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Abstract

Healthy neuronal function and neuronal regeneration are dependent on robust micro-
tubule dynamics and organization. The microtubule cytoskeleton is comprised of dynamic,
polarized filaments that facilitate transport within long range cells such as neurons through
organized, polar arrays. Microtubules also undergo dynamic instability, where the plus
and minus ends of the filaments switch between growth and shrinking phases, leading to
frequent microtubule turnover. Although microtubules often completely disassemble and
new filaments nucleate, microtubule arrays have been observed to maintain distinct biased
orientations in different regions of the cell throughout the cell lifetime. Moreover, micro-
tubule rearrangement is key to two forms of neuronal regeneration identified as adaptive
responses to preserve neuronal function after injury. Motivated by experiments in neu-
rons, we employ a continuous-time Markov chain model of microtubule growth dynamics
to explore characteristics of microtubule behavior and mechanisms of microtubule organi-
zation in neurons. Using stochastic hitting-time analysis, we analyze this model to answer
experimentally-intractable questions regarding in vivo microtubule characteristics. We also
develop spatially-explicit, agent-based models of microtubule arrays to investigate how ex-
perimentally hypothesized mechanisms could generate the healthy and injury response be-
havior of microtubules observed in neurons. We identify mechanisms which are sufficient
to establish and maintain biased microtubule arrangement observed in healthy dendrites
and axons. We use data-driven modeling and parameterization to connect our theoretical
framework with experimental data. Further, we validate mechanisms hypothesized to in-
duce axonal regeneration observed in both dendrites and axons. This work explores the
relationship between microtubule dynamics, mechanisms of filament organization, and spa-
tial domain interactions to understand the resilience of neuronal systems. Results of this
work contribute analytic insight and mechanistic understanding of microtubule behaviors

beyond what can be ascertained through biological experiments alone.
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1. Introduction

Despite decades of extensive investigation, significant questions surrounding neuronal
regeneration and neurodegenerative diseases remain. A deep understanding of these pro-
cesses thus has monumental implications to human health. Researchers are slowly piecing
together a better understanding of neuronal resilience including identifying structural pro-
tein polymers inside of the cell, called microtubules, as key players in neuronal regeneration
and neurodegenerative diseases (Blanquie and Bradke, 2018; Okenve-Ramos et al., 2024).
However, biological techniques alone are insufficient to gain the necessary insight into these
processes, highlighting the necessity for interdisciplinary work. This research employs math-
ematical techniques coupled with expertise and data from biologists to answer questions
fundamental to understanding microtubule dynamics in healthy neuronal function and re-
generation. These answers provide insight to these fundamental biological processes and
bring us a step closer to clinical insights which may one day repair neuronal injury or slow

the effects of neurodegenerative diseases.

1.1 Motivation

Microtubules (MTs) are polar protein filaments with distinct plus and minus ends, which
provide structure to cells as part of the cytoskeleton. A key role of microtubules is to facil-
itate protein transport and sort cellular content, as motor proteins recognize microtubule
polarity and walk towards either their plus or minus end, carrying cellular cargoes to specific
destinations. Very long cells, such as neurons, have a crucial need for directional transport,
as cellular cargoes must often travel long distances. However, individual microtubules do
not span the full length of neuronal cells. For example, lower motor neurons in our legs
may be up to a meter long, but individual microtubules in neurons have been measured in
the range of tens of microns (Chalfie and Thomson, 1979; Rolls et al., 2021; Yogev et al.,
2016; Yu and Baas, 1994). Given this difference in spatial scales, many differentiated cells

have highly polarized microtubule arrays that span the necessary spatial domain with over-



lapping microtubules that continuously cover the space (Bartolini and Gundersen, 2006).
Furthermore, microtubules experience a phenomenon called dynamic instability, in which
both ends switch between periods of growth and shrinking (Mitchison and Kirschner, 1984).
Given these dynamics, microtubule content regularly experiences turnover in living cells,
but the polarized organization of the MT array is typically maintained for the lifetime of
the cell and organism.

The question of microtubule organization is particularly interesting in neurons given
the length of these cells. To support cargo transport across long distances, neuronal micro-
tubules maintain robust biased polarity with di erent polarized arrangements in di erent
regions of the cell (Baas and Lin, 2011; Iwanski and Kapitein, 2023; Rolls et al., 2015;
Weiner et al., 2021). Across all species studied, microtubules in axons are consistently
organized with plus-end-out (PEO) polarity, where plus ends are directed away from the
cell body (Burton and Paige, 1981; Goodwin et al., 2012; Harterink et al., 2018; Heide-
mann et al., 1981; Lee et al., 2017; Stepanova et al., 2003; Stone et al., 2008; Thyagarajan
et al.,, 2022). In contrast, dendrites have a signi cant portion of minus-end-out (MEO)
microtubules, with minus ends directed away from the cell body, and mature dendrites in
invertebrates show an almost uniform MEO polarity (Harterink et al., 2018; Rolls, 2022;
Stone et al., 2008). Thus far, scientists have been unable to develop a clear understanding
of mechanisms which ensure the maintenance of these biased arrays in healthy neurons.

Microtubules also play a key role in neuronal response to injury. Axotomy is the severing
of the axon of a neuron, resulting in denervation. Across many species, neurons in the central
nervous system (CNS) are unable to recover from this type of injury. However, neurons
in peripheral nervous systems (PNS) have demonstrated robust regenerative capabilities,
leading to substantial functional recovery (Huebner and Strittmatter, 2009). In invertebrate
and mammalian neurons, regeneration in the peripheral nervous system typically follows one
of two pathways: dendrite conversion or axon-stump elongation (Rao and Rolls, 2017). In
dendrite conversion, a dendrite is converted into an axon when axotomy occurs proximally

to the cell body. In axon-stump elongation, the remaining axonal stump is elongated to
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replace the severed segment when axotomy occurs more distally from the cell body. In both
pathways across many model organisms, microtubule reorganization has been identi ed as
key to facilitating these regenerative processes. In dendrite conversion, MTs in a selected
dendrite reverse their polar arrangement following axon injury in order to convert that
dendrite into an axon with PEO MTs (Stone et al., 2010). In axon elongation, MTs near
the axonal end rearrange to form cargo traps, transforming the cut tip into a growth cone
which leads to axonal regeneration (Erez et al., 2007). This ability to properly reorient
microtubules is crucial to regeneration and failure to reorganize has been shown to block
the regeneration process (Mattie et al., 2010).

The mechanisms in uencing microtubule polarity organization and injury response in
neuronal structures are complex and their interactions or redundancies are not well under-
stood. Exploring these behaviors in living systems presents limitations given the available
experimental techniques and data. To overcome this challenge, mathematical models for
di erent scales of microtubule behavior have been proposed in previous studies, from mod-
eling detailed behavior of individual microtubule ends to more global analyses of the mi-
totic spindle. However, fewer studies have focused on modeling and validating the control
mechanisms for microtubule growth and spatial organization in the cell. Previous spatial
mathematical models of microtubule organization have focused on polarized arrays of mi-
crotubules that are organized and nucleated by a central organizing complex which are not
applicable to organization observed in neurons (Co man et al., 2016; Gardner et al., 2005;
Paul et al., 2009; Vinogradova et al., 2012). Modeling work to explore microtubule organi-
zation in healthy neurons and reorganization in response to injury is limited to brief aspects
of observed behavior, leaving a lack of cohesive understanding of regulatory mechanisms of
microtubule organization (Greulich and Santen, 2011).

Our goal is to better understand microtubule dynamics and organization mechanisms
to provide insight into the complex processes observed in healthy and injured neurons. At
the core of this work, we employ a stochastic model of microtubule dynamic instability pre-

viously developed by collaborators which incorporates biological measurements at plus and
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minus ends of microtubules and accounts for minimal mechanisms of microtubule length
regulation (Nelson et al., 2024). Details of this model are presented in Section 1.2. Here, we
are particularly interested in exploring mechanisms that in uence microtubule organization
through space and time. We develop agent-based models to represent microtubules in sim-
pli ed versions of dendrite and axon domains as well as a coupled model of cargo dynamics
to explore mechanisms which regulate microtubule organization in healthy neurons and
reorganization following axotomy. This modeling framework allows us to fully character-
ize the roles of experimentally identi ed mechanisms which contribute to the regulation of
microtubule polarity in living neurons. We use mathematical analysis, including stochastic
hitting time analysis and probabilistic approximations, to explore quantities which are not
experimentally tractable, to rigorously t our model to experimental data, and to interpret
model results.

The motivation of this work is thus to use mathematical modeling to contribute analytic
insight and mechanistic understanding of microtubule behaviors that go beyond what is
possible through biological experiments. Driving questions of our work include:

(1) What is the expected lifetime of a microtubule? How long are microtubules?
(2) How do microtubules maintain their biased, aligned orientation in healthy dendrites
and axons over the lifetime of the cell?
(3) What mechanisms facilitate the microtubule rearrangement observed in axons and
dendrites following axotomy to facilitate neuronal regeneration?
With a deeper understanding of key aspects of healthy neuronal function and axon regen-
eration, we can help bring the eld closer to medical interventions that may reverse the

e ects of neuronal injury and neurodegenerative diseases.
1.2 Continuous-time Markov chain microtubule dynamics model

In this thesis work, we build upon a model of microtubule dynamics developed in Nelson
et al., 2024. Given the stochastic nature of MT growth and shrinking dynamics and the

importance of these dynamics in neuronal function, accurately representing microtubules



in this system is crucial to developing realistic spatial models and mechanistic understand-
ing of neuronal organization. The model developed in Nelson et al., 2024 is a stochastic
continuous-time Markov chain (CTMC) representation of MT dynamics constructed to cap-
ture MT turnover dynamics and explore mechanisms that can regulate MT length. The
model was parameterized to experimental data fronDrosophila dendrites and recapitulates
MT dynamics observedin vivo. Since all modeling work presented in this thesis employs
this CTMC model, we present the fundamentals of the model here.

In the CTMC model, we model MTs using two pairs ordered pairs of coordinates, which
represent the positions of the minus and plus ends of each MT at timé. We typically
assume a xed number of MTs, N, throughout the simulation, and each MT end is in one

of two states: growth, where the MT end is polymerizing at speedfg’ , or shrinking, where

the MT end is depolymerizing at speedvi’ . Microtubule ends transition between these

growth and shrinking states. We de nel % g to be the rate of switching from shrinking to

growth (an event called rescue), whild g,{, s refers to the rate of switching from growth to
shrinking (an event called catastrophe). The plus or minus signs in this notation refer to
the speeds or switching rates at the plus and minus ends of the MTs, respectively. These
MT end dynamics are illustrated in the model cartoon in Figure 1.1.

Our original CTMC model of MT growth dynamics explored how two length-limiting
mechanisms, length-dependent catastrophe and limited tubulin availability, impact quan-
tities such as MT lengths and distributions of MT speeds (Nelson et al., 2024). To model
the length-dependent catastrophe mechanism, the catastrophe rates are set as a function

of microtubule length, L, such that
| 3 s(L)= max | min, M §hs+0(L Lo

In this function, g scales the impact of the length-dependent catastrophe mechanism based
on the di erence between the MT length L and the characteristic length Ly. In the other
length-limiting mechanism, tubulin, the fundamental building block of MTs, is a resource

that is likely limited inside cells. Thus, in the limited tubulin availability mechanism, we
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FIGURE 1.1: Schematic of the continuous-time Markov Chain model showing the MT
end states (growth or shrinking) and how the free tubulin pool depends on MT growth
dynamics.

assume that the MT end growth velocitiesvg/ are functions of the amount of free tubulin,
F, in our system. We also assume that the total amount of tubulin, Ty, is conserved
within the system between free tubulin and tubulin in microtubules. Microtubule growth
depletes the amount of free tubulin,F, while shrinking events replenishF. When MTs grow
in excess of the amount of free tubulin, the growth velocities are limited by the tubulin
availability. These length-regulating mechanisms are illustrated in Figure 1.1 and further

details including their mathematical model implementation are given in Nelson et al., 2024.

Parameter values for models are speci ed in Tables 2.1 and 3.1.

1.3 Thesis overview

In Chapter 2, we use stochastic analysis to explore questions related to microtubule
lifetime and length using simpli ed versions of our CTMC model. In Chapter 3, we ex-
plore mechanisms which regulate microtubule organization in a domain representative of
a dendrite to answer questions related to healthy regulation and injury response in this
environment. We develop a stochastic modeling framework with a spatial ABM description

of microtubules in a linear domain and employ it to validate and understand biologically



identi ed mechanisms of microtubule polarity organization in a healthy environment. We
also use this model to test a theorized mechanism of polarity reversal observed in post-
axotomy dendrite conversion. Further, we interpret results of our model simulations as a
random walk and extend our analysis of results. In Chapter 4, we explore the same ques-
tions of microtubule organization and injury response in an axonal domain. We again de ne
a spatial ABM of microtubule behaviors now in a two-dimensional domain representative
of an axon. Additionally, we de ne an ABM to describe cargo dynamics, given the signi -
cance of e ective cargo transport and localization in healthy and injured axonal domains.
We test experimentally identi ed mechanisms and assess their roles in healthy and injured
microtubule organization. Finally, we conclude with Chapter 5, where we circle back to
the questions of interest posed in Section 1.1 and where our work contributed answers, and

further questions that still remain.



2. Stochastic Analysis of CTMC Microtubule Model

Questions about microtubule lifetime and length impact our understanding of their
dynamics in living systems. While experiments have estimated microtubule length in a few
living systems, the technigues are limited and the results range greatly across organisms
(Rolls et al., 2021). Experimental results for microtubule lifetimes are limited toin vitro
systems, which do not easily extrapolate to in vivo systems. Estimation of the lifetime
of a microtubule has been addressed with mathematical models (Rubin, 1988). Given
the newly-developed CTMC model of MT dynamics carefully parameterized to match data
microtubules in Drosophila neurons (Nelson et al., 2024), we seek to better answer questions
about microtubule lifetime and length using this model.

In this chapter, we use stochastic analysis to further our understanding of our Markov
Chain microtubule model. We nd explicit solutions for the probability of microtubules to
reach speci c target lengths and use SDE hitting time analysis to calculate the expected
lifetime of a microtubule for simplied versions of the model. In Section 2.1, we carry
out this calculation for a model of MT growth and shrinking on only one MT end with
constant switching rates. In Section 2.2, we incorporate the length-dependent catastrophe
mechanism while still representing only one dynamic MT end. We compare results from
these calculations to simulated results of the CTMC model. In Section 2.3, we set up the
system for dynamics on both MT ends with constant rates. Model parameters for plus-end

microtubule dynamics used in this analysis are summarized in Table 2.1.

2.1 Constant rates, one-sided model

We will rst explore analytical calculations with a simpli ed version of our microtubule
model, where we represent dynamics on only one microtubule end and use constant transi-
tion rates and velocities. Dynamics in this model are driven by the operator

L o= Lg _  vgBx

;
s = vex "9 (2.1)



Table 2.1: Plus-end model parameters for analysis of CTMC MT model

Parameter | Meaning Value Units

Vg growth velocity 6 nm /min

Vs shrinking velocity 6 mm /min

| gs catastrophe rate 0.5 (min) 1

| sq rescue rate 0.2811 (min) 1

Lo characteristic MT length 10,20,35 | nm

I min minimum catastrophe rate 0.05 (min) 1

g length-dependence of catastrophe rate | [0, W] (mmmin) 1

where g represents the growth state,s represents the shrinking state andQ is the transition

lgs |sg

matrix between these states,Q = . Parameters| ¢s and | 54 represent the

switching rates from growth to shrinking and shrinking to growth respectively. Parameters
Vg and vs represent the growth and shrinking velocities. We can apply this generator to

any function

a o v_ fgx) _ f(x,9)
F0= £ = flxs

In Section 2.1.1, we solve the homogeneous equatidru = 0. In Section 2.1.2, we solve
Lu= 1. In Section 2.1.3, we apply the solution from Sec 2.1.1 to nd the probability of
a microtubule reaching any target length and extend this solution to add conditions for a
nite hitting time. Finally, in Section 2.1.4, we use the work from the previous sections to

solve for the expected lifetime of a microtubule in this simpli ed model.
2.1.1 Homogeneous solution
To solve Lu = 0, we want to nd a solution to the system of equations
VgBug(x) | gstg(x) + | gsus(x) = 0

VsBiUs(X) + | sqUg(X) | sgus(x) = O

which can be rewritten as

D[ T
1
-
o

(2.2)



lgs  gs
wherelL = I"Sgg ‘I’gsg . The eigenvalues ofL are
Vs Vs

Igs Isg

[1=0, 1= — —
Vg Vs
with corresponding eigenvectors
| !
p . gsVs
svl - L y SVZ - I sgVg
1 1

Thus the solution to the homogeneous equatiorf2.2) is

!
I gsVs

6ll,I(X) =C +cp Isovg d 2X, (2.3)
1 1
2.1.2 Particular solution
For further analysis, we want to nd a solution to the system Lu = 1. We can write
this system as
a
Bu a a
—=Lu+ v, 2.4
= (2.4)
! I
los s’ 4 1
whereL = Yo Y9 andv=
sg Sg =
Vs Vs Vs

We already have the homogeneous solution to this system from Section 2.1.1. Since

. : . . . a a a
is not invertible, we guess a particular solution of the formup(x) = ax+ b for constant

P a .
vectors a and b. Plugging in this guess foru p(Xx) into (2.4), we get
a a a a
a=L(ax+ b)+ v.

Since this solutions holds for allx, we are left with the system of equations

#,
2 =0

é ,
=Lb+ V.

o
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a1

First, from L % = 0 for %1 = , since the columns ofL are equal to each other up

to a factor of 1, we have thata; = a. We rede ne a= a; = a and to write %=

. a _ a
Then from aa =Lb+V with b= E; , since the columns ofL are linearly dependent,
. a b
we can x a value for either b, or b,. We seth, = 0 and renameb; = bsuch that b = 0
Finally, we solve for a and b with the system of equations
>
—_ s 1
a= V—Zb v
%a: I\/%b+ V—ls
to get
| gst+ | Vgt V
a= _ 95 'sg and b= L (25)
Finally we have the particular solution
a a b
Up(x) = a X+ 0 (2.6)

Putting this particular solution together with our homogeneous solution in (2.3), our

full solution to (2.4) will take the form

|
Vsl gs

1 a
+ Vgl s X 4 +
g te Yo é o, X (2.7)

e

él‘,l(X) =

o

with | 5 = 'T‘; ' and aand b as shown in(2.5).

2.1.3 Probability of reaching target length

Biologically, there are many circumstances in which we are interested in how far a micro-
tubule end could be expected to travel. For example, biologists have studied the probability
that a newly-nucleated microtubule will grow past a target 2 mm from its nucleation loca-

tion. While there is a probability of reaching this target inherent to the growth dynamics
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FIGURE 2.1: Probability of reaching target length in growth given starting length in
growth (left) or shrinking (right) for constant rate case

of the microtubule ends, biologists have also identi ed an additional checkpoint mechanism
which prevents new nucleations (that are not aligned with existing microtubule content)
from reaching this target. To better understand the impact of this checkpoint mechanism,
we rst need to quantify the probability that a microtubule will hit this 2 nm target based
on its growth dynamics alone. Other applications of this analysis include understanding
the probability of a microtubule to reach another nucleation location to be able to relay its
polarity information to other areas of the domain.

We solve for the probability that a microtubule hits a target length | nm in growth
before reaching complete catastrophe (i.e. lengtB nm in shrinking). For a microtubule of

starting length x nm and starting state i P[g, 5], this probability is given by the solution,

pi(x,1), to
#

Lgpg(x,1)= 0, pg(l,1)=1

(2.8)
Lsps(x,1) = 0, ps(0,1)= 0.

We use the solution to the homogeneous equatioh?) = 0 as given by(2.3) and apply our

boundary conditions to obtain the solution

| gsVs

DR ? d 2 (2.9)

(RS
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FIGURE 2.2: Probability of new MT nucleations reaching target length, T(l), in constant
rate case

with

lgs |s | sqv
l,= -2 % and (l) = Y
Vg Vs | sqvg | gsvs€!2

We plot results in Figure 2.1 given model parameters from Table 2.1. Results intuitively
show that the probability of reaching a target length decreases as target length increases
and initial length decreases. Additionally, microtubules initialized in shrinking have a lower
probability of reaching any target length in growth than those initialized in growth.

We are particularly interested in the dynamics of a newly-nucleated microtubule, so we
de ne T(I) := pgy(0,l). Simplifying, we obtain an explicit expression for the probability of

new nucleations to reach any target length as

| sqVg | gsV
T()= =99 955 (2.10)

and visualize the solution in Figure 2.2. From this equation, we identify probabilities
of interest, including the probability that a new nucleation grows at least 2 nm, which is
T(2) = 0.853 and the probability that a new nucleation reaches another nucleation location

10 mm away, which is T(10) = 0.499 Further, this result provides some intuition for the
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expected length of a microtubule. While this is not explicitly providing the MT length
distribution, it does suggest that very long MTs are unlikely in this model, which aligns
with biological intuition.

Finally, we can interpret this solution to understand what must be true if a microtubule
has a nite lifetime. Speci cally, 2.9 gives the probability of a microtubule reaching length|
before lengthO. If the expected lifetime of a microtubule is nite, then as | goes to in nity,
this probability must go to 0. Further, if limgg p(x) = 0, we must have thatl, j 0.

Therefore, we have the condition
if E(MT lifetime) 8 ,thenl,j O (2.11)

While this analysis does not give us conditions under which the expected lifetime is guar-

anteed to be nite, we will use this condition to nd a solution in Section 2.1.4.

2.1.4 Expected MT lifetime

We combine work from the previous sections to nd the expected lifetime of a micro-
tubule. A microtubule's lifetime ends when the microtubule reaches a length of 0. Con-
sider the Markov Chain (X(t), J(t)) where X(t) is the length and J(t), with J(t) P(g,s), is
the state of the MT at time t with initial conditions X(0) = x and J(0) = j. The expected

lifetime of a microtubule can be de ned as the hitting time
t = infttj O;X(t)= 0,J(t) = su.

By Dynkin's Formula, we have

))t

ECf(X(1), X)) = E(f(X(0), X0)) + E . L £(X(s), As))dgX(0) = x, J0) = ]

))t

= E(f(x,j)+ E Lf(X(s),Js))ddX(0)= x,J0) =] . (2.12)
0
Then, suppose we have eéﬁ(x) = 3983 such that U solves
#
Lgug(x) = 1

(2.13)
Lsus(x)= 1, ug(0)= 0
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where the initial condition us(0) = 0 corresponds to the target of hitting complete catas-
trophe, i.e. length O in a shrinking state.

SupposeE(t) is nite. Note that we do not prove this condition here, but have an
active collaboration to establish this claim. Then evaluating (2.12) at hitting time t = t

for éb(x) which solves(2.13) we get
»

E(u(X(t), Xt))) = u(x,j)+ Ey; . 1ds

Exi(u(0.9) = u(xj) Exj(t)
0= u(xj) Exi(t)

Exj(t) = u(x,j).

Thus, the expected time to complete catastrophe for a MT initialized with length x in state
j is uj(x).

From our work in Section 2.1.2,?1(x) will take the form (2.7). In Section 2.1.3, we
note that if E(t) 8 thenl, j 0. Since the constantc, is on a term with a positive
exponential, to ensure our solution is nite for all x corresponding toE(t) 8 , we must
have c, = 0. The boundary condition ug(0) = 0 gives usc; = 0. That leaves our full

solution

a _a b
u(x) = a Xt o - (2.14)

Using model parameters as given in Table 2.1, we plotig(x) and us(x) in Figure 2.3.
Note that this solution satis es three intuitive conditions. First, ug(x) i us(x) for all x
which indicates MTs initialized in growth will have a longer lifetime than those initialized
in shrinking with the same length. Second,ug(x) us(x) is constant for all x since growth
and switching rates are independent of length. Finally,ug(x) i 0 and us(x) j O for all
X i 0 giving interpretable values for MT lifetimes.

With this solution, we obtain the expected lifetime of a microtubule starting in growth

15



FIGURE 2.3: Expected time to complete catastrophe given initial length for microtubules
starting in growth (blue) or shrinking (red) for constant rate case

at length 0, which is given by

Vgt Vs

ug(0) = (2.15)

Vsl gs Vgl sg

With the given model parameters, we haveug(0)  9.14 minutes. Therefore, in the case
where we model no length-regulating mechanisms and only take into account the plus end
dynamics, we estimate the lifetime of a newly nucleated MT to be just over9 minutes.
Further, we have described an equation fOIié.l (x) which gives the expected time to complete

catastrophe for a MT of any length starting in either state.
2.2 Length-dependent catastrophe, one-sided model

The solutions in Section 2.1 give good intuition for microtubule behavior in a simpli-
ed version of our model. However, to more accurately capture MT behavior, we need
to represent additional complexities implemented in our CTMC model. We start by in-
corporating the length-dependent catastrophe mechanism to our system. In the CTMC

model, the length-dependent catastrophe mechanism is implemented by setting rateys as
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an increasing function of MT length, de ned by
I~gs(X) = max | min,l gs*+ g(x Lo) .

This equation centers around a characteristic MT length,Lq, and lowers the switching rate
from its baseline value,| 4s, for MTs with length less than Lo and increases it for MTs with
length greater than Lo. The magnitude of this length dependence is determined byg. The
parameter | i, is the minimum switching rate and prevents the switching rate from being
zero or negative.

To simplify our analysis, we limit the parameter space considered to that where

Imgs(x) = lgs+ g(x Lo)

suchthat!l min @ | gs+ g(x Lo). Sincex ¥ 0, we satisfy this inequality if | min @ | gs  gLo.
In this work, we select combinations of parameterdo and g to satisfy this inequality. In

particular, for any xed Lo, we will limit g to the range [O,w]. Parameters are
summarized in Table 2.1. Note, if we are in a parameter regime in which p;p, rgs glLo
we would split the domain into two sub-problems as in Nelson et al., 2026: one for x
values wherel min i fgs gLo so the switching rate is constant and one for x values where

I min @ INgs gLo so the switching rate is length-dependent.

In the length-dependent catastrophe case, our operator then becomes

— Lg _ vgBx T
L = ls — VeBX + Q' (x) (2.16)
where Q(x) = Las(x) g . As in Section 2.1, we use this operator to solve for var-
I gS(X) I Sg

jous analytic quantities in our model. In Section 2.2.1, we solve the homogeneous equation
Lu = 0. In Section 2.2.2, we solveLu = 1. In Section 2.2.3, we apply the solution
from Sec 2.2.1 to nd the probability of a microtubule reaching any target length. In

Section 2.2.4, we use the solution in Section 2.2.2 to solve for the expected lifetime of
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a microtubule in this simpli ed model. Finally, in Section 2.2.5, we explore parameter

dependence of these solutions and compare our analytic solutions to simulated results.

2.2.1 Homogeneous solution

- }
We start by nding the homogeneous solution to the systemﬁh =L (x)ﬁh(x) where

0 . N 1
I gs(X) I gs(x) a 4
L(x) = @ o o A. We seek a general solution of the formupn(x) = cw; +
sg sg
Vs Vs
a . . . a 1
CoWp. Sinceug = Us satis es the homogeneous equation, we have/; = as our rst

1

solution. We have a linear system of ODEs withu n(X) PR? so we expect one more linearly

independent solution. We use Liouville's Formula (also known as Abel's Identity) to nd a

Uga(X)

. Liouville's Formula states
us2(x)

. a
second solution of the formw, =

Theorem 1. Let%vl, \iavz solvel = L (x)etlj forallj(x) PR? and let W be their Wronskian. Then

»X

W(x) = W(xo) exp trL (y)dy

Xo

Note that the Wronskian is de ned as W(x) := det(svl(x)ﬁé/vz(x)). Using Liouville's
Formula for our problem, with xg = 0, we obtain

»
1 uga(x) _ det ! ug2(0) exp *lgs+ gy 9glo Iﬂdy

det =
1 us(X) 1 u(0) 0 Vg Vs

9 2, los gbo Tsg

U(X) Uga(X) = us(0) ug2(0) exp

g Vg. Vg Vs
ug(X) Ug(X) = uw(0) ugp(0) exp ax’+ bx (2.17)
where
a= 29\/9, and b= lvzs gvl;o lvssg (2.18)
From the homogeneous ODEs we also have:
% = Ivssg( g Us)



so plugging in 39 = 392 and (2.17)we get the di erential equation:
S
I
% = —Ssg ugp(0) uw(0) exp ax’+ bx .
Integrating, we obtain:
»
I X
Ue(X) u2(@= 2 up(0) ue(0) &Mdy (2.19)
S

To solve this integral, we need to use the imaginary error function

» ’)7
edx = 7per (x)+ C.

We complete the square to rewrite(2.19) as:

»

| 27X 2ayrb 2

Ug(X) = ug(0) + —ng ug2(0)  us(0) eTg e 2a (dy.
S 0

and integrate to get the solution

”
I D 2ax+ b
Us(X) = Ug(0) + ( ug(0) USZ(O))%%‘ET& er Z'Lé er %
S

Combining this solution for ugp with (2.17) we also have

Ug2(X) = Ug(X) + (Ug2(0)  Us(0)) e+ DX,

Since we are looking for a general solution, we can make any choice for the integration

constants. We will let ug(0) = 1 and us(0) = 0 to obtain

Ugz(X) = Ugp(x) + X+ DX (2.20)
?
lsg p ® 2a§+ b ,9
=_>2 2" a7 er PR er PR 2.21
Us2() Vs 2 a 2 a 2 a ( )

for our second general solution. Finally, our homogeneous solution is given by

a 1 Ugz(X
up(x) = & 1 t@ uizzgxg

with parameters a and b de ned by (2.18)
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2.2.2 Particular solution
Next, we will use the Method of Variation of Parameters to nd a particular solution

|
Bug
Bx = @ Vg
I'sg
Vs

S
Bx Vs

to Lu= 1 which expands to the system
0. I
I gs(x) I gs(x) u 1
va A0 4 Vo (2.22)
Us v

I sg

- .
We will denote this systemeﬁ (x)=1L (X)ell,l + V. Let U(x) be the fundamental matrix for

1 ug(x)

the homogeneous system. That is, let
1 usp(x)

h ) i
UX) = Wai(x) Wa(x) =

so that UX(x) = L (x)U(x). We seek a particular solution of the form

Up(x) = UV (%)

whereéy(x) is to be determined. Taking the derivative ofébp(x) and making substitutions

for known quantities, we arrive at the equation
a1, . a al
Up(x) = LX) up(x)+ U(x)y (x).

. - }
Sincel p(X) is a solution of the original system of ODEs, we also have o(X) =L (x)ah p(x)+

; 1 ;
V. Equating these two statements, we are left with the equatiorU(x)%/ (x) = V. Plugging

in our de nitions for U(x) and 2\‘/ we get:
m 1 #

1 ug(x Vo

2(X) yiy) = 17

1 use(X) 7

as the system of equations to solve fo%/(x). Sincedet(U) = us(x) ug(x) O, we can

use Cramer's rule to rewrite our system as
1on Tglusz(x) VlsugZ(X)

yg(x) -
Us2(X)  Uga(X)

1, 1
Vs | Vg

1 —
Ys) = 1000 U0
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We will rst solve for ys(x). Plugging in our solutions for us(x) and ug(x) we get

1 1 X2
1 — (ax“+ bx)
X) = —+ — €
yS( ) Vs Vg

To integrate both sides, we will use the same approach used for the homogeneous solution

and the error function de ned as
» 7 _
e ¥dx = Tperf(x)+ C.

Again we can choose any constant of integration so lettings(0) = 0 we obtain the solution

?_
2 +
ys(X) = i+i eﬁ.ip, erf @,—b erf L
Vs Vg 2 a 2 2 a

To solve foryy(x) we need to solve the di erential equation

s
I ‘D +

yé(x):i+ 11 cemglsogZ P 2%tb o H

Vs Vs Vg Vg 2 a 2 a 2 a

However, this integral cannot be solved explicitly. The full solution will take the form

Ug(X) =C ! + C UQZ(X) + 1 UQZ(X) yg(X) (2.23)

us(X) 1 Uso(x) 1 ugp(x)  ys(x)
2.2.3 Probability of reaching a target length

As in Section 2.1.3, we use the homogeneous solution to nd the probability that a
microtubule initialized in either state with length x nm will hit any target length, | nm, in
growth. Speci cally, this probability is given by the solution to the system

#
(o= 0 G- o @28
We plot G(x,1) for g = 0.01and Lo = 20 in Figure 2.4. To better illustrate the impact
of length-dependent catastrophe, we visualize the di erence between the length-dependent

catastrophe case and the constant rate case in Figure 2.5. Across much of the domain,
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FIGURE 2.4: Probability of reaching target length in growth given starting length in
growth (left) or shrinking (right) for length dependent catastrophe case with g = 0.01
and Lg = 20

FIGURE 2.5: Difference between length-dependent catastrophe case § = 0.01,Lg = 20)
and constant rate case for probability of reaching target length in growth given starting
length in growth (left) or shrinking (right)
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there is almost no di erence between the probabilities in these cases. In particular, for MTs
starting in growth with initial length greater than the target length, these calculations both
predict a probability of 1 for reaching the target length. However, for MTs starting in growth
with initial length less than the target length we see regions where the constant rate case
has a higher probability and where the length-dependent case has a higher probability of
reaching the target. Speci cally, for small initial lengths, the length-dependent catastrophe
case predicts a higher probability of reaching the target in growth, while for larger initial
lengths, the constant rate case predicts a higher probability. For microtubules initialized
in a shrinking state, the probabilities between the two cases are very similar, with a higher
probability in some regions for the constant rate case.

Since we are primarily interested in the distance reached by new MT nucleations, we fo-
cus onGy(0,1). We will denote this probability for length-dependent catastrophe parameter

g as Ty(l). The solution for g = 0, is given by (2.10) For g j O, we obtain

1
To()= T —%7> (2.25)
vew g e (B) er () +e

wherea = 2%, andb = 'V% gv—:‘J 'v—ssg We observe these probability distributions in Figure
2.6 for a range ofg ¥ O with Lo = 20. Note that for g = 0.01and Lo = 20, the probability

of reaching2 mm is 90.6% This results matches simulated results of the full CTMC MT
model with the same parameters as shown in shown in Figure A.1. More broadly, we see
that as g increases, the probability of a MT reaching small target lengths increases, while
the probability of reaching large target lengths decreases. This behavior is intuitive, since
g increases the catastrophe rate for MTs with length greater than the characteristic length
and decreases it for MTs with length less than the characteristic length. However, this

change takes place around a target length ofi5 nm. Since the characteristic length is

20 nm, this indicates that a more complex interaction of factors produces these results.
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FIGURE 2.6: Probability of new MT nucleation reaching target length in
length-dependent catastrophe case for various g values, Tg(l)

2.2.4 Expected MT lifetime

As before, if the expected lifetime of a microtubule is nite, orE(t) = 8 fort =
inftt j 0;X(t) = 0,J(t) = sy, then E(t) = u(x,]j) for u(x,j) which solves

#
Lu(x,])

u(0,s)

Il
o
=

With the boundary condition, ug(0) = O, we can solve for one of our unknown constants
from (2.23) Note that we have already setug(0) = 1, us(0) = 0, and ys(0) = 0. We will

also letyy(0) = 0. Then we have
us(0) = ¢ + Cus(0) + yg(0) + ux(0)ys(0) = ¢ = 0. (2.26)
This leaves only one unknown constantgc, in our solution

ugZ(X) + 1 ugZ(X) yg(x) (227)

u=c <) 1 ug(X)  ys(x)
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where

Uga(X) = Ug(x) + e+ bx

I)
s P F o 22%tD y
Up(X) = —=-2=e4  er ?— er 72—
2(x) %2 a 5= 2=
5 b
1.1 2ax+
ys(x) = S+ 2 ek ef B0 o P
Vs Vg 2 a 2 a 2 a
?_
yé(x):i+ i+i e(ax2+bx)lj3e4722i er %;b or L
Vs Vg Vg Vs 2 a 2" a > a
-9
a_2vg

p=los 9dlo Isg
Vg Vg Vs
We will use intuitive conditions to solve for c;. Since ug(x) and us(x) represent the
expected lifetime of a MT initialized at length x in growth and shrinking respectively, we
must have ug(x) us(x) ¥ O for all x. Additionally, since limygg | gs(x) = 8, for large x,
MTs starting in growth will switch immediately to shrinking, leading to no di erence in the
expected time to complete catastrophe based on initial state. Therefordim ygg Ug(x)
us(x) = 0.
Based on these insights, we rewrite our full solution in the form
Ug = Ug(C2+ Ys) + Yg
Us = Up(C2+ Ys) + Yg.
From this form, we have
Ug Us=(C+ ys)(Ugp Us)

Note ugp Us = X+ bX  This is positive for all x and sincea j 0, limygg Ug(X)
ugp(x) = 8. Therefore, we needed; + ys(x) ¥ O for all x and limyyg o+ ys(x) = 8.

Sinceys(x) is a negative, decreasing function, to satisfy these conditions we let

2= lim ys(x).
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FIGURE 2.7: Expected time to complete catastrophe given initial length for microtubules
starting in growth (blue) or shrinking (red) for length-dependent case with g = 0.01 and

Lo= 20
Given limygg erf(x) = 1, we have
?_
1 1 2
= T4+l EP g e B (2.28)
Vs Vg 2 a 2

to nish our solution.

Integrating to solve for yq numerically allows us to visualize solutions for the expected
time to complete catastrophe. We again use the model parameters given in Table 2.1 as well
asLo= 20andg = 0.01and plot ug(x) and us(x) in Figure 2.7. Note, ug(0) = ¢, which for
these parameters gives an expected MT lifetime of approximately 9.5 minutes. Note that
these parameters give a similar expected lifetime of a newly-nucleated microtubule as our
calculation in the constant rate case. However, the expected lifetimes in the constant rate

case and the length-dependent case di er more signi cantly as the initial length increases.
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FIGURE 2.8: Expected MT lifetime given weight of length-dependent catastrophe ( g) for
various characteristic lengths (Lg)

2.2.5 Parameter dependence and comparison to simulated results

To understand the impact of length-dependent catastrophe on microtubule lifetime,
we calculate the expected lifetimeug(0), for a range ofg values and severalLo values.
For g = 0, ug(0) is given by (2.15) while for g i 0, ug(0) is given by (2.28) We test
characteristic MT length Lg values of 10, 20 and 35 and varyg within the constraints
recorded in Table 2.1. We visualize the results in Figure 2.8. We nd that the expected
lifetime primarily decreases ing for Lo = 10 and increases ing for Lo = 35. For Lo = 20,
we see a combination of these e ects as expected lifetime rst decreases and then increases
in g.

Recall that the length-dependent catastrophe decreases the switching rate from growth
to shrinking from its baseline value for MT lengths less thanLg, while it increases it for
MT lengths greater than Lo. These results demonstrate that the combination of these
adjustments have di erent e ects depending on the choice ofLg. For small Lg, MTs are

typically larger than Lg, so the length-dependent catastrophe mechanism will make most
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FIGURE 2.9: Expected MT lifetime given weight of length-dependent catastrophe ( g) for
analytic calculation (blue) and average simulation results (red) with Lo = 35

MTs spend more time in shrinking, leading to a decrease in expected lifetime @sincreases.
On the other hand, for large Lo, MTs are typically smaller than Ly, so length-dependent
catastrophe will make most MTs spend more time in growth, leading to an increase in
expected lifetime asg increases. An intermediate choice ok, demonstrates a combination
of these e ects.

Finally, we compare our analytic calculations of expected lifetime to average MT life-
times from simulation of the CTMC model as described in Section 1.2. We report results
from simulations in Figure 2.9. For simulation results, we take the average MT lifetime over
1000 MTs seeded at length 0 in growth withLg = 35 for g P[0,0.013. We see reasonable
agreement between analytic and simulation results fog = 0 but this agreement worsens as
g increases. The primary di erence between our analytic calculation and our simulations

is that our analytic calculations to do not account for limited tubulin availability or length-
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dependent dynamics on the microtubule minus end. Limited tubulin availability decreases
growth velocities, so we would expect including this behavior in our analytic calculation to
decrease the expected microtubule lifetime. Minus ends typically experience slow sustained
growth, which likely increases the simulated MT lifetimes. Given that our analytic calcula-
tion is already an underestimate of microtubule lifetime, it is likely the minus end dynamics
have a more signi cant impact. Not capturing the dynamics on both microtubule ends in

our analytic calculations is likely what leads to this underestimate.

2.3 Two-sided model set-up

To capture dynamics on both the plus and minus ends of microtubules, our generator
increases from a two-state system to a four-state system. The states are each possible
combination of growth or shrinking on the plus and minus end. We will denote the four
possible state combinations byg*g , g*s , s"g , and s*s where for exampleg*s
represents a MT in a growth state on its plus end and shrinking state on its minus end.

With this notation, our four state generator becomes

1 0
L+ V§+Vg
L S§ %g § T
= Bx + 2.29
% X e, Q (2.29)
s Vi
where
0 1
(gst1g | | |+
+|+| Sg sg Sg° sg
(I gs+ | sq + +
|+|g) I'sol gs I sg
. (I sg+ 1 gs
Igslsg + ls
+1 |gs) g
(I 59+ | sq

+ +
15 g | %

9s R

Note if accounting for length-dependent catastrophe] gg !/ will depend on x for both the

plus and minus end.
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A microtubule will reach complete catastrophe when it has reached lengtl® in states
stg ors's . A microtubule in state g*s will never reach length O because the growth
velocity on the plus end is faster than the shrinking velocity on the minus end. Therefore,

in the four state model, our hitting time for complete catastrophe is de ned as:

t = infttj 0;X(t)= 0,)t) = ts"'g ,s"s uu

To solve for the expected lifetime, we will need to nd a solution to the system

Lu= 1
Us+g (O) =0
Ugr g (0) =0

However, our system is under-de ned and the eigenvectors @' are analytically intractable.

Further analysis and interpretation of this model remain subject for future work.
2.4 Discussion

These calculations further our understanding of core aspects of microtubule dynamics.
With an explicit solution for microtubule lifetime in simpli ed versions of this model, we
can identify the in uence of di erent parameters on the longevity of a microtubule. Further,
calculations with length-dependent catastrophe allow us to better understand the impact
of these mechanisms in our model and better inform our parameter choices. However,
given the complexity of the analysis, we are unable to answer questions about microtubule
lifetime in the context of the full CTMC model. By comparing analytic results to simulated
averages, we have estimated the e ect of the unrepresented components, like the dynamics
of the minus end. Finding an explicit form of the solution for the full model will remain

the topic for future analysis.
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3. Microtubule polarity in healthy dendrites and
dendrite conversion post-axotomy

Previous work to develop and analyze a CTMC model of microtubule dynamics pro-
duced a realistic model informed by biological data and provided insight into key char-
acteristics of microtubule behaviors in neurons (Nelson et al., 2024, Nelson et al., 2026).
However, many questions still remain about the spatial regulation of microtubule nucleation
and how this process contributes to polarity regulation. Here, we focus on mechanisms that
enable dynamic microtubules to maintain a highly polarized, noncentrosomal array in long
linear domains representative of a dendrite. We are particularly interested in how ex-
perimentally identi ed nucleation feedback and checkpoint mechanisms can contribute to
biased polarity in these domains (Scanlon et al., 2025, Feng et al., 2021). Using a stochastic
modeling framework, we nd that a nucleation feedback mechanism is su cient to drive
biased microtubule polarity in dendrites, and we predict that di erent biased polarities can
emerge. Further, we validate that an anti-parallel source of microtubules from the cell body
is su cient to produce the polarity reversal observed in dendrites after axotomy.

In Section 3.1, we derive and parameterize a checkpoint mechanism that validates recent
experimental observations. In Section 3.2, we describe our mathematical modeling frame-
work for the dendrite model, including our construction of a spatially explicit microtubule
model and our implementation of nucleation-based mechanisms of polarity regulation. In
Section 3.3, we demonstrate the impact of nucleation mechanisms on polar microtubule
organization, and we show model predictions of the emergence of stable, biased MT po-
larity. In Section 3.4, we demonstrate polarity reversal throughout the dendrite domain
driven by anti-parallel microtubules nucleated at the cell body, consistent with behavior
observed in dendrites post-axotomy. In Section 3.5, we extend our understanding of the
phase-separation behavior observed in our model to reach fully-biased polarity through

characterization and analysis of the process as a random walk.
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3.1 Checkpoint mechanism derivation

In Scanlon et al., 2025, we consider control of the direction of new microtubule nu-
cleations and nd that the direction of nucleation of new microtubules is dependent on
pre-existing microtubule content. In addition, the biological ndings in Feng et al., 2021
suggest that, after this step, there is an additional quality control or checkpoint mecha-
nism that controls the fate of these new microtubules. Speci cally, the study nds that
nucleations with the same orientation as pre-existing microtubules are more likely to grow
at least 2 nm past the branch point at which they were nucleated than those with the
opposite orientation. Feng et al., 2021 measures checkpoint success rates of PEO and MEO
MT nucleations in two di erent dendritic polarity environments. These data are depicted
in Figure 3.1a and recorded in Table 3.1. However, it remains challenging to determine how
this checkpoint mechanism functions purely based on these biological observations.

In this section, we hypothesize realistic designs of the checkpoint mechanism and in-
vestigate whether they are consistent with the biological observations in Feng et al., 2021
using theoretical probability calculations. We rst calculate the baseline probability that
a new nucleation grows at leas nm past its nucleation site, in the absence of any mech-
anism, in Section 3.1.1. In Section 3.1.2, we de ne the two polarity environments tracked
in experiments and relevant to our calculations. In Section 3.1.3, we design a simple check-
point mechanism and nd that it is not su cient to match the observed checkpoint success
rate data. Finally in Section 3.1.4, we propose a two-step checkpoint model design, derive

necessary parameters, and verify that it matches the observed data.

3.1.1 Baseline growth

Since the checkpoint data in Feng et al., 2021 measures the success rate of MT plus
ends growing2 mm past the branch point at which they were nucleated, we rst aim to
quantify this probability in our base model of MT dynamic instability. First, we simplify
the geometry of the environment by representing the branch point at which the MT was

nucleated by a point which we will refer to as a nucleation location. Then, we use our pre-
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viously published model of MT polymerization dynamics in Nelson et al., 2024 to quantify
the percentage of MTs which grow at leas nm from nucleation. Numerical simulations of
over 1,800 MT lifetimes, from nucleation to full catastrophe, revealed that approximately
90% of plus ends grow at leas? nmm past their nucleation location (Appendix Figure A.1).

We also verify this probability with calculations from Section 2.2.3 which show analytically
the probability of a microtubule plus end growing at least2 microns is about90% We use
Dy to denote the distance in microns that the MT plus end grows from the nucleation site.
With this notation, the baseline growth probability for the checkpoint mechanism can be
written as P(Dy ¥ 2) 0.9, Any checkpoint mechanism applied to new MT nucleations

will further reduce this probability that a MT successfully exits the nucleation site.

3.1.2 Environment de nition

In Feng et al., 2021, checkpoint success rates are reported for all exit directions in both an
environment with primarily MEO polarity and an environment with mixed polarity. To test
the probability of MT exit success based on di erent nucleation mechanisms, we must de ne
each of these environments. In the control environment, roughly¥90% of microtubules are
MEO. On the other hand, neurons with Patronin or kinesin-2 knockdown exhibit a mixed

environment, where roughly50% of microtubules are MEO. We de ne P(PreMTa’rVPat ) to

be the probability that a local pre-existing microtubule is oriented PEO (+) or MEO (-) in
the control (Ctrl) or Patronin (Pat) polarity environments and record these experimental
parameters in Table 3.1. We will use these probabilities to inform the expected success

rates of our checkpoint mechanism designs.

3.1.3 Simple mechanism design
We rst consider a simple design for the checkpoint mechanism, which assumes that a
new nucleation will survive the checkpoint if there is at least one local, pre-existing MT

with the same polarity as the new nucleation. Therefore the probability of a PEO(+) or

MEO ( ) nucleation exiting the checkpoint successfully2 mm from the nucleation location
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FIGURE 3.1: Checkpoint mechanism data, design and validation: (a) experimental
checkpoint success rates data from Feng et al., 2021 for PEO and MEO nucleation
directions in control (Ctrl) and Patronin knockdown (Pat) background environments; (b)
simple mechanism design and calculated success rates which do not match experimental
data, (c) proposed mechanism design and derivation with calculated success rates which
match experimental data.

P(success’ )= P(Dy¥ 2)P(n*/ ¥ 1)

where n*/ is the number of local, pre-existing PEO or MEO MTs at that site. The
expressionP(n*/ ¥ 1) is thus equal to 1 minus the probability that all local MTs have

the opposite polarity from the newly nucleated MT. We can re-write this probability as:
P(n*/ ¥1)=(1 P(n'*=n)=(1 (P(PreMT " N" (3.1)

wheren = n* + n , i.e. the total number of local, pre-existing MTs.
Since studies have observed 10-20 MTs on average in a cross-section of a dendrite (Kim

et al., 2012; Zhang et al., 2024), we approximate that there are = 15 existing MTs at a
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nucleation site and test the probability that a MT survives this checkpoint mechanism. The
results of this calculation in each polarity environment and for each nucleation direction
given the experimental measurements in Section 3.1.2 are shown in Figure 3.1b. Notably,
these success probabilities do not match those from the experimental data illustrated in
Figure 3.1a. In particular, all estimated exit success rates are higher and the di erence
between MEO and PEO rates in the Ctrl environment is less pronounced than is observed
in the experimental checkpoint success rates. This indicates that this simple checkpoint
mechanism assumption is not su cient to reproduce the fate of newly nucleated MTs at

dendrite nucleation sites.

3.1.4 Proposed mechanism design

We propose a more complex checkpoint mechanism design to better reproduce the ob-
served MT exit success rates while preserving the dependence of this mechanism on pre-
existing, local MTs. As noted in Section 3.1.3, this mechanism should generate lower overall
success rates and a larger di erence between MEO and PEO nucleation success in the Ctrl
environment compared to the simple mechanism design.

One adjustment is that there is some probability that MT nucleations fail independently
of local MT content at that site. This adjustment is biologically realistic, as we often observe
very short-lived microtubules after nucleation. Mathematically, changing the model to allow
for nucleation failure independently of local MT content has the potential to account for
the low checkpoint success rate for MEO MTs observed in the Ctrl environment@6%, see
Figure 3.1a), where almost all pre-existing MT content matches the orientation of MEO
nucleated MTs. Another possible adjustment is that only a subset of the local MTs at
a nucleation site can inform the checkpoint mechanism. This is plausible, since newly
nucleated MTs may only be able to observe a limited number of pre-existing MTs, due to
spatial constraints. Mathematically, decreasing the number of local MTs that in uence MT
alignment is likely to decrease all success rates and to increase the di erence between MEO

and PEO nucleations in the Ctrl environment (see Equation(3.1)).
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These two adjustments suggest a checkpoint mechanism where the probability of check-

point success for a PEO or MEO nucleated microtubule is given by:
P success’ =P (Dy¥ 2)(1 P (autofail))P n!/ ¥1 (3.2)

where P (autofail) is an automatic probability of failing the checkpoint regardless of the
orientation of pre-existing MTs, and ng = n{ + ng is the number of MTs (selected from
the local pre-existing MTs) that inform the checkpoint success. Similarly to Equation(3.1),
the expression for observing a parallel pre-existing MT becomes

Ns

Pni ¥1 =1 P PreMT. "

S Ctrl/Pat (3'3)

To parameterize this mechanism, we need to determine parametef(autofail) and ng
that match the biological observations. First, we use the MEO success rate in the Cirl
environment to determine P (autofail) (Figure 3.1c, input in grey). Assuming that newly
nucleated MTs observe at least 2 local existing MT (i.e.,ns ¥ 2), we approximate that

Ns

1 P PreMT¢, 1 and thus P (autofail)  0.25 Using this value and the observed
success probability for MEO microtubules in the Pat environment (Figure 3.1c, input in
purple), we nd that ng 6.

Finally, we validate this mechanism design and parameterization by calculating the
resulting probability of success for PEO MT nucleations in both polarity environments and
comparing to the biological data. The output probabilities are shown in Figure 3.1c in black
and match the observed checkpoint success rates shown in Figure 3.1a from Feng et al., 2021
remarkably well. We will detail the implementation of this checkpoint mechanism design
with an automatic failure probability and survival dependent on observing a pre-existing,

parallel MT from a subset of local MTs in our spatial mathematical model of this system

in Section 3.2.3. The derived model parameters are presented in Table 3.1.
3.2 Dendrite model

We seek to understand how mechanisms which dictate the polarity of new nucleation

contribute to regulation of MT polarity across linear domain. We develop a mathematical

36



model of MT dynamics in a linear spatial domain, where the polarity regulation mechanisms
are implemented at periodically spaced nucleation locations. In Section 3.2.1, we describe
our construction of a spatially explicit model. In Section 3.2.2, we present our model
implementation of the nucleation feedback mechanism identi ed in Scanlon et al., 2025. In
Section 3.2.3, we detail our model construction of the checkpoint mechanism as derived in
Section 3.1. Finally, in Section 3.2.4, we describe the algorithm used to simulate this model.
Table 3.1 presents key parameters that are used in the stochastic model and experimentally

observed quantities that inform our choices.

3.2.1 Spatial model design

To capture MT dynamics in a dendrite, we design a spatially explicit stochastic model
in a linear domain. This domain is scaled to resemble the primary trunk of the dendrite
from a Drosphila sensory neuron (Figure 3.2a) and parameterized by experimental results
from this system. Within this domain structure, we denote periodic sites in which all
nucleation events and regulation mechanisms take place which we refer to as nucleation
locations. These nucleation locations represent the branch points iDrosophila dendrites
where nucleation is typically observed.

We orient our domain vertically with the bottom domain boundary representing the cell
body and the top domain boundary representing the neurite tip (Figure 3.2b). To explore
relevant behaviors in our stochastic model, we consider two di erent domain lengths. In
the rst domain, we model a single nucleation location in a domain of length20 mm (see
Results Section 3.3.1). In the second domain, we represent six equally spaced nucleation
locations in a domain of length70 mm (see Results Sections 3.3.2-3.3.4). In both domains,
we maintain a distance of 10 mm between each nucleation location or domain boundary
(cell body or tip). The longer spatial domain is representative of aDrosophila sensory
neuron dendritic trunk, where there are typically fewer than ten nucleation locations, and
the distance between consecutive nucleation sites is approximatel¥0 mm (see example

in Figure 3.2a). With these two con gurations, we explore polarity behavior governed
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by mechanisms at a single nucleation site as well as behavior emerging from interacting
nucleation locations. We con ne MTs to these linear domains so that growth beyond the
top and bottom boundaries is not permitted.

As in Nelson et al., 2024, we assume a constant number of MTs. This is a reasonable
assumption in healthy settings, where nucleation is known to be heavily controlled in the cell
(L. Chen et al., 2012; Hertzler et al., 2020). Therefore, in our model, when a MT completely
catastrophes, a new MT nucleates at a nucleation site selected at random. We populate
the shorter domain with 20 MTs and our longer domain with 60 MTs. In each simulation,
the MTs have a characteristic length of 20 nm, based on the model of MT growth and
shrinking described in Section 1.2. Our choices of MT number and length were based on
experimental information on the number of MTs typically expected in a cross section of a
dendrite. While there is little data accurately quantifying the total MT number or length in
vivo in neurons, studies have observed 10-20 overlapping MTs on average in a cross-section
of a dendrite (Kim et al., 2012; Zhang et al., 2024). Our model set-up generates 9 and
13 MTs on average in cross-sections of the shorter and longer domains respectively, with
most cross-sections in both cases consistent with the realistic range of 10-20 MTs. A larger
number of MTs (than would be proportional to the domain length) is required in the shorter
domain in order to match the target number of MTs in each cross-section. These choices
of MT numbers and length result in the emergence of overlapping MTs in cross-sections of
the model neurites, with the cytoskeleton often continuously spanning the vertical length

of the domain, as can be seen in the Supplemental Videos (see Appendix A.2).

3.2.2 Nucleation feedback mechanism

Given the biological ndings in Scanlon et al., 2025, we represent the nucleation feedback
mechanism, which dictates the orientation of new microtubule nucleations. When a MT
undergoes complete catastrophe in our model, we nucleate a new MT by randomly select-
ing a nucleation site. As de ned previously,n*/ represents the number of MTs present

locally at the selected nucleation location with PEO and MEO orientation, respectively
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FIGURE 3.2: Schematic of the model and mechanism designs. Panel (a) shows the region
of interest in the dendrite trunk of a Drosophilasensory neuron. Panel (b) illustrates our
short and long domains, which are de ned by the number of nucleation locations
included in the spatial model. Panel (c) depicts the two polarity mechanisms that
depend on local MT content, nt/

(Figure 3.2c). The fraction of local MTs which are MEO de nes the probability that the
new MT is nucleated MEO such that P(nucleate ) = —"—. If no MTs cross the chosen
nucleation location at that time point, we set P(nucleate ) = % If nucleation feedback is
not implemented in our simulation, we also setP (nucleate ) = %

We then determine the direction of nucleation by drawing from a Bernoulli distribution
with probability P(nucleate ). The MT minus end is then initialized at the nucleation
location, while the plus end is initialized one seed length above or below the nucleation

location for PEO or MEO nucleations, respectively. We chose a small, non-zero seed length

in order to record the polarity decision using the MT end locations (Table 3.1).
3.2.3 Checkpoint mechanism

We implement the checkpoint mechanism based on the design validated in Section 3.1.4
and we apply it to all new MT nucleations in our spatial model of MT polarity. After a MT
is nucleated, we rst apply an automatic failure probability by drawing from a Bernoulli
distribution with probability P (autofail) = 0.25 If the MT autofails, then it is set to

completely catastrophe and re-nucleate in the next time step. Otherwise, we draws = 6
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MTs with replacement from the set of MTs that cross the relevant nucleation site. If any
of the selected MTs have the same orientation as the newly nucleated MT, the new MT
survives. If none of the selected MTs have the same orientation, the new nucleation fails
the checkpoint and is set to completely catastrophe and re-nucleate in the next time step.
If there are no MTs at the selected nucleation location, the newly nucleated MT behaves
as if it observes a pre-existing MT with the same orientation, for simplicity.

We validate this checkpoint mechanism implementation by tracking MT checkpoint
success rates in simulations of our spatial model. We simulate our model with the long
domain con guration initialized with 90% MEO MTs (the Ctrl environment) and with
50% MEO MTs (the Pat environment). We record the average checkpoint success rate
at each nucleation location for each direction. Supplemental Figure A.2 illustrates the
average model success rates, compared with the data from Feng et al., 2021. Our results
show strong agreement of the model and experimental success rates, further validating our
proposed checkpoint mechanism design in Section 3.1.4.The spatial nucleation mechanisms

that in uence microtubule polarity are illustrated in Figure 3.2c.

3.2.4 Algorithm for model implementation

To simulate the spatial model, we rst initialize the xed number of MTs in the domain.

At rst, all MTs have the same length, are uniformly distributed through the domain, and
the proportion starting MEO is set to the desired starting polarity. Typically, we set this
proportion to be 50% We use a time step ofl second. Then, for every second between the
starting and ending times, we iterate through a series of modeling steps as follows:

1. Polymerization Step: Update MT end locations and length based on their polymer-
ization and depolymerization dynamics as outlined in Nelson et al., 2024. Reposition
any MT ends intended to grow past a domain boundary and set them to the do-
main boundary. Count the number of MTs that have undergone full catastrophe (i.e.
shrunk to length & 0) to inform the MT nucleation step.

2. Checkpoint Step: If the checkpoint mechanism is not turned on (or if this is the rst

40



time step), skip this step. Otherwise, for each MT nucleated in the previous time step,
perform the checkpoint. First, draw a uniform random number on|[0, 1] and compare

it to the automatic failure probability. If the MT fails, remove the MT and count it

for the nucleation step. If the MT passes the automatic failure, selechg MTs with
replacement from those that cross this MT's nucleation location. If no selected MTs
match this MT's nucleation direction, remove the MT and count it for the nucleation
step. If at least one selected MT matches or there are no local MTs, do nothing.

. Nucleation Step: Add the numbers of MTs which were removed during the poly-
merization and checkpoint steps in the current time step. For each MT removed,
nucleate a new MT. To nucleate a new MT, rst pick a nucleation location uniformly
at random. Then, determine the probability of the new MT being oriented MEO. If
nucleation feedback is not implemented or there are no MTs crossing the chosen nucle-
ation location, the probability of nucleating in the MEO direction is 50%. Otherwise,
the probability of nucleating MEO is equal to the proportion of pre-existing MTs
crossing the chosen nucleation location which have MEO polarity. Draw a uniform
random number on [0, 1] and compare to the MEO nucleation probability to deter-
mine if the new MT is nucleated in the MEO or PEO direction. The new MT has
its minus end set at the nucleation location, while its plus end is set one seed length
above or below the nucleation location for PEO and MEO nucleations, respectively.

To investigate how polarity is established and maintained in these di erent domains,

we run all simulations for 5 days. This timescale corresponds to the average lifespan of the

Drosophila larva, the organism which informs the parameterization of our model (Kargbo-

Hill et al., 2012). Since biased MT arrays are maintained in neurons over the lifetime of

these organisms, we are interested in exploring the emergence, maintenance, and stability of

biased polarity distribution on this timescale. We are particularly interested in what we will

refer to as fully biased polarity" distributions, where all simulated MTs exhibit the same

polarity, i.e. either 100% or 0% MEO. When nucleation feedback is implemented, departure

from a fully biased polarity distribution is only possible if a new MT is nucleated with a
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random orientation at a nucleation site where no other MTs cross through at that time
point. When checkpoint is implemented, temporary departure from a fully biased polarity
is allowed for a single time step since the checkpoint mechanism is applied to nucleations
after one growth step. As is the case for the nucleation feedback mechanism, departure
from a fully biased polarity only persists when the MT was nucleated in a random direction

at a nucleation site with no other MTs crossing through at that time point. We discuss

results derived from simulations with this model algorithm in Section 3.3.

Table 3.1: Parameters used in the spatial stochastic model from Section 1.2 and
experimentally observed quantities that inform our modeling choices. Parameters
marked with : are preliminary estimates from the Rolls lab and parameters marked with
; are found through the parameterization procedure outlined in Nelson et al., 2024.

MT growth model parameters Nelson et al., 2024 Notation Value
Characteristic MT Length Lo 20mm
Number of MTs N 20 or 60
Total available tubulin Tiot Lo 50Nmm
Length-dependence of catastrophe rate g 0.01(mmmin) 1
Minimum catastrophe rate I min 0.05/min
Experimentally informed quantities Notation Plus end Minus end
Average polymerization speeds Feng et al., 2019 vgl 6 mm/min 0.75mm/min
Depolymerization speeds : v;“/ 6 nm/min 3.5mm/min
Average growth-phase durationFeng et al., 2019 Tg/ 2 min 4 min
Catastrophe rates at length L Feng et al., 2019 | 1 s = 1/ T3/ 0.5/min 0.25/min
Rescue rates, | /g 0.2811/min 0.67/min
Spatial model parameters Value
Number of nucleation locations lor6
MT initial length 15mm
MT seed length 0.1mm
Length between nucleation locations 10mm
Domain length 20mm or 70mMm
Checkpoint environment de nitions Notation Plus end Minus end
Control environment P(PreMT/ ) 10% 90%
Patronin knockdown environment P(PreMT;,z{t ) 50% 50%
Experimental checkpoint success rates Feng et al., 2021 Notation Plus end Minus end
Control environment Ctrl 30% 66%
Patronin knockdown environment Pat 59% 66%
Nucleation mechanism parameters Notation Value
Number of +/- MTs at nucleation location n*/ Varies
MEO nucleation probability P(nucleate ) ﬁ
Growth ¥ 2nm probability P(Dy ¥ 2) 0.9
Auto fail probability P (autofail ) 0.25
Number of selected MTs for checkpoint Ns 6
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3.3 Biased Polarity Establishment and Maintenance

In Section 3.2, we outlined a mathematical framework that incorporates twoin vivo
mechanisms thought to be important for the generation of biased MT polarity in living
neurons: nucleation feedback and a post-nucleation checkpoint mechanism. While these
nucleation mechanisms have been studied experimentally, it is unknown precisely how nu-
cleation impacts polarity dynamics and which mechanisms are su cient to establish and
maintain biased polarity. Here, we combine these two nucleation mechanisms together with
stochastic MT growth dynamics in a spatial model that investigates the establishment and
maintenance of MT polarity in di erent domain con gurations. This mathematical mod-
eling framework allows us to explore these mechanisms in a systematic way by simulating
the four possible scenarios with each mechanism turned o or on i.e. neither mech-
anism, checkpoint-only, feedback-only, or both mechanisms. As noted in Section 3.2.2,
when simulating with the nucleation feedback mechanism turned o (i.e. for neither or
checkpoint-only combinations) we employ a xed, 50% probability of new MTs nucleating
with either polarity.

Since MT nucleation occurs in a variety of cell types and cell lengths, exploring polarity
behavior in both a short and long domain design can give useful information about polarity
maintenance. In Section 3.3.1, we study how nucleation mechanisms determine polarity
bias with a single nucleation location in a short domain over a 5-hour time span. In Sec-
tions 3.3.2-3.3.4, we study the interactions between MTs across multiple nucleation locations
to establish and maintain polarity bias across a longer domain over 5-day simulations. For
each domain type, we initialize our mathematical model with MTs that have mixed polarity,
i.e. 50% MEO, to investigate the mechanisms that in uence polarity establishment. We
are particularly interested in the emergence of fully-biased polarity distributions, where all

simulated MTs exhibit the same polarity, i.e. either 100% or 0% MEO.

43



FIGURE 3.3: Microtubule polarity results for 100 runs of 5-day simulations with a single
nucleation location and N = 20 MTs in a 20 mm domain. The simulations are initialized
with 50% MEO polarity for each combination of mechanisms: neither (blue),
checkpoint-only (purple), feedback-only (red), and both (yellow). The average MEO
polarity over time is shown in panel (a) as a solid curve, with a cloud representing the
interquartile range. Panel (b) shows the polarity distribution at the end of 5 days, and (c)
shows the MEO polarity percentage for each simulation over time. The inset gures for
feedback-only (red) and both mechanisms (yellow) show how the MEO polarity

percentage changes on a shorter time scale of 5 hours.

3.3.1 Nucleation feedback and checkpoint mechanisms establish local
bistable polarity on different timescales

We rst study how biased polarity can be established by the two MT nucleation mech-
anisms in a short domain with a single nucleation location as outlined in Section 3.2.1.
For each of the four mechanism combinations, we simulate 100 realizations of the spatial
model for 5 days each to understand how each nucleation mechanism contributes to polarity
establishment.

To study whether biased MT polarity emerges, we track the proportion of MTs which

are MEO over time. The results in Figure 3.3 show how average MEO polarity changes
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over time for neither mechanism (blue), checkpoint-only (purple), feedback-only (red), and
both mechanisms (yellow). The solid curves in Figure 3.3a illustrate that the average MEO
polarity for each mechanism combination remains close to 50%, while the interquartile
range (IQR) clouds reveal di erent behaviors. Polarity has less variance in the neither
mechanism case, while the IQR is wide for the checkpoint-only, feedback-only, and both
mechanisms. To better understand this behavior, we illustrate the evolution of MT polarity
through time for each individual simulation in Figure 3.3c. The top panel shows that the
scenarios with neither mechanism implemented largely yield 40%-60% MEOQO polarity. With
the checkpoint-only mechanism, only a few model runs reach a fully-biased polarity state of
100% or 0% MEO polarity within one day. After approximately four days, all runs reach a
roughly fully-biased polarity, with some variability close to the fully-biased polarity states
due to the algorithm implementation. In contrast, all simulations of the feedback-only and
both mechanisms cases in the bottom two panels of Figure 3.3c reach a fully-biased polarity
state within 5 hours (see gure insets). This shorter timescale is also relevant biologically,
since experiments have shown that microtubule polarity is established within the rst 24
hours of the Drosophila larval stage (Kargbo-Hill et al., 2012).

In Figure 3.3b, we illustrate the MEO polarity distributions at the end of the simu-
lations, which show the range of polarity behaviors in each mechanistic scenario. Neither
mechanism results in a unimodal normal-like distribution centered around 50% MEO po-
larity. Again, this shows that we do not achieve a fully-biased polarity state with neither
mechanism. However, for feedback-only, checkpoint-only, and both mechanisms, the nal
MEO polarity distributions are nearly identical and clearly bimodal, with all simulations
achieving either 0% MEO polarity or 100% MEO polarity by the end of each simulation.
We show sample simulations with both nucleation mechanisms implemented which result in
a fully-biased MEO and PEO polarity state in Supplemental Video 1 (see Appendix A.2).
While the feedback-only and checkpoint-only mechanisms can result in fully-biased polar-
ity, the time at which MTs reach robust complete polarization di ers greatly between these

mechanisms (hours versus days). The time course plots in Figure 3.3c illustrate that feed-
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FIGURE 3.4: Microtubule polarity results for 100 runs of 5-day simulations with six
nucleation locations and N = 60 MTs in a 70 nm domain. The simulations are initialized
with 50% MEO polarity for each combination of mechanisms: neither (blue),
checkpoint-only (purple), feedback-only (red), and both (yellow). The average MEO
polarity over time is shown in panel (a) as a solid curve, with a cloud representing the
interquartile range. Panel (b) shows the polarity distribution at the end of 5 days, and (c)
shows the MEO polarity percentage over time for each simulation.

back alone and both mechanisms are very e ective at achieving biased polarity for a single
nucleation location on a short time-scale, and suggest that the system exhibits bistability

on this spatial scale.

3.3.2 Nucleation feedback mechanism establishes global bistable po-
larity

Biased polarity is especially critical in longer cells, where directional transport is key
for the long-range movement of protein cargo. To understand polarity establishment and
maintenance in such environments, we investigate the spatial stochastic model in a longer
domain with 6 nucleation locations and 60 MTs initialized with mixed polarity, as outlined

in Section 3.2.1. Here, we seek to understand how MTs across multiple nucleation sites
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interact and how biased polarity is maintained and established. As in Section 3.3.1, we
track the proportion of MTs which are MEO over time in each combination of mechanisms.

The results of 100 simulations of each model scenario are shown in Figure 3.4. As
in Figure 3.3a, Figure 3.4a shows that the average polarity remains mixed a0% MEO,
while the IQR increases throughout time for each case except for the neither mechanism
case. Figure 3.4c shows the individual polarity time course for each mechanistic scenario.
Compared to the single nucleation case in Figure 3.3c, the individual polarity trajectories
are harder to interpret and do not exhibit clear bistability. Throughout time, we observe
a range of di erent polarity pro les, including some that achieve and stay at fully-biased
polarity states, and some with mixed polarity. In particular, we observe tight regulation
of mixed polarity for neither mechanism (blue) in the top panel of Figure 3.4c. We nd
a wider polarity range for the checkpoint-only mechanism (purple), with some trajectories
reaching 0% and 100%. In the bottom two panels of Figure 3.4c, only a few simulations
in the feedback-only (red) and both mechanisms (yellow) cases show nonbiased polarity
behavior by the end of 5 days.

We also study the distribution of polarity behavior in this longer domain at the end of
the 5-day simulations in Figure 3.4b. Similar to the single nucleation case, we nd that
the neither mechanism case has a tight, unimodal distribution around 50% MEO polarity.
However, the checkpoint-only mechanism case in Figure 3.4b now shows an approximately
uniform distribution compared to the bimodal distribution observed in Figure 3.3b. Ex-
tending simulations of the checkpoint-only case to 15 days did not alter this distribution
(results not shown). This indicates that, in the longer domain, the checkpoint mechanism
is insu cient to generate biased polarity on these timescales. The feedback-only and both
mechanisms simulations are again very similar to the shorter domain and result in primarily
bimodal distributions, but now there are a few simulations resulting in non-biased polarity
in each distribution.

Notably, while most of the results here, excluding the checkpoint mechanism, are similar

to those obtained with one nucleation site, the timescale to achieve fully-biased polarity
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and the polarity trajectories through time di er signi cantly. Figure 3.4c shows that many
simulations of the feedback-only and both mechanisms scenarios result in biased polarity by
24 hours. This is a much longer time scale compared to Figure 3.3c, where the mechanisms
that include nucleation feedback result in biased polarity in 2-3 hours. These results suggest
that the domain length and the number of nucleation locations in uence the timescale on
which the model achieves biased polarity, but we expect that this emergent polarized MT

organization is consistent even when varying nucleation site numbers.

3.3.3 Global bistable polarity establishment follows spatial phase sep-
aration

So far, we nd that the proposed nucleation mechanisms have the ability to establish
biased MT polarity throughout both short and long linear cellular domains. A gquestion
remains: how do MT arrays with mixed-polarity evolve through time and space to enforce
fully-biased MT polarity in a model dendrite? We thus investigate how MT nucleation
mechanisms establish biased MT polarity through space in the longer domain. We begin
by studying the polarity behavior at each nucleation site, where the model mechanisms
in uence nucleation. For each of the six nucleation locations and every time step, we focus
on the MTs crossing that location and measure the MEO polarity as the proportion of the
crossing MTs which are MEO. The schematic in Figure 3.5a illustrates this calculation of
MEO percentages for a simple example of MTs in the long domain.

To understand how spatial polarity bias can change over time, Figure 3.5 shows repre-
sentative polarity behavior similar to what is seen in simulations. Figure 3.5a illustrates
an initial spatial polarity bias caused by MT growth dynamics, which we observe in all
scenarios, including those with no nucleation mechanism enforced. The average polymer-
ization speeds and growth durations in Table 3.1 imply that plus ends have an average run
length of 12 microns, compared to 3 microns for minus ends. Therefore, plus ends are more
likely to cross multiple nucleation sites and reach the ends of the neurite. For PEO MTs,
this means that plus ends will travel towards the tip of the domain, while for MEO MTs,

plus ends will travel towards the cell body. This ultimately impacts the MT polarity at
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FIGURE 3.5: Schematic illustrating how polarity varies spatially across nucleation
locations. Without any additional nucleation mechanism, (a) shows how MEO polarity
varies spatially due to MT growth dynamics alone, with MEO polarity percentage shown
for each nucleation location to the right of the gure. With nucleation mechanisms, (b)
illustrates the phase separation behavior between MEO and PEO nucleation locations,

where polarity is spatiallybiased and consistent with the growth bias from (a). Over
time, this phase separation front moves until one polarity bias is established globally.

the nucleation sites (see Figure 3.5a) and leads to a spatial bias, with more PEO-biased
nucleation locations near the tip and more MEO-biased nucleation locations near the cell
body.

When nucleation mechanisms are implemented, Figure 3.5b shows how fully-biased po-
larity is established by rst generating biased polarity locally. Our results indicate that, in
a short period of time, individual nucleation sites achieve spatiallydependent biased polar-
ity: typically, nucleation sites near the cell body are MEO and those near the tip are PEO,
consistent with the growth bias in Figure 3.5a. These bhiased nucleation locations quickly
organize around a spatial boundary, where all nucleation locations with MEO polarity are
below this boundary and all with PEO polarity are above. We refer to this spatial boundary

as a phase separation . In all models simulations which establish fully-biased MT polar-
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ity, this phase separation moves towards either end of the domain, eventually establishing
the same polarity bias across all nucleation sites. A sample layout and movement of this
phase separation is depicted in Figure 3.5b. When the phase separation moves to the tip
of the domain, the simulation will exhibit fully-biased MEO polarity (Figure 3.5b), while
when the phase separation moves to the cell body, the simulation will exhibit fully-biased
PEO polarity. We analytically explore establishment of fully-biased polarity through the
movement of this phase separation in Section 3.5. Supplementary Video 2 show sample
simulations of phase separation and how overall spatial polarity bias changes over time (see
Appendix A.2). These videos demonstrate the biased polarity at each nucleation location
on a short time-scale, the development of a phase separation between the MEO and PEO
MTs, and the movement of this phase separation on di erent timescales to achieve complete
biased polarity throughout the model neurite.

To further understand how polarity varies spatially and is established through time
at each nucleation site, we show the distributions of MEO polarity percentages for each
mechanism combination at 3 hours and 5 days of simulation in Figure 3.6b-e. We illustrate
the distributions using a bar with a gradient of colors for each polarity category from
blue for PEO to pink for MEO. To appreciate the change in polarity distributions over
time, we illustrate the initial distribution from one set of simulations as an example initial
condition in Figure 3.6a. Across all mechanisms, we observe a spatial bias in polarity at
3 hours, where most nucleation locations near the cell body exhibit a bias towards MEO
polarity and most locations near the tip exhibit PEO polarity. This is evidence of the initial
spatial polarity bias due to intrinsic MT growth dynamics, as in Figure 3.5a. This initial
spatial bias is more pronounced when considering either or both nucleation mechanisms:
in Figures 3.6c¢,d,e, almost all MTs at the cell body exhibit MEO bias and almost all the
MTs at the tip exhibit a PEO bias. For feedback-only and both mechanisms, almost all
nucleation locations are in the 0-20 or 80-100 MT polarity categories by 3 hours, which
con rms that individual nucleation locations achieve biased polarity on a short timescale in

these scenarios, as observed in Section 3.3.1. The biased polarity that emerges quickly at
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FIGURE 3.6: Distributions of MEO polarity percentages at each nucleation location.
Panel (a) shows an example initial condition (I.C.) from one set of simulations. Each
remaining subpanel captures the resulting polarity for one mechanism combination: (b)
neither mechanism, (c) checkpoint-only, (d) feedback-only, (e) both mechanisms. For
each scenario, we show the distributions of MEO polarity at 3 hours and 5 days of

simulation time, with the color bar corresponding to the percentage of MEO polarity.

each nucleation site is therefore robust, even in the presence of other interacting nucleation
locations.

Figures 3.6b,c show that there are no signi cant changes after 5 days of simulation.
The only apparent change between 3 hours and 5 days for these mechanism combinations
are that a few simulations reach a fully-biased polarity with the checkpoint mechanism,
since some nucleation sites at the tip exhibit MEO polarity and some nucleation sites at
the cell body exhibit PEO polarity. For the feedback-only and both mechanisms shown
in Figure 3.6d and e, respectively, the spatial bias has mostly disappeared after 5 days,

with each nucleation location having fully-biased PEO or MEO polarity, and a roughly
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even split between these two states for the 100 model runs. This phenomenon is due to
most runs becoming fully-biased to either PEO or MEO polarity, as seen in Figure 3.4b.
Again, this complete MT polarity alignment occurs through a gradual movement of the
phase separation between MEO and PEO nucleation locations to the cell body or tip.
Competition at this interface often takes time, which is why bistability is achieved on a
much slower timescale when starting with mixed polarity in a full neurite rather than for a
single nucleation location.

Finally, we observe that the spatial polarity behaviors emerging from the feedback-only
and the both mechanisms simulations in Figs. 3.6d,e are very similar, which is consistent
with the overall polarity results in Section 3.3.2. The nucleation feedback mechanism thus
emerges as the key driver for achieving bistable, fully-biased polarity states in the neurite

model.

3.3.4 Nucleation feedback mechanism maintains global bistable polar-
ity on long timescale

Biased MT polarity distributions are maintained for the lifetime of neurons, enabling
continued and lifelong transport of intracellular proteins. Our results so far demonstrate
that scenarios that include the nucleation feedback mechanism establish fully-biased polar-
ity distributions (100% or 0% MEO polarity). Here, we investigate the maintenance of such
biased MT polarity distributions in the feedback-only and both mechanism combinations
in the long domain.

We propose measures that quantify how our model simulations reach a fully-biased MT
polarity distribution. For the 100 model runs in the scenarios of interest, we track how long
it takes each simulation to hit a fully-biased polarity distribution, to depart this fully-biased
polarity distribution, and to return to the same distribution after leaving it. We illustrate
the cumulative distribution functions for the times to hit, return, and depart from a fully-
biased MT polarity distribution in Figure 3.7. We only include data for those simulations
in which each of these events occurred. The inset table in Figure 3.7 shows the percentage

of simulations where the event occurred in each mechanism combination.
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FIGURE 3.7: Cumulative distribution functions (CDFs) of data from 100 model runs for
the rst time to hit (blue), to depart (yellow) and to return to (red) a fully-biased MT

polarity distribution (100% or 0% MEO) for feedback-only (dotted) and both mechanism
(solid) combinations. The CDFs include data from simulations which achieved each
metric, and percentages of such runs are shown for each category in the inset table.

We again observe no signi cant di erences between simulations with feedback-only and
those with both mechanisms. Thus, the nucleation feedback mechanism plays the primary
role in achieving and maintaining biased MT polarity distributions in our model, and the
checkpoint mechanism does not signi cantly impact the timing of these measures. Further,
we nd that most simulations achieve a fully-biased MT polarity distribution within 1 day
of simulation, while all runs achieve full bias within 2 days, consistent with results from
prior sections.

We observe a much longer timescale for departing a fully-biased MT polarity distribu-
tion, with some simulations taking close to 5 days to depart from such a state. In our
model, departing a fully-biased MT polarity distribution is only possible when nucleation

feedback is implemented and if a newly-nucleated MT is at a nucleation site with no other
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MTs crossing through at that time point. Examples of such a departure can be observed
in panels 2 and 3 of Supplementary Video 2 (see Appendix A.2). Given the robust spa-
tial coverage of MT content, this is a rare event in our simulations, which points to the
biological signi cance of similar robust MT coveragein vivo. Therefore, fully-biased MT
polarity distributions are relatively stable in our system. This long maintenance timescale
also corresponds to the average lifespan of the model organidbrosophila larva.

Finally, the timescale for simulations to return to the same polarity bias after departing
from it is remarkably short, with most returning in just a few hours. These biased polarity
distributions are thus relatively stable to perturbations in our model. Beyond the data
represented in the gure, we also note that after reaching a fully-biased MT polarity, only
22% of simulations of the feedback-only mechanism ever reach mixeaD% polarity again,
and 16%do so for both mechanisms. Cumulatively, these statistics demonstrate that these
mechanisms are su cient to achieve fully-biased polarity, and that these biased polarity

states are relatively stable in our stochastic model system.
3.4 Dendrite conversion post-axotomy

In some cases of axon injury, axon regeneration is achieved through the conversion of
a dendrite into an axon. It has been observed that initial steps to the process include
the reversal of all microtubules in the chosen dendrite from minus-end-out to plus-end-out
polarity. While mechanisms of this reversal are not understood, observations of microtubule
behaviors following axonal injury have led to hypotheses for the cause of this reversal. One
such observation is that prior to axon injury, plus-end-out microtubules in the cell body
are typically steered away from the minus-end-out dendrite trunk and not allowed to enter.
After injury, the rate of successful entrances of these plus-end-out microtubules from the
cell body into the dendrite trunk increases. The hypothesis is that these entrances of
plus-end-out microtubules may contribute to the reversal of polarity in the dendrite trunk.

In this section, we adapt our model of microtubules in the dendrite trunk to explore

how plus-end-out microtubules from the cell body may impact established minus-end-out
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polarity throughout the dendrite trunk. In Section 3.4.1, we describe the changes made to
our dendrite model to explore this question. In Section 3.4.2, we present results from simu-

lations demonstrating the e ectiveness of PEO cell body nucleations at reversing dendrite
polarity.

3.4.1 Nucleation Model Design Changes

To test the e ect of plus-end out cell body nucleations on established minus-end-out
polarity, we make three changes to our dendrite model described in Section 3.2. First, we
initialize simulations with all minus-end-out microtubules to represent polarity observed
in healthy dendrites. Second, instead of maintaining a constant number of microtubules
throughout the domain, we allow microtubule number to vary and implement a nucleation
rate for microtubules. This nucleation mechanism is modeled by a Poisson arrival process
with arrival rate n as originally explored in Nelson et al., 2026. We initialize simulations
with 60 microtubules and choose a nucleation rate of 10 microtubules per minute distributed
among the six nucleation locations. This choice of nucleation rate maintains a similar
number of microtubules and similar average length as in Section 3.3 where we maintain a
constant number of microtubules (Fig. A.3)

Our nal update to the model design is to implement a new nucleation location at the
cell body. These cell body nucleations will represent successful entrances of plus-end-out
microtubules from the cell body into the dendrite trunk. As such, cell body nucleations will
all have plus-end-out polarity with the minus end initialized at the cell body and the plus
end initialized one seed length above the cell body. We will vary the cell body nucleation
rate, n., to test the impact of these entrances based on rate of entrance. Beyond these
changes, all other model assumptions described in Section 3.2 remain consistent. This

model design is illustrated in Figure 3.8.

3.4.2 Cell body nucleations reverse established polarity

We study how established minus-end-out polarity in the dendrite trunk is a ected by

plus-end-out nucleations at the cell body for a range of cell body nucleation rates. For each
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FIGURE 3.8: (a) lllustration of reversal simulations initialized with MEO polarity
disrupted by PEO entrances from the cell body. Segments of interest labeled on left hand
side. (b) Average microtubule polarity results of 100 simulations for each cell body
nucleation rate, n.p,, ranging from 0 to 2 per minute.

nucleation rate, we run 100 simulations of the dendrite trunk initialized with 60 minus-end-
out microtubules. After running the model to steady state for two hours, we start plus-end-
out cell body nucleations at rates ranging from 0 to 2 per minute. We run simulations for
5 days or until all simulations have reversed polarity, whichever is shorter. We plot results
of average minus-end-out polarity for each set of simulations in Figure 3.6b. Fong, = O,
we see minus-end-out polarity largely maintained throughout the ve-day simulations as
was shown in Section 3.3.4. For alhy, i O, we see polarity of all simulations reverse to
fully plus-end-out within the 5 day simulations. For very slow cell body nucleation rate
of 0.1 per minute, it takes 4 to 5 days for all simulations to reverse polarity. For faster
cell body nucleation rates of 1 or 2 per minute, we nd all simulations reverse polarity
within hours. These results demonstrate that plus-end-out cell body nucleations are very
e ective at reversing established polarity throughout the dendrite domain. Additionally,
these results re ect that the timescale of reversal is dependent on the rate of cell body
nucleations. An example simulation with v, = 0.51s shown in Supplemental Video 3 (see
Appendix A.2).

We further explore how simulations achieve this reversal by tracking the plus ends of
PEO MTs in each segment of the domain. We de ne segments as the 10 micron regions

between each nucleation location and/or domain boundary numbered from 1 to 7 from
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FIGURE 3.9: Average and standard deviation of number of plus ends of PEO
microtubules in each dendrite segment following start of cell body nucleations with
n., = 2. Data are total unique plus ends of PEO microtubules counted in segment over 5
minute interval.

the cell body to the tip. In experiments by our collaborators tracking polarity reversal
following neuronal injury, biologists found the number of growing plus-ends of PEO MTs
to increase in each segment over time with segments closer to the cell body increasing
more rapidly than those closer to the tip. This behavior suggests that polarity is reversed
throughout the dendrite by progressive movement of plus-end-out polarity from the cell
body to the tip. In Figure 3.9, we see the same behavior in our model in the rst half-hour
following the initialization of cell body nucleations with a n., = 2. However, these results
di er from experimental results in their timescale. Biological results show this progressive
distribution of plus-end-out microtubules over the course of 12 hours after injury while this
behavior is only evident in the rst half hour of our simulations. Further, this behavior is
not present in simulations with slower cell body nucleation rates. In those simulations, we
often see individual PEO MTs reaching the tip and reversing polarity in distal regions of
the dendrite rst before reversing polarity throughout the domain through behavior similar

to the phase separation observed in Section 3.3.3. The dierence in the timescales and

gualitative behavior between our model and biological experiments suggest that while our
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model captures the e ectiveness of cell body nucleations at reversing polarity, it does not

capture all behavior relevant to this observed phenomenon.
3.5 Analysis of phase separation to establish biased polarity

In Section 3.3.3, we observe that a fully-biased polarity distribution is achieved through
the establishment and movement of a phase separation between locally biased nucleation
locations. In this section, we analytically explore this phenomenon by de ning the behavior

as a random walk process.

3.5.1 Random walk de nition

In simulations of biased polarity establishment in the dendrite domain, microtubule
polarity quickly organizes so that all nucleation locations have locally biased polarity, with
all local microtubules exhibiting plus- or minus-end-out polarity. Further, all minus-end-out
nucleation locations organized to the proximal region of the domain, while all plus-end-out
nucleation locations organized to the distal region of the domain, leaving a phase-separation
between the plus- and minus-end-out nucleation locations. Over time, this phase separation
moved up and down, ipping the polarity of adjacent nucleation locations. Fully-biased
polarity was achieved when this phase separation moved to either end of the domain,
ipping all nucleation locations, and thus all microtubules, to the same plus- or minus-end-
out polarity.

To better analyze this phenomenon, we describe the behavior as a one-dimensional,
discrete random walk. With six nucleation locations, this system has seven possible states
corresponding ton nucleation locations with MEO polarity for n P[0,6] and6 n nucleation
locations with PEO polarity. We consider our target states of fully-biased polarity, n = 0
and n = 6, to be absorbing boundaries. Given the symmetry of the system, we can group
these seven states in four sets of states which we de ne &for i P[0, 3]. Herei corresponds
to the number of steps away from a boundary the elements of the group are. Transitions
from G to G ; are made at ratesp; for i P[1,3]. State groups and transition rates are

illustrated in Figure 3.10a. We assumeps = 0.5 given the symmetry of our system and
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FIGURE 3.10: Random walk setting for the phase separation movement to biased
polarity with (a) diagram of random walk de nition and (b) example step of random
walk with corresponding simulation diagram.

let p1 ¥ p2 ¥ p3 to represent the tendency of our system to enable fully-biased polarity
once moving in that direction. Figure 3.10b illustrates an example step fromz to & as it

corresponds to a change fron8 to 4 MEO nucleation locations in a simulation as observed
in Section 3.3.3. We use this system design to calculate the distribution for the probability

of reaching a boundary ini steps and compare our analysis to simulated results.
3.5.2 Distribution of number of steps to boundary
We calculate the distribution for the probability of hitting a boundary in i steps for

a random walk initialized with mixed polarity. Let X; denote the location of the random

walk at step i. Then we can write the system of equations
PIXiP&G] = P[Xi 1PG] m
PIXi 1PG]= P[Xi 2PG] p2
P[Xi 2PG]=P[X; 3PG] (1 pi)+ P[Xi 3PG] 2ps

P[Xi sPG]=P[X; 4PG] (1 p2).
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If we denote P[X; PG = Slh (where Slh represents the probability of reaching regionG, in

i steps), we can rewrite this system of equations as
S=pmS
S = pS,
S,=(1 p)S 3+ S5
S3=(1 ),
with initial conditions S3= 1, =0, §§= 0, and S = 0.
We are interested in nding a solution for S? to understand the distribution of reaching

the boundaries ini steps. With substitution, we can simplify to the single state equation

F,=(1 mp)S, (3.4)

with initial condition S? = 1. We also have the relation

S = ppS (3.9)
which we will use to solve forS? once we have a solution forS?. Note, since all random
walks start in Gs, the random walk can only reachG, or G in an odd number of steps.
Therefore, S|2 = Ofor all eveni and Slo = Ofor all eveni andi = 1. To solve (3.4), we guess

a solution of the form S,z = aé'. After simplifying, we obtain the solution

S=(1 plpz)iTl-

Finally, using the relationship from (3.5), we obtain

S = pipa(l pip2) 7 (3.6)
foroddi andi ¥ 3.

For p; = 0.5 we nd that the expected walk duration is 9 steps and the variance i48.
Given a length of 3 steps from the starting location to the boundary, this expected duration
is characteristic of a di usion process. With biased probabilitiesp; = 0.6, p» = 0.55 and
ps = 0.5 the expected duration is approximately 7 steps, which con rms that this bias

decreases the steps taken to reach a boundary.
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FIGURE 3.11: Comparison of analytic and simulation results for reaching fully-biased
polarity with (a) probability of random walk reaching the boundary in number of steps
for the unbiased (blue) and biased (red) calculations and (b) time for simulations to rst

reach fully-biased polarity

3.5.3 Comparison to simulated results

From these calculations, we can better characterize the random walk behavior where
a dendrite trunk reaches fully-biased polarity through progressive movement of the phase
separation. We typically initialize simulations with spatiallymixed polarity and observe the
phase separation at varied locations within the rst few hours of simulations. However, to
more directly compare these analytic results to simulated results, we will initialize simula-
tions with a phase separation already established at the midpoint of the domain; half of
the MTs start above the midpoint of the domain with plus-end-out polarity and half start
below with minus-end-out polarity. We track how long it takes each simulation to reach
fully-biased polarity.

In Figure 3.11, we comparg3.6), the distribution derived for the probability of reaching
an absorbing boundary in any number of steps (Figure 3.11a), to the time it takes for
300 model simulations to reach a fully-biased polarity distribution (Figure 3.11b). For the
unbiased distribution, we usep; = p2 = p3 = 0.5 For the biased distribution, we use

ps = 0.5 p2 = 0.55and p; = 0.6. Given that our analytic results represent the number of
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steps to reach biased polarity and our simulated results represent the total time to reach
biased polarity, we are lacking data on the time take for each step which would connect
these distributions. While we can easily quantify how long it takes to reach fully-biased

polarity, identifying when the phase separation has ipped a nucleation location and thus

moved a step is more ambiguous.

With a mean time to fully-biased polarity of 12.9 hours across simulations and an
expected number of steps to fully biased polarity from the unbiased distribution of 9, we
could estimate the mean time per step to be around 1.4 hours. However, a distribution of
time per step is needed to more accurately connect these distributions. We also observe
that the peak of the biased distribution more closely aligns with the simulated results,
but without data to faithfully connect these distributions, we are unable to fully interpret
this observation. Additional data on how this phase separation progresses in simulations is

necessary to for further analysis.
3.6 Discussion

The establishment and maintenance of polarized microtubule arrays in living cells is
essential for long-range and long-lived intracellular transport. These polarized cytoskele-
tal arrays must persist even as microtubules turn over through dynamic instability and as
new microtubules nucleate. Moreover, di erent polarizations of the microtubule arrays are
observed in di erent regions of a neuron and these arrays have been observed to adapt in
response to injury. In many neurons, includingDrosophila neurons, nucleation mechanisms
have been identi ed that regulate microtubule polarity as nucleations occur in speci ¢ spa-
tial locations throughout the neurite. However, how these nucleation mechanisms function
and how they a ect overall microtubule polarity is not well understood. Here, we used
mathematical modeling and experimental validation to study adaptive nucleation mecha-
nisms that impact polarity establishment and maintenance in dendrites.

Previous experimental results indicate that, in Drosophila dendrites, the survival of

new microtubules as they leave their nucleation region depends on the orientation of pre-
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existing microtubules through a checkpoint mechanism(Feng et al., 2021). By calculating
the probabilities of success of newly nucleated microtubules and using experimental valida-
tion, we nd that the checkpoint mechanism must incorporate an automatic failure process
(i.e, some nucleated microtubules are automatically rejected), and that the probability of
success of new microtubules may depend on a subset of local microtubules.

We developed a spatially explicit mathematical model of microtubule dynamics that
incorporates the nucleation mechanisms. We evaluate our model on both a short domain
(with one nucleation location) and a long domain (with six nucleation locations) and nd
that the nucleation feedback mechanism is su cient to establish biased polarity in both
cases. Further, after our model dendrite reaches a fully-biased polarity state, we nd that
this polarity bias is robust and that it is maintained on timescales relevant to the lifetime
of neurons. We observe that nucleation feedback alone is su cient to establish either MEO
or PEO microtubule polarity across the entire long domain, which is an emergent behavior
demonstrating the exibility of the identi ed mechanisms. The symmetry of our model and
exibility of our mechanisms allows us to test experimental hypothesis about mechanisms
which in uence the reversal of microtubule polarity in dendrites following axotomy. This
framework validated the entrance of PEO MTs from the cell body as an e ective driver of
polarity reversal and reproduced rate dependent e ects observed experimentally.

Even with no nucleation mechanisms in the model, we observe a spatial bias in po-
larity caused by the intrinsic microtubule growth dynamics, where there are more MEO
microtubules near the cell body and more PEO microtubules near the tip. This spatial het-
erogeneity in microtubule polarity is consistent with biological observations inDrosophila
dendrites (Ori-McKenney et al., 2012; Stone et al., 2008). Our model reveals that this
spatial heterogeneity is due to the dierent microtubule end dynamics, which were pa-
rameterized using experimental data in Nelson et al., 2024. When including nucleation
mechanisms in the long neurite domain, we nd that this initial spatial bias further devel-
ops into a phase separation between MEO and PEO microtubules. This is characterized

by a spatial boundary between nucleation sites that have MEO (below) and sites that have
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PEO polarity (above). The phase separation moves as bordering nucleation locations switch
between PEO and MEO polarity in a manner similar to a random walk process. Through
analysis of a random walk which characterizes this behavior, we are able to calculate a
distribution for the number of steps this random walk takes to reach fully-biased polarity.
Additional studies are necessary to connect this distribution to information about time
taken to reach fully-biased polarity.

One limitation of our model is that we use a simple, linear domain for our simulations.
To understand polarity establishment in a more complex neurite structure such as the
branched dendrite of theDrosophila neurons, we plan to extend our spatial model to study
how polarity is established and maintained in a branched domain. In such a domain,
additional mechanisms such as steering of microtubules by molecular motor proteins is also
likely to contribute to microtubule polarity (Y. Chen et al., 2014; Doodhi et al., 2014).
Our model structure is also likely to be sensitive to parameters such as the microtubule
length and the distance between nucleation sites, since gaps in lament content at a given
nucleation site can result in no feedback from the nucleation mechanisms.

The mathematical framework developed here could be applied to investigate polarized
lament arrays in other biological contexts. Generating polar microtubule structures in
other settings can also be in uenced by biased nucleation and by subsequent quality control
of growth direction, independently from the underlying molecular players. For example, in
axons, biased nucleation is thought to be mediated by the HAUS/augmin complex along
the sides of existing microtubules (Rolls, 2022). This is similar to the nucleation feedback
mechanism in our model, and our results suggest that this mechanism would be su cient
to maintain polarity over long time periods. In a similar context, we explore microtubule

organization and post-axotomy rearrangement in an axon in the following chapter.
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4. Microtubule organization and cargo localization in
healthy axons and post-axotomy growth cone formation

In the previous chapter and in Scanlon et al., 2025, we explored mechanisms of micro-
tubule organization producing biased polarity in dendrites and polarity reversal in post-
axotomy dendrite conversion to an axon. While microtubules also demonstrate a highly
organized structure and consistent post-axotomy reorganization behavior in axons, there
are many di erences in this system as compared to the dendrite. Erez et al., 2007 identi-
ed post-axotomy restructuring of microtubules and localization of cellular cargo in axons,
which are key to growth cone formation and ultimately axon regrowth. Growth cone for-
mation and axon regrowth are known to be conserved behaviors across a variety of model
organisms, from invertebrates to mammals. We design a model representative of éplysia
californica (sea slug) neuron, as used by Erez et al., 2007, to explore the cargo trap forma-
tion behavior observed in these neurons. We are motivated by understanding microtubule
alignment and dynamic organization and the impact of axon injury on both microtubule
and cargo dynamics and localization. We are particularly interested in minimal mecha-
nisms for maintaining MT organization in healthy neurons and for enabling microtubule
reorganization and cargo localization in injured neurons.

In Section 4.1, we provide details for our models, including an agent-based model for
cargo dynamics and our coupled models of microtubule dynamics and cargo transport for
domains which represent arA. californica neuron. In Section 4.2, we start by demonstrat-
ing that the cargo ABM on static MT geometries observed in experiments indeed lead to
e ective cargo transport in healthy settings, and to cargo accumulations in a post-axotomy
setting. In Section 4.3, we propose minimal mechanisms that enable MT alignment in
healthy axons. In particular, we nd that the con ned axon domain and angle selection
based on feedback from local MTs are su cient mechanisms to maintain healthy MT struc-

tures in axons. We further verify that MT dynamics in a healthy axon system have no
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signi cant impact on e ective cargo transport. Finally in Section 4.4, we show that the
experimentally identi ed local e ect of calcium-induced depolymerization leads to post-

axotomy cargo localization, as observed in Erez et al., 2007.

4.1 Model Design

We design a set of coupled models to explore microtubule dynamics and cargo behavior
in an axon. In Section 4.1.1, we de ne our agent-based model of cargo dynamics. In
Section 4.1.2, we describe the xed and dynamic models of microtubules. These models
will be used both to explore mechanisms which mediate microtubule organization in an axon
and mechanisms which regulate cargo transport. In Section 4.1.3, we de ne the particular

spatial domains used in this chapter. All relevant model parameters are summarized in 4.1.

4.1.1 Agent-based model for cargo transport

To represent the transport and di usion behavior of intracellular cargo, we adapt an
agent-based model from the work of L. Chen et al., 2012. A schematic describing this model
is shown in Figure 4.1 and the equations are given if4.1). This model tracks the location
of cargo in a two-dimensional domain as it switches between a di usive state constrained

by the cellular space and a transport state restricted to a network of microtubules,@ T

with plus and minus ends, yj” . More details on the microtubule network are given
in Section 4.1.2. We represent two cargo populations as de ned by the direction they are
transported along microtubules: plus-end directed c:argo>,<i+ , and minus-end directed cargo,
X; . While in transport, plus- and minus-end directed cargo move towards the respective
plus or minus end of the microtubule they are bound to with velocityV (Fig. 4.1a). When
in di usion, all cargo di use with di usion coe cient D (Fig. 4.1b). If domain boundaries
are implemented, re ective conditions are imposed to constrain all cargo movement to the
domain. Diusing cargo binds to a microtubule, %/J transitioning to transport, when the
shortest distance between the cargo and microtubule is less than a critical binding radius,

r (Fig. 4.1c). Transport states of cargo are given by the microtubule indexj, on which the

cargo is being transported. Cargo in transport unbinds, transitioning to di usion, either
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FIGURE 4.1: Panels illustrating agent-based model state behaviors and transition events
for (a) transport state, (b) diffusion state, (c) binding event and (d) unbinding event.

through random detachment from the microtubule at rate K or if the cargo is within a small
distance d of the microtubule end (Fig. 4.1d).

The binding radius, r, is informed by combining the radius of a microtubule, radius of
a particle and critical binding distance and is informed by the choice in L. Chen et al.,
2012. For diusion steps, X is a two-dimensional vector with independent components

each drawn from the normal distribution N (0,1). For unbinding events, ci”

(tn) are
independent random numbers drawn from the uniform distribution U [0, 1]. All parameters

characterizing the cargo ABM are summarized in Table 4.1.
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(4.1)

The choice of time step,Dt, signi cantly a ects the results of the agent-based simulation.
Binding events of cargo transitioning from di usion to transport represent a rst passage
time of the cargo into a de ned neighborhood around any microtubule. When time steps are
large, a simulation may miss an encounter as the cargo may have reached the neighborhood

of a microtubule between time steps. This results in a lower e ective binding rate and
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therefore a lower proportion of cargo in transport. However, registering each encounter as a
binding event is not biologically realistic. There are many reasons a cargo may not bind to
a microtubule at any encounter including motor protein availability, respective orientation,
microtubule carrying capacity and more. Additionally, by representing a three-dimensional
process in two-dimensional space we arti cially increase interaction frequencies. As in L.
Chen et al., 2012, we seek to balance the miscounting by time discretizations with the over-

counting by registering each encounter as a binding event through our choice of time step.

We achieve this balance by choosing a time step df0 2 s. In simulations of our healthy

MT geometry, this leads to cargo being consistently 80% of the time in transport over

many simulations (Figure 4.2d). There is no currently available data to better parameterize

this estimate, but we note that the choice ofDt can be altered to re ect relevant data on

target e ective binding rate or proportion of cargo in transport.

Table 4.1: Parameters for axon cargo and microtubule models

Cargo Agent Based Model

Parameter | Meaning Value/Quantity Source/Reason
xi” plus- and minus-end directed cargo populations 100 or 200 see Section 4.1.3
\% velocity of cargo in transport along microtubule 0.5mMm/ s Ciocanel et al., 2017
D cargo diffusion coef cient 1mm?/ s Ciocanel et al., 2017
K cargo dissociation rate 1s 1 J. Chen etal., 2012
r critical radius for binding with microtubule 18.3nm J.Chenetal., 2012
d critical distance for unbinding with microtubule 18.3nm modeling choice
Dt time step for agent-based simulation 10 2s see Section 4.1.1
Microtubule Network Model
Parameter | Meaning Value/Quantity
Ei/j microtubule network 100 or 250 MTs
yj” microtubule plus and minus ends xed or changing
q microtubule angular direction ( 180,18Q
I microtubule length d(y; ,yj+ )
Domain
Parameter | Meaning Healthy Domain Injured Domain
W domain width 10mMm 10mM
L domain length 100mm 250mM
number of MTs 100 250
number of cargo 100 200
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4.1.2 Models of microtubule arrangement and dynamics

As described in Section 4.1.1, cargo dynamics in transport are governed by an underlying

network of microtubules, denoted byéilj. Each jth microtubule is de ned by the location

of the plus and minus ends,yj” , an angular direction, g, and a length, I;. Angular
direction is measured in degrees and can take any value in the intervdl 180, 18Q where
0 represents a PEO microtubule aligned with axonal axis andl80 represents a MEO
microtubule aligned with the axonal axis; the axonal axis is oriented horizontally in our
visualizations. Microtubule length, |}, is the two-dimensional distance between the plus and
minus ends,d(yj ,yj"). Values for each of these parameters can be xed or may vary over
time.

In living systems, microtubules are dynamic, constantly undergoing growth and shrink-
ing behavior. In this work, we use a xed network of microtubules in Section 4.2 to rst
explore the behavior of the cargo ABM on a stable microtubule network. In Sections 4.3
and 4.4, we use a dynamic network of microtubules to explore mechanisms which may reg-
ulate microtubule organization in this domain coupled with the resulting cargo dynamics.
For dynamic microtubules, the growth and shrinking behavior are dictated by the CTMC

model described in Section 1.2.

4.1.3 Spatial domain

All model dynamics are represented in two-dimensional space. In Section 4.3.2, we
will consider microtubule dynamics in an unbounded domain. Otherwise, we design a nite
domain with length L and width W de ned by rigid top and bottom boundaries to constrain
cargo and microtubule dynamics along the axon. We design domains to represent the
structure of an axon under healthy and post-injury conditions. In both cases, we will orient
the axonal domain horizontally with the cell body assumed to be left of the represented
axonal segment. We model our domain after culturedAplysia californica neurons as used
in the work by Erez et al., 2007. Imaging of this model organism indicated0 nm is a

reasonable domain width. To model a healthy axon, we consider a domain with length
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100 mm and periodic boundary conditions connecting the domain ends. To model an axon
post-injury, we consider a longer segment of the axon with lengtt250 mm and a xed
boundary on the right hand side of the domain to represent the closed membrane at the
site of injury.

Given the dierent domain sizes, we simulate di erent numbers of cargo and micro-
tubules in the healthy and post-injury domains. Since there is little data available on true
densities of cargo and MTs in living systems, we chose values that are realistic to the domain
size and maintain a consistent density across our domain con gurations. In the healthy do-
main, we use 100 MTs and 100 cargo. In the post-injury domain, we use 250 MTs and
200 cargo, with cargo initially localized to the distal 200 nm of the domain. In all cases,
half of the cargo is plus-end directed and half is minus-end directed. More details on the
initialization of cargo and MTs for each simulation are included in the following sections.

All model parameters are summarized in Table 4.1.
4.2 Cargo transport and localization on xed MT geometries

To set up our work investigating cargo localization and microtubule dynamics in an
axon, we simulate the cargo ABM on xed microtubule geometries in healthy and post-
injury domains. Simulating the cargo model on these geometries will allow us to better
understand the cargo dynamics represented by our ABM model. Speci cally, we will an-
alyze the spatial distribution of plus- and minus-end directed cargo after a few minutes
of simulation, distributions of the e ective velocities of each cargo group throughout the
simulations and the proportion of cargo in transport and di usion states. These data will
allow us to assess if our model is able to realistically represent in vivo cargo transport dy-
namics. For the xed MT geometries, all microtubules will be aligned with the axonal axis
with angular direction 0 for PEO MTs and 180 for MEO MTs. In our healthy axonal do-
main, microtubules are uniformly oriented PEO. In our post-injury domain, microtubules
are organized in three sections as observed by Erez et al., 2007 within minutes of axon

injury.
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In the healthy domain, we initialize 100 PEO microtubules with the minus end location
selected uniformly at random across the the domain and with length drawn from an expo-
nential distribution with mean 20 nm (Fig 4.2a). We simulate 100 cargos (half plus-end
directed and half minus-end directed) and initialize their locations uniformly at random
across the domain. Since the axons d&plysia californica can be hundreds of microns long
(Erez et al., 2007), we consider our domain to be a segment of a healthy axon and connect
the left and right ends of the domain with periodic boundary conditions. Under these pe-
riodic conditions, all microtubules which extend beyond the domain ends will reenter the
domain on the opposite end. Similarly, all cargo which exit the domain on one side will
reenter on the opposite side. We draw 20 realizations of this xed microtubule geometry
and run our cargo ABM model on each realization for 2 minutes.

Results from these simulations are shown in Figures 4.2b-d. Figure 4.2b shows the
mean cargo density after 2 minutes of simulation as a kernel density function calculated
with bandwidth of 5 across 200 steps in the x-direction of the domain for both plus- and
minus-end directed cargo. The standard deviation across the 20 simulations is represented
as a cloud around the mean. We see both cargo populations are still uniformly distributed
after 2 minutes of simulation. Figure 4.2c shows the e ective velocities of all cargo in all
simulations calculated as the change in location after each 30 second of simulation. Each
cargo population appears to have approximately normally distributed e ective velocities
centered around0.44 mm/ s and 0.43 mm/ s for plus- and minus- end directed cargo re-
spectively. Given the velocity of cargo in transport is0.5 mm/ s these results suggest that
each cargo population is being consistently and e ectively transported to their respective
target destination. Figure 4.2d supports this conclusion as it shows the average percent of
cargo in transport throughout the simulation is consistently around 80%. Together, these
results show our ABM model with the healthy, xed MT geometry represents e cient cargo
transport that maintains a uniform distribution.

To represent the post-axotomy behavior observed by Erez et al., 2007, we design a do-

main 250 mm in length with 250 microtubules distributed within three distinct segments.
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FIGURE 4.2: Results from 20 simulations of healthy (a-d) and trap (e-h) geometries for
cargo ABM on xed microtubules. Results shown include (a,e) schematics of MT
geometries, (b,f) mean cargo density and standard deviation cloud computed with
kernel density function across x domain for plus (blue) and minus (red) cargo, (c,9)
distributions of effective velocities calculated across 30 second intervals for plus (blue)
and minus (red) cargo in all simulations, and (d,h) mean proportion of cargo in transport
(yellow) and diffusion (purple) over time with standard deviation clouds.

We are interested in assessing if this arrangement results in the cargo traps observed ex-
perimentally. First, in a region most proximal to the cell body (between 0 and 150nm)
we initialize half of our total MTs to be PEO. Second, in the middle region (between 150
and 200 nm), we initialize a quarter of our MTS to be MEO. Finally, in the most distal
region (between 200 and 250m), we initialize the remaining MTs to be PEO. This layout

is represented in Figure 4.2e. All microtubules are seeded with their minus end location
selected uniformly in their designated region and their length drawn from an exponential

distribution with mean 20 mm. Any plus ends that cross over the boundary of their region
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are reset within their region by selecting a new location within their region with distance
away from the region boundary selected from a normal distribution with mean and stan-
dard deviation 2 mm. In this way, all microtubules are fully contained within the region
they belong to, leaving distinct boundaries between regions at00 mm and 150 mm. Finally,
we implement an additional re ective domain boundary on the right side of the domain at
200 mm, representing the newly sealed cell membrane after injury. We simulate 200 cargos
(half plus-end directed and half minus-end directed) and initialize their locations uniformly
at random between 50 and 250rm in the domain so that the cargo is initially surrounded
by microtubules. We draw 20 realizations of the microtubule geometry and simulate the
cargo dynamics on each for 3 minutes.

Figures 4.2f-h show the emergent behavior. Figure 4.2f shows all plus end cargo accu-
mulated either in a plus end trap at 150 mm or at the end of the domain at 250 nm by the
end of the 3-minute simulations. The minus end cargo accumulate in a minus end trap at
200 mm or move retrogradely towards the cell body. The e ective cargo velocities shown
in Figure 4.2g show more varied behavior than in the healthy axon geometry. With both
PEO and MEO oriented microtubules in this geometry, we see both cargo types have both
positive and negative e ective velocities. Also, given the localization of cargo to the traps,
we see more e ective velocities around nm/ s. Finally, Figure 4.2h shows the proportion
of cargo in transport changes throughout the simulation. Similarly to the healthy geometry,
about 80% of cargo starts in transport re ecting a similar coverage of microtubules in each
domain. However, over time as cargo is localized to traps we see this proportion decrease
to nearly 50% by the end of the 3 minute simulations.

These results demonstrate that our cargo ABM model is a realistic representation of
cargo movement in this axonal domain. These xed microtubule geometries are a simpli ed
re ection of what has been observed in living systems. In the trap geometry, cargo is
localized to the same observed traps within minutes of simulation, which aligns with the
timescale observed biologically. We next explore how dynamic microtubules a ect this

system and investigate mechanisms which could produce both the healthy and the trap
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geometries observed in axonal microtubules.
4.3 Healthy MT organization and emergent cargo dynamics

Given the width of an axon, microtubules are not necessarily constrained to grow par-
allel to the neurite axis as they were in our dendrite model and as we assumed in our
xed models of MTs in Section 4.2. However, despite the additional domain dimension,
microtubule alignment in axons has been identi ed as a key feature in both healthy func-
tion and regeneration (Rolls et al., 2021). In a study investigating the failure of axonal
regeneration in the CNS, Erturk et al., 2007 found microtubule organization to be a key
factor in successful growth cone formation and axonal regrowth. Speci cally, this work
found that in healthy CNS axons, 99% of MTs deviated less than 30 degrees from the ax-
onal axis. Similarly, in growth cones, 97% of MTs deviated less than 30 degrees from the
axonal axis. However, there was signi cantly less organization observed in retraction bulbs
with only 50% of MTs deviating less than 30 degrees from the axonal axis. Taken together
with experiments that demonstrate that destabilization of MTs can convert a growth cone
to a retraction bulb, this data suggests that the organization and stability of MTs has a
signi cant role in maintaining growth cone stability.

To represent more realistic microtubule dynamics and explore mechanisms which may
regulate their organization in a healthy axonal segment, in this section we use our CTMC
model of microtubule dynamics and allow the angular direction of microtubules to vary.
In Section 4.3.1, we explore biologically relevant mechanisms which could produce realistic
alignment of microtubules in a healthy axon environment. First, we consider how spatial
limitations of our boundaries force microtubules to align with the axonal axis. Second, we
explore a mechanism where the direction of MT nucleation is dependent on the nearest
microtubule orientation. We will use these mechanisms to simulate microtubule dynamics
in a healthy axonal environment and assess metrics to quantify the microtubule alignment
in these simulations in Section 4.3.2. Finally in Section 4.3.3, we will couple our ABM of

cargo dynamics to this dynamic microtubule model and compare results to those with xed
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microtubules in Section 4.2.

4.3.1 Boundaries and angular selection as mechanisms of MT organi-
zation

When considering mechanisms of microtubule organization, we must rst consider inter-
actions with the domain. In this model, we assume that both microtubules and the domain
boundaries are rigid. Since microtubules are broadly characterized as rigid structures (Jan-
son and Dogterom, 2004) this is a reasonable assumption of the model and accounting
for possible microtubule or boundary bending is beyond the scope of this work. When
a microtubule length is small, like at nucleation, the angular direction of a microtubule
can take any value. However, if a microtubule reaches a boundary, it will not be able to
push beyond the boundary. Instead of limiting the growth of a microtubule, we adjust its
angular direction to ensure its full length is contained within the boundaries. Therefore,
while short microtubules can be any length, the maximum possible angular deviation from
the axonal axis of a longer microtubule will be limited. This limitation is dependent on the

ratio between the current microtubule length and the domain width and is given by
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as plotted in Figure 4.3a. This function demonstrates a simple choice for how boundaries
alone could constrain MT growth and align MTs. Speci cally, in our simulations with a
target microtubule length of 20 nm, the length to width ratio will range around 2, sig-
ni cantly limiting the possible angular deviation of microtubules. Note given our rigidity
assumptions, the angular direction of a microtubule only changes if it is driven to do so by
these interactions with the top and bottom boundaries.

Next, we investigate a mechanism that determines the angle at which a microtubule is
nucleated. Biologically, experiments have identied a HAUS/augmin complex that binds
to an existing MT and recruits a gTURC seed to nucleate a new MT (Weiner et al., 2021).

This recruitment causes a branched MT nucleation site and new MTs tend to align with
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FIGURE 4.3: (a) Range of possible deviation from axonal axis for MTs based on ratio
between MT length and domain width with max given by (4.2), (b) k as a function of
distance to the closest microtubules and (c) example PDFs of von mises distributions for
various k values with m= 0

the existing one they branch from. Speci cally, it was found in Xenopus (or frogs) that
over 40% of new MTs have an angle from their parent microtubule of O degrees.

To represent this behavior in our model, we design a mechanism that selects the angle
at which a new nucleation will grow based on the closest neighboring microtubule to the
new nucleation location. The angle for the new microtubule will be drawn from a von Mises
distribution, a continuous probability distribution on the unit circle, with mean mand shape
or concentration parameterk. Example von Mises distributions are shown in Figure 4.3c
for m= 0 and various k values. Note, higherk values correspond to a distribution more

concentrated around the mean. The distribution parameters,mand k, used to draw the
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angle of the new nucleation will be determined by its closest neighboring microtubule.
Speci cally, mwill be the angle of the closest microtubule andk will be a function of
the distance from the new nucleation to the closest microtubuleDy. Speci cally, we let
k(Dy) = b5tanh(Dy 2)+ 5sothatkis a decreasing function with mediarb at Dy = 2 nm
as plotted in Figure 4.3. Therefore, the angular direction of new nucleations will be drawn
from a distribution centered around the angular direction of the closest microtubule with

concentration inversely related to the distance to the closest microtubule.

4.3.2 Mechanisms resulting in healthy MT organization

In Section 4.3.1, we detail two mechanisms, boundaries and angular selection, which
may contribute to microtubule alignment and maintenance of biased PEO polarity. With
our mathematical modeling framework, we can explore these mechanisms systematically
by simulating the four possible scenarios with each mechanism turned o or on i.e.
neither mechanism, boundaries-only, angular selection-only or both mechanisms. For each
combination of mechanisms we run a set of 100, 13-hour simulations. Each simulation tracks
100 microtubules using the CTMC model for microtubule growth and shrinking dynamics.
Microtubules will be initialized with length 15 mm and angular direction 0, i.e. aligned with
the axonal axis with PEO polarity. For the rst hour of simulation, all new nucleations will
also have angular direction Oto maintain biased PEO polarity as the microtubule length
distributions reach steady state. After 1 hour of simulation, mechanisms being used for
that simulation, i.e. boundaries and/or angular selection, are implemented. If angular
selection is not on, new microtubule nucleations have their initial angular direction selected
uniformly at random from ( 180,180].

After 13 total hours of simulation, we assess the alignment and polarity of microtubules.
To assess alignment, we quantify the percentage of microtubules which are aligned with
the axonal axis as de ned by deviating from the axonal axis by less than 30 To assess
polarity, we quantify the percentage of microtubules with PEO polarity, i.e. with angular

direction in the range (-90,90). Mean and standard deviation of these percentages across
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FIGURE 4.4: Mean and standard deviation of metrics to assess microtubules alignment
and polarity across mechanism combinations with (a) percent of microtubules which
algin within 30 of the axonal axis, and (b) percent of microtubules with PEO polarity

all simulations for each mechanism combination are shown in Figure 4.4. With neither
mechanism, we see random orientation after 13 hours with on average 34% of microtubules
aligned with the axonal axis and 50% of microtubules with PEO polarity. With boundaries
only, we see better alignment with 87.6% of microtubules aligned with the axonal axis
but still mixed polarity with 50% PEO. With angular selection alone, we maintain the
PEO polarity initially established with 98% of microtubules ending PEO but lose some
of the alignment seen with the boundaries falling to on average 74% aligned with the
axonal axis. Finally, with both mechanisms implemented, we see both strong alignment at
97% and strong PEO polarity at 99.6%. These results indicate that the angular selection
mechanism is key to maintaining PEO polarity and contributes to MT alignment, while

domain boundaries ensure very consistent alignment with the axonal axis.

4.3.3 Effective cargo transport on healthy MT dynamics

Results from Section 4.3.2 with both mechanisms implemented model realistic dynamics
of microtubules in a healthy domain where alignment and polarity are maintained. With
these results, we would like to assess if modeling dynamic microtubules instead of xed
microtubules has any a ect on cargo dynamics in this healthy domain. To do so, we run

the same simulations of our cargo ABM in a healthy, periodic domain as shown in Section 4.2
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FIGURE 4.5: Results for cargo ABM on dynamic microtubule model in healthy domain
include (a) mean cargo density and standard deviation cloud computed with kernel
density function across x domain for plus (blue) and minus (red) cargo, (b) distributions

of effective velocities calculated across 30 second intervals for plus (blue) and minus
(red) cargo in all simulations, and (c) mean proportion of cargo in transport (yellow) and
diffusion (purple) over time with standard deviation clouds.

this time coupling it with the dynamic microtubule model as simulated in Section 4.3.2. We
use 20 simulations of the microtubule dynamics model with both boundaries and angular
selection mechanisms implemented. We take a 2-minute interval of the microtubule end
locations, starting at hour 6 of simulation. We then run the cargo ABM model on these
networks of microtubules, updating the end locations of the microtubules at every second
for a total of 2 minutes.

Results from these simulations including cargo distribution over the domain, e ective

velocity of both cargo populations and proportion of cargo in each state are shown in
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Figure 4.5. Results are nearly identical to those from the xed, healthy MT model shown
in Figure 4.2b-d. We again see uniform cargo distribution after 2 minutes of simulation
with about 80% of cargo in transport throughout the simulation. Distributions of e ective
velocities again show nearly normal distributions centered with norm just less than the
implemented transport velocity of 0.5mm/ s. The only notable di erence in these results
as compared to those from Section 4.2 is that the distributions of e ective velocities for
both plus and minus cargo cross zero in these simulations. This is due to a small number
of microtubules having MEO polarity and thus transporting some cargo in the opposite
direction of most microtubules. These nearly identical results suggest that microtubule

dynamics in a healthy environment may have little to no impact on cargo dynamics.
4.4 MT organization and cargo localization post-axotomy

Experimental work on severed axons has identi ed important structural events leading
to the transformation of the cut axonal end into a growth cone, which extends the injured
axon to regrow towards a target (Erez et al., 2007). While it has been established that
both microtubules and cargo are key to healthy growth cone formation, the mechanisms
which regulate the observed behavior are not well understood. In Section 4.2, we explored
cargo dynamics on xed microtubule geometries representative of a healthy axon and of
the cargo traps formed after axon injury. In Section 4.3, we explored mechanisms which
regulate microtubule organization in a healthy axon and analyzed the coupled dynamics of
microtubules and cargo in this system. In this section, we will again couple our models of
microtubule and cargo dynamics to explore mechanisms which may regulate microtubule

rearrangement from a healthy axon to the cargo traps observed after axon injury.
4.4.1 Post-axotomy calcium-induced MT depolymerization

Work by Erez et al., 2007 identi ed key structural events following axonal injury which
lead to growth cone formation. The key transition in microtubule geometry is from a ho-

moegeneous, PEO distribution to three distinct regions of microtubules forming cargo traps.

Mechanisms which facilitate the transition between these geometries are not fully under-
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stood. However, it has been established that calcium plays a signi cant role in disrupting
the healthy microtubule geometry following injury.

There are higher concentrations of calcium outside of a neuron than inside. High concen-
trations of calcium have been shown to induce microtubule depolymerization by increasing
the rate of catastrophe (O'Brien et al., 1997). Therefore, when an axon is severed, the con-
centration gradient causes calcium to rush into the cell, leading to a wave of microtubule
depolymerization. The cellular membrane seals quickly at the injury site, allowing intra-
cellular calcium concentrations to recover to their resting levels and microtubule dynamics
to return to normal. While calcium levels are only raised temporarily, Erez et al., 2007
observed a wave of MT depolymerization along a 50 100 mm long segment next to the
injury site. It is in this region of the cell that microtubule rearrangement (leading to the
formation of cargo traps) is subsequently observed.

Given that this local calcium-induced depolymerization is the primary observed disrup-
tion of microtubules after injury, we seek to explore its e ect on microtubule geometries
in our model. We will disrupt a simulated healthy microtubule geometry with an injury
event characterized by local calcium-induced depolymerization. We will thus explore how
microtubules reorganize post injury. Coupling the microtubule dynamics with our cargo
model will determine if these mechanisms are su cient to reproduce the cargo localization

behavior observed experimentally.

4.4.2 Spatial simulation design

Simulations are designed in a domain that isLO nm in height and 250 mm in length.
Microtubules are initialized with their minus end location selected uniformly at random
across this domain, and have lengthl5 nmm and angular direction 0 (Fig. 4.6a). Top
and bottom re ecting boundaries are implemented throughout the simulation. When a
microtubule completely catastrophes (i.e. shrinks to length 0), it is replaced by nucleation
of anew microtubule. This new microtubule is also nucleated with its minus end location

selected uniformly at random from the domain, with seed length oft/10 mm and angular
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FIGURE 4.6: Schematics of (a) simulated healthy axon segment, (b) injury design for
proximal (left) and distal (right) geometries simulated as full depolymerization and

renucleation of all microtubules within 200 nmm of injury site and new boundary at site
and (c) target MT rearrangement and cargo localization observed experimentally

direction chosen based the nearest neighboring microtubule as dictated by the angular
selection mechanism outlined in Section 4.3.1. A total of 250 microtubules are maintained
throughout these simulations. Healthy MT dynamics are simulated for one hour before
injury to allow simulations to reach steady state.

After an hour, we simulate an injury event by adding a vertical boundary at the end
of the domain and representing the e ects of calcium-induced depolymerization in a sim-
ple way. Microtubule growth past this vertical boundary is prevented. Calcium-induced
depolymerization leads to microtubules with their closest end within100 mm of the injury
location immediately undergoing complete catastrophe. The same number of microtubules
are then reseeded under normal nucleation protocol throughout the domain (Fig. 4.6b). We
simulate microtubule dynamics after injury for 10 minutes for a total simulation time of 70
minutes.

We design these simulations for both proximal and distal geometries. The proximal
geometry represents the proximal end of the axon which remains connected to the cell body
after injury. The distal geometry represent the distal end of the axon which is disconnected
from the cell body after injury. While the proximal geometry is of more interest as the

region which becomes the growth cone, local rearrangement of the distal geometry into a
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minus end cargo trap has also been observed in Erez and Spira, 2008. Testing our model
with both geometries allows for a more robust analysis of whether or not our identi ed
mechanisms are su cient to produce the observed microtubule reorganization. In practice,
the only di erence between our proximal and distal geometries is the side of the domain
on which injury e ects are implemented. For the proximal geometry, the vertical boundary
and calcium-induced depolymerization are on the right hand side of the domain (Fig. 4.6b,
left). For the distal geometry, the vertical boundary and calcium-induced depolymerization
are on the left hand side of the domain (Fig. 4.6b, right).

To assess microtubule rearrangement after injury and better compare to biological ob-
servations, we couple the nal 10 minutes of dynamics from our microtubule simulations
with our model of cargo transport. We simulate 200 protein cargo with initial locations
selected uniformly at random across the200 nm adjacent to the new vertical boundary.
We leave 50 nm initially seeded without cargo but with microtubules in order to assess
cargo movement when robustly surrounded by microtubules. The target microtubule ar-
rangements and cargo localization for our simulations which are observed experimentally
are represented in Figure 4.6¢c. The goal of this work is to assess whether these simple
mechanisms of local microtubule organization disrupted by an additional domain boundary
and calcium-induced depolymerization are su cient to produce the cargo trap rearrange-
ment observed in the proximal and/or distal axon segments. We discuss results from these

model simulations in the following section.

4.4.3 Dynamic MT rearrangement and cargo localization post-axotomy

We simulate 20 realizations of the microtubule and cargo dynamics for both the proximal
and distal domain. We visualize resulting average microtubule and cargo distributions
across the x dimension for the 10 minutes post-injury in Figures 4.7 and 4.8 for the proximal
and distal domains, respectively. Cargo density is calculated with a kernel density function
with bandwidth 5 across 200 steps in the x-direction of the domain for both plus and minus

cargo. For the microtubule distribution, at every time step microtubules are labeled as plus
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