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Abstract

Braverman and Kazhdan proposed a conjecture, later refined by Ngô and broadened

to the framework of spherical varieties by Sakellaridis, that asserts that affine spherical

varieties admit Schwartz spaces, Fourier transforms, and Poisson summation formulae. In

the dissertation, we develop local Fourier theory and give explicit formulae for Fourier

transforms on Braverman–Kazhdan spaces attached to maximal parabolic subgroups of

split, almost simple, simply connected groups. In the nonarchimedean setting, we also

give explicit representation theoretic descriptions of Schwartz spaces and verify several

conjectural properties of Schwartz spaces.

Part of the thesis is based on joint work with Jayce Getz and Spencer Leslie.
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Chapter 1. Introduction

The Riemann zeta function ζpsq :“
ř8
n“1 n

´s, originally defined on Repsq ą 1, is

known to extend to a meromorphic function on the complex plane and satisfies a functional

equation:

π´ 1´s
2 Γ

ˆ

1 ´ s

2

˙

ζp1 ´ sq “ π´ s
2Γ

´s

2

¯

ζpsq.

The key ingredient in Riemann’s proof (in 1859) is applying the Poisson summation formula

to a specific choice of Schwartz function. Riemann’s idea was later extended by Hecke in

1918-1920 to L-functions attached to Hecke characters over number fields.

In 1950, Tate in his thesis reinterpreted (completed) Hecke L-functions as certain adelic

integrals and showed that functional equations and the analytic continuation of Hecke L-

functions are roughly equivalent to adelic Fourier analysis on a one dimensional vector

space.

1.1 A short overview of Tate’s thesis

Let E be a global field and AE be its ring of adeles. Let | ¨ | :“
ś

v | ¨ |v : Aˆ
E Ñ Rą0

be the idelic norm. For a Schwartz function f P SpAEq :“ SpE8q b
Â1

v∤8 SpEvq, an idelic

character χ “ bvχv : Aˆ
E Ñ Cˆ, and s P Cˆ, Tate defined the zeta integral

Zpf, χ, sq :“

ż

Aˆ
E

fpxqχpxq|x|sdˆx

which converges absolutely for Repsq ą 1. If f “ bvfv is factorizable, the zeta integral can

be written as an Euler product

Zpf, χ, sq “
ź

v: places of E
Zvpfv, χv, sq :“

ź

v: places of E

ż

Eˆ
v

fvpxqχvpxq|x|svd
ˆx.

These local zeta integrals enjoy the following properties:

• The integral defining Zvpfv, χv, sq is absolutely convergent for Repsq ą 0.

• Zvpfv, χv, sq has a meromorphic continuation in s to the whole C. If Ev is nonar-

chimedean, it is a rational function in q´s
v , where qv is the size of the residue field of

Ev.

1



• Upon normalization, there is a unique meromorphic function Lvpχv, sq such that

Zvpfv, χv, sq

Lvpχv, sq

is holomorphic for all Schwartz functions fv. If Ev is nonarchimedean, it lies in

Crq´s
v , qsvs.

Furthermore, each Hecke L-function is equal to the infinite product
ś

v∤8 Lvpχv, sq

realized by a particular Schwartz function and an idelic character. Functional equations of

completed Hecke L-functions follow from Fourier analysis over each local field Ev, and the

analytic continuation is a consequence of the Poisson summation formula:
ÿ

xPE

fpxq “
ÿ

xPE

Fpfqpxq.

Tate’s thesis not only largely simplifies the original proof of Hecke but also opens up

the study of automorphic forms in the adelic context. Tate’s idea was later successfully

generalized by Godement and Jacquet [GJ72] to L-functions attached to representations of

general linear groups GLn by replacing χpxq with matrix coefficients. The main ingredient

is Fourier analysis on the variety of n-by-n matrices, which is also a vector space.

Over the years, mathematicians have been able to come up with ad-hoc but ingenious

approaches to construct integral representations of numerous L-functions without appealing

to Fourier analysis. This leads to the following questions: Should every L-function possess

an integral representation? Is there a uniform explanation behind different approaches?

1.2 An unifying theme

In the seminal paper [BK00], Braverman and Kazhdan realized that if one assumes the

(local) Langlands correspondence and the Langlands functoriality conjecture, then there is

a unifying theme in producing L-functions and establishing their analytic properties. Let

us briefly explain their idea in the split case.

Let φ be a Langlands parameter of a split connected reductive group H. Given a

finite dimensional representation of the complex dual group pH, i.e., a morphism ρ : pH Ñ

xGLn “ GLnpCq, we obtain a Langlands parameter ρpφq “ ρ ˝ φ of GLn. Then by the

2



local Langlands correspondence for general linear groups and the Godement-Jacquet theory,

the Fourier theory on n-by-n matrices would induce a Fourier theory on certain reductive

monoids attached to ρ under a mild hypothesis.

Thus [BK00] conjectured a notion of Schwartz spaces, Fourier transforms, and Poisson

summation formulae on certain reductive monoids, which are referred to as L-monoids.

If the conjecture is true, then it would prove the functorial property in the Langlands

program in great generality by the converse theorem. The conjecture is later refined by

Lafforgue [Laf14], Ngô [Ngô20], and many others, and broadened by Sakellaridis [Sak12]

to the setting of affine spherical varieties. We will refer to this conjecture as the Poisson

summation conjecture.

1.3 The Poisson summation conjecture

Let E be a global field and G be a split reductive group over E. Let X be an E-variety

with a G-action. Then X is said to be G-spherical or simply spherical if X is normal

and there is an open orbit of a Borel subgroup of G. The Poisson summation conjecture

suggests that there should be a Fourier theory on an affine spherical variety. Precisely, it

predicts (at least) the following.

Conjecture 1.3.1 (Poisson summation conjecture). Let X be an affine G-spherical E-variety

and Xsm be its smooth locus. Suppose XsmpEq ‰ H. For every place v of E, there are

• a Schwartz space SpXpEvqq such that SpXsmpEvqq Ď SpXpEvqq Ă C8pXsmpEvqq,

• a Fourier transform Fv : SpXpEvqq Ñ SpXpEvqq that satisfies a twisted equivariance

property,

• a basic function bv such that Fvpbvq “ bv at almost all places v.

One defines the adelic Schwartz space

SpXpAEqq :“
â1

v

SpXpEvqq,

where the restricted tensor product is taken with respect to the basic function bv, and an adelic

3



Fourier transform

F :“ bvFv : SpXpAEqq Ñ SpXpAEqq.

Furthermore, one has

• a Poisson summation formula: for f P SpXpAEqq

ÿ

xPXsmpEq

fpxq ` p˚q “
ÿ

xPXsmpEq

Fpfqpxq ` p˚˚q

where p˚q, p˚˚q are boundary terms that vanish if f satisfies some local assumptions.

The only examples where the Poisson summation conjecture is fully understood are

vector spaces Gn
a . Braverman and Kazhdan generalized the case of vector spaces to the

affine closure XP of the variety X˝
P :“ P derzG [BK02], where G is a split reductive group

whose derived subgroup is simply connected and P ă G is a parabolic subgroup. We refer

to spaces XP as Braverman-Kazhdan spaces. Nevertheless, in [BK02] there are various

conjectural properties of Schwartz spaces left unchecked and the discussion is incomplete

in the archimedean case.

Aside from Braverman-Kazhdan spaces, there are few cases on which the Poisson sum-

mation conjecture is (partially) established. The first such cases are varieties built of triples

of quadratic spaces. They are first studied in [GL19], and are completed in [GH20] and

[GHL21]. Following the idea of [GL19], Gu [Gu21] established Poisson summation formulae

on certain family of non-affine spherical varieties. In [CG21], Choie and Getz established

the Poisson summation conjecture for certain Schubert varieties under mild assumptions

on poles of degenerate Eisenstein series.

Remark 1.3.2. While the existence of local Fourier theory is established in many cases, only

few cases have completely understood Poisson summation formulae, i.e., p˚q and p˚˚q are

explicitly known. It is proved in [GL21] for the Lagrangian Grassmannian and in [Get22]

for (split) odd dimensional cones. Both cases are proved via representation theory, and

there is currently no geometric intuition for what boundary terms should be.

4



Remark 1.3.3. In many cases, including L-monoids, basic functions have been constructed

via geometric approaches [BNS16, SW22]. In the case of L-monoids, they are realized as

IC-functions on the arc spaces. This aligns with the expectation that Schwartz functions

can be constructed via sheaf-function dictionary on appropriate spaces.

Remark 1.3.4. In the forthcoming work of Zhilin Luo and Ngô, they have constructed an

analytically well behaved Fourier kernel for L-monoids of GL2.

1.4 Main results

The dissertation is a combination of the first half of my joint work with Jayce Getz and

Spencer Leslie [GHL21] and my other paper [Hsu21]. The goal is to complete the study of

(local) Fourier theory on Braverman-Kazhdan spaces in the simplest cases, i.e., when P is

maximal. We summarize our results roughly as follows.

Theorem 1.4.1. LetG be a split, almost simple, simply connected group, and P ă G be a maximal

parabolic subgroup. Over arbitrary local field F , there are an analytically defined explicit Schwartz

space SpXP pF qq contained in L1pXP pF qq X L2pXP pF qq, and a unitary operator FP |P op that

restricts to a GpF q-equivariant isomorphism

FP |P op : SpXP pF qq Ñ SpXP oppF qq.

The Fourier transform FP |P op can be explicitly written down as some iterated integral.

When F is nonarchimedean and G is not of type E or F , one has

SpXP pF qq “ C8
c pX˝

P pF qq ` FP op|P pC8
c pX˝

P oppF qqq (1.1)

and SpXP pF qq is a C8pXP pF qq-module under multiplication of functions. Furthermore, there is

a (co)sheaf-theoretic way to describe SpXP pF qq.

There are several reasons to develop harmonic analysis onXP in such an explicit manner.

First, one should think of these simple cases as building blocks for one to establish the

Poisson summation conjecture for new cases via other methods. Indeed, a special case of

Theorem 1.4.1 has been used in the second part of [GHL21] to study harmonic analysis on

varieties built out of triples of quadratic spaces considered in [GL19].

5



Second, these are the cases where one has rather clear understanding on the spectral side

of the Schwartz spaces, i.e., the degenerate principal series IGP have been studied thoroughly.

They form precious examples where one can have less geometric intuition but can still prove

the Poisson summation conjecture. It is then an interesting question to ask what geometric

data can be recovered from spectral definition. This should be viewed as a reverse process

of the Poisson summation conjecture, from which one could gain insight into general cases.

See also the discussion in Chapter 6.

Finally, it is expected that Fourier theory on XP should find applications in other

fields, e.g., analytic number theory. For instance, the Poisson summation formulae on

odd dimensional cones are used in [Get22] to count global points of quadrics with explicit

asymptotics.

1.5 Outline of the thesis

We introduce notations and state our conventions on quasi-characters, measure, Schwartz

spaces, and estimates in Chapter 2. We develop Fourier theory on Braverman-Kazhdan

spaces over local fields in Chapter 3. We begin by recalling some basic facts on Braverman–

Kazhdan spaces in §3.1. The definition of the Fourier transform on the Schwartz space of a

Braverman–Kazhdan space relies on operators that correspond, under the Mellin transform,

to multiplication by γ-factors. Only the nonarchimedean case appears in the literature.

Even in this case the domain and range of these operators is never elucidated. This makes

it problematic to define the composition of the operator on an explicit space of functions.

We develop a new approach to these operators that works uniformly in the archimedean

and nonarchimedean cases in §3.2. The new approach allows us to explicitly control the

domain and range of the operators and to compose them. We expect these ideas will have

applications to Fourier transforms beyond those constructed by Braverman and Kazhdan.

In §3.3 we give a refined definition of the Schwartz space of a Braverman–Kazhdan

space whenever P is a maximal parabolic subgroup of a split, almost simple, and simply

connected G, and prove in §3.4 that the Fourier transform preserves this space. In the

6



special case where P is the Siegel parabolic of G “ Sp2n, this definition is contained in

[GL21]. This refinement goes beyond the work in [BK02], in which the Fourier transform

is only defined via a transform defined on an inexplicit dense subspace of the L2 space and

then extended by continuity.

In §3.5 we prove an explicit formula of FP |P op with geometric flavor in Theorem 3.5.5

below. The proof requires computations of various normalizing factors which are given in

Appendix A. This is particularly important for readers without extensive background in

representation theory who may want to apply our formula. This completes the proof of the

first half of Theorem 1.4.1.

Starting from Chapter 4, we assume F is nonarchimedean. In Chapter 4, we assume the

inclusion C8
c pX˝

P pF qq ď SpXP pF qq holds and study the quotient SpXP pF qq{C8
c pX˝

P pF qq.

Since XP ´X˝
P “ t0u, motivated by the approach in [JLZ20, §4], we begin with rephrasing

the definition of SpXP pF qq in terms of its asymptotic behavior towards the origin via the

work of Igusa [Igu78, §1.5]. We also offer a list of asymptotics data Lpdq X R and sk

(see (4.2)) in Appendix B. Then we restate the asymptotics in terms of representations in

Theorem 4.2.2, which will justify the last assertion of Theorem 1.4.1.

In Chapter 5, we prove the inclusion C8
c pX˝

P pF qq ď SpXP pF qq when G is not of type E

or F . Actually, we prove a stronger statement on poles of intertwining operators from which

the rest of the assertion in Theorem 1.4.1 follows. Our proof is a case-by-case discussion.

In Chapter 6, we briefly explain our ongoing work to establish harmonic analysis on XP

over archimedean local fields and its connection to Weyl algebras on XP .
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Chapter 2. Preliminaries

Throughout G always denotes a split connected almost simple algebraic group over a

field F , so g :“ LiepGq is a simple Lie algebra. Fix a maximal split torus and a Borel

subgroup T ă B ă G. For a standard parabolic subgroup B ď P , let P op denote its

opposite and NP :“ RupP q be its unipotent radical. We often write N :“ NB. Let

Φ :“ ΦG Ă X˚pT q be the set of roots of pG,B, T q and ∆ :“ ∆G Ă Φ be its base.

Throughout F always denotes a local field. When F is nonarchimedean, we let O be

its ring of integers. We fix a choice of uniformizer ϖ and let q be the cardinality of the

residue field O{ϖ. We denote by | ¨ | the number theorist’s norm on F. Thus | ¨ | is the usual

Euclidean norm if F “ R, |z| “ zz̄ if F “ C, and |ϖ´1| “ q if F is nonarchimedean.

We also denote the usual norm on C by |¨|. This creates the possibility of confusion when

we have chosen an identification F “ C. When F is denoted by C, we use the standard

norm, and when F is denoted simply F , we use the number-theorist’s norm. Thus, for

example, if X is a set and f : X Ñ C is a function, then |fpxq| “ pfpxqfpxqq1{2 for x P X.

This is a standard convention adopted to lighten notation.

2.1 Quasi-characters

Let xFˆ be the group of quasi-characters of Fˆ. For χ P xFˆ and s P C, define χs :“ χ|¨|s.

Let Repχq be the unique real number such that χ´Repχq is a character (i.e., is unitary). Let

pKGm be a set of representatives for the characters of Fˆ modulo the equivalence relation

χ1 „ χ2 if and only if χ1 “ χ2| ¨ |it

for some t P R. The set of equivalence classes can be identified with the set of characters

of the maximal compact subgroup KGm ă Fˆ, which explains the notation.

When F is nonarchimedean, we have a (noncanonical) group isomorphism

FˆÝ̃ÑZ ˆ Oˆ

a ÞÑ pordpaq, ãq,
(2.1)
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where

ordpaq :“ ´ logq |a|, ã :“ a ¨ϖ´ordpaq.

The isomorphism (2.1) induces a group isomorphism

C{
2π

?
´1

log q Z ˆ yOˆÝ̃Ñ xFˆ

ps, χq ÞÑ pa ÞÑ |a|sχpãqq .

We henceforth identify yOˆ as a subgroup of xFˆ under this isomorphism, and thus χpaq “

χpãq for χ P yOˆ. Let ordpχq be the order of χ, i.e., the smallest positive integer d such that

χd “ 1. We often write pKGm and yOˆ interchangeably.

When F is archimedean, let

µpzq :“
z

pzzq1{2
,

where we use the positive square root. We always choose the representatives

pKGm :“

"

µα :
α P t0, 1u if F is real
α P Z if F is complex

*

. (2.2)

2.2 Measures

If dx denotes a Haar measure on F, then dˆx :“ ζp1qdx
|x|

where ζ is the usual local zeta

function. We often regard dx as a measure on the open dense subset Fˆ Ă F . We fix once

and for all a nontrivial additive character ψ : F Ñ Cˆ. The measure dx will always be

normalized so that it is self-dual with respect to the Fourier transform on SpF q defined by

ψ.

Fix a Chevalley basis of g with respect to t :“ LiepT q. Let

Θ : g ÝÑ g

be the opposite involution attached to pG,B, T q (here we follow the conventions of [Mil17,

§23.h]). For all roots α, this gives us vectors Xα in the root space of α that satisfy X´α “

´ΘpXαq [Mil17, §23.h], and provides us with isomorphisms

Ga ÝÑ Nα
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whereNα ă G is the root subgroup of α. We use this to endow eachNαpF q with the measure

dx by transport of structure, which in turn induces measures on unipotent subgroups of

BpF q and its opposite BoppF q. This is the same normalization used in [Lan71].

2.3 Schwartz spaces

Let X be an irreducible smooth quasi-affine scheme of finite type over F . Suppose

XpF q is nonempty. We endow XpF q with the analytic topology. If F is nonarchimedean,

we define SpXpF qq :“ C8
c pXpF qq to be the space of locally constant functions on XpF q

with compact support. When F is archimedean, we define SpXpF qq “ SpResF {RXpRqq as

in [ES18, Remark 3.2] (this is based on previous work in [AG08]). Briefly, one chooses an

embedding ResF {RXpRq Ñ Rn in the category of real algebraic varieties with closed image

and then defines SpXpF qq “ SpRnq{I, where I ď SpRnq is the (closed) ideal of functions

that vanish identically on XpF q. The embedding ResF {RXpRq Ñ Rn always exists in the

real algebraic category, even if X is merely quasi-affine (see [ES18, §2.1] for references).

One endows SpXpF qq with the quotient topology, which is Fréchet and nuclear. The space

SpXpF qq and its topology are independent of the choice of embedding [ES18, Lemma 3.6(i)].

2.4 Asymptotic notation

Let g1 : X Ñ Rě0 and g2 : X Ñ Rě0 be functions defined on a set X. We write

g1pxq !? g2pxq, g1pxq “ O?pg2pxqq (2.3)

if there is a constant C? ą 0 depending on the set ? such that g1pxq ă C?g2pxq for all

x P X. We drop set symbols when denoting the set, e.g. we write Ca,b instead of Cta,bu.

We will also say g2 dominates g1 in order to avoid repeating the phrase “is bounded by a

constant times.” If F is archimedean and ? contains an element of SpV pF qq (or another

topological vector space of functions) (2.3) will in addition mean that the implied constant

can be chosen continuously as a function of f when the other elements in ? are fixed.
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Chapter 3. Local Fourier theory on Braverman-Kazhdan
spaces

In this chapter, we develop Fourier theory on Braverman-Kazhdan spaces over local

fields. In §3.1 we introduce Braverman-Kazhdan spaces and study their geometry. Then

we move on to introduce normalizing operators in §3.2 as a preparation to define Schwartz

spaces and Fourier operators on Braverman-Kazhdan spaces in §3.3 and §3.4. Finally,

in §3.5 we give formulae of Fourier operators with geometric flavor and work out several

examples explicitly in §3.6, connecting this result to known formulae in the literature.

3.1 Braverman–Kazhdan spaces

Let P ă G be a standard maximal parabolic subgroup with Levi decomposition P “

MNP such that T ď M . Set

X˝
P :“ P derzG.

It is known as a pre-flag variety since it is a Gm-torsor over the generalized flag variety

P zG. This is a right Mab ˆ G-space, where the action is given on points in an F -algebra

R by

X˝
P pRq ˆMabpRq ˆGpRq ÝÑ X˝

P pRq

px,m, gq ÞÝÑ m´1xg.
(3.1)

3.1.1 Plücker embeddings

Suppose that β P ∆ is the simple root of pG,B, T q associated to P ; that is, we have that

∆M “ ∆ ´ tβu is the set of simple roots for the based root system of pM,M XB, T q. Let

ωβ P X˚pT qQ :“ X˚pT q bZ Q be the fundamental weight of T determined by the relation

xωβ, α
_y “ δα,β for all α P ∆,

where δα,β is the Kronecker δ. It is not necessarily true that ωβ P X˚pT q. We let mβ be

the least positive rational number such that mβωβ P X˚pT q and define

ωP :“ mβωβ. (3.2)
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We claim that mβ P Z. To see this, note that if Λ is the lattice in X˚pT qQ spanned by the

fundamental weights, one has

λ P Λ ðñ xλ, α_y P Z

for all simple roots α P ∆. Since X˚pT q ď Λ, the claim now follows by pairing ωP with β_.

Lemma 3.1.1. If T is a maximal torus of a (connected) reductive F -group H, then T X Hder is a

maximal torus of Hder. If T is split, then so are T XHder and T {T XHder.

Proof. The first statement follows from the fact that H “ HderZpHq, where ZpHq is the

center of H . For the second statement, see e.g., [Mil17, Chapter 12].

Lemma 3.1.2. The torus Mab is split and isomorphic to Gm. The map MpF q Ñ MabpF q is

surjective.

Proof. Since by our assumption G is split and almost simple, and P is maximal, the first

assertion follows from Lemma 3.1.1. For the second assertion, by Lemma 3.1.1 we have an

exact sequence of split tori

1 ÝÑ T XMder ÝÑ T ÝÑ Mab ÝÑ 1

obtained by restricting the map M Ñ Mab to T . Therefore, T pF q Ñ MabpF q is surjective

by Hilbert’s theorem 90 and we deduce the lemma.

Corollary 3.1.3. The map GpF q Ñ X˝
P pF q is surjective.

Proof. Consider the commutative diagram

GpF q X˝
P pF q

pP zGqpF q,

q1

q3
q2

where the qi are the canonical quotient maps. The map q3 is surjective [Mil17, Theorem

25.9]. For y P pP zGqpF q, choose g P GpF q such that q3pgq “ y. Set x “ q1pgq. Since Mab is
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a split torus by Lemma 3.1.2, q´1
2 pyq is a MabpF q-torsor. In other words,

q´1
2 pyq “ ttx : t P MabpF qu “ tq1pmgq : m P MpF qu

since MpF q Ñ MabpF q is surjective by Lemma 3.1.2. Thus q´1
2 pyq is in the image of q1 for

all y P pP zGqpF q.

Let VP be the right representation of G of highest weight ´ωP . We remind the reader

that for a right representation, the character of a highest weight vector is anti-dominant,

explaining why the highest weight is ´ωP . Fix a highest weight vector vP P VP pF q.

Lemma 3.1.4. The derived subgroup P der is the stabilizer of vP , so that the map Pl :“ PlvP :

X˝
P Ñ VP induced by

GpRq ÝÑ VP pRq

g ÞÝÑ vP g,

maps X˝
P isomorphically onto to the orbit of vP under G. The map ωP , originally a character of T,

extends to a character of M, and the induced map

ωP :Mab ÝÑ Gm

is an isomorphism. For m P MabpRq, one has

Plpm´1gq “ ωP pmqPlpgq. (3.3)

Proof. It is well-known that P is the stabilizer of the line spanned by vP (this follows from

the discussion in [Bor91, §24.4]), and thus this line is a one-dimensional representation of

P. We deduce that ´ωP extends from T to a character of P, and P acts via the character

´ωP on the line and hence the stabilizer of vP contains P der.

Since P der “ MderNP , to prove that P der is the full stabilizer, it suffices to check that

ωP :Mab Ñ Gm is an isomorphism. Upon choosing an isomorphismMab – Gm,we have

that ωP is given on points by x ÞÑ xn for some non-zero n P Z. Then ωP {n P X˚pT q. By our

choice of ωP , we deduce n “ ˘1 and ωP is an isomorphism. The equivariance property

(3.3) of Pl is now clear.
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Consider the affine closure

XP :“ X˝
P
aff

:“ SpecpF rX˝
P sq.

The affine F -scheme XP is normal and of finite type, and the natural map X˝
P Ñ XP is an

open immersion [BG02, Theorem 1.1.2]. We refer to XP as a Braverman-Kazhdan space

attached to G and P . We have the following explicit description of XP [VP73, Theorem 1

and 2].

Theorem 3.1.5. The embedding Pl : X˝
P Ñ VP extends to a closed immersion Pl : XP Ñ VP .

The closed subscheme XP ´X˝
P is a point and it is mapped under Pl to 0.

This implies the origin 0 is the only possible singularity of XP . Moreover, one can easily

check XP is smooth if and only if XP “ VP is a vector space. Therefore, in general XP is

singular.

Let V _
P be the representation of G dual to VP and let v˚

P op P V _
P pF q be the lowest

weight vector dual to vP . We then have an embedding Plv˚
Pop

: X˝
P op Ñ V _

P induced by

GpRq ÝÑ V _
P pRq

g ÞÝÑ v˚
P opg.

Let x¨, ¨y be the canonical pairing of VP and V _
P . Consider the G-equivariant pairing given

on F -algebras R by

x¨, ¨yP |P op : X˝
P pRq ˆX˝

P oppRq ÝÑ R (3.4)

px, x˚q ÞÝÑ xPlvP pxq,Plv˚
Pop

px˚qy.

If we replace vP by any other highest weight vector v1
P , then v1

P “ tvP for some t P Fˆ.

Thus the dual vector of v1
P is t´1v˚

P op . It follows that x¨, ¨yP |P op is independent of the choice

of vP .

3.1.2 Relation to induced representations

The space SpX˝
P pF qq, equipped with theMabpF q-action induced by (3.1), can be thought

of as a universal (degenerate) principal series representation. For a quasi-character χ :
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Fˆ Ñ Cˆ, let

Ipχq :“ IP pχq :“ Ind
GpF q

P pF q
pχ ˝ ωP q, Ipχq :“ IP oppχq :“ Ind

GpF q

P oppF q
pχ ˝ ωP q (3.5)

be the normalized inductions in the category of smooth representations. Let δP be the

modular character of P. We define Mellin transforms
SpX˝

P pF qq ÝÑ Ipχq

f ÞÝÑ fχp¨q :“ fχ,P p¨q :“

ż

MabpF q

δ
1{2
P pmqχpωP pmqqfpm´1¨qdm,

SpX˝
P oppF qq ÝÑ Ipχq

f ÞÝÑ fopχ p¨q :“ fopχ,P opp¨q :“

ż

MabpF q

δ
1{2
P oppmqχpωP pmqqfpm´1¨qdm.

(3.6)

Here dm is the Haar measure on MabpF q obtained from the isomorphism ωP :MabpF q Ñ

Fˆ and the Haar measure dˆx on Fˆ by our convention in §2.2. In the notation IP oppχq

and fopχ,P op , the bar and the superscript op indicate that we are inducing from χ˝ωP instead

of χ ˝ ωP op .

We use the same notation for extensions of the Mellin transform to larger subsets of

C8pX˝
P pF qq and C8pX˝

P oppF qq, when in general the integrals defining fχ, f
op
χ only exist

for Repχq in a proper subset of R, and in some cases will be extended to larger complex

domains by analytic continuation.

When F is archimedean (resp. nonarchimedean), we say that a section f psq P Ipχsq is

holomorphic if for all g P GpF q, the function

C ÝÑ C

s ÞÝÑ f psqpgq

(3.7)

is holomorphic (resp. lies in Crq´s, qss). We say f psq is meromorphic if there is a nonzero

holomorphic function apsq (resp. apsq P Crq´s, qssq such that apsqf psq is holomorphic.

3.2 Twisting by abelian γ-factors

As discussed in §3.4 below, the definition of the Fourier transform FP |P op involves nor-

malization operators λ!pµsq which correspond, under the Mellin transform, to multiplication
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by γp´s, χλ, ψq (see Lemma 3.2.3). Here and below γps, χ, ψq denotes the usual Tate γ-

factor attached to a complex number s, a quasi-character χ : Fˆ Ñ Cˆ, and the additive

character ψ. The operators λ!pµsq were previously defined in [BK02] and an exposition is

given in [Sha18]. The approach of [BK02] is inconvenient in the sense that each operator

is only defined on an inexplicit subspace of SpX˝
P pF qq that is dense in L2pXP pF qq. Thus

as one composes operators, one loses control of their domain and range. Moreover, the

operators are only defined in the nonarchimedean case in [BK02].

In this section we set up a general theory of the operators λ!pµsq that is applicable

uniformly in both archimedean and nonarchimedean settings. We also explain how to

control their domain and range. This is quite delicate. In particular, to construct the

Fourier transform, the normalizing operators λ!pµsq have to be composed in a particular

order. This motivates the definition of a good ordering in Definition 3.2.9 below. Essentially

the situation is as follows: to compose the operators λ!pµsq, we require the domain of

absolute convergence of certain Tate integrals to overlap. This is only possible if we arrange

the operators in a particular order.

Remark 3.2.1. This difficulty was also encountered in the nonarchimedean setting in a

special case in [JLZ20]. They overcame it by packaging all the normalizing operators

together and relating them to transforms coming from prehomogeneous vector spaces.

We do not know if their method can be used to obtain an explicit formula for the Fourier

transform, or if it can be applied in the generality considered here.

For nonzero λ P Z and arbitrary s P C, we define a linear map

λ!pµsq : SpX˝
P oppF qq ÝÑ C8pX˝

P oppF qq (3.8)

given by

λ!pµsqpfqpxq :“

ż

MabpF q

ψpωP pmqq|ωP pmq|s`1δ
λ{2
P oppmqfpm´λxq

dm

ζp1q
. (3.9)

This was denoted λ!pηsψq in [BK02]. In loc. cit. a measure is incorporated into the distribu-

tion; this is why our formula looks different.
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We work with X˝
P op here to be consistent with our notation later on, when these op-

erators are applied after the operator RP |P op of (3.41). Of course in the formula for (3.9)

we could write everything in terms of P or P op by taking appropriate inverses. We have

written it in the form above to remind the reader that f is a function on X˝
P oppF q, but the

normalizing factors λ and s we will use in our case of primary interest are defined in terms

of P (see §3.2.1 below).

To extend the domain of definition of λ!pµsq, choose Φ P SpF q such that Φp0q “ 1 and

pΦ P C8
c pF q. Here pΦpxq :“

ş

F Φpyqψpxyqdx is the Fourier transform of Φ. For continuous

functions f : X˝
P oppF q Ñ C and x P X˝

P oppF q, we define the regularized integral

λ!pµsq
regpfqpxq :“ lim

|b|Ñ8

ż

MabpF q

Φ

ˆ

ωP pmq

b

˙

ψpωP pmqq|ωP pmq|s`1δ
λ{2
P oppmqfpm´λxq

dm

ζp1q
.

(3.10)

We say this integral is well defined if
ż

MabpF q

|Φ|

ˆ

ωP pmq

b

˙

|ωP pmq|Repsq`1δ
λ{2
P oppmq|f |pm´λxqdm (3.11)

is finite for |b| sufficiently large, and the limit in the definition of λ!pµsqregpfqpxq exists and

is independent of Φ.

Lemma 3.2.2. If the integral definingλ!pµsqpfqpxq is absolutely convergent, thenλ!pµsqregpfqpxq “

λ!pµsqpfqpxq. In particular, λ!pµsqregpfq “ λ!pµsqpfq whenever f P SpX˝
P oppF qq.

To avoid more proliferation of notation, we will drop the reg from notation. Lemma

3.2.2 shows this is harmless, as it implies that the two integrals yield the same result when

both are well defined.

Lemma 3.2.3. Assume f P Ipχq and that Repsq ` 1 ´ λRepχq ą 0. The function

λ!pµsqpfqpxq

is well defined and equal to γp´s, χλ, ψqfpxq.
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Proof. Since Repsq ` 1 ´ λRepχq ą 0, (3.11) is finite for all b. By the functional equation of

Tate zeta functions, we have
ż

MabpF q

Φ

ˆ

ωP pmq

b

˙

ψpωP pmqq|ωP pmq|s`1χ´λpωP pmqqfpxq
dm

ζp1q

“ γp´s, χλ, ψqfpxq

ż

Fˆ

ˆ
ż

F
Φ

ˆ

t

b

˙

ψptqψpytqdt

˙

|y|´sχλpyq
dˆy

ζp1q
.

Using our assumption that Φp0q “ 1, we have

lim
|b|Ñ8

|b|

ż

Fˆ

ˆ
ż

F
Φ ptqψpbtp1 ´ yqqdt

˙

|y|´sχλpyq
dˆy

ζp1q

“ lim
|b|Ñ8

|b|

ż

Fˆ

pΦpbp1 ´ yqq|y|´sχλpyq
dˆy

ζp1q

“ lim
|b|Ñ8

ż

F

pΦpyq|1 ´
y
b |´s´1χλp1 ´

y
b qdy

“ 1.

(3.12)

Here for small |b| the integral may diverge, but since pΦ P C8
c pF q, the integral converges

for |b| sufficiently large.

Now consider a graded Gm-representation

L “
à

iPI

Li

for some finite index set I. We assume that each Li is 1-dimensional and that Gm acts via

a character λi on Li. We identify X˚pGmq with Z by taking the identity character to 1,

so we can speak of positive or negative characters. We assume that each character λi is

non-zero and assign to each Li a real number si.

We then have linear maps

λi!pµsiq : SpX˝
P oppF qq ÝÑ C8pX˝

P oppF qq (3.13)

for each i P I. Following [BK02], we wish to compose these linear maps to give a single

transform

µL : SpX˝
P oppF qq ÝÑ C8pX˝

P oppF qq
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associated to the Gm-module L and the data tpsi, λiq P R ˆ Z : i P Iu.

It is convenient (and perhaps necessary) to extend the work in [BK02] by elucidating

the domain and range of these operators. We proceed as in [GL21], which borrows from

[Ike92]. Let

aLpχq :“
ź

iPI

Lp´si, χ
λiq. (3.14)

We introduce extended real numbers ApLq, BpLq as follows:

ApLq :“

#

max
!

si
λi

: i P I, λi ą 0
)

if λi ą 0 for some i,

´8 otherwise,

BpLq :“

#

min
!

si
λi

: i P I, λi ă 0
)

if λi ă 0 for some i,

8 otherwise.

(3.15)

Assume that ApLq ă BpLq.

Lemma 3.2.4. The function aLpχq has no poles for ApLq ă Repχq ă BpLq.

We now define the space

SL :“ SLpXP oppF qq ă C8pX˝
P oppF qq. (3.16)

When F is nonarchimedean, we define SL to be the space of smooth functions f : X˝
P oppF q Ñ

C that are finite under a maximal compact subgroup of GpF q and satisfy the following ad-

ditional condition: the integral defining fopχs pxq is absolutely convergent for ApLq ă Repsq ă

BpLq and x P X˝
P pF q, and

fopχs

aLpχsq

is a holomorphic section for all (unitary) characters χ : Fˆ Ñ Cˆ.

When F is archimedean, we require a bit more notation. For real numbers A ă B,

p P Crss, and meromorphic functions ϕ : C Ñ C, we let

|ϕ|A,B,p : “ sup
sPVA,B

|ppsqϕpsq| (3.17)
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where

VA,B :“ ts P C : A ă Repsq ă Bu. (3.18)

Consider the Lie algebra

mab ‘ g :“ LiepMab ˆGq. (3.19)

It acts on C8pX˝
P oppF qq via the differential of the action (3.1) and hence we obtain an

action of Upmab ‘ gq, the universal enveloping algebra of pmab ‘ gqC (here we view mab ‘ g

as a real Lie algebra).

Recall our choice of pKGm at archimedean places in (2.2). We let SL be the space of

smooth functions f : X˝
P oppF q Ñ C such that for all η P pKGm and all D P Upmab ‘ gq, the

integral defining

pD.fqopηs pxq

converges absolutely for all ApLq ă Repsq ă BpLq, and admits a meromorphic continuation

to the plane such that

1. for all A ă B,

2. all polynomials p P Crss such that ppsqaLpηsq has no poles in VA,B for all η P pKGm ,

3. all compact subsets Ω Ă X˝
P oppF q,

4. all D P Upmab ‘ gq,

one has that

|f |A,B,p,Ω,D :“
ÿ

ηP pKGm

sup
xPΩ

|pD.fqopηs pxq|A,B,p ă 8. (3.20)

This collection of seminorms gives SL the structure of a Fréchet space by the same argument

as in [GH20, Lemma 3.2].

In all cases, this definition allows us to recover analytic properties of f from its Mellin

transforms via Mellin inversion. More specifically, Let κ P Rą0 (depending on ψ) be chosen

so that

κdx
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is the standard Haar measure on F . Here the standard Haar measure is the Lebesgue

measure if F “ R, twice the Lebesgue measure if F “ C, and satisfies κdxpOq “ |d|1{2

where d is a generator for the absolute different of O when F is nonarchimedean. We then

let

IF :“

#

”

´ π
log q ,

π
log q

ı

if F is nonarchimedean,
R if F is archimedean,

(3.21)

and

cF :“

$

’

&

’

%

κ log q if F is nonarchimedean,
κ
2 if F “ R,
κ
2π if F “ C.

We fix now a maximal compact subgroup K ă GpF q such that the Iwasawa decompo-

sition

P pF qK “ GpF q (3.22)

holds. The following is a version of Mellin inversion (see [GL21, Lemma 4.3], [Fol16, The-

orem 4.32], [BB11, (2.2)]):

Lemma 3.2.5. Let f P C8pX˝
P oppF qq and assume for all η P pKGm the integral defining fopηs is

absolutely convergent for Repsq “ σ. Suppose moreover that for all x P X˝
P oppF q one has

ÿ

ηP pKGm

ż

σ`iIF

|fopηs pxq|ds ă 8.

Then for all x P X˝
P oppF q one has

fpxq “
ÿ

ηP pKGm

ż

σ`iIF

fopηs pxq
cFds

2πi
. (3.23)

Moreover, f is K-finite if and only if the sum over η has support in a finite set independent of x.

Conversely, suppose that we are given continuous fpηqpsq P Ipηsq for all s with Repsq “ σ and

all η P pKGm and that
ÿ

ηP pKGm

ż

σ`iIF

|fpηqpsqpxq|ds ă 8
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for all x P X˝
P oppF q. Assume moreover in the nonarchimedean case that fpηq

ps` 2πi
log q

q
“ fpηqpsq.

Define

fpxq :“
ÿ

ηP pKGm

ż

σ`iIF

fpηqpsqpxq
cFds

2πi
.

If the integral defining fopηs is absolutely convergent for all η P pKGm and s with Repsq “ σ then

fopηs “ fpηqpsq.

The lemma implies in particular that (3.23) holds for f P SL and ApLq ă σ ă BpLq.

As an immediate consequence of Mellin inversion (3.23), we deduce the following esti-

mate for functions in SL:

Lemma 3.2.6. Assume ε ą 0 is chosen so that ApLq ` ε ă BpLq ´ ε, and let Ω Ă XP oppF q be a

compact subset. For each f P SL and pm,xq P MabpF q ˆ Ω, one has an estimate

|fpmxq| !Ω,f,ε δ
1{2
P oppmqminp|ωP pmq|ApLq`ε, |ωP pmq|BpLq´εq.

Here whenApLq “ ´8 we interpretApLq`ε as any negative real numberA, and whenBpLq “ 8

we interpret BpLq ´ ε as any positive real number B. In these cases, the implied constant depends

on A and B.

We now use this to give a criterion for when the regularized integral is the usual integral:

Lemma 3.2.7. Assume λ ą 0 and let s P C. If

ApLq ă
Repsq ` 1

λ
ă BpLq,

then the integral defining λ!pµsqpfq is absolutely convergent for f P SL.

Proof. Substituting the bounds from Lemma 3.2.6, it suffices to observe that
ż

Fˆ

|t|Repsq`1minp|t|´λpApLq`εq, |t|´λpBpLq´εqqdˆt

is convergent for ε ą 0 sufficiently small. Here when ApLq “ ´8 or BpLq “ 8, we

interpret ApLq ` ε and BpLq ´ ε as in Lemma 3.2.6.
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For each i, let

rLi (3.24)

be L_
i (the one-dimensional vector space on which Gm acts via ´λi) attached with the real

number ´1 ´ si. If ´8 ă ApLq, choose Lk such that ApLq “
sk
λk
, and define

L1 :“ rLk ‘
à

i‰k

Li.

Since we have assumed ApLq ă BpLq, we have that

ApL1q ď ApLq ă BpL1q ď BpLq, (3.25)

so

pApLq, BpLqq X pApL1q, BpL1qq “ pApLq, BpL1qq ‰ H. (3.26)

Using this observation, we prove the following proposition:

Proposition 3.2.8. For ´8 ă ApLq ă Repχq ă BpL1q, there is a commutative diagram

SL SL1

Ipχq Ipχq

λk!pµsk q

p¨q
op
χ p¨q

op
χ

where the bottom arrow is multiplication by γp´sk, χ
λk , ψq and the vertical arrows are f ÞÑ fopχ .

In particular, the regularized integral λk!pµskq is well-defined on SL.

Proof. Let f P SL and x P X˝
P oppF q. By Lemma 3.2.6, for any ε ą 0 we have

ż

MabpF q

|Φ|

ˆ

ωP pmq

b

˙

|ωP pmq|sk`1δ
λk{2
P op pmq|f |pm´λkxq

dm

ζp1q

!f,ε,x

ż

Fˆ

|Φ|

ˆ

t

b

˙

|t|sk`1´λkpApLq`εqdˆt,

which is finite for any b when ε is sufficiently small.
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We claim that

λk!pµskqpfqpxq “ lim
|b|Ñ8

ż

MabpF q

Φ

ˆ

ωP pmq

b

˙

ψpωP pmqq|ωP pmq|sk`1δ
λk{2
P op pmqfpm´λkxq

dm

ζp1q

converges and is equal to

hpxq :“
ÿ

ηP pKGm

ż

σ`iIF

γpλks´ sk, η
λk , ψqfopηs pxq

cFds

2πi
(3.27)

for

ApLq ă σ ă BpL1q.

Before proving the claim, it is convenient to study hpxq. By standard properties of the Tate

γ-factor, we have
γpλks´ sk, η

λk , ψqfopηs
aL1pηsq

“
gps, η, ψqfopηs
aLpηsq

(3.28)

where gps, η, ψq lies in Crq´s, qss in the nonarchimedean case and is holomorphic and

bounded in VA,B for all ´8 ă A ă B ă 8 by a constant independent of η when F is

archimedean. Thus the expression defining hpxq is absolutely convergent for ApLq ă σ ă

BpL1q since aL1pηsq has no poles in this range (see (3.26)). Here whenF is nonarchimedean,

we have used the fact that functions in SL are finite under a maximal compact subgroup

ofGpF q and hence the sum over η in (3.27) has finite support. In the archimedean case we

have used the fact that γpλks´ sk, η
λk , ψq is bounded by a polynomial in s independent of

η for ApLq ă Repsq ă BpL1q (see the proof of [GL21, Lemma 3.3]).

Let ApLq ă σ ă BpL1q and x P X˝
P oppF q. We claim the integral

ż

MabpF q

δ
1{2
P oppmq|ωP pmq|σ|h|pm´1xqdm

“

ż

MabpF q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

ηP pKGm

ż

iIF

pηsq
´1pωP pmqqγpλkσ ` λks´ sk, η

λk , ψqfopησ`s
pxq

cFds

2πi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dm

(3.29)

is convergent. This implies in particular that hopχs is well-defined for ApLq ă σ ă BpL1q. If

F is nonarchimedean, it suffices to fix η P pKGm and show
ż

MabpF q

ˇ

ˇ

ˇ

ˇ

ż

iIF

pηsq
´1pωP pmqqγpλkσ ` λks´ sk, η

λk , ψqfopησ`s
pxq

cFds

2πi

ˇ

ˇ

ˇ

ˇ

dm ă 8
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By the smoothness of η, it suffices to show

ÿ

nPZ

ˇ

ˇ

ˇ

ˇ

ż

iIF

qnsγpλkσ ` λks´ sk, η
λk , ψqfopησ`s

pxq
cFds

2πi

ˇ

ˇ

ˇ

ˇ

ă 8 (3.30)

This is nothing but the ℓ1-norm of the Fourier transform of the smooth function

R{ 2π
log qZ ÝÑ C

s ÞÝÑ γpλkσ ` λkis´ sk, η
λk , ψqfopησ`is

pxq.

Hence (3.30) is valid by a standard integration by parts argument. In the archimedean

case the proof that (3.29) converges is similar. One uses the fact that f P SL and that

γpλks ´ sk, η
λk , ψq is bounded by a polynomial in s independent of η for ApLq ă Repsq ă

BpL1q as mentioned above.

We conclude that hopηs “ γpλks ´ sk, η
λk , ψqfopηs by Mellin inversion, specifically the

converse statement in Lemma 3.2.5. Using (3.28) (and its analogues with f and h replaced

by various derivatives in the archimedean setting) we also deduce thath P SL1 .Thus we can

conclude the commutativity of the diagram upon verifying our claim that λk!pµskqpfqpxq

is equal to hpxq.

Observe that the convergence in (3.12) is uniform in Repsq,Repχq, λ in a compact set.

Therefore, we can reverse the proof of Lemma 3.2.3 and deduce that (3.27) is equal to the

limit as |b| Ñ 8 of

ÿ

ηP pKGm

ż

σ`iIF

γpλks´ sk, η
λk , ψq

ˆ

ˆ
ż

Fˆ

ˆ
ż

F
Φ

ˆ

t

b

˙

ψptqψpytqdt

˙

|y|´skηspy
λkqdˆy

˙

fopηs pxq
cFds

2πi

“
ÿ

ηP pKGm

ż

σ`iIF

˜

ż

MabpF q

Φ

ˆ

ωP pmq

b

˙

ψpωP pmqq

ˆ |ωP pmq|sk`1ηspωP pmq´λkqfopηs pxq
dm

ζp1q

¸

cFds

2πi
. (3.31)
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Moreover, the expression
ÿ

ηP pKGm

ż

σ`iIF

ż

MabpF q

ˇ

ˇ

ˇ

ˇ

Φ

ˆ

ωP pmq

b

˙

|ωP pmq|sk`1ηspωP pmq´λkq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇfopηs pxq
ˇ

ˇ dmds

is finite. Indeed, the inner integral is bounded independently of η and s since we have

assumed σ ă BpL1q and
ÿ

ηP pKGm

ż

σ`iIF

ˇ

ˇfopηs pxq
ˇ

ˇ ds

is finite by definition of SL since aLpηsq has no poles for ApLq ă Repsq ă BpL1q.

Therefore, we can rearrange the order of the integral in (3.31) and arrive at
ż

MabpF q

Φ

ˆ

ωP pmq

b

˙

ψpωP pmqq|ωP pmq|sk`1δ
λk{2
P op pmq

ˆ

¨

˝

ÿ

ηP pKGm

ż

σ`iIF

fopηs pm´λkxq
cFds

2πi

˛

‚

dm

ζp1q

“

ż

MabpF q

Φ

ˆ

ωP pmq

b

˙

ψpωP pmqq|ωP pmq|sk`1δ
λk{2
P op pmqfpm´λkxq

dm

ζp1q
.

Here in the last step we have used Mellin inversion (Lemma 3.2.5), which is valid by

definition of SL because ApLq ă σ ă BpL1q. This completes the proof of our claim that

λk!pµskqpfqpxq is equal to hpxq.

Definition 3.2.9. Let L “
À

iPI Li and tpsi, λiquiPI be as above. Assume all λi ą 0. A good

ordering of tLiu is a bĳection IÑ̃t1, . . . , ku for some k, such that after identifying I with

t1, . . . , ku via the bĳection one has
si`1

λi`1
ě
si
λi

(3.32)

for 1 ď i ď k ´ 1.

We also refer to a good ordering of tLiu as a good ordering of tpsi, λiquiPI . We henceforth

assume that λi ą 0 for all i and tLiu is equipped with a good ordering (it is easy to see it

exists). In particular we use the good ordering to identify I and t1, . . . , ku.
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For 0 ď i ď k, we define

Lpiq :“

˜

à

1ďjďk´i

Lj

¸

‘

˜

à

k´iăjďk

rLj

¸

.

Note that L “ Lp0q, and set

rL :“ Lpkq.

Under assumption (3.32), for each 1 ď i ă k one has

ApLpiqq “
sk´i

λk´i
ă BpLpi` 1qq “ min

k´pi`1qăjďk

!

1`sj
λj

)

ď BpLpiqq “ min
k´iăjďk

!

1`sj
λj

)

and

pApLq, BpLqq “

´

sk
λk
,8

¯

and pAprLq, BprLqq “

ˆ

´8, min
1ďjďk

!

1`sj
λj

)

˙

.

In particular, for each 0 ď i ă k we have ApLpiqq ă BpLpiqq, so Proposition 3.2.8 implies

the map

λpk´iq!pµsk´i
q : SLpiq ÝÑ SLpi`1q

is well defined. Thus we define

µL :“ λ1!pµs1q ˝ ¨ ¨ ¨ ˝ λk!pµskq : SL ÝÑ S
rL

(3.33)

as an iterated composition. Define

µLpχq :“
k
ź

i“1

γp´si, χ
λi , ψq. (3.34)

Corollary 3.2.10. One has a commutative diagram

SL S
rL

Ipχq Ipχq

µL

p¨q
op
χ p¨q

op
χ

where the bottom arrow is multiplication by µLpχq.
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Some care is needed in interpreting the commutativity of this diagram. Indeed, for

general elements of SL, the half planes of absolute convergence of fopχ and µLpfq
op
χ may

be disjoint. Thus, the identity µLpχqfopχ “ µLpfq
op
χ (for f P SL) asserted by the corollary

must be understood in the sense of meromorphic continuation.

Proof. Suppose that ApLpiqq ă Repχq ă BpLpi ` 1qq and consider the diagram in Propo-

sition 3.2.8 in the special case L “ Lpiq. Using the string of inequalities (3.25) we see that

both vertical arrows in Proposition 3.2.8 are given by absolutely convergent integrals. The

diagram in Proposition 3.2.8 continues to commute for arbitrary Repχq if interpreted in

the sense of meromorphic continuation. In other words, for all 0 ď i ă k and arbitrary χ,

we have an identity of meromorphic functions

γp´sk´i, χ
λk´i , ψqfopχ “ λpk´iq!pµsk´i

qpfqopχ

for f P SLpiq. The corollary follows.

3.2.1 Braverman and Kazhdan’s graded representation

We now recall the graded representation L identified by Braverman and Kazhdan, re-

stricting our attention to the case of a fixed maximal parabolic P containing M and its

opposite P op. We use fraktur letters to denote Lie algebras and p̈ to denote the complex-

algebraic dual groups and dual Lie algebras. We have embeddings of Lie algebras

pnP ÝÑ pp ÝÑ pg.

Let te, h, fu be a principal sl2-triple in pm; it defines a morphism sl2 Ñ pm. The adjoint

action of pm on pnP restricts to yield an action of sl2 on pnP , and we let pneP denote the space

of highest weight vectors.

Recall our fixed isomorphism

ωP :MabÝ̃ÑGm.

This induces a dual isomorphism

pωP : GmÝ̃ÑxMab “ ZpxMq (3.35)
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where ZpxMq is the center of xM . Thus we obtain a Gm-action on pneP . Setting

L :“ pneP “
à

i

Li, (3.36)

we let λi be the Gm-character and si be 1
2 times the h-eigenvalue on the line Li.

Lemma 3.2.11. For each Li as above si is nonnegative and λi is positive.

Proof. The si are all 1
2 times theh-eigenvalue of a highest weight vector of a sl2-representation

and hence are nonnegative. The λi are all positive by Lemma A.0.1.

We define

µP :“ µL : SL ÝÑ S
rL

and µP pχq :“ µLpχq (3.37)

for the choice of L given in (3.36). Here µLpχq is defined as in (3.33).

Remark 3.2.12. One can compute that the dual group ǦXP
[GN10, SV17, KS17] of the

spherical varietyXP is isomorphic to Gm. The morphism induced from pωP and the lifting

from the principal sl2-triple is a distinguished morphism

ǦXP
ˆ SL2 Ñ xM ãÑ pG

defined in [SV17], which depends only on the smooth locusX˝
P . The specific choice of the

graded representation L (or more precisely the adjoint action of ǦXP
ˆsl2 on pnP ) relates to

the colored cone corresponding to the spherical embedding X˝
P Ñ XP . For general affine

spherical embedding, it is not clear how one should extract normalizing operators from

the associated colored cone. In the unramified setting, this has been studied in various

cases in [SW22] and the recent joint work of Ben-Zvi, Venkatesh, and Sakellaridis.

3.2.2 Switching to the opposite parabolic

In Corollary 3.5.6 we will switch between P and P op for self-associate parabolic sub-

groups. This requires care regarding signs. We choose a principal sl2-triple te, h, fu as

above and consider Lop “ ppnP opqe. We claim that

Lop “
à

iPI

Lop
i , (3.38)
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where Gm and h act on Lop
i via λi and 2si, respectively. Indeed, the sl2pCq ˆ ZpxMq-

representations pnP and pnP op are dual. Thus as representations of sl2pCq they have the same

highest weights. Since the parameters λ are defined using (3.35), we deduce the claim from

the observation that

ωP “ ω´1
P op .

3.2.3 The Lagrangian Grassmannian

As an example, let Sp2n denote the symplectic group on a 2n-dimensional vector space

and let P ă Sp2n, M ă P denote the Siegel parabolic and Levi subgroup, respectively.

Specifically, for Z-algebras R, set

Sp2npRq : “
␣

g P GL2npRq : gt
`

In
´In

˘

g “
`

In
´In

˘(

,

MpRq : “ t
`

A
A´t

˘

: A P GLnpRqu,

NpRq : “ t
`

In Z
In

˘

: Z P glnpRq, Zt “ Zu,

and P “ MN . We have

ωP :MpRq ÝÑ Rˆ

p
m
m´t q ÞÝÑ detm,

pg “ so2n`1, and pm “ gln. Moreover, as a representation of pm,

pnP – Vst ‘ ^2Vst,

where Vst is the standard representation of gln. We use the standard principal sl2-triple in

gln. Concretely it is the image of sl2 under Symn´1. The space pneP is just the direct sum

of the highest weight spaces of the sl2-representation

Symn´1pC2q ‘ ^2Symn´1pC2q – Symn´1pC2q ‘

tpn´2q{2u
à

j“0

Sym2pn´2q´4jpC2q.

Here we have used some well-known plethysms (see Lemma A.2.3 below). Then

psr, λrq “ pn` 2r ´ 2tn{2u ´ 2, 2q for 1 ď r ď tn{2u and pstn{2u`1, λtn{2u`1q “
`

n´1
2 , 1

˘

.
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This is a good ordering.

We observe that

aI2nps, χq “ a
rL
ppχsq

´1q and aw0ps, χq “ aLpχsq (3.39)

in the notation of [GL21, §3].

3.3 The Schwartz space of a Braverman–Kazhdan space

From now on we assume that G is simply connected so that we can apply the results of

[BK02]. Braverman and Kazhdan originally defined operators FP op|P via a series of integral

operators on an inexplicit subspace of SpX˝
P oppF qq, proved that the operators extended to

unitary operators on L2pXP oppF qq, and then proposed the following definition:

Definition 3.3.1. The BK-Schwartz space SBKpXP pF qq is defined as the sum

SBKpXP pF qq :“ SpX˝
P pF qq ` FP op|P pSpX˝

P oppF qqq.

Here the sum is taken in L2pXP pF qq. We point out that the expression FP op|P pSpX˝
P oppF qqq

means that we apply the L2-extension of FP op|P to SpX˝
P oppF qq. It is far from obvious that

the integral operators defining FP op|P converge when applied to elements of SpX˝
P oppF qq.

Indeed, this was in general unknown before our work is done. We postpone the discussion

until Chapter 4.

Remark 3.3.2. Braverman and Kazhdan only stated this definition in the nonarchimedean

case, but the extension to the archimedean case is natural and was suggested to Getz by

Kazhdan.

In [GL21] Getz and Liu refined Braverman and Kazhdan’s definition when G “ Sp2n

and P is the Siegel parabolic, and gave explicit spaces of functions that are mapped to

each other under the Fourier transform. We do the same for Braverman–Kazhdan spaces

attached to general G and maximal parabolic subgroups P ă G in this section. This goes

beyond the work of Braverman and Kazhdan in that it allows us to isolate an explicit

subspace on which our formulae for the Fourier transforms given in §3.5 are valid.
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3.3.1 Measures redux

Thus far we have only made use of Haar measures dx and dˆx on F and Fˆ related as

in §2.2. In order to study the Schwartz space and the Fourier transform, we require right

GpF q-invariant measures on X˝
P pF q, X˝

P oppF q.

Recall that we have chosen Haar measures on NP oppF q and NP pF q in §2.2, and a

Haar measure on MabpF q from the isomorphism ωP : MabpF q Ñ Fˆ. By the Bruhat

decomposition, one has an injection

MabpF q ˆNP oppF q ÝÑ X˝
P pF q

pm,uq ÞÝÑ P derpF qmu

with Zariski open and dense (hence, of full measure) image. We can and do normalize the

right GpF q-invariant nonnegative Radon measure dx on X˝
P pF q such that

dpmuq “
δP oppmqdmdu

ζp1q
. (3.40)

Similarly, we normalize the rightGpF q-invariant non-negative Radon measure dx onX˝
P oppF q

so that

dpmuq “
δP pmqdmdu

ζp1q

for pm,uq P MabpF q ˆNP pF q.

3.3.2 The Schwartz space

For functions f P C8pX˝
P pF qq and x “ P op,derpF qg P X˝

P oppF q, we define the unnor-

malized intertwining operator

RP |P oppfqpxq :“

ż

NPop pF q

f
´

P derpF qug
¯

du “

ż

NPop pF q

fpugqdu (3.41)

whenever this integral is absolutely convergent (or obtained via some regularization proce-

dure). We refer to RP |P op as a Radon transform, as it is a generalization of the classical

Radon transform [BK02, §2.9]. That this agrees with the operator defined by Braverman
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and Kazhdan is proved in [Sha18, §5]. For example, we have maps

RP |P op : SpX˝
P pF qq ÝÑ C8pX˝

P oppF qq

and

RP |P op : Ipχsq ÝÑ Ipχsq

for Repsq sufficiently large that may be extended meromorphically to C [Wal92, §10.1.2,

§10.1.6] [Wal03, Theorem IV.1.1]. For notational convenience, we write

RP |P : C8pX˝
P pF qq ÝÑ C8pX˝

P pF qq

for the identity operator.

Let L be the graded Gm-representation associated to P in §3.2.1 and let tpsi, λiqu be a

good ordering of L. For quasi-characters χ : Fˆ Ñ Cˆ, we set

aP |P pχq :“ a
rL
pχ´1q and aP |P oppχq :“ aLpχq. (3.42)

Bearing in mind the discussion in §3.2.2, the definition (3.42) implies

aP |P pχq “ aP op|P oppχq and aP |P oppχq “ aP op|P pχq. (3.43)

Lemma 3.3.3. The function aP |P pχq is holomorphic for Repχq ě 0.

Proof. It suffices to show that si ` 1 ą 0 and λi ą 0 for all Li. This follows from Lemma

3.2.11.

For a character χ, we say a section fpχqpsq of Ipχsq is good if it is meromorphic, and if

for Q P tP, P opu the sections

RP |Qfpχqpsq

aP |Qpχsq
(3.44)

of Ipχsq and Ipχsq are holomorphic.

Definition 3.3.4. Assume F is nonarchimedean. The Schwartz space SpXP pF qq is defined

to be the space of right K-finite functions f P C8pX˝
P pF qq such that for each g P GpF q

and character χ of Fˆ, the integral (3.6) defining fχspgq is absolutely convergent for Repsq

large enough and defines a good section.
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For F archimedean, recall we have an action of Upmab ‘ gq on C8pX˝
P pF qq via the

differential of (3.1).

Definition 3.3.5. Assume F is archimedean. The Schwartz space SpXP pF qq is defined to

be the space of functions f P C8pX˝
P pF qq such that for all D P Upmab ‘ gq, g P GpF q, and

each character χ of Fˆ, the integral (3.6) defining pD.fqχspgq is absolutely convergent for

Repsq large enough, defines a good section, and satisfies the following condition: For all

real numbers A ă B, Q P tP, P opu, any polynomial pP |Q P Crss such that pP |QpsqaP |Qpηsq

has no poles for all ps, ηq P VA,B ˆ pKGm , and compact subsets Ω Ă X˝
P pF q one has that

|f |A,B,pP |Q,Ω,D :“
ÿ

ηP pKGm

sup
gPΩ

|RP |QpD.fqηspgq|A,B,pP |Q
ă 8. (3.45)

To understand this definition, it is useful to point out that it is indeed possible to choose

pP |Q (independently of η) that satisfy the given assumptions. This follows directly from the

definition of the aP |Qpηsq. We also observe that the | ¨ |A,B,pP |Q,Ω,D are seminorms and they

give SpXP pF qq the structure of a Fréchet space by essentially the same argument proving

[GH20, Lemma 3.2].

Remark 3.3.6. Note that fopχ,P “ fχ´1,P . Using this observation and the discussion in §3.2.2

we see that SpXP pF qq ď S
rL
pXP pF qq.

For any F, the action of MabpF q ˆ GpF q on X˝
P pF q induces a smooth action on

SpXP pF qq. In the archimedean setting, this action is continuous in the Fréchet topology of

SpXP pF qq.

The elements of the Schwartz space are well-behaved analytically. They can be bounded

in an intuitive manner using the Plücker embedding. Let

Pl : XP ÝÑ VP

be the Plücker embedding defined by a choice of highest weight vector vP as in Lemma

3.1.4. Choose a norm | ¨ | on VP pF q that is invariant under K and let

| ¨ | : X˝
P pF q ÝÑ Rą0

x ÞÝÑ |Plpxq|;
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here, K is chosen as in (3.22). Replacing vP by tvP for t P Fˆ multiplies this norm by |t|.

We normalize the norm so that

|mk| “ |ωP pmq|´1 for m P P pF q, k P K.

Let r P Qą0 be such that

|ωP |r “ δP .

Note that our assumption that G is simply connected implies that r P Zą0; indeed, we

compute this value in Proposition 3.5.2 below.

Lemma 3.3.7. Assume α ą 0 is sufficiently small. Let f P SpXP pF qq. When F is nonar-

chimedean, fpxq vanishes for |x| sufficiently large and

|fpxq| !α |x|´r{2`α.

When F is archimedean, for all N P Zě0 one has

|fpxq| ď νN,αpfq|x|´r{2`αmaxp1, |x|q´N

where νN,α is a continuous seminorm on SpXP pF qq.

Proof. Write x “ P derpF qmk with m P MabpF q and k P K. By definition of SpXP pF qq and

Mellin inversion (3.23), we have

fpxq “ δ
1{2
P pmq

ÿ

ηP pKGm

ż

σ`iIF

ηspωP pmqqfηspkq
cFds

2πi
(3.46)

provided that there are no poles of aP |P pηsq for Repsq ě σ. Moreover the sum and integral

converge absolutely. Therefore to prove the bounds for |x| ď 1 in the archimedean case

and for all x in the nonarchimedean case it suffices to recall aP |P pηsq has no poles for

Repsq ě 0 by Lemma 3.3.3.

The support assertion in the nonarchimedean case follows as in [GL21, Lemma 5.1].

The bound for |x| " 1 in the archimedean case follows as in [GH20, Lemma 3.5].

As X˝
P pF q is open and dense in XP pF q, we can and do extend the right GpF q-invariant

Radon measure on X˝
P pF q by zero to XP pF q.
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Corollary 3.3.8. One has SpXP pF qq ă L2pXP pF qq X L1pXP pF qq.

Proof. This follows from Lemma 3.3.7 and the Iwasawa decomposition.

3.4 The Fourier transform

Braverman and Kazhdan [BK02] proved that the Fourier transform

FP |P op :“ µP ˝ RP |P op (3.47)

is well defined on a subspace of SpX˝
P pF qq that is dense in L2pXP pF qq and defines an

isometry

FP |P op : L2pXP pF qq ÝÑ L2pXP oppF qq. (3.48)

They also proved that

FP |P op ˝ FP op|P “ Id. (3.49)

We use the results of the previous sections to refine FP |P op to an isomorphism between

SpXP pF qq and SpXP oppF qq in this section.

Lemma 3.4.1. One has a commutative diagram

SpXP pF qq SL

Ipχq Ipχq

RP |Pop

p¨qχ p¨q
op
χ

RP |Pop

for Repχq sufficiently large.

Proof. For g P GpF q consider the integral
ż

NPop pF q

ż

MabpF q

δ
1{2
P pmq|χ|pωP pmqq|f |pm´1ugqdmdu. (3.50)

The inner integral converges and defines an element of Ip|χ|q for Repχq sufficiently large

by definition of SpXP pF qq, and the outer integral converges for Repχq sufficiently large

[Wal92, Lemma 10.1.2] [Wal03, Theorem IV.1.1]. Thus by Fubini’s theorem, we have a

commutative diagram
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SpXP pF qq RP |P oppSpXP pF qqq

Ipχq Ipχq

RP |Pop

p¨qχ p¨q
op
χ

RP |Pop

for Repχq sufficiently large. We are left with proving that RP |P oppSpXP pF qqq ď SL. By the

definitions of SpXP pF qq and SL it suffices to check that

RP |P oppSpXP pF qq ď C8pX˝
P pF qq. (3.51)

Let f P SpXP pF qq. By Fubini’s theorem and the argument above for almost every m with

respect to dm we have that
ş

NPop pF q
fpm´1ugqdu converges. When F is nonarchimedean

we can use the fact that f isK-finite and Lemma 3.2.5 to deduce that f is fixed by a compact

open subgroup of MabpF q. This implies that
ş

NPop pF q
fpugqdu converges absolutely. Since

RP |P op is a GpF q-intertwining map this implies that RP |P oppfq is smooth. Now assume

that F is archimedean. In this case we can view the integral (3.50), as g varies, as valued in

the Fréchet space C8pGpF qq (with the usual Fréchet topology). Using the Fubini theorem

in this setting [Tho75, Theorem 8], we deduce that for almost all m with respect to dm,
ş

NPop pF q
fpm´1ugqdu converges absolutely and defines a smooth function of g. For such

an m, we change variables u ÞÑ mum´1 and replacing g by mg, we deduce that RP |P oppfq

is smooth.

To proceed, we recall the subspaces CQ ă SpX˝
QpF qq for Q P tP, P opu considered in

[BK02, Proposition 4.2] that are used to proved the unitarity of the operator FQ|Qop on

L2pXQpF qq. In the following, we will use the notation in (3.5) and (3.6) to keep track of

the domain of our Mellin transforms.

Lemma 3.4.2. For each χ P pKGm we can choose holomorphic functions hQpχsq that lie in

Crq´s, qss in the nonarchimedean case and are bounded in vertical strips in the archimedean

case such that

hQpχsqRQ|Qop : IQpχsq ÝÑ IQoppχsq (3.52)
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is holomorphic when evaluated on a holomorphic section fpχqpsq P IQpχsq and an isomorphism for

s outside a discrete countable subset of C.

Proof. Assume first that F is nonarchimedean. Then one can use the usual normalizing

factors for intertwining operators [Art89, §2-4] to construct hQpχsq satisfying the require-

ments in the lemma. If F is archimedean, loc. cit. implies the existence of a set tai, biu
n
i“1

of complex numbers such that
˜

n
ź

i“1

1

Γpais` biq

¸

RQ|Qop (3.53)

is holomorphic when evaluated on a holomorphic section fpχqpsq P IQpχsq and is an

isomorphism for s outside a discrete countable subset of C. The factors of Γ here are

archimedean L-functions of quasi-characters of Fˆ up to irrelevant factors. To obtain

hpχsq we take the product of reciprocals of Γ-functions and multiply by es2 to make the

result rapidly decreasing in vertical strips.

We henceforth assume the hQpχsq are chosen as in Lemma 3.4.2. Let SpX˝
QpF q,Kq be

the space of K-finite functions in SpX˝
QpF qq, and let

CQ :“

$

&

%

f P SpX˝
QpF q,Kq :

There exists an f 1 P SpX˝
QpF q,Kq such that

fχs,Q “ hQopppχsq
´1qhQpχsqf

1
χs,Q

for all characters χ : Fˆ Ñ Cˆ and all s P C

,

.

-

.

For a subspace W ď SpX˝
QpF qq, let Wχs,Q denote its image in Ipχsq under the Mellin

transform (3.6). We also use the notation SpXQpF qqχs,Q for the image of SpXQpF qq in

Ipχsq under the Mellin transform, which must be understood in the following sense: For

Repsq sufficiently large these Mellin transforms are absolutely convergent by definition of

the Schwartz space. Again by definition of the Schwartz space the Mellin transforms are

defined by meromorphic continuation for s outside a countable subset of C independent of

χ P pKGm .

Lemma 3.4.3. For f P CQ the functions RQ|Qoppfχs,Qq and RQop|QpRQ|Qoppfχs,Qqq are holo-

morphic for all χ P pKGm . One has CQ ă SpXQpF qq. For s outside a countable subset of C
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(independent of χ) one has

pCQqχs,Q “ SpX˝
QpF q,Kqχs,Q,

which is dense in SpXQpF qqχs,Q in the usual Fréchet topology if F is archimedean and equal to

SpXQpF qqχs,Q if F is nonarchimedean.

Proof. The first assertion is immediate from the definition of CQ. The inclusion CQ ă

SpXQpF qq follows from the fact that aQ|Qoppχsq and aQ|Qpχsq have no zeros. As the func-

tion hQopppχsq
´1qhQpχsq is nonzero outside a discrete countable set we have pCQqχs,Q “

SpX˝
QpF q,Kqχs,Q outside a discrete countable set. The union of these sets is again count-

able. Since SpX˝
QpF q,Kqχs,Q is the space of K-finite vectors in Ipχsq (which is all of Ipχsq

in the nonarchimedean case) the last assertion of the lemma follows.

We remark that here the definition of CQ depends on the choice of hQpχsq and hQopppχsq
´1q.

Using Corollary 3.2.10, and a minor variant of the proof of Lemma 3.4.2 above we fix a

choice of hQpχsq and hQopppχsq
´1q such that FP |P oppCP q ă SpXP oppF qq.

Theorem 3.4.4. We have a well defined isomorphism

FP |P op : SpXP pF qq ÝÑ SpXP oppF qq,

that is continuous with respect to the Fréchet topologies in the archimedean case. The diagram

SpXP pF qq SpXP oppF qqq

Ipχq Ipχq

FP |Pop

p¨qχ p¨q
op
χ

µP pχqRP |Pop

(3.54)

commutes.

As in Corollary 3.2.10, some care is required in interpreting the statement that the diagram

commutes. The Mellin transform p¨qχ converges absolutely for Repχq large and the Mellin

transform p¨q
op
χ converges absolutely for Repχq small. The factor µP pχq is meromorphic, and

the operator RP |Q : Ipχq Ñ Ipχq, originally defined for Repχq large, extends to an operator
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sending meromorphic sections to meromorphic sections. The definition of SpXP pF qq is

designed to control the poles of all of these objects in terms of the functions aP |Qpχq.

Proof. By Corollary 3.3.8, SpXQpF qq ă L2pXQpF qq for Q P tP, P opu. Combining this with

(3.48) and (3.49), we see that to prove FP |P op is an isomorphism, it suffices to check that

FP |P oppSpXP pF qqq ď SpXP oppF qq. (3.55)

On the other hand, Corollary 3.2.10 and Lemma 3.4.1 imply that FP |P oppSpXP pF qqq ď S
rL

and that if we replace SpXP oppF qq by S
rL

in (3.54) we obtain a commutative diagram. Thus

proving (3.55) implies everything in the theorem besides the continuity assertion.

Since aP |P pχq “ a
rL
pχ´1q for all quasi-characters χ, by (3.43) we deduce that for f P

SpXP pF qq

FP |P oppfqχs,P oppxq

aP op|P oppχsq
“

FP |P oppfq
op
pχsq´1,P oppxq

a
rL
ppχsq´1q

P Crqs, q´ss

in the nonarchimedean case, and

|FP |P oppfq|A,B,pPop|Pop ,Ω,D ă 8

for all data as in Definition 3.3.5 in the archimedean case since FP |P oppfq P S
rL
. Hence we

are left with checking that

RP op|P pFP |P oppfqχs,P opq

aP op|P pχsq
P Crqs, q´ss (3.56)

in the nonarchimedean case and

|FP |P oppfq|A,B,pPop|P ,Ω,D ă 8 (3.57)

in the archimedean case for all data as in Definition 3.3.5.

For any f P CP and any χ P pKGm , by Corollary 3.2.10, Lemma 3.4.1, (3.49), and our
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choice of CP , we have the identities

µLppχsq
´1qRP op|P pRP |P oppfpχsq´1,P qq

aP op|P pχsq
“

RP op|P pFP |P oppfqχs,P opq

aP op|P pχsq

“

`

RP op|PFP |P oppfq
˘op

χs,P

aP op|P pχsq

“

`

FP op|PFP |P oppfq
˘op

χs,P

µLoppχsqaP op|P pχsq

“
fopχs,P

µLoppχsqaLoppχsq
. (3.58)

Since fpχsq´1,P “ fopχs,P
, the first and last quantities in (3.58) depend only on the image

of f under the map to Ippχsq
´1q. Let SpXP pF q,Kq be the space of K-finite functions in

SpXP pF qq; it is all of SpXP pF qq when F is nonarchimedean. By Lemma 3.4.3, the equality

of the first and last terms in (3.58) holds for all f P SpXP pF q,Kq and all χ P pKGm for s in a

dense subset of C.

Since the first equality in the previous calculation is valid for all f P SpXP pF q,Kq by

Corollary 3.2.10, we deduce that

RP op|P pFP |P oppfqχs,P opq

aP op|P pχsq
“

fopχs,P

µLoppχsqaLoppχsq
(3.59)

for all f P SpXP pF q,Kq and χ P pKGm , at least for all s in a dense subset of C. But then

(3.59) is valid as an identity of meromorphic functions for all s. As discussed in §3.2.2, we

have µLoppχsqaLoppχsq “ µLpχsqaLpχsq. Moreover, with Li defined as in (3.36)

µLipχsqaLipχsq “ γp´si, pχsq
λi , ψqLp´si, pχsq

λiq “ εp´si, pχsq
λi , ψqLp1 ` si, pχsq

´λiq

“ εp´si, pχsq
λi , ψqa

rLi
pχsq

Here εp´si, pχsq
λi , ψq denotes the usual Tate ε-factor. Therefore,

gps, χ, ψq
RP op|P pFP |P oppfqχs,P opq

aP op|P pχsq
“
fpχsq´1,P

a
rL
pχsq

“
fpχsq´1,P

aP |P ppχsq´1q
(3.60)

where gps, χ, ψq “
ś

i εp´si, pχsq
λi , ψq.
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In the remainder of the proof we use some basic facts on ε-factors that are nicely

summarized in [Tat79, §3.2]. Assume F is nonarchimedean. In this case gps, χ, ψq is

equal to cqppsq for some polynomial p and some c P Cˆ. Thus (3.60) and the fact that

f P SpXP pF q,Kq implies (3.56). Now assume that F is archimedean. Then

gps, χ, ψq “
ź

i

ϵi,χr
pχsq

λipaq

|a|1`si

where a and r depend only onψ (which determines the normalization of the Haar measure)

and ϵi,χ is a fourth root of unity. By an analogue of [GH20, Lemma 3.6], (3.60) and the

fact that f P SpXP pF q,Kq implies (3.57), at least in the special case where D is the

identity operator. It also follows for general D once we note that RP |P op ˝ Rpm, gq “

δP oppmqRpm, gq ˝RP |P op .Here we have usedR to denote the right action ofMpF q ˆGpF q

on C8pX˝
P pF qq and C8pX˝

P oppF qq.

To deduce (3.57) without the condition of K-finiteness, we point out that the same

argument proving [GH20, Proposition 3.7] implies that

FP |P op : SpXP pF q,Kq ÝÑ SpXP oppF q,Kq

is continuous in the Fréchet topology. Since SpXP pF q,Kq is dense in SpXP pF qq [War72,

§§4.4.3.1] it extends to a topological isomorphism

FP |P op : SpXP pF qq ÝÑ SpXP oppF qq.

This already implies the first assertion of the theorem, and additionally (3.57).

As usual, we say that a parabolic subgroup of a reductive group is self-associate if it is

conjugate to its opposite. Assume P is self-associate. Choose

w0 P GpF q (3.61)

normalizing M such that w´1
0 Pw0 “ P op. Then conjugation by w0 acts as inversion on

Mab.
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Lemma 3.4.5. Let w be a representative for the long Weyl element of the Weyl group of T in G.

Then one has w0 P MpF qw “ wMpF q.

Proof. The normalizer of P in G is P and the normalizer of M in P is M . Therefore,

w0 P P pF qw as w
`

w´1
0 Pw0

˘

w´1 “ P . As w normalizes M , for w0 to normalize M , one

must have w0 “ mnw for some n P NpF q such that n´1Mn “ M . This is only possible

when n is the identity.

We observe that w0Pw
´1
0 “ P op. Indeed, by Lemma 3.4.5 it suffices to check this in the

special case where w0 is the long Weyl element of T pF q, in which case w0 and w´1
0 differ

by an element in T pF q.

We assume that w0 is chosen so that measures on NP pF q and NP oppF q correspond

under

NP pF q ÝÑ NP oppF q

n ÞÝÑ w´1
0 nw0.

(3.62)

Lemma 3.4.6. One has an isomorphism

ιw0 : SpXP oppF qq ÝÑ SpXP pF qq

f ÞÝÑ px ÞÑ fpw´1
0 xqq.

Proof. We have an isomorphism

ιw0 : C8pX˝
P oppF qq ÝÑ C8pX˝

P pF qq

f ÞÝÑ px ÞÑ fpw´1
0 xqq.

For f P SpXP oppF qq and Q P tP, P opu, one has

RP |Qpιw0pfqχs,P q

aP |Qpχsq
“

RP |Qpιw0pfχs,P opqq

aP |Qpχsq
“
ιw0 ˝ RP op|Qoppfχs,P opq

aP op|Qoppχsq
,

where we have used (3.43). Assume F is nonarchimedean. Then since fχs,P op is a good

section, we deduce that ιw0pfqχs,P is a good section. Thus the lemma follows from the

definition of the Schwartz space. A similar argument proves the lemma in the archimedean

case.
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Thus when P is self-associate, we have an isomorphism

FXP
:“ FXP ,w0 :“ ιw0 ˝ FP |P op : SpXP pF qq ÝÑ SpXP pF qq. (3.63)

By Theorem 3.4.4 and (3.39), we see that the Fourier transform FXP
agrees with the

Fourier transform used in [GL21, GL19, GH20] when XP is as in §3.2.3 and w0 is chosen

as in loc. cit.

For use in §3.5.2, we also consider how ιw0 interacts with the operators λ!pµsq. Suppose

that L and L1, etc., are as in the discussion prior to Proposition 3.2.8. Recall Lop and its

associated data tpsi, λiqu from (3.38). Arguing as in the proof of Lemma 3.4.6, we have an

isomorphism

ιw0 : SLpXP oppF qq ÝÑ SLoppXP pF qq.

Lemma 3.4.7. We have a commutative diagram

SLpXP oppF qq SL1pXP oppF qq

SLoppXP pF qq SL1oppXP pF qq.

λk!pµsk q

ιw0 ιw0

λk!pµsk q

We caution the reader that the bottom row in the diagram is given by the same definition

as (3.10), but the roles of P and P op switched as we are applying the operator λk!pµskq to

functions on XP pF q.

Proof. Let f P SLpXP oppF qq. Then by Proposition 3.2.8, λk!pµskqpfq P SL1pXP oppF qq, and

for ApLq ă Repχq ă BpL1q, traversing the top of the diagram and applying a Mellin

transform yields

pιw0pλk!pµskqpfqqq
op
χ,P “ ιw0

´

λk!pµskqpfq
op
χ,P op

¯

“ γp´sk, χ
λk , ψqιw0

´

fopχ,P op

¯

“ γp´sk, χ
λk , ψq pιw0pfqq

op
χ,P .

Noting that

ApLopq “ ApLq and BpLopq “ BpLq,
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we may apply Proposition 3.2.8 again to see that this equals

pλk!pµskqpιw0pfqqq
op
χ,P .

This is the result of traversing the bottom of the diagram and applying a Mellin transform.

Thus applying Mellin inversion yields the lemma.

3.5 A formula for the Fourier transform

In this section, we combine our analytic results with the geometric pairing between

opposite Braverman–Kazhdan spaces to give a formula for the Fourier transform.

3.5.1 Preliminary calculations

Recall that ωβ is the fundamental weight attached to P as in (3.2). Since G is simply

connected ωP “ ωβ in the notation of (3.2). As above VP is the associated highest weight

representation. By Lemma 3.1.4, ωP may be extended to a character of P (trivial on P der)

and defines an isomorphism

ωP “ ωβ :Mab „
ÝÑ Gm.

Recall the graded representation L “ pneP of §3.2.1. We fix a good ordering

tpsi, λiq : 1 ď i ď ku,

so
si`1

λi`1
ě
si
λi

for 1 ď i ă k and k “ dimL. In particular, we have the highest datum psk, λkq, which is

unique in the following sense:

Proposition 3.5.1. Any good ordering of L “ pneP satisfies λk “ 1. Furthermore, sk ą
si
λi

for all

i ă k.

Proof. Our proof is a case-by-case analysis. As this is a computation on the Langlands

dual group, we defer the details to Appendix A. In fact we compute all of the parameters
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tpsi, λiqu for all simple Cartan types. The results required to observe the current propo-

sition are lemmas A.1.2 and A.2.4 and the tables at the end of Appendix A. We alert the

reader that we work entirely on the Langlands dual side in the appendix. One must use

the following well-known computations of Langlands dual groups:

xSp2n “ SO2n`1pCq, zSpin2n “ PSO2npCq, zSpin2n`1 “ PSp2npCq

together with the fact that the dual group of a simply connected semisimple group is

adjoint.

Proposition 3.5.2. One has

δP “ |ωP |2sk`2.

Remark 3.5.3. The proof shows that the proposition is still valid if we weaken the assump-

tion that G is simply connected to the assumption that ωβ P X˚pT q.

Proof. Let Φ` Ă Φ denote the set of positive roots and Φ`
M Ă Φ` denote the subset of

positive roots of pM,M XB, T q. For t P T pF q, we have

δP ptq “

ˇ

ˇ

ˇ

ˇ

t

ř

γPΦ`´Φ`
M
γ
ˇ

ˇ

ˇ

ˇ

.

On the other hand X˚pMq “ ZωP , so there is an integer r ą 0 such that

ÿ

γPΦ`´Φ`
M

γ “ rωP .

We are to show that r “ 2sk ` 2. This can be directly verified for G “ SL2.

Suppose G ‰ SL2. Let te, h, fu Ă pm be a principal sl2-triple. The copy of sl2 it spans

acts on pnP by the adjoint action. The root systems of M and xM are in Langlands duality.

We use this to identify

pt “ X˚p pT q bZ C “ X˚pT q bZ C. (3.64)
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Under this identification, h P pt may be chosen so that it is sent to the sum of positive

coroots of xM [Gro97, Section 2]:

2ρ_
M :“

ÿ

γPΦ`

xM

γ_ P X˚p pT q,

which corresponds under the second equality of (3.64) to

2ρM :“
ÿ

γPΦ`
M

γ “ 2
ÿ

αP∆M

rωα P X˚pT q (3.65)

where rωα is the weight of the fundamental representation of M associated to α P ∆M .

Thus

h` rωP “
ÿ

γPΦ`

γ “ 2
ÿ

αP∆

ωα, (3.66)

whereωα is the fundamental weight ofG associated toα P ∆. Note that in general rωα ‰ ωα

for α P ∆M since rωα P X˚pT XMderq.

Consider now the h-eigenvalues on the space of highest weight vectors L “ pneP . By

Proposition 3.5.1,

Lk “ Cvk ď pnP p1qe

where the 1 indicates the subspace on which ZpxMq acts via 1. As mentioned in [Man13,

§5.2], the space pnP p1q is the irreducible representation of xM with lowest weight space

corresponding to β_, the coroot of β.

By the definition of a good ordering, the h-eigenvalue 2sk is largest among all h-

eigenvalues occurring in the xM representation pnP p1q. It follows that vk is a highest weight

vector for pnP p1q. Let

γ_
0 “ β_ `

ÿ

αP∆M

cαpγ_
0 qα_

be the weight of vk. We claim that 2sk “
ř

αP∆M
cαpγ_

0 q.

Since this is the largest h-eigenvalue in L, it follows that the lowest weight space

pnβ_ ă pnP p1q is the lowest-weight space for the irreducible sl2-representation containing
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vk, and thus has the eigenvalue

xh, β_y “ ´2sk. (3.67)

Here x¨, ¨y is the pairing on X˚pT q bX˚pT q. Therefore, since (3.65) implies xh, α_y “ 2 for

all α P ∆M ,

2sk “ xh, γ_
0 y “

ÿ

αP∆M

cαpγ_
0 qxh, α_y ` xh, β_y

“ 2
ÿ

αP∆M

cαpγ_
0 q ´ 2sk,

proving the claim that 2sk “
ř

αP∆M
cαpγ_

0 q.

Since ωP “ ωβ,we see that for any root γ_ occurring in pnP p1q, xωP , γ
_y “ 1. Evaluating

both sides of (3.66) on γ_
0 thus implies

2sk ` r “

C

2
ÿ

αP∆

ωα, γ
_
0

G

“ 2 ` 2
ÿ

αP∆M

cαpγ_
0 q “ 2 ` 4sk.

We deduce that r “ 2sk ` 2, and the proposition follows.

3.5.2 The general formula

For integers n, let

rns : Gm ÝÑ Gm (3.68)

be the map x ÞÑ xn. We define

µaugP :“ λ1!pµs1q ˝ ¨ ¨ ¨ ˝ λpk´1q!pµsk´1
q and µgeoP :“ r1s!pµskq, (3.69)

where the aug stands for “augmented” and consider the factorization

µP “ µaugP ˝ µgeoP .

Remark 3.5.4. In light of our formula for the Fourier transform below, it would be interesting

to illuminate the relationship between the operator µaugP and the singularity of XP at 0.

In the archimedean case, it is my ongoing work to relate µaugP to a correct candidate of

Weyl algebra on XP that incorporates the singularity of XP . See Chapter 6 for a short

discussion.
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Set

Fgeo
P |P op :“ µgeoP ˝ RP |P op : SpXP pF qq ÝÑ SLp1q. (3.70)

Theorem 3.5.5. For f P SpXP pF qq and x˚ P X˝
P oppF q, we have FP |P op “ µaugP ˝ Fgeo

P |P op where

Fgeo
P |P oppfqpx˚q “

ż

X˝
P pF q

f pxqψ
`

xx, x˚yP |P op

˘

dx.

Here x¨, ¨yP |P op is as in (3.4) and the measure on X˝
P pF q is normalized as in §3.3.1.

Proof. For x˚ P X˝
P oppF q, we have

Fgeo
P |P oppfqpx˚q “

1

ζp1q

ż

MabpF q

ψpωP pmqq|ωP pmq|sk`1δ
1{2
P oppmqRP |P oppfqpm´1x˚qdm

“
1

ζp1q

ż

MabpF q

ψpωP pmqqRP |P oppfqpm´1x˚qdm.

Here we have used Proposition 3.5.2. We note that there is no need to regularize the outer

integral: the absolute convergence of r1s!pµskq on RP |P oppSpXP pF qqq follows from our use

of a good ordering and from lemmas 3.2.7 and 3.4.1. If we write x˚ “ P op,derpF qg,

RP |P oppfqpm´1 ¨ x˚q “

ż

NPop pF q

f
`

um´1g
˘

du

“ δP pmq

ż

NPop pF q

f
`

m´1ug
˘

du. (3.71)

We have an injection

Φg :M
abpF q ˆNP oppF q ÝÑ X˝

P pF q

pm,uq ÞÝÑ P derpF qm´1ug

with dense image denoted by X˝
P,gpF q. Moreover, we have

dpm´1ugq “
δP oppm´1qdmdu

ζp1q
“
δP pmqdmdu

ζp1q
(3.72)

by (3.40).
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For x P X˝
P,gpF q, let

pmpxq, upxqq :“ Φ´1
g pxq.

By (3.71) and (3.72), we have

Fgeo
P |P oppfqpx˚q “

ż

X˝
P,gpF q

ψpωP pmpxqqqfpxqdx. (3.73)

Now for pm,uq P MabpF q ˆNP oppF q and g chosen as above (so P op,derpF qg “ x˚), we have

xvPm
´1ug, v˚

P opgy “ xvPm
´1, v˚

P opy “ ωP pmq;

here we have used (3.3). Thus (3.73) is

Fgeo
P |P oppfqpx˚q “

ż

X˝
P,gpF q

ψpxx, x˚yP |P opqfpxqdx “

ż

X˝
P pF q

ψpxx, x˚yP |P opqfpxqdx

since X˝
P,gpF q is open and of full measure in X˝

P pF q.

Assume for the moment that P is self-associate. In this special case, fix a w0 P GpF q

normalizing M such that w´1
0 Pw0 “ P op and such that (3.62) is measure preserving. We

saw in (3.63) that this allows us to define a Fourier transform

FXP
:“ FXP ,w0 :“ ιw0 ˝ FP |P op : SpXP pF qq ÝÑ SpXP pF qq. (3.74)

Corollary 3.5.6. Assume that P “ w0P
opw´1

0 is self-associate. Then for f P SpXP pF qq, we

have FXP
pfq “ µaugP op ˝ Fgeo

XP
pfq where

Fgeo
XP

pfqpx1q “

ż

X˝
P pF q

f pxqψ
`

xx,w´1
0 x1yP |P op

˘

dx

for x1 P X˝
P pF q. Here the measure on X˝

P pF q is normalized as in §3.3.1.

Proof. By the discussion in §3.2.2, we have

ιw0 ˝ µaugP “ µaugP op ˝ ιw0

and it is clear that

Fgeo
XP

“ ιw0 ˝ Fgeo
P |P op .

Remark 3.5.7. By Corollary 3.3.8, SpXP pF qq ă L1pXP pF qq. Thus the integrals in the

definition of Fgeo
P |P op and Fgeo

XP
converge absolutely.
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3.6 Examples

In this section, we explicate the objects appearing in Theorem 3.5.5 in several cases of

interest.

3.6.1 Line bundles over Grassmannians

The maximal parabolic subgroups of SLn are stabilizers of planes. Concretely, fix 1 ď

ℓ ă n and let P be the stabilizer of the ℓ-plane ten´ℓ`1, . . . , enu. Here we use the standard

basis of Fn, viewed as row vectors with a right action of G. Then P zG is a classical

Grassmannian, and X˝
P pF q can be viewed as the space of ℓ-planes W Ă Fn together with

an associated non-zero vector in ^ℓW .

For F -algebras R, we have

P pRq “

!

p
m1

m2 q

´

In´ℓ w
Iℓ

¯

P SLnpRq : pm1,m2, wq P GLn´ℓpRq ˆ GLℓpRq ˆMn´ℓ,ℓpRq

)

.

Then

P oppRq “

!

p
m1

m2 q

´

In´ℓ

wt Iℓ

¯

P SLnpRq : pm1,m2, wq P GLn´ℓpRq ˆ GLℓpRq ˆMn´ℓ,ℓpRq

)

.

In this setting,

ωP :MpF q ÝÑ Fˆ

p
m1

m2 q ÞÝÑ detpm1q “ detpm2q´1.

Our representation VP is just ^ℓGn
a . We realize the dual as the space ^n´ℓGn

a equipped

with the pairing

^ℓRn ˆ ^n´ℓRn ÝÑ R

pw1, w2q ÞÝÑ e_
1 ^ ¨ ¨ ¨ ^ e_

n pw2 ^ w1q

We choose the highest weight vector vP :“ en´ℓ`1 ^ ¨ ¨ ¨ ^ en and dual lowest weight vector

v˚
P op :“ e1 ^ ¨ ¨ ¨ ^ en´ℓ. With these choices,

PlvP
`

a b
c d

˘

ÞÝÑ ^ℓ
`

c d
˘
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where we are taking the (ordered) wedge product of the row vectors from top to bottom.

Similarly,

Plv˚
Pop

`

a b
c d

˘

ÞÝÑ ^n´ℓ
`

a b
˘

where the wedge product is taken from top to bottom.

3.6.2 Orthogonal groups and the transform on the isotropic cone

Assume the characteristic of F is not 2. Consider the split orthogonal group SOn for

n ą 4, defined with respect to the matrix

Jn “

ˆ

1
. . .

1

˙

.

Denote the corresponding pairing by x¨, ¨y, and let

Qnpvq :“ 1
2xv, vy.

Let T be the split maximal torus of diagonal matrices and let B be the Borel subgroup of

upper triangular matrices of SOn. There is a natural right action of SOn on Vn “ Gn
a . We

let P ă SOn be the parabolic subgroup fixing the line spanned by en “ p0, . . . , 0, 1q. Then

VP “ Vn, and we choose the highest weight vector vP :“ en.

Consider the split spin group G “ Spinn over SOn and let p : G Ñ SOn be the

double cover. Then rP :“ p´1pP q is a maximal parabolic subgroup of G. Moreover, the

representation V
rP

of G descends to the representation Vn of SOn via p. It therefore follows

from Lemma 3.1.4 that p induces an isomorphism

p : X˝
rP

“ rP derzGÝ̃ÑP derzSOn.

Let ĂM be a Levi subgroup of rP and M :“ ppĂMq. Since V
rP

descends to Vn, it also follows

from Lemma 3.1.4 that the map ĂMab Ñ Mab induced by p is an isomorphism and the

diagram

ĂM ˆX˝
rP

X˝
rP

M ˆX˝
P X˝

P

p p (3.75)
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commutes. Here the horizontal arrows are the action maps. Thus we can and do work with

P derzG in place of rP derz rG below.

The Plücker embedding

Plen : XP ÝÑ Vn

maps XP isomorphically onto the affine scheme whose points in an F -algebra R are

CpRq :“ tv P VnpRq : Qnpvq “ 0u.

This is the isotropic cone of Qn.

We define the Schwartz space SpCpF qq to be

pPl´1
en q˚pSpXP pF qqq ă C8pCpF q ´ t0uq.

The parabolic P is self-associate. Thus the Schwartz space comes equipped with a Fourier

transform

FC :“ pPl´1
en q˚ ˝ FXP ,w0 ˝ Pl˚en : SpCpF qq ÝÑ SpCpF qq.

Here w0 is chosen as in Lemma 3.6.1 below. There is a natural measure on CpF q as we now

explain. Let dvi be the standard 1-form on Ga, viewed as the ith coordinate of Vn “ Gn
a .

Recall [GS16, §III.1.2] that to give a measure on CpF q, we may choose any pn ´ 1q-form

ωQn such that

dv1 ^ ¨ ¨ ¨ ^ dvn “ dQn ^ ωQn (3.76)

and then consider the measure |ωQn |. If we write

Qnpv1, . . . , vnq “

#

1
2v

2
r`1 `

řr
i“1 vivn`1´i if n “ 2r ` 1,

řr
i“1 vivn`1´i if n “ 2r,

with respect to the standard basis of Fn, then on Gn´1
a ˆ Gm we choose ωQn “ 1

vn
dv2 ^

¨ ¨ ¨ ^ dvn.

Lemma 3.6.1. We can choose w0 P SOnpF q normalizing M such that w´1
0 Pw0 “ P op and such

that for x, x1 P X˝
P pF q one has

xx,w´1
0 x1yP |P op “ xPlenpxq,Plenpx1qy.
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Moreover, Pl˚enp|ωQn |q “ cdx for some c P Rą0.

Proof. We identify the dual of Vn with Vn itself via the form x¨, ¨y. Then the vector dual to

en is e1. Let

w0 :“

$

’

’

’

’

&

’

’

’

’

%

Jn if n ” 0 pmod 4q or n ” 1 pmod 4q,
ˆ

Jpn´1q{2

´1
Jpn´1q{2

˙

if n ” 3 pmod 4q,
ˆ

Jpn´2q{2

I2
Jpn´2q{2

˙

if n ” 2 pmod 4q.

Thusw0 P SOnpF q, Plenpgq “ eng andPle1pw´1
0 gq “ eng. This yields the first assertion. For

the second assertion, it suffices to observe that (3.76) implies that ωQn is SOn-invariant.

Corollary 3.6.2. If the measure |ωQnpvq| is normalized so that Pl˚enp|ωQn |q “ dx, then for

f P SpCpF qq one has

FCpfqpv1q “

ż

Fˆ

ψpt´1q|t|pn´4q{2

˜

ż

CpF q´t0u

fpvqψ
`

xv, tv1y
˘

|ωQnpvq|

¸

dˆt

ζp1q
(3.77)

if n ą 4 is even and

FCpfqpv1q “

ż

Fˆ

ψpt´1q|t|n´3

˜

ż

CpF q´t0u

fpvqψ
`

xv, t2v1y
˘

|ωQnpvq|

¸

dˆt

ζp1q
(3.78)

if n ą 3 is odd.

Proof. This is a consequence of Corollary 3.5.6 and Lemma 3.6.1 as we now explain. Using

(3.75), we are free to work with the action of Mab instead of ĂMab in applying Corollary

3.5.6.

For pt, gq P Rˆ ˆ SOn´2pRq write

mpt, gq :“
´ t

g
t´1

¯

: t P Rˆ, g P SOn´2pRq

The character ωP is given by ωP pmpt, gqq “ t. Note that for x, x1 P X˝
P pF q and λ P Z,

xx,w´1
0 mpt, gq´λx1yP |P op “ ωP pmpt, gqqλxx,w´1

0 x1yP |P op “ tλxx,w´1
0 x1yP |P op .
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Applying Lemma 3.6.1 now shows that if v “ Plenpxq and v1 “ Plenpx1q, then

xx,w´1
0 mpt, gq´λx1yP |P op “ xv, tλv1y.

By Lemma A.2.4, we have µgeoPop “ r1s!pµn´4
2

q for all n, and

µaugP op “

#

r1s!pµ0q if n ą 4 is even,
r2s!pµ0q if n ą 3 is odd.

The regularized operators are equal to the unregularized operators by Lemma 3.2.7.

When F is nonarchimedean with odd or zero characteristic, Corollary 3.6.2 implies

that when n is even FC agrees with the operator Πprq “ Φ of [GK23, (1.5)]. Gurevich

and Kazhdan also treat nonsplit isotropic quadratic forms. When F “ R and n is even, a

Fourier transform on L2pCpF q, |ωQ|q was investigated in [KM11] (they also treated arbitrary

isotropic quadratic forms in an even number of variables). It agrees with FC up to a constant

when the form is split, but we will not verify the claim here.

3.6.3 The Lagrangian Grassmannian

Define Sp2n and P as in §3.2.3. We let Sp2n act on V “ G2n
a on the right. The

representation VP may be realized as an irreducible subrepresentation of ^nV, and we

choose the highest weight vector to be vP :“ en`1 ^ ¨ ¨ ¨ ^ e2n. Thus

PlvP

˜ ˚
an`1

...
a2n

¸

“ an`1 ^ ¨ ¨ ¨ ^ a2n (3.79)

is the (ordered) wedge product of the last n rows.

There is a perfect pairing

x¨, ¨y : ^nG2n
a ˆ ^nG2n

a ÝÑ ^2nG2n
a Ý̃ÑGa, (3.80)

where the first map is canonical and the second is obtained by specifying that e1 ^ ¨ ¨ ¨ ^e2n

is sent to 1. We use this pairing to identify the dual of VP with VP . Thus

xx, x˚yP |P op “ xPlvP pxq,Plv˚
Pop

px˚qy
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where v˚
P op “ p´1qne1 ^ ¨ ¨ ¨ ^ en is the lowest weight vector dual to vP .

The parabolic subgroup P is self-associate. More precisely w´1
0 Pw0 “ P op for

w0 “
`

´In
In

˘

. (3.81)

Corollary 3.6.3. For f P SpXP pF qq we have that FXP
pfq is

r2s!pµn´2tn{2uq ˝ r2s!pµn´2tn{2u`2q ¨ ¨ ¨ ˝ r2s!pµn´2q ˝

ż

X˝
P pF q

fpxqψpp´1qnxPlvP pxq,PlvP p¨qyqdx.

Here r2s!pµsq is defined as in (3.9) but with P replaced with P op. See Lemma 3.4.7.

Proof. Since v˚
P opw

´1
0 “ p´1qnvP , we have

xx,w´1
0 x1yP |P op “ p´1qnxPlvP pxq,PlvP px1qy.

Thus the result follows from Corollary 3.5.6 and the computation in §3.2.3.

Corollary 3.6.4. When n “ 3, one has

FXP
pfqpx1q “

ż

Fˆ

ψpt´1q|t|2

˜

ż

X˝
P pF q

fpxqψpt2xPlpxq,Plpx1qyqdx

¸

dˆt

ζp1q
(3.82)

for all f P SpXP pF qq. In particular, the integral over t is absolutely convergent.

Proof. Only the last claim is not clear from Corollary 3.6.3. By Lemma 3.2.7 the regularized

operator r2s!pµ1q is equal to the unregularized operator in the case at hand as

ApLp1qq “ 1
2 , BpLp1qq “ 2, s1`1

λ1
“ 1.

This implies that the integral over t converges absolutely.
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Chapter 4. Characterization of Schwartz spaces

Braverman and Kazhdan’s definition of SBKpXP pF qq is beautifully succinct. However,

it is difficult to extract analytic information about elements of the Schwartz space from the

definition. The definition of SpXP pF qq is more involved, but it seems to be the correct defi-

nition. For example, in the nonarchimedean case we certainly want the image of SpXP pF qq

under various Mellin transforms to consist exactly of good sections, and we have defined

SpXP pF qq so that this is true. Moreover, analytic information is relatively straightforward

to extract from the definition of SpXP pF qq. However, it is not clear at all what the relations

are between two spaces SBKpXP pF qq and SpXP pF qq. In particular, it is not clear if we have

the inclusion

C8
c pX˝

P pF qq “ SpX˝
P pF qq ă SpXP pF qq (4.1)

which is crucial for applications. It has been justified in few cases that (4.1) holds by ad-hoc

approaches. In Chapter 5, we will prove the inclusion holds when F is nonarchimedean and

G is not of type E or F . Indeed, we will show in these cases SBKpXP pF qq “ SpXP pF qq

(see Corollary 5.1.8).

Throughout this chapter, we will assume F is nonarchimedean and the inclusion (4.1)

holds. The goal of this chapter is to give an alternative representation theoretic description

of SpXP pF qq, which should find applications in study boundary terms of the Poisson sum-

mation conjecture on XP (see §4.3.2). Since functions in SpXP pF qq have compact support

in XP pF q, under our assumption, to study SpXP pF qq amounts to study asymptotics of

functions toward the origin. Therefore, we will rewrite the definition of SpXP pF qq in terms

of asymptotics condition.

By the definition of SpXP pF qq and Lemma 3.4.1, a smooth function f P C8pX˝
P pF qq

lies in SpXP pF qq if and only if it satisfies the following two conditions.

Condition 4.0.1. (1) The function f is right K-finite.

(2) For each g P GpF q and χ P yOˆ, the integral defining fχspgq is absolutely convergent

for Repsq sufficiently large, and
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(3) the section

fχs
śk
i“1 Lpsi ` 1, χλis q

is holomorphic.

Condition 4.0.2. The section

pRP |P oppfqq
op
χs

śk
i“1 Lp´si, χ

λi
s q

is holomorphic for each χ P yOˆ.

By the proof of Lemma 3.3.7 and Corollary 3.3.8 if f satisfies Condition 4.0.1, then

f P pL1 XL2qpXP pF qq and has compact support in XP pF q, i.e., fpxq “ 0 for |x| sufficiently

large (depending on f).

We will reformulate Conditions 4.0.1 and 4.0.2 in terms of asymptotics of fpxq as |x| Ñ 0

in §4.1. Then restate these asymptotic conditions in terms of representations of GpF q in

§4.2. The main result of this chapter is Theorem 4.2.2 that gives a detailed description of

the GpF q-module SpXP pF qq{SpX˝
P pF qq. Finally, we apply Theorem 4.2 in §4.3 to examples

considered in §3.6.

4.1 Asymptotics toward the origin

We start by introducing our convention on multisets. A multiset L consists of a set U

and a function mpLq : U Ñ Zą0. Equivalently, we can understand L as the set

tpr,mrq : r P Uu

where mr :“ mrpLq P Zą0 is the multiplicity of r in L. We will write SupppLq :“ U as

the underlying set of L. Given two multisets L1, L2, their sum L1 `L2 is the multiset such

that

mrpL1 ` L2q “ mrpL1q `mrpL2q,

where the domain of mpLiq is extended to SupppL1q Y SupppL2q by setting mrpLiq “ 0 if

r R SupppLiq.
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Recall that we have fixed a good ordering of tpλi, siqu1ďiďk and thus λk “ 1. For each

d P Zą0, define multisets, whose underlying sets are subsets of C{
2π

?
´1

log q Z,

Lpdq :“
ÿ

i:λi“d

!

si`1
λi

´ psk ` 1q `
µ
λi

2π
?

´1
log q Z : 0 ď µ ă λi

)

,

Ld :“
ÿ

d|λ

Lpλq,

(4.2)

where sums are taken in the sense of multisets. From Proposition 3.5.1 we deduce

Lemma 4.1.1. For r P SupppL1q, 0 ě Reprq ą ´psk ` 1q. Moreover, Reprq “ 0 if and only if

r “ 0, and m0pL1q “ 1.

Let m : Gm Ñ M be a section of ωP and X1
P :“ tx P XP pF q : |x| “ 1u.

Proposition 4.1.2. Let f P C8pX˝
P pF qq. Then f satisfies Condition 4.0.1 if and only if

(1) f has compact support in XP pF q, and

(2) for n "f 0 and x P X1
P , we have

fpmpϖnq´1xq “

8
ÿ

d“1

ÿ

χPyOˆ

ordpχq“d

ÿ

rPSupppLdq

mrpLdq
ÿ

j“1

cr,j,χpxqq´nrnj´1, (4.3)

for some cr,j,χ P C8pX1
P q satisfying cr,j,χpmpaq´1xq “ χpaqcr,j,χpxq for a P Oˆ.

Remark 4.1.3. Since tpλi, siqu is a finite multiset, the sum in (4.3) is actually finite. Indeed,

Lpdq and Ld are empty for d ą 6 (see charts in Appendix B).

The key ingredient to establish this equivalence is the work of Igusa in [Igu78, §1.5],

which we now review. Let L be a finite multiset whose underlying set is a subset of

C{
2π

?
´1

log q Z. We define C8
L pFˆq to be the subspace of C8pFˆq that consists of functions f

satisfying

(1) f has compact support in F , and

(2) for |a| !f 1, we have

fpaq “
ÿ

rPSupppLq

mrpLq
ÿ

j“1

cr,jpãq|a|rordpaqj´1
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for some cr,j P C8pOˆq.

Note that we can further write

cr,j “
ÿ

χPyOˆ

cr,j,χχ

for some constants cr,j,χ P C that are zero for all but finitely many χ. On the other hand,

let ZLp xFˆq be the set of complex-valued functions Z on xFˆ for which

(1) for every χ P yOˆ, there exist constants br,j,χ P C such that

Zpχsq ´
ÿ

rPSupppLq

mrpLq
ÿ

j“1

br,j,χζps` rqj

is a function in Crq´s, qss, and

(2) for all but finitely many χ P yOˆ, Zpχsq “ 0 for all s.

Igusa showed in [Igu78, Theorem 1.5.3] the following:

Theorem 4.1.4. For f P C8
L pFˆq, the Mellin transform

M : f ÞÑ

ˆ

χ ÞÑ

ż

Fˆ

fpaqχpaqdˆa

˙

,

originally defined on χ P xFˆ with Repχq "L 0, extends analytically to whole xFˆ and gives rise

to an isomorphism between C8
L pFˆq and ZLp xFˆq. Moreover, the Mellin inversion M´1 is given

as follows. Given Z P ZLp xFˆq, for each χ P yOˆ, let Zχpzq be the complex function obtained from

Zpχsq by substituting z for q´s. Then for a P Fˆ,

M´1pZqpaq “
1

dˆxpOˆq

ÿ

χPyOˆ

Resz“0pZχpzqz´ordpaq´1qχ´1paq. (4.4)

Proof of Proposition 4.1.2. Clearly, both conditions imply f is rightK-finite and has compact

support inXP pF q, which we assume henceforth. LetK 1 ď K be a compact open subgroup

such that f is right K 1-invariant. Let tgiu be a set of representatives of left cosets of K 1 in
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K. By Iwasawa decomposition, (2)(3) in Condition 4.0.1 are satisfied if and only if they

are satisfied for all gi. On the other hand, since the set tgiu is finite, asymptotics (4.3) can

be checked at each gi separately.

Therefore, it suffices to fix g P GpF q and study the smooth function

fg : F
ˆ ÝÑ C

a ÞÑ fpmpaq´1gq,

Note that fg has compact support in F and is Oˆ-finite by our assumption. Moreover, for

χ P yOˆ by Proposition 3.5.2 we can write

fχspgq “ Mpfgqpχs`sk`1q.

Then Condition 4.0.1 is reduced to

p21q The integral definingMpfgqpχsq is absolutely convergent for Repsq sufficiently large,

and

p31) the complex function

Mpfgqpχsq
śk
i“1 Lpsi ` 1 ´ λipsk ` 1q, χλis q

is a function in Crq´s, qss.

To prove the proposition, we need to show fg satisfies conditions p21q and p31q if and only

if there exist constants cr,j,χ P C such that for |a| !fg 1 we have

fgpaq “

8
ÿ

d“1

ÿ

χPyOˆ

ordpχq“d

ÿ

rPSupppLdq

mrpLdq
ÿ

j“1

cr,j,χχpaq|a|rordpaqj´1.

Observe that for χ P yOˆ of order d, we have

k
ź

i“1

Lpsi ` 1 ´ λipsk ` 1q, χλis q “
ź

rPSupppLdq

ζps` rqmrpLdq.

Therefore, the set

tMpfgq : fg satisfying conditions p21q and p31qu
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is the subset of functions in ZL1p xFˆq such that the associated constants br,j,χ “ 0 unless

there is some d P Zą0 such that r P SupppLdq, j ď mrpLdq, and ordpχq “ d. By Theorem

4.1.4 and (4.4), this is equivalent to saying the associated constants cr,j,χ´1 of fg P C8
L1

pFˆq

are zero unless there is some d P Zą0 such that r P SupppLdq, j ď mrpLdq, and ordpχq “ d.

Thus the assertion follows as ordpχq “ ordpχ´1q.

For j P Zą0, let hj P Zrzs be the monic polynomial of degree j ´ 1 such that

hjpzq

p1 ´ zqj
“

8
ÿ

i“0

ij´1zi.

Proposition 4.1.5. Let f P C8pX˝
P pF qq satisfy equivalent conditions in Proposition 4.1.2. Then

f P SpXP pF qq if and only if for every d P Zą0, r P SupppLdq, χ P yOˆ of order d, and

x˚ P X˝
P oppF q, the meromorphic function

mrpLdq
ÿ

j“1

hjpq
´sqζpsqj´mrpLdq

ż

Fˆ

|t|s´r´2sk´2

ż

X1
P

cr,j,χpxqψpϖ´ordptqxx, x˚yqdxdˆt (4.5)

has zeros at s “ 0 of order at least mrpLdq.

To prove the proposition, we first give an alternative definition of SpXP pF qq in terms of

Fgeo
P |P op instead of RP |P op .

Lemma 4.1.6. Suppose f P C8pX˝
P pF qq satisfies Condition 4.0.1. Then Condition 4.0.2 is

equivalent to

(1) For each χ P yOˆ and g P GpF q, the integral defining pFgeo
P |P oppfqq

op
χspgq is absolutely

convergent for sk´1

λk´1
ă Repsq ă sk ` 1, and

(2) the section

pFgeo
P |P oppfqq

op
χs

Lpsk ` 1, χ´1
s q

śk´1
i“1 Lp´si, χ

λi
s q

is holomorphic.
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Proof. Recall by definition Fgeo
P |P op “ 1!pµskq ˝ RP |P op . The sufficiency follows from the

work in Chapter 3. For the converse, in view of Proposition 3.2.8 and its proof, it suffices

to check the integral defining pRP |P oppfqq
op
χs is holomorphic for Repsq ą sk `1´ ϵ for some

ϵ ą 0 for all χ P yOˆ. Since f P L1pXP pF qq, by Fubini-Tonelli theorem one may reverse the

proof of Theorem 3.5.5 to see the integral defining pRP |P oppfqq
op
χs is absolutely convergent

for Repsq “ sk ` 1. Since it is also absolutely convergent for Repsq " 0, it is absolutely

convergent for Repsq ě sk ` 1. As pRP |P oppfqq
op
χs is meromorphic and vanishes for all but

finitely many χ, there exists ϵ ą 0 such that it is holomorphic for Repsq ą sk ` 1 ´ ϵ for all

χ.

Proof of Proposition 4.1.5. Since SpX˝
P pF qq ă SpXP pF qq, we may assume

fpmpϖnq´1xq “

8
ÿ

d“1

ÿ

χPyOˆ

ordpχq“d

ÿ

rPSupppLdq

mrpLdq
ÿ

j“1

cr,j,χpxqq´nrnj´1

for n ě 0 and vanishes for n ă 0 for all x P X1
P . We fix pd, χq such that ordpχq “ d and

further assume for n ě 0 and x P X1
P

fpmpϖnq´1xq “
ÿ

rPSupppLdq

mrpLdq
ÿ

j“1

cr,j,χpxqq´nrnj´1.

Let x˚ “ P op,derpF qg P X˝
P oppF q. Viewing cr,j,χ as a function in SpX˝

P pF qq supported on

X1
P , we have by Theorem 3.5.5

Fgeo
P |P oppcr,j,χqpx˚q “

ż

X1
P

cr,j,χpxqψpxx, x˚yqdx.

By Lemma 4.1.1, Repr ` sk ` 1q ą 0 for all r P SupppLdq. Therefore, taking a change of

variables t ÞÑ at, the integral
ż

Fˆ

ż

|a|ď1
|t|s´sk´1|a|r`2sk`2ordpaqj´1

ˇ

ˇ

ˇ
Fgeo
P |P oppcr,j,χqpmpa´1tq´1x˚q

ˇ

ˇ

ˇ
dˆadˆt

“

ż

|a|ď1
|a|s`r`sk`1ordpaqj´1

ż

Fˆ

|t|s´sk´1
ˇ

ˇ

ˇ
Fgeo
P |P oppcr,j,χqpmptq´1x˚q

ˇ

ˇ

ˇ
dˆtdˆa
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converges for sk´1

λk´1
ă Repsq ă sk ` 1 by Lemma 4.1.6.

Thus by Fubini-Tonelli theorem and Iwasawa decomposition, for η P yOˆ

pFgeo
P |P oppfqqopηs pgq

“
ÿ

rPSupppLdq

mrpLdq
ÿ

j“1

ż

Fˆ

ηptq|t|s´sk´1

ˆ

ż

|a|ď1
χpaq|a|r`2sk`2ordpaqj´1Fgeo

P |P oppcr,j,χqpmpa´1tq´1x˚qdˆadˆt

“
ÿ

rPSupppLdq

mrpLdq
ÿ

j“1

ż

|a|ď1
pηχqpaq|a|s`r`sk`1ordpaqj´1

ˆ

ż

Fˆ

ηptq|t|s´sk´1Fgeo
P |P oppcr,j,χqpmptq´1x˚qdˆtdˆa,

which is zero unless ηχ “ 1; if η “ χ, we have

pdˆapOˆqq´1pFgeo
P |P oppfqq

op
χs

pgq

“
ÿ

rPSupppLdq

mrpLdq
ÿ

j“1

hjpq
´s´r´sk´1qζps` r ` sk ` 1qjpFgeo

P |P oppcr,j,χqq
op
χs

pgq.

By Lemmas 4.1.1 and 4.1.6,

pFgeo
P |P oppfqq

op
χs

pgq

Lpsk ` 1, χ´1
s q

śk´1
i“1 Lp´si, χλis q

lies in Crq´s, qss if and only if

ÿ

rPSupppLdq

mrpLdq
ÿ

j“1

hjpq
´s´r´sk´1qζps` r ` sk ` 1qj

ˆ

ż

Fˆ

|t|s´sk´1

ż

X1
P

cr,j,χpxqψpϖ´ordptqxx, x˚yqdxdˆt
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has no poles at s “ ´r ´ sk ´ 1 for all r P SupppLdq, which is equivalent to

mrpLdq
ÿ

j“1

hjpq
´s´r´sk´1qζps` r ` sk ` 1qj´mrpLdq

ˆ

ż

Fˆ

|t|s´sk´1

ż

X1
P

cr,j,χpxqψpϖ´ordptqxx, x˚yqdxdˆt

has zeros at s “ ´r ´ sk ´ 1 of order at least mrpLdq for every r P SupppLdq. Observe

that conditions among distinct pd, χq are independent. The assertion then follows from

linearity and Lemma 4.1.6.

4.2 An explicit characterization

Fix d P Zą0 with Ld ‰ H, r P SupppLdq and χ P yOˆ of order d. For n P Zě0, consider

smooth GpF q-modules Ir,n,χ defined by the quotient of
#

f P C8pX˝
P pF qq :

fpxq “ 0 for |x| "f 1,

fpxq “
řn
j“1 |x|r logj´1

1{q p|x|qcr,j,χpmpϖlogq |x|q´1xq for |x| !f 1

+

by SpX˝
P pF qq. For ease of notation, we will write interchangeably f as the vector pcr,j,χq1ďjďn.

Lemma 4.2.1. For n P Zą0, we have canonical GpF q-equivariant isomorphisms

φr,n,χ : Ir,n,χ{Ir,n´1,χÝ̃ÑIP pχ´r´sk´1q.

by sending f to the unique function in IP pχ´r´sk´1q that equals cr,n,χ on X1
P .

Proof. The only statement that is unclear is theGpF q-equivariance. Given f “ pcr,j,χq1ďjďn P

Ir,n,χ and g P GpF q, we have

Rpgqfpxq :“ fpxgq

“

n
ÿ

j“1

|x|r
ˆ

log1{qp|x|q ` log1{q

ˆ

|xg|

|x|

˙˙j´1ˆ
|xg|

|x|

˙r

cr,j,χpmpϖlogq |xg|q´1xgq

“

n
ÿ

j“1

|x|r logj´1
1{q p|x|q

n
ÿ

i“j

ˆ

i´ 1

j ´ 1

˙

logi´j1{q

ˆ

|xg|

|x|

˙ˆ

|xg|

|x|

˙r

cr,i,χpmpϖlogq |xg|q´1xgq
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for |x| sufficiently small. In other words, Rpgqf “ pc̃r,j,χq1ďjďn, where

c̃r,j,χpxq :“
n
ÿ

i“j

ˆ

i´ 1

j ´ 1

˙

logi´j1{q

ˆ

|xg|

|x|

˙ˆ

|xg|

|x|

˙r

cr,i,χpmpϖlogq |xg|q´1xgq. (4.6)

Therefore for x P X˝
P pF q,

φr,n,χpRpgqfqpxq “ |xg|rcr,n,χpmpϖlogq |xg|q´1xgq “ Rpgqφr,n,χpfqpxq.

For n ď mrpLdq, define GpF q-submodules

Ar,n,χ :“ tf P Ir,n,χ : pcr,j,χq1ďjďn satisfies ords“0(4.5) ě mrpLdqu ,

Ar,χ :“ Ar,mrpLdq,χ.
(4.7)

Now we are ready to state our main result.

Theorem 4.2.2. We have an exact sequence of smooth GpF q-modules

0 ÝÑ SpX˝
P pF qq ÝÑ SpXP pF qq ÝÑ

à

dě1,Ld‰H

à

χPyOˆ

ordpχq“d

à

rPSupppLdq

Ar,χ ÝÑ 0.

Moreover, Ar,χ admits a natural filtration of GpF q-submodules

0 “ Ar,0,χ ă Ar,1,χ ă ¨ ¨ ¨ ă Ar,mrpLdq,χ “ Ar,χ

together with canonical GpF q-equivariant injections

0 ‰ Ar,mrpLdq,χ{Ar,mrpLdq´1,χ ãÑ ¨ ¨ ¨ ãÑ Ar,2,χ{Ar,1,χ

ãÑ Ar,1,χ – KerpRP |P oppχ´r´sk´1qq Ĺ IP pχ´r´sk´1q.

Remark 4.2.3. Theorem 4.2.2 allows one to construct a candidate of (co)sheaf on XP pF q

whose global sections with compact support are SpXP pF qq, and hence justifies an expec-

tation in [BK00, Ngô20].

The exact sequence in Theorem 4.2.2 follows directly from Proposition 4.1.5 and the

definition of Ar,χ. Therefore, we are left to inspect the filtration 0 “ Ar,0,χ ď Ar,1,χ ď ¨ ¨ ¨ ď

Ar,mrpLdq,χ “ Ar,χ.
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Define the map

Ir,1,χ
Φ

ÝÝÝÝÑ IP oppχr`sk`1q

pcr,1,χq ÞÑ

ż

Fˆ

|t|s´r´2sk´2

ż

X1
P

cr,1,χpxqψpϖ´ordptqxx, ¨yqdxdˆt

ˇ

ˇ

ˇ

ˇ

ˇ

s“0

.

Here the integral is viewed as a meromorphic section (see the proof of Proposition 4.1.5),

and Φ is well defined by Lemma 4.1.6.

Lemma 4.2.4. We have a commutative diagram

Ir,1,χ

IP pχ´r´sk´1q IP oppχr`sk`1q,

φr,1,χ
c¨Φ

RP |Pop

where c is a nonzero constant. In particular, Φ is GpF q-equivariant and φr,1,χ restricts to an

isomorphism

Ar,1,χ “ Ar,χ X Ir,1,χÝ̃ÑKer
`

RP |P oppχ´r´sk´1q
˘

.

Proof. By Proposition 3.2.8 and Lemma 3.4.1, we have an identity of meromorphic sections
ż

Fˆ

χptq|t|s´r´2sk´2

ż

X1
P

cr,1,χpxqψpt´1xx, ¨yqdxdˆt

“

´

r1s!pµskq ˝ RP |P op

´

cr,1,χ1X1
P

¯¯op

χs´r´sk´1

“ γp´sk, χs´r´sk´1, ψq´1RP |P op

ˆ

´

cr,1,χ1X1
P

¯

χs´r´sk´1

˙

where γp´sk, χs´r´sk´1, ψq is the Tate γ-factor. By Lemma 4.1.1, γp´sk, χ´r´sk´1, ψq is a

nonzero constant, and evaluating at s “ 0 we have

Φppcr,1,χqq “ γp´sk, χ´r´sk´1, ψq´1RP |P op ˝ φr,1,χppcr,1,χqq.

Lemma 4.2.5. The map Φ is nonzero.
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Proof. We can and do assume the conductor of ψ is O. It suffices to show there exists

pcr,1,χq P Ir,1,χ such that Φppcr,1,χqqpIdq ‰ 0. Choose a compact open subgroup K 1 ď K

sufficiently small such that ωP pK 1 X P pF qq ď pOˆqd and xvP g, v
˚
P opy P kerpχq X Oˆ for

all g P K 1. Let cr,1,χ be the unique function supported on P derpF qmpOˆqK 1 such that for

a P Oˆ and g P K 1,

cr,1,χpmpaq´1gq “ χpaq.

Then we have
ż

X1
P

cr,1,χpxqψpϖ´ordptqxx, Idyqdx

is up to a nonzero constant
ż

Oˆ

χpaqψpϖ´ordptqaqdˆa

which is the well-known Gauss sum

Gpϖ´ordptq, χq “

$

’

’

&

’

’

%

1 if χ “ 1, |t| ě 1,
ζp´1q if χ “ 1, |t| “ q´1,
‰ 0 if cpχq “ ordptq ą 0,
0 otherwise,

where cpχq is the conductor of χ. Therefore, Φppcr,1,χqqpIdq is up to a nonzero constant
"

ζpr ` 2sk ` 2q ` ζp´1qqr`2sk`2 if χ “ 1,

q´cpχqp´r´2sk´2qGpϖ´cpχq, χq if χ ‰ 1,

which is nonzero since r ` 2sk ` 2 ą 1.

Proof of Theorem 4.2.2. The nontriviality statement

Ar,mrpLdq,χ{Ar,mrpLdq´1,χ ‰ 0

will be proved in Corollary 5.1.8. By Lemmas 4.2.4 and 4.2.5, it remains to show for

mrpLdq ě n ě 2 there is a (canonical) GpF q-equivariant injection

Ar,n,χ{Ar,n´1,χ ãÑ Ar,n´1,χ{Ar,n´2,χ.
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Suppose pcr,j,χq1ďjďn P Ar,n,χ, i.e.,
n
ÿ

j“1

hjpq
´sqζpsqj´n

ż

Fˆ

|t|s´r´2sk´2

ż

X1
P

cr,j,χpxqψpϖ´ordptqxx, x˚yqdxdˆt

has at least order n at s “ 0 for all x˚ P X˝
P oppF q. Therefore,

n
ÿ

j“2

hjpq
´sqζpsqj´n

ż

Fˆ

|t|s´r´2sk´2

ż

X1
P

cr,j,χpxqψpϖ´ordptqxx, x˚yqdxdˆt (4.8)

has at least order n ´ 1 at s “ 0 for all x˚ P X˝
P oppF q. Note that for j ě 2, we have the

identity

hjpzq “ zp1 ´ zq
dhj´1

dz
pzq ` pj ´ 1qzhj´1pzq. (4.9)

Thus, (4.8) can be written as
n´1
ÿ

j“1

ˆ

1 `
h1
jpq´sqζpsq´1

jhjpq´sq

˙

q´shjpq
´sqζpsqj´pn´1q

ˆ

ż

Fˆ

|t|s´r´2sk´2

ż

X1
P

jcr,j`1,χpxqψpϖ´ordptqxx, x˚yqdxdˆt

As hj has positive coefficients (which follows from (4.9) and induction),

h1
jpq

´sqζpsq´1

jhjpq´sq
P Cpq´sq (4.10)

has a simple zero at s “ 0. Therefore, by considering the expansion of the function (4.10)

in ζpsq´1 at s “ 0, we can find inductively (unique) constants bmj P C such that

c1
r,n´1,χ :“ pn´ 1qcr,n,χ and

c1
r,m,χ :“ mcr,m`1,χ `

n´1
ÿ

j“m`1

jbmjcr,j`1,χ for 1 ď m ď n´ 2
(4.11)

satisfies pc1
r,m,χq1ďmďn´1 P Ar,n´1,χ.

Therefore, we have a linear map

Ψ : Ar,n,χ ÝÑ Ar,n´1,χ

pcr,j,χq1ďjďn ÞÑ pc1
r,j,χq1ďjďn´1.
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that induces an injection Ar,n,χ{Ar,n´1,χ ãÑ Ar,n´1,χ{Ar,n´2,χ. We claim the map is GpF q-

equivariant. Indeed, by (4.6) and (4.11) we have for g P GpF q,

ΨpRpgqpcr,j,χq1ďjďnq ´RpgqΨppcr,j,χq1ďjďnqq P Ar,n´2,χ.

Thus the theorem follows.

Let us study in more details what representations should occur in SpXP pF qq{SpX˝
P pF qq.

Define

RpG,P q :“

"

ps, χq P C{
2π

?
´1

log q Z ˆ yOˆ : Ipχsq is reducible and Repsq ă 0

*

.

Let Pℓ “ MℓNℓ ă G denote the maximal parabolic associated to the ℓ-th node of the

Dynkin diagram of G, using the Bourbaki numbering.

Theorem 4.2.6. Suppose charF “ 0 and ℓ ă n ´ 1 if G is of type Dn with n ě 5. Let

ps, χq P C{
2π

?
´1

log q Z ˆ yOˆ with Repsq ă 0 and d :“ ordpχq. Then

ps, χq P RpG,P q ðñ Ld ‰ H and ´ ps` sk ` 1q P SupppLdq.

Consequently,
à

dě1,Ld‰H

à

χPyOˆ

ordpχq“d

à

rPSupppLdq

Ar,1,χ “
à

ps,χqPRpG,P q

kerpRP |P oppχsqq. (4.12)

Furthermore, if G is of type A, then Ar,1,1 is irreducible for all r P L1. In general if G is a classical

group, Ar,1,χ has length at most 3 for all χ (of order at most 2) and r P SupppLordpχqq.

Our proof relies on general results on degenerate principal series. It would be more satisfying

if one can prove (4.12) directly without resorting to representation theory.

Proof. Type A: We can extend the natural SLnpF q-action on SpXP pF qq to an action of

GLnpF q by stipulating that the similitude acts trivially. Then induced representations

in this case is of the form χ ˆ 1 in [Gou17] and thus the assertion follows from [Gou17,

Theorem 1.1(i) and Lemma 4.2].
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Type Bn: Let φ : G “ Spin2n`1 Ñ SO2n`1 be the degree 2 isogeny. Note that φpPℓq is

a parabolic subgroup of SO2n`1 corresponding to the same node. Consider first ℓ ă n. In

this case the fundamental weight corresponding to the ℓth node lies inside the root lattice

of SO2n`1, i.e., theGpF q-representation VP pF q descends to a representation of SO2n`1pF q.

Therefore, we can assumeG to beSO2n`1. The assertion then follows from [Jan96, Theorem

4.1 and 7.1].

Suppose ℓ “ n. Since φ is of degree 2, the assertion follows from [Jan96, Proposition

3.6] if χImpsq is of odd order. Note that the points of reducibility one obtained in loc. cit.

are a half of the claimed values; the factor 2 comes from the fact that the twice of the

fundamental weight attached to Pn lies in the root lattice of SO2n`1. Therefore, we remain

to show IPnpχsq is irreducible if χImpsq is of even order. As explained in the case of

type A, we can extend the action of G to GSpin2n`1. Then in this case following the

notation in [KLM20], we are to show ζprν´bρ0, ν
´aρ0sq ¸ σ is irreducible, where a, b P R

whose difference is an integer, and ρ0, σ are unitary characters of Fˆ with at least one

of ρ0, σ has even order as χImpsq has even order. By the discussions in [KLM20, §2 and

§7], ζprν´bρ0, ν
´aρ0sq ¸ σ is irreducible unless ρ20σ “ 1 and there is a half-integer β such

that ν´βρ0 ¸ σ is reducible. By the representation theory of GL2, it happens only when

ρ0σ
´1 “ 1. Together, we have ρ30 “ 1, and thus both ρ0 and σ are of odd order, which

contradicts our assumption. This completes our proof for the case ℓ “ n.

Type Cn: This follows from [Jan96, Theorem 4.3 and 7.2].

Type Dn, ℓ ă n´ 1: For the same reason as in the case of type B, for ℓ ă n´ 1 we can

take G to be SO2n, and the assertion in this case follows from [BJ03, Theorem 5.3 and 5.5,

Remark 5.6].

Exceptional types: Each case is treated separately in [Cho06, CJ10, HS20, HS21, HS22].

Remark 4.2.7. The assertion for the only excluded cases, i.e., G “ Spin2n and ℓ “ n ´ 1 (or

n), is likely to be true. For ordpχImpsqq odd, this follows again from [BJ03] as in the case of
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type B. Therefore, it remains to show IPℓ
pχsq is irreducible if χImpsq is of even order. In

this case, the assertion could possibly be proved directly using e.g., the Geometric Lemma

[BZ77, Lemma 2.12].

4.3 Examples revisited

We illustrate Theorem 4.2.2 (and Theorem 4.2.6) with examples considered in §3.6.

4.3.1 Line bundles over Grassmannians

Suppose G “ SLn and P is the stabilizer of an ℓ-plane for some 1 ď ℓ ă n. By Appendix

B we have

Lp1q “ t0,´1, . . . ,´minpℓ´ 1, n´ ℓ´ 1qu,

sk “ n´2
2 .

Therefore, L1 is indeed a set. By Theorem 4.2.6, which remains valid for general F by

[Gou17], we have

SpXP pF qq{SpX˝
P pF qq –

à

ps,χqPRpG,P q

kerpRP |P oppχsqq.

4.3.2 Odd dimensional Isotropic cones

Suppose charF ‰ 2. Let Gn “ SO2n for n ě 2 and Pn be the stabilizer of the line

spanned by an isotropic vector, so that XPn is a cone. By Appendix B we have for n ě 3

Lp1q “ t0, 2 ´ nu,

sk “ n´ 2.

In this case the exact sequence is also obtained in [GK23]:

SpXPnpF qq{SpX˝
Pn

pF qq – C ‘ SpXPn´1pF qq. (4.13)

They also have similar results for nonsplit cases. However, their approach relies on the

fact that SpXPnpF qq is actually a representation of Gn`1 and their exact sequence is a

consequence of the theory of Jacquet functors.

In [Get22], the isomorphism (4.13) is used to give a geometrization of boundary terms

in Poisson summation formulae on XPn . We expect this to be true for general; that is,
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global boundary terms should come from “compatible” restricted tensor products of local

boundary terms of Schwartz spaces. This is part of the motivation to prove Theorem 4.2.2

and Theorem 4.2.6.

4.3.3 The Lagrangian Grassmannian

Suppose G “ Sp2n and P is the Siegel parabolic. By Appendix B we have

Lp1q “ t0u,

Lp2q “ t´i` j π
?

´1
log q Z : 1 ď i ď tn2 u, 0 ď j ď 1u,

sk “ n´1
2 .

Therefore, L1 and L2 are indeed sets. By Theorem 4.2.2, we have

SpXP pF qq{SpX˝
P pF qq –

2
à

d“1

à

χPyOˆ

ordpχq“d

à

rPLd

KerpRP |P oppχ
´r´

n`1
2

qq.

When F is of characteristic zero, by the work of Kudla and Rallis [KR92], we have

2
à

d“1

à

χPyOˆ

ordpχq“d

à

rPLd

KerpRP |P oppχ
´r´

n`1
2

qq –
à

V

SpV npF qqOpV qpF q

where V ranges over all equivalence classes of nondegenerate even dimensional quadratic

spaces over F of dimension not larger than n, and SpV npF qqOpV qpF q is the space of OpV qpF q-

coinvariants of the Weil representation of G “ Sp2n realized on SpV npF qq.
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Chapter 5. Poles of intertwining operators

In this chapter we assume F is nonarchimedean and prove the inclusion SpX˝
P pF qq ă

SpXP pF qq for G not of type E or F . We proceed by studying more generally poles of

intertwining operators to prove Theorem 5.1.3, which implies the desired inclusion. We

start with a general setup in §5.1, regardless of the type of G, to prove Theorem 5.1.3

and discuss its consequences. Our proof follows the approach in [Ike92, §1] and requires

case-by-case discussion. We will prove the theorem for classical groups and G “ G2 in §5.2-

§5.6.

5.1 Poles of Intertwining operators

We first recall some general results on intertwining operators discussed in [Ike92, §1.2]

Our main references are [Sha81, Sha10].

Let W :“ WG be the Weyl group of pG,B, T q. For each w P W , we choose a repre-

sentative in K, which we continue to denote by w. For a quasi-character χ̃ of T pF q, let

IBpχ̃q :“ Ind
GpF q

BpF q
pχ̃q be the normalized induced representation in the category of smooth

representations. Here we have identified χ̃ as a quasi-character of BpF q. For w P W , let

χ̃wptq :“ χ̃pw´1twq and Nw :“ N X wNopw´1. The (unnormalized) intertwining operator

Mw is defined as

Mwpχ̃q : IBpχ̃q ÝÑ IBpχ̃wq

f ÞÑ

˜

g ÞÑ

ż

NwpF q

fpw´1ugqdu

¸

.

Here the measure du on Nw is defined as in §2.2. The integral defining Mwpχ̃qfpgq converges

absolutely for all g P GpF q for χ̃ in some open cone, and extends meromorphically to all χ̃.

For a simple root α P ∆, let ια : SL2 Ñ G be the homomorphism determined by our

choice of Chevalley basis. Let w̃0 be the nonidentity element in WSL2 . We can and do

assume ιαpw̃0q “ sα is the simple reflection defined by α. Then for f P IBpχ̃q, we have

ι˚αpMsαpχ̃qfq “ Mw̃0pι˚αχ̃qpι˚αfq. (5.1)
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For w P W , let ℓpwq be the length of w. If w1, w2 P W satisfies ℓpw1w2q “ ℓpw1q ` ℓpw2q,

then Mw1w2pχ̃q “ Mw1pχ̃w2q ˝ Mw2pχ̃q. Note that by definition Mw commutes with right

translations, and thus to study poles of Mw, it suffices to have a good understanding for

the case G “ SL2, which we now recall.

Theorem 5.1.1. Let G “ SL2 and w0 be the long Weyl element. Then the intertwining operator

Mw0pχsq : IBpχsq Ñ IBpχ´1
s q has following properties.

(i) Lp0, χsq
´1Mw0pχsq is holomorphic.

(ii) The kernel of Mw0p1´1q is the trivial representation.

(iii) Ress“0Mw0p1sq is a nonzero scalar multiplication.

(iv) The image of Mw0p11q is the trivial representation.

(v) γps, χ̃, ψqγp´s, χ´1, ψqMw0pχ´1
s qMw0pχsq “ Id.

(vi) Suppose the conductor of ψ is O. Let ϕs be the unique right SL2pOq-invariant section in

IBp1sq such that ϕs|SL2pOq “ 1. Then

Mw0p1sqϕs “
Lp0, 1sq

Lp1, 1sq
ϕ´s.

Proof. See [Ike92, §1.2]. Note that there is a typo in (1.2.3) in loc. cit.. We refer one to [GH20,

Lemma 3.11] for a corrected statement.

Remark 5.1.2. Since γps, χ, ψq equalsLp1, χ´1
s q{Lp0, χsq up to a nowhere vanishing function,

(v) implies

Lp1, χ´1
s qLp1, χsq

Lp0, χsqLp0, χ´1
s q

Mw0pχ´1
s qMw0pχsq

is an SL2pF q-equivariant isomorphism at all s.

When considering the quotient W {WM , we always choose representatives of minimal

length in each left coset of WM . Let w0 P W {WM be (the representative of) the long Weyl

element. Let Φ_ be the set of coroots and pΦ_q` (resp. pΦ_q´) be the set of positive (resp.
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negative) coroots. For w P W {WM , χ P yOˆ, and s P C{
2π

?
´1

log q Z, define

Φ_
w :“ tβ_ P pΦ_q` : wβ_ P pΦ_q´u Ă pΦ_q` ´ pΦ_

M q`,

mwph, λq :“

ˇ

ˇ

ˇ

ˇ

#

β_ P Φ_
w :

ÿ

αP∆

xωα, β
_y “ h, xωP , β

_y “ λ

+

ˇ

ˇ

ˇ

ˇ

for h, λ P Z,

cwpχsq :“
ź

β_PΦ_
w

L
´

´
ř

αP∆xωα, β
_y, χ

xωP ,β
_y

s`sk`1

¯

L
´

1 ´
ř

αP∆xωα, β_y, χ
xωP ,β_y

s`sk`1

¯

“

8
ź

λ“1

8
ź

h“1

L
`

´h, χλs`sk`1

˘maxp0,mwph,λq´mwph`1,λqq

L
`

1 ´ h, χλs`sk`1

˘maxp0,mwph,λq´mwph´1,λqq
,

awpχsq :“
8
ź

λ“1

8
ź

h“1

L
´

´h, χλs`sk`1

¯maxp0,mwph,λq´mwph`1,λqq

.

Note that IP pχsq ă IBpχ̃sq, where

χ̃s :“ δ
1{2
P δ

´1{2
B ¨ χ ˝ ωP ¨ |ωP |s “

˜

ź

αP∆

|ωα|´1

¸

¨ χ ˝ ωP ¨ |ωP |s`sk`1, (5.2)

and the restriction of Mwpχ̃sq to IP pχsq, denoted by Mwpχsq, is well defined outside a finite

set of s. Also observe that, up to a conjugation by an element of K, Mw0 is essentially

equal to RP |P op . In the case P is self-associate, one may choose the element to be w0.

The goal of this chapter is to prove

Theorem 5.1.3. Suppose G is not of type E or F . The intertwining operator

M 1
wpχsq :“ awpχsq

´1Mwpχsq. (5.3)

is holomorphic. Moreover, for all h, λ P Zą0,

maxp0,mwph, λq ´mwph´ 1, λqq ď maxp0,msαwph, λq ´msαwph´ 1, λqq (5.4)

for every w P W {WM and α P ∆ such that ℓpsαwq “ ℓpwq ` 1. Consequently,

dpχsq :“
8
ź

λ“1

8
ź

h“1

L
´

1 ´ h, χλs`sk`1

¯maxp0,mw0 ph,λq´mw0 ph´1,λqq

is the least common denominator of cwpχsq for all w P W {WM .
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Remark 5.1.4. Our proof should also work for G of type E,F . However, as the proof

essentially boils down to certain combinatorics statements on the set of coroots in pΦ_q` ´

pΦ_
M q`, we do not carry it out due to the complexity of W {WM .

The rest of the paper is a case-by-case proof of Theorem 5.1.3. The case G “ G2 is

proved in §5.2, and classical groups are discussed in §5.3-§5.6. Theorem 5.1.3 together with

the following lemma has several consequences.

Lemma 5.1.5. We have

aw0pχsq “ aP |P oppχsq “

k
ź

i“1

Lp´si, χ
λi
s q

dpχsq “ aP |P pχsq “

k
ź

i“1

Lp1 ` si, χ
λi
s q.

Proof. Both identities can be easily verified which we leave to reader. For a list of positive

(co)roots see e.g., [Bou02] for exceptional groups, and see §5.3-§5.6 for classical groups;

for a list of multiset tpsi, λiqu, see Appendix A. We alert the reader that the result there is

stated in the dual side.

In the rest of the section, we assume G is not of type E or F , or more generally (5.3)

and (5.4) hold.

Corollary 5.1.6. We have SpX˝
P pF qq ă SpXP pF qq.

Proof. This follows from Theorem 5.1.3, Lemma 5.1.5, and the definition of SpXP pF qq.

We can rephrase our definition of good sections in the sense of [Yam14, Definition 3.1].

Corollary 5.1.7. Let χ P yOˆ. A meromorphic section f psq P IP pχsq is good if and only if f psq has

no poles for Repsq ą ´1
6 and dpχ´1

s qaw0pχsq
´1Mw0pχsqf

psq has no poles for Repsq ă 0.

Proof. Sufficiency follows from Remark 4.1.3. For the converse, by the assumption of f psq

and Theorem 5.1.3, the meromorphic section

Mw0pχsqf
psq

aw0pχsq

77



has no poles for Repsq ą ´1
6 or Repsq ă 0. Thus it is holomorphic. On the other hand, by

(5.1) and (v) we can write

f psq “ hpsq
dpχsqdpχ´1

s q

aw0pχ´1
s qaw0pχsq

Mw0pχ´1
s qMw0pχsqf

psq

for some nowhere vanishing function hpsq P Crq´s, qss. Then by assumption of f psq and

Theorem 5.1.3

f psq

dpχsq
“ hpsq

Mw0pχ´1
s q

aw0pχ´1
s q

dpχ´1
s q

aw0pχsq
Mw0pχsqf

psq

has no poles forRepsq ă 0. Thus dpχsq
´1f psq is holomorphic, and f psq is a good section.

By the equivalent definitions of good sections, we obtain from [Yam14, Proposition 3.1]

the following.

Corollary 5.1.8. (a) SpXP pF qq “ SBKpXP pF qq.

(b) Let d P Zą0 with Ld ‰ H. The module Ar,mrpLdq,χ{Ar,mrpLdq´1,χ is nonzero for all

ordpχq “ d and r P SupppLdq.

(c) C ď A0,1,1 “ A0,1 and thus S :“ SpVP pF qq
ˇ

ˇ

X˝
P pF q

ď SpXP pF qq.

Proof. By the Mellin inversion, sections that are holomorphic for all χ P yOˆ correspond

bĳectively to functions inSpX˝
P pF qq. Therefore by Theorem 3.4.4 the first statement follows

from the proof of [Yam14, Proposition 3.1 (4)]. The second statement is [Yam14, Proposition

3.1 (3)]. For the last statement, since the Schwartz space SpXP pF qq is independent of ψ, we

may assume the conductor of ψ is O. Let f be the unique right GpOq-invariant function

in C8pX˝
P pF qq such that pfq1s |GpOq “ dp1sq. Then by the Gindikin-Karpelevič formula

[Lai80, Proposition 4.6] , we have f P SpXP pF qq. Since dp10q ‰ 0, the image of f in A0,1

under the exact sequence in Theorem 4.2.2 is nonzero. As f is right GpOq-invariant, the

image is a nonzero constant.

The following corollary generalizes [Ike92, Lemma 1.2].
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Corollary 5.1.9. For f P SpXP pF qq, the section

pdpχsqcwpχsqq
´1Mwpχsqfχs (5.5)

is holomorphic for any w P W {WM and χ P yOˆ.

Proof. Replace χs with χ´1
s . By Theorem 3.4.4, Theorem 5.1.3, and Corollary 5.1.8(a), we

may replace fχ´1
s

with

dpχ´1
s q

aw0pχsq
Mw0pχsqfχs where f P C8

c pX˝

w0Pw
´1
0

pF qq.

Write w0 “ ww1 such that ℓpw0q “ ℓpwq ` ℓpw1q. Then we can rewrite (5.5) as

1

cwpχ´1
s qaw0pχsq

Mwpχ´1
s qMw0pχsqfχs

“
1

dpχsqcwpχ´1
s qcw0pχsq

Mwpχ´1
s qMwpχw

1

s qMw1pχsqfχs

By (5.1) and (v), this section has the same poles (counting multiplicities) as

1

dpχsqcw1pχsq
Mw1pχsqfχs ,

which is holomorphic by Theorem 5.1.3.

Remark 5.1.10. In [GL21] their notion of a Schwartz function f is defined so that

pdpχsqcwpχsqq
´1Mwpχsqfχs

is holomorphic for all w P W {WM and χ. By Corollary 5.1.9 it is enough to check

for w “ Id, w0, and thus the Schwartz spaces in [GL21] are equal to SpXP pF qq in the

nonarchimedean case.

Corollary 5.1.11. The Schwartz space SpXP pF qq is local, i.e., it is an C8pXP pF qq-module

under multiplication of functions.

Proof. Let S :“ ImpSpVP pF qq ÝÑ C8pX˝
P pF qqq, where the implicit map is the restriction.

Note that SpX˝
P pF qq ă S and S{SpX˝

P pF qq “ C. Since each function in SpXP pF qq is
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compactly supported in XP pF q, we have C8pXP pF qq ¨ SpXP pF qq “ S ¨ SpXP pF qq. As

SpX˝
P pF qq ¨ SpXP pF qq “ SpX˝

P pF qq ă SpXP pF qq, it suffices to show SpXP pF qq{SpX˝
P pF qq

is a S{SpX˝
P pF qq-module, i.e., a C-vector space, which is clear.

Remark 5.1.12. The notion of locality of a function space was introduced in [BK00, §5].

When XP is a vector space, locality is equivalent to SpXP pF qq being an algebra which

plays an important role in harmonic analysis.

5.2 Proof outline of Theorem 5.1.3

In this section, we discuss in detail the proof of Theorem 5.1.3 for the case G “ G2 and

explain how to adapt it for classical groups. We record the following lemma and notations

for later use (see e.g., [Bou02]).

Lemma 5.2.1. Let w P W {WM and w “ wm ¨ ¨ ¨w2w1 be a reduced expression in W . For each i,

let αpiq P ∆ be the simple root such that wi is the corresponding reflection. Then

Φ_
w “ tα̃_

piq :“ w1 ¨ ¨ ¨wi´2wi´1α
_
piq : 1 ď i ď mu.

We say the coroot α̃_
piq corresponds to the simple reflection wi (under the reduced expres-

sion).

Recall M 1
wpχsq defined in (5.3).

Lemma 5.2.2. Let w P W {WM . Let α be a simple root such that ℓpsαwq “ ℓpwq ` 1, and ph, λq

be the unique pair such that msαwph, λq ´mwph, λq “ 1. Suppose M 1
wpχsq is holomorphic.

Assume

mwph, λq ě mwph` 1, λq. (5.6)

Then M 1
sαwpχsq is holomorphic if either χλ ‰ 1 or χλ “ 1 and one of the following holds.

(I) mwph, λq ě mwph´ 1, λq.

(II) M 1
wpχsqf

psq
ˇ

ˇ

λps`sk`1q“h´1
is left ιαpSL2q-invariant for all holomorphic sections f psq of

IP pχsq.
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Proof. By (5.1), (5.2), and (i),

L

¨

˝´
ÿ

βP∆

xwωβ, α
_y, χ

xwωP ,α
_y

s`sk`1

˛

‚

´1

Msαpχws q

´

M 1
wpχsqf

psq
¯

is holomorphic. By Lemma 5.2.1

L

¨

˝´
ÿ

βP∆

xwωβ, α
_y, χ

xwωP ,α
_y

s`sk`1

˛

‚“ L

¨

˝´
ÿ

βP∆

xωβ, w
´1α_y, χ

xωP ,w
´1α_y

s`sk`1

˛

‚“ Lp´h, χλs`sk`1q.

Thus by definition of asαwpχsq we may assume χλ “ 1 and (I) fails, so that by assumption

(5.6)

asαwpχsq “
ζ pλps` sk ` 1q ´ ph´ 1qq

ζ pλps` sk ` 1q ´ hq
awpχsq.

By (II) and (ii),

Msαpχws qM 1
wpχsqf

psq
ˇ

ˇ

λps`sk`1q“h´1
“ 0,

and thus M 1
sαwpχsqf

psq is holomorphic.

Note that for every w P W {WM there is a reduced expression wm ¨ ¨ ¨w2w1 of w0 such

that w “ wr ¨ ¨ ¨w2w1 for some r ď m, and a reduced expression can be transformed

to another expression by performing a sequence of defining relations of the Weyl group

W . Explicitly, for two distinct simple (co)roots α and α1, let sα, sα1 be the corresponding

simple reflections and let nαα1 be the number of edges between the corresponding nodes in

the Dynkin diagram.

(a) If nαα1 “ 0, then replace sαsα1 with sα1sα;

(b) if nαα1 “ 1, then replace sαsα1sα with sα1sαsα1 ;

(c) if nαα1 “ 2, then replace psαsα1q2 with psα1sαq2;

(d) if nαα1 “ 3, then replace psαsα1q3 with psα1sαq3.

The strategy to prove Theorem 5.1.3 is as follows. We will choose a reduced expression

wm ¨ ¨ ¨w1 of w0 and list corresponding coroots α̃_
piq (see Lemma 5.2.1). For each case, we
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will first verify the combinatorics inequalities (5.4) and (5.6) for any w P W {WM by studying

the effects of operations above on the order of α̃_
piq. Then we apply Lemma 5.2.2 repeatedly

to show, inductively on the length of w, that the invariance property (II) holds whenever

(I) fails.

In the rest of the section, we will use the Bourbaki numbering of the Dynkin diagram

and (co)roots. Let P :“ Pℓ be the maximal parabolic subgroup associated to the ℓth node

of the Dynkin diagram of pG,B, T q. Let αi denote the simple root attached to the ith node

and let si be the corresponding simple reflection. However, note that we also write sk for

the highest data. This should lead to little or no confusion as the subscript k is only used

as the size of the multiset tpsi, λiqu throughout.

Proof of Theorem 5.1.3 for G “ G2. Observe that Mder – SL2 for both cases and |W {WM | “

6 “ ℓpw0q `1, so thatw0 P W {WM has a unique reduced expression. Inequalities (5.4) and

(5.6) will be clear from the order of coroots below.

For ℓ “ 1, the reduced expression of w0 is

s1s2s1s2s1;

corresponding coroots α̃_
piq are

α_
1 , α

_
1 ` α_

2 , 2α
_
1 ` 3α_

2 , α
_
1 ` 2α_

2 , α
_
1 ` 3α_

2 .

Since (I) holds for w “ Id, s2s1, we may assume χ “ 1, and we are left to verify (II) holds

for w “ s1, s1s2s1, s2s1s2s1.

A holomorphic section f psq of IP1pχsq is left ια2pSL2q-invariant, and so is

M 1
s1p1sqf

psq
ˇ

ˇ

s`sk`1“1

by (iii), which justifies the case w “ s1. For w “ s1s2s1, by (iv)

M 1
s1pχsqf

psq
ˇ

ˇ

s`sk`1“2

is left ια1pSL2q-invariant, and so is

M 1
s2s1pχsqf

psq
ˇ

ˇ

s`sk`1“2
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by (iii). As (I) holds for s2s1, by (ii)

M 1
s1s2s1p1sqf

psq
ˇ

ˇ

s`sk`1“2
“ 0.

This proves the case w “ s1s2s1. Finally for w “ s2s1s2s1, by (iv)

M 1
s1s2s1p1sqf

psq
ˇ

ˇ

s`sk`1“3

is left ια1pSL2q-invariant, and thus so is

M 1
s2s1s2s1p1sqf

psq
ˇ

ˇ

s`sk`1“3

by (iii).

For ℓ “ 2, the reduced expression of w0 is

s2s1s2s1s2;

corresponding coroots α̃_
piq are

α_
2 , α

_
1 ` 3α_

2 , α
_
1 ` 2α_

2 , 2α
_
1 ` 3α_

2 , α
_
1 ` α_

2 .

Since (I) holds for w “ Id, s2, s1s2, we may assume χ3 “ 1, and we are left to verify (II)

holds for w “ s2s1s2, s1s2s1s2.

A holomorphic section f psq of IP2pχsq is left ια1pSL2q-invariant. Since

Lp´4, χ3
s`sk`1q´1Ms1pχs2s q

ˇ

ˇ

3ps`sk`1q“4

is a nonzero scalar multiplication by (iii) and s2s2 “ Id, we have

M 1
s2s1s2pχsqf

psq
ˇ

ˇ

3ps`sk`1q“4

is left ια1pSL2q-invariant, which justifies the case w “ s2s1s2. For w “ s1s2s1s2, it suffices

to consider χ “ 1. By (iii)

M 1
s2pχsqf

psq
ˇ

ˇ

s`sk`1“1

is left ια1pSL2q-invariant. As (I) holds for s2 and s1s2, by (ii)

M 1
s1s2pχsqf

psq
ˇ

ˇ

s`sk`1“1
“ 0,

and hence

M 1
s1s2s1s2pχsqf

psq
ˇ

ˇ

s`sk`1“1
“ 0.
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Arguments are more complicated for classical groups (also for groups of type E,F ) as

in general there are more than one reduced expression of w0. We close this subsection by

studying the effects of (a), (b) and (c) on the order of coroots α̃_
piq.

Let w0 “ wm ¨ ¨ ¨w1 be a reduced expression.

(a1) If nαpi`1qαpiq
“ 0 and wi`1wi is replaced with wiwi`1, then

the position of the coroots α̃_
piq and α̃_

pi`1q are swapped.

(b1) If nαpi`1qαpiq
“ 1, αpiq “ αpi`2q, and wi`2wi`1wi is replaced with wi`1wiwi`1, then

the position of the coroots α̃_
piq and α̃_

pi`2q are swapped.

Moreover, α_
pi`1q

“ α_
pi`2q

` α_
piq, so

xωP , α
_
pi`1qy ě 2

and thus such operations will not occur if G is of type A.

(c1) If nαpi`1qαpiq
“ 2, αpiq “ αpi`2q and αpi`1q “ αpi`3q, then

Φ_
wi`3¨¨¨w1

´ Φ_
wi´1¨¨¨w1

“ tβ_, β_ ` γ_, β_ ` 2γ_, γ_u

for some coroots β_, γ_ P Φ` ´ Φ`
M . In particular, we have xωP , β

_ ` 2γ_y ě 3,

which is impossible for classical groups.

5.3 Type An

A reduced expression of w0 is

psn´ℓ`1 ¨ ¨ ¨ sn´1snq ¨ ¨ ¨ psr´ℓ`1 ¨ ¨ ¨ sr´1srq ¨ ¨ ¨ ps1 ¨ ¨ ¨ sℓ´1sℓq (5.7)

Here the parentheses are only present in this expression so that the reader can follow the

pattern. The corresponding order of coroots α̃_
piq is

α_
ℓ , ¨ ¨ ¨

řℓ
j“t α

_
j , ¨ ¨ ¨

řℓ
j“1 α

_
j ,

...
...

...
řr
j“ℓ α

_
j , ¨ ¨ ¨

řr
j“t α

_
j , ¨ ¨ ¨

řr
j“1 α

_
j ,

...
...

...
řn
j“ℓ α

_
j , ¨ ¨ ¨

řn
j“t α

_
j , ¨ ¨ ¨

řn
j“1 α

_
j .
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The ith row of coroots (read from the top left) corresponds to the ith parenthesis of (5.7)

(read from the right). Each positive coroot in Φ_
w0

appears exactly once and there are no

other coroots in Φ_ ´ Φ_
w0

in the above list, so (5.7) is indeed a reduced expression of w0.

The same justification of reduced expressions will be used in the rest of the section without

mention.

We denote

β_ ÐÑ β1_

if the order of two coroots β_ and β1_ can be reversed under a series of operations (a1) and

(b1). Denote coroots
r
ÿ

j“t

α_
j for 1 ď t ď ℓ ď r ď n

by pr, tq. Since operations (b1) cannot be applied if G is of type A, via operations (a1) we

have

for r ď r1, pr, tq ÐÑ pr1, t1q if and only if r ă r1 and t ă t1. (R1)

Note that coroots share the same h-value if they lie on the same 45˝ line in the table above.

Consequently for w P W {WM , mwph, 1q ě c only if mwph´ 1, 1q ě c unless

mwph, 1q “ mw0ph, 1q “ mw0ph´ 1, 1q ` 1 “ mwph´ 1, 1q ` 1.

This verifies inequalities (5.4) and (5.6).

We prove the holomorphy of M 1
wpχsq by induction on both n and length of w. It suffices

to prove the holomorphy when χ “ 1. For ℓ “ 1, the reduced expression (5.7) is unique. As

(I) only holds for Id, we need to check

M 1
sr¨¨¨s1p1sqf

psq
ˇ

ˇ

s`sk`1“r
is left ιαr`1pSL2q-invariant.

for 1 ď r ă n. Since the coroot pr, 1q has h-value r and f psq is left ιαr`1pSL2q-invariant, the

assertion follows from (iii).

For the general case, by symmetry we may assume n ě 3 and rn{2s ě ℓ ě 2. By

induction hypothesis, we may assume pr, 1q P Φ_
w for some r. Choose r to be maximal. By
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(R1) we can write w “ sr´ℓ`1w1 such that sr´ℓ`1 corresponds to the coroot pr, 1q. Assume

first r ą ℓ. We need to show

M 1
w1

p1sqf
psq
ˇ

ˇ

s`sk`1“r´1
is left ιαr´ℓ`1

pSL2q-invariant. (5.8)

Write w1 “ sr´ℓw
1 such that sr´ℓ corresponds to the coroot pr ´ 1, 1q. We have

w1´1αr´ℓ`1 “ w´1
1 αr´ℓ`1 ´ w1´1αr´ℓ “

r
ÿ

j“1

αj ´

r´1
ÿ

j“1

αj “ αr.

Since f psq is left ιαrpSL2q-invariant, M 1
w1p1sqf

psq is left ιαr´ℓ`1
pSL2q-invariant. As the coroot

pr ´ 1, 1q has h-value r ´ 1, (5.8) follows by (iii).

Suppose r “ ℓ. By induction hypothesis, we may assume pn, tq P Φ_
w for some t. Choose

t to be minimal. A similar argument as above justifies the holomorphy of M 1
wp1sq if t ă ℓ,

and thus we can assume t “ ℓ. By (R1) we can also write w “ snw1 such that sn corresponds

to the coroot pn, ℓq, which has h-value n´ ℓ`1. Therefore by induction hypothesis and (i),

if n´ ℓ ‰ ℓ´ 1 then M 1
wp1sqf

psq “ M 1
snw1

p1sqf
psq is holomorphic at s` sk ` 1 “ ℓ´ 1 and

hence is holomorphic at all s. For the same reason, to justify M 1
wp1sqf

psq is holomorphic

at s ` sk ` 1 “ n ´ ℓ “ ℓ ´ 1, it suffices to consider the case where no coroot in Φ_
w has

h-value greater than n´ ℓ` 1 “ ℓ.

Note that when n “ 2ℓ´1, (I) fails except when mwpℓ, 1q “ ℓ. Assume mwpℓ, 1q ă ℓ and

thus there exists an integer 0 ď i ă ℓ´2 such that pn´i, ℓ´iq P Φ_
w but pn´i´1, ℓ´i´1q R

Φ_
w . By (R1) we can rewrite w “ sn´2isn´2i´1w

1 such that sn´2i´1 and sn´2i correspond

to coroots pn´ i´ 1, ℓ´ iq and pn´ i, ℓ´ iq respectively. We need to show

M 1
sn´2i´1w1p1sqf

psq
ˇ

ˇ

s`sk`1“n´ℓ
is left ιαn´2ipSL2q-invariant.

We have

w1´1αn´2i “ psn´2i´1w
1q´1αn´2i ´ w1´1αn´2i´1 “

n´i
ÿ

j“ℓ´i

αj ´

n´i´1
ÿ

j“ℓ´i

αj “ αn´i.

Since f psq is left ιαn´ipSL2q-invariant and the coroot pn´ i´ 1, ℓ´ iq has h-value n´ ℓ, the

assertion follows by (iii).
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5.4 Type Bn (n ě 2)

We break down the discussion into two cases: n “ ℓ and n ą ℓ. Consider first 1 ď ℓ ă n.

A reduced expression of w0 is
`

psℓ ¨ ¨ ¨ sn´1qpsnq
˘

¨ ¨ ¨
`

psℓ´r`1 ¨ ¨ ¨ sn´rqpsn´r`1 ¨ ¨ ¨ snq
˘

¨ ¨ ¨
`

ps1 ¨ ¨ ¨ sn´ℓqpsn´ℓ`1 ¨ ¨ ¨ snq
˘

¨

psn´ℓ ¨ ¨ ¨ sn´2sn´1q ¨ ¨ ¨ psr´ℓ`1 ¨ ¨ ¨ sr´1srq ¨ ¨ ¨ ps1 ¨ ¨ ¨ sℓ´1sℓq;
(5.9)

corresponding coroots α̃_
piq are

α_
ℓ , ¨ ¨ ¨

řℓ
j“t α

_
j , ¨ ¨ ¨

řℓ
j“1 α

_
j ,

...
...

...
řr
j“ℓ α

_
j , ¨ ¨ ¨

řr
j“t α

_
j , ¨ ¨ ¨

řr
j“1 α

_
j ,

...
...

...
řn´1
j“ℓ α

_
j , ¨ ¨ ¨

řn´1
j“t α

_
j , ¨ ¨ ¨

řn´1
j“1 α

_
j ,

(˚)

α_
n ` 2

řn´1
j“ℓ

α_
j , ¨ ¨ ¨ α_

n ` 2
řn´1

j“ℓ
α_
j `

řℓ´1
j“t α_

j , ¨ ¨ ¨ α_
n ` 2

řn´1
j“ℓ

α_
j `

řℓ´1
j“1 α_

j ,

α_
n `

řn´1
j“ℓ

α_
j , ¨ ¨ ¨ α_

n ` 2
řn´1

j“m α_
j `

řm´1
j“ℓ

α_
j , ¨ ¨ ¨ α_

n ` 2
řn´1

j“ℓ`1
α_
j ` α_

ℓ ,

.

.

.
. . .

.

.

.
. . .

.

.

.

α_
n ` 2

řn´1
j“r α_

j `
řr´1

j“t α_
j , ¨ ¨ ¨ α_

n ` 2
řn´1

j“r α_
j `

řr´1
j“1 α_

j ,

α_
n `

řn´1
j“r α_

j , ¨ ¨ ¨ α_
n ` 2

řn´1
j“m α_

j `
řm´1

j“r α_
j , ¨ ¨ ¨ α_

n ` 2
řn´1

j“ℓ`1
α_
j `

řℓ
j“r α_

j ,

.

.

.
.
.
.

. . .
.
.
.

α_
n ` 2

řn´1
j“1 α_

j ,

α_
n `

řn´1
j“1 α_

j , ¨ ¨ ¨ α_
n ` 2

řn´1
j“m α_

j `
řm´1

j“1 α_
j , ¨ ¨ ¨ α_

n ` 2
řn´1

j“ℓ`1
α_
j `

řℓ
j“1 α_

j .

Here (˚) corresponds to the second row of (5.9) (see §5.3). For rows of coroots below (˚),

the ith odd (resp. even) row corresponds to the former (resp. latter) parenthesis in the ith

big parenthesis (reading from the right).

We retain the terminology in §5.3. Denote coroots

α_
n ` 2

n´1
ÿ

j“r

α_
j `

r´1
ÿ

j“t

α_
j for 1 ď t ď r ď ℓ, and

α_
n ` 2

n´1
ÿ

j“m

α_
j `

m´1
ÿ

j“r

α_
j for 1 ď r ď ℓ ă m ď n

by p2, r, tq and p1,m, rq respectively. Note that neither the sum nor the difference of two

coroots of the same type is a coroot in Φ_
w0

. Therefore, (b1) has no effects on the order of

87



two coroots of the same type, so by (a1) additional to (R1) we have

for r ě r1, p2, r, tq ÐÑ p2, r1, t1q if and only if r ą r1 and t1 ą t; (R2)

for r ě r1, p1,m, rq ÐÑ p1,m1, r1q if and only if r ą r1 and m1 ą m. (R3)

Arguing similarly as in §5.3, we have (R2) implies (5.4) and (5.6) for λ “ 2. We also remark

that since (c1) is not applicable, the coroot p2, r, rq always corresponds to the pℓ´ r ` 1qth

sn in a reduced expression of w0.

Observe that p2, r, tq can be written as the sum

p1,m1, r1q ` pr2, t2q

if and only if either r1 “ r and t2 “ t or r1 “ t and t2 “ r. We claim the operation (b1)

can only be applied to triples p2, r, tq, p1,m, rq, pm´ 1, tq for t ă r due to the occurrence of

sn. Indeed, if r “ t “ r1, then p2, r, rq corresponds to sn; if r ą t “ r1, then by (R2) the

coroot p2, t, tq, which corresponds to sn, must come after p2, r, tq, while the original position

of p1,m, tq is behind p2, t, tq.

Consequently, together with operations (a1),

p2, r, tq ÐÑ pr1, t1q if and only if t1 ă r; (B1)

p1,m, rq ÐÑ pr1, t1q if and only if t1 ă r; (B2)

p2, r, tq ÐÑ p1,m1, r1q if and only if r ă r1 or t ă r “ r1. (B3)

Inequalities (5.4) and (5.6) for λ “ 1 follow from (R1), (R3), and (B2) by an argument

similar to that in §5.3. To see this, flip the above list of coroots of type p1,m, rq along the

diagonal and attach it below (˚), so one obtains a table of coroots (with λ-value equal to

1) of size 2pn´ ℓq by ℓ. Then rules (R1), (R3), and (B2) combined are essentially the same

as the rule (R1) for G of type A2n´ℓ´1 with node ℓ.

We prove the holomorphy of M 1
wpχsq by induction on both n and length of w. Only

holomorphy of M 1
wpχsq for χ2 “ 1 requires a proof. Suppose ℓ “ 1 and n ě 2. Then the

reduced expression (5.9) of w0 is unique. Note that (I) only holds for Id and sn´1sn´2 ¨ ¨ ¨ s1.

As type A is justified, we may assume w “ sm´1 ¨ ¨ ¨ sn´1snsn´1 ¨ ¨ ¨ s1 for some 2 ď m ď n.
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If m ă n, then we need to show

M 1
sm¨¨¨sn´1sn¨¨¨s2s1p1sqf

psq
ˇ

ˇ

s`sk`1“2n´m´1
is left ιαm´1pSL2q-invariant.

Since M 1
sm`1¨¨¨snsn´1¨¨¨s1f

psq is left ιαm´1pSL2q-invariant and the coroot p1,m ` 1, 1q has h-

value 2n´m´1, this follows from (iii). For m “ n, note that f psq is left ιαnpSL2q-invariant.

Since the coroot pn´ 1, 1q has h-value n´ 1, by (iii) M 1
sn´1¨¨¨s2s1p1sqf

psq
ˇ

ˇ

s`sk`1“n´1
is both

left sn´1ιαnpSL2q-invariant and left ιαnpSL2q-invariant. As

snαn´1 “ pαn ` αn´1q ` αn “ sn´1αn ` αn,

we have snιαn´1pSL2q is contained in the group generated by sn´1ιαnpSL2q and ιαnpSL2q,

and thus

M 1
snsn´1¨¨¨s2s1p1sqf

psq
ˇ

ˇ

s`sk`1“n´1
is left ιαn´1pSL2q-invariant.

Now consider general n ą ℓ ě 2. We will use rules (R1)-(R3) and (B1)-(B3) without

further mention below. As type A is justified, by induction hypothesis it suffices to justify

the assertion for w such that

Φ_
w X tpr, 1q, p1,m, 1q, p2, r1, 1q : ℓ ď r ď n´ 1, ℓ ă m ď n, 1 ď r1 ď ℓu

is nonempty and Φ_
w does not only consist of coroots of type pr, tq. Write w “ sαw1 and

let β_ be the coroot in Φ_
w ´ Φ_

w1
.

Lemma 5.4.1. There exists a reduced expression w “ sαw1 such that β_ is either pr, 1q, p1,m, 1q,

or p2, r1, 1q.

Proof. Observe that the coroot p1,m, 1q is not a part of any triple of coroots on which an

operation (b1) can be applied. Therefore, if p1,m, 1q P Φ_
w for some m, then by performing

a series of (a1), one can take β_ to be p1,m1, 1q P Φ_
w with m1 minimal.

Thus we assume no coroots p1,m, 1q are contained in Φ_
w . Consider first the case that

pr, 1q P Φ_
w for some r. Choose r to be maximal. Let c1 (resp. c2) be the number of coroots

of the form p2, r1, 1q (resp. p1, r` 1, r1q) contained in Φ_
w . Note that coroots p2, r1, 1q, p1, r`

1, r1q, pr, 1q form a triple on which the operation (b1) can be applied. Therefore, if c1 ď c2
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(resp. c1 ą c2), then β_ can be taken as pr, 1q (resp. p2, ℓ´ c2 `1, 1q. The case p2, r1, 1q P Φ_
w

for some r1 can be argued similarly.

Suppose β_ “ p2, r, 1q. Note that (I) fails for w1 unless

ℓ “ r is odd and p2, ℓ´ c, 1 ` cq P Φ_
w for all 0 ď c ď pℓ´ 1q{2. (5.10)

We need to show

M 1
w1

pχsqf
psq
ˇ

ˇ

2ps`sk`1q“2pn´1q`1´r
is left ιαpSL2q-invariant (5.11)

except when (5.10) occurs. By (i) and (R2) we can assume coroots in Φ_
w with λ-value 2

have h-value at most 2pn´ 1q ` 2 ´ r.

Case r “ 1: We have α “ αn and we can write w1 “ w2sn´1snw
1 where sn and sn´1

correspond to coroots p2, 2, 2q and p2, 2, 1q respectively, and Φ_
w1

´ Φ_
sn´1snw1 consists of

coroots of the form p1,m, 2q. Since coroots p2, 2, 2q and p2, 2, 1q have ph, λq-value p2pn ´

2q ` 1, 2q and p2pn´ 1q, 2q respectively, we have

M 1
sn´1snw1pχsqf

psq
ˇ

ˇ

2ps`sk`1q“2pn´1q
is left ιαnpSL2q-invariant

by (iii) and (iv). As coroots in Φ_
w1

´Φ_
sn´1snw1 correspond to reflections sαi where i ă n´1,

to prove (5.11) by (i) it suffices to show

asn´1snw1pχsq

aw1pχsq
Mw2pχsn´1snw1

s q

is holomorphic at s ` sk ` 1 “ n ´ 1. Observe that the coroot p1, n ´ 1, 2q has h-value n,

and the coroot p1, n, 2q must come before p1, n´ 1, 2q. Thus the assertion follows from the

proof of type A with node 1.

Case r is even, ℓ ą r: Since we are to check holomorphy of M 1
wpχsq at 2ps ` sk ` 1q “

2pn´ 1q ` 1 ´ r, which is an odd integer, by (i) and (v) we may add to or remove from Φ_
w

coroots with λ-value 1 as long as rules (R1)-(R3) and (B1)-(B3) are obeyed. In particular,

we can take w such that α “ αn´r`1 and w1 “ sn´rw
1 where sn´r corresponds to the
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coroot p2, r ` 1, 1q. Then we have

w1´1αn´r`1 “ w´1
1 αn´r`1 ´ w1´1αn´r

“ p2
n
ÿ

j“r

αj `

r´1
ÿ

j“1

αjq ´ p2
n
ÿ

j“r`1

αj `

r
ÿ

j“1

αjq “ αr.

As the coroot p2, r ` 1, 1q has h-value 2pn ´ 1q ` 1 ´ r and f psq is left ιαrpSL2q-invariant,

we deduce (5.11) from (iii).

Case r “ ℓ is even: Let 0 ď c ď ℓ{2 ´ 1 be the largest integer such that p2, ℓ ´

c, 1 ` cq P Φ_
w . As in the previous case, we can assume w can be rewritten as w “

sn´ℓ`1`2csn´ℓ`2`2cw
1, where sn´ℓ`2`2c and sn´ℓ`1`2c correspond to coroots p2, ℓ´c, c`2q

and p2, ℓ´ c, c` 1q respectively. We claim

M 1
sn´ℓ`2`2cw1pχsqf

psq
ˇ

ˇ

2ps`sk`1q“2pn´1q`1´ℓ
is left ιαn´ℓ`1`2c

pSL2q-invariant

We have

w1´1αn´ℓ`1`2c “ psn´ℓ`2`2cw
1q´1αn´ℓ`1`2c ´ p1 ` δc, ℓ

2
´1qw1´1αn´ℓ`2`2c

“ p2
n
ÿ

j“ℓ´c

αj `

ℓ´c´1
ÿ

j“c`1

αjq ´ p2
n
ÿ

j“ℓ´c

αj `

ℓ´c´1
ÿ

j“c`2

αjq “ αc`1

Since p2, ℓ ´ c, c ` 2q has h-value 2pn ´ 1q ` 1 ´ ℓ and f psq is left ιαc`1pSL2q-invariant, our

claim follows from (iii).

Case r is odd, ℓ ą r ą 1: Say α “ αn´r`1´i where n´ℓ ě i ě 0 is the number of coroots

pm, 1q not in Φ_
w . By our assumption on coroots, we have p2, t, tq R Φ_

w for 2t ă r ` 1 and

thus p1,m, tq R Φ_
w for t ă pr ` 1q{2. Write w1 “ w2sn´r´iw

1 where sn´r´i corresponds to

the coroot p2, r ` 1, 1q, and Φ_
w1

´ Φ_
sn´r´iw1 consists of coroots of the form p1,m, tq where

t ě pr ` 1q{2. Choose a reduced expression such that reflections corresponding to coroots
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in Φ_
w1

´ Φ_
sn´r´iw1 fixes αn´r`1´i. Then we have

w1´1αn´r`1´i “ psn´r´iw
1q´1αn´r`1´i ´ w1´1αn´r´i

“ w´1
1 αn´r`1´i ´ w1´1αn´r´i

“ p2
n
ÿ

j“r

αj `

r´1
ÿ

j“1

αjq ´ p2
n
ÿ

j“r`1

αj `

r
ÿ

j“1

αjq “ αr.

As the coroot p2, r ` 1, 1q has h-value 2pn ´ 1q ` 1 ´ r and f psq is left ιαrpSL2q-invariant,

we conclude by (iii)

M 1
sn´r´iw1pχsqf

psq
ˇ

ˇ

2ps`sk`1q“2pn´1q`1´r
is left ιαn´r`1´ipSL2q-invariant.

Therefore (5.11) follows if

asn´r´iw1pχsq

aw1pχsq
Mw2pχ

sn´r´iw
1

s q

is holomorphic at 2ps`sk`1q “ 2pn´1q`1´r. By the proof of type A, this is true if χ ‰ 1

or χ “ 1 and the number of coroots of the form p1,m, tq in Φ_
w with h-value 2pn´1q`1´r

2 ` 1

is at most that with h-value 2pn´1q`1´r
2 .

We assume this is not the case, so χ “ 1, 2pn´ ℓq ě
2pn´1q`1´r

2 `1, and p1, n´ c, r`1
2 `

cq P Φ_
w for all c. Since p2, r`1

2 , r´1
2 q R Φ_

w by assumption and p1, n, r`1
2 q P Φ_

w , we have

pn ´ 1, r´1
2 q R Φ_

w but pn ´ 1, r`1
2 q P Φ_

w . Rewrite w “ sn´1v
1s
n´ℓ` pr´1q

2

v such that sn´1

and s
n´ℓ` pr´1q

2

correspond to coroots p1, n, r`1
2 q and pn ´ 1, r`1

2 q respectively, and coroots

of type pm, tq in Φ_
w all lie in Φ_

v . We need to show

M 1
v1s

n´ℓ`
pr´1q

2

vp1sqf
psq
ˇ

ˇ

s`sk`1“
2pn´1q`1´r

2

is left ιαn´1pSL2q-invariant. (5.12)

Lemma 5.4.2. We have

M 1
v1s

n´ℓ`
pr´1q

2

vp1sqf
psq
ˇ

ˇ

s`sk`1“
2pn´1q`1´r

2

is left v1vιαnpSL2q-invariant.
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Proof. Since the coroot pn´1, r`1
2 q hash-value 2pn´1q`1´r

2 and f psq is left ιαnpSL2q-invariant,

by (iii) to justify the lemma it suffices to show

as
n´ℓ`

pr´1q
2

vp1sq

av1s
n´ℓ`

pr´1q
2

vp1sq
Mv1p1

s
n´ℓ`

pr´1q
2

v

s q

is holomorphic at s ` sk ` 1 “
2pn´1q`1´r

2 . By (R2) and (R3), the number of coroots in

Φ_
v1s

n´ℓ`
pr´1q

2

v ´Φ_
s
n´ℓ`

pr´1q
2

v with ph, λq-value p2pn´1q`2´r, 2q (resp. p
2pn´1q`1´r

2 `1, 1q)

is at most that with ph, λq-value p2pn´ 1q ` 1 ´ r, 2q (resp. p
2pn´1q`1´r

2 , 1q). Therefore, the

holomorphy follows by the induction on length (and proofs).

Clearly, M 1
v1s

n´ℓ`
pr´1q

2

vp1sqf
psq is left v1s

n´ℓ` pr´1q

2

vιαnpSL2q-invariant. We have

vαn “ αn ` αn´1 ` . . .` α
n´ℓ` pr`1q

2

,

and

v1vαn “ snαn, v1s
n´ℓ` pr´1q

2

vαn “ snpαn´1 ` αnq.

Since snαn ` snpαn´1 ` αnq “ snsnαn´1 “ αn´1, we deduce (5.12).

Case ℓ “ r is odd: Since (5.10) does not hold, there exists smallest 0 ď c ď pℓ´ 1q{2´ 1

such that p2, ℓ ´ c ´ 1, 2 ` cq R Φ_
w . We can rewrite w “ sn´ℓ`1`2c´isn´ℓ`2`2c´iw

1 for

some i ě 0, where sn´ℓ`2`2c´i and sn´ℓ`1`2c´i correspond to coroots p2, ℓ ´ c, c ` 2q and

p2, ℓ ´ c, c ` 1q respectively. A similar argument as in the case r “ ℓ even justifies the

holomorphy.

For the rest of the proof we may assume χ “ 1. Consider β_ “ p1,m, 1q and thus

α “ αm´1. By (B2) Φ_
w contains all coroots of type pr, tq. Therefore, we can choose a

reduced expression of w with no operations (b1) carried out. Note that (I) fails for w1 in

this case. Suppose ℓ ă m ă n. We can write w1 “ smw
1 where sm corresponds to the
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coroot p1,m` 1, 1q. We have

w1´1αm´1 “ w´1
1 αm´1 ´ w1´1αm

“ p2
n
ÿ

j“m

αj `

m´1
ÿ

j“1

αjq ´ p2
n
ÿ

j“m`1

αj `

m
ÿ

j“1

αjq “ αm.

Since f psq is left ιαmpSL2q-invariant and the coroot p1,m` 1, 1q has h-value 2n´m´ 1, by

(iii)

M 1
w1

p1sqf
psq
ˇ

ˇ

s`sk`1“2n´m´1
is left ιαm´1pSL2q-invariant.

Suppose m “ n. We break down the discussion into two cases.

Case n ă 2ℓ: Let 0 ď c ă n ´ ℓ be the largest integer such that p1, n ´ c, 1 ` cq P

Φ_
w . Rewrite w “ sn´1´2csn´2´2cw

1 where sn´2´2c and sn´1´2c correspond to coroots

p1, n´ c, 2 ` cq and p1, n´ c, 1 ` cq respectively. We claim

M 1
sn´2´2cw1p1sqf

psq
ˇ

ˇ

s`sk`1“n´1
is left ιαn´1´2cpSL2q-invariant

We have

w1´1αn´1´2c “ psn´2´2cw
1q´1αn´1´2c ´ w1´1αn´2´2c

“ p2
n
ÿ

j“n´c

αj `

n´c´1
ÿ

j“1`c

αjq ´ p2
n
ÿ

j“n´c

αj `

n´c´1
ÿ

j“2`c

αjq “ αc`1

Since the coroot p1, n´ c, 2 ` cq has h-value n´ 1 and f psq is left ιαc`1pSL2q-invariant, our

claim follows from (iii).

Case n ě 2ℓ: Suppose there exists 0 ď c ă ℓ such that p1, n´ c´1, 2` cq R Φ_
w . Choose

c to be minimal, and rewrite w “ sn´1´2csn´2´2cw
1 where sn´2´2c and sn´1´2c correspond

to coroots p1, n´ c, 2` cq and p1, n´ c, 1` cq respectively. The holomorphy of M 1
wp1sq can

be justified similarly as the previous case. Therefore, we assume p1, n ´ c, 1 ` cq P Φ_
w for

all c. We claim

M 1
w1

p1sqf
psq
ˇ

ˇ

s`sk`1“n´1
is left ιαn´1pSL2q-invariant.

Lemma 5.4.3. M 1
w1

p1sqf
psq
ˇ

ˇ

s`sk`1“n´1
is left w2w1ιαnpSL2q-invariant.
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Proof. Write w1 “ w2sn´ℓw
1 where sn´ℓ corresponds to the coroot pn ´ 1, 1q and Φ_

sn´ℓw1

consists of all coroots of type pr, tq. Since the coroot pn´ 1, 1q has h-value n´ 1, by (iii)

M 1
sn´ℓw1p1sqf

psq
ˇ

ˇ

s`sk`1“n´1
is left w1ιαnpSL2q-invariant.

Writew2 “ v1vwhereΦ_
vsn´ℓw1 ´Φ_

sn´ℓw1 consists of all coroots of type p2, r, tq. Since p2, 1, 1q

is the only coroot of type p2, r, tq with h-value 2pn´ 1q ` 1 and coroots p2, 2, 2q and p2, 2, 1q

are in Φ_
vsn´ℓw1 ´ Φ_

sn´ℓw1 , it follows from the proof of the case β_ “ p2, 1, 1q that

asn´ℓw1p1sq

avsn´ℓw1p1sq
Mvp1

sn´ℓw
1

s q

is holomorphic at s` sk ` 1 “ n´ 1. Therefore, the lemma follows once we show

avsn´ℓw1p1sq

aw1p1sq
Mv1p1

vsn´ℓw
1

s q

is holomorphic at s` sk ` 1 “ n´ 1. Note that Φ_
w1

´ Φ_
vsn´ℓw1 consists of coroots of type

p1, r, tq. By (R3) the number of coroots in Φ_
w1

´ Φ_
vsn´ℓw1 with h-value n is at most that

with h-value n´ 1. Therefore, the holomorphy follows from the proof of type A.

Clearly, M 1
w1

p1sqf
psq is left w1ιαnpSL2q-invariant. Since p1, n ´ c, 1 ` cq P Φ_

w for all c,

we have p1, n, rq P Φ_
w for all r, and thus a direct computation gives

w1αn “ αn ` αn´1, w2w1αn “ ´αn.

As pαn ` αn´1q ` p´αnq “ αn´1, our claim follows from the above lemma.

Consider now β_ “ pr, 1q. By (i), (R1), (R3) and (B2), we may assume every coroot

with λ-value 1 in Φ_
w has h-value at most r.

Case n ´ 1 ě r ą ℓ: Note that (I) fails for w1 in this case. If p1, r ` 1, ℓq R Φ_
w , then

α “ αr´ℓ`1 and we can write w1 “ sr´ℓw
1 where sr´ℓ corresponds to the coroot pr ´ 1, 1q.

We have

w1´1αr´ℓ`1 “ w´1
1 αr´ℓ`1 ´ w1´1αr´ℓ “

r
ÿ

j“1

αj ´

r´1
ÿ

j“1

αj “ αr.
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Since the coroot pr ´ 1, 1q has h-value r ´ 1 and f psq is left ιαrpSL2q-invariant, by (iii)

M 1
w1

p1sqf
psq
ˇ

ˇ

s`sk`1“r´1
is left ιαrpSL2q-invariant.

Therefore, we assume p1, r` 1, ℓq P Φ_
w . Let ℓ ą c ě 1 be the number of coroots p1, r` 1, tq

in Φ_
w . Suppose the coroot p1, r`1, ℓ`1´cq has h-value less than r. If p1, r, ℓ`1´cq R Φ_

w ,

then we can rewrite w “ s1w1 such that s1 corresponds to the coroot p1, r ` 1, ℓ ` 1 ´ cq.

The holomorphy of M 1
wp1sq “ M 1

s1w1p1sq follows by induction hypothesis and (i). If p1, r, ℓ`

1 ´ cq P Φ_
w , let m ď r be the smallest integer such that p1,m, ℓ ` 1 ´ cq P Φ_

w . Rewrite

w “ sisi`1w
1 (i ă n´1) such that si`1 and si correspond to coroots p1,m`1, ℓ`1´cq and

p1,m, ℓ ` 1 ´ cq respectively. The holomorphy of M 1
wp1sq in this case follows by a similar

argument as in the case β_ “ p1,m, 1q.

Consequently, we assume the coroot p1, r`1, ℓ`1´cq has h-value r, i.e., 2n´r´ℓ´1`c “

r. If c ě 2 and p1, r, ℓ ` 2 ´ cq R Φ_
w , then we rewrite w “ si´1siw

1 (i ă n) where si and

si´1 corresponds to coroots p1, r`1, ℓ`2´ cq and p1, r`1, ℓ`1´ cq respectively. We have

w1´1αi´1 “ psiw1q´1αi´1 ´ w1´1αi

“ p2
n
ÿ

j“r`1

αj `

r
ÿ

j“ℓ`1´c

αjq ´ p2
n
ÿ

j“r`1

αj `

r
ÿ

j“ℓ`2´c

αjq “ αℓ`1´c.

Since the coroot p1, r` 1, ℓ` 1´ cq has h-value r´ 1 and f psq is left ιαℓ`1´c
pSL2q-invariant,

we have

M 1
siw1p1sqf

psq
ˇ

ˇ

s`sk`1“r´1
is left ιαi´1pSL2q-invariant.

Suppose either c “ 1 or c ě 2 and p1, r, ℓ ` 2 ´ cq P Φ_
w . Let si be a reflection such that

ℓpsiwq “ 1 ` ℓpwq and the coroot corresponding to si is p1, r, ℓ ` 1 ´ cq. Since the coroot

p1, r, ℓ` 1´ cq has h-value r` 1, by (i) and (v) M 1
wp1sq is holomorphic at s` sk ` 1 “ r´ 1

iff M 1
siwp1sq is. To see M 1

siwp1sq is holomorphic at s ` sk ` 1 “ r ´ 1, rewrite siw “

sr´ℓ`c`1sr´ℓ`cw
1 where sr´ℓ`c and sr´ℓ`c`1 correspond to coroots pr, 1q and pr ´ 1, 1q

respectively. The holomorphy follows from a similar argument as the case p1, r`1, ℓq R Φ_
w .

Case r “ ℓ, 2pn ´ ℓq ă ℓ: Note that in this case (I) fails for w1. For the case that

p1, ℓ ` 1 ` t, 2n ´ 2ℓ ´ tq P Φ_
w for some t, the holomorphy in this case follows from an
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argument analogous to that of the previous case when p1, r ` 1, ℓ` 1 ´ cq P Φ_
w with c ě 2

but p1, r, ℓ ` 2 ´ cq R Φ_
w . Therefore, suppose p1, ℓ ` 1 ` t, 2n ´ 2ℓ ´ tq R Φ_

w for any t. If

there is no coroot of type p1,m, tq in Φ_
w , then we can write w “ w2w1, where Φ_

w1 consists

of all coroots of type pm, tq in Φ_
w . The holomorphy then follows from the proof of the

case β_ “ p2,m, 1q. If Φ_
w contains some coroot of type p1,m, tq, we can rewrite w “ siw

1

where si corresponds to a coroot with ph, λq-value pc, 1q where c ă ℓ. Then by induction

hypothesis and (i) M 1
wp1sq “ M 1

siw1p1sq is holomorphic at s` sk ` 1 “ ℓ´ 1.

Case r “ ℓ, 2pn ´ ℓq ě ℓ: By the same argument as the previous case, it suffices to

consider when n´ ℓ ă ℓ and p1, 2pn´ ℓq ` 1` t, ℓ´ tq P Φ_
w for all t. Since 2pn´ ℓq ě ℓ, for

(I) to fail for w1, there exists smallest n ´ ℓ ą c ě 0 such that pℓ ` c ` 1, 2 ` cq R Φ_
w and

pℓ ` c, 1 ` cq P Φ_
w . Since n ă 2ℓ, we can rewrite w “ sisi`1w

1 pi ă n ´ 1q where si`1 and

si correspond to coroots pℓ` c, 2 ` cq and pℓ` c, 1 ` cq. We have

w1´1αi “ psi`1w
1q´1αi ´ w1´1αi`1 “

ℓ`c
ÿ

j“1`c

αj ´

ℓ`c
ÿ

j“2`c

αj “ αc`1.

Since the coroot pℓ` c, 2` cq has h-value ℓ´ 1 and f psq is left ιαc`1pSL2q-invariant, by (iii)

M 1
si`1w1p1sqf

psq
ˇ

ˇ

s`sk`1“ℓ´1
is left ιαipSL2q-invariant.

This completes the proof for the case ℓ ă n.

For ℓ “ n ě 2, a reduced expression of w0 is

psnq ¨ ¨ ¨ psr ¨ ¨ ¨ snq ¨ ¨ ¨ ps1 ¨ ¨ ¨ snq; (5.13)

corresponding coroots α̃_
piq are

α_
n ` 2

řn´1
j“n α_

j , ¨ ¨ ¨ α_
n ` 2

řn´1
j“n α_

j `
řn´1

j“t α_
j , ¨ ¨ ¨ α_

n ` 2
řn´1

j“n α_
j `

řn´1
j“1 α_

j ,

. . .
.
.
.

. . .
.
.
.

α_
n ` 2

řn´1
j“r α_

j `
řr´1

j“t α_
j , ¨ ¨ ¨ α_

n ` 2
řn´1

j“r α_
j `

řr´1
j“1 α_

j ,

. . .
.
.
.

α_
n ` 2

řn´1
j“1 α_

j .

The inequalities (5.4) and (5.6) and the holomorphy of M 1
wpχsq (especially χ “ 1)

follow from the same (and actually simpler) argument as the previous case for type p2, r, tq

coroots.
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5.5 Type Cn (n ě 2)

For 1 ď ℓ ă n, coroots α̃_
piq corresponding to the reduced expression (5.9) are

α_
ℓ , ¨ ¨ ¨

řℓ
j“t α

_
j , ¨ ¨ ¨

řℓ
j“1 α

_
j ,

...
...

...
řr
j“ℓ α

_
j , ¨ ¨ ¨

řr
j“t α

_
j , ¨ ¨ ¨

řr
j“1 α

_
j ,

...
...

...
řn´1
j“ℓ α

_
j , ¨ ¨ ¨

řn´1
j“t α

_
j , ¨ ¨ ¨

řn´1
j“1 α

_
j ,

řn
j“ℓ α_

j 2
řn

j“ℓ α_
j ` α_

ℓ´1, ¨ ¨ ¨ 2
řn

j“ℓ α_
j `

řℓ´1
j“t α_

j , ¨ ¨ ¨ 2
řn

j“ℓ α_
j `

řℓ´1
j“1 α_

j ,

2α_
n `

řn´1
j“ℓ

α_
j , ¨ ¨ ¨ 2

řn
j“m α_

j `
řm´1

j“ℓ
α_
j , ¨ ¨ ¨ 2

řn
j“ℓ`1 α_

j ` α_
ℓ ,

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

řn
j“r α_

j 2
řn

j“r α_
j `

řr´1
j“t α_

j , ¨ ¨ ¨ 2
řn

j“r α_
j `

řr´1
j“1 α_

j ,

2α_
n `

řn´1
j“r α_

j , ¨ ¨ ¨ 2
řn

j“m α_
j `

řm´1
j“r α_

j , ¨ ¨ ¨ 2
řn

j“ℓ`1 α_
j `

řℓ
j“r α_

j ,

.

.

.
.
.
.

.

.

.
. . .

.

.

.
řn

j“2 α_
j 2

řn
j“2 α_

j ` α_
1 ,

2α_
n `

řn´1
j“2 α_

j , ¨ ¨ ¨ 2
řn

j“m α_
j `

řm´1
j“2 α_

j , ¨ ¨ ¨ 2
řn

j“ℓ`1 α_
j `

řℓ
j“2 α_

j ,

řn
j“1 α_

j

2α_
n `

řn´1
j“1 α_

j , ¨ ¨ ¨ 2
řn

j“m α_
j `

řm´1
j“1 α_

j , ¨ ¨ ¨ 2
řn

j“ℓ`1 α_
j `

řℓ
j“1 α_

j .

By duality, the proof for type Bn carries over with minor modification. The major differ-

ence is that ith sn in any reduced expression of w0 corresponds to the coroot
řn
j“ℓ´i`1 α

_
j ,

which has λ-value 1 instead of 2. If the last coroot is
řn
j“1 α

_
j , one modifies the argument

of the case β_ “ p1, n, 1q in §5.4. Some explanation is given in the case ℓ “ n below. If

the last coroot is 2α_
n `

řn´1
j“1 α

_
j one applies the argument of the case β_ “ p1, r, 1q with

r ă n in §5.4. We leave the details of the other cases to the reader.

For ℓ “ n, coroots α̃_
piq corresponding to the reduced expression (5.13) are

α_
n , 2α_

n ` α_
n´1, ¨ ¨ ¨ 2

řn
j“n α_

j `
řn´1

j“t α_
j , ¨ ¨ ¨ 2

řn
j“n α_

j `
řn´1

j“1 α_
j ,

.

.

.
. . .

.

.

.
. . .

.

.

.
řn

j“r α_
j , 2

řn
j“r α_

j `
řr´1

j“t α_
j , ¨ ¨ ¨ 2

řn
j“r α_

j `
řr´1

j“1 α_
j ,

.

.

.
. . .

.

.

.
řn

j“2 α_
j , 2

řn
j“2 α_

j ` α_
1 ,

řn
j“1 α_

j .
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As in the case ℓ ă n, except for the case where the last coroot is
řn
j“1 α

_
j , a similar

inductive proof as in §5.4 for type p2, r, tq coroots justifies the holomorphy in this case.

Therefore, we only explain how to prove the holomorphy of M 1
w0

p1sq assuming M 1
wpχsq is

holomorphic for any w ‰ w0 and χ.

Rewrite w0 “ snsn´1sn´2snw
1 by switching the order of coroots

řn
j“2 α

_
j and 2

řn
j“3 α

_
j `

ř2
j“1 α

_
j . We need to show

M 1
sn´1sn´2snw1p1sqf

psq
ˇ

ˇ

s`sk`1“n´1
is left ιαnpSL2q-invariant.

We have w1αn´1 “ sn´1αn´2 and

snsn´1αn´2 ` sn´1αn´2 “ αn ` 2αn ` 2αn´2 “ sn´2sn´1αn.

Since
řn
j“2 α

_
j has h-value n´ 1 and f psq is left ιαn´1pSL2q-invariant, by (iii)

M 1
snw1p1sqf

psq
ˇ

ˇ

s`sk`1“n´1
is left sn´2sn´1ιαnpSL2q-invariant.

Therefore, to justify the holomorphy it suffices to show

asnw1p1sq

asn´1sn´2snw1p1sq
Msn´1sn´2p1snw

1

s q

is holomorphic at s ` sk ` 1 “ n ´ 1. Since coroots corresponding to sn´2 and sn´1 have

ph, λq-value p2pn ´ 1q, 2q and p2pn ´ 1q ` 1, 2q respectively, the holomorphy follows again

from (iii).
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5.6 Type Dn (n ě 4)

For 1 ď ℓ ă n´ 1, a reduced expression of w0 is

psℓ ¨ ¨ ¨ sn´3sn´2sn´pℓ`1 mod 2qq¨

`

psℓ´1 ¨ ¨ ¨ sn´2qpsn´pℓ mod 2qq
˘

¨

...
`

ps4 ¨ ¨ ¨ sn´ℓ`3qpsn´ℓ`4 ¨ ¨ ¨ sn´3sn´2sn´1q
˘

¨

`

ps3 ¨ ¨ ¨ sn´ℓ`2qpsn´ℓ`3 ¨ ¨ ¨ sn´3sn´2snq
˘

¨

`

ps2 ¨ ¨ ¨ sn´ℓ`1qpsn´ℓ`2 ¨ ¨ ¨ sn´3sn´2sn´1q
˘

¨

`

ps1 ¨ ¨ ¨ sn´ℓqpsn´ℓ`1 ¨ ¨ ¨ sn´3sn´2snq
˘

¨

psn´ℓ ¨ ¨ ¨ sn´1q ¨ ¨ ¨ ps2 ¨ ¨ ¨ sℓsℓ`1qps1 ¨ ¨ ¨ sℓ´1sℓq;

(5.14)

corresponding coroots α̃_
piq are

α_
ℓ , ¨ ¨ ¨

řℓ
j“t α

_
j , ¨ ¨ ¨

řℓ
j“1 α

_
j ,

...
...

...
řr
j“ℓ α

_
j , ¨ ¨ ¨

řr
j“t α

_
j , ¨ ¨ ¨

řr
j“1 α

_
j ,

...
...

...
řn´1
j“ℓ α

_
j , ¨ ¨ ¨

řn´1
j“t α

_
j , ¨ ¨ ¨

řn´1
j“1 α

_
j ,

(˚1)

řn´2
j“ℓ

α_
j `

řn
j“ℓ´1 α_

j , ¨ ¨ ¨
řn´2

j“ℓ
α_
j `

řn
j“t α_

j , ¨ ¨ ¨
řn´2

j“ℓ
α_
j `

řn
j“1 α_

j ,

α_
n `

řn´2
j“ℓ

α_
j , ¨ ¨ ¨

řn
j“m α_

j `
řn´2

j“ℓ
α_
j , ¨ ¨ ¨

řn
j“ℓ`1 α_

j `
řn´2

j“ℓ
α_
j ,

.

.

.
. . .

.

.

.
. . .

.

.

.
řn´2

j“r α_
j `

řn
j“t α_

j , ¨ ¨ ¨
řn´2

j“r α_
j `

řn
j“1 α_

j ,

α_
n `

řn´2
j“r α_

j , ¨ ¨ ¨
řn

j“m α_
j `

řn´2
j“r α_

j , ¨ ¨ ¨
řn

j“ℓ`1 α_
j `

řn´2
j“r α_

j ,

.

.

.
.
.
.

. . .
.
.
.

řn´2
j“2 α_

j `
řn

j“1 α_
j ,

α_
n `

řn´2
j“2 α_

j , ¨ ¨ ¨
řn

j“m α_
j `

řn´2
j“2 α_

j , ¨ ¨ ¨
řn

j“ℓ`1 α_
j `

řn´2
j“2 α_

j ,

α_
n `

řn´2
j“1 α_

j , ¨ ¨ ¨
řn

j“m α_
j `

řn´2
j“1 α_

j , ¨ ¨ ¨
řn

j“ℓ`1 α_
j `

řn´2
j“1 α_

j ,

Here (˚1) corresponds to the last row of (5.14). For rows of coroots below (˚1), the ith odd

(resp. even) rows correspond to the former (resp. latter) parenthesis in the pi ` 1qth big

parenthesis (counting from bottom to top and from right to left).
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We retain the terminology in §5.3 and follow the idea in §5.4. Denote coroots

n´2
ÿ

j“r

α_
j `

n
ÿ

j“t

α_
j “ α_

n ` α_
n´1 ` 2

n´2
ÿ

j“r

α_
j `

r´1
ÿ

j“t

α_
j for 1 ď t ă r ď ℓ, and

n
ÿ

j“m

α_
j `

n´2
ÿ

j“r

α_
j for 1 ď r ď ℓ ă m ď n

by p2, r, tq and p1,m, rq respectively. As the sum of two coroots of the same type is not

a coroot, so we still have rules (R1), (R2), (R3). The rule (R2) implies (5.4) and (5.6) for

λ “ 2 similarly.

Remark 5.6.1. Rules of coroots are stable under the symmetry of the Dynkin diagram Dn.

For instance, (R1) implies the coroot p1, n, tq must come after the coroot pn ´ 2, tq for any

1 ď t ď ℓ.

Observe that the coroot p2, r, tq can be written as a sum of coroots

p1,m1, r1q ` pr2, t2q

if and only if either r1 “ r and t2 “ t or r1 “ t and t2 “ r. In both cases, m1 “ r2 ` 1.

Lemma 5.6.2. The operation (b1) cannot be applied to the triple of coroots p2, r, tq, p1,m, tq, pm´

1, rq if (and only if) m ă n.

Proof. By (R2) and (R3), it suffices to show for r “ t` 1,m “ n´ 1. By (R1), an operation

(b1) that reverses the order of coroots pn´ 1, t` 1q and p2, t` 1, tq needs to be carried out

first. However, in this case the coroot p1, n, t` 1q comes before p2, t` 1, tq, but comes after

pn´ 2, t` 1q by Remark 5.6.1.

Consequently, together with operations (a1), we have

p2, r, tq ÐÑ pr1, t1q if and only if t1 ă r or r1 “ n´ 1; (D1)

p1,m, rq ÐÑ pr1, t1q if and only if t1 ă r or m “ r1 ` 1 “ n; (D2)

p2, r, tq ÐÑ p1,m1, r1q if and only if r ă r1 or t ă r “ r1 or m1 “ n. (D3)

Inequalities (5.4) and (5.6) for λ “ 1 follow similarly from (R1), (R3), and (D2).

101



As mentioned in Remark 5.6.1, the relaxation of rules, compared to rules of type B,

arises from the symmetry of Dn. More precisely, the Dynkin diagram of Dn folds into that

of Bn´1. This is the reason why we have named our coroots the same way as in §5.4. We

explain how one can modify the inductive proof of holomorphy of M 1
wpχsq of type B to that

of type D.

By induction hypothesis we have an analogue of Lemma 5.4.1 that asserts that w can be

written as sαw1 where the corresponding coroot β_ of sα is either pr, 1q, p1,m, 1q, or p2, r1, 1q.

For the case β_ “ pr, 1q for r ‰ n ´ 1, β_ “ p1,m, 1q for m ‰ n, or β_ “ p2, r1, 1q for

1 ă r1, a similar proof for the same type of roots considered in §5.4 proves the holomorphy.

Therefore, by the symmetry of Dn, it suffices to consider the case where β_ “ pn´1, 1q and

χ “ 1. We can assume any coroot in Φ_
w with λ-value 1 has h-value at most n´1. Note that

(I) fails if ℓ ě 2 or ℓ “ 1 and p1, n, 1q R Φ_
w . If p1, n, 1q R Φ_

w , then the holomorphy follows

from the argument in §5.4 of the case β_ “ pn´ 1, 1q. Therefore, we assume p1, n, 1q P Φ_
w .

Since (I) holds for w1 if ℓ “ 1, it suffices to consider ℓ ě 2. In this case, a similar argument

as in §5.4 of the case β_ “ p1, n, 1q justifies the holomorphy.

For ℓ “ n, n´ 1, by symmetry it suffices to deal with either case. Let ℓ “ n. A reduced

expression of w0 is

psn´pℓ`1 mod 2qq¨

psn´2sn´pℓ mod 2qq¨

...

ps4 ¨ ¨ ¨ sn´3sn´2sn´1q¨

ps3 ¨ ¨ ¨ sn´3sn´2snq¨

ps2 ¨ ¨ ¨ sn´3sn´2sn´1q¨

ps1 ¨ ¨ ¨ sn´3sn´2snq;

corresponding coroots α̃_
piq are
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α_
n ¨ ¨ ¨ ¨ ¨ ¨ α_

n `
řn´2

j“t α_
j , ¨ ¨ ¨ α_

n `
řn´2

j“1 α_
j

řn
j“n´2 α_

j , ¨ ¨ ¨
řn

j“t α_
j , ¨ ¨ ¨

řn
j“1 α_

j ,

. . .
.
.
.

. . .
.
.
.

řn´2
j“r α_

j `
řn

j“t α_
j , ¨ ¨ ¨

řn´2
j“r α_

j `
řn

j“1 α_
j ,

. . .
.
.
.

řn´2
j“2 α_

j `
řn

j“1 α_
j .

As mentioned above, the proof of holomorphy for coroots of type p2, r, tq with r ą t in

§5.4 can be modified to justify the holomorphy. We leave the details to the reader.
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Chapter 6. Conclusions

We have fully developed the Fourier theory on XP over nonarchimedean local fields. It

is my ongoing work to prove analogous results in Chapter 4 and Chapter 5 (in a non ad-hoc

way) over archimedean local fields and develop harmonic analysis. Surprisingly, through

harmonic analysis on XP , we discover a candidate of the “correct” Weyl algebra on XP .

We briefly explain the idea below.

Recall that when XP “ Gn
a is a vector space, one has by integration by parts

B

Bxi
˝ FRn “ 2π

?
´1 ¨ FRn ˝ xi,

´2π
?

´1 ¨ xi ˝ FRn “ FRn ˝
B

Bxi
,

if ψpxq “ e2π
?

´1x. Furthermore, this property uniquely characterizes FRn up to a nonzero

constant. This gives a canonical set of generators of the classical Weyl algebra on An:

K

„

x1, . . . , xn,
B

Bx1
, . . . ,

B

Bxn

ȷ

where K is any field of characteristic zero. We can show that analogous statements hold

for FP |P op when XP is singular, which relies heavily on the fact that SpXP pF qq can be

shown to be local (cf. Remark 5.1.12). However, in this case the corresponding differential

operators are no longer of first order, but is of order
řk
i“1 λi ą 1. This relates to the fact

that one needs the additional normalization operator µaugP to normalize the naive geometric

Fourier transform Fgeo
P |P op (cf. Remark 3.5.4).

We note that in general one can take coordinate functions and derivations on XP as

generators to define a Weyl algebra on XP :

∆pXP q :“ KrXP s rΓpXP , TXP
qs

where TXP
is the tangent sheaf on XP . However, ∆pXP q is a simple ring iff XP is smooth.

On the other hand, consider the Weyl algebra WXP
defined via harmonic analysis as dis-

cussed above. We can show WXP
is a simple domain and an analogue of the Bernstein’s
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inequality holds. This opens up the possibility for studying the Riemann-Hilbert corre-

spondence, Bernstein-Sato polynomials, and zeta functions on Braverman-Kazhdan spaces.

In conclusion, what harmonic analysis on affine spherical varieties would buy us is a

bridge between analysis and geometry (in the spirit of the Riemann-Hilbert correspon-

dence). We expect that through studying the Riemann-Hilbert correspondence on XP , we

can gain insights into how one should extract analytic data from geometric inputs in the

Poisson summation conjecture.
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Appendix A. Computation of normalizing factors

In this appendix we compute the normalizing factors tpsi, λiqu. The parameters depend

only on the action of the dual group xM acting on the dual Lie algebra pnP and our fixed

isomorphism

ωP :MabÝ̃Ñ Gm (A.1)

where ωP is defined as in (3.1.1).

To avoid proliferation of duals, we work directly in the dual picture in this section. Thus

now G denotes an adjoint simple group over C with maximal parabolic subgroup P, Levi

subgroup M, and we are studying the action of M on nP , the complex Lie algebra of the

unipotent radical NP of P. We define the parameters psi, λiq as in §3.2.1 but with xM, pnP

in that section replaced by M and nP , respectively. We let T be a maximal torus in M,

T ă B ď P a Borel subgroup, and ∆ the corresponding set of simple roots. We let β be

the simple root such that ∆´ tβu is the set of simple roots of pM,M XB, T q. The dual of

(A.1) is an isomorphism

φ : GmÝ̃ÑZpMq. (A.2)

For any representation W of M and any integer λ, we write W pλq for the subspace on

which ZpMq “ Gm acts via x ÞÑ xλ.

Lemma A.0.1. If λ ď 0, then nP pλq “ 0.

Proof. Let γ be a positive root of pG,B, T q. Note that the root space pnP qγ is non-zero if

and only if writing γ “
ř

αP∆ cαα we have cβ ą 0. It follows from (3.1.1) that

xγ, φy “ cβxβ, φy “ cβmβ_ ą 0.

We deduce the lemma.

In each of the cases given below, the isomorphism φ : Gm Ñ ZpMq will be the “ob-

vious one”, so we will not record it. In fact, there are only two choices of isomorphism
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GmÝ̃ÑZpMq, and there is only one of them so that Lemma A.0.1 is true, so the reader can

easily check which isomorphism is φ.

In the following computations, we interpret Sym0pC2q as the trivial 1-dimensional rep-

resentation of sl2.

A.1 Projective general linear groups

The following is the classical Clebsch–Gordan rule [FH91, Exercise 11.11]:

Lemma A.1.1. We have an isomorphism of sl2-representations

SymnpC2q b SymmpC2q – Symn`mpC2q ‘ Symn`m´2pC2q ‘ ¨ ¨ ¨ ‘ Sym|n´m|pC2q.

Lemma A.1.2. Let P ď PGLn be the parabolic stabilizing an ℓ-plane. Then

!

p
|n´2ℓ|

2 , 1q, p |n´2ℓ|`2
2 , 1q, . . . , pn´2

2 , 1q

)

is a good ordering for nP .

Proof. It is not hard to see mder – sln´ℓ ˆ slℓ and nP is isomorphic as a representation of m

to

HompCn´ℓ,Cℓq

with the natural action. The induced representation of a principal sl2-triple is

Symn´ℓ´1pC2q_ b Symℓ´1pC2q – Symn´ℓ´1pC2q b Symℓ´1pC2q

– Symn´2pC2q ‘ Symn´4pC2q ‘ ¨ ¨ ¨ ‘ Sym|n´2ℓ|pC2q

by Lemma A.1.1. The lemma follows.

A.2 The classical groups

Let V be a complex vector space equipped with a nondegenerate ϵ-symmetric form x¨, ¨y,

that is,

xv, wy “ ϵxw, vy
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for v, w P V . We assume ϵ P t1,´1u. For C-algebras R, let

GV pRq :“ tg P SLV pRq : xgv, gwy “ xv, wyu.

We refer to GV as a classical group. The corresponding Lie algebra is

gV “ tX P slpV q : xXv,wy ` xv,Xwy “ 0 for v, w P V u.

Let PGV be the associated projective group. Concretely,

PGV –

#

PSOdimV if ϵ “ 1,

PSpdimV if ϵ “ ´1.

We assume that PGV is simple and not isomorphic to a projective general linear group.

Thus dimV R t2, 4u if ϵ “ 1 and dimV ‰ 2 if ϵ “ ´1. We also observe that PSO2r`1 “

SO2r`1.

The maximal parabolic subgroups of PGV are precisely the stabilizers of isotropic sub-

spaces. For a parabolic P “ MNP , we denote by WP the corresponding isotropic subspace.

We let W_
P be the linear dual of WP with respect to x¨, ¨y. Then there exists a sub-

space VP ă V such that the pair pVP , x¨, ¨y|VP q is of the same symmetric type as V , and

such that there is a direct sum decomposition V “ WP ‘ VP ‘ W_
P . Note that the pair

pWP ‘W_
P , x¨, ¨y|WP ‘W_

P
q is also non-degenerate and of the same symmetric type as V . We

have

m – glWP
‘ gVP .

We refer to ℓ :“ dimWP as the linear rank of M or m.

The following lemma is well known. See for instance [Wol76, Theorems 8.6 and 12.6].

Lemma A.2.1. As a representation of m,

nP – HomCpVP ,WP q ‘ SymV pWP q

where

SymV pWP q :“

#

Sym2pWP q if ϵ “ ´1,

Alt2pWP q if ϵ “ 1.
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We have

nP p1q – HomCpVP ,WP q and nP p2q – SymV pWP q (A.3)

unless PGV is PSO2r or PSp2r and m – glr, in which case

nP “ nP p1q – SymV pWP q. (A.4)

The following lemma explicates the principal sl2-subalgebra of gVP .

Lemma A.2.2. As a representation of a principal sl2-subalgebra of gV , the standard representation

V of gV is isomorphic toSymdimV ´1pC2q unlessG – PSO2r, in which case it isSymdimV ´2pC2q‘

C.

Proof. The n-th tensor power of the standard symplectic form on C2 is p´1qn-symmetric,

and the n-th symmetric power of the standard representation C2 of sl2 is a subrepresenta-

tion of the nth tensor power. Thus the principal sl2 Ñ slV may be chosen to factor through

the standard representation gV Ñ slV . This implies the lemma unless G – PSO2r. For

this last case see [Gro00, Section 7].

For the following lemma, see [FH91, Exercise 11.31 and 11.35]:

Lemma A.2.3. For any n ě 1, we have the following equivalences of sl2-representations:

^2pSymnpC2qq – Sym2pSymn´1pC2qq “

tpn´1q{2u
à

j“0

Sym2pn´1q´4jpC2q.

Let

ppV q :“ dimV pmod 2q

be the parity of dimV, viewed as an element of the set t0, 1u. Note that if G – PSO2r,

linear ranks are either r or ď r ´ 2.
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Lemma A.2.4. Assume r ą 1. Assume that either G is PSp2r and that the linear rank ℓ of M is

not r or G – SO2r`1. For ℓ ą 1, the parameters tpsi, λiqu are
!

p
|2r`ppV q´3ℓ|

2 , 1q, p |2r`ppV q´3ℓ|`2
2 , 1q, . . . , p2r`ppV q´ℓ´2

2 , 1q

)

ğ

tpℓ´ 1 ´ ppV q ´ 2j, 2q : 0 ď j ď tpℓ´ 1 ´ ppV qq{2uu .

If ℓ “ 1, the parameters are
␣

p2r´2
2 , 1q

(

if G – SO2r`1, and
␣

p2r´3
2 , 1q, p0, 2q

(

if G – PSp2r.

Suppose G – PSO2r with r ě 3 and that ℓ ď r ´ 2. If ℓ ą 1, then the parameters are
!

p
|2r´1´3ℓ|

2 , 1q, p |2r´1´3ℓ|`2
2 , 1q, . . . , p2r´ℓ´3

2 , 1q

)

ğ

␣

p ℓ´1
2 , 1q

(

ğ

tpℓ´ 2 ´ 2j, 2q : 0 ď j ď tpℓ´ 2q{2uu .

If ℓ “ 1, the parameters are tp0, 1q, pr ´ 2, 1qu. If ℓ “ r and G is isomorphic to PSp2r or PSO2r

then the parameters tpsi, λiqu are

tpr ´ 1 ´ 2j, 1q : 0 ď j ď tpr ´ 1q{2uu if G – PSp2r,

tpr ´ 2 ´ 2j, 1q : 0 ď j ď tpr ´ 2q{2uu if G – PSO2r and r ě 3.

In all cases, every good ordering has the largest parameter psk, λkq with λk “ 1.

Proof. We use Lemmas A.1.1, A.2.2, and A.2.3 freely in the following. If G – PSp2r or

G – SO2r`1, then as a representation under a principal sl2-triple,

HomCpVP ,WP q – Symℓ´1pC2q b Sym2r`ppV q´2ℓ´1pC2q

– Sym2r`ppV q´ℓ´2pC2q ‘ Sym2r`ppV q´ℓ´4pC2q ‘ ¨ ¨ ¨ ‘ Sym|2r`ppV q´3ℓ|pC2q.

This space is understood to be zero if r “ ℓ and G – PSp2r. If G – PSO2r,

HomCpVP ,WP q – Symℓ´1pC2q b

´

C ‘ Sym2r´2ℓ´2pC2q

¯

– Symℓ´1pC2q ‘ Sym2r´ℓ´3pC2q ‘ ¨ ¨ ¨ ‘ Sym|2r´3ℓ´1|pC2q.

If G – PSp2r, we have

SymV pWP q – Sym2pSymℓ´1pC2qq –

tpℓ´1q{2u
à

j“0

Sym2pℓ´1q´4jpC2q.
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If G is PSO2r or SO2r`1, we have

SymV pWP q – ^2pSymℓ´1pC2qq –

tpℓ´2q{2u
à

j“0

Sym2pℓ´2q´4jpC2q.

Here by convention this space is zero if ℓ “ 1. The lemma now follows from Lemma A.2.1,

(A.3) and (A.4).

A.3 Exceptional cases

For exceptional types, we compute the decomposition of nP using LieART 2.0.2 (a

Mathematica application) based on the tables of [MS12].

Assume G is adjoint of type E, F, or G. Let Pℓ “ MℓNℓ ď G denote the maximal

parabolic associated to the ℓ-th node of the Dynkin diagram of G, using the Bourbaki

numbering. For a given parabolic subgroup, consider the grading

nPℓ
“
à

iě1

nPℓ
piq,

associated to the action of ZpMq. The columns of the tables correspond to the graded piece

we consider.

We list the resulting sl2-representations by the highest weight. For example, the repre-

sentation SymnpC2q will be denoted n. In particular, under the assumption G is adjoint,

the data ps, λq associated to the representation n appearing in nPℓ
piq is pn2 , iq.

Table A.1: Normalizing factors for pG of type E6

E6

Node i “ 1 i “ 2 i “ 3

1 10,4
2 9,5,3 0
3 7,5,3,1 4
4 5,3,3,1,1 4,2,0 1
5 7,5,3,1 4
6 10,4
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Table A.2: Normalizing factors for pG of type E7, E8, F4, G2

E7

Node i “ 1 i “ 2 i “ 3 i “ 4

1 15,9,5 0
2 12,8,6,4,0 6
3 9,7,5,3,1 8,4,0 1
4 6,4,4,2,2,0 6,4,2,2 4,2 2
5 8,6,4,4,2,0 6,4,2 4
6 11,9,5,3 8,0
7 16,8,0

E8

Node i “ 1 i “ 2 i “ 3 i “ 4 i “ 5 i “ 6

1 21,15,11,9,3 12,0
2 15,11,9,7,5,3 12,8,4,0 7
3 11,9,7,5,3,1 12,8,6,4,0 7,5 6
4 7,5,5,3,3,1 8,6,4,4,2,0 7,5,3,1 6,4,2 3,1 4
5 9,7,5,5,3,3,1 8,6,4,4,2,0 7,5,3,1 6,2 3
6 12,10,8,6,4,2 10,8,6,2 10,4 2
7 17,15,9,7,1 16,8,0 1
8 27,17,9 0

F4

Node i “ 1 i “ 2 i “ 3 i “ 4

1 9,3 0
2 5,3,1 4,0 1
3 3,1 4,2,0 1 2
4 6,0 6

G2

Node i “ 1 i “ 2 i “ 3

1 1 0 1
2 3 0

112



Appendix B. Data for asymptotics

For readers’ convenience, we list sk and the multisets Lpdq X R considered in Chapter

4, which we denote by Lpdq for simplicity, in each case. We again adopt the Bourbaki

numbering as in Appendix A.3.
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Table B.1: Asymptotics data for G of type A,B,C

An
Node Lp1q sk
ℓ t´i : 0 ď i ď minpℓ´ 1, n´ ℓqu n´1

2

Bn pn ě 2q

Node Lp1q Lp2q sk

1 t0u t1 ´ nu 2n´3
2

1 ă ℓ ă n t´i : 0 ď i ď minpℓ´ 1, 2n´ 2ℓ´ 1qu tℓ´ n´ i : 0 ď i ď tpℓ´ 1q{2uu 2n´ℓ´2
2

n t´2i : 0 ď i ď tpn´ 1q{2uu n´ 1

Cn pn ě 2q

Node Lp1q Lp2q sk

1 t0u n´ 1

1 ă ℓ t´i : 0 ď i ď minpℓ´ 1, 2n´ 2ℓqu tℓ´ n´ i : 1 ď i ď tℓ{2uu 2n´ℓ´1
2
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Table B.2: Asymptotics data for G of type D,E6

Dn pn ě 3q

Node Lp1q Lp2q sk

1 t0, 2 ´ nu n´ 2

1 ă ℓ ă n´ 1 t´i, ℓ´ n` 1 : 0 ď i ď minpℓ´ 1, 2n´ 2ℓ´ 2qu tℓ´ n´ i : 0 ď i ď tpℓ´ 2q{2uu 2n´ℓ´3
2

n´ 1, n t´2i : 0 ď i ď tpn´ 2q{2uu n´ 2

E6

Node Lp1q Lp2q Lp3q sk

1, 6 t0,´3u 5

2 t0,´2,´3u t´5u 9
2

3, 5 t0,´1,´2,´3u t´3u 7
2

4 t0,´1,´1,´2,´2u t´2,´5
2 ,´3u t´3u 5

2
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Table B.3: Asymptotics data for G of type E7

E7

Node Lp1q Lp2q Lp3q Lp4q sk

1 t0,´3,´5u t´8u 15
2

2 t0,´2,´3,´4,´6u t´5u 6

3 t0,´1,´2,´3,´4u t´3,´4,´5u t´5u 9
2

4 t0,´1,´1,´2,´2,´3u t´2,´5
2 ,´3,´3u t´3,´10

3 u t´7
2u 3

5 t0,´1,´2,´2,´3,´4u t´3,´7
2 ,´4u t´4u 4

6 t0,´1,´3,´4u t´4,´6u 11
2

7 t0,´4,´8u 8116



Table B.4: Asymptotics data for G of type E8

E8

Node Lp1q Lp2q Lp3q Lp4q Lp5q Lp6q sk

1

"

0,´3,´5,
´6,´9

*

t´8,´11u 21
2

2

"

0,´2,´3,
´4,´5,´6

*

t´5,´6,´7,´8u t´7u 15
2

3

"

0,´1,´2,
´3,´4,´5

* "

´3,´4,´9
2 ,

´5,´6

*

t´5,´16
3 u t´11

2 u 11
2

4

"

0,´1,´1,
´2,´2,´3

* "

´2,´5
2 ,´3,

´3,´7
2 ,´4

* "

´3,´10
3 ,

´11
3 ,´4

*

t´7
2 ,´

15
4 ,´4u t´4,´21

5 u t´4u 7
2

5

"

0,´1,´2,´2,
´3,´3,´4

* "

´3,´7
2 ,´4,

´4,´9
2 ,´5

* "

´4,´13
3 ,

´14
3 ,´5

*

t´9
2 ,´5u t´5u 9

2

6

"

0,´1,´2,
´3,´4,´5

*

t´4,´9
2 ,´5,´6u t´5,´6u t´13

2 u 6

7

"

0,´1,´4,
´5,´8

*

t´5,´7,´9u t´9u 17
2

8
␣

0,´5,´9
(

t´14u 27
2
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Table B.5: Asymptotics data for G of type F4, G2

F4

Node Lp1q Lp2q Lp3q Lp4q sk

1 t0,´3u t´2u 3

2 t0,´1u t´1,´3
2 ,´2u t´2u t´2u 3

2

3 t0,´1,´2u t´2,´3u t´3u 5
2

4 t0,´3u t´5u 9
2

G2

Node Lp1q Lp2q Lp3q sk

1 t0u t´2u 3
2

2 t0u t´1u t´1u 1
2
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