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NOISE-INDUCED STABILIZATION OF PLANAR
FLOWS I

DAVID P. HERZOG AND JONATHAN C. MATTINGLY

ABSTRACT. We show that the complex-valued ODE
G = 12"+ a2 + - + ao,

which necessarily has trajectories along which the dynamics blows
up in finite time, can be stabilized by the addition of an arbitrarily
small elliptic, additive Brownian stochastic term. We also show
that the stochastic perturbation has a unique invariant measure
which is heavy-tailed yet is uniformly, exponentially attracting.
The methods turn on the construction of Lyapunov functions. The
techniques used in the construction are general and can likely be
used in other settings where a Lyapunov function is needed. This is
a two-part paper. This paper, Part I, focuses on general Lyapunov
methods as applied to a special, simplified version of the problem.
Part IT [8] extends the main results to the general setting.

1. INTRODUCTION

We study the following complex-valued system

dzy = (120 4+ a2} + -+ ag) dt + o dB,

1.1
( ) zp € C

where n > 1 is an integer, o > 0 is constant, and B; = Bt(l) + z’Bt(z) is

a complex Brownian motion defined on a probability space (2, F,P).
(We in fact prove many result for the slightly more general form given
in (3.1).)

When o = 0 in equation (1.1), the resulting deterministic system has
solutions which blow up in finite time'. Interestingly, however, we will
see that with the addition of noise (i.e. when ¢ > 0in (1.1)), not only
does the system stabilize so that solutions to (1.1) exist for all initial
conditions and all finite times, but the dynamics settles down into a
unique statistical steady state with corresponding invariant measure.

IThis can be intuited by noting that the asymptotic equation z, = Gnt1 zl”'l at

infinity has n explosive trajectories (see Figure 1)
1
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(A) 2= 22 (case: n=1) (B) 2 = 25 (case: n =5)

FIGURE 1. The orbits of 2 = 2!, Trajectories with
initial condition zy = re? satisfying r > 0 and 0 = %,
k € Z, explode to infinity in finite time.

Strikingly, too, we will find that this invariant measure has the follow-
ing two properties. First, it possesses an everywhere positive density
(with respect to Lebesgue measure on C) which decays polynomially in
|z| at infinity. Second, it attracts all initial distributions exponentially
fast in time. Note that these two properties cannot be simultaneously
realized in a gradient system with polynomial potential, but it is possi-
ble here because the system is strongly non-reversible with a nontrivial
probability flux in equilibrium.

It will be noted that the polynomial decay follows from a delicate
balance between the noise and unstable dynamics resulting in a global
circulation in equilibrium. Such circulation produces what might be
called “intermittent” behavior. Namely, the system spends long peri-
ods of time in an order one region about the origin but at approximately
exponential times the system “spikes”, making rapid exclusions to large
values followed by an equally rapid returns to order one values (see Fig-
ure 2). The same balancing of noise and explosion which produces the
polynomial decay at infinity also implies a specific scaling between the
level of the spike and the parameter of the interspike-time distribution.
This and its relationship to the equilibrium flux are highlighted in the
heuristic discussions in Section 9.

Although the results obtained here are specific to the equation (1.1)
(and a mild generalization (3.1)), the methods used should be applica-
ble to a wide range of problems. That is, to establish the main results, a
sequence of “optimal” Lyapunov functions is constructed, and because
of the delicate interplay between the noise and the instabilities of the



NOISE-INDUCED STABILIZATION OF PLANAR FLOWS I 3

underlying deterministic system, it forces one to know how to build
such functions well. Although we do not claim to have a step-by-step
algorithmic procedure which would produce a Lyapunov function for
a given stochastic differential equation, we at least give a framework
that could be molded to handle a variety of situations. We believe that
many of the core ideas can be applied quite broadly.

It is important to remark that the system (1.1) and other similar
planar systems have been studied before [1, 2, 4, 7, 13]. Most relevant
to this work are the references [1, 4, 7] where (1.1) was investigated
in special cases of the polynomial drift term. In addition to proving
results for the general system (1.1), we will also improve upon the
existing ones in these special cases. Specifically, our results will be
seen to be optimal in the following sense: If p denotes the unique
invariant measure for (1.1), then for any v € (0,2n) we will succeed
in constructing a Lyapunov function for (1.1) whose growth at infinity
will imply that

/C (14 [ dp(z) < oo,

yet we will see that for any v > 2n

/C(1 1) dp(z) = oo.

Hence it would be impossible to build a Lyapunov function with power
growth at infinity which grows faster than those we construct.

The layout of this paper is as follows. In Section 2, we give a non-
rigorous, formal asymptotic matching argument which suggests a pos-
sible rate of decay at infinity for the invariant probability density func-
tion. Section 9.1 gives a second heuristic explanation of the decay using
arguments based on stochastic dynamics. Section 3 contains the state-
ments of the main results of this paper, Part I, and its continuation,
Part IT [8], which henceforth will be referred to as the sequel. In Sec-
tion 4, we give the precise definition of a Lyapunov function we will use
and list some of the consequences of its existence. It is interesting to
note that, although our notion of a Lyapunov function is similar to that
of Meyn and Tweedie [10] or Khasminskii [9], we only require Lyapunov
functions to be piecewise C? and globally continuous rather than glob-
ally C2. While this is useful in constructing the Lyapunov functions, it
forces us to employ a generalized Ito-Tanaka formula due to Peskir [12]
to estimate contributions along curves where our Lyapunov function
is not C2. This allows us to avoid smoothing or mollifying along the
boundaries which leads to a substantial reduction in the complexity of
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FIGURE 2. A realization of the process |z plotted on
the time interval [0, 15000] where z; solves equation (1.1)

withn =1, a, =1, a3y = ap = 0and ¢ = 1. See
Section 9.2 for a discussion of the spacing between the
“spikes.”

the argument when compared to previous works [1, 4, 7, 2]. In Sec-
tion 5, we state the precise results we will actually prove which, when
combined with the results in Section 4, will imply the main results
as stated in Section 3. In Section 6, the key initial steps of the con-
struction procedure that will produce the required Lyapunov functions
are discussed. In particular, we show how we plan to apply Peskir’s
result [12], allowing us to work with less regular Lyapunov functions.
To illustrate our general methods, in Section 7 we build our Lyapunov
functions corresponding to the system (1.1) assuming that there are
no “significant” lower-order terms in the drift of (1.1). Having intro-
duced the main construction of the Lyapunov functions, in Section 7.4
we explain the critical connection between the maximal growth rate
at infinity of 2n and the local, stochastically dominated behavior in
a neighborhood of the deterministically unstable directions. Section 8
finishes the remaining details in this special case. In Section 9, we dis-
cuss heuristically the behavior of the system when the noise coefficient
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o approaches zero. In particular, we give heuristics explaining the de-
cay rate of the invariant measure and the inter-spike spacing exhibited
in Figure 2.

In the sequel (Part IT of this paper) [8], we prove the results given
in Section 5 pertaining to (1.1) but in the general setting without this
simplifying assumption. Extending the result is subtly intricate as the
presence of higher-order polynomial terms with degree < n drastically
alters the nature of the process at infinity. Moreover, we will also give
a short proof of a weaker version of Peskir’s result [12] suitable for
our needs. In Section 10, we summarize what has been accomplished
in Part I of the paper with the advantage of hindsight. We postpone
discussions of possible future directions to Part II of the work.
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2. FORMAL DERIVATION OF THE DECAY AT INFINITY OF THE
INVARIANT MEASURE

In this section, we present some heuristic, non-rigorous arguments
which give information about the possible structure of the invariant
measure at infinity. We will concentrate on the simplified equation

(2.1) dz = 2""dt + od B,

where 2, € C, n > 1, ¢ > 0, and B; is a complex Brownian motion.
Although matters could be complicated by the presence of lower order
terms in the drift, studying the equation above is a good starting point
and reveals much of the structure of the general equation (1.1).

We begin by writing the generator £ of the process defined by (2.1)
in polar coordinates (r,#) producing

2 2

L =" cos(nh)d, + " sin(nd)dp + T o+ T+ 0—282
— i 0 r T 2 r 27"2 0
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Since the Euclidean volume element in (r,6) is rdrdf, the action of
the adjoint of £ on a smooth test function f: R? — R is given by

Lf=— cos(n@)%@r(rnﬁf) — 1"y (sin(nh) f)
2

o? o? 0%

If we assume that any invariant measure has a C? density p with respect
to Lebesgue measure, then it must satisfy £*p = 0. Since the diffusion
is uniformly elliptic, it is relatively easy to justify this and further
deduce that p(r,0) > 0 for all (r,6) with » > 0. To begin to study
the the behavior at infinity, we consider the effect on the equation
L*p = 0 under the scaling transformation (r,0) — (Ar,0) which relives
the asymptotic behavior along a fixed radial direction. Considering L£*
under the effect of this transformation produces

A" [(2n + 2) cos(nb) p + 1 cos(nb)0,p + sin(n@)ﬁgp}

)\2[ d%p +—89,0} =0.

Extracting the leading order A" term and assuming that dyp = 0 and
cos(nd) # 0, we obtain the leading order equation
2n+2)p+rdp=0

Solving this equation produces

1
r2n+2

(2.2) p(r,0) ~

We will see in fact that this scaling is essentially correct. A heuris-
tic discussion from a probabilistic point of view and highlighting the
equilibrium flux is given in Section 9.1.

3. MAIN RESuLTS: ERGODICITY, MIXING, AND THE BEHAVIOR OF
THE STATIONARY MEASURE AT INFINITY

Although we have thus far only discussed equation (1.1), we will
see that our main results, to be stated in this section, hold for more
general complex-valued SDEs. In particular, our analysis can tolerate
more general lower-order terms in the drift. Therefore, throughout the
remainder of this paper and the sequel [8] we assume that the complex-
valued process z; satisfies more generally the following SDE

(3.1) dz; = [an1 20 4 F(2, 2)| dt + o dB,

where a,41, n > 1, 0 and By are as before and F'(z,z) is a complex
polynomial in (z, z) with F(z,z) = O(|z|") as |z| — oco. Notice that
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FIGURE 3. The trajectories of 2 = 2° 4 200022 plotted
on [—10,10)* (left) and [—40,40)? (right). For |z| small,
the dynamics qualitatively resembles that of z = 22 (see
Figure la). As |z| becomes larger, the dynamics starts
to resemble that of Z = 2% (see Figure 1Db).

equation (1.1) is the special case of equation (3.1) where F'(z,2) = F(z)
is a complex polynomial in the variable z only with degree(F) < n.

The global-in-time existence of the Markov process induced by (3.1)
is neither obvious nor certain given the unstable nature of the underly-
ing deterministic dynamics. Consequently, even if the process is shown
to be non-explosive in finite time, the existence of an invariant measure
is still in question. Assuming, however, both issues can be settled, the
formal asymptotic calculations of Section 2 suggest that the probabil-
ity density function of the invariant measure has a certain polynomial
decay rate at infinity. The following result, one of the principal rigor-
ous results of this article and the sequel [8], shows that these formal
computations are correct.

Theorem 3.2. The Markov process defined by (3.1) is non-explosive
and possesses a unique stationary measure (. In addition, u satisfies:

/(1 + |2])7dpu(z) < oo if and only if v < 2n.
c

Furthermore, p is ergodic and has a probability density function p with
respect to Lebesque measure on R? which is smooth and everywhere
positive.

Given the existence and uniqueness of the stationary measure, it is
also natural to explore if arbitrary initial distributions converge to it
and, if so, to determine the rate of convergence. To see what happens
in the present context, given any function w: C — [1,00), define the
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weighted total variation metric d,, by

dy(v1,19) = ¢scupR [/gb v1(dz) /gb Vs dz}

z)|<w(z)

where 1y and 1, are arb1trary probability measures on C.

Theorem 3.3. Let P, denote the Markov semi-group corresponding
o (3.1) and let « € (0,n) be arbitrary. Then there exists a function
U: C — (0,00) satisfying the global bound

clz]* < W(z) < d|z|Tet!

for some positive constants c,d so that if w(z) =1+ fY(z) for some
B > 0, then there exist constants C' > 0 and v > 0 such that for any
two probability measures vy and vy on C and any t > 0

dw (1 Py 1o P) < Ce M|vy — vy

Remark 3.4. In Theorem 3.3, ||v; — v»||rv denotes the total variation
distance between the measures vy and vo. Note that ||y — valry =
dyw(v1,v5) when w = 1.

4. CONSEQUENCES OF LYAPUNOV STRUCTURE AND IMPLICATIONS
FOR THE INVARIANT MEASURE

Most of the results in Section 3 turn on the existence of a certain
type of Lyapunov function corresponding to the Markov semi-group F;.
Because we require the additional flexibility, we make use of a slightly
more general notion of a Lyapunov function than is usually employed
for diffusion processes. In this section, therefore, we will define what we
mean by a Lyapunov function and give some results that follow from
its existence. Because it is simpler, we will work in this section in the
general context of an Ito diffusion & on R™ whose Markov generator
Z has smooth (C*) coefficients. We first introduce some notation.

Forn € N, let 7,, = inf{t > 0 : |§| > n} and Z; denote the Markov
semi-group corresponding to &.

Definition 4.1. Let ¥, & : R™ — [0,00). We call (¥, ®) a LyAPUNOV
PAIR CORRESPONDING TO &, if:

a) ¥ and ¢ are locally bounded on R™ and ¥(&) A ®(§) — oo as
€] = oo;
b) There exist constants m,b > 0 such that

tATh
(12 BeWl6nn) ~ U@ <By [ (-md(e) +b)ds
0
forallt > 0,n € N, and {§ € R™.
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The function ¥ in a Lyapunov pair (¥, ®) is called a LYAPUNOV FUNC-
TION.

Remark 4.3. One usually requires ¥ above to be globally C?, in which
case the bound in condition b) is often replaced by the global inequality

LU < —md +b.

Since the U we construct will only be globally continuous, we employ
the slightly more general formulation above.

The first result we state and prove gives the basic consequences of
the existence of a Lyapunov pair (¥, ®).

Lemma 4.4. If the Markov process & possesses a Lyapunov pair (V, @),
then the following conclusions hold:
a) & is well-defined for allt > 0 and all initial conditions & € R™
almost surely;
b) & possesses at least one invariant measure T;
c¢) Such an invariant measure 7 satisfies

/ @) < oo

Proof. Parts a) and b) are straightforward extensions of the proofs
of, respectively, Theorem 3.5 and Theorem 3.7 of [9]. Part c¢) is a
straightforward extension of the proof of Theorem 4.3 (ii) of [10] or of
the proof of Proposition 5.1 of [5]. For the interested reader, we have
provided a full proof of this result in Appendix A. 0

We also have the following results giving uniqueness of the invariant
measure and characterizing the convergence rate of the process & to
this equilibrium.

Theorem 4.5. If .Z is uniformly elliptic and & has a Lyapunov pair
(U, ®), then the following conclusions also hold:

a) & possesses a unique invariant measure w. Furthermore, 7 is
ergodic and has a smooth and everywhere positive density with
respect to Lebesgue measure on R™.

b) If & =V and w(§) = 1+ Y () for some 5 > 0, then there exist
constants C' > 0 and n > 0 so that

dw(ylyty V2<@t) S Ce_ntdw<yla V?)

for all probability measures vy and ve and all times t > 0.
c) If @ = U for some § > 0, then the bound in part b) can be
improved to

duw (1 Py, 10 P;) < Ce ™|vy — val|7y.
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Remark 4.6. The strong assumption that .Z is uniformly elliptic is
not needed for many of the results to hold. However it will simplify our
discourse significantly. See [1, 4] for examples considering degenerate
noise in a similar setting to this paper.

Proof of Theorem J.5. The existence in part a) follows from the pre-
vious theorem. Uniqueness of m and the existence of a smooth and
everywhere positive density are well-known consequences of uniform
ellipticity and smoothness of the coefficients of .Z. Part b) follows
easily from the work [6] and part c) is an immediate consequence of
Section 6 in [1]. O

As we saw in the previous lemma, if & possesses a Lyapunov pair
of the form (¥, ¥!*9) for some § > 0, then the standard geometric
ergodicity bound given in part b) can be improved in the sense that
the right-hand side no longer depends on the initial state. This is also
reflected in the following lemma, as return times to large compact sets
are small and independent of where the process starts.

Proposition 4.7. Suppose that & has a Lyapunov pair (¥, U1+9) for
some § > 0 and define v, = inf{t > 0 : |§&| <~} for v > 0. Then for
each v > 0 sufficiently large

inf P =1.
nt Pgfin < o)

Moreover, for each t,e > 0 there exists v > 0 large enough so that

sup Pg v, > 1] <e.
&oeR™

Proof of Proposition /.7. By assumption, we have the bound

tATh
Eg, ¥ (Einr,) < W(§O)+E§O/ o W(E) 4 bds
0

< W(E) + Ego/o " (e + bds

for all n € N, t > 0. By Fatou’s lemma, monotone convergence and
non-explosivity of & we obtain the bound

By, (&) §\11(50)+E50/0 “mU(E) + bds

t
:xp(go)+/0 B U(E) + bds



NOISE-INDUCED STABILIZATION OF PLANAR FLOWS I 11

where the last line follows from Tonelli’s theorem. Gronwall’s inequality
then gives

B¢, V(&) < (U(&) + bt)e ™,
But note also that
e W(&) 2 By Lw,2n W (&) 2 inf W(E) - Peylvy > 7).

Hence for v > 0 large enough we have

(W (&) +0t)
Poln 21 S g w0
Taking t — oo in the above we obtain the first result. To obtain the
second conclusion, apply Lemma 6.1 of [1] to see that there exists a pos-
itive function K; independent of &, which is continuous and monotone
decreasing on (0, 00) and satisfies

Efoqj(gt) < K;
for all t > 0, & € R™. In particular, we have that

Ky 2 Eg U(&) 2 EgyLiv, >0V (&)
> inf WU(x) - Pg v, > 1.
|z[>y

Thus for v > 0 large enough

Ky
P >t < —
o [UW — ] — 1nf|x\2'y\ll(m)
Since ¥(x) — oo as |r| — oo, it follows that for each €,¢ > 0 there
exists a v > 0 such that

sup Pg vy > 1] <e
&oERY

which finishes the proof. U

5. PROVING THE MAIN RESULTS: AN OUTLINE

We now give two results which, when combined with the results of
the previous section, will yield all of main results of this paper and the
sequel [8]. Theorem 5.2 below will provide the needed Lyapunov pair
to make use of the results of Section 4. And, Theorem 5.5 below will
give the required lower bound on the density of the invariant measure
whose existence will be now ensured by Theorem 5.2.

First notice we may assume, without loss of generality, that the
coefficient a,; of 2" in (3.1) is identically one. Indeed, the system
can be rescaled and rotated so that it is one and, since any rotation
of By is also a complex Brownian motion, the resulting system will be
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of the form (3.1) but with a,;; = 1. Hence for the remainder of the
paper we will assume that (3.1) takes the from

(5.1) dz = [2)T + F(2, %)) dt + o dB;

where n > 1, F, 0 and B, are as in equation (3.1). By a simple change
of variables, all results translate easily to the general system (3.1).

Theorem 5.2. For each v € (n,2n) and § =6, > 0 sufficiently small,
there exist a function VU so that (U, W+ and (U, |2|") are Lyapunov
pairs corresponding to the dynamics (5.1). Moreover, U satisfies the
global bounds

|z < W(z) < d|z R
for some positive constants c,d.
Remark 5.3. We will see that for a “very large” set X C C, the bound
Clz|"™ < W¥(z) < D|z|"™

holds for all z € X for some C, D > 0. The only region Y in which ¥
grows faster than a constant times |z|7~™ satisfies the property

lim MY N {|2] > R}) =0
R—o0

where \ denotes Lebesgue measure on C. As will be apparent later,
any increase in growth in ¥ is exactly compensated by the decrease in
the measure of the set Y N{|z| > R} as R — oo. Although we did not
state it this way in Theorem 5.2, we could have also chosen the second
function in the pair (W, |z|7) to have this property.

Translating back to the general system (3.1), notice by combining
Lemma 4.4 and Theorem 4.5, we see that Theorem 5.2 implies Theorem
3.3 as well as all results of Theorem 3.2 except

(5.4) /(1 + |2])7 dp(z) = oo whenever vy > 2n.
c

To prove this last point, we will show the following stronger result.

Theorem 5.5. Let p denote the invariant probability density function
of (5.1) with respect to Lebesque measure (dzAdz) on R*. Then there
exist positive constants ¢, K such that

(5.6) |2]*""2p(2,2) > ¢ for |z| > K.

The focus of this paper is to prove Theorem 5.2 under the following
simplifying assumption while the sequel [8] will remove this restriction.
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Assumption 5.7. In equation (5.1), either F' is a constant function
or

F(z,2) = O(|2]'377%) as |2] — oo

This is done to highlight the general procedure used to yield our Lya-
punov pairs. Moreover, it allows us to avoid significant complexities
created by the presence of large lower-order terms. The full proof of
Theorem 5.2 and the proof of Theorem 5.5 are given in Part IT [8] by
building on the structures and techniques developed in this work.

6. BUILDING LYyAPUNOV FUNCTIONS: THE KEY INITIAL STEPS

In this section, we make some beginning observations which will help
us get started with constructing a Lyapunov function W for the system
(5.1). Everything done in this section applies to equation (5.1) even if
we do not employ Assumption 5.7.

6.1. The Coordinate and Time Changes. When building V¥, it is
paramount that one first pick a convenient coordinate system in which
to work. For equation (5.1), there are at least three choices: stan-
dard Euclidean coordinates (x,y), the two-dimensional complex system
(z,z), and polar coordinates (r,#). Notice, however, since stability of
the process (5.1) (or any R™-valued process for that matter) is com-
pletely determined by the distribution of the radial component r, the
polar system (r,#) is arguably most natural.

In light of this remark, observe that the generator of the Markov
process defined by (5.1) has the following form when written in the
variables (r,0):

2 2
(6.1) £ =7r""cos(nd)d, + r"sin(nh)y + %83 + ;7283

+ 7" P(r,0)0, + 1" Q(r,0)0

where P(r,0) = >0 r* " fx(0) and Q(r,0) = > _,r* " 1g,(0) for
some collection of bounded, smooth real-valued functions f; and g.
When proving Theorem 5.5, we will need certain stability properties
of a diffusion process related to the formal adjoint £L*. Because there is
one additional term in the generator of this diffusion, we will construct
the appropriate Lyapunov pairs assuming the slightly more general
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form of P and @) given by
n 2
= g R f(0) + (h(r) cos(f) + %)r"l

Zrk "1g(0) + h(r)r "2 sin(0)

(6.2)

where fy, gr are arbltrary bounded smooth functions on R and A is a
smooth cutoff function satisfying

¢ forr>2
h(r) = -
(r) {0 forr <1

for some constant ¢ € R.

As suggested by the appearances of ™ in (6.1), it is helpful to pull
out a number of factors of r so that the resulting underlying dynamics
is stabilized at infinity. More precisely, write

(6.3) L=r"L

where

(6.4) L =rcos(nf)o, + sin(nd)dy + Q—n@f g 39

+ P(’l“, 9)8r + Q(ﬁ 9)69

We will see that using the operator L instead of L itself to define ¥
results in a number of simplifications, the most notable of which is
that the asymptotic flow along L is much more straightforward than
that of £. Notice that this is expected since the stochastic dynamics
(r¢,0;) defined by L moves according to a slower clock at infinity than
the process (R;, ©;) determined by £. Indeed, observe that (rr,,0r,) =
(Ry, ©;) where T; is the time change

t
th/ Rds.
0

Considering, too, the nature of Lyapunov functions, all results obtained
in terms of L will translate easily back to the original operator £ since
L =r"Land r" > 0.

6.2. The General Structure of ¥. We now take a look at some of
the characteristics that our ¥ will exhibit. As dictated by the dynamics
and suggested by previous works [1, 4], it is easiest construct Lyapunov
functions piecewise. More precise reasons for why this is the case are
given in the following section and in the sequel [8], but here we focus
on, at least abstractly, how ¥ will look in our context.
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We begin by partitioning R? into the open ball of radius r* > 0
about zero, denoted by B,«(0), and a collection of closed regions {S; :
i=0,...,l}, the union of which captures all routes to infinity.

Definition 6.5. We say that a collection of subsets S = {S; : i =
0,...,1} is a GOOD RADIAL PARTITION OF U C R? if the following
conditions hold:

a) Each §; is closed and there exists an 7* > 0 so that

l
s =un{@r6):r>r}
j=1
b) For any ¢ # j, interior(S;) N interior(S;) = 0.
c) For all distinct i,j, and k, then ;N S; NSy =0
d) For any i # j, S; N'S; is either empty or a collection of disjoint
curves, each of which can be written as {(r, f(r)) : » > r*} for
some smooth function f.

Definition 6.6. Given a good radial partition S = {S; : i = 0,...,l}
of U and functions f,: B,«(0) — R and f;: S; — R, we define the
NATURAL EXTENSION TO U by

fu(r,0) if (r,0) € B«(0) NU
F(r,0) =< fi(r,0) if (r,0) € interior(S;)
%(fi(r, 0)+ fi(r,0)) if (r,0) e S;NS;.

In Section 7, we will succeed in constructing a good radial partition
S§=1{S;:1=0,...,1} of R? and two collections of functions {1;: S; —
(0,00) 14 =0,...,l} and {p;: S; — (0,00) : ¢ =0,...,[} such that all
functions are locally bounded and continuous and the v; are C? on their
domains, which we recall were assumed to be closed. Additionally, the
(¢, ;) pairs will satisfy the following bound with respect to L = r~"L
on SZ

(6.7) (Lai)(r,0) < —miepi(r,0) + b;

for some constants m;,b; > 0. The fact that each ¢; is C? on the
closed set S; implies that Li); is continuous on S; up to and including
its boundary. Undoing the time change and using the fact that the
number of inequalities is finite, it follows easily that on S;

(6.8) (L) (r,0) < —m[r"pi(r,0)] + b

for some global choice of constants m,b > 0.
Let ¥ and ® be the natural extensions to R? of the 1;’s and ¢;’s
respectively. By equation (6.8) and Remark 4.3, it is clear that ¥ and
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® are locally a Lyapunov pair on the interior of S; foreach i =1,...,1.
Unfortunately, we will see that this approach does not naturally pro-
duce a ¥ which is C?. Rather, ¥ will only be globally continuous as it
is possible that the first and second derivatives may not match along
the boundaries between the regions S; and S;. This prevents us from
applying I[to’s formula in a straightforward way to show that U is a
Lyapunov function in the sense of this paper.

A typical way around this difficulty is to smooth the function ¥ along
these interfaces rendering it C2. However when doing this, special
care must be taken to preserve the Lyapunov property expressed in
(6.8). This often leads to long and, at least to us, less than intuitive
calculations. This was the approach taken in [1, 4]. Here we take a
different path.

To deal with the issue at hand, we employ a generalization of 1to’s
Formula due to Peskir [12]. This result allows us to apply the Itd
differential to functions which are not C? along a collection of curves
expressing 6 as a function of r. We now state a corollary of Peskir’s
formula in the context of our problem. A more general and detailed
treatment is given Section & of Part II [8] along with a repackaged proof
of a slightly weaker result suiting the needs of this paper. The proof of
the following corollary is a direct consequence of Theorem 8.1 of that
section provided one establishes the key jump conditions (6.10) along
the curves §; N'S; of non-differentiability.

Corollary 6.9. Let S = {S; : i = 0,...,1l} be a good radial partition
of R? and suppose that {1;: S; — (0,00) : i =0,...,1} is a collection
of C? functions and {p;: S;i — (0,00) : i =0,...,1} is a collection of
locally bounded functions such that for each i € {0,... 1} the estimate
in (6.7) holds. Furthermore, assume that for some 1. the natural ex-
tension W of the ;’s is everywhere continuous and satisfies the flux
condition

1 li v — I v <
(6.10) (R,@%I—I}(T,G) 9o V(1. 0) (R,@%I—I}(T,G) 9oV (1,0) <0
0>0 0<6

for all (r,0) with r > r*. Then there exist some bounded function ¢, so
that if ® is the natural extension of the @;’s then (¥, ®) is a Lyapunov
pair on R?.

Remark 6.11. The condition (6.10) speaks to the convexity along the
curves where W is not differentiable. Hence it is related to the classical
generalization of It6’s formula to functions which are the difference of
two convex functions.
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Remark 6.12. As we will see, ¥ will be defined in such a way so that
it is 2m-periodic in #. In particular, since ¥ will be built so that it is C?
at 0 = 47 for r > r*, we will only need to check that the boundary-flux
condition (6.10) is satisfied along those curves of non-differentiability,
which are finite in number, on the set {r > r*, —7 <6 < x}.

6.3. Reduction of the Construction to the Principal Wedge.
First observe that any system which can be described by (6.1) remains
a system which can be described by (6.1) (with perhaps different f’s
and g;’s) after being rotated by 6 +— 6 + %TW for any integer k£ . In
particular, we now describe how we can use this fact to reduce the
construction of our Lyapunov pair from R? \ B,-(0) to the principal

wedge

(6.13) R={r>r", -2<0< T}

SAE]

Defining the remaining wedges by
Ry = {(T,Q) : <T79 - %Tﬂ) S R}?

we will now see that our construction on R will allow us to also build a
Lyapunov Function on all of the of the other R;’s. This is the content
of the following proposition, which is a straightforward consequence of
the above observation.

Proposition 6.14. Fizn > 1 in (5.1). Assume that there ezists posi-
tive constants 7y, § and p so that for any system of the form (5.1), there
exists a good radial partition {S; : i = 0,...,1} of R and a collection
of C%-functions {1;: S; — (0,00) : 1 =0,...,1} satisfying the bound

Lapi(r,0) < —m[r7 Vb0 (r,0)] + b

on S; for i = 0,...,1 and some positive constants m and b. Fur-
thermore, assume that there exists a function 1, so that the natural
extension U of the 1;’s on R s globally continuous, satisfies the fluzx
condition (6.10) for all (r,0) € R, and is such that ¥(r,8) =P for all
(r,0) € R with |0 — Z| A |0+ | < € for some € > 0. Then there exists
a function ¥ defined on all of R? so that (U, ¥'*°) and (U, |z|") are
Lyapunov pairs corresponding to the dynamics (5.1).

Remark 6.15. To prove Theorem 5.2, we construct ¥ on R satis-
fying the properties above, the hypotheses of Proposition 6.14 with
v € (n,2n) arbitrary, and the following bound on R

(6.16) e’ < W(r,0) < drhE T

for some positive constants c, d.
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Remark 6.17. Since ¥(r,6) = r? in a neighborhood of § = £7, this
allows us rotate W, initially defined only on the principle wedge R,
by integer multiples of 27“ to produce the desired globally-defined Lya-
punov pairs. Moreover, after such rotations the flux condition (6.10)
will be satisfied globally.

7. THE CONSTRUCTION OF ¥ ON THE PRINCIPAL WEDGE IN A
SIMPLE CASE

In this section, we will build ¥ on R under Assumption 5.7. We will
see that this assumption assures that the lower-order terms collected
in F in the drift part of (5.1) play no role in the arguments.

The layout of this section is as follows. First in Section 7.1, we
study the asmyptotic behavior of L as » — oo. This will help yield
the fundamental building blocks of the construction procedure: the so-
called asymptotic operators and their associated regions. In Section
7.2, we explain the intuition behind how the local functions ; will
be defined in Section 7.3 as solutions to certain PDEs involving these
operators. In Section 7.3, we will also see that each ; is smooth and
non-negative on §; and that ¢;(r, ) — oo as r — oo with (r,0) € S;.

In Section 8, we will finish proving Theorem 5.2 under Assumption
5.7 by checking the details outlined in Remark 6.15.

7.1. The Asymptotic Operators and Their Associated Regions.
Intuitively it is clear that certain terms in the operator L are asymp-
totically dominant over other terms as r — oo and such dominance can
change from region to region in the plane. Here our goal is to elucidate
these ideas by studying more carefully L along various paths to infin-
ity. Doing such analysis is indispensable, as the dominant balances of
terms in L yielded from it will be used to construct the local Lyapunov
functions v; in subsequent sections.
Throughout, we will make use of the scaling transformations

S2:(1,0) = (A, A70).

for any A > 1 and « > 0 in order to parameterize the various routes to
infinity. In particular, we will determine, heuristically, the behavior as
A — 0o of

2
Lo S)(r,0) = rcos(nOA)0, + A\*sin(nfA=*)0p + )\—2—”5_33
Tn
9% + A" P(Ar, A90)0, + A“Q(Ar, A~0)dp.

02

2a0—n—2
+ A e
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Because we have restricted the construction to the principal wedge R,
we only consider routes to infinity contained in R. The two cases o = 0
and o > 0 are qualitatively different, so they are handled separately.

Suppose first that a = 0. Provided 6 # 0, we see that the fist two
terms in L o S}(r, ) are unchanged and all other terms go to zero as
A — 0o. More precisely,

Lo Sp(r,0) = rcos(nf)o, + sin(nh)dy + O(A™") as A — 0.
We thus conclude that the leading order behavior of L as r — oo in R
along the rays traced out by A — S3(r,6) (with 6 # 0) is given by
Ty = rcos(nd)0, + sin(nd)o, .
Of course one is not simply restricted to such radial paths. So long
as one does not asymptote to the line & = 0 then the same dominate

balances hold. More precisely, L ~ 17 as r — oo when the paths to
infinity are restricted to a region &; of the form

(7.1) Si={(r)eR:0<0; <6< <7}

for any fixed positive constants 67 > 65 > 0.

The situation becomes more complicated if |#] — 0 as r — oo. To
see what happens, we begin by considering L o SX(r,6) as A — oo for
a > 0. In this setting as A — oo,

0.2

Lo SX(r,0) = rd, + nhdy + Ao (ntpd=0t) g1 (0)gy 4 N20- (D) _—__ 5

2

2rn+2 0

+ O()\_l) + O()\d+a—(n+1))

where d € {0,1,...,n} is the largest index for which g4(0) # 0 where
the gj, are the coefficient functions of Q(r,6) introduced in (6.2). If no
such index exists, then

ATF D g4(0)0p + o( AT (D)

is simply absent from the expression above and the following analysis
still holds regardless.
First realize that if o > 0 is sufficiently small, the linearization of T}

Ty =10, +nb0y

gives the leading order asymptotic behavior as r — oco. Recalling the
discussion of T above, we see that even when o« = 0, we have that L
is asymptotically well approximated by T3 provided |6| is small since

Lo Sy(r,0) =10, +nb0 + ONY) + O(6?).
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In particular, one has L ~ T, as r — oo provided the paths to infinity
are restricted to a region of the form

So={(r,0) e R : b(r) <|6| <67}

were 07 > 0 is small and the boundary curve b(r) has the property
that b(r) — 0 sufficiently slowly as r — oo. To define b explicitly
and also discover what happens to L when |0] < b(r), we must see
for what powers of a other terms in the expansion L o S2(r,6) become
asymptotically relevant as A — oo.

We now claim that Assumption 5.7 allows to disregard

)\d-&-oz n+1) d—(n+1) ( )ae+0(/\d+a (n-i—l))

in Lo S2(r,0) as A — oo for all choices of a > 0. Indeed, the value of
o > 0 where

(7.2)

)\d+a_(n+1)T’d_(n+1)gd(0)89 + )\204—(n+2 5o +286 + O()\ )_|_ O()\d+a—(n+1))

is O(1) as A — oo is precisely

n+2
5

But note that for a > ”T”, by Assumption 5.7 the term

o =

/\211—(77,—}—2

Qpn+2 8‘9
dominates all the remaining contributions in (7.2) in A as A — 0.
If Assumption 5.7 is not made, then the term

(7.3) ATy 40 ,(0) 0

initially dominates the remaining terms in (7.2) as A — oco. However,
at a certain threshold in «a, (7.3) can cancel with n6J, implying that
we must expand L o SA(r,0) further asymptotically in A to uncover
the next lower-order term. The total analysis in the general case is
quite involved and requires another novel idea. This, in addition to
our desire to focus first on the general elements of the construction, is
why we save it for Part II [8].

Again operating under Assumption 5.7, observe that the above anal-
ysis suggests that the operator

o2

(7.4) A =10, +nboy —i— —— 0

n+2
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satisfies L. &~ A as r — oo in the remaining portion of R, namely
{(r,0) € R :10] < b(r)}. To determine the correct choice of b(r) note
that

2
20— (n+2)>0 — a2n+ )

Specifically, the threshold a = ”T” is precisely where

2
a—(n o
7’67«‘|‘71069+/\2 ( +2)W83 = 0(1)

as A\ — 0o. Therefore, we now definitively set
n+2

So={(r0)eR :r>r"nr 2 <|0] <6}
Sy={(r,0) R :r>r* 10| <nr "z ,|0] <67}

where n* > 0 is a constant which will be chosen later. Intuitively
though, n* should be thought of as large so that in S, the term 2;;%83
is small in comparison to the rest of A. Hence we still expect the
approximation L ~ T, as r — 0o to hold when paths to infinity are re-
stricted to Sy even though 272%83 does not vanish on the lower bound-
ary curve. This term will be negligible on this curve not because r — oo
but rather because n* was chosen large which makes the coefficient in
front of 3283 small.

Remark 7.5. Notice that for any choice of n*,07 > 0, we may al-
ways pick 7* > 0 large enough so that the bound |0| < 6] can be re-
moved from the definition of S3. In particular after making this choice,
S1, 85, 83 are a elements of a good radial partition of R as discussed in
Section 6.2 and Section 6.3.

In summary, under Assumption 5.7 we have found the asymptotic
operators Ty, Ty and A which “approximate” L well for r > 0 large in
the regions 87, S», and S3 respectively.

7.2. Overview of Local Lyapunov Function Construction. Re-
call that for a sufficiently smooth function ¥, It6’s formula states that
the time-changed process (r;, 6;) with generator L as in (6.7) satisfies

tAT
(7.6) EV(rinr, Oinr) = (1o, 6p) + E/ (LY)(rs,05)ds
0

for any stopping time 7 such that W (7., 61, ) is almost surely bounded
for all t > 0. Comparing this equality with the inequality satisfied by
a Lyapunov pair in (4.2), we conclude that it would be enough to find
a non-negative function ¥ such that ¥(r,0) — oo as r — oo and

(LY)(r,0) ~ —D(r,0)
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for some nonnegative continuous function ® satisfying ®(r, ) — oo as
r — 0.

As mentioned in Section 6.2, most notably in Corollary 6.9, we will
construct our Lyapunov function in piecewise fashion. The regions used
in the construction are precisely the {S; : i = 1,2,3} from Section 7.1.
On each S; we will construct a v; such that

(7.7) (L) (r,0) = —cp;i(r,0)

for r large, (r,0) € S;, and such that i;(r,0) — oo as r — oo in
S;. In the expression above, ¢ > 0 is a constant and ; is a non-
negative function satisfying ¢;(r,0) — oo as r — oo, (r,0) € S;. We
will then use the natural extensions of the 1;’s and ¢;’s, as defined in
Section 6.2, to yield a Lyapunov pair. To do so, we will have to ensure
that our construction produces functions which satisfy the hypotheses
of Proposition 6.14.

The advantage of this methodology is that on each S;, L is well ap-
proximated for large r by a simplified differential operator as identified
in Section 7.1. Hence we will aim to construct v; satisfying (7.7) but
with L replaced by this simplified operator.

Since every simplified operator contains only terms which dominate
at infinity under the associated scaling transformation of that region,
each of the simplified operators necessarily scales homogeneously under
this transformation. This will be critical in showing that the terms
neglected when using the simplified operators are in fact negligible.
We now illustrate this by considering each of the regions in order.
In this overview, we still omit some of the details leaving them for
Section 7.3 where we will give the precise constructions of the local
Lyapunov functions.

Beginning in &y, since L ~ T} for large r this suggests defining 1), as
the solution of the equation

(7.8) (Th1)(r,0) = —c o (r, 0)

on &; with the appropriate boundary conditions. For (7.8) to imply
that (7.7) holds for large 7 in &;, we need to know that the terms in
(L — Ty1)Y, are negligible asymptotically as r — oo, (r,0) € S, when
compared to those in 711, . By the analysis of Section 7.1, we expect
the terms (L — 7)1 to be negligible if ¢ scales homogeneously of
degree p > 0 under S}, for then v, (r,0) = rpﬁz/q(r*,@). In other
words, 11 (r,0) = rPC(0) for some function C(#), so the action of L on
1y will mimic the action of S3 on L.

To see why we are able to construct ¥, so as to have this homo-
geneously scaling property, first observe that 77 scales homogeneously
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FI1GURE 4. The regions Sy, S1,S2,S3. In the diagram,
07 > 0 is chosen much larger than in reality to make
visualization easier. The regions S;, S», and S3 are dis-
cussed in Section 7.1-7.3 while Sy is only introduced in
Section 7.3.

under S}. Therefore if one chooses ¢; in (7.8) to scale homogeneously
under S3, then as the solution to (7.8), ¢; will, with the appropriate
boundary data, also scale homogeneously under S3 with the same scal-
ing exponent as ;. If we chose the scaling exponent to be positive
and ¢, to be continuous, then it will be relatively easy to see that both
P (r,0),1(r,0) = 00 as r — oo, (r,0) € S, and

(Lp)(r,0) < —mpy(r,0) + 0,

for some m, b > 0.
Jumping ahead to region Ss, since L =~ A for large r, it makes sense
to choose 13 as the solution of the equation

(7.9) (AYs3)(r,0) = —cp3(r,0)

on 83 where ¢ > 0 and @3(r,0) — oo as r — oo, (r,0) € Ss. Since
A= Sh,(r*,0) covers Ss as @ varies in S3 and A is invariant under
2

S2.,, the same reasoning used above suggests that we should choose
2

3 to be homogeneous of positive degree under So,,. Again, it will

2
then follow that, with the appropriate boundary data, i3 and all of
its derivatives are asymptotically homogeneous under S, and that
2
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(L — A)1)s is negligible relative to Aws. Thus by the results of Section
7.1, we anticipate the following bound

(L3)(r, 0) < —meps(r,0) + b,

on 83 for some positive constants m, b.
The set S, serves as a transition region between the two other sets &;
and S3. Hence 15 must connect 11, which scales homogeneously under

S2in 81, to 13, which scales homogeneously under S5, in Ss. Thus we
2

should setup the equation so that 15 and its derivatives asymptotically
scale homogeneously under both mappings, otherwise the 1; together
could not be extended to a continuous function as required in Corol-
lary 6.9. Requiring this duel scaling property is further suggested by
the fact that both paths of the form A — S3(r,,6) and X — Sa., (s, 0)

2

are required to cover S,.
Since L ~ Ty for r > 0 large in Sy, we take 1), as the solution of

(7.10) (Tatho) (1, 0) = —c po(r, 0)

on S,. Since Ty is homogeneous of degree zero under S? for any « > 0,
choosing 5 to scale homogeneously under S for all a > 0 with positive
degree will, with the right choice of boundary data, lead us to a
which will asymptotically scale homogeneously under S2 for all a > 0
with the same positive degree.

7.3. Defining the Local Lyapunov Functions. So far we have sub-
divided the principal wedge R into the following three regions:
Si={r>r0<0 <0 <0;<7)
So={r=r, 10| <65, 5 (6] = '}
Sy ={r>r" |0 <6;, 5|6 <n*}

where 7*, n* > 0 (see Figure 4). To initialize the construction proce-
dure, we will in fact need an additional region &, given by

So={(r0)eR :r>r"6;<|0| <7}

where we fix 65 € (57, Z). Because the vector field induced by 7 points
radially inward in &y, defining

(7.11) o(r,0) =P, p>0,

and noting that ), clearly scales homogeneous under S3, it follows
easily that

Lipo(r,0) < —mrP + b,
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on Sy for some positive constants m, b. The function 1y will now serve
as the boundary condition for the equation satisfied by ; which is
defined on the neighboring region S;.

Remark 7.12. Each of the regions comes with a number of parameters
such as 07 > 0, n* > 0 and r* > 0. Instead of giving these constants
specific values at the start, it is much easier to leave them as parameters
because they will need to be adjusted many times. To assure that each
of these adjustments is consistent, we note that throughout we will
always pick 67 > 0 sufficiently small, then n* = n*(6}) > 0 sufficiently
large, and then r* = r*(07,n*) > 0 sufficiently large.

This multitude of parameters is not central to the construction.
Mainly, they exist in order to quantify the idea of being “close enough”
to oo or 0 so that certain asymptotic properties hold up to some error.
The parameter p from the definition of 1)y is different as it measures
growth at infinity of our Lyapunov function, thus having implications
for the decay at infinity of any invariant measure. Hence the maximal
allowed p is a fundamental property of the system whose value we will
see is linked to the exit distribution from the region S3 of the diffusion
process defined by L.

The Construction in S;. Choosing p € (0,n), the function 1), is defined
as the solution to the following equation

(T1h)(r,0) = —har?|6]
(7.13) {wl (r,£65) = o(r, £65)

on & where hy > 0 and g € (p/n,1). We mention the restrictions on
p and ¢ now for simplicity. They will not truly be needed until the
construction in the region S3. However, putting them in place now will
prevent us from considering generalities now which, in the end, are not
needed given the restrictions stemming from the dynamics in S3. No-
tice that the form of the righthand side of (7.13) scales homogeneously
under S as suggested by the considerations in Section 7.2. The de-
pendence on 6 is introduced to facilitate matching with 1), along the
boundary with S,.

Since we have picked 65 > 7-, one notices that the PDE given in
(7.13) is not well-defined with the given boundary data since some
of the characteristics along T cross r = r* before reaching the lines
0] = 6. Because it is convenient to only give data on the lines |6 = 6,
we slightly modify the domain of definition of the PDE to be

S = {(7’79) ER :0<0] <0 <65, T!Sin(n@é)]% > 7,*}.
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With this modification, all characteristics now exit the domain through
the boundary r > r*, || = 65. Thus, solving (7.13), we see that for

(7", 9) S 81

(7.14)
4 D » 9* . %
T (l sin(ndg)|" + hl/ 0 Mda) if >0
| sin(n@)|» o |al?sin(na)
¢1 <T7 0) -
P » —05 . %
.T—g ]sin(n@é‘) "t h1/ Mda if < 0.
| | sin(n@)|~ o |ajisin(na)

In particular, we note that 11 can be extended smoothly to all of §; and
is a homogeneous function of degree p under S3. Moreover, 1;(r,6) > 0
on 81 and 9y (r,0) — oo as r — oo with (r,60) € S;.

The Construction in Ss. Let 15 be defined on Sy by

(Torp2)(r, 0) = —har?|0] 71
@Z)Q (T’ ief) - ¢1 (T’ ief)

where hy > 0. This time, the PDE above is clearly well-defined. Ob-
serve that the righthand side of (7.15) scales homogeneously under S
for all @ > 0 as the considerations in Section 7.2 suggested.

Using the method of characteristics we see that

AN hy 1P
7.16 r,0) = (07|~ 1,9*—h|1 ) + —
(116) () = (1611100~ )
In particular, we notice that 1, is homogeneous under S3 of degree p
and is the sum of two terms which are each homogeneous under S for
every a > 0 (though each term has a different degree). Moreover, on
Sa

(7.15)

Wo(r,0) > cr?|f) ™

for some ¢ > 0. Hence (1, 6) > 0 on Sy and 1)9(r,0) — oo as r — oo
with (T, 6) S 82.

The Construction in Sz. Finally, define )3 on S3 as the solution of the
equation

7.17 n+2
( ) ¢3<T7 0) = 7,02(7’, 0)7 TT|‘9| ="

where hy > 0 and p3 = p + q"T“. Again, our choice of righthand

side is consistant with the considerations of Section 7.2 since it scales
homogeneously under S for all o > 0.

{(A%)(n 0) = —hgrs
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Recycling notation, we let (r,6;) denote the stochastic flow gener-
ated by A and define

nt2
7':inf{t>0:7“t2 |9t\:77*}.

Setting p, = p+ %”TJFQ = p(?’gf), notice we may express 13 formally as
(7.18) Y3(r, 0) = c1rP B0 €"" + corP?Eq g)e?" — cgrt®
where
h 1 h
G = _3 + . 2 )
ps  (n)7qn—p
1 |9T|p/nfq
cy = 10741 (1, 07) — gy
()l [ ' gn —p
hs
C3 = —.
b3

The main question in the validity of this expression arises from the
possibility that E,¢)e?*" or E(, g)eP?™ might be infinite. The restriction
that p € (0,n) and ¢ € (p/n,1), implies that po,ps € (0,3n + 1).
Because of this restriction, Proposition 7.20 below will imply that
E(.ge?” < oo for i = 2,3. Thus, the expression (7.17) is well de-
fined.

To setup the statement of the result, first observe that the process
7; defined by

n+2
R 2
ne =12 0

solves the Gaussian SDE

(7.19) dne = (3n+ 1)mdt + o dW,.

In particular, we may write 7 = inf{¢t > 0 : || = n*} and
E(. e’ = E,ef"

where 1 = r"30 for i = 2,3.

Proposition 7.20. Fiz a constant ¢ € R, let n* > |c|, and define

Te=inf{t >0 & [=n" +cn” + ]}
Then for alln € [-n* 4+ ¢,n" + ] and a < 3n+1
E, e < oo.

In particular, 1o = 7 almost surely and the mappings

(r,0) = E.g€""
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fori = 2,3 are well-defined and homogeneous of degree 0 under Sa.,.
2

Remark 7.21. In this article we only need the case ¢ = 0. However in
the sequel [8], we will need the full strength of Proposition 7.20; that
is, all results above when ¢ # 0.

Proof of Proposition 7.20. All we need to show is that E,e"™ < oo

whenever a < %n + 1. The case when a < 0 is clear, thus suppose

0<a< %n + 1. Since n; with ng = n is normally distributed with

mean 2"V and variance
2
o
(3n+2)t
LA 1
3n + 2( )
we obtain

E, e’ = / P, {e"™ > t}dt
0
<2 +/ P, {7. > a 'log(t)} dt
2
<2+ / Pn{na_llog(t) S [_77* +c, 77* + C]} dt
2

<2+ K

o 1
—dt
for some constant K > 0. Notice that the last integral above is finite
provided 0 < a < %n + 1, giving the claimed result. O

Notice by the proof of Proposition 7.20 we may write
(7.22) P3(r,0) = 7P E,eP?" 4+ corP? B, eP?" — cyrP?

where n = r"3°0. This implies that 13 is the sum of three terms, each
of which is homogeneous under the scaling transformation S3,. In
2

Appendix A, we will see that functions of the form
n— Ee, a< %n—l—l

are smooth up to the boundary |n| = n*, allowing us to conclude,
moreover, that ¢35 € C*°(S3). Also, it is not hard to see that on S;

V3(r,0) = cr”Eq.g)e™"

for some ¢ > 0. Hence, 13(r,0) > 0 on S and 13(r,0) — 0o as r — oo
with (r,0) € Ss.
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7.4. The Relationship Between the Scaling of §; and S; and the
Origin of the Restriction on p. Now that the basic construction is
finished, let us take a moment to elucidate the relationship between
the scaling exponents p and p,. We will show that the shape of region
S, dictates the relationship between the two. This is fundamental
to understanding the problem since we saw that the equation for 3
places a restriction of the exponent p, which in turn cascades through
the remaining dependencies to place a restriction on p.

The function 5 consists of two terms: one comes from the bound-
ary data propagated along the flow and the other from integrating the
right-hand side along the characteristics. As a function of 6, the charac-
teristics corresponding to T5 stopped at the boundary r > r*, |0| = 0}
are given by
9* 1
(7.23) 7ot gln
and hence, denoting the part of solution ¢, which comes from the
boundary data by 1[)2, one has

9* L*_ 1+) 9*
A0 9) A

— \P(+3 ¢1< 01

s 0 SN(r,0) = 1 </\7" Wlu 0%

' 0*> - p(1+%)?@2(7@ 9)

Hence, since the boundary data scales homogeneously under S} with
degree p then the part of the solution generated from the boundary

data scales under S with degree p(1 + ). Since the lower boundary

n+2

of S, is homogeneous under S with o = , we see that 1, must be

homogeneous under S2., of degree
n+2
2

P2 =p(%57)-

3n+2
2

Since we saw that p, was required to be less than , we conclude

that p has to be less than

(5052) (%57) = n

which was the restriction placed on p when just after it was introduced
when we defined 17 in Section 7.3.

In summary, the solution of the exit problem associated to S3 is only
well defined if py < 3”“ by Proposition 7.20. The interaction of the
scaling relations assoc1ated with §3 and &) translates this restriction
on po the restriction p < n where p was power in the definition of

Yo(r,0) = rP.
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8. PROOF OF THEOREM 5.2

We now prove that under Assumption 5.7, the functions {t; : i =
0,1,2,3} together with their corresponding domains of definition {S; :
i=0,...,3} satisfy the hypotheses of Proposition 6.14 with the appro-
priate choice of the parameters 07, n*,r* hq, ho, hs. Having done so, we
will have proven Theorem 5.2, as the bound (6.16) will follow almost
immediately.

The layout of this section is as follows. First, we will deduce the large
r asymptotics of the functions 11, ¥, and 13, allowing us to validate
the bound (6.16). Second, we will show that for all r*, n* sufficiently
large and all 07 sufficiently small, the boundary-flux conditions given in
(6.10) are satisfied for some choice of the positive parameters hy, ha, hs.
Recall that 67, n*, r* are to be chosen according to Remark 7.12. Lastly,
we will verify the local Lyapunov property from (6.8). The second and
third items in the agenda will check the hypotheses of Proposition 6.14.

Beginning with the large r asymptotics, the following proposition
derives them quickly from the construction of the 1;’s and the accom-
panying discussions.

Proposition 8.1. There exist positive constants l;,u; such that

20" <thy (1,0) < wyr® (r,0) € S,
rP r
lob— < < Uy ——
(82) 2|9|% —¢2(T7 0) — u2|9‘q (T, 9) E 82
lsr?? <ths(r,0) < ugr’™ (r,0) € Ss.

Proof of Proposition 8.1. We begin with ;. Since ; scales homoge-
neously under S3 with degree p, for any (r,6) € S; we have that

7vbl(ra 9) = (;)pwl (Tw 9)
and hence

TP < i(r,0) < S5 0P

where M = sup{¢(r.,0) : 0 € [05,07]} and m = inf{e);(r.,0) : 0 €
65,07}, Since ¢y (rs,0) is continuous M > m > 0. The bounds on
13 are handled in a completely analogous way only using the scaling
generated by Sa,, rather than S3. From (7.18), we see that the terms

which make up 21D3 do not all scale with the same degree. Hence we
obtain a upper bound of r?* and a lower bound of r?2.

Since the region S, requires both scalings to reach all points, we
would need a slightly more complicated construction which mixed the

R
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two scaling to obtain the bounds on 1) using just the abstract scaling.
While this is not difficult, in light of the explicit representation of 1,
given in (7.16), we see that the quoted bounds follow by inspection. [

With these estimates in hand, we turn to the more techincal of the
two remaining topics.

8.1. Boundary-flux conditions.
Boundary between Sy and Sy. Because 1y (r,0) = rP11(1,0) and
—hyrP|0)79 = %T cos(nf) + % sin(nh)

one has

81/11 o » pcos(né’)@/q(l, 9) + h1|6|7q
(8:3) o0 ( sin(nd) >

Therefore combining % = 0 with (8.3) produces

[31% %} = P (p cos(nb)vn (1, 65) + hlyeg‘_q)

06 00 sin(n6p)
Since v;(r,0) = ;(r,—0) on S; for j =0, 1, we note also that
oYy Oy _ [OY  OYn
(8.4) [ 20 00 L:ag B [ o0 00 L:ag'
Since 11(1,05) = 1, sin(ndf) > 0 and cos(nfj) < 0, picking
(8.5) 0 < hy < p|65]9] cos(nby)|

implies that the quantity (8.4) is negative.

Boundary between S, and Sy. Similar to the previous computations,
observe that ¥,(r, 8) = rPiy(1,0) implies

Oy P pia(1,0) + h2|9|q]'

00 no
Since ¥1(1,07) = ¥o(1,07), we then obtain
ovr_ ovs
06 90 |, g
_ _p|peos(mi)¥n(L,07) + m|0[7T  pya(L, 67) + hol67] 7
sin(ndy) nb;

rP p cos(nbd] D s h h .
— | (L) P Yo+ o — 1o

sin(nf})  nb; sin(nf;)  nb;
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Using the expression (7.14), it is not hard to check that ¢, (1, 67)]07]7 is
bounded as 67 | 0. Employing the Taylor expansions for sin(n#}) and
cos(nf) about 67 = 0, we thus obtain

oYy O rP hy  hs
(8.6) [W - %L@; ~ g (% - ;)

as 07 | 0 where ~ denotes asymptotic equivalence. Thus for all 87 > 0
sufficiently small, we may choose hy > 0 small enough so that the
quantity on the left-hand side of (8.6) is negative for r > r*. Since
Y(r,—0) = ;(r,0) on S; for j = 1,2, notice that we also have the
equality

D0y _ 0
90 00 |,

5% %
20~ 00 |,__,

Hence, the same choice of 67 and he > 0 results in a negative sign for
the flux across the boundary 6 = —07 as well.

Boundary between Sy and Ss. Thus far it has been fairly straightfor-
ward to compute and analyze fluxes across boundaries where noise
plays no role. In such cases, we saw that we could find convenient ex-
pressions for dy1);, i = 0, 1, 2, simply by using the first-order PDEs these
functions satisfy. A similar approach, however, does not work when
studying the flux across the boundaries between S, and Ss since the
operator A contains second-order partial derivatives in #. Therefore,
to study study 0p13 along these interfaces, we opt to employ the some-
what explicit expression (7.22) derived in the previous section. Because
there is no closed form expression for the functions Gy, (n) := E,e?’",
i = 2,3, we still have some work to do, but we expect analysis of G}, (%)
to be possible for large n* > 0. This is because, by the computations of
Section 7.1, the noise term in A formally scales away as P 0] — 0.
Indeed, the following lemma, which is a slight generalization of what
we need here, says precisely this.

Lemma 8.7. Fiz c € R, let n* > |c|, and recall that
T.=inf{t >0 :n &[-n"+c,n" +c|}
where n; solves (7.19). Let 0 < a < 3n+1 and Goc(n) :== E,e*™. Then
for all n* > |c| large enough, G, . € C®([-n* 4+ ¢,n* + ¢]) and
2a
3n + 2
Moreover, Goo = G, and G,(—n) = Gu(n) for all n € [—n*,n*].

88) Gt +c)=TF ()" +o((n)™") as n* — occ.
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Remark 8.9. We will need the lemma above in this generality in the
sequel [8]. In this paper, all we need are the results when ¢ = 0.

Proof of Lemma 8.7. See Appendix A. O

We now apply the lemma to control the flux terms across the bound-
aries r"2 0 = +n*. By the symmetry G,,(n) = G,,(—n) for n €
[—n*,n*], we must only show that for n* > 0 sufficiently large, hy > 0
can be chosen so that the flux across the boundary r'eg = n* > 01is
negative for r* > 0 sufficiently large. Therefore, observe that

[% _ %]
(99 89 =n*
qhs 1 1 ha hs nt2
! G/ * Ter 5~ (g+1)
<qn p(n*)q+1 Gy an—p ) Gl )>

+ 0(7“1"Jr q“)) as r — 0o.

Recalling the assumption that ¢ > p/n, observe that (8.8) implies that
for n* > 0 large enough and hz > 0 small enough the righthand sisde
of the above expression above is negative for all sufficiently large r*.

8.2. Checking the local Lyapunov property. We now turn to ver-
ifying the local Lyapunov property given in (6.8). To do so, we will
not need to change the values of the h;, i = 1,2, 3, set in the previous
section. We will need to, however, increase r*, n* as well as decrease
07, but this will consistent with all previous choices, including those
made in the preceding section to assure that each boundary-flux term
had the appropriate sign.

Letting B denote the asymptotic operator corresponding to L in &;,
this involves first writing

L¢i(r7 0) = B%‘(Ta ‘9) + (L - B)%(ﬁ 0)

on ;. Since B is of the desired form, all we must do is estimate the
remainder term (L — B)i; to see that

|(L — B)i| < | By

as r — 00, (r,0) € S;. We proceed region by region starting with:

Region Sy. Since 1y(r,0) = rP, it is not hard to see that as r — oo,
(7”, (9) S S(),

(8.10) Lapo(r,0) = prP cos(nb) + o(rP).
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Since cos(nf) < —c < 0 for (r,0) € Sy and some ¢ > 0, the relation
(8.10) implies that there exist positive constants ¢y, dp such that

Llpg(?“, 6) S —C()Tp + d()
for all (r,0) € Sy. Undoing the time change, we find easily that on Sy
(8.11) Lpo(r,0) < —Cor?*™ + Dy

for some Cy, Dy > 0.

Region §;. First observe that by definition of

Ly (r,0) = Taapi (r,0) + (L — T1 )9 (7, 0)

_ —m% + (L =Ty )en(r,0)

on §;. To bound the remainder term (L — T7)v4 (r, 0), notice by (7.14)
we may write ¢ (r, ) = rPg(0) where g is a smooth and positive func-
tion in € for all 0 < 07 < |0] < 6;. In particular, since 0 < 07 < |6] < 6
for (r,6) € S, we see that as r — oo with (r,0) € §;

rr-p

(812) Lwl(r, 9) = —hl |Q|q

+ o(rP).

Using the asymptotic formula above as well as positivity and smooth-
ness of g on the domain for # in &, we obtain the inequality

P

r
Lwl (7“, 9) < _CIW + d1

on & for some constants ¢y, d; > 0. Undoing the time change, we also
find that

rptn

+ D,
on &7 for some constants C, Dy > 0.

Region §;. By definition of 1, first observe that on S,
Lapa(r,0) = Torba(r, 0) + (L — Ta)1pa(r, 0)

P

:—mﬁrun—gmmwyuL—ﬂmmﬁy

Using the Taylor expansions for sin(nf) and cos(nf) about § = 0 notice
that there exists a constant C' > 0 which is independent of 67 > 0 such
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that

(Th = T3)1a(r, 0)

o* |n rP hy 7P
< CO*| (0771 (1,07 | 16]2
Co {(‘9 [71(1,67) + he —p> |g|p/n + qn—p’@lq}

R 9*|7— rP h2 rP
< *\ 2 *| 0 |
<C) [(wl! 1 (1,07) + o _p)|e|p/n qn—p|9|q]

for all (r,0) € S,. In particular, since ¥1(1,6;) = O((6;)7!) as 67 | 0,
it follows that for all € > 0, there exists 67 > 0 small enough so that
rP

(Tl — T2)¢2(T, 9) < EW
for all (r,0) € Sy. Therefore, in particular, we may choose 6] > 0 small
enough so that

hy 7P
Lipy(r,0) < _72W + (L — Th)tho(r, 0)
on S;. To control the remaining term (L — T7)1o(r, 8), recall that we
are operating under Assumption 5.7. Therefore, we find that there
exists positive constants C, D independent of n*, r* such that on S,
/rp

(L=Tia(r8) < (4 2)

Picking n*,r* > 0 sufficiently large we see that there exist constants
Ca,doy > 0 such that

P

’
Lapy(r,0) < —sz + ds
for all (r,0) € Sy. Undoing the time change, we obtain the bound
p+n
(8.14) Lapy(r,0) < _CQW + Dy

on &y for some constants Cy, Dy > 0.

Region S3. First decompose Liys on Sz as follows

Laps(r,0) = Axps(r,0) + (T — A)s(r,0) + (L — T)s(r, 0)

where

2

T = rcos(nb)0, + sin(nh)dy + Sy, —— ;.
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Using the definition of 13 we find that
Lps(r,0) = —hsr?® + (T — A)s(r,0) + (L — T)ibs(r, 0)
= —h3r? + (Ty — Ty)3(r, 0) + (L — T)ibs(r, 6).
Let us first see how to bound (7} — T3)®3. Again, making use of the

Taylor expansions for sin(nf) and cos(nf), we see that there exists a
constant C' > 0 which is independent of n* such that

(Ty — To)us(r, 0) < CO*(|rons(r, 0)] + |0pts(r, 0)]).

To control derivatives of 13, recall the expression (7.18). Applying
Lemma 8.7, we deduce the existence of a constant C' = C(n*) > 0 such
that

o e (7+2)
62(|rd, s (r, 0)| + |oibs(r, 0)]) < C*yr= "5

on Ss. In particular, we have thus far obtained

(8.15) Lips(r,0) < —hgr?® + C(g*)r?*= "5 + (L — T)as(r, 0)

for all (r,0) € Ss. To estimate the remaining term (L — T")ts, proceed
in a similar fashion using Assumption 5.7 to see that

(8.16) (L = T)bs(r,0) < D(n")r—

on S3. Putting (8.15) together with (8.16), there exist constants cs, d3 >
0 such that on S

(817) L¢3(T, 8) S _037,173 + dg.
Undoing the time change, we also see that on S3
(8.18) Lap3(r,0) < —Csr?**" + Dy,

for some constants C5, D3 > 0.

Remark 8.19. Using the bounds obtained in Proposition 8.1 and the
inequalities (8.11), (8.13), (8.14), and (8.18) we can easily see that
the bound for L, 1 = 0,1,2,3, on S; required by Proposition 6.14 is
satisfied. Because the boundary flux terms have the appropriate sign
by the arguments of Section 8.1, we have now finished proving Theorem
5.2 under Assumption 5.7.

9. HEURISTIC DISCUSSIONS AND SMALL NOISE ASYMPTOTICS

We now revisit the discussions of Section 7.1 with an eye to more
heuristic calculations rather than constructing a provably correct Lya-
punov function. For simplicity, we restrict ourselves to the monomial
case

(9.1) dz = 20" dt + o dB;
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where o and B, are as before in (1.1). As discussed in Section 6.3, the
dynamics of this system breaks into n wedge-shaped regions which can
all be treated similarly. Hence, we will consider the wedge saddling the
non-negative real numbers, namely

R= {(7",9) >0, 0] < %}

In what follows, we will shift between the complex coordinate z and
polar coordinates (r,6), z = re?, as it is convenient.

Fixing n* > 0 large, to leading order in R, the noise only has an
effect inside of the region

Sty ={(r,0) e R : |r"% <n*}

for all » > r* if r* is sufficiently large. Outside of S(n*) when r is
large, the dynamics approximately follows the deterministic equation
% = 2" The orbits of this system are concentric loops which share a
single common point z = 0. These loops are the locus of points

(9.2) J(K) = {(7’, 9) -

%:K,O<]9|<E}
| sin(nf)|» n
for K > 0. _

Let ¢ € R be some point with |(] large. Since S(n*) becomes vanish-
ingly thin for r* > 0 large we assume that ¢ ¢ S(n*). With high prob-
ability, any trajectory which reaches such a point ( first transitioned
to a relatively large radial value inside of S(n*), then exited S(n*), and
then approximately followed the deterministic trajectory of the form
given in (9.2) passing through (. Since each orbit J(K) is indexed by
the constant K, the chance of being on given orbit is determined by the
chance of leaving the region S(n*) at the point where the orbit with the
given value of K intersects the boundary of S(n*). As before, define
the stopping time 7 = inf{t > 0 : || > .} =inf{t > 0: 2 & S(n*)}
and we assume that r(0) = r*. Define the K value upon exit from
S(n*) as

T
" |sin(nf,)|n
Since after the time change, 7 = r to leading order we see that r, =
r*e. Since |n,| = n* implies that
n+2

TTT|07'| :77*7

we conclude that
n+2 n+2

(9.3) 0. = () e



38 D. P. HERZOG AND J. C. MATTINGLY

and that as a function of 7

T

(9.4) K, ~ G
((n:))»  (ng*)n

As discussed in Section 7.1, after the time change ¢ — fg rds, the
n+2

dynamics in S(n*) as essentially given by 7, = r, ? 6, which satisfies
(7.19). Moreover, this equation is coupled with the leading order r
dynamics: 7 = r.

From (7.19) we see that 7, is a Gaussian process and that as ¢t — oo

(9.5) P(r >t)~e ™!

where A\; > 0 is the smallest eigenvalue associated with the operator

(@A) = ~ 501 — (22)a,(ns)

on the domain [—n*, n*] with Dirichlet boundary conditions. Note that
Q is the negative of the L%-adjoint of the generator of n,. Clearly, \;
is a function of n*. However, it is not hard to see that as n* — oo,

3n42
)\1 — -

2n 3n+2
€ 2n T

9.1. Tails of the invariant measure. Observe that the maximal dis-
tance from the origin on a given orbit J(K) occurs when § = +m/(2n)
since |sin(nf)|'" = 1 when § = 47/(2n). From this we see that
the maximum distance from the origin on the orbit J(K) is simply
K. Let i denote the stationary measure (after the time change from
Section 6.1), P; the probability measure of the time-changed Markov
process with initial distribution /i, and P, ) the probability measure
of the time-changed Markov process with initial condition (r,6). Re-
calling the preceding discussion, for R > 0 sufficiently large we have
that with high probability, the path to any ¢ € R\ S(n*) with || = R
is through S(n*). Hence for R > 0 large

Pﬂ(’Z‘ Z R) ~ CP(T*,O)(K‘F > R)

for some constant ¢ > 0, as the flux in S(n*) around * is some positive
constant at equilibrium. Using the relation (9.4), we find that for R > 0
large

Pi(|2| > R) ~ P 0)(T > 5225 log 1)

for some positive constant Ry. Now pick n* > 0 large enough so that
A A 22 Thus for R > 0 large enough, (9.5) gives

_271)\1
P.(|z| > R) = cR 3n+2 = cR™"
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Letting p(r,#) denote density of fi, for 8 # 0 we have

Is 0 o R 27 ot
Rn+1 OR “(’Z‘ = R) aRA /0 p(rv ) rar R/O IO(R7 )

From this we conclude that

c
Rn+2 dr
for large R. Hence if ;1 denotes the stationary measure from Section 6.1
without the time change we see that

c
R2n+2

P,(|z| € dR) ~ dR

which agrees with the rigorous results of Theorem 3.2

9.2. Spacing of the excursions. We now investigate the distribution
of the time between “spikes” of size R > 0, as illustrated in Figure 2.

It is reasonable to assume that for a large but fixed value of r* >
0, trajectories with high probability spend a random amount of time
before exiting through S(n*) to larger radial values. For any R > r*,
define the following sequence of stopping times: Sy = 0 and for ¢ > 1
set

T, =inf{t > S;_y : 7, > R} and S;=inf{t >T;:ry >r.}.

We are interested in the distribution of the time between “spikes” T;,1—
T;. In what follows, we will see that T, — T} is distributed geometri-
cally with parameter that scales like R~". Hence we expect

E(T;11 — T,) = cR"

for some positive constant c. We begin by defining successive exit times
from the set {r > 2r*} with an intervening return to the set {r > r*}:
Let so =0 and for ¢ > 1

t; =inf{t > s;_1 :ry > 21"} and si=inf{t > t; :r, > 1r*}.

With high probability, each exit from {r < 2r*} happens through the
region {r < 2r*} N S(n*). In turn, the location of exits through the
boundary of {r > 2r*}NS(n*) determines which of the orbits J(K) the
dynamics follows. This is because for large r* > 0, the dynamics will
be approximately deterministic upon exit from {r > 2r*} N S(n*). As
in the discussion at the start of this section, let 7 denote the exit time
from {r > 2r*} NS(n*) and let K be the value of the constant K used
to index the orbit J(K') when the dynamics leaves {r > 2r*} N S(n*).

As just discussed in Section 9.1, the maximum radius reached by the
deterministic orbit J(K') (as parameterized by its exit point K) is in
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un-time—changed process time—changed process

12

12

1}

10+

log(E(time between spikes of size R))

log(R) log(R)

n | Slope (no time change) | Slope (time change)
1 1.031 1.035
2 2.034 1.960
3 3.175 3.001

FIGURE 5. Simulation results of log E[T}; — T;] versus
log(R) without the time change (left) and with the time
change (right). Points sufficiently far from 0 but with
enough data (in green) are fitted with a least squares
approximation. Slopes of each line in either case are
given in the table above and are as predicted.

fact also K. Hence we recall that if pr = P (height of spike is > R) on
a given entry into S(n*), then

2n1

pr=P(K, > R) ~ cR 3n+2 ~ cR™™.

It is reasonable to assume that the K associated to ith entry into
S(n*) N {r > r*} is independent of the KY with j # i. Letting
ng) denote the number of excursions to level 2r* < R needed to have
an spike greater than R after time 7;_;, we observe that under the
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independence assumption ng) is geometric with parameter pr. Hence,

Eng) = 1/pg.

Since
Njt1 '
7}'+1 — 7} = Z (tz — tifl) where Nj = Nj,1 + ng)
i=N;
we have

B[T}.: - 1)) ~ Bl 1Bl — 1] = = ~ ot
Pr

Hence we expect the average spacing between peaks of spikes greater
than R should grow like R". Consult Figure 5 for numerical results.

All of the analysis above holds equally well even if the dynamics
has not been time-changed. The critical quantity is the location at
which the process exits from S(n*). This location is the same in either
case, as the time-change only affects the time between entrances into
S(n*) N {r > r*} and the time it takes to traverse the spike excursion
out to level R (see Figure 5).

10. CONCLUSION

We have given a general methodology for constructing Lyapunov
functions and applied it to study a family of equations in which the
underlying deterministic dynamics is stabilized under the addition of
noise. The method incorporates global information of the flow and
hence is well suited in the setting where stability results from global
rewiring of trajectories due to the addition of a small amount of noise.
The use of auxiliary PDEs to define our Lyapunov functions was central
to the construction as it allowed us to obtain radially optimal results.
There are a number of points which, though technical, allow for a
successful completion of the argument. We always use homogeneous
operators in our local constructions, as this allows us to create local
Lyapunov functions through the use of auxiliary PDEs which are the
sum of homogeneously scaling terms. This greatly simplifies the general
analysis. The homogeneous operators are also drastically simplified
from the original generator. This makes many points of the analysis
easier, often allowing explicit representations of solutions. We also
employ a extension of It6 theorem which allows us to avoid smoothing
the patched functions along interfaces.

Our construction of Lyapunov functions is closely related to the con-
struction of sub/super solutions to certain PDEs associated to the
SDEs considered. In particular, all of our results can be translated
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to the existence of a normalizable solutions with polynomial decay at
infinity to the PDE £*p = 0 where L is the generator of the SDE (5.1).

In Part II [8] of this paper, we will consider the same class of problems
but in a more general setting where Assumption 5.7 does not hold. In
the conclusion of that paper we will give a number directions of possible
future work.

APPENDIX A. PROOFS OF LEMMA 4.4 AND LEMMA 8.7

We now give the proof of Lemma 4.4. After that we will give the
proof of Lemma 8.7.

Proof of Lemma 4.4. To see part a), let 7o, = lim,1 7,, to be the explo-
sion time of &. We must show that P |7, < oo] =0 for all {§; € R™.
By Definition 4.1, there exists constants m,b > 0 such that

(A  BgW(gn,) — (&) < B, / " _md(g,) + bds

for all t > 0, n € N. Since ® > 0, we obtain the bound
E¢, U (&nr,) < W(&o) + bt
for all t > 0, n € N. Since ¥({) — oo as |[£| — oo, for n € N large

enough the inequality above implies
inf|1’\2n \IJ(ZE) ) Pfo [Tn < t] < Efo [qj(gm)l{fngt}]
infmzn \Il(x) - infmzn \I/(JZ)
W (&) + bt
- inf\alen \Il(:c)
for all ¢ > 0. Using the fact that U(¢) — oo as |{] — oo, Fatou’s
lemma gives

P§0 [Tn < t] =

Pe[reo <t]=0  Vt>0,

finishing the proof of a)
To see part b) and setup the proof of ¢), we follow the argument in
Proposition 5.1 of [5]. Since ¥ > 0, relation (A.1) implies

Efo/o " B(e,) ds < W(&) + bt

for all t > 0, n € N. Using the Monotone convergence theorem and
part a), we obtain

(A2) B, [ 0(6)ds < W6o) + o
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for all £ > 0. Letting Agr = {£ € R™ : |®(¢)| < R}, we note that the
bound above implies

1 W(&o) + bt
- P A%lds < ————,
1 /O o [gs € R] S > Rt

In particular, it follows by the standard reference [9] that the sequence
of measures

1 t

7 =1 [ Polese s
0

is compact in the weak topology. Part b) now follows easily. For the

remaining assertion, in light of the proof of Theorem 4.3 of [10] observe

that

1

1o [ 10(6) A Rjas < T2

V(&)
t

which is valid for any R > 0. In particular, we obtain the inequality
| e ARxo ) <b

where 7% is an invariant measure defined as weak limit point as ¢t — oo

of Wfo above. Applying the Monotone converge as R — oo finishes
c). O

Proof of Lemma §.7. Note that the function G, . solves the following
boundary-value problem

0-2 " 3 !/
(A3) TG+ (5n+1)nGh ) + aGaeln) = 0
(A.4) Goc(—n"+¢) = Goe(n® +¢) = 1.

To further understand solutions of (A.3), we transform the equation to
Weber’s equation. To this end, we write

(A.5) Gacln) = e " *H(\/Bn)

where 8 = (3n + 2)/0? and note that H satisfies
21 2a

A. H" —(”— ———)H —0.

(A6) )= (5 + 5~ a5/ H@) =0

The two linearly independent general solutions of (A.6), denoted by
2a

U(% _ 1/2,iw),
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have the following integral representations (cf. Chapter 12.5 of [3])

v

U</<; —1/2, iiv) = i/ iR RF gy g € R
L(x) Jo

where we have introduced kK = UQT“ﬁ in the interest of brevity. Using these

expressions, the boundary conditions given in (A.3) and the assumption
0<a< %n + 1 we may formally write

(A7) Guslr) = 1p—p / 7(t) cos(/But) dt

AD BC’/ f(t) sm\/_nt

2
where f(t) =t~ e~ 7 and

/f cos(v/B(n* + o)t /f sin(v/B(n* + o)t) dt

:/0 7(8) cos(V/Br — o)t /f sin(v/B(r — o)t) dt.

The only question pertaining to the validity of (A.7) is that AD — BC
could possibly be zero. We will now show that this is not the case
for n* > |c| sufficiently large. It will then follow easily that G,. €
C®([—n* + ¢,n* + ¢]) for all n* > || large enough by (A.7). Write

A=T(r)e” syl ReU(m——z\/_n +¢))
—plye” ImU(k — ;\/B(n“rc))
(li—li\/_n*—c)

D =T(k)e -85 ImU(ﬁ——z\/_n—c)

One can then use the asymptotic formula for U(a,z) as z — oo in
Section 12.9 of [11] to deduce that as n* — oo one has

(c\o;(n )) {1+O(,7%)}7 B:F(m)%{ﬂrO(#)},

C =T(x )(C\‘;S_(n )){ +0(4) |, D——F(m)%{l—i—()(n%)}.

From these formulas and the fact that 0 < k < 1, we can easily conclude
that for n* large enough AD — BC # 0. To see the claimed asymptotic

B =-TI'(k)e

C= F(/i)e_ﬁ(n

A=T(k)
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formula for G, ,
obtain

Gl (0" +¢) = —\/E% 0 tf(t) sin(\/B(£n*" + c)t) dt

+ \/B% /000 tf(t) cos(r/B(xn* + ¢)t) dt.

Using a similar trick, we may write the functions

/ ) sin(V/B(En* + ) dt and / (1) cos(y/Blen + o)) di

0 0
in terms of the function U as

/OO tf(t)sin(\/B(En* + o)t) dt

0

we may differentiate under the integrals in (A.7) to

)2 1
= —mF(m)e’g(in ) Im U(k+ 3 i/ BlEn* + 0)),

and

/ " F(t) cos(\/B(En* + e)t) dt

0
* 2 1
= /-@F(f@)e_g(i” +9 Re U(k+ 3 i/ BlEn* + 0)).

Again, applying the asymptotic formula for U(a, z) as z — oo in Sec-
tion 12.9 of [3] with those derived for A, B,C, D, we can obtain the
claimed asymptotic formulas for G, .

To see the symmetry G,o(—n) = Gao(n) for n € [—n* + ¢, n* + ],
set ¢ =0in (A.7) to see that

J5° f(t) cos(v/Bnt) dt
I5° f(t) cos(v/Brrt) dt’

Ga()
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