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Abstract

Species sampling models are a broad class of discrete Bayesian nonparametric pri-
ors that model the sequential appearance of distinct tags, called species or clusters,
in a sequence of labeled objects. Over the last 50 years, species sampling priors
have found much success in a variety of settings, including clustering and density
estimation. However, despite the rich theoretical and methodological developments,
these models have rarely been used as tools by applied ecologists, even though their
primary investigation often involves the modeling of actual species. This disserta-
tion aims at partially filling this gap by elucidating how species sampling models
can be useful to scientists and practitioners in the ecological field. Our emphasis is
on clustering and on species discovery properties linked to species sampling mod-
els. In particular, Chapter 2 illustrates how a Dirichlet process mixture model with
a random precision parameter leads to greater robustness when inferring the num-
ber of clusters, or communities, in a given population. We specifically introduce a
novel prior for the precision, called Stirling-gamma distribution, which allows for
transparent elicitation supported by theoretical findings. We illustrate its advan-
tages when detecting communities in a colony of ant workers. Chapter 3 presents
a general Bayesian framework to model accumulation curves, which summarize the
sequential discoveries of distinct species over time. This work is inspired by tradi-
tional species sampling models such as the Dirichlet process and the Pitman—Yor

process. By modeling the discovery probability as a survival function of some la-
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tent variables, a flexible specification that can account for both finite and infinite
species richness is developed. We apply our model to a large fungal biodiversity
study from Finland. Finally, Chapter 4 presents a novel Bayesian nonparametric
taxonomic classifier called BayesANT. Here, the goal is to predict the taxonomy of
DNA sequences sampled from the environment. The difficulty of such a task is that
the vast majority of species do not have a reference barcode or are yet unknown to
science. Hence, species novelty needs to be accounted for when doing classification.
BayesANT builds upon Dirichlet-multinomial kernels to model DNA sequences, and
upon species sampling models to account for such potential novelty. We show how
it attains excellent classification performances, especially when the true taxa of the
test sequences are not observed in the training set. All methods presented in this
dissertation are freely available as R packages. Our hope is that these contributions
will pave the way for future utilization of Bayesian nonparametric methods in applied

ecological analyses.
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1

Introduction

Species sampling models (Pitman, 1996) are a broad class of Bayesian discrete non-
parametric priors that model the sequential appearance of distinct tags, calletus-

ters or distinct species in a sequence of labeled objects. Since the introduction
of their arguably most famous member, the Dirichlet process, around 50 years ago
(Ferguson, 1973), species sampling priors have been thoroughly investigated from a
theoretical standpoint as models for random partitions and have found much success
in a variety of applied mixture modeling settings, like regression analysis, hierarchi-
cal modeling, density estimation, clustering, and community detection to name a
few. These rich theoretical and applied developments, however, have rarely appealed
to ecologists, whose primary scienti ¢ investigation often revolves around the mod-
eling of actual species and their behavior in nature at large. In this dissertation,
we describe some theoretical, methodological, and applied Bayesian nonparametric
contributions that we hope will both be of independent interest to statisticians in the
eld, and also open a path towards a broader use of species sampling model-based
methods among practitioners in applied ecological settings.

Our rst contribution is presented in Chapter 2, which focuses on species sampling

1



priors from a mixture modeling perspective. In particular, we study how Dirichlet
process mixtures are crucially sensitive to the choice of the so-called precision pa-
rameter. Our goal is to show how randomization of the precision through the use
of a prior leads to greater robustness in inferential procedures, especially in terms of
the posterior number of clusters estimated from the data. However, common choices
of priors, such as the gamma distribution (Escobar and West, 1995), do not allow for
transparent elicitation due to a lack of analytical results. For this reason, we intro-
duce the novelStirling-gamma prior, which makes the distribution of the number of
clusters analytically tractable. Our theoretical investigation clari es the reasons for
the improved robustness. For instance, the number of clusters in a Dirichlet process
with a Stirling-gamma prior on the precision follows approximately a negative bino-
mial distribution, whereas a xed precision leads to a Poisson-type behavior instead.
Under speci ¢ choices of its hyperparameters, the Stirling-gamma has the important
property of being conjugate to the law of the random partition of a Dirichlet pro-
cess. This is particularly useful in applied settings where inference on the partition
is of primary interest. We illustrate the above advantages in a community detection
problem, where our goal is to infer the number of communities within a colony of
ants from networks of individual ant-to-ant interactions.

In Chapter 3, we present a novel Bayesian methodology to model accumulation
curves, which express the count of \new" species discovered as a function of the num-
ber of individuals observed. Speci cally, it is of great interest for ecologists to both
correctly t the \in-sample" behavior of the curve, or rarefaction and to predict the
\out-of-sample" trajectory, or extrapolation, which amounts to estimating the num-
ber of new additional species that would be observed if more samples were collected.
Extrapolating the curve to in nity yields an estimate of the species richness, namely
the total number of distinct species that live in a location. Our method is inspired
by traditional species sampling models, such as the Dirichlet (Ferguson, 1973), the

2



Pitman{Yor (Pitman and Yor, 1997) and the Dirichlet-multinomial processes (Per-
man et al., 1992). Unfortunately, these models are either not su ciently exible for
rarefactions and extrapolations or only admit an in nite number of species asymp-
totically. To deal with these issues, we introduce a Bayesian framework where the
probability of discovering a new species at any given time is modeled through a sur-
vival function of a chosen latent random variable. The resulting law for the accumu-
lation curve is a Poisson-binomial distribution, which allows for simple in- and out-
of sample estimators, and both nite and in nite species richness depending on the
shape of the survival function. We speci cally focus on a three-parameter log-logistic
class of survival functions, which includes the Dirichlet process discovery probability
as a special case and whose parameters can be estimated via a constrained logistic
regression. We test our proposal on data collected from a large fungal biodiversity
study in Finland (Abrego et al., 2020).

Chapter 4 illustrates how species sampling models can be used as a building
block to develop powerful classi cation tools when the true labels in the test set
are not observed in training. Such a problem frequently arises in DNA barcoding
tasks (Somervuo et al., 2017), which are often used to quantify biodiversity in a
given area. Indeed, modern taxonomic identi cation methods leverage upon existing
libraries of DNA barcodes to automatically annotate DNA sequences collected from
eld experiments. However, these libraries are often incomplete, as many species are
unknown to science or do not have a reference barcode. Thus, the taxonomic novelty
of a sequence needs to be accounted for when doing classi cation. To solve the issue,
we develop BayesANT, aBayedan N onparametric taxonomic classi er, which uses
species sampling model priors to allow new taxa to be discovered at each taxonomic
rank. Using a simple product multinomial likelihood with conjugate Dirichlet priors
at the lowest rank, a highly e cient algorithm is developed to provide a probabilis-

tic prediction of the taxa placement of each sequence at each rank. BayesANT is

3



shown to have excellent performance when many sequences in the test set belong to
unobserved taxa.

All the research presented in this dissertation has received funding from Project
Lifeplant, whose aim is to map the current state of biodiversity across the globe.
Every Chapter is co-authored with David B. Dunson and Tommaso Rigon, with the
addition of Otso Ovaskainen for Chapter 3. As our overarching goal is to broaden the
application of Bayesian nonparametric tools in ecology, much software was developed
in Rto facilitate usage. A sampler for the Stirling-gamma distribution of Chapter 2
is available in the ConjugateDP package. Codes to perform all models described in
Chapter 3 can be found in theBNPvegapackage. The taxonomic classi cation algo-
rithm of Chapter 4 is available in the BayesANTpackage. Proofs for the statements

and additional simulation studies are presented in Appendix A, B and C.

! Lifeplan is funded by the European Research Council under the European Union's Horizon 2020
research and innovation programme (grant agreement No 856506).

2 All code is publicly available in GitHub at https://github.com/alessandrozito
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2

Bayesian nonparametric modeling of latent
partitions via Stirling-gamma priors

2.1 Introduction

Discrete Bayesian nonparametric priors have been thoroughly investigated in recent

decades motivated by their wide applicability in model-based clustering and den-

Y and fpy | xqis a density function on the same space, indexed by Then, a
Bayesian nonparametric mixture model is de ned through the following hierarchical

representation

ind

Y Ixi™fpIXig X |p“m P Q; p L:ing (2.2)

measure andQ represents its prior. Some notable instances of prior laW@ include
the Pitman{Yor process (Perman et al., 1992; Pitman and Yor, 1997), Gibbs-type
priors (Gnedin and Pitman, 2005; De Blasi et al., 2015), and normalized random
measures with independent increments (Regazzini et al., 2003). Arguably, the most
popular and widely employed discrete nonparametric prior is the Dirichlet process
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introduced by Ferguson (1973), due to its simplicity and analytical tractability.
The discreteness op thduces a clustering of the observations by generating ties

among the latent variables. More precisely, there will b&, k distinct values

say Cy;:::;Cx. Hence, two statistical unitsi and i' belong to the same cluster,

say thejth, if i;i' P C; or, equivalently, if X;  Xj. Moreover, we will say that

m 1d; (2.2)

where | 0, with p o, p g p n 1gbeing the ascending factorial,

and with n; | C;| being the number of elements in cluste€;, so that J" 1N

n. The quantity is called precision parameter and, together with the sample
size n, governs the law of the partition and the number of cluster«,. In our
motivating application, we rely on such a random partition mechanism to infer the
latent communities in a colony of ant workers. Speci cally, we model individual ant-
to-ant interaction networks via stochastic block models (Nowicki and Snijders, 2001),
which are a variant of the mixture model in (2.1). See Kemp et al. (2006); Geng
et al. (2019); Legramanti et al. (2022) for other applications of discrete nonparametric
priors in community detection tasks.

It has been pointed out by several scholars that Dirichlet process mixtures are
particularly sensitive to the precision parameter (Escobar, 1994; Lijoi et al., 2007b;
Booth et al., 2008). For instance, dierent values of can lead to dramatically
di erent posterior distributions of K,, even when su cient cluster separation is
present in the data. Such a lack of robustness is problematic when the posterior

partition is of inferential interest, such as in clustering and community detection.
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Figure 2.1 : Left panel: 800 data points from a four-component mixture of normals.
Center panel: probability mass function of the prior distribution ofK , under di erent
choices of . Parameters were set to hav&EK,q 7:26 andEX,g 259 in low
and high cases, respectively, with 1 and 5 in the xed cases. Right panel:
posterior distribution of K, estimated from the data via a Dirichlet process mixture.
See Addendum Il for detalils.

As we illustrate in Figure 2.1 with a simulated example, randomizing the precision
through the use of a prior p gcan attenuate this unpleasant behavior. Here, xing

1 as opposed to 5 causes the posterior mode df, to shift from four to
eight clusters, even if the data are generated from a mixture with four well-separated
components. On the contrary, allowing to be random induces more exibility in
the prior for K,, and in turn, yields two posterior distributions that are similar to
each other even when the means in the priors for are far apart.

The most common choice of p qis the gamma distribution (Escobar and West,
1995). However, gamma priors lead to an analytically intractable prior over the
partition. This prevents transparent elicitation of the prior hyperparameters and
complicates the inclusion of available prior information on the clustering structure of
the data. Moreover, while it has been shown that the distribution oK , arising from
a Dirichlet process can be approximated with a Poisson distribution whenis xed,
no such approximation is available for the random case. We aim at lling this gap
by introducing a novel prior over the Dirichlet process precision that (i) is simple and

easily sampled from, (ii)) makes the induced prior oK, analytically tractable and



(ii) leads to an approximate negative binomial prior on the number of clusters. Our
proposed prior for has a novel distribution, which we refer to asStirling-gamma,
due to its connection with Stirling numbers and the gamma distribution. Under an
appropriate logarithmic rescaling, the Stirling-gamma is equivalent to the gamma in
a limiting case.

When follows a Stirling-gamma prior, we will say that the random patrtition is
from a Stirling-gamma process This belongs to the larger class of Gibbs-type par-
tition models, which are discrete nonparametric priors that enjoy several appealing
theoretical properties. See for instance De Blasi et al. (2015). We provide several
distributional results for the Stirling-gamma process. In particular, we show that the
hyperparameters have an interpretable link with the induced law for the partition
and the associated number of clusters. The resulting negative binomial-type behavior
of the Stirling-gamma process, as opposed to the Poisson-type one of the Dirichlet
process, helps explain the greater robustness of mixture models with random

The Stirling-gamma has the further fundamental advantage of being the conju-
gate prior to the law of the random partition of the Dirichlet process if one of its
hyperparameters equal®. This happens because the distribution in equation (2.2)
belongs to the class of natural exponential families, which always admit a conjugate
prior (Diaconis and Ylvisaker, 1979). We illustrate how this conjugacy result further
facilitates both posterior inferences on and prior elicitation. The consequences of
the prior dependency om are thoroughly discussed. In particular, we show how the
Stirling-gamma can be a useful prior when modeling independently repeated parti-
tions of the samen statistical units, such as the ant worker interaction networks of
our illustrative application.

The Chapter is organized as follows. Section 2.2 formally introduces the species
sampling framework and presents the Stirling-gamma process. Section 2.3 focuses
on the conjugate Stirling-gamma prior, while Section 2.4 shows the community de-
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tection application. Section 2.5 contains concluding remarks. The two additional
Addendum Sections contain results on the Stirling-gamma coe cients, and details
on the simulation in Figure 2.1. Proofs for the statements and details on the sampler
for the Stirling-gamma are presented in Appendix A, which also includes an addi-
tional simulation study. To sample from the Stirling-gamma distribution, refer to

the function rSg in the ConjugateDPpackage.

2.2 Distribution theory for Stirling-gamma processes

2.2.1 Background

Before introducing the Stirling-gamma distribution and the related process, we pro-
vide a probabilistic background on partition models that will be useful throughout
the paper. Suppose that the latent variable¥; in model (2.1) belong to an in nite
exchangeable sequengX ¢y 1 and that they live in a complete and separable metric
spaceX endowed with a Borel sigma-algebr® pXg The species sampling models
introduced by Pitman (1996) provide a broad class of discrete nonparametric priors,
de ned as p- o DB, with o ;1B 1. Here, , is the Dirac measure atx,
while the ;s are drawn independently from a non-atomibaseline distributionPy on

B pXgand are also independent from the random weights .~Since the realizations

of a species sampling model are almost surely discrete, we hBgX; X;:qj O for

any i iL As such, the latent variablesX;:::; X, will take on K, k distinct
values, calledX ,;:::; X, , with frequenciesn;:::;ng and J" 1N n. Thisinduces
a random partition of the statistical units t1;:::;nuinto groups Cy;:::; Ck, where

G ti:X; Xjuforj 1;:::7k. Traditionally, X,;:::;X, are also referred to
as distinct speciesthanks to the metaphor discussed in Pitman (1996). Hence, we
talk about species sampling models

There exists a rich variety of exchangeable priors to model the random partition
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for an extensive account. Among them@Gibbs-typeprocesses (Gnedin and Pitman,
2005; De Blasi et al., 2015) form a particularly rich class. We say that the law pf ~
is of Gibbs-type if

Ppn t CiiiisCug Vo pL G 1 (2.3)

where 1 and the coe cients V, satisfy the forward recursionV,x pn
KVh 1k Vo 1k 2 forallk 1:::;nandn ¥ 1, with Vi 1. Equation (2.3)

is the so-calledexchangeable partition probability functiorof the process (Pitman,
1996). This depends on the cluster frequencies through a product structure, which
implies that Gibbs-type priors are a special instance of product partition models
(Hartigan, 1990; Barry and Hartigan, 1992; Quintana and Iglesias, 2003). A detailed
list of examples of models that follow equation (2.3) is presented in Appendix B. The
coe cients V,x determine the system of predictive equations of the random partition

n, that is

M ax, PAg  (24)

forn ¥ 1 and everyA PB pXqg The pn 1ot latent parameter X,, ; is drawn from
the baselinePy with probability V, 1x 1{Vnk, and is equal to one of the previouX
with probability Vi 1k 1 g{Vnk - Speci cally, sampling X, 1 from the baseline
automatically generates a new cluster, or aew speciesdue to the di use nature
of Po. Refer to De Blasi et al. (2015) for an overview, and to Chapter 3 for an
interpretation of such mechanism for an applied ecological perspective.

When 0 and V.« K{p @, in equation (2.3), one recovers the exchangeable
partition probability function of a Dirichlet process in equation (2.2). A more robust

speci cation can be obtained by introducing a prior for . In this case, the resulting
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distribution is

1k » Kk

Ppn t CiiiniGug Vo 1d5 Vi — po; (2.5)
i1 R P
which has more exibility through varying the hyperparameters of p g Gnedin and
Pitman (2005) show that every Gibbs-type prior with 0 is uniquely characterized
by equation (2.5). Commonly adopted priors p g such as the gamma distribution
proposed by Escobar and West (1995), do not lead to an analytically tractable form
for V. This is a crucial point because/,x are the key quantities that determine

the distribution of the number of clusters, that is

PKn kg Vaklsmikgl & 1:::ing (2.6)

where |sm; kg| are the signless Stirling number of the rst kind (Charalambides,
2005). Refer to Antoniak (1974) and Gnedin and Pitman (2005) for derivations.
Thus, our goal is to develop a prior whose hyperparameters have a clear and inter-
pretable link with the distribution of K,, in equation (2.6). In what follows, we show

how this can be achieved using a Stirling-gamma prior.
2.2.2 The Stirling-gamma distribution

In this Section, we introduce the Stirling-gamma distribution and describe its prop-

erties.

De nition 1. A positive random variable follows a Stirling-gamma distribution with

parametersa;bj 0andm PN satisfyingl a{b m, if its density function is

al » al

R P WP

1
PP 4 Sapm tp P’

We will write Sgm; b; My
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The name of the Stirling-gamma distribution stems from the presence of the as-
cending factorial in the density function, whose polynomial expansion de nes Stirling
numbers of the rst kind (Charalambides, 2005), and the following connection with

the gamma distribution.

Proposition 2. Let Sgm; b; g Then, the following convergence in distribution
holds:
logm N ; Gapn b:lg mNS8 :

In the above statement, Ggay; lhq denotes the gamma distribution with mean
ao{ly and varianceay{lp. Proposition 2 has two fundamental implications. The rst
is that the density of the Stirling-gamma Sga; b; g progressively resembles that of
Gapa b;blogmgasm becomes larger. The second is that N 0 in probability as
m N 8 with a logarithmic rate of convergence via a direct application of Slutzky's
theorem. Both properties are illustrated in Figure 2.2, which displays the probability
density function of the two distributions for varying values ofm and b when a
5. In particular, high values fora{b require a largerm to make the two densities
indistinguishable. Both distributions progressively shift towards zero as increases.
However, the right tail of the Stirling-gamma is heavier than the one of the gamma
because it is a heavy-tailed distribution. We provide a formal proof in Appendix A.

The density function of a Stirling-gamma is proper, namel\s,pm 8 , if only
if 1 a{b m, as shown in Appendix A. Interestingly, the normalizing constant
Sap:m IS the key to calculating the moments of the distribution, which are obtained

as follows.
Proposition 3. Let Sgm; b; mgand suppose thaD s mb a. Then

Sa s;b;m |

Ep °q

Sa;b;m
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Figure 2.2 : Probability density function of a Stirling-gamma Sgpa; b; mg depicted
by the solid lines, and a Gga b;blogmgq indicated by the dashed lines, for varying
values ofm and b, anda 5.

Whensi mb a, instead, then one hap *q 8 . In general, explicit analytic
expressions for the moments are not available. One possibility is to approximate
Sap:m @nd, consequentlyEp *qvia Monte Carlo integration since samples from the
Stirling-gamma can be drawn e ciently; see the Supplementary material. Alter-
natively, when m is large, we have thatEp 4 S; 1.6:m{Sab:m IS roughly equal to
p{b 1qg{logm and that S;,m p blogma °{ pa bgby means of Proposition 2.
Also, in the special instance whera; bP N, we can express,.,.n, analytically as an

alternating sum of logarithms, as shown in Theorem 12 in the Appendix.
2.2.3 Random partitions via Stirling-gamma priors

When the precision parameter of a Dirichlet process follows a Stirling-gamma dis-
tribution Sgm; b; mg we have aStirling-gamma process As described in Sec-
tion 2.2.1, this is a member of the Gibbs-type family with 0. Thus, the associ-
ated exchangeable partition probability function is readily available from the results

of Gnedin and Pitman (2005).

Theorem 4. The exchangeable partition probability function of a Stirling-gamma
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process with Sgm; b;mis

Vapm; kg™
P t Cqii:;Cu —_ i 1d;
p n 1 k q Va;b;mpl; 1qj 1ml q
where the coe cients are equal to
» a k 1
Ve K —d
a,b,mm, q R tp anPp o

It is easy to see that the Gibbs-type coe cients areVpx ~ Vap:mM; KA{Va:o:mpl; 1g
fork 1;:::;nandn¥ 1, with Vi; 1, and that the forward recursion is satis ed
sinceVypnm; kg nVapnm 1, kg Vapnpn 1,k 1g Relying on similar reasoning
as the one used for prior coe cients in De nition 1, we can also derive an explicit
analytical form for Vap.mp; kg when a;b P N. We show this in Theorem 14 in
Addendum [, which, combined with Theorem 12, implies thaw,x can be expressed
as ratios of alternating sums of logarithms after noticing thaV,.p.mpl; 19  Sapm-

By being a genuine Gibbs-type prior, the Stirling-gamma process admits an urn
scheme representation of the form in equation (2.4). In particular, the latent variables

pX hGhy 1 abide the following generative mechanism:

VabpmP 1 KkQ K
Va;b;mm; kq

Vapm 1K 1qP

Va;b;mm; kq qu

nNj x, PAG

i1
(2.7)
for n ¥ 1 and for everyA P B pXg The fundamental di erence between the pre-
dictive scheme in equation (2.7) and the one arising from the generic distribution
in (2.5) lies in the fact that the hyperparameters of the Stirling-gamma prior are
interpretable in terms of the induced number of clusters in the latent partition. We

elucidate this with the following key result.
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Theorem 5. Let Sgm;b;myand Dapm  Et "' 2{p  icfu. The number of

the predictive scheme in equatioii2.7) is distributed as

Vab:mpPm; kq
P kg ——"——"—spm;kq} 2.8
for k 1;:::;m, with mean and variance equal to

a b 1
EKng B; vargK m ¢ b

Da;b;m

ol

In Section 2.2.4 we further show thaD,m 1 for m large enough. The above
statement suggests that hyperparametera, b and m have an important meaning:
when Sgm; b; g the rst m statistical units t1; :::; muarising from the Stirling-
gamma process identifya{b clusters on average, with variance inversely related to
b. For this reason, we can refer tan as a hypotheticalreference sample sizea{b
as alocation, and b as aprecision. Theorem 5 also provides an explicit motivation
for why the hyperparameters of the Stirling-gamma must satisfy 1 a{lb m as in
De nition 1: having a{b 1 is equivalent to havingEpK ,q 1, which corresponds
to a Dirichlet process where N 0. On the contrary, settinga{b m leads to
EmKng m, meaning that every observation identi es a new cluster. This is the
case of a Dirichlet process whereN 8 . Settingl a{b m avoids both degenerate
behaviors.

The results in Theorem 5 hold exclusively at thenth sample from the Stirling-
gamma process. For arbitrary xed values ofa;b and m the distribution of the
number of cluster K, is given in equation (2.6), whose moments are not avail-
able in closed form. It is well known that the number of cluster¥, arising at
a genericnth draw from the predictive scheme in equation (2.7) maintains the log-

arithmic divergence typical of the Gibbs-type processes with 0. This is because
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K.{logn N Sgm; b; myin distribution as n N 8 , as discussed in Pitman (1996).

On the other hand, one key aspect of Theorem 5 is that the expectation of the num-

m. Indeed, it will be shown in Section 2.2.4 that the distribution oK ,, provided in
equation (2.8) converges to a nite discrete random variable as N 8 . This is a
consequence of Proposition 2 and the diverging nature l§f, discussed above: while
K, diverges at a logarithmic rate inn, the Stirling-gamma prior makes approach
zero logarithmically inm. The two rates perfectly compensate each other when the

observedsample sizen reaches thereference sample sizem.
2.2.4 Robustness properties

In this Section, we investigate the behavior of the number of clusters of the Stirling-
gamma process under a large reference sample size. Interestingly ifself is chosen

large, we are able to show thaK ,, approaches a well-known distribution.

Theorem 6. Under the same assumptions of Theorem 5, the following convergence

in distribution holds:

KnN Kg; Kg 1 Negbin a b;b—b1 - mN8 :

The negative binomial distribution in Theorem 6 is parametrized so that

b 1
EKsq b

; varKsg q % 1:

ol o

Hence, the quantity D.p,,m de ned in Theorem 5 converges to one whem N 8 .
Thus, Theorem 6 provides a reliable approximation for the prior distribution of the
number of clusters. The same result is maintained when Gapa b;blogmg This
should not come as a surprise considering the asymptotic equivalence discussed in

Proposition 2.
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In view of the above Theorem, it is natural to draw a comparison between the
Stirling-gamma process and the Dirichlet process. To mimic the behavior ofunder
a Stirling-gamma prior, we study the number of clusters from a Dirichlet process at
the reference sample siz@ when {logm, with j O being a positive constant.
The largem behavior is illustrated in the next Proposition, where Pp qdenotes the

Poisson distribution with mean .

Proposition 7. Let X4;:::; X, be the rst m realizations from a Dirichlet process,
obtained by settingVy« K{p o and 0 in equation (2.4). If {logm for

some j O, then the following convergence in distribution holds:
Km N Kg; Ks 1 Popg mNS§8 :

Similar Poisson-type behaviors for the number of clusters in the Dirichlet pro-
cess have already been shown in the literature. See for example Proposition 4.8 in
Ghosal and van der Vaart (2017). Theorem 6 and Proposition 7 suggest a theoretical
reason for why a Dirichlet process with random precision is more exible than the
xed precision counterpart. When is kept xed and su ciently small, the number
of clusters is approximately distributed as a Poisson, whose mean and variance are
uniquely controlled by one parameter. On the contrary, choosing a Stirling-gamma
prior with large m induces an approximately negative-binomial prior fokK ,, lead-
ing to much greater robustness to the prior expectation foK,, as illustrated in

Figure 2.1.
2.3 Conjugate inference under Stirling-gamma priors

In this Section, we illustrate how the Stirling-gamma distribution has the further
important property of being conjugate to the law of the partition of the Dirichlet
process. As we show in Proposition 8, this happens when the reference sample size
m is set equal to the number of data points in equation (2.2).
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Proposition 8. Suppose we observe a partition , distributed according to the

Dirichlet process in (2.2) and let Sgm; b; g Then,
Pl ntCyiii;Cug Sga kib Ling

The same result can be derived by conditioning o, k alone as in Escobar
and West (1995) because of its su ciency for . The above conjugacy simpli es
computations when sampling from the posterior distribution in a Dirichlet process
mixture model with random precision, which in the case of the gamma prior requires
a data augmentation step. Under the conjugate Stirling-gamma prior, elicitation is
straightforward by virtue of Theorems 5 and 6. Thus, one can transparently tune
the Stirling-gamma prior by leveraging upon information available on the clustering
structure of the n observations through choices ad and b.

The existence of the conjugate Stirling-gamma prior follows directly from the
results of Diaconis and Ylvisaker (1979) for natural exponential families, which the
partition law of the Dirichlet process is a member of. Nevertheless, the prior depen-
dency onn has some important consequences on the process, which must be handled
with care. In particular, while the distribution in Theorem 4 remains the one of
a nitely exchangeable product partition model, the Gibbs-type recursion charac-
terizing the coe cients V,x no longer holds. Namely,V, NVp 1k Vh 1k 1.
This breaks the predictive scheme of equation (2.7), causing the sequence to lose the
projectivity property typical of species sampling models (Lee et al., 2013). In other
terms, the distribution in Theorem 4 undern observations does not coincide with the
one obtained by marginalizing out thegn  1g¢h sample from the same distribution
undern 1 data points. This is a limitation when one is interested in extrapolating
inferences from a sample to the general population, but less so on clustering problems
where out-of-sample predictions are not the main focus (Betancourt et al., 2020).

The lack of projectivity of the sequence undem n, however, is less relevant in
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settings wheren plays the role of the dimension of the data rather than the number
of observed data points. We illustrate this by introducing the followingpopulation

of partitions framework. Let ,.i;:::; N denoteN independent and identically

exchangeable partition probability function. If each partition is from a Dirichlet

process with precision , then we have

Pp ns t Crs;iii;ChesU| @ m;s 1d; p 1,::5;Ng (2.9)
wheren;s | Cjs| is the number of elements in thg th cluster C;s within the sth
partition, and ks is the associated number of clusters. The model in equation (2.9)
is suitable for instances where, for example, we measure the interactions among the
samen nodes of a network multiple times. Similar data often occur in neuroscience
studies, where the samen brain regions are scanned foN dierent individuals
(Durante et al., 2017), or in ecology, where the interactions among species are
recorded forN days (Mersch et al., 2013). The inferential goal of model (2.9) is to
retrieve the network-speci ¢ partition through a shared Dirichlet process precision

parameter. Then, the following Theorem holds.

Theorem 9. Let ,3;:::; nn be independent and identically distributed realiza-

tions from equation (2.9). If Sgm; b; g then

N
P | miiiis ang Sg @ ks;b N;n
s 1
It is straightforward to notice that Proposition 8 is retrieved by letting N
1 in the above. In light of Theorem 9, we can also derive the classic Bayesian
decomposition of the posterior mean as a weighted average between the observed

data and the prior. Recall thatEpK, | ¢ X 01 {p iqis the conditional mean
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for the number of clusters generated by a Dirichlet process over partitions of the
units t1;:::;nu, and that EK,q EtEmK, | qu afbthanks to the law of the

iterated expectation. Then, the next Proposition holds.

Proposition 10. Under the same setting of Theorem 9, we have

wherek N * Y ks is the average number of clusters observed across the parti-

tions.

The above statement is a direct consequence of the conjugacy of the Stirling-
gamma prior underm n. See Diaconis and Ylvisaker (1979) and the Supplemen-

tary material for details.

Remark 11. There exists a rich variety of algorithms to sample from the posterior
distribution of the mixture model in(2.1). For Gibbs-type processes, one popular ap-
proach lies in the class of marginal samplers, which rely on the sequential predictive
scheme of equatior(2.4). See Escobar and West (1995); Neal (2000) for examples.
In light of its hierarchical construction, inference under the Stirling-gamma process
mixture model can be performed under the same marginal scheme of the Dirichlet
process, with an additional sampling step for. Such a step is provided by Proposi-
tion 8 or Theorem 9 depending on the setting. In both cases, the conditioning is with

respect to the last sampled partition at the given iteration.
2.4 Inferring communities in ant interaction networks

We now illustrate how modeling the precision parameter via a Stirling-gamma
prior in a Dirichlet process mixture as opposed to keeping it xed yields a more
robust estimate of the posterior partition. We speci cally consider the problem of
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Figure 2.3 : Binary ant-to-ant interaction networks in a colony Camponotus fellah
observed in four di erent days. Each node is an ant, and black points denote edges.
The colors on the left indicate the three groups of workers, namely foragers (dark
blue), cleaners (light blue), and nurses (orange). The bottom red node indicates the
queen.

detecting community structures in a colony of ant workers by modeling daily ant-to-
ant interaction networks via stochastic block models (Nowicki and Snijders, 2001).
The data were collected by Mersch et al. (2013) by continuously monitoring six
colonies of the antCamponotus fellahthrough an automated video tracking system
over a period of 41 days. Each day yielded a weighted adjacency matrix whose edges
contain the number of individual interactions between workers. In this analysis, we
model a binary version of the data from days two, four, six, and eight for the fth
colony (n  149), whereY;;s equals one if anti and antj in network s interacted
more than ve times, and zero otherwise. In line with the setting proposed by
Theorem 9, we use the Stirling-gamma process to independently model the 4
latent partitions of the samen 149 ants. Figure 2.3 reports the binary adjacency
matrices recording ant interactions. Rows and columns have been sorted according
to the three social organization groups retrieved by Mersch et al. (2013), namely
foragers, cleaners, and nurses. The last group is composed of younger individuals
and forms a stronger connection with the queen.

In order to perform community detection on each of the four networks, we rely

on a stochastic block model formulation. This is a variant of the mixture of equa-
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tion (2.1) of the Introduction, which is best rewritten with the help of auxiliary
variables representing cluster assignment as follows. Given a random partition of the

nodes ,s t Cpg;:::;C.suin s, call Zis an auxiliary variable so thatZis h if

nodesi andj in network s is speci ed as
PpYi;jJS 1 | Zi;S h; Zj;s hl, q h;his, h;hls Bepl; 1g (210)

Here, nnis P P 111;:::;qis the edge probability in the block identi ed by
clustersCy.s and Cyx5, and Bepag; yqis the Beta distribution with mean ag{pag  bg

We assume no node self-relation, thus ignoring the diagonal entriéss . By modeling

the latent partition via the Dirichlet process prior Pp s | qas in equation (2.2),
we can exibly nd a grouping of the nodes with a similar edge distribution and thus
infer the number of ant worker communities without pre-specifying an upper bound
to the number of clusters. See Legramanti et al. (2022) and references therein for a

description of the posterior sampling algorithm.

Figure 2.4 : Prior and posterior distribution of the number of clusters detected in
the ant-to-ant binary interaction networks. Di erent colors refer to the four models
tested. \Fixed, low" (light blue) refer to case (i) when 0:4. \Fixed, high"
(dark blue) is case (ii) when 18. \Random, low" (light orange) is case (iii) with
Sgi0:6; 0:2; 149, and \Random, high" refer to case (iv) with Sg®; 0:2; 149

Our intent is to investigate the impact that di erent choices of have on each
posterior partition from the model in equation (2.10). In particular, we compare
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a Dirichlet process mixture with (i) 0:4 and (ii) 18, against Stirling-
gamma processes with (iii) Sg0:6; 0:2; 149, and (iv) Sg®B;0:2; 1499 The
hyperparameters in models (i) and (iii) are chosen such th&pK,q 3 so as to
incorporate the a priori knowledge of the three groups described by Mersch et al.
(2013). To check for posterior robustness, cases (i) and (iv), instead, hawgK ,q

40. As is evident from the leftmost panel of Figure 2.4, the Stirling-gamma prior
enables additional vagueness ti, as a direct consequence of choosibg 0:2. We
obtain the posterior partition in each model by running a collapsed Gibbs sampler as
in Legramanti et al. (2022) for 40,000 iterations, treating the rst 10,000 as burn-in.
The full conditional for in both Stirling-gamma processes is provided by Theorem 9,
settingN 4 andn  149. The resulting e ective sample size for in cases (iii)
and (iv) is 11;93222 and 1942259, indicating good mixing. Figure 2.4 plots the
posterior distribution for the number of retrieved clustersK,, in each network. We
see that there exists a non-negligible di erence between the two posteriors where
is kept xed, leading to under- and over-clustering in cases (i) and (ii), respectively.
On the contrary, making random with a su ciently vague Stirling-gamma prior
retrieves a virtually identical posterior irrespective of the induced prior oK ,. This

is due to the additional exibility granted by the Stirling-gamma, which enables the

model to infer from the data.
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Figure 2.5 : Network representation of the inferred partition in the four networks
displayed in Figure (2.3). Nodes represent the retrieved clusters, with size determined
by the number of ants they contain. Colors re ect the composition of each cluster
according to the groups identi ed by Mersch et al. (2013): foragers (dark blue),
cleaners (light blue), and nurses (orange). The queen is indicated in red. We obtain
the node positions through force-directed placement (Fruchterman and Reingold,
1991). The width of the connections is determined by the posterior mean for the
estimated block probabilities .45, ignoring the ones below 0.1 for aesthetic reasons.

To further investigate the communities retrieved by our model, we look at the
posterior obtained from the Stirling-gamma process in model (iii). As we can see
from Figure 2.4, the average number of clusters detected in each day is much larger
than the original grouping suggested by Mersch et al. (2013). As such, the stochastic
block model in equation (2.10) recovers a more complex ant organization than the
one originally proposed, e ectively detecting worker sub-communities. Figure 2.5
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displays the posterior partitions obtained by minimizing the variation of information
metric leveraging on the approach of Wade and Ghahramani (2018). We observe
15, 21, 20, and 17 clusters on days 2, 4, 6 and 8, respectively. Such di erences are
due to the within-day variability in worker interactions. However, the core structure

of the social organization remains similar across days, with the detection of sub-
communities uniquely characterized by nurses (in orange) and foragers (in dark blue).
Cleaners (in light blue) are instead co-clustered with the other two groups as they
play a fundamental role in handling the passage of information within the colony.
Finally, in each day we are able to detect the sub-community of nurses which interacts

the most with the queen.
2.5 Discussion

Our proposed Stirling-gamma prior was motivated by improving robustness to prior
choice and transparency in prior elicitation in Dirichlet process mixture models.
Fixing the precision parameter is a poor choice in most applications, since it implies
a highly informative prior for the induced number of clusters. While the usual
gamma prior can improve robustness to one's prior guess for the number of clusters,
the implications of the gamma choice are unclear due to the lack of an analytically
tractable form for the induced partition prior. The Stirling-gamma has the dual
advantages of being heavier-tailed than the gamma, leading to improved robustness
to prior elicitation, while also being much more transparent in terms of the induced
clustering prior.

More broadly, the Stirling-gamma is of interest as a new heavy-tailed distribu-
tion having positive support. There are multiple other application areas in which
this new distribution may be useful. For example, the Stirling-gamma could be used
as the choice of exponential family distribution within a generalized linear model

framework when the common log-normal or gamma choices lack su ciently heavy
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tails for the data at hand. Alternatively, noting that the Dirichlet distribution arises

by normalizing independent gamma random variables, one could obtain an alterna-
tive distribution on the probability simplex by normalizing Stirling-gamma random
variables. This new distribution may be ideal at characterizing the case in which
there are a small proportion of large probabilities with the remaining concentrated
near zero; a common desirable behavior for shrinkage priors on the simplex.

When the reference sample sizen of a Stirling-gamma prior Sgm; b; M
diverges, the total number of clusters generated from a Stirling-gamma process as
n N 8 is negative binomial-distributed. In future work, it will be interesting to
study the relationship with models that choose a negative binomial prior directly
for the number of components in a nite mixture; refer, for example, to Miller and
Harrison (2018) and to the literature on Gibbs-type processes in which the number
of clusters is a nite random quantity (Gnedin and Pitman, 2005; De Blasi et al.,

2015).

2.6 Addendum I Closed-form expressions for Stirling-gamma coe -
cients

We hereby show how the coe cientsS,.p.m and Va.p.m; kgintroduced in De nition 1

and Theorem 4 admit an explicit form. These depend on complete exponential Bell

the sth complete exponential Bell polynomial is

s sl Xy i1 Xy 2 Xs s
B ey _ 1 Z< = 2.11
N 71 P o R TRY s (2.11)
pi1;nisgR
where |4 is the set of all non-negative integersiy;:::;isu that satisfy the equality
constrainti; 2, ::: sis S. See Charalambides (2005) for details. To simplify
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readability, we also introduce the polynomials

#
s Bp sXariiniXp sq . : logj; s 1
G  <Bq its{ps 19 s 23;:::;

(2.12)

ing result holds.

Theorem 12. If a;bPN, then

m 1

o b J° e )
Sa,b,m j lp lqc t gq m quﬁ)Sb,JmJ,la---ahJ,bq

wherec a b 1, Sy; is dened in equation (2.12) and

1
hj;s p a 1qp5j75q bs  1dpHm i 1s HjsQ
with Hjs ’, 1 H{i® being thej th generalized harmonic number of ordes.

Notice that the expression above can be simpli ed whelm 1, as in the following

Corollary.

Corollary 13. The normalizing constant when  Sgm; 1, mganda PN andm ¥ 3
is
;1% ?logj
S 1 P :|.qa =
R, ggm jqg
By similar reasoning, we can derive an analytical expression also for the posterior

coe cients.
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Theorem 14. Leta;bPN andm ¥ 2, and callM  mintn;muand” | n m|.

Then it holds that

M 1 sk
o ’ im 1g J P
Va,b,mmakq J 1p 1d< t gq pvl Jql.lj] lﬂ\/l Jqu 1 mj,li 1gb lq
Lt . M id
g '— — lo i
i Op d plgp igtd lgy P ?t oM g

wherek a k b 2 and

1

2.7 Addendum IlI: Details of the simulation in Figure 2.1

The data in the left panel of Figure 2.1 consists oh 800 observations gener-
ated independently from a mixture of four equally weighted bivariate normal distri-
butions with variance-covariance matrix equal to diag0:15; 0:15u and means equal
top 1, 1g pl; 1qg p 1;1gand pl;1q respectively. We letX; p ; igand
fpy| Xiqg Nepy; i; igin equation (2.1), with N,py; ; qdenoting a normal dis-
tribution with mean P R? and variance-covariance matrix PR? 2. Our prior Q
is a Dirichlet process with precision parameter and normal-inverse Wishart baseline
distribution Np ;0; { dWp ; o;lgwith ¢ o 2. Four di erent scenarios are
considered with respect to : \Fixed, low" sets 1, \Random, high" sets 5,
\Random, low" lets Sg0:73,0:1gand \Random, high" lets Sg:6;0:1g The
induced distribution on K, has meanEpK,q 7:26 in low cases anEK,q 26
in high ones. Inference on the number of clusteis, in each scenario is performed
by running a marginal Gibbs sampler as in Algorithm 3 in Neal (2000) for 20,000

iterations, discarding the rst 5,000 as burn-in.
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3

Bayesian modeling of sequential discoveries

3.1 Introduction

Our goal is to develop a exible procedure for modeling the appearance of previously
unobserved objects in a sequence. The sequential recording of distinct entities can
be represented through araccumulation curve namely the cumulative number of
distinct entities K, within a collection of n objects (Christen and Nakamura, 2000;
Gotelli and Colwell, 2001). These entities can be of various nature, including biolog-
ical species (Good, 1953; Good and Toulmin, 1956), words (Efron and Thisted, 1976;
Thisted and Efron, 1987), genes (lonita-Laza et al., 2009), bacteria (Hughes et al.,
2001; Gao et al., 2007) and cell types (Camerlenghi et al., 2020). The analysis of
accumulation curves has a rich history in statistics, as testi ed by the early contribu-
tions of Fisher et al. (1943), Good (1953), and Good and Toulmin (1956). We refer
to Bunge and Fitzpatrick (1993); Gotelli and Colwell (2001) for a historical account.
Several nonparametric approaches have been developed, aiming at i) predicting the
number of unseen entities (e.g. Shen et al., 2003), or ii) estimating the probability of

a new discovery (e.g. Chao and Shen, 2004; Mao, 2004; Favaro et al., 2012). Similar
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tasks have also been dealt with in parametric ways (e.g. Arrhenius, 1921; Soberon
and Llorente, 1993; Flather, 1996; Diaz-Frances and Gorostiza, 2002).

Our work is inspired by the class of Bayesian nonparametric methods called
species sampling model@Pitman, 1996), which were introduced in Chapter 2. In
one of our motivating applications, we aim to assess how many of the species present
in a sample are missed when a given number of DNA barcode sequences are obtained.
Let pX,,thy1 be a sequence of objects, such as fungal DNA sequences in a single soil

or air sample (Abrego et al., 2020), taking values X, which is the space of fungal

entities, or species, representing theth value of the accumulation curve. The values
pPXhthy1 are randomly generated in a sequential manner, so that the tag, i is
either new or equal to one of the previously observed objects. For instance, in the
Dirichlet process case, the sequential allocation mechanism for amy¥ 1 proceeds

as:

#
\new"; with probability {p ng

Xi; with probability 1 {p ng @ 1:::;ng
(3.1)
where | 0 controls the rate of new discoveries; see also Blackwell and MacQueen
(1973). We refer to the quantity {p ng as the discovery probability for the

Dirichlet process. See equation (2.2) for the distribution of the induced partition of

The predictive scheme in (3.1) is restrictive in depending on a single parameter
and in inducing a logarithmic growth for the accumulation curvgK ¢,y 1. These lim-
itations motivated the development of random processes with more exible growth
rates. Notorious examples include the two parameter Poisson{Dirichlet process of
Perman et al. (1992), often called the Pitman{Yor process when the number of species

is assumed to be in nite or the Dirichlet-multinomial process in the nite case (Pit-
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man and Yor, 1997), and the general class of Gibbs-type priors (Gnedin and Pitman,
2005). Under these models, the labefX ¢,y 1 are exchangeablemeaning their order

of appearance is irrelevant for inferential purposes. While convenient, exchangeabil-
ity can be restrictive to obtain (Lee et al., 2013). For this reason, generalizations of
species sampling models that go beyond exchangeablility have been proposed (Berti
et al., 2004, Bassetti et al., 2010; Fortini et al., 2018; Cassese et al., 2019; Ascolani
et al., 2021), often admitting (3.1) as a special case. One exible model is theta-

gos process (Airoldi et al., 2014), where the allocation probabilities are functions of
independent beta random variables.

Bayesian species sampling models induce a distribution fidr, at every n, which
arises from a pure-birth inhomogeneous Markov process governed by the discovery
probabilities. As such, they are naturally endowed with in- and out-of-sample esti-
mators for the accumulation curve EgK,gand EK, n | K, kg m ¥ 1. In line
with the ecological literature (e.g. Gotelli and Colwell, 2001), we refer to these as
model-basedarefaction and extrapolation estimators, respectively. For Pitman{Yor
and general Gibbs-type priors, extrapolations are available in closed form (Lijoi et al.,
2007a; Favaro et al., 2009). However, such models are often too restrictive, as is evi-
dent from Figure 3.1, which shows in- and out-of-sample performance in estimating
the number of distinct fungi species in a given number of fungal DNA-barcode se-
quences$. The Dirichlet process performs poorly in sample, while the Pitman{Yor
has good in-sample t but inadequate out-of-sample predictive accuracy. This is not
surprising, as the Pitman{Yor process depends on only two parameters and assumes
that K, N 8 almost surely asn N 8 . As there are nitely many fungi species,
K, should more realistically converge to a nite constant. Such is the case for the

Dirichlet-multinomial process, for which limygs K, Kg. However, its trajectory

1 Species are de ned in this article based on genetic sequences being su ciently distinct, but the
terminology used by ecologists is \operational taxonomic units" as determining species requires
additional veri cation.
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Figure 3.1 : Empirical and estimated accumulation curve in one air fungal DNA-
barcoding sample from Finland. White dots indicate observed values. Left panel:
the vertical line is the training-test set cuto , set to 1{3 of the total number of genetic
sequences. The parameters of the Dirichlet, Pitman{Yor and Dirichlet-multinomial
are estimated on the training set via empirical Bayes, while estimation fdreta-gos
relies on method of moments. Right panel: the curves are estimated using the full
data. See the Supplementary Material for further details on model parametrizations.

has a similar lack of t as the Dirichlet process. Theébeta-gos process admits both
Kg 8 andKg 8 depending on the values of its parameters. Nonetheless, it
often shows similar out-of-sample behavior as the Pitman-Yor process. Potentially
one could use a predictive scheme that is more exible than the Pitman{Yor, while
also allowing nite Kg ; recent examples include Camerlenghi et al. (2018); Lijoi et al.
(2020). However, such speci cations involve cumbersome combinatorial structures
in the sampling mechanism, e ectively preventing their application in the types of
large datasets that are routinely collected in our motivating application areas. For
example, in fungi biodiversity studies, it is common to obtain DNA barcodes for
millions of sequences from 10,000s of species (e.g. Ovaskainen et al., 2020).

We address the above limitations through a novel modeling framework, which is

highly exible, analytically tractable, and computationally e cient. The key distinc-
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tion compared to species sampling models, such as (3.1), is that we directly specify
a model for the accumulation curvgX ,,¢hy 1, Whereas the taggX ,¢hy 1 are regarded
as nuisance parameters. Speci cally, we consider a collection of Bernoulli random
variablespD ¢,y 1 representing whether at themn  1¢th step a new entity has been

discovered or not, namely
P, 1 1g PpXy 1 \new" | Xg;::i:;Xn(q

for n ¥ 1, having setD; 1. The accumulation curve is obtained by summing
over these binary indicators:K i ' Di;n ¥ 1: Dierently from general species
sampling models, in our framework, the Bernoulli indicatorgD ¢,y are assumed
to be independent albeit not identically distributed. Hence, we aim at developing
suitable formulations for the probabilitiesp nthy1, with , PpD, 1qg for any

n ¥ 1. Itis natural to require these probabilities to be decreasing over, so that the

discovery of a new entity is increasingly di cult the more data we collect. Moreover,

1 PpD: 1g 1, since the rst entity of the sequence is necessarily new. Both
requirements are satis ed by the Dirichlet process, where, {p n 1lg We
propose a general strategy for the specication gb ,¢,x1, relying on the notion
of survival functions, and study the impact of speci c choices on the asymptotic
behavior ofK,,.

A speci ¢ subclass of our framework is particularly appealing in terms of ana-
lytic and computational simplicity, due to connections with logistic regression. This
subclass includes the Dirichlet process and naturally leads to covariate-dependent
extensions. Existing covariate-dependent species sampling models are typically com-
plex to implement; refer to Quintana et al. (2022) for an overview. In contrast, our
approach simply involves implementing a constrained logistic regression. We illus-
trate the exibility and computational tractability through application to data on
copepod and fungi biodiversity.
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The Chapter is organized as follows. Sections 3.2-3.3 introduce our modeling
framework, investigate the theoretical properties and describe a subclass of models
connected with logistic regression. Inferential strategies together with a solution to
order dependence are presented in Section 3.4. In Section 3.5 we test our model on
simulated scenarios. Section 3.6 details the applications to real datasets. Conclud-
ing remarks are given in Section 3.7. The proofs of the statement and additional

simulations are reported in Appendix B.

3.2 A general modeling framework for accumulation curves

3.2.1 Background on species sampling models

In this Section we review key concepts about species sampling models that will be
used throughout the paper. For a broader overview, refer to Pitman (1996) and De
Blasi et al. (2015). For generalizations that go beyond exchangeability, see Berti
et al. (2021).

Let pX,,thy1 be a sequence of objects. Given the discrete nature of the data,

there will be ties amongX;:::; X,, comprising a total ofK,,  k distinct entities

are referred to asabundancesn the ecological literature (Gotelli and Colwell, 2001).
One generalization of the sequential allocation scheme of the Dirichlet process in (3.1)
is given by

#
\new"; with probability n o1

Xi; with probability g, 1; P 1:::;nqg

o

for n ¥ 1, suitable probabilities I” 190 1 1 s i1andX; \new". For Gibbs-

type processes (Gnedin and Pitman, 2005), ; andg., 1 depend on previous values

Pitman{Yor process, where , ; p kafp nggn: pl n'afp nqg
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fori 1;:::;n, PiO;1gand , Wheren; is the frequency of the associated
tag X; within the sample; the Dirichlet process is recovered with 0. Another is
the Dirichlet-multinomial, which has the same sampling scheme of the Pitman{Yor
but with 0 and H| |, with H P N the total number of species. For the
above examples, the law opX ¢y 1 IS exchangeablei.e. invariant to reordering of
the sequence, requiring strict conditions og.,, ; and , ; (Lee et al., 2013).

To relax exchangeability while maintaining certain desirable properties, Berti

et al. (2004) proposedconditionally identically distributed (cid ) sequences. Focid

for nym ¥ 1. Examples includegeneralized Poisson{Dirichletand generalized Ot-
tawa sequenceggos; Bassetti et al., 2010), andgos sequences with latent beta
reinforcements Ppeta-gos ; Airoldi et al., 2014). For beta-gos , the random allo-
cation probabilities are ,, 1 * " W, andgn, 1 pl Wiqijn . W, where
W, beta pa,;hqare independent beta random variables fon ¥ 1. As we de-
scribe in Section 3.5, the values foa, and b, determine the asymptotic behavior of
the sequence. The sequential mechanism in (3.2) induces a law for the accumulation
curve Knthy1.

Let K& denote the number of new entities in a future sample of siza con-
ditioning on training data Xi;:::;X,. Under a Dirichlet process, both the prior

mean for the accumulation curveK ,, and the posterior mean fork i'* have simple

expressions:

EKng =~ ———— EX™I Xy Xaq (3.3)

The Dirichlet process is the only exchangeable species sampling model for which such

a simpli cation occurs (Lijoi et al., 2007a). Forbeta-gos priors, the prior expected
o i .
accumulation curve also has a simple formEpK,q 1 11 J' a4 hagtl;

n
i
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n ¥ 2. However, beyond the Dirichlet process, the posterior expectation Kff “ is

typically complex.
3.2.2 The model

In species sampling models, the distribution of the accumulation curya& gy is
essentially a byproduct of the speci cation for the valuegX,¢y:. We propose a
more direct formulation for pK 4y 1 which avoids modeling of the sequengX,,Ghy ;.
Let pD,¢y1 be a collection ofindependentbinary indicators, denoting the dis-
coveries, with probabilitiesp nthy1. Moreover, let K, i I” .Dj foranyn ¥ 1
be the accumulation curve. By being the sum of independent but not necessarily
identically distributed Bernoulli trials, K, follows a Poisson-binomial distribution
with parameters 4;:::; ,. We denote it asK, Pbp 1;:::; ng The Poisson-
binomial, often denoted as the Polya frequency distribution or as a convolution of
heterogeneous Bernoulli, has been extensively studied in the literature, with early
contributions from Le Cam (1960); Hoe ding (1956) and Darroch (1964). See also
Gleser (1975); Pitman (1997); Xu and Balakrishnan (2011). When the probabilities
P nGhy: are all equal, K, has a binomial distribution. In our setting, i . 1 for
everyn ¥ 1 with ; 1. Inaddition, lim,gg , O, so the probability of making a

new discovery eventually approaches zero. A general strategy for constructing such

a set of probabilities is described as follows.

De nition 15. Let T be a random variable on0; 8q with strictly increasing cumu-
lative distribution function Fpt; gindexed by P, RP. Moreover, let Sgt; q
1 Fp; gbe its survival function. The set of probabilitiep ,gx1 are said to be

directed bySpt; qif
n Pplhin 1g Sm 1; g (3.4)

for any n ¥ 1, where pl,¢hy; are independent and identically distributed random
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variables followingF pt; g

It is easy to check that a set of probabilitieg ¢y 1 directed by Sgt; gsatis es
the aforementioned requirements. Indeed, one has thay Sp; q 1 for any
P, since T is supported on®;8qg. Moreover, , Spn 1; i Sm;, 9 n 1,
because by assumptiorBpt; qis strictly decreasing. Furthermore, one has that
Iimygs n limpge SN 1; g 0, as desired, sinc&pt; qis a survival function.
Each binary random variableD,, may be represented a®,, 1pl, j n 1qg with

1p gdenoting the indicator function.

The discovery indicators can be alternatively viewed as the dierence of two
consecutive points in the curve, namel\D, Kn Kp i forany n ¥ 2 with
D; 1. Hence, the discoveriepD,thy1 and the accumulation curvepK ¢,y 1 carry
the same information, having a one-to-one relationship. Then, if the probabilities

P nGhy: are directed by Spt; q inferential statements about the parameter vector

P can be based on the likelihood functionL p | Dy;:::;Dnhqor, equivalently,
onL p | Ky :::;Kng The former is readily available as
1n
Lp |Dy::i;Dhg9 S 1; fit1 Sg 1; qu P (3.5)

i 2

having excluded the degenerate ternb, 1. A similar one-to-one relationship

sumingSpt; g {p  tgwith i O.

Theorem 16. Let pX,thy1 be a sequence of objects directed by a Dirichlet process
as in (3.1) and let D01y 1 be the associated discovery indicators. Then for a sam-
ple Xq;:::; X, with K, k distinct values one had. p | Dy;:::;Dhq 9 L p |
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X100 Xnq 9 Kp op;withpag, apa 1g @ n  lgdenoting the Pochham-

mer symbol, for anyaj Oandn ¥ 1.

Hence, it is equivalent to base inferences on the Dirichlet process parameter
on the likelihood (3.5) for the discovery indicators instead of the usual likelihood for
Xq1;::0:X,. This occurs becaus& i ,” . Di is the minimal su cient statistic
for in the Dirichlet process; see Lijoi et al. (2007a) for similar considerations.
An implication is that the empirical Bayes estimate of , obtained by maximizing

K{p o, coincides with the maximizer of (3.5).

Remark 17. If a sequence of discoveried ¢y is directed bySpt; q the general
predictive scheme in equatiorf3.2) may be speci ed as

#
\new"; with probability Sm; g

Xi; with probability gm; g p 1;:::;nqg
with  '.qgm; g 1 Sm; g Fm; g As long as probabilitiesgm; g sum
to the cumulative distribution function of T, any choice for their functional form
is valid. Hence, the functionSpt; q does not uniquely identify a sampling model
for Xq;:::;X,. Careful choices ofSpt; gand gm; gcan lead to exchangeability
(Lee et al., 2013) or conditional identity in distribution (Berti et al., 2004). For
example, wherSm; ¢ p nt gt with PIO;1gand j O, letting gm; g
gt pi 1d g{p n! qgenerates acid sequence in the family of generalized
Ottawa sequences (Bassetti et al., 2010). However, the resulting likelihood function
lacks a simple analytical form. Given our focus on the sequence of discoveries, we

focus on likelihood(3.5), treating the labelspX ,thy1 @s nuisance parameters.
3.2.3 Smoothing, prediction and posterior representations

In this Section, we present prior and posterior properties & ,,, which may be useful
for both smoothing and prediction. Supposing nthy1 IS directed by Spt; g it
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immediately follows thatK, Pbt1;Spl; g:::;Sm 1; qu The probability mass
function PpK,, kg of the Poisson-binomial is cumbersome to evaluate, especially
for large n and largek; certain choices ofSg; qgreatly simplify PK,, kg as we
clarify in Section 3.3.2.

However, moments are easily speci ed, with prior mean and variance equal to

n n

EK,g ~ Sg 1, g varK,q ~ Sg 1, qtl Sg 1, qu  n¥ 1L
i1 i1
These formulas may be useful in choosing the parametric form 8ft; q and for

o

prior elicitation for . We refer to ExK " PD; 1qg as the rarefaction

values observed in the training samples. This expectation does not depend on the
ordering of the data, at least for any xed value of .
Similar considerations can be made foextrapolation Suppose we are given a

sample ofDq;:::; D, discoveries displayindK,, k distinct entities and that we are

in predicting the number of new entities within a future sample of sizen, K&
Knm K " M Dj. The posterior distribution of K 7’| Dy;:::;Dsqis avail-
able in closed form, namely

KM Dy;:i:;Dhg PbtSm; g:::;S;m m 1; qu

o o

Hence, EgK Y | D1;:::;Dnq TmoPD 1g "1Sg n 1, gso
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which can be interpreted as the sum of discovery probabilities.
3.2.4 Asymptotic behavior of the number of distinct species

The limit of K, asn N 8 is often of inferential interest, representing the random
number of entities one would eventually discover. Depending on the choiceSpt; g
two scenarios can occur: i) the number of distinct entities diverges, as in the Dirichlet
process case, so that, N 8 almost surely asn N 8 . In this regime, it is useful
to study the growth rate of K,. Alternatively, we could nd that ii) the number
of distinct species converges to some non-degenerate random varidble N Kg ,
almost surely, asn N 8 . Within ecology the random variableK g is called the
species richnesge.g. Colwell, 2009).

The asymptotic behaviour ofK , is controlled by the structure of the chosen sur-

3

vival function Spt; g Before stating our rst result, let us de ne Eprq 3 Ppr i
3

todt 3 Spt; odt; that is, the expectation of the latent variables in De nition 15.

Proposition 18. Let K, Pbt1;Spl; g:::;Sp 1, qu Then, there exists a
possibly in nite random variable Kg such thatlim,gs Kp Kg; almost surely,

o

with EKgq  ° ,Sp; g Moreover,
EpTge EKgqe Eplrg 1L (3.6)

Equation (3.6) provides lower and upper bounds for the asymptotic mean, which
can be used to summarize the species richness. The expected vallgdjrepresents
a simple tool to determine whether the accumulation curve diverges or not, as the

following clari es.

Corollary 19. Under the conditions of Proposition 18 Kg 8 almost surely if

and only if EpTq 8 .

Let us consider the rst asymptotic regime, corresponding to th&g 8 case.
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In this case, the rate of growth is controlled bySgt; g as clari ed in the following

Theorem, which also presents a central limit approximation.

Theorem 20. LetK, Pbtl;Spl; g:::;Sm 1; quand suppos&Kg 8 almost
3
surely. Then, asn N 8 , K,{s, N 1 almost surely, fors,  Sp 1; cdt. In

addition,

Kn E < " o
\ATET{;(’ N N©; 1qg nN8 ; in distribution:

3
Theorem 20 implies that the growth rate ofK, corresponds tos, ZSFI

1; cdt. In the Dirichlet process cases, logp n 1g log , corresponding
to the well-known growth rate logn (Korwar and Hollander, 1973). TheN p0; 1q
limiting distribution allows one to assess uncertainty irK , for large n. For similar
results in generalized species sampling models settings, see Bassetti et al. (2010).
Consider now the second asymptotic regimékg 8 . Although the distribution

of Kg is generally not available in closed form, the rst two moments are well de ned.

Corollary 21. Under the conditions of Proposition 18, ifKg 8 almost surely,

thenEKgq [ ,Sp 1; g 8 andvarKgq °,Sp 1; qtl Sp 1; qu
8.

Hence, a natural estimator for the species richnesskEgK g g which may be nu-
merically approximated; for instance by truncating the in nite summationEKg q
i |8 0 Sp; g Alternatively, one could exploit equation (3.6) and consider the arith-
metic mean of the bounds, obtaining the approximatiorEpgKgq Eplrq 1{2;
which is highly accurate when the number of species is not small. Poisson-binomial

conjugacy leads to a related estimator for the posterior species richness, namely

EKE?|Dy;iisDeg 7 4SE n 1 g
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3.3 Logistic models

3.3.1 The log-logistic distribution

The framework in the previous Section requires elicitation @pt; ¢ In this Section,

we focus on a class of survival functions, which lead to a generalization of the Dirich-
let process, enjoy appealing analytical and computational properties and result in
natural covariate-dependent extensions, as described in Section 3.3.3. In particular,

we rst consider a two parameter case

Spt; ;g T; t¥ 0 (3.7)
where | 0 and 1. The survival function Sgt; ; g characterizes a two-
parameter log-logistic distribution, and therefore we will writeT Il p; g Clearly,

when 0, Spt; ; Ogreduces to the Dirichlet process case. The parameterplays
a similar role to the discount parameter of the Pitman{Yor process and general

Gibbs-type priors. For any 0, one has

- U1l q
g pL  gsint {p1 qu
implying that when 0 the limiting distribution Kg 8 is non-degenerate,
thanks to Corollary 19. Conversely, when @ 1, one has that bothKg 8

and EpTq 8 . The rate at which this occurs is logarithmic in the Dirichlet process

case in which 0. In contrast, for | 0, one can show that the growth oK,
3

AE]s B

Om g These considerations reinforce the parallelism with Gibbs-type priors; see

is polynomial, so that in the notation of Theorem 20 one has,

Gnedin and Pitman (2005) and De Blasi et al. (2015) for details.

In the next Section, we describe a three-parameter extension of the log-logistic
distribution and derive combinatorial tools and distributional properties that also
apply to Spt; ;  qin (3.7).
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3.3.2 A three parameter log-logistic distribution

In this Section we extend the log-logistic speci cation by including an additional pa-
rameter, denoted as , which forcesK,, to converge to a non-degenerate distribution.

This allows us to restrict focus to the second asymptotic regime. In particular, we

let p;; gand
t
SHi G a4 —y g ¥ (3.8)
with j O, 1land O a 1. The two parameter speci cation is recovered
when 1. We call the distribution of Sgt; ; ; ga three-parameter log-logistic,

written T Il p;; g

Proposition 22. LetK, Pbtl;Spl; g:::;Sm 1; qu with Spt; gde ned as in

equation (3.8). Then for any O 1 it holds thatK, N Kg 8 almost surely
asnN8 .
Proposition 22 ensures that for 0 1 the species richness is always nite.

For the remainder of the Section, we discuss some combinatorial properties related
to the law of K,. While having their own theoretical relevance, our results facilitate
computation of the probability mass function ofK,, and draw further parallels with
Gibbs-type priors.
De nition 23. Let | 0, landO a 1. Then for anyn ¥ 1 and 0 @

n 1

+
ka n we deneC,kp; dgas the coe cients of the polynomial expansion , ;p

k! Kq v o “Cakp; @ having setCoop; q L.

In the special case 1 and 0 one recovers the de nition of the signless
Stirling numbers of the rst kind, namely C..«p0; 1q | sm; kqf see Charalambides
(2005). In addition, the coe cients C,.xp; qcan be conveniently computed through

recursive formulas.
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Theorem 24. The coe cients C,xp; qof De nition 23 satisfy the triangular re-
currence

Co1xP; a4 Cax 1P; g n* "Cukp; G
foranyn ¥ Oandlea ko n 1, withinitial conditions Coop; q 1;Chop; q O

n¥ 1, Cikp; g O; ki n:Moreover, foranyla ka nandn ¥ 2, one has

ok
CoxP; @ it
pin kql 1
where the sum runs over then kg-combinations of integergay;:::;in kqintl;:::;n

1u.

We can now state the main theoretical result, namely the probability mass func-

tion of K,,, which can be expressed in terms of the coe cient€,«xp; ¢

Theorem 25. Let K, Pbtl;Spl;;; ¢g:::;Sp 1;;; quforeveryn¥ 1

Then,
k

Olp il ian;k p’ q

P, kg =+
i
Theorem 25 reduces to the distribution obtained by Antoniak (1974) when 0
and 1. Gibbs-type priors enjoy a similar structure for the distribution ofK,,,
replacing C,.«p; q with generalized factorial coe cients; see Gnedin and Pitman

(2005); De Blasi et al. (2015).
3.3.3 Covariate-dependent models

Under the three parameter log-logistic speci cation, the discovery probabilities are
n1 PmDn 1 19 "o " n' glforn¥ 1with ; 1. An interesting

and practically useful property of our model is the following representation

n 1

log————
gl n 1

log p1l qlogn plog on o 1logn  .n; n¥ 1; (3.9
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having set  log , 1 1 Oand ;3 Ilog = 0. Equation (3.9) has the
form of a logistic regression for the binary indicator®,; :::;D,, with coe cients ,
and 3 constrained to be negative. By letting land , 0 one recovers the
discovery probability of the Dirichlet process.

The logistic regression representation in (3.9) facilitates extensions to include

mulation curves, representing sequential discoveries at di erent sampling locations.
Each location is associated with covariates” p z-1;:::;z,,q PRP for ©  1;:::5L.
Let pD-.n 0hy1 be the sequence of discovery indicators for théh location, with prob-
abilities p -.nhx1. The most exible speci cation for K-., corresponds to the case in

which all the parameters are location-speci ¢ so that for any ¥ 1,
0 -1 logn ~oh; p 1:::;Lqg

This speci cation can borrow information across locations via a hierarchical model
on | p o 11, 120 or by xing certain parameters. Alternatively, systematic

variation across locations can be modeled by including covariatesvia

T T

<o ~alogn  ~on zZT o pz' iglogn pz' Lon;  (3.10)

for™ 1;:::;L,with o, 1; » PRP being vectors of coe cients such thatzT , 0
andz! , o 0. This speci cation is still in the form of a logistic regression and there-
fore inference on the parametersy; ; and , can be conducted through straight-

forward modi cations of standard algorithms.

3.4 Posterior computation

3.4.1 Estimation procedures

Consider the model in equation (3.9). The parameters p ;; qcan be estimated

by maximizing the likelihood in equation (3.5), withSgt; q Sgt;;; ¢ 1 O
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and , @ 0. In practice, it may su ce to ignore these restrictions and apply routine
algorithms for tting logistic regression, as the maximum likelihood estimates typi-

cally satisfy the constraints. In this case, the resulting estimaté has the following

appealing property.

Proposition 26. Let " pAA Aq be the unconstrained maximizer of equatiof8.5)

under the three-parameter speci cation in(3.8), if it exists. If K,, Kk is the number

" equalsk.

Hence, EK ,q matches the total number of distinct labels observed in the se-
guence when the parameters are estimated through unconstrained maximum like-
lihood. Although we can obtain con dence intervals and standard errors for the
parameters via maximum likelihood, conducting inferences in this manner ignores
the parameter constraints. In contrast, a fully Bayesian approach can easily incor-
porate them through a prior, suchas Np ; dlp: 0; , 2 Og The covariate-
dependent regression in equation (3.10) can be implemented in a similar manner; for

details, see Appendix B.
3.4.2 Removing order dependence

The construction of accumulation curves is inherently order-dependent (Gotelli and

Colwell, 2001). As such, inference on the parameterP depends on the order of
available, as there argn  1g{tpn kdk 1ducurves that are consistent with these
frequencies. This has motivated the derivation of thendividual-based rarefaction

curve (Smith and Grassle, 1977; Colwell et al., 2012),

Ki k . | ] o0 Lo (3.12)



with K,  k, where (3.11) represents the average accumulation curve over all the
possible orderings of the discoveries, each having the same probability. This proves
useful in our case, as we can e ortlessly apply our method relying on (3.11). Specif-
ically, consider the auxiliary random variabledD; K; ; K; with D; 1. We can

estimate through the likelihood

in
L p |Dy;:::;Dag Sg 1, P 1 Sp 1 q(1 b (3.12)
i 2
in place of equation (3.5). Inference about based on (3.12) will refer to the av-
erage accumulation curve. This procedure can be regarded as the approximation
of a suitable marginal likelihoodEtL p | Dy;:::;D,qu representing the average

likelihood over all the possible orderings of the discoveries. Thus, by interchanging

the expectation operator inside the likelihood function, we obtain the approximation

3.5 Simulations

We test our log-logistic model on synthetic sequences generated from di erent asymp-
totic regimes. In each simulation, we randomly generate one sequence of labels from
a given model and take the rstn 10,000 observations as a training set. The
remainingm 20,000 observations are used as a test set. We compare in- and out-
of-sample performances of seven di erent models: our one-, two- and three-parameter
log-logistic models, labelled ali 1,1l 2, andll 3 henceforth, the two versions of the
beta-gos detailed in Proposition 1 in Airoldi et al. (2014), the Pitman{Yor model
and the Dirichlet-multinomial model. Our Il 1 coincides with the Dirichlet process
by Theorem 16.

When possible, model estimation proceeds via empirical Bayes on the training set.

For the log-logistic model we rely on the constrained logistic regression representation
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(3.9). Parameters in the Pitman{Yor and Dirichlet-multinomial are obtained via
maximization of the exchangeable partition probability function (Pitman, 1996),
setting an arbitrarily high upper bound onH in the Dirichlet-multinomial equal to
k, 10,000, with k, being the number of distinct species observed in the training
setatn 10,000. Lacking a tractable likelihoodpeta-gos processes are estimated
via method of moments. Recalling that the discovery probability inbeta-gos is
no1 * l” 1 Wi with independent W, beta pa,; g we employ two versions
of the process. The rst, bg-1pa; g lets a, aij 0andhb, bi 0. In this
case, the estimator for the accumulation curve iEpK,q pl "g{@l g with
a{fpa bgand thusKg 8 almost surely. We can estimate by solving the
equationEpK,q kn, with k, de ned as above. In the second versiomg-2p; q
we let a, n 1andhb, ,with - j 0Oand | 0. The associated rarefaction

o)

isEpKnQ ".pa{p ig. This case admits both a nite and an in nite species

richness, aXKg 8 when | 1andKg 8 when P ®;1s For further details,
see Airoldi et al. (2014). Method of moment estimates forand can be derived as
a solution of the equationsEpKrq  k, and EpK ny30  Kngs.

Table 3.1: Models performance for curves simulated from Bayesian nonparametric
predictive schemes. Values report average mean square error across 500 simulations
of each scenario, with curves of length 3000. Training set consists of the rst
10,000 observations.

dir-mult beta-gos-2 dirichlet pitman{yor
H 500 1 500 1.5 10 10; 0:5

model train test | train test | train  test | train test

dp (ll1 ) 3;0113 39542 | 2;5005 63131 6:7 7.6 7,3582 33 10
py 3;0113 39536 | 2;5005 63116 55 89 1096 5440
dir-mult 205 146 1,2667 29086 5:9 91 6,8571 35 10
bg-l1pa;bg 1;6334 1385 9;3458 39055| 1711 586 | 41 100 83 10
bg-2p; q 183 236 384 1523 4.4 146 514 9826
12 718 1410 07 4281 39 113 700 1,0874
113 11:8 501 225 4522 31 161 673 1, 6404

Table 3.1 reports the average mean square error across 500 accumulation curves
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simulated via Bayesian nonparametric predictive schemes. The rst two scenarios,
the Dirichlet-multinomial and beta-gos , feature a nite species richness. The other
two assume a divergent accumulation curve. The purpose of our analysis is to com-
pare the performance of our logistic models over species sampling sequences with
the true generating model as a competitor. The in-sample average mean square
error of Il 3 is generally lower than other models, except in the Pitman{Yor case,
wherebg-2p; qperforms better. This recon rms the strong similarity between the
trajectories of the Pitman{Yor and beta-gos highlighted in the Introduction. Not
surprisingly, the best model is always the true generating one in the test set. In
almost every case, however, di erences between the log-logistic speci cations and

the true model are small.

Table 3.2: Performance for curves simulated via independent samples from nite and
in nite support distributions. Values report average mean square error across 500
simulations of each scenario, with curves of length 3@00. Training set consists of
the rst 10;000 observations.

finite geom. finite zipf geometric Zipf
H 100, 0:95 H 3000 0:25 0:1 2

model train  test | train test | train test | train test

dp (I1 ) 1176 1166 | 45 10 58 10'| 17 21 | 7606 21655
py 1176 1186 45 100 58 10 1:7 21 4051 1057
dir-mult 51 43 1921 11562 1:5 29 7472 21818
bg-1pa; g 854 02 8039 1; 2590 233 81 2:8479 38959
bg-2p; ¢ 9:0 24 1403 1. 5399 1:6 44 126 1878
12 73 120 20620 83 10 1:2 28 11:6 1250
113 1:4 0.6 629 8499 1:0 38 9.7 2938

Following the same structure as above, Table 3.2 investigates the predictive per-
formance of the models in the misspeci ed case in which the species probabilities
follow geometric or Zipf distributions with or without truncation to nite support.

We mirror the structure in Table 3.1, with the rst two models havingKg 8 and
the last two Kg 8 . Details are provided in Appendix B.ll 3 achieves the best

in-sample performance, and log-logistic models perform particularly well in nite
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(truncated) cases. In the in nite cases, the Pitman-Yor had good predictive perfor-
mance, likely due to similar tail behavior betweerpy and these two distributions,
but failed badly in-sample for the Zipf.

The values for the parameters of the generating models we have chosen in this
Section are intended to simulate representative trajectories for the accumulation
curves, both in converging and diverging cases. For an extended analysis on more
scenarios and varying parameters, including plots of the generated curves, refer to

Appendix B.

3.6 Applications

3.6.1 Copepod species counts

We test our model on a dataset of abundances of distinct copopod species from the
Southampton National Oceanography Centre, available in thR packageuntb (Han-

kin, 2007). The data consist oh  1;829 767 observations divided into 378 species,
with 10 appearing only once, 3 appearing twice and the most abundant species ap-
pearing 503319 times. As depicted by the circles in Figure 3.2, the individual-based
rarefaction curve seems close to convergence, facilitating assessments of model per-
formance that attempt to predict the later part of the curve and species richness
based on an initial part of the curve.

We compare the models of Section 3.5 by considering two training-test settings,
taking random subsets of one- fth and one-third of the data as training sets. We
extrapolate the tted curves for the remaining samples. Model tting proceeds with
a fully Bayesian approach when possible, initializing the chain at the maximum like-
lihood estimate and performing 10000 iterations after a 5000 burn-in. For the
Pitman{Yor process we adopt normal priors centered at O with a standard deviation
of 10 for ; logp gand , logt pl g 'u and apply Adaptive Metropolis

(Haario et al., 2001) keeping one sample every 10 iterations. A similar procedure
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Figure 3.2 : Performance ofll 3 on the copepod species counts data. Circles:
individual-based rarefaction curve. Grey line: predicted in- and out-of-sample
accumulation curve computed by averaging over posterior samples BfK ,q and

terior predictive credible interval, obtain by simulating one posterior trajectory for
each sample. The black vertical line indicates the training-test cuto .

is applied to the Dirichlet process with o  log N 0; 10g but saving every
iteration. For the log-logistic models we use equation (3.9), and impose the con-
straints with truncated normal priors as in Section 3.4. Posterior samples fdr 2
and |l 3 are obtained via the Metropolis adjusted Langevin algorithm (Roberts and
Rosenthal, 1998) with the proposal covariance equal t8", where " is the inverse
of the Hessian of the model evaluated at the maximum likelihood estimate antlis

a scaling parameter iteratively tuned to reach an acceptance rate abU6.

All the samplers had e ective sample sizes between@O0 and 6000. Finally, we
sample from the posterior of the Dirichlet-multinomial by discretizing into 5;000
equally spaced values between0:005 and 3, xing an upper bound onH equal to
5; 000 plus the observed,, and setting a discrete uniform prior over each interval.
For the beta-gos models, the absence of a simple form for the likelihood limits the
availability of posterior samplers. Thus, we estimate the parameters via method of

moments by solving the linear systems described in Section 3.5, takikgto be the
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nth value of the individual-based rarefaction in equation (3.11).

Table 3.3: Model performances and out-of-sample predictions on the copepod species
counts data. The columns undemse report in-sample the mean square error of
EX g Values in brackets report the 95% posterior predictive credible interval for
the extrapolation estimator.

train =1{5 train =1{3
n 365953;K, 358 n 609922;K, 368
mse m nf2 m n m 40| mse m n4 m n m 2n
Knm 365.16  368.87 378 | 370.32  373.97 378
dp (111 ) 50.41 373.93 385.21  421.15130.99 376.56 394.47  409.87
(367, 382) (375, 397) (405, 439) (371, 383) (385, 406) (397, 424)
py 60.91 37456  386.35 424.08 131.21 376.66  394.83  410.45
(367, 384) (376, 399) (406, 446) (371, 383) (385, 406) (397, 425)
dir-mult 41.60 373.01 38347 416.95 90.85  375.97 39254  406.69
(366, 381) (374, 394) (401, 434) (371, 382) (383, 403) (394, 420)
bg-1pa; g 2703.71 358 358 358 | 2101.28 368 368 368
(358, 358) (358, 358) (358, 358) (368, 368) (368, 368) (368, 368)
bg-2p; g 73.8 369.72  377.79  402.40 95.25 37297 38294 391.04
(364, 377) (370, 387) (390, 416) (369, 378) (376, 391) (382, 401)
2 125.22 376.48 389.73 432.85178.23 377.04 396.08 412.58
(368, 386) (378, 408) (410, 459) (372, 384) (385, 409) (397, 430)
I3 1.59 363.70 36591 367.80 3.52 370.17 37240 372.93
(359, 371) (359, 377) (360, 384) (368, 374) (368, 380) (368, 381)

Table 3.3 compares in- and out-of-sample performance. These columns report
the mean square error between the individual-based rarefaction cur¥e, ,, and
the model-based rarefaction estimator, obtained by averagirtgpK ,,q over posterior
samples. In both cased| 3 shows the best in-sample performance. To test out-of-
sample performance, we rst compute the individual-based rarefaction curve for the

test set,K,, m, by averaging across;®00 randomly sampled orders of appearance in

m ¥ 1, for each sample drawn from the posterior distribution of the parameters. This
is straightforward for the species sampling and log-logistic models, but problematic
for beta-gos due to prohibitive computational cost for largen. Fortunately, for

large n, the variance of the discovery probability is typically small and goes to 0
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asn N 8 when ¥ 1. This implies that xing the discovery probabilities to
their average values when sampling one accumulation curve induces only a minor

reduction in uncertainty. For more details, see the Supplementary Material. In

at the whole trajectory, as depicted in Figure 3.2. The species sampling models do
not correctly capture the average out-of-sample trajectory of the test set. This is
expected in the Dirichlet and Pitman-Yor processes, as both assume a diverg&nt.
However, the Dirichlet-multinomial also performs badly, likely due to the behavior
resembling the Dirichlet process for values of close to 0 and large values dfl.
For beta-gos -2, the out-of-sample trajectory is captured only for values close to
the training-test cuto. Finally, beta-gos -1 performs poorly due to the lack of
exibility of the underlying exponential behavior of the model. For more results
on the data, including plots, posterior estimates of the parameters and additional

training-test splits, refer to Appendix B.
3.6.2 Fungal biodiversity

We analyze data from a fungi biodiversity study in Finland (Abrego et al., 2020).
Each sample contains a large number of fungal DNA barcode sequences obtained
either from air samples or soil samples. As it is too expensive to barcode all the
fungi spores in a sample, it is important to be able to predict how many species are
missed when sequencing a particular amount. The goal of our analysis is to answer
this question.

The data consist of 174 di erent samples from di erent sites across ve cities
in Finland. For each site, fungi samples are collected on the same dates at two

urban areas, one at the core and one at the edge of the city, and two nearby natural
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Figure 3.3 : In-sample performance in the Finnish fungal biodiversity data. The in-
sample estimatorEK ,,qis computed by averaging model rarefaction across posterior
samples. The value oK, indicates the individual-based rarefaction curve ah.

areas, again with one at the core and one at the edge. Two di erent sampling
methods were used: i) through air, via a cyclone trap and continuously for 24 hours,
and ii) through soil, gathering a small portion of soil close to the air trap. We
exclude samples with less than 1000 sequences, as in such cases the samples lacked
su cient numbers of spores for more comprehensive barcoding. This leaves us with
a total of 150 samples. An issue in pre-processing the data is reliable identi cation of
singletons,otu s that have been identi ed only once within a given sample. Ecologists
often discard such singletons from the analysis, leading to signi cant bias. In the
Supplementary Materials we instead propose a simple imputation approach.

The average number of barcoded DNA sequences per sample is;224 and
the average number of species discovered isl@1l. As a rst step, we compare
the in-sample performances of four di erent models: Pitman-Yorheta-gos-2 and
two- and three- parameter log-logistic models. We excludeeta-gos-1 , Dirichlet-
multinomial and Dirichlet/one-parameter log-logistic, as they showed very poor per-
formance. Model tting and prediction proceeded exactly as in Section 3.6.1.

Figure 3.3 displays in-sample performance of the models across the 150 samples.

Each point represents the percentage absolute error betwe&mK g obtained by
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Figure 3.4 : Left panel: distribution of the posterior mean species richness for the

150 samples. Center panel: distribution of the posterior mean sample saturation for
the 150 samples. Right panel: additional number of samples (in percentage) required
to reach a target posterior saturation of 5.

averaging the model rarefaction across the posterior samples, aKkg at a given
fraction of a curve. All models perform well overall, deviating from the true values
of K, by less than 1%. The Pitman{Yor is the least exible in-sample beta-gos -2
yields perfect t at fractions 0:33 and 1 due to the estimates of and being the
solution of EpK 1130 kngz and EpKnq  ky, with n the total length of a given curve.
The consequence of this choice is that the beginning of the curve, namely fraction
0:1, shows more error variability. For the log-logistic models, the high accuracy at
fraction 1 is an indirect consequence of Proposition 26 and vague priors over the
regression coe cients.

Although the above models t well, only Il 3 estimated a convergenKg . For
beta-gos 2 all curves estimated 1, implying Kg 8 : Thus, we rely onll 3 in
performing inferences on i) the sample species richness, which is the total number
of species that can be detected through barcoding within a sample, and ii) whether
DNA barcoding has reachedsaturation at di erent sites, meaning that only very

few species are missed. To address i), we estimate the posterior mé&pKg |
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are reported in the left panel of Figure 3.4, which displays the expected sample
species richness for each of the 150 samples across site characteristics. Air samples
tend to contain more species, and there is some evidence of greater species richness
in natural environments, as reported by Abrego et al. (2020).

For task ii), let C, Kn{Kg @ 1 represent the saturation level of a given

sample aftern barcoded sequences. Dierences across sites can be evaluated via

sample. Figure 3.4, right panel, summarizes posterior mean saturation strati ed by
sampling site characteristics. While there is some variability across sites, most of
them have a ratio around 05. The results suggest that if additional DNA sequences
are barcoded there is the opportunity to detect approximately 20 50% more species
in each sample. Urban soil samples seem to have a systematically higher saturation
than their Air counterparts. Finally, we can estimate the numberm of additional
sequences that would need to be barcoded to reach a desired saturation 1€gl,,.
This is reported in the right panel of Figure 3.4, where the target saturation level
is 95%. This con rms the fact that generally all samples require a high barcoding

e ort to detect almost all the species.

3.7 Discussion

In this paper we proposed a novel method for predicting the appearance of previously
unobserved objects in a sequence. We showed that our procedure generalizes the dis-
covery probability of the Dirichlet process. Finite sample and asymptotic properties

of the number of distinct specie& , were extensively studied. In addition, we showed
that a subclass of models is linked to a logistic regression with constrained coe -
cients. This has major computational advantages compared to existing Bayesian
nonparametric procedures, which allowed us to implement our modeling strategies

in large datasets. All of our estimators are based on moments of the Poisson-binomial
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distribution. Despite its rather complex shape (Chen, 1975), this distribution admits
several approximations (e.g. Goldstein, 2010; Hong, 2013). These may be useful in
obtaining approximations to the distribution of Kg .

From a Bayesian nonparametric perspective, our species discovery framework en-
riches the increasingly large literature on models beyond exchangeability (e.g. Berti
et al., 2004; Airoldi et al., 2014, Fortini et al., 2018; Ascolani et al., 2021; Berti
et al., 2021). Indeed, the construction of araccumulation curveis intrinsically a
non-exchangeable procedure, because the sequential discoveries necessarily depend
on the chosen ordering (Gotelli and Colwell, 2001). We solved the order dependence
by applying our framework to the individual-based rarefaction curve, which is the
average accumulation curve for given abundances (Smith and Grassle, 1977). As
detailed in Remark 17, choices for the allocation probabilities under a sequential
discovery model without exchangeability may still retain certain convenient prop-
erties (Bassetti et al., 2010). Urn-based non-exchangeable models are particularly
promising for sequential and dynamic data.

Instead of taking a Bayesian nonparametric perspective, similar methodology and
theoretical conclusions could have been achieved by modeling the trajectory in the
distinct species as the output of a discrete time pure-birth in-homogeneous Markov
process with birth probability Sgt; g The link between pure-birth processes and
accumulation curves has long been known (Soberon and Llorente, 1993; Diaz-Frances
and Gorostiza, 2002). We chose to focus on the Bayesian nonparametric viewpoint
due to the rich statistical literature on species sampling taking this perspective.

We extensively investigated in Section 3.3 the logistic subclass of models, which
has appealing theoretical and computational properties. However, di erent survival
functions Sgt; q may be considered (e.g. exponential, Weibull, Gompertz) to ac-
commodate di erent shapes and growth rates. For example, one can impdsg; q
to be equal to the average discovery probability of théeta-gos-2 with ¥ 1.
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Indeed, our results of Section 3.2 are fully general and can be readily specialized to

any survival function. This is an interesting research direction.
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A4

Inferring taxonomic placement from DNA
barcoding aiding in discovery of new taxa

4.1 Introduction

DNA barcoding refers to the practice of identifying the taxonomic a liation of un-
known specimens through short fragments of their DNA molecular sequence called
barcoding genes (Hebert et al., 2003). Typically, this assessment is performed by
comparing the DNA obtained from the high-throughput sequencing of a bulk sam-
ple to libraries of genes whose Linnean taxonomy is well-established. Examples of
these collections are numerous, with the Barcode of Life project (BOLD; Sarkar and
Trizna, 2011) and GenBank (Benson et al., 2012) being particularly notable cases.
For the identi cation to be reliable, reference DNA sequences should be charac-
terized by limited intra-species and high inter-species gene variation and should be
su ciently simple to align and compare (Hebert et al., 2003). In the animal kingdom
and insects especially, these characteristics have been found in a region of approxi-
mately 650-base-pairs near the 5th end of the mitochondrial cytochrome ¢ oxidase

sub-unit I, or COI, gene (Janzen et al., 2005). This region has become routinely
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used in animal species identi cation. In particular, libraries in BOLD are formed by
clustering similar COI sequences under a common Barcode Index Number, or BIN,
which identi es a given species (Ratnasingham and Hebert, 2013).

The impact of DNA barcoding in biodiversity assessment has been dramatic.
It took more than 200 years to describe approximately 1 million species of insects
through morphological inspection, whereas nearly 400,000 BINs have been catego-
rized within just 10 years (Wilson et al., 2017). DNA barcoding o ers a way to
categorize large quantities of specimens collected by modern automatic sampling
methods. For example, ying insects are routinely captured with Malaise traps
(Malaise, 1937), which collect the sampled insects together in a preservative within
a storage cylinder. While this method often causes deterioration of the captured an-
imals, making them morphologically unrecognizable, the biological material can be
processed relatively cheaply (Shokralla et al., 2014) through a practice called DNA
metabarcoding (Yu et al., 2012), which groups similar sequences detected in the sam-
ples into operational taxonomic units or OTUs. These provide initial hypothesized
species labels for the animals in the sample, and assessing their taxonomic placement
is the nal key stage of a bioinformatics pipeline.

Despite the advantages described above, taxonomic assessment of OTUs presents
its own challenges, especially at lower level ranks. While it is relatively easy to
accurately place a DNA sequence to a phylum, a class, or an order (Yu et al., 2012),
the information obtainable via high-throughput methods is limited by the short
length of the sequences extracted. This makes the identi cation at the family, at
the genus, and at the species level subject to higher uncertainty (Pentinsaari et al.,
2020). Moreover, DNA metabarcoding may be prone to sequencing and clustering
errors. Consequently, it can either split biologic material from the same species
into two di erent clusters or merge di erent species into a single cluster (Somervuo
etal., 2017). Finally, reference sequence libraries can be subject to mislabelling errors
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(Somervuo et al., 2016) and can be incomplete (Virgilio et al., 2012; Wilkinson et al.,
2017; Weigand et al., 2019). This leads to the necessity of developing classi cation
methods that provide a reliable characterization of uncertainty when taxonomically
annotating the collected OTUs, accounting for the potential lack of information and
therefore barcode novelty in the library. Ultimately, such methodologies allow one to
guantify and track the biodiversity of a given sampling region only if the classi cation
probabilities are reliable and OTUs are obtained consistently across time and space.

Much software for taxonomic recognition has been developed, relying on di erent
prediction methods. One approach labels a query DNA with the taxon of the refer-
ence sequence having the highest similarity (Huson et al., 2007; Nguyen et al., 2014).
This requires applying local or global alignment procedures to the sequences in the
library, such as the BLAST - Basic Local Alignment Search Tool - similarity score
(Altschul et al., 1990). When alignment is undesirable due to computational costs,
fast algorithms that exploit a -mer representation of the sequences can be adopted.
Widely used examples are the nawe Bayes RDP classi er (Wang et al., 2007) and its
non-Bayesian heuristic alternatives (e.g. SINTAX; Edgar, 2013). More recent meth-
ods use modern machine learning and deep learning techniques including tree-based
classi cation algorithms (IDTAXA; Murali et al.,, 2018) and convolutional neural
networks (Vu et al., 2020).

While these approaches can provide good classi cation results when the train-
ing data are su ciently informative of the biodiversity of the environmental sample
(Bazinet and Cummings, 2012), they can lead to unreliable matches when the ref-
erence sequence set is incomplete, as is often case (Wilkinson et al., 2017; Murali
et al., 2018). Thus, algorithms must coherently account for potential taxonomic
novelty when doing classi cation (Somervuo et al., 2017). Speci cally, sequences are
regarded as \new" if their true taxonomic annotation is unobserved in the training

library. This does not necessarily imply that the specimen from which DNA has been
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sequenced identi es a taxon new to science. Instead, novelty may be driven by a lack
of reference sequencing data for known taxa, limited training libraries, low quality
and gaps in barcodes, and sequencing errors in queries. All these factors can poten-
tially lead to false positives, labelling a sequence as \new" when it is not, or false
negatives, predicting a known taxon when a new one should be identi ed. This com-
mon issue has been addressed in the literature in various ways (Lanzn et al., 2012;
Lan et al., 2012; Edgar, 2013; Bokulich et al., 2018). The widely adopted solution is
to select a con dence probability cuto and regard the classi cation as unreliable if
the predicted taxon has a probability below that threshold (Wang et al., 2007). For
example, the default RDP classi er does not report the predicted genus of a query if
the most likely genus has a prediction probability lower than 0.8. This cuto depends
on the specic algorithm and often requires appropriate tuning (Lan et al., 2012).
Moreover, con dence thresholds might be species-dependent due to di erences in ge-
netic variability between and within taxa. A second possibility is to explicitly allow
the algorithm to signal if the queries are likely from previously unobserved taxa, as is
done by PROTAX - PRObabilistic TAXonomic placement (Somervuo et al., 2016).
PROTAX classi es DNA sequences by training a multinomial regression model on
a sub-sample of the reference library re ecting prior knowledge of the existing tax-
onomy. The algorithm can lead to over- or under-detection of new taxa at any rank
if the training dataset is not representative. With this approach, novel nodes in the
taxonomic tree are explicitly treated as separate classes to be modelled, and they
are assigned a prediction probability when classifying queries.

In this paper, we follow the latter approach and develop an o -the-shelf Bayesian
nonparametric model for DNA barcode data that explicitly accounts for novelty
by modelling the potential undetected nodes at every unlabelled taxonomic level.
As our application primarily focuses on insects, we name our method BayesANT,

short for BAYESIAn Nonparametric Taxonomic classi er. BayesANT is a supervised
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prediction algorithm that is trained on a set of sequences whose taxonomic a liation
is known and later annotates unlabelled DNA barcoding sequences in a probabilistic
manner. In particular, it computes taxon-assignment probabilities at all unlabelled
ranks by combining a prior distribution for the taxonomic tree with a kernel-based
approach to modelling the distribution of the nucleotide sequences conditioned on
their full taxonomic a liation. Taxon novelty is incorporated through a Pitman{
Yor process prior (Pitman and Yor, 1997), which is a species sampling model urn
scheme (Blackwell and MacQueen, 1973; Pitman, 1996) that automatically speci es
probabilities for the appearance of undiscovered species (Lijoi et al., 2007a; Favaro
et al., 2009) in a coherent way. For aligned sequences, we use a Dirichlet-multinomial
product kernel over nucleotides, while, for unaligned sequences, we use a multinomial
kernel over -mer counts. The resulting model facilitates fast computation of a
probabilistic classi er, which provides careful uncertainty assessments in taxonomic
annotations. Unlike the other methods described above, our method avoids using
an arbitrary threshold to annotate a sequence as being from a clade unobserved in
training. In particular, taxonomic novelty in BayesANT can be aided through the
choice of the Pitman{Yor prior hyperparameters, which can be either xed ex-ante
based on prior knowledge or estimated from the data. We test BayesANT on a
library of arthropod DNA sequences collected in Finland (Roslin et al., 2022).

The Chapter is organized as follows. Section 4.2 presents the model in great
detail. Section 4.3 presents the analysis of the Finnish DNA barcoding library.
Concluding remarks are discussed in Section 4.4. Additional simulations and results

are reported in Appendix C.

4.2 Materials and Methods

BayesANT evaluates the probabilities that a given DNA query sequence belongs
to each of the nodes of the observed taxonomy, allowing for unobserved nodes in
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the taxonomic tree to be discovered. These probabilities are derived via Bayes

rule, while taxonomic novelty arises through Pitman{Yor process priors. LeX;

and Y; the associated nucleotide sequence from any barcoding gene, such as COI
for insects or ITS2 for fungi. We indicate taxonomic library ofn sequences as
Dn pXi;Yid ,. See Sections 4.2.2 and 4.2.4 for more details on how the data
are structured. The goal of BayesANT is to prediciX,, 1, the labels forpn  1¢th
sequence, treating the DNAY ,, 1 as covariate. We perform this by paralleling the
construction behind nawe Bayes classi ers and linear discriminant analysis: the prob-
ability that the p;n 1gh query belongs to the taxonomic branchx p xi;:::;X.q

conditioned on library D, and sequence’, ; is

pPXn 1 X |Yn 100 9 ppXih 1 Xlxmqq pPYn 1| Xn 1 X;Dhg  (4.1)

where X™9 p X;d' ; are the observed taxonomic labelgpX, 1 x| X™M9qis the
prior probability of branch x and ppY, 1| X, 1 X;Dnqis the distribution of the
DNA sequence conditioned o being its assigned branch. Refer to the Supporting
Information for a step-by-step derivation of equation (4.1). In what follows, we

carefully specify how each component is determined.
4.2.1 Preliminaries: the Pitman{Yor process

The Pitman{Yor (Pitman and Yor, 1997) is a sequential process for label assignment
whose allocation probabilities depend on a precision parameter on a discount
parameter , and on the size of the clusters previously detected. While we have

introduced the sequential allocation scheme in the previous two Chapters, we re-state
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frequenciesny;:::;ngx and J" ny n. Then, the probability that the ;n 1gh

sequence belongs to thgth of the known taxa is

PPXn 1 X | XygiiiXaq ot (4.2)

forj 1;:::;k, while the probability of observing a new taxon is
pPPXn 1 \new" | Xy;:::;Xqq E ; (4.3)
where and P 10;1g Figure 4.1 sketches the mechanism wham 19

sequences antk 4 dierent groups are observed. High values of or values of
close to 1 lead to a high probability of discovering a new taxon. The probability

that a sequence is assigned to taxon labX|, increases with its abundance;. This

process allows barcodes to be clustered together a priori by being assigned to the

same existing or newly detected taxa. Both parameters can be easily estimated from

to the Supporting Information for details, and to Favaro et al. (2009) and De Blasi

et al. (2015) for a general overview.
4.2.2 Notation and taxonomic structure

A taxonomic library can be represented as a tree with branches of lendth¥ 2, where
DNA sequences are uniquely associated with one leaf. We denote such a library as
Dn p Xi;Yidq ;, wheren is the number of sequences{; p Xi-d , Indicates the
taxonomic labels of theith sequence andY; is a representation of the associated
DNA. For example, the library we use in our application is fully annotated up to
rank L 7, whereL represents the species level. Figure 4.2 displays an example of
a taxonomic tree where sequences are classi ed into order, family and genus. Blue

circles indicate nodes associated with at least one DNA sequence, while undiscovered
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Figure 4.1 : Example of a Pitman{Yor process withn 19, 1, 0:25
and K, 4. Taxon names are reported on top of the circles, and frequencies
of appearance are written on the right to the blue DNA sequences, respectively.
Fractions in black denote the taxon probabilities for the orange DNA sequence. For
example, the probability of observing the butter y-shaped taxonX; ispn;  g{p

ng pl0 0:259{d9 1g 3980. The probability for the unknown question mark
taxon isp kafp ng pl 4 02%{d9 1qg 1{10.

take values in the spaceX- of distinct taxa. Given their discrete nature, multiple

X can be associated with the same taxon. These realizations, which we denote as

observed number at level. For example, the 28 sequences in Figure 4.2 identify two
taxa at the order level: one that has a butter y-type morphological trait, X ., and
one with a bee-type trait, X, ;. Thus, k; 2. The beetle-shaped insect node instead
represents a potential order unobserved in the library.

Due to the tree structure of the taxonomy, each generic node at level * has a
unique parent at level’ 1, denoted as pgx-g In Figure 4.2, for instance, paX;.,q
Xpq and pgX.5q papX,3q X,,. For coherence, assume that the tree is rooted,
namely pgxiq X for any x; P X ;. Each node in the tree is linked to multiple taxa
at lower ranks. Let ,px-gbe the set of observed nodes ; for which papx- 19 Xx-
whenn sequences are observeld,,px-q | nX-q|be its cardinality and N,px-gbe the
number of DNA sequences belonging to. In Figure 4.2, ,pX;,q t X5, X,3uand
KnX1,9 2,while zpxoq t X4, X,,uandKymeq 2 for the order level. Finally,

the size of a node in our representation is determined as a sum of the number of
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Figure 4.2 . Example of a three-level taxonomic library under our model. On the
bottom-left corner of every node, we report the number of DNA sequences linked
to it. The total sample size of this example ism ~ 28. Circles in blue indicate
nodes linked to leaves with observed DNA sequences, while grey circles show all
the possible missing or undiscovered branches, labelled with a question mark on the
top-right corner. Variation in insect colour along each branch and across branches
indicate DNA and morphological similarities and di erences, respectively.

sequences associated with all leaves connected to it. For examplgpX,.,q 8, and
NnpX,,9 12. The quantities po q »p q Kyp gand N,p gare the key ingredients

upon which we build our taxonomic prior in equation (4.1).
4.2.3 Taxonomic prior

The rst step in our analysis consists of specifying a exible prior for the frequencies
of occurrence of di erent types of organisms at each taxonomic rank including
organisms of \new" types. In particular, we incorporate the Pitman{Yor process
allocation probabilities in equations (4.2) and (4.3) into the tree structure. Let -
and - denote the allocation parameters for level, with - j ~and - P 10;1qg
Write Xp;'?q p Xi-d , as the sequence of taxonomic labels observed at leveThen,
the taxon of sequence 1 at level ', conditioned on it being allocated to nodes: ;

at level 1, has probabilities

(4.4)

N.pXi-q -
ppPX n 1; Xj;‘ |Xn 11 X 1;XF?qq nJ—

Nop< 10
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if the node X, is such that pgX;-q X- 1, and

‘Knp(‘ 19,

X 4.5
an(‘ 19 ( )

PPXn 1 \new" [Xp 10 1 X 1;X‘?qq

if the node is new and originates fromx- ;. The structure of equations (4.4) and (4.5)

is the same as the one in equations (4.2) and (4.3), with the only di erence being
that nodes at ™ are generated from their parent-speci c process. The level-speci c
parameters - and - are important in allowing diversity to vary with taxonomic
rank. Similarly to the one-level case discussed in Section 4.2.1, these parameters will

be estimated based on the data. See Appendix C.
4.2.4 DNA sequence likelihood

The second step to build the predictive rule in equation (4.1) is to specify a distribu-
tion for the DNA sequences. We do this by adopting a kernel-based approach that
exibly accommodates di erent DNA representations.

As depicted in Figure 4.2, a query sequence; is uniquely associated with one

branch whose leaf i, PX |, we let

Vi1 Xi X d™ KPYi «. G (4.6)

representing the likelihood of sequence da¥;, and , is a collection of leaf-speci ¢
parameters. Implicitly, we assume that all DNA sequences associated with leaf
are independent and identically distributed askp; x, g Table 4.1 provides three
examples of multinomial-type kernels when sequences are aligned and when they are

not. Here, alignment implies that all the sequences are pre-processed to have the
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Table 4.1: Examples of multinomial kernels for the DNA sequences. The column
sequences speci es whether the sequences in the library are aligned or not. Column
kernel type is the type of kernel chosen to model the DNA. Columnigkelihood

and prior for «x,_ are the likelihood ad the prior in each model, wittdir indicating

the probability density function of the Dirichlet distribution. N is the set of all -
mers on which the sequence is decomposed. In the aligned case, this is a set of
monomersN; t A,C,G,Tu The quantity 1tY;s guis an indicator equal to one if

Yis g and zero otherwise.

sequences kernel type likelihood prior for XL
Not aligned -mers TN dir px 9
- Ty 1 iy qu T
Aligned Product LS 1, gPN; XLISG . Jdir py.sq
: - p - 1tYis gu - :
Aligned -Product s 1 gPN  XLiSU Jdir py.sq

comparable. ThenX; is the nucleotide in thesth position of the ith query sequence,
and y, .sg IS the probability that nucleotide g PN; t A, C, G, Tuis seen ats for
taxon x.. Assuming independence across locatiossas a simplifying assumption
to improve computational e ciency in constructing a probabilistic classi er, the
resulting kernel is a product of multinomials with location-speci ¢ parameters.
When sequences are not aligned, each has its own lengthA viable option is to

use a -mer decomposition. This amounts to counting the number of times all pos-
sible 4 substrings of length appear within the sequence. We denote & the set
of all -mers of length . For instance, 3-mers live ilN3; t AAA, ACG, AGT ::u,
with a total of 4% 64 substrings. In Table 4.1niq i ts 1 1tYis  gudenotes the
number of times a -mer g PN appears in theith sequence, witht; p; 1
being the total number of -mers observed when the length ig;. We model these
counts as the output of a multinomial distribution, where , .4 is the probability of

-mer g at taxon x,_ . The -mer length parameter is chosen a priori as a modeling
choice and usually requires adequate tuning. Finally, if sequences are aligned, it
is also possible to combine the two kernels by considering amer/location-speci ¢

multinomial distribution. For example, choosing a 2-Product kernel for a sequence
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AATGTA means that the realizations of the multinomial are AA in the rst location,
AT in the second, TG in the third, and so on. This approach allows to better capture
site dependencies but bears heavy computational costs for values ofreater than
2.

The choice of kernel depends on the application and the data. For example,
insect DNA sequences can be easily aligned via Hidden Markov models (Eddy, 1995),
while fungal sequences often come without alignment due to their higher intrinsic
variability. Irrespective of the structure of the data, our proposed multinomial kernels
have the advantage of simplicity in computation, with the posterior distribution for

. Obtained in analytic form by adopting conjugate Dirichlet priors as in Table 4.1.
Computational e ciency is a critical issue both in training and in classifying very
large numbers of sequences, making it intractable to consider elaborate likelihoods

derived from realistic generative models of nucleotide sequences.
4.2.5 Prediction rule

The prior on the tree and the DNA sequence likelihood de ned so far allow us to
predict the set of labelsX, ; for the query sequencey , ;. BayesANT does this
in bottom-up and top-down steps. In the bottom-up step, we use equations (4.4),
(4.5) and (4.6) to determine the posterior probability thatY, ; belongs toany
leaf in the tree. These include both the observed and the new taxa at the lowest
level, as illustrated in Figure 4.2. Then, probabilities of higher nodes are computed
aggregating upward. In thetop-downstep, instead, BayesANT predicts a branch by
iteratively choosing the child node with the highest probability at each level, starting
from the root.

Let , 1xg pPXn 1 X | XPM9 be the prior probability for branch x after

! Under the assumption that a new node at level' automatically creates a new node at all levels
1;:::;L below, the total number of potentially unobserved leaves is equal to the number of
nodes uptoL 1 plusl
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having observed all labelX ™9, By the chain rule, this is equal to the product of the
prior conditional probabilities in equations (4.4) and (4.5) of all nodes in the branch,
which is

1L

n1XQq PXn 11 Xa | X pXn 1 X [ Xn 1o x X7 (47)
T2

Equation (4.7) corresponds to the prior taxon probability in equation (4.1). Notice
that if x> \new" at some °, the conditional probabilities at lower nodes are equal
to 1. But then, the probability that X, ; is associated to branch conditioned on
the DNA sequenceY ,, ; and D,, namely equation (4.1), is

»

P 1Xq PPXn 1 X|Yn ;D009 o 1Xq KpY, 1 x. PP xLanq:i X, - (4.8)

The integral in equation (4.8) is the posterior predictive distribution of DNA
sequenceY ,, 1 with respect to the posterior of ,, . Whenx,  \new", this posterior
is equal to the prior, i.e.pp x, |[Dn0 PP x, G Since no sequence for. is observed.
The convenient property of the models in Table 4.1 is that both the prior and the
posterior predictive distribution have simple and easy-to-compute analytic forms.
Once equation (4.8) has been evaluated for all leaves, the probabilities of higher
nodes in the taxonomy can be easily derived via upward aggregation. Then, we
predict the taxa by starting from the root of the tree and recursively selecting the
child node with the highest probability. Speci cally, the predicted sequence of taxa

X pXx o , for the DNA sequence an 1 satis es

X argmaX.e .o g P 1XQ (4.9)
X: XL PLanpX-q

are linked to nodex- in a library of n DNA sequences.
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4.2.6 Hyperparameter tuning

The hyperparameters , of the multinomial kernel play a fundamental role in novel
species recognition. As detailed above, when  \new", then equation (4.8) is a
prior predictive probability, since no sequence is observed fag and thus pp , |
Dnq pp x, G In such cases, prior hyperparameters should contain information
regarding the taxonomic branch and level where novelty appears. Uniform priors may
be unreasonably vague, leading to underestimation of the prior predictive probability
of novel taxa relative to the true proportion. Thus, we tune each,, as follows.
Consider a taxonx, 1 atlevelL 1. If x_ 1 is not \new", the hyperparameters

of all the leavesx, PL,px_. :qlinked to it - including the new one - are all equal,
and they are obtained via method of the moments from the DNA sequenc¥és with
XiL 1 X_ 1. Ifinstead x. ; is a \new" node and the last not novel node in its
branch isx- atlevel " & L 1, the method of the moments is applied on the set of
sequence¥; such thatX;- x-. This ensures borrowing of information between the
branches when the novelty appears at higher levels in the taxonomy. Moreover, this
approach tailors the prior predictive distribution of a node to the intrinsic location-
speci ¢ nucleotide variability of the sequences linked to it. Thus, novelty probability
is high in a node if the query is coherent with the observed variability at that node
but is not su ciently similar to any of the training sequences linked to the children
nodes in terms of the kernel. For mathematical details on the method of the moments

applied to the multinomial kernels of Table 4.1, see Appendix C.
4.2.7 Calibration of prediction probabilities

Misspeci cation of a Bayesian model, due to inaccuracies in the prior and/or likeli-
hood function, may lead to predictive probabilities that are not su ciently well cal-
ibrated to accurately capture predictive uncertainties (Granwald and van Ommen,

2017; Miller and Dunson, 2019). Given the complexity of the true data-generating
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likelihood underlying DNA barcoding data, and the necessity of using a simple like-
lihood for computational tractability, some degree of misspeci cation is inevitable.
We apply a simple re-calibration approach to adjust the predictive probabilities used
in equation (4.9) for misspeci cation.

In particular, we post-process the prediction probabilities in equation (4.8) by
exponentiating them by a coe cient P [®;1s and later renormalizing. Then, the

new probabilities for thepn  1¢h sequence are

o Pn 1X(Q .

; 4.10
«1Pn 1X%g (4.10)

p’n 1p(q

and can be used in place @, ;pxqgin equation (4.9). Such a strategy does not alter
the ranking of the original probabilities since the transformation is monotonic. More-
over, ifp, 1Xxq 1, thenalsopy pxg 1. This implies that we do not substantially
alter the prediction whenever the BayesANT is certain about a taxon. Choices for

can be adopted via cross-validation on a hold-out subset of the training library
following strategies such as the ones described in (Guo et al., 2017). Speci cally,
prediction probabilities are calibrated if the average probability for the predicted
nodes is equal to the classi cation accuracy (Somervuo et al., 2016). For example, if
90% of the sequences are correctly classi ed, ideally the average classi cation proba-
bility is approximately 0.9. An average value of 0.5 and 0.99, instead, means that the
algorithm is too conservative when right and too con dent when wrong, respectively.
In the application discussed in this paper, we select 0:1 and 0:06 depending

on the testing scenario.
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4.3 Results

4.3.1 The FinBOL library

The Finland Barcode of Life initiative? (FinBOL) is a DNA barcoding library that
contains reference sequences with highly reliable taxonomic annotations for the arthro-
pod species of Finland. The data have been constructed placing substantial e ort
on barcode quality thanks to the collective e ort of about 150 taxonomists. Biologic
material was collected from previously identi ed specimens conserved in museums
or private collections, and later processed via PCR sequencing. For a thorough de-
scription of how the library was assembled and later tested, refer to Roslin et al.
(2022).

The version of the data we consider contains a total of 3824 DNA sequences an-
notated across seven taxonomic levels, namely class, order, family, subfamily, tribe,
genus and species. Reference annotations are based on the national checklist of
Finnish species (FinBIF, 2020) with the inclusion of dummy taxa whenever sub-
family and tribe were missing. The library has been globally aligned via Hidden
Markov Models using the HMMER software (Eddy, 1995). As a result, each se-
guence has a length of 658 base pairs, consisting of nucleotides \A", \C", \G" and
\T" and alignment gaps \-". Other infrequent special characters are ignored and
treated as missing values for simplicity. Taxonomic labels in the data comprise 3
classes: Arachnida, Insecta and Malacostraca appearing 1,842 and 32,781 and 1
times, respectively. The sequences are further divided into 21 orders, 476 families,
896 subfamilies, 1,355 tribes, 3,855 genera and 10,985 species, 3,025 of which have a
single reference sequence associated with them.

Figure 4.3 depicts the pairwise raw DNA similarities, calculated as the fraction

of locations with identical nucleotides, between 3,000 sequences randomly sampled

2 https://en. nbol.org/
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Figure 4.3 : Pairwise DNA similarities between 3,000 randomly sampled sequences
from the FInBOL library. The blue and light blue boxes along the main diagonal
identify the orders and the families, respectively. Numbers on the left side represent
the frequencies for the ve largest orders in the data. Darker tones of red indicate
higher similarity.

without replacement from the library. Each row/column represents the DNA similar-
ity between one sequence and all the other sampled ones, with darker tones indicating
higher similarities. Sequences are sorted alphabetically rst by order and then by
family to ensure cluster separation. In particular, boxes in dark blue along the main
diagonal highlight the cross similarities within the orders, while boxes in light blue
refer to the families. On the left side of the Figure we report the name and the sizes
of the 5 most frequent orders, namelyraneae Diptera, Coleoptera Hymenotptera
and Lepidoptera In an ideal setting, the within-taxon similarities along the main
diagonal should be higher than the cross-taxa ones. However, this is only true for
Lepidoptera and for the two largest families -lchneumonidaeand Tenthredinidae -

in Hymenoptera Indeed, Diptera and Coleopteraare virtually indistinguishable, as
they show a similar within- and between-order similarity. Moreover, these two taxa
show a high cross-similarity withLepidoptera as indicated by the o -diagonal orange
rectangles. Overall, the average DNA similarity in the library is around 0.81, with a

standard deviation of 0.04, indicating that the sequences are highly homogeneous.
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