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Abstract

For the moduli stack Mg,n{Fp of smooth curves of type pg, nq over Spec Fp with the

function field K, we show that if g ě 3, then the only K-rational points of the generic

curve over K are its n tautological points. Furthermore, we show that if g ě 3 and

n “ 0, then Grothendieck’s Section Conjecture holds for the generic curve over K.

A primary tool used in this thesis is the theory of weighted completion developed by

Richard Hain and Makoto Matsumoto.
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1

Introduction

Suppose that C is a geometrically irreducible smooth projective curve over a field

k. Let Gk be the absolute Galois group of k. Associated to the curve C, there is a

short exact sequence of algebraic fundamental groups:

1 Ñ π1pCk̄, x̄q Ñ π1pC, x̄q Ñ Gk Ñ 1,

where k̄ is the separable closure of k and Ck̄ “ C bk k̄. Each k-rational point x of C

induces a section sx of π1pC, x̄q Ñ Gk, which is unique up to conjugation by elements

of the geometric fundamental group π1pCk̄, x̄q. Grothendieck’s section conjecture

states that when C is hyperbolic and k is a finitely generated infinite field, there is

a bijection between the set of k-rational points and the set of conjugacy classes of

sections of π1pC, x̄q Ñ Gk via the association x ÞÑ rsxs. Hain proved in [20] that the

sections conjecture holds for the restriction of the universal curve C Ñ Mg to its

generic point Spec kpMgq with g ě 5 and char k “ 0. In this paper, we will extend

his results to positive characteristics. In order to make this paper self-contained, the

majority of results needed are cited from Hain’s original papers [18] and [20].

Before stating our main results, we need to introduce notations. A curve C{T of
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type pg, nq is a proper smooth family C Ñ T of geometrically connected curves of

genus g with distinct n sections si : T Ñ C. Suppose that 2g´ 2`n ą 0. Let k be a

field. Denote the moduli stack of curves of type pg, nq over Specpkq byMg,n{k and the

universal curve over it by Cg,n{k. Let K be the function field of Mg,n{k. The generic

curve of type pg, nq over K with g ě 3 is the pullback of the universal curve Cg,n{k

to the function field K. The key ingredient that allows us to use Hain’s methods

in positive characteristics is the comparison of algebraic fundamental groups of a

certain finite étale cover ofMg,n. For a prime number `, there is a finite étale Galois

cover Mλ
g,n ofMg,n{Zr1{`s :“Mg,n{Zb SpecpZr1{`sq that is representable by a scheme

and has a smooth compactification over Zr1{`s whose boundary is a relative normal

crossing divisor over Zr1{`s. Such covers were explicitly constructed by Boggi, de

Jong, and Pikaart in [7], [26],and [40].

Denote the moduli stack of curves of type pg, nq over Specpkq with an abelian

level r by Mg,n{krrs. When the ground field k contains an rth root of unity µrpk̄q,

we always assume that Mg,n{krrs is a geometrically connected, smooth stack over

Specpkq.

Suppose that p is a prime number, ` is a prime number distinct from p, and m

is a nonnegative integer. Let Cg,n{F̄pr`ms ÑMg,n{F̄pr`
ms be the universal curve over

the stack Mg,n{F̄pr`
ms.

Theorem 1. Let K be the function field of Mg,n{F̄pr`
ms. If g ě 3, then the only

K-rational points of Cg,n{F̄pr`ms are its n tautological points.

The corresponding result in characteristic 0 follows from results in Teichm:uller

theory [12, 25] due to Hubbard, Earle and Kra. Our approach is to apply Hain’s

algebraic methods in positive characteristics.

Let Fq “ Fprζ`ms, where ζ`m is a primitive `mth root of unity.

2



Theorem 2. Let C{L be the restriction of the universal curve Cg{Fq r`ms ÑMg{Fq r`
ms

to the generic point SpecL of Mg{Fq r`
ms. Let L̄ be the separable closure of L, and

let x̄ be a geometric point of CL̄. If g ě 3, then the sequence

1 Ñ π1pCL̄, x̄q Ñ π1pC, x̄q Ñ GL Ñ 1

does not split.

Corollary 3. The section conjecture holds for the generic curve C{L.

The first key tool used in this paper is the theory of specialization homomorphism

from [14, SGA 1, §X, XIII]. This allows us to compare the maximal pro-` quotient

of the fundamental groups of Mλ
g,n{Q̄p and Mλ

g,n{F̄p when ` ­“ p. The essential tools

used in Hain’s original paper [20] and this paper are weighted completion and relative

completion of profinite groups. The theory of weighted completion was developed by

Hain and Matsumoto in [24]. For a curve C{T , let GSppHQ`q :“ GSppH1
étpCη,Q`p1qqq

with ` a prime not in the residue characteristics charpT q of T . There are natural

monodromy actions of π1pC, η̄q and π1pT, η̄q into GSppHQ`q with the Zariski closure

R of their common images. One can take the weighted completion of π1pC, η̄Cq and

π1pT, η̄T q with respect to R to obtain Q`-proalgebraic groups GC and GT . These are

extensions of R by a prounipotent Q`-group. In this paper, R is equal to the whole

group GSppHQ`q. For the universal curve Cg,n{kr`ms ÑMg,n{kr`
ms, the Zariski clo-

sure Ggeom
Mg,n{k̄r`

ms
of the image in GMg,n{kr`mspQ`q of the composite π1pMg,n{k̄r`

ms, η̄q Ñ

π1pMg,n{kr`
ms, η̄q Ñ

GMg,n{kr`mspQ`q is an extension of the reductive group SppHQ`q by a prounipotent

Q`-group and its Lie algebra ggeom
g,n is a pro-object of the category of the GMg,n{kr`ms-

modules. Each finite-dimensional GMg,n{kr`ms-module V admits a natural weight fil-

tration:

V “ WmV Ą Wm´1V Ą ¨ ¨ ¨ Ą WnV

3



such that each weight graded quotient GrWr V is a GSppHQ`q-module of weight r.

Each natural weight filtration induced on ggeom
g,n satisfies the property that ggeom

g,n “

W0g
geom
g,n and its pronilpotent radical ugeom

g,n is negatively weighted: ugeom
g,n “ W´1u

geom
g,n .

Theorem 1 and 2 are proved by using the structure of the truncated Lie algebra

GrW‚ pu
geom
g,n {W´3q, which is defined in section 13.

4



2

Fundamental Groups

For a connected scheme X and a choice of a geometric point η̄ : Spec Ω Ñ X, we

have the étale fundamental group of X denoted by π1pX, η̄q, which is defined as

the automorphism group of the fibre functor. More generally, for a Galois category

C with a fundamental functor F , we have the fundamental group π1pC, F q such

that F is an equivalence of the category C and the category of finite sets on which

π1pC, F q acts continuously. When C is the category of finite étale covers E of X and

F “ Fη̄ : E ÞÑ Eη̄ :“ E ˆX Spec Ω, we have π1pC, F q “ π1pX, η̄q. When X is a field

k and k̄ is an algebraic closure of k, we have π1pSpec k, Spec k̄q “ Galpksep{kq, where

ksep is the separable closure of k in k̄. In this paper, we will need the extension of

this theory to the Deligne-Mumford stacks, which are constructed in [37].

2.1 A homotopy exact sequence

Let k be a field and fix an algebraic closure k̄ of k. Let ksep be the separable closure

of k in k̄. Suppose that X is a geometrically connected variety over k. Denote the

base change to ksep of X by X̄. Let x̄ : Specpωq Ñ X̄ be a geometric point of X. We

may regard x̄ as a geometric point of X by the base change morphism X̄ Ñ X. We

5



have the following exact sequence of profinite groups:

1 Ñ π1pX̄, η̄q Ñ π1pX, η̄q Ñ Galpksep{kq Ñ 1

More generally, if X is a connected quasi-compact Deligne-Mumford stack over k,

then the corresponding sequence of fundamental groups is exact [48, Cor. 6.6].

2.2 Comparison theorem

Suppose that k is a subfield of C. Let k̄ be the algebraic closure of k in C. For

a geometrically connected scheme X of finite type over k and a geometric point

η̄ : SpecCÑ X, there is a canonical isomorphism

πtop
1 pXan, η̄q^ – π1pX bk k̄, η̄q,

where Xan denotes the complex analytic variety associated to X and πtop
1 pXan, η̄q^

denotes the profinite completion of the topological fundamental group ofXan with the

image of η̄ as a base point. Furthermore, for a DM stack X over k, the corresponding

analytic space denoted by X an is an orbifold (or a stack in the category of topological

spaces) and we have the orbifold fundamental group πorb
1 pX an, xq of X an with an

appropriate base point x Ñ X an. The above comparison theorem extends to DM

stacks over k (see [38] for details): there is a canonical isomorphism

πorb
1 pX an, xq^ – π1pX bk k̄, xq,

where x : SpecCÑ X is a geometric point of X .

2.3 Fundamental groups of curves

Let C be a smooth curve of genus g over an algebraically closed field k such that

C is a complement of n ě 0 closed points of its smooth compactification. Fix a

geometric point η̄ of C. The fundamental group of a smooth curve does not change

6



under extensions of algebraically closed fields of characteristic zero [45, 5.6.7], and

thus we may assume that k is a subfield of C. Then by the comparison theorem

the fundamental group π1pC, η̄q of C with base point η̄ is isomorphic to the profinite

completion of the group

Πg,n :“ xa1, b1, . . . , ag, bg, γ1, . . . , γn|ra1, b1sra2, b2s ¨ ¨ ¨ rag, bgsγ1 ¨ ¨ ¨ γn “ 1y.

When char k “ p ą 0, Grothedieck proved in [14] that the maximal prime-to-p

quotient 1of π1pC, η̄q, denoted by π1pC, η̄q
pp1q, is isomorphic to the maximal prime-

to-p completion of the group Πg,n.

2.4 Fundamental group of the generic point of a variety

Suppose that X is a smooth variety over a field k. Let K “ kpXq be the function

field of X and η̄ : SpecpK̄q Ñ X be a geometric point lying over the generic point of

X. We may take this geometric point η̄ as a base point for any open subvariety of X.

By a divisor, we mean a finite union of closed integral subschemes of codimension

one. For divisors D Ă E of X defined over k, there is a canonical surjection

π1pX ´ E, η̄q Ñ π1pX ´D, η̄q

and thus there is a projective system of profinite groups:

tπ1pX ´D, η̄quD,

where D is taken over the divisors of X defined over k. Fix an algebraic closure K̄

of K. Let Ksep be the separable closure of K in K̄. Then Zariski-Nagata purity [14,

Theorem 3.1] implies

Proposition 2.4.1. The canonical surjection

GalpKsep{Kq Ñ lim
ÐÝ
D

π1pX ´D, η̄q

1 Here the maximal prime-to-p quotient Gpp1q of a profinite group G is the projective limit of its
finite continuous quotients of order prime to p.

7



is an isomorphism.

Proof. The canonical surjection

GalpKsep{Kq – π1pSpecpKq, SpecpK̄qq Ñ π1pX ´D, η̄q

for each divisor D of X induces a surjection

φ : GalpKsep{Kq Ñ lim
ÐÝ
D

π1pX ´D, η̄q.

To show that φ is injective, it will suffice to show that every open subgroup of

GalpKsep{Kq contains the kernel of φ. Let H be an open subgroup of GalpKsep{Kq.

The corresponding fixed field of KH in Ksep is a finite separable extension of K.

The normalization Y of X with respect to KH is finite over X. By Zariski-Nagata

purity, Y is unramified over an open subscheme U of X this is a complement of a

divisor D of X. Denote the restriction of Y to U by Y 1. Then Y 1 is finite étale

over U , and it corresponds to an open subgroup N of π1pU, η̄q. Denote the canonical

homomorphism GalpKsep{Kq Ñ π1pU, η̄q by φU . Let W be the preimage φ´1
U pNq. It

is an open subgroup of GalpKsep{Kq, and it corresponds to a connected finite étale

cover L of SpecpKq. Pulling back Y 1 along the composition

LÑ SpecpKq Ñ U,

we obtain a section s of LˆU Y
1 Ñ L, which follows from the fact that the image in

π1pU, η̄q of π1pL, η̄q is contained in N . Since the diagram

LˆU Y
1 //

��

SpecpKHq //

��

Y 1

��
L //

s

II

SpecpKq // U

is a diagram of fiber products, we see that W “ π1pL, η̄q is contained in H. This

shows that H contains kerpφUq. Since kerpφq Ď kerpφUq, we have shown that H

contains kerpφq.

8



3

Representations of SppHq and GSppHq

Suppose g ě 1. Let A be a commutative ring and HA be a free A-module of rank

2g. Fix a nondegenerate, skew symmetric bilinear form q : HA b HA Ñ A. For an

A-algebra S, denote HA bA S by HS. The general symplectic group GSppHSq is

defined by

GSppHSq “ tφ P GLpHSq|φ
˚q “ τpφqq for some τpφq P Sˆu.

Associating τpφq to φ is a surjective homomorphism GSppHSq Ñ Gm{S and its kernel

is the symplectic group SppHSq.

We regard SppHq and GSppHq as group schemes defined over Z and their group of

S-rational points are identified with the groups SppHSq and GSppHSq, respectively.

There is an exact sequence of group schemes over Z:

1 Ñ SppHq Ñ GSppHq
τ
Ñ Gm Ñ 1.

A GSppHAq-module Apnq is a free A-module of rank 1 with action of GSppHAq

via the nth power of the homomorphism τ . Fixing an isomorphism t : A Ñ Ap1q

9



mapping 1 ÞÑ a0, we define a bilinear form θ :“ t˝q, which is a GSppHAq-equivariant,

nondegenerate, skew symmetric bilinear form. For a GSppHAq-module V , we define

V pnq to be V bA Apnq. The dual pairing denoted by θ̌ is the map

θ̌ : Ap1q Ñ Λ2HA,

which we view as an element of Λ2HAp´1q as well.

3.1 Weyl’s construction

Here, we will briefly review the representation theory of SppHq and GSppHq. For

example, see [13, §17]. We assume that H “ HQ with a GSppHq-equivariant, non-

degenerate, skew symmetric, bilinear form θ : Hb2 Ñ Qp1q. It follows from the fact

that the irreducible representations of SppHq and GSppHq are absolutely irreducible

that for an extension F Ą Q of fields, the representations of SppHF q and GSppHF q

are obtained by extension of scalars from those of SppHq and GSppHq, respectively.

For each n ě 2, consider the nth tensor power Hbn of H. The symmetric group

Sn acts on Hbn by permuting its factors. For each 1 ď i ă j ď n, the ijth contraction

map

θij : Hbn
Ñ Hbn´2

p1q

is defined by

u1 b u2 b ¨ ¨ ¨ b un ÞÑ θpui, ujqu1 b ¨ ¨ ¨ ûi b ¨ ¨ ¨ b ûj b ¨ ¨ ¨ b un,

where ˆ indicates the omission of the corresponding components. The intersection

of all the θij is denoted by Hxny, which is both a GSppHq-subrepresentation and an

Sn-subrepresentation of Hbn. For each partition λ of n, a Young symmetrizer cλ acts

on Hxny as an endomorphism and

Hrλs :“ Im
`

cλ : Hxny
Ñ Hxny

˘

10



is an irreducible GSppHq-representation. The following result can be easily obtained

from the basic results in [13].

Theorem 3.1.1. Every irreducible representation of GSppHq is isomorphic to the

representation of the form Hrλsprq, where r P Z and λ is a partition of an integer

n ě 0 into ď g parts. Moreover, each Hrλsprq restricts to an irreducible SppHq-

representation and every isomorphism class of irreducible SppHq-representations oc-

curs in this way. Finally, Hrλsprq “ Hxλ1ypr
1q as SppHq-representations if and only if

λ “ λ1.

3.2 Key SppHq and GSppHq-representations

Here we assume H “ HQ` . Define the central cocharacter

ω : Gm Ñ GSppHq

by mapping z ÞÑ z´1 id, which we call the standard cocharacter. Each irreducible

GSppHq-representation admits weight ωpV q as a GmpQq-representation. In particu-

lar, H has weight ´1. The composite

Gm
ω
Ñ GSppHq

τ
Ñ Gm

is given by z ÞÑ z´2, and thus the representation Qprq has weight ´2r. If an irre-

ducible representation V has weight ω, then the irreducible representation V prq has

weight ω ´ 2r. As mentioned in the introduction, the proof of the main results uses

a truncated graded Lie algebra whose graded quotients are GSppHq-representations.

We will introduce GSppHq-representations appearing in the graded quotients in low

degree. For a partition λ of a nonnegative integer n into s ď g nonnegative in-

tegers: pλ1 ě λ2 ě ¨ ¨ ¨ ě λs ě 0q, denote the corresponding irreducible GSppHq-

representation Hrλs by Hrλ1`λ2`...`λss. The weight of Hrλs is given by ´pλ1`¨ ¨ ¨`λsq.

11



The representations used in the proof of the main theorems are

Hr0sp1q “ Q`p1q, Hr1s “ HQ` , Hr12s, and Hr13sp´1q.

We consider Hr12s and Hr13sp´1q as the quotient of Λ2H and Λ3Hp´1q, respectively.

More explicitly, there are split exact sequences of GSppHq-representations:

0 Ñ Hr12s Ñ Λ2H
θ
Ñ Q`p1q Ñ 0,

and

0 Ñ Hr13sp´1q Ñ Λ3Hp´1q
φ
Ñ H Ñ 0,

where φ is the twist of the map defined by

φ : x^ y ^ z ÞÑ θpx, yqz ` θpy, zqx` θpz, xqy.

It is easy to see that θ̌{g : Q`p1q Ñ Λ2H and ^ θ̌{pg ´ 1q : u ÞÑ u^θ̌
g´1

are sections

of θ and φ, respectively. For the rest of this paper, we denote Hr12s by Λ2
0H and

Hr13sp´1q by Λ3
0H. Also, using Hain’s notation in [20], we denote Hr22s by H‘.

The following computations are made by using computer program LiE and used in

section 10. Kabanov’s stability result [29] implies that the following decompositions

are independent of g when g ě 6.

Proposition 3.2.1 ([18, 10.2]). If g ě 3, we have:

1.

Λ2Hr13s “

$

’

’

&

’

’

%

Hr16s `Hr14s `Hr12s `Hr22,12s `Hr22s `Hr0s : g ě 6
Hr14s `Hr12s `Hr22,12s `Hr22s `Hr0s : g “ 5
Hr12s `Hr22,12s `Hr22s `Hr0s : g “ 4
Hr22s `Hr0s : g “ 3

2.

Hr1s bHr13s “

"

Hr14s `Hr2,12s `Hr12s : g ě 4
Hr2,12s `Hr12s : g “ 3

12



4

Monodromy Representation

4.1 Monodromy action in characteristic 0.

Suppose that T is a smooth geometrically connected variety over a field k of char-

acteristic 0 and that f : C Ñ T is a curve of type pg, nq. Fix a geometric point

η̄ : Spec Ω Ñ T of T and denote the fiber of C over η̄ by Cη̄. For a prime num-

ber `, denote H1
étpCη̄,Z`p1qq by HZ` . This is equipped with the cup product pairing

θ : Λ2HZ` Ñ Z`p1q, which is skew symmetric and nondegenerate. The choice of a

symplectic basis of HZ` gives an isomorphism GSppHZ`q – GSpgpZ`q. Let x̄ be a

closed point of Cη̄ that lies over η̄.

Lemma 4.1.1. If g ě 2, then the homomorphism π1pCη̄, x̄q Ñ π1pC, x̄q induced by

i : Cη̄ Ñ C is injective.

Proof. It is well known that there is an exact sequence of profinite groups

1 Ñ Π^g Ñ π1pMg,1{k, x̄q Ñ π1pMg{k, η̄q Ñ 1.

The curve C is the pullback of the universal curve Mg,1{k along the morphism φf :

13



T ÑMg{k and we have the commutative diagram

π1pCη̄, x̄q // π1pC, x̄q //

��

π1pT, η̄q //

φf˚��

1

1 // π1pCη̄, x̄q // π1pMg,1{k, x̄q // π1pMg{k, η̄q // 1,

whose rows are exact. Therefore, the homomorphism π1pCη̄, x̄q Ñ π1pC, x̄q is injec-

tive.

Lemma 4.1.1 gives the exact sequence of algebraic fundamental groups

1 Ñ π1pCη̄, x̄q Ñ π1pC, x̄q Ñ π1pT, η̄q Ñ 1.

Thus the conjugation action of π1pC, x̄q on π1pCη̄, x̄q induces a natural monodromy

representation

ρη̄ : π1pT, η̄q Ñ GSppHZ`q

such that the diagram

π1pT, η̄q
ρη̄ //

��

GSppHZ`q

τ

��
Gk

χ` // GmpZ`q

commutes, where the left-hand vertical map is the canonical projection, the right-

hand vertical map τ is the natural surjection, and where χ` is the `-adic cyclotomic

character.

Remark 4.1.2. Denote the smooth Z`-sheaf R1f˚Z`p1q over T by HZ` . For a geometric

point η̄ of T , the monodromy action of π1pT, η̄q on the stalk H1
étpCη̄,Z`p1qq of HZ` at

η̄ coincides with ρη̄.
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4.2 Monodromy action in characteristic p.

Suppose that S is a connected scheme, and that f : X Ñ S is a proper smooth

morphism of schemes whose fibers are geometrically connected. Let s̄ : Spec Ω Ñ S

be a geometric point of S and x̄ be a geometric point of the fiber Xs̄ of X with

a value in Ω. Let char pSq be the set of residue characteristics of S and letL be

the set of prime numbers not in charpSq. The following results are from [14, SGA

1, Exposé XIII, 4.3, 4.4]. Let K be the kernel of the canonical homomorphism

π1pX, x̄q Ñ π1pS, s̄q and N be the kernel of the projection K Ñ KL where KL is the

maximal pro-L quotient of K. Then N is a distinguished subgroup of π1pX, x̄q and

we denote by π11pX, x̄q the quotient of π1pX, x̄q by N . Also we denote by πL
1 pXs̄, x̄q

the maximal pro-L quotient of π1pXs̄, x̄q. In general, the sequence

πL
1 pXs̄, x̄q Ñ π11pX, x̄q Ñ π1pS, s̄q Ñ 1

is exact, but if the morphism f : X Ñ S admits a section, it becomes also left exact:

1 Ñ πL
1 pXs̄, x̄q Ñ π11pX, x̄q Ñ π1pS, s̄q Ñ 1.

In this case, we obtain a monodromy action

ρs̄ : π1pS, s̄q Ñ OutpπL
1 pXs̄, x̄qq.

For the case where f : X Ñ S has no sections, we have the following result provided

that S is locally noetherian.

Proposition 4.2.1. Suppose that S is a locally noetherian connected scheme, and

that f : X Ñ S is a proper smooth morphism with geometrically connected fibers. If

s̄ : Spec Ω Ñ S is a geometric point of S, and x̄ a geometric point of the geometric

fiber Xs̄, then the sequence

1 Ñ πL
1 pXs̄, x̄q Ñ π11pX, x̄q Ñ π1pS, s̄q Ñ 1

is exact.

15



Proof. First we note that the sequence

π1pXs̄, x̄q Ñ π1pX, x̄q Ñ π1pS, s̄q Ñ 1

is exact [14, SGA 1, Exposé X], so that π1pXs̄, x̄q maps onto the kernel K of the

canonical projection π1pX, x̄q Ñ π1pS, s̄q. There is a commutative diagram

1 // N 1 //

φ1

��

π1pXs̄, x̄q //

φ

��

πL
1 pXs̄, x̄q //

φ2

��

1

1 // N // K // KL // 1,

where the middle and right vertical maps are surjective, and N 1 is the kernel of the

projection π1pXs̄, x̄q Ñ πL
1 pXs̄, x̄q. Since the middle map φ is surjective, we see that

Kerpφ2q maps onto Cokerpφ1q. Consequently, Cokerpφ1q is a pro-L group. Thus, if

Cokerpφ1q is nontrivial, then N will admit a nontrivial finite L-quotient, contradicting

the maximality of KL. Hence φ1 is surjective.

We claim now that the restriction to Kerpφq of the projection map π1pXs̄, x̄q Ñ

πL
1 pXs̄, x̄q is trivial. Consider the fiber product diagram

Xs̄ ˆΩ Xs̄
p2 //

p1

��

((

Xs̄

��

##
s

mm

X ˆS X
p2 //

p1

��

X

��

s
mm

Xs̄
//

((

Spec Ω
s̄

##

x̄

TT

X // S

where p1, p2 denote the 1st and 2nd projections, respectively, and s is the diagonal

section. This diagram induces the commutative diagram of profinite groups

1 // πL
1 pXs̄, x̄q // πL

1 pXs̄, x̄q ˆH //

��

H //

��

1

1 // πL
1 pXs̄, x̄q // π11pXs̄ ˆΩ Xs̄, spx̄qq //

��

π1pXs̄, x̄q //

��

s˚nn
1

1 // πL
1 pXs̄, x̄q // π11pX ˆS X, spx̄qq // π1pX, x̄q //

s˚oo
1

16



where H is the kernel of the canonical map π1pXs̄, x̄q Ñ π1pX, x̄q and the first row

is obtained by pulling back the middle exact sequence along the inclusion H Ñ

π1pXs̄, x̄q . The bottom two rows are exact by [14, SGA 1, Exposé XIII, 4.3, 4.4],

and hence the right two squares are pullback squares. Note that H is equal to Kerpφq.

Denote also by s˚ the map H Ñ πL
1 pXs̄, x̄q ˆ H induced by the section s. By the

commutativity of the diagram, s˚phq “ p1, hq for all h P H. Thus the composition

H Ñ π1pXs̄, x̄q
s˚
Ñ π11pXs̄ ˆΩ Xs̄, spx̄qq

p1˚
Ñ πL

1 pXs̄, x̄q

is trivial. Since p1˚ ˝ s˚ : π1pXs̄, x̄q Ñ πL
1 pXs̄, x̄q is equal to the canonical projection

π1pXs̄, x̄q Ñ πL
1 pXs̄, x̄q, our claim holds. Therefore, Kerpφ2q is trivial by the Snake

Lemma, and hence φ2 is an isomorphism.

Suppose that T is a locally noetherian connected scheme, and that C Ñ T is

a curve. Fix a prime number ` different from charpT q. Denote the maximal pro-`

quotient of π1pCη̄, x̄q by π1pCη̄, x̄q
p`q. Then we have the exact sequence

1 Ñ π1pCη̄, x̄q
p`q
Ñ π11pC, x̄q Ñ π1pT, η̄q Ñ 1,

from which we obtain a natural monodromy action of π1pT, η̄q on

Hompπ1pCη̄, x̄q
p`q,Z`p1qq – H1

etpCη̄,Z`p1qq. Denote H1
etpCη̄,Z`p1qq by HZ` . The ac-

tion of π1pT, η̄q respects the Weil pairing θ : Λ2HZ` Ñ Z`p1q. Hence we obtain a

representation

ρη̄ : π1pT, η̄q Ñ GSppHZ`q.

In particular, when T is defined over a field k, we have the commutative diagram

π1pT, η̄q
ρη̄ //

��

GSppHZ`q

τ

��
Gk

χ` // GmpZ`q

where the left-hand vertical map is the canonical projection, the right-hand vertical

map τ is the natural surjection, and where χ` is the `-adic cyclotomic character.
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5

Moduli of Curves with A Teichm:uller Level
Structure

Suppose that C{T is a curve of type pg, nq. Let L is the set of prime numbers distinct

from charpT q. Associated to the curve C{T , there exists a pro-object πL
1 pC

1{T q of

the category of locally constant sheaves of finite groups of order divisible by primes

in L, where C 1{T is the curve obtained by removing the sections s1, . . . , sn, see [11,

§5]. This pro-object πL
1 pC

1{T q is a locally constant étale sheaf over T such that each

stalk πL
1 pC

1{T qη̄ is isomorphic to the maximal pro-L quotient of the fundamental

group of the curve Cη̄´ts1pη̄q, . . . , snpη̄qu. For a group G whose order is divisible by

primes in L, the sheaf of exterior homomorphisms

Homext
pπL

1 pC
1
{T q, Gq

is defined to be the quotient of the locally constant sheaf

HompπL
1 pC

1
{T q, Gq

by conjugation action of the sheaf πL
1 pC

1{T q on it. Then [11, 5.6] a Teichm:uller

structure α of level G on the curve C{T is a surjective exterior homomorphism

α P ΓpT,HompπL
1 pC

1
{T q, Gqq.
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5.1 Moduli stacks of curves with a non-abelian level structure

Suppose that 2g ´ 2` n ą 0. Denote the Deligne-Mumford compactification [11] of

Mg,n{Z byMg,n{Z. Fix a prime number `. Finite étale coverings ofMg,n that are rep-

resentable by a scheme and have a compactification that is smooth over SpecZr1{`s

are essential to our comparison between characteristic zero and positive characteris-

tic. The existence of such coverings was established by

1. de Jong and Pikaart for n “ 0 and all ` in [26],

2. Boggi and Pikaart for n ą 0 and odd ` in [7], and

3. Pikaart for n ą 0 and ` “ 2 in [40].

Their results needed in this paper are summarized in the following statement:

Proposition 5.1.1. For all prime numbers ` and all pg, nq satisfying 2g´2`n ą 0,

there is a finite étale Galois covering M ÑMg,nr1{`s :“Mg,n{ZbZr1{`s over Zr1{`s

that satisfies:

1. M is a separated scheme of finite type over Zr1{`s;

2. the normalization M ofMg,nr1{`s with respect to M is proper and smooth over

Zr1{`s;

3. the boundary MzM is a relative normal crossing divisor over Zr1{`s.

In fact, M was taken to be the DM stack GMg,n{Zr1{`s of curves of type pg, nq

with a Teichm:uller structure of level G, where G was specifically taken to be:

1. the quotient of Πg,0 by the normal subgroup generated by the third term of its

lower central subgroup and all `mth powers when ` is odd and n “ 0;
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2. the quotient of Πg,0 by the normal subgroup generated by the fourth term of

its lower central subgroup and all fourth powers when ` “ 2 and n “ 0;

3. the quotient Πg,n{W
3Πg,n ¨Π

`m

g,n, where W 3 denotes the third term of the weight

filtration of Πg,n defined in [7] when ` is odd and n ą 0;

4. the quotient Πg,n{W
4Πg,n ¨Π

4
g,n, where W 4 denotes the third term of the weight

filtration of Πg,n defined in [7] when ` “ 2 and n ą 0,

where Πk
g,n is the subgroup of Πg,n generated by all kth powers. In [11], G is a finite

quotient of Πg,n by a characteristic subgroup, but the same construction can be done

when G is a finite quotient of Πg,n by an invariant subgroup, see §5.4. For n ě 2,

the subgroups W ‚Πg,n ¨Π
k
g,n are not characteristic, but are invariant. For fixed prime

numbers p and ` ­“ p, denote by Mλ
g,n or simply Mλ the finite étale cover M of

Mg,nr1{`s given by the above proposition.

5.2 Moduli stacks of curves with an abelian level

WhenG is a finite quotient by the subgroupW 2Πg,n¨Π
m
g,n, we haveG – H1pΣg,Z{mZq,

where Σg is a closed oriented genus g surface. In this case, we denote the moduli

stack of n-pointed smooth projective curves with the Teichm:uller structure of level

H1pΣg,Z{m{Zq by Mg,nrms. The stack Mg,nrms is representable by a scheme for

m ě 3 (See [3, Chapter XVI, Theorem 2.11]. It is well known that the Deligne-

Mumford compactification Mg,nrms is never smooth if g ą 2.

5.3 Relative Pro-` Completion

The pro-` completion of a group Γ with

H1pΓq bZ F` “ 0 is trivial. Thus the pro-` completions of the mapping class groups

in genus at least 3 are trivial. On the other hand, their relative pro-` completions
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are large enough to give us the information of their structure. Here we recall from

[23] the definition of and some basic facts about relative pro-` completion of a group.

Suppose that:

1. Γ is a discrete group or profinite group;

2. P is a profinite group;

3. ρ : Γ Ñ P is a continuous dense homomorphism.

Definition 5.3.1. The relative pro-` completion of Γ with respect to ρ consists of a

profinite group Γrelp`q,ρ and the natural homomorphisms Γ Ñ Γrelp`q,ρ and Γrelp`q,ρ Ñ P

that make the diagram

Γ

��

ρ

##
Γrelp`q,ρ // P

commute. It is characterized by the following universal mapping property: If G is

a profinite group, ψ : G Ñ P a continuous homomorphism with pro-` kernel, and

if φ : Γ Ñ G is a continuous homomorphism whose composition with ψ is ρ, then

there is a unique continuous homomorphism Γrelp`q,ρ Ñ G that makes the following

diagram commute:

Γ

φ

��

��
ρ

��

Γrelp`q,ρ

{{ ##
G

ψ // P

When the context is clear, we will omit ρ from the notation and denote Γrelp`q,ρ by

Γrelp`q.
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To construct the relative pro-` completion of Γ with respect to ρ, consider all the

commutative diagrams of the form

Γ

φ ��

ρ // P

Gφ

ρφ

>>

where Gφ is a profinite group, φ is a continuous dense homomorphism, and ρφ is

continuous with ker ρφ being a pro-` group. Then the relative pro-` completion

Γrelp`q,ρ of Γ with respect to ρ is canonically isomorphic to lim
ÐÝ

Gφ, where the limit is

taken over all the commutative diagrams of the form above. It is easy to see that

relative pro-` completion with respect to the trivial representation ρ of a discrete or

profinite group is simply the classical pro-` completion of the group denoted by Γp`q.

The following propositions are the basic properties that are used in this paper.

Proposition 5.3.2 ([23, Prop. 2.3]). (Naturality) Notations as in Definition 5.3.1.

Suppose that ρj : Γj Ñ Pj for j “ 1, 2 are continuous dense homomorphisms. If the

diagram

Γ1
ρ1 //

φΓ

��

P1

φP
��

Γ2
ρ2 // P2

,

where φΓ and φP are continuous homomorphisms, commutes, then there is a unique

continuous homomorphism φrelp`q : Γ
relp`q,ρ1

1 Ñ Γ
relp`q,ρ2

2 that makes the diagram

Γ1
//

φΓ

��

ρ1

))
Γ

relp`q,ρ1

1
//

φrelp`q

��

P1

φP

��
Γ2

//

ρ2

55Γ
relp`q,ρ2

2
// P2

commute.
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Proof. This follows from the universal mapping property.

Proposition 5.3.3 ( [23, Prop. 2.1]). A homomorphism ρ : Γ Ñ P from a discrete

group to a profinite group induces a homomorphism ρ̄ : Γ^ Ñ P from the profi-

nite completion of Γ to P . The natural homomorphism Γ Ñ Γ^ induces a natural

isomorphism Γrelp`q,ρ – pΓ^qrelp`q,ρ̄.

Proof. By naturality, there is a homomorphism φ : Γrelp`q,ρ Ñ pΓ^qrelp`q,ρ̄. Since

Γrelp`q,ρ is a profinite group and the natural homomorphism Γ Ñ Γrelp`q,ρ is continues,

it factors through Γ^, and hence there is a homomorphism ψ : pΓ^qrelp`q,ρ̄ Ñ Γrelp`q,ρ.

The universal mapping property implies that φ and ψ are inverse to each other.

Proposition 5.3.4 ([23, Prop. 2.4]). (Right exactness) Suppose that ρj : Γj Ñ Pj

for j “ 1, 2 and 3 are continuous dense homomorphisms as in the above definition.

Suppose furthermore that the Γj are all discrete or all profinite groups. If the diagram

1 // Γ1
//

ρ1

��

Γ2
//

ρ2

��

Γ3
//

ρ3

��

1

1 // P1
// P2

// P3
//// 1

,

where all the arrows are continuous and rows are exact, then the sequence

Γrelp`q,ρ1 Ñ Γrelp`q,ρ2 Ñ Γrelp`q,ρ3 Ñ 1

is exact.

Proof. See [23].

Proposition 5.3.5 ([23, Lemma 2.6]). Suppose that

1 Ñ K Ñ P
ψ
Ñ P Ñ 1

is a short exact sequence of profinite groups. Suppose that ρ : Γ Ñ P is a continuous

dense homomorphism as in the above definition. Denote ψ ˝ ρ by ρ̄. If K is a pro-`

group, then the natural homomorphism Γrelp`q,ρ Ñ Γrelp`q,ρ̄ is an isomorphism.
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Proof. SinceK is a pro-` group and the kernel of the natural homomorphism Γrelp`q,ρ Ñ

P is pro-`, the preimage N of K under the homomorphism Γrelp`q,ρ Ñ P is also a

pro-` group, and hence, by the universal mapping property, there is a natural ho-

momorphism Γrelp`q,ρ̄ Ñ Γrelp`q,ρ, which is an inverse of the natural homomorphism

Γrelp`q,ρ Ñ Γrelp`q,ρ̄.

Example 5.3.6. Let Γ be a finite index normal subgroup of the mapping class group

Γg,n. Denote by Γ^g,n and Γ^ the profinite completion of Γg,n and Γ, respectively. Let

ρ : Γ^ Ñ SppZ`q be the homomorphism obtained by composing with the standard

representation Γ^g,n Ñ SppZ`q. Suppose that ψ : SppZ`q Ñ SppZ{`Zq is reduction

mod `. If ρ̄ is trivial, then since ker ψ is a pro-` group, there are natural isomorphisms

Γrelp`q,ρ – Γrelp`q,ρ̄.

5.4 Fundamental Groups of Finite Étale Covers of Moduli Stacks of
Curves

Suppose that g and n are non-negative integers satisfying 2g ´ 2 ` n ą 0. Fix

a closed oriented genus g surface Σg and a finite subset P “ tp1, p2, . . . , pnu of n

distinct points in Σg. Denote the mapping class group of pΣg, P q by ΓΣg ,P . This is

defined to be the group of isotopy classes of orientation preserving homeomorphisms

which fix P pointwise. By the classification of surfaces, the homeomorphism class of

pΣg, P q depends only on pg, nq. Therefore, the group ΓΣg ,P depends only on the pair

pg, nq, and thus it is denoted by Γg,n. Denote the complement Σg ´ P of P in Σg by

Σg,n. Denote the topological fundamental group πtop
1 pΣg,n, ˚q of Σg,n by Πg,n. The

standard presentation of Πg,n is

Πg,n “ xα1, β1, . . . , αg, βg, γ1, . . . , γn|rα1, β1s ¨ ¨ ¨ rαg, βgsγ1 ¨ ¨ ¨ γn “ 1y.

Note that Πg,0 “ Πg,n{xγ1, . . . , γny. The geometric automorphisms of Πg,n are defined

to be the ones that fix the conjugacy class of every γi and induce the identity on
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H2pΠg,0,Zq. Denote the group of geometric automorphisms of Πg,n by Ag,n and the

group of the inner automorphisms of Πg,n by Ig,n. Ig,n is clearly a normal subgroup

of Ag,n. It is well known that there is a canonical isomorphism

Γg,n – Ag,n{Ig,n

(See [47, Theorem V.9]). The invariant subgroups of Πg,n are defined to be the ones

that are stable under the action of Ag,n. For an invariant subgroup K of Πg,n, there

is a natural representation

Γg,n Ñ OutpΠg,n{Kq.

This representation is the key for the construction of Mλ.

Let k be a field of characteristic 0. For simplicity, assume that k is contained in

C and denote the algebraic closure of k in C by k̄. The moduli stack Mg,n{C can

be viewed as a complex analytic orbifold denoted by Man
g,n{C. Denote the orbifold

fundamental group ofMan
g,n{C by πorb

1 pMan
g,n{C, η̄q with base point η̄ PMg,npCq. There

is a natural isomorphism

πorb
1 pMg,n{C, η̄q – Γg,n.

Therefore, for each geometric point η̄ of Mg,n{k̄, there is an isomorphism

π1pMg,n{k̄, η̄q – Γ^g,n,

which is uniquely determined up to inner automorphisms, and there is an exact

sequence

1 Ñ Γ^g,n Ñ π1pMg,n{k, η̄q Ñ Galpk̄{kq Ñ 1.

Let k be an algebraically closed field of characteristic p ą 0. Denote the ring of

p-adic Witt vectors over k by W pkq. When k is clear from context, we denote

W pkq by W . It is a characteristic zero complete discrete valuation ring with the

residue field k. Fix an algebraic closure L of the fraction field of W pkq. There is
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an isomorphism Γ^g,n – π1pMg,n{L, η̄q of the geometric fundamental group of Mg,n{L

with the profinite completion of the mapping class group Γg,n. Fix a prime number

` ­“ p. Let G “ Πg,n{W
3Πg,n ¨ Π`m

g,n for odd ` and G “ Πg,n{W
4Πg,n ¨ Π4

g,n for

` “ 2, where the filtration W ‚ is defined in §5.1. Let Mλ be a finite étale cover of

Mg,nr1{`s as in Proposition 5.1.1. Denote the kernel of the natural representation

Γg,n Ñ OutpGq by Γλg,n. Denote the Teich:uller space of the reference surface Σg,n by

Tg,n. By construction, each connected component of the complex variety Mλ b C is

isomorphic to the analytic space Tg,n{Γλg,n. Since Γλg,n acts on Tg,n freely, we see that

there is a natural conjugacy class of isomorphisms

π1pM
λ
Cq – pΓ

λ
g,nq

^,

where Mλ
C is a connected component of Mλ b C. Since ` is a unit in W , there

is a natural morphism SpecW Ñ SpecZr1{`s. Choose a connected component of

Mλ bZr1{`s W and denote it by Mλ
W . Denote its base changes to L and k by Mλ

L

and Mλ
k , respectively. Let η̄ and ξ̄ be a geometric point of Mλ

L and Mλ
k , respectively.

The scheme Mλ
L is a connected finite étale cover of Mg,n{L and there is an isomor-

phism π1pM
λ
L, η̄q – pΓ

λ
g,nq

^. Since the boundary of Mλ is a relative normal crossing

divisor over Zr1{`s, the boundary of the Zariski closure of Mλ
W in Mλ bW is also

a relative normal crossing divisor over W . This allows us to define a specialization

homomorphism of tame fundamental groups [14, Exposé XIII]

sp : πt1pM
λ
L, η̄q Ñ πt1pM

λ
W , η̄q – πt1pM

λ
W , ξ̄q

„
Ð πt1pM

λ
k , ξ̄q,

where the left-hand map is induced by base change to L, the map at middle is

an isomorphism obtained by change of base points, and the right-hand map is the

isomorphism induced by base change to k.

Theorem 5.4.1. With notations as above, there is an isomorphism

pΓλg,nq
p`q
– π1pM

λ
k , ξ̄q

p`q,

26



which is uniquely determined up to inner automorphisms.

Proof. The smoothness of Mλ
W over W implies that the specialization morphism sp

is surjective. This surjective homomorphism induces an isomorphism

sppp
1q : π1pM

λ
L, η̄q

pp1q „
Ñ π1pM

λ
k , ξ̄q

pp1q

upon taking maximal prime-to-p quotient. Hence we have an isomorphism

spp`q : π1pM
λ
L, η̄q

p`q „
Ñ π1pM

λ
k , ξ̄q

p`q

by taking maximal pro-` quotient.

Corollary 5.4.2. With notations as above, there are natural conjugacy classes of

isomorphisms

pΓg,nr`
m
sq
p`q
– π1pMg,n{kr`

m
sq
p`q

and

Γrelp`q
g,n – π1pMg,n{kq

relp`q.

Proof. For A “ L,W , and k, denote Mg,n{A and Mg,n{Ar`
ms by MA and MAr`

ms,

respectively. Let η̄ and ξ̄ be geometric points of Mλ
L and Mλ

k , respectively. Denote

the images of η̄ and ξ̄ under morphisms by η̄ and ξ̄ also. The monodromy action

π1pMAq
relp`q Ñ SppZ{`Zq factors through the finite group Γg,n{Γ

λ
g,n, which is the

automorphism group of Mλ
A over MA. Denote this finite group by G. This implies

that for A “ W and A “ k, there is an exact sequence

1 Ñ π1pM
λ
A, ξ̄q

p`q
Ñ π1pMA, ξ̄q

relp`q
Ñ GÑ 1.

Similarly, for A “ L and A “ W , there is an exact sequence

1 Ñ π1pM
λ
A, η̄q

p`q
Ñ π1pMA, η̄q

relp`q
Ñ GÑ 1.
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Fix an isomorphism π1pM
λ
W , ξ̄q – π1pM

λ
W , η̄q. These exact sequences fit into the

commutative diagram

1 // π1pM
λ
k , ξ̄q

p`q //

��

π1pMk, ξ̄q
relp`q //

��

G // 1

1 // π1pM
λ
W , ξ̄q

p`q //

��

π1pMW , ξ̄q
relp`q //

��

G //

��

1

1 // π1pM
λ
W , η̄q

p`q // π1pMW , η̄q
relp`q // G // 1

1 // π1pM
λ
L, η̄q

p`q //

OO

π1pML, η̄q
relp`q //

OO

G // 1,

where the left-hand vertical maps are all isomorphisms and the map G Ñ G is an

isomorphism induced by the fixed isomorphism π1pM
λ
W , ξ̄q – π1pM

λ
W , η̄q. Therefore,

the middle vertical maps are all isomorphisms and thus there are isomorphisms

π1pMk, ξ̄q
relp`q

– π1pML, η̄q
relp`q

– Γrelp`q
g,n ,

which are unique up to conjugation by elements of π1pMk, ξ̄q
relp`q. Similarly, let G1

be the quotient of π1pMAr`
msq by the finite index subgroup π1pM

λ
Aq. It is a finite

`-group. Using the exact sequences

1 Ñ π1pM
λ
A, ξ̄q

p`q
Ñ π1pMAr`

m
s, ξ̄qp`q Ñ G1 Ñ 1,

where A “ W and A “ k, and

1 Ñ π1pM
λ
A, η̄q

p`q
Ñ π1pMAr`

m
s, η̄qp`q Ñ G1 Ñ 1,

where A “ L and W , we also have isomorphisms

π1pMkr`
m
s, ξ̄qp`q – π1pMLr`

m
s, η̄qp`q – Γg,nr`

m
s
p`q,

which are unique up to conjugation by elements of π1pMkr`
ms, ξ̄qp`q.
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6

Weighted Completion

In this chapter, we review the theory of weighted completion. The idea of weighted

completion is to “linearize a profinite group” with weight data. The weighted com-

pletion is relatively computable, since it is controlled by cohomology. This is a

generalization of the relative completion of a discrete group (which we will review in

next chapter) due to Deligne, and was developed by Hain and Matsumoto in [22].

The main application of the completion in this paper is to the arithmetic mapping

class groups and the profinite completion of the mapping class groups.

6.1 (Pro)algebraic groups

Suppose that F is a field of characteristic zero. In this paper, by an algebraic group

over F we mean an affine group scheme of finite type over F and by a proalgebraic

F -group G we mean a projective limit of a projective system consisting of surjective

homomorphisms

G “ lim
ÐÝ
α

Gα,
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where each Gα is an algebraic group over F . It is known that every affine group

scheme arises as a proalgebraic group [32]. For an F -algebra R, the R-rational

points GpRq of G is the projective limit of the projective system tGαpRqu,

GpRq “ lim
ÐÝ

GαpRq.

The Lie algebra g of G is the projective limit of the corresponding projective system

of the Lie algebras gα

g “ lim
ÐÝ

gα.

We consider the Lie algebra g as a topological Lie algebra with the topology induced

by the projective limit. Here we equip gα the discrete topology. The neighborhoods

of zero are the kernels of the natural surjections gα. The functor Lie taking G to its

Lie algebra g is exact; if the sequence

1 Ñ G 1 Ñ G Ñ G2 Ñ 1

of proalgebraic F -groups is exact, then the sequence

0 Ñ g1 Ñ gÑ g2 Ñ 0

of the corresponding Lie algebras is exact.

6.2 Prounipotent groups and pronilpotent Lie algebras

Suppose that F is a field of characteristic zero. For n ě 1 and an F -algebra R

the algebraic group UnpRq is an algebraic subgroup of GLnpRq consisting of upper

triangular matrices whose diagonal entries are all 1. A unipotent F -group is an

algebraic group over F that is isomorphic to an algebraic subgroup of Un for some

n. A prounipotent F -group U is the inverse limit of a surjective projective system of

unipotent F -groups Uα:

U “ lim
ÐÝ
α

Uα.
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The Lie algebra u of the prounipotent F -group U is a pronilpotent Lie algebra that

is the projective limit of the finite-dimensional nilpotent Lie algebras uα of the Uα:

u “ lim
ÐÝ
α

uα.

For a unipotent group U and its Lie algebra u, the exponential map exp : u Ñ U is

an isomorphism of algebraic varieties with the inverse given by the logarithm map

log : U Ñ u. The exponential and logarithm maps extend to prounipotent groups

by taking a projective limit to give an isomorphism of proalgebraic varieties.

6.3 Continuous cohomology and homology of a Lie algebra

Let G “ lim
ÐÝα

Gα be a proalgebraic group over F and g “ lim
ÐÝα

gα be its Lie algebra.

The continuous cohomology of g is defined to be the inductive limit of the cohomology

of its canonical finite-dimensional quotients gα:

H‚
pgq :“ lim

ÝÑ
α

H‚
pgαq

and the continuous homology is defined to be the inverse limit:

H‚pgq :“ lim
ÐÝ
α

H‚pgαq

These can be computed using the continuous Chevalley-Eilenberg complexes

HomctspΛ
‚g, F q :“ lim

ÝÑ
α

HompΛ‚gα, F q

and

Λ‚g :“ lim
ÐÝ
α

Λ‚gα

There are natural isomorphisms

H‚
pgq “ HompH‚pgq, F q and H‚pgq “ HompH‚

pgq, F q.
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6.4 A presentation of a pronilpotent Lie algebras

Pronilpotent Lie algebras are easy to deal with, since they can be easily expressed

as a quotient of a free Lie algebra. Recall that for a F -vector space V , the free Lie

algebra denoted by LpV q is the Lie subalgebra of the tensor algebra T pV q, where the

bracket on LpV q is defined by ru, vs :“ uv ´ vu. It has a universal property; if there

is a F -linear map φ : V Ñ g from V to a Lie algebra g, then the map φ extends to

be a Lie algebra homomorphism LpV q Ñ g. The free Lie algebra LpV q is graded by

bracket length: there is an isomorphism

LpV q –
à

ně1

LnpV q.

Now, since a derivation on LpV q is determined by its effect on V , we see that

DerLpV q – HomF pV,LpV qq and that the derivation Lie algebra DerLpV q is graded:

DerLpV q –
à

ně1

Dern LpV q,

where Dern LpV q :“ HomF pV,Ln`1pV qq. The free completed Lie algebra LpV q^ gen-

erated by V is defined to be

LpV q^ “ lim
ÐÝ
W,n

LpW q{LnLpW q,

where W ranges over all finite-dimensional quotients of V and L‚LpW q is the lower

central series of LpW q.

The following elementary fact is a key for finding a presentation for a pronilpotent

Lie algebra.

Lemma 6.4.1. If φ : gÑ h is a Lie algebra homomorphism of nilpotent Lie algebras,

then φ is surjective if and only if the induced linear map H1pgq Ñ H1phq is surjective.
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Corollary 6.4.2. If g is a pronilpotent Lie algebra, then there exists a free completed

Lie algebra f and a continuous surjective Lie algebra homomorphism φ : f Ñ g such

that the induced map φ̃ : H1pfq Ñ H1pgq is an isomorphism.

Proof. Fix a continuous section of the natural projection g Ñ H1pgq. Let φ be

the continuous Lie algebra homomorphism φ : LpH1pgqq
^ Ñ g induced by this

section. Then the induced map φ̃ : H1pLpH1pgqq
^q Ñ H1pgq is continuous and an

isomorphism, and hence the above lemma implies that φ is a continuous surjection.

Therefore, we obtain a presentation

g – LpH1pgqq
^
{r.

Proposition 6.4.3. If a closed Lie ideal r of a free pronilpotent Lie algebra f that is

contained in rf, fs, then there is a continuous natural isomorphism

H2pf{rq – r{rr, fs.

Proof. Since r is a subalgebra of of a free pronilpotent Lie algebra, it is free. Thus

we have Hkprq “ 0 for all k ą 1. Since r Ă rf, fs, together with the vanishing of

cohomology for k ą 1, the spectral sequence

Es,t
2 “ Hs

pf{r, H t
prqq ñ Hs`t

pfq

implies that H2pf{rq “ H0pf{r, H1prqq. Note that we have

H0pf{r, H1prqq “ r{rr, fs.

Thus there is a natural isomorphism

H2
pf{rq “ H0

pf{r, H1
prqq “ HomctspH0pf{r, H1prqq, F q “ Homctspr{rr, fs, F q.

Taking the dual, we get a natural isomorphism H2pf{rq – r{rr.fs.
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Whether a Lie algebra homomorphism between pronilpotent Lie algebras is an

isomorphism or not, we have a useful criterion. This is an analogue for pronilpotent

Lie algebras of a classical result of Stallings [43].

Proposition 6.4.4. Let φ : g Ñ h be a Lie algebra homomorphism of pronilpotent

Lie algebras. If φ induces an isomorphism H1pgq Ñ H1phq and a surjection H2pgq Ñ

H2phq, then φ is an isomorphism.

Proof. Since φ induces an isomorphism on H1, it is a surjection. Any continuous

linear section of g Ñ H1pgq induces Lie algebra surjections ψ1 : LpH1pgqq Ñ g and

ψ2 : LpH1phqq Ñ h by composing with φ such that the diagram

0 // r //

��

LpH1pgqq
ψ1 //

��

g

φ

��

// 0

0 // n // LpH1phqq
ψ2 // h // 0,

where r and n are the kernels of ψ1 and ψ2 and the middle map is the isomorphism

induced by the isomorphism onH1. Note that the right-hand vertical map is injective.

By assumption, φ induces a surjection on H2, and so Proposition 6.4.3 implies that

the map rÑ n is also surjective. Hence, φ is an isomorphism.

Corollary 6.4.5. A pronilpotent Lie algebra g is trivial if and only if H1pgq “ 0 and

free if and only if H2pgq “ 0.

6.5 Negatively weighted extensions

Suppose that F is a field of characteristic 0, that R is a reductive algebraic group

defined over F , and that w : Gm Ñ R is a central cocharacter. Denote Gm{F by Gm.

Suppose that

1 Ñ U Ñ GÑ RÑ 1
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is an extension of R by a unipotent group U in the category of algebraic F -groups.

The abelianization H1pUq is an R-module, and therefore a Gm-module via w. Thus

we have the decomposition

H1pUq “
à

rPZ
H1pUqr,

where Gm acts on H1pUqr via the rth power of its defining representation. We will say

that this extension is negatively weighted with respect to w if H1pUqr “ 0 for all r ě 0

and that a proalgebraic group G which is an extension of R by a prounipotent group

U is negatively weighted if it is an inverse limit of negatively weighted extensions of

R by unipotent groups.

6.6 Weight filtrations

By the Levi decomposition [10, p. 158], the extension

1 Ñ U Ñ GÑ RÑ 1

splits and any two splittings differ by conjugation by an element of UpF q. Therefore

there is a lift of the homomorphism Gm Ñ R to a homomorphism ω̃ : Gm Ñ G.

Lemma 6.6.1. Any two lifts ω̃ : Gm Ñ G of ω are conjugate by an element of UpF q.

Proof. Pulling back the sequence

1 Ñ U Ñ GÑ RÑ 1

along ω, we obtain the sequence

1 Ñ U Ñ G̃Ñ Gm Ñ 1.

Any two sections of G̃ Ñ Gm are conjugate by an element of UpF q by the Levi

decomposition.
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Fix a lift ω̃ : Gm Ñ G. We can regard each finite-dimensional G-module V as a

Gm-module and thus have a decomposition

V “
à

nPZ
Vn,

where Gm acts on Vn via the nth power of the defining representation. Define a

weight filtration of V by

WnV :“
à

mďn

Vm.

The above weight decomposition respects Hom and tensor products; if U and V are

finite-dimensional G-modules, then we have

HompU, V qn “
à

l´k“n

HompUk, Vlq

and

pU b V qn “
à

k`l“n

Uk b Vl.

Therefore, it follows that weight filtrations are compatible with Hom and tensor

products:

Wn HompU, V q “ tφ P HompU, V q|φpWlUq Ď Wl`nV for all l P Zu

and

WnpU b V q “
ÿ

k`l“n

WkU bWlV

Let G be a negatively weighted extension of R by a unipotent group. Denote the

Lie algebras of G, U , and R by g, u, and r, respectively. We can regard them as

G-modules via the adjoint action of G. Fix a lift ω̃ of ω.

Proposition 6.6.2. The Lie algebras g, u, and r are graded Lie algebras satisfying

the properties:

36



1. if x P gk and y P gl, then rx, ys P gk`l.

2. um Ď gm.

3. um “ 0 if m ě 0.

4. g “ W0g, u “ W´1g, and r “ GrW0 g.

Proof. The first assertion follows from the fact that the bracket r , s : gb gÑ g is a

G-module homomorphism. The second is clear. As to the third, define uă0 to be the

sub Lie algebra of u. It is a nilpotent Lie algebra. The inclusion uă0 Ñ u induces an

isomorphism H1puă0q – H1puq, since H1puq has only negative weights. By Lemma

6.4.1, the inclusion uă0 Ñ u is indeed an isomorphism. For the last assertion, note

that since ω is central, we have r “ r0, and that the sequence

0 Ñ uÑ gÑ rÑ 0

is an exact sequence of graded Lie algebras. The result follows immediately.

A key property of negatively weighted extensions used in this paper is the follow-

ing.

Proposition 6.6.3. For every finite-dimensional G-module V , each term WnV of

the weight filtration W‚V is a G-module and each graded quotient

GrWn V :“ WnV {Wn´1V is an R-module of weight n.

Proof. Every finite-dimensional G-module V is a g-module via the homomorphism

g Ñ EndF pV q. The map g b V Ñ V, x b v ÞÑ xpvq is G-equivariant, and hence if

x P gk and v P Vl, then xpvq P Vk`l. Since g “ W0g, the action of g on V preserves

the weight filtration of V . Since u “ W´1u, the image of WlV under the action of u is

contained in Wl´1V . Thus u acts trivially on the associated graded quotients GrWl V

for all l P Z, so does U . Write G “ U ¸ spRq with respect to the fixed splitting s of
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G Ñ R. Since ω is central, the image of s ˝ ω is central in spRq. Thus the action

of spRq on V preserves the weight filtration, so does the action of G. Together with

the trivial action of U on GrW‚ V , the induced action of G on GrW‚ V descends to the

action of R.

Although, by definition, the weight filtration depends on the choice of the lift ω̃,

it does not.

Proposition 6.6.4. With notation as above, the weight filtration of V is independent

of the choice of the lift ω̃.

Proof. Let ω̃ and ω̃1 be the lifts of ω : Gm Ñ R. There exists an element u of UpF q

such that ω̃1 “ uω̃u´1. Denote the weight decomposition with respect to ω̃ and ω̃1

by V “
À

Vn and V “
À

V 1n, respectively. Then we see that ω̃1 acts on uVn with

weight n, and so uVn Ď V 1n. Similarly, u´1V 1n Ď Vn or V 1n Ď uVn. Thus uVn “ V 1n.

Since the action of G preserves the weight filtrations W‚ and W 1
‚, we have

à

mďn

V 1m “
à

mďn

uVm “ u

˜

à

mďn

Vm

¸

Ď
à

mďn

Vm.

A symmetric argument shows the other containment.

The above results extend to the case where G is a proalgebraic F -group G that

is a negatively weighted extension of G with respect to ω : Gm Ñ R. If V is a finite-

dimensional G-module, then the action of G factors through its algebraic quotient

Gα. It is easy to see that Gα is an extension of R by a unipotent F -group Uα.

Since the prounipotent radical U of G is negatively weighted, it follows that Uα is

also negatively weighted, i.e., Gα is a negatively weighted extension of R. Thus the

G-module V admits a natural weight filtration. It is clear that this weight filtration

does not depend on the quotient Gα.
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6.6.5. Pro-and Ind-G-modules: The construction of weight filtrations extend to pro-

jective limits and inductive limits of finite-dimensional G-modules. If V “ lim
ÐÝα

Vα

is a projective limit of finite-dimensional G-modules, then WnV is given by WnV “

lim
ÐÝα

WnVα for each n P Z. similarly, if V “ lim
ÝÑα

Vα is an inductive limit of finite-

dimensional G-modules, then WnV is given by WnV “ lim
ÝÑα

WnVα.

6.7 Category of weighted modules

An important property of weight filtrations is that morphisms of weight modules

are strict and hence that taking associated graded quotients are exact. Suppose

that G1 and G2 are negatively weighted extensions of reductive groups R1 and R2,

respectively, such that the diagram

G1
//

Φ
��

R1

φ
��

Gm
ω1oo

G2
//R2 Gm

ω2oo

commutes. We may regard G2-modules as G1-modules via the homomorphism Φ. We

form a category as follows. Objects are the data pV,G, R, ωq, where ω : Gm Ñ R is a

central cocharacter, R is a reductive algebraic F -group, and G is a proalgebraic group

that is a negatively weighted extension of R, and where V is a finite-dimensional G-

module. Morphisms of such modules are ones compatible with the diagram described

above.

6.8 Strictness

Recall that a linear map f : pV,W‚q Ñ pV 1,W 1
‚q of filtered vector spaces is strict if

it satisfies the property

fpV q XW 1
nV

1
“ fpWnV q,
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for all n P Z. In general, the map f induces a map Grnpfq : GrWn V Ñ GrW
1

n V 1, but

the map Grnpfq need not to be injective even when f is injective.

Example 6.8.1. Let V1 and V2 be finite-dimensional F -vector spaces. Let V “

V1 ‘ V2. Define a filtration W‚V by setting

0 “ W0V “ W1V Ď W2V “ V.

Define a filtration W 1
‚V by setting

0 “ W 1
0V Ď W 1

1V “ V1 Ď W 1
2V “ V.

Then the identity map id : V Ñ V preserves the weight filtrations, but Gr2pidq :

GrW2 V Ñ GrW
1

2 V is not injective.

Subspaces and quotients of a filtered vector space pV,W‚q admit induced weight

filtrations; if A ãÑ V is a subspace and q : V � B is a quotient, then

WnA :“ AXWnV and WnB :“ qpWnV q.

Proposition 6.8.2. If a linear map f : pV,W‚q Ñ pV 1,W‚q of filtered vector spaces

is strict, then there are natural isomorphisms

1. im GrW‚ f – GrW‚ im f

2. ker GrW‚ f – GrW‚ ker f and

of graded vector spaces.
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Proof. For each n, We have

im GrWn f “
fpWnV q `WnV

1

Wn´1V 1

–
fpWnV q

fpWnV q XWn´1V 1

“
im f XWnV

1

pim f XWnV 1q XWn´1V 1

“
im f XWnV

1

im f XWn´1V 1

“
Wn im f

Wn´1 im f

“ GrWn im f

For the second, consider the following commutative diagram:

0 //Wn´1V //

��

WnV //

��

GrWn V //

��

0

0 //fpWn´1V q //fpWnV q //GrWn im f //0

The rows are exact and the vertical maps are all surjective since f is strict. Since

GrWn im f – im GrWn f , it follows that

ker GrWn f –
kerpf : WnV Ñ fpWnV qq

kerpf : Wn´1V Ñ fpWn´1V qq

“
ker f XWnV

ker f XWn´1V

“ GrWn ker f

Proposition 6.8.3. If f : V1 Ñ V2 is a morphism in the category of weighted

modules, then it is strict. Consequently, the functor GrW‚ taking V  GrW‚ V is

exact on the category of finite-dimensional G-modules.
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Proof. First note that every object in the category of weighted modules has a natural

weight filtration. Using the notation in the definition of the category 6.7, fix a lift

ω̃1 : Gm Ñ G1 of ω1. Then Φ ˝ ω̃1 is a lift of ω2. Since f is G-equivariant, it becomes

a Gm-homomorphism. Hence f preserves the weight filtrations. With respect to

these lifts of ω1 and ω2, we may regard f as a map of graded vector spaces and so

it is strict. Suppose now that 0 Ñ V 1
f
Ñ V

g
Ñ V 2 Ñ 0 is an exact sequence in the

category of weighted modules. Consider the following commutative diagram:

0 //Wn´1V
1

��

//Wn´1V

��

//Wn´1V
2

��

// 0

0 // V 1 // V // V 2 // 0

By strictness, the first row is exact. This diagram induces the exact sequence

0 Ñ V 1{Wn´1 Ñ V {Wn´1 Ñ V 2{Wn´1 Ñ 0

of weight modules. The strictness again induces the exact sequence

0 Ñ GrWn V 1 Ñ GrWn V Ñ GrWn V 2 Ñ 0

for each n P Z.

Main properties of negatively weighted extensions used in this paper are summa-

rized as the following.

Proposition 6.8.4 ([24, Thms. 3.9 & 3.12]). Suppose that R is a reductive F -group

and that w : Gm Ñ R is a central cocharacter. If G is a proalgebraic group that is

a negatively weighted extension of R with respect to w by a prounipotent group, then

every finite dimensional G-module V has a natural weight filtration W‚:

0 “ WnV Ă ¨ ¨ ¨ Ă Wr´1V Ă WrV Ă ¨ ¨ ¨WmV “ V.
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It is characterized by the property that the action of G on the rth weight graded

quotient

GrWr V :“ WrV {Wr´1V

factors through G Ñ R and is an R-module of weight r. The weight filtration is

preserved by G-module homomorphisms and the functor GrW‚ on the category of finite-

dimensional G-modules is exact.

6.9 Presentations of G

Each splitting of the extension of R by a prounipotent group

1 Ñ U Ñ G Ñ RÑ 1

induces an action of R on U and an isomorphism

G – U ¸R

that is compatible with the projection to R. Hence in order to give a presentation

of G, it will suffice to give a presentation of U with its R-action, but the latter is

determined by a presentation of the Lie algebra u as an R-module. Fixing a splitting

of G Ñ R gives u an R-module structure. Then the natural projection uÑ H1puq is

an R-homomorphism, and so it induces a continuous R-section s : H1puq Ñ u. Since

u is pronilpotent, the section s induces an R-isomorphism

LpH1puqq
^
{r – u.

6.10 Weighted completion of a profinite group

Weighted completion of a profinite group Γ is similar to continuous relative comple-

tion. It plays an essential role in [20]. A key property of weighted completion is that

it induces weight filtrations with strong exactness properties on the Γ-representations
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that factor through its weighted completion. Here we take F to be Q`, where ` is a

prime number. Denote Gm{Q` by Gm. Suppose that:

1. Γ is a profinite group;

2. R is a reductive algebraic group defined over Q`;

3. w : Gm Ñ R is a central cocharacter;

4. ρ : Γ Ñ RpQ`q is a continuous homomorphism with Zariski dense image.

Definition 6.10.1. The weighted completion of Γ with respect to ρ and w consists

of a proalgebraic Q`-group G, that is a negatively weighted extension

1 Ñ U Ñ G Ñ RÑ 1

where U is a prounipotent Q`-group and a continuous Zariski dense homomorphism

ρ̃ : Γ Ñ GpQ`q whose composition with GpQ`q Ñ RpQ`q is ρ. It is characterized by

the following universal mapping property: If G is an affine (pro)algebraic Q`-group

that is a negatively weighted extension

1 Ñ U Ñ GÑ RÑ 1

of R (with respect to w) by a (pro)unipotent group U , and if φ : Γ Ñ GpQ`q is a

continuous homomorphism whose composition with GpQ`q Ñ RpQ`q is ρ, then there

is a unique homomorphism of proalgebraic Q`-groups Φ : G Ñ G that commutes

with the projections to R and such that φ “ Φ ˝ ρ̃:

Γ
ρ̃ //

φ
��

G

��

Φ

��
G // R

Proposition 6.10.2. The weighted completion of Γ with respect to ρ and w always

exists.
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Proof. Consider the category whose objects are pairs pp : G Ñ R, φ : Γ Ñ GpQ`qq,

where p is a negatively weighted extension of R and φ is a continuous homomorphism

with Zariski dense image such that p˝φ “ ρ. A morphism between pp1 : G1 Ñ R, φ1 :

Γ Ñ G1pQ`qq and pp2 : G2 Ñ R, φ2 : Γ Ñ G2pQ`qq is a homomorphism f : G1 Ñ G2

such that φ2 “ f ˝ φ1. Note that the Zariski density of φ1 and φ2 implies that such

a homomorphism f is unique. A fiber product in this category is given as follows.

Since p1 ˝ φ1 “ ρ “ p2 ˝ φ2, there exists an induced map φ : Γ Ñ pG1 ˆR G2qpQ`q.

Let G be the Zariski closure of the image of φ in G1 ˆR G2. That G is a negatively

weighted extension of R follows from that G1ˆRG2 is a negatively weighted extension

by the unipotent Q`-group U1ˆU2, where Ui is the unipotent radical of Gi, i “ 1, 2.

Thus pp : G Ñ R, φ : Γ Ñ GpQ`qq is a fiber product in this category. The weighted

completion pG Ñ R, ρ̃ : Γ Ñ GpQ`qq of ρ : Γ Ñ RpQ`q with respect to ω is the

projective limit of all objects of this category.

6.11 Naturality

The naturality of weighted completions is a useful technical property needed in this

thesis. With the notation in the definition 6.10 of weighted completions, suppose

that the following diagram

Γ1
ψ //

ρ1

��

Γ2

ρ2

��
R1pQ`q

ξ // R2pQ`q

GmpQ`q

ω1

OO

GmpQ`q

ω2

OO

commutes, where the map ψ : Γ1 Ñ Γ2 is a continuous homomorphism of profinite

groups and ξ : R1 Ñ R2 is a homomorphism of algebraic Q`-groups. For i “ 1, 2, let

pGi, ρ̃i : Γi Ñ GipQ`q be the weighted completion of ρi with respect to ωi.
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Proposition 6.11.1. With the notation as above, there exists a unique homomor-

phism Ψ : G1 Ñ G2 of proalgebraic Q`-groups such that the diagram

Γ1
ψ //

ρ̃1

��

Γ2

ρ̃2

��
G1pQ`q

Ψ //

��

G2pQ`q

��
R1pQ`q

ξ // R2pQ`q

commutes.

Proof. Denote the pullback of G2 along the homomorphism ξ : R1 Ñ R2 by G̃2. We

have a unique induced homomorphism ρ̂ : Γ1 Ñ G̃2pQ`q such that the composition

with the projection to R1 is ρ1. Let G be the Zariski closure of the image of ρ̂ in

G̃2. Then G is a negatively weighted extension of R1, and hence by the universal

property of weighted completion, we obtain a map G1 Ñ G. Composing with the

map G̃2 Ñ G2, we get a desired map Ψ : G1 Ñ G2 that makes the above diagram

commute.

Remark 6.11.2. The map Ψ induces a Lie algebra map Ψ̃ : g1 Ñ g2 that preserves

the weight filtrations of g1 and g2 and is strict with respect to them.

It is natural to ask whether weighted completion is an exact functor. The answer

is that it is, in general, only a right exact functor. Suppose that

1 Ñ π Ñ Γ1 Ñ Γ2 Ñ 1
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is a sequence of profinite groups such that the diagram

1 // π // Γ1
φ //

ρ1

��

Γ2
//

ρ2

��

1

RpQ`q RpQ`q

GmpQ`q

ω

OO

GmpQ`q

ω

OO

commutes, where ρ1 and ρ2 are continuous homomorphisms with Zariski dense im-

ages. Denote the weighted completions of ρ1 and ρ2 with respect to ω by pG1, ρ̃1 :

Γ1 Ñ G1pQ`qq and pG2, ρ̃2 : Γ2 Ñ G2pQ`qq, respectively. Denote the `-adic unipotent

completion of π over Q` by πun
Q` .

Proposition 6.11.3. If the sequence

1 Ñ π Ñ Γ1
φ
Ñ Γ2 Ñ 1

is exact, then the sequence of proalgebraic Q`-groups

πun
Q` Ñ G1

Φ
Ñ G2 Ñ 1

is exact.

Proof. The Zariski density of ρ1 and ρ2 implies that the induced map Φ : G1 Ñ G2 is

surjective. Let K be the kernel of Φ. Denote the prounipotent radicals of G1 and G2

by U1 and U2, respectively. Notice that K is equal to the kernel of U1 Ñ U2, which

is the restriction of Φ. Thus K is a prounipotent Q`-group. By commutativity, π

maps to KpQ`q and by the universal property of `-adic completion, there is a unique

map πun
Q` Ñ K such that the map π Ñ KpQ`q factors through πun

Q`pQ`q Ñ KpQ`q. Let

N be the Zariski closure in K of the image of π Ñ KpQ`q. We claim that N “ K.

Since N Ď K, we have an induced map Φ̂ : G1{N Ñ G2. The homomorphism
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ρ̃1 : Γ1 Ñ G1pQ`q induces a map ρ̂1 : Γ1{π – Γ2 Ñ pG1{N qpQ`q that makes the

diagram

Γ2

ρ̂1

ww
ρ̃2

��

ρ2

%%
pG1{N qpQ`q // G2pQ`q // RpQ`q

commute. Since G1{N is an negatively weighted extension of R by a prounipotent

Q`-group K{N , by the universal property of G2, we get a map Ψ : G2 Ñ G1{N . By

universal property of weighted completion, we have Φ̃˝Ψ “ id, and so Ψ is injective.

By Zariski density, Ψ is surjective also, and hence G1{N – G2. This implies that

N “ K.

Our main application of weighted completion is on families of curves. The fol-

lowing result gives us a criterion when a sequence of completions is exact.

Proposition 6.11.4. With the notation as in Proposition 6.11.3, suppose that H1pπ
un
Q`q

is finite-dimensional, that the action of Γ2 on H1pπq induces a G2-action on H1pπ
un
Q`q,

and that the weight filtration induced on H1pπ
un
Q`q has finite dimensional graded quo-

tients which vanish in weights r ě 0. If πun
Q` has trivial center, then the sequence of

completions

1 Ñ πun
Q` Ñ G1 Ñ G2 Ñ 1

is exact.

Proof. Since weighted completion is right exact, the sequence

πun
Q` Ñ G1 Ñ G2 Ñ 1

is exact. Denote the Lie algebra of πun
Q` by p. Note that the G2-action on H1pπ

un
Q`q

is induced by the conjugation action of Γ1 on π. Hence this conjugation action of

Γ1 induces the action of G1 on H1pπ
un
Q`q “ H1ppq, which is negatively weighted. The
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weight filtration of H1ppq induces a weight filtration on the completed free Lie algebra

LpH1ppqq
^, which in turn induces one on p via a surjection LpH1ppqq

^ Ñ p. Since

H1pppq is negatively weighted, it follows that p is negatively weighted. Since H1ppq

has finite dimensional graded quotients, it follows that each weight quotient p{Wrp

of p is finite dimensional. Denote the group of automorphisms p{Wrp preserving the

weight filtration by AutW pp{Wrq. The finite-dimensionality of p{Wrp implies that

AutW pp{Wrq is an algebraic group over Q`. Thus the group of automorphisms of p

preserving the weight filtration, denoted by AutW ppq, is a proalgebraic Q`- group,

since it is the inverse limit of the AutW pp{Wrq. The Zariski closure of the image of

Γ1 Ñ AutW ppqpQ`q is a negatively weighted extension of R. Thus by the universality

of weighted completion, we obtain a map G1 Ñ AutW ppq that makes the diagram

π //

��

Γ1

''��
PpQ`q // G1pQ`q // pAutW ppqqpQ`q

commute. The center-freeness of P implies that the adjoint action of P on p is

injective, and hence that the map P Ñ G1 is injective.

6.12 Structure of the pronilpotent Lie algebra u

Recall the data for the weighted completion of a profinite group Γ. Suppose that

V is a finite-dimensional R-representation. V can be decomposed as V “
À

nPZ Vn

under the Gm-action through ω. Since ω is central in R, each Vn is an R-submodule.

We say that V is pure of weight n if V “ Vn, and that V is negatively weighted

if Vn “ 0 for all n ě 0. V can be considered as a continuous Γ-module via the

homomorphism ρ : Γ Ñ RpQ`q. Denote by H‚pΓ, V q the continuous cohomology of

Γ with coefficients in V .

Let pG, ρ̃ : Γ Ñ GpQ`qq be the weighted completion of ρ : Γ Ñ RpQ`q with
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respect to ω. Then the prounipotent Q`-group U of G is the projective limit of the

unipotent groups Uα, where Uα is the unipotent radical of the negatively weighted

extension ρα : Γ Ñ GαpQ`q. The Lie algebra u of U is the projective limit of the

finite-dimensional nilpotent Lie algebras uα:

u “ lim
ÐÝ
α

uα

Similarly, we have

H1puq “ lim
ÐÝ
α

H1puαq and H2puq “ lim
ÐÝ
α

H2puαq.

Note that there is an R-module isomorphism H1puq – H1pUq.

Theorem 6.12.1 ([24, Thms. 4.6]). For all finite-dimensional pure R-modules V of

weight r, there are natural isomorphisms

HomRpH1pUq, V q – HomRpGrWr H1pUq, V q –
"

H1pΓ, V q r ă 0
0 r ě 0

Proof. Since H1pUq is negatively weighted, if r ě 0, then HompH1pUq, V q “ 0.

Assume that r ă 0. Let rf s be the class of a continuous cocycle f : Γ Ñ V . Then

define a map ρ̂ : Γ Ñ V ¸ R by setting γ ÞÑ pfpγq, ρpγqq. Here we consider the

R-module V as a unipotent Q`-group, and then V ¸ R is a negatively weighted

extension of R. The Zariski closure of the image of ρ̂ in V ¸ R is also a negatively

weighted extension of R. Thus by the universal property of weighted completion, we

obtain a map Φf : G Ñ V ¸R such that the diagram

1 // U //

��

G //

��

R // 1

1 // V // V ¸R // R // 1

commutes. Hence we obtain an R-module homomorphism f˚ : H1pUq Ñ V . Recall

that V acts on the cocycles Γ Ñ V by conjugation; if a P V and g : Γ Ñ V is a
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cocycle, then paga´1qpγq “ a ` gpγq ´ γa (V is a Γ-module via ρ). Now, since the

`-adic unipotent completion pker ρqun
{Q` of the kernel of ρ surjects onto U , the image

of ker ρ in UpQ`q is Zariski dense. For any a P V , the restrictions to ker ρ of the

cocycles f and g :“ afa´1 agree. Thus the induced morphisms Φf : G Ñ V ¸R and

Φg : G Ñ V ¸ R agree on U . This shows f˚ “ g˚ and so we have obtained a map

Ψ : H1pΓ, V q Ñ HomRpH1pUq, V q, rf s ÞÑ rf s˚. Conversely, let φ : H1pUq Ñ V be a

continuous R-module homomorphism. Pushing out the extension

1 Ñ U Ñ G Ñ RÑ 1,

along the canonical projection U Ñ H1pUq, we obtain the exact sequence

1 Ñ H1pUq Ñ G 1 Ñ RÑ 1.

Further, pushing out this sequence along the map φ, we get an exact sequence

1 Ñ V Ñ Gφ Ñ RÑ 1.

Composing ρ̃ : Γ Ñ GpQ`q with the induced map G Ñ Gφ, we obtain a map φ̃ : Γ Ñ

GφpQ`q that lifts ρ. Since Gφ is an extension of a reductive group by a unipotent

group, it uniquely splits up to conjugation by an element of V . Hence φ̃ gives a class

of a continuous cocycle Γ Ñ V . Therefore, we obtain a map Ω : HomRpH1pUq, V q Ñ

H1pΓ, V q. It can be easily checked that Ψ and Ω are inverse to each other.

Let tVαu be a set of representatives of isomorphism classes of irreducible repre-

sentations of R. Denote the weight of Vα by wpαq. The following result allows us to

compute the generators of u via the cohomology of Γ.

Theorem 6.12.2 ([24, Thm. 4.8 ]). If H1pΓ, Vαq is finite-dimensional for all α with

wpαq ă 0, then

H1
puq –

à

tα:wpαqě1u

H1
pΓ, V ˚α q b Vα
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and

H1puq – lim
ÐÝ
F

à

αPF

H1
pΓ, Vαq

˚
b Vα,

where F ranges over the finite subset of tα : wpαq ă 0u.

Furthermore, we can bound the relations in u.

Theorem 6.12.3 ([24, Thm. 4.9]). There is a natural R-homomorphism

Φ : H2
puq ãÑ

à

tα:wpαqě2u

H2
pΓ, V ˚α q b Vα.
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7

Relative Completion

If Γ is a discrete group with H1pΓq b Q “ 0, then the unipotent completion of Γ is

trivial. For example, this is the case for the mapping class groups Γg for g ě 3. The

relative completion of a discrete group Γ with respect to a reductive representation

is a proalgebraic Q-group that is an extension of a reductive algebraic Q-group by a

prounipotent Q-group. This is a generalization of the (Malcev) unipotent completion

of a discrete group. The definition of the relative completion is due to Deligne. Hain

further developed and generalized it in [15, 17, 18].

7.1 Relative completion of a discrete group.

We recall the definition of relative completion. Suppose that:

1. Γ is a discrete group;

2. R is a reductive algebraic group defined over F , where F is a field of charac-

teristic zero;

3. ρ : Γ Ñ RpF q is a homomorphism with Zariski dense image.
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Definition 7.1.1. The relative completion of Γ with respect to ρ consists of a proal-

gebraic F -group G, that is an extension

1 Ñ U Ñ G Ñ RÑ 1

where U is a prounipotent F -group and a Zariski dense homomorphism ρ̃ : Γ Ñ GpF q

whose composition with GpF q Ñ RpF q is ρ. It is characterized by the following

universal mapping property: If G is an affine (pro)algebraic F -group that is an

extension

1 Ñ U Ñ GÑ RÑ 1

of R by a (pro)unipotent group U , and if φ : Γ Ñ GpF q is a homomorphism whose

composition with GpF q Ñ RpF q is ρ, then there is a unique homomorphism of

proalgebraic F -groups Φ : G Ñ G that commutes with the projections to R and such

that φ “ ΦpF q ˝ ρ̃:

Γ
ρ̃ //

φ

��

GpF q

��

Φ

{{
GpF q // RpF q

To construct the relative completion of Γ with respect to ρ, consider all the commu-

tative diagrams of the form

1 // UpF q // EpF q // RpF q // 1

Γ

ρ̃

OO

ρ

::

where E is a linear algebraic F -group which is an extension of R by a unipotent

F -group U , and where ρ̃ is a Zariski dense homomorphism which lifts ρ : Γ Ñ RpF q.

All homomorphisms in the top row are algebraic group homomorphisms. Morphisms

of such diagrams are defined in the obvious way. Moreover, the collection of such
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diagrams forms an inverse system [15, Prop. 2.1]. Then the completion G with respect

to ρ is defined to be the inverse limit

G “ lim
ÐÝ

E

over all the above commutative diagrams.

An important property of relative completion is that it behaves well under base

change. Suppose that E is an extension of F . By extending scalars to E, every

proalgebraic group G over F yields a proalgebraic group G bF E. Assume that the

image of Γ Ñ RpEq “ pR bF EqpEq is Zariski dense in R bF E. By the universal

mapping property of the relative completion GE of Γ with respect to ρ : Γ Ñ RpEq,

we obtain a natural homomorphism GE Ñ G bF E.

Theorem 7.1.2. The natural homomorphism GE Ñ G bF E is an isomorphism.

Proof. See [21, §3.2].

When R is the trivial group, one has G “ U , which is a prounipotent group,

and the pair (U , Γ Ñ U) is called the unipotent completion of Γ over F . It will be

denoted by Γun
{F .

7.2 Relative completion of Γλg,n

Suppose 2g ´ 2 ` n ą 0. Let HA “ H1pΣg, Aq, Γ “ Γλg,n, and R “ SppHQq, where

HA “ H1pΣg, Aq is the first homology group of the compact reference surface Σg.

Let ρ : Γg,n Ñ SppHQq be the representation of the mapping class group on the

first homology of the surface. Since the image of ρ is SppHZq, ρ is a Zariski dense

representation. Denote by Ggeom
g,n the relative completion of Γg,n with respect to ρ

and by Ugeom
g,n its prounipotent radical. Note that the base change theorem above

implies that the relative completion of Γg,n with respect to ρ : Γg,n Ñ SppHQ`q is

Ggeom
g,n bQ Q`.
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Recall that the Torelli group Tg,n is the kernel of the natural homomorphism

Γg,n Ñ SppZq. Let Kg,n be the subgroup of the Torelli group Tg,n generated by Dehn

twists along the separating simple closed curves on Σg,n. The following result is a

special case of a result [39, Theorem B] of Putman.

Theorem 7.2.1. Suppose that g ě 3 and that n ě 0. If Γ is a finite index subgroup

of Tg,n that contains Kg,n, then the inclusion induces an isomorphism H1pΓ,Qq Ñ

H1pTg,n,Qq.

Corollary 7.2.2 ([16, Cor. 6.7]). Suppose that g ě 3 and n ě 0. If Γ is a finite index

subgroup of Γg,n that contains Kg,n, then the group Ggeom
g,n and the homomorphism Γ ãÑ

Γg,n Ñ Ggeom
g,n is the completion of Γ relative to the restriction of the representation

ρ : Γg,n Ñ SppHQq.

7.3 Continuous relative completion of a profinite group.

We will need the profinite analogue of relative completion, since our main objects

are profinite groups. Here we take the coefficient field F to be the field Q` for some

prime number `.

Definition 7.3.1. Suppose that:

1. Γ is a profinite group;

2. R is a reductive algebraic group defined over Q`;

3. ρ : Γ Ñ RpQ`q is a continuous homomorphism with Zariski dense image.

The continuous relative completion of Γ with respect to ρ is a proalgebraic Q`-group

G that is an extension

1 Ñ U Ñ G Ñ RÑ 1

of R by a prounipotent Q`-group U and a continuous Zariski dense homomorphism

ρ̃ : Γ Ñ GpQ`q which lifts ρ to GpQ`q.
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Like the relative completion of a discrete group, the continuous completion of

a profinite group is also characterized by a universal mapping property that is the

same as one for the discrete case except that all homomorphisms are required to be

continuous in the `-adic profinite case.

Denote the profinite completion of a discrete group Γ by Γ^. Consider Γ as a

topological group whose neighborhoods of the identity are defined to be the finite

index normal subgroups. We have the following theorem:

Theorem 7.3.2 ([20, Thm. 6.3]). Suppose that Γ is a discrete group, R is a reductive

Q`-group, and that ρ : Γ Ñ RpQ`q is a continuous, Zariski dense representation. Let

ρ` : Γ^ Ñ RpQ`q be the continuous extension of ρ to Γ^. If G and ρ̃ : Γ Ñ GpQ`q is

the completion of Γ with respect to ρ, then:

1. ρ̃ is continuous and thus induces a continuous homomorphism ρ̂` : Γ^ Ñ GpQ`q;

2. G and ρ̂` is the continuous relative completion of Γ^ with respect to ρ`.

Suppose that Γ is a profinite group and that ρ : Γ Ñ RpZ`q is a continuous homo-

morphism such that the composition with the inclusion RpZ`q Ñ RpQ`q has Zariski

dense image. Recall that ρrelp`q : Γrelp`q,ρ Ñ RpZ`q is the relative pro-` completion of

Γ with respect to ρ. Since Γ Ñ Γrelp`q,ρ is surjective, ρrelp`q : Γrelp`q,ρ Ñ RpQ`q has

Zariski dense image.

Proposition 7.3.3. The continuous relative completion of Γrelp`q,ρ with respect to

the homomorphism ρrelp`q : Γrelp`q,ρ Ñ RpQ`q is isomorphic to the continuous relative

completion G of Γ with respect to ρ.

Proof. Denote Γrelp`q,ρ by Γrelp`q. Denote the relative completion of Γrelp`q with respect

to the homomorphism ρrelp`q : Γrelp`q Ñ RpQ`q by Grelp`q. By functoriality, there exists

a map φ : G Ñ Grelp`q. Denote the image of Γ in GpQ`q by N . The kernel K of
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N Ñ RpZ`q lies in UpQ`q and is pro-`. Thus, by the universal mapping property

of Γrelp`q, there exists a unique continuous homomorphism Γrelp`q Ñ N such that the

diagram

Γ

��

��
ρ

��

Γrelp`q

zz ρrelp`q &&
N // RpZ`q

commutes. Now, the universal mapping property of relative completion gives a map

ψ : Grelp`q Ñ G, and it ensures that the maps φ and ψ are inverse to each other.
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8

Weighted Completion and Families of Curves

Suppose that k is a field, that T is a locally noetherian geometrically connected

scheme over k, and that C Ñ T is a curve of genus g ě 2. Fix an algebraic closure

k̄ of k. Denote the base change to k̄ of C and T by C bk k̄ and T bk k̄, respectively.

Let η̄ : Spec Ω Ñ T bk k̄ be a geometric point of T bk k̄. By abuse of notation, η̄

also denotes the image of η̄ in T . Denote the geometric fiber of C bk k̄ over η̄ by

Cη̄. Let x̄ be a geometric point of the fiber Cη̄. The images of x̄ in C bk k̄ and C

are also denoted by x̄. Fix a prime number ` that is different from charpkq. In this

section, HZ` “ H1
étpCη̄,Z`p1qq and HQ` “ HZ` b Q`. Let R be the Zariski closure of

the image of the natural monodromy representation

ρT,η : π1pT, η̄q Ñ GSppHQ`q.

Assuming that R contains the homotheties1, we have the central cocharacter defined

by

ω : Gm Ñ R z ÞÑ z´1idH ,

1 A theorem of Bogomolov [9] implies that this is always true when k is a number field.
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which we call the standard cocharacter.

Recall that LT is the set of prime numbers distinct from charpT q. When there is no

risk of confusion, we simply denote it by L. Recall also that the morphism C Ñ T

induces an exact sequence of profinite groups

1 Ñ πL
1 pCη̄, x̄q Ñ π11pC, x̄q Ñ π1pT, η̄q Ñ 1,

where the middle group is the quotient by the image of the kernel of π1pCη̄q Ñ πL
1 pCη̄q.

Proposition 8.0.4. Suppose that T is a locally noetherian connected scheme. Let

f : C Ñ T be a proper smooth family of curves of genus g ě 2. Then the monodromy

action π1pC, x̄q Ñ GSppHQ`q factors through the quotient π11pC, x̄q.

Proof. Consider the fiber product diagram.

Cη̄ //

��

C ˆT C
p2 //

p1

��

C

f

��
SpecpΩq x̄ // C

f //

s

UU

T

where η̄ “ f ˝ x̄, p1 and p2 are canonical projections onto the first and second

components, respectively, and s is the diagonal section of p1. This diagram induces

the following commutative diagram of algebraic fundamental groups:

π1pCη̄, x̄q // π1pC ˆT C, x̄q
p1˚ //

p2˚

��

π1pC, x̄q

��

//
s˚
oo 1

π1pCη̄, x̄q // π1pC, x̄q // π1pT, η̄q // 1

where the rows are exact. Pushing out along the surjection π1pCη̄, x̄q Ñ πL
1 pCη̄, x̄q,

we obtain a diagram

1 // πL
1 pCη̄, x̄q // π11pC ˆT C, x̄q

p11˚ //

p12˚
��

π1pC, x̄q

��

//

s1˚

oo 1

1 // πL
1 pCη̄, x̄q // π11pC, x̄q // π1pT, η̄q // 1
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where the maps p11˚, p
1
2˚, and s1˚ are induced by p1˚, p2˚, and s˚, respectively. The

left exactness of the first row follows since p1 : C ˆT C Ñ C admits a section s. We

see that π1pC, x̄q acts on πL
1 pCη̄, x̄q by conjugation via s1˚. We claim that this action

factors through π11pC, x̄q via p12˚, but this is equivalent to saying that the kernel N

of the projection π1pC, x̄q Ñ π11pC, x̄q acts trivially on πL
1 pCη̄, x̄q through this action.

Consider the following fiber product diagram:

Cη̄ ˆΩ Cη̄
p1 //

p2

��

''

Cη̄

��

""
s

mm

C ˆT C
p1 //

p2

��

C

��

Cη̄ //

''

Spec Ω
η̄

""

x̄

TT

C // T

By abuse of notation, p1 and p2 also denote the projection of Cη̄ ˆΩ Cη̄ onto the

first and second components, respectively, and similarly for the diagonal section s of

p1 : Cη̄ ˆΩ Cη̄ Ñ Cη̄. This diagram induces the following commutative diagram of

algebraic fundamental groups:

1 // π1pCη̄, x̄q // π1pX, x̄q
p1˚ //

p2˚

��

&&

π1pCη̄, x̄q //

��

&&

1

π1pCη̄, x̄q // π1pY, x̄q
p1˚ //

p2˚

��

π1pC, x̄q //

��

1

1 // π1pCη̄, x̄q π1pCη̄, x̄qq //

&&

1

&&
π1pCη̄, x̄q // π1pC, x̄q // π1pT, η̄q // 1

where, for simplicity, X and Y denote Cη̄ ˆΩ Cη̄ and C ˆT C, respectively. Pushing
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out along the surjection π1pCη̄, x̄q Ñ πL
1 pCη̄, x̄q, we obtain the diagram:

1 // πL
1 pCη̄, x̄q // π11pX, x̄q

p11˚ //

��

&&

π1pCη̄, x̄q //

��

j˚
&&s1˚

mm 1

1 // πL
1 pCη̄, x̄q // π11pY, x̄q

p11˚ //

p12˚

��

π1pC, x̄q //

��

s1˚

mm 1

1 // πL
1 pCη̄, x̄q πL

1 pCη̄, x̄qq //

&&

1

&&
1 // πL

1 pCη̄, x̄q // π11pC, x̄q // π1pT, η̄q // 1

Note that π1pCη̄, x̄q acts on πL
1 pCη̄, x̄q as inner automorphisms via the section s1˚.

Since the center of πL
1 pCη̄, x̄q is trivial, the inner automorphism group InnpπL

1 pCη̄, x̄qq

is also a pro-L group, and thus this action of π1pCη̄, x̄q factors through πL
1 pCη̄, x̄q.

That is, the kernel N 1 of the projection π1pCη̄, x̄q Ñ πL
1 pCη̄, x̄q acts trivially as inner

automorphisms. We have seen that N 1 maps onto the kernel of K Ñ KL via the

natural map j˚ : π1pCη̄, x̄q Ñ π1pC, x̄q, where K is the kernel of π1pCq Ñ π1pT q. By

the property of fiber product diagram, N acts trivially on πL
1 pCη̄, x̄q via the section

s1˚ of the map p11˚ : π11pY, x̄q Ñ π1pC, x̄q. Hence the action of π1pC, x̄q on πL
1 pCη̄, x̄q

descends to the action of π11pC, x̄q via the projection p12˚.

Lemma 8.0.5. The monodromy representation π1pC, x̄q Ñ GSppHQ`q factors through

π1pT, η̄q.

Proof. This follows immediately from the existence of the commutative diagram

π1pCη̄, x̄q //

��

π1pC, x̄q //

��

π1pT, η̄q //

��

1

1 // InnpΠp`qq // AutpΠp`qq // OutpΠp`qq // 1,

where Πp`q denotes the maximal pro-` quotient π1pCη̄, x̄q
p`q of π1pCη̄, x̄q and rows are

exact.

Since the canonical map π1pC, x̄q Ñ π1pT, η̄q is surjective, it follows that the

monodromy representation π1pC, x̄q Ñ RpQ`q is also Zariski dense. Denote by GC

62



and GT the weighted completions of π1pC, x̄q and π1pT, η̄q with respect to ω and

their monodromy representations to R, respectively, and denote their prounipotent

radicals by UC and UT . Since the canonical map π1pC bk k̄, x̄q Ñ π1pT bk k̄, η̄q is

surjective, their images in RpQ`q are equal. Denote their common Zariski closure by

Rgeom, which is a reductive subgroup of R. Denote by Ggeom
C and Ggeom

T the contin-

uous relative completion of π1pC̄, x̄q and π1pT̄ , η̄q with respect to their monodromy

representations to RgeompQ`q, respectively, and denote their prounipotent radicals by

Ugeom
C and Ugeom

T .

By pushing out the exact sequence

π1pCη̄, x̄q Ñ π1pC, x̄q Ñ π1pT, η̄q Ñ 1

along the surjection π1pCη̄, x̄q Ñ π1pCη̄, x̄q
p`q, we obtain the exact sequence

1 Ñ π1pCη̄, x̄q
p`q
Ñ π11pC, x̄q Ñ π1pT, η̄q Ñ 1

that fits in the commutative diagram

π1pCη̄, x̄q //

��

π1pC, x̄q //

��

π1pT, η̄q // 1

1 // π1pCη̄, x̄q
p`q //

��

π11pC, x̄q //

��

π1pT, η̄q //

��

1

1 // InnpΠp`qq // AutpΠp`qq // OutpΠp`qq // 1.

Denote by G 1C the weighted completion of π11pC, x̄q with respect to ω and its mon-

odromy representation π11pC, x̄q Ñ RpQ`q.

Lemma 8.0.6. With the notations above, there is a canonical isomorphism

GC – G 1C .

Similarly, there is a canonical isomorphism

Ggeom
C – G 1geom

C .
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Proof. By the functoriality of weighted completion, there is a unique map φ : GC Ñ

G 1C . Denote the kernel of π1pC, x̄q Ñ π11pC, x̄q by N . Recall that N is the kernel

of the maximal pro-` quotient K Ñ Kp`q, where K is the kernel of the canonical

projection π1pC, x̄q Ñ π1pT, η̄q. We have the commutative diagram:

1 // N //

��

π1pC, x̄q //

��

π11pC, x̄q //

��

1

1 // UCpQ`q // GCpQ`q // RpQ`q // 1

Since compact subgroups of UpQ`q are pro-` groups, the left vertical map must be

trivial. Hence the canonical map π1pC, x̄q Ñ GpQ`q factors through π11pC, x̄q. By the

universal property of weighted completion, there exists a unique map ψ : G 1C Ñ GC .

It is easy to see that φ and ψ are inverse to each other.

Denote the continuous `-adic unipotent completion of π1pCη, x̄q by P . It is a

prounipotent Q`-group. Since compact subgroups of Q`-points of a prounipotent

group is pro-`, the canonical map π1pCη, x̄q Ñ P factors through π1pCη, x̄q
p`q, and

furthermore there is a unique isomorphism P – π1pCη, x̄q
p`q,un
{Q` of P and the unipotent

completion of the maximal pro-` quotient of π1pCη, x̄q, since both completions admit

the same universal property.

Proposition 8.0.7. With the notation as above:

1. There are exact sequences

1 Ñ P Ñ GC Ñ GT Ñ 1

and

1 Ñ P Ñ Ggeom
C Ñ Ggeom

T Ñ 1
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of proalgebraic Q`-groups such that the diagram

1 // π1pCηq
p`q //

��

&&

π11pC bk k̄, x̄q //

��

''

π1pT bk k̄, η̄q //

��

''

1

1 // π1pCηq
p`q //

��

π11pC, x̄q //

��

π1pT, ηq //

��

1

1 // PpQ`q //

&&

Ggeom
C pQ`q //

((

Ggeom
T pQ`q //

''

1

1 // PpQ`q // GCpQ`q // GT pQ`q // 1

commutes.

2. Every section s of π1pC, x̄q Ñ π1pT, η̄q induces sections sp`q and s̄p`q of π11pC, x̄q Ñ

π1pT, η̄q and π11pC bk k̄, x̄qq Ñ π1pT bk k̄, ηq, respectively, and sections σ and

σgeom of GC Ñ GT and Ggeom
C Ñ Ggeom

T , respectively, such that the diagram

π11pC bk k̄, x̄q

��

''

π1pT bk k̄, ηq

��

s̄p`qoo

''
π11pC, x̄q

��

π1pT, ηq

��

sp`qoo

Ggeom
C pQ`q

((

Ggeom
T pQ`q

''

σgeom
oo

GCpQ`q GT pQ`q
σoo

commutes.

Proof. The first part of the proposition follows from Proposition 6.11.4 with the right

exactness of relative and weighted completion and the fact [35] that P has trivial

center and H1pPq is pure of weight ´1. For the second part of the proposition, the

sections sp`q and s̄p`q are induced by base change to k̄ and by pushout. Since the

diagram

π1pT, η̄q

sp`q

��
ρT,η

��

π11pC, x̄q

��
GCpQ`q // RpQ`q
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commutes and since GC is a negatively weighted extension of R, it follows from the

universal mapping property of GT that there exists a unique map σ : GT Ñ GC , which

is a section of GC Ñ GT . A similar argument applies for the section σgeom.

Denote the Lie algebras of R, GC , GT , UC , UT , P by r, gC , gT , uC , uT , p, re-

spectively. These admit natural weight filtrations as objects of the category of GC-

modules. By Proposition 6.8.4, their rth graded quotient is an R-module of weight

r. Since H1pPq “ H1ppq is pure of weight ´1, it follows that p – W´1p, and by

Proposition 6.8.4, we have

gA “ W0gA, W´1gA “ uA, and GrW0 gA – r,

where A “ C and A “ T . The following corollary follows immediately from the fact

that the functor GrW‚ is exact on the category of GC-modules.

Corollary 8.0.8. With the notation above: There is an exact sequence

0 Ñ GrW‚ pÑ GrW‚ gC Ñ GrW‚ gT Ñ 0

of graded Lie algebras in the category of R-modules.
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9

Weighted Completion of Arithmetic Mapping Class
Groups

In this section, we summarize and extend the results of [20, §8]. Suppose that g and

n are integers satisfying 2g ´ 2 ` n ą 0. Fix prime numbers p and ` ­“ p. Denote

the finite Galois cover of the moduli stack Mg,n{Zr1{`s given by Proposition 5.1.1 by

Mλ
g,n. Choose a connected component of the base change to Zur

p of Mλ
g,n and denote

it by Mλ
Zur
p

, where Zur
p is the maximal unramified extension of Zp. For R “ Q̄p and

R “ F̄p, the base change Mλ
R of Mλ

Zur
p

is a connected smooth variety over R. Since

Mλ
Zur
p

is of finite type over Zur
p , it can be defined over some finite unramified extension

S of Zp. Denote the fraction field and residue field of S by L and k, respectively.

Denote the absolute Galois group of L and k by GL and Gk, respectively.

Fix a geometric point η̄ of Mλ
Q̄p and ξ̄ of Mλ

F̄p . Let Cȳ be the fiber of the universal

curve over ȳ, where ȳ “ η̄ and ȳ “ ξ̄. Recall that for a Z`-module A,

HA :“ H1
étpCȳ, Ap1qq.
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Since the image of the `-adic cyclotomic character χ` : GL Ñ Z`ˆ is infinite, the image

of χ` : GL Ñ GmpQ`q is Zariski dense. The image of the monodromy representation

ρgeom

Q̄p,η
: π1pM

λ
Q̄p , η̄q Ñ SppHZ`q

is of finite index in SppHZ`q, and hence it is Zariski dense in SppHQ`q. The commu-

tative diagram

1 // π1pM
λ
Q̄p , η̄q

//

ρgeom

Q̄p
��

π1pM
λ
L, η̄q

//

ρL

��

GL
//

χ`

��

1

1 // SppHQ`q
// GSppHQ`q

// GmpQ`q // 1

implies that the image of the monodromy representation

ρL,η : π1pM
λ
L, η̄q Ñ GSppHQ`q

is also Zariski dense. Denote the weighted completion of π1pM
λ
L, η̄q with respect to

ρL,η and the standard cocharacter ω by

GMλ
L

and ρ̃L,η : π1pM
λ
L, η̄q Ñ GMλ

L
pQ`q.

Denote the pullback to Mλ
Zur
p

of the universal curve Cg,n ÑMg,n by f : CλZur
p
ÑMλ

Zur
p

.

Let π : Mλ
Zur
p
Ñ Zur

p be the structure morphism of Mλ
Zur
p

over Zur
p .

Proposition 9.0.9. The image of the monodromy representation

ρgeom

F̄p,ξ̄
: π1pM

λ
F̄p , ξ̄q Ñ SppHZ`q

is pro-`.

Proof. Since the kernel of the reduction map SppHZ`q Ñ SppHZ{`mZq is a pro-` group,

the statement then will follow, if the composition

ρgeom

F̄p
: π1pM

λ
F̄p , ξ̄q

ρgeom

Ñ SppHZ`q Ñ SppHZ{`mZq
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is trivial. By the proper-smooth base change theorem [30, Ch.6 §4], the sheaf R1f˚µ`

is a constructible locally constant étale sheaf on Mλ
Zur
p

. Its fiber over a geometric

point ȳ is isomorphic to H1
étpCȳ, µ`mq “ pZ{`mZq2g. Denote R1f˚µ`m by F . Let s̄1

be a geometric point lying over the generic point and s̄2 be the closed point of Zur
p .

By a generalization of the proper-smooth base change theorem [14, SGA 1 Exposé

XIII, 2.9], the specialization morphism, induced by the specialization s̄1 Ñ s̄2,

H0
étpM

λ
F̄p ,Fq “ pπ˚Fqs̄2 Ñ pπ˚Fqs̄1 “ H0

étpM
λ
Q̄p ,Fq

is an isomorphism. Note that H0
étpM

λ
Q̄p ,Fq “ pFη̄q

π1pMλ
Q̄p
,η̄q

. Since the standard

representation Γλg,n Ñ SppHZ`q factors through the level `m subgroup Γg,nr`
ms, the

composition with the reduction mod-`m map

Γλg,n Ñ SppHZ{`mZq

is trivial, and so is the monodromy representation

π1pM
λ
Q̄p , η̄q Ñ SppHZ{`mZq.

Thus we have

pFη̄q
π1pMλ

Q̄p
,η̄q
“ pZ{`mZq2g,

which implies that

pFξ̄q
π1pMλ

F̄p
,ξ̄q
“ pZ{`mZq2g.

Therefore, the monodromy ρgeom : π1pM
λ
F̄p , ξ̄q Ñ SppHZ{`mZq is trivial.

Corollary 9.0.10. The image of the monodromy representation

ρgeom

F̄p,ξ̄
: π1pMg,n{F̄pr`

m
s, ξ̄q Ñ SppHZ`q

is pro-`.
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Proof. We use the same notation as in the proof of the above proposition. Denote

the automorphism group of the étale cover Mλ
Zur
p
Ñ Mg,n{Zur

p
r`ms by G. Note that

H0
étpM

λ
F̄p ,Fq

G “ H0
étpMg,n{F̄pr`

ms,Fq and that G acts trivially on H0
étpM

λ
F̄p ,Fq as it

acts trivially on H0
étpM

λ
Q̄p ,Fq. Thus it follows that

H0
étpMg,n{F̄pr`

m
s,Fq “ pZ{`mZq2g,

which implies that the monodromy π1pMg,n{F̄pr`s, ξ̄q Ñ SppHZ`q has a pro-` image.

Proposition 9.0.11. The monodromy representation

ρgeom

F̄p,ξ̄
: π1pM

λ
F̄p , ξ̄q Ñ SppHZ`q

has a finite index image in SppHZ`q, and so does the monodromy representation

ρgeom

F̄p,ξ̄
: π1pMg,n{F̄pr`

m
s, ξ̄q Ñ SppHZ`q.

Proof. Consider the diagram

1 // π1pCξ̄, x̄
1qp`q // π11pCλF̄p , x̄

1q //

��

π1pM
λ
F̄p , ξ̄q

//

��

1

1 // π1pCξ̄, x̄
1qp`q //

��

π11pCλZur
p
, x̄1q //

φ��

π1pM
λ
Zur
p
, ξ̄q //

φ1��

1

1 // π1pCη̄, x̄q
p`q // π11pCλZur

p
, x̄q // π1pM

λ
Zur
p
, η̄q // 1

1 // π1pCη̄, x̄q
p`q // π11pCλQ̄p , x̄q

//

OO

π1pM
λ
Q̄p , η̄q

//

OO

1,

whose rows are exact and the vertical maps between the second and third rows are iso-

morphisms. This diagram commutes once we fix an isomorphism φ : π1pCλZur
p
, x̄1q –

π1pCλZur
p
, x̄q, which determines an isomorphism φ1 : π1pM

λ
Zur
p
, ξ̄q – π1pM

λ
Zur
p
, η̄q. Fix

such an isomorphism. The proof of Proposition 9.0.9 also shows that the mon-

odromy representation ρZur
p ,ξ̄

: π1pM
λ
Zur
p
, ξ̄q Ñ SppHZ`q also has a pro-` image, since
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H0
étpM

λ
Zur
p
,Fq – H0

étpM
λ
F̄p ,Fq by the generalization of proper-smooth base change the-

orem. Thus it follows that the image of the monodromy representation π1pCλZur
p
, x̄1q Ñ

SppHZ`q is also pro-`. This implies that the image of π11pCλZur
p
, x̄1q in Autpπ1pCξ̄q

p`qq

under its conjugation action on π1pCξ̄, x̄
1qp`q is also pro-`, and hence this conjugation

action factors through π1pCλZur
p
, x̄1qp`q. Since the center of π1pCξ̄, x̄

1qp`q is trivial, it

follows that the composition

π1pCξ̄, x̄
1
q
p`q
Ñ π1pCλZur

p
, x̄1qp`q Ñ Autpπ1pCξ̄q

p`q
q

is injective. Thus by taking maximal pro-` quotients of the above diagram, we obtain

the commutative diagram

1 // π1pCξ̄, x̄
1qp`q // π1pCλF̄p , x̄

1qp`q //

��

π1pM
λ
F̄p , ξ̄q

p`q //

��

1

1 // π1pCξ̄, x̄
1qp`q //

��

π1pCλZur
p
, x̄1qp`q //

��

π1pM
λ
Zur
p
, ξ̄qp`q //

��

1

1 // π1pCη̄, x̄q
p`q // π1pCλZur

p
, x̄qp`q // π1pM

λ
Zur
p
, η̄qp`q // 1

1 // π1pCη̄, x̄q
p`q // π1pCλQ̄p , x̄q

p`q //

OO

π1pM
λ
Q̄p , η̄q

p`q //

OO

1,

whose rows are exact and vertical maps are all isomorphisms. From this diagram,

we see that the diagram

π1pM
λ
Q̄p , η̄q

��

π1pM
λ
F̄p , ξ̄q

��
π1pM

λ
Q̄p , η̄q

p`q – //

��

π1pM
λ
F̄p , ξ̄q

p`q

��
SppHZ`q

– // SppHZ`q

commutes, where the bottom isomorphism is induced by φ. Since the composi-

tion of the two left-hand vertical maps is the standard representation pΓλg,nq
^ Ñ

SppHZ`q, it has finite-index image, and so does the monodromy representation ρgeom

F̄p,ξ̄
:
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π1pM
λ
F̄p , ξ̄q Ñ SppHZ`q. The density of the monodromy π1pMg,n{F̄pr`

ms, ξ̄q Ñ SppHZ`q

follows since its image in SppHZ`q contains the image of π1pM
λ
F̄p , ξ̄q Ñ SppHZ`q.

By Proposition 9.0.11, the image of ρgeom

F̄p,ξ̄
: π1pM

λ
F̄p , ξ̄q Ñ SppHQ`q is Zariski dense.

Since the image of the `-adic cyclotomic character χ : Gk Ñ Zˆ` is infinity, the image

of χ` : Gk Ñ GmpQ`q is Zariski dense. The commutative diagram

1 // π1pM
λ
F̄p , ξ̄q

//

ρgeom

F̄p
��

π1pM
λ
k , ξ̄q

//

ρk

��

Gk
//

χ`

��

1

1 // SppHQ`q
// GSppHQ`q

// GmpQ`q // 1.

implies that the monodromy representation

ρk,ξ̄ : π1pM
λ
k , ξ̄q Ñ GSppHQ`q

has Zariski dense image. Denote the weighted completion of π1pM
λ
k , ξ̄q with respect

to ρk,ξ̄ and the standard cocharacter ω by

GMλ
k

and ρ̃k,ξ̄ : π1pM
λ
k , η̄q Ñ GMλ

k
pQ`q.

Let ȳ denote η̄ and ξ̄. Similarly, we have the weighted completion of π1pM
λ
S , ȳq

with respect to ρS,ȳ : π1pM
λ
S , ȳq Ñ GSppHQ`q and the cocharacter ω, denoted by

GMλ
S
, and ρS,ȳ : π1pM

λ
S , ȳq Ñ GMλ

S
pQ`q.

Recall that Ggeom
g,n{Q` and pΓg,nq

^ Ñ Ggeom
g,n{Q`pQ`q is the relative completion of pΓg,nq

^

with respect to the standard representation pΓg,nq
^ Ñ SppHQ`q. For g ě 3, the con-

tinuous relative completion of π1pM
λ
Q̄p , η̄q with respect to its standard representation

ρgeom

Q̄p,η
is isomorphic to Ggeom

g,n{Q` by Corollary 7.2.2 and Theorem 7.3.2. Similarly, for
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g ě 3, the continuous relative completion of π1pMg,n{Q̄pr`
ms, ηq with respect to its

standard representation to SppHQ`q is isomorphic to Ggeom

g,n{Q̄p
[18, Prop. 3.3]. When

the field F is clear from context, we will denote Ggeom
g,n{F by Ggeom

g,n .

Proposition 9.0.12. The continuous relative completion of π1pM
λ
F̄p , ξ̄q with respect

to ρgeom

F̄p,ξ̄
is isomorphic to Ggeom

g,n . Similarly, the continuous relative completion of

π1pMg,n{F̄pr`
ms, ξ̄q with respect to ρgeom

F̄p,ξ̄
is isomorphic to Ggeom

g,n .

Proof. Fix an isomorphism φ : π1pM
λ
Zur
p
, η̄q – π1pM

λ
Zur
p
, ξ̄q. We have the following

commutative diagram

π1pM
λ
Q̄p , η̄q

//

��

π1pM
λ
Zur
p
, η̄q

– //

��

π1pM
λ
Zur
p
, ξ̄q

��

π1pM
λ
F̄p , ξ̄q

oo

��
π1pM

λ
Q̄p , η̄q

p`q – //

**

π1pM
λ
Zur
p
, η̄qp`q

– //

��

π1pM
λ
Zur
p
, ξ̄qp`q

��

π1pM
λ
F̄p , ξ̄q

p`q–oo

tt
SppHQ`q

– // SppHQ`q ,

where the isomorphism SppHQ`q – SppHQ`q is induced by the isomorphism φ and

the isomorphisms on the second row are ones in the proof of Theorem 5.4.1. By

taking the relative completion of each of the profinite groups with respect to its

corresponding monodromy representation, we obtain the commutative diagram of

proalgebraic Q`-groups

Ggeom
g,n

//

��

Ggeom

Mλ
Zur
p

– //

��

Ggeom

Mλ
Zur
p

��

Ggeom

Mλ
F̄p

oo

��

Ggeom,p`q
g,n

– //

''

Ggeom,p`q

Mλ
Zur
p

– //

��

Ggeom,p`q

Mλ
Zur
p

��

Ggeom,p`q

Mλ
F̄p

–oo

ww
SppHQ`q

– // SppHQ`q .

Since the vertical maps between the first and second rows are isomorphism by Propo-

sition 7.3.3, it follows that

Ggeom

Mλ
F̄p
– Ggeom

Mλ
Zur
p

– Ggeom
g,n .
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A similar argument applies to the relative completion of π1pMg,n{F̄pr`
ms, ξ̄q.

For a field F whose `-adic cyclotomic character has an infinite image, denote

the weighted completion of GF with respect to the `-adic cyclotomic character χ` :

GF Ñ GmpQ`q and ω : z ÞÑ z´2 by AF .

Throughout the rest of this section, for a prime `, let M denote the étale covers

Mλ
g,n and Mg,nr`

ms of Mg,n{Zr1{`s. As in above, we fix a connected component of

the base change to S of M and denote it by MS, where S is some finite unramified

extension of Zp over which M decomposes as a finite disjoint union of geometrically

connected components. Recall that L and k are the fraction field and the residue

field of S, respectively.

Proposition 9.0.13 ([20, 8.1]). Applying weighted completion to the two right-hand

columns and relative completion to the left-hand column of diagram

1 // π1pMQ̄p , η̄q
//

ρgeom

Q̄p
��

π1pML, η̄q //

ρL

��

GL
//

χ`

��

1

1 // SppHQ`q
// GSppHQ`q

// GmpQ`q // 1

gives a commutative diagram

Ggeom
g,n

//

��

GML
//

��

AL //

��

1

1 // SppHQ`q
// GSppHQ`q

// GmpQ`q // 1

whose rows are exact. Similar results hold if we replace the sequence

1 Ñ π1pMQ̄p , η̄q Ñ π1pML, η̄q Ñ GL Ñ 1

with the exact sequence

1 Ñ π1pMF̄p , ξ̄q Ñ π1pMk, ξ̄q Ñ Gk Ñ 1
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and

1 Ñ π1pMZur
p
, ȳq Ñ π1pMS, ȳq Ñ π1pS, ȳq Ñ 1,

where ȳ “ η̄ and ȳ “ ξ̄.

Denote the prounipotent radicals of Ggeom
MQ̄p

, Ggeom
MZur

p
, and Ggeom

MF̄p
by Ugeom

MQ̄p
, Ugeom

MZur
p

, and

Ugeom
MF̄p

, respectively. Denote the Lie algebras of Ggeom
MQ̄p

, Ggeom
MZur

p
, Ggeom

MF̄p
, Ugeom

MQ̄p
, Ugeom

MZur
p

,

and Ugeom
MF̄p

by ggeom
MQ̄p

, ggeom
MZur

p
, ggeom

MF̄p
, ugeom

MQ̄p
, ugeom

MZur
p

, and ugeom
MF̄p

, respectively.

Proposition 9.0.14. Let F “ L and k and ȳ “ η̄ and ξ̄, respectively. If 2g´2`n ą 0

and g ě 3, then the natural action of π1pMF , ȳq on π1pMF̄ , ȳq induces an action of

GMF
on ggeom

MF̄
. Therefore, ggeom

MF̄
and ugeom

MF̄
are pro-objects of the category of GMF

-

modules, and thus admit natural weight filtrations.

Proof. The conjugation action of π1pMF , ȳq on π1pMF̄ , ȳq induces a homomorphism

π1pMF , ȳq Ñ AutpGgeom
MF̄

q

and thus a homomorphism

ψ : π1pMF , ȳq Ñ Autpggeom
MF̄

q.

Define the filtration D‚g
geom
MF̄

by

D0g
geom
MF̄

“ ggeom
MF̄

, D´ig
geom
MF̄

“ Liugeom
MF̄

, for i ě 1

where Liugeom
MF̄

is the ith term of the lower central series of ugeom
MF̄

with L1ugeom
MF̄

“ ugeom
MF̄

.

Proposition 9.0.12 implies that we have an isomorphism ugeom
g,n – ugeom

MF̄
and it is shown

in [18] that each graded quotient of ugeom
g,n associated to the lower central series of ugeom

g,n

is finite dimensional. Since every automorphism of ggeom
MF̄

preserves the filtration, we

have Autpggeom
MF̄

q – lim
ÐÝi

Autpggeom
MF̄

{D´iq, and hence Autpggeom
MF̄

q is proalgebraic. Since

p is a GMF
-module, it has a natural weight filtration, and the exactness of the functor
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GrW‚ and the fact that H1ppq has weight ´1 imply that the natural weight filtration

on p agrees with its lower central filtration. Similarly, Der p has a natural weight fil-

tration as a GMF
-module. Johnson’s computation of the abelianization of the Torelli

group [28] implies that H1pu
geom
g,1 q Ñ GrW´1 Der p is an isomorphism. Thus H1pu

geom
g,1 q

is pure of weight ´1. For n ą 1, the morphism Mg,n{F̄ Ñ pMg,1{F̄ q
n induces an

injective map H1pu
geom
g,n q Ñ H1pu

geom
g,1 q‘n, and the morphismMg,1{F̄ ÑMg{F̄ induces

a surjective map H1pu
geom
g,1 q Ñ H1pu

geom
g q. Therefore, H1pu

geom
g,n q is pure of weight ´1

for all n ě 0 and so is H1pu
geom
MF̄

q for all n ě 0. This implies that each graded quotient

GrD´i u
geom
MF̄

is pure of weight ´i as a GSppHQ`q-module. Now, the monodromy rep-

resentation ρF,ȳ : π1pM
λ
F , ȳq Ñ GSppHQ`q factors through Autpggeom

M qpQ`q. Since the

image of ρF,ȳ is Zariski dense in GSppHQ`q, the Zariski closure in Autpggeom
M q of the

image of π1pMF , ȳq in Autpggeom
M qpQ`q maps onto GSppHQ`q with prounipotent kernel

K. Since K is negatively weighted, the universal mapping property of GMF
gives a

map GMF
Ñ Autpggeom

MF̄
q, which makes ggeom

MF̄
and so ugeom

MF̄
as GMF

-modules.

Remark 9.0.15. The induced natural weight filtration on ggeom
MF̄

indeed agrees with

the filtration defined in this proof. The weight filtration clearly satisfies

ggeom
MF̄

“ W0g
geom
MF̄

and W´1g
geom
MF̄

“ ugeom
MF̄

.

Again, the exactness of the functor GrW‚ and the fact that H1pu
geom
MF̄

q has weight

´1 imply that W´ru
geom
MF̄

is the rth term of the lower central series of ugeom
MF̄

. This

coincidence allows us to apply the results of [18] in this paper.

Proposition 9.0.16. The isomorphisms

ggeom
g,n – ggeom

MQ̄p
– ggeom

MF̄p

are morphisms in the category of GML
-modules.
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Proof. First consider the diagram

1 // π1pMQ̄p , η̄q
//

��

π1pML, η̄q //

��

GL
// 1

1 // π1pMg,n{Q̄p , η̄qq
// π1pMg,n{L, η̄q // GL

// 1,

whose rows are exact. π1pML, η̄q acts on π1pMg,n{Q̄p , η̄q by conjugation via the ho-

momorphism π1pML, ηq Ñ π1pMg,n{L, ηq. This conjugation action induces an action

of GML
on ggeom

g,n and hence the isomorphism ggeom
MQ̄p

Ñ ggeom
g,n is a GML

-module homo-

morphism. Secondly, consider the diagram

1 // π1pMQ̄p , η̄q
//

��

π1pML, η̄q //

��

GL
//

��

1

1 // π1pMZur
p
, η̄q //

��

π1pMS, η̄q //

��

π1pS, η̄q //

��

1

1 // π1pMZur
p
, ξ̄q // π1pMS, ξ̄q // π1pS, ξ̄q // 1

1 // π1pMF̄p , ξ̄q
//

OO

π1pMk, η̄q //

OO

Gk
//

OO

1.

A choice of an isomorphism φ : π1pMZur
p
, η̄q – π1pMZur

p
, ξ̄q determines isomorphisms

π1pS, η̄q – π1pS, ξ̄q and π1pMS, η̄q – π1pMS, ξ̄q, which makes the above diagram

commute. Pushing out this diagram along the surjection π1pMZur
p
, ξ̄q Ñ π1pMZur

p
, ξ̄qp`q

induces the commutative diagram

1 // π1pMQ̄p , η̄q
p`q //

��

π11pML, η̄q //

��

GL
//

��

1

1 // π1pMZur
p
, η̄qp`q //

��

π11pMS, η̄q //

��

π1pS, η̄q //

��

1

1 // π1pMZur
p
, ξ̄qp`q // π11pMS, ξ̄q // π1pS, ξ̄q // 1

1 // π1pMF̄p , ξ̄q
p`q //

OO

π11pMk, ξ̄q //

OO

Gk
//

OO

1,

where rows are exact and all the left-hand vertical maps and the vertical maps

between the third and fourth rows are isomorphisms. Thus π1pML, η̄q acts on
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π1pMF̄p , ξ̄q
p`q through the conjugation action of π11pMk, ξ̄q on π1pMF̄p , ξ̄q

p`q. Hence

the induced isomorphism ggeom
MQ̄p

– ggeom
MF̄p

is a GML
-module homomorphism.

Recall that for a prime number `, the corresponding finite étale cover Mλ
g,n of

Mg,n is defined over Zr1{`s. Suppose that F is a field of characteristic zero such that

the image of the `-adic cyclotomic character χ` : GF Ñ GmpZ`q is infinity and such

that a connected component Mλ
F of the base change to F of Mλ

g,n is geometrically

connected.

Proposition 9.0.17 ([20, 8.2]). If g ě 3, then for all m ě 1 the natural homomor-

phism

GMg,n{F rms Ñ GMg,n{F

is an isomorphism, and furthermore for all prime numbers ` ě 3 the natural homo-

morphisms

GMλ
F
Ñ GMg,n{F r`ms Ñ GMg,n{F

are isomorphisms.

From this point, we will denote the weighted completions GMλ
F

, GMg,n{F rms, and

GMg,n{F
by simply Gg,n{F and omit F when F is clear from the context. Similarly, we

will denote the Lie algebras ggeom
MQ̄p

and ggeom
MF̄p

by ggeom
g,n . They are pro-objects in the

category of Gg,n-modules.

9.1 Variants

The comparison of the relative completions Ggeom
MQ̄p

and Ggeom
MF̄p

can be extended to the

relative completion of the universal curve over M . Denote the pullback to MZur
p

of
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the universal curve Cg,n by CZur
p

. The diagram of profinite groups

1 // π1pCξ̄, x̄
1qp`q // π11pCF̄p , x̄1q //

��

π1pMF̄p , ξ̄q
//

��

1

1 // π1pCξ̄, x̄
1qp`q //

��

π11pCZur
p
, x̄1q //

��

π1pMZur
p
, ξ̄q //

��

1

1 // π1pCη̄, x̄q
p`q // π11pCZur

p
, x̄q // π1pMZur

p
, η̄q // 1

1 // π1pCη̄, x̄q
p`q // π11pCQ̄p , x̄q //

OO

π1pMQ̄p , η̄q
//

OO

1

commutes, where rows are exact, after fixing an isomorphism

π1pCZur
p
, x̄1q – π1pCZur

p
, x̄q, which determines isomorphisms π1pCξ̄, x̄

1q – π1pCη̄, x̄q and

π1pMZur
p
, ξ̄q – π1pMZur

p
, η̄q. Applying continuous relative completion to this diagram

with respect to their natural monodromy representation to SppHQ`q and taking Lie

algebras, we obtain the commutative diagram

1 // p // ggeom
CF̄p

//

��

ggeom
g,n

//

��

1

1 // p //

��

ggeom
CZur
p

//

��

ggeom
g,n

//

��

1

1 // p // ggeom
CZur
p

// ggeom
g,n

// 1

1 // p // ggeom
CQ̄p

//

OO

ggeom
g,n

//

OO

1,

where rows are exact and all the left and right-hand vertical maps are isomorphisms.

Proposition 8.0.7 implies that the map pÑ ggeom is injective, since the composition

pÑ ggeom Ñ g is injective. Thus there is an isomorphism

ggeom
CQ̄p

– ggeom
CF̄p

.

As there is an isomorphism ggeom
MQ̄p

– ggeom
g,n , there is an isomorphism ggeom

CQ̄p
– ggeom

Cg,n ,

and these isomorphisms are morphisms in the category of GCg,n-modules. Hence we

will denote the Lie algebras ggeom
CQ̄p

and ggeom
CF̄p

by ggeom
Cg,n . The canonical morphism

GCg,n Ñ Gg,n makes ggeom
g,n a GCg,n-module.
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Proposition 9.1.1. Each section x of the universal curve f : Ck Ñ Mk induces a

well-defined GSppHQ`q-equivariant section of GrW‚ f˚ : GrW‚ ggeom
Cg,n Ñ GrW‚ ggeom

g,n .

Proof. By Proposition 8.0.7, each section x induces a section σgeom of f˚ : Ggeom
CF̄p

Ñ

Ggeom
MF̄p

, which is well defined up to conjugation by an element of P . Thus the induced

section dσgeom of df˚ : ggeom
Cg,n Ñ ggeom

g,n is a morphism of GCg,n-modules and is well

defined up to addition of a section of the form adpuq ˝ dσgeom with u an element

of p. Since adpuq P W´1 Der ggeom
Cg,n , the sections dσgeom and dσgeom ` adpuq ˝ dσgeom

induce the same section of GrW‚ df˚ : GrW‚ ggeom
Cg,n Ñ GrW‚ ggeom

g,n . Denote this section by

GrW‚ dσgeom. Since the action of UCg,n on ggeom
Cg,n and ggeom

g,n is negatively weighted, the

graded Lie algebras GrW‚ ggeom
Cg,n and GrW‚ ggeom

g,n are GSppHQ`q-modules and GrW‚ dσgeom

is GSppHQ`q-equivariant.
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10

Generators and Relations

In [20], Hain notices that the structure of GrW‚ ugeom
g,n {W´3 as a graded Lie algebra

in the category of Sn ˆ GSppHQ`q-modules is an essential factor to understand-

ing the rational points of the universal curve. In order to study the structure of

GrW‚ ugeom
g,n {W´3, Hain uses the computations in [18] where a weight filtration is con-

structed by using Hodge theory. In [20] and this paper, the weight filtration on ggeom
g,n

is constructed by using weighted completion. However, the weight filtration given by

weighted completion agrees with the filtration produced by the lower central series of

ugeom
g,n , and so does the Hodge theoretical weight filtration on ugeom

g,n . The agreement

of the two construction follows from that in both construction H1pu
geom
g,n q is pure of

weight ´1 and the exactness of the functor GrW‚ .

In this section, we summarize Hain’s computation of the presentations of the Lie

algebras GrW‚ ugeom
g,n {W´3 and computations in [18]. The details of this section can be

found in [20, §8, §9] and [18].
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10.1 Sn action on GrW‚ ugeom
g,n

We observe that GrW‚ ugeom
g,n has an Sn-module structure as follows. Let F be a field

of characteristic zero such that the `-adic cyclotomic character χ` : GF Ñ GmpQ`q

has Zariski dense image. Fix an algebraic closure F̄ of F . The projection mor-

phismsMg,n{F Ñ Cg{F , pC, x1, . . . , xnq ÞÑ pC, xjq for j “ 1, . . . , n induce an inclusion

Mg,n{F Ñ Cng{F , where Cng{F denotes the nth power of the universal curve overMg{F .

There is a natural monodromy representation ρ : π1pCng{F , η̄q Ñ GSppHQ`q, which has

Zariski dense image. Denote the weighted completion of π1pCng{F , η̄q with respect to ρ

and the standard cocharacter ω by pGg,n. Denote the continuous relative completion of

π1pCng{F̄ , η̄q with respect to ρ̄ : π1pCng{F̄ , η̄q Ñ SppHQ`q by pGgeom
g,n . Denote the prounipo-

tent radical of pGg,n and pGgeom
g,n by pUg,n and pUgeom

g,n , respectively, and denote the Lie alge-

bras of pGg,n, pGgeom
g,n , pUg,n, and pUgeom

g,n by ĝg,n, ĝgeom
g,n , ûg,n, and ûgeom

g,n , respectively. The

inclusion Mg,n{F Ñ Cng{F induces an Gg,n{F -module homomorphism ggeom
g,n Ñ ĝgeom

g,n

and thus an Sn ˆ GSppHq-module homomorphism GrW‚ ggeom
g,n Ñ GrW‚ ĝgeom

g,n , where

the action of Sn is induced by the action of Sn on Cng{F by permuting the n marked

points.

Proposition 10.1.1 ([20, 8.7]). If g ě 3, then

GrWj ugeom
g,n Ñ GrWj ûgeom

g,n

is an isomorphism for j “ ´1 and a surjective for j “ ´2 with kernel isomorphic to

the Sn ˆGSppHQ`q-module
À

iăj Q`p1q, where Sn acts by permuting the factors.

10.2 Presentation of GrW‚ ugeom
g,1 {W´3

The action of π1pMg,1{F , η̄q on p induces an action of Gg,1{F on p. Thus p has a natural

weight filtration. This Gg,1{F -action on p induces a Lie algebra homomorphism gg,1 Ñ
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Der p. Composing with the Lie algebra homomorphism ggeom
g,1 Ñ gg,1 induced by the

natural map π1pMg,1{F̄ , η̄q Ñ π1pMg,1{F , η̄q, we obtain a Gg,1-equivariant Lie algebra

homomorphism ggeom
g,1 Ñ Der p and hence a weight graded Lie algebra homomorphism

GrW‚ ggeom
g,1 Ñ GrW‚ Der p – Der GrW‚ p.

Proposition 10.2.1 ([18, §9, §10]). If g ě 3, then the homomorphism

GrWj ugeom
g,1 Ñ GrWj Der p

is an isomorphism for j “ ´1 and an injection for j “ ´2.

Therefore, in order to compute the presentation of the Lie algebra

GrW‚ ugeom
g,1 {W´3, we consider the action of GrW‚ ugeom

g,1 {W´3 on GrW‚ p. We have seen

that the natural weight filtration on p induced by the Gg,1 action agrees with the

lower central series of p. Recall that θ̌ is a map Qp1q Ñ Λ2H, viewed as a map

θ̌ : Qp1q Ñ L2pHq via the canonical isomorphism Λ2H – L2pHq.

Proposition 10.2.2 ([33, 10.3]). There is a natural GSppHq-equivariant Lie algebra

isomorphism

GrW‚ p – LpHq{pim θ̌q.

Remark 10.2.3. Since inner automorphisms map to the identity element in GSppHq,

they act trivially on this isomorphism and consequently this isomorphism does not

depend on the choice of a base point.

The free Lie algebra LpV q generated by a F -vector space V is graded by bracket

length: there is an isomorphism

LpV q –
à

ně1

LnpV q.

Now, since a derivation on LpHq is determined by its effect on H, we see that

DerLpHq – HomF pH,LpHqq and that the derivation Lie algebra DerLpHq is graded:

DerLpHq –
à

ně1

Dern LpHq,
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where Dern LpHq :“ HomF pH,Ln`1pHqq.

We recall the following well known fact.

Proposition 10.2.4. If g ě 2, then there is a natural GSppHq-equivariant graded

Lie algebra homomorphism

δ : L
`

pΛ3Hqp´1q
˘

Ñ DerLpHq

satisfying the properties:

1. δpuq kills the image of θ̌ for all u P LppΛ3Hqp´1qq.

2. δpx^ θ̌q “ adpxq ´ θpx, qθ̌ for all x P H.

3. im
 

L2

`

pΛ3Hqp´1q
˘

Ñ Der2 LpHq
(

– H‘ ‘ Λ2
0H ‘ F p1q

In fact, the homomorphism δ is obtained by twisting the GSppHq-equivariant

linear mapping

Λ3H Ñ
“

Der1 LpHq
‰

p1q

defined by

x^ y ^ z ÞÑ
`

u ÞÑ θpu, xqry, zs ` θpu, yqrz, xs ` θpu, zqrx, ys
˘

.

By the property (i), δ induces a GSppHq-equivariant graded Lie algebra homomor-

phism

L
`

pΛ3Hqp´1q
˘

Ñ Der GrW‚ p,

which we denote by δ also.

Theorem 10.2.5. [18, Cor. 5.7 and §9,11] If g ě 3, then there is a Lie algebra

surjection

q : L
`

pΛ3Hqp´1q
˘

Ñ GrW‚ ugeom
g,1
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that makes the diagram

L
`

pΛ3Hqp´1q
˘ q //

δ ))

GrW‚ ugeom
g,1

ww
GrW‚ Der p

commute. Consequently, there are isomorphisms

GrWj ugeom
g,1 – GrWj Der p –

"

pΛ3Hqp´1q “ Λ3
0H ‘H : j “ ´1,

H‘ ‘ Λ2
0H : j “ ´2.

The exact sequence

0 Ñ pÑ ugeom
g,1 Ñ ugeom

g Ñ 0

induces the exact sequence of weight graded Lie algebras

0 Ñ GrW‚ pÑ GrW‚ ugeom
g,1 Ñ GrW‚ ugeom

g Ñ 0.

The copy of H in GrW´1 u
geom
g,1 can be identified as the image of the composition map

H
i
Ñ

`

Λ3Hp´1q
˘ q
Ñ GrW‚ ugeom

g,1 ,

where the inclusion i : H Ñ
`

Λ3Hp´1q
˘

is defined by x Ñ x ^ θ̌. This copy of H

in GrW´1 u
geom
g,1 corresponds to the inner derivations adpxq in GrW´1 Der p. Similarly,

identify the copy of Λ2
0H in GrW´2 u

geom
g,1 as the image of the composition map

Λ2H
Λ2i
Ñ Λ2

`

pΛ3Hqp´1q
˘ r , s
Ñ GrW´2 u

geom
g,1 .

In order to determine the presentation of GrW‚ ugeom
g,1 {W´3, we need to determine the

bracket

Λ2 GrW´1 u
geom
g,1 “ Λ2

`

pΛ3Hqp´1q
˘

Ñ GrW´2 u
geom
g,1 .
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Using the decomposition pΛ3Hqp´1q “ Λ3
0H ‘ H, this bracket is decomposed into

three GSppHq-equivariant mappings:

Λ2H Ñ GrW´2 u
geom
g,1 , H b Λ3

0H Ñ GrW´2 u
geom
g,1 , Λ2

pΛ3
0Hq Ñ GrW´2 u

geom
g,1 .

These brackets can be computed in GrW‚ Der p.

Proposition 10.2.6. [18, §12] If g ě 3, then the three brackets are determined as:

im
 

Λ2H Ñ GrW´2 Der p
(

“ Λ2
0H.

im
 

H b Λ3
0H Ñ GrW´2 Der p

(

“ Λ2
0H.

im
 

Λ2
pΛ3

0Hq Ñ GrW´2 Der p
(

“

#

H‘ g “ 3,

H‘ ‘ Λ2
0H g ě 4.

10.3 Presentations of GrW‚ ugeom
g,n {W´3

Hain introduces an SnˆGSppHq-module denoted by Λ3
nH. For u P Λ3Hp´1q, denote

the image of u in Λ3
0H by ū. For each positive integer n, we define

Λ3
nH :“ tpu1, . . . , unq P

`

Λ3Hp´1q
˘n
|ū1 “ ¨ ¨ ¨ “ ūnu.

This Sn ˆGSppHq submodule of
`

Λ3Hp´1q
˘n

is isomorphic to

Λ3
0H ‘H

‘n

as an Sn ˆGSppHq-module.

Theorem 10.3.1 ([20, 9.11]). If g ě 3 and n ě 0, then there are natural Sn ˆ

GSppHq-equivariant isomorphisms

H1pû
geom
g,n q – H1pu

geom
g,n q – GrW´1 u

geom
g,n – Λ3

nH.
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There is an exact sequence

0 Ñ Q`p1q
pn2q Ñ GrW´2 u

geom
g,n Ñ GrW´2 û

geom
g,n Ñ 0

of Sn ˆGSppHq-modules and an Sn ˆGSppHq-equivariant isomorphism

GrW´2 u
geom
g,n – H‘ ‘

`

Λ2
0H

˘n
‘Q`p1q

pn2q.

In order to determine the presentations of GrW‚ ugeom
g,n {W´3, we need to determine

the bracket r , s : Λ2 GrW´1 u
geom
g,n Ñ GrW´2 u

geom
g,n . For this purpose, we write

Λ3
nH “ Λ3

0H ‘H1 ‘H2 ‘ ¨ ¨ ¨ ‘Hn,

where Hj corresponds to the jth marked point. By Theorem 10.3.1, Λ2 GrW´1 u
geom
g,n

can be decomposed as

Λ2 GrW´1 u
geom
g,n – Λ2Λ3

0H ‘
n
à

j“1

pHj b Λ3
0Hq ‘

n
à

j“1

Λ2Hj ‘
à

iăj

Hi bHj,

and we also have

GrW´2 u
geom
g,n –

n
à

j“1

Λ2
0Hj ‘

à

iăj

Q`p1qij ‘H‘.

By [18, §13], we may choose this decomposition so that the bracket

r , s : Λ2Hj Ñ GrW´2 u
geom
g,n

proj
Ñ Λ2

0Hj

is the quotient map and so that the bracket

r , s : H bH – Hi bHj Ñ GrW´2 u
geom
g,n

proj
Ñ Q`p1qij

is the cup product pairing θ. Fix GSppHq-equivariant projections

c : Λ2Λ3
0H Ñ Λ2

0H d : H b Λ3
0H Ñ Λ2

0H
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e : Λ2H Ñ Λ2
0H, ψ : Λ2Λ3

0H Ñ Q`p1q.

By Proposition 3.2.1, each of these projections are unique up to a scalar multiplica-

tion. Denote the GSppHq-equivariant projections

Λ2 GrW´1 u
geom
g,n Ñ Λ2Λ3

0H
c
Ñ Λ2

0H

Λ2 GrW´1 u
geom
g,n Ñ Hi b Λ3

0H
d
Ñ Λ2

0H

Λ2 GrW´1 u
geom
g,n Ñ Λ2Hj

e
Ñ Λ2

0H

Λ2 GrW´1 u
geom
g,n Ñ Hi bHj

e
Ñ Λ2

0H

Λ2 GrW´1 u
geom
g,n Ñ Λ2Hi

θ
Ñ Q`p1q

Λ2 GrW´1 u
geom
g,n Ñ Hi bHj

θ
Ñ Q`p1q

Λ2 GrW´1 u
geom
g,n Ñ Λ2Λ3

0H
ψ
Ñ Q`p1q

by c, dj, ej, eij, θi, θij, and ψ, respectively. By Proposition 3.2.1 and the above

decomposition of Λ2 GrW´1 u
geom
g,n , we have

Proposition 10.3.2 ([20, 9.12]). If g ě 3 and n ě 0, then

HomGSppHqpΛ
2 GrW´1 u

geom
g,n ,Λ2

0Hq

has a basis

td1, . . . ,dn, e1, . . . , en, eij : 1 ď i ă j ď nu : g “ 3

tc,d1, . . . ,dn, e1, . . . , en, eij : 1 ď i ă j ď nu : g ě 4

and

HomGSppHqpΛ
2 GrW´1 u

geom
g,n ,Q`p1qq

has a basis

tψ, θ1, . . . , θn, θij : 1 ď i ă j ď nu

for all g ě 3.
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Denote the projections

GrW´2 u
geom
g,n Ñ Λ2

0Hj

GrW´2 u
geom
g,n Ñ Q`p1qij

GrW´2 u
geom
g,n Ñ H‘

by pj, qij, and p‘, respectively.

Proposition 10.3.3 ([20, 9.13],[18, §12]). If g ě 3, then after rescaling c, d, and ψ

by nonzero constants if necessary,

pj ˝ r , s “ dj ` ej : g “ 3

pj ˝ r , s “ c` dj ` ej : g ě 4

qij ˝ r , s “ ψ ` θij ´
1

g
pθi ` θjq : g ě 3

Furthermore, p‘ ˝ r , s is non-zero and restricts to zero on each Hj bΛ3
0H and each

Hi bHj for i ď j.

Remark 10.3.4. The author of [20] seems to omit the factor ´1
g
pθi ` θjq by mistake.

10.4 The Lie Algebras dg,n

In this section, we associate a graded two-step Lie algebra dg,n to the graded Lie

algebra GrW‚ ugeom
g,n . When g ě 4, the n tautological sections of the universal curve

determine the GSppHq-equivariant Lie algebra sections of the projection dg,n`1 Ñ

dg,n .

For g ě 3 and n ě 0, define

dg,n “
`

GrW‚ ugeom
g,n {W´3

˘

{
`

Λ2
0H

˘K
,

where pΛ2
0Hq

K denotes the GSppHq-invariant complement of its Λ2
0H-isotypical com-

ponent. This is a graded Lie algebra in the category of Sn ˆ GSppHq-modules and
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each jth graded quotient is given by

pdg,nqj “

$

&

%

Λ3
nH : j “ ´1
pΛ2

0Hq
n : j “ ´2

0 : j ď ´3

Let F be a number field, a finite extension of Qp, or a finite field of characteristic

p. Recall that M denotes the étale covers Mλ
g,n and Mg,nr`

ms. Assume that M b

F is decomposed into finitely many geometrically connected components. Fix a

component of M b F and denote it by MF .

Proposition 10.4.1. Each section x of the universal curve f : CF ÑMF induces a

well-defined GSppHQ`q-equivariant section of dg,n`1 Ñ dg,n.

Proof. By Proposition 9.1.1, each section x of the family CF Ñ MF induces a well-

defined GSppHq-equivariant section GrW‚ dσgeom
x of the projection

GrW‚ f˚ : GrW‚ ggeom
Cg,n Ñ GrW‚ ggeom

g,n .

The open immersion Mg,n`1{Q̄p Ñ Cg,n{Q̄p induces a surjection π1pMg,n`1{Q̄p , ηq Ñ

π1pCg,n{Q̄p , ηq, which induces a Lie algebra surjection ggeom
g,n`1 Ñ ggeom

Cg,n . This Lie alge-

bra surjection is a Gg,n`1-module homomorphism and hence it preserves the natural

weight filtrations on ggeom
g,n`1 and ggeom

Cg,n . Moreover its kernel is isomorphic to Q`p1q
n.

Thus it follows that

´

GrW‚ ugeom
Cg,n {W´3

¯

{pΛ2
0Hq

K
–
`

GrW‚ ugeom
g,n`1{W´3

˘

{pΛ2
0Hq

K
“ dg,n`1,

and hence that the section GrW‚ dσgeom
x induces a section sx of dg,n`1 Ñ dg,n.

Using the decomposition Λ3
nH – Λ3

0H‘H1‘H2‘¨ ¨ ¨‘Hn, we denote the elements

of Λ3
nH by pv;u1 . . . , unq, where v is an element of Λ3

0H and ui is an element of Hj

for each j “ 1, . . . , n. The surjectivity of the map H bΛ3
0H Ñ Λ2

0H implies that the
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linear projection

Λ3
n`1H Ñ Λ3

nH, pv;u0, u1, . . . , unq ÞÑ pv;u1, . . . , unq

induces a GSppHq-equivariant Lie algebra projection

εn : dg,n`1 Ñ dg,n.

The following result is a key for understanding the rational points of the universal

curve and follows from Schur’s lemma.

Proposition 10.4.2. If g ě 4, then there are exactly n GSppHq-equivariant sections

of εn:

sj : pv;u1, . . . , unq ÞÑ pv;uj, u1, . . . , unq

for each j “ 1, . . . , n.

For g “ 3, the sections of εn are s1, . . . , sn and the section

ζn : pv;u1, . . . , unq ÞÑ pv; 0, u1, . . . , unq.

Proof. Let s be a section of εn. Then the Schur’s lemma implies that GrW´1 s is given

by

GrW´1 s : pv;u1, . . . , unq ÞÑ pv;
n
ÿ

j“1

ajuj, u1, . . . , unq,

where v P Λ3
0H, uj P Hj for each j, and the aj are some constants in Q`. Thus it

then follows that we have

GrW´1 s : pw1, . . . , wnq ÞÑ p

n
ÿ

j“1

a2
jwj, w1, . . . , wnq,

where wj P Λ2
0Hj for each j. On the other hand, the surjectivity of the bracket

H b Λ3
0H Ñ Λ2

0H implies that GrW´2 s is given by

GrW´1 s : pw1, . . . , wnq ÞÑ p

n
ÿ

j“1

ajwj, w1, . . . , wnq.
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Hence a2
j “ aj for j “ 1, . . . , n. When g ě 4, the bracket r , s : Λ2Λ3

0H Ñ Λ2
0H

is nontrivial and maps diagonally to
Àm

j“1 Λ2
0Hj Ă GrW´2 dg,m for m ě 1. Since s

is a Lie algebra section, this gives the relation
řn
j“1 a

2
j “ 1. Together with the

relation a2
j “ aj for j “ 1, . . . , n, we conclude that aj “ 1 for some j and ai “ 0 for

i ­“ j. When g “ 3, we do not have the relation
řn
j“1 a

2
j “ 1, but the commutativity

GrW´2 s ˝ r , s “ r , s ˝GrW´1 s and the independence of the projections dj and ej give

us the relation
ř

i ­“j aiaj “ 0. Thus when g “ 3, we can conclude that at most one

aj “ 1 and ai “ 0 for i ­“ j.

Remark 10.4.3. For n “ 1, the section s1 is induced by the tautological section

of the universal curve Cg,1 Ñ Mg,1. For n ą 1, considering the jth projection

Mg,n Ñ Mg,1, we can see that the jth tautological section induces the section sj.

In deed, there is the commutative diagram

dg,n`1
//

��

dg,2

��
dg,n

prj //

s1j

JJ

dg,1,

s1

TT

where prj is the map induced by the jth projectionMg,n ÑMg,1 and s1j is the map

induced by the jth tautological section. From this diagram, it is easy to see that the

section s1j agrees with the section sj.

When g “ 3, there exists an extra section ζn of εn. This is due to the fact that

Λ2Λ3
0H does not contain Λ2

0H. We explain briefly here that the section ζn cannot

be induced by a rational point. The point is that the section induced by a rational

point respects a natural integral structure on GrW´1 u
geom
g,n that comes from the image

of the Torelli group in Ugeom
g,n , see [18]. Suppose that A is an integral domain with

fraction field F . For a positive integer n, define a lattice in Λ3
nHF by

Λ3
nHA “ tpu1, . . . , unq P pΛ

3HAp´1qqn : ū1 “ ¨ ¨ ¨ ūnup´1q,
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where ū is the image of u in Λ3
0HA.

Proposition 10.4.4 ([20, 10.7]). Suppose that g ě 3 and n ě 0. If A is an integral

domain and g ´ 1 R Aˆ, then ζn does not restrict to a section of the projection

Λ3
n`1HA Ñ Λ3

nHA, pu0, u1, . . . , unq ÞÑ pu1, . . . , unq

.

Proof. This follows easily from the fact that the sequence

0 Ñ H
^θ̌
Ñ Λ3Hp´1q Ñ Λ3

0H Ñ 0

splits if and only if g ´ 1 P Aˆ.

As a summary of this section, we have

Corollary 10.4.5. Suppose that n ě 1. If g ě 4, or if g “ 3 and ` “ 2, then

the only GSppHQ`q-equivariant sections of εn : dg,n`1 Ñ dg,n that respect the integral

structure on GrW´1 are the ones induced by the tautological sections of the universal

curve. In particular, there are no GSppHq-equivariant sections of dg,1 Ñ dg,0.

In Appendix A, we introduce the hyperelliptic mapping class groups and their

weighted completions to improve this result. Theorem A.4.17 implies that there are

elements ξ1, ξ̃1 P H‘ Ă GrW´2 u
geom
g,1 such that the bracket rξ1, ξ̃1s is nonzero and lies in

GrW´4 p Ă GrW´4 u
geom
g,1 . We lift the elements ξ1, ξ̃1 to ξn, ξ̃n P H‘ Ă GrW´4 pu

geom
g,n via the

section ugeom
g,1 Ñ pugeom

g,n induced by the diagonal section of the projection Cng ÑMg,1

onto any component. Then the bracket rξn, ξ̃ns is nonzero and maps diagonally to
Àn

j“1 GrW´4 pj, where pj corresponds to the projection Cng Ñ Mg,1 onto the j-th

component for each j “ 1, . . . , n.
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Proposition 10.4.6. Let F be an algebraic number field or a finite field of charac-

terisc p. If g ě 3 and ` ­“ p, then the sections s1, . . . , sn are the only GSppHQ`q-

equivariant sections that come from the sections of π1pCg,n{F , x̄q Ñ π1pMg,n{F , η̄q.

When n “ 0, there are no sections of ε0 that come from a section of

GrW‚ pugeom
g,1 {W´5 Ñ GrW‚ pugeom

g {W´5.

Proof. Each section s of the projection π1pCg,n{F , x̄q Ñ π1pMg,n{F , η̄q induces a

graded Lie algebra section of GrW‚ ugeom
Cg,n Ñ GrW‚ ugeom

g,n , and thus a section of

GrW‚ ugeom
Cg,n {W´5 Ñ GrW‚ ugeom

g,n {W´5.

Results from Chapter 12 imply that this section descends to a section ŝ of

GrW‚ pugeom
g,n`1{W´5 Ñ GrW‚ pugeom

g,n {W´5.

By Schur’s lemma, GrW´1 ŝ is given by

GrW´1 ŝ : pv;u1, . . . , unq ÞÑ pv;
n
ÿ

j“1

ajuj, u1, . . . , unq,

where v P Λ3
0H, uj P Hj for each j, and the aj are some constants in Q`. It then

follows that the restriction of GrW´4 ŝ to
Àn

j“1 GrW´4 pj is given by

GrW´1 ŝ : pt1, . . . , tnq ÞÑ p

n
ÿ

j“1

a4
j tj, t1, . . . , tnq P GrW´4 p0 ‘

n
à

j“1

GrW´4 pj,

where tj is in GrW´4 pj for each j. Since pGrW´2 ŝqpξnq “ ξn`1 and pGrW´2 ŝqpξ̃nq “ ξ̃n`1

and ŝ is a Lie algebra section, we have

GrW´4 ŝ : pγ, . . . , γq ÞÑ pγ, γ, . . . , γq,

where γ :“ rξ1, ξ̃1s. Thus we have the relation

n
ÿ

j“1

a4
j “ 1.
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Together with the relation a2
j “ aj for each j, we see that aj “ 1 for some j and

ai “ 0 for i ­“ j. Thus the section s induces sj for some j.
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11

The Characteristic Class of A Rational Point

In [20], Hain defined a characteristic class κx for a T -rational point x of the curve

C Ñ T , where T is a smooth variety over a field k with char pkq “ 0. For our

comparison purpose, we need to redefine this characteristic class for curves C Ñ T ,

where T is defined over a more general base ring, e.g., Zp. In this section, we

will explain how this can be done and extend the results used in [20] to positive

characteristics. Let B be a connected scheme. Suppose that T is a geometrically

connected smooth scheme over B and that f : C Ñ T is a curve of genus g. In this

section, we associate a cohomology class κx in H1
étpT,R

1f˚Q`p1qq to a rational point

x P CpT q. Denote the relative Jacobian of f : C Ñ T by π : JC{T Ñ T . JC{T is

a family of jacobians and is an abelian scheme over T . Note that JC{T has a zero

section s0 : T Ñ JC{T . Let η : Spec Ω Ñ T be a geometric point of T . Denote the

fiber of f over η by Cη and the fiber of JC{T Ñ T over η by pJC{T qη. Let x̄ be a

geometric point of Cη. Note that pJC{T qη is the jacobian variety of the curve Cη.

When ` is not in charpT q, there are natural isomorphisms

π1ppJC{T qη, x̄q
p`q
– π1pCη, x̄q

p`q,ab
– H1

étpCη,Z`p1qq,
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where ab denotes maximal abelian quotient. Denote the lisse sheaf R1f˚Ap1q over T

by HA, where A “ Z` or Q`. Then we have

HA :“ H1
étpCη, Ap1qq “

`

HA

˘

η
.

By Proposition 4.2.1, there is an exact sequence

1 Ñ π1ppJC{T qη, x̄q
p`q
Ñ π11pJC{T , x̄q Ñ π1pT, ηq Ñ 1.

Thus the zero section s0 determines a splitting

π11pJC{T , x̄q – π1ppJC{T qη, x̄q
p`q
¸ π1pT, ηq – HZ` ¸ π1pT, ηq,

which is well-defined up to conjugation action of HZ` . To each rational point x P

CpT q, we associate the divisor Dx :“ p2g ´ 2qx ´ ωC{T , where ωC{T is the relative

canonical divisor of the family C Ñ T . The divisor Dx is homologically trivial on

each geometric fiber, and hence gives a section of JC{T Ñ T , which determines a κx

in

H1
ctspπ1pT, ηq, HZ`q – H1

étpT,HZ`q.

Tensoring with Q`, we obtain a class in H1
étpT,HQ`q, which we denote also by κx.

Remark 11.0.7. This class behaves well under base change.

11.1 Classes of the universal curve over Mg,n

Let F be a field of characteristic zero. Suppose that T is a noetherian geometrically

connected scheme over F . Denote the class in H1
étpMg,1{F ,HQ`q of the tautological

section of the universal curve Cg,1{F Ñ Mg,1{F by κ. This class is universal in the

sense that for each rational point x P CpT q, the class κx P H
1
étpT,HQ`q is the pullback

of κ, i.e., κx “ φ˚κ, where φ : T ÑMg,1{F is the morphism induced by x. Denote

the class of the jth tautological section of the universal curve Cg,n{F Ñ Mg,n{F by

κj.
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Proposition 11.1.1 ([20, 12.1]). If g ě 3, n ě 0, and m ě 1, then for all fields F

of characteristic zero,

H1
étpMg,n{F rms,HQ`q “ Q`κ1 ‘Q`κ2 ‘ ¨ ¨ ¨ ‘Q`κn.

Suppose that p is a prime number, and that ` is a prime number distinct from

p and m is a positive integer such that `m ě 3. Denote a connected component of

the base change to Zur
p of Mg,nr`

ms by MZur
p
r`ms. Denote the universal curve over

MZur
p
r`ms by CZur

p
r`ms, and denote the relative Jacobian of CZur

p
r`ms over MZur

p
r`ms

by JZur
p
r`ms. For A “ Q̄p and F̄p, the base change to A of JZur

p
r`ms and MZur

p
r`ms

are denoted by JAr`
ms and MAr`

ms, respectively. Let ξ̄ and η̄ be geometric points

of MF̄pr`
ms and MQ̄pr`

ms, respectively. We consider ξ̄ and η̄ as geometric points of

Mg,n{Zur
p
r`ms via canonical morphisms induced by base change. Denote the fiber over

ξ̄ and η of CZur
p
r`ms ÑMZur

p
r`ms by Cξ̄ andCη. Let x̄1 and x̄ be a geometric point of

Cξ̄ and Cη, respectively. By Proposition 4.2.1, we have the diagram p˚˚q

1 // π1pCξ̄, x̄
1qp`q,ab // π11pJF̄pr`

ms, x̄1q //

��

π1pMF̄pr`
ms, ξ̄q //

��

1

1 // π1pCξ̄, x̄
1qp`q,ab //

��

π11pJZur
p
r`ms, x̄1q //

��

π1pMZur
p
r`ms, ξ̄q //

��

1

1 // π1pCη̄, x̄q
p`q,ab // π11pJZur

p
r`ms, x̄q // π1pMZur

p
r`ms, η̄q // 1

1 // π1pCη̄, x̄q
p`q,ab // π11pJQ̄pr`

ms, x̄q //

OO

π1pMQ̄pr`
ms, η̄q //

OO

1,

that commutes after fixing an isomorphism π1pJZur
p
r`ms, x̄1q – π1pJZur

p
r`ms, x̄q, which

determines an isomorphism π1pMZur
p
r`ms, ξ̄q – π1pMZur

p
r`ms, η̄q. The rows of the

diagram are exact and the vertical maps between the second and third row are

isomorphisms.
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Lemma 11.1.2. Suppose that n ě 1. If ¯̊ is a geometric point of MZur
p
r`ms and ȳ is

a geometric point of the fiber C¯̊, then the sequence of the maximal pro-` quotients

1 Ñ π1pC¯̊, ȳq
p`q,ab

Ñ π1pJZur
p
r`ms, ȳqp`q Ñ π1pMZur

p
r`ms, ¯̊qp`q Ñ 1

of the exact sequence

1 Ñ π1pC¯̊, ȳq
p`q,ab

Ñ π11pJZur
p
r`ms, ȳq Ñ π1pMZur

p
r`ms, ¯̊q Ñ 1

is exact.

Proof. A tautological section induces the closed immersion ψ : CZur
p
r`ms Ñ JZur

p
r`ms

that makes the diagram

p˚q 1 // π1pC¯̊, ȳqp`q //

��

π11pCZur
p
r`ms, ȳq //

ψ˚

��

π1pMZur
p
r`ms, ¯̊q // 1

1 // π1pC¯̊, ȳqp`q,ab // π11pJZur
p
r`ms, ȳq // π1pMZur

p
r`ms, ¯̊q // 1

commute, where the left-hand vertical map is the canonical projection. Denote the

kernel of the projection π1pC¯̊, ȳqp`q Ñ π1pC¯̊, ȳqp`q,ab by N . Then ψ˚ induces an

isomorphism

π11pCZur
p
r`ms, ȳq{N – π11pJZur

p
r`ms, ȳq.

Since π1pC¯̊, ȳqp`q Ñ π1pCZur
p
r`ms, ȳqp`q is injective, there is an isomorphism

π1pCZur
p
r`ms, ȳqp`q{N –

`

π11pCZur
p
r`ms, ȳq{N

˘p`q
.

Taking maximal pro-` quotient of the diagram p˚q and pushing out along the surjec-

tion π1pC¯̊, ȳqp`q Ñ π1pC¯̊, ȳqp`q,ab, we obtain the commutative diagram

1 // π1pC¯̊, ȳqp`q,ab // π1pCZur
p
r`ms, ȳqp`q{N //

��

π1pMZur
p
r`ms, ¯̊qp`q // 1

π1pC¯̊, ȳqp`q,ab // π1pJZur
p
r`ms, ȳqp`q // π1pMZur

p
r`ms, ¯̊qp`q // 1,
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where the middle vertical map is an isomorphism. Thus it follows that the map

π1pC¯̊, ȳqp`q,ab Ñ π1pJZur
p
r`ms, ȳqp`q is injective.

Proposition 11.1.3. Assume the notations above. If g ě 3 and n ě 1, then

H1
étpMg,n{F̄pr`

m
s,HQ`q “ Q`κ1 ‘Q`κ2 ‘ ¨ ¨ ¨ ‘Q`κn.

Moreover, we have

H1
étpMg,n{Fq r`

m
s,HQ`q “ Q`κ1 ‘Q`κ2 ‘ ¨ ¨ ¨ ‘Q`κn,

where Fq “ Fprζ`ms and ζ`m is a primitive `mth root of unity.

Proof. By Lemma 11.1.2, taking pro-` completion of the diagram p˚˚q gives the

commutative diagram

1 // π1pCξ̄, x̄
1qp`q,ab // π1pJF̄pr`

ms, x̄1qp`q //

��

π1pMF̄pr`
ms, ξ̄qp`q //

��

1

1 // π1pCξ̄, x̄
1qp`q,ab //

��

π1pJZur
p
r`ms, x̄1qp`q //

��

π1pMZur
p
r`ms, ξ̄qp`q //

��

1

1 // π1pCη̄, x̄q
p`q,ab // π1pJZur

p
r`ms, x̄qp`q // π1pMZur

p
r`ms, η̄qp`q // 1

1 // π1pCη̄, x̄q
p`q,ab // π1pJQ̄pr`

ms, x̄qp`q //

OO

π1pMQ̄pr`
ms, η̄qp`q //

OO

1,

whose rows are exact and the vertical maps between the second and third row are

isomorphisms induced by change of base points. Furthermore, the maps

π1pMQ̄pr`
m
s, ηqp`q Ñ π1pMZur

p
r`ms, ηqp`q Ð π1pMZur

p
r`ms, ξ̄qp`q Ð π1pMF̄pr`

m
s, ηqp`q

are isomorphisms, and hence by exactness all the vertical maps are isomorphisms.

This implies that there is an isomorphism

H1
cts

`

π1pMg,n{Q̄pr`
m
s, ηqp`q, pHZ`qη̄

˘

– H1
cts

`

π1pMg,n{F̄pr`
m
s, ξ̄qp`q, pHZ`qξ̄

˘

.

For A “ Q̄p, F̄p, γ̄ “ η̄, ξ̄, and ȳ “ x̄, x̄1, respectively, the diagram

1 // π1pCγ̄, ȳq
p`q,ab // π11pJAr`

ms, ȳq //

��

π1pMAr`
ms, γ̄q //

��

1

1 // π1pCγ̄, ȳq
p`q,ab // π1pJAr`

ms, ȳqp`q // π1pMAr`
ms, γ̄qp`q // 1
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is the pullback diagram along the surjection π1pMAr`
ms, γ̄q Ñ π1pMAr`

ms, γ̄qp`q.

Thus there is a canonical isomorphism

H1
cts

`

π1pMg,n{Ar`
m
s, γ̄q, pHZ`qγ̄

˘

– H1
cts

`

π1pMg,n{Ar`
m
s, γ̄qp`q, pHZ`qγ̄

˘

.

Therefore, we have isomorphisms

H1
étpMg,n{Q̄pr`

m
s,HZ`q – H1

cts

`

π1pMg,n{Q̄pr`
m
s, η̄q, pHZ`qη̄

˘

– H1
cts

`

π1pMg,n{F̄pr`
m
s, γ̄q, pHZ`qξ̄

˘

– H1
étpMg,n{F̄pr`

m
s,HZ`q.

Under this isomorphism, the classes κj of the jth tautological section correspond

in H1
étpMg,n{Q̄pr`

ms,HZ`q and H1
étpMg,n{F̄pr`

ms,HZ`q. Hence our claim follows from

Proposition 11.1.1. As to the second claim, the spectral sequence

Hs
pGFq , H

t
étpMF̄q r`

m
s,HZ`qq ñ Hs`t

ét pMFq r`
m
s,HZ`q

and the fact that H0
étpMF̄q r`

ms,HZ`q “ 0 imply that we have

H1
étpMFq r`

m
s,HZ`q “ H1

étpMF̄q r`
m
s,HZ`q

GFq Ă H1
étpMF̄q r`

m
s,HZ`q.

Since the tautological sections are defined over Z and hence defined over Fq by base

change, the corresponding classes κj’s lie in H1
étpMF̄q r`

ms,HZ`q
GFq . Tensoring with

Q`, we have

H1
étpMFq r`

m
s,HQ`q “ H1

étpMF̄q r`
m
s,HQ`q “ Q`κ1 ‘Q`κ2 ‘ ¨ ¨ ¨ ‘Q`κn.

11.2 The `-adic Abel-Jacobi map

Suppose that π : A Ñ T is an abelian scheme over a smooth scheme over a field

F whose fibers are polarized abelian varieties. For a prime number ` not equal to

charpF q, the `-adic Abel-Jacobi map agrees with the association

ApT q Ñ H1
étpT,R

1π˚Z`p1qq, x ÞÑ κx.
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Lemma 11.2.1 ([20, 12.2]). If π : A Ñ T is a family of polarized abelian varieties

over a noetherian scheme T , then the kernel of the `-adic Abel-Jacobi map

ApT q Ñ H1
étpT,HZ`q

is the subgroup
Ş

n `
nApT q of `8-divisible points, where ` is not in char pT q.

Corollary 11.2.2 ([20, 12.3]). With notations as above, if the group ApT q of sections

of π : AÑ T is finitely generated, then the kernel of

ApT q Ñ H1
étpT,HQ`q

is finite.

Remark 11.2.3. By a generalization of the Mordell-Weil Theorem [36] by Néron, when

T is a geometrically connected smooth variety over a field that is finitely generated

over its prime subfield, ApT q is finitely generated. This is the case, for example, for

the universal curve Cg,n{Fq r`ms ÑMg,n{Fq r`
ms.

Applying this result to the relative Jacobian π : JC{T Ñ T associated to the

family of curves f : C Ñ T , where T is a geometrically connected smooth variety

over a field F .

Corollary 11.2.4 ([20, 12.4]). Assume that the group of sections JC{T pT q of π :

JC{T Ñ T is finitely generated. If x and y are sections of f : C Ñ T and κx “ κy,

then x´ y is torsion in JC{T pT q.

Proof. Recall that the classes κx and κy are the images of p2g ´ 2qx ´ ωC{T and

p2g ´ 2qy ´ ωC{T , respectively. That κx “ κy implies that p2g ´ 2qpx ´ yq lies in

the kernel of the map JC{T pT q Ñ H1
étpT,HQ`q. By Corollary 11.2.2, the divisor

p2g ´ 2qpx´ yq is torsion.
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11.3 The image of κj in HomGSppHqpH1pu
geom
g,n q, Hq

Proposition 6.12.1 implies that there is a natural isomorphism

H1
étpMg,n{Q̄pr`

m
s,HQ`q – HomGSppHqpH1pu

geom
g,n q, HQ`q.

We can explicitly describe the image of the class κx in HomGSppHqpH1pu
geom
g,n q, HQ`q.

Denote the GSppHq-equivariant projection Λ3
1H Ñ H by h. This projection is

induced by twisting the projection Λ3H Ñ Hp1q :

x^ y ^ z ÞÑ θpx, yqz ` θpy, zqx` θpz, xqy.

Denote the GSppHq-equivariant homomorphism Λ3
nH Ñ H

Λ3
nH Ñ

`

Λ3
1H

˘n prj
Ñ Λ3

1H
h
Ñ H

by hj.

Proposition 11.3.1 ([20, 12.5 & 12.6],[22, 6.5]). If g ě 3 and n ě 1, for each

j “ 1, . . . , n, the GSppHq-equivariant homomorphism

H1pu
geom
g,n q – GrW´1 u

geom
g,n – Λ3

nH
2hj
Ñ H

corresponds to the class κj under the isomorphism

H1
étpMg,n{Q̄pr`

m
s,HQ`q – HomGSppHqpH1pu

geom
g,n q, Hq.

Fixing an isomorphism π1pMg,n{Zur
p
r`ms, η̄q – π1pMg,n{Zur

p
r`ms, ξ̄q determines the

isomorphisms pHQ`qη – pHQ`qξ̄ and ugeom
MQ̄p r`

ms
– ugeom

MF̄p r`
ms

that make the diagram

H1
ét

`

MQ̄pr`
ms, HQ`

˘

��

// HomGSppHq

´

H1

´

ugeom
MQ̄p r`

ms

¯

, pHQ`qη

¯

��

H1
ét

`

MF̄pr`
ms, HQ`

˘

// HomGSppHq

´

H1

´

ugeom
MF̄p r`

ms

¯

, pHQ`qξ̄

¯

commute. Hence we have
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Corollary 11.3.2. If g ě 3 and n ě 1, for each j “ 1, . . . , n, the GSppHq-

equivariant homomorphism 2hj corresponds to the class κj under the isomorphism

H1
étpMg,n{F̄pr`

m
s,HQ`q – HomGSppHqpH1pu

geom
g,n q, Hq.

Remark 11.3.3. The GSppHq-equivariant projection

Λ3
nH “ Λ3

0H ‘H1 ‘ ¨ ¨ ¨ ‘Hn Ñ Hj

onto the jth copy of H is equal to hj{pg´1q and corresponds to the class κj{p2g´2q

under this isomorphism.
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12

Generic Sections of Fundamental Groups

The content of this section should be well known to experts. However, because of

its key role in the proof of Theorem 2, we will give a brief introduction of the results

needed in the proof.

Suppose that S is the spectrum of an excellent henselian discrete valuation ring

R whose residue field k is a perfect field of characteristic p ě 0. Denote the fraction

field of R by K. Fix an algebraic closure K̄ of K. Suppose that π : X Ñ S is

a proper smooth morphism with geometrically connected fibers. Let x̄ and x̄1 be

geometric points of the fibers XK̄ and Xk̄, respectively. We also consider x̄ and x̄1

as geometric points of X via the morphisms j : XK̄ Ñ X and i : Xk̄ Ñ X induced

by base change. Fixing an isomorphism π1pX, x̄q – π1pX, x̄
1q gives the commutative

diagram p˚q

1 // π1pXK̄ , x̄q //

sp��

π1pXK , x̄q //

sp��

GK
//

��

1

1 // π1pXk̄, x̄
1q // π1pXk, x̄

1q // Gk
// 1

whose rows are exact and vertical maps are surjective. The surjective maps

π1pXK̄ , x̄
1
q Ñ π1pXk̄, x̄

1
q, π1pXK , x̄q Ñ π1pXk, x̄

1
q
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in the diagram are the specialization homomorphism defined in [14, SGA 1, X].

Denote the kernel of the natural map GK Ñ Gk by Ik. It is the Galois group of the

maximal unramified subextension Kur in K̄ of K. For a section s of π1pXK , x̄q Ñ GK ,

we define the ramification of s to be the map

rams “ sp ˝ s|Ik : Ik Ñ π1pXk̄, x̄
1
q.

This sits in the commutative diagram

1 // Ik //

rams��

GK
//

sp˝s��

Gk
// 1

1 // π1pXk̄, x̄
1q // π1pXk, x̄

1q // Gk
// 1.

From this, we see that ramab
s : Iab

k Ñ π1pXk̄, x̄
1qab is a Gk-equivariant map and that

when rams is trivial, the section s induces a section s0 of π1pXk, x̄
1q Ñ Gk. A section

s with trivial rams is called unramified. A section of π1pXKq Ñ GK induced by a

rational point in XKpKq is unramified.

Now, suppose that ` is a prime number distinct from charpkq “ p. Pushing out

the diagram p˚q along the surjection π1pXk̄q Ñ π1pXk̄q
p`q, we obtain the commutative

diagram

1 // π1pXK̄ , x̄q
p`q //

spp`q��

π11pXK , x̄q //

sp1
��

GK

s1oo
//

��

1

1 // π1pXk̄, x̄
1qp`q // π11pXk, x̄

1q // Gk
// 1.

The restriction of the composite sp1 ˝ s1 to Ik induces the map

ramp`q
s : Z`p1q Ñ π1pXk̄q

p`q.

Proposition 12.0.4 ([44, Prop. 91]). With the same notation as in above, suppose

that the fibers of π : X Ñ S are curves and that the residue field k of S is finitely

generated over its prime subfield. Then ramspIkq is a free pro-p group. In particular,

ram
p`q
s is trivial and each section of π1pXkq Ñ GK induces a section of π11pXkq Ñ Gk.
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Proof. If ramspIkq is nontrivial, then we may find an open subgroup N of π1pXk̄q

such that

ramspIkq Ă N, and ramspIkq Ć rN,N s,

where rN,N s denotes the closure of rN,N s in π1pXk̄q. The subgroup N corresponds

to a finite étale cover of Xk̄. Since N is the intersection of an open subgroup of

π1pXq with π1pXk̄q, we may replace Xk̄ and X with appropriate finite étale covers to

reduce to the case where N “ π1pXk̄q. Suppose ramspIkq has a finite quotient that

is an ` group. Then rams induces a nontrivial Gk-equivariant map

ramp`q,ab
s : Z`p1q Ñ π1pXk̄q

p`q,ab.

This contradicts the Frobenius weights in étale cohomology. Therefore, if p “ 0,

rams is unramified, and otherwise ramspIkq is a pro-p group. Furthermore, the p-

cohomological dimension of π1pXk̄q is ď 1, which implies that cdppramspIkqq ď 1 and

hence ramspIkq is a free pro-p group.

Suppose that f : C Ñ T is a family of curves over an irreducible regular scheme

T of finite type over a field F . Let L be the function field of T and ` a prime number

distinct from charpF q. Let η̄ be a geometric generic point of C. The image of η̄ in T

is a geometric generic point of T . In the following, fundamental groups are defined

by using this choice of base points.

Proposition 12.0.5. Each section of π1pCLq Ñ GL induces a pro-` section of

π1pCq Ñ π1pT q. Consequently, there is a bijection between the set of conjugacy

classes of pro-` sections of π1pCLq Ñ GL and that of π1pCq Ñ π1pT q.

Proof. Each section s of π1pCLq Ñ GL comes from the projective system of sections

lim
ÐÝi

Ui Ñ π1pCUiq, where each Ui is a complement of finitely many prime divisors of

T . Thus it will be enough to show that for each open subscheme U of T that is a
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complement of a prime divisor, each section s of π1pCUq Ñ π1pUq induces a pro-`

section of π1pCq Ñ π1pT q. Let Y be a prime divisor of T and U its complement in T .

Let R be the henselization of the local ring of T at Y . Then R is an excellent henselian

discrete valuation ring. Denote the fraction field of R by K and the residue field by

k. We see that the fiber product SpecR ˆT U is isomorphic to SpecK. We claim

that the image of the inertia group Ik in π1pUq is equal to the kernel of the canonical

surjection π1pUq Ñ π1pT q. Clearly, the image of Ik is contained in the kernel. Let

H be an open subgroup of π1pUq containing the image of Ik. Then the preimage

N in GK of H under the homomorphism GK Ñ π1pUq is an open subgroup of GK

containing Ik. Since Ik is the kernel of the canonical surjection GK Ñ π1pSpecRq,

the image N 1 of N in π1pSpecRq is an open subgroup of π1pSpecRq whose preimage

in GK is N . Its corresponding finite étale cover of SpecR pulls back to the finite

étale cover of K that corresponds to the subgroup N . Let X be the finite étale

cover of U corresponding to H. Let T 1 be the normalization of T with respect to

X. Then ν : T 1 Ñ T is finite and the pullback of ν to U is just X Ñ U . Pulling

back ν along the canonical morphism SpecR Ñ T , we obtain a finite morphism

ν 1 : T 2 Ñ SpecR, where T 2 is a normal scheme. We may choose the component Q

of T 2 whose fundamental group has the image in π1pSpecRq equal to N 1. Let W be

the finite étale cover of SpecR corresponding to N 1. Then Q and W are isomorphic

to each other over the generic point of SpecR. Pulling back W along the morphism

Q Ñ SpecR, we obtain a finite étale cover Q1 of Q that admits a section j. The

composite

Q
j
Ñ Q1 Ñ W

is a finite birational morphism of integral normal schemes and thus is an isomorphism.

Therefore, Q is unramified over the closed point of SpecR, which implies that T 1 is

unramified over the generic point of Y . By Zariski-Nagata [14, SGA 1 X Thm. 3.1],
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T 1 is unramified over whole T . Since T 1 pulls back to X, it follows that H contains

the kernel of π1pUq Ñ π1pT q, whence our claim holds.

Now, each section s of π1pCUq Ñ πpUq induces a section sK of π1pCKq Ñ K. The

above claim and the fact that ram
p`q
sK is unramified imply that the section s descends

to a pro-` section of π1pCq Ñ π1pT q.
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13

The Proof of Theorem 1 and 2

Lemma 13.0.6. If g ě 3 and n ě 1, there is no GSppHq-equivariant homomorphism

GrW‚ ugeom
g,n {W´3 Ñ GrW‚ ugeom

g,2 {W´3

that induces the map pv;u1, . . . , unq ÞÑ pv;u1, u1q on GrW´1.

Proof. If u P H, denote by upjq the corresponding element in the jth copy of H in

GrW´1 u
geom
g,n “ Λ3

0H ‘H1 ‘ ¨ ¨ ¨ ‘Hn.

Fix a symplectic basis a1, b1, . . . , ag, bg for H and pu ¨ vq denotes the intersection

number of u and v Suppose that such a homomorphism φ exists. Recall that, for a

positive integer m, we have

GrW´2 u
geom
g,m “ H‘ ‘

à

1ďiăjďm

Q`p1qij ‘
m
à

j“1

Λ2
0Hj,

where Q`p1qij is spanned by
řg
k“1ra

piq
k , b

pjq
k s. Denote the element

řg
k“1ra

piq
k , b

pjq
k s in

GrW´2 u
geom
g,m by Θij. We claim first that φ vanishes on the Q`p1q component. For any
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i ă j and u, v P H, the bracket rupiq, vpjqs is computed in [18, §12] and is given by

rupiq, vpjqs “
pu ¨ vq

g

g
ÿ

k“1

ra
piq
k , b

pjq
k s in GrW´2 u

geom
g,m .

For 1 ă j, we have φpvpjqq “ p0, 0q in GrW´1u
geom
g,2 , and hence rφpupiqq, φpvpjqqs “ 0.

Since φ is a homomorphism, it follows that φpΘijq “ 0, and therefore φ vanishes on

Q`p1qij for all 1 ď i ă j ď n.

Next, we will compute
řg
k“1rφpa

p1q
k q, φpb

p1q
k qs in GrW´2 u

geom
g,2 . Denote the element

řg
k“1ra

piq
k , b

piq
k s in GrW´2 u

geom
g,m by Θi. Theorem 12.6 in [18] implies that we have

φpΘ1q “

g
ÿ

k“1

rφpa
p1q
k q, φpb

p1q
k qs “

g
ÿ

k“1

ra
p1q
k ` a

p2q
k , b

p1q
k ` b

p2q
k s

“

g
ÿ

k“1

ˆ

ra
p1q
k , b

p1q
k s ` ra

p2q
k , b

p2q
k s `

2

g
Θ12

˙

“ pΘ1 `Θ2 ` 2Θ12q in GrW´2 u
geom
g,2 .

But one has the relation [18, Thm. 12.6]

Θi `
1

g

ÿ

j ­“i

Θij “ 0, for 1 ď i ď m,

in GrW´2 u
geom
g,m , so in GrW´2 u

geom
g,2

φpΘ1q “ Θ1 `Θ2 ` 2Θ12 “
´1

g
Θ12 `

´1

g
Θ12 ` 2Θ12 “

2g ´ 2

g
Θ12 ­“ 0.

Therefore we have reach a contradiction.

Recall that p is a prime number, ` is a prime number distinct from p, and m is a

nonnegative integer.

Proposition 13.0.7. Suppose that g ě 3, n ě 1, and `m ě 3. If x is a section of the

universal curve Cg,n{F̄pr`ms ÑMg,n{F̄pr`
ms and κx “ κj, then x is the jth tautological

point xj.
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Proof. Without loss of generality, we may assume that j “ 1. The section x is

defined over some finite extension Fq of Fp, which we may assume to contain a `mth

root of unity µ`mpF̄pq. Thus we consider x as a section of Cg,n{Fq r`ms ÑMg,n{Fq r`
ms.

Denote the relative Jacobian of Cg,n{Fq r`ms ÑMg,n{Fq r`
ms by J . By Corollary 11.2.4,

rx ´ x1s is a torsion in JpMFq r`
msq. Denote this torsion by t. If t “ 0, then, since

g ě 3, x “ x1. If t ­“ 0, then the sections x and x1 are disjoint, and hence they

induce the morphism

Mg,n{Fq r`
m
s ÑMg,2{Fq r`

m
s y ÞÑ pCy;x1pyq, xpyqq,

where Cy is the fiber at y of Cg,n{Fq r`ms ÑMg,n{Fq r`
ms. By Corollary 11.3.2, κx “ κ1

implies that the induced GSppHq-equivariant homomorphism

φ : GrW´1 u
geom
g,n “ Λ3

0H ‘H1 ‘ ¨ ¨ ¨ ‘Hn Ñ GrW´1 u
geom
g,2 “ Λ3

0H ‘H1 ‘H2

is given by

pv;u1, . . . , unq ÞÑ pv;u1, u1q.

This is impossible by Lemma 13.0.6. Thus t “ 0, and we are done.

Proof of Theorem 1. It is enough to show for the case `m ě 3. The valuative cri-

terion of properness and the normality of Mg,n{F̄pr`
ms implies that each K-rational

point of Cg,n{F̄pr`ms gives a unique section of the universal curve. Hence we have

Cg,n{F̄pr`mspKq “ Cg,n{F̄pr`mspMg,n{F̄pr`
msq. Let x be a section of Cg,n{F̄pr`ms Ñ

Mg,n{F̄pr`
ms. The section x induces a section sx of εn : dg,n`1 Ñ dg,n. By Corol-

lary 10.4.5, we have sx “ sj for some j P t1, . . . , nu. Recall that sj is the section of

εn induced by the jth tautological point. Corollary 11.3.2 implies that κx “ κj and

thus we have x “ xj by Proposition 13.0.7.

Proof of Theorem 2. Suppose that there is a section s of π1pC, x̄q Ñ GL. By Corol-

lary 12.0.5, the section s induces a pro-` section sp`q of

1 Ñ π1pCη̄, x̄q
p`q
Ñ π11pCFq r`ms, x̄q Ñ π1pMFq r`

m
s, η̄q Ñ 1,
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which induces a GSppHq-equivariant section of ε0 : dg,1 Ñ dg,0. By Proposition

10.4.6, there is no GSppHq-equivariant section of ε0 that come from the projection

π11pCFq r`ms, x̄q Ñ π1pMFq r`
ms, η̄q. Therefore, there is no section of π1pC, x̄q Ñ GL.
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Appendix A

Weighted Completion of The Hyperelliptic
Mapping Class Groups

In this chapter, we introduce the hyperelliptic mapping class groups and their weighted

completions with respect to their natural monodromy representations. We will in-

troduce the 3-step nilpotent Lie algebra bg,n associated to the completion. This is

the hyperelliptic analogue of the 2-step nilpotent Lie algebra dg,n described in 10.4.

In this chapter, we will show that the geometric sections of βn : bg,n`1 Ñ bg,n are

exactly ones that come from the tautological sections of the universal hyperelliptic

curve and their hyperelliptic conjugates. Also, the technical result used here can be

used to improve the result for the sections of εn : d3,n`1 Ñ d3,n. More precisely, the

zero section ζn of εn cannot come from a section of Grw‚ u
geom
Cg,n {W´5 Ñ GrW‚ ugeom

g,n {W´5.

A.1 Hyperelliptic mapping class groups

Suppose that σg is a compact oriented surface of genus g ě 2. Let Γg be the

mapping class group of the surface Σg. Recall that it is the group of isotopy classes

of orientation preserving diffeomorphisms of Σg. Fix a hyperelliptic involution σ :
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Σg Ñ Σg, which is an orientation-preserving diffeomorphism of S of order 2 with

2g`2 fixed points. Such a diffeomorphism is unique up to isotopy. The hyperelliptic

mapping class group ∆g is defined to be the centralizer of σ in Γg:

∆g :“ tφ P Γg|φσφ
´1
“ σu.

Define ∆g,n to be the fiber product

∆g,n :“ Γg,n ˆΓg ∆g,

where Γg,n is the mapping class group of type pg, nq and Γg,n Ñ Γg is the natural

projection obtained by forgetting the n marked points.

Define also ∆g,1w to be the subgroup of elements of ∆g that fixes a specific Weierstrass

point. More precisely, define ∆g,1w as follows. Denote the set of the Weierstrass points

of Σg by W . Then there is an exact sequence of groups

1 Ñ ∆gr2s Ñ ∆g Ñ AutpW q Ñ 1,

where ∆gr2s is the level 2 subgroup of ∆g and the map ∆g Ñ AutpW q is obtained by

the action of ∆g on W . Fixing a Weierstrass point p, we have the stabilizer subgroup

AutpW qp of AutpW q. Define ∆g,1w to be the pullback of AutpW qp along the map

∆g Ñ AutpW q: there is a commutative diagram

1 // ∆gr2s // ∆g,1w
//

��

AutpW qp //

��

1

1 // ∆gr2s // ∆g
// AutpW q // 1,

where rows are exact.

A.2 Moduli stacks of smooth hyperelliptic curves

Assume that k is a field of characteristic zero. Denote the moduli functor of smooth

hyperelliptic curves over k by Hg. It is a contravariant functor from the category of

115



k-schemes to the category of sets:

Hg{k : Sch{k Ñ Set

which assigns to each k-scheme T the set of isomorphism classes of families of smooth

hyperelliptic curves of genus g:

Hg{kpT q “ tC Ñ T family of smooth hyperelliptic curves of genus gu{ – .

It was shown by Arsie and Vistoli [4] that Hg{k is a Deligne-Mumford stack that is

isomorphic to a quotient stack:

Hg{k – rAsmp2, 2g ` 2q{pGL2{µg`1qs,

where Asm is the space of homogeneous smooth forms of degree 2g ` 2 in 2 indeter-

minates and GL2 acts by A ¨ fpxq “ fpA´1xq. It is an irreducible smooth algebraic

stack of finite type over Spec k of dimension 2g ´ 1. It is a closed substack of the

moduli stackMg{k of smooth curves of genus g over k. Define Hg,n{k to be the fiber

product

Hg,n{k “Mg,n{k ˆMg{k
Hg{k.

Denote the universal curve over Hg,n by CH,g,n Ñ Hg,n. It is the pullback of Cg,n Ñ

Mg,n to Hg,n.

Variant A.2.1. DefineHg,1w{k̄ to be the finite cover of the stackHg{k̄ that corresponds

to the finite quotient ∆g{∆g,1w . The moduli stack Hg{k̄r2s of smooth hyperelliptic

curves with abelian level 2 factors through the cover Hg,1w{k̄:

Hg{k̄r2s

��
Hg,1w{k̄

��
Hg{k̄
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Variant A.2.2. Denote the n-th power of the universal curve Mg{k by Cng{k and the

n-th power of the universal hyperelliptic curve over Hg{k by CnH,g{k. By convention,

we set C0
g{k “Mg{k and C1

g{k “Mg,1{k. Note thatMg,n{k is an open substack of Cng{k
and that Hg,n{k is an open substack of CnH,g{k. We have the following fiber product

diagram

Hg,n{k
//

��

CnH,g{k //

��

Hg{k

��
Mg,n{k

// Cng{k //Mg{k.

Forgetting the first component of Cn`1
g{k gives a curve π : Cn`1

g{k Ñ Cng{k. Pulling back

π to Mg,n{k, we obtain the universal curve Cg,n{k of type pg, nq over Mg,n{k, which

pulls back to the universal hyperelliptic curve CH,g,n{k of type pg, nq over Hg,n{k.

A.3 Fundamental groups π1pHg,n{kq and their natural monodromy
representations

In this section, assume that k is an algebraic number field or a finite extension of

the p-adic number Qp with some prime number p. By the comparison theorem [38],

we have a unique conjugacy class of isomorphisms

π1pHg,n{k̄q – πorb
1 pHan

g,nqp– p∆g,nqp,

where Han
g,n denotes the associated analytic stack and p denotes profinite completion.

Let η̄ : Spec Ω Ñ Hg,n{k̄ be a geometric point of Hg,n{k̄. We regard x̄ as a geometric

point ofHg,n{k via the natural morphismHg,n{k̄ Ñ Hg,n{k. The algebraic fundamental

group π1pHg,n{k, η̄q sits in the exact sequence of algebraic fundamental groups

1 Ñ π1pHg,n{k̄, η̄q Ñ π1pHg,n{k, η̄q Ñ Galpk̄{kq Ñ 1.

Let ` ­“ p. For A “ Z` or A “ Q`, set HA “ H1
étpCη̄, Ap1qq, where Cη̄ is the fiber of
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the universal curve over the geometric point η̄. The étale cohomology group HA is

equipped with a nondegenerate alternating form θ : HA b HA Ñ Ap1q. There is a

natural monodromy representation ρ : π1pHg,n{k̄, η̄q Ñ SppHZ`q that comes from the

action of ∆g on the surface Σg. It follows from the result of A’Campo [1] that the

image of ρgeom in SppHZ`q contains a finite-index subgroup and hence that ρgeom has

a Zariski-dense image in SppHQ`q. The natural monodromy action of π1pHg,n{k, η̄q

on HQ` gives a homomorphism

ρ : π1pHg,n{k, η̄q Ñ GSppHQ`q

that fits in the commutative diagram

1 // π1pHg,n{k̄, η̄q //

ρgeom

��

π1pHg,n{k, η̄q //

ρ

��

Galpk̄{kq //

χ`

��

1

1 // SppHQ`q
// GSppHQ`q

// Gm{Q`
// 1,

where χ` is the `-adic cyclotomic character. The Zariski density of ρgeom and χ`

implies that ρ also has a Zariski-dense image.

A.4 The hyperelliptic Johnson homomorphism and Dehn twists

In this section, we briefly introduce the hyperelliptic analogue of the Johnson ho-

momorphism. The detail of the construction of the hyperelliptic Johnson homomor-

phism can be found in Spivey’s thesis [42]. First we recall the Johnson homomor-

phism. Let Π be the topological fundamental group πtop
1 pΣg, ˚q of the surface Σg.

Denote the lower central series of Π by L‚Π:

L1Π “ Π and LkΠ “ rLk´1Π,Πs for k ě 2.

Let GrmL Π :“ LmΠ{Lm`1Π for each m ě 1. Each GrmL Π is a torsion-free SppHq-

module. Let H “ H1pΣg,Zq equipped with the standard symplectic basis,

a1, b1, . . . , ag, bg

118



and the intersection paring θ : H b H Ñ Z. The form θ is a nondegenerate skew-

symmetric bilinear form. We may regard θ as an element of Λ2H via the isomorphism

H – H˚ induced by θ. We have θ “
řg
i“1 ai ^ bi. Then there is an isomorphism

Gr2
L Π – Λ2H{xθy. Note that the mapping class group Γg,1 acts on Π and there is an

exact sequence of Γg,1-groups

1 Ñ Gr2
L Π Ñ Π{L3Π Ñ Gr1

L Π Ñ 1

Identifying Gr1
L Π – H and Gr2

L Π – Λ2H{xθy, this exact sequence can be rewritten

as

1 Ñ Λ2H{xθy Ñ Π{L3Π Ñ H Ñ 1.

Recall that the Torelli group Tg,1 is the kernel of the natural representation Γg,1 Ñ

SppHq. Then the Johnson homomorphism

τ : Tg,1 Ñ HompH,Λ2H{xθyq

is defined as follows. For u P H, let ũ be a lift of u in Π{L3Π. For an element φ P Tg,1,

the element φpũqũ´1 lies in Λ2H{xθy, since φ acts trivially on H by definition. The

Johnson homomorphism τ is defined to be the map u ÞÑ φpũqũ´1. It can be easily

checked that τpφq is independent of the choice of the life ũ of u. Johnson showed in

[27, 28] that im τ “ Λ3H for g ě 2 and H1pTg,1,Zq b Zr1
2
s “ Λ3H b Zr1

2
s for g ě 3.

The hyperelliptic Torelli group T∆g is defined to be the intersection of Tg and

∆g in Γg, or equivalently the kernel of the natural representation ∆g Ñ SppHq.

Since T∆g fixes each Weierstrass point, T∆g is a subgroup of ∆g,1w . Furthermore,

it is easy to see that T∆g coincides with the kernel of the natural representation

∆g,1w Ñ SppHq. A construction similar to one for the Johnson homomorphism gives

a ∆g,1w-equivariant homomorphism

ω : T∆g Ñ HompH,Λ2H{xθyq.
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However, this homomorphism is trivial, since the hyperelliptic involution σ acts

trivially on T∆g, while it acts as ´ id on HompH,Λ2H{xθyq. Thus this suggests that

we consider the next graded quotient Gr3
L Π and the exact sequence of ∆g,1w-groups

1 Ñ Gr3
L Π Ñ Π{L4Π Ñ Π{L3Π Ñ 1.

The triviality of the homomorphism ω implies that T∆g acts trivially on Π{L3Π.

Thus the same construction for the Johnson homomorphism gives a ∆g,1w-equivariant

homomorphism

τhyp : T∆g Ñ HompΠ{L3Π,Gr3
L Πq.

Since Gr3
L Π is abelian and the abelianization of Π{L3Π is Gr1

L Π “ H, we have

HompΠ{L3Π,Gr3
L Πq “ HompH,Gr3

L Πq.

This ∆g,1w-equivariant homomorphism

τhyp : T∆g Ñ HompH,Gr3
L Πq

is defined to be the hyperelliptic Johnson homomorphism. Note that the restriction

of τhyp to the kernel N of τhyp induces a homomorphism

τhyp
2 : N Ñ HompH,Gr5

L Πq.

More generally, if Nj is the kernel of the homomorphism ∆g Ñ AutpΠ{L2jΠq, then

there is a homomorphism

τhyp
j : Nj Ñ HompH,Gr2j`1

L Πq.

Note that N1 “ T∆g.

A.4.1 The image of a Dehn twist under τhyp

In this section, set H “ H1pΣg,Qq. For each j “ 1, . . . , g´1, let Cj be the separating

simple closed curve in Σg shown in the figure below. Then Σ ´ Ci is the disjoint
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C1
C2

C3
Cg´2

Cg´1

Figure A.1: The surface Σg with the separating curves Cj for j “ 1, . . . , g ´ 1

union of two components S 1j and S2j with boundary curve Cj. Let θ1j “
řj
i“1 ai ^ bi

and θ2j “
řg
i“j`1 ai ^ bi. Note that θ “ θ1j ` θ2j . Let LpHq be the free Lie algebra

generated by H. Denote the lower central series of LpHq by L‚LpHq. It is graded

by bracket length:

LpHq “
à

n

GrnL LpHq,

where GrnL LpHq “ LnLpHq{Ln`1LpHq. There is an isomorphism of graded Lie

algebras

Gr‚L ΠbQ – LpHq{xθy.

In low degree, we have

Gr1
L ΠbQ “ L1pHq “ H, Gr2

L ΠbQ “ L2pHq{xθy, and Gr3
L ΠbQ “ L3pHq{rθ,Hs.

Denote the Lie algebra L{xθy by p. Define φ : Sym2Λ2H Ñ HompH,L3pHq{rθ,Hsq

by

pu1 ^ v1q ¨ pu2 ^ v2q ÞÑ

´

x ÞÑ
1

2
tθpu1, xqrv1, ru2, v2ss ´ θpv1, xqru1.ru2, v2ss

` θpu2, xqrv2, ru1, v1ss ´ θpv2, xqru2, ru1, v1ssu

¯

It is easy to see that φ is a SppHq-equivariant homomorphism.

Lemma A.4.1. For I Ă t1, . . . , gu, set θI “
ř

iPI ai ^ bi, HI “ Spanxai, bi|i P Iy,

and Hc
I “ Spanxai, bi|i R Iy. Then we have

φpθ2
I q : x ÞÑ

"

0 x P Hc
I

rx, θIs x P HI
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Proof. A simple computation suffices.

Let ωj be the isotopy class of the Dehn twist around Cj. For simplicity, fix a

Weierstrass point p in S 11. Note that each ωj is an element in T∆g. In order to

compute τhyppωjq, we need to compute the action of ω on π1pΣg, pq, first. We do this

by computing the action of ωj on the standard generating set of π1pΣg, xq consisting

of the classes γ2i´1, γ2i based at x for i “ 1, . . . , g:

¨ ¨ ¨

γ1

γ2

γ2i´1

γ2g´1

γ2i
γ2g

p
¨ ¨ ¨

Figure A.2: The surface Σg with the standard generators γ2i´1 and γ2i for i “
1, . . . , g

Proposition A.4.2. With notation as above, we have

τhyp
pωjq “ φppθ2j q

2
q : x ÞÑ

"

0 x P Hc
I

rx, θ2j s x P HI

where I “ tj ` 1, . . . , gu.

Proof. Since the classes γi for i ď 2j do not intersect with Cj, we have ωjpγiq “ γi

for i ď 2j. Now, fix a point yj on Cj and a path ρj from x to yj. Considering Cj

as a loop based at yj, the composition ρjCjρ
´1
j is a loop based at x. Note that the

homotopy class of ρjCjρ
´1
j is equal to the class

prγ1, γ2s ¨ ¨ ¨ rγ2j´1, γ2jsq
´1
P π1pΣg, xq.
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For i ą 2j, we have

ωjpγiq “ prγ1, γ2s ¨ ¨ ¨ rγ2j´1, γ2jsq γi prγ1, γ2s ¨ ¨ ¨ rγ2j´1, γ2jsq
´1

“

«

j
ź

k“1

rγ2k´1, γ2ks, γi

ff

γi,

which shows that

ωjpγiqγ
´1
i P L3Π.

Reducing mod L4Π, we obtain the class

«

j
ÿ

k“1

ru2k´1, u2ks, ui

ff

P Gr3
L Π “ L3pHq{rθ,Hs,

where u2k´1 “ ak and u2k “ bk for each k “ 1, . . . , g. Since
řj
k“1ru2k´1, u2ks “ θ1j

and θ1j ` θ
2
j “ θ, we can express

«

j
ÿ

k“1

ru2k´1, u2ks, ui

ff

“ rθ1j, uis “ rui, θ
2
j s in L3pHq{rθ,Hs.

The ui with i ą 2j form a basis for HI , and so we have

τhyp
pωjqpxq “ rx, θ

2
j s if x P HI

. It is clear that we have

τhyp
pωjqpxq “ 0 if x P Hc

I .

A.4.2 The derivation Lie algebras DerLpHq and Der p

Note that the derivation Lie algebra DerLpHq “ HompH,LpHqq. Since LpHq “

Gr‚L LpHq, we have

DerLpHq “
à

n

Dern LpHq,
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where Dern LpHq “ HompH,Grn`1
L LpHqq for each n. Similarly, note that Der p “

Der Gr‚L p and that Gr‚L Der p “ Der Gr‚L p. It is easy to see that Dern p :“ GrnL Der p

is an SppHq-submodule of HompH,Grn`1
L pq.

Proposition A.4.3. For each n ě 1, there is an exact sequence of SppHq-modules

0 Ñ Dern pÑ HompH,Grn`1
L pq Ñ Grn`2

L pÑ 0.

Proof. Each homomorphism δ P HompH,Grn`1
L pq induces a derivation δ̃ of the free

Lie algebra LpHq by regarding Grn`1
L p as an SppHq-submodule of Grn`1

L LpHq. We

have a decomposition

Gr2
L LpHq “ Gr2

L p‘Qθ.

Denote by Dpδq the image in Grn`2
L p of the element δ̃pθq under the surjection

Gr‚L LpHq Ñ Gr‚L p. It is clear that δ induces a derivation of p if and only if Dpδq “ 0.

The association δ ÞÑ Dpδq is easily seen to be a homomorphism and so we have

Dern p “ kerpD : HompH,Grn`1
L pq Ñ Grn`2

L pqq.

It remains to show that D is surjective. Consider the diagram

HompH,Grn`1
L pq

D //

��

Grn`2
L p

H bGrn`1
L p

r , s // Grn`2
L p,

where the left vertical map is induced by θ. Since a˚i “ ´θpbi, q and b˚i “ θpai, q,

via the isomorphism H – H˚ induced by θ, δ maps to the element

g
ÿ

i“1

ai b δpbiq ´ bi b δpaiq in H bGrn`1
L p.

Then this element maps to the element via the bracket

g
ÿ

i“1

rai, δpbiqs ´ rbi, δpaiqs “
g
ÿ

i“1

rδpaiq, bis ` rai, δpbiqs,
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which is equal to Dpδq. Thus it follows that D is surjective.

Corollary A.4.4. In the representation ring RpSppHqq, we have

Dern p “ H bGrn`1
L p´Grn`2

L p.

Let Hλ denote the isomorphism class of the irreducible SppHq-representation

that corresponds to a partition λ of a nonnegative integer n of 1 ď s ď g part:

λ1 ě λ2 ě ¨ ¨ ¨ ě λs. The Kabanov’s stability [29] gives the following result.

Proposition A.4.5. For all g ě 3, the irreducible decomposition of GrmL p when

1 ď m ď 4 is given by

Gr1
L p “ Hr1s;

Gr2
L p “ Hr12s;

Gr3
L p “ Hr2`1s;

Gr4
L p “ Hr2`12s `Hr2s `Hr3`1s.

Remark A.4.6. The above computation was done by the compute program LiE.

Together with the decomposition for each GrmL p, the following result can be easily

computed.

Corollary A.4.7. For all g ě 3, we have

Der1 p “ Hr13s `Hr1s;

Der2 p “ Hr22s `Hr12s;

Der3 p “ Hr3`12s `Hr2`1s `Hr3s.

It was shown in [6] that the graded Lie algebra p has the trivial center, and hence

we may regard p as a graded Lie ideal of Der p via the adjoint action. Denote the

quotient Der p{p by Out Der p.
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Proposition A.4.8. For all g ě 3, we have

Out Der1 p “ H13s;

Out Der2 p “ Hr22s;

Out Der3 p “ Hr3`12s `Hr3s.

The following lemma shows that τhyppωjq induces a derivation of p.

Lemma A.4.9. For I Ă t1, . . . , gu, φpθ2
I q lies in Der2 p, where θI “

ř

iPI ai^ bi.

A.4.3 The outer action of a commuting pair of Dehn twists

In this section, we will show that there is a pair of commuting pair of Dehn twists

such that the bracket of the outer part of the image of each of the Dehn twist under

the hyperelliptic Johnson homomorphism is a nontrivial inner derivation in Der4 p.

Proposition A.4.10. Assume g ě 3. The map φ : Sym2Λ2H Ñ HompH,Gr3
L pq

defined in A.4.1 induces a homomorphism

φ̃ : Sym2Λ2H{pΛ4H ‘Qq Ñ HompH,Gr3
L pq.

Proof. First note that the representation Λ4H sits inside Sym2Λ2H via the map

v1 ^ v2 ^ v3 ^ v4 ÞÑ pv1 ^ v2qpv3 ^ v4q ` pv1 ^ v3qpv4 ^ v2q ` pv1 ^ v4qpv2 ^ v3q.

The corresponding projection is given by

pu1 ^ u2qpu3 ^ u4q ÞÑ u1 ^ u2 ^ u3 ^ u4.

A copy of the trivial representation Q sits inside Sym2Λ2H via the map

1 ÞÑ θ2.

Simple computations show that φpΛ4Hq “ 0 and φpθ2q “ 0. Thus φ induces an

SppHq-homomorphism

φ̃ : Sym2Λ2H{pΛ4H ‘Qq Ñ HompH,Gr3
L pq.
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Remark A.4.11. In fact, the map φ̃ is an isomorphism onto Der p.

In order to separate the Hr22s component from Sym2Λ2H, we need a projection

onto a copy of Hr12s that is not contained in the submodule Λ4H Ă Sym2Λ2H. Note

that a copy of Λ2H sits inside Λ4H via the map

u^ v ÞÑ u^ v ^ θ.

The other copy of Λ2H sits inside Sym2Λ2H via the map

u^ v ÞÑ pu^ vq ¨ θ.

Define a map π : Sym2Λ2H Ñ Λ2H by

pu1 ^ v1qpu2 ^ v2q ÞÑ θpu1, v1qv2 ^ u2 ` θpv2, u2qu1 ^ v1

`
1

2
tθpu1, v2qv1^u2`θpv1, u2qu1^v2`θpu1, u2qv2^v1`θpv2, v1qu1^u2u.

One can easily check that π is an SppHq-homomorphism and vanishes on Λ4H as a

submodule of Sym2Λ2H.

Lemma A.4.12. Consider the irreducible SppHq-module Hr12s as the submodule of

Λ2H given by the kernel of the map u^ v ÞÑ θpu, vq. Then the composition

Hr12s

¨θ
Ñ Sym2Λ2H

π
Ñ Λ2H

is given by multiplication by ´g ´ 1. Also the composition

Qθ ¨θ
Ñ Sym2Λ2H

π
Ñ Λ2H

is given by multiplication by ´2g ´ 1.

Define SppHq-equivariant projections p1 : Λ2H Ñ Qθ by u ^ v ÞÑ θpu,vq
g
θ and

p2 : Λ2H Ñ Hr12s by u^ v ÞÑ u^ v ´ θpu,vq
g
θ. define p : Λ2H Ñ Sym2Λ2H by

u^ v ÞÑ

ˆ

1

´2g ´ 1
p¨θ ˝ p1q `

1

´g ´ 1
p¨θ ˝ p2q

˙

pu^ vq.
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Corollary A.4.13. We have π ˝ p “ id on Λ2H.

Corollary A.4.14. We have

Sym2Λ2H “ Λ4H ‘Hr22s ‘ Λ2H.

Proof. Since π is surjective, we have Sym2Λ2H “ kerπ ‘ Λ2H. We have seen that

π vanishes on Λ4H, and so ker π contains Λ4H. Since Λ2H does not contain a copy

of the irreducible representation Hr22s, Hr22s is contained in kerπ. We also observe

that the submodule Hr22s is not contained in Λ4H. Therefore, together with the

irreducible decomposition of Sym2Λ2H, we have

kerπ “ Λ4H ‘Hr22s.

For each vector pu1 ^ v1qpu2 ^ v2q P Sym2Λ2H, we can express uniquely

pu1 ^ v1qpu2 ^ v2q “ δ1 ` δ2 ` δ3,

where δ1, δ2, and δ3 are vectors of Λ4H, Hr22s, and Λ2H, respectively.

Lemma A.4.15. We have

δ1 ` δ2 “ pu1 ^ v1qpu2 ^ v2q ´ tθpu1, v1qppv2 ^ u2q ` θpv2, u2qppu1 ^ v1qu

´
1

2
tθpu1, v2qppv1^u2q` θpv1, u2qppu1^ v2q` θpu1, u2qppv2^ v1q` θpv2, v1qppu1, u2qu.

Now, we consider a specific pair of commuting Dehn twists on Σg. Consider the

separating simple closed curves C1 and Cg´1. Fix a Weierstrass point p in S21 XS
1
g´1:

Recall that the corresponding isotopy classes of the Dehn twists around C1 and Cg´1
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¨ ¨ ¨

C1 Cg´1

p

Figure A.3: The surface Σg with the separating curves C1 and Cg´1 and a fixed
Weierstrass point p.

are denoted by ω1 and ωg´1, respectively. By Proposition A.4.2, we have

τhyp
pω1q “ φppa1 ^ b1q

2
q,

and

τhyp
pωg´1q “ φppag ^ bgq

2
q.

Remark A.4.16. In order to apply Proposition A.4.2, one needs to adjust the result

according to the position of the fixed Weierstrass point on Σg.

Denote τhyppω1q and τhyppωg´1q by ω and ω̃. By Lemma A.4.9, ω and ω̃ lies in

Der2 p. Since Der2 p “ Hr22s `Hr12s, we can express ω and ω̃ as

ω “ ξr22s ` ξr12s,

and

ω̃ “ ξ̃r22s ` ξ̃r12s,

where ξr22s, ξ̃r22s are vectors in Hr22s and ξr12s, ξ̃r12s are vectors in Hr12s.

Theorem A.4.17. With notation as above, if g ě 3, then the vector rξr22s, ξ̃r22ss is a

nontrivial inner derivation in Der4 p.

Proof. The following diagram

T∆g

τhyp
1 //

r , s

��

Der2 p

r , s
��

N2

τhyp
2 // Der4 p
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commutes, where the left-hand vertical map is the map taking the commutator of

two elements and the right-hand vertical map is the bracket of the derivation Lie

algebra Der p. Since the Dehn twists ω1 and ωg´1 commute in T∆g being disjoint

from each other, it then follows that rω, ω̃s “ 0. Thus we have

0 “ rω, ω̃s

“ rξr22s ` ξr12s, ξ̃r22s ` ξ̃r12ss

“ rξr22s, ξ̃r22ss ` rξr22s, ξ̃r12ss ` rξr12s, ξ̃r22ss ` rξr12s, ξ̃r12ss,

which shows that the vector rξr22s, ξ̃r22ss is inner in Der p, since p is a Lie ideal in

Der p via the adjoint action. It remains to show that this vector is nontrivial. By

Corollary A.4.14, we can express pa1 ^ b1q
2 and pag ^ bgq

2 as

pa1 ^ b1q
2
“ δ1 ` δ2 ` δ3 in Λ4H ‘Hr22s ‘ Λ2H

and

pag ^ bgq
2
“ δ̃1 ` δ̃2 ` δ̃3 in Λ4H ‘Hr22s ‘ Λ2H.

Recall that the homomorphism φ : Sym2Λ2H Ñ HompH,L3pHq{rθ,Hsq vanishes on

Λ4H. Thus we have

φpδ2q “ ξr22s and φpδ3q “ ξr12s

and

φpδ̃2q “ ξ̃r22s and φpδ̃3q “ ξ̃r12s.

Using Lemma A.4.15, we obtain

δ1 ` δ2 “ pa1 ^ b1q
2
´

3

g ` 1
pa1 ^ b1q ¨ θ ` cθ

2

and

δ̃1 ` δ̃2 “ pag ^ bgq
2
´

3

g ` 1
pag ^ bgq ¨ θ ` c̃θ

2,
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where c and c̃ are some constants in Q. Since φ vanishes on Λ4H and Qθ2, we then

have

rξr22s, ξ̃r22ss “

„

φ

ˆ

pa1 ^ b1q
2
´

3

g ` 1
pa1 ^ b1q ¨ θ

˙

, φ

ˆ

pag ^ bgq
2
´

3

g ` 1
pag ^ bgq ¨ θ

˙

.

We evaluate this bracket on the vector a2 P H by using the diagrammatic description

for of DerLpHq (see [34] for the description). Then we have

rξr22s, ξ̃r22sspa2q “
9

pg ` 1q2

”

a2,
“

ra1, b1s, rag, bgs
‰

ı

P Gr5
L p.

This vector can be mapped to the highest vector of the irreducible representation

Hr3`12s appearing in Gr5
L p via the action of sp, where sp is the Lie algebra of SppHq,

and hence it is nonzero in p. Thus the vector rξr22s, ξ̃r22ss is a nonzero inner derivation

in Der p.

A.5 Relative and weighted completions of hyperelliptic mapping class
groups

Let k be an algebraic number field or a finite extension of Qp. Fix an algebraic

closure k̄ of k. Assume g ě 3. Let η̄ : Spec Ω Ñ Hg,n{k̄ be a geometric point of the

stack Hg,n{k̄. Let Cη̄ be the fiber of the universal curve over η̄. Denote by Dgeom
g,n the

relative completion of the algebraic fundamental group π1pHg,n{k̄, η̄q with respect to

the natural monodromy representation

ρgeom : π1pHg,n{k̄, η̄q Ñ π1pHg{k̄, η̄q Ñ SppHQ`q,

where HQ` “ H1
étpCη̄,Q`p1qq.

Denote the prounipotent radical of Dgeom
g,n by Vgeom

g,n and its Lie algebra by vgeom
g,n .

Denote the `-adic unipotent completion (see Appendix B for the definition) of π1pCη̄, x̄q

by P and its Lie algebra by p, where x̄ is a geometric point of Cη̄. When n “ 1, we
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have the exact sequence of pronilpotent Lie algebras

0 Ñ pÑ vgeom
g,1 Ñ vgeom

g Ñ 0.

Variant A.5.1. The universal curve over Hg,1w{k̄ induces a modular map

Ψ : Hg,1w{k̄ Ñ Hg,1{k̄

that makes the diagram

Hg,1w{k̄

##
Ψ

��
Hg,1{k̄

//Hg{k̄

commute. Let η̄ : Spec Ω Ñ Hg,1w{k̄ be a geometric point of Hg,1w{k̄. We regard η̄ as

geometric points of Hg,1{k̄ and Hg{k̄ as well. Denote by Dgeom
g,1w the relative completion

of π1pHg,1w{k̄, η̄q with respect to the natural monodromy representation

ρw : π1pHg,1w{k̄, η̄q Ñ π1pHg{k̄, η̄q Ñ SppHQ`q.

Denote the prounipotent radical of Dgeom
g,1w by Vgeom

g,1w and its Lie algebra by vgeom
g,1w . We

have the following diagram

vgeom
g,1w

##��
0 // p // vgeom

g,1
// vgeom
g

// 0.

Remark A.5.2. The monodromy representation ρw agrees with the one induced from

the profinite completion of the homomorphism ∆g,1w Ñ SppH1pΣg,Z`qq. Thus the

map ρw has a Zariski-dense image in SppHQ`q.

Denote by Dg,n and pDg,n, respectively, the weighted completions of π1pHg,n{k, η̄q

and π1pCnH,g{k, η̄q with respect to the monodromy representation

ρ : π1pHg,n{k̄, η̄q Ñ π1pCnH,g{k, η̄q Ñ π1pHg{k̄, η̄q Ñ GSppHQ`q
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and the central cocharacter ω : Gm Ñ GSppHQ`q defined by z ÞÑ z´1 id . Denote the

pronilpotent radicals of Dg,n and pDg,n by Vg,n and pVg,n, respectively, and their Lie

algebras by vg,n and pvg,n. When n “ 1, the sequence of Dg,1-modules

0 Ñ pÑ vg,1 Ñ vg Ñ 0

is exact and the diagram

vgeom
g,1w

##��
0 // p // vgeom

g,1

��

// vgeom
g

��

// 0

0 // p // vg,1 // vg // 0

commutes. As a Dg,1-module, the Lie algebra vg admits a natural weight filtration

W‚vg that satisfies the properties: W´1vg “ vg and the action of Dg,1 on each graded

quotient GrW´m vg :“ W´mvg{W´m´1vg factors through GSppHQ`q.

Proposition A.5.3. For g ě 2, each graded quotient GrW´2m´1 vg “ 0 for m ě 0.

Proof. Recall that there is an exact sequence

1 Ñ π1pHg{k̄, η̄q Ñ π1pHg{k, η̄q Ñ Galpk̄{kq Ñ 1.

Denote the groups π1pHg{k̄, η̄q, π1pHg{k, η̄q, and Galpk̄{kq by ∆geom, ∆, and Gk, re-

spectively. Let V be a geometrically nontrivial, irreducible representation of GSppHQ`q

(recall that an irreducible GSppHQ`q is geometrically irreducible if it is nontrivial

when restricted to SppHQ`q). The above exact sequence gives rise to a spectral se-

quence

Es,t
2 “ Hs

pGk, H
t
p∆geom, V qq ñ Hs`t

p∆, V q.

Thus there is an exact sequence

0 Ñ H1
pGk, H

0
p∆geom, V qq Ñ H1

p∆, V q
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Ñ H0
pGk, H

1
p∆geom, V qq Ñ H2

pGk, H
0
p∆geom, V qq.

Since ρgeom : ∆geom Ñ SppHQ`q has a Zariski-dense image, we have H0p∆geom, V q “ 0,

and hence we have an isomorphism H1p∆, V q – H1p∆geom, V qGk . Denote the relative

completion of ∆g with respect to the natural map ∆g Ñ SpgpQq :“ SppH1pΣg,Qqq by

Dg{Q. It is a proalgebraic Q-group that is an extension of SpgpQq by a prounipotent

Q-group Vg{Q. Note that we also view SpgpQq as an algebraic Q-group. Since the

hyperelliptic involution σ acts trivially on ∆g by conjugation, the induced action of

σ on Dg{Q is trivial, ans so is the action on Vgeom
g{Q . Now, if V is a finite dimensional

SpgpQq-representation, there is an isomorphism

HomSpgpQqpH1pVgeom
g{Q q, V q – H1

p∆g, V q.

Therefore, if σ acts on V as ´ id, then we see that H1p∆g, V q “ 0. By Base Change

Theorem [21, Thm. 3.4], there is an isomorphism Vgeom
g – Vgeom

g{Q b Q`. This implies

that there is an isomorphism

H1
p∆geom, V bQ`q – H1

p∆g, V q bQ`.

Suppose now that V is a finite-dimensional GSppHQ`q-representation of weight´2m´

1. Then when restricted to SppHQ`q, it is a quotient of Hbl
Q` with l odd, and thus the

hyperelliptic involution acts on V as ´ id. Hence we have H1p∆g, V q “ 0, and so

H1p∆geom, V q “ 0. Therefore, H1p∆, V q “ 0. Since there is an isomorphism

HomGSppHQ` q
pGrW´2m´1H1pvgq, V q – H1

p∆, V q,

we have GrW´2m´1H1pvgq “ 0. Since a pronilpotent Lie algebra n is generated by

H1pnq, it then follows that Gr´2m´1 vg “ 0 for m ě 0.

The following result is an immediate consequence of Tanaka’s computation [46].

Lemma A.5.4. If g ě 2, then GrW´2 vg does not contain a copy of Hr12s.
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Proof. We use the same notation as in the proof of Proposition A.5.3. Note that

there is an isomorphism

GrW´2 vg “ Grw´2H1pvgq,

since vg is generated by H1 and GrW´1H1pvgq “ 0. Tanaka’s computation [46] implies

that H1p∆geom, Hr12sq vanishes. Therefore, together with the isomorphism

HomGSppHQ` q
pGrW´2H1pvgq, Hr12sq – H1

p∆, Hr12sq,

the result follows.

Lemma A.5.5. For g ě 2, GrW´2 vg contains at least one copy of Hr22s.

Proof. This follows from the fact that the hyperelliptic Johnson homomorphism τhyp

factors through the composition of SppHQ`q-equivariant homomorphisms

H1pv
geom
g q Ñ GrW´2H1pvgq Ñ Der´2 p,

and the fact that the Hr22s-component of the image of τhyp is nontrivial.

Remark A.5.6. The Lie algebra p admits a natural weight filtration, and so does

Der p. Since the weight filtration of p coincides with its lower central series, we have

GrW´m p “ GrmL p for m ě 1. Thus, we have Der´m p “ Derm p.

A.6 The Lie algebras bg,n

The projection CnH,g{k Ñ Hg{k induces the exact sequence

1 Ñ
n
ź

j“1

π1pCη̄, x̄jq Ñ π1pCnH,g{k, η̄q Ñ π1pHg{k, η̄q Ñ 1,

where x̄j is the image of η̄ in Hg,1{k under the j-th projection map CnH,g{k Ñ Hg,1{k.

Denote the `-adic unipotent completion of π1pCη̄, x̄jq by pj. The pj are all naturally
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isomorphic and hence we denote each pj by p for simplicity. Taking the weighted com-

pletions of π1pCnH,g{k, η̄q and π1pHg{k, η̄q induces the exact sequence of pVg,n-modules

0 Ñ pn Ñ pvg,n Ñ pvg Ñ 0.

Therefore, we have

Proposition A.6.1. For g ě 2 and n ě 0, we have

GrW´1
pvg,n “ pGrW´1 pq

n;

GrW´2
pvg,n “ pGrW´2 pq

n
‘GrW´2 vg;

GrW´3
pvg,n “ pGrW´3 pq

n;

GrW´4
pvg,n “ pGrW´4 pq

n
‘GrW´4 vg.

Assume that g ě 2 and n ě 0. We define the Lie algebra bg,n to be

bg,n “ pvg,n{W´4pvg,n

Proposition A.6.2. Suppose that g ě 2. Each section of the universal hyperellip-

tic curve CH,g,n{k Ñ Hg,n{k induces a well-defined GSppHQ`q-equivariant Lie algebra

section of βn : bg,n`1 Ñ bg,n.

Proof. The fiber product diagram

CH,g,n{k //

��

Cn`1
H,g{k

��
Hg,n{k

// CnH,g{k

induces the following commutative diagram of DH,g,n-modules

0 // p //
pvg,n`1

//
pvg,n // 0

0 // p // vH,g,n //

OO

vg,n

OO

// 0,
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where the rows are exact and the middle and right vertical maps are surjective. Each

section s of CH,g,n{k Ñ Hg,n{k induces a GSppHQ`q-equivariant graded Lie algebra

section GrW‚ ds˚ of GrW‚ vH,g,n Ñ GrW‚ vg,n. Hence it induces a section GrW‚ ds˚{W´5

of

GrW‚ pvH,g,n{W´5q Ñ GrW‚ pvg,n{W´5q.

Denote the kernel of vg,n Ñ pvg,n by k. The restriction of GrW‚ ds˚{W´5 to k{W´5

maps into p{W´5, and this is trivial. Thus the section GrW‚ ds˚{W´5 descends to a

graded section of GrW‚ ppvg,n`1{W´5q Ñ GrW‚ ppvg,n{W´5q, which induces a section of

βn : bg,n`1 Ñ bg,n.

Proposition A.6.3. If g ě 3 and n ě 1, then there are nonzero elements δn, δ̃n P

GrW´2 vg Ă GrW´2
pvg,n such that the bracket rδn, δ̃ns is nonzero and maps diagonally

into pGrW´4 pq
n Ă GrW´4

pvg,n.

Proof. Recall notation from A.4.3. Note that the hyperelliptic Torelli group T∆g

maps to Vgeom
g,1w . Composing with the logarithm map, T∆g maps to the pronilpotent

Lie algebra vgeom
g,1w . The adjoint action of vgeom

g,1w on p factors through the adjoint action

of vg,1 on p. Denote the image of the commuting Dehn twists ω1 and ωg´1 in vg,1

by ω1 and ω̃1, respectively. The fact that the homomorphism T∆g Ñ HompH,Gr2
L pq

with H “ H1pΣg,Qq is trivial implies that GrW´1 ω
1 “ GrW´1 ω̃

1 “ 0. Since GrW´2 vg,1 “

GrW´2 p‘GrW´2 vg, we can express

GrW´2 ω
1
“ δp ` δv, and GrW´2 ω̃

1
“ δ̃p ` δ̃v.

Since GrW´2 vg does not contain a copy of Hr12s by Lemma A.5.4, we can see that the

elements δv and δ̃v map to ξr22s and ξ̃r22s, respectively (recall that ξr22s and ξ̃r22s are

defined in A.4.3). Since the Dehn twists ω and ωg´1 commutes, the bracket rω1, ω̃1s

in the Lie algebra vg,1 is trivial. Since GrW´1 ω
1 “ GrW´1 ω̃

1 “ 0, we have

GrW´4rω
1, ω̃1s “ rδp ` δv, δ̃p ` δ̃vs “ 0.
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Therefore, the bracket rδv, δ̃vs lies in GrW´4 p. By Theorem A.4.17, the bracket

rξr22s, ξ̃r22ss is nontrivial, and so is the bracket rδv, δ̃vs in GrW´4 p. This completes

the case for n “ 1. For n ą 1, the diagonal section C1
H,g Ñ CnH,g{k induces a graded

section GrW‚ d∆ of the projection GrW‚ pvg,n Ñ GrW‚ pvg,1. Note that the restriction of

GrW´2 d∆ to GrW´2 vg is the identity. Let δn “ pGrW´2 d∆qpδvq and δ̃n “ pGrW´2 d∆qpδ̃vq.

Then the bracket rδn, δ̃ns maps to pGrW´4 pq
n diagonally, since GrW‚ d∆ is a graded

Lie algebra section. The bracket rδn, δ̃ns maps to rδv, δ̃vs, which is nonzero, and so is

rδn, δ̃ns.

A.7 The geometric sections of βn : bg,n`1 Ñ bg,n

In this section, we will compute GSppHQ`q-equivariant Lie algebra sections of βn that

are induced by the sections of the universal hyperelliptic curve CH,g,n{k Ñ Hg,n{k.

We call them geometric sections of βn. We first study all possible sections of βn.

Remember that pn`1 “ ‘nj“0pj Ă pvg,n`1, where the j-th component pj corresponds

to the projection of Cn`1
H,g{k onto its j-th component.

Lemma A.7.1. Suppose g ě 2. Each GSppHQ`q-equivariant Lie algebra section ζ

of βn is determined by its effect on GrW´1:

GrW´1 ζ : GrW´1 p1 ‘ ¨ ¨ ¨ ‘GrW´1 pn Ñ GrW´1 p0 ‘GrW´1 p1 ¨ ¨ ¨ ‘GrW´1 pn.

Proof. Note that we have GrW´1 pj “ HQ` for each j. By Schur’s lemma, we have

pGrW´1 ζqpu1, . . . , unq “ p
n
ÿ

j“1

ajuj, u1, . . . , unq,

where the aj are some constants in Q`. Since ζ is a Lie algebra section, we see that

GrW´2 ζ is given by

GrW´2 ζ : pv1, . . . , vn, rq ÞÑ p

n
ÿ

j“1

a2
jvj, v1, . . . , vn, rq P GrW´2 p0 ‘

n
à

j“1

GrW´2 pj ‘GrW´2 vg,
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where each vj is in Grw´2 pj and r in Grw´2 vg, and that GrW´3 ζ is given by

GrW´3 ζ : pw1, . . . , wnq ÞÑ p

n
ÿ

j“1

a3
jwj, w1, . . . , wnq P GrW´3 p0 ‘

n
à

j“1

GrW´3 pj,

where each wj is in Grw´3 pj.

Lemma A.7.2. With notation as above. Let ζ be a section of βn. Then we have

aj “ 0, 1, or ´1 for each j “ 1, . . . , n.

Proof. Recall that we have DerW´1 p “ Hr13s `Hr1s and DerW´2 p “ Hr22s `Hr12s. The

bracket r , s : Hr1s bHr22s Ñ Hr2`1s Ă DerW´3 p is not trivial and so surjective. This

implies that the bracket

r , s : GrW´1 pj bGrW´2 vg Ñ GrW´3 pj

is also surjective. Therefore, we also have

GrW´3 ζ : pw1, . . . , wnq ÞÑ p

n
ÿ

j“1

ajwj, w1, . . . , wnq P GrW´3 p0 ‘

n
à

j“1

GrW´3 pj.

Thus we obtain the relations a3
j “ aj or ajpa

2
j ´ 1q “ 0 for each j “ 1, . . . , n.

By the above lemmas, we conclude that there are 3n many sections of βn. How-

ever, most of them do not come from the sections of the universal hyperelliptic curve.

For each j “ 1, . . . , n, denote the section of βn that corresponds to aj “ 1 and ai “ 0

for i ­“ j by ζj.

Theorem A.7.3. If g ě 3, then there are exactly 2n geometric sections of βn given

by ζ1, . . . , ζn and ´ζ1, . . . ,´ζn.

Proof. Each geometric section of βn comes from a section of the Lie algebra surjec-

tion GrW‚ ppvg,n`1{W´5q Ñ GrW‚ ppvg,n{W´5q. By Proposition A.6.3, there are elements
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δn, δ̃n P GrW´2 vg Ă GrW´2
pvg,n such that the bracket rδn, δ̃ns is not zero and maps di-

agonally to
Àn

j“1 GrW´4 pj. Denote the irreducible GSppHQ`q-submodule containing

rδn, δ̃ns of GrW´4 p by V . Let ζ̂ be a section of GrW‚ ppvg,n`1{W´5q Ñ GrW‚ ppvg,n{W´5q.

Then the restriction of GrW´4 ζ̂ to
Àn

j“1 GrW´4 pj Ă GrW´4
pvg,n is given by

pGrW´4 ζ̂qpt1, . . . , tnq “ p
n
ÿ

j“1

a4
j tj, t1, . . . , tnq.

Since ζ̂pδnq “ δn`1 and ζ̂pδ̃nq “ δ̃n`1, we have

pGrW´4 ζ̂qpx1, . . . , xnq “ px0, x1, . . . , xnq,

where xj “ rδn, δ̃ns for each j “ 0, . . . , n. It then follows that we have the relation
řn
j“1 a

4
j “ 1. This implies that a2

j “ 1 for some j and ai “ 0 for i ­“ j. Therefore,

ζ̂ induces either ζj or ´ζj. Now, it is clear that the j-th tautological section and its

hyperelliptic conjugate of the universal curve CH,g,n{k Ñ Hg,n{k induce the sections

ζj and ´ζj, respectively.
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Appendix B

Unipotent Completion

We will review Quillen’s Malcev completion [41] and its explicit construction. Our

main application of the completion is to complete the topological fundamental group

of a compact orientable surface.

B.1 Construction of Malcev completion

Definition B.1.1. Let F be a field of characteristic zero. Suppose Γ is a group.

The Malcev completion over F of Γ is a prounipotent F -group Γun with a Zariski-

dense homomorphism ρ : Γ Ñ ΓunpF q that satisfies the following universal property:

if there is a Zariski-dense homomorphism ρ̂ : Γ Ñ GpF q to the F -rational points

of a prounipotent F -group G, then there exists a unique algebraic homomorphism

φ : Γun Ñ G such that ρ̂ “ φpF q ˝ ρ.

Let RΓ be the group algebra RrΓs over a commutative ring R. The group algebra

RΓ is equipped with the augmentation homomorphism ε : RΓ Ñ R taking γ P Γ

to 1. The kernel of ε is denoted by JR, which we call the augmentation ideal.

In this chapter, we simply write J instead. Together with the augmentation, the
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comultiplication ∆ : RΓ Ñ RΓ b RΓ defined by ∆pγq “ γ b γ and the antipode

S : RΓ Ñ RΓ defined by Spγq “ γ´1 make RΓ into a cocommutative Hopf algebra.

Completing with respect to the powers of J ,which is called the J-adic completion,

we obtain a complete Hopf algebra

RΓp“ lim
ÐÝ
n

RΓ{Jn

equipped with the completed comultiplication

∆ : RΓpÑ RΓpbRΓ

where pb denotes the complete tensor product:

RΓpbRΓ :“ lim
ÐÝ
n,m

RΓ{Jn bRΓ{Jm

Proposition B.1.2. Suppose that Γ is a group and that R is a ring. Then the map

φ : Γ Ñ JR taking γ to γ ´ 1 induces an R-module isomorphism

H1pΓ, Rq – JR{J
2
R.

Proof. It is enough to show for R “ Z. First note that we have

γ1γ2 ´ pγ1 ´ 1q ´ pγ2 ´ 1q ´ 1 “ pγ1 ´ 1qpγ2 ´ 1q ” 0 mod J2
Z,

and so

γ1γ2 ´ 1 ” pγ1 ´ 1q ` pγ2 ´ 1q mod J2
Z.

This shows that the map γ ÞÑ γ ´ 1 induces a homomorphism φ̃ : H1pΓ,Zq “ Γab Ñ

JZ{J
2
Z. For a “

ř

niγi P JZ, define a map ψ : JZ Ñ Γab by setting ψpaq “
ř

i nirγis,

where r, s denotes classes in Γab. It is easy to see that ψ induces a map ψ̃ : JZ{J
2
Z Ñ

Γan and that φ̃ and ψ̃ are inverse to each other.

A vector space is said to be linearly compact if V is the inverse limit of a projective

system consisting of its finite-dimensional quotients: V – lim
ÐÝα

V {Wα
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Proposition B.1.3. Suppose that R is a field. If H1pΓ, Rq is finite-dimensional,

then RΓp is a linearly compact R-vector space.

Proof. SinceRΓp“ lim
ÐÝn

RΓ{Jn, it will suffice to show thatRΓ{Jn is finite-dimensional

for all n. This is clearly true for n “ 1. Inductively, this is true if each Jn{Jn`1 is

finite-dimensional, but the multiplication induces a surjection

`

J{J2
˘bn

Ñ Jn{Jn`1,

and so we are done since H1pΓ, Rq – J{J2.

For the rest of this chapter, assume that F is a field of characterisc zero. Denote

the completion of J by pJ .

The set of primitive elements of FΓp denoted by p is defined by

p :“ tX P FΓp|∆pXq “ X b 1` 1bXu.

Then p admits a Lie algebra structure with the bracket defined by rX, Y s “ XY ´

Y X(it can be easily checked that ∆prX, Y sq “ rX, Y s b 1` 1b rX, Y s).

The set of group-like elements of FΓp denoted by P is defined by

P :“ tx P RΓp|∆pXq “ X bX and εpXq “ 1u.

Proposition B.1.4. The set P is a subgroup of the group of units of FΓp:

P “ tx P pFΓpqˆ|∆pXq “ X bXu.

More precisely, if X P P, then SpXq P P and SpXqX “ 1 “ XSpXq.

Proof. Denote the multiplication of FΓp by ∇ and the unit by u. Suppose that

X ­“ 0 and ∆pXq “ X b X. Then by a property of Hopf algebra, we have X “

p∇ ˝ pεb idq ˝∆qpXq “ εpXqX, and so εpXq “ 1. Also, we have ∇ ˝ pS b idq ˝∆ “

u ˝ ε “ ∇ ˝ pidbSq ˝∆, and so SpXqX “ 1 “ XSpXq. Thus X is a unit. Finally,

we have pS b Sq ˝∆ “ ∆op ˝ S, and so ∆pSpXqq “ SpXq b SpXq.
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The J-adic topology of FΓp induces topologies on p and P as follows. The

filtration of FΓp by the powers of pJ induces filtrations on p and P by setting

pn :“ pX pJn and Pn :“ P X p1` pJnq.

Note that p Ă pJ because X “ p∇˝ pεb idq ˝∆qpXq “ εpXq`X and hence εpXq “ 0,

and that P Ă 1` pJ . Therefore, these filtrations satisfy

p “ p1
Ě p2

Ě p3
¨ ¨ ¨

and

P “ P1
Ě P2

Ě P3
¨ ¨ ¨ ,

and give topologies on p and P with respect to which p and P are complete:

p – lim
ÐÝ
n

p{pn`1 and P – lim
ÐÝ
n

P{Pn`1

For each n, denote p{pn`1 and P{Pn`1 by pn and Pn, respectively. The logarithm and

exponential mappings are homeomorphisms (with respect to the J-adic topology) of

pJ and 1` pJ mutually inverse to each other:

log : 1` pJ Ñ pJ and exp : pJ Ñ 1` pJ

By restricting, these maps induce filtration-preserving homeomorphisms

log : P Ñ p and exp : pÑ P .

Denote the lower central series of a Lie algebra g by L‚g with L1g “ g. Note that

Lmp Ă pm for each m. Hence, if H1pΓ, F q is finite-dimensional, then each pn is a

finite-dimensional nilpotent Lie algebra over F and the logarithm and exponential

mappings are polynomial bijections between pn and Pn. Thus, each Pn is a unipotent

F -group, and so P is a prounipotent F -group with its pronilpotent Lie algebra p.
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For simplicity, here we are not distinguishing between an algebraic group over F and

the F -rational points of the algebraic group.

Now consider the induced filtration p‚n defined by pmn :“ pm{pn`1 for each m.

Proposition B.1.5. The filtration p‚n agrees with the lower central series L‚pn for

each n ě 1.

Proof. First, we prove that each graded quotient GrJm pn :“ pmn {p
m`1
n is isomorphic

to Jm{Jm`1. Note that we have an injection GrJ1 pn “ p1{p2 ãÑ J{J2. Since the

isomorphism H1pΓ, F q Ñ J{J2 factors through p1{p2, we see that GrJ1 pn – J{J2.

Consider the commutative diagram:

pGrJ1 pnq
bm θ //

��

pJ{J2qbm

ψ

��
GrJm pn

j // Jm{Jm`1

Since the composition ψ ˝ θ is surjective, it follows that the map j is surjective, but

j is the natural inclusion, so it is an isomorphism. This shows that each graded

quotient GrJm pn is generated by GrJ1 pn. Now, note that Lmpn Ď pmn for each m, and

hence that, in particular, there is a canonical projection p : Gr1
L pn Ñ GrJ1 pn. Now,

consider the following commutative diagram:

pGr1
L pnq

bm bp //

��

pGrJ1 pnq
bm

φ
��

GrmL pn // GrJm pn

where GrmL pn :“ Lmpn{L
m`1pn. Since the composition φ ˝ bp is surjective, we see

that the bottom horizontal map induced by the inclusion Lmpn Ď pmn is surjective.

This implies that the quotient pmn {pL
mpn ` pm`1

n q “ 0, that is, pmn “ Lmpn ` pm`1
n .

Thus we have pnn “ Lnpn since pn`1
n “ 0, and inductively we have pmn “ Lmpn for

each m and n.
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The image of the canonical inclusion Γ Ñ FΓp is contained in P . Thus we have

a canonical homomorphism pρ : Γ Ñ P . Composing with the natural projection

P Ñ Pn, we obtain a homomorphism ρn : Γ Ñ Pn.

Proposition B.1.6. If H1pΓ, F q is finite-dimensional, then the image of ρn is Zariski-

dense for each n.

Proof. Denote the Zariski closure of the image of ρn in Pn by Zn. Then the homo-

morphisms Γ Ñ Zn Ñ Pn induce the homomorphisms

H1pΓ, F q Ñ H1pZnq Ñ H1pPnq,

whose composition is an isomorphism. To see that this composition is an isomor-

phism, note that the composition

H1pPnq – H1ppnq “ Gr1
L pn “ GrJ1 pn “ p{p2

“ J{J2

is induced by the logarithm map denoted by ˜log, and that the diagram

H1pΓ, F q //

γ ÞÑγ´1 &&

H1pPnq
˜log
��

J{J2

commutes. Thus the induced map H1pZnq Ñ H1pPnq is surjective. Since Zn and Pn

are unipotent, it follows that the natural inclusion Zn ãÑ Pn is surjective as well.

Proposition B.1.7. If H1pΓ, F q is finite-dimensional, then the canonical homomor-

phism ρ : Γ Ñ P is the Malcev completion of Γ over F .

Proof. Let ρ : Γ Ñ ΓunpF q be the Malcev completion over F . Since each homomor-

phism ρn is Zariski-dense, the natural homomorphism pρ : Γ Ñ PpF q has Zariski-

dense image. Thus by the universal property of the Malcev completion, there exists

a unique algebraic homomorphism φ : Γun Ñ P such that φpF q ˝ ρ “ pρ. The
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Zariski-density implies that φ is surjective. Let ρU : Γ Ñ UpF q be a Zariski-dense

homomorphism from Γ to the F -rational points of a unipotent F -group U . We may

regard U as an algebraic subgroup of the group Un Ă GLn{F of the upper triangular

matrices with one’s on the diagonal for some n. The representation ρU induces a

homomorphism xρU : FΓ Ñ glnpF q. Note that xρUpJq is contained in the subgroup of

nilpotent matrices in glnpF q. Thus xρU induces a map ρ̃U : FΓ{Jn Ñ glnpF q. Note

that the diagram

Γ

��

ρU

%%
FΓ{Jn

ρ̃U
// glnpF q

commutes, and that the image of Γ in FΓ{Jn is contained in Pn´1. By Zariski-

density, there is a surjective algebraic homomorphism ψU : Pn´1 Ñ U such that the

diagram

Γ

��

ρU

%%
Pn´1pF q

ψU pF q
// UpF q

commutes. This implies that there exists a unique homomorphism ψ : P Ñ Γun such

that φ ˝ ψ “ id. It is clear that φ and ψ are inverse to each other.

Corollary B.1.8. If Γun
{F is the Malcev completion of Γ over F , then the natural

homomorphism

Γun
{F Ñ Γun

{Q b F

is an isomorphism.

Proof. The F -rational points ΓunpF q of Γun
{F is the set of group-like elements of xFΓ

and the F -rational points pΓun
{Q b F qpF q of Γun

{Q b F is the set of group-like elements

of xQΓb F “ xFΓ.
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B.2 Continuous `-adic completion

In this section, we take F to be Q`. Our main target groups are topologically finitely

generated profinite groups. The topology of Q` induces a topology on the group of

Q`-rational points UpQ`q of a unipotent Q`-group U .

Definition B.2.1. Suppose that Γ is a profinite group. The continuous `-adic unipo-

tent completion of Γ is a prounipotent Q`-group Γun
{Q` with a continuous Zariski-dense

homomorphism ρ : Γ Ñ Γun
{Q`pQ`q that satisfies the following universal property: if

there is a continuous Zariski-dense homomorphism ρ̂ : Γ Ñ UpQ`q to the Q`-rational

points of a prounipotent Q`-group U , then there exists a unique algebraic homomor-

phism φ : Γun
{Q` Ñ U such that ρ̂ “ φpQ`q ˝ ρ.

Remark B.2.2. Since profinite groups are a compact topological groups, the image

of ρ is compact in UpQ`q. Since compact subgroups of UpQ`q are pro-` groups, the

map ρ factors through the maximal pro-` quotient Γp`q of Γ.

Denote the continuous `-adic unipotent completion of Γp`q by Γ
unp`q
{Q` .

Proposition B.2.3. The natural homomorphism Γun
{Q` Ñ Γ

unp`q
{Q` is an isomorphism.

Proof. The inverse of the natural homomorphism can be easily obtained by the

universal property of Γ
unp`q
{Q` .

The following result shows a relation between the Malcev completion of a finitely

generated group and the `-adic completion of its profinite completion.

Proposition B.2.4. Suppose that Γ is a group and that pΓ is its profinite completion.

Let Γun
{Q` and Γun^

{Q` be the Malcev completion and the `-adic completion of Γ and pΓ,

respectively. If Γ is finitely generated, then the natural homomorphism Γun
{Q` Ñ Γun^

{Q`

is an isomorphism. In particular, there are natural isomorphisms

Γun
{Q` – Γun^

{Q` – Γ
unp`q
{Q` .
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Proof. First, we will show that the natural homomorphism Γ Ñ Γun
Q` is continuous

with respect to the pro-` topology of Γ. Since Γun
Q` is the inverse limit of unipotent

Q`-groups, it will suffice to show that a homomorphism Γ Ñ UpQ`q of Γ to the

Q`-rational points of a unipotent Q`-group is continuous. We may assume that U

is the upper triangular unipotent algebraic subgroup of GLn for some n. For each

m P Z, denote by Up`mZ`q the matrices whose ij-th entry is in `pj´iqmZ` when i ă j,

is 1 when i “ j, and is 0 when i ą j. Since Γ is finitely generated, the image of

Γ lies in Up`mZ`q for some m. Note that the Up`mZ`q’s form a basic open set of

neighborhoods of the identity in UpQ`q and the filtration

¨ ¨ ¨ Ą Up`n´1Z`q Ą Up`nZ`q Ą Up`n`1Z`q ¨ ¨ ¨ Ą

has the property that each quotient is a group of `-power order. Since the image of

Γ is contained in Up`mZ`q, the preimages of Up`nZ`q are all finite-index subgroups

of `-powers of Γ. Therefore, the natural homomorphism Γ Ñ Γun
Q` factors through

the pro-` completion Γp`q of Γ. In particular, it factors through pΓ, and hence this

induces a homomorphism Γun^
Q` Ñ Γun

Q` . Clearly, this map is the inverse of the natural

homomorphism Γun
Q` Ñ Γun^

Q` .
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