that balances

the rate of acquisition of information and the rate with which the errors increase.

We de�ne � nospec to be the time whenhFnospeci crosses this threshold and� spec when

hFspeci crosses the threshold. In Fig. 6, we show which combinations of random walk

parameters and measurements per spectator cycleM are still capable of providing

an e�ective recalibration mechanism. Fig. 6 also functions as a control landscape

and a map that shows the frequency of updates that is adequate for a given order of

magnitude of the error. Using our estimate of the order of magnitude of the error

obtained from the initial calibration, we can �nd the adequate frequency of update

of the control method by looking for the blue regions below the solid black line.
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Figure 2.5: Example of a frustrated spectator qubit scheme. This numerical
simulation is averaged over 1000 runs for the same situation as Fig. 4 (b), but with
the SK1 turned o�, so that the e�ect of the error parameter " is linear in both
spectators and data qubits. Under these circumstances, it is never possible to keep
the average error under the 10� 4 threshold: either (a) we take too long to use the
information from the spectator qubits and the correlation is already lost, or (b) we
update before su�cient Fisher information is available, causing further miscalibration
of the system.
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Figure 2.6: Control landscapes for beam instability errors. These are heat
maps in base{10 logarithm of the: (a,b) ratio of 1� h F i with and without spectator
qubits at �xed time N = 4000; and (c,d) ratio between the points where the 10� 4

threshold is crossed, with and without spectator qubits. These control landscapes are
heat maps showing the e�ect of spectator qubits for di�erent values of measurements
per cycle (M ) and step size. Initial values of the error parameters and ion distance
are the same as in Fig. 4, and the values of �" , � � , and M that correspond to those
from Fig. 4 are marked by the white circle. Blue regions represent settings where
the spectators improve either (a,b) the �delity; or (c,d) time it stays below the 10� 4

threshold. Regions above the black curve represent situations where: (a,b) the system
with spectators cross the 10� 4 threshold for the process �delity; or (c,d) where the
10� 4 threshold is crossed before there has been time to complete the �rst spectator
cycle. Spectator qubits perform worse (red areas) when very few measurements are
performed before updating (left extremity of the graphs), or when the rate of change
is so small that not recalibrating is a better strategy, as in the bottom of (a) and
(b). Discontinuities along the x-axis in (a) and (b) correspond to situations where
the end of a spectator cycle occurs at the pointN = 4000, and are analogous to the
discontinuities seen in Fig. 4.
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2.3 Discussion

We have shown that spectator qubits are capable of recalibrating an error reduction

scheme for coherent errors with a precision that is only limited by the Fisher infor-

mation available and by our capacity of slowing down the rate with which the error

in the data qubit changes with time. In this work, both spectator and data qubits

were equally sensitive to noise, and we had to use quantum control methods to slow

down the error accumulation on data qubit. One bene�t of such a strategy is that

we can dynamically allocate spectator qubits [Gup+19], and use all physical qubits

in our system as spectator or data qubits. But we can sacri�ce this advantage to

construct (or choose) spectator qubits that are more sensitive to a particular type

of noise than our data qubits. Such a strategy eliminates the need for quantum

control methods that were used to slow down errors on data qubit. One example is

to use multi-species ions in ion-trap architecture [BB19]. We can use Zeeman qubits

(�rst-order magnetic �eld sensitive) as our spectator qubits and hyper�ne qubits

(�rst-order magnetic �eld insensitive) as our data qubits for dealing with magnetic

�eld noise.

In the case of the spectator qubits used to calibrate dynamical decoupling, in Fig.

3, we have seen the �delity remain under the threshold for an inde�nite period. We

believe this is possible because the error in this setting depends mainly on the angle

between the classical �eld and the pulses, a parameter whose value is not allowed to

grow inde�nitely.

For laser beam instability, the insets in Fig. 4 show that even when we are using

spectator qubits, the average gate �delity crosses over the threshold at a later time.

We believe this is because the error parameters become very large as the random

walk is unbounded. This contrasts with the magnetic �eld parameters, whose random

walk was bounded. When the error parameters become very large (" , � > 1), the
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data qubit (error is quadratic) becomes more sensitive to the error than the spectator

qubits (error is linear). One possible way to �x this is to include an external classical

controller that restricts the maximum variance of the 
uctuating error parameters

and prevents the crossing of the threshold.

It is worth noting for the laser beam instability case that although we have

simulated the �delity of a single gate (� x ) due to miscalibration, it is straightforward

to extend our approach to an arbitrary computation. We can do this by interleaving

cycles composed of gates that we want to calibrate on data qubits and spectator

qubit measurements between gates of the algorithm.

When attempting to put the beam instability feedback loop into practice, it may

become important to take into account the additional errors that can be caused

by measuring neighboring qubits. However, in this setting where we attempt to

improve the process �delity per gate, the penalty for the measurement errors does

not accumulate, rather impacting the performance of the gates individually. If a

measurement error is modeled by an incoherent process that occurs with probability

p, this will count as an incoherent channel that occurs after the gate and reduces

the probability of no error occuring by a fraction 1� p. This new background error

will reduce overall gate �delity and in order to maintain gates below the threshold

error, it is critical to maintain an even better calibration. In e�ect this will lower

the threshold that we have to reach by a �xed amount, but the overall analysis of

the problem remains the same. When the measurement error occurs during an SK1

sequence, the interaction between the series of gates and the incoherent channel will

be more complicated, but the overall e�ect will still be that an incoherent error spoils

the state of the system with probability p, having the overall e�ect of lowering the

threshold.

The possibilities of applications of spectator qubits are not limited to the two

coherent errors that we simulated above. Protection against magnetic �elds, for ex-
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ample, besides being relevant to ion traps and nuclear spin qubits, could be extended

to detection and dynamical decoupling of a classical external electric �eldE for qubits

that are instead sensitive to electric �elds, such as antimony nuclei [Asa+19].

In future full-
edged quantum computing systems, spectator qubits will enable

error rates below the threshold for fault-tolerance for longer times than systems with-

out spectator recalibration. This will allow for longer quantum computations. For

near and medium-term applications, however, enhancements would be required in

order to reduce the prohibitive number of measurements necessary to obtain a re-

liable estimate of the change in the calibration. It would be particularly desirable

to implement small corrections in the calibration after fewer measurements, possibly

assuming some prior knowledge of how the calibration changes, or a speci�c biased

drift of the error parameters. These could be combined with other venues for im-

provement, such as using Bayesian learning protocols [GB18; Gup+19] to make more

accurate previsions of future evolution of error parameters or to implement adaptive

measurements [Gra+12; DCS17], and using entangled states [Eld+18], many-body

Hamiltonians [DCS17], quantum codes [Zho+18], or optimal control [LY17] to max-

imize the information available.

2.4 Methods

2.4.1 Error model

In our numerical, analytical and semi-analytical simulations for Figs. 3, 4, 5, and

6, the error parameters� are assumed to start at a �xed value� 0 and 
uctuate in

time according to a random walk with unbiased Gaussian steps of average size �� ,

so that the probability of it having a value � N after N steps will be:

p(� = � j� 0 = � 0) = N (� 0; N (� � )2; � ); (2.20)
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where the random variable �n gives the value of the error parameter aftern steps,

and N (�; � 2; x) is the normal distribution with mean � and variance� 2:

N (�; � 2; x) =
1

p
2�� 2

exp
�

�
(x � � )2

2� 2

�
: (2.21)

Suppose that, given an actual value of the error parameter� and an estimate#, we

know the expression of the process �delity per gate,F (�; # ). Then, if the parameter

drifts in time but our estimate is not updated, we can use the probability distribution

of the random walk to �nd the average �delity per gate afterN steps when spectators

are not recalibrating the system,Fnospec:

hFnospeci =
Z

d� p (� N = � j� 0 = � 0)F (�; # ): (2.22)

This expression can be analytically calculated for all the application above (see Sup-

plementary Section III).

If spectator qubits are present, the estimate# is updated after every cycle of

M measurements. After thekth cycle of measurements of the spectators, the next

estimate is obtained via an estimator� (est)
kM that consists of the average of the error

parameter sampled at the previousM steps of the random walk:

� (est)
kM =

� (k� 1)M +1 + � (k� 1)M +2 + : : : + � kM

M
; (2.23)

where we assume that the parameters change su�ciently slowly so that� has a

precisely de�ned value during each measurement. For this reason, the variance of

the Gaussian in Eq. (2.20) can always be rescaled so that the number of steps of the

random walk matches the number of measurements.

The probability distribution of the estimator will be a Gaussian, as this is a

random variable consisting of the average of the Gaussian random variables �kM + n :

p(� (est)
kM = � (est)

kM j� kM = � kM ) = N (� k ; � 2
k ; � (est)

kM ): (2.24)
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Therefore, the probability distribution will be entirely characterized by the two cumu-

lants that can be calculated from Eq. (2.23), which are (see Supplementary Section

II) the mean � k :

� k = � kM +
M � 1

kM
� 0 � � kM

2
; (2.25)

and the variance� 2
k :

� 2
k =

M � 1
3

4kM � 3M � 3k + 2
4kM

(� � )2: (2.26)

Finally, the measured value�� may di�er from the estimator, according to the

lower limit of the Cram�er{Rao bound (2.2), by an amount that corresponds to the

inverse of the Fisher informationf � times the number of measurements:

p( �� = �� j� (est)
kM = � (est)

kM ) = N (� (est)
kM ; (Mf � )� 1; �� ): (2.27)

Given these probability distributions for � kM , � (est)
kM , and �� , the average �delity N

steps after thekth spectator cycle, which we callFspec, can be calculated from the

average �delity for a �xed calibration given in Eq. (2.22):

hFspeci =
Z

d� kM

�
p(� kM = � kM j� 0 = � 0)

�
Z

d� (est)
kM

h
p(� (est)

kM = � (est)
kM j� kM = � kM )

�
Z

d�� p ( �� = �� j� (est)
kM = � (est)

kM )hFN (� 0; �� )i 0

��
: (2.28)

Using the assumption that the error parameters are small, we solved the triple in-

tegrals analytically for " and � (see Supplementary Section IV) and numerically for

the magnetic �eld case.
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2.4.2 Magnetic �eld noise

In the simulation of the dynamical decoupling of a magnetic �eld, we assumed the

�eld gradient to be linear, so that measurements in two spectators are su�cient to

determine the �eld in the data qubit. We choose thêz axis to coincide with the

initial direction of the magnetic �eld. Using � to denote the time spacing between

instantaneous� -pulses, we choose the initial valueB 1 of the magnetic �eld in one of

the spectators to satisfy� B 1 = 2 � 10� 3 ẑ when the data qubit undergoes a 2-pulse

sequence, and� B 1 = 3:8� 10� 2 ẑ when it undergoes the tailored XY-4 sequence. The

second spectator is assumed to experience initially half of the value of this magnetic

�eld ( B 2 = B 1=2).

Each component of the magnetic �eld was assumed to perform an independent

random walk, with steps of di�erent size. We choose standard deviations �Bx=B1;x =

3%, � By=B1;y = 2%, � Bz=B1;z = 1% for each random walk. These components are

then assessed separately and sequentially in the spectator qubits, which is done by

preparing and measuring the spectator in eigenbases of two distinct Pauli matrices

that are perpendicular to the component ofB that we want to measure. There is

no need for spectator qubit re-initialization after each measurement as measurement

in a particular Pauli basis prepares the spectator qubit in an eigenbases of that Pauli

operator. The other components ofB are decoupled by applying a sequence of

� -pulses to the spectators between each measurement, so that we can approximate

our estimates ofBx , By, and Bz by:

~Bx = � arcsin
�

h0j Uy(n� )� yU(n� ) j0i
4n�

�
; (2.29)

~By = arcsin
�

h0j Uy(n� )� xU(n� ) j0i
4n�

�
; (2.30)

~Bz = arcsin
�

h+ j Uy(n� )� yU(n� ) j+ i
4n�

�
; (2.31)
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where h j Uy(n� )� i U(n� ) j i represents the averages of a measurement of� i in a

system prepared at a statej i and left to evolve for a time n� . The number n

of � -pulses before each measurement was chosen as 20 for spectators aiding the

perpendicular 2-pulse sequence, and 4 for spectators whose information was used to

tailor a XY-4 sequence. AfterM = 700 measurement cycles, we use the new estimate

of the direction of B to update our dynamical decoupling control parameters. For

the pairs of perpendicular� -pulses, we make the pulse direction perpendicular to

B . We estimate the plane that is normal toB , �nd two perpendicular pulses in

that plane, and use them as our tailored XY-4 sequence. We repeat this process

throughout the length of our computation.

2.4.3 Laser beam instability

For spectator qubits used to reduce the underrotation caused by pointing instability

of the laser beam, we simulate a series of� x gates applied to the data qubit and

assume the presence of either a 
uctuating parameter� or " . The � parameter is

assumed to start the random walk at� 0 = 0:02 and proceed with Gaussian steps of

standard deviation � �=� 0 = 5%, while the " starts at "0 = 0:002 and proceeds with

steps of standard deviation �"=" 0 = 35%. We assume an initial calibration that

allows us to estimate� to a precision��=� 0 = 99%, and " to a precision �"=" 0 = 75%.

The � errors naturally cause a greater e�ect in the spectators than in the data,

as can be seen from Eqs. (2.18) and (2.19), where the di�erence is between a linear

and a quadratic dependence. After four� x gates, we measure the spectator qubits,

which we assume to be at a distancex0 = (ln 12) 1=2 from the data (x2
0 is measured

in units of twice the variance). To maximize the Fisher information for uncorrelated

probes, the two spectator qubits are prepared and measured in an eigenstate of� z.

The averagesh� zi 1, h� zi 2 of the M measurement results in spectator qubits 1 and 2
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are then used to estimate� according to:

�� =
1

2x0

arccos(h� zi 1) � arccos(h� zi 2)
arccos(h� zi 1) + arccos(h� zi 2)

; (2.32)

which follows from Eq. (2.19). As only� 2 a�ects the data, the sign of our estimate of

� is irrelevant. After M = 400 repeated measurements, we build su�cient con�dence

in our estimate �� so that, for future gates, we adjust the Rabi frequency to 
=(1� �� 2)

using our classical control setup to compensate for the pointing instability.

As the parameter " is linear in all qubits, we apply an SK1 composite pulse

sequence [BHC04] to slow down the error accumulation in the data qubit. Measure-

ments on the spectator qubits { assumed to be at a distancex0 = (ln 1 :8)1=2 from

the data (wherex2
0 is measured in units of twice the variance) { are performed after

each regular� x gate is applied, but before the application of the second and third

pulses of the SK1 sequence. The value of" is then estimated from the measurement

results ofh� zi 1, h� zi 2:

�" = 1 � ex2
0
arccos(h� zi 1) + arccos(h� zi 2)

2�= (1 � ~")
; (2.33)

where ~" is the previous estimate of" . After M = 1000 measurements, we update the

Rabi frequency to 
 =(1 � �" ) to compensate for the errors.

2.5 Key Observations

We have shown that spectator qubits are capable of recalibrating an error reduction

scheme for coherent errors with a precision that is only limited by the Fisher infor-

mation available and by our capacity of slowing down the rate with which the error

in the data qubit changes with time. In the case of the spectator qubits used to

calibrate dynamical decoupling, in Fig. 3, we have seen the �delity remain under the

threshold for an inde�nite period. We believe this is possible because the error in
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this setting depends mainly on the angle between the classical �eld and the pulses,

a parameter whose value is not allowed to grow inde�nitely.

For laser beam instability, the insets in Fig. 4 show that even when we are using

spectator qubits, the average gate �delity crosses over the threshold at a later time.

We believe this is because the error parameters become very large as the random

walk is unbounded. This contrasts with the magnetic �eld parameters, whose random

walk was bounded. When the error parameters become very large (" , � > 1), data

qubit (error is quadratic) becomes more sensitive to the error than the spectator

qubits (error is linear). One possible way to �x this is to include an external classical

controller that restricts the maximum variance of the 
uctuating error parameters

and prevents the crossing of the threshold.

It is worth noting for the laser beam instability case that although we have

simulated the �delity of a single gate (� x ) due to miscalibration, it is straightforward

to extend our approach to an arbitrary computation. We can do this by interleaving

cycles composed of gates that we want to calibrate on data qubits and spectator

qubit measurements between gates of the algorithm.

The possibilities of applications of spectator qubits are not limited to the two

coherent errors that we simulated above. Protection against magnetic �elds, for ex-

ample, besides being relevant to ion traps and nuclear spin qubits, could be extended

to detection and dynamical decoupling of a classical external electric �eldE for qubits

that are instead sensitive to electric �elds, such as antimony nuclei [Asa+19].

In future full-
edged quantum computing systems, spectator qubits will enable

error rates below the threshold for fault-tolerance for longer times than systems with-

out spectator recalibration. This will allow for longer quantum computations. For

near and medium-term applications, however, enhancements would be required in

order to reduce the prohibitive number of measurements necessary to obtain a re-

liable estimate of the change in the calibration. It would be particularly desirable
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to implement small corrections in the calibration after fewer measurements, pos-

sibly assuming some prior knowledge of how the calibration changes, or a speci�c

biased drift of the error parameters. One way to approach this is to start with sin-

gle shot measurement and correction which is what we discuss in the next section.

These could be combined with other venues for improvement, such as using Bayesian

learning protocols [GB18; Gup+19] to make more accurate previsions of future evolu-

tion of error parameters or to implement adaptive measurements [Gra+12; DCS17],

and using entangled states [Eld+18], many-body Hamiltonians [DCS17], quantum

codes [Zho+18], or optimal control [LY17] to maximize the information available.

2.6 Single shot correction theory

In this section, we propose an alternative protocol that is more appropriate for near-

term quantum systems. To do so, we �rst introduce a probabilistic noise model and

present an optimization routine that can be utilized to determine the optimal single-

shot corrections for this noise. Next, we outline a practical end-to-end protocol to

estimate these corrections. To support our �ndings, we present detailed numerical

simulations and o�er insights into the di�erences between our original protocol and

the single-shot correction protocol.

Let U(� ) be the unitary that describes the coherent error on the system, where� is

a random variable with probability density p(� ). We assume the densityp(� ) and the

dependence ofU(� ) to � are known, but the actual value of� is unknown. To obtain

information about � we perform measurements on the spectator qubits. Suppose

these measurements yield outcome m� M, with probability p(mj� ), where M is a �nite

set of possible outcomes (For instance, it could be a �nite bit string corresponding to

the outcomes of the measurements on spectator qubits). The conditional distribution

p(mj� ) is determined by our choice of state preparation and measurement on the

spectator qubits. Then, for each possible outcome m, we choose an appropriate
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unitary Vm , which approximately cancels the e�ect ofU(� ), such that V(m)U(� )

is approximately equal to the identity operator for most values of� and m. To

summarize, our protocol for correcting coherent errors is determined by a conditional

probability p(mj� ) and the choice of unitariesf V mg. To quantify the performance of

a protocol we can use the average gate �delity or, equivalently, entanglement �delity.

Recall that the entanglement �delity for a channel E with Kraus operatorsf Ekg, is

given by

Fe(E) = h	 j[E 
 I ](j	 ih	 j)j	 i =
1
d2

X

k

jTr ( Ek)j2 (2.34)

where j	 i is a maximally-entangled state, and d is the dimension of the system

Hilbert space. From here we can calculate the average gate �delity

Z
d h jE(j ih j)j i =

d +
P

k jTr ( Ek)j2

d(d + 1)

=
1 + d � Fe(E)

d + 1
;

(2.35)

whered	 is the uniform (unitarily invariant) measure over pure states. To quan-

tify the overall error after applying the unitary correction Vm , we consider the aver-

age entanglement �delity. Assuming the conditional probabilityp(mj� ) is given and

�xed, we write this average as

�F (f Vmg) =
Z

d�p(� )
X

m2M

p(mj� ) � Fe (VmU� )

=
Z

d�
X

m2M

p(�; m ) �
1
d2

jTr ( VmU� )j
2

(2.36)

where Fe (VmU� ) denotes the entanglement �delity for the unitary transformation

VmU� ; and p(�; m ) = p(mj� )p(� ). The fact that there are a �nite number of spectator

qubits, limits the form of the conditional distribution p(mj� ) that can be achieved by

38



performing measurements on these qubits. Our �nal goal is to optimize over all such

realizable conditional distributionsp(mj� ) and unitaries f V mg to �nd the maximum

achievable value of average entanglement �delity

max
p(mj� )

max
f Vm g

�F (f Vmg) (2.37)

= max
p(mj� )

max
f Vm g

Z
d�p(� )

X

m2M

p(mj� ) �
1
d2

jTr ( VmU� )j
2 (2.38)

This optimization problem can be solved in two steps: �rst, we assumep(mj� ) is

�xed and given, and �nd the set f V mg which maximizes the average gate �delity for

this p(mj� ), and then we maximize over the set of all possible conditionalsp(mj� ).

In the �rst step of the optimization problem, wherep(mj� ) is �xed, we need to solve

�Fopt = max
f Vm g

Z
d�p(� )

X

m2M

p(mj� ) �
1
d2

jTr ( VmU� )j
2 (2.39)

subject to : VmV y
m = I; 8m 2 M (2.40)

It is useful to note that we can optimize over unitariesVm independently, i.e. for

each m we can �nd the optimal

max
Vm

Z
d�p(� )p(mj� ) �

1
d2

jTr ( VmU� )j
2 (2.41)

subject to : VmV y
m = I (2.42)

and the set of these unitaries will form the optimal setf Vmg.
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Figure 2.7: Single shot spectator qubit protocol Here we have two "types"
of spectator qubits. One that determines the optimal measurement and one that
determines the optimal correction. The optimal measurement and correction are
parameterized and learned using a variational algorithm.

2.7 Low overhead spectator qubit algorithm

The strategy above for mitigating coherent errors come with its own set of challenges

when we apply this in a real system. Practically, it is hard to estimate the unknown

error probability distribution. Furthure, what if the distribution changes? We need

40



a mechanism to detect such changes. Once we have detected changes, we have to re-

run optimizations again. This technique also assumes the correcting unitaries are not

noisy. We need a separate technique to learn or mitigate errors in those corrections.

While the theoretical solution gives us an optimization problem to solve in order to

�nd the optimal measurement and the set of correcting unitaries, it requires us to

have complete information about the underlying error channel (error direction and

error distribution). We have designed a spectator qubit based protocol, as illustrated

in Fig 2.7, that does not require this prior information but instead calculates the

optimal measurement choice and the set of correcting unitaries as sub-routines.

Algorithm 1 describes this algorithm. We essentially have three types of spectator

qubits to (1) determine the optimal measurement (these spectators are called context

determining spectators denoted byNS and the optimal measurement is parameter-

ized by � S), (2) determine the correcting set of unitaries (these spectators are called

reward spectator denoted byNR and the optimal measurement is parameterized by

f � i
Rg - two unitaries because we are dealing with two outcome measurements), and

(3) perform the optimal measurement (calledNC ). Optimal � S and � R are calcu-

lated using parameterized unitaries and optimized using two loss functionsL S and

L R . Hyperparameters of this algorithm are gradient step sizes (� R and � S) and batch

sizes (� R and � S) need to be tuned. Intuitively, L S is chosen to maximize the variance

of the context measurements, measured usingNS and L R is chosen to maximize the

average gate �delity measured usingNR .

2.8 Results

For numerical simulations, here we consider a special case where the noise is just a

random rotation around a �xed, but arbitrary (known) axis. We assume the noise

unitary is of the form

U� = ei� 3 � (2.43)
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Figure 2.8: Diagrammatic view of Algorithm 1 . We see that there there are
fundamentally three categories of observables: (1) an observable utilized in optimiz-
ing the discrimination measurement, (2) the discrimination observable itself which
produces a bit-stringf 0; 1g
 NC , and (3) a set of observables utilized in optimizing
conditioned correction. The dimensionalityjf � i

Rgj := MC depends on the choice of
discrete mitigation map� R : f 0; 1g
 NC ! f � j

Rg. Here� R is simply given by majority
polling and so we have binary contexts,MC = 2, which are treated independently.
Hence, the outcome of the discrimination measurement on theNC spectators deter-
mines the unitary mitigation to apply betweenf U(� 1

R); U(� 2
R)g.

i.e. a rotation around z, with angle� , which occurs with probability densityp(� ).

The data qubit(s), context spectator qubit(s) and the reward spectator qubit(s) all

undergo evolution under this unitary. We perform two di�erent simulations following

Algorithm 1, one where the noise distribution (p(� )) is stationary (Fig. 2.9) and

another one where the noise distribution is drifting (Fig. 2.10).

2.9 Discussion

The di�erence between this single shot protocol and the original spectator qubit pro-

tocol can be described in terms of how they transform the e�ective error parameter.

Essentially, our �rst protocol calculates the mean of the error parameters within a

certain window and o�sets future gates by that amount whereas the second protocol

also reduces the variance of the e�ective error parameter as seen in �gure 2.11. We

see our �rst protocol as most useful in re-calibrating quantum gates without stopping
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Algorithm 1 Variational spectators (with majority polling) as diagrammed in Fig
2.8

1: Given total spectator qubit count N , allocate spectators betweenNS, NR and
NC .

2: Initialize parameters f � j
Rg2

j =1 and � S. Choose step-sizes� R and � S, and batch
sizes� R and � S.

3: Select tangent spacej+ i which maximizes discrimination information as a prior.
4: Environment selects classical noise process.
5: for all time-stepst do
6: PrepareNC and NS spectators inj+ i .
7: PrepareNR spectators in Haar-randomj i .
8: Environment draws a random error parameter and applies the corresponding

single-qubit unitary error to each spectator and data qubit.
9: SamplehL � S i NC using j+ i .

10: if hL � S i NC < 0:5 then
11: Apply mitigating unitary U(� 1

R) to data.
12: else
13: Apply U(� 2

R) to data.
14: end if
15: if t mod � R = 0 then
16: � j

R  � j
R � � Rhr � j

R
L R(� j

R)i NR � R using j i .
17: end if
18: if t mod � S = 0 then
19: � S  � S � � Shr � S L S(� S)i NS � S using j+ i .
20: end if
21: end for

computation and the second protocol in improving quantum memory.
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Figure 2.9: Stationary Regime Performance of our proposed algorithm in the
high �delity regime. Here the error samples are drawn from a �xed distribution
N (0; �= 32). Fidelities are plotted after the initial calibration phase. Di�erent
colors represent di�erent error realizations.

Figure 2.10: Non-stationary Regime Performance of our proposed algorithm in
the non-stationary regime. Here the error samples are drawn from a distribution
that is changing over time. We �nd the spectator qubit protocol is able to adapt as
the noise distribution drifts. Di�erent colors represent di�erent error realizations.
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Figure 2.11: E�ective error parameter Comparing the probability density
function of the e�ective error parameters between (1) no correction (orange) (2)
�rst spectator qubit protocol (red) and (3) second spectator qubit protocol (blue)

.
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3

Circuit level error mitigation with hidden inverses

The majority of this chapter is taken from Ref [Maj+22; LMP22]:

Swarnadeep Majumder , Christopher G Yale, Titus D Morris, et al. \Char-

acterizing and mitigating coherent errors in a trapped ion quantum processor using

hidden inverses". arXiv preprint arXiv:2205.14225

and

Vicente Leyton-Ortega,Swarnadeep Majumder , and Raphael C Pooser. \Quan-

tum error mitigation by hidden inverses protocol in superconducting quantum de-

vices". Quantum Science and Technology.

3.1 Introduction

Small algorithms on quantum computing testbed devices can help diagnose perfor-

mance problems when the resulting data is viewed within the context of dominant

low-level noise sources. In near-term pre-fault-tolerant devices, coherent noise (such

as over- or under-rotation errors) can lead to an array of incorrect results at the algo-

rithmic level, including incorrect expectation values in time evolution simulations or

slow convergence and incorrect parameter determination in variational algorithms.

Here, we use prototypical variational quantum chemistry calculations as a diagnostic

algorithm to probe coherent noise on a trapped ion testbed platform. Two methods

of noise mitigation - randomized compiling [WE16] and the application of hidden

inverse gates [Zha+22] - are used to both characterize and mitigate time-dependent
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coherent noise in test circuits. We present simulations of one and two-qubit noise

models on trapped ion quantum devices, validated by experimental data, to verify

this hypothesis.

Quantum errors in a quantum computer can be thought of as any evolution

of the qubits that di�ers from the ideal intended operation. There are di�erent

ways one may categorize quantum errors, but for the purpose of this work we limit

our discussion to two distinct types of errors: incoherent error and coherent error.

Incoherent errors map pure states to mixed states resulting in loss of purity often

caused by classical noise. Some well known quantum channels such as depolarization

and dephasing are examples of incoherent errors. Conversely, coherent error can

be represented as a single unitary operator and maps pure states to pure states.

Such an error usually comes from miscalibration or drift out of calibration of the

control system used to drive the qubit operations. If one has a good understanding

of the system interaction Hamiltonian, it is often possible to describe coherent errors

as additive or multiplicative terms in the control parameters. This allows one to

use targeted characterization procedures to learn about the error parameters which

in turn can be used for better calibration. While fault tolerant protocols using a

quantum error correction (QEC) code have been demonstrated recently [Ega+21;

Kri+21; Rya+21], noisy intermediate scale quantum (NISQ) devices are unable to

take advantage of QEC because of high noise levels and small system sizes. For NISQ

devices, one can try to mitigate these errors to minimize their impact on the quantum

computer's output; such protocols are collectively knows as EM (error mitigation)

protocols.

Multiple quantum characterization, veri�cation, and validation (QCVV) proto-

cols exist for characterizing the noise channels and error models discussed here, in-

cluding gate set tomography [Blu+13], randomized benchmarking [Joh+15], gener-

alized model �tting [Nie+21], and many others. While these frameworks are very
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general, typically allowing for deduction of a diverse array of noise models, a large

quantity of experimental data can be required to learn the models in some cases. The

exclusive access to many quantum computing platforms required to obtain the data

is not always readily available. Recent applications of various EM techniques in the

NISQ era provide a promising middle ground approach [Nat+21; Kim+21; PLP21;

Str+21; Piv+21; LaR+20; Zha+20; Cza+21; Suz+22].Essentially, the e�cacy of an

EM routine is an indicator of the presence of a speci�c type of noise present in the

machine, and with su�cient a priori information these techniques can be used to

characterize noise in a quantum processor.

3.2 Hidden inverses protocol to mitigate coherent errors

Hidden inverses (HI) [Zha+22; LMP22; Yet+21] is an EM protocol that addresses

coherent errors via noise cancellation. HI does not require any additional gates or

any post processing. The key idea behind HI is that a few of the common unitaries

used in quantum computing are self-adjoints. These self-adjoint unitary operators

are constructed from primitive gates which themselves are not self-adjoints. As an

example if we want to apply a certain gate G = ABC, we can either apply G =

ABC or Gy = CyB yAy. While in the absence of noise, G andGy implement the

same physical operation; this is not true in general when A, B, C,Ay, B y and Cy

are subjected to errors. Given the freedom to apply G orGy, a compiler needs to

choose which one to apply based on other gates in the vicinity within a quantum

circuit along with an understating of the noise process. Developing compiler logic for

picking the optimal con�guration given an arbitrary circuit and a noise model is an

open problem and one that we will not discuss in this research. Instead, we focus our

attention on demonstrating hidden inverses's performance with hand-crafted circuits.

Hadamard (H) and controlled-NOT (CNOT) are two self-inverse unitary opera-

tions widely used in quantum computing. We can decompose their standard or native
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H � Y(� �
2 ) X (� )

H y � X (� � ) Y( �
2 )

Figure 3.1: Standard and Hermitian conjugated decompositions of H gate with native
trapped ion quantum operations consisting of single qubit gates
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Figure 3.2: Standard and Hermitian conjugated decompositions of CNOT gate with
native trapped ion quantum operations consisting of single qubit gates and M�lmer-
S�rensen interactions.

con�gurations into trapped-ion native single qubit gates and M�lmer-S�rensen (MS)

interactions (Fig 3.1, 3.2).

3.3 Experimental implementation of quantum circuits on a trapped
ion processor

We investigate these hidden inverse protocols on the Quantum Scienti�c Computing

Open User Testbed (QSCOUT), a room-temperature quantum processor based on

trapped ions [Cla+21] housed at Sandia National Laboratories. This investigation

consisted of either one or two qubits, in which the qubit states comprise the hyper�ne

`clock' transition of a 171Yb+ ion, 2S1/2 jF=0, mF = 0i (j0i ) and jF=1, mF = 0i (j1i )

[Olm+07]. The ions are trapped in a radio-frequency (RF) pseudopotential gener-

ated on a microfabricated surface electrode trap, the Sandia High Optical Access

(HOA2.1) trap [Mau16], with radial frequencies,! r;i =2� = 2.2 and 2.5 MHz, and an

axial frequency,! a=2� = 700 kHz. This axial frequency sets the spacing of the ions,

4.5 � m, to match the spacing of the individual addressing beams. Each ion is then

imaged in a separate core of a multicore �ber array via magni�cation optics to match
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the �ber core spacing to the 4.5� m separation. The ions are cooled and detected

along their 2S1/2 to 2P1/2 transition using 370 nm light.

All gates performed in the system are based on Raman transitions from a pulsed

355 nm laser [Hay+10] with beams in a counter-propagating con�guration, consisting

of a wide `global' beam illuminating all ions and individual-ion addressing beams

generated via a multi-channel acousto-optic modulator (AOM) [Deb+16] counter to

the global beam. Both the multi-channel AOM and the single-channel AOM for the

global beam are driven by a custom coherent control system, Octet, providing two

tones for each AOM channel.

Gates are fully parameterized within the QSCOUT system, providing both ar-

bitrary phase and rotation angle for single- and two-qubit gates. Single-qubit gates

are driven using two Raman tones on the appropriate individual beam in a co-

propagating Raman con�guration. Our two-qubit MS gate is generated with two

tones on each participating ion's individual beam and another tone on the global

beam. The three tones are required to form the appropriate Raman transitions

symmetrically detuned from a red and blue motional sideband. The MS gate as im-

plemented in QSCOUT additionally has a series of single-qubit basis transformations

to eliminate phase instabilities between the counter- vs. co- propagating con�gura-

tions. The bare MS(� ) gate is an XX interaction, XX(� ) = e� i �
2 � X 
 � X , that exists in

a counter-propagating basis. By surrounding the two-qubit gate with the appropri-

ate counter-propagating single-qubit gates, we transform the XX interaction into a

ZZ interaction to eliminate phase instabilities with the co-propagating single-qubit

gates [Lee+05]. The gate is then further surrounded with co-propagating single-

qubit gates to complete the transformation back into an XX interaction within the

co-propagating basis.

The physical single-qubit gates' (RX and RY ) amplitudes are square-pulsed and

gapless, meaning there is no \o�" period between single-qubit gates. Their rotation
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angle is determined by the duration of the pulse.RZ gates are virtual, treated as

cumulative phase shifts by Octet.

The MS gate amplitude is Gaussian-shaped, and the angle of rotation is controlled

by the global beam amplitude while accounting for distortions and saturation in the

ampli�er and AOM. A MS gate with a negative rotation angle is achieved by 
ipping

the phase on one of the two qubits by� radians. For all gates, phases are set by the

relative phase di�erence between two of the RF tones applied to the ion. The MS

gate also incurs an AC Stark shift which is cancelled through a dynamically evolving

virtual Z rotation applied throughout the duration of the MS gate pulse. This ability

to fully control both the phase and rotation angle for single- and two-qubit gates is

needed for these investigations to intentionally introduce static coherent rotation and

phase errors. Typical physical single-qubit gate �delities for a rotation angle of�= 2

are estimated to be 99.5� 0.3%, while two-qubit XX(�= 2) are 97� 1%.

Additionally, to cool the ions to near the motional ground state, the ions are

both Doppler cooled and resolved-sideband cooled [Des+04]. Typically, 60 loops

of cooling are performed on all relevant sidebands to reach the minimum motional

state; however, the number of cooling loops can be reduced so the ion will begin the

desired circuit in a higher motional mode, inducing additional errors. These errors

include an overall static coherent under-rotation error and shot-to-shot coherent

errors. At very small numbers of cooling loops (. 10 loops), there is an increase

in the population of non-desirable qubit states - i.e. for a state beginning inj00i ,

an MS gate ideally creates a state somewhere within thej00i and j11i basis, but

instead there are nonzero populations in thej10i and j01i states. These unwanted

populations can be as large as� 5% when no cooling loops are applied.

The gate sequences are all programmed using Just Another Quantum Assembly

Language (Jaqal), a 
exible programming language designed to support the under-

lying hardware of the QSCOUT system [Mor+20]. Since Jaqal contains the fully
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parameterized gateset, we can introduce intentional coherent errors directly at the

Jaqal level as di�erent rotation angles or phases, rather than underlying waveforms,

described by JaqalPaw (Pulses and Waveforms), the pulse-level counterpart to Jaqal

[Lob+21]. On the other hand, errors introduced by insu�cient cooling of the ion are

instituted by adapting the cooling cycle in the waveform language JaqalPaw.

Figure 3.3: Illustration of noise characterization using single qubit hidden
inverses.

3.4 Demonstration of hidden inverses as an error characterization ex-
periment with single qubit gates

3.4.1 Experimental design

We use H, Hy, and a few single qubit rotations to develop an error characterization

experiment. Here we summarize the key insight of the protocol. If we compare

outputs of two circuits (1) H � H (native circuit) and (2) H � H y (inverted circuit)

under coherent noise model that inverts with the inverse of the gate, we �nd circuit
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(2) will result in error cancellation while circuit (1) will amplify the error. In order to

investigate di�erent sources of coherent errors in the system, we inject parameterized

single qubit rotations in between the gates as follows (1)H � X (�) � Z (�) � H ,

H � Y(�) � Z (�) � H or (2) H � X (�) � Z (�) � H y, H � Y(�) � Z (�) � H y. When

we sweep overf � ; � g, we will amplify or cancel various types of coherent errors in

the native and inverted circuits. For some choices off � ; � g the inverse circuits will

outperform the native circuits, while for others the native circuits will be a better

choice. Aided with numerical simulations, patterns in the �delity (or population)

plots of the various circuits in phase space off � ; � g will reveal the underlying noise

process.

There are two stages in this experiment (i) data collection stage and (ii) data

analysis stage. In the data collection stage, the circuits were run 100 times before

a measurement, i.e. (1) [H � X (�) � Z (�) � H , H � Y(�) � Z (�) � H ]100 or

(2) [H � X (�) � Z (�) � H y, H � Y(�) � Z (�) � H y]100 to amplify any e�ects of

cancellation. 21 equally spaced points were chosen in between� �
36 � (� ; �) � �

36

for a total of 441 points in a 2D-grid for each circuit. Each data set was taken with

random ordering in � and � to average out e�ect of any long term drift. Outcomes

were averaged over 200 shots taken back-to-back for a given (�; �). This data was

taken without dynamical decoupling or composite pulses.

In order to characterize system parameter drift and verify the model, [H � X (�) �

Z (�) � H y]100 was also run multiple times back to back for four di�erent cases (1) nat-

ural drift: no re-calibration was performed between experiments (2) re-calibration:

re-calibration was performed between experiments (3) intentional amplitude noise

injection (4) intentional phase noise injection.
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NativeXZ � f H X (�) Z (�) H g100

InverseXZ � f H X (�) Z (�) H y g100

NativeYZ � f H Y(�) Z (�) H g100

InverseYZ � f H Y(�) Z (�) H y g100

Figure 3.4: Standard and Hermitian conjugated circuits for single qubit
error characterization. fg 100 denotes the circuit is repeated 100 times
before measurement.

3.4.2 Classical simulation and noise model

Outcomes from stage (1) were �rst converted into �delity. To calculate �delity, we

performed noisy and ideal simulations of the quantum circuits. For the noisy simula-

tion, we assume a physics-focused, single-qubit, ion-trap noise model parameterized

by over-rotation error (� ), phase error (� ), and detuning error (� ). In this model,

ideal X ideal (� = 
 t) = e� i 
 t
2 X and Yideal (� = 
 t) = e� i 
 t

2 Y where 
 is the Rabi

frequency, become:

X noisy = e� i 
(1+ � ) t
2 (Cos(� )X + Sin (� )Y )+ �t

2 Z

Ynoisy = e� i 
(1+ � ) t
2 (Cos(� )Y + Sin (� )X )+ �t

2 Z :

3.4.3 Result

We found the best noise parameters by curve �tting the experimental data with

noisy simulation using SciPy's non-linear least-square �tting algorithm [Vir+20].

We usedf � ; � g as the two-dimensional independent variables and the population

as the dependent variable. Fig 3.5 displays the population phase space for [H �

X (�) � Z (�) � H y]100 circuit. In order to characterize drifting of error parameters in

time, we plot the estimated error parameters as a function of number of runs in Fig

3.6. We �nd the variance of the parameter estimate from the curve-�t to be in the

order of 10� 4, hence they are omitted in the plots. Long term drifts in� while � and
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Figure 3.5: Phase space population (probability of measuring j0i ) after
applying [ H � X (�) � Z (�) � H y]100 on j0i as a function of f � ; � g for (a)
simulation and (b) experiment

� approximately stays constant. Interleaved re-calibration routine largely stabilizes

� . With the addition of intentional amplitude and phase noise injection over many

runs, we �nd the protocol is able to accurately track the error parameters.

3.5 Hidden inverses as an error mitigation protocol for applications:
variational quantum eigensolvers

3.5.1 Hamiltonian and Ansatz

Variational quantum eigensolvers (VQE) are a successful cornerstone of hybrid quantum-

classical algorithms explored on NISQ era machines. For a given system Hamiltonian

H , and parameterized ansatzj	( � )i , the ground state and its energy are obtained

by classically minimizing the energy,

E(� ) = h	( � )j H j	( � )i : (3.1)

Thus they form an ideal platform to explore the e�cacy of mitigation algorithms

like hidden inverse and randomized compiling. In order to pursue this goal, we

explore the VQE in the minimal basis for equilibrium molecular hydrogen. We use

the Brayvi-Kitaev mapping, along with qubit tapering to yield a spin Hamiltonian
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Figure 3.6: Error parameter drift Error parameters as a function of number of runs
are plotted. (a) is for the case where system parameters were calibrated in between
runs and we �nd the estimated error parameters stable. (b) is for natural drift where
re-calibration steps were skipped. We �nd signi�cation drift in the estimated over-
rotation (red) parameter. We then inject arti�cial noise in the form of amplitude
error (c) and phase error (d). We �nd good agreement between the injected noise
(dotted line) and estimated parameters.

of the following form,

H = 0:304794� II + 0:3555426� IZ � :485486� ZI

+0:581232� ZZ + 0:089500� (XX + Y Y) ; (3.2)

indicating that energy evaluation requires at most three circuit evaluations for ZZ,

XX,and YY expectation values. We test the hidden inverse in this system in a

prototypical one parameter two-qubit circuit ansatz in Fig 3.7.

This circuit is easily decomposed into native ion gates as in Fig 3.2, where the

default compilation uses the same construction for both CNOTs, and the HI imple-
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j0i Rx(� �= 2) Rz(� ) Rx(�= 2)

j0i X Ry(�= 2) � � Ry(� �= 2)

Figure 3.7: VQE tapered ansatz

mentation uses the CNOTy construction for the second CNOT. For the default and

HI circuit, we swept over all anglesj� j < �
2 , with 200 shots for each evaluation.

3.5.2 Randomized Compiling

We also wish to compare the bene�t of HI inverse methods in Fig. 3.7 with other

methods of coherent error mitigation, namely randomized compiling. Randomized

compiling is a powerful tool, where coherent errors of hard gates, typically those of

the two-qubit gates, are suppressed by averaging over unitarily equivalent circuits

of the two-qubit gates via application of easy \twirling" gates. In [Zha+22], we

simulated performance of randomized compiling and compared with hidden inverses

for a set of noise models. We found hidden inverses can improve overall circuit �delity

in certain noise processes. In order to demonstrate how this �delity improvement

translates to improvement in algorithmic performance experimentally, we compare

hidden inverses with randomized compiling for our VQE problem. For application

to our problem, we identi�ed the CNOT as our hard gates, and the Pauli operators

as our twirling group, yielding a total of 256 unique circuit evaluations. We found

that randomly choosing 10 circuits from this grouping was su�cient for converged

results. For each of the random circuits, they were repeated 20 times to yield the

same number of shots to compare with the default and HI circuits.

3.5.3 Puri�cation

To further explore mitigation strategies in conjunction with the circuit level strate-

gies already presented, we utilized fermionic density matrix puri�cation �rst demon-
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strated in quantum computing in [McC+19a]. Here, instead of directly evaluating

the energy based on measured Pauli expectations, we note that the 2-dimensional re-

duced fermionic density matrix,� can also be established from the already measured

expectation values.

� =
�

h01j 	 ih	 j01i h01j 	 ih	 j10i
h10j 	 ih	 j01i h10j 	 ih	 j10i

�

=
�

(1 � h IZ i )=2 (hXX i + hY Yi )=4
(hXX i + hY Yi )=4 (1 � h ZI i )=2

�
: (3.3)

Once measured, this fermionic density matrix contains the e�ect of noise, and

does not represent a pure state. As an e�ective one-particle pure state, its eigenval-

ues should be either zero or one. To project this onto a pure state, we diagonalize� ,

identifying the eigenvectorj� i corresponding to the largest eigenvalue, and then es-

tablish a new fermionic density matrix� p = j� i h� j. This procedure is not scalable for

N-fermion problems, but similarly themed attempt have been explored within enforc-

ing N-representability constraints on measured 2-reduced density matrices [RBM18].

Thus puri�ed energies can then be evaluated using� p.

3.5.4 Noise Injection

To investigate the noise mitigation properties of these diverse approaches, we inten-

tionally introduce errors onto the two-qubit gates in a variety of manners. While

the two-qubit gate in the circuit is the CNOT and its inverse, we inject noise on

the native gate of the system, the XX(� �= 2) MS gate. As described in section 3.3,

to introduce an under- or over-rotation error, we program that error at the circuit

level, resulting in a change in the amplitude of the global beam power delivered. We

speci�cally introduce the rotation error symmetrically, so in the CNOT, we utilize

XX( �= 2 + � ) and for the CNOTy, XX( � �= 2 � � ). This is most akin to the types of

rotation errors that would occur naturally in the system, which could be due either
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to a miscalibration of the overall power necessary, or a drift in the overall system

detuning also causing systematic over- or under-rotation. In Fig. 4.1, we introduce a

systematic under-rotation of 0.5 radians (right) in comparison to the nominally fully

calibrated approach (left).

Additionally, we can introduce a broader array of errors through reduction in

sideband cooling loops as described in section 3.3. In Fig. 3.9, we compare full

cooling of 60 loops (left) to a reduction in sideband cooling of 12 loops (right). For

full cooling, 60 loops, we see the desired rotation and a residual population inj01i

and j10i of � 1:5%. However, with only 12 cooling loops applied, we see a static

under-rotation of � 0:3 radians and population in thej01i and j10i states of� 2%.

Additionally, we expect to see an increase in the stochastic coherent error with a

partially cooled ion.

We performed detailed numerical simulation of the loss landscape with noise

injection (solid lines in Fig. 4.1 and 3.9). Our error model consist of ideal single qubit

gates, no state prep or measurement errors and all the errors are attributed to the

MS gate. Reducing the number of cooling loops a�ects the e�ective Rabi frequency

and also ampli�es the e�ect of residual entanglement between spin and motion.

We model the e�ective Rabi-frequency change as a combination of static o�set to

Rabi frequency and a stochastic reduction in Rabi frequency following Debye-Waller

e�ect [Win+98]. This can be viewed as a shot to shot coherent error. On the other

hand, we model residual entanglement as two-qubit depolarizing noise on the spin

states. For the noiseless case, our best �t model has average phonon number of

0.05 (motional mode heating), a static coherent over-rotation of 0:09 radians (laser

intensity miscalibration) and a two-qubit depolarizing probability of 0.02 (residual

entanglement between spin and motion) resulting in a 97.5% MS gate �delity. Next,

for coherent rotation noise injection, we �nd a static e�ective under-rotation of 0.45

from the ideal gate while the two other noise parameters stay the same resulting in a
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91% MS gate �delity. Finally, for the case where we limit the number of cooling loops

to 10-12, we �nd the best model has average phonon number of 0.5, a static over-

rotation of 0.12 radians and a two qubit depolarizing probability of 0.06 resulting in

a 89% MS gate �delity.

3.6 Key observations

The experimental results and corresponding numerical simulations highlight a few

key ideas. First, both hidden inverse gates and randomized compiling are e�ective

methods for coherent noise mitigation. They are markedly di�erent in their applica-

tion; while randomly compiled circuits add extra twirling gates, the use of HI gates

preserves the original circuit depth. They have applicability in di�erent scenarios;

for example, an inverse CNOT preceded by a CNOT and a large rotation will not

provide the desired noise cancellation. In the work outlined here, we showed that

in certain applications with small rotational parameters, such as some instances of

VQE, the HI method is very e�ective near the variational minimum. Secondly, noise

ampli�cation allows one to test both the e�cacy of a noise mitigation technique and

also verify hypotheses about the nature of noise present. Here, noise ampli�cation

was used to test the capacity of randomized compiling, HI gates, and density ma-

trix puri�cation to mitigate over and under-rotation errors as well as cooling cycle

reduction. These error types can all potentially be attributed to a miscalibrated

apparatus (or stale calibrations), which may occur in hardware that has extended

up time in between calibration cycles. Third, simulations at the single qubit level

were used to �t e�ective noise model parameters to the experimental data, allowing

us to verify hypotheses about the source of the noise as well as the behavior of the

noise model under HI circuits. In the experimental device, when calibration cycles

were explicitly skipped, the model �ts predicted that under-rotation errors would be

signi�cant source of coherent noise (see Fig. 3.6). Explicitly adding under-rotation
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Figure 3.8: Comparison of HI and RC as mitigation protocols for coherent
error We show raw and simulated (straight lines) energies at ideal calibration (a),
energies with 0.5 radian under-rotation injection (b), puri�ed energies at ideal cali-
bration (c), and puri�ed energies 0.5 radian under-rotation injection (d).
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Figure 3.9: Comparison of HI and RC as mitigation protocols for cooling
loop noise We show raw and simulated energies at ideal calibration with 60 cooling
loops (a),energies with only 12 cooling loops (b), puri�ed energies at ideal calibration
(c), and puri�ed energies with 12 cooling loops (d).
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noise in the experiment further veri�ed the noise model and simulations (and like-

wise for phase noise), meaning that the noise model adopted here can potentially be

used to diagnose potential problems in trapped ion platforms via parameter �tting

to a set of data provided by experimentalists. All of the noise mitigation techniques

attempted were able to cancel much of the added rotation error as well. Density

matrix puri�cation provided a complementary noise mitigation scheme; since it is

used in post-processing on classical data provided from measurements, it acts as

a \catch-all", essentially treating coherent and incoherent noise sources indiscrimi-

nately. Because of the method's additional application to stochastic noise and its

use in post-processing, it can be e�ectively used with data provided by either ran-

domly compiled circuits or HI gates. Overall, we �nd the predictions of our best �t

noise model closely align with the experimentally VQE reconstructed loss landscape.

Moreover, the parameters of our noise model matches with those estimated in our

experimental system. As such, these hidden inverse techniques, in single- and multi-

qubit applications, provide a dual purpose, not only error mitigation but also error

characterization.

3.7 Hidden inverses in superconducting hardware

In the following, Section 3.7.1, we introduce gate inversion at the pulse level in su-

perconducting devices, followed by gate veri�cation and noise boosting by quantum

process tomography and unitary folding experiments. Section 3.7.2 applies the HI to

VQE experiments to �nd the ground state energy of H2, and we compare its e�ec-

tiveness with randomized compilation. In section 3.7.3 we �nish with the discussion

of our results and numerical simulations and conclusions in Sections 3.7.3 and 3.8,

respectively.
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3.7.1 Gate inversion on superconducting based architectures

In most of the superconducting architectures, theCX gate is built from an ap-

proximated cross-resonance quantum operationCR = [ ZX ]�= 2 = exp( � i�� z
1� x

2=4),

introduced in [RD10]. A The CR level of approximation de�nes the quality ofCX

that can be used on hardware. Thus, it is imperative to �nd mechanisms to mitigate

the level of coherent noise in this gate. TheCX gate is locally equivalent toCR

by CX = [ ZI ]� �= 2[IX ]� �= 2CR. A better compilation of CX is used in the IBM

quantum device by echoing theCR to mitigate the e�ects of undesired Hamilto-

nian terms [She+16b]. OtherCX implementation on superconducting devices, that

works for any coupled-qubit system with pure transverse coupling, has been pro-

posed using selecting darkening (SD) [De +10; De +12]. The SD method di�ers

from the CR approximation by a single local rotation, therefore, the schemes are

locally equivalent [De +12]. Every operation described in the compilation structure

represents pulse construction and delivery instructions. We modify these instruc-

tions to mimic the inverted gate. In order to illustrate this procedure, we consider a

simple example of the� -pulse construction in appendix A. We can generally de-

�ne the pulse pro�le throughout the set of amplitudes f u0; � � � ; uN g (waveform)

or instructions according to the qiskit library of default functions (parametrized).

We extract this information from default gates, and we de�ne a new set of ampli-

tudes f� uN ; � uN � 1; � � � ; � u0g or new instructions for the parameterized version. In

Fig.3.10 (a) and (b), we present the default pulse and its inverse, respectively, for

CX 01 on the IBMQ-Montreal backend. In principle,CX is hermitian, and from the

mathematical point of view CX � 1 = CX . Therefore, the new gate should represent

the same quantum process. In the experimental setup, we build theCX gate from a

pulse structure approximating its quantum operation. We expect that inverting the

pulse structure will yield an inverted gate approximation. In other words, for a low
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Figure 3.10: Pulse pro�le for CX � 1 and veri�cation: We implemented a pro-
cedure to transform the pulse pro�le of a given gate, in this case, theCX gate for
the qubit pair [0,1] in the IBMQ-Montreal backend, presented in panel (a) into a
pulse pro�le that represents its inverse, presented in panel (b). In addition, we have
written the resulting compilation. In panels (c) and (d), we present the process ma-
trix that veri�es the operational equivalence between the pulse structure forCX and
CX � 1.

level of imperfections in the original quantum operation, we expectCX � 1 � CX .

We verify this assumption by performing quantum process tomography to the gates

CX and CX � 1 and comparing their process matrix (� -matrix); see Fig. 3.10 (c) and

(d). The real part of the � -matrix for CX � 1 and CX are similar, indicating that

these pulse pro�les can be used to represent the same quantum process (up to noise

e�ects). On the other hand, their imaginary parts are di�erent and somewhat statis-

tically relevant (max(� ) > 1=
p

NS � 10� 2, NS = 5000 the number of shots), which

indicates slightly di�erent noise properties. Therefore, the gates represent a similar,

albeit not exactly identical, quantum process; it remains to test if the application of

the new gate can be used to mitigate noise inside an algorithm on superconducting

hardware.
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Figure 3.11: E�ective noise scaling on CX gate - IBMQ-Montreal: This
plot presents the unitary folding test in two con�gurations, using the default gate
U0 = CX CX (blue circles) and the inverseU1 = CX � 1CX (orange triangles). Addi-
tionally, we consider di�erent backend sectors, showing the noise scaling at di�erent
base noise levels. We explored di�erent setups for di�erent values of error rates of
local (circle darkness) and nonlocal (line darkness) operations; there, the darker the
color of the region in the backend representation, the better is the performance of
the quantum operation in terms of �delity.

Unitary folding test: Next, we consider a slightly di�erent version of the noise

scaling introduced [Giu+20] to examine the inverse gate's dependence on noise injec-

tion. In our version, we replaceCX with CX Un , whereU, in theory, is equivalent

to the identity operator and n is a positive number. In principle, this replacement

should not alter the quantum operation de�ned byCX and has no logical e�ect.

Now, we choose two versions forU, a �rst version U0 = CX CX to scale the ef-

fective noise onCX , and a second version whereU1 = CX � 1CX , which tests the

mitigation on CX by applying its inverse. Figure 3.11 shows how the e�ective noise

on CX scales in di�erent sectors of the IBMQ-Montreal backend. We chose three

sectors with di�erent one- and two-qubit operational �delity. Notably, in two of the

sectors, noise mitigation is evident by the increase in �delity as the number of gate

repetitions increases.

3.7.2 Application to Variational Quantum algorithms

As a representative algorithm, we consider �nding the ground state energy of the

H2 molecule using VQE. This parametrized algorithm updates quantum circuit's

rotational parameters to minimize the Hamiltonian's expectation valueE � until it
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converges. We consider the 3-parameter approximate unitary coupled-cluster ansatz

for four qubits and 2 electrons (referred to as \UCC3" in [McC+19b]), see Fig. 3.12.

We systematically invert some of theCX gates in the UCC3 ansatz to cancel the

coherent noise present in CX. After everyCX applied on qubits (i; j ), we replace

the next CX applied on the same pair by its inverse. In Fig. 3.12, we indicate by

dashed squares the position ofCX � 1. For the optimization part of the algorithm,

we consider a gradient-free and gradient-based solvers to explore the in
uence of

coherent error mitigation in the learning process under these schemes.

In the experimental implementation, we consider di�erent backends, IBMQ-Bogota,

Montreal, and Jakarta, to explore coherent hardware with di�erent noise rates. In

addition, we consider low and high-�delity sectors where the mitigation could be

more or less e�ective. We evaluate HI performance by comparing the VQE learning

path with an unmitigated ansatz and a randomly-compiled ansatz with a samples

drawn randomly from a set of 20 circuits. We compare both cases to a simulated

experiment using the Aer-qiskit simulator. Each experiment used 5000 shots. In Fig.

3.13, we present the learning paths for the above setups.

Figure 3.12: The hidden inverse in the UCC3 ansatz: The particular arrange-
ment of the CX gates in the UCC3 ansatz allows us to apply their inverse (gates
inside the dashed squares) in front of default ones to maximize the coherent noise
mitigation.
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Figure 3.13: Energy ground state estimation for H2 using VQE: In panel
(a) using IBMQ-Bogota and (b) IBMQ-Montreal, we present the learning paths with
BOBYQA as the optimization algorithm to update the quantum circuit parameters.
We present results from randomized compilation (RC), hidden inverse (HI), raw
hardware data without QEM (default), and Aer-simulator (simulator) in each panel.
In panels (c) and (d) we use the gradient-based solver Adam. These plots show
how the energyE approaches the exact valueE � = � 1:1456265 Ha (orange dashed
line). Notably, coherent noise mitigation schemes showed improvement in BOBYQA
convergence time, with slightly better performance from the HI circuits, while RC
provided higher performance in one case using Adam. In all the experiments, we used
5000 shots. For the randomized compilation, we used 20 random circuit instances.

3.7.3 Discussion

Veri�cation: The real parts of the default and the inverse gates'� matrices e�ectively

represent the same quantum process to within measurement error. The di�erences

in the imaginary parts, while statistically signi�cant, vary widely from shot to shot,

making it di�cult to attribute any di�erences to processes versus background noise.

From the experimental point of view, good agreement in the real part of the� -matrix

appears to be enough to provide good results in the unitary folding test.

Unitary folding test: We have veri�ed the operational equivalence between the

CX and CX � 1 with the pro�le obtained in our procedure. We consider a unitary

folding test that consists of the �delity study of the CX gate when we apply a unitary

Un for di�erent powers n. As we can expect, the �delity of the resulting operation

68



CX Un decays asn grows. In this version of the unitary folding test, the procedure

can amplify incoherent and coherent noise. We consider the coherent noise model

CX ! CX � E � GCX ; (3.4)

where the original gateCX is modi�ed by an error mapE producing the operational

gate GCX . Under this model, the two folding experimentsCX Un
0 and CX U1, with

U0 = GCX GCX = ( CX � E)2 and U1 = GCX G� 1
CX = I . The observed process �delity

shows (see Fig. 3.11(a) and (b)) that we cannot model the operational gate by a

product of the original operation (ideal) with an error map. Mainly, the signi�cant

�delity decay in the U1 folding data suggests an important level of incoherent noise

still present in two relevant sectors of IBMQ-Montreal: qubits 0,1 and qubits 3,5,

at the time this experiment was performed. Qubit pair 7,10 had the worst reported

entangling operation �delity. As we can see in Fig. 3.11(c), the �delity 
uctuates

for U0 and U1 folding with no clear evidence of coherence error mitigation for any

power n. A possible scenario that explains the inconclusive nature of the unitary

folding test on these qubits is that the HI was applied on a non-self-inverse quantum

operation. The CX gate between these two qubits, 3 and 7, could be quite di�erent

from the ideal CX because our assumed noise model is incorrect. Further, if the

default gate is not self-inverse, we cannot expect the HI to mitigate coherent noise

because cancellation will not occur.

Application to VQE: The performance of the VQE algorithm, like any other

quantum-classical variational algorithm, depends partly on the selection of the clas-

sical optimizer and the circuit ansatz. We applied HI to theCX gates used in

the UCC3 ansatz, and observed improved convergence performance in the learning

process for BOBYQA, a gradient-free solver (see Fig. 3.13 (a) and (b)) in terms

of the number of iterations required to reach convergence. When using the Adam

optimizer we observe the same performance between HI and RC on Montreal. On
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Jakarta, while the HI data converge faster, the RC data converges to a better min-

imum energy after 100 iterations. The Adam solver is an algorithm for �rst-order

gradient-based optimization with stochastic objective functions. The algorithm is

appropriate for non-stationary and very noisy gradients. Therefore, up to certain

level of noise, the Adam solver is better adapted to the problem. Thus, the choice of

optimal QEM method depends on ansatz, optimizer, and even the underlying qubits.

We exploit the sequential application ofCX s in the UCC3 ansatz to placeCX � 1

after a CX . The HI requires aCX sequential design, making the method more e�ec-

tive as the sequence gets longer. However, practical considerations also play a role.

In general, the application of HI should depend on the magnitude of the rotation

in between CX gates; for large rotations, the inverse will amplify rather than cancel

coherent noise. In the experiments shown in Fig. 3.13, the nature of batching and

queue priority prevented a practical implementation of a conditional rotation check

for HI application because it requires a circuit recompilation on a per-shot basis.

Therefore the improvements shown for HI in these experiments may not be optimal

for all iterations.

To understand the e�ect of various noise sources and their interaction with the

HI during VQE execution, we performed numerical simulations. Speci�cally, we con-

struct loss landscapes of the VQE example considered above, as loss landscapes can

provide key insights into the optimization problem independent of the chosen opti-

mizer. Understanding how noise a�ects a loss landscape can help us make general

predictions about higher level algorithm performance, particularly during optimiza-

tion. In order to make three-dimensional visualization possible, we �x one of the pa-

rameters of the UCC3 ansatz and plot the calculated energy as a function of the two

other free parameters. We consider two di�erent noise models in these simulations.

First, we consider a time-independent mixed unitary noise channel parameterized by
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� (noise strength) and� (unitarity). This channel is expanded as

"G(� ) = � � " c
G(� ) + (1 � � ) � " s

G(� ) ; with (3.5)

" c
G(� ) = exp( � i�G )� exp(i�G ) and

" s
G(� ) = cos2(� )I�I + sin2(� )G�G :

(3.6)

G is the ideal intended operation, and"G is the noisy operation with " c
G as the

coherent part and" s
G as the incoherent part. One nice feature of parameterizing the

noise channel this way is that the channel �delity is independent of� . This feature

allows us to generate comparable coherent and incoherent noise channels by varying

� . Figure 3.14(a) compares the ideal landscape to that of a coherent error channel

(� = 1 and � = 0.02) and an incoherent error channel (� = 0 and � = 0:02). We

�nd that coherent error leads to horizontal shifts in the landscape compared with

the ideal case and a slight increase in the minimum energy value.

On the other hand, incoherent error leads to 
atter landscapes with a noticeable

di�erence in the minimum energy value. As a result, one can expect a better eigen-

value approximation from coherent errors and a better eigenvector approximation

from incoherent errors of similar noise strengths. We also simulated the e�ect of

randomized compiling in the presence of coherent errors, as seen in �gure 3.14(b).

We �nd randomized compiling aims to re-center the horizontally shifted landscapes

(due to coherent errors) but increases the minimum energy value. In addition, we

consider the action of the HI on an induced coherent noise by over-rotation and show

how this a�ects the loss landscape (see Figs. 3.15(a) noisy, and (b) mitigated by HI).

We consider a more damaging time-dependent coherent error in the two-qubit en-

tangling operations with [ZX ](1+ � )� with � � N (0; "). We calculated a root mean

square surface roughness of the loss landscape plot as 0.1065 for the default Ansatz

and 0.0611 for the HI-optimized Ansatz. We observe a partial recovery of the loss

landscape from the noise in
uence by applying the hidden-inverse.
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This result gives a reasonable inference on the possible reasons for the energy con-

verged values in the on-hardware experiments. Due to incoherent noise, the hidden-

inverse and the RC do not improve the converged energy value in the VQE learning

path, while they do improve convergence. Applying these methods in combination

with another QEM technique, such as readout error mitigation, would potentially

yield both faster convergence and a better minimum energy.

Figure 3.14: Comparing the e�ect of simulated noise in VQE optimization
landscape and the result of applying randomized compiling: We show how a
coherent or incoherent error channel modi�es the loss landscape of the UCC3 ansatz
for the H2 molecule. (a) Loss landscape for three cases: ideal (green), subjected to
coherent noise (blue), and incoherent noise (red). For each case, we draw individual
planes representing the minimum of the landscape at the energy levels -1.128 Ha
(ideal), -1.1256 Ha (coherent), and -1.098 Ha (incoherent). Inset displays illustration
of the landscape behavior (not to scale): coherent error causes horizontal shifts of
the landscape and a slight increase in the minimum energy point, while incoherent
error results in 
attened landscapes with increased minimum energy point. In (b),
we present an identical plot as (a), with incoherent error landscapes replaced with
the result of applying randomized compiling (red) to the coherent noise channel. We
�nd RC centers the horizontal shifts but raises the minimum energy level (-1.094
Ha).
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Figure 3.15: E�ect of simulated time-dependent coherent noise in VQE op-
timization landscape and result of applying HI: Panel (a) shows the structure
of the noisy VQE optimization landscape (Enoisy), and panel (b), shows the same
landscape with HI applied (HI [Enoisy ]).

3.8 Conclusions

Here, we have explored methods of coherent noise mitigation and characterization

on a trapped ion quantum processor. We note that low-level noise characterization

schemes, consisting of both modeling and noise ampli�cation, combined with noise

mitigation techniques, can be used to estimate the sources of noise in trapped ion

platforms. Low level characterization techniques, beyond solely measuring gate �-

delities, help to make a connection between noise at the gate and quantum control

levels and higher level performance. Here, we motivated the use of VQE for quantum

chemistry as a key high level application whose performance is correlated with the

noise sources studied here.

Furthure, we studied the e�ects of inverse gates on the performance of a vari-

ational quantum algorithm and compared it with randomized compiling. The HI

implementation does not require prior knowledge of the noise source besides the co-

herent noise model and does not require extra quantum resources (gates). We start

from the default pulse structure of the gates to build their inverses and apply them
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to the latter gate of each pair of CXs in the circuit to enable noise cancellation. The

mitigation boosts the performance of BOBYQA, reducing the number of iterations

and, thus, the quantum resources required to reach a converged value. We further

explored the e�ectiveness of randomized compiling. We noticed its capability of re-

ducing coherent noise at the cost of additional single qubit gates at each CX location

in the circuit. Simulations suggest that incoherent noise is also present in the on-

hardware experiments, which matches with prior experience and VQE experiments

on superconducting platforms. Incoherent noise could explain the higher ground

state found in several cases regardless of the coherent error mitigation method used.

The results show that the HI mitigation mechanism, previously demonstrated on

trapped ion platforms, is also e�ective on superconducting hardware. Combining

this QEM method with incoherent noise mitigation schemes should yield improved

performance in future VQE applications.
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4

Characterizing large scale quantum systems

In recent years, there has been signi�cant advancements in the development of quan-

tum systems for computing applications. However, as the size of these systems

continue to increase, there is a pressing need for practical methods to assess their

quality and performance. The traditional approach of fully characterizing an arbi-

trary quantum process is to estimate its process matrix [NC00; AL04]. However,

the number of terms in the process matrix grows exponentially with the system size,

making it di�cult to accurately estimate the process matrix through protocols such

as quantum process tomography or gate set tomography [Nie+20]. This exponential

overhead can be circumvented if one is only interested in a quality metric which

only requires partial information about the noisy gate. Randomized benchmarking

(RB) [EA _Z05; MGE12] experiments can measure the quality of individual gates but

have di�erent scalability issues (implementing primitive cli�ord operations require

O (N 2=logN ) two qubit gates) [EWP+19]. As such RB can only be applied to a

few qubits [McK+19] and they cannot detect system errors that appear only when

one scales up the system size. System errors such as crosstalk can have a signi�cant

impact on the performance of large-scale systems. To address these limitations, tech-

niques such as quantum volume [Cro+19] and cross-entropy benchmarking [Boi+18]

have been proposed to certify the performance of large-scale quantum systems. While

these protocols have been successful in the short term, they are not truly scalable as

they require access to a ground truth that is not computationally feasible to simulate
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Figure 4.1: Estimating error per circuit layer. We breakdown the number of
qubits to characterize into two parts, run identical random circuits on both and
�nally perform a swap test.

as the system size scales.

In this chapter, we present a scalable error characterization protocol that aims

to certify the performance of large-scale quantum computers without the need for

classical simulation. To this end, we propose a new protocol Error Per Circuit Layer

(EPCL), to estimate the error in a layer of quantum operation independent of the

system size, and take into account various local and global error sources while being

SPAM-resistant. The metric produced by this protocol represents the depolarizing

probability of a global depolarizing channel acting on the entire qubit register after

a single layer of circuit operations. Additionally, our protocol can be used to detect

systematic noise, spatial homogeneity of noise, and the weight of error processes.
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4.1 Estimating average �delity of cycles

We now introduce the protocol to estimate device noise of a quantum processor

(or between multiple processors). It can be seen as combining purity estimation

[WE16] within a randomized benchmarking framework. We assume the device has

an incoherent independent noise channel. Our protocol can be used to estimate

�delity of cycles of quantum operations sampled from universal gate set without

requiring any classical simulation.

ˆ Identify two ensembles of n qubit quantum processor to characterize and a

single ancilla qubit for a total of 2n + 1 qubits.

ˆ Select a set of depths (cycles)d = (1 ; :::; dmax ).

ˆ For each depthdi , generateM random sequences on n qubits, drawing gates

from an universal gate set.

ˆ Apply the same sequence on the two n-qubit ensembles, and perform a swap

test on the entire register with the measurement qubit as the control qubit in

the swap test. Repeat this procedure for di�erent sequences and over all depths

and store the state overlap 2� (Pm=0 ;di � 1
2) where Pm=0 ;di is probability of

measuring the ancilla qubit in zero state for depthdi . In the absence of noise

this quantity is always one.

ˆ Fit E
�
2 � (Pm=0 ;di � 1

2)
�

= 1
2n � p2di (1� A � 2n )

2n wherep is the depolarizing prob-

ability per layer.

ˆ Estimate p.
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4.2 Algorithmic modi�cation in the presence of coherent error

In the presence of spatially homogeneous coherent errors in the device, we can modify

the protocol to incorporate these errors in the noise estimate. The modi�cation is

made in Step 4, where instead of applying the same circuit to two n-qubit ensembles,

we generate multiple randomly compiled versions of the circuit [WE16]. These ran-

domly compiled versions are logically equivalent in the absence of noise. By applying

two di�erent randomly compiled versions, we can e�ectively twirl the noise. From

there, we can proceed with the rest of the procedure outlined in Section 4.2.

4.3 Numerical simulations and Experimental implementations

4.3.1 Noise model for numerical simulations

In order to numerically simulate and verify our procotol, we use di�erent noise mod-

els such as depolarizing noise, realistic mixed coherent incoherent noise, interaction

errors like cross talk, and error from circuit mapping overhead of controlled swap

operations. In this section, we describe these models and present the outcomes of

our protocol.

Depolarizing noise : Our simplest model is a depolarizing noise channel on sin-

gle and two qubit gates. In our simulation we use the same depolarizing probability,

pd=0.01, for single qubit and two qubit gates. This is because our protocol does not

distinguish between single qubit and two qubit errors but we are interested in the

total error of a layer. This depolarizing probability corresponds to 99.5% single qubit

gate �delity and 99.25% two qubit gates. We use a 11-qubit processor, to charac-

terise the noise after a layer of quatum operations on 5-qubits. To do so, we divide

the processor into two sets of 5-qubits and an ancilla qubit, and apply our protocol.

The data from the simulation, as well as the corresponding �t is plotted in Fig. 4.2.

The estimated 5 qubit depolarizing channel has a depolarizing probability (~p5
d) of
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Figure 4.2: Purity plotted against the number of layers for a noise model
with single qubit and two qubit depolarizing noise.

0.026 which results in a per layer �delity of 97:48%. If we assume the noise channel

is a single qubit depolarizing noise on every qubit per layer, then the equivalent per

qubit �delity is 99.49%.

Mixed unitary channel: A more physically realistic model involves a mixed

coherent incoherent and incoherent channel parameterized by two parameters� and

� . � dictates the strength of the channel and� re
ects the coherence of the noise.

We can model the behavior of the noise process as ideal gate followed by this noise

channel [Wal+15; She+16a; Fen+16; Deb+18]

"G(� ) = � � " c
G(� ) + (1 � � ) � " s

G(� ) ; with (4.1)
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Figure 4.3: Purity plotted against the number of layers for a noise model
with purely coherent error. We �nd the estimated probabilities do not match
with the theoretical prediction as the noise is identical and coherent in both circuits.

" c
G(� ) = exp( � i�G )� exp(i�G ) and

" s
G(� ) = cos2(� )I�I + sin2(� )G�G :

(4.2)

In our numerical simulations, we �x � = 0:05 and� = 1 which results in a purely

coherent channel and demonstrate the need for modifying our algorithm as in Sec

4.2 to account for coherent errors. We plot the result from the simulation in Fig 4.3,

which shows that our original protocol fails. This is because if the noise is identical

and coherent on both of the circuits, the resulting density matrix is pure hence the

purity does not decay as we increase circuit depth. But instead if we use the modi�ed

protocol where we apply randomly compiled circuits on the two sets of qubits, we get

Fig 4.4. For the simulation here, we pick 100 di�erent randomly compiled circuits.

The exponential decay in Fig 4.4 shows that the noise channel has been twirled. The
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Figure 4.4: Purity plotted against the number of layers for a noise model
with purely coherent error but with modi�ed protocol that twirls the
error independently on the two circuits. We �nd the estimated probabilities
now do match with the theoretical prediction.

theoretical �delity of a single layer across �ve qubits in with the noise parameters is

97:59% with depolarizing probability of 0:025 and the estimated single layer �delity

from our protocol is 97:48% and depolarizing probability is 0:026. As seen in Fig

4.4, there is a good match between the theoretical prediction and noisy simulation.

System errors: Crosstalk

System errors in quantum computers are errors that arise due to the complex

interactions between the many quantum bits (qubits) that make up a quantum com-

puter. These errors can be di�cult to predict and can have a signi�cant impact on

the accuracy of quantum computations. One example of such an interaction error

is crosstalk. Crosstalk in quantum computers refers to the phenomenon where the

81



Figure 4.5: Comparison of purity plotted against the number of layers for
a noise model with a cross-talk and one without. We �nd the estimated
probabilities are sensitive to cross-talk error.

operation of one qubit can a�ect the state of another qubit. This can happen when

qubits are placed too close to each other, or have similar addressing frequency allow-

ing them to interact and interfere with each other. We simulated two noise models

one with and the other one without crosstalk and demonstrate how our protocol is

sensitive to this interaction error as expected. Our noise model only includes nearest

neighbor crosstalk for simplicity and crosstalk is modeled as depolarizing noise in

neighboring ions. In reality, just like gate errors, crosstalk will also have a coherent

part which can be twirled. Fig 4.5 shows the simulated results and the �t with and

without crosstalk error. We �nd the �delity per layer without crosstalk is 97:43%

and �delity with crosstalk is 96:95%.

Swap gate errors: One apparent challenge of this protocol is the high cost of
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