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Abstract

Human microbiome has become an interesting research topic in recent years and a

common task in the analysis of these data is to cluster microbiome compositions

into subtypes. However, this seemingly standard task is very challenging in the

microbiome composition context due to several key features of such data: discrete

nature, sparsity and variable size. Common distance-based algorithms can not pro-

duce reliable results as they do not account for these features. In addition, existing

model-based approaches are not flexible enough to capture the complex within-cluster

variation from cross-cluster variation. An useful Bayesian generative model Dirichlet-

tree multinomial mixtures (DTMM) has been proposed to overcome these challenges.

DTMM indeed achieves reliable results, but it is still not flexible enough in character-

izing covariance structure among taxa and lacks the scalability to higher dimensions.

In this work, we propose another generative model, called the ”Logistic-tree nor-

mal mixture” (LTNM), that addresses this need. The LTN kernel incorporates the

tree-based decomposition as the Dirichlet-tree does, but it also models the branching

probability using a multivariate logistic-normal distribution. Hence it has a rich co-

variance structure along with computationally efficiency through Pólya-Gamma data

augmentation technique. We perform extensive simulation studies to compare the

performance of LTNM with other competitors. At last, we report a case study on the

fecal data from the American Gut Project (AGP) to identify enterotypes (clusters)

among participants with inflammatory bowel disease (IBD).
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Chapter 1

Introduction

The human microbiome collects the genetic information from all microbes inhabiting

human body. The development of next-generation sequencing technology provides

an efficient way of profiling the microbiome, through either shotgun metagenomic

sequencing or amplicon sequencing on target genes (e.g. the 16S rRNA gene). Many

preprocessing pipelines such as DADA2 [CMR+16] and MetaPhLAN [BMBM+21]

have been developed to deal with the sequencing reads and report the results in terms

of operational taxonomic unit (OTU) or amplicon sequence variant (ASV) abundance.

Both OTUs and ASVs serve as the unit for downstream compositional analysis: each

sample is a vector of counts on a list of units (OTUs or ASVs), representing the

composition of the underlying community. The methodology developed in this work

can be applied to both OTUs and ASVs, and for simplicity, we use the OTU to refer

to the unit.

Heterogeneity is an evident property of microbiome samples. As a result, cap-

turing and understanding the heterogeneity among samples is important for further

microbiome analysis. Moreover, clustering the compositional data into subtypes and

understanding the relation of these clusters with the host environment have become

a central task. However, complex within- and cross- cluster variations hinder the

implements of many popular clustering models. For example, k-means is a clas-

sical distance-based clustering method and has been extensively applied to many

fields. But it fails to be applied to microbiome datasets even though the Bray-Curtis

dissimilarity and the Unifrac distances, which are carefully tailored for microbiome
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compositions, are chosen [LK05]. This is caused by the fact that k-means relies on

the distance measures between samples and a single measure fails to account for the

microbiome data given its discrete nature, sparsity and variable size.

In addition, [HHQ12] has proposed a model-based clustering method, called the

Dirichlet multinomial mixture (DMM), which adopts a Dirichlet-multinomial schema

and generates the sample-specific multinomial parameters from a finite mixture of

Dirichlet components. However, a single concentration parameter in Dirichlet distri-

bution is not enough to capture the complex variation among samples within each

cluster. Hence, the clustering results generated by DMM is not reliable. To overcome

these difficulties, [MM22] come up with a Bayesian generative model for clustering

microbiome datasets, called the Dirichlet-tree multinomial mixture (DTMM). In-

stead of adopting a Dirichlet mixture components, DTMM chooses a Dirichlet-tree

distribution [Den91] as the mixture components. Specifically, instead of a single con-

centration parameter to capture the variation, DTMM allows multiple concentration

parameters, one for each internal node in the phylogenetic tree. As a result, DTMM

allows more flexible cross-sample variation in the microbiome datasets. In addition,

utilizing the information of the phylogenetic tree makes DTMM better capture the

relations among the OTUs. At last, a node selection feature has been inserted into

the DTMM framework that allows more interpretable inference results. However,

the drawbacks of the DTMM are still evident. On the one hand, the DTMM fails

to capture the variation across the internal nodes. On the other hand, the DTMM

lacks the scalability to high dimensions since there involves two-dimensional integral

approximation when the DTMM is implemented.

To obtain a flexible structure among internal nodes, [WMM21] has proposed an-

other Bayesian generative model, called the logistic-tree normal (LTN) model. The
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LTN assumes the log-odds ratio for all internal nodes are normally distributed. Specif-

ically, assume the number of internal nodes in a phylogenetic tree is d. The DTMM

allows d parameters to profile the cross-sample variation. In contrast, the LTN al-

lows a d × d matrix, which is a much more flexible structure, to profile the relation

among internal nodes. On the other hand, the LTN could restore the conjugacy

by applying Pólya-Gamma data augmentation technique [PSW13], which results in

the efficient computation even in high-dimensional cases. Hence, we insert this LTN

kernel into the sparse finite mixture framework and name it Logistic-tree normal

mixture (LTNM) model. The LTNM adopts a multivariate Gaussian distribution as

the mixture component which allows a more realistic structure for taxa, and we also

incorporate the node selection feature into the LTNM framework for better profiling

the latent clustering process.

We carry out extensive simulation studies to evaluate the performance of the

LTNM based on the clustering and node selection results, and compare the LTNM

to other competitors to verify the flexibility of the LTNM. Then with the pro-

posed model, we report a case study of the American Gut Project (AGP) [MBK15,

MHD+18] data to explore enterotypes of samples which are diagnosed with inflam-

matory bowel disease (IBD).

This thesis will be organized as follows: first we briefly review some popular

existing algorithms; then we will introduce LTNM in detail; then we will do extensive

simulation study to compare LTNM and other existing methods; at last we apply

LTNM to a real microbiome study, the AGP, to analyze the inference results of

LTNM.
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Chapter 2

Methodology

2.1 LTN and LTNM

In this section we will briefly review LTN model and introduce how we apply this

kernel to cluster microbiome compositions into subtypes.

Consider a microbiome dataset with OTU counts of n samples X1, . . . ,Xn. Each

sample is a vector containing M OTU counts denoted by Ω = {OTU1, . . . ,OTUM} =

{ω1, . . . , ωM}. The OTU table is an n×M matrix whose (i, j)-th element represents

the count of OTU j in i-th sample. OTUs in a microbiome study are evolutionarily

related. This relationship can be summarized into a rooted phylogenetic tree, where

each internal node can be viewed as a “taxa” that represents the most recent common

ancestor of its descendant OTUs [MM22]. Suppose T = T (I,U ; E) is a rooted full

binary phylogenetic tree over the M OTUs, where I, U , E denote the set of interior

nodes, leaves, and edges respectively. For a leaf node A ∈ U , which contains only a

single OTU ω by defintion, we define A = {ω}. Then each interior node A ∈ I can be

defined iteratively from leaf to root through A = Al ∪Ar where Al and Ar represent

left and right children nodes of A. Figure 2.1 shows an example of a phylogenetic

tree over four OTUs.

The OTU table contains count data. For each sample, supposeX = (X1, . . . , XM)

is the associated OTU count, and let N =
∑M

i=1Xi represent the total number of

OTU counts. In this work, we treat the total counts Ni’s as known since they are
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Figure 2.1: A typical phylogenetic tree over four OTUs

artificial quantities which depend on the sequencing depth. When N is given, a

natural choice of sampling model for X would be multinomial model:

X | N,p ∼ Multinomial(N,p) (2.1)

where p lies in (M − 1)-simplex, is the underlying OTU relative abundance vector

by definition. DMM [HHQ12] models p through a mixture of Dirichlet distribution:

pi|π,α1, . . . ,αK
iid∼

K∑
k=1

πkDir(αk) (2.2)

However, a single concentration parameter in Dirichlet distribution is hard to capture

the cross-sample variability within clusters and the simplex constraint sometimes

makes modeling difficult. Hence, the relative abundance vector is usually mapped

into an Euclidean space through a so-called log-ratio transformation [Ait82].

There are three popular choices of log-ratio transformation: additive log-ratio

(alr), centered log-ratio (clr) [Ait82] and isometric log-ratio (ilr) [SWMD17]. The alr

and clr transform are defined as follows:

alr(p) = {log(pi/pK) : i = 1, . . . , K − 1}
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clr(p) = {log(pi/g(p)) : i = 1, . . . , K}

where g(p) is the geometric mean of p. Basically, the alr transform treats pK as

basement and do log-ratio transformation for other components. Both of the alr

and clr transform do not utilize information of the phylogenetic tree. On the other

hand, the ilr transform is built from a sequential binary partition of the original

variable space. Hence, when applying the ilr transform to microbiome datasets, we

can introduce the phylogenetic tree as a natural and informative sequential binary

partition [SWMD17]. For each interior node A ∈ I, the associated “balances” η(A)

is defined as follows:

η(A) =

√
|Al||Ar|

|Al|+ |Ar|
log

g(p(Al))

g(p(Ar))

where |Al| and |Ar| represent the number of OTUs in the left and right sub-tree

of node A, g(p(Al)) and g(p(Ar)) represent the geometric mean of the underlying

relative abundance vector associated with the left and right sub-tree of node A.

Basically, the ilr transform maps a composition p into a series of “balances” associated

with the interior nodes of the tree.

After applying the log-ratio transformation to a composition p, we relax the sim-

plex constraint. A log-ratio normal (LN) model assumes that the log-ratios follow

a multivariate normal distribution. This model setting has been applied to micro-

biome data analysis in many ways [XCFL13, B17]. However, when the number of

OTUs increases, LN model will result in computational challenges due to the lack of

conjugacy between the multinomial likelihood and multivariate normal.

In contrast, we can consider another classical approach: the Dirichlet-tree multi-

nomial model (DTM) [Den91]. Given a phylogenetic tree T over the OTUs, the DTM

uses the fact that a M -dimensional multinomial density is equivalent to a product of
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M − 1 binomial densities. Specifically, the sampling model in Eq. (2.1) is equivalent

to for all A ∈ I

Y (Al) | Y (A), θ(A)
ind∼ Binomial(Y (A), θ(A))

where Y (A) =
∑

i:ωi∈AXi represents the total number of OTU counts associated with

sub-tree of node A and θ(A) =
∑

i:ωi∈Al
Xi/

∑
i:ωi∈AXi represents the “branching”

ratio of node A. In order to obtain conjugacy, the DTM puts a beta model for each

θ(A). That is

θ(A)
ind∼ Beta(µ(A)τ(A), (1− µ(A))τ(A))

where µ(A) is the prior mean of θ(A) and τ(A) controls the variability of θ(A) around

its mean. DTM is not only transforming the abundance vector p in terms of θ(A)’s

through the phylogenetic tree, but also decomposing the sampling model, which is the

biggest difference between the DTM and the ilr-based LN approach. As a result, this

decomposition of the sampling model makes DTM computationally efficient through

the beta-binomial conjugacy. Given its advantages, DTM has been treated as a

mixture component in DTMM [MM22]:

θ|π, {(µ∗
k, τ

∗
k)}Kk=1

iid∼
K∑
k=1

πkDT(µ
∗
k, τ

∗
k) (2.3)

where p = tr−1(θ), θ ∼ DT(µ, τ )

However, the drawback of the DTM mixture component is that it fails to capture

the covariance among taxa. Actually, the independence between θ(A)’s is the under-

lying assumption of the DTM, which is unrealistic in practical sense. In contrast,

the LN model allows a (M − 1)× (M − 1) covariance matrix even if the computation

may not be efficient.
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Motivated by the LN and the DTM, [WMM21] proposes a hybrid model, named

logistic-tree normal (LTN), that combines the decomposition of the sampling model

under the DTM with the log-ratio transformation under the LN. Hence, LTN is both

computationally efficient and having flexible covariance structure. Specifically, the

LTN applies a logistic transform to the branching probability θ(A) for each interior

node A. That is

ψ(A) = log
θ(A)

1− θ(A)

and the LTN posits the joint distribution of the log-odds on the interior nodes is

multivariate Gaussian. Hence, the full framework of the LTN is summarized as

follows:

Y (Al) | Y (A), θ(A)
ind∼ Binomial(Y (A), θ(A)) (2.4)

ψ(A) = log
θ(A)

1− θ(A)
(2.5)

ψ ∼ MVN(µ,Σ) (2.6)

Parameter Σ ensures the flexibility of the LTN. But how to restore the conjugacy

such that the LTN could be efficiently implemented? Fortunately, this question

could be solved by utilizing a data-augmentation technique called Pólya-Gamma

(PG) augmentation [PSW13].

Based on [PSW13], the binomial likelihood in Eq. (2.4)&(2.5) could be written

as follows:

p(Y (Al) | Y (A), ψ(A)) ∝ (eψ(A))Y (Al)

(1 + eψ(A))Y (A)
= 2−Y (A)eκ(A)ψ(A)

∫ ∞

0

e−ωψ(A)
2/2f(ω) dω

where κ(A) = Y (Al) − Y (A)/2 and f(ω) is the probability density function of

PG(Y (A), 0) distribution. Then an auxiliary random variable ω(A) which is inde-
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pendent of Y (Al) given Y (A) and ψ(A) has been introduced to the LTN framework:

ω(A) | Y (A), ψ(A) ∼ PG(Y (A), ψ(A))

and the conditional density is

p(ω(A) | Y (A), ψ(A)) ∝ e−ω(A)ψ(A)
2/2f(ω(A))

Then the joint density of ω(A) and Y (Al) given Y (A) and ψ(A) is

p(ω(A), Y (Al) | Y (A), ψ(A)) ∝ 2−Y (A)eκ(A)ψ(A)−ω(A)ψ(A)
2/2f(ω(A))

whose exponential part contains quadratic term of ψ(A), hence is conjugate to the

multivariate normal likelihood of ψ.

With the help of Pólya-Gamma augmentation, the LTN restore the conjugacy

and could be efficiently implemented. This flexible framework could be extensively

applied to microbiome data analysis through being embedded into more complicated

hierarchical models [WMM21]. In this work, we are interested in applying the LTN

kernel to cluster microbiome compositions into subtypes and we propose a Bayesian

generative model, named logistic-tree normal mixture (LTNM), to solve this problem.

In general, the LTNM is a combination of the LTN and the Gaussian mixture

model (GMM). A typical microbiome dataset usually contains an OTU table, a phy-

logenetic tree and the associated covariate information. The LTN model factorizes

the sampling likelihood and represents the abundance vector p in terms of ψ(A)’s.

The information of i-th sample (tree), i = 1, . . . , n, is characterized by the parameter
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ψ. Hence, in cluster setting, we introduce a latent label c for each ψ. That is

ψi | ci = k,µ,Σ ∼ MVN(µk,Σk) for all i ∈ 1, . . . , n

where k represents the k-th cluster. The number of clusters is an important topic

in clustering analysis. Many traditional clustering methods, e.g. k-means clustering

[Mac67], predetermine the number of clusters. However, this setting is too restrictive

under many real applications since new clusters should always be expected to occur.

In order to relax this constraint, many nonparametric approaches have been intro-

duced, e.g. dirichlet process mixture [EW95] and mixture of finite mixture [MH18].

Inference strategies for these Bayesian nonparametric models, such as described in

[Nea00] or [IJ01], can be applied.

On the other hand, there is another approach to deal with the difficulty of pre-

determining the number of clusters: sparse finite mixture. This idea has been intro-

duced within the framework of Bayesian model-based clustering [MWFSG16], and

serves as a bridge between the standard finite mixture and Dirichlet process mixture.

The key idea is selecting a large number of components (greater than the anticipated

number), and choosing a sparse symmetric Dirichlet prior which encourages the extra

components to have weights close to zero. [GR01] has shown that a K component

finite mixture model with symmetric Dirichlet prior, i.e. DirK(α/K), on the weights

approximates a Dirichlet process mixture with concentration parameter α as K in-

creases. We adopt sparse finite mixture in the LTNM, and the basic framework of

the LTNM is as follows:

Y (Al) | Y (A), θ(A)
ind∼ Binomial(Y (A), θ(A)) for all A ∈ I (2.7)
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ψ(A) = log
θ(A)

1− θ(A)
for all A ∈ I (2.8)

ψi
ind∼ MVN(µci ,Σci) for all i ∈ 1, . . . , n (2.9)

ci
iid∼ Categorical(π1, . . . , πK) for all i ∈ 1, . . . , n (2.10)

π1, . . . , πK ∼ Dir(
α

K
, . . . ,

α

K
) (2.11)

The prior specification of parameters of the LTNM, especially p(Σ), needs to be

treated carefully, which will be discussed in later section.

2.2 Discriminative taxa selection

A typical microbiome dataset usually contains a high-dimensional OTU table. As a

result, for each transformed sample, the number of taxa is very large. However, in

many applications, not all of these taxa play a role in determining the underlying

cluster. When this is the case, identifying these signature taxa can enhance the

sensitivity for separating the clusters, and improve the interpretability of the resulting

inference [MM22]. In this section, we describe how to incorporate the taxa selection

into the LTNM model.

For each A ∈ I, we define γ(A) ∈ {0, 1} as an indicator of whether node A

contributes to the clustering. If γ(A) = 1, node A is active in the latent clustering;

otherwise, node A is inactive and we require all the clusters at node A to share the

same branching probability. To meet this requirement, we can rewrite µci in Eq. 2.9

as follows:

µci = α⊙ (1d − γ) + βci ⊙ γ

where d =M−1 is the number of internal nodes; ⊙ represents element-wise multipli-
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γ(A)ψi(A) pciπ

α βk Σk
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A ∈
In

Figure 2.2: Graphical representation of the LTNM with automatic taxa selection

cation; γ = {γ(A) : A ∈ I} is the collection of indicators of all internal nodes; α and

βci represent population and cluster specific mean of the branching probabilities of

all internal nodes respectively, where ci ∈ {1, . . . , K}. Hence, for A ∈ I, if γ(A) = 0,

the mean of the branching probability on node A is α(A), which results in the in-

distinguishability of node A for all clusters. On the other hand, if γ(A) = 1, node

A will be active in clustering since it has the cluster specific mean of the branching

probability.

We insert γ into the LTNM in the following way:

ψi | γ
ind∼ MVN(α⊙ (1d − γ) + βci ⊙ γ,Σci) for all i ∈ 1, . . . , n (2.12)

γ(A)
ind∼ Binom(p) for A ∈ I (2.13)

with appropriate prior for α, βci and p respectively. Figure 2.2 is a graphical repre-

sentation of the LTNM.
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2.3 Prior specification and hyperparameter choice

The prior distributions of the parameters in the LTNM are deliberately specified.

Specifically, the Inverse-Wishart distribution is usually a natural choice for p(Σ).

However, this distribution performs poorly in high-dimensional cases, which are com-

mon in microbiome datasets. In the LTNM, the inverse covariance is expected to

not only capture the correlation among taxa, but also remain sparsity in the high-

dimensional cases. Hence, we adopt the graphical lasso prior [Wan12] on the inverse

covariance, which can be represented in the following form:

p(Ω | λ) = C−1
∏
i<j

{DE(ωij | λ)}
d∏
i=1

{EXP(ωii |
λ

2
)}1Ω∈M+ (2.14)

where Ω = Σ−1 is the precision matrix, DE(x | λ) represents the double exponen-

tial density function of the form p(x) = λ/2exp(−λ|x|), EXP(x | λ) represents the

exponential density function of the form p(x) = λexp(−λx)1x>0, M
+ is the space of

positive definite matrices, and C is the normalizing constant not involving λ orΩ. λ is

the shrinkage parameter, and a Gamma prior can be put on it, i.e. λ ∼ Gamma(r, s),

which leads to a Gamma conditional posterior λ ∼ Gamma(r+d(d+1)/2, s+||Ω||1/2).

Here ||Ω||1 is the L1 norm of Ω. On the other hand, we can allow different λij’s for

different ωij’s rather than using one single λ to penalize the whole matrix. In the

LTNM, we choose two different λ’s (λ1 and λ2) for the diagonal and off-diagonal

terms of Ω respectively, and we set a relatively small value for λ1 and a relatively

large value for λ2 which result in more penalty on the off-diagonal terms and less

penalty on the diagonal terms. In addition, we set the same λ1 and λ2 for all cluster

specific precision matrices Ωk for k = 1, . . . , K.
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The prior distributions of α and β are as follows:

α ∼ MVN(0, 5 ∗ I)

β1, . . . ,βk
iid∼ MVN(0, 5 ∗ I)

Under this setting, we assume the population mean variable and the cluster specific

mean variables have the same prior distributions. For parameter p, we use a Beta

prior to keep the conjugacy, i.e. p ∼ Beta(a, b), where one may choose a = 1 and

b = 1 to get a non-informative prior, or a = 1 and b = 0.5d as suggested by [RG18].

As mentioned before, a sparse finite mixture model has been embedded into the

LTNM. Here we set the number of clusters K = 50, and a very small α/K value

will induce sparsity. Instead of making α/K = l for some small constant l, we define

α∗ = α/K and assign a Gamma prior to it, i.e. α∗ ∼ Gamma(l1, l2). Then we adopt

a random-walk Metropolis-Hastings for logα∗ (since α∗ > 0) for posterior sampling.

2.4 Inference strategy

Putting all pieces together, all components in the LTNM except Ωk and α∗ are

conditionally conjugate. Metropolis-Hastings can be applied to sample logα∗ (see

Appendix A). To effectively sample Ω, we adopt a data augmentation scheme pro-

posed in [Wan12]. Specifically, given the fact that the double exponential distribution

can be represented as a scale mixture of normals [AM74, Wes87], we can introduce a

latent scale parameter τ to Eq. (2.14):

p(ωk | τ k, λ) = C−1
τk

∏
i<j

{ 1√
2πτkij

exp(−
ω2
kij

2τkij
)}

d∏
i=1

{λ
2
exp(−λ

2
ωkii)}1Ωk∈M+

14



p(τ k | λ) ∝ Cτ
∏
i<j

λ2

2
exp(−λ

2

2
τkij)

where ωk = {ωkij : 1 ≤ i ≤ j ≤ d} is a vector of the upper off-diagonal and diagonal

terms of Ωk, τ k = {τkij : 1 ≤ i < j ≤ d} is the latent scale parameters and C−1
τk

is

the normalizing constant involving τ k. Then the data-augmented target distribution

can be expressed as follows:

p(Ωk, τ k | µk,ψ, λ) ∝ |Ωk|
n
2 exp{−tr(

1

2
SkΩk)}

∏
i<j

{τ−
1
2

kij exp(−
ω2
kij

2τkij
)exp(−λ

2

2
τkij)}

d∏
i=1

{exp(−λ
2
ωkii)}1Ωk∈M+

(2.15)

where Sk =
∑

i:ci=k
(ψi − µk)(ψi − µk)T and µk is defined in Eq. (2.2). [Wan12]

proposed an efficient block Gibbs sampler for the data-augmented target distribution

after appropriate reparametrization (see Appendix B for details). Except Ωk and α
∗,

the full conditionals of all other terms could be analytically derived (see Appendix

C for details). Then the whole sampling algorithm for the LTNM is summarized in

Algorithm 1(see Appendix D).

Given the clustering and taxa selection goal, we focus on c and γ parameters.

After discarding the first B samples as burn-in, we obtain the posterior samples

of c and γ denoted as [{γ(B+1), c(B+1)}, · · · , {γ(T ), c(T )}]. There are many ways

of yielding a representative cluster. Here we report the least-squared model-based

clustering [Dah06], which incorporates information from all posterior samples and

output one of the observed clustering results. Specifically, for each clustering c in

{c(B+1), · · · , c(T )}, a n × n association matrix δ(c) is defined whose (i, j) element

is 1 if ci = cj and 0 otherwise. The pairwise clustering probability matrix Π is
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estimated by taking element-wise average of these association matrices. The least-

square clustering CLS is one of the observed clustering c(t) which minimizes the sum

of squared deviations of its associated matrix δ(c(t)) from the estimated pairwise

clustering probability matrix Π̂, and it is defined as follows

CLS = argmin
c(t):B<t≤T

∑
1≤i≤n

∑
1≤j≤n

(δij(c
(t))− Π̂ij)

2

For taxa selection, we report a representative γ with the highest posterior prob-

abilities. Specifically, for each A ∈ I, calculate the posterior probabilities, p̂1 =

p(γ(A) = 1) and p̂0 = p(γ(A) = 0), through the posterior samples after burn-in

period. Then if p̂1 > p̂0, we set γ(A) = 1 and 0 otherwise. Repeating this procedure

for all internal nodes A yields a representative γ.
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Chapter 3

Simulation

3.1 Simulation setup

We carry out several simulation studies to compare the proposed model against ex-

isting methodologies for clustering microbiome count data: namely the Dirichlet-tree

multinomial mixtures (DTMM) [MM22], the Dirichlet multinomial mixtures (DMM)

[HHQ12], and the k-means algorithm (K-ms) [Llo82].

We simulate datasets with N = 90 samples, K = 3 clusters, and M = 50 OTUs,

where the OTU counts are generated from mixture of LN kernels. Specifically, the

OTU counts X1, · · · ,X90 are generated as follows:

X i | pi
ind∼ Multinomial(ni,pi)

ni
iid∼ Neg-Binom(15000, 20)

pi = alr−1(ηi)

ηi
ind∼

K∑
k=1

πk ·MVN(µk,Σk)

We treat a randomly-generated fully-rooted binary tree as the ”phylogenetic tree”,

and consider three different types of covariance matrix Σ. Under each scenario, we

assume (π1, π2, π3) = (4
9
, 3
9
, 2
9
) and Σ1 = Σ2 = Σ3. Three types of covariance matrix

are described as follows:

• Diagonal: Σ is a 49× 49 symmetric matrix and it has to be positive definite.
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In this case, we set σ2
1 = 1 and σ2

2 = 0.05. Let the first 31 diagonal entries

equal to σ2
1 and the rest 18 diagonal entries equal to σ2

2. All off-diagonal terms

equal to 0.

• Block: In this case, we divide the whole matrix into two blocks whose dimen-

sions are 31 × 31 and 18 × 18 respectively. The diagonal entries equal to 1 in

the first block and equal to 0.05 in the second block. Then randomly choose

75 of upper diagonal elements in the first block and set them equal to 0.05.

Randomly choose 27 of upper diagonal elements in the second block and set

them equal to 0.04. All other entries are set to 0.

• General: Given the Block case, this setting makes some changes by adding

covariance between blocks. Specifically, randomly choose 114 of upper elements

between two blocks defined in Block case and set them equal to 0.02. All other

entries are still set to 0.

Under each covariance matrix setting, we define µk = (c1, · · · , c31, d1k, · · · , d18k).

In each case, we assume c1 =, · · · ,= c31 = c and dik
ind∼ Unif(2, 4) for all i ∈

{1, · · · , 18} and k ∈ {1, 2, 3}. By choosing different c, the simulated datasets can

have different strength of the signal [And01], which measures the within-cluster vari-

ability against the total variation. The signal R2 is defined as follows:

R2 =

∑3
k=1

∑N−1
i=1

∑N
j=i+1 dBC(X i,Xj)

2ϵkij/Nk∑N−1
i=1

∑N
j=i+1 dBC(X i,Xj)2/N

where dBC(·, ·) is the Bray-Curtis dissimilarity, ϵkij = 1 if sample i and j are both in the

cluster k and 0 otherwise, Nk is the number of samples in cluster k. In this simulation

study, we choose c = 6 and c = 1 to generate datasets with strong and weak signals

respectively. For each scenario, we conduct 100 rounds of simulations and summarize
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the average R2 in Table 3.1. When R2 is large, the total variation is almost only

contributed by the within-cluster variation, which results in the separability of the

whole datasets is poor. We would like to evaluate the performance of models on both

separable and non-separable datasets. In addition, the data-generating mechanism

is based on the LN kernel, which indicates the tree-based log-odds ψi(A)’s are not

normally distributed. Hence, we can also test the robustness of the proposed model

in this simulation study.

Table 3.1: Average R2 for each scenario
Signal LN-Diagonal LN-Block LN-General

c = 1 Strong 0.40 0.54 0.54
c = 6 Weak 0.97 0.96 0.97

In each simulation round, we run the Gibbs sampler for the LTNM for 2000

iterations and discard the first 1000 iterations. The choices of priors and hyper-

parameters for the LTNM are based on the discussions of Section 2.3. In addition,

we set λ1 = 1, λ2 = 200, and the initial values of c is the output of PAM [KR90]

with k = 20. We set k = 3, which is the correct number of clusters, for K-ms when

implementing this method.

3.2 Result analysis

The metric we choose to compare the clustering results of different models is the

Jaccard index [Jac12]. For a clustering result c and the true cluster ct, the Jac-

card index between c and ct, J(c, ct), is defined as |c ∩ ct|/|c ∪ ct|, where the nu-

merator denotes the number of pairs of samples that belong to the same cluster

under both c and ct and the denominator denotes the number of pairs of sam-

ples that belong to the same cluster under at least one of c and ct. Note that
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0 ≤ J(c, ct) ≤ 1 by definition. In each scenario, we compute the root mean square

error RMSE =
√∑100

i=1(J(cLS, ct)− 1)2/100 for each method where cLS is the rep-

resentative cluster in each simulation round. The RMSE of all methods under all

scenarios is summarize in Table 3.2. As the table shows, when the signal is strong,

i.e. the data is separable, all models perform better than the case where the sig-

nal is weak. Especially the RMSE of the LTNM is 0 under all three kernels, which

means the LTNM can exactly determine the cluster label for each sample when the

signal is strong. Another notable thing is the RMSE of all competitors is lower under

LN-Diagonal compared with other two kernels. This is caused by the fact that LN-

Diagonal kernel has the simplest covariance structure. When the signal is weak, both

the LTNM and DTMM outperform the other two methods. Without utilizing the

phylogenetic tree information, the DMM and the K-ms output unreliable clustering

results. In contrast, the LTNM and DTMM can still identify the correct clustering

in most simulation rounds, which can be seen in Figure 3.1.

This plot shows the distribution of the Jaccard indexes for each method under all

scenarios. We realize although the performance of all models is good when the signal

is strong, the variations of all competitors are much larger than the LTNM’s. On the

other hand, when the signal is weak, the DMM identifies all samples as one single

cluster and the K-ms assigns samples to incorrect clusters on all simulation rounds.

As a result, their clustering results are not reliable. From this figure we notice the

clustering results of the LTNM and the DTMM are similar to each other on average.

However, the variation of the LTNM is less than DTMM’s and the clustering results

of the LTNM are better than DTMM’s on most rounds under LN-Diagonal and LN-

General kernels. We believe this is caused by the more flexible covariance structure

of the LTNM.
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Table 3.2: RMSE of the Jaccard index under different scenarios

Kernel Signal LTNM DTMM DMM K-ms

LN-Diagonal
W 0.30 0.34 0.65 0.73
S 0.00 0.16 0.03 0.19

LN-Block
W 0.31 0.32 0.65 0.73
S 0.00 0.21 0.10 0.21

LN-General
W 0.26 0.34 0.65 0.73
S 0.00 0.18 0.10 0.22

Figure 3.1: Distribution of Jaccard Index for all models under all scenarios; models
from left to right are: DMM, DTMM, K-ms, LTNM

Next we choose one simulation round to demonstrate the result of discriminative

taxa selection. Here we choose round 3 under LN-Diagonal kernel with weak signal.

Figure 3.2 shows the taxa selection result. The tree structure in this figure is the

phylogenetic tree we use to generate datasets and implement the LTNM and the
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DTMM. The degree of dark in node A ∈ I represents the posterior probability of

γ(A) = 1. As a result, a darker node denotes the probability is closer to 1. A black

node means P (γ(A) = 1) = 1. Based on our simulation setting, all internal nodes in

right sub-tree of the root should play a role in the latent clustering process. From

this figure we can conclude the LTNM exactly identifies 16 of 18 active nodes and the

other two nodes with intermediate and low posterior active probabilities respectively.

Figure 3.2: Discriminative taxa selection of one round simulation in LN-Diagonal
kernel with weak signal
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Chapter 4

Case study

The American Gut project [MBK15, MHD+18] has been launched as a collaboration

between the Earth Microbiome Project [TSM+17] and the Human Food Project to

build an open platform for citizen science microbiome research. It generates an open-

source reference microbiome dataset through collecting mouth, skin and feces samples

over a large human participants.

We apply LTNM to the July 2016 version of the fecal data from the AGP to

construct enterotype for a specific group of samples where participants are diagnosed

with inflammatory bowel disease (IBD). This specific version of the AGP datasets

contains an OTU table of 27774 OTUs. Following the setup in [MM22], we focus on

the top 75 OTUs which keep 2/3 of the total counts in each sample on average. In

addition, we only keep the samples whose counts on the top 75 OUTs are over 500.

As a result, there are 189 samples in the IBD group.

λ1 is the hyperparameter putting penaly on the diagonal terms of Ω. The choice

of λ1 in graphical lasso distribution is important since the clustering results of LTNM

may be sensitive to it. In general, a large λ1 will result in a large variance terms and

produce overly large clusters. On the other hand, a small λ1 will bring opposite effects.

In order to test the sensitivity of LTNM with respect to λ1, we try λ1 = 0.1, 1, 10 and

λ2 = 200. In each scenario, we fit LTNM with the same choices of priors and hyper-

parameters discussed in Section 2.3. We run the Gibbs sampler for 5000 iterations

and discard the first 2500 iterations. Then we examine the clustering results. CLS
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is the output representative clustering for the IBD group dataset. It contains four

clusters and is shown in Figure 4.1. Based on this figure, we realize the clustering

process is quite stable, i.e. most samples have only been identified into one fixed

cluster. On the other hand, as λ1 increases, an overly large cluster is more likely to

be generated.

(a) λ1 = 0.1 (b) λ1 = 1 (c) λ1 = 10

Figure 4.1: Estimated pairwise co-clustering probabilities with different λ1

We set λ1 = 0.1 to analyze the taxa selection results shown in Figure 4.2. Most

internal nodes (41 out of 74) are relevant with clustering. In addition, some of the

active nodes are close to the leaves but some are more ”global” (have more descendant

OTUS). This combination results in the latent clustering process is determined by a

subset of internal nodes in a complicated manner.

We are also interested in the ”importance” of each OTU in the clustering process.

Based on [MM22], we define the following metric to measure the importance:

νj =

∑
c∈CLS

nc(x̄cj − x̄j)
2∑

c∈CLS

∑
ci=c

(xij − x̄cj)2
for j ∈ 1, . . . ,M

whereM is the number of OTUs, x̄j is the overall mean of xij, and x̄cj is the mean of

xij for samples with ci = c. Table 4.1 summarizes the information of top 10 OTUs in

the clustering process. Bacteroides, Prevotella and Ruminococcus are three genera

characterizing the three enterotypes in human gut microbial communities [AMR+11].
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Figure 4.2: Discriminative taxa selection of IBD group dataset

Our results indicate that the enterotypes of the IBD group are determined in a more

complicated manner. Specifically, Proteus and Faecalibacterium are also important

besides those three genera.

Table 4.1: Top 10 important OTUs in determining CLS

OTU Family Genus νj

4385479 Enterobacteriaceae Proteus 1.05
715527 Xanthomonadaceae - 0.24
4480359 Ruminococcaceae - 0.20
4478125 Ruminococcaceae Faecalibacterium 0.15
185420 Bacteroidaceae Bacteroides 0.12
4448331 Enterobacteriaceae - 0.12
4468234 Bacteroidaceae Bacteroides 0.11
4454839 Enterobacteriaceae Enterobacter 0.10
2407149 Lachnospiraceae Lachnospira 0.10
4468391 Ruminococcaceae Ruminococcus 0.10

At last, we compare the clustering results of the LTNM and DTMM on the IBD
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group by 2-D NMDS plot, which is a way to condense information from multidimen-

sional data into a 2D representation. The closer two points are, the more similar the

corresponding samples are. Figure 4.3 summarizes the clustering results of the LTNM

and DTMM. Compared with LTNM, DTMM can identify small clusters within large

clusters. This is expected since the Dirichlet process mixture can identify the small

clusters that do not reflect the true data-generating process [MH13]. On the other

hand, LTNM tends to generate large clusters.

Figure 4.3: Two-dimensional NMDS plots for the IBD group dataset
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Chapter 5

Conclusion

We have introduced a Bayesian generative model for clustering the microbiome

dataset. Adopting a multivariate Gaussian distribution for log-odds ratios, LTNM

is flexible to capture the relations among taxa. In addition, we provide a way of

choosing subsets of internal nodes that are active in clustering process. Moreover,

there exists an easy and efficient sampling algorithm for the LTNM.

In real microbiome settings, when the number of OTUs is large, the dimension of

the activation indicator parameter γ will also be large. As a result, a conventional

Gibbs sampler usually causes mixing problem when updating a high-dimensional

binary vector. A classical way of solving it is to integrate ψ out and make data

directly influence γ. However, under the LTNM framework, the integral is not easily

computed. Another method worth trying is stochastic search algorithm, which may

lower the efficiency but improve the mixing. On the other hand, right now γ is

only introduced to the mean vector of multivariate Gaussian distribution. Another

direction worth exploring is modelingΣ by incorporating γ and adopting a reasonable

prior for it. In addition, as we discussed above, the choices of λ1 and λ2 are important

to the clustering results. A reasonable strategy of tuning hyperparameter is to use

out-of-sample predictive performance to identify suitable choices of λ1 and λ2.
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Appendix A

Posterior sampling for logα∗

In the LTNM, we adopt a sparse symmetric Dirichlet prior on the weight distribution

of an overfitting finite mixture distribution to deal with the difficulty in setting the

number of clusters beforehand. Specifically, we have

π1, . . . , πK ∼ Dir(
α

K
, · · · , α

K
)

Now we let α∗ = α
K

and assign a Gamma prior to it, i.e. α∗ ∼ Gamma(l1, l2). Then

we have

f(α∗ | π, l1, l2) ∝ f(α∗ | l1, l2)× f(π | α∗)

= C(α∗)l1−1e−l2α
∗ Γ(Kα∗)

[Γ(α∗)]K

K∏
i=1

πα
∗−1

i

(A.1)

where C is a constant not involving α∗. A random-walk Metropolis-Hastings can

not be directly implemented since α∗ > 0. Hence, we let η = logα∗ and choose a

random-walk Metropolis-Hastings for posterior sampling. Based on the change of

variable, we have

f(η | π, l1, l2) = f(α∗ | π, l1, l2)×
dα∗

dη

= C[exp(η)]l1−1e−l2 exp(η)
Γ(K exp(η))

[Γ(exp(η))]K

K∏
i=1

π
exp(η)−1
i × exp(η)

(A.2)
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The proposals are formed as:

y(t) = η(t−1) + ϵ(t) (A.3)

where ϵ(t) ∼ N(0, σ2) which is symmetric around 0. Therefore,

q(y(t) | η(t−1)) = q(ϵ(t)) = q(−ϵ(t)) = q(η(t−1) | y(t))

As a result, the acceptance probability is

pt = min{ f(y(t) | π, l1, l2)
f(η(t−1) | π, l1, l2)

, 1} (A.4)

Draw ut ∼ Unif(0, 1) and if ut < pt, set η
(t) = y(t). Otherwise η(t) = η(t−1). At last,

set (α∗)(t) = exp(η(t)).
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Appendix B

Block Gibbs sampler for Ω and τ

In this section, we briefly review the block Gibbs sampler proposed by [Wan12] for

the data-augmented target distribution defined in Eq. (2.15). Note: we get rid of

the cluster label for the following equations.

Without loss of generality, we can focus on updating the last row and column of

Ω. Define Υ = (τij) be a d× d symmetric matrix with zeros in the diagonal entries

and τ in the upper diagonal entries. We can partition Ω, S and Υ as follows:

Ω =

Ω11 ω12

ω
′
12 ω22

 , S =

S11 s12

s
′
12 s22

 , Υ =

Υ11 τ 12

τ
′
12 0


From Eq. (2.15), the conditional distribution of the last column in Ω is

p(ω12, ω22 | Ω11,S,Υ, λ) ∝ {|Ω11| − (ω22 − ω
′

12Ω
−1
11 ω12)}

n
2

× exp{−1

2
(2s

′

12ω12 + s22ω22)}

× exp{−1

2
(ω

′

12D
−1
τ ω12)} × exp{−λ

2
ω22}

∝ (ω22 − ω
′

12Ω
−1
11 ω12)

n
2

× exp{−1

2
[ω

′

12D
−1
τ ω12 + 2s

′

12ω12 + (s22 + λ)ω22]}

where Dτ = diag(τ 12). Then we can make a change of variable

(ω12, ω22) −→ (D = ω12, s = ω22 − ω
′

12Ω
−1
11 ω12)

30



The Jacobian is a constant not involving (D, s), hence

p(D, s | Ω11,S,Υ, λ) ∝ s
n
2 exp{−s22 + λ

2
s}

× exp{−1

2
[D

′
(D−1

τ + (s22 + λ)Ω−1
11 )D + 2s

′

12D]}

Then we can conclude

(s,D) | Ω11,S,Υ, λ ∼ Gamma(
n

2
+ 1,

s22 + λ

2
)MVN(−Cs21,C)

where C = {D−1
τ + (s22 + λ)Ω−1

11 }−1. After drawing D and s, we can transfer them

back to ω12 and ω22.
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Appendix C

Full conditionals of other parameters

In this section, we provide details on the full conditionals of other parameters of the

LTNM.

The full conditional of α: Assume Ωk = Σ−1
k , the full conditional of α follows

that

p(α | c,ψ,γ,β,Ω) ∝ p(α)
n∏
i=1

p(ψi | βci ,α,Ωci ,γ)

∝ e−
1
2
αT (5∗I)−1α

× e−
1
2

∑n
i=1(ψi−α⊙(1d−γ)−βci

⊙γ)TΩci (ψi−α⊙(1d−γ)−βci
⊙γ)

∼ MVN(mα,Λα)

where

Λα = ((5 ∗ I)−1 + (1d − γ)(1d − γ)T ⊙
n∑
i=1

Ωci)
−1 (C.1)

mα = Λα{(
n∑
i=1

(ψT
i − (βci ⊙ γ)

T )Ωci ⊙ (1d − γ)T )}T (C.2)
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The full conditional of β: For k = 1, . . . , K,

p(βk | β−k, c,ψ,Ω,α,γ) ∝ p(βk)
∏
i:ci=k

p(ψi | βk,α,Ωk,γ)

∝ e−
1
2
βT
k (5∗I)−1βk

× e−
1
2

∑
i:ci=k(ψi−α⊙(1d−γ)−βk⊙γ)TΩk(ψi−α⊙(1d−γ)−βk⊙γ)

∼ MVN(mk,Λk)

where

Λk = ((5 ∗ I)−1 + γγT ⊙ |ck|Ωk)
−1 (C.3)

mk = Λk{(
∑
i:ci=k

ψT
i − |ck|αT ⊙ (1d − γ)T )Ωk ⊙ γT}T (C.4)

and |ck| represents the number of samples in cluster k.

The full conditional of γ: For A ∈ I, p(γ(A) | γ(−A), c,α,β,Ω, p,ψ) follows

a Bernoulli distribution with success rate (O(A) + 1)−1

O(A) =
p(γ(A) = 0 | γ(−A), c,α,β,Ω, p,ψ)
p(γ(A) = 1 | γ(−A), c,α,β,Ω, p,ψ)

=
p(γ(A) = 0 | p)p(γ(−A) | p)

∏n
i=1 p(ψi | α,βci ,Ωci , γ(A) = 0,γ(−A))

p(γ(A) = 1 | p)p(γ(−A) | p)
∏n

i=1 p(ψi | α,βci ,Ωci , γ(A) = 1,γ(−A))

=
(1− p)× e−

1
2

∑n
i=1(ψi−α⊙(1d−γ0)−βci

⊙γ0)
TΩci (ψi−α⊙(1d−γ0)−βci

⊙γ0)

p× e−
1
2

∑n
i=1(ψi−α⊙(1d−γ1)−βci

⊙γ1)
TΩci (ψi−α⊙(1d−γ1)−βci

⊙γ1)

(C.5)

where γ0 = (γ(A) = 0,γ(−A)) and γ1 = (γ(A) = 1,γ(−A)).
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The full conditional of ψ: For i = 1, . . . , n,

p(ψi | ci = k,µk,Ωi, ωi, YiA, YiAl
) ∝ p(ψi | ci = k,µk,Ωk)p(ωi, YiAl

| YiA,ψi)

∝ e−
1
2
(ψi−µk)

TΩk(ψi−µk) × eκ
T
i ψi− 1

2
ψT

i diag(ωi)ψi

∝ e−
1
2
ψT

i (Ωk+diag(ωi))ψi+ψ
T
i (Ωkµk+κi)

∼ MVN(Πk(Ωkµk + κi),Πk)

where Πk = (Ωk + diag(ωi))
−1 and µk is defined in Eq. (2.2) and κi = YiAl

− YiA/2.

Here YiA is a vector of counts in all parent nodes of i-th sample tree and YiAl
is a

vector of counts in all associated left-child nodes.

The full conditional of c: For i = 1, . . . , n and k = 1, . . . , k, we have

p(ci = k | c−i,π,ψi,α,β,γ,Ω) ∝ p(ci = k | π)p(ψi | α,βk,γ,Ωk)

Then normalizing these K quantities to obtain the corresponding probabilities. We

can update ci through drawing a cluster label from a Categorical distribution with

the calcualted probabilities.

The full conditional of p: By the beta-binomial conjugacy,

p | a, b,γ ∼ Beta(a+
∑
A∈I

γ(A), b+ d−
∑
A∈I

γ(A))

The full conditional of π: By the Dirichlet-Categorical conjugacy,

p(π | α∗, c) ∼ Dir(ζ1, . . . , ζK) where ζj = (α∗) +
n∑
i=1

1{ci=j}
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The full conditional of ω: ω is Pólya-Gamma random variable introduced to

restore the conjugacy. By definition, we have

ω(A) | Y (A), ψ(A) ∼ PG(Y (A), ψ(A))
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Appendix D

Posterior sampling algorithm for the

LTNM

Posterior sampling algorithm of the LTNM is summarized in Algorithm 1. To clarify

the notations in the sampler, ω is a n× d matrix containing Pólya-Gamma random

variables and Ωk represents a d × d precision matrix for cluster k. For any cluster-

specific square matrix Ak, Ak(i,i) is the i-th row and i-th column element in Ak,

Ak(i,−i) is the row vector formed by removing Ak(i,i) from the i-th row of Ak, Ak(−i,i)

is the column vector formed by removing Ak(i,i) from the i-th column of Ak, Ak(−i,−i)

is the submatrix of Ak by removing the i-th row and i-th column. Let Υ
(t)
k be a

d × d symmetric matrix with zeros in the diagonal entries and τ
(t)
k in the upper

diagonal entries representing the latent scale parameter matrix for cluster k, and

define C
(t)
k(i) = ((S

(t)
k(i,i) + λ1)(Ω

(t)
k(−i,−i))

−1 + diag(Υ
(t)
k(i,−i)))

−1.
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Algorithm 1 Posterior sampling algorithm for the LTNM
Initialize ω(0), ψ(0), Ω(0), τ (0), c(0), α(0), β(0), γ(0), π(0), p(0), (α∗)(0)

for t = 1, · · · , T do
1. update ω :
for i = 1, · · · , n do

for A ∈ I do
Draw ω

(t)
i (A) ∼ PG(Yi(A), ψ

(t−1)
i (A))

end for
end for
2. update ψ :
for i = 1, · · · , n do

Draw ψ
(t)
i ∼ MVN((Ω

(t−1)
ci + diag(ω

(t)
i ))−1(Ω

(t−1)
ci µ

(t−1)
ci + κi), (Ω

(t−1)
ci + diag(ω

(t)
i ))−1)

where ci = c
(t−1)
i , µ

(t−1)
ci = α(t−1) ⊙ (1d − γ(t−1)) + β

(t−1)
ci ⊙ γ(t−1)

end for
3. update α :
Draw α(t) ∼ MVN(mα,Λα), where mα is defined in Eq. (C.2) and Λα is defined in Eq. (C.1)
4. update β :
for k = 1, · · · ,K do

Draw β
(t)
k ∼ MVN(mk,Λk), where mk is defined in Eq. (C.4) and Λk is defined in Eq. (C.3)

end for
5. update Ω and τ :
for k = 1, · · · ,K do

for i = 1, · · · , d do

Draw s ∼ Gamma(nk/2 + 1, (S
(t−1)
k(i,i)

+ λ1)/2)

Draw D ∼ MVN(−C(t−1)
k(i)

S
(t−1)
k(i,−i)

,C
(t−1)
k(i)

)

Update Ω
(t)
k(i,−i)

=D, Ω
(t)
k(−i,i)

=DT , Ω
(t)
k(i,i)

= s+DT (Ω
(t)
k(−i,−i)

)−1D

end for
for 1 ≤ i < j ≤ d do

Draw uij ∼ Inv-Gaussian(
√
λ22/(Ω

(t)
k(ij)

)2, λ22)

Update τ
(t)
k(ij)

= τ
(t)
k(ji)

= 1/uij

end for
end for
6. update γ :
for A ∈ I do

Draw γ(t)(A) ∼ Bernoulli((O(A) + 1)−1), where O(A) is defined in Eq. (C.5)
end for
7. update p :
Draw p(t) ∼ Beta(a+

∑
A∈I γ

(t)(A), b+ d−
∑

A∈I γ
(t)(A))

8. update c :
for i = 1, · · · , n do

Draw c
(t−1)
i ∼ Categorical(η

(t−1)
1 , · · · , η(t)K ), where η

(t−1)
j =

π
(t−1)
j p(ψ

(t)
i |α(t),β

(t)
j ,γ(t),Ω

(t)
j )∑K

j′=1
π
(t−1)

j′ p(ψ
(t)
i |α(t),β

(t)

j′ ,γ(t),Ω
(t)

j′ )

end for
9. update π :

Draw π
(t)
1 , . . . , π

(t)
K ∼ Dir(ζ

(t−1)
1 , . . . , ζ

(t−1)
K ), where ζ

(t−1)
j = (α∗)(t−1) +

∑n
i=1 1{c(t)i =j}

10. update α∗ :
Update α∗ as described in A

end for
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