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Abstract

The potential for matter to self-assemble in complex morphologies and to follow in-

tricate dynamics is of great fundamental interest as well as for a broad array of

applications in nanotechnology, catalysis, drug delivery, and beyond. The inherent

complexity of these processes, however, is a challenge both to theories and to numer-

ical simulations. This dissertation focuses on two such complex systems: (i) equilib-

rium microphases and (ii) out-of-equilibrium active matter. In the first part, a model

of microphase formers with short-range attractive and long-range repulsive (SALR)

interactions is investigated. First, using various advanced Monte Carlo methods, a

thorough characterization of the disordered regime of this model is obtained. Given

that this regime had thus far eluded systematic characterization, the results serve as a

benchmark for evaluating algorithmic performances. Around the order-disorder tran-

sition, existing algorithms nevertheless remain inefficient at sampling configurations,

due to the severe critical slowdown. To understand the limitations of these algorithms

in microphase formers, simple spin models are studied in a one-dimensional chain,

on a two-dimensional square lattice and on the Bethe lattice. The results reveal that

the existing cluster algorithms overestimate the correlation length, and therefore its

divergence no longer coincides with the critical point. In fact, because frustration

depresses the correlation length, a negative bonding probability would formally be

needed for a cluster scheme to succeed. Two cluster algorithms that approximate

this effect are proposed and shown markedly to improve sampling, albeit only for

small to moderate system sizes. In the second part, the out-of-equilibrium nature of

active matter is confronted with the goal of obtaining first-principle descriptions of its

behavior. Sluggish dynamics (and arrest) at high densities in these systems is a par-

ticularly challenging concern. To obtain insight into the thus-far unsolved dynamic
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mean-field theory (DMFT), which is exact in the high-dimensional limit d → ∞, I

have conducted simulations of active Brownian particles (ABP) in the heterogeneous

random Lorentz gas environment, using event-driven Brownian dynamics algorithm

in d spatial dimension. The results reveal that activity shifts the glass transition to

higher density and saturates around the percolation threshold. The non-Gaussian

parameter is also markedly different from that of the passive systems. These findings

suggest that non-trivial processes might be at play in the arrest of active matter,

which helps chart the way for eventually solving and extending the DMFT.
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Chapter 1

Introduction

Throughout human history, materials have played a crucial role, shaping the trajec-

tory of civilizations and driving technological advancements. However, the full poten-

tial of materials remains untapped, given that a complete microscopic understanding

is needed to control their properties. One promising but challenging direction to

achieve this level of control lies in the self-assembly of (microscopic) constituents,

particularly in the context of frustrated and disordered systems. Experiments are

challenging, time-consuming and expensive, but thanks to advances in computer

technology, virtual design and testing of materials offers a way to explore material

self-assembly processes and properties before embarking on their synthesis. The ulti-

mate goal extends beyond obtaining specific materials. We hope to create or develop

materials which are finely tuned and optimized based on our first-principle under-

standing. Comprehensive characterization and exploration of self-assembly behavior

is therefore imperative.

This thesis is concerned with the theories and simulations of in and out-of-

equilibrium behaviors of soft matter models, focusing on two phenomena: (equi-

librium) microphase separation and (out-of-equilibrium) active matter. In this first

chapter, their physical foundations are introduced. In the following chapters, recent

computational and theoretical developments for studying them are described.
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1.1 Microphase separation

Microphases are thermodynamically stable mesoscale structures found in diverse hard

and soft materials, such as block copolymers [1, 2] cell nuclei [3], colloidal suspen-

sions [4, 5], surfactant solutions [6] and magnetic alloys [7]. Their rich self-assembly

behaviors are induced by pairwise interaction between components and depend on

environmental conditions such as temperatures and densities, having notably found

applications in drug delivery [8, 9], nanoscale patterning [10, 11], lithography [12, 13]

and filtration membranes [14].

A common microscopic origin for microphases is competing short-range attrac-

tive and long-ranged repulsive (SALR) interactions, irrespective of the underlying

material constituents [15–19]. Short-range attraction promotes condensation, while

long-range repulsion frustrates the formation of extended domains. Turning on frus-

tration thus first suppresses the gas-liquid critical point and eventually substitutes it

(beyond the Lifshitz point) by a weakly first-order order-disorder transition (ODT) [2,

5, 20–23]. A typical phase diagram of SALR model is shown in Fig. 1.1 [24], display-

ing high-temperature disordered microphases of cluster and percolated fluids, and

low-temperature ordered microphases such as fcc-clusters, cylinders, lamellae and

gyroids.

Although microphases have aroused considerable material interests over the last

decades [24–39], some of their basic material properties remain poorly understood.

The facile formation of richly ordered microphases in block copolymers and its agree-

ment with early theory [20, 21, 25] were foundational to the field, but such peri-

odic structures, often fail to assemble in other systems. In colloidal suspensions, in

particular, mostly disordered microphases, such as cluster and percolated fluids are

observed [15, 16], in defiance of theoretical expectations [17, 24, 33–37]. The po-
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Figure 1.1: Phase diagram of SALR model in Ref. [24], indicating high-temperature
disordered phases and low-temperature ordered phases. Here show first-order tran-
sition (empty circles), order-disorder transition (solid circles), triple points (solid
squares), critical clustering density (triangles) and percolation transition (diamonds).

tential of colloidal suspensions to form void aggregates (cavities or pores) [38, 39]

akin to inverse structures of block copolymers or amphiphiles [6, 21] is also of pu-

tative interest for filtration and catalysis. Our limited understanding of disordered

microphases in general, and of void-based structures in particular, however, hinders

further development.

To make matters worse, numerical simulations of the disordered microphases are

computationally challenging. For one thing, sampling and equilibration in this regime

are fairly slow, especially regarding that relatively large system sizes are required for

mesoscale structures to form and for spurious correlations to vanish. This is because

the standard (local) sampling algorithms are inefficient in capturing the collective

behaviors of self-assembled structures and difficult to overcome the energy barriers

of displacing the particles. For another thing, around the order-disorder transition,

simulations experience severe critical slowdown, since frustration exists. Therefore,

3



developing more advanced simulation methods is in urgent demand.

1.2 Active Matter

Remarkable self-assembly or collective movements are also observed in living sys-

tems, including macroorganisms, such as bird flocks or insect swarms [40–42], as well

as microorganisms, such as bacterial swims and cell motility [43–46]. Such types

of collective behaviors require dissipating energy, and are well recapitulated by far-

from-equilibrium physical models of active or self-propelled particles that travel along

a specific direction by taking up energy from their environments [47–49]. Yet even

minimal models, such as active Brownian particles (ABP), in which random fluc-

tuations and directed active forces interplay [50–54], remain challenging to describe

from first principles. While the physical origin of motility-induced phase separation

(see Fig. 1.2) as been extensively studied [55–59], other aspects of the properties of

these models, such as the nature of their dynamical arrest at high densities, remains

debated [60, 61]. In particular, how similar is that arrest to that of simple glass

formers?

Mean-field–like descriptions from either spin-glass theory [62], mode-coupling the-

ory (MCT) [63–67] or dynamical mean-field theory (DMFT) [68–70] offer some phys-

ical insight, but also present severe limitations. The first is based on a loose analogy,

the second on uncontrolled approximations, and the third cannot be solved using ex-

isting numerical tools (other than in the dilute limit [71]). In that sense, the problem

is even more challenging than that of simple glasses [72].

In this context, one promising approach is to employ numerical simulations to

interpolate between systems of interest and the infinite-dimensional, d → ∞ limit

in which the mean-field description is exact. This strategy, which has been quite

4



Figure 1.2: Snapshots of 2D active Brownian particles for various overall area frac-
tion ϕ0 in Ref. [59], illustrating motility-induced phase separation of dilute and dense
phases.

powerful in the study of jamming and of simple glass formers [73], has notably iden-

tified the importance of marginality around the jamming transition and distinguished

mean-field like processes from non-perturbative ones, such as instantons, around the

dynamical arrest [74]. Such a scheme can further provide insight into how to attack

it.
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Chapter 2

Disordered microphases in 3D continuous
model

In this chapter, we conduct a study of a schematic SALR model in 3D, both thor-

oughly describing the various structural regimes of disordered microphases, and char-

acterizing the algorithmic dynamics of various advanced sampling schemes. The

targets are two-folds: for one thing, the simulation results are expected to enhance

understanding of equilibrium disordered phases providing explanations or predictions

for experimental phenomena; for another, the standard (and also commonly used)

local-move algorithms are mostly inefficient in sampling disordered regimes, so this

work provides a benchmark for the evaluation of algorithmic performances, and also

contributes to improving computational efficiency.

2.1 Model

1 2 3 4

-1

1

Figure 2.1: Radial profile of the SALR pair interaction considered in this work. The
hard core repulsion for r < σ, is followed by a square well attraction over σ < r < λ0σ
and then by a constant repulsive step, extending over λ0σ < r < λ1σ.
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The pair interaction potential for the schematic SALR model considered in this

work is given by (see Fig. 2.1)

u(r) =



∞ r < σ

−ε σ < r < λ0σ

κε λ0σ < r < λ1σ

0 r > λ1σ

, (2.1)

for which a hard-core of diameter σ, which sets the unit of length, is followed by a

square-well attraction of strength ε, which sets the unit of energy. Attraction is felt

up to λ0σ, after which a repulsion of strength κε is felt up to λ1σ. This particular

continuous space model is chosen so as to capture the essential material behavior of

microphase formers, while also being amenable to various computational optimiza-

tions. Although not specifically designed to recapitulate any particular experimental

system, it is thought to be reasonably representative of generic simple microphase

formers. (In this context, the computational convenience of Eq. (2.1) for examining

the structures and dynamics of diverse regimes outweighs the considerations of legacy

SALR models, including our own.)

In this work, systems are simulated in cubic boxes of volume V under periodic

boundary conditions withN = 250-5000 particles, depending on the structural regime

considered. We set λ0 = 1.5, λ1 = 4.0, κ = 0.025. The results and analysis are robust

beyond this specific choice as long as: (i) the attraction range is taken to be broad

enough to have a stable condensation transition in the absence of frustration, and thus

keep sampling relatively facile; (ii) the repulsion range is taken to be broad enough

to frustrate a few layers of neighbors yet short enough to not overly increase the

number of interacting neighbors and thus computational costs; (iii) the combination

7



of frustration range and strength is sufficient to bring the system beyond the Lifshitz

point, κL(λ1). This last constraint is further discussed in the context of the virial

series below. For the structural analysis, particles separated by a distance smaller

than the attraction range are reckoned to be neighbors. Given this definition, two

types of bonds are considered in this work: i) geometric bonds between any neigh-

boring particles; ii) (probabilistic) physical bonds between neighboring particles, as

determined–in the spirit of Coniglio-Klein [75]–with pB = 1− exp (−βε/2) at inverse

temperature β = 1/T (with unit Boltzmann constant, kB = 1). Bonded particles

are reckoned to belong to a same cluster, and hence geometric clusters and physical

clusters can be analogously defined.

2.2 Characterization

The simplicity of the chosen model makes its first few virial coefficients – Bn(T ) –

analytically accessible (see Appendix A). Their consideration is instructive, because

systems with SALR interactions are known to display significant deviations from

ideality even at relatively low densities [18]. A proposed way to assess the onset of

clustering involves examining deviations from the ideal gas pressure P equation of

state as [24, 32, 77]

h(ρ;T ) =
βP − ρ

ρ2
= B2(T ) +B3(T )ρ+B4(T )ρ

2 +O(ρ3), (2.2)

for number density ρ = N/V , and identifying the ccd as a marked depression in

h(ρ;T ). (A peak in the heat capacity offers another common estimate of the ccd

[78–81]. Both measures are further discussed in Sec. 2.4.) For now, the key realiza-

tion is that Eq. (2.2) relates h(ρ;T ) obtained from simulations to the virial series.

8
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Figure 2.2: (a) Density evolution of the low-density reduced equation of state,
Eq. (2.2), for T = 0.5-0.9 in increments of 0.05 as well as for T = 1.0, from bottom to
top (solid lines). The critical clustering density (ccd, dots) can be extracted from the
first (local) minimum of h(ρ), which vanishes between 0.85 and 0.9. As expected, the
virial series (dashed lines) is consistent with simulation results (for N = 500 using
ECMC, see Sec. 2.3) at low densities. In particular, they have the same intercept
(B2(T )), initial slope (B3(T )), and curvature (B4(T )). The strongly cooperative
nature of clustering, however, leads to marked deviations from the low-order virial
series in the vicinity of the ccd. (b) Fourth virial coefficient, B4(T ) (black), for κ = 0
(dashed lines) and κ = 0.025 (solid lines) along with its various contributions: B4(4)
(yellow), B4(�) (orange), and B4(2) (blue) (see Appendix A). Around T = 0.89,
B4(T ) changes sign, which suggests a marked increase in clustering at a point co-
incident with the disappearance of ccd in h(ρ). (Inset) Similarly, B3 for κ = 0.025
changes sign around T = 0.8. Note that both B4(T ) and B3(T ) are given on a bi-
symmetric logarithmic scale[76].

Comparing the virial series up to n = 4 with numerical results reveals a near quan-

titative agreement at low densities or high temperatures, which cross-validates both

approaches (Fig. 2.2(a)). Once clustering emerges, however, very pronounced devi-

ations from the virial series arise. The cooperative nature of clustering is such that

even at ρ ≈ 10−3, tens of virial coefficients (roughly, the typical cluster size) would

likely be needed to recapitulate the simulation results. (As a corollary, a small num-

ber of coefficients likely suffices to capture the depression of h(ρ;T ) in systems that

form but small clusters, such as one-dimensional models with SALR interactions[77].)

In other words, although clustering is not associated with any free energy singularity,
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it nevertheless corresponds to a very strong perturbation around the ideal gas limit.

These first few virial coefficients are also useful in predicting the emergence of

a ccd. The appearance of depression in h(ρ) with temperature takes place in a T

regime where both B3(T ) and B4(T ) change sign (Fig. 2.2(b); Appendix A). This

co-incidence is associated with the clustering instability (see Sec. 2.4), but broader

predictions about h(ρ), including its minimum, would likely require coefficients for

n of the order of the cluster size. The change in sign of these coefficients with

temperature can nevertheless be used to estimate how large frustration needs to be

for κ ≳ κL(λ1), and thus for a robust disordered microphase regime to emerge.

2.3 Advanced Monte Carlo Methods

Consider, for instance, cluster formation which, akin to micelle formation, occurs

at low temperatures and beyond a concentration range known as critical clustering

density (ccd) (analogous to the critical micelle concentration (cmc)). In experiments,

two main dynamical pathways are generally acknowledged [82, 83]: a fast particle

exchange between clusters and environments, and a slow cluster formation and disin-

tegration. Both are activated processes and the latter can be considerably slowed by

high free energy barriers to cluster formation [84]. In this context, numerical simula-

tions that rely on standard (local) sampling algorithms are inefficient in two respects.

First, the energetic barrier to single particle displacements can be dynamically pro-

hibitive. Second, both intra-cluster relaxation and whole-cluster diffusion rely on even

slower collective rearrangements. These hurdles hinder parameter space exploration,

and may even weakens confidence in conclusions drawn from numerical works. In

order to efficiently sample the long-range displacement of both clusters and particles

as well as that of inter-cluster particle exchanges, advanced sampling techniques thus
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ought to be considered. Several generic candidate schemes exist–VMMC (Virtual-

Move Monte Carlo) [85–87], AVBMC (Aggregation-Volume-Bias Monte Carlo) [88]

and ECMC (Event-Chain Monte Carlo) [89]–but their relative (or combined) efficacy

and structural adequacy remains largely untested for microphase formers.
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Figure 2.3: Schematics of the various advanced Monte Carlo sampling algorithms
considered in this work. (a) VMMC coherently displaces a pseudocluster (blue)
obtained from an iterative linking scheme. Solid lines denote internal links. (b)
AVBMC swaps a target particle i to the bonded (in) or unbonded (out) region of
another selected particle j with a preassigned biasing probability. Only the case with
i initially out of the neighboring of j is shown here. (c) ECMC proceeds through
lifting, with a moving particle (orange) transferring motion to its collision partner.
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2.3.1 Virtual-move Monte Carlo

Virtual-Move Monte Carlo is a type of cluster-move Monte Carlo [85] that simultane-

ously displaces a series of neighboring particles as a pseudocluster (see Fig. 2.3(a)).

The method is specifically designed to realize the collective displacement of groups of

strongly attracting particles, while preserving microscopic reversibility. By applying

collective (rather than single-particle) moves, VMMC accelerates both intra-cluster

rearrangements and whole-cluster diffusion.

More specifically, the approach randomly selects a particle to displace, and the

collective motion of its neighbors is determined by a preset probability, plink ∈ [0, 1),

that optimizes the sampling efficiency,

pij(o → n) =

 plink, rij(o) < λ0σ;

0, rij(o) ≥ λ0σ.
. (2.3)

Note that although plink is conceptually related with physical bonding, as defined in

Sec. 2.1, it can be distinct from it. For the SALR model in Eq. (2.1), only particles

within the range of attraction are considered as potentially linked. The pseudocluster

is then grown by recursively testing the linking probability of neighbors of other

cluster members. The acceptance ratio for the collective motion that follows from

the detailed balance is then

acc(o → n)

acc(n → o)

= min

1, e−β∆E ·
∏
⟨ij⟩u

1− pij(n → o)

1− pij(o → n)

 (2.4)

where ∆E is the energy difference between configurations o and n, and ⟨ij⟩u denotes

unlinked particle pairs, in which one particle is in the pseudocluster and the other is
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not.

For systems with large clusters–including elongated or even percolated structures–

the size distribution of pseudoclusters is a particularly crucial consideration. Because

the seed of the pseudocluster is randomly selected, larger clusters are more likely to be

considered, and rejecting trial moves for these clusters is computationally wasteful.

Pseudocluster displacements may then also span the entire system, and thus not

significantly relax the overall system structure. To minimize this possibility, we follow

the proposal of Ref. [85] of defining a cutoff of pseudocluster size nc with probability

∝ 1/nc for each move, and thus each cluster can be selected with equal probability.

If the size of the pseudocluster exceeds nc, then the probability of forming other links

(Eq. (2.3)) is zero [87]. A reduced rejection rate ensues.

Note that the rotational counterpart of this scheme was also considered, but was

found not to significantly improve sampling, and is therefore not further discussed

here.

2.3.2 Aggregation-volume-bias Monte Carlo

In systems with strong attraction (or, equivalently, at low temperatures), the lo-

cal MMC moves inefficiently sample phase space because many particles are then

similarly locally trapped. Specific configurations may then have a large Boltzmann

weight because of their low energy, but their overall relative contribution to phase

space remains small. In order to surmount this specific sampling challenge, the biased

non-local Aggregation-Volume-Bias Monte Carlo (AVBMC) was proposed [88]. This

scheme improves cluster sampling efficiency by moving one particle from one aggre-

gate to another, regardless of the intermediate energy barrier (see Fig. 2.3(b)). As

long as most particles are at the surface of clusters, surface-to-surface displacements
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within or between clusters accelerate sampling.

More specifically, for AVBMC a randomly selected particle i is either inserted into

the bonded region of another random particle j with probability ∝ pbias/Vin, or into

the unbonded region with probability ∝ (1−pbias)/Vout, where pbias is the preset bias-

ing probability, and Vin or Vout is the volume of inner (bonded) or outer (unbonded)

region of particle j. Considering the relative positions of these two particles before

and after displacements, the acceptance rules of the four resulting cases are,

acc(oout → nout) = acc(oin → nin)

= min
[
1, e−β∆E

] (2.5)

acc(oout → nin) = min

[
1,

(1− pbias)Vin

pbiasVout

e−β∆E

]
(2.6)

acc(oin → nout) = min

[
1,

pbiasVout

(1− pbias)Vin

e−β∆E

]
(2.7)

where subscripts denote the position of particle i relative to particle j.

This method enhances the probability of removing or adding a particle from or to

a cluster. However, AVBMC does not specifically facilitate cluster fusion, fission, or

diffusion. To solve this problem, Wu suggested combining single-particle moves and

cluster motions [90], which we also examine below.

2.3.3 Event-chain Monte Carlo

In order to avoid the high rejection rate of standard MMC in SALR models, we

also consider an extended version of the rejection-free ECMC algorithm [89, 91],

which breaks detailed balance but still satisfies (global) balance. In this scheme,

a randomly selected particle i moves in a preassigned direction with a succession

of infinitesimal displacements, until it collides with a particle j that then contin-
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ues the motion through a process called lifting, which is reminiscent of momen-

tum transfer. Here a factorized Monte Carlo filter is applied pfact(o → n) =∏
i,j

min [1, exp (−∆Eij)], which is parallel to the Metropolis acceptance probability,

acc(o → n) = min [1, exp (−
∑
i,j

∆Eij)]. Lifting happens if the particle move is re-

jected, thus efficiently overcoming spatial traps.

More specifically, the displacement of i before lifting j, δij, is obtained from

E∗
ij =

∫ E∗
ij

0

[dEij]
+ =

∫ δij

0

[
∂Eij(rj − ri − δek)

∂δ

]+
dδ (2.8)

where [dEij]
+ denotes the energy increase for an infinitesimal displacement, and E∗

ij

is the admissible energy increase, such that E∗
ij = − ln γij with γij a number taken

uniformly at random over the interval [0, 1) [89]. For efficiency, convenience, and

without loss of generality[89], we take ek with k ∈ {x̂, ŷ, ẑ}. After calculating the

set {|δij|}, for ∀j ̸= i, its minimal value is taken as the actual displacement of i,

thus identifying the position and the collision partner of the next lifting. When the

total displacement of an event chain equates the preset chain displacement l, the last

moving particle stops.

Incidentally, this scheme also yields an unbiased estimator of the pressure equation

of state [89]

βP

ρ
=

〈
xfinal − xinitial

l

〉
chains

=

〈 l +
∑
lifts

(xj − xi)

l

〉
chains

(2.9)

where ⟨ · ⟩ is the average over event chains, and
∑
lifts

(xj−xi) is the excess displacement

from lifting. In other words, the numerator is the difference between the positions

of the first and the last particle in the event chain, and the denominator is sum of
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individual particle displacements, l, by construction. In practice, we find this on-the-

fly estimator to more efficiently suppress short-time fluctuations of pressure than the

traditional virial theorem route.

2.4 Disordered Microphases

In this section, we provide a thorough investigation of the various structural regimes

of the high-temperature fluid phase in which equilibrium disordered microphases are

observed. It should be emphasized that the particle/void cluster fluid and parti-

cle/void percolated fluid regimes are not proper thermodynamic phases. They are

separated by crossovers rather than by phase transitions. In other words, the position

of the separation lines (crossovers) are identified by abrupt yet continuous changes

of the chosen observables. They are also observable dependent, even in the ther-

modynamic limit. The width of the crossover region can be assessed by perturbing

the physical threshold for a given observable or by considering different observables.

Once a particular observable and criterion is chosen, however, the distinction between

different regimes can be obtained with high accuracy. Here our particular choices of

observables are motivated in part by the aim of assessing the algorithmic efficiency

of various MC sampling schemes in Sec. 2.5.

In the following we present specific observables used to detect particle and void

clustering, cluster asphericity, percolation and order-disorder transition (ODT). In

all cases, a minimum of 20 replicate simulations are run for at least 105 and up to

106 MC moves at each state point in the constant NV T ensemble. The sampling

duration depends on the regime considered and on the sampling algorithm used, but

in each case proper equilibration and then sufficient sampling are achieved (reaching

at least 10τ based on the dynamical results of Sec. 2.5). In general, low-temperature
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Figure 2.4: T -ρ phase diagram of the SALR model specified in Sec. 2.1, highlighting
the various structural regimes of disordered microphases. The ccd estimates from h(ρ)
(purple stars, as in Fig. 2.2) and from CV (blue diamonds) coincide at low T , but
separate as T increases. The former terminates at roughly the same T as that of the
clustering onset from the cluster size distribution sΠ(s) (cyan cubes), while the latter
tracks the clustering density from sΠ(s) but without non-trivial end point. At lower
T , the particle and void clustering regimes subdivide between spherical and elongated
clusters (yellow circles), as obtained from the cluster anisotropy distribution. The
particle physical (black downward triangles) and void geometrical (black upward
triangles) percolation threshold lines delineate the percolated fluid (bicontinuous gel)
regime. The dome of ordered microphases (red shaded area) is delimited by the
temperature onset of periodic microphase self-assembly, but is here only roughly
determined. Otherwise, errors are comparable to the symbol sizes.

conditions and the vicinity of the ODT require more system replicas and longer

sampling to achieve proper averaging.

2.4.1 Order-disorder Transition (ODT)

The ODT that replaces the gas-liquid critical point in SALR models with sufficiently

strong repulsion is reckoned to be weakly first-order for isotropic interactions [5, 20,

22]. This transition identifies the highest temperature at which ordered periodic

microphases–which for sufficiently symmetric interactions are lamellar–can be ob-

served. Zhuang et al. [92] have estimated the ODT for a related SALR model based
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on the melting of that order. Because we don’t have here access to equilibrated

configurations at T < TODT, we instead estimate that transition using the local max-

imum of the heat capacity. Although somewhat imprecise, this estimate nevertheless

aptly serves the purpose of bounding the high T end of the T − ρ dome of ordered

microphases, so that disordered microphases can be studied without interference.

The weakly first-order nature of the ODT suggests that the heat capacity peak

should first exhibit a critical-like scaling with system size, until a first-order like

discontinuity is reached. Most of this phenomenology is, however, beyond the reach

of our current simulation scheme and computational resources. As a result, our ODT

estimate is but an upper bound to the thermodynamic transition. The large error

bar for the ODT in Fig. 2.4 (red dot) reflects the crudeness of this approach. More

accurate ODT will hopefully be obtained in the future given improved sampling

algorithms. For now, it suffices to note that for T ≥ 0.65 all systems can confidently

be deemed to lie in the equilibrium high-temperature disordered phase. We here

mostly consider systems above that temperature. Only at densities far below or far

above that of the ODT, do we consider systems at lower temperatures. In these

regimes, microphase ordering emerges at even lower T (as roughly assessed from the

T onset of periodic microphase self-assembly for different ρ in Fig. 2.4), and thus our

consideration of the disordered microphase regime remains safely distant from it.

2.4.2 Particle Clustering

For sufficiently low temperatures, increasing density leads to a sudden onset of clus-

tering. As commonly argued, this critical cluster density (ccd) of SALR systems is

akin to the critical micelle concentration (cmc) of surfactants [77, 80, 93–95]. Two

main thermodynamic observables have been suggested to detect this transformation.
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Figure 2.5: Evolution of (a,b) the cluster size distribution, (c,d) the free energy of
cluster formation, and (e,f) the cluster anisotropy distribution for (a,c,d) T = 0.55
with density ρ = 0.03-0.12 in 0.01 increments (from blue to red) and for (b,d,f)
ρ = 0.1 with T = 0.5-0.85 in 0.05 increments (from blue to red). Note that the
equilibrium monomer free energy is arbitrarily set to zero, and should thus not be
confused with the free energy of a gas-state particle. Insets in (a) and (b) give the
relative weight of the sub-cluster peak in the corresponding distributions.

First, following the standard micellization procedure [80], deviations from the ideal

gas equation of state (or h(ρ) from Eq. (2.2)) are often considered (see Sec. 2.1 and

Fig. 2.2). The microscopic motivation is that in the aggregation process–from a gas

of particles to a gas of clusters–the number density of independent species goes down

markedly. As a result, the growth rate of pressure changes at the onset of clustering

captured by h(ρ). Second, the heat capacity detects the instability of the homoge-

neous fluid upon the rapid increase of thermal excitation that accompanies cluster

formation [78–81]. In two-dimensional studies of lattice and off-lattice models [80,

19



81], CV was found to predict an onset of clustering consistent with that given by

direct cluster detection schemes. Because CV captures structural rearrangements

indiscriminately and not specifically clustering, however, in more complex systems

(such as three-dimensional off-lattice models) other excitations could obfuscate this

identification.

At higher T , the local minimum of h(ρ), which follows from the instability of the

homogeneous fluid to clustering at low T (Fig. 2.2), fails to detect any structural in-

homogeneity. (Interestingly, percolation also goes unnoticed.) By contrast, the heat

capacity peak shifts to higher ρ and persists even beyond the percolation line. This

last regime is clearly unrelated to clustering and likely stems from degrees of free-

dom other than cluster (dis)assembly then becoming thermally facile. In particular,

the next dominant contribution to CV is facile cluster scission and reformation, as

observed. (Rotations or combinations of vibration and rotation have also been pro-

posed [78, 96], but are not observed in our simulations.) The peak in CV weakens and

broadens as T increases, and is expected to eventually vanish, because the pure hard

sphere limit exhibits no such peak. The question, however, remains. In the cluster

regime, which observable better tracks the actual clustering process? We get back to

this point after having examined the cluster size distribution more completely.

Particle clusters in the SALR model studied here (and in others [97]) are struc-

turally a lot richer than typical spherical micelles, which tend to have fairly narrowly

distributed features. Consider, in particular, the cluster size distribution sΠ(s), where

Π(s) is the fraction of clusters of size s [77]. Beyond the ccd, two peaks can be found:

one for monomers and other sub-clusters, and the other for clusters. As expected,

the sub-cluster peak is narrow, but the cluster peak is quite broad (Fig. 2.5(a-b)). As

density increases, in particular, we find that a significant fraction of particles are part

of clusters whose sizes are multiple times that of the typical cluster. (Morphological
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changes also accompany this effect, as further discussed in Sec. 2.4.3.) Transforming

Π(s) into an effective free energy [98, 99]

βF (s) ∝ − ln[Π(s)], (2.10)

confirms that the cluster free energy profile is quite flat, and hence that large size

fluctuations are thermally accessible (Fig. 2.5(c-d)). The cluster peak is nevertheless

well separated from the sub-cluster peak. A marked free energy barrier separates the

two wells, hence clearly defining the sub-cluster metastability threshold [18]. In order

to understand physical trends in this regime, it is helpful to recall that this effective

free energy profile results from the competition between the entropy of dispersion

and the enthalpy of aggregation. The former favors monomers, while the latter favors

clusters [6].

As temperature increases, the cluster peak in sΠ(s) steadily vanishes while the

sub-cluster peak gains mass. As expected, entropy then dominates over enthalpy.

The shrinking distinction between the two peaks is reminiscent of a second-order

phase transition, with the barrier in F (s) vanishing roughly where the ccd from h(ρ)

disappears (T = 0.85 as shown in Fig. 2.4). However, the corresponding estimates

of ccd from sΠ(s) are closer to those from CV , as is the case for the lattice model

of Ref. [97]. This analogy suggests a thermodynamic definition of clusters, with the

cluster peak in sΠ(s) vanishing approximately around the CV peak. However, this

is not the case here, probably due to from the richer array of degrees of freedoms

contributing to the heat capacity of a particle system. Litniewski and Ciach have

proposed yet another criterion for determining the ccd from the cluster size distribu-

tion of off-lattice models [100]. They found that equating the probability of a particle

being either a monomer or part of an optimal clusters makes the ccd coincide with
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the CV peak. In systems that display a narrow cluster peak, the physical rationale

is that energy fluctuations are largest when the most stable clusters easily assemble

and disassemble. However, in systems with a broad cluster size distribution, such

as here, such identification is not immediate. Generalizing this criterion by equating

the probability that particles belong to sub-clusters and to cluster helps bridge the

difference, but not fully. This mismatch, although somewhat puzzling, does not affect

the rest of our analysis, and is therefore left for further studies.

As ρ increases beyond the ccd, the cluster peak gains mass, broadens, and shifts to

larger sizes, while the monomer peak steadily shrinks (Fig. 2.5). (The anomalous de-

crease in cluster peak height above ρ = 0.1 comes from percolating clusters absorbing

a large fraction of particles.) In F (s), correspondingly, the local free energy minimum

of clusters decreases, flattens, and shifts to larger sizes, while the barrier to cluster-

ing becomes more pronounced, reaching more than 5kBT . Cluster size equilibration

through single-particle addition and removal is then expected to get markedly less

efficient, which a posteriori motivates the consideration of more collective sampling

mechanisms. In any case, this clustering trend is not straightforwardly explained

by competition between enthalpy and entropy. The origin of this effect is instead

considered in Sec. 2.4.3.

2.4.3 Anisotropic Clustering

As density increases, clusters not only grow but become more aspherical. In order to

quantify this shape evolution, we employ a common apshericity parameter (see, e.g.,

Ref. [101])

γ =
(I1 − I2)

2 + (I1 − I3)
2 + (I2 − I3)

2

2(I21 + I22 + I23 )
(2.11)
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Figure 2.6: Cluster size (right y axis) and shape (x axis) joint distribution, P(γ, n)
at T = 0.55 for ρ = (a) 0.06, (b) 0.08, (c) 0.1, and (d) 0.12. The heat map encodes
the probability density. The cluster anisotropy distribution, P(γ) (yellow curves)
(left y axis) from Fig. 2.5 is given as reference.

where Ii denotes the ith moment of inertia of a given cluster. For an ideal spherical

cluster, I1 = I2 = I3 and hence γ = 0. Aspherical structures have γ > 0. In

particular, elongated, rod-like clusters have γ ≈ 1/2; flattened, plate-like one have

γ ≈ 1/6.

The asphericity parameter is computed for each cluster, excluding percolated

and sub-clusters for which this quantity is not physically significant. The resulting

joint probability distribution, P(γ, n), captures the fraction of clusters with a specific

anisotropy and size. The normalized probability of a particle belonging to a cluster

with a specific γ is then P(γ) =
∑
n

nP(γ, n) (Fig. 2.5 (e-f)).

This distribution reveals that at low temperatures the cluster regime can itself be

subdivided. At T = 0.55, for example, for ρ ≲ 0.08 only nearly spherical clusters are

found, while for ρ ≳ 0.08 the fraction of particles forming elongated clusters markedly

increases (Fig. 2.5(e)). We define the crossover density for cluster asphericity, ρa, to
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be the density at which the two peaks of P(γ) have the same mass (area), using the

local minimum of P(γ) as separating threshold, γcut. (In our model γcut = 0.17, but ρa

is itself not particularly sensitive to this choice.) The integration is then done numer-

ically and ρa is determined by linear interpolation. However, this distinction vanishes

similarly to that between monomers and clusters at higher temperatures (Fig. 2.5(b)),

and a broad continuum of cluster asphericity is then observed (Fig. 2.5(f)). This effect

likely follows from the large shape fluctuations that spontaneously appear as clusters

become steadily less stable, and as free energy barriers vanish (see Fig. 2.5(d)).

The relationship between cluster shapes and sizes, as given by P(γ, n), is illus-

trated in Fig. 2.6. As density increases, small clusters remain fairly spherical, but

larger ones elongate. In order to explain this growth in asphericity, the micellar

analogy is helpful. Recall that the radius of a globular micelle is controlled by the

length of the surfactants it contains [6]. From the attraction range used for Eq. (2.1),

spherical clusters can similarly fully stabilize only one or two particle shells. Beyond

this size, repulsion contributes significantly, which sets a natural cutoff to the clus-

ter size. However, as the overall system density increases cluster-cluster repulsion

eventually disfavors simply forming additional small spherical clusters. Cluster elon-

gation is then inevitable, and once asphericity emerges further extension comes at a

modest energetic cost. Percolation naturally follows at higher ρ. This elongation also

explains the aforementioned trend in Fig. 2.5(a). As ρ increases, the cluster peak in

sΠ(s) shifts to larger sizes with greater size fluctuation as a result of spherical clusters

being replaced by larger, elongated and easily fluctuating clusters.
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2.4.4 Percolation Lines

As hinted above, further increasing density gives rise to a percolated fluid. The onset

of percolation is here considered using the physical criterion described in Sec. 2.1,

instead of a purely geometric one, because as T increases particle-particle attraction

loses thermal relevance. (In the cluster regime, T is so low that the two definitions are

almost indistinguishable.) The percolation threshold is otherwise determined through

standard scaling analysis [102]. The density at which the percolation probability

(fraction of configurations with a percolated cluster spanning in all three dimensions)

attains 1/2 in a finite-size system is used to estimate the thermodynamic threshold,

ρc, from the critical scaling

|ρ1/2(N, T )− ρc(T )| = N−1/dν , (2.12)

where the critical exponent dν = 2.706 for the three-dimensional simple percolation

universality class (Fig. 2.7). Note that at low T , percolation interferes with mi-

crophase ordering in small systems. (Finite-size systems artificially extend the dome

of ordered microphases.) Only systems with N ≥ 1000 are thus used for T < 0.85;

above T = 0.85 systems with N = 250, 500, 1000 suffice.

As temperature increases, bonding weakens and particles disperse. Although

both the percolation and the CV peak lines grow with density, they hardly track one

another. Interestingly, a similar phenomenon has been reported for a patchy colloid

model by Bianchi et al.[103], who associated this effect to bonding connectivity. At

large connectivity, the CV peak lies below the percolation line, and vice versa. The

former tracks bonding, while the latter tracks spanning structures. Therefore, if

connectivity is large, spanning structures form at low density, before particles are fully

bonded. By contrast, the CV peak in Fig. 2.4 always lies above the percolation line,
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Figure 2.7: Physical percolation threshold determination using the Coniglio-Klein
bonding criterion, pB = [1 − exp (−βε/2)]. (a) Density evolution of the percolation
probability at T = 0.9 for N = 250, 500, 1000. (b) The probability midpoints are
fitted with the critical scaling form of Eq. (2.12) (red dashed line) to extract the
thermodynamic threshold, here ρc(0.9) = 0.183.

thus suggesting that the average thermodynamic connectivity is small in our system.

Although the analogy is only qualitative, it confirms the general inconsistency of the

two observables.

Because of the approximate symmetry between particles and voids, the void perco-

lation threshold is also instructive. Based on the definition of voids in Sec. 2.5.1, two

empty cells are deemed connected if they are immediate neighbors (26 in total). In

contrast to the percolation analysis above, however, this definition is purely geomet-

rical. No effective void bond energy can be straightforwardly defined off-lattice (see

e.g., Ref. [97] for a lattice example). The resulting void percolation threshold should

thus be close to the physically relevant one at low temperature, but get increasingly

(thermally) irrelevant as temperature increases. From the results in Fig. 2.4, one

might speculate that the relevant void percolation line should more closely mirror

that of particles, and hence the two lines should cross at lower T than is here ob-

served. In any event, the region contained below the two percolation lines roughly

delimits the (bicontinuous) percolated (gel-like) fluid regime. At higher temperatures,

the fluid is truly homogeneous for all (thermal) purposes.
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Figure 2.8: Characterization of the void cluster fluid by (a) its void cluster size
distribution, and (b) its void cluster anisotropy distribution at T = 0.6 for ρ = 0.58 :
0.02 : 0.68 (from blue to red). Note that N = 5000 is used to allow a sufficient number
of void clusters to form. Each unit volume can roughly accommodate one particle
(or ∼ 1.5 particles in close-packing), so the results are comparable to Fig. 2.5. The
approximate duality between voids and particles is thus confirmed at the geometric
level.

2.4.5 Void Clusters

Like particles at low densities, void space clusters at high densities. We here consider

the volume of voids (rather than the arbitrary number of void cells) to quantify

void clustering. Fig. 2.8(a) illustrates that two distinct peaks appear in the void

volume distribution, which is reminiscent of the particle cluster size distribution

(although a void monomer here cannot be similarly defined). As density decreases, the

modal void volume shifts to larger values and its associated peak broadens, until void

percolation is reached. The void cluster geometry in Fig. 2.8(b) suggests that these

voids go from being nearly spherical to elongated as their density increases (particle

density decreases), eventually leading to void space percolating, as discussed above.

Therefore, similar crossovers for the onset of void clustering and of void anisotropy

are determined in Fig. 2.4.

These results demonstrate that the formal duality between particles and voids on

lattices has a clear echo in off-lattice systems, in regard to the geometric structures.

In a recent study of clustering using the Bethe approximation [97], void aggregates
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are found to dominate thermodynamic properties at high densities, in the same way

that particle aggregation dominates at low densities. The same is not true here. The

equation of state is featureless in this regime and CV does not peak. This qualitative

difference between on and off-lattice models probably originates from the abundance

of degrees of freedom in the latter compared to the former.

2.5 Algorithm Dynamics

In this section, we consider the dynamics of structure decorrelation in the cluster and

percolated fluid regimes for various advanced Monte Carlo methods. This efforts aims

to evaluate and optimize the sampling efficiency of algorithms as well as to explore

the relation between disordered microphase structures and algorithmic dynamics.

(In the single-particle fluid regime, simple MMC sampling works fairly efficiently.)

The algorithms described in Sec. 2.3 are thus assessed using the local and global

structurally-tailored correlation functions introduced in Sec. 2.5.1 in the structural

regimes identified in Sec. 2.4. For a given sampling scheme, the slower of the two

relaxation times is rate-limiting, and hence determines overall performance. Optimal

MC algorithms can therefore be identified for the different disordered microphase

morphologies.

2.5.1 Time Correlation Functions

In order to assess the efficiency the advanced sampling algorithms described in

Sec. 2.3, we need to quantify how relevant structural features decorrelate. Because the

cluster, percolated and void fluids of disordered microphases have markedly distinct

structures, different features then ought to be assessed as well. In this section, we

present the combination of local and global observables used to evaluate the sampling
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dynamics in these different regimes.

Cluster Fluid

In the (particle) cluster regime, we monitor the local reorganization of particles

through updates in cluster composition, and the evolution of the overall system struc-

ture by tracking cluster displacements.

The particle colocation correlation function probes particle exchanges between

clusters and their environments as well as cluster reorganization, as has been used in

other micelle and cluster-forming systems [94, 104]. More specifically, the colocation

function for particle pair {i, j}

θij =


1 if i and j are in the same cluster

0 if i and j are in different clusters

(2.13)

is used to evaluate the probability that a pair of particles initially, at time t0, in the

same cluster remains in a same cluster a time t later – even though cluster indexes

might have changed in the mean time –

Cpair(t) =

∑
i,j

(⟨θij(t0)θij(t0 + t)⟩ − ⟨θij⟩2)∑
i,j

(⟨θ2ij⟩ − ⟨θij⟩2)
. (2.14)

Note that normalizing the averages ⟨· · · ⟩ by the instantaneous cluster size

(sij(t0)sij(t0 + t))1/2, where sij is the size of the cluster that contains both i and

j, accounts for cluster size fluctuations.

The cluster translation correlation function monitors cluster displacements, which

are typically much slower than their single-particle counterparts. We thus define an
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overlap function that monitors the cluster center of mass position R

Cclus(t) =
1

Nα

∑
α

w(aσ −min
β

(|Rα(t0)−Rβ(t0 + t)|)), (2.15)

where α and β are cluster indexes at times t0 and t0 + t, respectively, and Nα is the

number of clusters at t0. The term min (|Rα(t0)−Rβ(t0 + t)|) captures the distance

between centers of mass of the initial cluster α and the nearest cluster β after a time

t. The overlap function is taken to be a step function,

w(aσ − r) =

 1 for 0 ≤ r ≤ aσ;

0 otherwise.
(2.16)

where aσ is a constant on the scale of the typical cluster radius. Note that other

rapidly decaying overlap forms, such as Bessel functions, could be used. The overall

physical trend is insensitive to this choice.

In the cluster fluid regime, aggregates can either be classified as stable clusters or

as metastable subclusters [94], depending on their sizes. The former are the abundant

species that form beyond the ccd; the latter are intermediate between clusters and

single particles. (In practice, the local minimum of cluster size distribution is taken as

separation threshold, which is roughly n = 7 (Sec. 2.4), but the analysis is relatively

insensitive to the precise threshold chosen.) Because subclusters are small and fairly

unstable, they diffuse and reorganize faster than stable clusters. In order to capture

the genuinely slow structural relaxation time, we thus exclude subclusters from this

correlation function. For the specific model considered, the remaining stable clusters

then typically have either one or two particle shells, hence we set a = 2.

The correlation function given by Eq. (2.15) is the probability that clusters at

time t0 + t fall in the regions originally occupied at time t0. Clearly, Cclus(0) = 1,
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and for t → ∞ cluster positions are fully decorrelated from the original positions.

However, Cclus(t → ∞) does not then vanish. It approaches a constant given by the

ratio of the initial overlap volumes to that of the whole system,

Cclus(t → ∞) =
4π

3
(aσ)3 × Nα

V
= Vclusρclus, (2.17)

where Vclus is the overlap volume for the center of mass of a single cluster, and ρclus

is the number density of clusters. In practice, this trivial contribution is subtracted

before evaluating the correlation time of Cclus.

Percolated Fluid

As density increases, clusters elongate and eventually percolate. This makes cluster-

based structural observables essentially irrelevant because most particles are then

part of the same cluster and cluster displacements are then mere translations of the

system center of mass. In order to evaluate the system relaxation, different dynamical

correlations are thus needed.

The bonding correlation function, which is commonly used in studies of gelation

[105, 106], is akin to Cpair for clusters in Eq. (2.14). Rather than attachment to a

cluster, however, it follows updates to more immediate particle connections,

Cbond(t) =

∑
i,j

(⟨nij(t0)nij(t0 + t)⟩ − ⟨nij⟩2)∑
i,j

(⟨n2
ij⟩ − ⟨nij⟩2)

, (2.18)

where nij characterizes the bonding between particles i and j,

nij =

 1 if i and j are bonded;

0 otherwise.
(2.19)
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The network translation correlation function is similarly an extension of

Eq. (2.15). It tracks displacements of pairs of particles within the percolated compo-

nent,

Cntwk(t) =
1

N

∑
i

w(bσ −min
j
(|ri(t0)− rj(t0 + t)|)), (2.20)

where w(bσ − r) is given by Eq. (2.16). We set b = 1, which matches the overlap

function to the range of interparticle attraction, and thus roughly corresponds to

the extent of local caging. However, physical trends are expected to be insensitive

to perturbations around this specific choice. The minimization, which provides the

distance between the particle i at time t0 and the closest particle j at time t0 + t,

treats particles indistinguishably. As a result, this correlation function traces global

structural changes.

Void cluster Fluid

At even higher densities, distinct aggregates of void space (void clusters) evolve within

a near continuum of particles. The decorrelation of the void structure is then an

important dynamical consideration [26]. Tracking the decorrelation of particle-based

structures alone may indeed miss out on the persistence of the voids, especially as

their relative contribution diminishes.

In a lattice-gas SALR model, a clear duality exists between voids and particles

(see, e.g., Ref. [97]), but in continuous space clusters of void space are somewhat more

ambiguously defined. Various approaches previously considered, including Voronoi

tessellation [107], soft particle substitution [39], and small particle filling [26], have

some merits. While these schemes are well defined geometrically, they do not lead to
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an obvious microscopic measure of structural decorrelation. We thus here consider a

scheme based on gridding space into small spherical cells of diameter ∼ 0.5σ placed

on a simple cubic lattice. The structure is chosen over standard cubic cells for cal-

culational convenience and simulation efficiency; the scale is taken as slightly larger

than the trivial triangular gap between close-packed, coplanar particles of diameter

1.5σ, i.e., the extent of the interparticle attraction. A cell is deemed empty if it is

out of the attraction range of any particle in order to avoid any possible bond. (This

purely geometric definition does not correct for rare fluctuations that open up cavi-

ties at high temperatures.) The generalization to dynamics is then straightforward.

From the occupancy of cell i

vi =


1 if i is empty,

0 otherwise,

(2.21)

one can indeed define the void correlation function

Cvoid(t) =

∑
i

(⟨vi(t0)vi(t0 + t)⟩ − ⟨vi⟩2)∑
i

(⟨v2i ⟩ − ⟨vi⟩2)
(2.22)

which measures the persistence of a void cell with time. This grid-based approach,

however, is less accurate than other schemes. In particular, partially empty cells are

not counted and small voids can be missed. The void volume it identifies is therefore

smaller than the actual one.

The second dynamics considered in this regime is that of the particles. Because

they form a nearly homogeneous component, standard self-overlap correlation func-

tions from liquid state studies (see, e.g., Refs. [108–110]) are then appropriate. We
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thus consider

Cself(t) =
1

N

∑
i

w(bσ − |ri(t0)− ri(t0 + t)|). (2.23)

where w(bσ − r) is as in Eq. (2.16), with b = 1 as in Sec. 2.5.1.

2.5.2 Non-exponential Relaxations

In order to extract characteristic relaxation times τ from these correlation functions,

an exponential fitting form does not suffice. As shown in Fig. 2.9, the decay of most

of these relaxation processes is better captured by a stretched exponential form [111–

113],

C(t) ∝ e−(t/τ)ζ , ζ < 1. (2.24)

with stretching exponent ζ. Stretched exponentials, which are commonly used to

describe the dynamics of dense disordered systems [112, 114], can suggest both par-
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Figure 2.9: Time decorrelation of the particle colocation function from Eq. (2.14) by
AVBMC sampling (blue) at T = 0.7, ρ = 0.05. A stretched exponential form (yellow)
with τ = 97, ζ = 0.50 clearly better captures the function than an exponential form
(red) with a same τ .
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allel or serial relaxation processes [111, 115]. The former refer to independent but

simultaneous relaxation of different degrees of freedom, and the latter refer to se-

quential decorrelation steps. In cluster fluids, for instance, clusters of various sizes

and shapes coexist, each with different relative stability and thus associated lifetime.

Combining their relaxation processes results in C(t) decaying non-exponentially [6,

116]. Void cluster fluids, as duals of particle cluster fluids, experience similar hetero-

geneous relaxation. The structure of percolated fluids is also heterogeneous. Different

structures likely evolve over different relaxation timescales. In addition, a molecular

dynamics study suggests that multiple relaxation steps, including short-time colli-

sions and long-time (activated) bond breaking, are then at play[105]. In any event,

both effects result in strongly heterogeneous dynamics. Ample evidence thus moti-

vates using Eq. (2.24) as fitting form, and ζ to vary from one regime to another upon

changing the sampling algorithms.

2.5.3 Results

Cluster Fluid

In cluster fluids, algorithmic efficiency is assessed from the decay time of the cluster

reorganization correlation function Cpair(t) in Eq. (2.14), and from the cluster position

correlation function Cclust(t) in Eq. (2.15). In this and following cases, we denote these

times as being either particle-based or collective, τP and τC, respectively.

Unsurprisingly, the various advanced MC methods introduced in Sec. 2.3 are

differently efficient in decorrelating these two processes (Fig. 2.10). As expected,

VMMC efficiently displaces clusters but inefficiently reorganizes them, while the op-

posite is true of AVBMC (see Fig. 2.3). In this context, combining the two schemes

is natural. The resulting efficiency is found to be largely independent of the precise
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Figure 2.10: Evolution of the structural relaxation time in the cluster fluid (a)
with density at T = 0.7 and (b) with temperature at ρ = 0.06 using MMC (green),
VMMC (blue), AVBMC (orange), ECMC (yellow) and VMMC/AVBMC combination
(purple) algorithms. Both the single-particle τP (from Eq. (2.14), dot-dashed lines)
and the collective τC (from Eq. (2.15), solid lines) dynamics are considered. VMMC
efficiently relaxes cluster positions (τC), but less so exchanges particles (τP). By
contrast, AVBMC efficiently rearranges clusters (τP), but is lackluster at enhancing
cluster diffusion (τC). The inset presents the near Arrhenius scaling of the various
schemes for an activation energy, Ea ≈ 9ε.

ratio of VMMC and AVBMC attempted displacements, as long as both are used with

comparable frequency. Using 20% VMMC moves is found to be near optimal under

a variety of conditions and is thus kept for the remainder of the study.

The optimized combination algorithm exhibits a solid overall performance, ex-

ceeding that of standard MMC by two orders of magnitude. However, the cluster

reorganization efficiency of the combined algorithm is bounded by that of AVBMC,

and the cluster diffusion by that of VMMC. In other words, the contribution of the

two algorithms is additive rather than synergistic. Based on the density-dependent

trends shown in Fig. 2.10(a), even though cluster diffusion of VMMC is rapid in the

tested region, the increase of corresponding τC is nearly exponential and much faster

than that of AVBMC. It therefore becomes rate-limiting as density increases, and if

τC for VMMC exceeds that for AVBMC, then the combination algorithm does not

improve performance over that of AVBMC alone.
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The temperature dependence of τP suggests an Arrhenius-like scaling with an

activation energy Ea ≈ 9ε, roughly corresponding to the net number of bonds broken

by displacing a particle. By contrast, τC, which does not necessitate bond breaking

(except for AVBMC), is largely temperature independent (Fig. 2.10(b)). As a result,

the difference between VMMC and AVBMC in τC is larger at lower T , making the

combined algorithm relatively more efficient.

ECMC exhibits intermediate efficiency for both processes, and its τP scales sim-

ilarly to that of other methods. It is therefore never optimal at low ρ. Increasing

density, however, diminishes the efficiency of ECMC more mildly than that of the

other algorithms. Extrapolating the current trends suggests that ECMC should be-

come optimal when this morphological regime to extend slightly further. It therefore

cannot be excluded that ECMC could be optimal for sampling clusters in other SALR

models. This should be particularly true for systems with large clusters, for which

the relative surface contribution (useful for AVBMC moves) is diminished.

Percolated Fluid

Near and beyond the onset of physical percolation, the structural relaxation pro-

cesses monitored by the local particle connections Cbond(t) (Eq. (2.18)) and by the

global network diffusion Cntwk(t) (Eq. (2.20)) (Fig. 2.11). As expected, VMMC and

the combination algorithm described in Sec. 2.5.3 becomes markedly less efficient

in this regime. Cluster displacements are indeed largely unproductive as clusters

themselves grow, elongate, and then become percolated. (VMMC is even slower than

simple MMC for percolated systems.) Because the combination algorithm offers no

improvement over AVBMC alone, it is not further considered. ECMC and AVBMC,

which are essentially insensitive to percolation, nevertheless steadily become less ef-

ficient as ρ increases. For ECMC, the effect is likely due to particle displacements
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Figure 2.11: Density evolution of structural relaxation time in the percolated fluid
for T = 0.7 using MMC (green), VMMC (blue), AVBMC (orange) and ECMC (yel-
low). The single-particle τP (from Eq. (2.18), dot-dashed) and the collective τC
(Eq. (2.20), solid lines) dynamics reveal that only VMMC is affected by percolation
(black dashed line). The proximity or ρODT (red dashed line) appears to maximize to
collective slowdown, but the effect is largely insignificant already at this T > TODT.

being smaller in range as the fraction of void space steadily shrinks. At sufficiently

high density, most particles hardly move before liftings, at which point the relaxation

efficiency roughly saturates. AVBMC is more mildly affected by density because

sufficient surface particles remain available in this regime.

Overall, ECMC is optimal around and beyond the percolation threshold. It accel-

erates dynamics by about one order of magnitude over MMC. As density increases,

ECMC and AVBMC have comparable efficiencies. In a given SALR system, the fine

balance between the two algorithms in this regime thus likely depends on the fraction

of surface sites and on implementation considerations.

Void cluster Fluid

Near and beyond the void percolation threshold, particle networks are dense and

liquid-like, and hence void clusters are the only significant mesoscale features re-

maining. The structural relaxation is then controlled by the liquid-state relaxation
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Figure 2.12: Density evolution of the structural relaxation time in the void cluster
fluid at T = 0.7, using the void τV (from Eq. (2.22), dot-dashed lines) and the
particle τP (from Eq. (2.23), solid lines) dynamics for MMC (green), AVBMC (orange)
and ECMC (yellow). The void percolation threshold (black dashed line) is given as
reference. For ρ > 0.64, too few voids remain, hence τV results are missing.

of particles Cself(t) (Eq. (2.23)) and that of void clusters Cvoid(t) (Eq. (2.22)), τP and

τV , respectively. Given the percolated fluid results, only ECMC and AVBMC are

here compared to the standard MMC.

The void correlation times τV of ECMC and AVBMC are fairly insensitive to

crossing the void percolation threshold. Their overall decrease is indeed not notice-

ably affected by that crossing. Given that both algorithms rely on single-particle

updates, this independence to the global structure is not particularly surprising. As

density further increases, however, a marked speed up is observed. This follows from

clusters diffusing faster as they shrink. Increasing density also reduces the number

(volume) of void monomers. Beyond a given density (ρ ∼ 0.64 in Fig. 2.12), the

very definition of void clusters becomes ambiguous, and from that point on only the

particle behavior is considered. Note that although one might expect in this regime

the void cluster decorrelation time to be larger than that of particles, given that void

positions here only decorrelate when particles do, surface particles (in contact with
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voids) reorganize much faster than in the bulk, which explains the difference.

Particle decorrelation (τP) is thus the rate-limiting process for both algorithms

at high densities. For AVBMC, the increase of τP with densities is slow at first,

but accelerates dramatically as the fraction of void space vanishes (for ρ ∼ 0.64 in

Fig. 2.12), because without voids surface swap moves become highly inefficient. By

contrast, τP for ECMC increases only slowly due its relative independence on the

presence of voids. As a result, ECMC is the most efficient algorithm in the void

cluster regime, accelerating the relaxation process by one order of magnitude over

MMC, over a wide density range.

2.6 Conclusion

Our consideration of a schematic SALR model has allowed us to use advanced numer-

ical methods to resolve the various structural features of its disordered microphases.

Rich morphologies, such as cluster and percolated fluids are observed at temperatures

intermediate between ordered microphases (at low temperatures) and truly homoge-

neous fluids (at high temperatures). In particular, an elongated cluster fluid regime

could be identified. Like their ordered counterparts, disordered microphases display

a rough symmetry between particles and voids, thus echoing lattice models [97]. We

find that their thermal features, however, do not similarly match, likely because of

the abundance of particle-based degrees of freedom at high densities.

Evaluating the algorithmic dynamics (sampling efficiency) of various advanced

MC methods–either isolated or in combination–for the various morphological regimes

provides insight into the interplay between these algorithms and structure. In par-

ticular, for the SALR model considered, we find that a combination algorithm of

VMMC and AVBMC is most efficient for cluster fluids. Their complementary nature
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of cluster reorganization and diffusion improves the sampling efficiency over MMC

by about two orders of magnitude. In the percolated regime, both the intra-box

swap moves of AVBMC and the rejection-free (long-range) displacements of ECMC

facilitate bond formation and breakage, and thus both accelerate local and global

relaxation by about one order of magnitude compared to MMC. However, it is pos-

sible that microphase features with a different characteristic length scale might be

better sampled by one or the other algorithm. AVBMC, in particular, might lose

out if the fraction of surface particles markedly decreases. In any event, these results

should both guide future numerical studies of microphase formers as well as establish

benchmarks for future algorithmic developments for these systems.

Various challenges also remain in characterizing and understanding disordered mi-

crophases. For instance, an efficient determination and characterization of the ODT

is largely an unsolved methodological problem. Systems with a shorter attraction

range, which are more representative of the depletion attraction of colloidal suspen-

sions with SALR interactions, also face serious sampling hurdles. Clustering then

happens at lower temperatures, thus making bond breaking rarer, and even local

particle rearrangements are then entropically hindered. Novel sampling methods are

thus also needed to fully solve these models.
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Chapter 3

Solving critical slowdown in lattice model

Sampling configurations around simple second-order phase transitions is nevertheless

difficult, given the emergence of a gelation-like percolation of correlated structures

that cannot be efficiently relaxed through physical (local) moves. In some cases,

a particularly efficient class of cluster schemes lessens the associated critical slowing

down. For the simple Ising model, for instance, the geometric construction introduced

by Kasteleyn and Fortuin (KF) [117, 118] and further expanded by Coniglio and Klein

(CK) [75] to accurately capture spin-spin correlations, ⟨sisj⟩, is leveraged by the

Swendsen-Wang (SW) and Wolff algorithms to markedly enhance sampling efficiency

in the vicinity of the critical point[119–121]. Straightforward generalizations of SW

and Wolff algorithms, however, fail to enhance critical sampling for models with

frustrated interactions, such as those used to study spin glasses and systems with

competing short-range attractive and long-range repulsive (SALR) interactions [15,

122–124]. In these models, naive KF-CK clusters gel (or percolate) above the critical

temperature [125, 126], thus leaving the critical slowing down unaffected.

In this Chapter, we investigate the properties of various cluster schemes on 1D

chain, 2D square lattice and Bethe lattice, in order to understand the limitations of

existing cluster algorithms in the frustrated system. Then two new schemes called

modified Wolff algorithm and Transfer Matrix cluster algorithm are proposed, dis-

playing improved sampling efficiency.
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3.1 Models and Definitions

3.1.1 Model

We consider an Ising spin model (si = ±1) with pairwise interactions up to next-

nearest neighbors

H = −J
∑
⟨i,j⟩

sisj + κJ
∑
⟨⟨i,j⟩⟩

sisj − h
∑
i

si, (3.1)

where the nearest neighbor interaction J > 0 sets the unit of energy, and long-range

repulsive (SALR, κ > 0) or purely attractive (NNNA, κ < 0) isotropic interactions

are then obtained. If only axial next-nearest-neighbor interaction exists, this is a

archetypal anisotropic model called ANNNI model. Setting the external field to zero,

h = 0, ensures Z2 symmetry.

3.1.2 Cluster Definitions

↓↑ ↑
i j k

𝒑𝟏

𝒑𝟐′ = 𝟏 − 𝒆#𝟐𝜷𝑱𝜿

↑↑ ↑
i j k

𝒑𝟏

𝒑𝟐 = 𝟏 − 𝒆𝟐𝜷𝑱𝜿

↑↑ ↑
i j k

𝒑𝟏(𝜶) = 𝟏 − 𝒆#𝟐𝜷𝑱𝜶

X
↑↑ ↑

i j k
↓…

𝒑(𝟏)
𝒑(𝟐)
𝒑(𝒏)

(a) (b) (c) (d)

Figure 3.1: Schematics for constructing (a) (modified) KF-CK, (b) JCS, (c) PH,
and (d) TM clusters. Arrows denote spin orientations, and circles indicate whether a
site belongs (black) or not (white) to the cluster of site i. In (a), only nearest neighbor
connections are considered, with probability p1(α) given by Eq. (3.2), where α is a
tuning parameter (α = 1 for simple FK-CK cluaters). In (b), the parallel nearest
and next-nearest neighbors connect with probability p1 and p2, respectively. In (c),
the parallel nearest neighbors are connected with probability p1, and the antiparallel
next-nearest neighbor with probability p′2. In (d), a site can be connected to n
contiguous parallel neighbor sites depending on the probability p(n) (see Sec. 3.4.2
for more details).
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FK(Kasteleyn and Fortuin)-CK(Coniglio and Klein) clusters (or Wolff clus-

ters) [75, 117, 118] provide an appropriate cluster construction for the Ising model,

in which parallel nearest-neighbor spins are connected by a fictitious bond with a

probability p1 = 1− e−2βJ (see Fig. 3.1(a)), and these connected spins are members

of the same cluster. Such clusters percolate (i.e. their sizes diverge) at the Ising

critical point with the Ising critical exponent, based on which famous Swendsen-

Wang (SW) [119] and Wolff cluster [120] algorithms were then developed, markedly

enhancing sampling efficiency in the vicinity of the critical point.

Modified FK-CK clusters (or modified Wolff clusters) are also considered in the

following sections, because the standard FK-CK cluster fails to capture the critical

behaviors when next-nearest-neighbor interaction exists (κ ̸= 0). Here the connection

between the parallel nearest neighbors has a bonding probability with a parameter α

prev1 (α) = 1− e−2βJα (3.2)

tuned to let the cluster size diverge at the critical point again. The contribution of

next-nearest neighbors should increase prev1 (α) for purely attractive interactions and

decrease prev1 (α) for the SALR regime.

Jan-Coniglio-Stauffer (JCS) clusters [127] extend the definition of FK-CK cluster

to the systems with attractive further-neighbor interactions (for instance, the NNNA

model with κ < 0). Parallel spins are potentially connected, using a bonding prob-

ability p1 = 1 − e−2βJ for nearest neighbors and p2 = 1 − e2βJκ for next-nearest

neighbors (see Fig. 3.1(b)). Its percolation temperature coincides with the critical

temperature. Here we also generalize this definition to frustrated systems with κ > 0,

and thus there is a negative bonding probability p2 < 0, whose physical meaning is

still unclear but it plays a pivotal role in derivations.
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Pleimling-Henkel (PH) clusters are initially defined for ANNNI model [128] and

also used in spin glass systems [125]. In contrast to the JCS cluster, it considers

connection between spins with satisfied interaction (e.g. κJsisj < 0 for next-nearest

neighbors), rather than those with parallel orientation. In other words, for the purely

attractive regime, it is equivalent to the JCS cluster; for the SALR regime, it connects

parallel nearest neighbors with probability p1 and antiparallel next-nearest neighbors

with probability p′2 = 1− e−2βκJ > 0 (see Fig. 3.1(c)).

3.1.3 ⟨sisj⟩ = ⟨γij⟩?

An algorithmic design target is suggested by Coniglio [121, 129, 130],

⟨sisj⟩ = ⟨γij⟩, (3.3)

where ⟨sisj⟩ is the spin-spin correlation function, and ⟨γij⟩ denotes the probability

that sites i and j are connected through a finite path and thus belong to the same

cluster. Macroscopically, this condition results in the cluster percolation temperature

coinciding with the model critical point.

Specifically, for the FK-CK clusters in the Ising model or JCS clusters in the

NNNA model, the relation between the thermodynamics and the geometry has

⟨sisj⟩ = ⟨γ∥
ij⟩. (3.4)

where ⟨γ∥
ij⟩ denotes the probability that spins i and j are parallel and belong to the

same cluster. In the frustrated models, this relation is extended by Coniglio et al.
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[129, 131], considering bonds defined in PH clusters,

⟨sisj⟩ = ⟨γ∥
ij⟩ − ⟨γ ̸∥

ij⟩ (3.5)

where ⟨γ∥
ij⟩ and ⟨γ ̸∥

ij⟩ denote the probability of parallel or antiparallel spins i and j

being in the same cluster, respectively. Obviously, such a cluster including spins of

both directions overestimates the correlation length. Translating Eq. (3.5) into an

appropriate cluster criteria and then to a sampling algorithm require further insights.

3.2 1D Chain

One-dimensional models are sufficiently simple to be solved using transfer matrices,

and thus we can compare its ⟨sisj⟩ to ⟨γij⟩ of different cluster definitions. This model

should be helpful in obtaining insights into attaining Eq. (3.3).

3.2.1 Transfer Matrix Method

First, the spin-spin correlations a distance r apart can be expressed as

⟨sisi+r⟩ =
1

Z

∑
ν

sisi+re
−βHν =

1

Z
Tr[σzT

rσzT
N−r] (3.6)

where the 4 × 4 transfer matrix T = exp (si(si+1 − κsi+2)βJ) is sparse with eight

nonzero entries, σz = Diag(1, 1,−1,−1), and the partition function, Z = Tr[TN ].

Second, site-bond correlated percolation can be obtained by generalizing the approach

of Derrida[132]. Let the vector P (r+1) denote the probability distribution that site

r + 1 is connected to site 1 through a finite path, depending on the connection
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probability distribution of backward sites P (r), and iteratively write

P (r + 1) = MP (r) = M rP (1), (3.7)

where M is a matrix that contains Boltzmann weight and bonding probabilities and

P (1) is actually the configuration distribution for the rest N − r sites under periodic

boundary conditions. The connection probability of two sites a distance r apart is

generally expressed as

⟨γi,i+r⟩ = Tr[M rTN−r]/Z (3.8)

but requires correction terms when next-nearest-neighbor bonds are considered,

which is discussed as follows. Because both the orientation and the cluster con-

nection of a spin need to be taken into account, M is generically a 16 × 16 sparse

matrix, but its size can be reduced for specific cluster definitions. Here we provide the

expressions for the JCS clusters [127], and the derivation for other types of clusters

should be similar.

M = (3.9)

↑ ↑ ↑ ↑ ↑ ↑ ↑ ↓ ↓ ↑

↑ ↑

↑ ↑

↑ ↑

↑ ↓

↓ ↑


(p1 + p2 − p1p2)e

βJ(1−κ) (1− p1)(1− p2)e
βJ(1−κ) 0 eβJ(1+κ) 0

p1p2e
βJ(1−κ) 0 (1− p1)p2e

βJ(1−κ) 0 0
p1e

βJ(1−κ) (1− p1)e
βJ(1−κ) 0 eβJ(1+κ) 0

0 0 0 0 p2e
−βJ(1+κ)

p1e
−βJ(1−κ) (1− p1)e

−βJ(1−κ) 0 e−βJ(1+κ) 0



where each line encodes a specific configuration for sites i and i+1, and each column

for sites i+1 and i+2. Arrows denote spin orientations, and colors encode connection

to site 1 (black) or not (white).

It worth to notice that the expression of Eq. (3.8) is exactly equivalent to the spin-

spin correlation for a simple Ising model with only nearest-neighbor interactions, but
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↑↑
i i+r-1

↑…
i+r

↑
i+r+1

↑↑
i i+r-1

↑…
i+r

↑
i+r+1

↑
i+r+2

↑
i+r+3

(a) (b)

Figure 3.2: Examples of correction cases for ⟨γi,i+r⟩ in models with next-nearest-
neighbor interactions. The dashed line denotes sites between i and i+ r. In (a), one
site outside gets included in the cluster, and in (b) three sites outside are involved.
More outside sites are possible but not repeatedly shown here. The arrows and circle
colors have the same meaning as in the main text. Site i+ r (white) and site i+ r−1
(black) belong to two different clusters until a nearest-neighbor bond (red) connects
these clusters.

approximate when next-nearest-neighbor interactions are also present, even though

Eq. (3.3) is expected to hold for the JCS clusters. This is because an additional

contribution is required to account for sites out of the range i to i + r that get

involved in the clustering through next-nearest-neighbor bonds.

To be exact, we give the explicit expression for ⟨γi,i+r⟩ that deals with the bound-

ary between the cluster (described by the matrix M) and the environment (described

by the matrix T ), as well as including the aforementioned corrections. Let

⟨γi,i+r⟩ =
2

Z
(t1 + t2), (3.10)

which consist of two parts, t1 denoting the connection probability of site i and i+ r

through in-between sites, and t2 denoting the correction of the connection probability

involving outside sites. (The factor of two accounts for the fact that clustering can

include either up or down spins.)

The first term is

t1 = Tr[M0M
r−1M1T

N−r−1], (3.11)

where M0 and M1 provide the restriction of boundary sites at the two ends of the 1D
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cluster existing between sites i and i+ r,

M0 =



p1e
βJ(1−κ) (1− p1)(1− p2)e

βJ(1−κ) 0 eβJ(1+κ) 0

0 0 0 0 0

p1e
−βJ(1−κ) (1− p1)e

−βJ(1−κ) 0 e−βJ(1+κ) 0

0 0 0 0 0


, (3.12)

M1 =



eβJ(1−κ) eβJ(1+κ) 0 0

p1p2e
βJ(1−κ) 0 0 0

eβJ(1−κ) eβJ(1+κ) 0 0

0 0 0 0

e−βJ(1−κ) e−βJ(1+κ) 0 0


. (3.13)

The second term considers the probability that site i and site i + r are not con-

nected through a certain path within the range i to i+r, but that the two clusters to

which they respectively belong are then connected at some point out of this range.

In fact, it includes corrections corresponding to configurations of (M0)1,2 and (M1)2,1,

which miss some situations enabling site i+ 1 or site i+ r to be occupied,

t2 =
∑
j=0

∑
k=0

(
Tr[M

(occ1)
0 M ′jM

(occ2)
0 M r−1M

(1)
1 M ′kM

(2)
1 M

(3)
1 T x]

+ Tr[M
(un1)
0 M ′jM

(un2)
0 M r−1M

(1)
1 M ′kM

(2)
1 M

(3)
1 T x]

)
,

(3.14)

where x = N − r − j − k − 4. Note that the terms in the summation decay rapidly

with increasing j and k. In numerical calculations, we use j, k < 10 which ensures

that the error is less than 10−8.
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Because the nature of the correction is similar for all missing cases, we take the

cluster end (site i+ r) as an example. In Eq. (3.11), the participation of site i+ r to

the cluster through its connection to leftward sites has already been considered. Then

as a correction, we consider that site i+ r has no connection to leftward sites, but it

is a part of the cluster through its connection to rightward sites, which are connected

to the occupied site i + r − 1 through a next-nearest-neighbor bond. Therefore, the

sites between site i + r and the real end of the cluster should all be up spins, and

be alternatively occupied and unoccupied through next-nearest-neighbor connection

before these two clusters are connected. Once a connection between two nearest

neighbors forms, all of these sites belong to the same cluster. The sites beyond the

connected nearest neighbors (the real end of the cluster) can then be arbitrary. As a

result, we define

• M
(1)
1 as the matrix connecting the configuration probability at site i + r and

the start of alternatively occupied/unoccupied sites i+ r + 1;

• M ′ as the probability of an added site being in the occupied/unoccupied series

(i.e. the added site is connected to the leftward next-nearest neighbor, but not

to the nearest neighbor);

• M
(2)
1 as the probability of the added site being the end of the occu-

pied/unoccupied series (i.e. the added site is connected to the leftward next-

nearest neighbor and connected to the leftward nearest neighbor);

• M
(3)
1 as the matrix connecting the connection probability of the real end of the

cluster and the Boltzmann weight of environment configurations.

M ′ = (1− p1)p2e
βJ(1−κ), M

(1)
1 = (0, (1− p1)p2e

βJ(1−κ), 0, 0, 0)T ,

M
(2)
1 = p1p2e

βJ(1−κ), M
(3)
1 = (eβJ(1−κ), eβJ(1+κ), 0, 0),

(3.15)
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Figure 3.3: (a) Decay of the spin-spin correlation ⟨sisj⟩ with distance |i−j| in the 1D
chain for κ = 0.1 and β = 1, 1.5, 2, 4 from bottom to top. (b) The correlation length
(black solid line) ξ diverges as T → 0, which is obtained from the exponential fitting
of (a). The inset shows the scaling ξ = e(1−2κ)2βJ/2 with the β → 0 extrapolation
obtained by fitting. Cluster sizes also diverge at T → 0. JCS clusters (orange dash
line) scale similarly to the correlation length, whereas PH clusters (yellow dot-dash
line) do not. (Without loss of generality, only results for κ = 0.1 are shown.)

The summation of probabilities should then be done for different lengths of the oc-

cupied/unoccupied series.

Similarly, at the beginning of the cluster, the status of site i + 1 with respect to

the cluster is also affected by its connection to leftwards sites (i.e. sites out of the

range i to i + r), through alternatively occupied/unoccupied site series. Here, we

respectively consider the cases of occupied or unoccupied site i+ 1, with connecting

matrix M
(occ1)
0 (or M

(un1)
0 ) and M

(occ2)
0 (or M

(un2)
0 ), and both make contributions to

⟨γi,i+r⟩. The relevant matrices are

M
(occ1)
0 = (p1e

βJ(1−κ), 0, p1e
−βJ(1−κ), 0)T ,

M
(un1)
0 = ((1− p1)(1− p2)e

βJ(1−κ), 0, (1− p1)e
−βJ(1−κ), 0)T ,

M
(occ2)
0 = ((1− p1)p2e

βJ(1−κ), 0, 0, 0, 0),

M
(un2)
0 = (0, (1− p1)p2e

βJ(1−κ), 0, 0, 0).

(3.16)

51



3.2.2 Numerical Results

From the Transfer Matrix results, Eq. (3.3) holds for JCS clusters in the purely

attractive (κ < 0) case (and all other non-frustrated models [127]), as is here verified.

Surprisingly, this equivalence persists even in the SALR regime, albeit for a negative

bonding probability, i.e., p2 < 0. It is noticeable that the matrix elements m21,

m23 and m45 in Eq. (3.9) are thus negative, indicating that the existence of next-

nearest neighbors with repulsion in the cluster reduces ⟨γij⟩. By contrast, PH clusters

have ⟨γij⟩ > ⟨sisj⟩ for all κ > 0. In such a 1D model, we nevertheless have that

Tc = Tp = 0 for both schemes. Cluster sizes of both types therefore diverge along

with the correlation length (see Fig. 3.3), which scales as

ξ = e(1−2κ)2βJ/2. (3.17)

Although JCS cluster sizes scale accordingly, PH clusters do not. This discrepancy

hints at a possible inadequacy of the latter scheme, but further insights are needed

to understand why.

3.3 Bethe Lattice

In this section, we consider the model of Eq. (3.1) on a Bethe lattice, which offers

(non-ambiguous) non-zero transition temperatures and is also analytically solvable,

albeit through the slightly more involved cavity field method (CFM) [126, 133].

CMF commonly provides self-consistent functional equations for solving the ther-

modynamics of a model. It can also be used to determine the clustering properties of

a model, as has been done for nearest-neighbor bonding [126]. This is here extended

to the much more complicated next-nearest-neighbor bonds. (Derivations of isotropic

52



Figure 3.4: Schematics of the configurations corresponding to the cavity fields of
SALR models on Bethe lattice.

models are shown in the following sections, and those of anisotropic models are in

the Appendix C).

3.3.1 Cavity field and recursion relations

For a Bethe lattice, the CFM [133] gives

ηcav(s, s
′) = Z−1

cav

c∑
l=0

(
c

l

)
[ηcav(1, s)]

l[ηcav(−1, s)]c−l (3.18)

× eβJs(2l−c)e−βJκs′(2l−c)e−βJκ
l(l−1)+(c−l)(c−l−1)−2l(c−l)

2 ,

where (following the standard cavity notation [133]) ηcav(s, s
′) is the (local) con-

figuration probabilities of our models for the state s of the current site and s′ of

the backward (cavity) site. The normalization factor Zcav ensures that the sum

of
∑

s,s′ ηcav(s, s
′) = 1. For notational simplicity, E/F/O/R denote the various

ηcav(s, s
′), as shown in Fig. 3.4.
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The spin density is then given by

η(s) = Z−1
site

c+1∑
l=0

(
c+ 1

l

)
[ηcav(1, s)]

l[ηcav(−1, s)]c+1−l (3.19)

× eβJs(2l−c−1)e−βJκ
l(l−1)+(c+1−l)(c−l)−2l(c+1−l)

2 ,

where the normalization Zsite is such that η(1) + η(−1) = 1, and the density of

up (or down) spins is ρ↑ = η(1) (or ρ↓ = η(−1)); and the free energy per site is

f = ∆Fsite −
c+ 1

2
∆Flink (3.20)

where −β∆Fsite = ln (Zsite), and −β∆Flink = ln (E2eβJ +R2eβJ + 2F ·Oe−βJ).

The model symmetry simplifies its analysis. In particular, we note:

Symmetry Proposition 1. (a) for κ = 0,

E = F = Z−1
cav[EeβJ +Oe−βJ ]c, (3.21)

O = R = Z−1
cav[Ee−βJ +OeβJ ]c; (3.22)

(b) for arbitrary κ and within the paramagnetic phase, E = R and F = O always

hold;

(c) in the paramagnetic phase, the density of up (or down) spins is ρ = 1/2, i.e.,

E + F = O +R = 1/2.

(This last symmetry can be proven through exchanging the two variables in

Eq. (3.18).)
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3.3.2 Linear Expansion around κ = 0

In general, CFM equations can only be solved numerically, but closed form expres-

sions are available at κ = 0. In order to validate the numerical analysis for κ ̸= 0, we

here consider corrections linear in κ to the configuration probabilities. For clarity,

we consider separately the derivatives of the summation (fcav(s, s
′) = ηcav(s, s

′)Zcav)

and of the normalization factor (Zcav), i.e.,

∂ηcav(s, s
′)

∂(κJ)
=

1

Zcav

∂fcav(s, s
′)

∂(κJ)
+

fcav(s, s
′)

Z2
cav

∂Zcav

∂(κJ)
. (3.23)

From Eq. (3.18),

∂fcav(s, s
′)

∂(κJ)

∣∣∣∣
κ=0

= eβhs
c∑

l=0

(
c

l

)
[η0cav(1, s)]

l[η0cav(−1, s)]c−leβJs(2l−c)(−β)

×
[
s′(2l − c) +

l(l − 1) + (c− l)(c− 3l − 1)

2

]
+ eβhs

c−1∑
l=0

(
c

l

)
[η0cav(1, s)]

l[η0cav(−1, s)]c−l−1eβJs(2l−c)(c− l)
∂ηcav(−1, s)

∂(κJ)

+ eβhs
c∑

l=1

(
c

l

)
[η0cav(1, s)]

l−1[η0cav(−1, s)]c−leβJs(2l−c)l
∂ηcav(1, s)

∂(κJ)
,

(3.24)

and

∂Zcav

∂(κJ)

∣∣∣∣
κ=0

=
∑
s,s′

∂fcav(s, s
′)

∂(κJ)

∣∣∣∣
κ=0

. (3.25)

One could then directly solve the four equations to obtain the four derivatives ∂ηcav(s,s′)
∂(κJ)

by treating them as unknown variables.

We here leverage simplifying symmetries.

1. Denote the coefficients of the three terms in ∂fcav(s,s′)
∂(κJ)

as ϕ̂i, where i ∈ {0, 1, 2} is
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the order of the term, and ϕ ∈ {E,F,O,R} denotes the configuration of fcav(s, s
′).

Directly from the expressions, Êi = F̂i and Ôi = R̂i for i = 1 or 2, because the

coefficients of the second and third terms are independent of s′.

2. For the paramagnetic phase (with η0cav(s, s
′) = 1/4 at κ = 0), we have

Ê1 = F̂1 = Ô2 = R̂2 = c

(
cosh (βJ)

2

)c−1

eβJ , (3.26)

Ê2 = F̂2 = Ô1 = R̂1 = c

(
cosh (βJ)

2

)c−1

e−βJ , (3.27)

Ê0 = R̂0, (3.28)

F̂0 = Ô0. (3.29)

Given Proposition 1(b) for the paramagnetic phase we have ∂E
∂(κJ)

= − ∂F
∂(κJ)

=

− ∂O
∂(κJ)

= ∂R
∂(κJ)

, and hence

∂Zcav

∂(κJ)
= (Ê0 + F̂0 + Ô0 + R̂0) + (Ê1 + F̂1)

∂E

∂(κJ)
+ (Ô1 + R̂1)

∂F

∂(κJ)

+ (Ê2 + F̂2)
∂O

∂(κJ)
+ (Ô2 + R̂2)

∂R

∂(κJ)

= 2(Ê0 + F̂0) + 4(Ê1 − Ê2)
∂E

∂(κJ)
.

(3.30)

Then from Eqs. (3.23-3.25), we have

∂E

∂(κJ)
=

Ê0 − F̂0

2Zcav

. (3.31)
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Figure 3.5: The leading eigenvalues (left y axis) of LSA of instantaneous configu-
ration solutions (solid line) and symmetric configuration solutions (dash line), and
the transition temperatures at λmax = 1 are consistent with the discontinuity in free
energies (right y axis) upon heating (solid line) and cooling (dash line) processes.

3. The configuration probabilities are given by

ηcav(s, s
′) = η0cav(s, s

′) + κJ
∂ηcav(s, s

′)

∂(κJ)

∣∣∣∣
κ=0

=
1

4
+ (2δs,s′ − 1)κJ

∂E

∂(κJ)

∣∣∣∣
κ=0

,

(3.32)

where ∂E
∂(κJ)

∣∣∣
κ=0

depends on the inverse temperature βJ and connectivity c+ 1.

3.3.3 Linear Stability Analysis

In order to sidestep the numerical difficulty of determining Tc from the second deriva-

tive of the free energy, we analyze the linear stability of the recursive expressions in

Eq. (3.18). For small fluctuations, we then have

ηcav(s, s
′) = ηfix

cav(s, s
′)+ J∆ηcav(s, s

′) (3.33)
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where ηcav(s, s
′) denotes the array of configuration probabilities (E/F/O/R), and

the 4× 4 Jacobian matrix contains the derivatives of Eq. (3.18) about each configu-

ration variables,

J =
∂ηcav(s, s

′)

∂ηcav(s, s′)
(3.34)

Its leading eigenvalue λmax encodes the stability of a state. At equilibrium, λmax < 1,

which means that iterations return a state to equilibrium. By contrast, a state with

λmax > 1 is unstable, and one with λmax = 1 is marginally stable.

The eigenvalues of Eq. (3.34) can be numerically solved with the converged config-

urational probabilities from Eq. (3.18). In another respect, applying the model sym-

metry (Proposition 1(b)), the eigenvalues of homogeneous phase are exactly solvable

(albeit these configurations are unstable at low temperatures). These two strate-

gies should give the same critical temperature Tc of the second-order paramagnetic-

ferromagnetic phase transition, and the latter is beneficial in avoiding the conver-

gence problem around the Lifshitz point. Under special condition (see Sec. 3.3.6), a

first-order region appears, where the leading eigenvalues of the two strategies upon

heating perform different behaviors below and around the transition point, and the

determined two different critical temperatures correspond to the singularities in the

first-derivative of free energies when heating or cooling the system (see Fig. 3.5).

Note that at linear order in κ, configuration probabilities only depend on βJ

and κJ , and so does the matrix J in Eq. (3.34). The marginal stability condition

analytically gives βc as a function of κJ .
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3.3.4 Modified FK-CK Percolation and Stability Analysis

In the pure Ising model (κ = 0), using a bonding probability p1 = 1 − exp (−2βJ)

builds the standard FK-CK clusters such that their percolation temperature, Tp, co-

incides with the critical one, Tc [75]. As a generalization of this approach for κ ̸= 0,

we consider the modified FK-CK bonding criterion with prev1 (α) = 1− exp (−2βJα).

The effective interaction that combines both nearest and next-nearest neighbor con-

tributions is then taken into account through the parameter α. We expect α > 1 for

purely attractive models and α < 1 for SALR models.

In order to determine Tp, we follow the strategy of Ref. [126] with CFM, designing

recursive relations to calculate the percolation probability that a spin belongs to the

percolating cluster C∞. For simplicity, let the clusters all consist of up spins (and

the results of down-spin cluster should be the same). Here we define the probabilities

that a spin is up and belong to C∞ in terms of the cavity field

 pR ≡ Prob(si = 1& sj = 1& i ∈ C∞)

qR ≡ Prob(si = 1& sj = 1& i ̸∈ C∞)
, (3.35)

where pR + qR = R. Taking the bonding probability into account, we define the

auxiliary quantities

p̂ = pR prev1 , q̂ = qR + (1− prev1 )pR. (3.36)

which denote the probability that an up spin is connected or not to the parallel and

percolated neighbor spin, respectively.
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Recursive equations can then be written,

pR = Z−1
R eβh

c∑
l=1

(
c

l

)
eβJ(2l−c)e−βJκ(2l−c)F c−l

l∑
k=1

(
l

k

)
p̂k q̂l−ke−βJκ

l(l−1)+(c+1−l)(c−l)−2l(c+1−l)
2 ,

(3.37)

qR = Z−1
R eβh

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βJκ(2l−c)F c−lq̂le−βJκ

l(l−1)+(c+1−l)(c−l)−2l(c+1−l)
2 , (3.38)

where ZR is the normalization factor ensuring pR + qR = R.

Given converged pR and qR, the percolation probability P is then

P = Z−1
site

c+1∑
l=1

(
c+ 1

l

)
eβ[µ+l(ε− l−1

2
κ)] (3.39)

× F c+1−l

l∑
k=1

(
l

k

)
p̂k q̂l−k,

Q = Z−1
site

c+1∑
l=0

(
c+ 1

l

)
eβ[µ+l(ε− l−1

2
κ)]F c+1−lq̂l, (3.40)

where Zsite is such that P +Q = ρ.

In order to get a physical intuition for α, we consider the small κ regime. Within

the linear approximation, we expect α = 1 − f(c)κ, with f(c) > 0. To obtain f(c),

we consider the linear stability of the FK-CK form percolation probability, which has

leading eigenvalue

λ = Z−1
R eβh · prev1 ·

c∑
l=1

(
c

l

)
F c−l Rl−1 l (3.41)

× eβJ(2l−c)e−βJκ(2l−c)e−βJκ
l(l−1)+(c−l)(c−2l−1)

2 .

For a system with a fixed connectivity c+ 1, prev1 depends only on β and κJ . Given

the configuration probabilities at leading order in κ (see Sec. 3.3.2), we can rewrite
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c 2f(c)
2 8− 1/4
3 10 + 2/6
4 12 + 5/8
5 14 + 8/10
6 16 + 11/12

Table 3.1: Values of f(c) in prev1 = 1− exp{−2βJ [1− f(c)κ]} for the modified FK-
CK percolation criterion

Eq. (3.41) as

λ = F(β, κ) · prev1 (β, κ). (3.42)

where F(β, κ) includes configuration probabilities and Boltzmann weights. At the

critical (or percolation) point, we expect prev1 (or rather f(c) in prev1 ) to be such that

λ = 1, and the resulting ∂β
∂(κJ)

equal to that of the linear stability analysis of the

configuration probabilities (see Sec. 3.3.2). We can therefore solve for the derivative

of Eq. (3.42) about κ around the Ising transition point (κ0, β0) = (0, 1
2
ln ( c+1

c−1
)),

0 = (
∂F
∂β

· ∂β

∂(κJ)
+

∂F
∂(κJ)

)prev1 (3.43)

+ F · (∂p
rev
1

∂β
· ∂β

∂(κJ)
+

∂prev1

∂(κJ)
)

= (
∂F
∂β

· ∂β

∂(κJ)
+

∂F
∂(κJ)

)prev1 (3.44)

+ F · (2Je−2βJ · ∂β

∂(κJ)
− e−2βJ · 2βf(c)),

where all derivatives and variables can be evaluated within linear-order approxima-

tion.

The results of f(c) for various c in Table 3.1 can be (empirically) summarized as

2f(c) = (4 + 2c) +
3c− 7

2c
=

4c2 + 11c− 7

2c
. (3.45)
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Obtaining higher-order terms, however, is challenging because the complexity of the

derivatives of configuration probabilities increases exponentially, and the symmetry

between surging terms are not straightforward. Therefore the generalized expression

cannot be verified.

From a physical standpoint a couple of observations are important. First the

change of prev1 around κ = 0 is continuous and symmetric for attractive and repul-

sive next-nearest-neighbor interactions. Second, the expression for prev1 only involves

linear terms in κ. A consideration of higher-order terms in the configuration proba-

bilities to capture its behavior at larger κ is expected to generate similarly high-order

corrections for prev1 .

3.3.5 NNN percolation

In order to consider clustering conditions beyond the (modified) FK-CK criterion,

next-nearest-neighbor bonds need to be considered, and therefore a broader array of

connection cases must be taken into account. Recursive equations about percolation

probabilities in terms of cavity field can be written, as those of FK-CK clusters in

Sec. 3.3.4, but with more complicated expressions. Here we specifically consider the

JCS clusters[127], which were originally designed for purely attractive models, and

extend this approach to SALR models.

As the Eq. (3.35) of FK-CK clusters, we define CFM variables describing the

probabilities of different local configurations and percolation status: (i) πi(sj, θj) is

the probability that the current site i points up and is a part of the percolated cluster,

AND its backward site j has orientation state sj (↑ or ↓) and percolation state θj

(1 or 0); (ii) qi(sj, θj) denotes that the current site i is up and not in the percolated

cluster AND the backward site j has the state (sj, θj); (iii) wi(sj, θj) denotes the
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current site i is down and not in the percolated cluster AND the cavity site j has

the state (sj, θj). For simplicity, here we only consider clusters consisting of up spins

(and the cases of down spins are symmetric), and thus down spins naturally are not

in the percolated cluster, i.e. (sj, θj) = (↓, 0). As a result, the recursive relations

among nine variables can be written down (the index i and j can be neglected for

generality).

Here are definitions of some auxiliary functions:

(1) Define Φ(k,m) as the probability that m unoccupied nearest-neighbor sites of

site i are connected to k occupied nearest-neighbor sites of site i through one or more

NNN bonds. Notice that the m unoccupied sites may be connected to each other,

and then any of these sites connected to the occupied sites would cause occupancy

of all these sites. A recursive formula is thus obtained,

Φ(k,m) =


1, for m = 0,

0, for m > 0 and k = 0,
m−1∑
i=0

(
m
i

)
[1− (1− p2)

k]m−i(1− p2)
kiΦ(m− i, i), for m > 0 and k > 0.

(3.46)

Therefore, the probability that only m out of l − k unoccupied nearest-neighbor

sites of the site i become occupied through one or more NNN connections to the k

occupied nearest-neighbor sites of site i is

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m) (3.47)

(2) Define Ψ(k,m) as the probability that m unoccupied nearest-neighbor sites of

site i become occupied through either one or more NNN connections to k occupied
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nearest-neighbor sites of site i, or one direct NN connection to the already occupied

current site i. Also, the connections between the unoccupied sites are considered,

Ψ(k,m) =



1, for m = 0,
m−1∑
i=0

(
m

i

)
[1− (1− p1)(1− p2)

k]m−i

× [(1− p1)(1− p2)
k]iΦ(m− i, i), for m > 0.

(3.48)

Therefore, the probability that only m out of l − k unoccupied nearest-neighbor

sites of the site i become occupied through the aforementioned two types of connec-

tions is (
l − k

m

)
Ψ(k,m)[(1− p1)(1− p2)

k+m]l−k−m. (3.49)

(3) Define Θ(k,m, n) as the probability that the unoccupied current site i is

connected to its occupied nearest-neighbor sites directly (through one NN bond) or

indirectly (through one NN bond plus one or more NNN bonds), andm+n unoccupied

nearest-neighbor sites of the site i become occupied either through NNN bonds or NN

bonds or both. In order to take all possible cases into account, we classify the m+ n

unoccupied nearest-neighbor sites into two types – m unoccupied nearest-neighbor

sites are connected to the k occupied sites through one or more NNN bonds, and n

unoccupied nearest-neighbor sites do NOT have such bonds but they are (directly or

indirectly) connected to the current site i. Then it gives

Θ(k,m, n) =



0, for k = 0,

Φ(k,m)[1− (1− p1)
k+m](1− p2)

(k+m)n

×
n−1∑
i=0

(
n

i

)
Φ(n− i, i)pn−i

1 (1− p1)
i, for k > 0.

(3.50)
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Therefore, the probability that onlym+n out of l−k unoccupied nearest-neighbor

sites of the site i become occupied in this case is

(
l − k

m

)(
l − k −m

n

)
Θ(k,m, n)[(1− p1)(1− p2)

k+m+n]l−k−m−n. (3.51)

Using these auxiliary functions, we can write down the recursive equations for the

NNN percolation problem (see Appendix B). Naturally, these variables should ensure

that

ηcav(↑, ↑) = π(↑, 1) + π(↑, 0) + q(↑, 1) + q(↑, 0),

ηcav(↑, ↓) = π(↓, 0) + q(↓, 0),

ηcav(↓, ↑) = w(↑, 1) + w(↑, 0),

ηcav(↓, ↓) = w(↓, 0).

(3.52)

Overall percolation probabilities also ensure P +Q = ρ,

P = Z−1
site

{
c+1∑
l=0

l∑
k=0

∑
a+b+d>0

(
c+ 1

l

)(
l

k

)
eβJ(2l−c−1)x′ · w(↑, 0)c+1−l−aw(↑, 1)a

× q(↑, 0)l−k−bq(↑, 1)bπ(↑, 0)k−dπ(↑, 1)d +
c+1∑
l=0

(
c+ 1

l

)
eβJ(2l−c−1)x′ · w(↑, 0)c+1−l

×
l∑

k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

l−k∑
m=0

(
l − k

m

)
Φ(k,m)[1− (1− p1)

k+m]

}
.

(3.53)

65



Q = Z−1
site

c+1∑
l=0

(
c+ 1

l

)
eβJ(2l−c−1)x′ · w(↑, 0)c+1−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p1)

k+m.

(3.54)

Notice x = e−βκ
l(l−1)+(c−l)(c−3l−1)

2 and x′ = e−βκ
l(l−1)+(c+1−l)(c−3l)

2 in all of the above

equations.

The percolation temperature Tp is determined as the point where P vanishes.

(Numerically, we use 10−4 as threshold.) Our treatment, however, lacks one missing

percolating case in the recursive equations. In πi(sj, θj) (or qi(sj, θj) or wi(sj, θj)),

the percolation states of the backward site j only depend on its possible NNN bonds

to the sites jx, which are the nearest neighbors of site i. (Note that the edge between

i and j is removed in the cavity field method, so the NN bond between site i and

j is not considered.) We should therefore consider cases for which sites jx become

occupied in the recursive equations: a) jx has the status πjx(si, θi); b) unoccupied

jx has NN bond to an occupied site i; c) unoccupied jx has NNN bond to other

occupied jx; d) jx has the status qjx(↑, 0), while site i becomes occupied through

other branch(es) and has NNN bonds to the sites k which are in the previous level of

jx, and then k have NN bonds to jx. The last case has not been taken into account

because of the algebraic complexity of considering one additional level of the tree-

like graph. (This could be realized by following the strategies of models with up to

third-nearest-neighbor interactions [126].) We estimate its error to be at most 10−4

in the regime studied, and therefore neglect this factor in the current work.
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Figure 3.6: Phase diagram of the isotropic model for (a) c + 1 = 3 and (b) c +
1 = 5. In (a), the insets respectively show the zoom-in of the first-order transition
region (top) and the difference between two transition temperatures upon heating
and cooling (bottom), and the first-order transition region starts at κZ = 0.181(1)
and ends at the Lifshitz point κL = 0.25, with coexistence temperatures shown as
the black dash-dotted line. In (b), such first-order transition region no longer exists,
and the Lifshitz point is numerically (κL, TL) = (0.114(1), 0.281(1)). In both figures,
the orange dash-dotted line denotes the percolation temperature Tp of JCS clusters,
which is consistent with Tc with errors in the order of 10−3, and the purple dash line
represents the linear expansion of Tc or Tp(revCK) around κ = 0.

3.3.6 Numerical Results

Based on aforementioned CFM equations, we obtained the phase diagrams of isotropic

SALR models for various connectivity c + 1, respectively shown in Fig. 3.6. The

transition from the paramagnetic phase to the ferromagnetic phase is from the LSA

as described in Sec. 3.3.3, and an (nearly) overlapping line of percolation transition

with JCS cluster criterion is from Sec. 3.3.5. The transition between the paramagnetic

phase and the modulated phase is from the same strategy as introduced in Ref. [126].

The multicritical point (i.e. Lifshitz point) is determined as the crossing point of the

two branches of the transition line by extrapolating them.

In the isotropic model with 2 ≤ c ≤ 4, an interesting first-order transition is

observed before the Lifshitz point is reached. The range of the connectivity of Bethe
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lattice displaying the first-order transition region is slightly greater than the previous

report [126], since the LSA provides high-precision identification of Tc and a narrow

first-order transition region of c = 4 can be distinguished. Taking c = 2 as an example

(Fig. 3.6(a)), the first-order transition region starts around (κ†, T †) = (0.181, 0.1416),

and ends at the Lifshitz point where the two transition lines meet again at (κL, TL) =

(0.25, 0). In other words, the two first-order transition lines enclose a “bubble” region

(which is a bit different from previous report in Ref. [126] that the difference between

the two transition temperatures increases as κL is approached). The case of c = 2 is

special since the Lifshitz point exists at T = 0, but the discovery of bubble region

remains for 3 ≤ c ≤ 4. This first-order region implies that both homogeneous and

heterogeneous phases are stable based on LSA, with the first-order transition lines

denoting the meta-stability of the homogeneous/heterogeneous phase. Moreover,

coexistence temperature of the two phases is also identified as the temperature such

that the free energy of the heating process is equal to that of the cooling process, i.e.

fcool = fheat.

In this study, LSA provides an approach to determine Tc with high precision, and

it benefits in two aspects: 1) The transition temperatures determined from fitting

(albeit linear fitting is used) is highly accurate compared to those determined from

the singularity in the derivatives of free energy; 2) In the vicinity of Tc, especially at

κ → κL, the recursive equations can hardly converge, and thus free energies cannot

be obtained to determine Tc. Instead, with the LSA, Tc (in the first-order region, the

low-temperature branch) can always be calculated through the meta-stability point

of the homogeneous solution (which does not experience convergence problem due to

its symmetry). The Tc of heating process (heterogeneous solution) can be obtained

by fitting the eigenvalues of neighbor temperatures, but has reasonably greater errors

due to lacking data points as T is close to Tc, at κ that the standard strategy based
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on free energies fails. In fact, percolation line can also be obtained using LSA,

whereas, we chose to calculate Tp from percolation probabilities (Eq. (3.39)) due to the

high complexity of conducting LSA with nine variables and complicated expressions.

Moreover, the percolation properties highly rely on the configurations, and thus we

cannot use the homogeneous solution to solve Tp, but the convergence problem still

exists. Tp is identified as the percolation probability just becomes nonzero (with a

threshold 10−4 in the numerical calculation), and this strategy provides sufficient

precision to illustrate the consistency of Tc and Tp of JCS cluster criterion as in the

phase diagrams (Figs. 3.6).

As introduced in previous sections and also discussed in Ref. [134], the JCS cluster

has been proved to be the appropriate cluster for attractive κ (as well as other non-

frustrated systems) [127], while it is idealized and fictitious for frustrated κ since

negative bonding probability p2 is applied. The components of JCS clusters are all

parallel spins, and thus the relation between the thermodynamics and geometry of

Eq. (3.4) is recovered, albeit γ
∥
ij for some i and j is negative at κ > 0. The JCS

clusters for p2 < 0 is unphysical and can hardly be realized in simulations, but this

idea can be understood as reduced connection between parallel nearest-neighbor spins

compared to the standard FK-CK criterion, due to the existence of NNN frustration

(in the case of κ < 0, correspondingly, the connection is enhanced due to NNN

attraction). This is the modified FK-CK percolation with tuning parameter α to

enable Tp = Tc. In Sec. 3.3.4, we have obtained the expression of α as a function

of connectivity c and κ, from linear approximation around κ = 0. The resulting

Tp (or the equal Tc) with this approximation is shown as the dash line in Fig. 3.6,

which well describes the phase behaviors of small |κ|, but differs from the real phase

behaviors as |κ| increases. Interestingly, α is shown to be continuous at κ = 0,

implying the percolation problems in the purely attractive systems and frustrated
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systems should have similar physics, even though they were treated as two different

questions and had totally different difficulty to be solved. The aforementioned NNN

contribution changing with κ from positive to negative values provides a perspective

to understand it, but how to realize the negative contribution and design a rejection-

free cluster algorithm remains an open question (a non-rejection-free algorithm is

provided in Ref. [134] with improved efficiency at small to moderate system sizes,

but has too low acceptance rates in large systems).

3.4 2D Square Lattice

With the knowledge obtained from 1D and Bethe lattice results that the frustra-

tion makes a negative contribution to the spin-spin correlation (equivalently, the

cluster size), we have proposed the definition of TM cluster. In order to assess the

performance of the proposed cluster algorithm as well as the existing algorithms, we

consider a 2D square lattice version of the ANNNI model, without loss of universality,

exploring its thermodynamic properties and algorithmic dynamics.

3.4.1 Thermodynamic Properties

Critical Temperature from Transfer Matrix

Studying algorithmic performances at the critical temperature Tc on a 2D square

lattice requires a high-accuracy in determination of Tc. We have here adopted the

numerical TM approach of Hu and Charbonneau [135], which considers a strip of

size L × ∞ and leverages the various systems symmetries to reduce computational

and memory complexity, and therefore maximally broadens the accessible range,

L ∈ [12, 28], to extrapolate results to the thermodynamic 1/L → 0 limit. This allows
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us to numerically estimate the thermodynamic properties of thermodynamic systems

with high accuracy. The error on Tc is therefore as low as 10−4. Even smaller errors

could be attained with more efforts, but this precision is sufficient for the system

sizes considered in this study.

We illustrate the approach for κ = 0.1 (Fig. 3.7). The system energy E obtained

from the first derivative of TM free energy is used as observable. (Observables cal-

culated from second derivatives of the TM free energy, such as the heat capacity,

are more sensitive to numerical imprecisions.) As mentioned in Ref. [135], E(Tc) is

perfectly invariant with L for κ = 0, but varies for κ ̸= 0. We therefore identify the

crossing point in the E − T curve for every two neighbor system sizes (L is incre-

mented by two), and apply the finite-size scaling for Tcross − 1/Lcross, where Lcross is

the arithmetic mean of every two neighbor system sizes. (Using the geometric or the

harmonic mean makes little difference.) Extrapolating Tcross to 1/Lcross → 0 using a

cubic form then gives Tc(κ = 0.1) = 2.0546(1).

2.052 2.0525 2.053 2.0535 2.054 2.0545 2.055 2.0555
-1.411

-1.41
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0 0.02 0.04 0.06 0.08 0.1
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2.054

2.0545

2.055(b)

Figure 3.7: (a) Extrapolation of Tc to 1/L → 0 on a 2D ANNNI model with κ = 0.1
based on the crossing points in E − T curve. (b) Tc = 2.0546(±0.0001) is obtained
using a cubic form to fit the finite L results.

71



-0.8 -0.4 0 0.4 0.8

0.5

1

1.5

-0.8 -0.4 0 0.4 0.8

1

2

3

Figure 3.8: Phase diagram of the ANNNI model on (a) a Bethe lattice with connec-
tivity c+ 1 = 6, and (b) a 2D square lattice (adapted and extended from Ref. [135],
Fig. 3). The percolation temperature for JCS clusters (orange diamonds) agrees
with Tc (black squares), while for PH clusters (yellow stars) Tp > Tc. Note that
the paramagnetic-ferromagnetic transition is only observed for κ < κL, with Lifshitz
point in (a) κL = 0.34 and in (b) κL = 0.5. In (a), the boundary between the fer-
romagnetic and modulated phases is estimated by linearly interpolating between the
κL and the T = 0 ground state κ0 = 0.5 (dashed line).

Equilibrium Phase Diagram

The resulting 2D phase diagram and percolation temperatures of the JCS clusters

as well as the PH clusters are shown in Fig. 3.8(b), compared to a similar model on

the Bethe lattice (Fig. 3.8(a)). In the paramagnetic-ferromagnetic phase regime (for

κ < κL, where κL is the Lifshitz point), the percolation temperature of JCS clusters

perfectly coincides with the critical one. Interestingly, on the Bethe lattice (κ > 0),

such equivalence persists to SALR regime as long as a negative bonding probabil-

ity is here again used, while this cannot be observed in 2D lattice because negative

probability is meaningless in simulations. The PH clusters, by contrast, percolate

at temperatures that grow more distant from the critical point as κ increases. The

percolating, gel-like clusters are then expected to struggle to sample configurations

in the critical regime. Overall, this analysis further reveals that spin-spin correla-

tions in this regime do not include spins of opposite signs despite the presence of an
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antiferromagnetic coupling. Novel cluster definition to include negative contribution

of frustrated interactions should be considered.

3.4.2 TM cluster algorithm

Definition

Based on previous results, we therefore propose the TM cluster algorithm, which re-

distributes the bonding probabilities using a first-principle approach to reduce cluster

size (see Fig. 3.1(d)). In this algorithm, the initial site i is connected to the next n

contiguous parallel neighbors in a randomly selected direction with probability p(n)

given by the top-left 2× 2 block of the matrix M (Eq. (3.9)),

(rn+1, sn+1) = aMn
sub = (p1, 1− p1)

 m11 m12

m21 m22


n

, (3.55)

p(n) =


rm if n = m;

sn+1 if 0 < n < m;

1−
m∑
i=1

si − rm if n = 0.

(3.56)

where sn+1 denotes the probability that growth of the cluster stops at the n-th neigh-

bor spin, and rn+1 that clustering continues, given the maximum number of contigu-

ous parallel neighbors equals to m. Because Msub is but a sub-matrix of M , the

summation of all considered clustering probabilities does not add up to unity, so we

assign the residual probability to the case n = 0, which should not affect the algo-

rithmic performance. Note that this partial correction of the negative contribution of

next-nearest neighbors could be extended to a larger subset ofM , but the algorithmic

complexity would then grow significantly and is thus left for future consideration.
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Algorithm

1. Randomly select a spin i as the seed site, and check its connection to neighbors

in all directions as follows,

• In a selected direction, determine the number of contiguous parallel neigh-

bor sites of the seed site which are not already in the current cluster as

m.

• From Eq. (8), calculate the associated probability of adding n < m neigh-

bor sites to the current cluster, sn+1. If all m sites are added and the

growth of clustering is stopped by the interface, its probability is given

as rm. The probabilities p(n) (0 ≤ n ≤ m) are given in Eq. (9). If this

direction is non-axial, then p2 = 0.

• With the calculated probabilities, n ≤ m neighbor sites in this direction

are added to the cluster.

• Repeat the above procedure for all directions.

2. According to the order in which sites are added to the cluster, recursively de-

termine their contiguous neighbor sites being in the same cluster until no more

connection is possible, neglecting the direction(s) (both positive and negative)

already considered in the previous step.

3. In order to evaluate the probability of accepting the trial move to flip the

constructed cluster, we use the detailed balance criterion

∏
i∈Co

p(i)e−βEoacc(o → n) =
∏
j∈Cn

p(j)e−βEnacc(n → o), (3.57)

where Co and Cn are the arrays of the number of added sites in each step
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constructing the cluster of old configuration and new configuration, respectively,

and Eo and En denote the energy of old and new configurations, respectively.

4. Flip the constructed cluster with the calculated acceptance rate.

3.4.3 Algorithm Dynamics

MC simulations are then performed on the same lattices with L2 spins. In order to

extract an autocorrelation time τ for the various algorithms, we consider the decay

the autocorrelation function of the absolute magnetization |m| [130, 136],

C(t) =
⟨|m(0)m(t)|⟩ − ⟨|m(0)|⟩2

⟨|m(0)2|⟩ − ⟨|m(0)|⟩2
(3.58)

which is fitted using a (stretched) exponential function [112, 113]

C(t) ∝ exp [−(t/τ)γ], (3.59)

where 0 < γ < 1. (Because γ here only varies from 0.6 to 1, τ remains a good

observable for comparing algorithms.) When appropriate, the critical dynamical

scaling form, τ = τ0L
z with dynamical exponent z is used to fit the results [137].

For the sake of comparison, time units here generally denote N = L2 spins having

been considered for a flip. In particular, for standard single-spin-flip (SSF) algorithm,

t = tstep/L
2; for any cluster algorithms, t = tstep⟨n⟩/L2, where tstep is the number of

MC steps, and ⟨n⟩ is the mean cluster size generated by the algorithm [138]. The

resulting τ are then proportional to their CPU time with only negligible finite-size

differences. Initial equilibration times are at least 10τ , and sampling times are at

least 100τ .

The growth of τ with L for various cluster schemes is shown in Fig. 3.9, along
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Figure 3.9: Autocorrelation time τ for various simulation algorithms applied to the
ANNNI model on a 2D square lattice at Tc for (a) κ = −0.1, (b) κ = 0.1, (c) κ = 0.2
and (d) κ = 0.3. The standard SSF algorithm is roughly invariant to changing κ
(inset). The JCS cluster algorithm largely eliminates the critical slowing down for
purely attractive systems, but its PH rejection-free counterpart for κ > 0 scales like
the SSF algorithm albeit with a smaller prefactor at low κ (see the inset). The
proposed cluster schemes are most efficient at small L.

with SSF results, which are roughly invariant of κ and are therefore used as refer-

ence. As expected, for purely attractive systems the JCS cluster algorithm is most

efficient, with a dynamical exponent as small as that of the standard Wolff (CK-FK

cluster-based) algorithm for the simple Ising model [120]. Although the two pro-

posed algorithms are less efficient, they are nevertheless significantly more so than

SSF. By construction, the modified Wolff algorithm generates clusters that percolate

at Tc, but unlike the JCS clusters, this scheme is not rejection-free. The rejection

rate therefore necessarily increases as the cluster boundary (or energy cost) increases

with L. The TM cluster algorithm only includes part of the next-nearest-neighbor

contribution to correlations and therefore the constructed clusters are not ideal at

decorrelating configurations, but its performance is nevertheless very similar to that

of the modified Wolff algorithm. The TM algorithm additionally benefits from its

parameter-free nature.

In the SALR regime, the PH cluster algorithm exhibits the same dynamical scal-

ing as SSF, but with a markedly reduced prefactor τ0 at weak κ. This efficiency gain

probably explains why earlier reports found the algorithm helpful [128, 139]. As κ
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increases, however, that prefactor grows rapidly (see Fig. 3.9 inset). The consider-

able computational cost of building clusters then makes it lose out even to the SSF

algorithm. By contrast, the two proposed algorithms exhibit prefactors that scale

more favorably with κ, albeit not the critical exponents. They are therefore most

efficient for small system sizes. Because the mixing times grow either polynomi-

ally or exponentially—given that the rejection rate increases with L—the approaches

become less advantageous as L grows.

3.5 Conclusion

In this chapter, we have investigated the relation between the critical point (thermo-

dynamics) and the percolation transition (geometry) of various cluster construction

of SALR models on 1D chain, 2D square lattice and Bethe lattice, using Transfer

Matrix method and Cavity Field method. The results show that the frustration

universally makes a negative contribution to the spin-spin correlation compared to

the standard Ising model, and thus reduced cluster sizes are required to realize the

equivalence ⟨sisj⟩ = ⟨γij⟩.

Based on the first-principle study of correlations and clustering, we have proposed

two algorithms that account for next-nearest neighbor bonding in models with SALR

interactions, and therefore accelerate the sluggish relaxation of gel-like structures that

develop around the critical point at weak frustration. These approaches are remi-

niscent of the KBD algorithms, but are adapted to systems for which the standard

plaquettes-sharing bonds would normally fail. Unlike the PH algorithm, the schemes

also approximate the Coniglio criterion (Eq. (3.3)). They therefore present signifi-

cant computational gains, albeit only over a limited range of system sizes, given their

non-rejection-free nature. Slightly away from the critical point, they should therefore
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be of great assistance, but a rejection-free version of these schemes would be needed

to improve the configurational sampling of SALR and other frustrated models more

generally.

Although only the ANNNI model is used to study the algorithmic performances,

these approaches can be extended to isotropic SALR models and to other frustrated

models, given an appropriate redistribution of clustering probabilities. Their appli-

cations to higher dimensions should also be straightforward to implement. Adapting

these algorithms to conditions in which the ground state is not ferromagnetic is an

important future direction.
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Chapter 4

Dynamics of active Brownian motion

In this chapter, we specifically study active Brownian particles in a random Lorentz

gas (ABP-RLG), through simulations in dimensions d = 2 . . . 12 in order to identify

the impact of the Péclet number on the localization transition and the criticality,

based on mean-squared displacements, diffusivity and the non-Gaussian parameter.

These behaviors are compared to the standard glass formers, and hints that instantons

play a key role in the process are uncovered.

4.1 Models and Methods

4.1.1 Random Lorentz Gas (RLG)

The RLG is a minimal model of transport in heterogeneous environments, in which

a tracer evolves within spherical obstacles that are fixed and randomly distributed.

Despite the apparent simplicity of this setup, even the simple RLG exhibits a rich phe-

nomenology with a complex interplay between (void-space) percolation and glass-like

caging [140–145]. Interestingly, the RLG model has the same mean-field descrip-

tion as simple hard spheres [145], and the formal equivalence carries to the out-of-

equilibrium ABP-RLG model. Prior studies of the ABP-RLG, however, have only

focused on the percolation regime [52]. Unsurprisingly, that geometrical feature is es-

sentially unchanged from that of the standard RLG. Both the transition location, φp,

as well as its criticality are unaffected by activity. The glass-like arrest, by contrast,

is thought to be much more fragile to activity. Even its position has been proposed
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to depend on activity [60, 61, 65]. Whether this effect is associated to the mean-

field behavior or to corrections, however, remains unclear. The impact of dynamical

heterogeneity, which in mean-field theory follows from the critical fluctuations, is

similarly far from understood.

4.1.2 ABP-RLG Model

0.95 1 1.05 1.1
-6

0

6

Figure 4.1: Trajectory of a d = 2 RLG at φ̂ = 1.5 with (a) P̂e = 0 (BP-RLG) and
(b) 10 (ABP-RLG). Obstacles drawn have unit diameter. (c) Evolution of the steady-

state radial distribution function of obstacles around the tracer, g(r), for P̂e = 0, 1, 10
(from blue to red) in the same setup. The contact peak markedly grows with activity,
thus reflecting an increase in the effective attraction between the tracer and obstacles,
(inset) which can reach several kBT .

A RLG model generally entails following the dynamics of a spherical tracer of

radius R within void space left by fixed spherical obstacles of radius R, distributed

uniformly at random at a (dimensionally-rescaled) volume fraction φ̂ = ρVd/d for

number density ρ, where Vd is the volume of d-dimensional unit sphere [145]. (An

equivalent system has a point tracer and obstacles of radii 2R. In the following, 2R

is set as the unit of length.) For the ABP-RLG more specifically the particle [146] is

assigned a constant intrinsic velocity v0 along the direction of a unitary vector e(t).

The associated overdamped Langevin equations with translational and rotational
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Gaussian white noise ξt and ξr of zero mean and unit variance

⟨ξr,t(t)⟩ = 0, ⟨ξr,t(t) · ξr,t(t′)⟩ = δ(t− t′), (4.1)

have

ṙ(t) = v0e(t) +
√

2Dtξt(t), (4.2)

ė(t) =
√
2Drξr(t)⊗ e(t). (4.3)

where translational and rotational diffusion constants are related by Dr = dDt, thus

generalizing to arbitrary d the natural thermal noise of d = 3 systems [147]. Note

that ⊗, which in d = 3 corresponds to the cross product, more generally denotes the

projection of ξr(t) on the tangent surface perpendicular to e(t), and thus Eq. (4.3)

corresponds to e(t) moving on the surface of a unit hypersphere.

Activity strength is characterized by a Péclet number Pe. Prior simulations have

defined it as the ratio of the diffusive time scale 4R2/Dt and the ballistic time scale

2R/v0, i.e., Pe
s = 2v0R

Dt
[49, 52], whereas MCT studies have used PeMCT =

v20
DtDr

to

obtain an effective diffusion coefficient Deff = Dt(1 + PeMCT). In order to relate the

two, we here define

Pe =
v0√
DtDr

. (4.4)

and more specifically the dimensionally rescaled P̂e = Pe/
√

d(d− 1). In all cases,

P̂e ≪ 1 corresponds to the translational diffusion dominating (passive Brownian

motion, PB), while P̂e ≫ 1 corresponds to the active motion dominating. As illus-

trated in Fig. 4.1, a PB tracer samples void space uniformly, but experiences entropic

bottlenecks in narrow passages, while an ABP tracer mostly explores the surface of

obstacles and can more easily traverse narrow channels, but tends to get (temporar-
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ily) trapped in wedges formed by d overlapping obstacles. The marked increase in

the effective attraction between tracer and obstacles due to self-propulsion [148] can

also be gleaned from the radial distribution function (see Fig. 4.1(c)).

4.1.3 Simulation Details

Simulations leverage a standard event-driven Brownian dynamics (EDBD) algo-

rithm [149, 150] with the Brownian component undergoing purely ballistic collision

with obstacles, thus ensuring that no overlap between the tracer and obstacles ever

develops. However, because the rotational component of the ABP velocity preserves

a memory of the past orientation, the tracer can only leave its collision partner if

the overall velocity vector points out after a collision or has at least one component

parallel to the tangent surface.

In the EDBD algorithm, the integration time steps should be carefully set up. For

simple Brownian dynamics, the integration time step ∆tn = 2n∆t0, where ∆t0 is the

smallest time interval, and for each n, motion within ∆tn is sampled for 210 times,

and at the end of each ∆tn, the translational velocity is reset as a multi-variate

Gaussian random variable. Since the active motion requires smaller time interval

to approximate it as a linear motion, we set ∆ta = ∆tn/m (where m is a positive

integer depending on dimensionality, Péclet number and density), and the direction

of rotational velocity is updated with Gaussian random fluctuation at end of each

∆ta.

Checker-board periodic boxes are considered as the boundary condition for d =

3, 4, · · · , 12 as in Ref. [143]. The system is initialized by placing a tracer at the origin

with a Gaussian random velocity, and N = 100, 000 obstacles that do not overlap

with the tracer and are otherwise randomly distributed so as to fix φ̂. The system
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is sampled after an initialization time t = 100, so as to attain stationary states, and

the results are average over 2000 realizations.

4.2 Results and Discussion

4.2.1 Mean Squared Displacements

We first consider the evolution with time t of the tracer mean squared displacement

(MSD), ∆(t) = ⟨|r(t)− r(0)|2⟩. In free space [49],

∆̂ = 2dDtt̃+ 2v20τr t̃− 2dv20τ
2
r (1− e−

t̃
dτr )

= t̂+ P̂e
2
t̂− 2d

d− 1
P̂e

2
(1− e−

d−1
2d

t̂)
(4.5)

where τr =
1

(d−1)Dr
is the persistent time of a spherical particle, both ∆̂ = d ·∆ and

t̃ = d · t have been dimensionally rescaled, and t̂ = 2dDtt̃ sets the time units such

that a BP has ∆̂ = t̂ in free space. Using the rescaled Péclet number finally collapses

the short- and long-time diffusion regimes in all d,

∆̂(t̂) =

 t̂+ d−1
4d

P̂e
2
t̂2 for t̂ ≪ 1;

(1 + P̂e
2
)t̂ for t̂ ≫ 1.

(4.6)

Put differently, the MSD of ABP is diffusive (∼ t) at very short times, ballistic (∼ t2)

at intermediate times, and diffusive with an enhanced effective diffusion coefficient

at long times [48].

As expected, the MSD for the BP-RLG collapses as d increases. For P̂e = 0, the

effect of activity is essentially indistinguishable, hence the results smoothly approach

the DMFT results for d → ∞ [151] (see Fig. 4.2(a)). (Deviations are due to numerical
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integration difficulties with the DMFT equations [151, 152].) For the ABP-RLG, the

dimensional trend is the same, albeit without the benefit of DMTF predictions for

validation (see Fig. 4.2(b)). As also expected, the long-time diffusion is enhanced

as the Péclet number grows (see insets in Fig. 4.2). More surprisingly, this effect

increases with density. In other words, when an abundance of obstacles geometrically

hinders escapes, the impact of activity is enhanced.
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Figure 4.2: MSD for (a) P̂e = 0 (BP-RLG) and (b) 10 (ABP-RLG) compared with
theoretical free-space results (dashed lines) and DMFT results of passtive motion
(dot-dashed lines), for φ̂ = 0.5, 1, 1.5, 2, 3 (from top to bottom), and d = 3, 4, 8, 12
(blue to red lines). (insets) Approach to the long-time diffusivity for the same den-
sities (from top to bottom) in d = 12.

4.2.2 Dynamical Transition

In order to estimate the resulting dynamical transition density φ̂d, at which the tracer

should get localized in a mean-field description, we consider the scaling of the long-

time diffusivity, D̂∞ = limt̂→∞
∆̂(t̂)

t̂
, which is then expected to vanish critically upon

approaching from below the (avoided) dynamical transition

D̂∞ ∼ |φ̂− φ̂d|γ (4.7)
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Figure 4.3: Critical scaling of the diffusivity D̂∞ for d = 12 with P̂e = 1, 2, 3, 5, 10
(from blue to red). Fits to the critical scaling form only uses points within about

10% of φ̂d. (Inset) φ̂d (diamonds) increases with P̂e and appears to saturate around
φ̂p(d = 12) = 2.64(9) (dashed line), and so does the scaling exponent γ (stars).

where the BP-RLG has φ̂d = 2.4034 and γ = 2.33786 [145, 153]. Because for d ≤ 8,

the geometric percolation transition takes place below the mean-field localization,

i.e., φ̂p ≤ φ̂d [145], the two phenomena are then easily confounded. We here sidestep

this problem by considering d = 12, where φ̂p = 2.64(9) is well above φ̂d for the

BP-RLG. We further expect this d to be sufficiently high for deviations from mean-

field d → ∞ physics to be rather small. As expected, the critical density grows

with increasing Péclet number [61, 65]. The effect, however, eventually saturates at

around 10%, which is noteworthy for a couple of reasons. First, it is much larger

than the ∼ 1% predicted by MCT for d = 2 systems with comparable activity [65].

Second, the saturation suggests that the tracer appears to become fully caged at

densities that approach φ̂p. For sure the percolation threshold provides a geometric

upper bound to cage escapes, but it is unclear whether the coincidence has a deeper

physical origin. Could it be that activity, which results in the tracer preferentially

sampling obstacle surfaces, can more frequently identify narrow escape paths? A

possible interpretation is that activity efficiently samples instantonic cage breaking
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processes and therefore surmount the the entropic bottlenecks of the BP-RLG. To

clarify the situation, (even) higher d systems should be considered.

In any event, the scaling exponent γ is also of marked theoretical interest. Al-

though its specific value is somewhat sensitive to the chosen fitting range, its steady

increase with P̂e is undeniable. This increase is distinct from the invariance assumed

in the analysis of spin-glass models [61], and opposite to recent MCT predictions [67].

Possible explanations this last discrepancy include that: 1) the MCT exponent was

determined for a smaller length scale than the relevant one for diffusivity; 2) MCT ex-

ponents of relatively strong activity violates a relation with the static structure [154],

thus possibly reflecting limitations of the existing MCT [67]; 3) the MCT treatment

was for a slightly different microscopic model. In any event, our findings provide a

stringent test of theories of activity.

4.2.3 Non-Gaussian Parameter

In order to probe the nature of the ABP-RLG dynamics more deeply, we also consider

its fluctuations, as captured by the non-Gaussian parameter, α2(t). This observable

markedly grows upon approaching the arrest of standard glass formers [155, 156] and

has recently been shown to capture the small deviations from mean-field d → ∞

physics in the BP-RLG. Here, α2(t) =
d

d+2
[⟨r4(t)⟩]
[⟨r2(t)⟩]2 − 1, where ⟨· · · ⟩ denotes averaging

over obstacles in one realization, and [· · · ] denotes averaging over multiple realiza-

tions, the dimensionally rescaled version is α̂2 = d · α2. Deviations from α2(t) = 0,

which originate either from an anomalous displacement along a single direction or

from directional correlations [156], are positive for distributions with large tails and

negative for the opposite. Fig. 4.4 contrasts the behavior of α̂2 for the BP-RLG and

the ABP-RLG. First, we note that the quantity vanishes for both dynamics at short
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Figure 4.4: Time evolution of α̂2 of the RLG with (left) P̂e = 0 (BP-RLG) and
(right) 10 (ABP-RLG) and various obstacle densities in d = 3, 4, 6, 8, 10, 12 (blue to
red lines). For φ̂ = 0, analytical expressions (dashed lines) can be obtained in all d
(see Supplementary Material). Note that results for φ̂ ≳ φ̂p, which do not diffuse at
long times, are faded out to clarify the dimensional trend.

and long times, thus recovering the Gaussian statistics associated with diffusion.

Key differences, however, are noted at every other points. In free space, α̂2 becomes

negative at intermediate times for the ABP-RLG, due to the anti-correlation in dis-

placement along different dimensions, as noted in Ref. [50]. As φ̂ increases, the impact

of obstacles grows for both dynamics. For the BP-RLG, non-Gaussian displacements

arise as the motion initially breaks away from caging, and hence the peaks grow and

shift to longer times as density increases. (It ultimately plateaus when the tracer

is fully caged.) For the ABP-RLG, correlated displacements arise instead because

only the constituents of velocity parallel to the obstacle surface remain. Seen from a

different perspective, a positive α2 reflects that at a specific time some tracers move

statistically faster than others, which corresponds to activity-induced clustering in

microscopic scale [157]. Long-time diffusion then corresponds to the relaxation or
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dissociation of these clusters. As density approaches φ̂d, it seems that a long-time

shoulder peak first appears in α2 of ABP and then evolves into a growing plateau.

This is in contrast to the evolution of the single peak in α2 of BP [140, 156]. However,

it worth noting that the effects of φ̂p and φ̂d entangles again as activity increases φ̂d,

and thus it is difficult to distinguish whether the appearance of long-time plateau in

ABP-RLG is due to percolation transition or dynamic caging. Therefore, simulations

at higher dimension and for longer time are required, and investigating the distinct

criticality of the two transitions is also essential [145].

4.3 Conclusion

Simulations of ABP-RLG have confirmed that the dynamical glass transition shifts

to higher densities, with a saturation coincident with the geometric percolation tran-

sition. Given that percolation physics is associated with instantons in the BP-RLG,

this finding suggest a possible non-trivial relationship between activity and activated

processes. Although higher d results would be needed to confirm this proposal, it

nevertheless highlights the importance of instantons for understanding the physics

of disordered systems. The markedly distinct fluctuation behavior of active systems

relative to passive ones around φ̂d further suggests that the glass-formation process

corresponds to an altogether different cage formation process. Given the lack of solv-

able first-principle theories that could address these issues in a foreseeable future,

however, a more careful examination of criticality in this model could help sketch a

theoretical path forward.

Despite the simplicity of the RLG, it has proven to be a powerful model for

understanding the complex behavior of ABP. Identifying the relationship between

the ABP-RLG and models of active particles with collective effects would also be of
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particular interest moving forward.
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Chapter 5

Conclusions

In this dissertation, I have investigated morphologies and dynamics in self-assembly

systems of equilibrium microphases and out-of-equilibrium active matter through

computational simulations, and contributed to improving sampling efficiency.

The first project explored the structural features of disordered microphases using

a schematic SALR model. The study revealed the emergence of rich morphologies,

such as cluster and percolated fluids, in disordered regimes. The identification of an

elongated cluster fluid regime and the careful track of morphology evolution under-

scored the complex nature of these systems. Moreover, investigating the dynamics of

advanced Monte Carlo methods shed light on the interplay between algorithms and

structures, leading to the determination of the (most) efficient algorithms for diverse

disordered phases, which display improved sampling efficiency by one to two orders of

magnitude over the standard MMC methods. These findings not only contribute to

the understanding of microphase formation but also serve as benchmarks for future

algorithmic developments.

In order to further solve the existing difficulty in sampling the order-disordered

phase transition, the second project aimed to reduce critical slowdown with clus-

ter algorithms, by studying the relation between the critical point and percolation

transition of various cluster constructions within SALR models. The examination of

correlations and clustering led to the proposal of novel algorithms that can accelerate

relaxation processes in gel-like structures around the critical point. In spite of lim-

itations, these proposed algorithms provide significant physical insights and present

promising avenues for improving configurational sampling in frustrated models. The

90



extension of these algorithms to higher dimensions and different systems, along with

the exploration of non-rejection-free versions, represents an important future direc-

tion.

The third project delved into the behaviors of active Brownian particles in the

context of the Random Lorentz Gas model. The simulation results unveiled a shift in

the dynamical glass transition and its connection to the geometric percolation transi-

tion. The distinct non-Gaussian behavior of active systems around critical densities

probably indicates different cage formation processes. Regarding the challenges in the

development of relevant theories due to the complexity of these systems, the ABP-

RLG model has proven instrumental in understanding the physics of active particles

and providing benchmarks for future research.

In summation, the findings from these projects collectively contribute to advanc-

ing our understanding of disordered systems, shedding light on their structural, dy-

namic, and algorithmic aspects. The challenges and directions highlighted in each

project provide a roadmap for future research in the field, offering opportunities to

uncover deeper insights and develop more effective computational methods for study-

ing and manipulating these complex self-assembly systems.
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Appendix A

Virial Coefficients for 3D Continuous
Models

In the context of Eq. (2.2), and because of the absence of thermodynamic singularities

in the cluster fluid regime, it is instructive to express the equilibrium pressure as a

virial series

βP = ρ+
∞∑
k=2

Bn(T )ρ
n (A.1)

with coefficients Bn(T ). In this appendix, we present analytical expressions for B2(T ),

B3(T ) and B4(T ) for the SALR model specified by Eq. (2.1), in arbitrary spatial

dimension d. Because few computations of virial coefficients exist for SALR models

(and none for B4(T )), these results are particularly informative for understanding

the low-density clustering behavior.

Here we follow the approach outlined in Refs. [158, 159]. For the model in

Eq. (2.1), the Mayer function is

f(r) = e−βu(r) − 1 =



−1 r < σ;

f0 σ < r < λ0σ;

f1 λ0σ < r < λ1σ;

0 λ1σ < r.

(A.2)

where f0 = eβε − 1 and f1 = e−βκε − 1, and its Fourier transform is

Fd(k) =

∫
e−ik·rf(r)dr (A.3)

=

(
2πσ

k

)d/2

[−(1 + f0)Jd/2(kσ) + (f0 − f1)λ
d/2
0 Jd/2(kλ0σ) + f1λ

d/2
1 Jd/2(kλ1σ)].
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where d denotes dimension, and Jν(x) are Bessel functions.

Second Virial Coefficient

The standard expression for B2(T ) is

B2(T ) = −1

2

∫
f(r)dr =

Cdσ
d

2d
[1 + f0 − (f0 − f1)λ

d
0 − f1λ

d
1]. (A.4)

where Cd =
2πd/2

Γ(d/2)
.

Third Virial Coefficient

Expressing B3(T ) in Fourier space and using Eq. (A.3) immediately gives

B3(T ) = −1

3

∫∫
f(r1)f(r2)f(|r2 − r1|) dr1 dr2 = − 1

3(2π)d

∫
[Fd(k)]

3 dk

= −Cd

3
(2π)d/2σ2d

∑
n1,n2,n3

[−(1 + f0)]
n1 [(f0 − f1)λ

d/2
0 ]n2(f1λ

d/2
1 )n3

×
∫ ∞

0

x−d/2−1[Jd/2(x)]
n1 [Jd/2(λ0x)]

n2 [Jd/2(λ1x)]
n3 dx

(A.5)

where n1, n2 and n3 are non-negative integers such that n1+n2+n3 = 3, and x = kσ.

The integrals of Bessel functions can be analytically solved through hypergeometric

functions for arbitrary d (see Refs. [160–162]), or using symbolic mathematical tools

(such as Mathematica[163]) for odd d. Expressions can be found in Ref. [164].

Fourth Virial Coefficient

The fourth virial coefficient has three Mayer cluster contributions

B4(T ) = B4(2) +B4(�) +B4(4). (A.6)
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These terms, however, no longer have generic closed-form expressions for arbitrary d.

The integrals can nevertheless be analytically expressed for specific odd dimensions.

The derivation here follows the strategy used in Ref. [161].

First Term: In Fourier representation we have

B4(2) = −3

8

∫∫∫
f(r1)f(r2)f(|r3 − r2|)f(|r1 − r3|) dr1 dr2 dr3

= −3

8
· (2π)−d

∫
[Fd(k)]

4 dk

= −3

8
Cd(2π)

dσ3d
∑

n1,n2,n3

[−(1 + f0)]
n1 [(f0 − f1)λ

d/2
0 ]n2(f1λ

d/2
1 )n3

×
∫ ∞

0

x−d−1[Jd/2(x)]
n1 [Jd/2(λ0x)]

n2 [Jd/2(λ1x)]
n3 dx

(A.7)

where n1, n2 and n3 are also non-negative integers, but n1+n2+n3 = 4. For a given

d, these integrals of Bessel functions can be analytically evaluated using symbolic

mathematical tools.

Second Term: Again using the Fourier representation, we have

B4(�) = −3

4

∫∫∫
f(r1)f(r2)f(r3)f(|r1 − r2|)f(|r2 − r3|) dr1 dr2 dr3

= −3

4
· (2π)−2d(I

(�)
1 + I

(�)
2 + I

(�)
3 )

(A.8)

where I
(�)
i denotes integrals such that

I
(�)
i = Ai ·

∫ x2

x1

[∫ ∞

0

[Fd(k)]
2e−ik·r dk

]2
dr (A.9)

where for i = 1, 2 or 3, Ai ∈ {−1, f0, f1}, and the integral range [x1, x2] ∈

{[0, σ], [σ, λ0σ], [λ0σ, λ1σ]} respectively. The integrals in I
(�)
i should be handled sim-
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ilarly. Taking the first term as an example, we get

I
(�)
1 = −

∫ σ

0

[
Cd−1

∫ ∞

0

∫ π

0

[Fd(k)]
2 · e−ikr cos θkd−1(sin θ)d−2 dk dθ

]2
· Cd · rd−1 dr

= −
∫ σ

0

K2
1 · Cd · rd−1 dr

(A.10)

The integral K1 over (dk dθ) gives

K1 = (2π)3d/2σ3d/2−1r−d/2+1
∑

n1,n2,n3

[−(1 + f0)]
n1 [(f0 − f1)λ

d/2
0 ]n2(f1λ

d/2
1 )n3

×
∫ ∞

0

x−d/2Jd/2−1(x)[Jd/2(x)]
n1 [Jd/2(λ0x)]

n2 [Jd/2(λ1x)]
n3 dx

(A.11)

where n1, n2 and n3 are also non-negative integers, but n1 + n2 + n3 = 2, and the

integrals of Bessel functions for any definite d can be easily calculated using symbolic

mathematical tools. After simplification, K1 is a function of r one, leaving I
(�)
1 as an

integral over r that can be easily evaluated.

Third Term: This term is the most challenging contribution to B4, because it

includes all pair interactions for a group of four particles.

B4(4) = −1

8

∫∫∫
f(r1)f(r2)f(r3)f(|r1 − r2|)f(|r2 − r3|)f(|r3 − r1|) dr1 dr2 dr3

= −1

8
· σ3d

∑
a1···a6

[−(1 + f0)]
n1 [(f0 − f1)λ

d
0]

n2 [f1λ
d
1]

n3 × Id/2(a1, a2, a3, a4, a5, a6)

(A.12)

where x = σk, a1 · · · a6 ∈ {1, λ0, λ1}, and n1, n2 and n3 represents the number of ai
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equal to 1, λ0 or λ1, respectively.

Id/2(a1, a2, a3, a4, a5, a6) =

∫∫∫
dx dx′ dx′′hd/2(a1x)hd/2(a2x

′)hd/2(a3x
′′)

× hd/2(a4|x′′ − x|)hd/2(a5|x− x′|)hd/2(a6|x′ − x′′|),
(A.13)

where hd/2(t) =
Jd/2(t)

td/2
. Such complicated integral can be transformed into series of

solvable integrals,

Id/2(a1, a2, a3, a4, a5, a6)

= [2d/2Γ(d/2)]3(a1a2a3)
−1/2(a4a5a6)

−1

∞∑
l=0

∞∑
m=0

∞∑
n=0

(d/2 + l)(d/2 +m)(d/2 + n)

× C
d/2
l (cos ν)Cd/2

m (cos ν ′)Cd/2
n (cos ν ′′)

∫
Jd/2(a1x)Jd/2+l(a4x)Jd/2+m(a5x)x

−3d/2 dx

×
∫

Jd/2(a2x
′)Jd/2+m(a5x

′)Jd/2+n(a6x
′)x′−3d/2 dx′

×
∫

Jd/2(a3x
′′)Jd/2+l(a4x

′′)Jd/2+n(a6x
′′)x′′−3d/2 dx′′

(A.14)

In principle, B4(4) for arbitrary odd dimension can be calculated from Eq. (A.12)

and Eq. (A.14). However, the convergence of the triple summation is computationally

costly, and thus simplified expressions for d = 1 and d = 3 are provided in Ref. [164].

In practice, obtaining analytical solutions of the Bessel integrals in Eq. (A.14)

is beyond our degree of mathematical sophistication, even after simplifying the ex-

pressions. Standard numerical integrators also struggle with Eq. (A.13) in high di-

mensions. Instead, d = 1 is solved through Eq. (A.13) using symbolic mathematical

tools, and d = 3 is obtained from Eq. (A.12) using Monte Carlo integration.

Figure 2.2(b), which compares B4 for the SALR model studied in this work and
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for a purely attractive system (with κ = 0), shows that B4(2) is always negative over

the temperature range of interest, but that the second and third terms are negative

at low T and positive at relatively high T . The point at which they change sign shifts

to lower T as repulsion increases. Combining all three terms for κ = 0.025, results

in B4 changing sign around T = 0.89. (B3 also changes sign in that same T range.)

Interestingly, this temperature regime roughly coincides with the emergence of the

local minimum in h(ρ) and of the cluster peak in sΠ(s), as discussed in Sec. 2.1).
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Appendix B

Percolation for Isotropic Spin Models on
Bethe Lattice

Here is the supplementary materials to calculate the percolation probability of

isotropic spin model with up to next-nearest-neighbor interactions on Bethe lattice

(see Sec. 3.3.5).

Using aforementioned auxiliary functions, we can write down the recursive equa-

tions for the NNN percolation problem. For the configuration ηcav(↑, ↑) = π(↑, 1)+π(↑

, 0) + q(↑, 1) + q(↑, 0),

π(↑, 1) = Z−1
cav

{
c∑

l=0

l∑
k=0

∑
a+b+d>0

(
c

l

)(
l

k

)
eβJ(2l−c)e−βκ(2l−c)x · w(↑, 0)c−l−aw(↑, 1)a

× q(↑, 0)l−k−bq(↑, 1)bπ(↑, 0)k−dπ(↑, 1)d

×
l−k∑
m=0

(
l − k

m

)
Ψ(k,m)[(1− p1)(1− p2)

k+m]l−k−m[1− (1− p2)
k+m]

+
c∑

l=0

(
c

l

)
eβJ(2l−c)e−βκ(2l−c)x · w(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

l−k−m∑
n=0

(
l − k

m

)(
l − k −m

n

)
Θ(k,m, n)[(1− p1)(1− p2)

k+m+n]l−k−m−n

×[1− (1− p2)
k+m+n]

}
.

(B.1)

(Notice the exponents involving a, b and d should be equal to or greater than

zero.)
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π(↑, 0) = Z−1
cav

{
c∑

l=0

l∑
k=0

∑
a+b+d>0

(
c

l

)(
l

k

)
eβJ(2l−c)e−βκ(2l−c)x · w(↑, 0)c−l−aw(↑, 1)a

× q(↑, 0)l−k−bq(↑, 1)bπ(↑, 0)k−dπ(↑, 1)d

×
l−k∑
m=0

(
l − k

m

)
Ψ(k,m)[(1− p1)(1− p2)

k+m]l−k−m(1− p2)
k+m

+
c∑

l=0

(
c

l

)
eβJ(2l−c)e−βκ(2l−c)x · w(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

l−k−m∑
n=0

(
l − k

m

)(
l − k −m

n

)
Θ(k,m, n)[(1− p1)(1− p2)

k+m+n]l−k−m−n

×(1− p2)
k+m+n

}
.

(B.2)

q(↑, 1) = Z−1
cav

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βκ(2l−c)x · w(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)(1− p1)
k+m[1− (1− p2)

k+m].

(B.3)

q(↑, 0) = Z−1
cav

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βκ(2l−c)x · w(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)(1− p1)
k+m(1− p2)

k+m.

(B.4)
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For the configuration ηcav(↑, ↓) = π(↓, 0) + q(↓, 0).

π(↓, 0) = Z−1
cav

{
c∑

l=0

l∑
k=0

∑
a+b+d>0

(
c

l

)(
l

k

)
eβJ(2l−c)eβκ(2l−c)x · w(↑, 0)c−l−aw(↑, 1)a

× q(↑, 0)l−k−bq(↑, 1)bπ(↑, 0)k−dπ(↑, 1)d

+
c∑

l=0

(
c

l

)
eβJ(2l−c)eβκ(2l−c)x · w(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)[1− (1− p1)
k+m]

}
.

(B.5)

q(↓, 0) = Z−1
cav

c∑
l=0

(
c

l

)
eβJ(2l−c)eβκ(2l−c)x · w(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)(1− p1)
k+m.

(B.6)

For the configuration ηcav(↓, ↑) = w(↑, 1) + w(↑, 0),

w(↑, 1) = Z−1
cav

c∑
l=0

(
c

l

)
e−βJ(2l−c)e−βκ(2l−c)x · w(↓, 0)c−l

l∑
k=0

(
l

k

)
q(↓, 0)l−kπ(↓, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)[1− (1− p2)
k+m].

(B.7)
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w(↑, 0) = Z−1
cav

c∑
l=0

(
c

l

)
e−βJ(2l−c)e−βκ(2l−c)x · w(↓, 0)c−l

l∑
k=0

(
l

k

)
q(↓, 0)l−kπ(↓, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)(1− p2)
k+m.

(B.8)

For the configuration ηcav(↓, ↓) = w(↓, 0),

w(↓, 0) = Z−1
cav

c∑
l=0

(
c

l

)
e−βJ(2l−c)eβκ(2l−c)x · w(↓, 0)c−l

l∑
k=0

(
l

k

)
q(↓, 0)l−kπ(↓, 0)k.

(B.9)
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Appendix C

CFM for Anisotropic Spin Models on
Bethe Lattice

In Sec. 3.3, a detailed study of isotropic spin models with up to next-nearest neighbor

interactions on Bethe lattice has been provided. Similarly, the thermodynamic and

geometric properties of anisotropic models are also investigated. Here are the relevant

expressions.

C.1 Recursive Equations

We use η
(a)
cav(s, s′) representing the configuration probabilities in axial direction, where

s denotes the state of the current site and s′ denotes the state of the backward site,

and η
(n)
cav(s) represent those in non-axial directions,

η(a)cav(s, s
′) = Z(a)

cav

−1
c−1∑
l=0

(
c− 1

l

)
[η(n)cav(1)]

l[η(n)cav(−1)]c−1−leβJs(2l−c+1)

× (η(a)cav(1, s)e
β(Js−κs′) + η(a)cav(−1, s)e−β(Js−κs′)),

(C.1)

where Z
(a)
cav is the normalization factor such that the sum of

∑
s,s′

η
(a)
cav(s, s′) = 1, and

η(n)cav(s) = Z(n)
cav

−1
c−2∑
l=0

(
c− 2

l

)
[η(n)cav(1)]

l[η(n)cav(−1)]c−1−leβJs(2l−c+2)

× [(η(a)cav(1, s)e
βJs)2eβκ + (η(a)cav(−1, s)e−βJs)2eβκ + 2η(a)cav(1, s)η

(a)
cav(−1, s)e−βκ],

(C.2)
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Figure C.1: (a) Schematics of the configurations corresponding to the cavity fields
of ANNNI models defined in non-axial directions. (b) Illustration of cavity fields
defined in axial directions.

where Z
(n)
cav is the normalization factor such that the sum of

∑
s

η
(n)
cav(s) = 1.

The density can be calculated from

η(s) = Z−1
site

c−1∑
l=0

(
c− 1

l

)
[ηcav(1)]

l[ηcav(−1)]c−1−leβJs(2l−c+1)

× [(η(a)cav(1, s)e
βJs)2eβκ + (η(a)cav(−1, s)e−βJs)2eβκ + 2η(a)cav(1, s)η

(a)
cav(−1, s)e−βκ],

(C.3)

where Zsite is chosen such that η(1) + η(−1) = 1, and the density of up (or down)

spins is ρ↑ = η(1) (or ρ↓ = η(−1)).

The free energy per site is

f = ∆Fsite −∆F
(a)
link −

c− 1

2
∆F

(n)
link, (C.4)
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where −β∆Fsite = ln (Zsite), and

−β∆F
(a)
link = ln [(η(a)cav(1, 1))

2eβJ + (η(a)cav(−1,−1))2eβJ + 2η(a)cav(1,−1)η(a)cav(−1, 1)e−βJ ],

(C.5)

−β∆F
(n)
link = ln [(η(n)cav(1))

2eβJ + (η(n)cav(−1))2eβJ + 2η(n)cav(1)η
(n)
cav(−1)e−βJ ]. (C.6)

C.2 NNN Percolation

In order to calculate percolation the probability through the cavity field method,

we also define two types of auxiliary probabilities as aforementioned. In the axial

direction, the probability distributions πk(sj, θj), qk(sj, θj) and wk(sj, θj) have similar

meanings as in Sec. 3.3.5. In the non-axial directions, we define π(n) as the probability

that the cavity site is up and in the percolated cluster, and q(n) as the probability that

the cavity site is up and NOT in the percolated cluster. For simplicity, here we only

consider clusters consisting of up spins (and the cases of down spins are symmetric),

and thus down spins naturally are not in the percolated cluster, i.e. (sj, θj) = (↓, 0).

As a result, the recursive relations among the (9 + 2) variables can be written down

(the index j and k can be neglected for generality).

η(a)cav(1, 1) = π(↑, 1) + π(↑, 0) + q(↑, 1) + q(↑, 0),

η(a)cav(−1, 1) = w(↑, 1) + w(↑, 0),

η(a)cav(1,−1) = π(↓, 0) + q(↓, 0),

η(a)cav(−1,−1) = w(↓, 0),

η(n)cav(1) = π(n) + q(n).

(C.7)
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To make the expressions more concise, we define

Y (s) =
c−1∑
l=0

(
c− 1

l

)
[η(n)cav(1)]

l[η(n)cav(−1)]c−1−leβJs(2l−c+1), (C.8)

Yp =
c−1∑
l=1

(
c− 1

l

)
eβJs(2l−c+1)[η(n)cav(−1)]c−1−l

l∑
k=1

[q̂(n)]l−k[π̂(n)]k, (C.9)

Yq =
c−1∑
l=0

(
c− 1

l

)
eβJ(2l−c+1)[η(n)cav(−1)]c−1−l[q̂(n)]l, (C.10)

to describe the contribution of non-axial neighbors, where π̂(n) = p1π
(n), q̂(n) =

q(n) + (1− p1)π
(n).

For the configuration of η
(a)
cav(1, 1) = π(↑, 1) + π(↑, 0) + q(↑, 1) + q(↑, 0),

π(↑, 1) = Z(a)
cav

−1
eβ(J+κ){[(π(↑, 1) + (π(↑, 0) + q(↑, 1))p1]Y (↑)p2

+ [(π(↑, 0)(1− p1) + q(↑, 0)p1]Ypp2},
(C.11)

q(↑, 1) = Z(a)
cav

−1
eβ(J+κ)π(↑, 0)(1− p1)p2Yq (C.12)

π(↑, 0) = Z(a)
cav

−1{eβ(J+κ)[(π(↑, 1) + (π(↑, 0) + q(↑, 1))p1) (1− p2) + q(↑, 1)(1− p1)]Y (↑)

+ eβ(J+κ)[(π(↑, 0)(1− p1)(1− p2) + q(↑, 0)(1− p1 + p1 − p1p2)]Yp

+ eβ(−J−κ)[w(↑, 1)Y (↑) + w(↑, 0)Yp]},

(C.13)
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q(↑, 0) = Z(a)
cav

−1{eβ(J+κ)[π(↑, 0)(1− p1)(1− p2) + q(↑, 0)] + e−β(J+κ)w(↑, 0)}Yq

(C.14)

For the configuration of η
(a)
cav(−1, 1) = w(↑, 1) + w(↑, 0),

w(↑, 1) = Z(a)
cav

−1
eβ(−J+κ)π(↓, 0)p2Y (↓), (C.15)

w(↑, 0) = Z(a)
cav

−1{eβ(−J+κ)[π(↓, 0)(1− p2) + q(↓, 0)] + e−β(−J+κ)w(↓, 0)}Y (↓).

(C.16)

For the configuration of η
(a)
cav(1,−1) = π(↓, 0) + q(↓, 0),

π(↓, 0) = Z(a)
cav

−1{[eβ(J−κ) (π(↑, 1) + π(↑, 0)p1 + q(↑, 1)) + e−β(J−κ)w(↑, 1)]Y (↑)

+ [eβ(J−κ)(π(↑, 0)(1− p1) + q(↑, 0)) + e−β(J−κ)w(↑, 0)]Yp},

(C.17)

q(↓, 0) = Z(a)
cav

−1{eβ(J−κ)[π(↑, 0)(1− p1) + q(↑, 0)] + e−β(J−κ)q(↓, 0)}Yq (C.18)

For the configuration of η
(a)
cav(−1,−1) = w(↓, 0),

w(↓, 0) = Z(a)
cav

−1{e−β(J+κ)[π(↓, 0) + q(↓, 0)] + eβ(J+κ)w(↓, 0)}Y (↓). (C.19)
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In the non-axial direction, normalization ensures η
(n)
cav(1) = π(n) + q(n),

q(n) = Z(n)
cav

−1
c−2∑
l=0

(
c− 2

l

)
eβJ(2l−c+2)[η(n)cav(−1)]c−2−l[q̂(n)]l

× {eβ(−2J+κ)w(↑, 0)2 + 2e−2βκw(↑, 0)[π(↑, 0)(1− p1) + q(↑, 0)]

+ eβ(2J+κ)[π(↑, 0)2(1− p1)
2 + q(↑, 0)2 + 2π(↑, 0)q(↑, 0)((1− p1)(1− p2)

+ (1− p1)
2p2)]}.

(C.20)

As a result, the percolation probability P can be obtained from P +Q = ρ and

Q = Z−1
site

c−1∑
l=0

(
c− 1

l

)
eβJ(2l−c+2)[η(n)cav(−1)]c−1−l[q̂(n)]l

× {eβ(−2J+κ)w(↑, 0)2 + 2e−2βκw(↑, 0)[π(↑, 0)(1− p1) + q(↑, 0)]

+ eβ(2J+κ)[π(↑, 0)2(1− p1)
2 + q(↑, 0)2 + 2π(↑, 0)q(↑, 0)((1− p1)(1− p2)

+ (1− p1)
2p2)]}.

(C.21)

where Zsite is the same as that of Eq. (C.3).
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Appendix D

Free-space α2 of ABP

Here we provide the theoretical expression of free-space α2 for ABP defined in Chap-

ter 4. Set t′ = 2dDtt, w = (d− 1)/2, and then

〈
r2(t′)

〉
= t′ +

P̂e
2

w

(
wt′ − 1 + e−wt′

)
(D.1)

⟨r4(t)⟩ of ABP at arbitrary dimension, extended from that of pure translational

Brownian particle and pure rotational Brownian particle [165–167], is consisted of

three parts ⟨r4(t)⟩ = ⟨r4(t)⟩1 + ⟨r4(t)⟩2 + ⟨r4(t)⟩3,

〈
r4(t′)

〉
1
=

d+ 2

d
t′2, (D.2)

〈
r4(t′)

〉
2
=

2(d+ 2)

dw
P̂e

2
t′
(
wt′ − 1 + e−wt′

)
, (D.3)
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Figure D.1: The α̂2(t̂) from simulations of ABP in free space for d =
2, 3, 4, 6, 8, 10, 12 (from blue to red) and P̂e = 0, 10, 20, consistent with the theo-
retical prediction (black dash lines).
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〈
r4(t′)

〉
3
= 4P̂e

4
{

(d− 1)3

d3(d+ 1)2
e−dt′

− 2

(d− 1)2(d+ 1)2
e−wt′

[
−(d− 7)(d+ 1)wt′ + (d+ 5)2

]
+

d+ 2

4d
t′2 − d2 + 6d− 1

(d− 1)d2
t′ +

d3 + 23d2 − 7d+ 1

d3(d− 1)2

}
.

(D.4)

The resulting α2(t) =
d

d+2

⟨r4(t)⟩
⟨r2(t)⟩⟩2 − 1 is rescaled with dimensionality as α̂2 = d ·α2

and t̂ = d · t and shows perfect consistency with the simulation results of an ABP in

free space, shown in Figure D.1.
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Appendix E

Escaping Velocity of ABP

In the simulations of ABP-RLG, a difficulty exists in determining the moving di-

rection of the tracer when it contacts (several) obstacles, because if its velocity is

toward the obstacles, it should be stuck or slide along the surface of obstacles. This

did not arouse attentions in previous study since it is simple for 2D or 3D, but be-

comes quite complicated for higher dimensions. Here is the algorithm designed to

determine escaping velocity of the tracer with active motion when it is blocked by

some obstacles.

Assume the tracer contacts n obstacles (in d-dimension, it contacts d obstacles

at maximum and the obstacles form a simplex), and K = {ei, i = 1 · · ·n} are non-

orthogonal unit vectors denoting the directions from the tracer to the contacted

obstacles. When n = d, {ei} constitutes a complete set of basis vectors, and the

original velocity can be expressed as v =
d∑

i=1

xiei. Here the escaping condition is

that there exists at least one coefficient xi < 0, which means the direction of original

velocity is out of the trap angle. When n < d, the possibility of being trapped is

trivial regarding to the Gaussian distributed random velocity. However, the escaping

velocity v⊥ can be perpendicular to lines, surfaces, · · · until d − 1-order features of

the simplex (if n < d, at most n-order features), only if v⊥ does not squeeze any of

the contacted obstacles (i.e. v⊥ · ei ≤ 0). The v⊥ with maximum norm is the real

escaping velocity. Define

v = v⊥
(j) +

∑
j

xjej, (E.1)

where we consider all possible nonempty subsets {ej} ⊆ K. To obtain v⊥
(j) such
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that perpendicular to all ej becomes a least-squared-approximation (LSA) problem

solving Ax = b. If the corresponding coefficients are all positive, this subset is a

possible obstacle feature, and the final v⊥ is the one among them which does not

squeeze other contacted obstacle particles and has the maximum norm.
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