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Abstract

Two topics, one related to scalable methods and the other on applications of statisti-
cal methods to clinical data are studied in this thesis. Motivated by the increasingly
common large datasets, we propose a novel parallel MapReduce framework for im-
plementation of wavelet regression and shrinkage in Chapter 2. The new method
consists of two stages of MapReduce, with discrete wavelet transform performed in
the first stage and regression and shrinkage in the second. In comparison to the
conventional one (implemented without parallelization), computational complexity
analysis and numerical experiments show the proposed algorithm can be computa-
tionally superior when the response dimension (or number of time measurements) is
big.

In Chapter 3, we provide a preliminary analysis of a Multiple Sclerosis (MS) clin-
ical dataset provided by Biogen, which comprises 579 actively managed MS patients
enrolled at a single center for up to 5 years. MS is a chronic heterogenous disease
with unpredictable trajectory for many patients. Some present clinical symptoms
very early on but progress slowly, while others do not have symptoms till later in
life but thereafter progress rapidly. Therefore, we are interested in predicting the
trajectory of a patient based on current marker profiles. This can serve as a power-
ful guide for a proper early treatment to delay the build up of irreversible damages
and thus improve long-term health of patients. An explanatory data analysis and

logistic regression of disease courses and predictive modeling of Expanded Disability
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Status Scale (EDSS) scores are provided in this thesis. We notice that, using logis-
tic regression, prediction of disease courses reaches 90% in terms of out-of-sample
accuracy. While conducting predictive modeling of EDSS scores, we find the linear
mixed-effects model yields the highest accuracy among all the models considered,

and its model assumptions are roughly satisfied as evidenced by the diagnostic plots.
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Introduction

In modern science and technology applications, it has become routine to collect com-
plex datasets with large sample sizes and data dimensions. In such cases, the classical
feature selection methods may be impractical due to high computational costs. Con-
sider wavelet regression and shrinkage. Wawvelet regression can be regarded as a
regression with wavelet transform performed beforehand as a pre-processing step.
It has wide applications such as image processing, and when the number of pixels
becomes huge, it will experience computational bottlenecks. In response to this, we
focus on datasets with large data dimensions and study the analogue of wavelet re-
gression and shrinkage implemented in a parallel framework. Such procedures often
incur communication cost across computers at each iteration or whenever data must
be transmitted between computers, driving the inefficiency of distributed algorithms.
In this thesis, we propose a MapReduce algorithm as a solution to implementing
wavelet regression and shrinkage for datasets with large dimensions in the response
matrix. The complexity analysis shows when the number of covariates p or/and the
dimension of response t are huge, the proposed new algorithm can be computation-

ally superior to the conventional one, especially when the communication cost in



MapReduce is small for the large dataset given in Chapter 2 as an example.

Motivated by the practical applications of statistics in clinical trials, we study
a Multiple Sclerosis (MS) clinical dataset provided by Biogen, which comprises 579
actively managed MS patients enrolled at a single center for up to 5 years. MS
is a chronic heterogenous disease with unpredictable trajectory for many patients.
Some present clinical symptoms very early on but progress slowly, while others do
not have symptoms till later in life but thereafter progress rapidly. Therefore, we
are interested in predicting the trajectory of a patient based on current marker
profiles. This can serve as a powerful guide for a proper early treatment to delay the
build up of irreversible damages and thus improve long-term health of patients.In
Chapter 3, an explanatory data analysis, logistic regression of disease courses and
predictive modeling of Expanded Disability Status Scale (EDSS) scores, are provided.
While conducting predictive modeling of EDSS scores, we find the linear mixed-effects
model yields the highest accuracy among all the models considered, and its model
assumptions are roughly satisfied as evidenced by the diagnostic plots.

The rest of the thesis is organized as follows. In Chapter 2, we present the
MapReduce framework for implementation of wavelet regression and shrinkage and
provide a comprehensive time complexity analysis to compare the performance of
existing and the proposed methods. Chapter 3 introduces our study of MS clinical

data.



2

Wavelet regression using MapReduce

2.1 Introduction

In this chapter, we develop a MapReduce algorithm for implementing wavelet re-
gression. Wavelet regression can be considered a regression with wavelet transform
performed beforehand as a pre-processing step. Wavelet transform is effective in pre-
serving part of both time and frequency-like information from a time-varying input
vector (Alsberg et al. (1998)). Through variations of the scale and time translation of
a mother wavelet function, the discrete wavelet transform (DWT) often compacts the
energy of a signal into a few wavelet coefficients with large amplitudes and spreads
the energy of noise over a large number of wavelet coefficients with small amplitudes.
Such a representation can separate signals and noise, or in other words, helps identify
variables as being part of short- or long-scale features in the wavelet domain, and is
thus useful for feature selection (Alsberg et al. (1998)).

Suppose we have an independent multivariate sample yq,...,y,. For each ob-

servation y;, we have p covariates (including the intercept term) x;. Let Y =

(le,...,yZ)T and X = (x],... ,XT)T. For example, y; can be blood pressure

n



measurements taken from patient i at ¢ equally-spaced time points. Data collected
from n patients form an n by ¢ matrix Y. If we also observe the patients’ demo-
graphic and clinical characteristics, e.g. age of onset, smoking habits and family
history, then data of p covariates span an n by p design matrix X. Applying a DWT
to each row of matrix Y allows us to separate short- or long- scale patterns in blood
pressure changes. After DW'T, we can perform a multivariate linear regression of the
wavelet coefficients on the patients’ covariates and shrinkage of fitted coefficients in
the wavelet domain. An inverse DWT can map shrunk estimates into the original
scale, i.e. time domain. Based on the estimates in the original scale, we can infer
the effects of a covariate, e.g. age of onset on the mean function of blood pressure
over time.

Unfortunately, wavelet regression and shrinkage experiences its computational
bottleneck amid the arrival of “big” datasets era. In some real world applications,
the datasets can be very large in the sample size n, the response dimension ¢ or/and
number of features p. Thus, a single workstation might be incapable of handling such
big data. One potential solution is to down scale the problem size by first partitioning
the dataset into subsets and fitting models using distributed algorithms. But this
procedure often incurs communication cost across computers at each iteration or
whenever data must be transmitted between computers, driving the inefficiency of
distributed algorithms.

In this chapter, we propose a two-stage MapReduce framework to implement
wavelet regression. The first-stage MapReduce involves DWT performed on each
observation through an embarrassingly parallel algorithm with almost no communi-
cation cost. The second-stage MapReduce fits a set of regression models and performs
shrinkage and inverse DWT, which incurs communication cost during the shuffling
phase. However, as we will see, transmitting a dataset with ¢ = 10 and p = 10* only
takes less than 2 minutes over gigabit Ethernet. This suggests promising applications

4



of this new paradigm.

The rest of the chapter is organized as follows. In Section 2.2, we introduce
wavelet transform. Section 2.3 briefly reviews wavelet regression to be analyzed in
this chapter. In Section 2.4, we depict the details of the proposed two-stage MapRe-
duce algorithm. Section 2.5 provides a theoretical complexity analysis and shows the
superior performance of the new parallelized framework. Section 2.6 evaluates the

performance of the new algorithm via extensive numerical experiments.
2.2 Wavelet transform

The development of wavelet transform was motived by the limitations of the short-
time Fourier transform (STFT). STFT was actually a solution to the problem in
Fourier transform, which turns a signal in the time domain to another function in
the frequency domain (Hubbard (1948)). In other words, Fourier transform captures
absolute precision of frequency but zero resolution on temporal spread. To address
this limitation, STFT was introduced as a time-localized Fourier transform, which
employs a sliding window function of fixed length and performs Fourier transform
within each window consecutively (Gao and Yan (2011)). The fixed window leads to
uniform resolution in the frequency domain, an undesirable feature for many applica-
tions. For example, low frequencies can be imprecisely depicted with short windows,
whereas short pulses are poorly localized in time with long windows. Also, selection
of a suitable window size is generally challenging given an unknown frequency con-
tent of some signal (Gao and Yan (2011)). Alfred Haar shed light on this problem
in his dissertation in 1909 and proposed the wavelet transform as a solution, which
enables variable window sizes in analyzing different frequency components within a
signal. Figure 2.1 and Figure 2.2 illustrate the difference between STFT and wavelet
transform.

Figure 2.2 demonstrates that time and frequency resolution are inversely related
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FIGURE 2.2: Time and frequency resolutions of the wavelet transform (s; = 2s1)
(Source: Gao and Yan (2011))

while varying the scale. An increase of the scale from s; to s, results in halving the
time resolution and doubling the frequency resolution, as is signaled by the change
in the width of time and frequency window respectively (Gao and Yan (2011)).
Specifically, at a lower scale s;, the wavelet transform is better at capturing rapid
changing details or high frequency components with a compressed basis function;
whereas at a higher scale ss, it performs better in decomposing slowly changing coarse
features or low frequency components. Therefore, the wavelet coefficients reflect the
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patterns of variation e.g. a sharp peak or discontinuity in the original time domain.
As such, we can smooth the data by thresholding the wavelet coefficients and then
reconstructing the shrunk coefficients to the time domain.

More formally, in continuous wavelet transform (CWT), a given signal of finite
energy is projected on a continuous family of frequency bands or subspaces of various
scales in L9(R). For instance the signal may be represented on each subspace of scale
s for all s > 0. For each s, the subspace is generated by the translations and rescales

of one single function 1 (z) € L2(R), called the mother wavelet:
1

bualt) = 720 (57, 2.1)

where s € RT defines the scaling parameter and 7 € R represents the translation

parameter. s reflects the time and frequency resolutions of the scaled mother wavelet
P (“TT) and T represents its translation along the time axis.

The projection of a function f € L5(R) onto the subspace of s has the form

fs(t) = JWTf(S, T)s -+ ()dT (2.2)

with the wavelet transform defined by

WT 5(5.7) = (frtbar) = f FOo D, (2.3)

The realization of WT (s, ) is the wavelet coefficient of a signal x at scale s and
time shift 7.

Using a continuous scale is computationally intractable and thus discrete wavelet
transform(DWT) comes into play, which minimizes the transformation using discrete

values of s and 7 and still guarantees its invertibility. The parameters defined by

s =2 and 7 = k2’, for all k,j e N.



Wavelet coefficient vector from Fast Wavelet Transform program
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FiGURE 2.3: How the wavelet coefficient vector is interpreted at various scales in
the original time domain (Source: Alsberg et al. (1998))

produces the minimal basis (Vidakovic (1955)). Essentially, DWT maps an input
data vector of length 2/*1 (J € Z") from the time domain to another vector of the
same size in the wavelet domain. Such transform can be represented by a matrix W
with

z = Wz,

where z is the input signal vector and z is the wavelet coefficient vector. Figure 2.3
shows the output wavelet coefficients are ordered according to the scales s.

On each scale, they are ordered according to the number of shifts 7 along the

8



time axis. The wavelet coefficients can be represented by

7= (c,d],d]l,....d])",

where ¢ is the coarsest father wavelet coefficient or scaling function coefficient neces-
sary for recovering the input vector given wavelet coefficients, and d; consists of the
wavelet coefficients d; at scale s =27, for k =0,...,22 —1land j=0,...,J — 1.

Same as the order of wavelet coefficents, the corresponding transform matrix W
can be represented by

W = (C,Wy,Wy,..., W),

where C is a scaling function to produce ¢, and W are wavelet basis at scale s = 27
(j =0,1,...,J) for finding d;. W is orthogonal or “close to orthogonal” depend-
ing on the boundary condition (Vidakovic (1955)). We restrict W to orthogonal
matrices in this chapter. Wavelet coefficients computed via a matrix multiplication
operation z = Wz requires O(n?) operations. This was computationally challenging
until Mallat (1989) gave an efficient recipe, called fast wavelet transform (FWT) or
pyramidal algorithm, which takes only O(n) to produce results.

Due to the orthogonality of W, the original vector can be easily reconstructed
by:

z=W'z

2.3  Wavelet regression

Wavelet regression can be considered a regression with wavelet transform performed
beforehand as a pre-processing step. As introduced in Section 2.3, wavelet transform
is effective in preserving part of both time and frequency-like information from a time-
varying input vector. Such a transform helps identify variables as being part of short-
or long-scale features in the wavelet domain, and is thus useful for feature selection

(Alsberg et al. (1998)). In particular, variables in short wavelet scale regions tend

9
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FIGURE 2.4: Wavelet-shrinkage paradigm

to indicate high-frequency components, e.g. sharp peaks; variables in long wavelet
scale regions tend to manifest the opposite pattern.

A simple wavelet shrinkage recipe is illustrated in Figure 2.4.

Recall our data structure: response matrix Y = (le, .l )T and design matrix

X = (XlT, e ,XZ)T. Denote the row vectors of response Y by y; for i = 1,... n.

The wavelet regression analyzed in this chapter can be formulated in two steps:

Step 1 Row-wise wavelet transform
1. Apply (row-wise) DWT to the response matrix Y on each observation.
2. Save the output of wavelet coefficients y; in the original row order as Y.

Using the notations in Section 2.2, such a transform can be represented by

Y =YW’

Note that Y has the same dimension n by t as Y. Denote the row vectors and column
vectors of wavelet coefficients matrix by y; and y ;) respectively, for i = 1,...,n and
j=1,...,t

Step 2 Multivariate linear model

Consider a multivariate linear model when n > p.

Y = X3 +E,

. T
where Y € R, X € R, f ¢ R? and E € SF = (e(Tl), L ,e(Tn)> with e() ~
N(0,3;). This is essentially a multiple linear regression of each y; on X with:

Vi) = XBu + eq,

10



When n < p, we can fit a high-dimensional regression model, such as LASSO or

ridge regression. One can easily show that when n > p, the least squares estimate of

B is:

f=X"X)"HXTY).

When n < p, the ridge regression estimate of B is:

~

B = (XZXC + )‘Ip)_l(XcTYc)a

where X, and Yc are column-centered X and Y. In particular, Yc =(I- %)Y

After pruning estimates [ in the wavelet domain, we can recover estimates in the

original domain using the orthogonality of W via an inverse DWT

Bo = BoW,

where f3, are the shrunk estimates of /3 in the wavelet domain.

The regression steps can be summarized below:
1. Regress each y; on X,
2. Save the set of fitted coefficients {/;} and summary statistics,

Step 3 Wavelet shrinkage

Shrink estimates B in the wavelet domain using some thresholding rules.
Step 4 Inverse DWT of fitted coefficients

Apply inverse DWT to obtain shrunk estimates Bo in the original (or time) do-

main.
2.4 Wavelet regression using MapReduce

In view of the parallel nature of the above algorithm, we propose its analogue imple-
mented in the framework of MapReduce. The new algorithm consists of two stages

11



of MapReduce, with DWT performed in the first stage and regression and shrinkage
in the second. Throughout this section, denote any row index and column index of
a matrix by ¢ and j.

During the first stage, the input key-value pairs to the Map tasks are (row index
i of response Y, row vector y;). The outputs from the mappers are (row index i of
response Y, wavelet coefficients of y;). What remains after DW'T is rearrangement of
the wavelet coefficients according to the row index of the (original) response Y. Such
a procedure can be conducted on the master computer, after it collects the outputs
from all the Map tasks, by putting the wavelet coefficients vector in the desired
place, as indicated by the row index of response Y. Therefore, the tasks in the
first MapReduce can be completed in parallel and reducers are not necessary. This
design avoids the shuffling, the process of transferring data from mappers to reducers
and thus saves communication cost which could otherwise become the dominant
component of the computation time.

In the second stage, the input key-value pairs to the Map tasks are [column index

j of wavelet coefficient matrix Y, (column vector Y, design matrix X)|. After

regressing each y(;) on X, we obtain fitted coefficients B(j). The outputs from the

mappers are key-value pairs:

[4,{j, column vector f;}],

where i and j represent a row index and column index of the fitted coefficient matrix

& respectively, for ¢ = 1,...,n and j = 1,...,t. However, the specific design of

reducers depends on the shrinkage and other statistical procedures. For example,

if we use hard or soft thresholding, we can shrink the estimates B at each wavelet
node independently, and this procedure can be conducted within the mappers. In

this case, the reducers are only responsible for inverse DWT of each row vector

~

Bi. However, if we employ SureShrink (Donoho and Johnstone (1995)), a shrinkage

12



scheme that fits a (decomposition) level-dependent threshold, then for each row of

é , we need information from all columns to decide on the threshold. In this case,
the reducers will conduct both shrinkage and inverse DWT. As we will see later, the
shuffling phases of these two designs are indeed similar.

Based on the above discussions, the new framework can be fully specified as

follows:
First-stage MapReduce (See Figure 2.5)

Map

Input: (Keys, Values) = (row index i of Y, row vectors y;)

1. Partition Y horizontally (in the sample space) into Y1, Ys,...,Y,, and dis-

tribute to m mappers,

2. On each subset Y, within a mapper, perform (row-wise) DWT by key using

predefined wavelet basis.

Output: (Keys, Values) = (row index i of Y, wavelet coefficient vectors y;)
Second-stage MapReduce (See Figure 2.6)

Map
Input: [keys, values] = [column index j of wavelet coefficient Y, (column vectors

¥ (), design matrix X)]

1. Partition Y vertically (in the wavelet domain) into Y., Y, ...,Y, and dis-

tribute to & mappers.

2. On each subset Yj within a mapper, regress each column of ?j on X and save

the fitted coefficient estimates as /5’(]-).

13



3. Shrink B(j) and compute uncertainty quantifications (e.g. standard errors, ¢
statistics and p-values) within each mapper. (Note that the shrinkage is per-

formed in this step if it can be performed at each wavelet node independently.)

Output: [keys, values|= [i , (j, column vectors Bl-j)], where 7 and j represent a row

index and column index of the fitted coefficient matrix 3 respectively.
Shuffle
Sort the output from the mappers by row index i of 3 and transfer the data to

the reducers as inputs.

Reduce

1. Sort the inputs with the same row index i according to column index j to form

the row vectors f;.

2. Perform shrinkage or compute statistical quantities. (If shrinkage is already

done in the Map tasks, omit it in this step.)

3. Apply (row-wise) inverse DWT to the row vectors f3;.

2.5 Time Complexity Analysis

In this section we analyze the time complexity of the conventional wavelet regression

and shrinkage algorithm and the proposed MapReduce-based framework.
2.5.1 Complexity of the conventional algorithm

Recall Section 2.3, step 1 applies DWT to each observation in the response matrix
Y. Using FWT (or pyramidal algorithm), the time complexity is O(t), i.e. linear
with respect to the size of the input vector. This operation is performed n times to

each row and thus incurs cost O(nt).

14
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FiGure 2.5: First-stage MapReduce: Row-wise DW'T of response Y

In step 2, assume n > p and we fit linear models. Then we find OLS estimates

by solving normal equations

XTXB(j) = XTS’(j), forj =1,2,...,t

Estimates é(j) can be obtained via efficient matrix decomposition algorithms such as
Cholesky decomposition, QR factorization and singular value decomposition (SVD).
Cholesky is asymptotically the fastest but numerically unstable for nearly singular or
rank deficient matrices (X'X). In comparison, QR factorization improves numerical
stability but leads to heavier computation cost and difficulty in exploiting sparsity
for large sparse X. In our analysis, we choose QR factorization given its good
performance and prevalence in practice. In particular, the most widely used QR
factorization method is Householder algorithm, whose complexity is 2np? — (2/3)p?
floating-point operations per second (flops). Table 2.1 summarises the computational
complexity of OLS estimates.
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Table 2.1: Computational complexity of OLS estimates (n > p)

Operation Complexity (flops)
a. Multiplying X' by X 2np? — p?
b. Multiplying X' by y(; 2np —n

c. Solving the jth normal equation | 2np* — (2/3
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Table 2.2: Computational complexity of the conventional wavelet regression (Note
that the complexity of step 3 depends on the shrinkage rules applied. SureShrinkage
is used for illustration.)

Procedure Complexity

Step 1. Row-wise DWT of response Y O(nt)

Step 2. Multivariate linear regression O(2ntp* — (2/3)tp?)
Step 3. SureShrinkage™ O(ptlogt)

Step 4. Inverse DWT of fitted coefficients 3 O(pt)

In step 2, fitting ¢ linear models involves ¢ repetitive operations of b snd ¢, which

consist of 2ntp —nt + 2ntp? — (2/3)tp?® flops in total. Combining operation a, the total
complexity is O(2ntp>—(2/3)tp?). Step 3 is thresholding fitted coefficients 3y, which

requires as much as O(tlogt) calculations for each row vector BZ of length t and thus

O(ptlogt) calculations in total. Step 4 is row-wise inverse DWT of fitted coefficients

épxt, resulting in O(pt) operations in total. We observe from Table 2.2 that step 2,
in particular solving normal equations, dominates the computation cost. Combining
all the steps the algorithm has complexity O(2ntp? — (2/3)tp® + pt logt) for the entire
dataset. Note that O(ptlogt), a seemingly smaller cost than O(2ntp? — (2/3)tp?) is
included, because ¢ can be enormous in comparison to n and p in some applications,

e.g. t is the total number of pixels in a high-definition image.
2.5.2  Complezity of wavelet regression using MapReduce

MapReduce allows for parallelism and thus requires less time to execute each task,
however its computational performance can be seized by the communication cost, the
process of moving data among tasks. Afrati et al. (2013) argued that transporting
the outputs of Map tasks to their proper Reduce tasks contributes to the largest
portion of the total time spent. Thus, we shall investigate the communication cost
in addition to the processing cost, and look for a solution that optimally trade the

communication cost against the degree of parallelism.
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The communication cost of a task is defined by the size of the input to the task,
measured in bytes, and the communication cost of an algorithm is the sum of the
communication cost of all the tasks implementing that algorithm. Suppose the entries
in all the input data matrices are of double precision; if the matrix has m rows and
n columns, the size of the input is 8mn bytes. Assume the number of mappers and

reducers are M and R respectively.
First-stage MapReduce

1. Processing cost
In the first-stage MapReduce, key-value pair is (i, row vector y;). Recall the
complexity for DWT is O(t) using Mallat (1989)’s FWT. n such operations
make the total Map cost O(nt) and per Mapper cost O(nt/M). No reducers

are necessary as discussed before.

2. Communication cost
The cost from shuffling, which could otherwise be dominant, is zero due to
the absence of reducers. Communication only occurs when inputting a file to
the Map tasks and outputting results to the master computer. In our first-
stage MapReduce, the input to the Map tasks is the size of Y, 8nt bytes. The
sum of the outputs of the Map tasks—the size of the transformed response
matrix Y—is no larger than the input Y since DWTs introduce sparsity to the
wavelet coefficients. Therefore, the communication, occurs between the disk of

the master computer and the memory of the mappers, is 16nt bytes in total.
Second-stage MapReduce

1. Processing cost
Recall our discussion in Section 2.5.1, the total Map cost is O(2ntp? — (2/3)tp?)

and per Mapper cost is O(2ntp? /M —(2/3)tp*/M). If SureShrinkage and inverse
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DWT are performed in the reducers, the total Reduce cost is O(ptlogt + pt),
as indicated by Table 2.2; per Reducer cost is O(ptlogt/R + pt/R), which is
essentially O(ptlogt/R).

. Communication cost

First consider the communication cost from inputs to mappers and outputs to
the master computer. They include wavelet coefficients matrix Y (8nt bytes),
design matrix X (8np bytes), and shrunk coefficients BO in the original scale

(8pt bytes) and are of size 8nt + 8np + 8pt bytes in total.

Next we consider the communication cost from the shuffling phase. Before
discussing this, we introduce two parameters, the reducer size ¢ and the repli-
cation rate r, that characterize MapReduce algorithms. According to Leskovec
et al. (2014), the reducer size is defined as “the upper bound on the number
of values that are allowed to appear in the list associated with a single key”.
For example, when counting word frequency in a document, the reducer size
can be the total number of words. Replication rate is defined as the number
of key-value pairs created by mappers from their inputs, divided by the total
number of inputs (Afrati et al. (2013)), which can be interpreted as a measure

of communication cost per input.

Choosing a sufficiently small reducer size, if possible, is beneficial in two ways.
First, it could ensure that the computation associated with a single reducer is
executed entirely in the main memory of the compute node where its Reduce
task is located, which avoids moving data between main memory and disk
(Leskovec et al. (2014)). Second, it allows us to create so many Reduce tasks
that only a few (or even one) are assigned to each reducer, leading to a high
degree of parallelism and thereby a low wall-clock time (Leskovec et al. (2014)).

However, such a desired reducer size is extremely hard to achieve in light of
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the tradeoff between the reducer size and the replication rate.
In the second-stage MapReduce, the key-value pairs produced by the mappers
are [row index i of fitted coefficients 3, (column index j, Bw)] Since the

dimension of B is p by t, the replication rate r is 1 given by

number of key-value pairs  pt

=—=1
number of inputs pt

For the reducers, the associated value list with a single key has p elements, i.e.

number of columns of 3. Thus, the reducer size ¢ is t.

Therefore, the total number of bytes communicated from Map tasks to Reduce
tasks is pt (for the number of inputs) times 1 (for the replication), times 8
bytes (for the size of each data entry), which equals to 8pt bytes. If ¢t = 10°
and p = 10*, communicating 8 x 10'° bytes of data over gigabit Ethernet would

take 102 seconds, less than 2 minutes. This is desirable for such a huge dataset.

Further optimization may be achieved via grouping inputs, which is not dis-

cussed here.

To conclude, per Mapper cost in the two stages sum up to O(2ntp? /M —(2/3)tp® /M),
again mostly contributed by solving the linear systems; per Reducer cost, incurred in
the second stage, is O(ptlogt/R). In addition, the communication cost from inputs
to mappers and outputs to the master computer totals 16nt + 8nt + 8np + 8pt bytes
and is almost always minimal in comparison to the shuffling cost. The shuffling cost,
incurred in the second-stage MapReduce, is about 2 minutes if a dataset has 1 million
time measurements (or pixels) and 10,000 covariates.

To compare the efficiency of the two implementations, we notice that the pro-
cessing of the conventional method requires O(2ntp? — (2/3)tp® + ptlog t) operations,

while that of the MapReduce implementation requires O(2ntp®/M — (2/3)tp®/M +
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ptlogt/R) operations, assuming n > p. A similar analysis can be performed when
n < p and the bottleneck of the processing cost probably still lies in model fitting
and matrix decomposition. For example, implementing LASSO (when either n < p
or n > p) will require O(p® +np?) operations for each column of Y as a response and
thus O(tp® + ntp?) operations for all columns. In this case, the processing cost will
be O(tp® + ntp? + ptlogt) and O(tp*/M + ntp*/M + ptlogt/R) respectively if the
conventional and MapReduce framework are employed. This implies when p and ¢
are huge, the proposed new algorithm can be computationally superior to the con-
ventional one, especially when the communication cost in MapReduce, as analyzed
above, is not too big for the large dataset illustrated. However, when ¢ is small, the
communication cost of MapReduce may well dominate the computation cost, leading
to inferior performance. Please see the simulation results in Section 2.6 for further

discussion.
2.6 Illustrative simulation

In this section, we use synthetic datasets to illustrate the empirical performance of
the conventional and MapReduce paradigm for implementing wavelet regression and
shrinkage via extensive numerical experiments. To ensure reliable comparison, we
verify without showing here that the results from MapReduce and the conventional
algorithm are consistent with each other. With this guarantee, we verify our claim in
Section 2.5.2 that the new algorithm achieves computational gain when the response
dimension ¢ is large.

The synthetic datasets are simulated with X ~ N(0,X) and ¢ ~ N(0,0?).
The support of 5 is S = {1,2,3,4,5}. We generate row vector x; from a stan-

dard multivariate normal distribution with independent components. The coeffi-

cients are specified as 3;; = (—1)Be(09) (\N (0,1)] + 5«/logp/n> i € S), where f3;;
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2 is chosen such that

is the coefficient associated with x; and y;. The variance o
R? = var(Xp;/var(yy)) = 0.9, for j = 1,2,...,t. We consider the model structure

as follows:

i) = XBy) +¢€ forj=1,2,... ¢
2.6.1 Comparison: computational performance

As discussed in Section 2.5.2, the proposed MapReduced-based algorithm scales bet-
ter in the dimension of response matrix ¢ in comparison to the conventional one. We
verify this property using the model specified above. The number of features p is 20,
the sample size n is 1000 and the number of true signals s = 5. For each model, we
simulate 10 synthetic datasets and record the trimmed average computational time
using the middle 50%.

Table 2.3 shows that when the dimension of response matrix (or number of time
measurements) ¢ < 512 = 28 the MapReduce algorithm has a higher computation
cost that hinders performance in small data sets. However, the MapReduce frame-
work scales much better than the conventional algorithm, eventually surpassing it.
Table 2.3: Time in seconds for MapReduce and conventional algorithm to run with

T time measurements. Here n = 1000 and p = 20 for all trials. Reported results are
trimmed mean using five out of a total of ten replications.

T MapReduce Conventional

8 224 1.9
16 28.5 2.8
32 33.9 4.2
64 39.2 6.9
128 48.6 12.0
256  62.0 22.3
512 844 48.7
1024 1194 89.5
2048 136.5 167.6
4096 157.8 324.6
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2.7 Concluding remarks

In this chapter, we propose a parallel framework MapReduce for distributed imple-
mentation of wavelet regression and shrinkage. The new algorithm consists of two
stages of MapReduce, with DWT performed in the first stage and regression and
shrinkage in the second. Assuming n > p and using multivariate linear regression
and SureShrinkage, the processing cost is shown to be O(2ntp? — (2/3)tp® + ptlogt)
for conventional method and O(2ntp?/M — (2/3)tp*/M + ptlogt/R). Similar results
can be derived assuming n < p and LASSO is performed in the regression step.
This implies when the number of covariates p and the dimension of response t are
huge, the proposed new algorithm can be computationally superior to the conven-
tional one, especially when the communication cost in MapReduce is not too big for
the large dataset given as an example. However, when ¢ is small, the communica-
tion cost of MapReduce may well dominate the computation cost, leading to inferior
performance.

The analysis in this chapter primarily deals with the case where the dimension of
response t is a power of two, which is rare in real applications. Fortunately, we can
resort to other transforms well defined for any sample size, such as maximal overlap
DWT and similarly analyze the computational complexity. We should also extend

the current analysis of 1D input vectors to accommodate 2D input vectors.
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3

Analysis of Multiple Sclerosis Clinical Data

3.1 Introduction

Multiple Sclerosis (MS) is a chronic, “unpredictable and often disabling disease of the
central nervous system (CNS) that disrupts the flow of information within the brain,
and between the brain and body” (Society (2017)). Due to damage in the CNS, MS
patients develop many symptoms, including blurred vision, loss of balance, poor coor-
dination, numbness, problems with memory and concentration, etc (Society (2017)).
These symptoms may remit, persist or aggravate over time. Unfortunately, The
cause of MS, despite the current suspicion of genetic risk and environmental factors,
remains a puzzle. The diagnosis is also very challenging, because in the early stages
symptoms can be transient and common to many neurological diseases. The current
diagnosis criteria incorporate medical history, magnetic resonance imaging (MRI),
evoked potentials (EP) and spinal fluid analysis. As scientists are still searching for
a cure, patients are given disease-modifying treatments (DMTSs) to delay disability
progression.

Our dataset is a prospective study of MS patients named EPIC (expression/ge-
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nomics, proteomic, imaging, and clinical) provided by Biogen. The study comprises
579 actively managed MS patients enrolled at the Multiple Sclerosis Center at Univer-
sity of California, San Francisco (UCSF) between July 2004 and September 2005(Cree
et al. (2016)). The patients enrolled were evaluated annually based on clinical and
radiologic test results since their baseline visits (i.e. between July 2004 and Septem-
ber 2005) for up to 10 years. We are provided with the first five-year data of EPIC.
In addition, we also have access to the longitudinal gene expression profiles of whole-
blood RNA from a cohort of 195 MS patients and 66 health controls (Nickles et al.
(2013)).

MS is a heterogenous disease with unpredictable trajectory for many patients.
Some present clinical symptoms very early on but progress slowly, while others do
not have symptoms till later in life but thereafter progress rapidly. We are therefore
interested in a tool that helps stage the disease in terms of current severity and
predict the trajectory of any patient based on current marker profiles. Both severity
and progression are loosely defined in clinical settings, but we can make proxies
from available data. Severity may be defined as the ongoing inflammatory activity
as measured by current gadolinium (GD) enhancing lesions and new GD/T?2 lesion
accumulation over a short period. Progression can be defined as changes in disability
status, which is indicated by changes in expanded disability status scale (EDSS),
timed 25-foot walk (T25W), 9-hole PEG test (9-HPT), Paced Auditory Serial Test
(PASAT) scores or other test scores. The ability to predict progression can serve as
a powerful guide for a proper early treatment to delay the build up of irreversible
damages and thus improve long-term health of patients.

We have analyzed the five-year clinical data EPIC through an explanatory data
analysis (EDA) and predictive modeling of disease courses and EDSS respectively.
Our current ongoing effort involves analysis on summary statistics from MRI scans
and longitudinal expression data is still under way. Our goal is to build a statistical
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Table 3.1: Age distribution of 579 MS patients at enrollment

Age group | 10-19 | 20-29 [ 30-39 | 40 - 49 | 50 - 59 | 60 - 69
Counts 1 47 172 197 137 25

model to effectively predict disability progression using covariates from a subject’s
demographic information, genome and clinical assessments made in the baseline visit.

In this chapter, we provide an introduction to the EPIC dataset and some cur-
rently available results. The rest of the chapter is organized as follows. Section 3.2
provides a glimpse of the variables in EPIC. In Section 3.3, we explore the rela-
tionships of variables and propose necessary pre-processing procedures via an EDA.
Section 3.4 discusses model fitting. In particular, we first demonstrate the logistic
regression model for predicting disease courses. We also demonstrate and compare
five models used to predict EDSS scores. In Section 3.5 we discuss the limitations of

the current models and future research directions.

3.2 Dataset

The dataset contains information of 579 MS patients who were followed up annually
for up to 5 years after the baseline visit. In particular, it records their demographic
characteristics, DMTs and annual clinical, MRI, SIENA and SIENAX assessments.

The important variables in each category are described in the following sections.
3.2.1 Demographic Characteristics

The dataset consists of gender, date of birth(DOB) and smoking history as demo-
graphic variables. There are 401 females and 178 males, which reflects the gender
difference that women are about twice as likely as men to develop MS in the popu-
lation. The ages at enrollment range from 18 to 66, with the pattern given in Table
3.1. Smoking history takes values of never, former and now. It is surprising that

57% of the subjects had never smoked before their enrollment, in light of the fact
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that the proportion of never-smokers who experienced early onset is similar to that

for subjects who had ever smoked.
3.2.2  Disease-Modifying Treatments

There are 23 different kinds of prescribed drugs. To reduce the analysis complexity,
we categorize the therapies into either “platform therapy” or “high-potency therapy”,
based on the instructions from Cree et al. (2016) and Biogen. Briefly speaking, only
natalizumab, rituximab, mitoxantrone, and cyclo-phosphamid are considered high-
potency therapy. Only 15.7% of the patients were on high-potency therapy for at
least one year. Among the 8 patients who were on high-potency therapy for at least
four years, half experienced EDSS scores no greater than 4.5, a level of disability at

which one is “able to work a full day” or “otherwise requires minimal assistance”.
3.2.3  Clinical variables

The major clinical variables include patient ID, family history of MS, age of
onset, clinical visit date, disease course, and annual clinical assessments of
EDSS, MSSS, walk score, PASAT score, avg peg score, DMT and No of attacks

since last visit. A brief introduction to some clinical variables is given below.
Disease course

The dataset comprises five disease courses, clinically isolated syndrome (CIS), pri-
mary progressive MS (PPMS), progressive-relapsing MS (PRMS), (relapsing-remitting
MS) RRMS and (secondary progressive MS) SPMS. Due to the update of Interna-
tional Advisory Committee on Clinical Trials of MS in 2013 (Lublin et al. (2014)),
patients previously diagnosed of PRMS are now considered primary progressive. In
addition to a nice graphic explanation (Figure 3.4), I provide an introduction to the

disease courses based on the revised categories.
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FIGURE 3.1: Development pattern of disease activities (Source: Lublin et al. (2014))

1. CIS (Clinically isolated syndrome)

CIS constitutes “a first episode of neurologic symptoms that lasts at least 24
hours and is caused by inflammation or demyelination in the CNS” (Society
(2017)). Depending on MRI findings, e.g. brain lesions, individuals experienc-
ing CIS vary in their risk of developing MS. A prompt and accurate diagnosis
is crucial at this moment because early treatment of MS may alleviate future

disability:.

. RRMS (Relapsing-remitting MS)

RRMS, the most common disease course, is the initial type that approximately
85% of MS patients are diagnosed with in the population. It is characterized
by “clearly defined attacks of new or increasing neurologic symptoms” (Society
(2017)). These attacks, or more formally relapses, are followed by periods of

temporary recovery or remissions.
. PPMS (Primary progressive MS)
In contrast to RRMS, PPMS does not have early relapses or remissions and is
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Table 3.2: Distribution of disease courses at enrollment

Disease course | CIS | RRMS | PPMS | SPMS
Percentage | 16.1% | 71.3% | 3.3% | 8.8%

characterized by deteriorating neurologic function from the onset of symptoms

(Society (2017)).

4. SPMS (Secondary progressive MS)

Following an initial pattern of relapses and remission, SPMS is a secondary
progressive course characterized by a progressive worsening of neurologic func-
tion (accumulation of disability) over time. Most people who initially suffer
from relapses and remission, or in other words RRMS patients, will eventually

experience a transition to SPMS (Society (2017)).

From Table 3.4 we notice RRMS patients make up 71.3% of the total sample, a

proportion less than that in the population.
Disability progression variables

Based on the introduction above, we know disability is one important symptom
throughout the disease course. Disability progression was defined by clinically signif-
icant worsening in the four measurements: Expanded Disability Status Scale (EDSS),
the timed 25-foot walk (T25W), the 9-hole peg test (9HPT), and the paced serial
auditory addition test (PASAT-3) (Kutzke 1983; Nickles et al. 2013).These measure-
ments are coded as variables EDSS, walk score, avg peg score and PASAT score
in the dataset (Kutzke 1983; Nickles et al. 2013).

EDSS

EDSS serves as an imprecise but important indicator of disability progression, and as
such we are interested in modeling changes in EDSS as a guide for treatment. More

formally, the EDSS quantifies disability in eight Functional Systems (FS) and is as-
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signed by a neurologist after observing patients performing various tasks (Kurtzke
(1983)). It ranges from 0 to 10 in 0.5 unit increments representing higher level of
disability and does not take value 0.5 (Kurtzke (1983)). It is not linear, meaning a
one-unit increase on the larger side indicates a more significant disability progression
(Kurtzke (1983)). The dataset contains EDSS scores ranging from 0 to 8.5 with the
distributions roughly constant over the five years.

MSFC: T25W, 9HPT and PASAT-3

MSFC, the abbreviation for MS Functional Composite, was developed in 1999 (Cut-
ter et al. (1999)) to address the limitations of traditional clinical scales (e.g. failure
to measure cognitive functions) (Whitaker et al. (1995)) as a multidimensional mea-
sure to reflect the varied clinical expression of MS (J.S.Fischer et al. (1999)). It is
a composite clinical measure of three tests: T25W, 9HPT and PASAT-3 that indi-
cate leg function/ambulation, arm/hand function and cognitive function respectively
(J.S.Fischer et al. (1999)). The formal constructions of T25W, 9HPT and PASAT-3
are not discussed here. In a nutshell, for T25W and 9HPT, a higher score is associ-
ated with inferior extremity functions and thereby worse MS disease status, whereas
for PASAT-3, a higher score represents superior cognitive functions and thus possibly

better MS conditions.
Family history of MS

To our surprise, 81% of the 579 patients do not have family history of MS, although
one with family history is believed to be at higher risk of developing the disease
(Clinic (2015)). Indeed, our model selection results show family history of MS is not
selected by any predictive models for either EDSS or disease courses, indicating the
disease progression of an MS patient may not depend on the family history when one
is diagnosed with MS. However, family history of MS may still remain an important

indicator in the population for the potential of developing MS.
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Table 3.3: Distribution of age of onset of the 579 MS patients

Age group | 10-19 | 20-29 | 30-39 | 40-49 | 50 - 59 | 60 - 69
Percentage | 5.9% | 29.5% | 38.7% | 20.0% | 5.7% | 0.1%

Age of onset

From Table 3.3, we observe 68.2% of the enrolled patients witnessed their first symp-
toms between the ages of 20 and 40, consistent with the general findings. Only 1

patient has age of onset later than 60.
3.2.4 MRI assessments

MRI assessments include CE lesion, new T2 lesions, T2 volumes (mm?) and T1

volumes (mm?).
3.2.5 SIENA assessments

SIENA (Structural Image Evaluation, using Normalization, of Atrophy) is a two-
time-point method for finding percentage brain volume change (PBVC) between two

input images of the same subject taken at different time points (Jenkinson (2016)).
3.2.6 SIENAX assessments

Extended from SIENA, SIENAX is an accurate single-time-point method for esti-

mating atrophy state as opposed to atrophy rate (Smith (2005)).
3.3 EDA and Data Preprocessing
3.3.1 Data Preprocessing

1. One subject has avg peg score over 500 during his/her clinical visits in the
third year. Since avg peg score can only take values up to 300, it is confirmed

to be a bad processing and thus removed.
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Table 3.4: Grouping of disease course

Before grouping After grouping
RRMS, CIS RMS
SPMS, PPMS, PRMS | PMS

Table 3.5: Variable year created from Visit

Visit year
Baseline 0
F/UYri, 1<i<6 |1

2. Variable grouped disease course is created by grouping disease courses based
on the Cree et al. (2016)’s practice. They argued due to the evolution of di-
agnostic criteria, many patients that were classified as CIS during the course
of the study would now be designated as MS (Cree et al. (2016)). Similarly,
PRMS is merged with PPMS due to aforementioned updates in diagnosis in
2013. In addition, subjects with PPMS and SPMS are grouped given their “po-
tential common histopathologic and genetic basis” (Cree et al. (2016)). The

grouping is summarized in Table 3.4.

3. Variable EDSS base, which is the EDSS score measured at the baseline visit, is
created and used as an explanatory variable for predicting current EDSS in all

relevant models.

4. Variable year, which is the clinical visit year index, is extracted from variable

Visit (Table 3.5) and used as an explanatory variable in predictive models.

5. MSFC measurements avg peg score and walk score are taken logarithm in
the predictive models as explanatory variables for predicting EDSS, due to their

strong right skewness indicated by Figure 3.3 in the EDA section.
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Relationship between demographic variables
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FI1GURE 3.2: Relationships between demographic and a few clinical variables. Green
represents the disease course PMS, and red represents the disease course PMS

3.3.2 EDA

The distributions of gender, age of onset, disease course and family history
of MS are discussed in the previous section Datasets. The remaining EDA consists
of scatterplot matrices of demographic, clinical and MRI variables. From Figure 3.2,

we observe that

1. The distributions of age of onset appear independent of the grouped disease

course.

2. Among subjects that have family history of MS, those who were diagnosed
with a more serious disease type, i.e. PMS, at baseline visit tend to experience
early onset. However, among subjects that do not have family history of MS,

such pattern is not observed.
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Relationship between clinical measurements and disease courses
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ness late onset.

MS, a more serious disease course, tend to wit-

Patterns observed from Figure 3.3 are summarized below:

1. Both distributions of EDSS from RMS and PMS patients are bimodal, and there

is not much overlap between them.

while that of PASAT score sho

The distribution of walk score and avg peg score are strongly right skewed,

ws left skewness. This is reasonable since PASAT

score is the number of questions patients answer correctly in a 60-question

cognitive function test, implying its maximum value is capped at 60.

sures, there is indeed moderat

In addition to the high correlation between MSFC and its three composite mea-

e negative correlation between MSFC and EDSS.
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Together with the evidence from the box plot, we conclude a lower MSFC reflects

a worse disease status.

3.4 Model fitting

3.4.1 Prediction of disease courses: logistic regression

To assess both in-sample and out-of-sample performance, we randomly partition the

dataset into a training (75%) and testing (25%) set. We fit a logistic regression

to predict the grouped disease courses RMS vs PMS with all other variables as

explanatory variables after appropriate transformations, following the preprocessing

discussed in Section 3.3.1. In particular, let Y be a binary response variable with
Y; = 1 if subject; is diagnosed with PMS,

Y; = 0 if subject; is diagnosed with RMS.

Define m; = P (Y; = 1|X), where X is the design matrix. Models are selected using
backward stepwise selection based on AIC criterion. The selected model is:
logit(m;) = —15.35 + 1.52EDSS; — 0.48MSSS; + 0.84 log(walk score;)

+ 2.46log(avg peg score;) + 0.53I(gender; = Male)

— 0.08I(smoking history, = Former) + 0.68I(smoking history = Now)

+0.03age of onset, — 0.48MSFC;

The selected model achieves out-of-sample accuracy of 91.3%.
3.4.2  Prediction of EDSS: five models

EDSS is a traditional disability measurement focusing mainly on the ability to walk.
As introduced in Section 3.2, EDSS takes discrete values with 0.5-unit increments
on a scale of 0 to 10 except for the value 0.5. Here we use it as a proxy for current
disease status and fit five models to predict EDSS scores. The five models are
multiple linear regression, proportional odds model, proportional hazards model,
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linear mixed effects model and proportional odds mixed-effects model. In particular,
EDSS is treated as continuous in multiple linear regression and linear mixed effects
model, while in proportional odds, proportional hazards and proportional mixed-
effects model, EDSS is treated as a categorical variable. The random effects in linear
mixed effects model and proportional odds mixed-effects model are patient IDs or
subjects.

We use all other variables as explanatory variables except for MSSS, because
MSSS is actually derived from EDSS to measure the MS severity. Model selections
are performed via either backward stepwise selection (AIC criterion) or likelihood
ratio tests. After a single model is selected for each model type, we compare the
selected five models in terms of predictive accuracies. I use both ezact accuracy and
approximate accuracy as the criteria. Fzxact accuracy means predicting the exact
EDSS, while approximate accuracy means predicting the correct or an adjacent EDSS
score. For example, if the observed EDSS is 2 and the prediction is either 1.5, 2 or 2.5,
then it fulfills the requirement of approximate accuracy. Such concepts are tricky for
linear models, since EDSS is treated as continuous and predicting the exact discrete
values can rarely happen. In this case, I round the fitted value to the nearest 0.5.
For example, if EDSS is predicted to be 3.84, then the rounding will yield a score of
4, which is considered accurate if the observed EDSS score is 4 and approximately
accurate if it is 4.5 or 3.5.

The best model in terms of predictive performance is linear mized-effects model.

The selected model is

EﬁS\Sij = —2.69 + 0.51EDSS base;; + 1.16log(walk score;;) + 0.004PASAT score;;
+0.691log(avg peg score;;) —0.03No of attacks since last visity;
+ 0.70I(grouped disease course;; = PMS) + 0.12year;;

— 0.111(grouped disease course;; = PMS) x year;; + a; + €,
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Table 3.6: In-sample accuracies of EDSS prediction

Model Exact Approximate
accuracy | accuracy

Multiple linear regression 0.26 0.70

Proportional odds model 0.33 0.75

Proportional hazards model 0.30 0.70

Linear mixed-effects model 0.32 0.81

Proportional odds mixed-effects model | 0.33 0.75

where a; ~ N(0,0.43%) and €;; ~ N(0,0.75?). The in-sample predictive accuracies of

all the selected models are summarized in Table 3.6. In addition to model comparison,

we observe a few interesting patterns:

1. Variable smoking history is never selected based on either backward stepwise
selection or likelihood ratio tests. Indeed, rank deficiency occurs when we
use smoking history in proportional odds/hazards models. This indicates

that smoking history can possibly be perfectly predicted by other explanatory

variables.

2. The interaction effect between grouped disease courses and year is statistically

significant in all the predictive models for EDSS scores.

3. The diagnostic plots of both multiple linear regression and linear mixed-effects
model suggest linearity assumption is satisfied. The normality assumption is

also roughly satisfied, except for a slightly heavy right tail (See Figure 3.4).

3.5 Concluding remarks

In this chapter, we provide an analysis of the EPIC dataset. We first introduce
the important variables and provide their distributions in this dataset to facilitate
model building and results interpretation. We also shed light on the relationship of

variables via EDA to detect patterns and outliers. In the last section, we fit sta-
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FIGURE 3.4: Diagnostic plots of multiple linear regression

tistical models to predict disease courses and EDSS scores respectively and perform
model comparison. We have several interesting observations, e.g. the (linear) model
assumptions are roughly satisfied, as evidenced by the residual plot and Q-Q plot.
However, the current analysis primarily focuses on predicting/estimating EDSS
scores based on current marker profiles, which is less of a guide for early diagnosis
and treatments. Therefore, our next step mainly involves two aspects. First, we
hope to predict two-year EDSS progression using baseline marker profiles. Our ten-
tative models, a linear mixed-effects model and a proportional hazards model with
random effects, show poor predictive performance with an out-out-sample accuracy
at about 30%. Second, we would like to understand the longitudinal gene expression
data in combination with the EPIC dataset. In particular, we are curious to identify
some gene expression signature that clearly differentiate treated from untreated pa-
tients and untreated patients from healthy individuals, and furthermore to infer the

potential common genetic basis for each disease course.
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