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INTRODUCTION 

Hamilton (1964a, b) constructed the verbal theoretical basis of modern 
kin selection theory which states that potentially “altruistic” individuals 
evolve to value their relatives according to the closeness of their genetic 
relatedness. In those fundamental papers, Hamilton restructed the brood 
selection models of Haldane (1932, 1955) and Williams and Williams 
(1957), and proposed the following criterion under which a gene for altruism 
may be expected to increase, 

Pr* > Y¶ (1) 

where p is the increment in fitness gained by an individual which benefits 
from an altruistic act, y is the decrement in fitness suffered by the altruist as 
a result of the act, and r, is a measure of genetic relatedness. Hamilton 
originally defined r, as twice the coefficient of kinship between the altruist 
and the recipient, or equivalently, as Wright’s coefficient of relationship. 
Hamilton applied the theory to the case of the haplodiploid Hymenoptera 
and displayed a table of genetic relatedness similar to the corrected table 
given in Table I (Crozier, 1970; Hamilton, 197 la, p. 61). 

The values of relatedness shown in Table I do not correspond to values 
calculated using Wright’s coefficient of relationship for the case of sex 
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TABLE I 

Hamilton’s Coefficients 

Altruist 

Sister 
Brother 

Recipient 

Sister Brother 

314 114 
l/2 112 

linkage. Wright’s coefficient is defined as the correlation coefficient between 
the genotypes of two classes of individuals and as such would predict a 
symmetric relationship between altruist and recipient. In contrast, the values 
contained in Table I suggest that the sister-to-brother relationship is more 
distant than the brother-to-sister relationship. Furthermore, Wright’s coef- 
ficient in the case of haplodiploidy (or sex linkage) gives a value of 
l/(2(2)“*) for the brother-sister relationship (Wright, 1922; see also Wright, 
1969, or Li, 1976). Discrepancies such as these have led Lin and Michener 
(1972) and Dawkins (1976, p. 188) to suggest that relatedness be defined in 
different ways for haplodiploid and diploid organisms. Michod and 
Anderson (1979) and Frankham (unpubl. manuscript, 1979) have also 
discussed discrepancies between Wright’s coefficient and Hamilton’s measure 
of relatedness. 

To cope with the ambiguities in Hamilton’s measure of relatedness, several 
definitions for an appropriate measure of genetic relatedness have been 
proposed including the probability that the recipient carries a certain gene 
given that the altruist carries it (Hamilton, 1966; Trivers, 1974; Dawkins, 
1976, p. 189; Charnov, 1977; Orlove and Wood, 1978), the probability that 
the recipient transmits the gene given that the altruist carries it (Hamilton, 
1972), and the coefficient of kinship between the altruist and the offspring of 
the recipient (West Eberhard, 1975). Two proposed measures in particular 
have gained favor among workers. Crozier (1970) defined a measure of 
genetic relatedness as the expected fraction of the recipient’s gnes which is 
identical by descent to a gene or genes in the altruist. Crozier’s definition, 
which we will denote as r c, produces the values shown in Table I for 
haplodiploids and reduces to l/2 in the diploid case. The second favored 
measure of relatedness is defined as the regression of the recipient’s genotype 
on the altruist’s genotype (Hamilton, 1970, 1971a, 1972, 1975; Orlove, 
1975a, b; Orlove and Wood, 1978) and will be denoted, following Hamilton 
(197% as bAdR, where A represents the altruist and R represents the 
recipient. In the diploid case, the regression is identical to the correlation, but 
in the haplodiploid case, the regression produces the asymmetries in 
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relatedness characteristic of Hamilton’s coefficients. This regression is 
constructed in the following way. 

For the case of two alleles A i and A 2 in a haplodiploid organism or for a 
sex-linked locus in a diploid organism, the genotypes are assigned the 
following additive values: 

Males 

A, A, 
1 0 

The regression of the recipient’s additive genotype on the altruist’s additive 
genotype is defined as the covariance between the altruist’s and the 
recipient’s genotypes divided by the variance of the altruist’s genotype. Table 
II displays the regressions for the haplodiploid case, where p, is the 
frequency of A, among females, pm is the frequency of A, among males, 
9/=1-Pf,9,=1-P ,,,, and f2 is the frequency of genotype A, A, among 
females. In the diploid case, the relatedness in all sib-to-sib cases is given by 

pfqf+ p,4m-fh+.f2) 
Pf9f + Pnl4m ’ 

(2) 

where m, is the frequency of genotype A,A, among males and the other 
symbols are as defined for the haplodiploid case. Crazier’s probabilities rc as 
shown in Table I are apparently constants independent of genotype 
frequencies in the population, whereas the regression coefficients shown in 
Table II are clearly frequency dependent. For the case in which pm = pf and 
f2 = 2pfqr, the regression coefficients b,, reduce in all cases shown to rc. 
However, under the fitness differences imposed by kin selection itself, 

TABLE II 

Haplodiploid Regressions 

Recipient 

Altruist Sister Brother 

Sister 

Brother 

Pp/ + PI&?, - fh 

Pf4f + Pa 9m 

PJ¶f - if* 
Pfqf 

P/zf - if* 
Pf4f + Pm4m 

Pfqf - if2 
Pfqf 
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the conditions pm = pf and fi = 2p,q, are not expected in general to be 
satisfied. 

Hamilton’s criterion has stimulated a great number of verbal theoretical 
analyses of kin selection and recently several mathematical models grounded 
in population genetics (Levitt, 1975; Charnov, 1977; Charlesworth, 1978; 
Cavalli-Sforza and Feldman, 1978; Wade, 1978, 1979; Templeton, 1979; 
Michod and Anderson, 1979) have appeared in which Hamilton’s criterion 
has been shown to hold under certain conditions. The purpose of the present 
study is twofold: (1) to distinguish between Crozier’s coefftcient rc and the 
regression b,,, and to propose the latter as the more useful definition of 
relatedness, and (2) to propose an adaptive function incorporating 
Hamilton’s coefficient of relatedness that predicts the conditions for initial 
increase of an altruistic allele and the identity of the polymorphic equilibria 
of the system. We have analyzed several extensions of the sib-to-sib altruism 
models investigated by Cavalli-Sforza and Feldman (1978) in the expec- 
tation that the appropriate measure of relatedness would be that which 
emerges from the population dynamics. Emerging from the analysis are 
several lines of evidence that the regression coefftcient rather than Crozier’s 
coefficient is the appropriate measure of relatedness in our models for both 
the haplodiploid and diploid cases. Among these is an adaptive function 
incorporating Fisher’s (1930, 1958) notion of reproductive value as applied 
to the case of sex ratio evolution and which explains the apparent departures 
from Hamilton’s criterion that were noted by Cavalli-Sforza and Feldman 
(1978) in the conditions for initial increase for the cases of cross-sex (sister- 
to-brother or brother-to-sister) altruism among haplodiploids. A similar 
adaptive function proved to be useful in the analysis of a population genetics 
model of sex ratio evolution studied by Uyenoyama and Bengtsson (1979). 

MODEL CONSTRUCTION 

A single locus is considered with alleles A, and A,. Mating occurs at 
random and in this paper the social interactions occur only among the 
members of a given offspring generation. That is, all selection is due to sib- 
to-sib altruism. Two classes of model are considered, the sex-linked case in 
which the females are A ,A r, A I A *, AZ A, with the males A I and A, (this is 
genetically equivalent to the haplodiploid scheme), and the autosomal case in 
which both sexes are drawn from the genotypes A ,A,, A, A, ,and A, A,. 
Within the sex-linked class six separate altruistic interactions are possible 
among sibs. These are listed below, with the donor first and recipient second: 
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Model No. 

IA 
IB 
IC 
ID 
IE 
IF 

sister to sister 
brother to brother 
brother to sister 
sister to brother 
brother to all sibs 
sister to all sibs 

The autosomal model is usually treated without regard to sex so that sib- 
to-sib altruism suffers no ambiguity. However, if the sexes are distinguished 
by status with respect to donation and reception of altruism two cases arise, 
depending on whether the altruism is received only by the sex opposite to the 
donor, or by all sibs irrespective of sex. The three cases are then: 

IIA 
IIB 

IIC 

sib to sib 

sib of one sex to sib of opposite sex 
sib of one sex to all sibs 

All nine of these situations are discussed below. 

It is usual in discussions of kin or brood selection to take one allele, say 
A ,, as the “altruistic” gene and to assume that A,A, is always an altruist, 
that A,A, is altruistic with probability h (the degree of dominance), and that 
A,A, is never altruistic. In this paper these restrictions are removed, and 
diploid individuals of genotype A, A i, A, A,, A,A, are taken to be altruists 
with probabilities h,, h,, and h,, respectively. In the sex-linked case males 
A, and A, are altruistic with probabilities g, and g,, respectively. 

The genotypic fitnesses are constructed according to the additive scheme 
of Cavalli-Sforza and Feldman (1978). In that paper genotypic fitnesses 
were constructed by first noting that kin or brood selection is a form of 
frequency dependent selection and then employing the classical “ITO” 
matrices (Li, 1955, 1976) to determine for each genotype the probability that 
individuals of that genotype have altruistic relatives. The details of this 
method are discussed in Cavalli-Sforza and Feldman (1978) with 
amplification by Uyenoyama and Feldman (1980). In the present paper we 
outline an equivalent approach used by Levitt (1975) and Templeton (1979) 
for the construction of the recursions by first determining the fitness of the 
genotypes in each brood and then weighting each brood type by its 
frequency. The two approaches are very closely related and yield the same 
results whenever the fitness of a genotype depends on the probability of 
reception of altruism in a linear way. 
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I. Sex-Linked Models 

Within the brood, b, produced by a given mating combination, the 
contribution to the fitnesses of genotypes A ,A i, A ,A z, and A z A, in females 
and to those of A, and A, in males can be written as #11,#,2,$22, vi, and 
v/* respectively with 

$41= 1 -hy+P% (34 

h2= 1 -h,Y+PKJ9 WI 

h2= 1 -h,Y+Pl9 (3c) 

w1= l- g,Y+B%, W 

v2= l- g,Y+Pw,. (W 

Here fb and w* are the probabilities that altruism is done to the female and 
male offspring, respectively, in brood b. 

The overall frequency of the genotype A,A,, say, in the offspring is 
computed by adding the values of (i, in the broods producing A, A, with 
weights corresponding to the product of the brood frequency by the 
probability that A, A, is produced by that brood. For example, the fitnesses 
of offspring produced in the case of sister-to-sib altruism are determined 
from Table III. Within each brood, the genotypes of the sisters determine the 
increment in fitness received by members of the brood. In the sister-to-sib 
case, we make the assumption of a unit sex ratio so that half of the benefit 
from altruistic acts accrues to the males and half to the females in the brood. 
The fitnesses of offspring produced by the mating A, X A, A, in that case are 

411 = 1 - h Y + fm, + 9219 (44 

$12 = 1 - h2IJ + uwh -I- 4h219 WI 

w1= 1 -I- fPWl + fh21, PC) 

w2 = 1 + fPwh -I- e21. (44 

TABLE III 
Sex-Linked Sister-to-Sib Altruism 

Mating type 

Male Female 
Frequency 
of mating 

Cost to altruist 
Increment in 

fitness to brood A,A, A,A, A,A, 
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In the case of sister-to-brother altruism, the males alone receive all of the 
benefit derived from altruistic acts and so the fitnesses of offspring produced 
by the mating A, x A ,A, are identical to those given in (4), with /I 
substituted for $I. In all cases, the full systems of recursions are formulated 
by considering each mating type in turn, computing the fitnesses as in (3), 
and weighting the output of the mating by the frequency with which the 
mating is formed. 

II. Diploid 

For sib-to-sib altruism without regard to sex it is not difficult to incor- 
porate the parameters h,, h,, h, into the selection model of Cavalli-Sforza 
and Feldman (1978). However, when the sexes are differentiated by the role 
played in the altruistic interaction, we require the six genotype frequencies 
and six fitnesses: 

Genotype 

A,A, A,A, Ad, 

9 Frequencies 
Fitness f 1 

8 Frequencies “1 m2 m3 

Fitness Wll w12 w22 

Then, for example,’ in the sister-to-sib case, again assuming unit sex ratio in 
broods, we have in the notation of Cavalli-Sforza and Feldman (1978), 

$ll= 1 -h,y+PfllP, W 

912 = 1 - h,y + Pf12/2, (5b) 

422 = 1 - h, y + Pf22lh (5c) 

w11= 1 +PY-llP~ (W 

v12 = 1 + Pf& (5e) 

w22 = 1 + Pf22l27 (W 

where, as before, f,, is the probability that genotype A,A, (male or female) 
has an altruistic sib. The usual sib-to-sib formulation would set f;: = mi and 
necessitate the use of only three fitnesses. 

From (3) and (5), the recursion relations for the change in genotype 
frequencies over generations are easy to construct. In all cases mating tables 
like Table III can be used directly to compute fitnesses equivalent to those 
constructed from the relationship matrices. The latter are conceptually useful 
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TABLE IV 

Recursion Systems for Sex-Linked Models 

Female genotypes A,A,, A,A,, A,A, have frequenciesf,,f2,f3 and males A,, 4 have 
frequencies pm, q,,,. Female A, gene frequency is f,  + f2/2 = pr. 

IA. Sister-to-sister altrism 

T,f:=f,p,(l-h,y+h,P)+f,p,[l-h,~+P(h,+h,)/21/2 
T,f: = f,q,(l - by + &PI 

+f,p,[l-h,y+h,~l+f,(p,[l-h,y+B(h,+h,)/21 
+q,[l -hzY+P(h,+W211/2 

T,f;=f,q,(l-h,y+h,B)+f,q,[l-h,y+B(h,+h,)/21/2 
P:. = f, + fJ2 
q:.=f,+fJ2 
T, = 1+ (B - y)b,p,h, + (P/q, + q,Pm)h, + q,aAl 

IB. Brother-to-brother altruism 

f; = P/P* 
f’2 = Pfqm + qf Pm 
f;=s/cr, 

T,P:,=PX~-~,Y)+P[~,V;+~J~)+~SJ~I 
T,q:, = qA1- g,y) +bcf, +.f2/4) + &!,f&l 

T, = i + da - y)(P,g, + q,i?,) 

IC. Brother-to-sister altruism 

Twf’, = p,{f,(l + g,P) + f$ +P(g, + gJlP1 
Twf; = q,if,(l + g,P> + f$ + P(g, + &l/4) 

+ P,(f,(l + &B) + f2I2 +&I + &)I/41 
Twf; = q,,,ifdl + gzP) + fzP +Pk, + idIP 

Tw = 1 + P&r, + q,gJ 
T,,P;= P,U - g,y) 
T,,q;=qAl - g,y) 

TN, = 1 - y(P,g, + egz) 

ID. Sister-to-brother altruism 

Twf; = P,P# -hy) 
T,,f; = (p,q,+ ~,qm)(l -by) 
Twf; = qmq,tl - h, Y) 

T,F = 1 - y[p,,,p,h~ + ha,+ Prdhz + aneW 
T&,, = f,[l +B(p,,$, + qmh,)l + f$ +B(p,,A + hz + qnlhdlb’ 
T,,q:,= f,[Z +P(p,h, +h, +a,,h,)lP +f3[1 +B(P& +qmhs)l 

TdM = 1 + B(p,p,h, + (PP, + q,pmh + q,aA) 
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TABLE IV-Continued 
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IE. Brother-to-all sibs altruism 

Twf: = p,,,~~,+P[cfiP +fJQg, +f~iQlI 
Twf;= p,k,+B[W2 +fDk, +f,g~Pll 

+s,(p,+Pldfil2+f,l8)g,+f~g~/81~ 
Tws, = qm1qr + PIU-J2 + fJ8k, + f,g,P 1 I 

T, = 1 + P(.w, + q,&)P 
T,,P:, = PA’ - g, y) + PlU,P + f,Pk, + fkd81 
T&n = s,O - g,y) +Pl(f,P + fJ8kz + f,gDl 

Ta, = 1 + W - Y)(P,g, + q,gd 

IF. Sister-to-all sibs altruism 

Twf; = P,{P# - h,y) +P[(sG + fd8) h + fzW81 t 
Twf:= p,,,iq,G -hz~)+P[t.fG +fd’W~+f~Wll 

+qm(pX1-h~Y)+PIdfil2+fJ8)h~+f~hJ81) 
Twf; = c,,k,O - by) +PIdf,P + f&W, + fzW81 t 

Z-61 = 1 + t/3/2 - y)[pmp,h t (pmq,+ q,p,h + w&l 
T,,&=f,[l tP(p,h, tq,JWl +fJ2+Ph,A +h~+qmW21/4 
TeMq; = fj[l t Phnh, + q,APl + f$ + Bh,A + h, + snM21/4 

Tc,,,,= 1 tP[pmp,h, t (p,q,+ qmp,h +a,&M 

rather than essential to the writing of the correct recursions and produce 
fitnesses equivalent to those derived from first principles (using the mating 
tables) provided that these fitnesses are linear in fij. The nine recursion 
systems for the genotype frequency change over time are presented in Tables 
IV and V. 

In the following analysis we introduce a class of adaptive functions which 
provide a heuristic framework within which our results may be organized. 
While these adaptive functions are not essential to the analysis we use them 
to demonstrate the structural similarities of our models with the approach of 
Hamilton (1946a, b). In particular, all initial increase conditions and in 
several cases a certain class of interior equilibria may be described in terms 
of the regression coeflicient, the cost and benefit parameters, and the sex 
ratio at the time of mating. The adaptive functions are constructed as 
averages of measures of “effective fitness” which we now proceed to 
describe. 

Effective fitness measures have two features that make them central to our 
discussion: (1) Benefits to recipients of altruism enter into the effective 
fitness of the altruist after discounting by the relatedness of the recipient to 
the altruist. (2) The reproductive value (Fisher, 1930, 1958) of members of 
each sex is represented by the normalization of fitness within each sex 
separately. In the spirit of Hamilton’s theory, the benefit to the altruistic 
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TABLE V 

Recursion Systems for Autosomal (Diploid) Models 

Female genotypes A, A,, A, A 1, A zA, have frequencies $, , f2, f3 and the corresponding 
frequencies in males are m,, in*, m,. When they are equal the notationf,, f2,f3 is retained. 
p,= 1 - q,= f, + f,/2 and pm = 1 - qm = m, + m,/2; gene frequency subscripts are deleted 
where possible. 

IIA. Sib-to-sib altruism (no sex dmrences) 

T,f; =p*u -yh,)+PI(p-fJ4)‘h +(~-f,/4)f,hJ2+f:h,/161 
T,f; = 2Ml - yh,) +B((p -fzP)fzW2 + 24 

x [f:/M + (P-f+%? -f,P)l + ‘h -fz/4lf2/2t 
T,f;=q2(1-yh,)+B[f:h,/16+(Q-fJ4)f*hJ2+(4-fJ4)2h~l 

T, = i + @ - y)(p%, + Qqh, + q2h,) 

IIB. Sister-to-brother altruism 

Twf;=&d+U-h~Y) 
T,,fi = (fu?/+ P,%N - h2~) 
Twf; =q,%(l - &Y) 

Tw = 1 - rh,p,h, + (Pmqr+ p,qntMz + qmq,hxl 
TsMm: =pfp, +BIh,Cf,m, +f,m# +f2m,/4+f2mJ16) 

+h2V,m2/4+f,m,/4+f,mJ8)+h,f,mJ161 
T,,mi = (PP, + q/p,) +EIUf~+P + fzmI/4 +fzmJ8) 

+h,V,mmJ4+f,m,+f,m,+f,m,/4+f2m,/4+f2mJ4 
+hmJ4)+h3GmJ4 +fm'8 + f&4)1 

T,,m;=qfqm+B[h,m*f~16+h,(f,m,f4+f,m,14 
+S,m,P)+ MY,m,+ f,mJ4+fiwP+ f&/WI 

T,, = 1 + Pb,p,,A + (p,q,n + wmh + wmW1 

IIC. Sister-to-all sibs altruism 

In the m, recursions, replace /I in Model IIB by 42. For the f, recursions modify the fr 
equations of IIB by replacing (1 - h,y) by -h,y; then add to these the modified m, equations. 
The resulting f,, m, recursions with 

Tw= 1 + W/~-YGLP,~, +(~nq/+qm~f)h2+qtq,h~l, 
Tm, = 1 +8/2b,p,h + he+ q,np/) 4 + q,qmh,l 

are required for this case. 

genotype i received indirectly through relatives is denoted h&lb,, , where h, 
is the propensity of genotype i to perform altruism, p is the increment in 
fitness to the recipient of altruism, and bA+R is the relatedness of altruist to 
recipient. With respect to the second feature, the fitness received through a 
certain group is scaled relative to the average fitness among members of the 
same sex. Shaw and Mohler (1953) and Uyenoyama and Bengtsson (1979) 
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represented Fisher’s notion of reproductive value in the context of sex ratio 
evolution by 

WmITm + WflTf, 

where w, and w, are the titnesses of groups of males and females, respec- 
tively, and T,,, and T, are the averages of fitness over all males and all 
females, respectively. 

Features (1) and (2) are incorporated into the measure of effective fitness. 
For example, in the case of sister-to-brother altruism, the effective fitness of 
female genotype i is given by 

The adaptive functions we use are averages of such effective fitness 
expressions over the various altruistic genotypes, obtained by weighting each 
measure by the frequency of the corresponding genotype at birth. 

The results of our analysis of each model are reported in the next section. 
Paragraphs labeled (i) in each case report properties which emerge directly 
from the dynamics represented by Tables IV and V. Those labeled (ii) relate 
these to the properties of an adaptive function defined in a different way for 
each model. 

RESULTS 

Model IA: Sister-to-Sister Altruism 

IA(i). Results Obtained from the Model 

IA( Boundary stability condition. The fixation state pf = pm = 1 is 
locally stable to the introduction of the allele A, if the condition 

(h, - h,) ( 1 T-y >o. (6) 

is satisfied. A condition completely analogous with h, substituted for h, must 
be satisfied for the local stability of the other boundary, pf= pm = 0. 

IA( Polymorphic equilibria. The polymorphic equilibria satisfy 

(7) 
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In this model, pm = p, at all equilibrium points. One equilibrium point is 
therefore 

pf’ pm = (h3 - h,)/(h, + h, - 2h,) = P”, (8) 

at which the genotypes A, A i, A i A,, A, A, have the relative frequencies 

fi a (P*Y[l - h,Y +P(h, + W21~ (94 
f2 a 2~*(1 - P*)U - ~IJ +/M Pb) 

f3 a (I-p*)*[l - hy +P(h + h2Y21- (9c) 

This equilibrium is valid if either h, > hi, h, or h, < hi, h,. 
Another class of equilibria corresponds from (7) to 

P&P - Y > = Pf2B WY 

From (10) it can be shown that the male and female gene frequencies must 
be equal and satisfy 

Go - Y)*@h* - h, - MPU - PI + P[l + h@ - 711 
x (3P/4 - I9 + (1 - PII1 + h3Gc - YN38/4 - r> = 0. (11) 

The genotype frequencies are readily computed from the roots of (1 l), using 
(10). A root p^ of (11) is valid if it lies between 0 and 1 and if 

and 
B>Y (124 

P/4(/3 - Y) > B > (3/3/4 - YYGa - Y)* (12b) 

When p* is valid it may coexist with either two or zero roots of (11). When 
p* is not valid, either 0 or 2 roots of (11) may be admissible. 

IA( Stability of p*. For the local stability ofp*, when it is valid, it is 
sufficient that 

(h + 4 - WlPf,P - p&B - ~11 > 0, (13) 

where f2 is determined by (9b). The stability criteria for the equilibria 
corresponding to (11) have not been determined. 

IA( Proposed Adaptive Function 

For the sister-to-sister model we propose the following adaptive function 
which we hope to demonstrate has some heuristic value in interpreting the 
results of the stability analyses: 
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+ 2Pfclf 
[ 

1 -h*Y+L,h*P +’ 
F A4 I 

+ 4: [ 
1 -h,Y +LW +f_ 

F 1 h4’ 

Where b,,, denotes the regression of sister on sister, defined in the 
introduction and M : F = 1 : T, is the male-to-female sex ratio in the 
population after selection. 

IA(iia). Boundary stability and 6,. If (14) had the properties of an 
adaptive function in the usual population genetics sense we would predict 
that the fixation state pf= pm = 1 should be stable if 

(151 

Recall from Table I that Crozier’s coefficient for sister to sister is 3/4. If this 
is substituted for b,,, in (15) the resulting inequality is identical to (6), the 
stability condition derived from the model. The regression b,, near the 
boundary pf = pm = 1 approaches the limit 

L,+ (h/2 + l>/& + 11, (16) 

where A, is the leading eigenvalue which determines the local stability of 
pf = pm = 1. Some further algebra reveals that either 

(a) Pf = Pm = 1 is locally stable and (15) is true 

or 
(b) pf = pm = 1 is unstable and (15) is violated. 

We conclude that the suggested adaptive function b, in (14) correctly 
predicts the local stability of pm = pf = 1 when either rc or b,,, is used as the 
measure of relatedness. 

IA(iib). Polymorphic equilibria and A, . In classical one locus selection 
models, the polymorphic equilibria correspond to the stationary points of the 
mean fitness; in particular the stable polymorphisms correspond to its local 
maxima. Now consider 6, as a function of pf and differentiate it with respect 
to pf holding F, M, and b,,, constant. Then the derivative, defined in this 
sense, satisfies 

$$= 2b,& - M-q,@, - h,)lCBb,, - y>> 
f 
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which vanishes at p*. On substitution of b,,, from Table II (with p,= pm 
since this is expected at the internal equilibria), the second factor on the right 
side of (17) reduces to the equilibrium expression on the left side of (11). In 
this heuristic sense the “critical” points of 2, with respect to variation in p, 
coincide with the actual equilibria of the model. Further, p* is a local 
maximum of 6, (in this same sense) when 

where b,*,, is the value of the regression (from Table II) at p*. Inspection of 
(18) and (13) reveals that these conditions are identical so that the adaptive 
function predicts the stability of p*. 

Thus, whereas the conditions for boundary stability obtained from the 
model do not distinguish between rc and b,,, the use of b,, in the adaptive 
function allows the prediction of the polymorphic equilibria and the stability 
of p* while rc does not. 

Model IB: Brother-to-Brother Altruism 

IB(i). Results Obtained from the Model 

These are similar to those of Model IA outlined above. The boundary 
p,= pm = 1 is locally stable if 

while p, = p,,, = 0 is locally stable if the inequality is reversed. There are no 
interior equilibria. 

IB(ii). Proposed Adaptive Function 

The analogue of (14) in this case is 

&=Pm M 
[ 

l- g,PL, 1 +F +4m 1 [ l-g,y+g,PLi, 1 
M +F 9 (20) 1 

where again A4 : F = T2 : 1 is the sex ratio after selection. In the same way as 
before the stability condition (19) is correctly predicted by A,; since 
r, = b,, = f near the boundary, either coefficient may be appropriate as the 
measure of relatedness. No valid equilibria correspond to the relation 
b,,,P = Y- 
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Model IC: Brother-to-Sister Altruism 

IC(i). Results Obtained from the Model 

IC(ia). Boundary stability conditions. Near the fixation point 
p,= pm = 1, A, fails to increase when rare if 

(81 - g2) 
[ 

P/4 Y 
1 + g,p - 

I-i!lY I 
> 0. (21) 

IIC(ib). Polymorphic equilibria. A single valid equilibrium exists if and 
only if both fixation states p, = pm = 1 and p, = pm = 0 are locally unstable. 
The equilibrium corresponds to the root of the quadratic 

P,9mYZm - gd2/2 + PA1 - &Y)[Y(l + g,P) -m - i3,Y)Pl 

+ a??(1 - g, Y)[Y(l + g2P) -P(l - g2Y)Pl = 07 (22) 

which lies in (0, 1). Female genotype frequencies are in the proportions 

f, qtJ(l + g,P)(l - g2Y) - 4mY(gl - g2)(1 + g2P)l, (234 

f2 ~A?At{(l -i- g,B)(l - &Y) + (1 + SJW - kT,Y) 

+ k, - g*)Yli(l + g,P) + 4m(l + g2P)lL Wb) 

l-3 x #A(1 + g,P)(l - g,Y) + dmY(gl - g,)(l + SlP)L (23~) 

where 3, is the valid root of (22). 

IC(ii). Proposed Adaptive Function 

Fisher’s (1930, 1958) notion of reproductive value plays a critical role in 
the adaptive function for this case and other cases of cross-sex altruism. The 
function proposed is 

4 = Pm 
[ 

I+ g,BL 1 -k!,Y 
F + &f +4m 

I [ 
l+g,PL + I-g,y 

F M I 7 (24) 

where, as before, b&,, is the brother-to-sister regression listed in Table II and 
,%4/F is the population sex ratio after selection has occurred. 

IC(iia). Boundary stability and A,. From (24) the suggested condition 
for the stability of pm = pf= 1 is 

(g, - g*) [-++] > 0. 
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In this case, from Table II, bb+s approaches l/2 = rc near pm = pf = 1. Using 
this and the ratio M/F N (1 - g, y)/( 1 + gl/?) near p,,, = pf = 1, (25) is seen 
to be identical to (21) which was derived from the local stability analysis. 

IC(iib). Polymorphic equilibria and 6,. In the same way as for model 
IA, 2, can be differentiated with respect to pm, holding other parameters and 
vaiables constant. The result suggests that interior equilibria should occur 
only where 

&+s Y -=- 
F M’ (26) 

It can be shown that the quadratic given in (22) corresponds precisely to this 
relationship so that the interior equilibrium point of the model satisfies (26). 

Model ID. Sister-to-Brother Altruism 

ID(i). Results Obtained from the Model 

ID(ia). Boundary stability condition. The fixation point pf = pm = 1 is 
locally stable if 

(h, - WV - by)/4 - ~(1 + h,P)l > 0. (27) 

A stability condition completely analogous with h, substituted for h, is 
obtained for the fixation point pf= pm = 0. 

ID(ib). Polymorphic equilibria. The equilibrium point pr= pm = p* 
defined in (8) exists if either h, > h,, h, or h, < h,, h,. In addition to this 
point, the remaining equilibria are specified by the valid roots of a quartic in 
pm. It is conceivable that up to four polymorphic equilibria exist in addition 
to pf= p, = p* but we have not determined existence or stability conditions 
for these. 

ID(ic). Stability of pf= p,,, = p*. The equilibrium corresponding to 
pf= p, = p* is locally stable if 

(h, + h, - 2hJ 
P(P*q* -fd4) p*q*Y@, + k - 2hd 

PVT.,, ’ + p*(l -hh,y)+q*U -h,y) II > o 

and is unstable if the inequality is reversed. 
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ID(ii). Proposed Adaptive Function 

We propose the adaptive function 

1 + Wb,+~ 1 - h,y 1 + 
+ 

h,Bb,+b M F M 1 

1 -by 1 + + h,Pb, F M 1 7 (29) 

where, as before, M/F = T4M/T.,F. 

ID(iia). Boundary stability and 6,. The adaptive function suggests the 
following condition for stability of the fixation p, = pm = 1: 

(h,-h,) [+-$,I >O. (30) 

From a comparison of (30) with (27), the boundary stability condition 
obtained from the model, we see that substitution of rC = l/4 for the measure 
of relatedness in (30) will not produce (27). Near the boundary pf= pm = 1, 
the regression b,,, converges to 

tN1 + h,P) 
A(1 + h,P) t 11 + fP(h, + hAI ’ (31) 

where L is the larger root of the characteristic quadratic 

A2 _ 1 t(l - by) H1 - h,y)ll + SW, + Ml 
(I-hy) - (1 - h,y)(l + h,P) 

= 0, (32) 

which governs the stability of pf = pm = 1. It can be shown that either 

(a) pf= pm = 1 is stable and (30) holds 

or 
(b) pf= pm = 1 is unstable and (30) is violated. 

ID(iib). Polymorphic equilibria and A4. The stationary points (in the 
sense used earlier) of the adaptive function 2, defined in (29) correspond to 
solutions of 

(h,th3-2h2)(pf-p*) -+++]=o. 
[ 

(33) 
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As we have claimed, pf= pm = p* does indeed correspond to an equilibrium 
of the dynamic model. However, unlike the brother-to-sister and sister-to- 
sister cases, the relation 

Pb Y s+b -=- 

M F 

corresponds to the equilibrium quadratic obtained from the model only in the 
case of semidominance, i.e., h, + h, - 2h, = 0. 

ID(iic). Stability of pf= pm = p”. The point pf= p* is a local 
maximum of b,, defined by (29), if the following relation holds: 

-(h,+h,-2hJ 
[ 
-++*I >o. 

Comparison of (34) and (28) indicates that the two conditions do not agree 
except under semidominance, in which case, p* does not correspond to a 
valid equilibrium. 

Model IE: Brother-to-Sib Altruism 

IE(i). Results of the Model 

IE(ia). Boundary stability condition. The fixation point pf= p,,, = 1 is 
locally stable if 

(8, - g,>WP(l + fg,P - $f,Y) + (1 + hP)@ - r)l > 0 (35) 

and unstable if the inequality is reversed. A condition completely analogous 
with g, substituted for g, and vice versa is obtained as the stability condition 
near pr= pm = 0. 

IE(ib). Polymorphic equilibria. The interior equilibria correspond to the 
valid roots of the quadratic 

0 = -mr* - &>(iP - Y)12Pm4m 

+ Pi?J(l + f&8 - &Y) + %?I - &)I 
x I(1 +fg,B)(~B-r)+~~B(l+~glP-gly)l 
+ %I[(1 + f&P - g1 I9 - @P(& - &)I 
x I(1 +Igdw-r)+Qw +faP-&Y)l. 

(36) 
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Once p, and q,,, are determined from (l), fi, f2, and f3 are specified as 

Nf, = PN + hP - w) + Ngl - g2) - qmM - y)(g, - 82)1y (374 
W~=2~,q,[~,,,(l +fg,P- g,y)+q,(l +hG- gzy)L (37b) 
Nf, = qtn[(l + 4g,P - g,y) - iNa - gJ + P,@ - y)(g, - gdl, (37~) 

where N is the normalizer which ensures that f, + f2 + f3 = 1. The roots of 
(36) determine valid equilibria if p, lies in (0, 1) and if fi and fi defined in 
(37) are positive. It is easy to show that when the fixation states are both 
stable or both unstable, a valid interior equilibrium is determined by (36). 
and (37) exists. However, it may be possible for two interior equilibria to 
exist for those cases in which one fixation state is stable and the other is 
unstable. Complete analysis for such cases is lacking as are the local 
stability conditions for the interior equilibria. 

IE(ii). Proposed Adaptive Function 

We suggest the adaptive function 

4 = Pm 
1 + f g,Pb,-s + 1 + f&Pbb, - g,Y 

F A4 1 

+ 4m 
[ 

1 + f g&w + 1 -t fgd%+b - g,y 
F A4 15 

where M/F = TSM/T5F. 

IE(iia). Boundary stability and A,. From the adaptive function, one 
would predict, for local stability of pf= JJ,,, = 1, the condition 

(39) 

where M/F = (1 + jg,/I - g, y)/(l + jg,j?). Near this boundary, b,,, and 
b b-b as defined in Table II converge to the corresponding values for rc given 
in Table I. Substitution of either b,, and b,, or Crazier’s coefficients into 
(39) produces (35) as expected. 

IE(iib). Interior equilibria and 6,. The stationary points (in the sense 
discussed earlier) of 2, in (38) satisfy the equality 

@‘b +s + i&, - Y = o 
F A4 * (40) 
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It can be shown that the interior equilibria corresponding to (36), and (37) 
satisfy this equation. The adaptive function, then, correctly predicts the 
identity of the interior equilibria obtained from the model. 

Model IF: Sister-to-Sib 

IF(i). Results of the Model 

IF(ia). Boundary stability conditions. The fixation point pf= p, = 1 is 
stable to the introduction of allele a if the inequality 

(h, - W(3P/8 - 19(1 + fhP) + P/8(1 + t&P - &I’/ > 0 (41) 

holds and is unstable if the inequality is reversed. A condition analogous 
with h, replacing h, is obtained near the other fixation state pf= pm = 0. 

IF(ib). Polymorphic equilibria. An equilibrium exists at pf= p, = p*, 
where p* is defined by (8). This equilibrium is valid if either h, > h,, h, or 
h, ( h, , h, . The female genotype frequencies are determined by p* as 

Nf, = (P*)*V + tP(h, + h,) - h, ~1, 

Nfz = @*q*(l + f&P - 41’1, 

4/i = (q*Y[ 1 + SPh + W - h, ylv 

(424 

(42b) 

(42~) 

where N is the normalizing factor such that fi + f2 + f3 = 1. In addition, all 
other interior equilibria correspond to the valid roots of a sixth degree 
polynomial in pm. We do not know how many of these can exist 
simultaneously. 

IF(ic). Stability of pf= pm = p*. The equilibrium corresponding to 
pf= p, = p* is locally stable if the condition 

-(h, + h, - 2hz) 
I 

H2Pfq,- ifi1 - YPflf 
P# + fh,P - h, y) + q,0 + fh# - h, y) 

+ &wf-- 3fJP + f&P - b] 
P# + +h,P) + q,Q + fh#) I 

> o 

holds and is unstable if the inequality is reversed. 

IF(ii). Suggested Adaptive Function 

We propose the adaptive function 

(43) 
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where M/F = TsM/TsF is the sex ratio after selection. 

IF(iia). Boundary stability and 2,. The adaptive function defined in 
(44) suggests, for stability of the pf= pm = 1 fixation the condition 

where M/F = (1 + fh,/3)/(1 + $h,P - h, 7). Note that substitution of rc = 3/4 
for L, and rc = l/4 for b,, in (45) will not produce agreement between 
(41), which was obtained from the local stability analysis, and (45). 
However, if b,,, and b,,, as defined in Table II are substituted into (45), then 
it can be shown that either both (41) and (45) hold or both fail. In other 
words, the adaptive function correctly predicts stability or instability at the 
boundary if the regression is substituted as the measure of relatedness. Near 
the pf= pm = 1 boundary, the regressions take on the values 

b,, = t41 + th,B) 
A(1 + fh,8) + 1 -t $3(h, + h,) ’ 

b 
s-b 

=iW+fW+ 1 +;tP(h,+h,) 
A(1 + jh,D) + 1 + $(h, + h2) ’ 

where A. is the leading eigenvalue of the stability matrix obtained in the local 
stability analysis and whose value is equal to the largest root of the 
quadratic 

~2_~;[1+fP(h1+hz)-hZ~l 
T 6F 

- ?2[1 + $-V, + h,)l(l f hP - 47) = o 
‘6, Tci, 

IF(iib). Interior equilibria and A,. The stationary points of A, defined 
in (45) (in the sense discussed earlier) either are p* or they satisfy the 
following equation: 

tks - Y + & = o. 
F M 

(46) 
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As was found in the haplodiploid sister-to-brother case (Model ID), (46) 
correctly describes the equilibria corresponding to the valid roots of the sixth 
degree polynomials obtained from the analysis of the model only in the case 
of semidominance, i.e., when h, + h, - 2/z, = 0. 

In all other cases, the interior equilibria do not satisfy (46). A local 
maximum of A6 occurs at p,= p* if the condition 

(47) 

holds, where 
M PA1 + th,B) + 4x1 + $h,P) 
F= PA1 +th,P-h,y) -tq# t$h,P-h,y)’ 

Substitution into (47) of the appropriate entries of Table II for b,,, and b,, 
does not produce (43) except in the case of semidominance, i.e., 
h, t h, - 2/z, = 0, when p* does not exist. These results parallel those found 
in the case of sister-to-brother altruism (Model ID). 

Model IIA: Sib-to-Sib Diploid 

IIA(i). Results Obtained from the Model 

IIA(ia). Boundary stability condition. The fixation state p = 1 is locally 
stable to the introduction of A, if 

(4 - h,WP - Y) > 0. (48) 

An analogous condition with h, substituted for h, ensures the stability of 
p = 0 to the introduction of A,. 

IIA(ib). Polymorphic equilibria. The polymorphic equilibria are the 
solutions of the equation 

[~(h, - hz) - q(h, - hdlbd/ - 19 -PW41= 0. (49) 

Hence, as in previous examples, there is an equilibrium of the form (8). The 
equilibrium value off;” corresponding to p* is obtained from the second 
equation of Model IIA (Table II) as the valid root of the quadratic equation 

f%2h,-h,-h,)P-.A[1 tPhz-yl*l 

t 2p*( 1 - p*)[ 1 + C/3 - y)h,] = 0, (50) 

where h* = (p*)*h, t 2p*(l - p*)h, t (1 - p*)* h,. The other equilibrium 
genotype frequencies are obtained by substituting (8) and (50) into the first 
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or third equations of Model IIA (Table I). Note that p* is a valid 
equilibrium if either h, > h,, h, or h, < h,, h,. From (49) another class of 
equilibria results from 4pq@ - y) = /Ifi. Using this relation in the second 
equation for Model IIA (Table II) the equilibrium gene frequencies 
correspond to the valid roots of the quadratic equation 

PZIV - ?9*w2 - h, - Ml 
+ Pl(P-r)*(h, +h,-2h,)+ (h,-h,W-YWJ--PII 

1-(2Y-P)[l +w-Y)l=O. (51) 
The genotype frequencies are obtained, for each root of (51), from the 
defining equation 4pq(j? - y) = /3fz and substitution into the other equations 
of Model IIA. Obviously for the validity of these equilibria we assume j? > y. 
As in Model IA, when p* exists there are either two or no roots of (5 1). 

IIA(ic). Stability of p*. When p* is valid the equilibrium corresponding 
to p* is locally stable if 

(h, +- h, - 2~2Nv~ - 4P”U - P*w - r)l > 03 (52) 

where f2* is the valid root of (50). As in the other cases thestability of the 
equilibria corresponding to the valid roots of (51) has not been determined. 

IIA(ii). Proposed Adaptive Function 

In this case the analogy to the adaptive functions suggested for the 
haplodiploid models is 

2, = P*V - yh, + Uk,l + W[l - ~4 + Mb,+,1 
+ s”l1 - Y& + MLsl, (53) 

where b,,, here is the sib-to-sib regression. 

IIA(iia). Boundary stability and 6,. The proposed function A, suggests, 
for the stability of p = 1, the condition 

(4 - U,k,, - Y> > 0. (54) 

The value for rc in this case is well known to be 4 and the limiting value for 
the regression (see Eq. (2)) is also 4. Therefore this condition for stability of 
p = 1 predicted from A, agrees with the inequality (48) derived from the 
model. 

IIA(iib). Polymorphic equilibria and A,. Again if A, were an adaptive 
function we would expect stable polymorphisms to correspond to its local 
maxima. In the sense described for (17) 
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which vanishes, as expected, at p*. Further, substitution of b,, = 
(pq - fJ4)/pq from (2) into (55) elicits the additional equilibrium class 
4pq@ - y) = pf2, as obtained in (49) directly from the model. In this same 
sense p* is a local maximum of b, if 

(56) 

where b,*,, is the value of the regression at p *. This inequality is exactly the 
stability condition for p* obtained from the model in (52). Again in this 
diploid case 6, allows prediction of both boundary dynamics and the 
properties of p*. 

Model IIB: Sister-to-Brother (Diploid) 

In the diploid situation donors of altruism are arbitrarily called sisters 
while recipients are brothers. 

IIB(i). Results of the Model 

IIB(ia). Boundary stability. The fixation point pf= pm = 1 is stable to 
the introduction of allele a if 

PI -&I 
[ 

PI2 Y 
1 + h,P - 

1 -h,y 1 > 0, (57) 

and an analogous condition with h3 replacing h, governs the stability of 
pf’ pm=O. 

IIB(ib). Polymorphic equilibria. The interior equilibria in this model and 
in Model IIC are more difficult to study because both models are fully four 
dimensional. Suffice it to report that pm = pf= p*, as given by (8), is an 
equilibrium, and that the other equilibria can be expresed in terms of the 
roots of an eighth degree polynomial in p,, say. The latter have not been 
studied in any detail. Of course, the validity of p* requires that either 
h2 > h,, h, or h, < hi, h,. 

IIB(ic). Local stability of p*. When p* is valid, the stability of the 
equilibrium is determined by the four dimensional local linear analysis in the 
usual way. We have determined that this equilibrium is locally stable 
provided that 

(h, + h, - 2hJG% - LdTh -/WI + h3 - 2WmT - SW81 > 0, (58) 

where * denotes values taken at p* and b,, is the regression at p* given by 
(2). 
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IIB(ii). Proposed Adaptive Function 

The function analogous to those suggested for the previous cases is 

A, = p; 1 -hy 
F 

+ 1 + h,Pb,+b 
M I 

1-47 1 + h,Pb,-b 
F + M 1 

1 + 

(59) 

where M/F = TBM/TBF and b,,, is the diploid sister-to-brother regression. 

IIB(iia). Boundary stability and A,. From A,, as before, the condition 
that the fixation state pm = pf= 1 is locally stable to the introduction of A, 
is expected to be 

(4 - hz) 1 1 !‘; p - 1 -yh,y ] > o. 1 
This is obtained using the fact that all three diploid sib-to-sib regressions 
approach i as pm and q,,, approach their boundary values. A similar 
condition with h, replacing h, would be expected at pm = pf = 0. The 
condition (60) is exactly the same as (57), obtained directly from the model. 

IIB(iib). Polymorphic equilibrium and A,. If 2, were an adaptive 
function we would expect stable polymorphisms to correspond to its local 
maxima. In the same sense as in the other examples 

%=2,p(h,-h,)-q(h3-hJ] (+-$,). 

Of course, the critical point p* can be extracted from (61), but the other 
relation 

(62) 

appears not to correspond to the other equilibria unless h, + h, = 2h,, the 
case of semidominance. A detailed analysis of the equilibria other than p* 
from the model has not been performed. The point pf= pm = p* is a local 
maximum of A,, in the sense described earlier if 

(h, + h, - 2h,) (+ -+) > 0, (63) 

653/19/l-8 
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where M/F = T,,/T,,.Comparing (63) and (58) it is seen that the adaptive 
function does not predict the stability as it has in all of the symmetric 
altruism cases except in the case of semidominance but then p* does not 
exist. 

Model IIC: Sister-to-Sib 

IIC(ii). Results of Model 

IIC(ia). Boundary stability conditions. The fixation point p,= p, = 1 is 
locally stable if 

(h -hJ 
PI8 P/8 -Y/Z 

1 +/3h,/2 + 1 +/3h,/2--yh, 1 > o 

’ (64) 

An analogous condition with h, substituted for h, is obtained for the fixation 
point p, = pm = 0. 

IIC(ib). Polymorphic equilibria. The equilibrium point pf= pm = p* 
defined in (8) exists if either h, > h,, h, or h, < h,, h,. In addition to this 
point, the remaining equilibria are specified by a high order polynomial 
whose properties have not been investigated. 

IIC(ic). Local stability of p*. When p* is valid, the stability of the 
equilibrium is determined by a four dimension local linear analysis. The 
equilibrium is locally stable if 

h + h, - 2M I%,, - Pb,, (TgF+$) 

+ $- (h, + h, - 2hJ(f’ - nzz)] > 0, (65) 

where b,, is given by (2) at p*, and &* is the weighted average of h,, h,, h, 
at p*, and is unstable if (65) is reversed. 

IIC(ii). Proposed Adaptive Function 

The adaptive function suggested is 

x9 = pf 1 + fh,&, - by + 1+ fh,/3b,A 
F M 1 

+ 2Pfqf 
[ 

1 + f Wb,, - by + 1 + ;Mb,, 
F M 1 

+ cl.: 1 + fhoPL - h, y 
F 

+ 1 + fh,k~ 1 M ’ 

(66) 
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where MJF = TqM/TYF and b,, = b,, are the sister-to-sister and sister-to- 
brother regressions both given by (2). 

IIC(iia). Boundary stability and A”,. xg suggests, for the stability of 
p,= pm = 1 by the formal differentiation procedure described above, the con- 
dition 

which is identical to (64). 

IIC(iib). Interior equilibria and x9. Formal differentiation of ,$g in the 
manner described earlier produces the critical points as the roots of 

(p(h,+h,-2h,)-(h,-h,)] “s$-y-y[ =o. (67) 

The first of these is obviously p* and in the case of semidominance the 
second factor agrees with non-p* equilibria obtained from the model. We 
suspect that, as in other asymmetric cases, the second factor does not 
otherwise produce the interior equilibria different from p*. A local maximum 
of X9 occurs at p* if 

which reduces to (65), the condition obtained directly from the model, only 
in the case of semidominance. 

DISCUSSION 

1. Remarks on the Models 

The inclusion of the probabilities h, , h,, h, results in no increase in the 
technical difficulty of computing conditions for initial increase over the 
parameters 1, h, 0, and substitution of the latter set for the former in the 
cases studied here produces exactly the conditions tabulated by 
Cavalli-Sforza and Feldman (1978) for the additive situation. The 
equilibrium analysis of polymorphisms is much more complex in the more 
general setting. These complexities would, in general, be completely missed if 
the usual “inclusive fitness” analysis in terms of Hardy-Weinberg 
assumptions on the allele frequencies were made. In addition, if allele rather 
than genotypic frequencies are used in the sister-to-brother and sister-to-sib 
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cases (Models ID and IF) an incorrect condition is obtained for the initial 
increase of the altruistic allele. On the other hand, values at the boundary of 
the derivatives of the suggested adaptive functions (in the sense specified) 
with the regressions used instead of Crozier’s coefftcients always coincide 
with the correct initial increase conditions. It remains a possibility that our 
adaptive functions (or the differentiation process used) can be modified in 
such a way that the polymorphic equilibria in the models of asymmetric 
altruism will be critical points without having to assume semidominance, and 
with the retention of the desirable boundary properties. 

The diploid model of sib-to-sib altruism may be regarded as belonging to 
the class of frequency-dependent selection models discussed in detail by 
Cockerham ef al. (1972; see also Cavalli-Sforza and Feldman, 1978). 

In applications to kin selection theory it is customary to make 
Hardy-Weinberg assumptions which reduce the dimensionality of the 
problem. Recent analyses which have used this approach include those of 
Templeton (1979), Wade (1978), and Charnov (1977). The last two used the 
additive formulation in sib-to-sib altruism among diploids. The additive 
assumption is also used in the discussion of sib-to-sib altruism by 
Charlesworth (1978) in his Model 1, where his p/( 1 + p) is interpreted as h, 
with h, = 1, h, = 0. Charlesworth’s Model 2 is of the multiplicative kind 
suggested by Cavalli-Sforza and Feldman (1978) where, in addition, his kc 
should be interpreted as our /3. In both of his models gene frequency analysis 
was used. The parameter X/Y, defined by Charlesworth as the ratio of 
altruists to recipients in a sibship, is only useful at the boundary, that is, for 
the study of initial increase. For larger frequencies of the altruistic allele the 
frequencies of the different sibships must be taken into account. 

2. Definitions of Relatedness 

Various definitions have been proposed for Hamilton’s coefficient of 
relatedness. We present arguments supporting the view that the regression 
coefftcient of the additive genotype of the recipient on that of the altruist 
represents the appropriate measure of relatedness. We now review three 
definitions for relatedness between relatives and discuss the usefulness of 
each to the heuristic interpretation of the results obtained from our 
population genetics models of brood selection: (1) conditional probability 
measures, (2) Crozier’s (1970) G,(,, between the altruist (A) and the 
recipient (R), and (3) the regression coefficient bA+R. 

2.1. Conditional Probability Measures 

Relatedness has been defined as the conditional probability that the 
potential recipient carries a certain gene given that the altruist carries the 
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gene (Trivers, 1974; Trivers and Hare, 1976; Dawkins, 1976, pp. 188-189; 
Charnov, 1977) or the probability that the altruist carries the gene given that 
the recipient carries it (Orlove and Wood, 1978). Apparently, one assumes 
either that the gene is rare or that a small fraction of the altruistic genes have 
been “tagged” (Orlove and Wood, 1978). Under this assumption in the 
haplodiploid case, altruistic males must come from an Au X a mating and 
altruistic females from either Aa x a or au x A matings, where A is the rare 
altruistic allele, as all other possible matings (e.g., AA X a) are extremely 
rare. If a male carries the A gene, then his brothers and sisters each carry the 
A allele with probability l/2, thereby giving the first row in Table I. If a 
female has genotype Au, then her sisters carry the A allele with probability 1 
if their parents were au and A, and probability l/2 if their parents were Aa 
and a. The overall conditional probability, then, is 

P,(l) + P*(lP), 

where pi is the probability that the Au female was produced by an au x A 
mating and pz is the probability that the female was produced by an Au x a 
mating. In order that this probability reduce to 3/4 as shown in Table I, it 
appears necessary to make the somewhat “Bayesian” assumption that 
p, = p2 = l/2. Th e coefficient of l/4 for relatedness between an altruistic 
(Au) sister and her brother also requires this assumption. Under this 
assumption, the proportion of heterozygotes must be equal to the frequency 
of A among males in the limit as the A allele becomes extremely rare. 
However, this requirement is not met in any of our dynamic models of 
altruism in sisters directed toward brothers or sisters or both in either the 
haplodiploid or diploid cases. We suggest that this kind of conditional 
probability approach, while providing the entries in Table I for the sib-to-sib 
cases, is incorrect in principle and consequently may give incorrect coef- 
ficients or relatedness in other, more complicated cases. Of course, these 
comments do not apply to the distinct conditional probability measure 
proposed by Michod and Anderson (1979). 

2.2. Oozier’s Coeflcient G,(,, 

Crozier (1970) defined G,(,, between altruist (A) and recipient (R) as the 
proportion of A’s genes that are identical by descent to one or more genes in 
R and obtained the coefficients shown in Table I. For any degree of 
relationship between the altruist and recipient, the condition for initial 
decrease of an altruist gene is expected to be given by Hamilton’s criterion in 
(1). However, Cavalli-Sforza and Feldman (1978) noted departures from 
this prediction in haplodiploid cases involving cross-sex (e.g., sister-to- 
brother) altruism. The conditions for initial increase derived in the present 
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TABLE VI 

Summary of Results of Sib Altruism 

Model Crozier Regression Limit of regression” 

( 1) Haplodiploid 

s-to-s 

b-to-b 

b-to-s 

s-to-b 

b-to-sib 

s-to-sib 

(2) Diploid 

sib-to-sib 

s-to-b 

s-to-sib 

314 

‘12 

112 

w 

112 

l/4,3/4 

112 

112 

l/2 

Pp, + Pm4, - fJ4 

Pf 9f + Pm 4m 

Pp/ - f,l4 
prqr 

PJqf - f2/’ 
p/e 

P/9, - f2l4 
P/e + Pnl4nl 

Pf 9f - fll4 

p/e 

P/If - f2P 
Pflf + PmQn 

P/q/ + Pm qm - fd4 

Pf 9f + Pm 4m 

P9 - VI4 
w 

PJ¶f + Pm9m - 0% + f2Y4 
Pf 9f + Pm 9, 

pfsf + pdh - h + fX4 
Pf9f + Pm4m 

112 + 1 

As1 

112 

41 + h,/W 
W + h3P) + I1 + B(hz + W21 

112 

U1 + M/2) + 11 +B(hz + h,)Pl 
24 + fh,P) + I1 + P(ht + U/41 
41 + M/2) + [ 1 + B(hz + U/41 

112 

w 

112 

“1 is the leading eigenvalue of local stability of A, fixation. 
b Condition for increase of A, when it is rare corresponding to 1 > 1. 

paper for cases of cross-sex altruism are included in Table VI which 
summarizes our results. If one uses the adaptive functions suggested here (a 
discussion of the adaptive function is given below), then the conditions in the 
brother-to-sister and brother-to-sib cases do indeed coincide with the 
predicted criteria when the coefficients shown in Table I are substituted as 
the genetic relatedness measures. However, the conditions for initial increase 
in the sister-to-brother and sister-to-sib cases still appear to depart from 
expectations based on the adaptive functions and the coefficients in Table I. 
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TABLE VI--Continued. 

Initial increase criterionb Interior equilibria 

v, - h,W3/4 - Y) > 0 

(h* - Mm - Y) > 0 

(h,-h,)[T-j >o 

(4 - WlB(1 - h,Y)/4 - Y(1 + Ml > 0 

(h*-h,)[py] >o 

& -h,) I 
c63/8 - ~)(l + hP/2) 

+P(l +M/2-h,yh’8 >’ I 

(h, - UW -Y) > 0 

(h,-h,)[$+] >o 

I 
>o 

pb,,,-y=O,p=P* 

/3br+b/Tm - y/T, = 0 only if 

h,+h,-2h,=O,p=p* 

I &+d2 - Y = o &-s/2 

Tf Till 

p =p* and 

&b/2 + Bbsl2 - Y = o 
T, T f  

onlyifh,+h,-2h,=O 

P = P* and @sib+ - Y = 0 

p=p*andDb,,JT,,-y/T,=0 

only if h, + h, = 2hz 

p =p* and i&+,/2 + PM2 - Y = o 

Tffl T f  
onlyifh,+h,=2h, 

The definition of an adaptive function which incorporates differences in 
reproductive value between the sexes in cases in which the sex ratio at 
mating is skewed by kin selection removes some, but not all, of the apparent 
departures from Hamilton’s criterion when Crozier’s coefticients are 
substituted for generic relatedness. As discussed below, incorporation of the 
regression as the measure of genetic relatedness removes all of the apparent 
departures from Hamilton’s for initial increase that have been observed in 
our models. 
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2.3. The Additive Regression CoeJJicient bA+R 

Hamilton (1963, 1970, 1971a, 1972, 1975) has suggested that the precise 
measure of “relatedness” (197 la) is the regression coefficient of the 
recipient’s genotype on that of the altruist and that Wright’s coefficient may 
be used in its place for cases of altruism among diploids (1975) in which no 
inbreeding has occurred (197 la, 1975). Further, Hamilton (1970) and 
Orlove and Wood (1978) have shown, using asexual models, that the 
regression arises directly from dynamic models of genotype frequency 
change. However, Hamilton’s definitions of the regression have always been 
given in terms of the coefficient of kinship (F) and only for the diploid case. 
Hamilton’s (1970, 197 la, 1972) expression for the regression is 

b, = 2rij 
l+F,’ (69) 

where b, is the regression of the additive genotype of the recipient (j) on 
that of the altruist (i), I;; is the coefficient of inbreeding of the altruist (i.e., 
the probability that the two genes carred by i are identical by descent), and 
rij is Wright’s coefficient of relationship, which is the correlation coefficient. 
In fact, the use of Wright’s coefficient here is incorrect. Following Malecot 
(1969, Chap. 2), it can be shown that the regression of diploid individuals j 
on i is given by 

where b,j and F, are as before, but fij is the coefficient of kinship between i 
and j (i.e., the probability that two genes, one chosen from i and the other 
from j, are identical by descent). In the case of random mating without 
inbreeding, Wright’s correlation coefficient ri, reduces to 2fj in the case of 
additive genotypes. 

The regressions for the sib-to-sib cases for haplodiploids are given in 
Table VII. Although (70) is the regression for the diploid case, Hamilton 
(1972) and Frankham (unpubl. manuscript, 1979) have adapted (70) for the 
haplodiploid case by setting FB, the inbreeding coefficient of an altruistic 
brother, equal to 1. However, this convention does not produce the correct 
regression in the brother-to-sister case as shown in Table VII. 

It must be recognized that the expressions in (70) and in Table VII are 
derived under the assumption of random mating and, in particular, 
difficulties arise in assigning a value off,, in cases involving mating between 
relatives. Jacquard (1974, pp. 170-l 71) has presented a very illuminating 
discussion in which consanguinity arising within a known pedigree in an 
infinite population is distinguished from consanguinity arising from other 
sources such as finite population size. Under the assumption of random 
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TABLE VII 

Regressions Based on Kinship 

Recipient 

Altruist Sister Brother 

Sister 25,s 
1 +F, 

f BS 
1 +F, 

Brother 2fw f BB 

mating and infinite population size (as assumed in the mathematical models 
considered here), f;i reflects consanguity between relatives in a pedigree 
which extends no farther than the first common ancestor. For example, in the 
case of altruism among siblings, the pedigree begins with the mating of 
unrelated and non-inbred parents. In this case, the calculation of the fij in 
Table VII is straightforward, with fSS = 3/8, fsB = fsS = l/4, and fBB = l/2. 
With these substitutions, the entries in Table VII reduce to those given in 
Table I. However, if assortative mating occurs on the basis of kinship, as is 
the case in regular systems of inbreeding (e.g., brother-sister mating), then& 
must be calculated using a more complete pedigree. In such cases, if two 
genes are not identical by descent by virtue of relationship within the 
immediate family, it does not follow that the identities of the genes are 
statistically independent. In general, then, it may be extremely difficult to 
determine the relevant value of & as it reflects the amount of information 
available rather then an intrinsic property of individuals as discussed by 
Jacquard (1974, p. 171). 

In the present paper, we have chosen to cast the regression coefftcient in 
terms of gene and genotype frequencies as shown in Table II. Unlike 
Crozier’s coefficients, the regression is frequency-dependent, i.e., the predic- 
tability of the genotype of a relative depends upon population genotype 
frequencies as well as pedigree relationships (cf. Michod and Anderson, 
1979). As the expressions in Table II are undefined at fixation, their values 
near the fixation states must be found as limits when the gene becomes 
extremely rare. The limiting values are determined by the relationships 
among the various genotype frequencies and so are model-dependent. In the 
models studied here, the limiting values of the regression coefficients near 
fixation of the A, allele coincide with the values of the respective coefficients 
in Table I in all but the cases of sister-to-brother and sister-to-sib altruism 
among haploiploids. These are precisely the cases in which the intial increase 
conditions derived from the dynamic models depart from the conditions 
expected from Hamilton’s criterion if the coefficients in Table I are used as 
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the measures of relatedness. In the sister-to brother case, the limiting value of 
the regression is 

tw + h,P) 
Ml + U) + [l + fP(hl + VI ’ (71) 

where A1 is the leading eigenvalue of the stability matrix obtained near 
fixation of the A, allele, and in the sister-to-sib case, the limiting value is 

Ml + fw9 + 11 + $P(h + WI 
w + fh,P) + [1 + im, + WI ’ (72) 

where 1, is the leading eigenvalue as before. If these expressions for the 
regression are substituted into the adaptive function, which incorporates 
Hamilton’s criterion, then the predicted initial increase conditions agree in all 
cases studied with the conditions derived from the models. Under the 
definition of the regression coefftcient as the measure of relatedness, there 
arise no exceptions to expectations based on Hamilton’s criterion in the case 
of additively constructed fitnesses. Models in which fitness is multiplicatively 
constructed evidently have structures fundamentally different from those 
investigated here (Cavalli-Sforza and Feldman, 1978; Maynard Smith, 
1980). 

In addition to removing all apparent departures from Hamilton’s rule for 
initial increase, the incorporation of the regression coefftcient as the measure 
of relatedness correctly predicts the interior equilibria of the dynamic models 
in several cases. The stationary points (in the sense defined here) of the 
adaptive function, which incorporates the regression as the measure of 
relatedness, were compared to the equilibria derived from the models. In 
cases IA, IB, IC, IE, and IIA, the interior equilibria obtained from the model 
do indeed correspond to the stationary points of the adaptive function, while 
in cases ID, IF, IIB, and IIC, the adaptive function correctly predicts the 
interior equilibria only if the additional assumption of semidominance is 
made. Substitution of the coefficients shown in Table I for the measure of 
relatedness produces an adaptive function whose stationary points 
correspond to the interior equilibria in none of the models studied. 

3. Reproductive Value and the Proposed Adaptive Function 

The adaptive functions that were used to organize the results of our 
dynamic models incorporate differences in reproductive value (Fisher, 1930, 
1958) between the sexes. Even though the sex ratio at birth is set at unity in 
our models, differences in numbers of each sex at mating may develop as a 
result of kin selection. Fisher (1930, 1958, p. 159) observed that the 
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collective contribution to the ancestry of future generations must be precisely 
equal for females and males. It follows that members of the rare sex have a 
higher reproductive value on a per capita basis. Differences in reproductive 
value do indeed generate selective pressures which cause the evolution of the 
sex ratio (Bodmer and Edwards, 1960; Uyenoyama and Bengtsson, 1979). 
Further, differences is reproductive value can also cause evolutionary 
changes in models which do not involve sex ratio distortion genes. In our 
models, deviation of the sex ratio at mating from unity as a result of kin 
selection causes differences in reproductive value between the sexes. The 
adaptive functions introduced in this paper are closely related to an adaptive 
function discussed by Uyenoyama and Bengtsson (1979). Differences in 
reproductive value arising as a result of deviations in sex ratio at mating are 
taken into account by separate division of male and female genotypic 
fitnesses by the proportions of each sex at mating. In the sampling processs 
of random mating, a male is chosen at random from the male sub- 
population, not from the combined male and female sub-populations as a 
whole. It is natural, then, to normalize titnesses by the mean fitness within 
each sex separately, as symbolized by division by TF and TM. Further, as a 
simple interpretation of Hamilton’s rule, the benefits given to recipients of 
altruism appear, after being discounted by the relatedness, as a component of 
the fitness of the altruist. The adaptive function for the sister-to-sib case is 

The heuristic value of such adaptive functions lies in their capacity to 
capture the effect of different reproductive values between the sexes, even 
though the adaptive functions themselves do not arise naturally from the 
models as normalizers of genotype frequencies as does the population mean 
fitness in classical one-locus selection models. In particular, the adaptive 
functions we suggest are not Lyapunov functions for the dynamic iteration 
scheme of genotype frequency change. A heuristically useful adaptive 
function should have two properties: (1) the stationary points of the adaptive 
function should correspond to the equilibria of the dynamic system, and (2) 
the locally stable equilibria should correspond to the local maxima of the 
dynamic system. As mentioned above, the suggested adaptive functions have 
both properties in five of the models studied here, while in cases ID, IF, IIB, 
and IIC, the suggested adaptive functions have the two properties only in the 
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case of semidominance, i.e., h, + h, - 2h, = 0. The inadequacy of the 
adaptive functions and the regression coefficients to predict all of the results 
may be due to either of two reasons: (1) the adaptive functions, regression 
coefftcients, or the differentiation procedure used may not represent the 
correct way to approach the problem, i.e., there may exist another approach 
which allows a more complete intepretation of the results, or (2) the 
exceptions may truly represent the limits within which Hamilton’s criterion 
applies. In view of the success of the adaptive function and the regression in 
correctly predicting the conditions for initial increase in all cases studied and 
the existence conditions for the interior equilibria in live of the cases studied, 
one is tempted to favor the second possibility, although the true meaning of 
the exceptions noted here remains unexplained. 
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