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Abstract

The dissertation focuses on solving some important theoretical @dmethodological
problems associated with Bayesian modeling of in nite dimensional "a@jts', popu-
larly called nonparametric Bayes. The term “in nite dimensional objgtcan refer to
a density, a conditional density, a regression surface or even anifald. Although
Bayesian density estimation as well as function estimation are wellgtied in the
existing literature, there has been little or no theory justifying theestimation of more
complex objects (e.g. conditional density, manifold, etc.). Part ahis dissertation
focuses on exploring the structure of the spaces on which the psdor conditional
densities and manifolds are supported while studying how the posiarconcentrates
as increasing amounts of data are collected.

With the advent of new acquisition devices, there has been a need nuodel
complex objects associated with complex data-types e.g. millions @dngs a ect-
ing a bio-marker, 2D pixelated images, a cloud of points in the 3D spacetc.
A signi cant portion of this dissertation has been devoted to devefing adaptive
nonparametric Bayes approaches for learning low-dimensionalisttures underlying
higher-dimensional objects e.g. a high-dimensional regressiondtion supported on
a lower dimensional space, closed curves representing the bouretaof shapes in 2D
images and closed surfaces located on or near the point cloud da@haracterizing
the distribution of these objects has a tremendous impact in seamapplication areas

ranging from tumor tracking for targeted radiation therapy, to dassifying cells in the



brain, to model based methods for 3D animation and so on.

The rst three chapters are devoted to Bayesian nonparametritheory and mod-
eling in unconstrained Euclidean spaces e.g. mean regression andsitgmegression,
the next two focus on Bayesian modeling of manifolds e.g. closed as\and surfaces,
and the nal one on nonparametric Bayes spatial point pattern dia modeling when

the sampling locations are informative of the outcomes.
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1

Introduction

During the last decade there has been an immense development in 8sgn nonpara-
metric modeling and theory related to density and function estimatio. Bayesian
modeling o ers a full probabilistic framework for inference while a ngrarametric
approach adds the necessary exibility. With recent technologicalevelopments and
advent of huge amount of data acquisition devices, there is a cleagad for mod-
eling and theory beyond traditional density estimation and unconsained function
estimation. Estimation of a conditional density is one such area wrerthere has
been a signi cant amount of new methodologies developed during thest decade
without being substantiated by suitable theory. Also existing methds for Bayesian
conditional density estimation are black-box, and lack computatica simplicity and
interpretability. This motivates developing new classes of exible, yecomputation-
ally tractable and interpretable prior distributions.

The development of next-generation imaging devices enable the ats to pen-
etrate the deepest parts of anatomical organs producing hugmaunts of biologically
rich images and point cloud data. This requires fundamentally new appaches to

model the complicated shapes and manifolds. While there has beemsiant devel-

1



opments for manifold estimation in computer science, most of thesethods follow a
sequence of multistage procedures involving noise reduction, outliemoval and sub-
sequent manifold estimation. Multistage procedures fail to capterthe uncertainty
in estimation which is crucial to very sensitive analyses like brain tumatetection.

Hence there is a necessity for a fully Bayesian model based applo&s manifold

estimation which has received little or no attention over the past decle. A coherent
Bayesian framework also has a huge possibility of being embedded iatpopulation

level analysis with immediate applications to tumor tracking for targeng radiation

therapy, modeling a 3-dimensional forest of morphologically diverseurons changing
over time in response to chemical and electrical signals and so on.

One of the key interests of this dissertation is understanding andvauating
in nite-dimensional Bayesian procedures from a frequentist pgvsctive. The ob-
jective is to ensure that as we get more and more samples from thiad “parameter’,
the posterior distribution concentrates in an arbitrarily small neighorhood of the
true “parameter’, a phenomenon popularly known as posterior castency. In the
following we provide rigorous de nitions of posterior consistency anposterior con-

vergence rate.

1.1 Review of posterior consistency and convergence rate

dom variables taking values in a complete separable metric spaXeendowed with
the Borel -algebra of subsetdpX qwith a common densityfo PF, whereF is a
space of densities : X N R . The complete separable space is also endowed
with the Borel -algebra of subset8pF g It is convenient to think of Yy;Y,;::: as
the coordinate random variables de ned on the spacgX®;BpXf gqand f8 as
the i.i.d. product density de ned on . We will denote by " p X";BpXd'qand
by f" the n-fold product of f. We will also abbreviatepYy;Y,;:::; Yaqby Y™ when
2



convenient.
A Bayesian nonparametric approach to infef involves placing a prior distribu-
tion or a probability measure , on pF; BpF ggand computing the posterior distri-

bution of a Borel setB P BpF gaccording to the Bayes' rule as

(1.1)

We must ensure that the expressions inl(1l) are well de ned. In particular, we
assume that the mappy; f q PN pygis measurable for the product -eld on X F.
To de ne various notions of posterior consistency, we need di eme notions of

neighborhood which we shall formulate below.

De nition 1. W [foqis said to be a sub-basic weak neighborhood gfif

" » » *

Wpoq fPF: f fo (1.2)

for a bounded continuous function : X N R.
De nition 2. S pfoqis said to be a strong oiL; neighborhood of g if
Spoq tf PF I} fo}; u (1.3)

De nition 3. KL pfoqis said to be a Kullback-Leibler neighborhood 6§ if

n » *

KL foq f PF: fologfo{f : (1.4)

De nition 4. A posterior is said to beweakly or strongly consistent atf o if for any

i 0
WU IY'"gN 1 rfesas: (1.5)

whereU W pfoqor S (f oq respectively.
3



Clearly strong posterior consistency implies weak posterior congisty whereas
the reverse implication is not necessarily true. A special case whdmistis true is
when X is a countable set.

(1.5 is only an asymptotic evaluation of the performance of the poster and one
might question the usefulness of such asymptotic justi cation in @gal nite sample
examples. There are several reasons which make the study oftposr consistency
more interesting in nonparametric Bayesian models. First, posteri@onsistency is
violated more often in the in nite-dimensional models than their parenetric coun-
terparts (Diaconis and Freedman1986 due to the inability of the data to explain
in nitely many parameters. Second, it turns out that posterior cmsistency is inti-
mately related to the prior exibility as well as model identi ability which are itself
quite interesting to study. Schwartz (19659 demonstrated that the two key phe-
nomena governing posterior consistency are i) whether the prioa$ large support
on the target space, i.e., realizations from the prior can approximata variety of
objects and ii) the ability of the model space to distinguish two paragters with
respect to the topology concerned. The second aspect is ofteamfested in the
form of the complexity of the model space. While having a large priougport en-
hances the ability to approximate a wider range of truth, it also deeases the chance
to concentrate near a particular true density given enough samgle Hence there
is always a trade-o between (i) and (ii)) and a ne balance is requiredd achieve
consistency.Ghosal et al.(1999 provided two sets of su cient conditions for strong
and weak consistency. For simplicity assume,, . Before discussing the su cient

conditions, a notion of prior support is quite important.

De nition 5. f is said to be in the Kullback-Leibler support of the prior (write

asfoPKLp g if KL Fogqj Oforany  O.

Theorem 6. 1. The posterior is weakly consistent at, if fo P KL p gfor any

4



2. The posterior is strongly consistent at, with f, satisfying (1) and for every

i O, there exists a {4, ci;¢ 4 0, 2{8 and subset$, € F such that

(@ pFfq cpexpt ncpuand
(b) logNp; Fni}},a n .

The complexity of the model space is measured by the sequeRgg also referred
to as the sieve. Clearly, the weak topology doesn't require limiting theomplexity
for achieving consistency, having a large prior support alone su se

Although the idea of consistency is useful, quantifying the speed cbnvergence
of the posterior is necessary to determine the number of samplegjuired to obtain
a desired accuracy upto constants. The speed or the rate of vergence is de ned
in terms of the smallest shrinking neighborhood around the truth tat still contains
all the posterior mass asymptotically. It is important to note here hat determining
the rate of convergence alone cannot satisfactorily foretell eotly the sample size
required to obtain the desired accuracy as the constant is quite ftato determine

accurately in most cases.

De nition 7. A posterior , is said to concentrate around y with rate at least |

in the L, topology if
aBw Hoaq [Y'gN 1 rfosas: (1.6)
for some large constanM | O.

An accurate calculation of prior concentration and calibration of th model space
(Ghosal et al, 200Q Ghosal and van der Vaart 200) allow us to compute posterior

convergence rates.



Theorem 8. Suppose that for a sequencg with , N 0 andn 2 N 8 , a constant

C and setsF, € F, we have

logNpn;Fni}}qen 2; (1.7)
nPFrgmexpt n2pC  4gy (1.8)
» »
n o fologf {fom 2; fodogf{fofom 2 ¥ expp n 2Cq (1.9

then there exists a constanM | 0 such that

nfSm ,fod |Y"q N1 rfpsas:

The form of the condition (1.9 can be motivated from entropy considerations.
Suppose, we wish to satisfyl(9) for the minimal , satisfying (1.9 with F, F,
i.e., for the optimal rate of convergence for the model. Furtherme, for the sake of
argument, assume that all the distances are equivalent. Then a nmmal ,-cover of
F consists of expn 2uballs. If the prior , would spread its mass uniformly oveF ,
then every ball would obtain mass approximately exp Cn 2u. Hence a rough impli-
cation of the conditions of TheorenB is that |, should spread its mass uniformly in
order for the posterior to attain the optimal rate of convergerne. Ghosal et al.(2000;

Ghosal and van der Vaart(200) also provided several modi cations of Theoren8.
1.2 Review of Gaussian processes

Another key to this dissertation is the use of conditionally Gaussianrpcesses which
is a powerful tool for function estimation in general. A Borel measable random
elementW with values in a separable Banach spag#;} }q (e.g., Cr0; 19 is called
Gaussian if the random variabld W is normally distributed for any elementb PB ,

the dual space oB. Note that under this general de nition

J
fpa =~ GBjEG G N ’gi L (1.10)

j 1

6



onJ andt J-z;j 1;:::;Ju. Such a representation covers a wide range of models
and is exible enough to approximate a smooth function for su cienty large J and
thus can be suitably used for function estimation. To characterizthe support of
a Gaussian process, one must study the reproducing kernel Hilbepace (RKHS)
associated with a Gaussian process.

The RKHS H attached to a zero-mean Gaussian proce¥$ taking values in a
Banach spaceB is de ned as the completion of the linear space of functiorts PN

EWpcH relative to the inner product

XEWp 1, EWpd,yy  EHiHy;

o

where H;H 1 and H, are nite linear combinations of the form , aWpsiq with

a, PR ands; in the index set ofW. It is a well-known fact the support of a Gaussian
process is the closure of the RKHS iB. The RKHS plays an important role in
determining the concentration properties of the process arouradsmooth function.

Refer to van der Vaart and van Zanten(2008H for further detalils.
1.3 Research Problems

Our rst problem is related to variable selection in Bayesian nonparagtric regres-
sion. Theoretical study of variable selection in in nite-dimensional mdels using
sparsity favoring priors is an important area of modern researchhich di ers signif-
icantly from variable selection in nite-dimensional models. More spécally, if the

true regression function is actually lower dimensional, the frequest minimax rate of
estimating the regression function remains unaltered in a parama&trmodel but can
be improved by a signi cant margin in in nite dimensional models Barron et al.,

1999a Kerkyacharian et al, 2002 Ho mann and Lepski, 2002 Klutchniko , 20035.



Consider the non-parametric mean regression model,

yi  pga i x Pojls o Ng; g (1.11)

In a Bayesian context, one would place a Gaussian process prior foand a hy-
per prior on the bandwidth parameter and model-average acrosseadent values of
the bandwidth through the posterior distribution. The parametera in the squared-
exponential covariance kernel exp alls t||?qplays the role of a scaling or inverse
bandwidth. van der Vaart and van Zanten(2009 showed that with a gamma prior
on a%, one obtains the minimax rate of posterior contractionn > 99 yp to a
logarithmic factor for -smooth functions adaptively over all j 0. Even with
moderate number of dimensions, the assumption of the true fumah being in an
isotropic smoothness class characterized by a single smoothneassameter seems
restrictive. Practitioners often use a non-homogeneous variaof the squared ex-
ponential covariance kernel above given bZps;tq  expp ) Jd 3ls tlkg A
separate scaling variabley for the di erent dimensions incorporates dimension spe-
cic e ects in the covariance kernel, intuitively enabling better appoximation of
functions in anisotropic smoothness classes. In particular, onendat a subset of the
covariates to drop out from the covariance kernel by setting saof the scales; to
zero. Such a model was recently studied Bavitsky et al. (201)); Zou et al. (2010,
who used a point mass mixture prior on the bandwidth. Although this isan at-
tractive scheme for anisotropic modeling and dimension reduction iron-parametric
regression problems with empirical support, there hasn't been atlyeoretical study
on this class of models in a Bayesian framework to our knowledge. larpcular,
there is an open question whether the rate of posterior contrach can be improved
when the true regression function is supported on a lower dimensarspace. We
want to develop a fully adaptive Bayesian nonparametric procedurinat achieves

this.



Our second problem is regarding robust Bayesian inference on theam regression
function allowing the residual density to change exibly with predictes. To simplify
inferences and prior elicitation, it is appealing to separate the meaegression func-
tion from the residual distribution in the speci cation, which is accomplished by
only a few density regression methods. The general frameworksajparately mod-
eling the mean function and residual distribution nonparametrically as introduced
by Grin and Steel (201Q. They allow the residual distribution to change exibly
with predictors using the order-based Dirichlet proces&rin and Steel (20060.
On the other hand, we want to develop a computationally simpler spiecation with
straightforward prior elicitation. Moreover, existing theory on Gaissian process re-
gressionChoi and Schervisn20073; Choi (2009 ensures consistently estimating the
regression function assuming parametric error distribution. Onef the key theoret-
ical problems lies in generalizing their theory to the case of nonparairnic error
distribution.

Although there has been a well developed literature in studying pasior consis-
tency and convergence rates in nonparametric Bayes density isgtion and mean
regression models, there has been a dearth of such results in dgnegression
models, particularly since the post Dirichlet process regime has settie develop-
ment of numerous predictor-dependent random measures for deting conditional
distributions e.g., the class of dependent random processddatcEachern 1999
De lorio et al,, 2004 Grin and Steel , 2006h Rodriguez and Dunson2011g. Our
third research problem is providing a general theoretical framewofor character-
izing the support of priors for conditional distributions. In doing s¢ a fundamen-
tal technical problem lies in calibrating a large space of conditional dsities. It
has been noted byWu and Ghosal (2010 that the usual method of constructing
a sieve by controlling prior probabilities is unable to lead to a consistepcaheo-
rem in the multivariate case. This is because of the explosion of thetepy (ad)

9



3

oft Npy;;l ¢odPp q: Ppp a,;a,§q i 1 u with increasing dimension. They
developed a technique speci c to the Dirichlet process in the multiveate case for
showing weak and strong posterior consistency. We would like to ddep technique
for constructing a sieve for high-dimensions suited to general mixe models.

We next turn our attention to methodological questions related t@ayesian man-
ifold estimation. With technological advancements, there has beenneed to model
complex objects associated with complex data-types, e.g. 2D pixeld images, a
cloud of points in the 3D space, etc. Traditional function estimatiormethods seem
to be inadequate for this purpose. Boundaries of objects are wiglsstudied across
many disciplines, such as biomedical imaging, cytology and computéasioen. In de-
scribing complex boundaries, one can use a parametric curve (2D)soirface (3D),
i.e. Cpgq: D1 N R% or Cptq: D, N RS respectively, whereD; € R and D, € RZ.
Note that this is di erent from a typical function estimation problem because the
independent variable,t, is unknown. Moreover, the curve must be closed to pro-
duce a valid boundary. In many applications featuring low-contrastnages or sparse
and noisy point clouds, there is insu cient data to recover local sagents of the
boundary in isolation. Thus, it also becomes critical to model the bawlary's global
shape. Multiple related objects may share shape similarities that cdre leveraged
for improved inference of boundaries. However, to the best ofroknowledge, there
are few curve models which incorporate detailed shape informatiobastly, very few
works have considered integrating both curve tting and shape atysis. We want to
develop a model based approach for characterizing a population2id closed curves
representing the complex boundary of 2D shapes in pixelated images

Our next intention is to develop models for closed surfaces from pbioud data
because of their usefulness to represent a variety of 3d shapetiding human bones,
anatomical organs which are often encountered in practice. In mga applications
such as in establishing the target for linac-based radiation therapit is necessary

10



to characterize the uncertainty in the 3D tumor contour to compte an expanded
contour, called a planning target volume (PTV). This PTV is used as th target
to which the full radiation dose is delivered. Naturally larger margin gxansions
increase the likelihood that the tumor is treated e ectively, but alsdncrease the dose
delivered to healthy normal tissues. Bayesian approaches are ideacharacterizing
this uncertainty and calibrating the PTV. The existing literature on dosed surface
modeling focuses on frequentist point estimation methods that joisurface patches
along the edges leading to heavy geometric constraints. One of thain motivations
is to develop a model for a closed surface which avoids the need fay aonstraints.
This can improve mixing of the MCMC employed for inferring the posteéor surface
and facilitate interpretation of the coe cients. To the best of our knowledge, there
hasn't been any model-based work on tting a closed parametric dace to a sparse
and noisy point cloud data, particularly from a Bayesian point of viewAlso studying
the structure of the constrained Euclidean spaces on which theigr distribution for
a closed surface is supported is particularly challenging as currenaysian theory
mostly focus on unconstrained surface estimation.

Our next question is related to a fundamental problem in spatial potrpattern
data modeling. Geostatistical models focus on inferring a continusspatial process
based on data observed at nitely many locations, with the location$ypically as-
sumed to be noninformative. As noted byDiggle et al. (2010, this assumption is
commonly violated for point-referenced spatial data, as it is not wsual to collect
data at locations thought to have a large or small value for the outene. For exam-
ple, in monitoring of air pollution, one may place more monitors at locatits believed
to have a high value of ozone or another pollutant, while in studying disbution
of animal species one may systematically look in locations thought t@rmamonly
contain the species of interest.Diggle et al. (201Q proposed a shared latent pro-
cess model to adjust for bias due to informative sampling location3heir analysis

11



was implemented using a Monte Carlo approach for maximum likelihoodtmsation.
However it is not clear whether the data contain information abouttie informa-
tiveness of the sampling locations, and one may wonder to what entehe prior is
driving the results even in large samples. We would like to develop a Baijen model

for informative sampling and address these theoretical concerns
1.4 Our contribution

In Chapter 2, we focus on nonparametric mean regression problem involving mulép
predictors where the interest is in estimating the multivariate regrgsion surface in
the important predictors while discarding the unimportant ones. Oufocus is on
de ning a Bayesian procedure that leads to the minimax optimal ratef posterior
contraction (up to a log factor) adapting to the unknown dimensiorand anisotropic
smoothness of the true surface. We propose such an approaelsdil on a Gaussian
process prior with dimension-speci ¢ scalings, which are assignedefally-chosen

hyperpriors. We obtained fully Bayesian frameworks for the followgscenarios.

1. Adaptive estimation over Holder smooth functions that can pogsy depend

on fewer coordinates and have isotropic smoothness over the e@nng co-

to all ‘; subsets of siz&, (iii) generate a pair of random variablega; g with

a® gamma andb drawn from any compactly supported density, and nally,

(iv)let & aforj PSanda Dbforj RS.

2. Adaptive estimation over anisotropic Holder functions ofl arguments: We

12



following hierarchical speci cation. Let P 1;:::; 4qdenote a random
vector with a density supported on the simplexSy ;. Given , we let the
elements ofpay;:::;a4q be conditionally independent, witha]-l{ ' g, whereg

is a gamma density. This is a novel generalization of the previous case

We also demonstrated the necessity of using multiple bandwidths byqving that
the optimal prior choice in the isotropic case leads to a sub-optimabovergence rate
if the true function depends on fewer coordinates.

In Chapter 3, we consider the problem of robust Bayesian inference on the mean
regression function allowing the residual density to change exibly itth predictors.
To accomplish this, we propose to place a Gaussian process prior dwe regres-
sion function and to allow the residual density to be unknown throug a probit
stick-breaking (PSB) process mixture. Here, we propose fourveb variants of PSB
mixtures for the residual distribution. The rst uses a scale mixtue of Gaussians to
obtain a prior with large support on unimodal symmetric distributions The next is
based on a symmetrised location-scale PSB (sPSB) mixture, which i©ra exible
in avoiding the unimodality constraint, while constraining the residuablensity to be
symmetric and have mean zero. In addition, we show that this prior &gls to strong
posterior consistency in estimating the regression function undareak conditions.
To allow the residual density to change exibly with predictors, we geeralize the
above priors through incorporating probit transformations of Gassian processes in
the weights.

In Chapter 4, de ning various topologies on the space of conditional distributics)
we provide su cient conditions for posterior consistency focusingn a broad class of
priors formulated as predictor-dependent mixtures of Gaussiaretnels. This theory
is illustrated by showing that the conditions are satis ed for a classfayeneralized

stick-breaking process mixtures in which the stick-breaking lengshare monotone,
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di erentiable functions of a continuous stochastic process. We algrovide a set
of su cient conditions for the case where stick-breaking lengthsra predictor inde-
pendent, such as those arising from a xed Dirichlet process prioA key technical

contribution of this article is the development of a novel method ofanstructing a
sieve, suited particularly to multivariate and predictor dependent nxture priors.

We developed a technique suited to general mixture models basedmarginalizing

out the random measure® and calibrating the space of in nite mixture models by a
nite mixture with increasing number of components subject to a td condition as
follows. LetF,,

#» 8 8 *

N ddPpa  n y niladill nlle anh Liinmy h

h 1 h my 1

for a,; m, increasing. The proposed sieve alleviates the curse of dimensional-
ity (Wu and Ghosal 2010 and can be used to show consistency in a large va-
riety of mixture models for multivariate density estimation (Tokdar, 2011H and
can be generalized to accommodate predictor dependent mixtureodels for con-
ditional density estimation (Pati et al., 2019. Our sieve construction has also
opened up the possibility of studying posterior consistency and cmmrgence rates
in sparse multivariate mixtures of factor analyzers NlcLachlan and Peel 200Q
Canale and Dunson201] and probability tensor decomposed models for categorical
data analysis Bhattacharya and Dunson 2011).

In Chapter 5, we proposed a Bayesian hierarchical model for boundaries of 2D
shapes contained in pixelated images. The model is based on a noveltistale
deformation process. By relating multiple objects through a hierahical formulation,
we can successfully recover missing boundaries by borrowing shagermation from
similar objects at the appropriate scale. Furthermore, the modelatent parameters

help interpret the population, indicating dimensions of signi cant shpe variability
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and also specifying a central curve that summarizes the collectio®ften we have
information about surface normals, position of the nucleus and ah information
in addition to pixel locations in these images. We incorporate these arfation to
obtain a better t without any compromise in computational e ciency. Theoretical
properties of our prior are studied in speci ¢ cases and e cient Mdwov chain Monte
Carlo methods are developed, evaluated through simulation examplend applied to

a brain tumor contour detection problem.

In Chapter 6, we develop a Bayesian model for closed surfaces based on tensor

products of a cyclic basis resulting in in nitely smooth surface realizeons avoiding
heavy geometric constraints required to join the surface patcheTheoretical proper-
ties of the support of our proposed prior are studied and it is shovthat the posterior
achieves the optimal rate of convergence under reasonable agstions on the prior.
Chapter 6 laid the foundation for hierarchical modeling of multiple shapes, bot&d
and 3d. It allows the possibility of multitask learning, incorporation ofcovariates
and do hypothesis testing and dynamic models for closed surfaces.

To address the question associated with preferential sampling in ipppattern
data modeling, we follow a Bayesian approach in which the locations ameodeled
using a log Gaussian Cox procesd(ller et al. , 200), with the intensity function
included as a spatially-varying predictor in the outcome model, whichlso includes
spatial random e ects drawn from a Gaussian process. We incomate a sampling
bias term a which causes a tendency to take more observations at spatial ltoas
having relatively high outcome values. We empirically showed that a jdirmodel
of the responses and the sampling locations can lead to improved giotion and
characterization of uncertainty. To our knowledge, we are the st to develop a
Bayesian approach to the informative locations problem in geostatiisal modeling.
A major contribution is studying the theoretical properties of themodel. We address
this concern by proving that the posterior is proper under a noniofmative prior on
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a. In addition, one can consistently estimate, the density of the sampling locations
and the mean function of the outcome process. Ongoing work fees on quantifying
the increase in the amount of information in the sampling bias term witsample size
by studying the posterior convergence rates of the parametar

In Chapter 8, we outline future directions related to the current threads on desity

regression models and hierarchical modeling of objects.
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2

Adaptive dimension reduction with a Gaussian
process prior

2.1 Introduction

Non-parametric function estimation methods have been immenselyopular due
to their ability to adapt to a wide variety of function classes with unkmown
regularities. In Bayesian nonparametrics, Gaussian procességagmussen 2004
van der Vaart and van Zanten 20080 are widely used as priors on functions due
to tractable posterior computation and attractive theoretical poperties. The law
of a mean zero Gaussian procesd, is entirely characterized by its covariance
kernel cps;tq EpNW,g A squared exponential covariance kernel given by
cpsitq  expp a}s  t}2qis commonly used in the literature.

It is well established Stone 1982 that given n independent observations, the
optimal rate of estimation of ad-variable function that is only known to be -smooth
isn 2 da The quality of estimation thus improves with increasing smoothnessf
the \true" function while it deteriorates with increase in dimensionaliy. In practice,

the smoothness is typically unknown and one would thus like to have a unied
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estimation procedure that automatically adapts to all possible smétiness levels of
the true function. Accordingly, a lot of e ort has been employed talevelop adaptive
estimation methods that are rate-optimal for every regularity legl of the unknown
function.

The literature on adaptive estimation in a minimax setting was initiated ly Lepski
in a series of paperslepski, 1990 1991 1992; see alsdBirge (2007 for a discussion
on this topic. We also refer the reader tblo mann and Lepski (2002, which contains
an extensive list of developments in the frequentist literature on agbtive estimation.
There is a growing literature on Bayesian adaptation over the last dade. Pre-
vious works includeBelitser and Ghosal(2003; Ghosal et al. (2003 2008; Huang
(2009; Rousseau(2010; Kruijer et al. (2010; De Jonge and van Zanten(2010;
Shen and Ghosa(2011).

A key idea in frequentist adaptive estimation is to narrow down the s&ch for an
\optimal" estimator within a class of estimators indexed by a smoothess or band-
width parameter, and make a data-driven choice to select the prep bandwidth.
In a Bayesian context, one would place a prior on the bandwidth pamseter and
model-average across di erent values of the bandwidth througlhé posterior distri-
bution. The parametera in the squared-exponential covariance kernel plays the
role of a scaling or inverse bandwidthvan der Vaart and van Zanten(2009 showed
that with a gamma prior on a“, one obtains the minimax rate of posterior contrac-
tion n 2 dayp to a logarithmic factor for -smooth functions adaptively over all

i O.

In multivariate problems involving even moderate number of dimensisn the
assumption of the true function being in an isotropic smoothness sk character-
ized by a single smoothness parameter seems restrictive. Practigos often use
a non-homogeneous variant of the squared exponential covagankernel given by
cps;tq  expp i Jd .31s;  tj|’g A separate scaling variabley for the di erent di-
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mensions incorporates dimension speci ¢ e ects in the covariancerkel, intuitively
enabling better approximation of functions in anisotropic smoothrss classes. In
particular, one can let a subset of the covariates drop out of theoeariance ker-
nel by setting some of the scaleg; to zero. Such a model was recently studied in
Savitsky et al. (2011, who used a point mass mixture prior on logg; P 10; 1s
Zou et al. (2010 also used a similar model for high-dimensional non-parametric vari-
able selection. Although this is an attractive scheme for anisotropimodeling and
dimension reduction in non-parametric regression problems with engaging empir-
ical performance, there hasn't been any theoretical studies afyanptotic properties
in related models in a Bayesian framework.

In the frequentist literature, minimax rates of convergence in anigropic Sobolev,
Besov and Helder spaces have been studied libragimov and Khasminski (1981);
Nussbaum (1989; Birge (1986, with adaptive estimation procedures developed
in Barron et al. (19993; Kerkyacharian et al. (2001; Ho mann and Lepski (2002;
Klutchniko (20095 among others. The traditional way of dealing with anisotropy is
to employ a separate bandwidth or scaling parameter for the di eré dimensions,
and choose an optimal combination of scales in a data-driven way. Wever, the mul-
tidimensional nature of the problem makes the optimal bandwidth $ection di cult
compared to the isotropic case, as there is no natural ordering ang the estimators
with multiple bandwidths (Lepski and Levit, 1999.

It is known (Ho mann and Lepski, 2002 that the minimax rate of convergence

for a function with smoothness ; along theith dimension is given byn o2 o 1q

where ! Id 1 1 is an exponent of global smoothneg®Birge, 198§. When

i foralli 1;:::;d, one reduces back to the optimal rate for isotropic classes.
On the contrary, if the true function belongs to an anisotropic clas the assumption
of isotropy would lead to loss of e ciency which would be more and moraccentu-

ated in higher dimensions. In addition, if the true function dependsroa subset of
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coordinatesl t iy;:::;igu € t1;:::;dufor some 1= dy @ d, the minimax rate

would further improve ton o2 o 14 with ! [P

The objective of this chapter is to study whether one can fully adapo this larger
class of functions in a Bayesian framework using dimension speci cscalings of a
homogenous Gaussian process, referred to as a multi-bandwidtlauGsian process
from now on. We answer the question in the a rmative and develop alass of priors
which lead to the optimal raten © 2 o 14 of posterior contraction (up to a log
term) for any and | without prior knowledge of either of them.

The general su cient conditions for obtaining posterior rates of onvergence
(Ghosal et al, 2000 involve nding a sequence of compact and increasing sub-
sets of the parameter space, usually referred to as sieves, whate \not to
large" in the sense of metric entropy and yet capture most of theripr mass.
van der Vaart and van Zanten(20083 developed a general technique for construct-
ing such sieves with Gaussian process priors, which involved subtle mipa-
lations of the reproducing kernel Hilbert space (RKHS) of a Gaussiapro-
cess Yan der Vaart and van Zanten 2008H). A key technical advancement in
van der Vaart and van Zanten(2009 was to extend the above theoretical framework
to the setting of conditionally Gaussian random elds. In particular,they exploited
a containment relation among the unit RKHS balls with di erent bandwidhs to
construct the sievesB, in their framework. Their construction can be conceptually
related to the general framework for adaptive estimation develegd in Lepski (199Q
1991 1992, where a natural ordering among kernel estimators with di ereinscalar
bandwidths is utilized to compare di erent estimators and balance th bias-variance
trade-o . However, it gets signi cantly more complicated in situatins involving mul-
tiple bandwidths to compare kernel estimators with di erent vectos of bandwidths.
In multi-bandwidth Gaussian processes, a similar problem arises in cpaming unit

RKHS balls of Gaussian processes with di erent vectors of bandwitk, and the tech-

20



niques ofvan der Vaart and van Zanten(2009 cannot be immediately extended to
obtain adaptive posterior contraction rates in this case.

Our main contribution is to address the above issue by a novel priopaci cation
on the vector of bandwidths and a careful construction of the sies B,, which can
be used to establish rate adaptiveness of the posterior distributian a variety of
settings involving a multi-bandwidth Gaussian process. For simplicityfaexposition,
we initially study the problem in two parts: (i) adaptive estimation overanisotropic
Helder functions ofd arguments, and (ii) adaptive estimation over functions that can
possibly depend on fewer coordinates and have isotropic Helder aothness over the
remaining coordinates. In each of these cases, we propose a jpimr on the band-
widths induced through a hierarchical Bayesian framework. To ai the problem
of comparing between di erent vectors of scales, we aggregateoa collection of
bandwidth vectors to construct the setdB,,. New results are developed to bound the
metric entropy of such collections of unit RKHS balls. Combining theseesults, we
balance the metric entropy of the sieve and the prior probability of & complement.
The prior speci cations for the two cases above are easy to integt intuitively and
can be easily connected to prescribe a unied prior leading to adapity over (i)
and (ii) combined. In particular, our proposed prior has interestingonnections to a
class of multiplicity adjusting priors previously studied byScott and Berger(2010
in a linear model context.

Although our prior speci cation involving dimension-speci ¢ bandwidh parame-
ters leads to adaptivity, a stronger result is required to concludéhait a single band-
width would be inadequate for the above classes of functions. Weope that the
optimal prior choice in the isotropic case leads to a sub-optimal cagngence rate if
the true function depends on fewer coordinates by obtaining a lowbound on the
posterior contraction rate. The general su cient conditions forrates of posterior
contraction provide an upper bound on the rate of convergence phying that the
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posterior contracts at least as fast as the rate obtainedastillo (200§ studied lower
bounds for posterior contraction rate with a class of Gaussian press priors. We
extend the results ofCastillo (2009 to the setting of rescaled Gaussian process pri-
ors. We develop a technique for deriving a sharp lower bound to therecentration
function of a rescaled Gaussian process, which can be used for gamnmg the pos-
terior convergence rates obtained for di erent prior distributiors on the bandwidth
parameter.

The remaining chapter is organized as follows. In Sectiah2, we introduce
relevant notations. Section2.3 discusses the main developments with applications to
anisotropic Gaussian process mean regression and logistic Gauspiatess density
estimation described in subsectio@.3.4 In Section2.4, we study various properties
of multi-bandwidth Gaussian processes which are crucially used in tpeoofs of the
main theorems in Sectior2.5and should also be of independent interest. Secti@6
establishes the necessity of the multi-bandwidth Gaussian procg§sP) by showing
that a single rescaling can lead to sub-optimal rates when the truarfction is lower-

dimensional.
2.2 Specic notations

To keep the notation clean, we shall only use boldface farb and to denote
vectors.

We shall make frequent use of the following multi-index notations. Fwectorsa;b
[e] + +
: d : *d : *d : : : .
PRY, let a: ;194 [ 19al i 1aha maxa;a min a;ai{b

+

pu{by; i af{bd;a bop ashy;ii;aghyd; aP o 1a?. Denotea© b if g & h

Let Cr0;1s" and C r0; 1s" denote the space of all continuous functions and the
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Helder space of -smooth functionsf : r0;1s' N R respectively, endowed with the
supremum norm}f }g SUppo1s [f gL For j 0O, the Helder spaceC r0; 1
consists of functionsf P Cr0; 1< that have bounded mixed partial derivatives up
to order t uy with the partial derivatives of ordert ubeing Lipschitz continuous of
order tu

Next, we de ne an anisotropic Helder class of functions previouslysed in
Barron et al. (19993 and Klutchniko (2005. For a function f P Cr0; 1<%,
x P 10;1¢, and 1 & i & d, let f;p | xq denote the univariate functiony PN
fxe i Xi 1Y% 1,00 X¢0 For a vector of positive numbers P 1;:: 4G
the anisotropic Helder spaceC r0; 1" consists of functiond which satisfy, for some
Li O,

tju

max sup  DIfip xq, = L (2.1)
m'nnmeﬂ§j 0

and, for anyy P 10; 1s, h small such thaty h P 10;1sand for all 1= i & d,

sup D''fipy h|xq D'“fipy|xq, = L|hl " "M (2.2)
xPr0; 14
Fort PRY and a subsetl €t 1;:::;du of size|l| dwith 1 o d=a d, lett

denote the vector of sized consisting of the coordinatest; : j Plg Let Cr0;1s

denote the subset o€r0; 1s" consisting of functionsf such thatf pg gpt, gfor some
function g P Cr0; 1s™. Also, let C r0; 1S denote the subset ofc r0; 1< consisting
of functionsf such thatf ptq gpt, gfor some functiong PC ' r0; 1<7.

The -covering numberNp; S; dqg of a semi-metric space relative to the semi-
metric d is the minimal number of balls of radius needed to covelS. The logarithm
of the covering number is referred to as the entropy.

We write \A" for inequality up to a constant multiple. Let

pxq p2 g ¥2expp x?{2q denote the standard normal density, and
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let pxq P gp{ g Let an asterisk denote a convolution, e.g.,
3

p fyq py  xd pxepx.  Let f* denote the Fourier transform of a

function f whenever it is de ned. Denote bySy ; the d 1-dimensional simplex

consisting of pointstx PRY : x; ¥ 0;1a i o d; :j X 1
2.3 Main results

Let W t W; : t P 10;1s'u be a centered homogeneous Gaussian process with
covariance function pWsW,q c¢ps tg By Bochner's theorem, there exists a nite

positive measure on RY, called the spectral measure oV, such that
»

cpg  e®'9pdg

Rd

where for u;v. P CY pu;vg denotes the complex inner product. As in
van der Vaart and van Zanten (2009, we shall restrict ourselves to processes with

spectral measure having sub-exponential tails, i.e., for some j O,
»

eltpq 8 : (2.3)

The spectral measure of a squared exponential covariance kernel withptq
expp } t}°q has a density w.r.t. the Lebesgue measure given bip g
1{p2® “2gexpp } }*{4qwhich clearly satis es @.3).

Rates of posterior contraction with Gaussian process priors wenest studied
by van der Vaart and van Zanten(2008g, who gave su cient conditions in terms
of the concentration function of a Gaussian random element for mal rate of
convergence in a variety of statistical problems including density ta®ation using
the logistic Gaussian procesd_€nk, 1988 199]), Gaussian process mean regression,
latent Gaussian process regression (e.g., in logit, probit models), aig classi cation,
etc. As indicated in the introduction, one needs to build appropriateieves in the
space of continuous functions to get a handle on the posterior est of convergence
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in such models. van der Vaart and van Zanten(20083 constructed the sieves as a
collection of continuous functions within a small (sup-norm) neighbvbood of a norm-
bounded subset of the RKHS. Sharp bounds on the complement pability of such
sets can be obtained using Borell's inequalityBorell, 1975, and the metric entropy
can also be appropriately controlled exploiting the fact that the RKI$ consists of
smooth functions if the covariance kernel is smooth. It is importanto mention
here that a similar strategy involving a subset of continuous functiss bounded in
sup-norm doesn't work beyond the uni-dimensional cas&dkdar and Ghosh 2007.
A processW with in nitely smooth sample paths is not suitable for modeling
less smooth functions. Rescaling the sample paths of an in nitely swih Gaus-
sian process is a powerful technique to improve the approximatiorf o-Helder
functions from the RKHS of the scaled proces*sWtA Wy @t P 101
with A j 0. Intuitively, for large values of A, the scaled process traverses the
sample path of an unscaled process on the larger interved; A, thereby in-
corporating more \roughness". In the context of univariate fuotion estimation,
van der Vaart and van Zanten(2007 had previously shown that a rescaled Gaus-
sian processW?a with a deterministic scaling a, nP2 ldlog n leads to the
minimax optimal rate for -smooth functions up to a log factor. This speci ca-
tion requires knowledge of the true smoothness to obtain the minimaate. Since
the true smoothness is essentially always unknown, one would idealipmoy a ran-
dom rescaling, i.e., place a prior on the scal@an der Vaart and van Zanten(2009
studied rescaled Gaussian process#s® t Wy : t P 10;1s'u for a real positive
random variable A stochastically independent ofW, extending the framework of
van der Vaart and van Zanten(20083 to the setting of conditionally Gaussian ran-
dom elements (see alsbe Jonge and van Zanter{201Q for a di erent class of con-
ditionally Gaussian processes).van der Vaart and van Zanten(2009 showed that
with a Gamma prior on A%, one obtains the minimax-optimal rate of convergence
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n {2 d(yp to a logarithmic factor) for -smooth functions. Since their prior
speci cation does not involve the unknown smoothness, the procedure is fully
adaptive.

The key result ofvan der Vaart and van Zanten(2009 was to construct the sieves
B, € Cr0; 1< so that given | 0, a functionwg PC r0; 1s", and a constantC j 1,

there exists a constantD | 0 such that, for every su ciently large n,

logNp,;Bn;}}gqaDn 2; (2.4)
PPNA RB,qoe °"1; (2.5)
PPWA w, @ ,q¥e"¥; (2.6)

8

with , n 2 l9dognqg:; , n 2 19dognq? for constants ;; »j O.

There is a deep connection between the above measure theoreésult involv-
ing the concentration probability and complexity of the support of he conditional
Gaussian proces®/” and rates of posterior contraction with Gaussian process pri-
ors. van der Vaart and van Zanten(20083@ mention that the conditions (2.4) - (2.6)
have a one-to-one correspondence with the general su cient rditions for rates of
posterior contraction (Theorem 2.1 ofGhosal et al.(200Q). In a speci ¢ statistical
setting involving Gaussian process priors on some function, sieveghe parameter
space of interest can be easily obtained by restricting the unknovianction to such
setsB,. It only remains to appropriately relate the norm of discrepancy szi c to
the problem (e.g., Hellinger norm for density estimation) to the Bandcspace norm
(sup-norm in this case) of the Gaussian random element to concluithat maxt ,; ,u
is the rate of posterior contraction; refer to the discussion follamg Theorem 3.1 in
van der Vaart and van Zanten(2009.

In this chapter, we shall consider two function classes de ned in 8®n 2.2
(i) Helder class of functionsC r0; 1< with anisotropic smoothness ( P RY), and

(i) Helder class of functionsC r0;1s with isotropic smoothness that can possibly
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depend on fewer dimensions (j O and!l € t 1;:::;du). We shall study multi-

bandwidth Gaussian processes of the fornWta Wa: : t P 10;1<u for a vector of

For a continuous function in the support of a Gaussian process, eéhprobability
assigned to a sup-norm neighborhood of the function is controlley lthe centered
small ball probability and how well the function can be approximatedrbm the
RKHS of the process (Section 5 ofan der Vaart and van Zanten(2008b). With
the target class of functions as in (i) or (ii), a single scaling seems irefliate and it
is intuitively appealing to introduce multiple bandwidth parameters to @large the
RKHS and facilitate improved approximation from the RKHS.

As in van der Vaart and van Zanten (2007, we shall rst consider minimax
estimation with deterministic scalingsa,. van der Vaart and van Zanten (20083
showed that the rate of posterior contraction with a Gaussian paess priorW is
determined by the behavior of the concentration function ,,,p qfor close to zero,

where

woP G inf ~ }h}, logPpW}, o g (2.7)

h:H:}h wo}g &

andH is the RKHS of W. (We tacitly assume that there is a given statistical problem
where the true parameterlf; is a known function ofw,.) Based on their result, with
a multi-bandwidth Gaussian process prioW 2, the posterior distribution would
asymptotically accumulate all of its mass on a@p ,qgball around the true parameter,

where , is the smallest possible solution to

&p,qAn2; (2.8)

with Vav‘gpnq denoting the concentration function of the scaled proces&/@ . In
the following Theorem9, we state choices of the bandwidth parameters speci c to

() and (ii) that lead to minimax rates of convergence. The proof folles from the
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properties of multi-bandwidth GPs developed in Lemmadl6{19 and hence is not
provided separately.

Theorem 9. 1. Supposew, P C r0;1s" for some P RY and let ,?!

o
d 1 [ At a A e
i

ajﬂ nl{pz o 1q of ' (29)
Then, with , n P2 ¢ 1djog  n for some constant 1, &p,qA n 2.

2. Supposeng PC r0;1s forsome j Oandl €t1;:::;duwith|I| d. Let

niez da e py

2.10
1 if j RI. (2.10)

An

Then, with , n 20 ddjog 2 n for some constant ,, &p,qA n 2.

Theorem 9 coupled with van der Vaart and van Zanten (20083 implies that a
multi-bandwidth Gaussian processV2 with a, as in (2.9 and (2.10 leads to the
minimax optimal rate of convergence in cases (i) and (ii) respectively

Theorem 9 requires knowledge of the true smoothness levels or the true dirnen
sionality for minimax estimation. This is clearly unappealing and one woulohstead
like to devise priors ona that lead to minimax rates for all smoothness levels. We
propose a novel class of joint priors on the rescaling vec@athat leads to adaptation
over function classes (i) and (ii) in Sectior2.3.1and 2.3.2respectively. Connections
between the two prior choices are discussed and a uni ed framewas prescribed
for the function class C r0;1s : PRY;I €t 1;:::;du( combining (i) and (ii).

The main technical challenge for adaptation is to nd setB,, so that (2.4){
(2.6) are satis ed with wp in the above function classes and, being the optimal
rate of convergence for the same. With such selB,, one can use standard results
to establish adaptive minimax rate of convergence in various statisal settings.
Applications to some speci c statistical problems are described in &®n 2.3.4
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2.3.1 Adaptive estimation of anisotropic functions

Let A = pAs;:::Aqd be arandom vector inR? with each A; a non-negative random

variable stochastically independent ofV. We can then de ne a scaled proceS&lA
tWp , it P10 1y, to be interpreted as a Borel measurable map i@r0; 15" equipped
with the sup-norm }},. The basic idea here is to stretch or shrink the di erent
dimensions by di erent amounts so that the resulting process bea®s suitable for
approximating functions having di erential smoothness along theicerent coordinate
axes.

We shall de ne a joint distribution on A induced through the following hier-
archical specication. Let p 1;:::; 4qdenote a random vector with a den-
sity supported on the simplexSy ;. In the subsequent analysis, we shall assume

Dirp 1;:::; gqforsome p q;:::; 40 Given , we let the elements of
A be conditionally independent, WithAjl{ ' g, whereg is a density on the positive

real line satisfying,

CixPexpp Dixlogixqg e gmxq e CoxPexpp D,xlog?xqg

for positive constantsCy; C,; D1; D, and every su ciently large x j O.

In particular, the conditions in the above display are satis ed withg O if Ajl{ j
follows a gamma distribution. For notational simplicity, we shall assumg to be a
gamma density from now on, noting that the main results would all holdor the

general form ofg above.

S+
Let , denote the induced joint prior onA, so that A paq Jd .

jod pg We now state our main theorem for the anisotropic smoothness stain

(i), with a detailed proof provided in Section2.5.

Theorem 10. Let W be a centered homogeneous Gaussian random eld Rfi with

spectral measure that satis es (2.3) and let WA denote the multi-bandwidth process
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with A A as above. Let p ;i1 4qbe a vector of positive numbers and

o P :j 1 lq 1. Supposew, belongs to the anisotropic Helder spac€ r0; 1<%,

Then for every constantC j 1, there exist Borel measurable subseBs, of Cr0; 18
and a constantD j O such that, for every su ciently large n, the conditions .41
(2.6) are satis ed by WA with , n of20 l9gognq; , n P2 o ladogng:?

for constants 1; ,i O.

2.3.2 Adaptive dimension reduction

i 0. If the true function has isotropic smoothness on the dimensioftsdepends
on, it is intuitively clear that one doesn't need a separate scaling foraeh of the
dimensions. Indeed, had we known the true coordinatés€ t 1;:::;du, we could
have only scaled the dimensions ih by a positive random variableA, and a slight
modi cation of the results in van der Vaart and van Zanten(2009 would imply that
a gamma prior onAl'l would lead to adaptation.

Without knowledge of1 , it is natural to consider mixture priors of the formA;
pPA p 1 poB, whereA and B are positive random variables and @ pa 1, so that a
subset of the dimensions are scaled By and the remaining byB. Assume a gamma
prior on A% and B any xed compactly supported density. We rst construct a samjpe
size dependent prior 2\ for A through the following deterministic speci cation for
p pn assuming knowledge dfl | and the true smoothness level .

A A pl pB;j Liind

Ph 1 exp g e n :

whered | I|. The following theorem is a result on partial adaptive estimation,
where we can adapt to the positions i using 2\ assuming only the knowledge of

[I'] and
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Theorem 11. Let W be a centered homogeneous Gaussian random eld Rf with
spectral measure that satis es (2.3) and letWA denote the multi-bandwidth process
with A A as above. Supposep P C r0; 1d and let| €t 1;:::;du with |I|
d .Then for every constantC j 1, there exist Borel measurable subses, of Cr0; 1<
and a constantD j O such that, for every su ciently large n, the conditions .41
(2.6) are satised by WA with , n ® dddognq:; , n ® 9 adogng:?
for constants 1; »i O.

As in the previous sub-section, our ultimate aim is to propose a jointjor on A so
that the rescaled proces!WA satis es conditions @.4){( 2.6) without the knowledge
of orl. We describe such a prior speci cation below.

Consider a joint prior 5 onA induced through the following hierarchical scheme:

assigning positive prior probability to all g subsets of sizaf, (iii) generate a pair
of random variablespA; B qwith A9 gamma andB drawn from a xed compactly
supported density, and nally, (iv) let A; A forj PSandA; B forj RS.

We next state our main result on adaptive dimension reduction. Therpof of
the following Theorem 12 has elements in common with the proof of the previous
theorem, and hence only a sketch of the proof is provided in Secti@rb. Theorem

11 can be proved along similar lines.

Theorem 12. Let W be a centered homogeneous Gaussian random eld Rf with

spectral measure that satis es (2.3) and let WA denote the multi-bandwidth pro-
cess withA A as above. Suppose, belongs to the Helder spac€ rO0; 18 for

some subsel of t1;:::;duand j 0. Then for every constantC ; 1, there

exist Borel measurable subset®, of Cr0;1s and a constantD j O such that,
for every su ciently large n, the conditions @.4){( 2.6) are satis ed by WA with
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N n {p2 doqﬂognq 1; n n {p2 doqdognqz fOI’ COI’]StantS 1; 2 | O and

do | 1].

Remark 13. A salient feature of our hierarchical prior formulation is hat the tail
heaviness ofA is related to the size of the subsé&, i.e., the number of dimensions
that are scaled by the non-compact random variabke. For larger subsetsS, the
tails of A get lighter, inducing a bigger penalty for large values Af In the previous
mixture speci cation A, rApl 0B, we believe that we needed the information
of anddp in the weights , since the interplay between the size & and the tall

heaviness ofA was missing.
2.3.3 Connections between cases (i) and (ii)

The joint distributions on A speci ed in Section2.3.1and 2.3.2are closely connected.
To begin with, note that if we setA; A and 1{d for all j, one obtains a
gamma prior onAY which was previously suggested byan der Vaart and van Zanten
(2009. In the general anisotropic case, the joint distribution can be mivated as
follows. Recall that the purpose of rescaling is to traverse the safa paths of an
in nite smooth stochastic process on a larger domain to make it morguitable for
less smooth functions. If the true function has anisotropic smdatess, then we
would like to stretch those directions more where the function is lessnooth. Now
note that for smaller values of j, the marginal distribution of & has lighter tails
compared to larger values of;. We would thus like ; to assume smaller values for
the directionsj where the function is more smooth and larger values corresponding
to the less smooth directions. Without further constraints on , it is not possible
to separate the scale oA from . This motivates us to constrain to the simplex
which serves as a weak identi ability condition.

In the limit as ; N 0, the distribution of a converges to a point mass at zero.
Accordingly, if the true function doesn't depend on a set gid d gdimensions, we
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would set ; O for those dimensions and choose the remainings fromad 1
dimensional simplex. In particular, if the function has isotropic smabness in the
remaining d coordinates, one can simply choosg 1{d for those dimensions.
This explains our choice of lettinga® follow a gamma distribution in Section2.3.2
Based on the above discussion, we combine the results in Secd.1and 2.3.2
to prescribe a uni ed framework for adaptively estimating functios which possibly
depend on fewer coordinates and have anisotropic smoothnesshie temaining ones,

i.e., functions inC r0;18 for PRY and!| €t 1;:::;du.
2.3.4 Rates of convergence in speci ¢ settings

The above two theorems are in the same spirit as Theorem 3.1 of
van der Vaart and van Zanten(2009 and Theorem 2.2 ofDe Jonge and van Zanten
(2010 and can be used to derive rates of posterior contraction in a vatyeof sta-
tistical problems involving Gaussian random elds. We shall consider eouple of
speci ¢ problems with the message that similar results can be obtamhdor a large
class of problems involving rescaled Gaussian random elds.

We rst consider a regression problem where given independent pesise variable
y; and covariatesx; P 10; 1s, the response is modeled as random perturbations around
a smooth regression surface, i.ey, ™ig . We assume; Np; ?qwith a
prior on supported on some intervata; s € r0; 89.

As motivated before, the regression surface might depend only ansubset of
variables inr0; 1! and have anisotropic smoothness in the remaining variables. It is
thus appealing to place a Gaussian process prior with dimension speaiescalings on

as follows. LetW denote a Gaussian process with squared exponential covariance
kernel cptqg expp } t}zq and A p Ay, Aqd be a vector of positive random
variables stochastically independent aiV. We use the conditionally Gaussian process

WAt Wp : tPIO; 1g'u as a prior for , with a joint prior on A induced through
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j PS, and set the remainingA;'s to zero.
We denote the posterior distribution by p | yi:::;y.G Let } }2

o

nt 7

. ’pxiq denote theL, norm corresponding to the empirical distribution of
the design points. Let the true value o of be contained in the intervalra; s The

posterior is said to contract at a rate ,,, if for every su ciently large M,

Eo;o p; q} O}n | Oll M nlyl;:::;yn NO

Theorem 14. Let p 1;:::; 49 be a vector of positive numbers antl be a

o

n ofrZ o ldlog n, where OI1 . jl'

Thus, one obtains the minimax optimal rate up to a log factor adaptig to the
unknown dimensionality and anisotropic smoothness.

A similar result holds for density estimation using the logistic Gaussianrpcess.

fo on the hypercuber0; 1. Suppose one uses a multi-bandwidth Gaussian process
exponentiated and re-normalized to integrate to one as the priomahe unknown
density f , so that

wA

fpg s

wA
ro;1sd eVs"ds

Theorem 15. Let p 1;:::; g¢qbe a vector of positive numbers andbe a subset

oftl;:::;du If wo logfoPC r0;1d, then the posterior contracts at the rate,,

o

n o2 a ldjog n with respect to the Hellinger distance, where,* [T

i
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The proofs of the above Theorem&4 and 15 follow in a straightforward manner
from our main results in TheoremlOand 12 We don't provide a proof here since the

steps are very similar to those in Section 3 @an der Vaart and van Zanten(20083.
2.4 Properties of the multi-bandwidth Gaussian process

We now summarize some properties of the RKHS of the scaled procay@
for a xed vector of scalesa, which shall be crucially used to prove our
main theorems. The rst ve lemmas generalize the results in sectiod of
van der Vaart and van Zanten(2009 from a single scaling to a vector of scales. A
key idea invan der Vaart and van Zanten(2009 to construct the sievesB, was to
exploit a containment relation among the unit balls of the RKHS with di erent
amounts of scaling. Such a result su ced in the single rescaling framverk exploit-
ing the ordering in elements oR . However, the result can only be generalized with
respect to the partial order onRY which is not su cient for our purpose. We develop
a technique to circumvent this curse of dimensionality by precisely lcalating the
metric entropy of a collection of unit RKHS balls.
Assume that the spectral measure of W has a spectral densityf . Fora PRY, the
rescaled proceV2 has a spectral measurea given by apBq  pB:{aq Further,
a admits a spectral densityf g, with fagp q a f p: {ag For wy PCr0; 1, de ne
S}Op qto be the concentration function of the rescaled Gaussian proséd/ 2.
As a straightforward extension of Lemma 4.1 and 4.2 in
van der Vaart and van Zanten (2009, it turns out that the RKHS of the pro-

cessW @ can be characterized as below.

Lemma 16. The RKHS H? of the process W2 : t P 10; 1s'u consists of real parts

of the functions
»

t N €P'%p qapd g
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whereg runs over the complex Hilbert spade,p ag Further, the RKHS norm of the

element in the above display is given Bg}, ,, aa

Lemma 4.3 ofvan der Vaart and van Zanten(2009 shows that for any isotropic
Helder smooth function w, convolutions with an appropriately chosen class of higher
order kernels indexed by the scaling parameterbelong to the RKHS. This suggests
that driving the bandwidth 1{a to zero, one can obtain improved approximations to
any Helder smooth function. The following Lemmal7 illustrates the usefulness of
using separate bandwidths for each dimension for approximating iaatropic Helder

functions from the RKHS.

Lemma 17. Assume has a density with respect to the Lebesgue measure which
is bounded away from zero on a neighborhood of the origin. LetP RY be given.
Then, for any subset of t1;:::;duandw PC r0;1s, there exists constant< and

D depending only on and w such that, fora large enough,

infth}2a:}h w}; @ C° a ‘umDa:
iPl
Proof. We shall prove the result forw P C r0; 1" and sketch an argument for
extending the proof to anyw PC r0; 1s.
Let ;;j 1;:::;d;be asetofhigher order kernels as in the proof of Lemma 4.3 of
van der Vaart and van Zanten(2009, which satisfy3 jpjodt; 1, 3t}‘ i [ ot
0 for any positive integerk and 3|t,-|3i| i@jgdt = 1. Dene : Rd N C by

3
ptq 11010 gfqgso that one has o, pedt 1, t“ podt O for any non-

For a vector of positive numbersa p a;;:::;a4q let a@q a pa tg where

i ~
a Jd .3 . By Whitney's theorem, w can be extended to a functiow : R N R
with compact support and }w} 8 . Working with this extension, we shall rst
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show that the convolution g w is contained in the RKHSH?&. To that end, note

that,

» »

1 .
B aPa wapg e "™ Mp qap o

g %P d’ap g
2

fap d apd g

Thus, following Lemma16, we need to show thatwp ¢ ap affap g PL.p aqto

conclude that g w belongs toH2. Since 'ap g "p: {ag one has

» »

M
ad qea Mp gf d:

8

A 2

Wp gapgq
fap g
The above assertion is thus proved by noting that”|%{f is uniformly bounded by
3 3

construction and@ ¢ |wW?p g |wptqfdt 8 . Also, the squared RKHS norm
of a wis bounded byDa , with D depending only on andw. Thus, the proof of
° d

Lemma17would be completed if we can show that a w w}; =@ C [ & m

We have, for anyt PRY,

»

a Wpg wpg matwpt  sfaq  wptquls:

For 1o j o d 1, letufddenote the vector inRY with u?® O fori 1;:::;j and
ul® 1fori j 1;:::;d. For any two vectorsx;y PRY, we can navigate fromx
to y in a piecewise linear fashion traveling parallel to one of the coordinaaees at a
time. The vertices of the path will be given byx™4 x, x#4 uPd x p1 uf%y
forj 1;:::;d 1andx™ vy,

A multivariate Taylor expansion ofwp  s:{agaroundwptgcannot take advantage
of the anisotropic smoothness af across di erent coordinate axes. Lettingk t;y
t sfaandxP%j 0;1;::::das above, let us writewpyq wpxqin the following

telescoping form,

d d
wyg wixg - owxPlg owpB Mg T owiy si{a [ xP%9 wip | xR

i1 i1
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where the functionsw; are as de ned in Sectior2.2, with

Thus,

wt sfaq wpq Diwipy [ xPi—22 Sy si{aq;

101

p s{ad
il

where|Si;; sj{aq|aKs;'a ' by (2.2, for a constantK depending on and w

but not on t and s. Combining the above, we have
» d » d
pqtwgt  s{agq  wptqu Sr; s{agy a C g '
i1 i1
If, w PC r0;1s for some subset oftl;:::;duwith ||| & sothatwpq wot q
for somew, P C 'r0; 1<, then the conclusion follows trivially follows from the
observation g w a Wo.

O

We next study the metric entropy of the unit ball of the RKHS and the centered
small ball probability of the rescaled process. Let@ denote the unit ball in the

RKHS of W@,

Lemma 18. There exists a constanK, depending only on and d, such that, for
12,

d 1
logNp; H%;}},qe Ka Iog}

Proof. By Lemma16, an element oH& can be written as the real part of the function
h:r0;1s" N C given by

»

hptg  €P'9p g apd g (2.11)
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3
for g: RYN C a function with |gp qF apd qe 1.
Viewing h as a function ofit, we would like to exploit the sub-exponential tails
of as in (2.3 to extend h analytically over a larger domain inCY. For z P C¢,
3

we shall continue to denote the functiorz PN €29 p g .pd g by h. Using the

Cauchy-Schwartz inequality and the change of variable theorem,
»

lhegf o e AR oy ¢ (2.12)

where Rgrq denotes the vector whosgth element is the real part ofz for j

convergence theorem, anj P HZ can be analytically extended to t z PCY :
}2a Remq}, u. Clearly, contains a strip in CY given by tzPCY:
IRe gl @ Rj;j  1;:::;duwith R; {p6ay ?aq Also, for everyz P , h satises
the uniform bound |hpzgf © 3e} ) d g C2

The analytic extension ofh to a strip containing the product of the imaginary

axes allows us to precisely estimate the error term oflaorder Taylor expansion of

formula,

3 3
- L o
ni 2iq z g L OA
Cy

o

R’

where D" denotes the partial derivative of ordern p ng;:::;ngg This suggests
using a net of piecewise polynomials for approximating the elements laf. One
can discretize the coe cients and centers of the piecewise polyn@ts to obtain a
nite set of functions that approximate the leading terms of a Taylo expansion of
a function in H& and the remainder terms can be controlled using the bound in the

above display.
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with center t; ptj1;::tad with |z ti| @ Ri{4i 1;:::;d. Consider the
piecewise polynomial$ ) Jm 1P 1, with
P  Rq ’ R tdh
n:o k
We obtain a nite set of functions Pg by discretizing the coe cients , for each
j and n over a grid of mesh width {R" in the interval r C{R"; C{R"s with R"
RI*:::R}¢ and C de ned as above. As irvan der Vaart and van Zanten(2009, the

log cardinality of the set is bounded above by

im 1
2C
log # in ©mkilog = : (2.13)

i 1nmnok

We can choosem A 1{R . The proof is complete if we show that the result-
ing set of functions is aK -net for constants C and K depending on and
k A logpl{ g The rest of the proof follows exactly as in the proof for Lemma
4.5 in van der Vaart and van Zanten(2009 by showing that

k

n ) R
’ Mpz tid o Em{ch a KC g (2.14)
N n! R 3
n:j k n:j k
and
- D"h g
PR P mqe K (2.15)
n:a k n:
The proof is completed by choosing large enough such thaf2{3d @ K . O

Lemma 19. For any ag positive, there exists constant€ and o i O such that for

a¥ a and 0,
a d 1
logp W& o ©cCa log=
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Proof. This follows from Theorem 2 in Kuelbs and Li (1993 and Lemma 4.6
in van der Vaart and van Zanten (2009. Proceeding as in Lemma 4.6 in

van der Vaart and van Zanten(2009 and Lemma18, we obtain

apq 1d
8yq log058 Kia log—2 : (2.16)
for some constantK; j 0. Note that with L r 0;a;s r 0;a4s
8pa  logPpW? o g logPpsup|Wi| = q (2.17)
o} logPp sup W& q (2.18)
tPro;as!
o K a ; (2.19)

for some constantK, and j 0, where the last inequality follows from the proof of
Lemma 4.6 invan der Vaart and van Zanten(2009. Inserting this bound in (2.16),

we obtain

d 1
logP W& o ©cCa log2 (2.20)
8

for some constantC j O. O

We next state a nesting property of the unit ballH2 of the RKHS of W2 for dif-

ferent values ofa, generalizing Lemma 4.7 ofan der Vaart and van Zanten(2009.

Lemma 20. Assume the spectral measure satis es (2.3) and has a densityf with
respect to the Lebesgue measure &f which satis es f p:{aq @ f p:{bq for any

aa b. Then,

2 a__
. liay H?€ b by HP:
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3
Proof. Let h P H2. Following Lemma 16, hpq €Ptd pgapd g Since
3
hifa ) }opaq it follows that | paff.ped = 1. Now, hpg

3
ePtat p ofap dff yp quppd g The conclusion follows since,

» " * »

fapq ® 4 o faPd

a
}hy? | paf prd -
HD fpP g foP a4

| paf apd g o

using the factthatfap qff yp g pb {a o p: {aqgff p: {bg = o {a gby assumption.
0

van der Vaart and van Zanten(2009 crucially used the above containment re-
lation among the RKHS unit balls in the single bandwidth case to conclud#at
pr{ g*2H! contains H2 for all a in the interval r;r s Combining this fact with the
observation that for very small values ofa, the sample paths ofW? behave like a
constant function, they could construct the sieve8, containing MHi B, for all
a P 10; rswithout increasing the entropy from that ofMH;  B;. The complement
probability of B, under the law of the rescaled process could also be appropriately
controlled by choosingr large enough so that IPA | rqgis small enough. However,
one doesn't obtain a straightforward generalization of the abovetseme to the multi-
bandwidth case since the entropy of the sieve blows up in trying to wiwol the joint
probability of the rescaling vectora outside a hyper-rectangle irR9.

The problem mentioned above is fundamentally due to the curse of démsionality
and one needs a more careful construction of the sieve to avoidstiproblem. The
next three lemmas are crucially used in our treatment of the multi-badwidth case.

In the proof of Lemma 18, a collection of piece-wise polynomials is used to cover
the unit RKHS ball H&. The main idea in the next set of lemmas is to exploit the
fact that the same set of piecewise polynomials can also be used tuetcd—l? for b

su ciently close to a. Further, we shall carefully choose a compact subséx of R
that balances the metric entropy of the collection of unit RKHS ball$1 with a PQ
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and the complement probability ofQ under the joint prior on a.

o

Let ST denote the interior ofSy 1, i.e., all vectors PRY with Jd . j land

;i Oforallj 1;:::;d Foru PRY, let Gy denote the rectangle in the positive
quadrant given bya =@ u, i.e.,, 0o g o u; forallj 1;:::;d. Fora xedr j O,
let Q Q" consist of vectorsa with a = r i for some P S{. Clearly, Q is a

union of rectanglesG over Psg)ql. Clearly, the volume of each such rectanglg
isr and the outer boundary ofQ consists of pointsa with a; @ r forallj 1;:::;d
and a r (gure 2.1). By Lemma 18, for any sucha in the outer boundary of
Q, the metric entropy of H2 is bounded by a constant multiple ofr log” *pl{ g In
the following, we show in Lemma21l that the metric entropy of the collection of
unit RKHS balls with a varying over the outer boundary ofQ is still of the order
of rlog® pl{ ¢ Lemma 22 - 23 establish a stronger result which states that the

entropy remains of the same order even if the union is considerecepall of Q.

(@) For xed r j 1, rectanglesG t 0= a = (b) The region Q (shaded) resulting from the union
r ufor dierent values of P SPY of all such rectangles

Figure 2.1 : Union of rectanglesG t O= aw© r ufor di erent
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Lemma 21. For a positive numberr | 1and PS[™, let H; denote the unit ball
of the RKHS of W& with &,  r i for 1o j & d. Then, there exists a constank ;,

depending only on and d, such that, for 12,

o] d 1
logN ; HY ;}}s = Kur log-

poq
PS{ ™y

Proof. Let Q t aPRY: 1o aor@ L:::;d a ru denote the outer
boundary of Q de ned above. Clearly,
o] o]
HY HE:
PSPY arQ

For a;b PQ, the idea of the proof is to show that the piecewise polynomialyg that
form a K -net for H2 in the proof of Lemma18 are also aK -net for H? if bis
\close enough" toa.

Fix aPQ. Let & t zPCY:|Reql @ R;;j 1;:::;duwith R; {p6q?aq
denoting the strip in C¢ on which everyh P H2 can be analytically extended. Let
b PQ satisfy max |y b| = 1. We shall show that anyh PHP can also be extended
analytically to the same strip @ by showing that }2b Rerq}, on & To that

end, forzP &

}2b Reeq}, @} 2a Rexq), } 20 aq Rexql,
o 2}2a Remq}, @ 2 {3

where the penultimate inequality usegy g |a 1a g forallj 1;:::;d

Clearly, the same tail estimate as inZ.14 works for any h P HP. From (2.15,
it thus follows that the set of functionsPg form a K -net for HP. Let A be a set of
points in Q such that for anyb P Q, there existsa PA such that max |ay hQ|= 1.
One can clearly nd anA with |A| = r9. The proof is completed by observing that
YapaPa formaK netforY ps, H7 . O
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Lemma 22. For u PRY, let G, denote the subset oRY consisting of all vectors
ao u,ie., awau forallj 1;:::;d Then, there exists a constanK ,, depending

only on andd, such that, for 12,

o] 1 d 1
logN ;  H¥}}g = Kou  log=
arcy
Proof. The idea of the proof is similar to Lemma&1in that we partition the space G
into nitely many sets and cover the collection of unit RKHS balls with the scaling
vector varying over one of these sets by a single collection of piesayvpolynomials.

We only sketch the partitioning scheme here and the rest of the ppbis similar to

Lemma?2l

aa uwith g o 1forallj Pl anda j 1forallj RI. Then, clearly G, can be

written as the following disjoint union,

o o

of Q:
IR
FixOwa | @ dand asubset oftl;:::;duwith |I| I. It suces to prove the desired
entropy bound for G,. We shall slightly modify the complex strip from the proof
of 18 to exploit that for any a P Q,, the values ofa for the coordinatesj in | are
smaller than one.

FixaPQ,. Let & t zPCY:|Regq| 2 Rj;j 1:::;duwith R {p6a,-?aq
if ] RI and R; {p6? dqgif j P1. Since}2a Rexq} foranyz P 2, it follows
from the proof of Lemmai8 that any function h P H2 has an analytic extension
to . Let b PQ, satisfy max |a; B| = 0:5. Then one can prove along the lines
of 21 that any h P HE’ can also be extended analytically to &. The remainder of
the proof follows similarly as Lemma22, where the net forQ, is constructed as the
union of the set of piecewise polynomialB2 covering H2, with a varying over a
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nite subset of G, with cardinality Opu g O
The following Lemma23 follows along similar lines as the previous two lemmas.

Lemma 23. Let satisfy (2.3). Fix r ¥ 1. Then, there exists a constanK,

depending on andd only, so that, for {2,

o]

logN ; HE: 1),
apQra
o] o] d 1
logN H}}s @ Kor log=
psi0d, @ar

2.5 Proof of main results

We shall only provide a detailed proof of TheoremiO and sketch the main steps in

the proof of Theorem12
2.5.1 Proof of Theorem10

Let us begin by observing that,

»

P wA Wo @2 PpW& wy , o 2q ppag

n *

» »
PPW& wo,o2qp| gla ped:

As in van der Vaart and van Zanten (2009, we rst derive bounds on the non-
centered small ball probability for a xed rescalinga, and then integrate over the
distribution of a to derive the same foWA .

Givena PRY, recall the de nition of the centered and non-centered concerattion
functions of the procesav &,

8pa  logPpwW? =& g

Spa _inf  Jh}ia logPpW® = g (2.21)
hPH{ 1h wolg @
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For a xed a, the non-centered small ball probability oW 2 can be bound in terms

of the concentration function as follows\an der Vaart and van Zanten 20080,

PpW& w,, m2q¥e fpa

Now, suppose thatwy, P C r0; 1! for some P RY. From Lemma17 and 19,
it follows that for every ag j 0O, there exist positive constants, 1{2,C;D and E

that depend only onwg and such that, foraj ap, oandC f’ 18 ,

Q10 Q10
8pgquDa Ea log- o K.a logs

with K; depending only onag; and d. Thus, for mint o; Cia, U, by (2.21), for

P WA w, =2
8
n *

» »
a
¥ e P9l ga po
» "> 2pCa{ gt 1 ? 2pCa{ g ¢ 1 a *
¥ e 2@ oo 9 pa| qda pd
a1 p Cif gt 1 agp Cif ot d
» "% o g ” 2pCa{ gt ¢ i
¥ Cye Kemld olog! %rf m| ga po:
app Cif Mt 1 agp Ci{ gl ¢
Let denote the region in the simplexSy ; givenby t PSy 1: p
2] 1,:::;d  1u Since Jd 1 o 1, we can choose | 0 small enough

to guarantee that any satisfying the set of inequalities lies inside the simplex.

o

Moreover, with 4 1 Jd} i, one haspd 1q ¢ 2pd  1g. Choosing

Cs{logpl{ g one can show that Jd P g iido Cuplf o o forany P .
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Now,

*

> g ¢ ? 2pC1{ it

| oda pod
arp Ci{ gt 1 ag p Ci{ gt d
" *
Z o P ¢l Poaci{dle e
¥ e 11% da pdo
a1p Ci{ gt 1 agp Caf ot d

»
¥ eK3jdlp]_{q1{jj pm
»

¥ e K apl{ ql( 0 p er ¥ C5e K 5pl{ ql( 0:
P

3
The last inequality in the above display uses that , p cd

» »

of a1 N 1 d1 .
1 - d 1 PP
1 g1 pl Jqd dl---ddl

1 oof1 2 a1 of a1 2 i1

of 1

can be bounded below by a polynomial in9 1{ logpl{ g Hence,

P WA w, 82 ¥ Cge Ker{dlohg' “pia, (2.22)
8

Let B; denote the unit sup-norm ball ofCr0; 1. For a vector P Sy ; and

positive constantsM;r; , let B B pM;r; gdenote the set,
o]

B pMH3q By
Aor

wherer denotes the vector whosgth element isr i. We further let,
a g

B mMH%q B

PSy 1aoar

Let us rst calculate the probability Pp\/VA RB | g Note that,

»
POWARB | @ PpN RB gmp| ¢la
»

o PWARB qm| qda PpA! r | g
Aar
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where Fp\/vA i | qis a shorthand notation for Rt least oneA; j ri | g
To tackle the rst term in the last display, note that B contains the setM Hf‘
B, forany a©@ r by de nition. Hence, for anya @ r , by Borell's inequality,

PPN RB qe POWA RMH2  Biq

o1 M 1 o Seg
" *
1 r r
o 1 M e oP9 oe oPY

ifM¥ 2 'e oPd wherethe penultimate inequality follows from the fact that,

with T r 01,

e Sra Ppsup [Wi{|e q¥Ppsup |W;|a q e ©oP&
tPA T tPr T

By Lemma 4.10 ofvan der Vaart and van Zanten(2009, ‘pug ¥ t 2logal{uqudt?
for u P ®;1g Hence, the last inequality in the above display remains valid if we

choose

Since Ajl{j follows a gamma distribution given j, in view of Lemma 4.9 of
van der Vaart and van Zanten(2009, for r larger than a positive constant depending
only on the parameters of the gamma distribution,

PpA; i ri | gqurCyrPre P2

Combining the above, sincd8 containsB for every PSy 1,
*

» »

PPVA RBg POVARB | qm| g
» " » *
o POW&RB | pal q
o C,rPie Dor g Darlog{d *. (2.23)
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From Lemma 23, the entropy of B can be estimated as,
o] o]

logN[2;B; }}5 q = logNp; M Hg1},

PSqy 1aQomr

d 1
o rlog M : (2-24)

Thus (2.22), (2.23 and (2.24 can be simultaneously satis ed if we choose, for con-
stants ; 1, - O,
n n o{P2 o 1Q|og mq
rn nl{pz 0 1q|og lmq
M, rnlog?mqg

2.5.2 Proof of Theorem12

For ease of notation, we shall make the simplifying assumption thabé random
variable B is degenerate at 1. Fomj 0 andS €t 1;:::;du, let H¥S denote the
RKHS of W@, wherea; aforj PSanda 1forj RS.
For a subsetS €t 1;:::;duwith |S| d; and given positive constantdM;r; ;
let
Bs BspMir ; ¢

I d rs . . a;s
M — Hl' B1 |\/|Hl' B :

Since, givenS, AT gamma, it can be shown that, for some constar@, j 0,
PPNVA RBs | SqA e S

The dominating term in the entropy of Bs is bounded by

M
Cor? log* ¢ Cs
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While calculating the concentration probability aroundwy P C r0; 18, simply use
the fact that prpS  1qj O.
Combining the above, the sieveB,, are constructed as,
o o

S..S. .
Bn BSlenrrnl n» ﬂq
d 1S:S| &

where, for constants; . O,
n n {p2 qulog n;

o US

n nz @ log *mqg
Mod pridlogrs{ g
2.6 Lower bounds on posterior contraction rates

In this section, we will demonstrate that when the true density is dgendent on a
smaller number of variables, a Gaussian process prior with a single dandth leads
to a sub-optimal rate of convergence. To illustrate this, we will fats on the example
of density estimation using the logistic Gaussian process prior. We wihow that
the posterior contraction rate using a single bandwidth logistic Gasgn process
with respect to the sup-norm topology is bounded below by {2 dawhen the true

density is
foXi:iiiXeq C&% 95 x pxiiiiixed P01t (2.25)

This shows the necessity of using an inhomogeneous Gaussian meda high-
dimensional density estimation when the true density is actually lowedimensional.
Although lower bounds on the posterior contraction rates in Gaugs process set-
tings have been previously addressed lyastillo (2008, the literature is restricted
to series expansion priors and the Riemann-Liouville process priota. this section,
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we have extended the results to Gaussian process with exponentiavariance kernel
having a single bandwidth. In particular, we have derived a lower bodnto the
concentration function aroundwgXq;:::;Xqq | X1 O:5|1:5 using a single inverse-
gamma bandwidth.

In the following, we shall consider a rescaled Gaussian proc®¢$ for a positive
random variableA stochastically independent ofV. Recall that the logistic Gaussian

process prior for a densityf on r0; 1< is given by

f - ro;1s exptWA[ICILd'[' X P10; 1s" (2.26)

We shall consider a prior distribution onA specied by A¢ g, where g is the

the minimax rate of contraction adaptively over log being an isotropic -Helder
function of d variables for any | 0. We shall show below that the above spec-

i cation involving a single bandwidth leads to sub-optimal rate for anychoice of

We will start with a few auxiliary lemmas which enable us to provide an lowe
bound to the concentration function of the Gaussian proces&/”. First we derive a
lower bound to the concentration function #p gqfor a xed a and then marginalize
with respect to the prior for a. The lower bound coupled with the ability of the
model (2.26 to identify the Gaussian process termiW” from wy results in a lower
bound to the posterior concentration rate. The key to obtaining dower bound for
the concentration function ®pqis to nd a lower bound to logPpW?&}; & g
However, it is important to note here that one can't just obtain a lover bound to
the marginalized concentration function by marginalizing over logPpjW?}, @ g
It becomes necessary to carefully characterize the domainadin terms of the for

which there exists an element irH? in an -sup-norm neighborhood ofv,. Lemma
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2527 serve to nd this domain by searching for the best approximator ofvg in
H2. In conjunction with our intuition, the obtained domain isrC, X ;8q for some
global constant Cy. This fact immediately provides a sharp lower bound to the
marginalized concentration function which turns out to be of the sae order as the
upper bound up to a log-factor. Thus it is of no surprise that one caeonly achieve a
sub-optimal rate of posterior convergence using a single bandwidbgistic Gaussian
process prior.
Denote by H? the reproducing kernel Hilbert space of the Gaussian process

w2, In the following, we dene a Gaussian based higher order kernel as
Wand and Schucany(199Q. For r ¥ 1, let Q, , be the polynomial given by

r 1 i
Qa 2Xq | ;Cxix* where

p 1d2 * 'wrd
r'@i 1dpr i 19

Coi

Wand and Schucany(1990 showed that Q, », is the unique polynomial of degree
a 2r 2 forwhichGy Qi » is a2 order kernel. It is easy to see that 1

corresponds to the standard Gaussian kernel. Forj 1 and any 1o j o r 1,
3

szj G2rp(q O
For x PRY, dene 2m)q GupXiQ:::GxpXgqand fora j 0, let 2'xq
ad Zrqu

In the following Lemma 24, we calculate the Fourier transform of 2 ptq

gy

N 2 1
Lemma 24. "#pq e YT Lo

53



Proof.

»
/\er q eip;t q ngqjt

»

eip;t qGer:lq GZr [Id(ﬂt

1d »?

&P 149Gy ;) cplty

1d . r-1 2s
2{2* J
e i —
|
1 < 028!
) 1d r 1 2s
P2 : j
e
j 1s O 2°s!
where the penultimate identity follows fromWand and Schucany(1990. O

Lemma 4.1 ofvan der Vaart and van Zanten(2009 gives a nice characterization
of H2 in view of the isometry with the spacel,p ,g In the following Lemma 25,
we express each element ¢f2 as a convolution of 2 with a function in CpRYq
for any givenr ¥ 1. In other words, every element oH? arises as a convolution
of a higher order kernel with a function inCpRYq showing that the search for the
best approximator of aC r0; 1s function in the spaceH? can be restricted to only

convolutions of continuous functions with a higher order kernel.

Lemma 25. Given anyh PH? andr ¥ 1, there existsw P CpRYq such thath

2r
2a W.

Proof. By Lemma 4.1 ofvan der Vaart and van Zanten(2009, we obtain that any

h PH?2 can be written as

»

tN  €P'9p ofp o ; (2.27)
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3

where gp ffapod 8 .
By change of variable,

»

hpg e P'%p o ap o ; (2.28)

3

with gp fapod 8 . Thenfipq p2 d'gp of .p g Now observe that"?p q

is real and positive for all values of and “*p q e! {2, Also note that “Zp q

"' {2aq Hence settingwp q AEquQ, we obtain
2a

gp q %expt} }*{4a’u

Wp q 2igatd 11 =
expt} }{8°U | | ¢ omagEe
Thus Wp gl e expt }  }?{8a2ujgp g|and
"y *, " » ¥

Wp gld o expt} {8 ufgp q|d
»

o expt} }{4a’ulgp afd
8 :
As W belongs tol ;, and f /%gv\‘/, we immediately haveh 2t w for a continuous

function w given by

»

1 -
w — = e 'Ptagy
ptq 2 p od
»
1 ipre_ 90 aCexpt} Plaau
mqj 2821d r 1 jZS '
expt } }{8°U | | § o magsme

O

The following Lemma26 says that 2w, can better approximatew, P CpRYq
compared to 2 w for any w  wp. Lemma 26 further restricts the search for
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the best approximator of aCpRYq function to only convolutions of the higher order

kernel 2 with the function wy itself.

Lemma 26. Given anyw, P CpR%q compactly supported and ¥ 1,

2r

2r
a W

Wo a 8

Wo g ® Wo

for suciently large a ;| 0 and for any w P CpRYq compactly supported with

w  wp}j forsome j O.

Proof. Note that

2r 2r .
a W Wy ¥}W  Wolg a Wow

Since w is compactly supported, there existsay | 0 such that fora | ao,
}Iow o wlg {2. The conclusion of the lemma follows by observing that for

aj a,} & w wogi {2 O

The following LemmaZ27 provides a lower bound to the approximation error for

WoPX1;:iiXqq | X1 O:5)"°ima;iiiixgq P 0;1s with 2w,

Wo 3, Wo, ¥ Coa *® (2.29)
for some global constan€, j O.

Proof. Sincew, P C¥°r0; 1s, by Whitney's theorem we can extend it toRY so that
Wp has a compact support with}wo},.. 8 . Without loss of generality, assumen,
is non-negative and the support ofvy isr L;L &' for some largel. Observe that

»

52 Wopl{2g wopl{2q “mawopl{2  s{p2aqqls
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Now sincewopl{2 s{p2aqq O if |[1{2 s{p2aq| j L, so fora j 1{2, ts :
|[1{2 s{p2ag|= Luer 2L 1;2L 1< Thus

» »

“sawopl{2  s{p2aqqls ¥ “sawopl{2  s{p2aqals

r 2L 1;2L 1
»

1{p2ag-® 2180 k1| dis:

r 2L 1;2L 1

This shows that}w, 3, W} ¥ Coa ° where
»

1 .
Co e 2psq 1| *° ds:
2Ls r 2L 1;2L 1« !

Also it follows from the last part of Lemma 4.3 ofvan der Vaart and van Zanten

(2009 that 2 wo PH? sincep™2,fp q fap g O

Note that the lower bound obtained is same as the upper bound to eéhapproxi-
mation error of any C*®r0; 1sfunction using 3, w upto constants.

The following Lemma 28 is crucial to the derivation of a lower bound
to the concentration function ,pnvgg Lemma 28 complements Lemma 4.6
of van der Vaart and van Zanten (2009 and is an application of Theorem 2 of

Kuelbs and Li (1993.

Lemma 28. There exists ¢ i 0, possibly depending om, such that for all 0

a A ~d ||Og |1{2
logP pjW <}, gA a'log ——— : (2.30)

Proof. Obtaining a lower bound is a simple application of Lemma 4.5 of

van der Vaart and van Zanten(2009 and Theorem 2 ofKuelbs and Li (1993. The

proof of Lemma 4.3 ofvan der Vaart and van Zanten(2009 shows that

d 1
logNp; H%:}}gq & log}
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If we de ne gaxq ac Iog% ‘ 1, it is easy to observe thatg is a slowly varying

function. Then by Theorem 2 ofKuelbs and Li (1993, we obtain

a

apq ¢ *
Q¥ Ciga a—— & 0

(2.31)
opq

log

Below we show that we only need to nd a crude lower bound to§p qto obtain the

required bound. Observe that
opd  logPpW®g = q¥ logPpW° = g (2.32)

Note that W® NpO; 1gand hencePpW° e q t2 pg 1u 1| log|as N 0.

Hence we obtain for su ciently small ,
5P gA |log |: (2.33)

Plugging in the bound .33 in (2.31), we obtain

d
ooz s Dlog 207
oPgA a’'log —— : (2.34)

0

Note that the lower bound in Lemma28di ers from the upper bound in Lemma
4.6 ofvan der Vaart and van Zanten(2009 only by a logarithmic factor suggesting
that the lower bound obtained is reasonably tight.

Finally, we calculate the tail probability of the supremum of the Gausan process
W which will be crucially used to derive a lower bound to the posterior ceentra-
tion rate. Although this is an application of Borell's Inequality, we will provide an

independent proof to carefully identify the role of the prior for thebandwidth.
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Lemma 29. Forrj 1,

P WA, i M &

PPA| rq 2mMd exp %Mz Ctplogrg®? p logM ¢2u

for some constantC j O.

Proof. From Theorem 5.2 ofAdler (1990 it follows that if X is a centered Gaussian

process on a compact séf € RY and 2 is the maximum variance attained by the

Gaussian process oifi, then for largeM ,

1
PPIX}g i Mae2Npi{M;T;}}qexp  —tM M ad
T

3
1M

where pMqgq C; tlogN pl{M; T; } }qu?dpl{M g for some constantC, j 0. Ob-
serve thatW? is rescaled toT r 0;as! and the maximum variance attained byw?
is 1. Note that Npl{M;T;}}g p aMdf. Now

» 1M

Mg & C, tdlogpaM qd?dpl{M q

0

» 1M

o Cs tplogadt? p logM t2udpl{M q
0

o Cg,Mitplogaql{2 p logM ¢?u

for some constant<C,; Cz j 0. UsingW? in place of X, we obtain,
1
PpW?3, | Mqe 2mMd exp EM 2 Cstplogagt? p logM gu

The conclusion of the lemma follows immediately. O
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2.7 Main result

Below we state the main theorem on obtaining a lower bound to the pesior con-
centration rate using a logistic Gaussian process prior when the guensity is given
by (2.25. Sincew, is a C¥5r0; 1 function, the best obtainable upper bound to
the posterior rate of convergence using a single bandwidth logistica@ssian pro-
cess prior isn 15PS da 36 2da yntg g |og factor (van der Vaart and van Zanten
2009. In the following Theorem 30, we show that the lower bound using the sup-
norm topology is also of the same order if we use a single bandwidth. dtiner words,
it is impossible for a single bandwidth Gaussian process to optimally leatime lower

dimensional density.

Theorem 30. If fq is given by @.25) and the prior for a densityf on r0; 1s is given

Ppjf fo}g @ n 3 2Mjogon |y Y,qN O (2.35)
a.s. asn N 8 for some constantty j O.

Proof. To obtain the lower bound, we will verify the conditions of Lemma 1 i€astillo

(2009 with B, t f :}f fgo}g @ ufor , n 3 2ddgg n for some constant
to chosen appropriately in the subsequent analysis. From the prodflcemma 5 in
Castillo (2009 it follows that for ¢ kd 5:k N:;::::N and N the smallest
integer larger than C? n,

P }f fO}s a g

N ?

5

el P WA w, ggar2d, P WA_jCohn,: (236
k N
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An application of Lemma29with M2;rd  Om 2qyields

n»n

?_
P WA _iCn, = PPAjr,g expt KiMZu

o expt rdu expt KiMZu

o expt Kon 2u (2.37)

for some constantK ;K, j O.
Lemma 25-27 and the observation thatwg RC*® r0; 1" for any | 0 together
imply that given any | O, there does not exist any element i@ fora C, X

such that for eachk N::::oN,

wo h ol
wherewy is given by wopXy;:::;Xqq | X1 O:5|1:5. From Lemma?28 ifaj C, X ,
1 5 ||og |1{2 d 1
a 4 d
wo P hPHa:}h IQO ot Z}h}H a‘log
I 142 d 1
¥ ad |og |Og | .
Hence fork N;::::N,
R ! 142 d 1"
lo
P WA w o, a exp allog llog I~ da:
a Co I
Using the inequality
»8
expt t'udto 2r v Texpt Vv'u
\%
we obtain that
P WA wy G, o Ciexpt C, % Jlog |° 'y
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for some constantsC,; C, | 0. Thus, from (2.37 and (2.36,
P} folgo o aCNexp Cp,%u (2.38)

for some constaniC; i 0. Fromvan der Vaart and van Zanten(2009 it also follows

that

PPBuL fo; nqq ¥e "7, (2.39)

for some constanttyj 0 andCs i O where

o» » 5 *

BkLifo; g f fologff—O S Iogff—o z (2.40)

By adjusting ty; C4 and Cs, we have from .38 and (2.39

P }f fO}g o,
PBkL ffo; nqq

o expt 2n 2u;

which proves the assertion of the theorem by Lemma 1 Gfastillo (2008§. O

Remark 31. Note that the lower bounch 3¢ 2dd|oglon for d j 1 is only a sub-
optimal rate for estimatingwyg, the optimal rate being given by 8 which is actually
achieved by a multi-bandwidth Gaussian process prior. Ref® Theorem 15 for

details.

Remark 32. Note that we have derived a lower bound to the posterior caution
rate only for this special choice ofy given in2.25 The choice is motivated by the fact
that it is easy to nd a lower bound to the best approximationr®er of this function
within the classH?. More generally one might be interested in nding a subset of
C r0;1<" fora xed | O such that we can characterize both the best approximator
and a lower bound to the approximation error for each of theeshents in the subset.
This would require a di erent version of Lemmaz27 in each of the cases. However
the general recipe provided in Lemma%{ 27 remains the same.
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Remark 33. One can also obtain a lower bound to the posterior concentat rate
in other statistical settings, e.g., the Gaussian processean regression using the
same technique. This would need careful characterizatioh tbe upper bound to the
concentration probability of the induced density around éhtruth i.e., Ppff  fo}g
nqin terms of the concentration probability of the Gaussian pcessW# around w
similar to that for the logistic Gaussian process in Theorer80. Interested readers

might nd an outline of such an exercise in Section 7.7 dshosal and van der Vaart

(20073.
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3

Bayesian nonparametric regression with varying

residual density

3.1 Introduction

Nonparametric regression o ers a more exible way of modeling the ext of co-
variates on the response compared to parametric models havingtrestive assump-
tions on the mean function and the residual distribution. Here we osider a

fully Bayesian approach. The responsg P Y corresponding to a set of covariates

y  Xq (3.1)

where xq Epy|xqis the mean regression function under the assumption that
the residual density has mean zero, i.eEp |[xq 0 for all x P X. Our focus is on
obtaining a robust estimate of while allowing heavy tails to down-weight in uential
observations. We propose a class of models that allows the residdesity to change
nonparametrically with predictorsx, with homoscedasticity arising as a special case.
There is a substantial literature proposing priors for exible estimdon of the

mean function, typically using basis function representations suchs splines or
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wavelets Denison et al, 2002. Most of this literature assumes a constant resid-
ual density, possibly up to a scale factor allowing heteroscedastjcitYyau and Kohn
(2003 allow the mean and variance to change with predictors using thin platsplines.
In certain applications, this structure may be overly restrictive de to the specic
splines used and the normality assumptionChan et al. (2009 also used splines for
heteroscedastic regression, but with locally adaptive estimation tife residual vari-
ance and allowance for uncertainty in variable selectioNott (200§ considered the
problem of simultaneous estimation of the mean and variance funatidy using pe-
nalized splines for possibly non Gaussian data. Due to the lack of cogacy, these
methods rely on involved sampling techniques using Metropolis Hastsygrequiring
proposal distributions to be chosen that may not be e cient in all caes. The residual
density is assumed to have a known parametric form and heavy-tallelistributions
have not been considered. In addition, since basis function selentifor multiple
predictors is highly computationally demanding, additive assumptionare typically
made that rule out interactions.

Gaussian process (GP) regressiorAdler, 1990 Ghoshal and Roy 2006 Neal,
199§ is an increasingly popular choice, which avoids the need to explicitly @bse
the basis functions, while having many appealing computational ancheoretical
properties. For articles describing some of these properties, eeto Adler (1990,
Craner and Leadbetter (1967 and van der Vaart and Wellner (1996. A wide vari-
ety of functions can arise as the sample paths of the Gaussian pges. GP priors can
be chosen that have support on the space of all smooth functiomile facilitating
Bayes computation through conjugacy properties. In particularthe GP realizations
at the data points are simply multivariate Gaussian. As shown b€hoi and Schervish
(20071, GP priors also lead to consistent estimation of the regression fttion under
normality assumptions on the residuals. Recentl{zhoi (2009 extended their results

to allow for non-Gaussian symmetric residual distributions (for exaple, the Laplace
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distribution) which satisfy certain regularity conditions and the indwced conditional
density belongs to a location-scale family. Although they require mildssumptions
on the parametric scale family, the results depend heavily on paratrie assump-
tions. In particular, their theory of posterior consistency is not pplicable to an
in nite mixture prior on the residual density. We extend their result allowing a rich
class of residual distributions through PSB mixtures of Gaussians Bection3.3.
There is a rich literature on Bayesian methods for density estimationsing mix-

ture models of the form

yi fpig i P; P ; (3.2)

where f p qis a parametric density andP is an unknown mixing distribution as-
signed a prior . The most common choice of is the Dirichlet process Ferguson
1973k 1974h. Lo (1989 showed that Dirichlet process mixtures of normals have
dense support on the space of densities with respect to Lesbesgueasure, while
Escobar and West(1995 developed methods for posterior computation and infer-
ence.James et al.(2009 considered a broader class of normalized random measures
for .

In order to combine methods for Bayesian nonparametric regréss with meth-
ods for Bayesian density estimation, one can potentially use mixturaodel (3.2) for
the residual density in 8.1). A number of authors have considered nonparametric
priors for the residual distribution in regression. For exampleKottas and Gelfand
(2009 proposed mixture models for the error distributions in median regssion mod-
els. To ensure identi ability of the regression coe cients, the residal distribution
is constrained to have median zero. Their approach is very exible bunas the
unappealing property of producing a residual density that is disctinuous at zero.
In addition, the approach of mixing uniforms leads to blocky looking &mates of
the residual density particularly for sparse data.Lavine and Mockus(2005 allow
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both a regression function for a single predictor and the residualstribution to be
unknown subject to a monotonicity constraint. A number of recenpapers have
focused on generalizing modeB(2) to the density regression setting in which the
entire conditional distribution of y given x changes exibly with predictors. Refer,
for example, toMaller et al. (1996; Grin and Steel (2006h 201Q; Dunson et al.
(20078H and Dunson and Park(2008h among others.Bush and MacEachern1996
is contemporary with Maller et al. (1996 and is concerned with nonparametrically
estimating the random block e ects in an anova-type mean linear-ggession model
with a t-residual density rather than density regression.

Although these approaches are clearly highly exible, there are sal issues that
provide motivation for this article. First, to simplify inferences and pior elicitation,
it is appealing to separate the mean functionpxqfrom the residual distribution in
the speci cation, which is accomplished by only a few density regréss methods.
The general framework of separately modeling the mean functiomdresidual dis-
tribution nonparametrically was introduced by Gri n and Steel (201Q. They allow
the residual distribution to change exibly with predictors using the order-based
Dirichlet process Grin and Steel , 20060). On the other hand, we want to able to
have a computationally simpler speci cation with straightforward pror elicitation.
Chib and Greenberg(2010 develops a nonparametric model jointly for continuous
and categorical responses where they model the mean of the liokdtion and resid-
ual density separately. The mean is modeled using exible additive spéa and the
residual density is modeled using a DP scale mixture of normals. Howeuhey
didn't allow the residual distribution to change exibly with the predictors. Often
we have strong prior information regarding the form of the regre®n function. Most
of the current density regression models do not allow the incorpai@n of prior in-
formation without being overparametrized. Second, in many applitans, the main
interest is in inference on or in prediction, and the residual distribution can be con-
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sidered as a nuisance. Third, we would like to be able to provide a speaetion with
theoretical support. By placing some constraints on the suppome may achieve a
gain in e ciency in estimating the regression function, since densityagression pro-
cedures are almost too exible. In particular, it would be appealing tahow strong
posterior consistency in estimating without requiring restrictive assumptions on
or the residual distribution. Current density regression models lacsuch theoretical
support. In addition, computation for density regression can beuite involved, par-
ticularly in cases involving more than a few predictors, and one enauders the curse
of dimensionality in that the speci cations are almost too exible. Ourgoal is to ob-
tain a computationally convenient speci cation that allows consistenestimation of
the regression function, while being exible in the residual distributio speci cation
to obtain robust estimates.

To accomplish this, we propose to place a Gaussian process prior and to allow
the residual density to be unknown through a probit stick-breakig (PSB) process
mixture. The basic PSB process speci cation was proposed Bhung and Dunson
(2009 in developing a density regression approach that allows variable selen.
On the other hand we are concerned with robust estimation of the ean regression
function allowing the residual distribution to change exibly with predctors. While
we want to model the mean regression function nonparametricallye also want to
be able to incorporate our prior knowledge for the regression fuimn quite easily as
opposed to density regression models which are often a black boeré] we propose
four novel variants of PSB mixtures for the residual distribution.The rst uses a scale
mixture of Gaussians to obtain a prior with large support on unimodasymmetric
distributions. The next is based on a symmetrized location-scale P$@xture, which
is more exible in avoiding the unimodality constraint, while constrainingthe residual
density to be symmetric and have mean zero. In addition, we showatthis prior

leads to strong posterior consistency in estimatingunder weak conditions. To allow
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the residual density to change exibly with predictors, we generalezthe above priors
through incorporating probit transformations of Gaussian proases in the weights.

The last two prior speci cations allow changing residual variances drtail heav-
iness with predictors, leading to a highly robust specication which ish®wn to
have better performance in simulation studies and out of sample plietion. It will
be shown in some small sample simulated examples that the heterasstic sym-
metrized location-scale PSB mixture leads to even more robust inégeice than the
heteroscedastic scale PSB mixture without compromising out of safe predictive
performance.

Section 3.2 proposes the class of models under consideration. Sect®8 shows
consistency properties. Sectio3.4 develops e cient posterior computation through
an exact block Gibbs sampler. SectioB.5 describes measures of in uence to study
robustness properties of our proposed methods. Sect®l contains simulation study
results, Section3.7 applies the methods to the Boston housing data and body fat

data, and Section3.8 discusses the results. Proofs are included in the Appendix.

3.2 Nonparametric regression modeling

3.2.1 Data Structure and Model

Considern observations with theith observation recorded in response to the covariate

Yi pKig i i sl Liiinne

We assume that the responsg P Y is continuous andx P X where X € RP is
compact. Also, the residuals; are sampled independently, withf, denoting the
residual density speci c to predictor valuex; x. We focus initially on the case in

which the covariate spaceX is continuous, with the covariates arising from a xed,
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non-random design or consisting of i.i.d realizations of a random variab We choose
a prior on the regression function pxgthat has support on a large subset of® pX g,
the space of smooth real value N R functions. The priors proposed fotf,;x P
X uwill be chosen to have large support so that heavy-tailed distributits and outliers
will automatically be accommodated, with in uential observations danweighted in

estimating
3.2.2 Prior on the Mean Regression Function

We assume that P F t g : X N Ris a continuous functiom, with  as-
signed a Gaussian process (GP) prior, GPp;cqg where is the mean func-
tion and c is the covariance kernel. A Gaussian process is a stochastic preces
t pxq: x PXusuch that any nite dimensional distribution is multivariate normal,
i.e., for anyn and x1;:::;X,, PXQ: p G, Xngd Np pXg g where

pXg p piG:::; Xa.gd and i cXi; Xjq Naturally the covariance kernel
cp; gmust satisfy, for eachn and x4;:::;X,, that the matrix is positive de nite.
The smoothness of the covariance kernel essentially controls tmoothness of the
sample paths oft pxq: x P Xu. For an appropriate choice ot, a Gaussian process
has large support in the space of all smooth functions. More preglig the support
of a Gaussian process is the closure of the reproducing kernel Hittspace gener-
ated by the covariance kernel with a shift by the mean functionGhoshal and Roy
2009. For example, whenX € R, the eigenfunctions of the univariate covariance
kernel, cpi;xlg te ™ x'¥ spanC8pXqif is allowed to vary freely overR .
Thus we can see that the Gaussian process prior has a rich classuoicfions as its
support and hence is appealing as a prior on the mean regressionction. Refer
to Rasmussen and Williamg2005 and van der Vaart and van Zanten(2008h as an
introductory textbook on Gaussian processes.

We follow common practice in choosing the mean function in the GP prido
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correspond to a linear regression,pXgq X , with  denoting unknown regression
coe cients. As a commonly used covariance kernel, we took the Gssian kernel
cpx;xlg e X xi” ‘where and are unknown hyperparameters, with control-

ling the local smoothness of the sample paths ofixkg Smoother sample paths imply

more borrowing of information from neighboring« values.
3.2.3 Priors for Residual Distribution

Motivated by the problem of robust estimation of the regression fiction , we
consider ve dierent types of priors for the residual distributions tfy;x P Xu
as enumerated below. The rst prior corresponds to theé distribution, which is
widely used for robust modeling of residual distributionsWest, 1984 Lange et al,
1989 Fonseca et al. 2008, while the remaining priors are exible nonparametric
speci cations.

1. Heavy tailed parametric error distribution: Following many previous
authors, we rst consider the case in which the residual distributios follow a
homoscedastic Student- distribution with unknown degrees of freedom. As the
Studentt with low degrees of freedom is heavy tailed, outliers are allowed. By
placing a hyperprior on the degrees of freedom, Gam ;b g with Gapa; I
denoting the Gamma distribution with meana{b, one can obtain a data adaptive
approach to down-weighting outliers in estimating the mean regress function.
However, note that this speci cation assumes that the same deggs of freedom and
tail-heaviness holds for alk P X. Following West (1987, we express the Student-
distribution as a scale mixture of normals for ease in computation. laddition, we

allow an unknown scale parameter, lettingg  NpO; 2{ iqwith ; Gap {2, {2¢q

2. Nonparametric error distribution: Let Y < be the response space and

X be the covariate space which is a compact subset<of. Let F denotes the space
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of densities onX Y w.r.t the Lebesgue measure an#y denotes the space of all
conditional densities subject to mean zero,

" » » *

Fo 9:X YNpO8q; gp;ydy 1 ygpyaqdy 0 @xPX
Y Y

We propose to induce a prior on the space of mean zero conditionahdities through
a prior for a collection of mixing measuresP,; X P X uusing the following predictor-

dependent mixture of kernels.

8

I:)x i hIX(J t h X G hu; h PO; h PO; (3-3)
h 1

o

where ,pxq ¥ 0 are random functions ofx such that | , nmxq 1 as. for each

xed x PX. t yxgx PX W ; are iid realizations of a real valued stochastic pro-
cess, i.e. Py is a probability distributions over a function spaceFx. HereP,. is a
probability distribution on < . Hence for eachx P X, P, is a random probability
measure over the measurable Polish spape < ;Bp< < qq Before propos-
ing the prior, we rst review the probit stick breaking process specation and its
relationship to the Dirichlet process. Rodriguez and Dunson(20113 introduce the
probit stick-breaking process in greater details and discuss sonm its theoretical
smoothness and clustering properties. A probability measuf@ P P on pY; BpYqq
follows a probit stick-breaking process with base measugg if it has a representation

of the form

Ppg ~ n ,PqQ n Po (3.4)
h 1

where the atomst U ; are independent and identically distributed fromP, and

+
the random weights are de ned as|, pnd , st piqu n Np ; 2gh

normal distribution. Note that expression @.4) is identical to the stick-breaking
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representation Sethuraman 1994 of the Dirichlet process (DP), but the DP is ob-
tained by replacing the stick-breaking weight p g with a beta(1; ) distributed
random variable. Hence, the PSB process di ers from the DP in usingobit trans-
formations of Gaussian random variables instead of betas for thiéck lengths, with
the two speci cations being identical in the special case in which 0 1
and the DP precision parameter is 1. Rodriguez and Dunson(20113 also men-
tioned the possibility of constructing a variety of predictor depenent models e.g.,
latent Markov random elds, spatio-temporal processes, etc bysing probit trans-
formation latent Gaussian processes. Such latent Gaussian preses can be updated
using data augmentation Gibbs sampling as in continuation-ratio prabmodels for
survival analysis @lbert and Chib, 200). While we follow similar computational
strategies as inRodriguez and Dunson(20113, they didn't consider robust regres-
sion using predictor dependent residual density.

Under the symmetric about zero assumption, we propose two narametric pri-
ors for the residual densityf, for all x PX. The rst prior is a predictor dependent
PSB scale mixture of Gaussians which enforces symmetry about@and unimodal-
ity, and the next is a symmetrized location-scale PSB mixture of Gassns, which
we develop to satisfy the symmetric about zero assumption while allmg multi-
modality.
2a. Heteroscedastic scale PSB mixturesfo allow the residual density to change
exibly with predictors, while maintaining the constraint that each of the predictor-
dependent residual distributions is unimodal and symmetric aboutero, we propose
the following speci cation

» 8

fpg Np:;O;, *¢xdg P~ wxq,; n Gap ; g (3.5)

h 1

+
where LX( t nxqu | ,rl t pxqusis the predictor-dependent probability
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weight on the hth mixture component, and the ,'s are drawn independently from

. . . 2
zero mean Gaussian processes having covariance kemek;x’q Lte Ix xi*,

o

This impliesfyp q ﬁ 1 hXNp;0; lgand is a highly- exible speci cation that
enforces smoothly changing mixture weights across the predictgpace, so that the
residual densities atx and x* will tend to be similar if x is located close tox’, as
measured by ||x  xY|%

Clearly, the speci cation allows the residual variance to change etly with
predictors, as we have var | xq ) ﬁ I 1. However, unlike the previously
proposed methods for heteroscedastic nonlinear regression,deenot just allow the
variances to vary, but allow any aspect of the density to vary, inclling the heaviness
of the tails. This allows locally adaptive downweighting of outliers in estiating
the mean function. Previous methods, which instead assume a sinbkavy-tailed
residual distribution, such as a-distribution, can lead to a lack of robustness due to
global estimation of a single degree of freedom parameter. In addit, due to the
form of our speci cation, posterior computation becomes very igtightforward using
a data augmentation Gibbs sampler, which involves simple steps fomsaling from
conjugate full conditional distributions. Even under the assumpon of Gaussian
residual distributions, posterior computation for heteroscedés models tends to be
complex, with Gibbs sampling typically not possible due to the lack of caiitional
conjugacy.
2b. Heteroscedastic symmetric PSB (sPSB) location-scalaxtures: The PSB scale
mixture in (3.5 restricts the residual density to be unimodal. As this is a very
restrictive assumption, it is appealing to de ne a prior with larger suport that allows
multimodal residual densities, while enforcing the symmetric aboutro assumption
so that the residual density is constrained to have mean zero. Te@mplish this,

we propose a novel symmetrized PSB process speci cation, whicthretated to the
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symmetrized Dirichlet process proposed byokdar (20060. We de ne

fpg  Np:: 'dPPp; g dPPp; g 3dPp ; g 3dPp; g (3.6)
where the atomsp y; »q are drawn independently fromPy a priori, with Py cho-
sen as a product of a N o; 2gand Gg ; qmeasure. The dierence between
the sPSB process prior and the PSB process prior is that instead jpifst plac-
ing probability weight  on atom p ; ng we place probability {2 onp ; n(Q
and p n; hG The resulting residual density under 8.6) has the form fpq
i b "™%Np:; h n'a Np; on; o, 'qu Clearly, each of the realizations cor-
responds to a mixture of Gaussians that is constrained to be symime about zero.
The same comments made for the heteroscedastic scale PSB migtapply here, but
(3.6) is more exible in allowing multi-modal residual distributions, with moddity
changing exibly with predictors. Posterior computation is again staightforward, as
will be shown later.
2c. Homoscedastic scale PSB process mixture of GaussiaAssimpler homoscedas-
tic version of 3.5is to consider

» 8

fpg Np:;O; *Ppdg P~ ., n Gap ; g (3.7)

where the weightst ,u are specied as in

1
h n AL WG n PG n Np ; %g (3.8)
I h

o

This implies that fp q ﬁ 1 nNp;0; g so that the unknown density of the

residuals is expressed as a countable mixture of Gaussians cemterezero but with
varying variances. Observations will be automatically allocated to chters, with
outlying clusters corresponding to components having large variea (low ). By
choosing a hyperprior on  while letting 1, we allow the data to inform more
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strongly about the posterior distribution on the number, sizes andllocation to clus-
ters.
2d. Location-scale symmetrized PSB (sPSB) mixture of Gauass. A homoscedas-

tic version of 3.6 is the following.
»

1 1
fpg Np;; ‘adP°p; g dP°p; q sdPp 5 q SdPp; g

8

P i h phn; hq; P n: nQ PO; (39)
h 1

where the prior on the weights |, are given by @.8) and the prior for p ,; hqare

exactly as in 2b.
3.3 Consistency properties

Let f g and f s denote the priors for the unknown residual density de ned
in expressions 3.7) and (3.9 respectively. It is appealing for , and ¢ to have
support on a large subset o5, and S respectively, whereSs denotes the set of
densities onR with respect to Lebesgue measure that are symmetric about zeand
St € Ss is the subset ofSs corresponding to unimodal densities. We characterize

the weak support of , denoted bywkp ,q € S, in the following lemma.

"
Lemma 34. wkp ,q Gn, Wwhere G, tf : f P S,;hxq fp Xgx i

0 is a completely monotone functiom

A function hpxqon 0;8q is completely monotone inx if it is in nitely di er-
entiable andp 1d" (g(—mmhmq ¥ 0 for all x and for allm P t1;2;:::;8u. Chu (1973
proved that if f is a density onR which is symmetric about zero and unimodal, it
can be written as a scale mixture of normals,

»

f xq

1

p 'xp od
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?
for some densitygon R, ifand only if hpxq  fp Xgx i O;is a completely monotone

function, where is the standard normal pdf. This restriction places a smoothness

constraint on f pxg but still allows a broad variety of densities.

De nition 35. Letting f , To is in the Kullback-Leibler(KL) support of if
» f
f: fopyalog f(’ggdy i 0, @ 0

The set of densitied in the Kullback-Leibler support of is denoted byKL p ¢

Let S; denote the subset o5 corresponding to densities satisfying the following

regularity conditions.

1. f is nowhere zero and bounded byl 8

3

2. _fpalogf pyedy 8

3
3. <fpyqlogflng),";dy 8 ,where 1pyq infipy 1y 1sf P
3

4. there exists j O such that _|y|** 9% pydy 8

Lemma 36. KLp sq...S.

Remark 37. The above assumptions oh are standard regularity conditions intro-
duced byTokdar (2006 and Wu and Ghoshal(2008 to prove thatf P KLp g
where is a general stick breaking prior which has all compactly saquted probabil-
ity distributions as its support. (1) is usually satis ed bycommon densities arising
in practice. (4) imposes a minor tail restriction e.g., t-desity with @2 g degrees
of freedom for some | O satises (4). (1)-(4) are satis ed by a nite mixture of
t-densities or even by an in nite mixture of t-densites withl2 g degrees of freedom

for some j 0 and bounded component speci ¢ means and variances.
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From Lemma 36, it follows that the sPSB location-scale mixture has KL-support
on a large subset of the set of densities symmetric about zero. Fkeconditions
are important in verifying that the priors are exible enough to appoximate any

density subject to the noted restrictions.

We provide fairly general su cient conditions to ensure strong andveak poste-
rior consistency in estimating the mean regression function and thesidual density,
respectively. We focus on the case in which a GP prior is chosen foand an sPSB
location-scale mixture of Gaussians is chosen for the residual dgnss in (3.9).
Similar results can be obtained for the homoscedastic scale PSB mss mixture
under stronger restrictions on the true residual density. Althogh showing consis-
tency results using predictor dependent mixtures of normals aseéhprior for the
residual density in 3.5 and (3.6) is a challenging task, one can anticipate such re-
sults given the theory inPati et al. (2010 and Norets and Pelenis(201Q. Indeed
Pelenis and Noretq2011 showed posterior consistency of the regression coe cients
in a mean linear regression model with covariate dependent nonparetric residuals
using the kernel stick-breaking procedSunson and Park(20083. However, showing
posterior consistency of the mean regression when we have a Garsprocess prior
on the regression function and predictor dependent residuals isitguchallenging and
is a topic of future research.

For this section, we assume;'s are non random and arising from a xed design,
though the proofs are easily modi ed for randonx;'s. When the covariate values
are xed in advance, we consider the neighborhood based on thepmntal measure
of the design points. Let Qn be the empirical probability measure ohé design
points, Qnp( lo " lx, g Based onQ,, we de ne a strongL; neighborhood

n

of radius j 0 as inChoi (2009 around the true regression function o. Letting
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3

I olltn  4px | XA oXadQnpxqset,
Swpo; ¢ | oll1:n (3.10)

We introduce the following notation. Letf, denote an arbitrary xed density in

Ss, o denote an arbitrary xed regression function inF , and

foo fopy opxaq fi fpy  pxiqq

For any two densitiesf and g, let

» »

K99 f pyglogtf pya{opyqudy; Vi, gq f pyq log tf pyafgpyqu’dy;

R R

where log x maxdogx;0g SetK;ff; g Kpgg;figandVig;, g V@oe;fig
fori  1;:::;n.

For technical simplicity assumeX r O; 1, 1 and 0. Denote a mean
zero Gaussian proces8N, : x P 10; 1u with covariance kernelcpc; xlgq el x xI°
by W. Rescaling the sample paths of an in nitely smooth Gaussian processa
powerful technique to improve the approximation of -Helder functions from the
RKHS of the scaled processW, W?-, : x P 0;1¢u with | 0. Intu-
itively, for large values of , the scaled process traverses the sample path of an
unscaled process on the larger interva0; ? ~ &, thereby incorporating more \rough-
ness". van der Vaart and van Zanten (2009 studied rescaled Gaussian processes
W t W?, : x P 0;1¢u for a positive random variable stochastically in-
dependent of W and showed that with a Gamma prior on P2, one obtains the
minimax-optimal rate of convergence for arbitrary smooth funabns.
Assumption 1: W with the density g of = on the positive real line satisfying

CixPexpp Dixlogixqg o gaxq o CoxPexpp D,xlog?xqg

for positive constantsCy; C,; D1; D, and every su ciently large x j 0. Next we state

the lemma on prior positivity due to van der Vaart and van Zanten(2009.
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Lemma 38. If satis es Assumptionl then Pp|| olls gi 0@ O,if gis

continuous.

In order to prove posterior consistency for our proposed modeke rely on a
theorem of Amewou-Atisso et al. (2003, which is a modi cation of the celebrated
Schwartz (19659 theorem to accommodate independent but not identically dis-

tributed data.

Theorem 39. Suppose as in Assumptionl with q¥ p 2 andf s, With
s de ned in (3.9). In addition, assume the data are drawn from the true dengit
fopyi olXiqq with txjuxed and non-random,fo PS;, o PF andf, following the

additional regularity conditions,

3

3
1. y*fopyqdy 8 and fopyqllogfopyafdy 8

3

2. foyq Iog%zdy 8 ,where 1pyq infipy 1y 1sToq

Let U be a weak neighborhood &éf andW, U Sypo; ¢ with W, € S F.
Then the posterior probability

3

s
W, ii”nlfilwiqol sH W p g  1as,
Ss F ilfiWiCFI SFfCFIqu

P s W gqWnlys il Yni Xl XnG

Theorem 39 ensures weak consistency of the posterior of the residual depsind

strong consistency of the posterior of the regression function
3.4 Posterior Computation

We provide details for posterior computation separately for the nsb important mod-
els. We rst describe the choice of hyperparameters of the priomahe regression
function.
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Choice of hyperpriors:  We choose the typical conjugate prior for the regression
coe cients in the mean of the GP, Np o; o9 Where ¢ Oand , «clis
a common choice corresponding to a ridge regression shrinkage rpribhe prior on

is given by Gap; g We let Gap ; qgwith small and large
Normalizing the predictors prior to analysis, we nd that the data ae quite informa-
tive about under these priors, so as long as the priors are not overly informad,
inferences are robust. The parameter controls the heaviness of the tails of the prior
for the regression function. In fact, choosing a Ga {2; {2qprior induces a heavy
tailed t-process with  degrees of freedom as a prior for the regression function. In
all the examples, we have xed 3. controls the correlation of the Gaussian
process at two points in the covariate space similar to a spatial dgcparameter in
a spatial random e ects model. Although a discrete uniform prior o is computa-
tionally e cient in leading to a griddy Gibbs update step, there can be snsitivity to
the choice of grid. A gamma prior for eliminates such sensitivity at some associated
computational price in terms of requiring a Metropolis-Hastings upate that tends
to mix slowly. Since the responses are normalized and the covariasées scaled to lie
in the interval r0; 1s, using a single decay parameter appears to be reasonable. We
choose the parameters and  so that the mean correlation is @ for two points
separated by a distancé? p in the covariate space. controls the tail-heaviness of
the prior for the scaling . Since we would like to accommodate outliers with the
mean being xed at 1, we assume; Gap {2; {2qwith Gam3;1g aandb
are xed at 3{2 to resemble a-distribution with 3 degrees of freedom without the

scaling
3.4.1 Gaussian process regression withresiduals

LetY pyi:iinvad, P pXiG XoG:::; Xnqdand de ne a matrix T such that

T; e Ix xl" Hence 1T, Assume diagal{ ; :i 1;:::;ngand
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Y| Np; ?2gqg|;; NpX ; 'Tg Np o; o9

Gap ; g * Gamh

Next we provide the full conditional distributions needed for Gibbsampling. Due
to conjugacy, ; ; 2 and have closed form full conditional distributions, while

and are updated by using Metropolis Hastings steps within the Gibbs sariap.
LletV p T 1! 2 lgltandVv p XT X gl

IY; 5 %5. 5 NVpT X * gV
v, %5. 5 NVpXT! 0" oGV

n 1."
AYicoinon Gagoan G b

i1
, n 1 1 (
|Y, .o - : Ga 5 ’é p X qlT p X q
11

Y 5o &y Ga ——i5t “m d U

3.4.2 Heteroscedastic PSB mixture of normals

First we need to describe the choice of hyperparameters in this eas

Choice of hyperparameters: We assume Gap ; gand Gaps; g
If the data y; are normalized, we can expect the overall variance to be close taepn
so the variance of the residualsy arp q o > . h % should be less than one. We
set 1 and choose a hyperprior on , Gapl; koqwith kg j 1 so that the
prior mean of |, is signi cantly less than one. Di erent values ofk, are tried out to
assess robustness of the posteriors.

For posterior computation, we propose a Markov chain Monte Carlo
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algorithm, which is a hybrid of data augmentation, the exact block
Gibbs sampler of Papaspiliopoulos (2009 and Metropolis Hastings sampling.
Papaspiliopoulos(2009 proposed the exact block Gibbs sampler as an e cient ap-
proach to posterior computation in Dirichlet process mixture modelsnodifying the
block Gibbs sampler ofishwaran and Jameg2001]) to avoid truncation approxima-
tions. The exact block Gibbs sampler combines characteristics ofethretrospec-
tive sampler (Papaspiliopoulos and Roberts2009 and the slice sampler (Valker,
2007 Kalli et al., 2019. We included the label switching moves introduced by
Papaspiliopoulos and Robert§2008 for better mixing. Introduce 4;:::; , such
that g Pp; hgh 1;2;:::;8. Then

8 8

L g 1py, niXiqdn
h 1 h 1
whereu; U; 1g The MCMC steps are given below.

1. Update u;'s and stick breaking random variables: Generate
uil UFD, i Xiqaq

+
where LpXiq t apxiqu | L1l t pxiqus For i 1;::::n, introduce la-
tent variables Z,xigh  1;2;::: such that Z,xijg Np nXig1lg Thus ,Xiq
PrZnxiqi O;Zpxiq Oforl hg Then

#
Znpidl| Np nXiGldr ;h
| Np nXiGldg ;h

Let Zn p Znp1G:::;ZnXnqdand n P nXiG:iii; nXaQd Letting i

e Ixixll z, Npplgand n N~ g
Wl Np ' 1.g'Znp Inq
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2. Update allocation to atoms: Updatep 1;:::; nq| as multinomial random

variables with probabilities

Ppi hg9Npyi; mig ,'dpy npXxiqgh  1;:::h:

3. Update component-speci ¢ locations and precisions: Letting n, #ti :
i lul 1,20 h
n 5
o Ga S i pad sl 1,2::0h
i |
k
| Ga 1, I ko
I 1
4. Update the mean regression function: Letting diagp %:::; g
| NppT *  *glpT X YgpT ' ‘g'q

| N pxlT 1X Olq lp XlT 1 O1 qu XlT 1X Olql

n 1 (
| Ga——izp XdT'p Xd

5. Update in a Metropolis Hastings step.
3.4.3 Heteroscedastic SPSB process location-scale migtur

We will need the following changes in the updating steps from the prieus case.

1. Update allocation to atoms: Updatep 1;:::; nq| as multinomial random
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variables with probabilities

1 (
Ppi  had9s Npi; pag  ; Sl Npis pad nsopd lpe apxiqq

h 1,:::;h
3. Component-speci ¢ locations and precisions: Letn  #ti: ; lul
1;2;::::h and m, Y i The atoms of the base measure location is

updated from a mixture of normals as

2 2
00 my 1 0 . .
1 piN ; pl poN ; ;
02 n 02 n 02 n 02 n

n *

2
wherep9 exp 3 -*o%—™

0 np

| 5

1 pGa > ? ty, g W@
il
ny 5
Pl poGa > i tyi g w2
i |
n * nl
2
wherep 9 - L
7 0ty g W@
4. Update the mean regression function: Let diagp %:::; g
P . . ,qandW T ' ! % Hence
| PN ;Wt T X oy quWw
pl poN Wt T *X ‘py quWw
wherep9 exp z p T *X oy qdwx oy gpyY qd ‘lpy

(
q
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3.5 Measures of In uence

There has been limited work on sensitivity of the posterior distributin to perturba-

tions of the data and outliers. Arellano-Vallea et al. (2000 use deletion diagnostics
to assess sensitivity, but their methods are computationally expsive in requiring

posterior computation with and without data deleted. Weiss (1996 proposed an
alternative that perturbs the posterior instead of the likelihood, ad only requires
samples from the full posterior. FollowingWeiss (1996, let f pyi| ~; Xiq denote the

likelihood of the datay;, de ne

f py; X
pq Pyi ~| ig.
fpyil 75 xiq

for some small j O and letp;p~|Y gdenote a new perturbed posterior,

.
op-IY PP~ g.p q.
Ep,p~alyq

Denote by L; the inuence measure, which is a divergence measure between the

unperturbed posteriorpp™|Y gand the perturbed posteriorpip~|Y g

»

1
L > lpp~IYq ppTYgd™:

L; is bounded and takes values ir0; 1s Whenpp™|Yq pp~|YqgL; Oindicating
that the perturbation ; has no in uence. On the other hand, il.; 1, the supports
of pp~|Y gand pip~|Y g are disjoint indicating maximum in uence. We can de ne
an in uence measure as. %o " Li. Clearly L also takes values irr0; 1s with
L O0Of L o@ 1;2;::::n. Also L 1A L 1@ 1;2;::::n. Weiss
(1996) provided a sample version adf;;i 1;:::;n. Letting Ty;:::; ~“m be the

posterior samples withB the burn-in,




o

whereEt . p~qu oig + s 1 P kG Our estimated in uence measure i

o

11 (. We will calculate the in uence measure for our proposed methodsic

n

compare their sensitivity.
3.6 Simulation studies

To assess the performance of our proposed approaches, wesicken a number of sim-
ulation examples, (i) linear model, homoscedastic error with no outligr (i) linear
model, homoscedastic error with outliers (iii) linear model, heterosgastic errors
and outliers, (iv) non-linear model (a), heteroscedastic errorand outliers and (v)
non-linear model (b), heteroscedastic errors and outliers. We léte heaviness of the
tails and error variance change withx in cases (iii), (iv) and (v). We considered the
following methods of assessing the performance, namely, meanasgqd prediction
error (MSPE), coverage of 95% prediction intervals, mean integed squared error
(MISE) in estimating the regression function at the points for whichwe have data,
point wise coverage of 95% credible intervals for the regression dtion and the in-
uence measure () as described in Sectioi3.5. We also consider a variety of sample
sizes in the simulation, n=30, 60, 80 and simulate 10 covariates indepkently from
Up0; 1g Let z be 10-dim vector of i.i.dU; 1grandom variables independent of the
covariates.

Generation of errors in heteroscedastic case and outliers: Let fy, piQ

P Npi;0;1g q,Npi; O; 5qwherepy, xizqg The outliers are simulated from the
model with error distribution fxci’p g which is a mixture of truncated normal distri-
butions as follows. In the heteroscedastic cad‘egp id  Px; TNps :3qvmsq P i 0; 10

G TN, g . 3°5qvps’ 58q Pis 0;5qwhere TNrp; ;  *gdenotes a truncated normal dis-
tribution with mean  and standard deviation over the regionR. We consider the

following ve cases.
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1. Case (i) vi 23 57xy i;i NpO;1gwith no outliers.
2. Case (ii): y; 23 57y iv i 0:95Np0;1g 0:05Np0; 10g

3. Case (iii)): v; 1.2 57xy 47Xy 0125 894  2:4X5 3 1Xg
0:01x+; i, i fx , with 5% outliers generated from‘)f?piq

4. Case (iv): yi 12 57xy  34x3  47xi2 08%% 0:1X;3  89XisXis

24XisXi9 31X X% 001x; ;i fy, with 5% outliers generated from
fopig
5. Case (v): yi 12 57sinxy 3dexpXaq 47loglxis|l ;i fx, with

5% outliers generated fronf %p g

For each of the cases and for each sample sizewe took the rst 3 samples as

the training set and the next 5 samples as the test set. The hyperparameters are

speci ed as follows.

1. Heavy tailed parametric error distribution: We described the choice of
the hyperparameters in Sectio3.5. Wetook o 0, o 5ly, 1, 1,
a 05b 05, 5 and 1.

2. Heteroscedastic PSB or sPSB process scale mixture on the res idual
density: o 0, o 5l 1, 1,a O05b 05, 5, 1,
5, 1, 1andky 10.

We also compare the MSPE of the proposed methods with Lassdkshirani, 1996,

Bayesian additive regression treesChipman et al,, 2010, and Treed Gaussian pro-

cessesGramacy and Lee2008. The MCMC algorithms described in Sectior8.5are

used to obtain samples from the posterior distribution. The resultr model 1 given

here are based on 20,000 samples obtained after a burn-in perio@®00. The re-

sults for Model 2 and 3 are based on 20,000 samples obtained aftpeaod of 7,000.
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Table 3.1: Simulation results under homoscedastic residuals (Casgsafd (ii))

n=40 Case (i) Case (ii)

MSPE cov(y? MISE cov( )® L MSPE cov(y) MISE «cov() L
Method 1° 0.2997 1 0.0248 1 0.0017 0.6043 1 0.0232 1 0.0027
Method ¢ 0.2821 0.9980 0.0141 1 0.0015 0.5983 0.9740 0.0173 1 0.0019
Method 3 0.2798 1 0.0144 1 0.0015 0.5987 0.9745 0.0169 1 0.0017
Lasso 0.4651 0.1934 0.6410 0.1080
BART 0.3510 0.6866 0.0714 0.7051 0.7845 0.0950
Treed GP 0.3042 0.9134 0.0256 0.6968 0.9365 0.0803
n=60 MSPE cov(y) MISE cov() L MSPE cov(y) MISE cov() L
Method 1 0.2990 1 0.0246 1 0.0019 0.5776 1 0.0242 1 0.0023
Method 2 0.2769 0.9947 0.0103 1 0.0017 0.5471 0.95 0.0143 0.97 0.0016
Method 3 0.2752 0.9963 0.0104 1 0.0016 0.5541 0.95 0.0141 0.98 0.0016
Lasso 0.4715 0.1974 0.6702 0.1194
BART 0.3314 0.6753 0.0539 0.6725 0.7777 0.1098
Treed GP  0.3000 0.9193 0.0218 0.6880 0.9301 0.1198
n=80 MSPE cov(y) MISE cov() L MSPE cov(y) MISE cov() L
Method 1  0.2913 1 0.0252 1 0.0021 0.5583 1 0.0172 1 0.0022
Method 2 0.2592 0.9940 0.0086 1 0.0021 0.4989 0.97 0.0050 1 0.0014
Method 3  0.2574 0.9956 0.0069 1 0.002 0.4898 0.98 0.0067 1 0.0010
Lasso 0.4318 0.1756 0.6569 0.1150
BART 0.3128 0.6525 0.0437 0.6509 0.7815 0.1098
Treed GP  0.2886 0.9301 0.0175 0.6532 0.9224 0.1031

a cov(y) denotes the coverage of the 95% predictive intervals of th test cases

b cov( ) denotes the coverage of the 95% credible intervals of the meangeession function

¢ GP on mean and t residual distribution

4 GP on mean and heteroscedastic PSB process scale mixtures asidesi distribution

€ GP on mean and heteroscedastic SPSB process mixtures as residldstribution
Rapid convergence was observed based on diagnostic test$Gefveke (19929 and
Raftery and Lewis(1992. In addition, the mixing was very good for model 1. For
models 2 and 3, we use the label switching moves BPgpaspiliopoulos and Roberts
(2008, which lead to adequate mixing. Tables$.1, 6.2 and 3.3 summarize the per-
formance of all the methods based on 50 replicated datasets.

Tables6.1, 6.2and 3.3clearly show that in small samples both of the heteroscedas-

tic methods (2 and 3) have substantially reduced MSPE and MISE rdlge to the

heavy tailed parametric error model in most of the cases, inter@sgly even in the
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Table 3.2: Simulation results under heteroscedastic residuals (Cagei) and (iv))

n=40 Case (iii) Case (iv)

MSPE cov(y) MISE cov() L MSPE cov(y) MISE cov() L
Method 1 0.4833 1 0.3612 1 0.0027 0.4416 1 03274 1 0.0029
Method 2 0.2570 0.9990 0.1394 1 0.0025 0.2783 0.9923 0.1583 0.98 0.0023
Method 3 0.2586 0.9990 0.1298 1 0.0025 0.2712 0.9867 0.1501 0.97 0.0017
Lasso 0.3219 0.1970 0.3140 0.1863
BART 0.4639 0.8444 0.3413 0.4103 0.8833 0.2675
Treed GP 0.3320 0.7834 0.1979 0.3548 0.8268 0.2108
n=60 MSPE cov(y) MISE cov() L MSPE cov(y) MISE cov() L
Method 1 0.2254 1 0.1154 1 0.0023 0.2367 1 0.1067 1 0.0021
Method 2 0.1744 0.9973 0.0572 1 0.0020 0.2178 1 0.0562 0.97 0.0019
Method 3 0.1712 0.9878 0.0567 1 0.0016 0.2099 1 0.0656 0.98 0.0017
Lasso 0.2958 0.1830 0.3025 0.1543
BART 0.3429 0.8546 0.2217 0.3385 0.9122 0.1799
Treed GP 0.2047 0.8349 0.0779 0.2611 0.8867 0.0899
n=80 MSPE cov(y) MISE cov() L MSPE cov(y) MISE cov() L
Method 1 0.1636 1 0.0454 1 0.0018 0.1855 1 0.0346 1 0.0019
Method 2 0.1509 0.9976 0.0373 0.95 0.0015 0.1653 1 0.0321 0.9952 0.0014
Method 3 0.1578 0.9931 0.0324 1 0.0013 0.1614 1 0.0312 0.9932 0.0010
Lasso 0.2592 0.1437 0.2798 0.1373
BART 0.2284 0.9265 0.1098 0.2491 0.9490 0.1083
Treed GP 0.1655 0.8876 0.0427 0.2022 0.8923 0.0548

homoscedastic cases. This may be because discrete mixture of $@ns better ap-
proximate a single normal than a t-distribution in small samples. Metbds 2 and 3
also did a better job than method 1 in allowing uncertainty in estimatinghe mean
regression and predicting the test sample observations. In somases, the heavy
tailed t-residual distribution results in overly conservative predidave and credible
intervals. As seen from the value of the in uence statistic, the hetoscedatic PSB
process mixtures result in more robust inference compared to tiparametric error
model, the sPSB process mixture of normals being more robust thre symmetric
and unimodal version. As the sample size increases, the di erencetlie predictive
performances between the parametric and the nonparametric s is reduced and
in some cases the parametric error model performs as well as trenparametric

approaches, which is as expected given the Central Limit Theorem.
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Table 3.3: Simulation results under heteroscedastic residuals (Cds¥)

n=40 MSPE cov(y) MISE «cov() L

Method 1 0.6666 0.9800 0.5856
Method 2 0.5233 0.9770 0.3980
Method 3 0.5231 0.9854 0.3745
Lasso 0.3713 0.2871
BART 0.4956 0.8980 0.4013
Treed GP 0.7224 0.8123 0.6132

1 0.0033
0.9812 0.0025
0.9765 0.0019

n=60 MSPE cov(y) MISE «cov() L

Method 1 0.3828 1 0.2911
Method 2 0.3745 0.9832 0.2617
Method 3 0.3767 0.9812 0.2601
Lasso 0.3532 0.2616
BART 0.3930 0.9313 0.2668
Treed GP 0.4225 0.9023 0.3217

0.9985 0.0031
0.9840 0.0022
0.9867 0.0020

n=80 MSPE cov(y) MISE «cov() L

Method 1 0.3599 0.9901 0.2759
Method 2 0.3503 0.9762 0.2582
Method 3 0.3519 0.9712 0.2545
Lasso 0.4505 0.2751
BART 0.3594 0.9442 0.2867
Treed GP 0.4489 0.9125 0.3509

0.9998 0.0029
0.9765 0.0022
0.9715 0.0019

Table 3.4: Boston housing data and body fat data results

Boston housing data

body fat data

Methods MSPE cov(y) L corr(Ytest, Ypred? MSPE cov(y) L corr(Ytest, Ypred)

Method 1 0.0012 0.99 0.0034 0.9894
Method 2 0.0013 0.99 0.0027 0.9901
Method 3 0.0016 0.99 0.0020 0.9863

Lasso 0.0015 0.9909
BART 0.0024 0.92 0.9836
Treed GP 0.0053 0.91 0.9524

0.0055 1 0.0020 0.9972

0.0031 1 0.0017 0.9984

0.0029 1 0.0017 0.9989
0.0184 0.9909
0.0355 0.95 0.9655
0.1526 0.98 0.9250

a corr(Ytest, Ypred) denotes the sample correlation between thetest and predicted y
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Table 6.1 shows that, in the simple linear model with normal homoscedastic
errors, all the models perform similarly in terms of mean squared phetion error,
though the methods 2 and 3 are somewhat better than the rest.Ig9, in estimating
the mean regression function in case (i), methods 2 and 3 perfodngetter than all
the other methods. In case (ii)(Table6.1), methods 2 and 3 are most robust in terms
of estimation and prediction in presence of outliers. In cases (iii) ar{d/), when the
residual distribution is heteroscedastic, our methods 2 and 3 perfn signi cantly
better than the parametric model 1 in both estimation and predictia, since the
heteroscedastic PSB mixture is very exible in modeling the residualigtribution.
This is quite evident from the MSPE values under cases (iii) and (iv) in Tae 2.
Lasso did a poor job in estimating the mean regression function ani$ain prediction
particularly in cases (iii) and (iv) when the underlying mean function is etually non-
linear. Also BART failed to perform well in estimating the mean functionin small
samples in these cases. On the other hand, GP based approache$opm quite well
in these cases in estimating the regression function with methods 12da3 performing
better than the rest. Treed GP performed close to method 1 in estation and
prediction as both the methods are based on GP priors on the meamttion and
have a parametric error distribution. In not allowing heteroscedds error variance,
BART and Treed GP under-estimates uncertainty in prediction, leaohg to overly
narrow predictive intervals.

In case (v)(Table 3.3), where the true model is generated using comparatively
less number of true signals, Lasso and BART performed slightly bettin terms of
prediction than the methods 4 and 5 in small samples. This may be due the fact
that Lasso can pick up the true signals quite e ciently in an overly pasimonious
model. However, as the sample size increased, Lasso performeatigavhile the GP
prior on the mean can accommodate the non-linearity resulting in satantially good
predictive performances.
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3.7 Applications

3.7.1 Boston housing data Application

To compare our proposed approaches to alternatives, we applidietmethods to a
commonly used data set from the literature, the Boston housing tta The response
is the median value of the owner-occupied homes (measured in 1000%06 census
tracts in the Boston area, and there are 13 predictors (12 contious, 1 binary) that
might help to explain the variation in the median value across tracts. & predict
the median value of the owner occupied homes of which the rst 253 tgken as
the training set and the remaining 253 as the test set. Out of samplaedictive
performance of our three methods is compared to competitors iraflle 3.4 The
parametric model 1, the heteroscedastic PSB process mixture dets 2 and 3 and
the Lasso perform very closely to each other in terms of predicti@md did better than
BART and Treed GP. Methods 1 and 2 even perform slightly better thn method 3
and Lasso. As in the simulation examples, BART and Treed GP undeténates the
uncertainty in prediction. On the other hand, the predictive intenals of the methods
1, 2 and 3 are more conservative and accommodate uncertainty iregicting regions
with outliers quite exibly. Also the model 3 appears to be more robuscompared

to models 1 and 2 in terms of the in uence measure.
3.7.2 Body fat data application

With the increasing trend in obesity and concerns about associatediverse health
e ects, such as heart disease and diabetes, it has become evemenmimportant to
obtain accurate estimates of body fat percentage. It is well knowthat body mass
index, which is calculated based only on weight and height, can produa misleading
measure of adiposity as it does not take into account muscle massvariability in

frame size. As a gold standard for measuring percentage of body, fone can rely
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on under water weighing techniques, and age and body circumfecermeasurements
have also been widely used as additional predictors. We consider anocaonly-used
data set from Statlib (http://lib.stat.cmu.edu/datasets/bodyfat ), which contains the
following 15 variables; percentage of body fat(%), body densitydim underwater
weighing @m{cm?3), age (year), weight (Ibs:), height (inches), and ten body circum-
ferences (neck, chest, abdomen, hip, thigh, knee, ankle, bicefssearm, wrist, all in

cm). Percentage of body fat is given from Siri's (1956) equation:
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. 4
Density >0

Percentage of body Fat

We predict the percentage of body fat(%) taking the rst 126 ashe training set
and the remaining 126 as the test set. We summarize the predictivenormances in
Table 3.4

Table 3.4 suggests that the nonparametric regression procedures withthe
eroscedastic residual distribution 2 and 3 perform better than #hparametric model

1, BART, Lasso and Treed GP in predicting the percentage of bodwtf

3.8 Discussion

We have developed a novel regression model that can accommedatlarge range
of non linearity in the mean function and at the same time can exibly dal with
outliers and heteroscedasticity. Based on preliminary simulation rels, it appears
that our method can outperform contemporary nonparametricagression methods,
such as BART and treed Gaussian processes, with the performaraiso better than
Lasso in certain linear regression settings. We also provide theacat support for
the proposed methodology when both the mean and the residual&eanodeled non-
parametrically.

One possible future direction is to relax the symmetry assumption dhe residual

distribution and introduce a model for median regression based oorditional PSB
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mixtures for allowing possibly asymmetric residual densities consined to have
zero median. Conditional DP mixtures are well known in the literaturd Doss 1985
Burr and Doss 2005 and it is certainly interesting to extend our approach via a
conditional PSB. In that way we can hope to obtain a more robust émate of the
regression function. It is challenging to extend our theoretical selts to conditional
PSB and develop a fast algorithm for computation. Another possibléheoretical
direction is to prove posterior consistency using heteroscedastiixtures. Currently

we only have results for the homoscedastic PSBP mixture.
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A4

Posterior consistency in conditional density

estimation

4.1 Introduction

There is a rich literature on Bayesian methods for density estimationsing mixture

models of the form
yi fpig i P; P ; (4.1)

where f p qis a parametric density andP is an unknown mixing distribution as-
signed a prior . The most common choice of is the Dirichlet process por, rst

introduced by Ferguson(1973a 19743. Barron et al. (1999h; Ghosal et al.(1999
used upper bracketing and. ;-metric entropy bounds respectively to derive su cient
conditions on the prior onf and the true data generatingt for obtaining strong pos-
terior consistency in Bayesian density estimationGhosal et al.(1999 also provided
su cient conditions for posterior consistency in univariate densityestimation using
Dirichlet process location mixtures of normalsTokdar (20064 signi cantly relaxed

their conditions in a Dirichlet process location-scale mixture of nornha setting, re-

quiring existence of only weak moments of the trué. Ghosal and van der Vaart
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(2001 2007H provided rates of convergence for Bayesian univariate densitgtina-
tion using a Dirichlet process mixture of normalsBhattacharya and Dunson(201Q
provided conditions for strong consistency of kernel mixture pnis for densities on
compact metric spaces and manifolds.

Recent literature has focused on generalizing moddl.{) to the density regression
setting in which the entire conditional distribution of y given x changes exibly with
predictors. Bayesian density regression views the entire conditedrdensity f py | xq
as a function valued parameter and allows its center, spread, skesgs, modality and

other such features to vary withx. For data tpy;;xigi 1;:::;nulet
yilxi fplxig tfp [xgxPXu  x; (4.2)

whereX is the predictor space and x is a prior for the class of conditional densities
tfy;x P Xuindexed by the predictors. Refer, for example, tdaller et al. (1996;
Grin and Steel (2006a 2010Q; Dunson et al. (2007g; Dunson and Park (20083;
Chung and Dunson(2009 and Tokdar et al. (20103 among others.

The primary focus of this recent development has been mixture meld of the

form

fylxqg =~ kg >—"— (4.3)

wmhere is the standard normal density,t pXxgh 1;2;:::u are predictor-
dependent probability weights that sum to one almost surely for eacx P X, and
Pn ng Gp independently, with Gy a base probability measure orfFy < ,
Fx € X<, the space of allX N < functions. However, there is a dearth of results on
support properties of prior distributions for conditional distributions and on general
theorems providing conditions for weak and strong posterior casgency. To our

knowledge, onlyBarrientos et al. (2011 have considered formalizing the notions of
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weak and KL-support for dependent stick-breaking processe¥le focus on a broad
class of generalized stick-breaking processes, which expresspifubability weights

hXq in stick-breaking form, with the stick lengths constructed throug mapping
continuous stochastic processes to the unit interval using a mdoae di erentiable
link function. This class includes dependent Dirichlet processeSl&cEachern 1999
as a special case.

To our knowledge, only a few papers have considered posterior gigtency in con-
ditional density estimation. Tokdar et al. (20108 considers posterior consistency in
estimating conditional distributions focusing exclusively on logistic Gessian process
priors (Tokdar and Ghosh 2007. Such priors have beautiful theoretical properties
but lack the computational simplicity of the countable mixture priorsin (4.3). In ad-
dition, (4.3) has the appealing side e ect of inducing predictor-dependent chasing,
which is often of interest in itself and is an aid to interpretation and irfrences.Yoon
(2009 considers posterior consistency in conditional distribution estinti@n through
a limited information approach by approximating the likelihood by the gantiles of
the true distribution. Tang and Ghosal(2007ab) provide su cient conditions for
showing posterior consistency in estimating an autoregressive ddional density
and a transition density rather than regression with respect to aher covariate.

In this chapter, focusing on model4.3), we initially provide su cient conditions
on the prior and true data-generating model under which the prideads to weak and
various types of strong posterior consistency. In this contextye rst de ne notions
of weak andL ;-integrated neighborhoods. We then show that the su cient cond
tions are satis ed for a novel class of generalized stick-breakinggrs that construct
the stick-breaking lengths through mapping continuous stochastprocesses to the
unit interval using a monotone di erentiable link function. The theoly is illustrated
through application to a model relying on probit transformations ofGaussian pro-

cesses, an approach related to the probit stick-breaking prosef Chung and Dunson
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(2009 and Rodriguez and Dunson(2011h. We also considered Gaussian mixtures
of xed- dependent processesMacEachern 1999 De lorio et al., 2004.

Norets and Pelenis(201Q showed posterior consistency in conditional density
estimation using kernel stick breaking process mixtures of Gausssain a very recent
unpublished article. They approximated a conditional density by a sooth mixture
of linear regressions as iNorets (2010 to demonstrate the KL property. In this
chapter, we have shown KL support using a more direct approach approximating
the true density by a kernel mixture of a compactly supported catitional measure.

The fundamental contribution of this chapter is developing a novetlass of
prior distributions which has large support in the space of conditiomadensities
and also leads to a consistent posterior. In doing so, a key techdicntribu-
tion is the development of a novel method of constructing a sieverfthe pro-
posed class of priors. It has been noted B¥u and Ghosal (201Q that the usual
method of constructing a sieve by controlling prior probabilities is urtde to lead
to a consistency theorem in the multivariate case. This is because tbe explo-
sion of the Li-metric entropy with increasing dimension. They developed a tech-
nique specic to the Dirichlet process in the multivariate case for shang weak
and strong posterior consistency. The proposed siévavoids the pitfall mentioned
by Wu and Ghosal(201Q in showing consistency using multivariate mixtures. Our
sieve construction has been applied to a variety of settings for slying posterior
consistency and convergence rates - adaptive Bayesian multivagalensity estima-
tion Shen and Ghosa{2011)); Tokdar (2011h, sparse multivariate mixtures of factor
analyzersMcLachlan and Peel(200Q and probability tensor decomposed models for

categorical data analysiBhattacharya and Dunson(2011J).

1 A similar sieve appears inNorets and Pelenis(2010 with a citation to an earlier draft of our
paper.
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4.2 Conditional density estimation

In this section, we will de ne the space of conditional densities anaunstruct a prior
on this space. It is rst necessary to generalize the topologies tdlaav appropriate
neighborhoods to be constructed around an uncountable collectiof conditional
densities indexed by predictors. With such neighborhoods in placegwhen state
our main theorems providing su cient conditions under which variougnodes of pos-
terior consistency hold for a broad class of predictor-dependamixtures of Gaussian
kernels.

LetY < bethe response space anfl be the covariate space which is a compact
subset of<P. Unless otherwise stated, we will assum¢ r 0; 19 without loss of
generality. LetF denote the space of densities o Y w.r.t. the Lebesgue measure
and F4 denote a subset of the space of conditional densities satisfying,

»
Fa 9:X YNpO8qg; gp;ydy 1@ PX;x PRNg; g
Y

*

continuous as a function fronX N Lip; Yq :

Supposey; is observed independently given the covariates, i 1;2;::: which are
drawn independently from a probability distribution Q on X. Assume thatQ admits
a density g with respect to the Lebesgue measure.

If we de ne hp<;yq  goxdf py | xgand hopx;yq  gaxcfopy | xqthen hihg P
F. Throughout the chapter, hg is assumed to be a xed density inF which we
alternatively refer to as thetrue data generating densityand tfop | xgx P Xuis
referred to as the true conditional density. The densitgpxqwill be needed only for
theoretical investigation. In practice, we do not need to know it okearn it from the
data.

We propose to induce a prior x on the space of conditional densities through a
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prior Py for a collection of mixing measure$x t Gy;Xx P Xuusing the following
predictor-dependent mixture of kernels

»

1
fylxg = Y dGp g (4.4)

where p ; g and

8

5

Gy hXO+t g nui P h nd Go; (4.5)
h 1

o

where g ¥ 0 are random functions ofx such that ﬁ . hXq 1a.s. for each
xed x PX. t yxgx PXW ; are i.i.d. realizations of a real valued stochastic
process, i.e.Gp is a probability distribution over Fx < , whereFyx € X<, X<
being the space of functions fronX to <. Hence for eachx P X, G, is a random
probability measure over the measurable Polish spape < ;Bp< < qgq We are
interested in Bayesian posterior consistency for a broad class oég@ictor-dependent

stick-breaking mixtures including the following two important speciakases.
4.2.1 Predictor dependent mixtures of Gaussian linear reggsions

We de ne the predictor dependent countable mixtures of Gaussidimear regressions

(MGLRy) as

»1 y «1
foylxq = dGip ; g

and

Gy ndp, . Ph nd Go (4.6)
h 1

o

where g ¥ 0 are random functions ofx such that ﬁ 1 hXg 1 as. for each
xed x PX andGy Go  Gp Is a probability distribution on <P < whereGq,.
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and Go. are probability distributions on <P and < respectively. For a particular
choice of Lpxds, we obtain the probit stick-breaking mixtures of Gaussians which
have been previously applied byGhung and Dunson 2009 Rodriguez and Dunson
2011k Pati and Dunson 201Q. The latter two articles considered probit transfor-

mations of Gaussian processes in constructing the stick-breakingights.
4.2.2 Gaussian mixtures of xed- dependent processes

In (4.4), set G, as in 4.5 with ,mxq 1 forall x PX where , ¥ 0 are random
probability weightso ﬁ . n las.andt ngx PXW4# ;areasin@.5. Examples
include xed- dependent Dirichlet process mixtures of GaussiandMacEachern
1999. Versions of the xed -DDP have been applied to ANOVA Qe lorio et al.,
2009, survival analysis De lorio et al,, 2009 Jara et al., 2010, spatial modeling

(Gelfand et al, 2003, and many more.
4.3 Notions of neighborhoods in conditional density estirtian

We de ne the weak and -integrated L, neighborhoods of the collection of conditional
densitiestfop |xgx P Xuin the following. A sub-base of a weak neighborhood is

de ned as

» »

W pfoq f:f PFg; gh gho X 4.7)
XY XY

for a bounded continuous functiong : Y X N <. A weak neighborhood base
is formed by nite intersections of neighborhoods of the type4(7). Dene a -

integrated L, neighborhood

n » *

Spo, g f:f PRy }p |xqg fop [xq} pxopx (4.8)

for any measure with suppp g € X. Observe that under the topology in 4.8), F4
can be identi ed to a closed subset df 1 p ;Y suppp qgmaking it a complete
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separable metric space. Thus measurability issues won't arise withese topologies.
Although the choice of -integrated L, topology might not seem to be a good choice
of metric for the conditional densities in the onset, we refer the aeler to two ob-
servations mentioned in Section 4 iffokdar (20113 to point out why this is not a
terrible thing to do.

In the following, we de ne the Kullback-Leibler (KL) property of x at a given
fo P F4q. Note that we de ne a KL-type neighborhood around the collectiorof
conditional densitiesf o through de ning a KL neighborhood around the joint density

ho, while keepingQ xed at its true unknown value.

De nition 40. For any fo PF4, such thathopx;yg qoxdf opy | Xqgis the true joint

data-generating density, we de ne an-sized KL neighborhood around, as

Kpfog tf:f PRg;KLphoshg hpyg axdf py [xq @PY;x PXu

3

whereKL pho;hg  hglogtho{hg Then, x is said to have KL property atfo PFg,
denotedfo PKLp xq if xtK gfoquij Oforany j O.

We recall the de nitions of various modes of posterior consistendgiirough y"

De nition 41. The posterior x |y";x" is consistent weakly or strongly in the
-integrated L, topology attfop |xgx PXuif x U°|y";x" N 0 a.s. for any
i OwithU W gogandS fo; qrespectively.

Here a.s. consistency atfop |XgXx P Xumeans that the posterior distribution
concentrates around a neighborhood af gp |xgx P X u for almost every sequence
tyi;x;® ;, generated by i.i.d. sampling from the joint densityqxdf opy | Xg

Another de nition we would require for showing the KL support is thenotion of

weak neighborhood of a collection of mixing measur€@ t Gy;x P Xuwhere Gy
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is a probability measure onS < for eachx PX. HereS <P or < depending
on the cases considered above. We formulate the notion of a sus® of the weak

neighborhood ofG; t Gy;x PXubelow.

De nition 42.  For a bounded continuous functiorg: S < XN <and j O
a sub-base of the weak neighborhood of a conditional prolghineasuretF,;x PXu

is de ned as

»

tGy;x PXu: gps; ; XdGyps; o gox
S < X

grs; ; xcdFps;  oopxodx (4.9)

A conditional probability measuretGy;x P X ulies in the weak support ofPy if
Py assigns positive probability to every basic neighborhood generatby the sub-
base of the type 4.9). In the sequel, we will also consider a neighborhood of the

form

»

(
tGy: X PXu:sgxp gps; dGyps; q gps; adFps; g
X S <

(4.10)

for a bounded continuous functiog: S < N <.

4.4 Posterior consistency in MGLR mixture of Gaussians

4.4.1 Kullback-Leibler property

We will work with a specic choice of Px motivated by the probit stick breaking
process construction irChung and Dunson(2009 but using Gaussian process trans-

forms instead of Gaussian transforms. Let

1

hXQ  t pqu 1l t o Xqus (4.11)
I h
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where  GPp0;c,q forh 1;2;:::;8. Assume the following holds.
S1. ¢, is chosen so that , GPp0; ¢,g has continuous path realizations and

S2. for any continuous functiong : X PRk,

n *

Px sup| nXq gpxq| i O
X PX

h 1;:::;8 and forany j O.
S3. Gy is absolutely continuous with respect to <P < g
Consider the subsef € Fq satisfying the following conditions.

Al. f is nowhere zero and bounded byl 8

3 3

A2.§, fpy | xalogf py | xeryopeepj 8

3 3

A3. |, fpy|xglog™®Xddycpeepxj 8 , where xpyq infiey 1y 1sf P X0
3 3

A4. D j Osuchthat , |y “fpy|xqlygxaix 8

A5. px;yq PN py | xqis jointly continuous.

Remark 43. Al is usually satis ed by common densities arising in practe. A4
imposes a minor tail restriction; e.g., a mean regression rdel with continuous mean
function and a heavy-tailed residual density with 4 degrees of freedom satis es A4.
Conditions A2 and A3 are more subtle, but are also mild. A ekie class of models
which satis es A1-A5 is as follows. Lel; &g i, with :X N < continuous
and ; f,, wheref,pq ) 1 hXq p; on; 2qfor someH ¥ 1, ) HoRxg L

h + X N ro0;1s continuous and is Gaussian ort with greater than 2 degrees of

freedom.
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The following theorem characterizes the subset d¢fy4 for which x has the KL

property. The proof of Theorem44 is provided in AppendixA.
Theorem 44. fo PKL p xqfor eachfy in Fy if Px satis es S1-S3.

Remark 45. The conditions are satis ed for a class of generalized stitkteaking
process mixtures in which the stick-breaking lengths arenstructed through mapping
continuous stochastic processes to the unit interval usimgmonotone di erentiable

link function.

To prove Theorem44, we need several auxiliary results related to the support
of the prior Px which might be of independent interest. The key idea for showing

that the true f, satises xtK pgfoqu j O forany | O is to impose certain tail
3

conditions onfopy | xg and approximate it by fpy | xq 1y dGsp ; g

wheret Gy ; x PXuis compactly supported. Observe that,

» »

f X
KL pho; ha fopy | xalog 2 X%y cppix (4.12)
X Y oy | xq

» »

oy | xq
f xqlo d X:
y oy | Xq gfwlxq yoxcd

X

We construct such an f~ in Theorem 44 which makes the rst term in
the right hand side of @.12 suciently small The following lemma
(which is similar to Lemma 3.1 in Tokdar (20068 and Theorem 3 in
Ghosal et al.(1999) guarantees that the second term in the right hand side o#(12
is also su ciently small if tGy;x P Xu lies inside a nite intersection of neighbor-

hoods oft Gy ; x P X u of the type (4.10.

3 3
Lemma 46. Assume thatfo PFq4 satises Yy2fo|cy|xcp|yqo<cplx 8 . Suppose
3

foy|xqg L Y*~ dGyp ; g whereDaj 0and0 _  — such that

Gyr aad p ;g 1l@xPX; (4.13)
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so that G, has compact support for eack P X. Then given any | 0, D a nite

intersection W of neighborhoods of G, ; x P X u of the type @.10 such that for any
3

conditional densityf py | xq % Y1 dGyp ; gx PX, with tGy:x PXu PW,

» »

f X
fopy | xqglog Wixq

d X : 4.14
L fwlquqqu (4.14)

The proof of Lemma46 is provided in Appendix A. In order to ensure that
the weak support of y is su ciently large to contain all densities f~ satisfying the
assumptions of Lemma46, we de ne a collection of xed conditional probability

measures onp<P < ;Bp<P < ggdenoted byG, satisfying
1. x PNF,pBqis a continuous function ofx PX @ PBp<P < g
2. For any sequence of sets, € <P < OH, sup,py FxpAnq C0.

Next we state the theorem characterizing the weak support &y which will be

proved in Appendix A.

Theorem 47. If Px satis es S1-S3, then anytF,;x P Xu PG, lies in the weak

support of Py .

Corollary 48. Assume S1-S3 hold and assuntg P G, is compactly supported,
i.e., there existsa; ;~ i O such thatF,pr a;a r ;7sq 1. Then for a bounded
uniformly continuous functiong: <P < Nr0;1ssatisfyinggp; qN Oas} }N
8; N8,

»

(
Px tGy;X PXu:sgxp ap ; ®Gp; g9 ogp; odRp; g
X <P <
*

i 0. (4.15)
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Proof. The proof is similar to Theorem47 with the L, convergence inA.6) replaced
by convergence uniformly inx. This is because under the assumptions of Corol-
lary 48 the uniformly continuous sequence of function;  10P kns ~kn FxPAkin
on X monotonically decreases téc gp ; qdFp ; gasn N8 whereC is given by

raar _;~s O

The proof of the following corollary is along the lines of the proof of Torem47

and is omitted here.

Corollary 49. Under the assumptions of Corollary8 for any ko ¥ 1,

Px XU 0 (4.16)
whereU;'s are neighborhoods of the type4(15).
4.4.2 Strong Consistency with therintegrated L; neighborhood

To obtain strong consistency in theg-integrated L ; topology, we need a very straight-

forward extension of Theorem 2 oGhosal et al.(1999 below.

Theorem 50. Suppose o PKL p xgand there exists subsets,, € F4 with
1. logNp; Fn;}},0 omg
2. xpFigrace "2 forsomecy; 2 O,

then the posterior is strongly consistent with respect to elg-integrated L, neighbor-

hood.

Before stating the main theorem on strong consistency, we consida hierarchical
extension of MGLR, where the bandwidths are taken to be random. We de ne
a sequence of random inverse-bandwidths, of the Gaussian processy, h ¥ 1
each having< as its support. Since the rst few atoms su ce to explain most
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of the dependence oy on x, we expect that the variability due to the covariate in
the stochastic process t ,u decreases ab increases. This is achieved through a
carefully chosen prior for the covariance kerne}, of the Gaussian processy,.

Let o denote the base Gaussian process af);1s with covariance kernel
cop;xlg el x XM Then .mxq  opAPxqfor eachx P X. The variability
of n with respect to the covariate is shrunk or stretched to the rectagle r0; Aﬁ{zsf’
as Ay, decreases or increasesA,'s are constructed to be stochastically decreasing
to ¢ in the following manner. We assume that there exist; o | 0 and a se-
quence ,  Oppogncf{n®2q such that PpA, i g @ expt n °hPo 24 Joghu
for eachh ¥ 1. Also assume that there exists a sequenecg O 8 such that
rkn dognd® * omgand PpA, i r,q @ e ". We will discuss how to construct
such a sequence of random variables in the RemaR following Theorem51

The following theorem provides su cient conditions for strong posgrior consis-

tency in the g-integrated L, topology. The proof is provided in AppendixA.

Theorem 51. Let 's satisfy (4.11) with GP; ¢,q where ¢,px; xg

2 Anbx X3y 1 25 0 xed.

C1. There exists sequencea,;h, O 8;l, O0 with &  Omg!>  Opeg and
constantsd;;d, | O such that GotB;a,q rly;hysu d,e %" for some
di;dyj O.

C2. Ay's are constructed as in the last paragraph before Lemrbé.

then fo P KL p xqimplies that x achieves strong posterior consistency -

integrated L, topology atf .

Remark 52. Veri cation of condition C1 of Theorem 51 is particularly simple. For

example, ifGq is a product of multivariate normals on and an inverse Gamma

prior on 2, the condition C1 is satis ed witha, Op? ngh, €l Op?l—ﬁq It
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follows fromvan der Vaart and van Zanten2009 that fo PKL p x qis still satis ed

when we have the additional assumptions C1-C2 together v8th-S3 on the prior .

Remark 53. Since we needPn dognd® * omg rP can be chosen to b®m 1q
for some 0 1 1 Letdbe such thatd {p ¥ 1 and set , 3d. Let Aj

chBh, whereB? Expp gqand ¢, p h® 24 Joghg X9 for any O 1. Then
PpAn i nPgo PpBy i n:Pgm e ™ o e and PpA, j plogngn *2q o

expt n 3dpPd 2a{ joghu.

Remark 54. The theory of strong posterior consistency can be generalizto an
arbitrary monotone di erentiable link function L : < PN ©; 1s which is Lipschitz,
i.e., there exists a constantK j O such that|Lpxq Lpxig] @ K |x xY for all
X;x1PX.

Below we will develop several auxiliary results required to prove Theam 51

They are stated below as some of them might be of independent irest. Let

Spygq: LY X" fory PY and x P X. From Tokdar (20063, we obtain
for »j 1i % andfor eachx PX,
» 1{2}

5
2 }'p 3
TN ¢ . PG yqdys — 1 P2 1

Y 2 1

Construct a sieve forp ; gas

ah .} }ealo o h(: (4.17)

In the following Lemma, we provide an upper bound ttNp 4. ; ;dssg The proof

is omitted as it follows trivially from Lemma 4.1 in Tokdar (20063.

Lemma 55. There exists constantsl;;d, j 0such thatNp apy; ;dssqedy & P

dylog? 1.
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In the proof of Theorem 51, we will verify the su cient conditions of Theo-

rem 50. We calibrate F4 by a carefully chosen sequence of subsdis € Fy.
3

The fundamental problem with mixture models Npy;; 2l,qdPp g in estimat-

ing a multivariate density lies in attempting to compactify the model spce by
3

t Npy;; 2l,adPpq: Pppaya.dg i 1 u for each leading to an en-

tropy ab growing exponentially with the dimensionp. Here we marginalizeP
3

o
Mmn

in Npy; ; 2l,qdPp qto yield the following constructiont ", WNpy; n; 21pq:
[| nll & an;h 1;:::;mn;o ﬁ mn 1 h u leading to an entropy m, loga, where
m, is related to the tail-decay ofP po ﬁ m. 1 h i G With this idea in place, we
extend the construction ofF,, for conditional densities below.

Assume | O is given. LetH? denote a unit ball in the RKHS of the covariance
kernel 2e ax x4 angd B, is a unit ball in Cr0; 1&. For numbersM; m;r; , construct

a sequence of subset8,;h 1;:::;muof Cr0; 19 as follows.

# a__
M T{H —B, Y Y, MH?

Bh Y A A T .
Ya MpHf  —Bgifh m 1::::m:

The idea is to construct

8 1
Fn f o fpy|xq hXG— S S
- h h
P avhedi hPBhrnih  Liiii;mpisup = hxgqe o (4.18)
XPX hym, 1

for appropriate sequencesgy;ly; hy;My; my;ry;  to be chosen in the proof of The-

orem51
The following lemma is also crucial to the proof of Theorerfl which allows us

to calculate the rate of decay oPpsup ey nXqi qwith m,.

Lemma 56. Let 's satisfy (4.11) with GP0; c,q where ¢,px; x'g
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2g Anbx X3y 1: 24 0 xed. Then for some constantC; j O,

8 Mn
X h i @ e C7mnlogmn PPAnhi nG (4.19)
h mp 1 8 h mp 1

Proof. Let W, logrl t tuswhere ! infypx niXG Zn  Gapl; og We will

choose an appropriate value forg in the sequel. Lettg log i 0. Observe that
8 ng,
X hoo x sup rl t ,XQqus i
hme 1 g XPXh
lT\n Mn
oy tl  piqui X logtl  piqu to
h mp, 1 h mp, 1

Note that if we had pxq 1 NpO; 1g then the right hand side above equals

m

x  logtl  paqu to xP n tog
h 1
where Gapm,;1g Then its easy to show that xp toq A e Mnlogmn
However, the calculation gets complicated wheny's are i.i.d realizations of a zero

mean Gaussian process. The proof relies on the fact that the saprum of Gaussian

processes has sub-Gaussian tails.
Below we calculate the rate of decay of x ﬁ me 1 hog i with m,. We

will show that there exists o, depending on and but not depending onn, such
that

mn Mn
X Wh to & pad™ ™ Zn to
h m, 1 h my, 1
Mn
PPALi ng (4.20)
h mp, 1

where there exists a constants ;| 0 such that pxq CsxP?forx j 0. Observe that
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o o

m m . P R .
X nm, aWho o to @ ox o " Wh tobAne onthomg o 1piiiim,g

o

h'm 1PPARi nG

o o
Mn

Since h’“”mn Wh o to X Y o e to{ for some

11, we can re-parameterizéq as ty{ and as . Hence without loss of
generality we assume 1.

Dene g : r0;tes N <;t PN nll e 'g It holds that g is a continuous

function on p0;tos. Assume o  GPp0; coq where copx; X g 2} x x¥° For h

Ppup hnXq ¥ ;Ana ,qePpsup oXq¥ ¢

xPX xP" X

Below we estimatePpsup’ —x oXq ¥ ¢ for large enough following Theorem

5.2 of Adler (1990. However extra care is required to identify the role of,. Since
?

> ?_
Np; nX5}lge Cip of &,

»

a __ a
tlogNp;  oX;}lqut®d = Ct1  logpl{ qu

0

for some constantC, j 0. Hence

a a_
Ppsup opxq¥ qoCop o dexpr {2t Cof pl log qi#{ *s
XPrn

o Cg P2 P21  p{?queC,Pt1 paqu

for constantsC3;C4 j 0. The last inequality holds for all large because 1.
Hence there existd; P ®; tog su ciently small and independent of n such that for
allt P®;t10 xtsupp’—x ofXQ ¥ gatqu aCy P2 gptqu Observe that

xt Sup  oXq¥gpquaCy BP t gptqu C4 RPpl e g

xP X
Cs Ppl e °'g
forany o 1. Further choose (large enough suchthatgl e °'gj 1@ P ity;tes
HencePpW, & t;Ap e g8 p.PZ, tq@P ®;tecswhere p,q Cs P2 \with
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Cs maxt2; C4u. Applying Lemma 80, we conclude 4.20 by induction. Lemma

o o

80 is proved in Appendix A. As ", Z,  Gammn; o4 x hZp  tp ®

o

g Cemnlogmn for some constantCg ;| 0. Since p g™ ™ i Zn  to ®

pe C7mnlogmn g for some constantC; j 0, the result follows immediately. O

4.5 Posterior consistency in mixtures of xed- dependent processes

4.5.1 Kullback-Leibler property

The following theorem veri es that x has KL property at fo PF,. The proof of
Theorem57is somewhat similar to that of Theoren¥4and can be found in Appendix
A.

Theorem 57. fo PKL p xqfor eachfyin F, if Px satis es

T1l. Goisspecied by  GPp;cg n Gp wherecis chosen so that GEO; cq
has continuous path realizations and is absolutely continuous w.r.t. Lebesgue

measure on< .

T2. For every k ¥ 2, p1;:::; kqis absolutely continuous w.r.t. to the Lebesgue

measure onSy 1.

T3. For any continuous functiong : X PRk,

n *

Px sup| nxgq gmxq| i O

xPX
h 1;:::;8 and forany j O.
4.5.2 Strong consistency with the}integrated L; neighborhood

Next we summarize the consistency theorem with respect to theintegrated L,
topology. The proof of Theorem58 is also similar to that of Theorem51 and is

provided in Appendix A.
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Theorem 58. Let ,mxq x! Mg n G and , GP;cg h  1;:::;8

wherecpx: xlg  2e Ak X¥; APl 2a{2  Gapa: by for some , i O.

F1. There exists sequencea,;h, O 8;l, O 0 with 2 Omg = Ope'q
and constantsd;;d,;d; and d; i O such thatG tBp0;a,qu d,e %" and
Go, trl,;hysif o dse %N,

F2.Pp & ni QA Ope " 2dognd® g

thenfo PKL p xqimplies that x achieves strong posterior consistency &g with

respect to theg-integrated L ; topology.

Remark 59. F2 is satised if p's are made to decay more rapidly than the usual
+

Betapl; g stick-breaking random variables, e.g, ify h | pAl  ngandif

Betapl, ,qwhere , h' 2doghc ' ,forsome i O,then F2is satis ed. Large

value of  for the higher indexed weights favors smaller number of campnts.

4.6 Discussion

We have provided su cient conditions to show posterior consisterycin estimating
the conditional density via predictor dependent mixtures of Gaugns which include
probit stick-breaking mixtures of Gaussians and the xed- dependent processes as
special cases. The problem is of interest, providing a more exible éGmnformative
alternative to the usual mean regression. For both the models, weed the same set
of tail conditions (mentioned inF ;) on f, for KL support. Although the rst prior is
exible in the weights and the second one in the atoms through theirocresponding
GP terms, S1, S2, T1 and T3 show that veri cation of KL property mly requires
that both the GP terms have continuous path realizations and desd approximation
property. Moreover, for the second prior, any set of weights suming to one a.s. (T2)
su ces for showing KL property. Careful investigations of the pror for the GP kernel
for the rst model and the probability weights for the second one i@ required for
strong consistency. For the rst one we need the covariate depegence of the higher
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indexed GP terms in the weights to fade o . On the other hand, fortie second model,

the atoms can be i.i.d. realizations of a GP with Gaussian covariance kel with
inverse-Gamma bandwidth while limiting the model complexity through a&equence

of probability weights which are allowed to decay rapidly. This suggestthat full
exibility in the weights should be down-weighted by an appropriately hosen prior
while full exibility in the atoms should be accompanied by a restriction inposing
fewer number of components.

One alternative possibility is to specify a prior for the joint densityhpx;yq
gxd py | Xg to induce a prior on the conditionalf py | xg wheregpxqdenotes the joint
density of the covariates. Using such an approach, which was origlly proposed by
Muller et al. (1996 using Dirichlet process mixtures of multivariate Gaussians, one
can potentially rely on the theory of large support and posterior ewistency for i.i.d.
realizations from a multivariate distribution; for example, refer toWu and Ghosal
(2010; Norets and Pelenis(2009. Unfortunately, such an approach has clear dis-
advantages. When interest focuses on the conditional distribunioof f py | xqit is
very appealing to avoid needing to model the joint density of the pdéctors, gpxq
which will be multivariate in typical applications. In addition, standard models for
the joint distribution relying on multivariate Dirichlet process mixtures (refer also
to Shahbaba and Neal2009; Park and Dunson (2009), can have relatively poor
performance, because many mixture components may be intro@alc primarily to
provide a good t to the marginal gpxq potentially leading to degradation of perfor-
mance in estimatingf py | xqfor all x PX. The MGLR, and the Gaussian mixture
of xed- dependent processes are examples of priors directly on the coladial

densities.
The ¢g-integrated L, topology concerns average accuracy for prediction of future

y values when the futurex values are drawn from the same covariate distribution
Q that generate the datax's. It is preferable to use a topology that can lead to
average accuracy guarantees when the futuxés are generated from any distribution

whose support is a subset of the support @. To accomplish this, we propose to
focus on a topology based on the supremum bbf neighborhoods of the true density
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in our future research.
Although, a more reasonable way of evaluating a Bayes procedurdgdsstudy the

posterior convergence rates, deriving the rates of convergena our case substan-
tially complicates the analysis and is a topic of future research. Of ase our sieve
construction can be used to derive the rates, while being more cfein estimat-
ing the concentration of the prior around the true density, the rees of decay of the
complement of the sieve and calculating the entropy.
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S

Bayesian shape modeling with closed curves

5.1 Introduction

Boundaries of objects are widely studied across many disciplines¢isas biomedical
imaging, cytology and computer vision. In describing complex boundes, one can
use a parametric curve (2D) or surface (3D), i.eCptq: D; N R? or Cptq: D, N R3
respectively, whereD; € R and D, € R?. Note that this is di erent from a typical
function estimation problem because the independent variablg, is unknown. And
furthermore, the curve must be closed to produce a valid boundar

A collection of introductory work on curve and surface modeling cabe found
in Su and Liu (1989 and subsequent developments iNuller (2005. Popular repre-
sentations include Bezier curves, splines, and principal curveldgstie and Stuetzle
1989, the nal one being a nonlinear generalization of principal compomés involv-
ing smooth curves which pass through the middle of a data clou&u et al. (201)
dealt with curve modeling based on stochastic processes when tlservations are
given as a set of time-indexed points on manifoldKurtek et al. (2011 developed

an elegant theoretical framework for comparing and analyzing otegs once the tted
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curves are obtained.

Nonparametric representations of parametric curves and sudes are widely used
(Barnhill, 1985 Lang and Reschel 1992 Hagen and Santarelli 1992 Aziz et al.,
2002, because they provide a exible model for a broad range of objece.g. cells,
pollen grains, protein molecules, machine parts, etc.

Although there is a vast literature on estimating curves and surfas, the majority
of this work focuses on estimating unrestricted functions. Howex, the boundary of
a simply-connected object must be a closed curve, which is a redioa on the curve
representation. Estimating a closed surface or curve involves a drent modeling
strategy and there has been little work in this regime, particularly sm a Bayesian
point of view. To our knowledge, onlyPati and Dunson (2011 developed a Bayesian
approach for tting a closed surface, using tensor-products.

In many applications featuring low-contrast images or sparse andisy point
clouds, there is insu cient data to recover local segments of thedundary in isola-
tion. Thus, it becomes critical to model the boundary's global shap Furthermore,
multiple related objects may share shape similarities that can be lewyed for im-
proved inference of boundaries. However, to the best of our kmedge, there are few
curve models which incorporate detailed shape information.

One strategy for analyzing complex curves is to refactor them in auttiscale fash-
ion, as done by Fourier and wavelet descriptordNhitney, 1937 Zahn and Roskies
1972 Mortenson 1985 Persoon and Fu1977. These approaches decompose a curve
into components of di erent scales, so that the coarsest scalengponents carry the
global approximation information while the ner scale components etain the lo-
cal detailed information. Mokhtarian and Mackworth (1992, Desiceri and Janka
(2009 and Desickri et al. (2007 also proposed multiscale curves. Such multiscale
transforms make it easier to compare objects that share the samoarse shape, but
di er on ner details, or vice versa. The ner scale components caalso be discarded
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to yield a nite and low-dimensional representation. However, nonef these methods
are model-based.

In this chapter, we propose a Bayesian hierarchical model for @oj boundaries,
which addresses all of the aforementioned problems: 1) guaragitey valid boundaries
through closed curves, 2) enabling borrowing of information whertting multiple
similar objects, and 3) employing a multiscale representation suitabler shape anal-
ysis.

The key innovation in our model is a curve-generating random progewhich can
approximate the whole range of simply connected 2D shapes. It issea on applying
a sequence of multiscale deformations to a novel type of closedveuRoth et al.
(2009. Because the model is multiscale, it is able to detect and borrow imtebject
similarities at a particular resolution even if similarities are not presenat other res-

olutions. This process also yields a "central curve' that summarizesiltiple objects.

Dryden and Mardia (1999 discussed a related concept of mean shape, shape vari-

ability and various methods of estimating them in the context of landrark-based
analysis.

En route, we solve several important sub-problems that may bemggrally useful in
the study of curve and surface tting. First, we develop a modeldwsed approach for
parameterizing point cloud data. Second, we show how fully Bayesignnt modeling
can be used to incorporate several pieces of auxiliary information fihe process of
curve- tting, such as when a surface orientation is reported foeach point within a
point cloud. Lastly, the concept of multi-scale deformation can beegeralized to 3D

surfaces in a straightforward manner.
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5.2 Shape-generating random process

5.2.1 Overview

Our shape-generating random process starts with a closed curaed performs a
sequence of multiscale deformations to generate a nal curve. X8.2.2 we introduce
the Roth curve developed byRoth et al. (2009, which will be used to represent the
object boundary. Then, inx5.2.3 we demonstrate how to deform a Roth curve
at multiple scales to produce any simply-connected shape. Using theechanisms
developed inx5.2.2and x5.2.3 we present the full random process ir5.2.5 In x5.4,

we use this as a prior distribution for curve- tting.
5.2.2 Roth curve

A Roth curve is a closed parametriccurveC :r ; sN R? denedbyasetofh 1
points in R?, tg;j  1;:::;2n  1u(also known as control points), where is the
degree of the curve and we may choose it to be any positive integBar convenience,
we will refer to the total number of control points asJ, whereJpng 2n 1. For
notational simplicity, we will drop the dependence of in Jmng As a function oft,
the curve can be viewed as the trajectory of a particle over time. tAvery time t,
the particle's location is de ned as some convex combination of all dool points.
The weight accorded to each control point in this convex combinatiovaries with

time according to a set of basis functions,B{'ptq | 1;:::5;Ju, where Bi'gg | O

and |  B'ptq 1 forallt.

J

Cpa  oBPpg tPr ; s; (5.1)
i1
" * n
h 209 19 ozallle?
n on s . L
Bi'rtq on 1 cos't on 1 ; hp on 1q (5.2)
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whereg r Gy Gy S'speci es the location of thg " control pointandB :r ; s N
r0; 1sis the j " basis function. For simplicity, we omit the superscriptn denoting a
basis function's degree, unless it requires special attention. Thigpresentation is a

type of Bezier curve. The Roth curve has several appealing praopes:

1. It is fully de ned by a nite set of control points, despite being anin nite

dimensional curve.

2. It is always closed, i.,e.Cp g Cp g This is necessary to represent the

boundary of an object.

3. All basis functions are nonlinear translates of each other, andesevenly spaced
over the intervalr ; s They can be cyclically permuted without altering the
curve. This implies that each control point exerts the same "in uerg over the

curve.
4. A degree 1 Roth curve having 3 control points is always a circle dfigse.

5. Any closed curve can be approximated arbitrarily well by a Roth eue, for
some large degrea. This is because the Roth basis, for a givem, spans the
vector space of trigonometric polynomials of degreeand asn N 8 , the basis

functions span the vector space of Fourier series. We elaboratetbis in x5.3.

6. Roth curves are in nitely di erentiable (C?8).
5.2.3 Deforming a Roth curve

A Roth curve can be deformed simply by translating some of its comtr points. We

now formally de ne deformation and illustrate it in Figure 5.1

De nition 60. Suppose we are given two Roth curves,

J J

Cpq ~ gBjpg C€pg ~ gBjpg (5.3)

i1 i1
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Figure 5.1 : Deformation of a Roth curve

where for eachj, g ¢ R;d, d PR? andR; is a rotation matrix. Then, we say

that Cptgis deformedinto €ptqby thedeformation vectorstd;;j  1;:::;Ju

Each R; orients the deformation vectord; relative to the original curve's surface.
As a result, positive values for the y-component af; always correspond to outward
deformation, negative values always correspond to inward defoation, and d;'s x-
component corresponds to deformation parallel to the surfacéVe will call R; a
deformation-orienting matrix. In precise terms,

: sinpjq cop;q ’ '

where ; is the angle of the curve's tangent line ag 22n“ 11q, the point where the

control point ¢ has the strongest in uence:qg  arg F)max Bjg ; can be obtained
tPr ; s

by computing the rst-derivative of the Roth curve, also known asts hodograph.

De nition 61. The hodograph of a Roth curve is given by:

J

s d
Hptg G 4BiMG (5.5)
i1
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where $B; ptqis given by

2 STt on . 2m  kap 1q
g m kgsin m ko :
en 197 1CJ|< o K 2n 1

(5.6)

wheret Pr ; s If we viewCpqas the trajectory of a particle,H ptq intuitively

gives the velocity of the particle at point.

We can use simple trigonometry to determine that

yka - (5.7)

i arctan
. Hxpq

Note that R; is ultimately just a function of tg PR%j  1;:::;Ju.
Next, we show how to alter the scale of deformation, using an imparit concept

called degree elevation.

De nition 62. Given any Roth curve, we can use degree elevation to re-esgre
the same curve using a larger number of control points (a hahdegree). More

precisely, if we are given a curve of degree Cpiq f”llq B/'rtg we can elevate

its degree by any positive integev, to obtain a new degree elevated curvépq

jzml va 1gBj” Vg such thatCptg  ®pgforallt Pr ; s In ®pg each new
degree-elevated control poinfy , can be de ned in terms of the original control points,

te:;i 1::::2n 1u

1 on 1 2m vgpp n 1 2n 2n 1
. nv Mo k__ " cop pk;n;iqm;
2n 1 2m vq T ’
2n 1 — 2 k 0 v k i1
L 2p 1q 2m kgp 1q
where [X;n;iq m kg 2m vq 1 2n 1

Although daunting to read, the only crucial points to note about ths relationship
are thatp islinearing's,i 1;:::;2n 1 and that the "in uence' of a single control
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point shrinks after degree elevation. This is because the curve iswnghared by a

greater total number of control points. This implies that after dgree-elevation, the

translation of any single control point will cause a smaller, ner-sda deformation

to the curve's shape. Thus, degree elevation can be used to atljtse scale of

deformation. We exploit this strategy in the random process propged inx5.2.5

To that end, we rst rewrite all of the concepts described above imore com-

pact vector notation. Note that the formulas for degree elevatig deformation, the

hodograph and the curve itself all simply involve linear operations orhé control

points.
5.2.4 \Vector notation

Rewrite the control points in a “stacked' vector of length 2,

cp Cl;x;Cl;y;CZ;x;Cz;y;”';CJXsCquL (5.8)
The formula for a Roth curve given in 6.1) can be rewritten as
Cptq Xpce (5.9)
Bigg 0 Bopg O Bopgg 0 .
X : 5.10
a 0 Bitg 0  Bpg 0 Bipg 10
The formula for the hodograph given in %.5) is rewritten as
d
Hea XBe Ppg o Xpg (5.11)
Deformation can be written as
t ¢ Tpod;d p dig; iy oy oy iits dyy; dyy O (5.12)
Tpeg  blockgRy; Ry i Ry g (5.13)
where blochA;;:::;AqQis a pq pq block diagonal matrix usingp p matrices
Ai;i 1000 We call T the stackeddeformation-orientating matrix. Note that T
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is a function ofc, because eacl; depends orc. Degree elevation can be written as

the linear operator, E:

p Ec; E pEjy 1‘?}”1:

where
2 vq n 1 2n
1 n v hn 5 k .
Ei; on 1 oo 1 . ZT T coP X;n;iqq

We will maintain this vector notation throughout the rest of the chapter.
5.2.5 Shape-generating Random Process

The random process starts with some initial Roth curve, speci edyban initial set
of control points, ¢®. From here on, we will refer to all curves by the stacked vector
of their control points, c. Then, drawing on the deformation and degree-elevation
operations de ned earlier, we repeatedly apply the following recuve operation R

times:
PP Ed Y &' Np; g 0 pm M T Mg (5.14)

resulting in a nal curve ¢®9. In other words, (i) degree elevate the current curve,
(i) randomly deform it, and repeat a total of R times. This random process speci es
a probability distribution over c™®q,

We now elaborate on the details of this recursive process. The pareters of the

process are
1. R PZ, the number of steps in the process.

2. n, P Z, the degree of the curved”9, for eachr 0;:::;R. The sequence
of tn, U} must be strictly monotonically increasing. For convenience, we will

denote the number of control points at a certain step to beJ, 2n, 1.
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Figure 5.2 : An illustration of the shape generation processrom left to right:

1) initial curve specied by three control points, 2) the same cury after degree
elevation, 3) deformation, 4) degree elevation again, 5) defornat again. Dark
lines indicate the curve, pale dots indicate the curve's control poist and pale lines
connect the control points in order.

3. [ PR?r the average set of deformations applied at stap 0;:::;R. Note

that this vector contains a stack of deformations, not just one.

4. , PR 2 the covariance in the set of deformations applied at step

For these parametersE, is the degree-elevation matrix going from degre® ;to n,,

Np; gis a 2], -variate normal distribution and T, is the stacked deformation orienting

matrix.

We take special care in de ning the initial curve ¢®. We choosec™ to be degree

no 1, which guarantees that it is an ellipse. Foy  1;2;3, we de ne each control
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point as

¢ poogd R, d™ (5.15)

. . 2]

R, rotation matrix where Tj; (5.16)
and where eachjjpoq P R? is a random deformation vector. In words: we start with
a curve that is just a point at the origin, Cpg pO0;0q and apply three random
deformations which are rotated by a radially symmetric amount: 120 and 240

(note that the nal deformations are not radially symmetric, sinceeachd; is randomly

drawn). We will write this in vector notation as

g™ Np o; oG

ca 0 Tod™e:

The deformations essentially “in ate' the curve into some ellipse. Thisompletes our
de nition of the random process.

We now give some intuition about the process and each of its pararagt, and
de ne several additional concepts which make the process eadierinterpret. The
random process gives a multiscale representation, because edep s the process
produces increasingly ne-scale deformations, through degrekevation.

R is then the number of scales or ‘resolutions' captured by the pr@se Each
n, species the number of control points at resolutiorr. We will use S; to denote
the class of curves that can be exactly represented by a degrgeRoth curve. If
tn, U} is monotonically increasing, thers; € S, € ::: € S. Thus, the deformations
d™9 roughly describe the additional details gained going froi§, ; to S;. Modeling
multiple resolutions allows better "borrowing of information' betweersubjects. For
example, we may wish to model a human body before and after it hastaveight.

The two shapes will dier in their coarse outline, but share the same ne-scale

128



features (a nose, ears, etc.). If one object is missing a large paftits boundary,

we may borrow ne-scale features without incorrectly importing tle coarse outline.
Thus, resolutions should be chosen to re ect the levels at which ghes are similar.
It is crucial that we de ne each resolution relative to the surface reientation of the

previous resolution. For example, if two human bodies only di er by ta tilted angle
of their head, it should be possible to observe that the facial feats are identical,
once di erences in the coarser level head-orientation have beesnmoved.

. Is the mean deformation at levet. Based ont ,;r 0;:::;Ru, we de ne the

“central curve' of the random process; as:
c : ¢Jra
c™d E.¢™ 9 Tp g,

Note that ¢ is simply the deterministic result of the random process if each
drd r, rather than being drawn from a distribution centered on . Thus, all
shapes generated by the process tend to be deformed versiohthe central curve.
We illustrate this in Figure 5.3. If the random process is used to describe a collection

of objects, the central curve provides a good summary.

A AAAN A AARANES R &5 P = O
A A A N A AT A
AN AN A 1508 7 (O Tgiﬁ

AAARAA 0000 7
A A QA A OO0 SCMH Y

(a) (b) (©)
Figure 5.3 : Random samples from the shape-generating process (red: tlen-c
tral curve, blue: random samples). (a) A moon-shaped collectiof)) star-shaped
collection, (c) high-variance but symmetry-constrained collection

 determines the covariance of the deformations at level This naturally con-
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trols the variability among shapes generated by the process. Ifdéhvariance is very
small, all curves will be very similar to the central curve. , can also be chosen to
induce correlation between deformation vectors at the same radmon, in the typical
way that correlation is induced between dimensions of a multivariateonmal distri-
bution. This allows us to incorporate higher-level assumptions abbshape, such as
re ected or radial symmetry. For example, ifR  2;n; 1 andn, 2, we can
specify perfect correlation in », such thatd®® df%and d¥® d¥". The resulting
curves are guaranteed to be symmetrical along an axis of re eatio

In the subsequent section$.4 and 5.5, we show how to use our random process

to guide curve- tting for point clouds and image data.

5.3 Properties of the Prior

5.3.1 Support

Let the Helder class of periodic functions omr ; s of order be denoted by
C pr ; sq De ne the class of closed parametric curveScp 1; »qhaving di erent

smoothness along di erent coordinates as

SPp1; 29:tS pShS?g:r ; sNR%S PCipr ; sqi L2u (5.17)
Consider for simplicity a single resolution Roth curve with control poits tc ;]
nates of forj 0;:::;2n,i.e.,Cpq f”oq B'rg G Nz, ?l.gj 0;:::;2n.
Denote the prior forC by ¢n. ¢n denes an independent Gaussian process for
each of the components of. Technically speaking, the support of a prior is de ned
as the smallest closed set with probability one. Intuitively, the suppt charac-
terizes the variety of prior realizations along with those which are inheir limit.
We construct a prior distribution to have large support so that theprior realiza-

tions are exible enough to approximate the true underlying targebbject. As re-
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viewed invan der Vaart and van Zanten(2008h, the support of a Gaussian process
(in our case ¢n) is the closure of the corresponding reproducing kernel Hilbert ape
(RKHS). The following Lemma 63 describes the RKHS of ¢», which is a special

case of Lemma 2 irPati and Dunson(201). Refer to Appendix C for the proofs.

Lemma 63. The RKHSH" of ¢n consists of all functionsh:r ; sN R? of the

form

2n

htg ~ GB/'pq (5.18)

i o
where the weights; range overR?. The RKHS norm is given by

2n
[ Lalffe G I12{ (5.19)
i o
The following theorem describes how well an arbitrary closed paratrie surface

So PScp 1; »qcan be approximated by the elements dfi" for eachn.

Theorem 64. For any xed So P Scp 1; G there existsh P H" with ||h||Z. @

Ki ["o3{ ?such that
[[So h|ls @ Kon ralogn (5.20)
for some constantK ;;K, j 0 independent ofn.

This shows that the Roth basis expansion is su ciently exible to appoximate
any closed curve arbitrarily well. Although we have only shown large pport of
the prior under independent Gaussian priors on the control pointgshe multiscale
structure should be even more exible and hence rich enough to chaterize any
closed curve. We can also expect minimax optimal posterior conttam rates using
the prior ¢n similar to Theorem 2 inPati and Dunson (2011 for suitable choices

of prior distributions on n.
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C1 — Q1 —C1

Figure 5.4 : In uence of the control points on the Roth curve

5.3.2 Inuence of the control points

The unique maximum of basis functiorB;"tqde ned in (5.1) is at t 29 la{d,
therefore the control point¢ has the most signi cant e ect on the shape of the
curve in the neighborhood of the poinCp 2 g 1g{Jg Note that B/'qvanishes
att 2 g 19{J, thus ¢ has no e ect on the corresponding pointi.e., the point
of the curve is invariant under the modication ofg,. The control point ¢; a ects alll
other points of the curve, i.e. the curve is globally controlled. Thegaroperties are
illustrated in Figure 5.4.

However, we emphasize following Proposition 5 ioth et al. (2009 that while
control points have a global e ect on the shape, this inuence teedo be local and
dramatically decreases on further parts of the curve, especiallgrfhigher values of

n.
5.4 Inference from Point Cloud Data

We now demonstrate how our multiscale closed curve process canused as a prior
distribution for tting a curve to a 2D point cloud. Data examples aregiven in x5.8.
As a byproduct of tting, we also obtain an intuitive description of the shape in
terms of deformation vectors.

Assume that the data consist of pointap; PR?;i  1;:::;Nuconcentrated near
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a 2D closed curve. Since a Roth curve can be thought of as a funatiexpressing the
trajectory of a particle over time, we view each data pointp;, as a noisy observation

of the particle's location at a given timet;,

B Cpig 5 i N0 loq (5.21)

(5.21) shares a similar form to nonlinear factor models, whetg is the latent factor
score. We assume that the noise varianc€ is known, but if not, one can easily
place a conjugate inverse Gamma prior on it. First, we will rewrite th@oint cloud

model in stacked vector notation. De ning

p ppl;x;pl;y;:::;pN;x;pN;yd? P 1xs 1ys - 55 Nixs Ny
t Pt tayr it tay O Xpgh r X paofX pogt: i X pin s

we have

p Xpgog ; Nanp0; ?lan g (5.22)

where X tiqis as de ned in 6.11).

To t a Roth curve through the data, we want to infer Ppc | pg the posterior
distribution over control points c, given the data pointsp. To compute this, we must
specifyPp | cq the likelihood, andP pcg, the prior distribution over Roth curves. We
chooseP peqto be the probability distribution induced by the shape-generatingan-
dom process speci ed irx6.2.5 From (5.22, we can specify the likelihood function

as,

1N J
Pptpd) | tauig N2 p;  GBjpig 2y ; (5.23)
i1 i1

Pmp|cq Non 0 Xptee; ?lon g (5.24)

This completes the Bayesian formulation for inferring, givenp and t. In x5.7, we
describe the exact method for performing Bayesian inference.
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In many applications, t; is not known and can be treated as a latent variable. We
propose a prior fort; conditionally on c, which is designed to be uniform over the
curve's arc-length. This prior is motivated by the frequentist literaure on arc-length
parameterizationsMadi (2009, but instead of assigning the valuest; P r ; su
in a deterministic preliminary step prior to statistical analysis, we use Bayesian

approach to formally accommodate uncertainty in parameterizatio of the points.

De ne the arc-length functionA :r ; sPRR
))u
Apug:  Apu;pco; il Caqq |[H ptal(dt: (5.25)
Note that A is monotonically increasing and satis esAp ( 0;Ap g

Given pco;ii1; 6nG We draw Unif0; Lpco; i 11 rggand sett; A dig
Thus we obtain a prior for thet;'s which is uniform along the length of the curve

and is given by

opq s HAall

|[H pq|idt
Thus the high velocity regions on the curve are penalized more andetlow velocity
regions are penalized less to enable uniform arc-length parametatians.

Uniform arc-length parametrization is extremely important for tworeasons. First,
it ensures that the control points are well distributed along the dire object bound-
ary. This means that a roughly equal amount of "detail" is given to decribing any
given length of the curve. Second, it standardizes parametrizaticamong multiple
curves to make them directly comparable.

We will discuss a griddy Gibbs algorithm for implementing the arc-length
parametrization in a fully Bayesian framework inx5.7.
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5.5 Inference from Pixelated Image Data

In this section, we show how to model image data by converting it togint cloud
data. We also show how image data gives a bonus estimate for the aatijs surface
orientation, ! ; at each pointp;. We incorporate this extra information into our model
to improve tting, with essentially no sacri ce in computational e cie ncy.

A grayscale image can be treated as a functioh : R2 N R. The gradient of this
function, r Z : R? N R? is a vector eld, wherer Zx;yqis a vector pointing in the
direction of steepest ascent apx;yg In computer vision, it is well known that the
gradient norm of the image,||[r Z||. : R> N R approximates a “line-drawing' of all
the high-contrast edges in the image. Our goal is to t the edges irhé image with
our model.

In practice, an image is discretized into pixelsz,, |[a 1;:::;X;b 1;:::;Yu
but a discrete version of the gradient can still be computed by takgithe di erence
between neighboring pixels, such that one gradient vectog,, is computed at each
pixel. The image's gradient norm is then just another image, where @a pixel
Map | Gapll2-

Finally, we extract a point cloud: tpa;bg |ma.p i M;a  1;:::5;X;b 1;:::;Yu
where M is some user-speci ed threshold. Each point; Ig can still be matched
to a gradient vector g,.,. For convenience, we will re-index them ag, and g. The
gradient vector points in the direction of steepest change in comtst, i.e. it points
across the edge of the object, approximating the object's sucanormal. The surface
orientation is then just! ; arctanpg%q

In the following, we describe a model relating a Roth curve to eadh. This

model can be used together with the model we speci ed earlier fdrep;.
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5.5.1 Modeling surface orientation

Denote byv, p HyptigHyptiqq PR? the velocity vector of the curveCptq at the
parameterization locationt;; i 1;:::;N. Note that v; is always tangent to the
curve. Since each ; points roughly normal to the curve, we can rotate all of them
by 90 degrees,; !; 5, and treat each ; as a noisy estimate of;'s orientation.
Note that we cannot rotate the vectorg by 90 degrees and directly treat it as a
noisy observation ofv;. In particular, g 's magnitude bears no relationship to the
magnitude ofv;: ||g || is the rate of change in image brightness when crossing the
edge of the object, whilg|v;|| describes the speed at which the curve passes through
pi.

Suppose we did have some noisy observation\pf denotedu;. Then, we could

have speci ed the following linear model relating the curvéc;j  1;:::;Juto the

u;'s:
Ui Vi i (5.26)
Yo d
CjaBj o SYe [ (5.27)
i1
fori  1;:::;N where ;  N,; 21,q Instead, we only know the angle ofi;, ;.

In x5.7, we show that using this model, we can still write the likelihood for;, by
marginalizing out the unknown magnitude oil;. The resulting likelihood still results

in conditional conjugacy of the control points.
5.6 Fitting a collection of curves

We can extend our methodology in the previous section to simultanesly t and
characterize a collection oK separate point clouds, via hierarchical modeling. In the

previous section, we used the random shape process as a prior wittd parameters.
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Now, we will instead treat the random process as a latent mechanisuhich generated
all K objects. The inferred parameters of the latent process thecharacterize the
collection of shapes.

As a reminder, the parameters of the random process and their @mpretations
are de ned in x5.2.5 Rather than xing their values, we will treat , and , for

r 0;:::;R as unknowns and place the following priors on them:

r NZer r; rq

1 H prq. prq. prq. prg prq prg !

i diag x5 1ys 250 290 5 3o Jy
fra Gammap ; (¢ foru t 1;:::J,u t Xy

where diagovq takes any vectorv P RY and produces the diagonal matrixV P
RY 9 with elements ofv along the diagonal. We will continue to treatR and
tn, |r 0;:::;Ru as xed, although we plan to consider inferring these quanti-
ties in future work. Note that the prior on , only permits diagonal covariance
structure, assuming independence between deformations (anetleen the x/y com-
ponents of each deformation). In future work, it will be interestig to remove this

simplifying assumption and characterize inter-deformation correian. Nonetheless,
|

the inferred valuesof J%|u t 1;:::J,u t x;yur 0;:::;R can still be usefully

interpreted. For example, a high value forﬁ"?q indicates that there is a high-level
of variability in the second deformation vector at resolutionR (implying a fairly
ne-scale deformation). Since it is the y-component, this correspds to variability
normal to the object surface.

We now formalize the concept that allK objects are generated from a single
random process. Denote thell point cloud asp* fork  1::::K. EachpXis t by
a curvec®, which is composed from the deformationsd® % |r  0;:::; R( and each
d"3< N p ,; g This hierarchical structure also induces dependence betweereth
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K curves, enabling them to borrow information from each other durm tting.

An additional challenge that arises from modeling multiple objects is ist-object
alignment (also known as registration). This typically involves removig di erences
in object position, orientation and scale. Here, we only deal with pibi®n and
orientation. According to (5.15, our random process generates shapes centered at
0; Og and rotated to a xed angle. However, in an actual collection of sipes, each
object is rotated to a di erent angle and centered at a di erent loation. We can
modify (5.15 to account for this simply by adding latent variables for the position

mK PR?, and orientation, X Pr ; s of each objectk:
o mk R R, d™%

whereR «is a rotation matrix. We place a uniform prior on X and a normal prior
on mk. It can be desirable to put a more sophisticated spatial prior om¥, but our
focus here is on modeling object boundaries, not their location.

The orientation of levelr 0 orients all subsequent levels. This is su cient to
align the entire collection and make the deformation vectors of eadhape directly
comparable.

We also note that the de nition of * has an important anchoring e ect ontX.
The prior for t* is conditional on the curvec®. Since the random process prior for
the curve is oriented by ¥, the prior for t¢ favors parametrizations that conform to

this orientation.
5.7 Posterior computation

In x5.6, we presented a model for characterizing and tting a collection df closed
curves, with unknown underlying parametrization. We now preseran MCMC algo-
rithm for sampling from the joint posterior of this model. This involvesderiving the
conditional posteriors ofmk; d*%k; . andt<forr O;:::;;Randk 1;:::;K.
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5.7.1 Conditional posteriors form* and d” 4k

The conditional posteriors formk and d”% are the most challenging to sample
from, because our model's likelihood function is nonlinear in these tesgmpreventing
conditional conjugacy. To overcome this, we derive a linear apprioxation to the true
likelihood function, which does vyield conditional conjugacy, and thense samples
from the approximate conditional posterior as proposals in a Metpmlis-Hastings
step.

We rst present the source of nonlinearity in the likelihood function.Recall from

x5.4 that:
Pk | dRq  Noy po; Xpae™o; 2Ing

From x5.2.5 we note that ¢™9% is the result of combining the deformationg d” %« |
r 0;:::;Ruthrough the following recursive relation, withm* appearing in the base

case:

g ak E. ¢ ok T o 1ok grak (5.28)

coak mk T « Tod"%k (5.29)

At each stepr of the recursive process, the deformation-orienting matriX, is a
nonlinear function of the previousc™ 9%, As a result, c®% is nonlinear in d* % for
r 0;:::;R 1. For any given step of the process, we can replace the true nestve
relation with a linear approximation. In particular, we will substitute T, pc™ 4K g™ 3k

with T\r;k o lak, whereT\r;k will be derived shortly. The new approximate step is then
g ak E, T o 9k (5.30)

If we wish to write ¢®9 linearly in terms of ™%k foranyr 0;:::;R, we can

replace every recursive step from to R with the approximate step given in 6.30.
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We emphasize that steps;0::r 1 follow the original recursive relation. This yields

the following approximation:

1b

cRak R grek i E Ty : (5.31)

Now, by combining 6.28 and (5.31), we have that:

#
RE,0™ 8k T, " Wk grak o0

cRak
Romk T « TodPak r 0

Thus, the approximation of ¢®% can be written linearly in terms of anyd™ %«
or mX. Note that it is still nonlinear in d? % for any r. However, for MCMC
sampling, we only need on@ % to be linear at a time, holding all others xed.
Lastly, we note that the approximation becomes increasingly good a approaches
R, because the number of approximate steps (contained i) decrease.

We are now ready to derive the approximate conditional posteriof®r mk and
d" 3k First, we claim that these posteriors can all be written in the followig form

for generic X', 'y' and z".

Px| g 9 Np;Qx; yaNX;z; «q (5.32)

Pp<| g NoAN M T QNG (5.33)
k

AN T Qs (5.34)

k

Note that each approximate conditional posterior is simply a multivaate normal.

We now show that each approximate posterior can be rearranged match the form
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9 N p5XphaR®; 2 N o mg
9 N piXphg £ mE Tod®™ ; Zlc NP np mg

9 N pf Xpq FTod™Xpt g Fm"; Zlone Nam*; i g

Papprox "% | q

9 N P Xpfa™H Faye N9 g

9 N pXpkg R, E, ¢ 6k 1, " Bok grak o200 NP9k g

9 N p* Xp*q FE 7 19K Xpt“q FoT tak o gmak; 2,00 Npd™9 ;g
We then usePapprox M | g and Papproxpd™ %€ | g as M-H proposal distributions to

sample from their true counterparts. Both are multivariate normés and if necessary,

their variance parameters may be tuned to improve sampling e cienc
5.7.2 Derivation of the approximate deformation-orientig matrix

For visual clarity of the derivation, we will temporarily drop supersdpts denoting
the resolutionr and object indexk of each variable. First, we recall fromx5.2 that
Tpcqis a block diagonal matrix with blocks consisting of the rotation matriesR; , for

j  1,:::;J (whered is the total number of control points at the particular resolution

r). EachR; rotates its corresponding deformationg,, by ; arctan Ei—m . Now,
using the identities
X . y
cogarctanx{yqq a—— sinparctanx{yqq ;
X2 y2 X2 2

we can writeR; as:

1 Hyma Hymq
sipeq Hypgg Hxpg g
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wheres; poq 2 Hxpg & Hypg . This term intuitively represents the \speed" of
the curve at parametric positiong . It is reasonable to think that the curve's speed
does not vary greatly among samples in the posterior, becausexi4 we imposed
a prior that encourages arc-length uniform parametrization, antbecause the total
arc-length of the curve is not expected to vary greatly. Therefe, we approximate
this term with the xed constant §; s Cyrev G Wherecyey is just the curve sampled
in the previous iteration of the M-H sampler. Lastly note that the halograph,
H pq )@ptop, is a linear function ofc. So, we can now approximatdr; as a linear
function of c:
R L WmE NmeE
S Bme e

Then, we can writeR;d; as:

R d Be R L Ry ol 9 oply
- o J Sj ﬁqujj;x )meqjj;y

5.7.3 Conditional posteriors for " and

Pp:lqg N ;7
Nl 1 1
r r K r
K
A N 1 1’ pr gk
r r r r r d
k 1
prq ARG Aprg
ij;x | g Ga ixogx
K
2
2 dFTCFk )
JiX I
AP Qg . Nprq k 1
i K ix 5



5.7.4 Gibbs updates for the parameterizations and orieniat

We discretize the possible values @f P r ; sto obtain a discrete approximation

of its conditional posterior:

Npok; Xt oeRak; 21,k | cRkq
pr - s NPPK; Xp qpRak; 21,0P k| cRakg

P tf] °

We can make this arbitrarily accurate, by making a ner summation ogr . To

achieve quick burn-in, we initializet; using polar-coordinate parametrization, where

Piy

tan 1
L p ot Pl u
pl pl p1 1 2
The point p is the average oftp;;i  1;:::;Nuand is the orientation variable
de ned in x5.6.
We discretize the possible value of Pr ; sin a similar manner.

5.7.5 Likelihood contribution from surface-normals

De ne
dBD'piq, . dBMp, dBY:
X, 1tiq C(’jtn'q; 0; Btpt.q; 0 22&|03 %0 (5.35)
dBYiptiq  dBI, dBy:
g O ‘(’jtpt'q;o; 1dtpt'q; 0; Zgiptq (5.36)

Proposition 65. The likelihood contribution of the tangent directions ;i
1;::::NX ensures conjugate updates of the control points for a mubivate normal

prior.

Proof. Recall the noisy tangent direction vectorsuf's and v&'s in (5.26. Using a

simple reparameterization

uf peetan {q
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where only s are observed ang's aren't. Observe that

VE p Heptig Hyptiqq  pX&pt g™, X8, ptk g g (5.37)

Assuming a uniform prior for theef's on R, the marginal likelihood of the tangent

direction ¥ given 2 and the parameterizationt¥ is given by

1 » 8

1
lpia 5 exp S5tpd Rpfa™d petanpiq Rt du de

8

It turns out the above expression has a closed form given by

?_
2 2
1 tan2p kq

Ipkg 552

1 ! ¢ q p)@ )
. \ FI|k Cpp3q;l< 0, :< p3ak ¢ i
eXp 5z p@xgi Cpp3 qu p )éayril‘cp‘ﬁqqu 1 tayngzp(?q anp iaf

where
tan?p kq tanp Xq
Kk 1 tan2pkq 1 tan2pkq
i tanp Kq 1

1 tan?p kg 1 tan2pkq

and SK rp ¥ kqd pdpkdsis a a2n; 1q 2 matrix. Clearly, an inverse-
Gamma for 2 and a multivariate normal prior for the control points are conjugée

choices. O O
5.8 Simulation Study

We evaluate our method by de ning a true underlying curvec , and checking to
see how accurately this curve can be recovered by our model. Inrtpaular, we
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place the true curve in nine di erent orientations and positions, spaely sampling to
generate nine point clouds. Then, we use our model to recover d tuoundary for
each cloud, gaining high accuracy by borrowing information betweeabjects. This
scenario is similar to real-world applications where a single object hasdn observed
in multiple poses, or a collection of similar objects have been observaétle compare
our model against a simpler version of our model which does not allowrbowing of
information, and against principal curves, in which each point cloud i$ separately.

It was not apparent how to achieve borrowing of information using rncipal
curves. One strategy would be to align the separate point cloudsst, then treat them
as a single cloud. However, the sparsity of each cloud makes alignmextremely
di cult, as there are no clear features present across all nine clds. For our method,
it is only necessary to initialize the parametrization of each point clou@via polar-
coordinate parametrization) such that the orientation of each clad is roughly correct.
The model is robust to small errors in initial parametrization.

We de ne several concepts to help interpret our results. Given 8@ curve c,
let Bpeg t Xpee |t Pr ; su(the set of all points along the curve), and letApcq
denote the interior region enclosed by the curve. For a given disttbion over curves,
Ppcg we de ne its boundary heatmap,MB8_ : R? N R, and its region heatmap,

P pcg

Mf . RZN R, as:

MpmPGya PP yq PA g

M B px; yqdxdy Ppx dx;y dygXBpcqq

Given a set of samples from the distributiorPpcg tcs |s  1;:::; Su, we can dis-

cretely approximateMg . and M7 as:

S S

1. 1.
Mg 6 Y G S 1rW px;yq XB pcsgs M & PG YQ S 1rps;yq PA pesqs

s 1 s 1
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whereW px; yq
toxhyg | xhygPrdiv xdiv «  4s rydiv ,ydv ,  su

Here div denotes integer division. The functiolV simply maps values irR? to a reg-

ular grid of bins with width  , and height . Lastly, the mean can be approximated

S
bye I .

s 1

The following Figure 5.5 illustrates borrowing of information across 16 di erent
point clouds generated from a single curve having missing chunks in éient regions.
The hyperparameters were set toir; Ir, 4;r3 22, 1 100 IJrl; 2
700,; 3 700, , 111 0 107
1, , 1{100.

2 OJrz; 3 OJrs; 1,

Figure 5.5 : (left) Using a simpli ed model tting each point cloud independently
ie.,  and , are xed rather than inferred. Note the large margin of uncertaity
for gaps in the point cloud. (Right) full hierarchical model resultingn much tighter
t. Parametrization was achieved by the arc-length model given in5.4. For the sim-
pli ed model, insu cient data was present for arc-length parametization. Instead,
a xed polar-coordinate parametrization was used, producing afacts in the t.

Convergence was monitored using the Raftery & Lewis diagnosticsteas well as
trace plots of the deviance parameters. Also, we get essentially ntieal posterior
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summaries with di erent MCMC starting points and moderate changs to hyperpa-

rameters.
5.9 Brain tumor segmentation study

In brain tumor diagnosis and therapy, it is very important to accouhfor uncertainty
in the tumor's outline. This information is crucial for assessing whetr a tumor
has grown/regressed over time, and even more important if a se@n must target
the tumor for excision or radiation therapy. In that situation, there is a critical
tradeo between false positives (targeting healthy tissue) and éremely undesirable
false negatives (missing the tumor). Furthermore, tumor outlinegare notoriously
hard to determine. Error stems from the poor contrast betweetumor and healthy
tissue in magnetic resonance imaging (MRI), the prevalent modalityof diagnosis.
Even seasoned experts di er greatly when tracing an estimate.

We use our model to intelligently combine the input traces of multiple gerts
(Figure 5.6), by treating each trace as a point cloud drawn from the same ranch
process. We can then interpretP pc | tpcugas the posterior distribution of the
tumor, fully describing the variability and uncertainty among the exgerts. One might
also run additional tumor segmentation algorithms, and combine tlreoutputs using
the same approach. In this setting, the region heatmap of the pesior, MF‘,\DC it peug
(shortened toM*), is especially informative. For every pointx, MApxq gives the
probability that it is part of the tumor. This enables a neurosurgeorto manage the
tradeo between false positives/negatives in a principled manner. dt the true tumor
region beXymor € R? and X ¢ its complement. Then, de ne the loss function

tumor

for targeting a regionX to be

LpX q AreapX X X&... q AreapX © X Xwmor

Depending on the ratio of the penalties and , the surgeon can minimizeL
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simply by cutting along a level set oM A.

Figure 5.6 : (top left) raw MRI image; (bottom) M* discretized into 3 colored
regions (redj 0:95, orange; 0:5, yellow;j 0:01), the traces provided by 4 experts
are overlaid on top; (top right) the raw brain image withM# overlaid, and the trace
from one expert overlaid for reference.

We can also allow for experts to express varying con dence in di emeportions of
their trace. This is desirable, because certain boundaries of thentor will have high
contrast with the surrounding tissue while other parts won't, and he expert should
not be forced to make an equal opinion on both. We can achieve thig blightly
modifying the point cloud model given in 6.21). There, we assumed that each point

pi was generated with xed variance /. Instead, we can let ; 3{ i, where ;is
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the expert's con dence in that point. Furthermore, if the experthas no con dence
at all, they can simply leave a gap in their trace. The model automatidig closes the
gap, as shown in simulation examples. Lastly, it is also easy to compule posterior
distribution for quantities such as the size of the tumor, simply by aoputing the

size of each sample.

5.10 Discussion

We have developed a fully Bayesian hierarchical model based on muike deforma-
tions for modeling a collection of 2D closed curves. Although we haveacacterized
a collection of curves using our model, comparing the shapes of @bgen a rigorous
Riemannian framework will involve further work, such as de ning a Ias function
involving an appropriate metric between shapes. We propose to adds this issue in
future.

In de ning the multiscale process, we would like to have a more autorti@way of
choosing the di erent resolutions. Itis clear that the highest redation is obtained by
maximizing the t subject to minimizing the Bayesian penalty for modelcomplexity.
In our future research we would like to have a more informed way oélscting the
lower resolutions.

Our multiscale model di ers in its purpose from other multiscale methds such as
the wavelet transform. With wavelet methods, the goal is often toompress the data,
whereas our goal is to de ne levels that isolate dimensions of similarity variability
within a collection of shapes.

In our current methodology, we have assumed that ak shapes are generated
from the same random shape process. However, in future appliocats, it may be
useful to model the collection as a mixture of multiple random shapergresses,
resulting in a clustering method. For example, in analyzing a blood sahepfeaturing
sickle cell anemia, it is useful to assume that the population was geatd by two
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random shape processes: one healthy and one \sickle-shaped".

Finally, we would like to extend our multiscale random shape process toe 3D
case using the tensor product approadPati and Dunson (2011 which has potential
applications in modeling animated characters or tracking 3D lung tunme for targeted

radiation therapy and so on.
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6

Bayesian modeling of closed surfaces through
tensor products

6.1 Introduction

Surface reconstruction can be viewed as an algorithm that takes an input an unor-
ganized set of pointgpy;:::;p,u PR® on or near the unknown manifoldi embed-
ded in R® and produces a surface that approximateld . Free-form surface modeling
from massive data points is becoming an important area of researthcommercial
computer aided design and development of manufacturing softvea(Barnhill, 1985
Lang and Reschel 1992 Hagen and Santarelli1992 Aziz et al., 2002. A collection
of introductory works on surface modeling can be found i8u and Liu (1989 and

the subsequent developments iMuller (20035.

Figure 6.1 : Scattered data from a pelvic girdle and the tted surface
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Common surface reconstruction algorithms in the computer sciembtiterature usu-
ally follow a sequential multistage process which includes scanningtlar removal,
denoising and input normal estimation to generate a simplicial surfac The Poisson
surface reconstruction methodiazhdan et al, 2009 solves for an approximate indi-
cator function of the inferred surface, whose gradient best ntes the input normals.
The output scalar function, represented in an adaptive octre&\(hang et al, 2002, is
then iso-contoured using an adaptive marching cubes algorithrhdrensen and Cline
1987. An illustration of scattered data from a pelvic girdle and the tted surface
using the Poisson surface reconstruction method is provided in Figu6.1 Cgal
surface mesh generatorRineau and Yvine¢ 2007 implements a variant of this al-
gorithm which solves for a piecewise linear function on a 3D Delaunayangulation
instead of an adaptive octree.Hoppe et al. (1992; Boissonnat and Oudot(2005
developed a two stage surface reconstruction algorithm by rstsémating M by the
implicit surface Zgfq ty:fpyg Ouof a suitable functionf : R® N R and then
using a contouring algorithm to approximateZ f g by a simplicial surface.

There is a rich literature on estimation of surfaces using tensor practs of bases
(Fowler, 1992 Goshtasby 1992 Mann and DeRose 1995 Johnstone and Sloan
1995. Tensor product surfaces provide a exible representation of aurface em-
bedded in an arbitrary Euclidean space. However, there is a limited Iri@ure on
Bayesian modeling of free-form surface€gnningham et al, 1999 and closed sur-
faces Soussen and Mohammad-Djafar2002. While frequentist surface estimation
using tensor products has been widely studied, Bayesian estimatitias received
almost no consideration. A notable exception is the approach &mith and Kohn
(1997 for Bayesian estimation of bivariate regression surfaces usingi$er products.

Modeling of closed surfaces is a primary focus in application areaslsas com-
puter vision, as closed surfaces provide an adequate geometricdelof a wide range
of objects ranging from human faces to brains and other organ this eld, stan-
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dard practice involves restrictive parametric shapes depending anfew parameters
(Cinquin et al., 1982 Amenta et al., 1998 Rossi and Willsky, 2003. Although such

models can describe many common surfaces, the variety of getenlashapes is lim-
ited. More exible models for closed surfaces can be de ned througarefully spec-
i ed linear combinations of basis functions.Soussen and Mohammad-Djafai2002

developed the notion of global harmonic surfaces, which yield a simgecedure to
reconstruct coarse surfacesShen and Makedon(2006; Chung et al. (2009 devel-
oped a novel method based on general and weighted sphericalrhanics to model
closed sphere-like objects, such as the cortical surface. Hogrethe variety of shapes
generated by spherical harmonics are somewhat limited to spheile or convex ob-
jects although weighted spherical harmonics can capture locahfares like cortical
folds quite well.

Amenta et al. (1998 developed a surface reconstruction algorithm called the
Crust algorithm based on the three-dimensional Voronoi diagranotmodel closed
surfaces from a data cloud irR3. The algorithm generates a regular surface and
the output mesh interpolates, rather than approximates, the inpt points. How-
ever, the algorithm is not probabilistic and does not allow uncertaintyn estimat-
ing the surface. Moreover, the algorithm requires a dense collectiof data points
for a reasonably good reconstruction indicating slow convergenc&ome illustra-
tions of the Crust algorithm are provided in Figure6.2 In computer aided design,
closed surface modeling is often aided by combining several Bezierspline surface
patches by endpoint interpolation Gordon and Riesenfeld1974 Piegl, 1986 Casale
1987 Szeliski and Tonnesenl992 Hoppe et al, 1992 Yang and Lee 1999 Li et al.,
2007. In a frequentist analysis such endpoint restrictions are incorpated through
constrained optimization. In the Bayesian paradigm, these resttions lead to mix-
ing problems in the posterior analysis. Furthermore, these resttions can make the
resulting surface non-di erentiable along the edges joining the pettes.

153



Points Cloud Output Triangulation
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Figure 6.2 : Outputstriéngulation from crust aigo%rithm on a point cloud

Instead we use a cyclic basis developed BRpth et al. (2009 to accommodate
restrictions without parameter constraints and give rise to an in fitely smooth sur-
face. In this chapter we propose a Bayesian hierarchical modelatlosed surface
embedded inR3 using tensor products of cyclic bases with a carefully-chosen slidin
age prior placed on the tensor of basis coe cients. In particular, wtivated by the
decreasing impact of the higher indexed basis functions in the Berisurface repre-
sentation, we increase the shrinkage as the index increases. Thecs cation leads
to a highly e cient algorithm for posterior computation that allows un certainty in
the number of bases. In addition, the proposed prior is shown to Velarge support

and to lead to a posterior with the optimal rate of convergence upta log factor.
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6.2 Outline of the method

6.2.1 Review of Terminology

Assume a data cloudtp; P R3;i 1;:::;Nuis given. Our aim is to obtain a
posterior distribution for a smooth closed surface about which tke data points
are concentrated. Before going into the details of our model, weast with a few

de nitions.

De nition 66. A closed surface is a compact two dimensional closed mardfolvhich
does not have a boundary. Examples are spaces like the sphbeetorus, and the

Klein bottle.

De nition 67. A parametric surface is a surface inR® which is de ned by a para-
metric equation with two parameterss and v. Mathematically, a parametric surface
is an injective map fromR? to R® de ned by S : ra; b8 N R®; pu; vq PRBpu; vg See
the Purdue University thesisSederberg 1983 for a detailed description of parametric

surfaces.

De nition 68. Parametrization is an algorithm to nd the coordinate pu;; v;q cor-
responding to the observed data poim for eachi  1;:::;N such that there ex-
ists a parametric surfaceS so that p; is regarded as an error-prone realization of
Spui;vigi  1;:::;N. The coordinate charttpu;vigi  1;:::;Nuis alternatively

termed as the associated parameter values.

De nition 69. A tensor product surface is formed by taking a tensor product

bases
’kn l(m
Shim PU; VO dix B{'pucB ' pvg (6.1)
i 0Ok 0

where pu;vg P B; b, S is a parametric surface,tdyx P R3;j 0;:::km K
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Here k, n or 2n depending on whether the bases span the algebraic or the
trigonometric polynomials having maximum degrea. An example of a tensor prod-

uct surface is theBezier surface Farin, 2003 in which B"puq J” upl ud 1;j

share many of their properties.
6.2.2 Choice of the parameterization

Since we intend to t a parametric surface, we have to nd the coalinate chart
tpui; viq P B; b8u corresponding to the pointstp; PR3i  1;:::;Nu Closed sur-
faces can be achieved by parameterizations on the sphere or tleeus. The pa-
rameterizations are typically estimated from the data by, for exaple, projecting
the points tp;u onto a suitably chosen plane. Spherical harmonics were originally
used as a type of parametric surface representation for radiat steller surfaces
Spu;vg0 u 2;0 v (Brechbahler et al., 1995 Shen and Makedon2006.
The idea is to project the data on the sphere by constrained optinaion and then
recover the surface by tting Spu;vqto p;;i 1;:::;N. Parameterization with
the torus topology has the advantage of encompassing a wider ganof closed sur-
faces compared to spherical harmonic functions which can only nedphere-like or
convex surfaces. The torus topology ensures that the crostgens along the axes
of the closed surface are closed curves, thus allowing more gehelased surfaces.
As discussed byStaib and Duncan(1992, the torus can be deformed into a tube by
squeezing the torus cross section to a thin ribbon and closed suda are obtained by
considering tubes whose ends meet up to a poirBrechbahler et al. (1995 discuss
some of the practical disadvantages of their method. Insteadgewse the relational
perspective map developed bii (2009 to project the 3-d point cloud onto a torus

156



and then scale down ta ; <. Then we can use a tensor product of cyclic bases
onr ; ¢ devoid of any constraints to develop a exible model for closed sades.
Applying the relational perspective map to the point cloud in Figure 2we obtain

the points in ther ; < square shown in Figure.3,

Figure 6.3 : Parameterization of the human skull and the Beethoven

6.2.3 Closed surface model

We assume that the datatp, p p';p%p’d;i  1;:::;Nuarise as a random additive

perturbation from the closed parametric surfac&pu;vqg pu;vq P r ; <, as follows,
P Spui;viq e; & Npo Zlsg i L N; (6.2)

where pu;; viq are coordinates ir  ; § corresponding to pointp, PR3,

Spui;vig  t S'pui;vig S?pui;vig Sepui;viqd is the tted surface at coordinates
pui; vig ande P R?® is a measurement error. LeP; S and E denote the corresponding
N 3 matrix representations with rowstp’;i  1;:::;Nu, tSpui;vig ;i 1;:::;Nu
and te ;i 1;:::;Nu respectively. Assume 2 Gapm ;b g We follow aten-
sor product surfacerepresentation 6.1) to model the closed parametric surface

Spu;vgpuvg Pro; S
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6.2.4 Construction of the cyclic basis

Using the tensor product specication in 6.1) for the closed surfaceSpu;vg we
propose to use the cyclic basis developed IRpth et al. (2009; Roth and Juhasz
(2010. These bases have a cyclic symmetry that eliminates the need fanstraints
on the control points, while also leading to surfaces that are in nitg smooth in
the sense that the realizations are in nitely di erentiable (C®). AssumingS P C8
is appealing in avoiding the need for geometric constraints and sucés inC8 can
approximate any parametric closed surface arbitrarily well preséng local features.
In addition, S can be characterized as a single coherent surface dependent oly 0
the positions of the control points. In contrast, most methods haracterize S by
piecing together local surfaces with heavy constraints needed fmntinuity along
the joints of the patches.

Roth et al. (2009 devised a basis for the vector space

V, X 1, coqug sinpug : ::; cognug sinpnuqy

of trigonometric polynomials of degree at mosh, i.e., of truncated Fourier series.

Let

2 .
B{'puq % 1 cosu ——— ;@3 O0L::2nguPr ;s (6.3)

where ¢, 5:”!1‘*;. The following lemma from Roth et al. (2009 demonstrates
that any truncated Fourier series can be expressed as a linear domation of the
elements ofV,, for some largen. This implies that any reasonable closed curve can
be approximated arbitrarily well by the linear combination of the elemts of V,, for

somen. This concept is formalized inx6.3 in discussing posterior convergence.

Lemma 70. The functionstB{'pugi 0;1;:::;2n;uPr ; suform a basis of the
vector spaceV,,.
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Using basis functions §.3), we can de ne the tensor product of surfaces of degree

p; mgm ¥ 1;m ¥ 1qby S,.mpu; vgwith ky,  2nin (6.1).
6.2.5 Model for the control points

Let Ton 1.2m 1PRPg denote the space of tensors of ordg2n 19 p2m 1 p.
Dene D™ r dj mozl? o- Clearly D™ P T, 10m 1pR3qfor all m ¥ 1Lin ¥ 1.
Roth et al. (2009 remarked that although the control points have a global e ect
on the shape, this in uence dramatically decreases on further garof the surface,
especially for higher value oh and m. They provide several test examples to show
that the decrease of the in uence is fast. This observation is theel¢ to the choice
of sparsity favoring priors forD™™.

Because the elements dD™™ are expected to have an increasingly localized
in uence on the shape of the surfacé&pu;vq as the index on the control points
increases, we choose a shrinkage prior that favors smaller valuesdy asj and
k increases. Here we use a double shrinkage prior to facilitate a spaesss of the

tensorsD™m ,

i Nar0;, ,M1sG «k  j o j Gapn G« Gapm G  (64)

where |, is an increasing sequence of positive integers.

The prior for S induced from 6.1), (6.3) and (6.4), denoted S snm , IS de ned
conditionally on n and m. If n and m are chosen to be too small, the prior gnm
will not support a sizable subset of surfaces i6p8qg. As an alternative to choosing
n and m to be extremely large or even in nite to obtain large support, we pneose to
choose a prior fom and m, which allows one to adaptively learn and model average
over the unknown dimensions of the control point tensob™™. Let pn; mq nm
denote this prior, with ., a distribution over t1;:::;8u?, such as independent

truncated Poissons, and letS s denote the resulting prior forS marginalizing
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out n and m. This approach is related to the literature on Bayesian adaptive splas
(Denison et al, 1999, though we will bypass the need to implement the standard
reversible jump Markov chain Monte Carlo and describe a computatally e cient

approach inx3.

6.2.6 Prior realizations

SinceB{'pug i 0;j 0;::;2nuPr ; sand jZ”OBj”pJq 1, the closed surface

o

Sh:m PU; VQ jznl imo ik B'pudB ¢ pvg ru; vs PT? lies in the convex-hull of its con-

trol points D™™. We can achieve a variety of closed surfaces through speci c clesic

of the control points as shown below in Figuré.4. To demonstrate the nature of

(a) A sphere with its control points (b) A closed surface witm 7, m 9
Figure 6.4 : (a) A sphere with its control points (b) A closed surface witm 7,
m 9

the prior realizations with increase inn and m, consider rst the casen m 1.
For a xed v v, the vp-section of the surfaceS,;pu;vogu P r ; sis a closed
curve of degregqdl; 1q Similarly any ug-section is also a closed curve of degrgk 1q
Thus S is a closed surface whose cross-sections parallel to the axes lased curves.
For generaln and m, the vp-sectionS;., pu; Voqis just a linear combination of closed
curves, thus producing a rich class of closed curves. Hence theietst of shapes
generated increases with increase mand m which is shown in Figure6.5. Figure
6.5also demonstrates that the in uence of the control points is inceesingly localized

for large values oin and m.
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Figure 6.5 : Prior realizations with increasingn and m

6.3 Support of the prior and posterior convergence rates

6.3.1 Support

Let T2 denote the 2-dimensional torus represented by the square ; <. Let the
Helder class of bivariate periodic functions orT? of order be denoted byC pr2qg
De ne a class of closed parametric surfac&p 1; »; sghaving di erent smoothness

along di erent coordinates as
SePp 1, 2, 30:t S pShS%sig:T2N R3S PC iprlgi 1,23u (6.5

For xed n and m, de ne the stochastic processS snm . TO characterize the
support of our prior, we rst recall the de nition of the RKHS of a multivariate
Gaussian process priorvan der Vaart and van Zanten(2008h review facts that are
relevant to the present setting. A Borel measurable random elemteW with values
in a separable Banach spaga; || ||qis called Gaussian if the random variable W

is normally distributed for any elementb P B , the dual space ofB. In our case,
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the Banach spaceB is CprI'?; R3qg the space of continuous functions fronT? to RS.
The reproducing kernel Hilbert space (RKHSH attached to a zero-mean Gaussian
processW is de ned as the completion of the rangéM B of the mapM :B N B

dened by Mb  EWb pWqrelative to the inner product

The following lemma describes the RKHS of the Gaussian procesg.m given

t ;] O::5;2nk O;::i;2mu. Refer to AppendixD for a proof.

Lemma 71. Givent ;]j O;::::2n;k  0;:::;2mu, the RKHS H™ of gum

consists of all functionsh : T N R3 of the form

’2n gm
hpu; va Gk B{'pucB ' pvg (6.6)
j Ok 0

where the weights, range overR3. The RKHS norm is given by

2n 2m

NhlZen " Gkl ik (6.7)

j Ok O

The following theorem describes how well an arbitrary closed paratrie surface
So PScp 1; 2; 3gcan be approximated by the elements dfi™™ for eachn and m

givent j;j 0;:::5;2nk 0;:::;2mu. Refer to AppendixD for a proof.

Theorem 72. For any xed S; P Scp 1; »; 30 there existsh P H™M with

o o

Il 8 Ko g 2™ ji such that

[So hlls @ Kom” mg #alognlogm (6.8)

for some constantK ,;K, j 0 independent ofn and m.
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6.3.2 Rate of convergence of the posterior

The parameter space i€pT?;R3q r 0;8q and ¢ is the prior on CpT?; R3q

r0; 8q where denotes a general prior for which is compactly supported on
rO; Lsfor someL j 0. Assume that the density of  with respect to the Lebesgue
measure on the compact interval is bounded away from zero. Thevamse gamma

prior truncated to the interval r0O; Ls provides an example.

De nition 73.  For a given sequencey OO, the posterior is said to contract around
the true parameter valugsS,; oq PCpT?;R3q r 0;8q at a rate y if for L su ciently
large,

" *

1N
S a:y 1ISmsvig Sopui; Viglf | o?i L2% tp;puisviay,

i1

2

"R ° 0asN N 8 : (6.9)
The proof of the following Theorem74 is provided in AppendixD.

Theorem 74. If pSo; oq PScp 1, 2; 39 rO;Ls a, Ogdogng andexptp nr

plqg
msqu @ ., @ pnmg 3n;m¥ 1forsomer;si 0, n N 2ra2log'N, wheret

is a known constant.

The assumption on .., ensures that the prior probability is not too small on
smaller values oh and m so that the prior favors relatively simple representations of
the surface. The assumption is satis ed by a product of indepenaePoissons. Also
the shape parameter of the Gamma distribution for; and  should be increased
depending on the values af and m to guarantee an optimal rate of convergence. The
increase in shape parameter withh and m corresponds to a greater shrinkage of the
higher indexed control points. To estimate a real valued-variate function in C pX g

the minimax optimal rate of convergence i® > 9. One can anticipate that for
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vector valued functions with smoothness;;j  1,2;3 in the coordinates, with the
loss function de ned by the sum of the individual loss across the catinates, the rate
of convergence cannot be improved beyomd (P2 e 99 Theorem 74 ensures that
the posterior will converge to the true surface at this rate which is set slightly by

a logarithmic factor as expected for Bayesian procedurelB€ Jonge and van Zanten

201Q van der Vaart and van Zanten 2009.

6.4 Posterior computation

6.4.1 Gibbs sampler for a xed truncation level

For a xed n and m, the full conditional distributions of all the unknown variables
are conjugate and we can do Gibbs sampling. Since we only requireto grow slowly
at Odogncf to achieve the optimal rate of convergence, we will assume . The
sampler cycles through the following steps.

Step 1. Dene X to be the N p2n 1g2m 1g matrix with rows
tBopuig Blpuig:::; Bo,puiqubtBl'pvig B pvig i1 B pviqui 1;:::; N. Also let
D bethe@n 1g@m 1q 3 coe cient matrix withrows di,j 0;1;:::;2n;K
0;1;:::;2m. Recall that the density of a matrix-normal random variableZ

MNpV; ; qgwith mean M having dimensionn pis given by
frz|M; ; q9expr 05trt 'm MdJ ‘'m Maqus (6.10)

for positive de nite matrices and of order p pandn n. Then
" *

Dl MNpZn lg@2m 1q 3 XTP;|3; XTX 11 (6.11)

n *

veqD( | Nagn 1qem 1q VEGXPglsb XX 1 T (6.12)
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Here ' diagt  «;j 0;:::;2n;k  0;:::;2mu
Step 2.

2|  Gaa 3N{Zb 05 |p Spu;viqlf : (6.13)

i1

Step 3.Forj 0O;:::;2nandk 0;:::;2m,

2m

il Ga  3@m g2z 05 ldk]l® : (6.14)
k 0
2n

«|  Ga  3@n 1gfz 05 jldkll® : (6.15)

6.4.2 Posterior sampling ofn and m

n *
N 12n 2m

exp 2—12| 1||F’i Shim PUi; Vidllf n;mj . odejk | kPP kG

In this case, we take advantage of the partial analytic structuréGodsill, 200 in
the models agmn; mqchanges and rather than proposing an entirely new parameter
vector, the form of reversible jump MCMC forn and m becomes relatively straight-
forward. The common parameters 2 and tdi ;] O;::::2n;k  0O;::::2mu as
the order of the model changes are updated using a within model G&bmove as in
x6.4.1 Consider a proposabm; m | ng;meg gm | noaggpm | meqwith gpl | Og 1
andqk!| kg 1{2foralllk kY 1. Suppose the chain is ging; mggand a proposal

is made to go to statgmny 1;mp 1g we employ a step-wise sampler as iGodsill,
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1 -1 1 .1
200])' We Samplemmo 1,2mo 1 2no 1;2mg 1qand mZno 2,2mg 2' 2no 2;2mg zqfroma

kernel kerpdic ; jx gand the move is accepted with probability minl; u, where

(
i gllP Sne 1mo 1P VIAIF, e 1mo 1
\
exp zi2 iNl”pi Sho:mo i ViQIR T ngimo

gmo  1;mo 1] ng;moq

' . =2 1 .1 (616)
OMo; Mo [ N0 Limo 1q j 1pm2no ji2mo v 2no ji2mo 4

We take kerpdi; j«q ppdik; g  The proposal probabilities for the moves
Mo; Mog N pno; mo  1g mo; mog N png  1;megand mo; mog N png 1, my  1qcan
be derived similarly. The shrinkage prior on the j.'s gives rise to highly e cient
RIJMCMC moves which converge to the appropriate values af and m rapidly in

most cases we have observed.
6.5 Applications

We analyzed the skull and Beethoven data shown in Figu&1 using our proposed
method. As all reasonable methods will do a good job at surfaceigsition based on
a large number of points located very close to the surface of intestewe simulated
di erent levels of sparse and noisy data by sampling a subset of theipts in the
original data sets and adding di erent levels of Gaussian measurenbesrrors. In
many other applications, sparse and noisy data are routinely collect but focusing
on two dense, low measurement error data sets allows careful dgstuof the impact
of sample size and measurement error on the performance of otwgosed Bayesian
approach relative to the state-of-the-art Crust algorithm.

First we reconstruct the surface from non-noisy sparse data ligking random
subsamples of 390 points from the skull and Beethoven point cloudkhe results for
Crust are shown in Figure6.6, while the results for our proposed Bayesian approach

are shown in Figure6.7. In each case, we generated 5000 samples and discarded the
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rst 2000 as burn-in. Convergence was monitored using trace pobf the deviance as
well as several parameters. Also we get essentially identical pagiemodes ofn and
m with di erent MCMC starting points and moderate changes to hypeparameters.

In many applications, the features of the data acquisition device salictate the
amount of noise incorporated. Choosing an informative prior for ghnoise variance
can help in the ability to pick up local features. The hyperparametarin the priors
for ; and | play a key role in controlling the smoothness of the surface. An inese
in , corresponds to a decrease in the values gfand  leading to over-smoothing.
However one needs to carefully control, to prevent over-shrinkage leading to over-
smoothing. In the applications below , 3{2 and 3{2. Estimation of noise
variance and the surface is robust to moderate changes in hyparameters as the
sample size increases.

Our method performs closely to Crust for non-noisy data. As we ddGaussian
noise to the points, the performance of Crust deteriorates (Fige 6.8) while the
tensor product surface (Figure6.9) is quite robust to the addition of noise as it
takes into account the uncertainty in estimating the surface. In gure 6.8 we
notice some parts from the skull and the Beethoven's head juttingut owing to poor
characterization of the noise.

To compare the performance of our method with existing competits, we com-
pute the Hausdor distance between the true surface and the ted surface as de-
scribed below. LetS; and S, be two manifolds embedded ifiR3. Then the Hausdor

distance is de ned by

n *

hppS:;S,q max  supinf dp; yqg sup inf dpx; yq (6.17)
yPS2 xPS, YPS1

xPS1

whered is any distance inR3. It can be shown thathp pS;;S,q 0 if and only if S;

and S, have the same closure. For the tensor product approach we estihp pS; Sq
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by

max  supinf dppi; B g supinf dppi; B q(
i i !

where tf;i 1,:::;Nuis a Bayes estimate otp;;i 1;:::;Nu whered is the

standard Euclidean distance. For the Crust algorithm, we estimathp pS; Sq by

max supinf dgg;; t; g supinf dpg;; t; q(
i i

wherett; ;i 1;:::;Muis a dense grid of points on the resulting simplicial surface.
We summarize the performances of the Crust algorithm and the tsar product
approach in Table6.1 for a variety of choices of the sample size and noise variance
( ?). We observe that for non-noisy data Crust performs closely anslightly bet-
ter than the tensor-product surface for large sample sizes whilket tensor product
outperforms the Crust as the noise variance increases. As themgde size increases,
the tensor product surface t becomes better even when the ise variance is large.
However, the performance of the Crust improves with sample sizalp when the
noise variance is very small. Posterior summaries of the noise variarand the basis
function truncation levels n and m are provided in Table6.2 The noise variance is
not well-estimated for small sample sizes and smaller value of the trneise variance.
However, estimation becomes better for larger sample sizes caesiswith the pos-
terior convergence results. Also, one can estimate larger variasovell compared to
smaller ones for reasons discussed earlier. As the sample size iseeahe posterior
mode ofm; mqtend to increase slightly when the noise variance is small in order to
capture local features. When the noise variance is large, the glbbeatures dominate

and the posterior modes oh and m remain constant at the smaller values.
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Table 6.1: Hausdor distance between true and tted surface usiontensor product
method and Crust

Skull
N=390 N=690 N=990
(2 123, 2045) (2008, 1971) (1981, 1791)
(2561, 2671) (2345, 2682) (2311, 2677)
(2711, 3134) (2697, 3225) (2523, 3435)

Beethoven
N=390 N=690 N=990
(1528, 1557) (1510, 1527) (1411,1397)
(1589, 1679) (1524, 1560) (1579, 1730)
(1812, 2146) (1796 ,1874) (1657, 2334)

005
01
02

Table 6.2: Posterior summaries of and n;m (posterior mean of , 95% credible
intervals for , posterior mode ofn; mq)

N=390 N=690 N=990
Skull
005 | 0075, [0065, 0093], (3,4) 0064, [0056, 0077], (4,4) 0056, [0047, 0062], (4,4)
01 | 0194, [0124, 0265], (4,4) 0154 [0096, 0213], (4,4) 0120, [0081, 0156], (3,4)
02 | 0220, [0127, 0314], (3,4) 0210 [0136, 0279], (3,4) 0196 [0139, 0253], (3,4)
Beethoven
005| 0090, [0081 0109], (5,6) 0061, [0041, 0081], (6,6) 0537, [0039, 0067], (6,7)
01 | 0220, [0191, 0261], (5,6) 0171,[0143, 0191], (5,6) 0167, [0091, 0159], (6,6)
02 | 0228, [0166, 0291], (5,6) 0214, [0161, 0267], (5,6) 0203 [0161, 0246], (5,6)

6.6 Discussion

This chapter develops a novel Bayesian hierarchical model for a s#al surface, al-
lowing full posterior inferences via an e cient Markov chain Monte Calo algorithm.
Consistent with our theory results on optimal rates of posteriorantraction, we nd
that the methodology does a good job in reconstructing a closedrface from sparse
and noisy 3d point cloud data yielding improved performance over s&of-the-art
computer science algorithms. Although modern sensing technolpggch as com-
puted tomography or magnetic resonance imaging, enables us tokaaletailed scans
of complex objects generating point cloud data consisting of million$ points, the
data acquired is usually distorted by noise arising out of various phigal measure-
ment processes and limitations of the acquisition technology. Most these points
are typically discarded after taking into account acquisition e ectdeading to a sparse
noisy point cloud. The resolution speci cs of these acquisition devieg@rovide infor-

mation on the magnitude of the measurement error variance. An ppaling feature of
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Sparse non-noisy points Cloud Output Triangulation
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3 4 6 4

Figure 6.6 : Output triangulation using Crust on a sparse (390 points) non-risy
point cloud

our Bayesian approach is that we obtain a full posterior for the stace allowing un-
certainty. Visualizing this uncertainty is an interesting challenge fofuture research,
but one can produce interior and exterior pointwise 95% credible daces and even
movies of surface realizations from the posterior. In addition, whethere is interest
in surface features, such as the interior volume, surface areatlee number of holes,
one can obtain posterior summaries of the feature of interest.

Our proposed approach represents an initial step in a line of reselarrelated to
Bayesian modeling of 3-d closed surfaces. There are several ingurdrnext steps.
It is commonly the case that each subject has their own surfacedcmterest focuses
on modeling a collection of dependent surfaces across subjectkilevincorporating
subject-speci ¢ predictors, using the surface to predict a respse variable, and test-
ing di erences in distributions of surfaces between groups. In ducettings, it is

necessary to align the surfaces for the di erent subjects, whiadan potentially be ac-
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Sparse non-noisy Points Cloud Output Tensor product surface
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Figure 6.7 : Output tensor product surface on a sparse (390 points) noreisy point
cloud

complished in a Bayesian probabilistic framework. Another ongoing @bolem relates
to surfaces that change dynamically over time within a subject. Inddition, it is

common for the data to not consist simply of a 3-d point cloud but ingtad to have
pixelated data in which the surface(s) of interest are embedded im dlurry image
containing other objects.

As in other functional data modeling settings, the smoothness andcal features
of the surfaces being estimated can be somewhat sensitive to thasis functions
being used. We have focused on tensor products of truncatedufer series, which
lead to obtain rates of posterior contraction and have good prdcal performance
in reconstructing in nitely smooth surfaces that have cross seicns that are closed
curves. There are settings in which the objects being modeled magvie interesting
local features, such as spikes, that may be smoothed out with oproposed bases

and shrinkage priors in the absence of abundant data.
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Output Triangulation

Sparse noisy points Cloud
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Figure 6.8 : Output triangulation using Crust on a sparse (390 points) noisy
(std=0:2) point cloud
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Sparse noisy Points Cloud Output Tensor product surface

Sparse noisy (std =0.2) Points Cloud Output Tensor product surface

Figure 6.9 : Output tensor product surface on a sparse (390 points) noisgt{i=0:2)
point cloud
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7

Bayesian geostatistical modeling with informative
sampling

7.1 Introduction

Geostatistical models focus on inferring a continuous spatial press based on data
observed at nitely many locations, with the locations typically assurad to be non-
informative. As noted by Diggle et al. (2010, this assumption is commonly violated
for point-referenced spatial data, as it is not unusual to collectada at locations
thought to have a large or small value for the outcome. For exampla monitoring
of air pollution, one may place more monitors at locations believed to Y& a high
value of ozone or another pollutant, while in studying distribution of aimal species
one may systematically look in locations thought to commonly containhe species
of interest. Diggle et al. (2010 proposed a shared latent process model to adjust for
bias due to informative sampling locations. Their analysis was implemet using a
Monte Carlo approach for maximum likelihood estimation.

We follow a Bayesian approach using a model related to those desedbby

Menezes(2005, Ho and Stoyan(2008 and Diggle et al. (2010Q. The locations are
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modeled using a log Gaussian Cox procedd ller et al. , 200]), with the intensity
function included as a spatially-varying predictor in the outcome maal, which also
includes spatial random e ects drawn from a Gaussian process. Anametera con-
trols the degree of informative sampling, and the sampling locationgeaignorable
in the special case in whicka 0, whilea j 0 implies a tendency to take more
observations at spatial locations having relatively high outcome vads. This model
modi es shared random e ects models for joint modeling of longituded and event
time data (Radclie et al., 2004 and for accommodating informative missingness
(Wu and Follmann, 1999.

To our knowledge, we are the rst to develop a Bayesian approaclo the in-
formative locations problem in geostatistical modeling. However, agting recently
proposed models to the Bayesian paradigm is relatively straightfoand, and our pri-
mary contribution is studying the theoretical properties of the mdel. In particular,
it is not obvious that the data contain information about the informaiveness of the
sampling locations, and one may wonder to what extent the prior is thing the re-
sults even in large samples. We address this concern by proving tlla¢ posterior is
proper under a noninformative prior ona. In addition, one can consistently estimate
a, the density of the sampling locations and the mean function of theutcome pro-
cess. This later result extends recent work showing posterior @stency in Gaussian

process regression model€oi and Schervish 2007k Choi, 2007%.
7.2 Model for spatial data with informative sampling

Our objective is to estimate the spatial surface psg PR for all s PD € R? based on

model

2 s EXpt psiqu

U ppsiq P 1:::5nG(7.1)
' 5 expt psquds

Yi | si Nt psig a psig
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where the observations are independent across locati@ggiven psgand psg and
ppsq is the location density. Assuming the locations are a realization of aniomo-
geneous Poisson process with log intensitysg the mean surface is characterized
as psq psgq a psg where psqis a baseline surface and psqis an adjustment
due to informative sampling. Letting Xpsg denote a vector of spatial covariates,
g Xpsd (mgand pq  xpsq ([8g where and are regression
coe cients and ,psqand ,psqare mean zero residual processes.
The log sampling density is treated as a latent covariate to adjust fanformative
sampling, witha j 0 implying that samples are more likely to be taken in areas with
a large response. Setting the coe cient in corresponding to the intercept to zero

for identi ability,
Epi|sia xpsid a,psiq  psig po 1:ing (7.2)

where a . Therefore, accounting for informative sampling is only necessary
when there is an association between the spatial surface of int&rand the sampling
density that cannot be explained by the shared spatial covariateqsg

The residuals , psq and ,psq

r

are assigned independent mean zero

r

Gaussian process priors with Maern covariance functionsStein, 1999,

2 2 1{2h " 2 1{2h

5 Thg ch || s S (7.3)

ch| g

where p ?;; gandK is the modi ed Bessel function of the second kind. The
Maern covariance has three parameters: 2 i 0 controls the variance, j 0 controls
the spatial range of the correlation, and j 0 controls the smoothness of the process.
Special cases include the exponentigth | q  2expp 2%?h{ qwith {2, and

the squared exponentiatpgh | q  2expp 2h?{ ?qwith 8
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7.3 Theoretical properties

7.3.1 Weak posterior consistency

In this section we obtain posterior consistency of the parametea$ our model with
respect to xed-domain asymptotics. Consider the joint model deed in x2, with

D r 0;18 without loss of generality and Gaussian processes o8pDq

the space of continuous functions o. Letting cgh | qgand cph | g denote
the covariance functions for, and , respectively, we choose independent bounded
hyperpriors for 2; 2, and while letting and , Where the supports
of both - and areR . We choose a proper prior oR for a, Npo; 00

Npo; oqand 2 Inv-Gap ; ¢

Assumption 75. The prior satis es the prior positivity condition p

I olls qiOforal j Oand forany o PQDg

van der Vaart and van Zanten(2009 showed that Assumption 1 holds for Gaus-
sian process priors with squared exponential covariance under mddnditions, and
Choi (2005 provided a set of su cient conditions on the Makrn covariance lernel

for the same.

Assumption 76. The covariates are uniformly bounded, so there exists &h j 0

such that||xpsq|| @ M for all sPD.

Theorem 77. Under model {.1){( 7.2) with priors chosen as described in3 and As-
sumptions 1{2, the posterior distribution p,; ,;a; ; ; |tpyi;sigi 1;:::;nuq

is weakly consistent.

Theorem 77 does not imply that the hyperparameters in the covariance kernel
are consistently estimated, though we do take into account und¢emty in these

parameters and do not assume that the priors are well speci edt ik typically not

177



possible to consistently estimate all the parameters in the Matroovariance Zhang

2009.
7.3.2 Posterior propriety of a

Under model (7.D{( 7.2), the parametera controls the degree of informative sampling.
The uniform improper prior, ,paq91, provides a noninformative choice. Theorem
78 shows that this prior leads to a proper posterior, implying that the dta are
informative about a.

Letting s P s1;S2;::5;SnGY P YuYa it ynd, [ (B1G rBG ranq(T
and [ (B1G (820G r|sz.nq(T, we have '  N@; "gand ! NpO; "q
where "ps;s'g cpls sYl| qand "ps;s'g cplk Sy | qfors;stPD. Let
ch| g Zexpp 242hP{ qandcph| q 2expp 2¥2hP{ qforO0 po 2. We
assume independent bounded priors on and and independent discrete uniform
priors on and . Also, Npo; o0 Npo; ogand 2 p g
Here we focus on powered exponential covariance functions ratithan Matrn to
simplify calculations. A similar result should hold for Maern covariane functions

if the priors on the hyperparameters have a bounded support.

Theorem 78. With the above prior speci cations, the marginal posteriodistribution

of a, ppa|y;sq is proper providedn ¥ 2andE pqg 8 .

When the conditions of Theorenv8are satis ed, the joint posterior is also proper.

Proofs are provided in AppendixE.
7.4 Computational details

The exact density for the sample locations in74.1) is not available analytically, so

approximation is required. In point process modeling the integral isften approx-
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covering D with cell area ,

» M

expt [squls expt pjqu (7.4)
D i1
This approximation yields a tractable posterior, but requires comgationally expen-
sive matrix inversions, which we limit using a kernel convolution appramation to
f.
Let psqbe a mean zero Gaussian process with covariarg@® | g A process

convolution (Higdon, 2002 lets

»

mg K ps ugdWpug (7.5)

D
where W is Brownian motion andK is a kernel with parameters . The kernel

corresponding to the Maern covariance is

(2 {4 Y4y, {2 12 142
g P e Guquee oy
2 p{2 LYgpqge @wT e

The kernel convolution representation of the Gaussian process(in5) is often used

spatial knots. Then for largeN

N

pqg KB (7.6)

i1

wherew;  NpO; 1g Applying kernel convolution to psqand psqyields

n *

N N
yi | s N xpsid T K oo a Koo 2 (7.7)
j 1 i1
! o )
exp xpsiq K s oy
psiq e N >
L1 EXp X g P Koo
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where u; ;v Np; 1g Selecting the number of grid pointsM and knots N is
discussed iX7.5& 7.6.

We use a combination of Gibbs and Metropolis sampling for posterior oputa-
tion. Assuming conjugate normal and inverse gamma priors, andp@&ameterization

so thatu; Np; 2gandv; NpO; 2q the full conditionals for ,a, 2, 2and

parameters and and the smoothness parameters and are updated with
Metropolis sampling, tuned to have acceptance ratio neard) The sampling density
parametersy; are updated using blocked Metropolis sampling to account for poste
rior correlation between coe cients for nearby knots. We used teblocks, with knots
allocated to blocks usingk-means clustering implemented by th&meanspackage in
R. For the simulation study in x7.5 we generated 5,000 samples and discarded the
rst 1,000 as burn-in. For the analysis of the ozone data ix7.6 we generated 20,000
samples and discarded the rst 5,000. Convergence was monitorgging trace plots

of the deviance as well as several representative parameters.
7.5 Simulation study

We conduct a simulation study to illustrate the e ect of failing to accant for infor-

mative sampling on spatial interpolation, and determine the amountfalata need to
reliably identify informative sampling. We assuméd r 0; 1 and no spatial covari-
ates,xpsq 1 for all s. We generate data using model7(7) with an equally-spaced
grid of N 225 knots onr-0 2,128 and a Magern kernel. We generateS 50 data
sets from each of four simulation scenarios: (h) 250,a O, 02;(2)n 250,
a 1, 02; 3)n 250,a 1, 05;and (4)n 500,a 1, 02, with

1,Et psqu O, 20,and 01 under all scenarios. For each simulated data

set we t the following three models. The noninformative sampling (N$) model
setsa 0, the plug-in model sets psq  "psq to account for informative locations,

180



and the full model implements the approach of4. In the plug-in analysis the loca-
tion density is estimated using kernel density estimation in R'&ernSur function in
the GenKernpackage with default settings.GenKerngives a bivariate kernel density
estimate that uses Gaussian kernels with bandwidth chosen using &edt plug-in
approach to approximate the asymptotically optimal bandwidth.

We use the same grid oN 225 knots used to generate the data in the kernel

convolution model, and approximate the integral using a square griof M 900

an equally spaced grid of 225 knots on 0:2;1:25°. Simulation study results show
that irrespective of the number and position of the sampling locatia the Gaussian
process can be well approximated with 225 knots. Followirgee et al. (2009, the

grid spacings are chosen to be no larger than the standard deviatiof the kernel in
the convolution representation. We use di use normal priors for and a and the

covariance parameters have priors?; 2; 2 Inv-Gap004001g ?; 2 Um;2q

and 2; 2 Up;30q

Table 1 reports bias, mean squared error (MSE), mean absolutevagion (MAD)
and coverage probability (CP), each averaged over the grid & spatial locations
t;;:::;tw. The coverage probability is the proportion of theM grid locations for
which the posterior 95% interval for @;q covers the true value. For the plug-in
model and the full model we also report the power fa in Table 7.1 which is de ned
to be the proportion of data sets for which the posterior 95% créae interval for a
excludes zero.

All three methods perform similarly when sampling is not informative. f this
case, the informative sampling methods rarely identifya as signi cant and reduce
to the usual geostatistical model. The noninformative sampling medl has high
mean squared error and negative bias in the remaining designs with drhative
sampling. The two methods that allow for informative sampling reduceean squared
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Table 7.1: Simulation study results

Design Model MSE( 10?) MAD( 10°) Bias( 1¢*) CP( 10¢°) Power fora( 10)

1 NIS 331 (28) 413(06) 20(13) 930(10) {
Plug-in 322 (17) 413 (0) 25(13) 930 (10) 100
Full 319 (12) 415(07) 25(13) 930(10) 100
2 NIS 494 (50) 500 (11)  258(13) 900 (10) {
Plug-in 392 (55) 448 (09)  139(13) 910 (10) 740
Full 329(28) 432(08) 75(16) 930 (10) 800
3 NIS 132 (11) 281 (18) 83 (14) 940 (10) {
Plug-in 121 (08) 271 (18) 31(14) 940 (10) 400
Full 108 (07) 253 (14) 20(13) 950 (10) 500
4 NIS 256 (11) 369 (07) 153(12) 920(10) {
Plug-in 209 (08) 339 (05) 72(11) 920 (10) 880
Full 191 (06) 326 (04) 08 (10) 940 (10) 980

error compared to the noninformative sampling model. The informate sampling
models also reduce bias, although some bias remains, especially faigihe2. In all
cases the full model improves on the plug-in approach. The relativeean squared
error of the noninformative sampling model to the full model is smalidor design 3
(0 132/0 108 = 1 222) with large spatial range and design 4 (856/0 190=1 347) with
large sample size than for design 2 @04/0 329 = 1502), so it seems that accounting
for informative sampling is most important for small data sets with cosiderable
spatial variation.

To analyze sensitivity to the prior fora, we redid simulation design 2 witha 1
and =0 2 and used four dierent priors for a: Ni;1g NpO;1g NpO; 10°g and an
improper prior. In summary, mean squared prediction error and pdictive coverage
are insensitive to the hyperparameters of the prior oa for n 150 andn  200.
Even for a sample size as small as 50, di erences are small for di erent priors.
However, the NO; 10%qprior and the informative prior Npl; 1qlead to a better power
for a than the others whenn 50 and 100. The minimum sample size needed to

swamp out the prior fora is around 150 in this example.
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7.6 Analysis of Eastern United States ozone data

With the increasing concern about air pollution and climate change, liding predic-
tive models for ozone is an important area. It is often the case théte monitoring
locations are informative about the ozone surface and hence it is ionpant to ac-
count for informative sampling. We analyze the median daily ozone fdune-August
2007 forn 631 observations in the Eastern United States. The data are plett
in Fig. 7.1(a). There is a clear association between the sampling density and the
response, as there are more monitors placed in areas with high cgosuch as At-
lanta and New England, than areas with low ozone, such as Mississigmd West
Virginia. We t a generalized additive model to the median ozone valueand the
kernel density estimate of the log sampling density using locally weigdtt scatterplot
smoothing in Fig. 7.1(b). The linear t is entirely contained within the generalized
additive model 95% con dence intervals for all values of the log sarnpy density
estimate, supporting the log linear model in7.1).

To apply a stationary spatial model we rst project the spatial loations to a
two-dimensional surface using the Mercator projection, and thescale them to the
unit square coordinate-wise by subtracting the minimum and dividing yothe range
of the observation locations. We t the informative sampling model wh a 30 30
grid of knots onr 02;12< in the kernel convolution approximation in (7.6) and
a 50 50 grid of points onr0; 1 in the integral approximation in the sampling
density (7.4). Points outside the convex hull of the observation locations or ¢side
the continental United States were discarded from integral appkimation to the
sampling density, leavingM  1077. Kernel convolution knots not within 01 of an
integral approximation knot were discarded, leavindN  490.

We include a second-order spatial trend as predictors ixpsq that is, linear

and quadratic terms for re-scaled latitude and longitude, and theinteraction. We

183



100

90

80

70

60

(a) Median ozone (b) Log sampling density versus median ozone
(circles), gamt with 95% intervals (dashed),
linear t (solid)

Figure 7.1 : Plots of the ozone data. Panel (a) plots the ozone data (ppb; loo)
and monitor locations (points), Panel (b) plots the estimated log sapling density
against the response.

compare the noninformative sampling, plug-in and full models descet inx7.5. The

posteriors for several parameters are summarized in Table2 The spatial process
for both the mean process and sampling density are fairly smooth.h& posterior
95% intervals for and exclude the exponential covariance ( 05) for all the

three models.

The 95% interval ofa for both the plug-in model (216, 646) and fully Bayesian
model (212, 425) excludes zero, indicating an informative sampling scheme. The
scale ofa's posterior is not comparable between the two models since the plung-
density estimate has been standardized to have mean zero andiaace one. The
e ect of accounting for informative sampling is illustrated in Fig.7.2 The di erence
in predicted values between the noninformative sampling and full medin Fig.

7.2(c) is the largest in Northern Pennsylvania and West Virginia. These arsehave
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Figure 7.2 : Posterior mean predicted values of ozone

relatively few monitors and are near areas with high ozone. The di ence between
the noninformative sampling and plug-in predictions in Fig.7.2(d) are also positive in
these areas though the di erences are not nearly as large in the ghin analysis. This

may be because the plug-in estimates do not appropriately accouot uncertainty
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Table 7.2: Mean and 95% intervals for the ozone data

Parameters NIS Plug-in Full

a { 4 43 (216, 646) 321 (212, 425)
468 (437,503) 470 (438,504) 4.78 (4.47,5.12)
017 (014, 027) 015 (013,019) 017 (013, 021)

g

. 006 (005, 016) 006 (004, 010) 006 (005, 010)
. 395 (092, 642) 346 (153, 552) 126 (074, 288)
f { { 0 05 (004, 006)
f { { 0 07 (004, 013)
f { { 10 7 (074, 2877)

in estimation, and hence may lead to some attenuation of the estineat surface.
Finally, we re t the model with di erent priors and di erent knot loca tions to
test for sensitivity to these assumptions. We t the model with 20 20 and 40 40
initial grids of knots in the kernel convolution approximation. Afterremoving knots
outside the domain of interest, this gavéN 206 andN 876 knots, respectively.
The results were fairly similar to the original 30 30 grid. In all cases the posterior of
awas separated from zero, the posterior median beind33 and 285 forN 206 and
N 876 knots, respectively, and the largest di erence between the@mnformative

sampling and full model was in the Northern Pennsylvania and West \ginia.

7.7 Discussion

We have focused on a simple model for informative locations, whichsames that
the outcomes are conditionally independent of the locations givendhmean process
psq and the spatial location densityppsg In addition, we include a single param-
eter a controlling the informativeness of the sampling process. These siifyong
assumptions certainly make the theory and computation more trégble. However,

to more realistically characterize data from a broader variety of ggications, it may
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be necessary to generalize the models. There are several intargsdirections in
this regard. First, it is straightforward conceptually to replace tle constanta with

a spatially-varying coe cient apsqg which is assigned a Gaussian process prior. This
generalization allows the informativeness of the sampling locations vary spatially;
for example, in certain regions, say near cities, monitors may be pécwithout re-
gard to the outcome, while in other regions, say in the rural areasjonitors may be
placed at sites likely to have high values of ozone. It is an open questiwhether
one can consistently estimateysq in this extended model without very restrictive
assumptions. However, a simple adjustment for informative samptimmay be prefer-

able to more complicated models that require rich datasets for relilbestimation.
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Future works

8.1 Latent variable density regression models

Current density regression models focusing on mixture models aféea a black-box
in terms of realistic applications which require needing to center theadel on a sim-
ple parametric family without sacri cing computational e ciency. Stephen Walker
pointed out in one of the ISBA bulletins \Current density regression models are too
big, too non-identi able and | doubt whether they would sumwe the test of time'
Lenk (1988 1991); Tokdar et al. (2010 proposed a logistic Gaussian process prior
which also allows convenient prior centering in density regression neds, however
computationally quite challenging. Somewhat discontented with theiscrete mixture
formulation of the existing density estimation and density regressiomodels which
doesn't allow for convenient prior centering, we turned our attembn to latent vari-
able models which have become increasingly popular as a dimension otida tool
in machine learning applications. Although latent variable models are wadly used
in machine learning community, it was only recently realizedundu and Dunson

201) that they are also suitable for density estimation.Kundu and Dunson (2011
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developed a density estimation model where unobserveg0; 1q latent variables are
related to the response variables via a random non-linear regresswith an additive
error. This allows convenient prior centering, avoids the mixture fonulation and
enables e cient computation through a griddy Gibbs algorithmKundu and Dunson
(201). However, there has been little study on theoretical propertiesf these mod-
els. In particular does it share the same appealing support and optinconvergence
properties of some of the existing methods? Can it achieve fast@mgergence rates
if the prior centering is appropriate? In an ongoing papePati et al. (2011h, we
answered these questions in the a rmative by characterizing thepsce of densities
induced by the above model as kernel convolutions with a gener#éss of continuous
mixing measures. Our papePati et al. (2011h leads to the following simple density

regression formulation. Consider the following non-linear latent veable model,
Yi  Puxid ;i Upoilg i N g (8.1)

Integrating out ;,
»

fpy [ xq P xoait

The above model can approximate a large collection of conditionalrdaties tf opy |
xquby letting pt; x gconcentrate around the conditional quantile function&, *py | xq
by assigning a Gaussian process prior. A couple of advantages aé tftormulation
is the feasibility of an e cient posterior computation based on an undimensional
griddy Gibbs algorithm and the ability to center the model on a prior psamet-
ric guess which are not both shared by any of the prevalent densitggression ap-
proaches. Studying rates of convergence in density regressioodels becomes more
challenging as we need to assume mixed smoothnesgy iand x. Although poste-
rior contraction rates are studied widely in mean regression, logistitegression and

density estimation models, results on convergence rates for dégnsegression models
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are lacking. In the ongoing workPati et al. (20118, we study posterior convergence
rates of the density regression modeB(1) by assuming the true conditional density
has di erent smoothness acrosg and x. Assumingfpy | xqto be compact and twice
and thrice continuously di erentiable in y and x, we obtain a rate ofn “3gdognd?
using a Gaussian process prior forhaving a single inverse-Gamma bandwidth across
di erent dimensions. The optimal rate in such a mixed smoothness as isn 17,
The slight slow rate ofn X3 is the drawback of using an isotropic Gaussian process
used for modeling an anisotropic function. Current research foges on improving
the rate of convergence using an anisotropic Gaussian processhvdi erent scaling

across di erent dimensions.
8.2 Nonparametric variable selection

Although Pati et al. (20113 and Chapter 2 deal with the optimal convergence
rate in estimating the true regression function, it might be of impowince to
study the behavior of the marginal posterior inclusion probabilities foindivid-

ual variables to actually study consistency and rates of convemyme of vari-

able selection. Alternatively, let ; t G Xpqu and let iqu
t X X 10 X G X 10G:::; Kipdu wherexg is some reference point
which is xed across subjects. Then, under the hypothesld; that the jth variable

has no impact on the regression function, it would seem that & ' 19 will be very

close asymptotically. We are interested in providing su cient conditims for Bayes

factor consistency in testing
ng!"q; | S|P ns Hfrq: | R P P (8.2)

where|| ||2.n denotes theL,pP,qnorm, P, being the empirical distribution. Hence

» O0 determines the convergence rate of the variable selection.
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8.3 Bayesian shape modeling

Object segmentation and surface tting from pixelated volume dat is widely used
in bio-medical applications as a part of pre-therapeutic diagnosis. é\plan to de-
velop a novel Bayesian method for inferring the surface of a 3-dinstonal object
by modeling the intensity of the pixels with a mixture of normals with theweights
depending exibly on the pixel coordinates. We want our approachotyield smooth,
closed surface estimates that can prove highly useful in medical giieosis and other
general imaging applications. Lung tumors moving during respiratioare particu-
larly challenging. Because of irregular breathing and imaging limitationg can be
hard to characterize and predict how a tumor will move during treatent. There has
been essentially no work on Bayesian hierarchical modeling of 3d suds evolving
over time (e.g, tumor image stacks of di erent individual at severatime points).
Our objective is to provide a joint framework for registering and maeling multiple
3d shapes. Instead of registering the entire volumetric data, weant to be able
to develop a computationally e cient selective registration scheme kich takes into
account only the tumor region. One of the long-term goals is to dde@ an algorithm
which uses the real-time 3D images acquired during treatment to gokathe radiation
beam to optimize the dose being delivered to the target based on thpdated im-
ages. Finally, working with volumetric data poses several compuianal bottlenecks.
We propose to overcome these computational challenges via an piilge partitioning

scheme, and random projection-based techniques.
8.4 Spatial point patterns

The log Gaussian Cox process model which we have exploited in Chapfein the
context of preferential sampling is useful in a variety of other spial settings. More

commonly it is used to model spatial point pattern data such as the ¢ations of for-
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est res or earthquakes. Here the parametrigps; qcould capture e ects of spatial
covariates, e.q.,gps; g exppdistance from location s to a fault g Sampling for
these types of models is highly challenging, particularly in presence information
on numerous spatially varying covariates where we are also interedtin in selecting
the important variables. The approach that is usually taken is to apgximate the
denominator of the likelihood of the log-Gaussian Cox process by aite Riemann
sum. However, since the exponentiated Gaussian process is notiranitely divisi-
ble process, there has been a debate whether the approximateasi@rior converges
to the true posterior. Stephen Walker recently developed an exfc sampling al-
gorithm relying on the introduction of latent variables which removesny integrals
associated with the inaccessibility of the normalizing constant. Thisould open up
the possibility of exact sampling for a wide range of models (e.g., the IG&aussian
Cox process for the sampling distribution in our informative sampling odel) which

would circumvent the existing criticisms.
8.5 Robust Bayesian model based clustering

Model-based clustering based on mixtures of parametric kernels issabstantially
popular tool for separating heterogeneous collection of items intmmogeneous sub-
sets. However, accurate estimation of the number of clusters agll as the cluster
speci ¢ densities is highly sensitive to the choice of the kernels. Todmss this issue,
we propose to develop a novel Bayesian hierarchical clustering nmbtdased on mix-
tures of constrained unimodal kernels where we potentially clustbased on modes
without restricting the form of the kernel other than assuming it © be unimodal.
We plan to explore theoretical directions like consistency of the nurer of clusters

and the cluster speci c densities.
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8.6 Other directions

Another interesting direction is when the true regression functiofms supported on
a smaller dimensional linear subspace and it is of importance to estireathe min-
imal subspace, popularly termed as su cient dimension reduction. khough there
has been some works on Bayesian su cient dimension reductideich et al.(2010;
Tokdar et al. (20103, accurate calibration of the posterior contraction rate in such
settings is still an open area of research.

In high dimensional small sample size scenario e.g. gene expressida,dabe-
comes necessary to come up with simple parametric procedures wath accurate
calibration for the prior that automatically adjusts for multiplicity. 1 would particu-
larly like to explore variable selection consistency and convergenedes in Bayesian
models where the number of predictors are increasing faster théme sample size.
There has been a recent surge of interest in the frequentist litéuae in working out
minimax rates for estimating high-dimensional covariance matriceshre the dimen-
sionality increases with the sample size and the truth lies in some spé&rslass, but
almost no work from a factor model type representation which an@more commonly
used in Bayesian factor models for learning covariance matrices. Arpcularly in-
teresting direction is to consider estimation of covariance matricéy assuming a low
rank decomposition which arises from factor models.

Apart from these specic directions, one of my long-term resedrcgoals is to
provide a non-asymptotic theoretical framework for comparisoof frequentist and
Bayesian procedures. Although, in most cases, Bayesian procegubehave as well
as the frequentist procedures asymptotically, empirical evidenadten suggests that
the Bayesian procedures are superior to the frequentist courparts in speci ¢ prob-
lems, particularly in a high-dimensional sparse data setting. A rigous theoretical

framework is necessary to validate and promote the use of Bayes@ocedures. An-
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other interesting direction is to theoretically compare di erent noparametric Bayes
models and evaluate the coverage probability of the parameter ofeénest in the light

of Knapik et al. (20117).
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Appendix A

Proofs of some results in Chapder

A.1 Proof of Lemma46

The  proof proceeds similarly to that for
Ghosal et al. (1999. Note that tGx;x P Xu PG,. Let B
Choosek j pa ~ such that

» » *

ly| pa

X Iyli k = 2

2
fopy I Xa =5 dyogxedx

Theorem 3

in

raad p_; Q.

Take V tt Gy | x PXu:infypx GxypBqg j =u. By approximating 1z by a bounded

continuous function, we can show thaV contains a neighborhood/*oftG, | x PXu

3

of the type (4.195. For any density f PFq4;fpy | Xq 1y x dGp ; gx PX,
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with tGy | x PXu PV},

» » " *
oy | Xq
f xqlo d X
ik oy | xglog oy [Xq ygxad
3
» » l y Xl dG p . q
o fony | xglog 28 ——dyqx e
X Wik st Y dGp ; q
» » 1 ly] pa
o fopy | Xqlog -—r—— dy g cpix
X Iyli k tobreg,Bq
» » " Iyl a*2
o fony |xq = 2p dygxadx 5
X Iyl k 2 2

. . 1 x1

c. Consider the uniformly equi-continuous
family of functions

*

1
Oyx O BN <;p; qbﬂ& y X py:;xqPrkiks X

By the Arzela-Ascoli theorem, given 0, there exists nitely many pointstpy;; Xiq P
r kiks X;i 1;:::;

sup |gy;xp; a Oy,:xP q c:
p; gmBs

Letg, s, Gx L X dGp; g

*

cii L2::::m

E tGx | X PXu:sup gy, Gx Oy, G«
X PX

It holds that E is a neighborhood ot G, | x P Xu formed by nite intersections of
sets of the type @.15 and fortG, | x PXu PE andpy;xqPr k;ks X,

3

L v X 4Gp ; q 13
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for % Thus given any O, there exists a neighborhoo& of t G, | x P X usuch
3

that for tGy | x PXu PE with fpy|xq % XX dGwp ; g

n *

oy | xq
f xqlo
X yilylak o | xalog foy | xq

» »

dy g oix é: (A.1)

Taking W VX E and sinceW is a nite intersection of neighborhoods ofG, of

the type (4.15, the result follows immediately. O
A.2 A useful lemma

Lemma 79. If f yxgh 1;:::;8 g constructed as in @#.11) satises S1 and S2

then

n *

Px sup| 1q FxpAq| 1;""sgxp| kXd FxpAkdl  « i 00 (A2)

ey
x PX X

for a measurable partitiontA;;i  1;:::;kuof<P < | ;i 0Oand a conditional cdf

tF;x PXu

to show thatforany ; j O;i 1;:::;k, (A.2) holds. Construct continuous functions

g:X PN<;0 gmq 1@PX:;i 1;:::;k 1 such that
1

hXq FypAgogmxgq tl gmxqu FpAg2aio k 1ggxg 1@: (A3)
| i

AsO0 FpAiq 1i 1;:::;k@ PX,itistrivial to nd g;i 1;:::;k satisfying
(A.3) since one can solve back for thg's from (A.3). ,k 1FxpAig 1 enforces

o 1. Since is a continuous function, forany ; j 0;i 1;:::;k 1,

n *

Px sup| t ijxqu gmXql i O (A.4)

xPX
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and fori Kk,

Px sup| t yxqu 1] Px inf (xqi ‘pl q: (A.5)
X PX xPX
ChooseM sl g «. WehaveO M 1 and
sup| «xgq M| « € inf yxqi ‘Pl «q:
xPX xPX
Hence by assumption,Pyx infypx «kXQ i pl kg i 0. Let S¢ ; denote

the k-dimensional simplex. For notational simplicity letp;pxq t iXqugXq

FepAigi  1;::5k landggxq 1. Letz pzi;:iii;zd fi S 1 N <;z bN
+

z Al zgi 2::;kand figq  z. Let pxq  ppuXG:::;pagxggand
gXqg PouXG:::;kXqq Then we need to show that

Pxt}fippq fipogk TRRERE PR ¢ oJo B PPREY o s [0} X K 1)
Heppg 1} «uj O

Note that for 2 @ i o kK,

. ( . (
Himpag fipglk 1 fimg g 1 fipgq

I | 8

api lal g}, Mipd fipodl

| i
Thus one can get; | O;i 1;:::;k, such that
e Gty ;i L ku€tifipq fipqly  aiii;
He g fe gl « wifkmpeg 1y «u

+
But since Pxt}pi  g}g i1 L ku Ik Pxtip glg i U, the result

follows immediately. O
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A.3 Proof of Theorem47

Fix tFx;x P Xu PG,. Without loss of generality it is enough to show that for a

uniformly continuous functiong: <P < X Nr0;1sand j O,

»

Py tG X PXu: gp ; ; XdGyp 5 oppxodx
<P < X

(
gp ; ; xadFcp ; ogpxadx i O

Furthermore, it su ces to assume gp ; ; xq N 0 uniformly in x P X as} } N
8; N8.

Fix | O, there existsa; ;~ j 0 not depending onx such that Fypr a;ad

r;=sqijl foralx PX. LetC r aaf r ;~s

»
(
gp ;5 XAGkp 5 q gp ;; xepFcp 5 g gxgix o

» " g » *

hXCOP h; h; XO ap ; ; xedFp 5 g gxeopx

X h 1 (3

where ,'s are speci ed by4.11with ¢, satisfying S1 and S2 ang »; hnq Go. Now

for eachx P X, construct a Riemann sum approximation of

»

Cgp ;o XodRp ;g

Let tAxn; K 1;:::;nube sequence of partitions of with increasing re nement as

n increases. Assume maxg. n diampAy.n g N 0 asn O 8. Fix P kn; ~knd PAkn; K

» n
gp~k;n y ko XCFx po\k;n CILqp(q:ix N
X k1
» »

gp ;; XadFcp ; ogpxadXx: (A.6)

X c
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Hence there existf; such that forn ¥ n;
»

(
gp ;; XdGkp 5 q gp ;; xdFp ; g gXgix @

<P < X

» " g n *

AXCAOP by miXQ OPTkn; ~kni XOFxPAknQ OXCEX 2

X nha k 1

Consider the set

1 Pah Loi8gisupl apxg FePAcn,al it

X PX 1

sup| n,Xq FxpPAn;n,dl  —
X PX N

By Lemma 79 which is proved inA.2, Pxp 19 i 0. Since ﬁ . nXq 1 as.

there D with Pxp q 1, such that foreach! t ;h 1,:::;8uP , g.,%q

i b, nxg N 1 asn N8 for eachx in X. Note that this convergence is uniform
since,g,p gn ¥ 1 are continuous functions de ned on a compact set monotonically
increasing to a continuous function identically equal to 1. Hence farach!

t yh 1:::;8u P, g,mxg N 1 uniformly in x. By Egoro's theorem, there
exists a measurable subset, of ; with Pxp »q i O such that within this subset

gwpxg N 1 uniformly in x and uniformly in ! in ,. Thus there exists a positive

8

integer n ¥ n; not depending onx and !, such that [ =, nXq on .

Moreover, one can nd aK j O independent ofx such thatgp; ; xq if} }i K
and | K. LetA; tp ; g:} }i K; i Ku Let 3 2XtP n, 15 n, 1P
AP n 15 n 21PAU For! P g3,

(
gp ;; XxadGkp ; g op ;; XdFp ; g ogxgdx @

<P < X
n *

ni
KPXOOP i ki XA 9P en; ~kn s XOFxPAKn, 0 gxadx 4

X k1

»
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and

mn
» *

kKPP ki kXA 9P Tkins ~kini XOFxPAKn, 0 gEX X

na
5

X k1
n, » " *
a KXA P ki kXA 9Pk kns XO | kXA FyxpAkn,d| gaxodx
kK 1 X
ng »
o KX OP «; Kk XT 9P kens ~kn s X XX
kK 1 X

There exists setBy;k 1;:::;n; depending om; but independent ofx such that if

P ki kA PBk, 9P ki «;Xd  9P7kinis “kinas XQ . Sofor! P 4 sXtp 15 QP

(
gp ;5 XEGp ; g gp ;; xdFp 5 gogxgx 5

<P < X

Now sincePxp »q i O and the setstp n, 1; n, 10 PAL;::5p 0 15 n 19 PAgU
andtp 1; 1gPBg1;::5;p n,s n,q PBp,uare independent from , and have positive

probability, it follows that Pxp 4q i O.

A.4 Proof of Theorem44

Without loss of generality, assume that the covariate spac¥ is r; 19 for some
0 1. The proof is essentially along the lines of Theorem 3.2 Tdkdar (20063.

The f~in (4.12 will be constructed so as to satisfy the assumptions of Lemmd® and
3 3

such that ,  fopy | Xglog %dyqo(qjx > forany j 0. De ne a sequence of
3

conditional densitiesfopy | xq 1 P2 qiGnyp ; GN¥ 1wherefor , n

+
I\ pr n;nsf§m1 | xq jp2 oPid .pq
nnfop(l 1| xod 4 .

dGn.xp ; Q (A.7)
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De ne

3
nxniﬁin P—of ot | xcplt
Vs FoRt [xcdt

fapy | xq (A.8)
Proceeding as in Theorem 3.2 dfokdar (20063, an application of DCT using the
conditions A1-A5 yields

» »

fopy | xglog Mdycp(qjx N Oasn N8 :

X v fapy | Xq
Therefore one can simply choos&  f,, for suciently large no. f,, satises
the assumptions of Lemmad6 sincetG,,x; X P Xuis compactly supported. Also
tGnox;X P Xu PG, asx N Gp,.«pAqis continuous. Hence there exists a nite
intersection W of neighborhoods ot G,,,;x; x P X uthe type (4.19 such that for any
tGy;x PXu PW, the second term of 4.12 is arbitrarily small. The conclusion of

the theorem follows immediately from Corollary49. O
A.5 Proof of Theorem51

Consider the sequence of sieves de ned b4.18 for given | 0 and for sequences
an: hnily; Mp:mg;r, to be chosen later with , K1 {pM,m2q for some constant
Ki. We will rst show that given | O, there existsc;;c, i 0 and sequencesy,

and M, such that x FS = cie " andlogNp; Fn;}}g n.
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For fq;f>, PF,,, we have for eactx P X,

» Mn
Hip |xq fap |Xq} @ Elqp(q pla, Elqp(;yq P2, Equ(;yq dy
Yh 1
» m,
Pixa XA e, walX; YOy
Yh 1 h * h
38 (
Mg g
h mp 1
$ 5 ,
g plg 7
ML 2 L A L T
hXGy, — r2q plq -
h 1 h h
Mn
2 pL P2
- hq8 2
h 1
Let o t ™ p o5 20 meQ: h PBhnsh  Liii;ymau Fix ™My O P

n . Note that since| px;q 20| Kz|Xx1 Xj| for a global constantK, j O,

we have

} P r1Q P n20k @ K2} na hi2tg -

The above fact together with the proof of Lemmar9 show that if we can make

Mn

o
T e plq R2q
}oha hi2}g W'h 1;:::;m,, we would have ", | ho . From

the proof of Theorem 3.1 irvan der Vaart and van Zanten(2009 it follows that for

h 1;:::;m, and for su ciently large M;rp,

logN R {mZ;Bhn;}}s g8 Ksrflog

2log (A.9)

for global constantsK3;K, i 0. ForM?2 | 16KsrPdogorn{ qd P;r, i 1 we have for

PP h RBhnQ 8 PPAL | rhg e Mit2: (A.10)
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Hence for su ciently large M,,, we have forh m 1;::0,my,

n

K 4M,m?2
0gN (8 {M?2;Bpini}}, g & 2log 2000, (A.11)
Forh m, 1;:::;my,
» n
Pp n RBhnd 2 PpAL i n( Pp n RBhn | An atga, pagda
a o0
» n
g PpAL i nQ Ppn RMH?  Bi| A, aqh,pacda
a 0

a PPALi oq pl  p ‘p oPMdg M,qq

where ,p qdenotes the concentration function of the Gaussian process witbvari-

2
ance kernelepc; xlg  2e 3 X1, Now

ap{mige logPpWol e {migq Ks logp{m3iq

for some constant Kg | 0. Hence if M, ¥ Ky|logp{m2q| for
some K7 0, then it follows from the proof of Theorem 3.1 in

van der Vaart and van Zanten(2009 that
PP nRBhn@a PPAL i nq e M7t (A.12)

From (A.9) and (A.11),

K sM,m?
logoN p; B 1:n Bt} }g 0 82m, |ng
a p 1
M,m2 r
m,rP log MoMa Foi o (A.13)
Also from (A.10) and (A.12),
mp 5 Mmp Mn
Pp h RBhng o mye Mit? PPAL i InQ PPALi G

h 1 h 1 h myp 1
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We will show that with m, O%q xpFsq e "o for some o. By assump-

tion C1, we have

xP % :ha1n A MOpe "qA Ope "g (A.14)

o

with m,  Om{logng ", PpAL i rmgeme"Ae" ™  PpPA |

Mn

0o 2 ~
a0 8 pm, mnqe n omy log mn Ae mnlogmn.

With m, ﬁ m, logm, i 5 for large enoughn and it follows from Lemma
56 that
8
x  sup niXgi A Ope "q (A.15)
x PX h my 1

Thus with M,, Om?q,

Mmn
Pp n RBhngA e ": (A.16)
h 1

(A.14), (A.15) and (A.16) together imply that yx pF SgA Ope "g

? p 1

Mn rn{n

Also m,rP log omq for the choice of the sequence,. With

m, n{pC logngfor some largeC j 0, one can make

logpN p; B 1:n Bm,n;}}gd N (A.17)

forany j 0. Also from Lemmab5,

n 0 h *
Mn I0gNP o hoitns 3 1 g G Mylog dy ul dzlogl—” 1
n

In

n (A.18)

forany i 0. Combining (A.17) and (A.18), logNpF,;4;}},0 n forany i
0. O
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A.6 Another useful lemma

Lemma 80. For non-negative r.v.sA;;B;, if PpA; @ uqg & C;PpB; @ uqfor u P
W;toGtoi 01 1,2,PPA; Azm toqr C,C,PB; By @ tpg

Proof. Denote byf the corresponding density functions.

» »

to to

PpAr Az toq fa,UPPA2E tg ugeCy  fa,pucPPB2o to uqg

0 0

))t

CPpA; Bootyg Cp fg,udPpAroty uqg
0

))t

o C,C, fg,uPpBiety ug CiC,PpB; Byo tyg
0

A.7 Proof of Theorem57

3

Proof. Once again we approximatd opy | xg by fpy | xq 1 Y _ dGp; q so

that the rst term of 4.12is arbitrarily small. We construct such anf~analogous to
that in Theorem 44. Lemma 81 is a variant of Lemma46 which ensures that the
second term in @.12) is also su ciently small. Before that we need a di erent notion

of neighborhood oft F,; x P X uwhich we formulate below.

»

(
tGy ;X PXu: sup gp; oGp; g gp; oRp; g

xPX < <
*

(A.19)

3 3
Lemma 81. Assume thatfo PF4 satises Yy2fo|cy|xcplyqo<oﬂx 8 . Suppose

3

foy|xqg 1 Y— dG,p; q whereDaj Oand0 _  ~ such that

Gyr aas p_; q 1@PX; (A.20)
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so that Gy has compact support for eaclx P X. Then given any | 0, D a

neighborhoodW of tG,;x P X uwhich is a nite intersection of neighborhoods of the
3

type (A.19) such that for any conditional densityf py | xq 1 Y _dGwp; gxP
X, with tGy;x PXu PW,

» »

oy | xq
f xqlo
X YOWl a ng|Xq

dygxagdx (A.21)

The proof of Lemma81l is similar to that of Lemma 46 and is omitted here.
To characterize the support ofPyx, we de ne a collection of xed conditional prob-
ability measurestF,;x P Xuonp< < ;Bp< < gqdenoted by G, satisfying

3

x PN . - 9p; odFp gis a continuous function ofx for all bounded uniformly

continuous functionsg:< < NrO0;1s

Theorem 82. Assume the following holds.

T1l. Gpisspecied by  GPp;cqg n Go wherecis chosen so that GEO; cq
has continuous path realizations and is absolutely continuous w.r.t. Lebesgue

measure on< .

T2. For every k ¥ 2, p 1;:::; kqis absolutely continuous w.r.t. to the Lebesgue

measure onSy 1.

T3. For any continuous functiong : X PRk,
" *
Px sup| npxq gmxq| i 0
xPX

h 1;:::;8 and forany j O.

Then for a bounded uniformly continuous functiong : < < : r0;1s satisfying
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gp; qNoOas| |[N8; N8,

»

(
Px tG;x PXu:sup gp; Gxp; aq gp; Rp; g
X < <

i 00 (A.22)

Proof. It su ces to assume that g is is coordinatewise monotonically increasing on
3

< < .Let j Obegivenand xq _ _ gp; oFp; @ Letn be such that

Pxp 1qi Owhere ; t ¢, »n u Thenin g,

» n

«
gp; dGip; q g = KlOp kXGg g Q|

< < kK 1
Dene , t suppx (9P kIXG «q  Xq| i K 1::nu For a
xed , there exists a such that suppx |OP kPXG kQ  XQ| {2 if
SUPpx  kIXgQ g kl pxq where g kl denotes the inverse ofp; «qg for xed

k. Hence there exists a neighborhoo®y of | such that for P Byx and

suppx  kXQ g.' Xq , we have suppx |gp kXG kg  Xdq| . Since for

eachk 1;:::;n,Px ¢ PBg;suppx  «kIXq gk1 pxq (

(
Px sup «xq g xq dGy p«qi O;

« PB g xPX

Pxp 29 i 0. The conclusion of the theorem follows from the independence of

and . O

f~in (4.12 will be constructed so as to satisfy the assumptions of Lemn&d and
3 3

such that , . fopy | xglog ffﬂgl'xxsdyqo«ﬂx 5 forany j 0. De ne a sequence of
3

conditional densitiesf,py | xq 1 pP—dG,xp; gn¥ 1wherefor , n ,

I Pr rgnsfop |Xq np CI_
"Lfop Ixa
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As before de ne the approximator

3
"o P dont | xat
nn fopt | xcdt .

fapy | Xq (A.24)
f~will be chosen to bef ,, for some largeny. f,, satis es the assumptions of Lemma
81 sincetGy,.x; X P Xuis compactly supported. MoreovetG,,x;x PXu PG, as

3
x N gp; dG,,xp; qis continuous function ofx for all bounded uniformly

< <
continuous functiong. Hence there exists a nite intersectionV of neighborhoods of
tGn,:x; X PXuthe type (A.19) such that for any tGy;x P Xu PW, the second term
of (4.12 is arbitrarily small. The conclusion of the theorem follows immediately

from a variant of Corollary 49 applied to neighborhoods of the typeA.19). O
A.8 Proof of Theorem58

Proof. As before we establishg-integrated L, consistency of Gaussian mixtures
of xed- dependent processes by verifying the conditions of Theorebf). Let
Cpiyg: 2 XP9 fory PY and x PX. From Lemma 4.1 ofTokdar (20063,

we obtain for ,j 1j - and for eachx PX,

»

2 12 3
| . .pcyq L pcygdys 2 bi e 3Pz

Y 2 1

Let ,pmxq x?! nxgh 1,2::;, n G whereG is a probability distribu-
tion on <P. Let , GP;cqgindependently wherecpx;xlg — 2e A X% where
A is a distributed with support < and 2 is xed. Assume that , Gy where
Go. is a distribution on < . Here Gy is a distribution on< < induced from the

distribution of p npxqg 2qg For any pair i; »,

2
} 1 oy ® 31{2}1 2} P} o1 2}8:

209



As before, letH2 denote a unit ball in the RKHS of the covariance kernel?e 3* XY
and B; is a unit ball in Cr0;1&. For sequencesM, O 8:l, O0;r, O 8 to be

determined later and given | 0O constructB, as

c ___ ? 2

i | 7 | 7
B M Ay B, Y Y M,H? —2_B
n n . 1 4 2 1 a n ntly 4 2 1

with | KMl—' for some constantK; j O. Let

n . '} Yo a,; PBpilynm ohn(: (A.25)

In the following Lemma, we provide an upper bound tiNp ,; ;}},0

a____
Lemma 83. There exists constantsl;; d;; K, andK3 j OsuchthatforM, rp{ i
2 and for su ciently large r,

" *
? ? p]_

logNp o ;dssq 2 Korp log —28 min log KsMa

I'n

n *
p

log d; "I"T” dglogﬁ 1

2 2
Proof. We have | € . P an'ﬁ;an'ﬁp; PB,:h, & nln(. Let

minpg;1gand ,  Ihpl g';m ¥ 0. Let my be the smallest integer such

that ., Il,pl  d"° i h. This impliesmgapl q 1Iogﬁ 1. By the choice

? _
of ,:m ¥ 1;%1 5. LetN; r1Z 1{2ﬂlps For each 1z j & my,
?_

construct a —25—+-coveringtAy;k  1;:::;Mjuof By with
7 " 8 Mo n Pl KaM

- r
M; Np—4?’é—1;Bn;}}8qnexp KorP log l.ylﬂ n{n log 3; n
i1 n

for some constantK ;K3 j 0. Forla ia N;j,1a ka M; & 11 j @ mg, dene

2a;0  1q

Eik a; N,
J

o —— Ay p 1S (A.26)



)
whereal a, p. We have forp ; ; gp % % 'gPEj and for eachx PX,

,
2 1%} 3°p} }
} o opGq oz ghe = C L

[N
B
N
)
e
go)
§o)

Thus
n *
Np ns 1}}q0 - 1
j 1 i1
# 2 a___ b1 +
2
exp KorPlog Mo "ol o IogK3|vIn
j 1 In
n ’)7 a 0 1*
2 r KM
o exp KorP log M" n{ n log—=—"
Tn In
n o *
h
& & dylog™ 1
In In

O

The rest of the proof follows similar to that of Theorenbl. Consider the sequence

of sieves de ned by

s 1
Fo  fofpylxg o= L9 e
h 1 h h
*
sup h o
XPX hym, 1

We will show that given any O, there exists ac;;c, j O such that x FS =
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cie "2 and logp:; Fn:}}g n . Forfi;f, PF,, we have

» 8
Hip |xq fop |Xqg} @ i Elq P, Elqp(;yq }?q r2q, Equcyq dy
Yh 1
Mn »
> plg : :
a h pia. prafX; YQ p2a. p2a[X; yQ dy
ho1 % h * h h ' h
Mmn
: pl 2 .
h 1
Let o t ™ p o3 o2 me9: mho Liii;my PiOjIsu Fix 'y O P
. . Itis easy to see that if we can make p.1 hel  wzh 10, my, we would
have [, P9 . Since n1; no P 10;1s the number of balls required to
cover ., sothat ™", pla- e is K4mm2{ d™ for some constantK 4 j O.
Hence
n ’)7 a * 0 1 )
8 2 r Ksm
logNpF.;4;}}ge KomrP log M?"T n{ n m, log —2—"
n
n *
K sM P h
m, log 3| T mylog d; ;ﬁ d, Iogl—” 1 (A.27)
n n n

Note that xpFq @ m,Pp &g Pp y . ni gandPp Sq o Pp}} |
a.q Pp Pi,;;h,g Pp P B,ﬁq(. It follows from the proof of Theorem 3.1

of van der Vaart and van Zanten(2009 that

Pp PBiquPpA | r,q e it

" ’)
2
if M2 j rP log wf%”{” . Since AP 242 Gagpma;by Lemma 4.9 of

van der Vaart and van Zanten(2009 indicates that PpA j r,gA expt rf* 292y

Hence withM, Om¥2g m,  Otn{plogng® ! 29 and r?  Otn 2Pt 29y,
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Pp ¢gA e " and
8

Pp.  ni gAexpt m! zdogm,d® “WAe ™ (A.28)

h mp

Also, the rst term in the right hand side of (A.27) can be made smaller tham
sincemn,rf Om{plognd® g Also by F1, the last two terms of the right hand side
of (A.27) can be made to grow aiopng O
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Appendix B

Proofs of some results in Chapger

B.1 Proof of Lemma34

It follows from Chu (1973 that
»

f PG, 0 fxq Y'p xagp of

for some densitygon R . Recall fromOngaro and Cattaneo(2004 that a collection

of random weightst 8 , with ﬁ . n las. is said to have a full support if

foranym¥ 1,p q;:::; mgadmits a positive joint density with respect to Lebesgue
measure on the simplexpps;:::;pmg: ;P @ 1u Ongaro and Cattaneo(2009

showed that if 's have a full support, the weak support of
P h ns h  Go

is the set of all probability measures whose support is contained tlsepport of G.
Since

m 1

P md® pig Poqtl paquii; pwmg tl pigqu: i Np ; 2g

i1
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o

h's have a full support and hence the weak support d? ﬁ 1 h , dened
in (3.7) is all probability measures onR . It follows that the weak support of the

induced prior  on S, denoted bywkp ,q is preciselyG,.
B.2 Proof of Lemma36

It follows from Tokdar (2006h that if we can show that the weak support of ¢
contains all probability measures symmetric about zero and havingmpact support,
thenf PSgfi f PKLp sg The argument given in Lemma34 shows that the weak
support of the PSB prior in (3.4) is the set of all probability measures orR R .
Now we will show that an arbitrary P* is in a weak neighborhood oP*® if P is in a

weak neighborhood oP. We state a lemma to prove our claim.

Lemma 84. Let P, be a sequence of probability measures aPicbe a xed probability
measure. ThengP, i Pq i pP; N P°q with Py and P*° the symmetrised versions

of P, and P, respectively, where the symmetrizing operation is as deed in (3.9).

Proof. AssumeP, i P. We have to show that for any bounded function on

R R,

» »

it odPg; N @ odP°p; qasnN 8 :

Now,
» 1)) 1))
moaPe g 5 oo g 5 gPp g
»
1 R G,
5> Mg pt gdhp g
Since p@; ¢ % i/ q p t q( is also a bounded continuous function and
P, P,

» »

~~

1 .1 (
5> Koa pt qdP,; gN 5 Mg pt qdPm g @; odP; g
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asn N 8 . This completes the proof of Lemma4. O

Lemma 84 in fact shows that the weak support of s contains all probability

measures symmetric about zero. With an appeal tbokdar (2006H, f PSs i f P

KLp sq
B.3 Proof of Theorem thm:ghoshal

In order to prove the theorem we need the following variant of Theem 2.1 of
Amewou-Atisso et al. (2003 and Theorem 1 ofChoi and Schervish(2007h which
we state as LemmaB6. Existence of exponentially consistent tests is a typical tool

in showing strong consistency.

De nition 85. LetW € S F. A sequence of test functions , ty;;x;' ; is said

to be exponentially consistent for testing
Ho:ff; a pfo; ogagainstH,:ff; qPW,
if there exists constants€C;; C,;C j 0 such that
1. Efn 4,p nq 2 Cie ",
2. infy, qaw, Efn 1, P n0¥1 Cpe "°.

Lemma86. Let ™ p s qbe the prioronS; F. Let U, be a sequence of subsets
of S F. Suppose that there exists test functiorts i ,, sets , € S; F;n¥ 1

and constantsC;; C,;¢1; ¢ i 0 such that

o

8 +
l. n 1E_P 1f0i n 8
2. Sup‘j’ qrRUSX n Ei:" 1fi pl I’]q o] Cle Cln.
3. 7p ;qr Cye @,
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4. For all i Oand for almost every data sequends;; x;# ,,

n *

T oaKf g @ 55— 8 o

Then ~tpf; q PUS | pY1;X1G:i1;PYn; Xnqu N O a.srPy,; (s

In this case U, W, U Siffo;, g@ ¥ 1. As in
van der Vaart and van Zanten(2009, we construct F 1n Where 4,
Ya r,MyH}  B; whereH; and B; are unit ball of the RKHS of W# and unit ball
of the Banach space o€Cr0; 19 respectively,r,; M,, are increasing sequences to be
chosen later. Thenth test is constructed by combining a collection of tests one
for each of the nitely many elements of ,. It follows from the proof of Theorem
3.1 in van der Vaart and van Zanten(2009 that under Assumption 1, there exists

constantsd;; d,; K j O such that
1. 7p tquexpt dirPlog’r,qu expt M2{8u.

p 1
2. logNp; 1n;ll llsqeKr? loge

ChoosingM, Om¥*2g rP  Om{plognd® 2q we observe that

1. 7p cgrexpt dnu.

2. logNp; 1l llsg omg

for some constantd, ; O.
In order to verify 1 and 2 of Lemma86, we will write W, as a disjoint union of
two easily tractable regions. The particular form oW, that is of interest to us is

Wi, Y Wy, where for any | O,

(
Wy, US l |10 & Won (g I[n i
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We will establish the existence of a consistent sequence of tests dach of these
regions by considering the following variants of PropositionnBand Proposition 33 of

Amewou-Atisso et al.(2003.

Proposition 87. There exists an exponentially consistent sequence of tefstis

Ho: @ d pfo, ogagainstH,:pf; o PWy X g

Proof. Let 0 't {2 and assumeN;  Np; 1.;|| |lsa Let %:::; N p
1n be such that for each P 4, there existsj such that || s t. If
[ olltn i 5II7 ollni {2. It follows from Lemma 3.2Amewou-Atisso et al.

(2003 that there exists a setA{ and a constantC j 0 depending onfy such that
It P,pAlgel Clipag  opqigl and i Py pAig¥ 1. Ifi o nandi RK,,

i 2

setA;, R,sothat ! | 1. Thus

! !
n

“nmNz'anfﬁi 1pi iq¥C {2

From Lemma 3.1 and Lemma 3.2 dAmewou-Atisso et al.(2003, it follows that there

0i n

exist test functions | based ontl,;;i 1;:::;nusuchthatE*» ¢ 1 e "t and
E*n ¢, 0l lq e "2 for constantsCy;C, i O Now dene , mMaXpjan, 4-

Then

Efn ¢, n@ E*n ¢, Lo e™toNe"toe "Cs:
i 110 i

for some constantCz j 0. Clearly ﬁ 1Eiin foi n 8

Next we consider the type Il error probability. The type Il error grobability of
is no larger than the type Il error probability of any of thet 1;j  1;:::;N.uand

hence exponentially small. O
Proposition 88. There exists an exponentially consistent sequence of tefstis

Ho: (&, g pfo; ogagainstH, : p@f; q PWy,
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Proof. Without loss of generality take

" » » *

u f:  pdpday yd oycdy

where Oa o 1 and is Lipschitz continuous. Hence there existdv | 0 such that

| P2 peal Mly: Yo SetTipyg  ty  o;qu Notice that B, ~; E, .

Now
» »
B, i Tivd i pady pofry t piq  oXiqus
»
¥ oyt piq  oxqusry t g  oX;qusly
»
g ry t g  opxiqusry t g opXiqusly
»
¥  pdpygy M| pxig o opiq|
¥ E, M| Xxiq oXq
Hence 1no I” 1B Ti ¥ Exy M for any f P U° Now choosing {M

and applying Lemma 3.1 oAmewou-Atisso et al.(2003 we complete the proof. [

It remains to verify the second su cient condition of Theorem39. Under the
assumptions, it follows from Lemma36 that fo P KLp sg¢ We will present an
important lemma which is similar to Lemma 5.1 ofTokdar (2006h). It guarantees
that Kgo;f gandVfo;f gare continuous at 0. First we state and prove some

properties of the prior ¢ described in @.9) which will be used to prove the lemma.

Lemma 89. If ¢ is the prior described in 8.9) and Popt; g  Ng; o; 29
Gap; ; @ with i Oand | O. Then,

» »

dP°g; q 8 as; t’dP°g; q 8 a.s;

» »

t2dPpt; g 8 as. 8 dog odP°p; g 8 as (B.1)
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Proof.

» » » »

dP°g; odP dP°p; cdP

i O;tPR i O;tPR

» »
1 . .2 . . 1 . .2 . .
A Ngl 0 Ocﬁaap ’ ’ cﬂtd A NFI’ 0y OCGap l ’ cﬂtd
2 i O;tPR 2 i O;tPR
»

Gap; ; o 8 :

i0
3 3
The proofs of t?dP°pt; g 8 a.s.and t2dPSg; g 8 a.s. are similar. Since

i 0, choose an integem large enough such that | %
»

dog aiP*t; i pog Gap; g

» »

i O;tPR
» »
C pogg * d C pHjogqgq = d 8
i 0 i0
3

since Y™log is bounded in r0;1s Also 10|dog q e d a
3

le d 8

i 0

3

Lemma 90. Under the conditions of the Theoren39, if fpg Np:t; *cdPsg; q

andf pyg fpy g then

3 3
foyq

1. lim o fopyglogie2ddy fopyglog ¥ocldy.

f g

3 3
2. lim go fopyq log Iogg dy  fopy/q log ffom “dy.

3

Proof. Clearly by tqu N o tq as N 0. Since by

3
tq(dPspt; qe 2 dP°g; g 8 ,soby DCTf pyqN fpgas N 0. Hence

foyq « foyq
IogftwCI N log fry astN O
2
log ffqu g fogc? ast N 0



To apply DCT again, we have to bound the function|logf pyqby an integrable

function.
?_ »
|logf pyg|=log 2 log e z? ' TdPsp; q:

3

Let c dPspg; g 8 . Then
»

»

log e z¥ ' TdPsg; qo|logc log e M U fdpsy; g

3 3

Now since e z¥ ' 9dPt; quoc, log e z¥ ¢ FdPe; g

3
log e z¥ ! “dPst; g Hence, by Jensen's inequality applied to logx, we

get,
» » »

log e W U Pgpsy: gqmlogc  pog cdPSR; q % y t  gdPp; g

Now since N 0, w.l.o.g assumg | = 1. Hence
» » »

y t  qdP°g; qe4 y* dP°m; g t2dPsg; q 1
5 » »

fi| logf pyglelog 2 | logg logc pog odP; q 2 y> dPSg; q

»

t2dPsp; q 1

which is clearly f o-integrable according to the assumptions of the lemma and from
the properties of ¢ proved in Lemma89. Similarly |logf pyqf can be bounded
by an fq-integrable function. The conclusion of the lemma follows from a simple

application of DCT. O

Lemma36together with the assumption (2) of the Theoren89 guarantees f :

Kgo;fq ;Vpgofq 8 j Oforall j 0. Since B.1) holds, we may assume

n *

pJqg i O; whereU f:Kpgo;fq Vo fq 8 ; pB:lgholds : (B.2)
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3
Now for everyfpq Np;t; ‘*cdPsgt; g PU, using Lemma93, choose ; such

thatfor | | ¢,
Kpfo;f g 2KpofgVhf q 2vpofqg
Now if || ol| £, | g oXq| ¢, fori 1;:::;n. Soiff PU and
[ ol| ¢, we have
» f » f
Kigh g fologe™  fologr—"— 2Kfoifq
fi fp od
» f » f
Vigf; g fo log oz fo log 0 2 Vo f g
fi fp og
From (B.2) and Lemma38 we have,
n *
o q:f PUSIL oll ¢ i O
Hence
Vil g

ook g 2@ —5— 8 10

i1

This ensures weak consistency of the posterior of the residualndiy and strong

consistency of the posterior of the regression function
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Appendix C

Proofs of some results in Chapfer

C.1 Proof of Lemma63.

The Gaussian process prior cn givent j;j  0;:::;2nuhas the following represen-

tation.

2n

C'ma ~ GB'pg G N ZlgpqPr ;s (C.1)

j O
Sincegq  No; 7120 ¢~ can be written as

2n
C'ga ~ ¢ ;Bl'pg (C.2)

j 0

where ¢ N,p0; 1,0 Hence from Proposition 1 inPati and Dunson (2011, H"

consists ofh:r : s N RZ2 such that

2n

hta ~ 6BPpg (C.3)

j 0

o

whereg PR?. The RKHS norm ofh in (C.3) is given by ||h]|&. j2”0||q 1% 2
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C.2 Proof of Theoremb64:

From Stepanets(1974 and observing that the basis functiongB';] 0;:::;2nu
span the vector space of trigonometric polynomials of degree at sho, it follows that
given any S, P C ‘pr ; sq there existsh'puqg f”oqi B'ug h' :r ; sNR

with |g| @ M;, such that ||h'  Sf|ls = Kin ilogn for some constantsM;;K; i

0;i 1;2. Setting hpug jznom-l;q?qlBj”pJq we have
IIh Solls @ Mn  =slogn

with [I[[Z & K ) | whereM  MpgK K
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Appendix D

Proofs of some results in Chapéer

D.1 Proofs of Lemmar1l

The Gaussian process prior gmm givent j;j  0;:::5;2nk  0;:::;2mu has the
following representation.
2n 2m
S™™pu; vq di BpucBpvg dic - Napd; ,'lsg pu;vq PT%: (D.1)
j 0k 0
To characterize the RKHS ofS"™™ pu;vg we need the following generalization of

Theorem 4.2 ofvan der Vaart and van Zanten(2008h to the multivariate case.

Proposition 91. Let phjqbe a sequence of elements in a separable Banach sface

8

such that " ,wh; 0 for a sequencev P ",pR3q where the convergence is iB,

implying thatw 0. Let Z; p Zi1;Zi»;Zisd  Ns0; 130 and assume that the series
W |8 L Zih; converges almost surely iB3. Then the RKHS of W as a map in

B3 is given byH t ° wh; : w P ,pR3quwith squared norm|| ° , whi||3

8
C o Iwill?.
o

Proof. The almost sure convergence of the seri&¥ |8 1 Zihi P B2 implies al-
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most sure convergence of the seriess W for any b P B3g. Now anyb P [B3q

can be written asb 1b 2b, sb; for  PR;h PB . HencebW

o o

J 11 T 1Zyhphig Since the partial sums of the last series are zero mean Gaus-

sian, the series also converges inp ;U;Pg Hence forb ;b P B3q
8
EprW i thg hi:
. -

For w P *,pR3g and natural numbersm  n, by the Hahn-Banach theorem and the

Cauchy-Schwartz inequality, we have

3 8

7 wihi]? sup |- 5wy pialf

meian [lb [|= 1 i1 maian

3

s 3sup 2w hmid

b1l 1 maian moion
3 3
5 5 2 5 2 5
o 3p Wi q sup i b phy of
i 1moion [lb ||= 1j 1 mgaian

As m:n N 0, the rst term on the far right converges to zero asv P ,pR3g By
the rst paragraph the second factor is bounded by syg . ; ER W o E||W|.
Hence the partial sums of the serieos i wih; form a Cauchy sequence iB3 and hence
it converges.

Because i 1|dq hi¢ was seen to converge for each 1,2;3, it follows

that l|dthh. converge inB, and henceb 1p b hi; 2B hi; sbyhid h;

o

P15 Tighibh EbWbW, for any b P B3q. This shows that
Mb iglp ib hi; 2bhi; sbyhigd hy and the RKHS is not bigger than this
space. Also||Mb ||2 J 1 2 7 imhic. Thus the RKHS consists of elements

8

o
8 8 ~ 8 .
i 1Wihi i 1Wihi Wherewi P 2[:R3qand || i 1Wihi|||%| i 1||Wi||2.
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The space would have been smaller than claimed if there existadP *,pR3qthat
is not in the closure of the linear span of the elementb h;qof ,pR3qwhenb ranges
over pB g3. Without loss of generality, we can take thisw to be orthogonal to the
later collection, i.e.,o S o wihhi 0foreveryb P Bq® This is equivalent

J
o

to ,wyh; Oforj 1;2;3 which impliesw 0. O
Sincedx  N3pb; jkllgq snm can be written as

2n 2m

S"pivg T by BB g (D.2)

i 0k 0

whereb,  Nsp0;13g HenceH™™ consists ofh : T? N RS such that

’2n ?m
hpu; va Gk B'pucB ' prg (D.3)
j Ok O

where ¢x P R%.  The RKHS norm of h in (D.3) is given by [|h||Zm

o o
2 2 )
jno kmO ke 1%

D.2 Proof of Theorem72

From Stepanets(1974 and observing that the basis functiongB';] 0;:::;2nu

span the vector space of trigonometric polynomials of degree at sho, it follows that

2n

i o kO kB pucB'pvg h'

Rwith | | @ M;, suchthat|lh’ Sf|ls @ Kim” mqg ' lognlogm for some constants

o o

given any S, PC 1pTI'2q there existsh'pu; vq

Mi;K; i O;i 1;2;3. Setting hpu;vq Mo opch G G d BMucB " pvg, we

have

Ilh Solls @ M~ mg =<lognlogm

with [In[[Z e K "y M whereM  Mgg K K

227



D.3 Proof of Theorem74

It is enough to verify the following along the lines oDe Jonge and van Zanten
(201Q. We will show that if Sy PScp 1; »; 3qthere exists for every constanC | 1

measurable subset8y of Cpr?; R3qsuch that for N large enough,

logNpn;Bw;ll llsg = DN (D.4)
PISRByg © e N (D.5)
Pp sup |ISpu;vg Sopusvglla wg ¥ e N & (D.6)

pu;vqPT?2

with y N mfP2 ma 2jog"* N and y N P2 ma 29j0g'2 N for some global
constantstq;t, j O.

To nd an upper bound to the metric entropy of the unit ball of H™™ , we embed
it in an appropriate space of functions for which the upper bound isnown. The
function h is in fact well dened onAplg tz PC?: [Immq| & 1;j 12y is
analytic on this set and takes real values ilR?. By the Cauchy-Schwartz inequality,
it follows that with 1.,  mint j;j  0;:::;2nm k. O;:i:;2mu,

o o o

2n

lheaf = 5 Eollokl? ,-2”00 2" opl{ i OB i CPB " o f;
a |l P 10ma (D.7)
for every z P Aplg Let Sp; qdenote the set of all analytic functions omMAp q
uniformly bounded by °°. (D.7) shows thatH}™ € Sp 1.nm; 19

Next we characterize the metric entropy o6p; qforany j O in Proposition

92
Proposition 92. There exist o; o 0 such that

1 K, °
logp; Sp; gl llsqe Ki— log—5z (D.8)

for P@®; ogand P ®; og
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Proof. The proof proceeds similarly tovan der Vaart and van Zanten(2009. How-
ever, extra care is needed to identify the role of and . Let M 95 his an
analytic function h : C2 N C, |hmq| @ M for all z P t z PC?: |Remq| ©

; |Rem2q| @ uand hence admits a Taylor series expansion on .

Consider P imlPi;aiIBi for Pi.a, Q ok @nft  tid" where the sum ranges
overn pngn,g P plYtOud with i n; ny o k and x" is de ned asx}*x52.
Obtain a nite set of functions by discretizing a;., for eachi and n over a mesh of

{ ™-net of the intervalr M{ ™;M{ ™s Then

1 1

2M
log #an ot3{p {2gdk’log —
i nniok
By the Cauchy formula (2 applications of the formula in one dimensioruse),
for Cy; C, circles of radius in the complex plane around the coordinateg;tj, of

ti, and with D" the partial derivative of ordersn p ni;n,gandn! nqln,!,

Yaa

D"hgtiq 1 hpzq M
nl r2| CF Z 4q 1d21d22 o] ne

C1Cy

Consequently for anyz P B;, a universal constantk , an appropriately choserg; and

fork i logkM

5 Dnh i 5 M . 58 I 2 k
'Fth tid" o —p {2d" = M o a KM - o ;
n:j k n: n:j k . Il k 1 3
5 Dnh i 5 . >k |
nIFLq tid"  Pia zq @ —p {2d" = o ° K:
n:o k : n:j k | 1
Hence log; S(M; G| [lsqa Kyt loghed . O
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We return to verifying (D.4), (D.5) and (D.6). First we will verify (D.6). By
Lemma 5.3 ofvan der Vaart and van Zanten(20080, we have forSy PScp 1; »; 3G

the inequality
logPplS Slls  a= &"pg
with &" the so-called concentration function, de ned as follows:

a"pq inf IIh[|Zem  logPplS™™|| g

hPHY™ :||h Solls

We can provide a lower bound to logPpl||S™™||  qusing Proposition92 Observe
that
8 » 2m;2m
PplS Soll® n~q am  PPIS™ Sl = ng PP ko jk:
nm 1 ik 0

From Theorem72we obtainPp||S S| Qg ¥

n *

8 3
K

nm€Xp  Mpn  lg@m 1" Ky log—
N

5

mm¥p1{ y ot pla

for some constantK; j O.
Next we will verify (D.5). De ne Ry to be the regiont j ¥ ty;]  0;:::;nk
O;:::;m;n;m 1,:::;ryu Let By denote the unit ball in the Banach space

Cpr?;R3%g De ne

By  LnSpn:lg  nBi:
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Then by Borel's inequality (van der Vaart and van Zanten 20080

8 8 » 2n;2m
P@ RBNq n;m Plﬁn;m RBNq pp jkq:i jk
n 1m 1 ik 0
N TN » 20;2m
a anm PPS™™ RLNHT™ N Baig PP jk ol jk
n im 1 ik 0

Pmi rn;mi rnq

N TN » 2m;2m
5 5

n;m PpS™™ RLyH™ n B1Q PP kol jk

n im 1 Rn ik O

Pp 1rn I r‘-Ith Pmi v, Mo qu

From van der Vaart and van Zanten(2009, the rst term on the right hand side

of the previous inequality is bounded as follows.
PpS™ RLyH™  yBigel r Y“Pp[S""|lg @ nqu Lyns

For n small enough and since 'pyq ¥ tp 5{2glogpl{yq®® for y P ®;05q it

follows that
n *
K2 3 05
PpS™™ RLyH™™  yBigel Ln PB{2cK 1 |09t'%5—N
n *
3 05
forLy ¥ 20K, Iogt()*f-,—zN and fort ;)  O0;::in2ry;k Oriizi2ryuin
N

Ry .
Let n mint ;0@ & 2ryu~w Gat (;@rn lguand y mint ;0=
i 2ryu~  Gat @y 19 u w and ~ are independent.

Observe that

Pp 1y @tng @ Ppn n B tngRPpw~— 2 thQ

))el

o Ppw o tn{yd -, yady Ppw @ etyq

0
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Now Ppw © etyqA expr i, logtp2ry 1y U, log ., sandf_ pyqA
expp r,qfory P ®;e g Thus

Pp Lirnirn a tN QA expr I'n rn |09tp2rN 1q:N u 'n IOg rNS expp qu

Finally we will verify (D.4). For y ¥ ,

N2 n;Bnll [led @ Npn{Ln;Spn:1g] [lsq

3
2
° K loges T
n * n

2
Letting n OdogN ¢f; ry O exp N pa 29 -ty O exp

*
2
N2 s 2 sych that@ry 1cty is a global constantLy NP2 ma 29 we can

verify that (D.4), (D.5) and (D.6) are satis ed with y N #alP? pa 2d|og't N and

n N malP? ma 2djog'2 N for some global constants;;t, i 0. P ry;mi rnq
n *

is guaranteedto beD exp  N?ra ?  from the tail condition in the assumption.
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Appendix E

Proofs of some results in Chapter

E.1 Proof of Theorem77

Let P ;¢ 3 ;& qgand o P o o o o0;8; ogqbe a xed set of param-

etersinCGDg CGDq R R . Clearlypyi;sig fpy;s| g wherefpy;s| g

G 5 1 exp ty  psqd , exptxpsq - psqu

f S; : :
W | (pm | 2 2 2 2 5 exthquT rFBql.dS

Here psq xpsqf pa q arpq (psg Let opsq Xpsd P o o0 @ orPBQ
ofBg Dene po, g log fpy;s| oaff py;s| quandKp o, g E ;t po; qu
Then following Schwartz (19658, its enough to show that for all j O,

(
p r r aq KpOIq |O
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We calculateK p o; gbelow.

*

. _ foy;sl oq
Kpo Q E,2t po qu E, logm
1.2 ty  opsqd ty pqd
§|°g_g E, T2 E, N

(
E, xpgdp od Pg  orfBQ

8 (
o 2.0 &P Xpsd 59 ds
Sexp xpBd o ofBq ds
1. 2 1 2 17
slg— 51 5 55 tomq  psadpmsals
0 D

»

txpsg p od Psg  orpsqWPSds

D
3

(
5 p &XP Xpsdf g ds
5€Xp XBd o ofsq ds

log

Foreach j O0,deneB

e olls e olls Sl toll 5l g gl 5la a
| { o 1

Takeby || o lls andb,  { o. Letgip;bg logh p BB 1of®Rb3q BE{p2 Zk3q
Clearly g ; bgis continuous athy, 0 andb, 1 andg;0;1qg 0. We have

o M|[pa q pap o odll It a g psqu tag orBq o PSQU|

and

»

(
Kpo g o gipy;bq xpsq p od P59  orfBO ppscds
D
3

T (
2 b €XP XP8Q g s
Sexp xpd o ofsqds

log
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For | O, there exists a ; | O such thatforall PB |,

1‘|o _2 1‘ 1 _CZJ i t l} qjs _
> g 2 3 > 27 ofsq  psqupps 3
Also there exists , | Osuch thatforall PB ,, xpsqp od rPsq Orpsq(
{3 uniformly for all s P D. If we dene h psg exp xpsq r|sz.q(, then
3 3

PN o N pscds is a continuous function and hence PNlog o N pscrjs( is also
a continuous function. So there exists a3 j 0 such that

n » * n » *

PB,f log h psads log h ,pscds :—)’:

D D

Choosing mint 1; ,; su, P B impliesKp o, ¢ . From Choi (2009, it

follows that with the priors speci ed in x7.3.1

p r r aC":B q| O:
Hence,
Ko C .
p , a0 Kpo g i O
U
E.2 Proof of Theorem78
The prior speci cationson ; ; and enable one to bound any quadratic forms

and determinants involving " and " by xed quantities. Hence, in showing that
the posterior ppa | y; sqis proper, its enough to treat ; ; and as constants.
Without loss of generality we can work withD r 0; 18 by the projection argument
described inx7.6. Following Benes et al.(2003, we consider the grid approximation
of the in nite dimensional Gaussian process$ psq: s P Du, denoted by .. Let

D JJ . lj, with tl;u denoting a segmentation oD into contiguous regions of
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3
equal area J ! p ds. ChooseJ su ciently large such that at most one s; lies

within any I;. The in nite-dimensional Gaussian process,,, can be approximated

by a nite dimensional vector ; Lo 2 d, corresponding to the choice of
arbitrary points s;;:::;s; within 11;:::;1;, respectively such that psiq Jif
si P1lj. Thus ;} NpO; “Jq wherep “q cpllss  sll | o Dene the

true posterior p™ep " | sqand the approximated posteriorp’p " | sq as follows.

PP sq9p™ p ;i sq

n *
» n

T n 1 nT(

E expxpsf  (sqds| ! exp 05 T :

andp’p [ | sq9p’p ['; sq

J n

" exp xm d rpsjq( exp 05?7 0 ol

i1
Marginalizing out I, we havey |s; (;a; ?; ; NpX al; 2, "gwhere
XT t xps1q Xps,qu The true posterior of (M;a; 2, ; )is
PP A o flyisadpyls ca f o @™piisapfap ap g

Benes et al.(2003 showed that, under these assumptions, for a xed P D", the
expectation of any bounded function with respect tp’p " | sqconverges to the corre-
sponding expectation with respect tg@"™¢p " | sqasJ tends to in nity. Hence there
exists aJ such that the expectation of the bounded function with respecotp’p " | sq
is greater than the corresponding expectation with respect tpl{2p™p" | sg
Thus, in order to show propriety of the true posterior of (";a; 2; ; 4), which
involves p™ep " | sq its enough to show the propriety of the approximated pos-
terior p’pMa; ; ; 2| y;sqg The approximated posterior of (";a; % ; )is
Pplia ;5 2lyisg

Cexp 05Y X a"" 2, " 'y X ap(



° (
. 1 ( exp [ xpsid s
exp 057" 7 "7 papaq pigb i PE PR
| 1EXPp Xps d r
| | ) ( °, ) N
whereC is a constant. Since expxps;( rI5iQ [ 1eXp Xps; [ for
alli  1;:::;n,
o . ] (
eOXp i 1XpSiCI rmi,q 1:
{ ;
jJ 18Xp Xps; 0 AT
After integrating out ;) excluding " we are left withpp ";a; ; ; 2|Y;5o

Ciexp 05Y X an’ o, "ty X aP(

T n 1

(
exp 05 [ { " pap qp’g

whereC; j Oisaconstantand " is the variance-covariance matrix of' constructed

outof 7. SettingZ y X {a n 2?1, {a?and p"gt it

and completing quadratic forms yield

n

ppa; ; ; ?ly;sqeCrexp 05 ) A iz {

exp 052" 'z z" * lz(pqp qp g
whereC, j 0is another constant. Next we state a useful lemma from matrix ara.
Lemma 93. If A andB are positive de nite square matrices soi&% ApA Bq *A.
Proof. We have
A ApA Bqg'A ApA Bg'B tB ', BA u!l pB?! Algh

The conclusion follows from the fact that the sum and inverses of gitive de nite

matrices of the same dimension are also positive de nite. O
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From Lemma93 we have zT 1z z7 1 17 ¥ 0, so that

ppa; 5 5 *ly;sqaCyexp 05 7 A iz {
2
P agp gqp-q
Integrating out [ rst and then and
pm; ?|yisqeC; " 1 oa? "o, tPHE
Cal ™ Aand " B. Hence
|  a’ApB  2lqll [a°A 2l B|
A 1 2 2| 1 | .
e Ao Al |2 BJA

Now we state a useful result from matrix algebra.

Proposition 94. If A and B and non-negative de nite matrices, thenA B ¥

A B with strict inequality holding in case of positive de nite mtrices.
Using Proposition94, we get

*
|a2A 2| Bl F>1{2qm |8.2A| | 2| Bl p 1{2q a2n|A| p 1{2q
| 21 B | 21 B i 1P 2 hq

a2n|A| * p 1{2q
a I () .

p2 b

where 0 by o o © b, are the eigen values oB. By Minkowski's inequality

we get

*
a2n|A| p {2q p 2 b1q1{2

1 — a

p2 b Co pR2JAJPUN 2y '
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Set|A]¥"  k;andh, k,. We assumen ¥ 2. Then ignoring constants

» » s

i p® bt da ! —da
n{2 Un{2
s @AM 2 8 1 patkia{p? ke
»
i 8 1 (da 2 Ky p1{2q.
g 1 pazkiqip? kzq\ ks -
Now sinceE pq 8 ,
»g 2 K, pL{2q
d*q 8 :
0 kl
By Fubini's Theorem, ppa | Y; sqis integrable. O
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