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SUMMARY: Studies of Alzheimer’s disease (AD) often collect multiple longitudinal clinical outcomes, which are
correlated and predictive of AD progression. It is of great scientific interest to investigate the association between
the outcomes and time to AD onset. We model the multiple longitudinal outcomes as multivariate sparse functional
data and propose a functional joint model linking multivariate functional data to event time data. In particular, we
propose a multivariate functional mixed model (MFMM) to identify the shared progression pattern and outcome-
specific progression patterns of the outcomes, which enables more interpretable modeling of associations between
outcomes and AD onset. The proposed method is applied to the Alzheimer’s Disease Neuroimaging Initiative study
(ADNTI) and the functional joint model sheds new light on inference of five longitudinal outcomes and their associations
with AD onset. Simulation studies also confirm the validity of the proposed model. Data used in preparation of this

article were obtained from the ADNI database.
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Functional Joint Model

1. Introduction

Alzheimer’s disease (AD) is the most prevalent neurodegenerative disorder, can often be
characterized by accelerated metal degradation over time, and may ultimately progress to
dementia. In the year of 2017, AD was the sixth leading cause of death in the United
States with 121,494 recorded deaths (Alzheimer’s Association, 2019). Great efforts have
been dedicated to advancing early detection of AD.

The motivating data are from the Alzheimer’s Disease Neuroimaging Initiative (ADNI)
with the primary goal of investigating whether multimodal data can be combined to measure
the progression of AD (Weiner et al., 2017). We are interested in jointly modeling clinical
variables, multiple longitudinal outcomes measured intermittently and time to AD onset or
drop-out. Throughout the paper, AD onset refers to a clinical declaration of probable AD
based on cognitive symptoms. We consider five longitudinal biomarkers commonly measured
in AD studies. Among the five biomarkers, high values of Disease Assessment Scale-Cognitive
13 items (ADAS-Cog 13) and Functional Assessment Questionnaire (FAQ) reflect severe
cognitive decline, whereas low values of Rey Auditory Verbal Learning Test immediate recall
(RAVLT-immediate), Rey Auditory Verbal Learning Test learning curve (RAVLT-learn) and
Mini-Mental State Examination (MMSE) indicate a high risk for developing AD.

Figure 1 presents spaghetti plots of the five longitudinal biomarkers and highlights profiles
and time to AD onset for two subjects. Subject A has a more acute cognitive decline compared
to Subject B. Indeed, subject A has faster increasing values of ADAS-Cog 13 and FAQ), faster
decreasing values of RAVLT-immediate, RAVLT-learn, and MMSE as well as an earlier AD
onset around month 40. The plots motivate our research: (a) subjects with more severe
cognitive impairment seem more likely to progress to AD; and (b) the multiple longitudinal

outcomes may be correlated. In addition, the observations do not always show clear linear
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trends and the trends across outcomes may not be synchronized, suggesting of potentially

heterogeneous patterns.

[Figure 1 about here.|

Parametric models are often used in the joint modeling literature (Tsiatis and Davidian,
2004). De Gruttola and Tu (1994) introduced a shared random effects model, which links
longitudinal data to event time data via a set of time-invariant random effects. Wulfsohn and
Tsiatis (1997) proposed a shared latent process model, which models the instantaneous effect
of longitudinal data to event time data. Extensions of the univariate joint models to multiple
longitudinal outcomes include Henderson et al. (2000) and Lin et al. (2002). However,
limitations exist: (1) the parametric models are incapable of modeling complex nonlinear
trends of longitudinal outcomes; (2) assuming a specific structure of the correlation may be
subject to model misspecification. Recently, joint modeling of event time data and functional
data has drawn some attention. Yao (2007) proposed a shared latent process model. Yan et al.
(2017) proposed a shared random effect model with a two-step estimation, and Ye et al.
(2015) proposed a model for baseline longitudinal patterns and interval-censored event time
data. To clarify, joint modeling here refers to the situation where the domain of function
is longitudinal time. By contrast, Cox regression models where functional data are used
as baseline covariates have been extensively studied; see Kong et al. (2018) and references
therein. Nevertheless, none of the above works considered joint modeling of multivariate
functional data and event time data.

To capture the heterogeneity of patterns in the outcomes as well as correlations among
them, a popular method is multivariate functional principal component analysis (Happ and
Greven, 2018). Then a Cox regression model may be adopted to link the outcomes and AD
onset via the functional principal component socres. However, there exist serious computa-

tional issues for joint model estimation. Multivariate functional principal component analysis
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(MFPCA) models the mean functions, auto-covariance functions for within-function corre-
lations, and cross-covariances for between-function correlations nonparametrically. Thus, for
J-dimensional functional data, there are J univariate functions and J? bivariate functions
to estimate. If we use tensor product splines to approximate the bivariate fucntions and
each marginal basis is of dimension ¢, then it leads to J?c? parameters to estimate, which
is computationally prohibitive for joint model estimation if J is more than 2 and infeasible
for large J. Moreover, MFPCA is mostly used for dimension reduction and the resulting
multivariate eigenfunctions and associated scores are often difficult to interpret. In particular,
MFPCA does not explicitly model the correlation between outcomes as is often done in
parametric models for multivariate longitudinal data (Verbeke et al., 2014).

We propose a new multivariate functional mixed model (MFMM) for multivariate func-
tional data and subsequently a new functional joint model for linking multivariate func-
tional data and event time data. The advantages of the proposed methods include: (1) the
MFMM retains the flexibility of functional data methods for capturing nonlinear patterns
in longitudinal outcomes and models the correlation between outcomes via a shared latent
process; (2) compared to J? bivariate covariance functions for MEPCA, MFMM requires
only two bivariate covariance functions, which makes joint model estimation feasible; (3)
MFMM explicitly separates the shared latent process, common to all outcomes, from the
outcome-specific latent processes, unique to each outcome, and thus greatly enhances model
interpretability; (4) MFMM enables a flexible Cox regression model which not only evaluates
the effects of the shared latent process to survival risk but also identifies the additional
contribution of each outcome to survival risk.

The remainder of the paper is organized as follows. Section 2 introduces the proposed
multivariate functional mixed model as well as the joint model for disease progression and

survival. Section 3 describes a two-step estimation method and the proposed joint estimation
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method. Section 4 presents model selection for the proposed model. Section 5 applies the
proposed model to the ADNI data. Section 6 examines the numerical properties of the
proposed method through simulations. Section 7 concludes this work with some discussion.

Technical details and extra results for numerical studies are included in the Web Appendices.

2. Model

Let Yjj, be the kth observation of the jth outcome (biomarker) measured intermittently
at time t;;;, for subject 7 with 1 <k < my;, 1 < j < J,and 1 < ¢ < n. So there are n
subjects and subject 7 has m;; observations for the jth outcome. In our data application,
we model the five longitudinal outcomes ADAS-Cog 13, RAVLT-immediate, RAVLT-learn,
MMSE, and FAQ (plotted in Figure 1) as Y;j, with j = 1,---,5, respectively. The survival
time for the ith subject is denoted by S5; and is assumed to be subject to independent right
censoring with censoring time denoted by C;. Let T; = min(S;, C;) and A; = 1¢s,<c;y- Note
that t;;, € [0,7;], meaning no observations after 7;. Assume 7; < 7 for all i, where 7 is
the length of study follow-up. Denote by z; = (Z;,..., Z;p) € RP the vector of baseline

covariates.

2.1 Multivariate Functional Mixed Model

We propose a multivariate functional mixed model (MFMM) for the multivariate latent

process {X;1(t), ..., X;s(t)}. The MFMM is of the form

Yije = Xij(tijn) + €gw, - Xij(t) = p;(t) + B {Ui(t) + Wiz (1) }, (1)
where ¢, are random noises so that the longitudinal outcome Y;j; is a proxy observation of
the true latent stochastic process X;;(t) evaluated at time t;j;. The smooth latent process
X;;(t) is decomposed into three components. First, p;(t) is the fixed mean function for

outcome j. For simplicity, we assume that the mean function only depends on the longitudinal

time but it may depend on the baseline covariates, which can be incorporated easily using, for
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example, additive models. The continuous latent profile U;(t), common to multiple outcomes,
is a subject-specific random deviation from the mean functions. U;(t) captures the subject-
specific disease progression pattern and correlation among outcomes. It represents subject i’s
unique latent disease status at time ¢ manifested by multiple outcomes and can be specified
so that a higher value indicates more severe status. The outcome-specific scaling parameter
B; is the expected increase in outcome j for one unit increase in U;(t). If two outcomes
are negatively correlated, their §;s have different signs. W;;(t) is the subject- and outcome-
specific random deviation from the outcome-specific mean and it characterizes subject i’s
outcome-specific progression pattern. By multiplying the scaling parameters (3;, W;;(t) are
comparable across outcomes.

We model U;(+) and W;;(-) via two zero-mean Gaussian processes with covariance functions
Co(s,t) = Cov{U;(s),U;(t)} and Ci(s,t) = Cov{W;;(s), W;;(t)}, respectively. Consider the
spectral decomposition of the covariance functions, Co(s,t) =Y, dosde(s)¢e(t) and Cyi(s,t) =
> o diebe(s)e(t), where doy > doo > -+ - and diy > dip > - - - are the ordered eigenvalues, and
¢¢(-) and 1y(-) are the associated orthonormal eigenfunctions satisfying [ ¢ (t)de (t)dt =
Jo ©e(t)the (t)dt = 1{p—py. Then the Karhunen-Lotve representations of U;(t) and Wi;(t) are
Us(t) = 3 pmy Ge(t)&ie, Wij(t) = > _poq e(t)Cije, where & ~ N(0,doe) are eigen scores and
independent over ¢, and (;;0 ~ N(0,dy) are defined similarly and independent over j and
(. The eigenfunctions ¢,(t) and 1y(t) represent the changing patterns of the latent disease
profiles and the random scores &;; and ;¢ determine how strongly subject i’s latent disease
profile follows those patterns. In practice, we assume there are only a finite number of patterns
so that U;(t) = 3202, de(t)&ir, Wij(t) = S22, 0e(t)Cije, where Loy and L, are finite numbers.
We shall treat Lo and L; as tuning parameters and select them through data adaptive

methods; see Section 4 for details. We assume that the random noises €;;;, are independent
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and normally distributed with zero mean and variance o7. Finally, U;(t), Wi;(t) and €;;, are

assumed independent between subjects and across each other.
[Figure 2 about here.|

We illustrate the proposed MFMM by fitting five biomarkers in the ADNI study and
present two outcomes ADAS-Cog 13 and RAVLT-immediate in Figure 2; see Section 5 for
model fitting details. In Figure 2, the estimate or prediction of each component in model (1)
is visualized for the two outcomes of one subject. To make model identifiable, we set 3; =
1 for the outcome ADAS-Cog 13. Figures 2(a) and 2(e) present the fitted latent processes
by MFMM for both outcomes. The subject shows steady worsening in cognitive function
X;1(t) (increasing ADAD-Cog 13 in Figure 2(a)), which can be decomposed into increasing
mean cognitive function u4(t) (Figure 2(b)), deteriorating (increasing) latent disease profile
Ui(t) (Figure 2(c)), and positive outcome-specific progression W (t) (Figure 2(d)). Similar
interpretation can be made to the outcome RAVLT-immediate and decreasing patterns
indicate AD progression.

Model (1) allows us to explicitly model the shared latent disease profile U;(t) between the
outcomes and outcome-specific profile W;;(¢). While it has a similar multilevel decomposition
structure as in multilevel FPCA (Di et al., 2009), there exist significant differences. The
proposed MFMM accommodates outcome heterogeneity: (1) The scaling parameters reduce
heterogeneity of the multiple functions, which may measure quantitatively very different
features of subjects. For example, 5 for RAVLT-immediate is estimated as a negative
number and it changes the direction of U;(t) so that it is negatively correlated with ADAS-
Cog 13; and (2) the outcome-specific progression further accommodates data heterogeneity,
such as, §;W;i(t) shows larger deviation from zero toward AD onset as compared with
PoWia(t), suggesting more severe disease progression in ADAS-Cog 13 than in RAVLT-

immediate of the subject. Compared with multivariate FPCA, MFMM borrows its idea
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but further accounts for outcome-specific patterns, which leads to theoretical and practical
advantages: (1) MEMM gives a more interpretable model of multiple outcomes by separating
the shared component, which models the correlation between outcomes, from outcome-
specific components, which model the patterns of outcomes that are uncorrelated from
other outcomes. By contrast, MFPCA only considers the shared component by reducing
the multiple outcomes into a set of uncorrelated scores; and (2) by imposing a parsimonious
model, the number of auto- and cross-covariance functions to be estimated are not increasing
with the number of outcomes. This is a reasonable compromise between computability and
medical fidelity, which greatly alleviates computational burden and thus makes the joint
estimation feasible. In addition, MFMM may be regarded as a nonparametric extension
of parametric multi-level decomposition model for multivariate longitudinal data (Verbeke
et al., 2014).

We derive from (1) that
ij/(S, t) = COV{Xij(S), Xij/(t)} = ﬁjﬂj/Co(S, t) + B?l{j:j/}cl(s, t). (2)
If j # 5, Cjj(s,t) = B;BCo(s,t). For model identifiability, we let §; = 1. Then it can be
shown that for J > 2, 8; and Cy(-, -) can be uniquely determined by (2) using the equations

with 7 # j'. See Web Appendix A for proofs and Web Appendix B for the covariance

structure relating MFMM to MFPCA.

2.2 Joint Model for Disease Progression and Survival

To model the survival time, we use the proportional hazards model
hl(t) = h()(t) eXp{Zz—'r’Yz + F<Xi7 t)}v <3>

where hg(-) is the baseline hazard function, -, is the coefficient vector corresponding to base-
line covariates z;, x; is the collection of all outcomes for subject ¢, and F(x;, t) is the regression

term of multiple latent processes at time t. We consider the framework of shared random
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effects models (Wu and Carroll, 1988; De Gruttola and Tu, 1994) as it takes into account
the entire history of the latent processes and let F(x;,t) = ZgL:O1 EioYor + Z}]:1 25:11 Gijevrjes
where 7, and 7,5, are the coefficients corresponding to the shared and outcome-specific
latent profiles, respectively. The hazard model extends the model in Yan et al. (2017) for

univariate functional data to multiviarate functional data.

2.3 Likelihood of Joint Model

For model estimation, we now derive the likelihood function of the multivariate longitudinal
outcomes and the event time data.

We shall introduce some notation, which will be used throughout the rest of the paper.
Let & = (&1,-++,&1,)" be the vector of scores for the shared latent profile U;(¢). Then
&, ~ N(0,Dy), where Dy € REoxLo is a diagonal matrix with do, the £th diagonal element.
Let ¢;; = (Gij1,-+,Gjz,) | be the vector of scores for the outcome-specific latent profiles
Wi;(t). Then ¢;; ~ N(0,Dy), where Dy € R¥ > is a diagonal matrix with dy, the (th diag-
onal element. Similarly, let y;; = (Yi1,--- ,Y;jmi)T be the vector of observations for the jth
outcome and y; = (y;}, - ,yiTJ)T. Let pu;; = {pij(tin), - - 11 (tim, )} be the vector of the
jth mean function at the observed time points. Let ®(t) = {¢1(t),--- , ¢z, (1)} and (t) =
{1 (t), - 0, (1)} . Thenlet ®; = {® (L), -, ®(tim,)} and Oy = {O (L), -, O (tim)}
be the matrices of eigenfunctions evaluated at the observed time points. Denote by x;; =
{Xi;(tin), -, Xij(tim;,)} " the vector of the jth outcome evaluated at the observed time points
without measurement errors, note that x;; = 3;(®:€;, + ¥;(;;), and x; = (x}},- - ,X,I])T
Finally, let t; = (tj1, -+ ,tim,)’ be the vector of the observed time points, and ¥; =
blockdiag(o?L,,,, - ,0%1,,).

First, the conditional likelihood of multivariate longitudinal data is

Fyilxi, t, 3;) = (|27T2i|)_% exp {_%(Yi —x;) B (yi — Xz)} (4)

and f(&|Do) = (|27Dy|) "7 exp (—1&/ Dy'¢,), f(¢;;/D1) = (|127Dy]) "2 exp (—1¢ DT'¢,).
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Next, the conditional likelihood of time-to-event data is given by
T;
F(T3, Adlho, 22, %0, 7.0 7,) = {ho(T3) exp(z] 7. + 0] 7,)} " exp {—/ ho(u) exp(z; v, + mT%,)dU} , ()
0

T
where n;, = (éz 7C117H ’ Cz]) ) 777 = (78—77]—17 T 7’71]) »y Yo = (7017' o 770L0)T7 and 71] =

(Y11, »,v1jz,) " for all j. As the multivariate longitudinal data and the time-to-event data

are conditionally independent given the latent process x;, the marginal likelihood is given by

n

H [/f yz|Xlat172) 5 |D0 {Hf Cz]lDl } (E;Ai|h07zi7xiy7zﬂ’7n)dni] : (6>

=1

3. Model Estimation
3.1 Two-Step Method

A naive estimation method would be to use a two-step method by first predicting the scores
from the longitudinal data model (1) and then doing plug-in for Cox regression model (3).
The first step is non-trivial so we shall provide some details.

First, for each longitudinal biomarker, the mean function is estimated by penalized splines
(Eilers and Marx, 1996). Next, we adopt the fast covariance estimation method for mul-
tivariate sparse functional data in Li et al. (2020) to obtain estimates of the auto- and

cross-covariance functions, Cji, and error variances, o7, via bivariate penalized splines.

s
Finally, we treat the estimates as true auto- and cross-covariances and estimate (3; as in Web
Appendix A. Once BJ are obtained, 50 can be solved by least squares using equation (2) with
j # j'. Then, C, can be solved similarly using the same equation with j = j'. The negative
eigenvalues will be discarded to ensure that the covariances are positive semi-definite. We
then use the conditional expectation approach for predicting the scores, a popular approach
in traditional joint modeling (Wulfsohn and Tsiatis, 1997) and sparse functional data analysis
(Yao et al., 2005); see Web Appendix C for details. Finally, the predicted scores, ]@(ni]yi),

where the estimates of fixed quantities are plugged in, will be used in the Cox regression.

Despite its computational advantage, the two-step method has some well-known draw-
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backs: (1) it is a marginal approach which ignores the inherent correlation between the
longitudinal and survival process and often leads to inferior statistical efficiency; (2) the
predicted scores in the first step are usually biased and the estimation error will propagate
into the subsequent Cox regression. Nevertheless, we shall compare the two-step method
with the proposed estimation method below and demonstrate the superiority of the latter
one in the numerical study. In addition, the estimates from the two-step method can be used

as initial values for the joint estimation method.

3.2 Monte Carlo EM Method

3.2.1 Reduced Rank Splines. Following Yao (2007) and Huang et al. (2014), we use
reduced rank splines for modeling the smooth mean functions and covariance functions. Let
b(t) = {Bi(:),---,B.(-)}" be the vector of B-spline basis functions in the unit interval
(de Boor, 1978), where ¢ is the number of equally-spaced interior knots plus the order
(degree plus 1) of the B-splines. We model the mean function w;(t) by b(t)"a;, where
v is the coefficient vector of the jth mean function. Let G = [ b(¢)b(¢)"dt € R®*¢, which is
positive definite (Zhou et al., 1998). Then b(t) = G~zb(¢) are orthonormal B-spline bases.
For the covariance functions Cy and C;, we approximate their ¢th eigenfunctions ¢,(t) and
e(t) by E(t)Teog and E(t)TOM, respectively, where Oy, and 0, are coefficient vectors. Let
Oy = [0o1,...,001,] and ©1 = [011,...,0:1,]. Then the orthonormality of eigenfunctions
gives the constraints, @g ©®y=1;,x1, and @1T®1 = I1,x1,. These constraints are equivalent

to 0&90@ = 0&01[/ = 1{525/}.

3.2.2 E-Step. Although nonparametric functions are components of the proposed model,
their spline representations allow a parametric estimation based on the EM algorithm. The
full data likelihood depends on the latent random variables i, and can be optimized via the
EM method, which treats 1, as missing values and iterates between E-steps and M-steps until

convergence. Such a strategy is often deployed in parametric joint modeling (Wulfsohn and
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Tsiatis, 1997). We shall use the Monte Carlo EM algorithm, an alternative to the Gaussian-

Hermite quadrature, to approximate the numerical integrals in the E-step.

Let & = (a, -+ ,a))" be the vector of spline coefficients for the mean functions, 3 =
(B1,---,B;)" the vector of scaling parameters and o2 = (02,--- ,02)T the vector of error

variances. Denote by Q = {ho, 3,7,,7,, Do, D1, o, O, O, 0%} the set of parameters and
Q= {EO,B,ﬁz,ﬁn,ﬁg,ﬁl, a,0,,0,, &°} the estimate. Let g(-) be any smooth function of

n,, then the conditional expectation E{g(n,)|T}, Ay, zi,y:, t:, Q} is given by

fg(nz)f(ﬂa Ai|h07zi7 nzaazaﬁn)f(nz‘yutza 6(,67 @07 @17 DO) D17 6'2)d7h
ff(ﬂ?Ai|h07zi7ni’ﬁz7:)\/n)f(ni|yi7ti7a)/87 G)Ou 817D07D1782)dni

where f (E,Aimo,zi,ni,ﬁz,fyn) is the conditional likelihood in (5), and the second part

Y

of the denominator can be obtained from the joint normality of n, and y;, given the
data and parameter estimates; see Web Appendix C. We now use E;{g(n,)} to denote
the conditional expectation for convenience. In the E-step, because the integrals for the

conditional expectations have no closed form solution, we use Monte Carlo approximation

Zq 1.9(7’2 ) (ﬂaAi|h07Zian§q)7a\lza%n)
Zqzl (E;Ai|h07zian§q)7%’\z7;¥n)

where ngq) is the gth sample from the normal distribution f(n,|y;, t;, &, ,@, @0, @1, f)o, f)l, 5'2),

Eifg(m)} ~

)

and () random samples are drawn. To accelerate the convergence, we use the estimates from

the two-step method as the initial values of the parameters.

3.2.3 M-Step. Estimates of the current iteration can be obtained by optimizing separate
parts of the joint likelihood (6) in the M-step, because each part only involves disjoint sets
of parameters. Specifically, o, B3, @y, ®; and o? can be estimated iteratively by minimizing

the expected negative log likelihood of the longitudinal process (4),

ZZ {— log(270%) + — 575 {vi-Bia; - 8, (ﬁieogﬁﬁi@lc“)}z] .

i=1 j=1

We adopt an iterative algorithm to cyclically estimate the columns of ®, and ®,, and deploy

an ad hoc step to satisfy the orthonormality constraints on the parameter matrices. The

This article is protected by copyright. All rights reserved.



12 Biometrics, December 2008

parameters in the diagonal matrices Dy and D; are estimated by minimizing the expected
negative logarithm of [[ , f(&,|Dy) and [}, H;le f(¢;;1D1), respectively. The baseline
hazard function hg and the parameter vectors 7, and <, in the Cox regression can be

estimated according to the expected negative log likelihood of the survival process (5),

n

T;
> [_Ai {log ho(T3) + 2/ 7. + Ei(n/~,) } + /D ho(w)E; {exp (7] v. +n/~,)} du

=1

In particular, the baseline hazard hy is estimated nonparametrically by the Breslow estimator,
and <, and =, are updated by a one-step Newton-Raphson algorithm inside the loop. The
estimated standard errors of the Cox regression coefficients can be obtained by inverting the

observed information matrix. We defer the technical details to Web Appendix D.

4. Model Selection

As described in Section 3.2, cubic B-splines are used for approximating mean functions and
eigenfunctions. We use equally-spaced knots for constructing the splines and for simplicity,
we use the same number of knots for all spline functions. Following Huang et al. (2014), we
use the asymptotic theory in Li and Hsing (2010) to determine the number of basis functions
according to the sample size. For the simulation and data application, we use 9 spline bases
(¢ =9) which is found to work well. See Web Appendix E for implementation details.

The number of eigenfunctions is an important tuning parameter since it determines the
functional characteristics of the latent stochastic process. We use information criteria for
model selection, which requires an evaluation of the model complexity, the degrees of free-
dom of the model. It can be shown that the negative log likelihood is given by ¢, =
—2>7" | |log F(yilQ) + log E{f (T, As|zs, m;, )|, where f(y;|€2) is a normal density with
the covariance described in Web Appendix C, and the expectation can be approximated by

Q_l Zqul f(ﬂ7 Ai|h07 Z;, "72(‘Q)7 :)\Izﬂ %77)
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We approximate the degrees of freedom via the number of effective parameters,

Lo(Lo+1)  Li(Li +1
df .= Je+ (Lo + Li)(c+1) + P+ Lo+ JLy +2J — 1 — of ;* ) _ L ;* )

where Jc is the number of parameters for estimating the mean functions, (Lo + L1)(c+1) is
corresponding to the eigen pairs, P+ Lo+ .J L1 is the number of coefficients in Cox regression,
2J — 1 is corresponding to the error variance UJQ- and the scaling factor 3;, and the last two
terms are due to orthonormality constraints on @y and ©;, the matrix of spline coefficients
for eigenfunctions (see Section 3.2.1). Therefore, we may calculate AIC = /¢,, + 2 - df, and
BIC = /¢, + logn - df. We shall use a two-dimensional grid for selecting the two tuning

parameters Lo and L.

5. Data Analysis

We apply the proposed functional joint model (denoted as FJM) to the ADNI data for
jointly characterizing the varying patterns of the multivariate longitudinal outcomes and
their association with time to diagnosis of AD. The data are from the first two phases of
ADNI, which contain 803 participants with amnestic mild cognitive impairment (MCI, a
transition risk state between normal state and AD state) at baseline who had at least one
follow-up visit. Participants of the first phase were scheduled to be assessed at baseline, 6,
12, 18, 24, and 36 months with additional annual follow-ups included in the second phase.
Note that the exact follow-up times can actually vary. Thus, for the combined data, the
average number of visits is 4.72. For the analysis, the following variables are used as baseline
covariates: baseline age (mean: 74.4, standard deviation: 7.3, range 55.1 — 89.3), gender
(36.1% female), years of education (mean: 15.6, standard deviation: 3.0, range 4 — 20), and
the number of apolipoprotein E €4 alleles (APOE4, 56% >= 1), given their potential effects
on AD progression (Fleisher et al., 2007).

We consider various models listed in Table 1, including the proposed functional joint model
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and its variants. The hazard model is specified as
hi(t) = ho(t) exp {Age; v, + Gender;y, + Education;y. + APOE4;v, + F(x;,t)}

and the form of F(x;,t) is given in Table 1. Reduced models A and B share the same MFMM
submodel (1) as FJM. Reduced model A is a special case of the proposed model with only
shared components &; contributing to survival risk. Reduced model B is another special case
with only outcome-specific components ¢;; contributing to survival risk. Compared to FJM,
reduced model C only has shared components &, in both submodels. To fit FJM, we use the
settings of splines described in Section 4. The number of Monte Carlo samples and stopping
criteria are set as described in Web Appendix E. We select the numbers of eigenfunctions
according to BIC as we shall show in Section 6 that it performs well for model selection.
The three reduced models can be estimated similarly as the full FJM using the proposed
MCEM approach and model selection can be similarly carried out using BIC. In addition,
we consider the parametric multivariate joint linear model (denoted as MJM) proposed by
Henderson et al. (2000) and implemented in R package joineRML (Hickey et al., 2018). With
slight abuse of notation, we denote by By; and ;; the fixed effects, and by;; and by;; the
random intercept and slope in a linear mixed effects model for the jth outcome. For MJM,
the corresponding Cox coefficient for the jth outcome is ;.

Table 1 presents the overall performance of the various models. First, FJM has the highest
likelihood and smallest AIC and BIC, which compares favorably against the other models.
Second, Reduced model A is the closest to FJM in terms of the three criteria, followed by
Reduced model B and Reduced model C. We shall see later that the shared components play
a major role in determining AD risk, and hence Reduced model A outperforms Reduced
model B. Reduced model C not only overlooks the outcome-specific components in Cox
regression, but also ignores that heterogeneity in modeling longitudinal outcomes, which

explains why its performance is inferior to Reduced models A and B. Furthermore, MJM is
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outperformed by all other models, indicating that it gains to model the longitudinal outcomes
nonlinearly. Finally, we include the concordance index (Harrell Jr, 2015) for evaluating the
predictive ability of survival models as an additional criterion. Again, FJM has the highest
concordance index, while other models are slightly inferior to it. It is not surprising to see
that Reduced model B is ranked last among the competitors since the shared components
are primary contributors to hazard risk.

As suggested by one reviewer, a partial functional linear model (PFL) might be adopted
proposed if the survival part is the primary interest (Kong et al., 2016). PFL treats the
functional outcomes as cross-sectional covariates and uses a linear combination of eigen
scores of each functional variable as the predictor in Cox regression. Despite the potential
multicollinearity of the scores, this model is similar to using W;;(¢) in MFMM but does not
separate the shared component from the outcome-specific components. One primary objec-
tive of joint modeling is to understand the associations between features of the longitudinal
outcomes and time to disease progression (Tsiatis and Davidian, 2004), and it is known that
multicollinearity may be an issue for this objective. Nonetheless, we have compared MFMM,
MFPCA, and PFL for survival prediction and found that MFMM performs best in terms
of the concordance index and PFL is outperformed by MFPCA. The above models are also
compared for fitting the longitudinal outcomes further showing advantages of MEFMM; see

Web Appendix F for details.

[Table 1 about here.]

Table 2 summarizes the estimated Cox coefficients from the functional joint model. We
have the following remarks. (1) The results show that APOE4 is significantly associated
with AD risk at level 0.05, which is consistent with existing AD studies. In particular, the
presence of APOE4 allele increases the hazard of AD diagnosis by 39.10% while adjusting

for other covariates. (2) The parameters 1, Y02 capture the effects of the latent disease
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process U;(t) manifested by the five biomarkers. The significance of these effects indicates
the contribution of the latent profile shared among the longitudinal outcomes to the hazard
of AD conversion, after adjusting for baseline clinical covariates. The result agrees with the
excellent predictive performance of the five biomarker reported in Li et al. (2017). (3) The
proposed functional joint model sheds new insight on AD study by successfully identifying
important associations between individual longitudinal outcomes and the survival. In Table
2, the individual effects of RAVLT-immediate 91, Y92 are significant, while others are not.
These results suggest that the progression patterns of the longitudinal outcomes (ADAS-
Cog 13, RAVLT-learn, MMSE, and FAQ) contribute to AD diagnosis mainly through the
shared latent profile, not through their outcome-specific progression. By contrast, RAVLT-
immediate contributes through the outcome-specific progression in addition to the shared
latent progression. Our findings are again supported by an independent study (Li et al.,
2019), which applied a penalized method and consistently selected RAVLT-immediate as

the only significant risk factor of AD conversion.

[Table 2 about here.]

Figure 3 presents the estimated mean functions of longitudinal outcomes by three methods.
Both FJM and MJM are based on joint estimation, and show a similar trend: the mean curves
are progressing toward mental deterioration over the months, suggesting an increased risk
of developing AD. These findings confirm the intuition since the participants in the study
suffer from MCI, which causes cognitive decline toward dementia. Moreover, FJM can further
characterize the nonlinear pattern of the biomarkers. Although MJM only provides linear
estimates, it correctly identifies the deteriorating trend. The two-step method (denoted as
2-step) fails in capturing such a degenerate trend since the curves are relatively stable during
the study period; this might be because the estimates are biased due to its marginal nature.

Additional results for the ADNI data are presented in Web Appendix F.
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[Figure 3 about here.]

6. Simulations

6.1 Simulation Settings

In this section, we compare the performance of the joint estimation, and the two-step method,
of the proposed model. We consider two cases of data generation and replicate each for 100
times. Here, we focus on case 1 which is a realistic setting with data generated according to
the fitted model of the ADNI study in Web Appendix G. See Web Appendix H for case 2
which is an alternative setting, but its results show a similar pattern as case 1.

The longitudinal data are generated according to MEMM (1) with two outcomes J = 2. The
outcome-specific mean functions, scaling parameters, and error variances are derived from
the estimates of ADAS-Cog 13 and RAVLT-immediate. We set two principal components
for both two covariances, and the eigenfunctions are specified as the estimates of Cy(s,t)
and Cy(s,t). The eigen scores &;’s are generated from a normal distribution N(0, dg,) with
do1 = 95.41 and dpy = 5.04. The outcome-specific eigen scores (;;;’s are generated similarly
with di; = 21.90 and dy5 = 2.05. We set the scaling parameters f; = 1 and fy = —1.44.
The white noise ;s are sampled from a normal distribution N(0, UJQ»), where o7 = 9.49 and
o3 = 21.98. The observed time points tiji = tip are 11 fixed time points of the ADNI study
mapped to the interval [0, 1].

The time-to-event data are generated according to Cox regression (3) with the coefficients
set as the estimates of the common components and outcome-specific components of ADAS-
Cog 13 and RAVLT-immediate. We use the baseline hazard function hy(t) = 1, and specify
the linear hazard rate function as Z?:l fi[}/og—l-Z?:l 23:1 Gijeyije, where the Cox coefficients
are v, = (0.33,0.31)7, v,; = (0.01,-0.27)7, 4,5 = (0.25,0.80)". Then failure times are

drawn independently from a standard exponential distribution. Censoring times Cjs are
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generated independently from a uniform distribution on [0, ¢p], where ¢q is a constant and
the final truncation time 7 = 1 is used so that the censoring rate is around 65%. For each
subject, only measurements at t;, < 7; are retained. We generate data with 803 subjects,
and the average number of observations per subject is around 5.5. All of these settings are

close to the real case of the ADNI study.

6.2 Simulation Results

We use the settings of model fitting described in Web Appendix E. First, we fix the number
of principal components as the truth Ly = L; = 2 and estimate model components. In
most of the replications, FJM converges within 200 iterations. The first two rows of Figure
4 present the estimated mean functions and eigenfunctions for ¢,(t) and 15(t). While the
medians of FJM are close to the truth, the two-step method has significant bias over the
time. Furthermore, we obtain the point-wise confidence bands based on the quantiles of all
the replications. The 95% confidence bands of FJM are able to cover the truth, but this is
not the case for the two-step method since the true means lie outside its 95% confidence
bands. The last two rows of Figure 4 summarize the estimates of the Cox coefficients. FJM
is reasonably close to the truth, but the two-step method shows significant bias.

Finally, we use AIC and BIC to select the number of eigenfunctions in the covariances
and evaluate the performance of the proposed approaches. One may define the candidate
ranks of the covariance by the proportion of variance explained (PVE) in the marginal
MFMM stage since the two-step method is used for providing initial values. For the two-step
method, the number of principal components can be selected by using either AIC or BIC
solely based on Cox regression as in Kong et al. (2018). For the two-step method, the rates of
correctly selecting two principal components for the covariances are 0.40 and 0.38 using BIC,

respectively. By contrast, the proposed approach for FJM achieves excellence in practice, the
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correct selection rates are 1.00 for all using BIC. For both the two methods, the rates of AIC
are slightly lower than those of BIC, so we use BIC for rank selection in the data application.

In summary, FJM shows very competitive performance and is superior to the two-step
method in terms of estimation and rank selection in all scenarios. Additional simulation

results are included in Web Appendix H.

[Figure 4 about here.|

7. Discussion

Our work can be extended in several directions. First, the MFMM framework is flexible
to further account for heterogeneity across multiple longitudinal outcomes. For example,
one might use two different scaling parameters multiplying U;(t) and W;;(¢) in model (1).
Moreover, one might model W;;(t) with heterogeneous covariances to incorporate any prior
information. We have adopted model (1) with homogenous covariances in this paper as it
is found to better fit the ADNI data. Second, it is worth developing a joint integrative
modeling framework to incorporate imaging, genetic, and longitudinal biomarkers into the
Cox regression (3) and comparing it with a predictive model proposed by Kong et al. (2015),
which treats time to AD as the survival outcomes and uses multimodal data to predict AD
progression. Finally, the theoretic properties of the proposed joint model are unclear, which

warrant avenues for future research.
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Table 1
Model comparison. The “best model” row gives selected number(s) of eigenfunctions by BIC.
FIM Reduced A Reduced B Reduced C MJM
X,; (t) R’IFI\’H\I I\’IFI\’H\I 1\’1F1\ﬂ\’1 [lj (t) + B]' U7 (t) ng + ﬁ]jt + b()ij + bl,;jt
F(xi,t) S0 Evor + Z_}lzl St Gine Sy Gievoe Z_}lzl SO Cenge e Eivoe Z;]:l(bozj + buijt)y;
Best model (Lo, L1) = (2, 2) (Lo, L) = (2,2) (Lo, Ly) = (2, 2) Lo=2 NaN

log likelihood -37773.30 -37849.41 -37954.25 -39718.01 -47249.77

AIC 75754.60 75906.83 76116.50 79590.03 94657.54

BIC 76242.19 76394.42 76604.09 79951.03 95272.71
Concordance 0.86 0.85 0.77 0.84 0.85
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Table 2
Estimates (standard errors) of Cox regression coefficients from functional joint model. An asterisks indicates
significance at level 0.05.

FIM Coefficient  Estimate (standard error) P-value
Age Ya -0.01 (0.01) 0.06
Gender (Female) Vg 0.27 (0.23) 0.25
Education Ve 0.03 (0.03) 0.29
APOEA4 Ve 0.33 (0.15)* 0.03
. Yo1 0.33 (0.02)* 3e — 51
Shared latent progression o 0.29 (0.09)* 0.01
i . Y11 0.00 (0.08) 0.97
ADAS-Cog 13 progression o 20.24 (0.22) 0.98
. . . Yo1 0.20 (0.08)* 0.01
RAVLT-immediate progression o 0.73 (0.19)* 9e — 5
) . Y31 0.03 (0.08) 0.74
RAVLT-learn progression . 20.06 (0.29) 0.83
. Va1 -0.04 (0.06) 0.51
MMSE progression o 20.26 (0.28) 0.35
. Y51 0.09 (0.07) 0.16
FAQ progression Y52 -0.21 (0.20) 0.29
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