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Abstract

Social science data often contain complex characteristics that standard statistical
methods fail to capture. Social surveys assign many questions to respondents, which
often consist of mixed-scale variables. Each of the variables can follow a complex
distribution outside parametric families and associations among variables may have
more complicated structures than standard linear dependence. Therefore, it is not
straightforward to develop a statistical model which can approximate structures well
in the social science data. In addition, many social surveys have collected data over
time and therefore we need to incorporate dynamic dependence into the models. Also,
it is standard to observe massive number of missing values in the social science data.
To address these challenging problems, this thesis develops flexible nonparametric
Bayesian methods for the analysis of social science data.

Chapter 1 briefly explains backgrounds and motivations of the projects in the fol-
lowing chapters. Chapter 2 develops a nonparametric Bayesian modeling of temporal
dependence in large sparse contingency tables, relying on a probabilistic factorization
of the joint pmf. Chapter 3 proposes nonparametric Bayes inference on conditional
independence with conditional mutual information used as a measure of the strength
of conditional dependence. Chapter 4 proposes a novel Bayesian density estimation
method in social surveys with complex designs where there is a gap between sample
and population. We correct for the bias by adjusting mixture weights in Bayesian

mixture models. Chapter 5 develops a nonparametric model for mixed-scale longi-
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tudinal surveys, in which various types of variables can be induced through latent
continuous variables and dynamic latent factors lead to flexibly time-varying associ-

ations among variables.
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1

Introduction

To understand structures and development of societies, many social surveys have
been conducted with various research interests. These surveys contain demographic,
behavioural and attitudinal questions, which include critical information for studying
social phenomena in population or sub-populations of special interest. However,
social science data often holds complex characteristics, which make it challenging
to build realistic statistical models for extracting the information from the data.
For example, General Social Survey consists of categorical questions such as race,
education level and political party affiliations, producing a large contingency table
with enormous number of cells compared to a sample size. The large sparse table
requires a massive number of parameters in standard log-linear models, leading to
computational intractability.

Also, various private and government research institutions have collected data
over a period of time to investigate trends of structures of societies. To achieve
the research goal, it is crucial to incorporate time-dependence appropriately into
statistical models but dynamic structures depend on survey designs. For longitudi-

nal studies, same respondents repeatedly answer questions, inducing subject-specific



time-dependence. On the other hand, in other surveys such as General Social Sur-
vey, different individuals are randomly collected from population at each time point,
resulting in no subject-specific dependence, but we still need to express dynamic
structures of the population. Hence, it is important to develop statistical models
taking fully into account the survey purpose and designs.

Multivariate response variables in a large-scale survey are usually mixed-scale.
For example, The National Longitudinal Study of Adolescent to Adult Health has
collected sexual behavior variables, including attraction to same sex (binary vari-
able), number of sex partners (count variable) and sexual self-definition (unordered
categorical variable). However, it is not straightforward to construct a flexible sta-
tistical method for the analysis of mixed-scale data. Also, although one of research
interests is often in estimating associations among response variables, it is not clear
even how to measure interactions for mixed-scale data. In addition, existing methods
for conditional associations between a response variable and covariates given other
variables are usually based on a linear relationship, which can be too restrictive for
social science studies with complex structures.

In addition, social surveys are often collected via complex sampling designs such
as stratified sampling and oversampling, leading to discrepancies between sample
and population. On the other hand, standard statistical models are based on the as-
sumption that the collected respondents are representative of population. Therefore,
one needs to adjust for the bias to obtain an estimation result for target population.
Although there are several existing adjustment methods in the literature, they often
rely on restrictive associations between a response and survey weights or compli-
cated joint modeling of them. Hence, it is important to develop a flexible but not
complicated approach with easy computation.

To address these challenging problems in the analysis of social science data, this
thesis develops novel Bayesian methods based on joint modeling of multivariate sur-
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vey data. The class of joint models is comprehensive that it can be applied for a wide
variety of studies with various research interests. For example, the joint models can
flexibly induce conditional models given covariates because a conditional density can
be expressed as a ratio of two joint densities in general. Therefore, conditional asso-
ciations between a response and predictors given other variables can be analysed in
this framework. Also, missing values can be easily imputed from the joint model as-
suming missing at random. To build a flexible joint model, we utilize nonparametric
Bayes density estimation methods, relying on Dirichlet process mixtures (West et al.
(1994); Escobar and West (1995); Miiller et al. (1996); Hannah et al. (2011)). For the
DP mixtures, various efficient posterior computation methods are developed such as
the Polya urn scheme (Bush and MacEachern (1996)) and the blocked Gibbs sampler
(Ishwaran and James (2001)). Also, the slice sampler (Walker (2007); Kalli et al.
(2011)) and retrospective MCMC methods (Papaspiliopoulos and Roberts (2008))
can avoid truncation approximations in the computation. In addition, there is an
emerging literature providing an asymptotic frequentist justification for these mod-
els (Ghosal et al. (1999); Ghosh and Ramamoorthi (2003); Tokdar (2006); Wu and
Ghosal (2008)).

Chapter 2 addresses problems in social surveys with categorical responses. In
many applications in social science, it is of interest to study trends over time in
relationships among categorical variables, such as age group, ethnicity, religious af-
filiation, political party and preference for particular policies. At each time point,
a sample of individuals provide responses to a set of questions, with different indi-
viduals sampled at each time. In such settings, there tends to be abundant missing
data and the variables being measured may change over time. At each time point,
one obtains a large sparse contingency table, with the number of cells often much
larger than the number of individuals being surveyed. To borrow information across
time in modeling large sparse contingency tables, we propose a Bayesian autore-

3



gressive tensor factorization approach. The proposed model relies on a probabilistic
Parafac factorization of the joint pmf characterizing the categorical data distribution
at each time point, with autocorrelation included across times. Efficient computa-
tional methods are developed relying on MCMC. The methods are evaluated through
simulation examples and applied to social survey data. The result in this chapter
was published in Kunihama and Dunson (2013).

Chapter 3 tackles the problem of conditional associations among mixed-scale
variables. In many social science case studies, a primary focus is on assessing evidence
in the data refuting the assumption of independence of Y and X conditionally on 7,
with Y response variables, X predictors of interest, and Z covariates. Ideally, one
would have methods available that avoid parametric assumptions, allow Y, X, Z to
be random variables on arbitrary spaces with arbitrary dimension, and accommodate
rapid consideration of different candidate predictors. As a formal decision-theoretic
approach has clear disadvantages in this context, we instead rely on an encompassing
nonparametric Bayes model for the joint distribution of Y, X and Z, with conditional
mutual information used as a summary of the strength of conditional dependence.
The implementation relies on a single Markov chain Monte Carlo run under the
encompassing model, with conditional mutual informations for candidate models
calculated as a byproduct. We provide asymptotic theory supporting the approach,
and apply the method to variable selection. The methods are illustrated through
simulations and criminology applications. This chapter corresponds to the technical
report of Kunihama and Dunson (2014).

Chapter 4 deals with complex survey design with non-representative sample. In
population studies, it is standard to sample data via designs in which the popula-
tion is divided into strata, with the different strata assigned different probabilities
of inclusion. Although there have been some proposals for including sample survey
weights into Bayesian analyses, existing methods require complex models or ignore

4



the stratified design underlying the survey weights. We propose a simple approach
based on modeling the distribution of the selected sample as a mixture, with the
mixture weights appropriately adjusted, while accounting for uncertainty in the ad-
justment. We focus for simplicity on Dirichlet process mixtures but the proposed
approach can be applied more broadly. We sketch a simple Markov chain Monte
Carlo algorithm for computation, and assess the approach via simulations and an
application of sexual behaviour analysis. This chapter comes from the paper of
Kunihama et al. (2014).

Chapter 5 develops flexible joint modeling of mixed-scale longitudinal surveys. In
many social science surveys, participants repeatedly respond to questions over time.
Modeling and computation for multivariate longitudinal data has proven challenging,
particular when data are not all continuous and Gaussian but contain discrete mea-
surements. Also, study participants are often selected via stratified random sampling,
leading to discrepancies between sample and population. To adjust for this gap, sur-
vey weights are constructed but it is not clear how to include them in hierarchical
models. Motivated by an application to sexual preference data, we propose a novel
nonparametric approach for mixed-scale longitudinal data in surveys. The proposed
approach relies on an underlying variable mixture model, with time-varying latent
factors. Bias from survey design is adjusted for in posterior computation relying on
a Markov chain Monte Carlo algorithm. The approach is applied to the analysis of
the sexual behaviour data from the National Longitudinal Study of Adolescent to
Adult Health. This chapter is a joint project with Amy Herring, Caloryn Halpern

and David Dunson.



2

Bayesian modeling of temporal dependence in large
sparse contingency tables

2.1 Introduction

Time-indexed multivariate categorical data are collected in many areas, with partially-
overlapping categorical variables measured for different subjects at the different time
points. As a motivating application, we consider social science surveys that are
conducted at regular time intervals, containing many categorical questions such as
gender, race, age group, ethnicity, religious affiliation, political party and preference
for particular policies. For such surveys and other types of time-indexed multivariate
categorical data, it is common for the variables measured (questions asked) to vary
somewhat over time while a subset of the variables will be measured at all times. In
addition, the number of variables measured can be moderate to large leading to a
contingency table with an enormous number of cells, the vast majority of which are
empty. Given the fact that social science data often contain complex interactions,
it becomes extremely challenging to build realistic and computationally tractable

models that allow ultra-sparse data. We define ultra-sparse contingency tables as



having exponentially or super-exponentially more cells than the sample size.

Let x4 = (Zy1, ..., Typ)" denote the multivariate response for the ith subject in
the survey at time ¢, with the jth categorical question having d; elements, z,; €
{1,...,d;},7 = 1,...,p. We accommodate the case in which the specific vari-
ables measured can vary across time by introducing missingness indicators, m;, =
(Muiny - -, Mup)’, with my;; = 1 if variable j is missing for subject i at time ¢; we
allow design-based missingness in which certain variables are not measured for any
subjects at a particular time and for individual-specific missingness in which certain
individuals fail to answer all the questions posed to them. In both cases we assume
missing at random.

There is a rich literature on the analysis of contingency tables (Agresti (2002);
Fienberg and Rinaldo (2007)). Log linear models are perhaps the most commonly
used modeling framework. Routine implementations rely on maximum likelihood
estimation, though there is also a rich Bayesian literature. For large, sparse contin-
gency tables, maximum likelihood estimates do not exist in many cases except for
overly-simplistic log-linear models and richer classes of models become challenging
to implement computationally. There is a rich literature on graphical modeling ap-
proaches to estimating conditional independence structures in categorical variables,
with Dobra and Lenkoski (2011) proposing a recent Bayesian approach. Although
their method is computationally efficient, except for very small tables, the number
of possible graphical models is so enormous that it becomes infeasible to visit more
than a vanishingly small fraction of the models making accurate model selection or
averaging difficult. To facilitate scaling to large tables, Dunson and Xing (2009)
and Bhattacharya and Dunson (2012) recently proposed Bayesian probabilistic ten-
sor factorizations. These methods express the probability tensor corresponding to
the joint probability mass function of the categorical variables as a convex combi-

nation of independent components. Such methods have not yet been developed for
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time-indexed contingency tables.

There is a rich literature on categorical time series and longitudinal data anal-
ysis in which the same categorical variable is repeatedly measured for each subject
over time. For example, Markov models, state space models and random effects
models are routinely applied in such settings. However, these models are not rel-
evant to the problem of incorporating dependence over time in modeling of large
sparse contingency tables. As subjects can be different over time, we do not focus
on the problem of incorporating within-subject dependence in repeated observations;
instead our goal is to include dependence in the parameters characterizing the time-
dependent joint pmfs for the categorical variables. To our knowledge, this problem
has not yet been addressed in the literature. Although one can potentially adapt
log-linear or graphical models developed for contingency tables at one time in a
somewhat straightforward manner, the hurdles mentioned above for the static case
are compounded in the dynamic setting.

To facilitate routine implementations in ultra sparse cases, we propose to adapt
the Dunson and Xing (DX) (2009) probabilistic Parafac factorization to the dynamic
setting. The DX model induces a tensor factorization through a Dirichlet process
(DP) mixture of product multinomial distributions for the categorical observations.
There is an increasingly rich literature proposing nonparametric Bayes dynamic mod-
els, which allow time-indexed dependent random probability measures. Perhaps the
most common approach relies on a dependent DP (MacEachern (1999, 2000)), which
incorporates time dependence in the weights and /or atoms in a stick-breaking repre-
sentation (Griffin and Steel (2006); Rodriguez and Horst (2008); Chung and Dunson
(2011)). Most applications of dependent DPs fix the weights and allow the atoms
to vary, as varying weights can lead to computational complexities. For dynamic
modeling of contingency tables, it is more parsimonious to allow varying weights

and varying atoms can lead to a substantial computational burden. An alternative
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approach, which allows varying weights in a computationally convenient and flexible
manner, relies of dynamic mixtures of DPs (Dunson (2006); Ren et al. (2010)). Re-
cently, a class of probit stick-breaking processes was proposed (Chung and Dunson
(2009)), which has the appealing feature of allowing one to induce time dependence
in random probability measures through Gaussian time series models (Rodriguez and
Dunson (2011)).

We propose a new nonparametric state space model for time-indexed ultra sparse
contingency tables. Relying on a DX-type probabilistic Parafac factorization, we
place a dynamic model on the weights, which relies on transformed normal random
variables in a similar manner to probit stick-breaking. The model is nonparametric
in the sense that the induced prior for each time-indexed joint pmf assigns pos-
itive probability in arbitrarily small neighborhoods of any “true” data-generating
pmf. Hence, our model can allow higher-order interactions and complex depen-
dences, while shrinking towards a low-dimensional structure and borrowing informa-
tion across time to address the curse of dimensionality. In addition, and crucially for
the approach to be useful in the motivating applications, posterior computation can
be implemented via a highly efficient Markov chain Monte Carlo (MCMC) algorithm
relying on a slice sampler related to Kalli et al. (2011). Finally, the factorization
produces a low-dimensional representation of the joint pmf, which is otherwise char-
acterized by a daunting number of parameters in many cases, as the number of cells

of the tables can be truly massive.
2.2 Model specification
2.2.1 Modeling of multivariate categorical data

We review the nonparametric Bayes approach of Dunson and Xing (2009) for a static

large sparse contingency table. Let x; = (z1,...,2;) be multivariate categorical



data for the ith subject, with z;; € {1,...,d;}, 7=1,...,p. Let
™ = {Wcl...cp, Cj = 17 cos ,dj, ] = 17 o ,p} S Hdl...dp
be a probability tensor where 7., ..., = Pz =c1,...,2 = ¢,) is a cell probability

and Iy, .4, is the set of all probability tensors of size d; x - - - X d,. Dunson and Xing

(2009) show that any 7 € Ilg,..q, can be decomposed as

k
=Y W, U=ype oy’ (2.1)
h=1
where v = (v, ..., 14)" is a probability vector, ¥;, € Il,...q, and ¢}(Lj) = ( ;le), o ,w;il)j)’

is a d; x 1 probability vector for h =1,...,kand j = 1,...,p. This expression relies
on a Parafac tensor factorization (Harshman (1970) and Kolda (2001)). It follows
that any multivariate categorical data distribution can be expressed as a mixture of

product multinomials,

k p
_ — _ — § : ()
P(JTil =Cly.. o, Tip = Cp) = Teyeey = Vp, HQ/Jth-

h=1 j=1

By introducing a latent class index s; € {1,..., k} for the ith subject, the multivari-
ate responses x; = (%1, ..., %) are conditionally independent given s;. Instead of
conditioning on a fixed k, Dunson and Xing (2009) developed a nonparametric Bayes

approach that lets
™= Z O, V=) @0y, (2.2)
h=1

1,0,9) ~ Dirichlet(aji, . .., a;q,), independently for j =1,...,p,

h=1,..., 00,

vp = Vp H(1 - W),

I<h

Vi, ~ beta(1l, «), independently for h = 1,.. . o0,
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where aj; > 0 for [ = 1,...,d; and a > 0. Although (2) allows infinitely many
components, the number k, occupied by the n subjects in the sample will tend to be
k, << n, so few components will be occupied. The model corresponds to a Dirichlet
process mixture of product multinomial distributions relying on a stick-breaking
representation (Sethuraman (1994)). A prior is induced on the joint pmf which has
large support in the sense of assigning positive probability to L; neighborhoods of

any true joint pmf.
2.2.2  Modeling of time-indexed multivariate categorical data

Relying on the DX type probabilistic Parafac factorization, we propose a new non-
parametric Bayes approach for time-indexed large sparse contingency tables. In a dy-
namic setting, we obtain the time-indexed multivariate response x;; = (241, - - . , T1ip)',
zy; € {1,...,d;}, for the ith subject at time ¢t for i = 1,...,my, t = 1,...,T and
7 =1,...,p. At time t we have a probability tensor 7; for the multivariate categorical
response given by
T = {ﬂ'tcl...cp, c;=1,...,d;,7=1,... ,p} € Iy ..q,

where myc,...c, = P(T41 = €1, ..., Tyip = ¢p) is a cell probability at time ¢. Relying on
the probabilistic Parafac factorization, each probability tensor 7r; can be expressed

as a mixture of product multinomials

m= vl Vn =9 © o) (2.3)

where k; € N, vy = (v4,...,v,) is a probability vector, Wy, € Ilg,..q, and @b%) =
( t(i)l,...,wt%j)’ is a d; x 1 probability vector for h = 1,... k. Letting s; €
{1,...,k;} denote a latent class index for the ith subject at time ¢, the observa-
tions xy;; are conditionally independent given sy;.

To borrow information across time, we place a dynamic structure on the probabil-

ity tensor 7r; in (2.3) assuming time varying weights vy, and static atoms wt(,{) = w,(zj ),

11



Time dependence is induced in the weights through a state space model, which as-
sumes that stick-breaking increments on vy, arise through transforming Gaussian
autoregressive processes using a monotone differentiable link function g : ® — (0, 1).
This characterization is motivated by the probit stick-breaking process (Chung and
Dunson (2009); Rodriguez and Dunson (2011)), and leads to a parsimonious but
flexible characterization of time-dependence in joint pmfs underlying large, sparse
contingence tables.

Similarly to expression (2), we develop a nonparametric Bayes approach that sets
the number of components to k; = oo, though the number of occupied components

will tend to be much less than the sample size and can vary across time. The specific

model is
= vl Th=1) @@, (24)
h=1
}(Lj) ~ Dirichlet(aji, ..., a;q,), independently for j =1,...,p, (2.5)
h=1,... 00,

Vip = g(Wth) H{l - Q(th)}, (2-6)

I<h
Win = cun + Ethy Etn ~ N(O> 052)7 (2-7)

Qun = b+ G 1h + Mo, Mo ~ N(0, 0727)7 (2.8)

where || < 1, {ex} and {nu} are sequences of independently normally distributed

2

random variables with mean 0 and variance o

and Jg respectively. The parameter
¢ controls the autocorrelation in the weights v4, on the different components over
time. For sake of parsimony and simplicity in modeling and computation, we include
a single time-stationary correlation parameter ¢ instead of allowing dependence to

be time or element specific. In the limiting case in which ¢ = 0, the weights v, will

be modeled as independent. This does not mean that independent priors are placed

12



on the unknown joint pmfs at each time, as the incorporation of common atoms
automatically induces some degree of a priori dependence. However, in applications
one typically expects that the joint pmfs will be quite similar over time, and by using
varying weights one does not rule out arbitrarily large changes in the pmfs over time.
When ¢ is close to one, there will be very high time dependence in the weights,
leading to effective collapsing on a model that assumes a single time stationary
joint pmf. For the initial state variables, we assume the stationary distributions,
arp ~ N(p/(1 = ),07/(1 = ¢?)) independently for h = 1,...,00. Also, we choose
priors pu ~ N(po,05), ¢ ~ U(=1,1), 02 ~ IG(m./2,S./2) and o} ~ [G(my/2,5,/2)
respectively.

Due to the Parafac factorization leading to a massive reduction in the number
of parameters, the proposed method can efficiently estimate all the cell probabilities
using cells with both positive and zero observed counts; the cells having zero counts
can vary over time and are not assumed to be structural zeros. The marginal posterior
distributions for the cell probabilities will not be concentrated at zero even if the
observed counts are zero.

Expressions (2.4)-(2.8) induce a prior on the time-dependent joint pmfs, but it is
not immediately obvious how the chosen hyperpriors in the hierarchical specification
impact the properties of the prior for {m;}. In particular, it is important to obtain
characterizations of the moments of the induced prior for the cell probabilities, as well
as the prior covariance between different elements and across time. Such expressions
are provided in Lemma 1, with the proof in Appendix A. Lemma 2 shows that the

prior is well defined in the sense that ;7 | vy, converges to one almost surely.

Lemma 1. The expectation, variance and covariance of the joint prior on the ele-
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ments of {m:} induced through (2.4)-(2.8) are

p p P g2
Aje, Wje; (@je; + 1) Aje; Do
E{Tieyoc, } = AL VATter e f = LT 1
{Tierep } 5 {mier-oc } (E aj(a; +1) E a; ) \261—P2)
COU{ﬂ-tc e 77Tt+kc’~--c’} = o ]A] ~ - - i : ( > )
1Cp 17°Cp ]1:[1 aj(aj +1) jljl aJQ- 281 —

where B = E{g(Wn)}, B2 = E{QQ(Wth)}: Ve = E{g(Win)g(Wisn) }, a; = Z?il aji

and 1(-) is an indicator function.

The expectation of cell probabilities can be expressed as the product of expecta-
tions of Dirichlet priors for atoms. The variance and covariance are expressed as the
product of two terms, the first one is related to atoms and the second one comes from
time varying weights. As p — oo, then /(261 — B2) — 1 and /(281 — %) — 1,
and the variance and covariance will be influenced only by atoms. In such a case,
the measure corresponding to the stick-breaking process will become a point mass
at a random atom almost surely. In addition, 3, > and 74 do not depend on time
t, hence all expectation, variance and covariance are independent of ¢ though the
covariance depends on the time difference k. Also, the covariance between cell prob-
abilities with ¢; = ¢; for all j is always positive and, on the other hand, those with
cj # ¢; for all j have negative covariance. In a special case in which the hyperpa-
rameters in the Dirichlet prior are aj; = - -+ = a;q, = a the variance and covariance

is zero in the limit as a — oo.
Lemma 2. Y °, vy, = 1 almost surely.

Lemma 2 is important in showing that the prior is well defined. The proof is in
Appendix A.

Our proposed prior setting is parsimonious but highly flexible in the sense that
the induced prior assigns positive probability in arbitrarily small neighborhoods of
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any true data-generating pmf. Let II denote the space having elements of the form
m={m €lly..q,t €{1,...,T}}. We show in Theorem 3 that the proposed prior

has large support on II.

Theorem 3. Let Q denote the prior on I through the proposed model and N (7°)
denote an Ly neighborhood around an arbitrary w° € II. Then for any w° € II and

€ > 0, the prior assigns positive probability in the e-neighborhood, Q {N. (7%} > 0.

Since the proposed prior is defined on a space with finitely many components,
a straightforward extension of theorem 4.3.1 in Ghosh and Ramamoorthi (2003)
ensures that the posterior concentrates in arbitrary small neighborhoods of any true

data-generating distribution as the sample size increases.
2.2.8 Interpretability, prior elicitation and structural zeros

This subsection discusses how to interpret interactions, induce prior information
and accommodate structural zero conditions, relying on different expressions of cell
probabilities.

In categorical data analysis, detecting interactions of various order is one of the
main interests. To interpret our model, we propose a novel approach where cell
probabilities are expressed relying on generalized linear modeling. Let x{, 272, z¢,

xP be categorical variables with 7 € {1,...,d,} where x is one of {A, B,C, D}. We

express the cell probability as

P(.T? =a, If = b, l’tc = C, If) = d) = Ttabed = ,utabcd , (29)

d d d d
Pyl 2321 > Zgil Hiabed

where fi4qpeq 18 defined through its logarithm form as

108 fheabea = M + AL+ XE 40+ AD (2.10)
+AAB L NAC L \AD L \BO L \BD 4 \OD (2.11)
F Aol A+ Maot F e+ M+ Maed”. (2.12)
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This model corresponds to the multinomial model for contingency tables (Agresti
(2002)). The right term in (2.10) represents constant term and main effects, (2.11)
shows 2-way interactions and (2.12) corresponds to 3-way and 4-way interactions.
For identification, we assume fi4,d5d.d, = 1 and main effects and interactions are
zero if at least one of a = d4, b = dp, ¢ = d¢ and d = dp is satisfied. The constraints
imply \; = 0. Given the cell probabilities, the interactions can be deterministically
computed. This approach can be applied to a general case since the proposed prior
has Kolmogorov consistency properties so that if one starts with a prior for P vari-
ables the same marginal is obtained for any subset of variables as if one started with
a prior for the joint pmf of the subset.

In addition, we propose an approach for inducing an informative prior on time
varying main effects and interactions. We start with eliciting a prior sample size n
as well as an informative prior 7*(6*) for the parameters * in a parametric model,
such as (2.9)-(2.12). To update our initial default prior to include this information,
we follow a data augmentation approach in which we add data y” generated from the
prior predictive under the parametric model to our observed data, with y" structured
to have the same variables and sample size n at each time. That is, y" = {yu,t =
1,...,T,i = 1,...,n} where yy; is a vector of categorical variables with the same
structure as xy; in section 2.2. To marginalize over the prior predictive in inducing
an informative prior for the parameters in our nonparametric model, we generate a
new value of y™ at each MCMC iteration.

In many contingency table applications, certain combinations of categories are
known to have probability zero a priori. For example, males cannot get pregnant.
There are two ways in which structural zeros can be easily accommodated by the
proposed method. Manrique-Vallier and Reiter (2012) recently proposed a Bayesian
approach for latent structure models with structural zeros. Under their approach,

the observed cell counts equal latent cell counts multiplied by an indicator function,
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which gives value zero for structural zeros. Our model could be used for the latent
cell counts, with the missing data in the cells with structural zeros imputed within
an MCMC sampler.

Another approach is to combine variables which include combinations of struc-
tural zeros. For example, consider a survey which contains indicator variables of
gender and pregnancy where x4, = 1 if subject ¢ at time ¢ is female and xyo = 1
if pregnant, leading to a 2 x 2 sub-table with a structural zero. Then, we define a
new variable Z;; by vectorizing all cell components in the table except those that
are impossible to occur. In this example, 7;; has 3 categories such that z, = 1
corresponds to (y1,Ty2) = (0,0), Ty = 2 to (w1, Tue) = (1,0) and Ty = 3 to
(241, Tu2) = (1,1). Replacing x4 and x5 by Zy, the corresponding contingency
tables have no structural zeros, and the proposed method can be applied. The cell
probabilities of ;1 and x49 can be computed from those of Z;;, so that inferences

are based on relationships among the original variables.
2.3 MCMC algorithm for posterior computation

For posterior computation in DP mixtures, one common approach is marginalizing
out the random probability measure with the Polya urn scheme (Bush and MacEach-
ern (1996)). Avoiding marginalization, Ishwaran and James (2001) developed the
blocked Gibbs sampler relying on truncation approximation of the stick-breaking rep-
resentation. Without truncation, Walker (2007) and Papaspiliopoulos and Roberts
(2008) proposed the slice sampler and retrospective MCMC methods respectively.
Though the slice sampler is simpler to implement, conditional constraints on sticks
can cause slow mixing of the chain. Kalli et al. (2011) proposed a more efficient slice
sampler avoiding such a mixing problem.

Relying on a slice sampler related to Kalli et al. (2011), we developed a simple and
efficient MCMC algorithm for the proposed model. In the motivating application,
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we have two types of missing data, design-based missingness and individual-specific
missingness. We assume missing at random for both cases and handle the missing
data using missingness indicators, my = (M1, - .., Myp)', with my;; = 1 if variable
7 is missing for subject ¢ at time t. In addition, we introduce latent variables u;, =

(w1 .-, Uy, )" for the slice sampler. The likelihood of {u;} and {x;} given {my;},

{v;} and { G )} can be expressed as

ng

ﬁH i (u; < ven) H H( ):ct”_z

t=1 i=1 Jimiij=0 I=1

This representation is consistent with the original model setting if latent variables
{u;} are marginalized out. In a special case in which ¢ is a probit link function, the
data augmentation approach in Albert and Chib (2001) can improve efficiency of the
posterior sampling by introducing independent normal latent variables {z;,} with

mean Wy, and variance 1 satisfying

P(th > O Ztil < 0 l < h Wth H{]. — Wth = Vp = P(Sti == h)
I<h

We propose the following MCMC sampling steps:

1. For h =1,... k* with k* = max{s}, update ¢,(Ij) from the following Dirichlet

full conditional posterior distribution,

Dirichlet a1 + Z 1(xtij = 1), cey ajdj + Z 1(xtij = d])

(t7i)€Ajh (t,i)GA]’h
where Aj, = {(t,7) : my;; =0, sy = h}.

2. Update zy;, from the marginal (w.r.t. uy) conditional posterior distribution,

| N—<Wth7 1) h < Stis
Zti e e AU
th Ny (Wi, 1) h = sy,
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where N_ (W, 1) and N4 (Wi, 1) denote the normal distributions with mean

Wi, and variance 1 truncated on (—oo, 0] and (0, 00) respectively.

. Update Wy, from the normal marginal (w.r.t. u;) conditional posterior distri-
bution, N(Wi, 0%, ) where

e

A - 1
Wi = OIQ/Vth < Z Ztih + O, 2ath> ’ 0-12/Vth - Zm 1(St‘ > h) + o2
i=1 1St Z e

i:S¢;>h

. Update uy; from the full conditional distribution, Uniform(0, v4s,,).

. Update sy from the multinomial full conditional distribution,

()
ZZGBM Hj:mtij=0 wliti]’

Pr(sy=nh|---)= :
where By; = {h: vy, > w;}. To identify the elements in {By;}, we first update

oy, and Wy, fort =1,...,Tand h=1,... ,l;: where £ is the smallest number

with Zﬁzl vy, > 1 — min{sy,} for all ¢.

. For h =1,... k* update ay, using the forward filtering backward sampling al-
gorithm by Friiwirth-Schnatter (1994) and Carter and Kohn (1994), or Kalman
filter and the simulation smoother by de Jong and Shephard (1995) and Durbin
and Koopman (2002).

. Update p from the conditional posterior, N(ju.,07) where p, = o.(672f1 +

0y 2 1), 04 = (6724 03%) " and

22:1 S o(aun — dpay_in) + (1 + ¢) 22:1 aip
AT =1+ (1+0)/(1-9¢)} ’

2

~2 U’?

S TR+ (1+9)/1-9))

=
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8. Update ¢ using the independence MH algorithm in which the proposal distribu-
tion is constructed relying on the mode and Hessian of the logarithm of the con-
ditional posterior densities 7(¢| - - - ). First, we compute ¢ which maximizes (or
approximately maximizes) the conditional posterior density. Then, we gener-

ated a candidate from a truncated normal distribution T'N(_ 1y(¢x, ai), where

—1
¢¢3}

9. Update o2 from the conditional distribution, IG(r. /2, S./2) where 1. = Tk*+

e
=0

m. and S. = ZtT:l :;1(Wth —am)? + S..

10. Update o7 from the conditional distribution, IG(mn,,/2, S,/2) where 7, =
Tk* + m, and S’n = 22*:1 tTZQ(Ozth — 1 — dpoy_1p)? + (1 — ¢?) i;{alh -
w/(1— 8 +5,

If g is an arbitrary link function, we update Wy, using the independent MH
algorithm, instead of step 2 and 3 above. We generate a candidate from a normal
distribution relying on the mode and Hessian of the logarithm of the conditional pos-
terior densities of Wy,. For logistic and t-links we can instead change the variance of
zyn from one to an observation-specific random variable having an appropriate mix-
ture distribution; by treating the mixture distribution as unknown using a Dirichlet

process, one can estimate the link nonparametrically.
2.4 Simulation study

In this section, we assess the impact of borrowing of information over time by com-
paring our proposed method to static approaches, such as Dunson and Xing (DX)
(2009). The static models are applied independently at each time point with no time-
dependence included. First, we simulate time-indexed contingency tables from the
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model shown in expressions (2.4)-(2.8) with 7' = 10, P = 20, d; = 4 for all j, u =0,
¢ =0.8, 0. = 0.1 and 0,, = 0.8. At the respective time points we generated 120, 110,
150, 80, 100, 120, 100, 140, 110 and 150 observations, tiny sample sizes compared with
the number of cells. For prior distributions, we assumed ,7[,](13' )~ Dirichlet(1, ..., 1),
p~ N(,1), ¢ ~ U(-1,1), 02 ~ IG(2.5,0.025), J ~ [G(2.5,0.025). We draw
60,000 MCMC samples after the initial 20,000 samples are discarded as a burn-in
period and every fifth sample is saved. We observed that the sample paths were
stable and the sample autocorrelations dropped smoothly. Therefore, the chains
apparently converged and mixed rapidly.

We first assess performance in estimation of cell probabilities. We randomly
picked several cell probabilities and tracked their movements over time. We report
true values, posterior means and 95% credible intervals in Figure 2.1 (the proposed
method) and Figure 2.2 (DX method). The proposed approach covers all true values
in 95% intervals and interval widths are much narrower than for the DX approach
consistently across time.

We additionally investigate performance in estimating associations among the
categorical variables using the following measure of dependence from Dunson and

Xing (2009)

N 2
! ("
<7th]c g wtc] tcj/)

d;
p?jj/ - mm{dj,d -1 Z Z

cj=lcy=1 ,Ivz)tc]’lvbtc i’

(2.13)

where @fl]) = Pxy; =1) ~ 22:1 Vthwi(ljé)’ The first row of Figure 2.3 reports plots
of all pairs of true values (y-axis) and posterior means (z-axis) of p;;; at time ¢ = 2
and 7. Since all cell probabilities are given in the simulation study, the true p;;; can
be computed through (2.13). At each time point, coordinate points by our approach
locate closely to the y = z line, compared to widely scattered points by the DX

method. In addition, Table 2.1 shows correlations between true values and posterior
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means of p;;. Although correlations by the DX method are high, the proposed
method consistently produces higher correlations.

Log linear models provide a standard choice for the analysis of contingency ta-
bles. However, one issue is that flexible log-linear models that accommodate arbi-
trary interactions among the variables and allow time dependence cannot be applied
directly to large, sparse tables. Certainly, maximum likelihood estimates typically
do not exist and Bayesian methods that allow an unknown dependence structure
do not scale beyond small tables. Dahinden et al. (2010) proposed an approach for
high-dimensional log-linear models with interactions, which relies on solving several
low-dimensional subproblems that are then combined. An earlier approach by Dahin-
den et al. (2007) instead relied on L1 penalized log-linear models allowing sparsity of
tables. Also, Dahinden et al. (2007) proposed an efficient estimation algorithm for
model selection for two level categorical variables.

As a second alternative to our proposed approach, we implemented the method
of Dahinden et al. (DH) (2007) in a second simulation example with 7" = 8, P =
13 and d; = 2 for all j. Other settings are the same as in the first simulation
case. As DH did not consider time-indexed contingency tables, we applied their
approach separately at each time point using the logilasso R package, with 5-way
cross validation used to choose penalty parameters. The second row of Figure 2.3
and Table 2 summarize the resulting dependence measures pj; at time t = 2 and
7 for each method. For the proposed method, the posterior means are close to true
values and correlations between estimates and true values are uniformly high. The
DH method has a tendency to underestimate dependence, particularly when true
values are low, and has the lowest correlation between the estimates and truth.

To gauge robustness we also simulated data from a time-dependent log-linear
model in which all main effects and two-way interactions independently follow ran-
dom walk processes, & ~ N(&_1,1) with § = 0 where & is a main effect or 2-way
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interaction at time ¢, and other higher interactions are zero. The third row of Figure
2.3 and Table 2.3 report the estimation results. Although we find less difference
among them in this case, the proposed method still shows the best performance.

In addition, for the interactions discussed in subsection 2.3, we generated con-
tingency tables from the model (2.9)-(2.12) with N = 1,200, T" = 30, P = 4 and

d; = 2 for all j. For the first 10 time points, we assumed two-way interactions (zf,

xB), (x, 29), (2B, 28), (2B, 2P), (2¢, xP) where we express the structure of these
interactions as

M, = {AB, AC, BC, BD,CD)}.

For the next 10 time points, a three-way interaction involving variables z#', 22 and

2 also occurs:
My = M, n{ABC}.

For the last 10 time points, another three-way interaction involving variables 272, x¢

and xP occurs:

Ms = M, {BCD}

We assumed no 4-way interaction for simplicity. Using the same choice of prior as
in our other analyses, we generated 20,000 MCMC samples after a 10,000 burn-
in and every fifth sample was saved. Figure 2.4 reports the estimation results of
interactions. The proposed method clearly has good performance in estimating the
interactions and detecting the time changes, with 95% credible intervals covering the
true parameters 97.5% of the time for the constant interactions and 96.6% for the

time-varying interactions.
2.5 Analysis of social survey data

In this section, we apply the proposed method to data from the General Social Survey

(GSS, http://www3.norc.org/GSS+Website). Our focus is on studying associations
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among demographic and preference variables over time. We select p = 29 categorical
variables from 1994 to 2010, including gender, ethnicity, preference for particular
policies and many more listed in the supplemental materials. The GSS was conducted
every two years across this time period. The numbers of observations are 2,992
(1994), 2,904 (1996), 2,832 (1998), 2,817 (2000), 2,765 (2002), 2,812 (2004), 4,510
(2006), 2,023 (2008) and 2,044 (2010) respectively. There are abundant missing data
in which only a subset of the variables were recorded for an individual, and compared
to the number of cells, the sample size is quite small at each time point.

We first compared our proposed approach to log-linear models. Unfortunately,
current methodology for fitting log-linear models that allow flexible dependence
structures cannot accommodate these data due to the large sparse structure, time
variation and abundant missing data. Hence, in order to provide a comparison, we
initially focused on a bivariate subset of the data consisting of religious preference
(¢ = 1,...,5) and attitude towards abortion (j = 1,2) from 1994 to 2010. We
consider the following Log-Linear Poisson (LLP) models.

LLP-Model 1: Nyij ~ Poisson(Ny i),  logpi; = A+ )\f + )\JA + A4

i

where N;; is count of the cell ij at time ¢, N, = ). Zj Niij, AF is an effect of the

first variable (religious preference), A4

2 is an effect of the second variable (view of

abortion) and Af}A is an association term. For identifiability, we assume constraints
M=\l = )\SR;A = A4 = 0. LLP-Model 1 is a standard choice in the contingency
table literature (Agresti (2002)), and the cell probabilities w;/ >, > pirjr do not
depend on time. Next, we extended LLLP-Model 1 to incorporate time-varying effects
on cell probabilities.
LLP-Model 2: Nyij ~ Poisson(N; puis),  1og iy = M + A+ Ay + Ao,
Br= (ML N AN D

Bu =+ &iBi—u +eu, €u~ N(O:Ulz): [=1,...,10,
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where A\ )\é and )\ﬁf are effects of the first variable, the second variable and

interactions at time ¢ respectively. We assume A\ = X = A4 = A = 0 at each
time point and By = 0 for the initial values. LLP-Model 2 is a time dependent
hierarchical model in which all parameters in the log-linear model follow first order
autoregressive processes independently.

We first estimate all models using the data from 1994 to 2008. Then, rely-
ing on the estimated parameters, we predict the contingency table in 2010 (Table
2.4). For the proposed model, we used the same MCMC settings as in the sim-
ulation study. For log-linear models, we estimated parameters using an MCMC
algorithm where missing values are imputed from conditional probabilities given ob-
served data at each iteration. For example, we generate the religious preference ¢
given the view of abortion j with probability ju;;/ > . fr;. For priors, we assumed
B = (MAE B NUNEA B N(0,1) for LLP-Model 1, g ~ N(0,1),
¢ ~ U(—1,1) and o7 ~ IG(2.5,0.025) for all [ for LLP-Model 2. Using Gibbs sam-
pling, we generated posterior samples of y; and o7 from normal and Inverse-Gamma
distributions respectively. For 3, ¢;, B;, we used a MH algorithm in which candi-
dates were generated from normal distributions relying on the mode and Hessian of
the logarithm of the conditional posterior densities. We generated 10,000 MCMC
samples after a 1,000 burn-in for LLP-Model 1 and 20,000 MCMC samples after the
2,000 burn-in for LLP-Model 2 and, for both cases, every fifth sample was saved.

We generated replications at every fiftth MCMC iteration and computed averages

of the following predictive criteria,

5 2
Absolute deviation (AD): Z ‘ Zjep — ijbs| ,
i=1 j=1
5 2 re obs
Mean absolute percentage error (MAPE): I ZZI ]Zl ]T]bsj ,
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where N;;" and N;P* are the replication and observation of count of the cell ij
respectively. To keep the same total number of replications among all methods, pre-
dictions are generated from cell probabilities p;;/ > 5 > . pirj for LLP-Model 1 and
Ha2010ij/ D Zjl t2010i7 5 for LLP-Model 2. Table 2.5 reports the prediction results.
Although LLP-Model 2 produces better performance than LLP-Model 1 by incorpo-
rating time-dependence, our proposed method clearly outperforms log-linear models
in terms of both predictive criteria. In addition, we compared 95% predictive inter-
vals by the proposed method and LLP-Model 2 and found that our method could
capture all actual observations, while LLP-Model 2 had poor coverage. The plot is
included in the supplemental materials.

Next, we apply the proposed method to all 29 categorical variables. We generated
30,000 MCMC samples after the initial 10,000 samples are discarded as the burn-
in and every fifth sample are saved. We observed the sample paths are stable and
the sample autocorrelations are small. Table 2.6 shows the estimation result of
parameters in the time dependent stick-breaking processes. Concerning the measure
of time dependence ¢, the posterior mean is close to 1 and the 95% credible interval
locates near 1, which means the weights of the stick-breaking processes have strong
time dependence over time.

Then, we investigate cross interactions among the variables over time. Figure 2.5
show the posterior means of p;;; for all pairs in 2002 and 2010. We find the structure
of interactions is complex at each time point. Also, though each interaction gradually
changes over time, all tables look similar to one another, implying they have close
dependence. This is consistent with the result of the strong dependent weights
in the stick-breaking processes. Some categorical variables such as Race [j = 3],
Attitude toward abortion [6], Political party affiliation [9] and Think of self as liberal
or conservative [14] intricately correlate with many other variables. On the other
hand, zodiac [11] shows little interactions with all other variables. Among all pairs
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of variables, {Age [1], Marital status [10]}, {Attitude toward abortion [6], Attitude
toward homosexual [16]} and {Attitude toward homosexual [16], Attitude toward
Marijuana [19]} show strong interactions in the whole period. Also, we observed
several pairs of variables showing relatively close interactions over time, such as
{Attitude toward abortion [6], Think of self as liberal or conservative [14]}, {Race
[3], Political party affiliation [9]} and {Marital status [10], Having gun [17]}. In
addition, the views of government expense show moderate interactions, especially to
the environment [23], nation’s health [24], halting the rising crime [25], dealing with
drug addiction [26] and education system [27].

Next, we study trends of dependence between categorical variables. Figure 2.6
reports the posterior means and 95% credible intervals of p;;; for pairs with close
interactions. We observed various patterns of time paths. For {Age, Marital status},
the interaction increased around 2000 then declined sharply to a lower level. {Race,
Political party affiliation} and {Race, Having gun} have peaks in 2006 and the in-
teractions have steeply decreased after that. In addition, we can see similar trends
in {Attitude toward abortion, Think of self as lib or con}, {Attitude toward abor-
tion, Attitude toward homosexual}, {Attitude toward homosexual, Attitude toward
Marijuana}, {Religion, Attitude toward abortion} and {Religion, Attitude toward
Marijuana}. The interactions have roughly increased over time, especially in the
2000s. On the other hand, the dependence in {Race, Death penalty for murder}
decreased at first and kept stable in the middle of the period then declined again.
{Having gun, Family income} gradually increased over the period but the difference
is small. For {Marital status, Having gun}, the interaction dropped in the middle of

the period but recovered recently at the same level as the beginning.

27



0.004- 0.004r
o - 4
0.002F=%\ / b0k /ﬂ
.-"I‘I.I__-_,
T r-?f?.?%f' e U e - e *b\_i‘_;fﬁ 0,
) 4 ] § 10t 2 4 0 § 10t
0.04- 0.04r
- -
0‘02'5___: B 0.02 j—i\\i‘: - _;_:j.'-_'l?j
L ETTR fﬂ#\}ﬂ’{é# L |§ -;! el
) 4 i § 10 t 1 4 0 § 10t
0.15r 0.20r
010 . i s
f -t TN 1| I s T s N
0.05H 8. R | —//J - SN
_ ~~'1"\- - ,.-". '-1 §'|:|— ,"" e
|||||||?:|_|-E-\~_\FF||||||||||||OIO \_\T||||||||||||\\||||||||
2 4 b § 10 2 4 6 8 10t
N
04
03¢
0.2
A R RN BRI RPN B A N RN B PR A
) 4 i § 0t 2 4 0 § 10 ¢

Red lines with circle symbols represent true values, black lines with triangles
posterior means, blue lines with squares upper bounds of 95% intervals and
blue-green lines with diamonds lower bounds of 95% intervals.

The first row: P(Iti4 = 171’“6 = 2,:17”10 = 3,’1,‘ti15 = 4) and P(Itﬁ = 371‘“9 =

1,213 = 4, T4i19 = 2).

The second row: P(xt1 = 3,Zt7 = 2,220 = 4) and P(ays = 4, T2 =

2, Tti18 — 1)

The third row: P(x411 = 2,217 = 2) and P25 = 3, 210 = 2).

The fourth row: P(z4s = 1) and P(x00 = 4).
FIGURE 2.1: Estimation results of cell probabilities by the proposed method.
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FIGURE 2.2: Estimation results of cell probabilities by DX method.
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Table 2.1: Correlations between true values and posterior means of p;; using the
first simulation data.

t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10 Total
Proposed 0.948 0.977 0.990 0.977 0.983 0.986 0.985 0.965 0.969 0.968 0.974
DX 0.837 0.794 0.880 0.761 0.766 0.921 0.846 0.817 0.831 0.793 0.841

Table 2.2: Correlations between true values and posterior means of p;; using the
second simulation data.

t=1 t=2 t=3 t=4  t=H t=6 t=7 t=8 Total

Proposed 0.951 0.978 0.979 0.984 0.986 0.969 0.981 0.944 0.965
DX 0.872 0.803 0.838 0.599 0.807 0.884 0.932 0.827 0.696
DH 0.705 0.557 0.733 0.466 0.725 0.506 0.763 0.487 0.562

Table 2.3: Correlations between true values and posterior means of p;;; using the
third simulation data.

t=1 t=2 t=3 t=4  t=H t=6 t=7 t=8 Total

Proposed 0.725 0.827 0.768 0.798 0.818 0.916 0.791 0.807 0.817
DX 0.642 0.640 0.726 0.664 0.611 0.864 0.769 0.713 0.724
DH 0.371 0.716 0.821 0.491 0.611 0.877 0.764 0.715 0.624

Table 2.4: Contingency table of the religious preference and view of abortion in 2010.

Protestant Catholic Jewish None Other Total

Agree 216 103 21 137 60 537
Disagree 372 182 7 81 47 689
Total 588 285 28 218 107 1226

Table 2.5: Prediction results.

Proposed Model 1 Model 2
AD 194.4 208.6 204.5
MAPE 0.216 0.232 0.227

30



Casel(t=2) Casel(t=7)
03
(]
4
025 0% + 0 o3 8 &
9 9025
% 02t % 0 % g % ) 68 0 bo
> H > 02 0 0
] 09 o@)Q) @Léﬁ) o 0
8 015 @@ o’ 00 g P g
: " sl R
o ! o ;i @60%@00
u 0 o 0(9 00
0.05F 005
0 Il Il Il Il Il Il 0 Il Il Il Il Il Il
0 05 01 05 02 0% 03 0 005 01 05 02 0% 03
True values True values
Case2(t=2) Case2(t=7)
041

=
i~

9 03 o 04
5 04 5
7 + ) 7
> n 0 503
B 0 :
© ]
£ o & £ 02
=1 A A =
§o,l 0 4 i

A DALY 0d i A o
0 005 01 015 02 05 03 0% 04 0 005 01 015 02 025 03 035 04 045 05
True values True values
Case3(t=2) Case3(t=7)
04 A 05 6
+ A

g 9 04
703 0 ¥ 6 ¥ 9
> > + A
2 L 303 gy 9 A
3 Y # 0 0
g 020 3 g ;0 i o P 0
£ £ 02 I b M@Jr oA
i o b4 87,0 a2 O@ Moa

olf 0 toog 4 9,

0 01180 A 0
E YT
0 i A L L L L 0 A AA 1 1 1
0 005 01 015 02 025 03 03% 04 045 0 01 02 03 04 05
True values True values

FIGURE 2.3: Plots of true and estimated values of p;;;» using the simulation data. y
axis represents estimated values and z axis true values. Cross-shaped dots represent
the proposed method, circles DX method and triangles DH method. The first, second
and third rows show the results at time ¢t = 2 and 7 using the first (case 1), second
(case 2), third (case 3) simulation data sets.

31



0'6_DEEBBEBBDBEBEBEEEEBEE _‘ HHa Beg
"';3%' T Oﬂ presis HEHIHAH 0.0 W
_06 % by, 04;}@‘9@% %W *;““ -w%eww iyt
sl * | -02F M W
0'8 N P T . ||M A T T
0 10 20 30 0 10 20 30 0 10 20 30
o2 BC) [BD) (cD)
B L
e AT e 0 e
_0 '4 -BB%:FE -I‘WH HE tazally L ] B
EA— e N nwﬂwmyw
-0.6 8 a’%‘i —U.0F % | 1HH‘,‘-|""!*
Nw%ﬁ MQ Poos” f’e W 04: " s Maﬁw
[ R AR I R i L S R R
0 10 20 30 0 10 20 30 0 10 20 30
(ABC) (ABD! 02 (ACD)
0.50 0.2F mﬁgﬂgﬂﬁﬂfmaaﬂagﬂ 0.1ﬂEEEEEIEEEBEEEE}EBEBEEEDBEEEBEBE
3 -BEEEEEEEDE kb
sk m : MW ; 00 ‘
. - ik 6-0-&‘30‘9'900 _01 _eé
0'00 Foct “?“*‘.’wé?ww‘?"fg. L WQT%% ”@@% .
0 10 20 30 0 10 20 30 0 10 20 30
075 LD} o
0.50" Eﬁaﬁ«p
02580, Bagaﬂaaaa%f‘mw
0ottt ———
'0‘}'07"‘;"”?%"".’...“...“
0 10 20 30

FIGURE 2.4: Estimation results of interactions in the parametric modeling. y axis
represents estimated values and x axis time. Red lines with circle symbols represent
true values, black lines with triangles posterior means, blue lines with squares upper
bounds of 95% intervals and blue-green lines with diamonds lower bounds of 95%
intervals.

32



Table 2.6: Estimation result of parameters in the proposed stick-breaking process.

Parameter Mean Stdev. 95% interval
) 20012 0.004 [0.023, -0.005]
[0} 0.988 0.004 [0.978, 0.994]
O. 0.062 0.009 [0.046, 0.082]
o 0.126 0.011 [0.104, 0.149]
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FIGURE 2.6: Estimation results of p;;;» for several pairs.
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3

Nonparametric Bayes inference on conditional
independence

3.1 Introduction

One of the canonical problems in statistics is to assess whether or not Y is condi-
tionally independent of X given Z, expressed as Y L X | Z. In general, Y € Y
is a response, X € X are predictors of interest, Z € Z are adjustment variables or
covariates, and the variables can be multivariate and have a variety of measurement
scales and domains. There is a rich literature on testing of conditional independence
in parametric models; often this corresponds to testing whether a vector of regression
coefficients for the X variables are equal to zero. However, much less consideration
has been given to this problem from a nonparametric perspective, particularly from
a model-based Bayesian perspective.

In the frequentist literature, various nonparametric methods of testing conditional
independence have been proposed, relying on different expressions of conditional in-
dependence with characteristic functions (Su and White (2007)), probability density
functions (Su and White (2008); Pérez-Cruz (2008)), distribution functions (Seth and
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Principe (2010); Gyorfi and Walk (2012)), copula densities (Bouezmarni et al. (2012))
and kernel methods (Fukumizu et al. (2008)). Seth and Principe (2012a) develop an
asymmetric measure of conditional independence based on cumulative distribution
functions. Also, Song (2009) constructs a test using Rosenblatt-transforms of ran-
dom variables. However, these approaches do not work well in the case where the
dimension of data is not small and the performance can be heavily affected by the
choice of free parameters (Seth and Principe (2012b)).

A rich variety of Bayesian nonparametric models have been proposed for joint and
conditional distributions, ranging from Dirichlet process mixtures (Lo (1984); West
et al. (1994); Escobar and West (1995); Miiller et al. (1996)) to kernel stick-breaking
processes (Dunson and Park (2008); An et al. (2008)). However, such models do
not allow testing of conditional independence relationships. A Bayesian decision-
theoretic approach to the problem would (i) define a list of possible conditional
independence relationships a priori, (ii) specify a nonparametric Bayes model for
each relationship, (iii) calculate marginal likelihoods, and (iv) choose the relation-
ship having minimal expected loss. However, a number of major practical problems
arise. It is in general not straightforward to define a nonparametric Bayes model,
which has full support on the space of distributions satisfying a particular conditional
independence relationship, making (ii) problematic. Even if one could define appro-
priate models, (iii) is an issue due to the intractability of accurately approximating
marginal likelihoods in infinite-dimensional Bayesian models. Also, even if (ii)-(iii)
could be achieved, the behavior of marginal likelihoods in infinite-dimensional mod-
els is poorly understood, and misleading results are possible as mentioned in a 2012
Ohio State University PhD thesis by L. Pingbo.

There is a small literature on Bayesian nonparametric methods for variable se-
lection (Chung and Dunson (2009); Ma (2013); Reich et al. (2012)), attempting to

follow the above strategy in specialized settings. However, there has been essen-
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tially no theoretic justification for these methods, and the practical implementation
is limited to low-dimensional settings. In this article, we propose a substantially
different approach. In particular, instead of attempting to select between different
exact conditional independence relationships, we define an encompassing Bayesian
nonparametric model, which is sufficiently flexible to approximate any relationship.
We then use conditional mutual information as a scalar summary of the strength of
departure from a particular conditional independence relationship. We estimate the
conditional mutual information relying on a functional of the encompassing model
and the empirical measure. The proposed framework is useful for rapid screening of
variables that add significantly to prediction, and can be implemented easily lever-
aging on Markov chain Monte Carlo algorithms for the encompassing model. Based
on empirical process theory, we show that the proposed method consistently selects

conditionally dependent predictors under appropriate conditions.

3.2 Inference on conditional independence

3.2.1 Conditional mutual information

Let Y, X and Z be univariate or multivariate random variables where each element
can have any type of scale and domain. We also let f(y, z, z) denote the joint density
of Y, X and Z with respect to a product measure . The marginal densities we use
below are denoted by f(y, 2), f(x,z) and f(z). Suppose the primary interest is in
assessing if Y and X are conditionally independent given Z. Relying on the joint
density, Y L X | Z can be equivalently expressed as
fy,z,2)f(2) = [y, 2) f(z,2),

for all (y,x, z) in the support of f.

In information theory, conditional mutual information measures the strength
of functional relationship between Y and X given Z (Wyner (1978); Joe (1989);
MacKay (2003); Cover and Thomas (2006)),
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Letting K'L(p,q) = [ plog(p/q) denote the Kullback-Leibler divergence,

¢ = KL{f(y,z,2), f(y,2)f(z,2)/f(2)}, which is always non-negative. In general,
¢(=0ifand only if Y L X | Z, while large values of ¢ indicate substantial violations
of conditional independence with an approximate functional relationship between Y

and X given Z.
3.2.2  Empirical Bayes estimation of conditional mutual information

Let Py denote a true data-generating probability having density fo € L¢, with Lg
the set of all probability densities with respect to a measure £. Let Il denote a prior
probability on L¢ with II(F) = 1 for F C L¢. Data D, consist of independently
identically distributed observations (y;, z;, z;) from Py with i = 1,...,n. Let {y be

the conditional mutual information induced by the true data-generating distribution,

R hE) e folne 2 )
Q‘/mﬁmmeﬁ%‘/ﬁ@’)mhwaMaﬁ”

As noted above, Y L X |Z if and only if (; = 0. To estimate (y, we rely on an
encompassing nonparametric Bayes model for the joint density fy. First, we define a
function ((-,-) of a joint density f € L¢ and a probability measure P on X x Y x Z

as

fwe (),

.90, (3.1)

ctr.p) = [ 10

Using this function, {y can be expressed as ((fo, o). Intuitively, if f and P are close
to fo and Py in some sense, ((f, P) can approximate (y well. In general, a probability
measure P having a density leads to a computationally intractable {(f, P) because

of the difficulty in evaluating its integral. Therefore, we utilize the empirical measure
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as an estimate of P,

n

1
Py =— Z 6(%,%,22‘)7

n <
=1

where d(, . .) is the Dirac measure concentrated at (y,x,z). The empirical measure

P, is a consistent estimate of Py in that P,(A) — Py(A) almost surely for any A by

the strong law of large numbers. Then, we let

C(f, Py) = /1og f<y’x’z)f(2dPn _ %Zlog ;Eyiaxhzi)f(zi) fFeF, (3.2

[y, 2)f(z, Yir zi) f (i, 25)

where ((f, P,) € R and, for any fixed f € F, ((f,P,) — C(f, Py) almost surely
Fg© by the law of large numbers. By using the empirical measure P, for F; while
defining a nonparametric Bayes encompassing prior for the joint density f, we define
an empirical Bayes approach that induces a posterior on { accounting for uncertainty.
In finite samples this posterior assigns non-zero probability to ¢ < 0, which results
because P, does not exactly correspond to the measure induced from the density f.

Plugging in the empirical measure P,, expression (3.2) for the conditional mutual
information depends on the unknown joint density f and corresponding marginals.
Updating prior f ~ II with data (y;, z;,2;),7 = 1,...,n, we obtain a posterior quan-
tifying our current state of knowledge about the density f. We can obtain samples
from this posterior by running Markov chain Monte Carlo for the encompassing
model ignoring any conditional independence structure. Then, to marginalize f out
of expression (3.2) and obtain an empirical Bayes estimate of y, we simply use Monte
Carlo integration. In particular, for each draw from the posterior, we compute and
save ((f, P,). The resulting draws of ¢ are from the induced empirical Bayes poste-
rior of the conditional mutual information; we use this posterior as the basis for our
inferences.

Under our asymptotic theory below, as n increases the posterior of ((f, P,,) will be

increasingly concentrated around the true conditional mutual information (y. There-
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fore, if (y is not close to zero, zero should locate in the left tail of the distribution of
C(f, P,). We consider the posterior probability of {(f, P,) being positive as a weight
of evidence of violations of conditional independence. The posterior probability can
be estimated by (1/R) 3", 1{¢(f™), P,) > 0} where R is the number of Markov
chain Monte Carlo iterations after the burn-in period, 1{-} is an indicator function

and ) is the joint density under the encompassing model at the rth iteration.
3.2.3 Theoretic support

The next theorem provides sufficient conditions under which the posterior of {(f, P,)

concentrates on arbitrarily small neighborhoods of ( as the sample size increases.

Theorem 4. Suppose for any e > 0,

O[KL{fo(y,x,2), f(y,z,2)} <€ >0 (3.3)

and the following classes of functions
fo(y,l’,Z)} { fo(y’z)} { fO(I7Z>} { fO(Z)}
Vs v b s e b e e b e i

are Py-Glivenko-Cantelli. Then, for any € > 0

I{|C(f, Py) — Col < €| Do} — 1, almost surely Bg°.

The proof is in Appendix B. The condition (3.3) means the true data-generating
density is in the Kullback-Leibler support of the prior. Such support conditions are
standard for Bayesian nonparametric models, and are routinely employed in theorems
of posterior asymptotics (Ghosal et al. (1999); Ghosh and Ramamoorthi (2003); Tok-
dar (2006)). Wu and Ghosal (2008) discuss the Kullback-Leibler property for various
types of kernels in Dirichlet process mixture models. As for the Glivenko-Cantelli
class, theoretical properties of the class have been studied in empirical process theory
(van der Vaart and Wellner (1996); Kosorok (2008)). It is a wide class of functions
such that the law of large numbers holds uniformly over the space.
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3.2.4  Variable selection

Suppose we have a univariate response Y € ) and vector of predictors X = (Xy,...,X,)".
Conditional mutual information provides a measure of how much information a par-
ticular predictor X; adds when included in a model already containing the predictors
in X_; =(Xy,...,X;-1,Xj41,...,X,)". We can potentially use our method for pre-
dictive variable selection, conducting a search for the smallest subset of variables
v C {1,...,p} such that there is no evidence of departure from ¥ L X . | X,
with X, ={X; :j ey} and X_, = {X, : j € v}. However, instead of identifying
parsimonious models for predicting Y, we focus here on selecting predictors that
add significantly to models containing all other predictors. This reduces the search
from 2P to p, while still producing results of inferential interest. The computational
savings come at the potential expense of excluding a set of important predictors
containing redundant information about Y.

Let (o, be the true conditional mutual information for Y L X; | X_;. Let
¢;(f, P,) denote the value of ((f, P,) in expression (2) with z the jth predictor and z
the other predictors. Posterior computation proceeds as in subsection 3.2.2. We use
the posterior probability of {;(f, P,) > 0 as evidence of violating Y L X;|X_; for
j=1,...,p, selecting predictors having large probabilities. This method is justified
by the next theorem, which indicates zero should be in the left tail of the posterior
distribution of ;(f, P,) under conditional dependence.

We show posterior consistency of (;(f, P,) to (p; under appropriate conditions.
Theorem 5 modifies Theorem 4 to the case of measuring dependence between each
predictor and the response, adjusting for all other predictors as covariates. The
difference from Theorem 4 is the Glivenko-Cantelli class condition depends on j.
Also, Theorem 5 states the posterior of (;(f, P,) will concentrate on (p; uniformly

over j as the sample size increases, allowing us to avoid multiple separate pairwise
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comparisons. The proof is in the Appendix B.

Theorem 5. Suppose for any € > 0,

I [KL{fO(yvx)af(yax>} < 6] >0 (34>

and the following classes of functions
fo(yax)} { M} { fo(,%l"—j)} { fo@—j)}
Vo iy b (e b e i | e T

are Py-Glivenko-Cantelli with j = 1,...,p. Then, for any ¢ >0

I { max [(;(f, P) — o] < €| Dn} — 1, almost surely PS°.

1<j<p

We illustrate a simple but non-trivial encompassing model which satisfies the
sufficient conditions. Let y € R, x € R? and ¢, be the univariate normal density
with mean 0 and standard deviation o. Then, we consider location mixtures of
normals in which the kernel is the product of a regression density for the response

and independent normal densities for the predictors,

F(9.2) = [ 0ty =3 [ or o 1) Q5. d), 3.5)

where Z = (1,2'), 8= (Bo,....Bp)s 7= (11,...,7,) and p = (1, ..., 1p)". Dirichlet
process mixture models of this type have been widely studied (West et al. (1994);
Escobar and West (1995); Miiller et al. (1996); Hannah et al. (2011)). We assume

the mixing measure () can be expressed as

Q= Ty ™ =0, Y m =1, (Bu.) ~G, (3.6)
h=1 h=1

where B, = (Bon, -+ Bpn)s i = (H1h, - ppn) and G is a distribution on R x
RP. This class of functions (3.5) and (3.6) includes Dirichlet process mixtures with
T = Vi [L,cn(1 = Vi), Vi ~ Be(1,ap) for h = 1,...,00 (Sethuraman (1994)). The
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prior distribution for the joint densities is induced through II = II¢ x I1¢>7) where
19 and 17 are the prior distributions for @ and (o, 7). Under some conditions on
fo and II, the next lemma illustrates the encompassing model (3.5) and (3.6) assures

consistency.

Lemma 6. Suppose the true density can be expressed in the form fo(y,x) = [ ¢o,(y—
7'0) ?:1 Gry (15 — p;)Qo(dB,dp). If G has compact support, 07 has compact
support excluding zero, Qg belongs to the support of 119 and (oo, 7) are in the
support of 17 then TI{maxi<<, |;(f, Pn) — Cojl < € | Dn} — 1 almost surely
P

The proof relies on Theorem 3 in Ghosal et al. (1999) and is in the Appendix
B. As Remark 1 in Ghosal et al. (1999) mentions, the result can be extended to a
wider class of location-scale mixture of normals. The condition of compact support

is sufficient but not necessary.
3.3 Simulation study

In this section, we assess performance of the proposed method compared to fre-
quentist nonparametric alternatives. As competitors, we employ a method based
on cumulative distribution functions with Cramér-von-Mises type statistics from an
unpublished 1996 technical report by O. Linton and P. Gozalo, the kernel mea-
sure method based on normalized cross-covariance operators on reproducing ker-
nel Hilbert spaces (Fukumizu et al. (2008)) and the asymmetric quadratic mea-
sure (Seth and Principe (2012a)). Matlab code for these methods is available at
http://www.sohanseth.com/Home/codes and we use the default settings recommended
in Seth and Principe (2012a) with a Gaussian kernel for Fukumizu et al. (2008) and
a Laplacian function for the asymmetric quadratic measure. Also, for these meth-

ods, we reject the hypothesis Y L X; | X_; if B-'S°0 1(d; > d) < 0.1 where d
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and d; are the estimated conditional dependences using the observation and the bth
randomly rearranged observation which mimics the case of conditional independence
(Diks and DeGoede (2001)) with b =1,..., B and B = 100. In addition, we apply
the lasso function in Matlab using 5-fold cross validation for penalty coefficient se-
lection and other default settings. We evaluate performance based on the following
measures: type 1 error (false positive/(false positive+true negative)), type 2 error
(false negative/(true positive+false negative)), positive predictive value (true posi-
tive/positive), negative predictive value (true negative/negative) and accuracy ((true
positive+true negative)/(positive+negative)).

As an encompassing model, we employ the following Dirichlet process location-

scale mixture,

Sy, x) = / b0y — 79) [ &, (2 — 1)QAB, dp, dor dr), (3.7)
j=1
H D
= 1o, (y — ¥ B0) [ [ ¢r,0 (@5 — pin), (3.8)
h=1 j=1

where m, = Vi, [[,.,(1 = V), Vi ~ Be(l,aq) for h = 1,...,H — 1 with Vi = 1,
B = (Bo,-.-,B), T = (L2"), p = (p1,...,pp) and 7 = (7,...,7,)". As dis-
cussed in subsection 3.2.4, if the base measure of the Dirichlet process has com-
pact support, we obtain consistent estimators of the conditional mutual informa-
tion for each predictor. Compact support is a simplifying assumption for the the-
ory, which can be relaxed, and we avoid this restriction in the computation letting
0? ~ Inverse-Gamma(1.5,0.5), p1;n ~ N(0,1), 77, ~ Inverse-Gamma(1.5,0.5) and
ap ~ Ga(0.25,0.25). To allow a sparse regression structure, we use a point mass
mixture prior: 35 ~ podo + (1 — po)N(0, %), A7 ~ Inverse-Gamma(0.5,0.5), \; are
mutually independent over j and py ~ Be(4.75,0.25). By integrating out )\?, this

prior corresponds to a mixture of a degenerate distribution concentrated at zero
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and a Cauchy distribution. The prior for exclusion probability p, assumes 5% of
regression coefficients out of H(p + 1) components are non-zero but allows substan-
tial uncertainty since the prior sample size is set to be 4.754+0.25=5. Also, we set
H = 20. Before posterior computation, we normalize data to have mean zero and
standard deviation one. We draw 10,000 samples after the initial 5,000 samples are
discarded as a burn-in period and every 10th sample is saved. Rates of convergence
and mixing were adequate. We conclude there is substantial evidence of violations
of Y L X, | X if II{¢;(f, P,) >0| D} >095 with j =1,...,p.

We consider three different data-generating functions from which we simulate 100
data sets with n = 100 and p = 10. First, we generate data from a linear regression

model with strong dependence among predictors.
C&SG 1: Y; = —LUZ'J + .CL’i’4 — 131"7 + Ei, E; N(O, 1),

xTr; = (l’i’l, Ce 7%‘,10) ~ N(O, 2x>7

Zz = {O'j’j/}7 Uj,j’ = COV({,Ui’j, xi,j’) = 07|J—j’|7

where {y;} are independent over i. The left panel in Figure 3.1 and last column
in Table 3.1 show the receiver operating characteristic curves and area under the
curve averaged over 100 data sets in Case 1. For the proposed method, we obtain
the curve by shifting the threshold a in I{(;(f,P,) > a | D,} > 0.95. For the
lasso, we shift the threshold for absolute values of regression coefficients. We set
the thresholds as 2.5k% quantile points of all estimated measures of conditional
dependence over 100 data sets for each method with k£ = 0,...,40. Although the
area under the curve for the proposed method is slightly smaller than that for the
lasso and the asymmetric quadratic measure, it is large and close to one. The top
of Table 3.1 reports averaged measures of the test performance over 100 data sets in
Case 1. For the lasso, its high type 1 error and low positive predictive value indicate

it incorrectly rejects many hypotheses. Though the data are generated from the
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linear model, the strong dependence among predictors can cause poor performance.
On the other hand, high type 2 errors and low negative predictive values in the
Cramér-von-Mises type statistic and asymmetric quadratic measure imply that they
often fail to detect dependent relations. The normalized cross-covariance operator
also faces the same problem of missing dependent predictors but the performance is
much better. The proposed method works quite well, reporting small type 1 and 2
errors and high positive and negative predictive values. Compared to the normalized
cross-covariance operator, there is not a big difference in measures with false positives
but the proposed method less often produces false negatives since the new approach
shows a lower type 2 error and a higher negative predictive value.

Next, we generate data from a model in which the strong dependence among

predictors remains but the relation between the response and predictors is non-linear.
Case 2 : Yi = —T;1 + exp(xiA) - I'?j +¢&;, &~ N(O, 1),
T = (Ii,h e ,96’2‘,10) ~ N(O, 23:)7

Zz = {O-j’j/}y Uj,j’ = COV({L‘Z'J7 xi,j’) — 07|J—]’|

The receiver operating characteristic curves and area under the curve in Case 2 are
in the middle of Figure 3.1 and Table 3.1. Though the competitors’ curves are
away from the random guess line y = x, the proposed method shows largest area
under the curve. The middle of Table 3.1 summarizes the test performance mea-
sures. The proposed method reports small type 1 and 2 errors and high positive and
negative predictive values and accuracy. From the high type 1 error and small pos-
itive predictive value, the lasso tends to wrongly pick up conditionally independent
predictors. The high type 2 error and small negative predictive value indicate the
Cramér-von-Mises type statistic and asymmetric quadratic measure have difficulty
in finding dependent structures. The normalized cross-covariance operator performs

better than the Cramér-von-Mises type statistic and asymmetric quadratic measure
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but still reports a high type 2 error and a low negative predictive value compared to
the proposed method.

We also simulate data from a different non-linear model where the dependence
comes from division of the sample into subgroups and non-linear regressions.

0.827, — 4+, &~ N(0,0.7%), if s; =0,

Case 3: y; =
Y {_xi,l +1.2 exp(xm) +¢&;, &~ N(O, 1), if S; = 1.

si ~ Bernoulli(0.5), z;; ~ N(ujs,02,), =1,...,10,

1,83
s ~ N(0,1), 0'32»’8 ~ Inverse-Gamma(2, 0.5), s € {0, 1},

5,0 = Hj1, O?,O = 0]2',17 J ¢ {1747 7}

The right plot in Figure 3.1 and last column in Table 3.1 correspond to the receiver
operating characteristic curves and area under the curve in Case 3. The Cramér-
von-Mises type statistic works poorly with the curve close to the random guess line.
The area under the curve by the proposed method is smaller than that for the
asymmetric quadratic measure but the curve is still far away from the y = x line.
The bottom in Table 3.1 reports measures of the test performance. The lasso is
likely to reject correct hypotheses and the Cramér-von-Mises type statistic produces
the worst results in all measures except the type 1 error. The proposed method, the
normalized cross-covariance operator and asymmetric quadratic measure show small
type 1 errors and high positive predictive values, indicating they less likely produce
false positives. As for the false negatives, the differences in the type 2 errors and
negative predictive values between the proposed method and the normalized cross-
covariance operator are small with the asymmetric quadratic measure slightly worse.
Also, the proposed method leads to the highest accuracy among them. Overall
these simulation results are promising that the proposed method has relatively good

performance.
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Table 3.1: Averages of type 1 and 2 errors, positive and negative predictive values,
accuracy and area under the curve in Case 1 (top), Case 2 (middle) and Case 3 (bot-
tom). Proposed, proposed method; CM, Cramér-von-Mises type statistic; NCCO,
normalized cross-covariance operator; AQM, asymmetric quadratic measure; PPV,
positive predictive value; NPV, negative predictive value; ACC, accuracy; AUC, area
under the curve.

Casel | Typel Type2 PPV NPV ACC AUC
Proposed 2.2 12.6 955 95.6 94.6 984
LASSO 49.7 0.0 50.6 100.0 65.2 99.9
CM 0.2 80.3 97.1 746 757 80.6
NCCO 0.1 24.3 99.6 91.3 92.6 928
AQM 0.0 67.6  100.0 77.9 79.7 98.6
Case 2 | Typel Type2 PPV NPV ACC AUC
Proposed 4.0 12.0 92.8 955 93.6 989
LASSO 32.0 20.0 585 89.1 71.6 84.8
CM 1.7 90.6 719 71.7 716 64.3
NCCO 0.2 37.0 99.4 874 88.7 878
AQM 0.0 76.0 100.0 759 772 973
Case 3 | Typel Type2 PPV NPV ACC AUC
Proposed 2.8 27.0 94.3 904 89.9 89.6
LASSO 27.2 27.6 64.7 88.8 726 784
CM 15.5 78.0 43.2 721 657 47.6
NCCO 3.5 27.0 94.0 90.2 894 824
AQM 0.2 41.3 994 855 874 94.7

3.4 Application to criminology data

In this section, we apply the proposed method to communities and crime data from
the University of California Irvine machine learning repository. Details of the data
are in the Appendix B. The data set is culled from 1990 United States census, 1995
United States Federal Bureau of Investigation uniform crime report and 1990 United
States law enforcement management and administrative statistics survey. Data in-
clude various types of crime and demographic information for n = 2,215 communities
in the United States. We use 10 count variables as responses: numbers of murders,
rapes, robberies, assaults, burglaries, larcenies, auto thefts, arsons, violent crimes

(sum of murders, rapes, robberies and assaults) and non-violent crimes (sum of bur-
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FIGURE 3.1: Receiver operating characteristic curves and area under the curve
curves in Case 1 (left), Case 2 (middle) and Case 3 (right). y axis represents the
true positive rate and x axis the false positive rate. Blue crosses, pink diamonds,
red square, green circles and purple triangles indicate the averages of the true and
false positive rates over 100 data sets for the proposed method, lasso, Cramér-von-
Mises type statistic, normalized cross-covariance operator and asymmetric quadratic
measure.

glaries, larcenies, auto thefts and arsons). As predictors, we select p = 68 variables,
such as per capita income and population density, which indicate demographic char-
acteristics of the communities. The list is in the Appendix B. The data set consists of
count, percentage and positive continuous variables. We observe the count variables
have right-skewed distributions and the percentage variables can inflate at 0% and
100%. Also, the data set includes missing values in the response.

To incorporate mixed-scale measurements, we develop a joint model which relies
on the rounded kernel method of Canale and Dunson (2011). Let y* € R and z* =
(z1,...,2;)" € RP be latent continuous variables for the response y and predictors
x = (z1,...,2,). We induce a flexible nonparametric model on y and x through
a Dirichlet process mixture of normals for the latent variables. If z; is a count

variable, it can be expressed as r; = [ if ¢y < x} < a;4q with [ = 0,1,2,... where
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—o0 =ag < ay < ag < --- with aq; = log(l) for [ > 1. This expression corresponds to
x; = |exp(x})] where [r] denotes the maximum integer smaller than z. Since the log
function shrinks large values, a distribution with positive skewness can be efficiently
approximated by mixtures of normals with the log cut-points. Percentage variables

with inflation at 0 and 100% can be induced by

0 ifar <0,

rj=1{ar  if 0 <2} < 100,

100 if 100 < 7.
As for a positive continuous variable, we apply the log transformation to the original
data and treat it as a continuous variable with z; = z7. For the latent variables,
we utilize the Dirichlet process mixture of normals (3.7) and (3.8) except we use the
observed predictors for the regression on y*. Then, we obtain the following joint

model of y and z by integrating out the latent variables.

H p
Flyox) = mnf(y |z 00) [ ] £z | 60), (3.9)

h=1 j=1
where m, = Vi [[,.,(1 = Vi), Vi ~ Be(1,ap) for h=1,... . H —1 with Vg =1, 0 is a

parameter set in the model and

f(y | .17,9) = / " ¢a(y* - j’lﬁ)dy* - (I)(ay-H ’ j/ﬁao_) - (I)(ay ’ ‘%lﬁaa)a (310)

Y

and

count: (P(axjH | pj, ;) — ‘P(axj | g5 75,

percentage: 1(z; = 0)®(0 | p;, 75) + 1(x; = 100){1 — ®(100 | pj,7;)}
+1(0 <z; < 100)¢TJ (l’j — /Lj),

continuous: ¢r (z; — ft;),

flz; | 0) =

where 1(-) is an indicator function and ®(-| a,b) is the cumulative density function of

normal with mean a and standard deviation b. We constructed priors relying on em-

2

pirical information, ¢® ~ Inverse-Gamma(1.5, s

/2) where s is the sample variance
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of log(y; + 0.5) since y; = 0 for certain subjects. Also, we use p; ~ N(fi;,s7) and

77 ~ Inverse-Gamma(1.5, s7/2) where fi; and s7 are the sample mean and variance of
log(z; ; +0.5) for a count and of x; ; for a percentage and a continuous variable. The
priors for ap and [ are the same as in Section 3.3. We standardize the predictors in
(3.10) so that each variable has mean zero and standard deviation one. Assuming
missing at random, we impute missing values at each Markov chain Monte Carlo
iteration from the conditional distributions given observed data. The details of the
Markov chain Monte Carlo algorithm are in the Appendix B. We apply the proposed
method with H = 20 separately to each response. We draw 80,000 samples from the
posterior after the initial 5,000 samples are discarded as a burn-in period and every
20th sample is saved. We observe that the sample paths were stable and the sample
autocorrelations dropped smoothly; hence we concluded the chains converged. In
the computation of ;(f, P,), we need to evaluate f(y;,x;_;) but it is not straight-

forward to integrate z; out from the joint density (3.9). Hence, we apply a Monte

Carlo approximation based on 500 random samples from f(z;; | 6) for each h.
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FIGURE 3.2: 90% credible intervals of the estimated conditional mutual information
with murder as the response for each of the 68 demographic predictors adjusting for
the other predictors.
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Figure 3.2 shows 90% credible intervals of (;( f, P,) for all j and Table 3.2 reports
the top 10 selected predictors in descending order of the posterior mean of conditional
mutual information for murders. Full lists of the selected predictors for all responses
are in the Appendix B. Certain predictors are selected for many different crime-
related response variables. For all crimes, land area and population density show
the first and second largest conditional dependence adjusting for other factors. Also,
their posterior means of the conditional mutual information are much larger than
those of other predictors especially in burglaries, larcenies, auto thefts and non-
violent crimes. In addition, population in urban areas is selected 8 times, population,
the percentage of kids with two parents and the percentage of persons in dense
housing are picked up 7 times, and the percentage of Caucasian, the percentage of
households with investment and rent income, the percentage of housing occupied and
the percentage of families with two parents are conditionally dependent with 6 types
of crimes. On the other hand, 12 predictors such as the percentage of housing units
with less than 3 bedrooms and the percentage of moms of kids under 18 in labor
force are not selected for any crimes.

Also, we can find similarities in the top 10 selected predictors among all crimes.
We observe that certain types of variables obtain high ranks for many responses. For
example, all crimes except larcenies and auto thefts share at least one of population
in the community and population in urban areas in their lists. In addition, the
percentage of families with parents and the percentage of kids with parents show
relatively strong conditional dependence with all crimes other than murders, auto
thefts and arsons. The posterior means of conditional mutual information of race
variables are large for murders, robberies, assaults and violent crimes. Also, the top
10 lists of rapes, burglaries, arsons and non-violent crimes include more than one

predictor related to divorce.
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Table 3.2: Top 10 selected predictors in descending order of the posterior means
of conditional mutual information with murders as the response. j, j-th predictor;
Mean, posterior mean; 90% CI corresponds to a 90% credible interval.

90%ClI

Predictor

j  Mean
66 0.2587
67 0.1188
4 0.0507
9 0.0250
1 0.0250
3 0.0192
o7 0.0177
13 0.0075
6 0.0067
64 0.0039

[0.2157, 0.2936]
0.0905, 0.1454]
[0.0302, 0.0678]
0.0043, 0.0636]
[0.0015, 0.0469)]
[0.0058, 0.0374]
0.00007, 0.0463]
0.0004, 0.0149]
0.0021, 0.0125]
[0.0005, 0.0067]

land area in square miles

population density in persons per square mile
% of population that is caucasian

# of people living in areas classified as urban
population for community

% of population that is african american
rental housing: lower quartile rent

% of households with investment / rent income in 1989
% of population that is of hispanic heritage

% of people born in the same state as currently living
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4

Nonparametric Bayes modeling with sample survey
weights

4.1 Introduction

In sample surveys, it is routine to conduct stratified sampling designs to ensure that
a broad variety of groups are adequately represented in the sample. In particular, the
population is divided into mutually exclusive strata having different probabilities of
inclusion. Analyzing data from such designs is challenging, since the collected sample
is not representative of the overall population. To correct for discrepancies in the
statistical analysis, survey weights are constructed. However, it is unclear how to
appropriately include these weights, particularly in Bayesian analyses.

Little (2004) and Gelman (2007) clarify the importance of including survey weights
into model-based analyses. Zheng and Little (2003, 2005) propose a nonparametric
spline model and Chen et al. (2010) extend the framework for binary variables. Al-
though these approaches can flexibly connect the survey weights with the response,
they rely on the assumption of survey weights being known for all population units.

Zangeneh and Little (2012) propose a modification to allow the number of non-
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sampled units to be unknown. Si et al. (2014) instead propose a nonparametric
model in which the survey weights are linked with a response through a Gaussian
process regression. However, additional modeling of survey weights for non-sampled
subjects in the population can lead to highly complex models.

In this article, we propose a simple approach in which we apply standard mixture
models, such as Dirichlet process mixtures, for the selected sample, and then adjust
the mixture weights based on the survey weights. We allow probabilistic uncertainty
in this adjustment in a Bayesian manner. Posterior computation relies on a simple
modification to add an additional step to Markov chain Monte Carlo algorithms for

mixture models.

4.2 Mixture Models with Survey Weights

4.2.1 Adjusted density estimates

Let yy,...,yn denote independently and identically distributed observations from a
superpopulation density fo with y; € R for i € D = {1,...,N}. From the finite
population D, n subjects are sampled, with w; = ¢/m; the survey weight for subject
1, ¢ a positive constant, and 7; the inclusion probability for : € D. We assume D can
be divided into mutually exclusive subpopulations Dy, ..., Dy, with {y;,i € D,,}
independently and identically distributed from density f,,, for m =1,..., M. Then,

fo can be expressed as

foly) = Zymfm(y)a (4.1)

where v, > 0 and 2%21 Vm = 1. By applying kernel density estimation to each
fm in (4.1), Buskirk (1998) and Bellhouse and Stafford (1999) propose an adjusted

density estimate,

it =% e (U5, (42)



where S C D are the selected subjects in the survey, w; = w;/ Y .gw;, K is a kernel
function and b > 0. Estimator (4.2) adjusts for bias in the usual kernel estimator
applied to sample S by modifying the weight for the ith subject from 1/n to ;. This

adjustment leads to consistency under some conditions (Buskirk and Lohr (2005)).
4.2.2  Bayesian adjustments with uncertainty

Section 2-1 focuses on univariate continuous variables, while our goal is to develop
a general approach for adjusting posterior distributions to take into account sample
survey weights. Let y € ) denote a random variable, with )’ a Polish space that may
correspond to a p-dimensional Euclidean space, a discrete space, a mixed continuous
and discrete space, a non-Euclidean Riemannian manifold, such as a sphere, and
other cases. Extending (4.1) to general spaces, we let fo(-) and f,,(-), for m =
1,..., M, denote densities on ) with respect to a dominating measure p. The density

in the mth subpopulation is expressed as a mixture,

Fu) = vanf(y | 1), (4.3)
h=1

where v,,, > 0, Zthl Vmn = 1 and 6, are parameters characterizing the hth mixture
component. Then, fy can be approximately expressed as a mixture having the same

kernels as in (4.3) but with adjusted weights as in (4.2).

Theorem 7. Let s; € {1,...,H} denote the mizture index for subject i fori € S.

Let S, ={i:s; =h,i€ S}, forh=1,...,H. Then, for large N and n,

foly) ~ ZD%WNJ [ 0n) ~ > wif(y | 0s,). (4.4)

h=1 €S

Proof. Letting IV, be the number of subjects in D,,, N,,/N — v,, as N — oo by

the law of large numbers. Letting w}, and 7, denote the survey weight and inclusion
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probability for the mth subpopulation, w; = w}, and m; = 7, for ¢ € D,,. From

(4.1) and (4.3), fo can be expressed as

Foly) = 3 viednw) = D0 N2 ) = D050 T gy )
m=1 m=1 h=1 m=1
1 ZieSh U)i/c ~
=2 S 0) ~ ;wif(y | 05,)- (4.5)

The first approximation in (4.5) can be induced by N,,, ~ w} n,,/c and

—~ Zz‘es 1<i € Dmh)

Vmh =~ )
N,

for large N, and n,,, where D,,, = {i : s; = h,i € D,,}. The second approximation
in (4.5) is based on ¢ ~ ) ¢ w; /N, which is derived by summation of N,, ~ w} n,,/c
over m.

Under random designs with w; o ¢, fo can be approximated by

H .
ZiDl(ZGSh
:; = flyl6n) = Z ~f(y10s,). (4.6)

€S

Comparing the last terms in (4.4) and (4.6), we can interpret that the bias can be
adjusted by shifting the weight for the ith sampled subject from 1/n to w; as in
(4.2).

We propose a simple Bayesian adjustment method using the second term in (4.4).

We consider a standard Bayesian mixture model,

thfywh A~ (N, O~ 7(0), (4.7)

where A = (A, ..., A\g) with A, > 0and 337_, A, = 1, and (\) and 7(6y) are priors
for A and 6. For example, using a truncated stick-breaking process (Ishwaran and
James (2001)), we let A, = Vi [],.,(1 = Vi), Vi, ~ Beta(l,a) for h = 1,...,H — 1
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with Vi = 1. However, our focus is not on the specific mixture model and prior
but on the adjustment for sampling bias, and alternative priors can be used without
complication.

Comparing the second terms in (4.4) and (4.6), the difference is in the mixture
weights. The expression in (4.4) can be interpreted as implying that ;¢ w;/c
subjects are generated from the hth mixture component in the population. Updating
the prior A ~ Dirichlet(ay, ...,ay) with this information, we obtain the following
conditional posterior distribution for the adjusted weights A = (A1, ..., Ag)’,

) ~ Dirichlet <a1 + i Z Wi, ...,ag + i Z wi> , (4.8)

€ iom1 -

where ¢ = ). s w;/N = c. In the equation (4.8), the sample size is enlarged from n
to N based on the survey weights. Expression (4.8) takes into account uncertainty in
the adjusted weights in mixture component allocation. Even as the population size N
becomes large, there may be certain mixture components that are not represented in
the selected sample, leading to substantial uncertainty in the adjustment. Posterior
computation is straightforward: we simply apply any existing Markov chain Monte
Carlo algorithm for mixture models to the selected sample, add sampling step (4.8)
for generating the adjusted weights /N\, and apply this adjustment to each step of the
sampling algorithm to obtain samples from an adjusted posterior for the population
density fo(y). As a default, we set a, = a for h = 1,..., H, with prior sample size

Ha ~1—2% of population size N.
4.3 Simulation Study

We illustrate performance of the proposed approach and compare to competitors.
We consider three cases in which a population with N = 1,000,000 consists of

three subpopulations having N; = 650,000, N, = 300,000 and N3 = 50,000 with
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Vm = Ny /N. From each stratum, we randomly generate n,, = 500 subjects and
construct survey weights by w; = N,,/n,, fori € D,, for m = 1,2,3. As competitors,
we employ three model-based Bayesian methods. First, we consider a model-based
Horvitz-Thompson estimator (Horvitz and Thompson (1952); Little (2004)), y; =
B + &, & ~ N(0,720%) where m; = 1/w;. Second, we consider a polynomial
regression with random effects, y; = By + bim; + oy + vy + €15 € ~ N(0,7707),
Ym ~ N(0,7?) where 7 denotes a random effect for the subpopulation to which
the ith subject belongs. This can be induced by the spline model of Zheng and
Little (2003). Also, we apply the Gaussian process regression model from Si et al.
(2014), y: = plag) + i, & ~ N(0,6%), plx) ~ GP(B,C), CLu(), fulwm)} =
cov{ (@), w(@m)} = 72 exp(—K|Tpm — Ty |) Where z,, = log(w},) and z}; denotes the
log weight for the stratum for the ith subject. For simplicity in modeling, additional
information of the true size of non-sampled units for each stratum is given to the
competitors while it is uncertain for the proposed method. We also apply Dirichlet
process mixtures without weight adjustment.

In the first case, we assume fi(y) = fn(v]2,0.6), fa(y) = fn(y]0,0.4) and
f3(y) = fy(y| —2,0.3) in (4.1) where fy(y|a,b) denotes a normal density with
mean a and standard deviation b. For the proposed method, we use the Dirichlet
process mixture of normals, fp(y) = ZhH:1 Mfn( | pn, ) where A, = V(1 — V),
Vi ~ Be(l,a), Vg = 1 with H = 20, o ~ Ga(0.25,0.25), u, ~ N(7,52), T ~
Inverse-Gamma/(2, 532/ /2) where g and 312/ are the sample mean and variance. As for
the prior in the step (4.8), we set a;, = 1,000 for each h. For competitors, we assume
the following priors: 3 ~ N(0,s7), 8; ~ N(0,s;), 0> ~ Inverse-Gamma(2, s, /2),
72 ~ Inverse-Gamma(2, s; /2) and x ~ Ga(1,2). We draw 10,000 samples after the
initial 5,000 samples are discarded as a burn-in period and every 10th sample is
saved. Rates of convergence and mixing were adequate. Figure 4.1 shows the es-

timation results for case 1. The Horvitz-Thompson estimator fails to capture the
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FIGURE 4.1: Estimated densities in case 1. Green lines with squares are the true
density, red lines with circles the posterior means and red dash lines 95% credible
intervals. Proposed means the proposed method, Non-adjusted the Dirichlet process
mixtures without weight adjustment, HT Horvitz-Thompson estimator, RE polyno-
mial regression with random effects and GP Gaussian process regression.

multimodality, while the non-adjusted estimator has considerable bias. The random
effect model and Gaussian process have somewhat better performance, but clear bias
remains. The proposed method accurately estimates the density, and 98% of true
values are covered in the 95% credible intervals across 100 equally spaced grid points
in [-6, 6].

We also considered a more complex density for each stratum, fi(y) = 0.2fy(y | —
2,1) + 08fn(y]2,0.8), faly) = 04fn(y| — 2,1) + 0.6/n(y|2,0.8) and fs(y) =
0.85fn(y|—2,1)4+0.15f5(y | 2,0.8). The Markov chain Monte Carlo settings are the
same as in case 1. Figure 4.2 reports the result for case 2. The Horvitz-Thompson
estimator, random effect model and Gaussian process regression work poorly, missing

the multimodal shape of the true density because they construct population densities
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FIGURE 4.2: Estimated densities in case 2. Green lines with squares are the true
density, red lines with circles the posterior means and red dash lines 95% credible
intervals. Proposed means the proposed method, Non-adjusted the Dirichlet process
mixtures without weight adjustment, HT Horvitz-Thompson estimator, RE polyno-
mial regression with random effects and GP Gaussian process regression.

relying on unimodal densities for subpopulations. The non-adjusted method capture
the bimodality but with substantial bias. The proposed method approximates the
density well, while covering 100% of true values in the 95% intervals.

We also consider a mixture of Poisson distributions, fi(y) = 0.2Poisson(y |15) +
0.8Poisson(y |4), f2(y) = 0.4Poisson(y |15) 4+ 0.6Poisson(y |4) and
f3(y) = 0.85Poisson(y |15) + 0.15Poisson(y |4). For the Dirichlet process mixtures,
we apply the rounded kernel method in Canale and Dunson (2011) where latent
continuous variables are modeled by (4.7) with the same Markov chain Monte Carlo
settings as in case 1. Also, we apply the competitors to log transformed observations
yr = log(y; + 0.5) and estimate probabilities by pr(y; = y) = pr{log(y) < yf <

log(y+1)} fory =0,1,...,00. Figure 4.3 shows the result. We observe the proposed
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FIGURE 4.3: Estimated probabilities in case 3. Green lines with squares are the
true density, red lines with circles the posterior means and red dash lines 95% cred-
ible intervals. Proposed means the proposed method, Non-adjusted the Dirichlet
process mixtures without weight adjustment, HT Horvitz-Thompson estimator, RE
polynomial regression with random effects and GP Gaussian process regression.

method obtains good approximation, while the competitors fail to capture the mode

at 15. Also, 98% of the true values are covered in the 95% intervals in the support

from 0 to 100.

To assess the impact of increasing the number of strata while decreasing within-
strata sample size, we consider a case with M = 100 in which N,, = 1000m, n,, = 20
form =1,...,100 with N = 5,050,000 and n = 2,000 and f,,(y) = fx(y| —2,0.3)
form=1,...,30, fi(y) = fn(y]0,0.4) for m =31,...,70 and f,,(y) = fn(y|2,0.6)
for m =71,...,100. We obtain a similar result to case 1 with the proposed method

dominating competitors.
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4.4 Application to Adolescent Behaviour Analysis

We apply the proposed method to the National Longitudinal Study of Adolescent
Health. Our focus is on studying the total number of sex partners in adolescence.
The target population is adolescents in grades 7-12 in the United States during the
1994-95 school year with N = 14,677,347. The full study design is described by
Harris et al. (2009). The study drew supplemental samples, oversampling groups of
particular interest based on ethnicity, genetic relatedness to siblings, adoption status,
disability, and black adolescents with highly educated parents. We use three waves of
surveys in which participants are in grades 7-12 (1994-1995), young adults age 18-26
(2001-2002) and adults age 24-32 (2007-2008). In each wave, numbers of observations
are 6447, 4812 and 4819, respectively. We use the rounded kernel method with Dirich-
let process mixtures as in the simulation. Since we expect high right skew in these
data, we use log cut-points instead of non-negative integers, so that the Dirichlet
process mixtures can efficiently approximate such distributions. For the priors of the

latent continuous variable, we use pu, ~ N(7,5}), 77 ~ Inverse-Gamma(2, 57 /200)

2

, are the sample mean and variance of log(y; + 0.5). Also, we set

where y and s
ap = 10,000 for the Dirichlet prior in (4.8). We draw 20,000 samples after the initial
5,000 samples are discarded as a burn-in period and every 10th sample is saved. We
observe that the sample paths were stable and the sample autocorrelations dropped
smoothly.

Figure 4.4 shows the estimated probabilities for the three waves. 1994-1995 shows
a high probability on zero with small values for positive counts. 2001-2002 expresses
differences from 1994-1995 in that the probability on zero considerably decreases,
while one shows the highest value and the tail gets heavy. The shape in 2007-2008
is similar to 2001-2002 in that both have highest probabilities at one and then steep

declines. 2007-2008 shows a heavier tail with relatively high spikes at multiples of

64



five. This is probably because people with many partners do not remember the exact

numbers.
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FIGURE 4.4: Estimated probabilities of total numbers of sex partners. The first
row shows estimated probabilities in 1994-1995 (left), 2001-2002 (middle) and 2007-
2008 (right). Lines with symbols show posterior means and dash lines 95% credible
intervals. The second row shows posterior means of 0-5 partners (left), 6-15 (middle)
and 15-40 (left). Red lines with circle represent posterior means for 1994-1995, blue
lines with triangles for 2001-2002 and purple lines with squares for 2007-2008.
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5

Nonparametric Bayes models for mixed-scale
longitudinal surveys

5.1 Introduction

It is routine in social science that mixed-scale data are collected over time for longi-
tudinal studies. As a motivating application, we consider social surveys that follow
up individuals for long periods to study trends of their social behaviours and health
conditions via diverse types of questions. The National Longitudinal Study of Ado-
lescent to Adult Health (Add Health) has collected vast amounts of information of
social, economic, and health-related environments and behaviours in adolescence over
20 years. Our primary interest is in studying associations among the adolescent sex-
ual behaviours and investigating their trajectories from adolescence into adulthood.
Also, it is of interest to compare trends of the interactions in the overall population
with those in sub-populations characterized by biological backgrounds. However, the
sexual behaviour data in Add Health have characteristics for which it is challenging
to build a flexible but not too complicated statistical model.

First, the sexual behaviour data consist of mixed-scale variables. It is not straight-
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forward to jointly model mixed-scale multivariate data, especially if they include both
ordered variables and nominal variables. Second, individuals repeatedly answered a
set of questions over time, leading to subject-specific time dependence. Also, the
time interval can differ from person to person. Third, Add Health collects sample
via a stratified sampling design in which the population is divided into mutually
exclusive strata, each of which has a different probability of inclusion. Then, the
resulting data is a non-representative sample of the population. Fourth, with respect
to small area estimation, the number of subjects in certain sub-population can be
relatively small, leading to an unstable estimation result. Hence, we need to borrow
information over sub-populations instead of constructing a statistical model sepa-
rately for each sub-population. Fifth, there are massive number of missing values
in the data. We observe both design-based and individual-specific missingness in
the data. Therefore, we need to conduct statistical analysis of the adolescent sexual
behaviour, taking into account all of these challenging characteristics in the Add
Health data.

There is a rich literature on modeling of mixed-scale data. Omne approach is
to apply generalized linear models for each outcome in which dependence among
responses is induced through shared latent factors (Sammel et al. (1997); Dunson
(2000); Moustaki and Knott (2000)). However, the robustness of the approaches
based on generalised linear mixed models can be weak due to the duel role of the
random effects structure in controlling the dependence and shape of marginal dis-
tributions. Another approach is to use underlying continuous variables, specified by
a Gaussian model (Muthén (1984)) or a Dirichlet process mixtures (Kottas (2005);
Canale and Dunson (2011); Kim and Ratchford (2013)). In this approach, dis-
crete variables can be expressed by thresholding the latent continuous variables. In
addition, avoiding specification of marginal distributions, Hoff (2007) proposed a

semiparametric Gaussian copula model in which the associations among variables
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can be expressed as correlations among the latent Gaussian variables. Murray et al.
(2013) and Gruhl et al. (2013) extend the approach in Hoff (2007) by incorporating
factor structures but these copula models can incorporate only ordered variables.
Also, Murray and Reiter (2014) propose a nonparametric Bayesian joint model for
multiple imputation of missing values. McParland et al. (2014) develop a model-
based clustering approach for mixed-scale data which combines item response theory
models for ordered variables with factor analysis models for nominal variables in the
framework of Bayesian mixtures.

Recently, a number of articles have worked on the analysis of multivariate lon-
gitudinal data (Bandyopadhyay et al. (2011), Verbeke et al. (2014)). It is routine
to incorporate time effects into multivariate models through time-varying covariates
such as polynomial functions of age with random coefficients (Gueorguieva and Sana-
cora (2006); Fieuws and Verbeke (2006); Luo and Wang (2014); Baghfalakia et al.
(2014)). Dunson (2003) proposed dynamic latent trait models in which autoregres-
sive Gaussian latent factors induce subject-specific time-dependence and generalized
linear models describe mixed-scale outcomes. Ghosh and Hanson (2010) propose
a semiparametric approach with a mixture of Polya trees prior for random effect
distributions and B-splines for time effects. Liu et al. (2009) develop a joint model
for longitudinal binary and continuous variables which consists of a marginal binary
model and a conditional regression model relying on the Bartlett decomposition of
a covariance matrix. However, it is not clear how to handle survey bias, missingness
and small area estimation in these approaches. Therefore, none of these approaches
can capture the exact nature of longitudinal surveys in Add Health.

In the literature on the survey data analysis, there are two major methods: design-
based approach, which treats outcomes as fixed quantities and model-based approach,
which models outcomes and predicts values for the non-sampled subjects in popu-
lation (Little (2004); Levy and Lemeshow (2008); Rao (2011)). Little (2004) and
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Gelman (2007) show difficulties with current methods in practice and point out the
importance of including survey weights into model-based analyses. Zheng and Little
(2003, 2005) propose a nonparametric method which flexibly models the outcome
given inclusion probability using penalized spline and Chen et al. (2010) extend the
model for binary variables. Si et al. (2014) propose a nonparametric Bayesian model
which jointly models outcome and survey weights and the interaction is flexibly in-
duced by a Gaussian process regression. However, these approaches are developed
mainly for estimation of the population mean of a univariate static outcome. Hence,
it is not easy to extend them for mixed-scale longitudinal data.

In this article, we propose a flexible nonparametric Bayesian joint model for the
analysis of Add Health sexual behaviour data in which mixed-scale variables are ex-
pressed by transforming latent continuous variables. The Dirichlet process mixture
of Gaussian factor models are developed for the latent continuous variables. For un-
ordered categorical variables, we employ the concept of utilities in multinomial probit
models where the nominal variable is a manifestation of underlying continuous utility
variables. The subject-specific dynamic variability can be captured by time-varying
latent factors via Gaussian processes which can easily incorporate irregular time in-
tervals for each subject. Also, the bias from sampling designs can be collected by
adjusting the mixture weights in the Dirichlet process mixtures relying on the survey
weights. Since we build a joint model of the response variables and covariates, we
can easily impute missing values assuming missing at random. In addition, we can
obtain a density for population-level inferences by integrating out covariates from the
joint model. Also, from the joint density, we can construct densities conditional on
covariates for sub-populations of interest. For posterior computation, we develop an
efficient Markov chain Monte Carlo (MCMC) algorithm in which we modify the mix-
ture weights of the Dirichlet process mixture model taking into account uncertainty

in the adjustment process.
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Section 5.2 describes our data set from Add Health. Section 5.3 proposes a
novel approach for mixed-scale longitudinal surveys. Section 5.4 develops an efficient
MCMC algorithm. Section 5.5 applies the proposed method to the adolescent sexual

behaviour analysis.
5.2 National Longitudinal Study of Adolescent to Adult Health

Add Health is a nation-wide longitudinal study of adolescents in grades 7-12 in the
United States during the 1994-95 school year (http://www.cpc.unc.edu/projects
/addhealth). A stratified sampling design is utilized for collection of data. Also, the
study drew supplemental samples, oversampling groups of particular interest based
on ethnicity, genetic relatedness to siblings, adoption status, disability, and black
adolescents with highly educated parents. To collect for bias from the survey design,
survey weights are constructed for cross section studies and longitudinal studies
respectively. The full study design is described by Harris et al. (2009).

Our primary goal is studying associations among sexual behaviours in adolescence
and their trends in the transition to adulthood. We use public-released data from
three waves of surveys which are conducted when participants are in grades 7-12
(Wave 1: 1994-1995), young adult aged around 18-26 (Wave 3: 2001-2002) and
adult aged around 24-32 (Wave 4: 2007-2008). We select four variables as responses;
attraction to opposite sex (binary, 1: Yes, 0: No), attraction to same sex (binary, 1:
Yes, 0: No), cumulative numbers of partners with all types of sexual relationships
(count) and sexual self definition (unordered categorical, 1. 100% heterosexual, 2.
mostly heterosexual, 3. bisexual, 4. mostly homosexual, 5. 100% homosexual, 6.
no sexual attraction). The sexual self definition is designed-based missing in Wave
1. Figure 5.1 shows histogram of the response variables and age in each wave for
longitudinal studies with n = 4,208 subjects. The attraction to opposite/same sex

and sexual self definition roughly look similar over time. On the other hand, the
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number of sex partners clearly change over these waves of surveys. We observe a big
spike at zero in 1994-95, then more probabilities are assigned to positive counts in
2001-02. 2007-08 shows a heavier tail with relatively high spikes at multiples of five.

Also, we have interests in comparing trends of the associations in population to
those in sub-populations with different biological backgrounds. As predictors, we
consider gender (binary, 1: female, 0: male) and race (unordered categorical, 1:
Caucasian, 2: African American, 3: Others). Figure 5.2 shows the mosaic plot of
the covariates. Because of the sampling design, the ratios of these boxes do not
correspond to those in the population. For example, the percentage of black people
24% is much higher than around 12% in the population level. For longitudinal
studies with these three waves, the survey weights are constructed for n = 4,208
subjects given in Figure 5.3. Since a survey weight implies the number of people the
corresponding observed subject represents, there can be large bias in the estimation

result without incorporating the weight into statistical models.

5.3 Proposed modeling of mixed-scale longitudinal surveys

5.8.1 Modeling of mixed-scale data

Let y = (y1,...,y,) be aresponse variable. Each univariate yj, is one of binary, count

and nominal variables for & = 1,...,p. Let y* = (yf,...,y5) € R be a latent

multivariate continuous variable and we express the response y by transforming this

underlying variable y*. Define [k] C {1,...,p*} as a set of indices such that y; is

induced by yj;; = {y;,r € [k]}. A binary variable y € {0,1} can be induced by
binary :  yr = 1(yp > 0), yp €R,

where 1(-) denotes an indicator function. A count variable y; € {0, -+ 00} can be

expressed as

count :  yp = ZT x ar <yjy < ar1), Yy €R,
r=0
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where —0co0 = ag < a; < ay < --- < o0o. For a nominal variable with d categories

yr € {1,---,d}, we introduce a d-dimensional vector Y = (Y-, € R? and
set
d
unordered categorical :  y, = Z rx Wy, = max Yr,)- (5.1)
r=1 ==

In the expression (5.1), y; can be interpreted as the utility for the /th category
as in multinomial probit models (McCulloch and Rossi (1994); Imai and van Dyk
(2005); Burgette and Nordheim (2012); Johndrow et al. (2013)). Since the order of
Y- --»Yj, 1s unchanged with respect to adding any constant and multiplying any

positive scale to all of them, it is common to assume one of the utilities is zero.
5.3.2  Proposed nonparametric Bayesian joint modeling

We apply the above framework to longitudinal data with mixed-scale margins. Let

Yi; = (Yij1, - - -, Yijp)' be a response variable for subject ¢ at age ¢;; fori =1,...,n and
Jj=1,...,n; with y;;z € V) allowed to be any type of univariate random variable for
k=1,...,p. Asin the previous subsection, we introduce y;; = (y5j1, - - -, ¥ijp-) € RP”

as a latent continuous variable which induces y;; through a function g such that
Yi; = 9(y;;). Also, x; = (zi1,...,x;)" denotes static covariates for ith subject.
Then, we develop a flexible joint model of the response and covariates, in which
both the mean and covariance of the response can flexibly change over age and
covariates. The joint modeling allows us to easily construct conditional densities
for sub-groups based on the covariates and impute missing values assuming missing
at random. Let p; = (ps1,...,1g,) be a time-effect vector for age t and 7;; =
(Mij1s - -+, Mijo) denotes a time-varying factor for subject ¢ at age t;; where Q,, < p*

and Q) < p*. We first consider modeling of the response conditional on the covariates,

yi; = Bri + Quy, 4+ Ay + €55, €5 ~ N(0,%), ¥ =diag(oy,...,05.), (5.2)
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where B is a p* x L matrix of regression coefficients, (2 is a p* x @), coefficient matrix
for time effects, A is a p* x @ factor loading matrix. In this model, we can capture
age-specific effects for all individuals by p; and additional subject-specific variability
is induced by the time-varying factor 7;;. Relying on covariance regressions by Hoff

and Niu (2012) and Fox and Dunson (2011), we model the dynamic random effects,

Nij = Vflfﬂﬁ + 5tij77¢7 77§k ~ N(07 1), i ~ N(OJQ”), (5-3)

where 77 and 7); are static subject-specific effects, V' is a () X L coefficient matrix for
covariates and & = {&q} is a @ x @, matrix for ¢t =1,...,T. After integrating out
the static random effects, we obtain a distribution with a covariance dependent on

time and covariates,

Yy ~ N(Bri + Qg AVl VA + A, 6 N+ 5). (5.4)

For the time effects p; and &, we apply Gaussian processes,
pg ~ GP(0,¢,), Culping, pirrg) = exp(—rylt —'%), (5.5)

f-ql ~ GP(Oa CS): Cﬁ(gtqla gt’ql) = eXp(—li5|t - t/|2)7 (56)

where r, > 0, kg > 0 and p., and 4 are mutually independent with respect to ¢
and .

Since social science data often contain complex structures, we incorporate addi-
tional flexibility into the model (5.2) and (5.3) relying on Dirichlet process mixtures
(Lo (1984); West et al. (1994); Escobar and West (1995); Miiller et al. (1996)). Let
vi ={vij, J€{L,...,n;}} and 0 = {B,Q, A, X, V, ¢} where ¢ is a parameter set for
x;. Using the stick-breaking representation of the Dirichlet process mixtures (Sethu-

raman (1994); Muliere and Tardella (1998)), the joint density of y; and z; can be
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expressed as

fi, i) = ( )f(!/f,xi |7 1:) f (ni) £ (7:)do; diidly; (5.7)
R(y;
fe’e) n; L
Fsm g i) = mn [T Loy 00) ] fileal én), (5.8)
h=1  j=1 =1
T = Up, H(l — ), vy ~ Beta(l, ), (5.9)
b<h

where R(y) = {uf € B < gy = glu). 7 = L.} and fui |20} 00)
denotes a density from (5.2) and (5.3). With respect to the density fi(z; | ¢) in (5.8),
we assume a function depending on the type of the covariate such as multinomial
for a categorical variable. The model (5.8)-(5.9) corresponds to the Dirichlet process

mixture of Gaussian factor models.
5.4 Posterior computation

Relying on the blocked Gibbs sampler by Ishwaran and James (2001) with H mixture
components, we develop an efficient posterior computation for the proposed model.
We apply shrinkage priors to U, = [By, Q5 Ay with high density at zero to exclude
redundant covariates, time effects and factors from the model while the tails are
heavy enough to capture important signals. Let Uy be the (k,l) component in
Upyfork=1,....,p"and I =1,..., L+ Q, + Q. Then, we assume Uy ~ N(0,0%,),
62, ~ 1G(0.5,0.5) where IG denotes an inverse-gamma distribution. After integrating
out 0%, the prior corresponds to a Cauchy prior which is a commonly used shrinkage
prior with heavy tails. We also apply the same type of shrinkage prior to V},. Then,

we propose the following MCMC algorithm.

1. Update v for h=1,..., H — 1 from

Beta <1+Zn:1(si = h),oz—i—ZXn:l(Si = l)) 5

I>h i=1
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where s; is a latent mixture indicator for subject .

. Using the prior Gamma(a,, b,), update a from
Gamma (aa+H Zlog (1 —wp) ) .

. Update s; for e =1,...,n from
o Ty (i L any s 7, 0n) TTy f (2| )

P(S”L:h|): H n; * * L '
> et Tm Hj:l f(yzj | @i, 7 700 Om) T Ty S (@it | )

. Using the prior 1G(a, l;k), update o7, for k=1,...,p* and h=1,..., H from

Itel (Zi:sih n; + dk Zi:si:h Z?ﬂ gijk + bk)
9 )

2 9

where ;i is the kth component of y;; = Y;; — Brri — Qnpie;; — Apni-

. Update the kth column upy = (upg1, ..., upgr) in Uy with L* = L+ Q, + Q
fork=1,...,p"and h =1,..., H from N(u},>") where

ng ng -1
=2 (0;;3 Z Zzzjy;k> , X, = (0;13 Z Zzijzz{j +Zal> )

iisi=h j=1 iisi=h j=1
where Rij = (xw :ut 7772]) and Z:0 dlag(5k17 . 5kL*)
. Update 7; from N(ugz,02) for i =1,...,n where

i = a Vi N, B Zyw, ag = (@i V. N, S A Vi + 1)_1 ,

J=1

where we set ¢;; = Yy — Bg,vi — Qg e, — Mg,y

. Update n; from N(py., %)) for i =1,...,n where
n; -1
=X (thw ALY 1~~) oro= (ZSU/\;E;U\&-&U +1> :
j=1

where we set y;; = y;; — Bs,x; — Qg pty; — N, Vi, 215
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10.

11.

12.

. Update x, using the Griddy-Gibbs sampler by Ritter and Tanner (1992) from

T1% fa(pq 10, Cgr))
SO TI fa (g 10,C(1))

Pry =gkl ) =

where g1,...,g¢ are G grid points, p; = (f1g, - - ., prg) and C(gx) is a covari-

ance matrix in GP with the length-scale gy.

Update k¢ using the Griddy-Gibbs sampler from

19, T £ (a1 0,C (1)

Plie =gi| ) = * :
(e = o] ) Zf:lH?:leQ:lfN(gql|070(9j))

where £ = (&1gts - - - Erqr)-

Update Vj, for h = 1,..., H by generating [th column of V), for [ = 1,...,L
from N (p,, X,) with
ni -1
=2, ( Z inA;LEhlgijmﬁJ , 2y = ( Z niA/hE,;lAh:L‘?lﬁ? + 2001> ,
irsi=h j=1 irsi=h
where we set gi; = yi; — Bawi — Qupu,; — Ane,ni — AV, —iwi M where Vi, is
a submatrice of Vj, with Ith column removed and Yo, = diag(¢7, ... (&)

Update p1.; = (f1g, - - pirg) for g =1,...,Q, from N(p,,X,) with
1

= SuAz5, B = (A+ KN,

where 27, = (b1, - - ., bry) With by, = Z(m):t LY 2 iy, A = diag(asg, - .-, arg)

with a;y = Z(”) b=t Q’Si,qE;lQSi,q, Yij = yfj — Brx; — Apnij — Qg —q for
subject ¢ with s;, = hand h = 1,..., H, €}, is gth column of €, €}, _, is a

submatrix of {2, with gth column removed.

Update &g = (S1gts - - érq) forg=1,...,Q,andl =1,..., Lfrom N(ueq, Xeq)
with
1

Heql = E5(1[ Z Asz qs; yl]nzl ) Efql = (R§ + Kﬁ_l)i ’

(4,9):tij=t
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13.

14.

15.

16.

17.

where Re = diag(ry,...,r,) with r, = Z(m):tzj:t Ao, o2 N i, Tij = i —
By,wi — Qg iy, — N, Vi, 47 — cq With ¢y = (ciqr, - -, Cpgr)’ and

Chql = Z(q’,l’);ﬁ(q,l) Alsikqutq’l’n;l'-
Update ¢p; for h=1,...,H and [ =1,..., L from

Fml| ) oc T flaul dn)m(om),

i:8,=h

where 7(¢yp;) is the prior density. The form of the posterior depends on the
type of x;y. For example, for a categorical variable, the posterior is a Dirichlet

distribution with a conjugate prior.

Impute missing values x;; from

j=1

Impute missing values y;jx. Let Bpr), Qury, Anjpy and Xy be submatrices of

By, Aj, and X, related to the kth response. Then,
1. Generate Yii ™ N (Bs, i + Qs m e, + Nsy 15> Lsifk])-

Update yj;; fori=1,...,n,j=1,...,n;and k =1,...,p" from the truncated

normal distribution in which the constraint comes through v;;,, with k € [m],

F@inl =) o f Wigm | Y5 In (Wi | bsiei + Az, 021

Update 67, for k=1,....,p*and [ =1,..., L+ Q, + Q from

H
e <H+ 1Y U + 1) '

2 7 2

7



18. Update q21 forg=1,...,Qand [ =1,...,L from

H+1 S Vi +1
G|, ; .

19. Using the proposed adjustment method in the previous chapter with the prior
Dirichlet(ay, ..., ay), generate adjusted weights 7 = (7, ..., 7y) from

1 1
7 ~ Dirichlet = P - e
T richle <a1+CZw aH—|—CZHw)

i:8;=1 1:8,=

where ¢ = Y"1 w;/N.
5.5 Analysis of adolecent sexual behaviour data

This section applies the proposed model to the adolescent sexual behaviour data from
Add Health. Our primary interest is in estimating interactions among the response
variables and their trajectories in population and sub-populations based on biologi-
cal backgrounds. As a scale-free measure of dependence between two variables, we
employ Goodman and Kruskal’s gamma (Goodman and Kruskal (1954); Goodman
and Kruskal (1959); Goodman and Kruskal (1963); Goodman and Kruskal (1972)),

N, - Ny

== "= 5.10
Nc—i—Nd? ( )

g

where NN, is the number of concordant pairs and N, is the number of discordant pairs.
A concordant pair can be defined as a pair of variables (X1,Y]) and (X5,Y5) such that
sgn(Xs — X1) = sgn(Ya — Y]). On the other hand, a discordant pair means sgn(Xs, —
Xi) = —sgn(Yy — Y7). v takes values ranging from -1 (100% negative association) to
1 (100% positive association) and zero indicates absence of association.

As a function f;(z; | ¢) for the covariates in (5.8), we assume multinomial distri-
butions using Dirichlet priors with all concentration parameters 1. For other priors,
we use a ~ Gamma(0.25,0.25), 07, ~ IG(2,b) where b is the sample variance of
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log(ys + 0.5) for the count variables and 1 for other variables. We set H = 50,
Q = Q, = Q, =4 and put 30 grids on the (0, 1] interval for s, and k¢. Also, we set
the hyperparameter a = a;, in the Dirichlet prior for adjusting the survey bias such
that the prior sample size Ha is equal to 1% of the population size. We generate
20,000 samples after the initial 10,000 samples are discarded as a burn-in period
and every 20th sample is saved. At each MCMC iteration, we generated n = 4,208
sample from the posterior predictive distribution to compute 7 for each age. We
observe 7 can unstably return values -1 and 1 if the denominator in (5.10) is small.
Therefore, we excluded such outliers from the analysis.

Figures 5.4 and 5.5 show the boxplots of v in the population. Let Ao, As, #,
He, MHe, Bi, MHo, Ho and No represent attraction to opposite sex, attraction to
same sex, cumulative number of sex partners, heterosexual, mostly heterosexual,
bisexual, mostly homosexual, homosexual and no sexual attraction. We observe
various patterns of trajectories of the associations. For example, the correlation
between Ao and As is around zero at the beginning but drops steeply to strongly
negative values after 15 years old. Ao and # roughly show positive correlations
over time but decrease to around zero after 25 years old. As and # are positively
correlated over the period of time but the interaction shows a dip from 19 to 24 years
old. With respect to the sexual self definition, we focus on the associations after 18
years old because it is observed only in wave 3 and 4. The correlation of {Ao and
Bi} and {# and No} look stable taking negative values age after 18. {Ao and MHo},
{Ao and Ho}, {Ao and No} are {As and He} strongly negatively correlated. On the
other hand, {Ao and He}, {As and MHe}, {As and Bi}, {As and MHo} and {As and
Ho} show highly positive interactions after 18. The associations of {# and MHe},
{# and Bi}, {# and MHo} and {# and Ho} slightly increase after 25 years old. On
the other hand, {# and He} drop after 25.

Figures 5.6 and 5.7 report the comparison of the posterior means in the population
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with those in the sub-populations defined by gender or race. We observe similar
trends among these groups for various pairs such as {Ao, As}. On the other hand,
we can see differences, especially between male and female, in other associations.
In {Ao and #}, male shows relatively high positive correlations for teenagers while
the interaction for female is small. In {Ao, MHe}, {As, #}, {#, MHe}, {#, Bi},
{#, MHo} and {#, Ho}, female indicates higher associations but the interactions
for male are low with relatively large difference. On the flip side, the associations
for male are larger than female in {#, He}. For the sub-populations based on the
interaction of gender and race, the comparison of the posterior means of v is given
in Figures 5.8 and 5.9. As in Figures 5.6 and 5.7, trends for many pairs look similar
such as for {Ao, As}. On the other hand, we can see different patterns of trends

between non-white male and white female for many pairs such as in {Ao, MHe},

{As, #}, {#, MHe}, {#, Bi}, {#, MHo}, {#, Ho} and {# and He}.
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F1GURE 5.1: Histograms of sexual behaviour data. The first, second, third and forth
columns show age, attraction to opposite/same sex (white: yes, gray: no), cumula-
tive number of sex partners and sexual self definition. For the self definition, He,
MHe, Bi, MHo, Ho and No mean 100% heterosexual, mostly heterosexual, bisexual,
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sexual attraction. Green color means the sexual definition is design-based missing
for the corresponding age.
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Appendix A

Supplementary materials for Chapter 2

A.1 Proof of Lemma 1

The expectation of cell probability is

E{mtic)cy} = E {Z Vih H l/);(ljc)J} = Z E{va} H E {¢§ch)] }] ,
h=1 j=1 h=1 Jj=1
P o0 P )
STLm (o} S poy = [T e (v } = 112
j=1 h=1 j=1 j=1

The marginal distribution of Wy, can be expressed as N (p1/(1 - ), 07/(1—¢?) +02),
independent of ¢ and h. Hence, we set 3; = E{g(Wy,)} and B = E{¢g*(W)}. The

89



second moment of cell probability is

{ ,,thm,w]} {f:Hw H

E{mie,.c,} = E

= Z {Vthyﬂ}E { hcjdjlc]

h=1 =1

H/—’

- [Te{()'} T {2} 3 et
j=1 j=1 h=1
+ H E? {@Z’;LJC)J} Z ZE{Vtthz},
7j=1 h=1 =1
: Wje; (Aje; + 1) . aJQ‘O G 2 - 30
- - : o - E t ~ J?
(E a;(a; + 1) E a3>; {”h”g ?
where
S EOA) =38 | [T - g<wu>}2] |
h=1 h=1 I<h
= B{l =281+ B},
h=1
__bB
261 — B2
Hence,
i (e, +1) p Qe By
V{Tter e, } <jH1 6 D) —jH1 @ ) <2ﬁ1 &) (A1)
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Similarly,

E{Wtcl...cpﬂt_,_kc/l“.c;)} =F

00 P oo} p
{Z Vth H wl(zjc)J } {Z Vitkl H wl(cz’)}] )
h=1 j=1 =1 =1 '

- HE{ (7) } HE{%LCJ} { } iE{Vthl/t+kh}+HE{ } { (])}’
o h=1
= ]li[lajc {QZJ ;1<Ci)_ C])} ]1;[1 Jc]ch > gE{VthVH_kh} + H ]ij]c |
where

E{Vtth+kh} =F {

g(Wa) {1 - Q(Wtz)}] [g(WtJrkh) [T - Q(WtJrkl)}] } ,

I<h I<h

= E{gWin)g(Weern)} [ [ EHL = 9(Wa) H1 = g(Wir)}],

= E{gWu)gWerrn)} [T 11 = 280 + E{g(Wa)g(Wesw)}] -

From (2.7) and (2.8), E {g(Wi)g(Wiikn)} can be expressed as

E{gWin)g(Wikn)} = E{g(cun + €m)g(Quirn + Erirn)}

1— ¢k k—1 i
=FE {9 (aen +€m) g ( 1o + ¢ am + Y S wepkin + Erimn | ¢
i=0

Since aup, €, Wirk—in (1 = 0,...,k — 1) and ;14 are independent of one another
and their distributions do not depend on ¢ or h, hence v, = E{g(Win)g(Wiiin)} is
dependent on time difference k£ but independent of time t.

In addition,

Z E{vyviirn} = Z Yk H {1 =281 +n},

h=1 I<h

_ Tk
261 — Yk
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Hence,

a]c]{a]C + 1(¢; =

aJCJ aﬂc Tk
COv{Ties ey Tevhcscy } = (H a;(a; + 1) - H ) (251 - %) '

Jj=1 J

Since B2/(261 — B2) > 0, /(261 — ) > 0 and (A.1), cell probabilities with ¢; = ¢
for all j have positive covariance and, on the other hand, those with c¢; # c;- for all j
have negative covariance.

In a case where aj; = --- = aj.;, = a, the variance and covariance are expressed
as

r 14+ 1/a | 2
vt (L3255 11) (25).

j=1 3 j=1

P1+1(e;=0)/a &1 y
Cov{Ticy.cps Tiike el | = d 2 — — (—k) .
{icrcys Tt} (H &2+ d;/a Hd§ 261 —

j=1
Hence, V{Tc,...c, } — 0 and Cov{mc,...c, 7Tt+kcll,..%} — 0 as a — oo.
A.2 Proof of Lemma 2

To prove >~ vy, = 1 a.s., it is enough to show Y °, F{log(l — g(Wy,)} = —
(Ishwaran and James (2001)). ¢ is a non-negative monotone increasing link function:

R — (0,1), therefore 0 < py = E{g(W4,)} < 1. Then, using Jensen’s inequality,

Eflog{1 — g(Win)}] < log[l — E{g(Win)}] = log(1 — f1) <0
Therefore, Y ° | E{log(1 — g(Wi,)} = —oco at each time point.
A.3 Proof of Theorem 3
The proposed prior probability assigned to N (7") can be expressed as

Q {N.(7")} :/1(”77 — 70 < )dQuy, ) te {1,... . T}, h=1,...,00,j=1,....p).
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where v, is a probability vector induced by the proposed stick breaking process and
we use the L, distance

T dy dp
I =l ="y D ey, = Ty,
t=1

c1=1 cp=1

where p; is a probability mass function for time t € {1,...,7T}.

0

For any m° € II, each component in 7° can be expressed as

k¢
w =D vV, Y=y @ o)
h=1

where k, € N, v = (v},...,14,)" is a probability vector, ¥y, € Ily,..q, and '(bt(,{) =
( gb)l, . ,wt(ﬁij)’ is a d; x 1 probability vector. We define ki = 0 and k = >'_ K
fort =1,...,T. Then, we construct w = {m,;,t € {1,...,T}} € II induced by the
proposed prior such that the component with the index h in 70 is approximated by
the component with the index k" | +h in ;. For any €, we define a set D(w°, ¢) C II
such that for any = € D(m?, €), each m; can be expressed as (4) satisfying v € NV (D)
where v ={y,, t € {1,....T}}, v ={D,t € {1,....T}} and 0, = (D41, 2, ...) is &

probability vector where

- V?mfkj_l’ (b <m < k),
0, (otherwise),
therefore D4y = vy, where f(t,h) = k1 + h for 1 < h < k. Also, € =
¢/2][}_, d;, and 1/)182 € N <@bt(fl)) for h = 1,...,k and t = 1,...,T where
t—1

¢ =¢€/2), pikip Hj dj.

We consider the intervals (as,, byy) in the real line for Wy, in the proposed prior

forh=1,...,k5 and t =1,...,T where

oy — {gl{max(ﬂth —¢0)}, (h=1),

—1 ) _max(@,—€0) _ +
g {Hl<h{1_9(th)}} ’ (h =2,..., kt ),
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b {gl{ﬁth-i—g}, (h=1),
th= ) g1 Dyn+E B N
g {m} (h=2,... k),

where € = €/ /23", p;k;". In this case, it is straightforward to check |vyy, — | < € for
h =1,...,k and the proposed prior assigns positive probability to these intervals.

Then, the distance between v and v is

T 00
=5l =35> v — 7,
h=1

t=1 =

T kF T
:Zptz|’/th_’7th’+zpt Z Vth, (A.2)
t=1  h=1

=1 gk

T
<2 pikf =€

t=1

For the second component in (A.2), Zh>,€t+ vy < ki € because vy, > by, — € for
+

h=1,...,k' and Z:t:l vin > 1 — k€. In addition, it is straightforward to show

that the proposed prior assigns positive probability to N < t(i) > Therefore, since

D(w°, €) contains such case, Q{D(w% €)} > 0.
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For any 7 € D(w%¢), ||w — w°|| is equal to

ZPtZ 3 ey~ )

c1=1 cp=1
T d1 dp [e9) p p
_ 0
=2 my > o v - VuH% 7
t=1 c1=1 cp=1 | h=1 7=1 =1

T
= Zpt T Z (Vtkj 1+h H 1/) " the; Vin H 77Z)thc]> Z Vu H %c] )

ISkt kf<t 51

E vy )

I<kF | kF<l

T P P
< Zpt e Z Z Yk} +h H wx(jﬁﬁhcj — U H wgz)cj +
j=1 j=1

N
Il
—
O
S,
Il
i
o
<
Il
—
>
I
—

IS
=
’EQ'
&

T k
SZPtZ”'Z Vit | +h Vth

Z Z ‘1/) FoHe wﬁljgj

E Uy )

t=1 =1 =1 \ h=1 =1 j=1 1<k | kf<l
p dp
= E E E Dt E ’Vth_Vth| + E Pt E E E E ’7/1 Lle, _wtlc] )
—1 J
c1=1 cp=1 t=1 t=1 =1 j=1c1=1 cp=1

4 T P
< H dje' + Zptktp H d;e”,
j=1 t=1 j=1

Therefore w € N (7°) and D(w°, ¢) C N.(w?). Hence, Q{N(7")} > 0.

A.4 Table of categorical variables
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Table A.1: List of categorical variables.

No. Categorical variable (Name in GSS)

1 Age group* (AGE)

2 Sex (SEX)

3 Race (RACE)

4 Religious preference™* (RELIG)

5  Region (REGION)

6  Attitude toward abortion (ABANY)

7 Should Govetnment help pay for medical care? (HELPSICK)

8  Highest degree (DEGREE)

9  Political party affiliation (PARTYID)

10 Current marital status (MARITAL)

11 Astrological sign (ZODIAC)

12 Confidence in banks and financial institutions (CONFINAN)

13 Confidence in U.S. Supreme Court (CONJUDGE)

14 Think of self as liberal or conservative (POLVIEWS)

15  Belief in life after death (POSTLIFE)

16  Attitude toward homosexual sex relations (HOMOSEX)

17 Have gun in home (OWNGUN)

18  Subjective class identification (CLASS)

19  Should Marijuana be made legal (GRASS)

20 Total family income (INCOME)

21  Favor or oppose death penalty for murder (CAPPUN)

22 Attitude toward spending money on space exploration program (NATSPAC)

23 Attitude toward spending money on improving and protecting environment (NATENVIR)
24 Attitude toward spending money on improving and protecting the nations’s health (NATHEAL)
25 Attitude toward spending money on halting the rising crime rate (NATCRIME)

26 Attitude toward spending money on dealing with drug addiction (NATDRUG)

27 Attitude toward spending money on improving the nation’s education system (NATEDUC)
28  Attitude toward spending money on the military, armaments and defense (NATARMS)

29  Attitude toward spending money on foreigh aid (NATAID)
*The category of Age group is different from the original one: 1. 18 or 19 years old, 2. 20s, 3. 30s,
4. 40s, 5. 50s, 6. 60s, 7. 70s, 8. more than 80 years old.
**The category of Religious preference is different from the original one: 1. Protestant, 2. Catholic,
3. Jewish, 4. None, 5. Others.
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Appendix B

Supplementary materials for Chapter 3

B.1 Proof of Theorem 4

For € > 0, we define E = [f : KL{fo(y,x,2), f(y,x,2)} < €|. Then, there exists N

such that for n > N and f € F,

_ o f(y,l‘,Z)f(Z) . o fo(y,x,z)fo(z)
-7 =6 = | [ 7 S s e R

g [ 52, [ B -
wonp| [low g Sar, — s 0 Tar, (B2)
#oup| [ ap, — [rog e Tan B3
reup) [ 1o J;?g))dp ”‘/ s 11 4B (B4)

T
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+/log —fo(y’x’z)dPo—l—/log fow:2) ;1 p (B.6)

fy,x,2) f(y,2)
fO(xa Z) fo(Z)
+ /log mdPo + /log ) dPy < 9¢, almost surely. (B.7)

Each term in (B.1)-(B.4) can be bounded by € almost surely from the definition of
Py-Glivenko-Cantelli classes. (B.11) goes to zero by the strong law of large numbers.
The terms in (B.6) and (B.7) are bounded by 2¢ almost surely respectively. This

comes from the non-negativity of the Kullback-Leibler divergence, for example,

/ log —J;f((i’;) dP, < / log —J;?éi’j)) AP, + / log 10Z 19:2) o |5’Z)dP0

o fO(eraz) €
B /bg Fly,z) oS

Hence, by setting € = 9¢, E C {f : |((f, P.) — (o| < €'}. The argument by a 2012
unpublished technical paper of A. Norets shows if [log{ fo(y,x, 2)/f(y,x,2)}, f € F|
is Py-Glivenko-Cantelli and the Kullback-Leibler support condition (3.3) is satisfied,
then the posterior converges to the true data-generating function in the Kullback-
Leibler distance. Therefore, II{|C(f, Pn) — Co| < € | Dn} > II(E | D,,) — 1 almost

surely Fy°.
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B.2 Proof of Theorem 5

For ¢ > 0, we define £ =

[f : KL{fo(y,x),f(y,
that forn > N and f € E,

x)} < €]. Then, there exists N such

s / s i, [ o ?é;’f))dp ° (B3)
+ e sup / log %da - / log i?((i’—_]”))dPo

(B.9)
+sup / log J;S((gdpn - / log J;fg))dpo (B.10)
| [ on = [osion] e
e | e S~ [ R

(B.12)
+ / log J;fé;’;”)) dPy + max / log %d% (B.13)
+ / log J;?(<§)>dP0+ max / log 22=0) 4. (B.14)

1<5<p

flx—;)

< 9¢, almost surely.

(B.8)-(B.11) are less than e almost surely from the definition of Py-Glivenko-Cantelli

classes. (B.12) converges to zero by the strong law of large numbers. Each term in

(B.13) and (B.14) are bounded by K L{fy(y,x), f(y, )}, which is less than e almost

surely. Therefore, £ C {f : maxi<j<, |(j(f, P.) — G| < €} where €

I{maxi <<, [G(f5 Pr) —

= 9¢ and

G| <€ | Dy} >1(E | D,) — 1 almost surely P5° from the

posterior consistency of the joint densities in Kullback-Leibler divergence from the
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argument by A. Norets.
B.3 Proof of Lemma 6

Without loss of generality, we assume p = 2 and Sy = 0. We first show that the
Kullback-Leibler support condition holds for the encompassing model. Since @)
and G have compact support, we suppose Qo(A) = 1 and Q(B) = 1 for @ in the
support of 1% where A = {(B, ) : =k < B4, Bo, pt1, o < k} and B = {(B,p) : =K' <
B1, Ba, 1, 2 < k'}. We can check fy has moments of all orders. Hence, for any n > 0,
there exists a such that f a9 y, ) foly, x)dydz < n, f\x1\>a 9(y, x) foly, v)dydxr < n
and [, 9(y,2)fo(y, 2)dydz < n where g(y, ) = 1+ |z1] + |z2| + 2] + 23+ [yllz1| +

ly||za| + |x1||z2]. The Kullback-Leibler divergence between fy and f can be expressed

/fO log /fo Y, T f¢ao /6>¢T01< - /’Ll)ngO,Q(xQ - MQ)dQO(ﬁhu)dyd:E

f ¢0 - ZE'/B ¢T1( Nl)gbm (IQ - /~L2>dQ0(6’ M)
(B.15)

f ¢a - ﬁ (le( /’Ll)(bTZ (l’g — MQ)dQ()(B )
+ [ oty 210 R OE T rrem e e e

(B.16)

With respect to the integral (B.16), we divide the support R? into C = {(y,z) €

R3: —a < y,x1, 72 < a} and its complement C. For the complement, we consider
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the subspace {(y,z) € R®:y < —a, —a < x1, 75 < a} for example.

I A [ bo(y — &' B)pry (w1 — p11) Pry (22 — p2)dQo (5, 1)
l dyd
/ /a —a fO(y’x) o8 f¢0 - x/ﬁ gb’rl(xl M1)¢T2(x2 - /“L2>dQ(67/“L) v
SUP(g,yea Po(y — 7'B)bry (11 — p1) Py (2 — pi2)
)1 dyd
/ /aaﬁy"%mwu@%<—fM@mm—mwam—m>y%

_a 1

X fO(yv .T)dyd.iE

[ (S e S Rl 55 iy
- T2 ! 272 72 2 273 o\Y, )4y

<k+k’ 32+ k%) k+kK K +E* k+ K k;2+l<:’2>
< + + 7.

B.17
o2 202 72 271 72 272 ( )

For other regions in C¢ where one of y, z; and z, is larger than a or smaller than
—a, the corresponding integral can be bounded by (B.17). Following the proof of
Theorem 3 in Ghosal et al. (1999), there exists a set E with II%(E) > 0 and for
@ € E, the integral over C is less than 37/(1 — 37) where 0 < 77 < 1/3. Therefore,
for Q € E, the integral (B.16) is less than

6(k+k’+3(k2+k’2)+k+k’ E+E? k4K k2+k’2> 37

o2 202 72 277 T3 273 1-37

Also, we can show the right term in (B.15) converges to 0 as 0 — 0g, 7j — To;

with j = 1,2 by the dominated convergence theorem with the inequality

f ¢ao /ﬁ)¢ro 1 (551 - N1)<Z570,2(962 - M2)dQ0(57 M)
f¢a — &' B)pr (21 — 1) Pry (T2 — p12)dQo (B, 1) 7

< sup ¢0'0 <y - x//B)ng()’l (I’l - ,ul)qb’r(),g ('TZ - ,LLQ)
T gea Go(y — 2 B)or (11 — p11)bry (12 — p2)

For any € > 0, we can choose 7, 7 and a small neighborhood of g and 7y such that
both the integrals in (B.15) and (B.16) are less than €/2 respectively. Then, the

Kullback-Leibler support condition is satisfied.
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Next, we check the Glivenko-Cantelli conditions. For simplicity, we show only
log{ fo(x1)/f(z1)}, f € F] is Po-Glivenko-Cantelli but we can similarly prove that
other classes of functions also satisfy the condition. According to Theorem 3 in
van der Vaart and Wellner (2000), if two classes of functions Fy and F; are Fy-
Glivenko-Cantelli, then g(Fo, F;) is also Py-Glivenko-Cantelli with ¢ a continuous
function provided that it has an integrable envelope function. We set Fy = { fo(z1)},
Fi = {f(x1),f € F} and g is a log ratio function. It is clear Fy is Py-Glivenko-
Cantelli. Then, we show F; is Fy-Glivenko-Cantelli by proving JF; satisfies the suffi-
cient condition, Ny{e, F1, L1(Fy)} < oo for any € > 0 where Ny{e, Fi, L1(Fp)} is the
minimum number of e-brackets with which F; can be covered in L;(F) distance.

We first construct bracket functions. Let [r,7] be the support of 7. Because
the support of (u1,71) is compact, for any € > 0 we can take h > 0 such that
f(x1) = [¢n(x1 — 1)dQ(1) < € for x| > h and any 7 € [1,7]. Also, we
can show that |f'(z1)| < K for 1 € [—h, h] with some constant K. Then, we take
0 < € < ¢/(K+1) and divide the interval [—h, h] into sub-intervals {[;,i = 1,...,G}
of equal length less than ¢ with [—h,h] = U;I; and I; N I; = 0 for i # j. On each
interval [;, we define u;; = (j¢’ + €)1y, and [;; = (j€')1;, for j = 0,...,J such that
J€ > maxy, c[—n,p Max, -7 f(21) where 1; is an indicator function on the interval
I. Letting m; € {1,...,J} and m = (my,...,mg), we define u,, = Zszl Uim, +
eli_ppc and I, = Zszl lim;- Then, it is straightforward to check [,, < u,, and
[tm — bnllLy(po) < ||tm — ln]|oo < €. Because |f'(z1)| < K and €/¢’ > K +1, for any
f € Fi there exists m; such that l;,,, < f < w;,,, on the interval [; and further we can
find some m such that I, < f < u,, on R. Since m € {1,...,J}%, the set { (L, tm)}

consists of a finite number of functions. Therefore, Ny{e, Fi, L1(Fy)} < oo.
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With respect to the envelop function,

< log max (?T&ll, 70711_1) + (T(;f +1)z? + 2(7’0_7121{: + 772K |21

+ 7&12/{2 + 772k,

It is easy to check [ B(x1)dPy < co. As a result, [log{fo(z1)/f(z1)},f € F] is
Py-Glivenko-Cantelli.

B.4 Supplemental materials for application to criminology data

B.4.1 Data in the criminology application

The whole data set can be downloaded from the University of California Irvine ma-
chine learning repository website. Further information is given in [1] United States
Department of Commerce, Bureau of the Census, census of population and housing
1990 United States: summary tape file 1la and 3a, [2] United States Department of
Commerce, Bureau of the Census Producer, Washington, DC and Inter-university
consortium for political and social research, Ann Arbor, Michigan in 1992, [3] United
States Department of Justice, Bureau of Justice Statistics, law enforcement manage-
ment and administrative statistics, [4] United States Department of Justice, Federal
Bureau of Investigation, crime in the United States in 1995.

As for the predictors, Table B.1 and Table B.2 give the whole list.
B.4.2  Markov chain Monte Carlo Algorithm

Relying on the blocked Gibbs sampler by Ishwaran and James (2001), we develop an
efficient posterior computation method for the proposed Dirichlet process mixture
model. Let s = (sq,...,s,) be the latent cluster index variables. Then, we propose

the following Markov chain Monte Carlo algorithm:
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. Update V), for h=1,..., H — 1 from

Be <1+nh,a0+2nl> s

I>h
where n, = >0 1(s; = h).

. Using the prior Gamma(a,, b, ), update o from

H-1
Gamma {aa +H-1,b, — Z log(1 — Vh)} )
h=1

. Update s; for i = 1,...,n from

TS (Yi | i, 0n) ;}:1 f@ig | On)

i=h|-)= .
pI‘(S ’ ) leil 7Tlf<yi | ;L‘Z-’(gl) §:1 f(l'i,j | gl)

. Update p;p for j=1,...,pand h =1,..., H from N(ﬂj,h,%ﬁh) where

-1
~ ~ Zi:s-:h Ls,5 ﬁ’ ~ np 1 &
Fisn = Tin (Tfﬁ CTn= ) = s =h),

Tih j

. Update 773, for j=1,...,pand h=1,..., H from

(e {”h +3 D (g — 130)" + 5] } .

2 2

. Update o} for h=1,..., H from

q {nh +3 D iie—n (i — TiBn)* + 83}
9 2 ‘

. Update 8, for j =0,...,pand h =1,..., H from
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where

-1
) i,] (yl i,—J J’h) 2 i,
HBjn = 085, { Z o2 v 985, = Z 5 T+ 2. J
h 3,k

g
i:8;,=h i:8;=h h

-1
1—po; N(O]0,\
m:{H o N(010,23,) } |

poj N0 s, 03 ,)

8. Update X2, for j=1,...,pand h=1,..., H from

IG{l(ﬁj,h%U)Jrl Jz,h+1}_

2 ’ 2
9. Update pg from

Be {4.75 +) 180 =0),0.25+ ) " 1(8jn # 0)} :
Jh 4,h

10. Tmpute missing values y™* in the response.

(a) Generate y; ~ N(Z05s,, Ui)-

(b) Set ys =1if a; <y} < azy1.

(2

11. Update latent variables y; and 7 ; for count and percentage variables.

(a) For the response variable, yi ~ T'N(Z}8;,, 02, ay,, ay,,, ),
(b) For the count predictor, x} ; ~ T'N (s, T, Qay s Gayyy)s
(c) (c) For the percentage predictor, z;; ~ TN (s, 77, —00,0) if 2;; = 0
and x} ; ~ TN (s, 77,100, 00) if 2; ; = 100,
where T'N(a, b, ¢, d) denotes a truncated normal with the location a, scale b,
lower bound ¢ and upper bound d.

12. Compute and save (;(f, P,) for j =1,...,p.

105



B.4.3 Additional estimation results

Tables B.3-B.12 show lists of the selected predictors by the proposed method for
murders, rapes, robberies, assaults, burglaries, larcenies, auto thefts, arsons, violent
crimes and non-violent crimes, respectively. The predictors are listed in descending

order of the posterior mean of the conditional mutual information.
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Table B.1: List of 1st to 34th predictors

No. Predictor
1 population for community
2 mean people per household
3 % of population that is african american
4 % of population that is caucasian
5 % of population that is of asian heritage
6 % of population that is of hispanic heritage
7 % of population that is 16-24 in age
8 % of population that is 65 and over in age
9  # of people living in areas classified as urban
10 median household income
11 % of households with wage or salary income in 1989
12 % of households with farm or self employment income in 1989
13 % of households with investment / rent income in 1989
14 % of households with social security income in 1989
15 % of households with public assistance income in 1989
16 % of households with retirement income in 1989
17  median family income
18  per capita income
19  # of people under the poverty level
20 % of people 25 and over with less than a 9th grade education
21 % of people 25 and over that are not high school graduates
22 % of people 25 and over with a bachelors degree or higher education
23 % of people 16 and over, in the labor force, and unemployed
24 % of people 16 and over who are employed
25 % of people 16 and over who are employed in manufacturing
26 % of people 16 and over who are employed in professional services
27 % of males who are divorced
28 % of males who have never married
29 % of females who are divorced
30 % of population who are divorced
31 mean number of people per family
32 % of families (with kids) that are headed by two parents
33 % of kids in family housing with two parents
34 % of kids 4 and under in two parent households
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Table B.2: List of 35th to 68th predictors

No. Predictor

35 % of kids age 12-17 in two parent households

36 % of moms of kids 6 and under in labor force

37 % of moms of kids under 18 in labor force

38  # of kids born to never married

39 total number of people known to be foreign born

40 % of immigrants who immigated within last 5 years

41 % of population who have immigrated within the last 5 years
42 % of people who speak only English

43 % of people who do not speak English well

44 % of family households that are large (6 or more)

45 % of all occupied households that are large (6 or more people)
46 % of people in owner occupied households

47 % of persons in dense housing (more than 1 person per room)
48 % of housing units with less than 3 bedrooms

49  # of vacant households

50 % of housing occupied

51 % of households owner occupied

52 % of vacant housing that is boarded up

53 % of vacant housing that has been vacant more than 6 months
54 owner occupied housing: lower quartile value

55 owner occupied housing: median value

56  owner occupied housing: upper quartile value

57  rental housing: lower quartile rent

58 rental housing: median rent

59 rental housing: upper quartile rent

60 median gross rent

61 median gross rent as % of household income

62  # of people in homeless shelters

63 7 of homeless people counted in the street

64 % of people born in the same state as currently living

65 % of people living in the same city as in 1985 (5 years before)
66 land area in square miles

67 population density in persons per square mile

68 % of people using public transit for commuting
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Table B.3: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with murders as the

response
j  Mean 90%CI Predictor
66 0.2587 [0.2157,0.2936] land area in square miles
67 0.1188 [0.0905, 0.1454] population density in persons per square mile
4 0.0507 [0.0302, 0.0678] % of population that is caucasian
9 0.0250 [0.0043, 0.0636] # of people living in areas classified as urban
1 0.0250 [0.0015, 0.0469] population for community
3 0.0192 [0.0058, 0.0374] % of population that is african american
57 0.0177 [0.00007, 0.0463] rental housing: lower quartile rent
13 0.0075 [0.0004, 0.0149] % of households with investment / rent income in 1989
6 0.0067 [0.0021, 0.0125] % of population that is of hispanic heritage
64 0.0039 [0.0005, 0.0067] % of people born in the same state as currently living
49 0.0030 [0.0003, 0.0089]  # of vacant households
42 0.0027 [0.0001, 0.0092] % of people who speak only English
27 0.0019 [0.0001, 0.0055] % of males who are divorced
52 0.0018 [0.0002, 0.0051] % of vacant housing that is boarded up

j, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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Table B.4: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with rapes as the

response
j  Mean 90%CI Predictor
66 0.4168 [0.3929, 0.4428] land area in square miles
67 0.1964 [0.1727,0.2217] population density in persons per square mile
1 0.0680 [0.0523, 0.0865] population for community
9 0.0359 [0.0086, 0.0608] # of people living in areas classified as urban
30 0.0189 [0.0013, 0.0379] % of population who are divorced
32 0.0178 [0.0009, 0.0398] % of families (with kids) that are headed by two parents
33 0.0174 [0.0006, 0.0389] % of kids in family housing with two parents
29 0.0156  [0.0005, 0.0330] % of females who are divorced
27 0.0123 [0.0009, 0.0265] % of males who are divorced
39 0.0051 [0.0004, 0.0118] total number of people known to be foreign born
5 0.0046 [0.0002, 0.0092] % of population that is of asian heritage
35 0.0031 [0.0001, 0.0125] % of kids age 12-17 in two parent households
7 0.0027 [0.0008, 0.0056] % of population that is 16-24 in age
50 0.0023 [0.0002, 0.0053] % of housing occupied
12 0.0022 [0.0001, 0.0059] % of households with farm or self employment income in 1989
19 0.0021 [0.0003, 0.0062]  # of people under the poverty level
38 0.0017 [0.0001, 0.0065] # of kids born to never married
18 0.0015 [0.00008, 0.0050] per capita income
28 0.0014 [0.0002, 0.0036] % of males who have never married
63 0.0011 [0.0002, 0.0020] # of homeless people counted in the street

j, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.

110



Table B.5: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with robberies as the

response
j  Mean 90%CI Predictor
66 0.6074 [0.5551, 0.6554] land area in square miles
67 0.5080 [0.4548, 0.5605] population density in persons per square mile
33 0.0859 [0.0545, 0.1203] % of kids in family housing with two parents
4 0.0652 [0.0353, 0.0953] % of population that is caucasian
3 0.0530 [0.0211, 0.0865] % of population that is african american
9 0.0469 [0.0078, 0.0926] # of people living in areas classified as urban
1 0.0388 [0.0268, 0.0623] population for community
47 0.0277 [0.0084, 0.0493] % of persons in dense housing
30 0.0159 [0.0007, 0.0348] % of population who are divorced
18 0.0139 [0.0009, 0.0326] per capita income
32 0.0122 [0.0006, 0.0340] % of families (with kids) that are headed by two parents
29 0.0107 [0.0002, 0.0258] % of females who are divorced
6 0.0106 [0.0006, 0.0237] % of population that is of hispanic heritage
64 0.0094 [0.0045, 0.0146] % of people born in the same state as currently living
42 0.0090 [0.0002, 0.0217] % of people who speak only English
22 0.0079 [0.0001, 0.0198] % of people 25 and over with a bachelors degree or higher education
46 0.0071 [0.0006, 0.0183] % of people in owner occupied households
56 0.0064 [0.0001, 0.0182] owner occupied housing: upper quartile value
25 0.0062 [0.0002, 0.0125] % of people 16 and over who are employed in manufacturing
68 0.0055 [0.0015, 0.0099] % of people using public transit for commuting
34 0.0054 [0.0004, 0.0183] % of kids 4 and under in two parent households
51 0.0050 [0.0006, 0.0142] % of households owner occupied
19 0.0030 [0.0003, 0.0072] +# of people under the poverty level
38 0.0029 [0.0005, 0.0077] # of kids born to never married
49 0.0021 [0.0001, 0.0056] # of vacant households

j, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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Table B.6: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with assaults as the

response
j  Mean 90%CI Predictor
66 0.3380 [0.2897, 0.3914] land area in square miles
67 0.1760 [0.1318, 0.2267] population density in persons per square mile
9 0.0760 [0.0451, 0.0996] +# of people living in areas classified as urban
1 0.0413 [0.0186, 0.0641] population for community
33 0.0350 [0.0114, 0.0571] % of kids in family housing with two parents
13 0.0348 [0.0234, 0.0478] % of households with investment / rent income in 1989
32 0.0176 [0.0010, 0.0403] % of families (with kids) that are headed by two parents
47 0.0171 [0.0057, 0.0283] % of persons in dense housing
4 0.0168 [0.0046, 0.0284] % of population that is caucasian
3 0.0070 [0.0004, 0.0174] % of population that is african american
43 0.0050 [0.0013, 0.0102] % of people who do not speak English well
45 0.0027 [0.0003, 0.0074] % of all occupied households that are large
50 0.0025 [0.0007, 0.0046] % of housing occupied
34 0.0024 [0.0001, 0.0075] % of kids 4 and under in two parent households
44 0.0023 [0.0003, 0.0064] % of family households that are large
23 0.0014 [0.0001, 0.0041] % of people 16 and over, in the labor force, and unemployed

j, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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Table B.7: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with burglaries as

the response

j  Mean 90%CI Predictor

66 0.9177 [0.8717,0.9492] land area in square miles

67 0.7075 [0.6639, 0.7464] population density in persons per square mile
33 0.0508 [0.0241, 0.0796] % of kids in family housing with two parents
47 0.0281 [0.0146, 0.0444] % of persons in dense housing

29 0.0173 [0.0100, 0.0276] % of females who are divorced

50 0.0152 [0.0071, 0.0236] % of housing occupied

13 0.0135 [0.0008, 0.0303] % of households with investment / rent income in 1989

6 0.0097 [0.00007, 0.0166] % of population that is of hispanic heritage
30 0.0083 [0.0001, 0.0224] % of population who are divorced

9 0.0078 [0.0004, 0.0258] # of people living in areas classified as urban
4 0.0070 [0.0007, 0.0163] % of population that is caucasian

68 0.0057 [0.0004, 0.0126] % of people using public transit for commuting
65 0.0048 [0.0001, 0.0116] % of people living in the same city as in 1985
49 0.0046  [0.0005, 0.0125]  # of vacant households

7 0.0031 [0.0002, 0.0066] % of population that is 16-24 in age

19 0.0028 [0.0001, 0.0110]  # of people under the poverty level

61 0.0024 [0.00008, 0.0069] median gross rent as % of household income
36 0.0008 [0.00001, 0.0025] % of moms of kids 6 and under in labor force

7, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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Table B.8: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with larcenies as the

response
j  Mean 90%CI Predictor
66 0.9425 [0.9149, 0.9682] land area in square miles
67 0.8035 [0.7707, 0.8359] population density in persons per square mile
32 0.0305 [0.0003, 0.0505] % of families (with kids) that are headed by two parents
2 0.0233 [0.0126, 0.0397] mean people per household
22 0.0219 [0.00001, 0.0436] % of people 25 and over with a bachelors degree or higher education
35 0.0217 [0.0085, 0.0383] % of kids age 12-17 in two parent households
65 0.0165 [0.0062, 0.0256] % of people living in the same city as in 1985
8 0.0163 [0.0008, 0.0321] % of population that is 65 and over in age
45 0.0135 [0.00002, 0.0520] % of all occupied households that are large
33 0.0133 [0.00002, 0.0422] % of kids in family housing with two parents
7 0.0106 [0.0002, 0.0180] % of population that is 16-24 in age
68 0.0105 [0.0062, 0.0154] % of people using public transit for commuting
25 0.0084 [0.0056, 0.0111] % of people 16 and over who are employed in manufacturing
47 0.0070  [0.0001, 0.0178] % of persons in dense housing
23 0.0054 [0.0004, 0.0103] % of people 16 and over, in the labor force, and unemployed
42 0.0054 [0.0003, 0.0163] % of people who speak only English
64 0.0053 [0.0005, 0.0123] % of people born in the same state as currently living
5 0.0038 [0.0001, 0.0077] % of population that is of asian heritage
14 0.0022 [0.0003, 0.0056] % of households with social security income in 1989

j, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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Table B.9: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with auto thefts as

the response

j  Mean 90%CI Predictor

66 0.7650 [0.7310, 0.8011] land area in square miles

67 0.6471 [0.6098, 0.6847] population density in persons per square mile
47 0.0298 [0.0164, 0.0437] % of persons in dense housing

30 0.0245 [0.0008, 0.0541] % of population who are divorced

18 0.0229 [0.0001, 0.0626] per capita income

13 0.0211 [0.0054, 0.0405] % of households with investment / rent income in 1989

46 0.0197 [0.00001, 0.0899] % of people in owner occupied households

60 0.0138 [0.0054, 0.0342] median gross rent

53 0.0119  [0.0050, 0.0178] % of vacant housing that has been vacant more than 6 months
4 0.0095 [0.0004, 0.0214] % of population that is caucasian

42 0.0087 [0.0014, 0.0190] % of people who speak only English

12 0.0081 [0.0045, 0.0120] % of households with farm or self employment income in 1989
2 0.0081 [0.0004, 0.0234] mean people per household

68 0.0075 [0.0022, 0.0138] % of people using public transit for commuting
40 0.0071 [0.0032, 0.0144] % of immigrants who immigated within last 5 years
43 0.0041 [0.00005, 0.0123] % of people who do not speak English well

58 0.0034 [0.0007, 0.0106] rental housing: median rent

59 0.0030 [0.0005, 0.0138] rental housing: upper quartile rent

57 0.0022 [0.0005, 0.0057] rental housing: lower quartile rent

50 0.0021 [0.0002, 0.0047] % of housing occupied

j, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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Table B.10: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with arsons as the

response
j  Mean 90%CI Predictor
66 0.3030 [0.2517, 0.3593] land area in square miles
67 0.1619 [0.1226, 0.2084] population density in persons per square mile
1 0.0394 [0.0131, 0.0689] population for community
9 0.0152 [0.0010, 0.0471] +# of people living in areas classified as urban
19 0.0131 [0.0005, 0.0323] # of people under the poverty level
27 0.0119 [0.0022, 0.0229] % of males who are divorced
13 0.0085 [0.0004, 0.0168] % of households with investment / rent income in 1989
29 0.0078 [0.0001, 0.0212] % of females who are divorced
41 0.0039 [0.0013, 0.0071] % of population who have immigrated within the last 5 years
15 0.0031 [0.0004, 0.0065] % of households with public assistance income in 1989

j, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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Table B.11: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with violent crimes
as the response

j  Mean 90%CI Predictor

66 0.5254 [0.4868, 0.5763] land area in square miles

67 0.3515 [0.3106, 0.4052] population density in persons per square mile
9 0.1004 [0.0589, 0.1498]  # of people living in areas classified as urban
33 0.0751 [0.0412, 0.1058] % of kids in family housing with two parents
47 0.0272 [0.0140, 0.0417] % of persons in dense housing

32 0.0242 [0.0012, 0.0581] % of families (with kids) that are headed by two parents

13 0.0242 [0.0094, 0.0451] % of households with investment / rent income in 1939

4 0.0163 [0.0029, 0.0329] % of population that is caucasian

1 0.0153 [0.0003, 0.0394] population for community

3 0.0137 [0.0014, 0.0278] % of population that is african american

15 0.0080 [0.00002, 0.0165] % of households with public assistance income in 1989

6 0.0080 [0.0004, 0.0195] % of population that is of hispanic heritage
43 0.0053 [0.0013, 0.0125] % of people who do not speak English well
68 0.0036 [0.0004, 0.0072] % of people using public transit for commuting
49 0.0031 [0.0001, 0.0101]  # of vacant households

50 0.0031 [0.0007, 0.0067] % of housing occupied

62 0.0027 [0.0002, 0.0068] # of people in homeless shelters

38 0.0025 [0.00007, 0.0103] # of kids born to never married

45 0.0024 [0.0004, 0.0072] % of all occupied households that are large
44 0.0023 [0.0005, 0.0068] % of family households that are large

31 0.0020 [0.00009, 0.0077] mean number of people per family

41 0.0018 [0.00009, 0.0051] % of population who have immigrated within the last 5 years
5 0.0017 [0.00008, 0.0042] % of population that is of asian heritage

23 0.0013 [0.00008, 0.0038] % of people 16 and over, in the labor force, and unemployed

7, 7-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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Table B.12: List of the selected predictors by the proposed method in descending
order of the posterior means of conditional mutual information with non-violent
crimes as the response

j  Mean 90%CI Predictor

66 0.9859 [0.9500, 1.0189] land area in square miles

67 0.8282 [0.7870, 0.8700] population density in persons per square mile
32 0.0300 [0.0082, 0.0518] % of families (with kids) that are headed by two parents

28 0.0217 [0.0011, 0.0475] % of males who have never married

33 0.0217 [0.0015, 0.0484] % of kids in family housing with two parents
9 0.0200 [0.0017,0.0518] # of people living in areas classified as urban
30 0.0183 [0.0006, 0.0399] % of population who are divorced

27 0.0182 [0.0001, 0.0443] % of males who are divorced

47 0.0181 [0.0043, 0.0353] % of persons in dense housing

1 0.0174 [0.0001, 0.0426] population for community

29 0.0086 [0.0003, 0.0223] % of females who are divorced

64 0.0072 [0.0007, 0.0155] % of people born in the same state as currently living

50 0.0039 [0.0010, 0.0075] % of housing occupied

52 0.0023 [0.0001, 0.0058] % of vacant housing that is boarded up

j, j-th predictor; Mean, posterior mean; 90%CI refers to a 90% credible interval.
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