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Abstract

For the moduli stack Mk, of smooth curves of type (g,n) over Spec F, with the
function field K, we show that if g > 3, then the only K-rational points of the generic
curve over K are its n tautological points. Furthermore, we show that if g > 3 and
n = 0, then Grothendieck’s Section Conjecture holds for the generic curve over K.
A primary tool used in this thesis is the theory of weighted completion developed by

Richard Hain and Makoto Matsumoto.
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1

Introduction

Suppose that C is a geometrically irreducible smooth projective curve over a field
k. Let G} be the absolute Galois group of k. Associated to the curve C, there is a

short exact sequence of algebraic fundamental groups:
1— 71'1(0]},@) - ﬂl(C,i‘) - Gk i 1,

where k is the separable closure of k and C; = C' ®;, k. Each k-rational point 2 of C'
induces a section s, of m(C, z) — Gy, which is unique up to conjugation by elements
of the geometric fundamental group m;(C%,Z). Grothendieck’s section conjecture
states that when C' is hyperbolic and k is a finitely generated infinite field, there is
a bijection between the set of k-rational points and the set of conjugacy classes of
sections of 7 (C, Z) — Gy via the association z — [s,]. Hain proved in [20] that the
sections conjecture holds for the restriction of the universal curve C — M, to its
generic point Spec k(M) with g = 5 and char k = 0. In this paper, we will extend
his results to positive characteristics. In order to make this paper self-contained, the
majority of results needed are cited from Hain’s original papers [18] and [20].

Before stating our main results, we need to introduce notations. A curve C/T" of
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type (g,n) is a proper smooth family C' — T of geometrically connected curves of
genus g with distinct n sections s; : T' — C. Suppose that 2g —2+n > 0. Let k be a
field. Denote the moduli stack of curves of type (g,n) over Spec(k) by M,/ and the
universal curve over it by Cy, ;. Let K be the function field of Mg, . The generic
curve of type (g,n) over K with g > 3 is the pullback of the universal curve Cy
to the function field K. The key ingredient that allows us to use Hain’s methods
in positive characteristics is the comparison of algebraic fundamental groups of a
certain finite étale cover of M, ,,. For a prime number /, there is a finite étale Galois
cover M, of Mg z1/e := Mgz ® Spec(Z[1/€]) that is representable by a scheme
and has a smooth compactification over Z[1/¢] whose boundary is a relative normal
crossing divisor over Z[1/¢]. Such covers were explicitly constructed by Boggi, de
Jong, and Pikaart in [7], [26],and [40].

Denote the moduli stack of curves of type (g,n) over Spec(k) with an abelian
level r by M, /k[r]. When the ground field k contains an rth root of unity s, (k),
we always assume that M, ,,[r] is a geometrically connected, smooth stack over
Spec(k).

Suppose that p is a prime number, ¢ is a prime number distinct from p, and m
is a nonnegative integer. Let Cy, 5, [(™] — Mg,z [€"] be the universal curve over

the stack M,z [£7].

Theorem 1. Let K be the function field of M, [(™]. If g = 3, then the only

K-rational points of Cy .z, [€™] are its n tautological points.

The corresponding result in characteristic 0 follows from results in Teichmiller
theory [12, 25] due to Hubbard, Earle and Kra. Our approach is to apply Hain’s
algebraic methods in positive characteristics.

Let F, = F,[(m], where (ym is a primitive £™th root of unity.



Theorem 2. Let C/L be the restriction of the universal curve Cy, [(™] — Mg, [("]
to the generic point Spec L of My [¢™]. Let L be the separable closure of L, and

let & be a geometric point of Cz. If g = 3, then the sequence
1 - m(Cs,2) > m(C,2) > G — 1
does not split.
Corollary 3. The section conjecture holds for the generic curve C/L.

The first key tool used in this paper is the theory of specialization homomorphism
from [14, SGA 1, §X, XIII]. This allows us to compare the maximal pro-¢ quotient

of the fundamental groups of M; /D, and /\/l;\ o/F, when ¢ £ p. The essential tools

used in Hain’s original paper [20] and this paper are weighted completion and relative
completion of profinite groups. The theory of weighted completion was developed by
Hain and Matsumoto in [24]. For a curve C/T, let GSp(Hg,) := GSp(H} (C, Q,(1)))
with ¢ a prime not in the residue characteristics char(7T") of 7. There are natural
monodromy actions of m(C,7) and m(T,7) into GSp(Hg,) with the Zariski closure
R of their common images. One can take the weighted completion of 7 (C,7¢) and
w1 (T, fjr) with respect to R to obtain Qg-proalgebraic groups Go and Gr. These are
extensions of R by a prounipotent Q,-group. In this paper, R is equal to the whole
group GSp(Hg,). For the universal curve Cg,x[¢"] — Mg, k[¢™], the Zariski clo-
geom

sure G% lem) of the image in G, (em)(Qe) of the composite 71 (M, z[€™], 1) —

gim
7T1(ngn/k[£m]: ) —

G, [em1(Qr) is an extension of the reductive group Sp(Hg,) by a prounipotent
Qe-group and its Lie algebra g§5™ is a pro-object of the category of the Gu,  ,1em)-
modules. Each finite-dimensional Gu, ,, , [em-module V' admits a natural weight fil-
tration:

V=w,VoW, Vo ..oW,V

3



such that each weight graded quotient Gr}fV V is a GSp(Hg,)-module of weight 7.

Each natural weight filtration induced on g&%°™ satisfies the property that g2®™ =

gn gn

com . . . . . . _ B
Wogss,™ and its pronilpotent radical u$™ is negatively weighted: ug™ = W_jugsm™.

Theorem 1 and 2 are proved by using the structure of the truncated Lie algebra

Gr.' (ugeem /W_3), which is defined in section 13.



2

Fundamental Groups

For a connected scheme X and a choice of a geometric point 77 : Spec2 — X, we
have the étale fundamental group of X denoted by (X, 7), which is defined as
the automorphism group of the fibre functor. More generally, for a Galois category
C with a fundamental functor F', we have the fundamental group m(C, F') such
that I’ is an equivalence of the category C and the category of finite sets on which
m1(C, F') acts continuously. When C is the category of finite étale covers E of X and
F =F;: Ew— E;:=E xx SpecQ, we have m(C, F)) = m(X, 7). When X is a field
k and k is an algebraic closure of k, we have ;(Spec k, Spec k) = Gal(kgep/k), where
ksep is the separable closure of k in k. In this paper, we will need the extension of

this theory to the Deligne-Mumford stacks, which are constructed in [37].
2.1 A homotopy exact sequence

Let k be a field and fix an algebraic closure k of k. Let ksep be the separable closure
of k in k. Suppose that X is a geometrically connected variety over k. Denote the
base change to ke, of X by X. Let Z : Spec(w) — X be a geometric point of X. We

may regard Z as a geometric point of X by the base change morphism X — X. We

5



have the following exact sequence of profinite groups:

1 - m(X,7) — m(X,7) — Gal(kuep/k) — 1

More generally, if X is a connected quasi-compact Deligne-Mumford stack over k,

then the corresponding sequence of fundamental groups is exact [48, Cor. 6.6].
2.2 Comparison theorem

Suppose that k is a subfield of C. Let k be the algebraic closure of k in C. For
a geometrically connected scheme X of finite type over k and a geometric point

7 : Spec C — X, there is a canonical isomorphism
m (X)) = (X @ k),

where X denotes the complex analytic variety associated to X and 7{°P(X?»,7)"
denotes the profinite completion of the topological fundamental group of X*" with the
image of 77 as a base point. Furthermore, for a DM stack X" over k, the corresponding
analytic space denoted by X" is an orbifold (or a stack in the category of topological
spaces) and we have the orbifold fundamental group 7*"(X®" z) of X*" with an
appropriate base point x — X*". The above comparison theorem extends to DM

stacks over k (see [38] for details): there is a canonical isomorphism
(A )N = 1 (X @k, 1),

where z : Spec C — &' is a geometric point of X.

2.3 Fundamental groups of curves

Let C' be a smooth curve of genus g over an algebraically closed field £ such that
C' is a complement of n > 0 closed points of its smooth compactification. Fix a

geometric point 77 of C. The fundamental group of a smooth curve does not change
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under extensions of algebraically closed fields of characteristic zero [45, 5.6.7], and
thus we may assume that k is a subfield of C. Then by the comparison theorem
the fundamental group 71 (C,7) of C' with base point 7 is isomorphic to the profinite

completion of the group

Oy, :=<{a1,b1,...,ag,05,71,- .., Wlla1, b1][ag, b2] - - [ag, bg]y1 - - vn = 1).

When char £ = p > 0, Grothedieck proved in [14] that the maximal prime-to-p
quotient 'of 71 (C,7), denoted by m (C,7)®), is isomorphic to the maximal prime-

to-p completion of the group I, ,.
2.4 Fundamental group of the generic point of a variety

Suppose that X is a smooth variety over a field k. Let K = k(X) be the function
field of X and 7 : Spec(K) — X be a geometric point lying over the generic point of
X. We may take this geometric point 7 as a base point for any open subvariety of X.
By a divisor, we mean a finite union of closed integral subschemes of codimension

one. For divisors D < F of X defined over k, there is a canonical surjection
m(X —E,n) - m(X —D,n)
and thus there is a projective system of profinite groups:
{m(X = D,n)}p,

where D is taken over the divisors of X defined over k. Fix an algebraic closure K
of K. Let Ky be the separable closure of K in K. Then Zariski-Nagata purity [14,

Theorem 3.1] implies
Proposition 2.4.1. The canonical surjection

Gal(Kyp/K) — lim 7y (X — D, 7))
D

I Here the maximal prime-to-p quotient G®) of a profinite group G is the projective limit of its
finite continuous quotients of order prime to p.



s an isomorphism.

Proof. The canonical surjection
Gal(Kyep/K) = m (Spec(K), Spec(K)) — 7 (X — D, )
for each divisor D of X induces a surjection

¢ Gal(Kyep/K) — lim 7 (X — D, 7).

D

To show that ¢ is injective, it will suffice to show that every open subgroup of
Gal(Kep/K) contains the kernel of ¢. Let H be an open subgroup of Gal(Ke,/K).
The corresponding fixed field of K in K, is a finite separable extension of K.
The normalization Y of X with respect to K is finite over X. By Zariski-Nagata
purity, Y is unramified over an open subscheme U of X this is a complement of a
divisor D of X. Denote the restriction of Y to U by Y’. Then Y’ is finite étale
over U, and it corresponds to an open subgroup N of m; (U, 7). Denote the canonical
homomorphism Gal(Ky,/K) — 71 (U, 1) by ¢y. Let W be the preimage ¢ (N). Tt
is an open subgroup of Gal(Kp/K), and it corresponds to a connected finite étale

cover L of Spec(K). Pulling back Y along the composition
L — Spec(K) — U,

we obtain a section s of L xyy Y’ — L, which follows from the fact that the image in

m (U, 7) of m(L,7) is contained in N. Since the diagram

is a diagram of fiber products, we see that W = m(L,7) is contained in H. This
shows that H contains ker(¢p). Since ker(¢) < ker(¢y), we have shown that H

contains ker(¢). O



3

Representations of Sp(H) and GSp(H)

Suppose g = 1. Let A be a commutative ring and H4 be a free A-module of rank
2¢g. Fix a nondegenerate, skew symmetric bilinear form ¢ : H4 ® Hy — A. For an
A-algebra S, denote Hy ®4 S by Hgs. The general symplectic group GSp(Hg) is
defined by

GSp(Hs) = {¢p € GL(Hs)|p*q = 7(¢)q for some 7(¢) € S*}.

Associating 7(¢) to ¢ is a surjective homomorphism GSp(Hs) — Gy, s and its kernel
is the symplectic group Sp(Hy).

We regard Sp(H ) and GSp(H) as group schemes defined over Z and their group of
S-rational points are identified with the groups Sp(Hg) and GSp(Hg), respectively.

There is an exact sequence of group schemes over Z:

1 — Sp(H) — GSp(H) 5 Gy, — 1.

A GSp(H)-module A(n) is a free A-module of rank 1 with action of GSp(H},)
via the nth power of the homomorphism 7. Fixing an isomorphism ¢ : A — A(1)

9



mapping 1 — ag, we define a bilinear form 6 := togq, which is a GSp(H 4)-equivariant,
nondegenerate, skew symmetric bilinear form. For a GSp(H 4)-module V| we define

V(n) to be V ®4 A(n). The dual pairing denoted by 6 is the map

0: A1) — A*Hy,
which we view as an element of A2H4(—1) as well.
3.1 Weyl’s construction

Here, we will briefly review the representation theory of Sp(H) and GSp(H). For
example, see [13, §17]. We assume that H = Hg with a GSp(H )-equivariant, non-
degenerate, skew symmetric, bilinear form 6 : H®? — Q(1). It follows from the fact
that the irreducible representations of Sp(H) and GSp(H) are absolutely irreducible
that for an extension F' > Q of fields, the representations of Sp(Hr) and GSp(HF)
are obtained by extension of scalars from those of Sp(H) and GSp(H), respectively.

For each n > 2, consider the nth tensor power H®" of H. The symmetric group
S, acts on H®" by permuting its factors. For each 1 < i < j < n, the ijth contraction
map

61] : H®n - H®n72(1)

is defined by
U @ Uy ® -+ @ Uy = (U, uj)us @ - U @+ @l @ -+ @ U,

where "~ indicates the omission of the corresponding components. The intersection
of all the 6;; is denoted by H ™ which is both a GSp(H )-subrepresentation and an
S,-subrepresentation of H®". For each partition A of n, a Young symmetrizer cy acts

on H™ as an endomorphism and

Hpy i=Im (cy H™ — H<">)

10



is an irreducible GSp(H )-representation. The following result can be easily obtained

from the basic results in [13].

Theorem 3.1.1. Every irreducible representation of GSp(H) is isomorphic to the
representation of the form Hpy(r), where r € Z and X is a partition of an integer
n = 0 into < g parts. Moreover, each Hpy(r) restricts to an irreducible Sp(H)-
representation and every isomorphism class of irreducible Sp(H )-representations oc-
curs in this way. Finally, Hp(r) = How(r') as Sp(H )-representations if and only if
A=)

3.2 Key Sp(H) and GSp(H )-representations
Here we assume H = Hg,. Define the central cocharacter
w: G, - GSp(H)

by mapping z — 2z 'id, which we call the standard cocharacter. Each irreducible
GSp(H)-representation admits weight w(V') as a G,,,(Q)-representation. In particu-

lar, H has weight —1. The composite
G,, = GSp(H) 5> G,,

is given by z + 272, and thus the representation Q(r) has weight —2r. If an irre-
ducible representation V' has weight w, then the irreducible representation V' (r) has
weight w — 2r. As mentioned in the introduction, the proof of the main results uses
a truncated graded Lie algebra whose graded quotients are GSp(H )-representations.
We will introduce GSp(H )-representations appearing in the graded quotients in low
degree. For a partition A of a nonnegative integer n into s < ¢ nonnegative in-
tegers: (A\y = A2 = -+ = A; = 0), denote the corresponding irreducible GSp(H)-

representation Hy; by Hyy,+ao+...+x,]- The weight of Hpyy is given by —(Aj+---+ ).

11



The representations used in the proof of the main theorems are
H[O](l) = @g(l), H[l] = H@Z, H[12], and H[13](—1).

We consider Hpjzp and Hpps(—1) as the quotient of A*H and A*H(—1), respectively.

More explicitly, there are split exact sequences of GSp(H )-representations:
0 — Hpep — A2H 5 Q1) — 0,
and
0 — Hps(—1) — A*H(=1) 5 H — 0,
where ¢ is the twist of the map defined by
pxAYynAz—0(x,y)z+0(y 2)x+0(z1)y.

It is easy to see that 6/g : Q1) — A>H and _ A 0/(g—1) : u — Zﬁf are sections
of 6 and ¢, respectively. For the rest of this paper, we denote Hp2) by AZH and
Hps1(—1) by AJH. Also, using Hain’s notation in [20], we denote Hpp2; by Hg.

The following computations are made by using computer program LiE and used in

section 10. Kabanov’s stability result [29] implies that the following decompositions

are independent of g when g > 6.

Proposition 3.2.1 ([18, 10.2]). If g = 3, we have:

1.
AQHD{&] -
H[16] + H[14] + H[lz] + H[22712] + H[Qz] + H[()] g =6
H[14] + H[12] + H[22712] + H[22] + H[()] g =295
H[12] + H[22’12] + H[22] + H[O] g =
Hig2) + Hyg) tg=3
2.



4

Monodromy Representation

4.1 Monodromy action in characteristic 0.

Suppose that 7" is a smooth geometrically connected variety over a field &£ of char-
acteristic 0 and that f : C — T is a curve of type (g,n). Fix a geometric point
7 : Spec — T of T" and denote the fiber of C over 7 by Cj. For a prime num-
ber ¢, denote Hy (Cy,Ze(1)) by Hz,. This is equipped with the cup product pairing
6 : N*Hz, — Z,(1), which is skew symmetric and nondegenerate. The choice of a
symplectic basis of Hyz, gives an isomorphism GSp(Hz,) = GSp,(Z,). Let Z be a

closed point of Cj that lies over 7).

Lemma 4.1.1. If g > 2, then the homomorphism m(Cgz,2) — m(C,Z) induced by

i : Cy — C is injective.
Proof. Tt is well known that there is an exact sequence of profinite groups
1— H; - Wl(Mg,l/lmf) - Wl(Mg/kaf}) — 1.

The curve C' is the pullback of the universal curve M,/ along the morphism ¢y :

13



T — Mg, and we have the commutative diagram

771<Cﬁ: 3_:) — T (Ca 'f) - - (Ta 77) —1

| \ Vo1
1 _>7r1(0ﬁ7 j:) _>7T1(Mg,1/k7 j) - ﬂ-l(Mg/lm 77/) - 17

whose rows are exact. Therefore, the homomorphism 7 (Cj, ) — m (C, Z) is injec-

tive. OJ

Lemma 4.1.1 gives the exact sequence of algebraic fundamental groups
1 - m(Cq2) » m(C,z) - m(T,7) — 1.

Thus the conjugation action of m1(C, %) on m(Cj, Z) induces a natural monodromy

representation

py = (T, ) — GSp(Hz,)
such that the diagram

™ (Tv ﬁ) i> GSP(HZe)

| )

Gy X Go(Zy)

commutes, where the left-hand vertical map is the canonical projection, the right-
hand vertical map 7 is the natural surjection, and where Y, is the f-adic cyclotomic

character.

Remark 4.1.2. Denote the smooth Z-sheaf R! f,Z(1) over T by Hz,. For a geometric
point 77 of T', the monodromy action of 71 (T, %) on the stalk Hj, (Cy, Z¢(1)) of Hy, at

7 coincides with pg.

14



4.2  Monodromy action in characteristic p.

Suppose that S is a connected scheme, and that f : X — S is a proper smooth
morphism of schemes whose fibers are geometrically connected. Let 5 : SpecQ) — S
be a geometric point of S and ¥ be a geometric point of the fiber Xz of X with
a value in Q. Let char (S) be the set of residue characteristics of S and letL be
the set of prime numbers not in char(S). The following results are from [14, SGA
1, Exposé XIII, 4.3, 4.4]. Let K be the kernel of the canonical homomorphism
m11(X,Z) — 71(S,5) and N be the kernel of the projection K — K where K" is the
maximal pro-L quotient of K. Then N is a distinguished subgroup of (X, z) and
we denote by 71 (X, Z) the quotient of m1(X,Z) by N. Also we denote by 7(X5, )

the maximal pro-L. quotient of 71 (X3, Z). In general, the sequence
(X5, Z) — 7(X, %) — 71(S,5) — 1
is exact, but if the morphism f : X — S admits a section, it becomes also left exact:
1 — (X5, 7) — 7(X,2) — m(S,5) — 1.
In this case, we obtain a monodromy action
ps - (S, 5) — Out(nr'(Xs, 7).

For the case where f : X — S has no sections, we have the following result provided

that S is locally noetherian.

Proposition 4.2.1. Suppose that S is a locally noetherian connected scheme, and
that f : X — S is a proper smooth morphism with geometrically connected fibers. If
5 : Spec) — S is a geometric point of S, and T a geometric point of the geometric

fiber X5, then the sequence
l— W%(Xgaj) - Wi(Xaj) - Wl(Sa §) —1

15 exact.
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Proof. First we note that the sequence
7T1(X§7j) - 7T1(X7 ‘le) - 7T1(S7 §> -1

is exact [14, SGA 1, Exposé X], so that (X5, Z) maps onto the kernel K of the

canonical projection m (X, z) — 71(5,5). There is a commutative diagram

l—= N ——m (X, 7) —=77(X5,7) —=1

A

1 N K K" 1

where the middle and right vertical maps are surjective, and N’ is the kernel of the
projection (X5, Z) — (X5, Z). Since the middle map ¢ is surjective, we see that
Ker(¢”) maps onto Coker(¢’). Consequently, Coker(¢') is a pro-L group. Thus, if
Coker(¢') is nontrivial, then N will admit a nontrivial finite LL-quotient, contradicting
the maximality of K. Hence ¢’ is surjective.

We claim now that the restriction to Ker(¢) of the projection map m (X5, z) —

71 (Xs, ) is trivial. Consider the fiber product diagram

Xs %o Xs ————=X;
\ ’ p2 ‘\‘\
p1 XXSX = X
X5 pll Spec()
AN
X S

where p;, po denote the 1st and 2nd projections, respectively, and s is the diagonal

section. This diagram induces the commutative diagram of profinite groups

1= 7 (Xs, ) —= 7(Xs, 7) x H Jf 1
| | o
1 =7E (X5, 7) =) (Xs xq X5, 8(2)) = m1(X5,7) =1

| | o |
1= 71 ( X5, 2) — 71 (X x5 X, 5(2)) —=m(X,z) =1
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where H is the kernel of the canonical map m(Xs, ) — m1(X,Z) and the first row
is obtained by pulling back the middle exact sequence along the inclusion H —
71 (X5, Z) . The bottom two rows are exact by [14, SGA 1, Exposé XIII, 4.3, 4.4],
and hence the right two squares are pullback squares. Note that H is equal to Ker(¢).
Denote also by s, the map H — 71'(X5,Z) x H induced by the section s. By the
commutativity of the diagram, s.(h) = (1, h) for all h € H. Thus the composition

Ply

H — m (X5, 7) 2 (X5 xq X5, 8(7)) = W%(Xg,j)

is trivial. Since py, o 4 : (X5, Z) — 77(X5, 7) is equal to the canonical projection
71 (X5, %) — 7(X5, ), our claim holds. Therefore, Ker(¢") is trivial by the Snake

Lemma, and hence ¢” is an isomorphism. H

Suppose that T is a locally noetherian connected scheme, and that C' — T is
a curve. Fix a prime number ¢ different from char(7"). Denote the maximal pro-£

quotient of m(Cy, ) by m1(Cy,z)®. Then we have the exact sequence
1= m(Cy 1) - 71(C,7) —» m(T,7) — 1,
from which we obtain a natural monodromy action of w1 (7', 7) on
Hom (7, (Cy, 7)), Zy(1)) = HZL(Cy,Ze(1)). Denote HX(Cy, Ze(1)) by Hz,. The ac-
tion of (T, 7) respects the Weil pairing 6 : A2Hz, — Z,(1). Hence we obtain a
representation
py - m(T, 1) — GSp(Hz,).

In particular, when T is defined over a field k£, we have the commutative diagram

™ (Tv 77) ﬂ GSP(HZz)

Gy X Gon(Zy)

where the left-hand vertical map is the canonical projection, the right-hand vertical

map 7 is the natural surjection, and where y;, is the f-adic cyclotomic character.
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5

Moduli of Curves with A Teichmuller Level
Structure

Suppose that C'/T" is a curve of type (g,n). Let LL is the set of prime numbers distinct
from char(T). Associated to the curve C/T, there exists a pro-object 71(C'/T) of
the category of locally constant sheaves of finite groups of order divisible by primes
in IL, where C’/T is the curve obtained by removing the sections si, ..., s,, see [11,
§5]. This pro-object m1(C’/T) is a locally constant étale sheaf over T such that each
stalk 1(C"/T); is isomorphic to the maximal pro-L quotient of the fundamental
group of the curve C;; — {s1(7), ..., s,(77)}. For a group G whose order is divisible by

primes in L, the sheaf of exterior homomorphisms
Hom™ (7(C"/T), G)
is defined to be the quotient of the locally constant sheaf
Hom (w1 (C'/T), G)
by conjugation action of the sheaf 7*(C’/T) on it. Then [11, 5.6] a Teichmiiller
structure « of level G on the curve C'/T is a surjective exterior homomorphism
a e (T, Hom(7:(C'/T), G)).
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5.1 Moduli stacks of curves with a non-abelian level structure

Suppose that 2g — 2 + n > 0. Denote the Deligne-Mumford compactification [11] of
Mz by My z. Fix a prime number £. Finite étale coverings of M, ,, that are rep-
resentable by a scheme and have a compactification that is smooth over Spec Z[1//]
are essential to our comparison between characteristic zero and positive characteris-

tic. The existence of such coverings was established by
1. de Jong and Pikaart for n = 0 and all ¢ in [26],
2. Boggi and Pikaart for n > 0 and odd ¢ in [7], and
3. Pikaart for n > 0 and ¢ = 2 in [40].
Their results needed in this paper are summarized in the following statement:

Proposition 5.1.1. For all prime numbers ¢ and all (g,n) satisfying 29 —2+n > 0,
there is a finite étale Galois covering M — Mgy, [1/0] := Mg,z ®Z[1/] over Z[1/{]

that satisfies:
1. M is a separated scheme of finite type over Z[1/¢];

2. the normalization M of M, ,[1/€] with respect to M is proper and smooth over

Zl1/¢e];
3. the boundary M\M is a relative normal crossing divisor over Z[1/{].

In fact, M was taken to be the DM stack M, /21179 of curves of type (g,n)

with a Teichmiiller structure of level G, where GG was specifically taken to be:

1. the quotient of II, o by the normal subgroup generated by the third term of its

lower central subgroup and all ¢™th powers when ¢ is odd and n = 0;
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2. the quotient of II,( by the normal subgroup generated by the fourth term of

its lower central subgroup and all fourth powers when ¢ = 2 and n = 0;

3. the quotient I1,,,/W?3I1,,, - 11", where W3 denotes the third term of the weight

g?”’

filtration of II,,, defined in [7] when ¢ is odd and n > 0;

4. the quotient I, ,,/W*I1,,, - 112, where W* denotes the third term of the weight

g7n7

filtration of II,,, defined in [7] when ¢ = 2 and n > 0,

where H’;n is the subgroup of II,,, generated by all kth powers. In [11], G is a finite
quotient of II, ,, by a characteristic subgroup, but the same construction can be done
when G is a finite quotient of II ,, by an invariant subgroup, see §5.4. For n > 2,
the subgroups W*II,, - H’;vn are not characteristic, but are invariant. For fixed prime
numbers p and ¢ # p, denote by M;n or simply M* the finite étale cover M of

M, ,[1/€] given by the above proposition.
5.2  Moduli stacks of curves with an abelian level

When G is a finite quotient by the subgroup WZHg,n-Hzfn, we have G' =~ Hy (3,4, Z/mZ),
where X, is a closed oriented genus g surface. In this case, we denote the moduli
stack of n-pointed smooth projective curves with the Teichmiiller structure of level
H\(X,,Z/m/Z) by M,,[m]. The stack M, ,[m] is representable by a scheme for
m = 3 (See [3, Chapter XVI, Theorem 2.11]. Tt is well known that the Deligne-

Mumford compactification M, ,[m] is never smooth if g > 2.
5.3 Relative Pro-¢ Completion

The pro-¢ completion of a group I' with
H,(T") ®z F, = 0 is trivial. Thus the pro-¢ completions of the mapping class groups

in genus at least 3 are trivial. On the other hand, their relative pro-¢ completions
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are large enough to give us the information of their structure. Here we recall from
[23] the definition of and some basic facts about relative pro-¢ completion of a group.

Suppose that:
1. T' is a discrete group or profinite group;
2. P is a profinite group;
3. p:I' > P is a continuous dense homomorphism.

Definition 5.3.1. The relative pro-f completion of I' with respect to p consists of a
profinite group I'"¥* and the natural homomorphisms I" — IO and Trel@» — p
that make the diagram

r

AN

el 2 p

commute. It is characterized by the following universal mapping property: If G is
a profinite group, ¥ : G — P a continuous homomorphism with pro-¢ kernel, and
if 9 : I' - G is a continuous homomorphism whose composition with 1 is p, then
there is a unique continuous homomorphism I'*'®* — G that makes the following

diagram commute:

When the context is clear, we will omit p from the notation and denote I'*(©)+ by

Frel(f) )
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To construct the relative pro-¢ completion of I' with respect to p, consider all the

commutative diagrams of the form

r P P

where G4 is a profinite group, ¢ is a continuous dense homomorphism, and py is
continuous with ker p, being a pro-¢ group. Then the relative pro-¢ completion
el of I with respect to p is canonically isomorphic to lim Gy, where the limit is
taken over all the commutative diagrams of the form above. It is easy to see that
relative pro-¢ completion with respect to the trivial representation p of a discrete or
profinite group is simply the classical pro-¢ completion of the group denoted by I'9.

The following propositions are the basic properties that are used in this paper.

Proposition 5.3.2 ([23, Prop. 2.3|). (Naturality) Notations as in Definition 5.5.1.
Suppose that p; : I'; — P; for j = 1,2 are continuous dense homomorphisms. If the
diagram

r, = p

o e

r, 2> p,

?

where ¢r and ¢p are continuous homomorphisms, commutes, then there is a unique

continuous homomorphism ¢\© : TP _ P2 yp 0t makes the diagram

p1

m
I, I} 1(€),p1

ér ‘ d)rel(Z) l(ﬁP

I‘EI(Z)MDQ
2

2

commute.
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Proof. This follows from the universal mapping property. O

Proposition 5.3.3 ( [23, Prop. 2.1]). A homomorphism p: ' — P from a discrete
group to a profinite group induces a homomorphism p : ' — P from the profi-
nite completion of I' to P. The natural homomorphism I' — I'* induces a natural

isomorphism I™0)r = (DA )rel®).p,

Proof. By naturality, there is a homomorphism ¢ : [™®@» — (DA )el@2  Since
el ig a profinite group and the natural homomorphism I' — I'™!(©)* is continues,
it factors through I'*, and hence there is a homomorphism ¢ : (I'") /O — Trel(€)r,

The universal mapping property implies that ¢ and 1 are inverse to each other. [J

Proposition 5.3.4 ([23, Prop. 2.4]). (Right exactness) Suppose that p; : I'; — P;
for 3 =1,2 and 3 are continuous dense homomorphisms as in the above definition.

Suppose furthermore that the I'; are all discrete or all profinite groups. If the diagram

1 T, Ty Ty 1,

N

1 P P, Ps 1

where all the arrows are continuous and rows are exact, then the sequence

Frel(Z),pl N Frel(é),pg N Frel(f),pg 1

15 exact.
Proof. See [23]. O

Proposition 5.3.5 ([23, Lemma 2.6]). Suppose that

1>K->P4%P 1

15 a short exact sequence of profinite groups. Suppose that p : I' — P is a continuous
dense homomorphism as in the above definition. Denote b o p by p. If K is a pro-¢

group, then the natural homomorphism T — TrelOL s an isomorphism.
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Proof. Since K is a pro-£ group and the kernel of the natural homomorphism I'™!)» —
P is pro-f, the preimage N of K under the homomorphism I'™» — P is also a
pro-¢ group, and hence, by the universal mapping property, there is a natural ho-

momorphism @7 — T+ which is an inverse of the natural homomorphism

Frel(l),p N Frel(f),[)' Il

Example 5.3.6. Let I" be a finite index normal subgroup of the mapping class group
['yn. Denote by I'?, and I'* the profinite completion of I'y , and I, respectively. Let
p: ' — Sp(Z;) be the homomorphism obtained by composing with the standard
representation I'), — Sp(Z). Suppose that ¢ : Sp(Z,) — Sp(Z/{Z) is reduction

mod ¢. If pis trivial, then since ker 1) is a pro-£ group, there are natural isomorphisms

Frel(f),p ~ Frel(@),ﬁ‘

5.4 Fundamental Groups of Finite Etale Covers of Moduli Stacks of
Curves

Suppose that g and n are non-negative integers satisfying 2g — 2 + n > 0. Fix
a closed oriented genus g surface ¥, and a finite subset P = {p1,ps,...,pn} of n
distinct points in X,. Denote the mapping class group of (X,, P) by I's, p. This is
defined to be the group of isotopy classes of orientation preserving homeomorphisms
which fix P pointwise. By the classification of surfaces, the homeomorphism class of
(X4, P) depends only on (g,n). Therefore, the group I's;, p depends only on the pair
(g,n), and thus it is denoted by I'y ,,. Denote the complement ¥; — P of P in ¥, by
Y4n. Denote the topological fundamental group WEOP(EQW, ) of ¥, by Il,,,. The

standard presentation of II,,, is

Hg,n = <a17617 R 7Oégvﬁg7/717 S ,’}/n|[061,61:| e [Oég7ﬂg]/71 o n = 1>

Note that IT; o = I, /{71, ..., Vn). The geometric automorphisms of I, ,, are defined

to be the ones that fix the conjugacy class of every 7; and induce the identity on
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Hy (11, 0,7Z). Denote the group of geometric automorphisms of II,,, by A,, and the
group of the inner automorphisms of Il ,, by I, ,. I, is clearly a normal subgroup

of A, ,. It is well known that there is a canonical isomorphism
Lon = Agn/Ign

(See [47, Theorem V.9]). The invariant subgroups of II,,, are defined to be the ones
that are stable under the action of A, ,. For an invariant subgroup K of Il ,,, there

is a natural representation

Lyn — Out(ll,,/K).

This representation is the key for the construction of M?*.
Let k be a field of characteristic 0. For simplicity, assume that k is contained in
C and denote the algebraic closure of k in C by k. The moduli stack Mg n/c can

be viewed as a complex analytic orbifold denoted by MZ" Ic- Denote the orbifold

fundamental group of MZ" . by o ( o 1) with base point 77 € M, (C). There
is a natural isomorphism

T (Mgn/c; ) = Ton.

Therefore, for each geometric point 77 of M, , there is an isomorphism

WILA4gJME7ﬁ>§; Lo

g7n7

which is uniquely determined up to inner automorphisms, and there is an exact

sequence

1— FQAW — T (Mg pm:7) — Gal(E/k) — 1.

Let k£ be an algebraically closed field of characteristic p > 0. Denote the ring of
p-adic Witt vectors over k by W(k). When k is clear from context, we denote
W(k) by W. It is a characteristic zero complete discrete valuation ring with the

residue field k. Fix an algebraic closure L of the fraction field of W (k). There is
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an isomorphism I'p = m (M, /1, 7) of the geometric fundamental group of Mg,/
with the profinite completion of the mapping class group I'y,. Fix a prime number
¢+ p. Let G = I,/W?M, - 11", for odd ¢ and G = TI,,,/W*'Il,, - II]  for
¢ = 2, where the filtration W* is defined in §5.1. Let M* be a finite étale cover of
M, ,[1/¢] as in Proposition 5.1.1. Denote the kernel of the natural representation
Lyn — Out(G) by F;]\,n. Denote the Teichiiller space of the reference surface X, , by
Tg.n- By construction, each connected component of the complex variety M A®C is

isomorphic to the analytic space 7T,/ F;\’n. Since F;"n acts on 7, , freely, we see that

there is a natural conjugacy class of isomorphisms
A\~ A A
Trl(M(C) = (Fg,n) )

where M2 is a connected component of M* ® C. Since ¢ is a unit in W, there
is a natural morphism SpecW — SpecZ[1/¢]. Choose a connected component of
M ®z[1/0) W and denote it by My, Denote its base changes to L and k by Mj;
and M)}, respectively. Let  and £ be a geometric point of M7 and M}, respectively.

The scheme M} is a connected finite étale cover of M, /1 and there is an isomor-
phism 1 (M7, 7) = (I'))". Since the boundary of M* is a relative normal crossing
divisor over Z[1/¢], the boundary of the Zariski closure of My, in M* ® W is also

a relative normal crossing divisor over W. This allows us to define a specialization

homomorphism of tame fundamental groups [14, Exposé XIII]
s my (My, 1) — iy (Miy, 7) = w1 (Miy, €) < (M, €),

where the left-hand map is induced by base change to L, the map at middle is
an isomorphism obtained by change of base points, and the right-hand map is the

isomorphism induced by base change to k.
Theorem 5.4.1. With notations as above, there is an isomorphism

(0y)" = m (MR, )1,
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which is uniquely determined up to inner automorphisms.

Proof. The smoothness of My}, over W implies that the specialization morphism sp

is surjective. This surjective homomorphism induces an isomorphism

~

o s m (M )Y S m (O, §)
upon taking maximal prime-to-p quotient. Hence we have an isomorphism
SP(Z) : 7T1(M£777)(Z) - 7T1(M1?ag)(£)
by taking maximal pro-¢ quotient. ]

Corollary 5.4.2. With notations as above, there are natural conjugacy classes of

1somorphisms

(Can[™ D@ = 71 (Mgl

and

F;el(é) ~ (Mg,n/k)rel(e)-

s

Proof. For A = L, W, and k, denote M, ;)4 and Mg, a[f™] by M4 and M4[{™],
respectively. Let 7 and & be geometric points of M7 and M}, respectively. Denote
the images of 77 and ¢ under morphisms by 7 and £ also. The monodromy action

T (M4)® — Sp(Z/IZ) factors through the finite group I',,/I'},, which is the

g?”’

automorphism group of M7} over M 4. Denote this finite group by G. This implies

that for A =W and A = k, there is an exact sequence
1— m (M, 6O - m(My, O - G — 1.
Similarly, for A = L and A = W, there is an exact sequence

1— m (M), )" — 7 (Ma, ) - G - 1.
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Fix an isomorphism 7 (M}, &) = 7 (M, 7). These exact sequences fit into the

commutative diagram

1—m (M, )Y —m (M, ™0 — G —1

! ! [
1= (M), &) —m (M, )0 -G —1

b b
1=y (M, 7)) —m (M, 7)™ ~ G —1

} p
1—m (M7, ) —m (M, ) -G =1,

where the left-hand vertical maps are all isomorphisms and the map G — G is an
isomorphism induced by the fixed isomorphism 7 (M), €) = 7 (M, 7). Therefore,

the middle vertical maps are all isomorphisms and thus there are isomorphisms

s <MI€7 g)rel(f) ~ 7 (ML; 77)re1(£) ~ Frel(é)

g7n )

which are unique up to conjugation by elements of (M, £)*'®). Similarly, let G’
be the quotient of 7 (M 4[¢™]) by the finite index subgroup 71(M3). It is a finite

(-group. Using the exact sequences

1 - m (M3, Y - m(Ma[tm],6)O - &' — 1,
where A =W and A = k, and

1— (M3, 7)Y — m(Male™], ) - G -1,
where A = L and W, we also have isomorphisms

T (Mk[gm]a 5)(@ = (ML[Km]a ﬁ)(@ = ngn[gm](é)’

which are unique up to conjugation by elements of m (M [¢™],€)©. ]
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6

Weighted Completion

In this chapter, we review the theory of weighted completion. The idea of weighted
completion is to “linearize a profinite group” with weight data. The weighted com-
pletion is relatively computable, since it is controlled by cohomology. This is a
generalization of the relative completion of a discrete group (which we will review in
next chapter) due to Deligne, and was developed by Hain and Matsumoto in [22].
The main application of the completion in this paper is to the arithmetic mapping

class groups and the profinite completion of the mapping class groups.
6.1 (Pro)algebraic groups

Suppose that F'is a field of characteristic zero. In this paper, by an algebraic group
over I’ we mean an affine group scheme of finite type over F' and by a proalgebraic
F-group G we mean a projective limit of a projective system consisting of surjective
homomorphisms

g = lh_nGaa

«
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where each G, is an algebraic group over F. It is known that every affine group
scheme arises as a proalgebraic group [32]. For an F-algebra R, the R-rational

points G(R) of G is the projective limit of the projective system {G,(R)},
g<R) = liLnGa(R)'

The Lie algebra g of G is the projective limit of the corresponding projective system
of the Lie algebras g,

g = limg,.
We consider the Lie algebra g as a topological Lie algebra with the topology induced
by the projective limit. Here we equip g, the discrete topology. The neighborhoods
of zero are the kernels of the natural surjections g,. The functor Lie taking G to its

Lie algebra g is exact; if the sequence
1-G —-G-G" -1
of proalgebraic F-groups is exact, then the sequence
0—>g —>g—>g —0
of the corresponding Lie algebras is exact.

6.2 Prounipotent groups and pronilpotent Lie algebras

Suppose that F is a field of characteristic zero. For n > 1 and an F-algebra R
the algebraic group U, (R) is an algebraic subgroup of GL,(R) consisting of upper
triangular matrices whose diagonal entries are all 1. A unipotent F-group is an
algebraic group over F' that is isomorphic to an algebraic subgroup of U,, for some
n. A prounipotent F-group U is the inverse limit of a surjective projective system of
unipotent F-groups U,:

U=1lmU,.

[0}
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The Lie algebra u of the prounipotent F-group U is a pronilpotent Lie algebra that

is the projective limit of the finite-dimensional nilpotent Lie algebras u, of the U,:

u=limu,.

«

For a unipotent group U and its Lie algebra u, the exponential map exp : u — U is
an isomorphism of algebraic varieties with the inverse given by the logarithm map
log : U — u. The exponential and logarithm maps extend to prounipotent groups

by taking a projective limit to give an isomorphism of proalgebraic varieties.
6.3 Continuous cohomology and homology of a Lie algebra

Let § = lim G, be a proalgebraic group over F and g = lim_ g, be its Lie algebra.
The continuous cohomology of g is defined to be the inductive limit of the cohomology

of its canonical finite-dimensional quotients g,:

H*(g) := lim H*(g.)

«

and the continuous homology is defined to be the inverse limit:

H,(g) := lim H.(g.)

«

These can be computed using the continuous Chevalley-Eilenberg complexes

Hom,s(A®g, F) := lim Hom(A*g,, F)

«

and

A*g:=limA*g,

«

There are natural isomorphisms

H*(g) = Hom(H.(g), F') and H.(g) = Hom(H*(g), F).
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6.4 A presentation of a pronilpotent Lie algebras

Pronilpotent Lie algebras are easy to deal with, since they can be easily expressed
as a quotient of a free Lie algebra. Recall that for a F-vector space V', the free Lie
algebra denoted by (V) is the Lie subalgebra of the tensor algebra T'(V'), where the
bracket on (V') is defined by [u,v] := uv — vu. It has a universal property; if there
is a F-linear map ¢ : V — g from V to a Lie algebra g, then the map ¢ extends to
be a Lie algebra homomorphism (V) — g. The free Lie algebra (V') is graded by
bracket length: there is an isomorphism

L(V) =~ @PL.(V).

n=1

Now, since a derivation on L(V) is determined by its effect on V| we see that
Der L(V) = Homp(V,L(V)) and that the derivation Lie algebra Der L(V') is graded:
DerL(V) =~ P Der" L(V),
n=1
where Der" IL(V) := Homp(V,L,,1(V)). The free completed Lie algebra L(V)" gen-

erated by V is defined to be
L(V)" = lim L(W)/L"L(W),
Wn
where W ranges over all finite-dimensional quotients of V' and L*IL(W) is the lower
central series of L(WV).

The following elementary fact is a key for finding a presentation for a pronilpotent

Lie algebra.

Lemma 6.4.1. If ¢ : g — b is a Lie algebra homomorphism of nilpotent Lie algebras,
then ¢ is surjective if and only if the induced linear map Hy(g) — Hq(h) is surjective.
O]
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Corollary 6.4.2. If g is a pronilpotent Lie algebra, then there exists a free completed
Lie algebra § and a continuous surjective Lie algebra homomorphism ¢ : §f — g such

that the induced map ¢ - H\(f) — H.y(g) is an isomorphism.

Proof. Fix a continuous section of the natural projection g — Hi(g). Let ¢ be
the continuous Lie algebra homomorphism ¢ : L(H;(g))" — ¢ induced by this
section. Then the induced map ¢ : Hy(L(H,(g))") — Hi(g) is continuous and an
isomorphism, and hence the above lemma implies that ¢ is a continuous surjection.

O
Therefore, we obtain a presentation
g = L(Hi(g))" /x.

Proposition 6.4.3. If a closed Lie ideal v of a free pronilpotent Lie algebra § that is

contained in [f,f], then there is a continuous natural isomorphism

Hy(f/v) = v/[v, ]

Proof. Since t is a subalgebra of of a free pronilpotent Lie algebra, it is free. Thus
we have H*(t) = 0 for all & > 1. Since t < [f,f], together with the vanishing of

cohomology for k£ > 1, the spectral sequence
Ey' = H*(f/v, H'(x)) = H*'(f)
implies that H?(f/t) = H°(f/t, H'(r)). Note that we have
Ho(j/v, Hi(v)) = ¢/[x, f].
Thus there is a natural isomorphism
H(f/t) = H°(f/v, H'(v)) = Home (Ho(f/v, Hi(v)), F') = Homes(v/[v, f, F).

Taking the dual, we get a natural isomorphism Hs(f/t) = v/[t.f]. O
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Whether a Lie algebra homomorphism between pronilpotent Lie algebras is an
isomorphism or not, we have a useful criterion. This is an analogue for pronilpotent

Lie algebras of a classical result of Stallings [43].

Proposition 6.4.4. Let ¢ : g — b be a Lie algebra homomorphism of pronilpotent
Lie algebras. If ¢ induces an isomorphism Hi(g) — Hy(h) and a surjection Hs(g) —

Hs(b), then ¢ is an isomorphism.

Proof. Since ¢ induces an isomorphism on Hiy, it is a surjection. Any continuous
linear section of g — Hi(g) induces Lie algebra surjections v : L(H;(g)) — g and
o : L(H1(h)) — b by composing with ¢ such that the diagram

Y1
0——=rtv——=L(Hi(g)) —=g—=0

b

0 —n——L(H, (b)) —2~ h —0,

where v and n are the kernels of ¥; and 15 and the middle map is the isomorphism
induced by the isomorphism on H;. Note that the right-hand vertical map is injective.
By assumption, ¢ induces a surjection on Hs,, and so Proposition 6.4.3 implies that

the map v — n is also surjective. Hence, ¢ is an isomorphism. O

Corollary 6.4.5. A pronilpotent Lie algebra g is trivial if and only if Hi(g) = 0 and
free if and only if Hy(g) = 0.

6.5 Negatively weighted extensions

Suppose that F' is a field of characteristic 0, that R is a reductive algebraic group
defined over F', and that w : G,, — R is a central cocharacter. Denote G, p by Gy,.
Suppose that

l1-U—->G—->R—-1
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is an extension of R by a unipotent group U in the category of algebraic F-groups.
The abelianization H;(U) is an R-module, and therefore a G,,-module via w. Thus

we have the decomposition

H,\(U) = @ Hi(U),,

reZ

where G,, acts on H;(U), via the rth power of its defining representation. We will say
that this extension is negatively weighted with respect to w if H1(U), = 0 forallr =0
and that a proalgebraic group G which is an extension of R by a prounipotent group
U is negatively weighted if it is an inverse limit of negatively weighted extensions of

R by unipotent groups.

6.6 Weight filtrations

By the Levi decomposition [10, p. 158], the extension
1-U—-G—->R—-1

splits and any two splittings differ by conjugation by an element of U(F"). Therefore

there is a lift of the homomorphism G,, — R to a homomorphism @ : G,, — G.
Lemma 6.6.1. Any two lifts © : G,, - G of w are conjugate by an element of U(F).
Proof. Pulling back the sequence
1-U—->G—->R—1
along w, we obtain the sequence
1->U—G—G,— 1

Any two sections of G — G,, are conjugate by an element of U(F) by the Levi

decomposition. ]
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Fix a lift © : G,, —» G. We can regard each finite-dimensional G-module V' as a
G,,-module and thus have a decomposition

V=PV,

neZ

where (G, acts on V,, via the nth power of the defining representation. Define a

weight filtration of V' by

The above weight decomposition respects Hom and tensor products; if U and V are
finite-dimensional G-modules, then we have

Hom(U,V), = @ Hom(Uy, V})

l—k=n

and

UV)e= P UV

k+l=n

Therefore, it follows that weight filtrations are compatible with Hom and tensor

products:
W, Hom(U, V) = {¢ € Hom(U, V) |p(W,U) < W,V for all | € Z}

and

Wa(URV)= > WU@WV

k+l=n
Let G be a negatively weighted extension of R by a unipotent group. Denote the
Lie algebras of G, U, and R by g, u, and t, respectively. We can regard them as

G-modules via the adjoint action of G. Fix a lift © of w.

Proposition 6.6.2. The Lie algebras g, u, and ¢ are graded Lie algebras satisfying
the properties:
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1. if x € g and y € gy, then [2,y] € gr-
2. Uy S G-

3 u, =0ifm=0.

4. g9 =Wog, u=W_g, and v = Gr} g.

Proof. The first assertion follows from the fact that the bracket [, | : g®g — gis a
G-module homomorphism. The second is clear. As to the third, define u_y to be the
sub Lie algebra of u. It is a nilpotent Lie algebra. The inclusion u_y — u induces an
isomorphism Hi(u~g) = H;(u), since H;(u) has only negative weights. By Lemma
6.4.1, the inclusion u_.y — u is indeed an isomorphism. For the last assertion, note

that since w is central, we have v = ty, and that the sequence
0-u—-g—otr—0

is an exact sequence of graded Lie algebras. The result follows immediately. O]

A key property of negatively weighted extensions used in this paper is the follow-

ing.

Proposition 6.6.3. For ecvery finite-dimensional G-module V', each term W,V of
the weight filtration W,V 1s a G-module and each graded quotient
Gr,vlv V=W, V/W,_1V is an R-module of weight n.

Proof. Every finite-dimensional G-module V is a g-module via the homomorphism
g — Endp(V). The map g®V — V,z ®v — x(v) is G-equivariant, and hence if
x € g and v € V], then x(v) € Vjyy. Since g = Woyg, the action of g on V' preserves
the weight filtration of V. Since u = W_ju, the image of W;V under the action of u is
contained in W;_;V. Thus u acts trivially on the associated graded quotients Gr;" V'

for all [ € Z, so does U. Write G = U x s(R) with respect to the fixed splitting s of
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G — R. Since w is central, the image of s o w is central in s(R). Thus the action
of s(R) on V preserves the weight filtration, so does the action of G. Together with
the trivial action of U on Gr?¥ V, the induced action of G on Gr? V descends to the

action of R. O

Although, by definition, the weight filtration depends on the choice of the lift @,

it does not.

Proposition 6.6.4. With notation as above, the weight filtration of V' is independent
of the choice of the lift .

Proof. Let @ and @' be the lifts of w : G,, — R. There exists an element u of U(F')

such that & = uwou™!.

Denote the weight decomposition with respect to @ and &’
by V=@V, and V = @V, respectively. Then we see that & acts on uV,, with
weight n, and so uV,, < V. Similarly, u='V! < V,, or V! < uV,,. Thus uV, = V..

Since the action of G preserves the weight filtrations W, and W/, we have

@Vg_@uvm:u<@vm>g@vm,

m<n m<n m<n m<n
A symmetric argument shows the other containment. O

The above results extend to the case where G is a proalgebraic F-group G that
is a negatively weighted extension of G with respect to w : G,,, — R. If V is a finite-
dimensional G-module, then the action of G factors through its algebraic quotient
G,. It is easy to see that GG, is an extension of R by a unipotent F-group U,.
Since the prounipotent radical U of G is negatively weighted, it follows that U, is
also negatively weighted, i.e., G, is a negatively weighted extension of R. Thus the
G-module V' admits a natural weight filtration. It is clear that this weight filtration

does not depend on the quotient G,,.
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6.6.5. Pro-and Ind-G-modules: The construction of weight filtrations extend to pro-
jective limits and inductive limits of finite-dimensional G-modules. If V = lim_V,
is a projective limit of finite-dimensional G-modules, then W,V is given by W,V =
lir_na W, V, for each n € Z. similarly, if V = h_H)la V, is an inductive limit of finite-

dimensional G-modules, then W,V is given by W,V = li_r)na W, V..
6.7 Category of weighted modules

An important property of weight filtrations is that morphisms of weight modules
are strict and hence that taking associated graded quotients are exact. Suppose
that G; and G, are negatively weighted extensions of reductive groups R; and R,

respectively, such that the diagram

commutes. We may regard Go-modules as G1-modules via the homomorphism . We
form a category as follows. Objects are the data (V,G, R,w), where w : G,,, — R is a
central cocharacter, R is a reductive algebraic F-group, and G is a proalgebraic group
that is a negatively weighted extension of R, and where V' is a finite-dimensional G-
module. Morphisms of such modules are ones compatible with the diagram described

above.

6.8 Strictness

Recall that a linear map f : (V,W,) — (V' W) of filtered vector spaces is strict if

it satisfies the property
fV)n W V! = f(W,V),
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for all n € Z. In general, the map f induces a map Gr,(f) : Gr!V' V — Grzv’ V', but

the map Gr,(f) need not to be injective even when f is injective.

Example 6.8.1. Let V; and V5 be finite-dimensional F-vector spaces. Let V =
Vi @ V;. Define a filtration W,V by setting

0=WV =W VccWV=V
Define a filtration W)V by setting
0=WVcWV=VcWV=V

Then the identity map id : V' — V preserves the weight filtrations, but Grs(id) :

CGry¥' V — Gr¥' V is not injective.

Subspaces and quotients of a filtered vector space (V, W,) admit induced weight

filtrations; if A < V is a subspace and ¢ : V' — B is a quotient, then
WoA:=An W,V and W, B := q(W,V).

Proposition 6.8.2. If a linear map f: (V,W,) — (V',W,) of filtered vector spaces

18 strict, then there are natural isomorphisms
1. imGrY f ~ Gr¥Wim f
2. ker Gr¥ f =~ Gr¥ ker f and

of graded vector spaces.
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Proof. For each n, We have

fW, V) + W, V'
W, V!

im Gr) f =

fW.V)
FWVV) A Wyt V7

- im f o W,V
C(imf o WL V) A W,V

Cimf AW,V
Timf A WV

_ Wyim f
a Wn—l lmf

= Grim f

For the second, consider the following commutative diagram:

0——=W,_,V W,V GrV V——=0

|

0——f(Wy_1V)—=f(W,V)—=C1 im f—=0

The rows are exact and the vertical maps are all surjective since f is strict. Since
Gr?im f = im Gr)” f, it follows that

ker(f : W,V — f(W,V))
ker(f : W, 1V — f(W,,1V))

ker Cr) f =~

_ ker fn W,V
"~ ker f A W,_4V

= Gr! ker f
O

Proposition 6.8.3. If f : Vi, — V5 is a morphism in the category of weighted
modules, then it is strict. Consequently, the functor GrY taking V. ~» GrlV'V is
exact on the category of finite-dimensional G-modules.
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Proof. First note that every object in the category of weighted modules has a natural
weight filtration. Using the notation in the definition of the category 6.7, fix a lift
wi : G,, = Gy of wi. Then ® o @ is a lift of wy. Since f is G-equivariant, it becomes
a G,,-homomorphism. Hence f preserves the weight filtrations. With respect to

these lifts of w; and wy, we may regard f as a map of graded vector spaces and so

it is strict. Suppose now that 0 — V"’ LV 4 V" 5 0is an exact sequence in the

category of weighted modules. Consider the following commutative diagram:

0— W,V —=W,, 1V —W, 1 V' —0

l l |

0 Vv’ V Vv 0

By strictness, the first row is exact. This diagram induces the exact sequence
0>V /W, 1 ->V/W, 4 ->V"/W,.1—0
of weight modules. The strictness again induces the exact sequence
0-GCrVV -GV -GV V" -0
for each n € Z. O]

Main properties of negatively weighted extensions used in this paper are summa-

rized as the following.

Proposition 6.8.4 ([24, Thms. 3.9 & 3.12]). Suppose that R is a reductive F-group
and that w : G,, — R is a central cocharacter. If G is a proalgebraic group that is
a negatively weighted extension of R with respect to w by a prounipotent group, then

every finite dimensional G-module V' has a natural weight filtration W,:

0o=wW,Vc---cW, VcWVc - -W, V=V
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It is characterized by the property that the action of G on the rth weight graded

quotient

GV V=W, V/W,_\V

factors through G — R and is an R-module of weight r. The weight filtration is
preserved by G-module homomorphisms and the functor GrY on the category of finite-

dimensional G-modules is exact. O]
6.9 Presentations of G
Each splitting of the extension of R by a prounipotent group
l-U—->G—->R—1
induces an action of R on U and an isomorphism
GUXR

that is compatible with the projection to R. Hence in order to give a presentation
of G, it will suffice to give a presentation of U with its R-action, but the latter is
determined by a presentation of the Lie algebra u as an R-module. Fixing a splitting
of G — R gives u an R-module structure. Then the natural projection u — H;(u) is
an R-homomorphism, and so it induces a continuous R-section s : Hj(u) — u. Since

u is pronilpotent, the section s induces an R-isomorphism
L(H(uw)" /et = u.
6.10 Weighted completion of a profinite group

Weighted completion of a profinite group I' is similar to continuous relative comple-
tion. It plays an essential role in [20]. A key property of weighted completion is that

it induces weight filtrations with strong exactness properties on the I'-representations
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that factor through its weighted completion. Here we take F' to be QQ, where ¢ is a

prime number. Denote G, /g, by G,,. Suppose that:

1. T is a profinite group;

2. R is a reductive algebraic group defined over Qy;

3. w: G, — R is a central cocharacter;

4. p:T"— R(Qy) is a continuous homomorphism with Zariski dense image.

Definition 6.10.1. The weighted completion of I' with respect to p and w consists

of a proalgebraic Q,-group G, that is a negatively weighted extension
l-U—->G—>R—1

where U is a prounipotent QQ,-group and a continuous Zariski dense homomorphism
p: ' — G(Q) whose composition with G(Q,;) — R(Qy) is p. It is characterized by
the following universal mapping property: If G is an affine (pro)algebraic Q,-group

that is a negatively weighted extension
l1-U—-G—->R—-1

of R (with respect to w) by a (pro)unipotent group U, and if ¢ : I' - G(Qy) is a
continuous homomorphism whose composition with G(Q,) — R(Qy) is p, then there
is a unique homomorphism of proalgebraic Qs,-groups ® : G — G that commutes

with the projections to R and such that ¢ = ® o p:

r—.g¢
||
G—R

Proposition 6.10.2. The weighted completion of I' with respect to p and w always

exists.



Proof. Consider the category whose objects are pairs (p: G — R, ¢ : ' - G(Qy)),
where p is a negatively weighted extension of R and ¢ is a continuous homomorphism
with Zariski dense image such that po¢ = p. A morphism between (p; : G; — R, ¢ :
I' > G1(Qy)) and (p2 : Go — R, 9 : I' > G5(Qy)) is a homomorphism f : G; — Go
such that ¢, = f o ¢1. Note that the Zariski density of ¢; and ¢5 implies that such
a homomorphism f is unique. A fiber product in this category is given as follows.
Since p; 0 ¢1 = p = P2 © o, there exists an induced map ¢ : I' — (G; xg G2)(Qy).
Let G be the Zariski closure of the image of ¢ in G; xr Go. That G is a negatively
weighted extension of R follows from that G; x g GG is a negatively weighted extension
by the unipotent Qp-group U; x Uy, where U; is the unipotent radical of G;, © = 1, 2.
Thus (p: G — R,¢: I' - G(Qy)) is a fiber product in this category. The weighted
completion (G — R,p : I' —> G(Qy)) of p : I' > R(Q,) with respect to w is the

projective limit of all objects of this category. m
6.11 Naturality

The naturality of weighted completions is a useful technical property needed in this
thesis. With the notation in the definition 6.10 of weighted completions, suppose

that the following diagram

commutes, where the map ¢ : I'y — I's is a continuous homomorphism of profinite
groups and & : Ry — Ry is a homomorphism of algebraic Q,-groups. For ¢ = 1,2, let

(Gi, pi - Ty — Gi(Qy) be the weighted completion of p; with respect to w;.
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Proposition 6.11.1. With the notation as above, there exists a unique homomor-

phism ¥ : G — Gy of proalgebraic Qp-groups such that the diagram

N —1%

)

G1(Qr) 2= Gy (Qy)

L

R1(Qy) . Ry (Qy)

commutes.

Proof. Denote the pullback of G, along the homomorphism £ : Ry — Ry by Go. We
have a unique induced homomorphism p : I'y — QQ(QE) such that the composition
with the projection to R; is p;. Let G be the Zariski closure of the image of p in
G,. Then G is a negatively weighted extension of Ry, and hence by the universal
property of weighted completion, we obtain a map G; — G. Composing with the
map Gg — Go, we get a desired map ¥ : G; — G, that makes the above diagram

commute. OJ

Remark 6.11.2. The map U induces a Lie algebra map ¥ : g1 — go that preserves

the weight filtrations of g; and go and is strict with respect to them.

It is natural to ask whether weighted completion is an exact functor. The answer

is that it is, in general, only a right exact functor. Suppose that

lonm—->1T1-19y—1
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is a sequence of profinite groups such that the diagram

1 T Iy Iy 1

L

R(Qp) == R(Qy)

]

G (Qe) G (Qr)

commutes, where p; and p, are continuous homomorphisms with Zariski dense im-
ages. Denote the weighted completions of p; and ps with respect to w by (Gy, py :
'y — G1(Qy)) and (Ga, po : I'y — G2(Qy)), respectively. Denote the ¢-adic unipotent

completion of 7 over Q, by 7g;.

Proposition 6.11.3. If the sequence
17T 5Ty -1
is exact, then the sequence of proalgebraic Qq-groups
G5 Gy — 1
18 ezact.

Proof. The Zariski density of p; and ps implies that the induced map @ : G; — Gy is
surjective. Let K be the kernel of ®. Denote the prounipotent radicals of G; and G,
by U; and U,, respectively. Notice that I is equal to the kernel of Uy — Uy, which
is the restriction of ®. Thus K is a prounipotent Q,-group. By commutativity, =
maps to K(Qy) and by the universal property of ¢-adic completion, there is a unique
map 7g — K such that the map m — K(Qy) factors through 73 (Q,) — K(Q). Let
N be the Zariski closure in K of the image of 7 — K(Qy). We claim that N' = K.

Since N = K, we have an induced map ® : G;/N — G,. The homomorphism
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p1: 1 — G1(Qy) induces a map p; : I't/m =~ Ty — (Gi/N)(Q,) that makes the

2

(G1/N)(Qp) — G2(Qp) — R(Q)

diagram

commute. Since G;/N is an negatively weighted extension of R by a prounipotent
Qe-group /N, by the universal property of G, we get a map ¥ : G, — G;/N. By
universal property of weighted completion, we have ® o U = id, and so ¥ is injective.
By Zariski density, ¥ is surjective also, and hence G;/N =~ G,. This implies that
N =K. O

Our main application of weighted completion is on families of curves. The fol-

lowing result gives us a criterion when a sequence of completions is exact.

Proposition 6.11.4. With the notation as in Proposition 6.11.3, suppose that Hl(m‘@‘;)
is finite-dimensional, that the action of I'y on Hy(7) induces a Go-action on Hy(mg}),

and that the weight filtration induced on H,(mg;) has finite dimensional graded quo-

tients which vanish in weights v = 0. If mg) has trivial center, then the sequence of

completions

1> 7 5 Gy - Gy 1

15 exact.

Proof. Since weighted completion is right exact, the sequence
TG Gy 1

is exact. Denote the Lie algebra of 7y by p. Note that the Gy-action on H,(7g;)
is induced by the conjugation action of I'; on 7. Hence this conjugation action of

I'; induces the action of G, on Hy(mg;) = Hi(p), which is negatively weighted. The
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weight filtration of H;(p) induces a weight filtration on the completed free Lie algebra
L(Hi(p))", which in turn induces one on p via a surjection L(H;(p))" — p. Since
Hi(p() is negatively weighted, it follows that p is negatively weighted. Since H;(p)
has finite dimensional graded quotients, it follows that each weight quotient p/W,p
of p is finite dimensional. Denote the group of automorphisms p/W,p preserving the
weight filtration by Auty (p/W,.). The finite-dimensionality of p/W,.p implies that
Auty (p/W,) is an algebraic group over Q. Thus the group of automorphisms of p
preserving the weight filtration, denoted by Auty (p), is a proalgebraic Q.- group,
since it is the inverse limit of the Auty (p/W,). The Zariski closure of the image of
'y — Auty (p)(Qy) is a negatively weighted extension of R. Thus by the universality

of weighted completion, we obtain a map G; — Auty (p) that makes the diagram

T——>1Y

| | T~

P(Q) — G1(Qe) — (Autw (p))(Qr)

commute. The center-freeness of P implies that the adjoint action of P on p is

injective, and hence that the map P — G; is injective. O
6.12 Structure of the pronilpotent Lie algebra u

Recall the data for the weighted completion of a profinite group I'. Suppose that
V' is a finite-dimensional R-representation. V' can be decomposed as V = @, _, V,
under the G,,-action through w. Since w is central in R, each V,, is an R-submodule.
We say that V' is pure of weight n if V' = V,,, and that V is negatively weighted
if V,, =0 for all m > 0. V can be considered as a continuous I'-module via the
homomorphism p : I' - R(Qy). Denote by H*(I', V') the continuous cohomology of
I' with coefficients in V.

Let (G,p : I' - G(Qy)) be the weighted completion of p : I' — R(Q,) with
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respect to w. Then the prounipotent Q,-group U of G is the projective limit of the
unipotent groups U,, where U, is the unipotent radical of the negatively weighted
extension p, : I' > G,(Qy). The Lie algebra u of U is the projective limit of the
finite-dimensional nilpotent Lie algebras u,:

u=limu,
«

Similarly, we have

Hy(u) = lim Hy (1) and Ho(u) = lim Hy(u,).

« «

Note that there is an R-module isomorphism H;(u) = Hy(U).

Theorem 6.12.1 (|24, Thms. 4.6]). For all finite-dimensional pure R-modules V' of
weight r, there are natural i.somorphisms

HYT,V) r<0

Homp(H,(U),V) = Homg(Gr) H,(U),V) = { 0 "> 0

Proof. Since Hy(U) is negatively weighted, if » > 0, then Hom(H;(U),V) = 0.
Assume that » < 0. Let [f] be the class of a continuous cocycle f : T' — V. Then
define a map p : I' — V % R by setting v — (f(v),p(7)). Here we consider the
R-module V' as a unipotent Q,-group, and then V x R is a negatively weighted
extension of R. The Zariski closure of the image of p in V' x R is also a negatively
weighted extension of R. Thus by the universal property of weighted completion, we

obtain a map ®; : G — V x R such that the diagram

1 U g J”% 1

.

l1—V-—"VxR—R——>1

commutes. Hence we obtain an R-module homomorphism f, : Hy (i) — V. Recall
that V acts on the cocycles I' — V by conjugation; if a € V and g : I' - V is a
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cocycle, then (aga™)(y) = a + g(7y) —va (V is a T-module via p). Now, since the
¢-adic unipotent completion (ker p)‘;@e of the kernel of p surjects onto U, the image
of ker p in U(Qy) is Zariski dense. For any a € V, the restrictions to ker p of the
cocycles f and g := afa™! agree. Thus the induced morphisms ®; : G — V x R and
¢, : G — V x R agree on U. This shows f, = g. and so we have obtained a map
U: HYT,V) — Homg(H,(U),V),[f] — [f]« Conversely, let ¢ : Hi () — V be a

continuous R-module homomorphism. Pushing out the extension
l1-U—-G—>R—-1,
along the canonical projection Y — H;(U), we obtain the exact sequence
1->HU)—»G - R—1.
Further, pushing out this sequence along the map ¢, we get an exact sequence
1-V -G, —>R—1

Composing p : I' = G(Qy) with the induced map G — G4, we obtain a map ¢: T —
Gs(Qy) that lifts p. Since G, is an extension of a reductive group by a unipotent
group, it uniquely splits up to conjugation by an element of V. Hence ¢ gives a class
of a continuous cocycle I' — V. Therefore, we obtain a map 2 : Homg(H;(U),V) —

H'(T',V). It can be easily checked that ¥ and  are inverse to each other. O

Let {V,} be a set of representatives of isomorphism classes of irreducible repre-
sentations of R. Denote the weight of V,, by w(«). The following result allows us to

compute the generators of u via the cohomology of T'.

Theorem 6.12.2 ([24, Thm. 4.8 ). If H(T',V,,) is finite-dimensional for all o with
w(a) <0, then

Hw= ¢ HT,VHV,

{a:w(a)=1}

o1



and

Hl(u) = Lin@ HI(F,Va>* ® Von

F a€eF

where F' ranges over the finite subset of {a : w(a) < 0}.
Furthermore, we can bound the relations in u.

Theorem 6.12.3 ([24, Thm. 4.9]). There is a natural R-homomorphism

o:H*u)—> H H D, VHOV,.

{a:w(a) =2}
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7

Relative Completion

If T is a discrete group with H;(I') ® Q = 0, then the unipotent completion of I" is
trivial. For example, this is the case for the mapping class groups I'y for g > 3. The
relative completion of a discrete group I' with respect to a reductive representation
is a proalgebraic Q-group that is an extension of a reductive algebraic Q-group by a
prounipotent Q-group. This is a generalization of the (Malcev) unipotent completion
of a discrete group. The definition of the relative completion is due to Deligne. Hain

further developed and generalized it in [15, 17, 18].
7.1 Relative completion of a discrete group.
We recall the definition of relative completion. Suppose that:

1. T' is a discrete group;

2. R is a reductive algebraic group defined over F', where F' is a field of charac-

teristic zero;

3. p:I' > R(F) is a homomorphism with Zariski dense image.
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Definition 7.1.1. The relative completion of I' with respect to p consists of a proal-

gebraic F-group G, that is an extension
l-U—->G—->R—-1

where U is a prounipotent F-group and a Zariski dense homomorphism p : I' — G(F)
whose composition with G(F) — R(F) is p. It is characterized by the following
universal mapping property: If G is an affine (pro)algebraic F-group that is an
extension

l1-U—->G—->R—-1

of R by a (pro)unipotent group U, and if ¢ : I' — G(F) is a homomorphism whose
composition with G(F) — R(F) is p, then there is a unique homomorphism of
proalgebraic F-groups ® : ¢ — G that commutes with the projections to R and such
that ¢ = ®(F) o p:

To construct the relative completion of I' with respect to p, consider all the commu-

tative diagrams of the form

| ——U(F) —= E(F) —= R(F) —~1

1.7

r

where E is a linear algebraic F-group which is an extension of R by a unipotent
F-group U, and where p is a Zariski dense homomorphism which lifts p : I' — R(F).
All homomorphisms in the top row are algebraic group homomorphisms. Morphisms

of such diagrams are defined in the obvious way. Moreover, the collection of such
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diagrams forms an inverse system [15, Prop. 2.1]. Then the completion G with respect

to p is defined to be the inverse limit
g=IlmF

over all the above commutative diagrams.

An important property of relative completion is that it behaves well under base
change. Suppose that F is an extension of F'. By extending scalars to F, every
proalgebraic group G over F yields a proalgebraic group G ®r E. Assume that the
image of I' > R(F) = (R®p F)(F) is Zariski dense in R ®r E. By the universal
mapping property of the relative completion Gg of I with respect to p: I' — R(E),

we obtain a natural homomorphism Gg — G ®p E.
Theorem 7.1.2. The natural homomorphism Gg — G ®p E is an isomorphism.
Proof. See [21, §3.2]. O

When R is the trivial group, one has G = U, which is a prounipotent group,
and the pair (U, I' — U) is called the unipotent completion of I over F. It will be

denoted by Fﬁi
. . )\
7.2 Relative completion of I'} ,

Suppose 29 — 2 +n > 0. Let Hy = Hy(%,,A), T =T ,, and R = Sp(Hg), where
Hy = Hi(X,, A) is the first homology group of the compact reference surface X,.
Let p : I'y,, — Sp(Hg) be the representation of the mapping class group on the
first homology of the surface. Since the image of p is Sp(Hz), p is a Zariski dense
representation. Denote by G&™ the relative completion of I'y,, with respect to p
and by U™ its prounipotent radical. Note that the base change theorem above
implies that the relative completion of I';,, with respect to p : I';,, — Sp(Hg,) is
Gew™ ®q Q.
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Recall that the Torelli group T}, is the kernel of the natural homomorphism
I'yn — Sp(Z). Let K, be the subgroup of the Torelli group 7}, generated by Dehn
twists along the separating simple closed curves on X, ,. The following result is a

special case of a result [39, Theorem B] of Putman.

Theorem 7.2.1. Suppose that g = 3 and that n = 0. If ' is a finite index subgroup

of Tyn that contains K, then the inclusion induces an isomorphism H;(I',Q) —
Hl (Tg,ny Q) .

Corollary 7.2.2 ([16, Cor. 6.7]). Suppose that g = 3 andn = 0. IfT is a finite index
subgroup of I'y , that contains Ky, then the group GE™ and the homomorphism I' —

Lyn — GEZ™ is the completion of T' relative to the restriction of the representation

p:Tyn— Sp(Hg).
7.3 Continuous relative completion of a profinite group.

We will need the profinite analogue of relative completion, since our main objects
are profinite groups. Here we take the coefficient field F' to be the field Q, for some

prime number ¢.
Definition 7.3.1. Suppose that:

1. T is a profinite group;
2. R is a reductive algebraic group defined over Qy;

3. p: ' —> R(Qy) is a continuous homomorphism with Zariski dense image.

The continuous relative completion of I' with respect to p is a proalgebraic Qg-group
G that is an extension

l-U—->G—->R—1

of R by a prounipotent Q-group U and a continuous Zariski dense homomorphism
p:I'— G(Qy) which lifts p to G(Qy).
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Like the relative completion of a discrete group, the continuous completion of
a profinite group is also characterized by a universal mapping property that is the
same as one for the discrete case except that all homomorphisms are required to be
continuous in the /-adic profinite case.

Denote the profinite completion of a discrete group I' by I'*. Consider I' as a
topological group whose neighborhoods of the identity are defined to be the finite

index normal subgroups. We have the following theorem:

Theorem 7.3.2 ([20, Thm. 6.3]). Suppose that I is a discrete group, R is a reductive
Qe-group, and that p : T' — R(Qy) is a continuous, Zariski dense representation. Let
pe: T — R(Qy) be the continuous extension of p to T'”. If G and p: ' — G(Qy) is

the completion of I with respect to p, then:
1. p is continuous and thus induces a continuous homomorphism p, : T — G(Qy);
2. G and py is the continuous relative completion of '™ with respect to py.

Suppose that I' is a profinite group and that p : I' — R(Z;) is a continuous homo-
morphism such that the composition with the inclusion R(Z;) — R(Qy) has Zariski
dense image. Recall that pr(®) : ™) — R(7Z,) is the relative pro-£ completion of
I' with respect to p. Since I' — ™)+ is surjective, pr'® : T™0» — R(Q,) has

Zariski dense image.

Proposition 7.3.3. The continuous relative completion of T™O» with respect to
the homomorphism pr©) . T*O»r — R(Qy) is isomorphic to the continuous relative

completion G of I with respect to p.

Proof. Denote I'™/O» by I'™/®) " Denote the relative completion of ™) with respect
to the homomorphism p*® : T — R(Q,) by G*). By functoriality, there exists
amap ¢ : G — G Denote the image of I' in G(Q¢) by N. The kernel K of
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N — R(Zy) lies in U(Qy) and is pro-¢. Thus, by the universal mapping property
of I there exists a unique continuous homomorphism I'"¥) — N such that the
diagram

r

:

Frel(Z) P

/ pm

N R(Zy)

commutes. Now, the universal mapping property of relative completion gives a map

Y : G0 - G and it ensures that the maps ¢ and ¢ are inverse to each other. [J
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8

Weighted Completion and Families of Curves

Suppose that k is a field, that T is a locally noetherian geometrically connected
scheme over k, and that C' — T is a curve of genus g > 2. Fix an algebraic closure
k of k. Denote the base change to k of C and T by C ®; k and T ®;, k, respectively.
Let 77 : SpecQ) — T ®;, k be a geometric point of T ®;, k. By abuse of notation, 7
also denotes the image of 7 in T.. Denote the geometric fiber of C' ®j, k over 7 by
Cy. Let T be a geometric point of the fiber C5. The images of Z in C ®j, k and C
are also denoted by z. Fix a prime number ¢ that is different from char(k). In this

section, Hy, = H3 (C,Z(1)) and Hg, = Hz, ® Q,. Let R be the Zariski closure of

the image of the natural monodromy representation

pry : m (T, 1) — GSp(Hg,).

Assuming that R contains the homotheties!, we have the central cocharacter defined
by

w:G,, > R 2 2z tidy,

L' A theorem of Bogomolov [9] implies that this is always true when k is a number field.

99



which we call the standard cocharacter.
Recall that Ly is the set of prime numbers distinct from char(7"). When there is no
risk of confusion, we simply denote it by L. Recall also that the morphism C' — T

induces an exact sequence of profinite groups

1 — 77 (Cy, &) > 71 (C,2) — m (T, 7) — 1,

where the middle group is the quotient by the image of the kernel of 71 (Cy;) — m1(Cj).

Proposition 8.0.4. Suppose that T' is a locally noetherian connected scheme. Let
f:C — T be a proper smooth family of curves of genus g = 2. Then the monodromy

action m(C,z) — GSp(Hg,) factors through the quotient 71 (C, ).

Proof. Consider the fiber product diagram.

Cﬁ C X C pz_) C
l plljs lf
Spec(§) —= c—t .71

where 7 = f oZ, p; and py are canonical projections onto the first and second
components, respectively, and s is the diagonal section of p;. This diagram induces

the following commutative diagram of algebraic fundamental groups:

m(Cy, &) —=m(C x7 C, x)—>7r1(C' z)—=1

| T

1 (Cy, T) m(C, Z) m(T,n) —1

where the rows are exact. Pushing out along the surjection 7, (Cy, 7) — 71(Cy, Z),

we obtain a diagram

/

1 ——7}(Cy, 7) —= 7} (C x7 C, T) 22 1 (C, ) — 1

!
/ s*
Poy

ﬂ-i (Cv i') ™ (T7 77’) —1
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where the maps pl,, ph,, and &, are induced by p1s, pos, and s, respectively. The
left exactness of the first row follows since p; : C' xr C — C admits a section s. We
see that m (C, Z) acts on 71 (Cj, Z) by conjugation via s,. We claim that this action
factors through 7 (C, ) via p),, but this is equivalent to saying that the kernel N
of the projection 71 (C, z) — w1 (C, Z) acts trivially on 7}(Cj, ) through this action.

Consider the following fiber product diagram:

Cﬁ X0 Oﬁ e Oﬁ
\ ’ p1 \
b2 C XT C z C
Cs b Spec Qﬁ
C T

By abuse of notation, p; and p, also denote the projection of Cj; xq Cj onto the
first and second components, respectively, and similarly for the diagonal section s of
p O xq Oy — Cj. This diagram induces the following commutative diagram of

algebraic fundamental groups:

]_—>7T1(Oﬁ,j}) 7T1(X, j}) P ﬂl(cﬁ,j}) 1
N N
m(Cy, T) lm* m (Y, ) pl*l m(C,z) —1
1> (Cy, ) == ™1 (Cy, 7)) —| = 1
N N .
m(C, ) m(C, 7) m(T,n) —1

where, for simplicity, X and Y denote Cj; xq C; and C' x¢ C, respectively. Pushing
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out along the surjection m (Cy, 7) — m1(Cy, T), we obtain the diagram:

1 —77(Cy, ) (X, ) ————=m(Cy,7) - 1
| e —L il e
1 m(Cy, @ (Y, z — o (Cz)—1
) ] =
1_>7rl (Cﬁvf) E— T (Cﬁvi‘)) - p/2*—>1
~ N .
1_>7T]%(Cﬁaf) ﬂ'i(caf) 77'1(T777>_>1

Note that m(Cy, Z) acts on 71(Cj, ) as inner automorphisms via the section s.
Since the center of 7'(Cy, ) is trivial, the inner automorphism group Inn(7}(Cj, 7))
is also a pro-IL group, and thus this action of 7;(Cj,Z) factors through 71(Cj, 7).
That is, the kernel N’ of the projection 71(Cy, Z) — 71(Cj, T) acts trivially as inner
automorphisms. We have seen that N’ maps onto the kernel of K — KU via the
natural map j, : m(Cy, %) — m(C, z), where K is the kernel of m(C) — m(T). By
the property of fiber product diagram, N acts trivially on 77(Cj, Z) via the section
s, of the map p}, : m(Y,z) — 71 (C,z). Hence the action of 7;(C, z) on 71 (Cy, T)

descends to the action of 7] (C, Z) via the projection p,. O

Lemma 8.0.5. The monodromy representation m(C, ) — GSp(Hg,) factors through

US| (T7 77) :
Proof. This follows immediately from the existence of the commutative diagram

771(017’ j) - 7"1(07 'f) - 77'1(T7 77) —1
\ v v
1 —Inn(T1®) - Aut(I1) - Out (1) -1,
where IT1¥) denotes the maximal pro-¢ quotient m;(Cy, Z)® of 71(Cy, ) and rows are

exact. O

Since the canonical map m(C,z) — m(T,7) is surjective, it follows that the

monodromy representation 7 (C,z) — R(Qy) is also Zariski dense. Denote by Go
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and Gr the weighted completions of m1(C,Z) and (7, 7) with respect to w and
their monodromy representations to R, respectively, and denote their prounipotent
radicals by Uc and Uyp. Since the canonical map 71 (C Q4 k, %) — 71 (T @y k,7) is
surjective, their images in R(Qy) are equal. Denote their common Zariski closure by
Reeo™ " which is a reductive subgroup of R. Denote by G&°™ and G&°™ the contin-
uous relative completion of 7, (C,z) and m(T,#) with respect to their monodromy
representations to R&°™(Qy), respectively, and denote their prounipotent radicals by
UE™ and U™,

By pushing out the exact sequence
m(Cy,7) = m(C,z) - m(T,7) — 1
along the surjection m (Cy, Z) — 71 (Cy, 7)), we obtain the exact sequence
1 — m(Cp, 7)Y — 71(C,7) — m (T, 7)) — 1

that fits in the commutative diagram

Denote by G, the weighted completion of 7 (C, ) with respect to w and its mon-

odromy representation 71 (C,Z) — R(Qy).

Lemma 8.0.6. With the notations above, there is a canonical isomorphism
Ge = G
Similarly, there is a canonical isomorphism
ggeom ~ g/geom
c =Yoo -

63



Proof. By the functoriality of weighted completion, there is a unique map ¢ : Go —
Gi. Denote the kernel of m(C,z) — 7w (C,z) by N. Recall that N is the kernel
of the maximal pro-¢ quotient X — K where K is the kernel of the canonical

projection 7 (C, ) — (T, 7). We have the commutative diagram:

11— N—m(C,2) =7 (C,7) =1

C,
| | !
1 —>Uc(@g) — gC(@Z) - R(Qﬁ) —1

Since compact subgroups of U(Qy) are pro-¢ groups, the left vertical map must be
trivial. Hence the canonical map 7 (C, z) — G(Qy) factors through 7 (C, z). By the
universal property of weighted completion, there exists a unique map ¢ : G, — Gc.

It is easy to see that ¢ and 1) are inverse to each other. O]

Denote the continuous ¢-adic unipotent completion of m(C57,z) by P. It is a
prounipotent Q-group. Since compact subgroups of Q-points of a prounipotent
group is pro-f, the canonical map m(Cy, z) — P factors through m(Cy,z)®, and
furthermore there is a unique isomorphism P = 7 (Cy, f)}g/un of P and the unipotent

completion of the maximal pro-¢ quotient of 71 (C, ), since both completions admit

the same universal property.
Proposition 8.0.7. With the notation as above:

1. There are exact sequences

and

1_)7)_)ggeorn_) jgﬂeom_)l
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of proalgebraic Qy-groups such that the diagram

1— st (Cﬁ) (©)
I
1 m(Cp)® m(C,7) m(T,7m) —1

l

1—P(Q)

7T/1(C®k l;,f)

/
/

. ggeom (QE)

I
P(Qr) G (Qp) Gr(Qp) —1

1

commutes.

2. Every section s of m1(C,x) — 71(T, 1) induces sections s and 5 of 7\ (C, z) —
(T, 7) and 7, (C @ k, 7)) — m (T @ k,7), respectively, and sections o and

o8 of Go — Gr and GE™ — GE | respectively, such that the diagram

50

Ut (T ®k ]%>ﬁ)

5O

7T/1(O Qk ]7{;757)
\
™ (C, 1)

J

ggeom«@e) - _oseom %eom(Qe)

~.
G (Qy) = Gr(Qy)

commutes.

Proof. The first part of the proposition follows from Proposition 6.11.4 with the right
exactness of relative and weighted completion and the fact [35] that P has trivial
center and H;(P) is pure of weight —1. For the second part of the proposition, the
sections s) and 5 are induced by base change to k and by pushout. Since the

diagram




commutes and since G¢ is a negatively weighted extension of R, it follows from the
universal mapping property of G that there exists a unique map o : Gr — G¢, which

is a section of Go — Gr. A similar argument applies for the section 8™, ]

Denote the Lie algebras of R, Go, Gr, U, Ur, P by ¢, gc, 8r, Uc, Ur, p, Te-
spectively. These admit natural weight filtrations as objects of the category of Go-
modules. By Proposition 6.8.4, their rth graded quotient is an R-module of weight
r. Since Hy(P) = H;(p) is pure of weight —1, it follows that p =~ W_;1p, and by

Proposition 6.8.4, we have
g4 = Woga, W_1g4 = ua, and Gry ga =,

where A = C' and A = T. The following corollary follows immediately from the fact

that the functor GrY is exact on the category of Go-modules.

Corollary 8.0.8. With the notation above: There is an exact sequence
0— Gr)p— Grl gc — Grl gr — 0

of graded Lie algebras in the category of R-modules.
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9

Weighted Completion of Arithmetic Mapping Class
Groups

In this section, we summarize and extend the results of [20, §8]. Suppose that g and
n are integers satisfying 2g — 2 + n > 0. Fix prime numbers p and ¢ £ p. Denote
the finite Galois cover of the moduli stack M, ,,/z1/¢ given by Proposition 5.1.1 by
M ;‘m. Choose a connected component of the base change to Z;" of M, gA,n and denote
it by Mi\gr, where Z," is the maximal unramified extension of Z,. For R = Q, and
R = F,, the base change M} of Mi\gr is a connected smooth variety over R. Since
Mé‘gr is of finite type over Z)", it can be defined over some finite unramified extension
S of Z,. Denote the fraction field and residue field of S by L and k, respectively.
Denote the absolute Galois group of L and k by G and Gy, respectively.

Fix a geometric point 7 of Map and ¢ of pr. Let Cy be the fiber of the universal

curve over ¢, where § = 77 and 7 = £. Recall that for a Zs,-module A,

H,y = Hy(Cy, A(1)).
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Since the image of the (-adic cyclotomic character y, : G, — Z,™ is infinite, the image

of x¢ : G — G,,(Qy) is Zariski dense. The image of the monodromy representation
pEon s m(Mg,,7) — Sp(Hz,)

is of finite index in Sp(Hz,), and hence it is Zariski dense in Sp(Hg,). The commu-

tative diagram

| (M) ,7) — m (M, 7) G, 1

geom
lﬂ@p L PL l Xe

1 ——Sp(Hyg,) — GSp(Hy,) —= Gm(Q)) —1
implies that the image of the monodromy representation
pry (Mg, 7) — GSp(Hg,)

is also Zariski dense. Denote the weighted completion of 7 (M7, 7)) with respect to

pry and the standard cocharacter w by
Gy and prg - m (Mg, 7) — G (Qo).

Denote the pullback to Mz‘;r of the universal curve Cy,, — M, by f: C)‘;r — Mz‘;r.

Let 7 : M. Agr — Z," be the structure morphism of Mggr over Z,".

Proposition 9.0.9. The image of the monodromy representation

pEE (Mg, §) — Sp(Hz,)

18 pro-£.

Proof. Since the kernel of the reduction map Sp(Hz,) — Sp(Hz/emz) is a pro-£ group,

the statement then will follow, if the composition

geom

pE"  m(Mg,,€) "= Sp(Hz,) — Sp(Hzjenz)
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is trivial. By the proper-smooth base change theorem [30, Ch.6 §4], the sheaf R! f, i,
is a constructible locally constant étale sheaf on Mi\;r. Its fiber over a geometric
point y is isomorphic to H} (Cy, pem) = (Z/€™Z)*. Denote R fipiem by F. Let 5
be a geometric point lying over the generic point and 53 be the closed point of Z".
By a generalization of the proper-smooth base change theorem [14, SGA 1 Exposé

XIII, 2.9], the specialization morphism, induced by the specialization §; — S,

Hgt(M]ﬁ\p,-F) = (W*-F>§2 - (W*f)El = Hgt(M(apuf)

™ A 5 .
is an isomorphism. Note that Hgt(Map,f) = (F5) M5 ™ Since the standard
representation 'y, — Sp(Hz,) factors through the level ™ subgroup 'y, [¢™], the

composition with the reduction mod-¢" map
I, — Sp(Hz/emz)
is trivial, and so is the monodromy representation
7T1(M6pa 1) — Sp(Hzpmz).

Thus we have

(Fﬁ)ﬂ-l(MépﬂT’) _ (Z/ng)Qg,
which implies that
(F)" 9 = (z/emz).

Therefore, the monodromy pg™ : Wl(MI?p, €) — Sp(Hzemz) is trivial. O

Corollary 9.0.10. The image of the monodromy representation
p]}g_?j}n B (Mgv"/Fp [gm]’ é) - Sp(HZz)

18 pro-£.
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Proof. We use the same notation as in the proof of the above proposition. Denote

the automorphism group of the étale cover Mi\;r — Mz [f™] by G. Note that
He?t(M]—l;\p,}")G = H{ (Mg, [0"], F) and that G acts trivially on Hgt(M]—li‘p,f) as it

acts trivially on H gt(]\/[ép, F). Thus it follows that

He (Mgns, [07], F) = (Z/0"Z)*,

gan/FP

which implies that the monodromy m (M, s, [€],§) — Sp(Hz,) has a pro-£ image.
]

Proposition 9.0.11. The monodromy representation

pEE (Mg §) — Sp(Hz,)

has a finite index image in Sp(Hz,), and so does the monodromy representation

Proof. Consider the diagram

1—— 71'1(057 j/)(f) _>7Ti(C2\ i»’) _>7T1(M1?p7 é) —1

F,’
I | |
1 —— 71 (CE, 7)) —— Wi(Cﬁzr, ) —>7r1(M25r, & ——1
| §¢ b
1 ——=m(Cy, 7)1 ﬁ-wi(cggr, z) —>7T1(M2;r, n)——=1
[ } }
|y (€ 2)O —= (€Y ) —=m (M, 1) — 1,

whose rows are exact and the vertical maps between the second and third rows are iso-
morphisms. This diagram commutes once we fix an isomorphism ¢ : m; (Ci\gr, T) =
wl(Ci\;r,f), which determines an isomorphism ¢’ : Wl(Mi‘;r,ﬁ_) ~ 7T1(M2;r,77). Fix
such an isomorphism. The proof of Proposition 9.0.9 also shows that the mon-
odromy representation pzu: ¢ : 71<M25r7§> — Sp(Hz,) also has a pro-¢ image, since
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H gt(Mi\gr, F)=~H, gt(MI—;‘p, F) by the generalization of proper-smooth base change the-
orem. Thus it follows that the image of the monodromy representation m; (Ci\gr, ) —
Sp(Hz,) is also pro-¢. This implies that the image of 7} (Ci\;r, ') in Aut(m (Cg)®)

under its conjugation action on 7 (Cg, 7' )@ is also pro-¢, and hence this conjugation
0

action factors through 1 (Cu, ). Since the center of m;(Cg, #')® is trivial, it
p

follows that the composition
m(Ce, @) — m1(Coe, @)1 — Aut(m1 (Cg) )

is injective. Thus by taking maximal pro-¢ quotients of the above diagram, we obtain

the commutative diagram

1—=m(C, #)1) —=m(CR , 7)) ——m (M, ) ——1

[ } }

1 m (Ce, 7)) — 1 (Chye, 7)) —>m (M, O —1
| v v

1 ——m(Cy, )" —>7T1(625%57)(@ —>71(MZA;%77)(€) —1
[ ) }

l—— 7[_1(077? i‘)([) —>7T1(Cap, j)“) - 7-[_1(]\461)7 77)(6) - 17

whose rows are exact and vertical maps are all isomorphisms. From this diagram,

we see that the diagram

Wl(Mapa 7_]) ™ (M]Ii\pa 5)
\ \
T (Mapa U)(e) i> ™ (M]}%\pa E) ®
\ v
Sp(HZe) - Sp<HZe)

commutes, where the bottom isomorphism is induced by ¢. Since the composi-

tion of the two left-hand vertical maps is the standard representation (I'), )" —

geom |

Sp(Hz,), it has finite-index image, and so does the monodromy representation pZ :
D>
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7T1(M]§‘p, §) — Sp(Hz,). The density of the monodromy my (M, 5, [(™],€) — Sp(Hz,)

follows since its image in Sp(Hy,) contains the image of 7T1(M§p, §) — Sp(Hz,). O

By Proposition 9.0.11, the image of pgeom 7T1(M]§‘p, €) — Sp(Hg,) is Zariski dense.

Since the image of the (-adic cyclotomic character x : Gy — Z/ is infinity, the image

of x¢ : Gy = G,,(Qy) is Zariski dense. The commutative diagram

1_>7T1(M2\7€)_)7T1(M1§\7§) Gk 1

lpﬁff’m lpk Lm
(

1 ——Sp(Hg,) —— GSp(Hy,) —= G,

implies that the monodromy representation

Prg - 7‘-1(Mk:>\7’§) - GSP(HQe)

has Zariski dense image. Denote the weighted completion of 7, (M}, £) with respect

to py ¢ and the standard cocharacter w by

ngA and Pré 7Tl(M n) — QMA(@Z)

Let 7 denote 7 and £. Similarly, we have the weighted completion of (M2, %)

with respect to psy : T (M3, y) — GSp(Hg,) and the cocharacter w, denoted by

gMga and PSy - 7T1(M57 ) gM*(QE)

Recall that G570 and (Uy,)" — G770 (Q) is the relative completion of (I'g,)"

with respect to the standard representation (I'y,)" — Sp(Hg,). For g > 3, the con-

tinuous relative completion of 7T1<M6 ,7) with respect to its standard representation
P

geom

Po, is isomorphic to gge /Qy by Corollary 7.2.2 and Theorem 7.3.2. Similarly, for
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g = 3, the continuous relative completion of m (M, q,[¢™],7) with respect to its

standard representation to Sp(Hg,) is isomorphic to gge;/% [18, Prop. 3.3]. When
) p

the field I is clear from context, we will denote GV by G&™.

Proposition 9.0.12. The continuous relative completion of Wl(MI—;‘p, £) with respect

geom
Fp 76

geom

to p g

is isomorphic to G&°™. Similarly, the continuous relative completion of

T (Mg, [07],€) with respect to pi g ts isomorphic to GE™.
? jo3] k)

Proof. Fix an isomorphism ¢ : Wl(Mi\;r,’f_]) = m(MZ*;r,E). We have the following

commutative diagram

m (Mép’ ,F/) - Wl(MZ),\;ru ﬁ) — WI(MQEU g) =~ T (M]ji\pa g)
¢ ¢ v ¢
m (Mg, ) —== w1 (M, 1)) —=> 1 (Mg, ) <=—m (M, )

\ V . ' /
Sp<HQe) = Sp<HQe) )

where the isomorphism Sp(Hg,) = Sp(Hg,) is induced by the isomorphism ¢ and
the isomorphisms on the second row are ones in the proof of Theorem 5.4.1. By
taking the relative completion of each of the profinite groups with respect to its
corresponding monodromy representation, we obtain the commutative diagram of

proalgebraic Qp-groups

g gger?m ggeom = ggeom geom

MA\[Y MA\II' M)
l/ 73 z% Fp
v v \
geom, () = geom,(¥) geom,({) =~ geom, (¢)
g,n -G > gM* < MA

M, ) >
I
Sp(HQe) — Sp(HQz)
Since the vertical maps between the first and second rows are isomorphism by Propo-

sition 7.3.3, it follows that

geom ~ geom ~ ggeom
= gn

M2 = M
Fp z3r
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A similar argument applies to the relative completion of 7 (M, s [€"], £). O

For a field F whose (-adic cyclotomic character has an infinite image, denote
the weighted completion of G with respect to the f-adic cyclotomic character y, :
Gr — G, (Qy) and w : 2z +— 272 by Ap.

Throughout the rest of this section, for a prime ¢, let M denote the étale covers
Mg’\’n and Mg, [0™] of Mg,z As in above, we fix a connected component of
the base change to S of M and denote it by Mg, where S is some finite unramified
extension of Z, over which M decomposes as a finite disjoint union of geometrically
connected components. Recall that L and k are the fraction field and the residue

field of S, respectively.

Proposition 9.0.13 ([20, 8.1]). Applying weighted completion to the two right-hand

columns and relative completion to the left-hand column of diagram

1ﬁ'ﬂ-l(MQp7ﬁ) ﬁﬂ—l(M[nﬁ) GL 1

geom
lp@p L PL L Xe

1 ——Sp(Hg,) — GSp(Hg,) — G (Qr) —1

gives a commutative diagram

ggigm —0u L AL 1

| l |

1 —Sp(Hg,) — GSp(Hg,) — G (Q) —1
whose rows are exact. Similar results hold if we replace the sequence
1 — m(Mg,, ) — m(Mg,7) — Gr — 1
with the exact sequence

I - 7T1(MI'F,,>€> - Wl(Mkag) -G —1
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and

1 — m(Mgu, y) — m(Ms,y) — m(5,9) — 1,
where § = 7 and §j = £. [

Denote the prounipotent radicals of Qgeom Q%j;;l, and Qgeom by Z/{geom L{]%f;n:, and

geom . geom geom geom geom geom
UMFP , respectively. Denote the Lie algebras of G}, gMZEr, g Z/{M@p , UMZ})H,

geom geom _ geom _ geom

geom geom geom
and U Ny by O, » gMZur, O, > Wity o uMZur, and uj,

, respectively.

Proposition 9.0.14. Let F = L and k and § = 7 and &, respectively. If2g—2+n > 0
and g = 3, then the natural action of m(Mp,y) on m(Mg,y) induces an action of

gom

G on gy - Therefore, g5, and u§;”™ are pro-objects of the category of G-

modules, and thus admit natural weight filtrations.

Proof. The conjugation action of w1 (Mg, ) on m (Mg, §) induces a homomorphism
m(Mp,y) — Aut(G5)")
and thus a homomorphism
U m (Mp,g) — Aut(giy)").
Define the filtration D, ggeom by

Doggeom = g%jo,m, D_ zg%j?m Llu}g\fﬁm, forv>1

where L'uf;”" is the ith term of the lower central series of u§)”™" with L'ufP™ = ufi™™".

Proposition 9.0.12 implies that we have an isomorphism u$%™ = u§”™ and it is shown
in [18] that each graded quotient of us%™ associated to the lower central series of u55™

geom preserves the filtration, we

is finite dimensional. Since every automorphism of g5,
have Aut(g7,") = lim_Aut(g%,""/D—;), and hence Aut(g7;") is proalgebraic. Since
p is a Gyr.-module, it has a natural weight filtration, and the exactness of the functor
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Gr? and the fact that H,(p) has weight —1 imply that the natural weight filtration
on p agrees with its lower central filtration. Similarly, Der p has a natural weight fil-

tration as a Gys,-module. Johnson’s computation of the abelianization of the Torelli

( goom) geom )

— Gr"% Deryp is an isomorphism. Thus H; (U

group [28] implies that H;

is pure of weight —1. For n > 1, the morphism M, — (M, /)" induces an

geom

injective map Hi(us5™) — Hy(uj

)®", and the morphism M, ; 7 — M, 7 induces
a surjective map Hy(u5)™) — Hy(ug*™). Therefore, H;(u$%™) is pure of weight —1

for all n > 0 and so is Hy( geom) for all n > 0. This implies that each graded quotient

geom

Gr? Z; Wy, is pure of weight —i as a GSp(Hg,)-module. Now, the monodromy rep-
resentation pry : 7 (M3, y) — GSp(Hg,) factors through Aut(g§;™)(Qy). Since the
image of ppy is Zariski dense in GSp(Hg,), the Zariski closure in Aut(g5;"™") of the
image of 7 (Mp,y) in Aut(g5,"™")(Q,) maps onto GSp(Hg,) with prounipotent kernel
K. Since K is negatively weighted, the universal mapping property of Gy, gives a

geom

map Gur,. — Aut(gy,

geom geom

), which makes g5, and so u§," as Gp,.-modules. O

Remark 9.0.15. The induced natural weight filtration on gﬁ?;m indeed agrees with

the filtration defined in this proof. The weight filtration clearly satisfies
gﬁzm Woggeom and W_, g%jo,m = u%&‘;m.

Again, the exactness of the functor Gr!” and the fact that Hj(u ir. ) has weight
—1 imply that W_,,ugeom is the rth term of the lower central series of u%; Om. This

coincidence allows us to apply the results of [18] in this paper.

Proposition 9.0.16. The isomorphisms

geom ~ _geom . _geom
gg n gMQ = gM]F

are morphisms in the category of Gy, -modules.
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Proof. First consider the diagram

1 —m (Mg, ) —=m1 (M, ) — G —1

’ J ||
11— 7-‘-1(~/\/lg,n/(@p7 77)) — T (Mg,n/La 77) -G =1,

whose rows are exact. m (Mg,7) acts on m (Mg,n/@p, 7) by conjugation via the ho-

momorphism (M, 7) — m1 (Mg, 7). This conjugation action induces an action

of Gar, on g&™ and hence the isomorphism g%\jgm — g8
D

eom

o is a Gy, -module homo-

morphism. Secondly, consider the diagram

1 —mi(Mg,,n) —m1 (M, 1) —>GlL—>1
| |

1 — 7y (Mg, 1) = m1(Ms, 1) = m1 (S, 1) =1
| | |

1= (Mg, &) = m1(Ms, §) = mi(S5,§) =1

} } }

1 —m (Mg, , &) —m(My, ) — G — 1.

A choice of an isomorphism ¢ : m (Mzur, 7)) = 71 (Mzyr, §) determines isomorphisms
71(S,7) = 7 (S,€) and m (Mg, ) = 7 (Mg, &), which makes the above diagram
commute. Pushing out this diagram along the surjection m (Mzur, £) — m1( Mz, £)®

induces the commutative diagram

1 ——m (Mg, 7)) —— (M, 7) Gr 1

| |

1 ——my (Mg, 7)) — 7} (M, 7j) —m1 (S, 1) — 1

| |

|
1ﬁ'7T1(MZ;rJ€)(£) —>W1(M575)ﬁ'71(57 )ﬁl

} f

l—m (MFpa g>(f) - Wi(M]w 5)

where rows are exact and all the left-hand vertical maps and the vertical maps

between the third and fourth rows are isomorphisms. Thus m(My,7) acts on
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ﬂl(MFp,f)(f) through the conjugation action of 7} (Mj, &) on m(MI—Fp,E)(@. Hence

the induced isomorphism gﬁf[%m = g is a Gy -module homomorphism. O
P p

Recall that for a prime number ¢, the corresponding finite étale cover M gj\m of
M, is defined over Z[1/¢]. Suppose that F is a field of characteristic zero such that
the image of the ¢-adic cyclotomic character x, : Ggp — G,,(Zy) is infinity and such
that a connected component M7 of the base change to F of M, g’\m is geometrically

connected.

Proposition 9.0.17 ([20, 8.2]). If g = 3, then for all m > 1 the natural homomor-
phism
GMyn/elm] = GM, e
s an isomorphism, and furthermore for all prime numbers ¢ = 3 the natural homo-
morphisms
Garr = Gy elem] = GM r

are 1somorphisms.

From this point, we will denote the weighted completions G M Gm and

g,n/F [m] )
GM, e DY simply Gy n/r and omit F when F'is clear from the context. Similarly, we

will denote the Lie algebras g%j%m and gy " by g&n™. They are pro-objects in the
p P ’

category of G, ,-modules.
9.1 Variants

The comparison of the relative completions jg\f}gm and Gy;™" can be extended to the
p P

relative completion of the universal curve over M. Denote the pullback to Mz of
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the universal curve Cy, by Czu. The diagram of profinite groups

1—m(Cg, 7)) =7 (Cs,, T') —m (Mg, &) =1

[ | }
]_ —> T (Cg, i’l)(e) — Wi(CZ;r, i‘/) —> 1T (A]\fzgr7 g) — 1

| | |

1 —>7T1(Cﬁ,50)(e) —>7T/1(ngr,5€) —>7T1(Mzgr,77) -1

I ! }
1—m(Cy, ) — 71 (Cq,, &) —m1 (Mg, , 77) — 1
commutes, where rows are exact, after fixing an isomorphism
71(Cgur, @') = m1(Cyr, T), which determines isomorphisms 7, (Ce, 7') = m1(Cy, 7) and
m1( Mz, £) = m1(Mzg, 7). Applying continuous relative completion to this diagram

with respect to their natural monodromy representation to Sp(Hg,) and taking Lie

algebras, we obtain the commutative diagram

1 p ac., gaeom 1
— |
1 p G geom 1
P
| ) }
1 p . geoom 1
4
| T
1 p gc,, geoom 1,

where rows are exact and all the left and right-hand vertical maps are isomorphisms.
Proposition 8.0.7 implies that the map p — g®*°™ is injective, since the composition

p — g™ — g is injective. Thus there is an isomorphism

geom ,_ _geom
gC@p - gCFp N
As there is an isomorphism g&5>™ ~ g2°™ there is an isomorphism g&°™" ~ g&*°™
Mgy gn Ca Cygn
P ’ p 95

and these isomorphisms are morphisms in the category of G¢,  -modules. Hence we

geom geom geom

will denote the Lie algebras gc, and gc, by gc,., - The canonical morphism

Ge,, — Ggn makes gi™ a Ge, -module.
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Proposition 9.1.1. FEach section x of the universal curve f : Cp — My induces a

well-defined GSp(Hg,)-equivariant section of GrY¥ f, : Grl’ g, — Grl¥ gseam.

Proof. By Proposition 8.0.7, each section x induces a section o%°™ of f, : gggom —
p

i, » which is well defined up to conjugation by an element of . Thus the induced
p

section do®°™ of df, : ggo:l — g&™ is a morphism of G -modules and is well

geom

defined up to addition of a section of the form ad(u) o do with v an element

of p. Since ad(u) € W_; Der gg°", the sections do®*™ and do®*™ + ad(u) o do®*™
induce the same section of Grl df, : Gr'V g, — Gr,” g&ee™. Denote this section by
Gry/ do&=™. Since the action of Ue,,, on g%jofl and g&™ is negatively weighted, the

graded Lie algebras Grl¥’ ge, and Grl¥ g5 are GSp(Hg, )-modules and GrlV doseom

is GSp(Hg, )-equivariant. O
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10

Generators and Relations

In [20], Hain notices that the structure of Grl” ugsm /W3 as a graded Lie algebra
in the category of S, x GSp(Hg,)-modules is an essential factor to understand-
ing the rational points of the universal curve. In order to study the structure of
Gr.” ugee™ /W_3, Hain uses the computations in [18] where a weight filtration is con-
structed by using Hodge theory. In [20] and this paper, the weight filtration on g&5™
is constructed by using weighted completion. However, the weight filtration given by
weighted completion agrees with the filtration produced by the lower central series of
ug™, and so does the Hodge theoretical weight filtration on us%™. The agreement

of the two construction follows from that in both construction H;(u$5™) is pure of
weight —1 and the exactness of the functor Gr!”
In this section, we summarize Hain’s computation of the presentations of the Lie

algebras Grl” ugs™ /W_3 and computations in [18]. The details of this section can be

found in [20, §8, §9] and [18].
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10.1 S, action on Gr geom

We observe that Grl” us™ has an S,-module structure as follows. Let F' be a field
of characteristic zero such that the (-adic cyclotomic character x, : Gp — G, (Qy)
has Zariski dense image. Fix an algebraic closure F' of F. The projection mor-
phisms Mg,/ — Cyp, (C,21,...,2,) — (C,x;) for j = 1,...,n induce an inclusion
My np — C;l/F, where C;l/F denotes the nth power of the universal curve over M p.
There is a natural monodromy representation p : m1(Cyp, 1) — GSp(Hg, ), which has

Zariski dense image. Denote the weighted completion of 7 ( W ) with respect to p

and the standard cocharacter w by ég n- Denote the continuous relative completion of

s (C;/Fa 7) with respect to p : m(C" =, 1) — Sp(Hg,) by ggeom Denote the prounipo-

/P
tent radical of (jg,n and QAggifm by &gm and L?gf;’m, respectively, and denote the Lie alge-

bras of ggn, ggeom ng ny and UST™ by Og.ns gg oM Uy, and U™ respectively. The

gn
inclusion Mg, /p — C;' o/ F induces an G, ,/r-module homomorphism gem — ggeom
and thus an S, x GSp(H)-module homomorphism Gr}” ges" — Grl geeom  where

99

the action of S, is induced by the action of S,, on C;/F by permuting the n marked

points.
Proposition 10.1.1 ([20, 8.7]). If g = 3, then

W . geom W ~geom
Gr;" ufD™ — Gr;” us

s an isomorphism for 7 = —1 and a surjective for j = —2 with kernel isomorphic to

the S, x GSp(Hg,)-module @),_; Q¢(1), where S, acts by permuting the factors.

10.2  Presentation of Gr,” us7™/W_g

The action of 71 (My1/r, ) on p induces an action of G, 1/ on p. Thus p has a natural

weight filtration. This G, ;/p-action on p induces a Lie algebra homomorphism g,; —
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Derp. Composing with the Lie algebra homomorphism g™ — g,1 induced by the

natural map m (M, 1) — T1(Mgy1/r,7), We obtain a G, 1-equivariant Lie algebra

geom

g1 — Derp and hence a weight graded Lie algebra homomorphism

homomorphism g
GrlV gir = GrY Derp =~ Der Gr'¥ p.
Proposition 10.2.1 ([18, §9, §10]). If g = 3, then the homomorphism

W . geom W
Gr; ug; — Gr;’ Derp

s an isomorphism for 7 = —1 and an injection for j = —2.

Therefore, in order to compute the presentation of the Lie algebra
Gr. ut™/W_3, we consider the action of Gr,” us7™/W_5 on Gr.” p. We have seen
that the natural weight filtration on p induced by the G, action agrees with the
lower central series of p. Recall that 6 is a map Q(1) — A%H, viewed as a map

0 : Q(1) — Ly(H) via the canonical isomorphism A?H =~ L, (H).

Proposition 10.2.2 (]33, 10.3]). There is a natural GSp(H )-equivariant Lie algebra
isomorphism

Grlp = L(H)/(im6).

Remark 10.2.3. Since inner automorphisms map to the identity element in GSp(H ),
they act trivially on this isomorphism and consequently this isomorphism does not

depend on the choice of a base point.

The free Lie algebra IL(V') generated by a F-vector space V' is graded by bracket

length: there is an isomorphism

L(V) = @ La(V).

n=1
Now, since a derivation on L(H) is determined by its effect on H, we see that
DerL(H) =~ Homp(H,IL(H)) and that the derivation Lie algebra Der L(H) is graded:

DerL(H) =~ (P Der" L(H),

n=1
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where Der" L(H) := Homg(H, L, 1(H)).

We recall the following well known fact.

Proposition 10.2.4. If g > 2, then there is a natural GSp(H)-equivariant graded

Lie algebra homomorphism
6 : L((A’H)(—1)) — Der L(H)
satisfying the properties:
1. 6(u) kills the image of 6 for all u e L((A*H)(—1)).
2. 8(x A 6) =ad(z) —0(x, )0 for all z € H.
3. im {Ly((A*H)(—1)) — Der’L(H)} =~ Ha® A2H ® F(1)

]

In fact, the homomorphism § is obtained by twisting the GSp(H )-equivariant
linear mapping

A°H — [Der' L(H)](1)

defined by
e Ay nze— (u-0(u,z)ly, 2] + 0(u,y)|z, 2] + 0(u, z)[z,y]).

By the property (i), 0 induces a GSp(H )-equivariant graded Lie algebra homomor-
phism
L((A*H)(-1)) — Der Gr\ p,

which we denote by ¢ also.

Theorem 10.2.5. [18, Cor. 5.7 and §9,11] If g > 3, then there is a Lie algebra
surjection

q:L((A’H)(-1)) - Grl¥ us™

9,1
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that makes the diagram

L((A*H)(-1)) g Gr)/ us™
T e
GrY Derp

commute. Consequently, there are isomorphisms

(N*H)(-1) = BH®H :j=—1,
Hg ® AJH j=—2.

Jj gl

Gr!V usm™ ~ Gr}/v Derp =~ {

The exact sequence

0—p— ugeom — uf" — 0

induces the exact sequence of weight graded Lie algebras

0— Gr.” p — Gr)/ utfT™ — Gl ug*™ — 0.

geom

The copy of H in Gr"] u,; can be identified as the image of the composition map

H-S (NH(-1) 5 Gl us,

° g,1

where the inclusion i : H — (A®H(—1)) is defined by z — z A 6. This copy of H

geom

in Gr""] Zugy " corresponds to the inner derivations ad(z) in Gr" Derp. Similarly,

identify the copy of A2H in Gr", uz7™ as the image of the composition map
NH S (A H)(-1) ] G ueeom,

In order to determine the presentation of Gr'’ u geom /W_3, we need to determine the
bracket
A2 G u ™ A2((A3H)(—1)) — Gr ngeom.
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Using the decomposition (A*H)(—1) = AJH @ H, this bracket is decomposed into

three GSp(H )-equivariant mappings:
NH — Grl%uT™, HQAJH — Grlust™, A*(AJH) — Gr'¥yus™.

These brackets can be computed in Grl¥ Der p.

Proposition 10.2.6. [18, §12] If g = 3, then the three brackets are determined as:
im {A’H — Gr", Derp} = AJH
im {H @ AjJH — Gr"¥, Derp} = AZH.

Hg g=3,

im {A*(AJH) — Gr"¥, Derp} =
im {A*(A$H) 'y Derp} Ho®AH g4

10.3 Presentations of Gr!’ usm /W

Hain introduces an S,, x GSp(H )-module denoted by A2 H. For u € A*H(—1), denote

the image of u in AJH by u. For each positive integer n, we define
A H = {(u1,...,uy) € (NH(=1))" |ty = -+ =t}
This S, x GSp(H) submodule of (A*H(—1))" is isomorphic to
ASH @ H®"
as an S, x GSp(H )-module.

Theorem 10.3.1 ([20, 9.11)). If g = 3 and n > 0, then there are natural S, x

GSp(H )-equivariant isomorphisms

Hy(62°0™) = Hy (ue™) = Gr'¥ us™ ~ A H.

g7n g7n
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There is an ezxact sequence
0 — Q1)) - G uEeom - G, iEeom - 0
of Sp, x GSp(H)-modules and an S,, x GSp(H )-equivariant isomorphism
Cr¥%uEom ~ Hao @ (A2H)" @ Qu(1)(3).
]

In order to determine the presentations of GrY” ugs /W_3, we need to determine

the bracket [, ]: A2 Gr!j ugem — Gr', ug%™. For this purpose, we write
ANH=NHOH OH,® & H,,

where H; corresponds to the jth marked point. By Theorem 10.3.1, A? G, usom

can be decomposed as

A?Gri¥ ™ =~ PASH @ P(H; @ AJH) @ P AN H; @ D H; ® H;

j=1 j=1 i<j

and we also have

Grlly ugeom ~ @A2H &P Q1) ® Hg.

1<j

By [18, §13], we may choose this decomposition so that the bracket
[, 1: A2H; — Gl ugeom P50 A2,
is the quotient map and so that the bracket
[, ]1: H®H = H,® H; — G’ usom™ " (1),
is the cup product pairing 6. Fix GSp(H )-equivariant projections

c: AN’APH — A2H d: H®ASH — A2H
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e: N°H — A2H, ¢ : N°ASH — Qu(1).

By Proposition 3.2.1, each of these projections are unique up to a scalar multiplica-
tion. Denote the GSp(H )-equivariant projections

A2 Gr%, ugy" — NAH S AGH

A2 Gr™) ugs" —> H; ® A3H AH

A2 Gr%, ugy” — A*H; 5 AZH

A Gr%, ug" — H; @ Hj S AH

A2 GrY, ugy” — A2H; 5 Qe(1)

A? Gr!¥ us™ — H; ® H Q1)

A2 Gr% uEeom  A2AZH 5 Qy(1)

by ¢, d;, e;, e;;, 0;, 8;;, and 9, respectively. By Proposition 3.2.1 and the above

geom

s, we have

decomposition of A% Gr""| u
Proposition 10.3.2 ([20, 9.12]). If g = 3 and n > 0, then

Homgsp(a (A2 G us®™ A2H)

gn

has a basis
{di,....dp,€1,...,€,6;:1<i<j<n}:g=3
{c,dy,...,dy,e1,...,ep,€;:1<i<j<n}:g=4
and
Homesp () (A2 Gr%) uge, Qu(1))
has a basis
{,61,...,0,,0;;: 1 <i<j<n}
for all g = 3. ]

88



Denote the projections

W | geom 2
GI‘iQ ug7n i AOH.Y

G ue™ — Qy(1)y

W | geom
GI‘72 ug’n - H

by pj, ¢ij, and pgm, respectively.

Proposition 10.3.3 (]20, 9.13],[18, §12]). If g = 3, then after rescaling c, d, and ¥

by nonzero constants if necessary,

pjo[v]:dj+ej Zg=3

pjol, ]=c+d;+e g =4
1

Goly ] =0+ 05 =0 +0)) g=3

Furthermore, pmo [, | is non-zero and restricts to zero on each H; @ ASH and each

Remark 10.3.4. The author of [20] seems to omit the factor _517(02‘ + 6;) by mistake.

10.4 The Lie Algebras 0 ,,

In this section, we associate a graded two-step Lie algebra 9,, to the graded Lie
algebra Grl¥ us™. When g > 4, the n tautological sections of the universal curve
determine the GSp(H )-equivariant Lie algebra sections of the projection 04,1 —

Oy -

For g = 3 and n > 0, define
0y = (Gl ugom /W _g) / (A2H) "

where (A2H)* denotes the GSp(H )-invariant complement of its A2 H-isotypical com-

ponent. This is a graded Lie algebra in the category of S, x GSp(H )-modules and
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each jth graded quotient is given by

AN H =1
)y = { (A3H)" :j= 2
0 ] <=3

Let F' be a number field, a finite extension of QQ,, or a finite field of characteristic
p. Recall that M denotes the étale covers M, and M,,[¢™]. Assume that M ®
F' is decomposed into finitely many geometrically connected components. Fix a

component of M ® F and denote it by Mp.

Proposition 10.4.1. Fach section x of the universal curve f : Cp — Mp induces a

well-defined GSp(Hg,)-equivariant section of 0,11 — Ogp.

Proof. By Proposition 9.1.1, each section x of the family Cr — Mp induces a well-

defined GSp(H)-equivariant section Gr.” do8°™ of the projection
GrlY fo: GrlY g — Grl¥ i,

The open immersion M.y, — C

/0, induces a surjection m (Mg, 1/0,,7) —

T1(Cyn/q,M); Which induces a Lie algebra surjection gy} — g¢ . . This Lie alge-
bra surjection is a Gy ,+1-module homomorphism and hence it preserves the natural
m

weight filtrations on gg,}; and g&". Moreover its kernel is isomorphic to Q(1)".

Thus it follows that

(Gl wgeom /Wy ) JAZH)* = (Grl¥ ey /Ws) J(ABH)* =0y 1,

and hence that the section GrI./V dog®™ induces a section s, of g ,41 — Vg p. O

Using the decomposition A? H =~ AJHOH,®H>®- - -®H,,, we denote the elements
of A3H by (vjus...,u,), where v is an element of AJH and w; is an element of H;

for each j = 1,...,n. The surjectivity of the map H ® AJH — A2H implies that the
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linear projection
A2 H— NH,  (viug,up, ... u,) — (VU ... uy,)
induces a GSp(H )-equivariant Lie algebra projection
€n : Ogni1 — Ogp-

The following result is a key for understanding the rational points of the universal

curve and follows from Schur’s lemma.

Proposition 10.4.2. If g > 4, then there are exactly n GSp(H )-equivariant sections

of €n:
sj (ViU .. u) = (VU UL, Uy
for each 5 =1,...,n.
For g = 3, the sections of €, are s1,...,s, and the section
Co: (V3 ug, .o upn) = (030, U1, .. uy).

Proof. Let s be a section of €,. Then the Schur’s lemma implies that Gr"] s is given

by

n
Gr% s (v, ..., u,) — (U;Zajuj,ul, Cey Uy,
j=1

where v € ASH, u; € H; for each j, and the a; are some constants in Q,. Thus it
then follows that we have

n
Gr% s (wy,...,w,) — (Z a?wj,wl,...,wn),

j=1

where w; € A2H; for each j. On the other hand, the surjectivity of the bracket
H® A}H — A2H implies that Gr'%, s is given by

n
G st (wy, ..., w,) — (Z ajw;, Wi, . .., W,).

j=1
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Hence a3 = a; for j = 1,...,n. When g > 4, the bracket [ , | : A2AJH — AJH

e
is nontrivial and maps diagonally to ®T=1 ANH; < Gr"%, 0y, for m > 1. Since s
2

is a Lie algebra section, this gives the relation Z;.L:laj = 1. Together with the

relation a? = qa; for j = 1,...,n, we conclude that a; = 1 for some j and a; = 0 for

1 %+ 7. When g = 3, we do not have the relation Z?:l a? = 1, but the commutativity
G, so[, ] =], ]oGr" s and the independence of the projections d; and e; give

us the relation ), 4+ @ia; = 0. Thus when g = 3, we can conclude that at most one

a; =1 and a; = 0 for ¢ # j. O

Remark 10.4.3. For n = 1, the section s; is induced by the tautological section
of the universal curve C;; — Mg;. For n > 1, considering the jth projection
M, — M, 1, we can see that the jth tautological section induces the section s;.

In deed, there is the commutative diagram

0g,nJrl > 0g,2

o, I

ag,n z Dg,lv

where pr; is the map induced by the jth projection M, ,, — M, and s is the map
induced by the jth tautological section. From this diagram, it is easy to see that the

section s} agrees with the section s;.

When g = 3, there exists an extra section (,, of €,. This is due to the fact that
A?A3H does not contain AZH. We explain briefly here that the section ¢, cannot
be induced by a rational point. The point is that the section induced by a rational
point respects a natural integral structure on Gr'"} ugs™ that comes from the image
of the Torelli group in U™, see [18]. Suppose that A is an integral domain with

fraction field F. For a positive integer n, define a lattice in A3 Hp by

NSHy = {(ur, ... un) € (NBHA(—1)" Gy = - G }(—1),
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where @ is the image of u in AJH .

Proposition 10.4.4 ([20, 10.7]). Suppose that g = 3 and n = 0. If A is an integral

domain and g — 1 ¢ A, then (, does not restrict to a section of the projection

A?H_lHA_’AiHA, (U0, Uy v ey Up) = (Upy e ey Up)

Proof. This follows easily from the fact that the sequence
0 H2AH(-1) > A2H — 0
splits if and only if g — 1 € A*. O
As a summary of this section, we have

Corollary 10.4.5. Suppose that n = 1. If g = 4, or if g = 3 and { = 2, then
the only GSp(Hg,)-equivariant sections of €, : 0y p41 — 04, that respect the integral
structure on Gr", are the ones induced by the tautological sections of the universal

curve. In particular, there are no GSp(H )-equivariant sections of 951 — 040. O

In Appendix A, we introduce the hyperelliptic mapping class groups and their

weighted completions to improve this result. Theorem A.4.17 implies that there are

geom

o1 such that the bracket [¢;, 51] is nonzero and lies in

elements &1, 51 € Hpc Gr‘iv2 u

Gr'y p < G, uB™. We lift the elements &, & t0 &y, & € Hy < GV, uss™ via the

geom

section u

— ﬁgi‘jm induced by the diagonal section of the projection C; — M.,
onto any component. Then the bracket [¢,,&,] is nonzero and maps diagonally to
(—B?:l Gr‘f/4 pj, where p; corresponds to the projection C; — M, onto the j-th

component for each j =1,...,n.
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Proposition 10.4.6. Let F' be an algebraic number field or a finite field of charac-
terisc p. If g = 3 and € % p, then the sections si,...,s, are the only GSp(Hg,)-
equivariant sections that come from the sections of m(Cyn/r, %) — T (Mgu/p, 7).

When n = 0, there are no sections of €y that come from a section of
Gr, Ageom/W 5 — Grl/ ugeom/W,5.

Proof. Each section s of the projection m(Cyn/r, ) — T (Mgn/r,7) induces a

graded Lie algebra section of Grl" uf**™ — GrlV ug™ and thus a section of

G geom/W_5 N GI' geom/W_
Results from Chapter 12 imply that this section descends to a section § of

GrlV QB0 /T 5 — GrlV GEeom /1y

By Schur’s lemma, Gr", 5 is given by

where v € AJH, u; € H; for each j, and the a; are some constants in Q,. It then

follows that the restriction of Gr", § to (—D?:l Gr%, p; is given by

Grflé : (tl,. .. ,tn) — (2 a?tj,tl,. .. ,tn) € GI‘ZPQ@@GI‘Z]J]',
=1

j=1

where t; is in Gr", p; for each j. Since (Gr', 8)(&,) = &us1 and (Gr"%,5)(€,) = Enia

and § is a Lie algebra section, we have

GtV 8 (v, ) = (1Y),

where 7 := [, 51] Thus we have the relation
4
Sato 1,

j=1
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Together with the relation a? = a; for each j, we see that a; = 1 for some j and

a; = 0 for ¢ # j. Thus the section s induces s; for some j. m
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11

The Characteristic Class of A Rational Point

In [20], Hain defined a characteristic class «, for a T-rational point = of the curve
C — T, where T is a smooth variety over a field k& with char (k) = 0. For our
comparison purpose, we need to redefine this characteristic class for curves C' — T,
where T is defined over a more general base ring, e.g., Z,. In this section, we
will explain how this can be done and extend the results used in [20] to positive
characteristics. Let B be a connected scheme. Suppose that T' is a geometrically
connected smooth scheme over B and that f : C' — T is a curve of genus ¢. In this
section, we associate a cohomology class r, in HS (T, R f,Q,(1)) to a rational point
xz € C(T). Denote the relative Jacobian of f : C' — T by m : Joyr — T. Joyr 18
a family of jacobians and is an abelian scheme over 7T". Note that Jg 7 has a zero
section sg : T" — Jgyp. Let 17 : Spec) — T be a geometric point of T'. Denote the
fiber of f over 7 by Cy and the fiber of Jo/r — T over by (Jo/r)y. Let T be a
geometric point of C. Note that (Jo/r)y is the jacobian variety of the curve Cj.

When ¢ is not in char(7'), there are natural isomorphisms

T ((Jeyr)m, @) = m(Cq, ) = HY (Cq, Zy(1)),
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where ab denotes maximal abelian quotient. Denote the lisse sheaf R f, A(1) over T

by Hy, where A = Z, or QQ;. Then we have
Hy = H(Cy A1) = (]HIA)W.
By Proposition 4.2.1, there is an exact sequence
1 — m((Jeyr)m :Z')(Z) — 1 (Joyr, &) — m(T,7) — 1.
Thus the zero section sy determines a splitting
™ (Jor, T) = m((Jor)g, 29 = m(T,7) = Hy, x m(T,7),

which is well-defined up to conjugation action of Hyz,. To each rational point z €
C(T), we associate the divisor D, := (29 — 2)x — we/r, where we)r is the relative
canonical divisor of the family C' — T'. The divisor D, is homologically trivial on
each geometric fiber, and hence gives a section of Jo/r — T', which determines a &,
in

L

cts

<7T1(T7 ﬁ)? HZ@) = Hgt(Ta HZ@)'
Tensoring with @y, we obtain a class in H}, (T, Hg,), which we denote also by .

Remark 11.0.7. This class behaves well under base change.
11.1  Classes of the universal curve over M,

Let F' be a field of characteristic zero. Suppose that 7" is a noetherian geometrically
connected scheme over F. Denote the class in H} (Mg1/r, Hg,) of the tautological
section of the universal curve Cy/p — Mgy /p by k. This class is universal in the
sense that for each rational point x € C(T'), the class x, € H} (T, Hg,) is the pullback
of k, i.e., Kk, = ¢*K, where ¢ : T — M, /r is the morphism induced by z. Denote
the class of the jth tautological section of the universal curve C,,/r — Mgy, /r by
K.
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Proposition 11.1.1 ([20, 12.1)). If g = 3, n = 0, and m = 1, then for all fields F

of characteristic zero,

Hélt(Mg,n/F[m]v HQ@) = QW{I (&) QE"{Q DD Qe’fn-
O

Suppose that p is a prime number, and that ¢ is a prime number distinct from
p and m is a positive integer such that ™ > 3. Denote a connected component of
the base change to Z;" of M ,[(™] by Mzu[{™]. Denote the universal curve over
Mz [(™] by Czue[€™], and denote the relative Jacobian of Czu[™] over Mzu[™]
by Jzu[l™]. For A = Q, and F,, the base change to A of Jzw [(] and Mz [£7]
are denoted by J4[¢™] and M 4[¢™], respectively. Let £ and 7 be geometric points
of Mg [€™] and Mg, [(™], respectively. We consider ¢ and 7 as geometric points of
M njzar[€7] via canonical morphisms induced by base change. Denote the fiber over
¢ and 7 of Czu[{"] — Mz [(™] by C¢ andCy. Let 2" and  be a geometric point of

Cg and Cy, respectively. By Proposition 4.2.1, we have the diagram ()

that commutes after fixing an isomorphism 7y (Jzur [(™], 2') = w1 (Jzur[€™], Z), which
determines an isomorphism 7 (M zur [(7],6) = m (Mzu[€™], 7). The rows of the
diagram are exact and the vertical maps between the second and third row are

isomorphisms.
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Lemma 11.1.2. Suppose that n = 1. If * is a geometric point of Mzur[ "] and y is

a geometric point of the fiber Cx, then the sequence of the maximal pro-f quotients
1= m1(Cs, )0 — m (Jzpe [07], ) — m (Mg [67],%)0 — 1
of the exact sequence
1 — 1 (Cs,5) O — T (Jze [07], ) — m(Mzgue[€7], %) — 1
15 exact.

Proof. A tautological section induces the closed immersion ) : Czu [(m] — Sz [0™]

that makes the diagram

(x)  1—=m(Cs, ) —7(Cape [(™], ) = m1 (Mg [€7], 7) ~ 1

| |

1= (Cs, )92 = (Jge[07], §) = m1 (Mg [07],7) = 1

commute, where the left-hand vertical map is the canonical projection. Denote the
kernel of the projection 71(Cs, 7)) — m1(Cs,5)* by N. Then 1, induces an
isomorphism

™1 (Cay (0], 9)/N = 7y (Jzp [€7], 7).

Since 1 (Cy, 7)) — m1(Czy: [€7], )" is injective, there is an isomorphism

ml ml ¢
m(Cap 071, 9) /N = (i (Cay[07],5)/N)
Taking maximal pro-¢ quotient of the diagram (*) and pushing out along the surjec-

tion 71 (Cs, 7)) — 71 (Cx, 1), we obtain the commutative diagram

1= (Cs, ) =11 (Cae [(™], ) D /N = 71 (Mg [£7], %)) —1

| L |

’/Tl(C;,g)(e) —>7r1(JZur[€ ) _>71(Mzgr[€m]7;>(e)—>1,
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where the middle vertical map is an isomorphism. Thus it follows that the map

71 (Cy, )2 — Wl(JZ;r [0m],9)® is injective. O
Proposition 11.1.3. Assume the notations above. If g = 3 and n = 1, then

Hy (Mg e, [0, Hy,) = Qorir @ Quria @ - - - @ Quti.

Moreover, we have

Hélt (Mg,n/Fq [gm]> HQ[) = Qur1 @ Qura @ - - @ Qi
where By = F,[(m] and (m is a primitive {™th root of unity.

Proof. By Lemma 11.1.2; taking pro-¢ completion of the diagram (=x) gives the

commutative diagram

1= m1(Ce, @) —my (g, [(7], 7)) —m1 (MG, [(7],6)0 —1

[ |

1= 1y (G, ) O 1y (S [(7], 7)O 1 (Mg
b |

11 (Cg, 7) O — 11 (Jge [€7], 7)

[ }

1 —m(Cy, )b — m1(Jg, ("], T)

{

O —m (Mzy 7], 7)) —1
!

0

whose rows are exact and the vertical maps between the second and third row are

isomorphisms induced by change of base points. Furthermore, the maps
m (Mg, [7], M) = m (M [(7], ) — m (May[07], ) — m (Mg, [7], 7))

are isomorphisms, and hence by exactness all the vertical maps are isomorphisms.

This implies that there is an isomorphism

Hclts (7T1 (Mg,n/@p [gm]vﬁ) (Z)v (HZe>ﬁ) = Hclts (7T1 (Mg,n/]Fp [gmL 5)(6)7 (HZZ>E) :

For A=Q,, F,, ¥ =1, &, and § = Z, 7/, respectively, the diagram

1= (Cy,9) O — 7l (Ja[l™], §) —= w1 (Ma[0™],7) — 1
l V v
1= 71(C5, §) 2 i (J4[0™], ) O = 7 (Ma[7], 7)) 1
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is the pullback diagram along the surjection m (M4[0™], ) — m (Ma[f"],7)?

Thus there is a canonical isomorphism

Hclts (771 (Mg,n/A[fm]v '7)7 (HZZ)’V) = Hcts (7T1 (MQ,H/A[EmL ’7>(€)’ (HZZ)’V) .

Therefore, we have isomorphisms

Hi (Mg, 1071, Hz,) = H, (m1(Mye,[07],7), (Hz, )5)
= Hey (m(Mgnm, [07],7), (Hz, )e)
~ HY (M, 5, [07"], Hz,).
Under this isomorphism, the classes «; of the jth tautological section correspond
in Hélt(./\/lgvn/Qp [(™],Hy,) and He}t(./\/lgm/ﬁ‘p [¢™],Hy,). Hence our claim follows from
Proposition 11.1.1. As to the second claim, the spectral sequence
H*(Gr,, Hét(MFq [("], Hz,)) = Hgt+t(M]P'q [(™], Hz,)
and the fact that Hg (Mg, [(™], Hz,) = 0 imply that we have
Hi (Mg, [("],Hg,) = Hélt(Mqu [™], Hg,)% < Hélt(Mqu ("], Hg,).

Since the tautological sections are defined over Z and hence defined over F, by base
change, the corresponding classes #;’s lie in Hg (Mg, [¢™], Hz,)%F. Tensoring with

Qy, we have

(MIFq [ém] HQz) Hé (M [Em] H@z) Qei1 @ Qrra @ - - - D Qi

11.2 The f¢-adic Abel-Jacobi map

Suppose that m : A — T is an abelian scheme over a smooth scheme over a field
F whose fibers are polarized abelian varieties. For a prime number ¢ not equal to

char(F'), the (-adic Abel-Jacobi map agrees with the association
A(T) — HL(T, R'7,Z(1)), x> K.
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Lemma 11.2.1 ([20, 12.2]). If 7 : A — T is a family of polarized abelian varieties

over a noetherian scheme T', then the kernel of the (-adic Abel-Jacobi map
A(T) — Hy (T, Hy,)
is the subgroup (), (" A(T) of £*-divisible points, where { is not in char (T).

Corollary 11.2.2 ([20, 12.3]). With notations as above, if the group A(T) of sections

of m: A — T 1s finitely generated, then the kernel of
A(T) - Hélt(T> HQZ)
is finite.

Remark 11.2.3. By a generalization of the Mordell-Weil Theorem [36] by Néron, when
T is a geometrically connected smooth variety over a field that is finitely generated
over its prime subfield, A(7T) is finitely generated. This is the case, for example, for

the universal curve Cypr, [("] — Mg, [(™].

Applying this result to the relative Jacobian 7 : Jo/r — T associated to the
family of curves f : C — T, where T is a geometrically connected smooth variety

over a field F.

Corollary 11.2.4 ([20, 12.4]). Assume that the group of sections Jeyr(T) of m :
Joyr — T is finitely generated. If x and y are sections of f : C — T and k, = Ky,

then x —y is torsion in Joyp(T).

Proof. Recall that the classes x, and s, are the images of (29 — 2)z — weyp and
(29 — 2)y — weyr, respectively. That s, = k, implies that (2g — 2)(z — y) lies in
the kernel of the map Jo/r(T) — H(T,Hg,). By Corollary 11.2.2, the divisor

(29 — 2)(z — y) is torsion. O
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11.3  The image of ; in Homggp gy (Hi(u55™), H)
Proposition 6.12.1 implies that there is a natural isomorphism
Hélt(Mg,n/@p [gm]) HQ[) = HomGSp(H) (Hl (ug%?;m)? H@z)‘

We can explicitly describe the image of the class #, in Homgasp(m) (H1(u55™), Hg,).
Denote the GSp(H )-equivariant projection ASH — H by h. This projection is

induced by twisting the projection A>H — H(1) :
T AY Az 0(x,y)z+0(y, 2)x + 0(z,2)y.
Denote the GSp(H )-equivariant homomorphism A3 H — H
NH— (NBH)"BAH S H
by h;.
Proposition 11.3.1 ([20, 12.5 & 12.6],[22, 6.5]). If g = 3 and n > 1, for each

j=1,...,n, the GSp(H)-equivariant homomorphism

oh,
Hy(uE™) = Gr!us = AP H = H

corresponds to the class k; under the isomorphism

Hélt (Mg,n/@p [gm]’ HQ@) = HomGSp(H) (Hl (uifgm)a H)

Fixing an isomorphism 3 (M, n/zue[€7],7) = m1 (Mg nze [£7],§) determines the

geom geom

isomorphisms (Hg, )7 = (Hg,)s and u Mg, 1em] = Wi [em) that make the diagram

H, (Mg, [€], Hy,) — Homasy(a) <H1 (uii‘g[m) > (HQz)ﬁ>
v
Hélt (MFP [ﬁm]’ HQZ) —>HOHIGSp(H) <H1 (uifl(;:[m]) , (H@ﬁg)

commute. Hence we have
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Corollary 11.3.2. If g = 3 and n = 1, for each j = 1,...,n, the GSp(H)-

equivariant homomorphism 2h; corresponds to the class k; under the isomorphism
Hy (Mg e, [0"], Hy,) = Homasp(m (Hi(u§e™), H).
Remark 11.3.3. The GSp(H )-equivariant projection
NH=NH®H @ --®H, — Hj;

onto the jth copy of H is equal to h;/(g—1) and corresponds to the class x;/(2g —2)

under this isomorphism.
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12

Generic Sections of Fundamental Groups

The content of this section should be well known to experts. However, because of
its key role in the proof of Theorem 2, we will give a brief introduction of the results
needed in the proof.

Suppose that S is the spectrum of an excellent henselian discrete valuation ring
R whose residue field k is a perfect field of characteristic p > 0. Denote the fraction
field of R by K. Fix an algebraic closure K of K. Suppose that 7 : X — S is
a proper smooth morphism with geometrically connected fibers. Let z and Z’ be
geometric points of the fibers X and Xj, respectively. We also consider z and 7’
as geometric points of X via the morphisms j : Xz — X and ¢ : Xz — X induced
by base change. Fixing an isomorphism (X, ) = m (X, Z’) gives the commutative
diagram (*)

1+W1(Xk,f)+W1(XK,f)+GK+1
fsp {sp |
1—>7T1(Xf€,[f/) —>7T1<Xk,lf/) —>Gk+ 1

whose rows are exact and vertical maps are surjective. The surjective maps

Wl(X[‘{,Zi'/) —>7T1(X]‘€,3_3/), Wl(XK,i') —>7T1(Xk,.f/>
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in the diagram are the specialization homomorphism defined in [14, SGA 1, X].
Denote the kernel of the natural map G — Gy, by ;. It is the Galois group of the
maximal unramified subextension K™ in K of K. For a section s of m) (X, 7) — G,

we define the ramification of s to be the map
ramg = sp o 8|y, : Iy — m (X5, T').
This sits in the commutative diagram

\Lrams \Lspos ”
1 —>7Tl(XE,.’Z',) —>7T1(Xk,(1_3,) —>Gk — 1.

From this, we see that ram?® : I?* — (X}, 7)* is a Gy-equivariant map and that
when ramy is trivial, the section s induces a section sy of m1 (X, ¥') — Gj. A section
s with trivial ramg is called unramified. A section of m(Xg) — G induced by a
rational point in X (K) is unramified.

Now, suppose that ¢ is a prime number distinct from char(k) = p. Pushing out
the diagram () along the surjection 7 (X3) — 71 (X)), we obtain the commutative
diagram

S/

1—m (X, 2)O —7!(Xg,2) =Gx —1

lsp“) lspl l

1— 7T1(X]‘€, i'/)(e) —> 7T1(Xk, .f',) —_— Gk —1.
The restriction of the composite sp’ o s’ to I, induces the map
ram'? : Z,(1) — 7 (Xz)©.

Proposition 12.0.4 ([44, Prop. 91]). With the same notation as in above, suppose

that the fibers of m : X — S are curves and that the residue field k of S is finitely

generated over its prime subfield. Then ramg(Iy) is a free pro-p group. In particular,
(0

ramg’ is trivial and each section of m(Xy) — Gk induces a section of ) (Xy) — Gy.
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Proof. If ram,(I) is nontrivial, then we may find an open subgroup N of m(X})
such that

ramg(l;) € N, and ramg(l;) € [N, N],

where [N, N| denotes the closure of [N, N] in m1(X%). The subgroup N corresponds
to a finite étale cover of Xz. Since N is the intersection of an open subgroup of
m1(X) with m1(X%), we may replace X; and X with appropriate finite étale covers to
reduce to the case where N = m1(X}). Suppose ramg(/)) has a finite quotient that

is an £ group. Then ram, induces a nontrivial G-equivariant map
ram©*P : Z,(1) — 7y (Xz) 2P

This contradicts the Frobenius weights in étale cohomology. Therefore, if p = 0,
ram, is unramified, and otherwise ramg([;) is a pro-p group. Furthermore, the p-
cohomological dimension of 7 (X%) is < 1, which implies that cd,(ram,(/;)) < 1 and

hence ramg (/) is a free pro-p group. ]

Suppose that f: C' — T is a family of curves over an irreducible regular scheme
T of finite type over a field F'. Let L be the function field of 7" and ¢ a prime number
distinct from char(F'). Let 77 be a geometric generic point of C'. The image of 7 in T
is a geometric generic point of 7. In the following, fundamental groups are defined

by using this choice of base points.

Proposition 12.0.5. Fach section of m(CL) — Gp induces a pro-l section of
m(C) — m(T). Consequently, there is a bijection between the set of conjugacy

classes of pro-£ sections of m(CL) — G and that of m(C) — m(T).

Proof. Each section s of m1(C) — G, comes from the projective system of sections
lim U; — 71 (Cl,), where each U; is a complement of finitely many prime divisors of

T. Thus it will be enough to show that for each open subscheme U of T that is a
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complement of a prime divisor, each section s of m(Cy) — m(U) induces a pro-¢
section of 1 (C') — m1(T'). Let Y be a prime divisor of 7" and U its complement in 7T'.
Let R be the henselization of the local ring of T"at Y. Then R is an excellent henselian
discrete valuation ring. Denote the fraction field of R by K and the residue field by
k. We see that the fiber product Spec R xr U is isomorphic to Spec K. We claim
that the image of the inertia group I in 7 (U) is equal to the kernel of the canonical
surjection m(U) — m(T'). Clearly, the image of I} is contained in the kernel. Let
H be an open subgroup of 71 (U) containing the image of I. Then the preimage
N in G of H under the homomorphism Gy — m(U) is an open subgroup of G
containing [j. Since I is the kernel of the canonical surjection Gx — m(Spec R),
the image N’ of N in 71 (Spec R) is an open subgroup of m1(Spec R) whose preimage
in Gg is N. Its corresponding finite étale cover of Spec R pulls back to the finite
étale cover of K that corresponds to the subgroup N. Let X be the finite étale
cover of U corresponding to H. Let 7" be the normalization of T with respect to
X. Then v : T" — T is finite and the pullback of v to U is just X — U. Pulling
back v along the canonical morphism Spec R — T, we obtain a finite morphism
V' . T" — Spec R, where T” is a normal scheme. We may choose the component @)
of 7" whose fundamental group has the image in m(Spec R) equal to N’. Let W be
the finite étale cover of Spec R corresponding to N’. Then Q and W are isomorphic
to each other over the generic point of Spec R. Pulling back W along the morphism
Q — Spec R, we obtain a finite étale cover @' of ) that admits a section j. The

composite
QLQ W

is a finite birational morphism of integral normal schemes and thus is an isomorphism.
Therefore, ) is unramified over the closed point of Spec R, which implies that 7" is
unramified over the generic point of Y. By Zariski-Nagata [14, SGA 1 X Thm. 3.1],
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T’ is unramified over whole T'. Since T” pulls back to X, it follows that H contains
the kernel of m(U) — m1(T), whence our claim holds.
Now, each section s of m(Cy) — w(U) induces a section si of m(Ck) — K. The
(0)

above claim and the fact that rams,, is unramified imply that the section s descends

to a pro-¢ section of w1 (C) — m(T). O
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13

The Proof of Theorem 1 and 2

Lemma 13.0.6. Ifg = 3 andn = 1, there is no GSp(H )-equivariant homomorphism
Gr¥ ugsm /Wy — Gr¥ wy " Wog

that induces the map (vius, ..., up) — (v;uy, ) on Gr'.

Proof. If u e H, denote by u'9) the corresponding element in the jth copy of H in
G ug™ = AJH O H1 @ -+ @ H,.

Fix a symplectic basis aj,by,..., a4, b, for H and (u - v) denotes the intersection
number of u and v Suppose that such a homomorphism ¢ exists. Recall that, for a

positive integer m, we have

Gri'yuss™ = Hp® @ Qu(1);; @ @ AGH;,
=1

1<i<j<m

where Q,(1);; is spanned by >7_ l[ak ,b(j |. Denote the element »7_ 1[ak),b,ij)] in

Gr"%, ugso™ by ©;5. We claim first that ¢ vanishes on the Q,(1) component. For any
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i < j and u,v € H, the bracket [u”,v")] is computed in [18, §12] and is given by

Q

[, o

in Gr 2ugeom.

For 1 < j, we have ¢(v")) = (0,0) in Gr’ut%™, and hence [¢p(u™), p(vP))] = 0.
Since ¢ is a homomorphism, it follows that ¢(©,;) = 0, and therefore ¢ vanishes on
Qi(1);; forall1 <i < j < n.

Next, we will compute Zzl[gb(ag)),gb(b )] in Gr%, u5™. Denote the element

, l[a,g), " in Gr¥, o U™ by ©;. Theorem 12.6 in [18] implies that we have

zg: a"), o )]=Zg: +al o + b

k=1

% @ 27, 2
=Z<ak s [ak 7bk]+§@12)

= (@1 + 069 + 2912) in GI"W geom.

But one has the relation [18, Thm. 12.6]

0, + — Z@W:’ for 1 <i<m,
J#z

geom

geom
in Gr'", o UZST, SO In Gr™ Tollgo

2g — 2

-1 —1
¢(61) = @1 + @2 + 2@12 = ?@12 + ?@12 + 2@12 = @12 =+: 0.

Therefore we have reach a contradiction. O

Recall that p is a prime number, £ is a prime number distinct from p, and m is a

nonnegative integer.

Proposition 13.0.7. Suppose that g > 3, n > 1, and {™ = 3. If x is a section of the
universal curve Cy .5 [("] — M5 [(™] and K, = k;, then x is the jth tautological
point x;.

111



Proof. Without loss of generality, we may assume that j = 1. The section x is
defined over some finite extension [F, of IF,,, which we may assume to contain a ¢"th
root of unity e (F,). Thus we consider z as a section of Conp 0] — My, [07].
Denote the relative Jacobian of Cg ,,r, [(™] — Mg r,[("] by J. By Corollary 11.2.4,
[z — 1] is a torsion in J(Mp,[¢™]). Denote this torsion by ¢. If ¢ = 0, then, since

g =3, x =ux. Ift =+ 0, then the sections x and x; are disjoint, and hence they

induce the morphism

My nsr, ("] — Mo, ("] y = (Cysai(y), z(y)),
where C,, is the fiber at y of Cy,,r, [(™] — Mg /r,[€™]. By Corollary 11.3.2, k, = 1
implies that the induced GSp(H )-equivariant homomorphism
¢: G = NS HO H1 @ - @ H,, - G u89™ = AJH ® H, @ H»
is given by
(Vs ug, ... uy) — (V;ug, uy).

This is impossible by Lemma 13.0.6. Thus ¢ = 0, and we are done. O]

Proof of Theorem 1. 1t is enough to show for the case ¢ > 3. The valuative cri-
terion of properness and the normality of M, 5, [¢™] implies that each K-rational
point of Cy,/ [(™] gives a unique section of the universal curve. Hence we have
Conym, [ET1(K) = Cypm [ (Mg r, [€7]).  Let x be a section of Cy,x [("] —
Mo, [(™]. The section x induces a section s, of €, : 9,41 — 04,. By Corol-
lary 10.4.5, we have s, = s; for some j € {1,...,n}. Recall that s; is the section of
€n induced by the jth tautological point. Corollary 11.3.2 implies that x, = ; and

thus we have z = x; by Proposition 13.0.7. [

Proof of Theorem 2. Suppose that there is a section s of m(C,z) — Gp. By Corol-
lary 12.0.5, the section s induces a pro-£ section s\ of
1 — m(Cp, )Y — 71 (Cr, [(™], &) — 71 (Mg, [€™],77) — 1,
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which induces a GSp(H)-equivariant section of ¢ : 9,7 — 040. By Proposition
10.4.6, there is no GSp(H )-equivariant section of ¢, that come from the projection
7 (Cr, [0™], 7) — m (Mg, [£™],7). Therefore, there is no section of 7,(C,z) — Gp.

O
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Appendix A

Weighted Completion of The Hyperelliptic
Mapping Class Groups

In this chapter, we introduce the hyperelliptic mapping class groups and their weighted
completions with respect to their natural monodromy representations. We will in-
troduce the 3-step nilpotent Lie algebra b, associated to the completion. This is
the hyperelliptic analogue of the 2-step nilpotent Lie algebra 0, , described in 10.4.
In this chapter, we will show that the geometric sections of 3, : by 11 — by, are
exactly ones that come from the tautological sections of the universal hyperelliptic
curve and their hyperelliptic conjugates. Also, the technical result used here can be
used to improve the result for the sections of €, : 93,11 — 03,,. More precisely, the

zero section ¢, of ¢, cannot come from a section of Gr¥ uf**™ /W_s — GrlV usem /W_s.

g,n T

A.1 Hyperelliptic mapping class groups

Suppose that o, is a compact oriented surface of genus g > 2. Let I'y be the
mapping class group of the surface X,. Recall that it is the group of isotopy classes

of orientation preserving diffeomorphisms of ;. Fix a hyperelliptic involution o :
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¥, — X4, which is an orientation-preserving diffeomorphism of S of order 2 with
29+ 2 fixed points. Such a diffeomorphism is unique up to isotopy. The hyperelliptic

mapping class group A, is defined to be the centralizer of o in I':

A, = {peT,|poep™" =a}.
Define Ay, to be the fiber product

Ag,n = Fg,n X1 Ag,

g9

where I',,, is the mapping class group of type (g,n) and I'y,, — Ty is the natural
projection obtained by forgetting the n marked points.

Define also A, 1» to be the subgroup of elements of A, that fixes a specific Weierstrass
point. More precisely, define A, 1 as follows. Denote the set of the Weierstrass points

of ¥, by W. Then there is an exact sequence of groups
1 - Ay2] > Ay = Aut(W) — 1,

where A,[2] is the level 2 subgroup of A, and the map A, — Aut(W/) is obtained by
the action of A, on W. Fixing a Weierstrass point p, we have the stabilizer subgroup
Aut(W), of Aut(IW). Define Ay ;1w to be the pullback of Aut(1V), along the map

A, — Aut(W): there is a commutative diagram

1 —— Ay2] — Ayyw —— Aut(W), — 1

]

1—=A,[2] A, Aut(W) —1,

Where rows are exact.
A.2 Moduli stacks of smooth hyperelliptic curves

Assume that & is a field of characteristic zero. Denote the moduli functor of smooth

hyperelliptic curves over k by H,. It is a contravariant functor from the category of
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k-schemes to the category of sets:
Hg/k : Sch/k — Set

which assigns to each k-scheme T the set of isomorphism classes of families of smooth

hyperelliptic curves of genus g:
Hy(T) = {C — T family of smooth hyperelliptic curves of genus g}/ = .

It was shown by Arsie and Vistoli [4] that H,, is a Deligne-Mumford stack that is

isomorphic to a quotient stack:

Hom = [An (2,29 + 2)/(GLo/p1g41)],

where A, is the space of homogeneous smooth forms of degree 2¢g + 2 in 2 indeter-
minates and GLy acts by A - f(z) = f(A™'z). It is an irreducible smooth algebraic
stack of finite type over Speck of dimension 2¢g — 1. It is a closed substack of the
moduli stack M, of smooth curves of genus g over k. Define H,,, /1, to be the fiber
product
Hynie = Mg/ Xy Hogi

Denote the universal curve over Hy,, by Cy gn — Hgn. It is the pullback of Cy,, —
My, to Hyp.

Variant A.2.1. Define H, ;. ; to be the finite cover of the stack H,; that corresponds
to the finite quotient Ay/Agy w. The moduli stack H,z[2] of smooth hyperelliptic

curves with abelian level 2 factors through the cover H, ju 3

|

,;L[g,lw/]_c

|

Hyr
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Variant A.2.2. Denote the n-th power of the universal curve M, by Cg/k and the
n-th power of the universal hyperelliptic curve over H,, by C, ok By convention,
we set Cg/k = My and Cgl/k = M.1x. Note that M, is an open substack of C;l/k
and that Hg, is an open substack of Cy, | i~ We have the following fiber product
diagram

Honme —=Cf yp — Hop

b

Mg — C;L/k — My

Forgetting the first component of C;l/;l gives a curve T : C;‘/*I;l — Cg/k. Pulling back

T to Mgk, We obtain the universal curve Cg, /i, of type (g,n) over Mg, i, which

pulls back to the universal hyperelliptic curve Cy 4,/ of type (g,n) over Hg .

A.3 Fundamental groups 7i(H,,/) and their natural monodromy
representations

In this section, assume that k is an algebraic number field or a finite extension of
the p-adic number Q, with some prime number p. By the comparison theorem [38],

we have a unique conjugacy class of isomorphisms
~ b A ~ -~
7Tl(?—[g,n/l_c) = 71-(1)r (HS,IZ) = (Ag,n) )

where H", denotes the associated analytic stack and ~ denotes profinite completion.
Let 77 : SpecQ) — H, 5 be a geometric point of H,,, z. We regard T as a geometric
point of H,,x via the natural morphism #H,, , /i = Mgk The algebraic fundamental

group 1 (Hgn/k, 1) sits in the exact sequence of algebraic fundamental groups

1— 7T1(Hg7n/];,77> — 7T1(Hg7n/k,7_]) — Gal(/;:/k:) — 1

Let £ & p. For A =7, or A= Qy, set Hy = H,(Cy, A(1)), where Cj is the fiber of
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the universal curve over the geometric point 7. The étale cohomology group H, is
equipped with a nondegenerate alternating form 6 : Hq4 ® Hy — A(1). There is a
natural monodromy representation p : w1 (H, 5, 7) — Sp(Hz,) that comes from the
action of A, on the surface ¥,. It follows from the result of A’Campo [1] that the
image of p#*°™ in Sp(Hy,) contains a finite-index subgroup and hence that p&°™ has
a Zariski-dense image in Sp(Hg,). The natural monodromy action of 7 (Hg .k, 7)

on Hg, gives a homomorphism

p: Wl(%g,n/[mﬁ) - GSP(HQZ>

that fits in the commutative diagram

l— T (Hg,n/l_m ﬁ) — T (Hg,n/ka 77) — Gal(l%/k) —1

l—— Sp<H@e) GSP(H@2> Gm/@z —1

where x, is the f-adic cyclotomic character. The Zariski density of p8*°™ and yy

implies that p also has a Zariski-dense image.
A.4 The hyperelliptic Johnson homomorphism and Dehn twists

In this section, we briefly introduce the hyperelliptic analogue of the Johnson ho-
momorphism. The detail of the construction of the hyperelliptic Johnson homomor-
phism can be found in Spivey’s thesis [42]. First we recall the Johnson homomor-
phism. Let II be the topological fundamental group m;°"(%,, *) of the surface ¥,.

Denote the lower central series of II by L°II:
LMI =T and L*IT = [LF7'1, 1] for k > 2.

Let Gr'IT := L™II/L™"'1I for each m > 1. Each Gr]'Il is a torsion-free Sp(H)-

module. Let H = Hy(X,,Z) equipped with the standard symplectic basis,

al,bl,...,ag,bg
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and the intersection paring 6 : H ® H — Z. The form 6 is a nondegenerate skew-
symmetric bilinear form. We may regard  as an element of A2H via the isomorphism
H =~ H* induced by 0. We have 0 = >)Y_ a; A b;. Then there is an isomorphism
Gr7 IT =~ A2H /{6). Note that the mapping class group I'y; acts on II and there is an

exact sequence of I’ g,1-groups
1 — Gri Il — II/L°T — Grp 1T — 1

Identifying Gr} IT = H and Gr7 I1 =~ A2H /{#), this exact sequence can be rewritten
as

1 — AN°H/H) - /LT — H — 1.

Recall that the Torelli group T ; is the kernel of the natural representation I'y; —

Sp(H). Then the Johnson homomorphism
7:T,1 — Hom(H, A>H /{0))

is defined as follows. For u € H, let @ be a lift of w in IT/L*II. For an element ¢ € T, 1,
the element ¢(@)a" lies in A2H /{#), since ¢ acts trivially on H by definition. The
Johnson homomorphism 7 is defined to be the map u +— ¢(@)a~!. It can be easily
checked that 7(¢) is independent of the choice of the life @ of u. Johnson showed in
27, 28] that im7 = A3H for g > 2 and H,(Ty1,Z) ® Z[3] = A*H ® Z[3] for g = 3.

The hyperelliptic Torelli group T'A, is defined to be the intersection of 7, and
A, in I'y, or equivalently the kernel of the natural representation A, — Sp(H).
Since T'A, fixes each Weierstrass point, T'A, is a subgroup of A, w. Furthermore,
it is easy to see that T'A, coincides with the kernel of the natural representation
Ay1w — Sp(H). A construction similar to one for the Johnson homomorphism gives

a A, w-equivariant homomorphism

w:TA, — Hom(H, A*H /{9)).
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However, this homomorphism is trivial, since the hyperelliptic involution o acts
trivially on TA,, while it acts as —id on Hom(H, A2H /{#)). Thus this suggests that

we consider the next graded quotient Gr? IT and the exact sequence of Ay jw-groups
1 — Gry IT — II/L*T — T1I/L°T — 1.

The triviality of the homomorphism w implies that TA, acts trivially on IT/L3II.
Thus the same construction for the Johnson homomorphism gives a A, jw-equivariant

homomorphism

T TAy — Hom(IT/L*TL, Grj 1I).
Since Grj II is abelian and the abelianization of IT1/L3II is Gr} I1 = H, we have
Hom(IT/L*T1, Gr 1) = Hom(H, Gr? II).
This A, jw-equivariant homomorphism
7™ TA, — Hom(H, Gr 11)

is defined to be the hyperelliptic Johnson homomorphism. Note that the restriction

of 7™P to the kernel N of 7»P induces a homomorphism
P . N — Hom(H, Gr} II).

More generally, if N; is the kernel of the homomorphism A, — Aut(II/L¥II), then

there is a homomorphism

7 . N; — Hom(H, Gr " 11).

J
Note that Ny = T'A,.

A.4.1 The image of a Dehn twist under TP

In this section, set H = H;(X,,Q). Foreach j = 1,...,g—1, let C; be the separating

simple closed curve in Y, shown in the figure below. Then Y — C; is the disjoint
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FIGURE A.1: The surface ¥, with the separating curves C; for j =1,...,g—1

union of two components S} and S} with boundary curve Cj. Let 0} = jf:l a; A b;

and 0f = 37 .. a; A bi. Note that 0 = 0 + 0. Let L(H) be the free Lie algebra

i=j+1
generated by H. Denote the lower central series of L(H) by L°L(H). It is graded
by bracket length:

L(H) = @ Gr L(H),

where Gr} L(H) = L"L(H)/L""'L(H). There is an isomorphism of graded Lie
algebras

Gri T®Q = L(H)/6).

In low degree, we have
Gr; I®Q =Li(H) = H, Gri II®Q = Ly(H)/{0), and Gri IQQ = Ls(H)/[6, H].

Denote the Lie algebra IL/{f) by p. Define ¢ : Sym?A?H — Hom(H, L3(H)/[0, H])
by

(ug A vp) - (ug A vg) '—><:c — %{9(u1,x)[vl, [ug, vol]] — O(vy, z)[ug.[ug, va]]

+ 0(ug, x)[ve, [ug, v1]] — O(va, x)[ug, [u, vl]]}>

It is easy to see that ¢ is a Sp(H )-equivariant homomorphism.

Lemma A.4.1. For I < {1,...,g}, set 6; = >.,.;a; A'b;, Hi = Spanda;, b;|i € I),
and H§ = Span{a;, b;|i ¢ I). Then we have

2y . . O [EEH;
o07) @ {[x,QI] ve H
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Proof. A simple computation suffices. O

Let w; be the isotopy class of the Dehn twist around Cj. For simplicity, fix a
Weierstrass point p in Sj. Note that each w; is an element in TA,. In order to
compute 7P (w;), we need to compute the action of w on 71 (3, p), first. We do this
by computing the action of w; on the standard generating set of m(2,, ) consisting

of the classes 79;_1, 70; based at x fori =1,...,¢:

FIGURE A.2: The surface X, with the standard generators ~,,_1 and 7y, for i =
1,...,9

Proposition A.4.2. With notation as above, we have

/" HC
) = ) o gy S
e

where I = {j+1,...,¢}.

Proof. Since the classes 7; for ¢ < 25 do not intersect with C;, we have w;(v;) = v
for © < 2j. Now, fix a point y; on C; and a path p; from z to y;. Considering C}
as a loop based at y;, the composition ijjpj’l is a loop based at x. Note that the

homotopy class of p;C; ,0]-_1 is equal to the class

([ 72] -+ [v2jm1,725]) € m(Eg, 2).
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For ¢ > 27, we have

wi(vi) = [y, 2] - [yai—1, v25]) vi (v, 2l -+ [v2i-1, 72]‘])71

J
= [1_[ V2k— 1,721<; ]%‘,
k=1

which shows that

wi(y)y; e LPIL

Reducing mod L*II, we obtain the class

[Z [tag—1, tag), u] e Gr3 11 = Ls(H)/[, H],

where ug,_1 = ay and ug, = by for each k = 1,...,g. Since D> _, [uok_1,us] = 0,

and ¢ + 07 = 0, we can express

[Z UQfe— 1,U2k ] [9/ ] [Ul,egl] in Lg(H)/[@,H]

The u; with ¢ > 25 form a basis for H;, and so we have
TP (w;)(x) = [x,H;’] if x e H;
. It is clear that we have

TP (w;)(z) =0 if v e Hf.

A.4.2  The derivation Lie algebras Der L(H) and Der p

Note that the derivation Lie algebra Der L(H) = Hom(H,L(H)). Since L(H) =
Gry L(H), we have
DerL(H) = (P Der" L(H
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where Der" L(H) = Hom(H, Gr?™ L(H)) for each n. Similarly, note that Derp =
Der Gr} p and that Grj Derp = Der Grj p. It is easy to see that Der" p := Gr} Derp
is an Sp(H)-submodule of Hom(H, Gr’}*!p).

Proposition A.4.3. For each n = 1, there is an exact sequence of Sp(H)-modules
0 — Der" p — Hom(H, Gr'}*'p) — Gr'}*2p — 0.

Proof. Each homomorphism § € Hom(H, G p) induces a derivation 4 of the free
Lie algebra IL(H) by regarding Gr?™ p as an Sp(H )-submodule of Gr} "' L(H). We

have a decomposition

Gr2 L(H) = Gr2 p @ Q0.
Denote by D(0) the image in Gr?*2p of the element §(f) under the surjection
Gry L(H) — Gr} p. It is clear that § induces a derivation of p if and only if D(d) = 0.

The association § — D(6) is easily seen to be a homomorphism and so we have
Der" p = ker(D : Hom(H, Gr" "' p) — Gr"*?p)).
It remains to show that D is surjective. Consider the diagram

Hom(H, Gri*tp) —2~ Gr7+2p

l []

H®G ' p -~

n+2
GI‘L pa

where the left vertical map is induced by 6. Since af = —0(b;, ) and bf = 0(a;, ),

via the isomorphism H =~ H* induced by 6, 6 maps to the element
g
Zai ®d(b;) — b; ®6(a;) in H® Grip.
Then this element maps to the element via the bracket

g9
> lai, 6(b;)] = [bi, 6(as)] + [ai, 6(b:)],
i=1

Mm

z=1
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which is equal to D(J). Thus it follows that D is surjective. O
Corollary A.4.4. In the representation ring R(Sp(H)), we have
Der"p = HQGr} " p — Grl} 2 p.

Let H, denote the isomorphism class of the irreducible Sp(H)-representation
that corresponds to a partition A of a nonnegative integer n of 1 < s < g part:

A1 = Ay = -+ = A, The Kabanov’s stability [29] gives the following result.

Proposition A.4.5. For all g > 3, the irreducible decomposition of Gri'p when

1 <m <4 s given by

Gryp = Hpy;
GI"QL]J = H[12];
Gr‘zp = Hpoqa);

Grip = H[2+12] + H[Q] + H[3+1].

Remark A.4.6. The above computation was done by the compute program LiE.
Together with the decomposition for each Grj' p, the following result can be easily

computed.

Corollary A.4.7. For all g = 3, we have
Der! p= H[ls] + H[l];
Derzp = H[22] + H[12];

Der?’p = H[3+12] + H[2+1] + H[g].

It was shown in [6] that the graded Lie algebra p has the trivial center, and hence
we may regard p as a graded Lie ideal of Derp via the adjoint action. Denote the

quotient Der p/p by Out Der p.
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Proposition A.4.8. For all g = 3, we have
Out Der' p = Hs);

Out Der?p = Hip2y;
Out Der? p= H[3+12] + H[3].
The following lemma shows that 7P (w;) induces a derivation of p.

Lemma A.4.9. For I < {1,...,g}, ¢(0?) lies in Der®p, where 0y = >.._,a; Ab;. [

el
A.4.8 The outer action of a commuting pair of Dehn twists

In this section, we will show that there is a pair of commuting pair of Dehn twists
such that the bracket of the outer part of the image of each of the Dehn twist under

the hyperelliptic Johnson homomorphism is a nontrivial inner derivation in Der? p.

Proposition A.4.10. Assume g = 3. The map ¢ : Sym*A>H — Hom(H,Gr? p)

defined in A.4.1 induces a homomorphism
¢ : Sym*A’H /(A*H @ Q) — Hom(H, Gr? p).

Proof. First note that the representation A*H sits inside Sym?A%H via the map

U1 A V2 AUz AUy (U1 A v2) (03 A vg) + (01 A v3) (Vg A V2) + (U1 A vg) (V2 A U3).
The corresponding projection is given by

(up A ug)(ug A ug) — Uy A Ug A Uz A Ug.
A copy of the trivial representation Q sits inside Sym?A?H via the map
1— 6%

Simple computations show that ¢(A*H) = 0 and ¢(6?) = 0. Thus ¢ induces an

Sp(H )-homomorphism

¢ : Sym*A’H /(A*H ® Q) — Hom(H, Gr? p).
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Remark A.4.11. In fact, the map ¢ is an isomorphism onto Der p.

In order to separate the Hiy2) component from Sym?A%H, we need a projection
onto a copy of Hp2) that is not contained in the submodule A*H = Sym”A?H. Note

that a copy of A2H sits inside A*H via the map
UAV—UAVADG.

The other copy of A2H sits inside Sym?A%H via the map
unve— (unAv)-0.

Define a map 7 : Sym?A2H — A%H by

(ur A vy)(ug A vy) = O(ug,v1)va A ug + 0(ve, ug)ug A vy

1
+§{9(u1, V2) U1 Atg+0(v1, Ug)uy Avg+0(uy, ug)vg Avp+6(vg, U1 )ug Aus}.

One can easily check that 7 is an Sp(H)-homomorphism and vanishes on A*H as a

submodule of Sym?*A?H.

Lemma A.4.12. Consider the irreducible Sp(H)-module Hp2y as the submodule of

A%H given by the kernel of the map u A v — 0(u,v). Then the composition
Hpz) -5 Sym?A’H 5 A’H
s given by multiplication by —g — 1. Also the composition
QO 4% Sym2A2H 5 AH
1s given by multiplication by —2g — 1. O

Define Sp(H)-equivariant projections p; : A°H — Q6O by u A v +— @9 and

p2:AN°H — Hpzpby u nve—uAv— @0. define p : A>H — Sym?A%H by

UAv— (ﬁ(@ opy) + _gl_ 1(-0 opg)) (u A w).
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Corollary A.4.13. We have mop = id on A*H. O
Corollary A.4.14. We have
Sym*A’H = A*H @ Hpz @ A°H.

Proof. Since 7 is surjective, we have Sym?A?H = kerm @ A2H. We have seen that
7 vanishes on A*H, and so ker m contains A*H. Since A2H does not contain a copy
of the irreducible representation Hig2|, Hy2) is contained in ker 7. We also observe
that the submodule Hpp is not contained in A*H. Therefore, together with the

irreducible decomposition of Sym?A%H, we have

kerm = A4H(—BH[22].

For each vector (u; A v1)(ug A v3) € Sym*A?H, we can express uniquely
(up A v1)(ug A vy) =81 + 0y + I3,

where 601, d5, and &5 are vectors of A*H, H [22], and A%H | respectively.

Lemma A.4.15. We have

01 + 02 = (ug A vr)(ug A vg) — {0(ug, v1)p(vg A uz) + 0(va, ug)p(uy A vy)}

—%{H(UD ve)p(v1 A ug) + 0(v1, ug)p(uyg A ve) 4+ 0(ur, ug)p(ve A v1) + 0(ve, v1)p(ug, us)}.

]

Now, we consider a specific pair of commuting Dehn twists on ¥,. Consider the
separating simple closed curves Cy and C, ;. Fix a Weierstrass point p in S7 N S;_;:

Recall that the corresponding isotopy classes of the Dehn twists around C; and Cjy_
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FIGURE A.3: The surface ¥, with the separating curves C'; and Cy_; and a fixed
Weierstrass point p.

are denoted by w; and wy_1, respectively. By Proposition A.4.2, we have

TP (wi) = ¢((ay A b1)?),
and
Thyp(wg_l) = o((ag A bg)Q).

Remark A.4.16. In order to apply Proposition A.4.2, one needs to adjust the result

according to the position of the fixed Weierstrass point on ;.
Denote 7P(w;) and 7™P(w, 1) by w and @. By Lemma A.4.9, w and @ lies in
Der?p. Since Der®p = Hyo2y + Hip2), we can express w and @ as
w = &[22 + &2,

and

W= 5[22] + &p2,

where {22, 5[22] are vectors in Hiye) and §[y2), é[lz] are vectors in Hi2.

Theorem A.4.17. With notation as above, if g = 3, then the vector [{[o2), 5[22]] is a

nontrivial inner derivation in Der*p.
Proof. The following diagram

hyp

TA, . Der? p

[Jl l[,]
Thyp

Ny —2=Der* p
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commutes, where the left-hand vertical map is the map taking the commutator of
two elements and the right-hand vertical map is the bracket of the derivation Lie
algebra Derp. Since the Dehn twists wy and w,—; commute in T'A, being disjoint
from each other, it then follows that [w,w] = 0. Thus we have

0 = |w,]
= [€122) + €py, €2y + €l

= [£[221, 5[22]] + [5[22]75[12]] + [5[12]75[22]] + [5[12],5[12]]7

which shows that the vector [{[s2),{[22)] is inner in Derp, since p is a Lie ideal in
Derp via the adjoint action. It remains to show that this vector is nontrivial. By

Corollary A.4.14, we can express (a; A by)? and (a, A by)? as

(&1 AN 61)2 = (51 + (52 + 53 in A4H<—D H[22] @A2H
and

(ag A bg)2 = 51 + 52 + 53 in A4H€|—)H[22] @A2H

Recall that the homomorphism ¢ : Sym?A?H — Hom(H, Ls(H) /[, H]) vanishes on
A*H. Thus we have

¢(52) = 5[22] and ¢(53) = 5[12]
and

$(62) = {122 and ¢(d3) = {12y

Using Lemma A.4.15, we obtain

(ay A by) -0+ cb?

3
61—’_52:(&1/\61)2_9—{—1

and

3
g+1(agAbg)-9+592,
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where ¢ and ¢ are some constants in Q. Since ¢ vanishes on A*H and Q6?, we then

have

3
€221, E221] = [¢ ((a1 Ab)? e

(o Abl)-e) ,¢((agAbg)2—gil(agmg)-e)].

We evaluate this bracket on the vector as; € H by using the diagrammatic description

for of Der IL(H) (see [34] for the description). Then we have

. 9
€122y, €p221] (a2) = G172

[ag, [[ax, bi], [y, bg]]] e Qi p.

This vector can be mapped to the highest vector of the irreducible representation
Hiz,12) appearing in Gr} p via the action of sp, where sp is the Lie algebra of Sp(H),
and hence it is nonzero in p. Thus the vector [{[22), 5[22]] is a nonzero inner derivation

in Der p. O]

A.5 Relative and weighted completions of hyperelliptic mapping class
groups

Let k£ be an algebraic number field or a finite extension of @Q,. Fix an algebraic

closure k of k. Assume g > 3. Let 7 : SpecQ — H,_ % be a geometric point of the

gm/
stack H, ,, 5. Let Cj be the fiber of the universal curve over 7. Denote by D™ the
relative completion of the algebraic fundamental group 71(H,, /%, 7) with respect to

the natural monodromy representation

geom

P : ﬂ-l(Hg,n/Eaﬁ> - 7T1<Hg/E777) - Sp(HQZ)a

where Hg, = H}, (Cr, Qu(1)).
Denote the prounipotent radical of D™ by V™ and its Lie algebra by 8™,

Denote the f-adic unipotent completion (see Appendix B for the definition) of m;(C7, )

by P and its Lie algebra by p, where Z is a geometric point of C;. When n = 1, we

131



have the exact sequence of pronilpotent Lie algebras

geom

0—)}3—)09’1

—s pBeom _, )
5 :
Variant A.5.1. The universal curve over H w/;, induces a modular map
VU Hg e = Hoasm

that makes the diagram
%97110/]2

N

Hy1/ =Mk

commute. Let 77 : SpecQ — H, 1w 5 be a geometric point of H, 1w /5. We regard 7 as
geom

geometric points of H,; ; and H,; as well. Denote by D 1. the relative completion

of 1 (H 1w Jies 7) with respect to the natural monodromy representation

Puw - 7T1(Hg’1w/]’€, 77) - 7T1(7'[g/1%a 77) - SP(HQe)~

eom

Denote the prounipotent radical of D5 7." by VEu" and its Lie algebra by v37.". We

have the following diagram

geom
o] g,1v
geom geom
0 p v, g 0.

Remark A.5.2. The monodromy representation p,, agrees with the one induced from
the profinite completion of the homomorphism Ay ;v — Sp(H1(3y,Z¢)). Thus the

map p,, has a Zariski-dense image in Sp(Hg,).

Denote by D, and ﬁg,n, respectively, the weighted completions of 7 (Hgn/k, 1)

and mq (C;Q o/l 7) with respect to the monodromy representation

P (%g,n/Ea 7_7) — M (C;-l[,g/kaﬁ) — M (Hg/l_mﬁ> - GSp(HQg)
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and the central cocharacter w : G,, — GSp(Hg,) defined by z — 2z~'id. Denote the
pronilpotent radicals of D, ,, and ,ﬁg,n by V,, and ]A)g,n, respectively, and their Lie

algebras by v,,, and b,,. When n = 1, the sequence of D, ;-modules
0—p—v,, —>0,—0

is exact and the diagram

geom
Ug,lw
geom geom
0 g‘o‘ 05 ve 0
‘p Ug,l Ug 0

commutes. As a Dy ;-module, the Lie algebra v, admits a natural weight filtration
W.v, that satisfies the properties: W_;v, = v, and the action of D, ; on each graded

quotient Gr" v, := W_,,0,/W_,, 10, factors through GSp(Hg,)
Proposition A.5.3. For g > 2, each graded quotient Grr‘iVQm_1 v, =0 form = 0.

Proof. Recall that there is an exact sequence
l— ﬂ-l(Hg/l_mﬁ) - 7"'1(/7'_[31/147777) g Gal(E/k) — 1.

Denote the groups mi(Hyz,7), m1(Hgw, 1), and Gal(k/k) by Ag©°™ A and Gy, re-
spectively. Let V be a geometrically nontrivial, irreducible representation of GSp(Hg,)
(recall that an irreducible GSp(Hg,) is geometrically irreducible if it is nontrivial
when restricted to Sp(Hg,)). The above exact sequence gives rise to a spectral se-
quence

By = H*(Gy, H'(A*™, V) = H* (A, V).

Thus there is an exact sequence

0 — HY(Gy, HO(AF™, V) — HY(A, V)
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— HYGy, H' (A% V) — H*(Gy, H (A% V).

Since p&°°™ : Ag°™ — Sp(Hyg,) has a Zariski-dense image, we have HY(A&*°™ V) = 0,
and hence we have an isomorphism H(A, V) = H'(A&°m V)% Denote the relative
completion of A, with respect to the natural map A, — Sp,(Q) := Sp(H:1(3,,Q)) b

Dy/q- It is a proalgebraic Q-group that is an extension of Sp,(Q) by a prounipotent
Q-group V,q. Note that we also view Sp,(Q) as an algebraic Q-group. Since the
hyperelliptic involution o acts trivially on A, by conjugation, the induced action of

o on Dy g is trivial, ans so is the action on Vggfém. Now, if V is a finite dimensional

Sp, (Q)-representation, there is an isomorphism
HOHlSp (Q) (Hl (Vg om)’ V) = Hl (Ag, V)

Therefore, if o acts on V' as —id, then we see that H'(A,, V) = 0. By Base Change
Theorem [21, Thm. 3.4], there is an isomorphism V&°™ = Vgeom ® Q. This implies

that there is an isomorphism
HY(AS™ V@Q) =~ H'(A,V)® Q.

Suppose now that V' is a finite-dimensional GSp(Hg, )-representation of weight —2m—
1. Then when restricted to Sp(Hg,), it is a quotient of ng with [ odd, and thus the
hyperelliptic involution acts on V' as —id. Hence we have H'(A,, V) = 0, and so

H'(Ag™ V) = 0. Therefore, H'(A, V) = 0. Since there is an isomorphism
HomGSp(HQ[) (Gr‘j/?m—l Hl(ng)? V) = Hl (Av V)7

we have Gr',, , Hi(v,) = 0. Since a pronilpotent Lie algebra n is generated by

Hi(n), it then follows that Gr_s,,_1 v, = 0 for m > 0. O
The following result is an immediate consequence of Tanaka’s computation [46].

Lemma A.5.4. If g > 2, then Gr". "y 0, does not contain a copy of Hpz).
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Proof. We use the same notation as in the proof of Proposition A.5.3. Note that
there is an isomorphism

Grlh, vy = Gry Hi(vy),

since v, is generated by H; and Gr"} H,(v,) = 0. Tanaka’s computation [46] implies

that H'(AS°™, Hj2)) vanishes. Therefore, together with the isomorphism
Homgsy(rg,) (Gry Hi(vy), Hpzp) = H' (A, Hpzy),
the result follows. []

Lemma A.5.5. For g > 2, Gr‘iv2 v, contains at least one copy of Hize.

Proof. This follows from the fact that the hyperelliptic Johnson homomorphism 7P

factors through the composition of Sp(Hg,)-equivariant homomorphisms

Hl(ngeom) - GI‘% Hl(Ug) — Der_2 p,

g
and the fact that the Hp2)-component of the image of 7hYP is nontrivial. O

Remark A.5.6. The Lie algebra p admits a natural weight filtration, and so does
Derp. Since the weight filtration of p coincides with its lower central series, we have

Gr" p = Gr''p for m > 1. Thus, we have Der_,, p = Der™ p.
A.6  The Lie algebras by,

The projection C;Z[’ ok H, induces the exact sequence
L= [ [m(Cy25) = m(Chypo ) = m(Hopi 1) — 1,

j=1

where 7; is the image of 7] in H, 1/, under the j-th projection map C,’lg/k — Hg1/k-

Denote the (-adic unipotent completion of 71 (Cj, Z;) by p;. The p; are all naturally
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isomorphic and hence we denote each p; by p for simplicity. Taking the weighted com-

pletions of m1(Cy, ;.. 7) and m1(Hk, 7) induces the exact sequence of Vg n-modules
0> p" — B, — B, — 0.
Therefore, we have

Proposition A.6.1. For g > 2 and n = 0, we have
G oy, = (Gt p)™;
Grly by, = (Grllyp)" ® Grlly vy
Grl vy, = (Grlyp)™;
Gr', 0, = (G p)" @ Gr™, v,.
Assume that g > 2 and n > 0. We define the Lie algebra by, to be

bgvn = Dg,n/W*‘lUg»”

Proposition A.6.2. Suppose that g = 2. Fach section of the universal hyperellip-

tic curve Cygn/k — Hgnm induces a well-defined GSp(Hg,)-equivariant Lie algebra

section of By : bgni1 — bga.

Proof. The fiber product diagram

Cvazn/k C ,g/k‘

]

Hgvn/k C;?L,g/k

induces the following commutative diagram of Dy , ,-modules

~ ~

O—>p—>ng,n+1 Ug,n 0
0 p UH,g,n Ug,n 07
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where the rows are exact and the middle and right vertical maps are surjective. Each
section s of Cygnm — Hgnmw induces a GSp(Hg,)-equivariant graded Lie algebra
section Gr¥ ds, of Gr’ 02,90 — GrlV v,,. Hence it induces a section Gr¥ ds,/W_s
of

G (03.9.0/W_5) — Grl¥ (0,,,/W_5).

Denote the kernel of v,,, — van by €. The restriction of Ger ds«/W_5 to ¢/W_5
maps into p/W_s, and this is trivial. Thus the section Gr!’ ds,/W_5 descends to a
graded section of Gl (0,,41/W_5) — Grl (0,,/W_5), which induces a section of

Bn bg,nJrl - bg,n- O

Proposition A.6.3. If g > 3 and n > 1, then there are nonzero elements 5n,6~n €
G, v, C G, /ﬁg,n such that the bracket [5n,5~n] 15 monzero and maps diagonally
into (Gr%, p)" < Gr", b, ...

Proof. Recall notation from A.4.3. Note that the hyperelliptic Torelli group T'A,
maps to V57" Composing with the logarithm map, TA, maps to the pronilpotent
Lie algebra v57.". The adjoint action of v§7." on p factors through the adjoint action
of v,1 on p. Denote the image of the commuting Dehn twists w; and wy—; in vy
by w’ and @', respectively. The fact that the homomorphism T'A, — Hom(H, Gr? p)
with H = H,(2,,Q) is trivial implies that Gr"} o’ = G1"; & = 0. Since Gr"%,v,; =

Gr',p @ G, v, we can express
G, w' = 8, + 6y, and Gr", &' = 6, + b,

Since Gr%, b, does not contain a copy of Hpj2) by Lemma A.5.4, we can see that the
elements d, and 4, map to {2 and 5[22], respectively (recall that g2 and 5[22] are
defined in A.4.3). Since the Dehn twists w and w,_; commutes, the bracket [w’, &']

in the Lie algebra v, is trivial. Since Gr"} w’ = Gr"; &' = 0, we have

GI‘KVZL[W/,(IJI] - [6p + (50, Sp “l’ SU] - O
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Therefore, the bracket [8,,0,] lies in Gr'’,p. By Theorem A.4.17, the bracket
[5[22],5[22]] is nontrivial, and so is the bracket [8,,0,] in Gr',p. This completes
the case for n = 1. For n > 1, the diagonal section qu_[,g — C%g/k induces a graded
section Gr? dA of the projection GrY” 0, — GrY v,1. Note that the restriction of
Gr", dA to Gr', v, is the identity. Let &, = (Gr%, dA)(d,) and &, = (G, dA)(5,).
Then the bracket [d,,d,] maps to (Gr', p)" diagonally, since Gr¥¥ dA is a graded

Lie algebra section. The bracket [, Sn] maps to [dy, 50]7 which is nonzero, and so is

(61, 6] 0
A.7  The geometric sections of 3, : by 41 — by

In this section, we will compute GSp(Hyg, )-equivariant Lie algebra sections of /3, that
are induced by the sections of the universal hyperelliptic curve Cy gnm — Hgn/k-
We call them geometric sections of §,. We first study all possible sections of j,,.
Remember that p"*! = Di_obj < 0,11, where the j-th component p; corresponds

Cn+1

to the projection of gk Onto its J-th component.

Lemma A.7.1. Suppose g = 2. FEach GSp(Hg,)-equivariant Lie algebra section ¢

of B, is determined by its effect on Gr",:
Gr‘ivl(’ : Grzvllﬂl@-"@GrKlen — GTKPO@GYKM'“@GYZPW

Proof. Note that we have GIKV1 p; = Hg, for each j. By Schur’s lemma, we have
(G Q) (ur, .y up) = (Z AjUG ULy - ooy Uy,
j=1

where the a; are some constants in Q. Since ¢ is a Lie algebra section, we see that

Gr", ¢ is given by

G, ¢ : (v1,...,vn,7) (Za?vj,vl,...,vn,r) e Gt po @ P Gr'yp; ® Gr, vy,

j=1 j=1
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where each v; is in Gr¥, p; and r in Gr¥, v,, and that Gr", ¢ is given by

G ¢ (wy, ..., w,) — (Z a;’wj,wl,...,wn) € Gr%Po@@Gr%pj,

j=1 J=1
where each w; is in Gr¥ p;. O

Lemma A.7.2. With notation as above. Let ( be a section of B,. Then we have

a; = 0,1, or =1 for each j =1,...,n.

Proof. Recall that we have Deﬂv1 p = Hps) + Hppp and DerV_V2 p = Hp2) + Hp2). The
bracket | , | : Hpj ® Hype) — Hpai1) < Der; p is not trivial and so surjective. This

implies that the bracket
[, ]:G" p; @G0, — G p;

is also surjective. Therefore, we also have

n

Gr'% ¢« (wy, ... wy) — (Zajwj,wl,...,wn)eGrgpo@@Grgpj.

j=1 J=1

Thus we obtain the relations a? = a; or a;(a3 — 1) = 0 for each j = 1,...,n. O

By the above lemmas, we conclude that there are 3" many sections of 3,,. How-
ever, most of them do not come from the sections of the universal hyperelliptic curve.

For each j = 1,...,n, denote the section of 3, that corresponds to a; = 1 and a; = 0

for i £ j by (.

Theorem A.7.3. If g > 3, then there are exactly 2n geometric sections of B, given

by Ciyoooy Guoand —Cpy ooy =G

Proof. Each geometric section of (3, comes from a section of the Lie algebra surjec-

tion Grl¥ (0g.,.41/W_5) — Grl¥(,.,,/W_5). By Proposition A.6.3, there are elements

139



Oy O € Gr%, v, Gr", v, such that the bracket [4,, Sn] is not zero and maps di-
agonally to )_, Gr", p;. Denote the irreducible GSp(Hg,)-submodule containing
[6,,0,] of Gr™,p by V. Let ¢ be a section of Grl¥ (0, ,.1/W_5) — Grl (8,,/W_5).

Then the restriction of Gr', ¢ to D1 G, p; = Gi%, b, is given by
(GYZ C)(tly cee atn) = (Z a?t]’,tl, R ,tn).
=1

Since f((Sn) = 0,41 and é(Sn) = 5n+17 we have
(Grm é)(l’l, s 7'In) = (x07$17 cee 7xn)7

where x; = [d,, Sn] for each 7 = 0,...,n. It then follows that we have the relation

>7_yaj = 1. This implies that a} = 1 for some j and a; = 0 for i # j. Therefore,

f induces either ¢; or —(;. Now, it is clear that the j-th tautological section and its
hyperelliptic conjugate of the universal curve Cy g, i — Hgn/r induce the sections

¢; and —(j, respectively. O
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Appendix B

Unipotent Completion

We will review Quillen’s Malcev completion [41] and its explicit construction. Our
main application of the completion is to complete the topological fundamental group

of a compact orientable surface.
B.1 Construction of Malcev completion

Definition B.1.1. Let F' be a field of characteristic zero. Suppose I' is a group.
The Malcev completion over F' of I' is a prounipotent F-group '™ with a Zariski-
dense homomorphism p : I' — '™ (F') that satisfies the following universal property:
if there is a Zariski-dense homomorphism p : I' — G(F) to the F-rational points
of a prounipotent F-group G, then there exists a unique algebraic homomorphism

¢ : "™ — G such that p = ¢(F) o p.

Let RT be the group algebra R[I'] over a commutative ring R. The group algebra
RI' is equipped with the augmentation homomorphism € : RI' — R taking v € I’
to 1. The kernel of € is denoted by Jgr, which we call the augmentation ideal.

In this chapter, we simply write J instead. Together with the augmentation, the
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comultiplication A : RI' — RI' ® RI" defined by A(y) = v ® « and the antipode
S : RI' — RI defined by S(v) = v~! make RI' into a cocommutative Hopf algebra.
Completing with respect to the powers of J,which is called the J-adic completion,

we obtain a complete Hopf algebra

RI™ = lim RT/J"

n

equipped with the completed comultiplication
A': RI™ — RI®RT
where ® denotes the complete tensor product:

RT®RT :=lim RT'/J" ® RT'/J™

Proposition B.1.2. Suppose that I is a group and that R is a ring. Then the map
¢ : ' — Jg taking v to v — 1 induces an R-module isomorphism
H(T,R) = Jg/J3.

Proof. 1t is enough to show for R = 7Z. First note that we have

’}/1’}/2—(”)/1_1)_(72_1)_1: (71—1)(72—1)50mod J%a

and so

Ny —1=(n—1) + (72— 1) mod J3.
This shows that the map v — v — 1 induces a homomorphism ¢ : H,(I',Z) = I'*» —
Jz/J3. For a = > n;7y; € Jz, define a map ¢ : Jz — '™ by setting 1(a) = >, ni[vi],
where [,] denotes classes in [?P. It is easy to see that t induces a map ¢ : Jz/JZ —

'™ and that ¢ and ¢ are inverse to each other. O

A vector space is said to be linearly compact if V' is the inverse limit of a projective
system consisting of its finite-dimensional quotients: V =~ LiLna V/Wa
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Proposition B.1.3. Suppose that R is a field. If H{(I', R) is finite-dimensional,

then RI™ is a linearly compact R-vector space.

Proof. Since RI™ = lim RI'/J", it will suffice to show that RT'/J" is finite-dimensional
for all n. This is clearly true for n = 1. Inductively, this is true if each J"/J"*1 is

finite-dimensional, but the multiplication induces a surjection
(J/J2)®” _ Jn/Jn-‘rl’
and so we are done since Hy(T', R) =~ J/J>. O

For the rest of this chapter, assume that F'is a field of characterisc zero. Denote
the completion of J by J.

The set of primitive elements of FI™ denoted by p is defined by
p={XeFTMAX)=X®1+1® X}.

Then p admits a Lie algebra structure with the bracket defined by [X,Y] = XY —
Y X (it can be easily checked that A([X,Y]) = [X,YV]®1+1®[X,Y]).
The set of group-like elements of FI™ denoted by P is defined by

P :={re RI"A(X) = X ®X and ¢(X) = 1}.
Proposition B.1.4. The set P is a subgroup of the group of units of FI":
P={xe(FI)AX) = X® X}.
More precisely, if X € P, then S(X) € P and S(X)X =1 = XS(X).

Proof. Denote the multiplication of FI™ by V and the unit by uw. Suppose that
X # 0and A(X) = X ® X. Then by a property of Hopf algebra, we have X =
(Vo(e®id) o A)(X) = ¢e(X)X, and so €(X) = 1. Also, we have Vo (S®id) o A =
uoe=Vo(id®S)oA, and so S(X)X =1 = XS5(X). Thus X is a unit. Finally,
we have (S® S) oA = A0S, and so A(S(X)) = 5(X)® S(X). O
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The J-adic topology of FI™ induces topologies on p and P as follows. The

filtration of FT™ by the powers of J induces filtrations on p and P by setting
pri=pnJ andP”:sz(1+j”).

Note that p < .J because X = (Vo (e®id)oA)(X) = ¢(X)+ X and hence ¢(X) = 0,

and that P < 1+ J. Therefore, these filtrations satisfy

and

P=P' 2P*2P* ..,

and give topologies on p and P with respect to which p and P are complete:

p = limp/p"*! and P = lim P/P"*

For each n, denote p/p"** and P/P"™! by p,, and P,,, respectively. The logarithm and
exponential mappings are homeomorphisms (with respect to the J-adic topology) of

Jand 1+ .J mutually inverse to each other:
log:1+j—>jand exp:j—>1+j
By restricting, these maps induce filtration-preserving homeomorphisms
log: P —pand exp:p — P.

Denote the lower central series of a Lie algebra g by L*g with L'g = g. Note that
L™p < p™ for each m. Hence, if H{([', F) is finite-dimensional, then each p,, is a
finite-dimensional nilpotent Lie algebra over F' and the logarithm and exponential
mappings are polynomial bijections between p,, and P,,. Thus, each P, is a unipotent

F-group, and so P is a prounipotent F-group with its pronilpotent Lie algebra p.

144



For simplicity, here we are not distinguishing between an algebraic group over F' and
the F-rational points of the algebraic group.

Now consider the induced filtration p? defined by p := p™/p"*! for each m.

Proposition B.1.5. The filtration p; agrees with the lower central series L*p,, for

eachn > 1.

Proof. First, we prove that each graded quotient Gr’ p, := p7/p™*! is isomorphic
to J™/J™*1. Note that we have an injection Gryp, = p'/p? < J/J?. Since the
isomorphism H, (T, F) — J/J? factors through p'/p?, we see that Gr{p, = J/J?

Consider the commutative diagram:

(Gr{ p,)®" L (J /T2y

| |

Grl, p, —L Jm /I

Since the composition 1 o 6 is surjective, it follows that the map j is surjective, but
7 is the natural inclusion, so it is an isomorphism. This shows that each graded
quotient Gr? p,, is generated by Gr{ p,,. Now, note that L™p,, < p™ for each m, and
hence that, in particular, there is a canonical projection p : GrlL Pn — Gr‘lj pn. Now,

consider the following commutative diagram:

(Gr} p,)®m —L= (Gr] p,,)®"

| |

GrY' pn Gry, pn

where Gr7'p,, := L™p,/L™ p,. Since the composition ¢ o ®p is surjective, we see
that the bottom horizontal map induced by the inclusion L™p, < p;* is surjective.
This implies that the quotient p™/(L™p, + pm*1) = 0, that is, p7* = L™p,, + pm+i
Thus we have p” = L"p,, since p”*! = 0, and inductively we have p™ = L™p,, for
each m and n. O
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The image of the canonical inclusion I' — FT" is contained in P. Thus we have
a canonical homomorphism p : I' — P. Composing with the natural projection

P — P,, we obtain a homomorphism p,, : I' — P,.

Proposition B.1.6. If H|(T', F') is finite-dimensional, then the image of p,, is Zariski-

dense for each n.

Proof. Denote the Zariski closure of the image of p,, in P, by Z,,. Then the homo-

morphisms I' - Z,, — P,, induce the homomorphisms
H\(T, F) — Hy(Z,) — Hi(Pn),

whose composition is an isomorphism. To see that this composition is an isomor-

phism, note that the composition
H\(Py) = Hy(pn) = Grppn = Gry p, = p/p* = J/.J*
is induced by the logarithm map denoted by log, and that the diagram

Hl(er)_>Hl(7)n)

VA jl"g

J/J?

commutes. Thus the induced map Hy(Z,) — Hi(P,) is surjective. Since Z, and P,

are unipotent, it follows that the natural inclusion Z,, — P, is surjective as well. [

Proposition B.1.7. If H{ (T, F) is finite-dimensional, then the canonical homomor-

phism p: T' — P is the Malcev completion of I' over F.

Proof. Let p: ' — I'*(F') be the Malcev completion over F. Since each homomor-
phism p,, is Zariski-dense, the natural homomorphism p : I' — P(F') has Zariski-
dense image. Thus by the universal property of the Malcev completion, there exists
a unique algebraic homomorphism ¢ : '™ — P such that ¢(F)op = p. The

146



Zariski-density implies that ¢ is surjective. Let py : I' — U(F') be a Zariski-dense
homomorphism from I' to the F-rational points of a unipotent F-group U. We may
regard U as an algebraic subgroup of the group U,, = GL,,r of the upper triangular
matrices with one’s on the diagonal for some n. The representation py induces a
homomorphism py : FT' — gl,,(F'). Note that py(J) is contained in the subgroup of

nilpotent matrices in gl,(F'). Thus py induces a map gy : FT'/J" — gl,,(F). Note

| >

that the diagram

commutes, and that the image of I' in FT'/J" is contained in P,_;. By Zariski-

density, there is a surjective algebraic homomorphism )y : P,_1 — U such that the

| e

Pos(F) i U(F)

diagram

commutes. This implies that there exists a unique homomorphism ¢ : P — I'"" such

that ¢ o1 =1id. It is clear that ¢ and v are inverse to each other. [

Corollary B.1.8. If F}‘; 1s the Malcev completion of I' over F', then the natural
homomorphism

p—Lig®F
18 an isomorphism.
Proof. The F-rational points I'""(F') of I/ is the set of group-like elements of FT
and the F-rational points (I'jg ® F')(F) of Il @ F' is the set of group-like elements
of QI ® F = FT. 0
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B.2 Continuous f-adic completion

In this section, we take F' to be Q. Our main target groups are topologically finitely
generated profinite groups. The topology of Q, induces a topology on the group of

Qg-rational points U(Qy) of a unipotent Q,-group U.

Definition B.2.1. Suppose that I' is a profinite group. The continuous ¢-adic unipo-
tent completion of I' is a prounipotent Q-group F;‘ée with a continuous Zariski-dense
homomorphism p : ' — F;‘&Z(Qg) that satisfies the following universal property: if
there is a continuous Zariski-dense homomorphism p : I' — U(Qy) to the Q,-rational

points of a prounipotent Q,-group U, then there exists a unique algebraic homomor-

phism ¢ : I'jy — U such that p = ¢(Q) o p.

Remark B.2.2. Since profinite groups are a compact topological groups, the image
of p is compact in U(Qy). Since compact subgroups of U(Qy) are pro-¢ groups, the

map p factors through the maximal pro-¢ quotient I'® of T.

Denote the continuous f-adic unipotent completion of I'® by F‘/Eg).

n(¢)

Proposition B.2.3. The natural homomorphism F?&Z — F?Qe 18 an isomorphism.

Proof. The inverse of the natural homomorphism can be easily obtained by the

universal property of Fl/giz). O

The following result shows a relation between the Malcev completion of a finitely

generated group and the f-adic completion of its profinite completion.

Proposition B.2.4. Suppose that I" is a group and that T s its profinite completion.
Let F?&Z and F}l@; be the Malcev completion and the (-adic completion of I' and f,
respectively. If T is finitely generated, then the natural homomorphism F;ﬁgé — I’%i;

18 an isomorphism. In particular, there are natural isomorphisms

un ~ TPUnA ~ un(f)
1—‘/@e = F/@e = F/@e )
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Proof. First, we will show that the natural homomorphism I' — I'g} is continuous
with respect to the pro-¢ topology of T'. Since ')} is the inverse limit of unipotent
Qg-groups, it will suffice to show that a homomorphism I' — U(Qy) of T' to the
Q-rational points of a unipotent Q,-group is continuous. We may assume that U
is the upper triangular unipotent algebraic subgroup of GL,, for some n. For each
m € 7Z, denote by U({™Z,) the matrices whose ij-th entry is in (U~=9™Z, when i < j,
is 1 when ¢ = 7, and is 0 when ¢ > j. Since I' is finitely generated, the image of
[ lies in U({™Z;y) for some m. Note that the U(£™Z)’s form a basic open set of

neighborhoods of the identity in U(Qy) and the filtration
DU Zy) D U Zg) > U™ Zy) -+ - 5

has the property that each quotient is a group of /-power order. Since the image of
I' is contained in U(¢™Zy), the preimages of U({"Z,) are all finite-index subgroups

of £-powers of I'.  Therefore, the natural homomorphism I' — I'g} factors through

the pro-¢ completion T'¥ of I". In particular, it factors through f, and hence this
induces a homomorphism 'y — T, Clearly, this map is the inverse of the natural

homomorphism I'g; — I'g)". ]

149



Bibliography

[1] N. A’Campo: Tresses, monodromie et le groupe symplectique, Comment. Math.
Helv., 54(2): 318-327, 1979.

[2] M. Anderson: FEzactness properties of pro finite completion functors, Topology
13 (1974) 229-239.

[3] E. Arbarello, M. Cornalba, and P. A. Griffiths: Geometry of algebraic curves
volume II, vol. 268, Springer-Verlag, 2011.

[4] A. Arsie and A. Vistoli: Stacks of cyclic covers of projective spaces, Math. 140
(2004), 647-666.

[5] M. Artin and A. Grothendieck: Séminaire de Géomstrie Algébrigue 1965-4. Co-
homologie Etale des Schemas, Institut des Hautes Etudes Scientifiques.

[6] M. Asada and M. Kaneko: On the automorphism group of some pro-{ fundamen-
tal groups in Galois Representations and Arithmetic Algebraic Geometry, editor
Y. Thara, Advanced Studies in Pure Mathematics 12 (1987), 137-159. MR 89h:
20053.

[7] M. Boggi and M. Pikaart: Galois covers of moduli of curves, Compos. Math. 120
(2000) 171-191.

[8] M. Boggi: Fundamental groups of moduli stacks of stable curves of compact type,
2007, arXiv:math/0604271v2.

9] F. Bogomolov: Sur lalgébricité des représentations (-adiques, C. R. Acad. Sci.
Paris Sér. A-B 290 (1980), A701-A703.

[10] A. Borel: Linear Algebraic Groups, 2nd edn., Grad. Text in Math. 126, Springer-
Verlag, New York, 1991.

[11] P. Deligne and D. Mumford: The irreducibility of the space of curves of given
genus, Publ. Math. Inst. Hautes Etudes Sci. 36 (1969) 75-109.

[12] C. Earle, I. Kra: On sections of some holomorphic families of closed Riemann
surfaces, Acta Math. 137 (1976), 49-79.

150



[13] W. Fulton and J. Harris: Representation theory. A first course., Graduate Texts
in Mathematics, 129, Springer-Verlag, 1991.

[14] A. Grothendieck: Séminaire de géometrie algébrique 1- Revétement Etales et
Groupe Fondamental, Lecture Notes in Math., vol. 224, Springer-Verlag, 1971.

[15] R. Hain: Completions of mapping class groups and the cycle C'— C~, Comtem-
porary Math. 150 (1993), 75-105.

[16] R. Hain: Genus 3 mapping class groups are not Kahler, Journal of Topology
(Accepted, June, 2014), ISSN 1753-8416, [arXiv:1305.2052].

[17] R. Hain: The Hodge de Rham theory of relative Malcev completion, (English,
French summary), Ann. Sci. Ecole Norm. Sup. (4) 31 (1998), no. 1,47-92.

[18] R. Hain: Infinitestimal presentations of Torelli groups, J. Amer. Math. Soc. 10
(1997), 597-651.

[19] R. Hain: Monodromy of codimension 1 subfamilies of universal curves, Duke
Math.J. Vol.161, No. 7, 2012.

[20] R. Hain: Rational points of universal curves, J. Amer. Math. Soc. 24 (2011),
709-769.

[21] R. Hain: Relative weight filtrations on completions of mapping class groups,
in Groups of Diffeomorphisms, Advanced Studies in Pure Mathematics, vol. 52
(2008), pp. 309-368, Mathematical Society of Japan.

[22] R. Hain and M. Matsumoto: Galois actions on fundamental groups of curves
and the cycle C — C~, J. Inst. Math. Jussieu 4 (2005), 363-403.

(23] R. Hain and M. Matsumoto: Relative pro-¢ completions of mapping class groups,
J. Algebra, vol. 321 (2009), pp. 3335-3374

[24] R. Hain and M. Matsumoto: Weighted completion of Galois groups and Galois
actions on the fundamental group of P* —{0,1, 00}, Compositio Math. 139 (2003),
119-167.

[25] J. Hubbard: Sur la non-existence de sections analytiques a la courbe univerelle
de Teichmiller, C. R. Acad. Sci. Paris Sér. A-B 274 (1972), A978-A979.

[26] A. J. de Jong and M. Pikaart: Moduli of curves with non-abelian level structure,
in: The Moduli Space of Curves, Texel Island, 1994, in: Progr. Math., vol.129,
Birkhauger, 1995,pp.483-5009.

[27] D. Johnson: An abelian quotient of the mapping cass group T,, Math. Ann.,
249(3): 225-242 1980.

151



[28] D. Johnson: The structure of the Torelli group, III: The abelianization of T,
Topology 24 (1985), 127-144.

[29] A. Kabanov: Stability of Schur functors, J. Algebra 195 (1997), 233-240.

[30] J.S. Milne: Etale cohomology, Princeton Math. Ser., 33, Princeton U. P., Prince-
ton, N. J.; 1980.

[31] J. S. Milne: Lectures on étale cohomology, v2.20, available at www. jmilne.
org/math/, 2012.

[32] J. S. Milne: Algebraic Groups (algebraic group schemes over fields), v1.20; 29
January 2015, available at http://www.jmilne.org/math/CourseNotes/ala.html

[33] J. Morgan: The algebraic  topology of smooth algebraic varieties,
Publ. Math. THES 48 (1978), 137-204; correction, Publ. Math. THES 64
(1986), 185. MR 80e:55020

[34] S. Morita, T. Saito, and M. Suzuki: Abelianizations of derivation Lie algebras of
the free associative algebra and the free Lie algebra, Duke Math J.,Vol. 62, Number
5 (2013) 965-1002.

[35] H. Nakamura, N. Takao, R. Ueno: Some stability properties of Teichmuller
modular function fields with pro-¢ weight structures, Math. Ann. 302 (1995), 197-
213.

[36] A. Néron: Probémes arithmétiques et géométriques rattachés a la notion de
rang d’une courbe algebrique dans un corps, Bull. Soc. Math. France 80 (1952)
pp- 101-166.

[37] B. Noohi: Fundamental groups of algebraic stacks, J. InstMath. Jussieu 3 (2004),
69-103.

[38] B. Noohi: Fundations of topological stacks I, submitted, 2005,
[arXiv:math/0503247].

[39] A. Putman: The Johnson homomorphism and its kernel, 2013,
arxiv.org/abs/0904.0467.

[40] M. Pikaart: Moduli spaces of curves, stable cohomology and Galois covers, The-
sis, University of Utrecht, 1997.

[41] D. Quillen: Rational homotopy theory, Ann. of Math. 90(1969), 205-295.

[42] J. Spivey: Twisted cohomology of hyperelliptic mapping class groups ProQuest
Diss. and Theses, 2008.

[43] J. Stallings: Homology and central series of groups, J. Algebra 2 (1965), 170-181.

152



[44] J. Stix: Rational points and arithmetic of fundamental groups, Lecture Notes in
Mathematics 2054, Springer-Verlag, Berlin-Heidelberg-New York, 2013

[45] T. Szamuely: Galois groups and fundamental groups, Cambridge studies in ad-
vanced mathematics; 117, 2009.

[46] A. Tanaka: The first homology group of the hyperelliptic mapping class group
with twisted coefficients, Topology and its Applications 115 (2001) 1942.

[47) H. Zieschang, E. Vogt, and H.-D. Coldewey: Flachen und ebene diskon-
tinuierliche Gruppen, Lecture Notes in Mathematics 122, Springer-Verlag, Berlin-
Heidelberg-New York, 1970.

[48] V. Zoonekynd, The fundamental group of an algebraic stack, 2001,
arXiv:math/0111071.

153



Biography

Tatsunari Watanabe was born on July 27, 1983, in Ichikawa Chiba, Japan. After
receiving his associate degree in general science from Foothill College in June, 2007,
he transferred to the University of California, Berkeley, where he majored in pure
mathematics and received his B.A. in mathematics with highest honors and Phi Beta
Kappa. In 2009, He was awarded Dorothea Klumpke Roberts Prize as one of the
top graduating mathematics majors in UCB. In Fall 2009, he entered the graduate
program in mathematics at Duke University. He is expected to obtain a Ph.D. under
the supervision of Richard Hain in May, 2015.

Tatsunari will continue his academic career as a Golomb Visiting Assistant Pro-

fessor at Purdue University, beginning Fall 2015.

154



	Abstract
	List of Figures
	Acknowledgements
	1 Introduction
	2 Fundamental Groups
	2.1 A homotopy exact sequence
	2.2 Comparison theorem
	2.3 Fundamental groups of curves
	2.4 Fundamental group of the generic point of a variety

	3 Representations of Sp(H) and GSp(H)
	3.1 Weyl's construction
	3.2 Key Sp(H) and GSp(H)-representations

	4 Monodromy Representation
	4.1 Monodromy action in characteristic 0.
	4.2 Monodromy action in characteristic p.

	5 Moduli of Curves with A Teichmller Level Structure
	5.1 Moduli stacks of curves with a non-abelian level structure
	5.2 Moduli stacks of curves with an abelian level
	5.3 Relative Pro- Completion
	5.4 Fundamental Groups of Finite Étale Covers of Moduli Stacks of Curves

	6 Weighted Completion
	6.1 (Pro)algebraic groups
	6.2 Prounipotent groups and pronilpotent Lie algebras
	6.3 Continuous cohomology and homology of a Lie algebra
	6.4 A presentation of a pronilpotent Lie algebras
	6.5 Negatively weighted extensions
	6.6 Weight filtrations
	6.7 Category of weighted modules
	6.8 Strictness
	6.9 Presentations of G
	6.10 Weighted completion of a profinite group
	6.11 Naturality
	6.12 Structure of the pronilpotent Lie algebra u

	7 Relative Completion
	7.1 Relative completion of a discrete group.
	7.2 Relative completion of g,n
	7.3 Continuous relative completion of a profinite group.

	8 Weighted Completion and Families of Curves
	9 Weighted Completion of Arithmetic Mapping Class Groups
	9.1 Variants

	10 Generators and Relations
	10.1 Sn action on GrWugeomg,n
	10.2  Presentation of GrWugeomg,1/W-3
	10.3 Presentations of GrWugeomg,n/W-3
	10.4 The Lie Algebras dg,n

	11 The Characteristic Class of A Rational Point
	11.1 Classes of the universal curve over Mg,n
	11.2 The -adic Abel-Jacobi map
	11.3  The image of j in HomGSp(H)(H1(ugeomg,n), H)

	12 Generic Sections of Fundamental Groups
	13 The Proof of Theorem 1 and 2
	A Weighted Completion of The Hyperelliptic Mapping Class Groups
	A.1 Hyperelliptic mapping class groups
	A.2 Moduli stacks of smooth hyperelliptic curves
	A.3 Fundamental groups 1(Hg,n/k) and their natural monodromy representations
	A.4 The hyperelliptic Johnson homomorphism and Dehn twists
	A.4.1 The image of a Dehn twist under hyp
	A.4.2 The derivation Lie algebras DerL(H) and Derp
	A.4.3 The outer action of a commuting pair of Dehn twists

	A.5 Relative and weighted completions of hyperelliptic mapping class groups
	A.6 The Lie algebras bg,n
	A.7 The geometric sections of n:bg,n+1bg,n

	B Unipotent Completion
	B.1 Construction of Malcev completion
	B.2 Continuous -adic completion

	Bibliography
	Biography

