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Abstract

The Greek letter @ (Phi), represents one of the most mysterious numbers (1.618...) known to
humankind. Historical reverence for @ led to the monikers “The Golden Number” or “The Devine
Proportion”. This simple, yet enigmatic number, is inseparably linked to the recursive mathematical
sequence that produces Fibonacci numbers. Fibonacci numbers have fascinated and perplexed
scholars, scientists, and the general public since they were first identified by Leonardo Fibonacci in
his seminal work Liber Abacci in 1202. These transcendent numbers which are inextricably bound to
the Golden Number, seemingly touch every aspect of plant, animal, and human existence. The most
puzzling aspect of these numbers resides in their universal nature and our inability to explain their
pervasiveness. An understanding of these numbers is often clouded by those who seemingly find
Fibonacci or Golden Number associations in everything that exists. Indeed, undeniable relationships
do exist; however, some represent aspirant thinking from the observer’s perspective. My work
explores a number of cases where these relationships appear to exist and offers scholarly sources
that either support or refute the claims. By analyzing research relating to biology, art, architecture,
and other contrasting subject areas, | paint a broad picture illustrating the extensive nature of these
numbers. In particular, the role of Fibonacci Numbers in the plant and animal kingdoms is analyzed
within the context of quantification. Likewise, art, architecture, and aesthetics is examined for
Fibonacci and Golden relationships to determine if an innate human preference for these
associations exists and to what degree it can be measured. Finally, | draw conclusions supporting
the existence of these unique relationships, and offer theories supporting adaptive advantages in

living entities.
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Introduction

How often do we marvel at the magnificence of a rose or sunflower, only to take their
inherent beauty for granted? What inspires the delight felt as one gazes upon the artistic work
of a Renaissance master? Whether within the context of the flower’s natural beauty, or the
artistic masterpiece, a little known mathematical curiosity may be influencing our reactions. Is
there some undiscovered, innate quality to harmony that can only be understood on a visceral
level? Surprisingly, biology and art may share a universal mathematical bond with a multitude
of other animate, and inanimate objects. The common thread that appears to bind these
dissimilar entities together is the number Phi (@). Knowingly, or unknowingly, we all have been
exposed to @. In fact, we have look no further than our own human bodies to find @. Our hand,
heart, and even the cochlea that allows us to process sound, has an ostensible connection with
@. Phi (@) is simply an irrational number (1.618...) that is produced through a recursive
mathematical sequence where a number is added to the number that precedes the number
itself. The actual value of @ (1.618....) is also related geometrically to the Golden Rectangle,

Golden Angle, Golden Section and Golden Spiral.

Phi (@) is often referred to as the Golden Number, or Golden Ratio. The Greek
philosopher, Euclid, first identified the Golden Ratio around 300 B.C., and in 1202,
mathematician Leonardo Fibonacci identified the mathematical sequence that bears his name.
It is purported that the Golden Number exists within the design of plants, animals, art,
architecture, facial aesthetics, and even our own DNA. It seems that this number lives in

ubiquity and influences every aspect of existence. Historically, @ was so revered, that in 1509,
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Italian mathematician Luca Pacioli (1445-1519) published a book titled De Divina Proportione,
which was illustrated by Leonardo Di Vinci, and was devoted solely to the study of the number
(Dunlap 1). Pacioli’s work inspired use of the term Divine Proportion when referring to the
Golden Number, and implied that it was inspired by God. There exist volumes of books and
articles written about the Golden Number. Since @ was first identified by Euclid some 2500
years ago, scholars have worked incessantly to identify and unlock the mysteries of this

enigmatic number.

The intent of my work is to examine a cross section of disparate scholarly materials
written about the Fibonacci sequence and the Golden relationships, while evaluating the
universal nature of the subject. In particular, | consider the characteristics of @ that contribute
to its pervasiveness in plants and animals, while evaluating the degree to which these
relationships are quantifiable. Likewise, | consider the Golden Number as it relates to human
produced designs and aim to determine if a design associated with @ possesses special inherent
qualities that renders it more appropriate in terms of structure, aesthetics, or desirability.
Finally, | consider theories claiming @ as a universal constant that governs all of reality and seek
to determine if evidence supports such a notion. After assessing @ within these various
contexts, | determined that the Golden Number is universally intrinsic to plants, animals, and
human designs. However, a determination of the reasons for Phi’s pervasiveness remained

elusive.

Chapter 1 provides an historical foundation for the Golden Number. Leading figures in
the development of @ are discussed as well as their roles in propagating related knowledge

down through history. With this framework in place, | offer examples of the mathematical and

Watson 2



geometric derivations of @, the Golden Section, Golden Rectangle, and Golden Spiral, as a
means of improving overall understanding of the wide reaching nature of the subject. Through
these examples, the truly simplistic nature of the Golden relationships quickly surface. If one
comprehends the simple mathematical operations of addition and division, an understanding of
the Fibonacci sequence and @ easily follows. With this in mind, | consider how these
relationships that are fashioned from fundamental mathematics exist so powerfully, and

seemingly everywhere.

Scholarly resources pertaining to the relationship between plants and Fibonacci
numbers are examined in Chapter 2. The arrangement of leaves on a plant stem or
“phyllotaxy,” is discussed, while a number of photographic examples of plants are presented
which display the Fibonacci Number relationship. Within my discussion of phyllotaxy, | consider
the angular arrangement of leaves around the stem, which is termed the divergence angle.
Finally, various theories supporting the plant-Fibonacci Number relationships are discussed.
Crucial to this discussion are the adaptational arguments driving the use of the Golden Angle in
phyllotactic construction. | propose that design prefaced on the Golden Angle does seem to

provide an evolutionary advantage in terms of light exposure.

In Chapter 3, | discuss the unique relationship between animal structures and the
Golden Number while considering life forms from the smallest microbes to complex human
structures including the hand and heart. | include an examination of the relationship between
the Golden Number and the building blocks of all life forms, DNA. The species constant theory,
which claims @ to be extant within all DNA, is also explored as a means of binding all living

entities together.
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In chapter 4, | explore the aesthetic appeal of the Golden Number in industrial designs
such as consumer products and company logos. My analysis of aesthetic appeal is then
extended to facial characteristics in an attempt to discern if quantifiable “ideal” facial
proportions actually exist. | explore these questions within the framework of personal
preference. It seems that humans do in some cases exhibit preference for aesthetics predicated
on quantifiable mathematical relationships. In this chapter, | assess an especially interesting

example of corporate giant Apple’s use of Golden Number design.

My final chapter includes a discussion of various art works from renowned artists
including Dali, Michelangelo, and Da Vinci, as well as multiple photographic examples of their
respective masterpieces. Through their paintings and analysis of scholarly resources, | discuss
the degree of influence that the Golden Number may or may not have had on their work.
Similarly, Egyptian and Greek architecture is surveyed for clues to Golden Relationships. |
consider ancient structures such as the Great Pyramid and the Parthenon for evidence of

Golden Number-inspired construction.

My work concludes with an exploration of the theory of Dr. Michael Lieber of the
University of California, Berkeley. Dr. Lieber proposes the notion of @ being a dimensionless
constant that is intrinsic to all physics governing the Universe. The supporting theories of
Professors Jan Boeyens and Francis Thackeray of South Africa are discussed as well. These
distinguished scholars support the theory that @ is inseparably woven into the fabric of reality

and provides a basis for understanding all matter within the Universe.
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Chapter 1

The History of @ and Leonardo Fibonacci

As a primer to my exploration of @ and the Fibonacci Numbers, | will first explore a brief
history of Leonardo Fibonacci and how his landmark mathematical contributions came to be.
Fibonacci was born sometime around 1170 AD in the town of Pisa, Italy (Devlin 27). Few
concrete details are known about Fibonacci simply because very little biographical information
regarding his life exists. Through investigative work and inference, scholars have pieced
together a generally accepted framework outlining his life. Because he was born in the town of
Pisa during the middle ages, he would have been publicly known as Leonardo Pisano or
Leonardo of Pisa (Devlin 27). Fibonacci wasn’t his surname, but rather a nickname derived from
a truncated version of filius Bonacci meaning “son of Bonacci” (Vorob’ev 1). Most who have
heard of Fibonacci associate him with “Fibonacci Numbers” and his solution to the so-called
“rabbit problem.” The “rabbit problem” was a simple mathematical solution to the question of
the number of rabbits produced by a single pair of rabbits over a one-month period. Fibonacci’s

solution to this question is examined in greater detail later in this chapter.

Around 1185, Fibonacci’s father was appointed by the Italian government to the
position of trade representative and customs official in the North African port of Bugia (now
Bejaia, in Algeria) (Devlin 3). After the appointment, his father brought him to the port town to
work alongside him (3). Before his arrival in Bugia, Fibonacci could not have known that his time

in North Africa would set the stage for his introduction to the Hindu-Arabic number system
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which would ultimately lead to publishing his famous mathematical compendium Liber abaci in

1202 (Vorob’ev 1).

Prior to the thirteenth century during Fibonacci’s stay in North Africa, traders used
Roman numerals to record their transactions, while calculations were performed using an
elaborate “fingers procedure” or through the use of a mechanical device known as an abacus
(Devlin 2). Through his interactions with Arab traders, Fibonacci was introduced to the Hindu-
Arabic numbering system which is the basis for all our modern-day mathematics. The Hindu-

Arabic system was developed in India around 700 CE and adopted by Arabs (Devlin 16).

Although Fibonacci was a brilliant mathematician in his own right, his groundbreaking
work Liber abbaci was not his original thought, but rather a culmination of all he learned from
his Hindu and Arab colleagues during his time abroad. In addition to the interactions with Hindu
and Arab traders that formed the foundation for his work, Leonardo traveled extensively to
other locales where he studied Greek and Babylonian mathematics as well (Debnath 338).
Fibonacci packaged his comprehensive mathematical experiences into a general purpose
arithmetic book for the West (Devlin 2). Keith Devlin aptly describes Fibonacci in his book, The
Man of Numbers, “Leonardo was more a salesman of modern arithmetic than its inventor”
(Devlin 5). Leonardo pays homage to his Indian counterparts in the first sentence of the first
chapter of Liber abbaci when he writes, “‘“These are the nine figures of the Indians: 9, 8, 7, 6, 5,
4,3, 2, 1. With these nine figures, and with this sign 0 which in Arabic is called zephirum, any
number can be written, as will be demonstrated” (Debnath 338). By leading with this

statement, we can see that Leonardo saw his role as a messenger rather than an originator.
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Through Liber abbaci, Fibonacci introduced confusing mathematical concepts to
laypeople in an understandable manner. Again, Devlin writes, “Leonardo’s influence through
Liber abbaci shaped the development of modern Western Europe” (Devlin 3). Debnath
reinforces Devlin’s assessment of Liber abbaci when he writes, “this was one of the earliest and
most influential text books on arithmetic and algebra ever written in Europe during the Middle

Ages” (338).

Fibonacci Numbers Defined

To fully appreciate the pervasiveness of Fibonacci Numbers, one must first possess a
cursory knowledge of the derivation of the sequence. Fibonacci numbers are produced through
a recursive mathematical sequence. A simple addition operation takes place in which a number
is added to the number that precedes it. Since this may sound a bit confusing, a simple example

follows.

Fibonacci numbers are produced by starting with the number 0, to which one adds 1,
which results in the number 1. The resulting 1 is added to the previous number 1, resulting in

the number 2. Following this logic, each new Fibonacci Number is derived from adding the

FO [F1 [F2 F3 Fa FS F6 F7 F8 F9 F10

0+1=1 | 1+1=2 | 2+1=3 | 3+2=5 | 54+43=8 | 8+5=13 | 13+8=21 | 21+13=34 | 34+21=55

Figure 1. First 10 Fibonacci Numbers and Derivations
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current number to the previous number. To further demonstrate this process, the first ten
Fibonacci Numbers are illustrated (see figure 1). The third row of figure 1 illustrates the simple
calculations required to derive Fibonacci Numbers. Although the term “Fibonacci Sequence”

may sound intimidating, the calculations are easily understood by anyone possessing only

simple addition skills.

Although not necessary for understanding of the concept, the Fibonacci sequence is

offered as a theorem and proof below.

Theorem 1. If each Fi(l 2 1) are Fibonacci numbers, then:

2"k=1 =Fk = Fns2 - 1

Proof: observe that: F;= F3— F;

F=F; — F3
F3=Fs5 - F4
Fs =F6 - Fs

Defining the Golden Section and Golden Rectangle

Although simple, the derivations of Fibonacci numbers presented in the previous section
are powerful. These ordinary numbers are integral to the construction of the Golden Section
and Golden Rectangle which in turn are fundamental to understanding the entwining of
Fibonacci Numbers with nature, art, architecture, and anatomy.
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First, consider the concept of the Golden Ratio or Golden Number. Undoubtedly, most
have been exposed to the terminology, although one may not fully understand the meaning.
The Golden Number is an irrational number equal to 1.61833988749..., and is represented by
the Greek letter @ (phi) or sometimes t (tau) (Debnath 343). To limit confusion, my work will
only refer to the Golden Number as Phi or @. To understand the derivation of @, consider figure

2, and the derivation that follows.

(a) (b)
A X C Y B A
X ¥4 X
h
F X £F y D B X D vy C
Figure 2a. The golden rectangle Figure 2b. The golden triangle.

In his book, The Golden Ratio and Fibonacci Numbers, Richard Debnath explains the derivation

of the Golden Ratio as:

In geometry, the golden ratio (or the golden number or the golden section) is
defined by dividing a line segment AB by the point C, as shown in Figure 2, into

two unequal parts x and y(<x) in such a way that the ratio of the larger part x to the
smaller part y is equal to that of the total length x+y(=a) to the larger segment x,

that is,
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£=f=£=ﬂ=1+z (2.1)
BC y AC X X

He goes on to explain:

It follows from (2.1) that x? = y(x + y), which shows that x is the mean proportion

of y and (x+y). Further, the ratio % satisfies the quadratic equation, or more precisely, the

golden quadratic equation in (i):

() -6)-1-0 22

And finally:

It has one positive root, denoted by g or a and the other is a negative root, denoted
by —g~? or 8 so that:

x

S=g=a= %(\/5 +1) = 1.61833988749894848..., (2.3)

X 1

S=-—2= B =-,(/5 -1)=-0.61833988749894848..., (2.4)

The above derivation of the golden ratio is important to understanding the construction of the
Golden Section and Golden Triangle. Debnath’s mathematical representation of the Golden
Ratio allows us to appreciate the entwined nature of the Golden relationships which is

represented graphically (see figure 10).
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An Approximation of @ (Phi)

Yet another interesting quality of Fibonacci numbers illustrates the magnitude with
which they are entwined with the Golden Ratio. For example, reference the first ten Fibonacci

numbers: 0,1, 1,2,3,5,8 13, 21, 34, 55 (see figure 1).

Notice that if the first number is divided by the successive number and this calculation is
repeated multiple iterations, each iteration brings us closer to an approximation of the Golden
Ratio or @ (1.618...). This example serves to fully illustrate the co-dependent nature of Fibonacci
Numbers and all of the Golden Relationships. From this observation, it becomes clear that one
cannot exist independently of the other. For this reason, the terms Fibonacci Number, Golden
Ratio, or Golden Number are used interchangeably throughout my discussion because in

essence, they are the same.

Fibonacci
Number 0 1 1 2 3 5 8 3 2 34 55
Calculation 0 =11 =21 =32 =53 =8/5 =13)8 =21/13 =3421  =55/34
@ 0 1 2 15 1666667 16 1625 1615385 1.619048 1617647 1617647059

Figure 3. Calculation of Phi (&)

The simple calculations illustrated in figure 3 provide evidence that this mathematical

145

manipulation is tending toward @ (1.618...) which is represented by the equation @ =

(Lemma 224).
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The Golden Section and Golden Rectangle

In order to produce a Golden Rectangle, a Golden Section must first be constructed.
The path to creating a Golden Section is quite simple and straightforward. First, a line is
sectioned into two parts, such that the ratio of the lengths equals the Golden Ratio (see figure
6). These sections are then used as the sides of a rectangle resulting in a Golden Rectangle (see
figure 7). In a later chapter, | explore the aesthetics of the Golden Rectangle and how it is
viewed as a beautiful, well-proportioned shaped that has been used throughout art and

architecture (Reich 12).

a
Figure 6. Golden Section I

Figure 7. Golden Rectangle
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The Golden Spiral

Critical to later analysis is the
concept of the Golden Spiral and its

relationship to Fibonacci Numbers. The

55

s Golden Spiral (see figure 8), has been
g modeled with a series of squares that have

been constructed using the first ten

Figure 8. Golden Spiral

Fibonacci numbers. Each square has sides
with lengths of Fibonacci Numbers (1x1, 2x2, 3x3, 5x5, 8x8, etc.). The large rectangle that
surrounds the inner squares is a Golden Rectangle that has been divided into a Golden Section
(see figure 6). Notice that the three squares adjacent to a larger square produce a sum that is
equal to the length of the side of the larger square. If a diagonal is drawn on each square and
sectioned according to the Golden Ratio, a logarithmic spiral is produced (Dunlap 20). The idea
that a Golden Rectangle can be dissected into progressively smaller squares that carry Fibonacci
Number dimensions is termed “inflation” (Dunlap 16). Although an intimate understanding of
the mathematics behind the logarithmic or golden spiral is not crucial, an understanding of the
form’s existence is vital for later discussion. Interestingly, the logarithmic spiral plays an

important role in the growth and structure of many biological systems (21).
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The Rabbit Question

For all his contributions to Western European mathematics, Fibonacci is best known for

one of the problems that he posed in Liber abacci. The question put forth by Fibonacci is known

as the Rabbit Problem and is directly related to his namesake numbers (Vorob’ev 1). The

guestion is posed as follows: “How many pairs of rabbits can be bred from a single pair of

month Pattern formation: Fibonacci’s rabbits
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Figure 9. The Rabbit Problem
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rabbits in one year?” (1). The resulting
solution to the question follows the
Fibonacci numbers outlined in figure 1
and illustrated in figure 9. If the rabbits
breed for 12 months, 377 pairs will
result
(1,2,3,5,8,13,21,34,55,89,144,233,377).
Although the Rabbit Problem was

considered little more than a

recreational puzzle, Devlin points out, “the sequence of numbers that constitute its solution —

the Fibonacci numbers —is an important part of Leonardo’s cultural legacy” (143). Note that

figure 9 illustrates the manner in which the Fibonacci series builds ad infinitum. Although this is

a somewhat whimsical method of conveying such a powerful mathematical concept, it is

effective.
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Interdependent Concepts

The interconnected nature of all the concepts discussed to this point can be illustrated
graphically (see figure 10). This is an important visual to keep in mind as | peel back the layers
of these various phenomena. Notice that the relationships between Phi, the Fibonacci series,
Golden Section, Golden Rectangle, Golden Spiral, and Golden Triangle exhibit reciprocal
relationships where disentanglement is an impossibility. For example, the Golden Section is
used in the formation of a Golden Rectangle, which can be sectioned into a Golden Triangle,
which can likewise be used to form a Golden Spiral. At the heart of all these relationships is Phi

which is inextricably bound to the Fibonacci Series.

=

©

Figure 10. Phi and Related Concepts
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Chapter 2

Plants and Fibonacci Numbers

The world of plants includes innumerable associative examples of Fibonacci numbers.
Scholars have written countless works on the pervasiveness of Fibonacci numbers in plant
structures with a focus on the utility of the relationships. The synthesis of Fibonacci Numbers,
Phi, and plant construction appears to produce results that provide evolutionary advantage

which aids in overall growth and development.

It is important to note a fascinating feature of Fibonacci numbers as they are expressed
in plants. Interestingly, the most prominent form of Fibonacci Number expression within the
plant kingdom takes the form of spiral structures. The spiral structure within plant construction
is easily identified when photographs are embellished with superimposed lines (see figures 11

and 12).

Figure 11. 21 Clockwise spirals Figure 12. 34 Counterclockwise spirals

Sunflower formed from sequential Fibonacci numbers 21 and 34
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The sunflower head (see figures 11 and 12) is constructed of 21 clockwise and 34
counterclockwise spirals. The pinecone (see figure 13), exhibits a similar construction relying on

the consecutive Fibonacci Numbers, 8 and 13.

Figure 13. Pinecone image on left shows 8
counterclockwise spirals. Image on right shows
13 clockwise spirals

Fibonacci Number relationships are found within the vascular structures of plants as
well. Longitudinal resin canals are prevalent structures which widely occur within the root,
stem, and foliage of conifers or cone bearing trees. These canals serve as a defense against
pests (Fredeen et al. 1540). One such conifer is the lodgepole pine which is indigenous to
northwestern areas of North America. Studies have shown that resin canals of the lodgepole
pine occur in sets of Fibonacci Numbers (1540). These occurrences are illustrated in figure 14,
where lodgepole pine resin canals are shown to occur in sets of 5, 8, 13, and 21. Although the

researchers offer no explanation for the phenomenon, its existence is no less important. The
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lack of explanation for this fascinating occurrence is a common theme that appears inherent to

the study of Golden Number expressions, and appears regularly throughout my review.

Figure 14. Representative images of transverse sections of immature Pinus contorta var. latifolia stem
prior to or immediately after budbreak. Fibonacci number of resin canals are indicated for each image
and an arrow in the bottom right of the figure indicates a resin canal. (Fredeen et al.)

To facilitate understanding, | will introduce some common biological terms that are
often used when examining the apparent structural relationships between plants and Fibonacci
Numbers. Throughout most literature where a relationship between plants and Fibonacci
Numbers is analyzed, the term phyllotaxy will undoubtedly appear. Despite the hundreds of
thousands of plant species on the planet, there are only a few ways in which leaves, florets, or
scales are arranged along a stem (Atela 641). The study of these arrangement patterns is known
as phyllotaxis (641).
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Figure 15. The pine cone shown on the left displays 13 spirals winding like the one shown in black,
and 8 winding like the one shown in white. These spirals, joining scales to their nearest neighbors,
are called parastichies. The pineapple shows a similar structure, but its parastichies are helices.
(Atela)

Valladares et al. state in their work, Leaf phyllotaxis: Does it really affect light capture? “the
frequent occurrence of the Golden Angle in botanical patterns is the central theme of the old
discipline of phyllotaxis, which can be traced back to the fourteenth century” (11). Phyllotactic
patterns are conventionally classified into three broad categories: whorled, spiral, and
distichous (11). Examples of each phyllotactic category are shown (see figure 15). The
phyllotactic construct is a fascinating feature in which the spiral and helical structures tend to
be two consecutive elements in the Fibonacci sequence (see figure 15) (11). Recognize that the
sunflower (see figures 11 and 12), also employs this same strategy: 21 clockwise spirals and 34
counterclockwise. A supporting element of phyllotaxis theory concerns the formation of small
bumps near the plant tip called primordia (Newell and Shipman 938). Ultimately, the primordia
develop into phylla (leaves or florets) (938). As the plant continues to develop, the phylla move

away from the plant tip radially, but retain their angular coordinates (938).
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Much has been theorized about this interesting phenomenon of plant growth. A popular
explanation for this angular constant of plant development, is the notion that divergence angles
based on Fibonacci numbers, offer the optimum opportunity for receipt of sunlight (938). To
understand divergence angle, it helps to imagine the primordia as they form on the plant apical
meristem or growing tip (938). Picture the primordia as being stacked on top of each other and
running down the axis of the plant stem. If the primordia were to grow outward radially from

the stem, we would end up with phylla in a straight

number of dsks _' 300,
rachus of dsks || 0.1 . . i . . .
_ ~ - line which is the most inefficient use of space (Winer

s | CDEEEE
1). Likewise, if each primordium were rotated through

some rational number angle while progressing down
the stem, there would still exist extremely inefficient
use of space (1). Mathematician and computer

scientist, Martin C. Winer, analyzed this scenario and

Figure 16. Piused as divergence angle in concluded that rational numbers such as 90° or 180°
computer simulation

could not produce a spiral that maximized the use of
space for plant development. He also concluded that irrational numbers such as Pi (3.1416...)
would allow for a maximization of space for plant development. Through computer simulation,
Winer produced the graphic in figure 16, to represent the phyllotactic distribution in the case
where Pi was used for the divergence angle (50.97°). As we can see, irrational numbers such as
Pi produce spirals; however, there is still a great deal of wasted space between the tentacles of

the distribution. To realize the most efficient use of space, Winer theorized that the optimum

distribution would not display lines as illustrated by the graphic for the Pi distribution (see
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figure 16). He theorized that the “most irrational” number, would provide for the “most
efficient” use of space (1). As nature would have it, @ happens to be the most irrational number

known to mathematics. The term “most irrational” number merits some explanation. In

general, irrational numbers are those that cannot be expressed as a fraction SWhere pand g

are both whole numbers. Winer explains that the branch of mathematics called continued
fractions answers the question as to what constitutes “most irrational” (1). A continued
fraction is one that converges at some irrational number and the degree of irrationality is
predicated on the rate at which the fraction converges to the irrational value. The slower the
convergence, the “more irrational” the number (1). Phi (@), represented below, is the fraction

with the slowest convergence, the most irrational, and the most random (1).
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As calculated earlier, @ is approximated by the irrational number (1.61803...). If the inverse of @
is multiplied by 360° in a circle, we arrive at a divergence angle of 137.5°. Through computer

simulation, Winer produced a graphic (see

_ figure 17), which represents the phyllotactic
rumber of disks 300.
radius of disks ] 0.444
e p— ] T pattern created by using a divergence angle of
ws | QR EEEB
137.5°. From figure 17, it is evident that we
don’t see “lines” as we did when Pi was
simulated in figure 16, and @ clearly optimizes
the use of space. Like Winer, Alan Newell and
Patrick Shipman analyzed the role of Fibonacci
numbers in their work, Plants and Fibonacci.
Figure 17. @ used as divergence angle in computer Similarly, they acknowledged the synergistic
simulation

relationship between phyllotaxis and Fibonacci
numbers where each primordium is placed in the most “open” space available to optimize
maturation into phylla (940). Although their analysis is beyond the scope of my work, their
general conclusion supports a divergence angle of 137.5° as optimal. Considering “open space”
on a less technical level, one might envision a baker preparing rolls for the oven. The dough
would be strategically placed on the pan to allow the rolls to expand and grow as they are
heated by the oven. Following this method, the baker would allow each roll to reach the
maximum size and therefore allow the best opportunity for resell to his customers. Likewise,
when the primordia are strategically placed as the plant begins development, each phylla is

afforded the best opportunity to reach its maximum potential (940).
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| have established that plants appear to have evolved potentially adaptive structures

that develop according to Fibonacci Number relationships. The next logical question to ask is

“why?” Does space optimization represent an adaptive feature of plants based on Fibonacci

Number ordered development, or is deeper analysis required? More specifically, does the

distribution of primordia based on Fibonacci numbers provide an evolutionary advantage for

plants? As it turns out, many scientists have wrestled with these same questions.

Figure 18. Sample Divergence Angles

Phyllotaxis and Light Capture

In many cases, plant phyllotaxis
appears to follow a Fibonacci Number ordered
construction. One of the most studied ideas
regarding the Golden Angle (137.5 °) and
phyllotaxis is the notion that divergence angle
affects light capture, which in turn affects
plant growth. In a study by Valladares and
Brites, an attempt was made to quantify the
effect that divergence angle has on light
interception efficiencies or Ea (11). The
researchers theorized that plants have
evolved to Golden Angle phyllotactic

specifications to minimize self-shading (11).
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The example shown (see Figure 18), illustrates a lateral and vertical stem view of the evergreen
shrub, Arbutus unedo, also known as the Irish strawberry tree which contains 85 leaves (13).
The leaf patterns modeled, depict a top view of the plant with three different sample
divergence angles (100°, 135°, 137.5°). The researchers point out that a Golden Angle
arrangement (137.5°) offers the maximum opportunity for light exposure to the plant leaves as
viewed from the top (13). Finally, the study concludes that utilization of the Golden Angle as
the divergence angle significantly increased light inception (Ea) rates (13). The Golden Angle
phyllotactic arrangement increased Ea by five percent which in turn increased whole plant
potential carbon gain by two percent (15). Finally, the researchers noted that many factors,
including divergence angle, affect light capture in plants. Their work revealed that plant growth
and development is indeed affected by leaf arrangement, which appears to be optimized when

the construction is associated with the Golden Angle.

Structural Integrity

Plants appear to maximize structural integrity through construction based on Golden
Number relationships. When plant structures such as the bracts of a pinecone are modeled
after irrational numbers, it becomes physically impossible for the bracts to line up (Collins
2011). Therefore, the plant not only maximizes available space, but also increases the integrity
of the structure. A simple way of illustrating this concept is to consider a brick wall. When the
individual bricks are placed in the wall, they are not positioned directly on top of each other.

Rather, they are placed where the top brick is positioned half way across the brick below. By
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using this scheme, the structural integrity of the wall is insured. The bracts of the pinecone are
positioned in much the same way where they don’t “line up” which would produce weakness

and susceptibility to breakage (2011).

From my analysis of the relationships between Fibonacci Numbers and plants, it is
evident that some quantifiable relationships indeed exist. It appears that plants have in fact
evolved structures according to @, which seems to aid in optimizing adaptations. While the
theories examined are reasonable and hint at some of the reasons why these relationships
occur, much more investigation is needed to fully understand these obscure associations. Much
of the research that | have presented thus far is focused mainly on identifying the relationships.
While this is an important first step, deeper examination is required to understand why they
occur. Would it make any difference if the resin canals of the lodgepole pine were ordered in
sets of 6 or 7 instead of the Fibonacci Numbers 5 and 8? If so, how would the conifer’s
development be altered? Pursuing this path of inquiry may hold the key to unlocking the

elusive relationships between plants and the Golden Number.
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Chapter 3

Phi and the Animal Kingdom

Similar to the synergistic relationships between plants and the Golden Ratio, adaptively
functional associations also manifest within the animal kingdom. Fibonacci numbers and @ are
pervasive in the animal kingdom where we find them expressed in the smallest single-celled
organisms to the most complex mammals. Also, like plants, this expression encompasses a
multitude of mechanisms. These ubiquitous numbers are conveyed in the structural
composition of animals as well as in the constraints of motion. My exploration of these
associations begins by examining the influence of Fibonacci numbers on microbial patterns and
then progresses into organisms of greater complexity. As | climb the ladder of complexity in my

examples, the universal nature of @ is exposed.

Microbial Organisms

Throughout the animal kingdom, examples of Fibonacci numbers are ubiquitous. In
2102, Dr. John J. Wille, penned the journal article, “Occurrence of Fibonacci numbers in
Development and Structure of Animal Forms,” where he chronicled a multitude of Fibonacci
number occurrences within the animal kingdom. Similar to my analysis, Wille began his
investigation with the single-celled prokaryotes. Although these most basic life forms lack the
complexity of other organisms, they still manifest a relationship with Fibonacci numbers that

occurs within their structural arrangement (217). Wille points out that prokaryotes frequently
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exhibit sunflower-like disk arrangements similar to Fibonacci number spirals in plants (217).
This spiral phenomenon was illustrated previously (see figure 11). He goes on to offer
additional examples of motile single-celled bacteria that organize themselves into “dynamic

growth patterns resembling Fibonacci patterns” (217).

More complex eukaryotic organisms also appear to have some association with
Fibonacci numbers. For example, the single-celled foraminferan amoeba Nummelites laevigatus
constructs an exoskeleton from 13 spiral chambers, and 13 happens to be a Fibonacci number
(217). Eukaryotic protozoa that employ cilia for motility also express structure based on
Fibonacci numbers. The ciliary rows known as kineties are often expressed in Fibonacci

numbers 13, 21, and 34 (217).

Earthworms and Arthropoda

To turn our attention to increasingly complex organisms, the common earthworm
employs many examples of Fibonacci numbers in its structure. Earthworms are constructed
from 34 segments, with 5 pairs of hearts and 3 pairs of seminal vesicles which are all Fibonacci
Numbers (221). Additionally, these important structures occur at boundary segments which are

Fibonacci Numbers as well (221).

Similarly, Fibonacci Number structured body plans are evident in arthropods.
Arthropods are defined as a group of invertebrate animals with jointed legs and bilateral
segmented body plan (222). All eight classes of arthropods display bodies divided into Fibonacci

number 21 segments.
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The Human Skeletal System

The opportunities for biological structures to adapt in association with @ appears to
increase with the complexity of the organism. The human body exhibits a multitude of
relationships with the Golden Number. An excellent example is the skeletal system where the
human spinal column consists of seven vertebrae. Two vertebrae articulate with the head and
are differentiated from the five columnar vertebrae (226). Therefore, it has been proposed that
the human spinal column should actually be considered on this basis and separated into two
groups, which obviously relates to the Fibonacci numbers 2 and 5 (226). When considering the
human rib cage, there are generally twelve ribs and often a thirteenth floating rib, which would
again equate to a Fibonacci number (226). Interestingly, human dentition exhibits a Fibonacci
Number relationship as well. We have 34 teeth, including wisdom teeth, which is a Fibonacci

Number (226).

The Human Cochlea

Pervasiveness of the logarithmic, or Golden Spiral, has
been discussed within the context of mathematics and plant
development. Spiral formations are resident within human

anatomy as well. Consider the human cochlea (see figure 19).

Like the sunflower, it seems that human anatomy arranges itself
Figure 19. Human cochlea
in accordance with Golden Spiral rules. By utilizing a spiral

configuration, sunflowers are able to pack plant material in the most efficient manner.
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Similarly, the use of a spiral form allows the cochlea to pack more receptor hair cells into the
most compact efficient space (Marinkovic 85). The longitudinal axis of the cochlea is a mere
5mm; however, as many as 16,000 receptor hair cells and 30,000 nerve processes are
positioned within the space (85). The cochlea is an excellent example of spiral structure
utilization within the human body; however, this is only one example where a myriad of others
exist. In the work, Cochlea and Other Spiral Forms in Nature and Art, Marinkovic and colleagues
cite additional examples of spiral formations within the human body including tubules and
ducts of the genital and urinary systems, vessels of the renal system and the hippocampus of

the cerebral limbic system (85).

The Hand, Golden Spiral, and Fibonacci Numbers

Fibonacci Numbers hold a fascinating influence over the structure and motion of the
human hand as well. Most of us rarely pause to consider the biomechanical marvels that attach
so unassumingly to our extremities. Anatomist William Littler studied the mysteries of the
human hand and the implications of the Golden Number. Littler’'s work, On the Adaptability of
Man’s Hand (with reference to the equiangular curve), explores the intersection of Fibonacci
Numbers and the motion of human digits. In reference to the human hand, Littler notes that
“certain structural and functional properties, can be expressed in mathematical terms to
explain the intrinsic nature of the mechanism” (187). He makes the case that motion of the
digits follows a logarithmic spiral or Golden Spiral predicated on the Golden Ratio (187). This

relationship between the digit’s motion and Fibonacci numbers was identified as early as the
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1600’s by renowned Swiss mathematician, Jakob Bernoulli (1654-1705) (187). Bernoulli

attributed the hand’s limitless grasping ability to mimicry of the path of a Golden Spiral (187).

Littler’s claims about the motion of the digits seemed plausible, and in 1998, a group of
hand surgeons performed a scientific study that would test his ideas. The experiment,
conducted at the University of Louisville, consisted of placing retroreflective markers on the
hands of subjects, and recording the motion of their fingers with six cameras (Gupta 1041). The
motion of each subject’s hand motion was analyzed by two computers and the data were
subjected to rigorous statistical analysis (1041). The results of the experiment showed that
finger motion does in fact follow the path of an equiangular or “Golden” spiral (1042). This
relationship is illustrated (see figure 20) by superimposing a Golden Spiral over a clenched
human hand. The study concludes that hand motion follows a Golden Spiral and the lengths of
the digits approximate a Fibonacci sequence as well (1042). A later study confirmed the
conclusions of Gupta and his colleagues regarding motion. However, that study challenged the
conclusion that the digits themselves approximate a Fibonacci sequence (Park et al. 157). The
researchers sought to prove or disprove the assumed belief that since the motion path of the
digits follows an equiangular spiral, then the lengths of the digits must also follow the Fibonacci

sequence (157).
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The team of doctors studied 100 volunteers by performing X-ray tests on each

individual’s hands (158). After the participant’s hands were X-rayed, each individual bone of

R C

Figure 20. Golden Spiral superimposed on Figure 21. X-ray of human digits
human hand

each digit was measured and recorded (see figure 21) (158). The researchers then set out to
identify a mathematical relationship between the lengths of the digits and the Fibonacci
sequence. Interestingly, the study revealed that the small finger was the only one to follow the
Fibonacci sequence within a 95% confidence interval (159). However, the researchers also
pointed out that their measurement method, which only considered absolute bone length, may
have been flawed. They hypothesized that if functional bone length (determined by center of
rotation as shown in figure 20) were considered, results would yield lengths that would in fact,

follow the Fibonacci relationship as illustrated (see figure 20)(159).
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The Heart and Golden Numbers

To this point, | have shown that Golden Relationships are expressed in a variety of ways
within the human body. The human heart appears to be no exception. A number of studies
have been published which examine the frequent occurrences of the Golden Mean and Golden
Angle within the human heart. Henein et al. conducted a study using 2D and 3D ultrasound as
well as CT scanning, to determine if Golden Ratio relationships exist in cardiac structures (239).
The researchers initially sought to identify if some mathematical relationship exists in the
normal left ventricle of the human heart (239). Two groups of subjects were studied, 30 healthy
Swedish adults, and 30 healthy Chinese adults (239). Their goal was to determine if a
mathematical relationship exists between the vertical and transverse measurements of the left
ventricle. Their study revealed that the dimensions of the Chinese group was smaller; however
in both groups, a ratio of approximately 1.618 was maintained (239). They concluded that in a
healthy heart, the absolute dimensions were not as important as the ratio between the

dimensions (239).

Another fascinating aspect of the human heart is shown (see figure 22). Henein et al.
surmise that for normal human hearts, the optimum pump structure exhibits the Golden Angle

of 137.5° between the ascending aorta and pulmonary trunk (figure 22 left) (241). Likewise, the
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same angular relationship exists between the inlet and outflow tract axes of the right ventricle
(figure 22 right) (241). Finally, the researchers observe that a normal blood pressure of
120/80mmHg approximates @ or 1.618.
Since 120/80 = 1.5, many mathematical
purists might call this conclusion into
question. If we consider that 120/75 =
1.6 and 130/80 = 1.625, it is doubtful

that any cardiologist would deem any

Figure 22. Golden Angle in the human heart

of these ratios as unhealthy. It could

also be speculated that the “ideal”
relationship actually is 120/75 instead of the generally accepted 120/80. Since fluid pressures
are dynamic, it was probably the researcher’s intent to point out that the blood pressure for a

healthy heart is in the range of 1.618 rather than offering an absolute value.

A similar intriguing study further supports the association of the Golden Mean to blood
pressure and heart structure. The study was conducted on 1,412 subjects with normal left
ventricular function (Yetkin et al. 85). The researchers aimed to identify and understand any
mathematical relationship that exists within the left ventricle under diastolic and systolic

pressure. It was concluded that under diastolic and systolic pressure, the interior diameters of
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the left ventricle changed in accordance with the Golden Ratio (see figure 23). The diastolic and

systolic average ventricular

® = diameter values for the subjects
B tested was 4.53 cm and 2.81 cm
A B - A
® respectively. With simple
C .
® - mathematics, we can see that

4.53/2.81 =1.612, which is
Figure 23. Schematic view of end-diastolic diameter (A), and

end-systolic diameter (B) and their correspondents according to

; . ; extremely close to a @ value of
Euclid's “extreme and mean ratio” (Yetkin et al.) y @

1.618. From the research offered
by Henein et al. and Yetkin et al., it seems that there is in fact some quantifiable relationship

associating the human heart with the universal Golden Mean.

DNA and the Golden Section

| have considered the existence of the Golden Number on a macroscopic level through
the exploration of plants and animals. Some scientists insist that Fibonacci Numbers are
expressed at the intracellular level as well, specifically within molecules. There are some
interesting properties exhibited by DNA that merit discussion with respect to the Golden
Number. The physical dimensions of the DNA double helix structure hold intriguing clues to a
Fibonacci Number relationship. The DNA molecule pictured (see figure 24) measures 21
angstroms (one hundred-millionth of a centimeter, 107° meter) in diameter and 34 angstroms

in helix length (Chen 33). Reflecting back on earlier discussions, 21 and 34 are consecutive
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Fibonacci numbers that form a Golden
Rectangle (33). An additional intriguing
association of DNA with Fibonacci Numbers
exists. The double helix of DNA forms two
wave troughs of 13 and 21 angstroms which
are also consecutive Fibonacci numbers (see

figure 25) (33). These peculiar characteristics

of the DNA helix are certainly interesting. Not

g
i Figure 25. DNA Vertical . .. .
Figure 24. DNA fou ) ! only is there an apparent association with
Structure and Cross Section Trough

Fibonacci numbers on a macroscopic level expressed in the mature plant or animal, but
seemingly, a linkage to the microscopic level exists as well. Could it be that the structures we
see in the mature sunflower or human cochlea are simply an underlying genetic connection

with the Golden Ratio?

Thackeray’s Species Constant

Now that an ostensible link between Fibonacci Numbers, @, and DNA has been
established, how is this connection expressed, and how has it survived? In response to this type
of questioning, Francis Thackeray proposed the idea of a species constant that is resident
across the animal spectrum (Boeyans and Thackeray 2). In his work, Thackeray studied pairs of
vertebrates and invertebrates belonging to the same species. Various cranial measurements

were taken such as head width, length and interocular distance (eye width). Later, the
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measurements were plotted on an X-Y graph and regression analysis was used for study.
Remarkably, the slope of the resulting line was equal to @ (1.618...) and was considered a
“species constant” (2). This so-called “species constant” held true for all the extant species
studied. The analysis was extended to extinct hominin crania, and a nearly identical 1.6 value
was obtained (2). This analysis by Thackeray appears to demonstrate that @ is in fact entwined

with the structural development of life, and has been evolutionarily conserved for millennia.

Even though convincing evidence seemingly links Fibonacci Numbers and the Golden
Ratio to structures within humans and other animals, it still is not clear why this occurs. One
can only speculate of some evolutionary advantage to this association. Perhaps, through
evolutionary iterations, the Golden Ratio produced optimum results that placed a constraint on
further changes through time? It could be posited that structures with an adherence to @ are
the most functional and efficient in their design, therefore, it perpetuates. My exploration of
possible linkages between animal structures and Golden relationships provides mounting
evidence to support an association. The difficulty lies in synthesizing all the examples into a

theory that binds all the evidence together.
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Chapter 4

Aesthetics and Commercial Applications of @

Since the discovery of Fibonacci Numbers and the Golden relationships, there have been
many claims that any entity, whether animate or inanimate, is more aesthetically pleasing if it
exhibits the characteristics of the Golden Ratio. As businesses attempt to gain a commercial
edge, modern-day designers and marketers also invoke the Golden Ratio. Numerous studies
have been performed in an attempt to discern the aesthetic appeal of the Golden Ratio.
Researchers have even gone so far as to map the human face to determine a formulaic method

for identifying ideal beauty.

One interesting use of the Golden Ratio is informs the way companies attempt to
control consumer behavior through design of products. Companies such as Apple and Twitter
purportedly incorporate the Golden Ratio into their designs (Abu et al. 787). Apple, in
particular, has used the Golden Ratio in the design of the
Powerbook, Ipod and Ipad (787). Apple designer, Jonathan
Ives, has applied “geometric lines, uniform radii and paid
keen attention to the proportional grid” which aims to “hold
the products features in harmony” (789). With the near-
rabid following expressed by many consumers toward Apple
products, it seems that the technology giant has indeed

discovered the secret to controlling consumer behavior.

Figure 26. Braun Coffee Maker with
Dieter Ram Grid System One of the most influential designers to incorporate
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Golden Ratio theory into product design is Dieter Rams (789). Rams developed a grid system to
which all Braun appliances would adhere. An example of his grid system and a Braun coffee

maker of his design are shown. (see figure 26).

Aesthetic Theory and Logo Design

A fascinating study was conducted in 2007 in which logo design was considered in the
context of the Golden Ratio. Many marketers have studied the aesthetic appeal of logos on
consumers; however, one study sought to determine cross-cultural appeal of branding. These
marketing researchers set out to identify if designs based on the Golden Ratio had cross
cultural appeal to consumers in Australia, Singapore and South Africa (Pittard 457). The
researchers focused on exploring the notion that some human preferences are innate. The idea
of teleology was explored as an underpinning element of the study. The strict dictionary
definition of teleology is “the philosophical doctrine that final causes, design, and purpose exist
in nature.” In the context of design and the Golden Ratio, teleological theorists suggest that
“humans have a hardwired preference for forms that embody natural, organic principles (457).
The philosophy of teleology is certainly up for debate; however, based on the study by Pittard
et al., there appears to be support for the cross-cultural appeal of designs that are based on the
Golden Ratio (459). The final analysis of the study offered three conclusions. First, there is in
fact appeal for the Golden Section that transcends cultural boundaries (469). Second, there
appears to be some primal connection to @. The third and final result is perhaps the most

intriguing conclusion posited. The researchers found that although there seems to be a primal
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hard-wired connection to Golden Ratio-inspired logos, that preference only extended to those
logos based on natural phenomena (469). When logos were inspired by designs not of nature, a

1:1 ratio seemed to be preferred over @ (469).

Facial Aesthetics

The study of the relationship of aesthetics and the Golden Ratio extends well beyond
inanimate objects such as logos and coffee makers. A plethora of studies explore the
association of human physical beauty with @, which seems to be a cross-cultural phenomenon.
The studies are constructed and executed in any number of ways; however, the goals appear to
be similar. The researchers typically are in search of proportionally “perfect” facial
characteristics to use as a benchmark of comparison. One has to wonder how much of this
research is driven by commercial entities striving to identify the “perfect facial proportions”
that will drive revenue to their companies. Since we live in such a visual society, this would be

invaluable information to advertisers and marketers in search of an edge.

One such study was conducted in 2015 on the Malaysian population. The official aim of
the study was to “investigate the association of facial proportion and its relation to the Golden
Ratio among the Malaysian population” (Alam 1). The researchers evaluated 286 subjects
whose facial features were mapped and evaluated through questionnaires (3). The results of
the study concluded that a weak correlation between attractiveness and the Golden Ratio
existed (13). Likewise, they found that only 17.1% of the Malaysian population’s facial

characteristics actually conformed to the Golden Ratio (17). In addition, a majority of those
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individuals studied were considered “attractive,” yet most failed to exhibit features in
accordance with the Golden Ratio (15). Based on this study, we can safely conclude that

“beauty” truly is in the eye of the beholder and not dictated by a geometric ratio association.

For comparison’s sake, | also consider a study conducted on Caucasian subjects that
evaluated attractiveness and the Golden Ratio. This study considered only Caucasian faces and
rated them on the basis of symmetry, Golden Ratio, and how well the facial characteristics
followed neoclassical canons proposed by Renaissance artists (Schmid 2712). The study defined
and measured landmarks on the subjects’ faces as reference points, which were elemental to
their research. They discovered that attractiveness scores were higher when the ratio of the
mouth to the interocular distance (eye width), was proportional to the Golden Ratio (2715).
However, it was also determined that attractiveness was higher when the ratio of lip to chin
distance with interocular distance was less than the Golden Ratio (2715). Their results also
revealed that in general, both male and female faces are considered more attractive as the

ratio of face length to face width approaches the Golden Ratio (2715).

A third study conducted on the central Indian population sought to evaluate how well
the population’s facial characteristics adhered to the Golden Ratio. Unlike the studies on
Malaysian and Caucasian subjects, the central Indian study did not attempt to determine
“beauty” or “attractiveness” in the context of the Golden Ratio. The researchers simply
attempted to determine the rate at which the population’s facial proportions were “Golden”
(Saurabh et al. 182). They concluded that there was a “significant difference between
proportions of the Indian population and the Golden Ratio” (185). They also concluded that

females deviated less from the ideal proportions than did males (185).
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Preference for Golden Features?

To this point, | have considered several disparate studies that sought to associate the
characteristics of ideal facial beauty with the Golden Ratio. An interesting study conducted by
Pamela Pallett and co-workers found a link as well. However, the connection that these
researchers found was not a
ratio based on the Golden
Ratio. Indeed, their study
discovered a ratio, just not the

Golden one. According to the

Figure 27. Facial Morphing researchers, their findings
provided support for a face
length to width ratio of .46 which is significantly different than the .38 that is suggested by the
Golden Ratio (Pallett et al. 153). The authors go on to proclaim that “our optimal length and
width ratios truly are the new Golden Ratios” (153). This conclusion comes into question if we
examine the procedures used to obtain the results of the study. Unlike the previous studies,
which utilized actual human populations, these researchers used photos of subjects which were
digitally morphed using Adobe Photoshop (Figure 27) (153). It is difficult to give credence to the
study results as the researchers were basing a natural phenomenon on artificially rendered
images. As we can see in Figure 27, several of the digitally enhanced photos look anything but
natural. Even though the methods used in this particular study appear questionable, they did in
fact find some preference for a ratio with regard to facial aesthetics. It is unclear if this had any
association with the Golden Ratio at all, but it is interesting that some preference was identified
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and it was mathematically relevant.

Financial Markets and Fibonacci Numbers

Just as it seems that we can find no other application for Fibonacci numbers, another
one appears. As already seen in product design and facial mapping, there is keen interest in the
Golden Ratio where it appears a commercial edge might be gained. That advantage may be
seen as the perfect facial proportion by a cosmetics business or the perfect logo by a fortune
500 company. Another such profit-making application of Fibonacci Numbers applies to the
analysis of financial markets. One of the most famous people to explore the relationship
between Fibonacci numbers and the stock market was an accountant named Ralph Nelson

Elliott (1871-1948) (Livio 223).

Elliott was forced into an early retirement due to a debilitating ailment and applied his
time studying the Dow Jones Industrial Average (223). In 1935, Elliott developed his “Wave
Principle” that claimed to predict stock market movements based on Fibonacci Numbers (223).
In 1938, Elliott’s ideas were eventually published in his book, The Wave Principle (223). His main
assertion in The Wave Principle, was that stock market movements follow human optimism and

pessimism which could be predicted though the use of Fibonacci Numbers (224).

Contemporary market analysts are a bit less optimistic about predicting financial
markets with Fibonacci Numbers. However, they have not completely abandoned the notion
and some continue to reference Fibonacci Numbers as part of their analytics. Stock market

analyst Jeff Greenblatt writes, “Fibonacci time cycle windows are no panacea and markets can
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elect to change direction and bypass the window altogether” (28). Greenblatt concludes his
thoughts by saying, “there is no such thing as the Holy Grail and methods such as Fibonacci
analysis is best suited as supporting data within a larger context (28). So it seems that, unlike
Elliott who viewed Fibonacci analysis of stock market movements as ideal, Greenblatt takes a

more measured approach.

Finally, there are some within the financial community that believe any attempt to apply
Fibonacci analysis to market predictions is wasting valuable time and resources. Market analyst,
John Authers, offers a near-scathing opinion of the subject in his Financial Times article, “The
Short View: Fibonacci Numbers.” Authers cites a research paper from Cass Business School in
London that examined market movements of the Dow Jones Industrial Average from 1915 to
2003 (2). The study reportedly could find no correlation at all between the Dow and Fibonacci
Numbers (2). Authers takes a suspicious, maybe even contemptuous, stance toward the use of
Fibonacci analysis. He writes, “so, maybe, a trading strategy based on exploiting other’s

mistaken belief in Fibonacci Numbers could actually make money” (2).

Commercial Impact

It seems that the evidence indicating a commercial advantage derived from Golden
Relationships is less convincing than cases presented in previous chapters. Existing examples
both support and contradict the notion. There is no arguing that Apple is one of the most
successful companies of all time. There is also no disputing the fact that the Golden Ratio is

used to structure their designs. Like Apple, the Braun Company has integrated @ into their
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designs. The difficulty in attributing these and other company’s successes to @ lies in
guantification. To what degree can the Golden Ratio be cited? A similar issue arises with the
logos used by businesses. If an already successful business applies a logo based on the Golden
Number, is the logo successful because of @, or simply because the logo was attached to the
previously successful enterprise? Study does in fact seem to show a preference for these
Golden Ratio inspired designs; however, the complicated nature of human perception must

also be accounted for as well.

The quest for the perfect facial proportions is an even more questionable area as
compared to other commercial applications. The ideal of beauty or attractiveness is a personal
preference and must be evaluated on an individual basis. The attempt to discern facial
proportions that would be found attractive to most, or even some, of the population seems a

bit shallow, if not impossible.

Finally, no other human endeavor is more connected to profit-making than the stock
market. It appears that, in spite of all attempts, we can’t predict the stock market with
Fibonacci Numbers. Some traders firmly believe in a methodology based in the Golden Ratio,
whereas others view it as a waste of time. Ardent supporters stand on both sides of the issue.
Much like the perfect facial proportions, one’s trading strategies come down to personal

preference and beliefs.
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Chapter 5

Art and Architecture

Throughout history, we find that ancient peoples ranging from the Greeks to the
Egyptians seemingly incorporated Fibonacci numbers into their art, architecture, and science.
The ancient Greeks insisted that sacred figures known as Platonic solids constituted the
foundation for all existence (Stakhov 491). Remarkably, the Platonic solids are structurally and
mathematically linked to the Golden Section and Fibonacci Numbers. According to ancient
Greek philosopher, Plato, the underlying elements constituting the universe, (Fire, Air, Water,
and Earth), are represented by the Platonic solids (see figures 28a-e) (491). Fire is represented
by a tetrahedron (figure 28a), Air - octahedron (figure 28b), Earth - hexahedron or cube (figure
28c), Water - icosahedron (figure 28d) (491). Plato considered the dodecahedron (figure 28e),

as the most important figure which symbolized the entire Universe (491).

N

Figure 28b. Octahedron Figure 28c. Hexahedron

Figure 28a. Tetrahedron
(cube)

| 7
Y

Figure 28d. Icosahedron Figure 28e. Dodecahedron
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Art and the Golden Relationships

Enthusiastic proponents of the relationships between the Golden Ratio and various
artistic works are sometimes justified in their beliefs, and sometimes guilty of wishful thinking.

Whether we are discussing the work of a Renaissance master or a contemporary artist,

Figure 29. Salvador Dali's “Sacrament of the Last Supper” - National Gallery, Washington DC

documented evidence is not always available to corroborate a Golden Ratio relationship. The
work of Salvador Dali is one of those instances where documented evidence of such an
association exists. Very few artistic works express Golden relationships better than Salvador
Dali’s 1955 painting, The Sacrament of the Last Supper (see figure. 29). Mario Livio points out in
his book, The Golden Ratio, that the size of Dali’s painting (105-1/2” x 65-3/4”), is a Golden
Ratio relationship (105-1/2 +65-3/4 = 1.6) (9). Dali succeeded in incorporating Golden
relationships into the symbolism of his work as well. Notice the geometric structure floating in
the background of The Sacrament of the Last Supper (dodecahedron - see fig. 28e) (68). The
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dodecahedron used by Dali is one of the previously mentioned Platonic solids. The twelve-sided
figure was revered by the ancient Egyptians and Greeks who realized that the Golden Ratio is
inherent in this particular geometric form (68). As already discussed, the dodecahedron was the
most important of the Platonic solids and was
considered representative of the entire

ﬁ Universe. Mimicking the renaissance masters

-
{
L

Leonardo Da Vinci and Michelangelo, Dali

positions the table in his work at the Golden

Figure 30. Dali’s “Sacrament of the Last Supper” with Section height of the painting and positions
superimposed golden dimension
the two disciples at the Golden Section width

(figure. 30) (68). Many artistic and architectural works are said to incorporate the Golden Ratio
into their designs, but lack any historical support to substantiate the artist’s intent. Dali’s work
displays resolve on the part of the artist to weave geometric as well as symbolic reference to
the Golden Ratio into his artistic creations. In Dali’s case, we are aware of his intent of Golden
Ratio design. However, is the work more beautiful or harmonious because he utilized the

Golden relationship? Contrarily, would some find his work even more appealing if he had used

a different mathematical ratio?
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Did Michelangelo Utilize the Golden Ratio?

Much has been written about Renaissance artist Michelangelo Buonarroti (1475-1564)
or simply Michelangelo and his painting on the ceiling of the Sistine Chapel. Many Golden
“Numberists” have attributed the scenes depicted to a compliance with the Golden Ratio. In
addition to being an artistic genius, Michelangelo was also a master anatomist known for

dissecting human cadavers (Campos et al 1). In 2015, a Brazilian university study analyzed the

Sistine Chapel masterpiece
in an effort to determine
Michelangelo’s use of
Golden Ratio relationships.
These researchers were
confronted with the same
issue that others have

navigated. There was no

4 : mention in any literature
Figure 31. Michelangelo- “Creation of Adam”

b/a=(a+b)/b=D =1.6

16988mm/ lOClGnm-(NS”nm]/ 16988mma=1.6

\\

Figure 32. Michelangelo — Ceiling of the S/stlne Chapel
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that connected Michelangelo’s work with the Golden Ratio (1). Through the use of digital

imaging software, the researchers seemed to identify Golden Ratio relationships as seen in

figures 31 and 32. The researchers were very measured in their conclusion stating, “we believe

that in all probability, Michelangelo knew that anatomical structures incorporating the Golden

Ratio offer greater structural efficiency and, therefore, used the GR to enhance the aesthetic

quality of his works”(4). Like much of my exploration of Golden Ratio relationships, the

association between Michelangelo’s work and @ appears tacit as well.

Golden Relationships and Leonardo Da Vinci

Figure 33. Leonard Da Vinci -“Mona Lisa”

Unlike Salvador Dali who purposefully
integrated the Golden Ratio into his designs, or
Michelangelo who “seemingly” did so, a cloud of
speculation surrounds the Renaissance master
Leonardo Da Vinci with regard to his works and @.
The Mona Lisa is likely the most studied of Da Vinci’s
works in search of Golden Ratio inspired design. An
image of the Mona Lisa, with an imaginary,
superimposed Golden Ratio grid is shown (see figure
33). The placement of the grid appears to be
speculative at best. From this illustration, | see no

actual evidence for a Golden Ratio relationship.
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Likewise, the points chosen to define the Golden Ratio grid appear to be arbitrarily placed. This
particular figure is just one of many which claim “proof” that Da Vinci indeed implemented the
Golden Ratio in his work. The evidence for such a relationship within the Mona Lisa is so
speculative that Mario Livio refused to even consider this as an example in his book, The Golden
Ratio, on the grounds that so many contradictions exist (162). He states, “in the absence of any
clear (and documented) indication of where precisely such a rectangle [around the face] should
be drawn, this idea represents just another opportunity for number juggling” (162). The Mona
Lisa is considered one of the most recognized, proportional, and beautiful works of art ever
produced. However, attributing the proportionality of the work to a Golden Ratio relationship
represents a speculative leap of faith. Could a structural relationship based on @ exist within
the design of the Mona Lisa and in fact have been Da Vinci’s intent? Perhaps. Actually proving

this relationship is another question altogether.

Although the Mona Lisa does not provide conclusive
evidence of the Golden Ratio within Da Vinci’s work, we can
consider his work “Head of an Old Man” (figure 34) for clues to
his awareness of the phenomena. This particular artistic work
(figure 34) leaves no doubt that Da Vinci used geometric
figures in his study of facial proportionality. This statement is

supported by the superimposed grid produced by Da Vinci

e himself as seen in figure 34. Livio points out the middle left
Figure 34. Leonardo Da Vinci — “Head
of an Old Man” square very closely approximates a Golden Rectangle (165). He

also observes that, “Head of an Old Man” is the closest
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demonstration of Da Vinci’s awareness of @, where he may have actually used the relationship

in his work (165). Although intent can be inferred, no formal documentation has survived to

support this assumption. This example of Da Vinci’s work is much less speculative in

determining a Golden Ratio connection, but still not definitive.

Great Pyramid of Egypt

A great deal of study has been dedicated to the pyramids of Egypt and their association
with sacred figures such as the previously discussed Platonic solids. Debate has raged over the

construction of the pyramids and whether they were modeled according to the Fibonacci

Number sequence. The challenge to analysis and the attempt to tie these constructions to the
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Golden Number, arises with the methods used in measuring these ancient structures. Over the
thousands of years since their construction, the pyramids have deteriorated and settled to the
point that accurate measurement of lengths and angles has become extremely difficult. One of
the most studied pyramids of antiquity is the Great Pyramid of Pharaoh Khufu (see figure 35).
Researchers tend to agree on a base side length, (GF), equal to 233.16 m (Stakhov 498). The
height of the pyramid is estimated to be between 146.6m and 148.2m (498). It is impossible to
discern an exact value for height of the pyramid since the peak of the structure was truncated
at some point in history and we have no reliable method to account for shrinkage of the
structure (498).

We can, however, through geometry and some inference, calculate the original height
of Khufu’s pyramid. In 1840, English Colonel, G. Vaise, measured the inclination angle of the
great pyramid to be 51° 50’ as seen in figure 35 (498). If the tangent of 51°50’ is taken, we get
the value of 1.272. Coincidental or not, the square root of the Golden Ratio (V@) equals 1.272.
An interesting hypothesis resulted from the discovery that the Golden Ratio seemed embedded
within the geometry of Khufu’s pyramid. Consider figure 35, and assume line segment CB = 1
and line segment AC = V@. By the Pythagorean Theorem, the length of line segment AB can
then be calculated as the Golden Ratio @ (1.618...) (498). After considering the evidence for the
Golden Ratio as a design element of the Great Pyramid, we can then make the hypothesis that
the triangle ACB is in fact a “Golden” right triangle which would lead to calculating a “designed”
height of 148. 28 meters (498). This idealized dimension based on the assumption that Khufu’s
pyramid was in fact constructed with Fibonacci numbers in mind, corresponds to the actual

measured height.
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The Egyptian Calendar and Platonic Solids

Earlier, | discussed the ancient Greeks and Plato’s notion of a Universe structured on the
dodecagon Platonic solid. Likewise, the ancient Egyptians revered the twelve-sided, “sacred
figure” (Stakhav 499). The Egyptians’ affinity for the dodecagon, which is tied to the Golden
Ratio and Fibonacci Numbers, is expressed in the development of their ancient calendar. The
Egyptian solar calendar, which consists of 365 days, was developed in 4,000 BC, and is
considered the precursor to our modern calendar (499).

Most individuals spend little time considering the modern calendar, where it came
from, or why the particular number of days and months were selected. Before | discuss the
Egyptian calendar, consider the twelve-sided Platonic solid (see figure 28e), which is based on
the Golden Section (499). The dodecagon has 12 faces, 30 edges, and 60 plane angles on its
surface (499). Also, notice that each plane face is a 5-sided or pentagonal structure. As we
consider the numbers 5, 12, 30, 60, and 360 in the context of time, an amazing consistency
appears.

Like our modern calendar, the Egyptian calendar also consisted of 365 days (499). It has
been proposed that the number of calendar days, 365 was derived from the equation: 365 = 12
x 30 +5 (499). Likewise, the Egyptians divided the year into 12 months and each month into 30
days, all of which are expressed in the structure of the dodecagon (499). Yet another interesting
mathematical correlation with the dodecagon exists within the celestial movements of the
planets. The same numbers are expressed in the movement of Jupiter which has a 12-year

cycle. Saturn moves within a 30-year cycle, while our solar system travels within a 60-year
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phase. With all of these extraordinary mathematical correlations in mind, it is easy to see why
the ancients would choose the dodecagon as their “main figure of the Universe” (499).

The discussion regarding time measurement and the association with Fibonacci
numbers extends into smaller time units as well. Consider that the face of a traditional watch is
divided into 360 degrees, including 60 minutes and 60 seconds. Also, note that sun up to sun
down is divided into two 12 hour segments. Although it is impossible to precisely know what
the ancient civilizations were thinking as they developed their methods of time measurement,

there is a great deal of evidence to suggest that they did design with the Golden Ratio in mind.

The Greek Parthenon

Like the Great Pyramid of Khufu, the Greek Parthenon has also been studied within the
context of the Golden Ratio. There is some controversy surrounding just how well the
dimensions of the remarkable historic
structure actually agree with the Golden
Ratio. The Parthenon is illustrated (see
figure 36) with a superimposed Golden

Rectangle. This illustration (figure 36),

i‘ . R S, 3 3 3
LSSV SRS By SSSeiREE reveals the absence of anintact
Figure 36. Greek Parthenon with superimposed golden

dimensions pediment, which was hit by Venetian
artillery in 1687 (Livio 73). This lack of a
complete structure requires a bit of inference in order to evaluate the Parthenon’s compliance

to Golden Ratio methodology. There is also the issue of timing that Mario Livio addresses in his
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book, The Golden Ratio. He suggests, “considerable knowledge existed” regarding the Golden
Ratio at the time of the Parthenon’s construction; however, “most of the mathematical
theorems appear to have been formulated after its construction” (74). Although Livio presents
competing evidence regarding the Parthenon’s compliance to the Golden Ratio, he posits the
guestion, “was the Golden Ratio used in the Parthenon’s design?” and concludes, “It is difficult
to say for sure” (74). Unlike my previous discussion of Dali’s Sacrament of the Last Supper,
which was designed intentionally with @ in mind, we can’t confidently conclude a relationship
between the Parthenon and the Golden Ratio. However, most would agree that this ancient
structure is one of the most aesthetically pleasing structures ever constructed by humans,
which could tie back into the notion that an innate appreciation for balance and harmony exists

within each of us.
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Conclusion

As scholars and scientists continue to discover Fibonacci number relationships
throughout all aspects of life, the question that begs an answer is: “What does all this mean?” Is
it purely coincidental that the Golden Ratio is expressed all around us, and in almost every
aspect of our daily lives? These are questions that are being grappled with in many areas of
scholarly study from biology and mathematics to engineering and art. It seems that there is no

consensus among scholars that accounts for the pervasiveness of Fibonacci numbers.

One goal of my work has been to offer a number of disparate examples where Fibonacci
Numbers and Golden Relationships exist, as a path to illustrating the ubiquitous nature of these
exceptional associations. Through the understanding that these connections occur so
frequently, and in so many dissimilar instances, we might start to look for deeper meaning
behind their existence. By considering how these relationships touch so much of our lives,

perhaps a common thread might be identified that weaves all the theories together.

Some scientists who theorize about the Golden relationships extend the notion that
these types of interactions exist between physical material and numbers because @ itself is

inherent to the physics governing the universe.

Dr. Michael Lieber, of the University of California, Berkeley, offers an interesting theory
on Fibonacci Numbers. He describes the Golden Ratio as a dimensionless constant that is
inherent to all physical constants (Lieber 1). To quote Lieber, “Even though each specific,
dimensional physical constant refers to specific forces and/or energies, the common underlying
dimensionless constant Q (or @) defines a universal common behavior to all the various forces”
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(1). Indeed, reflecting back to the various examples of Fibonacci Number connections, we can
see that Lieber’s identification of @ (which he labels Q), as an underlying universal constant,

may provide the thread that binds together the multitude of Fibonacci cases. A chart outlining

The electric charge constant of the electron: Q x (N?)™** coulombs

Proton/electron mass ratio: 3Q x (N?)?

Mass of the hydrogen atom: Very close to Q x (M?)? kg

Kinetic energy of a V volt electron: V(Q x (N?)*%}J

Gravitational constant: (M*Q*+ Q) x (M?)** m* kg? 52

The quantum of action (Plank's constant): 4Q x (M?)>* Joules-second

Plank’s constant is also: (2Q + Q* + Q) x (M?) electron volt-second

Velocity of light: 5Q* x (N?)® meters per second or 1/2MN*Q*x (N?)® meters per second

Avogadro's constant: T2 Q! x (]?)* per mole

Boltzmann constant: 2Q x (T2 )?* Cal/° C or 1+Q*/Q x (T]?)"* joules per degrees Kelvin

Bohr radius of the atom: 2Q?x (M?)*cm

Nuclear magneton: (N*Q*- 1) x (N*)#IJm?*wb™

Compton wavelength of the proton and neutron: 6(Q + Q%) x (N*)** cm

Fine structure constant: 12Q*x (N?)? or (2 + N3)Q*x (M%) 3

Plank length: Q x (TT? ) ** meters

Figure 37. Dimensional Physical Constants Exhibiting a Dimensionless Biological Constant, Q (and its forms),
Equivalent to the Golden Ratio, 1.618 and The Dimensionless Geometrical Constant, I1 or Pi (Lieber)

the various physical constants purportedly linked to @, is presented (see figure 37). He also
speculates that @ and the constant 1t (pi = 3.1416...) are inextricably linked in such a way, that
each can be expressed in terms of the other (1). We can see this interdependent relationship

illustrated in his formulas as well (see figure 37).

An extension of Lieber’s thoughts on the universality of @ is provided by two
evolutionists, Jan Boeyens and Francis Thackeray, in Number Theory and the Unity of Space.

They hypothesize that @ is interlaced with the fabric of reality by suggesting
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“there is a strong case that this so-called “Golden Ratio” (1.61803...), can be related not only to
aspects of mathematics, but also to physics, chemistry, biology, and the topology of space-
time” (1). They cite the ubiquitous nature of the logarithmic or “Golden” spiral as evidence to
support their theory. They reference the four Golden Spiral patterns presented (see figure 38),
to illustrate this notion. These four graphics (figure 38), demonstrate the prolific nature of
Golden Spiral construction, where the spiral form appears throughout nature. Observed
singularly, these particular examples offer very little insight to a common undergirding

predicated on @. Likewise, if all originated from the same branch of science, we would most

Figure 38. (Top row) Whirlpool Galaxy (M51) and Nautilus shells, (bottom row)
Hurricane Katrina and ammonites
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likely fail to realize a shared connection. Instead, these examples come from meteorology,

astrophysics, marine biology, and paleontology.

In my quest to offer disparate cases of Golden Relationships, these Golden Spiral
examples are the most lucid yet, in support of a common connection based on @. Boeyens and
Thackeray argue, “if @ were not integral to the physics governing the Universe, would we see
the expression of the spiral patterns (figure 38) repeated so regularly and in so many different

ways?” (1).

In light of the multitude of instances where Golden relationships exist, the theories of
Lieber, Boeyens and Thackeray bring focus to ideas that could possibly explain why much of our
world, and even our own reality, is modeled according to these perplexing mathematical
relationships. Perhaps these scientific theorists are correct in their assumptions, implying
Fibonacci Numbers, and all the Golden relationships, are indeed inseparably present in the

structure of the Universe.

As | reflect on the multitude of examples offered in my work, it is apparent that these
numerical, and geometric relationships affect nearly every feature of life ranging from plants
and animals to human perception of balance and harmony. The examples taken from plants,
animals, humans, art, and architecture, are only a smattering from the wide-ranging set of
Fibonacci and Golden Number relationships. These ever-present manifestations of Golden

Number connections render it difficult to argue against some yet to be determined universality.

Biological systems, especially plants, order themselves according to @. This ordering

appears to allow evolutionary advantages, where space and light is used in the most efficient
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manner possible. Although no proof to support evolutionary advantages was offered, it is likely
that plants do in fact derive evolutionary benefits. Else, why would so many plant structures
exist in accordance with the Fibonacci sequence? Could it be that we find Fibonacci-ordered
constructions pervading the entire plant spectrum because the Golden relationships require
less energy for growth and development (Livio 115)? Has the evolutionary process simply

followed a path of least resistance which is realized through Golden relationships?

Similar to their plant counterparts, organisms of the animal kingdom have evolved and
developed according to these obscure mathematical relationships. The Golden Spiral structure
manifests in the cochlea, nautilus shell, and the biomechanics governing human hand motion.
Fibonacci Numbers are demonstrated not only in the things that we can see, but also in those
that we cannot. Evidence also suggests that these curious relationships with Fibonacci Numbers

are resident within the very DNA molecules that are at the core of all life.

As | have attempted to unravel some of the mysteries surrounding Fibonacci Numbers
and @, more questions have been generated than answers. My work has succeeded in revealing
that these simple, yet powerful, mathematical mysteries are not easily understood. Although
the Golden Relationships mostly defy explanation, it becomes increasingly difficult to discount
the role of these enigmatic numbers, as evidence in support of their influence continues to
surface. Through sustained study and research, we can continue to unlock the mysteries of @,

the Golden Relationships, and Fibonacci Numbers.
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