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Abstract

A new model for Rolling Isolation Systems (RISs) is developed using Gauss's Prin-
ciple of Least Constraint (GPLC). Gauss Principle of Least Constraint is a versatile
method for modeling systems with constrained dynamics and is agnostic to the type
of constraints to be enforced. In GPLC models, constraints are enforced in the accel-
eration level regardless of their classi cation and the equations of constrained motion
satisfy the Karush-Kuhn-Tucker conditions. In simulation, enforcing constraints in
di erentiated does not necessarily enforce the actual constrains because of the ac-
cumulation of numerical integration error. To address this, a novel method called
Direct State Correction is proposed, implemented, and assessed. Direct State Cor-
rection, unlike other constraint stabilization techniques, ensures that the constraints
are exactly satis ed at each time step by correcting the states of the system before
computing each state derivative and then again at each solution point in time. The
widely used method of Baumgarte stabilization does not stabilize constraint errors
for the RIS system studied in this work and in addition it appears to provide no ad-
ditional stability or accuracy when implemented along with Direct State Correction
Method.

In order to optimize the RIS for seismic hazard mitigation, a data set of 62 real
recorded building motions from the Strong Motion Virtual Data Center is selected
with consideration of the type of buildings, earthquakes and locations the RIS is

widely used in. A total of 62 tri-axial oor motions were selected from 32 buildings



and 5 representative earthquakes. Building oors undergo signi cant vertical motion
and the existing isolation systems are designed to be e ective for only horizontal input
motions. Therefore a vertical isolation system is added to the current RIS.

The dynamics of the RIS are purely dependent on the dish shape and damp-
ing distributed within the system, so with these design variables in mind, a new
RIS design including vertical isolation is optimized under a probabilistic framework.
The objective function integrates results from Incremental Dynamic Analysis (IDA),
ground motion exceedance relationships using the theorem of total probability in
order to estimate the overall rate of exceedance of an allowable response threshold.
The optimization is found to be sensitive to the initial starting guess of the design
variables, the input motion used to simulate the RIS and the thresholds set for eval-
uating the performance of the RIS. The optimal dish shape of the dishes is found
to be a variation of a linear and cubic pro le combined with 8% constant rolling
resistance damping. This new design for the RIS shows signi cant improvement over
the current system. Finally, an implementation of the proposed design of the RIS

dish shape, damping, and vertical isolation system is presented.
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1

Introduction

The uninterrupted operation of critical facilities, such as hospitals, emergency ser-
vices, telecommunication networks, and data centers are vital for a rapid and com-
prehensive response to earthquakes. The economic impact from the loss of such
facilities and other precious and delicate objects can far exceed the cost of repair-
ing a building's structural damage. The impacts of these losses can be mitigated by
preemptively equipping the facility with components that isolate critical components

from seismic loads.
1.1 Background

Rolling isolation systems (RISs), shown in Figure 1.1, reduce the inertial forces sus-
tained by building contents. The RIS is a pair of rectangular platforms with counter-
facing concave surfaces (dishes) in each corner and balls (steel spheres) in between

that allow the relative motion in X, Y, and directions.



Figure 1.1 : Current Rolling Isolation System con guration and usage. [1]

Various tools exist to model the dynamics of the constrained system such as
Lagrange's equations, Maggi's equations, Gauss's Principle of Least constraint etc
[6, 7, 8]. Each of these approaches has particular advantages and limitations. A
mathematical model for the dynamics of RISs has been developed using a properly
constrained form of Lagrange's equations (LE) by Harvey and has been experimen-
tally validated [9] . However, the LE model does not allow easy incorporation of the
vertical component of velocity into the dynamics of the system. A more complete
model incorporating the vertical component of velocity is more easily derived using
Gauss's Principle of Least Constraint (GPLC). This work builds upon the initial
models developed by Kelly [10]. This work presents the veri cation of the GPLC
model in comparison to the previously validated LE model through Monte Carlo
simulation.

Application of GPLC involves separate derivation of equations of motions of the
unconstrained system and derivation of the constraint equations. GPLC provides a
means to represent the constrained equations of motion in terms of the unconstrained

motion and the constraints, taken separately. All constraints are enforced in terms of



the accelerations of the position coordinates. The potential accumulation of numeri-
cal integration error, which can lead to an accumulation of constraint violations and
potentially instability, requires constraint stabilization methods. A new method of
constraint stabilization that directly modi es the numerical integration scheme was
developed in order to avoid these issues. The complete GPLC model includes the
vertical velocity of the platform in the kinetic energy and the ball masses, allowing
for a more complete modeling of the actual dynamics present in the system.

The shape of the dishes of the RIS determine the overall dynamics of the sys-
tem and therefore can be optimized for better performance. Since RISs are used
inside buildings, the seismic loading on the RIS is the total oor acceleration. In
this work we make use of recorded multi-axial oor motions from the ground oor
and upper oors of buildings shaken by strong earthquake ground motions. We have
carefully selected and processed a set of building oor motions for this purpose. The
main goal of the RIS is to reduce accelerations felt by the top platform (and con-
sequently the components needing isolation); this will is the optimization objective
optimization. We seek to reduce the probability that accelerations of the top plat-
form are greater than a certain threshold. Our design variables include parameters
describing the shape of the dishes and the distribution of damping within the RIS.
We use incremental dynamic analysis (IDA) to simulate the RIS under increasing
intensity of oor motions modeled by the selected deterministic sample of of recorded
oor motion data. The peak ground acceleration at the building site represents the
earthquake ground motion intensity. In the incremental dynamic analysis, the peak
ground acceleration of the set is varied within a set range and the initial ball po-
sitions of the RIS are varied to capture the high sensitivity to initial conditions in

some RIS designs.



1.1.1 Isolation Systems Review

Building base isolation systems such as friction pendulum, elastomeric bearings,
telescopic columns are used as passive means to detune the structural fundamental
frequency from the ground motion and to dissipate energy and protect buildings
during earthquakes [11, 12, 13, 14]. Even some \smart" base isolation methods
which use semi-actively controlled dampers have been extensively studied [15, 16].
These devices have been shown to be e ective in providing adequate protection for
both the structural and non-structural components in buildings.

However, in cases when there is a need to protect critical non-structural building
contents such as computer server systems, hospital equipment, then more specialized
isolation systems are required [17]. Rolling-type isolation devices have been devel-
oped since the late 19th century and implemented in buildings for the last 30 years.
The main strategy behind the isolation systems is to shift the natural frequency
of the isolated object away from the dominant frequency content of earthquakes
[18]. Most common types of isolations systems include rolling rods on at surfaces
[19, 20], lead-rubber bearings [21] or friction sliding surfaces [22, 23]. Interesting low
cost systems made from recycled tires also exist for use in developing countries in
South America [24].

Nacamuli and Sinclair conduct a thorough experimental review on the perfor-
mance of the WorkSafe Technologies ISO-Base system [25]. WorkSafe technologies
uses the patented Ball-N-Cone isolation device in the ISO-Base system. The system
consists of 20 cm diameter steel dishes with 3.8 cm diameter hardened steel balls in
between the dishes. The total displacement of the isolation system is about two times
the radius of the dish. The load bearing capacity of the system is determined by the
strength of the steel dishes and the maximum load is in the order of 1000 pounds

(2500 N). Nacamuli and Sinclair suggest that the RIS is e ective in reducing the



inertial forces felt by the isolated components for earthquake ground motions with
peak ground accelerations up to 0.45g. The ISO-Base RIS system has been further
investigated in depth by Gavin, Harvey and other researchers [9, 2, 26, 27, 10]. The
behavior of the RIS is highly non-linear and so mathematical models were developed
to simulate the three-dimensional motion of this platform under seismic loading. In
addition, aspects of the damping and chaos of the system are fully investigated. The
RIS is found to be extremely sensitive to initial conditions and the motion of the
platform varies greatly depending on the initial ball positions in the dishes. Harvey
also experimentally validated a mathematical model for the damped RIS by com-
paring the peak responses of the systems. In subsequent work, Harvey found that
signi cant vertical accelerations are caused as the balls roll through the center of the
ISO-Base dish pro le [28] and are not negligible in the modeling and design of the
RIS.

Traditionally, base isolation devices have large vertical sti ness in order to carry
gravity loads. RIS's are rigid in the vertical direction, and so transmit vertical accel-
erations, which can cause signi cant damage to equipment that should be protected.
The importance of considering vertical accelerations on isolation systems and aug-
menting a horizontal isolation system with vertical isolation is agreed upon by many

researchers [29].

1.2 Motivation and Contribution of Current Work

1.2.1 Motivation

The overarching motivation of this project is to develop an isolation system that is

e ective in protecting critical equipment from earthquakes by considering the actual
tri-axial building oor motions that occur during earthquakes. As a pathway to
achieving this primary goal, we develop models of isolation systems based upon

Gauss's Principle of Least Constraint and introduce new numerical approaches to
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simulating these models.

Vibration isolation mitigates the hazards associated with dynamically shaking
environments. Experimental testing on these nonlinear systems is carried out on
shake tables with one or two axes of horizontal actuation. However, vertical building
oor motions are close to 2/3 the magnitude of the horizontal motion. Previous mod-
eling of these systems performed by Harvey [2], considered the horizontal isolation
e ectiveness of these platforms, but since there is a coupling between the vertical
oor motion and the horizontal dynamics of the RIS, the RIS needs to include the
modeling of the vertical input motion and also a separate vertical isolation system to
improve the performance of the whole system. Experiments conducted by WorkSafe
Technologies and Degenkolb on the ISO-Base system in 2011 identify safe use of the
platform for input motions up to 1.3g, but only con rmed \life safety" meaning the
equipment isolated by the 1SO-Base does not topple over [1, 25]. The RIS is only
e ective 20% of the time in reducing the accelerations by around 50% for moder-
ate intensity motions (up to 0.35g). In the context of earthquake hazard mitigation
for building contents, RIS have been installed in thousands of facilities around the
world. Until recently these systems have been used without the bene t of predictive

mathematical models. Therefore, there are four main objectives for this work:

1. Verify a Gauss's Principle of Least Constraint (GPLC) model with the previ-
ously experimentally validated model for RIS derived with Lagrange's Equation
(LE) for constrained dynamics. The GPLC model used for the veri cation is
simpli ed to consider only the horizontal coordinates of motion of the RIS
as was done in the LE model. However, the GPLC model is easily general-
ized to incorporate more complete dynamics of the RIS including the vertical

component of input motion. The importance of this is highlighted herein.

2. Develop a full mathematical model for the RIS including a separate isolation

6



system for vertical input motion. Since the rst fundamental frequency of
vertical building oor motions lie in a narrow band between 7-8 Hz, the vertical
isolation system model can be as simple as a single-degree-of-freedom oscillator.
Therefore, the design parameters under consideration are simply the spring

constant and damping constant.

3. Carry out a deterministic optimization under a probabilistic framework using
a set of 62 recorded building oor motions. These input motions are used to
optimize the shape of the dish, the distribution of damping, and the spring
constant needed for the desired period of oscillation of the vertical isolation
system. The optimization objective is to minimize the exceedance rate of the
response acceleration above threshold with a constraint on an exceedance rate

for displacement response.

4. Propose a design for the horizontal damping mechanism and for the vertical

isolation methods for the RIS based on the results of the optimization.

Currently RIS's are not recommended for usage in buildings in zones with high
seismic activity because of their limited potential [25]. If RIS's could be made more
e ective by improving their design and implementing reliable damping mechanisms,
then there potentially will be signi cant growth in the usage of these systems, and

an accompanying improvement in the resiliency of systems to earthquake hazards.
1.2.2 Original Contributions
The original contributions of this dissertation are the following:

Development of a new numerical constraint stabilization method to ensure

stability during numerical integration for constraints enforced in di erentiated

form



Development and veri cation of an RIS model using Gauss's Principle of Least

Constraint.

Establishment of the signi cance of vertical oor motions and their e ect on

the behavior of the RIS.

Establishment of the need for vertical isolation system to the RIS, without

which the required reduction in responses cannot be achieved.

Optimization of RIS under a set of 62 recorded tri-axial oor motions recorded
from buildings thereby reducing the complexity assumptions involved in mod-

eling oor motions.

Use of Incremental Dynamic Analysis (IDA) in a risk-based optimization set-

ting.
1.2.3 Dissertation Organization

The dissertation is organized as follows. Chapter 2 considers the modeling of con-
strained dynamical systems using two methods, Lagrange's Equations and Gauss's
Principle of Least Constraint. The relative merits of each modeling method are dis-
cussed. Chapter 3 discusses ways in which constraints enforced on a system may
cause numerical instabilities. Baumgarte Stabilization, a well known methodology,
and Direct State Correction, a novel methodology are described in detail. Chapter
4 presents the equations of motion of Rolling Isolation System with vertical input
motion in di erent con gurations, i.e., with and without the inclusion of a verti-

cal isolation system. Chapter 5 contains extensive simulations of the RIS models
to demonstrate the e ectiveness of the new constraint stabilization method and for
veri cation purposes. Also, the importance the new RIS models that have been de-

veloped in Chapter 4 with vertical input motion are discussed. Chapter 6 sets up



the probabilistic optimization framework used to optimize the design of the RIS and
discusses the methods of Incremental Dynamic Analysis, reccurance rate of earth-
guake ground motion and Probabilistic Seismic Hazard analysis in detail. Chapter 7
presents the oor motions that were selected for the optimization, the signal process-
ing done on the raw data, and key characteristics of the input oor motions. Chapter

8 presents the results of the optimization and the nal chosen design for the RIS.



2

Mathematical Tools for Modeling Constrained
Dynamics

This section reviews the means to enforce non-holonomic constraints within La-
grange's Equations (LE), and presents Gauss's Principle of Least Constraint (GPLC)
as a method to enforce constraints. Enforcing constrains within LE's requires knowl-
edge about the class of constraint being enforced, e.g. holonomic, non-holonomic,
pfa an etc. On the other hand, within GPLC all constraints are enforced at the

acceleration level in the same way, regardless of their classi cation.
2.1 Lagrange's Equations for Constrained Dynamics

The proper form of Lagrange's equations for a system withholonomic constraints
09(g =0 (g2 R"9(g 2 R® and c non-holonomic constraintsg(q;q) = 0 (q 2
R" a2 R";g(g) 2 R°) [30],

d oL @L * @@,* @@

i @ @i ., '@ . &

=0 2.1)
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enforcegg(g) = 0 and g(q;q) = 0 exactly. Note here that the holonomic constraintsy
and non-holonomic constraintgy are adjoined di erently. An abbreviated version of
the derivation of this form of the Lagrange's equation for non-holonomic constraints,
as presented in [30] and [31], is summarized below.

Consider a system with coordinateg(t) and non-holonomic constraintg(q;q) = O.
Following the generalized d'Alembert-Lagrange principle, arbitrary, independent,
and admissible variations q are enforced with force€¢,

d L L _C
@@ a  q q=Q-q=0 (2.2)

Variation of non-holonomic constraints g due to perturbations of the coordinates
g is
g=9(a+ g;a+ d 9(o;a) (2.3)

and when expanded in a Taylor series, excluding higher order terms, and considering

in nitessimal variations,

@) @
=—qgq+—=09=0 2.4
el @’ (2.4)
The time-derivitive of g =0 is linear in the accelerations
Q. Q @
a’ ef et (2:9)

Consider a partitioning ofginto dependent and independent coordinates,= [ g ; b ],
such that there is a relationshipgp = Q(q ;t) relating the dependent coordinates to
the independent coordinates [9] [30]. This relationship need only to exist, we cannot
(and need not) derive it analytically due to the fact that the constraint equation is
non-integrable. Through this relationship, the variations of the dependent coordinate

can be written as,

QD:%%:%%:%% (2.6)
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Separating (2.5) into the dependent and independent coordinates,

_ 9, .9, .9, 6 9_
= @)%+@_q+@&+ at (2.7)
solving (2.7) for@,
. @ @,, 9. 9
o = & @Lq + @g_+ ot (2.8)

substituting it into (2.6), recognizing that we can transpose linear operators, observ-

ing that
@ @ @ _,..
@ of o =" @9
and further simplifying, we obtain,
% q= % do + % q =0 (2.10)

So for a solution to (2.10) to exist, the variation g must be orthogonal to the the
gradient @=@, which itself is normal to the constraint surface in the ¢;q) space,
variations must lie on the manifold of the constraint equations. Knowing that, with

appropriate Lagrange multipliers, ,

Q° = a=0 (2.11)

the constraint forces are simply given byQ® = T % . Together with (2.2), we

arrive at the form of Lagrange's equations for dynamics with non-holonomic con-

straints.

d oL oL . @ q=0 (2.12)

dt @ @q @

Since non-trivial variations q must be arbitrary and independent, (2.12) is equiv-
alent to (2.1). Equation (2.12) and the constraint equationg(q;q) = O are solved
simultaneously forq and the Lagrange multipliers, .

12



If an analytical solution to Lagrange multipliers is not available, the constraint
equations will have to be di erentiated to be expressed in KKT form and integrated
simultaneously with the equations of motion. Additional constraint stabilization
methods may be required to ensure numerical stability. In the system addressed in
this paper, the selection of the coordinates allows for an analytical solution for,

the Lagrange multipliers.
2.2 Gauss's Principle of Least Constraint

In Gauss's Principle of Least Constraint [6] [7], we start with the unconstrained

equations of motion as

M (o) &(t) = f(a;q;9) (2.13)
(M 2R" ™M 0)which is equivalent to the quadratic minimization
; 1— T T
mn-¢ Mg ¢'f
a 2

In the GPLC, each constraint is enforced in the acceleration level, by di erentiating

each holonomic constraint twice

-9 @, _ 4@ @
997 % ed " @ @1? ed
_@@Q4,, &,_, @ .. : @y
ere@® ed® ¢ @ ¢ @yt
or by di erentiating non-holonomic constraint once,
" = @ g =0 @ - @
g (a) ol " 0 al aq Y

the combination of which may be represented more generally as the single system,

A(q(t); a(t)) &t) = B(a(t); a(t)):
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The true constrained motion satis es the equality-constrained minimization,

min:—ZLqTMq gf st Ag=D
C

and is solved via a vector of Lagrange multipliers

maxmin%qTMq qf+ T(Ag b
o

Now, de ning the unconstrained accelerations of the systena, via Ma = f and
adding an \arbitrary” constant %aTMa to the objective, the augmented objective

becomes

maxmin%qTMq qTf+%aTMa+ T(Aq Db (2.14)
‘

Substituting f = Ma and with a little algebraic manipulation, leads to

mamen%(q a)’M(¢q a+ T(Ag b (2.15)

where ¢ are the true accelerations of the system. This can be written as the con-

strained minimization problem de ned by Gauss's Principle of Least Constraint [6]

min Gs:t: Aq=b  where G= %(q a)'M (g a) (2.16)
o

In other words, the constrained accelerationg minimize a quadratic norm of the
di erence between the unconstrained accelerationa, and constrained accelerations,
¢, weighted by the mass matrix, such that the constrainté\¢ = bare satis ed. GPLC
states that the solution to a constrained dynamics problem is found by solving a
linearly constrained quadratic minimization, for which the necessary conditions for

optimality are the Karush-Kuhn-Tucker (KKT) conditions,

@:0 and %:O

@ @
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which may be written compactly as

M(g) A(QT ¢ _ F(gq
A O Ka:Q) 2.17)

The necessary and su cient conditions for the existence of the unique solution are,
1. (a) AT must be full rank i.e. constraint equations must be linearly independent
2. (b)If M 0, then column space oA must span the null space oM

The constraint forces are obtained from the Lagrange multipliers &°¢= AT .
Though GPLC is agnostic as to the classi cation of the constraint, holonomic

and non-holonomic constraints may be separated,

38 9 8 _9

M AT AT < ¢ = < F =
4A 0 05 = b (2.18)

A 0O 0O °~ ' b’

where the di erentiated holonomic constraints areA ¢ = b and the di erentiated
non-holonomic constraints areA ¢ = b. The constraint equations for holonomic and

non-holonomic constraints are stabilized di erently as will be shown in Chapter 3.
2.2.1 Proof of Necessary and Su cient Conditions

The KKT system is singular if either (a) AT has a non-trivial null space or (b) the

null space ofM intersects the null space oA.

(@) ) singular KKT:If 9 60s.t. AT =0, then ¢=0 solvesM e+ F =0.
Thus [0" ; T]" is a nontrivial null space of the KKT system and thus the KKT
system is singular. If the system of constraints are linearly dependent, then

any Lagrange multiplier in N (AT) associates with constraint forces of zero.

(b) ) singular KKT : If 96 0st. Mg=0and Aq=0,then =0
solves solves bottM g+ AT =0 and Ag=0. Thus [¢" ; 0"]" is a nontrivial
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null space of the KKT system and thus the KKT system is singular. If an
inde nite mass matrix contains a null space that intersects with the null space
of of A, then the constraint equations are not su cient to uniquely determine

the accelerations.

singular KKT ) (@) or (b) : If 9[9" ; T]" 6 O which lies within the

nontrivial null space of the KKT system, then A¢g = 0, implying that either

g=0o0r g2 N (A).

If ¢ = 0 then AT = 0, implying that either =0 or 2 N (AT). But

[¢" ; T]" =0 is trivial. So if the KKT system is singular and @ = 0, then

9 60; 2N(AT).

Alternatively, if the KKT system is singular and if 960 ; ¢2 N (A), and
can be 0. Pre-multiplying M ¢+ AT =0) by g" can gived’ Mg =0. So if

the KKT system is singular and 9 ¢6 0 ; 2 N (A), then § must also lie in

the null space ofM .
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(a) Equations of motion in constrained (b) Equations of motion in constrained

systems with a non-singular mass matrix systems with a singular mass matrix are
is the unique minimum of the projection non singular as long asN (A) does not
of A= bonto (4§ a)"M(g a), where spanN (M).

the unconstrained equations of motion

areMa = f.

Figure 2.1 : Representation of solutions given possible positive-de nite or positive
semi-de nite mass matrix

2.3 Motivation for Gauss's Principle of Least Constraint Formulation

In the traditional formulation of the EOM using the proper form of Lagrange's
Equations, the proper form of the equations depends on the type of constarint that
need to be satis ed i.e. holonomic or non-holonomic. The proper form of Lagrange's
equations for a system with holonomic constraintg)(g) = 0 and non-holonomic

constraintsg(q;q) =0 [30],
d @L oL * @@, X @@ad_, (2.19)

¢t @ @ ., '@ ., @

In the resulting equations of motiong(q;q) = 0 are enforced exactly, since the con-
straint equation is solved simultaneously with the equations of motion. However, in
order to nd the Lagrange multipliers, the system needs to be re-written in KKT
form, in which case constraint stabilization or enforcement techniques may be re-
quired.
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More importantly in the case of the RIS, the contribution from the vertical com-
ponent of velocity in the kinetic energy had been neglected, by assumption. As will
be shown in Chapter 4, including this using Lagrange's equations turns out to be
very tedious and yields complex equations of motion. Gauss's Principle of Least
Constraint (GPLC), on the other hand, is agnostic to the classi cation of the con-
straint, and can more easily incorporate the vertical component of velocity into the
kinetic energy (4.26). The GPLC method results in a larger set of less complex
ODE's as compared to those derived from the Lagrange's equation model. With a
proper constraint stabilization technique, such as Direct State Correction, we can
integrate the equations of motion such that they precisely adhere to the constraints
and avoid numerical instabilities. This is the motivation behind developing a new
model for the RIS using Gauss's Principle of Least Constraint.

In closing we add a note on other methods for deriving EOMs of constrained
systems such as Maggi's equations. Maggi's equations requires the mass matrix of
the system to be non-negative de nite, and we show that in the case of the RIS
ignoring ball masses leads to an inde nite mass matrix. In addition, the Maggi's
equation formulation loses intuition regarding the physical nature of systems in the

way coordinates and constraints are de ned.
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3

Constraint Stabilization and Handling Techniques

In either formulation, if the Lagrange multipliers cannot be found analytically, the
di erentiated constraints must be numerically integrated in parallel with the equa-
tions of motion. Specically in the GPLC formulation, in which constraints on
positions and velocities are di erentiated in order to be enforced in the acceleration
level, additional stabilization methods may be required to ensure stability during
numerical integration.
For holonomic constraints, GPLC enforces
@ ; @g

g (a;;8) = @q 4+ g @8 d=0; gji=o =0 and gjiz0 =0 (3.1)

and for non-holonomic constraints,
g (i) = %qq+ %q: 0; Giwo =0 (3.2)

The di erentiated constraint enforced by GPLC is analytically equivalent to the
original constraint but is susceptible to the drift errors that can accumulate during

numerical integration. These errors cause the solution to deviate from the mani-
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fold of admissible states. Compounded over time this numerical error can lead to

instabilities. The following presents two methods to address this issue.
3.1 Baumgate Stabilization

This method developed by Baumgarte in 1971 [32] forces the constraint error to
asymptotically approach 0 as the numerical solution progresses. In the holonomic
case, let's say we have constraints of the forig(g) = O, then we can de ne a con-

straint error term:

9(a) =
which if the constraints are met will be 0. Now taking the derivative of the constraint
error twice:
@)
; = — = 33
9(q;0) e - (3.3)
@ @ @
) = = = + —g=- 3.4
8(a;9;e) @q @a{ a @&' (3.4)
= blg;q) + A(g;q)e (3.5)

Now consider if we have a system that is had non-holonomic constraints, then our

constraint error equation has the form:

9(g;q) =

Taking one derivative:

o) = Do+ D=
gawe = o+ g8=_

(g;d) + A(g;q)e

Baumgarte stabilization (BS) [32] is a method applied as a rst-order stabiliza-
tion on the non-holonomic constraint error and a second-order stabilization on the
holonomic constraints. So doing, the di erentiated constraints become

g @8+ g+ ;jg(@=0; g()=0; g(@)=0 (3.6)
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for second-order stabilization of holonomic constraints and
g(a:a;0)+ jg(q;,d=0; g(0)=0 (3.7)
for rst-order stabilization of nonholonomic constraints, where the Baumgarte sta-

bilization parameters are positive: ; > 0; ; > Oand ; > 0. This is easily incorpo-

rated in the GPLC setting, by re-framing the KKT system as

2 38 9 8 9
M AT AT "< = < F =

4 A 0 05 = b+ gage+ o(gq . (3.8)
A 0 o0 °~ ' b+ 9(q;q) ’

This method is commonly used in analysis of dynamic systems because of its ease
of application. Flores et. al explore ways in which to choose the parameters to
ensure stability during numerical integration[33]. For the rst order equation, they
suggest that the choice of = 1=h whereh = time step is an easy and commonly
used choice, however this can yield large instabilities. There is little literature on
how to pick optimal parameters to reduce constraint error most e ciently.

The magnitude of the , , parameters determine how quickly the constraint
errors are forced to decay exponentially to 0. As such, constraint errors may arise and
solutions may not admissible for a period of time and the solution may potentially
drift su ciently from the manifold of admissible states to create instability. Given
the nature of the RIS system modeled, Baumgarte stabilization alone is not su cient

to enforceg(q;q) = 0, as will be shown in Section 5.1.
3.2 Modi ed Incremental Projection

In the Modi ed Incremental Projection method!, at each time step, given the state

vector, we only consider perturbing the solution in a direction that satis es the non-

holonomic constrains of the system. Unlike that the Baumgarte approach that also
1 This method was developed as part of the Structural Dynamics coursework and though not used

in this particular thesis was the stepping stone to developing the Direct State Correction Method
presented next.
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requires an integration technique such as Runge-Kutta, this method advances the
solution at each time step. Tseng, Hulbert, and Ma work out this idea for a system
subject to holonomic constraints and therefore this method should be expendable to
non-holonomic systems as well [8].

Consider our constraint of the formg(q), where in this caseajis state vector of the
system which represents both displacements and velocities. If we introduce a small
admissible perturbation to the constraint equation and then expand in a truncated

Taylor series:
9(@) =0
g(g+ )=0

Taylor Expansion: g(qp+ ) g(qp)+ o) + ::=0

Now, ignoring higher order terms of the Taylor expansion and assumirgfc) = 0

since we will start the system at a position that satis es the constraints, we need:

Aw) =0 (3.9)

The above equations tells us that the perturbation must lie in the null space of the
Jacobiang¥q) of the constraint equation. By performing a SVD on the Jacobian,
we can nd the matrix N whose columns form the basis for the null space gi{).

We desire our perturbation to be a part of this null space and we also know that
is the orthogonal projection ofg on to N. With this, we can formulate the next few

stepsto nd ;
1. = Na, wherea is some vector to be determined
2. Relate this to the derivative state vector, assuming we move half a time step,

projected on to the null space of the Jacobian of the constraints

1
Na= ¢ §t
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Take the left Moore-Penrose pseudoinverse Nf as it is a tall matrix
1
a= NTN 1NTq§ )

3. Finally, compute the constraint-respecting perturbation,

=N NTN 1NTq% t) (3.10)

So, now we have a way for the solution to progress becauge= ¢, ; + at any

given time n.
3.3 Direct State Correction

In this chapter, we propose a method calle®irect State Correction to numerically
correct constraint errors by imposing minute adjustments to the states of the system
directly using the constraint equation itself. This guarantees that all solutions to
the KKT system computed are from admissible states. The DSC method must be
applied in two steps during numerical integration. First, state correction is applied
at each evaluation of the state derivative and, second, after the computation of the
weighted sum of state derivatives, as done in the Runge-Kutta method.

Let the state vectorz = ( ¢;q). For a set ofcconstraints,gj(z) =0 8 j = 1::c, the
constraint equations are rearranged to express the states as a partition of dependent
and independent state components. Then, if for some the constraint equation
is not exactly satis ed, a subset of the coordinate positions and velocities can be
corrected directly. This partitioning of the states into dependent and independent
coordinates may be de ned in any algebraically convenient way as can the sequence in
which the states are corrected. In the case that dependent states appear in multiple

constraints the state is corrected using the most convenient positional constraint and
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then simply used in future position or velocity constraints. That is,

q(z)=0"! zp, =fc, (7)) (3.11)

g(@2)=0" zp, =fc(z;20,;:5 20, 4)

%(2)=0"! zp, = fc (2,20, 20, )

Alternatively if constraint equations cannot be algebraically rearranged into the form

of (3.11), corrections ( z) may be de ned through a minimization of the form:

minjj zjj5 suchthat g(z+ 2)=0 (3.12)
z

This non-linear problem may be solved by iterating on
9(z?) = Jg(z(o) + z)  z( (3.13)

until jo(z@ + z®)jj2 < , where z©® are a given set of (slightly) inadmissible

states, Jg(z@ + z() isthe (c 2n) Jacobian ofg with respect to z evaluated at

z=2729+ 2z and (k) indicates the iteration number. Because& < 2n, (3.13) is

solved via the right Moore-Penrose generalized inverse, (which minimizgs zjj3jj).

With a convergence tolerance on the order of machine precision, this method will

satisfy all constraints as closely as solving (3.11) directly given su cient iterations.
With dynamics z(t) = f (z;t) Runge-Kutta integrators [34] solve

X
z(t+ t)= z(t)+ Cyz t (3.14)

where

z =1 z(t)+ Ajzg t;t+ By t (3.15)



The Direct State Correction method is applied at each evaluation of the state deriva-
tive, z(t) + P Ajz t, and again after the computation of the weighted sum of state
derivatives, z(t) + P Cyz¢ t. Doing this requires a small modi cation to the numer-
ical implementation of the Runge-Kutta solver.

As an attempt to represent the DSC method graphically, consider it's application
to the numerical integration of a generalized di erential equation. Assume di erential
equation of the form,z(t) = F (z(t);t) with an admissible starting pointz(tg) = zo.
We wish to approximatez(to+ t). Consider the 2nd order Runge-Kutta algorithms
in which the next state is determined by a weighted sum of derivatives at two points
within the time-step. The derivative is approximated at two points within the time

step, for example,
z; = F(20;t0)

Z=F (zo+ tzg;t+ 1)

but in which the state z, + tz; may not be admissible. The statez, + tz; is
corrected using the DSC method before the derivative is approximated. The next

state is then determined by a weighted average,

Z(to+ t)=2z0+ t(zz+(1 )2)

Though individually z; and z, are computed from states that adhere to the constraint
equation, nothing guarantees that their weighted sung(to+ t), will also adhere to
the constraints, therefore the last correction is applied ta(t+ t). This will ensure
that the next state z(to + t) satis es the constraint equation and the dynamics of
the system. This description is explained graphically in Figure 3.1. Assume the blue
line represents the true trajectory of the constrained motion, which is unknown to
us. If the corrections are not applied at each step, then the solution can deviate from

the true trajectory.
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Correction Step 1:
zic =fc[Fl=fc F 20+ S z;t+ 4
A
s
X0
s

Pl

z(to+ t )
|

Correction Step 2:
N 2(to+ t )=fc 20+t 32+32

z(to)
I

t to+ 1- to+ t
Figure 3.1 0: Direct State Correction r%ethcz)d applied to Runge-KuttaOsecond order
numerical integration. Assume the blue line represents the true constrained path of
the solution, then we wish to advance the solution fromy to to = t. Assuming
= %; = 3, we rst nd the state derivative at to, then step toto + 7‘ to calculate

the next state derivation. At this point the solution has progressed o the manifold of
admissible states and therefore a state correction is applied. A second state derivative
is found and then the solution is progressed ty = t using an average of the state
derivatives found. Again the solution may not lie on the manifold of admissible states

and so direct state correction is applied once again.

It is di cult to graphically represent this idea in more than 1-dimension because
the state and the constraint would be a scalar and therefore the trajectory is uniquely
de ned and because the dimensionality of practical problems are much higher and
cannot be represented graphically. So, we think of the above graphic as the projection
of a higher dimensional space on to a lower dimensional space in which the curve

represents the manifold of admissible states that intersects the admissible poy(to).
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In the RISs (at least), if the DSC method described above is implemented, then
Baumgarte stabilization is not necessary. This will be further explored in Section

5.1.
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A4

Rolling Isolation System Mathematical Models

Mathematical models to characterize the dynamics of the RIS are presented in the
following sections.

Using the proper form of Lagrange's Equation (LE) for constrained dynamics, a
model for the RIS was developed and experimentally validated by Harvey [9]. By
assumption, the LE model neglects the e ects of the vertical component of velocity
in the expression for kinetic energy. This chapter shows how tedious it would be
to include vertical velocity in the model. Since constraints are incorporated directly
into the equations of motion, constraint stabilization techniques are not required.

The Gauss's Principle of Least Constraint (GPLC) method expresses the uncon-
strained equations of motion and constraints in the acceleration level in KKT form.
Since constraints are di erentiated to be linear in accelerations, methods for stabiliz-
ing or correcting constraint errors, as presented in Chapter 3, are required. Various
RIS models using GPLC are developed. A simpli ed model for the RIS is developed
for veri cation in comparison to the LE model. The GPLC model for the RIS is
further extended by adding the vertical component of velocity to the kinetic energy

term. The capability of understanding and modeling the e ects of the vertical oor
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motions on the system facilitates the addition of a vertical coordinate of motion in

order to model the vertical isolation system.
4.1 Rolling Isolation System (RIS) Overview

The concepts de ned in the following sections are used in both the LE and GPLC

model derivations.
4.1.1 System Con guration

The relevant coordinates for the RIS are shown in Figure 4.1.

Figure 4.1 : Rolling Isolation System Coordinates [2]

The coordinatesX, Y, and give the translation and rotation of the top platform
relative to the bottom platform. The coordinatesxy;; y;i and Xy;; Ypi represent the ball
locations with respect to the centers of the dishes, for the bottom and top platform
respectively. We also de ner; = g X2 +yZ, g = P xZ + yZ as the radial position
of the balls within the top and bottom dishes, respectively. The coordinates of the
dish centers area = [a; a; a;al and letb =[b;b; b; b from the center of each

platform.
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4.1.2 Curved Dish Prole

The basic shape for the isolator dishes in this study is modeled after the ISO-Base
Seismic Platform [1] and was parametrically tted by Harvey [9]. The heighh(r) of

of all dishes in this system will be a variation of the following equation [9]

2
+ az

3 60

r r
h(r) = | h — + + — 4.1
(r) = apa;In cos % ay u (4.1)

r r
R R

whereh(r) is the height of the dish at a radial positionr. The log(cosh) parameter-
ization is used to avoid the sharp discontinuity in gradient that will occur atr = 0
from simply using a linear term. The coe cient ag determines the curvature atr = 0,
(for a; = a3 = a4 =0). The £ % term adds a lip at the end of the dish that can be
used for simulation purposes to model an edge or bumper to the rim of the dish. This
term does not modeling impact dynamics in any physical way but simply gives us a
means to identify when the RIS exceeds displacement limits by identifying the times
when the acceleration spikes. In both veri cation and optimization tasks below, the
coe cient a4, =0 is xed. The other coe cient values used for veri cation purposes

are rounded from those identi ed in [9].
ap=0:01lm a; =0:10 a, =0:000% a3 =0:0005 a4, =0; R=0:15m

For ease of representation, hencefortliy(r;) is written as h,;, which represents the
ball height in lower dishi at a distancer from the center of dishi, and similarly for

the upper dish,h(qg) is written as hg;.

30



Figure 4.2 : Rolling Isolation System Iso-Base Shape

4.2 Coordinate Dependencies, Holonomic and Non-holonomic Con-
straints

In the Lagrangian formulation the eleven coordinates of motion are, Y, and

and the eight ball positions in the bottom dishes, Xi; Ybi)-

Qe = TX; Y, Xp1) Yb1; Xb2; Yo2: Xb3; Yo3: Xba; Ybad
The twenty-seven coordinates involved in the GPLC formulation are
Qaric = FX; Y, [ Xp1) Yo1; Xb2; Yb2i Xb3s Yo3: Xba; Yba; 15 T2; 3; I
Xt1s Y, X2, Y2, X35 Y3, X, Y Gy Gy OBy Gk
This model involves three types of constraints. The rst eight constraints are the
geometric relationships betweem;, Xy, Ybi, and g, X, Vii-

2= x2 + y2 and o = X3+ ya (4.2)

The next set of eight constraints are the geometric relationships that couple the

(Xpi; Vi) coordinates with the (xyi;V:i) coordinates,

Xi _ X cos() 1 sin() a; Xpi
yi Y T sin() cos() 1 h ysi (4.3)

The last set of eight constraintsthat are applied to both the LE and GPLC modelare
the non-holonomic relationships between the platform motioX, Y, _and the ball
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motion (Xpi, Ypi). Since the balls are assumed to roll without slipping, the velocity
components of each ballXy;;Ypi) are determined by their positions Kyi; Ypi), the

platform dimensions @; b, and the platform velocity.

Xbi
Ybi

X b vyt Y
v + _ (4.4)

1
2 a+ Xy X

The factor of % indicates that the velocity of the center of the ball is half of the
velocity of the top of the ball (the point on the ball where the rolling horizontal
platform rests). Because the rolling surfaces (i.e. the dishes) are sloped, the true
value of this factor is slightly less than%, however, even when considering the non-

parallelness of the rolling surfaces, this factor is only very slightly less tha}1[9].

4.3 RIS Model Without Consideration of Vertical Input Motion

4.3.1 Potential Energy and Kinetic Energy

In a displaced con guration, the elevation of the top platform is determined by
the position of the balls with respect to the center of their dishes in the top and
bottom platforms. Thus, the gravitational potential energy of the RIS depends on

the locations of the balls within their respective dishes. The potential energy is
1
V= mgZ [hea+ heot hig+ hia+ g+ hop + Mg + hed] (4.5)

wherem is the platform mass. This expression presumes that the center of mass is
at the geometric center of the platform, and that the platform can ex out-of-plane
in order for maintain contact with the balls as the heights deviate from a co-planar
con guration.

The kinetic energy involves components of the platform velocity in th&, Y,
and directions relative to the oor upon which the isolation system sits, and the
velocities of the oorwy;wy with respect to an inertial reference frame. So the kinetic
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energy, involving the horizontal components of velocity, is

1 1
T=om (O w)?+ (L+w)® + 237 (4.6)
4.3.2 Lagrange Equation's (LE) Formulation for Equations of Motion

Applying Lagrange's Equation for constrained dynamics (2.1) to the Rolling Isolation
System, we arrive at a set of three second order equations Ry Y ; *and the eight
rst-order constraint equations (4.4).

In the Lagrangian formulation the eleven coordinates of motion ares, Y, and

and the eight ball positions in the bottom dishes, (Xpi; Ypi)-

Qe = X, Y, ; Xp1:Yb1: Xb2; Yb2; Xb3; Yb3; Xba; Ybad

From Q.e the radial ball positions, r; and g, and the locations of the balls within
the upper dish, ;;;y:;) are computed directly viar? = x2, + y2 and ¢¢ = x2 + y3.
Applying the non-holonomic form of Lagrange's equation to the RIS, results in

the following equations of motion [9].

m 0 X+! P 0

0m yar, *omfotfuttu =
. 4 0 1 a+Xyn X (4.7)

|+ i=1fDi+fLi+fUi 1 0 b"‘)’bil Y
Pa (¢ sin() cos() a  _

toafu sy sin) B T O

wherem is the platform mass,fp, are dissipative forcesf,, = zmgh§ ;E" and
|
fu = %mghgi j;“ are potential energy forces andi®y;; $vi; R:i; $:ig are unit vectors.
ti

The eight non-holonomic constraints (4.4) are integrated simultaneously with the the
system (4.7).
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Analytical Solution for Lagrange Multipliers

The RIS presents a special case in which the Lagrange multipliers can be solved
analytically by applying the constrained form of Lagrange's Equations, (2.1), on
the ball position coordinates Kyi;Ypi). Since the ball positions coordinates only
appear in the energy equations at the position level, applying Lagrange's equation
doesn't result in a di erential equation but an expression that can be instead solved
analytically for the Lagrange multipliers [9].

Consider the Lagrangian of this system,

1 1
L=T V= om (&t w)+ (Lt w)? + 232 (4.8)

mg% (hra+ heo+ heg+ hig+ hgr + hgp + hgs + ea) (4.9)

Applying the general form of Lagrange's Equations (2.1) with respect to thg co-
ordinates, the kinetic energy term has no contribution since it is only a function of

the X; Y.; _coordinates and the only term of concern isg—rL. Thus,

@L_ @ 1
kT Mg (e + Nrp+ Mg+ g + hoy + hop + Mgs + o) (4.10)

The g coordinate needs to be expressed as a function of the other coordinateq in,

SO,
11
x4 x4 -
@@ mos ohet hOGYD i) (4.12)

ele

Taking these derivatives with the appropriate de nition of h(r;)

@L mg ho Rpi ho Rii

@ur 4 Yo g (4.12)

Now setting the LHS equivalent to the constraint forces and the damping forces,

@L mg ho Rpi ho Rii _ @g

@ 4 Moy Mg T @ ° (443
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Recall the de nition for F_, and Fy,

@
FLi FUi FDi = i@_i_g (414)
We have one non-holonomic constraint, s@%!% = ;i =1, so,
i = FLi FUi FDi (415)

Therefore, due to the selection of coordinated for the RIS, we are able to solve for the
Lagrange mulitpliers analytical and no constraint stabilization technique is required
for numerical stability during integration. If an analytical solution to the Lagrange
multipliers is not available, the constraint equations will have to be di erentiated
to be expressed in KKT form and integrated simultaneously with the equations of
motion. In this case, additional constraint stabilization methods may be required to

ensure numerical stability.

4.3.3 Gauss's Principle of Least Constraint (GPLC) Formulation for the Equations
of Motion

In order to derive the GPLC model under the modeling assumptions as involved
in the experimentally validated LE model, we use (4.6) for the kinetic energy and
(4.5) for the potential energy. The twenty-seven coordinates we choose to use in the

GPLC formulation are
Qopric = TX; Y 5 Xp1; Yo1; Xb2; Yo2; Xb3; Yb3; Xba; Yoa; F1; [2; [3; Ta;

Xi1; Yas X2y Yeoi X3y Yii Xy Yu: Gy Gy Gz Ghg

As will be seen, by expanding the coordinate vector from eleven position coordinates
to twenty-seven position coordinates, the resulting set of di erential equations are
less complex than (4.7) and these coordinate dependencies will be incorporated via
the constraint equations presented in section 4.2. Further, since the ball positions

are de ned in terms of both the radial coordinater and the Cartesian coordinate
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Xpi; Ybi, Many of the complex derivatives involving the dish shape simplify to O:

@_, ©@_,. @_, @ _
ex Y @Y & ? a”

Derivitives related to the vertical component of motion of the-th ball are

d,___ 0, . @ﬁ_ 00 E — 00 . N Eo,_oz O .
ah, = b = h%;; @r h! dt(hio)_ h9%::  h = h%;; dt(h‘r-L)_ ho¢ 2+ h%; ;
[ @i _ o @F _ . @i _ o @F _ .

Q@r it @x h?@x ' @y h?@y ’

@ _ 0 @ _ 0@ _ . @ @

a " & "a ¥ a "a °

these are shown for the; coordinates. The derivatives are analogous for thg

coordinates.

Unconstrained equations of motion

Applying Lagrange's equations results in eleven unconstrained equations of motion.
m(X + wy) =0; m(Y + wy) =0; J*=0 : (4.16)

Since the ball mass is neglected by assumption in the kinetic energy, simply to be
consistent with the experimentally validated LE model, Lagrange's equations for

each coordinater; for i = 1:::4 are simply
1
“mghd =0 (4.17)

and for each coordinatey for i = 1:::4 the Lagrange's equations are simply

2mghg, =0 (4.18)

These unconstrained equations are linear in the accelerations and can be written as

Ma = F. So doing, the mass matrix is very sparse:
n #

M= Mepg : (4.19)
27 27
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and the forcing vector simpli es to
9

8
MWy
mw,
0
i
%hazmg
4 r3Mg =
F=_ Zhlmg (4.20)
10[3 1]
ihgzmg
okl
2 2MqaMg
Os 11 " 57 4
It may seem as though the equations of motion are incomplete in so far as the
X;Y; dynamics are fully decoupled from the ball dynamics and that ball acceler-
ations are completely undetermined. However, this will be solved bt incorporating

the constraints into the system.
Holonomic and Non-Holonomic Constraints for GPLC

For GPLC, constraints are implemented in the acceleration level. Any constraint
nonlinear in position and velocity becomes linear in acceleration when di erentiated.

Holonomic constraints (4.2) di erentiated twice become:

Fiki+ 17 = XpiXpi + Xpi + Yoi Yoi + Y and  g&+ &= XXt X5+ V¥tV
(4.22)

Holonomic constraints (4.3) di erentiated twice become:
i _ X 2 cos() sin() a .. sin() cos() & Xbi
Yi Y sin() cos() b cos() sin() b Yo
(4.22)

Non-holonomic constraints (4.4) di erentiated once become:

L. b yit+Y L Wi Y (4.23)

Xpi X
Y &+ Xpi X Xpi X

1
Ybi 2
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These di erentiated constraints expressed in matrix formA(qg)¢ = b(q;q), are

2 3 8 9
Ag Hs 3] (I)[s 4] A![s ) 8[8 4 8[8 8] 3 bl\q‘: B 13
A — g 4 3] R[4 4] B[4 8] 4 12] 4 8] and b: [4 1]
@ O Oua Oue lowa Atp g 2 bou u 3
Aup 31 Og 4 le ey Os 4 I g bip 1
(4.24)
where
2 3 2 . 3
0 I+y oY) 1 0 sin() a cos()b
0 1 la+x X) 0 1 cos()a; sin() by
T 0 Z(b+y YY) 1 0 sin() aa cos() b
AL = 0 I l@+x X) A= 0 1 cos()a sin() by
al P00 bty Y) "TB1 0 sin()a cos()bs
0 I ia+x X) 0 1 cos()as sin() by
10 i+y Y) 1 0 sin() a4 cos() by
0 3 s@+x X) 4y 01 cos()as sin() b
3
Xp1 Y»p O O O O O O
A.=8 0 0 Xp2 yo 0O 0 O OZ
B4 0 0 0 0 Xp3 Vo3 O O
0 0 0 0 0 0 X You g4
3
Xt Y 0 O O O O O
A = g 0 0 Xe Yo 0O O 0O O é
™4 0 0 0 0 X3 Vs 0 O
0 0 0 0 0 0 Xu Yu ,q
lr =diag(ry;::irg)
lo = diag(n; :::0h)
_ Low Y o
bvhi = Coxn X fori=1::4
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2 2 2
2 Xp© Ywm tri=z
ba:> :
. 2 2 2,
Xpa®  Yna" T I
8 2 2 29
2 Xu° Yu "t g =2
bQ:> : >
2 2 2
Xua® Yu"t O

—*( cos() a +sin() h)

M= 2( sin()a cos()h)

fori=1::4
4.4 RIS Model with Consideration of Vertical Input Motion

The vertical components of oor accelerations within buildings are signi cant. The
vertical accelerations are directly coupled to both the vertical acceleration and the
horizontal dynamics of the RIS. Including this vertical motion in the kinetic en-
ergy allows us to develop a more comprehensive model for the RIS. Importantly,
incorporating the vertical component of velocity in the kinetic energy for the RIS
facilitates the introduction of vertical isolation in the RIS model. Attempting to
include vertical velocity components with the Lagrange's Equation method becomes
very complicated for RIS dynamics; it is quite straight forward to do so via GPLC
since we can derive the equations of motion using the unconstrained system. The

full model for the RIS derived using GPLC is presented.
4.4.1 Potential Energy and Kinetic Energy

In a displaced con guration, the elevation of the top platform is determined by
the position of the balls with respect to the center of their dishes in the top and

bottom platforms. Thus, the gravitational potential energy of the RIS depends on
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the locations of the balls within their respective dishes. The potential energy is
1
V = ng [hrl + hrz + hr3 + hr4 + hql + hq2 + hq3 + hq4] (425)

wherem is the platform mass. This expression presumes that the center of mass is
at the geometric center of the platform, and that the platform can ex out-of-plane
in order for maintain contact with the balls as the heights deviate from a co-planar
con guration.

The kinetic energy now involves components of the platform velocity in th¥,
Y, H, and directions relative to the oor upon which the isolation system sits,
and the velocities of the oorwy;wy;w, with respect to an inertial reference frame.

So the kinetic energy, involving all components of velocity, is
T=om OCrw)’+ (Lt wl (Kt w) + 07 (426)

where the coordinateH is de ned by the ball position in the dishes, so

Vv

H=—[h1+ ho+ hsz+hat hq1+ hq2+ hq3+ hq4] = m_g (4.27)

N

4.4.2 GPLC Formulation

Unconstrained Equations of Motion

The unconstrained form of Lagrange's equations and the complete expression for
kinetic energy (4.26) are used to derive the unconstrained equations of motion for the
veri cation purposes. With the twenty-seven independent coordinates de ned above,
again many of the partial derivatives involved in Lagrange's equations simplify to
zero, as seen in Section 4.3.3.

Applying Lagrange's equations to this set of coordinates results in eleven uncon-

strained equations of motion, and an inde nite mass matrix.

m(X + wy) =0; m(Y + wy) =0; J*=0; (4.28)
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and for each coordinate; fori =1:::4

S [+ e+ bl hge +

T + hg4q4 (4.29)

1
0 R00,2 00,2 0 002
+ 16“'hri hiirg+ + hgrg + ——mhy heap +

T g
1 1
+ ngh?i + thﬂ w, =0
and for each coordinatey fori =1:::4
1 0 0 0 1 0 0 0
1_6mhqi [hr1P1 + + hr4p4] + 1_6mhqi hqlql + + hq4q4 (4-30)

1
©QmnS W R fmhg hEE e Rl

1
0 0 —
+ —mghg + —-mhgw, =0

These unconstrained equations are linear in the accelerations and can be written as

Ma = F. The inde nite mass matrix may be partitioned as

2 3
Mpiz 31 O3 4
O 55 Mru 4 Oa 5y Mrop 4
M = 0[8 4] 0[8 8] 0[8 4] (431)
Mrowu 4 O g1 Mau 4
Os g
where
Mp =diag(m;m;J) (4.32a)
Mg, = l%hf’(ri)h%r,-) 8ij =1::4 (4.32b)
m .
Mg, = 1—6h°(q)h°?q) 8i;j =1::4 (4.32c)
m .
Mgo, = 1—6h0(ri)h°(q) 8i;j =1:::4 (4.32d)
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and the forcing vector is

8 9
MWy
0
1 0 00,2 00,2 00~2 00 1 0 0
Emhrl hrlr_l + + hr4r_4 + hqlgl + + hq4 thrl(g+ Wz)
1 0 00,2 00,2 00~2 00 1 0 0y —
F = Emhr4 hrlr_l + + hr4r_4 + hqul + + hq4 thr4(g+ Wz)
Os 1
1 0 00y 2 00y 2 00~2 00 1 0 0
1_6mhql hrlr_l + + hr4r_4 + hqul + + hq4 thql(g + Wz)
1 0 00y 2 00y 2 00~2 00 1 0 0
Emhq4 hrlr_l + + hr4r;4 + hqul + + hq4 thq4(g+ Wz)
O 1] ’
(4.33)

The mass matrix in (4.55) is not full rank and the unconstrained platform motion
is fully decoupled from the ball motion. Without constraints linking the ball veloci-
ties and the platform velocities, these unconstrained equations of motion have little
physical signi cance. The constraints enforced on the system couple the platform
dynamics to the ball dynamics and give the system solution physical meaning. Note
that there are cross terms with bothr;;g and these only occur when the vertical

component of the velocity is included in the kinetic energy.
Constrained Equations of Motion with Damping

Assuming that the balls of the RIS are rolling in dishes lined with rubber, we can
model the damping as a rolling force. The damping forcdsy, can be added to

the constrained equations of motion by simply augmenting it to the forcing vector.
Therefore, putting the unconstrained equations of motion (4.31 & 4.33) or (4.19 &

4.20) together with the constraints in section 4.3.3 in KKT form, we can solve for
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the damped RIS dynamics.

M@ A@" & _ F(aa+ Feaq (4.34)
Al O b(q;q)
Again, note that the solution to this equation @ and ) is de ned and unique as
long as the range space @& spans the null space oM. By examining expressions
for the partitions of M and A, it is evident that this condition is satis ed whether or
not we include the vertical component of the platform velocity in the kinetic energy,
regardless of positional con guration of the RIS platform.
Rolling resistance, assuming it can vary radially in the dish, is a force applied to

eachXyi; Ypi; Xti; Yt ball position coordinate as follows:

Fa(Xpi) = %tanh \r/__(-L) max(0; by + blr)xri_;i (4.35)
Fa(Yor) = %tanh \% max(0; by + blr)% (4.36)
Fa(xy) = %tanh \% max(0; by + blr)%i (4.37)
Fa(ye) = %tanh V% max(0; by + blr)%“ (4.38)

where the coe cients by; b, parameterize the distribution of rolling resistance within
the dish andb, has dimensions #m so that the damping coe cient itself is dimen-

sionless. Breaking this down further, thang=4 term arises from the fact that each
ball carries 4 of the total weight and multiplying by this terms makes the expres-
sion have units of N (i.e. a force). The tank{fot) explains the velocity dependence of
the rolling resistance, where the rolling force at velocities below is smaller than 1.

In our case,vy = 0:005 as per the experimental work Zehil and Gavin [35]. Finally,
the erT term is simply a unit vector that ensures that the rolling force is applied in

the direction opposing the velocity of the ball.
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As mentioned, damping is implemented in the RIS by adding a thin rubber
lining to the dishes. Problems arise with rubber lining damping mechanism when
the system is sitting at rest for a long time and the rubber lining compresses and
deforms visco-elastically. The resulting \divot" at in the rubber lining at the dish
center e ectively increases the inertial force needed to displace the balls from the rest
con guration and in turn causes large accelerations of the top platform. Guerreiro et.
al [36] attempted to model this phenomenon of an indentation in the rubber lining by
adding an additional rolling resistance force over just a small radial distance (1cm).
The response of the rolling isolation platform is no longer a smooth sinusoidal as
desired but instead has small spikes throughout the motion. In the paper though
they conclude that the indentation in the rubber does not a ect the performance
of the RIS, but even they attribute this to the very high damping provided by the
rubber sheets in their experiment. Therefore, if the optimal damping required was
found to be much lower than that used by Guerreiro, then the rubber indentation
e ect would be signi cant. To avoid this issue, the damping can be parameterized
such that there is no damping applied to the dish radially for a small distance (just

to cover the area in which the ball has contact with the dish).
4.4.3 Attempt using Lagrange's Equation Formulation

If we were to attempt to derive the EOM using Lagrange's Equations while including
the vertical component of velocity in the kinetic energy, we would see that the equa-
tions of motion become signi cantly more complex and ultimately the EOM derived
using Lagrange's Equations would be identical to those derived via GPLC.

To include the vertical motion, the coordinateH has to be de ned in terms of
the Cartesian ball positions,

1 X
H =

7 h(Xbi; Yoi) + h(Xti; Vi) (4.39)

1
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where
Il I [

- p__—__ 2 p_— _°3

X2+ y2 X2+ y2 X2+ y2
h(x:y) = | h -~ 2 4 SEEANNLNE S SN A
(X;y) = apa;In  cos a R as R

(4.40)

Then the kinetic energy can be de ned as (4.26). Now, two issues arise with this

calculating

_ % ‘i_j‘f'j_’t% %_S% (4.41)

in this de nition. There are two issues that arise in this development. First, the
derivatives dH=dx and dH=dy are complex due to the In(cosh(;y) term and subse-
qguently the M term is very complex. The best option to simplify these terms is by
introducing the (redundant) r and g coordinates which then makes this process es-
sentially the same as GPLC derivation of equations of motion. Second, the Lagrange
multipliers can no longer be solved analytically, therefore the constraints equations
have to be di erentiated and the system needs to be expressed in KKT form, as is
done in the GPLC method. Constraint stabilization techniques may be required and
potentially Baumgarte stabilization might be su cient since the constraints are still

incorporated directly into the EOMs using the i%‘l terms.
4.5 RIS with Vertical Isolation System

In order to include a model for vertical isolation into the RIS model, we de ne an
additional coordinate,Z. The coordinates,X;Y; fully describe the motion of the
RIS in the horizontal plane and coordinateZ represents the motion of the whole

system in the vertical direction. Our full set of coordinates are now
Qapic 2 X, Y, 5 Z; Xp1; Yo1i Xb2; Yb2; Xb3; Yb3; Xba; Ybas F1; F2; 3; T4,

Xi1; Vi X2y Yeor X35 Y35 Xias Yu: G Gy (g Ghg
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We also de ne an internal coordinateH to de ne how the height of the top platform

of the RIS changes as the balls move within the dishes, where

H = [hrl + hr2 + hr3+ hr4+ hq1+ hq2 + hq3 + hq4] (4-42)

N

Let m; be the mass of the top platformm, be the mass of the bottom platform only,
k is the spring constant andc is the damping constant of the vertical isolation. The
kinetic energy of the system is de ned as
1 2 1 2 1
T= Emt X+ Wy +§mt Y + Wy +§J _2
2 1 2

1

The potential energy now has gravitational and elastic components,

V=mgH+2Z)+ %kz2 (4.44)

The energy disspation due to the damper is de ne as
R= %czz (4.45)
Applying Lagrange's equations

d @T @T, @V, @R

— —+ — 0 4.46
i @ e @i @ (449
we arrive at the following equations of motion
my(X + wy) = 0; (4.47)
m(Y + wy,) =0; (4.48)
J*=0; (4.49)
1 X4 0 1 X4 0
(my+ mp)Z + th hii#i + th hgi® (4.50)
i=1 i=1
1 X 1 X
= kZ cZ + th h?,ol’_f + th hglo + ( m; + mb)Wz
i=1 i=1
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and for each coordinate; fori =1:::4

1 0

1
—mh] [hPpr+ + )]+ —mh) hoe +  + hoey (4.51)
16 16
1 1
+gMhn herd+ + hQrd + comihg hgigt+ + hoidl

1 1
+ thgh?l + thh?l W/, +2 = 0

and for each coordinatey fori =1:::4

1

1
1_6mthgi [Pk +  + hogea]+ Emthgi hath+  + hgeu (4.52)

1 1
+ ol WE e+ +n% + Sminl hP@+ + hi

1 1
+ Z,m‘ghgi + thhgi w,+2 =0

These equations written in matrix form asF = Ma where the mass matrix is parti-

tioned as
2 3
Mps 3 0 O3 4
Op g mMe+m, zmhd  Op g 2mihf
M=8 Oua imhS Mgy 4y O4 59 Mpop 4 (4.53)
Os 5 Osa Osg Opag
: aMehG Mo 4 Ou g Mop g
O g
where
Mp = diag(m¢; me;J) (4.54a)
m .
Mg, = 1—éh°(ri)h°‘(rj) 8i;j =1::4 (4.54Db)
Mo = Mh9q)h%q)  8ij =1::4 (4.54c)
o = 75n1a)n g =1 :
m; .
Mgo, = 1—6h°(ri)h°(q) 8i;j =1::4 (4.54d)
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and the forcing vector is given as

8 9
MWy
m[Wy
5 0
1 4 00, 2 0
kz cZ+3im; L, h¥%Z+ hoe? + (m¢ + my)w,
1 0 00,2 00,2 00~2 00~2 1 0
Emthrl hrlr_l + + hr4r_4 + hqlgl + + hq4Q4 thhrl(g+ w; + Z)
1_6mt ra Nr1lg ralg qlgl q4q‘1 th r4(g w; )
Os 1
1 0 00,2 00,2 00~2 00~2 1 0
Emthql hrlr_:l. + + hr4r_4 + hqlgl + + hq4Q4 thhql(g+ w; + Z)
1 0 00y 2 00y 2 00~2 00~2 1 0
Emthq4 hrlr_l + + hr4|:4 + hqul + + hq4Q4 thhq4(g+ w; + Z)

Os 1
(4.55)
From this forcing vector we see that the vertical accelerationy, s 2, couples directly
to the radial accelerations of the ballsxg, ¥y, X¢, and y..

In the following chapter the GPLC EOM's derived under the same assumption
of negligible vertical velocity in the kinetic energy (section 4.3) is numerically veri-
ed with respect to the previously validated LE EOM's. The constraint correction
method is compared to Baumgarte stabilization for this system. Then the GPLC
model with and without vertical isolation is used in a risk-based optimization using

a large sample of (realistic) measured oor accelerations for the dynamic loading.
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3}

Simulation of Gauss's Principle of Least Constraint
Model for Rolling Isolation System

5.1 Numerical Study of the Impact of Constraint Stabilization Meth-
ods on the Simpli ed RIS model

In GPLC models, drift of constraint values can a ect the accuracy and potentially the
stability of numerically-integrated solutions. For systems such as the RIS, the system
stability is sensitive to small constraint violations. As such, constraint stabilization
or correction methods are required to ensure numerical stability. Herein, Baumgarte
stabilization of the second- and rst-order are used to stabilize the holonomic and
non-holonomic constraints. In the following section the sensitivity of the stability of
solutions to the values of , , and , and the response amplitude level illustrate the

e ectiveness of the constraint stabilization and correction techniques
5.1.1 Free Response to Small Initial Conditions of RIS

When the initial conditions of the RIS are small, e.g., X = 0:01lm,Y = 0:01m,
= 0:001rad, X- = 0:025m/s, ¥ = 0:045m/s, —= 0 :05 rad/s , the ball positions

do not reach the in ection point of the dish prole, h°r) = 0. For stabilization
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coe cients equal to zero, the GPLC model does not conserve energy and does not
agree with the LE solutions, as shown in Figure 5.1. The constraint trajectories,

shown in Figure 5.2, oscillate and increase with time.

Figure 5.1 : Example response trajectories and corresponding energy of the RIS
computed from the LE model and the GPLC model without any constraint stabi-
lization

Figure 5.2 : Violation of the holonomic constraint values in the GPLC model of
the RIS without any constraint stabilization increase over time.
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With some Baumgarte stabilization, the GPLC model conserves energy (after
t = 1s), and agrees more closely with the LE model (at small amplitudes of motion
in this initial example) as shown in Figure 5.3. Constraint errors remain very small,

and are stabilized to zero as shown in, Figure 5.4.

Figure 5.3 : Example response and corresponding energy of the RIS computed
from the LE model and the GPLC model with low level of Baumgarte constraint
stabilization of =5s !; =50s 2; =5s 2
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Figure 5.4 : Progression of the error in holonomic constraints over time where
the RIS dynamics are modeled using GPLC and low level of Baumgarte constraint
stabilization of =5s !; =50s ?; =5s 2

With larger levels of Baumgarte stabilization the GPLC solution conserves energy
and agrees with the LE solution. The constraint errors are very small but appear to
grow toward the end of the eight-second simulation, as shown in Figures 5.5 and 5.6.
The violations in position and velocity constraints are shown separately to highlight
the di erences between a rst- and second-order Baumgarte stabilization. Also, the
errors for the velocity constraints are several orders of magnitude smaller than the

errors in position constraints.
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Figure 5.5 : Comparison ofX;Y; trajectories and corresponding energies of the
RIS modeled using the LE model and the GPLC model with su cient Baumgarte
constraint stabilization of =50s !; =625s 2; =50s 2

Figure 5.6 : Evolution of the error in holonomic and non-holonomic constraints
over time of the RIS modeled using the LE model and the GPLC model with su cient
Baumgarte constraint stabilization of =50s !; =625s ?; =50s 2. Note that
second order stabilization is applied to the holonomic constraints and rst order
stabilization is applied to the non-holonomic constraints. Violations in the holonomic
constraints are several orders of magnitude greater than the non-holonomic constraint
errors. This can be attributed to the fact that they are di erentiated twice to be
linear in the accelerations.
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5.1.2 Free Response to Larger Initial Conditions of RIS

With larger initial conditions, in particular X =0:01mY =0:01lm; =0:001rad X-=
0:45m/s; Y_= 0:45m/s; =0 :5 rad/s, the system behavior becomes more non-linear,
we nd that Baumgarte stabilization is no longer e ective. In this scenario the con-
straint violations are large enough to destabilize the system, as shown in Figure 5.7.
No set of values for the Baumgarte stabilization coe cients were found to stabilize

the GPLC model under this level of motion.

Figure 5.7 : Example response and corresponding constraint violation of the RIS
where the dynamics are modeled using GPLC where no amount of Baumgarte Stabi-
lization is e ective. When the constraint violation is large, the system loses numerical
stability.

Instead stabilizing the GPLC model using the Direct State Correction (DSC)
method described in Section 3.3 (with larger initial conditions) we see that the GPLC
model conserves energy and matches the LE solution as shown in Figure 5.8. Whereas
the GPLC model with Baumgarte stabilization and large amplitude response loses
stability within half a cycle of response, the GPLC model with direct state correction

retains stability and accuracy over several cycles.

54



Figure 5.8 : Example response and corresponding energy of the RIS where the
dynamics are modeled using GPLC and constraints are stabilized using the DSC
method

Figure 5.9 illustrates the state corrections required for di erent time steps incre-
ments. As would be expected, the correction in state values decreases with decreasing
time steps, the of state correction that we are observing the amount by which states
are corrected at each time step because the error in the constraint itself is zero since
it is directly enforced. If the time step is small, i.e. t = 0:01, correction that is
made to the state is very small because of the fact that the direct state correction

exactly enforces the constraint and does not allow large deviations to accumulate.

55



Figure 5.9 : Constraint error of RIS over time with DSC under RK-4 xed-time
step solver.

5.1.3 Time step vs. Constraint Error and Energy Conservation of the GPLEY Z
model

The accuracy and e ciency of the GPLC model is assessed in terms of the norm of
constraint violations and the execution times. Models are simulated with two Runge-

Kutta schemes, di erent stabilization strategies, a range of time steps, and a set of
initial conditions. For each time step, responses to 64 di erent initial conditions were

simulated. The maximum of 64 holonomic constraint error norms is plotted. Figure

5.10 shows that adding Baumgarte stabilization to direct state correction does not
improve the accuracy of the solution. At a time step of 0.01 s, a variable step 4th-
5th order Runge Kutta method [34] requires comparable accuracy as a xed step
4th order Runge Kutta scheme, but requires twice the execution time. Though not

shown in these gures, the corrections for a maximum time-step ot = 0:01 are on

the order of 10 ®m using a variable time-step solver [34].
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Figure 5.10 : Constraint error classi cation and simulation time for RIS system
dynamics with Direct State Correction and Baumgarte stabilization under RK-4
xed-time step solver and a RK-45 variable-time step solver [34].

The e ect of the constraint error stabilization and correction schemes, the nu-
merical integration scheme, and the time step on the variation in energy is compared
in Figure 5.11. Adding Baumgarte stabilization to direct state correction provides
no observable improvement in accuracy in terms of energy conservation. Using a
4th-5th order variable time step numerical integrator [34], with a maximum time
step of 0.01 s, the uctuation in energy is on the order of pico-Joules, and using
a xed-time step 4th order Runge-Kutta method [34], the energy uctuates on the

order of nano-Joules, as compared to the system energy of around 100 Joules.
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Figure 5.11 : Fluctuation in energy conservation for undamped RIS dynamics
modeled using GPLC with direct state correction and Baumgarte stabilization under
RK-4 xed-time step solver and RK-45 variable-time step solver [34].

5.2 Verication of GPLC Simpli ed RIS model

The mathematical model derived using the non-holonomic form of Lagrange's equa-
tions has been experimentally validated [9]. In this section, the simplied GPLC
model for the RIS is veri ed in comparison to the validated LE model. For these
simulations the Direct State Correction method is applied by itself to the numerical

solution of the GPLC model, and in combination with Baumgarte stabilization.
5.2.1 Free Responses

Free responses of the RIS modeled using LE and GPLC model are compared in terms
of the distributions of peak displacements and accelerations for a broad range of

initial conditions. Figure 5.12 and 5.13 demonstrate that the distribution of GPLC
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responses is identical to the distribution of LE responses under a total of 16,000

simulations for the RIS models.

Figure 5.12 : Comparison of peak radial displacements of RIS between the simpli-
ed GPLC and Lagrange's Equations model for varying initial conditions.

Figure 5.13 : Comparison of peak accelerations of RIS between the simplied
GPLC and Lagrange's Equations model for varying initial conditions.
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5.2.2 Forced Responses

To verify the GPLC model under forced responses, input accelerations to the system
are modeled by unit Gaussian white noise ltered by a rst-order system with a time
constant of 0.1 s. Under bi-axial horizontal forcing accelerations, the GPLC model
without the vertical component of velocity in the kinetic energy (modelXY ) is
compared to the Lagrange's Equation model as shown in Figure 5.14. The LE and

GPLC XY model match exactly.

Figure 5.14 : Comparison of peak displacements and accelerations of RIS between
the GPLCXY , GPLC XY Z and Lagrange's equations model for varying initial
conditions. The LE model exactly matched the simpli ed GPLC.

The peak horizontal responses of RIS systems responding to horizontal oor mo-
tions can be accurately simulated without considering the vertical component of

velocity in the kinetic energy, as shown in gure 5.15.
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Figure 5.15 : Peak horizontal displacement and acceleration responses of the RIS,
as modeled by the GPLCXY Z model and the LE model for varying bi-axial (hor-
izontal) input motions. The GPLC XY Z model responses are essentially identical
to the LE model responses.

5.2.3 Importance of Including Vertical Component of Velocity and Vertical Input
Motion

To highlight the importance of including the vertical component of velocity in the
RIS, the peak displacements and accelerations of the RIS under tri-axial input motion
is shown in Figure 5.15. Responses to tri-axial input motion require models for which
the vertical component of velocity is included in the kinetic energy, as is done in the
GPLC XY Z model, but not in the LE model. As such, the LE model of (4.7) can
not be used to compute responses to tri-axial input motion. The vertical component
of oor acceleration used here is unit Gaussean white noise lItered by a rst-order
system with a time constant of 0.02 s. Peak displacements and accelerations (peak
of the the norm of the horizontal components of the responses) under tri-axial input
motion are shown in Figure 5.16.

We notice that the distribution of peak displacement responses are not signi -

61



cantly a ected by the inclination of the vertical component of velocity in the kinetic
energy, and the vertical oor acceleration. Also, the median peak acceleration re-
sponse are also una ected by the inclusion of the vertical oor acceleration and
vertical velocity in kinetic energy. However, the upper tail of the peak acceleration
response distribution is thicker for the more re ned GPLCXY Z model. This

is due to the coupling between the input vertical acceleration and the radial ball

equations of motion as seen in (4.29) and (4.30).

Figure 5.16 : Comparison of peak displacements and accelerations of RIS between
the GPLC XY Z and LE model. The GPLC model includes the vertical component
of velocity in the kinetic energy where as the LE model neglects this. The accelera-
tions of the RIS when considering the vertical oor motion are signi cantly greater
than when only considering the purely horizontal motion. Interestingly note that
the peak displacements of the GPLXXY Z model are smaller than the LE model,
even though it has larger peak accelerations.
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Since earthquake-induced oor motions have a signi cant vertical component, it
is imperative to consider the e ect that the vertical accelerations will have on this
system. Without doing so, we would consistently underestimate the peak triaxial

accelerations felt by the RIS.
5.3 RIS with Vertical Isolation Simulations

Since we don't have a model to verify the new model for the RIS with vertical
isolation against, the workings of the GPLCXY Z model will be shown through
time history plots and energy conservation. The system is simulated with initial
conditions, X = 0m;Y =0m; =0 rad;Z = Om; X_ = 0:1m=s;¥. = 0:1m=s_=
0:02rad=s;Z-= 0:1m=s. Figure 5.17 show the trajectories and Figure 5.18 shows the

corresponding accelerations.

Figure 5.17 : Trajectories of the RISXY Z model for impulse initial conditions,

X =0m;Y =0m; =0 rad;Z =0m; X-=0:Im=s;¥. = 0:Im=s_=0 :02ad=s;Z =
0:1m=s. Note that the Z coordinate now represents the motion of the vertical isola-
tion system on which the RIS will sit.
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