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Abstract

Entropy production in relativistic heavy-ion collisions is an important physical quan-
tity for studying the equilibration and thermalization of hot matters of quantum
chromodynamics (QCD). To formulate a nontrivial definition of entropy for an iso-
lated quantum system, a certain kind of coarse graining may be applied so that the
entropy for this isolated quantum system depends on time explicitly. The Husimi
distribution, which is a coarse grained distribution in the phase space, is a suit-
able candidate for this approach. We proposed a general and systematic method of
solving the equation of motion of the Husimi distribution for an isolated quantum
system. The Husimi distribution is positive (semi-)definite all over the phase space.
In this method, we assume the Husimi distribution is composed of a large num-
ber of Gaussian test functions. The equation of motion of the Husimi distribution,
formulated as a partial differential equation, can be transformed into a system of
ordinary differential equations for the centers and the widths of these Gaussian test
functions. We numerically solve the system of ordinary differential equations for the
centers and the widths of these test functions to obtain the Husimi distribution as
a function of time. To ensure the numerical solutions of the trajectories of the test
particles preserve physical conservation laws, we obtain a constant of motion for the
quantum system. We constructed a coarse grained Hamiltonian whose expectation
value is exactly conserved. The conservation of the coarse grained energy confirms

the validity of this method. Moreover, we calculated the time evolution of the coarse
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grained entropy for a model system (Yang-Mills quantum mechanics). Yang-Mills
quantum mechanics is a quantum system whose classical correspondence possesses
chaotic behaviors. The numerical results revealed that the coarse grained entropy for
Yang-Mills quantum mechanics saturates to a value that coincides with the micro-
canonical entropy corresponding to the energy of the system. Our results confirmed
the validity of the framework of first-principle evaluation of the coarse grained en-
tropy growth rate. We show that, in the energy regime under study, the relaxation
time for the entropy production in Yang-Mills quantum mechanics is approximately
the same as the characteristic time of the system, indicating fast equilibration of the
system. Fast equilibration of Yang-Mills quantum mechanics is consistent to cur-
rent understanding of fast equilibration of hot QCD matter in relativistic heavy-ion

collisions.
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1

Entropy production in relativistic heavy-ion
collisions

This dissertation focuses on a theoretical framework for evaluating the coarse-grained
entropy production of a chaotic quantum system and demonstrating the numerical
results for a specific example: Yang-Mills quantum mechanics. As will be discussed
in Sect. 1.4, Yang-Mills quantum mechanics is the infrared limit of the color SU(2)
gauge theory. Studying entropy production and equilibration of Yang-Mills quantum
mechanics serves as a preparation as well as a toy model for studying the equilibration
and thermalization of hot matter governed by the theory of quantum chromodynam-
ics (QCD). We will begin by introducing some physical background as the motivation

of this project.
1.1 QCD and its phase transformations

Quantum chromodynamics (QCD) is a non-Abelian gauge theory with the gauge
group SU (3), coupled with fermion fields (quark fields) [PS95]. The quantized gauge
fields that mediate QCD interactions are gluons, which are spin-1 gauge bosons.

The quarks are spin-1/2 fermions with six flavor degrees of freedom, each flavor

1



corresponds to a distinct quark mass. Among the six flavor degrees of freedom, the
three quark flavors corresponding to the three lightest quark masses are u (up), d
(down), and s (strange). Bound states of quarks, i.e., hadrons, of masses below
1.7 GeV are typically formed by these flavors. Since u and d quark masses are very
close, QCD is usually studied in the limit that v and d quarks possess the same
current quark mass, the isospin symmetry limit. In this limit, QCD interactions are
invariant under rotations in the isospin space [Gri87].

In addition to isospin symmetry, QCD possesses an exact symmetry related to
the SU(3) color degrees of freedom. In this symmetry, N, color degrees of freedom
are associated with each flavor of quark [Gro93] and N2 — 1 color degrees of freedom
are associated with the gauge bosons (gluons), where N, = 3. Three colors of quarks
form a triplet in the fundamental representation of the gauge group SU(3), while
eight colors of gluons form an octet in the adjoint representation of the same gauge
group [Bar97].

Both theories and experiments reveal that QCD is asymptotically free. The effec-
tive color charge, a sum of the test charge carried by a quark and the induced charge
by vacuum polarization, decreases when one goes from the low momentum (long
distance) regime to the high momentum (short distance) regime of the test charge
[PS95, Gri87, YHMO5]|. The QCD coupling is anti-screened by vacuum polarization.
Therefore, the coupling decreases at short distance and increases at long distance.

It is convenient to define a momentum scale parameter as a reference to the run-
ning of QCD coupling with respect to any momentum scale [PS95, Gri87]. This QCD
scale parameter Aqcp is based on experimental measurements, Aqcp ~ 200 MeV
[PS95, YHMO5]. Aqep is not only important for QCD in vacuum, but also for QCD
at finite temperature. At finite temperature, QCD possesses well-defined thermo-
dynamic properties. An important temperature scale in the study of QCD phase
diagram is the temperature scale around 7. ~ Agcp, where a phase transition con-

2



nected to chiral symmetry breaking occurs.

In the limit where one neglects the masses of N; quark flavors, chiral symme-
try means left-handed and right-handed quarks transforms independently under the
SU(N¢)r x SU(Ny)g chiral transformation. Under chiral transformation, a left-
handed quark remains left-handed, while a right-handed quark remains right-handed.
In the limit where v and d quark are massless, chiral symmetry SU(2), x SU(2)g cor-
responds to SU(2) flavor rotations of (ur,dr) and (ug,dg) doublets independently.
With finite light quark masses, chiral symmetry is an approximate symmetry.

Denote a u or d quark field by ¢. A quark-antiquark pair is denoted by gq, where
49 = qrqr + qrqr- In the ground state of QCD the vacuum expectation of the gqq
pair {(gq)o breaks the chiral symmetry spontaneously. As temperature T increases,
the gq pairing is gradually dissociated by thermal fluctuations, and the transition
from the {(gq) # 0 phase to the (Gg) = 0 phase will eventually take place [YHMO5].
Therefore, the thermal expectation value of the gq pair {(Gg) can be used as a measure
of dynamical breaking of chiral symmetry [YHMO5].

Another phase transition of interest is the confinement-deconfinement phase trans-
formation. At temperature below 100 MeV, quarks or antiquarks cannot be isolated
from their bound states by a finite amount of energy. This is the confinement of color
[PS95, Gri87, YHMO5]. Physicists believe that the QCD matter undergoes a phase
transformation around a (pseudo-)critical temperature, where quarks and gluons
transform from the confined phase (hadrons) into the deconfined phase (quark-gluon
plasma). Deconfinement phase transition is found in the pure gauge theory (at a
critical temperature of about 270 MeV), and it also occurs in theories with light
quarks (at a critical temperature of about 200 MeV). The order parameter of the

deconfinement phase transformation is the Polyakov loop. The Polyakov loop in the
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FIGURE 1.1: The renormalized chiral condensates A;; (left panel) and the renor-
malized Polyakov loop L, (right panel) as functions of temperature, obtained by
the SU(3) lattice gauge theory with three flavors of quarks [B*09]. These results
indicate the transition temperature T ~ 200 MeV.

fundamental representation of color-SU(3) is defined as,

1 /T AP
L =—tr|Pexp z'gf drAY (x,7) = | |, (1.1)
N, . 2

where N.=3, P denotes that the exponential is path-ordered, T" denotes the tem-
perature, and A’ are the generators of SU(3) transformations in the fundamental
representation. The renormalized Polyakov loop L., has been evaluated as a func-
tion of temperature with lattice gauge theory. The confined phase is achieved at low
temperature when L, — 0, and the deconfined phase is reached at high temperature
when Lo, — 1.

In Figure 1.1, the renormalized chiral condensates A (left panel) and the renor-
malized Polyakov loop L, (right panel) as functions of temperature are obtained by
the SU(3) lattice gauge theory with three flavors of quarks. The renormalized chiral

condensates A, ; is defined as [B*09]:

qoyr — 55T

AeelT) = Gayo — 32880

(1.2)

where m, and m, denote the light and strange quark masses respectively. The
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quark condensates are contributed by the effects of spontaneous symmetry breaking
and explicit symmetry breaking (mass dependence). In eq. (1.2), the strange quark
condensate (5s)r scaled by the mass ratio m,/m; is subtracted from the light quark
condensate (gqyr. Thus the mass dependence of (Gg)r is approximately canceled,
and the expression of A;4(7") is contributed mainly by the effect of spontaneous
symmetry breaking.

The results in Fig. 1.1 indicate that the phase transformations of deconfine-
ment and chiral symmetry breaking occur at a (pseudo-)critical temperature Ty ~

200 MeV. We summarize the important physics aspects as follows:

e For T' > T, A 4(T) are either small or approximately zero so that light quark
masses are close to their current values, and thus chiral symmetry is restored
in this phase except for the violation due to the current quark masses. On
the other hand, the deconfined phase is reached at high temperature when
Lyen — 0.

o For T < Te, A 5(T) — 1. The chiral quark condensates contribute to the
effective masses of light quarks so that the effective masses increase up to few
hundreds of MeV, and chiral symmetry is spontaneously broken in this phase.

On the other hand, the confined phase is achieved at low temperature when

Lren — 0.

Since QCD matter undergoes a phase transformation (crossover) at 7o ~ 200 MeV,
physicists may explore the deconfined phase of the QCD matter at a sufficiently
high temperature. This high temperature can be achieved in an accelerator by head-
on collisions of heavy nuclei. Through these experiments, physicists can study the
physical properties of the hot QCD matter. We introduce the basic kinematics and

dynamics of the relativistic heavy-ion collisions in the next section.



1.2 Relativistic heavy-ion collisions

Hot QCD matter can be produced by the experiments of high-energy heavy-ion colli-
sions. These experiments have been carried out at the Relativistic Heavy-Ion Collider
(RHIC) and the Large Hadronic Collider (LHC). In this Chapter, our discussions are
based on the experimental results from RHIC. The experimental setup at RHIC is
achieved by colliding two beams of highly energetic nuclei at a top center of mass
energy of 200 GeV per nucleon pair. Shortly after the collision, the nuclear mat-
ter equilibrates and thermalizes, forming a new state called the quark-gluon plasma
(QGP). It has been shown that QGP is a nearly perfect fluid [MNO6]. The space-
time evolution of QGP can be described by ideal relativistic hydrodynamics. In
this Section, we briefly discuss the basic kinematics and dynamics of the space-time
evolution of QGP.

In this chapter, we use the natural units, ~ = ¢ = 1. In the natural units,
the energy density for normal nuclear matter is €y ~ 0.16 GeV/ fm®. Now we briefly
discuss how to estimate the energy density of hot QCD matter. We define the proper

time:

T:t/VZt\/l—UQZ\/tQ_ZQ- (1.3)

Space-time rapidity is defined as:

y = %m (Hz) (1.4)

t— =z

Momentum-space rapidity y is defined as:

_ 1 E+pz _ —1 pz
Yy = §1nl } = tanh <E)’ (1.5)

where F denotes the energy of the particle and p, denotes the momentum of the
particle along the beam axis, here the z-axis. Throughout this dissertation, we

6
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FIGURE 1.2: The pseudo-rapidity distributions for charged particles at the center
of mass energies 19.6, 130 and 200 GeV per nucleon pair, respectively, for various
different centralities [BT05].

assume that these two definitions (1.4) and (1.5) are identical [YHMO5]:
y=Y. (1.6)

Under a boost along the z-axis to a frame with velocity 3, the rapidity transforms

as
y — y —tanh ™' 3. (1.7)

The difference of the rapidities of two particles is invariant under a boost along the

the beam axis [N*10]. Thus the shape of the rapidity distribution dN /dy is invariant



under this transformation. Another definition is the pseudo-rapidity, which is:

— us

where 6 is the polar angle of the momentum p with respect to the z-axis. Taking

negligible particle mass as, £? = p? + m? ~ p?, we have [YHMO05]:

1 Ip| + p- 1 1+ cosd 7
Y¥3 n[[p]—pz 2 1= cosd " tan2 " (1.9)

Thus y ~ n for |p| >> m. Since the pseudo-rapidity 7 is related to the angle 6 with
respect to the beam axis, and thus 7 is a useful quantity [YHMO05].

The multiplicity distributions for charged particles dN.,/dn as function of pseudo-
rapidity are shown in Fig. 1.2, at the center of mass energies 19.6, 130 and 200 GeV
per nucleon pair for various different centralities [BT05]. At mid-rapidity (nearby
n ~ 0), dNg/dn is relatively constant as a function of 7. This suggests in mid-
rapidity region, dN.,/dy is independent of y. We will use this fact when we evaluate
the entropy per unit rapidity dS/dy in Sect. 1.3. In Fig. 1.2, as the center of mass
energy increases, the central plateau region becomes wider.

The results for dN,/dn in Fig. 1.2 justify the Bjorken picture of heavy-ion col-
lisions, depicted in Fig. 1.3. The space-time diagram in Fig. 1.3 shows that, in the
center of mass frame, two nuclei collide at z = 0 and 7 = 0. Hyperbolic curves
denote the space-time points with constant 7, because 7 = /12 — 22. Quark-gluon
plasma exists from 79 ~ 1 fm to 7 ~ 10 fm.

Following the picture proposed by Bjorken [Bjo83], we can show that entropy per
unit rapidity stays as a constant in time for the perfect fluid. We assume that the
QGP expands only in the longitudinal direction. From (1+1)-dimensional hydrody-

namics for perfect fluid, the energy density and pressure are related by [Bjo83]:
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FIGURE 1.3: Space-time evolution of two colliding nuclei, as originally depicted
by Bjorken [Bjo83]. In the center of mass frame, two nuclei collide at z = 0 and
7 = 0. Hyperbolic curves denotes the space-time points with constant 7, because
T = /t? — 22, Quark-gluon plasma exists from 79 ~ 1 fm to 7 ~ 10 fm. Thus
hydrodynamics is valid in this time regime.

de e+ P
+ =

P

0, (1.10)

and the entropy densities at the initial time 7, and the time 7 are scaled by [Bjo83]:

() = s(m) 2, (1.11)

where ¢, P and s denote the energy density, pressure and entropy density, respec-
tively. Equation (1.11) implies that the entropy per unit rapidity is a constant of
motion [Bjo83]. In the rest frame of the fluid [Bjo83],

d*x = d’x (1dy). (1.12)
Consider the entropy in the small interval dy around the mid-rapidity region [Bjo83]:

ds = Jdgx s = Tsfdzdey. (1.13)

9



Therefore [Bjo83],

% (%) _ diT (73) fd%q —0. (1.14)

Thus, during the longitudinal expansion,

d
d—j = constant, (1.15)

assuming a perfect fluid. Because QGP is a nearly perfect fluid, the effect of viscos-
ity should be taken into account, and thus dS/dy is nonzero during hydrodynamic
evolution. In the next Section, we will discuss the contributions of each stage of
the relativistic heavy-ion collisions to the total dS/dy. As will be discussed, only
about 10% of the entropy is produced through the hydrodynamical evolution of QGP
[FKM™09]. A large fraction of the entropy is produced during the equilibration and

thermalization stage of the matter.
1.3  Entropy production at RHIC

In relativistic heavy-ion collisions, entropy is produced due to the production of
particles [LR02, MRO5]. It is directly related to the study of the equilibration and
thermalization of hot QCD matter shortly after the collisions happen. The final
entropy per unit rapidity dS/dy produced in high-energy nuclear collisions at RHIC
is well known experimentally. The entropy per unit rapidity dS/dy at mid-rapidity
is obtained by [MRO5]:

d_S o dNtot
dy  dy

S
X 7 (1.16)

where S/N denotes the entropy per hadron and dN,,/dy the total particle number
per unit rapidity at mid-rapidity. dNV;./dy is obtained from experimental measure-
ments, while S/N is estimated in theory. For example, in Ref. [MRO05], the final

10



entropy produced per unit rapidity produced in central Au+Au collisions at the top
RHIC energy of 200 GeV per nucleon pair in the center-of-mass frame is estimated
to be dS/dy ~ 5600 + 500 at mid-rapidity. We note that the value of dS/dy at
freezeout depends on the estimated value S/N. The quantity S/N is a function of
temperature, chemical potential and the number of the hadronic resonance states
at freezeout. For various estimation methods [SH92, PP04, MR05, NMBAO05], the

estimated values of dS/dy lie within a range of

ds
5000 < —— < 9000, (1.17)
y

with a 10% error associated with each individual estimation. Here we briefly discuss
how the value of dS/dy is estimated. As shown in the previous Section, we note that
the shape of the rapidity distribution dN/dy is invariant under a boost along the
z-axis [NT10]. Experimentally, the pseudo-rapidity distribution for charged particles
is obtained at freezeout [B*02, MRO5]:

~ 665, (1.18)

at mid-rapidity for the 6% most central Au+Au collisions at /sy = 200 GeV. Due
to the relation between 1 and y, the rapidity distribution for charged particles at
mid-rapidity is about 10% larger, which is [B*05, MR05]:

dN, ch
dy

~ 732. (1.19)

Thus the total number of particles per unit rapidity is [MRO5]:

dNtot chh 3
— ~ — - | = | & 1098. 1.2
R ( 2) 098 (1.20)
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To obtain dS/dy in eq. (1.16), we estimate the entropy per hadron S/N for a rela-

tivistic ideal gas. The entropy per particle is obtained by:

S (e+P)
= (1.21)

where €, P, n and T denote the energy density, pressure, number density and temper-
ature, respectively. Suppose these particles form a relativistic nondegenerate ideal
hadron gas at freezeout. The hadron gas is composed of different hadron species,
with distinct masses. For simplicity, we assume all hadrons have the same mass m.

For a relativistic nondegenerate ideal gas [Pat97]:
f(p) = e BT = e=vP4m?/T, (1.22)

where m denotes the mass of the hadron. Let p/T = x and m/T = z. The number

density is:

n — d*p _ 4 QG—W/T
J s 10 = g

T3 0 > VTR
= — | dxate VT, (1.23)

2
21 )y

The energy density is:

d’ Am 2, /2 2 ,—/p?+m?
C J(zw];?)Ef(p):(zw)fﬂfdpp e !

T4 0
—— | dr Va2 22e VT (1.24)

2
21 Jo

The pressure is:

d3p p2 47 p2 2 2
P = —r = — Ndm?*—L_ o~Vpm¥T
J GaE W = Gy | 05

T4 0 113'4
R (L S (1.25)
672 J, Va2 + 22 ' '
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FIGURE 1.4: Entropy per hadron S/N as a function of m/T.

By (1.23, 1.24, 1.25), we obtain the entropy per particle:

S  (e+P)
T = (1.26)

Since z = m/T, we obtain S/N as function of m/T', as depicted in Fig. 1.4. By
Fig. 1.4 and the inputs m = 800 MeV and T = 170 MeV [MR05, NMBAO5], we

obtain:

~ 7.52. (1.27)

=

By (1.16, 1.20, 1.27) , the entropy per unit rapidity is then:

S

£2 5 1100 x 7.52 ~ 8270, (1.28)
dy

which is consistent with (1.17).

The entropy produced at RHIC can be analyzed by studying the following differ-

ent stages, each of which has a distinct mechanism for generating entropy [FKM™09]:

e The decoherence of initial nuclear wavefunctions and the formation of flux tubes
of chromo-electric and chromo-magnetic fields along the beam axis. These color
fields are called glasma, which is a transition state between the initial nuclear
wavefunctions and quark-gluon plasma [LMO06, Gell1].

13
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FIGURE 1.5: History of entropy in relativistic heavy-ion collisions [FKM™*09].

e Thermalization of the glasma, formation of the quark-gluon plasma
e Hydrodynamics expansion

e Hadronization at freezeout

These stages and the corresponding entropies produced are indicated in Fig 1.5.
In the decoherence stage, the loss of coherence is measured by the decay of the off-
diagonal elements of the density matrix p. We can evaluate the decay rate of the

quantity [FKM*09]:

tr [/°]

(e [p])*

Since the denominator contains only the contribution from the diagonal matrix ele-

(1.29)

ments, the contribution from the off-diagonal elements is revealed by this ratio. The

decoherence entropy is estimated [FKM™09]:

(ﬁ) ~ 1,500. (1.30)
dy deco
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The entropy at thermalization is approximately [FKM™*09]:

<§> ~ 4, 500. (1.31)
AY / ther

These theoretical studies suggest that at least half of the final entropy is produced
during a rapid equilibration and thermalization period during the initial phase of
the nuclear collision, with a thermalization time about 1.5 fm/c or less [FKM™09,
KMO™10]. It has been pointed out that the nuclear matter is transformed in this
rapid equilibration stage from saturated gluonic matter in a universal quantum state
(CGC), called the color-glass condensate, into a thermally equilibrated quark-gluon
plasma [McL05, MNO6]. It is an important theoretical challenge to construct a
formalism capable of describing the entropy production during this equilibration

and thermalization process.
1.4 Yang-Mills quantum mechanics

As discussed in previous sections, a large fraction of entropy is produced by the hot
nuclear matter during the equilibration stage of the relativistic heavy ion collisions. It
is important to understand how entropy is produced during this equilibration stage.
Therefore, we follow the work in [BMM94] by constructing a model system that can
be used to study the entropy production in quantum mechanics. We introduce this
model system as follows.

The dynamics of the hot nuclear matter is governed by quantum chromodynamics
(QCD), which is the color-SU(3) gauge theory of quarks and gluons. Denote the
quark field with flavor f by ¢;. The QCD Lagrangian (density) is given by [PS95]:

1

L=y (iy' Dy — my) oy — S F (1.32)
f
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where the covariant derivative is defined as:
D,=20,—- igAZt“, (1.33)

and t* denotes the generators of the color-SU(3) gauge group. The generators t* (for
a=1,2,..,8) of the SU(3) gauge group satisfy [PS95]:

[t7,¢"] = i fo¢e, (1.34)

where fo¢ denote the structure constants of the SU(3) gauge group. For the color-

SU(3) gauge field, the field-strength tensor is [PS95]:
Fg, = 0,AL — 0,A5 + gf™ A} A5, (1.35)

At early times after the collisions, the dynamics of gluons dominates over that of
quarks. Therefore, we focus on a model system in which the quark contribution to
QCD is waived. Furthermore, for simplicity, we study the color-SU(2) Yang-Mills
gauge field.

Due to the above simplifications, the Lagrangian (density) for color-SU(2) Yang-

Mills gauge field reads:

1
L= Fi P, (1.36)

where a = 1,2,3. The field-strength tensor is [BMM94]:

FS, = 0,A% — 0,A% + ge™ AD A, (1.37)
where €% are the structure constants for the SU(2) gauge group. The SU(2) gener-

ators obey [PS95]:
[t%,¢"] = ie*t. (1.38)
The Euler-Lagrange equation for Yang-Mills field reads [PS95]:

oL oL
d(0nAa) ~ 0As
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for a = 1,2,3 and v = 0,1,2,3. By substituting (1.36) into (1.39), we obtain the

equations of motion [BMM94] :
a abc A pb e
MEG, + g APFL, = 0.

Define the stress-energy tensor [BMM94]:

1
T = = gu 5 F7" — FYOF,.

4

(1.40)

(1.41)

The solution for (1.40) can be obtained in the coordinate system where the Poynting

vector is zero [BG79, BMM94]:

T()j :Fa-FFl :O,

0~ 17

(1.42)

where the indices ¢ = 1,2,3 and j = 1,2,3. Besides, we work in the gauge [BGT79,

MSTAS81]:

Ay = 0,
;AT = 0.
By the conditions (1.42, 1.43, 1.44), we obtain [BGT79]:
0o AY — OiFf + ge™ AVFY = 0,
with
e AY 0y AS = 0.
Equation (1.42) becomes [BGT79]:
(0045) Fi =0
Due to (1.46), equation (1.47) becomes [BG79]:

(00A2) (A% — 0;A¢) = 0.
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(1.46)
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Equation (1.48) implies: (i) ;A = 0 (homogeneous); (ii) dpAF = 0 (static); (iii)
0; A3 — 0;AF = 0 (irrotational) [BMM94]. In the coordinate system eq. (1.42), we
choose to work under the condition (i) d;Af = 0, where the gauge field is spatially

homogeneous. Because of the condition (i) , the gauge field depends only on time:
AL = Af(t). (1.49)
Therefore, (1.45) becomes [BMM94]:
A2 — g (A7APAL — APAPAY) = 0. (1.50)

The equations of motion in (1.50) can be obtained from the Hamiltonian [MSTASSI,
BMMO4J:

7Y (AT x AY), (1.51)

a=1 a,b=1

iy
~
g
I
N | —
]
A~
>
S
%
_l_
e

where A® is the vector notation for A¢. Because a = 1,2, 3 and 7 = 1,2, 3, the number
of coordinates for the Hamiltonian in (1.51) is 9. In addition to this Hamiltonian,
there exist two conserved quantities for the system [Sav84, BMM94]. One of these

is the angular momentum in the ordinary space [BMM94]:
Mi = EijkA?Aza (152)

which is defined in terms of the cross product (in the ordinary space) of the gauge
field and the time derivative of the gauge field. For a system with no external torque,

conservation of angular momentum holds:
M; = 0. (1.53)
The other quantity is the external color charge density [BMM94]:

N® = ge®eA A (1.54)
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For the vacuum (no external color charge), the conservation law is [BMMO94]:
Ne =0, (1.55)

Equations (1.54) and (1.55) can be understood as follows. Consider the chromo-

electric field:
B = F2. (1.56)
The Gauss law for SU(2) gauge field is [PS95]:
0;E = p* — g e AVEY, (1.57)

where p® denotes the external color charge density. Under the choice of gauge in
(1.43) and (1.44), it is straightforward to show that E¢ = dyAS = A¢ and thus
N = e APE¢. Besides, 0;Ef = 0;(00AS) = 0p(0;A5) = 0. Thus the Gauss law in
(1.57) becomes:

po = g AP ES = N°. (1.58)

Thus N in (1.54) denotes the external color charge density, and N* = 0 holds for
the vacuum (no external color charge).

Due to these 6 constraint equations in (1.53) and (1.55), the number of degrees
of freedom for the Hamiltonian in (1.51) is 3. Therefore, we have the flexibility to
set q1 = gA], qo = gA3, g3 = gA3 and all other components to zero, ending up with
the Hamiltonian [BMM94]:

~ 1 R . A 1 . . .
H= o= (5t + 05+ 55) + 50" (0163 + B35 + d5a7) (1.59)

where g denotes the coupling constant. If setting g3 = 0 in (1.59), we obtain

[BMMO4]:

N TP B
H=Z;@?H@+§fﬁﬁ- (1.60)
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This two-dimensional quantum system in eq. (1.61) is often called the xy-model or
two-dimensional Yang-Mills quantum mechanics. Quantum mechanics of the zy-
model has been studied in [Sim83a, Sim83b]. The Hamiltonian in (1.61) is almost
globally chaotic [MSTAS81], except for a tiny portion of the phase space in which
stable orbits have been discovered [CP84, DR90|. The Hamiltonian system in (1.61)
serves as a proper toy model because its classical correspondence is chaotic and it is

in the infrared limit of the color-SU(2) gauge theory.
1.5 Motivation of this dissertation

Entropy production in isolated quantum systems is an interesting and important
research problem. Due to the unitarity of time evolution in quantum mechanics, the
von Neumann entropy of an isolated quantum system remains fixed. A proper defi-
nition of the concept of entropy growth for an isolated quantum system thus requires
coarse graining which, in turn, must be grounded on a correspondence between quan-
tum and classical physics. In such a correspondence, physical observables are pro-
jected onto the phase space, and so does the density operator. Such a correspondence
between quantum and classical physics can be constructed from one of the phase-
space representations of quantum theories found since the classical works of Wigner
and Moyal [Wig32, Moy49]. Recently, it was suggested by Kunihiro et al. [KMOS09]
that the Husimi representation of the density operator [Hus40, HOSW84, Lee95] is
suitable for describing the entropy production in an isolated quantum system, be-
cause the long-term growth rate of the entropy defined by the Husimi distribution
approaches the classical limit for long times.

It is desirable to construct a general formalism describing the coarse grained en-
tropy production in an isolated quantum system from the growth of complexity of
the quantum system. In this work, we apply the formalism developed in [KMOS09]
to study the coarse grained entropy production of a specific non-integrable quantum
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system and its approach to microcanonical equilibrium. As an example, we choose
a simple quantum system whose classical correspondence possesses chaotic dynam-
ical behaviors. It is well-known that chaotic dynamical behavior requires that an
isolated, conservative dynamical system must have at least four degrees of freedom
(two position and two momentum variables) [BMM94].

The two-dimensional quantum system we have chosen is called the xy-model or
two-dimensional Yang-Mills quantum mechanics, which has been discussed in the
previous chapter. We now specialize our investigation to the Hamiltonian for the

Yang-Mills quantum mechanics (YMQM):

1 0 e 1.
5 (P} + p3) + 592 q;ds. (1.61)

H =
where ¢ denotes the coupling constant [BMM94]|. The Hamiltonian system in (1.61)
serves as a proper toy model because its classical correspondence is chaotic and it
is in the infrared limit of the color-SU(2) gauge theory. In the later parts of this
dissertation, we find that the coarse grained entropy production of this quantum
system saturates, and we obtain a characteristic time after which the complexity of
the system no longer increases.

In this dissertation, we introduce the Husimi representation of the density oper-
ator and explain how it is applied to a definition of the coarse grained entropy of a
quantum system, also known as the Wehrl-Husimi entropy. We propose a method to
derive the coarse grained Hamiltonian whose expectation value serves as a constant
of motion for time evolution of the Husimi distribution. We discuss the equation of
motion of the Husimi distribution and introduce the test-particle method for obtain-
ing the numerical solutions to this equation. After transforming the Husimi equation
of motion into a system of equations of motion for test particles, we solve these equa-
tions to obtain the Husimi distribution and the Wehrl-Husimi entropy as a function

of time for YMQM. We analyze the time dependence of the Wehrl-Husimi entropy
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and obtain the relaxation time for the entropy production in YMQM. We investigate
the saturated Wehrl-Husimi entropy as a function of test-particle number N and
thus obtain its asymptotic value N — oo.

We compare the saturation value of the time-dependent Wehrl-Husimi entropy
to the microcanonical entropy of the same quantum system. The difference between
the microcanonical and the Wehrl-Husimi entropy serves as a probe of when and
whether the quantum system equilibrates. Besides, we find that the relaxation time
for the entropy production in Yang-Mills quantum mechanics is approximately the
same as the characteristic time of the system, in the energy regime under study. This

result indicates fast equilibration of the Yang-Mills quantum system.

22



2

Entropies and equilibration in quantum mechanics

In the previous Chapter, we have revealed that a large fraction of entropy is pro-
duced during the equilibration and thermalization stage of the relativistic heavy-ion
collisions. To understand the entropy produced during the thermalization of the
glasma, it is helpful for us to study the entropy production for Yang-Mills quan-
tum mechanics, which is the infrared limit of the SU(2) gauge theory. The classical
correspondence of Yang-Mills quantum mechanics is a chaotic system.

Quantum mechanics describes a microscopic system in terms of a state vector
|1(t)), or equivalently a density operator p(t). The time evolution of the state vector
|9(t)) is governed by the Schrodinger equation, while that of the density operator
p(t) is governed by the Liouville-von Neumann equation. Since the von Neumann
entropy is unchanged by a unitary transformation, it stays as a constant in time for
an isolated quantum system. However, not all information of the density operator
can be detected by a detector. Due to the limitation on the response time of a
detector, only the observables that are slowly varying in time can be detected. The
projection method was first proposed by Nakajima and Zwanzig [Nak58, Zwa60] to

separate the information of slowly-varying observables from that of the fast-varying
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observables. In this method, the density operator is projected onto a space so that
the resulting density operator contains only the information relevant to these slowly-
varying observables. In the present chapter, we will explain the meaning of the
projection operator, and we will derive the evolution equation for the relevant part
of the density operator and show that it possesses the memory effect.

A concept similar, but not equivalent, to the projection method is coarse graining.
We follow the work by Kunihiro, Miiller, Ohnishi and Schéfer in [KMOS09] and
introduce an entropy defined in terms of coarse graining, through an application of
quantum-classical correspondence. In Chapter 3, we will introduce the concept of
coarse graining, taking classical kinetic theory as an example.

In Sect. 2.4, we show that the projection method may not be directly equivalent
to coarse graining. We demonstrate this fact by constructing the Husimi operator,
which is a coarse grained operator. The Husimi operator is the operator whose
diagonal matrix elements forms the Husimi distribution. We show that the Husimi

operator cannot be represented by a relevant density operator.
2.1 Density operator and the von Neumann entropy

The density operator is essential to quantum statistical mechanics. The density

operator is a Hermitian operator given by [Mer98]:
p= wjlvyl, (2.1)
J
where w; satisfies:

w; >0 > wy=1. (2.2)
J

Thus w; is the probability for finding the system in the state [¢);). The density
operator p includes the statistical properties of the system, and thus it is also called
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the statistical operator or the state operator. In (2.1), the density operator represents

the mixed states. If w; = d;i, then

p = |¥e)XWul, (2.3)

which represents the pure state. The expectation value of an observable A is obtained

by [Bal9g]:
(A = tr [ﬁA] . (2.4)

It is well-known that the density operator satisfies the following properties [ Mer98|:

Wipkwy = 0, forall [§) 25)
po=p (2.6)
tr(p) = 1, (2.7)
tr(p®) < L. (2.8)
For a pure state, p satisfies [Mer98]:
# o= b (2.9)
tr(p?) = 1. (2.10)

These properties are reviewed in standard textbooks of quantum mechanics [Mer98,
Bal98]. The time evolution of the density operator is governed by the Liouville-von
Neumann equation [Mer98]:

mﬁp(t)

L) (2.11)

Equation (2.11) is valid both for a pure state and mixed states. The Liouville-von

Neumann equation is equivalent to the Schrodinger equation:

mw = HJib(t)). (2.12)
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Both the Liouville-von Neumann equation and the Schrédinger equation are time
reversible.
In quantum mechanics, entropy can be defined in terms of the density operator

p(t). This definition is the von Neumann entropy [Mer98]:

SIp(t)] = —tr [p(H) n p(2)] (2.13)

We note that S[p(t)] = 0, and the equality holds for the pure state. For any system,

the von Neumann entropy is unchanged by a unitary transformation [Bar(09]:

>
—~

e}
SN—
e

S [U (t) 5 (0) U(t)] — ST (2.14)

where
U (t) = exp (—%ﬁt) . (2.15)

Therefore, the von Neumann entropy stays as a constant as time evolves [KMOS09].
We can alternatively consider the effective growth of entropy due to the increasing
intrinsic complexity of a quantum state after coarse graining as proposed by Kunihiro,

Miiller, Ohnishi and Schéfer in [KMOS09], which will be introduced in Chapter 4.
2.2 Equilibration versus thermalization

We now discuss the concepts of equilibration and thermalization. We first have brief
statements about equilibration and thermalization in quantum statistical mechanics.
We then summarize the difference between equilibration and thermalization in a
quantum system. Finally, we demonstrate an explicit example of our interests, the
thermalization of hot QCD matter.

Equilibrium ensemble theories for quantum statistical mechanics are reviewed in

standard textbooks [Pat97]. For an isolated system, the system cannot exchange
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energy with the environment. For a isolated quantum system starting from an ar-
bitrary density operator p(0), the density operator will evolve with respect to time

and equilibrate to the microcanonical density operator [WGS95]:

A 5(H—Eﬁ)
pPMC = N N )
tr [5 (H— E]I)]

(2.16)

where H denotes the Hamiltonian operator, I denotes the identity operator and E
denotes the energy (the eigenvalue of H ). Since pyc depends on the energy E of
the system which is specified initially, it follows that pyc possesses "memory” of its
initial condition at ¢ = 0.

For a closed quantum system starting from an arbitrary density operator p(0), the
density operator evolves with respect to time and eventually turns into the canonical

density operator [WGS95]:

exp (—f[/T)
pc =

- tr [exp <—]:I/T>] 7 247

where T" denotes the temperature. The form of pc implies a statistical distribution
of energies E, (the eigenvalues of H ), indicating that this ensemble is thermal. We
note that, after the system is thermalized, the canonical density operator does not
depend on the choice of initial conditions except for the conserved quantities such as
the charge, baryon number, etc.

We summarize conceptually the distinction between equilibration and thermal-
ization. Suppose a statistical density operator p(t) evolves with respect to time
and eventually becomes a density operator at equilibrium. Both equilibration and
thermalization imply that the expectation value of physical observables can reach a

value that is independent of time [Yukl11]. For equilibration, this value depends on
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FIGURE 2.1: Particle ratios obtained at RHIC together with values obtained form
a thermal model [ABMO04]. The lines indicate the values for the thermal model.

the information in the initial state. For thermalization, this value completely loses
the "memory” of its past history and thus does not depend on the information of
the initial state, except certain exactly conserved quantities.

In relativistic heavy-ion collisions, the thermalization of hot QCD matter can be
suggested from the particle yields at freezeout. The ratios of the yields for various
different hadron species at the freezeout are plotted in Fig. 2.1. Figure 2.1 demon-
strates that these particle ratios agree reasonably well with the values obtained from
a thermal model [ABMO04]. These fits suggest that this thermalized system of hadrons

is at a temperature T ~ 176 MeV.
2.3 Zwanzig’s projection method and relevant entropy

As discussed in the beginning of this chapter, the Zwanzig’s projection method
serves as a theoretical tool for formulating the dynamics of a non-equilibrium sys-
tem [Jan69, RM96, Zeh(07]. Due to the limitation on the response time of a detector,
only the observables that are slowly varying in time can be detected. In the pro-
jection method, the density operator is projected onto a space so that the resulting

density operator contains only the information relevant to these slowly-varying ob-
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servables. We define the relevant entropy in terms of this relevant density operator.
Through this projection, the evolution equation for this relevant density operator

contains the memory effect and is irreversible in time.
2.3.1 Projection operator

The first step of the projection method is to splits the density operator p(t) into the
so-called "relevant” and "irrelevant” parts. The "relevant” part of the density oper-
ator contains the information relevant to the slowly-varying observables, while the
"irrelevant” part contains the information for the fast-varying observables. Mathe-

matically, the density operator p(t) can be written as [RM96]:

p(t) = pr(t)+pr(t), (2.18)

where pg (t) and p; (t) denote the "relevant” and "irrelevant” parts of the density
operator, respectively. To understand the meaning of these names, we define a

Hermitian projection operator P, which satisfies P2 = P, such that [RM96]:

Pp(t) = pr(t); (1= P)p(t) = pi(t). (2.19)

Thus, the above definition leads to:

pt) = Pp(t) + (1= P)p(t) = pr(t) + pr(t). (2.20)

In the physical sense, the projection operator P is associated to slowly-varying ob-
servable A(t). Due to (2.19), P acts on p in a way such that the information "rele-
vant” to the slowly-varying observable A(t) is projected to pg (t). As a consequence,
the information for the fast-varying observables is contained in py ().

To achieve the goal described above, the expectation value of the slowly-varying

observable A should satisfy the relation [RM96]:

(A) = tr [pRA] . (2.21)
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Because of (2.21) and (A) = tr[pA] by definition, we easily obtain [RM96]:
tr [[)IA} ~0. (2.22)

Equations (2.21) and (2.22) are mathematically equivalent. From (2.21), it is straight-

forward to show that A and P are related by:

~

AP = A. (2.23)

Equation (2.23) serves as the condition that relates the slowly-varying observable A
to the projection operator P. From (2.23) , one can either find A from a given P,
or find P from a given A. However, not every solution makes physical sense. For
example, either A = P or P = I is a trivial solution to (2.23). The goal is to find
nontrivial solutions for (2.23).

We study the following case as an example. For a quantum system in two spatial
dimensions, the eigenstates of the position operator Q is denoted by |z,y), where z
and y denote the eigenvalues in the two dimensions, respectively. Define the position

operator Q, which gives rise to the eigenvalue in the z-coordinate:

Qul,yy = zlz,y). (2.24)

Suppose the z-component of the position of the particle is slowly varying in time,
while the y-component is fast varying in time. Thus the slowly-varying observable

is:
A=0Q,. (2.25)

What is the corresponding projection operator P associated with the slowly-varying

observable A = Q,? We start from the general density operator:

p= ded:c’ f dydy'c(x,y; ',y )|z, y) X', Y|, (226)
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where c(z,y;x’,y) is the weight kernel. The expectation value of the z-coordinate

is:
(x) = tryy, [Qmﬁ] = fdxdy zc(z,y;x,y). (2.27)

We introduce the projection operator in the discretized space and then take the
continuous limit. In the discretized space, the normalization condition and the com-

pleteness relation are:

Yy = dyy, (2.28)

Ml = 1, (2.29)

where fy denotes the identity operator in the y-coordinate. We define the projection

operator:

A 1 -~
P = —Itr, (2.30)
n

Y

where n, denotes the number of elements in the y-coordinate. For any operator B,

tr,[B] is defined by:
try[B] = > I Bly). (2.31)
y
Thus the relevant density operator is:
1. )
pr = Pp=—1,tr,[p]

Y

= 0, Sl (2:32)

31



We note that

)

= ny.

tryl, = Z<y’|fy]y/>
y/

= Z Z 5y’y5yy’
o

(2.33)

Now we are going to show that P defined in (2.30) is the projection operator associ-

ated with the slowly-varying observable Q.. We show this by proving the following

two properties:
e P is a projection operator: P2 = P.

° trx,y [Qxlé] = tr:v,y [QwﬁR]

By (2.33) and (2.30), the first property can be shown .
. 1. 1 -
P = —I,tr, [_Iy tr, [ﬁ]}
Ny

1. 1 A
- I, <— (tr,
Ny Ny

Because ﬁQﬁ = Pﬁ for any p, we have shown:
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The second property is proven by:

tryy [QxﬁR] = tryy [Qw (nify try [ﬁ])]

= tr, [ani (tryfy> tr, [[’5]]

=t [ Q. tny 4]
— try | Qu). (2.36)
Thus we have:
ey |Qup| = 12y | Quin (2.37)

Due to (2.35) and (2.37), we conclude that P defined in (2.30) (in the discretized
space) is the projection operator associated with the slowly-varying observable Q..
Next, we extend the definition of P in (2.30) to the continuum limit. We introduce

to delta sequence:

0 for x < —3-;
op(x) =< n for — % <z < %; (2.38)
0 for z > ﬁ
By (2.38), we note that:
lim 6, () = §(x), (2.39)
n—0o0

where §(x) denotes the Dirac delta function. Suppose the interval of integration in

the y-coordinate is L,. Thus n,, L, and n are related by:

ny, = —— = nL,. (2.40)

In the continuum limit, n, — o, n — o and L, stays as a constant. In the
continuous space, the normalization condition in (2.28) and the completeness relation
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in (2.29) becomes:

Wy = oy —v), (2.41)

j dy [yl = I, (2.42)

where fy denotes the identity operator in the y-coordinate. From (2.30) and (2.40),

the projection operator is defined as:
P = —Itr,
= ———Itr,. (2.43)

Therefore, equation (2.32) becomes:

~

. 5 . 1 R
Pr = PPZH—Lnytry[P]

1 A
= — 1, | dy’&/'|ply). 2.44
o | W) (2.44)

We note that pg is finite in the continuum limit, and the proofs for equations (2.35)
and (2.37) are valid for the continuum limit. Therefore, we conclude that P defined
in (2.43) (in the continuous space) is the projection operator associated with the

slowly-varying observable QI
2.3.2  Evolution equation for the relevant density operator

After discussion of the projection operator, we now study how the dynamics of the
density is projected onto the subspace spanned by the relevant density operator. Our
goal is to obtain the equation of motion for the the relevant density operator. We

begin by considering the Liouville-von Neumann equation:

ih@ = [H, p(1)]- (2.45)
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We define the linear operator [ZehO07]:

Eplt) = 3 [P p(0)]. (2.46)
Thus:
0] (2.47)

Applying P and (1 — P) respectively to the above equation, we have [Jan69]:

aﬁgt“) — —iPLpn(t) — iPLps(t), (2.48)
aﬁéft) — —i(1— P)Lpm(t) —i(1 — P)Lps(1). (249)

Then, because of the following properties:

A

Ppr = pr; (1= P)pr = pr, (2.50)

we have:
Pnlt) _ i pLPpa(t) ~1PL(L - P)pr(r), (251)
%aft(t) = —i(1— P)LPpr(t) —i(1 — P)L(1 — P)py(t). (2.52)

These two equations (2.51, 2.52) can be considered as representing L in terms of the
matrix [Zeh07]:
i [ PLP PL(1

— P)
(1-P)LP (1—-P)L(1- P) ] ' (2:53)

Thus the formal solution to (2.49) can be written as [Jan69]:

- T t . al -3 A A
pr(t) = e 1A=DILE _y f dr e "I (1 — PYL pp(t — 7). (2.54)
0



By substituting (2.54) into (2.48), we obtain [Jan69]:

Opr(t A Y
P f;t( ) _ b pr(t) —iPLe”" =PI 5(0)
C
t A
- f dr C(7) palt — 1), (2.55)
0
where the "memory” kernel is
G(r) = PLe 0-Plr(1 — P)LP, (2.56)

Equation (2.55) is an exact equation that governs the time evolution of the relevant
part of the density operator, pg(t). We note that this evolution equation for pg(t)
is irreversible in time.

The entropy defined in terms of pg is called the relevant entropy, denoted by
S[pr(t)]. The relevant entropy is defined as [RM96]:

S[pr(t)] = —tr [pr(t) n pr(t)] . (2.57)

Compared to the von Neumann entropy S|[p(t)] defined in (2.13), we have [RM96]:

Slpr(t)] = S[pt)], (2.58)

because pg(t) is involved with discarding irrelevant information [RM96]. Due to
(2.55), we can understand that the relevant entropy S|[pgr(t)] possesses the memory
effect. The transition of the density operator p(t) — pgr(t) and the corresponding
entropy S[p(t)] — S[pr(t)] is referred to as generalized coarse graining [RM96,

Zeh07]. Therefore, we expect to see memory effects for the coarse grained entropy.
2.4 Coarse grained density operator

In the literature [RM96, Zeh07], the projection method is usually referred to as gen-
eralized coarse graining. The projection method and coarse graining possess similar-
ities, but they may not be equivalent to each other. In this section, we demonstrate
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this fact by constructing the Husimi operator, which is a coarse grained operator. The
Husimi operator is the operator whose diagonal matrix elements forms the Husimi
distribution. We prove that the Husimi operator cannot in general be represented
by a relevant density operator.

The Husimi distribution, as will be discussed in Chapter 4, is defined in terms of

the coherent states |z) as [Bal98]:

pu(q,p) = {z|p|2). (2.59)

The Husimi operator py is constructed by:

e E L ES el (2.60)

The matrix elements of the Husimi operator are:

pu (2, 2") = zlpl' )0z (2.61)

For constructing a relevant density operator pr to represent the Husimi operator py,

we should utilize:
pr = Pp, (2.62)

where the projection operator P satisfies:

A ~

P?=P. (2.63)

Therefore, the eigenvalues of P can only be either 1 or 0. Since P = I is a trivial
solution to (2.63), our goal is to obtain a P which is different from the identity matrix.
The diagonal matrix elements of py are nonzero in eq. (2.60), while all off-diagonal

matrix elements of pg are zero. Thus pg should be a diagonal matrix. Also,

det pr = (det P)(det p). (2.64)
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Due to (2.63), we have
(det P)(det P) = det(P?) = det P. (2.65)
Therefore, det P=1ordetP =0. However, we found that:
e The eigenvalues of P can only be either 1 or 0.
e The nontrivial solution of P is different from the identity matrix.
o det P = product of the eigenvalues of P.

Thus, det P = 1 is excluded and det P = 0 is the only possibility. However, eq. (2.64)

becomes:
det pr = (det P)(det p) = 0. (2.66)

Since pgr is a diagonal matrix, det pg = 0 implies that at least one of the diagonal
elements is zero, which is not true for any density operator. Therefore, we conclude
that the Husimi density operator py cannot in general be represented by a relevant

density operator pg.

38



3

Entropy in classical dynamics

In Chapter 2, we have introduced Zwanzig’s projection method and revealed that the
time evolution of relevant density operator possess the memory effect. In the present
Chapter, we introduce two important kinds of classical entropies. One of these is a
coarse grained entropy, which depends on the method of coarse graining. The other
is the Kolmogorov-Sinal entropy, which, in contrasts, depends only on dynamical
properties of a classical system.

Time evolution of a classical system is described by the evolution of particles
in the system (the Hamilton’s equations), or equivalently by the evolution of the
ensemble (the Liouville’s equation). For the correspondence of the density operator
to a distribution function in the phase space, coarse graining may be applied for
extracting the information which is resolvable by a detector. Due to the limited
resolution of detectors, phase space can only be measured with a certain precision,
which is constrained by the uncertainty relation. These two classes of information
(resolvable and irresolvable) of the phase space can be separated through coarse
graining. A coarse graining process can be applied to the distribution function for

the ensemble. Since the coarse graining process involves averaging (or smearing)
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over a certain region of the phase space, the accessible volume in the phase space
is no longer conserved when the coarse grained distribution evolves in time. The
logarithm of the accessible volume in the phase space is proportional to the entropy
of the system. Thus the entropy defined in terms of a coarse grained distribution
depends on time explicitly, as will be discussed in Sect. 3.2.

While a coarse grained entropy is defined in terms of the distribution function in
the phase space, a dynamical entropy, on the other hand, can be defined only in terms
of the trajectories of a dynamical system. A well-known example of the dynamical
entropy is the Kolmogorov-Sinai (KS) entropy, as will be discussed in Sect. 3.2. By
comparing the KS entropy to the coarse grained entropy, we can understand the

equilibration or thermalization of a classical dynamical system.
3.1 Hamiltonian systems and phase-space distributions

Time evolution of a system of particles is classically described by Hamilton dynam-
ics, in which the motion for these particles are governed by a system of first-order
differential equations of the dynamical variables, the generalized coordinates and
generalized momenta of all of these particles. These variables span the phase space.
Each possible state of the system is specified by one point in the phase space. We
denote the generalized coordinates by ¢; and generalized momenta by p;. For a sys-
tem of N particles in the three spatial dimensions, the phase space is spanned by the
variables (q1,qo, ..., @3N, P1, P2, ---, P3n ). The Hamiltonian H of the system is defined

by the Lagrangian L:

3N
H = Zpiqz' — L. (3-1)
i=1
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The dynamics of the Hamiltonian system is governed by Hamilton’s equations:

oH
5 o= 2
ql apl 9 (3 )
: 0H

where ¢ = 1,2,...,3N. Due to the Hamilton’s equations, the time derivative for an

observable A is:

dA oA X 0A
E = 6_ Z(a QJ ppy)

oA 3N(aAaH aAOH>

= — 4+ _———
ot = \dq; dp;  Ip; 0q:
oA
= o t{AH} (3.4)

If {A, H} = 0 and the observable A does not depend on time explicitly, then dA/dt =
0 and A is called a constant of motion. For example, because H does not depend
on time explicitly and {H, H} = 0 holds, H is a constant of motion. If the number
of constants of motion is the same as the number of degrees of freedom, then the
system is an integrable system. In contrast, if H is the only constant of motion for
a system, then this system is nonintegrable.

Define the vectors ¢ = (q1, ¢, .-, q3n) and p = (p1, P2, ..., p3n ). Thus, the phase
space is spanned by the variables (¢,p) . Each point in the phase space denotes a
state of a system. Time evolution of the system can be represented by time evolution
of an ensemble in the phase space. Suppose the distribution is denoted by p(t; ¢, p),

then it can be shown that the time evolution of p satisfies the Liouville’s equation:

L L +pLE =0, (3.5)



plt:q,p)

q

FIGURE 3.1: Schematic view of the time evolution of the phase-space distribution
p(t;q,p), from t = t; to t = ts.

which can be derived from the Hamilton’s equations. The time evolution of p(¢; g, p)
is schematically plotted in Fig. 3.1. A direct consequence of the Liouville’s equation
is that the occupied volume in the phase space remains constant in time, which is
called the Liouville’s theorem.

Denote the phase-space variables by z = (¢, p) and the phase-space distribution
by p(z). For the physical observable f(z), the motion is ergodic if the ensemble
average equals the time average [Zas81, Pat97]:

lim f ' (8] = (), (3.6)

T—o0

where the ensemble average with respect to the microcanonical ensemble p is [Zas85]:

(= f 0T, {(2)p(2), (3.7)

provided that the measure for the integration is dI', = dqdp and that

Jsz p(z) = 1. (3.8)

Ergodicity is taken as an assumption in classical statistical physics, which is usually

referred to as the ergodic hypothesis.
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3.2  Entropy and coarse graining
In classical statistical physics, the entropy is obtained from:
S =kglnQ, (3.9)

where kg is the Boltzmann constant and 2 denotes the number of microstates ac-
cessible to the system. We set kg = 1. For a discrete set of probabilities {P;};-1,. n,

the statistical entropy can be defined as [Sha48]:

N
S=-> PP, (3.10)
j=1
with
N
Piz0, > P=1 (3.11)
j=1

By setting P; = 1/Q for all j, eq. (3.10) becomes equivalent to eq. (3.9). To gener-
alize the definition of a statistical entropy in (3.10) for discrete probabilities to a

continuous probability density distribution, we have a generic expression [Sha48|:

S=— qudp p(q;p) In p(q, p). (3.12)

However, the term In p(q, p) in eq. (3.12) is not well defined because p is of dimension

[action] ™!, resulting from the normalization condition:

qudp p(g;p) = 1. (3.13)
To make p dimensionless, one can redefine:

p'(q,p) = h'pla,p), (3.14)
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where R/ is some constant with dimension [action]™. Note that in general this
constant is not Planck’s constant because it is applied in the context of classical
physics. The distribution p’ becomes dimensionless, and the normalization condition

becomes:

dqdp
f ¥ p'(q,p) = 1. (3.15)

Therefore, the classical entropy is obtained by:

dqdp ,
S = —f C;L,pp (¢,p)Inp'(q,p). (3.16)

We can consider entropy as the ensemble average of In p'(q,p). We note that these
two definitions (3.16) differ from (3.12) only by a constant (Inh’) [Weh78]. But the
entropy defined in (3.16) possess the correct dimension. In the following contexts,
we will rename p'(q, p) by p(q, p) and assume that it has been properly rescaled to a
dimensionless distribution function. The definition of classical entropy in (3.16) can
be easily generalized to a definition of entropy in terms of a quantum-mechanical
phase-space distribution, as will be discussed in Sect. 4.2.

Coarse graining involves the concept of taking the averages over small regions
of the phase space. As we have explained in the beginning of this Chapter, coarse
graining can lead to the irreversibility of the evolution of the system, and thus coarse
graining is essential for a proper definition of entropy in classical physics. We can
understand the importance of coarse graining by an example of the entropy in kinetic
theory [Zas85]. For an fine-grained distribution p that satisfies Liouville’s equation,
we have:

% + qa—q +pa—p =0, (317)
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which is reversible. To compute the entropy, we evaluate [Zas85|:

Slpl =— f di;,ip p(q,p) In p(q, p), (3.18)

which has been defined in (3.16). We expect the total time derivative of entropy to
be zero [Zas85]:

dp _
dt

(1+1np)

dS1ol _ f dqcp 0. (3.19)

dt n

On the other hand, one defines the coarse-grained distribution [Zas85]:

1 (dqgdp

pesld:0) = 55 JT plg—dsp—p), (3.20)
oT

where 0I' denotes the coarsening region. It can be shown that p, obeys a kinetic

equation and possesses the following property [Zas85]:

dpcg

) 21
o # 0 (3.21)

The coarse-grained entropy is defined as [Zas85]:

dgdp

S [pcg] == J T ng(Q7p) In pcg(Q7p)7 (322)

Due to (3.21), the coarse-grained entropy S[p.,| can be time dependent [Zas85].
3.3 Lyapunov exponent and chaos

In the next Section, we are going to discuss an alternative definition of entropy. This
definition of entropy depends only on the trajectories of the dynamical system. In this
Section, we give a brief discussion of an essential quantity that describes stochasticity

of a dynamical system. This quantity is known as the Lyapunov exponent [Str00]. By
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evaluating the Lyapunov exponent, we quantify the stochasticity of particle motions
in the phase space by obtaining the separation of nearby trajectories over a large time
interval. We follow the discussion in [BMM94] to define the Lyapunov exponent. We
consider a one-dimensional dynamical system composed of N particles, which is

governed by the differential equations:
?;“i ZE(Zl,...,ZN). (323)

If we have the solution ¢;(t), we can define 0z;(t) = z;(t) — Z;(t) and linearize the

equation of motion [BMM94]:

d((SZ]) . N 6FJ
— _lglazk (t) ) (3.24)

Therefore, we can use:

[0z, ()] (3.25)

to measure the separation between two nearby trajectories ¢;(t) and ¢(t). In a
dynamical system, the maximal Lyapunov exponent is defined as [BMM94]:

1 [d
=1 | —In|—=1. .2
A= fim tim 3 “[d(@)] (3:26)

For Ay > 0, the trajectories in the region of the phase space depend sensitively on

the initial conditions. After a sufficiently long time, we have [BMM94]:
d(t) ~ d(0)eM". (3.27)

In this dissertation, we focus on the study of a chaotic system. Chaos is formally
defined as non-periodic long-term behaviors in a deterministic system that depends
sensitively on the initial conditions [Str00]. A chaotic system has at least one positive

Lyapunov exponent.
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3.4 Kolmogorov-Sinai entropy and thermalization

In a dynamical system, it is important to introduce a definition of entropy using only
the trajectories of the system, but not using the distribution function [Zas85]. One
of the candidates is the Kolmogorov-Sinai (KS) entropy, which describes the state
space behavior of a dynamical system [Hil00]. We follow the introduction given by
Hilborn in [Hil00] to give the definition of KS entropy. Suppose we divide the state
space into cells of the same size. Each side has length a. The system evolves from
an ensemble of initial conditions, which are all located in one cell. As time evolves,
the trajectories spread over a large number of cells in the state space. Divide the
whole time interval into n units, each of which has length 7. Then we can define the

entropy [Hil00]:

Su=-> P.InP, (3.28)

where P, is the probability by which the system passes each cell. Thus P, is the
probability that the trajectory is within the r-th cell after n units of time.
The important quantity is the change in entropy. The change in entropy after n

units of time is obtained by [Hil00]:

1
~(Sus1 = S0) (3.29)

which denotes the rate of change of the entropy from ¢t = n7 to t = (n + 1)7. Let
the trajectories evolve for long time. Take the limit that the cell size a — 0, and
that each time increment 7 — 0. Then we obtain the definition of the average KS
entropy [Hil00]:

T B
hks = limlim lim N 7120(5”4_1 —Sh)

7—0a—0 N—>owo

= lim lim lim L(SN — So). (3.30)

7—0a—0 N—>w T
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The average KS entropy equals the sum of the positive Lyapunov exponents [ KMOS09]:

his = Y A 0())), (3.31)

Due to (3.30), the KS entropy measures the rate of change in entropy, which is
associated with the dynamical evolution of the trajectories in the phase space [Zas85].
Because the KS entropy is defined in terms of the trajectories of the system, it is
independent of the process of coarse graining [Zas85].

The KS entropy is a measure of the growth rate of the coarse-grained entropy of a
dynamical system starting from a configuration far away from equilibrium [FKM™*09].
By comparing the KS entropy to the coarse grained entropy, we can understand the
equilibration or thermalization of a classical dynamical system. It has been shown
that nonintegrable systems can equilibrate if they are chaotic [Eck88, LL83, Yuk11].
Therefore, we focus on the entropy production of a chaotic system in this dissertation.

In the next chapter, we will introduce the transformations from the density op-
erator to a phase-space distribution function. The Wigner function and the Husimi
distribution are two well-known example for such kind of transformations. We apply
the Husimi distribution to study the Yang-Mills quantum mechanics, whose classical

correspondence is a chaotic system.
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4

Quantum dynamics in phase space

In Chapters 2 and 3 we have introduced the concepts of equilibration and thermaliza-
tion in quantum mechanics and the definitions of the relevant entropy, coarse-grained
entropy and Kolmogorov-Sinai entropy. Yang-Mills quantum mechanics is a quan-
tum system whose classical correspondence possesses chaotic behaviors [BMM94]. To
study the entropy production in Yang-Mills quantum mechanics, it is advantageous
to bridge a correspondence between quantum and classical mechanics by transform-
ing the density operator in the Hilbert space into a distribution function in the phase
space [KMOS09]. The pioneering work on this approach is due to Wigner [Wig32]
and Moyal [Moy49].

We introduce two phase-space distributions: the Wigner function and the Husimi
distribution. The Wigner function can be negative in the phase space, while the
Husimi distribution is positive (semi-)definite all over the phase space. We define
the Wehrl-Husimi entropy, which is a coarse grained entropy defined in terms of the
Husimi distribution. The Husimi equation of motion for one-dimensional systems
was obtained by O’Connell and Wigner [OW81]. We obtain the Husimi equation of

motion for two-dimensional systems. Finally, we derive the coarse-grained Hamilto-
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nians for one-dimensional and two-dimensional systems. We show that the expecta-
tion value of the coarse-grained Hamiltonian is a constant of motion for the Husimi

equation of motion.
4.1 Wigner function and Husimi distribution

Wigner proposed in 1932 a method that transforms the density operator to a dis-
tribution function in the phase space. For a two-dimensional system, the Wigner

function defined by [Bal98]:

© > X, iy
Witap) - | dxia- a0+ e (1.1

—00

The Wigner function is defined as the Fourier transform of the matrix elements
of the density operator in the position space. A drawback of the Wigner function is

that it can be negative and cannot be interpreted as probability.

Theorem 1. The marginal distributions for the Wigner function are [Bal98]:

ﬁo (2171;)2 W(t;q,p) = Lalp(t)|a), (4.2)
r; (Qciﬂ?y W(ta,p) = <plp(t)[p)- (4.3)

The proofs are achieved by straightforward evaluation of the integrals.

Due to the fact the Wigner function can be negative in the phase space, it can-
not be interpreted as probability. Besides, to define a coarse grained entropy, it is
necessary to construct a mapping which not only creates a correspondence between
the dynamics of the quantum system and that of the classical system, but also en-
sures that the resulting coarse grained distribution is non-negative and thus can be
used for the definition of the coarse grained entropy [KMOS09]. A minimal coarse

graining of a quantum system is achieved by projecting its density operator on a
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coherent state [Hus40]. The resultant distribution function is known as the Husimi
distribution py(t; q, p), which is a positive semi-definite function on the phase space.

We note that both the Wigner function and the Husimi distribution depend on
the choice of the canonical variables (q,p). Even for a specific choice of (q,p), the
Husimi distribution depends on the smearing parameter «, as discussed below. For

a one-dimensional quantum system, the Husimi distribution is defined as [Bal98]:

pu(t;q,p) = {z;alp(t)|z; a), (4.4)

where p(t) denotes the density operator, « is a parameter and the coherent state

|z; ) satisfies
aolz;a) = z4|z;a), (4.5)

with

- \/% (g + z% p) . (4.6)

Note that the dimension of « is [a] = [length]?, which can be verified by:

o 25] - () - ar

We can generalize the above definitions to higher-dimensional systems. For a two-

dimensional quantum system, the Husimi distribution is defined as

P (t; a1, g2, p1,p2) = (21, 205 | p(t) | 21, 205 ), (4.8)

where « is a parameter and the coherent state |21, z9; ) satisfies,

dl,a’Zb Z9; Oé> = Z1,a\2’1, 29, 04>> (4-9>

d2,a’217 Z9; Oé> = ZZ,a‘Zla 29, 04>> (4-10)
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with

1 o
Aaz—A+'—A>, 4.11
ay, 2a<Q1 thl ( )

1 o
da:—AJrz'—A). 412
2, T@(Qz hp2 ( )

In general, distinct smearing parameters a; and s can be assigned to (4.11) and
(4.12), respectively. Due to the symmetry in the ¢; and g, dimensions, we assume « =
a1 = ag. Note that « is related to the smearing parameter A in [KMOS09, FKM*09]
by a = h/A. The definition (4.8) ensures that the Husimi distribution is non-negative
within all of phase space. Throughout this paper, the notion of pg(t;q,p) always
implies a dependence on «, as indicated in (4.8). The Husimi distribution can also be
obtained by Gauss smearing of the Wigner function. Let W be the Wigner function
defined by [Bal98]:

0

X . X, i x
Witap) = | dxda-Jlabla+ e (113)

—00

The Husimi distribution is obtained by convolution of the Wigner distribution with

a minimum-uncertainty Gaussian wave packet [Bal98]:

PH (t7 q, p) = 7T2h2

o0
J d*q'd*p’ W(t;d',p’)

—00

% ¢~ (d'—a)?*/a—a(p'—p)*/h? (4.14)
The properties of the Husimi distribution are:

Theorem 2. The Husimi distribution pg is positive semi-definite all over the phase

space [Bal98]:
pu(t;q,p) = 0. (4.15)
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This theorem can be easily proven by:
pu(t;q,p) = <(zalpt)|zw)

ij<z?04|¢j><¢j|2; a)

l

— Duwilal)P

\%

0, (4.16)
because w; = 0, in eq. (2.2).

Theorem 3. The marginal distributions of the Husimi distribution are the marginal
distributions of the Wigner function smeared by Gaussian functions in the position
and momentum space, respectively. For two dimensional systems, the marginal dis-

tributions for the Husimi distributions are:

o0 471'h2 0
J ppu (t;q,p) = f qu’eXp[

L - q>2] 1501,

«

— 0 «Q -0
(4.17)
” Arh® [ / oy oA /
| aputiap) = T [ esen|- 5w - ) @0 0]6)-
(4.18)

Due to the above expressions, we can have the physical interpretations of our
projected functions. Therefore, for a two-dimensional system, we define the projected

functions as:

Fy(q) = foo d’p pu (t;9,p), (4.19)
Fp(p) = JOO d’q pu (t;q,p) - (4.20)

Based on (4.2) and (4.3), we have shown that (/| p (¢) |") and {p'| p (t) |p’) are the

marginal distributions of the Wigner function. Therefore, F,(q) is interpreted as
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the marginal distribution {q’| p (¢) |q’) of the Wigner function smeared by a Gaussian
function in the position space, while F}, (p) is interpreted as the marginal distribution
{p'|p(t)|p’) of the Wigner function smeared by a Gaussian function in momentum

space.
4.2  Wehrl-Husimi entropy

Since the Husimi distribution is a minimally (in the sense of the uncertainty principle)
smeared Wigner function, it was proposed in [KMOS09] that the Husimi distribution
can be applied to the definition of a minimally coarse grained entropy, the Wehrl-

Husimi entropy. For a one-dimensional system [Weh79]:

dq dp

Su(t) = = | 5 pu(t;a.p)mpu(t;q, p). (4.21)

In [Weh78], Werhl provides detailed explanations about this definition of entropy.
Wehrl conjectured that Sy (t) = 1 for any one dimensional system, where the equality
holds for a minimum uncertainty distribution [Weh79]. Lieb proved this conjecture
in [Lie78]. For a two-dimensional system, we have:

Su(t) = —J%m(t;q, p)Inpu(t; g, p). (4.22)

We here generalize Wehrl’s conjecture to that of a two-dimensional system:
Su(t) = 2, (4.23)

where the equality holds for a minimum-uncertainty Husimi distribution. We confirm
in Chapter 8 that our numerical results satisfy the bound (4.23). To investigate the
time dependence of the coarse grained entropy, we now derive the equation of motion
for the Husimi distribution.
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4.3 The Husimi equation of motion

One can study the time evolution of a quantum system by mapping the equation
of motion of the density operator in the Hilbert space onto that of the correspond-
ing density distribution in the phase space. The Husimi equation of motion is ob-
tained by subjecting both sides of eq. (2.11) to the Husimi transform (4.8). For
a one-dimensional quantum system, the Husimi equation of motion was first de-
rived by O’Connell and Wigner [OWS81]. For the potential energy V(q) being a

C*-differentiable function of ¢, the Husimi equation of motion in one dimension is:

(9pH 1 hQ 0 &pH
ot m 2a00p ) 0q
)t gk AMHY oA orm
T Z [(QZ/\Jr)u—l A\ 1? —2r) 0 /\+;SQ)5 X0 p—2n PH |
o I (n—2k)! Oq A Oq

(4.24)

where A\, 1 and x are summed over all non-negative integers subject to the constraints
that X is odd and pu — 2k = 0.

Here, we derive the Husimi equation of motion for two-dimensional quantum
system. For a single particle in two dimensions, the classical counterpart of the
Hamiltonian H reads,

1
H=5- (p1 +13) + Vg, @), (4.25)

where m is the mass of the particle and V' (¢, go) is the potential energy. For the
Hamiltonian system whose potential energy V'(qi, ¢2) is a C*-differentiable function
of (¢1,¢2), we apply (5.4, 4.14) to (2.11), perform a series expansion of V' in powers

of ¢; and ¢9, and finally obtain the equation of motion for the Husimi distribution:
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where \;, p; and k; are summed over all non-negative integers, with the constraints
that (A + Ag) is odd, (11 — 2k1) = 0 and (e — 2k2) = 0. When the potential energy

is of polynomial form:

ny n2

Vg, g) =Y, aydid, (4.27)

i=03=0

with the coefficients a;; and non-negative integers n; and no, one finds that the

additional constraints (A; + 1) < ny and (Ay + p2) < ng apply to the sum in (4.26).
We now specialize our investigation to the Hamiltonian:

1 1
H=5- (pi +p3) + 29%?(1& (4.28)

which describes a dynamical system known as Yang-Mills quantum mechanics [ MSTASS81].
As discussed in Sect. 1.5, this Hamiltonian is called Yang-Mills quantum mechanics
because it represents the infrared limit of SU(2) gauge theory. For the potential
energy in the last term of (4.28), the order of the derivatives of V(q1,¢2) in (4.26)
is restricted by the relations (A 4 p1) < 2 and (Mg + p2) < 2. Therefore, we can

rewrite the Husimi equation of motion (4.26) as

56



opw _i &apH—i— h? _oz_2 otV Opu
ot ~ | 'm 0g, 2ma. 8 0qidqs ) Op;dg;

(22, 02v o )
4\ 0q; Op; 2 0q; Op;0q;

[\

+

J
+g< *V opu , OV apH> a *V (anH N anH>
4 \0q10¢3 op ~ 0q}dgo Opo 200102 \Op10q2 ~ Op20qu

1 53‘/ l 2( 83pH n 1 ang) h? &3,01{ ]

_l’__— —_ -
4 8q%5q2 0p10q10gs 2 5?2@% 2 6p%(9p2

AV (P Ly 1 ]
40q10q3 0p20q10g2 2 0p10gs 2 Op10p3

Lo Bl PonPpw )
16 0g70q3 0p10q10g5  Op20qiogs

64PH 64pH
2
o (apfapﬂ?% - 5p18p§6q1)] ' (4.29)

It is not easy to solve the Husimi equation of motion (4.29). Before we embark on
this challenge, we first prove the energy conservation of the Husimi function in this

Chapter, and then solve (4.29) by the test-particle method in the next Chapter.
4.4 Coarse-grained Hamiltonian and energy conservation

A coarse grained Hamiltonian, which describes energy conservation in the Husimi
representation, was introduced by Takahashi [Tak86a, Tak86b, Tak89], who iden-
tified the quantum corrections to the classical Hamiltonian in powers of A and
then constructed a conserved Hamiltonian for the Husimi representation by adding
these quantum corrections to the classical Hamiltonian. Explicit expressions for this
coarse grained Hamiltonian were found for a few one-dimensional quantum systems

[Tak86a, Tak86b, Tak89]. Here we propose a novel derivation of the conserved coarse
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grained Hamiltonian. Our approach, which involves no approximation, exploits the
analytic properties of the transformation between the Wigner and Husimi distribu-

tions.
4.4.1 Coarse-grained Hamiltonian for a one dimensional system

We now derive the coarse grained Hamiltonian for a one-dimensional Hamiltonian.
As a specific example, we start from the following one-dimensional Hamiltonian:

2
p K
H(g,p) = o 5(12 + 2C—4q4, (4.30)

where \ and ( are positive-valued parameters. We derive the corresponding one-
dimensional coarse grained Hamiltonian as follows. The Husimi distribution for a

one-dimensional quantum system can be obtained from the Wigner distribution by:

0
pr(tiq,p) = if dq dp' e~ (@' —9)?/a—a(p'—p)?/h*
) ) ﬂ'h 0
xW(t;qd,p). (4.31)

In quantum mechanics, the energy of the system is calculated as <7:(> = tr(ﬁﬂ).
Starting from the Liouville-von Neumann equation (2.11) it is straightforward to
show, that &(H)/ot = 0. It is also easily shown [Bal98] that (H) = E[HW]. There-
fore, E[HW] is a constant of motion under the time evolution of the Wigner dis-
tribution. We now apply the convolution theorem to invert the transformation in
(4.31) and obtain:

“ dqd
E[RW] = J % Hu(q,p)pu(t; ¢, p), (4.32)
e}
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where
1 o0
Hu(¢.p) = (QT)QJ dx'dp’ H (¢',p')

X foo dudv exp | ~u? + i v? —iu(q — q) —iv(p — p)
xp | — — — —q) — — .
. p 4 1o q —4g p—=p

(4.33)

Here v and v are Fourier conjugate variables to ¢ and p, respectively. We set
¢ = —a/4 and n = —h?/(4a). We evaluate the integrals in (4.33) in the analytic
region where £ > 0 and n > 0, and then substitute £ = —a/4 and n = —h?/(4)
into the resulting analytical expression. In this manner, we obtain the coarse grained

Hamiltonian:

2
_r 1 ac) 2, S 4
Hule.p) = 5n 2(’”4) Tt

i + ! (a¢ + 8k) (4.34)
e T gpela K). :

It is straightforward to use eqs. (4.24) and (4.34) to prove that:

0E[Hupu]

= =0 (4.35)

Thus € [Hupg| is a constant of motion for the Husimi equation of motion in one
dimension. Thus £ [Hypy] should be identified as the total energy corresponding to
the Hamiltonian (4.30).

4.4.2  Coarse-grained Hamiltonian for a two dimensional system

We now derive the coarse grained Hamiltonian for a two dimensional system: the

Yang-Mills quantum mechanics. Our method can be easily extended to the derivation

29



of the coarse grained Hamiltonian for higher-dimensional quantum systems with
polynomial potentials.

The expectation value of a Hamiltonian in the Wigner representation is defined
as:

09]

E[HW] = J dTqp H(q, )W (t;q,p), (4.36)

where H is the Hamiltonian, W is the Wigner function defined in (5.4), and

d’qd’p
Tap = Grpr (4.37)

is the four-dimensional phase-space measure. In quantum mechanics, the energy of
the system is calculated as (H) = tr(pH). Starting from the Liouville equation (2.11)
it is straightforward to show, that &(H)/dt = 0. It is also casily shown [Bal98] that
(H) = E[HW]. Therefore, E[HW] is a constant of motion under the time evolution
of the Wigner distribution. We now apply the convolution theorem to invert the

transformation in (4.14) and obtain:

E[HW] = f dlqp Hu(a, p)pu(t;q, p), (4.38)
—00
where
1 o0
Hu(a,p) = 167T4f d*q'd’p’ H(d,p')

0 h2
X J d*u d*v exp lguz + —v?
—o 4 4o

—iu-(q' —q)—iv-(p'—p)], (4.39)

and u and v are the Fourier conjugate variables to q and p, respectively. The
expression of Hy in (4.39) is not mathematically well-defined because it involves ex-
ponentially growing Gaussian functions. However, Hy can be evaluated by analytic
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continuation. Let ¢ = —a/4 and n = —h?/(4c). Then, we evaluate the last two

integrals in (4.39) in the analytic region where £ > 0 and 7 > 0 and obtain:

]‘ * / / / li
Hpu(a,p) = 167T2£nf d*q'd’p' H(d', p')
I 2 I )2
< oxp [_(q 45q) (P 4np) ] _ (4.40)

Again, we evaluate the integrals in (4.40) in the analytic region where & > 0 and
n > 0, and then we substitute £ = —a/4 and n = —h?/(4a) into its expression,
thereby resulting in a real and finite function Hy(q, p). For example, by substituting

(4.28) into (4.40) and evaluating (4.40) according to the above procedure, we obtain:

1 1
Hu(a,p) = - (p} +1p3) + 59261?615
1, ( 2, 2
190 (af + %)
1, ., &
220 — 141
+8g @ 2mao ( )

The analytic function Hy(q, p) in (4.41) is the coarse grained Hamiltonian for the
Yang-Mills quantum system whose conventional Hamiltonian is defined in (4.28). We

now define the expectation value of the energy in the Husimi representation as:

o0
E[Hupu] = J dlqp Hu(d, p)pu(t; 4, p), (4.42)

where Hy (q, p) is the coarse grained Hamiltonian defined in (4.41). Using egs. (4.28,

4.29, 4.42), it is straightforward to prove by explicit calculation that

0E|Hupu]
——F =0. 4.43

ot (4.43)
Thus, E[Hypy] is a constant of motion for the Husimi equation of motion (4.29) and

can be identified as the total energy of the system. In Sect. 6.2, we verify numerically

that E[Hypg]| is a constant of motion.
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5

Solutions for the Husimi equation of motion

Since the Husimi distribution is positive semi-definite all over the phase space, we
can assume the solution of the Husimi equation of motion to be a superposition of a
large number of Gaussian functions, whose centers and widths are to be determined.
In nuclear physics, this method is sometimes called the test-particle method. We
introduce and discuss this method in details in this Chapter.

Before our discussion, we notice that the test-particle method is the most advan-
tageous way of solving the Husimi equation of motion. To understand its advantages,
we briefly discuss the drawbacks of an alternative method, which are described as

follows. First of all, we start from solving the Schroedinger’s equation:

0y
h— = Hu, 5.1
i =ty 1)
for the Hamiltonian system,
S DU 52
= 2(291 +p2)+2Q1QQ- (5.2)

We expand the solution of Schroedinger’s equation in a complete orthonormal set of
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basis functions, {u,(z)}. The solution can be written as:

N1 Na

V(a1 q2) = Z Z ¢ik(t) wy (qu) ur (g2), (5.3)

§=0 k=0

where Ny and N, are some large integers. The coefficients ¢, ;(t) satisty a system of
first-order ordinary differential equations. We can numerically integrate the equation
by, e.g. the Runge-Kutta method, to obtain the solutions c¢;(t) for each time ¢ and

for 0 < j < N; and 0 < k < N,. Then, we can evaluate the Wigner function:

[ o (o 2) o (a2) oo (£ -x)
- Z o (£)€56(E) (JOO dxy Up (fh + %) u; (fh — %) eiplxl)

W (t;q,p)

m,n,j,k —©
Q0
X (f dxy Uy, <q2 + &> o <q2 — &> eip2x2> ) (5.4)
—» 2 2
For each time step, we perform the coarse graining to obtain the Husimi distribution:
1 0 9 9 ; 2 / 2 /p2
pu(t:a,p) = — f d*q/d’p' W(t; , p') e” (@797 ama=pl/i (5.5)
™ —0

Since 0 < j < Ny and 0 < k < Ny, in eq. (5.4) there are N7 x Ny independent
integrals to evaluate for each point, e.g. (q1,p1), and for each time. Suppose we
divide ¢, into N, slices and p; into N, slices. For (5.4) and (5.5), we need to evaluate
N;No(N,)*N, numerical integrals to obtain the Husimi distribution for each time
step.

From the above analysis, we conclude that this alternative method may not be
practical due to the fact that a large number of numerical integrations are involved
in the evaluation of the Husimi distribution. Therefore, we adopted the test particle
method, in which the Husimi distribution is obtained numerically by solutions of a
large set of differential equations.
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5.1 Test-particle method

The numerical solution of the Husimi equation of motion for one-dimensional quan-
tum systems has been investigated, e.g., in [TW03, LMDO06]. Because our goal is
to apply the Husimi representation to quantum systems in two or more dimensions,
we need a method that is capable of providing solutions to the Husimi equation of
motion for higher-dimensional systems. As a practical approach to this problem,
we here adopt the test-particle method, which is straightforward to be generalized
to many dimensions. This method was previously applied by Heller [Hel81], who
assumed that the wave function is a superposition of frozen Gaussian wave pack-
ets. The test-particle method was also used to describe the time evolution of the
Husimi function of one-dimensional quantum systems by Lopez, Martens and Donoso
[LMDO06]. Manipulating the Husimi equation of motion algebraically, these authors
obtained the equations of motion for the test particles. The equations of motion for
test particles obtained in this manner exhibit a nonlinear dependence on the Husimi
distribution. However, we note that the true equation of motion for the Husimi
distribution is a linear partial differential equation, which encodes the superposition
principle for quantum states. The nonlinear dependence of the equations of motion
for the test particles representing the Husimi distribution in [LMDO06] implies a vi-
olation of this principle. We note that the superposition principle is crucial to our
investigation. To study the entropy production of the Yang-Mills quantum system
and the approach to thermal equilibrium, we need to consider highly excited states
of the system, whose energies form a quasi-continuum. Thus, the time evolution of
the system is described by the superposition of eigenstates with almost the same
energy. When the superposition principle is violated, we cannot expect to describe
the time evolution of such states correctly.

Therefore, we here apply the test-particle method in a way that respects the
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superposition principle. Instead of adopting the strategy proposed in [LMDO06], we
obtain the equations of motion for the test particles by taking the first few moments
on the Husimi equation of motion. This approach preserves the superposition prin-
ciple for solutions of the Husimi equation of motion. We derive the equations of
motion for the test particles, obtain the uncertainty relation for the Husimi distribu-
tion, and prove that the energy conservation holds for each individual test particle.
We describe the method by which we choose the initial conditions for the Husimi
equation of motion. Finally, we discuss additional approximations that we use for
the Gaussian test functions.

Before we start to explain the test-particle method, a general consideration is
in order. In principle, any smooth, positive definite, normalizable function in phase
space can be represented to any desired precision by a sufficient number of suffi-
ciently narrow Gaussian functions with fixed width. However, it is important to
keep in mind that these conditions are not satisfied, in general, by the Wigner func-
tion or the classical phase-space distribution of a chaotic dynamical system. The
Wigner function is in general not positive definite, and the classical phase-space dis-
tribution does not remain smooth for an arbitrary initial condition. The presence of
exponentially contracting directions in phase space ensure that, over time, the clas-
sical phase-space distribution will develop structure on exponentially small scales,
which cannot be described by superposition of fixed-width Gaussian functions.

The Husimi transform of the Wigner function cures both problems. It removes
regions of negative values from the quantum phase-space distribution, and its respect
for the uncertainty relation ensures that the phase-space distribution remains smooth
on the scale set by h and the smearing parameter «. As a result, the fixed-width
Gaussian ansatz will always be able to represent the Husimi distribution and track
its evolution faithfully over time, if a sufficiently large number of sufficiently narrow
Gaussian test functions is employed. On one hand, the width of Gaussian test
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functions cannot be larger than the width of the initial Husimi distribution so that
the Gaussian test functions can represent py faithfully, as indicated in (5.49). On
the other hand, the width of Gaussian test functions must not be too narrow in order
to ensure that the solutions of (5.20-5.23) are stable. By applying a stability analysis

0 (5.20-5.23), we obtain the constraint for the stable solution of (5.20-5.23) as given
by eq. (6.6). We describe the fixed-width ansatz in Sect. 5.5. We do not attempt to
give a rigorous proof of these assertion here, but content ourselves with the heuristic

argument presented above.
5.2 Equations of motions for test particles in one dimension

We solve the Husimi equation of motion (4.24) by using the test-particle method.

We begin by writing the Husimi distribution as:

N
pu(t;q,p) = Z t) exp [——c (t) (¢ - qi(t))2]
: l
where 7 = 1, ..., N, and we define

Ai(t) = [cgq(t)c;p(t) - (c;p(t>)2] . (5.7)

The moment of a function f(¢; ¢, p) with respect to a weight function w(q, p) is defined

as:

dq dp
[w = y t, s . 5.8
1 = [ et a.p) 59
Applying the five moments I, I,, 1,2, 1,2 and I, to the Husimi equation of motion
(4.24), we obtain five equations of motions for each test particle ¢ for the five variables

representing the location in phase space and width of each test particle.
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These equations are:

- 0, (5.10)

|26, (816 ()¢ (1) = éay (1) (chy (D) = Eyl0) (e () *] + el (HAT(R) =0,

(5.11)

[ 26yt = 1) (6, (1) = 3,0 (3 0)']

c (t) a\ 04V ) )
+ | 2L — —) —-— & (A (t) =0,
) (N(t> 2) 04" |z

ap

0q?

_[ i

(5.12)

|60 (Db Dk, (1) + Bk, (k1) = 6 (0) (el (1) + (chy()7)]
? Cua®) S(?) ’
' [2Za o (3w) (B ) &

2 (C;p(t) oz)2 o'V

2\ A1) 2) ogt

7'(t)

(A (1)* =0, (5.13)

ai(t)

where i = 1,..., N. By solving (5.9)-(5.13) simultaneously for i = 1,..., N, we obtain

T, D' Chp» €, and ¢, as functions of time.

Finally, we solve these 5N equations of motions for the Hamiltonian system in
(4.30), with Kk = ¢ = 1.
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5.3 Equations of motions for test particles in two dimensions

Now we briefly describe the test-particle method. Our goal is to solve the Husimi
equation of motion in (4.29) and obtain the time dependence of the Husimi distri-
bution. As stated before, the Husimi distribution is a density distribution in the
phase space, and it is positive semi-definite for all times. Therefore, we can approx-
imate the time-dependent Husimi distribution by the superposition of a sufficiently
large number N of Gaussian functions, whose centers can be considered as the (time-
dependent) positions and momenta of N “test particles”.

For these Gaussian functions, we assume that we can neglect all correlations
between ¢, and ¢, between p; and ps, between ¢; and p,, and between ¢, and p;.

Under these assumptions, the Husimi distribution can be written as

pu(t;a,p) = hzz Ni(t)

X exp [—Cfllpl(t) (q1 —q (t)> (pl — P (t)>

) (22— (1) (2 — (1) (514

In order to satisfy the normalization condition for the Husimi distribution:

o0
J dlqp pu(q,p;t) =1, (5.15)

—00

we normalize each Gaussian according to:
N'(t) = AL(£)A5(1), (5.16)
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where we introduced the abbreviations:
i i i i 2
DO = |l D ) = (¢ ()] (5.17)

AYO) = [ e ®) = (e ()] (515)

We require that N%(t) > 0 for all times. The assumption of setting Cra(t) =

Cop(t) = ¢ (t) = ¢, () = 0in (5.14) is motivated by the fact that ¢}, (t) and
cfpm (t) encode the dominant correlations induced by the dynamics. For later pur-
poses, we have examined numerically that even when setting ¢, (t) = ¢,,,(t) = 0
for all times, the correlations between ¢; and p; and between ¢, and py are produced
by the ensemble of Gaussians as time evolves, by virtue of the contribution of a large
number of test functions. Therefore, the ansatz in (5.14) is justified.

Owing to (5.14), the solution to the Husimi equation of motion will depend on
the chosen particle number N, and so will the Wehrl-Husimi entropy. In the limit
N — o we expect both, the Husimi distribution and the Wehrl-Husimi entropy,
to approach values that are independent of the test-particle approximation scheme.
We will confirm this expectation in Sect. 7.4 by investigating the particle number
dependence of our numerical result for the Wehrl-Husimi entropy.

The main task for us is to determine the optimal solutions for the time-dependent
variables (1), (1), PL(1). Ph(0). chygy (1), chu0), chpy (1), (1), €l (1), and
Chop, (t). In other words, instead of directly solving (4.29), we seek a system of the
equations of motion for the ten time-dependent variables. This goal can be achieved
by evaluating the moments on both sides of the Husimi equation of motion. The
resulting equations constitute a system of ordinary differential equations for the ten
time-dependent variables of each test particle labeled by i = 1,2, ..., N. Overall, we

thus have to solve 10NN equations of motion. These can be grouped into N inde-

pendent systems of ten coupled differential equations, each of which can be solved
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separately.
Generally, the moment of a function f(¢;q,p) with respect to a weight function

w(q, p) is defined as,

e}
LI = | dlan w(apftap)] (5.19)
-0
Therefore, after we apply the ten moments Iy, Io,, Ip,, Ipy, L2, 12, L2, Iz, Iy, and

I

sp, t0 the Husimi equation of motion (4.29), we obtain ten equations of motions for

each test particle ¢ for the ten variables representing the location in phase space and
width of each test particle. In eqs. (5.20-5.23), we present the equations obtained
I

q2»

I

from the first moments I, »

s and I,, of (4.29) associated with the location

of the test particle. The equations for the evolution of the test particle widths,
obtained from the second moments Iz, 12, I )2, Iq,p, and Iy, of (4.29) are presented

in egs. (5.25-5.30) .

The equations for the first moments of (4.29) are:

G0~ @) = o, (5.20)
@) - (1) = 0, (5:21)
ORI
(1) Z—;W
% (CZT—((;))_%) aj;;; O (5.23)

where A’ () and A%(¢) are defined in (5.17) and (5.18), respectively. The subscript
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q'(t) in the partial derivatives of the potential energy V(qi, ¢2) in (5.22, 5.23) denotes

that the partial derivatives are evaluated at (qi,q2) = q'(t), where

q(t)=(a),a). (5.24)

The equations obtained from the second moments Iz, Iz, L2, I, Iy, and Iy, of

(4.29) are listed below:
|26 (O () () = Gy () (o () = Gy (8) (i ()]
+7i ¢l (DAL(E) =0, (5.25)
|26 (ke )6k () = s 8) (€ (0)” = 5 (8) (€ 1)

2, (D8N0 = 0, (5.26)

(266,10 () (0 1) = gy (0) (s (6% = . 0) (chys ()]
0%V

‘Paﬁ

[Qézzm (t)cfhpz (t)cflzqz (t) o CZZQQ (t) (Cflzpz (t)) ’ o é;szz (t) (Cfptp (t)) 2]

_V + <C§71]?1 <t) o O[) 54
5 Gi(t) Ai(t) aq1§q2

CZ (t) o a4v ‘ .
4+ [ Zpep2 __)_q d (DA () =0,
a‘(t) ( Al 5() 2 5q%0q% qi(t)] ‘hpl( ) 1( )

(5.27)

Carps () D5(t) = 0,

q2p2

qi(t)

(5.28)
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[0 (D11 ()1, (8) + G (g, (E)yp, (1)

G0 1) (e (O 8+ (s ()]

+ h _ l thln (t) + C;’lpl (t) . 104 aQ_V
2ma m \ AL(¢) AL(t) 2 g3

qi(t)

1/c () a) (Ci (t) a) oV N2
4= P1I?1 _ P2[f2 _ A (¢ _ 0’
(5 —5) (% - 3) w100
(5.29)
ROICOEARORI OB
N K2 1 cjm(t) . c;m(t)_la aQ_V
2ma m \ AL(t) AL(t) 2 0G5 |gi oy
1 /¢ (b a) (Ci (t) a) otV N2
- P12?1 - p2}?2 = AL(t — 07
(B - 5) (B - 5) el | 500
(5.30)

where ¢ = 1,2,..., N, and A} (¢), A% (¢) and q'(¢) are defined in (5.17), (5.18) and
(5.24), respectively.

Instead of solving the Husimi equation of motion (4.29), we now solve (5.20-5.23)
and (5.25-5.30) for each test particle ¢ = 1,2,...; N and then construct the Husimi
distribution by superposition. These test-particle equations of motion can be solved
numerically by applying the Runge-Kutta method when proper initial conditions are
given. The method of choosing the initial conditions will be discussed in Sect. 5.4.

To ensure the existence of the solutions, we need to confirm that egs. (5.25-5.30)

are nonsingular. We write the system of differential equations (5.25-5.30) in the form
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Av = b, where v and b are column vectors and

_ 7 7 7 7 7 7
v= (Cq1q1 1 Cpip1o Caiprr Caager Cpapas qupz) : (5'31)

The system of equations would be singular if det A = 0, which implies,
AL(t)AL(t) = 0. (5.32)

This condition is equivalent to N'(t) = 0. Equation (5.32) violates the constraint
that Ni(t) > 0; therefore, (5.20-5.23) and (5.25-5.30) are never singular.

The uncertainty relation for the Husimi distribution for one-dimensional quan-
tum systems has been derived in, e. g., [Bal98]. Here we generalize their result to

the case of two dimensions. The uncertainty relation for the Husimi distribution

pu (t;q1, g2, p1, p2) Teads:
(Agj) g (Apj)y = 1, (5.33)

where

xpu(t;q,p)], (5.34)

—o0
x pr(t;q,p)], (5.35)
for j = 1,2 with
o0
{gjon = f dlqp i pu(t; q, P), (5.36)
—00
o0
pj)u = f dlqppjpu(t;q,p). (5.37)
—00
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We emphasize that the uncertainty relation (5.33) does not serve as an additional
constraint when we solve the Husimi equation of motion (4.29). As long as the initial
condition pg (0;q1, g2, p1, p2) satisfies (5.33), the solution to the Husimi equation of
motion satisfies the uncertainty relation (5.33) for all times. This results from the

fact that the quantum effect is encoded in the Husimi equation of motion itself.
5.4 Choices of the initial conditions

In order to solve the equations of motions (5.20-5.23, 5.25-5.30), we need to assign
initial conditions for the Husimi distribution at ¢ = 0. We next describe the method
we use to assign the initial conditions, {7 (0), 75(0), p%(0), p5(0)} and the initial widths
for each test particle ¢. Our goal is to assign initial conditions so that the initial
Husimi distribution satisfies the four conditions at ¢ = 0: (i) py(0;q,p) = 0, (4) the
normalization condition in (5.15), (i) the uncertainty relation in (5.33), and (iv)

the relation between moments:

o0 0
j dTqp pia (0:0, P) > f Aoy [0 D) (5.38)
0 0

Our strategy is as follows. First of all, we formally write (5.14) as:

pu(t;a,p) = ~ > K(a—a'(t),p—p'(t), (5.39)

where K denotes the Gaussian function for each test particle. For ¢t = 0, the Husimi
distribution (5.39) can be expressed as

o0
pr(0;q,p) = J Ay K(a—dq,p—p')

—00

xo(d, p'), (5.40)

where ¢ denotes the distribution of the test particle locations in the phase space.
We abbreviate the phase-space variables for clarity: x = (q1,¢2,p1,p2) and X' =
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(q1, ¢, Py, py). Owing to the four conditions (7)-(iv) stated above, we choose the

Husimi distribution at ¢ = 0 to be a Gaussian distribution:

A 1/2
pu(0;x) = B (Hﬁz)
xemol—%}iv%(%”—u%f], (5.41)

where 7§ and p§; for a = 1,...,4 are to be determined. In (5.41) we do not assume
any correlation between position and momentum locations at ¢ = 0, implying that

we initially set ¢ , (0) = ¢

L aope(0) =0 fori=1,... N in (5.14).

The main idea of choosing initial conditions is that, according to (5.40), we
can represent the initial Husimi distribution (5.41) to be the sum of Gaussian test
functions by randomly assigning {q:(0), 74(0), p%(0), p5(0)} for i = 1,..., N according
to the distribution ¢. Our remaining tasks are then to determine the parameters
in (5.41) and to obtain the functional forms for K and ¢. In (5.41), u$ can be
assigned freely by choice, but the % are subject to the conditions (iii) and (iv).

Substituting (5.41) into the conditions (4i7) and (iv), expressed by egs.(5.33) and

(5.38), respectively, we obtain from (4ii):

4
[T 2 =n (5.42)
a=1

and from (iv):

1
[T = r?/a (5.43)
a=1

Since eq. (5.42) is the stronger of the two conditions, we adopt it as the constraint

for the initial Husimi distribution. To represent pg(0,x) in (5.41), we chose the
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following functional forms for K and ¢ at ¢t = 0:
4 1/2
K(x-x) = I (]_[ 7?«)
a=1

L&
X exp [—5 Z Yo (x® — X" ] (5.44)
a=1

and

X exp [—% Z v5 (x* — ug)zl : (5.45)

This choice implies that we represent the initial Husimi distribution as the convo-
lution of test-particle Gaussian functions K and a Gaussian distribution ¢ of test-
particle locations in phase space. In (5.39) at ¢t = 0, pg is denoted as the sum of
Gaussian functions, each of which may possess distinct widths. However, when we
choose to express (5.39) at ¢t = 0 in terms of the convolution of K and ¢, we no longer
have the flexibility to assign different widths for each individual Gaussian. Instead,

for K in (5.40, 5.44) we should assign:

711< = Cq1q1(0)u ’Y%(:ngqg(o),

7?( = Cp1p1(0)= ’7}1( =Cp2p2(0), (5.46)

where the suppression of the label 7 implies that all test particles possess the same
width at ¢t = 0.

It is advantageous to use the convolution of K and ¢ in (5.40) to represent py
because the parameters in (5.41, 5.44, 5.45) can be related to satisfy the constraint
imposed by the uncertainty condition, as described below. In (5.45), tg denotes the
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location of the center of the distribution of loci of the test particles in the phase space.
According to (5.40, 5.41, 5.44, 5.45), it is clear that the center of the distribution of
loci of test particles must coincide with the center of the initial Husimi distribution.

We thus must assign

e = . (5.47)

where the p$, are selected by choice. Moreover, since the «§ are subject to the
constraint (5.42), we obtain relations between ~%, 7% and Yg, which allow us to
determine 7% and v¢. By applying the convolution theorem to (5.40), we obtain the

following relations:

1 1 1
Y & Vo
fora=1,...,4. Once we select the values of 7%, based on (5.42), we must determine

Y% and 7§ according to (5.48). Furthermore, owing to (5.46), the choice of 7% is

subject to the constraints
Y& = Vu fora=1,...,4. (5.49)

Furthermore, % must be assigned in the domain where the solutions of (5.20-5.23)
and (5.25-5.30) are stable.

The number N of test particles plays a crucial role for the accuracy of numerical
results. If we set N = 1 in (5.39), we find that pgy = K, and thus 7%, = 7%. This
special case is called the single-particle ansatz. In general, the single-particle ansatz
is insufficient as representation of pg (¢; q1, g2, p1, p2), because the Husimi distribution
will not retain a Gaussian shape for all times, even if we initialize it as a Gaussian
at t = 0.

As a specific example, we present and compare the solutions of the Husimi equa-
tion of motion in one dimension in Fig. 5.1. Figure 5.1 shows the difference between
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FIGURE 5.1: Solutions of the Husimi equation of motion in one dimension. The
Hamiltonian is defined in (5.50). The parameters are chosen as x = 1 and ( = 1.
Panels (a) and (b) show pg(t;2,p) for a single test particle, at time (a) ¢ = 0 and
(b) t = 2. Panels (c) and (d) show pg(t;¢,p) or the many test particles, at times
(¢c) t = 0 and (d) t=2. It is obvious that for ¢ > 0 this single-particle ansatz is
insufficient to represent the solution.
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the solution pg(t; q,p) for the single-particle ansatz [panels (a) and (b)] and for the

many-particle ansatz [panels (¢) and (d)], for the same Hamiltonian defined as:

¢+ iq“,

K
Sy (5.50)

2

H(z,p) = 2p_m

For a one dimensional quantum system, we choose the initial conditions setting the

initial Husimi distribution to be:

J © dq'dp
_ 2mh

pu(0;q,p) K(g—d.,p—7) o(d,p). (5.51)

We express pg, K and ¢ in the forms of (5.41), (5.44) and (5.45), respectively, with
the redefined variables x = (¢,p) and x’ = (¢/,p’) and the redefined indices a = 1,2

for x?, X'*, ulr, g, Vi, Vi and v¢. By the convolution theorem, we obtain that:

1 1 1
— = — 4 (5.52)
YH Tk e

for a = 1,2. At t = 0, we choose 7§, = 1. In the many-particle ansatz, we choose
N = 1000, 7% = 3/2 and 7 = 3. And we choose pg; = pg = 0. In the single-particle
ansatz, py remains a single Gaussian for all times, and thus we choose % = 1 and
pg = 0.

By comparing Panel (b) and (d) of Fig. 5.1, we can clearly see that in Panel
(d) the test particles tend to stretch into two clusters moving in opposite directions,
while in Panel (b) a single Gaussian function fails to represent these two clusters.
Thus the single-particle ansatz is insufficient in representing the solution pg(t; g, p)
for ¢ > 0. We conclude that we need a sufficiently large test-particles number N in

(5.39) to represent the evolution of the Husimi distribution.
5.5 Fixed-width ansatz

Once the initial conditions are obtained, the numerical solutions to eqgs. (5.20-5.23,

5.25-5.30) can be obtained by the Runge-Kutta method. These equations can be
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dramatically simplified by fixing the Gaussian widths in our ansatz (5.14) for the
Husimi distribution. The precise definition of the fixed-width ansatz reads as follows:

For each particle i,

C(ihql (t) = Cqaq (0)7 Cqug (t) = Cqoqo (O>7
6271171 ) = cpp(0), c;)gpg (t) = Cpops (0),

Célpl (t) = CQ1P1 (0)’ Cégpg (t> = CQ2P2 (0)7 (553)

where ¢4, (0), Cg0g0(0)5 Cpypy (0), Cpops (0), Cqupy (0), and ¢,,p, (0) are chosen to be the
same for all 7.

In the variable-width ansatz, we solve the ordinary differential equations (5.20-
5.23, 5.25-5.30) simultaneously for each test particle 7. In the fixed-width ansatz,
we fix the values of ¢ , (t), ¢, (1), &, (t), ¢, (t), ¢, (t), and ¢  (t) to be
constant for t = 0. Therefore, in the fixed-width ansatz, egs. (5.25-5.30) cannot be
satisfied, and eqs. (5.20-5.23) are the only equations of motion for each test particle
i. We apply the fixed-width ansatz because (5.20-5.23) are obtained from the first
moments of (4.29) and thus serve as the leading contribution to (4.29). From a
physical viewpoint, equations (5.20-5.23) determine the ”locations” of test particles
in the phase space as functions of time, while egs. (5.25-5.30) govern the time-varying
widths of each test-particle Gaussian. In Sect. 6.2 we evaluate all of the numerical
results based on the fixed-with ansatz in (5.53).

The conservation of energy is not only true for ppy, as shown in Sect. 4.4.2,
but also holds for each individual test particle. We now prove the conservation of
energy for each individual test particle in the fixed-width ansatz. The proof can

be easily generalized to the case of variable widths. In the fixed-width ansatz, the

test-particle space is spanned by the test-particle positions and momenta (q, p). We
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define a function Hy in the test-particle space as follows:

Hu (@) - j " Ao (@p) K (4— @ p— D). (5.54)

—0

where Hp denotes the coarse-grained Hamiltonian defined in Sect. 4.4.2 and K is
defined in (5.39). We note that the functional form of K is independent of the test-
particle label i. With the help of (4.43) and (5.54), it is straightforward to show
that

OHy (G'(t), (1))

pr ~ 0, (5.55)

where i = 1,..., N. In view of (5.55), Hy (q@'(t), p’(t)) can be identified as the energy
of an individual test particle 7. Due to (5.55), the histogram of test-particle energies

Hzy (Q'(t), p'(t)) remains unaltered at all times.
5.6 Validity of the assumptions

In the test-particle method, we have made two assumptions. One is the neglect of
the correlation between the dynamical variables, and the other is the assumption
of the time-independent width, i.e., the fixed-width ansatz. First of all, we justify
the neglect of the correlation coefficients between the dynamical variables for each
test particle. When we study the correlations, we need to consider two sources of
the correlations contributed by the test particles: (I) the correlation among different
variables of the same test particle; (II) the correlation of each test particle with all
other test particles. If there are N test particles in the phase space, the contribution
from (II) is dominant over that from (I) by a factor of N. Thus we can neglect the
correlation coefficients between the dynamical variables for each test particle.
Secondly, the assumption of the time-independent widths can be justified from

the same argument. Because the correlation of each test particle with all other test
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FIGURE 5.2: (a) Time evolution of the three components of Ry,,,, namely RV R®
and R®), for cyp, = Cgpy = 1/2. These three components RV, R® and R®) are
defined in (5.58) and (5.59); (b) Ry, and S, as functions of time for the two
cases: (1) Cgpy = Coopo = 0 and (ii) cqyp, = Cgopy = 1/2, respectively. R,,,, and Sy,
are defined in (5.58) and (5.60), respectively.

particles is dominant over the auto-correlation of each test particle, the effects of the
time-independent widths on the correlations are negligible. This fact concords with
the argument that the equations for the ”locations” of test particles in the phase space
determine the global behavior of the Husimi distribution, while the equations for the
time-varying widths determine the local fluctuations of the Husimi distribution.

In the following paragraph, we present specific numerical examples which sup-
port the arguments for the neglect of the correlation coefficients between the two
dimensions and the assumption of the time-independent widths. In the ansatz of
pu(t;d, P), We set Cqygo(t) = Cpyps(t) = Cups (t) = Cgopy (t) = 0. Define the expectation

of the phase-space variable ¢; with respect to the Husimi distribution

d*qd’p
= | — t; : 5.56
{q1) f (2rh)? ¢ pu(t;a,p) ( )
Then the correlation between ¢; and p; is obtained by:

Ry = {1 = <) (p1 = ) = {ap1) = g0 <pr) - (5.57)
82



When pg(t;q,p) defined in (5.14) is composed of N Gaussian test functions, the

correlation Ry, is:
Ry = RY + R® — RO, (5.58)

where

N
RO = LS @maw) ;RO =

i=1 Ct211p1 ~ Cpim Carqn
_ 1 (& N
RY = - <Z?<t>> (Zﬁa <t>>. (5.59)
i=1 j=1

On the other hand, for the auto-correlation of each test particle, we obtain:

Slhpl = Capn = R(2)~ (5.60)

2 _
Capr — CpipiCarqn

In the numerical calculation, we work under the fixed-width ansatz and set c,,, =
Cargz = Coipy = Cpops = 3/2. In Fig. 5.2(a), we plot RV, R® and R® as functions of
time, for c,,p, = Cgpy = 1/2. Fig. 5.2(a) shows that, for ¢t > 3, R is the dominant
contribution to R,,,,. Besides, |R®| is much smaller than |RY| and |R®)| for
all times. This implies that the correlation of each test particle with all other test
particles dominates over the auto-correlation among dynamical variables of each test
particle. R, ,, is time dependent when the widths of the test particles are assumed
to be time independent. Therefore, the assumption of time-independent widths is
justified.

In Fig. 5.2(b), we plot R,,,, and S,,,, as functions of time for the two cases: (i)
Capr = Caopo = 0 and (ii) ¢gpy = Cgopy = 1/2. Ry, p, differs significantly from S,,,, for
many time intervals. For each time, R,,,, possess only little difference between the
two cases (i) and (ii). For ¢t > 5, the curves of R,,,, for (i) and (ii) differ, because the
Yang-Mills quantum system is chaotic and the motions of the test particles depend
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FIGURE 5.3: The time evolution of R;.2, which is defined in eq. (5.61).

sensitively on the changes of the parameters in the equations of motion. Except
for these deviations due to the chaotic behavior of the system, R, ,, is generally
independent of the choices of ¢y, and cg,p,. In brief, Fig. 5.2(b) shows that the
correlation of each test particle with all other test particles dominates over the auto-
correlation among different variables of each test particle, and that the neglect of
Cqrpr and Cg,p, 1s justified.

Furthermore, R4, 4, ~ 0 in a time-averaged sense because of the symmetry of the
potential energy Vocglqs. The potential Vocglqs suggests a correlation between ¢3

and ¢3. Therefore, we should instead evaluate Rg242, which is:

Rpg = {dig;) — {ai ){az)- (5.61)

Figure 5.3 shows the time evolution of Rz for the setting: ¢ g = Cpg = Cpipy =
Cpaps = 3/2 and ¢qup, = Cgop, = 0. In Fig. 5.3, [ Rz | approaches a large value as time
evolves, which can be understood by the fact that most test particles tend to move
within the ”basin” region enclosed by the equipotential curves of Vocgiqs. Therefore,

we conclude that the correlation between ¢ and ¢ tends to be strong, in spite of the
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neglect the correlation coefficients between the two position variables for each test

particle.
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6

Numerical solutions to the Husimi equation of
motion

6.1 Solutions for the one-dimensional systems

We demonstrate the solution for the Husimi equation of motion for the inverted
potential: V(g) = —1/2¢* and the double-well potential: V(¢q) = —1/2¢* + 5;¢*. The
potentials are plotted in Fig. 6.1.

For a one dimensional quantum system, we choose the initial conditions setting

Vig) V(g)
1 2
4 -2 2 s ! 1
-1t
-2t
2 s 1

-3t
—4f
—st _al

FIGURE 6.1: The potential energy V(¢q) = —1/2¢* and V(q) = —1/2¢* + 5;¢".
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FIGURE 6.2: Time evolution of the Husimi distribution for the inverted oscillator
V(q) = —1/2¢*. Total number of test particles is N = 1000.
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FIGURE 6.3: Time evolution of the Husimi distribution for the double-well potential
V(q) = —1/2¢* + 5;¢*. Total number of test particles is N = 1000.
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the initial Husimi distribution to be:

o0 d /d /
pu(0;q,p) = J TP Kig—q.p—p) é(d.p). (6.1)

—w 2mh

We express pg, K and ¢ in the forms of (5.41), (5.44) and (5.45), respectively, with
the variables x = (¢, p) and x' = (¢/,p') and the indices a = 1,2 for x?, x'*, ugy, ug,

Vs Vi and vg. By the convolution theorem, we obtain that:

- o (62
Y Tk Yo

for a = 1,2. At t = 0, we choose 7%, = 1. We choose N = 1000, v% = 3/2 and
Y = 3. And we choose pug = ug = 0.

In both cases, the Husimi distribution starts from the same Gaussian function
centered around the origin. As time evolves, the evolution of these two cases diverge.
In Fig. 6.2 for the inverted oscillator, the Husimi distribution expands in one dimen-
sion and contracts in the other dimension. The inverted oscillator is an unstable
system, so one would expect that the phase-space volume occupied by the Husimi
distribution can continue increasing indefinitely as time evolves. This shows that
the phase-space volume is not conserved for the Husimi distribution in this instance,
because the inverted oscillator is an unbound system. In Fig. 6.3 for the double-
well potential, the Husimi distribution moves back and forth between the two wells.
The phase-space volume increases for an initial period of time, then it shrinks again

because it is constrained by the double-well potential.
6.2 Solutions for Yang-Mills quantum mechanics

We now present our numerical results for the Husimi distribution in the Yang-Mills
quantum mechanics V' (g1, g2) = % g*¢2q3. Throughout our calculations, we have used

the fixed-width ansatz. In this Section, we present the numerical results for the
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evolution of the Husimi distribution. The results presented in this Section will be
used for later Chapters. In Chapter 7, we evaluate the Wehrl-Husimi entropy of
the Yang-Mills quantum system using N = 1000 test particles. Later we compare
the Wehrl-Husimi entropies for N = 1000 and N = 3000 test particles and explore
the test-particle number dependence of the saturation value of the Wehrl-Husimi

entropy.
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FIGURE 6.4: Conservation of the coarse grained energy (4.42) during time evolution
of the Husimi distribution. This shows that a state with energy € [Hypy] = 100.707
for ¢ = 0 remains at the same energy for ¢ > 0, with relative precision better than
107% up to t = 10. pp is obtained from (5.39) with N = 1000 fixed-width test
particles.

For our numerical calculations, we fix the parameters m = ¢ = a = h = 1 in
(4.29). Initially, we set the number of test particles to N = 1000. We choose a

minimum uncertainty initial Husimi distribution (5.41) by setting:
vy =1 fora=1,...,4, (6.3)

which satisfies the constraint (5.42). Besides, in (5.41) we choose
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0 7.628+0.188
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FIGURE 6.5: Energy histogram for N = 1000 test particles at ¢ = 0. The quantity
¢ denotes the test-particle energy, which is defined in (6.9), and the labels on the
vertical axis denote test-particle numbers. A normal distribution nrp(€) is used to
fit the histogram. A, p and o are the fit parameters for nyp(€), which are defined in
(6.12). The values for the fit parameters are shown in the plot.

Owing to (5.47, 6.4), we then have
g = ps =0, ph = py =10 (6.5)

For a fixed-width ansatz, the solutions of (5.20-5.23) are stable under the following

constraint:

Carqn (0) + Cgp4,(0)
Carq1 (0) Cgage (0)

> a, (6.6)

which can be confirmed by a linear stability analysis. Besides, we set ¢, (0) =
Caopa(0) = 0 . Thus, due to (5.46, 6.6), our choices of v} and 73 are constrained by:

1 2
’VK+’YK>

6.7
Yk 6.7)

In summary, our choice of 7% is restricted by the two constraints (5.49, 6.7) together

with the settings (6.3) and o = 1. We satisfy these constraints by the choice

a 3 a
=5 =3 (a=1...4). (6.8)



We randomly generate test-particle locations {; (0), g5(0), p% (0),p4(0)} fori =1, ... N
according to ¢ in (5.45), with parameters given by (6.5, 6.8). For the fixed-width
ansatz with the initial conditions (6.8), we solve (5.20-5.23) for each test particle i
and repeat the procedure for i = 1,2,..., N.

Using eqs. (4.41, 4.42) where py is obtained from (5.39) with N = 1000 fixed-
width test particles, we verify numerically that £ [Hgpg]| is a constant of mo-
tion. This is illustrated in Fig. 6.4, which shows that a state with initital energy
E [Hupyu] = 100.707 remains at the same energy with relative precision better than
10~* up to t = 10. Since the initial "locations” of test particles in the phase space are
generated randomly according to ¢ in (5.45), different sets of {q(0), p* (0)} generated
by different runs of the computer program may result in differences of & [Hypy]| at
t = 0 of less than 0.5 percent. Thus, for any set of initial locations for N = 1000 test
particles, the energy of the state at ¢t = 0 is € [Hypy]| = 100.6 + 0.5.

The energies of individual test particles can be studied by the following method.

We denote the test-particle energy variable € as

where Hj; (@, p) is defined in (5.54). Because we choose the fixed-width Gaussian K
with the parameters 7% in (6.8) and set m = g = a = h = 1, we obtain

1
(p7 +p3) + 500

13
72

_ 1
Hu (Qb QZap17p2) = 5
1

+12

(@ +3) + (6.10)

The energy for an individual test particle is denoted as i ¢; = Hy (q'(t), p'(t)).

Owing to (5.39), the energy of the state is the average energy of the test particles:

M=

1
EMmpn] = 57 2 € (6.11)
1

i
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provided that N is sufficiently large. In Fig. 6.5, we plot the energy histogram at

t =0 for N = 1000 test particles, which we fit to a normal distribution:

nte (€) — Aexp l_%g - m?] | (6.12)

The values of the fit parameters A, p and o are listed in Fig. 6.5 for N = 1000. We
note that the histogram of test-particle energies remains unaltered as time evolves.

To visualize the Husimi distribution as a function of time, it is useful to project
the distribution either onto the two-dimensional position space (g, ¢2) or onto mo-
mentum space (pi, p2) by integrating out the remaining two variables. To this end,
we define the following two distribution functions:

o0
Fq(t;fhafh) = J dpldPQPH(tQQIa(D;pl;pQ)

—00

. 27Th2 i AIAQ
N i=1 Cpip1 Cpapa

A » 2 A
9 . (Ch _(h(t)) - 2

p1P1 2¢ppy

(- q;<t>)2] ;

X exp [—

(6.13)

o0
F, (t;p1,p2) = f dq1dgs pr (t; g1, g2, 01, P2)

—00

B zthi ALA,
N =\ CuaCae

Ay
2c

2

(h— (1) — =22

— (¢
a1q1 2Cg0q, (pz 2 ))

S exp [_
(6.14)

The physical interpretations of Fj (t;¢1,q2) and F, (¢;p1,p2) as the marginal phase-

space distributions are explained in Chapter 4. We can conveniently visualize the

93



10— 20 .
8 E 15[ =
of ] g P

o ] 101~ =
- E - = b
2F e 5 g

= ofF - o ofF 7
2 — _5} B
A ] B ]

-10- -
-6 ] o ]
of (@ 4 = (d) 1

ot b b b e L
%595 90 5 0 5 10 15 20

H
s
o
SE
&b
s
A
SE
ol
Ny
N
ok
ol
-
o

FIGURE 6.6: Two-dimensional projections of the Husimi distribution on position
space Fy(t;q1,q2) at times (a) ¢ = 0, (b) t = 2 and (c) ¢t = 10, and on momentum
space F,(t;p1,p2) at times (d) ¢t = 0, (e) t = 2 and (f) ¢ = 10. The number of test
particles is N = 1000.

94



evolution of the Husimi distribution pg(¢; g1, g2, p1, p2) by showing contour plots of
the two-dimensional projections Fy(t; q1, q2) and F,(t; p1, p2). Figure 6.6 shows F;, and
F, side by side at times ¢ = 0, t = 2, and ¢ = 10, respectively. At the initial time,
F,(0; ¢1, g2) is chosen as a Gaussian distribution centered around the origin in position
space, while F,(0; p1,p2) is a Gaussian function centered around (p;,p2) = (10, 10).
The projected initial distributions are shown in panels (a) and (d) of Fig. 6.6. As
shown next in panels (b) and (e) of Fig. 6.6, F, and F}, at ¢ = 2 are beginning to split
into distinct clusters. This behavior is caused by the fact that test particles bounce
off the equipotential curves defined by € = Hy (q, 0).

Closer inspection of the time evolution of F(t; ¢1, ¢2) and F,(¢; p1, p2) reveals that
gross features of the Husimi distribution pg(t; q, p) remain approximately unchanged
for t > 6. The panels (c) and (f) of Fig. 6.6, presenting F, and F, at ¢t = 10, show
that the contours of F,(10;¢1,q2) follow equipotential lines, while the contours of
F,(10; p1,p2) are shaped as concentric circles, i. e., lines of constant kinetic energy.
The time evolution of F, demonstrates that test particles starting from their initial
positions localized around the origin in position space (g1, ¢g2) eventually spread all
over the region enclosed by the equipotential curves defined by € = Hy (g, 0). This
behavior is a result of the fact that the Yang-Mills quantum system is chaotic, im-
plying a strong sensitivity of test-particle trajectories on their initial conditions, as

explained in Chapter 3.
6.3 Variable widths

To compare with the results from the fixed-width ansatz, we obtain the Husimi distri-
bution from the general time-dependent widths. We plot the Husimi distribution for
t =1{0,1,2,3,4,6,8,10}, as shown in Fig. 6.8, 6.9, 6.10, 6.11, 6.12, 6.13, 6.14, 6.15,
respectively. We solve the Husimi equation of motion from the same set of initial con-

ditions: ¢! (0) =c: (0)=c (0)=c  (0)=3/2and ¢  (0)=c (0)=1/2.

q141 9292 pip1 Pp2p2 q1P1 q2p2
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FIGURE 6.7: @ as a function of time. @ is defined in eq. (6.18).

For the variable-width ansatz, we evolve all of the ten equations of motion for the
N = 1000 test particles. In Figs. 6.8, 6.9, 6.10, 6.11, 6.12, 6.13, 6.14, 6.15, we find
that the position and momentum projections of the Husimi distribution evolve in
a similar way as those for the fixed-width ansatz. After ¢ > 6, the position and
momentum projections start to equilibrate and the shapes tend to remain generally
the same for later times.

We compare the difference between the variable-width and fixed-width results by
calculating the Lo norm of the difference of the two distribution. Suppose we call
the variable-width and fixed-width distributions h;(z) and hy(z), respectively, where
x is the short hand notation for all of the phase-space variables. Then we have the

following definitions:

s )] = \/ [ ot @ (6.1

s )] = \/ [ ot (6.16)
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|7 () = ha (2)] = \/J %[hl (2) = ha (2)], (6.17)

_ (@) = he (@)
¢ Vb (@)] [he ()] (6.18)

We evaluate () as a function of time, which is plotted in Fig. 6.7. Figure 6.7 shows
that Q ~ 1.4 ~ v/2 at late time, indicating that the variable-width and fixed-width
distributions are orthogonal to each other for ¢ > 4.

This result implies that the microstates for fixed-width and variable-width dis-
tributions differ from each other at late times. However, our goal in this dissertation
is not to study the microstates of the Yang-Mills quantum system. Instead of the
difference between the microstates for these two ansétze, we are interested in the
difference between the entropies obtained from fixed-width and variable-width distri-
butions. Entropy depends on the occupied volume in the phase space. For example,
as shown in Chapter 7, the saturated Wehrl entropy for N = 1000 test particles is
Su(t = 10) = 7.6 for the fixed width ansatz. If assuming the variable-width ansatz
instead, we obtain Sy(t = 10) = 8.6 for N = 1000 test particles. The difference
of the entropy obtained for fixed-width ansatz to that for variable-width ansatz is
of the same order as the variation of Sy with the test-particle number N. The
larger value of Sy for the variable-width ansatz suggests that this representation for
the Husimi distribution converges more rapidly. Since we will test the convergence
with IV explicitly, the adoption of fixed-width ansatz is justified by its much greater

computational simplicity.
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FIGURE 6.8: Two-dimensional projections of the Husimi distribution on position
space Fy(t; q1,¢2) and on momentum space F,(t; p1, p2) at time ¢ = 0. The number of
test particles is NV = 1000. The Husimi equation of motion was solved by a general
variable-width (time-dependent-width) ansatz.

98



-10h n n n ) =20t

-10 -5 0 5 10 -20
a1

FIGURE 6.9: Two-dimensional projections of the Husimi distribution on position

space Fy,(t; q1,¢2) and on momentum space F,(t;p1, p2) at time ¢ = 1. The number of

test particles is N = 1000. The Husimi equation of motion was solved by a general

variable-width (time-dependent-width) ansatz.
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FIGURE 6.10: Two-dimensional projections of the Husimi distribution on position
space Fy,(t; q1,¢2) and on momentum space F,(t;p1, p2) at time ¢t = 2. The number of
test particles is N = 1000. The Husimi equation of motion was solved by a general
variable-width (time-dependent-width) ansatz.
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FIGURE 6.11: Two-dimensional projections of the Husimi distribution on position

space Fy,(t; q1,¢2) and on momentum space F,(t;p1, p2) at time ¢t = 3. The number of
test particles is N = 1000. The Husimi equation of motion was solved by a general

variable-width (time-dependent-width) ansatz.
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FIGURE 6.12: Two-dimensional projections of the Husimi distribution on position
space Fy,(t; q1,¢2) and on momentum space F,(t;p1, p2) at time ¢t = 4. The number of
test particles is N = 1000. The Husimi equation of motion was solved by a general
variable-width (time-dependent-width) ansatz.
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FIGURE 6.13: Two-dimensional projections of the Husimi distribution on position

space Fy,(t; q1,¢2) and on momentum space F,(t;p1, p2) at time ¢ = 6. The number of
test particles is N = 1000. The Husimi equation of motion was solved by a general

variable-width (time-dependent-width) ansatz.
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FIGURE 6.14: Two-dimensional projections of the Husimi distribution on position

space F(t; q1,¢2) and on momentum space F,(t; py, p2) at time ¢ = 8. The number of
test particles is N = 1000. The Husimi equation of motion was solved by a general

variable-width (time-dependent-width) ansatz.
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FIGURE 6.15: Two-dimensional projections of the Husimi distribution on position

space Fy(t;q1,g2) and on momentum space F,(t;p1,ps) at time ¢t = 10. The number

of test particles is N = 1000. The Husimi equation of motion was solved by a general

variable-width (time-dependent-width) ansatz.
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7

Wehrl-Husimi entropy for Yang-Mills quantum
mechanics

In this chapter, we discuss the method for evaluating the Wehrl-Husimi entropy
for the two-dimensional Yang-Mills quantum mechanics. First of all, we present
the result for the Wehrl-Husimi entropy as a function of time for a certain number
(N = 1000) of test particles, and we obtain the relaxation time and the saturated
Wehrl-Husimi entropy. Secondly, we evaluate the Wehrl-Husimi entropy for a number
of different initial conditions, and we discuss how the Wehrl-Husimi entropy depends
on the initial conditions. We obtain the energy dependence of the relaxation time
for the entropy production. Finally, we discuss the dependence of the saturated
Wehrl-Husimi entropy on the test-particle number N, and we obtain the saturated

Wehrl-Husimi entropy for N — co.
7.1 Method for evaluating the Wehrl-Husimi entropy

The Wehrl-Husimi entropy is defined in Chapter 4 as:

Su(t) = _J%pH(t;% p)Inpy(t;q, p). (7.1)
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Since py is a coarse-grained distribution, S (t) is the coarse grained entropy of the
quantum system. The numerical evaluation of the four-dimensional integral in the
definition (10.9) of the entropy Sy (t) is nontrivial, because the upper (lower) limits
of the integral in each dimension are infinite and the width of each test particle
Gaussian is tiny. Therefore, we use the following method to evaluate the integrals
efficiently. For each discretized time step tp, we find the largest absolute values of
the test-particle positions and momenta. Since each Gaussian is narrow and the
Husimi distribution is nearly zero outside the regions of support of the test particles,
we can assign +(max; |7i(tx)| + b) as the limits of integration over the variable q;.
We choose b = 6(yk) /2 to ensure that the Gaussians of all test particles are fully
covered by the integration range within our numerical accuracy. Similar limits are
assigned to the integrations over ¢o, p1, and po, respectively. These integration limits
ensure that the integrals run over the whole domain of phase space where the Husimi
distribution has support. We verify the accuracy of Simpson’s rule by evaluating the
normalization for py(t; q,p) for various time ¢. We find that the numerical results
coincide with (5.15) within errors of less than 0.3%. We then perform the numerical

integration by Simpson’s rule.
7.2 Numerical results and discussion

Our results for the Wehrl-Husimi entropy Sg(t) for N = 1000 test particles are
shown in Fig. 7.1. We evaluate Sg(t) for Yang-Mills quantum mechanics (YMQM)
and for the harmonic oscillator (HO), for comparison. The Hamiltonian for YMQM
is given in (4.28), while the Hamiltonian for HO is:

1 1
H=5- (p} +p3) + §v2(<ﬁ +43), (7.2)

where we set m = v = 1. We remind the reader that initially pg(0) is chosen as

a minimum uncertainty distribution satisfying the constraints (5.42, 6.3) with the
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FIGURE 7.1: The time evolution of the Wehrl-Husimi entropy Sy(t) for Yang-Mills
quantum mechanics (YMQM), the fit function Sg(¢) for the Wehrl-Husimi entropy,
and Sg(t) for the harmonic oscillator (HO). We set the same initial condition at
t = 0 both for YMQM and HO. The figure shows that Sg(t) for YMQM starts from
Su(0) ~ 2.0 and saturates to 7.6 for ¢ > 6.5, while Sy (¢) for HO remains at 2.0 for
all times. The fit parameters for Sg;(¢) are listed in the figure.

total number of test particles N = 1000. We assign the same initial condition both
for YMQM and HO, and we compare the difference in their Wehrl-Husimi entropies
as time evolves. Figure 7.1 shows that Sy (0) ~ 2.0, and Sy (0) > 2 for t > 0 for
YMQM, in agreement with the conjecture (4.23). For late times, Fig. 7.1 reveals
that Sy (t) for YMQM saturates to 7.7 for ¢t > 6.5. In order to find the characteristic

time for the growth of the entropy, we fit Sy (t) for YMQM to the parametric form:

Ske(t) = so — sy exp(—t/7), (7.3)

where sg, s; and 7 are fit parameters. The fit shown as a dash-dotted line in Fig. 7.1
corresponds to the parameters sy ~ 7.7, s; ~ 6.0 and 7 ~ 1.9. On the other hand,
Sg(t) for HO starts from Sy (0) ~ 2.0 and then remains at 2.0 for all times.

In Fig. 7.1, we note that the coarse grained entropy does not increase continuously

as time evolves. We compare this phenomena to that in the framework of Zwanzig’s
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formalism for the time evolution of the "relevant” density operator [Jan69, RM96].
In Zwanzig’s formalism, as discussed in Chapter 2, one defines the relevant density
operator as pr(t) = Pp(t), where P denotes the projection operator. By applying P
to (2.11), one obtains the equation for time evolution of pg(t):

Opr(t)
ot

— —iPLpp(t) — iPLe~"0=P)1t5 ()

- [ 6wt ), (7.4

0

where G denotes the so-called memory kernel [Jan69, RM96, Zeh07]. It can be shown
that dS[pr(t)]/dt receives contributions from the non-Markovian term indicated in
(7.4). Therefore, S[pr(t)] in general does not increase monotonically as a function
of time.

In Chapter 2, we have proven that the Husimi density operator cannot in general
be represented by a relevant density operator. Therefore, the Zwanzig projection
method is not equivalent to the coarse graining which is used to define the Husimi
distribution. However, the fact that in Fig. 7.1 the coarse grained entropy Sy (t)
does not increase continuously as time evolves, shows that Sy (t) possesses a similar
memory effect as S[pr(t)] does. The occurrence of the memory effect implies that

the second law of thermodynamics holds only in a time averaged sense [RM96].
7.3 Dependence on the initial conditions

In this section, we discuss how the equilibration depends on the choices of initial

conditions. In the previous section, our standard choice was:
I1C #1
YH = 17 YK = 3/27 Vo = 37
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By choosing vy = 1 at t = 0, we start from a minimum uncertainty wave packet and

thus Sy (0) = 2, which agrees with the minimum of the conjecture. On the other

hand, the choice of puy = pg = (0,0,10,10) determines the initial coarse grained

energy.

To see how the equilibration of entropy depends on the initial conditions, we

alternatively choose the following sets of initial conditions:

I1C #2
YH
KH
I1C #3
YH
45z
I1C #4
YH
HH
IC #5
YH =
HH

1, Y& = 3/2, Y = 3,

1s = (0,0,10v/2,10v/2).

1, Y& = 3/2, Y = 3,

1s = (0,0,5v2,5v/2)).

1, k=15 7,=3,
Lo = (2,2,7/92,1/92).

0.5, k=15 ~5=0.75,

1o = (0,0,10,10).

(7.6)

(7.9)

The Wehrl-Husimi entropies are plotted in Fig. 7.2. In Fig. 7.2, we observe that

the saturated entropy depends on the initial energy, as can be seen from 1C #1, #2

and #3. In Fig. 7.3, we fit the Wehrl-Husimi entropy curves for IC #3, #1 and #2,
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FIGURE 7.2: The Wehrl-Husimi entropy Sg(t) for the initial conditions IC #1 to
IC #5. For each of these cases, the total number of test particle is N = 1000.

corresponding to the coarse grained energies F equal to 50, 100 and 200 respectively.
We summarize the fitting parameters in Table 7.1. In Fig. 7.3 and Table 7.1, the
saturated entropy sg for IC #3, #1 and #2 are 7.34, 7.74 and 7.94, respectively, for
the test-particle number N = 1000. When the coarse grained energy increases by 2
times, the saturated entropy sy increases by about 2.5%.

Table 7.1: Fit parameters for the Wehrl-Husimi entropies for the coarse grained
energies E = {50, 100, 200}.

coarse grained energy So S1 T

50 7.34 5.61 2.23
100 7.74 5.96 1.94
200 7.94 6.10 1.55

In Fig. 7.3 and Table 7.1, we obtained the relaxation times 7 for different the

coarse-grained energies F equal to 50, 100 and 200 respectively. Suppose the relax-
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Ficure 7.3: The Wehrl-Husimi entropies for the coarse grained energies E =
{50, 100, 200}, (corresponding to IC #3, #1 and #2, respectively).

ation time 7 depends on the coarse grained energy E by:
T =a, E", (7.10)
where a; and by are fitting parameters. Equivalently, we have:
In(7) = by In(E) + In(ay). (7.11)
We determine the fitting parameters by Fig. 7.4, and we obtain:

Ina; = 1.8784, b, = —0.2703, (7.12)
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FIGURE 7.4: Fitting parameters for In 7 versus In E.

which implies:

1

ay = 654, bl X _Z_l (713)
Therefore, equation (7.10) becomes:
T~ 6.54E7 Y4, (7.14)

Equation (7.14) shows the relaxation time 7 decreases as the coarse grained energy
E increases, which is valid in the energy regime 50 < E < 200. We will use (7.14)
for the discussion of the time scales in Sect. 9.3.

In Fig. 7.2, the initial condition IC #4 is chosen such that the initial Husimi
distribution is centered around (2,2) in the position projection and centered around
(\/ETQ, @) in the momentum projection, corresponding to the same coarse grained
energy (E = 100) as that for IC #1. We plot the fitting curves for the Wehrl-Husimi
entropy for IC #4 and IC #1 in Fig. 7.5. Comparing IC #4 to IC #1, their initial
entropies are identical (Sg(0) = 2), and their saturated entropies are about the same
(Su(10) ~ 7.7). The relaxation time for IC #4 is 7 ~ 1.73, while that for IC #1
is 7 &~ 1.94. Since IC #4 and IC #1 correspond to the same coarse grained energy
E = 100, it is the initial "location” of the Husimi distribution in the phase space

that leads to the difference in the relaxation times for IC #4 and #1.
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FIGURE 7.5: The fitting curve for the Wehrl-Husimi entropy for IC #4 (left panel)
and that for IC #1 (right panel).

In Fig. 7.2, the initial condition IC #b5 is chosen such that the widths of the
initial Husimi distribution are +/2 times the widths of the minimum-uncertainty
Husimi distribution. The initial entropy at ¢ = 0 depends on the initial widths of
the Husimi distribution. If the Husimi distribution is a minimum-width Gaussian
(yw = 1) at t = 0, then Sy (0) = 2. If the widths are larger, say vy = 0.5 in IC #5,
then Sy (0) ~ 3.3, which is higher. This confirms the conjecture that Sy (0) > 2 for

a two-dimensional quantum system.
7.4 Test-particle number dependence

In Sect. 6.2, we studied the Husimi distribution and the Wehrl-Husimi entropy for
Yang-Mills quantum system by using N = 1000 test particles. We note that the
results of the test-particle method we used to obtain Sy (t) depend on the number of
test particles. The Husimi distribution pg(t; q, p) depends on the particle number
N through the ansatz in (5.39), and so does the Wehrl-Husimi entropy Sg(t).

Our main goal in this section is to quantify the dependence of the saturated

Wehrl-Husimi entropy on the test-particle number N. We proceed with this study
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FIGURE 7.6: Energy histograms of the test particles at ¢ = 0. The total numbers
of test particles are N = 1000, N = 3000, and N = 8000. the quantity e denotes
the test-particle energy, which is defined in (6.9), and the labels on the vertical axis
denote test-particle numbers. The initial locations of the test particles in the phase
space are generated according to the normal distribution ¢ defined in (5.45) with the
parameters given in (6.5, 6.8). In this plot, we show that p and o are independent of
N, notwithstanding small fluctuations. By fitting the energy histograms for various
choices of N, we obtain u = 100.6 and o = 8, with fluctuations less than 0.5% and
5%, respectively.

by the following method. First, we plot the energy histograms for several different
numbers of test particles (we choose N = 1000, N = 3000 and N = 8000) in
Fig. 7.6. The distribution of the initial locations of the test particles in the phase
space are generated according to the normal distribution ¢ defined in (5.45), with the
parameters given in (6.5, 6.8). Figure 7.6 shows that the ranges of the test-particle
energies differ only slightly for N = 1000, N = 3000, and N = 8000. In other
words, for the energy distribution nrp (¢) defined in (6.12), the center p and width
o are independent of N, notwithstanding small fluctuations. By fitting the energy

histograms for various choices of N, we obtain

p=100.6, o=38, (7.15)
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F1GURE 7.7: The Wehrl-Husimi entropy Sy (t) for N = 1000 and N = 3000 respec-
tively. In both cases, the test particles are generated at ¢ = 0 by the same set of
initial parameters in (6.3-6.5, 6.8). The Wehrl-Husimi entropies for both values of
N agree well for t < 2, but gradually diverge for t > 2. Sg(t) for N = 3000 saturates
to 8.1, while Sy (t) for N = 1000 saturates to 7.6. The saturation level is reached in
both cases for t > 6.5.

with fluctuations less than 0.5% and 5%, respectively. We also define the normalized

energy distribution of the test particles as

nrp(e) = nre(©)

Sirarewet (7.16)

Thus we conclude that the energy histograms for all choices of N correspond to
a unique normalized energy distribution, nrp(€), which is unaltered by the time
evolution and independent of N, provided that N is sufficiently large.

Next, we compute the Wehrl-Husimi entropy Sy (¢) for N = 3000 under the same
set of initial parameters (6.3-6.5, 6.8) defined in Chapter 6 and 7. We plot the
Wehrl-Husimi entropy Sy (t) for the two values of N in Fig. 7.7. We observe that
the Wehrl-Husimi entropy Sy (t) for N = 1000 and N = 3000 agrees well for ¢t < 2,
but gradually diverges when ¢t > 2. For both cases, the entropy begins to saturate
at almost the same time, viz., t > 6.5. However, the saturation values are different:
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for N = 3000, Sy (t) saturates to 8.1, while for N = 1000, Sg(t) saturates to 7.6.
Based on the above results, we decided to analyze the saturation values of Sy (t) as
a function of N. From Fig. 7.7 we conclude that the saturation is reached for ¢ > 6.5,
independent of how large N is. We thus use Sy (10) as a proxy for the saturation
value of Sy (t). In Fig. 7.8, we plot Sy (10) for several different test-particle numbers

N and fit the curve by the function Sg(N), defined as:

53

Sac(N) = 59 — o (7.17)
where s5, s3 and a are parameters determined by the fit. We obtain:
So =873, s3 =764, a=0.6115. (7.18)

If our hypothesis is correct that Sy (10) represents the saturation value of Sy (t) for
any N, this implies that the saturated value of Sy (t) approaches 8.73 for N — o
for the initial conditions chosen for our numerical simulation.

Since the Yang-Mills quantum mechanics is an isolated system, we expect that
at late time Sy (t) should equilibrate to the microcanonical entropy corresponding
to the energy of the system. Therefore, in the next Chapter we will discuss how
the microcanonical distribution and the microcanonical entropy are obtained for the
Yang-Mills quantum mechanical system. Besides, we will compare the microcanoni-

cal entropy to the saturated value of Sg(t) at late time.
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FIGURE 7.8: Sg(10) for several different test particle numbers N, indicated by the
filled circles. We fit the curve by a fit function Sgi(N) defined in (7.17). The fit

parameters are shown in the figure.
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8

Microcanonical entropy

8.1 Microcanonical distribution

In this Chapter, we compare the late-time Husimi distribution to the microcanon-
ical distribution. Since the Yang-Mills quantum mechanics is an isolated system,
we expect that at late times the Werhl-Husimi entropy should saturate to the mi-
crocanonical entropy corresponding to the same energy. Because of the constant of
motion E[Hypy] in YMQM, it is a nontrivial task to construct the microcanonical
distribution for YMQM.

We obtain the appropriate microcanonical distribution by the following proce-
dure. First, we construct the microcanonical distribution in the test-particle space
by

1 (™

puc (@, P) = = L de 6 [Hu (@, p) — €] e (€) (8.1)

—
—

where Hy (@, p) is defined in (5.54), € is defined in (6.9), firp(€) is defined in (7.16),
and Z is the normalization constant. We note that the initial energy distribution

for our system is not strictly a delta function §[H(q, p) — €], because we generated
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the test-particle positions in phase space randomly according to the distribution ¢
defined in eq. (5.45). Therefore, pyc (g, p) must be defined as §[Hy(q, p) — €] folded
with the energy distribution of test particles shown in (8.1). According to (5.55),
the energy is conserved for each test particle individually, and thus nrp (€) remains
unchanged as time evolves. Using (6.12), (7.16) and (8.1), we easily obtain

prc (@) = e |~ (R a.) - )| 82)

where p and o are input from (7.15), Z’ is the redefined normalization constant and

Hpy (q, p) is obtained from (6.10). In the test-particle space, pyc is normalized as:

Q0
f dl'qp pyc(@, p) = 1. (8.3)

—0

To obtain the microcanonical distribution in the phase space pyc (q, p), we convolute

pyc with the test-particle Gaussian functional form K, which yields:

pMC (q, P)

Q0
~ [ trapmc@p K la-ap-p), 8.4

-0
where pyic is defined in (8.2) and K is defined in (5.44). The microcanonical entropy
is then obtained as:

Suc = —f dlqp pyic(a, P) In pyc(q, p). (8.5)

—00

Here we briefly comment on the reason why pyc (q, p) should be constructed by
(8.4). In statistical physics, the microcanonical distribution of an isolated system
of energy E is conventionally obtained by pyc = 6(H — E)/S, where 2 is the total
number of microstates that satisfies the constraint H = E. If we substitute this
conventional definition of pyc into (8.5), it is straightforward to show that Sy is
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not well defined. However, if one approximates 6(H — E) by a Gaussian distribution
centered on F with a finite width o4, Sy becomes well defined and is a function of
both, E and o,. Therefore, pyc(x, p) in (8.4) is defined in a way that encodes the
coarse grained energy of the system, the width of energy distribution and the widths
for the test-particle Gaussians, all of which must be equivalent to those specified in
our choice of the initial Husimi distribution pg(0;x, p).

Owing to the complexity of (8.2) and the multidimensional integrals (8.4) and
(8.5), we adopt an alternative approach to evaluate pyic (q,p), instead of directly
evaluating eq. (8.4). Our approach is briefly described as follows. Since pyc (G, p) in
(8.2) is a non-negative function and normalized by (8.3), we generate a sufficiently
large number of test functions in (q, p)-space according to the distribution pyc (qQ, P)-

Thus pumc (q, P) can be represented as a sum of these test functions:

prc(q Z (@—a")s(p - p)], (8.6)

where (@°, p*) denotes the locations of the test functions, and M is the total number
of test functions. We generate (q°, p®) by the Metropolis-Hastings algorithm using
5 x 10° iterations. After excluding the first 10° iterations, we randomly select, for
instance, M = 8 x 10 points (q°, p*) from the remaining 4.9 x 10° iterations. In
view of the shapes of the position and momentum projections of pyc (q, p), we make
the following change of coordinates: % = ¢1¢q2 and v = tan~!(g). To ensure that
the locations of the test functions are ergodic in (q, p)-space, we impose periodic
boundary conditions to the random walks in the Metropolis-Hastings algorithm. For
instance, when setting p = 100.6 and o = 8 in (8.2), we can map the entire domain
in each dimension periodically to the region: |u| < 16, |v] < (7/2—107°), |p1| < 16.5
and |ps| < 16.5. In this case, the acceptance rate is about 22%.

To verify the validity of the resulting microcanonical distribution, we plot the

121



A 6000 26.1
A My 101.1+0.0
Ouc 7.975 + 0.020

6000

5000

4000
—Myc(®

3000

particle number

2000

1000

A N
50 100 150 200 250 300
O

OO

FIGURE 8.1: Energy histogram of test functions for pyc (q, p), which is defined
in (8.2). The test functions are generated by Metropolis-Hastings algorithm, and
the total number of test functions is M = 8 x 10%. the quantity e denotes the test-
particle energy, which is defined in (6.9), and the labels on the vertical axis denote
test particle numbers. A normal distribution nyc(€) is used to fit this histogram.
A, e and oye are the fit parameters for nyc(e), which are defined in (6.12). The
values for the fit parameters are shown in the plot.

energy histogram of the test functions and compare it to the energy histogram of
the test particles used to represent the Husimi distribution. In Fig. 8.1, we plot the
energy of the test functions for the microcanonical distribution. According to (6.9),
€5 = Hy (q°, p*) denotes the energy for the test function s, for s = 1,..., M. We fit

the energy histogram for the test functions for pyc (q, p) by the normal distribution

~ 1
nuc (€) = Aexp 552 (e — MMC)2 . (8.7)
MC

The values of the fit parameters A, e and oye are listed in Fig. 8.1 for M = 8x 10%.

We obtain:

pvc = 1011, owe = 7.975. (8.8)
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FIGURE 8.2: w-histogram of test functions for pyc (q, p), which is defined in (8.2).
The test functions are generated by Metropolis-Hastings Algorithm, and the total
number of test functions is M = 8 x 10*. u is defined as % = §,G, the labels on the
vertical axes denote test-particle numbers.

We define the normalized energy distribution for test functions as

) = ¢ vc{e) (3.9)

80 de nyc ()
Comparing (7.15) to (8.8), we obtain pyc ~ p and opme & o, with the errors less
than 0.5%. Therefore, we conclude that nyc(e) in (8.9) is practically identical to
nrp(€) in (7.16), with the errors of less than 0.5%. Furthermore, in Fig. 8.2 we plot
the u-histogram of the test functions for pyc (q, p), where @ = ¢1q>. Figure 8.2 shows
that the distribution of test functions is symmetric in the % coordinate.

Substituting (8.6) to (8.4), we obtain:

1 % —s —s
pve (a,p) = M;K(q—q,p—p), (8.10)

where K is defined in (5.44) and we choose 7% = 3/2 in (6.8). Clearly, puc is
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normalized by:

o0
f ATy p pric(a,p) = 1. (8.11)
—00

We visualize pye (q, p) in (8.10) by projecting on the (g1, g2) and (p1, p2) subspaces,

respectively:
o0
F;\AC(QM%) = f dprdps pmc(q1, G2, P1, P2), (8.12)
—00
Q0
FpMC(phpQ) = f dqidgs pmc(q1, g, p1, p2)- (8.13)
—0o0

In Fig. 8.3, we plot FM(q1,q2) and FMC(p1,ps) for M = 8 x 10* test functions.
In Fig. 8.4, we plot the two-dimensional projections of the Husimi distribution on
position space Fy(t;¢1,q2) and on momentum space F,(t;p1,p2) at t = 10, for N =
8 x 10* test particles. When we compare Fig. 8.4 to Fig. 8.3, we find that F, and
F, at time ¢ = 10 are very similar in shape to F, ;\/IC and F;VIC, respectively. Contour
lines of both F,(t = 10) and F, ;\/IC follow equipotential curves, while the contour lines
of both F,(t = 10) and F;\AC are shaped as concentric circles.

To quantify the similarities between py(t;q, p) at late times and pyc(q, p), we
compare their momentum projections. By switching to polar coordinates p; = pcos6

and p, = psinf, we define the following two projections:

2m
G(t;p) = f df F, (t;pcosf, psinb), (8.14)
0

2m
Guel(p) = f df F)'° (pcos, psinb), (8.15)
0

where F, and F)'C are defined in (6.14) and (8.13) respectively. In Fig. 8.5, we
plot G(10;p) and Gue(p) in comparison. G(10;p) is obtained from the momentum
projection of py(10; g, p) composed of N = 10* test particles, and Gyc(p) is obtained
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FIGURE 8.5: Comparison of G(t;p) at ¢ = 10 and Gyc(p). We define G(¢;p) and
Gue(p) in (8.14) and (8.15) respectively. G(10;p) is obtained from the momentum
projection of px(10;q, p) composed of N = 10* test particles, while Gyc(p) is ob-
tained from the momentum projection of pyc(q, p) composed of M = 2 x 10 test
functions.

from the momentum projection of pyc(q, p) composed of M = 2 x 10 test functions.
The figure shows that G(10;p) and Gyc(p) have similar values for all p, and the
largest deviation occurs at low p. G(10;p) and Gyc(p) at low p receive contributions
from the test functions located at the narrow “channels” along the coordinate axes
in the position projections of py and puc, respectively. Since the number of test
functions, N and M, is finite, one expects larger fluctuations of the contributions
from these narrow “channels”, which explains the observed deviation at small p.
Overall, the close similarity between G(10;p) and Gye(p) suggests that py(t;q, p)

asymptotically approaches the microcanonical density distribution pyc(q, p)-
8.2 Microcanonical entropy for YMQM

The microcanonical entropy is then obtained as:

Q0
Smc = _J dlq,p puc(a, P) In puc(a, p). (8.16)

—00
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We obtain the microcanonical entropy Syc by substituting (8.10) into (8.16). We
evaluated Syc with the help of Simpson’s rule. The numerical evaluation of the
four-dimensional integral is nontrivial because the upper (lower) limits of the inte-
gral in each dimension are infinite and the width of each Gaussian test function is
tiny. We use the following method to evaluate the integrals efficiently. For each dis-
cretized time step tx, we find the largest absolute values of the test-particle positions
and momenta. Since each Gaussian is narrow and the microcanonical distribution
is nearly zero outside the regions of support of the test particles, we can assign
+(max; |7i(tx)| + b) as the limits of integration over the variable ¢;. We choose
b = 6(yk) "% to ensure that all Gaussian test functions are fully covered by the
integration range within our numerical accuracy. Similar limits are assigned to the
integrations over ¢s, py, and po, respectively. These integration limits ensure that
the integrals run over the whole domain of phase space where the microcanonical
distribution has support.

We verified the numerical precision of our approach by evaluating the normal-
ization for pyc(q, p) for various choices of M and found that the numerical result
coincides with (8.11) within errors of less than 0.6%. In addition to the errors as-
sociated with the use of Simpson’s rule, Syc possesses an additional error, typically
less than 0.5%, which arises from the Monte-Carlo calculation of pyvc(q, p) in (8.6).
In Fig. 8.6, we plot Syic for several different test function numbers M. We fit the

data by the function

S5

See (M) = 54 — e (8.17)
The parameters determined by the fit are:
sy = 8.788, s5=1258, ¢ =0.9517. (8.18)

We thus conclude that Sy &~ 8.79 is the microcanonical entropy for our chosen

initial conditions.
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FI1GURE 8.6: The microcanonical entropy Syic as a function of M, indicated by the
filled circles. Sy is defined in (8.5). M denotes the total number of test functions,
as revealed in (8.6) and (8.10). We set = 100.6 and o = 8 in (8.2). Besides, we fit
the curve by a fit function Sg(M) defined in (8.17). The fit parameters are shown
in the figure.

In Chapter 7, we obtained the value Sy (t = 10) — 8.73 in the limit N — oo for
the initial conditions chosen for our numerical simulation. Under the same initial
conditions, we found Sy — 8.79 when M — co. We conclude that the saturation
value of the Wehrl-Husimi entropy coincides with the microcanonical entropy within
errors, estimated at 1%. Apart from numerical errors, the difference between the
two entropy values may also be accounted for by the fact that at ¢ = 10 the system
may not yet be completely equilibrated. Since Sy < S¢, we also conclude that the
Yang-Mills quantum system is equilibrated microcanonically but not thermalized.
The system does not have enough degrees of freedom to render the microcanonical

and the canonical ensemble approximately identical.
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8.3 Dependence of Syic on energy

In the above calculation, we studied the microcanonical distribution Syi¢ for the
Yang-Mills quantum mechanics model at the coarse grained energy pu = E[Hupn| ~
100.6. We now briefly comment on how Sy depends on the coarse grained energy of
the system. We begin by constructing an alternative microcanonical distribution pj;e
in terms of the conventional Hamiltonian H in (4.28) and the conventional energy
E, and we obtain the scaling of the microcanonical entropy Sy, with respect to that
of E. Furthermore, we show that, while H is scale invariant, the scale invariance of
the coarse grained Hamiltonian Hpy is partially broken, due to the requirement that
the smearing Gaussian function in the Husimi transformation (4.14) should retain
its minimal quantum mechanical uncertainty.

For the conventional Hamiltonian in (4.28), we construct an alternative micro-
canonical distribution pj. as:

S H-E
PrC = g EXP (— ) : (8.19)

2
209

Approximating 6(H — F) by a Gaussian distribution is a way to construct a micro-
canonical distribution that leads to a well-defined entropy. Define \s as a scaling

parameter. As the position and momentum scales as

q—XAq, p—Ap (8.20)
respectively, it is straightforward to show that

H— \NH, E—\E. (8.21)

The normalization condition:

Jdrq,p Puc(a,p) =1 (8.22)
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must be scale invariant. Owing to the scaling I'qp, — AT, we obtain Q — A2Q

and o, — A!o,. The microcanonical canonical entropy Sy is defined as:

Shic = — f dTqp Pric(a, P) In pyc(a, p), (8.23)

where pj;c is given in (8.19). The scaling of Sy follows from the scaling of H and

E:
uc(E) = Syc(E) + ' In ), (8.24)

where r’ = 6.

The coarse grained Hamiltonian Hy(q, p) given in (4.41) is obtained from H(q, p)
by the transformation (4.40). We now examine how Hpy(q, p) scales when the posi-
tions and momenta scale as q — A,q and p — A\?p, respectively. The uncertainty

relation of a quantum state reads:

Aq,-Apj = géij, (825)

where i, j = 1,2. We note the difference by a factor of 2 between (8.25) and (5.33),
which was pointed out in [Bal98]. From (4.40) and (8.25), it is straightforward to
show that, when q — A\,q and p — A\p, Hy will scale as Hy — AHy only if the

smearing parameters £ and 7 scale as
E—NE = A, (8.26)

respectively. In addition, the constraint A\, > 1is imposed by the uncertainty relation
(8.25).

The Husimi distribution is defined as a minimally smeared Wigner function, as
can be seen from (4.14). For the smearing Gaussian with minimal uncertainty, we

have Ag;Ap; = h/2 for j = 1,2, and thus &y = h?/4. Therefore, we do not have
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FicUurE 8.7: The microcanonical entropy Syc as a function of M for the coarse
grained energies ;1 = 50.6, 100.6, and 200.6. The corresponding widths o, defined
in (8.2), for these energies are ¢ = 5.8, 8.0, and 11.5. We fitted these points by
the function Sg(M) defined in (8.17), and use the fit parameters to determine the
asymptotic values of Syic for M — oo, which are Syc = 7.88, 8.77, and 9.54 (from
bottom to top).

the flexibility to scale the parameters £ and 7 in the required way, if we demand
that the smearing Gaussian in (4.14) should retains its minimal uncertainty. As a
consequence, the scaling symmetry of Hpy is partially broken.

In brief, the Yang-Mills Hamiltonian H possesses a scale invariance, while the
scale invariance of Hp is partially broken when we demand that the smearing function
in (4.14) should retains its minimal uncertainty. The reason is that, for any coarse
grained average energy u, the relation £n = h?/4 constrains our ability to rescale &
and 7 in (4.40). Alternatively, we observe that the additional terms in the expression
for Hy (@, p) break the scaling symmetry of the original Yang-Mills Hamiltonian.

Despite the fact that the scaling properties of Hy are partially broken, we can
examine numerically how Sy changes when u scales as y — Alu, where A, is the

scaling parameter. In analogy to (8.24), we parametrize the change in the micro-
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canonical entropy as

SMc(,u> — SMc<,u) +7rln )\s, (827)

where r is a constant to be determined numerically. In order to find the value of r,
we calculated Sy by numerically evaluating (8.5) for various choices of p in (8.2).
In Fig. 8.7, we show Syi¢ as a function of M for p = 50.6, = 100.6, and p = 200.6,
respectively. The corresponding widths o, defined in (8.2), for these energies are
o = 5.8, 8.0, and 11.5, respectively. In Fig. 8.7, we fitted these curves by Sg(M)
defined in (8.17). The fit parameters again determine the asymptotic values of Syic
for M — oo. The results are Syc = 7.88, 8.77, and 9.54, respectively. From these
results we can deduce the value r = 5.0 + 0.2.

We compare the different scaling behavior of S}, (E) and Syc(p) as follows. In
the above paragraphs, we have shown that the scale invariant Yang-Mills Hamiltonian
H implies the value 7’ = 6, where r’ is defined in (8.24). The difference between r
and 7’ is attributed to the following reason: Since we demand the Gaussian smearing
function in (4.14) retains its minimal uncertainty encoded in the relation &n = h%/4,
we are breaking the scaling symmetry of the Husimi Hamiltonian Hg. This argument
suggests that Syc (i) changes less strongly under a scale transformation than naively
expected. Comparing the numerical value for r with the analytical value for 7/, we
indeed obtain r < »/, which confirms our expectation.

In this Chapter, we have studied the microcanonical distribution and the micro-
canonical entropy. We found that the microcanonical distribution is similar to the
Husimi distribution at ¢ = 10 by comparing their position and momentum projec-
tions. Besides, we obtained that Syic — 8.79 when M — oo. For the same set
of initial conditions chosen for our numerical simulation, we obtained in Chapter 7
the value Sy(t = 10) — 8.73 in the limit N — oo. Therefore, we conclude that

Yang-Mills quantum mechanics equilibrate microcanonically.
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9

Kolmogorov-Sinal entropy for Yang-Mills quantum
mechanics

In the previous chapters, we have obtained the time evolution of the Werhl-Husimi
entropy and the microcanonical entropy for the two-dimensional Yang-Mills quantum
mechanics. For a dynamical system, entropy can also be obtained by using only the
trajectories of the system, instead of using the distribution function [Zas85]. The
Kolmogorov-Sinai entropy, introduced in Chapter 3, is a typical example for the
entropy defined in terms of the trajectories of the system. It determines the rate of
change in the entropy resulting from the dynamical evolution of the trajectories in
the phase space.

In this chapter, we obtain the full spectrum of Lyapunov exponents for the two-
dimensional Yang-Mills quantum mechanics. By the Lyapunov spectrum, we evalu-
ate the Kolmogorov-Sinai entropy for the corresponding energy of the system. Finally
we obtain the logarithmic breaking time for the system. The logarithmic breaking
time characterizes the time scale after which the quantum (coarse-graining) effect
becomes dominant.

We obtain the energy dependence of Kolmogorov-Sinai entropy, the action, the
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logarithmic breaking time and the characteristic time for the two-dimensional Yang-
Mills quantum mechanics. We compare the three time scales: the relaxation time
for entropy production (obtained in Sect. 7.3), the characteristic time and the log-
arithmic breaking time. For the two-dimensional Yang-Mills quantum mechanics,
we observe that the relaxation time for the entropy production is approximately the
same as the characteristic time of the system, indicating fast equilibration of the

system.

9.1 Method for evaluating the Lyapunov exponents and Kolmogorov-
Sinal entropy

Since the classical system corresponding of YMQM is almost chaotic, we evaluate
the average Kolmogorov-Sinai (KS) entropy for this system. For a two dimensional

system, the KS entropy is defined as:
4
his = > A 0(\), (9.1)
j=1

where \;’s are the Lyapunov exponents (LE). To obtain the full spectrum of the LEs,
we utilize the following procedure. First, we divide a large time interval, from ¢ = 0
to t = tmax, into a number of slices. Each time slice is labeled by its final time tg,
where k = 1,2, ..., kmax. Let X'(t) = (3L(¢), 35(t), pt(t), p4(t)) denote the position of
test particle ¢ in phase space. At ¢t = 0, we perform four orthogonal perturbations on
the initial condition: 7}(0) = x*(0) +€¢&;, for j = 1,...,4, where &;’s are orthonormal
vectors, and we set ¢ = 107%. For each time slice t € [t,_1, 1], we solve egs. (5.20-
5.23) and obtain one reference trajectory x*(¢) and four modified trajectories 7T§ (1),
where j = 1,...,4. Define the four deviation vectors: &%(t) = mi(t) — x'(t). After

obtaining the four deviations 5§(tk), we orthogonalize these four vectors and rescale

their lengths back to e. We store the four rescaling factors T;(tk) for each j and k, and
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we repeat the above procedures for the representative test particles @ = 1, ..., Nyep,
where N, < N. For the case of N = 1000, we choose N, = 100. Besides, we
set txy = 2k and ty.c = 100, and therefore k.., = 50. Finally, we obtain the full

Lyapunov spectrum:

1 Nrep 1 kmaxi
\= > lnlnrj(tk)], (9.2)

rep i=1 tmax k=1

where 7 = 1,...,4. If we take the classical limit A~ — 0 and o — 0 for the Husimi
equation of motion in (4.29) and repeat the above procedure, we obtain the LEs for

the regular classical equations of motion without the quantum (Husimi) corrections:

A = 1.283, Ao = 1.599 x 1072,

A3 = —1.629 x 1072, Ay = —1.287. (9.3)
From (9.3) we observe that:
)\2 % O, /\3 [ 0, (94)

because of the conservation of energy. Besides,

4
YA ~0, (9.5)
j=1

because for the classical solutions the accessible volume of the phase space is con-

served. By (9.1, 9.3), we obtain the average KS entropy for YMQM:
hks ~ 1.30, (9.6)

for the (classical) energy of the system E = 100. Moreover, we obtain the LEs and the
KS entropy for the energies E' = 50 and E = 200. These results for £ = {50, 100, 200}
are summarized in Table 9.1.
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Table 9.1: The Lyapunov exponents and the Kolmogorov-Sinai entropy for Yang-
Mills quantum mechanics for the energies £ = {50, 100, 200}.

E A1 A2 A3 A4 hks

20 1.0691 0.0063 -0.0059 -1.0691 1.0754
100 1.2828 0.0160 -0.0163 -1.2865 1.2988
200 1.5226 0.0420 -0.0430 -1.4821 1.5646

Suppose the the energy dependence of the KS entropy is of the form:
his = aE”, (9.7)
where a and b are fitting parameters. We fit the data in Table 9.1 by the equation:
In (hks) = bIn (E) + Ina. (9.8)

The fitting curve is depicted in Fig. 9.1. We determine the fitting parameters in (9.8)

by Fig. 9.1 and obtain:
In(a) = —0.985, b=0.27. (9.9)

Equivalently,

a=0373, b~ (9.10)

A~

Therefore equation (9.7) becomes:
hxs ~ 0.373EY4, (9.11)

It has been revealed in Ref. [BMM94] that hxs/EY* = 0.38 + 0.04. Thus our result
in (9.11) is confirmed.

9.2 Logarithmic breaking time

In addition, we calculate the logarithmic breaking time for YMQM, which is defined
as [BZ78, Zas81, 1Z01]:

1 I
A R In (ﬁ) , (9.12)
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FIGURE 9.1: The fitting curve for In(hks) versus In(E).

where [ is the characteristic action and A is the characteristic Lyapunov exponent.
We set A = hgg for YMQM. We utilize two methods for obtaining the action I. One

of these is to obtain I from the classical dynamical variables (q, p):

I=§p-dq. (9.13)

c
The integration is taken over the curve C' constrained by ‘H = E, where H is defined
in (4.28) and F denotes the classical energy of the system. If we consider the case
where a classical particle moves along the line ¢; = ¢» in the position space and is
subject to the potential energy %qfq%, we obtain the period of motion of this classical

particle:

(9.14)

Gmax d
roa[
0 ‘/E_%q‘l

where ¢ = ¢ = ¢ and guax = (2E)Y%. In the following numerical calculation, we set

E = 100. By setting ¢ = ¢; = g2 and p = p; = po, the action of the periodic motion
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of this particle is:
I = jgpldCh + podge = ngpdq

max —Qmax
= Z(J dq«/E—%q‘l—f dq«/E—%q‘*)

gmax max

Gmax
= 4f dg\/ E — 3q*, (9.15)

—Qmax

With gmax = (2E)Y4. Considering the periodic motion of this particle, we obtain by
(9.12,9.14, 9.15) that I = 263, T' = 1.97 and 7, ~ 4.5. Alternatively, we evaluate the
action by integrating along test-particle trajectories obtained by (5.20-5.23), which
are the Husimi (quantum) equations of motion in the fixed-width ansatz. Thus the

action 1is:

- %;L dt B (t) - (1), (9.16)

where T is defined in (9.14). In (9.16), we estimate the time interval by the period
of a classical particle moving along ¢ = ¢ in the position space and having the
potential energy £¢igs. By (9.12, 9.16), we obtain I = 267 and 75, ~ 4.5 in excellent
agreement with the result of the first method. Moreover, comparing 7 to 7 defined
in (7.3), we conclude that 7, and 7 are of the same order of magnitude, and 7, > 7.

We discuss the energy dependence of the action I and the logarithmic breaking
time 75. We evaluate the action I for a classical particle moving along ¢; = ¢» in the

position space by (9.15) with gumax = (2E)Y4, we obtain:

L2) VFT ()
v ()

~ 8.315E%4, (9.17)

[ =
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FIGURE 9.2: Logarithmic breaking time 7 as a function of energy FE, which is
obtained from eq. (9.18).

which is valid for all energies. By (9.11, 9.12, 9.17) with A = hks and h = 1, we
obtain the energy dependence of the logarithmic breaking time:

1

Th

3
~ 2685714 (Z InE + 2.12> : (9.18)

We plot the logarithmic breaking time as a function of the energy in Fig. 9.2. In
the energy regime 50 < E < 200, the logarithmic breaking time 75 decreases as the

energy F increases.
9.3 Time scales

For the Yang-Mills quantum mechanics, we compare the three time scales: the char-

acteristic time, relaxation time and logarithmic breaking time. The characteristic

time can be defined by the period of the motion of a classical particle along the
1.2 92

line g1 = g2 in the position space, subject to the potential energy 5¢ig;. This char-

acteristic time 7' is obtained by (9.14). For the energy F, the characteristic time
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FIGURE 9.3: 7;/T and 75,/ as functions of In(E). The function for 7,/T" (blue line)
is obtained from eq. (9.21), while that for 7;/7 (red dashed line) is obtained from
eq. (9.22). 7,/T (blue filled circles) and 7,/7 (red filled circles) are obtained from
direct evaluation of 7, T" and 7, for E = {50, 100, 200}.

is:

= 6.24E7Y4, (9.19)

In eq. (7.14), we have obtained the relaxation time 7 with respect to the coarse
grained energy: 7 ~ 6.54E~Y*. We note that, for YMQM in the energy regime 50 <
E <200, the coarse grained energy is approximately the same as the (conventional)
energy of the corresponding classical system, with a 1% difference. We compare the

relaxation time 7 in (7.14) to the characteristic time 7" in (9.19), we have the ratio:
T
— ~ 0.95 9.20
T Y ( )

which is a constant with respect to energy. Therefore, we conclude that in the
energy regime 50 < E < 200, the relaxation time for the entropy production in
Yang-Mills quantum mechanics is approximately the same as the characteristic time
of the system, indicating fast equilibration of the system.

We compare the logarithmic breaking time 73 in (9.18) to the characteristic time

T in (9.19) and to the relaxation time 7 in (7.14). In one approach, we obtain the
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ratios 7,/T and 73, /7 by (9.18, 9.19, 7.14), and we obtain:

NS

~ 0.43 G In E + 2.12) , (9.21)

3 S

~ 041 G InE + 2.12) . (9.22)

In an alternative approach, we obtain 7,/T" and 13,/7 for E = {50, 100,200} by direct
evaluation of 7, T" and 7, at these energies. We depict 7;/T and 75,/7 as functions
of (In E) for these two approaches in Fig. 9.3. For 73,/7, the red points are fit well
by the red line, which confirms equation (9.22). For 7,/T, the blue points lie on
a line with slightly different slope, which suggests that the coefficient of the (In E)
term in (9.21) is slightly different. Figure 9.3 indicates positive slopes for these two
lines and thus confirms the presence of the (In E) factor in (9.21) and (9.22). For
50 < E < 200, we have 2.0 < (7/T) < 2.3 and 2.1 < (7/7) < 2.5. Therefore, in
the energy regime 50 < F < 200, the logarithmic breaking time 73 is about 2 to 2.5

times as large as the characteristic time 7" (or the relaxation time 7) .
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10

Conclusions and outlook

10.1  Conclusions for Yang-Mills quantum mechanics

We have developed a general method for solving the Husimi equation of motion for
two-dimensional quantum mechanical systems. We proposed a new method for ob-
taining the coarse grained Hamiltonian whose expectation value serves as a constant
of motion for the time evolution of the Husimi distribution. Therefore the coarse
grained energy is conserved for the system. We solved the Husimi equation of motion
by the Gaussian test-particle method, using fixed-width and variable-width Gaussian
functions. Having obtained the Husimi distribution, we evaluated the Wehrl-Husimi
entropy as a function of time for the Yang-Mills quantum system.

By comparing the Wehrl-Husimi entropy Sy (t) obtained from different particle
numbers, N = 1000 and N = 3000, we found that the values of Sy (t) agree for t < 2,
and saturation is reached in both cases after ¢ > 6.5. However, Sy (t) for N = 3000
saturates to a higher value than for N = 1000. This result suggests that a larger
value of N results in a higher saturation value of the Wehrl-Husimi entropy. By

evaluating Sy (10) for a number of different N’s, we concluded that Sy (10) — 8.73
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for N — oo for our chosen initial conditions.

In order to address the question of equilibration, we studied the Yang-Mills Hamil-
tonian system in the microcanonical ensemble. We obtained the microcanonical dis-
tribution by generating a large number of test functions. We observed that the sat-
urated Husimi distribution closely resembles the microcanonical distribution. More-
over, we obtained the microcanonical entropy Syic — 8.79 as M — oo for the same
choice of initial conditions. Therefore, comparing the saturation value of the Wehrl-
Husimi entropy to the microcanonical entropy, we conclude that (Sg)mez & Swuc-
This implies that, at late times, the Yang-Mills quantum system is microcanonically
equilibrated.

We obtained the energy dependence of Kolmogorov-Sinal entropy, the action, the
logarithmic breaking time for the two-dimensional Yang-Mills quantum mechanics.
We obtained the energy dependence of the three time scales: the relaxation time for
entropy production (obtained in Chapter 7), the characteristic time and the logarith-
mic breaking time (obtained in Chapter 9). We showed that, in the energy regime
50 < E < 200, the relaxation time for the entropy production in the two-dimensional
Yang-Mills quantum mechanics is approximately the same as the characteristic time
of the system, indicating fast equilibration of the system. A naive estimation of the
characteristic time scale for the relativistic heavy-ion collisions may be obtained by

the period of oscillation of the gluon field:

o1k
T~ % ~ 1.2 fm/c = 4 x 10724 sec, (10.1)

assuming the energy for gluon field £ ~ 1 GeV. Fast equilibration of Yang-Mills
quantum mechanics is consistent to current understanding of fast equilibration of

hot QCD matter in relativistic heavy-ion collisions.
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10.2  Outlook for higher-dimensional systems

It is straightforward to generalize the method introduced here to solve the Husimi
equation of motion in three or more dimensions. However, for higher dimensions,
the evaluation of the Wehrl-Husimi entropy becomes even more challenging. The

challenging aspects are as follows:

e Derivation of the equations of motion for the test particles may be more difficult

and time consuming.

e In the evaluation of the Wehrl-Husimi entropy Sp(t), the numbers of inte-
grals increase. Therefore, Simpson’s rule may not be applicable. Alternative
methods for evaluating higher dimensional integrals should be adopted for the

evaluation of entropy.

All the items listed in above need to be explored in details when this framework is
generalized to higher dimensional systems. We give a quick overview of a general
N-dimensional problem and explain in brief how the above problems can be handled.

First of all, the three dimensional Yang-Mills Hamiltonian reads:

1 1
Ho= o (0} + 05+ 08) + 5 (665 + a3 + d5af) - (10.2)

Thus, a D-dimensional Yang-Mills Hamiltonian reads:

D
> G (10.3)

k=1 kyk/ =1 [k#K']

N | —

It is straightforward to obtain the coarse grained Hamiltonian Hy from this Hamil-

tonian by using the transformation:

1 * / / / !
Hu(q,p) = AL J_OO d”q'd"p’ H(q,p’)

< exp [_(q’ 4—§q) (P 4—7713) ] (10.4)
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which is straightforward to evaluate by the method introduced in Chapter 4. Then
we should be able to evaluate the constant of motion by E[Hpypy]| and then show
that:

=0, (10.5)

A challenging task comes from assuming the test-particle ansatz to be a summa-

tion of N pieces of D-dimensional Gaussian functions:

pu(t;a,p) = %Zl Ni(t)
X exp :_%écgqu () (0 — 3L(t)) ]
X exp :_%éc; oo (1) (0 = D (2)) ]
X eXp :_kicgkpk(t) (g1 — 3u(1)) (pn —ﬁ?;(t))] , (10.6)

with

0
f dlqp pu(a,pit) =1, (10.7)

—0o0
where we normalize each Gaussian according to:
N =TT [ehaan Db (0 = (e )] (10.8)
k=1

In (10.6) we have assumed that all the correlation coefficients for the distinct dy-
namical variables are zero. In Sect. 5.6, we have shown dropping the correlation coef-

ficients for the distinct dynamical variables for each test particle is justified because
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the correlations among different test particles dominate over the auto-correlation
of a single test particle. Therefore, we can drop the correlation coefficients for the
distinct dynamical variables in (10.6).

Suppose we can obtain the equations of motion for the test particles and solve
them by numerical methods. The next step is to evaluate the Wehrl-Husimi entropy
Sy (t). For a D-dimensional quantum system, the Wehrl-Husimi entropy is:

Sult) =~ [ g putiap)npu(ti ), (10.9)

For a D-dimensional system, the 2 D-dimensional integration need to be performed.
When D is large, Simpson’s rule is not practical. An alternative integration method
need to be investigated. Monte-Carlo integration methods may be a good option for
performing the 2 D-dimensional integration. The quantity pg(t; q, p) is obtained by a
sum of narrow Gaussian functions, whose centroids and widths are input parameters.
By applying the Monte-Carlo integration methods, we should generate more points
in the regions around the centroids of the Gaussian functions so that the calculation

can be achieved efficiently. The microcanonical entropy is defined as:

oodD dD
SMC:_J qd”p

. W puic (g, p) In puc(a, p).- (10.10)
Since the microcanonical entropy is obtained by a sum of Gaussian functions, Sy
can be evaluated by the Monte-Carlo integration methods described above.

As a conclusive remark, in this dissertation we have investigated the entropy
production and equilibration for Yang-Mills quantum mechanics in two dimensions.
The coarse grained entropy production increases as function of time and then equi-
librate to the microcanonical entropy corresponding to the energy of the system.
This method can be generalized to higher dimensions, as long as a few challenging

technical details can be handled properly. We hope this study contributes to the
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understanding of equilibration of quantum chaotic systems and may be applied to

the system of a quantized Yang-Mills gauge field in the future.
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