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Abstract

Random field models with logarithmic correlation structure appear widely across
probability theory and there has been great progress in understanding the large
value statistics of many Gaussian (or nearly Gaussian) log-correlated fields in the
past decades. Studying the universality and non-universality for non-Gaussian log-
correlated field models is a natural follow-up question, and recent studies on the
characteristic polynomials of the sparse random matrices raised people’s attention to
Poissonian log-correlated field models. In this dissertation, we establish results for

two classes of non-Gaussian log-correlated field models.

(i) Poissonian logarithmically correlated fields arise naturally in the study of the
characteristic polynomials of the sparse random matrices, including random permuta-
tion matrices, their finite independent sums, and the sparse IID Bernoulli random ma-
trices. We introduce a prototypical random function series model with log-correlation
and Poissonian tail, make a connection with a branching random walk model with
random time-varying branching law, and establish an asymptotic upper bound to the
third order on the maximum of this random function series on the unit circle.

(ii) Gaussian holomorphic multiplicative chaos (HMC) is a random distribution
arises from the study of the characteristic polynomials of circular ensembles and
the partial sums of the random multiplicative functions. In particular, the fractional
moments of the Fourier coefficients of Gaussian HMC and the aforementioned related
models are shown to have a “better-than-square-root” cancellation. We study the
fractional moments of the Fourier coefficients of the non-Gaussian version of HMC
and obtain the full universality result for the “better-than-square-root” cancellation

phenomenon in our setting, along with a double-layer phase transition.
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Chapter 1

Introduction

For a random field {X, : © € M} on a metric space (M,d), we say it is a log-
correlated field if there is a bounded continuous function g : M x M — R such
that

Cov(Xy, X,) = —logd(u,v) + g(u,v), Yu,v € M.

The terminology of log-correlated field may also be used if the above identity holds

asymptotically as d(u,v) — 0, or the size of level set
Su(c) :=={v e M:Cov(X,, X,) > c}

decays roughly exponentially as ¢ increases. Random field models with logarith-
mic correlation structure appear widely across probability theory, including branch-
ing random walk/Brownian motion (BRW/BBM), two-dimensional Gaussian free
field/Ginzburg-Landau field, random walk cover times/local times, characteristic
polynomials of many random matrix ensembles, and the Riemann ( function on
the critical line, etc., and there has been great progress in understanding the extreme
value statistics of many Gaussian (or nearly Gaussian) log-correlated fields in the
past decades (see [BK22] for a survey).

A natural question is whether these Gaussian results are universal for other log-
correlated fields with different, non-Gaussian tails, and what happens outside the
universality regime. Below, I outline my work on understanding the extreme value

properties of two non-Gaussian log-correlated field models.

Poissonian log-correlated fields. In recent years, the extreme value statistics of
log-correlated fields received intense interests, but the sharpest results are for Gaus-
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sian or almost-Gaussian fields, including the recent break-throughs on the Fyodorov-
Hiary-Keating conjecture [ABR20, ABR23, PZ22| and universality results on the
random matrix side [BLZ23, CL24].

On the other hand, characteristic polynomials of sparse random matrices give rise
to log-correlated fields with Poissonian tails. Earlier on permutation matrices, Cook
and Zeitouni [CZ20] obtained the leading order of the maximum. In Chapter 2, we
obtain new refined results on the maximum for a related class of random function
series with Poissonian tails. We find the sub-leading order behavior is significantly
different from the ubiquitous “Bramson’s correction” term for Gaussian log-correlated
fields, and can be modeled by a branching random walk with a randomly time-
varying offspring distribution (see [BK04, HLL14, MM19, Kri22] for works on this
BRW model). This is the first known non-universality result for log-correlated fields
arising from the characteristic polynomial of random matrix models. Our proof is
inspired by the analogue between our model and the branching random walk model
mentioned above, and adapted the approach in [MM19] to our setting.

Chapter 2 is based on an upcoming joint work with Nicholas A. Cook.

Non-Gaussian holomorphic multiplicative chaos. Holomorphic multiplicative
chaos is a class of random distributions closely linked to various topics, including ran-
dom matrix theory, probabilistic number theory, log-correlated fields, and Gaussian
multiplicative chaos. Its Fourier coefficients are analogous to the secular coefficients
of Circular Beta Ensembles (CSE) [NPS23] and partial sums of Steinhaus random
multiplicative functions [SZ22|, both of which have attracted intensive attention re-
cently. Among many advances, Harper’s resolution of Helson’s “better-than-square-
root” cancellation conjecture [Har20] stands out both on its own and for its broad
applications. The same phenomenon is shown for Gaussian HMC and CSE [NPS23].

In Chapter 3, we established the full universality regime for this phenomenon in

2



the setting of non-Gaussian holomorphic multiplicative chaos. Moreover, we unveiled
for the first time a double-layer phase transition for the fractional moments of Fourier
coefficients (or the so-called secular coefficients) of heavy-tailed holomorphic multi-
plicative chaos, implying a new “super-exponential-cancellation” phenomenon. Our
proof is based on Soundararajan and Zaman’s (which goes back to Harper [Har20])
idea on connecting the Fourier coefficients of the critical holomorphic chaos with the
total mass of the critical Gaussian multiplicative chaos [SZ22], and a careful analysis
of the dominating mechanism of the fractional moments of the Fourier coefficients

under each situation.

Chapter 3 is based on the joint work with Zhenyuan Zhang [GZ24].



Chapter 2

Maximum of Poissonian Log-Correlated
Fields

2.1 Introduction

Background. The maximum of various Gaussian (or analogous to Gaussian) loga-
rithmically correlated fields, including the branching Brownian motion [Bra78, Bra83],
branching random walks [Bac00, Ail3, BDZ16a|, two-dimensional discrete Gaussian
free fields [BDZ16b], characteristic polynomials of random matrices [ABB17, PZ18,
CMNI18, PZ22, BLZ23, CL24], ¢ functions [ABB*19, Naj18, ABR20, ABR23], etc.,
has been extensively studied in the past decades, and exhibit a universal behav-
ior. In many models above the convergence in law of the maximum is established.
For example, Fyodorov, Hiary, and Keating (FHK) [FHK12, FK14] made a sur-
prisingly precise conjecture on the maximum of the log-characteristic polynomials
log xn(2) = log|det(Iny — 2Uy)| of the circular unitary ensemble (CUE), that is

3
max log xn(z) = log N — ZloglogN + My, (2.1)

|2|=1

where My is a sequence of random variables converging in law to some explicit
distribution. This conjecture is verified up to the law of the limiting distribution in a
recent work of Paquette and Zeitouni [PZ22]!. See also [DRZ17] for the convergence
in law of a general class of log-correlated Gaussian fields, and [BK22] for a recent

survey.

!Through private communications, authors of [PZ22] claimed to bridge this gap and fully confirmed
the FHK conjecture for circular ensembles.



Recently, the studies on the characteristic polynomials of sparse random matrices
bring the attention to some non-Gaussian random fields, and in particular, random
fields with Poissonian tails. For example, in [CZ20], Cook and Zeitouni linked the
log-characteristic polynomial log xn(2) = log|det(/y — 2zPy)| of an N x N random

permutation matrix Py to the Poissonian log-correlated fields

N
> Zlog|l — 2| (2.2)
(=1

where 7, is a sequence of independent Poisson(1/¢) variables, and established the

analogue of (2.1) to the leading order

2|=110g X
]\}1_{20 e lég(ﬁ,XN(z) = xg in probability, (2.3)

where x( is some explicit numerical constant. We briefly comment that the effect of
the sparsity of Z, — s is not negligible even in the study of the leading order of the
maximum. Later on, [CLZ22| established the convergence of (rescaled) characteristic
polynomials of finite sum of independent random permutation matrices towards an
random analytic function with Poissonian randomness related to (2.2) inside the
unit disk, and [Cos23] showed the convergence in law of characteristic polynomials
of sparse IID Bernoulli random matrices to the Poissonian analogue of Gaussian
holomorphic chaos (introduced in [NPS23] as the distributional limit of characteristic
polynomials of circular ensembles).

In this chapter, we introduce a new type of log-correlated fields, called Poissonian
log-correlated fields, as a prototypical model of characteristic polynomials of sparse
random matrices mentioned above. It is particularly inspired by (2.2) (we will discuss
the connection later). We establish an upper bound of its maximum to the third order,

showing a significantly different behavior compared to the Gaussian case (2.1).



Set-up of Poissonian log-correlated fields. Let 0 < & < & < --- be a rate-
1 homogeneous Poisson arrivals process and = = {; : i € N} be their collection.
Let {U; : i € N} be a sequence of i.i.d. random variables distributed uniformly on
the torus T := R/Z. Fix a function f € C*(T) so that (w.l.o.g.) |f|lec < 1. For
a uniformly distributed random variable U on T, we further assume E[f(U)] = 0
and the cumulative distribution function (CDF) of f(U) being Holder continuous.
One prototypical example is f(z) = cos(2mz), where the CDF of f(U) is :-Holder
continuous.

We consider a random field X,, on T given by the series

Xo(t) =Y f(e9t+U;), teT. (2.4)

j<n
In the sequel we may write deA for Zj:gjeA and U for U; when £ = ¢;.
The field is centered by our assumption Ef(U) = 0, with correlation structure

25 1F(Q)Plog sy + O(L), i log 2 = o(n),
nllfI3+ O(1), if log s = w(n),

[t—s]

Cov(Xa(s), Xo(t)) = { (2.5)

where f(¢) = Jp f(x)e ?M=¢dx; see Proposition 2.2.4 for the proof. Thus, for the

case f(x) = cos(2mz) the field is exactly log-correlated down to the scale e™™,

i.e. Cov(X,(s), X,(t)) = log(‘s—iﬂ) + O(1) for —log |t — s| = o(n), while for general f
we have a combination of periodic log-correlation structures depending on the Fourier
decomposition of f. This is to be expected — for instance, when f(z) = cos(2n(x)
for fixed ¢ > 2 then the field is (~!-periodic, with a log-correlation structure on
[0,¢71), and the maximum over [0,(™!) will behave the same up to a small error as
the maximum for the case ( = 1 taken over the full torus T.

We now set the stage for our main theorem. For U uniformly distributed in T let

A be the log-Laplace transform of f(U), and A\* be its Legendre transform, that is

A0) =logE [eef(U)} and  A*(z) = sup{zf — \(0)}. (2.6)
6>0

6



Since \* is strictly increasing and onto R, there are unique zg, 6, > 0 such that

A (zg) = xob — A (0,) =1, N(6,) = xo. (2.7)

It is shown in [MM18, Theorem 1.1] that there is a symmetric, convex function
v : R — Rt with v(8) > 7(0) = 1/2 for all § # 0 such that for independent standard

Brownian motions B;, W;, we have

1
tlim @logIP’(BS +1> W, Vs e [0,t] | W) =—v(B) (2.8)

almost surely. Define

1 1
— + L 2.9
b= 2= )+ 29)
The main theorem of this chapter is then as follows.
Theorem 2.1.1 (Main Result). We have for any n > 0,
1
7zh—>nolo]P <logn <9* trélﬂg/)% Xn(t) =&, )\(9*)71) < =0, + 77> 1 (2.10)

We make some comments on the main theorem, especially the quantity m, :=
(&n+A(0.)n—o.logn)/0.. Note that &, is the sum of n i.i.d. Exp(1) random variables,
thus the leading order of m,, is (%ﬁe*))n = xon, which is reminiscent of (2.3).
However, due to the fluctuation of (&, —n), there is a Op(y/n) random second order
term in m,,, significantly different from the Gaussian case (see eg. (2.1)). In particular,
we have (m,, — xon)/y/n converges in law to the centered real Gaussian distribution
with certain variance. When the randomness of &, is quenched, the third term has
the same (logn) order as for the Gaussian log-correlated fields (see eg. (2.1)), but

the occurence of v function in the multiplicative constant makes it also significantly

different.



Connection to random permutation matrices. Let Py be a random permuta-
tion matrix drawn uniformly at random, corresponding to the random permutation
mny € Sy. Since we are interested in the modulus of its characteristic polynomial
|det(zIy — Py)| on the unit circle |z| = 1, it is more convenient to work with
Xn(2) = |det(Iy — 2Py)| = |2|Y| det(ZIxy — Py)| = |det(ZIn — Py)|.

Let {Cy(Py) : 1 < ¢ < N} be the cycle structure of Py, i.e. Cy(Py) is the number

of (-cycles in the permutation 7y. Then we have (write z = exp(2wit) =: e(t),t € T)

N N
log Xn(z) = log [ [ 11— 219" = " Cu(Py)log [1 = 2| = > Cu(Py)log |1 —e(tt)].

(=1 (=1 /=1

=

Note that the joint distribution (Cy(Py))e<ars is close to that of independent Poisson
variables (Zy)ecps with E[Z,] = 1/¢, if M = o(N) [AT92, Theorem 2|. With the
help of this result, the study of log Xn(z) (with appropriate cut-offs) is essentially
the study of the Poissonian field (2.2).

However, the correlation structure of such a field is very complicated due to the
log |1 — e(¢t)| term. Intense number theoretic considerations are needed. While
this is indeed an important feature of the model, in this chapter, we would like to
emphasize the role of the Poissonian randomness Z,-s. To do so, we first consider
the modified random permutation matrices ]SN, which are Py with entries weighted
by i.i.d. random variables uniformly distributed on the unit circle. Then the above

analysis leads to the study of the Poissonian random field

N
> Zylog|l —e(tt +Uy)|, (2.11)

(=1

where {U,} is a sequence of i.i.d. variables uniformly distributed on the unit circle.
This kills some (but not all) of the number theoretic properties of the random field.

Moreover, the new random field (2.11) is now stationary under translation of ¢.

8



Finally, we pass to the continuous setting (2.4) from (2.11) to fully eliminate the
number theory involved in the analysis. Recall {¢;} are rate-1 homogeneous Poisson
arrivals. If we round-up the frequencies {e%} in (2.4), then for the frequency ¢ we

have

ST FLe It + U = Zof (0 + Uy),

£€llog £,log(¢+1))

where Z, := |2 N [log (, log({ + 1))| ~ Poisson(log(1 + 1/¢)), close to the distribution
of Zy ~ Poisson(1/¢).

In summary, the new continuous model is inspired by and closely related to the
characteristic polynomials of random permutation matrices, emphasizing the Pois-
sonian nature of the latter rather than the number theoretic nature. Moreover, our
assumptions on the function f also rules out the log-singularity of log Yn(z), and we

intend to modify our approach to accommodate it in the future.

Difference to Gaussian log-correlated fields and proof strategy. For sim-
plicity we take the discrete field (2.11) as an example. Even without the number
theoretic properties of the random field log Y n(2), the behavior of the random field

is drastically different from its Gaussian series analogue

=

Zf(et +Up).

N
(=1

S

where {NN; : £ > 1} is a sequence of standard real normal variables.

The key difference is the sparsity of the “effective frequencies”, i.e. non-zero terms
in the sum. Since E[Z;] = 1/¢, we can only expect a non-zero frequency ¢ in an interval
with exponentially growing length, while in the above Gaussian case almost surely
every frequency is effective.

The sparsity of Poissonian log-correlated fields has several consequences, and we

9



illustrate them with an analogue to a specific branching random walk model. First
of all, at frequency ¢, to approximate the function f(¢t + U,) to the O(1) order, one
needs a uniform mesh of size ¢ by the Lipschitz property of f. This discretization
implies that, if ¢ is effective (i.e. Z, > 0), then the “population size” here is ¢ (for
the continuous model, we argue with the correlation structure (2.5) instead). Hence,
the growth of the population depends on the position of effective frequencies, and
due to the randomness of the {Z,} sequence (resp. the Poisson arrivals in the con-
tinuous setting) we have a time-varying random growth of the population. So if we
further model this population growth by a branching process, and treat the non-zero
summand f(¢t + Uy) (or f(eSt + Ug)) as the random walk increment, this would be a
time-varying branching random walk, or a branching process in a time-inhomogeneous

random environment as defined in [BK04, HLL14, MM19, Kri22].

Our strategy is then to take advantage of the branching random walk with random
time-varying branching law analogue and adapt the first moment method, with the
estimate of the probability for one random walk to stay below (or above) another

quenched random walk developed in [MM18, MM19].

Organization. We introduce a parametrization of the Poissonian field and the
main theorem, together with some preliminary lemmas in Section 2.2. We prove a
quenched ballot-type probability estimate, reminiscent of [MM19, Theorem 3.3], in
Section 2.3. Finally, we prove the parametrized version of the upper bound theorem

for the maximum of the Poissonian field in Section 2.4.

Notation. We use the notation h < g or b = O(g) if there is a constant C' > 0
such that |h| < Cg. We allow the constant C' to depend implicitly on the function f.
If the constant depends on some other parameter p, we will use h <, g or h = O,(g)

instead. We also write h = o(g) or g = w(h) if lim, . h/g = 0, and we only add

10



subscripts when other types of limit is in consideration, eg. h = 03_,0(g). Asymptotic

constants and implicit constants may vary from line to line.

We write T for the one-dimensional torus R/Z. We use ., for > 77 ;. We

j=1"
denote the Fourier coefficients of i : T — C as h(() = Jpe ™ h(z)da.
2.2 Preliminaries

We introduce a variant of the upper bound of the maximum of the Poissonian field
conditioned on the Poisson arrivals, and we use it to prove Theorem 2.1.1. In other
subsections we collect some preliminary lemmas used later in the proof, which can

be skipped on a first read.

2.2.1 Proof of Theorem 2.1.1 via quenching the Poisson ar-

rivals

In this section we state a quenched upper bound result for the maximum of the

Poissonian field and prove Theorem 2.1.1. Let P=(-) := P(- | Z), and define
Wy im &+ A0, > 1 (212)
with Wy := 0.

Proposition 2.2.1. For any fixed n > 0,

lim PP (IP’E (9* max X,,(t) > Wy, — (6. — ) log n) < n-n/4> =1.
€

n—oo
We prove Proposition 2.2.1 in Section 2.4.

Proof of Theorem 2.1.1. Fixsomen > 0. Denote E'PP* () the event {0, max;er X, (t) >

En + A0)n — (¢« —n)logn}. Let G be the event

G = {=(gm) <o),

11



By Proposition 2.2.1, we know lim,,_,,, P(G) = 1. Then we have
P (&P () < E [P= (&P (n)) 1(G)] + P(G°)

<n "+ P(GO),

and the theorem follows by taking the limit in n. O

2.2.2 Discretization of the parametrized field

In this subsection we give a discretization of the Poissonian field on a specific typical

event stated below.

Lemma 2.2.2. Let G be the following event: for any 1 <i < j < n, if j—i > (logn)?
then & — & > c(j —1). Then there exists some absolute constant c¢,c’ > 0 such that

]P)(g) >1-— efc’(logn)Q'

Proof. Let N :=3(n —1)/(logn)?, and ¢}, := 1 + k(logn)?/3, for all 0 < k < N. We
claim that if there is some absolute constant ¢ > 0 such that &, ,, —&, > c(logn)? for
any k < N then G holds as well. Indeed, if j —i > (logn)?, then there are k < &’ such
that &' — k> 2 and £y <i < 1 < by <j < lyyr. So (j — 1) < LE (1 41 — k),

Then we have

(K +1—k) > c(j — i)

log n)?
& =& =&, — &y, = clogn)’ (K —k—1) > c< : )

as desired.
So we have

1-P(G) <P (EIO SESN: &, =&, < c(logn)Z)

< 3nP Z E; < c(logn)® |,

j<(logn)2/3
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where {E; : j > 1} is a sequence of i.i.d. Exp(1) random variables. Take ¢ = 1/6, we

have for any € > 0
P| Y  Ej<clogn)?|=P| > (1-E))>(logn)*/6
j<(logn)2/3 j<(logn)?/3

< e—a(logn)2/6 (E[ea(l—El)])(logn)Z/g
1 2
= exp (_@(log(l +e)— %)) .

The claim follows by choosing € > 0 to be a sufficiently small. O

We then state the discretization lemma.

Lemma 2.2.3. On the event G as in Lemma 2.2.2, for any j < n and any uniform

mesh T; C T with |T;| = (logn)?e%, we have

max max min | X;(t) — X;(s)| = O(1) a.s.

j<n teT seTy

Proof. For any j < n and any ¢t € T, by definition there is some s € T; such that
|t —s| < (logn)~2e”%. Recall X;(t) := 3,; f(e%t + Uj;). Since f is Lipschitz, we

have uniformly in ¢

1X5(1) — X;(5)] S (logn)2e™ Y ef < (logn) 2 ) e &),

i<j i<j

For j < 2(logn)?, we have a trivial upper bound

Z e (&%) < Zl < 2(logn)?

i<j i<j

For j > 2(logn)?, by the condition in Lemma 2.2.2, we have some absolute constant

¢ > 0 such that
Z e (&=&) — Z e (&=&) ¢ Z e~ (&=8)
1<g i<j—(logn)? j—(logn)2<i<y

13



< Z e % + (logn)?
k=(logn)?

2(log n)?.

The desired result then follows. O

2.2.3 Logarithmically correlated structure of the Poissonian
field

This section is irrelevant to the proof of the main theorem, but we include it for com-
pleteness. Let f = [; f(x)e ?™<*dz. The correlation structure of the Poissonian
log-correlated field can then be written as a combination of exactly log-correlation

according to the Fourier expansion of f.

Proposition 2.2.4 (Logarithmic correlation structure). For any s,t € T, we have

Cov(Xa(s), Xa(t)) =20y _|£(C) 2E[mm{ logdtl_ |H+0(1). (2.13)

c>1
Based on (2.13), we have the following observation:

1. if logﬁ = o(n), we have

Cov(Xn(s), =23 1f(¢) log 8‘ +0(1); (2.14)
>1
2. if logﬁ = w(n), we have
Cov(Xn(s), Xn(t)) = n||f|5 + O(1). (2.15)

Remark 1. Note that for the case f(v) = cos(2mv) we obtain

—1log |t — s| + O(1), if —log|t — s| = o(n),

Cov(X,(s), Xn(t)) = {n/Q + O(1), if —loglt — s| = w(n),

14



so that X, is truly log-correlated down to the microscopic scale e (below which X,
is strongly correlated). For general f the correlation structure is a mixture of periodic
log-correlation structures depending on the Fourier decomposition of f. This is to
be expected: note for instance that for f(v) = cos(2mkv) for some integer k > 1, the
field is periodic with period 1/k, and it is most natural to consider it on a sub-interval

of the torus of length 1/k.

Proof. Let r := |t — s| € T. The translation invariance of {Uy : k € N} gives

Cov(X, ZE (et + Up) f(e¥s + Uj)] (2.16)
= ZE [f(e5r + U;) f(U)] (2.17)

= ZE (e%7)] (2.18)

where g(v) := E[f(v+ U)f(U)] = f = f(v) with f(v) := f(—v). The function ¢ has

-~ ~

absolutely convergent Fourier expansion with coefficients §(¢) = |f(O)]* = |f(=¢)|?

~

for ¢ € Z, and since [, f(v)dv = 0 we have g(0) = f(0) = 0. Thus,

()] =2 IF(OPE [e(e¢r)] | (2.19)

=1

where e(z) = exp(27ix). Since {;} are Poisson arrivals with rate-1, when conditioned
on &,, the arrivals {£;,- -+ ,&,_1} have the same distribution as the ordered statistics
of (n—1) i.i.d. uniform random variables on [0, ,]. Let L has the law of such uniform

variable. Then we have for any v > 0:

n

Ze(egfv) | §n] = (n—1)E [e(e™) | &] + O(1)

Jj=1

E

= n{_ L /én e(e®v)dz + O(1).
nJo
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For any 0 < M < &,, we trivially obtain

&n
/ e(e®v)dr = O(&, — M).

M

By change of variable and integration by parts we have

fn efn 1
/ e(e"v)dr = / —e(vy)dy
M eM Y

1 1 [
= Y (effne(vegn) — e*Me(UeM)) + 5o /M y—e(vy)dy.

From the last equality, we have

/in e(e”v)dz = O(e™ /v).

M

As a consequence:

én
/ e(e*v)dr = O(min{¢&, — M, e ™ /v}).

M

Taking M = min{¢,,log(10/v)}, we obtain

/én e(e¢v)dz = O(1),

M

and
M
/ e(e®v)der = M + O(1),
0

SO

- 53 = M On—l
B |3 v\s] - (=)

Since &, ~ I'(n,1), we have E[1/£,] = 1/(n — 1). Substituting this estimate with

v = (rin (2.19) completes the proof.
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Now we check the two observations. Let 7(¢) = log . Splitting the expecta-

1
Clt—s]
tion into {&, > 7(¢)} and {&, < 7(¢)} we have

1

E i {1 - og o | = Pl < 7(0) 4708 | £1660 > 7(0)]

1) If —logl|t — s| = o(n), 7(¢) < —log|t — s| = o(n) for all { > 1. Recall the

density function of I'(n, 1) is %e‘a’l(x > 0). Then we have

7(¢) n—1
P(¢, < 7(0)) = / T s

(n—1)!
(o
(n—1)!

and by Cauchy-Schwarz inequality

(OE [gnl(gn > T<<>>] — (QE[L/&] - (O [ginusn < T<<>>]
= "4 0 (O VEETVEE < 70)

The statement then follows.

2) If —logl|t — s| = nA, with lim, ,,, A, = oo, we split the sum over ( into

enAn/Q

two parts: ( < or not. For the second case, since f € C?(T), we have

~

(O] S |C|_2, and therefore

2n Y FOPE [min{lél()gﬁ}]

CZ@"A"/Q

17



Sno Y, TS

CZG"A"/Q

For the first case, for each ¢ < e™"/2 we have nA, = 7(1) > 7(¢) = —log |t —

s| —log ¢ > nA, /2. Therefore for any 0 < ¢ < 1, by Markov’s inequality:

1—P(& < 7(C) = P(& > 7(Q)) S P(&, > nA,[2) < e 2 tnlos(1-0),
Take t = 1/2 we obtain for n large enough
L= P(& < 7(Q) = P& > 7(Q)) < e ™.

Then by Cauchy-Schwarz inequality again, we have
1 (¢) _, . »
T(QE L_—l(gn (Q)} < %6 Anf10 < A o=nAn/10 < pmndn /1L

Plugging these estimates into (2.13), by Plancherel’s identity we obtain

Cov(Xa(s), Xu(t)) =20 > [|f(Q)*+0(1) = nl|fI[3+ O(1).

<<enAn/2

2.3 Quenched ballot-type probability estimate

In this section we gather estimates of some ballot-type events under both quenched
and annealed probability measures. Throughout this section we fix some ¢ > 0

sufficiently small. Recall A, zg, 0, from (2.6), (2.7).
Definition 2.3.1. We define a tilted measure for the random field X,, as

dP,,
dP

= exp (0.X,, — A\(0.)n) .

Under the tilted measure we have for any ¢t € T and j < n, E, [X;(¢)] = zoj and
Varg, (X;(1)) = N'(6.)7.
18



Recall W; = & + A(f.)j. In Section 2.4, we will need an estimate of the upper

bound of a quenched ballot-type probability reminiscent of [MM19, Theorem 3.3].

Proposition 2.3.2. Let ¢, = 2y((\(6,)0%)7Y/2) + 1. For any fized n > 0, we have

. logPZ (0. X,(t) — W, > 2 —y,Vj <n:0.X;(t) <x+W;)
lim P sup :
oo\ g yelo,logn)?] logn
<—o. +n> 1 220

For the sake of completeness, we also quote a version of [MM19, Theorem 3.3,
equation (3.4)] needed here, which is a special case of the first half of their result.

Recall the definition of (-) from (2.8).

Proposition 2.3.3 (Theorem 3.3, [MM19]). Let S, S® be two centered indepen-

dent random walks with incremental variances 0,03 resp., and ¢ = 2y(o9/01) +1/2.

Assume there is some € > 0 such that E[edsy)'] < o00,i=1,2. Set (x,) € RY such

that lim,, o 2850 = 0. Then for any n > 0 we have

logn

lim P ( sup ]IP’ (S;” 5P za—y, S <o+ 5P Vi< 5<2>) < n—¢+ﬂ> = 1.
zyel0,zn
Proof of Proposition 2.3.2. Let S; = 6,X;(t) — 6.20j and Wj =W; —bxoj =& —J
(since zof, — A(6,) = 1). We omit the dependence of ¢ in S; for the sake of simplicity
(and we can do so by the stationarity of the random field). S; is then a random walk
with i.i.d. increments with the same law as S; = 0,.X;(t) — zof, under P,,, and fVVJ
is a random walk with i.i.d. centered Exp(1) increments. The definition of P,, along
with the fact that {{; — &;—1 : j > 1} is a sequence of i.i.d. Exp(1) variables give

E,,[S;] = E[W,] = 0, Var,,(S1) = 62X"(6,), and Var(W;) = 1.
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With notations above, we can rewrite the quenched barrier event in Proposition
2.3.2 as
Sbarr(x,y) = {Sn — Wn >x—y,Vj<n:S; < x—l—fVVj}.

Since S; is bounded and W; has a centered exponential distribution, they satisfy the
moment condition in 2.3.3. Moreover, by the stationarity of the random field the two
random walks S and W are independent and the latter is measurable with respect

to =. Therefore, the desired result is a direct consequence of Proposition 2.3.3.  [J

2.4 Upper bound proof

In this section we prove Proposition 2.2.1.

Proof of Proposition 2.2.1. We prove the upper bound by combining a random quenched
barrier argument with the first moment method. We decompose the event according
to whether the random walk X;(t) ever crosses a quenched random barrier or not.
That is:
P= (3t € T:0.X,(t) =W, — (¢ —n)logn)
<P (3 <nt€T:0.X;(t)>W;+ (logn)?)
+P5 (I eT:0.X,(t) > W, — (¢ — n)logn, 0.X;(t) < W, + (logn)?,Vj < n).
(2.21)
We first show that with high probability in P the first quenched probability is
small. Let G; be the event as in Lemma 2.2.2 with ¢ = 1/6. Then by Lemma 2.2.3,

for any j < n and any uniform mesh T; € T with size |T;| = (logn)?e%, we have

| max X (t) — max X,(¢)| = O(1) a.s.

teT teT;

Therefore, by Lemma 2.2.2, the union bound, and the Girsanov change-of-measure
in Definition 2.3.1, we have for any = satisfying G;:
P= (3j < n,t € T:0.X;(t) > W, + (logn)*) 1(G1)
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<D P (3T, 0.X,(1) > W, + (logn)?/2) 1(G1)

j<n

< Z(log n)?e%P= (6.X;(0) > W, + (logn)?/2) 1(G1)

jsn

= Z(log n)?eSES [e”\(e*)j_e*xj(o)l (0.X;(0) > W; + (logn)*/2)] 1(G1)

j<n

< n(logn)?e(ogm*/2, (2.22)

For the second probability, let £(¢;n) be the event
2
{Q*Xn(t) > W, — (¢s — gn) logn, 0.X;(t) < W; + 2(logn)?,Vj < n} :

and define G, to be the event
PZ (E(0;m)) < n~% 3,

By Proposition 2.3.2, we know lim,, ., P(Gy) = 1. Using again the discretization, the
Girsanov change of measure and consider = satisfying M;—; 2G;, we have
P= (3t € T: 0.X,n(t) = W, — (¢ — ) logn, 0,.Y<;(t) < W; + (logn)?,Vj < n)
x 1(G1 N Gy)
< P= (Urer, £(8;1)) 1(G1 N Go)
< (logn)?e*P= (£(0;7)) 1(G1 N Go)
= (logn)?e* EZ, [X=0XO1(£(0;))] 1(G1 N G)
< (log n)*n® 3P (£(0;1))1(G1 N G)
< (logn)*n="". (2.23)
In summary, by (2.21), (2.22), and (2.23), we have
P=(3t € T:0,X,(t) =W, — (¢, —n)logn) 1(G N Go)
< n(logn)2e~ 1082 4 (logn)?n~"/3
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< n—n/4

for n large enough depending on 1. The original statement then follows.
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Chapter 3

Universality and Phase Transitions in

Low Moments of Secular Coeflicients of
Critical Holomorphic Multiplicative

Chaos

3.1 Introduction

For polynomials ¢ on the closed unit disc D and a fixed constant ¥ > 0, the holomor-

phic multiplicative chaos HMCy is defined as a random distribution (or functional)
(HMCy, ¢) := lim L /W exp \/Ei ﬁ(rew)k o(re??) do (3.1)
T 2w ), — VEk ’ ’

where {Xj}r>1 is a sequence of i.i.d. rotationally invariant unit variance (“stan-
dardized”) complex random variables. The existence and uniqueness of the limit is
straightforward for trigonometric polynomials since it is determined by the secular

coefficients

Ay = (HMCy, 0 — ™) = [z"] exp (\/_Z X k), N e N, (3.2)

where [2V] f(2) denotes the coefficient of 2%V in the power series expansion of f around

z =0, ie.,
(4§59 -E
exp Z = Z Anz.
N=0

For instance, Ay = 9X32/2 + X5/9/2.
The case of a general 1 where X}, is standard complex Gaussian has been recently
investigated by Najnudel, Paquette, and Simm [NPS23], where the random measure
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(3.1) is defined in (1.11) therein as a distributional limit of the characteristic poly-
nomial of Circular Beta Ensemble (CSE) inside the unit disc (5 = 2/9) and belongs
to the Sobolev space H® almost surely for any s < s(¢), see Theorem 1.4 therein.
The critical case of ¥ = 1 is of particular interest, due to its connections to the Cir-
cular Unitary Ensemble (CUE) and random multiplicative functions. Moreover, the
behavior of secular coefficients is more subtle in the critical case. We summarize the
relevant literature in Section 3.1.3.

In this work, our main focus will be the critical case ¥ = 1. If each X}, is standard
complex Gaussian, HMC; first appeared in Appendix C of Saksman and Webb [SW20)]
and was shown to be H® for any s < —1/2 a.s. while also a.s. not H® for any
s > —1/2 [NPS23]. Recently, the work of Soundararajan and Zaman [SZ22| studied
the low moments E[|Ax|*Y], ¢ € (0,1] of secular coefficients of HMC; as a model
problem for multiplicative chaos in number theory. By exploiting the connections
to Harper’s remarkable result [Har20] on “better-than-square-root” cancellation for

random multiplicative functions, they proved the following.

Theorem 3.1.1 (Theorem 2.1 of [SZ22]). For standard complex Gaussian variables
{ Xk} i1 and 9 = 1, uniformly in g € (0,1] and N > 1,

A = (g

In other words, Ay is typically smaller than what one expects from the central
limit theorem, i.e. applying Holder’s inequality to its second moment, indicating a
complicated limiting behavior for secular coefficients at ¢ = 1. Parallel work of

[NPS23] also established the sharp tightness of secular coefficients.

Theorem 3.1.2 (Theorem 1.11 of [NPS23)). If 9 = 1, both the families { Ay /(log(1+
N) Y4} yen and {(log(1+ N))™V*/Ax}nen are tight.
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It is worth noticing that all aforementioned studies focused on the Gaussian
setting. A natural question would be to examine the universality of current re-
sults and what happens beyond that regime. In this article, we initiate the study
of non-Gaussian holomorphic multiplicative chaos and investigate the low moments
E[|An|??], q € [0,1] when | X}]| follows a generic standardized distribution. A rather
surprising phenomenon is that, even for the simplest setting of ¢ = 1, the second
moments of Ay may no longer remain of constant order as in the Gaussian case. For
example, our results imply that E[|Ax|?] grows exponentially if each |X;| ~ Exp(1),

polynomially if | X},| ~ Exp(2), and remains of constant order if | X}| ~ Exp(3).!

Our main result consists of two parts. First, Theorem 3.1.3 below establishes a
sharp criterion for Gaussian universality regime of the asymptotics of E[|Ayx|%?], ¢q €
[0,1]. Second, in Theorem 3.1.4 below we completely characterize a subtle double-
layer phase transition associated with the tail of |Xj|; see Figure 3.1 below for the
phase diagram. As a result, we fully establish the asymptotics for low moments
E[|Ax|?*] with non-Gaussian inputs P(| X| > t) ~ exp(—~t?) for all triples (q,7,p) €
[0,1] x RT x R*. Our main theorems generalize Theorem 3.1.1 and show a new
phenomenon of (super-)exponential cancellation (that is, (E[|An|])?/E[|An|?] decays

(super-)exponentially as N — 0o) emerges as the tail of | X}| becomes heavier.

We establish universality by utilizing the connection between secular coefficients
and the total mass of critical multiplicative chaos, which resembles a delicate joint
effect of all inputs X}’s. The double-layered phase transition, on the other hand, is
a product of an intricate interplay between the dominance of X; (which occurs when
the tail of | X;| is heavy) and a similar yet different joint effect as in the universality
phase. We expand our discussions in Section 3.1.2 and a more detailed description

of our approach can be found in Section 3.2.

1Strictly speaking, these “exponential distributions” need to be normalized to have unit variance,
e.g. their tails have the form P(|X| > t) = exp(—vy(t — ¢4)) A1 for v =1,2,3.
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Several corollaries are in place. First, we obtain a universality result for the tight-
ness of normalized secular coefficients of non-Gaussian holomorphic chaos (Corollary
3.1.5), extending Theorem 3.1.2. Second, we derive both a universal and a non-
universal regularity result for some critical non-Gaussian holomorphic chaos (Corol-
lary 3.1.6), partially extending the regularity of Gaussian HMC;.

Finally, based on these new observations, we propose a list of future research
directions of broad interest, ranging from random matrix theory, and multiplicative
chaos, to probabilistic number theory. These questions will be discussed in detail in

Section 3.1.3.

3.1.1 Statement of main results

Informally speaking, our main results capture the asymptotics of all (2¢)-moments
(q € (0,1]) of Ay for X, satistying any stretched exponential tail, i.e. P(|Xy| > t) ~
exp(—t?) for all p € (0,00). For example, p = 2 resembles the Gaussian case studied
in Theorems 3.1.1 and 3.1.2.

We now set the stage for formalizing our theorems. Let {7} be i.i.d. uniformly
distributed on [—7, 7) and { R} be i.i.d. real random variables with E[|R;|?] = 1 and
independent of {7;}. Let X = ¢ R;. We may assume that R}, is symmetric by
a standard symmetrization procedure. We introduce a few short-hand notations for
the cases of interest, covering (roughly speaking) i) p € (1,00) case, ii) p = 1 case,

and iii) p € (0,1) case:

e (¢-UNIV) For a given ¢ € (0, 1], Ry has a finite y-exponential moment for some

v > 2q. That is, E[e?!"*]] is finite for some v > 2g.

o (EXP) Ry is a two-sided shifted ezponential random variable with unit variance.
That is, P(|Rk| > u) = exp(—y(u — ¢,)) A 1 for u > 0, where v € (0,2¢| and
cy 1= log(v*/2)/7;
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e (SE) Ry follows a (symmetric) stretched exponential distribution with expo-
nent p € (0,1), ie. P(|Ry| > u) = exp(—(u/c,)P) for u > 0, where ¢, :=

(20(2/p)/p) =12,

Here, we have implicitly imposed the constraints on the law of R, that Ry is sym-
metric and E[|Rx[*] = 1, which explains the shift ¢, and the scaling parameter c,.
The cases (EXP) and (SE) are introduced as prototypes, where we do not attempt
to achieve the greatest generality by considering the largest class of laws. Indeed, our
proofs only rely on the absolute moment asymptotics of X; (along with rotational
symmetry and the unit variance property). Our main results are as follows. We refer
to Section 3.1.3 for asymptotic notations; in particular, we allow the asymptotic

constants to depend on ¢ and the distribution of Xj.

Theorem 3.1.3 (Primary phase transition). (i) Fiz any q € (0,1]. Suppose that
condition (q-UNIV) holds for the i.i.d. input {X = €™ Ry.}. We have

E[|Ax|?] < (3.3)

<1+(1—;)\/W)q'

(ii) Fix any q > 0. Suppose that (SE) holds for the i.i.d. input {X = €™ Ry}. It

holds that
2 2qcP \ 29N/p
AP = (14 o)) (220 2 ( ZHE )T s
p \pc

Note that 2qcb/(pe'?) < 1 for all 0 < p,q < 1.

The asymptotic (3.3) shows that the better-than-square-root cancellation phe-
nomenon can still be quantitatively analyzed for non-Gaussian inputs in (3.2) under
a suitable light-tailed assumption. This considerably extends the results in the Gaus-
sian case (cf., Theorem 3.1.1). The result of (3.4) in the heavy-tailed case indicates

that the Gaussian-type behavior is limited to light-tailed distributions and does not
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apply in general to heavier tails (say, heavier than the exponential distribution). This
gives rise to a phase transition in the thickness of the tail of | Ry |, leading naturally to
the question of the primary criticality: case (EXP). The following result completely
characterizes the behavior in this critical phase, showcasing a second phase transition

within this critical phase.

Theorem 3.1.4 (Secondary phase transition). Fiz g € (0,1]. Suppose that (EXP)
holds for the i.i.d. input { Xy = €™ Ry.}. It holds that if v < 2q,

92 2qN
E[|Ax[%] < NV (—‘-’) ; (35)
v
if v = 2q,
N1-a+d®/2
E[|An[*] = ; (3.6)

T (14 (1 —-¢q)yIogN)a’

and if v > 2q,

E[|Ay[*] < (3.7)

1 q
<1 + (1 —q)yIog N ) '

Indeed, (3.7) follows directly from Theorem 3.1.3 (i), and is included here for the
sake of completeness. Asymptotic constants in (3.5) and (3.7) may depend on y which
characterizes the distribution of Xj. The critical phase (EXP) showcases a further
phase transition. There exists a critical moment exponent, which coincides with the
parameter of the (shifted) exponential distribution |Ry|, that governs the asymptotic
of the moments: Gaussian-type asymptotic of Theorem 3.1.1 below such exponent
(7 > 2q) and exponential growth of moments above the exponent (7 < 2¢q). At the
secondary criticality, where the moment exponent coincides with the parameter of the

exponential distribution (¢ = 2¢), the moment exhibits a regularly varying growth

in N.

28



To visualize the double-layer phase transition, we may restrict the class (¢-UNIV)

to laws satisfying

B(1X,| > 1) < exp(—yt?) (3.8)

as t — oo for some v > 0 and p > 1. In this setting, the phases of (EXP), (SE),
and restricted (¢-UNIV) have the alternative representation (3.8) for some v,p > 0,
and the pair (7, p) uniquely determines which phase the distribution of R} belongs
to. Figure 3.1 shows the phase diagram that illustrates our main results. Note that

v is only effective in the phase diagram when p = 1.

2 P(|Xy| > t) ~ exp(—1")
0 2
2 : =
p=2
y=2q
b iy
;/ /L
77/ 7/
0 p<l1 p=1 p>1 4

Figure 3.1: An illustration of the phase transitions of low moments for secular
coefficients depending on the law of |X;| and the moment exponent (2¢). The tail
satisfying —log P(|X| > ¢) < t? is heavier on the left side and lighter on the right.
The light blue regime refers to the universality phase, i.e. (¢-UNIV) case, which
considerably extends the dark blue line that represents the Gaussian case in previous
studies. The green and red regimes correspond respectively to the (SE) case and
(EXP) case with v < 2q. The purple dashed line refers to the secondary critical
phase with P(|X;| > t) < exp(—~t) where v = 2q.

As a consequence of Theorem 3.1.3, we find the typical order of magnitude of
An by considering the tightness of the family {Ay/wx}nen for some deterministic
sequence wy, partially generalizing Theorem 3.1.2. Our result only requires the
existence of some exponential moment; see the proof in Section 3.6.1 for details.
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Corollary 3.1.5. Suppose that there exists ¢ > 0 such that E[e*X*|] < oo for the
i.4.d. input { Xy = ™ Ry, }. The followings hold:

1. fO’l” wnN = (log(l + N))_1/4, {AN/wN}NeN 18 tlght,
2. for wy = o((log(1 4+ N))™V*), {Ax/wy} yen is not tight.

Unfortunately, proving the tightness of {(log(1+ N))~'/*/Ax} yen remains a dif-
ficult task based on existing techniques, mainly due to the absence of distributional
convergence of the total mass of critical non-Gaussian multiplicative chaos. The
convergence for critical Gaussian multiplicative chaos was shown in [JS17].

We can also obtain the regularity of some critical non-Gaussian HMC from The-

orem 3.1.3. The proof and a remark on irregularity are deferred to Section 3.6.2.

Corollary 3.1.6. If there is some v > 2 such that E[e"**|] < oo, then the corre-
sponding HMC; is in H® almost surely for any s < —1/2. Moreover, if X} satisfies
(EXP) with v € (0,2], i.e. P(|Xg| = u) < e 7, then the corresponding HMC; is in

H? almost surely for any s < —1/~.

We also mention that the super-exponential growth of the second moment of
secular coefficients in the (SE) case suggests an extremely irregular behavior, in the

sense that HMC; may not even be a tempered distribution almost surely.

3.1.2 Technical challenges

In what follows, we attempt to unveil the intricacies of low moments behind the
distinct phases, without involving too much technicality. The approach of [SZ22]
in the Gaussian case is to connect E[|Ax|?7] to low moments of the total mass of a

suitably constructed (finite) multiplicative chaos, of the form

EK/_Z ]ﬁexp (%}:W))rde)q}, (3.9)
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where K € N, ¢ € (0,1], and r € [e”'/% /K], However, as the tail of | X;| becomes
heavier, the contribution of the random variable X; in (3.9) becomes more prominent
and will need to be isolated from other variables { X} }r>2. In the cases of (SE) and
(EXP) with v < 2¢, our proofs depend on a delicate but direct analysis of such
domination effect of X, without delving into multiplicative chaos. The secondary
critical case ((EXP) with v = 2¢) turns out more intricate and requires both the
domination effect and the analysis of critical multiplicative chaos. In this scenario,
even speculating the correct asymptotic is a non-trivial task.

Our approach is to first condition on | X;| (or equivalently, |R;|) before connecting
E[|Ax|*] to multiplicative chaos. This reduces our problem into studying the low

moments of a randomly weighted total mass of a multiplicative chaos, of the form

EK/: ‘U(Q) X ’i[Qexp (X’”Tk:kg> ‘2010) q}, (3.10)

where K € N, ¢ € (0,1], r € [e""/K /%] and the (random) weight function U ()
resembles a discrete Fourier transform of a random function sufficiently close to a
scaled Gaussian density, evaluated at the random frequency 6 + 71, where 7 is uni-
formly distributed on [—m, 7]. Intuitively, U(#) arises from the remaining randomness
of 7 after conditioning on |R;|. To study the magnitude of (3.10), we need both a
careful analysis of U(#) and a uniform version of the estimates of the partial mass of

the multiplicative chaos,

() )]

where [ is an interval in [—m, 77] whose length is of a much smaller order. That is,

ﬁ o (Xkrkzeikﬁ)
= vk

the integration range in (3.9) is restricted to an asymptotically smaller interval, and

the difficulty lies in obtaining uniformity in all those intervals of suitable length. A
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technical highlight while tackling such difficulty is performing generic chaining under
a proper change of measure.
A more detailed description of our approach can be found in Section 3.2.2, where

we also discuss intuitively how the regularly varying formula in (3.6) arises.

3.1.3 Related works and outlook

In this section, we review a few connections of holomorphic multiplicative chaos to
random matrix theory and number theory. Along the way, we also discuss a few

further directions of interest that are beyond the scope of this paper.

Connections to random matrix theory and (complex) Gaussian multiplica-
tive chaos. HMC, with Gaussian inputs { X} }x>1 is closely related to random ma-
trix theory, especially to the characteristic polynomial of CSE with ¥ = 2/5. A joint
distribution of N points with parameter 8 > 0 is said to be CSE if

CBEN(01, -+ On) X Lyvjeqr Ny o,e—nmy || 169 — ™7,

1<j<k<N

and for f = 1,2,4, it is also known as circular orthogonal /unitary/symplectic en-
sembles (COE/CUE/CSE), respectively. For § = 2 (CUE), it is the distribution of
the eigenvalues of a Haar-distributed unitary matrix, and for 5 # 2, [KN04] con-
structed explicit matrix models Uy ) Whose eigenvalues have law CSE. Therefore, we

can define and study the characteristic polynomial

N
ng)(z) = det(/ zU(B) Z alNh)
n=0

on the unit circle T = {z € C : |z| = 1}. We may drop the superscripts if § = 2.

Secular coefficients a") of xn~ were first explicitly studied, to our best knowledge,

by Haake, Kus, and Sommers [HKST96], where they delved into various theoretical
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and numerical properties of secular coefficients for CUE, including an explicit formula

of the second moment. Later, Diaconis and Gamburd [DG04] computed (2k)-th

absolute moments of secular coefficients ') of CUE in terms of magic squares, which

is the number of N x N square matrices with nonnegative integer entries summing
up to n in each row and column. For a fixed n, the convergence result of M s

established via the formula connecting it to the first n power traces T}, := Tr((U ](\}3 ))k):

T 1 0 0
| T T, 2 0
a(Nvﬁ) —_ det . N N . ,
n n! . . . .
Tho1 Tho Ths n—1
Tn Tn—l Tn_2 Ce Tl

along with the convergence result for power traces by Diaconis and Shahshahani

[DS94] for f = 2, and Jiang and Matsumoto [JM15] for a general 5 > 0 that jointly,

(T}, = \@{JEN,;C}ZZI, N — o0,

where {NF}1_, are i.i.d. standard complex Gaussian variables.

A natural question is whether we can find connections between other ensembles
of random matrices and non-Gaussian HMCy, mirroring Theorem 1.3 of [NPS23].
Some inspiring examples with non-Gaussian (but weakly dependent) coefficients are
the sparse Bernoulli matrix studied by Coste [Cos23| and sums of random permu-
tation matrices by Coste, Lambert, and Zhu [CLZ22|, which can both be consid-
ered as random regular digraph models. As a simplified model in [Cos23], let By
be an N x N matrix with ii.d. Bernoulli(1/n) entries, then det(I/y — zBy) con-
verges weakly in the open unit disk D to the so-called Poissonian holomorphic chaos
F(z) = exp(— Y52, Xi2"/VE) with X, = >k 0Yy/\Vk, where {Y;}22, is a family of

independent Poisson variables with E[Y;| = 1/¢. Moreover, a similar convergence in
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law result (and towards a similar Poissonian chaos) was established in [CLZ22] if B,
is replaced by the average of a fixed number of i.i.d. random permutation matrices;

see Theorem 2.2 therein for details.

Question 1. Find other ensembles of random matrices Vjs,ﬂ) such that its character-
istic polynomial converges (in some sense) to exp(v/4 Do XkzF/ VE) uniformly in

|z| < r, for any r € (0,1).

Yet another connection exists between secular coefficients of random matrices (or
HMC) and the total mass of the Gaussian multiplicative chaos (GMC). A GMCy of
parameter ¥ € (0, 1] can be defined as the limiting random measure (see e.g. Appendix

B of [NPS23])

[e'e) NC 7
GMCy(dB) := lim(1 — r2)”(—log(1 — r?))z'v=1 [V ? Zi <) 12q0,

r—1

where the convergence holds in L? for any ¢ € (0,1). Its total mass My is then
defined as My := % 027r GMCy(df) in the in-probability, weak-* convergence sense.

Recently, Najnudel, Paquette, and Simm [NPS23]| established the distributional con-

vergence of a;N’B)/ E[(CL;N"B))H as n, N — oo jointly for >4 (0 < ¥ < 1/2), and
expressed the limiting distribution as /My times an independent standard complex
normal. See also [GV23] for the distributional convergence of Fourier coefficients
of GMCy on the unit circle for 0 < ¥ < 1/4/2. Moreover, [NPS23] also estab-
lished tightness for a general § > 0. As an example, for § = 2 they showed that
{(ogn)4al : N > 2n} and {(logn)""4/a{") : N > Ny(n)} are both tight (for
some Ny(n) growing faster than ny/logn (loglogn)). While the normalization and
limiting behavior are not clear yet in the critical case (¢ = 1), a question of uni-
versality and phase transition could be asked, reminiscent of our Theorem 3.1.3 and

3.1.4.
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Question 2. When 9 = 1, does Ay (log N)¥* converge in distribution to the same
limiting random variable for any X}, as in Corollary 3.1.57 If the tail of | X} | gets heav-
ier and reaches the (SE) phase, is there a phase transition in the limiting behaviors

as well?

The convergence result of secular coefficients stated above also indicates an im-
pressive fact, that a single Ay (when N is large) already contains some information
of the total mass My. Actually, [NPS23] utilized this connection and existing results
on convergence of critical GMC to prove the irregularity of HMC; and the sharp
tightness of {(log(1 4+ N))~"/4/Ax}. To study these properties in a non-Gaussian

setting, one has to understand the critical non-Gaussian multiplicative chaos.

Question 3. Prove the convergence in L? for all ¢ € (0, 1) for

o X i
lim(1 — r2)(— log(1 — r2))3|eXrm <) 2qg

r—1

when { X} }ren are i.i.d. non-Gaussian, and apply it to study the irregularity of HMC

and sharp tightness of Ay in more general settings.

Another promising future direction is to explore the connection between complex
Gaussian multiplicative chaos (CGMC) and HMC. Roughly speaking, the complex
Gaussian field defining CGMC has independent real and imaginary parts, while HMC
has uncorrelated ones, which might suggest some commonalities in between. We refer
interested readers to Section 1.6 of [NPS23] for a more detailed discussion on this
possible connection, and to [Lac22;, LRV15] for references on CGMC.

Finally, we summarize some related results on characteristic polynomials of ran-
dom matrices. The celebrated work of Hughes, Keating, and O’Connell [HKOO01]
introduced the log-correlated Gaussian field G¢(z) = >_77 NE2/\/k as the limiting
random distribution of the log-characteristic polynomial of CUE. For general surveys

35



on log-correlated Gaussian fields, see [DRSV17]. Meanwhile, convergence results to-
wards GMC were established in [CN19, NSW20, Web15] for characteristic polynomial
of CSE on the unit circle. For general surveys on GMC, see [Pow21, RV14]. We also
point interested readers to the survey by Bailey and Keating [BK22] and the most re-
cent result by Paquette and Zeitouni [PZ22] and references therein for studies towards
a conjecture in [FHK12, FK14] by Fyodorov, Hiary, and Keating on the maximum

of the characteristic polynomial of CUE.

Connections to number theory. A random multiplicative function is a com-
pletely multiplicative function f : N — C, i.e. f(mn) = f(m)f(n) for m,n € N, where
f(p) are i.i.d. random variables for primes p. An important application is modeling
arithmetic functions, such as Dirichlet characters (Steinhaus case, with f(p) uni-
formly distributed on the unit circle T) and the M&bius function (Rademacher case,
with f(p) uniformly distributed on {£1} and supported on square-free numbers).
The recent celebrated work of Harper [Har20] investigated the better-than-square-
root, cancellation phenomenon of random multiplicative functions through computing
low moments of the partial sums, thus resolving Helson’s conjecture [Hel10]. More

precisely, [Har20] showed that

2| S 100]] = G

n<x

while E[| >, _, f(n)]?] < . Harper’s approach elegantly connects random multi-
plicative functions and critical multiplicative chaos, which we summarize in Section
3.2.2. Similar ideas are also exploited in the studies of deterministic multiplicative
functions of interest in number theory, such as better-than-square-root cancellation

for typical non-principal Dirichlet characters [Har23b].

The recent work of Soundararajan and Zaman [SZ22] proposed that the secular
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coefficients Ay of Gaussian HMC; constitute a model that describes the mathematical
structure of (Steinhaus) random multiplicative functions. As commented in [SZ22],
the same model also serves as the function field counterpart of Harper’s result [Har20],
as follows. Let M, denote the set of monic polynomials of degree n over the ring
IF,[t] where ¢ is a prime power and F, is a finite field with ¢ elements. Consider a
random multiplicative function f on F,[t] defined analogously, with irreducible monic
polynomials as “primes”. It follows that if A, = ¢~/2%" rem, (), then

iAnz” = exp (i %20 where X = qk_\//é Z f(TP)T' (3.11)
k=1

n=0 P irred.
deg( P
r=k/deg(P)

Therefore, the partial sums A, (in the limit case of ¢ — oo) mirror the secular
coefficients A,, defined in (3.2). We refer to the introduction of [SZ22| for related
discussions around this analogy.

We speculate that secular coefficients arising from non-Gaussian chaos may con-
nect to certain structured sparse partial sums of random multiplicative functions
with heavy-tailed inputs {f(P)}. For instance, by considering partial sums of f on
smooth polynomials (that factor into primes of small degrees, say < d), the last sum
of (3.11) consists of a uniformly bounded number of summands (consisting of irre-
ducible polynomials of degrees < d). In this case, heavy-tailed inputs {f(P)} may
dominate the central limit effect, and weak dependence within {X}} is expected as
the power r increases with k. We refer to [SX23, Xu23] for studies on sparse partial

sums of random multiplicative functions.

Question 4. Find a formal analogous model of some random multiplicative function

for secular coefficients arising from non-Gaussian chaos.

The secular coefficients {Ay}nso (with Gaussian inputs { X} }x>1) capture other

aspects of random multiplicative functions as well, such as almost sure fluctuations.
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For instance, [Cai23b] established the almost sure upper bound [} _ f(n)| <
Vz(loglog z)'/4*¢ for random multiplicative functions f, which mirrors the result
|Ax| < (log N)¥/4+¢ in [Cai23a] for secular coefficients. In addition, for any func-
tion V(x) — oo, [Har23a] proved the almost sure existence of large values z sat-
isfying |Y,., f(n)] = Vx(loglogz)/*/V (z). The parallel for secular coefficients
was established by [Ger22]: there exist almost surely large values of N such that
|An| = (log N)Y4/V(N). We leave the investigation for the almost sure fluctuations

of secular coefficients with non-Gaussian inputs to future research.

Question 5. Establish almost sure upper and lower bounds for secular coefficients
arising from non-Gaussian chaos. Characterize a phase transition as the tail of | X}]|

becomes heavier.

Let us also mention the work of [ASV122] that numerically computes the secular
coefficients in polynomial time, supporting conjectures on finer asymptotics for their
low moments. Naturally, one would also ask if the asymptotics in the (¢-UNIV) and

(EXP) phases can be improved to 1 + o(1) asymptotics.

Question 6. Find precise asymptotics of (3.3), (3.5), and (3.6).

Moreover, [ASVT22] also conjectured a similar behavior of low moments of secular
coefficients for real standard Gaussian or Rademacher inputs { Xy }x>1. While we do
not directly resolve their conjecture, we shall illustrate in Remark 5 below that the
asymptotics (3.4) and (3.5) hold also in the real case, with essentially the same proof.

However, this does not apply to (3.6).

Question 7. Do (3.3) and (3.6) of Theorem 3.1.4 hold if one replaces the complex

inputs {Xx }r>1 by their real part {Ry}r>17

Finally, in addition to random multiplicative functions, critical multiplicative

chaos also connects to the distribution of values of the Riemann zeta function on the
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critical line. According to the FHK conjecture, the local maxima of log |((1/2 + it)]
deviate from what one would predict from Selberg’s central limit theorem, due to the
log-correlated structure of the zeta values. We refer to [ABR20, ABR23, BK22, Sou22]
and the references therein for the interplay between the Riemann zeta function, mul-

tiplicative chaos, and log-correlated fields.

Organization. The rest of this chapter is organized as follows. Section 3.2 is
devoted to the intuition of the phase transition regime and the main ideas of the
proofs. In Sections 3.3-3.5, we consider respectively the (¢-UNIV), (SE), and (EXP)
phases. Section 3.7 is devoted to some technical computations regarding Laplace
functionals of { X} }x>1 under distinct probability measures. Section 3.8 collects some

deterministic calculations.

Notation. For quantities or functions A, B, We use Vinogradov’s symbol A < B
(or A= O(B)) to denote |A| < CB with some constant C' > 0 that depends only on
the distribution of Ry (equivalently, X}) and the moment exponent q. Write A < B
if A< B< A If AIN)/B(N) — 0 we write A(N) = o(B(N)). We will denote
by L > 0 a universal constant that may not be the same on each occurrence, where
the same applies for C' > 0. Vectors are typically denoted by bold symbols in this
paper. Denote by Rz the real part of a complex number z. When dealing with
events (or expectations) involving {(Ry, k) }x>1, we will use P (or E) to denote the
original probability measure. We will also use P to denote the probability measure
of any Gaussian random variable (or vector) with a specified mean and variance (or

covariance matrix).
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3.2 Intuition behind phase transitions and proof
strategy

To understand the mechanism behind the phase transition phenomenon for low mo-
ments of secular coefficients Ay, let us first rewrite it in a more tractable form in
terms of partitions. By a partition A we mean a non-increasing sequence of integers
(parts) Ay = Ay = -+ with A, = 0 from some n onward. For a partition A and k € N,
we denote by my(A) the number of parts in A that are equal to k, and |A| the sum of
the parts in A. For example, the all-one partition \* := (1,--- 1) has |\*| = n and
mi(A*) = nlg=1y. Let Py = {A: |A| = N}, and py = |Pn|. It follows from (3.2)

that

where the sum is over the set of all partitions and

o =] (%) . m%' (3.12)

k>1 ’

In particular, we arrive at the tractable form as a sum of monomials in { Xy }y>1:

Ay = > a(N). (3.13)

)\EPN

We note the orthogonality relation that E[a(X)a(N)] = 0 for A # N

3.2.1 A phase transition of the domination regime in the

monomial decomposition

In different phases, the quantity E[|Ay|??] is dominated by different interactions
among parts in the sum over partitions of N. This can be intuitively seen by com-

paring the magnitudes of
E[| X[ ]

Ella)) =TT fon e

k>1

A € Py, (314)
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using independence, moment asymptotics for | Xy|, and Stirling’s approximation (see
Chapter 3 of [Art64])
1< (2m) V221272t () < /020 g > 1. (3.15)

To be more specific, in the (SE) case,

e 1/(2qgm P 2 2
(| X [24m] _/O o~ (/GO fep)p g %éqmp(%). (3.16)

A finer computation using (3.15) reveals that E[|la()\)|??] grows fastest in N when
A== (1,---,1) (i.,e. my(A\*) = N), and is significantly larger than the (2¢)-th
moments of a(\) at any other \' € Py for N large. Therefore, the moments of Ay
almost only result from a(\*), which contains a single random variable X;. The same
arguments apply to even heavier tails than (SE).

On the other hand, as a prototypical example in the (¢-UNIV) case, we con-
sider the setting where X} is a standard complex Gaussian variable. Computing the

absolute moments of Gaussian variables (see e.g. [Winl2]) gives

1
| X, ] = 24T (gmy. + 5) = o (k™™ (my))?),

indicating that every E[|a()\)[*] is of a vanishing order and therefore the main contri-
bution to the moments of Ay does not arise from a single partition. Instead, [SZ22]
found that, as inspired by Harper’s remarkable paper on low moments of partial sum
of random multiplicative functions [Har20], the main contribution to the moments of
An (in the complex Gaussian case) comes from those partitions A with a large part,
i.e. \; = N/(log N)© for some large constant C' > 0, indicating an intricate interplay
among all Xj.

As the exponent p of P(|X| > t) < exp(—ct?) decreases from above 1 (e.g. Gaus-
sian) to below 1 (stretched exponential), the contribution from X; becomes more
prominent and experiences a phase transition at p = 1. At the critical phase of expo-
nential distributions where P(| X| > t) =< exp(—~t), more elaborate dependence on
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variables X emerges. Fix a moment exponent ¢ € (0, 1]. If the exponent y > 2¢, the
tail of X}, decays fast enough to suppress the growth of each single E[|a())|??]. As will
be shown in Section 3.3, the mechanism of Gaussian variables (i.e. (¢-UNIV) case)
remains true. If v < 2¢, on the other hand, the tail decays slowly enough to partially
restore the dominance of a(A*) among all partitions. Now the dominant parts com-
prise not only the all-one partition A* but also the partitions A with almost all ones,
i.e. mi(A) > N — C, for some large constant C, > 0. This hints at a second phase
transition in the behavior of Ay and the interplay structure among the i.i.d. inputs
{ Xk }r=1 at v = 2g.

At the secondary criticality where P(|X| > t) < exp(—2¢t), a blend of the two
aforementioned scenarios influences the 2¢g-th moment of Ay. The dominating terms
now appear randomly and depend on the value of |R;| = |X;|. Roughly speaking,
on the event that |Ry| is close to a fixed z; € [0, N], the primary contribution to
E[|Ay|??] stems from the a()\) with m;(\) close to z;. After conditioning on R; and
fixing mq(\), the rest terms can be described in terms of partitions without ones and

will behave similarly as in the (¢-UNIV) case.

3.2.2 Main ideas of the proofs

In the following, we delve into further details of the different cases described by our

main results, and illustrate the main ideas of the proofs.

(SE) phase. The orders of the moments E[|X;|*¥™*] are given by (3.16). Using
(3.15) and that 0 < p < 1, one observes that the quantity (3.14) with A = \* =
(1,...,1) (i.e., my(A\*) = N) is of an order larger than that with any other \ € Py
as N — oo. This can be directly quantified by Minkowski’s inequality for ¢ > 1/2

and concavity for ¢ < 1/2.
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(¢-UNIV) phase, universality. We adapt the proof of [SZ22] to derive the pro-
posed universality result of (3.3), utilizing also the robustness of the multiplicative
chaos approach in computing low moments of random multiplicative functions in
[Har20], together with several new observations and technical improvements. The
first observation is that low moments of Ay concentrate around partitions such that
no part is too small, similar to the complex Gaussian model. Using our assumption
E[e"#] < 0o and Markov’s inequality, we have E[|X;|?7™] < T'(2gmy + 1)y~ 2™,

Inserting in (3.14), it follows from (3.15) that

C(2q/~)2mem,/>
kami )

(3.17)

Efla)P) < 1]

k>1

Since 7 > 2¢, we expect that the contribution from a(\) is small unless m; is in
general very small (for instance, A = (N)). Indeed, Proposition 3.3.2 below states
that it suffices to consider only partitions A with A\; > v/N/C(q) for some large

constant C(q).

Next, recalling that Ay can be viewed as a “Fourier coefficient” of the holomorphic
multiplicative chaos, we may apply Parseval’s identity to connect the sum over A to

the moments of the total mass of a (finite) multiplicative chaos, which is of the form

E K/_: |FK(rei9)|2d9>q] , (3.18)

where K € N, F(z) = exp(Zle )\j—%zk>, and r € [e7V/K e/K]. However, a

technical difficulty arises: since we only assumed (2¢ + €)-th exponential moment
exists, certain Laplace functionals of X}/ vk may not be well-defined for a small k.
Therefore, it is necessary to eliminate the dependence on X}, for small k. Fortunately,

this is possible by the rotational invariance of X} and using v > 2¢. Indeed, we show
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in Section 3.3.1 that it suffices to study the truncated secular coefficients

Ay, = > a(\) = > 11 (%)mk m%' (3.19)

AEPN AEPN k> M.,
mi=--=mps, —1=0 mi=--=mps, —1=0

of the truncated chaos

K

From.(2) = exp( _Z %zk> (3.20)

Here, M, is a large constant that depends only on ¢ and the law of X;. After
truncation at M,, we can apply Parseval’s identity to convert the moments of Ay s,

to that of the total mass of |Fy s, |*

over the (scaled) unit circle; see Propositions

3.3.2 and 3.3.10 below.

The non-trivial part of (3.3) is that the low moments of Ay (and hence of the total

mass of |Fiy . |? by the aforementioned connection) are asymptotically smaller than

those predicted by the second moment (a.k.a. better-than-square-root cancellation).

The fundamental reason is that on certain unlikely events, some values of |Fiy yz, |2

become exceptionally large and dominate the second moment. To intuitively see this,

let us consider the following random field

N
X
G(z) :==log Fyum.(2) = Z Zhk ZET, (3.21)

k=M, vk
where T denotes the unit circle, together with a branching random walk (BRW) ana-
logue which also guides the intuition in (EXP) v = 2¢ phase.? For more information
on the analogy between BRW and other log-correlated fields, see Arguin’s survey

[Argl6] and references therein.

2A BRW process with d offsprings, L generations, and standard Gaussian increments is a Gaussian
process on a d-ary tree of depth L, assigning i.i.d. standard Gaussian variables to each edge of
the tree. The value assigned to each leaf is then the sum of independent Gaussian variables along
the shortest path from the root to that leaf.
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Since the variance of each summand in (3.21) is of size < 1/k, it is natural to con-
sider the partial sum over an exponentially growing interval, i.e. > keen—1,em) X. w2t/ Vk
and rewrite the field as

|log N| [log N| e"—1 Xk
G(z) ~ Z Y,(z) = Z ( Z ﬁzk>, z €. (3.22)

n=|log M | n=|log M|

The first observation is that for each z € T, the distribution of each increment Y, (2)
approaches a standard complex Gaussian as n increases. Next, if we consider two
points z,2" € T with |z — 2/| close to e, then for n < m, one expects Y,(z) to
strongly correlate with Y, (2’). On the other hand, for » much larger than m, the
increments Y,,(z) and Y,,(2’) should be sufficiently decorrelated and are asymptotically
independent as n — oo. From these observations, the random field G(z) on T can be
viewed as a BRW with “e offsprings” and |log N | generations, with standard complex

Gaussian increments Y;,(z) at each step. The latest common ancestor of z, 2’ € T is of

generation — log |z — 2’|. In other words, the values G(z) and G(z’) share a common

part of
—log |z—2| —log |z—2|
Yo Yae)r ). V() (3.23)
n=|log M | n=|log M |

and the rest are approximately independent. In particular, if |z — 2/| = o(1/N), G(2)

is almost indistinguishable from G(2').

Consequently, an exceptionally large value of (3.23) will affect a spectrum of z of
length < e™™, leading to an exceptionally large second moment. To circumvent such
an issue, the works of [Har20] and [SZ22] borrowed a barrier argument from BRW
(see e.g. [Shilh]), using a ballot event to discard the (unlikely) large values of (3.23).

Their first step is to view the term |Fy s, |*

as a Girsanov-type change of measure,

45



under which Y,, has a non-zero expectation u,. Next, they set up the barrier event

n

G(A;N) = {VlogM*<n<logN, Vz e T, Z (Yj(z)—pj)gA}

Jj=!log M|

and show that G(A; N)¢ holds with probability exponentially decaying in A. On the

event G(A; N), one writes

] = E[| Fyon '] Q(G(A; N)),

Ellgan) | Fnm.

where dQ/dP =< |Fy . |* and the ballot-type probability Q(G(A; N)) accounts for

the (log N)~%2 correction term arising in (3.4).
The technical difficulty in carrying over the above arguments to the non-Gaussian

2] in the

case is twofold. First, we need to replace the precise computation of E[|Fiy .
Gaussian case with a slightly more involved asymptotic computation using Taylor’s
expansion. This will be detailed in Section 3.7. Second, it is harder to quantify the
dependence structure within G(z) and G(2’) for z, 2’ € T as discussed near (3.23). To
overcome this issue, we apply the slicing argument of [Har20] and a two-dimensional
Berry-Esseen estimate to analyze quantitatively the dependence structure via normal
approximation. However, Harper’s original proof relies on the double-exponential
growth of the number of summands defining Y,,, which leads to handy convergence
results. This approach unfortunately does not suffice as our Y,, only consists of an
exponential number of summands. Instead, we apply yet another change of measure
to re-center the vector (Y,,(z), Y,(Z")) for each pair of (z, z’), which guarantees a good

enough quantitative approximation.

(EXP) phase with 7 < 2q. We compute directly that

E[| Xy 27" = 2/ w2y e~ 1) dy = 20T (2gmy, + 1), (3.24)

Y
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which amounts to (using (3.15))

T(2gmi + 1) 1/2- 24
291
EHG(A)|ﬂ ﬁ‘II,%Mmkkmnank P\II q(VV/_> '

k>1 k>1

Since v < 2q, large values of m;, are favorable. In other words, partitions A € Py
with my(A) close to N dominate. On the other hand, for those A, the magnitudes
of E[|a(\)[??] are comparable (contrary to the case of (SE)), and hence a naive
Minkowski’s inequality argument (and concavity when ¢ < 1/2) similar to the (SE)
phase suffices for the upper bound but does not conclude the lower bound.

Observe that for the all-one partition A\*, a(\*) = XV /N!. Tt follows that

1%
] = W\/O' .',C2qN€ TTda. (325)

The contribution to the latter integral stems mainly from the range where x is close

XN 2q

Blla(\)] = E ||

to 2¢N/~. This motivates us to restrict the expectation E[|Ax|*] to the event
|R1| = |X1| &~ 2gN/~. By restricting to such an event, we gain better control of
the dominance of A € Py with m;(\) close to N.

We first use Minkowski’s inequality (and concavity when ¢ < 1/2) to exclude the
partitions A € Py with m;(A) < N — C, for some large constant C, > 0. For A
such that my(\) > N — C,, we may extract a common large power of | X;|, that of
|X1|N=C. Let us restrict to the event |X;| = 2¢N/y + O(v/N). For the rest power
of | X" MN=(N=C4) "we may substitute | X;| with 2¢/N/vy with a negligible error term.
This leads to tractable control on

Ef[lxic 3 an

/\EPN
mi(A)=N-Ck

2q

1{|X1%2qN/7}] ) (3-26>

where

N()\) ei71m1|2qN/7|m1—(N—C*) H (Xk)mk 1
a = v -
m1! pRtes \/E mk'
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The finite sum in (3.26), which is independent of R;, can be separated from the
expectation and approximated in L? (for C, large) by an infinite series that one can
offer a lower bound in probability.

The above arguments can also be adapted to the case of real inputs { Xy }x>1; see

Remark 5.

(EXP) phase with v = 2¢q. A similar computation as in the case v < 2¢q using
(3.24) yields

SO0 = T e gty = L
k>1 k>1
Compared to the above phases, we observe a new phenomenon here: the main con-
tribution in (3.13) stems randomly from a spectrum of A in a different way from the
other cases. The dominating term cannot be described deterministically and is gov-
erned by the random variable |R;| = | X;|. For x; € [0, N], conditioned on |R;| = 7,
we will show that the sum in (3.13) contributes mostly when m4(A) is close to z;.
The contributions from different values of |R;| can be roughly described by a slowly
varying function in |R;|. If both values of |R;| and m, are fixed, the situation is close
to (¢-UNIV): among partitions of N —m; without ones, those with a large component

dominate.

We sketch the ideas for the lower bound of (3.6), which is the harder part. For
m € [N/6, N/3] NZ, we consider the disjoint events that |R;| € [m, m + 1). On such
an event, we show that the main contribution to

20

AePN k>1

2q

1{X1|e[m,m+1>}] (3.27)

stems from the sum over A such that m;(A\) = m + O(N'9), by arguing similarly as
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(3.25). Conditioning on |R;| = x4, such quantity can be further rewritten into

X\ 1

> () o

‘ AEPN k=2 vk M:
\ml()\)—mKNg/lO

E

Qq] , (3.28)

where
X1 |j—m

Jl/m!

) = e

and z; € [m,m + 1). Note that we condition only on |R;|, and 7y is uniformly
distributed on [—m, 7] independent of anything else. The quantity (3.28) can be
viewed as a generalization of E[|Ax|?] (which is essentially u(j) = 1). To derive its
asymptotic, we need to apply a finer version of the multiplicative chaos approach
in the (¢-UNIV) case. First, applying Parseval’s identity allows us to reduce our

problem into studying the asymptotic of the low moments of a randomly weighted

E K /_ : yﬁK,M*,m(reie)Pde) q} | (3.29)

Feanal2) = Fean () < (3 u(i)?)),

J:lj—m|<NO/10

mass of truncated chaos,

where

cf. (3.18) and (3.20). For r close enough to 1, the second term on the right-hand side

with z = re? can be seen as roughly the discrete Fourier transform of the function

g = r™mI=™T(m)/T(j) at frequency 7, + 6, where one expects that roughly,

Y. ulre?y

Jilg—m|<NO/10

= min{r— \/Nrm}

‘7’1 —|—9‘7

Therefore, it is natural to decompose the integral in (3.29) depending on the magni-

tude of |# + 71|, and reduce the problem to estimating (uniformly) the low moments
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of the partial mass of the truncated chaos,

</|9<K1 | Fxcar, (re™)] d@)q]

where K, < v/N. This is central to the proof and will be the goal of Section 3.5.2.

E

As an example, we briefly illustrate the ideas behind estimating

( /w < |FK,M*(rei9)|2de) q] , (3.30)

using the aforementioned branching random walk analogue. The integration over

{6 :16] < 1/V/N} can be translated as considering only those points 2’ € T having
the latest common ancestor with z = 0 of generation no earlier than (log N)/2,
which form a sub-tree of the whole family. This suggests that we should 1) consider
a decomposition

VN

From, (2) = FK,M*(Z) X e (2) = exp < Z %zk> X exp <
k=M.

#)

(3.31)

k=vN

Sl

so that if |0],]0'] < 1/v/N, uniformly Fgar, (re’?) < Fgoa(re??); and 2) the in-
tegration of Fy ;. over {|f] < 1/V/N} should parallel that of Fi s, over T, since
each sub-tree of a branching random walk can be considered as independently a new
BRW with fewer generations. In other words, the term Fp ., (re?) shares roughly
the same value (up to multiplicative constants that are bounded in probability) for
all # with |6] < 1/v/N. This can be quantified using the generic chaining technique,

which gives tail bounds of

Do

> —=R(Xe™ - X))
. Vk

sup
l6|<1/vN
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under a suitable change of measure, allowing us to pull the term |Fg . (re?)|? out

from the integral in (3.30). With a change of variable 6 +— /N0, the remaining

q 1y q
( / |£K,M*<rei9>|2de) ] < N~9E ( / |£K,M*<re”/m>>\2de)]
|0|<Tlﬁ -7

shares the same log-correlated structure as the (¢-UNIV) case, and can be analyzed

term

E

in a similar way. For details we refer to Proposition 3.5.11, which establishes that

roughly,

T . q 29 T2mK q
E F m(re™)|*do = N1 .
([ Pt | <67 (75 e

Moreover, restricting to the event |Xi| € [m,m + 1) in (3.27) loses a factor of m™9,

which can be intuitively verified by the following property of the Gamma function:

m+1 e’}
/ e TxMdr < m_l/Q/ e TxMdx.
m 0

N/3

Altogether, we obtain

m—Ima°/2 N1-a+d*/2

Fla > mXJ\;/ﬁ I+ (1—q/log N —m)yr (1+ (1 —q)Iog M)’

leading to the lower bound of (3.6).

The upper bound follows a similar approach: condition on |R;|, construct (3.28)
for all m € N, use the multiplicative chaos upper bound for the (¢-UNIV) case, and

finally apply Minkowski’s inequality (¢ > 1/2) or concavity (¢ < 1/2).
3.3 The universality phase
3.3.1 Reducing the proof to Proposition 3.3.1

To prove the asymptotics for E[|Ax|??] under the (¢-UNIV) condition, we first show

that, given any constant M, > 0, removing summands a(\) in Ay with m;(A) =0
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for all i < M, from (3.13) costs at most a constant factor depending only on the
distribution of X}, (equivalently Ry), ¢, and M,. This will be applied later with M,
picked in terms of the distribution of X, and ¢ only. The same idea will be recycled
later a few times, for instance, for the (EXP) case with v = 2¢ in Section 3.5.2.
Recall (3.19). We use the following proposition on the low moments of Ay s,
with a suitable M, to deduce the asymptotics of low moments of Ay. We will
prove the upper and lower bound parts of this proposition in Sections 3.3.3 and 3.3.4

respectively.

Proposition 3.3.1. Fix an integer M, larger than some constant depending only on

the distribution of Xy. For any large N and any q € (0,1], under (q-UNIV) we have

E[|An .

2(1] -

A(H(l—é)m)q’

where the implied constants may depend on the distribution of Xy, (equivalently Ry,),

q, and M,, but not on N.

Remark 2. The truncation parameter M, is chosen so that every exponential moment
regarding X used in the proof of Proposition 3.3.1 is finite for any k > M,. It is
possible to track down this threshold in terms of the constant kg defined in Lemma

3.7.2, but we omit the work here.

Deducing equation (3.3) of Theorem 3.1.3 from Proposition 3.3.1. We first establish

the upper bound of E[|Ax|*]. Define
,PJfT,M* = {(mi)1<i<M* V1i<i< M*, m; € {0, . ,N} and Z m; < N}

1<i< M

(3.32)

For m € Py ), , we define



In particular, Ao.nar, = An .. For ¢ <

1/2, using concavity we have

(&)

|

E[ANT < Y EllAmnar ]+ D Ella(M\)]
mePy A1 <M,
Mi—1
2q
< ) E“sz_zgg;ljmj,MJ ] [[E
mEPf,,M* k=1
My—1

+ > JIE

AN <My k=1

() o

T

By Proposition 3.3.1 and (3.17) and since M, is fixed, the first sum is bounded by

> E [y gt |] H E

&)

mEPf,’M*
] M.—1
< M.—1
mePS . (1+(1—9q) \/logN doimr Jmy))t k=1
M.—1

1

<
merz . (L4 (1= )y log(N = S0 jmy))e i

where 6 > 0 depends on 7, q. Next, since M, is fixed,

Mi—1 koq 2q
()" 5l
>\>\12<:M 1!_[1 !
M,—1 1/2 2gmy,
o 3 Tlew (2
2, 1 W
Mi—1
<y e
A<M, k=1
1
<<N,

HC1/2q

1

|
i)

I (o)

where we used in the last step that Ek<M* my = N/M, for A € Py with A\, < M,.
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We thus arrive at

1 Mi—1 1 2gmy 1
s S 0 (as) v
merm g, (14 (1= ) flog(N — S0 jmy))e =1 \e'VE

Let us divide the above sum over m € P]f,y a. Into two parts depending on whether

Z;V[:*fljmj < N/2 or not. First,

My—1 2gmy,
2 : H< 1 )
. §
mermy, (L (1= flog(V = 27 jmg))e r \eVE

i imy<N/2

1 Mi—1 2gmy,
SUTa gviey H(f)

mePy My
Myx—1 .
Zj:l Jm;j<N/2

< 12 ()

1
(1+(1—q)vIogN)e

<

Second, if Y210 jm; > N/2, then 327" m; > N/(2M,). This implies

Mi.—1 2gmy,
> : 1 ()
(14+(1—gq) \/log N — ZM* Lim))e k= vk

mePy M
My—1
2520 dmi>N/2

My—1 2qmy,
1 M. 20gN 1
c xR () <

mEPﬁ’M* k=1
Mo >N/ (2M.)

(3.33)

Altogether, these yield E[|Ax|*Y] < (1 + (1 — ¢)v/Iog N)™? for ¢ < 1/2. The case
q € (1/2,1] is similar by looking at E[|Ax|??]/? and using Minkowski’s inequality
instead of concavity.
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Next we show a matching lower bound on E[|Ax|??] by using that of E[| Ay az, [*].
The first observation is that we can, with the cost of a constant factor depending
on L, remove those a()) such that 0 < m;(\) < 2% for some large integer L to be

determined later. Denote by A C Py the set of partitions of N such that 2¥|m;(\),

for 0 < k < L. Using X, 4 — X1, we get

Av=Ya)+ > a) == a)+ D a),

AeAp AEAG A€Ao AEA§

and therefore,

1
[ ] = 5(

‘Z a 2q+’—2a()\)+2a()\)2q]>
AEAp AEAG AeAp AEAG

2|3t

AEAG

1
2

_1lp > 21,
A€A;

where we used that max(|w — z|, |w + z|) < |z| for complex numbers z, w. Further,

to get rid of A € A{ N Ag_1, we use X 4 ¢/2" X\ and apply the same argument. By

induction, finally we have as claimed above

E[|Ax[*] > 27

> a(/\)rq].

AEAL

Continuing this procedure for mao, -+ ,my, 1, we get

E[|AN|2q] > Q_M*L]E

D> a(A)\”’] =: 27 ML Ay ),

AeBuy, L

where

BM*L—{AG,PN V1 < k‘<M*,2 ]mk( )}

which is a subset of

{ANePy: VI<k <M, mp(\) #0 = my(X) >2"}.
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Since we assume the unit variance condition E[|X;|?] = E[|R;|?] = 1, we may
assume there is some ¢y € (0,1) such that P(|R| < €9) > 0 (otherwise |R;| = 1
being sub-Gaussian, Theorem 3.1.3 equation (3.3) follows from Proposition 3.3.1
with M, = 1). The strategy is then to restrict to the event that |X;| = |R;| < &¢ for
each 1 < j < M, — 1, that is, with E denoting the conditional expectation on the

event {|R;| < ep, 1 < j < M, —1},

E[|Ax|*] > E[|Ax [ | |R;| < €0, 1< j < M, —1] = E[|Ay[*].

Using either concavity or conditional Minkowski’s inequality, it then suffices to prove

(Xk) 1
Z II |
)\GBM L k>1 M
FjelL,M.), 'm0

2q

A~

E 2] (3.35)

1
< =E[|A
SEllAn.u

where C' > 0 is a fixed large constant that depends only on M,. Let Cy > 0 be
the implied constant in Proposition 3.3.1. Let 73;”%4* be the subset of Pg ,, with
mi(A) = 2F for all 1 < k < M, such that my(\) # 0. We have for ¢ < 1/2 (and

similarly using Minkowski’s inequality for ¢ > 1/2),

E Xk 1 |%
: Z H ( ) my,!
AEB, L k>1
€1, M), mJ;ﬁO
o) Xk 1]
SIS D SR (€3 F
<,L )\GP k‘>]_
merzl’;é\fbM* [ mMN_l)—m
. Mﬁl |Xk|" g > I X\ 1 |
<,L )\67) ety
mGPNM (m i N ):m >M,
m#0 1yeee My —1
CO Mi—1 qumk

< D
M,—1 .
mepst, (1 (1= )y /log(V = S5 jmy) i
m#0
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M,—1

The sum over m with ;7

jm; > N/2 can be controlled similarly as in (3.33).

The rest terms are bounded by

-1 . qm
merit, (L (1= flog(N = S jmy)e =t B

m#0

My—1 ;
Zj:*l Jm;<N/2

o 2C, -
(14 (1 - q)vIog N)e Z<L il
mE’PN’M* =
Note that

M,.—1 M.—1 00

S M I (1 X am) -1
k=1 k=1

mGP;’f/I* mk:2L
m#0

By picking L large enough, we obtain
‘ I (ﬁ)m 1
Vi) myl

/\GBM*,L k>1 ’
Sje[l,M*), m]#o

2q

E

HR]"<€0, 1<]<M*—1]

1
<
CoC(1+ (1 —q)v/Iog N)a

E[|An,ar,

2q]’

thus proving (3.35) and hence the desired lower bound. ]

3.3.2 Setting the stage for proving Proposition 3.3.1

We now proceed to the proof of Proposition 3.3.1. In this short section, we prepare
ourselves with a few notations. First, motivated by our discussions on page 45, we

define two probability measures as follows.
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For any K, M, r satisfying log M, < M < log K and ™'/ < r < e'/% | define the

measure QT M DY

QN ke Ly Ry cos(my) 5.36)

dP E[exp(2zk o kacos( ))]

In addition, let K, be such that log K, is the largest integer with K, < min{-—— 4logr, K},

and M = M(r,0) be the smallest integer such that e > min{10%/|0], K, /e, M.}

1/K

For e /K < r < YK and 0 € [—7, ), define the measure QTMK(, by

d@ﬁ/[,l(,e . exp(2 Y02 1 (Zo(m) + Zg(m))) (3.37)

dP Elexp(2 Zizg:ﬁ;H(Zo(m) + Zy(m)))]

where for any M < m < log K, and 0 € [—m,7),

Xkrkeikﬁ

Zo(m) =R )Y I

em—lgk<em

— Z \/_Rk cos(1y + k). (3.38)

em—1gk<em

When the values of r, M, K, 0 are clear from the context, we will drop the subscripts
and write instead QM) and Q.
To further understand the sums Y,, defined in (3.22) under the new measures, we

define and compute using Lemma 3.7.4 that

w [ r* 2k 3/2
HE = EQ {ﬁRk COS(T]J} = 7 + O(ki / ) (339)

and

r2* cos(k@)r?k

L —3/2
T RO, (340)

k
Ve = 1 (0) := EQ® lr—
k= vi(0) T

Ry cos(Tk)} -

We also refresh ourselves with the truncated multiplicative chaos. Recall (3.19)

and (3.20). It holds that

AN, = [zN] exp(

ngt
SIE
N??‘
N—
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Moreover, inserting K = N/2 into (3.19), we have

N/2

Fxjonr(2) = exp (,;; %Jﬁ) = nf% ( A;n a(/\))z”. (3.41)
A <N/2

V1<k<My, my(A)=0

In the next two subsections, we establish the upper and lower bounds for Proposition

3.3.1 respectively.

3.3.3 Upper bound of Proposition 3.3.1

By Hélder’s inequality, it suffices to prove the upper bound for 1/2 < ¢ < 1. Propo-

sition 3.3.1 then follows from the two propositions below.

Proposition 3.3.2. Suppose that E[e"]] < oo for some v > 2q. For 1/2 < ¢ <1

and N large enough, we have for some C(q) > 0,

J - 1/(2q)
1 1 e
2¢11/(2q) 2 : . ; ; 2 _
E[|An s %Y%) « \/ﬁ = E [(27T /7r | Fny2i v, (exp(j/N +i6))| d9> } +N,

where J = [log(C(q)V/N)/log?2].

Proof. The main idea resembles that of [SZ22, Proposition 3.1]: separate the sum
over A € Py according to the values of Ay, control the contributions from partitions
A with a small A; (and hence some my(A) is large), and apply Parseval’s identity to
the rest A.

Denote by PR, the subset of Py satisfying mi(A) = -+ = ma_1(A) = 0.
Recall (3.12) and (3.13). Suppose that E[e"l] < oo for some v > 2¢. Then
E[| R[] < y~‘T'(¢ + 1) for £ > 0. Therefore,

K[| Ry, [*7™]

(mk!)2ql{;qu

EflaM)* = ]

k:my >0

29



Cry=2ameT(2qgmy, + 1)
< Il = e

< 11 C(2g/)m

kamk

, (3.42)

where we have used (3.15). By Minkowski’s inequality,

207 1/(20)
S ay ] ' Sy

AGPJOV,M* )‘GPJOV,M*
A1<N/27 M<VN/C(q)

<DL Efla(yparen

AEPR At

M<VN/C(q)

2¢\ """
< > 1l ez
/\EPJOV,IW* k:my>0 v

M<VN/C(q)

=E

VN/C(q)
2’ Zh=it

<pycvIew (21) S 6w
g

where py is the number of partitions of N. Note that for partitions A € Py, , with

the largest component at most v N/C(q), we have

VN/Cla) () Ve i
my = ——= kmy = C N. 3.44

Inserting back to (3.43), together with the bound py < e™V*3VN (see [And9g]), we

have

247 1/(20) 2% C(q)VN/2 1

Ell > al < (—> < —,

AeP? v N
€PN, M.
A1<N/27

where we take C'(¢q) large enough in terms of the fixed constant C' and ¢,~y. The rest

of the arguments follow similarly as in Section 4 of [SZ22], which we sketch below for
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completeness. By Minkowski’s inequality,

D SERIE)

AEPY At
N/27 <A\ <N/27 1

J
EHAN,MJZq]l/(QQ) < Z]E

Jj=1

1
—. 3.45
- (3.45)

For a fixed j € {1,...,J}, we may decompose

Y. aN= ) alpalo),

AGP?\I,NI* ’ |p|+f|)f|:N
N/27 <A\ <N/2771 1p|>0

where the parts of p lie in (N/27, N/297!] and of ¢ lie in [M,, N/27] (here and later,

we keep such constraints in the sums over p or o). Let E; denote the expectation in

{Xk}n/2i<k<nyoi-1. Note that if X # X' are distinct partitions, then E[a(\)a(X)] = 0
by independence of { X} }x>1. Therefore, by applying Jensen’s inequality and expand-
ing the square, we obtain

2

S [la(o) ] (3.46)

PEPn

E.

J

> alo)

0
OEPN _n M.

2q 1/q
o

N/2i<n<N

AEPY At
N/2i <)\ <N/23—1

For a partition p whose parts lie in (N/27, N/2771], we have

Bl < [ SComem) Oy

12 Lm
N/2i <k<N/2i—1 (my!)2kme N
where 7 is the number of parts in p. Using r < 2/ < C(¢)®2N/27 for 1 < j < J, it
follows that

S Bl < X (%) (LNZQiJJ r)

pEP, 2i—In/N<r<2in/N

2 cr-1 1 2j(N —n)

<= ) —exp ().
N_ | (r—l)!<<NeXp( )

20—1n/N<r<2in/N
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Inserting in (3.46) leads to

2q 1/q 2 .
1 27(N —n
E, E a(\) ] <5 E E a(o)| exp (%)
AEPY . N/2i<n<N ' oePY_
N/27 <A <N/2771
1 T J , 2
<o | [P (e (5 +10) ) .

(3.47)

where the last step follows from Parseval’s identity applied to

Fyporan(2) =3 (D0 alo))="

r 0
UEPn M

Taking expectations on the g-th powers of both sides of (3.47) completes the proof.
m

62



Proposition 3.3.3. Fiz any q € (0,1]. Suppose that E[e"1]] < 0o for some v > 2¢.3

ol/K

For any K sufficiently large (in terms of M,) and 1 < r < , we have
K

| ([ mceran) |« (=i

where the implied constant depends on q,~ but is independent of K, r.

(3.48)

Inserting Proposition 3.3.3 into Proposition 3.3.2 then yields the upper bound of
Proposition 3.3.1. To set up the proof of Proposition 3.3.3 we need the following two-

sided ballot estimate for a centered Gaussian random walk, which is due to [Har20].

Lemma 3.3.4. There is a large universal constant L1 > 0 such that the follow-
ing holds. Consider a sequence of independent centered Gaussian random variables
{Gn}nen with variances between 1/20 and 20. Then uniformly for any functions
h(m), g(m) satisfying |h(m)| < 10logm and g(m) < —Lym, and for a,n large
enough,

m

P (Vl <m < n, gm) < ZGj < min{a, Lym} + h(m)) = min {1, %}
n

j=1
The same conclusion holds if we replace min{a, Lym} above by a.

Proof. The first claim is [Har20, Probability Result 2]. For the second claim, the
upper bound follows from [Har20, Probability Result 1], and the lower bound follows

from the first claim. O
Definition 3.3.5. Fix a large universal constant L; > 20 as in Lemma 3.3.4. Let
K be large enough (in terms of M,) and 1 < r < e'/%, and suppose that 1 < A <
Vlog K. Define the event G,.(A,0; K) as

Xkrke““e
ViogM, <n<logK, —A— Lin < Z R————up | <A+ 10logn ;.
M <k<e™ \/E

3Strictly speaking, Proposition 3.3.3 does not rely on v > 2¢. Assuming only v > 0, the same
conclusion holds if M, is large enough in terms of ~.
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Define also the event G,.(A; K) that G,(A,0; K) holds for all € [—m, ).

Proposition 3.3.3 then follows from two propositions below.

Proposition 3.3.6. For any K sufficiently large, 1 < r < eY%, and 1 < A <

VIgK,
B(G,(4; K)) < exp(—A).

Proposition 3.3.7. For any K sufficiently large, 1 < r < V%X, 0 € [-n,7), and

1< A< VIogk,
AK
Vieg K’

E[lg, (a0, | Ficar. (re”) ] <

and therefore

E |1g, (4, F “)Pde| < .
a0 [ [Fiean (re) o

Deducing Proposition 3.3.3 from Propositions 3.3.6 and 3.3.7. If ¢ = 1, the upper
bound of (3.48) is equivalent to K7 (up to constant) and the desired claim follows

from Lemma 3.7.3. If ¢ € (0, 1), it suffices to prove

q

[ )] < ()

Next, we partition the whole probability space into the events
(LK), G:(2";K)°, and G,(2/; K)\G,(27 K), 1 <j < J := [loglog K.

Then we have by Proposition 3.3.7 that

T q

& 1o ([ 1P reyan) |
s ) q

< <E {1@(1;10/ |FK,M*(7“€ZG)!2d9D
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K q
< ,
(vlogK)

and by Holder’s inequality and Propositions 3.3.6 and 3.3.7,

T q
E {1%(21;[()\@(211;1() (/ | Fre a1, (7’619)\2d9) }

—T

™

< (PG Ky (E [1@(2,.;]() / |FK,M*(rei9>Pdebq

—Tr

K
Vdiog K

< ( )q2jq exp(—(1—¢q)2’7h).

Note that

Zqu exp(—(1—¢)2 N <« Z 219 exp(—(1 — ¢)2' ') < (L>q.

l—gq

j>1 1<j<—logy(1—q)

Finally, by Holder’s inequality, Lemma 3.7.3, and Proposition 3.3.6,

q

m ] q K
E |:1gr(2J;K)C (/_ |FK,M*(T619)’2d6) :| < (W) .

Combining the above estimates concludes the proof. O]

Proof of Proposition 3.3.6

By definition, if G,(A; K) fails, then there must be some log M, < n < log K such

that either

e"—1 i
X,k ikt
max (%& — ,uk> > A+ 10logn (3.49)
oe[—m,m) vy \/E
or
er—1 Xk eikd
min (?R— - Mk> < —A— Lin. (3.50)
oe[—m,m) Py \/E
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Applying the union bound, we can bound the probability of the first event (3.49) by

e"—1 Xk eik?
P(dlogM, <n<logK : max) (?R——,uk>>A+1010gn
M.

oe[—m,m = \/E
log K e"—1 k _ik0 log K
Xirie
< g P R——— — > A+ 101 =: E P
h =log M. (95{1_%37;) k=M. ( \/E Iuk) ' e n) =log M.
n=log M. =M. n=log M,

The quantity P, is then controlled using a chaining argument. First, we discretize the
interval [—m, m) into ne™ points. Define 6; = 27j/(ne™), 0 < j < ne™ (and identifying

0 with # — 27). Then on the event in the definition of P, it holds that either

e"—1 Ny

X k ,ik0; A
Z <§R% - ,uk> > 3 +5logn (3.51)
k=M,

for some 0 < j < ne” or

e"—1 g e"—1

R (e — ) = %/ Xpr* (iVke™)dy > = + 5logn
k;; N =% | > Xrk( Jdy > 5 +5log

7 k=M

for some 0 < j < ne” and some 6 € [0;,6;41). In particular, the second case implies

Oj41 | € =1 4 A
/ Z X" VEe™ | dy > 3 +5logn (3.52)
0; k=M,

for some 0 < j < ne™. Therefore, by the rotational invariance of Xy, it holds that
Po < ne"(P+Py),

where P/, (resp. P) is the probability that (3.51) (resp. (3.52)) holds with j = 0.

For P!, using Markov’s inequality and Lemma 3.7.3 we have

A en—1 e"—1 k
P! < exp (—2(5 + 5logn + Z ,uk>> E |exp (2 Z %Rk cos(m))]
k=M., k=M.,
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< exp(—A —10logn — 2n)e" = ——

Next, we estimate P/. Applying in order Jensen’s inequality, Markov’s inequality,

and the fact that the law of X, is rotational invariant, we have for 5 > 0,

pree ([ o (] 3 s vien i o (11 )

20,

A+ 10logn 1 — o .
< T Us - iky
< exp ( 20, 5) E 0 ), exp (6’ kEM Xr*Vke )dy
A+ 101 [ i
<o (<2555 2 o (1] 3 i)
L k=DM,

A+ 10logn
— =B )E
20, 6)

exp (25‘ enz:_l Ry, cos(rk)rk\/ED] :

<K exp (—
k=M,

Since Ry are i.i.d. sub-exponential, so is ZZ’;}}[ R, cos(m)rk\/%. Then by Bernstein’s
inequality, there is some constant C' > 0 depending on the distribution of R; such

that

e"—1
1 . u? u
P (‘ Z Ry, COS(Tk)Tk\/E‘ > U) < exp (—5 mm{eﬁ, W}) ;

k=M,

which implies

E

e"—1
exp <26‘ Z Ry, COS(Tk)Tk\/E‘>] < exp(CB%e™ + log B).

k=DM,

Finally, plugging in 8 = e™ we get the desired bound P/ < e~4="/n1® (which is
loose but sufficient). Combining this with the bound of P/, we get P, < e~4/n?,

and therefore

R—— — uk) > A+ 1010gn> < e A



By replacing Ry with —Ry and also py with —pug, the probability of the lower tail
event (3.50) can be bounded by the same argument. This concludes the proof of

Proposition 3.3.6.

Proof of Proposition 3.3.7

Let M = M(A) = max{2v/4, 20, log M.}, and define

eM—1 ;
Xkrkezke
o =5 (Y
k=M, \/E

Define the event
E(AO; M) :={—A—L1M < Ag(M) < A+ 10log M },

and for B > 0, define the event L,.(B,0; K) as

X, rkeik?
{VM<n<logK, —B—Lin< Z <3‘E—
eMLk<en \/E

—,uk> < B+ 1010gn}.

(3.53)

Then we can replace the event G, (A, 0; K) by the less restricted event &.(A,0; M) N
L.(2A + L1 M, 0; K), where we used 10logz < 2x when x > 20. By rotational

symmetry and independence,

E(lg, (a.0:)| Fic.ar, (r€”) ]

=E([1g, (4,0:)| Fic,ar. (r)]?]

[ ‘2 Xt KXk
k k
<E |1g,(a,0,m) €XP (2% k;\; W) Lz, (244 L1M,0,K) €XP (29? kze;w NG >

eM_1 X T’k K-1 X T’k
=K 1gr A,0;M exp (2?)% K ) E 1£T 2A+L1 M,0;K exXp (2% K ) .
( ) k§4* \/E i ) k_ZeM \/E
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Proposition 3.3.8. With the notations above and let B := 2A + L1 M, we have

Xpr K B
1E7‘(BOK €xXp (2% Z \;— >] < G—MW (354)

k=eM

E

Deducing Proposition 3.3.7 from Proposition 3.3.8. Note that B = 2A + LM =
O(y/log K). By definition of M and Proposition 3.3.8, we have

.
e, (A,0:0) €XP <2§R —= )
P k

K(A+ M)
log(K/eM)

E[lg, (0,5 | Frear. (re”)?] <

eM—1
AK r* AK
o < E e (03
< e ¥ E o ( 2T )| <

*

where the last step is due to Lemma 3.7.3. This concludes the proof. O

Proof of Proposition 3.3.8

Recall our definition of Q) = Qilz)w 5 from (3.36) and the event £,(B,0; K) from
(3.53). The constant M, is chosen depending on the law of Ry so that for all k£ > M,,
every Laplace functional below (i.e. expectations of the form E[exp(ay Ry cos(7y))] for

some ay,) is well defined, and the conditions in Lemmas 3.7.2 and 3.7.4 hold. Using

Lemma 3.7.3, the left-hand side of (3.54) becomes

E

exp ( Z_ %Rk cos(m))] Q(l)(ﬁT(B,O;K)) — GEMQ(I)(&«(B,O; K)).

k=eM

It then suffices to calculate the ballot-type probability QW (L, (B, 0; K)). Define

Y= Y (;—;chos(fk)—gk). (3.55)

em—lg<k<em

Next, we approximate these random batches Y,, with centered Gaussian variables

with uniformly bounded variance, which allows us to use Lemma 3.3.4 to compute
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the probability

n

QW (VM <n<logK, —B—Lin< Y,, < B+ 10log n)

m=M+1

Lemma 3.3.9. For any r,, such that |r,,| < m?, there is some centered Gaussian

random variable N, with variance o2, = EQV[yY2] = 1+ 0(e ™) such that
QY (rpy <Y <rm+m™) = 1+ 0(m™2)P(rp, < Ny < 1 +m™3).

Deducing Proposition 3.3.8 from Lemma 3.3.9. We use a slicing argument as in
[Har20]. Note that on the event £,(B, 8; K), it holds —B—L;(n—1) < Y0, Vi <
B+10log(n —1) and =B — Lin <> /., Y, < B +10logn, then there must be

Yo < 2B+ Lin+10logn < A+n, M <n <logK.

Since M > max{2v/A,20}, we know further that |Y,| < n? uniformly in M < n <
log K. Then there must be some r, € R, = {r € n™*Z : |r| < n*} such that

rn <Y, <r,+n"?* In particular,

1
~B-Lin— Y —< Y rm<B+10logn, M <n<logK.  (3.56)

Denote by D(M, K) the set of all possible vectors (7,) m<n<iog k5 n € Ry that satisfy
(3.56), then Lemma 3.3.9 yields

n

QU (VM<n logK : —B — Lin < YmgB—i—lOlogn)

m=M+1

log K

< Y IL (<Y <rat )

(rn)€D(M,K) m=M+1

log K

= Y II 040 ) B(r < No <t )

(rn)ED(M,K) m=M+1
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log K

1
<K Z H ]P’(?"m<Nm<Tm+@>
(rn)ED(M,K) m=M+1

"1
g]P(VM<n<10gK;—B—L1n— >

ma
m=M+1

< i N,, < B+ 10logn + i %)

m=M+1 m=M+1
B
LK —F—
VNog(K/eM)
where the last step follows from Lemma 3.3.4. This completes the proof of Proposition

3.3.8. O

Proof of Lemma 3.3.9. That o2, = EQV[Y2] = 1/2 + O(e~™) follows from Lemmas
3.7.1 and 3.7.4. We first compute the characteristic function of Y, under Q. Using

Lemma 3.3.19 of [Durl9] and Lemma 3.7.4, we have

EQ(l) Lk B t2 QW rk
exp Zt(ﬁRk cos(Tx) — uk) =1- EVar ﬁRk cos(i) | + Di(t)
2%

=1- <Z—k + O(k—3/2)> t2 + Dy(t)

with some Dy(t) satisfying
3mQM rk 3 37.-3/2
IDy(t)] < [tPE ‘ﬁchos(Tk) —uk‘ < |tPE2,

and similarly | D}, ()| < [t|*k~%/2. Rewriting this in exponential form, we have

L k t2 k
E2" [exp <it(%Rk cos(Tx) — ,uk))l = exp <—5VarQ(1) [%Rk cos(m)] + Tk(t)>
with again |T(t)| < [t[3k~%/2 and |T}(t)| < |t|*k~%/2. By independence, we then

have
2 9

E®" [exp(itV,,)] = exp (—t Om 4 Sm(t))

2
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t2 T,Qk 3/
=exp | —5 Z o +O(k™%) ) + Si(t)
em—l<k<e™
with |S,,(t)] < [t[2e™™/% and |S! (t)| < [t|?e™™2. Let A\, := /02, < m? by our

assumption that |r,| < m?2. Define a new measure Q) by

Q e exp(AnY,

m)
H EQ [exp(Ap Yin)]’

m=M+1

and the characteristic function of Y,, under @(1) is
oW . . o2 2 . .
EQ [exp(itY,)] = exp ( irmt — Tmt + Sp(t —iAn) — Si(=iAn) | -

Note that when Y,, € [r,, 7 +m ™1,

r
|/\mYm - /\mrm| < ‘2m|4 < m_2 a.s.
aZm

Together with the estimates on S,,(t), we have
QW (rp < Vo <1 +m™?)

_ IE@(l) [eAmYm} EQ(l) [6_)\mym1{rm<Ym<rm+m*4}]
02 ~
= eXp <7m/\72n + Sm(_l)‘m)> eXp(_Tm)\m + O(m_Q)) Q(l)(rm < Ym < T+ m_4)

r2 o\ ~
= (14 0(m™2)) exp ( . —m) QW (1 < Y < 1 +mY).
(3.57)

2

For each m, let N,, be a Gaussian random variable with mean 7, and variance o;,

under P, i.e., with characteristic function

2

Elexp(itNy, )] = exp <irmt — 07"”‘752)
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Applying Berry-Esseen bound (see equation (3.4.1) of [Durl9]), we obtain

QD (1, € Yoy < Pop +mY) = P(ry < Ny < 7 +m7 )]

m/9 0 : AT

e ]EQ itYm] E itNm

<</ o ) e i | PR
—em/9 ‘t|

Further, since |S,,(t)| < [t|?e™™/? < 1, we have the estimate
B[] — B[] < e B2 exp(S(t — iAm) = Sm(=iAm)) — 1
< e T R2|S (= iXn) — Sp(—idm)]
- []
< Rt / 1S (5 — iAn)| ds
0
< e—afntQ/Qe—m/Z(|)\m|2|t| + |t|3).

Therefore,

QD (ryy < Yy < 1 +m %) = P(ryy < Nipy < 7 + m )|

em/Q

<e / (A2 + [t2)e /20t 4 &m0

—em/9

(1 4+ |rm|?)e™™? 4 7m0 « emm/0

for any |r,,| < m?. Note that P(r,, < Ny < 7 +m™4) > m™, we have

QU (rm < Yo K+ m™) = (14 0(e ™)) P(rm < Nop < 1 +m %),

Finally, a standard Gaussian computation yields

. 2
P(rp < Ny < i+ ) = (1 + O(m2)) exp (;—m)mrm < Npp T+ mY).

2
Om

Combining with (3.57) yields the proof.
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3.3.4 Lower bound of Proposition 3.3.1

In this section, we prove the lower bound of Proposition 3.3.1.# We first reduce the

proof to the following two propositions.

Proposition 3.3.10. Fir ¢ € (0,1]. Suppose that E[e"1l] < oo for some v > 2g,
i.e. (q-UNIV) holds. Then for any 0 <r <1,

1 T » !
Iy

~E {qu ( /_ : |FN/2,M*(e"9)y2de) qD .

Remark 3. Proposition 3.3.10 mirrors Proposition 8.1 of [SZ22], which focuses on

q € [1/2,1] instead of ¢ € (0,1], together with a Holder’s inequality argument for
q € (0,1/2), in order to obtain uniformity of the constants in ¢. Here, we do not

attempt to have the asymptotic constants in (3.3) independent of q.

Proof. We mainly follow the arguments in Section 9 of [SZ22]. First, it follows from

the same symmetrization procedure as (3.34) that E[|Anas|?Y > E[|By.a|*]/2,

where

X,
By, = E %AN—n,M* .
N/2<n<N

By Khintchine’s inequality, in the form of Lemma 4.1 of [LT91],° we have

E “BN,M*

An_n
20| {An s, frensnyz) > ( > MTM

2\ ¢ 1 ) q
) (3 3 ut)
N/2<n<N n<N/2

4The proof of the lower bound does not strictly rely on the (¢-UNIV) condition, but the bound
may not be tight for the other cases.

5The proof therein is stated for Rademacher random variables, but the same arguments work for
sub-exponential random variables, using a standard concentration bound (e.g., Lemma 8.2.1 of
[Tal21]).
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Taking expectation yields

E[|An ar.

1 q
2 2 : 2
n<N/2
Recall from (3.41) that with

zzn,]\/"]w)k = Z CL()\),
AEPy

A1 SN/Q
V1<k<My, mi(N)=0

it holds that Fn/oar(2) = Z@O A, v 2", and hence by Parseval’s identity, for

r € (0,1],
Z | Ay v, 2> Z | Ay v o, 2r?" — rN Z | Ay v |2
TL<N/2 n=0 n=0

(3.58)

1 s ) ,r.N ™ )
= — / |FN/2,M* (7‘610)|2d9 — —/ |FN/2,M* (6“9)|2d0.
2 J_. 2 ).

Moreover, by definition A}L N = Apa for n < NJ/2. The claim then follows by
applying the inequality |z + w|? < |z]? 4 |w]? for ¢ € [0,1] to (3.58), and taking

expectation. ]

Proposition 3.3.11. Fiz any q € (0,1]. Suppose that (q-UNIV) holds. Let K be

large enough. For any e /%0 < r < 1, we have

| ([ merar) | = (=i

where log K, is the largest integer such that K, < min{—1/(4logr), K}.

Remark 4. Here, K, is the threshold below which the variances of Y, (defined in
(3.55)) are comparable (say, between 1/20 and 20). This appears necessary to make
sense of the random walk analog of (3.22) proposed in the proof sketch.
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Deducing the lower bound of Proposition 3.3.1 from Propositions 3.3.10 and 3.53.11.
Consider » = e ¢/N for a large constant C' to be determined. Then Proposition

3.3.11 gives that for N large enough,

oo (L) | & (e avmem)

On the other hand, applying Proposition 3.3.3 gives

1 T ) q e—C q
—F |rNe F Y1240 < C .
s [P ([ msmantenran) | < 6 (e )

Therefore, by picking C' > 0 large enough depending on the constants C', Cs, Propo-

sition 3.3.10 yields

1

E[| Ay 9] > (1 T - q)\/log—N)q

for N large enough. By adjusting constants suitably, the conclusion stands for all

N. [l

Proof of Proposition 3.3.11

For any (random) subset £ of [—m, ), we use Holder’s inequality to obtain

" ionzag) (E [J¢ | Frar. (re?)*dd] )2_q
E {(/ |Fre o, (re”)] d@) } > (E [(fﬁ‘FKyM*(reie)yzdg)ZDI_q' (3.59)

—Tr

We then carefully choose this random set £ as inspired by [SZ22]. Recall (3.39).

Definition 3.3.12. Fix again a universal constant L; > 20 from Lemma 3.3.4. Let

A be a real number with 1 < A < /log K,.. Define £(6) = L(A, 0; K) as the event

that for each log M, < n < log K, one has

e"—1 ;

Xk,r,kezkH

—A—Lin< Z (3?— —up | <A—>5logn.
S\ VE
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Also, let £ = L(A; K) be the random subset of § € [—m, 7) such that £(f) holds.

First, we give a lower bound of the numerator of (3.59).

Lemma 3.3.13. For any 1 < A < /log K, and e V400 < < 1, we have

AK,
F, 2de
| [ ontocyat] > 5

Proof. The proof is similar to the proof of Proposition 3.3.7 in Section 3.3.3, so we

only sketch the key steps. First, observe that by rotational symmetry,

E |:/ |FK7M*(T€i9)|2dQ:| =E |:/ 15(9)|FK7M*(T’€Z‘6)|2(19:| = 27TE[]_£ |FKM*(7")|2]
L _

™

It follows from Lemmas 3.7.1 and 3.7.3, and definition of K, that

E[Lz 0| Fiar. (7)) =E[exp( 3 %chosm))}@m(ﬁ(o»xm@<l><£<o>>-

Next, recalling the definition of Y;, in (3.55), we replace £(0) by the less restrictive

event

Z(O) {‘v’logM <n<logK,, —Lin< Z Y., < min{A, Lln}—5logn}

m=log M

On the event £(0), we have

X k ik0
= (P )

em<k<emtl

< m, logM, <m < log K.

It then follows from Lemma 3.3.9 and a slicing argument as in Section 3.3.3 that

QW (L(0))

> QU (VlogM <n<logK,: —Lin< Z Y., < min{A, Lln}—510gn>

m=log M

7



>>IP’<‘V’logM*<n<10gKT:—L1n+ Z m™* < Z N,,

m=log M, m=log M

< min{A, Lin} —5logn — Z m4>

m=log M,

A

>
log K,

where the last step follows from Lemma 3.3.4 and by adjusting the constant L,

suitably, while noting that M, is a fixed constant. This completes the proof. O

For the upper bound of the denominator in (3.59), we first expand the square to

E < /E Frea, (rew)|2d8) 2]

B | [ [ tco|Franre®) Lo | Fran. (re®) Ptidss

get

= / E [Leone [ Fran (1) | Fr . (re”)*] 4. (3.60)

—T

Proposition 3.3.14. With notations as above, for any 0 € [—m,7) and e /10 <

r <1, we have

, K? min{ K, 27 /|6|}
E 1 F 2 F 0|2 A2 2A T ™ )
eone Fian P i (re )] < A e g (G, 2 O

Deducing Proposition 3.3.11 from Proposition 3.3.14. As in [SZ22], applying equa-
tions (3.59), (3.60), Lemma 3.3.13, and Proposition 3.3.14 with A := y/log K, /(1 +
(1 — q)v/log K,) completes the proof. H

78



Proof of Proposition 3.3.14

Define M = M (r,0) to be the smallest integer such that
e > max{min{10*/|0|, K, /e}, M. }.

Set for any 6 € [—m, )

]\/I_l 3 61\/1_1

Ag(M) = 3%62 (% - Mk) = > (%Rk cos(Ty + k) — Mk) .

k=M, k=DM,

Similarly as in the proof of Proposition 3.3.7, we replace the event £(0) N £(6) with

a less restricted event £~, defined by the constraints that

A~ LM < Ag(M), Ag(M) < A — 5log M, (3.61)

and for any M < n < log K,

— A— Lin — max{Ay(M), Ap(M),0}

T )T ()

eMLk<en eMLk<en

< A—min{Ag(M), Ag(M),0}.

Also recalling our definition (3.38), and using . = r?*/k + O(k~3/2), we get

E [1z0nc) | Frr (r)* | Frar (re) ]
eM_1 r% log K
L 2A0(M)+2A4( 270 (m)+2Z¢(m)
<o (1Y )R [1zemunsnon [ anomies
k=M. m=M+1
=k ik
exp <2 —R(X + Xpe' )>
log K
< 4M]E 1 €2AD +2A9 H €2Z0 +QZg )]
m=M+1
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Using Lemma 3.7.2 (i) and definition of K., we arrive at

exp <2 i i?ﬁ(X + X eik9)>
2 NG k k

k

exp (4 XK: %é}%xk)]

k=K

E < E

- 22" —3/2
< I (1+=—+0¢"?) ) <« 1.

k
k=K,
We conclude that

E [1z0)nc) [ Frcan (7)) Fi o, (re”) ]
log K
< MR 1Z€2A0(M)+2A9(M) H 62Z0(m)+2Zg(m)]‘ (3.62)
m=M+1

We now state a two-dimensional version of Proposition 3.3.8, which suffices for prov-

ing Proposition 3.3.14.

Proposition 3.3.15. Notations as above, and let M’ = max{M,A}. Given any
B, B’ satisfying B' <0< B and B, —B' < LM’ with some absolute constant L > 0,
define the event £ to be

N {B’—L1n< > (%)ijg—yk), > (%%—Vk><3}.

M <n<log K eMLk<en eMLk<en

(3.63)

Then

log K K2 M, 2
E|1 exp(2Zy(m) + 2Z4(m } <L — .
|: gm:]g+1 ( 0( ) 0( )) €2M <\/1 +10g(KT/€MI)>

Deducing Proposition 3.3.14 from Proposition 3.3.15. Our plan is to condition on
{Xk}1<p<em and insert Proposition 3.3.15 into (3.62). First we claim that, with

80



a constant Ly > 0 large enough, setting B = A — min{A(M), Ag(M),0} + Ly and
B' = —A—max{Ay(M), Ag(M),0} — Ly in the definition of event £ gives that £ C &.

Indeed, this is a consequence of Lemma 3.7.5, with

Lo = Z Z (e — )| < 1.

m=2M ' em—lg<k<em

Moreover, we have by (3.61) that on the event £, B — B' < LM’ and M’ < A+ M

with some large enough absolute constant L > 0. Together with (3.62) yield that

E [Leoynco)| Froar (7) P Froar, (re”)|?]
K262M

ST log(K, /o)

E [1 e2(Ao(M)+Ag(M (A—I—M) ]

2 2M
K:e

ST log(K, /e

E [1 e 2(Ao(M)+Ag(M A2M2:|

K2e2M 24 A2
y E|1 sl 240(M)
<<1 + log(K,/eM") M8 [ {Ao(M)<A-5log M} € }

)

where in the last step we used rotational symmetry while bounding Ag(M) < A —

5log M. On the other hand, Lemma 3.7.2 yields

E [1{A0(M)<A—51ogM} g2Ao(M } < Ele 240( )] <e ™M, (3.64)

Next, using M’ = max{M, A} < max{M, /log K, } we obtain (1+log(K, /e ))M >

log K,. Combining the above and using the definition of M completes the proof. []

Proof of Proposition 3.3.15

Suppose first that log(K,/eM) < 10. Using rotational symmetry and Lemma 3.7.2

(i),

log K log K
{ H exp(2Zy(m) + 2Zy(m ] < E[ H exp(4Zy(m )}

m=M+1 m=M+1
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el (i 3 35

m=M+1

< 1.

Now if K, > eMT19 we can assume 0 satisfies 103/]0| < K, /e and eM|0] > 10°.

Recall (3.37). In view of Lemma 3.7.6, it suffices to bound Q®(€). Recall from

(3.40) that
_ gQ® [%X’fTZ] — % + M + O(k3/?),
and define
k kiko
Xpo 1= %Xkr — U and Xpo = %XkL — U, k € N.

vk vk

We apply the same strategy as in the proof of Proposition 3.3.8: approximate the
batched sums of X} ¢ using Gaussians, and apply Lemma 3.3.4. We first use Lemma

3.7.4 to compute the joint characteristic function of (X0, X 0) as
DRA lexp(iuXy,o + 10Xy )]

—u?EQ” [X/io] — v?E2” [le,a] — 2uvEY” [ X5,0X k0]

=1
* 2

+ Z —EQ( ) [((uXpo + 10Xy p)’ ]

r3k

(u?* +vH)r*  wor?* cos(k0) 5 o
Sl T e 0()
+y j'E@( (iuXko + 0 Xk)]
=3

(u? +v*)r**  wvr?* cos(k0)
1-— — D
1k ok D),

and using Lemma 3.3.19 of [Durl9] and Lemma 3.7.4, we have
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(@) |Dp(u,v)] < (u® +v? + |ul]® + |U|3)7‘3kk_3/2;

0Dy (u,v 0Dy (u,v) —-3/2.
(b) |22t | 220t | (Ju| + Ju] + |uf? + [o]2)r¥ k=32

() |Z2elen)) o (1 4 Ju| + |o])r3k—3/2,

Before using independence to form a product of the characteristic functions over k,

we need to transform our expression into an exponential form. We have

2 2\,.2k 2k k@
EQ? lexp(iuXso + i Xk o)] = exp (_(u —|—4Z )r _uwr 2(:};)3( ) N Tk(u,v)) |

where the above (a)—(c) hold with Dy (u,v) replaced by T (u,v).
Next, we group the random variables X} o, X ¢ and approximate their sums using

Gaussian distributions. Define

Yoo= Y. Xpo and Yyg= >  Xg, meN

em—lgk<em em—lg<k<em

After summing over ™! < k < €™,

]EQ(2> [ eiqu,ﬁiUYmﬂ}

B (u? +v3)r#  wvr?* cos(k0)
=exp | Y (— T wm ) 4 Sn(uv) |, (3.65)

em—lgk<em
where

() [Som(u, v)| < (12 + 0% + [ul® + [0]¥)e ™2 < (14 [ul® + [o]?)e™/2;

OSm (u,v 85m (u,v) —-m/2.
(b) [2len)) | | << (Jul + o] + ul? + [o*)e=™7?;

8Smuv —-m
(¢) |Zomle)| e (1 4 [u] + |v])e™/2.
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Our Gaussian approximation will have the same covariance structure of (Y0, Yin0)
under Q®, which we compute first. Define the covariance matrix
Zm = 0'72712 pmgfn ;
pmam Um

where 0,,, p, are defined such that ¥, is the covariance matrix of (Y;,,0, Yin¢) under

Q®@. Tt follows from Lemmas 3.7.4 and 3.7.5 that

2 r2k —3/2 1 —m/2
Oy = Z <%+O(k )>:§—|—O(€ )

em—lg<k<em

and

2k k6 .
pmazn _ Z (7‘ C;Z( ) +O(k3/2)) _ O<€Mfm+€fm/2)'

em—lg<k<em

In particular,

eM—m 4 6—m/2

pm < -
Ty 0(em?)

< eMm 4 gmm/2, (3.66)

Let Ny, := (N1, Nim2) be a two-dimensional centered Gaussian vector with covari-

ance matrix >,,. That is,

. 1
E[e™™Nm] = exp (_§XTEmX) , X ER% (3.67)

Lemma 3.3.16. For any |uy,], |vm,| < m, it holds that
@(2) (um < Ym,O < Uy, + m_37 Um g Ym,@ < Um + m—3)

= (L+0(m™?))P(tm < Nt < thyy +m >, vy < Npo < v +m72).

Proof of Proposition 3.3.15. We use a slicing argument to bound Q®(&). A direct
argument as in the proof of Proposition 3.3.8 would not work properly since our

bound on |Y;, 0, |Yme| is not yet uniform in m € (M,log K,]. For this reason, we
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condition on the values {Y;,, 0, Ym0} m<m<nr and consider the ballot event with partial
sums of {Y,, 0, Yo 0} arr<m<iog k, where M' = max{M, A}. Observe that by definition
(3.63), on the event &,

B —LiM'< > Y, Y

M<j<M’ M<j<M’
and |Yo, 0|, [Yime| < m for M < m < log K, using M’ > B — B'. Therefore,

QI (E) = E[QP(E | {Yono, Yo rs<merr)]

<Q<2><\1M’<mglogm, B —Lim—B< Z Y0, Z Yo < B— B + LM

<js<m <j<m

and VM’ <m <log K,, |Yimol, ]Ym9|<<m) (3.68)

Given a set of values {Y;,,.0, Ym0 }vr<m<iog k, satisfying the event in (3.68), there exist
numbers w,, vy, € Sy, = {t € (1/m3)Z : |[t| < m}, M' < m < log K, such that for
all M <m < log K,

Up L Yoo < Uy, + m_3; U < Yo < Uy + m_3,

and in particular,

B—Lm-B- Y m?*< > w, > vu<B-B+LM. (369

M'<j<m M'<j<m M'<j<m

Denote by C(M’, K,.) the set of all possible vectors (t,, Um)m'<m<log Kys Ums Um € Sm

satisfying (3.69). Using Lemma 3.3.16 and (3.68), we have
Q)

<@(2)<VM/<m logK,, B —Lim—=B< Y Y, Y Yj9g<B-B+LM

M’'<j<m M’'<j<m
and VM' < m <log K., |Yiol, |[Ymel < m)
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1 1
< > 11 @m< Oeh%ﬂ%+VnL}%ﬂ€vam+;ﬂ)

(Um,vm)EC(M',K,) M’'<m<log K

<Y I[I a+om™)

(tm yom)EC(M' K ) M'<m<log K.

1 1
P (le € [tUm, Um + —], N2 € [Um, Um + —] for all M <m < logK>
m3

m3

<<IP><B’ le—QZ——B > N, Y. Nia< B+QZ——B’+LM’

j= 1 M'<t<m M'<t<m j= 1

for all M' < m < logK>

< ( < Y Netw Y Nep LM forall M < m < logK>

M'<e<m M'<e<m

where in the last step we used that B, B’ < M’ < m and L is some other absolute

constant.

Before applying the Gaussian ballot theorem, we shall decorrelate each pair of
random variables (N, 1, Ny 2). Recall from [SZ22, Section 12] that for any Borel set
B C R?,

L+ |pml

P((Np1, Nna) € B) <
(N, Noma) € B) 1= [pm]

IED((Af\?rn,la Nm,Z) S B)a

where le, Kfmg are i.i.d. N(0,02% (14 |pn|)) distributed. Using (3.66), it is straight-

forward to see that

1 m
I1 E (3.70)
M'<m<log Ky 1- |pm|
By Lemma 3.3.4, we conclude that
QP (&) <<IP( < Y Nut, Y. Nep < LM for M' <m < logK)
M’'<t<m M’'<f<m
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<<IP(—Lm< Z Nm, Z ]/\vfgvgéLM’forM'<m<10gKr)

M'<f<m M'<t<m

2
= (P (—Lm < Y Npy LM for M' <m < log K))

M'<t<m

M’ :
< _ | .
V1 +log(K, /M)
This yields the desired result. O

Proof of Lemma 8.3.16. Let Y, = (Yo, Yme) s := (Upm,v,) ", and A := ¥ lu,
where we recall that ¥,, is the covariance matrix of (Y0, Yin¢) under Q®. First, we
apply an exponential tilt of the measure so that (Y, 0, Yine) is centered at (wy,, Uy,).

Define the tilted measure Q® by

dQ® _exp(A-Yy,)
dQ® " Q@ (exp(A - Yp))’

Let Nm = (]val, ng) be a two-dimensional Gaussian vector with the same mean

and covariance matrix as Y, under @(2). By (3.67) and since exponential tilts pre-

serves the covariance for Gaussians, we have
ix-Nop, L 1 . 2
Ele | = exp —5X YoX+iu-x |, x € R

The corresponding characteristic function of Y,, under the tilted measure @(2) is

given by

EQ? [e™¥m] = exp (—ﬁxTme +iu - X + Sy (x — i) — Sm(—i)\)) , x € R?,

(3.71)
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where we recall S, from (3.65). Following [Sad66], we have

‘@(2) (um < Ym,O g Uy, + m73’ Um < Ym,@ < Um + m73)

- ]P)(um < Nm,l < Um, + m—3’ Um < Nm,2 < Um + m—S)‘

m/9 m/9 m/9 0(2) . . AT
e e A t e EQ - o .
<</ / (s, )' ds dt—i—/ lexp(isYim0)] — E[exp(isNp,1)] ‘ ds
—em/9 J —em/9 St —em/9 S
N /em/9 ]E@(Q) [exp(ZtYm,e)] — E[exp(it]\Ame)] ‘ dt + e_m/9,
,em/Q t
(3.72)

where

A(s,t) = EQ? [exp (Ym0 + itYme)] — E[exp(is]/\\fm,l + 'it]/\\fm’2>]

— B9 [exp(isYyn0)| B2 [exp(itVyn )] + Elexp(isNom1)] Elexp(it N2 )]

For x; = (s,0), we estimate

S A8, (t — idy, —i\
1S (31 — iA) — Sy (—iA)| = / (L= ih, =ida)
. dt
. (3.73)
<<e“”‘/2/ (1 + [t + [|A[*)dt < e™2(1 + [lul*)(|s| + |s]),
0
where we used [|A| < |5, [ull = (07, — |lpmor|) ! [ull < [[ul], since o7, > 1

and p,,02 = o(1) by Lemma 3.7.5. Inserting back into (3.71), the second integral of
(3.72) can be bounded by

/em/9 EQ® lexp(isYimo)] — E[exp(isﬁml)]

—_em/9 S

‘ds

/em/g esm(xlfi)\)fsm(fi)\) -1
<

_ 2.2
e~ Om$ /2d8
—em/9 S

/9 o
<</ Sm(xl Z)‘l Sm( Z)‘) ‘ e—UfnsQ/ZdS
_em/9
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em/9

ée‘mﬂ(l +u? +0v2) / (1+ 82)6_072”82/2d8

—em/9

<Le 2P < e ™,

A similar estimate holds for the third term. We now bound the first integral of (3.72),

where we consider xy = (0,¢) and x3 = (s,1) in (3.71):
2
LA(&tﬂ::‘exp(-951ngf-+iu.x3)[exp<—pma;st+-s;4x3-ix>-sm(—¢xﬁ

+1—exp ( — pmafnst) — exp(Sm(x1 — iA) + Sp (X2 — IA) — ZSm(—i)\))] ‘

2

< exp ( — %ﬂ HX3H2> [‘epmafnst _ 1‘ ‘eSm(xsfi)\)me(fi)\) _ 1‘

_|_

¢ Sm (X3 —iX) = Sim(—iX) ’ ‘ Sm (X1 —iA)+ S (X2—iX) = Sim (x3—iX) = Sm (—iX) _ 1 ’]

2

< exp (= 2 ) [ Ist][S0n (5 = i) = Sin(—i)

1S (X1 = ) + S0 = iA) = Sy (x5 — iA) = Su(=iA) |
where we used Lemma 3.7.5 in the last step. Similarly to (3.73), we have
| S (x3 — iA) — S (—iA)|
<[Sm(x3 —iX) — Sp(xg — i) 4 [Si(x1 — iX) — Sy (—iA)|
<e ™14 8+ [al*) (] + ) + e ™2 (1 + Jul*)(|s| + |s]*)

and also

1, (31 — iA) + S (x2 — iA) — Spn (35 — GA) — Spa(—iN)]

8 t (925m(u - i)\l, v — Z>\2)
/0 /0 Sudv dudv

<A A+ |s] + )]st

<me ™21+ |s| + [t])]st].

89



Therefore,

dsdt

m/9 m/9

/;em/9 /_em/g
em/9 em/9

_m/2/ /9/ , exp ( - ||X3|| ) [(1 + 2+ [lul®) (|t + [¢*)

(L4 l?) (] + |sf*) +m(1+ |s| + [¢])lst] | dsdt

S ‘

<m?e ™? <« e,

Plugging back to (3.72), we obtain

~

_P(um < le < Um +m_3, Um < NmZ < Um+m_3) < e—m/g

) )

uniformly for all |uy,|, |v,| < m, M < m < log K,. We may replace the absolute
error by a multiplier of (1 + O(e=™/19)), since (Np.1, Npo) is centered at (tpm, vn,)
and has constant order variances with vanishing correlation. This gives that for
[uml|, |[Um| < m and M < m < log K,

Q® (thy < Voo < th + M2, 0 < Yig < Uy +m3)

~

= (14 O™ )Pt < Nop1 <t +m ™3, vy < N

) )

< v, + m’?’).

Now note that if Y0 € [tm,um + m™>] and Y9 € [0, vm + m™3], it holds that

A Y, — X ul < JJu|/m> < m™2 Therefore, we have

Q(Q)(Um<Ym0 um+m 37 Um<Ym9 Um+m 3)
:EQ<2) [eAYm:I @(2) <6_AYm 1{um<Ym,O<um+m737 Umgym,9<”m+m73}>
[ ; —2
— exp ( —5u'Tu sm(—m)) (1+0(m™2))

X Q(2) (um < Ym,O < U, + m_37 Um < Ym,@ < Um, + m_3)
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By a standard Gaussian computation,

P<um < Nm,l < Um + m—37 Um < Nm,2 < Um + m73>

~

=1+ O(m_Q))e_%“Tzfnlu P(u,, < ]Tfmjl S Up +m 3, vy < Nppo < vy +m7™3).
The proof is then complete. [

3.4 The stretched exponential phase

Recall in the stretched exponential case (SE), P(|Rix| > u) = exp(—(u/c,)?) with
0 <p<1andec, = (2I'(2/p)/p)~Y2. Denoting by \* = (1,---,1) the all-one
partition of N, Theorem 3.1.3 in the (SE) case follows from the following proposition,

which shows that the contribution from A\* alone is the main term in low moments

of AN-

Proposition 3.4.1. For all N large enough and any q > 0,

2
E [|Av[*] = (1+0(1)E [la(\)*] = (1+o(1))(2m)" />, | ?qC,?ZN/”N2q(1/p‘1)N+I/2‘q,

(3.74)

where Cp g = 2qcb [ (pe 7).

Proof. Recall that a(\*) = XV /N!. The asymptotic formula of E [|a(A*)|??] then

follows from (3.16). For the first asymptotic relation, by concavity, we have for
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0<qg<1/2,

E [la(A)*] — Y E[la(M)] <E[JAvP] <E[JaA)PP] + > E [la(V)*],

[A=N [Al=N
mi <IN mi <N

and by Minkowski’s inequality, for ¢ > 1/2,

E [|a()\* |2q 1/( 2‘1) Z ]E 2q 1/(2q)

|Al=N
mi<N

E [‘AN‘zq] 1/(2q)

<E [|a()\*>’2q} 1/(2q) + Z E [|a<)\)‘2q} 1/(2q) .

|Al=N
mi1<N

Therefore it suffices to show for 0 < ¢ < 1/2,

S E a7 = O(E [la(A")[27] ) (3.75)
IA=N
and for ¢ > 1/2,
Z E Ua()\)|2q] 1/(2q) _ 0<E UGO\*)‘Zq] 1/(211)> (3.76)
IA[=N

as N — oo. Fix ¢ € (0,1/2), by (3.15) we have

2 XN k 2q
!/

Sl <Y Y E|| e

[A=N k=1 |N|=k

m1<N ml()\’)

< Z O2Q(N k) /p k)2q(1/p—1)(N—k)+1/2—q Z E [|a(/\/)|2q] _

|\ |=k
mq(\)=0

(3.77)

92



For each X' as a partition of k € {1,..., N} with m;(\) = 0, we have with some
constant ¢ = ¢, , > 0 (which may vary from line to line) that

’2q << HcchmJ/p q(1/p—1)m;+1 < Ck(ﬁ

q(1/p—1)k+V2k
)

Y

where in the last inequality we use the fact that |N| =k =37 ,im; =23 5 ,m;,
and that 25:2 Lim,;>0y < V2k. Recall the partition number p; < €™V 2/ 3“/E, we can
bound (3.77) from above by

Y Efla()P]

IA=N
mi1 <N

< Z CQq(N k) /p k)?q(l/pfl)(N*k)+1/2fq€7r\ /2/3\/Eck <E

a(1/p=1D)k+v2k
)

— )2a(1/p—1)(N—k)+1/2—q q(1/p—1)k+v2k
(N —k) (k/2)
N24¢(1/p—1)N+1/2—q

<E UOJ()\*)‘ZJ] Z C];qu/peck

k=1

<E [|a(A\*)[] iexp (ck - q(% — 1> (2N log N — 2(N — k)log(N — k) — klog k:))

<E [|a()\*)|2q] Zexp (ck‘ — q(% — 1>k310g N)
<E [Ja(A")*] ZN‘Ck E [|la(\)[*]),

establishing (3.75) and hence (3.74). A similar computation proves (3.76) and hence

the result follows. O

3.5 The exponential phase

Let us recall that in the exponential phase (EXP), P(|Rx| > u) = exp(—y(u—cy)) A1

for u > 0, where v € (0,2¢] and ¢, = log(7?/2)/v. Our goal is to provide asymptotics
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for E[|Ax|*?] as N — oo where g € (0,1]. To this end, we split into two cases: v < 2¢q

and v = 2q.

3.5.1 The case 7 < 2q

In this section, we prove Theorem 3.1.4 for v < 2q, that

2qN
AN = 6(N) = 0,0 (V) = N0 (2) T e o) v <2 (378)

Proof of the upper bound

A direct application of Minkowski’s inequality together with (3.24) yields for ¢ > 1/2,

EHAN’?(]]U(Z(J)
o\ ] |2 1/(29)
H 2k .
M(\/E) my! ]

<:§: IICV e (2myq + 1)1/ (29

kmk/2mk
AePn k=1

<> E

AEPN

r(2Ng+1)ves K T(2(N — j)g+ D)V — CT(2myq + 1)/
<<( 4q +Z Z (2( j)q ) H (2mpq ) .

AN NI =2 XePw TN =) s T kme/2my,!
m1(A)=N—j me20
By (3.15),
I'(2myq + 1)Y/C0 e
my! < C(29) My, :
On the other hand,
lelc/(4q)*1/2
Il—jﬁm——<L
k>2
my7#0

since the product on & > C? can be bounded by one and the product on 2 < k < C?
is bounded by a constant, where C' may depend on q. Therefore, for A\ € Py with
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m1(A) = N — j, we have

Cy™ T (2myq + 1)1/ (20 20\™  [2¢\??

k>2 k>2 7 7
mg#0 mg#0

Combining the above leads to

E[|AN]2q]1/(2q)

7 NT(2Ng + 1)/ 7 WEIITR(N = j)g + 1)/ (2g/7)77
< N * 2 N — )

N
< N (@2q)N NV O-1/2 ij’y’(N’j/Q)(Qq)N’jﬂ(N — )/ da=1/2
j=2

N . .
: 312y N — 5\ 1/(4g)—1/2
< ’77N(QQ)NN1/(4q)71/2 <1 + E 60\6(2—’2) (Tj) )

j=2

N
< (2_7‘1> NED=1/2 _ g )1/ (20),

where we have used (3.15) again. This leads to the upper bound in (3.78). The case

q € (0,1/2) is similar by using concavity instead of Minkowski’s inequality.

Proof of the lower bound

Recall from (3.78) that our goal is to show E[|Ay|??] > ¢(N). Observe the decom-

position
Xe\™ 1 X \™ 1
= 2 M) oot X O(%) o 6o
| |
AePy  k>1 vk M- AePy k>l vk M-
m1(A)=N-C m1(A)<N-C

for C' > 0. A careful examination of the proof of the upper bound yields the following

lemma, giving an upper bound for the second term in (3.79).
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Lemma 3.5.1. For any € > 0, there exists C' = C(g) > 0 such that

Xk 1 |2
2 X (%) ]“W’
AEPN k>1
mi(A)<N-C

We will focus on the sum over partitions that have a large number of ones, and use
Lemma 3.5.1 to show that the remaining terms are negligible. To this end, let us fix
a large constant C, > 0 to be determined. For a given A\ € Py with my(\) > N —C,,
we let A, denote the partition after removing N — C, ones from A. In particular,

A« € Pe, and there is a bijective correspondence between such A and \,.

Consider M = M(v,q) € N such that
20\ 2M 2N 2
(—q> > (—) . (3.80)
v Y

We will restrict to the event that | X;| € [(2¢N —V/N)/7v,2qN/v] and | Xs|, ..., | Xu]| <

1. More precisely, we have

E[|AN|2q] > E |:’AN’2q1{|R1|E[(2qN—\/N)/%2qN/'ﬂ, |Rj\<1,2<j<M}:|

> e E [|AN|2q1{|R1|e[<2qu¢N)/m2qN/w} IRl <1, 2< )< M}
(3.81)

Therefore, in the following, we may without loss of generality condition on the event

{|R;| <1, 2 < j < M}. The resulting probability measure and expectation operator
will be denoted by P and E respectively.
We first make a few simplifications to the first sum of (3.79). It holds that

2l (Xk) : mij)\)!

‘ ANEPN k>1

ml()\)>N Cy
=X VY H 1 . (3.82)
o=t (m ()\ + N Cy)! P mg(As)!
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Here, with the bijective correspondence between A and A, described above, we have
mg(A) = mg(A) except when £ = 1. When the situation is clear, we omit writing

the dependence on X or \.. With |X;| & 2¢N/~v, we expect that

3 m! I (&)m N
(m1 + N — C*)' ko1 \/E mk‘

MEPC,
Z (2(]N€”1 > 1 H ( )mk 1
AEPC, (m1 +N— C* : k>2 \/% my!

The goal of the next lemma is to make this precise.

Lemma 3.5.2. On the event ]R1| = |X1| € [(2¢N — V/'N)/v,2¢N/~], it holds that

2 wrv-allG)

AEPc, k>1
> () e ()
_ | Nm |
Nt o (N —C,)IN ietes Vk my!
2 imyC, X\ 1
<« 3 SRS TI() o
A EPC, o) k=2 ke

Proof. Consider A\, € Pg,. By triangle inequality,
WGl s _ i ginim <2qN)”“

(m;+ N —C,)! vy
2qN\"™
|Ry ™ — (_q )
Y

(N —C.)!

— N*ml . ‘Xl‘ml + N*ml

Using Taylor’s expansion, we have for N large that

In addition, by the mean-value theorem

29N\ "™
|Ry|™ — (q_)
f)/

2gN\™ !
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Altogether, we have

N —C,)! » 2gN\"™
( ) lel _ N—mle’m’lml (q_) <<

’ (2¢/7)™ miC.
(m;+ N —C,)! vy '

VN

(3.83)

Next, we use (3.83) and the triangle inequality to obtain

‘ Z (m1+N C. 'H(Xk) m%'

MEPC,
> () e ()
_ | N1 |
Nt v (N —C\)IN e Vk my!
mi i1\ ™M1 mg
Nt (my+ N —C,)! 0l (N — C,)INm petes Vk my!
2 m1 C. X\ 1
<X e L) we
AEPC, ) k>2 k
as desired.

Lemma 3.5.3. There exists 6 > 0 such that for C' large enough,

P CE

A€EPc k=2

> 5) > 0. (3.84)

Proof. Denote by

> H( 2qe”1/’y) )mk mlk!'

AEPc k=2

2
We show that &¢ 5 ¢ for some random variable £ # 0 as C' — oco. Since a partition

A« € Pe is uniquely determined by the vector m = m(\,) := (ma(As), ..., mc(\)),

we can rewrite {¢ as

= 2 U(ﬂX}? i)

k 2q€7/7-1/fy k
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where Ny = {0,1,2,...}. This motivates us to compute the tail L? norm using (3.24),

that

E' 2 H< qum/w )mknjk!

meN{2 3t k=2
pOp 2]m]>C

> H( VE(2q/7)* )mk (%EHX]CPW] (3:56)

EN{2 Bt k=2
Z 2]m]>C

S

N{z 3,...} k=M 2<k<M
mk7é0

2] (3.85)

ZJ 2]mJ>C

where we recall that we conditioned on the event {|R;| < 1,2 < j < M} and that

Ele" ™ eine] = () for m # n. Suppose we have proved that

ka
2.l e ( 2Q/v )2hms (mk)

N{z 3,...} k=M
Z] 2]mJ>C mk;éO

11 ﬁ — 0. (3.87)

2<k<M

Then it follows that &¢ L—2> ¢ where

:E' 2 H( 2qe”1/7) )mw}'

{2,3,...} k=M
meN; mn0

E[l¢|?)

Since L? convergence implies convergence in probability, (3.84) follows. Therefore, it

suffices to establish (3.87). Using (3.80) and (3.15), we have for some ¢ = (v, ¢) > 0,

> Mg (o) I e

EN{Z 3,...y k=M 2<k<M
322 5 gmi>C my 70
j=2 J
1 1
< > =1 = (3.88)
mGN{2 3 b k=M 2<k<M
Zjo 2]mJ>C' My 70

99



where we may without loss of generality replace M by max(M, L"). Note that for
each m € N{ S-) with >y gmy > C, either my > > C'/3 for some k € [2,C'/3), or

my, > 1 for some k > C'/3. Therefore, for C' > M3,

1
Z H 5kmk H eEMk

{23..} k>M 2<k<M
moENO- my#0
Y iee jm;>C
—_eC1/3 1 1
<e > == 11
eckmy, eEME
men{2} k=M 2<k<M
_.1/3 1 1 _1/3
ot (S RT3 ) <o
egmk 65kmk
2<k<M \mj,>0 k=M \my>0
This proves (3.87) and hence (3.84). O

In the rest of this subsection, we prove the lower bound of Theorem 3.1.4 in the

case 7 < 2q. First, combining (3.82) and Lemma 3.5.2 yields

2q

~ X\ ™Y1
E Z H< > my(\)! 1{|R1|€[(2qN\/ﬁ)/%QqN/ﬂ}]

AePN k>1

mi(\)=N-C,

my (Ax)
~ 1 2q
_= |X1|2q<N—c*>‘ ( )
A;;C*( (>\ +N C.) |H W]

1{Rllé[(QqN—\/ﬁ)/%QqN/vl}]

D ok —— ()

)\* GPC* k>2

> IE |X1|2q(N_C*)

1{Rlle[(2qN—\/ﬁ)/%2qN/7]}]

(2g/7)™ . C. Xp\™ 1
2 Nv—c.) H(ﬁ) il

MEPC, T k=2

2q

_CE |X1|2q(N—C*)
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1{R1|€[(2qN\/N)/%2qN/V]}] , (3.89)

where C' is the implied constant in Lemma 3.5.2 and in the last line we assumed
q < 1/2, and the case ¢ € (1/2, 1] follows similarly by Minkowski’s inequality. In the

first expectation of (3.89), the absolute value is independent of the rest. This yields

~ 2gNem\™ 1 Xp\™ 1| N—
5 > () SIT(SE) T | e
Nt v (N — C,)IN™ e Vk my!
1{|RlIE[(QqN—\/ﬁ)/%QqN/ﬂ}]
. QquiTl)ml 1 (Xk)mk 1 2q (N
=" =) —] |E|X W)
1{|RlIE[(QqN—\/ﬁ)/%QqN/ﬂ}]
1 - 2¢e™\ ™ X \™ 1 M N
o] T Y () el
_ 12 |
(N =GP [)\*EPC* " s \VE/ !
1{|RlIE[(QqN—\/W)/%QqN/ﬂ}] : (3.90)

Here, we supply a simple lower bound for the latter expectation in (3.90):

2gN/~

1 B >>/ qu(N—C*)e—”/xdl,
{IR1|€[(2gN \/N)/772qN/7]}] (2aN—/E) /A

E |X1 |2q(N—C*)

2qN
_ 2a(N=C2) / PAN=C) =
2qN—vV/N

> VN (q_) —
Y

where in the last step we use the inequality y??N=Ce=¥ > (29N )24V =C+)e=2aN which
is a consequence of Taylor’s expansion when N is large enough compared to C..
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We next bound the first expectation in (3.90). Since for A, € Pe,, m; = Cy —

|

2 H( 2qe”1/7)’“m’“>mk mlk!

MEPc, k=2

> kmy, we have

E

(QQBM ) h < x ) a
Z II |
AEPC, v k>2 vk M-

(2q 2qC* 2q]
_ 7) |

In view of Lemma 3.5.3, there exists dp > 0 (independent of C,) such that

mg 1 2q
S o) wal | =9
Ao, ks \Wh(20e 1/7> ©) e
for any C, large enough. In this case,
~ 2gNe™\ ™ 1 X \™ 1 ™
5 > () [1(3)" | e
A EPC, v (N = C)INm™ k>2 vk my!

LRy e l@aN— V) fv.2aN/41}

> N (_> E VX0 Ry o —vR) 2/

ry L
1 2q 2qCx QQN 2q(N—C%) .
e N (22 —2q
>>(N—C*)!2q(v> vy g ’
> ¢(N).

On the other hand, for a fixed C\, the second term of (3.89) is bounded by

(2q/~v)™m,C, X \™ 1
2 VN(N —C,)! H(ﬁ) my!

MEPC, k>2

2q

]E |X1 |2q(NfC*)

1{|Rlle[(2qN\/N)/WﬂqN/ﬂ}]
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(2g/~)™m C. Xp\™ 1
2 NV H(ﬁ) myl

MEPC, k>2

1{\R1IE[(QqN—\/N)/WﬂqN/W]}]

29N 2q(N—-Cy) ) Cy 2 2q
<<C*<q ) ((Q/v) C; )
gl VN(N - C,)!

= 0c.(¢(N))

for N large enough.

Altogether, we conclude from (3.89) that for some constant M’ = M'(~, q) inde-
pendent of C, and N,

2q
¢(N)
l{lRl6[(2qN—\/N)/%2qN/V]}] > =~ 00 (6(N)).

O] <ﬁ>m 1
APy k>l vk !
mi(\)=N—C.

Pick e = 1/(2M’e"™) in Lemma 3.5.1 and let C, be the implied constant C' therein.

Recalling (3.81), we have

Eljanl) > 1 (A8 — oc, (60 ) = <o) > 69

as N — oo. This completes the proof of the lower bound.

Remark 5. The same arguments in this section carry through if we replace the ro-
tationally invariant complex inputs { Xy }r>1 with real ones. Suppose that {Xj}rs1
forms a sequence of i.i.d. two-sided symmetric shifted exponential random variables
with unit variance. That is, P(|X;| > u) = exp(—y(u — ¢,)) A 1 for u > 0, where
v € (0,29) and ¢, = log(7*/2)/~. Note that the same moment asymptotic (3.24)
still applies. The only argument in the current section that depends on the rotation
invariance is (3.86), whereas in the real case, cross-terms may exist. Nevertheless, the

cross-terms can be estimated similarly: the left-hand side of (3.86) can be bounded
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3y I "ol
: (Veure)
meN{23 -} k2 2‘1/7 my,!
pIp 2]m]>C
1 1
< Z H eck(my+ny) H ec(mi+nyg)
myneNZ3 -} k>M 2<k< M

. . . my7#0
min{3°77 5 jm;,3 72 5 jn;}>C 7

Vj, mj+n;€2Ng

_ 1/3
<e 2eC ’

for C > M3 (possibly with a smaller € and a larger M than (3.88)), which replaces

(3.88) and the arguments that follow.

3.5.2 The case v =2q

Fix ¢ € (0,1]. Our goal in this section is to prove (3.6) that under the case (EXP)
with v = 2¢,
N1-a+d*/2

(1+(1—¢q)yIogN)?

Let us recall the philosophy for the case v = 2¢ that the main contribution to Ay

E[J Ay "] <

from the sum over partitions (3.13) is random and depends on the value of | X;].
More precisely, on the event that | X[ is close to m, we expect that the partitions

A € Py with my(\) = m + O(v/N) dominate Ay. After applying the decomposition

E[|An[*] =) E[AnI*1x, 1efmm+);

m=0

we will show that for m < N — 2,

) m—ata’/2
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The desired asymptotic then follows from Karamata’s theorem (Theorem 1.5.11 of

[BGTS9)):

N2 m—1ta’/2 N1-a+d*/2

2 (14 (1— ) /loa(V —m))1  (1+(1—q)qvlog N)<

(3.92)

As illustrated in Section 3.2.2; a key step towards (3.91) is reproducing the same
multiplicative chaos approach from (¢-UNIV) case to estimate (3.28) after condi-
tioning on R;. For this reason, we first prepare ourselves with a stronger version of
Proposition 3.3.1, which is the focus of Section 3.5.2. When performing the multi-
plicative chaos analysis, an essential ingredient is establishing uniform estimates of a
weighted mass of truncated multiplicative chaos (cf. (3.29)). This will be the goal of
Sections 3.5.2 and 3.5.2.

In this section, we will use C1,Cs, ... to denote large positive constants (greater
than one) that only depend on g and each other, which may be different from constants
defined in other sections. Throughout, we fix ¢ € (0,1], and the notation < will

always denote asymptotic constants that depend only on q.

Strengthening Proposition 3.3.1

In this section, we show that Proposition 3.3.1 also extends to the (EXP) case with

v = 2q, if we restrict to partitions without ones (i.e., m;(A) = 0). Recall (3.19).

Proposition 3.5.4. Fix an integer M, > 2 larger than some constant depending only
on the distribution of Xy. For any large N and any q € (0,1], under (EXP) with
v = 2q we have

1= (1+<1—1q>¢m)q‘

E[| Ay . |2

Proof. The proof is very similar to the proof of Proposition 3.3.1, and the only mod-

ification needed lies in the upper bound of Proposition 3.3.2, where we denote by
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J = [log(C1v/N)/log2]. Indeed, (3.42) becomes

Bl < [ jom

k:mg>0
Since k > M, > 2, (3.43) becomes
27 1/20) . . e
2 N/C1 o 1
. ‘ Z a(A) ] S Z H Lamr, < pnCy [Crg=aTimne’ i,
IA=N IN=N  kmyp>0
A<N/27 MSVN/Cy

Using (3.44), we obtain

2q 1/(29) 1

E ' > ay <
[A|=N
M <N/27

for (' picked large enough. The rest follows line by line as in the proof of Proposition

3.3.1. ]

Proposition 3.5.5. Suppose that (EXP) holds with v = 2q. It holds that

E|| 3 H(ﬁ)mkih - L
AEPN k22 vk Mt (1+ (1= q)vIogN)©
m1(A)=0

Proof. Recall (3.32). We follow a similar argument that deduced Theorem 3.1.3
equation (3.3) from Proposition 3.3.1 in Section 3.3.1, using now Proposition 3.5.4
instead. For the upper bound when ¢ < 1/2 (and similarly for ¢ > 1/2 using instead

Minkowski’s inequality), by Proposition 3.5.4,

> (%) ]
AEPy k=2 vk my!
m1(A\)=0

106



My—1

DIl [ ES—— H E

mEPfLM*
mp 1 2q
‘ ( ) m!| |
M,—1

1 -
< E | | Cymy/ > =0
M, -1
meps,,. (1+(1—g) \/log N =322 dmy))? k=2

() o

2q]
M,—1

+ > J]E

A<My k=1

Mi—1

£ T Gl

A<M, k=2

Since the product ranges in k£ > 2, the second sum and the first sum restricted to A
such that ZM* ' jm; > N/2 can be controlled in the same way as before by 1/N.

The rest is then
Mi—1

1 —q71.—qm
> T o
mePy .. (1+(1—9q) \/log N — Z gmy))e k=2

i jmy<N/2

M,—1
1
< E—am/2
(1+(1—gq)ylogN) 2 H
mePy oy, k=2
S gmy<N/2
My—1 oo 1
< k qmy/2 < .
(1+(1—q VIog N IHQ 77;0 (14 (1 —¢q)y/Iog N)1
The lower bound follows from precisely the same proof in Section 3.3.1. n

Low moments of partial mass of truncated chaos

The goal of this section is to establish the following two propositions. Fix large
constants Cy, C5 to be determined. The reason why we introduce these constants will

become apparent later in Section 3.5.2.
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Proposition 3.5.6. It holds that uniformly for r € [e=C/K eCs/K],

E {(/ |F ( ‘9)|2d9> q} KqN—q+q2/2
L(re’ > & )
o)< -2 K, M. (1+(1—¢q)yIogN)a

Cyv N

Proposition 3.5.7. Uniformly in 1 < j < log(nCyv/N), K > /N, and r €

[G_CS/K, ng,/K]’

. q J—1\ 2¢—¢* C7 K4
E Fyear. (€' 2d9) ] < c_ 4 .
K/ <ol<—ed [Ficar. (re”)] (m) (1+ (1 —¢q)y/IogN)a

CyvVN C4VN
(3.93)
Moreover,
. q OF N—a+da*/2 g
E / Fre . (re” 2d0> ] < 4 : 3.94
K |9\<#‘ el (1+(1—g)ylog N) (3949

Y%

A key strategy of proving Propositions 3.5.6 and 3.5.7 is to decompose F s, into
two terms depending on the region of integration of 6; cf. (3.31). Consider a large

constant Cg to be determined and our goal is to show that with high probability,

K*/CG

exp( Z %(rew)k>

k=M,

K*/Cﬁ

exp( Z %rk>

k=M,

~
~

uniformly for |§| < 1/K, and K, < Vv/N. To this end, we take the logarithm and

compute the difference

R Kf e, hE) = R Kf ﬁr’f) Kf TR — X
k=M., vk k=M., Vk k=M. vk ' .
It then suffices to understand the magnitudes of
K./Cs K./Cs

r . T ;
su —R(Xe* — X and inf — R(X.e™ — X,).
|0|<1})K* kzj\; NG (X k) 011K, ZM NG (Xk k)
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However, bounds under the original probability PP turn out not sufficient for our

purpose. To this end, we define a new probability measure @ K./Ce,M,, Where

=~ K./Cs rk
Qo o0 T ROW)) 595

dP Elexp(2g 330" Z=R(Xx))]

If the situation is clear we write instead Q. The denominator in (3.95) can be esti-
mated using Lemma 3.7.2 (in a similar way that derives Lemma 3.7.3), which gives

K./Cs E

E[exp (2q 3 %%(Xk))} = (05\4)61 (3.96)

k=DM,

uniformly in K, large enough.

Proposition 3.5.8. There exists a constant C7; > 0 depending only on q, independent

of K, < C4V/'N, such that uniformly in r € [e=/N e“/N] and Cg, N large enough,

K*/CG k,‘
~ r )
@( sup —R(Xpe™ — Xk)‘ > u) < Cre % u>0. (3.97)
10]<1/ K, k§4 Vk

In particular, uniformly in r € [e=/N /N and Cg, N large enough,
R Ke/Co |
EC {exp <2q S ’ZA; ﬁéﬁ(Xke“‘ﬁ — Xk))] <1 (3.98)
and
R Ke/Co |
EQ [exp (2q it gﬂ; ﬁéra(xkezk" - Xk)ﬂ > 1. (3.99)

To prove Proposition 3.5.8, we need the following preliminary result on generic
chaining that offers tail bounds arising from (3.97). For a thorough treatment on

chaining, we refer to [Tal21].
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Lemma 3.5.9 (Theorem 3.2 of [Dirl5]). Consider a continuous stochastic process
{Zi }1er indexed by a bounded metric space (T, d) satisfying

Vs,t €T, Yu>0, P(|Zs — Zy| > ud(s,t)) < 2e ™. (3.100)
Then for any ty € T,

Pl sup|Z; — Z;,| > L 1nf sup Q”d t,T,) +wsup d(s,t <e ™, 3.101
0

teT tET s,teT

where T is the set of all admissible sequence of subsets {1, }n>0 of T satisfying |Ty| = 1
and |T,| < 2% forn > 1.

Proof of Proposition 3.5.8. Consider large constants Cg, Cy to be determined. To
apply Lemma 3.5.9, we let ' = {60 : |0| < 1/K.} with d(0,0") = K.|60 —0'|/Cs, to = 0,

and
K*/CG Tk
Zy= > —=R(Xpe™).
S VE

Note that the chaining is performed under the tilted probability measure @ We first
verify (3.100), with P = @ therein. Consider 6,6 € T and define 3 = 10Cy(K,|0 —
¢'|)~'. We have

RS Tk oik0 iko’ uK.|0 — 0|
af| > - -y > H e
k=M., k Cs
K*/CS ]C /
~ T . 1.0/ UK*’0_9 |
— Q — R(X 61]99 o ezkﬂ > 1
> ) > e
K+/Cs k o
+Q zk9’ _ eik@)) > UK*‘G 6|

r
k=M., \/E Cs

EC[exp(28 Y gy L R(X(e? — "))

<
exp(2pukK,|0 — ¢'|/Cs)
110




E@[exp@ﬁ ZkKJ/\406 \rf%( ( iko' _ eik@)))]
exp(20uk.|0 — 0'/Cs)

(3.102)

To offer an upper bound for the numerators, we apply the same asymptotic compu-

tation in Lemma 3.7.4, which gives
- k
EC {ex (2 T R(Xy (e — ek )1

E [exp (25%%(Xk(eik9 — M) 4+ 2qf/—%§RXk>}

E[exp(2¢ 7R X,)]

Recalling X, = €™ R, we have by Taylor’s expansion that

¥ k0 _ ikt
E{exp <2ﬁﬁ%(){k(e ) +2q \/E%Xk>:|
2k
=1+ Q?E[\Rk(q cos(7g) + B(cos(ry + kb) — cos(y, + k6')))|?]

(3.103)
E[|Ri(q cos(ri) + B(cos(ry + k) — cos(, + k6')))|].

For the second moment in (3.103), write Ay := k(0 — 0')/2, oy, :== k(0 4+ 0') /2. Using

independence of Ry and 73, a direct computation gives

2k

QFJEHRk(q cos(73,) + B(cos(ry, + kB) — cos(my + kO)))|*]
= 2?E[\q cos () + B(cos(ry, + kb)) — cos(mi + k0'))|?]

= (¢° + 4B%sin*(A) — 4¢Bsin(Ay) sin(ak))%

For the remainder of (3.103), the inequality |a + b7 < 27(|al’ + |b]) implies
|q cos(ri) + B(cos(Ty + k) — cos(ti, + kO)))? < (2¢) + (48AL).

Similarly as in the proof of Lemma 3.7.2 (i), we have

| Z & /f E[| Ri(g cos(7i) + Blcos(mi + k) — cos(r, + k6))F]
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| Rel’1((29) + (48Ax))

q 128A
< k732 ((2q)3 + (48A4)° + Elen P 4 Efe o |R1]> ,

where in the last step the asymptotic constant is absolute given that N is large
enough (in terms of constants Cy, Cs that depend only on ¢), where we recall that
k < K, < Cyv/N while |logr| < C5/N. Since A, = 10Cok/K, < 10Cy, k > M, >
(120Cy /q)® will suffice to ensure k~'/8 max{6q, 120Cy} < v = 2q. Therefore,

E[|Ri(q cos(ti) + B(cos(mi + k6) — cos(, + k0)]| < C3k—3/2.

Inserting these estimates back into (3.103), we have

k k

E[exp <25%§R(Xk(e”’“9 e + 2¢ \/E&exk)]

2k
=1+ (¢* + 4B8%sin?(Ag) — 4¢Bsin(Ay) sm(ak))r_ + CSO(k*?’/Q)_

k
Taking products over k, and using (3.95) and (3.96), we have

K*/Cﬁ k

]E@ {exp <2ﬂ _Z %?R(Xk(eik@ _ eikel)))l

K*/CG K /CG

4 2 4 2k
< exp Z 2 sin? + Z qﬁ]sm k)|
k=M. k=M.
K*/CG K*/CG
<exp | B0 -0 Y k2B -0 Y o™
k=M. k=M.
- 5003, 20,
exp | —sr + —— | .
P\7cz T g

Note that the asymptotic constants do not depend on Cy since we assumed k > M, >
(120Cy/q)8. Therefore, there exists a constant Cjy depending only on ¢, we may pick
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(g large enough depending on Cy so that

K*/CG k

E® {GXP <25 kZM ﬁ%(Xk(eike — e )))} < Cyo.

Inserting into (3.102) while interchanging 6,6’ yields

K«/Co i /
~ r , - ulK.,|0 — ¢ _
_% X k@ ikf > < 20 5Cgu/Cg'

Picking Cy large depending on Cg, Cyg gives that min{1, 2C)pe %%/ s} < 2e7%, as
desired.

Applying (3.101) with ¢, = 0 leads to

K./Cs E

r .

P| su —R( XX ‘ > L<1nfsu 2™d(t, T,,)+u sup d(s,t ) <e ™.
(965 kZM* VEk (X ¢) tEIPZ n) stelgr (,1)

Recalling that d(0,0") = K. |0 — ¢'|/Cs and K. |0 — '] < 2, we have sup, ;. d(s,t) <

2/Cs. Next, we claim that

1
mfsupZQ d(t,T,) < —.

T teT o1 Cy

Indeed, this follows by taking uniform nets of {7}, }, so that sup,cr d(¢, T;,) < 272" /Cs
for n > 1. Therefore, by picking Cy large enough (depending only on the universal

constant L), we have

K*/CG k:
r .
P sup’ —R(Xe* — X, ’ >14u| e 20,
<oeT kg* Vk ( )

This establishes (3.97) by picking e.g. C; = €?°. Note that by our construction, M,

depends only on Cy, Cy, and hence only on ¢g. Directly integrating (3.97) yields (3.98),
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since ¢ < 1. Moreover, by taking u = log C; in (3.97), we have
K*/CS k,‘

~ r .
@( inf ) ——R(Xpe™ - X;) > —log 07)
ol<1/K. S

K*/CG k

~ T ) 1
> Q( sup — R(Xpe™ — X )<10g0)2—.
(9<1/K* k;; VEk (s 2 ! 2
Since C is a constant, (3.99) follows.
Proof of Proposition 3.5.6. We introduce the decomposition
CyV'N/Cs X K X
Frar(2) = Freo (2) X Egp, (2) := exp ( Z \/—%Zk> X €exp < Z \/—%Zk>
k=M, k=C14v'N/Cs

By independence,

q
/ |Fiar, (re™) 26
|9‘<#

Cyv N

E =2 E

( [ (re”nzow) ]

CyVv N

x E

inf  |Froar (rew)|2q] :

We first analyze the second term. Using (3.95) and (3.96), we write

E |: inf ’FK,M* ('rew) |2q]
OISz 7m

B 7 i0
_E {|FK,M* (2 i |Fran(ret)
o<t | Fro(r)

|

_ (Cw N )qu@ it Fyar, (re?) 21
CeM, L \(ﬂgﬁ Fra(r)
_ C4\/N/CG
C /N 2 - k .
= ( - )q EC | exp (Qq inf Z T—%(Xkeme - Xk:))]
Ce M. L S iy vk



As a consequence of (3.99) and since Cg and M, depend only on ¢, we have

04\/N>‘12 > NT/2,
Cs M,

]E|: inf |FKM (T€ )|2q:| > (
<z

It remains to show

(e

The case of ¢ = 1 follows by a direction computation in the form of Lemma 3.7.3. Let

KIN—1

. 0+ (- qvigN)

(3.104)

q
|FK,M*<re”>|2de) ] >

cf

us assume ¢ < 1. The approach is to perform a change of variable and then adapt

the proof of Proposition 3.3.11. Using the change of variable § — 7C0v/N, we have

q m q
( [ <re”>|2d9> ] > N | ([ B e a ) |
|0]< —T

(3.105)
Define the tilted measures

E

1
C4VN

dQ®W eXp(QZk C4f/c kacos(Tk))
dP E exp(QZk Cav/N/Co kacos( k))]
and
d@rMKG _: exp(2 Zigﬁ;(@f/% +1(ZO< m) + Zp(m)))
B EBlexp2 00 g (Zolm) + Zo(m))]
where
XkrkeikO/(ﬂCM/N)

Zy(m) =R Y

em—lgk<em

k6
NG = Z \/_Rk cos (Tk + 7rC4\/N)'

em—lg<k<em

The definition (3.39) still stands, and (3.40) is replaced by

v, = vp(6) = B {%Rk cos(m)} =+ cos(k0/ (”i“m))r +O(k™¥?),

Next, we need to adapt Definition 3.3.12 by the following.
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Definition 3.5.10. Fix L; > 20. Let A be a real number with 1 < A < +/log K.
Define £(#) = L(A,0; K) as the event that for each log(C4V/N/Cs) < n < log K.,

one has

e"—1 % 7CsvV'N
_A_Llng Z (g%XkrkekG/( C4VN) o ) < A_ 510g <n_10g<\/N>>
/Ce

k=C4V'N \/E Cﬁ

Also, let £ = L(A; K) be the random subset of § € [—m, 7) such that £(f) holds.

We apply Holder’s inequality to obtain

" rei?/ (mCaV/N)y 12 ! (E [fg |EK, (Teze/(WC4 )|2d9]> B
(/1w pas) | > (B[ (J2 1B (reeovm)2a)*])
(3.106)

The lower bound of the numerator follows in exactly the same way as Lemma
3.3.13 (the normal approximation argument remains the same, since the angle 6

has not come into play yet). The factor arising from the change of measure is now

K,/(CyV/N/Cs) < K, /v/N (instead of K,), and thus

{ / |E g . (re®/ OV )Fde} AR, : (3.107)
\/Nlog(K, /VN)

To give an upper bound of the denominator, we follow the proof of Proposition
3.3.14 and indicate the necessary changes. First, we redefine the threshold M as
the smallest integer such that e™ > max{min{103Cyv/N/(Cs|0|), K, /e}, M. }. In the

definition of the event £, we replace (3.61) by

).

A~ LM < Ay(M), Ag(M) < A —5log (M —log (
6

As the constant arising from the change of measure alters, (3.62) is replaced by
E [Lone|Erean 0P| Ear, (re? O]
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4M

log K
e
< W]E 12 €2A0(M)+2A6(M) H €2Zo(m)+229(m)] '
m=M+1

Next, the form of Proposition 3.3.15 remains the same, whose proof can be adapted
with 6 replaced by 0/(nCyv/N), as long as we show the equivalent of decorrelation

step (3.70). For this, let us first compute using Lemmas 3.7.4 and 3.7.5 that

2 r2k —3/2 1 —m/2
Oy = Z <%+O<k )>:§+O(€ )

em—lgk<em

and

,OmU?n _ Z (7’2k cOS(/CQéISTC4\/N)) +O(k3/2)> _ O(\/N@im +€,m/2)'

em—1lgk<em

In particular,

pm < VNe™™ +e7m/2,

and hence

L+ |pm
11 1_—|,p1 <1
log(C1V/N /Cg)<m<log K. pm

which serves as the equivalent of (3.70) and suffices for our purpose.

In the proof that deduces Proposition 3.3.14 from Proposition 3.3.15, the only

change is in (3.64), which is now replaced by
E [1{A0(M)<A7510gM} 62A0(M)} < E[GQAO(M)] < \/NG_M.
These altogether result in the following equivalent of Proposition 3.3.14:
E [15(91) |F s, (1€ OV 21 )| F e o, (rei®/ 7OV IZ}

K2/N3/? min{K,, 2V N /|0, — 65|}
log K, (log(min{K,, 27V N /|6y — 65|}) — log(C4vV/N/Cg))7
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K?/N min{v/N, 27 /|6, — 6|}

< A% .
log N (log(min{K,,2mv/N/|0; — 65]}) — log(Csv/N/Cs))7

Integrating with respect to 61, 65 yields

2

. K2?/N

([ remenpas) Wi
L

2 2A
E C AT (3.108)

Finally, inserting (3.107) and (3.108) into (3.106) leads to (note that we apply
with A <1 for ¢ < 1)

E " P ( ie/(wc4\/ﬁ))|2d0 I N (Kr/\/NlogK,,)Q—‘l N KfZN—q/2
e K2/ (Nog N)' ¢~ (11 (1 - q)v/log N7

Combined with (3.105) proves (3.104), and hence completing the proof of Proposition
3.5.6. O
Proof of Proposition 3.5.7. For 1 < j < log(7r04\/ﬁ), we introduce the decomposi-
tion

FK,M*(’Z> = FK,M*;J' (2) x EK,M*;j(Z)

Cy4V'N/(Cee?) K
L } : Xy k X k
= exp < EZ ) X exXp < E EZ >
k=M k:C4\/N/(Ceej)

Applying independence and rotational symmetry, we have

j—1 j
</€<0< e

Cyv N Cyv N

E

q
|FK,M* (Teie) |2d9> ]

_ - )
<E (/ _ - NExwu .j(rew)\2d9> x sup |F M*.j(rei9)|2q}
eJ—1 <O< el 7D, . ’ )

L C4VN "0y J -

2

_ . i
=K (/ . VY ~j(7"ei9)‘2d‘9> xE sup ’FK M.;j (Teie)‘zq} -
i=1l g el Rkt B

. 1
V= L <e-7+ej
CyVvN CyVv N |0‘\ 204V N
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We decompose

— . Cav/N/(Cged)
F . 0 |2q k )
sup Frcan (re) exp <2q sup > TR(Xpe — Xk))-
o< &tei =1 | e a5 (1) [ [ vk
T 204 VN S20, VN =M

The change of measure formula (3.95) together with (3.96) yield

E[ sup |FK,M*;j(rei9)|2q]
|0]<

el +ej71
2C4 VN

CyV'N/(Cge?)

CisvV N >q2 5 { ( ¥ :

= ( ) E%|exp (2 sup E —R(Xpe™ — X)) .
CoM.e! ezt S VE

Moreover, by (3.98),

— , CyV N\ CyV N\ ¢
) 60\ |2q 4 4
IE{GKsup' |FK’M*;]<r€ ) } < <Cﬁlw*€j) < < ) )

eJ +el— 1
2C4VN

el

Therefore,

_ q
Z. CyV/ N\
<E (/ - N E k(e 9)‘2(19) ] % ( 41‘ ) '
|\ oo €

C4VN 'S CyVN

To show (3.93), it remains to prove

(/671 <0<

el
C4\/N\ \C4VN

quj(K/N)q
(1+ (1 —q)VIog N)’

E

(3.109)

q
|EK,M*;j<rei9)|2d0> ] <

where the asymptotic constant does not depend on j, K, N. The case of ¢ = 1 being
a consequence of Lemma 3.7.3, we assume that ¢ < 1. To this end, we adapt the

proof of Proposition 3.3.3. Recall Definition 3.3.5. We first claim that

E |1 / | F g 1y (7€) 2d6 < AKE (3.110)
gr A7K . =K, *;' . .
ey NVig N
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The only change compared to Proposition 3.3.7 is that we replace the definition of
M therein by max{M,log(C4v/N/(Cse))}. This leads to

AKel

E [1gr(A,0;K)‘EK,M*;j(reie)F} < W.

Integration with respect to 6 then gives (3.110). Applying the same argument that
deduces Proposition 3.3.3 from Propositions 3.3.6 and 3.3.7 then leads to (3.109) and

hence (3.93). A similar argument establishes (3.94) and can be omitted. O

Low moments of weighted mass of truncated chaos

Define
ﬁK,M*,m<Z) = exp< Z %ZR) X < Z u(j),zj)’

M. <k<K jilj—m|<N9/10

our goal is to show the following.

Proposition 3.5.11. Let K, be such that log K, is the largest integer with K, <

min{ i, K'}. Uniformly for r € [e=Cs/K C5/K] and K > /N,

NT/2 ( rm K, )q
1+ (1 —q)vlIog K,

<E K /_ : \Z:;K7M*,m(rei9)|2d9> T

szK q
1+ (1— q)VlogK)

< NT/? ( (3.111)

where the asymptotic constants depend on q only. In particular, with the choice

K = N/2,

NT/2 rm K, !
1+ (1 —q)vlog K,

<E K / : |fK7M*,m(rei9)|2d0) T
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2m q

1+ (1—¢q)vlog N
Recall the truncated chaos F , from (3.20). We have

(3.112)

| Fic g, (7€) _ Z () |931|j7mrj
| Fre o, (ret®)] jlym! |

Jilg—m|<NO/10

The following two lemmas deal with the right-hand side of (3.112), whose proofs are

elementary and deferred to Section 3.8. Recall the constants Cy, Cs.

Lemma 3.5.12. Uniformly in N large enough, m € [N/6,N/3], z1 € [m,m + 1),

~Cs/N_C5/N]

T € [—m,m), and T € [e , we have

Z e _|x1 ‘_j—m rd
J!/m!

Gilj—m|<NO/10

Lemma 3.5.13. There exists a large universal constant Cy > 0 such that the fol-
lowing holds.  Uniformly in N large enough, m € [N/6,N/3], x1 € [m,m + 1),
17| < 1/(Cy/N), and r € [e=C/N /N we have
y j—m
‘ Z e’ ™ ri| > V/Nr™.

gl/m!

Jili—m|<No/10

We define C so that the conditions in Lemma 3.5.13 are satisfied. In particular,

we may remove the Cy that appears in (3.93) and (3.94).

Proof of Proposition 3.5.11. For the first part of (3.111), we apply Lemma 3.5.13 and

q
[
FTIIS 57

CyVv N

q
</|9 <1 ’FK,M*(T‘EW)Pde)]
R N

CyVN

Proposition 3.5.6 to obtain

T ) q
E K/ |FK,M*7m(re’9)|2d0) } SE

> N92mE
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2/2 erKr a
> N1 ;
1+ (1 —q)vIog N

where in the last step we use rotational symmetry conditionally on 7;. For the second
part of (3.111), we apply Lemma 3.5.12, Proposition 3.5.7 (conditionally on 7y and

using rotational symmetry), and |a + b|? < |a|? + |b]¢ for ¢ € (0, 1] to get

E K /_ : yﬁK,M*,m(rew)Ede) q]

log(mC4V/'N) q
) 0|2
< Y ]EK/  Frarn(re®) d9> }
j=1 Covm oISy
+E|:(/ |FK7M*’m(T629)|2d9> :|
\6+7‘1|<ﬁ
log@%m () Fear. (re)2d0)
< T m( > E[(/ ] K, M, ret >:|
j=1 04\/N Cei?/lﬁ<|0+T1‘< C:\J/ﬁ
' q
+qu2qu[< / Fro, (re’9)|2d9) }
0+mI< 5 7%
log(mC4v/N) 1 _
< Z P24 =245 N4 (i)Qq o K
VN O+ (- gV Ny
N-a+®/2 a
+ Nap2am x
(1+(1—q)ViogN)e
2m q
1+ (1—¢q)Vieg N
This completes the proof. n
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Proof of the lower bound

Observe from (3.92) that

N/3 m—ata’/2

2 (1+(1—¢q)y/log(N —m))1

m=N/6

N1-a+d*/2
(14 (1—g)VlogN)

N-2

>

m_q+q2/2

(14 (1 —q)y/log(N —m))®

m:0

This hints at the strategy of restricting to the event m ~ | X;| € [N/6, N/3] in order
to achieve an asymptotic lower bound for E[|Ax|*], which has considerably reduced

technicality. To this end, let us write

2 & Xy 1 ]%
s> Y Bl S T (5E)" | s |- G113
m=N/6 AEPy k=1 k

Fix m € [N/6, N/3]. In view of the discussions in Section 3.2.2, we expect that

20

2q

1{|X1|€[m,m+1)}]

L' NéPn k=1
_ X 1 ”
=E Z H( ) m 1{|X1\e[m,m+1)} . (3.114)
\EPN E>1 k-

Im1(A)—m|<N9/10
This is confirmed by the following lemma.

Lemma 3.5.14. For m € [N/6, N/3],

2q

E

1{Xle[m7m+1>}] =o(N7?).

‘ (Xk> 1
Z II |

AEPN k=1 Mk
|m1(X)—m|>N9/10
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Proof. We focus first on the sum over m;(A) > m. Using in turn concavity (and
similarly Minkowski’s inequality for ¢ > 1/2), independence, (3.15), and Proposition
3.5.5, we have

2q

E

> ()
AEPN k>1
m1(A\)—m>N9/10

1{|X1|€[m,m+1)}]

N 9 )
Xk> 1™ X2
< . 1 m,m
J':m+ZN9/10 AEZP kH>2 < my! (j!)% tRalebmmny

m1(A)=j

> (k)

|

< 2 (J§ [

j=m-+N9/10 AePn_j k=2
my1(A)= 0
N VI
< ¥ <T> G=m) j=a,
j:m+N9/10 j

Using Taylor’s expansion (that —log(l —x) < —z — 2?/2 for 0 < x < 1), we have

the bound that for j* > 0,

4

eﬂ“( m ,)mﬂ gexp(—#). (3.115)

m+ 5’ m+ j')

Inserting j' = 7 — m and using m > N/6 lead to

N /)2

> (B)ers Y ew(- 20

j=m+N9/10 jl= =N9/10

Since m € [N/6, N/3], we conclude that the above is O(exp(—yN/?)) = o(N~2) for

N large. The sum over ms(\) < m is similar and omitted. O

We will apply the same second moment approach from Section 3.3.4 to estimate
the right-hand side of (3.114). We need a few preliminary computations, the proofs
of which are elementary and deferred to the .
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Lemma 3.5.15. For m € [N/6,N/3] and a (random) function u of the form

|z [

gl/m!’

u(j) = ¢
where |x1| € [m,m + 1) and we recall that T is uniformly distributed on [—m, 7|
independent of anything else, we have

Xe\™ 1
> elI(R)

AEPN k>2
|m (A)—m|<N9/10

E

2q Nq2/2
> .
(14 (1—q)vIogN)*

Proof. First, taking advantage of |u(j)| < 1, we may apply a similar symmetriza-
tion argument that deduced Theorem 3.1.3 equation (3.3) from Proposition 3.3.1 in
Section 3.3.1, so that it suffices to prove
Xe\™ 1
> w11 (%) wm
|
‘ AEPN e, \VES !

[ (A)—m|<N9/10
V2<k< My, my(A)=0

E

(1+ (1 —q)VIogN)4

2q 2/2
N4
] > . (3.116)

The proof of (3.116) follows from a straightforward adaptation of the lower bound
part for the universality phase. First, in the proof of Proposition 3.3.10, we have
used the relation (3.41). If we instead define

ﬁKM*m(z) = exp( Z %zk> X ( Z u(j)zj>, (3.117)

M. <k<K Ji:li—m|<N9/10

then (3.41) has the analogue

N/2

e - Xk Mk 1
Fnjonam(?) = Z( > u(mi) [ (—) —)z”.
b * 9 '
n=0 AEP, k=M, vk M-

)\1<N/2
|my (A\)—m|<N9/10
V2<k< My, mp(XN)=0
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E

Xk mg 1 2q
X el
V2<k< My, my, (X)=0

AePN k=2 '
1 "= 0y |2 ! N " 02 !
> E |Fnjom,m(re?)|?dg ) | —E [r1 | Fnjo,m.,m(e)]*d0 )

Therefore, the following equivalent of Proposition 3.3.10 holds:
|m1()\)fm|<N9/10
(3.118)

and hence it suffices to prove the counterparts of Proposition 3.3.11 and Proposition

3.3.3 with Fk s, replaced by ﬁKM*ﬂn' Indeed, by Proposition 3.5.11,

T ) q ) QmK q
E Fy ar. m(re® 2d6) } > N¢ /2( i ) , 3.119
([ Bantre I+ (- gVisk, (3119)

where 7 = e~%/N for some fixed large constant Cs, and

B e

Note that the constants in (3.119) and (3.120) do not depend on C5. Inserting (3.119)

and (3.120) into (3.118) yields that for some constant Cj; > 0,

‘ > u(ma) [T (%)mkmik' Zq]

AEPN k>2
9 —Csq \7q*/2
— CH € N

E

|m1 (A\)—m|<N9/10
V2<k< M., my, (\)=0

K q
1+(1—Q)\/10g—K>)

1 Nq2/2 67205m/NKr
( (1 -

- ﬁ 011 (1 — q)\/log K,«

Since m/N € [1/6,1/3], the right-hand side is > N7/2/(1 + (1 — q)/log N)? for Cj

picked large enough. This completes the proof. O

Proof of lower bound of (3.6). By (3.113) and Lemmas 3.5.14 and 3.5.15, we have

N/3 m
ElANP]> ) E . 11 Bt L 2ql{lX efmm+1y | — (N7
\/E mk! 1 ’
m=N/6 AEPN k>1

|m1 (X)—m|<N9/10
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N/3

> ) E

o eII()

Im 1 (X)—m|<N9/10
[ X[ 2 _
8 E[( m! ) 1{\X1\€[m,m+1)}] —o(N71)
N/3
N4 /2
> N™%—o(N!
;/6 1+ (1—q)vIog N)1 (N7
N1-a+d*/2
>

(1+(1—q)VIogN)”'

as desired. 0

Proof of the upper bound

Fix a large constant C15 > 0 to be determined. We expect that for each m €&

[C12, N = Cha],

2q

20

1{|X1|€[m,m+1)}]

L' AePn k>1
_ Xk , 2
~E Z H ( ) m 1{|X16[m,m+1)}] ) (3121)
AEPN k>1 k

|m1—m|<N9/10

and that the contribution to E[|Ax|*] from the event {|X;| &€ [Ci2, N — Cjs]} does
not exceed the order of the lower bound established in Section 3.5.2. This is the

purpose of the following result.

Lemma 3.5.16. It holds that

N-Ci2 X, 1 2q
sl < S Bl Y TT(5E) o s
m=C12 ANEPN k>1 k*

|my —m|<N9/10
N1-a+d*/2

U AoVl
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Proof. The first step is to control the sum

> 5| SH(%) e

mg[C12,N—C12] AePn k=1

2q

1{|Xle[m,m+1>}] :

We use the same approach as in Lemma 3.5.14. We illustrate the case 0 < ¢ < 1/2
first using concavity. Using Proposition 3.5.5 and (3.115), the contribution from the
sum over m > N — (5 can be bounded by

X Az

m>N—C1qa AePN k=1

2q

1{|X1|€[m,m+1)}]

oD (GO RFIEE L=
< E — ) —| | xE 1
= | N2g ~{IX1]€lmm+1)}
m>=N—C12 j=0 A%F;N k>2 \/E Mg (j) !

m1(N)=j

< Y Z( ) 091+ (1 - q)y/log(1+ N — 7))

m>=N—C12 j=0

N
< 3314 (1) Viogl T N )

m>2N—C12 j=0

< N1 4 (1 —q)y/log N)™*

Likewise,
X, 1™
> Bl S I(ZE) " o sicmen | € 3 St <
m<Ciz AEPy k=1 ke m<Ciz j=0

Suppose now that ¢ > 1/2. By Minkowski’s inequality, Proposition 3.5.5, and

(3.115), there are constants C43,C14 > 0 such that for each m > N — Ch,

" G 11/(29)
=S| S5

AEPN k=1

N
<> <E
j=0

L{x €fmm+1)}

1,2 1/(20)
X E e L x| efmom+1)}




, 1/(2q)
((%)”eﬂj—m)ﬂ(l + (1 )vlog(1+ N - j>>-q)

5

< Y e UmmH M) (1 (1 — ¢)\/log(1 + N — j)) V2.

j=0
Note that
Y2 (G=m)?/(4aj)
(1+ (1 —q)y/log(1+ N — j))1/2

P 0= 9 los(TH N = )72 i j > m = CuVN;
O(ef(mfjfcm\/ﬁ)/ClS) if j <m— 014\/N'

Therefore,

2q

E

2.

m>2N—-C12

ny" L

<1+ > (0+0-gVigN)"+1)

N—C12<m<N+C14vVN

1{|X16[m,m+1)}]

N1-a+d®/2

(1+(1—q)viogN)*

< VN <

The sum over m < (5 can be similarly bounded by <« 1.
Finally, for m € [Cia, N — Ci5], we apply the same technique in Lemma 3.5.14

that leads to

2q

E

> 0 -
APy k=1 vk my!
|m17m|>N9/10

1{|X16[m,m+1)}] < N2

This completes the proof by concavity if ¢ < 1/2 and Minkowski’s inequality if
qg=1/2. N
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Proof of upper bound of (3.6). Conditioning on Ry, the right-hand side of (3.121)

2q
b

(3.122)

can be rewritten using independence as

‘ ein(m1—m)‘xl‘m1—m H <Xk>mk 1
)\ZepN my!/m! petes Vk my!
|m1—m\<N9/10

’X1’2qm
E Wl{\xl\e[m,mﬂ)}

E

where z; € [m,m + 1). The first expectation contributes =< m~? which directly
follows from (3.15). For the second expectation, we use the same multiplicative
chaos approach as in the universality phase. Similarly as done in Section 3.5.2,
we first apply the same argument that deduced Theorem 3.1.3 equation (3.3) from
Proposition 3.3.1 in Section 3.3.1, to start the product in (3.122) from k = M, instead
of from k = 2. Define

AEPN k> M.
\m17m|<N9/10
mlz...:mM*71:0

It remains to bound

eimmimm)| g, [ma—m X \™ 1 [ 2
\ml—Amernglo k=M.
my=--=mpr, —1=0

from above. First, the same argument of Proposition 3.3.2 applies (possibly with

a different constant C(q)) with Fi s, replaced by Fi s m defined in (3.117): for

1/2<q¢< 1,

2¢71/(29) 1 < 1 [ = . o q71/(29)
E [[Avarnl] "™ <« <= 3B (5 [ 1wt m(exsli/N + i) a0
j=1 &

— 3.123
+ o (3.123)
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and for 0 < ¢ < 1/2,

E [|An at, )] < ZIE K /i | Ejos g, (exp(G /N + i@))|2d0) q} + %
(3.124)

These follow by arguing similarly as in the proof of Proposition 3.5.4, and adapt-
ing Proposition 3.3.2 to the case 0 < ¢ < 1/2 by applying concavity instead of
Minkowski’s inequality in (3.45). Inserting the upper bound of Proposition 3.5.11
(second inequality of (3.111)) into (3.123) and (3.124) yields that for ¢ € (0, 1] and
m € [Ch2, N — Ca),

X mg 1 2q q2/2
E ‘ Z u(my) H <—k> " < mn .
AEPN k>2 vk M (14 (1 —q)\/log(N —m))4
‘ml—m‘<N9/10

mi=--=mpr, —1=0

(3.125)

Combining Lemma 3.5.16 with (3.125), we have

N-Ci2 X, 1 2¢q
s« 35| 3 T ol s
m=C12 ANEPN k>1 k:
|my —m|<N9/10
N1-a+d*/2
+O< )
(1+ (1— q)y/log N)?
N-Ci2 q?/2 N1-a+d®/2
<Y m = +O( )
o, (1+ (1 —q)y/log(N —m)) (1+(1—gq)ylogN)
Nl—q+q2/2
<

(1+(1—¢q)vIogN)a’

as desired. [
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3.6 Remaining proofs

3.6.1 Sharp tightness of scaled secular coefficients

In this subsection, we prove Corollary 3.1.5 using the universality result of Theorem

3.1.3 (i).

Proof of Corollary 3.1.5. Suppose that E[el¥X#] < 0o, where we may without loss of
generality assume that ¢ < 1. For (i), we apply Markov’s inequality to | Ax|*/3, which

yields

E[[ANF/?’] C(e)
1/4
]P’(|AN|(logN) > O) < 05/3(10gN)*5/12 < Ce/3’

where C'(g) is the asymptotic constant in (3.3). Picking C' large enough gives the
tightness of |Ax|(log N)¥/4.
For (ii), we apply the Paley-Zygmund inequality to |Ay|?/?, which gives that for

some large constant C'(¢) > 0, uniformly in N,

(log N)~*/* o5 ElANFPTY o E[AND? 1
P(|AN| > gC’T) > ]P)<|AN| /3> T) > AE[[ Ay /3] > C(e)’

where the last step follows from Theorem 3.1.3 (i). O

3.6.2 Regularity of critical non-Gaussian holomorphic chaos

In this subsection, we prove Corollary 3.1.6 using the universality result Theorem

3.1.3 (i).

Proof of Corollary 3.1.6. By definition of the Sobolev space H?, it suffices to show

that the series

Cyi=Y (1+n%) A,
n=0
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converges almost surely for desired s. If there is some v > 2 such that E[e"X*] < oo,

then by Theorem 3.1.3 (i) we have

E[C,] < ) (1+n)* < oo
n=0

for s < —1/2. Therefore, the corresponding HMC; is in H® almost surely for s <
—1/2. Similarly, if X}, satisfies (EXP) with v € (0,2], then for any 0 < ¢ < /2,

Theorem 3.1.3 (i) implies

e 1 2qs
n:O o (14 (1= ¢q)/log(1 + n))

for s < —1/(2q). Since g < /2 is arbitrary the result follows. O

Remark 6. To show the other direction of irregularity, i.e. non-Gaussian HMC; is
almost surely not H*® for s > —1/2 in the first case of Corollary 3.1.6 (and respectively
s > —1/v in the second case), one may need a convergence in probability result of

the total mass of critical non-Gaussian multiplicative chaos

1 " = Xy i0\k
o /ﬂexp (2%;\/E(Te ))d@

as 7 — 1; see the proof of irregularity of Gaussian HMC in Section 6 of [NPS23].
This problem, to the best of our knowledge, remains open. We refer to [Jun18| and

references therein for studies on sub-critical non-Gaussian multiplicative chaos.

3.7 Some technical computations regarding expo-

nential moments

We collect some technical computations of (exponential) moments under distinct

probability measures in this section. Recall the definitions in Section 3.3.2.
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Lemma 3.7.1. Fix M, € N. For any K large enough and e VK L r g el/K,

K 2k
exp( Z 7) =, K.
k=M,

Remark 7. In practice, M, is a constant depending only on ¢ and the distribution of

X, while K grows to infinity with N — oc.

Proof. Suppose that 1 < r < /%, Then the lower bound exp (Zk M. > > K is

trivial and there exists some constant L > 0 such that

K 2k [log K| 12k [log K]

P o 2e" /K
)IE-E D DD D DI
k=M, n=|log M| en~1<k<en n=|log My

[log K o
SlgK+1+L Y = <log K + L.
n=|log M |
The other case e~ /% < r < 1 is similarly established. O

Lemma 3.7.2. Suppose that E[e©™l] < oo for some ¢y > 0. For any B € (0,2],
K >1, and e VK L r el/K, we have the following asymptotics for k = ko = k(cp),

some constant depending only on cy.
(i) E [exp (259%%7;’“)] —E [exp (ZB%Rk cos@))] — 1+ 25 4 O(k32);

(1) E| exp <2,6ka cos( Ty )chos Tk ] = ﬁf + O(k™1);

(111) E exp (QBka cos(7) )R ] =14+0 k—l/z);
(iv) For any a € R, E [exp (2 =Ry, cos Tk)> R2 cos?(1y, + a)] =1y o1y,

(v) E [exp (Qﬁka cos( Ty ) | Ry, cos(T) } < 1.
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Proof. Recall that E[cos(r;)?] = 3. For (i), by Taylor’s expansion and Fubini’s theo-

rem,

Xk ok L2k
E {exp (263% 7 )} =E {exp (zﬁﬁRk cos(m))] =1+0 = + E.(k,B),

where, after noticing k(m=3)/Cm) > kU8 for m > 4, we have

o0

Z ME [(Ry. cos(13))™]

mlkm/2
2. (2e5/k1/8)m
> Gl E[\erm])

m=4

| B (K, B)| =

m=3

< k32 (E[[Rk|3] +

<K (| Ry] + E [e@™]) = O(k~/2)

for k larger than some universal constant. Likewise, we have for (ii),

k o
E [exp <2B§RX;E ) %Xk] =E [exp (2BﬁRk COS(Tk)) R, cos(m)}
rk
=: /8_ + E’r(k7ﬁ>)

Vi

where for k larger than some universal constant (and additionally the fact m < (%)m

form > 1)

[e.e]

S 2 R (R cos(m))™ ]

mlkm/2

|E.(k, B)| =

m=2

< k7 (B[ Ry’ + E [e+]])

= O(k™).

For (iv), we use only the first term in the expansion and get

k

E {exp (25%}% cos(rk)> R2 cos?(ry, + a)]

— (28" 2 2

E R"™? cos™(13,) cos® (T + )
m/2 "k

= mlkm/

1 1
= E[R} cos’(1, + )] + E =5+ O(k™z).
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For (iii), similarly as in (iv):

E [exp (26&—%& COS(Tk)> Ri}

267“ " "
Z 'km/QR *2 cos (Tk)]

=1+ O(k™/?).

For (v), we have by the simple bound |z| < e/l for k larger than a certain constant,

X.rk RX,|rk
\;% ) |§RX;§|3} < E {exp (26’ \/%|7" +3|§}3Xk|>]

< E[62eﬁ+3\Rk|/\/E] < 1.

E [exp (259‘%

This completes the proof. O

Lemma 3.7.3. Assume the same settings of Lemma 3.7.2. For 0 € [—m,7), e /K <

1/K

r< e’ and any M, large enough depending on co,

E[|FK7M* (T€i0)|2] =M, K.

Proof. Using independence of {(Ry, 7x)}x>1 and rotational invariance of Xy, as well
as Lemma 3.7.2 (i), we have
E[|Far. (re”) ] = E[| Fxar (r)]]
K

_ E{exp (2% S X\jgﬂ

k=M.

k

E {exp (2%& cos(fk))l

I
ey

k

K 2k
,
:exp( Z ?WLO( )) =M, exp( Z 7) =, K,
k=M k=M

* — V%

where the last step uses Lemma 3.7.1. O

Let us recall definitions of tilted probability measures QSJ)\/[K Q( MK 1D
(3.36) and (3.37).
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Lemma 3.7.4. Assume the same settings of Lemma 3.7.2. We have for Q) =
QS])W,K; and any eM V ko < k < K and e VK < < VK,
(i) BEQ [Ry cos(m,)] = \7“/_% +O(k™Y);

(ii) B2 [R2 cos?(y)] = L + O(k~1/2);

(iii) B2 [| Ry cos(mi)|*] < 1.
We also have for Q? = ng)\/l,Kﬁ, and any eM Vg < k < K,, € [-m,m), and

e VK < p < MK
(i) BEQ? [Ry cos(m,)] = (1 + cos(k:@))\’"/—% +O(k™1);
(ii) EQ? [R2 cos?(13,)] = % + O(k=Y?) and EQ? [R2 cos(7y) cos(Ty, + k)] = w +
O(k=11?);
(iii) BEQ? [|Ry, cos(m:)[?] < 1.
Proof. By definition, Taylor’s expansion, Fubini’s theorem, and Lemma 3.7.2, we

have

E [exp(%Rk cos(7y)) Ry COS(Tk)}

E2" [Ry, cos(y)] = -
E [exp(ﬁRk COS(Tk>>i|

B \7}_% +O(k™) ok .
= - =—+O0(k),
1+ 2+ 0(k=32)  Vk

E [exp(%Rk cos(mi,)) B2 COSQ<Tk>i|

EC" [R; cos®(m3,)] =
E [exp(%Rk COS(Tk))]

Ly Ok
2+ ( ) :1+O(k71/2>,

T+ Ok 2
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and
E [exp(%Rk cos(7x))| Ry, COS(Tk)\?’}

E [exp(%}%k COS(Tk))i|

e [|Rk cos(Tk)m =

1

< <1
1+ 25+ O(k=3/2)

Computation of moments under Q) is similar. Using the fact E[e®<5(™) sin(7;)] =
E[efsm(7) cos(73,)] = 0 for any fixed 3 in the second equality, and Lemma 3.7.2 in the

third, we obtain

B [y costn] AP ol + KOD) Ry

E [exp(”j’g’“ (cos(7x) + cos(Ti + W)))}

4rk cos k—e
E [ex ( 7 2 Rk cos(7x)) Ry COS(Tkz)] (ke)
_ cos(—
E [eXp(4T (iof( 2R, COS(Tk))] ’
2(:082(%)\7"/—% +O(k™)

=(1+ cos(k@))% +O(k™Y),

and analogously, taking 8 = 2cos(%), o = £ in Lemma 3.7.2 (iv),

B [exp (S Ry con(r) B cos?( + )]

E [exp(“ C\(;SE(T Ry, cos(m))]

DR [Ri COSQ(Tk)] —

L+ O(k1/? 1
1+40082(%)%+O(k—3/2) 2

and using Lemma 3.7.2 (iii), (iv),

EQ(2> [Rk COS(Tk;) COS(Tk + ]{0)] — %EQ@) [Ri] EQ() |:Rk cos < 1 %0):|
= M + O<k71/2)'
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Finally,
B[R] + O()
1+ 4cos?(B) 4+ O(k=3/2)

E?” [| Ry, cos(,)]*] < <1

This completes the proof. O

Recall (3.39) and (3.40). The discrepancy of the sums over p, and vy, is small due
to the fluctuation of the cosine function, as pointed out in the next lemma. We refer

to [SZ22, equation (12.7)] for a simple proof of this elementary estimate.

Lemma 3.7.5. We have for any m € N and 0 € [—m,7) \ {0} that

Z 2% cos(k6) < 1
4 k |0]e™
em—lLk<em
In particular, for any 0 € [—m,m) \ {0},
Z Z (e — )| < 1.
m2log & | em~1<k<e™

101
Finally, we record the following estimate for the denominator of (3.37).

Lemma 3.7.6. For any 0 € [—m,7)\ {0}, M >1og(10%/|6]), and e V5 < r < eV/X,

E[exp (2 logzKr (Zo(m)—l—Zg(m)))} = g;

m=M+1

Proof. Recall in the proof of Lemma 3.7.4 we computed

E {exp (27“;?’“ (cos(7y,) + cos(Ty + k@)))} =14+ 40052(%6)% +O(K™3/?)

ork  ork
— 1+ % + % cos(k8) + O(k~%).
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Therefore,

E| o (2 S o) + Zom) )|

m=M-+1

= ]I <1+2%+2—:€cos(k6)+0( 3/2))

eM<k<K,

= exp ( 3 (2% + 2% cos(ke)))

eM k<K,

By Lemmas 3.7.1 and 3.7.5, the desired statement follows. O

3.8 Deferred proofs from Section 3.5.2

Proof of Lemma 3.5.12. Suppose first that |7| < N~'/2. Then

j—m

| ’J j ! m

Jlj—m<noo J J:li—m|<N9/10

o

mpm
E { ijr j
e J!/m! ms

Jilj—m|<NO/10

(3.126)

Using (3.115), the sum over j > m can be bounded by

N9/10 , N9/10

> < Z ¢ (mnjj )mﬂ < eXp(— (‘7722) < V/N. (3.127)

j1/m!
j:0<j—m<N9/10 T / J'=0

The other sum over 5 < m can be bounded similarly, leading to

m

i| « VNrm < 1=
|Tl|

|17~
T
Y Bl

J:lj—m|<NO/10

in the case || < N~YV2.

Now suppose that |7 | > N71/2. A consequence of (3.126) and (3.127) is that

=

. . |$1
J E 1T
T ‘ e g!/m!
jili—ml<VN
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On the other hand, summation by parts yields (without loss of generality, assume

VN € Z)
S el
Jl/m!

J:0<j—m<Vv N

|$1|‘F

E o B & f 2
ZJTI _ 'LJTI —
(\/_+m'/m 2; ;(Zg )(k+m)!/m! (k:—1+m)!/m!>'
Applying triangle inequality then leads to

S e "
Jl/m!

7:0<j—m<V N

|$1|‘/N

VN
< +—
|7 |(V'N +m)!/m! |T1|;

ENG B B
(k+m)!/m!  (k—14+m)!/m!

The other sum over j : —v/N < j —m < 0 is similar. This finishes the proof. [

Proof of Lemma 3.5.13. The main idea is that, under our assumptions, %7 =~

e x| &~ m, and 7 =~ r™ for |j — m| < /C4N, and the sum over j with

|7 — m| > VC,N is negligible. Let us make these approximations precise. First,
for N large enough,

.. ’$1’j_7’L .
E : ijT1 J
¢ jl/m! TS

VCLNL|j—m|<N9/10

>
1 /m!

VCUNK|j—m|<N9/10

mi—m
S L Z g!/m! ’
VOIN|j—m|<N9/10 © 71T

since |logr| = O(1/N). Applying the same argument in (3.127) leads to

N9/10

Z 77?;m<< Z exp<—£><<e Ca,
%C4N<|j—m\<N9/10'] m)! N m
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It follows that

. j—-m
Z eI —|x'1| ' Pl < Lrme 301, (3.128)
SN <l < N9/ gl/m!

Second, for N large enough,

jm—mo .
Z |x'1/|m‘ Tj‘eljﬂ' — otmT
m—/CaN<j<m+/CaN '

VC4N j2 /
m ~1/2 m ~1/2
<r El exp(—E>C’4 L r'"vNC, /2,
iz

By the triangle inequality,
Z ij7'|'r1|]_m j Z im‘r‘xllj_m j
e” - = e ——r
J!/m! jl/m!
m—y/CaN<j<m+y/CiN m—/CiN<j<m+/CsN

<LrVNCY2, (3.129)

In addition,

' ) gm0l Sl

g!/m!
m—-/ C4N<j<m+\/ CyN

=

) 1
rl > Zrm\/ﬁ

> oo

gl/m!
m—-/ C4N<j<m+\/ CyN

(3.130)

Combining (3.128)—(3.130) and applying the triangle inequality, we conclude that

1 _
> zrm\/ﬁ — Lr™me 3¢ — Lr™V/NC, 1z

‘ el

1 /m)l
Jilj—m|<NO/10 J /

The claim then follows by picking Cy large enough. m
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Chapter 4

Conclusion

In this dissertation, we established several results related to the large values of non-
Gaussian logarithmically correlated fields, including Theorem 2.1.1, Theorem 3.1.3,

and Theorem 3.1.4.
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