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Abstract

Short wavelength hydrodynamic perturbations excited by long wavelength acoustics can wrinkle the front of
acoustically compact flames, perturb the heat release rate, and generate sound, thereby closing a thermoacous-
tic feedback loop. One important conversion mechanism in this context is the generation of vortical perturbations
by acoustic waves impinging on a sharp corner. Such excitation may directly disturb the flame base or trigger
vortex shedding in regions of high flow shear located upstream of the flame. These upstream perturbations, our
main focus here, offer at least two mechanisms to drive excess gain of the flame transfer function (FTF). First,
the convective time delay between the generation of upstream perturbations and their arrival at the flame may
result in constructive interference with other perturbations generated at the flame base. Second, the burner ge-
ometry may allow upstream perturbations to be convectively amplified by hydrodynamic shear on their way to
the flame. Leveraging linear frequency domain analysis of the compressible reactive flow equations, the present
article demonstrates that both mechanisms contribute to the response of two-dimensional premixed laminar slit
flames. The FTF is computed over a range of Reynolds numbers Re and slit lengths L in order to vary convective
time delays and convective amplification and study their respective influences on the flame response. Analysis of
the discrete impulse response reveals two amplification mechanisms for slit flame perturbations with independent
delay times. The potential role of convective amplification of upstream disturbances on thermoacoustic feedback
is further highlighted by means of resolvent analysis, which indicates that the optimal gain increases with the non-
normality of the linearised reactive flow operator. These findings suggest passive thermoacoustic control strategies
such as designing the burner geometry to avoid internal flow separation and minimize hydrodynamic disturbance
amplification, and tuning the slit length to achieve destructive interference for problematic frequencies.
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Information for Colloquium Chairs and Cochairs, Editors, and Reviewers

1) Novelty and Significance Statement

This paper leverages linearised reactive flow equations to investigate numerically the role of upstream hydrody-
namic shear on the thermoacoustic response of a two-dimensional premixed laminar slit flame. It shows that
vorticity generated upstream of the flame and its convective amplification due to hydrodynamic shear crucially
influences the flame transfer function.
The novelty of this research is the explicit consideration of fully-coupled, spatially-resolved acoustic, flame, and
flow dynamics in our analysis, particularly in the assessment of the role of convective amplification on the flame
transfer function. This approach strengthens our results by enabling a combined discussion of linear global modes,
discrete impulse responses, and optimal forcing structures from resolvent analysis.
The presented results are significant because an understanding of upstream hydrodynamics and their influence on
the acoustic response of the flame directly suggest passive control strategies for thermoacoustic instabilities.

2) Author Contributions

• P. B.: designed research, performed research, interpreted results, wrote the paper – original draft

• C. D.: designed research, interpreted results, wrote the paper – review & editing

• W. P.: supervised research, acquired funding, interpreted results, wrote the paper – review & editing

3) Authors’ Preference and Justification for Mode of Presentation at the Symposium

The authors prefer OPP presentation at the Symposium, for the following reasons:

• Make the community aware of the role of upstream shear and convective amplification in laminar flame
dynamics.

• The global holistic operator approach to flame-flow interaction permits concise presentation of the model
equations.

• Convective amplification in flame-flow feedback requires no context from works on non-normality in net-
work models.

• The found influence of upstream shear on the FTF challenges established convective velocity models for
G-equations.
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1. Introduction1

Thermoacoustic instabilities, which can damage or2

degrade the performance of combustion devices, are3

caused by in-phase oscillations of the heat release4

rate of the flame and acoustic pressure fluctuations5

in the combustion chamber. Flames in modern lean6

premixed combustion systems are typically velocity7

sensitive, meaning that heat release fluctuations can8

be correlated to velocity fluctuations upstream of the9

flame, e.g., by a flame transfer function (FTF). How-10

ever, since low-Mach number premixed flames are11

acoustically compact, long-wavelength acoustic per-12

turbations must be converted to short wavelength dis-13

turbances in order to appreciably wrinkle the flame14

and drive heat release oscillations. One important15

conversion mechanism in this context is the acoustic–16

vortical coupling that occurs along the boundaries of17

closed combustion chambers [1]. This acoustic cou-18

pling pathway excites vortical perturbations within19

the flow boundary layer [1], such that these perturba-20

tions may then be convectively amplified in the shear21

flow [2, 3].22

Constructive interference of heat release modula-23

tions by a variety of convective perturbations is recog-24

nised as a driver of high excess gain of the FTF [4].25

Several mechanisms of acoustic-flow-flame interac-26

tions have been discussed: If an anchored flame is27

exposed to homogeneous oscillations of the bulk flow,28

flame displacement and subsequent restoration of the29

flame shape generates “wrinkles” that are convected30

along the flame front [5, 6]. Wrinkles of the flame31

front may also develop if the flame base moves in32

response to acoustic perturbations in the streamwise33

[7] or spanwise directions [8, 9]. Convective, ro-34

tational velocity (i.e. vortical) perturbations are also35

expected to play an important role [10]. They may36

be generated in shear flow or shed from flow bound-37

aries/discontinuities, e.g. at sharp corners [1]. Alter-38

natively, it has been argued that convective velocity39

perturbations result from feedback of the flame on the40

flow as a consequence of volume expansion across the41

flame front [8, 9, 11, 12].42

In principle, FTFs determined by experiment or43

high fidelity simulation should incorporate all of these44

interactions within a “black-box” model. In the45

present work, we strive to open this black-box and46

examine the combined role of acoustic–vortical cou-47

pling and hydrodynamic amplification in acoustic–48

flame–flow interaction. As explained by Cossu and49

Chomaz [13], convective amplification is a manifesta-50

tion of the non-normality of the global eigenmodes of51

the linearised system operator. While non-normality52

in thermoacoustics has been studied, for example, by53

Subramanian & Sujith [14] in a system with a kine-54

matic G-equation flame model in a Galerkin expan-55

sion, and by Mangesius & Polifke [15] and Sogaro56

et al. [16] in low-order acoustic network models,57

these studies either eliminated hydrodynamic insta-58

bility by design with their presumed base flow and59

perturbation structure, or relied on the FTF as a black-60

box flame model. In contrast, we will employ lin-61

earised reactive flow (LRF) equations to explicitly in-62

clude spatially-resolved hydrodynamics and convec-63

tive non-normality [17], acoustics, and flame dynam-64

ics in our analysis for a two-dimensional laminar pre-65

mixed flame anchored behind a contraction section66

(slit).67

Using a similar LRF model, Varillon et al. [18]68

recently studied the adjoint intrinsic thermoacoustic69

(ITA) modes [19] of a slit flame and identified the70

importance of vorticity generated within the slit for71

the ITA feedback loop. However, the low Reynolds72

number considered in that study did not support long-73

range convective amplification of disturbances. Ad-74

ditionally, Wang et al. [20] employed the LRF equa-75

tions to determine the optimal forcing and response76

structures for a two-dimensional flame stabilised be-77

hind a backward facing step. They found that the fre-78

quencies associated with the highest gain coincided79

with the expected frequencies of ITA modes. How-80

ever, the weak shear of their parabolic velocity inflow81

profile effectively prohibited any amplification of vor-82

ticity upstream of the expansion. The present study83

complements these studies by systematically assess-84

ing the influence of upstream hydrodynamic shear85

on the response of slit flames. To this end, we will86

modify the flow topology within the slit by chang-87

ing the Reynolds number and slit dimensions. Al-88

though vorticity is also shed from the downstream89

corner of the slit where the flame anchors, the in-90

fluence of this vorticity on the flame response was91

shown to be negligible in [9] because thermal expan-92

sion transports these vortical perturbations away from93

the flame front. Understanding the influence of the94

upstream shear distribution on the flame response will95

facilitate broader passive control strategies (such as96

optimization of edge geometries, as demonstrated for97

orifice whistling in [21]) beyond just optimising con-98

vective time-delays of vortical perturbations.99

This paper is organised as follows. The governing100

equations and the investigated problem are introduced101

in Section 2. Subsequently, Section 3 presents a sys-102

tematic variation of flow topology within the slit and103

identifies the importance of the dispersion and hydro-104

dynamic amplification of upstream perturbations for105

the flame response. Section 4 further scrutinises the106

convective instability of the boundary layer within the107

slit by means of resolvent analysis. Finally, conclu-108

sions are drawn in Section 5.109

2. Governing equations & problem formulation110

The considered problem is governed by the fully111

compressible reacting Navier–Stokes equations. We112

assume a very lean mixture and model chemistry with113

an irreversible one-step reaction depending solely on114

the fuel mass fraction Y . The mixture heat capac-115

ity, viscosity, and diffusivity properties are assumed116

constant with a unity Lewis number Le. All quan-117

tities are made dimensionless using the average ve-118

locity in the slit U∗, the reactant density ρ∗∞ and119
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temperature T ∗
∞, and the slit width W ∗. The di-1

mensionless pressure p, sensible enthalpy hs, and2

thermal- and caloric equations of state are defined3

as p = (p∗ − p∗∞)/(ρ∗∞U∗2) = (ρT − 1)/(γMa2)4

and hs = h∗
sp

∗
∞/ρ∗∞ = γ/(γ − 1)T where p∗∞ is the5

static pressure at ρ∗∞ and T ∗
∞, γ = c∗p/c

∗
v = 1.4 is the6

heat capacity ratio, and Ma = U∗/c∗ = 0.01 is the7

Mach number based on the speed of sound c∗.8

The resulting mass, momentum, energy, and
species equations read,

∂ρ

∂t
+

∂ (ρuj)

∂xj
= 0,

∂ (ρui)

∂t
+

∂ (ρuiuj)

∂xj
+

∂p

∂xi
− 1

Re

∂ϵij
∂xj

= 0,

∂
(
ρhs − pγMa2

)
∂t

+
∂ (ρujhs)

∂xj
− γMa2 ∂p

∂xi
ui

−ẇT − γ

γ − 1

1

Pe

∂2T

∂x2
j

− γMa2

Re

∂ui

∂xj
ϵij = 0,

∂ (ρY )

∂t
+

∂ (ρujY )

∂xj
− 1

PeLe

∂2Y

∂x2
j

+ ẇY = 0,

(1)

where ϵij =
(

∂ui
∂xj

+
∂uj

∂xi
− 2

3
∂uk
∂xk

δij
)

is the trace-
less strain rate tensor. The fuel consumption rate ẇY

and heat release rate ẇT are modeled using the Ar-
rhenius law,

ẇY = DaρY e
−(1+∆T )2Ze

∆TT , ẇT =
γ∆T

γ − 1
ẇY , (2)

where the activation energy is parameterised by9

the Zeldovich number Ze = 10, the exothermic-10

ity/enthalpy of formation ∆h0∗
f by the adiabatic tem-11

perature rise ∆T = ∆h0∗
f Y ∗

∞/W ∗c∗pT
∗
∞ = 5.67,12

and the Arrhenius pre-exponential constant A∗ by the13

Damköhler number Da = A∗W ∗/U∗ = 2.184 ×14

108. Diffusion of species/temperature and momen-15

tum are parameterised by the Péclet number Pe =16

c∗pρ
∗
∞W ∗U∗/κ∗ = 70 and Reynolds number Re =17

ρ∗∞U∗W ∗/η∗, with κ∗ and η∗ as the heat conductiv-18

ity and dynamic viscosity, respectively. Re will serve19

as free parameter in this study. We lastly note that20

Ze was chosen to represent a lean hydrocarbon flame21

at atmospheric pressure [22], and Da was varied to22

match flame lengths reported in [23].23

Equations (1) and (2) are discretised with Taylor-24

Hood finite elements (first order in pressure and sec-25

ond order in all other variables) within the FEniCS26

framework, and the base flow q = [uj , p, T , Y ] is27

obtained as a fixed point of Eq. (1) using a New-28

ton solver. Starting from the cold flow, ignition is29

achieved by reducing the Ze at low Da until a flame30

front forms by auto-ignition. Subsequently, Ze and31

Da are increased incrementally to the target values.32

For linear input-output and stability analyses,
Eqs. (1) and (2) are linearised around the steady base

flow and subsequently transformed into the Fourier or
Laplace domain, respectively, yielding,

[2πiStA+ L] q̂ = Bf̂ , (3)

[(σ + 2πiSt)A+ L] q̂ = 0, (4)

where q̂ = [ûj , p̂, T̂ , Ŷ ] is the transformed state vec-33

tor. Hence, in Eq. (3), q̂ describes the linear response34

to a harmonic forcing f̂ at a frequency given by the35

Strouhal number St = f∗W ∗/U∗. Conversely, in36

Eq. (4), q̂ is the eigenmode associated with eigen-37

value σ + 2πiSt, where σ is the temporal growth38

rate. Here, L and A are matrices representing the dis-39

crete Jacobian and mass operators, and B is a discrete40

forcing matrix described further in Section 4.2. Fol-41

lowing discretization in FEniCS, all computations are42

performed with the PETSc and SLEPc linear algebra43

packages.44

Finally, we describe the flow configuration. Fig-
ure 1 shows the computational domain and its
adaptively-refined discrete representation. The mesh
resolution was refined to ensure convergence of the
presented flame transfer functions and optimal gain
curves. We study a slit (contraction) of length L =
L∗/W ∗ and unit width. The up- and downstream
plenums are respectively Lu = 2 and Ld = 4 long
and Wu,d = 2.5 wide. Symmetry conditions are en-
forced on Γsym. Adiabatic no-slip conditions are en-
forced on Γwall. The fuel and temperature are speci-
fied with Y = T = 1 Dirichlet conditions on Γin and
with homogeneous Neumann conditions on Γout. At
the same boundaries, the velocity and pressure are
constrained as follows. For the base flow, we impose
a uniform parallel inflow on Γin and a fixed-pressure
outflow on Γout. Then, for the subsequent linear anal-
ysis, we adopt characteristic boundary conditions for
the mass and axial momentum fluxes Imass and Ixmom
across Γin and Γout. Adopting stress-free parallel in-
and out-flow conditions and planar acoustic waves, a
flux vector splitting is used to formulate the bound-
ary integrals arising in the weak form in terms of
up- and downstream propagating acoustic characteris-
tics ĝ = (cρ̂/ρ− û) /2, f̂ = (cρ̂/ρ+ û) /2, respec-
tively. For instance, at the inlet (similar at the outlet),

Imass =
ρ

c

(
(c+ u)(f̂f +Rinĝin) + (u− c)ĝin

)
,

Ixmom =
ρ

c

(
(c+ u)2(f̂f +Rinĝin) + (u− c)2ĝin

)
,

(5)

where c =
√
T/Ma. Hence, the reflection coeffi-45

cients are R̂in = f̂in/ĝin and Rout = ĝout/f̂out. For a46

detailed derivation of the characteristic boundary con-47

dition, we refer the reader to the appendix in [24].48

3. Base flow fields & linear impulse response49

In this section, we present the base reactive flow50

fields and analyse their respective linear responses to51
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Γin Γout

Γsym Γsym

Γsym

Γwall

Fig. 1: Computational domain with adaptively-refined mesh,
boundaries labelled by Γi.

inlet acoustic forcing. To study the influence of up-1

stream perturbations on the flame–flow interaction,2

we systematically modify the shape of the hydrody-3

namic boundary layer and the convective time delay4

by changing Re and/or L and monitoring their effects5

on the FTF.6

3.1. Variation of Reynolds number7

In this section, we keep the slit length L = 0.58

constant and vary the Reynolds number. Fig-9

ure 2 (left) shows the base states for three differ-10

ent Reynolds numbers Re = {200, 500, 800}. In11

all computations, Pe (rather than the Prandtl num-12

ber) is kept constant as Re is varied, so that the13

laminar flame speed and thickness (which scale as14

sL ∼ (Da/Pe)
1
2 and δF ∼ (PeDa)−

1
2 , respec-15

tively [22]) remain roughly constant. This yields16

very similar flame shapes for the three cases, whereas17

the distribution of shear within the slit is strongly18

influenced by Re. In particular, we note that for19

Re = 200, the flow follows the wall contour, while20

for Re = 500 and Re = 800 the flow separates and21

forms a small recirculation zone.

(a) Re = 200 (b) Re = 500 (c) Re = 800

Fig. 2: Base flow streamlines and heat release contours
(left) and real part of vorticity response ℜ(w) at St = 1.0
(right).

22

For the linear response analysis, the incoming
acoustic characteristic is forced along the inlet bound-
ary by prescribing St and setting f̂f = 0.01 in
Eq. (5). The FTF,

FTF =

∫
Ω

ˆ̇wT dΩ/
∫
Ω
ẇT dΩ∫

Aref
ûxdA/

∫
Aref

uxdA
(6)

which relates the global normalised heat release fluc-23

tuations to the normalised velocity fluctuations on the24

0

2

4

6

|F
T

F|

Re : 200, 500, 800

0 0.5 1 1.5 2

−π

−3π

−5π

−7π

−9π

St

∠
FT

F

(a) L = 0.5

0 0.5 1 1.5 2

St

(b) L = 1.0

0 0.5 1 1.5 2

St

(c) L = 5.0

Fig. 3: Comparison of FTFs for varying Re and L. Gain
(top) and phase (bottom).

upstream plane of the slit Aref, is then computed by25

solving the forced linear problem Eq. (3). To stabilise26

ITA modes, a pressure node is weakly enforced at the27

outlet by setting Rout = −1, while keeping the in-28

let anechoic Rin = 0 in Eq. (5). Figure 3a shows a29

comparison of the FTF gain and phase for the three30

Re investigated. A strong influence of Re on the FTF31

gains is evident. The excess gain at low St increases32

as Re increases, and a second peak can be found at33

St ≈ 1 for Re = 500 and Re = 800.34

Following the argument established for multiple35

time-delay models [4], we would expect the strong36

excess gain observed for Re = 800 at St = 1.0 to be37

caused by constructive interference of two (or more)38

physical mechanisms that modulate the heat release39

rate of the flame. To identify such physical mecha-40

nisms, we analyse the harmonic response of the per-41

turbed reactive flow system. Figure 2 (right) shows42

the real part of the vorticity response to acoustic forc-43

ing at St = 1.0 as Re increases. For the Re = 50044

and Re = 800 cases, which show excess gain in the45

FTF at St ≈ 1, vorticity shedding from the upstream46

corner of the flow contraction appears as a vital part47

of the flow response.48

To investigate the possibility of constructive in-49

terference of these convecting vorticity perturbations50

with flame front modulations due to the potential51

part of velocity perturbations as introduced by [9],52

we analyse the discrete impulse responses hk ob-53

tained from the inverse z-transform of the FTFs [4],54

as shown in Figure 4 (top). The initial time delay of55

the flames at all Re investigated is very similar. For56

example, we find the first peak in the flame response57

at t = 1. As Re increases, the impulse response re-58

veals further undulations in heat release. For instance,59

at Re = 800, the amplitude of the secondary undula-60

tions is higher than the amplitude of the initial undula-61

tion. The existence of a smaller secondary undulation62

can be attributed to the reduced viscous damping at63
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Fig. 4: Discrete impulse responses hk , k ∈ [1, 400] from
inverse z-transformation at various Re and L. For readabil-
ity, the hk are presented as continuous lines.

higher Re , whereas the increase in the impulse re-1

sponse for the second undulation may be caused by2

constructive interference with a perturbation arriving3

at a later time and/or hydrodynamic amplification of4

the perturbation itself.5

3.2. Variation of slit length6

We now vary the slit length in order to explicitly7

modify the convective time delay between the shed-8

ding of vorticity perturbations from the upstream cor-9

ner of the slit and the heat release fluctuations that10

occur upon the arrival of these perturbations at the11

flame. To this end, the length of the contraction is var-12

ied L = {0.5, 1.0, 5.0} as shown in Figure 5. Note13

that increasing L impacts both the time delay and14

amplitude of the perturbations arriving at the flame.15

While the time delay is determined by the disper-16

sion behaviour of the convecting perturbations, the17

perturbation amplitude is determined by the counter-18

play between convective amplification and decay in19

the boundary layer. For instance, in the L = 5.0 case20

(Figure 5a right), the vorticity amplitude increases21

along the first half of the slit before reaching a peak22

near the flow’s reattachment point. Subsequently, the23

perturbation amplitude decreases along the second24

half of the slit until reaching the flame front.25

Figure 4 (middle) shows the impulse responses26

hk for flames at Re = {200, 500, 800} with fixed27

L = 1.0. These hk behave similarly to the L = 0.528

case as Re increases. We notice that the initial delay29

of the responses does not change with L. Therefore,30

the initial peak is not related to the convection of per-31

turbations through the slit. Rather, it is caused by a32

direct perturbation of the flame base due to potential33

velocity perturbations [9]. For the chosen Mach num-34

(a) L = 5.0 (b) L = 1.0 (c) L = 0.5

Fig. 5: Base flow streamlines and heat release contours (left)
and real part of vorticity response ℜ(w) at St = 1.0 (right)
for various L. Re = 800 in all cases.

ber Ma = 0.01, the slit remains acoustically com-35

pact in all investigated cases. Hence, the initial acous-36

tic wave reaches the flame almost immediately. As37

Re increases, the impulse response again reveals the38

emergence of a second undulation in hk with stronger39

amplitude than the first undulation.40

Two conclusions can be drawn at this point: (i)41

Since the amplitude of the second undulation of hk42

varies with L at constant Re, the convective time43

delay of vorticity perturbations shed from the up-44

stream corner of the slit influences the flame response45

through constructive/destructive interference. How-46

ever, L also impacts how the amplitudes of vortical47

perturbations evolve on their way to the flame. (ii)48

Since the strength of the second undulation of hk in-49

creases when Re is increased at constant L, the coun-50

terplay between convective amplification and viscous51

dissipation of perturbations on their way to the flame52

influences the flame response.53

In Figure 4 (bottom) we attempt to further tem-54

porally separate the interfering perturbation mecha-55

nisms by setting L = 5.0. For Re = 800, we find56

two clearly separate responses of the flame. Almost57

instantly, the flame responds as it does for L = 0.558

and L = 1.0. This supports the previous argument59

that vorticity shed from the upstream corner of the60

slit does not contribute to the initial response. At a61

later time t ≈ 7, we find a second response of the62

flame. For a slit flame, it has been established that a63

large part of the heat release oscillation comes from64

the flame tip [25]. For a bulk velocity of unity in the65

slit, a slit length of L = 5.0 and a flame length of66

Lf = 1.8, it will take ∼ 7 time units for a vorticity67

perturbation originating at the upstream corner of the68

slit to reach the tip of the flame, corresponding to the69

second signal in the impulse response. This second70

mechanism is significant only if the vorticity pertur-71

bation is not dissipated before reaching the flame tip72

as it is for the more viscous cases of Re = 200 and73

Re = 500. Figure 3c shows that the corresponding74

FTF at Re = 800, L = 5.0 resembles the FTF at75

Re = 200 and Re = 500 with superimposed closely76
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spaced oscillations. A qualitatively similar FTF was1

reported by Æsøy et al. [26] for convective-acoustic2

interference involving vorticity shed from a cylinder3

placed upstream of the flame.4

In this section, we have illustrated the role that up-5

stream vortical perturbations play in the thermoacous-6

tic response of slit flames. In particular, our analysis7

highlights the separate roles of interference and hy-8

drodynamic amplification in their linear response be-9

haviour.10

4. Contribution of convective growth to the FTF11

In the remainder of this article, we focus on the12

influence of convective perturbation growth on the13

flame response for the L = 0.5 configuration under14

varying Re.15

The Reynolds number influences linear perturba-16

tion behaviour through (i) modification of the base17

flow, (ii) control of perturbation dissipation through18

viscosity, and (iii) alteration of perturbation tran-19

sient growth characteristics via the convective non-20

normality of L. Hence, in order to argue that non-21

modal (convective) amplification of perturbations is22

responsible for stronger perturbations arriving at the23

flame, the respective eigenmode in the St range of in-24

terest of the flows compared should exhibit the same25

negative growth rate. This ensures similar system26

behaviour for asymptotically long times without re-27

stricting transient differences at shorter times due to28

the non-normality of the eigenmodes.29

To address this point, we tune the outlet reflection30

coefficient in a case-specific manner to obtain stable31

ITA modes with same negative growth rates. Since we32

can control only the growth rate of one mode at a time,33

we decide to focus on the ITA mode at St ≈ 1.3 in the34

following. Subsequently, we use resolvent analysis35

to investigate how momentum perturbations are most36

efficiently translated into heat release fluctuations. In37

this way, we isolate the convective amplifier part of38

the ITA oscillator.39

4.1. Tuning Rout for comparable linear growth rates40

The chosen lengths of the upstream and down-41

stream plenums are sufficiently short to ensure that42

acoustic cavity modes lie far above the FTF cut-off43

frequency. Consequently, the modal behaviour of44

the present slit flame is governed by its eigenmodes,45

which are interpreted as ITA modes in this LRF46

system. The feedback underlying such ITA modes47

is closed within the burner geometry by convective48

mechanisms. Therefore, these modes can occur at49

lower St, independent of the plenum dimensions.50

For an anechoic inlet and outlet (Rin = Rout = 0),51

ITA modes can be marginally damped or even unsta-52

ble for sufficiently high gain of the FTF [19]. Fur-53

thermore, their frequencies can be estimated from54

the −π-criterion [27] as the intersections of the FTF55

phase plots with odd multiples of −π. We solve the56

eigenvalue problem of Eq. (4) with an iterative Krylov57

−2−1 0
0

0.5

1

1.5

2

σ

S
t

(a) Re = 200

−2−1 0

σ

(b) Re = 500

−2−1 0

σ

0

−0.25

−0.5

−0.75

−1

Rout

(c) Re = 800

Fig. 6: Trajectory (from unstable to stable) of leading eigen-
modes as magnitude of Rout is increased at L = 0.5. For
each Re, the colour at the red line indicates the Rout value
that yields σ = −0.45 for the St ≈ 1.3 ITA mode.

method, applying a shift-invert transformation to the58

frequency obtained by the −π-criterion.59

Starting from anechoic conditions, we track this60

eigenmode to the stable half plane as we incremen-61

tally increase the magnitude of the outlet reflection62

coefficient towards open end conditions Rout = −1.63

To ensure that we follow the same mode in the com-64

plex plane, a linear prediction of its new position due65

to an incremental change δRout is computed from the66

adjoint sensitivity of the mode and the shift of the67

eigenvalue computation algorithm is adapted to this68

guess.69

Figure 6 shows the trajectories of the leading70

eigenmodes at Re = {200, 500, 800} for slit length71

of L = 0.5. The delay time of the flame re-72

sponse for Re = 200 is ∆τ = 1 in Figure 4.73

If this flame response closes an ITA feedback loop,74

the corresponding expected ITA frequency should be75

St ≈ 1/(2∆τ) = 1/2 [19] and, indeed, the spec-76

trum in Figure 6a shows a mode with St ≈ 1/2 for77

Rout = −1.0. Note that we non-dimensionalised time78

with respect to the average velocity in the slit rather79

than the speed of sound. Hence, the frequency of80

the mode matches the hydrodynamic timescale as ex-81

pected for an ITA mode in this configuration. For82

Re = 800, the time delay between two adjacent83

peaks in the interference pattern of the impulse re-84

sponse is ∆τ ≈ 0.4 in Figure 4. If this perturbation85

pattern closes an ITA loop, the expected frequency is86

St ≈ 1/(2∆τ) = 1.25, matching the third mode in87

the spectrum in Figure 6c for Rout = −1. The ITA88

nature of the computed modes is further confirmed89

by the ITA criterion of Yong et al. [28, 29], i.e., for90

all anechoic modes, the perturbation velocity changes91

sign across the flame front.92

The growth rate of the eigenmode at St ≈ 1.3 is93

finally tuned by exploiting the tendency of ITA modes94

to stabilise as the outlet of the flow domain becomes95

increasingly acoustically reflective. The Rout yielding96

a growth rate of σ = −0.45 for modes with St ≈ 1.397

are listed in Table 1.98

4.2. Resolvent analysis99
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Table 1: Tuned Rout yielding eigenmodes at St ≈ 1.3 with
σ = −0.45± 0.001.

Re St σ Rout

200 1.282553 -0.449797 -0.241250
500 1.221718 -0.449984 -0.701250
800 1.259678 -0.450458 -0.920000

By harmonically forcing the LRF system at a fre-1

quency close to an eigenvalue, we can observe reso-2

nance. For a normal operator, the amplitude of the3

resonant response is anti-proportional to the distance4

between the forcing frequency and the convex hull5

of the operator [17, 30]. However, for a non-normal6

operator, the resonant response may be significantly7

stronger than for a comparably damped normal oper-8

ator [30]. The response q̂ of the reacting flow system9

to harmonic body forcing f̂ at a prescribed St can10

be obtained via the resolvent R of Eq. (3), namely11

q̂ = (2πiStA+ L)−1Bf̂ = RBf̂ , where the exten-12

sor matrix B maps the restricted forcing subspace into13

the complete state space of the reactive flow system.14

If the strength of the forcing is measured by the
2-norm f̂HQf f̂ and the strength of the response of
the flow by the norm q̂HQqq̂, the maximal Rayleigh
quotient is identified as the square of the optimal gain
from forcing to response for each St, i.e.,

G2 =
q̂HQqq̂

f̂HQf f̂
=

f̂HBHRHQqRBf̂

f̂HQf f̂
. (7)

This optimal gain, and the corresponding optimal
forcing pattern, can be determined as the maximum
eigenvalue and eigenvector of the Hermitian eigen-
value problem,

G2Qf f̂ =
(
BHRHQqRB

)
f̂ . (8)

Since we are interested in flow-flame interaction,15

we choose to excite the system with a body force.16

Equation (8) shows that the optimal gain depends on17

the choice of norm Qq to measure the response of18

the system. According to Blumenthal et al. [31], the19

response norm defines the perspective on the system,20

and our choice corresponds to our interest in the flame21

dynamics. To this end, we follow Wang et al. [20] and22

take the fluctuating heat release as the response norm23

q̂HQheatq̂ = q̂H( ∂ẇT
∂q̂

⊗ ∂ẇT
∂q̂

)q̂, where ∂ẇT
∂q̂

is the24

gradient of heat release rate (Eq. (2)) with respect to25

the state vector q̂ and ⊗ denotes the dyadic product26

of two vectors.27

Figure 7 shows the optimal gain curves for28

Re = {200, 500, 800} where Rout is tuned according29

to Table 1 to yield equally damped (σ = −0.45) ITA30

modes at St ≈ 1.3 in each case. Around St ≈ 1.3,31

we can observe an increase in the optimal gain as Re32

increases. This suggests a higher upper limit for the33

0 0.5 1 1.5 2
0

0.5

1

·104

St

G

200

500

800

Fig. 7: Optimal gain G (Eq. (8)) from body forcing in the
momentum equation to heat release fluctuations as Reynolds
number varies at L = 0.5.

optimal response due to an increase in non-normality34

[30].35

Note that Rout controls the damping rate of the36

eigenmodes at St ≈ 1.3. For the modes at lower37

Strouhal number around St ≈ 0.5, the growth rate38

is free to vary. For instance, the eigenmode of the39

Re = 200 case at the chosen Rout = −0.24125040

is only weakly damped, as shown in Figure 6a. In41

essence, using this technique, we can isolate the ef-42

fect of non-normality on the different amplitudes of43

resonance in the vicinity of the damped eigenmode at44

St ≈ 1.3. However, we cannot simultaneously iso-45

late this effect for other eigenmodes, such as the one46

at St ≈ 0.5.47

Figure 8 shows the magnitude of the fluctuating48

heat release of the optimal response (left) and the49

magnitude of the optimal forcing in the momentum50

equation in axial flow direction (right) at St = 1.3.51

For all Re considered, the fluctuating heat release is52

concentrated at the flame tip (as expected for a slit53

flame [25]). In contrast, the optimal forcing structure54

varies significantly with Reynolds number. For the at-55

tached flow case at Re = 200, the optimal forcing is56

located close to the slit wall and in the centre of the57

flame. It appears that, due to the relatively strong mo-58

mentum dissipation at such low Re, the forcing needs59

to be located close to the flame to be effective. For60

the Re = 500 case, which features a recirculation re-61

gion within the slit, the optimal forcing clusters near62

the separation point at the upstream corner of the slit.63

For Re = 800, the clustering of optimal forcing at64

this shear concentration is even more prominent, and65

the relative strength of optimal forcing in the centre66

of the wedge flame is lower.67

From the optimal forcing structures in Figure 8 it68

is evident that if Re is high enough for a recirculation69

region to form in the slit, the optimal mechanism to70

perturb the heat release rate of the flame makes use71

of the corresponding separated shear layer. This find-72

ing is remarkable because it means that the strongest73

flame perturbation is not caused by a direct perturba-74

tion of the flame base, but rather by convective hy-75

drodynamic amplification of disturbances shed fur-76

ther upstream.77

5. Conclusions78
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(a) Re = 200 (b) Re = 500 (c) Re = 800

Fig. 8: Magnitude of optimal heat release response (left) and
magnitude of optimal momentum forcing in axial flow di-
rection (right). All magnitudes are separately rescaled to the
interval [0, 1]. L = 0.5 and St = 1.3 in all cases.

The present study has shown that the FTF of slit1

flames is crucially impacted by vorticity shed from2

the upstream corner of the slit. If the convective time3

delay of perturbations travelling through the slit is4

shorter than the response time of the flame to direct5

acoustic perturbation of the flame base, the two mech-6

anisms interfere linearly, and the resulting response is7

a consequence of the interference pattern. Further-8

more, the boundary layer in the slit allows convective9

growth of vortical perturbations on their way to the10

flame, impacting the FTF gain. These findings sug-11

gest passive thermoacoustic control strategies such as12

designing the burner geometry to avoid internal flow13

separation and minimise hydrodynamic disturbance14

amplification, and tuning the slit length to achieve de-15

structive interference at the flame tip for problematic16

frequencies.17
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