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Abstract

Missing data is a common challenge in various data analysis tasks, especially for survey
data. This thesis investigates imputation methods for addressing nonignorable missingness
in surveys by combining auxiliary information and hot deck imputation. We present a novel
approach that extends the model-based MD-AM (Missing Data with Auxiliary Margins)
framework and can flexibly manage numerous variables, both categorical and continuous,
subject to unit and item nonresponse. The simulations demonstrate that the proposed
approach yields better accuracy and coverage rate than ICIN (Itemwise Conditionally In-
dependent Nonresponse) specifications, which highlights its potential for practical applica-
tions in survey analysis. This approach provides a viable alternative to strictly model-based
imputation approaches with simplified imputation procedure and higher flexibility when

handling complex survey designs.

v



Contents

Abstract . . . .. iv
List of Tables . . . . . . . . . . vi
List of Figures . . . . . . . . . vii
Acknowledgements . . . . . .. viii
1 Introduction . . . . . . . . . 1
2 Background . . . .. 5
2.1 Multiple Imputation . . . . . . . ... L 5
2.2 Hot Deck Imputation . . . . . . .. . ... 8
3 Method . . . . . . . e 10
3.1 MD-AM framework . . . . . . . ... 10
3.2 Hybrid missingness MD-AM framework . . . .. ... ... ... .. .... 13
3.3 Our Approach . . . . . . . . . 15
4 Simulations . . . ... 17
4.1 Notations . . . . . . . . 17
4.2 Simulation 1: Data subject to unit nonresponseonly . . . .. ... ... .. 17
4.3 Simulation 2: Data subject to unit and item nonresponse. . . . . . . . . .. 24
5 Discussions . . . . . . .. 30
Appendix A . . . L 32
Bibliography . . . . . . . . 34



List of Tables

3.1

3.2

4.1

4.2

4.3

4.4

4.5

Example of MD-AM framework with both unit and item nonresponse.
Example of hybrid missingness MD-AM framework. . . . . . . .. ... ...
Data structure when data subject to unit nonresponse only. . . . . . . . ..
Results of population totals when data subject to unit nonresponse only. . .
Results of probabilities when data subject to unit nonresponse only.

Results of population totals when data subject to unit and item nonresponse.

Results of probabilities when data subject to unit and item nonresponse. . .

vi

11

14

18

20

23

26

29



List of Figures

4.1 Bias and coverage when data subject to unit nonresponse only. . .

4.2 Bias and coverage when data subject to unit and item nonresponse

vil



Acknowledgements

I want to first thank my excellent supervisor, Dr. Reiter. This thesis would not have
been possible without you. Thank you for providing me with such a valuable research
opportunity. Your guidance and patience have supported me in solving difficulties and
exploring the unknown during this research. Many thanks for your constructive reviews of
the thesis.

I would also like to thank my committee members, Dr. Ma and Dr. Jiang. To Dr. Ma,
thank you for your fantastic Bayesian course that guided me into the world of Bayesian
statistics and intrigued my initial interest in missing data. To Dr. Jiang, thank you so much
for all your kind support throughout my master’s journey. It has been a great pleasure and
honor to engage with such supportive, kind, and helpful faculty members at Duke. The
program and the department have fostered my academic growth and personal development.
I am deeply thankful for being part of this community.

Finally, I want to express my infinite gratitude to my family for your unwavering love.

viil



1. Introduction

The presence of missing data has been a persistent challenge for data analysis. Missing
data can impact the quality and reliability of research findings by yielding biased estimates
and reducing statistical power (Kang, 2013). For instance, in a health survey, if individuals
with unhealthy lifestyles are less likely to respond, analyses based on the remaining data
will overestimate public health levels, leading to biased conclusions about population health
behaviors.

The impact of missingness on research findings depends on how missing data arises
(Sterne et al., 2009). The causes for missing values can vary widely. For example, partic-
ipants may not answer certain questions in surveys or drop out of survival studies (Little
and Rubin, 1989). Other causes include merging unrelated datasets or human-induced data
loss (Emmanuel et al., 2021).

The diverse causes underscore the need for establishing assumptions on the missing
mechanisms and addressing missing data appropriately and effectively. Rubin has cate-
gorized three typical mechanisms of missingness, including missing completely as random
(MCAR), missing at random (MAR), and missing not at random (MNAR) (Rubin, 1976).
The MAR assumption, suggesting the missingness depends on the observation only through
the observed part, is broader than MCAR and forms the basis for modern methods such as
MICE (Raghunathan et al., 2001) in handling missing values. In real-world scenarios, how-
ever, MCAR and MAR assumptions, also known as ignorable missingness, may no longer
hold (Enders, 2011). For instance, in survey research, individuals with higher incomes may
be less likely to disclose their income, which aligns with the MNAR and MAR-based in-
ference would yield biased estimates. The limitation of ignorable missingness necessitates
proper statistical methods for addressing nonignorable missingness to ensure the reliability
of findings.

In this thesis, we are particularly interested in imputation methods to address nonig-
norable missingness. Imputation is a general approach to handling missing data, alongside
other strategies such as weighting, and directly analyzing the incomplete data (Little and

1



Rubin, 1989). It replaces missing values with single or multiple plausible values, thereby
generating complete data suitable for analysis using statistical methods. Specifically, mean
imputation (plugging in the variable mean) and nearest neighbor imputation (replacing
with values from a similar observed unit) are both single imputation methods. Multiple
imputation accounts for the uncertainty about imputation by creating multiple imputed
datasets, with results combined across datasets based on a set of combination rules (Rubin,
1987).

Recent years have seen great development in MNAR research, with methodological and
application research in various fields such as causal inference (Yang et al., 2019), longitudinal
data analysis (Albert, 2019), recommender systems (Steck, 2010), etc. Challenges in MNAR
research include identifiability issues (Linero and Daniels, 2018) and software availability
(Enders, 2011). Identifiability issues arise because the probability of missingness inherently
depends on the missing data. This relationship cannot be verified with the observed data
alone, leading to untestable assumptions. Consequently, it can be difficult to identify the
process generating the missingness, which poses challenges for MNAR, research.

Research has shown that this identifiability issue can be partially addressed by lever-
aging marginal information, such as known population totals for survey variables from
external sources. Previous survey studies (Deville and Sarndal, 1992; Nevo, 2003; Lumley,
2010) have widely investigated the usage of auxiliary information, aiming to capture the
population in the sample by ensuring the estimated population totals for auxiliary variables
align with the known totals.

In the context of missing data, leveraging auxiliary information from external sources
can relax strong assumptions on missing mechanisms and hence plays a crucial role in
MNAR research. Sadinle and Reiter (2019) have studied sequentially additive nonignor-
able missing mechanisms and demonstrated that identifiable nonignorable models can be
achieved by using auxiliary information. Based on their work, Akande et al. (2021) have
expanded the scope of using auxiliary margins for addressing both unit nonresponse (com-

plete absence for some units) and item nonresponse (partial observations for some units).
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They have introduced a model-based framework, known as the Missing Data with Auxiliary
Margins (MD-AM) framework, and provided insights for analysts to incorporate auxiliary
margins for unit and item nonresponse. To incorporate survey weights in complicated sur-
veys such as stratified sampling, Akande and Reiter (2022) further developed the framework
for multiple imputation of nonignorable item nonresponse. Building on the MD-AM frame-
work, Tang et al. (2024) extended to address both item and unit nonresponse in complex
surveys by introducing a hybrid MD-AM model. This approach facilitates design-based
estimation and considers survey weights for complex designs.

The model-based framework, requiring formulating models for the data and for the
missing mechanism, underscores model specification and can complicate computation when
applied to real-world datasets such as large-scale survey data. These features of the model-
based approach pose challenges for addressing survey nonresponse in practice.

Motivated by such challenges, our work builds on the hybrid MD-AM framework and
utilizes auxiliary information, with the aim of developing a novel imputation approach
that can flexibly handle more variables. To achieve this, we consider hot deck imputation,
a method that replaces nonresponses with data from similar observations in the donor
pool (Mander and Clayton, 2003). With decreased reliance on specifying multivariate
and typically parametric models for imputation, some argue that hot deck imputation can
be more robust to model misspecification compared to parametric models (Andridge and
Little, 2009). Our approach uses auxiliary margins, avoids model specification for variables
without marginal information subject to unit nonresponse, and accounts for survey weights
in complicated survey designs. In the simulations, we include both continuous and binary
variables suffering from unit and item nonresponse and use individual survey weights from
a real-world dataset, specifically the 2022 American Community Survey (ACS) Public Use
Microdata.

The remaining thesis is organized as follows.

Chapter 2 focuses on multiple imputation and hot deck imputation. It highlights Ru-

bin’s combination rule and provides a Bayesian justification for multiple imputation. We
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distinguish between ignorable and nonignorable missing data mechanisms, with a focus on
nonignorability. We also provide the background of hot deck imputation.

In Chapter 3, we introduce the MD-AM and hybrid MD-AM framework as the ground-
work for our proposed imputation method. For clarity, we illustrate the framework with
simple examples. We finally propose our approach and elaborate on how we integrate hot
deck imputation.

In Chapter 4, we delve into a series of simulations to assess the proposed approach
under different scenarios. Specifically, we start with the scenario where all variables suffer
from unit nonresponse only and then extend to both unit and item nonresponse. In each
scenario, we examine the performance of estimates, coverage rates, and variances.

Chapter 5 concludes the thesis with discussions for future research.



2. Background
This chapter introduces the background of imputation methods of interest, which in-

clude multiple imputation and hot deck imputation.
2.1 Multiple Imputation

Multiple imputation is a general imputation method to nonresponse. The missing values
are imputed several times, thereby creating multiple completed datasets. Each of the
completed datasets is analyzed using standard statistical inferences. The results from the
analyses are then combined according to Rubin’s combination rule (Rubin, 1987). This
pooling process typically involves averaging the estimates from each completed dataset and
adjusting the variances to reflect the uncertainty generated by the multiple imputation.
We now elaborate on this pooling procedure. Assume there are m > 2 multiple imputed
(MI) datasets. To calculate the MI estimate of the parameter of interest 6 (for example,
the population total/mean or regression parameters), we average the estimates from the m

completed datasets:

Here, 6 is the pooled estimate and 9} is the estimate of the parameter of interest 8 in each
imputed dataset i =1,...,m.

According to Rubin’s rule, the variance of 6 involves the within-imputation variance and
between-imputation variance. Within-imputation variance is the average of the variance

estimate associated with each éi, which is denoted as V;. We have

Between-imputation variance is the additional variance introduced by the missingness. It

is the variance of the estimates of the parameter of interest over m MI datasets:



The total variance of 6 is

1
V=Viw+(1+—)Vp
m

where 1 + % is a bias correction term for finite number of MI datasets.
The general formula for a 100 X (1 —a)% confidence interval (CI) for the pooled estimate
6 can be calculated based on the total variance V and the t-distribution with degree of

freedom vg4 as below

2
L= 0 tuyg X V], vy = (m ”(H (1+1/m>vB> |

The rationality of multiple imputation has been justified from a Bayesian perspective
(Rubin, 1978; Herzog and Rubin, 1983; Rubin and Schenker, 1986). In the Bayesian frame-
work, missing values are regarded as unobserved random variables that have a distribution
given the observed data. Therefore, multiple imputation is essentially sampling from the
posterior prediction distribution of the missing data given the observed values. To the-
oretically explain the motivation of multiple imputation from a Bayesian view, we use
mathematical formulas following the notation in Rubin and Schenker (1986). Let X ps and
Xmis denote the observed and missing values respectively. We base the statistical inference

about a population quantity @) on its posterior distribution, which can be expressed as

h(Q’Xobs) = /Q(Q‘Xob&Xmis)f(Xmis‘Xobs)deis-

Here, g is the posterior density of population quantity @ and f is the posterior predictive
density of missing data Xp;s. In essence, the inference of population quantity @) is to obtain
samples from the distribution f using multiple imputation and then average the posterior
density of ) over the posterior density of Xps.

Understanding missing mechanisms is crucial for multiple imputation and the validity
of analysis. We regard missing values as random variables and express the complete data

in three parts (Xops, Xmis, [). Here, let X = (Xopbs, Xmis) be the n x k matrix where n is



the number of units and k is the number of variables. The missing indicator I = {I;; :
i=1,...,n;j7=1,...,k} collectively represents the missingness of X. Specifically, I;; = 1
represents the jth variable for unit ¢ is missing and I;; = 0 otherwise. We additionally
assume the parameters for the data X, denoted as 6, are distinct from the parameters for
the missing indicator I given X, denoted as ¢. The missing mechanism is p(I|X, 0, ¢), the
probability of missingness given other components of the same unit.

Given these notations, we now give detail descriptions of missing mechanisms of Rubin
(1987), which are commonly categorized into ignorable and nonignorable mechanisms.

1. MCAR (missing completely at random) is when the missingness has nothing to do

with X. In terms of formula, we have

2. MAR (missing at random) is when the missingness depend on X only through the

observed part X,us. In terms of formula, we have

pI|X,0,9) = p(I| Xobs, ¢).

3. MNAR (missing not at random) is when the missingness depends on the unobserved

part Xis. In terms of formula, we have
p(I’Xa 07 (b) - p(I‘XIni& X0b87 (b)

If the missingness is only related to the data that we observe, then the process causing
the missing data is considered to be ignorable. Hence, both MCAR and MAR are ignorable
missing mechanisms while MNAR is a nonignorable mechanism.

In this thesis, we are interested in developing an imputation method under nonignorable
missingness mechanisms and hence we introduce a special nonignorable mechanism, which
is itemwise conditionally independent nonresponse (ICIN) mechanism (Sadinle and Reiter,
2017).

ICIN is when the variable is conditionally independent of its corresponding missing indi-

cator, given all the other variables and their respective indicators of missingness. Following
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the terminology of Sadinle and Reiter (2017), let X_;; = (Xj1,..., Xij—1, Xijt1,---, Xik)
denote the remaining values except for the j-th value X;; of unit 7. Similarly, we define
the missingness indicator I_;; = (Li1,...,Lij—1,1ij+1,--.,Lir). In terms of formula, ICIN
implies

Xz‘j A1 Iij|X7ij7[7’L'j; V] = 1, . . .,k‘.

ICIN is nonignorable as the missingness can depend on the unobserved part of the data.
As detailed in Chapter 3, we build our approach on the MD-AM framework, which allows
for both ignorable (MCAR and MAR) and nonignorable (ICIN) missingness.

2.2 Hot Deck Imputation

Hot deck imputation involves matching units with missing values (known as recipients)
to units with observed values (known as donors) according to certain variables. There are
various types of hot deck imputation methods, such as random hot deck and nearest neigh-
bor hot deck. Specifically, the random hot deck is when a donor is randomly selected from
the donor pool. The advantage of random hot deck is that it preserves the distributional
properties of the imputed dataset (Kim and Fuller, 2004). In the nearest neighbor hot
deck, the donor is chosen as the most similar unit to the recipient based on certain distance
metrics such as the maximum deviation and the Mahalanobis distance. Other hot deck
methods involve weighted sequential hot deck (Cox, 1980), hierarchical hot deck (Brick and
Kalton, 1996), fractional hot deck (Kim and Fuller, 2004), etc. The shared property of all
these hot deck imputations is replacing missing values with an observed similar unit from
the data. (Kalton and Kasprzyk, 1986).

Hot deck methods have seen widespread application across various surveys conducted
by governmental and survey institutions. For example, the hot deck serves as one of the
three major imputation methods in the Current Population Survey (CPS) by the U.S Cen-
sus Bureau. The CPS Annual and Social Economic Supplement (ASEC) has employed the
hot deck methods with a sequential matching procedure for income nonresponse since 1989

(Hokayem et al., 2015). By identifying respondents with similar socioeconomic characteris-



tics such as age, race, and sex, the CPS can assign item nonrespondents from these donor
records. For specific examples and applications of hot deck imputation in contexts of epi-
demiologic and educational surveys, Andridge and Little (2010) have summarized different
types of hot deck methods that have been utilized in addressing survey nonresponse.

The prevalence of hot deck for survey researchers is due to some desirable properties.
In hot deck, every imputed value mirrors actual observed values, ensuring imputed values
are plausible. For instance, imputed values for a categorical variable remain within the
set of categories that have been observed. Furthermore, hot deck imputation avoids fitting
models for variables to be imputed. Some practitioners may argue this makes it more robust
to model misspecification than parametric-based imputation methods such as regression
imputation. Another advantage is that hot deck imputation yields a complete rectangular
dataset that is suitable for analysts to apply straightforward methods in practice.

In this thesis, we utilize random hot deck for unit nonresponse when imputing variables

without known auxiliary margins. The detail of the approach is described in Chapter 3.



3. Method
In this chapter, we introduce the MD-AM and hybrid MD-AM framework and then

propose our imputation approach.
3.1 MD-AM framework

Proposed by Akande et al. (2021), the MD-AM (missing data with auxiliary margins)
framework is a model-based framework using auxiliary margins for unit and item nonre-
sponse. It broadens the scope of the additive nonignorable (AN) model (Hirano et al., 2001)
by providing analysts with the flexibility to incorporate various missing mechanisms, both
nonignorable (ICIN and AN model) and ignorable (MAR and MCAR), into the analysis.
For instance, analysts can employ an nonignorable model for unit nonresponse and an ignor-
able model for item nonresponse. The framework also ensures using marginal information
of multiple survey variables.

As key motivators for the MD-AM framework, auxiliary margins, such as population
totals or means for survey variables, may be available from some external entities, including
government censuses, administrative databases, and private sector data aggregators. Such
marginal information can facilitate missing data imputation by providing reliable informa-
tion of some variables in the survey. For instance, suppose 60% participants in a health
survey claim adhering to a balanced dietary habits, but national administrative data show
only 40% actually do. This discrepancy suggests a nonignorable missingness for dietary
habits, as those with unbalanced dietary habits are possibly less inclined to report their
eating patterns in the survey. Based on this auxiliary information, we can make adjustments
during imputation to ensure closer alignment with the true 40% adherence rate.

The MD-AM framework contains two main steps for specifying a joint distribution of
variables and their missing indicators.

In step 1, we specify an identifiable model for variables and their missing indicators
based on the observed data only. Here, an identifiable model means that distinct values of

parameters in the parameter space should correspond to a distinct value of the likelihood
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Table 3.1: Example of MD-AM framework with both unit and item nonresponse.

X1 | Xeo | RY | RS | U
vV | v |0 0
Observed data (A 0
v |7 0 1
? ? 1
v | ? ? 707
Auxiliary margins { > T/ 7 R

function. Conversely, a model is unidentifiable model if two different parameterizations can
give the same value of the likelihood function, making it impossible to distinguish based
on the data. Akande et al. (2021) suggests using either a selection model or a pattern
mixture model to maximize the number of parameters identifiable through the observed
data. Notably, this step does not involve auxiliary margins.

In step 2, we enrich the model by adding parameters that reflect auxiliary margins.
For example, suppose we know population totals for two specific survey variables. To
leverage these margins, we can add two parameters to the model from step 1 while still
ensuring identifiability. The way we add these additional parameters varies, reflecting
different assumptions on nonresponse mechanisms. Auxiliary margins thus help weaken
strong assumptions of missingness mechanisms.

We illustrate the MD-AM framework with a simple example of binary variables as shown
in Akande et al. (2021). Suppose the survey contains n units and X = (X1, X2) are two
binary variables with known auxiliary margins that suffer from unit and item nonresponse.
Let U = (Uy,...,U,)" be unit nonresponse indicator, where U; = 1 if unit i does not
answer any questions in the survey and U; = 0 otherwise. Let RY = (R%,,..., R%)T be
item nonresponse indicator, where R; = 1 if unit 7 does not respond to question concerning
X1 and R}; = 0 otherwise. We define similar notation for indicator R3. The graphical data
structure is displayed in Table 3.1.

In step 1 of the MD-AM framework, we write an identifiable model using observed data

only. Following Akande et al. (2021), we can factorize the joint model of (X1, X2, RY, R3,U)
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using the selection model:

(X1, X2) ~ f(X1, X2|0) (3.1)

P(U = 1|X1, X2) = g1(ao) (3.2)

P(R{ = 1|X1, X3, U) = g2(Bo + f1X2) (3.3)
P(R3 = 1|X1, X3, U, R) = g3(70 + 11.X1). (3.4)

Here, f is often chosen as the multinomial distribution or logistic regressions for cate-
gorical variables and © represent parameters. This factorization is called MCARAICIN, as
we assume MCAR for the unit nonresponse indicator and a version of ICIN for the item
nonresponse indicators.

In step 2, we add two additional parameters to leverage the auxiliary margins of X3
and Xs. There are various ways of adding parameters:

1. Keeping (3.1) and (3.2), we can add marginal information P(X;) and P(X3) to models

for item nonresponse indicators, which yields
P(R} =1|X1,X2,U) = g2(Po + f1X2 + B2X1) (3.5)

P(Rg = 1|X17X2a U, RT) = 93(/70 +71X1 +’72X2) (36)

Here we assume MCAR for unit nonresponse and the AN model (Hirano et al., 2001)
for item nonresponse. Notably, the AN model can address special cases of MCAR
(by specifying 1 = 52 = 0) and MAR (by specifying 81 # 0, 82 = 0) and is included
within the MD-AM framework.

2. We can enrich the model for unit nonresponse indicator by adding both margins to
(3.2), which yields

P(U = 1|X1,X2) = gl(Oé() + o1 X1 + OZQXQ). (37)

Here we assume the AN model for unit nonresponse with special cases of MCAR
(1 = ag = 0) and MNAR (a1 # 0 or ag # 0). An additional inherent assumption
is that the model in item nonresponse does not distinguish between unit respondents

and nonrespondents.

12



3. We can also enhance models for unit and item nonresponse. For instance, we can add
one margin to (3.2) and the other to (3.3), which yields

P(U = 1|X1,X2) = gl(Oéo + Oéng) (38)

P(RY = 1|X1, X2,U) = g2(Bo + 1 X2 + B2X1). (3.9)

Here we assume ICIN for U and Rj while using the AN model for RY.
In summary, different ways correspond to different assumptions. With flexible choices,
analysts can specify models based on their preference and domain knowledge, as discussed
by Akande et al. (2021). For example, if they believe item nonresponse is more important
to analysis than unit nonresponse, they can leverage auxiliary margins by enriching models
to item nonresponse.

The identifiability is also ensured. As can be seen from Table 3.1, we can identify 8
parameters from observed data alone, which include probabilities of P(U = 1), P(R] =
1lU = 0), P(RS = 1|U = 0,R} € {0,1}), P(X; = 1|U = 0,R} = 0,R5 € {0,1}), and
P(Xy =1|U = 0,R{ = 0,Ry = 0,X; € {0,1}). Thus, the model specified in step 1 is
identifiable. By adding two additional parameters in step 2, it remains identifiable due to

the marginal information.
3.2 Hybrid missingness MD-AM framework

Building on the MD-AM framework, the hybid missingness MD-AM framework (Tang
et al., 2024) extends the work of Akande and Reiter (2022) who proposed a framework
for multiple imputation of item nonresponse in stratified simple random sampling design.
Specifically, the hybrid missingness model can handle survey weights in complicated survey
designs with unequal probability of selection and can address both unit and item nonre-
sponse. It uses both the pattern mixture model and selection model for nonresponses and
can handle unequal probability of selection. To illustrate the hybrid missingness model, we
simplify the example of MD-AM framework by assuming there is no item nonresponse in
X5. The data structure is shown in Table 3.2.

The hybrid missingness model has two steps. In step 1, it uses a pattern mixture model

13



Table 3.2: Example of hybrid missingness MD-AM framework.

X1 | Xo | RY| U
| v |0 0
Observed data ? v 1
? ? 711
. . v | ? 707
Auxiliary margins { 7 7 7 9

for U and a selection model for RY. We factorize the joint model of (X1, X2, R],U) and
write an identifiable model with at most 6 parameters based only on the observed data to

ensure identifiability:

P(U = 1) = hy(my) (3.10)

P(Xs = 1|U) = ha(ag) (3.11)

P(X1 = 1|U, X2) = h3(Bo + 51 X2) (3.12)
P(RY = 1|U, X2, X1) = ha(y0 + 71X2). (3.13)

For categorical variables, h1 — h4 can be chosen as logistic regression models or multinomial
distribution.

In step 2, we incorporate the auxiliary margins of X; and X9 by adding two additional
parameters to the model. Here we enrich (3.11) and (3.12) by assuming the conditional

probability of X; and X5 can differ between unit respondents and nonrespondents:
P(XQ = 1|U) = hQ(Oéo + alU) (3.14)

P(Xy =1|U, X2) = h3(Bo + f1X2 + B2U). (3.15)

Tang et al. (2024) highlights that there should be no interaction terms with U in the
hybrid model without bivariate margins. When the joint margin of the two binary variables
is known, however, we can add an interaction term between U and Xs.

Typically, agencies do not make available design weights for unit nonrespondents. There-
fore, we need to create weights for unit nonrespondents. To create those weights, we assign
the same weights for unit nonrespondents while keeping the total sum of weights equals the

population size, which makes the survey representative of the entire population. Following
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notations in Tang et al. (2024), we denote the population size as N and sample size as n.
The sampling probability, defined as the probability of being selected in the sample, is ;

and the design weight is wf = 1/m;. In terms of formula, the weights are created by

wé, U; =0
Wi = ¢ N-Y, pwd =1 (3.16)
>iepU;i 777

The estimation strategy, also known as the Intercept Matching algorithm, proposed by
Tang et al. (2024) is essentially an iterative sampling algorithm that updates variables and
parameters for imputing item and unit nonresponse. It can handle variables both with and
without marginal information. For variables with margins, the sampler updates parameter
estimates based on unit respondents, adjusts these estimates using known margins, and
draws imputations of variables from their posterior distribution using adjusted estimates.
For variables without margins, it updates parameters based on unit respondents without
intercept adjustments. See appendix for detailed imputation procedure of the Intercept

Matching algorithm.
3.3 Our Approach

Based on these frameworks, we introduce an imputation approach that can incorporate
survey weights to address complex survey designs with unequal probability sampling and can
flexibly impute categorical and continuous variables subject to unit and item nonresponse.
This method combines the intercept matching algorithm with the hot deck method. In
particular, we utilize the intercept matching algorithm to impute variables with auxiliary
margins. For those lacking marginal information, we employ the hot deck method for unit
nonresponse and a model-based sampling strategy for item nonresponse. Specifically, for
categorical variables subject to item nonresponse, we follow the hybrid missingness model.
For continuous variables, we propose a sampler using Metropolis-Hastings algorithm. The
imputation steps are outlined below.

Stepl: Use the intercept matching algorithm to impute variables with auxiliary margins

that are subject to unit and item nonresponse. As recommended by Tang et al. (2024), we
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prioritize updating variables with lower item nonresponse rate in the imputation sequence.
For example, within the previous example of hybrid MD-AM framework, X5 should be
updated before X in each iteration due to the absence of item nonresponse for Xs.

Step 2: Use a model-based approach to impute variables without margins that are
subject to item nonresponse. This involves two parts: for categorical variables, we utilize
the hybrid missingness model without adjusting intercepts, due to the absence of auxiliary
margins. For continuous variables, we use the Metropolis-Hastings algorithm for updates.

Step 3: Apply the random hot deck method for variables without margins that are sub-
ject to unit nonresponse. This involves creating a donor pool based on variables with known
margins and then randomly selecting a donor for each nonrespondent, ensuring that the
variables with known margins match. For instance, consider X7 and X9 as binary variables
(0-1) with known margins, and Y7 and Y3 as variables whatever types without margins. To
form donor pools, we categorize unit respondents according to all potential combinations of
(X1, X5), which include (0,0), (0,1),(1,0),(1,1). For each unit nonrespondent, we identify
its (X1, X2) combination and randomly draw a donor from the correspondong donor pool.
That is, if a nonrespondent’s (Y;1, Y;2) corresponds to (X;1, X;2) = (0,0), we sample a donor
indexed by j from the (0,0) donor pool and assign its (Y1, Y;2) for this unit nonrespon-
dent. This approach allows us to utilize the imputed X; and X5 from previous step using

auxiliary margins.
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4. Simulations

This chapter outlines detailed simulations to implement our imputation approach. The
first simulation considers data subject to unit nonresponse only, while the second extends
to both unit and item nonresponse. As for survey weights, we downloaded the 2022 Ameri-
can Community Survey (ACS) data from the U.S. Census Bureau’s Microdata Access Tool
(MDAT) website (https://data.census.gov/) and used individual survey weights as design
weights, which consists of 3,373,378 units. The ACS provides annual estimates on demo-
graphics and housing characteristics of the U.S. population and complements decennial

census data (National Research Council, 2007).
4.1 Notations

One advantage of our method is its ability to handle more variables both continuous and
categorical. Thus, we include more variables in the simulations with four binary variables
(X1, X2,Y1,Y3) and two continuous variables (Y3,Y)), and assume that the population
totals for X; and Xy are known. That is, we utilizes the total counts Tx, = Zf\; 1 X1 and
Tx, = Zf\il X;> in the simulation.

Define the population size as N=3,373,378 and sample size as n in the collected data
D, with auxiliary margins represented by A. Here, X = (X1, X2) and Y = (Y1, Y2, Y3, Ya).
For nonresponse indicators, U = (U, ..., U,) identifies units without any survey response
(U; = 1) and those with partial responses (U; = 0). Item nonresponse indicators for X
and Y are denoted by R* = (RY,R3) and RY = (RY, RY, R}, RY) respectively, where for
any unit ¢ and variable j, we have Rj; = 1 when unit ¢ does not respond to variable j and

Rfj = 0 otherwise. A similar definition applies for Rfj For i = 1,...,N, let m; be the

probability being selected in the sample and let wf = 1/m; be the design weight.
4.2 Simulation 1: Data subject to unit nonresponse only

We start with data suffering from unit nonresponse only. Table 4.1 displays the data

structure under this scenario. Following the hybrid missingness MD-AM framework, we
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Table 4.1: Data structure when data subject to unit nonresponse only.

X1 | Xo | W | V1| Y3 | Yy | U

A A A A IV A VA ()

Observed data { ? 7 s T2 T2 12 1

VAN O O Y O O Y O 4

Auxiliary margins { s T/ T2 12 2 7217

factorize the joint distribution of (X,Y,U) into a sequence of logistic regression models
and normal distributions, and add auxiliary margins of X; and X5 to unit nonresponse
modeling. Here, X5 depends on survey weights W through as. We also control for the

weights when fitting the hybrid missingness MD-AM model using the intercept matching

algorithm.
U ~ Bernoulli(wyy)  logit(my) = vy (4.1)
X5|U ~ Bernoulli(ry,) logit(ms,) = ag + a1 U + aeW (4.2)
X1|X2,U ~ Bernoulli(m,,) logit(my, ) = Bo + f1 X2 + S2U (4.3)
Y1| X1, X2, U ~ Bernoulli(my,) logit(my, ) = no + m X1 + n2Xo (4.4)

YQ‘Yl, X1, X0, U ~ Bernoulli(ﬂy2) logit(ﬁyQ) =70+ 711X1+ 71X+ 137 (4.5)
Y3|Ya, Y1, X1, X9, U ~ Normal(¢p + ¢1X1 + ¢aXo + ¢3Y1 + ¢4Y2, 0y, (4.6)

YZ;’Y3, Yo, Y1, X1, X0, U ~ Normal(@o + 01 X7 + 05X5 4+ 03Y7 + 0,4Y5 + 05}/3, 0’54). (47)

We create the simulation population according to (4.1)-(4.7) and independently sample
500 datasets using Poisson sampling with survey weights obtained from the 2022 ACS
data. To ensure a moderate sample size (n ~ 6000), the design weight from the ACS
data is multiplied by 10. The parameters values are assigned below. For simplicity, let
a = («ag, a1, ag) represent the vector of alpha parameters. Similarly, denote 3, n, T, ¢, 0 as
vectors of their corresponding parameters.
e 1y = —1.2 controls the unit nonresponse rate around 23%.
o Let (ap, a2) = (0.06,—0.000238) and a1 € {—2,—0.5}. As aj represents the difference
between unit nonrespondents and respondents, we assign it to be either —2 or —0.5

and assess the model performance under both scenarios. a; = —0.5 corresponds to a
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smaller difference in the average of X9 between unit respondents and nonrespondents
compared to o = —2.

o Let 8 =(0.2,04,-2),n=(0.2,03,0.1), 7 = (0.2,0.4,0.4,0.1). We set oy, = 0y, =
0.5, ¢ = (0.4,1.2,-0.9,0.1,0.2), 6 = (0.4,1.2,—-0.9,0.1, —0.1,0.1).

Given the simulation data, we implement our imputation approach with main steps
described in Section 3.3. As there are no item nonrespondents in this simulation, we skip
the second step in Section 3.3. Similar to Tang et al. (2024), for each of the 500 sampled
datasets, we execute 10,000 iterations with burn-in as 5,000 and obtain remaining 5, 000
posterior samples. We generate L = 50 multiple imputation (MI) datasets from every 100
posterior samples. In each iteration t of the estimation algorithm, our imputation approach
involves the following steps. Initial values are computed from the complete dataset using a
run of a default application of MICE.

1. Following the intercept matching algorithm (Tang et al., 2024), we start with im-
putations for Xs and then Xi, due to its dependence on Xs. The weights for unit
nonrespondents are created based on (3.16). Analysts can refer to IM1-IM10 in the
Appendix for detailed imputation procedures. Notably, as survey weights are included
when modeling X5, we consider the weights in IM3 when calculating the maximum
likelihood estimate of «y.

2. After imputing missing values for X, we apply random hot deck method to impute
missing Y. We first create donor pools, labeled as (00,01, 10,11), by classifying unit
respondents based on all (X7, X3) combinations. For each unit nonrespondent’s Y, we
identify its (X7, X2), randomly select a donor from the matched donor pool, and use
that donor’s Y for imputation. Given that X; and X5 are binary, their four possible
combinations ensure that a matching donor is available for hot deck imputation,
excluding cases of unmatchable donors.

The above approach is denoted as M+H (MDAM plus hot deck). We additionally specify

an I4+H (ICIN plus hot deck) approach that omits the indicator U in models for X; and Xo

to evaluate results without using auxiliary information. This assumes the distribution for
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Table 4.2: Results of population totals when data subject to unit nonresponse only under
a = —0.5 and @ = —2.0. Here, “M+H” stands for MD-AM plus hot deck, “I4+H” stands for
ICIN plus hot deck. Variances are on the scale of 108.

Percentage Bias (%) CI Coverage (%) Variance Avg. Est. Var

M-+H I+H M+H I+H Pre-Var M+H I+H M+H I+H
(a) o] = —0.5
Tx, .08 20.22 100 0 15.7 289  8.02 273 12.9
Tx, -.01 6.07 100 154 15.6 314 8.60 264 11.8
Ty, -.02 1.29 98.6 94.6 19.6 9.02 857 128 12.6
Ty, .00 1.80 99.2 88.8 23.1 7.59 723 135 13.1
Ty, .07 12.94 100 0 34.3 971 16.6 60.5 27.4
Ty, .09 16.38 100 0 31.0 977 198 68.1 28.3
(b) o] = —2.0
Tx, .04 21.06 100 0 15.8 301 8.08 273 12.9
Tx, .04 21.47 100 0 14.0 325 8.67  25.0 11.8
Ty, .00 1.59 98.6 92.0 19.6 9.25 851 128 12.7
Ty, .01 2.73 99.2 68.2 22.9 8.11 724 135 13.1
Ty, .01 6.02 100 7.6 35.8 1.03 16.8 58.3 27.4
Ty, .01 6.94 100 10.4 32.1 875 20.0 654 28.4

X is the same for unit respondents and nonrespondents. Consequently, when implementing
step 1 of our imputation approach, we do not adjust the intercepts using auxiliary margins
for unit nonrespondents.

After obtaining the MI datasets, we compute three types of estimands, which include
estimates of population totals, conditional probabilities, and joint probabilities. The condi-
tional probabilities include probability of (X;|X2),(X2|X1), (Y1]Y2),(Y2|Y7), (Y1|X1, X2),and
(Y| X1, X2). The joint probabilities are probabilities of (X7,Y7). As for variances, we cal-
culate: (1) pre-missing variance of the 500 estimates based on the complete datasets, (2)
variance of the 500 sample averages for each estimand, and (3) average estimated variance,
defined as the average of the 500 estimated variances, using Rubin’s combination rule. We
further calculate the empirical coverage of 95% confidence intervals across the 500 sampled
datasets.

Table 4.2 summarizes the simulation results regarding population totals under a; =
—0.5 and a; = —2.0. The percentage bias is calculated as the estimation bias divided

by the true population total. Estimates of population totals from I+H show greater bias
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FIGURE 4.1: Absolute percentage bias of population totals, two-way conditional proba-
bilities, and joint probabilities for M+H and I+H under o« = —0.5 and a = —2.0. Here,
“M-+H” stands for MD-AM plus hot deck, “I4+H” stands for ICIN plus hot deck.

than those from M+H, which is expected since M—+H incorporates auxiliary information
during the imputation. By calculating the Horvitz—Thompson (HT) estimator (Horvitz
and Thompson, 1952) for population totals under M+H and comparing with the simple
random sampling estimator, we found that the HT estimates are more accurate than the
simple random sampling estimates. This underscores the importance of considering survey
design and accounting for survey weights in unequal probability sampling.

M-+H has higher coverage rates than I+H, which can result from enhanced precision of
point estimates and the inflated variances. As shown in Table 4.2, the average estimated
variances are generally larger than the true variance. Such inflated variance may due to
the fact that auxiliary information in the imputation procedure cannot be captured by
Rubin’s rules. Thus, the estimated variances using Rubin’s rules are positively biased due
to such additional information. Furthermore, the true variances of totals for variables with
margins under M+H are smaller than those under I+H because we utilize the auxiliary

margins when fitting M+H. The true variances of Ty, and T, are smaller than the pre-
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missing variances. This is because M+H utilizes auxiliary margins to align imputed totals
closely with the true population totals in the imputation, thus the averages of estimated
totals converge towards the truth based on law of large numbers.

For both scenarios of ¢y = —0.5 and oy = —2.0, M+H outperforms I-+H in terms
of estimates and CI coverage, but the discrepancy in performance is less noticeable at
smaller |aj|. This improvement is due to more homogeneous distributions of Xy among
unit respondents and nonrespondents, as specified in the ICIN setting.

Table 4.3 shows the results of probabilities. M+H has smaller bias and higher CI
coverage rates for the joint and two-way conditional probabilities than I-+H. The average
estimated variances under MD-AM are generally larger than their corresponding true vari-
ances. The similarity in outcomes for three-way conditional probabilities under M-+H and
[4+H can be attributed to the hot deck imputation across both approaches. The hot deck
ensures that the conditional relationship is preserved in a similar manner in both methods,
leading to comparable results. Figure 4.1 displays the absolute percentage bias and CI
coverage across M+H and I+H, from which we can directly see the superiority of M-+H

over I-+H.
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Table 4.3: Results of probabilities when data subject to unit nonresponse only and « is
-0.5 or -2.0. Here, “M+H” stands for MD-AM plus hot deck, “I4+H” stands for ICIN plus
hot deck. Variances are on the scale of 1074,

Estimate CI Coverage (%) Variance Avg. Est. Var
Truth M+H I+H M+H I+H Pre-Var M+H I+H M+H I+H

(a) oy = —0.5

X2=0/X;=0 581 580 549 100 36.8 1.31 1.09 1.86 5.05 1.88
Xo=0/X; =1 457 458 451 994 94.0 1.48 1.06 119 1.71 1.26
X1=0X2=0 .562 560 449 100 0 1.28 972 140 3.22 1.55
X1=0X2=1 437 437 355 100 0 1.51 1.18 135 3.52 1.36
Y2=0Y1=0 .365 366 354 93.0 85.6 1.76 1.95 1.86 1.72 1.70
Yo=0Y1 =1 333 332 321 95.8 83.4 1.05 1.03 988 1.12 1.06
Y1=0Y2=0 426 426 419 94.8 93.0 2.24 233 233  2.09 2.15
Y1=0Y2=1 391 391 384 95.0 89.0 1.10 1.17  1.08 1.08 1.04
X1=0Y1=0 221 221 176 984 0 488 429 446 753 432
X1=1,Y=0 182 183 219 99.8 0 417 339 504 611 507
X1=0Y =1 281 281 225 99.6 0 .605 426 532 1.00 521
Xi=11=1 316 316 380 99.8 0 .627 345 703 1.14 702
Y1=0/X1=0,Xo=0 .450 450 450 944 95.6 2.73 3.00 359 253 3.33
Y1=0X1=1,Xo=0 .379 379 379 96.0 95.2 2.98 3.07 269 3.06 2.59
Y1=0X1=0,Xo=1 426 427 427 95.8 96.6 2.86 3.61 393 3.42 3.94
Y1=0X1=1,Xo=1 .355 356 356 95.2 94.8 2.53 2.62 222 245 2.03
Y2=0/X1=0,Xo=0 .436 436 436 93.2 94.2 2.66 322  3.79 252 3.31
Y=0/X1=1,X2=0 .340 341 341 95.6 95.6 2.76 279 245 293 2.48
Y2=0/X1=0,Xo=1 .342 343 343 954 96.4 2.82 3.17 351 315 3.63
Y2=0X1=1,Xo=1 .256 255 255 964 96.6 1.96 1.96 1.65 2.03 1.68
(b) o] = —2.0

X2=0/X;=0 .681 679 549 100 0 1.23 141 1.87 4.61 1.88
Xo=0/X; =1 477 478 451 98.8 36.4 1.49 1.57  1.20 242 1.26
X1=0X2=0 593 b91 449 100 0 1.12 112 1.41 4.18 1.55
X1=0X2=1 384 385 355 98.8 29.4 1.70 209 136 3.13 1.36
Y2=0Y1=0 372 372 354 91.8 73.6 1.76 208 1.8 1.72 1.71
Yo=0Y1 =1 .338 338 321 944 65.8 1.05 1.08 989 1.13 1.06
Y1=0Y2=0 428 428 419 928 90.8 2.17 239 231 2.06 2.15
Y1=0Y2=1 392 392 384 95.0 87.0 1.11 1.20  1.08 1.09 1.05
X1=0,Y1=0 224 223 176 98.6 0 .500 448 442 762 433
X1=1,Y1=0 181 182 219 99.8 0 415 342 504 614 .509
Xi=0Y=1 281 282225 99.0 0 .615 451 530 .993 522
Xi=11=1 314 314 380 994 0 .625 337 704 1.13 704
Y1=0X1=0,Xo=0 .450 450 450  92.8 95.6 2.25 276 355 214 3.33
Y1=0X1=1,Xo=0 .379 379 379 954 94.6 2.88 298 268 296 2.59
Y1=0X1=0,Xo=1 426 427 427 96.2 96.2 4.00 428 391 441 3.95
Y1=0X1=1,Xo=1 .355 356 .356  95.6 94.6 2.63 2714 223 2.56 2.03
Y2=0/X1=0,Xo=0 .436 436 436 914 94.4 2.35 3.00 381 213 3.31
Y2=0/X1=1,Xo=0 .340 341 341 95.2 95.6 2.68 270 245 2383 2.48
Y2=0/X1=0,Xo=1 .342 343 343 96.4 96.4 3.81 3.81 350 4.08 3.65
Y2=0X1=1,Xo=1 257 255 255 96.4 96.4 2.06 2.06 165 211 1.67
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4.3 Simulation 2: Data subject to unit and item nonresponse

We extend previous simulation to include both unit and item nonresponse. Assume
X and Y3 suffer from unit nonresponse only and remaining variables (X1, Y7, Y2, Yy) suffer
from unit and item nonresponse. The data generation model for the population is shown
in (4.8)-(4.18). The auxiliary margins of X; and X3 enable two additional parameters to

the model which are added to unit nonresponse modeling.

U ~ Bernoulli(my) logit(my) = v (4.8)

Xo|U ~ Bernoulli(ry,) logit(my,) = ap + anU + e W (4.9)
X1|X2,U ~ Bernoulli(7, ) logit(mg, ) = Bo + S1X2 + S2U (4.10)
Y1|X1, X2, U ~ Bernoulli(my,) logit(my, ) = no + m X1 + 72X (4.11)

Y5|Y1, X1, Xo, U ~ Bernoulli(my,) logit(my,) =10+ nX1 + »Xo + Y  (4.12)

Y3|Ys, Y1, X1, Xo,U ~ Normal(¢o + ¢1 X1 + 92 Xo + ¢3Y1 + ¢aYo, 053) (4.13)

Ya|Y3, Yo, Y1, X1, Xo,U ~ Normal(fy + 01 X1 + 02X + 03Y1 + 04Y5 + 05Y3, 054) (4.14)

RT| X1, X2,Y1,Y2,Y3,Yy, U ~ Bernoulli(rg, ) (4.15)

logit(7r,, ) = wj +wi X + WiVl + wiYs +wiYs + w5y

RY|X1,X9,Y1,Y2,Y3, Yy, U ~ Bernoulli(ﬂRyl) (4.16)
logit(rr,, ) = wi' + Wi Xy + w¥' Xo 4+ w§'Yo + wi'Ys + wl'Yy

RY|X1, X2, Y1,Y2,Y3,Yy, U ~ Bernoulli(rg,, ) (4.17)
logit(rr,, ) = we? + wi? X1 + w Xo + WYy + wPYs + wi?Ys

RY|X1,X5,Y1,Y2,Y3,Yy,U ~ Bernoulli(7g,, ) (4.18)
logit(ﬂ'Ry4) =wi' +wi* X1 + wy Xy + wi'Y) + wi'Ys + wi'Ys.

After creating the simulated population, we independently sample 500 datasets follows

the same procedure in previous simulation. The parameters values are assigned below. For

simplicity, let (o, 3,1, T, @, 0, w™, WY, WY2 wWY4) represent vectors of their corresponding

parameters.
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e 1y = —1.2 controls the unit nonresponse rate around 23%.

Let (o, a2) = (0.06, —0.000238) and «; € {—2,—0.5}.

Let 8 = (0.2,0.4,-2), n = (0.2,0.3,0.1), 7 = (0.2,0.4,0.4,0.1). We assign o,, =
oy = 0.5, ¢ = (0.4,1.2,-0.9,0.1,0.2), 6 = (0.4,1.2,—0.9,0.1,—0.1,0.1).

o Let w” = WY = w¥2 = WY = (-1.4,0.1,0.1,0.1,0.1,0.1). The item nonresponse

rates are around 25%.
Following Section 3.3, we detail the imputation approach in each iteration as follows. Even-
tually we obtain L = 50 MI datasets for every simulated sample dataset. The initial values
are obtained using a run of MICE with default specifications.

Step 1. We follow step IM1-IM12 (Tang et al., 2024) to impute X5 and X; using the
intercept matching algorithm. To get a sense of step IM12, we elaborate on how to update
X, for item nonrespondents. We draw imputations of X; for (R} = 1,U = 0) from a
Bernoulli distribution with probability P(X; = 1|R] =1,U =0,...) computed by
P(X;=1R{=1U=0,...)

B P(R*=1|X,=1,U=0,...)P(X; =1|{U =0,...)
Y ereqony P(RY = 1[X1 = 21,U =0,...)P(X; = 21|U = 0,...)

_ P(X;=1U=0,...)
lee{m} P(X;=z1lU=0,...)

(4.19)

The last step is because (4.15) assumes the probability of R{ given the others is independent
of X1. To compute P(X;|R} =1,U =0,...), we only need to consider equations involving
Xq:

P(Xh|R]=1,U=0,...) x P(X1|83,... ) P(V1|X1,... ) P(Y2| X1,...)P(Y3|Xq,...)

Step 2. After imputing variables with margins for unit and item nonrespondents, we
next impute variables without margins (Y7,Y3,Y)) for item nonrespondents. For binary
variables Y7 and Ys, drawing imputations for item nonrespondents is similar to the example

of X1 described above (see step IM11-IM12 in appendix for detail implementation). For
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Table 4.4: Results of population totals when data subject to unit and item nonresponse
under « = —0.5 and o = —2.0. Here, “M+H” stands for MD-AM plus hot deck, “I-+H”
stands for ICIN plus hot deck, “M+M+H” stands for MD-AM plus MICE plus hot deck.
Variances are on the scale of 108.

Percentage Bias (%) CI Coverage (%) Variance Avg. Est. Var

M+H M+M+H I+H M+H M+M+H I+H Pre-Var M+H M+M+H I+H M+H M+M+H I+H
(a) ay = —2.0 T, .00 .03 20.71 100 100 0 18.0 .324 312 9.97 291 27.0 12.5
Tx, .07 .05 21.36 100 100 0 13.8 351 354 9.07 252 25.1 11.9
Ty, .01 .16 1.66 98.2 98.6 91.0 20.4 10.3 10.4 104 15.6 15.4 15.3
Ty, -.14 -.15 2.66  99.6 99.0 74.8 20.4 9.37 9.46 8.59  16.1 16.0 15.4
Ty, 1.47 -.16 6.04 100 100 20.2 474 11.7 12.0 28.0 65.1 66.1 35.6
Ty, -1.19 .40 434 99.8 100 67.8 45.3 19.8 11.4 34.7  61.0 75.6 39.8
(b) ) = —0.5
Tx, .05 .06 19.87 100 100 0 18.2 .340 .309 9.96 29.6 27.5 14.6
Tx, .00 -.04 6.05 100 100 17.4 15.8 284 310 9.00 26.5 26.5 11.9
Ty, .01 .16 1.38 98.4 98.2 94.0 20.4 10.2 10.3 103 15.5 15.4 15.3
Ty, -.13 -.13 1.73 99.2 99.6 92.2 20.5 8.89 8.92 849 159 15.8 15.5
Ty, 1.65 -.08 12.93 100 100 0 48.1 11.2 11.4 282 675 69.0 35.5
Ty, -1.29 .54 13.5 100 100 0 46.8 19.7 10.6 349 638 78.9 39.7

continuous variable Vs, we use Metropolis-Hastings algorithm to update Yj for (RY, =
1,U =0).

2

a0 and

a. Draw a candidate Y, from the Normal distribution using parameters 6,o
variables in the current iteration.

b. Write the kernel as below and compute the acceptance ratio r.

c. Draw u ~ Unif(0, 1). Accept candidate Y;* if u < r and reject otherwise.

Step 3. Lastly, we apply hot deck method to impute Y for unit nonrespondents. We
first create donor pools (00, 01, 10, 11) based on all possible combinations of (X7, Xs) and
randomly select a donor from the matched donor pool for imputation.

We denote the above approach as M-+H and specify I4+H (ICIN plus hot deck method)
for comparison. Additionally, we adapt the first two steps by utilizing the MICE package
to address all item nonrespondents, and refer to this method as M+M-H, which represents
the combination of MD-AM, MICE, and the hot deck.

According to Table 4.4, M+H offers less biased estimates in population totals than I+4H.
Similar to the findings in previous simulation, the difference in coverage rates between M+H

and I+H is especially strong for Ty, and T',, potentially due to the enhanced precision
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FIGURE 4.2: Absolute percentage bias of population totals, two-way conditional probabil-
ities, and joint probabilities for M+H (MD-AM plus hot deck), M+M+H (MD-AM plus
MICE plus hot deck), and I-+H (ICIN plus hot deck).

in estimates and the inflated variances introduced by the imputation procedures. We also
calculate the Horvitz—Thompson (HT) estimator for population totals under M+H and
compare it with the simple random sampling (SRS) estimator. The HT estimator achieves
higher accuracy, suggesting the necessity of accounting for the design. Regarding variances,
the true variances for population totals of variables with known margins (that is, T’x, and
T,) under M+H are lower compared to those under I+H. Moreover, the variances of T'x,
and T, are smaller than the average estimated variances and the variances before any
data are missing. Additionally, the discrepancy in performance between M-+H and I+H
is more noticeable at larger |a;| because of less homogeneous distributions of X5 for unit
respondents and nonrespondents. These patterns mirror those observed in the previous
simulation.

Based on Table 4.5, under both oy = —0.5 and a1 = —2.0, M+H outperforms [4+H in

terms of precision and coverage rates, especially for estimates related to X; and X, and
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achieves similar performance to M-+M-+H. In practice, analysts can consider M+M-+H as
an easier alternative to M+H by handling all item nonresponse using MICE package.

The similarity in estimates concerning the three-way conditional probabilities aligns
with the patterns in the previous simulation. The true variances of estimates for the two-
way and joint probabilties under MD-AM are smaller than their corresponding average
estimated variances. Figure 4.2 graphically shows the performance of coverage rate and
percentage bias under M+H, M+M-+H, and I+H, from which we can see the superiority
over I+H.

Our imputation approach, which leverages the random hot deck method and the aux-
iliary information, provides a viable and flexible alternative to strictly model-based impu-
tation approach. Unlike the hybrid missingness MD-AM framework, which imputes unit
nonresponse by sampling from posterior distributions, our method simplifies computations
by avoiding model fitting for variables without margins suffering from unit nonresponse.
This approach is not only computationally less demanding but also flexible in a sense that
it can handle more variables, both categorical and continuous, effectively. Due to these

features, it can lead to considerable time savings during practical implementation.
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Table 4.5: Results of probabilities when data subject to unit and item nonresponse under
a = —0.5 and o = —2.0. Here, “M+H” stands for MD-AM plus hot deck, “I+H” stands for
ICIN plus hot deck, “M+M-+H” stands for MD-AM plus MICE plus hot deck. Variances

are on the scale of 1074,
Estimate CI Coverage (%) Variance Avg. Est. Var
Truth M+H M+M+H I+H M+H M+M+H I+H Pre-Var M+H M+M+H I+H M+H M+M+H I+H

(a) oy = —2.0

Xo=0/X1=0 681 .681 .681 553 99.8 99.8 0 1.30 1.59 1.63 211 470 4.66 2.09
Xo=0|X; =1 ATT 476 476 448 98.2 97.4 27.8 1.52 1.66 1.75 1.35  2.60 2.41 1.37
X1 =0/X2=0 593 .594 .593 454 100 100 0 1.30 1.21 1.28 1.79 444 4.13 1.87
X1 =0X2=1 384 .382 .383 353 97.6 97.4 32.0 1.74 2.28 2.33 1.64 3.45 3.19 1.62
Yo =0[Y1 =0 372 375 375 356 95.4 95.8 84.8 1.68 2.34 2.32 226 2.63 2.61 2.58
Yo=0|Y1=1 338 .338 .338 321 972 96.8 74.6 1.13 1.48 1.47 1.33  1.68 1.67 1.58
Y1 =0[Y2=0 428 430 429 419 97.2 97.0 95.0 2.18 2.91 2.86 292 318 3.16 3.29
Y1=0[Ya=1 392 391 .390 382 954 95.6 89.2 1.18 1.46 1.45 1.39 1.61 1.59 1.54
X1=0Y7=0 224 224 223 178 994 99.8 0 .546 533 .520 535 .969 .876 570
Xi=1Y1=0 181 .180 .180 217 99.8 99.6 0.4 512 424 416 705 782 727 723
X1=0Y1=1 281 281 282 225 99.2 99.2 0 617 528 521 608 1.21 1.10 693
Xi=1"=1 314 315 315 380 994 99.6 0 .641 424 420 862 1.35 1.23 .952
Y1 =0/X;=0,Xo=0 .450 451 .449 451 95.8 95.8 97.6 2.22 2.87 2.82 339 314 2.85 4.49
Yi=0X1=1,X,=0 .379 376 377 376 98.8 98.2 98.6 3.22 2.91 3.02 273 4.25 3.96 3.81
Y1=0/X:=0,Xo=1 .426 .428 .426 428 98.0 97.8 97.8 4.60 4.25 4.56 397 599 5.49 5.36
Y1=0X1=1,X,=1 .35 .353 .353 353 974 974 97.0 2.52 2.69 2.74 238  3.55 3.37 2.86
Yo =0/X; =0,X,=0 .436 .440 439 440 95.2 94.0 97.4 2.06 3.20 3.34 3.71 311 2.82 4.49
Y=0X1=1,X,=0 .340 .338 .340 338 98.8 97.2 98.6 3.09 2.93 2.99 277  4.07 3.79 3.64
Y=0/X;=0,X,=1 .342 .344 341 344 98.6 98.0 97.8 4.12 3.78 4.00 3.52  5.50 5.03 4.92
Y=0X1=1,X,=1 .257 .256 257 255 99.2 98.8 98.6 2.19 2.13 2.25 1.86  2.96 2.81 2.39
(b) a1 = —0.5

Xo=0/X1=0 581 .583 .582 .553 100 100 52.4 1.42 1.17 1.22 210 5.13 5.09 2.09
Xo=0/X;=1 457 455 457 448 98.0 98.0 89.6 1.50 1.17 1.18 1.35 1.85 1.70 1.37
X1 =0/X2=0 562 .563 .561 454 100 100 0 1.44 1.08 111 1.78  3.50 3.23 1.88
X1 =0X2=1 437 434 436 .353 100 100 0 1.53 1.28 1.30 1.63  3.85 3.57 1.62
Yo =0[Y1 =0 .365 .368 .368 356 96.0 96.4 93.8 1.62 2.24 2.21 224 259 2.58 2.59
Yo=0|Y1=1 333 .332 .332 321 97.0 97.0 85.6 1.14 1.40 1.40 1.34 1.64 1.63 1.56
Y1 =0[Y2=0 425 427 427 419 96.8 96.8 96.6 2.22 2.86 2.83 299  3.19 3.19 3.28
Yi=0Ya=1 391 .389 .389 382 96.0 95.2 91.8 1.16 1.41 1.41 1.39  1.58 1.57 1.52
X1=0,Y17=0 220 221 .220 178 99.8 99.4 0 .539 .502 .499 540 958 .868 570
Xi=1,17=0 182 181 181 217 99.8 99.6 0.4 513 433 414 710 .782 .726 17
X1=0Y1=1 281 .280 281 225 994 99.8 0 .623 .507 498 607 1.23 1.11 .695
Xi=1=1 316 317 317 380 99.6 99.2 0 .652 443 427 857 1.38 1.27 953
Y1=0/X:=0,Xo=0 .450 451 .449 451 97.2 96.6 97.8 2.58 3.02 2.97 3.38  3.59 3.30 4.49
Y1=0X1=1,X,=0 .379 .376 377 376 99.0 98.4 98.4 3.30 3.00 3.07 2,74  4.37 4.09 3.77
Y1=0/X1=0,Xo=1 .426 .428 425 428 98.0 97.0 98.0 3.64 3.63 3.92 397 474 4.31 5.37
Y1=0X1=1,X,=1 .35 .353 .353 353 97.6 97.6 96.6 2.50 2.67 2.67 237 342 3.25 2.86
Yo =0/X; =0,X,=0 .437 .440 .438 440 96.4 95.4 97.8 2.37 3.34 3.44 3.73  3.54 3.25 4.47
Y=0X1=1,X,=0 .340 .338 .340 338 98.6 97.4 98.4 3.21 3.02 3.03 278 4.23 3.90 3.62
Y =0/X; =0,Xo=1 .342 344 .341 344 978 97.6 98.0 3.07 3.32 3.48 3.52 434 3.95 4.93
Y=0X:=1,X,=1 .256 .255 257 255 99.6 98.8 98.6 1.99 2.06 2.19 1.83 283 2.70 2.38
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5. Discussions

In this thesis, we develop an imputation method to address nonignorable missingness
by leveraging auxiliary margins and the hot deck method. The method is built upon
the MD-AM and hybrid MD-AM framework with higher flexibility and efficiency. It can
handle a wider range of variables and is less sensitive to model misspecification due to the
integration of the hot deck. There are two major improvements to the previous model-based
frameworks.

Firstly, we apply random hot deck when imputing unit nonresponse for variables with-
out auxiliary information. This approach eliminates the need for modeling the variables to
be imputed, thus reducing the risk of model misspecification inherent in model-based impu-
tation methods. Furthermore, because the missing values are imputed from observed data,
there is no need to put further restrictions (for instance, positive values) on the imputed
values.

Secondly, we extend the hybrid missingness model by considering continuous vari-
ables. As the intercept matching algorithm handles categorical variables only, we use the
Metropolis-Hastings algorithm to impute item nonresponse for continuous variables with-
out margins. We also assess the performance of M+M-+H, which uses MICE package for
all item nonresponse. Simulation results suggest that M+H and M+M+H methods exhibit
better performance than the I4+H method. Analysts can thus opt for M+M-+H in practical
implementation.

We now discuss future improvements. In scenarios where we aim to utilize auxiliary
margins of continuous variables, it is necessary to further extend the imputation approach.
Such extension should be designed carefully to satisfy the marginal information and account
for survey weights. We can then design nearest-neighbor hot deck imputation to impute
unit nonrespondents for remaining variables without margins.

Additionally, we currently use random hot deck imputation which randomly selects
donors from a matched donor pool. Future investigation can incorporate survey weights in

the hot deck method, such as using probability proportional to size sampling when selecting

30



donors.

Lastly, the standard random hot deck procedure without adjustments can underestimate
the between imputation variance (Rubin, 1987; Sullivan and Andridge, 2015). An alterna-
tive approach is to use the approximate Bayesian bootstrap (Rubin and Schenker, 1991) by
first drawing a bootstrap sample of the donor pool for each MI dataset and then performing
the standard hot deck imputation. Therefore, we can also investigate the performance by

using the approximate Bayesian bootstrap in hot deck method.
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Appendix A.
Intercept Matching Algorithm

Following the example in Section 3.2, we illustrate the intercept matching algorithm
employed in the hybrid missngess MD-AM framework (Tang et al., 2024). We use logistic
regression models in (3.10)-(3.13) and assume analyst has specified variances Vx, and Vx,.
In iteration t of the algorithm, we first impute X (IM1-IM5) and then X; (IM6-IM12).
The main steps are:

IM1. Draw T)(fjl) ~ N(Tx,, Vx,).

IM2. Compute the number of times, denoted as noy, that Xgﬂ) should be assigned as
o . . (t+1) . 5 (t+1)
1 when U; = 1. This is to ensure that the weighted sum of X approximates Ty as

closely as possible:

ngl) - ZiED wng)I(Ui =0)
ZieD wi I (U; = 1) /ny

ney =

IM3. Derive the maximum likelihood estimate of g, denoted as &g, and its estimated

variance 2&0 based on unit respondents. Then sample a(()tﬂ) from its approximate posterior

~

distribution N (do, X4,)-
IM4. Compute the proportion of unit nonrespondents that should be assigned as 1 for
(t+1) £+

Xo, denoted as po = noy/ny. Adjust agtﬂ) so that Floyy  / + ag = logit(ps).

IM5. Update Xétﬂ) for unit nonrespondents from

@D, (4D

1
Xétﬂ)]U =1 ~ Bernoulli .
I4+exp(—(ag " +a3 7))

IM6. Draw T)((tjl) ~ N(Tx,,Vx,).

IM7. Compute the number of times, denoted as ny7, that Xi(fﬂ) should be imputed as

1 when U; = 1. This is to ensure that the weighted sum of X {Hl) approximates T)(fjl) as
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closely possible:

IM8. Derive the maximum likelihood estimate of (3o, 51)7, denoted as ﬁ , and its esti-

mated variance matrix 3 F based on unit respondents. Then sample (ﬂét+1), ;Hl))T from

its approximate posterior distribution N (B 5y B)'

IM9. Compute the proportion of unit nonrespondents that should be assigned as 1 for
X1, denoted as p1 = niy/ny. Adjust Bgﬂ) so that E[ﬂ((]tH) + Bng)XgH) + ﬂétﬂ)] =
logit(p1).

IM10. Update X ftH) for unit nonrespondents from

1
X§t+1)’X§t+1) U =1 ~ Bernoulli ( ) .
’ t+1 t+1 1 1
L exp(— (55 + BV xG Y 4 B
IM11. Sample ('y(gtH),'yYH))T from their approximate posterior distribution, N (¥, 27)
Here, 4 is the maximum likelihood estimate of (vo,v1)? and flﬁ is its estimated covariance
matrix, based on the U; = 0 observations.

IM12. Update X ftﬂ) for item nonresponses (R{; = 1,U; = 0) from a Bernoulli distri-

bution with probability P(X?”Ll) =1|R{ =0,U =0,...) calculated by

P =1|R = 0,0 = 0, X{"*Y)

PRz = 11x" = 1,0 =0, x{"™)p(x"™ = 1)U = 0, X'V
lee{(],l} P(R:f = 1|X£t+1) = I, U= 07X2(t+1))P(X£t+1) = .’L’l’U = O7X§t+1))

P = U = 0, x3"Y)
S ereqony PO = aq|U = 0, X3Y)
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