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Abstract

The voter model which describes the flow of information through interactions between

neighbors has been widely studied in the field of probability. In this paper we study

two variations of the voter model, one is called the Latent Voter Model and the

other is called the Zealot Voter Model. Both models are implemented in a space

that is a random graph. In the latent voter model, which models the spread of a

technology through a social network, individuals who have just changed their choice

have a latent period, which is exponential with rate λ, during which they will not

buy a new device. We study site and edge versions of this model on random graphs

generated by a configuration model in which the degrees dpxq have 3 ď dpxq ď M .

We show that if the number of vertices nÑ 8 and log n ! λn ! n then the fraction

of 1’s at time λnt converges to the solution of du{dt “ cpup1´uqp1´ 2uq. Using this

we show the latent voter model has a quasi-stationary state in which each opinion

has probability « 1{2 and persists in this state for a time that is ě nm for any

m ă 8. Thus, even a very small latent period drastically changes the behavior of

the voter model, which has a one parameter family of stationary distributions and

reaches fixation in time Opnq. Inspired by the spread of discontent as in the 2016

presidential election, we consider a voter model in which 0’s are ordinary voters and

1’s are zealots. Thinking of a social network, but desiring the simplicity of an infinite

object that can have a nontrivial stationary distribution, space is represented by a

tree. The dynamics are a variant of the biased voter: if x has degree dpxq then at
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rate dpxqpk the individual at x consults k ě 1 neighbors. If at least one neighbor is

1, they adopt state 1, otherwise they become 0. In addition at rate p0 individuals

with opinion 1 change to 0. As in the contact process on trees, we are interested

in determining when the zealots survive and when they will survive locally, i.e., the

root of the tree is in state 1 infinitely often.
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1

Introduction

Holley and Liggett introduced introduced the voter model. Here we consider two

types of voter models: the Latent voter model and the Zealot voter model.

1.1 the Latent Voter Model

In the first part we will study the latent voter model introduced in 2009 by Lambiotte,

Saramaki, and Blondel [16]. In this model each individual owns one of two types of

technology, say an iPad or a Microsoft Surface tablet. In the voter model on the d-

dimensional lattice, individuals at times of a rate one Poisson process pick a neighbor

at random and imitate their opinion. However, in the current interpretation of that

model, it is unlikely that someone who has recently bought a new tablet computer

will replace it, so we introduce latent states 1˚ and 2˚ in which individuals will not

change their opinion. If an individual is in state 1 or 2 we call them active. Letting

fi be the fraction of neighbors in state i or i˚, the dynamics can be formulated as

follows

1



1 Ñ 2˚ at rate f2 1˚ Ñ 1 at rate λ
2 Ñ 1˚ at rate f1 2˚ Ñ 2 at rate λ

We will study the system with large λ. That is, although the individual has a la-

tent period after changing device, pretty quickly this person will resume to be active.

In [16] the authors showed that if individuals in the population interact equally with

all the others then the system converges to a limit in which both technologies have

frequency close to 1/2. Surprisingly, the latent voter model have similar behavior on

finite graphs generated by the configuration model which we will discuss later, see

Theorem 1.1.2 for the result. The difference from [16] is that in the site version of the

latent voter model, the population does not interact equally. To study this model,

we will construct the system using a graphical representation. Suppose first that the

system takes place on Zd and that d ě 3. For each x P Zd and nearest neighbor y,

we have independent Poisson processes T x,yn , n ě 1 that come at rate 1 (in the edge

version, this equals the degree of x). At each time t “ T x,yn we draw an arrow from

py, tq Ñ px, tq to indicate that if the individual at x is active at time t then they will

imitate the opinion at y.

To implement the other part of the mechanism, we introduce for each site x, a

Poisson process T xn , n ě 1 of “wake-up dots” that return the voter to the active

state.

• If there is only one voter arrow between two wake up dots, the result is an

ordinary voter event.

• If between two wake up dots there are voter arrows to x from two different

neighbors, an event of probability Opλ´2q, then x will change its opinion if and

only at least one of the two neighbors has a different opinion. To check this,

we note that if the first arrow causes a change then the second one is ignored,

while if the first arrow comes from a site with the same opinion as the one

2



at x then there will be a change if and only if the second site has an opinion

different from the one at x.

• If t is fixed then at a given site there are Opλq wake-up dots by time t. Thus

if we want to see the influence of intervals with two voter arrows then we want

to run time at rate λ. The probability of k voter arrows between two wake-up

dots is p1 ` λq´k, so in the limit the probability of three of more voter events

between two wake-up dots goes to 0 as λÑ 8.

The following is an example:

2 2 2 1 2 1 2

1 1 1 1 1 1 2

0

t

�2

- 1

- 1-

-

�

-

�

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ
1

�1

�1

In the figure, the bottom shows the initial states assigned to each individual. t is

the current moment and the figure in between shows the timeline of each individual.

We use thick line segments to differentiate the time period where the person is in

state 1. To explain how it helps us identify the states at any time t, take the third

left person as an example. It first looks at its right neighbor and changed to 1 then

stays inactive. Since the next arrow from its left comes before a wake-up dot, it is

ignored. However, going upward, the third arrows has an effect since this person

becomes active after the second wake-up dot. The main idea is that we would be

3



able to find the states of the population at anytime by working upward the graphical

representation.

1.1.1 ODE limit of the density

Here we consider the Latent voter model on random graphs with bounded degrees

(see Section 2.0.1 in Chapter 2 for details). Let ξtpxq denote the state of vertex x

at time t. The last detail is to define the density Unptq. To do this we note that a

random walk that jumps to a neighbor chosen at random has stationary distribution

πpxq “ dpxq{D, where D “
ř

y dpyq, while a random walk that jumps to each

neighbor at rate 1 has stationary distribution πpxq “ 1{n. To treat the two cases in

one definition we let

Un
ptq “

ÿ

x

πpxq1tξλtpxq“1u (1.1)

Our first result is the ODE limit.

Theorem 1.1.1. Suppose that log n ! λn ! n. If Unp0q Ñ u0 then Unptq converges

in probability and uniformly on compact sets to uptq, the solution of

du

dt
“ cpup1´ uqp1´ 2uq up0q “ u0. (1.2)

where the value of cp depends on the degree distribution and the version of the voter

model.

For people who are interested in the voter model perturbation, it turns out that

the latent voter model is a voter model perturbation in the sense of Cox, Durrett,

and Perkins [7]. In the site version if we let λ “ ε´2 and let nkpxq be the number of

neighbors in state k or k˚ then the rate of flips from 1 to 2 in the latent voter model

when the configuration is ξ is:

ε´2cv1,2px, ξq ` h1,2px, ξq where cv1,2px, ξq “ 1tξpxq“1u
n2pxq

dpxq

4



If we let y1, . . . y2d be an enumeration of the nearest neighbors of x, the perturbation

is

h1,2px, ξq “ 1tξtpxq“1u
2

dpxqpdpxq ´ 1q

ÿ

1ďkă`ď2d

1tξpykq or ξpy`qPt2,2˚uu

Similar formulas hold when the roles of 1 and 2 are interchanged. h1˚,j “ h2˚,j ” 0.

Authors in [7] have extensively studied the voter model perturbation on Zd where in

above dpxq is replaces by d. Their Theorem 1.2 suggests that under mild assumptions

on the perturbation, if we scale space by ε, the density of 1’s in the rescaled particle

system converges to the solution of the limiting PDE:

Bu

Bt
“

1

2
∆u` φpuq with φpuq “ xh2,1p0, ξq ´ h1,2p0, ξqyu (1.3)

and x¨yu denotes the expected value with respect to the voter model with density u.

Intuitively, (2.1) holds because of a separation of time scales. The rapid voting

means that the configuration near x looks like the voter model equilibrium with

density upt, xq. Later in the paper will show, see (2.11), that in the case of the latent

voter model

φpuq “ cdup1´ uqp1´ 2uq.

Similar argument applies to the edge version.

If we consider the latent voter model on a torus with n sites and let λn Ñ 8 then

the system can be analyzed using ideas from a recent paper of Cox and Durrett [5].

In their case the density of 1’s at time t by

Un
ptq “

1

n

ÿ

x

1tξλtpxq“1u (1.4)

They showed that

5



Theorem 1.1.2. Suppose n2{d ! λn ! n. If Unp0q Ñ u0 then Unptq converges

uniformly on compact sets to uptq the solution of

du

dt
“ cdup1´ uqp1´ 2uq up0q “ u0

1.1.2 Duality

To explain why Theorems 1.1.1 and 1.1.2 are true, we will introduce a dual process

that is the key to the analysis. The dual process was first introduced more than 20

years ago by Durrett and Neuhauser [9], and is the key to work of Cox, Durrett, and

Perkins [7]. To do this, we construct the process using a graphical representation

that generalizes the one introduced for Zd. For each x P Zd and neighbor y, we have

independent Poisson processes T x,yn , n ě 1. At each time t “ T x,yn we draw an arrow

from py, tq Ñ px, tq to indicate that if the individual at x is active at time t then they

will imitate the opinion at y. In the edge case all these processes have rate 1. In the

site case T x,yn , n ě 0 has rate 1{dpxq. To implement the other part of the mechanism,

we have for each site x, a rate λ Poisson process T xn , n ě 1 of “wake-up dots” that

return the voter to the active state.

To compute the state of x at time t we start with a particle at x at time t. To be

precise ζx,t0 “ txu. As we work backwards in time the particle does not move until

the first time s there is an arrow py, t´ sq Ñ px, t´ sq.

• If this is the only voter arrow between the two adjacent wake-up dots then the

particle jumps to y.

• If in the interval between the two adjacent wake-up dots there are arrows from

k distinct yi then the state changes to tx, y1, . . . yku since we need to know

the current state of all these points to know what change should occur in the

process. In the limit as λ Ñ 8 we will only see branchings that add two yi.

We include the case k ą 2 to have the dual process well-defined.
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• We do not need to know the order of the arrows because x will change if at

least one of the yi has a different opinion. When λ is small some of the yi might

change their state during the interval between the two wake-up dots but this

possibility has probability zero in the limit.

• To complete the definition of the dual, we declare that if a branching event

adds a point already in the set, or if a particle jumps onto an occupied site

then the two coalesce to one.

The dual process can be used to compute the state of x at time t. The first step is to

work backwards in time to find ζx,tt the set of sites at time 0 that can influence the

state of x at time t. We note the states of the sites at time 0 and then work up the

graphical representation to determine what changes should occur at the branching

points in the dual.

To prove Theorem 1.1.1, following the approach of Cox and Durrett [5], we will

show that after a branching event any coalescence between the particle that branched

and the two newly created particles will happen quickly, in time Op1q or these parti-

cles will need time Opnq to coalesce. Our assumption on the graphs that all vertices

have degree ě 3 implies that the mixing time for random walks on these graphs

is Oplog nq. Thus when λn " log n, we have the situation that after a branching

event there may be some coalescence in the dual at times Op1q but then the existing

particles will come to equilibrium on the graph before the next branching occurs in

the dual, so we can forget about the relative location of the particles and we end

up with an ODE limit. λn ! n is needed for the perturbation to have a nontrivial

effect. Otherwise a collection of k random walks might all coalesce before the first

branching arrow.

7



1.1.3 Long time survival

The next result proves the long time survival of the model. The latent voter model

has two absorbing states ” 1 and ” 2. On a finite graph the latent voter model

is a finite state Markov chain, so we know it will eventually reach one of them.

However by analogy with the contact process on the torus [20] and on power-law

random graphs, [21], this result should hold for times up to exppγnq for some γ ą 0.

Unfortunately we are only able to prove survival for any power of n. This failure is

to due to our estimate of P pΩc
1q which appears on the right-hand side of Theorem

2.0.4.

Theorem 1.1.3. Suppose that log n ! λn ! n. Let ε ą 0 and k ă 8. If Unp0q Ñ

u0 P p0, 1q there is a T0 that depends on the initial density so that for any m ă 8 if

n is large then with high probability

|Un
ptq ´ 1{2| ď 5ε for all t P rT0, n

ms.

To prove Theorem 2.0.3, we use Theorem 4.2 of Darling and Norris [8], which

is Theorem 2.0.4 in the following. To state their result we need to introduce some

notation. To make it easier compare with their paper we use their notation even

though in some cases it conflicts with ours. Let ξt be a continuous time Markov

chain with countable state space S and jump rates qpξ, ξ1q. In our case ξt will be

the state of the voter model on the random graph. For their coordinate function

x : S Ñ Rd we will take d “ 1 and

xpξq “
ÿ

xPGn

πpxq1tξpxq“1u.

We are interested in proving an ODE limit for Xt “ xpξλntq. To compare with the

paper note that our ξt is their Xt and our Xt is their Xt.

8



If we set U “ r0, 1s in [8] then we always have xpξtq P U so their condition (2) is

not needed. For each ξ P S we define the drift vector

βpξq “
ÿ

ξ1‰ξ

pxpξ1q ´ xpξqqqpξ, ξ1q

We let b be the drift of the proposed deterministic limit xt:

xt “ x0 `

ż t

0

bpxsq ds.

In our case bpyq “ cyp1 ´ yqp1 ´ 2yq. To measure the size of the jumps we let

σθpyq “ eθ|y| ´ 1´ θ|y| and let

φpξ, θq “
ÿ

ξ1‰ξ

σθpxpξ
1
q ´ xpξqqqpξ, ξ1q.

Consider the events Ω0 “ t|X0 ´ x0| ď ηu,

Ω1 “

"
ż t

0

|βpξλsq ´ bpXsq| ds ď η

*

,

and Ω2 “

"
ż t

0

φpξs, θq ds ď θ2At{2

*

.

The parameters in these events are coupled by the following relationships. If we let

K be the Lipschitz constant of the drift b then η “ εe´Kt0{3 and θ “ η{pAtq where

A ą 0. We have changed their δ to η because we use δ in a number of our arguments.

Theorem 1.1.4. Under the conditions above, for each fixed t

P

ˆ

sup
sďt0

|Xs ´ xs| ą ε

˙

ď 2e´η
2{p2At0q ` P pΩc

0 Y Ωc
1 Y Ωc

2q

To bound the probabilities on the right-hand side, we note

• We have jumps that change the density by 1{n at times of a Poisson processes

at total rate ďMλn. If θ|y| is small σθp˘1{nq „ θ2{2n2. So if n is large enough

9



so that Mλ{n ď n´1{2t0{2 then a standard large deviations estimate for the

P pΩc
2q ď expp´cλnq.

• Our assumption that Unp0q Ñ u0 implies that Ωc
0 “ H for large n.

• The hard work comes in estimating P pΩc
1q, i.e., estimating the difference in the

drift in the particle system from what we compute on the basis of the current

density. We do this in Section 2.2.3 by computing the expected value of the

mth moment of the difference |βpξsq´ bpXsq| so we end up with estimates that

for a fixed time are ď n´m.

Once these three steps are done, the remainder of the proof of Theorem 2.0.3

given in Section 2.2.5 is routine. By subdividing the interval into small pieces we

can use the single time estimates to control the supremum and hence the integral

but only over a bounded time interval. However this is enough since it allows us to

show that when the density wanders more than 4ε away from 1/2, we can return it

to within 2ε with probability n´m, and in addition never have the difference exceed

5ε.

1.2 The Zealot Voter Model

In the standard (linear) voter model, which was introduced by Holley and Liggett

[13], a site flips at a rate equal to the fraction of neighbors that have the other

opinion. Cox and Durrett [4] began the study of voter models with non-linear flip

rates. One of the most successful ideas from that paper is the threshold-θ voter model

in which sites flip at rate 1 if at least θ neighbors have the opposite opinion. Liggett

[18] obtained results for coexistence of opinions when θ “ 1, while Chatterjee and

Durrett [2] showed that the model with θ ě 2 had a discontinuous phase transition

on the random r-regular graph when r ě 3. Lambiotte and Redner [15] studied the

10



“vacillating voter model” in which a voter looks at the opinions of two randomly

chosen neighbors and flips if at least one disagrees. At about the same time, Sturm

and Swart considered “rebellious voter models” in one dimension. In the one-sided

case ξtpiq canges its opinion at rate α if ξtpi ` 1q ‰ ξtpiqq and at an additional rate

1´α if ξtpi` 1q ‰ ξtpi` 2qq. They also considered a spatially symmetric version. In

all these variants of the voter model, the process is symmetric under interchange of

0’s and 1’s. Our zealot voter model does not have this symmetry.

In our process, space is represented by a tree T in which the degree of each vertex

x satisfies 3 ď dmin ď dpxq ď M . This guarantees that our trees are infinite. Voters

can be in state 0 (ordinary voter) or 1 (zealot). Given a probability distribution

pk on t0, 1, 2, . . . dminu, if k ě 1 then at rate dpxqpk the voter x picks k neighbors

without replacement. As in the vacillating voter model the voter becomes 1 if at

least one of the chosen neighbors is a 1, otherwise it becomes 0. In addition at rate

p0, voters change their opinion from 1 to 0.

If p0 “ 0 then this model is a variant of the biased voter model. In that system,

a 0 at x changes to 1 at rate λ times n1pxq the number of neighbors of x that are in

state 1, and a 1 at x changes to 0 at rate n0pxq the number of neighbors of x that

are in state 0. If the degree is constant then the behavior of the process is easy to

understand. If we start from finitely many 1’s then the number of 1’s at time t, N1
t

decreases by 1 at a rate equal to Dt the number of p1, 0q edges, and increases by 1

at rate λDt. Thus N1
t is a time change of a simple random walk that increases by 1

with probability λ{pλ` 1q and decreases by 1 with probability 1{pλ` 1q. Using this

observation it is easy to show that the critical value for the survival of 1’s λc “ 1.

In our setting sites do not have constant degree and we have a different type of bias.

This makes things more complicated, and it is hard to get precise results on the

location of phase transitions.

Our process is additive in the sense of Harris [12] and hence can be constructed

11



on a graphical representation with independent Poisson processes T x,in , n ě 1, 0 ď

i ď dmin.

• The T x,0n have rate p0. At these times we write a δ at x that will kill a 1 at the

site.

• The T x,in have rate dpxqpi. At time T x,iN we write a δ at x that will kill a 1 at

the site. In addition we draw oriented arrows to x from i neighbors y1, . . . yi

chosen at random without replacement from the set of neighbors. If any of the

yi are in state 1, then x will be in state 1. Otherwise it will be in state 0.

We will often use coordinate notation for the process, i.e., ξtpxq gives the state

of x at time t. However it is also convenient to use the set-valued approach with ξAt

giving the set of sites occupied by zealots at time t when the initial set of zealots is

A. Intuitively, the process ξAt can be defined by introducing fluid at the sites in A.

The fluid flows up the graphical representation, being blocked by δ’s, and flowing

across edges in the direction of their orientations. The state at time t, ξAt is the set

of points that can be reached by fluid at time t starting from some site in A at time

0.

A nice feature of this construction is that it allows us to define a dual process in

which fluid flows down the graphical representation, is blocked by δ’s and flows across

edges in a direction opposite their orientations. We let ζB,ts be the points reachable

at time t´ s starting from B at time t. It is immediate from the construction that

tξAt XB ‰ Hu “ tAX ζ
B,t
t ‰ Hu (1.5)

It should be clear from the construction that the distribution of ζB,ts for 0 ď s ď t

does not depend on t, so we drop the t and write the duality as

P pξAt XB ‰ Hq “ P pAX ζBt ‰ Hq (1.6)
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The dual ζBt is a coalescing branching random walk (COBRA) with the following

rules. A particle at x dies at rate p0 and at rate dpxqpk it dies after giving birth to

offspring that occupy k of the neighboring sites chosen at random without replace-

ment. For more details see Griffeath [11].

In the case p0 “ 0 this pair of dual processes has been studied by Cooper, Radzik,

and Rivera [3]. In their situation the zealot voter model is called a biased infection

with a persistent source (BIPS). The phrase persistent source refers to the fact that

the BIPS model has one individual that stays infected forever. Their main interest

is in the cover time for COBRA, i.e., the time for the process to visit all of the sites.

By duality this is related to time for the BIPS to reach all 1’s.

In this paper, when we say that a process survives we mean that with positive

probability it avoids becoming H. We say a process survives locally if with positive

probability the root 0 is occupied infinitely many times.

When A “ B “ t0u, (1.6) implies

P p0 P ξ0t q “ P p0 P ζ0t q (1.7)

so local survival of one process implies local survival of the other. Taking one of the

sets “ T and the other “ t0u we get

P pξ0t ‰ Hq “ P p0 P ζTt q P pζ0t ‰ Hq “ P p0 P ξTt q

so survival of one process implies that the other has a nontrivial stationary distribu-

tion obtained by letting tÑ 8 in ζTt or ξTt . Our first result is very general.

Theorem 1.2.1. On any tree with degrees 3 ď dpxq ď M , the zealot voter model

survives if
ÿ

kě2

pk ´ 1qpk ´ p0 ą 0.
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The result is proved by comparing the growth of the process at the “frontier” with

a branching process. For the definition of frontier, see the text before Lemma 3.1.2.

Note that the degree distribution does not appear in the condition.

1.2.1 Results for d´regular Trees

Let β “ 1´ pd´ 1q´2 be the probability that two independent random walks on the

d-regular tree that start at distance two never hit. See Lemma 3.2.1 for a proof of

this.

Theorem 1.2.2. On a d-regular tree the COBRA dies out if

dβ
ÿ

kě2

pk ´ 1qpk ´ p0 ă 0. (1.8)

When this holds the zealot voter model does not have a nontrivial stationary distri-

bution.

To explain the condition, note that in the dual, a particle dies at rate p0 and gives

birth to k particles at rate dpk. To get an upper bound on the growth of the dual (i)

we ignore coalescence between individuals that are not siblings, and (ii) if k particles

are born we number them 1, 2, . . . k and ignore coalescence between particles i ą 1

and j ą 1. This gives an upper bound on the dual COBRA.

Theorem 1.2.3. If (1.8) holds then the zealot voter model dies out on a d-regular

tree.

To study the local survival of our voter model, we use (1.7) to change the problem

to studying the local survival of the COBRA. Let µ “
ř

k kpk be the mean number

of offspring in the dual process

Theorem 1.2.4. Given a d-regular tree T , the zealot voter model dies out locally if

µ ă
dp1´ p0q ` p0

2
?
d´ 1

.
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If p0 “ 0 this is µ ă d{p2
?
d´ 1q.

This result is proved by comparing COBRA with a branching random walk by ig-

noring coalescence. The second bound is sharp for the branching random walk with

no death. That is, the corresponding branching random walk visits the root with

positive probability if µ ą d{p2
?
d´ 1q and that the root is visited finitely many

times if µ ă d{p2
?
d´ 1q. This result can be found in Pemantle and Stacey [22].

There they studied the branching random walk on trees where each particle gives

birth at a rate λ independently onto each neighbor, and dies at rate 1. Since our

branching process has simultaneous births and deaths we modify their proof to cover

our situation and give the proof in Lemma 3.3.1.

To give sufficient conditions for local survival, we follow a tagged particle in the

COBRA. If there is a particle produced on the site closer to the root, we follow this

particle; otherwise we follow a new particle chosen uniformly at random from the

offspring and ignore the rest. The recurrence of the tagged particle implies the local

survival of COBRA.

Theorem 1.2.5. On a d-regular tree the zealot voter model survives locally if p0 “ 0

and

µ ą
d

?
d´ 1` 1

.

The proof uses some ideas from the proof of Lemma 4.57 in Liggett’s 1999 book

[17]. Combining this with Theorem 1.2.4, we notice that when p0 “ 0 the phase

transition of local survival µl satisfies

µl P

„

d

2
?
d´ 1

,
d

1`
?
d´ 1


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1.2.2 Results for Galton-Watson Trees

In a Galton-Watson process with Z0 “ 1 each individual in generation n has an

independent and identically distributed number of children, which are members of

generation n ` 1. The Galton-Watson tree is the genealogy of this process. The

one member of generation 0 is the root. Edges are drawn from each individual in

generation n to their children. Let pk be the probability of k children. We have

assumed pk “ 0 unless 3 ď dmin ď k ď M , so the tree is infinite with probability 1,

and all vertices have at most M children.

To prove an analogue of Theorem 1.2.2, we formulate our model as a voter model

perturbation: let p̄i “ εpi when i ‰ 1 and choose p̄1 to make the p̄i sum to 1.

A random walk that jumps to each neighbor at rate 1 has a reversible stationary

distribution that is uniform on the graph. Let πm be the fraction of vertices in the

tree with degree m, and let µm,k be the expected number of surviving particles in

the dual when we pick k neighbors of a vertex of degree m at random and run the

coalescing random walk to time 8.

Theorem 1.2.6. Let δ ą 0. If ε is small then the COBRA dies out if

ÿ

m

πm
ÿ

k

kpkpµm,k ´ 1q ´ p0 ă ´δ

and survives if the last quantity is ą δ.

This result can be easily proved using the techniques in [14]. The key idea is that

when ε is small most of the steps in the dual are random walk steps, and the random

walk is transient, so any coalescence occurs soon after branching, and the dual is

essentially a coalescing branching random walk. These ideas go back to [7], where

they were used on Zd with d ě 3. More recent applications include [6, 14, 19]. The

zealot voter model has an additive dual, so things are simpler, and we can use the

approach of [10]. In Section 4 we will provide more details about the method.
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Remark. The last result concerns the survival of the dual, which is the same as the

existence of a nontrivial stationary distribution for the zealot voter model.

Our next result concerns local survival. Given any Galton-Watson tree T GW , let

M denote its maximal degree, and let T M be the tree in which each vertex has M

children. Let µlpGq denote the threshold for local survival of the COBRA on graph

G. Note the expected number of new born particles at each time are the same on

both trees. Since particles on tree T M have more tendency to move further away

from the root, a simple comparison leads to

µl
`

T GW pηtq
˘

ď µl
`

T Mpηtq
˘

where ηt is the BRW without coalescence. The comments under Theorem 1.2.4 says

for p0 “ 0,

µl
`

T Mpηtq
˘

“M{p2
?
M ´ 1q

It follows immediately that

Theorem 1.2.7. If p0 “ 0 and µ ă M{p2
?
M ´ 1q then COBRA and the zealot

voter model both die out locally.

Next we look for conditions implying local survival. On a tree we define the level

`x of a vertex x to be its distance to the root. As on d´regular trees, our strategy

is to follow a tagged particle and seek conditions guaranteeing its recurrence. Let

Xt be the level of the tagged particle at time t. If φ is a harmonic function for

the tagged particle process Xt, i.e. φpXtq is a martingale, then it follows from the

optional stopping theorem that if T0 is the time to hit the root and TN is the first

time the walk hits a site at level N

φp1q ě

ˆ

min
x: lx“N

φpxq

˙

P1 pTN ă T0q (1.9)

17



where the subscript 1 on P indicates that X0 is at level 1. From (1.9) we see that if

φpxq goes to 8 along all paths to8 in the tree, then the tagged particles is recurrent.

In order for φ to be a harmonic function

φpx` 1q ´ φpxq “
px

1´ px
rφpxq ´ φpx´ 1qs “

µ

dpxq ´ µ
rφpxq ´ φpx´ 1qs

where px “ µ{dpxq is the probability the tagged particle moves closer to the root.

Taking logarithms, then this is

log rφpx` 1q ´ φpxqs “ log rφpxq ´ φpx´ 1qs ` log

„

µ

dpxq ´ µ



As we will now explain, there is a natural mapping from the log-increments of

the harmonic function to a branching random walk on R. If we consider a particle

at level x to be at log rφpxq ´ φpx´ 1qs on R then dpxq ´ 1 new particles will be

dispersed to

log rφpxq ´ φpx´ 1qs ` log

„

µ

dpxq ´ µ



.

As a result along any genealogical path, the distance between two consecutive gen-

erations is i.i.d with law the same as logrµ{pdpxq ´ µqs.

This process just described is different from the usual branching random walk in

which children are dispersed independently from their parent. However Biggins [1]

has proved results for more general branching random walks that contain ours as a

special case. Let F ptq “ Epζp´8, tsq be the expected number of children that lie in

p´8, ts and define the Laplace transform of the mean measure by

mpθq “

ż

e´θt dF ptq

Theorem 1.2.8. If minθě0mpθq ă 1 then the leftmost particle in the branching

random walk goes to 8. This implies φ goes to 8 along all paths to 8 in the tree

and we have local survival.
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To apply this result to our examples, we begin by noting that

mpθq “
ÿ

jě3

qjpj ´ 1q

ˆ

j ´ µ

µ

˙θ

It is not easy to use this formula with Theorem 1.2.8 to get explicit predictions, so

we focus on Galton-Watson tree with degrees only 3 and 4. Let µ “ 3q3 ` 4q4 and

νp0q “ min
θě0

mpθq.

We have computed the threshold for various µ in Section 3.3.3. See also Figure 1.1.
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Figure 1.1: νp0q as a function of q3. Local survival occurs when q3 ě 0.996 for
µ “ 1.6; q3 ě 0.97 for µ “ 1.7; q3 ě 0.91 for µ “ 1.8; and q3 ě 0.82 for µ “ 1.9.
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2

The Latent Voter Model

In this Chapter we will study the latent voter model introduced in 2009 by Lambiotte,

Saramaki, and Blondel [16]. In this model each individual owns one of two types of

technology, say an iPad or a Microsoft Surface tablet. In the voter model on the d-

dimensional lattice, individuals at times of a rate one Poisson process pick a neighbor

at random and imitate their opinion. However, in the current interpretation of that

model, it is unlikely that someone who has recently bought a new tablet computer

will replace it, so we introduce latent states 1˚ and 2˚ in which individuals will not

change their opinion. If an individual is in state 1 or 2 we call them active. Letting

fi be the fraction of neighbors in state i or i˚, the dynamics can be formulated as

follows

1 Ñ 2˚ at rate f2 1˚ Ñ 1 at rate λ
2 Ñ 1˚ at rate f1 2˚ Ñ 2 at rate λ

In [16] the authors showed that if individuals in the population interact equally

with all the others then the system converges to a limit in which both technologies

have frequency close to 1/2. Here, we will study the system with large λ, since in

this case it is a voter model perturbation in the sense of Cox, Durrett, and Perkins
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[7]. To explain this, we will construct the system using a graphical representation.

Suppose first that the system takes place on Zd and that d ě 3. For each x P Zd

and nearest neighbor y, we have independent Poisson processes T x,yn , n ě 1. At each

time t “ T x,yn we draw an arrow from py, tq Ñ px, tq to indicate that if the individual

at x is active at time t then they will imitate the opinion at y.

To implement the other part of the mechanism, we introduce for each site x, a

Poisson process T xn , n ě 1 of “wake-up dots” that return the voter to the active

state.

• If there is only one voter arrow between two wake up dots, the result is an

ordinary voter event.

• If between two wake up dots there are voter arrows to x from two different

neighbors, an event of probability Opλ´2q, then x will change its opinion if and

only at least one of the two neighbors has a different opinion. To check this,

we note that if the first arrow causes a change then the second one is ignored,

while if the first arrow comes from a site with the same opinion as the one

at x then there will be a change if and only if the second site has an opinion

different from the one at x.

• If t is fixed then at a given site there are Opλq wake-up dots by time t. Thus

if we want to see the influence of intervals with two voter arrows then we want

to run time at rate λ. The probability of k voter arrows between two wake-up

dots is p1 ` λq´k, so in the limit the probability of three of more voter events

between two wake-up dots goes to 0 as λÑ 8.

If we let λ “ ε´2 and let nkpxq be the number of neighbors in state k or k˚ then

the rate of flips from 1 to 2 in the latent voter model when the configuration is ξ is:

ε´2cv1,2px, ξq ` h1,2px, ξq where cv1,2px, ξq “ 1tξpxq“1u
n2pxq

2d
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If we let y1, . . . y2d be an enumeration of the nearest neighbors of x, the perturbation

is

h1,2px, ξq “ 1tξtpxq“1u
2

p2dq2

ÿ

1ďkă`ď2d

1tξpykq or ξpy`qPt2,2˚uu

Similar formulas hold when the roles of 1 and 2 are interchanged. h1˚,j “ h2˚,j ” 0.

If we scale space by ε then Theorem 1.2 of [7] shows that under mild assumptions

on the perturbation, the density of 1’s in the rescaled particle system converges to

the solution of the limiting PDE:

Bu

Bt
“

1

2
∆u` φpuq with φpuq “ xh2,1p0, ξq ´ h1,2p0, ξqyu (2.1)

and x¨yu denotes the expected value with respect to the voter model with density u.

Intuitively, (2.1) holds because of a separation of time scales. The rapid voting

means that the configuration near x looks like the voter model equilibrium with

density upt, xq. Later in the paper will show, see (2.11), that in the case of the latent

voter model

φpuq “ cdup1´ uqp1´ 2uq.

If we consider the latent voter model on a torus with n sites and let λn Ñ 8 then

the system can be analyzed using ideas from a recent paper of Cox and Durrett [5].

Define the density of 1’s at time t by

Un
ptq “

1

n

ÿ

x

1tξλtpxq“1u (2.2)

Theorem 2.0.1. Suppose n2{d ! λn ! n. If Unp0q Ñ u0 then Unptq converges

uniformly on compact sets to uptq the solution of

du

dt
“ cdup1´ uqp1´ 2uq up0q “ u0
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Remark 1. The proof of this result is very similar to that of Theorem 6 in [5] so

the proof is omitted. Note that the only thing we assume about the initial state is

that the density Unp0q Ñ u0. Fast voting will turn the initial condition into a voter

model equilibrium in a time that is opλnq. If we consider the voter model without a

latent period then the limiting differential equation is du{dt “ 0. The last conclusion

for the voter model is a very simple special case of the results in [5].

2.0.1 Random graphs

We will explain the intuition behind Theorem 1.1.2 after we state our new result

that replaces the torus by a random graph Gn generated by the configuration model.

For the rest of the paper we will only consider the latent voter model on Gn. In

the configuration model vertices have degree k with probability pk. To create that

graph we assign i.i.d. degrees di to the vertices and condition the sum d1`¨ ¨ ¨`dn to

be even, which is a necessary condition for the values to be the degrees of a graph.

We attach di half-edges to vertex i and then pair the half-edges at random. We will

assume that

(A0) the graph Gn has no self-loops or parallel edges.

If
ř

k k
2pk ă 8 then the probability of (A0) is bounded away from 0 as nÑ 8. See

Theorem 3.1.2 of [?]. The reader can consult Chapter 3 of that reference for more

on the configuration model.

It seems likely that the results we prove here are true under the assumption that

the degree distribution has finite second moment, but the presence of vertices of large

degrees causes a number of technical problems. To avoid these we will assume:

(A1) pm “ 0 for m ąM , i.e., the degree distribution is bounded.

In addition, we want a graph that is connected and has random walks with good

mixing times, so we will also suppose:
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(A2) pk “ 0 for k ď 2.

The relevance of (A2) for mixing times will be explained in Section 2. Assumptions

(A0), (A1) and (A2) will be in force throughout the paper.

On graphs that are not regular there are two versions of the voter model.

(i) The site version in which sites change their opinions at rate 1, and imitate a

neighbor chosen at random,

csi,jpx, ξq “ 1tξpxq“iu
njpxq

dpxq

where njpxq is the number of neighbors of x in state j, and dpxq is the degree of x.

(ii) The edge version in which each neighbor that is different from x causes its opinion

to change at rate 1,

cei,jpx, ξq “ 1tξpxq“iunjpxq.

The site version is perhaps the “obvious” generalization of the voter model on Zd,

e.g., it is a special case of the general formulation used in Liggett [?]: x imitates y with

probability ppx, yq, where p is a transition probability. However, the edge version has

two special properties. First, in the words of [?] “magnetization is conserved,” i.e.,

the number of 1’s is a martingale. Second, if we consider the biased version in which

after an edge px, yq is picked a 1 at x always imitate a 2 at y but a 2 at x imitates a

1 at y with probability ρ ă 1 then the probability a single 2 takes over a system that

is otherwise all 1 is the same as the probability a simple random walk that jumps up

with probability 1{p1 ` ρq and down with probability ρ{p1 ` ρq never hits 0. This

observation is due to Maruyama in 1970 [?], but has recently been rediscovered by

[?], who call this version of the voter model “isothermal”.

From our discussion of the graphical representation for latent voter model on Zd

it should be clear that the latent voter model on Gn is a voter model perturbation.
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If we let y1, . . . ydpxq be an enumeration of the neighbors of x, then in the site version

hs1,2px, ξq “ 1tξtpxq“1u
2

pdpxqq2

ÿ

1ďkă`ďdpxq

1tξpykq or ξpy`qPt2,2˚uu

while in the edge version

he1,2px, ξq “ 1tξtpxq“1u ¨ 2
ÿ

1ďkă`ďdpxq

1tξpykq or ξpy`q“Pt2,2˚uu

As before interchanging the roles of 1 and 2 we can define hs2,1px, ξq and he2,1px, ξq

while hsi,jpx, ξq “ hei,jpx, ξq “ 0 when i “ 1˚ or 2˚.

The last detail is to define the density Unptq. To do this we note that a random

walk that jumps to a neighbor chosen at random has stationary distribution πpxq “

dpxq{D, where D “
ř

y dpyq, while a random walk that jumps to each neighbor at

rate 1 has stationary distribution πpxq “ 1{n. To treat the two cases in one definition

we let

Un
ptq “

ÿ

x

πpxq1tξλtpxq“1u (2.3)

Theorem 2.0.2. Suppose that log n ! λn ! n. If Unp0q Ñ u0 then Unptq converges

in probability and uniformly on compact sets to uptq, the solution of

du

dt
“ cpup1´ uqp1´ 2uq up0q “ u0. (2.4)

where the value of cp depends on the degree distribution and the version of the voter

model.

Remark 2. Again in the voter model without a latent period the limit is du{dt “ 0.

That result can be easily proved using the arguments for Theorem 1.1.1.

25



2.0.2 Duality

To explain why Theorems 1.1.2 and 1.1.1 are true, we will introduce a dual process

that is the key to the analysis. The dual process was first introduced more than 20

years ago by Durrett and Neuhauser [9], and is the key to work of Cox, Durrett, and

Perkins [7]. To do this, we construct the process using a graphical representation

that generalizes the one introduced for Zd. For each x P Zd and neighbor y, we have

independent Poisson processes T x,yn , n ě 1. At each time t “ T x,yn we draw an arrow

from py, tq Ñ px, tq to indicate that if the individual at x is active at time t then they

will imitate the opinion at y. In the edge case all these processes have rate 1. In the

site case T x,yn , n ě 0 has rate 1{dpxq. To implement the other part of the mechanism,

we have for each site x, a rate λ Poisson process T xn , n ě 1 of “wake-up dots” that

return the voter to the active state.

To compute the state of x at time t we start with a particle at x at time t. To be

precise ζx,t0 “ txu. As we work backwards in time the particle does not move until

the first time s there is an arrow py, t´ sq Ñ px, t´ sq.

• If this is the only voter arrow between the two adjacent wake-up dots then the

particle jumps to y.

• If in the interval between the two adjacent wake-up dots there are arrows from

k distinct yi then the state changes to tx, y1, . . . yku since we need to know

the current state of all these points to know what change should occur in the

process. In the limit as λ Ñ 8 we will only see branchings that add two yi.

We include the case k ą 2 to have the dual process well-defined.

• We do not need to know the order of the arrows because x will change if at

least one of the yi has a different opinion. When λ is small some of the yi might

change their state during the interval between the two wake-up dots but this
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possibility has probability zero in the limit.

• To complete the definition of the dual, we declare that if a branching event

adds a point already in the set, or if a particle jumps onto an occupied site

then the two coalesce to one.

The dual process can be used to compute the state of x at time t. The first step is to

work backwards in time to find ζx,tt the set of sites at time 0 that can influence the

state of x at time t. We note the states of the sites at time 0 and then work up the

graphical representation to determine what changes should occur at the branching

points in the dual.

To prove Theorem 1.1.2, Cox and Durrett [5] show that after a branching event

any coalescence between the particle that branched and the two newly created par-

ticles will happen quickly, in time Op1q or these particles will need time Opnq to

coalesce. (here we are using the original time scale.) Let L “ n1{d be the side length

of the torus. When λn " n2{d the particles will come to equilibrium on the torus

before the next branching occurs in the dual, so we can forget about the relative lo-

cation of the particles and we end up with an ODE limit. On the random graph, our

assumption that all vertices have degree ě 3 implies that the mixing time for random

walks on these graphs is Oplog nq. Thus when λn " log n, we have the situation that

after a branching event there may be some coalescence in the dual at times Op1q

but then the existing particles will come to equilibrium on the graph before the next

branching occurs in the dual. In both cases λn ! n is needed for the perturbation to

have a nontrivial effect. Otherwise a collection of k random walks might all coalesce

before the first branching arrow.

Remark 3. There is no reason for having vertices of degree 0 in our graph. If p2 ą 0

and we look at the dynamics on the giant component then Theorem 1.1.1 will hold if

log2 n ! λn ! n. The increase in the lower bound is needed to compensate for the fact
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that the mixing time for random walks on the graph is Oplog2 nq. See e.g., Section

6.7 in [?]. Allowing p1 ą 0 should not change the behavior but, for simplicity, we

derive our results under the assumption dpxq ě 3.

2.0.3 Long time survival

The latent voter model has two absorbing states ” 1 and ” 2. On a finite graph the

latent voter model is a finite state Markov chain, so we know it will eventually reach

one of them. However by analogy with the contact process on the torus [20] and on

power-law random graphs, [21], this result should hold for times up to exppγnq for

some γ ą 0. Unfortunately we are only able to prove survival for any power of n.

This failure is to due to our estimate of P pΩc
1q which appears on the right-hand side

of Theorem 2.0.4.

Theorem 2.0.3. Suppose that log n ! λn ! n. Let ε ą 0 and k ă 8. If Unp0q Ñ

u0 P p0, 1q there is a T0 that depends on the initial density so that for any m ă 8 if

n is large then with high probability

|Un
ptq ´ 1{2| ď 5ε for all t P rT0, n

ms.

Remark 4. Here and in what follows “with high probability” means with probability

Ñ 1 as n Ñ 8. Cox and Greven [?] have shown that for the nearest neighbor voter

model on the torus in d ě 3 that if we let θt be the fraction of sites in state 1 at

time Nt then the configuration at time nt looks like the voter model equilibrium with

density θt and θt changes according to the Wright-Fisher diffusion

dθt “
a

βd ¨ 2θtp1´ θtq dBt

with βd the probability that two random walks starting from adjacent sites never hit.

To prove Theorem 2.0.3, we use Theorem 4.2 of Darling and Norris [8]. To state

their result we need to introduce some notation. To make it easier to compare with
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their paper we use their notation even though in some cases it conflicts with ours.

Let ξt be a continuous time Markov chain with countable state space S and jump

rates qpξ, ξ1q. In our case ξt will be the state of the voter model on the random graph.

For their coordinate function x : S Ñ Rd we will take d “ 1 and

xpξq “
ÿ

xPGn

πpxq1tξpxq“1u.

We are interested in proving an ODE limit for Xt “ xpξλtq. Here and in what follows

we drop the subscript n. To compare with the paper note that our ξt is their Xt and

our Xt is their Xt.

If we set U “ r0, 1s in [8] then we always have xpξtq P U so their condition (2) is

not needed. For each ξ P S we define the drift vector

βpξq “
ÿ

ξ1‰ξ

pxpξ1q ´ xpξqqqpξ, ξ1q

We let b be the drift of the proposed deterministic limit xt:

xt “ x0 `

ż t

0

bpxsq ds.

In our case bpyq “ cyp1 ´ yqp1 ´ 2yq. To measure the size of the jumps we let

σθpyq “ eθ|y| ´ 1´ θ|y| and let

φpξ, θq “
ÿ

ξ1‰ξ

σθpxpξ
1
q ´ xpξqqqpξ, ξ1q.

Consider the events Ω0 “ t|X0 ´ x0| ď ηu,

Ω1 “

"
ż t

0

|βpξλsq ´ bpXsq| ds ď η

*

,

and Ω2 “

"
ż t

0

φpξs, θq ds ď θ2At{2

*

.
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The parameters in these events are coupled by the following relationships. If we let

K be the Lipschitz constant of the drift b then η “ εe´Kt0{3 and θ “ η{pAt0q where

A ą 0. We have changed their δ to η because we use δ in a number of our arguments

in Section 3.

Theorem 2.0.4. Under the conditions above, for each fixed t

P

ˆ

sup
sďt0

|Xs ´ xs| ą ε

˙

ď 2e´η
2{p2At0q ` P pΩc

0 Y Ωc
1 Y Ωc

2q

In our application t0 will be fixed and K is independent of n so η does not depend

on n. To make the first term vanish in the limit we will take A “ n´1{2. To bound

the probabilities on the right-hand side, we note

• We have jumps that change the density by 1{n at times of Poisson processes at

total rate ďMλn. If θ|y| is small σθp˘1{nq „ θ2{2n2. By assumption λnÑ 0

so if n is large enough so that Mλ{n ď εAt0{2 then a standard large deviations

estimate for the Poisson shows that P pΩc
2q ď expp´cλnq.

• Our assumption that Unp0q Ñ u0 implies that Ωc
0 “ H for large n.

• The hard work comes in estimating P pΩc
1q, i.e., estimating the difference in the

drift in the particle system from what we compute on the basis of the current

density. We do this in Section 3.3-3.4 by computing the expected value of the

mth moment of the difference |βpξsq´ bpXsq| so we end up with estimates that

for a fixed time are ď n´m.

Once these three steps are done, the remainder of the proof of Theorem 2.0.3

given in Section 3.5 is routine. By subdividing the interval into small pieces we can

use the single time estimates to control the supremum and hence the integral but

only over a bounded time interval. However this is enough since it allows us to show
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that when the density wanders more than 4ε away from 1/2, we can return it to

within 2ε with probability n´m, and in addition never have the difference exceed 5ε.

Theorem 1.1.1 is proved in Section 2 and Theorem 2.0.3 in Section 3. These

results hold for other voter model perturbations such as the evolutionary games

considered in [5]. However, the main obstacle to proving a general result is to find a

formulation that works well on graphs with variable degrees. The arguments in the

first proof closely parallel arguments in [5] but now use estimates for random walks

on random graphs.

The keys to the second proof are results concerning the behavior of coalescing

random walks (CRWs). There have been a number of studies of the time it takes

for CRWs starting from every site of a random graph to coalesce to 1. Cooper et al

[?, ?] and Oliveira [?] considered coalescing random walks with one particle at each

site and obtained results on the time needed for all particles to coalesce to 1. In [?]

sufficient conditions were given for the number of particles in the coalescing random

walk to converge to Kingman’s coalescent. However, here we need estimates on the

number of coalescences that can occur by time C log n. This is done in Section 3.2.
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2.1 Proof of Theorem 1.1.1

2.1.1 Mixing times for random walks

Bounds for the mixing times come from studying the conductance

Qpx, yq “ πpxqqpx, yq

where π is the stationary distribution and qpx, yq is the rate of jumping from x to y.

In the site version qpx, yq “ 1{dpxq while πpxq “ dpxq{D when y is a neighbor of x,

y „ x, so Qpx, yq “ 1{D when y „ x. In the edge version, qpx, yq “ 1 if y „ x, while

πpxq “ 1{n where n is the number of vertices, so Qpx, yq “ 1{n when y „ x. When

degrees are bounded, the two conductances are the same up to a constant.

Define the isoperimetric constant by

h “ min
πpSqď1{2

QpS, Scq

πpSq

where πpSq “
ř

xPS πpxq and QpS, Scq “
ř

xPS,yPSc Qpx, yq. Cheeger’s inequality, see

e.g. Theorem 6.2.1. in [?], implies that the spectral gap of Q, β “ 1´ λ1 has

h2

2
ď β ď 2h (2.5)

Using Theorem 6.1.2 in [?] we see that if ptpx, yq is the transition probability associ-

ated with Q

∆ptq ” max
x,y

ˇ

ˇ

ˇ

ˇ

ptpx, yq

πpyq
´ 1

ˇ

ˇ

ˇ

ˇ

ď
e´βt

πmin
(2.6)

where πmin “ minπpxq.

Gkantsis, Mihail, and Saberi [?] have shown, see Theorem 6.3.2. in [?]:

Theorem 2.1.1. Consider a random graph in which the minimum degree is ě 3.

There is a constant α0 so that with high probability h ě α0.
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Combining the last result with (2.5), (2.6), and the fact that πmin ě 1{pC0nq for

large n, we see that

∆ptq ď C0ne
´γt where γ “ α2

0{2.

If we let C1 “ p6{α
2
0q then for n large we have for t ě C1 log n

∆ptq ď 1{n (2.7)

2.1.2 Our random graph is (almost) locally a tree

Recall that to construct our random graph we let d1, d2, . . . dn be i.i.d. from the

degree distribution conditioned on d1 ` ¨ ¨ ¨ ` dn to be even and then we pair the

half-edges at random. Given a vertex x with degree dpxq, we let y1pxq . . . ydpxqpxq be

its neighbors. To grow the graph we let V0 “ txu. On the first step we draw edges

from x to y1pxq . . . ydpxqpxq and let V1 “ ty1pxq, . . . , ydpxqpxqu which we consider to be

an ordered list. If Vt has been constructed we let xt be the first element of Vt and

draw edges from xt to y1pxtq . . . ydpxtqpxtq. To create Vt`1 we remove xt and add the

members of y1pxtq . . . ydpxtqpxtq not already in Vt.

We stop when we have determined the neighbors of all vertices at distance ă

p1{5q logM n from x. A simple calculation using branching processes shows that the

total number of neighbors within that distance of x is ď n1{5 log n for large n. The

log n takes care of the limiting random variable. Thus in the construction we will

generate ď Mn1{5 log n connections. We say that a collision occurs at time t if we

connect to a vertex already in Vt. The probability of a collision on single connection

is ď Mn´4{5 log n. The expected number of collisions involving the first n1{5 log n

sites is ď CMn´3{5 log2 n, so for most starting points (but not all) the graph will

be a tree. To get a conclusion that applies to all starting points we note that the
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probability of two collisions in the construction starting from one site is

ď

ˆ

CMn1{5 log n

2

˙

pn´4{5 log2 nq2 “ Opn´6{5 log6 nq

As we build up the graph we first find all of the neighbors of vertices at distance

1 from x then distance 2, etc. Thus when a collision occurs it will connect a vertex

at distance k with one at distance k or to one at distance k ` 1 that already has a

neighbor at distance k. As we will explain after the proof of the next lemma, this

makes very little difference.

2.1.3 Results for hitting times

Lemma 2.1.2. Once two particles are at distance rn with 1 ď rn ď p1{25q log n then

with probability ě 1´ 21´rn, they will reach a distance 5rn before hitting each other.

Proof. For the proof we will pretend that the graph is exactly a tree up to distance

5rn. We return to this issue in a remark after the proof. Let Zt be the distance

between these two particles and let Tm be the first time the distance is m. Note

that on each jump, with probability p ě 2{3, the particles get 1 step further apart,

while with probability ď 1{3, the particles get one step closer. This implies that

φpzq “ p1{2qz is a supermartingale, so

φprnq ě PrnpT0 ă T5rnqφp0q ` p1´ PrnpT0 ă T5rnqqφp5rnq.

Rearranging gives

PrnpT0 ă T5rnq ď
φp5rnq ´ φprnq

φp5rnq ´ φp0q
ď

2´rn

1´ 2´5
ď 21´rn (2.8)

as nÑ 8 which proves the desired result.

Remark 5. As noted after the construction, when a collision occurs it will connect

a vertex at distance k with one at distance k or to one at distance k` 1 that already
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has a neighbor at distance k. In the first case at distance k the comparison chain

moves towards x with probability ď 1{3, the chain stays at the same distance with

probability ď 1{3 and moves further away with probability ě 1{3. In the second case

at distance k ` 1 the comparison chain moves toward the root with probability ď 2{3

and further away with probability ě 1{3.

If we have a birth and death chain Xn that jumps ppk, k ` 1q “ pk, ppk, kq “ rk

and ppk, k ´ 1q “ qk then

φpk ` 1q ´ φpkq “
qk
pk
rφpkq ´ φpk ´ 1qs

recursively defines a function φ so that φpXnq is a martingale. In our comparison

chain qk{pk “ 1{2 for all but one value of k, which has qk{pk ď 1, so calculations

like the one in (2.8) will work but give a slightly larger constant. Because of this,

we will suppress these annoying details by assuming the graph is exactly a tree up to

distance p1{5q log n.

To prepare for the next result we need

Lemma 2.1.3. If Sk is the sum of k independent mean one exponentials then

P pSk ď akq ď

ˆ

ae

1` a

˙k

Remark 6. This holds for all a but is only useful when ae{p1` aq ă 1, which holds

if a ă 1{2.

Proof. Let θ ą 0 and note
ş8

0
e´θxe´x dx “ 1{p1` θq. Using Markov’s inequality we

have

e´θakP pSk ď akq ď p1` θq´k

Taking θ “ 1{a and rearranging gives the desired result.
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Lemma 2.1.4. Suppose two particles are a distance rn “ 2 log2 log n. Then with

high probability the two particles will not collide by time log2 n.

Proof. By Lemma 2.1.2 the probability of hitting 5rn before 0 starting from rn is

ě 1´ 2{plog nq2 (2.9)

A particle must make 4rn jumps to go from distance 5rn to rn. Since jumps occur at

rate 1 in the site model and at rate ďM in the edge model, the last lemma implies

that the probability of k “ rn jumps in time ď arn{M is

ď paeqrn ď 1{plog3 nq

for large n if a is small enough. If a particle makes 2Mplog2 nq{arn attempts to reach

0 before 5rn starting from rn then (2.9) implies that with high probability it will not

be successful, while the last bound implies that this number of attempts will take

time ě 2 log2 n with high probability.

Lemma 2.1.5. Suppose two particles are a distance rn “ 2 log2 log n and let sn{nÑ

0. Then with high probability the two particles will not hit by time sn.

Proof. Lemma 2.1.4 takes care of times up to log2 n. The result in (2.7) implies that

if n is large then for t ě log2 n, ptpx, yq ď 2{n. Summing we see that if the two

particle move independently the expected amount of time the two particles spend

at the same site at times in rlog2 n, sns is ď 2sn{n Ñ 0. Since the jump rates are

bounded above this implies the desired result.

In the proof of Lemma 2.2.10 we need the following result for hitting times.

Lemma 2.1.6. Let L “ p1{5q logM n. Suppose two particles performing independent

continuous time (site or edge) random walks start at points are separated by distance

k. Then there is a constant so that the probability the two particles hit by time

C1 log n is ď C2´pk^L{2q.
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Proof. Using the bound in Lemma 2.1.3 as in the proof of Lemma 2.1.4, if we replace

C1 by C2 “ 4MC1 then we can treat the discrete time random walk in which on each

step, one of the particles is picked at random to jump. L is chosen so that arguments

in Section 2.2 show that when either particle looks at the ball of radius L around

them, what they see differs from like a tree by at most one edge. If we ignore the

extra edge, which is justified by Remark 5, and if we let Dn be the distance between

the two particles after n jumps, then (2.8) implies that if k ď L{2

PkpT0 ă TLq ď
2´k ´ 2´L

1´ 2´L
ď 2 ¨ 2´k

if n is large.

Suppose now that the distance between the two points is ě L{2. The particles

cannot hit until they first reach a distance of L{2, at which point the previous

estimate can be applied. The journey from k ď L{2 to L takes at least L{2 steps.

Thus if a particle makes K cycles from L{2 to L it has used up KL{2 units of

time which is larger than C2 log n if K is chosen large enough. This shows that the

estimate holds with C “ 2K.

2.1.4 Results for the dual process

In this section we will consider the dual process starting from a single site on its

original time scale, i.e., jumps occur at rate Op1q. In either version of the model, the

rate at which branching occurs is ď L{λ where L “M2. (Here we are using the fact

in the edge model the degree is bounded.) Let Rn be the time of the nth branching.

If tn “ c2 log n for some constant c2 ą 0 then

P pR1 ď tnq Ñ 0 as nÑ 8

Let Nptq be the number of branching events by time λt. Comparing with a branching

process we have ENptq ď eLt. The expected number of branchings in the interval
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rλt´ tn, λts is ď eLtpc2 log nq{λ so as nÑ 8,

P pλt´RNptq ď tnq Ñ 0 (2.10)

In the next three results C1 is the constant defined in (2.7) and we make the following

assumption:

(‹) Suppose there are k particles in the dual at time 0, and each pair are separated

by a distance rn “ 2 log2 log n.

Lemma 2.1.7. Suppose that at time 0, the first particle encounters a branching

event. By time C1 log n, there may be coalescences between new born particles or

with their parent, but with high probability there will be no other coalescences.

Proof. This follows from Lemma 2.1.4.

Lemma 2.1.8. At time C1 log n all the particles are almost uniformly distributed on

the graph with the bound on the total variation distance uniform over all configura-

tions allowed by (‹).

Proof. It follows from Lemma 2.1.4 that with high probability no pair of particles

will collide by time C1 log n. If we consider k independent random walks then the

bound in (7) implies that the total variation distance between their joint distribution

and the k-fold product of π is ď k{n. Combining the last two observations with the

triangle ineuqality gives the desired result

Lemma 2.1.9. After time C1 log n, with high probability there is no coalescence

between particles before the next branching event, and right before the next branching

event, all the particles are rn apart away from each other.

Proof. The claim about coalescence follows from Lemma 2.1.5. The branching time is

random but it is independent of the movement of the particles, so the result about the
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separation between particles follows from (2.7), since under the k-fold product of π

the probability some pair of particles is within distance rn is ď
`

k
2

˘

M2 log2 lognM{nÑ

0.

Together with (2.10), Lemma 2.1.9 implies that there is no coalescence in the

dual rRNptq, λts and particles are at least rn apart right before RNptq. According to

Lemma 2.1.8, the coalescences between new born particles and their parents can only

happen before RNptq ` C1 log n, with no other coalescences. Lemma 2.1.8 tells us at

times ě RNptq ` C1 log n, all the particles are almost uniformly distributed over the

graph. Thus when we feed values into the dual process to begin to compute the state

of x at time t the values are independent and equal to 1 with probability u.

Lemma 2.1.10. For fixed t, EUnptq converges to a limit uptq.

Proof. Let Zpsq, s ď t be the number of particles in the dual process, when we impose

the rule that the number of particles is not increased until time pC1 log nq{λ after a

branching event. Our results imply that Zpsq converges to a branching process. The

last result shows that when we use the dual to compute the state of x at time t we

put independent and identically distributed values at the Zptq sites. The result now

follows from results in [7].

Lemma 2.1.11. For fixed t, Unptq ´ EUnptq converges in probability to 0.

Proof. It follows from Lemma 2.1.5 that if |x ´ y| ą rn then there will with high

probability be no collisions between particles in the dual processes starting from x

and y, and hence the values we compute for x and y are almost independent. In this

case if n is large

var

˜

ÿ

x

1tξλtpxq“1u

¸

ď εn2
` nM2 log2 logn

Since ε is arbitrary, an application of Chebysev’s inequality gives the desired result.
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It is straightforward to show that the last two conclusions remain valid when

tn Ñ t. Once this is done we have convergence uniform on compact sets. To see this

suppose that there is an ε, a seqeunce npkq Ñ 8 and a sequence of points sk P r0, T s

with |EUnpkqpskq´upskq| ą ε [or P p|Unpkqpskq´EUnpkqpskq| ą εq ą ε] then by finding

a convergent subsequence of the sk we would have a contradiction.

2.1.5 Computation of the reaction term

The final step is to show that uptq satisfies the differential equation. To warm up

for the real proof, we begin by doing this on Zd If νu is the voter model stationary

distribution with density u and v1 and v2 are randomly chosen neighbors of x then

xh1,2px, ξqyu “ νupξpxq “ 1, ξpv1q “ 2 or ξpv2q “ 2q

The right-hand side can be computed using the duality between the voter model and

coalescing random walk. Following the approach in Section 4 of [?] if we let ppx|y|zq

be the probability the random walks starting from x, y, and z never hit and ppx|y, zq

be the probability y and z coalesce but don’t hit x then

νupξpxq “ 1, ξpyq “ 2 or ξpzq “ 2q “ ppx|y|zqup1´ u2q ` qpx, y, zqup1´ uq

where qpx, y, zq “ ppx|y, zq ` ppx, y|zq ` ppx, z|yq

Using this identity we can compute the reaction term defined in (2.1)

φpuq “ xh2,1px, ξq ´ h1,2px, ξqyu

“ ppx|v1|v2qp1´ uqp1´ p1´ uq
2
q ` qpx, v1, v2qup1´ uq

´ rppx|v1|v2qup1´ u
2
q ` qpx, v1, v2qup1´ uqs (2.11)

“ ppx|v1|v2qrp1´ uqup2´ uq ´ up1´ uqp1` uqs

“ ppx|v1|v2qup1´ uqp1´ 2uq

The computations for the random graph are similar but in that setting we have

to take into account the degree of x and what the graph looks like locally seen from
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x. Let qk be the size-biased distribution kpk{µ where µ “
ř

k pk is the mean degree.

Let Pk be a Galton Watson tree in which the root has degree k and the other vertices

have j children with probability qj`1.

In the site version a dual random walk path will spend a fraction πspkq “ qk at

vertices with degree k so

xhs2,1 ´ h
s
1,2yu “

ÿ

k

qkPkpx|v1|v2qup1´ uqp1´ 2uq

where v1 and v2 are randomly chosen neighbors of the root. In the edge version

πepkq “ pk so

xhe2,1 ´ h
e
1,2yu “

ÿ

k

pkPkpx|y|zqup1´ uqp1´ 2uq
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2.2 Proof of Theorem 2.0.3

Recall that the density in the time-rescaled latent voter model is given by:

Xt “
ÿ

xPGn

πpxq1pξλtpxq“1q. (2.12)

To complete the proof of Theorem 2.0.3 using the result of Darling and Norris [8]

given in Theorem 2.0.4 we need to estimate the probability of

Ωc
1 “

"
ż t

0

|βpXsq ´ bpXsq| ds ą η

*

(2.13)

where βpξq “
ř

ξ1‰ξpxpξ
1q´xpξqqqpξ, ξ1q is the drift in the particle system and bpuq “

cpup1´ uqp1´ 2uq is the drift in the ODE.

To begin to do this, we define ξ̃s to be the same as ξs for time s ď λt´ C1 log n,

while on the time interval pλt ´ C1 log n, λts, ξ̃ only follows the paths from voter

events of ξ, ignoring those from branching events. Let

X̃t “
ÿ

xPGn

πpxq1tξ̃λtpxq“1u

be the density of this new process ξ̃. In order to determine ξ̃λt, we run the coalescing

random walks backward in time, starting from time λt and stopping at time λt ´

C1 log n.

We will first outline the proof then go back and fill in the details. In Section 3.1

we will prove

Lemma 2.2.1. For any ε ą 0 and m ă 8 the probability that more than εn sites

are changed by branching arrow is ď n´m for large n.

Let ũ “ xpξλt´C1 lognq. To bound P pΩc
1q we will prove:
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Lemma 2.2.2. Suppose log n ! λn ! n and m ą 0. There is a δ ą 0 independent

of m and constants Cm so that for any ε ą 0 if n ě n0pmq

P
´

|X̃t ´ ũ| ą ε|Ft´pC1 lognq{λ

¯

ď
Cm

ε2mnδm
(2.14)

This will follow from Chebyshev’s inequality once we have a suitable estimate on

the 2mth moment (see Lemma 2.2.3 below). Using (2.12) we have

X̃t ´ ũ “
ÿ

xPGn

πpxqr1pξλtpxq“1q ´ ũs,

so if we let Y pxq “ 1pξλtpxq“1q ´ ũ then

EpX̃t ´ ũq
2m
“

ÿ

x1,...x2m

πpx1q ¨ ¨ ¨ πpx2mq ¨ Y px1q ¨ ¨ ¨Y px2mq.

We will use πk to denote the distribution π ˆ ¨ ¨ ¨ ˆ π on Gk
n. If we introduce the

dual coalescing random walks W1, . . . ,W2m starting from distribution π2m and let

r “ C1 log n then we can write this as

ErY pW1prqq . . . Y pW2mprqqs

To estimate probabilities for coalescing random walks we introduce independent ran-

dom walks W 1
1, . . . ,W

1
2m starting from distribution π2m, and use these to construct

the W1, . . . ,W2m by dropping the higher number after collisions. To simplify notation

let Zi “ Y pWipC1 log nqq and Z 1i “ Y pW 1
i pC1 log nqq.

Lemma 2.2.3. There is δ ą 0 so that for each m we have

|ErZ1 . . . Z2ms| ď Cmn
´δm

This will be proved in Section 3.3 after we bound the coalescence probabilities in

Section 3.2.
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2.2.1 Ignoring branching

To prove Lemma 2.2.1 we begin by noting that since the branching rate is 1{λ we can

suppose without loss of generality that λ ď n1{2. In order for a site to be changed

a branching arrow must hit the dual process for the site but one branching arrow

can change multiple sites. Consider the coalescing random walk starting from all

sites occupied and let Tk be the amount of space time in r0, C1 log ns occupied by

k-particles, i.e., a particle that is a coalescence of k particles. Clearly

8
ÿ

k“1

kTk “ C1n log n (2.15)

Let Πk be the number of branching arrows that hit k-particles. A standard large

deviations result (see e.g., (2.6.2) and Exercise 3.1.4 in [?]) shows that there is a

constant C2 so that if Zµ “ Poissonpµq then

P pZµ ą 2µq ď expp´C2µq

If Tk ě n2{3 then P pΠk ą 2Tk{λq ď expp´C2n
2{3{λq, so if K “ tk : Tk ě n2{3u then

using (2.15)

P

˜

ÿ

kPK
kΠk ą 2C1pn log nq{λ

¸

ď |K| expp´C2n
1{6
q

To control the contribution from particles of large weight, we will get a bound on

the largest particle weight seen. Let Nxpsq be the size of the cluster containing the

particle that started at x at time t when we run the coalescing random walk to time

t´ s and let Nmaxpsq be the size of the largest cluster. We will show

Lemma 2.2.4. If α ą 0 and m ă 8 and t “ C1 log n then for large n

P pNmaxptq ą nαq ď n´m.
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When k R K monotonicity implies P pΠk ą 2n2{3{λq ď expp´c2n
1{6q, so if n is large

P

˜

ÿ

kRK
kΠk ą n2αn2{3

{λ

¸

ď n´m ` nα expp´c2n
1{6
q

which proves Lemma 2.2.1. It remains then to prove Lemma 2.2.4.

We begin by considering the edge model.

Lemma 2.2.5. If s ě 1{2M then EpNxpsq ´ 1q ď 4Mes.

Proof. Let y ‰ x and W y be the edge random walk starting from y. Noting that

when W x and W y hit, they stay together for a time ě 1{2M with probability e´1

gives

PpW x and W y hit by time sq ˆ
1

2Me
ď

ż s`1{2M

0

ÿ

z

prpx, zqprpy, zq dr

Since the edge random walks are reversible with respect to the uniform distribution,

the transition probability is symmetric

ż s`1{2M

0

ÿ

z

prpx, zqprpy, zq dr “

ż s`1{2M

0

ÿ

z

prpx, zqprpz, yq dr (2.16)

“

ż s`1{2M

0

p2rpx, yq dr (2.17)

Using this we have

ENxpsq “
ÿ

y

PpW x and W y hit by time sq ď 2Me

ż s`1{2M

0

dr ď 4Mes

where in the last step we have used s ě 1{2M

Our next step is to bound the second moment of Nxptq.

Lemma 2.2.6. If s ě 1{2M then EpNxpsq ´ 1qpNxpsq ´ 2q ď 3p4Mesq2.
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Proof. We begin by observing that

EpNxpsq ´ 1qpNxpsq ´ 2q “
ÿ

x1,x2

P px1, x2 P Nxpsqq.

where the sum is over xi ‰ x and x1 ‰ x2. We first consider the case in which x and

x1 are the first to collide, and we bound

ÿ

x1,x2,y,z

ż s`1{2M

0

prpx, yqprpx1, yqprpx2, zqP pz P Ny,rpsqq dr

where Ny,rpsq is the cluster at time s of the random walk that starts at y at time

r. As in the previous proof 2Me times this quantity will bound the desired hitting

probability. By symmetry
ř

x2
ppx2, zq “

ř

x2
ppz, x2q “ 1. Using Lemma 2.2.5

ÿ

z

P pz P Ny,rpsqq ď 4Mes

Using reversibility we can write what remains of the sum as

ÿ

x1,y

ż s`1{2M

0

prpx, yqprpy, x1q dr “
ÿ

x1

ż s`1{2M

0

p2rpx, x1q dr ď 2s (2.18)

The second case to consider is when x1 and x2 are the first to collide, and we

bound

ÿ

x1,x2,y,z

ż s`1{2M

0

prpx1, yqprpx2, yqprpx, zqP pz P Ny,rpsqq dr

Using symmetry prpx1, yqprpx2, yq “ prpy, x1qprpy, x2q then summing over x1, x2 we

have

ď
ÿ

y,z

ż s`1{2M

0

prpx, zqP pz P Ny,rpsqq dr
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We have P pz P Ny,rpsqq “ P py P Nz,rpsqq because either event says y and z coalesce

in rr, ss, so summing over y and using Lemma 2.2.5 the above is

ď p4Mesq
ÿ

z

ż s`1{2M

0

prpx, zq dr ď p4Mesq ¨ 2s (2.19)

Combining our calculations proves the desired result.

Lemma 2.2.7. If s ě 1{2M then ErpNxpsq ´ 1q ¨ ¨ ¨ pNkpsq ´ kqs ď Ckp4Mesqk and

hence

ENm
x psq ď Cm,Mp1` sq

m

Proof. The second result follows easily from the first since

xm “ 1`
m
ÿ

k“1

cm,kpx´ 1q ¨ ¨ ¨ px´ kq

The first case is

ÿ

x1,...,xk,
y,z1,...zk´1

ż s`1{2M

0

prpx, yqprpx1, yqprpx2, z1q . . . prpxk, zk´1qP pz1, . . . zk´1 P Ny,rpsqq dr

Using symmetry and summing over x2, . . . , xk removes the prpx2, z1q . . . prpxk, zk´1q

from the sum. Next we sum over z1, . . . zk´1 (which are distinct) and use induction

to bound the sum by Ck´1p4Mesqk´1. Finally we finish up by applying (2.18).

The second case is

ÿ

x1,...,xk,
y,z1,...zk´1

ż s`1{2M

0

prpx1, yqprpx2, yqprpx3, z1q . . . prpxk, zk´2q

prpx, zk´1qP pz1, . . . zk´1 P Ny,rpsqq dr

Using symmetry and summing over x1, . . . , xk removes the

prpx1, yqprpx2, yqprpx3, z1q . . . prpxk, zk´2q.
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As in the previous proof P pz1, . . . zk´1 P Ny,rpsqq “ P pz1, . . . zk´2, y P Nzk´1,rpsqq,

so summing over z1, . . . , zk´2, y and using induction we can bound the sum by

Ck´1p4Mesqk´1. Finally we finish up by applying (2.19) with z “ zk´1

Remark 7. To extend to the site case where we do not have symmetry, we note that

reversibility of this model with respect to πpyq “ dpyq{D implies

prpy, zq ď dpyqprpy, zq “ dpzqprpz, yq ďMprpz, yq

so the proof works as before but we accumulate a factor of M each time we use

symmetry.

Now we are ready to give an upper bound on the size of the maximal cluster

Nmaxptq at time λt. Here and for the rest of the proof of Lemma 2.2.2, we only use

moment bounds so the proof is the same for the edge and site models

Proof of Lemma 2.2.4. By Chebyshev’s inequality

nαkP pNxptq ą nαq ď Ck,Mp1` tq
k

If we pick k ą pm` 1q{α then

P
´

max
x

Nxptq ą nα
¯

ď
n

nkα
Ck,Mp2 log2 nqk “ opn´mq

which proves the desired result.
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2.2.2 Bounds on coalescence probabilities

Recall that W1, . . . ,W2m are coalescing random walks starting from distribution π2m

Lemma 2.2.8. Let H12 be the event that W1 and W2 hit by time C1 log n.

P pH12q ď pC log nq{n.

Proof. Let ∆ “ tpv, vq : 1 ď v ď nu Ă Gn ˆ Gn be the “diagonal.” Let W 1
1 and

W 1
2 be independent random walks. Since pW 1

1ptq,W
1
2ptqq “d π

2 for all t ě 0, the

expected occupation time of ∆ is pC1 log nqπ2p∆q. In the edge case π is uniform so

π2p∆q “ 1{n. In the site case if we let dpxq be the degree of x and D “
ř

x dpxq then

πpxq “ dpxq{D so

π2
p∆q “

ÿ

x

dpxq2

D2
ď
M2

n

since dpxq ďM , D ě n, and |Gn| “ n.

The jump rate for pW 1
1ptq,W

1
2ptqq is 2 in the site case and ď 2M in the edge case,

so when W 1
1 and W 1

2 hit the expected time they spend together is ě 1{2M , and we

have

P pH12q ď pC1 log nq
M2

n
¨ 2M

which proves the desired result.

Remark 8. In what follows we will prove the result only for the site case, since the

time change argument in the last paragraph of the proof can be used to extend the

argument to the edge case.

The computation of higher order coalescence probabilities is made complicated

by the fact that if particles 1 and 2 are the first to coalesce at time T1,2 then the joint

distribution of pW1,W3,W4q at time T12 is not π3. To avoid some of these difficulties,

we will estimate the probability that coalescences occur in a specific pattern, and
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ignore collisions not consistent with the pattern. For example let H12,34 be the event

that

• 1 and 2 coalesce at T12. We ignore collisions involving particles 3 and 4 before

that time.

• At time T12,34 ą T12 particles 3 and 4 coalesce. We ignore particle 1 on

rT12, T12,34s.

We say particle 1 in the second bullet because, in our coupling, at time T12 we drop

W 1
2 and use W 1

1 to move the coalesced particle.

The act of ignoring particles may look odd but the reasoning is legitimate. Doing

this enlarges the event that the coalescences occurred in the indicated pattern leading

to an over estimate of the probabilities of interest.

Lemma 2.2.9. P pH12,34q ď Cplog2 nq{n2.

Proof. By Lemma 2.2.8, the probability of the event H12 that 1 and 2 hit by time

C1 log n is ď Cplog nq{n. Since we are ignoring particles 3 and 4 up to time T12, their

joint distribution at time T12 conditional on H1,2 is π2. This implies that

P pH12,34q ď P pH12q ¨ pC log nq{n

which proves the desired result.

Consider now the event H12,3

• 1 and 2 coalesce at time T12. We ignore collisions involving particles 3 and 4

before that time.

• 3 coalesces with particle 1 at T12,3 ą T12. We ignore particle 4 during rT12, T12,3s.

Lemma 2.2.10. There is an δ ą 0 so that P pH12,3q ď C log n{n1`δ
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Proof. As in the previous argument the probability that 1 and 2 hit is ď Cplog nq{n

and at time T12 the location of W 1
3 has distribution π and is independent of W 1

1.

Unfortunately W 1
1 does not have distribution π since it may be easier for particles 1

and 2 to coalesce at some points than others.

Let πmin be the minimal value of πpxq and let L “ p1{5q logM n. Using the

observations that (i) since the max degree is M ě 3, the number of vertices at

distance k from a fixed vertex is ďMk and (ii) by Lemma 2.1.6 the probability two

particles separated by k ď L hit by time C1 log n is ď C2´k, and (iii) two particles

that are separated by more that L must come to within distance L before they hit.

P pH12,3|H12q ď

L{2
ÿ

k“1

2´kMkπmin ` 2´L{2pn´ML{2
qπmin

ď 2´L{2nπmin

8
ÿ

j“0

p2{Mqj ď
C2´p1{10q logM n

1´ 2{3
ď Cn´δ

which proves the desired result.

Lemmas 2.2.9 and 2.2.10 contain all the ideas needed to estimate general coa-

lescence patterns. The hardest part of doing this in general is to find appropriate

notation to enumerate the possibilities. To do this we will use notation used to

describe phylogenetic trees. For example

Hppp12q5q9q,p34q,pp67q8q

means that coalescence reduces the 9 particles to 2. First 1 and 2 coalesce, then they

coalesce with 5 and with 9; 3 and 4 coalesce and then do not coalesce with any other

particle; 6 and 7 coalesce, and then 8 coalesces with them. In defining these events

we ignore collisions between particles that have already coalesced with another one.

In the example under consideration we have

P pHppp12q5q9q,p34q,pp67q8qq ď C

ˆ

log n

n

˙3

¨ n´3δ ď Cn´9δ{2
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We say a random walk Wi is isolated if Wi does not coalesce with other random

walks by time C1 log n. Suppose s is the number of isolated random walks among

W1, . . .W2m and define

GNI
i1,...,ik

“ tNone of Wi1 , . . . ,Wik is isolatedu

Giso
i1,...,ik

“ tAll Wi1 , . . . ,Wik are isolatedu

Since GNI
i1,...,ik

is contained in a union of H events involving k particles.

Lemma 2.2.11. Given any k coalescing random walks Wi1 , . . . ,Wik starting from

the stationary distribution, then there exist constants C ą 0 and δ ą 0 such that the

probability of no isolated random walk is bounded by

P
`

GNI
i1...ik

˘

ď C{nδk{2 (2.20)
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2.2.3 Moment estimates

We begin with second moments.

Lemma 2.2.12. If n is large ErZ1Z2s ď pC log nq{n.

Proof. On H12,

Y pW1prqqY pW2prqq “ Y 2
pW1prqq ď 1

so the contribution to the expected value is ď Cplog nq{n. Since W 1
1prq and W 1

2prq

are independent and have distribution π

ErY pW 1
1prqqY pW

1
2prqqs “ 0

Using our coupling and this we get

|ErY pW1prqqY pW2prqq;H
c
12s| “ |ErY pW

1
1prqqY pW

1
2prqq;H

c
12s|

“ |ErY pW 1
1prqqY pW

1
2prqq;H12s| ď P pH12q ď

C log n

n

and the desired result follows.

Turning now to 4th moments, let S be the number of isolated random walks

among W1,W2,W3 and W4. Then

ErZ1Z2Z3Z4s “

4
ÿ

s“1

E rZ1Z2Z3Z4;S “ ss (2.21)

Case 1: s=1. First by symmetry, we have

E rZ1Z2Z3Z4;S “ 1s “ 4E
“

Z1Z2Z3Z4;G
NI
123 XG

iso
4

‰

where 4 comes from the choices of the only isolated random walk. Now we couple W4

to an independent random walk W 1
4. Precisely, pW1,W2,W3,W4q “ pW1,W2,W3,W

1
4q
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until W4 “ W 1
4 hits the trajectory of Wi for some i ď 3. When this occurs, the first

vector becomes pW1,W2,W3,Wiq. From this coupling, we know

E
“

Z1Z2Z3Z4;G
NI
123 XG

iso
4

‰

“ E
“

Z1Z2Z3Z
1
4;G

NI
123 XG

iso
4

‰

Note that Z 14 is independent of Z1, Z2, Z3. Hence E
“

Z1Z2Z3Z
1
4;G

NI
123

‰

“ 0. This

implies
ˇ

ˇE
“

Z1Z2Z3Z
1
4;G

NI
123 XG

iso
4

‰
ˇ

ˇ “
ˇ

ˇE
“

Z1Z2Z3Z
1
4;G

NI
123 XG

iso,c
4

‰
ˇ

ˇ

ď3
ˇ

ˇE
“

Z1Z2Z3Z
1
4;G

NI
123 XG14

‰
ˇ

ˇ ď 3P pGNI
123 XG14q ď

C

nδ
P pH12,3q ď C log n{n1`2δ

(2.22)

Case 2: s=2. Similarly, symmetry tells us

E rZ1Z2Z3Z4;S “ 2s “ 6E
“

Z1Z2Z3Z4;G
NI
12 XG

iso
34

‰

“ 6E
“

Z1Z2Z3Z4;G12 XG
iso
34

‰

Now couple pW3,W4q to independent random walks pW 1
3,W

1
4q. Precisely, pW1,W2,W3,W4q

and pW1,W2,W
1
3,W

1
4q are the same until W3 or W4 hits others. Then

E
“

Z1Z2Z3Z4;G12 XG
iso
34

‰

“ E
“

Z1Z2Z
1
3Z

1
4;G12 XG

iso
34

‰

Note that Z 13 and Z 14 are independent of W1 and W2. Hence E rZ1Z2Z
1
3Z

1
4;G12s “ 0.

This implies
ˇ

ˇErZ1Z2Z
1
3Z

1
4;G12 XG

iso
34 s

ˇ

ˇ “
ˇ

ˇErZ1Z2Z
1
3Z

1
4;G12 XG

iso,c
34 s

ˇ

ˇ

ď C pP pH12,3q ` P pH12,34qq ď C log n{n1`δ

The first inequality holds because on G12 if W 1
3 is not isolated, it can either hit W1 or

W2, which has probability bounded by CP pH12,3q where the constant C takes care

of the order of coalescent; or it can hit W 1
4 without hitting W1 or W2, which has

probability bounded by P pH12,34q. The same argument applies to W 1
4. Therefore, we

have obtained

E rZ1Z2Z3Z4;S “ 2s ď C log n{n1`δ (2.23)
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Case 3: s=3. Impossible

Case 4: s=4. Couple Wi, 1 ď i ď 4 to independent random walks W 1
i , 1 ď i ď 4.

Precisely, they agree until there is a coalescence. Then

E rZ1Z2Z3Z4;S “ 4s “ E
“

Z1Z2Z3Z4;G
iso
1234

‰

“ E
“

Z 11Z
1
2Z

1
3Z

1
4;G

iso
1234

‰

“ ´E
“

Z 11Z
1
2Z

1
3Z

1
4;G

iso,c
1234

‰

Now Giso,c
1234 is a disjoint union of events

GNI
Ac XG

iso
A

where A Ř t1, 2, 3, 4u and Ac “ t1, 2, 3, 4uzA. Combining this with (2.21), (2.22),

and (2.23) gives Lemma 2.2.3 for m “ 2.

General m. To compute ErZ1Z2 . . . Z2ms, let S denote the number of isolated

random walks among W1, . . . ,W2m at time C1 log n. Then

ErZ1Z2 . . . Z2ms “

2m
ÿ

s“0

ErZ1Z2 . . . Z2m;S “ ss (2.24)

For any 1 ď s ď 2m, first symmetry gives us

ErZ1Z2 . . . Z2m;S “ ss “

ˆ

2m

s

˙

ErZ1Z2 . . . Z2m;GNI
1...2m´s XG

iso
2m´s`1...2ms (2.25)

Hence we just need to focus on the case where the last s random walks are isolated

while no isolated random walk appears in the first 2m´s random walks. Now couple

Wj with 2m´s`1 ď j ď 2m to independent random walks W 1
j with 2m´s`1 ď j ď

2m. Precisely, pW1, . . . ,W2mq and pW1, . . . ,W2m´s,W
1
2m´s`1, . . . ,W

1
2mq are identical

until any Wi with 2m´ s ă i ď 2m hits another particle. Then

I :“E
“

Z1 . . . Z2m;GNI
1...2m´s XG

iso
2m´s`1...2m

‰

“E
“

Z1 . . . Z2m´sZ
1
2m´s`1 . . . Z

1
2m;GNI

1...2m´s XG
iso
2m´s`1...2m

‰

(2.26)
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As before, note that Z 12m´s`1, . . . , Z
1
2m are all independent of Z1, . . . , Z2m´s. This

implies that E
“

Z1 . . . Z2m´sZ
1
2m´s`1 . . . Z

1
2m;GNI

1...2m´s

‰

“ 0 and that

ErZ1 . . . Z
1
2m;GNI

1...2m´s XG
iso
2m´s`1...2ms “ ´ErZ1 . . . Z

1
2m;GNI

1...2m´s XG
iso,c
2m´s`1...2ms

(2.27)

Note that GNI
1...2m´s XG

iso,c
2m´s`1...2m is a union of disjoint sets of the form

GNI
Ac XG

iso
A

where A Ř t2m ´ s ` 1, . . . , 2mu and Ac “ t1, 2, . . . , 2muzA. Combining this with

(2.26) and (2.27) gives

I ď
ÿ

AŘt2m´s`1,...,2mu

ˇ

ˇErZ1 . . . Z
1
2m;GNI

Ac XG
iso
A s

ˇ

ˇ

Since |A| ď s´1, we have reduced the number of isolated random walks by at least 1.

Now apply similar argument to each GNI
Ac XG

iso
A . Note that Z 1i, i P A are independent

of the Zi i P A
c. Hence ErZ1 . . . Z

1
2m;GNI

Ac s “ 0. This implies that

ErZ1 . . . Z
1
2m;GNI

Ac XG
iso
A s “ ´ErZ1 . . . Z

1
2m;GNI

Ac XG
iso,c
A s

We can further subdivide each GNI
Ac XG

iso,c
A into disjoint sets of the form GNI

Bc XG
iso,c
B

where B Ř A Ř t1, . . . , 2mu and thus |B| ď s´ 2. This leads to

I ď C
ÿ

BŘt2m´s`1,...,2mu, |B|ďs´2

ˇ

ˇErZ1 . . . Z
1
2m;GNI

Bc XG
iso
B s

ˇ

ˇ

where the constant C takes care of the possible repetition of GNI
Bc XGiso

B from those

subdivisions. We can keep doing this and decrease the number of isolated random

walks by at least 1 at each step until we have no isolated random walk, i.e. when all

those A (or B )given above have |A| “ 0 (or |B| “ 0q. We will eventually have

I ď C
ˇ

ˇErZ1 . . . Z
1
2m;GNI

1,2,...,2ms
ˇ

ˇ
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Since
ˇ

ˇZ1 . . . Z2m´sZ
1
2m´s`1 . . . Z

1
2m

ˇ

ˇ ď 1, then by Lemma 3.1.2 we have

I ď CP
`

GNI
12...2m

˘

ď C{nδm (2.28)

and the proof of Lemma 2.2.3 is complete.

2.2.4 Bounding the drift

The drift

βpξλtq “
ÿ

xPGn

πpxq
ÿ

y„x

ÿ

z„x,z‰y

r1tξλtpxq“2, ξλtpyq“1 or ξλtpzq“1u

´ 1tξλtpxq“1, ξλtpyq“2 or ξλt“2us

We want to show

Lemma 2.2.13. There is a γ ą 0 so that for any m there is a constant Cm so that

P p|βpξλtq ´ bpXtq| ě ε|Ft´pC1 lognq{λq ď
Cm

ε2mn2mγ
. (2.29)

Proof. We prove the result for the edge case and leave the straightforward extension

to the site case to the reader. If we let 1px|y|zq is the indicator function of the event

that the dual random walks starting from x, y, and z at time t do not hit by time

t´ C1plog nq{λ and ppx|y|zq “ E1px|y|zq then

Erβpξtq|Ft´C1plognq{λs “
1

n

ÿ

xPGn

ÿ

y„x

ÿ

z„x,z‰y

1px|y|zqũp1´ ũqp1´ 2ũq (2.30)

bpXtq “
1

n

ÿ

xPGn

ÿ

y„x

ÿ

z„x,z‰y

ppx|y|zqũp1´ ũqp1´ 2ũq (2.31)

The random variables 1px|y|zq are dependent if the triples px, y, xq and px1, y1, z1q

overlap or if the associated random walks coalesce. To simplify things we will let

1̂px|y|zq be the event none of the walks r-coalesce, i.e., the pair collides before either
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of them exits Bpx, rq, where r “ ε log n and ε will be chosen later to be small enough.

Let

Yx,y,z “ 1̂px|y|zq ´ ppx|y|zq and Ŷx,y,z “ 1̂px|y|zq ´ p̂px|y|zq

where p̂px|y|zq “ Ep1̂px|y|zqq. As before we will compute 2mth moments of the sum

over x P Gn and neighbors y, z ‰ y of x. The calculation is simpler here than in

Sections 3.2–3.3, since we are only concerned whether the particles coalesce and not

how they are spread over the graph at time C1 log n.

Lemma 2.2.14. There is a β ą 0 so that for any m we have

E

˜

ÿ

x,y,z

Ŷx,y,z

¸2m

ď Cmn
1`β.

Proof. The sum has K “
ř

x dpxqpdpxq ´ 1q terms. The 2mth moment of the sum

has terms of the form.

Ŷx1,y1,z1 ¨ ¨ ¨ Ŷx2m,y2m,z2m

If some xi has distance 3r from all of the other xj then Yxi,yi,zi is independent of the

product of the rest of the random variables and the expected value is 0.

Suppose now that for each xi there is at least one xj that is within distance

3r. Create a graph D (for dependency) where there is an edge between i and j

if dpxi, xjq ă 3r. Let κ be the number of components in the graph. The number

of points within distance 3r “ 3ε log n of a given x is ď M3ε logn ” nβ. If the

dependency graph has κ components the number of terms ď ADn
κnβp2m´κq. When

D has no singletons κ ď m. Since E|Yx1,y1,z1 ¨ ¨ ¨Yx2m,y2m,z2m | ď 1 the desired result

follows.

To bound the sum of the Yx,y,z we will write

Yx,y,z “ Ŷx,y,z ` pp̂px|y|zq ´ ppx|y|zqq ` p1px|y|zq ´ 1̂px|y|zqq
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To control the middle term note that Lemma 2.1.4 implies that with high probability

the two walks that are separated by r “ ε log n will not hit before they are separated

by 5r is ď 21´ε logn ” 2n´α. Using this result repeatedly we see the probability they

do not hit by C1 log n is ď Cn´α. Thus

ÿ

x,y,z

|ppx|y|zq ´ p̂px|y|zq| ď cn1´α

To control the 2mth moment of the sum of the third term, suppose we are given

1 ď K ď 2m distinct pxi, yi, ziq where yi and zi are different neighbors of xi. Note

that Z “
śK

i“1

`

1pxi|yi|ziq ´ 1̂pxi|yi|ziq
˘

ą 0 if and only if 1pxi|yi|ziq´1̂pxi|yi|ziq ą 0

for all 1 ď i ď K. That is, for any i, there exist a pair among pW xi ,W yi ,W ziq such

that they do not r´coalesce but coalesce after exiting Bpx, rq. As before, we only

focus on coalescent in a specific pattern and consider the event H as the following:

• Suppose T0 “ 0. Some particles from pW x1 ,W y1 ,W z1q coalesce at time T1 but

do not r´coalesce. We ignore collisions involving other particles and let them

do independent random walks before that time.

• pW x1 ,W y1 ,W z1q are ignored immediately after time T1 except for the ones who

appear in pW x2 ,W y2 ,W z2q. At time T2 ą T1, some particles from pW x2 ,W y2 ,W z2q

coalesce after exiting Bpx2, rq. We ignore all other particles on rT1, T2s.

• In general, at time Tk ą Tk´1, some particles from pW xk ,W yk ,W zkq coalesce

after exiting Bpxk, rq. We ignore all other particles on rTk´1, Tks.

This again enlarges the probability of our interest up to a constant factor from

permutation. Moreover by Lemma 2.1.6, each step has probability ď C{n´α to occur
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. Hence

P pZ ą 0q ď CP pHq

ď C
2m
ź

k“1

P pTk ă 8|Tk´18q ď C{n´Kα

Note that in the expansion of
´

ř

x,y,z 1px|y|zq ´ 1̂px|y|zq
¯2m

, the number of terms

consisting of such K distinct pxi, yi, ziq is ď nKMpM ´ 1q.

This implies that

E

˜

ÿ

x,y,z

1px|y|zq ´ 1̂px|y|zq

¸2m

ď

2m
ÿ

K“1

nKMpM ´ 1q ˆ C{n´Kα ď Cmn
2mp1´αq.

Combining our results and using Chebyshev’s inequality, the proof of Lemma 2.2.13

is complete.
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2.2.5 Final details

To extend Lemma 2.2.13 to bound the probability of

Ωc
1 “

"
ż t

0

|βpXsq ´ bpXsq| ds ě η

*

we subdivide the interval r0, ts into subintervals of length 1{λn1{2. Within each

interval the probability that more than 2n1{2 sites will flip is ď expp´c
?
nq. From

this it follows that if 2tε ď η then

P pΩc
1q ď tλn1{2

„

Cm,ε
nm{2

` expp´c
?
nq



(2.32)

The last bound only works for fixed t. To get long time survival we will iterate.

Let

T0 “ inftt : |xt ´ 1{2| ă εu

and note that xt is the solution of the ODE so this is not random. Theorem 2.0.4

implies that at this time |Xt ´ 1{2| ď 2ε with very high probability, i.e., with an

error of less that Cn´pm´1q{2. Let

T1 “ inftt ą T0 : |Xt ´ 1{2| ě 4εu

and note that on rT0, T1s we have |Xt ´ 1{2| ď 4ε. There is a constant t0 so that if

xp0q “ 1{2`4ε or xp0q “ 1{2´4ε then |xpt0q´1{2| ď ε. Let S1 “ T1` t0. Theorem

2.0.4 implies that with high probability |XpS1q ´ 1{2| ď 2ε and |Xt ´ 1{2| ď 5ε on

rT1, S1s. For k ě 2 let

Tk “ inftt ą Sk´1 : |Xt ´ 1{2| ě 4εu and Sk “ Tk ` t0.

We can with high probability iterate the construction npm´2q{2 times before it fails.

Since each cycle takes at least t0 units of time, the proof of Theorem 2.0.3 is complete.
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3

The Zealot Voter Model

Since we have described the model in the introduction. In this Chapter, we will focus

on the results and in particular the proofs.

3.1 Proof of Theorem 1.2.1

Recall that our first result works for all bounded trees.

Theorem 3.1.1 (Theorem 1.2.1). On any tree with degrees 3 ď dpxq ďM , the zealot

voter model survives if
ÿ

kě2

pk ´ 1qpk ´ p0 ą 0.

There are four steps in the proof.

• We begin by deriving a differential equation for the expected number of occu-

pied sites.

• We define the frontier and the external boundary of a set of occupied sites and

prove lower bounds on their sizes.
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• Combining the first two steps we obtain differential equations that lower bound

the number of occu[pied sites and the size of the frontier.

• We prove Theorem 1.2.1 by showing that the set of occupied sites dominates

a supercritical branching walk.

3.1.1 Step 1: Derivation of the ODE

Let dkpxq “ pdpxq ´ 1q ¨ ¨ ¨ pdpxq ´ pk´ 1qq. Note that dkpxq is the number of ways of

picking k´1 things out of dpxq´1 when the order of the choices is important. Using

x ˚ pk ´ 1q ‰ yk to indicate that we sum over all ordered choices of k ´ 1 different

neighbors y1, ..., yk´1 of x that are not ‰ yk.

d

dt

ÿ

x

P pξtpxq “ 1q “ ´p0
ÿ

x

P pξtpxq “ 1q

`
ÿ

ką1

ÿ

x,yk„x

pk
dkpxq

ÿ

x˚pk´1q‰yk

rP pξtpxq “ 1, ξtpykq “ 0q ´ P pξtpxq “ 1, all ξtpyiq “ 0qs

(3.1)

`
ÿ

ką1

ÿ

x,yk„x

pk
dkpxq

ÿ

x˚pk´1q‰yk

P pξtpxq “ ξtpykq “ 0, ξtpyiq “ 1 for some i ă kq

Note that the second and third terms are ě 0.

Proof. Breaking things down according to the value of k, treating births and deaths
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separately, and noting that in the last four terms jumps occur at rate dpxq

d

dt
P pξtpxq “ 1q “ ´p0P pξtpxq “ 1q

´ p1
ÿ

y„x

P pξtpxq “ 1, ξtpyq “ 0q

` p1
ÿ

y„x

P pξtpxq “ 0, ξtpyq “ 1q (3.2)

´
ÿ

ką1

ÿ

x

pk
dkpxq

ÿ

x˚k

P pξtpxq “ 1, ξtpyiq “ 0 for all 1 ď i ď kq

`
ÿ

ką1

ÿ

x

pk
dkpxq

ÿ

x˚k

P pξtpxq “ 0, ξtpyiq “ 1 for some 1 ď i ď kq

If we sum over x then the second and third terms cancel. We now fix k and split the

last term into two

“ ´
ÿ

x

pk
dkpxq

ÿ

x˚k

P pξtpxq “ 1, all ξtpyiq “ 0q

`
ÿ

x

pk
dkpxq

ÿ

x˚k

P pξtpxq “ 0, ξtpykq “ 1q (3.3)

`
ÿ

x

pk
dkpxq

ÿ

x˚k

P pξtpxq “ ξtpykq “ 0, ξtpyiq “ 1 for some 1 ď i ă kq

Recalling the definition of dkpxq, the first sum can be written as

ÿ

x,yk„x

pk
dkpxq

ÿ

x˚pk´1q‰yk

P pξtpxq “ 0, ξtpykq “ 1q

“
ÿ

x,yk„x

pkP pξtpxq “ 0, ξtpykq “ 1q

“
ÿ

yk,x„yk

pkP pξtpxq “ 0, ξtpykq “ 1q

“
ÿ

yk,x„yk

pk
dkpykq

ÿ

yk˚pk´1q‰x

P pξtpxq “ 0, ξtpykq “ 1q
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Interchanging the role of x and yk, the above

“
ÿ

x,yk„x

pk
dkpxq

ÿ

x˚pk´1q‰yk

P pξtpxq “ 1, ξtpykq “ 0q

Then (3.3) can be reformulated as

“ ´
ÿ

x

pk
dkpxq

ÿ

x˚k

P pξtpxq “ 1, ξtpyiq “ 0 for all 1 ď i ď kq

`
ÿ

x,yk„x

pk
dkpxq

ÿ

x˚pk´1q‰yk

P pξtpxq “ 1, ξtpykq “ 0q

`
ÿ

x,yk„x

pk
dkpxq

ÿ

x˚pk´1q‰yk

P pξtpxq “ ξtpykq “ 0, ξtpyiq “ 1 for some i ă kq

Combining the first two summations and summing over k ą 1 gives the desired

result.

3.1.2 Step 2: Frontier lower bounds

Pick a vertex from the tree to be the root and call it x0. Given a vertex x in the tree

we say that x1 is a child of x if it is a neighbor of x and further away from the root

than x is. We define the subtree generated by x1, Spx1q, to be all of the vertices

that can be reached from x1 without going through x. By definition, x1 P Spx1q.

For any finite set on the tree A, define its frontier F pAq as the set of sites x P A

that have a child x1 such that the subtree Spx1q X A “ H and define the exterior

boundary of A, HpAq to be the set of all such children x1. That is, x1 P HpAq if

and only if Spx1q X A “ H and the parent of x1 is in F pAq. to help visualize the

definitions, see Figure 3.1.2. Our next step is to lower bound the sizes of the sets we

just defined.

Lemma 3.1.2. |HpAq| ě |A| and |F pAq| ě |A|{pM ´ 1q.

Proof. We prove the first result by induction on the cardinality of |A|. If |A| “ 1,

the result is trivial as |HpAq| ě dpxq ´ 1 ě 2. Suppose now that the result is true
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for all B with |B| ď n ´ 1 and let |A| “ n. Let x P A be the point with the largest

distance to the root and let B “ Aztxu. Then by induction |HpBq| ě n ´ 1. Since

none of the descendents of x are in A, but x might be in HpBq.

|HpAq| ě |HpBq| ´ 1` dpxq ´ 1 ě pn´ 1q ´ 1` 2 “ n

The second result follows from the first since |HpAq| ď pM ´ 1q|F pAq|.
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‚ ‚
˚ ˚ ˚ ˚ ˚ ˚ y1

˚ ˚ ˚ ˚ ˚

Figure 3.1: For simplicity we have only drawn the edges from vertices within
distance 3 of the root that are relevant to the definitions. ‚ indicates sites in A. All
the ‚s are in F pAq except for x1. ˚s mark the points in HpAq.

3.1.3 ODE lower bounds

Let At “ tx : ξtpxq “ 1u Our next step is

Lemma 3.1.3. Let γ “ ´p0 `
ř

k pkpk ´ 1q (which is ą 0 by assumption).

d

dt
E|At| ě γE|At|

66



Proof. Let lx be the distance of x from the root. The expression on the second line

in (3.1) is ě 0. The third line is

“
ÿ

x,yk„x

pk
dkpxq

ÿ

x˚pk´1q‰yk

P pξtpxq “ ξtpykq “ 0, some ξtpyiq “ 1q

ě E
ÿ

xPHpAtq,lykąlx

pk
dkpxq

ÿ

yiPF pAtq for some 1ďiďk´1

1

“ E
ÿ

xPHpAtq,lykąlx

pk
dkpxq

¨ pdpxq ´ 1q ¨ pk ´ 1q ¨

ˆ

dpxq ´ 2

k ´ 1

˙

“ pk ´ 1qpkE|HpAtq| ě pk ´ 1qpk|At|

In the third line, dpxq ´ 1 gives the choices for yk. k ´ 1 is because we have k ´ 1

choices from y1, ..., yk´1 to be on the frontier. Suppose y1 is chosen to be in the

frontier, then the number of choices for y2, . . . yk´1 is
`

dpxq´2
k´1

˘

. The final inequality

comes from Lemma 3.1.2

Choose a neighbor x1 of the root x0. (See Figure 3.1.2 for a picture.) Set all the

sites outside of Spx1qY tx0u to be always equal to 0. Let ξ̄t be the process restricted

to S1 ” Spx1q Y tx0u. Let

Āt “ tx : ξ̄tpxq “ 1u A˚t “ Āt X Spx1q

H˚
pĀtq “ HpĀtq X Spx1q F ˚pĀtq “ F pĀtq X Spx1q

Lemma 3.1.4.

d

dt
E|Āt| ě γE|Āt| ´ pγ ` 1qpM ´ 1q

Proof. We repeat the proof of Lemma 3.1.3. The differential equation in (3.2) remains

valid but when we make the transition to (3.3) there is a term with k “ 1 that does

not cancel:

´p1rdpx0q ´ 1sP pξ̄tpx0q “ 1q
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Note that if x0 P Āt, then x2, . . . , xdpx0q P HpĀtq so

|H˚
pĀtq| ě |HpĀtq| ´ rdpx0q ´ 1s ě |Āt| ´ pdpx0q ´ 1q

where the last inequality follows from Lemma 3.1.2. Using dpx0q ď M the desired

result follows.

Let L “ 2pγ ` 1qpM ´ 1q{γ. Lemma 3.1.4 implies that once E|Āt| ě L it grows

exponentially with rate ě α “ pγ ` 1qpM ´ 1q.

Lemma 3.1.5. There exists ε0 ą 0 such that

P p|Ā1| ě Lq ě ε0 (3.4)

for all trees T with 3 ď dmin ď dpxq ďM

Proof. Let GL be the event that at time 1 there is an occupied path from the root x0

to distance L´ 1. It is easy to see that there exists ε0 ą 0 such that P pGLq ě ε0 for

all trees T with 3 ď dmin ď dpxq ď M . To see this note that the worst case occurs

when all sties have degree 3 but offspring are sent across an edge with probability

1{M .

Lemma 3.1.6. There exists t0 ą 0 such that

E|F ˚pĀt0q| ě 2 (3.5)

for all trees with 3 ď dmin ď dpxq ďM

Proof. Conditioning on t|Āt| ě Lu it follows that for all trees with 3 ď dmin ď dpxq ď

M .

E|Āt| ě ε0e
αpt´1qs

Now |F ˚pĀtq| ě |F pĀtq| ´ 1 with equality if x0 is in state 1, so by Lemma 3.1.2

|F ˚pĀtq| ě |F pĀtq| ´ 1 ě
1

M ´ 1
|Āt| ´ 1

and the desired result follows.
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3.1.4 Step 4: Lower bounding BRW

Now define a lower bounding branching random walk Zn. Let Z0 “ tx0u, where

x0 is the root. Let Z1 “ F ˚pĀt0q “ F pĀt0q X Spx1q. Inductively, given Zn, note

that for any x P Zn, x has a child x1 such that Spx1q X Ānt0 “ H. Let F ˚pĀx,0t0 q

be the children of x, where the superscript 0 means that to obtain Āx,0t , we enforce

0-boundary condition on sites above x. Hence all the neighbors of x except for x1 are

in state 0 during rnt0, pn ` 1qt0s. Therefore all Āx,0t @x P Zn are independent and

E|F ˚pĀx,0t0 q| ą 1 @x P Zn by Lemma 3.1.5. Define the n` 1 th generation by

Zn`1 “
ď

xPZn

F ˚pĀx,0t0 q

Lemma 3.1.7. There exists Cv ą 0 such that for all trees T with 3 ď dpxq ďM for

all x

ErZn`1|Zns ě 2Zn (3.6)

V arpZn`1|Znq ď CvZn (3.7)

Proof. Given any tree T , note that Zn`1 “
Ť

xPZn
F ˚pĀxt0q and F ˚pĀxt0q XF

˚pĀyt0q “

H if x ‰ y. Then

ErZn`1|Zn, T s “
ÿ

xPZn

E
“

|F ˚pĀxt0q||Zn, T
‰

ą p1` εqZn (3.8)

To prove (3.7), let ηt be a branching process where η0 “ 1 and every particle gives a

birth at rate M without death. Then given any tree, |Āt| is stochastically bounded

by |ηt|. So now, let T x denote the subtree consisting of x and its descendents. By

independence

var pZn`1|Zn, T q “
ÿ

xPZn

var
`

|Āx,0t0 ||T
x
˘

ď
ÿ

xPZn

E
“

|Āx,0t0 |
2
|T x

‰

ď
ÿ

xPZn

E|ηt0 |
2
“ CvZn

69



Since T is arbitrary, we have completed the proof.

The next Lemma completes the proof of Theorem 1.2.1.

Lemma 3.1.8. With positive probability

lim inf
nÑ8

Zn
p3{2qn

ě 1. (3.9)

Proof. First by Lemma 3.1.7 and Chebyshev’s Inequality,

P
`

Zn`1 ă p3{2q
n`1
|Zn ě p3{2q

n
˘

ď P p|Zn`1 ´ ErZn`1|Zns| ą Zn{2|Zn ě p3{2q
n
q

ď E

ˆ

CvZn
pZn{2q2

ˇ

ˇ

ˇ

ˇ

Zn ě p3{2q
n

˙

ď 4Cv ¨ p2{3q
n
” δn

Pick n0 large enough so that δn0 ă 1. It follows from the proof of Lemma 3.1.5 that

P pZn0 ě p3{2q
n0q ą 0. Since δn is decreasing, we have

P

ˆ

lim inf
nÑ8

Zn
p3{2qn

ě 1

ˇ

ˇ

ˇ

ˇ

Zn0 ě p3{2q
n0

˙

ě

8
ź

n“n0

p1´ δnq ą 0

which proves the desired result.
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3.2 Results for d-regular trees

3.2.1 Extinction

The first result is elementary but a proof is cincluded for completeness.

Lemma 3.2.1. Let hpxq be the probability two continuous time random walks sepa-

rated by x on a d-regular tree will hit.

hpxq “

ˆ

1

d´ 1

˙x

Proof. If the two particles are at distance x ą 0 then the probability they are at

distance x` 1 after the first jump is pd´ 1q{d, while they are at distance x´ 1 with

probability 1{d.

ˆ

1

d´ 1

˙x

“
d´ 1

d

ˆ

1

d´ 1

˙x`1

`
1

d

ˆ

1

d´ 1

˙x´1

“
1

d

ˆ

1

d´ 1

˙x

`
d´ 1

d

ˆ

1

d´ 1

˙x

“

ˆ

1

d´ 1

˙x

i.e., if Xt is the distance between two coalescing random walks on a d-regular tree

then ppd ´ 1q´Xt is a martingale. Since hp0q “ 1, hpxq ď 1 for x ě 0 and hpxq Ñ 0

as xÑ 8 the desired result follows from the optional stopping theorem.

Let β be the probability two newborn particles in the dual do not coalesce. Since

two newborn particles are at distance two from each other

β “ 1´
1

pd´ 1q2
.

Theorem 1.2.2 On a d-regular tree the COBRA dies out if

dβ
ÿ

kě2

pk ´ 1qpk ´ p0 ă 0
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Proof. In COBRA, a particle dies at rate p0 and gives birth to k particles at rate

dpk. To make the dual process more like a branching random walk, when a particle

dies and gives birth to a positive number of particles, we declare that the particle

did not die but jumped to the location of particle 1. If no offspring were produced

then the particle dies. To get an upper bound on the growth of the dual (i) we ignore

coalescence between the lineages that are not siblings, and (ii) if k particles are born

we ignore coalescence between particles i ą 1 and j ą 1. Note that particles 2, . . . k

each have probability ě β of not coalescing with 1. Thus the expected number of the

particles that do not coalesce with 1 is pk´ 1qβ. If we use η0t to denote the resulting

system starting from a single particle then

d

dt
Eη0t “

«

´p0 ` d
ÿ

k

pkpk ´ 1qβ

ff

Eη0t

It is immediate that if dβ
ř

kě2pk ´ 1qpk ´ p0 ă 0 then E|ζ0t | ď E|η0t | Ñ 0.

3.2.2 Local Survival

Recall that µ “
ř

k kpk is the mean number of offspring in the dual.

Theorem 1.2.4 Given a d-regular tree T , the zealot voter model dies out locally if

µ ă
dp1´ p0q ` p0

2
?
d´ 1

. (3.10)

If p0 “ 0 this is µ ă d{p2
?
d´ 1q.

Proof. Using a superscript 0 to denote the process starting with only the root occu-

pied, we need to show

P pξ0t X t0u ‰ Hq ÝÑ 0 as tÑ 8. (3.11)

By duality,

P pξ0t X t0u ‰ Hq “ P pζ0t X t0u ‰ Hq (3.12)
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Let η0t Ą ζ0t be the BRW in which particles die at rate p0 and at rate dpk die and

give birth onto k neighbors chosen without replacement.

Lemma 3.2.2. Let mpt, xq “ Eη0t pxq be the expected number of particles on site x

at time t. Then mpt, xq satisfies the equation

d

dt
mpt, xq “ ´αmpt, xq `

ÿ

y„x

mpt, yqµ where α “ dp1´ p0q ` p0

The solution is given by

mpt, xq “ epµ´αqdtP pS0
t “ xq (3.13)

where S0
t is the random walk on tree T starting from the root that jumps at rate dµ

to a neighbor chosen uniformly at random.

Proof. To check (3.13), note that using RHS for the right-hand side of the equation

d

dt
RHS “ pµ´ αqdepµ´αqdtP pS0

t “ xq ` epµ´αqdt

«

´dµP pS0
t “ xq `

ÿ

y„x

dµˆ
1

d
P pS0

t “ yq

ff

“ ´αdepµ´αqdtP pS0
t “ xq `

ÿ

y„x

µepµ´αqdtP pS0
t “ yq

“ ´αmpt, xq `
ÿ

y„x

mpt, yqµ

which gives the desired result.

Let Xt “ |S
0
t | be the distance from the root. We couple Xt to a simple random

walk X̂t on Z that jumps to the left at rate µ and to the right at rate pd ´ 1qµ by

using the following recipe: X̂t follows the move of Xt if Xt ‰ 0; when Xt jumps from

0 to 1, X̂t jumps to the left with probability 1{d. Clearly,

X̂t ď Xt @t ě 0
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and hence

P pS0
t “ 0q “ P pXt “ 0q ď P pX̂t ď 0q (3.14)

Note that if θ ď 0 then

P pX̂t ď 0q ď EeθX̂t “
8
ÿ

k“0

e´dµt ¨
pdµtqk

k!

ˆ

1

d
e´θ `

d´ 1

d
eθ
˙k

“ exp

"

´dµt

„

1´

ˆ

1

d
e´θ `

d´ 1

d
eθ
˙*

“ exp
 

´µtrd´ pe´θ ` pd´ 1qeθqs
(

To optimize this bound we maximize the term in square brackets. To do this, we set

0 “
d

dθ
rd´ pe´θ ` pd´ 1qeθqs “ e´θ ´ pd´ 1qeθ

Solving we have e2θ “ 1{pd´ 1q or eθ “ 1{
?
d´ 1, which leads to the bound

P pX̂t ď 0q ď exp
!

´pd´ 2
?
d´ 1qµt

)

Using this with (3.13) and (3.14) we have

mpt, 0q “ epµ´αqdtP pS0
t “ 0q

ď exp
!”´

d´ pd´ 2
?
d´ 1q

¯

µ´ dα
ı

t
)

“ exp
!´

2
?
d´ 1µ´ dα

¯

t
)

Since α “ p0` dp1´ p0q our assumption (3.10) implies the exponent is negative. We

have completed the proof.

Theorem 1.2.5. On a d-regular tree the zealot voter model survives locally if

p0 “ 0 and µ ą
d

?
d´ 1` 1

.
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Proof. Choose a self-avoiding path ten,´8 ă n ă 8u in T d such that e0 “ 0 is the

root and |en ´ en`1| “ 1. This gives an embedding of Z into T d. Now define

upnq “ P pen P ζt for some tq

for n ě 0. By the strong Markov property, for all n.m ě 0

upn`mq ě upnqupmq

i.e., the sequence is supermultiplicative. This implies that

βpµq ” lim
nÑ8

rupnqs1{n “ sup
mě1

rupmqs1{m.

Let Spe0q denote the subtree starting from e0 that does not include e´1. Consider

a lower bound ζ̄t on the dual COBRA where we birth are only allowed in Spe0q. Our

next step is to state a result from the contact process. This is Lemma 4.53 in [17]

but the proof also works for our COBRA.

Lemma 3.2.3.

lim
nÑ8

„

sup
t
P pen P ζ̄tq

1{n

“ βpµq (3.15)

Since ζ̄t Ă ζt, the desired result follows from the next two Lemmas.

Lemma 3.2.4. If βpµq ą 1{
?
d´ 1, then inf

t
P
`

e0 P ζ̄t
˘

ą 0.

Lemma 3.2.5. If µ ą d{p
?
d´ 1` 1q, then βpµq ą 1{

?
d´ 1.

Proof of Lemma 3.2.4. The proof here is almost identical to the one on pages 99-100

of Liggestt [17]. According to Lemma 3.2.3 and our assumption, we can fix constants

a ą 1{
?
d´ 1, n ě 1 and s ą 0 such that

P
`

en P ζ̄s
˘

“ an (3.16)
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We now follow the proof of Proposition 4.57 in Liggett [17] to construct an embedded

branching process. Let B0 “ teu and B1 “ tx P ζ̄s : |x ´ e| “ nu. We ignore all

the births outside Spxq and apply the same rules leading from B0 to B1 to obtain a

random subset Bpxq of ty P Spxq X ζ̄2s : |y ´ e| “ 2nu. Let B2 “ YxPB1Bpxq. We

repeat the same rule to construct a branching process Bj. Note Bj Ă ζ̄js. Moreover

Bj is supercritical since by (3.16) the offspring distribution has mean pd´1qnan ą 1.

Then

lim
jÑ8

|Bj|

ppd´ 1qnanqj

exists and is positive with positive probability. As a result, we can find an ε such

that for all sufficiently large j,

P
´

|Bj| ą ε ppd´ 1qaqnj
¯

ą ε

We will show particles from the subchain tBjiu
8
i“0’s are sufficient to make the process

survive locally. Since it takes time ijs to get to Bji, we let

ri “ P p0 P ζ̄2ijsq (3.17)

It follows from the strong Markov property that

ri`1 ě P px P ζ̄2pi`1qjs for some x P BjqP penj P ζ̄jsq (3.18)

Let tyu be the largest integer ď y and let N “ tεppd´ 1qaqnju. This is

ě P p|Bj| ą Nqr1´ p1´ riq
N
sP penj P ζ̄jsq

ě εr1´ p1´ riq
N
sP penj P ζ̄jsq (3.19)

Using the strong Markov property on the last probability gives

P penj P ζ̄jsq ě
“

P pen P ζ̄sq
‰j
“ anj (3.20)
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Let fprq “ εr1´ p1´ rqN sanj. Combining (3.19), (3.20) and (3.18) gives

ri`1 ě fpriq

Note fprq is increasing over r0, 1s with fp0q “ 0. Moreover, f 1prq “ εanjNp1´rqN´1.

So using the definition of N ,

f 1p0q “ εanjN

ě εanjrεppd´ 1qaqnj ´ 1s

“ ε2ra2pd´ 1qsnj ´ εanj

Since a ą 1{
?
d´ 1 this is ą 1 if j is chosen large enough. Thus fprq has a fixed

point r˚ P p0, 1s. We will prove by induction that

ri ě r˚, @i (3.21)

When i “ 0, the inequality is trivial since r0 “ 1. Suppose ri ě r˚. By the

monotonicity of fprq, we have

ri`1 ě fpriq ě fpr˚q “ r˚

To generalize (3.21) to all time t. Note particles die at rate d. Precisely

P pe P ζ̄t|e P ζ̄2ijsq ě e´dpt´2ijsq

In particular

P pe P ζ̄tq ě e´djsri, if 2ijs ă t ă 2pi` 1qjs

We have completed the proof.

Proof of Lemma 3.2.5. Consider a simple random walk on Z which takes steps

#

`1 with probability d´µ
d

´1 with probability µ
d
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Repeating the proof of Lemma 3.2.1 shows that φpxq “
´

µ
d´µ

¯x

is a martingale. The

stopping time theorem for martingales shows

PnpT0 ă 8q “

ˆ

µ

d´ µ

˙n

Note

P pen P ζt for some t ą 0q ě PenpTe ă 8q ě

ˆ

µ

d´ µ

˙n

where the second one is the probability that the COBRA initiated at en ever visits

the root. Then

rupnqs
1
n ě

µ

d´ µ

Since µ ą d?
d´1`1

, by assumption we have

βpµq “ lim
nÑ8

rµpnqs1{n ě
d

d´ µ
´ 1

ą
d

d´ d{p
?
d´ 1` 1q

´ 1 “
1

?
d´ 1

which completes the proof of Lemma 3.2.5 and hence the proof of Theorem 1.2.5.

3.3 Results for Galton-Watson Trees

3.3.1 Survival of COBRA

We will now prove Theorem 1.2.6. To lead up to that we will describe the proof of

the main result in [10] in dimensions d ě 3. The model under consideration there is a

biased voter model with small bias. Jumps at x from 0 Ñ 1 occur st rate p1`εqf1pxq,

where fipxq is the fraction of neighbors in state i, while jumps from 1 Ñ 0 occur

at rate f0pxq. Suppose for concreteness that the neighborhood consists of the 2d

nearest neighbors. As in the case of the zealot voter model the process is additive

in the sense of Harris [12] and can be constructed from a graphical representation

78



with independent Poisson processes, T x,in , n ě 1 for i “ 1, 2. Let e1, . . . , e2d be an

enumeration of the nearest neighbors of 0.

• The T x,1n have rate 1 and have associated independent random variables Ux,1
n

that are uniform on t1, 2, . . . 2du. At time T x,in we write a δ at x that will kill a

1 at x and draw an arrow from x` epUx,i
n q to x. By considering the four cases

for the states of x` epUx,i
n q and x we can easily check that this gadget causes

x to imitate its neighbor.

• The T x,2n have rate ε and have associated independent random variables Ux,2
n

that are uniform on t1, 2, . . . 2du. At time T x,in we draw an arrow from x`epUx,i
n q

to x which will cause x to be 1 if x` epUx,i
n q is.

Since branching occurs at rate ε in dual, the suggests that we should run time at

rate 1{ε and scale space by 1{
?
ε to mkae the dual process converge to a branching

Brownian motion. One complication is that new born particles will coalesce with

their parent with a probability γ which is the probability a random walk started at

e1 returns to 0. It is not hard to show that the probability such a coalescence will

occur after time 1{
?
ε tends to 0. Thus in order for the sequence of processes to be

tight, we do not add the newly born particle until time 1{
?
ε has elapsed. Other

estimates in the proof show that it is unlikely for particle to coalesce with another

particle that is not its parent, so the sequence of rescaled processes converges to a

branching random walk in which new particle are born at rate γ.

In [10] this observation is combined with a block construction to prove the exis-

tence of a stationary distribution in a “hybrid zone” in which the process on x1 ě 0

is a biased voter model that favors 1 and on x1 ă 0 the process is a biased voter

model favoring 0. Things are simpler for the zeaalot voter model on trees. If we only

want to prove survival of the dual it is enough to prove that when time is run at rate
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1{ε the size of the dual converges to a supercritical branching process. Taking into

account the fraction of time a random walk spends at vertices of degree k we arrive

at:

Theorem 7. Let δ ą 0. If ε ą 0 is small enough then the COBRA dies out if

ÿ

k

pkpµm,k ´ 1q ´ p0 ă ´δ

and survives if the last quantity is ą δ.

3.3.2 Local Survival

Proof of Theorem 1.2.7

Since the branching random walk gives an upper bound for the COBRA, it suffices

to show

Lemma 3.3.1. If p0 “ 0, then on a d-regular tree, the threshold for the local survival

of η0t satisfies

µlpT dq “ d{p2
?
d´ 1q

where η0t is the branching random walk starting with 1 particle at the root

To prove this result, define Mpv, nq to be the number of oriented loops of length

n starting from vertex v. It is well-known that the limit L “ lim
nÑ8

Mpv, 2nq1{2n “

sup
nÑ8

Mpv, 2nq1{2n exists for all graphs, independent of the choice of vertex. This

follows from a simple supermultiplicativity argument. Furthermore, define an evo-

lutionary walk from vertex u to vertex v to be a sequence 0 ď T x0,i0n0
ă T x1,i1n1

ă

¨ ¨ ¨ ă T xm,imnm ă 8 with x0 “ u, xm “ v. Precisely, this corresponds to a path in

the graphical representation such that the fluid can flow from u to v. By definition,

for a fixed path of length n on the tree, the expected number of evolutionary walks

on this path is pµ{dqn. This is because when a branching event occurs, the expected

number of particles landing on a certain neighbor is µ{d. We will show
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Lemma 3.3.2. Suppose L “ lim
nÑ8

Mpv, 2nq1{2n. Then µlpT dq “ d{L.

Proof. Let Xn be the number of evolutionary walks of length n starting and ending at

the root e0. Note tX2nku dominates a branching process with offspring distribution

given by Xn. In particular,

EXn ě pµ{dq
2nMpe0, 2nq

So if µ ą d{L, this branching process is supercritical if n is sufficiently large.

Choose n so that the above expectation is ą 1. Note @T ą 0, the expected number

evolutionary walks of length n by time T is

ď Γpd, nq “
dn

pn´ 1q!

ż T

0

e´ssn´1ds ď
pdT qn

n!

The Γpd, nq comes from a sum of n exponential distributions with parameter d. Note

this is summable with respect to n. By Borel-Cantelli Lemma, the maximal length

of evolutionary walks within any finite time T is bounded and thus the root has

to be visited infinitely often. For the other direction, note the expected number of

evolutionary walks traversing e0 is bounded by

8
ÿ

n“1

pµ{dqnMpe0, nq ă 8, if µ ă d{L

The proof is complete.

Proof of Lemma 3.3.1. It remains to compute L. This is given by Pemantle and

Stacey [22]. To summarize, note for an oriented loop of length 2n, n steps are up

(i.e. closer to e0) n steps are down. At each step, there are d ´ 1 choices to move

farther away. Hence

Mp0, 2nq “

ˆ

2n

n

˙

pd´ 1qn

Use Stirling formula the desired result follows.
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Condition for Local Survival

We will now prove Theorem 1.2.8. In what follows, assume p0 “ 0. Let px “ µ{dpxq

be the probability that the particle at x will be replaced by a child moving closer to

the root. Define a harmonic function depending on the distance to the root by

φpxq “ pxφpx´ 1q ` p1´ pxqφpx` 1q (3.22)

Note (3.22) is equivalent to

φpx` 1q ´ φpxq “
px

1´ px
rφpxq ´ φpx´ 1qs

“
µ

dpxq ´ µ
rφpxq ´ φpx´ 1qs

Suppose 0 “ x0, x1, . . . , xn “ x is the path from the root to x. We have

φpxnq ´ φpxn´1q “
n´1
ź

k“1

µ

dpxkq ´ µ
rφpx1q ´ φp0qs (3.23)

This recursion allows us to impose function φpxq on each vertex x P GpV,Eq. By

Theorem 6.4.8 in [?] , if φpxq Ñ 8 for all lx Ñ 8 then the dual survives locally.

However, it is more convenient to pursue conditions such that the log increment

logrφpxq ´ φpx´ 1qs Ñ 8 instead as we will see later.

Taking log of the recursion formula (3.23) gives

log rφpxnq ´ φpxn´1qs “ log rφpx1q ´ φp0qs `
n´1
ÿ

k“1

log
µ

dpxkq ´ µ

Suppose the Galton-Watson tree has degree distribution tqju. Now consider a

branching random walk on R which has an initial particle at the origin. With prob-

ability qj, it gives birth to j ´ 1 particles at log µ
j´µ

and this forms a point process

Z. The location of the first generation is denoted as tz1ru where r is the index of
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each individual. For each particle x in the first generation, it generates new particles

in a similar way. The location of its children has the same distribution as tz1r ` xu.

We obtain the second generation by taking all the children of the first generation.

Let tz2ru be the locations of the second generation. The following generations are

produced under the same manner. Denote tznr u as the location of the nth generation

individuals. Let F ptq “ E rZp´8, tss be the expected number of points in Z to the

left of t. Define

mpθq “

ż 8

´8

e´θtdF ptq “
ÿ

jě3

qjpj ´ 1q

ˆ

j ´ µ

µ

˙θ

To avoid notational confusion, we use νpaq “ infteθampθq : θ ě 0u. This is (2.1)

defined in [1]. It follows from Corollary (3.4) in [1] that νp0q ă 1 implies logrφpxq ´

φpx ´ 1qs Ñ 8 for all lx Ñ 8. Hence νp0q ă 1 is a sufficient condition for local

survival.

Remark. On the d´regular tree,

mpθq “ pd´ 1q

ˆ

d´ µ

µ

˙θ

Then vp0q ă 1 iff µ ą d{2, which gives another proof of Theorem ??.

3.3.3 Degree = 3 and 4

Our recursion is

φpx`q ´ φpxq “
µ

dpxq ´ µ
pφpxq ´ φpx´qq

x´ is neighbor closer to root. x` is any neighbor further away

mpθq “ 2q3

ˆ

3´ µ

µ

˙θ

` 3q4

ˆ

4´ µ

µ

˙θ

(3.24)

m1
pθq “ 2q3

ˆ

3´ µ

µ

˙θ

log

ˆ

3´ µ

µ

˙

` 3q4

ˆ

4´ µ

µ

˙θ

log

ˆ

4´ µ

µ

˙

(3.25)

Reacall νp0q “ mintmpθq : θ ě 0u.
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µ ą 2

Since µ{p3´ µq and µ{p4´ µq are both ą 1, φpxnq Ñ 8 along any path xn Ñ 8, so

the process survives strongly.

µ ď 3{2

Since µ{p3 ´ µq and µ{p4 ´ µq are both ă 1, φpxnq Ñ 0 along any path xn Ñ 8.

However this only tells us that the proof fails.

3{2 ă µ ď 2

Case 1. Note that if 2q3 ą 1 there is a path to 8 (which may not start at the root)

along which we take the products of µ{p3 ´ µq and hence φpxnq Ñ 0, so the proof

fails.

Case 2. p4´ µq{µ ą p3´ µq{µ so if

m1
p0q “ 2q3 log

ˆ

3´ µ

µ

˙

` 3q4 log

ˆ

4´ µ

µ

˙

ą 0

then m1pθq ą 0 for all θ ą 0 and the minimum occurs at 0. mp0q “ 2q3` 3q4 ě 2, so

again the proof fails. let q3 “ p and q4 “ 1 ´ p. For fixed µ, m1p0q is linear in p so

the condition holds when

p ă pc “
3 logpp4´ µq{µq

3 logpp4´ µq{µq ` 2 logpµ{p3´ µqq

See Figure 3.2 for various µ.

Case 3. If m1p0q ă 0 then a minimum at θ̄ ą 0 exists. Using (3.25) we want

2q3

ˆ

3´ µ

µ

˙θ

log

ˆ

µ

3´ µ

˙

“ 3q4

ˆ

4´ µ

µ

˙θ

log

ˆ

4´ µ

µ

˙

84



‐1.5

‐1

‐0.5

0

0.5

1

1.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p = q3

m'(0) as a function of p for various μ

1.6
1.7
1.8
1.9

Figure 3.2: Local survival is possible only if µ1p0q ă 0. This is q3 ą 0.85 for
µ “ 1.6; q3 ą 0.65 for µ “ 1.7; q3 ą 0.45 for µ “ 1.8 and q3 ą 0.25 for µ “ 1.9.

Cross multiplying

ˆ

4´ µ

3´ µ

˙θ

“
2q3 logpµ{p3´ µqq

3q4 logpp4´ µq{µq

Let A be the numerator and B be the denominator of the fraction. m1p0q ă 0 implies

A ą B. The LHS is 1 at θ “ 0 and increases Ñ 8 as θ Ñ 8 so a solution exists.

Taking logs

θ logpp4´ µq{p3´ µqq “ logpAq ´ logpBq

so we have

θ̄ “
logpAq ´ logpBq

logpp4´ µq{p3´ µqq
(3.26)

There does not seem to be a good formula for mpθ̄q. To compute it numerically, we

choose µ “ 1.6, 1.7, 1.8 and 1.9 for

νp0q “ mpθ̄q “ 2q3 exppθ̄ logpp3´ µq{µq ` 3q4 exppθ̄ logpp4´ µq{µq
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It shows from the table that the phase transition occurs at q3 “ 0.996, 0.97, 0.91

and 0.82 respectively.

q3 µ “ 1.6 µ “ 1.7 µ “ 1.8 µ “ 1.9
0.8 2.2 2.014149722 1.597069414 1.074539921
0.81 2.19 1.979137551 1.549560204 1.030929768
0.82 2.179999993 1.942042353 1.500601354 0.896331678
0.83 2.169035962 1.902724759 1.450116162 0.941977346
0.88 2.079229445 1.666138794 1.171184237 0.708137684
0.89 2.052259329 1.608953028 1.109102792 0.659079066
0.9 2.021286727 1.547575636 1.044453965 0.609119574
0.91 1.985646496 1.481425138 0.976943138 0.558174592
0.92 1.944464056 1.409753116 0.906197761 0.506138592
0.93 1.896552634 1.331568175 0.831734216 0.452876792
0.94 1.840236437 1.245508443 0.752903513 0.398211752
0.95 1.773023132 1.14961228 0.668796138 0.341900422
0.96 1.690934707 1.040865809 0.578059943 0.283591365
0.97 1.586938026 0.914185487 0.478505588 0.222735055
0.98 1.446391322 0.759622966 0.366073412 0.158358633
0.99 1.227510494 0.551306428 0.23102478 0.088284998
0.995 1.037752234
0.996 0.98268267
0.997 0.915774891
0.998 0.828879261
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4

Conclusions

The voter model behaves differently when a very small latent period is introduced.

Instead of having a one parameter stationary distribution and obtain the fixation

configuration by time Opnq, the latent voter model has a quasi-stationary state 1{2

on the configuration model with n vertices. Indeed, each opinion has probability

approximately 1{2 and the fraction of each opinion persists to it for a time is ě nm

for any m ă 8. However as we mentioned, this time of persistence is expected to be

expp´γnq, and this could be a future direction following this project.

In the zealot voter model, we obtained the sufficient condition for the model to

survive on any tree with bounded degrees. Moreover, a necessary condition was found

on d´regular trees. Furthermore, on d´trees, the phase transition of local survival,

in terms of µ which the average number of chosen neighbors each time, occurs in

the interval r d
2
?
d´1

, d
1`
?
d´1
s. The condition on Galton-Watson trees is more involed

however. Hence simpler conditions for GW´trees is interesting to think about.

Moreover, a more accurate phase transition for d´trees could be another future

work.
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