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Abstract

The generalized score (GS) statistic is widely used to test hypotheses about mean

model parameters in the generalized estimating equations (GEE) framework. How-

ever, when comparing predictive values of two diagnostic tests in a paired study de-

sign, or comparing correlated proportions between two unequally sized groups with

both paired and independent outcomes, GS has been shown neither to adequately

control type I error nor to reduce to the score statistic under independence. Weighting

the residuals in empirical variance estimation by the ratio of the two groups’ sample

sizes produces a weighted generalized score (WGS) statistic that has been shown to

resolve these issues and is now used in the diagnostic testing literature. Potential

improvements from weighting in more general uses of GS have not previously been

investigated.

This dissertation extends the WGS method in several ways. Formulas are derived

to extend the WGS statistic for paired and/or independent data from two binary

proportions to two means in a quasi-likelihood model with any suitable link and

variance functions, assuming finite fourth moments. The asymptotic convergence of

WGS to the χ2(1) distribution in these general cases is proven. Finite-sample type I

error rates are compared between GS and WGS, for which purpose the variance of the

test statistic denominator (i.e., the variance of the empirical variance estimator) is

proposed as an analytic heuristic. New weights are derived to optimize the variance-

of-the-denominator criterion for approximate type I error control. Simulation results

verify that the heuristically optimal weights achieve type I error rates closer to the

nominal alpha level than GS or WGS for combinations of correlation and sample size

where either GS or WGS demonstrates poor control.
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Chapter 1

Introduction

1.1 Motivation: Incomplete Paired Design

Suppose we wish to test whether the mean of an outcome variable in one group equals

the mean in another group, based on a sample with a mix of correlated, paired ob-

servations (with one observation in each group) and/or independent, singleton obser-

vations in each group. We call this structure of pairs and singletons an “incomplete

paired design” because it resembles the familiar paired design used to compare two

groups, except that some of the clusters are singletons without a partner observation

in the other group. We may summarize these data as shown in Figure 1.1. Each of

the K clusters, indexed by i = i, . . . ,K, has either one or two observations, indexed

by j ∈ {1, 2}, of an outcome Yij and a binary group indicator xij ∈ {0, 1}, with at

most one observation per group. Without loss of generality, let the position j in each

cluster i encode the group xij, such that Yi1 and Yi2 denote outcomes in group 1 and

group 0, respectively, even for a singleton with one of Yi1 or Yi2 observed and the

other missing, in which case we omit the missing value from calculations. We wish

to test the null hypothesis H0 : µ1 := E[Yi1] = E[Yi2] =: µ0 vs. H1 : µ1 6= µ0.

1.1.1 Examples: Binary Diagnostic Testing

An incomplete paired design may occur in many settings, but it arises naturally in

binary diagnostic testing, as a comparison of two correlated proportions of a binary

outcome. Clinical trials comparing two diagnostic tests for the same condition often

follow a paired design, with the same participants receiving both tests for both sta-

tistical and economic efficiency. In this case, the two “groups” being compared to
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Figure 1.1: Dataset structure and notation in an incomplete paired design

each other are the two diagnostic tests, and each “cluster” is a study participant.

For context as to how different research questions in binary diagnostic testing

affect the dataset and analysis, we must first describe the incomplete paired design for

two correlated proportions in general. Suppose we have a binary outcome Yij ∈ {0, 1},

where 1 and 0 indicate an event of interest and a non-event, respectively. Then in the

cluster i outcome vector Yi := [Yi1, Yi2], each observation has one of three values: 0,

1, or missing for singletons in the other group. We can tabulate such data as shown

in Table 1.1, where a, b, c, d, e, f , g, and h denote the respective numbers of pairs

or singletons with each possible set of outcomes, n1 and n0 denote the total sample

sizes in each group, and π̂1 and π̂0 denote the sample proportions of the event in

each group. By convention for binary outcomes, we rewrite the null hypothesis as

H0 : π1 = π0, which we test against H1 : π1 6= π0, where πx := P [Yij = 1 | xij = x]

denotes the population probability of the event in each group.

In binary diagnostic testing, the research question determines both the outcome

variable and the reasons for missing observations. For example, in a comparison of

positive predictive values, i.e., PPV = P (disease | positive result), the outcome is the

2



Table 1.1: Binary outcomes in an incomplete paired design

Group 0
Event

Group 0
Non-Event

Group 0 Missing
(Group 1 Singleton)

Group 1 Event a b e
Group 1 Non-Event c d f
Group 1 Missing
(Group 0 Singleton)

g h

n1 = a+ b+ c+ d+ e+ f n0 = a+ b+ c+ d+ g + h
π̂1 = a+b+e

n1
π̂0 = a+c+g

n0

true disease status, i.e., the result of a gold-standard test. Because PPV is conditional

on a positive diagnostic test, observations with negative diagnostic tests are omitted,

turning pairs with split results into singletons. By contrast, in a comparison of

sensitivities, i.e., P (positive result | disease), the outcome is the diagnostic test result.

Because sensitivity is conditional on true disease at the participant level, the only

singletons are those with one diagnostic test result and one truly unobserved result

due to testing errors, participants dropping out of the study between tests, etc.

We illustrate these two situations in Tables 1.2 and 1.3, with data from an ex-

ample given by Regad and Roldán-Nofuentes [RRN21]. The data represent a paired

study to compare electrocardiogram (EKG) and echocardiography (echo) as diag-

nostic tests for coronary heart disease (CHD). All participants had complete data

for gold-standard CHD case-control status and both diagnostic tests. An incomplete

paired design emerges for the PPV comparison by conditioning on positive diagnostic

tests. In the complete data example, the sensitivity comparison would have a fully

paired structure because all CHD cases had both diagnostic test results. However, to

demonstrate the incomplete paired design due to missing results instead of condition-

ing, we have artificially split 5 of the original 12 cases with paired negative results on

both tests into singleton negative results for each test. By doing so, we have added

3



Table 1.2: PPV of electrocardiogram vs. echocardiography for coronary heart disease

Echo Positive
Case

Echo Positive
Control

Echo Negative
(EKG Singleton)

EKG Positive, Case 77 . 10
EKG Positive, Control . 4 2
EKG Negative
(Echo Singleton)

6 13

EKG: n1 = 77 + 10 + 4 + 2 Echo: n0 = 77 + 4 + 6 + 13
= 93 EKG positives = 100 echo positives

π̂1 = 77+10
77+10+4+2

= 87
93

π̂0 = 77+6
77+4+6+13

= 83
100

= 0.935 = P̂PV EKG = 0.830 = P̂PV echo

5 fictitious cases in order to impose 10 missing values for an incomplete paired de-

sign, while holding all of Table 1.2 and all the marginal quantities in Table 1.3 equal

to the original values. Besides showing numerical examples, these tables also reveal

one difference between the cluster-level outcomes for PPV and the observation-level

outcomes for sensitivity: PPV cannot have any discordant pairs, as each participant

has one disease status outcome that does not depend on the diagnostic test, while

sensitivity can have any combination of diagnostic test results as outcomes. Thus,

the interplay between the scientific question and the dataset used to answer it un-

derscores the importance of understanding and properly analyzing the incomplete

paired design as a tool to improve research in binary diagnostic testing.

We have used binary diagnostic testing as an intuitive introduction to the incom-

plete paired design, due to the importance of PPV and NPV in research and the

inherent disruptions to the paired design imposed by conditioning. As we continue,

correlated proportions in general and binary diagnostic testing specifically will fre-

quently reappear as noteworthy special cases. However, considering the enormous

variety of applications for paired studies across research areas with many different

outcomes and probability distributions, we also expand our view of the incomplete

4



Table 1.3: Sensitivity of electrocardiogram vs. echocardiography with missing results

Case, Echo
Positive

Case, Echo
Negative

Case, Echo Missing
(EKG Singleton)

Case, EKG Positive 77 10 0
Case, EKG Negative 6 7 5
Case, EKG Missing
(Echo Singleton)

0 5

EKG: n1 = 77 + 10 + 0 + 6 + 7 + 5 Echo: n0 = 77 + 10 + 6 + 7 + 0 + 5
= 105 cases w/ EKG result = 105 cases w/ echo result

π̂1 = 77+10+0
77+10+0+6+7+5

= 87
105

π̂0 = 77+6+0
77+10+6+7+0+5

= 83
105

= 0.829 = ŜensEKG = 0.790 = Ŝensecho

paired design, thinking of other possible uses as a modified form of a paired analysis

rather than limiting it to a specific research specialty or distribution.

Simple tests exist to compare two proportions or other means among fully inde-

pendent observations (e.g., Pearson χ2, score test), and among fully paired observa-

tions (e.g., McNemar, paired t-test). However, the incomplete paired design lies in

between these two extremes with clusters and correlation that, though simple to set

up, meaningfully complicate the analysis. Hence, we will review some other com-

mon methods for correlated data analysis, to lay the groundwork for an approach to

testing equality of two correlated proportions, or means of distributions other than

binary, in the incomplete paired design.

1.2 Simple Correlated Data Models

Several frequentist methods to analyze correlated data have been developed over the

years, varying in their complexity, their assumptions, and their applicability to the

range of correlated outcome scenarios. What follows is an overview of some of the

most widely used methods, their ideal uses and limitations, and their suitability for

incompletely paired binary outcomes and similar problems.
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1.2.1 Univariate response

One way to avoid the issue of correlation among outcomes is to collapse the multiple

outcomes in each cluster into a summary statistic, then treat that univariate response

as the new outcome using a more traditional method for independent data. This

approach is known as “response feature analysis.” Consider an example of its use in

pharmacology, in which the concentration levels of a drug over time are reduced from

many correlated timepoints to a feature or two of the entire curve, such as the time

until the peak concentration, the height of the peak, or the total area under the curve.

This summary measure can then be analyzed across subjects to test a null hypothesis

about that feature of the curve over the whole population using a test for independent

data, e.g., the Wilcoxon rank-sum test to compare the distributions of the feature for

two drugs. While it eliminates correlation among outcomes, substituting a univariate

summary for the full cluster of outcomes is only appropriate insofar as the univariate

response both appropriately represents the original outcomes and is appropriately

distributed to meet the assumptions of the test.

To illustrate these issues, consider the strategy to analyze the trend over time

of a longitudinally measured outcome by linearly regressing each subject’s outcomes

against time, and then treating each subject’s slope parameter as the univariate re-

sponse for a hypothesis test. This analysis may not work as intended for several

reasons. First, the summary statistic may inadequately describe the individual data

points. In the example, if there were a nonlinear trend, linear regression could fail to

capture it within each subject, or subjects observed at different points along a non-

linear trend could have their local slopes mistaken for a global trend in a misspecified

hypothesis test. Second, the distributional assumptions about the individual data

points may not hold for the summary statistic. In the example, homoscedasticity of

residuals about the regression line, as required for simple linear regression, would lead

6



to heteroscedasticity among the estimated slopes if all subjects were not observed at

all the same times, because the variance of the slope estimator is a function of the

covariates: var
(
β̂
)

= σ2
(
XTX

)−1
. Third, the summary statistic may not be evalu-

able for all clusters, either leading to loss of information when a cluster is excluded

or requiring additional assumptions to include it. In the example, subjects with only

a single observation have no slope estimate and must be removed from the analysis.

This third complication could also occur in the pharmacology example of peak drug

concentration or time until the peak, if a subject’s concentrations rose monotonically

with no observed peak before the end of follow-up.

Despite these potential pitfalls, univariate response methods are useful when the

data permit, as with McNemar’s test of equal proportions for paired binary data. In

McNemar’s test, the outcomes in each pair are summarized by their signed difference,

D ∈ {−1, 0, 1}, indicating either concordance (D = 0) or the direction of discordance

(D = ±1). The test statistic is a function of the differences, TM = (
∑
D)2 /

∑
D2,

which is distributed as χ2 (1) under the null hypothesis of equal proportions between

the two groups. It would be convenient if the simplicity of paired binary data car-

ried over just as easily, modified as necessary, to incompletely paired binary data.

However, McNemar’s test cannot accommodate singletons along with pairs; indeed,

the basic idea of a univariate summary of each cluster’s disparity between groups

breaks down when only one group is observed. That is not to say it is impossible to

express another test statistic as a function of univariate values corresponding to each

cluster’s outcomes. Rather, the point is that without a clear idea of how that value

summarizes the difference between groups within a cluster, the resulting test is not

as intuitive nor interpretable, and so not as useful, as a full-data model. The incom-

plete paired design calls for an analysis that distinguishes among the clusters that do

or do not contribute information about each group, so we conclude that univariate
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response methods, which collapse outcomes from either or both groups in a cluster

to one number, are insufficient.

1.2.2 Repeated measures & multivariate ANOVA

Two other widely used correlated data methods that must be mentioned are repeated

measures analysis of variance (ANOVA) and multivariate ANOVA (MANOVA), al-

though neither model is well suited to the “incomplete” or “binary” aspects of in-

completely paired binary outcomes. Both repeated measures ANOVA and ANOVA

assume the outcome is a grand mean plus an effect for each level of the all-discrete

predictors in a factorial design, and possibly their interactions, plus a normal resid-

ual error term. Where the two versions of ANOVA differ is in how they account for

the differences between clusters and the differences among the multiple correlated

outcomes within each cluster.

Repeated measures ANOVA (RM ANOVA), as the name says, treats the multiple

outcomes in a cluster as values of one normal random variable observed at multi-

ple points in time, or “time” can be any identifier of an observation’s place among

the possible observations in a cluster. The model assumes fixed effects for time and

between-cluster factors, a random effect for cluster, and uniform variance of the dif-

ference in outcomes between any two timepoints in a cluster, an assumption known

as “sphericity.” When the outcome is normally distributed, no data are missing, and

sphericity of the error variance matrix holds, the F tests for predictor significance

are exact, making it a valuable model in that situation. These assumptions are eas-

ier to meet under more tightly controlled experimental conditions, like the split-plot

design in agriculture, but practical constraints in observational and even clinical trial

settings can make the assumptions difficult to satisfy. Equal variances and equal pair-

wise correlation among all timepoints, i.e., compound symmetry or exchangeability,

8



implies sphericity. Sphericity does not imply exchangeability, although equality of

all the variances of differences is not trivial to meet without it. Thus, sphericity is

more likely to hold if the order of the multiple observations in a cluster is arbitrary,

as with units in a parallel trial, as opposed to ordered timepoints in longitudinal

data, in which correlation is likely to dissipate over longer time intervals. Violations

of sphericity make the F test not just approximate instead of exact, but also bi-

ased in favor of a larger test statistic and smaller p-value. Corrections introduced

by Greenhouse & Geisser [GG59] and Huynh & Feldt [HF76] scale down the denom-

inator degrees of freedom in the test statistic by an estimate of the sphericity to

compensate.

Sphericity grabs attention as the least obvious assumption to check, but correlated

data can fail to conform to the RM ANOVA model for more fundamental reasons.

First, the F test of predictor significance assumes normally distributed residuals, so

it is incompatible with binary and other non-normal outcomes. Second, the sum-of-

squares tabulation assumes a factorial design (possibly with nested effects) among all

the predictors, including cluster, so all predictors must be discrete and all combina-

tions of predictor values must be repeated consistently in all clusters to avoid empty

cells where the predictor value combinations are misaligned. Third, or applying the

second to time as a predictor, all clusters must have observations at all the same

timepoints. In the incomplete paired design, then, regardless of the reason for the

mix of pairs and singletons, the other outcome opposite each singleton would be a

missing value that RM ANOVA cannot handle.

MANOVA treats each cluster of outcomes as a single observation from a mul-

tivariate normal distribution, each of the multiple outcomes in a cluster being a

coordinate in a different dimension of vector space with its own mean and scale,

rather than multiple correlated observations of the univariate normal distributions.

9



With multivariate outcomes, a grand mean vector of the same length replaces the

scalar grand mean, and a matrix of predictor effects with a row vector of parameters

for each covariate replaces the column vector of scalar parameters. The residual error

vectors have an arbitrary positive-definite variance matrix. To test predictor signifi-

cance, estimates of the variance matrix due to predictor effects and variance matrix

due to residual errors are compared in a manner similar to ANOVA F -tests, but the

ratio of mean squared errors is generalized to the product of the predictor variance

matrix times the inverse of the residual variance matrix. Various test statistics use

different summaries of this product matrix, based primarily on its eigenvalues λi,

such as Wilks’ lambda,
∏

i(1/(1 + λi)), Pillai’s trace,
∑

i(λi/(1 + λi)), Hotelling’s

trace,
∑

i λi, or Roy’s largest root, maxi λi. The F distribution of Wilks’ lambda

may be exact, but the other test statistics have approximate distributions.

While more flexible than RM ANOVA in some ways, especially for clusters of

fundamentally different variables as opposed to multiple values of one or similar vari-

ables, MANOVA shares many of the same limitations as RM ANOVA in its range of

possible correlated data applications. First, the assumed multivariate normal distri-

bution of the residual vectors rules out MANOVA as a tool to analyze non-normal

outcomes. Second, the predictor values must follow a factorial design, but with a

single outcome vector per cluster and not a set of outcomes at multiple timepoints,

predictors cannot vary within clusters (the dimension index, formerly time, is not

a predictor), and instead there must be clusters spread consistently over the com-

binations of predictor values to avoid empty cells. Third, as with RM ANOVA, all

clusters must have observed values for all the same outcomes, but unlike the factorial

design issue with time, in MANOVA a cluster is a point in a vector space, so clusters

with missing values have missing coordinates and do not exist in the vector space.

Thus, neither of these ANOVA models works well to analyze incompletely paired
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binary outcomes or related problems. Extensions of ANOVA can address some of

these limitations, like using analysis of covariance (ANCOVA) for continuous pre-

dictors or deciding how to impute missing values in a cluster. However, we reach

a similar conclusion as for univariate response analysis, that we do not gain much

by asking whether we can dress a more suitable method up to look like ANOVA

without the simplicity and intuition that make ANOVA useful. With that, we will

zoom out and consider some more flexible regression methods, which include these

ANOVA models as special cases but which can just as easily be tailored to apply to

the incomplete paired design.

1.3 Generalized Linear Mixed Models & General-

ized Estimating Equations

For non-normal outcomes from other exponential family distributions, the standard

method to fit a function of the mean to a linear combination of the covariates is

a generalized linear model (GLM). When the data are also correlated, e.g., due to

clusters of observations with some connection that makes independence unlikely, the

two most common techniques are generalized linear mixed models (GLMM) or gen-

eralized estimating equations (GEE). GLMM includes random effects to account for

the heterogeneity between clusters and correlation within clusters, while assuming

independence between the still-unexplained residuals, but this imposes a particular

correlation structure that may be unrealistic. It is most useful for interpreting the

resulting mean parameters if the conditional effects of the covariates on the expected

outcome for any given individual are of more interest than the marginal effects of the

covariates on mean outcomes over the population.

The GEE approach was introduced by Liang and Zeger [LZ86], and as the paper’s

20,000+ citations to date will attest, it has become a go-to method of choice for non-
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normal, correlated data, and a standard tool in many statistical software packages.

GEE fits a marginal model for the mean outcome conditional on the covariates, with

a hypothesized correlation structure within each cluster, without reference to a joint

distribution or proper likelihood. The estimating equations are derived from quasi-

likelihood theory, the key innovation being a working correlation matrix to estimate

cluster covariance and with consistently estimated mean model parameters and vari-

ance through use of the sandwich estimator, is robust to misspecified correlation.

The original, more often cited paper assumes an outcome distribution from an expo-

nential family, but Zeger and Liang [ZL86] extended the idea to any mean-variance

model estimated using quasi-likelihood, in which the variance is a known function of

the mean with a possible scale parameter.

1.4 GEE Inference Tests

Inference on GEE parameters typically uses one of the two tests described by Rot-

nitzky and Jewell [RJ90]: the generalized Wald test or the generalized score test. The

authors note some similarities between the generalized tests and their full-likelihood

namesakes. For one, the generalized Wald test is computed under the alternative hy-

pothesis, while the generalized score test is computed under the null hypothesis. For

another, the generalized Wald test is sensitive to transformations of the parameter

space, while the generalized score test is invariant to differentiable transformations.

Boos [Boo92] extends this discussion of hypothesis testing in GEE to compare multi-

ple estimators for each test, deciding that Rotnitzky and Jewell’s formulation of the

generalized score test is preferable on the basis of its simplicity and aforementioned

parameter space invariance.

Prior research has already investigated ways to avoid biased parameter estimates

and improve small-sample performance of the sandwich variance estimator, which
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would be desirable properties for a new version of the generalized score test statis-

tic. Pepe and Anderson [PA94] find the independent working correlation matrix is

needed to avoid biased parameter estimates, unless the conditional expectation of one

outcome given its covariates is independent of all the other covariates in the same

cluster. This warning is echoed by Pan, Louis, and Connett [PLC00], who elaborate

on Pepe and Anderson’s example of a marginal model fit to an auto-regressive pro-

cess and show biased GEE estimates with a non-identity working correlation matrix.

Pan and Wall’s [PW02] approach to the sandwich variance in a small sample is to

use an approximate t (or F ) test instead of the asymptotic normal, to account for

extra variability in the denominator. Guo, et al. [GPC+05] may be the first to raise

the concerns with the generalized score test that this work addresses. The authors

compare the generalized score and Wald tests for both binomial and Poisson distri-

butions and both one- and two-sample problems, find that the generalized score is

conservative in small samples, and suggest adjusting the test statistic by a factor of

K/(K − 1). Lastly, the authors note,

In contrast to extensive studies on the score test with small samples for

independent data [...], the robust score test for correlated data has re-

ceived scant consideration; it remains an open question whether some

ideas can be borrowed from that for independent data [citation omitted]

and extended successfully to the context for correlated data.

This work is intended to make progress in that direction, focusing on working inde-

pendence for unbiased mean parameter estimates as in [PA94] and [PLC00], while

improving the sandwich variance estimate in small samples with lessons, but not all

the same methods, from [PW02] and [GPC+05].

Because this work originates from the comparison of two proportions, it behooves

us to review the existing literature on correlated, binary data. Prentice [Pre88]
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describes several regression models with covariates at the observation level, and the

section applying GEE to the problem adds the simultaneous estimation of mean and

correlation parameters later known as GEE2. Pendergast, et al. [PGN+96] review an

array of conditional, marginal (including GEE), and cluster-specific models for both

observation- and cluster-level covariates, with discussion of each model’s parameter

interpretations. Klingenberg and Agresti [KA06] extend McNemar’s test for paired

binary data from pairs of a univariate outcome to paired vectors of multivariate

outcomes and show that the extended test is a generalized score test, which offers a

road map to extend the present work on the generalized score test for incompletely

paired data to multiple outcomes. Mascha and Imrey [MI10] compare several methods

for multiple correlated, binary outcomes, and GEE-based methods come out ahead,

but they only use the generalized Wald test without comparing to the generalized

score.

1.5 Weighted Generalized Score Test

Narrowing in on a specific application of correlated proportions, we return to the mo-

tivating problem and prior methods for comparing two positive or negative predictive

values in diagnostic testing. Assuming a paired study where each person receives one

of each diagnostic test type, the data follow the incomplete paired design: there is

at most one observation (positive or negative result) per group (diagnostic test type)

per cluster (participant), and the binary outcome is gold-standard disease status.

The generalized score test statistic for a comparison of two positive or negative pre-

dictive values is given by Leisenring, Alonzo and Pepe [LAP00]. Kosinski [Kos13]

demonstrates that this generalized score statistic for predictive values differs from

the score test (Pearson χ2) statistic under independence when the group sample sizes

are imbalanced, but a weighted generalized score test statistic, TWGS, corrects for the
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imbalance and reduces to the score test under independence. Kwak, Um, and Jung

[KUJ15] present another test of two predictive values and compare it to the general-

ized score test by Leisenring, Alonzo, and Pepe [LAP00], but TWGS, though cited in

the introduction, is not part of the comparison. Tsou [Tso16] re-derives TWGS as a

score statistic in the context of a so-called robust likelihood, i.e., the log-likelihood

in a working independent Bernoulli model for each test, scaled by a function of the

asymptotic variances of the difference in positive and negative predictive values and

the working independence score. Tsou [Tso17] applies the robust likelihood concept

to paired multinomial data and derives a test statistic that reduces to McNemar’s

test for binary data; like Klingenberg and Agresti [KA06] for multivariate data, this

suggests a multinomial extension of the present work.

To elaborate on Kosinski [Kos13], two issues were found with the generalized score

test to compare two proportions in the incompletely paired design. First, it does not

reduce to the score test when all the observations are independent (i.e., singletons)

so there is no cluster structure for the generalized score test to include nor for the

score test to naively omit. There is a certain semantic issue, that one may expect the

“generalized score test” to remain the score test in the original case that needs no

generalization, but the terminology does no harm if one knows the difference between

the tests and uses the score test when applicable. However, it raises more concerns

about datasets with few, weak violations of independence (e.g., just one or two pairs

with low correlation), when one cannot use the score test, even when intuitively

the inference should closely resemble what would be seen under independence. It

is unfortunate, then, that the test considered a substitute for the score test in the

presence of correlation can lead to a different conclusion. Second, simulated data with

realistic correlation show that the generalized score test has inadequate type I error

control for sample sizes into the hundreds, with larger deviations from the nominal
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α level for smaller sample sizes and for greater imbalance between the group sizes.

The weighted generalized score statistic, TWGS, discussed in [Kos13], is derived by

weighting each residual in the empirical information matrix by the square root of the

ratio of the observation’s group size to the other group size, i.e.,
√
nxij/nx′ij , where

nxij is the number of observations of the same diagnostic test type as observation ij,

and nx′ij is the number of observations of the other diagnostic test type. This TWGS

statistic achieves the desired properties: it reduces to the score test (Pearson χ2)

statistic under independence, and it has tighter type I error control with imbalanced

group sizes. The apparent benefits of TWGS in one model for diagnostic testing —

binary outcomes, logit link, cluster-level outcomes — suggest there could be more to

gain from developing the statistic further, whether by extending its applications to

wider classes of models, or by digging deeper into the theoretical properties of the

choice of weights.
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Chapter 2

An Extension of the Weighted

Generalized Score Test from Binary

Outcomes to Other Distributions

2.1 Introduction

This work builds upon the introduction of TWGS with some further results. First, we

show that both the generalized score test and TWGS are invariant to the outcome dis-

tribution and link function under the global null hypothesis, and we find expressions

of both statistics for the global null hypothesis. Second, we focus on the comparison

of two correlated means in the incomplete paired design, extending beyond binary

outcomes, for which we find and compare expressions of both statistics along with

the normal score test. Third, we show that weighting the residuals in TWGS by the

ratio of the group sample sizes preserves the asymptotic χ2 distribution of the test

statistic, and we show a way in which these weights are unique. Fourth, we address

cluster-level and observation-level outcomes and the different test statistic expressions

for each. Fifth, we show that TWGS reduces to other familiar test statistics when

applicable, including Pearson’s χ2 for independent binary data and McNemar’s test

for paired binary data, which are the preferred tests at either end of the incomplete

paired design and suggest TWGS works well for the cases in between.
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2.2 Global Generalized Score Test: Distribution

& Link Invariance

2.2.1 Generalized Score Test TGS for the Global H0

Suppose we have a quasi-likelihood model relating the mean of an outcome to some

covariate(s), and we wish to test the global null hypothesis that the mean outcome is

constant with respect to the covariate(s), using clustered data in which the outcomes

may be correlated within each cluster but are assumed to be independent between dif-

ferent clusters. Specifically, for each i = 1, . . . , K, where K is the number of clusters,

let the ith cluster have ni observations, the outcome vector Yi = [Yi1, . . . , Yini
]T , and

the covariate matrixXi of size ni×p, with a column of ones for an intercept followed by

the p−1 covariate(s) of interest. Assume that for all i = 1, . . . , K, a known, monotone,

scalar link function g maps the mean outcome vector E[Yi] =: µi = [µi1, . . . , µini
]T el-

ementwise to a linear predictor ηi := Xiβ with unknown coefficients β = [β1, . . . , βp]
T :

g(µi) = ηi = Xiβ ⇐⇒ µi = g−1(ηi) = g−1(Xiβ).

Further assume that for all i = 1, . . . , K and j = 1, . . . , ni, the variance of Yij, denoted

σ2
ij, depends on µij via a known function h and a possibly unknown parameter ψ > 0:

σ2
ij = var(Yij) = h(µij)ψ.

With this quasi-likelihood approach, used by Zeger & Liang [ZL86], we do not

assume a marginal density in an exponential family, as Liang & Zeger [LZ86] do. In

fact, we need not assume any parametric family of distributions. We do assume finite

fourth moments, E[Y 4
ij ] <∞, for multiple reasons that we will note as they arise.

We briefly discuss exponential families as an important special case. If we assumed

that Yij had a marginal density belonging to an exponential family of the form:

f(yij | θij, ψ) = exp{[yijθij − a(θij)]/ψ + b(yij, ψ)},
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with known functions a and b, then we would have µij = a′(θij) and σ2
ij = a′′(θij)ψ

as known functions of θij and ψ. Assuming an invertible a′(θij), we could then write

σ2
ij = a′′[(a′)−1(µij)]ψ to show the quasi-likelihood relationship between σ2

ij and µij.

We fit the model by solving the system of generalized estimating equations (GEE):

S(β) =
K∑
i=1

DT
i V
−1
i (Yi − µi) = 0, (2.1)

where Di = ∂µi/∂β and Vi = A
1/2
i Ri(α)A

1/2
i , in which Ai = diag[var(Yi)] is the ni×ni

diagonal matrix of outcome variances, and Ri(α) is a working correlation matrix with

the same structure and parameter(s) α for all clusters. The GEE solution is found by

iteratively reweighted least squares, updating estimates of the mean parameters β̂ by

the Gauss-Newton method in turns with the correlation and scale parameters α̂ and

ψ̂ by the method of moments. Liang & Zeger [LZ86] show consistent estimation of the

variance of β̂ resulting from K1/2-consistent estimators α̂ and ψ̂. They give examples

of α̂ and an expression for ψ̂, and they identify finite fourth moments as a sufficient

condition to ensure K1/2-consistency, hence one reason we assume E[Y 4
ij ] <∞.

The generalized score statistic for a test of H0 : Lβ = c, with a constant r × p

matrix L of full rank r ≤ p and a constant length-r column vector c, is:

TGS = (LV̂mŜ)T (LV̂eL
T )−1(LV̂mŜ) | H0,

where S is the score vector in Equation 2.1, Vm is the model-based variance matrix

of β̂, and Ve = VmIeVm is the empirical variance matrix of β̂ using the empirical

information matrix Ie (details to follow). All of Ŝ, V̂m, and V̂e are estimated from

the model fit in the restricted parameter space under H0. This TGS statistic has an

asymptotic χ2(r) distribution as K →∞ under H0.

The global null hypothesis that the mean outcome is constant with respect to the

covariates of interest is expressed as H0 : β2 = . . . = βp = 0. Equivalently, in matrix
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notation, we test H0 : Lβ = 0 for the following (p− 1)× p matrix L:

L =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

 .

We evaluate TGS under this H0, starting with the outer terms, LV̂mŜ. The model-

based variance matrix of β̂ is the inverse of the model-based information matrix:

Vm = I−1
m ,

so named because its estimated covariance of Yi uses the parameter estimates accord-

ing to the model, i.e., V̂i = Â
1/2
i Ri(α̂)Â

1/2
i and σ̂2

ij = h(µ̂ij)ψ̂. By contrast, in the

empirical information, the estimated covariance of Yi uses the products of residuals.

We will address the empirical estimates in the inner term after we complete LV̂mŜ.

By independence across clusters, the model-based information matrix equals:

Im = var(S) = var

[
K∑
i=1

DT
i V
−1
i (Yi − µi)

]
=

K∑
i=1

DT
i V
−1
i var(Yi)V

−1
i Di

=
K∑
i=1

DT
i V
−1
i ViV

−1
i Di =

K∑
i=1

DT
i V
−1
i Di.

To find Vi, we must specify a working correlation matrix, Ri(α). Let Id denote a

d× d identity matrix. Using an independent working correlation Ri(α), we have

Vi = A
1/2
i Ri(α)A

1/2
i = A

1/2
i Ini

A
1/2
i = Ai = diag[var(Yi)].

Under H0, all observations have the same mean µij = µ = g−1(β1), and given a com-

mon dispersion parameter ψ, all observations also have the same variance σ2
ij = σ2.

Let n :=
∑K

i=1 ni be the total number of observations, let µ̂ := 1/n×
∑K

i=1

∑ni

j=1 Yij

be the sample mean of all outcome values, and let σ̂2 be the estimated variance,
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a function of µ̂ and/or ψ̂ depending on the outcome distribution. Let 1d denote a

length-d vector of ones. Then we have:

µi
H0= µ1ni

=⇒ µ̂i = µ̂1ni

Di =
∂µi
∂β

=
∂µi
∂ηi
× ∂ηi
∂β

= diag[g′(µi)]Xi

=⇒ D̂i
H0= g′(µ̂)Xi

Vi = diag[var(Yij)]

=⇒ V̂i
H0= σ̂2Ini

=⇒ V̂ −1
i =

1

σ̂2
Ini

.

Multiplying these terms as needed, we find:

D̂T
i V̂
−1
i =

g′(µ̂)

σ̂2
XT
i

=⇒ D̂T
i V̂
−1
i D̂i =

[g′(µ̂)]2

σ̂2
XT
i Xi

=⇒ Îm =
K∑
i=1

[g′(µ̂)]2

σ̂2
XT
i Xi

=
[g′(µ̂)]2

σ̂2

K∑
i=1

XT
i Xi.
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And so,

V̂m = Î−1
m

=

{
[g′(µ̂)]2

σ̂2

K∑
i=1

XT
i Xi

}−1

=
σ̂2

[g′(µ̂)]2

(
K∑
i=1

XT
i Xi

)−1

.

Now,

Ŝ =
K∑
i=1

D̂T
i V̂
−1
i (Yi − µ̂i)

=
K∑
i=1

g′(µ̂)

σ̂2
XT
i (Yi − µ̂1ni

)

=
g′(µ̂)

σ̂2

K∑
i=1

XT
i (Yi − µ̂1ni

).

The outer terms of TGS are, thus,

LV̂mŜ = L× σ̂2

[g′(µ̂)]2

(
K∑
i=1

XT
i Xi

)−1

× g′(µ̂)

σ̂2

K∑
i=1

XT
i (Yi − µ̂1ni

)

=
1

g′(µ̂)
L

(
K∑
i=1

XT
i Xi

)−1 K∑
i=1

XT
i (Yi − µ̂1ni

).
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We now turn our attention to evaluating the empirical variance matrix, V̂e = V̂mÎeV̂m:

Îe =
K∑
i=1

D̂T
i V̂
−1
i (Yi − µ̂i)(Yi − µ̂i)T V̂ −1

i D̂i

=
K∑
i=1

[
g′(µ̂)

σ̂2
XT
i × (Yi − µ̂1ni

)(Yi − µ̂1ni
)T × g′(µ̂)

σ̂2
Xi

]

=
[g′(µ̂)]2

(σ̂2)2

K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

=⇒ V̂e = V̂mÎeV̂m

=
σ̂2

[g′(µ̂)]2

(
K∑
i=1

XT
i Xi

)−1

× [g′(µ̂)]2

(σ̂2)2

K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

× σ̂2

[g′(µ̂)]2

(
K∑
i=1

XT
i Xi

)−1

=
1

[g′(µ̂)]2

(
K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

]

×

(
K∑
i=1

XT
i Xi

)−1

.
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The inner term of TGS is, thus,

(LV̂eL
T )−1

=

L 1

[g′(µ̂)]2

(
K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

]

×

(
K∑
i=1

XT
i Xi

)−1

LT


−1

= [g′(µ̂)]
2

L
(

K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

]

×

(
K∑
i=1

XT
i Xi

)−1

LT


−1

.

Finally, we can compute the generalized score statistic,:

TGS = (LV̂mŜ)T (LV̂eL
T )−1(LV̂mŜ) | H0

=

 1

g′(µ̂)
L

(
K∑
i=1

XT
i Xi

)−1 K∑
i=1

XT
i (Yi − µ̂1ni

)

T

× [g′(µ̂)]
2

L
(

K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

]

×

(
K∑
i=1

XT
i Xi

)−1

LT


−1

×

 1

g′(µ̂)
L

(
K∑
i=1

XT
i Xi

)−1 K∑
i=1

XT
i (Yi − µ̂1ni

)


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TGS =

L( K∑
i=1

XT
i Xi

)−1 K∑
i=1

XT
i (Yi − µ̂1ni

)

T

×

L
(

K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

]

×

(
K∑
i=1

XT
i Xi

)−1

LT


−1

×

L( K∑
i=1

XT
i Xi

)−1 K∑
i=1

XT
i (Yi − µ̂1ni

)

 . (2.2)

This expression may be further simplified depending on the size and structure of Xi.

For now, we conclude this section by noting that TGS is a function of the constant

matrix L, the covariate matrices Xi, and the outcome vectors Yi, but not the link

function g nor the variance estimate σ̂2. Therefore, the value of TGS for a test of

the global null hypothesis of a constant mean outcome (H0 : β2 = . . . = βp = 0) is

invariant to the chosen outcome distribution or link function.

2.2.2 Weighted Generalized Score Test TWGS for the Global

H0

Continuing the theme, if we weight the residuals (Yi − µ̂1ni
) in the center of TGS

by a diagonal matrix Wi, the weighted statistic will still be invariant to distribution

and link, assuming the weights themselves do not depend on g or σ̂2. Specifically,

suppose we multiply the residuals in the empirical information matrix Ie by diagonal
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Wi, yielding a weighted empirical information matrix,

IWe =
K∑
i=1

D̂T
i V̂
−1
i Wi(Yi − µ̂i)(Yi − µ̂i)TWiV̂

−1
i D̂i

=
K∑
i=1

[
g′(µ̂)

σ̂2
XT
i ×Wi(Yi − µ̂1ni

)(Yi − µ̂1ni
)TWi ×

g′(µ̂)

σ̂2
Xi

]

=
[g′(µ̂)]2

(σ̂2)2

K∑
i=1

XT
i Wi(Yi − µ̂1ni

)(Yi − µ̂1ni
)TWiXi.

It is clear that factoring the g′(µ̂) and σ̂2 scalars out of the D̂T
i V̂
−1
i terms has nothing

to do with the other terms in Ie or IWe , which stay in place with or without Wi.

Subsequent steps of factoring and canceling scalars leave the weighted residuals in

IWe similarly untouched, as summarized below:

V̂ W
e = V̂mÎ

W
e V̂m

=
1

[g′(µ̂)]2

(
K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i Wi(Yi − µ̂1ni

)(Yi − µ̂1ni
)TWiXi

]

×

(
K∑
i=1

XT
i Xi

)−1

(LV̂ W
e LT )−1

= [g′(µ̂)]
2

L
(

K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i Wi(Yi − µ̂1ni

)(Yi − µ̂1ni
)TWiXi

]

×

(
K∑
i=1

XT
i Xi

)−1

LT


−1

.

Thus, the value of the following weighted generalized score statistic TWGS for a test

of the global null hypothesis of a constant mean outcome (H0 : β2 = . . . = βp = 0)
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is also invariant to the chosen outcome distribution or link function, assuming the

weights themselves do not depend on g or σ̂2:

TWGS =

L( K∑
i=1

XT
i Xi

)−1 K∑
i=1

XT
i (Yi − µ̂1ni

)

T

×

L
(

K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i Wi(Yi − µ̂1ni

)(Yi − µ̂1ni
)TWiXi

]

×

(
K∑
i=1

XT
i Xi

)−1

LT


−1

×

L( K∑
i=1

XT
i Xi

)−1 K∑
i=1

XT
i (Yi − µ̂1ni

)

 . (2.3)

Note that this general form of TWGS for the global null hypothesis is a bit too general,

because while we can define TWGS for arbitrary weights Wi and show it retains the

distribution and link invariance of TGS, such an arbitrary TWGS might not be an

appropriate or desirable test statistic of the null hypothesis in the first place. The

invariance result for TWGS is more meaningful for a specific Wi of interest, i.e., any

weights that are valid to test the global null hypothesis are equally valid for any

distribution or link. It follows that the specific TWGS of Kosinski [Kos13] to compare

two proportions in the incomplete paired design, which is one case of the statistic

shown above for certain Xi and Wi, could be applied to two correlated means of any

distribution. We will elaborate on TWGS and the choice of weights for the incomplete

paired design in the next few sections.
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2.3 TGS and TWGS Expressions for the Incomplete

Paired Design

2.3.1 Distribution- & Link-Invariant TGS for the Incomplete

Paired Design

The weighted generalized score was first developed for binary outcomes with the

logit link function, but we can extend it to any distribution and link by finding the

values of Xi corresponding to the incomplete paired design, plugging those Xi into

Equation 2.3, and simplifying. To be more precise, we will start with TGS from

Equation 2.2 and insert Wi later. Consider a single, binary covariate of interest x,

indicating the side of the binary comparison to which an observation belongs, e.g.,

one of two groups, or one of two diagnostic test types. Also, consider clusters of no

more than two observations, with no more than one for each value of x, i.e., either

a pair with one observation where x = 1 and one where x = 0, or a singleton with

either x value. Without loss of generality, let Yi1 and Yi2 be the outcomes in cluster

i where x = 1 and x = 0, respectively; if only one is observed, the other is missing,

and in particular, a singleton with only x = 1 is referred to as Yi1, while a singleton

with only x = 0 is still referred to as Yi2. Then the three possible sets of x values in a

cluster are {1}, {0}, and {1, 0}, which define the three possible values of the matrix
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Xi:

K∑
i=1

XT
i Xi

=
∑

i∈{x=1 singletons}

[
1
1

] [
1 1

]
+

∑
i∈{x=0 singletons}

[
1
0

] [
1 0

]

+
∑

i∈{pairs}

[
1 1
1 0

] [
1 1
1 0

]

=
∑

i∈{x=1 singletons}

[
1 1
1 1

]
+

∑
i∈{x=0 singletons}

[
1 0
0 0

]
+

∑
i∈{pairs}

[
2 1
1 1

]

=
∑

i∈{x=1 singletons}

[
1 1
1 1

]
+

∑
i∈{x=0 singletons}

[
1 0
0 0

]

+
∑

i∈{pairs}

([
1 1
1 1

]
+

[
1 0
0 0

])

=
∑

i∈{x=1 singletons and pairs}

[
1 1
1 1

]
+

∑
i∈{x=0 singletons and pairs}

[
1 0
0 0

]

= n1

[
1 1
1 1

]
+ n0

[
1 0
0 0

]

=

[
n1 + n0 n1

n1 n1

]
,
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where n1 and n0 denote the number of observations for which x = 1 or x = 0,

respectively. Note the convenient structure of this matrix for computing its inverse:[
a+ b a
a a

]−1

=
1

a2 + ab− a2

[
a −a
−a a+ b

]

=

[
a
ab

− a
ab

− a
ab

a+b
ab

]

=

[
1
b

−1
b

−1
b

1
a

+ 1
b

]
.

Note also that a lone covariate of interest means L =
[

0 1
]
. We can now find

L
(∑K

i=1X
T
i Xi

)−1

:

(
K∑
i=1

XT
i Xi

)−1

=

[ 1
n0

− 1
n0

− 1
n0

1
n1

+ 1
n0

]
(2.4)

=⇒ L

(
K∑
i=1

XT
i Xi

)−1

=
[

0 1
] [ 1

n0
− 1
n0

− 1
n0

1
n1

+ 1
n0

]
=
[
− 1
n0

1
n1

+ 1
n0

]
.
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We can partition the clusters in the same way to find the other piece of the outer

terms of TGS:

K∑
i=1

XT
i (Yi − µ̂1ni

) =
∑

i∈{x=1 singletons}

[
1
1

] [
Yi1 − µ̂

]

+
∑

i∈{x=0 singletons}

[
1
0

] [
Yi2 − µ̂

]

+
∑

i∈{pairs}

[
1 1
1 0

] [
Yi1 − µ̂
Yi2 − µ̂

]

=
∑

i∈{x=1 singletons}

[
Yi1 − µ̂
Yi1 − µ̂

]
+

∑
i∈{x=0 singletons}

[
Yi2 − µ̂

0

]

+
∑

i∈{pairs}

[
Yi1 + Yi2 − 2µ̂

Yi1 − µ̂

]

=
∑

i∈{x=1 singletons}

[
Yi1 − µ̂
Yi1 − µ̂

]
+

∑
i∈{x=0 singletons}

[
Yi2 − µ̂

0

]

+
∑

i∈{pairs}

([
Yi1 − µ̂
Yi1 − µ̂

]
+

[
Yi2 − µ̂

0

])

=
∑

i∈{x=1 singletons and pairs}

[
Yi1 − µ̂
Yi1 − µ̂

]

+
∑

i∈{x=0 singletons and pairs}

[
Yi2 − µ̂

0

]

= n1

[
µ̂1 − µ̂
µ̂1 − µ̂

]
+ n0

[
µ̂0 − µ̂

0

]
,

where µ̂1 := 1/n1 ×
∑

i Yi1 and µ̂0 := 1/n0 ×
∑

i Yi2 denote the sample outcome

means among all observations where x = 1 or x = 0, respectively. For legibility, we

simplify notation and ignore missing values in
∑

i Yi1,
∑

i Yi2, or similar sums, so the

index i has an implied “for which it exists” in text, while we index more explicitly in
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stand-alone equations. The outer terms of TGS are, thus,

LV̂mŜ = L

(
K∑
i=1

XT
i Xi

)−1 K∑
i=1

XT
i (Yi − µ̂1ni

)

=
[
− 1
n0

1
n1

+ 1
n0

](
n1

[
µ̂1 − µ̂
µ̂1 − µ̂

]
+ n0

[
µ̂0 − µ̂

0

])

=

(
− 1

n0

+
1

n1

+
1

n0

)
× n1 (µ̂1 − µ̂)− 1

n0

× n0 (µ̂0 − µ̂)

= (µ̂1 − µ̂)− (µ̂0 − µ̂)

= µ̂1 − µ̂0.

We repeat the same process once more to find the last unevaluated piece of the inner

term of TGS:

K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

=
∑

i∈{x=1 singletons}

([
1
1

] [
Yi1 − µ̂

])([ 1
1

] [
Yi1 − µ̂

])T

+
∑

i∈{x=0 singletons}

([
1
0

] [
Yi2 − µ̂

])([ 1
0

] [
Yi2 − µ̂

])T

+
∑

i∈{pairs}

([
1 1
1 0

] [
Yi1 − µ̂
Yi2 − µ̂

])([
1 1
1 0

] [
Yi1 − µ̂
Yi2 − µ̂

])T

=
∑

i∈{x=1 singletons}

[
Yi1 − µ̂
Yi1 − µ̂

] [
Yi1 − µ̂
Yi1 − µ̂

]T

+
∑

i∈{x=0 singletons}

[
Yi2 − µ̂

0

] [
Yi2 − µ̂

0

]T

+
∑

i∈{pairs}

[
Yi1 + Yi2 − 2µ̂

Yi1 − µ̂

] [
Yi1 + Yi2 − 2µ̂

Yi1 − µ̂

]T
.
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To keep line breaks tidy, let Ci := (Yi1 − µ̂)(Yi2 − µ̂), which appears multiple times

as we continue:

K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

=
∑

i∈{x=1 singletons}

[
(Yi1 − µ̂)2 (Yi1 − µ̂)2

(Yi1 − µ̂)2 (Yi1 − µ̂)2

]

+
∑

i∈{x=0 singletons}

[
(Yi2 − µ̂)2 0

0 0

]

+
∑

i∈{pairs}

[
(Yi1 − µ̂)2 + (Yi2 − µ̂)2 + 2Ci (Yi1 − µ̂)2 + Ci

(Yi1 − µ̂)2 + Ci (Yi1 − µ̂)2

]

=
∑

i∈{x=1 singletons and pairs}

[
(Yi1 − µ̂)2 (Yi1 − µ̂)2

(Yi1 − µ̂)2 (Yi1 − µ̂)2

]

+
∑

i∈{x=0 singletons and pairs}

[
(Yi2 − µ̂)2 0

0 0

]

+
∑

i∈{pairs}

[
2Ci Ci
Ci 0

]

= n1

[
σ̂2

1 + (µ̂1 − µ̂)2
] [ 1 1

1 1

]
+ n0

[
σ̂2

0 + (µ̂0 − µ̂)2
] [ 1 0

0 0

]

+ npCp

[
2 1
1 0

]
, (2.5)

where σ̂2
1 := 1/n1 ×

∑
i(Yi1 − µ̂1)2 and σ̂2

0 := 1/n0 ×
∑

i(Yi2 − µ̂0)2 are the sample

outcome variances among all observations where x = 1 or x = 0, respectively (about

their respective sample means), np := n − K is the number of pairs, and Cp :=

1/np×
∑

i∈{pairs}(Yi1− µ̂)(Yi2− µ̂) is a within-pair covariance of sorts, which we will

revisit later. First, we note that substituting the group sample variances and group

sample means for the first two sums of squared differences follows from the usual
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decomposition in terms of the variance and squared bias of the sample mean, e.g.,:∑
i

(Yi1 − µ̂)2 =
∑
i

[(Yi1 − µ̂1) + (µ̂1 − µ̂)]2

=
∑
i

(Yi1 − µ̂1)2 + 2
∑
i

(Yi1 − µ̂1)(µ̂1 − µ̂) +
∑
i

(µ̂1 − µ̂)2

= n1σ̂
2
1 + 2n1(µ̂1 − µ̂1)(µ̂1 − µ̂) + n1(µ̂1 − µ̂)2

= n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]
.

Now, we finish the inner term of TGS:

LV̂eL
T = L

(
K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i (Yi − µ̂1ni

)(Yi − µ̂1ni
)TXi

](
K∑
i=1

XT
i Xi

)−1

LT

=
[
− 1
n0

1
n1

+ 1
n0

]
×
{
n1

[
σ̂2

1 + (µ̂1 − µ̂)2
] [ 1 1

1 1

]
+ n0

[
σ̂2

0 + (µ̂0 − µ̂)2
] [ 1 0

0 0

]

+npCp

[
2 1
1 0

]}

×
[
− 1
n0

1
n1

+ 1
n0

]
=
[
− 1
n0

1
n1

+ 1
n0

]
×
{
n1

[
σ̂2

1 + (µ̂1 − µ̂)2
] [ 1

n1
1
n1

]
+ n0

[
σ̂2

0 + (µ̂0 − µ̂)2
] [ − 1

n0

0

]

+npCp

[ 1
n1
− 1

n0

− 1
n0

]}

= n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]
× 1

n2
1

+ n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
× 1

n2
0

+ npCp ×
(
− 2

n1n0

)

=
1

n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
1

n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2np
n1n0

Cp. (2.6)
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Therefore, the generalized score statistic to test for equal means in the incomplete

paired design is

TGS = (LV̂mŜ)T (LV̂eL
T )−1(LV̂mŜ) | H0

= (µ̂1 − µ̂0)

{
1

n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
1

n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2np
n1n0

Cp

}−1

(µ̂1 − µ̂0)

=
(µ̂1 − µ̂0)2

1
n1

[σ̂2
1 + (µ̂1 − µ̂)2] + 1

n0
[σ̂2

0 + (µ̂0 − µ̂)2]− 2np

n1n0
Cp
. (2.7)

2.3.2 Distribution- & Link-Invariant TWGS for the Incom-

plete Paired Design

Now we will insert Wi to find the corresponding expression for TWGS. Only the

residuals in the empirical information matrix Ie are weighted (see Equation 2.3), so

everything about the derivation of TWGS is identical to that of TGS until the last

steps of the inner term in Equations 2.5 and 2.6. Wi could theoretically take any

form, but with a lone, binary covariate of interest x, and observations being otherwise

indistinguishable, we will assume Wi contains only two distinct values, w1 and w0, the

weights given to observations with x = 1 and x = 0, respectively. Then in Equation

2.5, each residual is multiplied by its corresponding weight according to the value of

x, i.e., w1(Yi1 − µ̂) or w0(Yi2 − µ̂), so each product of residuals is multiplied by its

corresponding product of weights according to the two values of x, i.e., w2
1(Yi1− µ̂)2,

w2
0(Yi2 − µ̂)2, or w1w0(Yi1 − µ̂)(Yi2 − µ̂). We continue from the second-to-last line of

Equation 2.5, now with weights, after the squared residuals within pairs have been
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redistributed to the summations with their matching singletons:

K∑
i=1

XT
i Wi(Yi − µ̂1ni

)(Yi − µ̂1ni
)TWiXi

=
∑

i∈{x=1 singletons and pairs}

[
w2

1(Yi1 − µ̂)2 w2
1(Yi1 − µ̂)2

w2
1(Yi1 − µ̂)2 w2

1(Yi1 − µ̂)2

]

+
∑

i∈{x=0 singletons and pairs}

[
w2

0(Yi2 − µ̂)2 0
0 0

]

+
∑

i∈{pairs}

[
2w1w0Ci w1w0Ci
w1w0Ci 0

]

= n1w
2
1

[
σ̂2

1 + (µ̂1 − µ̂)2
] [ 1 1

1 1

]

+ n0w
2
0

[
σ̂2

0 + (µ̂0 − µ̂)2
] [ 1 0

0 0

]
+ npw1w0Cp

[
2 1
1 0

]
.

We finish the inner term of TWGS by adding weights to the corresponding terms in

Equation 2.6:

LV̂ W
e LT = L

(
K∑
i=1

XT
i Xi

)−1 [ K∑
i=1

XT
i Wi(Yi − µ̂1ni

)(Yi − µ̂1ni
)TWiXi

]

×

(
K∑
i=1

XT
i Xi

)−1

LT

=
[
− 1
n0

1
n1

+ 1
n0

]
×
{
n1w

2
1

[
σ̂2

1 + (µ̂1 − µ̂)2
] [ 1 1

1 1

]

+n0w
2
0

[
σ̂2

0 + (µ̂0 − µ̂)2
] [ 1 0

0 0

]
+ npw1w0Cp

[
2 1
1 0

]}

×
[
− 1
n0

1
n1

+ 1
n0

]
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LV̂ W
e LT =

[
− 1
n0

1
n1

+ 1
n0

]
×
{
n1w

2
1

[
σ̂2

1 + (µ̂1 − µ̂)2
] [ 1

n1
1
n1

]

+n0w
2
0

[
σ̂2

0 + (µ̂0 − µ̂)2
] [ − 1

n0

0

]
+ npw1w0Cp

[ 1
n1
− 1

n0

− 1
n0

]}

= n1w
2
1

[
σ̂2

1 + (µ̂1 − µ̂)2
]
× 1

n2
1

+ n0w
2
0

[
σ̂2

0 + (µ̂0 − µ̂)2
]

× 1

n2
0

+ npw1w0Cp ×
(
− 2

n1n0

)

=
w2

1

n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
w2

0

n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2npw1w0Cp

n1n0

.

Therefore, the weighted generalized score statistic to test for equal means in the

incomplete paired design is

TWGS = (LV̂mŜ)T (LV̂ W
e LT )−1(LV̂mŜ) | H0

= (µ̂1 − µ̂0)

{
w2

1

n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
w2

0

n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2w1w0np

n1n0

Cp

}−1

× (µ̂1 − µ̂0)

=
(µ̂1 − µ̂0)2

w2
1

n1
[σ̂2

1 + (µ̂1 − µ̂)2] +
w2

0

n0
[σ̂2

0 + (µ̂0 − µ̂)2]− 2w1w0np

n1n0
Cp
. (2.8)

2.3.3 Expressions of the Within-Pair “Covariance” Term Cp

The “covariance” term Cp is not a sample covariance in the way that σ̂2
1 and σ̂2

2

are sample variances, because it is centered on the overall sample mean µ̂ and not

the group sample means within pairs. Cp can be rewritten in terms of the sample

covariance, but the result is not as simple as the variance terms because the product
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is not a square and the sample means within pairs need new notation:

Cp =
1

np

∑
i∈{pairs}

(Yi1 − µ̂)(Yi2 − µ̂) (2.9)

=
1

np

∑
i∈{pairs}

[(Yi1 − µ̂p1) + (µ̂p1 − µ̂)][(Yi2 − µ̂p0) + (µ̂p0 − µ̂)]

=
1

np

 ∑
i∈{pairs}

(Yi1 − µ̂p1)(Yi2 − µ̂p0) +
∑

i∈{pairs}

(Yi1 − µ̂p1)(µ̂p0 − µ̂)

+
∑

i∈{pairs}

(µ̂p1 − µ̂)(Yi2 − µ̂p0) +
∑

i∈{pairs}

(µ̂p1 − µ̂)(µ̂p0 − µ̂)


=

1

np
[npσ̂p10 + np(µ̂p1 − µ̂p1)(µ̂p0 − µ̂) + np(µ̂p1 − µ̂)(µ̂p0 − µ̂p0)

+ np(µ̂p1 − µ̂)(µ̂p0 − µ̂)]

= σ̂p10 + (µ̂p1 − µ̂)(µ̂p0 − µ̂), (2.10)

where σ̂p10 := 1/np×
∑

i∈{pairs}(Yi1− µ̂p1)(Yi2− µ̂p0) is the sample covariance between

the x = 1 and x = 0 observations within each pair, and µ̂p1 := 1/np ×
∑

i∈{pairs} Yi1

and µ̂p0 := 1/np ×
∑

i∈{pairs} Yi2 are the sample outcome means among only paired

observations where x = 1 and x = 0, respectively. We may prefer to write the within-

pair covariance as the correlation between groups times the standard deviation of each

group, but because Cp is not the sample covariance itself, we must choose how to

account for the extra terms. One option is to replace the sample covariance σ̂p10 in
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Equation 2.10 with the sample correlation and standard deviations, leaving the rest:

Cp = ρ̂p10 × σ̂p1 × σ̂p0 + (µ̂p1 − µ̂)(µ̂p0 − µ̂),

where ρ̂p10 =
σ̂p10

σ̂p1 × σ̂p0
=

∑
i∈{pairs}(Yi1 − µ̂p1)(Yi2 − µ̂p0)√∑

i∈{pairs}(Yi1 − µ̂p1)2 ×
√∑

i∈{pairs}(Yi2 − µ̂p0)2
,

σ̂p1 =

√
1

np

∑
i∈{pairs}

(Yi1 − µ̂p1)2,

and σ̂p0 =

√
1

np

∑
i∈{pairs}

(Yi2 − µ̂p0)2.

Another option is to treat Cp as the covariance, at least conceptually, and rewrite it as

the product of the corresponding conceptual correlation between groups and standard

deviations, where each term is centered on the overall sample mean µ̂ rather than

the group sample means within pairs:

Cp = ρ̃p10 × σ̃p1 × σ̃p0,

where ρ̃p10 =
Cp

σ̃p1 × σ̃p0
=

∑
i∈{pairs}(Yi1 − µ̂)(Yi2 − µ̂)√∑

i∈{pairs}(Yi1 − µ̂)2 ×
√∑

i∈{pairs}(Yi2 − µ̂)2

=
σ̂p10 + (µ̂p1 − µ̂)(µ̂p0 − µ̂)√

σ̂2
p1 + (µ̂p1 − µ̂)2 ×

√
σ̂2
p0 + (µ̂p0 − µ̂)2

,

σ̃p1 =

√
1

np

∑
i∈{pairs}

(Yi1 − µ̂)2 =
√
σ̂2
p1 + (µ̂p1 − µ̂)2,

and σ̃p0 =

√
1

np

∑
i∈{pairs}

(Yi2 − µ̂)2 =
√
σ̂2
p0 + (µ̂p0 − µ̂)2.

So far we have found two expressions for Cp as the product of correlation and standard

deviations, using two interpretations of covariance, but these standard deviations

are naively aligned with the terms in the sample correlation (i.e., estimated only
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among paired observations by group), when other standard deviation estimates are

also consistent with the assumptions of the model and the null hypothesis. Every

distinct way to estimate the standard deviations corresponds to a distinct variation

of the two Cp expressions; we will indicate what each standard deviation estimation

method means in terms of changes to Cp, instead of listing out all the possible variant

expressions.

The model assumes every observation in a group has the same mean, so given

a common dispersion parameter ψ, every observation in a group also has the same

variance. That means we could estimate the standard deviations from all the obser-

vations in each group instead of only those in pairs, so the marginal group standard

deviation estimates (σ̂1, σ̂0) would replace the within-pair group standard deviation

estimates (σ̂p1, σ̂p0), and the marginal group sample means (µ̂1, µ̂0) would replace

the within-pair group sample means (µ̂p1, µ̂p0) in the standard deviation estimates,

which would be averaged over all clusters, but not in the covariance estimate in the

correlation numerator, which would still be within pairs. Furthermore, under the

global null hypothesis, every observation has the same mean and variance regardless

of its group, which means we could estimate the common standard deviation from all

observations across both groups, so the overall standard deviation estimate σ̂ would

replace the group standard deviation estimates σ̂1 and σ̂0, and the overall sample

mean µ̂ would replace the group sample means µ̂1 and µ̂0, again only in the standard

deviation estimates and not in the numerator of the correlation estimate.

The value of Cp does not depend on the choice of standard deviation estimates,

because they are only used as an accounting trick to convert a covariance into a

correlation and then back into a covariance again. If the standard deviations are

not estimated only among the paired observations by group like the covariance is,

the main consequence is that the correlation estimate is not a sample correlation
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and not tightly bounded by [−1, 1], which only matters if it is considered separately

from Cp. Crucially, the standard deviations in the correlation denominator must be

estimated the same way as those multiplied by the correlation to turn it back into

the covariance, in order for the Cp expression to remain equivalent to the others.

Changing the value of Cp by using different estimates of the standard deviations

inside and outside the correlation would change the test statistic, but evaluating the

costs and benefits of such a change would be a topic for future research.

Choosing among the equivalent expressions of Cp is a matter of preference. The

covariance-like summation in Equation 2.9 or the sample covariance and sample

means in Equation 2.10 should be easiest to compute for a given dataset, while

the expressions with correlation and standard deviations use one of the first two in

the correlation. However, for other purposes, such as power calculation, any of the

expressions may be the best one to use depending on the research question and which

of the quantities are easiest to estimate, interpret, simulate, etc. We will refer back

to the preceding expressions of Cp as needed, but they all occupy more space on the

page without meaningfully clarifying the test statistics, so we have left Cp alone when

deriving TGS and TWGS.

2.3.4 Normal Score Test Compared to TGS and TWGS

To motivate weighting the residuals as a correction to the generalized score test, out-

side the binary outcome context of Kosinski [Kos13], we will derive the corresponding

score test statistic for a test of two means, with normally distributed outcomes to

take advantage of a familiar likelihood function, and compare it to this weighted

generalized score statistic. The correlation within pairs is tractable but irrelevant to

the comparison we want to make, so we will consider the independent case, as if all

observations were singletons. Accordingly, let us specify that the outcomes Yij are
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independently and normally distributed with their respective means and variances

the same as before:

Yi1 ∼ N(µ1 = β0 + β1, σ
2
1 = σ2),

Yi2 ∼ N(µ0 = β0, σ
2
0 = σ2).

We assume a common variance σ2 for all outcomes, as implied by equal means and a

common dispersion parameter in the generalized score test above. Let fY (y) denote

the probability density of the variable(s) Y at the value(s) y. Then the log-density

of each outcome is:

log fYi1(yi1) = − log σ − log(2π)

2
− 1

2σ2
(yi1 − β0 − β1)2

log fYi2(yi2) = − log σ − log(2π)

2
− 1

2σ2
(yi2 − β0)2.

We sum over all observations to find the log-likelihood of the mean parameters,

`(β0, β1):

`(β0, β1) = −n log σ − n log(2π)

2
− np log(1− ρ2)

2

− 1

2σ2

 ∑
i∈{x=1 singletons}

(yi1 − β0 − β1)2 +
∑

i∈{x=0 singletons}

(yi2 − β0)2

 .
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To find the score, we take the first derivative of the log-likelihood with respect to

each parameter:

∂`(β0, β1)

∂β0

= − 1

2σ2

 ∑
i∈{x=1 singletons}

−2(yi1 − β0 − β1) +
∑

i∈{x=0 singletons}

−2(yi2 − β0)



=
1

σ2

 ∑
i∈{x=1 singletons}

(yi1 − β0 − β1) +
∑

i∈{x=0 singletons}

(yi2 − β0)


=

1

σ2
(nµ̂− nβ0 − n1β1) ,

∂`(β0, β1)

∂β1

= − 1

2σ2

 ∑
i∈{x=1 singletons}

−2(yi1 − β0 − β1)



=
1

σ2

 ∑
i∈{x=1 singletons}

(yi1 − β0 − β1)


=

1

σ2
(n1µ̂1 − n1β0 − n1β1) ,
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To find the Fisher information, we also take the second derivatives of the log-

likelihood:

∂2`(β0, β1)

∂β2
0

=
1

σ2

∂

∂β0

(nµ̂− nβ0 − n1β1)

= − n

σ2

∂2`(β0, β1)

∂β2
1

=
1

σ2

∂

∂β1

(n1µ̂1 − n1β0 − n1β1)

= −n1

σ2

∂2`(β0, β1)

∂β0β1

=
1

σ2

∂

∂β1

(nµ̂− nβ0 − n1β1)

= −n1

σ2

X
=

1

σ2

∂

∂β0

(n1µ̂1 − n1β0 − n1β1) .

The second derivatives of the log-likelihood are constants that do not depend on

the outcomes, so the expectation is trivial and the Fisher information is simply the

negative Hessian matrix. The inverse of the Fisher information is:[
−E

(
∂2`(β)

∂β∂βT

)]−1

=

[
n
σ2

n1

σ2

n1

σ2
n1

σ2

]−1

= σ2

[
n1 + n0 n1

n1 n1

]−1

= σ2

[ 1
n0

− 1
n0

− 1
n0

1
n1

+ 1
n0

]
,
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having already inverted the same matrix in Equation 2.4. We find the maximum

likelihood estimate β̂0 under H0 : β1 = 0, at which to evaluate the score:

∂`(β̂0, 0)

∂β0

=
1

σ2

(
nµ̂− nβ̂0 − n1 × 0

)
= 0

=⇒ n
(
µ̂− β̂0

)
= 0

=⇒ β̂0 = µ̂.

Now we evaluate the score vector at β̂ = (µ̂, 0):

∂`(µ̂, 0)

∂β0

= 0, as given above

∂`(µ̂, 0)

∂β1

=
1

σ2
(n1µ̂1 − n1µ̂− n1 × 0)

=
n1

σ2
(µ̂1 − µ̂)

=
n1

σ2

(
n1µ̂1 + n0µ̂1

n1 + n0

− n1µ̂1 + n0µ̂0

n1 + n0

)

=
n1

σ2

(
n0µ̂1 − n0µ̂0

n1 + n0

)

=
µ̂1 − µ̂0

σ2

(
n1n0

n1 + n0

)

=
µ̂1 − µ̂0

σ2
(

1
n1

+ 1
n0

) .
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Finally, we plug in the score vector and Fisher information matrix to find the score

test statistic,

T S =

(
∂`(β̂)

∂β

)T [
−E

(
∂2`(β̂)

∂β∂βT

)]−1(
∂`(β̂)

∂β

)

=
[

0 µ̂1−µ̂0
σ2

(
1
n1

+ 1
n0

) ](σ2

[ 1
n0

− 1
n0

− 1
n0

1
n1

+ 1
n0

])[ 0
µ̂1−µ̂0

σ2
(

1
n1

+ 1
n0

)
]

=
µ̂1 − µ̂0

σ2
(

1
n1

+ 1
n0

) × σ2

(
1

n1

+
1

n0

)
× µ̂1 − µ̂0

σ2
(

1
n1

+ 1
n0

)
=

(µ̂1 − µ̂0)2

σ2
(

1
n1

+ 1
n0

) .
This score test is a familiar test of two normal means with common variance. If σ2

is known, its square-root is a standard normal z-test. If σ2 is unknown and must be

estimated, its square-root is a Student t-test. To be consistent and comparable with

the generalized score tests, suppose unknown σ2 is estimated by σ̂2. The numerators

of TWGS, TGS, and now T S are all the square of the difference of the two group sample

means, (µ̂1−µ̂0)2, i.e., the estimate of the difference being tested, as we would expect.

However, compare the denominator of T S to that of TWGS in Equation 2.8, shown

here without the within-pair covariance term to match our independence assumption

for the score test:

TWGS =
(µ̂1 − µ̂0)2

w2
1

n1
[σ̂2

1 + (µ̂1 − µ̂)2] +
w2

0

n0
[σ̂2

0 + (µ̂0 − µ̂)2]
.

They look quite different at first, but recall that the TWGS denominator was derived

as sums of squared residuals relative to the overall sample mean µ̂, much like the

overall sample variance σ̂2. We rewrote it this way to express the sums of squared

residuals in each group in terms of the group sample variances σ̂2
1 and σ̂2

0, by default
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relative to their respective group sample means µ̂1 and µ̂0. We can rewrite the sums

of squared residuals in the overall sample variance the same way:

σ̂2 =
1

n

K∑
i=1

2∑
j=1

(Yij − µ̂)2

=
1

n1 + n0

 ∑
i∈{x=1 singletons and pairs}

(Yi1 − µ̂)2 +
∑

i∈{x=0 singletons and pairs}

(Yi2 − µ̂)2


=

1

n1 + n0

{
n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+ n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]}
.

With this expression of σ̂2, we can also rewrite the denominator of T S as

σ̂2

(
1

n1

+
1

n0

)
=
n1 [σ̂2

1 + (µ̂1 − µ̂)2] + n0 [σ̂2
0 + (µ̂0 − µ̂)2]

n1 + n0

× n1 + n0

n1n0

=
n1 [σ̂2

1 + (µ̂1 − µ̂)2] + n0 [σ̂2
0 + (µ̂0 − µ̂)2]

n1n0

=
1

n0

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
1

n1

[
σ̂2

0 + (µ̂0 − µ̂)2
]
.

At last, we have the denominator of T S in the same form as those of TGS and TWGS,

and the key differences found by Kosinski [Kos13] for binary outcomes are clearly

present for normal outcomes as well, so they do not arise from unique quirks of the

Bernoulli distribution. To wit: in TGS, or TWGS with w1 = w0 = 1, the sums of

squared residuals in the x = 1 group are scaled by 1/n1 and those in the x = 0 group

by 1/n0, i.e., groups are scaled in inverse proportion to their sizes; in T S, the x = 1

group is scaled by 1/n0 and the x = 0 group by 1/n1, i.e., groups are scaled in inverse

proportion to the other group’s size. Furthermore, under the alternative hypothesis

of unequal group means, the group sample means do not converge to the overall

sample mean as the sample sizes increase, so the discrepancy in the denominators is

not limited to small samples. Therefore, for the generalized score test of equal means
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in the incomplete paired design to reduce to the score test under independence and

behave more like the score test in general, as the name “generalized score” and the

ubiquity of the score test in common applications would suggest are desirable, it

makes sense to use TWGS with w1 =
√
n1/n0 and w0 =

√
n0/n1 to reverse the group

size scale factors. The distribution- and link- invariant expression of TWGS with these

weights is:

TWGS =
(µ̂1 − µ̂0)2

n1/n0

n1

[σ̂2
1 + (µ̂1 − µ̂)2] +

n0/n1

n0

[σ̂2
0 + (µ̂0 − µ̂)2]− 2(n1/n0)(n0/n1)np

n1n0

Cp

=
(µ̂1 − µ̂0)2

1

n0

[σ̂2
1 + (µ̂1 − µ̂)2] +

1

n1

[σ̂2
0 + (µ̂0 − µ̂)2]− 2np

n1n0

Cp

=
(µ̂1 − µ̂0)2

σ̂2

(
1

n0

+
1

n1

)
− 2np
n1n0

Cp

(2.11)

=
(µ̂1 − µ̂0)2

(nσ̂2 − 2npCp) /(n1n0)
.

Note that although we ignored the within-pair covariance term in comparing TGS

and TWGS to the score test under independence, the reciprocal weights multiply to

1, leaving the within-pair covariance term the same as in TGS and ensuring that this

version of TWGS differs from TGS only in the inverse group sizes sitting in front of

the marginal group variance terms, as intended.

In the next section, we approach the choice of weights in TWGS anew from the

perspective of preserving the asymptotic χ2 distribution, an important property to

verify for a modified test statistic, to validate known weights of interest and to map

out unknown weights of potential interest.
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2.4 Asymptotic χ2(1) Distribution of TWGS

In order to find which choices of weights w1 and w0 do or do not preserve the asymp-

totic χ2(1) distribution of TWGS, we first state two assumptions, one new and one

restated for emphasis. The new assumption is that as the number of clusters K →∞,

all the covariate matrices Xi for i = 1, . . . , K adhere to one of the three patterns of

the incomplete paired design, and the proportions of clusters with each set of x val-

ues converge in probability to some constant “population” proportions. That is, we

assume there exist constants q1, q0, and qp, representing the asymptotic proportions

of clusters with an x = 1 observation (alone or paired), clusters with an x = 0 ob-

servation (alone or paired), and paired clusters with both, such that n1/K
p−→ q1,

n0/K
p−→ q0, and np/K

p−→ qp as K → ∞. The assumption that bears repeating is

that under the null hypothesis in which all outcomes share a common mean, µij = µ,

all outcomes also share a common variance, σ2
ij = σ2.

Recall that the weighted generalized score statistic with arbitrary weights w1 and

w0 is

TWGS =
(µ̂1 − µ̂0)2

w2
1

n1

[σ̂2
1 + (µ̂1 − µ̂)2] +

w2
0

n0

[σ̂2
0 + (µ̂0 − µ̂)2]− 2w1w0np

n1n0

Cp

.

By the central limit theorem, µ̂1 − µ̂0 is asymptotically normal, with expected value

0 under H0 : µ1 = µ0 = µ. It is a difference of sample means, so we can calculate its
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variance as follows:

var(µ̂1 − µ̂0) = var(µ̂1) + var(µ̂0)− 2× cov(µ̂1, µ̂0)

=
σ2

n1

+
σ2

n0

− 2× cov

 1

n1

∑
i∈{x=1 singletons and pairs}

Yi1,

1

n0

∑
i∈{x=0 singletons and pairs}

Yi2



=
σ2

n1

+
σ2

n0

− 2

n1n0

× cov

 ∑
i∈{pairs}

Yi1,
∑

i∈{pairs}

Yi2

 ,

by independence of clusters

=
σ2

n1

+
σ2

n0

− 2

n1n0

×
∑

i∈{pairs}

cov (Yi1, Yi2) ,

again by independence of clusters

=
σ2

n1

+
σ2

n0

− 2npρσ
2

n1n0

,

where ρ = corr(Yi1, Yi2). Thus, under H0, the K-scaled numerator of TWGS is the

square of an asymptotically normal random variable with an expected value of 0 and

the following variance:

K × var(µ̂1 − µ̂0) =
Kσ2

n1

+
Kσ2

n0

− 2Knpρσ
2

n1n0

p−−−→
K→∞

σ2

q1

+
σ2

q0

− 2qpρσ
2

q1q0

.

Therefore, TWGS d−→ χ2(1) if and only if the K-scaled denominator also converges to

this variance. By the weak law of large numbers, the sample means, variances, and
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covariances converge in probability to their expected values, and so we have:

K

{
w2

1

n1

[
σ̂2

1 + (µ̂1− µ̂)2
]

+
w2

0

n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2w1w0np

n1n0

Cp

}

=
w2

1K

n1

∑
i

(Yi1 − µ̂)2

n1

+
w2

0K

n0

∑
i

(Yi2 − µ̂)2

n0

− 2w1w0np
n1n0

∑
i

(Yi1 − µ̂)(Yi2 − µ̂)

np

p−−−→
K→∞

w2
1σ

2

q1

+
w2

0σ
2

q0

− 2w1w0qpρσ
2

q1q0

.

Thus, for TWGS to have the intended χ2(1) asymptotic distribution, w1 and w0 must

satisfy:

w2
1σ

2

q1

+
w2

0σ
2

q0

− 2w1w0qpρσ
2

q1q0

=
σ2

q1

+
σ2

q0

− 2qpρσ
2

q1q0

⇐⇒ w2
1q0 + w2

0q1 − w1w02qpρ = q0 + q1 − 2qpρ. (2.12)

Let us pause to offer two remarks on this constraint. First, note that we can return

to the original, unweighted generalized score statistic TGS by choosing w1 = w0 = 1.

In this case, the weight coefficients on the left side vanish and the remaining identity

satisfies Equation 2.12, so the constraint agrees with the asymptotic χ2(1) distribution

of TGS. Second, note that the choice of weights depends on the correlation within

pairs ρ, unless w1 = 1/w0, i.e., w1w0 = 1, in which case the −2qpρ term is the same on

both sides and ρ drops out of the equation. For this reason, to avoid a test statistic

that is sensitive to random error in the estimation of ρ, we consider weights satisfying

w1 = 1/w0. If we denote w = w2
1 and 1/w = w2

0, the constraint in Equation 2.12

reduces to:

wq0 +
1

w
q1 = q0 + q1.
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This is a quadratic equation in w, with the following solution:

wq0 − q0 = q1 −
1

w
q1

⇐⇒ (w − 1)q0 = (w − 1)
q1

w

⇐⇒ (w − 1)
(
q0 −

q1

w

)
= 0

⇐⇒ w = 1 or w =
q1

q0

=
n1

n0

+ o(1).

Therefore, w1 =
√
n1/n0 and w0 =

√
n0/n1 are the only non-trivial choice of weights

for TWGS that do not depend on the correlation between groups ρ and ensure an

asymptotic χ2(1) distribution, ignoring other weights contrived to converge to the

same asymptotic ratio. It follows that TWGS as introduced by Kosinski [Kos13],

which uses these weights, has an asymptotic χ2(1) distribution.

2.5 TWGS for Cluster-Level vs. Observation-Level

Outcomes

So far in our derivations and discussions, we have assumed that the two observations

in each pair have correlated but distinct outcomes, but there are also study designs

with a single outcome at the cluster level. In fact, we have not explicitly stated that

we assumed observation-level outcomes, but it has been implicit in the use of separate

Yi1 and Yi2 without imposing Yi1 = Yi2. We have left our options open by permitting

observation-level outcomes in our test statistic expressions, because we can plug in

cluster-level outcomes as a special case with the same value for each observation.

This is the path taken by Leisenring, Alonzo and Pepe [LAP00] to derive TGS for

positive and negative predictive values in diagnostic testing. To be clear, cluster-

level outcomes imply perfect correlation within each pair a priori, which should be
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incorporated when deriving the test statistic and thus could be treated differently

from an observation-level outcome with perfect correlation in every pair of a sample

by chance. For example, assuming perfect correlation in the derivation of TGS would

require generalized inverses V −i , because perfect correlation implies variance matrices

of rank 1. However, we have also decided a priori to use working independence

to avoid bias, so if we are comfortable sticking with working independence despite

knowing there is perfect correlation, then the test statistics have nowhere to plug in

the known correlation coefficient. Thus, for our purposes, cluster-level outcomes are

no different from the same values occurring in observation-level outcomes, and the

benefit of finding cluster-level test statistic expressions is largely aesthetic. We do

so anyway for two reasons. First, cluster-level outcomes may be a special case but

they are not rare, especially when clusters represent individuals as in the motivating

diagnostic testing example, so it is helpful to have either version of the test statistic

at hand. Second, and related to the first, the original TWGS expression of Kosinski

[Kos13] to compare positive/negative predictive values assumes individual-level (i.e.,

cluster-level) outcomes, so we will harmonize all the test statistic expressions, old

and new, by deriving the cluster- and observation-level outcome versions of each.

The observation-level outcome version of the arbitrarily weighted TWGS in Equa-

tion 2.8 is:

TWGS =
(µ̂1 − µ̂0)2

w2
1

n1

[σ̂2
1 + (µ̂1 − µ̂)2] +

w2
0

n0

[σ̂2
0 + (µ̂0 − µ̂)2]− 2w1w0np

n1n0

Cp

.

Note that cluster-level outcomes barely affect this test statistic, because almost every

term is a marginal quantity that is estimated across clusters regardless of correlation

within pairs. The one term that can be simplified is the within-pair covariance term
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Cp, shown here from Equation 2.10:

Cp = σ̂p10 + (µ̂p1 − µ̂)(µ̂p0 − µ̂)

= σ̂2
p + (µ̂p − µ̂)2,

where µ̂p = 1/np ×
∑

i∈{pairs} Yi and σ̂2
p = 1/np ×

∑
i∈{pairs}(Yi − µ̂p)2 are the sample

mean and sample variance, respectively, of the outcomes in the paired clusters. Note

that we arrive at the same value of Cp if we plug ρp10 = 1 into one of the expressions

using correlation and standard deviations. Thus, the cluster-level outcomes version

of the arbitrarily weighted TWGS is:

TWGS =
(µ̂1 − µ̂0)2

w2
1

n1

[σ̂2
1 + (µ̂1 − µ̂)2] +

w2
0

n0

[σ̂2
0 + (µ̂0 − µ̂)2]− 2w1w0np

n1n0

[
σ̂2
p + (µ̂p − µ̂)2

] .

This cluster-level outcomes version has an appealing symmetry with three matching

variance terms in the denominator, which is more recognizably the variance of the

numerator’s difference of sample means without the extra notation needed to define

covariance within pairs in the observation-level outcomes version of Cp. From this

arbitrarily weighted expression, we can derive similar expressions for TGS and the

group size ratio-weighted TWGS by plugging in their respective weights:

TGS =
(µ̂1 − µ̂0)2

1

n1

[σ̂2
1 + (µ̂1 − µ̂)2] +

1

n0

[σ̂2
0 + (µ̂0 − µ̂)2]− 2np

n1n0

[
σ̂2
p + (µ̂p − µ̂)2

]
TWGS =

(µ̂1 − µ̂0)2

1

n0

[σ̂2
1 + (µ̂1 − µ̂)2] +

1

n1

[σ̂2
0 + (µ̂0 − µ̂)2]− 2np

n1n0

[
σ̂2
p + (µ̂p − µ̂)2

]
=

(µ̂1 − µ̂0)2(
1

n0

+
1

n1

)
σ̂2 − 2np

n1n0

[
σ̂2
p + (µ̂p − µ̂)2

]
=

(µ̂1 − µ̂0)2{
nσ̂2 − 2np

[
σ̂2
p + (µ̂p − µ̂)2

]}
/(n1n0)

. (2.13)
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Table 2.1: Independent binary outcomes

Group 0
Positive

Group 0
Negative

Group 0 Missing
(Group 1 Singleton)

Group 1 Positive 0 0 e
Group 1 Negative 0 0 f
Group 1 Missing
(Group 0 Singleton)

g h

n1 = e+ f n0 = g + h
π̂1 = e

n1
π̂0 = g

n0

The specific group size-weighted TWGS for binary cluster-level outcomes is given

in 2 × 2 × 2 contingency table notation by Kosinski [Kos13]. The observation-level

outcomes version of this TWGS in an extended form of the contingency table notation

is included as part of a broader treatment of the general incomplete paired design for

binary outcomes in Section 2.6.

2.6 Special Cases & Examples of TWGS Reducing

to Familiar Tests

The group size ratio-weighted TWGS statistic in Equation 2.11 reduces to the well

known score test statistic for several common special cases, as described in the fol-

lowing subsections.

2.6.1 Binary, Independent, 1 Observation per Cluster

In one extreme case of the incomplete paired design for binary data, if all observa-

tions are independent, then there are no pairs and the data from Table 1.1 can be

simplified to just the singletons as shown in Table 2.1. This scenario lends itself to a

score test for two proportions of independent binary outcomes: if π̂1 and π̂0 are the

sample proportions in the x = 1 and x = 0 groups, respectively, and π̂ = n1π̂1+n0π̂0
n1+n0
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is the pooled proportion estimate, then under H0, T S = (π̂1−π̂0)2

π̂(1−π̂)(1/n1+1/n0)

d−→ χ2(1)

asymptotically as n1, n0 →∞. Some algebra shows that TWGS reduces to the score

statistic T S:

TWGS =
(µ̂1 − µ̂0)2

σ̂2
(

1
n0

+ 1
n1

)
− 2np

n1n0
Cp

µ̂1 = π̂1

µ̂0 = π̂0

np = 0

σ̂2 =
1

n

K∑
i=1

2∑
j=1

(Yij − µ̂)2

=
1

n

n∑
i=1

(Y 2
i − 2Yiπ̂ + π̂2), because there are no pairs

=
1

n

(
n∑
i=1

Y 2
i − 2π̂

n∑
i=1

Yi + nπ̂2

)

=
1

n
(nπ̂ − 2nπ̂2 + nπ̂2), because Y 2

i = Yi for Yi ∈ {0, 1}

= π̂ − π̂2

= π̂(1− π̂)

=⇒ TWGS =
(π̂1 − π̂0)2

π̂(1− π̂)

(
1

n0

+
1

n1

)
= T S.

This score test for two proportions is also often computed another way as the Pearson

χ2 test for the 2 × 2 contingency table of positive and negative outcomes by group,

56



Table 2.2: Independent binary outcomes: group × outcome

Positive Negative

Group 1 e f n1 = e+ f
Group 0 g h n0 = g + h∑

Y = e+ g n−
∑
Y = f + h

as shown in Table 2.2:

TWGS = T S =
(π̂1 − π̂0)2

π̂(1− π̂)

(
1

n0

+
1

n1

)
n1 = e+ f

n0 = g + h

π̂1 =
e

e+ f

π̂0 =
g

g + h

π̂ =
e+ g

e+ f + g + h

=⇒ TWGS =

(
e

e+f
− g

g+h

)2

e+g
e+f+g+h

(
1− e+g

e+f+g+h

)( 1

e+ f
+

1

g + h

)

=

(
eg+eh−eg−fg

(e+f)(g+h)

)2

(e+g)(f+h)
(e+f+g+h)2

(
e+ f + g + h

(e+ f)(g + h)

)

=
(e+ f + g + h)(eh− fg)2

(e+ f)(g + h)(e+ g)(f + h)

=
n(eh− fg)2

n1n0 (
∑
Y ) (n−

∑
Y )
.
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Table 2.3: Paired binary outcomes

Group 0
Positive

Group 0
Negative

Group 0 Missing
(Group 1 Singleton)

Group 1 Positive a b 0
Group 1 Negative c d 0
Group 1 Missing
(Group 0 Singleton)

0 0

n1 = a+ b+ c+ d = n2

π̂1 = a+b
n1

π̂0 = a+c
n0

2.6.2 Binary, Paired, 1 Observation per Group per Cluster

In the other extreme case of the incomplete paired design for binary data, if all

observations are paired, then there are no singletons and the data from Table 1.1

can be simplified to just the pairs as shown in Table 2.3. This scenario calls for

McNemar’s test: under H0, TM = (b−c)2
b+c

d−→ χ2(1) asymptotically as b, c→∞. Some

algebra shows that TWGS reduces to McNemar’s test statistic TM , which is also the

score test statistic for a conditional logistic regression model stratified by pair — see
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Day & Byar [DB79]:

TWGS =
(µ̂1 − µ̂0)2

(nσ̂2 − 2npCp) /(n1n0)

µ̂1 = π̂1 =
a+ b

a+ b+ c+ d

µ̂0 = π̂0 =
a+ c

a+ b+ c+ d

n1 = n0 = np = K = a+ b+ c+ d

Cp =
1

np

∑
i∈{pairs}

(Yi1 − µ̂)(Yi2 − µ̂)

=
1

np

K∑
i=1

(Yi1 − π̂)(Yi2 − π̂)

σ̂2 =
1

n

K∑
i=1

2∑
j=1

(Yij − µ̂)2

=⇒ nσ̂2 − 2npCp =
K∑
i=1

[
(Yi1 − π̂)2 − 2(Yi1 − π̂)(Yi2 − π̂) + (Yi2 − π̂)2

]

=
K∑
i=1

(Yi1 − Yi2)2

= b+ c, because (Yi1 − Yi2)2 = 1 ⇐⇒ Yi1 6= Yi2

=⇒ TWGS =

(
a+b

a+b+c+d
− a+c

a+b+c+d

)2

(b+ c)/(a+ b+ c+ d)2

=
(b− c)2

b+ c

= TM .
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2.6.3 Binary, Incomplete Paired Design, Observation-Level

Outcomes

We have specified the group size ratio weights in TWGS to align with the test of two

positive predictive values (PPVs) given by Kosinski [Kos13], so we do not need to

prove those two statistics are equivalent, but the original 2× 2× 2 contingency table

notation for cluster-level outcomes is quite different from the distribution- and link-

invariant expression for observation-level outcomes in Equation 2.11. In this subsec-

tion, we will derive an expression of TWGS for the general case of incompletely paired

binary data with observation-level outcomes, including an equivalent form in contin-

gency table notation, extending the notation of Kosinski [Kos13] to observation-level

outcomes. We make the equivalence of the cluster-level outcomes versions explicit in

another brief subsection.

The contingency table notation used for the original expression of TWGS indicates

two diagnostic test results and a cluster-level disease status with three subscripts,

where + or − respectively denotes a positive or negative diagnostic test result, D

or D̄ respectively denotes disease or no disease, and • denotes summation over both

values of a given subscript. These subscripts make sense in the clinical trial context

because they convey all three relevant variables collected for the study, and the first

two subscripts actually indicate missingness in the positive predictive value compar-

ison, because an outcome only contributes if the diagnostic test is positive. Thus,

using all three subscripts is clear but somewhat redundant, and it would suffice to use

only the outcomes of a pair’s two observations, i.e., a copy of the cluster-level disease

status outcome for each positive diagnostic test result or a missing value for each neg-

ative diagnostic test result. The two outcomes per cluster, including missing values as

needed opposite singletons, would also suffice for observation-level outcomes. How-

ever, for maximally comparable notation, we extend the 2× 2× 2 contingency table

60



Table 2.4: Binary outcomes in the incomplete paired design with contingency table
notation

Group 0
Positive

Group 0
Negative

Group 0 Missing
(Group 1 Singleton)

Group 1 Positive a = N++DD b = N++DD̄ e = N+−D•
Group 1 Negative c = N++D̄D d = N++D̄D̄ f = N+−D̄•
Group 1 Missing
(Group 0 Singleton)

g = N−+•D h = N−+•D̄ N−−••

n1 = a+ b+ c+ d+ e+ f = N+••• n0 = a+ b+ c+ d+ g + h = N•+••
π̂1 = a+b+e

n1
= N+•D•

N+•••
π̂0 = a+c+g

n0
= N•+•D

N•+••

notation from cluster-level to observation-level outcomes with a fourth subscript, so

that the third and fourth subscripts indicate the underlying positive (D) or negative

(D̄) status of the two outcomes in a cluster, while the first and second subscripts

still indicate whether those outcomes are observed (+) or missing (−). We can now

convert back and forth between this contingency table notation and the tabulation

of incompletely paired binary data that we have used in prior sections, as shown in

Table 2.4, where again • indicates summation over that subscript.

With that, we can derive the group-size weighted TWGS for the general case

of partially paired binary data, expressed in either notation in Table 2.4, the a-

to-h notation from prior sections or the four-subscript contingency table notation

extending that of Kosinski [Kos13]:

TWGS =
(µ̂1 − µ̂0)2

(nσ̂2 − 2npCp) /(n1n0)

=
(π̂1 − π̂0)2

{nπ̂(1− π̂)− 2np [σ̂p10 + (π̂p1 − π̂)(π̂p0 − π̂)]} /(n1n0)
,
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where n = 2(a+ b+ c+ d) + e+ f + g + h = N+••• +N•+••

n1 = a+ b+ c+ d+ e+ f = N+•••

n0 = a+ b+ c+ d+ g + h = N•+••

np = a+ b+ c+ d = N++••

π̂ =
2a+ b+ c+ e+ g

2(a+ b+ c+ d) + e+ f + g + h
=
N+•D• +N•+•D
N+••• +N•+••

π̂1 =
a+ b+ e

a+ b+ c+ d+ e+ f
=
N+•D•

N+•••

π̂0 =
a+ c+ g

a+ b+ c+ d+ g + h
=
N•+•D
N•+••

π̂p1 =
a+ b

a+ b+ c+ d
=
N++D•

N++••

π̂p0 =
a+ c

a+ b+ c+ d
=
N++•D

N++••

σ̂p10 =
(a+ b+ c+ d)a− (a+ b)(a+ c)

(a+ b+ c+ d)2
=
N++••N++DD −N++D•N++•D

N2
++••

.

2.6.4 Binary, Incomplete Paired Design, Cluster-Level Out-

comes as Applied to a Comparison of Two Positive

Predictive Values in Diagnostic Testing

Recall that to compare positive predictive values (P [disease | positive result], hence-

forth PPV) in a paired design, the clusters are the participants and the two groups

are the two diagnostic test types, one of each being given to each participant. The

outcome is gold-standard disease status, which is observed at the participant level

and cannot vary between diagnostic tests. Finally, PPV is conditional on a positive

diagnostic test result, so we exclude observations with negative diagnostic test results.

Thus, despite a dataset that resembles the previous paired data example, the number

of observations from each cluster in the PPV calculation depends on the diagnostic
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Table 2.5: Positive predictive value comparison as incompletely paired data

Test Results Outcome Vector Notes

+,+ [Yi1, Yi2]T Yi1 = Yi2
+,− Yi1
−,+ Yi2
−,− ∅ subject omitted

Table 2.6: Cluster-level binary outcomes in the incomplete paired design

Group 0
Positive

Group 0
Negative

Group 0 Missing
(Group 1 Singleton)

Group 1 Positive a = N++DD 0 e = N+−DD
Group 1 Negative 0 d = N++D̄D̄ f = N+−D̄D̄
Group 1 Missing
(Group 0 Singleton)

g = N−+DD h = N−+D̄D̄ N−−••

n1 = a+ d+ e+ f = N+••• n0 = a+ d+ g + h = N•+••
π̂1 = a+e

n1
= N+•DD

N+•••
π̂0 = a+g

n0
= N•+DD

N•+••

test results, as shown in Table 2.5. By restricting to cluster-level outcomes, some of

the sets of outcomes in a cluster that are possible with observation-level outcomes

are no longer possible, so some of the cells and contingency table counts in Table 2.4

are set to zero, as shown in Table 2.6.

The cluster-level outcome restriction also simplifies some of the terms in TWGS,

such as turning the covariance terms within pairs into variance terms, making the

expression equivalent to that given by Kosinski [Kos13]:

TWGS =
(µ̂1 − µ̂0)2

(nσ̂2 − 2npCp) /(n1n0)

=
(π̂1 − π̂0)2{

nπ̂(1− π̂)− 2np
[
σ̂2
p + (π̂p − π̂)2

]}
/(n1n0)

=
(π̂1 − π̂0)2

{nπ̂(1− π̂)− 2np [π̂p(1− π̂p) + (π̂p − π̂)2]} /(n1n0)
,
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where n = 2(a+ d) + e+ f + g + h = N+••• +N•+••

n1 = a+ d+ e+ f = N+•••

n0 = a+ d+ g + h = N•+••

np = a+ d = N++••

π̂ =
2a+ e+ g

2(a+ d) + e+ f + g + h
=
N+•DD +N•+DD
N+••• +N•+••

π̂1 =
a+ e

a+ d+ e+ f
=
N+•DD

N+•••

π̂0 =
a+ g

a+ d+ g + h
=
N•+DD
N•+••

π̂p =
a

a+ d
=
N++DD

N++••
.
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Chapter 3

A Heuristic to Compare Approximate

Type I Error Control in the Weighted and

Unweighted Generalized Score Tests

3.1 Introduction

In the previous chapter, we derived some properties of the weighted generalized score

statistic TWGS, a class of test statistics that includes the generalized score statistic

TGS when all the weights are equal to 1, as a GEE-based test of equal group means

(i.e., H0 : µ1 = µ0) in the incomplete paired design. Of note, we established that for

any exponential family of distributions and any link function, TWGS has an asymp-

totic χ2(1) distribution when weighted by the ratios of the group sizes as proposed

by Kosinski [Kos13], so this specific TWGS is an asymptotically valid test of H0 by

the same standard as TGS. We will now build upon our finding that we can use

TWGS with group size ratio weights instead of TGS, to consider whether or when we

should use this specific TWGS instead of TGS, and to optimize TWGS by widening

this comparison from the group size ratio weights to all possible weight values.

In this chapter, we examine criteria for choosing among similar, asymptotically

valid test statistics and argue in favor of prioritizing a type I error rate closest to the

nominal level for a given sample; we propose and justify minimizing the variance of

the denominator of the test statistic (i.e., the variance of the variance estimator) as

a heuristic for the type I error control criterion; we compare TWGS with group size

ratio weights against TGS by the heuristic to determine the conditions for which each

statistic is preferable; and we compute new, optimal weight values for TWGS according
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to the heuristic. We also present simulation studies to confirm how the variance of

the denominator relates to the type I error rate, as well as how the optimally weighted

TWGS compares to the other two statistics in terms of type I error rate and power.

3.2 Towards a Basis for Comparing TGS and TWGS

3.2.1 Approximate Type I Error Control in Finite Samples

as a Selection Criterion Among Asymptotic Tests

In frequentist hypothesis testing, the predominant goal is to use the most powerful

test that controls the type I error rate at a given level, i.e., to maximize the probability

of rejecting H0 if H0 is false, for a given probability of rejecting H0 if H0 is true. In

some cases, a certain test is proven to be uniformly most powerful for all values of

the unknown parameter, such as the likelihood ratio test for distributions with a

monotone likelihood ratio, by the Neyman-Pearson lemma for simple hypotheses or

the Karlin-Rubin theorem for composite hypotheses. However, other cases offer less

clarity about how to assess power or type I error, especially for models without a

likelihood function and test statistics with only asymptotic assurances about their

distributions, such as the generalized score test for GEE. In particular, approximate

type I error rates based on the asymptotic distribution are often accepted by assuming

that a sample is large enough for the test statistic to converge in distribution to its

asymptotic limit with negligible discrepancies. Such large-sample results leave open

the possibility of refining the test statistic for any given sample size. All samples are

finite, especially for clinical trials with economic or ethical constraints on the sample

size, and even small changes to the distribution of the test statistic can have large

consequences when decisions turn on whether the test statistic crosses a critical value.

Knowing the asymptotic distribution of a test statistic is necessary, and it is

useful with truly large samples or when no exact test exists, but asymptotic behavior
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alone is not sufficient to control type I error for any given sample size. In fact, any

test statistic can be changed by an arbitrary amount for an arbitrarily large sample

without affecting its asymptotic distribution, provided the change diminishes as the

sample size goes to infinity. For a simple example, let Ȳn = 1/n×
∑n

i=1 Yi be a sample

mean of n random variables, all independent and identically distributed with mean

µ and finite variance σ2. By the central limit theorem, the Z-score (Ȳn− µ)/(σ/
√
n)

converges in distribution to a standard normal N(0, 1) random variable. The same is

true of (Ȳn−µ)/(σ̂/
√
n) if σ2 is estimated by σ̂2, by the weak law of large numbers and

Slutsky’s theorem, with σ̂/σ
p−→ 1. Whether σ̂2 is the maximum likelihood estimator

(MLE) 1/n×
∑n

i=1(Yi−Ȳn)2 or the unbiased estimator 1/(n−1)×
∑n

i=1(Yi−Ȳn)2 does

not affect convergence, again by Slutsky’s theorem, due to their ratio of (n−1)/n
p−→ 1.

Hence, with the MLE instead of the unbiased estimator for σ̂2, the Z-score is n/(n−1)

times larger for each n, while the same asymptotic distribution holds as n→∞.

Here we see the fallibility of asymptotic type I error control as a check on inflated

test statistics for any given sample size. Because [n/(n − 1)]c
p−→ 1 for any constant

exponent c, a test statistic can be multiplied by any fixed power of n/(n − 1) while

the asymptotic distribution remains the same, by Slutsky’s theorem. To be concrete,

for any given n > 1 and c > 0, [n/(n− 1)]c > [(n + 1)/n]c > 1 + c/n, so to inflate a

test statistic for any fixed (perhaps “large”) sample size m by at least any fixed scale

factor d, while leaving the asymptotic distribution alone, we can pick any c ≥ m(d−1)

and multiply the test statistic by [n/(n−1)]c to define the new, inflated statistic. We

have just shown that asymptotic type I error control permits arbitrary inflation of

a test statistic, which means it permits arbitrary inflation of both power and finite-

sample type I error. When identifying the most powerful test for a given type I error

rate and given sample size, the asymptotic type I error rate does not approximate

the finite-sample constraint as intended, because it imposes no real constraint at all.
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For this reason, type I error control for the sample size to be analyzed is paramount

and must have priority over maximizing power among asymptotically valid tests that

may or may not adequately control type I error for the analysis in question. At

the same time, when a test statistic with useful asymptotic behavior has no exact

distribution for a finite sample, be it intractable or simply nonexistent, controlling

the type I error rate strictly at or below a given level α for a given sample size may

be impractical. Practicality is the key because strict type I error control is always

possible, in the absolute worst case by ignoring the data and randomly rejecting the

null hypothesis with probability α. If such a vacuous test has any purpose, it is to

demonstrate the risk of going too far in the pursuit of strict type I error control when

assuming or knowing too little about the distribution to construct a test worth using.

When choosing among a class of similar, asymptotically valid tests, we must not

let the goal of strict type I error control forbid every test with more than minimal

power just because its exact distribution is unknown, like we must not let the goal

of maximizing power gloss over inflated type I error for a given sample size just

because its asymptotic distribution is known. Avoiding both of these extremes, our

comparison of type I error rates in finite samples must allow approximation of the

distribution and as few parameter estimates as possible by their asymptotic limits,

without otherwise assuming n → ∞. That is, we will not demand strict type I

error control in the absence of exact distributions; instead, we will compare test

statistics by their type I error rates’ proximity to the nominal α for a given sample

size, using the asymptotic distribution as an approximation without making any other

unnecessary approximations in the test statistic. This compromise lets us find critical

values based on the asymptotic distribution, while keeping the sample size in the test

statistic to close loopholes in the disconnect between finite-sample and asymptotic

type I error control. By seeking the most proximate of the approximate tests in terms
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of finite-sample type I error, with approximation of the distribution but not the test

statistic, we can ignore the potential to squeeze a little more power out of a slightly

looser approximation of type I error; the sample size can only be used to make the

type I error approximation tighter. Note that even without requiring strict type I

error control, the tightest approximation of the type I error is achieved by an exact

test, such as vacuous rejection with probability α, so this approach does not avoid

that extreme when comparing all possible tests. However, this approach of seeking

the tightest approximate type I error control does help to choose among a class of

similar, suitably powerful test statistics, which is the problem we face in comparing

TGS and TWGS with group size ratio weights or, ultimately, with arbitrary weights.

3.2.2 Variance of the Denominator as a Heuristic for Ap-

proximate Type I Error Control of TGS & TWGS

Comparing the means of the two groups in the incomplete paired design can be

expressed as a test of H0 : µ1 = µ0, where µ1 and µ0 are the respective group means

of the two groups defined by the value of the binary covariate x ∈ {0, 1}. As shown

in the previous chapter, the generalized score TGS and weighted generalized score

TWGS test statistics for this comparison with identity working correlation have the

squared difference between the two group sample means (µ̂1− µ̂0)2 in the numerator,

and an estimated variance of the difference v̂ar(µ̂1−µ̂0) under H0 in the denominator.

Because GEE and these test statistics can be used with any exponential family of

outcome distributions, we cannot generally assume the exact distribution of the test

statistic is available, so we rely on the tests’ asymptotic properties. More specifically,

both TGS and TWGS weighted by the ratios of the group sizes as introduced by

Kosinski [Kos13] converge in distribution to χ2(1) random variables as the number

of clusters K →∞. In order to decide which of the two statistics is preferable for a
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given analysis, in keeping with the argument of the previous paragraph, we aim to

compare their type I error rates’ proximity to the nominal α.

First, we must specify how to compare the statistics’ type I error rates for a given

sample size and α level. A simulation study may detect some differences between

the theoretical and true behavior of each test statistic, but that strategy offers no

generalizable rule to compare the two statistics for other analyses. At first glance,

comparing the two tests’ type I error rates analytically seems like a tautological dead

end, as the critical value of a test statistic for an α-level test is defined to make the

type I error rate α under the asymptotic distribution, so there can be no discrepancy

from α under the asymptotic distribution, and the exact distribution is unavailable.

Nevertheless, the simple form and broad similarity of the two test statistics leave

few possible sources of a difference in their type I error control, revealing a candidate

for an analytic heuristic: the variance of the denominator. The two statistics share

an identical numerator, (µ̂1 − µ̂0)2, so those do not differ in any sample, let alone in

expectation. If anything can predict type I error control anomalies, it must pertain to

the denominator. As is typical for test statistics with χ2(1) asymptotic distributions,

the denominator of each statistic is an estimated variance of the square-root of the

numerator, v̂ar(µ̂1 − µ̂0), under H0. The denominator of TGS in Equation 2.7 is

1

n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
1

n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2np
n1n0

Cp,

where n1 and n0 are the sample sizes in the two groups, np is the number of pairs,

i.e., clusters with one observation in each group, σ̂2
1 and σ̂2

0 are the sample outcome

variances within each group, µ̂1 and µ̂0 are the sample outcome means within each

group, µ̂ is the overall sample outcome mean, and Cp = 1/np×
∑

i∈{pairs}(Yi1−µ̂)(Yi2−

µ̂) is related to the within-pair covariance. TWGS with group size ratio weights is the

same as TGS, but residuals in the x = 1 group are weighted by
√
n1/n0, and residuals
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in the x = 0 group are weighted by
√
n0/n1, scaling the sum of squared errors by

n1/n0 or n0/n1, respectively. The denominator of this TWGS in Equation 2.11 is

1

n0

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
1

n1

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2np
n1n0

Cp.

We already know, from the previous chapter, that these two denominators have the

same expected value; indeed, this was the bulk of the proof that TWGS has the same

χ2(1) asymptotic distribution as TGS in Section 2.4. Thus, bias in the denominators

does not drive differences between the test statistics’ type I error control, either.

Recalling that the statistics’ numerators are identical and their denominators are

equal in expectation lets us see the problem of poor type I error control from a new

angle that leads to an analytic heuristic. What does it mean for a test statistic to

have a type I error rate different from the nominal α? By definition, it means that

under H0, the probability that the test statistic exceeds the α-level critical value for

significance, which is the (1−α)th quantile of the χ2(1) distribution, does not equal α

as hoped. Because TGS and TWGS have the same numerator, any comparison between

the two statistics is equivalent to a comparison of their denominators in the opposite

direction, so we will reorient our discussion of significance from larger test statistics

to smaller denominators, i.e., shift our focus from the statistics to their reciprocals.

From this perspective, a test is significant if its denominator is smaller relative to

its numerator than the reciprocal of the α-level critical value, and under H0, the tail

weight to the left of this reciprocal critical value is the type I error rate. Now what

differs between the two statistics affects the reciprocal distribution directly instead of

inversely, offering a more intuitive view of why a test would be significant more or less

often than intended. Note that in general, the numerator and denominator are not

independent, so we cannot ignore the numerator and treat the reciprocal distribution

as that of the denominator marginally, nor conditionally given the numerator.
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Still, we can compare some potential explanations of what could raise or lower

the left tail weight away from α. We know the two denominators have the same

expected value, which does not prove but does strongly suggest that neither statistic

would have a higher or lower type I error simply because it tended to have higher or

lower values than the other overall. The denominators differ only in the scale factors

{1/n1, 1/n0} on the sums of squared errors, and all of these terms are positive, so

the denominators have no discontinuity nor sensitivity to the scale factors that could

redraw the whole distribution and change the left tail weight in an unpredictable way.

Speaking of discontinuity, poor type I error control in small samples with discrete

distributions is expected, when each outcome has appreciable probability mass and

the left tail weight can jump up or down as outcomes near the critical value fall just

to either side of it; this source of poor type I error control is not our chief concern.

For multiple reasons, the variance of the denominator stands out as the most

likely heuristic for tight type I error control. Given the identical numerators and

no difference between the means of the denominators, the variances of the denom-

inators would likely have the most explanatory power about any differences in the

statistics’ distribution, unless they were also equal. In terms of the intuition behind

the distribution of the reciprocal, the strong correlation among the variance of the

denominator, the variance of the reciprocal, and the tail weights of the reciprocal

distribution, including the type I error in the left tail under H0, all speaks for itself.

The variance of the denominator passes the smell test as an analytic heuristic

for type I error control, but before we use it to compare test statistics, we also need

to establish what values of the heuristic imply tighter type I error control. If the

numerator remains (µ̂1− µ̂0)2 and the variance of the denominator grows with a fixed

mean, then the variance of the reciprocal also grows, and so does the weight in the left

tail of the reciprocal distribution. So, an increase in the variance of the denominator
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seems to increase the type I error rate as well, indicating a looser approximation of

the type I error rate as it increases away from α. If the numerator remains (µ̂1− µ̂0)2

and the variance of the denominator shrinks to 0, i.e., the denominator converges to

its expected value, the reciprocal does not also converge to a constant, because the

numerator remains the same random variable. Instead, the test statistic converges

to the squared difference of the group means in the numerator, divided by a constant

denominator. Assuming the denominator is unbiased for the variance of the square-

root of the numerator, as is true for both TGS and TWGS, then the denominator

converges to the true variance var(µ̂1−µ̂0), and the test statistic approaches the χ2(1)

distribution, exactly if the outcome is normal or to as close of an approximation of

χ2(1) as the sample means have reached to a close approximation of normality.

Therefore, if the variance of the denominator shrinks, and the denominator is

unbiased for the true variance of the numerator, then the test statistic approaches

the χ2(1) distribution that defines the critical values, and the type I error control

tightens. Based on this finding and the loosening type I error control as the variance

of the denominator grows, we conclude that a smaller variance of the denominator

serves as a useful heuristic for the proximity of approximate type I error control to

the nominal α level, for TGS, TWGS, or any class of asymptotic test statistics whose

denominators are unbiased estimators of the square-root of an identical numerator.

3.3 Variance of the Denominator of TWGS with Ar-

bitrary Weights Under H0

In TWGS with arbitrary weights w1 and w0, given to residuals in the x = 1 group and

the x = 0 group, respectively, the variance estimator in the denominator in Equation
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2.8, with superscript W for “weighted,” is:

v̂arW (µ̂1 − µ̂0) =
w2

1

n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
w2

0

n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2w1w0np

n1n0

Cp.

However, in an effort to reduce the variance of this denominator as much as possi-

ble, we can give ourselves more flexibility by switching from weighting the residuals,

with two weight values for two values of x, to weighting the products of residuals,

with three weight values for three distinct products: w11, w00, and w10, where wjk

is the weight given to each product of a residual in the x = j group and a residual

in the x = k group. The two-value weighting scheme also assigns a weight to each

of these three distinct products of residuals, but only indirectly through the product

of the weights given to the corresponding residuals, i.e., w2
1, w2

0, and w1w0. Because

we only used these weights in the weighted empirical variance IWe , they only affect

TWGS through these products of residuals. Thus, we can modify the TWGS expres-

sion to move from two weight values to three simply by replacing the occurrences of

the products of weights, w2
1, w2

0, and w1w0, with the corresponding weights of the

products, w11, w00, and w10, respectively. With these weights, the denominator is:

v̂arW (µ̂1 − µ̂0) =
w11

n1

[
σ̂2

1 + (µ̂1 − µ̂)2
]

+
w00

n0

[
σ̂2

0 + (µ̂0 − µ̂)2
]
− 2w10np

n1n0

Cp (3.1)

=
∑

i∈{x=1 singletons}

w11

n2
1

(Yi1 − µ̂)2 +
∑

i∈{x=0 singletons}

w00

n2
0

(Yi2 − µ̂)2

+
∑

i∈{pairs}

[
w11

n2
1

(Yi1 − µ̂)2 +
w00

n2
0

(Yi2 − µ̂)2 − 2w10

n1n0

(Yi1 − µ̂)(Yi2 − µ̂)

]
,

where we switch from the group sample means and variances back to summations of

the products of residuals by cluster, as in Equation 2.5, to split up singletons and

pairs. The residuals with µ̂ violate independence across clusters, so for the variance

of the denominator, we will find not just variances but also covariances of the three
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summations above by cluster type: x = 1 singletons, x = 0 singletons, and pairs. We

will use independence where we can after centering on µ. Assume H0 is true. Then:

var[v̂arW (µ̂1 − µ̂0)] = σ2
Σ1 + σ2

Σ0 + σ2
Σp + 2σΣ10 + 2σΣ1p + 2σΣ0p, (3.2)

where σ2
Σ1 denotes the variance of the sum of squared residuals in x = 1 singletons,

σ2
Σ1 = var

 ∑
i∈{x=1 singletons}

w11

n2
1

(Yi1 − µ̂)2



=
w2

11

n4
1


∑

i∈{x=1
singletons}

var
[
(Yi1 − µ̂)2

]
+ 2

∑
i<i′∈{x=1
singletons}

cov
[
(Yi1 − µ̂)2, (Yi′1 − µ̂)2

]
=

(n1 − np)w2
11

n4
1

{
var
[
(Yi1 − µ̂)2

]
+ (n1 − np − 1) cov

[
(Yi1 − µ̂)2, (Yi′1 − µ̂)2

]}
;

σ2
Σ0 denotes the variance of the sum of squared residuals in x = 0 singletons,

σ2
Σ0 = var

 ∑
i∈{x=0 singletons}

w00

n2
0

(Yi2 − µ̂)2



=
w2

00

n4
0


∑

i∈{x=0
singletons}

var
[
(Yi2 − µ̂)2

]
+ 2

∑
i<i′∈{x=0
singletons}

cov
[
(Yi2 − µ̂)2, (Yi′2 − µ̂)2

]
=

(n0 − np)w2
00

n4
0

{
var
[
(Yi2 − µ̂)2

]
+ (n0 − np − 1) cov

[
(Yi2 − µ̂)2, (Yi′2 − µ̂)2

]}
;
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σ2
Σp denotes the variance of the sum of the squares and products of residuals in pairs,

σ2
Σp = var

 ∑
i∈{pairs}

[
w11

n2
1

(Yi1 − µ̂)2 +
w00

n2
0

(Yi2 − µ̂)2 − 2w10

n1n0

(Yi1 − µ̂)(Yi2 − µ̂)

]
= np

{
var

[
w11

n2
1

(Yi1 − µ̂)2 +
w00

n2
0

(Yi2 − µ̂)2 − 2w10

n1n0

(Yi1 − µ̂)(Yi2 − µ̂)

]

+(np − 1) cov

[
w11

n2
1

(Yi1 − µ̂)2 +
w00

n2
0

(Yi2 − µ̂)2 − 2w10

n1n0

(Yi1 − µ̂)(Yi2 − µ̂),

w11

n2
1

(Yi′1 − µ̂)2 +
w00

n2
0

(Yi′2 − µ̂)2 − 2w10

n1n0

(Yi′1 − µ̂)(Yi′2 − µ̂)

]}
;

and σΣ10, σΣ1p, and σΣ0p denote the covariances between the sums in each cluster
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type, with subscript 1, 0, or p indicating x = 1 singletons, x = 0 singletons, or pairs,

σΣ10 = cov

 ∑
i∈{x=1 singletons}

w11

n2
1

(Yi1 − µ̂)2,
∑

i′∈{x=0 singletons}

w00

n2
0

(Yi′2 − µ̂)2


=

(n1 − np)(n0 − np)w11w00

n2
1n

2
0

cov
[
(Yi1 − µ̂)2, (Yi′2 − µ̂)2

]
;

σΣ1p = cov

 ∑
i∈{x=1 singletons}

w11

n2
1

(Yi1 − µ̂)2,
∑

i′∈{pairs}

[
w11

n2
1

(Yi′1 − µ̂)2 +
w00

n2
0

(Yi′2 − µ̂)2

−2w10

n1n0

(Yi′1 − µ̂)(Yi′2 − µ̂)

]}
=
np(n1 − np)w11

n2
1

cov
[
(Yi1 − µ̂)2,

w11

n2
1

(Yi′1 − µ̂)2 +
w00

n2
0

(Yi′2 − µ̂)2 − 2w10

n1n0

(Yi′1 − µ̂)(Yi′2 − µ̂)

]
;

σΣ0p = cov

 ∑
i∈{x=0 singletons}

w00

n2
0

(Yi2 − µ̂)2,
∑

i′∈{pairs}

[
w11

n2
1

(Yi′1 − µ̂)2 +
w00

n2
0

(Yi′2 − µ̂)2

−2w10

n0n0

(Yi′1 − µ̂)(Yi′2 − µ̂)

]}
=
np(n0 − np)w00

n2
0

cov
[
(Yi2 − µ̂)2,

w11

n2
1

(Yi′1 − µ̂)2 +
w00

n2
0

(Yi′2 − µ̂)2 − 2w10

n0n0

(Yi′1 − µ̂)(Yi′2 − µ̂)

]
;

and where the indices i and i′ remain after summing to label the outcomes in each

of two clusters; each variance or covariance has the same value for each cluster of the

same type, so summing over i or ı′ becomes multiplication by the number of clusters.

All outcomes in both groups have the same marginal distribution under H0, so

if the distinction between Yi1 with x = 1 and Yi2 with x = 0 makes any difference

to the variance, it can only do so through the joint distribution within a pair. The

group to which a singleton Yij belongs does not affect var[(Yij−µ̂)2], nor does it affect

cov[(Yij− µ̂)2, (Yi′j′− µ̂)2] with a distinct cluster i′ 6= i. Thus, with the group weights

and sample sizes factored out of the singleton terms in Equation 3.2, we can ignore
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groups for singletons and plug in the same variance and covariance for both groups.

That means we can find the variance of the denominator from a few key components:

the variance for singletons and covariance between them, the same for pairs including

the within-pair covariance, and the covariance between singletons and pairs.

3.3.1 Singletons: Variance and Covariance

We first find the variance of the squared residual for a singleton Yij, in either group:

var
[
(Yij − µ̂)2

]
= E

[
(Yij − µ̂)4

]
−
{
E
[
(Yij − µ̂)2

]}2
. (3.3)

In evaluating these terms, we will find some values that recur in the other variance and

covariance terms, so we will refer back to them often. We start with E [(Yij − µ̂)2]:

E
[
(Yij − µ̂)2

]
= E

{
[(Yij − µ)− (µ̂− µ)]2

}
= E


[
n− 1

n
(Yij − µ)− 1

n

∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2


=
1

n2
E


[

(n− 1)(Yij − µ)−
∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2


=
1

n2
E

(n− 1)2(Yij − µ)2 +

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2
 , as Yij⊥⊥Yi′j′

=
1

n2

(n− 1)2 var(Yij) +
∑
i′ 6=i

2∑
j′=1

var(Yi′j′) + 2
∑

i′∈{pairs}

cov(Yi′1, Yi′2)


=

1

n2

[
(n− 1)2σ2 + (n− 1)σ2 + 2npρσ

2
]

=
[n(n− 1) + 2npρ]σ2

n2
. (3.4)

We will also find E[(Yij − µ̂)4], which involves the fourth moment of µ̂. However,

78



GEE only specifies the first two moments (i.e., the marginal mean model and working

correlation matrix), but not the third- or higher-order mixed moments of the joint

distribution. Thus, in order to use the variance of the denominator as a heuristic to

compare test statistics, we must address the fourth-order (central) mixed moments

E[(Yi1−µ)3(Yi2−µ)], E[(Yi1−µ)2(Yi2−µ)2], and E[(Yi1−µ)(Yi2−µ)3], which lie outside

the standard GEE assumptions. In particular, to assume that the denominator has

a finite variance in the first place, we must assume that the outcome distribution has

a finite fourth moment. The magnitudes of the fourth-order mixed moments cannot

exceed that of the univariate moment by the Cauchy-Schwarz inequality, so it suffices

to assume a finite univariate fourth moment, E[(Yij − µ)4] < ∞, as a restriction on

the choices of outcome distribution to which the heuristic applies. To evaluate the

variance of the denominator a priori and pre-specify a test statistic, we must further

assume the values of each fourth-order mixed moment. Alternatively, we could find

an approximation for the variance of the denominator that does not require the mixed

moments as inputs, if they contributed a negligible amount to the variance or if we

could estimate them from other values with negligible error. Later in this chapter,

we will show that neither of these conditions holds: the mixed moments contribute

substantially to the variance of the denominator, and we can only loosely bound their

values given the univariate fourth moment, variance σ2, and correlation ρ.

Thus, to avoid inaccuracy that threatens type I error control, we must keep the

fourth-order mixed moments in the expression of the variance of the denominator.

We may have less data or intuition on which to base assumptions about the fourth-

order mixed moments than we do for other terms like ρ, but that does not prevent us

from using the heuristic altogether. The formula for the variance of the denominator

will determine a set of rules about how the values of each parameter, including the

mixed moments, affect the choice of weights. We can then make an informed decision
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based on how much we do or do not know about the mixed moments, e.g., which

weights we prefer under a reasonable “null” assumption about the mixed moments,

and the sensitivity of the preferred weights to deviations from that assumption.

After that brief digression, we return to evaluating var[(Yij−µ̂)2], and E[(Yij−µ̂)4]:

E[(Yij − µ̂)4] =
1

n4
E


[

(n− 1)(Yij − µ)−
∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]4


=
1

n4

(n− 1)4E[(Yij −µ)4]− 4(n− 1)3E

[
(Yij −µ)3

∑
i′ 6=i

2∑
j′=1

(Yi′j′ −µ)

]

+6(n− 1)2E

(Yij − µ)2

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2
− 4(n− 1)×

E

(Yij −µ)

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ −µ)

]3
+E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′ −µ)

]4



=
1

n4

(n− 1)4E[(Yij −µ)4]− 4(n− 1)3E[(Yij −µ)3]
∑
i′ 6=i

2∑
j′=1

������
E[Yi′j′ −µ]

+6(n− 1)2E[(Yij − µ)2]E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2
− 4(n− 1)×

������
E[Yij −µ]E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′−µ)

]3
+E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′−µ)

]4

 ,

(3.5)

where we can now factor out the E[(Yij − µ)m] and E[
∑

i′
∑

j′(Yi′j′ − µ)m] terms by

independence across clusters for the errors (Yi′j′ − µ), unlike the residuals (Yi′j′ − µ̂).
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The first and second moments of
∑

i′
∑

j′ Yi′j′ follow from the same moments of Yi′j′ :

∑
i′ 6=i

2∑
j′=1

E[Yi′j′ − µ] = (n− 1)(µ− µ) = 0

E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2
 =

∑
i′ 6=i

2∑
j′=1

var(Yi′j′) + 2
∑

i′∈{pairs}

cov(Yi′1, Yi′2)

= (n− 1 + 2npρ)σ2, as in Equation 3.4. (3.6)

We have no third moment term in Equation 3.5 due to the factor of E[Yij−µ] = 0,

but the fourth moment term includes the fourth-order mixed moments that we would

not specify within the standard GEE assumptions. As discussed above, we will keep

the mixed moments in our expression of the variance of the denominator, and then

decide what we can or cannot safely assume about their values. By independence,

any product with only one (Yi′j′−µ) factor from any given cluster i′ has an expected

value of 0. Thus, we only need to consider products with multiple factors from each

contributing cluster. For the fourth moment term, a nonzero expected value can have

either two factors from each of two clusters or all four factors from the same cluster:

E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]4
 = 3E

∑
i′ 6=i

∑
i′′ /∈{i,i′}

[
2∑

j′=1

(Yi′j′ − µ)

]2 [ 2∑
j′′=1

(Yi′′j′′ − µ)

]2


+ E

∑
i′ 6=i

[
2∑

j′=1

(Yi′j′ − µ)

]4


= 3
∑
i′ 6=i

∑
i′′ /∈{i,i′}

E


[

2∑
j′=1

(Yi′j′ − µ)

]2 [ 2∑
j′′=1

(Yi′′j′′ − µ)

]2


+
∑
i′ 6=i

E


[

2∑
j′=1

(Yi′j′ − µ)

]4
 , (3.7)

where we triple-count ordered pairs of distinct indices (i′, i′′) to count unique orderings
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of the two clusters among the four factors in [
∑

i′
∑

j′(Yi′j′−µ)]4 on the left hand side

corresponding to each [
∑

j′(Yi′j′ − µ)]2[
∑

j′′(Yi′′j′′ − µ)]2 term on the right hand side,

e.g., {i′i′i′′i′′, i′i′′i′i′′, i′i′′i′′i′} for the ordered pair (i′, i′′), and vice versa for (i′′, i′).

For the products with all four factors from the same cluster, we have a univariate

moment for every observation in any cluster and mixed moments within each pair:

∑
i′ 6=i

E


[

2∑
j′=1

(Yi′j′ − µ)

]4
 =

∑
i′ 6=i

2∑
j′=1

E
[
(Yi′j′ − µ)4

]
+ 4

∑
i′∈{pairs}

E
[
(Yi′1 − µ)3

× (Yi′2 − µ)
]

+ 6
∑

i′∈{pairs}

E
[
(Yi′1 − µ)2(Yi′2 − µ)2

]
+ 4

∑
i′∈{pairs}

E
[
(Yi′1 − µ)(Yi′2 − µ)3

]
= (n− 1)M4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3). (3.8)

where Mu := E[(Yij − µ)u] denotes the uth-order central moment of Yij, sometimes

denoted µu but capitalized here to distinguish it from the group means µ1 and µ0,

and M̃u,v := E[(Yi1−µ)u(Yi2−µ)v] denotes the (u+v)th-order central mixed moment

with the respective multiplicity of each element within a pair. Perhaps under the

global H0 we would also assume M̃u,v = M̃v,u, if we assumed no difference between

the groups at all, but that assumption about the joint distribution does not follow

from H0 : µ1 = µ0 about the marginal means, so we keep mixed moments separate.

For the two-cluster products, we use independence across clusters again to rewrite

the expected value of the product as the product of the expected values in each cluster:

∑
i′ 6=i

∑
i′′ /∈{i,i′}

E


[

2∑
j′=1

(Yi′j′ − µ)

]2 [ 2∑
j′′=1

(Yi′′j′′ − µ)

]2


=
∑
i′ 6=i

∑
i′′ /∈{i,i′}

E


[

2∑
j′=1

(Yi′j′ − µ)

]2
E


[

2∑
j′′=1

(Yi′′j′′ − µ)

]2
 .
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Now we have the product of an i′ term with a separate i′′ term, which we then

sum over both i′ and i′′. We can almost switch the order of operations to sum the i′

and i′′ factors separately before multiplying, except for the dependency between the

indices, i′′ 6= i′. However, we only need to exclude one value of i′′ for each value of i′,

so rather than summing the different cases of singletons and/or pairs with distinct

indices, we can sum over each index first, multiply, and subtract off the i′′ = i′ terms:

∑
i′ 6=i

∑
i′′ /∈{i,i′}

E


[

2∑
j′=1

(Yi′j′ − µ)

]2
E


[

2∑
j′′=1

(Yi′′j′′ − µ)

]2


=

∑
i′ 6=i

E


[

2∑
j′=1

(Yi′j′ − µ)

]2

∑

i′′ 6=i

E


[

2∑
j′′=1

(Yi′′j′′ − µ)

]2



−
∑
i′ 6=i

E


[

2∑
j′=1

(Yi′j′ − µ)

]2
E


[

2∑
j′′=1

(Yi′j′′ − µ)

]2


=

∑
i′ 6=i

E


[

2∑
j′=1

(Yi′j′ − µ)

]2

2

−
∑
i′ 6=i

E

[

2∑
j′=1

(Yi′j′ − µ)

]2

2

=

[∑
i′ 6=i

var

(
2∑

j′=1

Yi′j′

)]2

−
∑
i′ 6=i

[
var

(
2∑

j′=1

Yi′j′

)]2

= [(n− 1 + 2npρ)σ2]2 −
∑

i′∈{singletons}\{i}

(σ2)2 −
∑

i′∈{pairs}

[(2 + 2ρ)σ2]2, the first

term by Equation 3.6 and independence, or sum of unsquared latter terms

= (n− 1 + 2npρ)2σ4 − (n− 2np − 1)σ4 − np(2 + 2ρ)2σ4

= [(n− 1)2 + 4np(n− 1)ρ+ 4n2
pρ

2 − (n− 1) + 2np − 4np(1 + 2ρ+ ρ2)]σ4

= {(n− 1)2 − (n− 1)− 2np + [4np(n− 1)− 8np]ρ+ [4n2
p − 4np]ρ

2}σ4

= [(n− 1)(n− 2)− 2np + 4np(n− 3)ρ+ 4np(np − 1)ρ2]σ4. (3.9)
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Before we plug this expression into Equation 3.7, let us give some intuitive motiva-

tion to these less intuitive values. These two-cluster products, with two residuals from

each, relate closely to the (n− 1)× (n− 1) covariance matrix E[(Y−i−µ)(Y−i−µ)T ],

omitting the singleton Yij. The covariance matrix is block diagonal with E[(Yi′ −

µi′)(Yi′ − µi′)
T ] for each cluster i′ 6= i and zeros elsewhere by independence across

clusters. The sum of the cluster i′ block in the covariance matrix gives the expected

squared sum of cluster residuals E{[
∑

j′(Yi′j′ − µ)]2} at the top/left of Equation 3.9.

Now, consider the row and column sums of the covariance matrix, two identical

vectors of σ2 and (1 + ρ)σ2 values for singleton and paired observations, respectively,

and consider their outer product, the matrix of each row sum times each column sum.

The sum of the block in this outer product matrix where the cluster i′ row(s) and

cluster i′′ column(s) intersect gives the key summand in Equation 3.9. It is the sum

(of row sums) of the cluster i′ block times the sum (of column sums) of the cluster i′′

block in the covariance matrix, or equivalently, the product of their expected squared

sums of cluster residuals, E{[
∑

j′(Yi′j′ −µ)]2}E{[
∑

j′′(Yi′′j′′ −µ)]2}. In Equation 3.9,

the sum of all such products for all pairs of clusters maps onto the sum of the entire

outer product matrix, and the sum of only the squares where i′ = i′′ maps onto

the sum of the block diagonal terms. The difference between them, the sum of the

products where i′ 6= i′′, maps onto the sum of the terms off the block diagonal.

Like the sum of second moments (n−1+2npρ)σ2 corresponds to the main diagonal

and paired off-diagonal terms in the covariance matrix, the result in Equation 3.9

follows from the shapes of intersecting σ2 and/or (1+ρ)σ2 factors in the outer product

matrix. Each of the n−1 observations times n−2 others contributes σ4, except the 2np

paired off-diagonals; each of the 2np paired observations times n− 1− 2np singletons

adds another 2ρσ4, one ρσ4 for each order of the indices in two symmetric cells; and

each of the 2np in pairs times 2(np − 1) in other pairs adds another (2ρ+ ρ2)σ4.
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We can now find var[(Yij− µ̂)2] by substituting our way up the chain of equations.

We first combine Equations 3.7, 3.8 and 3.9 to complete the fourth moment term,

E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]4
= 3[(n− 1)(n− 2)− 2np + 4np(n− 3)ρ+ 4np(np − 1)ρ2]

× σ4 + (n− 1)M4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3),
(3.10)
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which we combine with Equations 3.5 and 3.6 to complete E[(Yij − µ̂)4],

E[(Yij − µ̂)4] =
1

n4

(n− 1)4M4 − 4(n− 1)3E[(Yij − µ)3](0) + 6(n− 1)2σ2×

(n− 1 + 2npρ)σ2 − 4(n− 1)(0)E

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]3


+3[(n− 1)(n− 2)− 2np + 4np(n− 3)ρ+ 4np(np − 1)ρ2]σ4

+(n− 1)M4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)


=

1

n4

{
(n− 1)[(n− 1)3 + 1]M4 + 3[2(n− 1)2(n− 1 + 2npρ)

+(n− 1)(n− 2)− 2np + 4np(n− 3)ρ+ 4np(np − 1)ρ2]σ4

+np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
(n− 1)(n3 − 3n2 + 3n)M4 + 3[2(n− 1)3 + (n− 1)(n− 2)

−2np + 4np(n− 1)2ρ+ 4np(n− 3)ρ+ 4np(np − 1)ρ2]σ4

+np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
(n4 − 4n3 + 6n2 − 3n)M4 + 3[(n− 1)(2n2 − 3n)− 2np + 4np ×

(n2 − n− 2)ρ+ 4np(np − 1)ρ2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
,
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which we combine with Equations 3.3 and 3.4 to complete var[(Yij − µ̂)2],

var[(Yij − µ̂)2] =
1

n4

{
(n4 − 4n3 + 6n2 − 3n)M4 + 3[n(n− 1)(2n− 3)− 2np + 4np ×

(n2 − n− 2)ρ+ 4np(np − 1)ρ2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

− [n(n− 1) + 2npρ]2σ4

n4

=
1

n4

{
(n4 − 4n3 + 6n2 − 3n)M4 + [n(n− 1)(6n− 9− n2 + n)− 6np

+4np(3n
2 − 3n− 6− n2 + n)ρ+ 4np(3np − 3− np)ρ2]σ4

+np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
(n4 − 4n3 + 6n2 − 3n)M4 + [n(n− 1)(−n2 + 7n− 9)− 6np

+4np(2n
2 − 2n− 6)ρ+ 4np(2np − 3)ρ2]σ4

+np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
(n4 − 4n3 + 6n2 − 3n)M4 − [n4 − 8n3 + 16n2 − 9n+ 6np

−(8n2np − 8nnp − 24np)ρ− (8n2
p − 12np)ρ

2]σ4

+np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
. (3.11)

This variance of a squared singleton residual forms part of σ2
Σ1 and σ2

Σ0 in Equation

3.2. The corresponding covariance for two singletons follows a similar derivation:

cov[(Yij − µ̂)2, (Yi′j′ − µ̂)2] = E
({

(Yij − µ̂)2 − E[(Yij − µ̂)2]
}

×
{

(Yi′j′ − µ̂)2 − E[(Yi′j′ − µ̂)2]
})

= E[(Yij − µ̂)2(Yi′j′ − µ̂)2]− E[(Yij − µ̂)2]E[(Yi′j′ − µ̂)2]

= E[(Yij − µ̂)2(Yi′j′ − µ̂)2]− [n(n− 1) + 2npρ]2σ4

n4
,

(3.12)
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by Equation 3.4. We continue by evaluating the expected value of the product:

E[(Yij − µ̂)2(Yi′j′ − µ̂)2]

=
1

n4
E


(n− 1)(Yij − µ)− (Yi′j′ − µ)−

∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

×

(n− 1)(Yi′j′ − µ)− (Yij − µ)−
∑

i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2
=

1

n4
E

(n− 1)2(Yij −µ)2− 2(n− 1)(Yij −µ)(Yi′j′ −µ) + (Yi′j′ −µ)2− 2[(n− 1)

(Yij −µ)− (Yi′j′ −µ)]

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

2
×

(n− 1)2(Yi′j′ −µ)2− 2(n− 1)(Yij −µ)(Yi′j′ −µ) + (Yij −µ)2− 2[(n− 1)

(Yi′j′ −µ)− (Yij −µ)]

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

2


=
1

n4
E

(n− 1)2(Yij − µ)4 − 2[(n− 1)3 + (n− 1)](Yij − µ)3(Yi′j′ − µ) + [(n− 1)4

+4(n− 1)2 + 1](Yij −µ)2(Yi′j′ −µ)2− 2[(n− 1)3 + (n− 1)](Yij −µ)(Yi′j′ −µ)3

+(n− 1)2(Yi′j′ − µ)4 +
{

[(n− 1)2 − 4(n− 1) + 1](Yij − µ)2 + [4(n− 1)2

−4(n− 1) + 4](Yij − µ)(Yi′j′ − µ) + [(n− 1)2 − 4(n− 1) + 1](Yi′j′ − µ)2
}

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4 , (3.13)
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where we omit the
∑

i′′
∑

j′′(Yi′′j′′−µ) and [
∑

i′′
∑

j′′(Yi′′j′′−µ)]3 terms with expected

values of zero by independence across clusters; the former has E[(Yi′′j′′−µ)] = 0, and

the latter vanishes when multiplied by E[(Yij − µ)] = E[(Yi′j′ − µ)] = 0. We remove

other terms with a single factor of (Yij − µ) or (Yi′j′ − µ) and take the expectation:

E[(Yij − µ̂)2(Yi′j′ − µ̂)2]

=
1

n4
E

(n− 1)2(Yij −µ)4+[(n− 1)4+ 4(n− 1)2+ 1](Yij −µ)2(Yi′j′ −µ)2+(n− 1)2

×(Yi′j′ − µ)4 +
{

[(n− 1)2− 4(n− 1) + 1](Yij −µ)2 + [(n− 1)2− 4(n− 1) + 1]

×(Yi′j′ − µ)2
} ∑

i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4
=

1

n4

2(n− 1)2M4 + [(n− 1)4 + 4(n− 1)2 + 1]σ4 + 2[(n− 1)2 − 4(n− 1) + 1]σ2

×E

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

+ E

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4
=

1

n4

{
2(n− 1)2M4 + [(n− 1)4 + 4(n− 1)2 + 1]σ4 + 2[(n− 1)2 − 4(n− 1) + 1]σ2

×(n− 2 + 2npρ)σ2 + 3[(n− 2)(n− 3)− 2np + 4np(n− 4)ρ+ 4np(np − 1)ρ2]

×σ4 + (n− 2)M4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
, (3.14)

where we substitute for the second and fourth moments of the sum using the values in

Equations 3.6 and 3.10, but with n reduced by 1 due to omitting a second singleton,
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Yi′j′ , along with Yij. We combine like terms of M4 and σ4 and continue simplifying:

E[(Yij − µ̂)2(Yi′j′ − µ̂)2]

=
1

n4

{
[2(n− 1)2 + (n− 2)]M4 + {[(n− 1)4 + 4(n− 1)2 + 1] + 2[(n− 1)2

−4(n− 1) + 1](n− 2) + 3[(n− 2)(n− 3)− 2np] + 4np[(n− 1)2 − 4(n− 1)

+1 + 3(n− 4)]ρ+ 12np(np − 1)ρ2}σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
(2n2 − 3n)M4 + [n4 − 2n3 − 3n2 + 9n− 6np + 4np(n

2 − 3n− 6)ρ

+12np(np − 1)ρ2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
. (3.15)

We plug this value into Equation 3.12 to complete the covariance for two singletons:

cov[(Yij − µ̂)2, (Yi′j′ − µ̂)2]

=
1

n4

{
(2n2 − 3n)M4 + [n4 − 2n3 − 3n2 + 9n− 6np + 4np(n

2 − 3n− 6)ρ

+12np(np − 1)ρ2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
− [n(n− 1) + 2npρ]2σ4

n4

=
1

n4

{
(2n2 − 3n)M4 + {n4 − 2n3 − 3n2 + 9n− 6np − (n4 − 2n3 + n2) + 4np[(n

2

−3n− 6)− (n2−n)]ρ+ 4np(3np− 3−np)ρ2}σ4+np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
(2n2 − 3n)M4 − [4n2 − 9n+ 6np + (8nnp + 24np)ρ− (8n2

p − 12np)ρ
2]σ4

+np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
. (3.16)

With this covariance and the variance in Equation 3.11, we can evaluate all three of
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the singleton terms σ2
Σ1, σ2

Σ0, and σΣ10 in Equation 3.2. We first evaluate σ2
Σ1:

σ2
Σ1 =

(n1 − np)w2
11

n4
1

{
var
[
(Yi1 − µ̂)2

]
+ (n1 − np − 1) cov

[
(Yi1 − µ̂)2, (Yi′1 − µ̂)2

]}
=

(n1 − np)w2
11

n4
1n

4

{
(n4 − 4n3 + 6n2 − 3n)M4 − [n4 − 8n3 + 16n2 − 9n+ 6np

−(8n2np− 8nnp− 24np)ρ− (8n2
p− 12np)ρ

2]σ4 +np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)

+ (n1 − np − 1)
[
(2n2 − 3n)M4 − [4n2 − 9n+ 6np + (8nnp + 24np)ρ

−(8n2
p − 12np)ρ

2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
]}

=
(n1 − np)w2

11

n4
1n

4

{
(n4 − 4n3 + 4n2)M4 − (n4 − 8n3 + 12n2 − 8n2npρ)σ4

+(n1 − np)
[
(2n2 − 3n)M4 − [4n2 − 9n+ 6np + (8nnp + 24np)ρ

−(8n2
p − 12np)ρ

2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
]}

=
(n1 − np)w2

11

n4
1n

4
(n2)

{
(n− 2)2M4 − [(n− 2)(n− 6)− 8npρ]σ4

}
+

(n1 − np)2w2
11

n4
1n

4

{
(2n2 − 3n)M4 − [4n2 − 9n+ 6np + (8nnp + 24np)ρ

−(8n2
p − 12np)ρ

2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
. (3.17)

We change n1 and w11, the only group-dependent terms, into n0 and w00 to find σ2
Σ0:

σ2
Σ0 =

(n0 − np)w2
00

n4
0n

4
(n2)

{
(n− 2)2M4 − [(n− 2)(n− 6)− 8npρ]σ4

}
+

(n0 − np)2w2
00

n4
0n

4

{
(2n2 − 3n)M4 − [4n2 − 9n+ 6np + (8nnp + 24np)ρ

−(8n2
p − 12np)ρ

2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
. (3.18)
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We drop the variance and edit the coefficient for the between-group covariance, σΣ10:

σΣ10 =
(n1 − np)(n0 − np)w11w00

n2
1n

2
0

cov
[
(Yi1 − µ̂)2, (Yi′2 − µ̂)2

]
=

(n1 − np)(n0 − np)w11w00

n2
1n

2
0n

4

{
(2n2 − 3n)M4 − [4n2 − 9n+ 6np + (8nnp

+24np)ρ− (8n2
p − 12np)ρ

2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
. (3.19)

We can simplify Equation 3.2 by adding σ2
Σ1+σ2

Σ0+2σΣ10 together first, not just due to

the shared terms, but also because the covariance coefficients sum to a perfect square,

(n1 − np)2w2
11/(n

4
1n

4) + (n0 − np)2w2
00/(n

4
0n

4) + 2(n1 − np)(n0 − np)w11w00/(n
2
1n

2
0n

4):

σ2
Σ1 + σ2

Σ0 + 2σΣ10

=

[
(n1 − np)w2

11

n4
1n

4
+

(n0 − np)w2
00

n4
0n

4

]
n2
{

(n− 2)2M4 − [(n− 2)(n− 6)− 8npρ]σ4
}

+

[
(n1 − np)w11

n2
1n

2
+

(n0 − np)w00

n2
0n

2

]2 {
(2n2 − 3n)M4 − [4n2 − 9n+ 6np + (8nnp

+24np)ρ− (8n2
p − 12np)ρ

2]σ4 + np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
. (3.20)

3.3.2 Singletons-and-Pairs: Covariance

With the singletons done, we find the covariance for a singleton Yij and a pair Yi′ :

cov

{
(Yij − µ̂)2,

[
w11

n2
1

(Yi′1 − µ̂)2 +
w00

n2
0

(Yi′2 − µ̂)2 − 2w10

n1n0

(Yi′1 − µ̂)(Yi′2 − µ̂)

]}
=
w11

n2
1

cov
[
(Yij − µ̂)2, (Yi′1 − µ̂)2

]
+
w00

n2
0

cov
[
(Yij − µ̂)2, (Yi′2 − µ̂)2

]
− 2w10

n1n0

cov
[
(Yij − µ̂)2, (Yi′1 − µ̂)(Yi′2 − µ̂)

]
. (3.21)

The first two terms match the form of Equation 3.16, but in the singleton case,

independence between the second outcome Yi′j′ and all the other clusters simplifies
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the result. When Yi′ is a pair, we must account for both Yi′1 and Yi′2 in the second

squared residual. Both groups have the same marginal distribution under H0, so the

group of (Yi′1−µ̂)2 or (Yi′2−µ̂)2 only affects the covariance via M̃3,1 and M̃1,3. We will

find cov[(Yij − µ̂)2, (Yi′1− µ̂)2], not quite without loss of generality, but remembering

to swap subscripts when it is Yi′2 instead. We first revisit Equations 3.13–3.15 to find

the expected product of squared residuals for a singleton and a paired observation:

E[(Yij − µ̂)2(Yi′1 − µ̂)2]

=
1

n4
E


(n− 1)(Yij − µ)− (Yi′1 − µ)− (Yi′2 − µ)−

∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

×

(n− 1)(Yi′1 − µ)− (Yij − µ)− (Yi′2 − µ)−
∑

i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2
=

1

n4
E

(n− 1)2(Yij −µ)2− 2(n− 1)(Yij −µ)[(Yi′1−µ) + (Yi′2−µ)] + (Yi′1−µ)2

+2(Yi′1−µ)(Yi′2−µ) + (Yi′2−µ)2−2[(n− 1)(Yij −µ)− (Yi′1−µ)− (Yi′2−µ)]

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

2×
(n− 1)2(Yi′1−µ)2

−2(n− 1)(Yi′1−µ)[(Yij −µ) + (Yi′2−µ)] + (Yij −µ)2 + 2(Yij −µ)(Yi′2−µ)

+(Yi′2−µ)2− 2[(n− 1)(Yi′1−µ)− (Yij −µ)− (Yi′2−µ)]

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

2
 . (3.22)

In the expanded product, independence across clusters again lets us ignore any term

with only a single factor from any cluster, but we keep more terms than in the

singleton case. Making Yi′ a pair not only adds more terms with exponents greater

than one, but it also adds terms with any combination of Yi′1 and Yi′2. We expand
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the terms in the product with nonzero expected value and compute the expectation:

E[(Yij − µ̂)2(Yi′1 − µ̂)2]

=
1

n4
E

(n− 1)2(Yij − µ)4 + [(n− 1)4 + 4(n− 1)2 + 1](Yij − µ)2(Yi′1 − µ)2

+[−2(n− 1)3 + 4(n− 1)2 − 4(n− 1) + 2](Yij − µ)2(Yi′1 − µ)(Yi′2 − µ)

+[(n− 1)2 − 4(n− 1) + 1](Yij − µ)2(Yi′2 − µ)2 + (n− 1)2(Yi′1 − µ)4

+[2(n− 1)2 − 2(n− 1)](Yi′1 − µ)3(Yi′2 − µ) + [(n− 1)2 − 4(n− 1) + 1]

×(Yi′1 − µ)2(Yi′2 − µ)2 + [−2(n− 1) + 2](Yi′1 − µ)(Yi′2 − µ)3 + (Yi′2 − µ)4

+
{

[(n− 1)2 − 4(n− 1) + 1](Yij − µ)2 + [(n− 1)2 − 4(n− 1) + 1]

×(Yi′1 − µ)2 + [−6(n− 1) + 6](Yi′1 − µ)(Yi′2 − µ) + 6(Yi′2 − µ)2
}

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4
=

1

n4

[2(n− 1)2 + 1]M4 + {(n− 1)4 + 5(n− 1)2 − 4(n− 1) + 2− 2[(n− 1)3 − 2

×(n− 1)2+ 2(n− 1)− 1]ρ}σ4+ 2[(n− 1)2− (n− 1)]M̃3,1 + [(n− 1)2− 4(n− 1)

+1]M̃2,2 − 2(n− 2)M̃1,3 + {2[(n− 1)2 − 4(n− 1) + 1] + 6− 6(n− 2)ρ}σ2

×E


 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2+ E


 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4


=
1

n4

{
[2(n− 1)2 + 1]M4 + {(n− 1)4 + 5(n− 1)2 − 4(n− 1) + 2− 2[(n− 1)3 − 2

×(n− 1)2+ 2(n− 1)− 1]ρ}σ4+ 2[(n− 1)2− (n− 1)]M̃3,1 + [(n− 1)2− 4(n− 1)

+1]M̃2,2 − 2(n− 2)M̃1,3 + {2[(n− 1)2 − 4(n− 1) + 4]− 6(n− 2)ρ}σ2×[n− 3

+2(np− 1)ρ]σ2 + 3[(n− 3)(n− 4)− 2(np− 1) + 4(np− 1)(n− 5)ρ+ 4(np− 1)

(np − 2)ρ2]σ4 + (n− 3)M4 + (np − 1)(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
, (3.23)
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where we again use the values in Equations 3.6 and 3.10, but now with n reduced

by 2 and np reduced by 1 due to omitting a pair, Yi′ . We combine like terms and
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simplify:

E[(Yij − µ̂)2(Yi′1 − µ̂)2]

=
1

n4

{
[2(n− 1)2 + 1 + (n− 3)]M4 +

[
(n− 1)4 + 5(n− 1)2 − 4(n− 1) + 2

+2[(n− 1)2− 4(n− 1) + 4](n− 3) + 3[(n− 3)(n− 4)− 2(np− 1)]− 2{(n− 1)3

−2(n− 1)2 + 2(n− 1)− 1− 2[(n− 1)2 − 4(n− 1) + 4](np − 1) + 3(n− 2)

×(n− 3)− 6(np− 1)(n− 5)}ρ− 12{(n− 2)(np− 1)− (np− 1)(np− 2)}ρ2
]
σ4

+2[(n− 1)2− (n− 1) + 2(np− 1)]M̃3,1 + [(n− 1)2− 4(n− 1) + 1 + 6(np− 1)]

×M̃2,2 − 2[n− 2− 2(np − 1)]M̃1,3

}
=

1

n4

{
(2n2 − 3n)M4 +

[
n4 − 2n3 − 4n2 + 15n− 6np − (2n3 − 4n2np + 12nnp

−24n+ 24np)ρ− (12nnp − 12n2
p − 12n+ 12np)ρ

2
]
σ4 + (2n2 − 6n+ 4np)M̃3,1

+(n2 − 6n+ 6np)M̃2,2 − (2n− 4np)M̃1,3

}
. (3.24)

We similarly revisit Equation 3.6 to find the expected squared residual in a pair:

E[(Yi′1 − µ̂)2] =
1

n2
E


[

(n− 1)(Yi′1 − µ)− (Yi′2 − µ)−
∑
i′′ 6=i′

2∑
j′′=1

(Yi′′j′′ − µ)

]2


=
1

n2

(n− 1)2 var(Yi′1)− 2(n− 1) cov(Yi′1, Yi′2) + var(Yi′2)

+
∑
i′′ 6=i′

2∑
j′′=1

var(Yi′′j′′) + 2
∑

i′′∈{pairs}\{i′}

cov(Yi′′1, Yi′′2)


=

1

n2

[
(n− 1)2σ2 − 2(n− 1)ρσ2 + σ2 + (n− 2)σ2 + 2(np − 1)ρσ2

]
=

[n(n− 1)− 2(n− np)ρ]σ2

n2
. (3.25)
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We can now complete the covariance for a singleton Yij and paired observation Yi′1:

cov[(Yij − µ̂)2, (Yi′1 − µ̂)2]

= E[(Yij − µ̂)2(Yi′1 − µ̂)2]− E[(Yij − µ̂)2]E[(Yi′1 − µ̂)2]

=
1

n4

{
(2n2 − 3n)M4 +

[
n4 − 2n3 − 4n2 + 15n− 6np − (2n3 − 4n2np + 12nnp

−24n+ 24np)ρ− (12nnp− 12n2
p− 12n+ 12np)ρ

2
]
σ4 + (2n2− 6n+ 4np)M̃3,1

+(n2 − 6n+ 6np)M̃2,2 − (2n− 4np)M̃1,3

}
− [n(n− 1) + 2npρ][n(n− 1)− 2(n− np)ρ]σ4

n4

=
1

n4

{
(2n2 − 3n)M4 + {n4 − 2n3 − 4n2 + 15n− 6np − (n4 − 2n3 + n2)

−[2n3 − 4n2np + 12nnp − 24n+ 24np − (2n3 − 4n2np − 2n2 + 4nnp)]ρ

−[12nnp − 12n2
p − 12n+ 12np − (4nnp − 4n2

p)]ρ
2}σ4 + (2n2− 6n+ 4np)M̃3,1

+(n2 − 6n+ 6np)M̃2,2 − (2n− 4np)M̃1,3

}
=

1

n4

{
(2n2 − 3n)M4 − [5n2 − 15n+ 6np + (2n2 + 8nnp − 24n+ 24np)ρ

+(8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 + (2n2 − 6n+ 4np)M̃3,1

+(n2 − 6n+ 6np)M̃2,2 − (2n− 4np)M̃1,3

}
. (3.26)

We swap M̃3,1 and M̃3,1, the only group-dependent terms, to find the same for Yi′2:

cov[(Yij − µ̂)2, (Yi′2 − µ̂)2]

=
1

n4

{
(2n2 − 3n)M4 − [5n2 − 15n+ 6np + (2n2 + 8nnp − 24n+ 24np)ρ

+(8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 − (2n− 4np)M̃3,1

+(n2 − 6n+ 6np)M̃2,2 + (2n2 − 6n+ 4np)M̃1,3

}
. (3.27)
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We can complete Equation 3.21 by finding the same covariance for the product of the

two paired residuals. We follow the same path, again modifying Equations 3.22–3.24:

E[(Yij − µ̂)2(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4
E


(n− 1)(Yij − µ)− (Yi′1 − µ)− (Yi′2 − µ)−

∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

×

(n− 1)(Yi′1 − µ)− (Yi′2 − µ)− (Yij − µ)−
∑

i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)



×

(n− 1)(Yi′2 − µ)− (Yi′1 − µ)− (Yij − µ)−
∑

i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)


=

1

n4
E

(n− 1)2(Yij −µ)2− 2(n− 1)(Yij −µ)[(Yi′1−µ) + (Yi′2−µ)] + (Yi′1−µ)2

+2(Yi′1−µ)(Yi′2−µ) + (Yi′2−µ)2−2[(n− 1)(Yij −µ)− (Yi′1−µ)− (Yi′2−µ)]

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

2×
−(n− 1)(Yi′1−µ)2

+[(n− 1)2 + 1](Yi′1− µ)(Yi′2− µ)− (n− 1)(Yi′2− µ)2 + (Yij − µ)2− [(n− 1)

−1](Yij − µ)[(Yi′1 − µ) + (Yi′2 − µ)]− {[(n− 1)− 1][(Yi′1 − µ) + (Yi′2 − µ)]

−2(Yij − µ)}

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

2
 . (3.28)
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We expand the terms with nonzero expected values and compute the expectation:

E[(Yij − µ̂)2(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4
E

(n− 1)2(Yij − µ)4 + [−(n− 1)3 + 2(n− 1)2 − 2(n− 1) + 1](Yij − µ)2

×[(Yi′1 − µ)2 + (Yi′2 − µ)2] + [(n− 1)4 + 5(n− 1)2 − 4(n− 1) + 2](Yij − µ)2

×(Yi′1− µ)(Yi′2− µ)− (n− 1)[(Yi′1− µ)4 + (Yi′2− µ)4] + [(n− 1)2− 2(n− 1)

+1][(Yi′1 − µ)3(Yi′2 − µ) + (Yi′1 − µ)(Yi′2 − µ)3] + [2(n− 1)2 − 2(n− 1) + 2]

×(Yi′1− µ)2(Yi′2− µ)2 + {[(n− 1)2− 4(n− 1) + 1](Yij − µ)2 + [−3(n− 1) + 3]

×[(Yi′1 − µ)2 + (Yi′2 − µ)2] + [(n− 1)2 − 4(n− 1) + 7](Yi′1 − µ)(Yi′2 − µ)}

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4
=

1

n4

[(n− 1)2− 2(n− 1)]M4−{2[(n− 1)3− 2(n− 1)2 + 2(n− 1)− 1]− [(n− 1)4

+5(n− 1)2 − 4(n− 1) + 2]ρ}σ4 + [(n− 1)2 − 2(n− 1) + 1](M̃3,1 + M̃1,3) + 2

×[(n− 1)2− (n− 1) + 1]M̃2,2+ {[(n− 1)2− 10(n− 1) + 7] + [(n− 1)2− 4(n− 1)

+7]ρ}σ2E


 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2+ E


 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4


=
1

n4

{
[(n− 1)2− 2(n− 1)]M4−{2[(n− 1)3− 2(n− 1)2 + 2(n− 1)− 1]− [(n− 1)4

+5(n− 1)2 − 4(n− 1) + 2]ρ}σ4 + [(n− 1)2 − 2(n− 1) + 1](M̃3,1 + M̃1,3) + 2

×[(n− 1)2− (n− 1) + 1]M̃2,2+ {[(n− 1)2− 10(n− 1) + 7] + [(n− 1)2− 4(n− 1)

+7]ρ}σ2[n− 3 + 2(np− 1)ρ]σ2+ 3[(n− 3)(n− 4)− 2(np− 1) + 4(np− 1)(n− 5)

×ρ+ 4(np− 1)(np− 2)ρ2]σ4 + (n− 3)M4 + (np− 1)(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
,

(3.29)
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where we still reduce n by 2 and np by 1 from Equations 3.6 and 3.10. We now

simplify:

E[(Yij − µ̂)2(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

{
[(n− 1)2− 2(n− 1) + (n− 3)]M4 −

[
2[(n− 1)3− 2(n− 1)2 + 2(n− 1)− 1]

−[(n− 1)2− 10(n− 1) + 7](n− 3)− 3[(n− 3)(n− 4)− 2(np− 1)]− {(n− 1)4

+5(n− 1)2 − 4(n− 1) + 2 + 2[(n− 1)2 − 10(n− 1) + 7](np − 1) + [(n− 1)2

−4(n− 1) + 7](n− 3) + 12(np − 1)(n− 5)}ρ− 2{[(n− 1)2 − 4(n− 1) + 7]

(np − 1) + 6(np − 1)(np − 2)}ρ2
]
σ4 + [(n− 1)2 − 2(n− 1) + 1 + 4(np − 1)]

×(M̃3,1 + M̃1,3) + 2[(n− 1)2 − (n− 1) + 1 + 3(np − 1)]M̃2,2

}
=

1

n4

{
(n2 − 3n)M4 −

[
n3 + 2n2 − 15n+ 6np− (n4 − 3n3 + 2n2np − 12nnp + 24n

−24np)ρ− 2(np − 1)(n2 − 6n+ 6np)ρ
2
]
σ4 + (n2 − 4n+ 4np)(M̃3,1 + M̃1,3)

+(2n2 − 6n+ 6np)M̃2,2

}
. (3.30)

We also need the expected product of paired residuals, so we revisit Equation 3.25:

E[(Yi′1 − µ̂)(Yi′2 − µ̂)] =
1

n2
E

{[
(n− 1)(Yi′1 − µ)− (Yi′2 − µ)−

∑
i′′ 6=i′

2∑
j′′=1

(Yi′′j′′ − µ)

]

×

[
(n− 1)(Yi′2 − µ)− (Yi′1 − µ)−

∑
i′′ 6=i′

2∑
j′′=1

(Yi′′j′′ − µ)

]}

=
1

n2

{
[(n− 1)2 + 1] cov(Yi′1, Yi′2)− (n− 1)[var(Yi′1) + var(Yi′2)]

+
∑
i′′ 6=i′

2∑
j′′=1

var(Yi′′j′′) + 2
∑

i′′∈{pairs}\{i′}

cov(Yi′′1, Yi′′2)

}

=
1

n2

{
[(n− 1)2 + 1]ρσ2 − 2(n− 1)σ2 + (n− 2)σ2 + 2(np − 1)ρσ2

}
=

[−n+ (n2 − 2n+ 2np)ρ]σ2

n2
. (3.31)
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We can now complete the last term in Equation 3.21, the covariance of the squared

residual for singleton Yij with the product of distinct residuals in the pair (Yi′1, Yi′2):

cov[(Yij − µ̂)2, (Yi′1 − µ̂)(Yi′2 − µ̂)]

= E[(Yij − µ̂)2(Yi′1 − µ̂)(Yi′2 − µ̂)]− E[(Yij − µ̂)2]E[(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

{
(n2 − 3n)M4 −

[
n3 + 2n2 − 15n+ 6np − (n4 − 3n3 + 2n2np − 12nnp

+24n− 24np)ρ− 2(np − 1)(n2 − 6n+ 6np)ρ
2
]
σ4 + (n2 − 4n+ 4np)

×(M̃3,1 + M̃1,3) + (2n2 − 6n+ 6np)M̃2,2

}
+

[n(n− 1) + 2npρ][n− (n2 − 2n+ 2np)ρ]σ4

n4

=
1

n4

{
(n2 − 3n)M4 −

{
n3 + 2n2 − 15n+ 6np − (n3 − n2)− [n4 − 3n3 + 2n2np

−12nnp + 24n− 24np − (n4 − 3n3 + 2n2 + 2n2np − 4nnp)]ρ− 2[(np − 1)

×(n2− 6n+ 6np)−np(n2− 2n+ 2np)]ρ
2
}
σ4 + (n2− 4n+ 4np)(M̃3,1 + M̃1,3)

+(2n2 − 6n+ 6np)M̃2,2

}
=

1

n4

{
(n2 − 3n)M4 − [3n2 − 15n+ 6np + (2n2 + 8nnp − 24n+ 24np)ρ

+(2n2 + 8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 + (n2 − 4n+ 4np)(M̃3,1 + M̃1,3)

+(2n2 − 6n+ 6np)M̃2,2

}
. (3.32)

In Equations 3.26, 3.27, and 3.32, we have found all three covariances between the

squared residual of a singleton and the products of two residuals in a pair, including

squares. We plug those values into the covariance between the squared residual of a
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singleton and the weighted sum of the products of paired residuals, in Equation 3.21:

cov

{
(Yij − µ̂)2,

[
w11

n2
1

(Yi′1 − µ̂)2 +
w00

n2
0

(Yi′2 − µ̂)2 − 2w10

n1n0

(Yi′1 − µ̂)(Yi′2 − µ̂)

]}
=

w11

n2
1n

4

{
(2n2 − 3n)M4 − [5n2 − 15n+ 6np + (2n2 + 8nnp − 24n+ 24np)ρ

+(8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 + (2n2 − 6n+ 4np)M̃3,1

+(n2 − 6n+ 6np)M̃2,2 − (2n− 4np)M̃1,3

}
+

w00

n2
0n

4

{
(2n2 − 3n)M4 − [5n2 − 15n+ 6np + (2n2 + 8nnp − 24n+ 24np)ρ

+(8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 − (2n− 4np)M̃3,1

+(n2 − 6n+ 6np)M̃2,2 + (2n2 − 6n+ 4np)M̃1,3

}
− 2w10

n1n0n4

{
(n2 − 3n)M4 − [3n2 − 15n+ 6np + (2n2 + 8nnp − 24n+ 24np)ρ

+(2n2 + 8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 + (n2 − 4n+ 4np)(M̃3,1 + M̃1,3)

+(2n2 − 6n+ 6np)M̃2,2

}
=

(
w11

n2
1n

4
+

w00

n2
0n

4
− 2w10

n1n0n4

){
(2n2 − 3n)M4 − [5n2 − 15n+ 6np + (2n2 + 8nnp

−24n+ 24np)ρ+ (8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 + (n2 − 4n+ 4np)(M̃3,1

+M̃1,3) + (n2 − 6n+ 6np)M̃2,2

}
+

(
w11

n2
1n

4
− w00

n2
0n

4

)
(n2 − 2n)(M̃3,1 − M̃1,3)

− 2w10

n1n0n4
(n2)

[
−M4 + (2− 2ρ2)σ4 + M̃2,2

]
. (3.33)

Besides making the expression more concise, the latter form also clarifies the differ-

ences among the covariances for the three products of paired residuals, as represented

by their respective weights. All three products share most of the same terms. How-

ever, we see how a joint distribution with asymmetry between groups, even under
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H0 : µ1 = µ0, can affect the covariance through a nonzero difference of M̃3,1 − M̃1,3.

We also see how the product of distinct residuals differs from the squares in the trade-

off between univariate and mixed, second (σ2, ρσ2) and fourth (M4, M̃2,2) moments.

If we multiply Equation 3.33 by the group-specific weights and sample sizes, we find

the singleton-and-pair covariance terms σΣ1p and σΣ0p in Equation 3.2, and their sum:

σΣ1p =
np(n1 − np)w11

n2
1

{(
w11

n2
1n

4
+

w00

n2
0n

4
− 2w10

n1n0n4

){
(2n2 − 3n)M4 − [5n2 − 15n

+6np + (2n2 + 8nnp − 24n+ 24np)ρ+ (8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4

+(n2 − 4n+ 4np)(M̃3,1 + M̃1,3) + (n2 − 6n+ 6np)M̃2,2

}
+

(
w11

n2
1n

4
− w00

n2
0n

4

)

×(n2 − 2n)(M̃3,1 − M̃1,3)− 2w10

n1n0n4
(n2)

[
−M4 + (2− 2ρ2)σ4 + M̃2,2

]}

σΣ0p =
np(n0 − np)w00

n2
0

{(
w11

n2
1n

4
+

w00

n2
0n

4
− 2w10

n1n0n4

){
(2n2 − 3n)M4 − [5n2 − 15n

+6np + (2n2 + 8nnp − 24n+ 24np)ρ+ (8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4

+(n2 − 4n+ 4np)(M̃3,1 + M̃1,3) + (n2 − 6n+ 6np)M̃2,2

}
+

(
w11

n2
1n

4
− w00

n2
0n

4

)

×(n2 − 2n)(M̃3,1 − M̃1,3)− 2w10

n1n0n4
(n2)

[
−M4 + (2− 2ρ2)σ4 + M̃2,2

]}

σΣ1p + σΣ0p =

[
np(n1 − np)w11

n2
1

+
np(n0 − np)w00

n2
0

]{(
w11

n2
1n

4
+

w00

n2
0n

4
− 2w10

n1n0n4

)
×

{
(2n2 − 3n)M4 − [5n2 − 15n+ 6np + (2n2 + 8nnp − 24n+ 24np)ρ

+(8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 + (n2 − 4n+ 4np)(M̃3,1 + M̃1,3)

+(n2 − 6n+ 6np)M̃2,2

}
+

(
w11

n2
1n

4
− w00

n2
0n

4

)
(n2 − 2n)(M̃3,1 − M̃1,3)

− 2w10

n1n0n4
(n2)

[
−M4 + (2− 2ρ2)σ4 + M̃2,2

]}
. (3.34)
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3.3.3 Within Pairs: Variance and Covariance

Having found five of the six terms in Equation 3.2, we turn to the remaining uneval-

uated term, the variance of the sum of the products of residuals in pairs, σ2
Σp:

σ2
Σp = np

{
var

[
w11

n2
1

(Yi1 − µ̂)2 +
w00

n2
0

(Yi2 − µ̂)2 − 2w10

n1n0

(Yi1 − µ̂)(Yi2 − µ̂)

]

+(np − 1) cov

[
w11

n2
1

(Yi1 − µ̂)2 +
w00

n2
0

(Yi2 − µ̂)2 − 2w10

n1n0

(Yi1 − µ̂)(Yi2 − µ̂),

w11

n2
1

(Yi′1 − µ̂)2 +
w00

n2
0

(Yi′2 − µ̂)2 − 2w10

n1n0

(Yi′1 − µ̂)(Yi′2 − µ̂)

]}

= np

(
w2

11

n4
1

var[(Yi1 − µ̂)2] +
w2

00

n4
0

var[(Yi2 − µ̂)2] +
4w2

10

n2
1n

2
0

var[(Yi1 − µ̂)(Yi2 − µ̂)]

+
2w11w00

n2
1n

2
0

cov[(Yi1 − µ̂)2, (Yi2 − µ̂)2]− 4w11w10

n3
1n0

cov[(Yi1 − µ̂)2, (Yi1 − µ̂)

×(Yi2 − µ̂)]− 4w00w10

n1n3
0

cov[(Yi2 − µ̂)2, (Yi1 − µ̂)(Yi2 − µ̂)]

+(np − 1)

{
w2

11

n4
1

cov[(Yi1 − µ̂)2,(Yi′1 − µ̂)2] +
w2

00

n4
0

cov[(Yi2 − µ̂)2,(Yi′2 − µ̂)2]

+
4w2

10

n2
1n

2
0

cov[(Yi1− µ̂)(Yi2− µ̂),(Yi′1− µ̂)(Yi′2− µ̂)] +
2w11w00

n2
1n

2
0

cov[(Yi1− µ̂)2,

(Yi′2 − µ̂)2]− 4w11w10

n3
1n0

cov[(Yi1 − µ̂)2, (Yi′1 − µ̂)(Yi′2 − µ̂)]

−4w00w10

n1n3
0

cov[(Yi2 − µ̂)2, (Yi′1 − µ̂)(Yi′2 − µ̂)]

})
, (3.35)

where we have doubled the coefficients of the last three terms instead of also writing

out the equivalent covariance terms with the arbitrary labels Yi and Yi′ switched.

Except for the variance of and covariance between the product(s) of distinct paired

residuals, the other terms resemble those we have evaluated for a singleton Yij. We

cannot plug those values directly into σ2
Σp, which only applies to pairs, but we will
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refer back to the singleton derivations for shortcuts when we can. For example, we

already have the expected value of each product of two residuals, so we only need to

find the expected values of the products of products, i.e., of four residuals.

We start with var[(Yi1 − µ̂)2], the term most similar to its singleton predecessor,

var[(Yij − µ̂)2] in Equation 3.11. We expand E[(Yi1− µ̂)4], with some familiar terms:

E[(Yi1 − µ̂)4] =
1

n4
E


[

(n− 1)(Yi1 − µ)− (Yi2 − µ)−
∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]4


=
1

n4
E

(n− 1)4(Yi1 − µ)4 − 4(n− 1)3(Yi1 − µ)3(Yi2 − µ) + 6(n− 1)2

×(Yi1 − µ)2(Yi2 − µ)2 − 4(n− 1)(Yi1 − µ)(Yi2 − µ)3 + (Yi2 − µ)4

+[6(n− 1)2(Yi1 − µ)2 − 12(n− 1)(Yi1 − µ)(Yi2 − µ) + 6(Yi2 − µ)2]

×

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2

+

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]4


=
1

n4

[(n− 1)4 + 1]M4− 4(n− 1)3M̃3,1 + 6(n− 1)2M̃2,2− 4(n− 1)M̃1,3

+6[(n− 1)2 + 1− 2(n− 1)ρ]σ2

×E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2
+ E


[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]4



=
1

n4

{
[(n− 1)4 + 1]M4− 4(n− 1)3M̃3,1 + 6(n− 1)2M̃2,2− 4(n− 1)M̃1,3

+6[(n− 1)2 + 1− 2(n− 1)ρ]σ2 × [n− 2 + 2(np− 1)ρ]σ2 + 3[(n− 2)

×(n− 3)− 2(np− 1) + 4(np− 1)(n− 4)ρ+ 4(np− 1)(np− 2)ρ2]σ4

+(n− 2)M4 + (np − 1)(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
, (3.36)
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where we plug in Equations 3.6 and 3.10 with n reduced by 1 and np reduced by 1,

because we omit a pair but restore the omitted singleton. We continue to simplify:

E[(Yi1− µ̂)4] =
1

n4

{
[(n− 1)4 + 1 +n− 2]M4 + 3

[
2[(n− 1)2 + 1](n− 2) + [(n− 2)

×(n− 3)− 2(np− 1)] + 4{[(n− 1)2 + 1](np− 1)− (n− 1)(n− 2)

+(np− 1)(n− 4)}ρ− 4{2(n− 1)(np− 1)− (np− 1)(np− 2)}ρ2
]
σ4

−4[(n− 1)3− (np− 1)]M̃3,1 + 6[(n− 1)2 +np− 1]M̃2,2

−4[n− 1− (np− 1)]M̃1,3

}
=

1

n4

{
(n4− 4n3+ 6n2− 3n)M4 + [6n3− 21n2+ 21n− 6np+ (12n2np− 24n2

−12nnp+ 48n− 24np)ρ− (24nnp− 12n2
p− 24n+ 12np)ρ

2]σ4− (4n3

−12n2+ 12n− 4np)M̃3,1+ (6n2− 12n+ 6np)M̃2,2− (4n− 4np)M̃1,3

}
.

(3.37)

To complete the variance, we subtract the square of the expectation in Equation 3.25:

var[(Yi1− µ̂)2] =
1

n4

{
(n4− 4n3 + 6n2− 3n)M4 + [6n3− 21n2 + 21n− 6np + (12n2np

−24n2− 12nnp + 48n− 24np)ρ− (24nnp− 12n2
p− 24n+ 12np)ρ

2]

×σ4− (4n3− 12n2 + 12n− 4np)M̃3,1 + (6n2− 12n+ 6np)M̃2,2

−(4n− 4np)M̃1,3

}
− [n(n− 1)− 2(n−np)ρ]2σ4

n4

=
1

n4

{
(n4− 4n3+ 6n2− 3n)M4+{6n3− 21n2+ 21n− 6np−(n4− 2n3+n2)

+[12n2np− 24n2− 12nnp+ 48n− 24np+(4n3− 4n2np− 4n2+4nnp)]

×ρ− [24nnp− 12n2
p− 24n+ 12np+ (4n2− 8nnp+ 4n2

p)]ρ
2}σ4− (4n3

−12n2+ 12n− 4np)M̃3,1+ (6n2− 12n+ 6np)M̃2,2− (4n− 4np)M̃1,3

}
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var[(Yi1 − µ̂)2] =
1

n4

{
(n4 − 4n3 + 6n2 − 3n)M4 − [n4 − 8n3 + 22n2 − 21n+ 6np

−(4n3 + 8n2np − 28n2 − 8nnp + 48n− 24np)ρ+ (4n2 + 16nnp

−8n2
p − 24n+ 12np)ρ

2]σ4 − (4n3 − 12n2 + 12n− 4np)M̃3,1

+(6n2 − 12n+ 6np)M̃2,2 − (4n− 4np)M̃1,3

}
. (3.38)

As in Equation 3.27, we find the variance of (Yi2 − µ̂)2 by swapping M̃3,1 and M̃1,3:

var[(Yi2 − µ̂)2] =
1

n4

{
(n4 − 4n3 + 6n2 − 3n)M4 − [n4 − 8n3 + 22n2 − 21n+ 6np

−(4n3 + 8n2np − 28n2 − 8nnp + 48n− 24np)ρ+ (4n2 + 16nnp

−8n2
p − 24n+ 12np)ρ

2]σ4 − (4n− 4np)M̃3,1 + (6n2 − 12n+ 6np)

×M̃2,2 − (4n3 − 12n2 + 12n− 4np)M̃1,3

}
. (3.39)

To find the last variance in a pair, var[(Yi1−µ̂)(Yi2−µ̂)], we need E[(Yi1−µ̂)2(Yi2−µ̂)2]:

E[(Yi1 − µ̂)2(Yi2 − µ̂)2] =
1

n4
E


[

(n− 1)(Yi1 − µ)− (Yi2 − µ)−
∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2

×

[
(n− 1)(Yi2 − µ)− (Yi1 − µ)−

∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2


=
1

n4
E

(n− 1)2(Yi1 − µ)4 − 2[(n− 1)3 + (n− 1)](Yi1 − µ)3(Yi2 − µ) + [(n− 1)4

+4(n− 1)2 + 1](Yi1−µ)2(Yi2−µ)2− 2[(n− 1)3 + (n− 1)](Yi1−µ)(Yi2−µ)3

+(n− 1)2(Yi2 − µ)4 +
{

[(n− 1)2 − 4(n− 1) + 1](Yi1 − µ)2 + [4(n− 1)2

−4(n− 1) + 4](Yi1 − µ)(Yi2 − µ) + [(n− 1)2 − 4(n− 1) + 1](Yi2 − µ)2
}

×

[∑
i′ 6=i

2∑
j′=1

(Yi′′j′′ − µ)

]2

+

[∑
i′ 6=i

2∑
j′=1

(Yi′′j′′ − µ)

]4
 , by Equation 3.13.
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We substitute Equations 3.6 and 3.10, again with n and np reduced by 1, and simplify:

E[(Yi1 − µ̂)2(Yi2 − µ̂)2]

=
1

n4

2(n− 1)2M4 − 2[(n− 1)3 + (n− 1)]M̃3,1 + [(n− 1)4 + 4(n− 1)2 + 1]M̃2,2

−2[(n− 1)3+(n− 1)]M̃1,3+ 2{(n− 1)2− 4(n− 1) + 1 + 2[(n− 1)2−(n− 1) + 1]

×ρ}σ2E


[∑
i′ 6=i

2∑
j′=1

(Yi′′j′′ − µ)

]2
+ E


[∑
i′ 6=i

2∑
j′=1

(Yi′′j′′ − µ)

]4



=
1

n4

{
2(n− 1)2M4 − 2[(n− 1)3 + (n− 1)]M̃3,1 + [(n− 1)4 + 4(n− 1)2 + 1]M̃2,2

−2[(n− 1)3+(n− 1)]M̃1,3+ 2{(n− 1)2− 4(n− 1) + 1 + 2[(n− 1)2−(n− 1) + 1]

×ρ}σ2[n− 2 + 2(np− 1)ρ]σ2 + 3[(n− 2)(n− 3)− 2(np− 1) + 4(np− 1)(n− 4)ρ

+4(np − 1)(np − 2)ρ2]σ4 + (n− 2)M4 + (np − 1)(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
[2(n− 1)2 + n− 2]M4 +

[
2[(n− 1)2 − 4(n− 1) + 1](n− 2) + 3[(n− 2)

×(n− 3)− 2(np − 1)] + 4{[(n− 1)2 − 4(n− 1) + 1](np − 1) + [(n− 1)2

−(n− 1) + 1](n− 2) + 3(np− 1)(n− 4)}ρ+ 4{2[(n− 1)2− (n− 1) + 1](np− 1)

+3(np − 1)(np − 2)}ρ2
]
σ4 − 2[(n− 1)3 + (n− 1)− 2(np − 1)]M̃3,1 + [(n− 1)4

+4(n− 1)2 + 1 + 6(np − 1)]M̃2,2 − 2[(n− 1)3 + (n− 1)− 2(np − 1)]M̃1,3

}
=

1

n4

{
(2n2 − 3n)M4 + [2n3 − 13n2 + 21n− 6np + (4n3 + 4n2np − 24n2 − 12nnp

+48n− 24np)ρ+ (8n2np − 8n2 − 24nnp + 12n2
p + 24− 12np)ρ

2]σ4

−(2n3 − 6n2 + 8n− 4np)M̃3,1 + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

−(2n3 − 6n2 + 8n− 4np)M̃1,3

}
. (3.40)
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This expected value leads to two terms in Equation 3.35, a variance and a covari-

ance, by factoring the product of squared residuals as either the square of the product

or the product of the squares. To complete var[(Yi1 − µ̂)(Yi2 − µ̂)], we subtract the

square of the expected product of distinct paired residuals in Equation 3.31:

var[(Yi1 − µ̂)(Yi2 − µ̂)]

=
1

n4

{
(2n2 − 3n)M4 + [2n3 − 13n2 + 21n− 6np + (4n3 + 4n2np − 24n2 − 12nnp

+48n− 24np)ρ+ (8n2np − 8n2 − 24nnp + 12n2
p + 24n− 12np)ρ

2]σ4

−(2n3 − 6n2 + 8n− 4np)M̃3,1 + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

−(2n3 − 6n2 + 8n− 4np)M̃1,3

}
− [−n+ (n2 − 2n+ 2np)ρ]2σ4

n4

=
1

n4

{
(2n2 − 3n)M4 + {2n3 − 13n2 + 21n− 6np − n2 + [4n3 + 4n2np − 24n2

−12nnp + 48n− 24np + 2n3 − 4n2 + 4nnp]ρ+ [8n2np − 8n2 − 24nnp + 12n2
p

+24n− 12np − (n4 − 4n3 + 4n2np + 4n2 − 8nnp + 4n2
p)]ρ

2}σ4

−(2n3 − 6n2 + 8n− 4np)M̃3,1 + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

−(2n3 − 6n2 + 8n− 4np)M̃1,3

}
=

1

n4

{
(2n2 − 3n)M4 + [2n3 − 14n2 + 21n− 6np + (6n3 + 4n2np − 28n2 − 8nnp

+48n− 24np)ρ− (n4 − 4n3 − 4n2np + 12n2 + 16nnp − 8n2
p − 24n+ 12np)ρ

2]

×σ4 − (2n3 − 6n2 + 8n− 4np)M̃3,1 + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

−(2n3 − 6n2 + 8n− 4np)M̃1,3

}
. (3.41)

To complete cov[(Yi1−µ̂)2, (Yi2−µ̂)2], we instead subtract the product of the expected

squares of paired residuals, but that expectation does not differ between the two
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groups, which means we subtract the square of the expected value in Equation 3.25:

cov[(Yi1 − µ̂)2, (Yi2 − µ̂)2]

=
1

n4

{
(2n2 − 3n)M4 + [2n3 − 13n2 + 21n− 6np + (4n3 + 4n2np − 24n2 − 12nnp

+48n− 24np)ρ+ (8n2np − 8n2 − 24nnp + 12n2
p + 24n− 12np)ρ

2]σ4

−(2n3 − 6n2 + 8n− 4np)M̃3,1 + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

−(2n3 − 6n2 + 8n− 4np)M̃1,3

}
− [n(n− 1)− 2(n− np)ρ]2σ4

n4

=
1

n4

{
(2n2 − 3n)M4 + {2n3 − 13n2 + 21n− 6np − (n4 − 2n3 + n2) + [4n3

+4n2np − 24n2 − 12nnp + 48n− 24np + (4n3 − 4n2np − 4n2 + 4nnp)]ρ

+[8n2np − 8n2 − 24nnp + 12n2
p + 24n− 12np − (4n2 − 8nnp + 4n2

p)]ρ
2}σ4

−(2n3 − 6n2 + 8n− 4np)M̃3,1 + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

−(2n3 − 6n2 + 8n− 4np)M̃1,3

}
=

1

n4

{
(2n2 − 3n)M4 − [n4 − 4n3 + 14n2 − 21n+ 6np − (8n3 − 28n2 − 8nnp

+48n− 24np)ρ− (8n2np − 12n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4

−(2n3 − 6n2 + 8n− 4np)M̃3,1 + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

−(2n3 − 6n2 + 8n− 4np)M̃1,3

}
. (3.42)

The final within-pair covariance terms have as their arguments a squared residual

and the product of distinct residuals. Due to the symmetry between the two groups

in the product of both residuals, we can again find the covariance for the squared

residual in one group, and then swap M̃3,1 with M̃1,3 to find the other. With that,
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we evaluate cov[(Yi1 − µ̂)2, (Yi1 − µ̂)(Yi2 − µ̂)], starting with E[(Yi1 − µ̂)3(Yi2 − µ̂)]:

E[(Yi1 − µ̂)3(Yi2 − µ̂)]

=
1

n4
E


[

(n− 1)(Yi1 − µ)− (Yi2 − µ)−
∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]3

×

[
(n− 1)(Yi2 − µ)− (Yi1 − µ)−

∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]
=

1

n4
E

(n− 1)3(Yi1 − µ)3 − 3(n− 1)2(Yi1 − µ)2(Yi2 − µ) + 3(n− 1)(Yi1 − µ)

×(Yi2 − µ)2 − (Yi2 − µ)3 − 3[(n− 1)2(Yi1 − µ)2 − 2(n− 1)(Yi1 − µ)(Yi2 − µ)

+(Yi2 − µ)2]

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]
+ 3[(n− 1)(Yi1 − µ)− (Yi2 − µ)]

×

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2

−

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]3


×

[
(n− 1)(Yi2 − µ)− (Yi1 − µ)−

∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]

=
1

n4
E

−(n− 1)3(Yi1 − µ)4 + [(n− 1)4 + 3(n− 1)2](Yi1 − µ)3(Yi2 − µ)

−3[(n− 1)3 + (n− 1)](Yi1 − µ)2(Yi2 − µ)2 + [3(n− 1)2 + 1](Yi1 − µ)(Yi2 − µ)3

−(n− 1)(Yi2 − µ)4 + 3{[(n− 1)2 − (n− 1)](Yi1 − µ)2 + [(n− 1)2 − 2(n− 1)

+1](Yi1 − µ)(Yi2 − µ)− (n− 2)(Yi2 − µ)2}

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2

+

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]4
 .
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Once more, we plug in Equations 3.6 and 3.10 with n and np reduced by 1 and

simplify:

E[(Yi1 − µ̂)3(Yi2 − µ̂)]

=
1

n4

−[(n− 1)3 + (n− 1)]M4 + [(n− 1)4 + 3(n− 1)2]M̃3,1 − 3[(n− 1)3

+(n− 1)]M̃2,2 + [3(n− 1)2 + 1]M̃1,3 + 3[(n− 1)2 − 2(n− 1) + 1](1 + ρ)σ2

×E

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]2

+ E

[∑
i′ 6=i

2∑
j′=1

(Yi′j′ − µ)

]4


=
1

n4

{
−[(n− 1)3 + (n− 1)]M4 + [(n− 1)4 + 3(n− 1)2]M̃3,1 − 3[(n− 1)3

+(n− 1)]M̃2,2 + [3(n− 1)2 + 1]M̃1,3 + 3[(n− 1)2 − 2(n− 1) + 1](1 + ρ)σ2

×[n− 2 + 2(np − 1)ρ]σ2 + 3[(n− 2)(n− 3)− 2(np − 1) + 4(np − 1)(n− 4)ρ

+4(np − 1)(np − 2)ρ2]σ4 + (n− 2)M4 + (np − 1)(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
−[(n− 1)3 + (n− 1)− (n− 2)]M4 + 3

[
[(n− 1)2 − 2(n− 1) + 1](n− 2)

+(n− 2)(n− 3)− 2(np − 1) + {[(n− 1)2 − 2(n− 1) + 1][n− 2 + 2(np − 1)]

+4(np − 1)(n− 4)}ρ+ {2[(n− 1)2 − 2(n− 1) + 1](np − 1)

+4(np − 1)(np − 2)}ρ2
]
σ4 + [(n− 1)4 + 3(n− 1)2 + 4(np − 1)]M̃3,1

−3[(n− 1)3 + (n− 1)− 2(np − 1)]M̃2,2 + [3(n− 1)2 + 1 + 4(np − 1)]M̃1,3

}
=

1

n4

{
−(n3 − 3n2 + 3n)M4 + [3n3 − 15n2 + 21n− 6np + (3n3 + 6n2np − 24n2

−12nnp + 48n− 24np)ρ+ (6n2np − 6n2 − 24nnp + 12n2
p + 24n− 12np)ρ

2]σ4

+(n4 − 4n3 + 9n2 − 10n+ 4np)M̃3,1 − (3n3 − 9n2 + 12n− 6np)M̃2,2

+(3n2 − 6n+ 4np)M̃1,3

}
. (3.43)
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We subtract the product of the expected values in Equations 3.25 and 3.31 to complete
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the covariance for (Yi1 − µ̂)2, then swap M̃3,1 and M̃1,3 to complete it for (Yi2 − µ̂)2:

cov[(Yi1 − µ̂)2, (Yi1 − µ̂)(Yi2 − µ̂)]

=
1

n4

{
−(n3 − 3n2 + 3n)M4 + [3n3 − 15n2 + 21n− 6np + (3n3 + 6n2np − 24n2

−12nnp + 48n− 24np)ρ+ (6n2np − 6n2 − 24nnp + 12n2
p + 24n− 12np)ρ

2]σ4

+(n4 − 4n3 + 9n2 − 10n+ 4np)M̃3,1 − (3n3 − 9n2 + 12n− 6np)M̃2,2

+(3n2 − 6n+ 4np)M̃1,3

}
+

[n(n− 1)− 2(n− np)ρ][n− (n2 − 2n+ 2np)ρ]σ4

n4

=
1

n4

{
−(n3 − 3n2 + 3n)M4 + {3n3 − 15n2 + 21n− 6np + (n3 − n2) + [3n3

+6n2np − 24n2 − 12nnp + 48n− 24np − (n4 − 3n3 + 2n2np + 4n2 − 4nnp)]ρ

+[6n2np − 6n2 − 24nnp + 12n2
p + 24n− 12np + (2n3 − 2n2np − 4n2 + 8nnp

−4n2
p)]ρ

2}σ4 + (n4 − 4n3 + 9n2 − 10n+ 4np)M̃3,1 − (3n3 − 9n2 + 12n

−6np)M̃2,2 + (3n2 − 6n+ 4np)M̃1,3

}
=

1

n4

{
−(n3 − 3n2 + 3n)M4 + [4n3 − 16n2 + 21n− 6np − (n4 − 6n3 − 4n2np

+28n2 + 8nnp − 48n+ 24np)ρ+ (2n3 + 4n2np − 10n2 − 16nnp + 8n2
p + 24n

−12np)ρ
2]σ4 + (n4 − 4n3 + 9n2 − 10n+ 4np)M̃3,1 − (3n3 − 9n2 + 12n

−6np)M̃2,2 + (3n2 − 6n+ 4np)M̃1,3

}
. (3.44)

cov[(Yi2 − µ̂)2, (Yi1 − µ̂)(Yi2 − µ̂)]

=
1

n4

{
−(n3 − 3n2 + 3n)M4 + [4n3 − 16n2 + 21n− 6np − (n4 − 6n3 − 4n2np

+28n2 + 8nnp − 48n+ 24np)ρ+ (2n3 + 4n2np − 10n2 − 16nnp + 8n2
p + 24n

−12np)ρ
2]σ4 + (3n2 − 6n+ 4np)M̃3,1 − (3n3 − 9n2 + 12n− 6np)M̃2,2

+(n4 − 4n3 + 9n2 − 10n+ 4np)M̃1,3

}
. (3.45)
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Before we find the between-pair covariance terms to complete σ2
Σp in Equation

3.35, we consolidate the within-pair variance and covariance terms, like the singleton

and singleton-and-pair terms in Equations 3.20 and 3.34. We weight and add the

terms of σ2
Σp in Equation 3.35, starting with the three that only involve squared

residuals, i.e., the two variances and a covariance in Equations 3.38, 3.39, and 3.42:

w2
11

n4
1

var[(Yi1 − µ̂)2] +
w2

00

n4
0

var[(Yi2 − µ̂)2] +
2w11w00

n2
1n

2
0

cov[(Yi1 − µ̂)2, (Yi2 − µ̂)2]

=

[
w2

11

n4
1n

4
+

w2
00

n4
0n

4

]{
(n4− 4n3 + 6n2− 3n)M4− [n4− 8n3 + 22n2− 21n+ 6np− (4n3

+8n2np− 28n2− 8nnp + 48n− 24np)ρ+ (4n2 + 16nnp− 8n2
p− 24n+ 12np)ρ

2]σ4
}

− w2
11

n4
1n

4

[
(4n3− 12n2+ 12n− 4np)M̃3,1− (6n2− 12n+ 6np)M̃2,2+ (4n− 4np)M̃1,3

]
− w2

00

n4
0n

4

[
(4n− 4np)M̃3,1− (6n2− 12n+ 6np)M̃2,2+ (4n3− 12n2+ 12n− 4np)M̃1,3

]
+

2w11w00

n2
1n

2
0n

4

{
(2n2 − 3n)M4 − [n4 − 4n3 + 14n2 − 21n+ 6np − (8n3 − 28n2

−8nnp + 48n− 24np)ρ− (8n2np − 12n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4

−(2n3 − 6n2 + 8n− 4np)(M̃3,1 + M̃1,3) + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

}
=

[
w11

n2
1n

2
+

w00

n2
0n

2

]2 {
(n4 − 4n3 + 6n2 − 3n)M4 − [n4 − 8n3 + 22n2 − 21n+ 6np

−(4n3 + 8n2np − 28n2 − 8nnp + 48n− 24np)ρ+ (4n2 + 16nnp − 8n2
p − 24n

+12np)ρ
2]σ4 − (2n3 − 6n2 + 8n− 4np)(M̃3,1 + M̃1,3) + (6n2 − 12n+ 6np)M̃2,2

}
−
[
w2

11

n4
1n

4
− w2

00

n4
0n

4

]
(2n3− 6n2 + 4n)(M̃3,1− M̃1,3)− 2w11w00

n2
1n

2
0n

4
(n2)

{
(n2− 4n+ 4)M4

+[4n− 8− (4n− 8np)ρ− (8np − 8)ρ2]σ4 − (n2 − 4n+ 4)M̃2,2

}
. (3.46)
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We similarly weight and add the other three terms in Equations 3.41, 3.44, and 3.45:

4w2
10

n2
1n

2
0

var[(Yi1 − µ̂)(Yi2 − µ̂)]− 4w11w10

n3
1n0

cov[(Yi1 − µ̂)2, (Yi1 − µ̂)(Yi2 − µ̂)]

−4w00w10

n1n3
0

cov[(Yi2 − µ̂)2, (Yi1 − µ̂)(Yi2 − µ̂)]

=
4w2

10

n2
1n

2
0n

4

{
(2n2− 3n)M4 + [2n3− 14n2+ 21n− 6np + (6n3+ 4n2np− 28n2− 8nnp

+48n− 24np)ρ− (n4 − 4n3 − 4n2np + 12n2 + 16nnp − 8n2
p − 24n+ 12np)ρ

2]σ4

−(2n3 − 6n2 + 8n− 4np)(M̃3,1 + M̃1,3) + (n4 − 4n3 + 10n2 − 12n+ 6np)M̃2,2

}
−
[

4w11w10

n3
1n0n4

+
4w00w10

n1n3
0n

4

]{
−(n3 − 3n2 + 3n)M4 + [4n3 − 16n2 + 21n− 6np

−(n4 − 6n3 − 4n2np + 28n2 + 8nnp − 48n+ 24np)ρ+ (2n3 + 4n2np − 10n2

−16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 − (3n3 − 9n2 + 12n− 6np)M̃2,2

}
− 4w11w10

n3
1n0n4

{
(n4 − 4n3 + 9n2 − 10n+ 4np)M̃3,1 + (3n2 − 6n+ 4np)M̃1,3

}
− 4w00w10

n1n3
0n

4

{
(3n2 − 6n+ 4np)M̃3,1 + (n4 − 4n3 + 9n2 − 10n+ 4np)M̃1,3

}
=

[
4w2

10

n2
1n

2
0n

4
− 4w11w10

n3
1n0n4

− 4w00w10

n1n3
0n

4

]{
−(n3 − 3n2 + 3n)M4 + [4n3 − 16n2 + 21n

−6np − (n4 − 6n3 − 4n2np + 28n2 + 8nnp − 48n+ 24np)ρ+ (2n3 + 4n2np − 10n2

−16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 +

(
n4

2
− 2n3 + 6n2 − 8n+ 4np

)
(M̃3,1 + M̃1,3)

−(3n3 − 9n2 + 12n− 6np)M̃2,2

}
+

4w2
10

n2
1n

2
0n

4
(n2)

{
(n− 1)M4 − [2n− 2− n2ρ

+(n2 − 2n+ 2)ρ2]σ4 − n2

2
(M̃3,1 + M̃1,3) + (n2 − n+ 1)M̃2,2

}

−
[

4w11w10

n3
1n0n4

− 4w00w10

n1n3
0n

4

](
n4

2
− 2n3 + 3n2 − 2n

)
(M̃3,1 − M̃1,3), (3.47)
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where the n4/2 values coax the lone n4M̃3,1 and n4M̃1,3 terms into the same product

of differences as the other imbalances between M̃3,1 and M̃1,3 that all have even parity.

3.3.4 Between Pairs: Covariance

We resume finding the last six between-pair covariance terms in Equation 3.35, start-

ing with cov[(Yi1− µ̂)2, (Yi′1− µ̂)2] for squared residuals, hence E[(Yi1− µ̂)2(Yi′1− µ̂)2]:

E[(Yi1 − µ̂)2(Yi′1 − µ̂)2]

=
1

n4
E


(n− 1)(Yi1 − µ)− (Yi2 + Yi′1 + Yi′2 − 3µ)−

∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

×

(n− 1)(Yi′1 − µ)− (Yi′2 + Yi1 + Yi2 − 3µ)−
∑

i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2
=

1

n4
E

(n− 1)2(Yi1−µ)2− 2(n− 1)(Yi1−µ)[(Yi2−µ) + (Yi′1−µ) + (Yi′2−µ)]

+(Yi2−µ)2+(Yi′1−µ)2+(Yi′2−µ)2+2[(Yi2−µ)(Yi′1−µ)+(Yi2−µ)(Yi′2−µ)

+(Yi′1− µ)(Yi′2− µ)]− 2[(n− 1)(Yi1− µ)− (Yi′1− µ)− (Yi′2− µ)− (Yi2− µ)]

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

2×
(n− 1)2(Yi′1−µ)2

−2(n− 1)(Yi′1−µ)[(Yi′2−µ) + (Yi1−µ) + (Yi2−µ)] + (Yi′2−µ)2 + (Yi1−µ)2

+(Yi2 − µ)2 + 2[(Yi′2 − µ)(Yi1 − µ) + (Yi′2 − µ)(Yi2 − µ) + (Yi1 − µ)(Yi2 − µ)]

−2[(n− 1)(Yi′1 − µ)− (Yi′2 − µ)− (Yi1 − µ)− (Yi2 − µ)]

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ −µ)

2
 . (3.48)

Even if we ignore the terms with only one factor from any cluster by independence,
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the expanded product still contains many terms for which to find the expected value:

E[(Yi1 − µ̂)2(Yi′1 − µ̂)2]

=
1

n4
E

(n− 1)2[(Yi1−µ)4+(Yi′1−µ)4] + [2(n− 1)2−2(n− 1)][(Yi1−µ)3(Yi2−µ)

+(Yi′1 − µ)3(Yi′2 − µ)] + [(n− 1)2 − 4(n− 1) + 1][(Yi1 − µ)2(Yi2 − µ)2

+(Yi′1 − µ)2(Yi′2 − µ)2] + [−2(n− 1) + 2][(Yi1 − µ)(Yi2 − µ)3 + (Yi′1 − µ)

×(Yi′2 − µ)3] + (Yi2 − µ)4 + (Yi′2 − µ)4 + [(n− 1)4 + 4(n− 1)2 + 1](Yi1 − µ)2

×(Yi′1 − µ)2 + [−2(n− 1)3 + 4(n− 1)2 − 4(n− 1) + 2][(Yi1 − µ)2(Yi′1 − µ)

×(Yi′2 − µ) + (Yi′1 − µ)2(Yi1 − µ)(Yi2 − µ)] + [(n− 1)2 − 4(n− 1) + 1]

×[(Yi1 − µ)2(Yi′2 − µ)2 + (Yi′1 − µ)2(Yi2 − µ)2] + [8(n− 1)2 − 8(n− 1) + 8]

×(Yi1 − µ)(Yi2 − µ)(Yi′1 − µ)(Yi′2 − µ) + [−6(n− 1) + 6][(Yi1 − µ)(Yi2 − µ)

×(Yi′2 − µ)2 + (Yi′1 − µ)(Yi′2 − µ)(Yi2 − µ)2] + 6(Yi2 − µ)2(Yi′2 − µ)2

+
{

[(n− 1)2 − 4(n− 1) + 1][(Yi1 − µ)2 + (Yi′1 − µ)2] + [−6(n− 1) + 6]

×[(Yi1 − µ)(Yi2 − µ) + (Yi′1 − µ)(Yi′2 − µ)] + 6[(Yi2 − µ)2 + (Yi′2 − µ)2]
}

×

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

+

 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4
=

1

n4

2[(n− 1)2 + 1]M4 + {(n− 1)4 + 6(n− 1)2 − 8(n− 1) + 9

−4[(n− 1)3 − 2(n− 1)2 + 5(n− 1)− 4]ρ+ 8[(n− 1)2 − (n− 1) + 1]ρ2}σ4

+4[(n− 1)2 − (n− 1)]M̃3,1 + 2[(n− 1)2 − 4(n− 1) + 1]M̃2,2 − 4(n− 2)M̃1,3

+{2[(n− 1)2 − 4(n− 1) + 7]− 12(n− 2)ρ}σ2

×E


 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2+ E


 ∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

4
 .

(3.49)
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When plugging in Equations 3.6 and 3.10, we now reduce n by 3 and np by 2, because

we omit two pairs but restore the omitted singleton. We substitute and simplify:

E[(Yi1 − µ̂)2(Yi′1 − µ̂)2]

=
1

n4

{
2[(n− 1)2 + 1]M4 + {(n− 1)4 + 6(n− 1)2 − 8(n− 1) + 9

−4[(n− 1)3 − 2(n− 1)2 + 5(n− 1)− 4]ρ+ 8[(n− 1)2 − (n− 1) + 1]ρ2}σ4

+4[(n− 1)2 − (n− 1)]M̃3,1 + 2[(n− 1)2 − 4(n− 1) + 1]M̃2,2 − 4(n− 2)M̃1,3

+{2[(n− 1)2 − 4(n− 1) + 7]− 12(n− 2)ρ}σ2×[n− 4 + 2(np− 2)ρ]σ2

+3[(n− 4)(n− 5)− 2(np− 2) + 4(np− 2)(n− 6)ρ+ 4(np− 2)(np − 3)ρ2]σ4

+(n− 4)M4 + (np − 2)(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
{2[(n− 1)2 + 1] + n− 4}M4 +

[
(n− 1)4 + 6(n− 1)2 − 8(n− 1) + 9

+2[(n− 1)2− 4(n− 1) + 7](n− 4) + 3[(n− 4)(n− 5)− 2(np− 2)]− 4{(n− 1)3

−2(n− 1)2 + 5(n− 1)− 4− [(n− 1)2− 4(n− 1) + 7](np− 2) + 3(n− 2)(n− 4)

−3(np − 2)(n− 6)}ρ+ 4{2(n− 1)2 − 2(n− 1) + 2− 6(np − 2)(n− 2)

+3(np − 2)(np − 3)}ρ2
]
σ4 + 4[(n− 1)2 − (n− 1) + (np − 2)]M̃3,1

+2[(n− 1)2 − 4(n− 1) + 1 + 3(np − 2)]M̃2,2 − 4[n− 2− (np − 2)]M̃1,3

}
=

1

n4

{
(2n2− 3n)M4 +

[
n4− 2n3− 5n2 + 21n− 6np− (4n3− 4n2np + 12nnp− 48n

+24np)ρ+ (8n2− 24nnp + 12n2
p + 24n− 12np)ρ

2
]
σ4 + (4n2− 12n+ 4np)M̃3,1

+(2n2 − 12n+ 6np)M̃2,2 − (4n− 4np)M̃1,3

}
. (3.50)
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To find the covariance, we subtract the square of the expected value in Equation 3.25:

cov[(Yi1 − µ̂)2, (Yi′1 − µ̂)2]

=
1

n4

{
(2n2− 3n)M4 +

[
n4− 2n3− 5n2 + 21n− 6np− (4n3− 4n2np + 12nnp− 48n

+24np)ρ+ (8n2− 24nnp + 12n2
p + 24n− 12np)ρ

2
]
σ4 + (4n2− 12n+ 4np)M̃3,1

+(2n2 − 12n+ 6np)M̃2,2 − (4n− 4np)M̃1,3

}
− [n(n− 1)− 2(n− np)ρ]2σ4

n4

=
1

n4

{
(2n2 − 3n)M4 +

{
n4 − 2n3 − 5n2 + 21n− 6np − (n4 − 2n3 + n2)

−[4n3 − 4n2np + 12nnp − 48n+ 24np − (4n3 − 4n2np − 4n2 + 4nnp)]ρ

+[8n2 − 24nnp + 12n2
p + 24n− 12np − (4n2 − 8nnp + 4n2

p)]ρ
2
}
σ4

+(4n2 − 12n+ 4np)M̃3,1 + (2n2 − 12n+ 6np)M̃2,2 − (4n− 4np)M̃1,3

}
=

1

n4

{
(2n2 − 3n)M4 − [6n2 − 21n+ 6np + (4n2 + 8nnp − 48n+ 24np)ρ

−(4n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 + (4n2 − 12n+ 4np)M̃3,1

+(2n2 − 12n+ 6np)M̃2,2 − (4n− 4np)M̃1,3

}
. (3.51)

The other covariances between squared residuals in different pairs follow with

minimal algebra. Recall that under H0, the group of a squared residual only affects

the covariance through M̃3,1 and M̃1,3, which only occur as the products of four errors

within one pair, by independence. Also, pair i errors appear in each residual of any

other pair i′ the same way, i.e., as −(Yi1 + Yi2 − 2µ)/n within −(µ̂ − µ). Hence, in

covariances between products of residuals in different pairs, the groups do not interact

between pairs; changing a squared residual from one group to the other changes the

covariance by a constant linear combination of M̃3,1 and M̃1,3, regardless of the other

pair. Equations 3.48 and 3.49 show that each squared residual with x = 1 contributes

2[(n−1)2−(n−1)]M̃3,1−2(n−2)M̃1,3, and the other 4(np−2)(M̃3,1+M̃1,3) come from
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the other pairs via µ̂. Thus, for each squared residual in the x = 0 group instead of

x = 1, we subtract 2[(n−1)2−(n−1)+(n−2)](M̃3,1−M̃1,3) = (2n2−4n)(M̃3,1−M̃1,3)

from the value of the covariance between two squared residuals in the x = 1 group:

cov[(Yi1 − µ̂)2, (Yi′2 − µ̂)2] = cov[(Yi2 − µ̂)2, (Yi′1 − µ̂)2]

=
1

n4

{
(2n2 − 3n)M4 − [6n2 − 21n+ 6np + (4n2 + 8nnp − 48n+ 24np)ρ

−(4n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 + (2n2 − 8n+ 4np)M̃3,1

+(2n2 − 12n+ 6np)M̃2,2 + (2n2 − 8n+ 4np)M̃1,3

}
(3.52)

cov[(Yi2 − µ̂)2, (Yi′2 − µ̂)2]

=
1

n4

{
(2n2 − 3n)M4 − [6n2 − 21n+ 6np + (4n2 + 8nnp − 48n+ 24np)ρ

−(4n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 − (4n− 4np)M̃3,1

+(2n2 − 12n+ 6np)M̃2,2 + (4n2 − 12n+ 4np)M̃1,3

}
. (3.53)

We now find the covariance between a squared residual in one pair and the product

of distinct residuals in another, again starting with a squared residual in the x = 1

group, cov[(Yi1− µ̂)2, (Yi′1− µ̂)(Yi′2− µ̂)], and hence E[(Yi1− µ̂)2(Yi′1− µ̂)(Yi′2− µ̂)]:

E[(Yi1 − µ̂)2(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4
E


(n− 1)(Yi1 − µ)− (Yi2 + Yi′1 + Yi′2 − 3µ)−

∑
i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)

2

×

(n− 1)(Yi′1 − µ)− (Yi′2 + Yi1 + Yi2 − 3µ)−
∑

i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)



×

(n− 1)(Yi′2 − µ)− (Yi′1 + Yi1 + Yi2 − 3µ)−
∑

i′′ /∈{i,i′}

2∑
j′′=1

(Yi′′j′′ − µ)


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E[(Yi1 − µ̂)2(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4
E

({
(n− 1)2(Yi1−µ)2− 2(n− 1)(Yi1−µ)[(Yi2−µ) + (Yi′1−µ) + (Yi′2−µ)]

+(Yi2−µ)2+(Yi′1−µ)2+(Yi′2−µ)2+2[(Yi2−µ)(Yi′1−µ)+(Yi2−µ)(Yi′2−µ)

+(Yi′1− µ)(Yi′2− µ)]− 2[(n− 1)(Yi1− µ)− (Yi2− µ)− (Yi′1− µ)− (Yi′2− µ)]

×
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]
+
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]2
}
×
{
−(n− 1)

×[(Yi′1−µ)2+ (Yi′2−µ)2] + [(n− 1)2+ 1](Yi′1−µ)(Yi′2−µ)− (n− 2)[(Yi′1−µ)

+(Yi′2−µ)][(Yi1−µ) + (Yi2−µ)] + (Yi1−µ)2+ (Yi2−µ)2+ 2(Yi1−µ)(Yi2−µ)

−{(n− 2)[(Yi′1 − µ) + (Yi′2 − µ)]− 2[(Yi1 − µ) + (Yi2 − µ)]}

×
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ −µ)
]
+
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ −µ)
]2
})

=
1

n4
E

{
(n− 1)2(Yi1 − µ)4 + [2(n− 1)2 − 2(n− 1)](Yi1 − µ)3(Yi2 − µ) + [(n− 1)2

−4(n− 1)+ 1](Yi1−µ)2(Yi2−µ)2+ [−2(n− 1)+ 2](Yi1−µ)(Yi2−µ)3+ (Yi2−µ)4

−(n− 1)[(Yi′1−µ)4+ (Yi′2−µ)4] + [(n− 1)2− 2(n− 1) + 1][(Yi′1−µ)3(Yi′2−µ)

+(Yi′1 − µ)(Yi′2 − µ)3] + [2(n− 1)2 − 2(n− 1) + 2](Yi′1 − µ)2(Yi′2 − µ)2

+[−(n− 1)3 + 2(n− 1)2 − 2(n− 1) + 1](Yi1 − µ)2[(Yi′1 − µ)2 + (Yi′2 − µ)2]

+[(n− 1)4 + 5(n− 1)2− 4(n− 1) + 2](Yi1− µ)2(Yi′1− µ)(Yi′2− µ) + [4(n− 1)2

−4(n− 1)+ 4](Yi1−µ)(Yi2−µ)[(Yi′1−µ)2+ (Yi′2−µ)2]+ [−2(n− 1)3+ 4(n− 1)2

−10(n− 1) + 8](Yi1−µ)(Yi2−µ)(Yi′1−µ)(Yi′2−µ) + [−3(n− 1) + 3](Yi2−µ)2

×[(Yi′1−µ)2+ (Yi′2−µ)2] + [(n− 1)2− 4(n− 1)+ 7](Yi2−µ)2(Yi′1−µ)(Yi′2−µ)

+{[(n− 1)2− 4(n− 1) + 1](Yi1−µ)2 + [−6(n− 1) + 6](Yi1−µ)(Yi2−µ) + 6(Yi2

−µ)2 + [−3(n− 1)+ 3][(Yi′1−µ)2+ (Yi′2−µ)2]+ [(n− 1)2− 4(n− 1)+ 7](Yi′1−µ)

×(Yi′2 − µ)}
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]2

+
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]4
}
.
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We plug in Equations 3.6 and 3.10, again reducing n by 3 and np by 2, and simplify:

E[(Yi1 − µ̂)2(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

(
[(n− 1)2 − 2(n− 1) + 1]M4 + [3(n− 1)2 − 4(n− 1) + 1]M̃3,1 + 3[(n− 1)2

−2(n− 1) + 1]M̃2,2 + [(n− 1)2 − 4(n− 1) + 3]M̃1,3 − {2[(n− 1)3 − 2(n− 1)2

+5(n− 1)− 4]− [(n− 1)4 + 14(n− 1)2 − 16(n− 1) + 17]ρ+ 2[(n− 1)3

−2(n− 1)2 + 5(n− 1)− 4]ρ2}σ4 + [(n− 1)2 − 10(n− 1) + 13](1 + ρ)σ2

×E
{[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]2
}

+ E

{[∑
i′′ /∈{i,i′}

∑2
j′′=1(Yi′′j′′ − µ)

]4
})

=
1

n4

{
[(n− 1)2 − 2(n− 1) + 1]M4 + [3(n− 1)2 − 4(n− 1) + 1]M̃3,1 + 3[(n− 1)2

−2(n− 1) + 1]M̃2,2 + [(n− 1)2 − 4(n− 1) + 3]M̃1,3 − {2[(n− 1)3 − 2(n− 1)2

+5(n− 1)− 4]− [(n− 1)4 + 14(n− 1)2 − 16(n− 1) + 17]ρ+ 2[(n− 1)3

−2(n− 1)2 + 5(n− 1)− 4]ρ2}σ4 + [(n− 1)2 − 10(n− 1) + 13](1 + ρ)σ2

×[n− 4 + 2(np − 2)ρ]σ2 + 3[(n− 4)(n− 5)− 2(np − 2) + 4(np − 2)(n− 6)ρ

+4(np − 2)(np − 3)ρ2]σ4 + (n− 4)M4 + (np − 2)(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

=
1

n4

{
[(n− 1)2 − 2(n− 1) + 1 + n− 4]M4 −

(
2[(n− 1)3 − 2(n− 1)2 + 5(n− 1)

−4]− [(n− 1)2 − 10(n− 1) + 13](n− 4)− 3[(n− 4)(n− 5)− 2(np − 2)]

−{(n− 1)4 + 14(n− 1)2 − 16(n− 1) + 17 + [(n− 1)2 − 10(n− 1) + 13]

×[n− 4 + 2(np − 2)] + 12(np − 2)(n− 6)}ρ+ 2{[(n− 1)3 − 2(n− 1)2

+5(n− 1)− 4]− [(n− 1)2− 10(n− 1) + 13](np − 2)− 6(np − 2)(np − 3)}ρ2
)

×σ4 + [3(n− 1)2 − 4(n− 1) + 1 + 4(np − 2)]M̃3,1 + 3[(n− 1)2 − 2(n− 1) + 1

+2(np − 2)]M̃2,2 + [(n− 1)2 − 4(n− 1) + 3 + 4(np − 2)]M̃1,3

}
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E[(Yi1 − µ̂)2(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

{
(n2 − 3n)M4 − [n3 + 3n2 − 21n+ 6np − (n4 − 3n3 + 2n2np − 12nnp + 48n

−24np)ρ+ (2n3 − 2n2np − 6n2 + 24nnp − 12n2
p − 24n+ 12np)ρ

2]σ4 + (3n2

−10n+ 4np)M̃3,1 + (3n2 − 12n+ 6np)M̃2,2 + (n2 − 6n+ 4np)M̃1,3

}
. (3.54)

To find the covariance, we subtract the product of the expected values of a squared

residual and the product of distinct residuals, in Equations 3.25 and 3.31, respectively:

cov[(Yi1 − µ̂)2, (Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

{
(n2 − 3n)M4 − [n3 + 3n2 − 21n+ 6np − (n4 − 3n3 + 2n2np − 12nnp + 48n

−24np)ρ+ (2n3 − 2n2np − 6n2 + 24nnp − 12n2
p − 24n+ 12np)ρ

2]σ4 + (3n2

−10n+ 4np)M̃3,1 + (3n2 − 12n+ 6np)M̃2,2 + (n2 − 6n+ 4np)M̃1,3

}
+

[n(n− 1)− 2(n− np)ρ][n− (n2 − 2n+ 2np)ρ]σ4

n4

=
1

n4

{
(n2 − 3n)M4 − {n3 + 3n2 − 21n+ 6np − (n3 − n2)− [n4 − 3n3 + 2n2np

−12nnp + 48n− 24np − (n4 − 3n3 + 2n2np + 4n2 − 4nnp)]ρ+ [2n3 − 2n2np

−6n2 + 24nnp− 12n2
p− 24n+ 12np− (2n3− 2n2np− 4n2 + 8nnp− 4n2

p)]ρ
2}σ4

+(3n2 − 10n+ 4np)M̃3,1 + (3n2 − 12n+ 6np)M̃2,2 + (n2 − 6n+ 4np)M̃1,3

}
=

1

n4

{
(n2 − 3n)M4 − [4n2 − 21n+ 6np + (4n2 + 8nnp − 48n+ 24np)ρ

−(2n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 + (3n2 − 10n+ 4np)M̃3,1

+(3n2 − 12n+ 6np)M̃2,2 + (n2 − 6n+ 4np)M̃1,3

}
. (3.55)

Due to the symmetry in the product of distinct residuals, we can once again find the
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same covariance for an x = 0 singleton instead of x = 1 by swapping M̃3,1 and M̃1,3:

cov[(Yi2 − µ̂)2, (Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

{
(n2 − 3n)M4 − [4n2 − 21n+ 6np + (4n2 + 8nnp − 48n+ 24np)ρ

−(2n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 + (n2 − 6n+ 4np)M̃3,1

+(3n2 − 12n+ 6np)M̃2,2 + (3n2 − 10n+ 4np)M̃1,3

}
. (3.56)

We now find the last covariance, between the product of distinct residuals in one

pair and that in another pair, starting with the expected product of all four residuals:

E[(Yi1 − µ̂)(Yi2 − µ̂)(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4
E
{[

(n− 1)(Yi1 − µ)− (Yi2 + Yi′1 + Yi′2 − 3µ)−
∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]

×
[
(n− 1)(Yi2 − µ)− (Yi1 + Yi′1 + Yi′2 − 3µ)−

∑
i′′ /∈{i,i′}

∑2
j′′=1(Yi′′j′′ − µ)

]
×
[
(n− 1)(Yi′1 − µ)− (Yi′2 + Yi1 + Yi2 − 3µ)−

∑
i′′ /∈{i,i′}

∑2
j′′=1(Yi′′j′′ − µ)

]
×
[
(n− 1)(Yi′2 − µ)− (Yi′1 + Yi1 + Yi2 − 3µ)−

∑
i′′ /∈{i,i′}

∑2
j′′=1(Yi′′j′′ − µ)

]}
=

1

n4
E

({
−(n− 1)[(Yi1 − µ)2 + (Yi2 − µ)2] + [(n− 1)2 + 1](Yi1 − µ)(Yi2 − µ)

−(n− 2)[(Yi1−µ) + (Yi2−µ)][(Yi′1−µ) + (Yi′2−µ)] + (Yi′1−µ)2 + (Yi′2−µ)2

+2(Yi′1−µ)(Yi′2−µ)−{(n− 2)[(Yi1−µ) + (Yi2−µ)]− 2[(Yi′1−µ) + (Yi′2−µ)]}

×
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]
+
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]2
}
×
{
−(n− 1)

×[(Yi′1−µ)2+ (Yi′2−µ)2] + [(n− 1)2+ 1](Yi′1−µ)(Yi′2−µ)− (n− 2)[(Yi′1−µ)

+(Yi′2−µ)][(Yi1−µ) + (Yi2−µ)] + (Yi1−µ)2+ (Yi2−µ)2+ 2(Yi1−µ)(Yi2−µ)

−{(n− 2)[(Yi′1 − µ) + (Yi′2 − µ)]− 2[(Yi1 − µ) + (Yi2 − µ)]}

×
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ −µ)
]
+
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ −µ)
]2
})

.
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We expand the terms with nonzero expected values and compute the expectation:

E[(Yi1 − µ̂)(Yi2 − µ̂)(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4
E

{
−(n− 1)[(Yi1 − µ̂)4 + (Yi2 − µ̂)4 + (Yi′1 − µ̂)4 + (Yi′2 − µ̂)4] + [(n− 1)2

−2(n− 1) + 1][(Yi1 − µ)3(Yi2 − µ) + (Yi1 − µ)(Yi2 − µ)3 + (Yi′1 − µ)3(Yi′2 − µ)

+(Yi′1 − µ)(Yi′2 − µ)3] + [2(n− 1)2 − 2(n− 1) + 2]{(Yi1 − µ)2(Yi2 − µ)2

+(Yi′1 − µ)2(Yi′2 − µ)2 + [(Yi1 − µ)2 + (Yi2 − µ)2][(Yi′1 − µ)2 + (Yi′2 − µ)2]}

−[(n− 1)3− 2(n− 1)2+ 5(n− 1)− 4]{(Yi1−µ)(Yi2−µ)[(Yi′1−µ)2+ (Yi′2−µ)2]

+(Yi′1−µ)(Yi′2−µ)[(Yi1−µ)2 + (Yi2−µ)2]}+ [(n− 1)4 + 6(n− 1)2− 8(n− 1)

+9](Yi1−µ)(Yi2−µ)(Yi′1−µ)(Yi′2−µ) + {[−3(n− 1) + 3][(Yi1−µ)2+ (Yi2−µ)2

+(Yi′1−µ)2+ (Yi′2−µ)2] + [(n− 1)2− 4(n− 1) + 7][(Yi1−µ)(Yi2−µ)+(Yi′1−µ)

×(Yi′2 − µ)2]}
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ −µ)
]2

+
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]4
}

=
1

n4

{
−4(n− 1)M4 + 2[(n− 1)2 − 2(n− 1) + 1](M̃3,1 + M̃1,3) + 4[(n− 1)2

−(n− 1) + 1](M̃2,2 + 2σ4)− 4[(n− 1)3− 2(n− 1)2+ 5(n− 1)− 4]ρσ4+ [(n− 1)4

+6(n− 1)2 − 8(n− 1) + 9]ρ2σ4 − 2{6(n− 2)− [(n− 1)2 − 4(n− 1) + 7]ρ}σ2

×E
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]2

+ E
[∑

i′′ /∈{i,i′}
∑2

j′′=1(Yi′′j′′ − µ)
]4
}

=
1

n4

{
−4(n− 1)M4 + 2[(n− 1)2 − 2(n− 1) + 1](M̃3,1 + M̃1,3) + 4[(n− 1)2

−(n− 1) + 1](M̃2,2 + 2σ4)− 4[(n− 1)3− 2(n− 1)2+ 5(n− 1)− 4]ρσ4+ [(n− 1)4

+6(n− 1)2 − 8(n− 1) + 9]ρ2σ4 − 2{6(n− 2)− [(n− 1)2 − 4(n− 1) + 7]ρ}σ2

×[n− 4 + 2(np − 2)ρ]σ2 + 3[(n− 4)(n− 5)− 2(np − 2) + 4(np − 2)(n− 6)ρ

+4(np − 2)(np − 3)ρ2]σ4 + (n− 4)M4 + (np − 2)(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
,
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where we still reduce n by 3 and np by 2 from Equations 3.6 and 3.10. We now

simplify:

E[(Yi1 − µ̂)(Yi2 − µ̂)(Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

{
[−4(n− 1) + n− 4]M4 +

(
8[(n− 1)2 − (n− 1) + 1]− 12(n− 2)(n− 4)

+3[(n− 4)(n− 5)− 2(np − 2)]− 2{2[(n− 1)3 − 2(n− 1)2 + 5(n− 1)− 4]

+12(n− 2)(np − 2)− [(n− 1)2 − 4(n− 1) + 7](n− 4)− 6(np − 2)(n− 6)}ρ

+{(n− 1)4 + 6(n− 1)2 − 8(n− 1) + 9 + 4[(n− 1)2 − 4(n− 1) + 7](np − 2)

+12(np − 2)(np − 3)}ρ2
)
σ4 + 2[(n− 1)2 − 2(n− 1) + 1 + 2(np − 2)]

×(M̃3,1 + M̃1,3) + 2{2[(n− 1)2 − (n− 1) + 1] + 3(np − 2)}M̃2,2

}
=

1

n4

{
−3nM4 − [n2 − 21n+ 6np + (2n3 + 12nnp − 48n+ 24np)ρ− (n4 − 4n3

+4n2np + 4n2 − 24nnp + 12n2
p + 24n− 12np)ρ

2]σ4 + (2n2 − 8n+ 4np)

×(M̃3,1 + M̃1,3) + (4n2 − 12n+ 6np)M̃2,2

}
. (3.57)
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We subtract the square of the expectation in Equation 3.31 to find the covariance:

cov[(Yi1 − µ̂)(Yi2 − µ̂), (Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

{
−3nM4 − [n2 − 21n+ 6np + (2n3 + 12nnp − 48n+ 24np)ρ− (n4 − 4n3

+4n2np + 4n2 − 24nnp + 12n2
p + 24n− 12np)ρ

2]σ4 + (2n2 − 8n+ 4np)

×(M̃3,1 + M̃1,3) + (4n2 − 12n+ 6np)M̃2,2

}
− [−n+ (n2 − 2n+ 2np)ρ]2σ4

n4

=
1

n4

{
−3nM4 − {n2 − 21n+ 6np + n2 + [2n3 + 12nnp − 48n+ 24np − (2n3

−4n2 + 4nnp)]ρ− [n4 − 4n3 + 4n2np + 4n2 − 24nnp + 12n2
p + 24n− 12np

−(n4 − 4n3 + 4n2np + 4n2 − 8nnp + 4n2
p)]ρ

2}σ4 + (2n2 − 8n+ 4np)

×(M̃3,1 + M̃1,3) + (4n2 − 12n+ 6np)M̃2,2

}

cov[(Yi1 − µ̂)(Yi2 − µ̂), (Yi′1 − µ̂)(Yi′2 − µ̂)]

=
1

n4

{
−3nM4 − [2n2 − 21n+ 6np + (4n2 + 8nnp − 48n+ 24np)ρ+ (16nnp − 8n2

p

−24n+ 12np)ρ
2]σ4 + (2n2− 8n+ 4np)(M̃3,1 + M̃1,3) + (4n2− 12n+ 6np)M̃2,2

}
.

(3.58)

Having found all the between-pair covariance terms of σ2
Σp in Equation 3.35, we

will consolidate them like the within-pair terms in Equations 3.46 and 3.47. We first
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weight and add the three squared residual terms in Equations 3.51, 3.52, and 3.53:

w2
11

n4
1

cov[(Yi1 − µ̂)2, (Yi′1 − µ̂)2] +
w2

00

n4
0

cov[(Yi2 − µ̂)2, (Yi′2 − µ̂)2]

+
2w11w00

n2
1n

2
0

cov[(Yi1 − µ̂)2, (Yi′2 − µ̂)2]

=

[
w2

11

n4
1n

4
+

w2
00

n4
0n

4
+

2w11w00

n2
1n

2
0n

4

] {
(2n2 − 3n)M4 − [6n2 − 21n+ 6np + (4n2 + 8nnp

−48n+ 24np)ρ− (4n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4
}

+
w2

11

n4
1n

4

[
(4n2 − 12n+ 4np)M̃3,1 + (2n2 − 12n+ 6np)M̃2,2 − (4n− 4np)M̃1,3

]
+

w2
00

n4
0n

4

[
−(4n− 4np)M̃3,1 + (2n2 − 12n+ 6np)M̃2,2 + (4n2 − 12n+ 4np)M̃1,3

]
+

2w11w00

n2
1n

2
0n

4

[
(2n2− 8n+ 4np)M̃3,1 + (2n2− 12n+ 6np)M̃2,2 + (2n2− 8n+ 4np)M̃1,3

]

=

[
w11

n2
1n

2
+

w00

n2
0n

2

]2{
(2n2− 3n)M4− [6n2− 21n+ 6np + (4n2 + 8nnp− 48n+ 24np)

×ρ− (4n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 + (2n2 − 8n+ 4np)(M̃3,1 + M̃1,3)

+(2n2 − 12n+ 6np)M̃2,2

}
+

[
w2

11

n4
1n

4
− w2

00

n4
0n

4

]
(2n2 − 4n)(M̃3,1 − M̃1,3). (3.59)
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We similarly weight and add the other three terms in Equations 3.55, 3.56, and 3.58:

4w2
10

n2
1n

2
0

cov[(Yi1 − µ̂)(Yi2 − µ̂),(Yi′1 − µ̂)(Yi′2 − µ̂)]− 4w11w10

n3
1n0

cov[(Yi1 − µ̂)2,

(Yi′1 − µ̂)(Yi′2 − µ̂)]− 4w00w10

n1n3
0

cov[(Yi2 − µ̂)2, (Yi′1 − µ̂)(Yi′2 − µ̂)]

=
4w2

10

n2
1n

2
0n

4

{
−3nM4− [2n2− 21n+ 6np+ (4n2+ 8nnp− 48n+ 24np)ρ+ (16nnp− 8n2

p

− 24n+ 12np)ρ
2]σ4 + (2n2 − 8n+ 4np)(M̃3,1 + M̃1,3) + (4n2 − 12n+ 6np)M̃2,2

}
−
[

4w11w10

n3
1n0n4

+
4w00w10

n1n3
0n

4

]{
(n2 − 3n)M4 − [4n2 − 21n+ 6np + (4n2 + 8nnp − 48n

+ 24np)ρ− (2n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 + (3n2 − 12n+ 6np)M̃2,2

}
−4w11w10

n3
1n0n4

[
(3n2 − 10n+ 4np)M̃3,1 + (n2 − 6n+ 4np)M̃1,3

]
−4w00w10

n1n3
0n

4

[
(n2 − 6n+ 4np)M̃3,1 + (3n2 − 10n+ 4np)M̃1,3

]
=

[
4w2

10

n2
1n

2
0n

4
− 4w11w10

n3
1n0n4

− 4w00w10

n1n3
0n

4

]{
(n2− 3n)M4− [4n2− 21n+ 6np + (4n2 + 8nnp

− 48n+ 24np)ρ− (2n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 + (2n2 − 8n+ 4np)

×(M̃3,1 + M̃1,3) + (3n2− 12n+ 6np)M̃2,2

}
− 4w2

10

n2
1n

2
0n

4
(n2)

[
M4− 2(1− ρ2)σ4− M̃2,2

]
−
[

4w11w10

n3
1n0n4

− 4w00w10

n1n3
0n

4

]
(n2 − 2n)(M̃3,1 − M̃1,3). (3.60)

Pulling together the within-pair variances and covariances (Equations 3.46–3.47)

and between-pair covariances (Equations 3.59–3.60) for each combination of squares

or products of paired residuals, we plug them into Equation 3.35 to find σ2
Σp, the

variance of the sum of the weighted products of paired residuals in the denominator.

To limit nested parentheses and save space, we divide by the common factor of np,
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and we combine terms by their weight/sample size coefficients, which we factor out:

σ2
Σp

np
=

[
w11

n2
1n

2
+

w00

n2
0n

2

]2[
(n4− 4n3+ 6n2− 3n)M4− [n4− 8n3+ 22n2− 21n+ 6np− (4n3

+8n2np− 28n2− 8nnp + 48n− 24np)ρ+ (4n2 + 16nnp− 8n2
p− 24n+ 12np)ρ

2]σ4

−(2n3− 6n2 + 8n− 4np)(M̃3,1 + M̃1,3) + (6n2− 12n+ 6np)M̃2,2 + (np− 1)
{

(2n2

−3n)M4− [6n2− 21n+ 6np + (4n2 + 8nnp− 48n+ 24np)ρ− (4n2− 16nnp + 8n2
p

+24n− 12np)ρ
2]σ4 + (2n2− 8n+ 4np)(M̃3,1 + M̃1,3) + (2n2− 12n+ 6np)M̃2,2

}]
−
[
w2

11

n4
1n

4
− w2

00

n4
0n

4

][
2n3− 6n2 + 4n− (np− 1)(2n2− 4n)

]
(M̃3,1− M̃1,3)− 2w11w00

n2
1n

2
0n

4

×n2
{
(n2− 4n+ 4)M4+ [4n− 8− (4n− 8np)ρ− (8np− 8)ρ2]σ4− (n2− 4n+ 4)M̃2,2

}
+

[
4w2

10

n2
1n

2
0n

4
− 4w11w10

n3
1n0n4

− 4w00w10

n1n3
0n

4

][
−(n3− 3n2+ 3n)M4+ [4n3− 16n2+ 21n− 6np

−(n4− 6n3− 4n2np + 28n2+ 8nnp− 48n+ 24np)ρ+ (2n3+ 4n2np− 10n2− 16nnp

+8n2
p+ 24n− 12np)ρ

2]σ4+

(
n4

2
− 2n3+ 6n2− 8n+ 4np

)
(M̃3,1+ M̃1,3)− (3n3− 9n2

+12n− 6np)M̃2,2 + (np− 1)
{

(n2− 3n)M4− [4n2− 21n+ 6np+ (4n2+ 8nnp− 48n

+24np)ρ− (2n2− 16nnp+ 8n2
p+ 24n− 12np)ρ

2]σ4+ (2n2− 8n+ 4np)(M̃3,1+ M̃1,3)

+(3n2− 12n+ 6np)M̃2,2

}]
+

4w2
10

n2
1n

2
0n

4
(n2)

[
(n− 1)M4− [2n− 2−n2ρ+ (n2− 2n+ 2)

×ρ2]σ4− n
2

2
(M̃3,1+ M̃1,3)+ (n2−n+ 1)M̃2,2− (np− 1)

{
M4− 2(1− ρ2)σ4− M̃2,2

}]
−
[

4w11w10

n3
1n0n4

− 4w00w10

n1n3
0n

4

][
n4

2
− 2n3+ 3n2− 2n+ (np− 1)(n2− 2n)

]
(M̃3,1− M̃1,3).

We simplify by grouping the “−1” of the (np−1) between-pair terms with the within-
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pair terms instead, like the (n1 − np − 1) between-singleton terms in Equation 3.17:

σ2
Σp

np
=

[
w11

n2
1n

2
+

w00

n2
0n

2

]2[
(n4− 4n3+ 4n2)M4− [n4− 8n3+ 16n2− (4n3+ 8n2np− 24n2)ρ

+8n2ρ2]σ4− (2n3− 4n2)(M̃3,1+ M̃1,3) + 4n2M̃2,2+np

{
(2n2− 3n)M4− [6n2− 21n

+6np+(4n2+ 8nnp− 48n+ 24np)ρ−(4n2− 16nnp+ 8n2
p+ 24n− 12np)ρ

2]σ4+(2n2

−8n+ 4np)(M̃3,1 + M̃1,3) + (2n2− 12n+ 6np)M̃2,2

}]
−
[
w2

11

n4
1n

4
− w2

00

n4
0n

4

]
[2n3− 4n2

−np(2n2−4n)](M̃3,1−M̃1,3)− 2w11w00

n2
1n

2
0n

4
(n2)

{
(n2−4n+4)M4+[4n−8−(4n−8np)ρ

−(8np− 8)ρ2]σ4−(n2− 4n+ 4)M̃2,2

}
−
[

4w2
10

n2
1n

2
0n

4
− 4w11w10

n3
1n0n4

− 4w00w10

n1n3
0n

4

][
(n3− 2n2)

×M4 − [4n3 − 12n2 − (n4 − 6n3 − 4n2np + 24n2)ρ+ (2n3 + 4n2np − 12n2)ρ2]σ4

−
(
n4

2
− 2n3+ 4n2

)
(M̃3,1+M̃1,3)+(3n3− 6n2)M̃2,2−np

{
(n2− 3n)M4−[4n2− 21n

+6np+(4n2+ 8nnp− 48n+ 24np)ρ−(2n2− 16nnp+ 8n2
p+ 24n− 12np)ρ

2]σ4+(2n2

−8n+ 4np)(M̃3,1+M̃1,3)+(3n2− 12n+ 6np)M̃2,2

}]
+

4w2
10

n2
1n

2
0n

4
(n2)

[
nM4−[2n−n2ρ

+(n2− 2n)ρ2]σ4− n
2

2
(M̃3,1+M̃1,3) + (n2−n)M̃2,2−np

{
M4− 2(1− ρ2)σ4−M̃2,2

}]
−
[

4w11w10

n3
1n0n4

− 4w00w10

n1n3
0n

4

][
n4

2
− 2n3 + 2n2 +np(n

2− 2n)

]
(M̃3,1− M̃1,3). (3.61)

3.3.5 Full Expression for the Variance of the Denominator

Finally, we complete the variance of the denominator, var[v̂arW (µ̂1− µ̂0)] in Equation

3.2, by adding the singleton terms σ2
Σ1 + σ2

Σ0 + 2σΣ10 in Equation 3.20, the singleton-

and-pair terms 2σΣ1p + 2σΣ0p in Equation 3.34 (after doubling), and the pair term

σ2
Σp in Equation 3.61 (after multiplying by np). We first arrange the terms by their
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weight/sample-size coefficients, to identify which ones we can most easily combine:

var[v̂arW (µ̂1 − µ̂0)] = σ2
Σ1 + σ2

Σ0 + σ2
Σp + 2σΣ10 + 2σΣ1p + 2σΣ0p

=

[
(n1 − np)w2

11

n4
1n

4
+

(n0 − np)w2
00

n4
0n

4

]
n2{(n2 − 4n+ 4)M4 − [n2 − 8n+ 12− 8npρ]σ4}

+

[
npw

2
11

n4
1n

4
+
npw

2
00

n4
0n

4

]
n2
{
(n2− 4n+ 4)M4− [n2− 8n+ 16− (4n+ 8np− 24)ρ+ 8ρ2]σ4

+4M̃2,2

}
− npw

2
11

n4
1n

4
(n2)(4n− 8)M̃3,1−

npw
2
00

n4
0n

4
(n2)(4n− 8)M̃1,3−

2npw11w00

n2
1n

2
0n

4
(n2)

{
[n2

−4n+ 8− (8n− 24)ρ− (8np− 16)ρ2]σ4+ (2n− 4)(M̃3,1+M̃1,3)− (n2− 4n+ 8)M̃2,2

}
+

4npw
2
10

n2
1n

2
0n

4
(n2)

{
2M4 + [2n− 12 + (6n+ 4np− 24)ρ− (n2− 4n− 4np + 12)ρ2]σ4− (2n

−4)(M̃3,1 + M̃1,3) + (n2− 4n+ 6)M̃2,2

}
+

[
4npw11w10

n3
1n0n4

+
4npw00w10

n1n3
0n

4

]
n2
{

(n− 2)M4

−[4n− 12− (n2− 6n− 4np + 24)ρ+ (2n+ 4np − 12)ρ2]σ4− 2(M̃3,1 + M̃1,3) + (3n

−6)M̃2,2

}
− 4npw11w10

n3
1n0n4

(n2)(n2 − 4n+ 4)M̃3,1 −
4npw00w10

n1n3
0n

4
(n2)(n2 − 4n+ 4)M̃1,3

+

[
(n1 − np)2w2

11

n4
1n

4
+

2(n1 − np)(n0 − np)w11w00

n2
1n

2
0n

4
+

(n0 − np)2w2
00

n4
0n

4

]{
(2n2 − 3n)M4

−[4n2− 9n+ 6np+ (8nnp+ 24np)ρ− (8n2
p−12np)ρ

2]σ4+np(4M̃3,1+ 6M̃2,2+ 4M̃1,3)
}

+

[
2np(n1−np)w2

11

n4
1n

4
+

2np(n1 +n0− 2np)w11w00

n2
1n

2
0n

4
+

2np(n0−np)w2
00

n4
0n

4

]{
(2n2− 3n)M4

−[5n2−15n+6np+(2n2+8nnp−24n+24np)ρ+(8nnp−8n2
p−12n+12np)ρ

2]σ4−(2n

−4np)(M̃3,1+M̃1,3)+(n2−6n+6np)M̃2,2

}
+

[
2np(n1−np)w2

11

n4
1n

4
+

2np(n0−np)w11w00

n2
1n

2
0n

4

]

×(2n2 − 4n)M̃3,1 +

[
2np(n1 − np)w11w00

n2
1n

2
0n

4
+

2np(n0 − np)w2
00

n4
0n

4

]
(2n2 − 4n)M̃1,3

+

[
n2
pw

2
11

n4
1n

4
+

2n2
pw11w00

n2
1n

2
0n

4
+
n2
pw

2
00

n4
0n

4

]{
(2n2− 3n)M4− [6n2− 21n+ 6np + (4n2 + 8nnp
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−48n+ 24np)ρ− (4n2− 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4− (4n− 4np)(M̃3,1 + M̃1,3)

+(2n2−12n+6np)M̃2,2

}
+
n2
pw

2
11

n4
1n

4
(4n2−8n)M̃3,1+

2n2
pw11w00

n2
1n

2
0n

4
(2n2−4n)(M̃3,1+M̃1,3)

+
n2
pw

2
00

n4
0n

4
(4n2 − 8n)M̃1,3 −

4n2
pw

2
10

n2
1n

2
0n

4

{
3nM4 + [2n2 − 21n+ 6np + (4n2 + 8nnp − 48n

+24np)ρ+ (16nnp− 8n2
p− 24n+ 12np)ρ

2]σ4− (2n2− 8n+ 4np)(M̃3,1 + M̃1,3)− (4n2

−12n+ 6np)M̃2,2

}
−
[

4np(n1 − np)w11w10

n3
1n0n4

+
4np(n0 − np)w00w10

n1n3
0n

4

]{
(n2 − 3n)M4

−[3n2− 15n+ 6np + (2n2+ 8nnp− 24n+ 24np)ρ+ (2n2+ 8nnp− 8n2
p− 12n+ 12np)

×ρ2]σ4 + (n2 − 4n+ 4np)(M̃3,1 + M̃1,3) + (2n2 − 6n+ 6np)M̃2,2

}
−
[

4n2
pw11w10

n3
1n0n4

+
4n2

pw00w10

n1n3
0n

4

]{
(n2 − 3n)M4 − [4n2 − 21n+ 6np + (4n2 + 8nnp − 48n+ 24np)ρ

−(2n2 − 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 + (n2 − 6n+ 4np)(M̃3,1 + M̃1,3) + (3n2

−12n+ 6np)M̃2,2

}
−

4n2
pw11w10

n3
1n0n4

(2n2 − 4n)M̃3,1 −
4n2

pw00w10

n1n3
0n

4
(2n2 − 4n)M̃1,3.

We combine like terms of n1, n0, and np among coefficients with the same weights:

var[v̂arW (µ̂1 − µ̂0)]

=

[
n1w

2
11

n4
1n

4
+
n0w

2
00

n4
0n

4

]
n2{(n2−4n+4)M4−[n2−8n+12−8npρ]σ4}−

[
npw

2
11

n4
1n

4
+
npw

2
00

n4
0n

4

]

×n2
{

[4−(4n−24)ρ+ 8ρ2]σ4−4M̃2,2

}
−npw

2
11

n4
1n

4
(n2)(4n−8)M̃3,1−

npw
2
00

n4
0n

4
(n2)(4n−8)

×M̃1,3−
2npw11w00

n2
1n

2
0n

4
(n2)

{
[n2− 4n+ 8−(8n− 24)ρ−(8np− 16)ρ2]σ4+(2n− 4)(M̃3,1

+M̃1,3)−(n2− 4n+ 8)M̃2,2

}
+

4npw
2
10

n2
1n

2
0n

4
(n2)

{
2M4 + [2n− 12 + (6n+ 4np− 24)ρ− (n2

−4n− 4np + 12)ρ2]σ4− (2n− 4)(M̃3,1 + M̃1,3) + (n2− 4n+ 6)M̃2,2

}
+

[
4npw11w10

n3
1n0n4
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+
4npw00w10

n1n3
0n

4

]
n2
{

(n−2)M4−[4n−12−(n2−6n−4np+24)ρ+(2n+4np−12)ρ2]σ4

−2(M̃3,1+M̃1,3)+(3n−6)M̃2,2

}
− 4npw11w10

n3
1n0n4

(n2)(n2−4n+4)M̃3,1−
4npw00w10

n1n3
0n

4
(n2)

×(n2−4n+4)M̃1,3+

[
n2

1w
2
11

n4
1n

4
+

2n1n0w11w00

n2
1n

2
0n

4
+
n2

0w
2
00

n4
0n

4

]{
(2n2−3n)M4−[4n2−9n+6np

+(8nnp + 24np)ρ− (8n2
p− 12np)ρ

2]σ4 +np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}
−
[

2npn1w
2
11

n4
1n

4

+
2np(n1 +n0)w11w00

n2
1n

2
0n

4
+

2npn0w
2
00

n4
0n

4

]{
[n2− 6n+ (2n2− 24n)ρ+ (8nnp− 12n)ρ2]σ4

+2n(M̃3,1 + M̃1,3)− (n2− 6n)M̃2,2

}
+

[
2npn1w

2
11

n4
1n

4
+

2npn0w11w00

n2
1n

2
0n

4

]
(2n2− 4n)M̃3,1

+

[
2npn1w11w00

n2
1n

2
0n

4
+

2npn0w
2
00

n4
0n

4

]
(2n2− 4n)M̃1,3 +

[
n2
pw

2
11

n4
1n

4
+

2n2
pw11w00

n2
1n

2
0n

4
+
n2
pw

2
00

n4
0n

4

]
4n2ρ2

×σ4−
4n2

pw
2
10

n2
1n

2
0n

4

{
3nM4 + [2n2− 21n+ 6np + (4n2 + 8nnp− 48n+ 24np)ρ+ (16nnp

−8n2
p− 24n+ 12np)ρ

2]σ4− (2n2− 8n+ 4np)(M̃3,1 + M̃1,3)− (4n2− 12n+ 6np)M̃2,2

}
−
[

4npn1w11w10

n3
1n0n4

+
4npn0w00w10

n1n3
0n

4

]{
(n2 − 3n)M4 − [3n2 − 15n+ 6np + (2n2 + 8nnp

−24n+ 24np)ρ+ (2n2 + 8nnp − 8n2
p − 12n+ 12np)ρ

2]σ4 + (n2 − 4n+ 4np)(M̃3,1

+M̃1,3) + (2n2 − 6n+ 6np)M̃2,2

}
+

[
4n2

pw11w10

n3
1n0n4

+
4n2

pw00w10

n1n3
0n

4

]{
[n2 − 6n+ (2n2

−24n)ρ− (4n2 − 8nnp + 12n)ρ2]σ4 + 2n(M̃3,1 + M̃1,3)− (n2 − 6n)M̃2,2

}
−

4n2
pw11w10

n3
1n0n4

(2n2 − 4n)M̃3,1 −
4n2

pw00w10

n1n3
0n

4
(2n2 − 4n)M̃1,3.

We take a few more steps to simplify further: we combine some coefficients in front

of like terms, having done the same for terms with like coefficients; we combine some

multiples of np with terms that have another factor of np in the coefficient; and we
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substitute n1 + n0 = n to combine the 2np(n1 + n0)w11w00 and 2npw11w00 terms:

var[v̂arW (µ̂1 − µ̂0)]

=

[
n1w

2
11

n4
1n

4
+
n0w

2
00

n4
0n

4

]
n2{(n2− 4n+ 4)M4−[n2− 8n+12]σ4}−

[
npw

2
11

n4
1n

4
+
npw

2
00

n4
0n

4

]
n2
{

[4

−(4n− 24)ρ+ 8ρ2]σ4− 4M̃2,2

}
− npw

2
11

n4
1n

4
(n2)(4n− 8)M̃3,1−

npw
2
00

n4
0n

4
(n2)(4n− 8)M̃1,3

−2npw11w00

n2
1n

2
0n

4
(n2)

{
[n2− 3n+ 2− 6nρ+ 4ρ2]σ4+(2n− 2)(M̃3,1+M̃1,3)−(n2− 3n+ 2)

×M̃2,2

}
+

4npw
2
10

n2
1n

2
0n

4
(n2)

{
2M4+[2n− 12 + (6n− 24)ρ− (n2− 4n+ 12)ρ2]σ4− (2n− 4)

×(M̃3,1+M̃1,3)+(n2− 4n+ 6)M̃2,2

}
+

[
4npw11w10

n3
1n0n4

+
4npw00w10

n1n3
0n

4

]
n2
{

(n−2)M4−[4n

−12−(n2−6n+ 24)ρ+(2n− 12)ρ2]σ4−2(M̃3,1+M̃1,3)+(3n− 6)M̃2,2

}
− 4npw11w10

n3
1n0n4

×n2(n2− 4n+ 4)M̃3,1−
4npw00w10

n1n3
0n

4
(n2)(n2− 4n+ 4)M̃1,3 +

[
n2

1w
2
11

n4
1n

4
+

2n1n0w11w00

n2
1n

2
0n

4

+
n2

0w
2
00

n4
0n

4

]{
(2n2− 3n)M4− [4n2− 9n+ 6np + (8nnp + 24np)ρ− (8n2

p− 12np)ρ
2]σ4

+np(4M̃3,1+ 6M̃2,2+ 4M̃1,3)
}
−
[

2npn1w
2
11

n4
1n

4
−

4n2
pw11w10

n3
1n0n4

−
4n2

pw00w10

n1n3
0n

4
+

2npn0w
2
00

n4
0n

4

]
×
{

[n2 − 6n− (2n2 + 24n)ρ+ (8nnp − 12n)ρ2]σ4 + 2n(M̃3,1 + M̃1,3)− (n2 − 6n)

×M̃2,2

}
+

[
2npn1w

2
11

n4
1n

4
−

4n2
pw11w10

n3
1n0n4

+
2npn0w11w00

n2
1n

2
0n

4

]
(2n2− 4n)M̃3,1+

[
2npn1w11w00

n2
1n

2
0n

4

−
4n2

pw00w10

n1n3
0n

4
+

2npn0w
2
00

n4
0n

4

]
(2n2 − 4n)M̃1,3 +

[
n2
pw

2
11

n4
1n

4
−

8n2
pw11w10

n3
1n0n4

+
2n2

pw11w00

n2
1n

2
0n

4

−
8n2

pw00w10

n1n3
0n

4
+
n2
pw

2
00

n4
0n

4

]
4n2ρ2σ4 −

4n2
pw

2
10

n2
1n

2
0n

4

{
3nM4 + [2n2− 21n+ 6np + (8nnp− 48n

+24np)ρ− (4n2− 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4 − (2n2− 8n+ 4np)(M̃3,1 + M̃1,3)
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−(4n2 − 12n+ 6np)M̃2,2

}
−
[

4npn1w11w10

n3
1n0n4

+
4npn0w00w10

n1n3
0n

4

]{
(n2 − 3n)M4 − [3n2

−15n+ 6np + (2n2 + 8nnp − 24n+ 24np)ρ+ (2n2 + 8nnp − 8n2
p − 12n+ 12np)ρ

2]

×σ4 + (n2 − 4n+ 4np)(M̃3,1 + M̃1,3) + (2n2 − 6n+ 6np)M̃2,2

}
. (3.62)

Up to rearranging which terms to factor out and which to combine, which we can

do as needed to clarify steps in the logic going forward, we have found the variance

of the denominator of TWGS that we set out to find. To tighten type I error control

of the weighted generalized score test in the incomplete paired design, we need this

unwieldy but general expression of var[v̂arW (µ̂1−µ̂0)] to see which weights will reduce

it for given sample sizes, moment values, and/or choices of the outcome distribution.

3.4 Fourth-order Mixed Moments

Having found the variance of the denominator in Equation 3.62, we now examine the

necessity of including the fourth-order mixed moments, M̃3,1, M̃2,2, and M̃1,3. To put

it simply, we would prefer not to think about the fourth-order mixed moments. Their

presence in the variance of the denominator undermines the intended simplicity of

the type I error control heuristic, which otherwise comprises familiar terms like ρ and

σ, and they do not fit within the standard second-moment assumptions of GEE.

Nevertheless, definitions and algebra leave no doubt that the fourth-order mixed

moments affect the variance of the denominator, so we must either use them or

work around them. The latter option, to approximate var[v̂arW (µ̂1− µ̂0)] by another

expression without those terms, only improves the method if the practical benefit of a

simpler heuristic with fewer assumptions outweighs the type I error control cost of an

inaccurate approximation. Thus, we can only justify ignoring the fourth-order mixed

moments in the choice of weights if we can identify an acceptably close approximation
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to Equation 3.62 using only the other terms that we more readily assume.

We could do so in two ways: by finding that the fourth-order mixed moment terms,

while not equal to zero, have such small effects that we can ignore them altogether;

or by finding tolerably tight bounds on the possible values of the fourth-order mixed

moment terms as a function of the univariate or lower-order terms. We explore both

detours around the fourth-order mixed moments and show that neither one is viable.

3.4.1 Non-negligible Magnitude

If the fourth-order mixed moments had negligible effects on the variance, we could

nullify the issue by removing them. We list the terms in question from Equation 3.62:[
npw

2
11

n4
1n

4
+
npw

2
00

n4
0n

4

]
n2(4M̃2,2)− npw

2
11

n4
1n

4
(n2)(4n− 8)M̃3,1 −

npw
2
00

n4
0n

4
(n2)(4n− 8)M̃1,3

−2npw11w00

n2
1n

2
0n

4
(n2)

{
(2n− 2)(M̃3,1+M̃1,3)−(n2− 3n+ 2)M̃2,2

}
− 4npw

2
10

n2
1n

2
0n

4
(n2)

{
(2n− 4)

×(M̃3,1 + M̃1,3)− (n2− 4n+ 6)M̃2,2

}
−
[

4npw11w10

n3
1n0n4

+
4npw00w10

n1n3
0n

4

]
n2
{

2(M̃3,1 + M̃1,3)

−(3n− 6)M̃2,2

}
− 4npw11w10

n3
1n0n4

(n2)(n2− 4n+ 4)M̃3,1−
4npw00w10

n1n3
0n

4
(n2)(n2− 4n+ 4)M̃1,3

+

[
n2

1w
2
11

n4
1n

4
+

2n1n0w11w00

n2
1n

2
0n

4
+
n2

0w
2
00

n4
0n

4

]
np(4M̃3,1+6M̃2,2+4M̃1,3)−

[
2npn1w

2
11

n4
1n

4
−

4n2
pw11w10

n3
1n0n4

−
4n2

pw00w10

n1n3
0n

4
+

2npn0w
2
00

n4
0n

4

]{
2n(M̃3,1+M̃1,3)−(n2−6n)M̃2,2

}
+

[
2npn1w

2
11

n4
1n

4
−

4n2
pw11w10

n3
1n0n4

+
2npn0w11w00

n2
1n

2
0n

4

]
(2n2− 4n)M̃3,1+

[
2npn1w11w00

n2
1n

2
0n

4
−

4n2
pw00w10

n1n3
0n

4
+

2npn0w
2
00

n4
0n

4

]
(2n2− 4n)

×M̃1,3 +
4n2

pw
2
10

n2
1n

2
0n

4

{
(2n2 − 8n+ 4np)(M̃3,1 + M̃1,3) + (4n2 − 12n+ 6np)M̃2,2

}
−
[

4npn1w11w10

n3
1n0n4

+
4npn0w00w10

n1n3
0n

4

]{
(n2−4n+4np)(M̃3,1+M̃1,3)+(2n2−6n+6np)M̃2,2

}
.

(3.63)
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The fourth-order mixed moments are bounded above in magnitude by the uni-

variate fourth moment M4, but they may equal M4 (or −M4 for the odd moments),

so we cannot assume negligible values of the mixed moments themselves. We could

only write off the mixed moments as negligible in general if they had coefficients

much smaller than the other terms, e.g., asymptotically smaller by a factor of n. We

have intentionally avoided canceling terms of n in the coefficients of Equation 3.62 to

facilitate such a comparison. Their denominators all equal n4 times four factors of n1

and/or n0, so we find the asymptotically dominant terms by adding the exponents of

n, n1, n0, and np in the coefficient numerators and largest moment terms. We find

the mixed moment terms in Equation 3.63 with the maximum exponent sum of 5:

2npw11w00

n2
1n

2
0n

4
(n2)(n2 − 3n+ 2)M̃2,2 +

4npw
2
10

n2
1n

2
0n

4
(n2)(n2 − 4n+ 6)M̃2,2

−4npw11w10

n3
1n0n4

(n2)(n2 − 4n+ 4)M̃3,1 −
4npw00w10

n1n3
0n

4
(n2)(n2 − 4n+ 4)M̃1,3

≈ −np
[

4w11w10

n3
1n0

M̃3,1 −
2w11w00 + 4w2

10

n2
1n

2
0

M̃2,2 +
4w00w10

n1n3
0

M̃1,3

]
. (3.64)

Among the other terms in Equation 3.62, i.e., those with M4 or σ4, possibly with ρ

or ρ2, we find the same maximum exponent sum of 5, shared by the following terms:[
n1w
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11

n4
1n

4
+
n0w

2
00

n4
0n

4

]
n2[(n2 − 4n+ 4)M4 − (n2 − 8n+ 12)σ4]

−2npw11w00
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4
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2
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4
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+
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4npw11w10

n3
1n0n4

+
4npw00w10

n1n3
0n

4

]
n2(n2 − 6n+ 24)ρσ4

≈
[
n1w

2
11

n4
1

+
n0w

2
00

n4
0

]
(M4−σ4)−np

{
2w11w00

n2
1n

2
0

−
[

4w11w10

n3
1n0

+
4w00w10

n1n3
0

]
ρ+

4w2
10

n2
1n

2
0

ρ2

}
σ4.

(3.65)

Briefly, note how these twelve terms, taken together, include two for each of the six
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ways to multiply two products of residuals in a cluster: a fourth moment term for

the expectation of the product and a σ4 term for the product of the expectations.

The group-specific weights and sample sizes make it difficult to interpret the

asymptotic ratio between these sums, i.e., to directly compare the sum of the fourth-

order mixed moment terms against the sum of the others. However, these terms all

have sample size coefficients of the same order (either np divided by four factors of

n1 and/or n0, or 1/n3
1 or 1/n3

0), a square or product of two weights, and moments of

approximately the same scale as M4. We see no imbalance in any of these aspects to

suggest that the fourth-order mixed moment terms have negligibly small magnitudes

in general, even in large samples. Therefore, we conclude that the fourth-order mixed

moments contribute a meaningful amount to the variance of the denominator, and

so we cannot justify ignoring them outright. If we wish to remove them from the

heuristic, we must find a more accurate estimate of their value than zero.

3.4.2 Difficulty of Estimation Given M4, σ
4, and ρ

If we consider it problematic for our type I error control heuristic to depend on the

fourth-order mixed moments, and so we wish to estimate them using other terms,

we must first specify a set of other terms for which we would more willingly assume

values. In theory, we could begin a study with knowledge or assumptions about

any other quantity that narrows the range of possible fourth-order mixed moments,

so we cannot rule out the possibility of estimating their values some other way.

However, with the goal of reducing the assumptions needed to evaluate the heuristic,

we consider estimates of the fourth-order mixed moments using only the other terms

in var[v̂arW (µ̂1−µ̂0)], i.e., the univariate fourth momentM4, the square of the variance

σ4, and the correlation ρ, as well as any relevant weights and sample sizes.

Instead of trying to estimate the sum of all the terms in Equation 3.63 at once, or
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estimating each of M̃3,1, M̃2,2, and M̃1,3 separately but then accounting for correlation

among them, we simplify the problem based on the form of Equation 3.64. If we ignore

the group-specific weights and sample sizes, or let w11 = w00 = w10 = 1 and n1 = n0,

then the sum of the fourth-order mixed moment terms in large samples approaches:

np
n2

1n
2
0

(−4M̃3,1 + 6M̃2,2 − 4M̃1,3).

Here we see the quartic binomial coefficients, unsurprisingly with fourth-order mo-

ments. We focus the estimation problem on this linear combination of the fourth-

order mixed moments, as a crude approximation and base case before addressing the

complexities of unequal weights and sample sizes among the mixed moment terms.

Consider the fourth moment of the difference between paired outcomes, Yi′1−Yi′2:

E
[
(Yi′1 − Yi′2)4

]
= E[(Yi′1 − µ)4 − 4(Yi′1 − µ)3(Yi′2 − µ) + 6(Yi′1 − µ)2(Yi′2 − µ)2

−4(Yi′1 − µ))(Yi′2 − µ)3 + (Yi′2 − µ)4] = 2M4 − 4M̃3,1 + 6M̃2,2 − 4M̃1,3.

This quantity contains the linear combination of fourth-order mixed moments that

we are trying to estimate, and we can bound it using Minkowski’s inequality:

4
√
E [(Yi′1 − Yi′2)4] = 4

√
E
[
|Yi′1 − Yi′2|4

]
= ‖(Yi′1 − µ) + (µ− Yi′2)‖4

≤ ‖(Yi′1 − µ)‖4 + ‖(Yi′2 − µ)‖4 =
2∑

j′=1

4

√
E
[
|Yi′j′ − µ|4

]
=

2∑
j′=1

4

√
E [(Yi′j′ − µ)4]

=⇒ E
[
(Yi′1 − Yi′2)4

]
≤

{
2∑

j′=1

4

√
E [(Yi′j′ − µ)4]

}4

=
(

2 4
√
M4

)4

= 16M4,

where ‖Y ‖p := p
√
E(Y p) denotes the Lp norm, and for p > 1, equality holds if and

only if one variable is a non-negative constant multiple of the other almost surely.

Under the global H0, Yi′1 and Yi′2 have identical marginal distributions, so the only

constants c for which (Yi′1 − µ) = c(µ − Yi′2) = −c(Yi′2 − µ) could possibly hold
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are c = ±1. The maximum value of the fourth moment of Yi′1 − Yi′2 depends on the

shape of the distribution, but for symmetric distributions, it does attain its theoretical

maximum value of 16M4 when (Yi′1−µ) = (µ−Yi′2) = −(Yi′2−µ), i.e., when ρ = −1:

ρ = −1 =⇒ E
[
(Yi′1 − Yi′2)4

]
= E

{
[2(Yi′1 − µ)]4

}
= 16M4.

Reversing Minkowski’s inequality or recognizing the fourth moment as a non-negative

function gives a minimum value of zero, which the fourth moment of Yi′1 − Yi′2 can

attain for any distribution when (Yi′1−µ) = −(µ−Yi′2) = (Yi′2−µ), i.e., when ρ = 1:

ρ = 1 =⇒ E
[
(Yi′1 − Yi′2)4

]
= E(04) = 0.

Thus, after subtracting the two known moments M4, we can bound (−4M̃3,1+6M̃2,2−

4M̃1,3) by the interval [−2M4, 14M4], i.e., |(−4M̃3,1 + 6M̃2,2 − 4M̃1,3)− 6M4| ≤ 8M4.

Jensen’s inequality provides a greater lower bound as a function of ρ and σ4:

E
[
(Yi′1 − Yi′2)4

]
≥
{
E
[
(Yi′1 − Yi′2)2

]}2
= [2(1− ρ)σ2]2 = 4(1− ρ)2σ4.

Jensen’s inequality also gives a lesser upper bound, after an extra step or two. We

start with the fourth central moments of both the sum and difference of Yi′1 and Yi′2:

E{[(Yi′1 − µ) + (Yi′2 − µ)]4}+ E{[(Yi′1 − µ)− (Yi′2 − µ)]4}

= (2M4 + 4M̃3,1 + 6M̃2,2 + 4M̃1,3) + (2M4 − 4M̃3,1 + 6M̃2,2 − 4M̃1,3)

= 4M4 + 12M̃2,2 ≤ 16M4, by Cauchy-Schwarz, i.e.,

M̃2,2 = E[(Yi′1 − µ)2(Yi′2 − µ)2] ≤
√
E[(Yi′1 − µ)4]E[(Yi′2 − µ)4] = M4. (3.66)

Subtracting the moment of the sum from both sides makes this an upper bound for

the moment of the difference. It also flips the sign of Jensen’s inequality, which now

gives an upper bound for the negative moment of the sum in terms of ρ and σ4:

E
[
(Yi′1 − Yi′2)4

]
≤ 16M4 − E{[(Yi′1 − µ) + (Yi′2 − µ)]4}

= 16M4 − [2(1 + ρ)σ2]2 = 16M4 − 4(1 + ρ)2σ4. (3.67)
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These bounds narrow the interval to (−4M̃3,1 + 6M̃2,2 − 4M̃1,3) ∈ [−2M4 + 4(1 −

ρ)2σ4, 14M4− 4(1 +ρ)2σ4]. Because (1 +ρ)2− (1−ρ)2 = 4ρ and (1 +ρ)2 + (1−ρ)2 =

2+2ρ2, we also have |(−4M̃3,1 +6M̃2,2−4M̃1,3)− (6M4−8ρσ4)| ≤ 8M4−4(1+ρ2)σ4.

The Jensen bounds depend on ρ, but they do not converge to the known extrema

of (6∓8)M4 when ρ = ±1, so neither does their midpoint, 6M4−8ρσ4, unlessM4 = σ4.

Thus, the approximation minimizing the worst-case absolute error for a given ρ has

discontinuities at ρ = ±1, where the midpoint of the bounds for the uncertain values

in the interior of ρ ∈ (−1, 1) misses the certainty of the extrema. This discrepancy

also highlights just how much uncertainty remains between the bounds, as σ4 can be

arbitrarily small relative to M4, in which case the bounds for a given ρ and σ4 do

little to improve the global bounds [−2M4, 14M4]. To have a single expression for a

midpoint approximation that minimizes the worst-case error for all ρ ∈ [−1, 1], we

would prefer to find tighter bounds, ideally converging to the extrema.

Unfortunately, no such constricting bounds exist. We will prove several results

about the sharpness of the Jensen bounds on the fourth-order central mixed moment

terms, (−4M̃3,1 + 6M̃2,2 − 4M̃1,3) ∈ [−2M4 + 4(1 − ρ)2σ4, 14M4 − 4(1 + ρ)2σ4], for

ρ ∈ (−1, 1). First, we show a general result that no joint distribution attains the

upper bound, so the interval is half-open for ρ ∈ (−1, 1). With that caveat, we prove

the sharpness of the lower bound and arbitrarily close approach to the upper bound

by giving a class of marginal distributions that achieve both results with different

choices of the joint distribution. We define the class to parameterize the full range of

ρ and the proximity to the upper bound, but each marginal distribution in the class

simultaneously reaches the lower bound and pushes the upper bound, showing that

the width of the interval reflects the variety of possible joint distributions, not just the

generality of GEE that collapses after specifying a family of marginal distributions.

To see why no joint distribution attains the upper bound, we note the incompatible
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equality conditions for the two inequalities that produce the bound: Cauchy-Schwarz

in Equation 3.66 and Jensen in Equation 3.67. For the Cauchy-Schwarz inequality,

(E[AB])2 = E[A2]E[B2] if and only if one variable is a constant multiple of the other

almost surely. With identical marginal distributions under the global H0 and non-

negativity of even powers, reaching the bound implies P [(Yi′1−µ)2 = (Yi′2−µ)2] = 1:

M̃2,2 = E[(Yi′1 − µ)2(Yi′2 − µ)2] =
√
E[(Yi′1 − µ)4]E[(Yi′2 − µ)4] = M4

=⇒ P [(Yi′1 − µ)2 = (Yi′2 − µ)2] = 1 =⇒ P [Yi′1 − µ = ±(Yi′2 − µ)] = 1

=⇒ P [Yi′1 + Yi′2 − 2µ ∈ {0, 2(Yi′2 − µ)}] = 1. (3.68)

For Jensen’s inequality, (E[A])2 = E[A2] if and only if A is constant almost surely.

Since E[(Yi′1 +Yi′2−2µ)2] = var(Yi′1 +Yi′2) = 2(1+ρ)σ2, reaching the bound implies:

−E{[(Yi′1 − µ) + (Yi′2 − µ)]4} = −E[(Yi′1 + Yi′2 − 2µ)4] = −{E[(Yi′1 + Yi′2 − 2µ)2]}2

=⇒ var[(Yi′1 + Yi′2 − 2µ)2] = 0 =⇒ P [(Yi′1 + Yi′2 − 2µ)2 = 2(1 + ρ)σ2] = 1

=⇒ P
[
Yi′1 + Yi′2 − 2µ ∈

{
−
√

2(1 + ρ)σ2,
√

2(1 + ρ)σ2
}]

= 1. (3.69)

Thus, to satisfy both equality conditions and attain the upper bound, we must have:

P
[
Yi′1 + Yi′2 − 2µ ∈ {0, 2(Yi′2 − µ)} ∩

{
−
√

2(1 + ρ)σ2,
√

2(1 + ρ)σ2
}]

= 1.

We assume σ2 > 0, so 0 6= ±
√

2(1 + ρ)σ2 unless ρ = −1. For any other ρ > −1:

ρ > −1 =⇒ {0} ∩
{
−
√

2(1 + ρ)σ2,
√

2(1 + ρ)σ2
}

= ∅

=⇒ P [Yi′1 + Yi′2 − 2µ = 2(Yi′2 − µ)] = 1 =⇒ P [Yi′1 = Yi′2] = 1 =⇒ ρ = 1.

Therefore, no joint distribution with ρ ∈ (−1, 1) satisfies both inequalities and attains

the upper bound, so (−4M̃3,1 + 6M̃2,2 − 4M̃1,3) < 14M4 − 4(1 + ρ)2σ4 if ρ ∈ (−1, 1).

We now consider how to find a marginal distribution that simultaneously reaches

the lower bound and approaches the upper bound with different joint distributions.
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We would attain the lower bound by making (Yi′1 − Yi′2)2 constant, such that:

E[(Yi′1 − Yi′2)4] = {E[(Yi′1 − Yi′2)]2}2 + var[(Yi′1 − Yi′2)2] = 4(1− ρ)2σ4 + 0.

Meanwhile, we would approach the upper bound by making the kurtosis κ := M4/σ
4

arbitrarily large and pairing outcomes so as to increase var[(Yi′1 − Yi′2)2], such that

a small difference from ρ = 1, (Yi′1 − Yi′2) = 0, and E[(Yi′1 − Yi′2)2] = 0 gives

an arbitrarily large value of E[(Yi′1 − Yi′2)4]. We can achieve these results with a

mixture distribution, but due to our initial assumption of a marginal distribution in

an exponential family with density of the form f(Yi′j | θij) = exp{[Yi′jθij−a(θij)]/ψ+

b(Yi′j, ψ)} and support that does not depend on θ, we cannot use just any mixture of

a leptokurtic distribution with translated and/or reflected copies of itself. However,

we can construct such a distribution from three binary random variables as follows:

Let q, r, s > 0, and define random variables Z2 ⊥⊥ Z1 ⊥⊥ Z3 (but Z2 ��⊥⊥ Z3) by

P [Z1 = z] =

{
1
2
, z = −1

1
2
, z = 1

, P [Z2 = z] =

{
q2

q2+r
, z = −r

q
r

q2+r
, z = q

, P [Z3 = z] =

{
1
2
, z = −Z2

1
2
, z = Z2.

Let Yi′j = s(Z1 +Z3), with the following marginal probability mass function (p.m.f.):

P [Yi′j = y] =



r
4(q2+r)

, y = − (q + 1) s
r

4(q2+r)
, y = − (q − 1) s

q2

4(q2+r)
, y = −

(
r
q

+ 1
)
s = −

(
r+q
q

)
s

q2

4(q2+r)
, y = −

(
r
q
− 1
)
s = −

(
r−q
q

)
s

q2

4(q2+r)
, y =

(
r
q
− 1
)
s =

(
r−q
q

)
s

q2

4(q2+r)
, y =

(
r
q

+ 1
)
s =

(
r+q
q

)
s

r
4(q2+r)

, y = (q − 1) s
r

4(q2+r)
, y = (q + 1) s.

(3.70)

Before we find its moments, we must clarify how this p.m.f. describes an expo-

nential family. As written, the support depends on all parameters q, r, and s, and
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the p.m.f. does not relate Yi′j to the parameters in a useful way. To define a trivial,

one-parameter exponential family, we treat q, r, and s as known, and we add another

parameter, t, to change the mean by skewing P [Yi′j = y] without moving the sup-

port. The p.m.f. above depicts the t = 0 case, and we can test H0 : t = t′ ∈ R in one

sample, or H0 : t1 = t0 in two samples, by using the respective sample mean(s), µ̂ or

µ̂1 and µ̂0. We could generalize the family by adding a parameter to shift the support

by a constant, which we would also have to treat as known. We have not done so, to

emphasize that two group means can only differ through t, not the locations of their

support. The following p.m.f. gives an explicit exponential family with parameter t:

P [Yi′j = y] =



r exp[−(q+1)st]
A(t)

, y = − (q + 1) s
r exp[−(q−1)st]

A(t)
, y = − (q − 1) s

q2 exp[−( r
q

+1)st]
A(t)

, y = −
(
r
q

+ 1
)
s = −

(
r+q
q

)
s

q2 exp[−( r
q
−1)st]

A(t)
, y = −

(
r
q
− 1
)
s = −

(
r−q
q

)
s

q2 exp[( r
q
−1)st]

A(t)
, y =

(
r
q
− 1
)
s =

(
r−q
q

)
s

q2 exp[( r
q

+1)st]
A(t)

, y =
(
r
q

+ 1
)
s =

(
r+q
q

)
s

r exp[(q−1)st]
A(t)

, y = (q − 1) s
r exp[(q+1)st]

A(t)
, y = (q + 1) s

=⇒ fYi′j(y | t) = exp [yt− logA(t) + logB(y)] ,

where A(t) =
∑

y=±(q±1)s

r exp(yt) +
∑

y=±
(

r
q2
±1

)
s

q2 exp(yt) =⇒
∑
y

fYi′j(y) = 1,

and B(y) =

{
r, y = ±(q ± 1)s

q2, y = ±
(
r
q2
± 1
)
s.

(3.71)

If t = 0, then exp(yt) = 1, A(t) = 4(q2 + r), and the p.m.f. reduces to Equation 3.70.

Having satisfied the exponential family assumption, we will now assume a true

but unknown value of t = 0 and return to the p.m.f. in Equation 3.70. We will show

that such marginal distributions for q, r, s > 0 let −4M̃3,1 +6M̃2,2−4M̃1,3 both attain
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its lower bound and also approach its upper bound with different joint distributions.

By symmetry, µ = E[Yi′j] = 0. We find the variance σ2 in terms of q, r, and s:

σ2 = var(Yi′j) = E[Y 2
i′j]

=
r

4(q2 + r)

[
2(q + 1)2s2 + 2(q − 1)2s2

]
+

q2

4(q2 + r)

[
2

(
r + q

q

)2

s2 + 2

(
r − q
q

)2

s2

]

=
s2

4(q2 + r)

[
r(4q2 + 4) + (4r2 + 4q2)

]
=

s2

q2 + r

(
q2r + q2 + r2 + r

)
= s2(r + 1).

We can freely set σ4 for any q and r through the scale parameter s. When we vary r,

let s adjust to hold σ4 fixed. Relatedly, we find M4 and scale by σ4 to the kurtosis κ:

M4 = E[Y 4
i′j]

=
r

4(q2 + r)

[
2(q + 1)4s4 + 2(q − 1)4s4

]
+

q2

4(q2 + r)

[
2

(
r + q

q

)4

s4 + 2

(
r − q
q

)4

s4

]

=
s4

4(q2 + r)

[
r(4q4 + 24q2 + 4) +

1

q2
(4r4 + 24q2r2 + 4q4)

]

=
s4

q2(q2 + r)

(
q6r + r4 + 6q4r + 6q2r2 + q4 + q2r

)
=
s4

q2

(
q4r − q2r2 + r3 + 6q2r + q2

)
κ =

M4

σ4
=

s4

q2s4(r + 1)2

(
q4r + q2 + 6q2r − q2r2 + r3

)
=
q4r + q2(1 + 6r − r2) + r3

q2(r + 1)2
.

To reach the Jensen lower bound for any ρ ∈ (−1, 1), consider this joint distribution:

P [(Yi′1, Yi′2)=(y1, y2)] =



r
4(q2+r)

, (y1, y2) = (− [q + 1] s,− [q − 1] s)
r

4(q2+r)
, (y1, y2) = (− [q − 1] s,− [q + 1] s)

q2

4(q2+r)
, (y1, y2) =

(
−
[
r+q
q

]
s,−

[
r−q
q

]
s
)

q2

4(q2+r)
, (y1, y2) =

(
−
[
r−q
q

]
s,−

[
r+q
q

]
s
)

q2

4(q2+r)
, (y1, y2) =

([
r−q
q

]
s,
[
r+q
q

]
s
)

q2

4(q2+r)
, (y1, y2) =

([
r+q
q

]
s,
[
r−q
q

]
s
)

r
4(q2+r)

, (y1, y2) = ([q − 1] s, [q + 1] s)
r

4(q2+r)
, (y1, y2) = ([q + 1] s, [q − 1] s)

(3.72)
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P [(Yi′1 − Yi′2) = y] =

{
1
2
, y = −2s

1
2
, y = 2s.

Knowing that E[Yi′1 − Yi′2] = 0, we find the variance of Yi′1 − Yi′2 and correlation ρ:

2(1− ρ)σ2 = var(Yi′1 − Yi′2) = E[(Yi′1 − Yi′2)2] = 4s2 =⇒ s2 =
(1− ρ)σ2

2

ρ = 1− 2s2

σ2
= 1− 2s2

s2(r + 1)
= 1− 2

r + 1
=
r − 1

r + 1
⇐⇒ r =

1 + ρ

1− ρ
. (3.73)

That is, ρ depends only on r (limr→0 ρ = −1, limr→∞ ρ = 1), so by fixing r (and s),

we hold ρ (and σ2) constant, and κ can vary freely through q. We find E[(Yi′1−Yi′2)4]

and subtract the known univariate moments 2M4 to get the desired mixed moments:

2M4 − 4M̃3,1 + 6M̃2,2 − 4M̃1,3 = E[(Yi′1 − Yi′2)4] = 16s4 = 4(1− ρ)2σ4

=⇒ −4M̃3,1 + 6M̃2,2 − 4M̃1,3 = −2M4 + 4(1− ρ)2σ4. (3.74)

Therefore, under this joint distribution, the fourth central moment of Yi′1−Yi′2 equals

the Jensen lower bound of 4(1−ρ)2σ4 for any choice of ρ ∈ (−1, 1), so the lower bound

of −4M̃3,1 +6M̃2,2−4M̃1,3 ≥ −2M4 +4(1−ρ)2σ4 is sharp. Also, with r > 0 fixed, the

q4r term in the numerator of κ dominates as q →∞, so κ can grow arbitrarily large,

making −4M̃3,1 + 6M̃2,2 − 4M̃1,3 arbitrarily close to the minimum, relative to the

global bounds [−2M4, 14M4], for any ρ ∈ (−1, 1), despite equaling 14M4 if ρ = −1:

κ =
q4r + q2(1 + 6r − r2) + r3

q2(r + 1)2
−−−→
q→∞

∞ (3.75)

−4M̃3,1 + 6M̃2,2 − 4M̃1,3

M4

=
−2M4 + 4(1− ρ)2σ4

M4

= −2 +
4(1− ρ)2

κ
−−−→
q→∞

−2.

(3.76)

Thus, while the Jensen lower bound raises the minimum for any ρ ∈ (−1, 1) and

converges to 14M4 at ρ = −1 as κ→ 1, the relative narrowing vanishes as κ→∞.

The marginal distribution in Equation 3.70 can simultaneously approach the up-
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per bound for any ρ ∈ (−1, 1); we give a shortcut to an approximate example,

followed by a more precise one. First, if we have a symmetric marginal distribution

and a joint distribution that attains the Jensen lower bound, such as the previous

example, then reflecting Yi′2 across µ to (2µ− Yi′2) or vice versa gives another joint

distribution that nears the upper bound. To align our signs and notation, we seek

a joint distribution for (Yi′1, Yi′2) that has −4M̃3,1 + 6M̃2,2 − 4M̃1,3 near the upper

bound of 14M4 − 4(1 + ρ)2σ4 given ρ ∈ (−1, 1), and suppose the joint distribution

of (Yi′1, 2µ − Yi′2) attains the lower bound with correlation −ρ. The difference of

outcomes in the (Yi′1, 2µ − Yi′2) pair equals [(Yi′1 − (2µ − Yi′2)] = (Yi′1 + Yi′2 − 2µ),

so the fourth moment of this difference achieving the Jensen lower bound implies:

E[(Yi′1 + Yi′2 − 2µ)4] = 4(1 + ρ)2σ4 = {E[(Yi′1 + Yi′2 − 2µ)2]}2

=⇒ var[(Yi′1 + Yi′2 − 2µ)2] = 0 =⇒ P [(Yi′1 + Yi′2 − 2µ)2 = 2(1 + ρ)σ2] = 1.

The almost surely constant value of (Yi′1+Yi′2−2µ)2 helps us to evaluate 2M4−2M̃2,2:

2M4 − 2M̃2,2 = E[(Yi′1 − µ)4 − 2(Yi′1 − µ)2(Yi′2 − µ)2 + (Yi′2 − µ)4]

= E{[(Yi′1 − µ)2 − (Yi′2 − µ)2]2} = E[(Yi′1 + Yi′2 − 2µ)2(Yi′1 − Yi′2)2]

= [2(1 + ρ)σ2][var(Yi′1 − Yi′2)] = [2(1 + ρ)σ2][2(1− ρ)σ2] = 4(1− ρ2)σ4

=⇒ M̃2,2 = M4 − 2(1− ρ2)σ4.

Now we refer to Equation 3.66 and find the fourth (central) moment of (Yi′1 − Yi′2):

E{[(Yi′1 − µ) + (Yi′2 − µ)]4}+ E{[(Yi′1 − µ)− (Yi′2 − µ)]4}

= 4(1 + ρ)2σ4 + E[(Yi′1 − Yi′2)4] = 4M4 + 12M̃2,2 = 16M4 − 24(1− ρ2)σ4

=⇒ E[(Yi′1 − Yi′2)4] = 16M4 − [24(1− ρ2) + 4(1 + ρ)2]σ4

= 16M4 − 4(1 + ρ)[6(1− ρ) + (1 + ρ)]σ4 = 16M4 − 4(1 + ρ)(7− 5ρ)σ4.

We show the last two lines for completeness, but the second line has all the terms of

the upper bound for the fourth moment of the difference, 16M4− 4(1 + ρ)2σ4. Thus,
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if a symmetric marginal distribution admits a joint distribution of (Yi′1, 2µ − Yi′2)

that has −4M̃3,1 + 6M̃2,2 − 4M̃1,3 at the lower bound for correlation −ρ ∈ (−1, 1),

then the same joint distribution of (Yi′1, Yi′2) misses the upper bound given ρ by:

14M4 − 4(1 + ρ)2σ4 − (−4M̃3,1 + 6M̃2,2 − 4M̃1,3) = 24(1− ρ2)σ4.

The sharp lower bound for all −ρ > −1 means such distributions exist for all ρ < 1,

giving one sense in which the desired mixed moments approach the upper bound:

14M4 − 4(1 + ρ)2σ4 − (−4M̃3,1 + 6M̃2,2 − 4M̃1,3) = 24(1− ρ2)σ4 −−−→
ρ2→1

0.

Also, if we fix ρ < 1 and let κ→∞, the desired mixed moments get arbitrarily close

to the upper bound relative to the global bounds [−2M4, 14M4], as in Equation 3.76:

14M4 − 4(1 + ρ)2σ4 − (−4M̃3,1 + 6M̃2,2 − 4M̃1,3)

M4

=
24(1− ρ2)

κ
−−−→
κ→∞

0.

However, we are approximating the fourth-order mixed moments to find the variance

of the test statistic denominator for a given hypothesized distribution, so we cannot

assume ρ2 → 1 or κ→∞ for a given population, and 24(1− ρ2)σ4 may matter.

Hence, we consider another joint distribution for pairs marginally distributed as

per Equation 3.70, even closer to the upper bound. Instead of var[(Yi′1+Yi′2−2µ)2] =

0 to satisfy Equation 3.69, it has (Yi′1 − µ)2 = (Yi′2 − µ)2 to satisfy Equation 3.68:

P [(Yi′1, Yi′2) = (y1, y2)] =



r
4(q2+r)

, (y1, y2) = (− [q + 1] s, [q + 1] s)
r

4(q2+r)
, (y1, y2) = (− [q − 1] s, [q − 1] s)

q2

4(q2+r)
, (y1, y2) =

(
−
[
r+q
q

]
s,−

[
r+q
q

]
s
)

q2

4(q2+r)
, (y1, y2) =

(
−
[
r−q
q

]
s,−

[
r−q
q

]
s
)

q2

4(q2+r)
, (y1, y2) =

([
r−q
q

]
s,
[
r−q
q

]
s
)

q2

4(q2+r)
, (y1, y2) =

([
r+q
q

]
s,
[
r+q
q

]
s
)

r
4(q2+r)

, (y1, y2) = ([q − 1] s,− [q − 1] s)
r

4(q2+r)
, (y1, y2) = ([q + 1] s,− [q + 1] s)

(3.77)
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P [(Yi′1 − Yi′2) = y] =



r
4(q2+r)

, y = −2(q + 1)s
r

4(q2+r)
, y = −2(q − 1)s

q2

q2+r
, y = 0

r
4(q2+r)

, y = 2(q − 1)s
r

4(q2+r)
, y = 2(q + 1)s.

Again, E[Yi′1 − Yi′2] = 0, and we find the variance of Yi′1 − Yi′2 and correlation ρ:

2(1− ρ)σ2 = var(Yi′1 − Yi′2) = E[(Yi′1 − Yi′2)2]

=
r

4(q2 + r)

[
8(q + 1)2s2 + 8(q − 1)2s2

]
=
rs2(16q2 + 16)

4(q2 + r)
=

4rs2(q2 + 1)

q2 + r

1− ρ =
2rs2(q2 + 1)

σ2(q2 + r)
=

2rs2(q2 + 1)

s2(r + 1)(q2 + r)
=

2r(q2 + 1)

(r + 1)(q2 + r)

ρ = 1− 2r(q2+ 1)

(r + 1)(q2+ r)
=
q2 − q2r + r2− r
(r + 1)(q2+ r)

=
q2(1− r)− r(1− r)

(r + 1)(q2+ r)
=

(1− r)(q2− r)
(r + 1)(q2+ r)

1 + ρ = 1 +
(1− r)(q2 − r)
(r + 1)(q2 + r)

=
2q2 + 2r2

(r + 1)(q2 + r)
=

2(q2 + r2)

(r + 1)(q2 + r)
.

As µ = 0, the joint p.m.f. has (Yi′1−µ)2 = (Yi′2−µ)2, so we have equality in Equation

3.66. We isolate 16M4−E[(Yi′1−Yi′2)4] and search for the missing 4(1 + ρ)2σ4 term:

(Yi′1 − µ)2 = (Yi′2 − µ)2 =⇒ E[(Yi′1 + Yi′2 − 2µ)4] + E[(Yi′1 − Yi′2)4] = 16M4

=⇒ 16M4 − E[(Yi′1 − Yi′2)4] = E[(Yi′1 + Yi′2)4]

=
q2

4(q2 + r)

[
32

(
r + q

q

)4

s4 + 32

(
r − q
q

)4

s4

]
=
s4(64r4 + 384q2r2 + 64q4)

4q2(q2 + r)

=
16s4(q4 + 6q2r2 + r4)

q2(q2 + r)
=

16σ4(q4 + 6q2r2 + r4)

q2(q2 + r)(r + 1)2
=

16σ4[(q2 + r2)2 + 4q2r2]

q2(q2 + r)(r + 1)2

=
16σ4(q2+r2)2

q2(q2+r)(r+1)2
+

64σ4r2

(q2+r)(r+1)2
=

4σ4(q2+r)

q2

[
2(q2+r2)

(q2+r)(r+1)

]2

+
64σ4r2

(q2+r)(r+1)2

= 4σ4

(
1+

r

q2

)
(1+ρ)2+

64σ4r2

(q2+r)(r+1)2
= 4(1+ρ)2σ4+

4(1+ρ)2σ4r

q2
+

64σ4r2

(q2+r)(r+1)2
.
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We put the difference between E[(Yi′1 − Yi′2)4] and its upper bound on the left side:

16M4 − 4(1 + ρ)2σ4 − E
[
(Yi′1 − Yi′2)4

]
=

4(1 + ρ)2σ4q2

r
+

64σ4r2

(q2 + r)(r + 1)2

=
4(1 + ρ)2σ4q2

r
+

16σ4r(q2 + r)

(q2 + 1)(q2 + r2)

[
2r(q2 + 1)

(r + 1)(q2 + r)

] [
2(q2 + r2)

(r + 1)(q2 + r)

]

=
4(1 + ρ)2σ4q2

r
+

16σ4r(q2 + r)

(q2 + 1)(q2 + r2)
(1 + ρ)(1− ρ)

=
4(1 + ρ)σ4q2

r

[
(1 + ρ) +

4(1− ρ)q2(q2 + r)

(q2 + 1)(q2 + r2)

]
≤ 4(1 + ρ)σ4r

q2
[(1 + ρ) + 4(1− ρ)] ,

because 0 < q2 < min(q2 + 1, q2 + r2) and 0 < q2 + r ≤ max(q2 + 1, q2 + r2)

=⇒ 16M4 − 4(1 + ρ)2σ4 − E
[
(Yi′1 − Yi′2)4

]
≤ 4σ4r

q2
(1 + ρ)(5− 3ρ) ≤ 64σ4r

3q2
.

(3.78)

Under the previous joint distribution, ρ and σ4 fully determine 24(1− ρ2)σ4, the gap

between −4M̃3,1 +6M̃2,2−4M̃1,3 and its upper bound given ρ ∈ (−1, 1). By contrast,

the slack in the upper bound for this joint distribution has an upper bound of its

own that scales with r/q2, uniformly for all ρ since (1 + ρ)(5 − 3ρ) ≤ 16/3. Also,

r/q2 > 0 can take arbitrarily small values for any given ρ ∈ (−1, 1), because:

ρ =
(1− r)(q2 − r)
(r + 1)(q2 + r)

=

(
r − 1

r + 1

)( r
q2
− 1

r
q2

+ 1

)
.

The two analogous factors take values in (−1, 1), and for any fixed r > 0, we have:

q →∞ ⇐⇒ r

q2
→ 0 ⇐⇒ ρ→

(
r − 1

r + 1

)(
0− 1

0 + 1

)
=

1− r
r + 1

⇐⇒ 1− ρ
1 + ρ

→ r,

(3.79)

flipping the sign of ρ = (r − 1)/(r + 1) in Equation 3.73 for the joint distribution

at the lower bound. Thus, for any given ρ ∈ (−1, 1), there exists r sufficiently near

(1− ρ)/(1 + ρ), including r = 1 itself for ρ = 0, to make q arbitrarily large and r/q2
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arbitrarily small. Therefore, −4M̃3,1 + 6M̃2,2 − 4M̃1,3 can approach the upper bound

14M4 − 4(1 + ρ)2σ4 to within arbitrarily few units of σ4, for any given ρ ∈ (−1, 1).

Note that this does not make 14M4 − 4(1 + ρ)2σ4 the least upper bound given

all parameters M4, σ4, and ρ, because we can fully solve for q and r in terms of κ

and ρ to express the slack in the upper bound exactly. However, because r/q2 → 0

squeezes the slack to 0 in units of σ4 for all ρ ∈ (−1, 1), we cannot decrease the

upper bound by any function of σ4 and/or ρ. Furthermore, if we hold ρ fixed and

let r → (1 − ρ)/(1 + ρ), r/q2 → 0, and q → ∞, then κ → ∞ by Equation 3.75. If

r/q2 → 0 implied κ → 1, a decrease in slack relative to σ4 could coincide with an

increase relative to M4, and vice versa. Instead, r/q2 → 0 implies convergence to the

upper bound both in units of σ4 and even faster in units of M4 as M4/σ
4 →∞ also.

To summarize, we have found a class of marginal p.m.f.s (Equation 3.70) in an

exponential family (Equation 3.71). For any ρ ∈ (−1, 1), some members of the class

have a joint distribution (Equation 3.72) with −4M̃3,1 + 6M̃2,2 − 4M̃1,3 equal to the

Jensen lower bound of −2M4 + 4(1−ρ)2σ4 (Equation 3.74); each member does so for

some ρ. Meanwhile, for any ρ ∈ (−1, 1) and any ε > 0, some members of the class

have another joint distribution (Equation 3.77) for which −4M̃3,1 + 6M̃2,2 − 4M̃1,3

comes within εσ4 of the upper bound of 14M4− 4(1 + ρ)2σ4, i.e., when r/q2 < 3ε/64

(Equation 3.78). Also, because holding ρ fixed and letting r/q2 → 0 implies κ→∞

(Equations 3.75 and 3.79), for any ρ ∈ (−1, 1), some sequences of class members have

−4M̃3,1 + 6M̃2,2− 4M̃1,3 converge to the upper bound on both the σ4 and M4 scales.

Therefore, we conclude that we cannot, in general and by a useful amount, narrow

the bounds around the possible values of (−4M̃3,1 + 6M̃2,2 − 4M̃1,3) ∈ [−2M4 +

4(1 − ρ)2σ4, 14M4 − 4(1 + ρ)2σ4) as a function of given values of M4 ≥ σ4 > 0 and

ρ ∈ (−1, 1). We also note some caveats with that conclusion. The uncertainty for

interior ρ values does not apply to ρ = ±1, in which case we can use (−4M̃3,1 +
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6M̃2,2 − 4M̃1,3) = (6 ∓ 8)M4, by Minkowski’s inequality. We have not proven that

14M4 − 4(1 + ρ)2σ4 marks the least upper bound given all the other terms, but the

examples of sequences converging to the upper bound rule out reductions by any

function of ρ and σ4 or any linear function of M4. Some marginal distributions have

more flexible relationships between the correlation and fourth-order mixed moments

among their possible joint distributions than others, so we could more confidently

bound (−4M̃3,1 + 6M̃2,2 − 4M̃1,3) in terms of M4, σ4, and ρ in particular cases.

However, in the context of evaluating the variance of the test statistic denomina-

tor a priori to choose weights for tighter type I error control, the range of uncertainty

in |(−4M̃3,1 + 6M̃2,2− 4M̃1,3)− (6M4− 8ρσ4)| ≤ 8M4− 4(1 + ρ2)σ4 precludes the as-

sumption that even the midpoint, with the minimum worst-case absolute error, offers

a reasonable approximation. Furthermore, this difficulty has all arisen from trying

to estimate the fourth moment of a paired difference, E[(Yi′1 − Yi′2)4], as a simple

base case; multiplying by weights and sample sizes in the variance of the denominator

would complicate the problem and magnify the potential errors. As a result, we will

leave the fourth-order mixed moments in the variance of the denominator, so that we

think consciously about our their possible values in a given study and avoid endorsing

the least bad default estimate as an appropriate choice for most or all cases.

3.5 Heuristic Comparison of Approximate Type I

Error Control of TGS & TWGS

We can now decide which form of the generalized score test we would prefer to use for

a given comparison of correlated means in the incomplete paired design. To do so, we

compare the variances of the denominators under H0, as a heuristic for approximate

type I error control, between TGS, with trivial weights w00 = w11 = w10 = 1, and

TWGS, with group size ratio weights w00 = n0/n1, w11 = n1/n0, and w10 = 1.
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We plug the respective weights into Equation 3.62 to evaluate the variances of the

denominators, using superscript GS or WGS instead of W to label each statistic:

var[v̂arGS(µ̂1 − µ̂0)]

=
1

n2

[
1

n3
1

+
1

n3
0

]
{(n2−4n+4)M4−[n2−8n+12]σ4}−np

n2

[
1

n4
1

+
1

n4
0

]{
[4−(4n−24)ρ+8ρ2]

×σ4−4M̃2,2

}
− np
n4

1n
2
(4n−8)M̃3,1−

np
n4

0n
2
(4n−8)M̃1,3−

2np
n2

1n
2
0n

2

{
[n2−3n+2−6nρ+4ρ2]

×σ4+(2n−2)(M̃3,1+M̃1,3)−(n2−3n+2)M̃2,2

}
+

4np
n2

1n
2
0n

2

{
2M4+[2n−12+(6n−24)ρ

−(n2−4n+12)ρ2]σ4−(2n−4)(M̃3,1+M̃1,3)+(n2−4n+6)M̃2,2

}
+
np
n2

[
4

n3
1n0

+
4

n1n3
0

]
×
{
(n−2)M4− [4n− 12− (n2−6n+24)ρ+ (2n−12)ρ2]σ4− 2(M̃3,1+M̃1,3) + (3n−6)

×M̃2,2

}
− 4np
n3

1n0n2
(n2−4n+4)M̃3,1−

4np
n1n3

0n
2
(n2−4n+4)M̃1,3+

1

n4

[
1

n2
1

+
2

n1n0

+
1

n2
0

]
×
{
(2n2−3n)M4− [4n2− 9n+ 6np + (8nnp+24np)ρ− (8n2

p−12np)ρ
2]σ4 +np(4M̃3,1

+6M̃2,2+4M̃1,3)
}
−np
n3

[
2

n3
1

− 4np
n3

1n0

− 4np
n1n3

0

+
2

n3
0

]{
[n− 6− (2n+24)ρ+ (8np−12)ρ2]σ4

+2(M̃3,1 + M̃1,3)− (n− 6)M̃2,2

}
+
np
n3

[
2

n3
1

− 4np
n3

1n0

+
2

n2
1n0

]
(2n− 4)M̃3,1 +

np
n3

[
2

n1n2
0

− 4np
n1n3

0

+
2

n3
0

]
(2n−4)M̃1,3+

n2
p

n2

[
1

n4
1

− 8

n3
1n0

+
2

n2
1n

2
0

− 8

n1n3
0

+
1

n4
0

]
4ρ2σ4−

4n2
p

n2
1n

2
0n

4

{
3nM4

+[2n2− 21n+ 6np + (8nnp− 48n+ 24np)ρ− (4n2− 16nnp + 8n2
p + 24n− 12np)ρ

2]σ4

−(2n2−8n+4np)(M̃3,1+M̃1,3)−(4n2−12n+6np)M̃2,2

}
−np
n4

[
4

n2
1n0

+
4

n1n2
0

]{
(n2−3n)

×M4−[3n2−15n+6np+(2n2+8nnp−24n+24np)ρ+(2n2+8nnp−8n2
p−12n+12np)

×ρ2]σ4 + (n2− 4n+ 4np)(M̃3,1 + M̃1,3) + (2n2− 6n+ 6np)M̃2,2

}
. (3.80)
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var[v̂arWGS(µ̂1 − µ̂0)]

=
1

n2

[
1

n1n2
0

+
1

n2
1n0

]
{(n2−4n+4)M4−[n2−8n+12]σ4}− 2np

n2
1n

2
0n

2

{
[4−(4n−24)ρ+8ρ2]

×σ4− 4M̃2,2

}
− np
n2

1n
2
0n

2
(4n− 8)(M̃3,1 + M̃1,3)− 2np

n2
1n

2
0n

2

{
[n2− 3n+ 2− 6nρ+ 4ρ2]σ4

+(2n−2)(M̃3,1+M̃1,3)−(n2−3n+2)M̃2,2

}
+

4np
n2

1n
2
0n

2

{
2M4+[2n−12+(6n−24)ρ−(n2

−4n+12)ρ2]σ4−(2n−4)(M̃3,1+M̃1,3)+(n2−4n+6)M̃2,2

}
+

8np
n2

1n
2
0n

2

{
(n−2)M4−[4n

−12− (n2−6n+24)ρ+ (2n−12)ρ2]σ4− 2(M̃3,1+M̃1,3) + (3n−6)M̃2,2

}
− 4np
n2

1n
2
0n

2
(n2

−4n+4)(M̃3,1+M̃1,3) +
1

n4

[
1

n2
0

+
2

n1n0

+
1

n2
1

]{
(2n2−3n)M4− [4n2−9n+6np+(8nnp

+24np)ρ− (8n2
p−12np)ρ

2]σ4+np(4M̃3,1+6M̃2,2+4M̃1,3)
}
−np
n3

[
2

n1n2
0

− 8np
n2

1n
2
0

+
2

n2
1n0

]

×
{

[n− 6− (2n+ 24)ρ+ (8np− 12)ρ2]σ4+ 2(M̃3,1+M̃1,3)− (n− 6)M̃2,2

}
+
np
n3

[
2

n1n2
0

− 4np
n2

1n
2
0

+
2

n2
1n0

]
(2n−4)(M̃3,1+M̃1,3)−

12n2
p

n2
1n

2
0n

2
(4ρ2σ4)−

4n2
p

n2
1n

2
0n

4

{
3nM4 + [2n2−21n

+6np+(8nnp−48n+24np)ρ−(4n2−16nnp+8n2
p+24n−12np)ρ

2]σ4−(2n2−8n+4np)

×(M̃3,1+M̃1,3)−(4n2−12n+6np)M̃2,2

}
−np
n4

[
4

n1n2
0

+
4

n2
1n0

]{
(n2−3n)M4−[3n2−15n

+6np + (2n2+8nnp−24n+24np)ρ+ (2n2+8nnp−8n2
p−12n+12np)ρ

2]σ4 + (n2−4n

+4np)(M̃3,1 + M̃1,3) + (2n2− 6n+ 6np)M̃2,2

}
. (3.81)

We subtract Equation 3.81 from Equation 3.80 to find the difference between

the variances of the denominators, var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]. The

sign of the difference indicates which statistic has the smaller variance and hence
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the preferred standing per the heuristic; as constructed, positive favors TWGS and

negative favors TGS. Note that the weights only appear in the coefficients, so except

for combining a few terms in Equation 3.81 when the TWGS weights equalized their

coefficients, we have not changed the moment terms and we only need to compare the

two sets of coefficients. Also, both statistics have w10 = w11w00 = 1, so any coefficient

with equal numbers of w11 and w00 terms has the same value for both statistics, which

means several such terms cancel out entirely when we take the difference:

var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]

=
1

n2

[
1

n3
1

− 1

n2
1n0

− 1

n1n2
0

+
1

n3
0

]
{(n2−4n+4)M4− [n2−8n+12]σ4}− np

n2

[
1

n4
1

− 2

n2
1n

2
0

+
1

n4
0

]{
[4−(4n−24)ρ+8ρ2]σ4−4M̃2,2

}
−np
n2

[
1

n4
1

− 1

n2
1n

2
0

]
(4n−8)M̃3,1−

np
n2

[
1

n4
0

− 1

n2
1n

2
0

]

×(4n−8)M̃1,3+
np
n2

[
4

n3
1n0

− 8

n2
1n

2
0

+
4

n1n3
0

]{
(n−2)M4−[4n−12−(n2−6n+24)ρ+(2n

−12)ρ2]σ4−2(M̃3,1+M̃1,3)+(3n−6)M̃2,2

}
− np
n2

[
4

n3
1n0

− 4

n2
1n

2
0

]
(n2−4n+4)M̃3,1−
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n2

×
[

4

n1n3
0

− 4

n2
1n

2
0

]
(n2−4n+4)M̃1,3−

np
n3

[
2

n3
1

− 2
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1n0

− 4np
n3

1n0

+
8np
n2
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2
0

− 4np
n1n3

0
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n1n2
0

+
2

n3
0

]

×
{
[n−6−(2n+24)ρ+(8np−12)ρ2]σ4+ 2(M̃3,1+M̃1,3)−(n−6)M̃2,2

}
+
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n3

[
2

n3
1

− 2
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0

− 4np
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1n0

+
4np
n2

1n
2
0
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(2n−4)M̃3,1 +
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n3

[
4np
n2

1n
2
0

− 4np
n1n3

0

− 2

n2
1n0

+
2

n3
0

]
(2n−4)M̃1,3 +
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[
1

n4
1

− 8

n3
1n0

+
14

n2
1n

2
0

− 8

n1n3
0
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1

n4
0

]
4ρ2σ4.

We begin simplifying by factoring the coefficients, moving a common factor of 1/n2×

(1/n1−1/n0) to the left side of the equation, and finding common denominators, e.g.,
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1/n1 − 1/n0 = (n0 − n1)/(n1n0), and 1/n1 + 1/n0 = (n0 + n1)/(n1n0) = n/(n1n0):

var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]

=
1

n2

[
1

n1

− 1

n0

][
1

n2
1

− 1

n2
0

]
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1
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0
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2
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2
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1
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0
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1
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+
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=⇒
{

var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]
} n1n0n
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+
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ρ2σ4.
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We multiply by n3
1n

3
0n to clear the fractions, rearrange the terms to combine like

moments, and factor out monomials but otherwise expand and combine like n terms:{
var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]

} n4
1n

4
0n

3

n0 − n1

= n1n0n
2(n0−n1){(n2−4n+4)M4− [n2−8n+12]σ4}− 4npn

3(n0−n1)
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[1− (n−6)ρ
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}
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2(n−2)(n2
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=(n0−n1)
[
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(
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×n(n−3)+n1n0(n−2np)(n−6)−2[n3(n−6)+n1n0n(n2−6n+24)+n1n0(n−2np)(n

+12)]ρ+2[2n3+2n1n0n(n−6)+2n1n0(n−2np)(2np−3)−npn(n2
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1−6n1n0)]ρ
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}
. (3.82)
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If we know the sample sizes and know or assume the moment values, we can plug

them into Equation 3.82 and see the sign of the difference, but in that case we may as

well use those values to compute the denominator variances in Equations 3.80 and 3.81

directly. Rather, we have derived the expression of the difference to operationalize

the heuristic and distill the approximate type I error control criterion into one or a

few rule(s) about sample sizes and moments — the simpler, the better. Equation

3.82, while accurate, has neither intuitive nor mnemonic appeal as a decision rule.

To see the broad contours of the heuristic, we need a more manageable expression,

so we will temporarily ignore some lower-order terms and treat the result as a rule

of thumb, a summary that may not hold for every small sample. By expanding the

products of binomials in Equation 3.82, we have made it easier to filter terms by their

exponents of n, n1, n0, and/or np. We start with the simplest approximation using

only the highest-order terms, i.e., those with the maximum of 7 such factors:{
var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]

} n4
1n

4
0n

3

n0 − n1
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[
n1n0n(n3)M4−

(
n1n0n
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]
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}
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4− 4npn1n0n
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= n1n0n
3{n(n0−n1)(M4−σ4)− 4np[n0M̃3,1−n1M̃1,3− (n0−n1)ρσ4]}

= n1n0n
3
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n(n0−n1)(M4−σ4)− 4np

[
n0−n1

2
(M̃3,1 + M̃1,3)

+
n0 +n1

2
(M̃3,1− M̃1,3)− (n0−n1)ρσ4

]}
= n1n0n

3
{

(n0−n1)[n(M4−σ4)− 2np(M̃3,1 + M̃1,3− 2ρσ4)]− 2npn(M̃3,1− M̃1,3)
}
.
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We multiply by (n0−n1)/(n1n0n
3) to clear fractions and common factors, giving us:{

var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]
}
n3

1n
3
0

≈ (n0−n1)2[n(M4−σ4)− 2np(M̃3,1 + M̃1,3− 2ρσ4)]− 2npn(n0 − n1)(M̃3,1− M̃1,3).
(3.83)

For the first term, we have n(n0− n1)2(M4− σ4) ≥ 0 and equal to zero if and only if

n1 = n0 or M4 = σ4, because n > 0, (n0 − n1)2 ≥ 0 and M4 ≥ σ4. If we apply GEE

and the generalized score test to independent singletons with np = 0, then both of the

other products with 2np equal zero, and the non-negative difference of the variances

of the denominators favors TWGS, at least according to this simple approximation.

The heuristic therefore agrees with Kosinski [Kos13] in preferring TWGS over TGS for

independent data, with binary outcomes or indeed any other exponential family.

In general, though, TWGS does not always have a smaller variance of its denomi-

nator than TGS. The −2np terms can more than cancel out the first term to turn the

difference negative. For example, if n = 3np and ρ = 1, so M̃3,1 = M̃1,3 = M4, then:

(n0−n1)2[n(M4−σ4)− 2np(M̃3,1 + M̃1,3− 2ρσ4)]− 2npn(n0 − n1)(M̃3,1− M̃1,3)

= (n0−n1)2[3np(M4−σ4)− 2np(2M4− 2σ4)]− 2np(3np)(n0−n1)(0)

= (n0−n1)2[−np(M4−σ4)] < 0, unless M4 = σ4.

Thus, the heuristic does not uniformly favor TWGS nor TGS across all datasets and

distributions, so the decision rule informs a non-trivial choice between the two.

Compared to Equation 3.82, having fewer terms and a certain symmetry makes

Equation 3.83 easier to grasp, but M̃3,1 and M̃1,3 still complicate the situation. We

have split the effects of the mixed moments into terms for their sum and their differ-

ence in Equation 3.83, because other quantities that we might know or assume relate

more closely to the sum and difference than to the individual values. For example, we

might assume symmetry between groups in the joint distribution, M̃3,1 = M̃1,3, or a
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certain amount of asymmetry between groups M̃3,1−M̃1,3 = δ, depending on what the

groups signify. Alternatively, information about the variance of sums or differences

of pairs, as in Section 3.4.2, might lead us to an assumption about M̃3,1 + M̃1,3.

Equation 3.83 uses each of M4, σ4, and ρσ4 exactly once, and M̃3,1 and M̃1,3 twice

as discussed above, all with sample size coefficients of equivalent order. Therefore,

it approximates the decision rule between TWGS and TGS, based on the variance of

the denominator as a heuristic for tighter type I error control, in its simplest possible

form for the general case of any exponential family of distributions. For positive

values of Equation 3.83, we prefer TWGS; for negative values, we prefer TGS.

To work through some concrete examples and provide explicit criteria for a couple

of common analyses, we evaluate the decision rule for two distributions in which M̃3,1

and M̃1,3 do not cause any problems because the first and second moments fully

determine the joint distribution: the Bernoulli and bivariate normal distributions.

3.5.1 Example: Bernoulli Distribution

For binary outcomes Yij ∼ Bernoulli(π), under H0, the common proportion π =

E[Yij] = P [Yij = 1] and correlation ρ specify the joint p.m.f. for a pair (Yi1, Yi2):

P [(Yi1, Yi2) = (y1, y2)] =


π2 + ρπ(1− π), (y1, y2) = (1, 1)

(1− ρ)π(1− π), (y1, y2) = (1, 0)

(1− ρ)π(1− π), (y1, y2) = (0, 1)

(1− π)2 + ρπ(1− π), (y1, y2) = (0, 0).

From the variance σ2 = π(1− π), we have σ4 = π2(1− π)2, and we can evaluate the

fourth moments M4 and M̃3,1 = M̃1,3 as functions of π and of π and ρ, respectively:

M4 = E[(Yij − π)4] = π(1− π)4 + (1− π)(−π)4

= π(1− π)[(1− π)3 + π3] = π(1− π)[1− 3π + 3π2]

= π(1− π)[1− 3π(1− π)].
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M̃3,1 = M̃1,3 = E[(Yij − π)3(Yij′ − π)]

= [π2 + ρπ(1− π)](1− π)4 + (1− ρ)π(1− π)[(1− π)3(−π) + (1− π)(−π)3]

+ [(1− π)2 + ρπ(1− π)](−π)4

= π2(1− π)4 + ρπ(1− π)5 − (1− ρ)π2(1− π)4 − (1− ρ)π4(1− π)2

+ π4(1− π)2 + ρπ5(1− π)

= π2(1− π)4 − π2(1− π)4 − π4(1− π)2 + π4(1− π)2

+ ρπ(1− π)5 + ρπ2(1− π)4 + ρπ4(1− π)2 + ρπ5(1− π)

= ρπ(1− π)[(1− π)4 + π(1− π)3 + π3(1− π) + π4]

= ρπ(1− π)(1− π + π)[(1− π)3 + π3]

= ρπ(1− π)[1− 3π(1− π)] = ρM4.

We plug these values into Equation 3.83 to compare the denominators’ variances:{
var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]

}
n3

1n
3
0

≈ (n0−n1)2[n(M4−σ4)− 2np(M̃3,1 + M̃1,3− 2ρσ4)]− 2npn(n0 − n1)(M̃3,1− M̃1,3)

= (n0−n1)2[n(M4−σ4)− 2np(2ρM4− 2ρσ4)]− 2npn(n0 − n1)(0)

= (n0 − n1)2(n− 4ρnp)(M4 − σ4)

= (n0 − n1)2(n− 4ρnp){π(1− π)[1− 3π(1− π)]− π2(1− π)2}

= (n0 − n1)2(n− 4ρnp)π(1− π)[1− 4π(1− π)]

= (n0 − n1)2(n− 4ρnp)π(1− π)(1− 4π + 4π2)

= (n0 − n1)2(n− 4ρnp)π(1− π)(1− 2π)2


= 0 if n = 4ρnp (or n1 = n0, or π ∈ {0, 1

2
, 1})

< 0 if n < 4ρnp

> 0 if n > 4ρnp.

(3.84)
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That is, the denominator of TWGS with group size ratio weights has a smaller variance

than that of TGS if the total number of observations n is greater than 4ρ times the

number of paired clusters np. Note that ρ ≤ 1 and np ≤ min(n0, n1). Thus, we prefer

TWGS according to the heuristic if either of the following conditions holds:

Sufficient Condition 1 (Few Paired Clusters): np < (n0 + n1)/4.

If np < (n0+n1)/4, then 4ρnp ≤ 4np < n0+n1 regardless of ρ, which is bounded

by ρ ≤ 1. Furthermore, this condition is always satisfied if the group sizes differ

by a factor of more than 3, i.e., if n0 > 3n1 or n1 > 3n0, regardless of ρ or np,

because then np ≤ min(n0, n1) < (n0 + n1)/4.

Sufficient Condition 2 (Weak Correlation): ρ < 1/2.

If ρ < 1/2, then 4ρnp < 2np ≤ 2 min(n0, n1) ≤ n0 + n1, for any sample size.

For any existing dataset to be analyzed, the sample sizes are known and ρ can be

estimated, so the necessary and sufficient condition n0 + n1 > 4ρnp can be checked

directly (at least approximately, with ρ̂). The preceding sufficient conditions can

serve as shortcuts, or to pre-specify the test statistic before collecting the data.

Note that the condition n > 4ρnp does not always hold. For strongly correlated

data with a large proportion of paired clusters, TGS has a smaller variance of the

denominator, and so presumably tighter approximate type I error control, than does

TWGS. However, a large number of paired clusters relative to singletons implies

that the group sizes must be comparable, so their ratio that provides the weights

for TWGS would not stray too far from 1, which means TWGS and TGS would have

similar values. Thus, the loss in type I error control with TWGS for such data may be

small relative to the gain for data with few paired clusters and/or weak correlation.
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3.5.2 Example: Bivariate Normal Distribution

For bivariate normal outcomes (Yi1, Yi2) ∼MVN

(
µ12, σ

2

[
1 ρ
ρ 1

])
, under H0 and

assuming a common dispersion parameter ψ, the common mean µ and common

variance σ2 determine the joint probability density function for a pair (Yi1, Yi2):

f(y1, y2) =
1

2π

∣∣∣∣σ2

[
1 ρ
ρ 1

]∣∣∣∣1/2
exp

(
−1

2

[
y1 − µ
y2 − µ

]T
(σ2)−1

[
1 ρ
ρ 1

]−1 [
y1 − µ
y2 − µ

])

=
1

2πσ2
√

1− ρ2
exp

[
−(y1 − µ)2 − 2ρ(y1 − µ)(y2 − µ) + (y2 − µ)2

2σ2(1− ρ2)

]
.

The normal distribution has kurtosis κ = M4/σ
4 = 3, so M4 = 3σ4, and we can find

the fourth-order mixed moments M̃3,1 = M̃1,3 as a function of µ and σ2 by integrating:

M̃3,1 = M̃1,3 = E[(Yij − µ)3(Yij′ − µ)]

=

∫ ∞
−∞

∫ ∞
−∞

u3v

2πσ2
√

1− ρ2
exp

[
−u

2 − 2ρuv + v2

2σ2(1− ρ2)

]
dv du

=

∫ ∞
−∞

u3

√
2πσ2

exp

[
− u2 − ρ2u2

2σ2(1− ρ2)

]

×
∫ ∞
−∞

v√
2πσ2(1− ρ2)

exp

[
−v

2 − 2ρuv + ρ2u2

2σ2(1− ρ2)

]
dv du

=

∫ ∞
−∞

u3

√
2πσ2

exp

[
− u2

2σ2

] ∫ ∞
−∞

v√
2π[σ2(1− ρ2)]

exp

[
− (v − ρu)2

2[σ2(1− ρ2)]

]
dv du

=

∫ ∞
−∞

u3

√
2πσ2

exp

[
− u2

2σ2

]
(ρu) du

= ρ

∫ ∞
−∞

u4

√
2πσ2

exp

[
− u2

2σ2

]
du

= ρM4 = 3ρσ4,
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because the inner integral dv gives E[V ] for V ∼ N [ρu, σ2(1 − ρ2)], and the final

integral du gives E[U4] for U ∼ N(0, σ2), equal to E[(Yij − µ)4] for Yij ∼ N(µ, σ2).

We plug these values into Equation 3.83 to compare the denominators’ variances:{
var[v̂arGS(µ̂1 − µ̂0)]− var[v̂arWGS(µ̂1 − µ̂0)]

}
n3

1n
3
0

≈ (n0−n1)2[n(M4−σ4)− 2np(M̃3,1 + M̃1,3− 2ρσ4)]− 2npn(n0 − n1)(M̃3,1− M̃1,3)

= (n0−n1)2[n(M4−σ4)− 2np(2ρM4− 2ρσ4)]− 2npn(n0 − n1)(0)

= (n0 − n1)2(n− 4ρnp)(M4 − σ4)

= (n0 − n1)2(n− 4ρnp)(3σ
4 − σ4)

= 2(n0 − n1)2(n− 4ρnp)σ
4


= 0 if n = 4ρnp (or n1 = n0)

< 0 if n < 4ρnp

> 0 if n > 4ρnp.

That is, the approximate decision rule for bivariate normal outcomes reduces to the

same expression as for binary outcomes in Equation 3.84, because M̃3,1 = M̃1,3 = ρM4

in both cases. The value of M4 − σ4 has different forms according to the parame-

terization of each distribution, but we always have M4 ≥ σ4, so the particular value

of M4 − σ4 cannot change the sign of the difference, unless M4 = σ4 in the binary

case. Thus, the sufficient conditions for the heuristic to favor TWGS and the rest of

the discussion in the previous section all apply to bivariate normal outcomes as well.

We emphasize that the identical decision rules stem from the two distributions

having the same relationships among M̃3,1, M̃1,3, and M4. Equation 3.84 will not

correctly approximate the heuristic for other distributions with different fourth-order

mixed moments, including other joint distributions of marginally normal variables.

We cannot apply this rule to other distributions, unless we can show the similarity

between the hypothesized joint distribution and one of the two considered here.
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Chapter 4

An Optimally Weighted Generalized

Score Test According to the Approximate

Type I Error Control Heuristic

4.1 Heuristic-Optimal Weights for Approximate

Type I Error Control of TWGS

We wish to find weights w00, w11, and w10 that minimize the variance of the denomi-

nator of TWGS, while constraining the denominator to be unbiased for the variance of

the square-root of the numerator, to ensure the χ2(1) distribution is an appropriate

approximation; see Section 2.4. Adapting Equation 2.12, we set the expected value

of the denominator equal to the true variance of the square-root of the numerator:

w11

n1

σ2 +
w00

n0

σ2 − 2npw10

n1n0

ρσ2

=
1

n1

σ2 +
1

n0

σ2 − 2np
n1n0

ρσ2.

Dividing by σ2 and subtracting the right side gives us an equivalent constraint:

w11 − 1

n1

+
w00 − 1

n0

− 2ρnp(w10 − 1)

n1n0

= 0.

To find the constrained minimum-variance weights, we will define the Lagrangian

function as the objective function (the variance of the denominator in Equation 3.62)

minus λ times the constraint, and set each of its first partial derivatives equal to 0. We

use the full expression of the variance of the denominator to avoid unnecessary errors;

we can then find approximations and rules of thumb from the complete solution.
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4.1.1 Simplified Optimization with Abstract Coefficients

However, using every term in the expression naturally comes with the drawback that

we must keep track of that many more terms. To reduce the notational burden, we

will abstract the moments out of the problem altogether and optimize the weights in

terms of a single variable multiplied by each distinct product of weights. The variance

of the denominator consists of the squares and products of two weights, multiplied

by various combinations of sample sizes and moments. Instead of manipulating every

term in every step of the optimization, we will assign to each of the six squares and

products of weights a single variable to stand in for its collective multipliers. Once we

solve for the optimal weights in terms of the multiplier variables, we can either plug

in and simplify the corresponding sample sizes and moments to clarify the weights

or leave the multiplier variables in place to simplify the expression.

Let z1, z2, z3, z4, z5, and z6 denote the sums of all the terms multiplied by w2
11,

w2
00, w2

10, w11w00, w11w10, and w10w00, respectively, in Equation 3.62, such that:

var[v̂arW (µ̂1 − µ̂0)] = w2
11z1 + w2

00z2 + w2
10z3 + w11w00z4 + w11w10z5 + w00w10z6.

(4.1)

Then we define the Lagrangian function as follows:

L(w11, w00, w10, λ) = w2
11z1 + w2

00z2 + w2
10z3 + w11w00z4 + w11w10z5 + w00w10z6

− λ
[
w11 − 1

n1

+
w00 − 1

n0

− 2ρnp(w10 − 1)

n1n0

]
.
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We set each of its first partial derivatives equal to zero:

∂L
∂w11

= 2w11z1 + w00z4 + w10z5 −
λ

n1

= 0

∂L
∂w00

= w11z4 + 2w00z2 + w10z6 −
λ

n0

= 0

∂L
∂w10

= w11z5 + w00z6 + 2w10z3 +
2λρnp
n1n0

= 0

−∂L
∂λ

=
w11 − 1

n1

+
w00 − 1

n0

− 2ρnp(w10 − 1)

n1n0

= 0.

We now solve this system of 4 equations in 4 variables, starting by combining the

first two equations to find an expression for w10 as a function of w11 and w00

n1(2w11z1 + w00z4 + w10z5) = λ = n0(w11z4 + 2w00z2 + w10z6)

=⇒ w10(n1z5 − n0z6) = w11(n0z4 − 2n1z1) + w00(2n0z2 − n1z4)

=⇒ w10 =
w11(n0z4 − 2n1z1) + w00(2n0z2 − n1z4)

n1z5 − n0z6

.

We substitute for w10 in the fourth equation to express w11 as a function of w00:

w11 − 1

n1

+
w00 − 1

n0

=
2ρnp(w10 − 1)

n1n0

=⇒ n0(w11 − 1) + n1(w00 − 1) = 2ρnp[w11(n0z4 − 2n1z1) + w00(2n0z2 − n1z4)

−(n1z5 − n0z6)]/(n1z5 − n0z6)

=⇒ (n1z5 − n0z6)[w11n0 + w00n1 − n0 − n1] = 2ρnp[w11(n0z4 − 2n1z1)

+w00(2n0z2 − n1z4)− (n1z5 − n0z6)]

=⇒ w11[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)] + w00[n1(n1z5 − n0z6)

−2ρnp(2n0z2 − n1z4)] = (n1 + n0 − 2ρnp)(n1z5 − n0z6)

=⇒ w11 = {w00[n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)] + (n1 + n0 − 2ρnp)

×(n1z5 − n0z6)}/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)].
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We reduce w10 to a function of w00 alone by substituting this value for w11:

w10 =
w11(n0z4 − 2n1z1) + w00(2n0z2 − n1z4)

n1z5 − n0z6

= (n0z4 − 2n1z1){w00[n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)]

+ (n1 + n0 − 2ρnp)(n1z5 − n0z6)}

/{[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)](n1z5 − n0z6)}

+ w00(2n0z2 − n1z4)/(n1z5 − n0z6)

= w00(n0z4 − 2n1z1)[n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)]

/{[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)](n1z5 − n0z6)}

+ w00(2n0z2 − n1z4)/(n1z5 − n0z6)

+ (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= w00{(n0z4 − 2n1z1)[n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)]

+ (2n0z2 − n1z4)[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

/{[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)](n1z5 − n0z6)}

+ (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= w00{n1(n0z4 − 2n1z1)(n0z6 − n1z5) + n0(2n0z2 − n1z4)(n1z5 − n0z6)}

/{[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)](n1z5 − n0z6)}

+ (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= w00[n1(2n1z1 − n0z4) + n0(2n0z2 − n1z4)]

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

+ (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= [2w00(n2
1z1 − n1n0z4 + n2

0z2) + (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)]

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)].

We find λ in terms of w00 by rearranging the second of the original four equations
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like we did to combine it with the first equation, and substituting for w11 and w10:

λ = n0(w11z4 + 2w00z2 + w10z6)

= n0z4{w00[n1(n0z6−n1z5)− 2ρnp(n1z4− 2n0z2)] + (n1 +n0− 2ρnp)(n1z5−n0z6)}

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

+ n0z6[2w00(n2
1z1 − n1n0z4 + n2

0z2) + (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)]

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)] + 2n0w00z2

λ = n0w00{z4[n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)] + 2z6(n2
1z1 − n1n0z4 + n2

0z2)

+ 2z2[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

+ n0(n1 + n0 − 2ρnp)[z4(n1z5 − n0z6) + z6(n0z4 − 2n1z1)]

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= n0w00{z4[n1(−n1z5)− 2ρnp(n1z4)] + z6(2n2
1z1 − n1n0z4)

+ 2z2[n0(n1z5)− 2ρnp(−2n1z1)]}/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

+ n0(n1 + n0 − 2ρnp)[z4(n1z5) + z6(−2n1z1)]

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= n1n0w00[n1(2z1z6 − z4z5) + n0(2z2z5 − z4z6)− 2ρnp(z
2
4 − 4z1z2)]

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

+ n1n0(n1 + n0 − 2ρnp)(z4z5 − 2z1z6)/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= n1n0{w00[n1(2z1z6 − z4z5) + n0(2z2z5 − z4z6)− 2ρnp(z
2
4 − 4z1z2)]

+ (n1 + n0 − 2ρnp)(z4z5 − 2z1z6)}/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)].

We can now solve for w00 by substituting for the other variables w11, w10, and λ in
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the third of the original four equations, ∂L/∂w10 = 0, the only unused one remaining:

0 = w11z5 + w00z6 + 2w10z3 +
2λρnp
n1n0

= z5{w00[n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)] + (n1 + n0 − 2ρnp)(n1z5 − n0z6)}

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

+ 2z3[2w00(n2
1z1 − n1n0z4 + n2

0z2) + (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)]

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

+ 2ρnp{w00[n1(2z1z6 − z4z5) + n0(2z2z5 − z4z6)− 2ρnp(z
2
4 − 4z1z2)] + (n1 + n0

− 2ρnp)(z4z5 − 2z1z6)}/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)] + w00z6

= w00{z5[n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)] + 4z3(n2
1z1 − n1n0z4 + n2

0z2)

+ 2ρnp[n1(2z1z6 − z4z5) + n0(2z2z5 − z4z6)− 2ρnp(z
2
4 − 4z1z2)]

+ z6[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

+ (n1 + n0 − 2ρnp)[z5(n1z5 − n0z6) + 2z3(n0z4 − 2n1z1) + 2ρnp(z4z5 − 2z1z6)]

= w00(4n2
1z1z3 − n2

1z
2
5 + 2n1n0z5z6 − 4n1n0z3z4 + 8ρnpn1z1z6 − 4ρnpn1z4z5

+ 4n2
0z2z3 − n2

0z
2
6 + 8ρnpn0z2z5 − 4ρnpn0z4z6 + 16ρ2n2

pz1z2 − 4ρ2n2
pz

2
4)

+ (n1 + n0 − 2ρnp)(n1z
2
5 − 4n1z1z3 + 2n0z3z4 − n0z5z6 + 2ρnpz4z5 − 4ρnpz1z6)

= w00[n2
1(4z1z3 − z2

5) + 2n1n0(z5z6 − 2z3z4)− 4ρnpn1(z4z5 − 2z1z6)

+ n2
0(4z2z3 − z2

6)− 4ρnpn0(z4z6 − 2z2z5) + 4ρ2n2
p(4z1z2 − z2

4)]

+ (n1 + n0 − 2ρnp)[n1(z2
5 − 4z1z3) + n0(2z3z4 − z5z6)− 2ρnp(2z1z6 − z4z5)]

=⇒ w00 = (n1 + n0 − 2ρnp)[n1(z2
5 − 4z1z3) + n0(2z3z4 − z5z6)− 2ρnp(2z1z6 − z4z5)]

/[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]. (4.2)
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We plug in this w00 value to find the denominator variance-minimizing value of w11:

w11 = {w00[n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)] + (n1 + n0 − 2ρnp)(n1z5 − n0z6)}

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= (n1 + n0 − 2ρnp)[n1(z2
5 − 4z1z3) + n0(2z3z4 − z5z6)− 2ρnp(2z1z6 − z4z5)]

× [n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)]

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

+ (n1 + n0 − 2ρnp)(n1z5 − n0z6)/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= (n1 + n0 − 2ρnp){[n1(z2
5 − 4z1z3) + n0(2z3z4 − z5z6)− 2ρnp(2z1z6 − z4z5)]

× [n1(n0z6 − n1z5)− 2ρnp(n1z4 − 2n0z2)] + (n1z5 − n0z6)

× [n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]}

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}
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w11 = (n1 + n0 − 2ρnp)[(n
2
1n0z

2
5z6 − n3

1z
3
5 − 2ρnpn

2
1z4z

2
5 + 4ρnpn1n0z2z

2
5)

− (4n2
1n0z1z3z6 − 4n3

1z1z3z5 − 8ρnpn
2
1z1z3z4 + 16ρnpn1n0z1z2z3)

+ (2n1n
2
0z3z4z6 − 2n2

1n0z3z4z5 − 4ρnpn1n0z3z
2
4 + 8ρnpn

2
0z2z3z4)− (n1n

2
0z5z

2
6

− n2
1n0z

2
5z6 − 2ρnpn1n0z4z5z6 + 4ρnpn

2
0z2z5z6)− (4ρnpn1n0z1z

2
6

− 4ρnpn
2
1z1z5z6 − 8ρ2n2

pn1z1z4z6 + 16ρ2n2
pn0z1z2z6) + (2ρnpn1n0z4z5z6

− 2ρnpn
2
1z4z

2
5 − 4ρ2n2

pn1z
2
4z5 + 8ρ2n2

pn0z2z4z5) + (n3
1z

3
5 − n2

1n0z
2
5z6)

− (4n3
1z1z3z5 − 4n2

1n0z1z3z6) + (4n2
1n0z3z4z5 − 4n1n

2
0z3z4z6)− (2n2

1n0z
2
5z6

− 2n1n
2
0z5z

2
6)− (8ρnpn

2
1z1z5z6 − 8ρnpn1n0z1z

2
6) + (4ρnpn

2
1z4z

2
5

− 4ρnpn1n0z4z5z6) + (n1n
2
0z5z

2
6 − n3

0z
3
6)− (4n1n

2
0z2z3z5 − 4n3

0z2z3z6)

− (8ρnpn1n0z2z
2
5 − 8ρnpn

2
0z2z5z6) + (4ρnpn1n0z4z5z6 − 4ρnpn

2
0z4z

2
6)

+ (4ρ2n2
pn1z

2
4z5 − 4ρ2n2

pn0z
2
4z6)− (16ρ2n2

pn1z1z2z5 − 16ρ2n2
pn0z1z2z6)]

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

= (n1 + n0 − 2ρnp)(2n
2
1n0z3z4z5 − 2n1n

2
0z3z4z6 − n2

1n0z
2
5z6 + 2n1n

2
0z5z

2
6 − n3

0z
3
6

− 4n1n
2
0z2z3z5 + 4n3

0z2z3z6− 4ρnpn1n0z2z
2
5 + 4ρnpn

2
0z2z5z6 + 4ρnpn1n0z4z5z6

− 4ρnpn
2
0z4z

2
6 − 4ρnpn1n0z3z

2
4 + 8ρnpn

2
1z1z3z4 − 4ρnpn

2
1z1z5z6

+ 4ρnpn1n0z1z
2
6 + 8ρnpn

2
0z2z3z4 − 16ρnpn1n0z1z2z3 + 8ρ2n2

pn0z2z4z5

− 16ρ2n2
pn1z1z2z5 − 4ρ2n2

pn0z
2
4z6 + 8ρ2n2

pn1z1z4z6)

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}
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w11 = (n1 + n0 − 2ρnp)[(n1z5 − n0z6)(2n1n0z3z4 − n1n0z5z6 + n2
0z

2
6 − 4n2

0z2z3

− 4ρnpn0z2z5 + 2ρnpn0z4z6)− (n0z4 − 2n1z1)(4ρnpn1z3z4 − 2ρnpn1z5z6

+ 2ρnpn0z
2
6 − 8ρnpn0z2z3 − 8ρ2n2

pz2z5 + 4ρ2n2
pz4z6)]

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

= (n1 + n0 − 2ρnp)[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

× (2n1z3z4 − n1z5z6 + n0z
2
6 − 4n0z2z3 − 4ρnpz2z5 + 2ρnpz4z6)

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

= (n1 + n0 − 2ρnp)[n1(2z3z4 − z5z6) + n0(z2
6 − 4z2z3)− 2ρnp(2z2z5 − z4z6)]

/[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]. (4.3)

Note the symmetry between w11 and w00, which must hold for arbitrary group

labels. Specifically, the expression for either w11 or w00 turns into the other one if we

swap every pair of corresponding group-specific values: n1 with n0, z1 with z2, and z5

with z6. The common denominator in both w11 and w00 does not change with such a

group swap, because two corresponding pairs make up four of its six terms, and each

of the other two terms obeys group symmetry within the term itself.
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To find the heuristic-optimizing value of w10, we again plug in w00 and simplify:

w10 = [2w00(n2
1z1 − n1n0z4 + n2

0z2) + (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)]

/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= 2(n1 + n0 − 2ρnp)[n1(z2
5 − 4z1z3) + n0(2z3z4 − z5z6)− 2ρnp(2z1z6 − z4z5)]

× (n2
1z1 − n1n0z4 + n2

0z2)

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

+ (n1 + n0 − 2ρnp)(n0z4 − 2n1z1)/[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

= (n1 + n0 − 2ρnp){2[n1(z2
5 − 4z1z3) + n0(2z3z4 − z5z6)− 2ρnp(2z1z6 − z4z5)]

× (n2
1z1 − n1n0z4 + n2

0z2) + (n0z4 − 2n1z1)

× [n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]}

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}
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w10 = (n1 + n0 − 2ρnp)[(2n
3
1z1z

2
5 − 2n2

1n0z4z
2
5 + 2n1n

2
0z2z

2
5)− (8n3

1z
2
1z3 − 8n2

1n0z1z3z4

+ 8n1n
2
0z1z2z3) + (4n2

1n0z1z3z4 − 4n1n
2
0z3z

2
4 + 4n3

0z2z3z4)− (2n2
1n0z1z5z6

− 2n1n
2
0z4z5z6 + 2n3

0z2z5z6)− (8ρnpn
2
1z

2
1z6− 8ρnpn1n0z1z4z6 + 8ρnpn

2
0z1z2z6)

+ (4ρnpn
2
1z1z4z5 − 4ρnpn1n0z

2
4z5 + 4ρnpn

2
0z2z4z5) + (n2

1n0z4z
2
5 − 2n3

1z1z
2
5)

− (4n2
1n0z1z3z4 − 8n3

1z
2
1z3) + (4n1n

2
0z3z

2
4 − 8n2

1n0z1z3z4)− (2n1n
2
0z4z5z6

− 2n2
1n0z1z5z6)− (8ρnpn1n0z1z4z6 − 16ρnpn

2
1z

2
1z6) + (4ρnpn1n0z

2
4z5

− 8ρnpn
2
1z1z4z5) + (n3

0z4z
2
6 − 2n1n

2
0z1z

2
6)− (4n3

0z2z3z4 − 8n1n
2
0z1z2z3)

− (8ρnpn
2
0z2z4z5 − 16ρnpn1n0z1z2z5) + (4ρnpn

2
0z

2
4z6 − 8ρnpn1n0z1z4z6)

+ (4ρ2n2
pn0z

3
4 − 8ρ2n2

pn1z1z
2
4)− (16ρ2n2

pn0z1z2z4 − 32ρ2n2
pn1z

2
1z2)]

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

= (n1 + n0 − 2ρnp)(2n
2
1n0z1z5z6 − 2n1n

2
0z1z

2
6 − n2

1n0z4z
2
5 + n3

0z4z
2
6 + 2n1n

2
0z2z

2
5

− 2n3
0z2z5z6 + 16ρnpn1n0z1z2z5 − 8ρnpn

2
0z1z2z6 + 4ρnpn

2
0z

2
4z6

− 8ρnpn1n0z1z4z6 + 8ρnpn
2
1z

2
1z6 − 4ρnpn

2
1z1z4z5 − 4ρnpn

2
0z2z4z5

− 16ρ2n2
pn0z1z2z4 + 32ρ2n2

pn1z
2
1z2 + 4ρ2n2

pn0z
3
4 − 8ρ2n2

pn1z1z
2
4)

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}
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w10 = (n1 + n0 − 2ρnp)[(n1z5 − n0z6)(2n1n0z1z6 − n1n0z4z5 − n2
0z4z6 + 2n2

0z2z5

+ 8ρnpn0z1z2 − 2ρnpn0z
2
4)− (n0z4 − 2n1z1)(4ρnpn1z1z6 − 2ρnpn1z4z5

− 2ρnpn0z4z6 + 2n0z2z5 + 16ρ2n2
pz1z2 − 4ρ2n2

pz
2
4)]

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

= (n1 + n0 − 2ρnp)[n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]

× (2n1z1z6 − n1z4z5 − n0z4z6 + 2n0z2z5 + 8ρnpz1z2 − 2ρnpz
2
4)

/{[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]

× [n0(n1z5 − n0z6)− 2ρnp(n0z4 − 2n1z1)]}

= (n1 + n0 − 2ρnp)[n1(2z1z6 − z4z5) + n0(2z2z5 − z4z6)− 2ρnp(z
2
4 − 4z1z2)]

/[n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+ n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)]. (4.4)

Comparing the optimal weight values in Equations 4.2–4.4, we see that all three

weights have the same denominator and that their numerators all have the same

form. We can also confirm that w10 itself obeys the group symmetry that exists

between w11 and w00, so its value does not change if we swap n1 with n0, z1 with

z2, and z5 with z6 to reverse the arbitrary group labels. We will refer to the version

of the weighted generalized score statistic with these optimal weights as TOGS, to

differentiate it from the version of TWGS with group size ratio weights.
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4.1.2 Expressions in Terms of Sample Sizes and Moments

To complete TOGS, we still need to plug in the values of the multipliers z1, . . . , z6 for

each product of weights in the variance of the denominator, as described in Equation

4.1. Assuming we run the analysis on a computer and not by hand, we have little

reason to sacrifice accuracy for the sake of simplicity in the expressions of the optimal

weight values, so we include all relevant terms from Equation 3.62:

z1 =
1

n4
1n

4

[
n1n

2[(n2− 4n+ 4)M4− (n2− 8n+ 12)σ4]−npn2
{

[4− (4n− 24)ρ+ 8ρ2]σ4

−4M̃2,2

}
−npn2(4n−8)M̃3,1+n2

1

{
(2n2−3n)M4−[4n2−9n+6np+(8nnp+24np)ρ

−(8n2
p−12np)ρ

2]σ4+np(4M̃3,1+6M̃2,2+4M̃1,3)
}
−2npn1

{
[n2−6n−(2n2+24n)ρ

+(8nnp− 12n)ρ2]σ4 + 2n(M̃3,1 + M̃1,3)− (n2− 6n)M̃2,2

}
+ 2npn1(2n2− 4n)M̃3,1

+4n2
pn

2ρ2σ4
]

=
1

n4
1n

4

{
n1n[n3− 4n2+ (2n1+4)n− 3n1]M4− [n1n

4− 8n1n
3+ (4n2

1+2npn1+12n1

+4np)n
2−(9n2

1+12npn1)n+6npn
2
1]σ4+4np[n

3+(n1−6)n2−(2n2
1+12n1)n−6n2

1]

×ρσ4+ 4np[(np−2)n2− (4npn1−6n1)n+ 2npn
2
1− 3n2

1]ρ2σ4− 4np[n
3− (n1+2)n2

+3n1n−n2
1]M̃3,1 + 2np[(n1 + 2)n2− 6n1n+ 3n2

1]M̃2,2− 4npn1(n−n1)M̃1,3

}
(4.5)

z2 =
1

n4
0n

4

{
n0n[n3− 4n2+ (2n0+4)n− 3n0]M4− [n0n

4− 8n0n
3+ (4n2

0+2npn0+12n0

+4np)n
2−(9n2

0+12npn0)n+6npn
2
0]σ4+4np[n

3+(n0−6)n2−(2n2
0+12n0)n−6n2

0]

×ρσ4+ 4np[(np−2)n2− (4npn0−6n0)n+ 2npn
2
0− 3n2

0]ρ2σ4− 4npn0(n−n0)M̃3,1

+2np[(n0 + 2)n2− 6n0n+ 3n2
0]M̃2,2− 4np[n

3− (n0+2)n2 + 3n0n−n2
0]M̃1,3

}
,

(4.6)
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by the symmetry between w2
11 and w2

00, and n1 and n0, in Equation 3.62. We continue:

z3 =
4np

n2
1n

2
0n

4

[
n2
{
2M4+[2n−12+(6n−24)ρ−(n2−4n+12)ρ2]σ4−(2n−4)(M̃3,1+M̃1,3)

+(n2−4n+6)M̃2,2

}
−np

{
3nM4 + [2n2−21n+6np + (8nnp−48n+24np)ρ− (4n2

−16nnp + 8n2
p + 24n− 12np)ρ

2]σ4− (2n2− 8n+ 4np)(M̃3,1 + M̃1,3)− (4n2− 12n

+6np)M̃2,2

}]
=

4np
n2

1n
2
0n

4

{
n(2n−3np)M4+[2n3−(2np+12)n2+21npn−6n2

p]σ
4+[6n3−24n2−(8n2

p

−48np)n−24n2
p]ρσ

4− [n4− 4n3− (4np−12)n2+ (16n2
p−24np)n− 8n3

p+ 12n2
p]ρ

2σ4

−[2n3− (2np+4)n2+ 8npn− 4n2
p](M̃3,1 + M̃1,3) + [n4− 4n3+ (4np + 6)n2− 12npn

+6n2
p]M̃2,2

}]
(4.7)

z4 =
2

n2
1n

2
0n

4

[
−npn2

{
[n2−3n+2−6nρ+4ρ2]σ4+ (2n−2)(M̃3,1+M̃1,3)− (n2−3n+ 2)

×M̃2,2

}
+n1n0

{
(2n2−3n)M4− [4n2−9n+6np+ (8nnp+24np)ρ− (8n2

p−12np)ρ
2]

×σ4 +np(4M̃3,1 + 6M̃2,2 + 4M̃1,3)
}

+npn0(2n2− 4n)M̃3,1 +npn1(2n2− 4n)M̃1,3

+4n2
pn

2ρ2σ4
]

=
2

n2
1n

2
0n

4

{
n1n0n(2n−3)M4− [npn

4−3npn
3+(4n1n0+2np)n

2−9n1n0n+ 6npn1n0]

×σ4+2np(3n
3−4n1n0n−12n1n0)ρσ

4+4np[(np−1)n2+2npn1n0−3n1n0]ρ2σ4−2np

×[(n1+1)n2− 4n1n+ 2n2
1]M̃3,1 +np(n

4− 3n3+ 2n2+ 6n1n0)M̃2,2− 2np[(n0+1)n2

−4n0n+ 2n2
0]M̃1,3

}
(4.8)
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z5 =
4np

n3
1n0n4

[
n2
{

(n−2)M4− [4n− 12− (n2−6n+24)ρ+ (2n−12)ρ2]σ4− 2(M̃3,1

+M̃1,3) + (3n−6)M̃2,2

}
−n2(n2−4n+4)M̃3,1 +np

{
[n2−6n− (2n2+24n)ρ+ (8nnp

−12n)ρ2]σ4+ 2n(M̃3,1+M̃1,3)+ (n2−6n)M̃2,2

}
−np(2n2−4n)M̃3,1+ 8npn

2ρ2σ4−n1

×
{
(n2−3n)M4− [3n2− 15n+ 6np + (2n2+8nnp−24n+24np)ρ+ (2n2+8nnp−8n2

p

−12n+ 12np)ρ
2]σ4 + (n2− 4n+ 4np)(M̃3,1 + M̃1,3) + (2n2− 6n+ 6np)M̃2,2

}]
=

4np
n3

1n0n4

[
(n3−(n1+2)n2+3n1n)M4− [4n3−(3n1+np+12)n2+(15n1+6np)n

−6npn1]σ4 + [n4−6n3+(2n1−2np+24)n2+(8npn1−24np−24n1)n+ 24npn1]ρσ4

−[2n3− (2n1−8np+12)n2− (8npn1+8n2
p−12n1−12np)n+ 8n2

pn1− 12npn1]ρ2σ4

−[n4− 4n3+ (n1+8)n2− (4n1+2np+4)n+ 4npn1]M̃3,1 + [3n3− (2n1−np+6)n2

+(6n1− 6np)n− 6npn1]M̃2,2− [(n1 + 2)n2− (4n1 + 2np)n+ 4npn1]M̃1,3

]
(4.9)

z6 =
4np

n1n3
0n

4

[
(n3−(n0+2)n2+3n0n)M4− [4n3−(3n0+np+12)n2+(15n0+6np)n

−6npn0]σ4 + [n4−6n3+(2n0−2np+24)n2+(8npn0−24np−24n0)n+ 24npn0]ρσ4

−[2n3− (2n0−8np+12)n2− (8npn0+8n2
p−12n0−12np)n+ 8n2

pn0− 12npn0]ρ2σ4

−[(n0+2)n2− (4n0+2np)n+ 4npn0]M̃3,1 + [3n3− (2n0−np+6)n2+ (6n0−6np)n

−6npn0]M̃2,2− [n4− 4n3 + (n0 + 8)n2− (4n0 + 2np + 4)n+ 4npn0]M̃1,3

]
, (4.10)

likewise by the symmetry of w11w10 and w00w10, and n1 and n0, in Equation 3.62.

Substituting these values of z1, . . . , z6 into the expressions of w11, w00, and w10

in Equations 4.2–4.4 produces the optimal weights. The resulting weight values have

explicit expressions as functions of the moments and sample sizes, but we omit them

here; opting for accuracy over simplicity makes the number of terms in the complete
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expressions a source of confusion instead of clarification. We leave the optimal weights

as functions of z1, . . . , z6 and accept that doing so may add a step to the computation.

Finally, we plug the optimal weights into the formula for TOGS, which combines

the form in Equation 2.8 with the denominator in Equation 3.1, as shown:

TOGS =
(µ̂1 − µ̂0)2

w11

n1
[σ̂2

1 + (µ̂1 − µ̂)2] + w00

n0
[σ̂2

0 + (µ̂0 − µ̂)2]− 2w10np

n1n0
Cp
. (4.11)

4.2 Estimating the Moments in TOGS Weights for

Use as a Test Statistic

Note that we have derived the optimal weights by minimizing the variance of the

denominator in terms of the true moments of the distribution, i.e., functions of the

unknown parameters, as opposed to statistics calculated from the observed data.

Therefore, in order to implement TOGS as a test statistic, we replace the second

and fourth moments in the weights with empirical plug-in estimates according to the

hypothesized distribution and the estimated parameters, θ̂ and/or ψ̂. In general, and

with an eye toward future extensions to richer models, we can frame the estimate θ̂

as the GEE solution, but as shown in Section 2.2, the simplicity of the model under

the global null hypothesis and an independent working correlation matrix lets us fit

the null model by finding the sample mean µ̂, and maybe the sample variance σ̂2,

and setting θ̂ (and maybe ψ̂) accordingly. We take the plug-in estimates for the

univariate second and fourth central moments from those of the fitted distribution,

i.e., σ̂4 = (σ̂2)2 = [
∫

(y−µ̂)2f(y | θ̂)dy]2 and M̂4 = Eθ̂[(Yij−µ̂)4] =
∫

(y−µ̂)4f(y | θ̂)dy,

the central moments of the hypothesized distribution with parameter(s) θ̂ (and ψ̂).

We similarly find empirical estimates of the second- and fourth-order mixed mo-

ments, but unlike the univariate moments, we cannot describe them as belonging

to the GEE solution. In fitting other models with GEE, we would evaluate ρ̂ along
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with α̂ and ψ̂ in every iteration to update the working correlation matrix, alternating

with evaluating θ̂ to update the mean model. However, because we assume working

independence to avoid potential bias in the estimated marginal difference, ρ does not

appear in the model, nor does GEE provide an estimate ρ̂ as a result. As discussed

in Section 3.4.2, GEE does not help with the fourth-order mixed moments at all.

We can estimate both ρ̂ and the fourth-order mixed moments, but as discussed

in Section 2.3.3 regarding the related Cp term in the denominator, we must give

some thought to the mismatch between estimates of the mixed moments from the

subsample of pairs and estimates of the univariate moments from the whole sample.

If we try to relate estimates from two different samples to the same population,

even when one sample contains the other, we have the possibility of incompatible

estimates, e.g., ρ̂ > 1 if the sample covariance in pairs exceeds the overall sample

variance. At the same time, we cannot estimate the mixed moments in singletons, nor

would we want to sacrifice the information in singletons by estimating the univariate

moments (via θ̂ and ψ̂) from only pairs, especially if the sample contains mostly

singletons. As implied by the typical notation, we avoid this problem for the variance

and covariance by estimating ρ̂, the correlation that parameterizes the constraint

between the mixed and univariate second moments, from the pairs while estimating

σ̂2 from the whole sample. By the assumption that all observations have the same

variance σ2, estimating ρ̂ and borrowing information from the rest of the sample in

σ̂2 gives a better estimate of the covariance in pairs than the sample covariance itself.

Thus, we estimate ρ̂ as the sample Pearson correlation coefficient in pairs, i.e.,

ρ̂ =
σ̂p10

σ̂p1σ̂p0
=

∑
i∈{pairs}(Yi1 − µ̂p1)(Yi2 − µ̂p0)√∑

i∈{pairs}(Yi1 − µ̂p1)2
√∑

i∈{pairs}(Yi2 − µ̂p0)2
, (4.12)

where µ̂p1 = 1/np ×
∑

i∈{pairs} Yi1 and µ̂p0 = 1/np ×
∑

i∈{pairs} Yi2 as in Equation

2.10. However, we make an exception for binary outcomes due to their rigid joint
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distribution, fully specified by the two marginal proportions and ρ, which can restrict

the range of values and distort the interpretation of ρ. We still compute the weights

in terms of ρ̂, because we can still express the variance of the denominator that way,

but we estimate it using the odds ratio (OR) instead of the sample correlation:

OR =
P [Yij = 1|Yij′ = 1]

P [Yij = 0|Yij′ = 1]
× P [Yij = 0|Yij′ = 0]

P [Yij = 1|Yij′ = 0]

=
P [(Yi1, Yi2) = (1, 1)]× P [(Yi1, Yi2) = (0, 0)]

P [(Yi1, Yi2) = (1, 0)]× P [(Yi1, Yi2) = (0, 1)]

=
[π2 + ρπ(1− π)][(1− π)2 + ρπ(1− π)]

[(1− ρ)π(1− π)]2

=⇒ OR[(1− ρ)π(1− π)]2 = [π2 + ρπ(1− π)][(1− π)2 + ρπ(1− π)]

=⇒ OR(1− ρ)2π2(1− π)2 = π2(1− π)2 + ρπ(1− π)[π2 + (1− π)2] + ρ2π2(1− π)2

=⇒ OR(1− 2ρ+ ρ2)π(1− π) = π(1− π) + ρ[1− 2π(1− π)] + ρ2π(1− π)

=⇒ ORπ(1− π)− 2ORπ(1− π)ρ+ORπ(1− π)ρ2

= π(1− π) + [1− 2π(1− π)]ρ+ π(1− π)ρ2

=⇒ 0 = (OR− 1)π(1− π)− [2(OR− 1)π(1− π) + 1]ρ+ (OR− 1)π(1− π)ρ2

= 1−
[
2 +

1

(OR− 1)π(1− π)

]
ρ+ ρ2 (unless OR = 1 ⇐⇒ ρ = 0)

=⇒ ρ = 1 +
1

2(OR− 1)π(1− π)
− sign(OR− 1)

√(
1 +

1

2(OR− 1)π(1− π)

)2

− 1

=⇒ ρ̂ = 1 +
1

2(ÔR− 1)π̂(1− π̂)
− sign(ÔR− 1)

√√√√(1 +
1

2(ÔR− 1)π̂(1− π̂)

)2

− 1

(4.13)

where ÔR :=
[
∑

i∈{pairs} Yi1Yi2][
∑

i∈{pairs}(1− Yi1)(1− Yi2)]

[
∑

i∈{pairs} Yi1(1− Yi2)][
∑

i∈{pairs}(1− Yi1)Yi2]

and sign(x) :=
x

|x|
=

{
1, x > 0

−1, x < 0.
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We have landed on a familiar approach to finding ρ̂, but more to the point, we can

apply the same reasoning to the less familiar problem of estimating the fourth-order

mixed moments. By the assumption that all observations have the same marginal

distribution under H0, we should estimate the univariate fourth moment M̂4 (again

via θ̂ and ψ̂) from the whole sample, let that univariate value determine the scale

for all the estimated fourth moments, and estimate in pairs the part that we cannot

estimate in singletons, namely, the constrained relationship between the mixed and

univariate moments. Thus, in analogy to estimating the covariance via ρ̂, we estimate

the fourth-order mixed moments in two steps. First, we find the ratio of each sample

mixed moment divided by the corresponding product of sample univariate root-mean-

square moments in each group among pairs, i.e., the square-roots of the sample

univariate moments in each group with twice the exponent as that of the mixed

moment. Then, we multiply those ratios by the univariate fourth moment M̂4:

M̂3,1 =

∑
i∈{pairs}(Yi1 − µ̂p1)3(Yi2 − µ̂p0)√∑

i∈{pairs}(Yi1 − µ̂p1)6
√∑

i∈{pairs}(Yi2 − µ̂p0)2
∗ M̂4 (4.14)

M̂2,2 =

∑
i∈{pairs}(Yi1 − µ̂p1)2(Yi2 − µ̂p0)2√∑

i∈{pairs}(Yi1 − µ̂p1)4
√∑

i∈{pairs}(Yi2 − µ̂p0)4
∗ M̂4 (4.15)

M̂1,3 =

∑
i∈{pairs}(Yi1 − µ̂p1)(Yi2 − µ̂p0)3√∑

i∈{pairs}(Yi1 − µ̂p1)2
√∑

i∈{pairs}(Yi2 − µ̂p0)6
∗ M̂4. (4.16)

In summary, we can plug in the estimators from Equations 4.12–4.16 for the moments

in the multiplier variables z1 . . . z6 in Equations 4.5–4.10, which determine the values

of the optimal weights in Equations 4.2–4.4. Therefore, we can now use the resulting

value of TOGS in Equation 4.11 as a test statistic for H0 : µ1 = µ0 in the incomplete

paired design, with heuristically optimal approximate type I error control.
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4.3 Asymptotic Approximation of TOGS Weights

for Intuitive Interpretation

Over the previous sections of this chapter, we have optimized the weights for TOGS.

The optimal weight values contain too many terms to meaningfully interpret, but

the complexity of the expressions has no bearing on our ability to use TOGS to test

a hypothesis in research, with the help of a computer. Still, we would prefer to

understand how different aspects of the distribution or sample affect the optimal

weight values, for reasons such as study design or comparing TOGS to other tests.

To gain a better sense of what the optimal weights mean and how they work, we

repeat what we did for the simplified comparison of TGS and TWGS in Equation 3.83

and reduce the optimal weights to their asymptotically dominant terms, i.e., those

with the largest combined exponents of n, n1, n0, and np. The three optimal weights

in Equations 4.2–4.3 have the same form, with squares and products of two z values

in both the numerator and denominator, so we start by approximating z1, . . . , z6. In

fact, we already have these approximations from comparing the largest mixed moment

terms to the rest of the variance of the denominator, in Equations 3.64–3.65:

var[v̂arW (µ̂1 − µ̂0)] ≈ −np
[

4w11w10

n3
1n0

M̃3,1 −
2w11w00 + 4w2

10

n2
1n

2
0

M̃2,2 +
4w00w10

n1n3
0

M̃1,3

]

+

[
n1w

2
11

n4
1

+
n0w

2
00

n4
0

]
(M4−σ4)−np

{
2w11w00

n2
1n

2
0

−
[

4w11w10

n3
1n0

+
4w00w10

n1n3
0

]
ρ+

4w2
10

n2
1n

2
0

ρ2

}
σ4

=⇒ z1 ≈
n1

n4
1

M4 −
n1

n4
1

σ4; z2 ≈
n0

n4
0

M4 −
n0

n4
0

σ4;

z3 ≈
4np
n2

1n
2
0

M̃2,2 −
4np
n2

1n
2
0

ρ2σ4; z4 ≈
2np
n2

1n
2
0

M̃2,2 −
2np
n2

1n
2
0

σ4;

z5 ≈
−4np
n3

1n0

M̃3,1 +
4np
n3

1n0

ρσ4; z6 ≈
−4np
n1n3

0

M̃1,3 +
4np
n1n3

0

ρσ4.

186



We start the approximation of the optimal weights with their common denominator:

n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)

≈
16n2

pn
2
1

n6
1n

2
0

[
M̃2

3,1 − 2ρσ4M̃3,1 + ρ2σ8
]
− 16npn

3
1

n6
1n

2
0

[
M4M̃2,2 − ρ2σ4M4 − σ4M̃2,2 + ρ2σ8

]

+
32n2

pn1n0

n4
1n

4
0

[
M̃2

2,2 − (1 + ρ2)σ4M̃2,2 + ρ2σ8
]
−

32n2
pn1n0

n4
1n

4
0

[
M̃3,1M̃1,3 − ρσ4(M̃3,1

+M̃1,3) + ρ2σ8
]
+

32ρn2
pn

2
1

n5
1n

3
0

[
M4M̃1,3 − ρσ4M4 − σ4M̃1,3 + ρσ8

]
−

32ρn3
pn1

n5
1n

3
0

[
M̃3,1

×M̃2,2 − σ4M̃3,1 − ρσ4M̃2,2 + ρσ8
]
+

16n2
pn

2
0

n2
1n

6
0

[
M̃2

1,3 − 2ρσ4M̃1,3 + ρ2σ8
]
− 16npn

3
0

n2
1n

6
0

×
[
M4M̃2,2 − ρ2σ4M4 − σ4M̃2,2 + ρ2σ8

]
+

32ρn2
pn

2
0

n3
1n

5
0

[
M4M̃3,1 − ρσ4M4 − σ4M̃3,1

+ρσ8
]
−

32ρn3
pn0

n3
1n

5
0

[
M̃2,2M̃1,3 − ρσ4M̃2,2 − σ4M̃1,3 + ρσ8

]
+

16ρ2n4
p

n4
1n

4
0

[
M̃2

2,2 − 2σ4

×M̃2,2 + σ8
]
−

16ρ2n2
pn1n0

n4
1n

4
0

[
M2

4 − 2σ4M4 + σ8
]

=
16np
n4

1n
4
0

{
−ρ2npn1n0M

2
4 + npn

2
0M̃

2
3,1 + (2npn1n0+ρ2n3

p)M̃
2
2,2 + npn

2
1M̃

2
1,3

+2ρnpn1n0M4M̃3,1− (n2
1n0+n1n

2
0)M4M̃2,2 + 2ρnpn1n0M4M̃1,3− 2ρn2

pn0M̃3,1M̃2,2

−2npn1n0M̃3,1M̃1,3 − 2ρn2
pn1M̃2,2M̃1,3 + (ρ2n2

1n0 + ρ2n1n
2
0 − 2ρ2npn1n0)σ4M4

+(2ρn2
pn0 − 2ρnpn

2
0)σ4M̃3,1 + [n2

1n0 + n1n
2
0 + 2ρ2n2

pn1 + 2ρ2n2
pn0 − 2ρ2n3

p

−(2 + 2ρ2)npn1n0]σ4M̃2,2 + (2ρn2
pn1− 2ρnpn

2
1)σ4M̃1,3 + (npn

2
1 + 3npn1n0 +npn

2
0

+n3
p − n2

1n0 − n1n
2
0 − 2n2

pn1 − 2n2
pn0)ρ2σ8

}
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n2
1(z2

5 − 4z1z3) + 2n1n0(2z3z4 − z5z6)− 4ρnpn1(2z1z6 − z4z5)

+n2
0(z2

6 − 4z2z3)− 4ρnpn0(2z2z5 − z4z6) + 4ρ2n2
p(z

2
4 − 4z1z2)

≈ 16np
n4

1n
4
0

{
−ρ2npn1n0M

2
4 + npn

2
0M̃

2
3,1 + (2npn1n0+ρ2n3

p)M̃
2
2,2 + npn

2
1M̃

2
1,3

+2ρnpn1n0M4M̃3,1−n1n0(n1+n0)M4M̃2,2 + 2ρnpn1n0M4M̃1,3− 2ρn2
pn0M̃3,1M̃2,2

−2npn1n0M̃3,1M̃1,3 − 2ρn2
pn1M̃2,2M̃1,3 + ρ2n1n0(n1 + n0 − 2np)σ

4M4

−2ρnpn0(n0 − np)σ4M̃3,1 + [n1n0(n1 + n0 − 2np)− 2ρ2np(n1 − np)(n0 − np)]

×σ4M̃2,2 − 2ρnpn1(n1 − np)σ4M̃1,3 + (np − n1)(np − n0)(np − n1 − n0)ρ2σ8
}
.

Recall that we constrained the optimization to hold a linear combination of the

weights constant, so we should not necessarily expect to find terms in the denomi-

nator that would cause extreme highs or lows, deflating or inflating all the weights

simultaneously, without also finding corresponding terms in one or more of the nu-

merators to mitigate the effects. We approximate the denominator less for its own

sake than for contrast with the numerators, as a measuring stick to give a sense of

scale for the numerator terms, e.g., to gauge the limiting behavior for extreme values.

Because the TOGS weights share a denominator, we will find most of what we

want to know by evaluating and comparing their numerators. We start with w11:

w11 : (n1 + n0 − 2ρnp)[n1(2z3z4 − z5z6) + n0(z2
6 − 4z2z3)− 2ρnp(2z2z5 − z4z6)]

= (n1 + n0 − 2ρnp)

{
16n2

pn1

n4
1n

4
0

[
M̃2

2,2 − (1 + ρ2)σ4M̃2,2 + ρ2σ8
]
−

16n2
pn1

n4
1n

4
0

[
M̃3,1M̃1,3

−ρσ4(M̃3,1 + M̃1,3) + ρ2σ8
]
+

16n2
pn0

n2
1n

6
0

[
M̃2

1,3 − 2ρσ4M̃1,3 + ρ2σ8
]
− 16npn

2
0

n2
1n

6
0

×
[
M4M̃2,2 − ρ2σ4M4 − σ4M̃2,2 + ρ2σ8

]
+

32ρn2
pn

2
0

n3
1n

5
0

[
M4M̃3,1 − ρσ4M4 − σ4M̃3,1

+ρσ8
]
−

32ρn3
pn0

n3
1n

5
0

[
M̃2,2M̃1,3 − ρσ4M̃2,2 − σ4M̃1,3 + ρσ8

]}
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w11 :
16np(n1 + n0 − 2ρnp)

n3
1n

5
0

{
npn0

[
M̃2

2,2 − (1 + ρ2)σ4M̃2,2 + ρ2σ8
]
−npn0

[
M̃3,1M̃1,3

−ρσ4(M̃3,1 + M̃1,3) + ρ2σ8
]
+npn1

[
M̃2

1,3 − 2ρσ4M̃1,3 + ρ2σ8
]
−n1n0

×
[
M4M̃2,2 − ρ2σ4M4 − σ4M̃2,2 + ρ2σ8

]
+ρnpn0

[
M4M̃3,1 − ρσ4M4 − σ4M̃3,1

+ρσ8
]
−ρn2

p

[
M̃2,2M̃1,3 − ρσ4M̃2,2 − σ4M̃1,3 + ρσ8

]}
=

16np(n1 + n0 − 2ρnp)

n3
1n

5
0

{
npn0M̃

2
2,2 + npn1M̃

2
1,3 + ρnpn0M4M̃3,1 − n1n0M4M̃2,2

−npn0M̃3,1M̃1,3 − ρn2
pM̃2,2M̃1,3 + (ρ2n1n0 − ρ2npn0)σ4M4 + [n1n0 + ρ2n2

p

−(1 + ρ2)npn0]σ4M̃2,2 + (ρnpn0 + ρn2
p − 2ρnpn1)σ4M̃1,3 + (npn1 + npn0

−n1n0 − n2
p)ρ

2σ8
}

=
16np(n1 + n0 − 2ρnp)

n3
1n

5
0

{
npn0M̃

2
2,2 + npn1M̃

2
1,3 + ρnpn0M4M̃3,1 − n1n0M4M̃2,2

−npn0M̃3,1M̃1,3 − ρn2
pM̃2,2M̃1,3 + ρ2n0(n1 − np)σ4M4 + [n0(n1 − np)− ρ2np

×(n0 − np)]σ4M̃2,2 + ρnp(n0 + np − 2n1)σ4M̃1,3 − (n1 − np)(n0 − np)ρ2σ8
}
.

The same group symmetry argument as before also gives us the numerator of w00:

w00 :
16np(n1 + n0 − 2ρnp)

n5
1n

3
0

{
npn1M̃

2
2,2 + npn0M̃

2
3,1 + ρnpn1M4M̃1,3 − n1n0M4M̃2,2

−npn1M̃3,1M̃1,3 − ρn2
pM̃2,2M̃3,1 + ρ2n1(n0 − np)σ4M4 + [n1(n0 − np)− ρ2np

×(n1 − np)]σ4M̃2,2 + ρnp(n1 + np − 2n0)σ4M̃3,1 − (n1 − np)(n0 − np)ρ2σ8
}
.

We now evaluate the numerator of the last remaining TOGS weight, w10:

w10 : (n1 + n0 − 2ρnp)[n1(2z1z6 − z4z5) + n0(2z2z5 − z4z6)− 2ρnp(z
2
4 − 4z1z2)]
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w10 : (n1 +n0− 2ρnp)

{
8n2

pn1

n5
1n

3
0

[
M̃3,1M̃2,2−σ4M̃3,1− ρσ4M̃2,2 + ρσ8

]
− 8npn

2
1

n5
1n

3
0

[
M4M̃1,3

−ρσ4M4−σ4M̃1,3 + ρσ8
]
+

8n2
pn0

n3
1n

5
0

[
M̃2,2M̃1,3− ρσ4M̃2,2−σ4M̃1,3 + ρσ8

]
− 8npn

2
0

n3
1n

5
0

×
[
M4M̃3,1 − ρσ4M4 − σ4M̃3,1 + ρσ8

]
+

8ρnpn1n0

n4
1n

4
0

[
M2

4 − 2σ4M4 + σ8
]
−

8ρn3
p

n4
1n

4
0

×
[
M̃2

2,2 − 2σ4M̃2,2 + σ8
]}

=
8np(n1 + n0 − 2ρnp)

n4
1n

4
0

{
ρn1n0M

2
4 − ρn2

pM̃
2
2,2 − n1n0M4M̃3,1 − n1n0M4M̃1,3

+npn0M̃3,1M̃2,2 + npn1M̃2,2M̃1,3 + (n1n0 − npn0)M̃3,1 + (2ρn2
p − ρnpn1 − ρnpn0)

×M̃2,2 + (n1n0 − npn1)M̃1,3 + (npn1 + npn0 − n1n0 − n2
p)ρσ

8
}

=
8np(n1 + n0 − 2ρnp)

n4
1n

4
0

{
ρn1n0M

2
4 − ρn2

pM̃
2
2,2 − n1n0M4M̃3,1 − n1n0M4M̃1,3

+npn0M̃3,1M̃2,2 + npn1M̃2,2M̃1,3 + n0(n1 − np)M̃3,1 − ρnp(n1 + n0 − 2np)M̃2,2

+n1(n0 − np)M̃1,3 − (np − n1)(np − n0)ρσ8
}
.

This simplified approximation lets us see the most basic features of the TOGS weights

in a way that we could not before, but it still does not make the weights crystal

clear. We have little intuition about fourth moments in the first place, and less, if

any, about the products of fourth moments. Furthermore, each fourth moment term

appears in each weight with both positive and negative signs, so the effect of each

moment depends on the values of the others, with trade-offs between them.

We do have clarity on the sample sizes in the leading coefficients. If we temporarily

ignore the moments — e.g., assume a given distribution with fourth moments that

make the effects of the terms inside the brackets mostly balanced — and divide the

leading coefficients of the numerators by that of the denominator, we see the ratios
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of the group sizes as in TWGS. As we have argued in regard to the heuristic, and

as shown below, the rest of the terms of TOGS inside the brackets further improve

type I error control in a wide range of situations, including some in which TWGS

performs less well. For an intuitive takeaway, though, we note that TOGS starts

with the group ratio weights of TWGS and modifies them with extra terms, including

empirical estimates of the fourth moments from outside of GEE. The structure of

TOGS reinforces the value of correcting for imbalanced group sizes as the first step.

4.4 Simulation Study

We present the results of a simulation study to verify whether the optimally weighted

TOGS, derived by minimizing the variance of the denominator, has tighter type I error

control than the original TGS with weights equal to 1 or the TWGS of Kosinski [Kos13]

with group size ratio weights, and whether TOGS retains comparable power, when

testing the equality of two correlated proportions in the incomplete paired design.

4.4.1 Simulation Parameters

We generated 4,000,000 datasets of 0/1 outcomes Y and 0/1 group indicators x for

each combination of the following simulation parameters, as described below: the

null or alternative true model; the strength of the correlation within a pair, ρ; the

number of clusters in the sample, K; the number of observations in each group, n1

and n0; and the number of paired clusters, np.

Under the null model, we generated outcomes with the event Y = 1 occurring

with probability π1 = π0 = 0.85 in both groups, while under the alternative model,

we set π1 = 0.85 in group 1 and π0 = 0.75 in group 0. We set ρ = 0, ρ = 0.5,

and ρ = 1, to cover independent, positively correlated, and perfectly correlated (i.e.,

cluster-level outcome) scenarios. We used two different numbers of clusters, with
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K = 130 and K = 260. For each size of K, the number of observations in the

x = 0 group took values between K/13 and K in increments of K/13, i.e., n0 ∈

{10, 20, . . . , 130} and n0 ∈ {20, 40, . . . , 260}. The number of observations in the

x = 1 group took every value in the same range, subject to n1 + n0 ≥ K, i.e.,

n1 ∈ {K − n0, K − n0 +K/13, . . . , K}. The total number of clusters and the sample

sizes in each group determined the number of pairs, np = n1 + n0 − K, and the

number of singletons in each group, n1 − np and n0 − np.

For each simulated dataset, we conducted all three tests (TGS, TWGS, TOGS) with a

nominal type I error rate of α = 0.05 according to their asymptotic χ2(1) distribution.

Thus, we rejected H0 : π1 = π0 in each test if its statistic exceeded the 0.95 lower

quantile, also the 0.05 upper quantile, of the χ2(1) distribution. We wrote and

executed all simulation and testing in R version 4.1.0. [R C21]

4.4.2 Simulation Results

We summarize the results of the simulation study by plotting the rejection rate of

each test for each combination of simulation parameters. The results for a given test

statistic occupy a row of the figure; the results for a given value of the within-pair

correlation ρ occupy a column. Within each subfigure, the horizontal and vertical

axes indicate the number of observations n0 in the x = 0 group and n1 in the x = 1

group, respectively.

Each subfigure contains two triangles, displaying the results corresponding to each

total number of clusters in the sample, K = 130 and K = 260. Within each triangle,

the total number of clusters K is fixed, so the numbers of paired and singleton clusters

vary with the sample size in each group. Thus, at the top-right corner of each triangle

where n1 = n0 = K, all K clusters are pairs, while along the bottom-left hypotenuse

of each triangle where n1 + n0 = K, all K clusters are singletons. Please note that
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the total sample size is fixed within each triangle but different between triangles, so

the dataset changes from all pairs in the smaller sample back to all singletons in the

larger sample at the boundary where they meet. This dissimilarity explains some

abrupt shifts in results at that point, unrelated to the n1 and n0 values themselves.

Figure 4.1 shows the type I error rate of each test, i.e., the simulated probability

of rejecting H0 when it is known to be true. Green indicates type I error closest to the

nominal α = 0.05, red indicates inflated type I error, and blue indicates unnecessarily

low type I error. We see that TGS has poor type I error control when the group

sample sizes are imbalanced, as shown by Kosinski [Kos13] and verified in the previous

chapter. We also see that TWGS has less satisfactory type I error control for the

datasets with the most pairs and strong correlation, as we have derived. Meanwhile,

TOGS does not have inflated type I error rates for any of these combinations of

simulation parameters.

Figure 4.2 shows the power of each test to reject H0 under a true difference

between the group proportions of 0.75 vs. 0.85. Red indicates higher power, while

blue indicates lower power. We see that the asymmetry in the power of TGS for

imbalanced group sample sizes is reversed in TWGS, and that TOGS generally follows

the same pattern as TWGS, as suggested by its weights also having the group size

ratios among their coefficients. Except for those cases of extreme imbalance, all three

tests have broadly similar power. Thus, although TOGS can exhibit unnecessarily

conservative performance in some situations, the reduced type I error rate does not

signify an accompanying major impairment in the ability to detect a true difference.
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TGS

TWGS

TOGS

ρ = 0 ρ = 0.5 ρ = 1.0

Figure 4.1: Type I Error under H0 : π0 = π1 = 0.85, α = 0.05
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TGS

TWGS

TOGS

ρ = 0 ρ = 0.5 ρ = 1.0

Figure 4.2: Power under H1 : π0 = 0.75, π1 = 0.85, α = 0.05
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Chapter 5

Conclusion

5.1 Summary

In summary, we have extended the weighted generalized score statistic TWGS of

[Kos13] from correlated proportions of binary outcomes to general mean-variance

models fitted using quasi-likelihood, including deriving new expressions for outcomes

other than proportions and proving that the statistic retains its asymptotic χ2(1)

distribution as the number of clusters K → ∞. We have developed a heuristic, the

variance of the test statistic denominator, with which to compare approximate type

I error of test statistics with identical numerators, and we have identified decision

rules for when we prefer either TWGS or the generalized score statistic TGS for tighter

approximate type I error. Finally, we have found new weights that optimizes the

variance-of-the-denominator heuristic, and we have shown that the statistic TOGS

that uses these weights has closer type I error rates to the nominal α level than does

TWGS or TGS when one of the latter statistics demonstrates poor control. Continuing

to expand these methods to broader classes of models, e.g., with larger clusters and/or

more covariates, leaves many enticing opportunities for future research.
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