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Abstract

Braverman and Kazhdan proposed a conjecture, later refined by Ngd and broadened
to the framework of spherical varieties by Sakellaridis, that asserts that affine spherical
varieties admit Schwartz spaces, Fourier transforms, and Poisson summation formulae. In
the dissertation, we develop local Fourier theory and give explicit formulae for Fourier
transforms on Braverman—-Kazhdan spaces attached to maximal parabolic subgroups of
split, almost simple, simply connected groups. In the nonarchimedean setting, we also
give explicit representation theoretic descriptions of Schwartz spaces and verify several
conjectural properties of Schwartz spaces.

Part of the thesis is based on joint work with Jayce Getz and Spencer Leslie.
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Chapter 1. Introduction

The Riemann zeta function ((s) := >, ;n~*%, originally defined on Re(s) > 1, is
known to extend to a meromorphic function on the complex plane and satisfies a functional

equation:

T <1 - 5) ¢ —s) =751 (3) ¢ls).

The key ingredient in Riemann’s proof (in 1859) is applying the Poisson summation formula
to a specific choice of Schwartz function. Riemann’s idea was later extended by Hecke in
1918-1920 to L-functions attached to Hecke characters over number fields.

In 1950, Tate in his thesis reinterpreted (completed) Hecke L-functions as certain adelic
integrals and showed that functional equations and the analytic continuation of Hecke L-
functions are roughly equivalent to adelic Fourier analysis on a one dimensional vector

space.

1.1 A short overview of Tate’s thesis

Let E be a global field and Ag be its ring of adeles. Let |- | :=[],| |o : A — Rxg

be the idelic norm. For a Schwartz function f € S(Ag) := S(Fy) ® ®;f00 S(Ey), an idelic

character x = ®uxo : Ay — C*, and s € C*, Tate defined the zeta integral

Z(f, x5 f F@)x(@) | de

which converges absolutely for Re(s) > 1. If f = ®, f, is factorizable, the zeta integral can

be written as an Euler product

205 = [ Zlfoxws) =[] ffv 2)xo (@) 2[5 2

v: places of £ v: places of £

These local zeta integrals enjoy the following properties:
e The integral defining Z,(f,, xv,s) is absolutely convergent for Re(s) > 0.
® Zy(fv,Xv,s) has a meromorphic continuation in s to the whole C. If E, is nonar-
chimedean, it is a rational function in g, °, where g, is the size of the residue field of

E,.



e Upon normalization, there is a unique meromorphic function L, (xy, $) such that

Zv(fva Xv» S)
LU(XU73>

is holomorphic for all Schwartz functions f,. If E, is nonarchimedean, it lies in
Cle, s @
Furthermore, each Hecke L-function is equal to the infinite product [, Lv(xv, )
realized by a particular Schwartz function and an idelic character. Functional equations of
completed Hecke L-functions follow from Fourier analysis over each local field E,,, and the

analytic continuation is a consequence of the Poisson summation formula:

D Fa) = > F(f)(@).

el xeFE

Tate’s thesis not only largely simplifies the original proof of Hecke but also opens up
the study of automorphic forms in the adelic context. Tate’s idea was later successfully
generalized by Godement and Jacquet [GJ72] to L-functions attached to representations of
general linear groups GL, by replacing x(x) with matrix coefficients. The main ingredient
is Fourier analysis on the variety of n-by-n matrices, which is also a vector space.

Over the years, mathematicians have been able to come up with ad-hoc but ingenious
approaches to construct integral representations of numerous L-functions without appealing
to Fourier analysis. This leads to the following questions: Should every L-function possess

an integral representation? Is there a uniform explanation behind different approaches?

1.2 An unifying theme

In the seminal paper [BK00|, Braverman and Kazhdan realized that if one assumes the
(local) Langlands correspondence and the Langlands functoriality conjecture, then there is
a unifying theme in producing L-functions and establishing their analytic properties. Let
us briefly explain their idea in the split case.

Let ¢ be a Langlands parameter of a split connected reductive group H. Given a
finite dimensional representation of the complex dual group H , i.e., a morphism p : -

GL, = GL,(C), we obtain a Langlands parameter p(¢) = p o ¢ of GL,,. Then by the

2



local Langlands correspondence for general linear groups and the Godement-Jacquet theory,
the Fourier theory on n-by-n matrices would induce a Fourier theory on certain reductive
monoids attached to p under a mild hypothesis.

Thus [BKO00| conjectured a notion of Schwartz spaces, Fourier transforms, and Poisson
summation formulae on certain reductive monoids, which are referred to as L-monoids.
If the conjecture is true, then it would prove the functorial property in the Langlands
program in great generality by the converse theorem. The conjecture is later refined by
Lafforgue [Lafl4], Ngo [Ng620], and many others, and broadened by Sakellaridis [Sak12]
to the setting of affine spherical varieties. We will refer to this conjecture as the Poisson

summation conjecture.

1.3 The Poisson summation conjecture

Let F be a global field and G be a split reductive group over E. Let X be an E-variety
with a G-action. Then X is said to be G-spherical or simply spherical if X is normal
and there is an open orbit of a Borel subgroup of G. The Poisson summation conjecture
suggests that there should be a Fourier theory on an affine spherical variety. Precisely, it

predicts (at least) the following.

Conjecture 1.3.1 (Poisson summation conjecture). Let X be an affine G-spherical E-variety
and X™ be its smooth locus. Suppose X*™(E) # (&. For every place v of E, there are
* a Schwartz space S(X (E,)) such that S(X*™(E,)) € S(X(Ey)) < C*(X*™(Ey)),
* a Fourier transform F, : S(X(E,)) — S(X(E,)) that satisfies a twisted equivariance
property,
* a basic function b, such that F,(b,) = b, at almost all places v.

One defines the adelic Schwartz space
S(X(8p)) = @ S(X(E)),

where the restricted tensor product is taken with respect to the basic function b,, and an adelic



Fourier transform

F = @uFy: S(X(AE)) = S(X(AE)).

Furthermore, one has

* a Poisson summation formula: for f € S(X(Ag))

Y, f@ = ) F())+ (=)
)

zeXsm(E zeXS™(E)
where (), (sx) are boundary terms that vanish if f satisfies some local assumptions.

The only examples where the Poisson summation conjecture is fully understood are
vector spaces GJ}. Braverman and Kazhdan generalized the case of vector spaces to the
affine closure Xp of the variety X3 := P4\G [BK02], where G is a split reductive group
whose derived subgroup is simply connected and P < G is a parabolic subgroup. We refer
to spaces Xp as Braverman-Kazhdan spaces. Nevertheless, in [BK02| there are various
conjectural properties of Schwartz spaces left unchecked and the discussion is incomplete
in the archimedean case.

Aside from Braverman-Kazhdan spaces, there are few cases on which the Poisson sum-
mation conjecture is (partially) established. The first such cases are varieties built of triples
of quadratic spaces. They are first studied in [GL19|, and are completed in [GH20| and
[GHL21]. Following the idea of [GL19], Gu [Gu21] established Poisson summation formulae
on certain family of non-affine spherical varieties. In [CG21], Choie and Getz established
the Poisson summation conjecture for certain Schubert varieties under mild assumptions

on poles of degenerate Eisenstein series.

Remark 1.3.2. While the existence of local Fourier theory is established in many cases, only
few cases have completely understood Poisson summation formulae, i.e., (*) and (*x*) are
explicitly known. It is proved in [GL21] for the Lagrangian Grassmannian and in [Get22]
for (split) odd dimensional cones. Both cases are proved via representation theory, and

there is currently no geometric intuition for what boundary terms should be.



Remark 1.3.3. In many cases, including L-monoids, basic functions have been constructed
via geometric approaches [BNS16, SW22]. In the case of L-monoids, they are realized as
IC-functions on the arc spaces. This aligns with the expectation that Schwartz functions

can be constructed via sheaf-function dictionary on appropriate spaces.

Remark 1.3.4. In the forthcoming work of Zhilin Luo and Ngo, they have constructed an

analytically well behaved Fourier kernel for L-monoids of GLs.
1.4 Main results

The dissertation is a combination of the first half of my joint work with Jayce Getz and
Spencer Leslie |[GHL21| and my other paper [Hsu21|. The goal is to complete the study of
(local) Fourier theory on Braverman-Kazhdan spaces in the simplest cases, i.e., when P is

maximal. We summarize our results roughly as follows.

Theorem 1.4.1. Let G be a split, almost simple, simply connected group, and P < G be a maximal
parabolic subgroup. Over arbitrary local field F', there are an analytically defined explicit Schwartz
space S(Xp(F)) contained in L'(Xp(F)) n L*(Xp(F)), and a unitary operator Fppoo that
restricts to a G(F)-equivariant isomorphism

Fpppor : S(Xp(F)) — S(Xpos(F)).

The Fourier transform Fp po» can be explicitly written down as some iterated integral.
When F is nonarchimedean and G is not of type E or F', one has

S(Xp(F)) = CZ(Xp(F)) + Fpor p(C (X po (F))) (1.1)

and S(Xp(F)) isa C*(Xp(F))-module under multiplication of functions. Furthermore, there is

a (co)sheaf-theoretic way to describe S(Xp(F)).

There are several reasons to develop harmonic analysis on X p in such an explicit manner.
First, one should think of these simple cases as building blocks for one to establish the
Poisson summation conjecture for new cases via other methods. Indeed, a special case of
Theorem 1.4.1 has been used in the second part of [GHL21| to study harmonic analysis on

varieties built out of triples of quadratic spaces considered in [GL19].
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Second, these are the cases where one has rather clear understanding on the spectral side
of the Schwartz spaces, i.e., the degenerate principal series I g have been studied thoroughly.
They form precious examples where one can have less geometric intuition but can still prove
the Poisson summation conjecture. It is then an interesting question to ask what geometric
data can be recovered from spectral definition. This should be viewed as a reverse process
of the Poisson summation conjecture, from which one could gain insight into general cases.
See also the discussion in Chapter 6.

Finally, it is expected that Fourier theory on Xp should find applications in other
fields, e.g., analytic number theory. For instance, the Poisson summation formulae on
odd dimensional cones are used in [Get22| to count global points of quadrics with explicit

asymptotics.
1.5 Outline of the thesis

We introduce notations and state our conventions on quasi-characters, measure, Schwartz
spaces, and estimates in Chapter 2. We develop Fourier theory on Braverman-Kazhdan
spaces over local fields in Chapter 3. We begin by recalling some basic facts on Braverman—
Kazhdan spaces in §3.1. The definition of the Fourier transform on the Schwartz space of a
Braverman—Kazhdan space relies on operators that correspond, under the Mellin transform,
to multiplication by ~-factors. Only the nonarchimedean case appears in the literature.
Even in this case the domain and range of these operators is never elucidated. This makes
it problematic to define the composition of the operator on an explicit space of functions.
We develop a new approach to these operators that works uniformly in the archimedean
and nonarchimedean cases in §3.2. The new approach allows us to explicitly control the
domain and range of the operators and to compose them. We expect these ideas will have
applications to Fourier transforms beyond those constructed by Braverman and Kazhdan.

In §3.3 we give a refined definition of the Schwartz space of a Braverman—Kazhdan
space whenever P is a maximal parabolic subgroup of a split, almost simple, and simply

connected GG, and prove in §3.4 that the Fourier transform preserves this space. In the



special case where P is the Siegel parabolic of G = Sp,,,, this definition is contained in
[GL21]. This refinement goes beyond the work in [BK02], in which the Fourier transform
is only defined via a transform defined on an inexplicit dense subspace of the L? space and
then extended by continuity.

In §3.5 we prove an explicit formula of Fp por with geometric flavor in Theorem 3.5.5
below. The proof requires computations of various normalizing factors which are given in
Appendix A. This is particularly important for readers without extensive background in
representation theory who may want to apply our formula. This completes the proof of the
first half of Theorem 1.4.1.

Starting from Chapter 4, we assume F' is nonarchimedean. In Chapter 4, we assume the
inclusion C(Xp(F)) < S(Xp(F)) holds and study the quotient S(Xp(F))/CF(Xp(F)).
Since Xp — X = {0}, motivated by the approach in [JLZ20, §4], we begin with rephrasing
the definition of S(Xp(F')) in terms of its asymptotic behavior towards the origin via the
work of Igusa [Igu78, §1.5|. We also offer a list of asymptotics data L(d) n R and s
(see (4.2)) in Appendix B. Then we restate the asymptotics in terms of representations in
Theorem 4.2.2, which will justify the last assertion of Theorem 1.4.1.

In Chapter 5, we prove the inclusion C°(X%(F')) < S(Xp(F')) when G is not of type E
or F'. Actually, we prove a stronger statement on poles of intertwining operators from which
the rest of the assertion in Theorem 1.4.1 follows. Our proof is a case-by-case discussion.

In Chapter 6, we briefly explain our ongoing work to establish harmonic analysis on Xp

over archimedean local fields and its connection to Weyl algebras on Xp.



Chapter 2. Preliminaries

Throughout G always denotes a split connected almost simple algebraic group over a
field F, so g := Lie(G) is a simple Lie algebra. Fix a maximal split torus and a Borel
subgroup T' < B < G. For a standard parabolic subgroup B < P, let P°P denote its
opposite and Np := R,(P) be its unipotent radical. We often write N := Np. Let
¢ := &g < X*(T') be the set of roots of (G, B,T) and A := Ag < ® be its base.

Throughout F' always denotes a local field. When F' is nonarchimedean, we let O be
its ring of integers. We fix a choice of uniformizer w and let ¢ be the cardinality of the
residue field O/w. We denote by |- | the number theorist’s norm on F. Thus |- | is the usual
Euclidean norm if F =R, |z| = 2z if F = C, and |w™!| = ¢ if F is nonarchimedean.

We also denote the usual norm on C by |-|. This creates the possibility of confusion when
we have chosen an identification F' = C. When F' is denoted by C, we use the standard
norm, and when F' is denoted simply F', we use the number-theorist’s norm. Thus, for
example, if X is a set and f : X — C is a function, then |f(z)| = (f(z)f(x))"/? for z € X.

This is a standard convention adopted to lighten notation.

2.1 Quasi-characters

Let F* be the group of quasi-characters of F*. For x € F* and s e C, define x5 := x|-|*.

Let Re(x) be the unique real number such that x_ge(y) is a character (i.e., is unitary). Let

I/{'@m be a set of representatives for the characters of F'* modulo the equivalence relation

X1 ~ X2 if and only if x; = xal - [*

for some ¢t € R. The set of equivalence classes can be identified with the set of characters
of the maximal compact subgroup Kg,, < F'*, which explains the notation.
When F' is nonarchimedean, we have a (noncanonical) group isomorphism
F*—=7 x O~

a — (ord(a),a),



where
ord(a) := —log,la|, a:=a-w
The isomorphism (2.1) induces a group isomorphism

o/ L A% - P
C/ Togq Z x O* = ['*

(s,x) = (a— lal’x(a)) .

We henceforth identify O% as a subgroup of F* under this isomorphism, and thus y(a) =
x(a) for x € O. Let ord(x) be the order of y, i.e., the smallest positive integer d such that

x% = 1. We often write IA(Gm and O interchangeably.

When F' is archimedean, let

p(z) = ﬁ,

where we use the positive square root. We always choose the representatives

5~ | o a€e{0,1}if Fisreal
Ke,, i= {,u " a€Zif Fiscomplex| (2.2)
2.2 Measures
If dx denotes a Haar measure on F), then d*x := ((Bldx where ( is the usual local zeta

function. We often regard dx as a measure on the open dense subset F'* < F. We fix once
and for all a nontrivial additive character ) : F — C*. The measure dx will always be

normalized so that it is self-dual with respect to the Fourier transform on S(F') defined by

.
Fix a Chevalley basis of g with respect to t := Lie(T"). Let

©:g—g9g

be the opposite involution attached to (G, B,T) (here we follow the conventions of [Mill7,
§23.h]). For all roots «, this gives us vectors X, in the root space of a that satisfy X_, =

—0(X,) [Mill7, §23.h], and provides us with isomorphisms

G, — N,

9



where N, < G is the root subgroup of a.. We use this to endow each N, (F') with the measure
dx by transport of structure, which in turn induces measures on unipotent subgroups of

B(F) and its opposite B°P(F'). This is the same normalization used in [Lan71].
2.3 Schwartz spaces

Let X be an irreducible smooth quasi-affine scheme of finite type over F. Suppose
X (F) is nonempty. We endow X (F') with the analytic topology. If F' is nonarchimedean,
we define S(X(F)) := CL(X(F)) to be the space of locally constant functions on X (F')
with compact support. When F' is archimedean, we define S(X(F)) = S(Resp/r X (R)) as
in [ES18, Remark 3.2] (this is based on previous work in [AGO08]). Briefly, one chooses an
embedding Resp/r X (R) — R™ in the category of real algebraic varieties with closed image
and then defines S(X(F)) = S(R™)/I, where I < S(R") is the (closed) ideal of functions
that vanish identically on X (F'). The embedding Resp/r X (R) — R" always exists in the
real algebraic category, even if X is merely quasi-affine (see [ES18, §2.1] for references).
One endows S(X (F')) with the quotient topology, which is Fréchet and nuclear. The space

S(X(F)) and its topology are independent of the choice of embedding [ES18, Lemma 3.6(i)].
2.4 Asymptotic notation

Let g1 : X - Ry and g2 : X — Rx( be functions defined on a set X. We write

g1(7) <2 g2(w),  g1(x) = O2(g2(x)) (2.3)

if there is a constant C; > 0 depending on the set ? such that ¢g1(z) < Coga(z) for all
z € X. We drop set symbols when denoting the set, e.g. we write Cyp instead of Cyqp)-
We will also say g» dominates g1 in order to avoid repeating the phrase “is bounded by a
constant times.” If F' is archimedean and ? contains an element of S(V(F)) (or another
topological vector space of functions) (2.3) will in addition mean that the implied constant

can be chosen continuously as a function of f when the other elements in ? are fixed.
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Chapter 3. Local Fourier theory on Braverman-Kazhdan
spaces

In this chapter, we develop Fourier theory on Braverman-Kazhdan spaces over local
fields. In §3.1 we introduce Braverman-Kazhdan spaces and study their geometry. Then
we move on to introduce normalizing operators in §3.2 as a preparation to define Schwartz
spaces and Fourier operators on Braverman-Kazhdan spaces in §3.3 and §3.4. Finally,
in §3.5 we give formulae of Fourier operators with geometric flavor and work out several

examples explicitly in §3.6, connecting this result to known formulae in the literature.
3.1 Braverman—Kazhdan spaces

Let P < G be a standard maximal parabolic subgroup with Levi decomposition P =
M Np such that T'< M. Set
X5 = pleng.,
It is known as a pre-flag variety since it is a Gy,-torsor over the generalized flag variety
P\G. This is a right M x G-space, where the action is given on points in an F-algebra
R by
X%(R) x M*(R) x G(R) — X»(R)
(3.1)
(z,m,q) — m lzg.

3.1.1 Pliicker embeddings

Suppose that 5 € A is the simple root of (G, B, T) associated to P; that is, we have that
Apr = A — {8} is the set of simple roots for the based root system of (M, M n B, T). Let

wg € X*(T)q := X*(T) ®z Q be the fundamental weight of T determined by the relation

{wg,a”) =045 forallae A,

where d, 5 is the Kronecker 6. It is not necessarily true that wg € X*(T"). We let mg be

the least positive rational number such that mgwg € X*(T') and define

wp = mpwg. (32)
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We claim that mg € Z. To see this, note that if A is the lattice in X*(T")g spanned by the

fundamental weights, one has
AeAN = (\,av¥)elZ
for all simple roots a € A. Since X*(T') < A, the claim now follows by pairing wp with V.

Lemma 3.1.1. If T is a maximal torus of a (connected) reductive F-group H, then T n HI is a

maximal torus of HY*. If T is split, then so are T ~ H" and T/T ~ H9e". O

Proof. The first statement follows from the fact that H = HIZ(H), where Z(H) is the

center of H. For the second statement, see e.g., [Mil17, Chapter 12]. O

Lemma 3.1.2. The torus M?" is split and isomorphic to G,,. The map M(F) — M?(F) is

surjective.

Proof. Since by our assumption G is split and almost simple, and P is maximal, the first
assertion follows from Lemma 3.1.1. For the second assertion, by Lemma 3.1.1 we have an

exact sequence of split tori

1—TAMI 7 5 pmab 5

obtained by restricting the map M — M? to T. Therefore, T(F) — M?®"(F) is surjective

by Hilbert’s theorem 90 and we deduce the lemma. O
Corollary 3.1.3. The map G(F) — Xp(F) is surjective.

Proof. Consider the commutative diagram

G(F) —— X3(F)

e l@

(P\G)(F

where the ¢; are the canonical quotient maps. The map g3 is surjective [Mil17, Theorem

25.9]. For y € (P\G)(F), choose g € G(F) such that ¢3(g) = y. Set 2 = q1(g). Since M?P is
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a split torus by Lemma 3.1.2, ¢, *(y) is a M?P(F)-torsor. In other words,
6y (y) = {tz 1 te M™(F)} = {q1(mg) : m € M(F)}

since M (F) — M?®"(F) is surjective by Lemma 3.1.2. Thus ¢, ' (y) is in the image of ¢; for
ally e (P\G)(F). O

Let Vp be the right representation of G of highest weight —wp. We remind the reader
that for a right representation, the character of a highest weight vector is anti-dominant,

explaining why the highest weight is —wp. Fix a highest weight vector vp € Vp(F).

Lemma 3.1.4. The derived subgroup P is the stabilizer of vp, so that the map Pl := Pl,,, :
Xp — Vpinduced by
G(R) — Vp(R)

g —vpg,

maps X p, isomorphically onto to the orbit of vp under G. The map wp, originally a character of T,

extends to a character of M, and the induced map
wp 1 M*® — G,,

is an isomorphism. For m € M?"(R), one has

Pl(m™"g) = wp(m)P(g). (3.3)

Proof. Tt is well-known that P is the stabilizer of the line spanned by vp (this follows from
the discussion in [Bor91, §24.4]), and thus this line is a one-dimensional representation of
P. We deduce that —wp extends from T to a character of P, and P acts via the character
—wp on the line and hence the stabilizer of vp contains P9,

Since Pder = MIe"Np. to prove that Pder is the full stabilizer, it suffices to check that
wp : M* — G,, is an isomorphism. Upon choosing an isomorphism M?" ~ G,,,, we have
that wp is given on points by x — z" for some non-zeron € Z. Thenwp/n € X*(T'). By our
choice of wp, we deduce n = +1 and wp is an isomorphism. The equivariance property

(3.3) of Pl is now clear. O
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Consider the afline closure

—~zaff °
Xp:=Xp  :=Spec(F[Xp]).

The affine F-scheme Xp is normal and of finite type, and the natural map X5 — Xp is an
open immersion [BG02, Theorem 1.1.2]. We refer to Xp as a Braverman-Kazhdan space
attached to G and P. We have the following explicit description of Xp [VP73, Theorem 1

and 2.

Theorem 3.1.5. The embedding P1 : X3, — Vp extends to a closed immersion Pl : Xp — Vp.

The closed subscheme X p — X}, is a point and it is mapped under P1 to 0. ]

This implies the origin 0 is the only possible singularity of Xp. Moreover, one can easily
check Xp is smooth if and only if Xp = Vp is a vector space. Therefore, in general Xp is
singular.

Let V5 be the representation of G dual to Vp and let vio, € V5 (F) be the lowest
weight vector dual to vp. We then have an embedding Plvj*;op : Xpop — V5 induced by

G(R) — V§ (R)

*
g+— Upopy.

Let {-,-) be the canonical pairing of Vp and V. Consider the G-equivariant pairing given
on F-algebras R by
G5 opiper : Xp(R) X Xpop(R) — R (34)

(.T, .CC*) — <P1vp ({E), Plv;‘;op ({E*)>

If we replace vp by any other highest weight vector v, then v, = tvp for some ¢t € F*.
Thus the dual vector of v/ is ¢~ vhep. It follows that (-, ) p|por 1s independent of the choice

of vp.
3.1.2 Relation to induced representations

The space S(X 3 (F)), equipped with the M2 (F)-action induced by (3.1), can be thought
of as a universal (degenerate) principal series representation. For a quasi-character x :
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> — C*, let

I(x) = Ip(x) i= IndG{ (x owp),  T(x) i= Tpon(x) i= Indylp (xowp)  (35)

be the normalized inductions in the category of smooth representations. Let dp be the

modular character of P. We define Mellin transforms
S(Xp(F)) — I1(x)

f e fy() = fp() = f 542 (m)x(wp (m)) f(m™"-)dm,

Mab (F) (3 6)

S(Xpor (F)) — 1(x)

fr=R00) = Fipe () = fMab(F) O pon (m)X(wp (m)) f(m™")dm.

Here dm is the Haar measure on M2 (F) obtained from the isomorphism wp : M3 (F) —
F* and the Haar measure d*z on F* by our convention in §2.2. In the notation I pop ()
and ;’ppop, the bar and the superscript op indicate that we are inducing from yowp instead
of x o wpop.

We use the same notation for extensions of the Mellin transform to larger subsets of
C®(Xp(F)) and C®(Xpop(F)), when in general the integrals defining f,, fy* only exist
for Re(x) in a proper subset of R, and in some cases will be extended to larger complex
domains by analytic continuation.

When F is archimedean (resp. nonarchimedean), we say that a section f(*) € I(x,) is

holomorphic if for all g € G(F'), the function

C—C
3.7)
s — f©)(g)

is holomorphic (resp. lies in C[g~*,¢*]). We say f(®) is meromorphic if there is a nonzero
holomorphic function a(s) (resp. a(s) € C[¢~%,¢%]) such that a(s)f(®) is holomorphic.

3.2 Twisting by abelian ~-factors

As discussed in §3.4 below, the definition of the Fourier transform Fp pop involves nor-

malization operators Aj(us) which correspond, under the Mellin transform, to multiplication
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by v(—s,x*, %) (see Lemma 3.2.3). Here and below 7(s, x,) denotes the usual Tate -
factor attached to a complex number s, a quasi-character y : F* — C*, and the additive
character . The operators \i(us) were previously defined in [BK02| and an exposition is
given in [Shal8]. The approach of [BK02] is inconvenient in the sense that each operator
is only defined on an inexplicit subspace of S(X%(F)) that is dense in L*(Xp(F)). Thus
as one composes operators, one loses control of their domain and range. Moreover, the
operators are only defined in the nonarchimedean case in [BK02].

In this section we set up a general theory of the operators Aj(us) that is applicable
uniformly in both archimedean and nonarchimedean settings. We also explain how to
control their domain and range. This is quite delicate. In particular, to construct the
Fourier transform, the normalizing operators A\i(us) have to be composed in a particular
order. This motivates the definition of a good ordering in Definition 3.2.9 below. Essentially
the situation is as follows: to compose the operators Ai(us), we require the domain of
absolute convergence of certain Tate integrals to overlap. This is only possible if we arrange

the operators in a particular order.

Remark 3.2.1. This difficulty was also encountered in the nonarchimedean setting in a
special case in [JLZ20]. They overcame it by packaging all the normalizing operators
together and relating them to transforms coming from prehomogeneous vector spaces.
We do not know if their method can be used to obtain an explicit formula for the Fourier

transform, or if it can be applied in the generality considered here.

For nonzero A € Z and arbitrary s € C, we define a linear map

M (115)  S(X o (F)) —> C2 (X pon (F)) (3.8)
given by
A(ps) (f) (@) = f W(wp(m)|wp (m)|* 1 ox (m)f(m”ﬂ?)dim- (3.9)
o Mab(F) pee ¢(1)

This was denoted Ai(n;,) in [BKO02]. In loc. cit. a measure is incorporated into the distribu-

tion; this is why our formula looks different.
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We work with X5, here to be consistent with our notation later on, when these op-
erators are applied after the operator Rp|pop of (3.41). Of course in the formula for (3.9)
we could write everything in terms of P or P°P by taking appropriate inverses. We have
written it in the form above to remind the reader that f is a function on X%, (F'), but the
normalizing factors A and s we will use in our case of primary interest are defined in terms
of P (see §3.2.1 below).

To extend the domain of definition of Ai(us), choose ® € S(F') such that ®(0) = 1 and
® € C*(F). Here ®(z) := §7 ®(y)(xy)dx is the Fourier transform of ®. For continuous

functions f : XPop(F') — C and x € X pop (F), we define the regularized integral

d
Ml (@) = |b1|iinoo Mab(F) ® <“’Pém)> b(wp(m))|wp(m)[*H' 63, (m)f(mdx)%'
(3.10)
We say this integral is well defined if
fMab(F) 2] <wpf,m)) o (m) TSR (m) || (m ) dm (3.11)

is finite for |b| sufficiently large, and the limit in the definition of Aj(us)"™8(f)(x) exists and

is independent of ®.

Lemma 3.2.2. Ifthe integral defining \(us)(f)(x) is absolutely convergent, then A\ (1) ¢ (f)(z) =

Ai(ps)(f) (). In particular, \i(ps)™8(f) = Mi(ps)(f) whenever f € S(Xpop(F)). O

To avoid more proliferation of notation, we will drop the reg from notation. Lemma
3.2.2 shows this is harmless, as it implies that the two integrals yield the same result when

both are well defined.

Lemma 3.2.3. Assume f € I(x) and that Re(s) + 1 — ARe(x) > 0. The function

Ar(ps) (f) ()

is well defined and equal to (—s, x>, ) f(z).
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Proof. Since Re(s) +1 — ARe(x) > 0, (3.11) is finite for all b. By the functional equation of

Tate zeta functions, we have

dm

<

d (m) s+1, —
fMab<F>®< 5 )w(“’“m))'wﬂm)l X wp(m)f ()

—astoi@ [ ([ o (5) vosend) bR .

Using our assumption that (0) = 1, we have
d*y
¢(1)

lim |b| . (L@(t)w(bt(l—y))dt) lyl =X w)

|b] —o0

= lim |b| LX @(b(l—y))\yl‘sxk(y)d L

|b|—c0 ¢(1) (3.12)
= i (Y1 — L1 = ¥)d

|b|1i>noo h ()] b| X ( b) Y
=1.

Here for small |b| the integral may diverge, but since ® € CX(F), the integral converges

for |b| sufficiently large. O

Now consider a graded G,,-representation
L=PL
el
for some finite index set I. We assume that each L; is 1-dimensional and that G,,, acts via
a character \; on L;. We identify X*(G,,) with Z by taking the identity character to 1,
so we can speak of positive or negative characters. We assume that each character ); is
non-zero and assign to each L; a real number s;.

We then have linear maps

Ait(ps,) : 8(Xpop (F)) —> C*(Xpop (1)) (3.13)

for each i € I. Following [BK02], we wish to compose these linear maps to give a single

transform
L S(Xpop (F)) —> C*(Xpop (F))
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associated to the G,,-module L and the data {(s;,\;) e R x Z:i € I}.
It is convenient (and perhaps necessary) to extend the work in [BK02| by elucidating
the domain and range of these operators. We proceed as in [GL21|, which borrows from

[Tke92]. Let

ar(x) = [ [L(=six™). (3.14)

1€l
We introduce extended real numbers A(L), B(L) as follows:

A(L) = {max{f\ii:ie[,)\i > 0} if \; > 0 for some 1,

—00 otherwise,
(3.15)
B(L) = min{i—i vel )\ < 0} if A; < 0 for some 1,
0 otherwise.
Assume that A(L) < B(L).
Lemma 3.2.4. The function ar,(x) has no poles for A(L) < Re(x) < B(L). O
We now define the space
S = S5(Xpop(F)) < CF(Xpop (F)). (3.16)

When F'is nonarchimedean, we define Sz, to be the space of smooth functions f : X pop (F') —
C that are finite under a maximal compact subgroup of G(F') and satisfy the following ad-
ditional condition: the integral defining fy*(x) is absolutely convergent for A(L) < Re(s) <
B(L) and z € Xp(F), and

op
Xs

ar(Xs)

is a holomorphic section for all (unitary) characters y : F* — C*.
When F' is archimedean, we require a bit more notation. For real numbers A < B,

p € C[s], and meromorphic functions ¢ : C — C, we let

[Plapp:= sup [p(s)d(s)] (3.17)

SEVA,B
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where

Vap:={seC:A<Re(s) < B}. (3.18)

Consider the Lie algebra

m®® @ g := Lie(M?® x Q). (3.19)

It acts on C%(Xpop(F')) via the differential of the action (3.1) and hence we obtain an
action of U(m* @ g), the universal enveloping algebra of (m®® @ g)c (here we view m** @ g
as a real Lie algebra).

Recall our choice of I?Gm at archimedean places in (2.2). We let Sy be the space of
smooth functions f : Xpo, (F) — C such that for all n € IA(@m and all D € U(m® @ g), the

integral defining
(D.f);2 ()

converges absolutely for all A(L) < Re(s) < B(L), and admits a meromorphic continuation
to the plane such that
1. for all A < B,
2. all polynomials p € C[s] such that p(s)ar(ns) has no poles in V4 p for all n € IA(Gm,
3. all compact subsets Q < X pop (F),
4. all De Um* @ g),

one has that

[flaspapi= > sup |(D-f)32 (@)l 4.6 < - (3.20)
~ xTE
UGK@m/

This collection of seminorms gives Sy, the structure of a Fréchet space by the same argument
as in |GH20, Lemma 3.2].

In all cases, this definition allows us to recover analytic properties of f from its Mellin
transforms via Mellin inversion. More specifically, Let k € R~ (depending on 1)) be chosen

so that

kdx
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is the standard Haar measure on F. Here the standard Haar measure is the Lebesgue
measure if F' = R, twice the Lebesgue measure if F' = C, and satisfies kdz(Q) = [0|'/2
where 0 is a generator for the absolute different of @ when F is nonarchimedean. We then

let

" Togq’ logq

(3.21)
R if I is archimedean,

{[ o ] if F' is nonarchimedean,
Ip :=

and

kloggq if F is nonarchimedean,

Cp = % if ' =R,
o if F =C.

We fix now a maximal compact subgroup K < G(F') such that the Iwasawa decompo-
sition

P(F)K = G(F) (3.22)

holds. The following is a version of Mellin inversion (see [GL21, Lemma 4.3|, [Fol16, The-

orem 4.32|, [BB11, (2.2)]):

Lemma 3.2.5. Let f € CP(X %, (F)) and assume for all n € Kg,, the integral defining fo¥ is
absolutely convergent for Re(s) = o. Suppose moreover that for all x € X o, (F') one has

% me o0 (@) ds < oo.

nGKGm

Then for all x € X pop (F') one has

crds

f@= % | e 6.23)

neKGm

Moreover, f is K-finite if and only if the sum over n has support in a finite set independent of x.
Conversely, suppose that we are given continuous f(1)*) € 1(ns) for all s with Re(s) = o and

alln e IA(Gm and that

|t wds < e
o+ilp

nEKGm
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for all x € X pop(F). Assume moreover in the nonarchimedean case that f(n)(”%) = f(n)®.
Define

crds

f@= % | s

— 2mi
’I]EKGm

If the integral defining f? is absolutely convergent for all 1 € Kg,, and s with Re(s) = o then

= fm)e). 0

The lemma implies in particular that (3.23) holds for f € Sy, and A(L) < o < B(L).
As an immediate consequence of Mellin inversion (3.23), we deduce the following esti-

mate for functions in Sy

Lemma 3.2.6. Assume ¢ > 0 is chosen so that A(L) + e < B(L) — e, and let @ < X popo(F') bea

compact subset. For each f € Sy, and (m,x) € M (F) x Q, one has an estimate

|f(m$)| LQ,f.e 5]13/021) (m) Hlin(|a,}p(7’n)"4(1‘)""57 |WP(m)‘B(L)_E).
Herewhen A(L) = —oo we interpret A(L)+¢ as any negative real number A, and when B(L) = oo

we interpret B(L) — ¢ as any positive real number B. In these cases, the implied constant depends

on Aand B. O
We now use this to give a criterion for when the regularized integral is the usual integral:

Lemma 3.2.7. Assume A\ > 0and let s € C. If

1
_ Re(s) +

Ay < =22

< B(L)a

then the integral defining \i(us)(f) is absolutely convergent for f € Sr.

Proof. Substituting the bounds from Lemma 3.2.6, it suffices to observe that

J ‘t‘Re(s)+1 min(‘t‘_A(A(L)-i_E), M—A(B(L)—a))dxt
FX

is convergent for ¢ > 0 sufficiently small. Here when A(L) = —o or B(L) = 0, we

interpret A(L) + ¢ and B(L) — ¢ as in Lemma 3.2.6. O
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For each 1, let

L; (3.24)

be L, (the one-dimensional vector space on which G, acts via —)\;) attached with the real

number —1 —s;. If —o0 < A(L), choose Ly, such that A(L) = 3%, and define

L/ = Ek @ @Lz
i#k

Since we have assumed A(L) < B(L), we have that
ALy < A(L) < B(L') < B(L), (3.25)
SO
(A(L), B(L)) n (A(L), B(L')) = (A(L), B(L')) # &. (3.26)
Using this observation, we prove the following proposition:

Proposition 3.2.8. For —o0 < A(L) < Re(x) < B(L'), there is a commutative diagram

Mgt (s
SL Kt (B k) SL/

| [

I(x) — I(x)

where the bottom arrow is multiplication by v(—sg, x*, 1) and the vertical arrows are f Ixr.

In particular, the regularized integral A (us, ) is well-defined on St..

Proof. Let f € Sp and x € X pop (F). By Lemma 3.2.6, for any ¢ > 0 we have

wP<m> wp(m)|5* 1cAk/2 m m—)\k$ d7m
[ o 1 (5 o lmy et ) 5

Kfen f ‘(I)| <t> |t|5k+17)\k(A(L)+5)dXt7
. b

which is finite for any b when ¢ is sufficiently small.
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We claim that

At () (@) = lim © (22 ) e (m)p (m)|* 5350 ) () S
bl J prab () b ¢(1)
converges and is equal to
by = B[ s s ) 6.27)
o+ilp

nEKGm

for

A(L) <o < B(L).

Before proving the claim, it is convenient to study i(z). By standard properties of the Tate

~-factor, we have

_ Ak op op
’7()\]4;5 Sk,'r] 717Z})f775 _ 9(57777w) Ms (328)

ar/(ns) ar(ns)

where ¢(s,7n,%) lies in C[¢™*, ¢°] in the nonarchimedean case and is holomorphic and
bounded in V4 g for all —o0 < A < B < « by a constant independent of » when F is
archimedean. Thus the expression defining h(z) is absolutely convergent for A(L) < o <
B(L') since a1 (ns) has no poles in this range (see (3.26)). Here when F is nonarchimedean,
we have used the fact that functions in Sy, are finite under a maximal compact subgroup
of G(F') and hence the sum over 7 in (3.27) has finite support. In the archimedean case we
have used the fact that v(\s — sy, 7%, 1) is bounded by a polynomial in s independent of
n for A(L) < Re(s) < B(L’) (see the proof of [GL21, Lemma 3.3]).

Let A(L) < 0 < B(L') and = € X3, (F'). We claim the integral

[ o B A O

JMab(F) :

is convergent. This implies in particular that A3’ is well-defined for A(L) < o < B(L'). If

(3.29)
crds

N @ e + s = s ) 2. @)

ERGy,

211

F' is nonarchimedean, it suffices to fix n € Kg,, and show

fMab(F)

L (1)~ @P (M) Y0+ Axs — s 1, 9) P ()
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By the smoothness of 7, it suffices to show

2

neZ

crds

—| < 00 (3.30)
27

f 7Y Ao + Aes — se, ) foP ()
.

This is nothing but the ¢!-norm of the Fourier transform of the smooth function

2
R/long —C

5 —> Y(ARo + Apis — s, 7%, ) fOP ().

No+is

Hence (3.30) is valid by a standard integration by parts argument. In the archimedean
case the proof that (3.29) converges is similar. One uses the fact that f € Sy, and that
(ks — sk, ™k, 1)) is bounded by a polynomial in s independent of 1 for A(L) < Re(s) <
B(L') as mentioned above.

We conclude that hy? = v(Ars — sg, 7, 9) for by Mellin inversion, specifically the
converse statement in Lemma 3.2.5. Using (3.28) (and its analogues with f and h replaced
by various derivatives in the archimedean setting) we also deduce that h € S;/. Thus we can
conclude the commutativity of the diagram upon verifying our claim that Az (ps, )(f)(x)
is equal to h(z).

Observe that the convergence in (3.12) is uniform in Re(s), Re(x), A in a compact set.
Therefore, we can reverse the proof of Lemma 3.2.3 and deduce that (3.27) is equal to the
limit as |b| — oo of

[ s sen)
kgt 0’+’L'IF

nGKGm

([ (], 2 (5) versne) o oay) re e

N 7 fo’-‘r’LIF <JMab < )> w(wp(m»

nek

X [wp (m) " s (wp (m) =) foP () (3.31)

dm \ cpds
(1) ) 2mi’
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Moreover, the expression
Z f 1 J ab
neke,, o+ilp JMab(F)

is finite. Indeed, the inner integral is bounded independently of  and s since we have

b

P (wp(m)> [wp(m)[** s (wp (m)=)| | £3P ()| dmds

assumed o < B(L') and

op d
Z fﬂ+i[p’ s (:U)‘ °

T]EKGm

is finite by definition of Sy, since ar,(7s) has no poles for A(L) < Re(s) < B(L’).

Therefore, we can rearrange the order of the integral in (3.31) and arrive at

"‘)P(m) Sp+1cAk/2 m
[y, ® (2472 ) wtetmplepomy 53502

crds \ dm

| 2 LWF i b0

neﬁ'@m

= wp(m) wp(m))|wp (m) [ 16N2 (m m_)‘kxd—m
= Lo, ® (52 ) vt m s om) 1635 o)

Here in the last step we have used Mellin inversion (Lemma 3.2.5), which is valid by

definition of S, because A(L) < o < B(L'). This completes the proof of our claim that

Mt (s, ) (f) () is equal to h(z). O

Definition 3.2.9. Let L = @,_; L; and {(s;, \;) }ic1 be as above. Assume all \; > 0. A good
ordering of {L;} is a bijection I>{1, ..., k} for some k, such that after identifying I with

{1,...,k} via the bijection one has

Sivl _ Si
> — 32
Aiv1 N (3.32)

forl<i<k-1.

We also refer to a good ordering of {L;} as a good ordering of {(s;, A;)}icr. We henceforth
assume that \; > 0 for all ¢ and {L;} is equipped with a good ordering (it is easy to see it

exists). In particular we use the good ordering to identify I and {1, ..., k}.
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For 0 < i < k, we define

NN\ Sk—i . _ . 1+s; Y . 1+s;
A(L(i)) = 3£ < B(L(i + 1)) k_(iﬂlﬁjgk{ Aﬁ} < B(L(i)) kf?é?gk{ AJ_J}

and

(A(L), B(L)) = (ﬁoo) and  (A(L), B(L)) = <—oo, min {ﬁjf}).

1<j<k

In particular, for each 0 < i < k we have A(L(i)) < B(L(%)), so Proposition 3.2.8 implies
the map

Ah—iyt(sy_;) * Sp(iy = SL(i+1)
is well defined. Thus we define

pr = Au(fesy) © 0 Ai(psy) + Sp — Si (3.33)

as an iterated composition. Define

ne(0) = | r(=six™ v). (3.34)

where the bottom arrow is multiplication by pr,(x).
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Some care is needed in interpreting the commutativity of this diagram. Indeed, for
general elements of Sy, the half planes of absolute convergence of fy¥ and pr(f)y may
be disjoint. Thus, the identity ur(x)fx* = pr(f)¥ (for f € Sr) asserted by the corollary

must be understood in the sense of meromorphic continuation.

Proof. Suppose that A(L(i)) < Re(x) < B(L(i + 1)) and consider the diagram in Propo-
sition 3.2.8 in the special case L = L(i). Using the string of inequalities (3.25) we see that
both vertical arrows in Proposition 3.2.8 are given by absolutely convergent integrals. The
diagram in Proposition 3.2.8 continues to commute for arbitrary Re(x) if interpreted in
the sense of meromorphic continuation. In other words, for all 0 < 7 < k and arbitrary y,

we have an identity of meromorphic functions

V(=i X, ) FOP = At (s ) (£)SP

for f € Sp(;)- The corollary follows. O
3.2.1 Braverman and Kazhdan’s graded representation

We now recall the graded representation L identified by Braverman and Kazhdan, re-
stricting our attention to the case of a fixed maximal parabolic P containing M and its
opposite P°P. We use fraktur letters to denote Lie algebras and ~ to denote the complex-
algebraic dual groups and dual Lie algebras. We have embeddings of Lie algebras

np—p—0

Let {e,h, f} be a principal slo-triple in m; it defines a morphism sly — m. The adjoint
action of m on np restricts to yield an action of sly on np, and we let n% denote the space
of highest weight vectors.

Recall our fixed isomorphism

wp : M*P—=G,,.

This induces a dual isomorphism

Op 1 Gp—M® = Z(M) (3.35)

28



where Z(]T/I\) is the center of M. Thus we obtain a Gm-action on n%. Setting

L:=1%=@L;, (3.36)

we let \; be the G,,,-character and s; be % times the h-eigenvalue on the line L;.
Lemma 3.2.11. For each L; as above s; is nonnegative and \; is positive.

Proof. The s; areall 4 times the h-eigenvalue of a highest weight vector of a sly-representation

and hence are nonnegative. The ); are all positive by Lemma A.0.1. O

We define

pp=pr: S, — S and  pp(x) = pr(x) (3.37)

for the choice of L given in (3.36). Here ur(x) is defined as in (3.33).

Remark 3.2.12. One can compute that the dual group Gx, [GN10, SV17, KS17] of the
spherical variety X p is isomorphic to G,,. The morphism induced from &p and the lifting

from the principal sl>-triple is a distinguished morphism

GXPXSLQH]/\Z%é

defined in [SV17], which depends only on the smooth locus X},. The specific choice of the
graded representation L (or more precisely the adjoint action of G'x,, x sly on ip) relates to
the colored cone corresponding to the spherical embedding X7 — Xp. For general affine
spherical embedding, it is not clear how one should extract normalizing operators from
the associated colored cone. In the unramified setting, this has been studied in various

cases in [SW22] and the recent joint work of Ben-Zvi, Venkatesh, and Sakellaridis.

3.2.2 Switching to the opposite parabolic

In Corollary 3.5.6 we will switch between P and P°P for self-associate parabolic sub-
groups. This requires care regarding signs. We choose a principal sly-triple {e, h, f} as
above and consider L°P = (fipop)¢. We claim that

L = P L, (3.38)

el
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where G,, and h act on L;® via \; and 2s;, respectively. Indeed, the sly(C) x Z(]/\/})—
representations np and npep are dual. Thus as representations of sl (C) they have the same
highest weights. Since the parameters A are defined using (3.35), we deduce the claim from

the observation that
wp = w;c}p.
3.2.3 The Lagrangian Grassmannian
As an example, let Sp,,, denote the symplectic group on a 2n-dimensional vector space

and let P < Spy,,, M < P denote the Siegel parabolic and Levi subgroup, respectively.

Specifically, for Z-algebras R, set

Spon(R) 1 = {g€ GLon(R) : g" (_; ™) g =(_;, ™)},

M(R): ={(* y-) : A€ GLu(R)},

NR):={("[):Zegl, (R), 2" = Z},

and P = M N. We have
wp: M(R) — R*

("™ ,,-t) — detm,

g = 502,41, and m = gl,,. Moreover, as a representation of m,
np =V 2V,
np = Vgt @A sty

where Vg is the standard representation of gl,,. We use the standard principal sla-triple in
al,,. Concretely it is the image of sl under Sym™!. The space n% is just the direct sum
of the highest weight spaces of the sly-representation

[(n—2)/2]

Sym™ 1 (C?) @ A2Sym"(C?) = Sym" (CH @ P Sym? DY (C?).
j=0

Here we have used some well-known plethysms (see Lemma A.2.3 below). Then

(‘97“7 )‘T‘) = (TL +2r — 2[”’/2J - 27 2) fOI' 1 ST [TL/2J and (sln/2J+1a )\[n/2J+1) = (n?—l’ 1) .
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This is a good ordering.

We observe that

an, (s,x) = ap (X)) and  auy(s,x) = ar(xs) (3.39)

in the notation of [GL21, §3].
3.3 The Schwartz space of a Braverman—Kazhdan space

From now on we assume that G is simply connected so that we can apply the results of
[BKO02]. Braverman and Kazhdan originally defined operators F pop|p Via a series of integral
operators on an inexplicit subspace of S(X pop (F)), proved that the operators extended to

unitary operators on L?(Xpop(F')), and then proposed the following definition:

Definition 3.3.1. The BK-Schwartz space Spx (Xp(F)) is defined as the sum
Spr(Xp(F)) := S(Xp(F)) + Fpor|p(S(Xpon (F)))-

Here the sum is taken in L*(Xp(F)). We point out that the expression Fpop|p(S(X pop (F)))
means that we apply the L?-extension of F pop|p 10 S(Xpop (F')). It is far from obvious that
the integral operators defining Fpop|p converge when applied to elements of S(Xpop (F)).
Indeed, this was in general unknown before our work is done. We postpone the discussion

until Chapter 4.

Remark 3.3.2. Braverman and Kazhdan only stated this definition in the nonarchimedean
case, but the extension to the archimedean case is natural and was suggested to Getz by

Kazhdan.

In |GL21| Getz and Liu refined Braverman and Kazhdan’s definition when G = Sp,,,
and P is the Siegel parabolic, and gave explicit spaces of functions that are mapped to
each other under the Fourier transform. We do the same for Braverman—-Kazhdan spaces
attached to general G and maximal parabolic subgroups P < G in this section. This goes
beyond the work of Braverman and Kazhdan in that it allows us to isolate an explicit

subspace on which our formulae for the Fourier transforms given in §3.5 are valid.
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3.3.1 Measures redux

Thus far we have only made use of Haar measures dx and d*z on F' and F'* related as
in §2.2. In order to study the Schwartz space and the Fourier transform, we require right
G(F)-invariant measures on X p(F), X pop (F).

Recall that we have chosen Haar measures on Npop(F') and Np(F) in §2.2, and a
Haar measure on M?(F) from the isomorphism wp : M?*(F) — F*. By the Bruhat

decomposition, one has an injection
M (F) x Npop(F) —> Xp(F)

(m,u) — P (FYmu

with Zariski open and dense (hence, of full measure) image. We can and do normalize the
right G(F)-invariant nonnegative Radon measure dz on X3 (F') such that

_ dpor(m)dmdu

d(mu) = ) (3.40)

Similarly, we normalize the right G(F)-invariant non-negative Radon measure da on X pop (F)

so that
d(mu) — 6p(ﬂ<z()ii)mdu
for (m,u) € M®(F) x Np(F).
3.3.2 The Schwartz space
For functions f € C®(X%(F)) and z = P°P4(F)g € X 5o, (F), we define the unnor-

malized intertwining operator

Rpjpor (f)(z) := j

Npop

f (Pder(F)ug) du — f F(ug)du (3.41)
(F) Npop (F)

whenever this integral is absolutely convergent (or obtained via some regularization proce-
dure). We refer to Rp|por as a Radon transform, as it is a generalization of the classical

Radon transform [BKO02, §2.9]. That this agrees with the operator defined by Braverman
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and Kazhdan is proved in [Shal8, §5]. For example, we have maps
Ropipen : S(XH(F)) —> C*(Xpun (F))

and
RP|P°P : I(Xs) - T(Xs)
for Re(s) sufficiently large that may be extended meromorphically to C [Wal92, §10.1.2,

§10.1.6] [Wal03, Theorem IV.1.1]. For notational convenience, we write
Rpjp : C*(Xp(F)) — C*(Xp(F))

for the identity operator.
Let L be the graded G,,-representation associated to P in §3.2.1 and let {(s;, A;)} be a
good ordering of L. For quasi-characters y : F* — C*, we set

apip(x) i=ap(x~") and ap|por(x) := ar(x). (3.42)

Bearing in mind the discussion in §3.2.2, the definition (3.42) implies

aP|P(X) = aP°P|P°P(X) and ap|pop (x) = CLPOP\P(X)- (3.43)
Lemma 3.3.3. The function ap|p(x) is holomorphic for Re(x) = 0.

Proof. It suffices to show that s; + 1 > 0 and A\; > 0 for all L;. This follows from Lemma

3.2.11. O

For a character y, we say a section f(x)® of I(xs) is good if it is meromorphic, and if
for @ € {P, P°P} the sections

RP|Qf(X)(S)

3.44
aP|Q(Xs) ( )

of I(xs) and I(s) are holomorphic.

Definition 3.3.4. Assume F' is nonarchimedean. The Schwartz space S(Xp(F')) is defined
to be the space of right K-finite functions f € C*(X%(F')) such that for each g € G(F')
and character y of F'*, the integral (3.6) defining f, ., (g) is absolutely convergent for Re(s)

large enough and defines a good section.
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For F archimedean, recall we have an action of U(m* @ g) on C*(X%(F)) via the

differential of (3.1).

Definition 3.3.5. Assume F' is archimedean. The Schwartz space S(Xp(F')) is defined to
be the space of functions f € C®(X5(F)) such that for all D € U(m* @ g), g € G(F), and
each character x of F'*, the integral (3.6) defining (D.f),,(g) is absolutely convergent for
Re(s) large enough, defines a good section, and satisfies the following condition: For all

real numbers A < B, Q € {P, P°P}, any polynomial pp|q € C[s] such that pp(s)ap|o(ns)

has no poles for all (s,n) € V4 p x IA{Gm, and compact subsets 2 — X% (F') one has that

[flaBppoeD = Y, sup|Rpg(D.f)y(9)
T]EI?GW QEQ

A7B7PP|Q < Q0. (345)

To understand this definition, it is useful to point out that it is indeed possible to choose
pp|q (independently of ) that satisfy the given assumptions. This follows directly from the
definition of the ap|Q(775). We also observe that the |- |A’B’pP‘Q’Q’D are seminorms and they
give S(Xp(F')) the structure of a Fréchet space by essentially the same argument proving

|GH20, Lemma 3.2).

Remark 3.3.6. Note that f;f)P = fy-1,p. Using this observation and the discussion in §3.2.2
we see that S(Xp(F)) < S;(Xp(F)).

For any F, the action of M*(F) x G(F) on X(F) induces a smooth action on
S(Xp(F)). In the archimedean setting, this action is continuous in the Fréchet topology of
S(Xp(F)).

The elements of the Schwartz space are well-behaved analytically. They can be bounded

in an intuitive manner using the Pliicker embedding. Let
Pl: Xp — Vp

be the Pliicker embedding defined by a choice of highest weight vector vp as in Lemma

3.1.4. Choose a norm | - | on Vp(F) that is invariant under K and let

|- Xp(F) — Rxo
z— [Pl(z)];
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here, K is chosen as in (3.22). Replacing vp by tvp for ¢t € F* multiplies this norm by |¢|.
We normalize the norm so that

|mk| = |wp(m)|™'  forme P(F), ke K.

Let r € Q- be such that

lwp|” = 8p.

Note that our assumption that G is simply connected implies that r € Z~¢; indeed, we

compute this value in Proposition 3.5.2 below.

Lemma 3.3.7. Assume o > 0 is sufficiently small. Let f € S(Xp(F')). When F is nonar-

chimedean, f(z) vanishes for |x| sufficiently large and
|f(@)] <a |2]77/2F,
When F is archimedean, for all N € Zx¢ one has
(@) < vnal(Hlal 72 max(1, |2) =Y
where vy 4, is a continuous seminorm on S(Xp(F)).

Proof. Write z = P (F)mk with m € M?*(F) and k € K. By definition of S(Xp(F)) and

Mellin inversion (3.23), we have

crds

£(a) = 5 (m) Py [, mrm G (3.46)

provided that there are no poles of ap|p(7;) for Re(s) > 0. Moreover the sum and integral
converge absolutely. Therefore to prove the bounds for |z| < 1 in the archimedean case
and for all z in the nonarchimedean case it suffices to recall app(ns) has no poles for
Re(s) = 0 by Lemma 3.3.3.

The support assertion in the nonarchimedean case follows as in [GL21, Lemma 5.1].

The bound for |z| » 1 in the archimedean case follows as in [GH20, Lemma 3.5]. O

As X3 (F') is open and dense in Xp(F'), we can and do extend the right G(F')-invariant

Radon measure on X3 (F') by zero to Xp(F).
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Corollary 3.3.8. One has S(Xp(F)) < L*(Xp(F)) n LY(Xp(F)).

Proof. This follows from Lemma 3.3.7 and the Iwasawa decomposition. O
3.4 The Fourier transform
Braverman and Kazhdan [BK02| proved that the Fourier transform

.FPlPop = up o RPlPop (347)

is well defined on a subspace of S(X%(F)) that is dense in L?(Xp(F)) and defines an
isometry

Fpipor : L*(Xp(F)) — L*(Xpor (F)). (3.48)

They also proved that
fP|Pop o Fpop‘P = Id (34:9)

We use the results of the previous sections to refine Fpjpop to an isomorphism between

S(Xp(F)) and S(Xpop (F)) in this section.
Lemma 3.4.1. One has a commutative diagram

R p|pop

J/()x (');p
R op —
1(x) — 1(v)
for Re(x) sufficiently large.
Proof. For g € G(F) consider the integral
[ s ag)dmdu. (350
Npop (F) Mab(F)

The inner integral converges and defines an element of I(|x|) for Re(x) sufficiently large
by definition of S(Xp(F')), and the outer integral converges for Re(x) sufficiently large
[Wal92, Lemma 10.1.2] [Wal03, Theorem IV.1.1]. Thus by Fubini’s theorem, we have a

commutative diagram
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Rp|popr

S(Xp(F)) —— Rpjper (S(Xp(F)))

lmx |

() —2 L T(y)

for Re(x) sufficiently large. We are left with proving that R pjper (S(Xp(F))) < Sr. By the

definitions of S(Xp(F)) and Sy, it suffices to check that

Rpper (S(Xp(F)) < C*(Xp(F)). (3.51)

Let f € S(Xp(F')). By Fubini’s theorem and the argument above for almost every m with
respect to dm we have that § Npon (F) f(m™tug)du converges. When F is nonarchimedean
we can use the fact that f is K-finite and Lemma 3.2.5 to deduce that f is fixed by a compact
open subgroup of M2P(F). This implies that { Npow (F) / (ug)du converges absolutely. Since
Rp|pov is @ G(F)-intertwining map this implies that R p|per (f) is smooth. Now assume
that F' is archimedean. In this case we can view the integral (3.50), as g varies, as valued in
the Fréchet space C*(G(F')) (with the usual Fréchet topology). Using the Fubini theorem
in this setting [Tho75, Theorem 8], we deduce that for almost all m with respect to dm,

SNPOP( )/ (m~tug)du converges absolutely and defines a smooth function of g. For such

an m, we change variables u — mum ™! and replacing g by mg, we deduce that R p|po» (f)

is smooth. 0

To proceed, we recall the subspaces Co < S(X§(F)) for Q € {P, P°P} considered in
[BK02, Proposition 4.2] that are used to proved the unitarity of the operator FQlger o1
L*(Xg(F)). In the following, we will use the notation in (3.5) and (3.6) to keep track of

the domain of our Mellin transforms.

Lemma 3.4.2. For each x € IA(Gm we can choose holomorphic functions hq(xs) that lie in
Clg~*,¢°] in the nonarchimedean case and are bounded in vertical strips in the archimedean

case such that

hQ(XS)RQ|Q0p : IQ(Xs) — TQOP (Xs) (3.52)
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is holomorphic when evaluated on a holomorphic section f(x)®) € Ig(xs) and an isomorphism for

s outside a discrete countable subset of C.

Proof. Assume first that F' is nonarchimedean. Then one can use the usual normalizing
factors for intertwining operators [Art89, §2-4] to construct hg(x,) satisfying the require-
ments in the lemma. If F' is archimedean, loc. cit. implies the existence of a set {a;, b;}!" ;
of complex numbers such that

= 1
(1—[ W) RQ|qor (3.53)

i=1

is holomorphic when evaluated on a holomorphic section f(x)®) € I(xs) and is an
isomorphism for s outside a discrete countable subset of C. The factors of I' here are
archimedean L-functions of quasi-characters of F'* up to irrelevant factors. To obtain
h(xs) we take the product of reciprocals of I'-functions and multiply by % to make the

result rapidly decreasing in vertical strips. ]

We henceforth assume the hq(xs) are chosen as in Lemma 3.4.2. Let S(X§(F), K) be
the space of K-finite functions in (X4 (F)), and let

There exists an f' € S(X§(F), K) such that
Co:= 4§ feS(Xg(F),K): Fro@ = her((xs) Do (Xs) fy. 0

for all characters y : F’* — C* and allse C
For a subspace W < S(X((F)), let Wy, o denote its image in I(xs) under the Mellin
transform (3.6). We also use the notation S(Xq(F))y,,@ for the image of S(Xg(F')) in
I(xs) under the Mellin transform, which must be understood in the following sense: For
Re(s) sufficiently large these Mellin transforms are absolutely convergent by definition of
the Schwartz space. Again by definition of the Schwartz space the Mellin transforms are
defined by meromorphic continuation for s outside a countable subset of C independent of

XEI?(Gm-

Lemma 3.4.3. For f € Cq the functions Rq|qor (fx.,q) and Rgovo(Rq|qer (fx.,q)) are holo-
morphic for all x € IA(Gm. One has Cq < S(Xq(F)). For s outside a countable subset of C
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(independent of x) one has
(CQ)x.@ = S(XQ(F), K)x..0

which is dense in S(Xq(F))y.,q in the usual Fréchet topology if F is archimedean and equal to

S(XQ(F))y.,q if F is nonarchimedean.

Proof. The first assertion is immediate from the definition of Cq. The inclusion Cq <
S(Xq(F)) follows from the fact that ag|ger (Xs) and ag|o(xs) have no zeros. As the func-
tion hger ((xs) "1)hq(xs) is nonzero outside a discrete countable set we have (Cg)y.,.0 =
S(XG(F), K)y, @ outside a discrete countable set. The union of these sets is again count-
able. Since S(X{)(F), K)y,,q is the space of K-finite vectors in I(x;) (which is all of I(x,)

in the nonarchimedean case) the last assertion of the lemma follows. O

We remark that here the definition of Cg depends on the choice of hg(s) and hger ((xs)™1).
Using Corollary 3.2.10, and a minor variant of the proof of Lemma 3.4.2 above we fix a

choice of hq(xs) and hqor((xs) ™) such that Fpjpes(Cp) < S(Xpon(F)).

Theorem 3.4.4. We have a well defined isomorphism

.FP|P0p : S(XP(F)) — S(Xpop(F)),
that is continuous with respect to the Fréchet topologies in the archimedean case. The diagram

S(Xp(F)) 25 S(X pon (F)))
[6n |ow (3.54)
I(x) —

P(X)Rp|pop 7

commutes.

As in Corollary 3.2.10, some care is required in interpreting the statement that the diagram
commutes. The Mellin transform (-), converges absolutely for Re(x) large and the Mellin
op

transform (-)y~ converges absolutely for Re(x) small. The factor pp(x) is meromorphic, and

the operator Rpq : I(x) — 1(x), originally defined for Re(x) large, extends to an operator
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sending meromorphic sections to meromorphic sections. The definition of S(Xp(F)) is

designed to control the poles of all of these objects in terms of the functions ap|g(x).

Proof. By Corollary 3.3.8, S(Xq(F)) < L*(Xq(F)) for Q € {P, P°?}. Combining this with

(3.48) and (3.49), we see that to prove Fp|pop is an isomorphism, it suffices to check that

Fpipor (S(Xp(F))) < S(Xpos (F)). (3.55)

On the other hand, Corollary 3.2.10 and Lemma 3.4.1 imply that Fp|pes (S(Xp(F))) < S
and that if we replace S(X por (F)) by S; in (3.54) we obtain a commutative diagram. Thus
proving (3.55) implies everything in the theorem besides the continuity assertion.

Since ap|p(x) = ay(x 1) for all quasi-characters y, by (3.43) we deduce that for f €

L
S(Xp(F))

.FP‘POp(f)XS,POP(l') _ ‘FP|P°P(f)L()>IZS)—17pop(x)
aP0P|P°P(XS> ai((XS)il)

€ Clg®,q7]
in the nonarchimedean case, and

‘]:P\POP (f)|A,B,ppop|Pop,Q,D < ©

for all data as in Definition 3.3.5 in the archimedean case since Fp|por (f) € S;. Hence we

are left with checking that

R pop| p(F p| po o
P p\P( PP P(f)xs,P ») c (C[qs,q_s] (3.56)
aPOP\P(XS)
in the nonarchimedean case and
| Fpipov ()] 4,B.ppop p,0,0 < (3.57)

in the archimedean case for all data as in Definition 3.3.5.

For any f € Cp and any x € IA(Gm, by Corollary 3.2.10, Lemma 3.4.1, (3.49), and our
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choice of Cp, we have the identities

1z ((xs) ") Rporip(Rpjpor (f(yo)-1,P)) _ Reporp(Fpppor (f)xs por)
aP°P|P(XS) aP°P|P(XS)

(Rpov pFpipor(f))"

Xs,P
aP0P|P(Xs)

B (-FPOP|PFP|P°P(J£))§E7P
HLep (XS)CLPOP|P(XS)
Feerp

~ ppor (xs)azer (Xs) (3.58)

Since f(y,)-1,p = f;i p» the first and last quantities in (3.58) depend only on the image
of f under the map to I((xs)™!). Let S(Xp(F), K) be the space of K-finite functions in
S(Xp(F));itisall of S(Xp(F')) when F is nonarchimedean. By Lemma 3.4.3, the equality
of the first and last terms in (3.58) holds for all f € S(Xp(F'), K)and all x € IA(Gm forsina
dense subset of C.

Since the first equality in the previous calculation is valid for all f € S(Xp(F), K) by

Corollary 3.2.10, we deduce that

7zPOP|P(‘7:.1:’|P°p (f)XsJDOp) _ f;?,P (3 59)
Clpop|P(Xs) prrer (Xs)arer (Xs) ‘

forall f € S(Xp(F),K)and x € IA(Gm, at least for all s in a dense subset of C. But then
(3.59) is valid as an identity of meromorphic functions for all s. As discussed in §3.2.2, we
have pror (xs)aror(xs) = pr(xs)ar(xs).- Moreover, with L; defined as in (3.36)

pra(xs)ar, (xs) = (=i, () ) L(=si, (xs)) = e(=si, ()M, )L + s, (x5) )

= E(—SZ‘, (Xs))\i7 w)ail (Xs)

Here (—s;, (xs), 1) denotes the usual Tate e-factor. Therefore,

Rpov|p(Fp|pov (f)xe,por)  fixo)-1,P foe) 1P
— = 3.60
9 ) ) a:0)  ame(O) D (3.60)

where (s, x,¥) = []; e(—ss, (xs)™, 1)
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In the remainder of the proof we use some basic facts on e-factors that are nicely
summarized in [Tat79, §3.2]. Assume F' is nonarchimedean. In this case g(s, x,v) is
equal to cg”®) for some polynomial p and some ¢ € C*. Thus (3.60) and the fact that
feS(Xp(F), K)implies (3.56). Now assume that F' is archimedean. Then

i a
g<37X71/}) = Hei,xr%

(2

where a and r depend only on ) (which determines the normalization of the Haar measure)
and ¢;  is a fourth root of unity. By an analogue of [GH20, Lemma 3.6], (3.60) and the
fact that f € S(Xp(F), K) implies (3.57), at least in the special case where D is the
identity operator. It also follows for general D once we note that Rpjpor © R(m,g) =
dpor (m)R(m, g) o R p|por. Here we have used R to denote the right action of M (F') x G(F)
on C*(X%(F)) and C*(X pop (F)).

To deduce (3.57) without the condition of K-finiteness, we point out that the same

argument proving [GH20, Proposition 3.7] implies that
Fpipor : S(Xp(F), K) — S(Xpor(F), K)

is continuous in the Fréchet topology. Since S(Xp(F), K) is dense in S(Xp(F')) [War72,

§§4.4.3.1] it extends to a topological isomorphism
.Fp|pop : S(XP(F)) — S(Xpop(F)).
This already implies the first assertion of the theorem, and additionally (3.57). O

As usual, we say that a parabolic subgroup of a reductive group is self-associate if it is

conjugate to its opposite. Assume P is self-associate. Choose

wo € G(F) (3.61)

normalizing M such that w LPwy = P°P. Then conjugation by wy acts as inversion on

VALS
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Lemma 3.4.5. Let w be a representative for the long Weyl element of the Weyl group of T in G.

Then one has wo € M (F)w = wM(F).

Proof. The normalizer of P in G is P and the normalizer of M in P is M. Therefore,
wy € P(F)w as w (wy ' Pwg) w™! = P. As w normalizes M, for wy to normalize M, one
must have wy = mnw for some n € N(F) such that n=!Mn = M. This is only possible

when n is the identity. O

We observe that woPw 1 — por. Indeed, by Lemma 3.4.5 it suffices to check this in the
special case where wy is the long Weyl element of T'(F), in which case wy and w,, ! differ
by an element in T'(F).

We assume that wp is chosen so that measures on Np(F') and Npop(F') correspond

under

Np(F) —> Npo(F)
(3.62)

n+— w&lnwo.

Lemma 3.4.6. One has an isomorphism

twy : S(Xpor (F)) — S(Xp(F))
fr—(z— fwy'z)).

Proof. We have an isomorphism

tug : O (X pop (F)) —> CP(Xp(F))
fr— (x> fwy'a)).

For f € S(Xper(F)) and @ € {P, P°P}, one has

R p|@(two (f)xs,P) _ Rpi@twy (fxs,por))  tuwy © Rpop|gor (fys,por)

aP\Q(Xs) aP|Q(Xs) Q por|Qor (Xs)

where we have used (3.43). Assume F' is nonarchimedean. Then since f,, por is a good
section, we deduce that 1y, (f)y,,p is a good section. Thus the lemma follows from the
definition of the Schwartz space. A similar argument proves the lemma in the archimedean

case. O

43



Thus when P is self-associate, we have an isomorphism

Fxp i= Fxpa = tug © Fppor : S(Xp(F)) — S(Xp(F)). (3.63)

By Theorem 3.4.4 and (3.39), we see that the Fourier transform Fx, agrees with the
Fourier transform used in [GL21, GL19, GH20| when Xp is as in §3.2.3 and wyq is chosen
as in loc. cit.

For use in §3.5.2, we also consider how ¢,,, interacts with the operators A\i(us). Suppose
that L and L', etc., are as in the discussion prior to Proposition 3.2.8. Recall L°P and its
associated data {(s;, A;)} from (3.38). Arguing as in the proof of Lemma 3.4.6, we have an
isomorphism

bwg - SL(XPOp(F)) — SLOp(Xp<F)).
Lemma 3.4.7. We have a commutative diagram

it (sy,)
Sp(Xper (F)) Sp(Xpor(F))

leO leo

gt (psy,)
Spon (Xp(F)) Syon(Xp(F)).

We caution the reader that the bottom row in the diagram is given by the same definition
as (3.10), but the roles of P and P°P switched as we are applying the operator A (ius, ) to

functions on Xp(F).

Proof. Let f € S, (Xpor(F')). Then by Proposition 3.2.8, Axi(us,,)(f) € Sp/(Xpor(F)), and
for A(L) < Re(x) < B(L'), traversing the top of the diagram and applying a Mellin

transform yields
(a0 Ot (1) DN =ty (Mot () ()P )
= (=10, V)t (fpon)
= (=81 X, ) (o ()3 -

Noting that
A(L®?) = A(L) and B(L°?) = B(L),
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we may apply Proposition 3.2.8 again to see that this equals

(Ak! (Msk)(bwo(f)));l,)P .

This is the result of traversing the bottom of the diagram and applying a Mellin transform.

Thus applying Mellin inversion yields the lemma. ]

3.5 A formula for the Fourier transform

In this section, we combine our analytic results with the geometric pairing between

opposite Braverman—Kazhdan spaces to give a formula for the Fourier transform.

3.5.1 Preliminary calculations

Recall that wg is the fundamental weight attached to P as in (3.2). Since G is simply
connected wp = wg in the notation of (3.2). As above Vp is the associated highest weight
representation. By Lemma 3.1.4, wp may be extended to a character of P (trivial on Pdr)

and defines an isomorphism

wp = wg : M 5 G,
Recall the graded representation L = 1% of §3.2.1. We fix a good ordering
{(si, i) : 1 <i < K},

SO

Si+1 > 54

Nit1 M

for 1 < i < k and k = dim L. In particular, we have the highest datum (sg, Ag), which is

unique in the following sense:

Proposition 3.5.1. Any good ordering of L = 1}, satisfies A, = 1. Furthermore, s > 3 for all

i < k.

Proof. Our proof is a case-by-case analysis. As this is a computation on the Langlands

dual group, we defer the details to Appendix A. In fact we compute all of the parameters
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{(ss,\s)} for all simple Cartan types. The results required to observe the current propo-
sition are lemmas A.1.2 and A.2.4 and the tables at the end of Appendix A. We alert the
reader that we work entirely on the Langlands dual side in the appendix. One must use

the following well-known computations of Langlands dual groups:

gl\)Qn = SOQn-‘rl(C)? S/pEl?n = PSOQTL((C)7 S/p}l2n+1 = PSan(C)

together with the fact that the dual group of a simply connected semisimple group is

adjoint. O

Proposition 3.5.2. One has

5P _ |WP|28k+2-

Remark 3.5.3. The proof shows that the proposition is still valid if we weaken the assump-

tion that G is simply connected to the assumption that wg € X*(T).

Proof. Let @ < @ denote the set of positive roots and 7, < ®* denote the subset of

positive roots of (M, M n B,T). For t € T(F), we have

On the other hand X*(M) = Zwp, so there is an integer r > 0 such that

2 v =rwp.

yedt—dF,

We are to show that r = 2s;, + 2. This can be directly verified for G = SL.
Suppose G # SLs. Let {e, h, f} = m be a principal slo-triple. The copy of sl it spans
acts on np by the adjoint action. The root systems of M and M are in Langlands duality.

We use this to identify

T= X,(T)®; C = X*(T) ®; C. (3.64)
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Under this identification, h € t may be chosen so that it is sent to the sum of positive

coroots of M [Gro97, Section 2]:

23 1= Y Y e Xu(T),

+
'yefbﬁ

which corresponds under the second equality of (3.64) to

20m = > ¥=2 Y, @a€X*T) (3.65)
ved}, a€A s
where &, is the weight of the fundamental representation of M associated to o € Ayy.

Thus

htrwp= Y, y=2) Wa, (3.66)
yed+ acA

where w, is the fundamental weight of G associated to o € A. Note that in general &, # wq
for a € Ay since @, € X*(T n M9er),

Consider now the h-eigenvalues on the space of highest weight vectors L = 1n%. By
Proposition 3.5.1,

Ly =Cu, < ﬁp(l)e

where the 1 indicates the subspace on which Z (M\ ) acts via 1. As mentioned in [Man13,
§5.2], the space np(1) is the irreducible representation of M with lowest weight space
corresponding to 3, the coroot of .

By the definition of a good ordering, the h-eigenvalue 2s;, is largest among all h-
eigenvalues occurring in the M representation np(1). It follows that vy, is a highest weight

vector for np(1). Let

W =8+ ) calw)a

OéEA]\/[

be the weight of vy. We claim that 2sy = > A, ca(70)-
Since this is the largest h-eigenvalue in L, it follows that the lowest weight space

ngv < np(1) is the lowest-weight space for the irreducible sly-representation containing
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v, and thus has the eigenvalue

(h, BV = —2sp,. (3.67)
Here (-, -) is the pairing on X*(7T") ® X, (T). Therefore, since (3.65) implies (h, ) = 2 for
all e Ay,

2sp = (A = ), ca(r9 )Khia¥) + <R BY)

CMEAM

=2 Z ca(70) — 25k,

OéEA[M

proving the claim that 2s; = >, (A, ca(70)-
Since wp = wg, we see that for any rooty" occurringinnp (1), {wp,y¥) = 1. Evaluating

both sides of (3.66) on 7 thus implies

23k+r=<22wa,fyov>=2+2 Z ca(70) = 2 + 4sy.

a€A OéEA]u

We deduce that r = 2s;, + 2, and the proposition follows. O

3.5.2 The general formula

For integers n, let

[n] : Gy, — Gy, (3.68)
be the map x — z™. We define
pp® o= Ai(ptsy) © - 0 Aoy (s, ) and  pE° = [1]i(s),), (3.69)

where the aug stands for “augmented” and consider the factorization

_aug geo
pp = jfip o pp .

Remark 3.5.4. Inlight of our formula for the Fourier transform below, it would be interesting
to illuminate the relationship between the operator p5'® and the singularity of Xp at 0.
In the archimedean case, it is my ongoing work to relate ;%® to a correct candidate of
Weyl algebra on Xp that incorporates the singularity of Xp. See Chapter 6 for a short

discussion.
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Set

]:J%TOPOP = p5 o Rp|por : S(Xp(F)) — Sy (3.70)

Theorem 3.5.5. For f € S(Xp(F)) and 2* € X po, (F), we have Fppor = pip' 0 ]—"}%T;’Dop where

Fiipn (N = [ ()0 (G2 pipen) d

Xp(F)
Here (-, ) p|pov is as in (3.4) and the measure on X p(F') is normalized as in §3.3.1.

Proof. For z* € X pop (F'), we have

1

P (N6 = 5

j (wp(m)wp () 1642 ()R pypor (F) (m~ )
Mab(F)

_ 1 wp(m . m=a\dm,
~ fMab(F)W p(m))Ropipoo (f) (™' 2*)dm.

Here we have used Proposition 3.5.2. We note that there is no need to regularize the outer
integral: the absolute convergence of [1](js, ) on R ppor (S(Xp(F))) follows from our use

of a good ordering and from lemmas 3.2.7 and 3.4.1. If we write 2* = P°Pder(F)g,

Repper(£)m ™ -a) = [ f (um™ig) du

Npop (F)

= dp(m) JN - f (m ™ tug) du. (3.71)

We have an injection
®, : M*™(F) x Npop(F) — Xp(F)

(m, u) — P (FYm ™ tug

with dense image denoted by X3, g(F ). Moreover, we have

_ _ Spor(mYdmdu  §p(m)dmdu
d(m ™ tug) = R0 = R0 (3.72)

by (3.40).
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Forz € Xp (F), let

Fiipos (N)(@%) = JXO oy Perm@) @)z (3.73)

Now for (m, u) € M (F) x Npop(F) and g chosen as above (so P°P4°"(F)g = z*), we have
opm ™ ug, vhepg) = opm ™ vhep ) = wp(m);
here we have used (3.3). Thus (3.73) is

P D) = | blapp)f @ = [ ola,apipn) fo)is

Xpg(F) p(F)
since X, (F') is open and of full measure in X3 (F). O
Assume for the moment that P is self-associate. In this special case, fix a wy € G(F)

normalizing M such that wg LPwy = P°P and such that (3.62) is measure preserving. We

saw in (3.63) that this allows us to define a Fourier transform

JTXP = ’FXPﬂUO = by O.FP‘Pop : S(XP(F)) —_—> S(Xp(F)) (3.74)

Corollary 3.5.6. Assume that P = woP°Pwy* is self-associate. Then for f € S(Xp(F)), we

have Fx,(f) = ppes o Fx o (f) where

FRp(H)@') = f F (@) (o, wy ey ppor ) d

Xp(F)
for ' € X3(F). Here the measure on X 3 (F) is normalized as in §3.3.1.

Proof. By the discussion in §3.2.2, we have

aug __  aug
lwy O Up~ = Hpop © lwg
and it is clear that
geo geo
Fxp _LU’OO]:P|P0P' O

Remark 3.5.7. By Corollary 3.3.8, S(Xp(F)) < LY(Xp(F)). Thus the integrals in the

definition of 7., and % converge absolutely.
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3.6 Examples

In this section, we explicate the objects appearing in Theorem 3.5.5 in several cases of
interest.
3.6.1 Line bundles over Grassmannians

The maximal parabolic subgroups of SL,, are stabilizers of planes. Concretely, fix 1 <
¢ < n and let P be the stabilizer of the ¢-plane {e,,_s+1,...,e,}. Here we use the standard
basis of F", viewed as row vectors with a right action of G. Then P\G is a classical
Grassmannian, and X (F') can be viewed as the space of ¢-planes W < F™ together with

an associated non-zero vector in AYW.

For F-algebras R, we have

P(R) = {("™ ) (") € SLa(R) : (m, ma, w) € GLoy(R) x GLo(R) x My—1(R)} .

Then

PP(R) = {(ml ms ) (1"14 ) € SLn(R) : (m1, ma,w) € GLy_¢(R) x GLy(R) x MR_M(R)}.

w Ig

In this setting,
wp: M(F) — F*
("™ ) — det(mq) = det(mg) "t
Our representation Vp is just AKGZ. We realize the dual as the space /\”_ZGZ equipped
with the pairing
AR" x AM'R" — R
(w1, wa) —> ey A+ Aepy(wy A wy)
We choose the highest weight vector vp :=e,_s11 A - -+ A e, and dual lowest weight vector
Vpop = €1 A -+ A ep—p. With these choices,
P, (¢4) — ~‘(c d)
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where we are taking the (ordered) wedge product of the row vectors from top to bottom.
Similarly,
b —L
Pl’U;‘;op (CCL d) — /\n (a b)

where the wedge product is taken from top to bottom.

3.6.2 Orthogonal groups and the transform on the isotropic cone

Assume the characteristic of F' is not 2. Consider the split orthogonal group SO,, for

n > 4, defined with respect to the matrix

Denote the corresponding pairing by (-, -, and let

Qn(v) = %<v,v>.

Let T be the split maximal torus of diagonal matrices and let B be the Borel subgroup of
upper triangular matrices of SO,,. There is a natural right action of SO,, on V,, = G}. We
let P < SO,, be the parabolic subgroup fixing the line spanned by e,, = (0,...,0,1). Then
Vp = V,, and we choose the highest weight vector vp := e,.

Consider the split spin group G = Spin, over SO, and let p : G — SO,, be the
double cover. Then P := p~1(P) is a maximal parabolic subgroup of G. Moreover, the
representation Vi of G descends to the representation V;, of SO, via p. It therefore follows

from Lemma 3.1.4 that p induces an isomorphism

p: X3 = PYN\G—>P"\SO,.

Let M be a Levi subgroup of Pand M := p(]\7 ). Since V3 descends to V;,, it also follows

from Lemma 3.1.4 that the map M3 — M2 induced by p is an isomorphism and the

diagram

lp l” (3.75)



commutes. Here the horizontal arrows are the action maps. Thus we can and do work with
PIn\G in place of PA\G below.
The Pliicker embedding

Pl, : Xp —V,
maps Xp isomorphically onto the affine scheme whose points in an F-algebra R are
C(R) :={veV,(R): Qn(v) =0}.

This is the isotropic cone of @,.

We define the Schwartz space S(C(F')) to be
(PIZ)*(S(Xp(F))) < C*(C(F) — {0}).

The parabolic P is self-associate. Thus the Schwartz space comes equipped with a Fourier

transform

Fo = (PLL1* 0 Fxpwe o PLE : S(C(F)) — S(C(F)).
Here wy is chosen as in Lemma 3.6.1 below. There is a natural measure on C'(F') as we now
explain. Let dv; be the standard 1-form on G, viewed as the i¢th coordinate of V;, = GJ.
Recall [GS16, §III.1.2| that to give a measure on C'(F'), we may choose any (n — 1)-form

wgQ, such that
dvi A - A dvp = dQp A wg, (3.76)

and then consider the measure |wg, |. If we write

On (v ; )_{;Uz+l+zz_1'l)i'l)n+1_i ifn=2r+1,
n s ¥n -

Diie1 ViVnt1—i if n = 2r,
with respect to the standard basis of F™, then on G"~! x G,, we choose wg, = idv? A
<o A duy,.

Lemma 3.6.1. We can choose wy € SO, (F) normalizing M such that wy " Pwy = P°P and such

that for x, 2" € X3 (F) one has

(z, wo_lxl>P\P°P = (P, (2), Pl, ().
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Moreover, P1% (|lwq, |) = cdx for some c € Ry.

Proof. We identify the dual of V;, with V;, itself via the form (-, -). Then the vector dual to
en iseq. Let
JIn, ifn=0 (mod4)orn=1 (mod 4),
3

J(n-1)/2 )
o -1 ifn=
Wo = J(n—1)/2

Jn-2)/2 )
I > ifn=2 (mod 4).
J(n-2)/2

(mod 4),

Thus wo € SO, (F'), Ple, (9) = engand Plg, (wy 1 g) = eng. This yields the first assertion. For

the second assertion, it suffices to observe that (3.76) implies that w,, is SO,-invariant. [

Corollary 3.6.2. If the measure |wq, (v)| is normalized so that P1} (lwg,|) = dx, then for

feS(C(F)) one has
V') = —1y|¢|(n=0)/2 v v, tv")) |wo, (v d"t
Fe(NW) = | v (L(F)_{O}f( 9 (0, t0)) o >\) &6
if n > 4 is even and
Fo(De) = [ oS ([ s (@) o, 0| S5 679
Fx C(F)—{0} ’ O ¢(1)

ifn > 3isodd.

Proof. This is a consequence of Corollary 3.5.6 and Lemma 3.6.1 as we now explain. Using

(3.75), we are free to work with the action of M?" instead of M*" in applying Corollary
3.5.6.
For (t,g) € R* x SO, _2(R) write

¢
m(t,g) == ( g t_1> :te R, g€ SO,—2(R)
The character wp is given by wp(m(t, g)) = t. Note that for z,2’ € X3 (F) and A € Z,

(z,wy 'mt, 9) ey ppor = wp(m(t, 9)) e, wy e’y plpor = t(x, w5 2") pipon.
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Applying Lemma 3.6.1 now shows that if v = Pl,, (z) and v" = Pl,, (2’), then

<‘T’ walm(tv g)_)\xl>P\P°P = <’U, t>\’(}/>-

geo

By Lemma A.2.4, we have 3o, = [1]i(ptn-s) for all n, and
2

e [1]i(1o) if n > 41is even,
e [2]1(po)  if n > 3is odd.

The regularized operators are equal to the unregularized operators by Lemma 3.2.7.

O]

When F' is nonarchimedean with odd or zero characteristic, Corollary 3.6.2 implies

that when n is even F¢ agrees with the operator II(r) = & of |GK23, (1.5)]. Gurevich

and Kazhdan also treat nonsplit isotropic quadratic forms. When F' = R and n is even, a

Fourier transform on L?(C(F), lwg|) was investigated in [KM11] (they also treated arbitrary

isotropic quadratic forms in an even number of variables). It agrees with F¢ up to a constant

when the form is split, but we will not verify the claim here.

3.6.3 The Lagrangian Grassmannian

Define Sp,,, and P as in §3.2.3. We let Sp,y, act on V = G2" on the right. The

representation Vp may be realized as an irreducible subrepresentation of A"V, and we

choose the highest weight vector to be vp :=ent1 A -+ A egy,. Thus
%
An+1
Pl,, < : ) = Gp+1 A A Gy
aén

is the (ordered) wedge product of the last n rows.
There is a perfect pairing

(o)t ATGE X ATGEY s AMGE G,

where the first map is canonical and the second is obtained by specifying that e A -

is sent to 1. We use this pairing to identify the dual of Vp with Vp. Thus

(@, 2%)ppor = (Plop (2), Plyx (%))
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where v, = (—1)"e1 A -+ A e, is the lowest weight vector dual to vp.

The parabolic subgroup P is self-associate. More precisely w L Pwy = P°P for

wo = (;, ™). (3.81)

Corollary 3.6.3. For f € S(Xp(F)) we have that Fx,(f) is

[211(ttn—21n/2)) © [211(tn—2pn/2)+2) - - © [2]1(pn—2) © J F@)P((=1)"(Plyp (2), Plop (-))) da.

p(F)
Here [2]i(us) is defined as in (3.9) but with P replaced with P°P. See Lemma 3.4.7.

1

Proof. Since vio,wy ™ = (—1)"vp, we have

(x,wy 2y pipor = (—=1)"(Plyy (2), Plyy (2)).
Thus the result follows from Corollary 3.5.6 and the computation in §3.2.3. O

Corollary 3.6.4. When n = 3, one has

d*t
¢(1)

FroNe) = | (el ( ., S, Pl(x’»)dx) (3.82)

forall f € S(Xp(F)). In particular, the integral over t is absolutely convergent.

Proof. Only the last claim is not clear from Corollary 3.6.3. By Lemma 3.2.7 the regularized

operator [2]i(x1) is equal to the unregularized operator in the case at hand as
A(L) =L, BEO) -2 -1

Al

This implies that the integral over ¢ converges absolutely. O
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Chapter 4. Characterization of Schwartz spaces

Braverman and Kazhdan’s definition of Spk(Xp(F')) is beautifully succinct. However,
it is difficult to extract analytic information about elements of the Schwartz space from the
definition. The definition of S(Xp(F')) is more involved, but it seems to be the correct defi-
nition. For example, in the nonarchimedean case we certainly want the image of S(Xp(F'))
under various Mellin transforms to consist exactly of good sections, and we have defined
S(Xp(F)) so that this is true. Moreover, analytic information is relatively straightforward
to extract from the definition of S(Xp(F')). However, it is not clear at all what the relations
are between two spaces Sk (Xp(F)) and S(Xp(F)). In particular, it is not clear if we have

the inclusion

CP(X3(F)) = S(Xp(F)) < S(Xp(F)) (&1)

which is crucial for applications. It has been justified in few cases that (4.1) holds by ad-hoc
approaches. In Chapter 5, we will prove the inclusion holds when F' is nonarchimedean and
G is not of type E or F. Indeed, we will show in these cases Spr(Xp(F)) = S(Xp(F))
(see Corollary 5.1.8).

Throughout this chapter, we will assume F' is nonarchimedean and the inclusion (4.1)
holds. The goal of this chapter is to give an alternative representation theoretic description
of S(Xp(F)), which should find applications in study boundary terms of the Poisson sum-
mation conjecture on Xp (see §4.3.2). Since functions in S(Xp(F')) have compact support
in Xp(F), under our assumption, to study S(Xp(F')) amounts to study asymptotics of
functions toward the origin. Therefore, we will rewrite the definition of S(Xp(F')) in terms
of asymptotics condition.

By the definition of S(Xp(F)) and Lemma 3.4.1, a smooth function f e C®(Xp(F))

lies in S(Xp(F)) if and only if it satisfies the following two conditions.

Condition 4.0.1. (1) The function f is right K-finite.

(2) Foreachge G(F) and x € 0%, the integral defining f,,(g) is absolutely convergent

for Re(s) sufficiently large, and
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(3) the section

sz
Hf:l L(Sl + 17 X?l)

is holomorphic.

Condition 4.0.2. The section

(Rppor ()%
15, L(—si,x2%)

is holomorphic for each x € 0%,

By the proof of Lemma 3.3.7 and Corollary 3.3.8 if f satisfies Condition 4.0.1, then
fe (L' nL?)(Xp(F)) and has compact support in Xp(F), i.e., f(z) = 0 for |x| sufficiently
large (depending on f).

We will reformulate Conditions 4.0.1 and 4.0.2 in terms of asymptotics of f(z) as |z| — 0
in §4.1. Then restate these asymptotic conditions in terms of representations of G(F') in
§4.2. The main result of this chapter is Theorem 4.2.2 that gives a detailed description of
the G(F)-module S(Xp(F'))/S(Xp(F')). Finally, we apply Theorem 4.2 in §4.3 to examples

considered in §3.6.

4.1 Asymptotics toward the origin

We start by introducing our convention on multisets. A multiset L consists of a set U
and a function m(L) : U — Z~¢. Equivalently, we can understand L as the set

{(r,my):reU}

where m, := m,(L) € Z~¢ is the multiplicity of r in L. We will write Supp(L) := U as
the underlying set of L. Given two multisets L1, Ls, their sum L; + Lo is the multiset such
that

mr(Ll + Lg) = mr(Ll) + mr(LQ);

where the domain of m(L;) is extended to Supp(L1) u Supp(L2) by setting m,(L;) = 0 if
7 ¢ Supp(Li).
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Recall that we have fixed a good ordering of {(\;, s;) }1<i<k and thus A\ = 1. For each

27/ —
log g Z

d € Z~g, define multisets, whose underlying sets are subsets of C/

L) =Y {%—(skﬂw L/oly 0 < u<>\i},
A =d

Lg:=YL(})

X

(4.2)

where sums are taken in the sense of multisets. From Proposition 3.5.1 we deduce

Lemma 4.1.1. For r € Supp(L1), 0 = Re(r) > —(si + 1). Moreover, Re(r) = 0 if and only if

r = 0, and mO(L1> =1. O
Let m : G, — M be a section of wp and X} := {z € Xp(F) : |z = 1}.

Proposition 4.1.2. Let f € C*(Xp(F)). Then f satisfies Condition 4.0.1 if and only if
(1) f has compact support in Xp(F), and

(2) forn »; 0and x € X}, we have

my(Lg)

f(m(@™) ) = Z Z Z Z Crjn(®)g "It (4.3)
d=1 (9

reSupp(Lq) J=1
ord(x)=d

for some ¢, € C*(X}) satisfying ¢, j(m(a)"z) = x(a)crj () for a € OF.
Remark 4.1.3. Since {(\;, s;)} is a finite multiset, the sum in (4.3) is actually finite. Indeed,
L(d) and Lg are empty for d > 6 (see charts in Appendix B).

The key ingredient to establish this equivalence is the work of Igusa in [Igu78, §1.5],

which we now review. Let L be a finite multiset whose underlying set is a subset of

C/QTO\g/?Z. We define C°(F*) to be the subspace of C*(F*) that consists of functions f
satisfying
(1) f has compact support in F, and

(2) for |a| <y 1, we have



for some ¢, j € C*(O*).

Note that we can further write

Crj = Z Cr.j,xX

xeOx
for some constants ¢, ;, € C that are zero for all but finitely many x. On the other hand,

let Z L(F/’\X) be the set of complex-valued functions Z on F* for which

(1) for every x € O%, there exist constants b, jx € C such that

mr (L)
Z(xs) — Z 2 ,ijS"‘T
(L) j=1

reSupp

is a function in C[g~%, ¢*], and
(2) for all but finitely many x € 6?, Z(xs) =0 for all s.

Igusa showed in [Igu78, Theorem 1.5.3| the following:

Theorem 4.1.4. For f € C}°(F*), the Mellin transform
Mif o (o [ @),

originally defined on x € F* with Re(x) »1 0, extends analytically to whole F* and gives rise
to an isomorphism between C{°(F*) and Z L(};\X ). Moreover, the Mellin inversion M " is given

as follows. Given Z € Z L(IE\X ), for each x € O%, let Zy(z) be the complex function obtained from

Z(xs) by substituting z for ¢=*. Then for a € F*,

M~YZ)(a) = Cl><.73:(l(9><) Z\ Res,—o(Zy(2)272 @171 (q). (4.4)
xeOx

O]

Proof of Proposition 4.1.2. Clearly, both conditions imply f is right K-finite and has compact
supportin X p(F'), which we assume henceforth. Let K’ < K be a compact open subgroup

such that f is right K’-invariant. Let {g;} be a set of representatives of left cosets of K’ in
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K. By Iwasawa decomposition, (2)(3) in Condition 4.0.1 are satisfied if and only if they
are satisfied for all g;. On the other hand, since the set {g;} is finite, asymptotics (4.3) can
be checked at each g; separately.

Therefore, it suffices to fix g € G(F) and study the smooth function

fg: F*—C
a— f(m(a)"'g),

Note that f, has compact support in /" and is O*-finite by our assumption. Moreover, for

X € O~ by Proposition 3.5.2 we can write

Ixs (9) = M(fg)(XS+sk+1)-

Then Condition 4.0.1 is reduced to
(2') The integral defining M ( f,) () is absolutely convergent for Re(s) sufficiently large,
and

3') the complex function
P

M(fg)(Xs)
T, L(si+ 1= Ni(sp + 1), x27)

is a function in C[¢™*, ¢°].
To prove the proposition, we need to show f, satisfies conditions (2') and (3') if and only
if there exist constants ¢, ;,, € C such that for |a| <, 1 we have

my Ld

:Z 2 Z Z crixx(a)a| ord(a)’ .

d=1 Xe(/g\x reSupp(Lg) J=1
ord(x)=d

Observe that for x € O~ of order d, we have

k
HL si+1— Ni(sp + 1), x20) = H (s + r)mr(La),
=1 reSupp(Lq)
Therefore, the set

{M(f,) : f, satisfying conditions (2') and (3')}
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is the subset of functions in Zj,, (ﬁ\x) such that the associated constants b, ;, = 0 unless
there is some d € Z~ such that r € Supp(Lg), j < m,(Lg), and ord(x) = d. By Theorem
4.1.4 and (4.4), this is equivalent to saying the associated constants ¢, ; , -1 of f; € C" (F')
are zero unless there is some d € Z- such that r € Supp(Ly), j < m,(Lg), and ord(x) = d.

Thus the assertion follows as ord(x) = ord(x ™ 1). O

For j € Z~y, let h; € Z[z] be the monic polynomial of degree j — 1 such that

hj(z) _ c =1,
G- &t

Proposition 4.1.5. Let f € C°(X % (F')) satisfy equivalent conditions in Proposition 4.1.2. Then
f e S(Xp(F)) if and only if for every d € Zso, v € Supp(Lq),Xx € 0% of order d, and
x* € Xpop (F), the meromorphic function

my(Lg

)
2 hj<q5><<s>jmr“d>f N Ll erjx (@)@ e, a*))ded*t  (4.5)
j=1

P
has zeros at s = 0 of order at least m,.(Lg).

To prove the proposition, we first give an alternative definition of S(Xp(F')) in terms of

Fgeo

PP instead of Rp|pop.

Lemma 4.1.6. Suppose f € C®(Xp(F)) satisfies Condition 4.0.1. Then Condition 4.0.2 is

equivalent to

(1) For each x € O% and g € G(F), the integral defining (]:;%‘Topop(f));ﬁ(g) is absolutely

convergent for % < Re(s) < sp+1,and
(2) the section
(FE2 0 (D)
Lst +1xs ) TS D=0 x3")

is holomorphic.
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Proof. Recall by definition 7770, = 1i(ps,) © Rp|per. The sufficiency follows from the
work in Chapter 3. For the converse, in view of Proposition 3.2.8 and its proof, it suffices

to check the integral defining (R p|por (f))Y: is holomorphic for Re(s) > si + 1 — € for some

e>0forall xy e O*. Since f € LY(Xp(F)), by Fubini-Tonelli theorem one may reverse the
proof of Theorem 3.5.5 to see the integral defining (R pjper (f))y. is absolutely convergent
for Re(s) = s;, + 1. Since it is also absolutely convergent for Re(s) » 0, it is absolutely
convergent for Re(s) > s + 1. As (Rpjper(f))¥: is meromorphic and vanishes for all but
finitely many x, there exists € > 0 such that it is holomorphic for Re(s) > s; + 1 — € for all

X- O

Proof of Proposition 4.1.5. Since S(X%(F')) < S(Xp(F')), we may assume

mey Ld

f(m(wn)_lx) = dZ: Z Z Z Crjx(@ _m”j_l

(’) reSupp(Lg) Jj=1
ord(X)

for n > 0 and vanishes for n < 0 for all z € X}. We fix (d, x) such that ord(x) = d and
further assume forn > 0 and z € X},

my(Lg)

f(m(w")_lx) _ 2 Z CT]X —m‘nj—l.

reSupp(Lq) J=1

Let 2% = PP4er(F)g € X3,,(F). Viewing ¢, , as a function in S(X3(F)) supported on

X1, we have by Theorem 3.5.5

Fiiprlens) @) = | enpn@)i(Gaa®)de.

P

By Lemma 4.1.1, Re(r + s; + 1) > 0 for all » € Supp(Lg). Therefore, taking a change of

variables t — at, the integral

J f ‘t‘s Skp— 1‘ ’T+2sk+20rd J— 1‘;%7;01) cr7j7x)(m(a_1t)_1x*) dxadxt
X Jlal<1

:‘[' 1|a|s+r+sk+1ord(a)j1f |t|sfsk—1 ’flgaTopop(Cr,j,x)(m(t)*lx*) dtd*a
a|< %
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converges for "= < Re(s) < s; + 1 by Lemma 4.1.6.

Thus by Fubini-Tonelli theorem and Iwasawa decomposition, for 7 € (7)?

(Fpper (155 (9)

-y i J N

reSupp(Lg) J=1
X f - X(a>’a‘r+25k+20rd( )] l}—%ﬁopop(Cr,j,x)(m(a_lt)_lx*)dxadxt
a

my Ld

_ Z Z j |a|s+r+sk+10rd(a)j—1

reSupp(Lyg) J= a\<1
" Lx M)t F e (e ) (1) ™) d 1 a,

which is zero unless ny = 1; if n = X, we have
(d*a(0™)) "M FE por (N))3- (9)

my (Ld

= Z Z h g STk I)C(S—FT—G—Sk—G—l) (‘FPTOPOP(CWX));I:(Q)'
reSupp(Lg) J=1

By Lemmas 4.1.1 and 4.1.6,

(F& e (ML (9)
L(sk + 1,X ) T L(—si,%00)

lies in C[q~*, ¢°] if and only if

mr Ld)

Z Z hj(q 57"k~ De(s+r+ s, + 1))

reSupp(Lg) J=1

<[t cneute O, ) dad
Fx X1

P
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has no poles at s = —r — s, — 1 for all € Supp(Lg), which is equivalent to

my(Lg) '
ST hy(g TSN (s 4 7+ g+ 1))
j=1

X f ) |t|s_s’f_1 L{l cm7x(x)¢(w_°rd (x, 2*))dxd™t

P

has zeros at s = —r — s, — 1 of order at least m, (L) for every r € Supp(Lg). Observe
that conditions among distinct (d, x) are independent. The assertion then follows from

linearity and Lemma 4.1.6. O

4.2 An explicit characterization

Fix d € Z~o with Ly # &, r € Supp(Lg) and x € OX of order d. For n e Z=g, consider

smooth G(F)-modules I, defined by the quotient of

% ( 3o . f(x) =0for|z| »; 1,
{f € O Xp(E)): flz) =30, !w\"log{;(m)cr,j,x(m(wlogq el 1) for |z| «; 1 }

by S(X%(F')). For ease of notation, we will write interchangeably f as the vector (¢, jy)1<j<n-

Lemma 4.2.1. For n € Z~(, we have canonical G(F')-equivariant isomorphisms

SOT:”HX : IT,TL,X/IT,TZ—I,X;)IP(Y_r_sk_l)'
by sending f to the unique function in Ip(X_,_,, ;) that equals c, 5,  on Xp.

Proof. The only statement thatis unclearis the G(F')-equivariance. Given f = (¢, )1<j<n €

I, n and g € G(F'), we have

R(g)f(z) := f(zg)

S g zg]\" o, |zg]\—
Z <10g1/q =1 +logiyg <|| ||>> (|CU||> cr’j’X(m(wl & 9') L29)

C & (lzgl (lzgl\" log, [\ —1
a0 3 (1 o (1) (181) 1
;‘ 1/q H; 1/q ]m\ ]m\ X
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for |z| sufficiently small. In other words, R(g)f = (¢, jx)1<j<n, Where

~ = 1—1 i—7] g g " og, |rg|\—
crante)i= 5 (12 oeiy (M) (M) cnsntmmtom 20 g,
=7

|z
Therefore for z € Xp(F'),

Pranx (R(9) ) (@) = |2g|" ¢ (m(w' ) " wg) = R(g)prn (£)(2).

For n < m,(Lg), define G(F')-submodules

AT’JMX = {f € ITJLX : (Cr,j,x)léjén satisfies ord;—o(4.5) > mT(Ld)} R
AT7X = AT,mT‘(Ld)’X'
Now we are ready to state our main result.

Theorem 4.2.2. We have an exact sequence of smooth G(F')-modules

0— S(Xp(F) — S(Xp(F)) — B D @D Ay—0
d=1,La#@  yeox reSupp(Lq)
ord(x)=d

Moreover, A, admits a natural filtration of G(F)-submodules

0=Ar0x <Arix < <Arm(Lg)x = Arx

together with canonical G(F)-equivariant injections

0 ;é ATva‘(Ld)7X/Arvm’l"(Ld)_17X O AT727X/AT717X

- AT,LX = I<er(7-\)'P|P°P (Y—r—sk—ﬁ) & IP(Y—r—sk—l)'

(4.6)

(4.7)

Remark 4.2.3. Theorem 4.2.2 allows one to construct a candidate of (co)sheaf on Xp(F)

whose global sections with compact support are S(Xp(F')), and hence justifies an expec-

tation in [BK0O, Ng620].

The exact sequence in Theorem 4.2.2 follows directly from Proposition 4.1.5 and the

definition of A, . Therefore, we are left to inspect the filtration 0 = 4,9, < Ap1, <---

Ar,mr(Ld),X = Ar,x~
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Define the map

®
L1y —— Ipor (Xrts,+1)
(erand = | 1T (@@ O, )
Fx Xk —0
S=
Here the integral is viewed as a meromorphic section (see the proof of Proposition 4.1.5),

and @ is well defined by Lemma 4.1.6.

Lemma 4.2.4. We have a commutative diagram

rlx

l‘ﬁr 1,x
RP\ Pop

I (X—r Sp— 1 — POp XT+Sk+1)

where c is a nonzero constant. In particular, ® is G(F)-equivariant and o, 1, restricts to an

isomorphism

A7”71,X = AT7X N Irvlzx;)Ker (RPlPOp (Yfrfskfl)) N

Proof. By Proposition 3.2.8 and Lemma 3.4.1, we have an identity of meromorphic sections

J ) X()|t|s 22 le cran ()t N, ) ded ™ t

P

R A

Xs—r— sp—1
B IR 1
=( Sk,Xs—r—sk—de) P|Pop Crlxtxlh
Xs r—sp—1

where (=5, Xs_r—s,—1,¢) is the Tate y-factor. By Lemma 4.1.1, (=%, X_—s, —1,¢) is a

nonzero constant, and evaluating at s = 0 we have

(I)((Cr,l,x)) = 7(_5kay—r—sk—17 ¢)_1RP|POP © ‘Pr,l,x((cr,l,x))-

Lemma 4.2.5. The map ® is nonzero.
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Proof. We can and do assume the conductor of 1 is O. It suffices to show there exists
(¢r1,x) € I,y such that ®((c.1,,))(Id) # 0. Choose a compact open subgroup K’ < K
sufficiently small such that wp(K' n P(F)) < (0*)? and (vpg, vhe) € ker(x) n O for
all g € K'. Let c,.1,, be the unique function supported on P4 (F)m(0O*)K' such that for

aceO*andge K/,

Then we have

|- et "0 1)

Xp

is up to a nonzero constant

j x(@)y(w =0 g)d

which is the well-known Gauss sum

1 ify =1t > 1,
: -1
—ord(t) _ C(il) if x =1, |t| =q 7,
&(w ' X) #0 if ¢(x) = ord(t) > 0,
0 otherwise,

where c¢(x) is the conductor of . Therefore, ®((c,,1,y))(Id) is up to a nonzero constant

C(r+ 28, +2) + C(=1)g" 242 if x = 1,
g COr=25-2) g (p () | y) if x # 1,

which is nonzero since r + 2s;, + 2 > 1. O

Proof of Theorem 4.2.2. The nontriviality statement

Ar,mr(Ld),x/Ar,mr(Ld)fl,X #0

will be proved in Corollary 5.1.8. By Lemmas 4.2.4 and 4.2.5, it remains to show for

my(Lg) = n > 2 there is a (canonical) G(F')-equivariant injection

Aﬁn,X/AT,TL*LX - AT‘,nfl,X/Anan,X'
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Suppose (CT7]7X)]-<]<n € AT,TL,X! i'e"

Db [T (i O, o) dad "
j=1

P

has at least order n at s = 0 for all 2* € X%, (F'). Therefore,

2 hj<q8><<s>j”f i Ll erx(@)0(@ " N, a*))dad*t  (48)
j=2

P

has at least order n — 1 at s = 0 for all * € X}p.,(F). Note that for j > 2, we have the
identity

dhj

hi(z) = 21— 2) 7L

(2) + (7 — 1)zhj_1(2). 4.9)
Thus, (4.8) can be written as

n—1

Wa )™ e o s i (n—
Zl(lwfhj(qs) >q hi(g™)¢ (s~
1=

<[ [ e Ot ded

Xp

As h; has positive coefficients (which follows from (4.9) and induction),

hj(q*)¢(s)~"!

e C(g™) (4.10)

has a simple zero at s = 0. Therefore, by considering the expansion of the function (4.10)

in ¢(s)~! at s = 0, we can find inductively (unique) constants b,,; € C such that

/
Crm—1,x = (TL - 1)CT,n,X and
n-1 (4.11)
/ .
Crom,x = MCrm+1,x + Z Jbmjcrjriy forl<m<n-—2
Jj=m+1

s ,
satisfies (¢}, )1<m<n—1 € Arn—1,x-
Therefore, we have a linear map

\P : AT‘J%X A'I‘,Tl—l,x

(erin)i<isn = (€ jy)1<j<n—1-
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that induces an injection A, ,, /A n—1,x = Arn—1,x/Arn—-2,- We claim the map is G(F)-

equivariant. Indeed, by (4.6) and (4.11) we have for g € G(F),

‘I’(R(Q)(Cr,j,x)lsjsn) - R(g)‘l’((cr,j,x)lstn)) € Am—?,x-
Thus the theorem follows. O

Let us study in more details what representations should occur in S(Xp(F))/S(Xp(F)).

Define

R(G,P) := {(s, X) € (C/Q’BQ?Z x O : I(xs) is reducible and Re(s) < O}.

Let P, = My;N;, < G denote the maximal parabolic associated to the ¢-th node of the

Dynkin diagram of GG, using the Bourbaki numbering.

Theorem 4.2.6. Suppose char F' = 0 and ¢ < n — 1 if G is of type D, with n > 5. Let

(s,x) € (C/QTSE/;?Z x OX with Re(s) < 0and d := ord(x). Then

(s,x) € R(G,P) < Lg# Jand — (s + s + 1) € Supp(Ly).

Consequently,

G_) @ @ Ar,l,x = @ ker(,R’P|POp (XS)) (412)
d=1,La#J Xe@; reSupp(Lq) (s,x)eR(G,P)
ord(x)=d

Furthermore, if G is of type A, then A, 1 1 is irreducible for all r € L. In general if G is a classical

group, Ay.1 has length at most 3 for all x (of order at most 2) and r € Supp(Leyq(y))-

Our proof relies on general results on degenerate principal series. It would be more satisfying

if one can prove (4.12) directly without resorting to representation theory.

Proof. Type A: We can extend the natural SL, (F')-action on S(Xp(F)) to an action of
GL,(F') by stipulating that the similitude acts trivially. Then induced representations
in this case is of the form x x 1 in [Goul7] and thus the assertion follows from [GoulZ,

Theorem 1.1(i) and Lemma 4.2].
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Type B,: Let ¢ : G = Spin,,, ;| — SOg2,+1 be the degree 2 isogeny. Note that ¢ (/%) is
a parabolic subgroup of SO2,,41 corresponding to the same node. Consider first / < n. In
this case the fundamental weight corresponding to the /th node lies inside the root lattice
of SOg,,41, 1.e., the G(F)-representation Vp(F') descends to a representation of SOg,41(F).
Therefore, we can assume G tobe SO, 1. The assertion then follows from [Jan96, Theorem
4.1 and 7.1].

Suppose ¢ = n. Since ¢ is of degree 2, the assertion follows from [Jan96, Proposition
3.6] if X1m(s) is of odd order. Note that the points of reducibility one obtained in loc. cit.
are a half of the claimed values; the factor 2 comes from the fact that the twice of the
fundamental weight attached to P, lies in the root lattice of SO, 1. Therefore, we remain
to show Ip, (xs) is irreducible if Xy is of even order. As explained in the case of
type A, we can extend the action of G to GSpin,,, ;. Then in this case following the
notation in [KLM?20], we are to show ¢([v%po, v "%pg]) » o is irreducible, where a,b € R
whose difference is an integer, and pg, o are unitary characters of F'* with at least one
of pp, o has even order as xyy(s) has even order. By the discussions in [KLM20, §2 and
§71, ¢([v"po, v ~%po]) x o is irreducible unless p3c = 1 and there is a half-integer 3 such
that v=py x o is reducible. By the representation theory of GL, it happens only when
poo~—! = 1. Together, we have p} = 1, and thus both py and o are of odd order, which
contradicts our assumption. This completes our proof for the case ¢ = n.

Type Cy,: This follows from [Jan96, Theorem 4.3 and 7.2].

Type D,,,¢{ < n — 1: For the same reason as in the case of type B, for / < n — 1 we can
take G to be SOs,, and the assertion in this case follows from [BJ03, Theorem 5.3 and 5.5,
Remark 5.6].

Exceptional types: Each case is treated separately in [Cho06, CJ10, HS20, HS21, HS22].

0

Remark 4.2.7. The assertion for the only excluded cases, i.e., G = Spin,,, and = n — 1 (or

n), is likely to be true. For ord(xiy(s)) 0dd, this follows again from [B]J03] as in the case of
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type B. Therefore, it remains to show Ip,(xs) is irreducible if x1y,(s) is of even order. In
this case, the assertion could possibly be proved directly using e.g., the Geometric Lemma

[BZ77, Lemma 2.12].
4.3 Examples revisited
We illustrate Theorem 4.2.2 (and Theorem 4.2.6) with examples considered in §3.6.

4.3.1 Line bundles over Grassmannians

Suppose G = SL,, and P is the stabilizer of an ¢-plane for some 1 < ¢ < n. By Appendix
B we have

L(1)

{0,-1,...,—min(/— 1,n— £ —1)},

n—2
S = 5=,

Therefore, L; is indeed a set. By Theorem 4.2.6, which remains valid for general F' by

[Goul7], we have

SXP(F)/SXBF) = @ ker(Rpjpor(xs))
(s,x)eR(G,P)

4.3.2 Odd dimensional Isotropic cones

Suppose charF # 2. Let G,, = SOy, for n > 2 and P, be the stabilizer of the line
spanned by an isotropic vector, so that Xp, is a cone. By Appendix B we have for n > 3

L(1) = {0,2 - n},

Sp=mn—2.

In this case the exact sequence is also obtained in [GK23|:

S(Xp, (F))/S(X5, (F) = C@®S(Xp, _, (F)). (4.13)

They also have similar results for nonsplit cases. However, their approach relies on the
fact that S(Xp,(F')) is actually a representation of Gp4+1 and their exact sequence is a
consequence of the theory of Jacquet functors.

In |Get22], the isomorphism (4.13) is used to give a geometrization of boundary terms

in Poisson summation formulae on Xp,. We expect this to be true for general; that is,
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global boundary terms should come from “compatible” restricted tensor products of local
boundary terms of Schwartz spaces. This is part of the motivation to prove Theorem 4.2.2

and Theorem 4.2.6.

4.3.3 The Lagrangian Grassmannian
Suppose G = Sp,,, and P is the Siegel parabolic. By Appendix B we have
L(1) = {0},

L2) = {~i+j5lz:1<i<|3,0<j <1},

n—1
Sk = "5

Therefore, L1 and Lo are indeed sets. By Theorem 4.2.2, we have

2
S(Xp(F)/S(Xp(F)) =D D @Ker(RPwop(ZTﬂTﬂ))-
d=1

Xeé; TELd
ord(x)=d

When F is of characteristic zero, by the work of Kudla and Rallis [KR92|, we have

2
@ D D EKer(Rppor(X_ _n+1)) = DSV"(F)ow)r)
d=1 1%

xeOx  T€La 2
ord(x)=d

where V' ranges over all equivalence classes of nondegenerate even dimensional quadratic
spaces over I of dimension not larger than n, and S(V™(F))ov)(r) is the space of O(V)(F)-

coinvariants of the Weil representation of G = Sp,,, realized on S(V"(F)).
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Chapter 5. Poles of intertwining operators

In this chapter we assume F is nonarchimedean and prove the inclusion S(Xp(F)) <
S(Xp(F)) for G not of type E or F. We proceed by studying more generally poles of
intertwining operators to prove Theorem 5.1.3, which implies the desired inclusion. We
start with a general setup in §5.1, regardless of the type of GG, to prove Theorem 5.1.3
and discuss its consequences. Our proof follows the approach in [Tke92, §1] and requires
case-by-case discussion. We will prove the theorem for classical groups and G = G4 in §5.2-

§5.6.

5.1 Poles of Intertwining operators

We first recall some general results on intertwining operators discussed in [Ike92, §1.2]
Our main references are [Sha81, Shal0|.
Let W := Wg be the Weyl group of (G, B,T). For each w € W, we choose a repre-

sentative in K, which we continue to denote by w. For a quasi-character y of T'(F'), let

Ip(x) = Indggg (X) be the normalized induced representation in the category of smooth

representations. Here we have identified x as a quasi-character of B(F'). For w € W, let

ow

X
M, is defined as

(t) := x(w™Hw) and Ny, := N n wN°Pw~!. The (unnormalized) intertwining operator

My (X) : I5(X) — IB(X")

[ (g HJ f(w_lug)du> .
N (F)

Here the measure du on N, is defined as in §2.2. The integral defining M,,(X) f(g) converges
absolutely for all g € G(F) for x in some open cone, and extends meromorphically to all .

For a simple root a € A, let ¢, : SLy — G be the homomorphism determined by our
choice of Chevalley basis. Let wy be the nonidentity element in Wgr,. We can and do

assume L, (Wo) = Sq is the simple reflection defined by a. Then for f € Ig(x), we have
to(Mso (X).f) = My (10 X) (0.f)- (5.1)
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For w € W, let ¢(w) be the length of w. If wy,wy € W satisfies £(wjws) = £(wy) + £(w2),
then My wy, (X) = My, (X*2) © My, (X). Note that by definition M,, commutes with right
translations, and thus to study poles of M,,, it suffices to have a good understanding for

the case G = SLo, which we now recall.

Theorem 5.1.1. Let G = SLg and wq be the long Weyl element. Then the intertwining operator
My (xs) : I(xs) — I(x3 1) has following properties.

(i) L(0, xs) " My, (xs) is holomorphic.

(ii) The kernel of M., (1_1) is the trivial representation.

(iii) Ress—oMuy,(1s) is a nonzero scalar multiplication.

(iv) The image of M,,,(11) is the trivial representation.

(@) (s, X )y (=5, X1 10) Mg (X5 ) M (xs) = 1d.

(vi) Suppose the conductor of 1) is O. Let ¢, be the unique right SLo(O)-invariant section in

I(15) such that ¢s|si,,(0) = 1. Then

L(0, 1)

Mw0(15)¢3 = L(l 15)

P—s.

Proof. See [Ike92,81.2]. Note that thereis a typoin (1.2.3) in loc. cit.. We refer one to [GH20,

Lemma 3.11] for a corrected statement. O

Remark 5.1.2. Since (s, x, ) equals L(1, x5 )/L(0, xs) up to anowhere vanishing function,
(v) implies

L(1, x5 ML, xs)
L(0, xs)L(0, x5 ")

My, (Xs_l)Mwo (xs)

is an SLy(F')-equivariant isomorphism at all s.

When considering the quotient W /Wy, we always choose representatives of minimal
length in each left coset of Wys. Let wo € W /Wy be (the representative of) the long Weyl

element. Let @V be the set of coroots and (®¥)™ (resp. (®¥)7) be the set of positive (resp.
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negative) coroots. For we W /Wy, x € 6§, and s € C/zfgg/;?Z, define

Oy = {BY € (@) 1 wBY € (®) 7} = (@) = (®F))7,

for h,\ € Z,

My (hy A) 1= ’ {Bv SEUME Z<waaﬁv> = h‘a<wPaﬁv> = A}

aeA
L (_ ZaeA<w0¢¢ Bv>7 Xéi};;if)
predy L <1 — 2aealWas BY), Xiﬁiﬁ.f)
L

max(0,mqy (h,A)—mw (h+1,)))
(_h’ X?—i—sk-l-l)

Amth=1 L (1 =D, X244, 11

)
aw(Xs) = H H L <_h7X;\+sk+1

A=1h=1

) max(0,mqy (h,A\)—mw (h—1,)))

) max (0,4 (h,\)—mw (h+1,)))

Note that Ip(xs) < Ip(Xs), where

~ 1/2 «—1/2 _
X = 04205 X owp - Jwp|* = (le 1) Xowp - wpl ot (52)
acA

and the restriction of M, (Xs) to Ip(xs), denoted by M, (xs), is well defined outside a finite
set of s. Also observe that, up to a conjugation by an element of K, M,, is essentially
equal to Rp|pop. In the case P is self-associate, one may choose the element to be wp.

The goal of this chapter is to prove

Theorem 5.1.3. Suppose G is not of type E or F. The intertwining operator

Mqlu(Xs) = aw(Xs)_le(Xs)~ (5.3)

is holomorphic. Moreover, for all h, \ € Z~,

max (0, mqy(h, A) — my(h — 1, ) < max(0, ms,w(h, A) — ms, w(h — 1, 1)) (5.4)

for every w € W /Wy and o € A such that ((sqw) = £(w) + 1. Consequently,

© - © max(0,muwg (h,A) =My (h—1,1))
d(Xs) = H H L (1 - h7X?+sk+1)
A=1h=1

is the least common denominator of c,,(xs) for all w e W /Wyy.
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Remark 5.1.4. Our proof should also work for G of type E, F. However, as the proof
essentially boils down to certain combinatorics statements on the set of coroots in (®V)* —

(®y,)*, we do not carry it out due to the complexity of W /Wy .

The rest of the paper is a case-by-case proof of Theorem 5.1.3. The case G = G» is
proved in §5.2, and classical groups are discussed in §5.3-§5.6. Theorem 5.1.3 together with

the following lemma has several consequences.

Lemma 5.1.5. We have

k
wy (Xs) = aP\POP(XS) = HL(_Sin;\i)
=1

k
d(xs) = GP\P Xs) HL (1+ 817Xs
i=1

Proof. Both identities can be easily verified which we leave to reader. For a list of positive
(co)roots see e.g., [Bou02] for exceptional groups, and see §5.3-§5.6 for classical groups;
for a list of multiset {(s;, \;)}, see Appendix A. We alert the reader that the result there is

stated in the dual side. O

In the rest of the section, we assume G is not of type F or F', or more generally (5.3)

and (5.4) hold.
Corollary 5.1.6. We have S(X3(F)) < S(Xp(F)).

Proof. This follows from Theorem 5.1.3, Lemma 5.1.5, and the definition of S(Xp(F')). O
We can rephrase our definition of good sections in the sense of [Yam14, Definition 3.1].

Corollary 5.1.7. Let x € 0. A meromorphic section f(*) € Ip(xs) is good if and only if () has
no poles for Re(s) > —% and d(x3 1) aw, (Xs) " Mu, (Xs) f*) has no poles for Re(s) < 0.

Proof. Sufficiency follows from Remark 4.1.3. For the converse, by the assumption of f(*)

and Theorem 5.1.3, the meromorphic section

My (xs) f)
Ay (Xs)
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has no poles for Re(s) > —¢ or Re(s) < 0. Thus it is holomorphic. On the other hand, by

(5.1) and (v) we can write

d(xs)d(x: )

Mo (X5 1) Mgy () f)
awo(Xs_l)awo(XS) O™ Ol

) = n(s)

for some nowhere vanishing function h(s) € C[¢~*, ¢°]. Then by assumption of f(*) and

Theorem 5.1.3

My (x51) d0x:")
Ay (Xs_l) Qo (XS)

My, (XS)f(S)

has no poles for Re(s) < 0. Thus d(x,)~*f**) is holomorphic, and f(*) is a good section. [

By the equivalent definitions of good sections, we obtain from [Yam14, Proposition 3.1]

the following.

Corollary 5.1.8. (2) S(Xp(F)) = Spx(Xp(F)).
(b) Let d € Zso with Lg # &. The module A, ., (1)) /Arm, (Ly)—1,x 1S nonzero for all
ord(x) = dand r € Supp(Lyg).
(c) C< Ap11 = Agqand thus S := S(Vp(F))

XS (F) < S(XP(F))

Proof. By the Mellin inversion, sections that are holomorphic for all x € 0% correspond
bijectively to functions in S(X 3 (F")). Therefore by Theorem 3.4.4 the first statement follows
from the proof of [Yam14, Proposition 3.1 (4)]. The second statement is [Yam14, Proposition
3.1 (3)]. For the last statement, since the Schwartz space S(X p(F)) is independent of ), we
may assume the conductor of ¢ is O. Let f be the unique right G(O)-invariant function
in C*(Xp(F)) such that (f)1,|g) = d(1s). Then by the Gindikin-Karpelevi¢ formula
[Lai80, Proposition 4.6] , we have f € S(Xp(F)). Since d(1p) # 0, the image of f in Ag
under the exact sequence in Theorem 4.2.2 is nonzero. As f is right G(O)-invariant, the

image is a nonzero constant. O

The following corollary generalizes [Ike92, Lemma 1.2].
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Corollary 5.1.9. For f € S(Xp(F)), the section

(d(XS)Cw(XS))il Mw(XS)fxs (5.5)

is holomorphic for any w € W /Wy and x € 0.

Proof. Replace x5 with x;!. By Theorem 3.4.4, Theorem 5.1.3, and Corollary 5.1.8(a), we

may replace f, -1 with

d(x; ")
Ao (Xs)

Mo (xs) fx, where f € C?(X;Opwal(F))-
Write wy = ww’ such that £(wg) = ¢(w) + £(w’). Then we can rewrite (5.5) as

1
Cuw (Xgl)awo (xs)

Mw(Xs_l)Mwo (XS)sz

= 1 1 W l
d(X5>Cw(XS_1)CwO<XS)Mw(XS VMo (X3 ) My (Xs) frs

By (5.1) and (v), this section has the same poles (counting multiplicities) as

1

d(xs)cur (Xs) Mus (xa)

which is holomorphic by Theorem 5.1.3. O

Remark 5.1.10. In [GL21] their notion of a Schwartz function f is defined so that

(d(Xs)Cw (Xs))il My, (XS)sz

is holomorphic for all w € W /W)y, and x. By Corollary 5.1.9 it is enough to check
for w = Id,wp, and thus the Schwartz spaces in [GL21] are equal to S(Xp(F)) in the

nonarchimedean case.

Corollary 5.1.11. The Schwartz space S(Xp(F)) is local, i.e., it is an C*(Xp(F))-module

under multiplication of functions.
Proof. Let S := Im(S(Vp(F')) — C*(Xp(F))), where the implicit map is the restriction.
Note that S(Xp(F')) < S and S/S(Xp(F)) = C. Since each function in S(Xp(F)) is
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compactly supported in Xp(F), we have C°(Xp(F)) - S(Xp(F)) = S - S(Xp(F)). As
S(Xp(F))-S(Xp(F)) =S(Xp(F)) < S(Xp(F)), it suffices to show S(Xp(F))/S(Xp(F))

isa §/S(Xp(F'))-module, i.e., a C-vector space, which is clear. O

Remark 5.1.12. The notion of locality of a function space was introduced in [BK00, §5].
When Xp is a vector space, locality is equivalent to S(Xp(F')) being an algebra which

plays an important role in harmonic analysis.
5.2 Proof outline of Theorem 5.1.3

In this section, we discuss in detail the proof of Theorem 5.1.3 for the case G = G5 and
explain how to adapt it for classical groups. We record the following lemma and notations

for later use (see e.g., [Bou02]).

Lemma 5.2.1. Let w € W /Wy and w = wy, - - - waw; be a reduced expression in W. For each i,

let cv(;) € A be the simple root such that w; is the corresponding reflection. Then

dY = {di/z) = 1w - ~wi_2wi_1a(vi) 1< < m}

O

We say the coroot d(vi) corresponds to the simple reflection w; (under the reduced expres-

sion).

Recall M/ (xs) defined in (5.3).
wiX

Lemma 5.2.2. Let w € W /Wyy. Let « be a simple root such that {(sqw) = £(w) + 1, and (h, \)
be the unique pair such that ms_ ., (h, \) — mqy(h, \) = 1. Suppose M|, () is holomorphic.
Assume

M (hy \) = mu(h + 1, 0). (5.6)

Then M} _,,(xs) is holomorphic if either x* # 1 or x* = 1 and one of the following holds.
(1) my(h,X) = my(h —1,7).
(1) MLIU(XS)f(S)|,\(s+sk+1)=h—1 is left 1o(SLy)-invariant for all holomorphic sections f*) of
Ip(Xs)-
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Proof. By (5.1), (5.2), and (i),
-1

L (= Y wwsa)oxihar | Mo () (Mo () f )
BeEA

is holomorphic. By Lemma 5.2.1

o - w ey A
L|- Z<wwﬁ7av>7 Xiiﬁ:—s—oi ’ =L|- Z<wﬁ7w 1av>7X§(j-I;ku-;-l o« = L(_ha Xs+sk+1)'
BeA BeA

Thus by definition of as, ., (xs) we may assume x* = 1 and (I) fails, so that by assumption

(5.6)
(s +sp+1)—(h—1))
asaw(Xs) - C()\(S + Sk; + 1) _ h) a’w(XS)'
By (II) and (ii),
M, <X;U)M1,/J(Xs)f(s)‘/\(s+5k+1)=h—1 =0,
and thus M. _,,(x,)f®) is holomorphic. O

Note that for every w € W /Wy, there is a reduced expression wy, - - - wow; of wp such
that w = w, - wowy for some r < m, and a reduced expression can be transformed
to another expression by performing a sequence of defining relations of the Weyl group
W. Explicitly, for two distinct simple (co)roots v and o, let sq, sov be the corresponding
simple reflections and let n,o be the number of edges between the corresponding nodes in
the Dynkin diagram.

(a) If nger = 0, then replace sqs4 With so/84;
(b) if ngor = 1, then replace s484/8q With S4/8aSa/;
(c) if ngor = 2, then replace (s454/)% With (s4/54)%;
(d) if naq = 3, then replace (s45q4/)% With (s4/54)3.
The strategy to prove Theorem 5.1.3 is as follows. We will choose a reduced expression

Wy, - -~ w1 of wo and list corresponding coroots 07(\’ ) (see Lemma 5.2.1). For each case, we

7
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will first verify the combinatorics inequalities (5.4) and (5.6) for any w € W /W) by studying
the effects of operations above on the order of &(VZ.). Then we apply Lemma 5.2.2 repeatedly
to show, inductively on the length of w, that the invariance property (II) holds whenever
(I) fails.

In the rest of the section, we will use the Bourbaki numbering of the Dynkin diagram
and (co)roots. Let P := Py be the maximal parabolic subgroup associated to the ¢th node
of the Dynkin diagram of (G, B,T'). Let a; denote the simple root attached to the ith node
and let s; be the corresponding simple reflection. However, note that we also write s for

the highest data. This should lead to little or no confusion as the subscript k is only used

as the size of the multiset {(s;, A;)} throughout.

Proof of Theorem 5.1.3 for G = G. Observe that M9 ~ SL, for both cases and |W /W)| =
6 = ¢(wp) + 1, so that wy € W /W has a unique reduced expression. Inequalities (5.4) and
(5.6) will be clear from the order of coroots below.

For ¢ = 1, the reduced expression of wy is

5152515251;

corresponding coroots d(v ) are

i
o), +ay, 20y +3ay, 0 + 205,07 +3ay .
Since (I) holds for w = Id, s2s1, we may assume x = 1, and we are left to verify (II) holds
for w = s1, 818251, $2515281.
A holomorphic section f () of I P, (Xs) is left ¢, (SLo)-invariant, and so is

Mél (15)f(8)’s+sk+1:1
by (iii), which justifies the case w = s;. For w = s1s2s1, by (iv)

Mél (Xs>f(5) ‘s+sk+1=2
is left ¢, (SL2)-invariant, and so is

M;251 (Xs)f(S) ‘s—&-sk +1=2
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by (iii). As (I) holds for s»s1, by (ii)

M;15251(1S)f(5)|8+8k+1:2 = 0.

This proves the case w = s1s251. Finally for w = s2515251, by (iv)

Mé18281 (15)f(5) |S+Sk+1:3

is left ¢, (SL2)-invariant, and thus so is

!/
Msgslszsl (15)f(8) |s+sk+1:3

by (iii).
For ¢ = 2, the reduced expression of wy is

5281525182;

corresponding coroots & (i) are

ay o) +3ay, ) + 209,20y 4+ 3ay, ) + .

Since (I) holds for w = Id, s2, 5152, we may assume x> = 1, and we are left to verify (I)
holds for w = s95159, $1525152.
A holomorphic section f(*) of Ip,(xs) is left 1o, (SLg)-invariant. Since

L(—4a X§+sk+1)_1M81 (X§2)|3(s+sk+l):4

is a nonzero scalar multiplication by (iii) and s2se = Id, we have

M5, (xs).f®) ‘3(s+sk+1):4

is left ¢, (SL2)-invariant, which justifies the case w = s25152. For w = 51525159, it suffices
to consider x = 1. By (iii)

Még (XS)f(S) |s+sk+1:1

is left ¢, (SLg)-invariant. As (I) holds for s; and s 2, by (ii)

M;ISZ (Xs)f(5)|s+sk+1:1 = O’

and hence

M‘;1825152(Xs)f(8)|s+8k+1:1 = 0.
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Arguments are more complicated for classical groups (also for groups of type E, F') as
in general there are more than one reduced expression of wy. We close this subsection by
studying the effects of (a), (b) and (c) on the order of coroots -

Let wg = wy, - - - wy be a reduced expression.
(a') If Naiiyyam = 0 and wipw; is replaced with w;w;,1, then

the position of the coroots a;) and é;, 1) are swapped.

(b') If Mo oyam = L Q@) = Qiv), and wipow;1w; s replaced with w;1w;w;1, then

the position of the coroots a ;) and d ;. ,) are swapped.

\2 _ \4 \ <
Moreover, Q1) = Yiga) + Q)5 SO

<CUP, O5(\;;-1-1)> =2

and thus such operations will not occur if G is of type A.
(') I nagyiyam = 25 @@ = a2y and agy1y = a(3), then

(I)1Y}i+3~-~w1 - @1\1/71'71“'“)1 = {B\/’ﬁ\/ + ’YVHBV + 27v77v}

for some coroots B8Y,v¥ € ®+* — @} .. In particular, we have (wp, 8Y + 2v") > 3,
which is impossible for classical groups.

5.3 Type A,

A reduced expression of wy is

(Sn—€+1 e Snflsn) o (57"—(—',-1 co 57“7131”) T (51 o 3[—156) (57)

Here the parentheses are only present in this expression so that the reader can follow the

pattern. The corresponding order of coroots d(vl.) is

0 0
oy, R TS U DR
ST_jay, o Sh_ay, - Y'_iay,
Seafs o Slaps oo Ty



The ith row of coroots (read from the top left) corresponds to the ith parenthesis of (5.7)

\
wo

(read from the right). Each positive coroot in ® appears exactly once and there are no
other coroots in @Y — @, " in the above list, so (5.7) is indeed a reduced expression of wp.
The same justification of reduced expressions will be used in the rest of the section without
mention.

We denote

B\/ PR ﬁ/\/

if the order of two coroots 8¥ and B’V can be reversed under a series of operations (a’) and

(b’). Denote coroots

by (r,t). Since operations (b’) cannot be applied if G is of type A, via operations (a') we
have

forr <r',(r,t) «— (+',¢')ifand only if r < 7' and t < ¢ (R1)

Note that coroots share the same h-value if they lie on the same 45° line in the table above.

Consequently for w e W /Wy, my(h,1) = ¢ only if my,(h —1,1) > ¢ unless
My (hy 1) = My, (hy 1) = myy(h —1,1) + 1 = my(h —1,1) + 1.

This verifies inequalities (5.4) and (5.6).

We prove the holomorphy of M/ (xs) by induction on both n and length of w. It suffices
to prove the holomorphy when y = 1. For £ = 1, the reduced expression (5.7) is unique. As
(I) only holds for Id, we need to check

M. (1) f® ’s+sk+1=r is left ¢, , (SLg)-invariant.

Spee+S1

for 1 < r < n. Since the coroot (r, 1) has h-value r and f(*) is left ¢4, ,, (SLa)-invariant, the
assertion follows from (iii).
For the general case, by symmetry we may assume n > 3 and [n/2] = ¢ > 2. By

induction hypothesis, we may assume (r,1) € @, for some r. Choose r to be maximal. By
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(R1) we can write w = s,_prqwy such that s,y corresponds to the coroot (r,1). Assume
first r > £. We need to show

M}, (1) )] is left ta, ,,, (SLg)-invariant. (5.8)

s+sp+1l=r—1

Write wy = s,_pw’ such that s,_ corresponds to the coroot (r —1,1). We have

T r—1
/—1 R | —1 _ . L
W TQr—g41 =W Oyl — W  Qp—y = aj — Q= Q.

Since () is left 14, (SLo)-invariant, M’ ,(1,) f(*) is left ¢q,_,,, (SLo)-invariant. As the coroot
(r —1,1) has h-value r — 1, (5.8) follows by (iii).

Suppose r = £. By induction hypothesis, we may assume (n,t) € ®,, for some t. Choose
t to be minimal. A similar argument as above justifies the holomorphy of M/ (1) if t < ¢,
and thus we can assume t = £. By (R1) we can also write w = s,w; such that s, corresponds
to the coroot (n, ), which has h-value n — ¢+ 1. Therefore by induction hypothesis and (i),
if n — £+ € — 1 then M/ (1,)f®) = M. _,, (15)f*) is holomorphic at s + s + 1 = £ — 1 and
hence is holomorphic at all s. For the same reason, to justify M/ (15)f®) is holomorphic
at s+ s, +1=n—{¢=/¢—1, it suffices to consider the case where no coroot in @ has
h-value greater than n — ¢ + 1 = /.

Note that when n = 2¢—1, (I) fails except when m,,(¢,1) = ¢. Assume m,,(¢,1) < £ and
thus there exists an integer 0 < i < {—2 such that (n—i,{—i) € &) but (n—i—1,{—i—1) ¢
@Y. By (R1) we can rewrite w = $,_9;Sp—2;—1w’ such that s,_o;_1 and s,_9; correspond
to coroots (n —i— 1,0 — i) and (n — i, ¢ — i) respectively. We need to show

/
Sp—2i—1w’

(1) 5 ’s-‘rsk-i-l:n—f is left tq,, ,, (SL2)-invariant.

We have
n—i n—i—1
/—1 _ N—1 1—1 _ _
w Op-2; = (Sn—Qi—lw ) Ap—2; — W Op—2;—1 = Q5 — Qj = On—j.
e =i

Since f() is left to, ,(SLy)-invariant and the coroot (n —i —1,£— 1) has h-value n — ¢, the

assertion follows by (iii).
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5.4 Type B, (n = 2)

We break down the discussion into two cases: n = £ and n > ¢. Consider first 1 < ¢ < n.

A reduced expression of wy is

((se-+sn-1)(5n)) - ((5e—rs1 - Snr)(Snri1--5n)) - (51 Sn_)(Sn_ts1---5n))-

(5.9)
(Sn—e++Sn—28n—1)++ (Sp—gt1- - Sr—187) -+ (81~ S—18¢);
corresponding coroots d(vi) are
\2 ¢ \ 0 \2
Oé@ 9 Zj—t a] 9 Z]—l Oé] 9
T \Y T Y r Y
Zj:@ aj ) Zj:t Oé] ) Z]:l a] 9 (*)
n—1 V] n—1 \V2 n—1 V2
Zj=g g, Zj:t aj, Zj:l @
ay +2¥0 ) ey, ey 2T oy +X520ay, - ey 42X af +X ey,
o+ Z;:fl afs o ay + QZ;L;:n aj + Z;y?el af oy + 2Z;L;el+1 aj +af,
ay 4257 ey #5720y, ey 42500 a)f 4570 oy,
ay + XIS af, el #2XiT ey + X7 ey, g 2500 af + 55,

v n—1 v
an +2355 af,

v n—1 v v n—1 v m—1 v v n—1 v £ v
an TEjor ey e k2N ef AT e e + 235 o + Xy af

Here (x) corresponds to the second row of (5.9) (see §5.3). For rows of coroots below (x),

the ith odd (resp. even) row corresponds to the former (resp. latter) parenthesis in the ith
big parenthesis (reading from the right).

We retain the terminology in §5.3. Denote coroots

n—1 r—1

ay +2> ay + > af forl<t<r</ and
j=r J=t
n—1 m—1

a;+22ajv+ Zajv forl<r<f{<m<n
j=m j=r

by (2,r,t) and (1,m,r) respectively. Note that neither the sum nor the difference of two

coroots of the same type is a coroot in ®y . Therefore, (b’) has no effects on the order of
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two coroots of the same type, so by (a’) additional to (R1) we have
forr =1’ (2,r,t) < (2,7, ¢)ifand only if r > r" and ¢’ > ¢; (R2)

forr =1, (1,m,r) < (1,m’,r’) if and only if 7 > 7' and m’ > m. (R3)

Arguing similarly as in §5.3, we have (R2) implies (5.4) and (5.6) for A = 2. We also remark
that since (¢’) is not applicable, the coroot (2,7,7) always corresponds to the (¢ —r + 1)th
Sy in a reduced expression of wy.

Observe that (2,r,t) can be written as the sum

(L,m/,r") + (", ")

if and only if either ' = r and t” =t or ' =t and t” = r. We claim the operation (b’)
can only be applied to triples (2,r,t), (1,m,r),(m — 1,t) for t < r due to the occurrence of
Sp. Indeed, if r = ¢t = ¢/, then (2,r,7) corresponds to s,; if r > ¢ = r/, then by (R2) the
coroot (2,t,t), which corresponds to s,, must come after (2,r,¢), while the original position
of (1,m,t) is behind (2,t,1).

Consequently, together with operations (a’),

(2,r,t) «— (', ') if and only if ¢’ < r; (B1)
(1,m,r) «— (v, ') if and only if ¢’ < r; (B2)
(2,7,t) <« (1,m/,7")ifand only if r < 7' ort <r =1'. (B3)

Inequalities (5.4) and (5.6) for A = 1 follow from (R1), (R3), and (B2) by an argument
similar to that in §5.3. To see this, flip the above list of coroots of type (1,m,r) along the
diagonal and attach it below (*), so one obtains a table of coroots (with A-value equal to
1) of size 2(n — ¥) by £. Then rules (R1), (R3), and (B2) combined are essentially the same
as the rule (R1) for G of type A, _¢_1 with node /.

We prove the holomorphy of M (xs) by induction on both n and length of w. Only
holomorphy of M! (xs) for x* = 1 requires a proof. Suppose £ = 1 and n > 2. Then the
reduced expression (5.9) of wy is unique. Note that (I) only holds for Id and s,,—18,—2 - s1.
As type A is justified, we may assume w = Sy—1 - Sp—1SnSn—1 -+ - S1 for some 2 < m < n.
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If m < n, then we need to show

M/

S S 1S 5251 (1)) ‘8+8k+1=2n_m_1 is left ¢, , (SLg)-invariant.

Since M! f©) is left 1, (SLg)-invariant and the coroot (1,m + 1,1) has h-

Sm+1SnSn—1""S81
value 2n —m — 1, this follows from (iii). For m = n, note that f() is left ¢o,, (SLg)-invariant.
Since the coroot (n —1,1) has h-value n —1, by (iii) Mg ... (1S)f(8)‘s+sk+1:n—l is both

left sp_1ta, (SLa)-invariant and left ¢y, (SL2)-invariant. As

SnOin—1 = (an + an—l) + ap = Sp—10p + Qp,

we have sptq, ,(SL2) is contained in the group generated by Sp—1tq, (SL2) and tq,, (SL2),
and thus

M, o @ oors: (ls)f(s) ’S+sk+1:n_1 is left ¢y, _, (SLo)-invariant.

Now consider general n > ¢ = 2. We will use rules (R1)-(R3) and (B1)-(B3) without
further mention below. As type A is justified, by induction hypothesis it suffices to justify
the assertion for w such that

&Y N {(r,1),(1,m,1),(2,7, 1) £<r<n—1L<m<n1<r </}

is nonempty and @, does not only consist of coroots of type (r,t). Write w = sqw; and

let 8 be the coroot in @5 — &y .

Lemma 5.4.1. There exists a reduced expression w = sqwy such that 3V is either (r, 1), (1, m, 1),

or (2,7',1).

Proof. Observe that the coroot (1,m,1) is not a part of any triple of coroots on which an
operation (b’) can be applied. Therefore, if (1,m, 1) € @y, for some m, then by performing
a series of (a’), one can take 5 to be (1,m’,1) € ®,;, with m’ minimal.

Thus we assume no coroots (1,m, 1) are contained in ®,/. Consider first the case that
(r,1) € & for some r. Choose r to be maximal. Let ¢; (resp. ¢2) be the number of coroots
of the form (2,77, 1) (resp. (1,7 + 1,7’)) contained in ®,. Note that coroots (2,77, 1), (1,r +

1,7), (r,1) form a triple on which the operation (b’) can be applied. Therefore, if ¢; < c2
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(resp. ¢1 > c2), then ¥ canbe taken as (r, 1) (resp. (2,/—cz+1,1). The case (2,7/,1) € ®,/

for some 7’ can be argued similarly.

O
Suppose 3¥ = (2,7,1). Note that (I) fails for w; unless
¢=risoddand (2,{ —¢,14+¢)e @, forall0 <c< (¢ —1)/2. (5.10)
We need to show
M, (xs)f®) ‘2(S+Sk+1)=2(n_1)+1_r is left ¢, (SLg)-invariant (5.11)

except when (5.10) occurs. By (i) and (R2) we can assume coroots in @ with A-value 2
have h-value at most 2(n — 1) +2 — r.

Case r = 1: We have a = «,, and we can write w; = w”s,_1s,w’ where s,, and s,,_1
correspond to coroots (2,2,2) and (2,2, 1) respectively, and @, — &y , consists of
coroots of the form (1,m,2). Since coroots (2,2,2) and (2,2,1) have (h, A)-value (2(n —
2) +1,2) and (2(n — 1), 2) respectively, we have

;n,lsnw'(Xs)f(S) |2(s+sk+1):2(”_1) is left ¢, (SLo)-invariant

: Ly v : .
by (iii) and (iv). As coroots in @y, —®y _ , correspond to reflections s, where i < n—1,

to prove (5.11) by (i) it suffices to show

asnfl spw’ (XS)

Mon Xsnflsnw’
an ) OET

is holomorphic at s + s; + 1 = n — 1. Observe that the coroot (1,7 — 1,2) has h-value n,
and the coroot (1,n,2) must come before (1,n — 1,2). Thus the assertion follows from the
proof of type A with node 1.

Case r is even, ¢ > r: Since we are to check holomorphy of M/ (xs) at 2(s + s + 1) =
2(n—1)+ 1 —r, which is an odd integer, by (i) and (v) we may add to or remove from @,
coroots with A-value 1 as long as rules (R1)-(R3) and (B1)-(B3) are obeyed. In particular,

we can take w such that o = «a,_,41 and wy; = s,_,w’ where s,_, corresponds to the
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coroot (2,7 4+ 1,1). Then we have

—1 —1 /—1
w CQp—pyl] = W Op—ypyl — W Apyp

n r—1 n T
:(2Zaj+2aj)—(2 Z aj+2aj):ar.
j=r j=1 j=r+1 j=1
As the coroot (2,7 + 1,1) has h-value 2(n — 1) + 1 — r and f®) is left 1, (SLg)-invariant,
we deduce (5.11) from (iii).
Case r = ( is even: Let 0 < ¢ < ¢/2 — 1 be the largest integer such that (2,¢ —

c,14+¢) e ®.

w- As in the previous case, we can assume w can be rewritten as w =

Sn—t+1+2¢5n—t+2+2cw', where s,_gyo94 9. and S, _p1 149, correspond to coroots (2,¢—c,c+2)

and (2,¢ — c,c + 1) respectively. We claim

!/

St 226" (xs) f) ’2(8+5k+1)=2(n_1)+1_€ (SLg)-invariant

isleft va, 1 s,

We have

/—1 n—1 -1
w Qp—f0+14+2¢ = (3n7€+2+2cw ) Qp—f+14+2¢ — (1 + 6075_1)11) Qp—0+2+42¢

n l—c—1 n l—c—1
:(2Zaj+Zaj)_(QZaj+Zaj):ac+l
j=t—c j=c+1 j=Ll—c j=c+2

Since (2,¢ — ¢,c + 2) has h-value 2(n — 1) + 1 — £ and () is left ¢, (SLa)-invariant, our
claim follows from (iii).

Caserisodd, £ > r > 1: Say a = ap—r11—; where n—~ > i > 0 is the number of coroots
(m, 1) not in ®;;. By our assumption on coroots, we have (2,¢,t) ¢ @ for 2t <r + 1 and
thus (1,m,t) ¢ @, for t < (r 4+ 1)/2. Write wy = w”s,,—r_;w’ where s,,_,_; corresponds to

the coroot (2,7 +1,1), and ¢y — @y, consists of coroots of the form (1,m,t) where

r—iW

t = (r +1)/2. Choose a reduced expression such that reflections corresponding to coroots
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in®; —& o fixes apn_r11-;. Then we have

STL r—
/-1 n—1 —1
w T Op—r+l—i = (Sn—r—iw ) Op—r4l1—f — W “Op—p—j

—1 /—1
=Wy, Op—ypyl—g — W Qp_y—

n r—1 n r
=@ a ) a) (2 ) aj+ Z
j=r j=1 j=r+l j=1

As the coroot (2,7 + 1,1) has h-value 2(n — 1) + 1 — r and f(®) is left 1, (SLg)-invariant,

we conclude by (iii)

!/

sn,T,iw’(XS)f(S) |2(s+sk+1):2(n71)+14 is left ¢, _,,,_,(SLo)-invariant.

Therefore (5.11) follows if

asn—r—iw/ (XS)

M ” Sn—r— zw
aon () o OG0

is holomorphic at 2(s+si+1) = 2(n—1)+1—r. By the proof of type A, this is true if x # 1

2(n—1)+1—r

or x = 1 and the number of coroots of the form (1,m,t) in ®; with h-value =———— +1
is at most that with h-value w
We assume this is not the case, so xy =1, 2(n—¥¢) > w +1, and (1,n—c, % +

c¢) € ®) for all c. Since (2,74, 751) ¢ @Y by assumption and (1,n, “t1) € @, we have

5

(n—1,75%) ¢ @y but (n—1,75L) € &Y. Rewrite w = s,_10' Sp_gy =0V such that s,_;

and S gy r=1) correspond to coroots (1,n, %) and (n — 1, %) respectively, and coroots
2

of type (m,t) in ®y all lie in . We need to show

s+sip+1=

M}, )F]

s 1 1)@ 2(n—1)+1—r 18 left ¢, _, (SLg)-invariant. (5.12)
—+ 2
Lemma 5.4.2. We have

Mq,)’s S)’

2(n—1)+1—r
'U aAnTo)rr—7
n—~L0+ (T 1) 2

s+sp+1=

is left v'viq,, (SLg)-invariant.
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Proof. Since the coroot (n—1, ") has h-value 2(";2)“_7" and f®) isleft 1, (SLy)-invariant,

by (iii) to justify the lemma it suffices to show

asn—e+£;ﬁv(ls) s (G D

Ay’ s s r=1) v(ls)
O

is holomorphic at s + s + 1 = w By (R2) and (R3), the number of coroots in

DY ) (T,l)u_q)sv H<T,1)vWith (h,A)-value (2(n—1) +2—r,2) (resp. (M;ZHH—FLD)
n—t+m—= notr T

is at most that with (h, \)-value (2(n — 1) + 1 —r, 2) (resp. (%, 1)). Therefore, the

holomorphy follows by the induction on length (and proofs). O

Clearly, M,

(1S)f(5) is left U’sn_“_ (r—1) Ulq,, (SLg)-invariant. We have
n—~L0+ 2

(r—nv
=

VOy = Oy + Q1 + ... + aanJr (r.gl),

and

/ /
V'V = SpQp, V'S (r=1) VU = Sp(Qp—1 + ap).

Since spay + Sp(Qn—1 + @) = SpSpap—1 = ap—1, we deduce (5.12).

Case ¢ = r is odd: Since (5.10) does not hold, there exists smallest 0 <c < (£ —1)/2—1
such that (2,0 —c— 1,24 ¢) ¢ @Y. We can rewrite w = Sp,_p114+2¢—iSn—t+2+2c—;w for
some i > 0, where s, _pio49.—; and S,_gy149.—; correspond to coroots (2, — ¢, ¢ + 2) and
(2,0 — ¢,c + 1) respectively. A similar argument as in the case r = ¢ even justifies the

holomorphy.

For the rest of the proof we may assume x = 1. Consider ¥ = (1,m,1) and thus
a = apm—1. By (B2) ® contains all coroots of type (r,t). Therefore, we can choose a
reduced expression of w with no operations (b’) carried out. Note that (I) fails for w; in

this case. Suppose £ < m < n. We can write w; = s,,w’ where s,, corresponds to the
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coroot (1,m + 1,1). We have

w'_lam_l = wl_lozm_l - w’_lam

aj) — (2 Z ozj—l—Zaj):am.
j=1

j=m j=1 j=m+1
Since ) is left tq,, (SLy)-invariant and the coroot (1,m + 1,1) has h-value 2n —m — 1, by
(i)

M., (1) f©® |s+sk+1:2nfm71 is left ¢,,, , (SLg)-invariant.

Suppose m = n. We break down the discussion into two cases.
Case n < 20: Let 0 < ¢ < n — ¢ be the largest integer such that (1,n —¢,1 +¢) €

®Y. Rewrite w = $,_1-2:8p—2-2.w where s,_9_9. and $,_1_2. correspond to coroots

(I,n—¢,24 ¢) and (1,n — ¢, 1 + ¢) respectively. We claim

!
Sp—2—2cwW

(15) £ ‘S+Sk+1:n_1 is left ¢, , ,.(SLg)-invariant

We have

1—1 nN—1 —1
w T Op—1-2¢ = (Sn—Q—ZCw ) Op—1-2¢c — W ~OCOp—2-2¢

n n—c—1 n n—c—1
=2 D) it ) a)—(2 ) aj+ D) a)) =ac
j=n—c j=1l+c j=n—c j=2+c

Since the coroot (1, — ¢, 2 + c) has h-value n — 1 and () is left ¢4, , (SLg)-invariant, our
claim follows from (iii).

Case n > 2¢: Suppose there exists 0 < ¢ < £ such that (1,n—c—1,2+¢) ¢ ®,;. Choose
¢ to be minimal, and rewrite w = s, _1_2:5,_2_2.w’ where s,_s_o. and s,_1_9. correspond
to coroots (1,n —¢,2+¢) and (1,n — ¢, 1 + ¢) respectively. The holomorphy of M (15) can
be justified similarly as the previous case. Therefore, we assume (1,7 — ¢, 1+ ¢) € @ for
all c. We claim

M}, (1) )] is left ¢4, , (SLo)-invariant.

s+sp+1=n—1

Lemma 5.4.3. M;, (1,)f (S)\ is left w"w'1q,, (SLg)-invariant.

s+sp+1l=n—1
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Proof. Write w; = w”s,,_sw’ where s,,_,; corresponds to the coroot (n — 1, 1) and O

consists of all coroots of type (r,t). Since the coroot (n — 1, 1) has h-value n — 1, by (iii)

Mén,ew'(ls)f(s) ‘s+sk+1:n_1 is left w'tq,, (SLo)-invariant.

Writew” = v'v where @), ,—®/ , consists of all coroots of type (2,7, ). Since (2,1, 1)

_ow Sn

is the only coroot of type (2, r, t) with h-value 2(n — 1) + 1 and coroots (2,2,2) and (2,2, 1)

arein®) ., —®/ ., itfollows from the proof of the case 3 = (2,1,1) that

As,, _ow' (]—s)

Ays,,_gw’ (15)
is holomorphic at s + s; + 1 = n — 1. Therefore, the lemma follows once we show

Ays,,_qw’ (13)

M. 1vsn,gw’
(1) vils )

is holomorphic at s + s + 1 = n — 1. Note that ®;; — @, consists of coroots of type
(1,7,t). By (123) the number of coroots in ®;, — @y, with h-value n is at most that

with h-value n — 1. Therefore, the holomorphy follows from the proof of type A. O

Clearly, M{Ul(ls)f(s) is left witq,, (SLo)-invariant. Since (1,n —¢,1 + ¢) € &, for all ¢,
we have (1,n,7) € ® for all r, and thus a direct computation gives

W10y = Oy + Qpy—1, w”w'an = —Qp.
As (o + ap—1) + (—ay) = ap—1, our claim follows from the above lemma.

Consider now g = (r,1). By (i), (R1), (R3) and (B2), we may assume every coroot
with A-value 1 in @,/ has h-value at most r.

Case n — 1 = r > {: Note that (I) fails for w; in this case. If (1,7 + 1,¢) ¢ @, then
a = a,_py1 and we can write wy = s,_gw’ where s,_y corresponds to the coroot (r—1,1).

We have

T r—1
/—1 =1 —1 _ . L
W Op—yp41 = Wy Cpy41] — W Op—ypg = a5 — Qaj = Q.
j=1 j=1
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Since the coroot (7 —1,1) has h-value r — 1 and f(*) is left 1, (SLg)-invariant, by (iii)

M, (1s)f(5)‘ is left ¢, (SLg)-invariant.

s+sp+1l=r—1

Therefore, we assume (1,7 +1,¢) € ®. Let £ > ¢ > 1 be the number of coroots (1,7 + 1,¢)
in ®,7. Suppose the coroot (1,7 +1,¢+1—c) has h-value less than r. If (1,7, {+1—c) ¢ O,
then we can rewrite w = s'w’ such that s’ corresponds to the coroot (1,7 + 1,/ + 1 —¢).

The holomorphy of M/ (1) = M!

s'w’!

(15) follows by induction hypothesis and (i). If (1,7, ¢+
1—c¢) e @), let m < r be the smallest integer such that (1,m,¢+ 1 —c¢) € ®). Rewrite
w = 8;8;+1w’ (i < n—1) such that s;11 and s; correspond to coroots (I, m+1,£+1—¢) and
(1,m, € + 1 — ¢) respectively. The holomorphy of M/ (1) in this case follows by a similar
argument as in the case ¥ = (1,m, 1).

Consequently, we assume the coroot (1,7+1,£+1—c) has h-value r, i.e., 2n—r—f¢—1+¢ =
r. lf ¢ >2and (1,r,0+ 2 —c) ¢ O, then we rewrite w = s;,_1s;w’" (i < n) where s; and
si—1 corresponds to coroots (1,7 +1,{+2—c¢) and (1,74 1,¢+ 1 —c) respectively. We have

/—1 -1 /—1
w T = (siwn) e —w' oy

:(22 aj + Z aj)—(QZ aj + Z aj) = Qpi1—c.

j=r+1 j=L+1—c j=r+1 j=l+2—c

Since the coroot (1,7 +1,£+ 1 —c) has h-value r — 1 and () is left ¢q,,, ,(SL2)-invariant,

we have

!
s;w’

(1) f© |S+Sk+1:r_1 is left ¢o, , (SLa)-invariant.

Suppose either ¢ = 1 or ¢ > 2 and (1,r,£ +2 —c¢) € ®). Let s; be a reflection such that
l(s;w) = 1+ ¢(w) and the coroot corresponding to s; is (1,7, + 1 — ¢). Since the coroot
(1,7, +1—c) has h-value r + 1, by (i) and (v) M],(1s) is holomorphic at s + s +1 =r—1
ift M, (15) is. To see M, (1s) is holomorphic at s + sx +1 = r — 1, rewrite s;w =
Sp—t4er1Sr—e+cw’ where s,y and s._yy.11 correspond to coroots (r,1) and (r — 1,1)
respectively. The holomorphy follows from a similar argument as the case (1,7 +1,/¢) ¢ ..

Case r = £,2(n — ¢) < {: Note that in this case (I) fails for w;. For the case that

(L, +1+4t,2n—20 —t) € & for some t, the holomorphy in this case follows from an
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argument analogous to that of the previous case when (1,7 + 1,4+ 1 —¢) € &) with ¢ > 2
but (1,7,¢ + 2 —c) ¢ ®,;. Therefore, suppose (1, +1+t,2n —2¢ —t) ¢ &Y for any t. If
there is no coroot of type (1,m,t) in @y, then we can write w = w”w’, where ®, consists
of all coroots of type (m,t) in ®,,. The holomorphy then follows from the proof of the
case ¥ = (2,m,1). If Y contains some coroot of type (1,m,t), we can rewrite w = s;w’
where s; corresponds to a coroot with (h, A)-value (¢,1) where ¢ < £. Then by induction
hypothesis and (i) M;,(1s) = M ,,(15) is holomorphic at s + s, +1 = £ — 1.

Case r = (,2(n — £) = {: By the same argument as the previous case, it suffices to
consider when n —¢ < £ and (1,2(n—¢)+1+t,{—t) € &, for all t. Since 2(n —¥¢) = ¢, for
(I) to fail for wy, there exists smallest n — ¢ > ¢ > 0 such that (( +c+ 1,2+ ¢) ¢ ) and
(0 +c,14c)e dy. Since n < 2¢, we can rewrite w = $;8;41w’ (i <n — 1) where s;41 and

s; correspond to coroots (£ +¢,2 +¢) and (£ + ¢, 1 + ¢). We have

l+c l+c
—1 N—1 /—1
w oy = (sipw') oy —w' T g = Z aj — 2 Qj = Q-
j=1+c j=2+c

Since the coroot (£ + ¢,2 + ¢) has h-value £ — 1 and f(*) is left ¢, ,, (SLg)-invariant, by (ii)

!

sin,(ls)f(S) |s+sk+1:€71 is left ¢q, (SL2)-invariant.

This completes the proof for the case ¢ < n.

For £ = n > 2, a reduced expression of wy is

(Sn)'"(Sr"'sn)"'(sl"'sn); (5.13)

corresponding coroots &(Vi) are

v n—1 v v n—1 v n—1 v v n—1 v n—1 v
2% ‘*’22_7‘=n°‘j7 O‘n,+22j=no‘j +2j=t°‘" Ay +22_‘ , @5 "'2.7‘—1‘3“7

v n—1 v r—1 v v n—1 v r—1 v
Qpn +22j:7- ay +Zj:t0"v Oy +235 0 ol +Zj:10‘j;

The inequalities (5.4) and (5.6) and the holomorphy of M/ (xs) (especially x = 1)
follow from the same (and actually simpler) argument as the previous case for type (2,r,t)

coroots. O
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5.5 Type C,, (n = 2)

For 1 < ¢ < n, coroots d(vl.) corresponding to the reduced expression (5.9) are

Vv L v 4 v
o e Z o e Z g ad
28] j=t —j j=1"3"
r \ r \ r \
YD e Z o e Z ) a
Z]:f 7o j=t 5 j=1"%4>
n—1 V] n—1 \V2 n—1 \V2
Z]-E jo Zj_t jo Z]_l jo
. ] 0—1 3 -1
DI R 237 _gaf +aj_y, 237 _gof +25 aj, 237 _gof +2501 a,
-1 -1
R A i S > AT
—1 —1
7, ay Xy +XThay, o 2¥) af +X5Tlay,
-1 -1
20, + Y77 ay, 230 ef + X0 Ty, 237 o1 o) +Z§=T aj,
Sipaf 23Y_p ) +af,
-1 -1
20y + X025y, o 230 af 5T Ay, e 237, 0f + X5 5a),
o1
200 + X0 ey, 230 ey 0T ey, e 230, e + X5 a)

By duality, the proof for type B,, carries over with minor modification. The major differ-
ence is that ¢th s, in any reduced expression of wy corresponds to the coroot Z?:é_i 19,
which has A-value 1 instead of 2. If the last coroot is Z?:I aj, one modifies the argument
of the case ¥ = (1,n,1) in §5.4. Some explanation is given in the case ¢ = n below. If
the last coroot is 2¢, + Z;:ll aj one applies the argument of the case ¥ = (1,7,1) with

r <n in §5.4. We leave the details of the other cases to the reader.

For ¢ = n, coroots d(vi) corresponding to the reduced expression (5.13) are

v v v n v n—1 v n v n—1 v
Oy 200 o gy e 23, af X0 ey, e 230 af + X0 ey,
n v n v r—1 v n v r—1 v
T e, 2XF rof + X5 ef, o 23 af 350 af,
gy, 2 saf +ay,
no v
Zj:l g
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As in the case £ < n, except for the case where the last coroot is 2?21 aj, a similar
inductive proof as in §5.4 for type (2,r,t) coroots justifies the holomorphy in this case.
Therefore, we only explain how to prove the holomorphy of My, (15) assuming My, (xs) is
holomorphic for any w # wg and .

Rewrite wg = $,5,_15n_25,w’ by switching the order of coroots 2?22 ajv and 2 2?23 Ozjv +
Z?zl ay . We need to show

!
Spn—18n—28nW’

(1) f© ‘S+Sk+1:n_1 is left ¢, (SLo)-invariant.

We have w'ay,—1 = $p_10p_o and
n n n

SnSn—1Qn—2 + Sp—1Qp_2 = Qn + 20 + 202 = Sp_25p-100,.

Since }}7_, ) has h-value n — 1 and £©) is left 14, , (SLy)-invariant, by (iii)

!/
/
SnW

(1)) ‘S+Sk+1=n_1 is left s, _25,_1tq, (SLo)-invariant.

Therefore, to justify the holomorphy it suffices to show

Ag,,w’ (15)

sy 159 _asmw' (1s)

/

M, 15

Sn—1Sn—2 ( s )

is holomorphic at s + s + 1 = n — 1. Since coroots corresponding to s,_9 and s,_1 have
(h,A)-value (2(n —1),2) and (2(n — 1) + 1,2) respectively, the holomorphy follows again

from (iii). O
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5.6 Type D,, (n = 4)

For 1 </ <n—1, a reduced expression of wy is

(Sf te Sn735n725n—(€+1 mod 2))

((85—1 T Sn*Z)(Sn—(ﬁ mod 2)))

’ 5n—£+3)(5n—i+4 T 5n—3£n—25n—1))'

: Sn—€+2)(3n—€+3 T 3n735n725n))’
: Sn—€+l)(8n—€+2 T 3n—35n—25n—1))'

: Snf€>(3nf€+1 T Sn—3sn—23n))'

(STL—E . 'Sn—l) e (82 .o '5Z3€+1)(51 .o .SZ_ISZ);

corresponding coroots &(V ) are

i

n—2
Tje o) TXimeref

n—=2 v

v
A +Zj:[ &g
v

M n—2
a, + X af,

v n—=2 v
an + 2725 af,

v n—2 v
ay +Zj:1 aj,

£ v

Zj:t aj 9

\ T \%

i e Zj:t a_j )

aV Zn_lav
= ] ’ j:t ] )

L —2
SpoZay 4+ X,

—2
Yiomaj + X5 af
n—2 v “n v
Yjoy ey FXjmea

—2
i ey + 5 ey,

—2
i ey + ) a)

) n—2
P oy +E)Ea),

(5.14)
¢ v
=195
Z;:1 O‘]\‘/’ (+)
n—.l Vv
2j-1 9

—2
DS PSS

n v n—2 v
Yiepraf X0 e

n—2 v “n v
jraf TXj=19y
«@

B
Zn aY +Zn72 v
j=+1 % j=r %5

n—2 5
STy + 3 a),

n—=2 v

n 2
Yi—es1 ) + X555 of,

n v n—=2 v
Yj—eyrof X1 o,

Here (') corresponds to the last row of (5.14). For rows of coroots below (+), the ith odd

(resp. even) rows correspond to the former (resp. latter) parenthesis in the (i + 1)th big

parenthesis (counting from bottom to top and from right to left).
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We retain the terminology in §5.3 and follow the idea in §5.4. Denote coroots

n—2 n n—2 =1
307 + Djaj =i +aia 1207 4 Saj forl<i<r<sand
j=r i=t i=r =t

n n—2
Z 04]-V+Zajv foril<r<f{<m<n
Jj=m j=r
by (2,7,t) and (1, m,r) respectively. As the sum of two coroots of the same type is not

a coroot, so we still have rules (R1), (R2), (R3). The rule (R2) implies (5.4) and (5.6) for

A = 2 similarly.

Remark 5.6.1. Rules of coroots are stable under the symmetry of the Dynkin diagram D,,.
For instance, (R1) implies the coroot (1, n,t) must come after the coroot (n — 2,¢) for any

1<t<t
Observe that the coroot (2,7,t) can be written as a sum of coroots
(177/’1/7 7,,/) + (T//,t”)
if and only if either ' = r and t” =t or ' =t and t” = r. In both cases, m’ = r" + 1.

Lemma 5.6.2. The operation (') cannot be applied to the triple of coroots (2,,t), (1,m,t), (m —

1,7) if (and only if) m < n.

Proof. By (R2) and (R3), it suffices to show for r = ¢ + 1,m = n — 1. By (R1), an operation
(b’) that reverses the order of coroots (n — 1,¢ + 1) and (2,¢ + 1,t) needs to be carried out
tirst. However, in this case the coroot (1,n,t + 1) comes before (2,¢ + 1, ¢), but comes after

(n —2,t+ 1) by Remark 5.6.1. O

Consequently, together with operations (a’), we have

(2,7,t) «— (', t)ifand only if ' < rorr’ =n —1; (D1)
(1,m,r) «— (r',¢')ifand only if ¢ <rorm =71"+1 =mn; (D2)
(2,7,t) «— (1,m/,r")ifand only ifr <" ort <r =7"orm’ =n. (D3)

Inequalities (5.4) and (5.6) for A = 1 follow similarly from (R1), (R3), and (D2).
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As mentioned in Remark 5.6.1, the relaxation of rules, compared to rules of type B,
arises from the symmetry of D,,. More precisely, the Dynkin diagram of D,, folds into that
of B,,—1. This is the reason why we have named our coroots the same way as in §5.4. We
explain how one can modify the inductive proof of holomorphy of M, (xs) of type B to that
of type D.

By induction hypothesis we have an analogue of Lemma 5.4.1 that asserts that w can be
written as s,w; where the corresponding coroot 8 of s, is either (r, 1), (1,m, 1), or (2,7/,1).
For the case ¥ = (r,1) for r # n—1, g¥ = (1,m,1) for m # n, or ¥ = (2,7,1) for
1 < 7/, a similar proof for the same type of roots considered in §5.4 proves the holomorphy.
Therefore, by the symmetry of D, it suffices to consider the case where ¥ = (n—1,1) and
X = 1. We can assume any coroot in ®,, with A-value 1 has h-value at most n—1. Note that
(I) fails if £ > 2 or £ =1 and (1,n,1) ¢ ®. If (1,n,1) ¢ ®., then the holomorphy follows
from the argument in §5.4 of the case ¥ = (n—1,1). Therefore, we assume (1,n,1) € ®.
Since (I) holds for w; if £ = 1, it suffices to consider ¢ > 2. In this case, a similar argument

as in §5.4 of the case Y = (1,n, 1) justifies the holomorphy.

For ¢ = n,n — 1, by symmetry it suffices to deal with either case. Let £ = n. A reduced
expression of wy is
(Sn—(f+1 mod 2))

(5n723n—(€ mod 2))

(S4-+ " Sp—38n—2Sn—1)"
(53 ce 5n—35n—25n)'
(82 Sn—35p—28n—1)

(81 Sp—35n—25n);

corresponding coroots d(vi) are
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v v n—2 v v n—2 v
o an + 220 af, a, + 251 of
n \'2 n v n \'2
Zj:nfz Qo j=t Y5 > j=1%; >
SPT2aY 437, aY e Y20y £ aY
j=r %j j=t %5 > j=r “J j=1"j"

n—2 v n M
Yig af ¥ X1 af.

As mentioned above, the proof of holomorphy for coroots of type (2,r,t) with » > ¢ in

§5.4 can be modified to justify the holomorphy. We leave the details to the reader. O
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Chapter 6. Conclusions

We have fully developed the Fourier theory on Xp over nonarchimedean local fields. It
is my ongoing work to prove analogous results in Chapter 4 and Chapter 5 (in a non ad-hoc
way) over archimedean local fields and develop harmonic analysis. Surprisingly, through
harmonic analysis on Xp, we discover a candidate of the “correct” Weyl algebra on Xp.
We briefly explain the idea below.

Recall that when Xp = G} is a vector space, one has by integration by parts

‘ o Frn = 2w/ —1 - FRrn 0 x4,
a$i

0
*27’(’\/*1'1’1‘0./—‘&@71:]:1&7108 R

Z;

if 1 (z) = €™V~ Furthermore, this property uniquely characterizes Fgn up to a nonzero

constant. This gives a canonical set of generators of the classical Weyl algebra on A™:

K[ml,...,mn,a (3}

7...77
5171 (737,1

where K is any field of characteristic zero. We can show that analogous statements hold
for Fp|por when Xp is singular, which relies heavily on the fact that S(Xp(F')) can be
shown to be local (cf. Remark 5.1.12). However, in this case the corresponding differential
operators are no longer of first order, but is of order Zle A; > 1. This relates to the fact
that one needs the additional normalization operator x%® to normalize the naive geometric
Fourier transform F Ig_f,TOPop (cf. Remark 3.5.4).

We note that in general one can take coordinate functions and derivations on Xp as

generators to define a Weyl algebra on Xp :

A(Xp) := K[Xp][I(Xp, Txp)]

where Tx,, is the tangent sheaf on Xp. However, A(Xp) is a simple ring iff Xp is smooth.
On the other hand, consider the Weyl algebra Wx, defined via harmonic analysis as dis-

cussed above. We can show Wy, is a simple domain and an analogue of the Bernstein’s
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inequality holds. This opens up the possibility for studying the Riemann-Hilbert corre-
spondence, Bernstein-Sato polynomials, and zeta functions on Braverman-Kazhdan spaces.

In conclusion, what harmonic analysis on affine spherical varieties would buy us is a
bridge between analysis and geometry (in the spirit of the Riemann-Hilbert correspon-
dence). We expect that through studying the Riemann-Hilbert correspondence on Xp, we
can gain insights into how one should extract analytic data from geometric inputs in the

Poisson summation conjecture.
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Appendix A. Computation of normalizing factors

In this appendix we compute the normalizing factors {(s;, A;)}. The parameters depend
only on the action of the dual group M acting on the dual Lie algebra np and our fixed
isomorphism

wp : M= G,, (A1)

where wp is defined as in (3.1.1).

To avoid proliferation of duals, we work directly in the dual picture in this section. Thus
now G denotes an adjoint simple group over C with maximal parabolic subgroup P, Levi
subgroup M, and we are studying the action of M on np, the complex Lie algebra of the
unipotent radical Np of P. We define the parameters (s;, \;) as in §3.2.1 but with M , p
in that section replaced by M and np, respectively. We let T' be a maximal torus in M,
T < B < P a Borel subgroup, and A the corresponding set of simple roots. We let 8 be
the simple root such that A — {8} is the set of simple roots of (M, M n B,T). The dual of
(A.1) is an isomorphism

¢ : G—Z(M). (A.2)

For any representation W of M and any integer A, we write W (\) for the subspace on

which Z(M) = G,, acts via z > 2.
Lemma A.0.1. If A <0, then np(X) = 0.

Proof. Let «y be a positive root of (G, B,T). Note that the root space (np), is non-zero if

and only if writing v = >} A ca We have cz > 0. It follows from (3.1.1) that

(v, 00 = cglB, ) = cgmpv > 0.
We deduce the lemma. 0

In each of the cases given below, the isomorphism ¢ : G, — Z(M) will be the “ob-

vious one”, so we will not record it. In fact, there are only two choices of isomorphism
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Gp—Z (M), and there is only one of them so that Lemma A.0.1 is true, so the reader can
easily check which isomorphism is ¢.
In the following computations, we interpret Symo((CQ) as the trivial 1-dimensional rep-

resentation of sly.

A.1Projective general linear groups

The following is the classical Clebsch—Gordan rule [FH91, Exercise 11.11]:

Lemma A.1.1. We have an isomorphism of sly-representations

Sym”(C?) ® Sym™ (C?) =~ Sym™* ™ (C?) @ Sym™ ™ 2(C*) @ - - - @ Sym" I (C?).

Lemma A.1.2. Let P < PGL,, be the parabolic stabilizing an (-plane. Then

{(|n;26\71)’ (|n722€\+27 1)’ o (nT_Q’ 1)}

is a good ordering for np.

Proof. It is not hard to see mder ~ 5[, x sly and np is isomorphic as a representation of m
to

Hom(C"~¢,C*)
with the natural action. The induced representation of a principal sl,-triple is
Symnféfl ((CQ) v ® Syméfl(c2) ~ Symnféfl(c2) ® Symffl((c2)

~ Symn—Q((CQ) @ Symn—4(CQ) DD Sym|n—2ﬁ\ ((CZ)

by Lemma A.1.1. The lemma follows. O
A.2 The classical groups

Let V be a complex vector space equipped with a nondegenerate e-symmetric form ¢, -),

that is,
(v, w) = w, v)
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for v,w e V. We assume € € {1, —1}. For C-algebras R, let
Gv(R) := {g € SLy(R) : {gv, gw) = (v, w)}.
We refer to Gy as a classical group. The corresponding Lie algebra is
gy = {X esl(V) : (Xv,w) + (v, Xw) =0 for v,weV}.

Let PGy be the associated projective group. Concretely,

Pey ~ {PSOdimV ife=1,
PSpgimy  ife=—1.
We assume that PGy is simple and not isomorphic to a projective general linear group.
Thus dimV ¢ {2,4} if e = 1 and dimV # 2 if e = —1. We also observe that PSOg, 1 =
SO2y41.

The maximal parabolic subgroups of PGy are precisely the stabilizers of isotropic sub-
spaces. For a parabolic P = M Np, we denote by Wp the corresponding isotropic subspace.
We let W be the linear dual of Wp with respect to (-,-). Then there exists a sub-
space Vp < V such that the pair (Vp,{:,-)|y,) is of the same symmetric type as V, and
such that there is a direct sum decomposition V' = Wp @ Vp @ Wy. Note that the pair
(Wp@Wp, (-, )lwpaewy ) is also non-degenerate and of the same symmetric type as V. We
have

m = gly, @ gvp-

We refer to £ := dim Wp as the linear rank of M or m.

The following lemma is well known. See for instance [Wol76, Theorems 8.6 and 12.6].
Lemma A.2.1. As a representation of m,
np = Home(Vp, Wp) @ Symy, (Wp)
where

Symv (WP) :

Sym?(Wp) ife= —1,
Alt2(Wp)  ife=1.
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We have

np(l) = Hom@(Vp, Wp) and 1‘1p(2) = SymV(Wp) (A3)

unless PGy is PSOg, or PSpy, and m = gl,., in which case

np =np(1) = Symy (Wp). (A4)
The following lemma explicates the principal slp-subalgebra of gy, .

Lemma A.2.2. As a representation of a principal slo-subalgebra of gy, the standard representation
V of gy is isomorphic to Sym®™ V' =1(C2) unless G = PSO,,., in which case it is Sym¥™ V=2 (C?)®

C.

Proof. The n-th tensor power of the standard symplectic form on C? is (—1)"-symmetric,
and the n-th symmetric power of the standard representation C? of sl is a subrepresenta-
tion of the nth tensor power. Thus the principal sl — sly, may be chosen to factor through
the standard representation gy — sly. This implies the lemma unless G =~ PSO,,. For

this last case see [Gro00, Section 7]. O
For the following lemma, see [FH91, Exercise 11.31 and 11.35]:

Lemma A.2.3. For any n > 1, we have the following equivalences of sla-representations:

[(n—1)/2] ‘
/\Q(Sym"((C2)) > Sym2(Symnfl((C2)) = C—D Sym2("71)74] ((Cz).
j=0

Let

p(V):=dimV (mod 2)

be the parity of dim V, viewed as an element of the set {0,1}. Note that if G =~ PSOx,,

linear ranks are either » or < r — 2.
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Lemma A.2.4. Assume r > 1. Assume that either G is PSp,, and that the linear rank ¢ of M is

not r or G = SOgy41. For £ > 1, the parameters {(s;, \;)} are

{( ‘2T+p(2‘/)*3£| ’ 1)7 ( \2r+p(V2)73£\+2, 1) 7 (27'+p(V)7€72’ 1)}

2

P

| J{e—1-p(V)=25,2):0<j<|(t—1-p(V))/2]}.

If ¢ = 1, the parameters are

{(22,1)} if G = S09,41, and  {(%:2,1),(0,2)} if G = PSpy,.

Suppose G = PSOq, with r > 3 and that { < r — 2. If { > 1, then the parameters are
r—1-3¢ r—1-3/¢ r—f— —
{(rg=t ), (st ) =2 | [{(5E 1))

| [{te—2-25,2):0<j <|(£—2)/2]}.

If ¢ = 1, the parameters are {(0,1), (r — 2,1)}. If ¢ = r and G is isomorphic to PSp,, or PSOa;
then the parameters {(s;, \;)} are
{(r=1-25,1):0<j<|(r—1)/2]}if G = PSp,,,

{(r—2-24,1):0<j <|(r—2)/2|} if G = PSOg, and r > 3.
In all cases, every good ordering has the largest parameter (si, A\,) with A\, = 1.

Proof. We use Lemmas A.1.1, A.2.2, and A.2.3 freely in the following. If G =~ PSp,, or
G = SOg,41, then as a representation under a principal sly-triple,

Home (Vp, Wp) = Sym’™H(C?) ® Sym? P(V)=20=1(C?)
~ Sym2r+p(\/)—€—2(@2) @ Sym2r+p(V)—£—4(CQ) Q- Sym|2r+p(V)—3€|(CQ)_
This space is understood to be zero if r = £ and G = PSp,,. If G = PSOy,,
Home (Ve, W) = Sym' ™ (C?) @ (C @ Sym? ~#2(C?))
~ Symﬁ—l((CQ) o Sym2r—€—3(<CQ) D@ Sym|2r—3£—1| ((CQ)

If G = PSp,,, we have

[(e~1)/2] ,
Symy (Wp) = Sym?(Sym*1(C?) = @ Sym* V-4 (C?).
7=0
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If G is PSOg, or SO9,11, we have
L(6=2)/2] 4
Symy (Wp) = A%(Sym* 1(C?) = @ Sym*=2=4(C?).
j=0
Here by convention this space is zero if / = 1. The lemma now follows from Lemma A.2.1,

(A.3) and (A.4). O
A.3 Exceptional cases

For exceptional types, we compute the decomposition of np using LieART 2.0.2 (a
Mathematica application) based on the tables of [MS12].

Assume G is adjoint of type E, F, or G. Let P, = My;N; < G denote the maximal
parabolic associated to the ¢-th node of the Dynkin diagram of G, using the Bourbaki
numbering. For a given parabolic subgroup, consider the grading

np, = @ np, (2)7

1>1

associated to the action of Z(M). The columns of the tables correspond to the graded piece
we consider.

We list the resulting sls-representations by the highest weight. For example, the repre-
sentation Sym”(C?) will be denoted n. In particular, under the assumption G is adjoint,

the data (s, \) associated to the representation n appearing in np,(¢) is (3,1).

Table A.1: Normalizing factors for G of type E¢

Es
Node 1=1 i1=2 1=23

1 10,4

2 9.5,3 0

3 7,531 4

4 53311 420 1
5 75,31 4

6 10,4
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Table A.2: Normalizing factors for G of type E7, Eg, Fy, Go

Er
Node =1 1=2 1=3 1=4
1 15,9.5 0
2 12,8,6,4,0 6
3 97,531 840 1
4 6,4,4,220 6,422 42 2
5 86,4420 642 4
6 11,9,5,3 8,0
7 16,8,0
Eg
Node 1 =1 =2 =3 1=4 1=25
1 21,15,11,9.3 12,0
2 15,11,9.7,5,3 12,8,4,0 7
3 11,9,7,5,3,1 12,8,6,4,0 7,5 6
4 7.5.5.3.3,1 86,4420 7531 642 31
5 9,7,5053,31 86,4420 7,531 62 3
6 12,10,8,6,4,2 10,8,6,2 10,4 2
7 17,15,9.7,1 16,8,0 1
8 27,17,9 0
Fy
Node i=1 i= 1=3 i=4

1 9.3 0

2 531 40 1
3 31 420 1 2
4 60 6
Go
Node i=1 i=2 ¢=3
1 1 0 1
2 3 0
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Appendix B. Data for asymptotics

For readers’ convenience, we list s; and the multisets L(d) n R considered in Chapter
4, which we denote by L(d) for simplicity, in each case. We again adopt the Bourbaki

numbering as in Appendix A.3.
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Table B.1: Asymptotics data for G of type A, B, C

An
Node L(1) o
¢ {(—i:0<i<mn({—Ln—0)} =T
B, (n>2)
Node L(1) L) "
1 {0} {1 —n} 2
l<l<n {—i:0<i<min({—12n-20—-1)} {{—n—i:0<i<|((—1)/2} 2252
" {(—2i:0<i<|(n—1)/2]} I
Cp (n=2)
Node L(1) L(2) .
L {0} 1

1</t {—i:0<i<min({—1,2n—-20)} {{—mn—i:1<i<]|l/2]} 2”_725_1




qart

Table B.2: Asymptotics data for G of type D, E¢

D,, (n = 3)
Node L(1) L(2) Sk
1 {0,2 —n} n—2
l<fl<n—-1 {=i,f—n+1:0<i<min({—1,2n—-20-2)} {{-n—-i:0<i<|((-2)/2]} =3
n—1,n {=20:0<i<|(n—2)/2]} n—2
Es

Node L(1) L(2) L(3) sk

1,6 {0, -3} 5

2 {0, -2, -3} {—5} g

3,5 {0,-1,-2, -3} {—3} z

4 {0,-1,-1,-2,-2} {-2,-3,-3} {-3} 3




911

Table B.3: Asymptotics data for G of type Er

Er
Node L(1) L(2) L(3) L(4) sy
1 {0, -3, -5} {—8} L
2 {0,-2,-3,—4, -6} {5} 6
3 {0,-1,-2, -3, -4} {—3,—4, -5} {—5} 5
4 {0,-1,-1,-2,-2,-3} {-2,-3,-3,-3} {-3,-%} {-I} 3
5 {0,—-1,-2,-2,-3,-4}  {-3,-%,—4} {—4} 4
6 {0,-1, -3, —4} {—4, -6} 4
7 {0, -4, -8} 8
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Table B.4: Asymptotics data for G of type Ex

Ex
Node (1) L(2) L(3) L(4) L(5)  L(6) s
1 { 2’(;?2;5’ } (8,11} 3
2 { (14_2_5_3_6 } (—5,—6,—7, -8} -7} 1
T el T e B -4 o
TR il T i ol B e (Al O ST SV R CT
R R g T e N
6 {23_1_4_2_5} (~4,-3,-5,-6)  {-5,-6) {13y 6
A e B (-9} u
8 {0,-5-9} {—14} 7
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Table B.5: Asymptotics data for G of type Fi, G2

Fy
Node L(1) L(2) L(3) L(4) sk
1 {0, -3} {—2} 3
2 0,-1}  {-1,-3-2} (-2} {-2} $
3 {0,-1,-2}  {-2,-3} {-3} 3
4 {0,-3} {-5} 3
Go

Node L(1) L(2) L(3)

v
Ea

1

{0}

{—2}

2

{0}

-1 (-1

I ENI OV
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