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We study a multi-agent reinforcement learning (MARL) problem where the agents interact over a given network.
The goal of the agents is to cooperatively maximize the average of their entropy-regularized long-term rewards.
To overcome the curse of dimensionality and to reduce communication, we propose a Localized Policy Iteration
(LPI) algorithm that provably learns a near-globally-optimal policy using only local information. In particular,
we show that, despite restricting each agent’s attention to only its x-hop neighborhood, the agents are able to
learn a policy with an optimality gap that decays polynomially in x. In addition, we show the finite-sample
convergence of LPI to the global optimal policy, which explicitly captures the trade-off between optimality
and computational complexity in choosing x. Numerical simulations demonstrate the effectiveness of LPL
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1 INTRODUCTION

Reinforcement learning (RL) has seen remarkable successes in recent years, many of which fall
into the multi-agent setting, such as playing multi-agent games [26, 31], smart grid [9], queueing
networks [37], etc. In this work, we focus on a form of networked Multi-Agent RL (MARL) where
the agents interact according to a given network graph.

Compared to single-agent RL, MARL faces many additional challenges. First of all, the curse
of dimensionality (which is already a major challenge in single-agent RL) becomes a more severe
issue in MARL because the complexity of the problem scales exponentially with the number of
agents [6, 16, 18, 22]. This is because the size of the state and action space scales exponentially with
the number of agents and, as a result, the dimension of the value/Q-functions and the policies all
scale exponentially with the number of agents, which is hard to compute and store in moderately
large networks [4]. Moreover, since the agents are coupled by the global state, the training process
requires extensive communication among the agents in the entire network.
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To overcome the aforementioned challenges, the existing literature considers performing MARL
with only local information. For example, it has been proposed that each agent’s policy depends
only on the states of itself and, potentially, its neighboring agents. An example of this type is the
independent learners approach [10, 35], where each agent learns a policy for itself while treating
the states and actions of other agents as part of the environment. Another example is the recent
work of Lin et al. [21], Qu et al. [28, 29], which focuses on learning localized policies where each
agent is allowed to choose its action based on its own and neighbors’ states. Beyond the localization
in policy, it has also been proposed to approximate each agent’s value or Q functions in a way that
they only depend on the local and nearby agents’ states and actions [16, 21, 28, 29, 39], as opposed
to the full state. These approaches greatly relieve the computation and communication burden both
empirically [13, 32, 35] and theoretically [21, 28, 29].

Despite this progress, there are still major limitations. As discussed above, in order to speed up
learning, many previous works, e.g., [10, 21, 28, 29, 35], restrict consideration to localized policies
where each agent makes decisions only based on the local state of the agent and, potentially,
neighbors, as opposed to the global state. This leads to a fundamental performance gap between
the class of localized policies considered and the optimal centralized policy. Even when the best
localized policy can be found, there is a performance degradation compared to the best centralized
policy, as the centralized policy class is a strict superset of the localized policy class. An important
open question that remains is the following:

How large is the gap between localized policies and the optimal centralized policy?
How much information must be available to each local agent
in order to achieve a near-optimal performance?

This question has received increasing attention in linear control settings [3, 27, 30, 42], but is still
open in MARL settings. In this work, we provide the first bounds on the gap between localized and
centralized policies under a MARL model in networked systems.

Another limitation of prior work studying MARL is that, while existing results have provided
convergence bounds for local policies, the convergence of their methods is typically only to a
suboptimal policy in the localized policy class. For example, in Lin et al. [21], Qu et al. [28], the
policies are shown to converge to a stationary point of the objective function defined on localized
policies, as opposed to the global optimum. This is unsatisfying as converging to a stationary point
does not even guarantee converging to the best localized policy. Therefore, another important and
open question that remains is the following:

Is it possible to design a MARL algorithm that provably
finds a near-globally-optimal policy using only local information?

This question has received increasing attention in single-agent settings, where people have studied
the convergence to the global optimum for policy-gradient methods under various policy classes
[2, 5]. However, it is open in the context of learning localized policies in MARL and in this work,
we provide an affirmative answer to this question under an MARL model in networked systems.

1.1 Contributions

Motivated by the open questions above, our work proposes and analyzes a new class of localized poli-
cies for networked MARL and proposes a Localized Policy Iteration (LPI) algorithm that converges
to a near-globally-optimal policy. Our main contributions are summarized in the following.

e Near-Globally-Optimal x-Hop Localized Policies. We show that a class of k-hop localized
policies are nearly globally optimal, where a x-hop localized policy means that each agent is
allowed to choose its action based on the states of its x-hop local neighborhood. More specifically,
in Theorem 1, we show that there exists a k-hop localized policy whose optimality gap is
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polynomially small in x, where the optimality gap is with respect to the best centralized policy
that is allowed to depend on the global state. As a result, even with a small , the class of k-hop
localized policies is near optimal despite the fact that each agent only uses information from
within a small k-hop neighborhood to make its decision. This result justifies using localized
policies in networked MARL.

e Localized Policy Iteration. Motivated by the result described above, we propose a localized
MARL algorithm, a.k.a. LPI, given in Algorithm 1. At a high level, LPI iteratively performs policy
improvement (and policy evaluation), but restricted to x-hop policies. While standard policy
improvement requires using the information of global states and actions in order to conduct the
policy improvement step, we develop a soft policy improvement that approximately performs
policy improvement to x-hop localized policies using only local information. Therefore, our
proposed algorithm can be implemented in a truly localized manner.

o Finite-Sample Analysis of LPI. We provide a global convergence guarantee for LPI in The-
orem 2. The guarantee holds for any policy evaluation method used as a subroutine in the
evaluation step of LPI (denoted as PolicyEvaluation) that satisfies a mild condition specified
in Definition 7. Furthermore, in Corollary 3, we provide the finite-sample complexity (cf. (14)) for
LPI when choosing a specific PolicyEvaluation method proposed by Lin et al. [21]. Specifically,
we show that in order to achieve an ¢ optimality (compared to the best centralized policy), one
needs to use a k-hop localized policy with k = @(poly(%)) in LPI, and the sample complexity in
learning such a x-hop localized policy with ¢ optimality gap scales polynomially with the largest
state-action space size of local neighborhoods, as opposed to the global network.

The key technical novelty in this paper is a policy closure argument (Theorem 6), where we
identify a class of policies that satisfy a form of spatial decaying properties and show that they are
closed under the entropy regularized Bellman operator in MARL. This key observation implies that
when starting from a policy in this class with spatial decaying properties, the policy improvement
procedure will result in a new policy within this class, which further reveals that the optimal policy
is also in the spatial decaying policy class. We then show that LPI is an inexact version of the
above policy iteration given by the regularized Bellman operator, where the learned policies and
Q-functions are truncated to only depend on a localized neighborhood of each agent, and the exact
policy evaluation and improvement steps are approximated by finite-sample estimations. Therefore,
combining the policy closure argument for the exact version of LPI and error bound analyses for
the approximation made in LPI, we are able to show its convergence to a near global optimal policy,
even though we only use localized information in LPL

While the main contribution of this work is to theoretically show that LPI can converge to the
global optimal policy using only localized information, we also verify its empirical performance on
a simulated networked MARL problem. In particular, we design an example of a spreading process
over a network where the optimal policy depends on the global states of each agent (not just the
local information). We run LPI on this example and the results highlight that LPI can perform well
even outside the region suggested by the theory.

1.2 Related Literature

Reinforcement Learning (RL) studies a dynamical environment where the agent decides its current
action based on the current state and the current state/action affects the distribution of its next state.
This environment is usually modeled as a Markov Decision Process (MDP) where the key assumption
is the Markov Property, which means the current state and action are statistically sufficient for
deciding the next state (see, e.g., Sutton and Barto [34]). Specifically, an MDP (with discounted
cumulative reward) can be characterized as a tuple (S, A, P, y, r), where S and A denote the
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state/action space. The transition function P : S X A — Ag characterizes the transition probability
P(s’ | s, a) from the current state/action pair to next state s’. y € (0, 1) denotes the discount factor,
and the reward function r : S X A — [0, 7] is nonnegative for the agent with the state/action pair
(s,a).

In single-agent RL, the goal of the agent is to learn a policy { : S — A(A) to maximize the
expected discounted accumulative reward J({) = Es(0)~p.a(t)~¢(-[s(1)) [Ztho yir(s(s), a(t))] . Two
classic learning algorithms have been proposed to learn the optimal policy when the transition
probabilities are known: value iteration and policy iteration [34]. Value Iteration (VI) iteratively
updates the estimated optimal value function by the Bellman equation and derives the optimal policy
from the learned optimal value function. In contrast, Policy Iteration (PI) works by evaluating the
current policy and iteratively updating the policy using this policy’s value function. Our algorithm,
LPI, can be viewed as a generalization of PI to a networked setting where the transition probabilities
are unknown. Lower bound results show tabular RL algorithms inevitably suffer from the curse
of dimensionality when the transition probabilities are unknown (see, e.g., Jin et al. [17]), which
means the sample complexity (i.e., the number of samples to find a near-optimal policy) grows with
respect to the size of state space S and action space A.

Multi-Agent Reinforcement Learning (MARL) generalizes the single-agent RL setting to a situa-
tion where the global MDP evolves based on the joint action/policy of n agents. The generalization
to include more agents is necessary for solving practical problems that involve large-scale networks
and/or games. Specifically, each agent i has its local action space A; and its local reward function
ri, and the global action space A = A; X - - - X Ay. At every time step t, agent i receives a partial
observation o;(s(t)) to decide its local action a;(t). More details about this setting can be found in
Section 2. Depending on each agent’s learning objective, MARL can be divided into two categories:
cooperative or competitive MARL (see [40] for a survey). In cooperative MARL, all agents work
together to optimize a shared global objective [21, 28, 29], which is also the setting studied in this
work. In competitive MARL, each agent optimizes its local accumulative reward, and the goal is to
find an approximate Nash Equilibrium [11, 19].

A major challenge for cooperative MARL is that the size of the global action space A can grow
exponentially with respect to the number of agents n, which makes centralized training intractable.
Fully distributed training is not practical either, because its reward and transition probability depend
on other agents’ policies. To address this challenge and derive finite-sample complexity bounds that
are not exponential in n, a common assumption made by previous works [12, 33] is that the global
state is observable to all agents (i.e., 0;(s) = s), which thus eliminates the need for communicating
local states in the network. This works in special settings such as cooperative navigation and
Predator-Prey where a joint state space is easy to observe or all agents share the same state space
[23, 41]. Nevertheless, such an assumption is not practical in more general MARL settings like
the one studied in our paper, where each agent has its own state space and the global state space
S =8 x--- X8, is exponentially large with respect to n. In this setting, huge communication
costs are usually unavoidable and thus it is more challenging and less studied.

Our work is most related to a class of cooperative MARL problems where the agents are located
in a network graph G [21, 28, 29], which makes similar structural assumptions on the MDP as this
paper, i.e., each agent has its own local state/action space and the local transition probabilities
depend only on the agent’s neighbors. Each agent i observes the local states of the agents whose
graph distance to i is less than or equal to k to decide its local action (i.e., 0;(s) = syx, where
N = {j|dg(ij) < x}.dg(i, j) denotes the length of the shortest path between i and j on G).
As a remark, all local policies become centralized when the dependence parameter x exceeds the
diameter of graph G. Previous works [21, 28, 29] propose decentralized policy iteration algorithms
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to learn local policies for each agent! and prove finite-time convergence bounds. However, there
is still an open gap between the localized policy and centralized policy where each agent makes
decisions based on the global state. Specifically, before our work, there is no result on how large the
gap between the optimal k-hop localized policy and the optimal centralized policy is, nor how fast it
decays with respect to x. Besides, even if the objective is defined with respect to the x-hop localized
policy class, the algorithms proposed by Lin et al. [21], Qu et al. [28, 29] are only guaranteed to
converge to stationary points of their local objective functions rather than global optima of the
objective.

Another challenge widely encountered in RL is that the policy might rapidly become deterministic
during the training process, which further leads to a slow convergence. To speed up the convergence
and also encourage exploration for the training algorithm to escape suboptimal points, entropy
regularization has often been added to the value function. This approach has yielded both good
empirical performance [25, 36, 38] and strong theoretical guarantees [1, 8, 24]. In this paper, we
focus on the entropy regularized problem in multi-agent reinforcement learning.

2 MODEL & PRELIMINARIES

In this section, we introduce the model we study and provide preliminaries that are used through-
out our paper. In particular, we introduce networked multi-agent Markov decision processes in
Section 2.1. Then, in Section 2.2, we define the (state) value function and action-state value function
(i.e., Q function) in the multi-agent setting with an entropy regularization. In Section 2.3, we
introduce a novel class of polices where the dependence of local policies on other agents’ actions
decay polynomially as the graph distance increases. This property is key to our analysis. Note that
a summary table of notation is given in Table 1 in the appendix for the reader’s reference.

2.1  Multi-Agent Markov Decision Process

We consider a network of n agents that are associated with an undirected graph G = (N, &), where
N ={1,...,n} is the set of nodes and & C N x N is the set of edges. We denote the state-space
and the action-space of agent i by S; and A;, respectively, and they are both finite sets. We also
denote Ayax = max;ep | A;|. The global state is denoted as s = (s1,...,5,) € S =81 X--- XS, and
similarly the global action is denoted as a = (ay, ..., a,) € A = Ay X--- X A,. Attime t > 0, given
current state s(¢) and action a(t), for each i € N, the next individual state s; (¢ + 1) is independently
generated and is only dependent on its neighbors’ states and its own action:

P(s(t+1) | s(2),a(t)) = ﬂPi(si(H 1) [ sn; (8), ai(1)), (1)

where N; = {i} U {j € N | (i, j) € E} denotes the neighborhood of i (including i itself) and sy,
represents the states of the agents in ;. In addition, for integer x > 0, we use N to denote the
k-hop neighborhood of i, i.e., the nodes of which the graph distance to i have length less than or
equal to k. We also use N*; = N//N to denote the agents that are not in N;*. We use sy« and ayx
to denote the states and actions of the agents in N/ respectively, use s_;, a_; to denote the states
and actions of all agents other than i, and we use f(x) = sup;., |N/| to denote the size of the
largest k-hop neighborhood.

Each agent is associated with a policy {;, which maps each global state s € S to a probability
distribution supported on the set of local actions A;, and we use A #,|s to denote the space {; lies
in. Each agent, conditioned on observing s(t), takes an action a;(t) according to {;(-|s(¢)). We use
{(als) = [T, &i(ails) to denote the joint policy, which is the product of all the individual policies.

1The local policy defined in these papers focuses on a local agent that chooses local actions based only on the agent’s state.
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Since { is uniquely determined by the tuple of the {;’s, we also slightly abuse the notation and
denote {' = ({1, 02, . {n) € Aty 1s X Ay s X+ X Az, 18 = Dpolicy-

2.2 Value Function and Q-Function

Each agent i € N is associated with a stage reward function r;(s;, a;) that depends on its local
state and action. The global stage reward is defined as r(s,a) = % by ri(si, a;). We assume that
all rewards r; are bounded above by 7 throughout the paper (which can always be satisfied as the
local state and action spaces are finite). Given any joint policy { € Aylicy, we define the entropy
regularized value function at state s as

VE(s) = Ea(n~e(-1s(t)) [ Z Y r(s(2), a(t)) — tlog(L(a(t)|s(1)))]
=0

s(0) = S], )

where 7 > 0 is a tunable parameter. Based on V¢ (-), we further define the objective function as

J() =Eg, [VE(s)],

where p(-) is a given initial state distribution. In this work, we aim to find a global optimal policy
{* € Apolicy that maximizes the objective function J({).

In both the definition of the value function and the objective function, there is a weighted entropy
term —7rlog({ (a(t)|s(t))) with positive weight 7. Entropy regularization has gained popularity in
the RL literature for both practical and theoretical reasons. Practically, it is known that adding
regularization encourages randomness and exploration of the policy [25, 36, 38], which is necessary
in RL. To see this, observe that the optimal policy becomes the uniform policy as the parameter
7 goes to infinity. Theoretically, due to the strong concavity of the negative entropy function, it
has been shown that entropy regularization helps improving the convergence rate of several RL
algorithms, e.g., natural policy gradient [7, 8]. Moreover, we show in Section 3 that the entropy
regularization term plays an important role in our multi-agent RL setting as it will affect the
suboptimality gap between localized policies and the best centralized policy.

Given the definition of the value function (2), the Q function of a joint policy ¢ is defined as

Q%(s,a) = r(5,a) + YEgp(.Js.0) V* (s"). (3)

The value function and the Q-function satisfy the following relationship
Vg(s) =Eag(1s) [r(s, a) — tlog {(als) + yEy-p(.|s.a) Vév(s')
= Baris) | Q5. - rlog(als). @

where the first line follows from the Bellman equation for V¢ (-). In view of the additive structure
of the stage rewards r(s, a), we also define in the following the local value function and the local Q
function for all i € N:

VE () = Ba(~£(Is(0) [ Z y' [ri(si(1), ai(1)) — nrlog(&i(ai(1)Is()))] [s(0) = S], ®)

=0
Q% (s,a) = ri(si, ai) + YBy-p(sa) VE (5)).- (6)

We sometimes use the vector Q = (Qs,..., Q) to denote the complete profile of all the local Q
functions. It is clear from the definition that

VEi(s) = %Z Vf(s), and Q%(s,a) = %Z Q?(s, a).
i=1 i=1
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Similar to the standard Bellman optimal operator, we define the Bellman optimal operator with
entropy regularization 7~ : RISl — RIS! as
[TV](s) = gengax Ea~g(-1s) [r(s, a) —rlog{(als) + yEs/~p(.|s’a)V(s')] ,VVeRSses. (7)
policy
The following result regarding the properties of 77(-) is an immediate extension to that of the
standard Bellman optimal operator. For completeness, a proof is presented in Appendix D.1.

PROPOSITION 1. 77(+) is a contraction mapping with respect to the t-norm, with contraction factor
y. In addition, suppose a policy {* satisfies V¢ = T (V¢'), then {* is an optimal policy.

2.3 Spatial Decay Properties

Throughout this paper, we use spatial decay properties heavily, i.e. the fact that a certain quantity
decays as the distance between two agents increases. Spatial decay properties have been investigated
in the literature in various forms, including the exponential decay of Q-functions in [28, 29] and
correlation decay in combinatorial optimization [3, 14, 15]. In this paper, we introduce the classes
of (v, p)-decay polices and (v, u)-decay Q-functions. The decay properties of these quantities
eventually enable us to control the optimality gap (compared to the best centralized policy) when
restricting the agents to using only x-hop localized policies (to be defined in Definition 5).

Compared to the exponential decay of Q-functions in the literature, our work considers a different
type of decay whose rate is polynomial. Further, we extend the decay property from Q-functions to
policies which, broadly speaking, is similar in concept to Shin et al. [30], Zhang et al. [42], which
studies a similar decaying policy class in linear dynamical systems.

To start, we first introduce the (v, y1)-decay matrices.

DEFINITION 1 ((v, t)-DECAY MATRIX). Forv,u > 0, a matrix A € R™"
is said to be (v, p1)-decay with respect to graph G = (V,E) withV = {1,2,--- ,n} if every entry of
A is non-negative and

max { sup ZAij(dist(i, J)+ ¥ sup Z Ajj(dist(i, j) + 1)”} <v,
i 53 I =
where dist(i, j) is the graph distance between i and j in G.

Intuitively speaking, for a (v, y)-decay matrix A, A;; decays polynomially as the graph distance
between i and j increases. To see this, observe that we have for alli € N and k € N:

Z Aij < Z Aij (diSt(i, ]) A l)ﬂ < v (8)

H - pe
Judist(i,j) >k Judist(i,j)>k (K + 1) (K + 1)

Based on Definition 1, we next define the (v, u)-decay policy class as follows.

DEFINITION 2 ((V, pt)-DECAY POLICY). Let { = ({1,...,{n) be a joint policy, where {; is the policy of
agenti € {1,2,---,n}. The interaction matrix of {, denoted by 75 e R™" s defined as

7t = maxmag{TV(gVi(-|sj,s_j),{i(-|sj'-, s—j)), foralli,je{1,2,--- n}.

1 S_j Sj,Sj
A policy { is said to be (v,u)-decay if Z¢ is a (v, j)-decay matrix.

In a (v, pr)-decay policy, agent i’s action a; depends on the state of agent j in a manner that the
dependence decays polynomially in the graph distance between i and ;.
The next definition introduces o-regular policies.
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DEFINITION 3. A distribution d = (dy,...,dy) over a set {1,2,...,M} is called o-regular if
maXy, nye[M] 10g(dm/dm) < 0. A joint policy { = ({1,...,0n) is o-regular if Vi,s € S, the dis-
tribution {;(+|s) is o-regular.

Throughout the paper, we use A, ; to denote the set of all joint policies that are (v, u)-decay
and o-regular. Similarly, we also define a class of decaying Q-functions as follows.

DEFINITION 4 ((v,41)-DECAY Q-FUNCTION cLAss). Let Q; € RISIAl i e N be the local Q-functions
defined in (6), and let Q = {Q; }ic . The interaction matrix of Q, denoted by Z2 € R™" is defined as

Zl.Q. = max max |Q;(sj,ajs-j,a-j)— Q,—(s]'., a},s,j, aj), Vi je{1,2---,n}
J $-j>-j $,),8},d

For any given v and j1, a local Q function tuple Q = {Q;}icn is said to be (v, p)-decay if ZQ is a
(v, p)-decay matrix.

One benefit of the (v, u)-decay property of Q = {Q;};en is that it allows “truncation” of the local
Q functions. Specifically, given a positive integer 5, and a local Q-function tuple Q = {Q;};en, we
can define the following truncated local Q-functions:

Qi(spmans) = 3. Wlsysr @35 aps)Qils s syer aysa,n) 9)
s g.a g
NEONE,

. ) S . ) _
where weight parameters W(SN_ﬁi, afoi, SNi[i, aNi/j) > 0 satisfy ZSN‘B.’aNﬁ. w(st;i, afoi, S)Vi[f, aNf) 1.

It can be shown that despite the reduction in dimension, the truncated local Q functions are a
good approximation of the original local Q functions under the (v, )-decay property.

PROPOSITION 2 (ADAPTED FROM LEMMA 4 IN [29]). Suppose the local Q functions {Q;}ien satisfy
(v, pt) decay property. Then, Vi,

up|Qi(5,0) = Qilsyp ayp)| < (ﬁ%)u

This truncation of the local Q functions has been adopted in the literature [28, 29]. We also use this
in our approach.

3 ALGORITHM DESIGN

We now present the design of Localized Policy Iteration, i.e., LPL. As discussed in the introduction,
it is impractical to implement {; because it needs access to the global state s = (sy,...,s,). To see
this, note that it requires Q(|S|) = Q([1~, |Si|) parameters to even specify such a policy, which is
impractically large and hard to store. Moreover, each agent would need access to the states of all
the agents in order to implement such a policy, which is often hard to achieve in a large networked
system due to communication challenges.

To address these issues, our focus is on localized policies, where agent i’s action depends only
on the states of the agents who are close to i in the network graph G. Given this restriction on the
policies, one may immediately ask what is lost when we restrict to localized policies compared
with the centralized policies where the agents are allowed access to the global state. We show in
Section 3.1 that, under a structural assumption, using x-hop localized policies is almost as good
as using centralized policies, where the parameter k captures the level of localization. Then, in
Section 3.2, we introduce our LPI framework that learns a near optimal x-hop localized policy.

Proc. ACM Meas. Anal. Comput. Syst., Vol. 7, No. 1, Article 13. Publication date: March 2023.



Global Convergence of Localized Policy Iteration 13:9

3.1 Performance Gap between Localized Policies and Centralized Policies

We begin by formally defining the class of k-hop localized policies we consider. Recall that k¥ > 0 is
a positive integer, and we use sy« to denote the states of the agents in Nj.

DEFINITION 5 (k-HOP POLICIES). A policy { = ({1, ..,8n) € Apolicy is called a k-hop (localized)
policy if the following equation holds for alli € N, syx € Snx, and syx, s\ € Snx

G- Isamosne) = G- | sws sam)-
In other words, there exists gci : Snx > Az, such that §i(-|syx, sax) = fi(~|sNir<).

From Definition 5, we see that, when using a k-hop localized policy, each agent only needs to know
the states of the agents that are within its x-hop neighborhood. Note that « is a tunable parameter
in practice, and captures the trade-off between communication, optimality, and computational
complexity. Such a policy is more practical to implement than a centralized policy because of both
the reduction in dimension and the reduction in communication.

To state our result on the performance gap, the following definition regarding the system
transition matrix is needed. Following Qu et al. [28], we define a matrix C € R™" that characterizes
the interaction strength between agents via the total variation of the transition probabilities.

0, ifj¢ N,
Cij =1 SUPsy a supsj,s;_ TV(P;i(-Isj, SN/ ai),Pi(-|sJ’.,sNi/j, a;)), ifje N;/i, (10)
SUPsy. i SWPs;.s) a4, TV(Pi(-lsi> snyfi> @), PiCClsf snigin ap)),  if j =i
Our first main result states that x-hop polices are nearly as good as centralized policies, with a
gap that decays polynomially in .

THEOREM 1. Suppose thaty < 0.8, 7 > 6?%&2’1&){

Then there exists a k-hop policy gc K that satisfies

=@ < 5

e, andeeN,- Cij<1/2forallie{1,2,---,n}.

F(4 - 3y) 1
-y (4=5y) (k+ K

where

(4 - 5y) 1
— A2 B ng .
67 Afaxe(4 — 3y) 2sup; e ZjeN,- Cij

The above theorem states that when « increases, the optimality gap of k-hop localized policies
decays polynomially in 1/k. This suggests that, even for x-hop policies with a relatively small k,
one can achieve reasonably good performance and also avoid the curse of dimensionality and the
communication issue in large networked systems. Theorem 1 motivates us to learn x-hop localized
policies, which is presented in the next section.

The proof of Theorem 1 is provided in Section 5. The key idea is to show that the optimal
centralized policy turns out to be a (v, u)-decay policy defined in Definition 2. This means that in
the optimal policy, each agent’s action a;’s dependence on other states s; shrinks polynomially in
the distance between i and j. Therefore, by “truncating” the dependence on the agents that are
more than k-hop away, we will obtain a k-hop policy that is O(W) away from the optimal

[ = min { log,

centralized policy, leading to a proof of Theorem 1.

We note that the polynomial decay rate y in Theorem 1 depends on several factors. The factor
2jen; Cij can be viewed as the interaction strength between node i and its neighbors. The smaller
the total interaction strength is for all agents, the larger the decay parameter p. This is intuitive
since weaker interaction means that k-hop localized policies should perform better as there is less
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coupling between the nodes. Another important factor is 7. The larger 7 is, the larger the decay
rate p. Intuitively, a larger 7 generally means entropy regularization will play a more important
role, which effectively “dampens” the interaction among agents. To understand this, note that the
policy that maximizes the entropy is the uniform policy, and therefore, the larger the entropy
regularization is, the less incentive there is for an agent’s policy to depend on the states of far away
agents.

It is also interesting to compare our result to the results in the Linear Quadratic Control (LQC)
setting [3, 27, 30, 42], where it has been shown that the performance gap between the optimal x-hop
policy and the optimal centralized policy decays (quasi-)exponentially in k. This is a faster decay
rate than the polynomial rate in our result. One reason for this difference is that the LQC setting is
inherently a linear setting, whereas our MARL setting is inherently a combinatorial setting, which
is typically more complicated. It remains an interesting question to understand the fundamental
reason behind the discrepancy between the LQC setting and our setting.

Lastly, we note that, for Theorem 1 to hold, we need a lower bound on 7 and an upper bound on
sup; 2. jen; Cij- We believe these two bounds are hard to avoid. Bounds like these are common in
the spatial decay literature in combinatorial settings. As an example, in [14, 15], the ratio I, /I; is
assumed to be small enough, where I; can be viewed as the bias of each agent towards a specific
action, and I, can be viewed as the interaction strength between neighboring agents. Put in the
context of our paper, I; corresponds to the 7 parameter, as the entropy regularization can be
viewed as a bias towards the uniform policy, and I, corresponds to the total interaction strength
sup; 2 jen; Cij- As a result, our assumptions on 7 and sup; 2 ;e n; Cij are consistent with those in
the literature. On a different note, we also have an upper bound on y < 0.8, which we believe is an
artifact of the proof. In Section 6, we show our approach also works when y > 0.8.

3.2 Algorithm Design: Localized Policy Iteration

The details of LPI are presented in Algorithm 1. It is a policy iteration style algorithm where
each agent updates a k-hop policy f ™, with m being the iteration counter. Within each iteration,
the algorithm is divided into two major steps: policy evaluation and policy improvement. Each
is described in detail below, followed by a discussion of the communication and computation
requirements of the algorithm.

Policy evaluation. Each agent implements the current policy (Line 4) to collect samples (Line
5). Then, in Line 7, each agent i estimates a truncated local Q function (defined in (9)). Such a
truncated local Q-function is much smaller in dimension than the full local Q-function, and the
error caused by the truncation is small (cf. Proposition 2). We note that Line 7 uses a subroutine
PolicyEvaluation, which we leave unspecified for now because our algorithm can accommodate
many popular policy evaluation schemes such as Temporal Difference (TD) learning. Further, our
final convergence guarantee holds as long as the policy evaluation subroutine satisfies a exactness
property (Definition 7) to be defined in Section 4. Moreover, in Section 4.2, we provide a version of
TD learning as the PolicyEvaluation subroutine that can learn the truncated local Q functions
and satisfy Definition 7.

Policy improvement. The policy improvement step runs from Line 8 to Line 10. It is an iterative
procedure with py.y iterations, and each agent updates a x-hop policy 7%[? . The core step is for the
agents to collectively implement (11) and (12), where each agent i sets ﬁf *! to be the softmax policy
according to Q'. We explain this step in detail below.

Calculating Q" in (11). Q' is a locally aggregated Q function, where it averages over the truncated
local Q functions of agent i’s k¥ hop neighborhood: {0 i} jenx. We note that Q' only depends on

the states and actions of i’s k-hop neighborhood syx, anx, but in the meanwhile 0 ; depends on
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Algorithm 1 Localized Policy Iteration (LPI)

1: form=0,1,2,--- do
2 Sample initial global state s(0) ~ p.

Policy Evaluation
fort=0,1,---,T do

4: Each agent i takes action a;(t) ~ f{"( | s (1)) to obtain the next global state s(t + 1).
5: Each agent i records sN_,z(t), aNp(t), ri(t) == ri(si(t), a;(t)).

6: end for l l

7. Each agent i conducts policy evaluation subroutine to estimate its truncated local Q-function

Q" « PolicyEvaluation(f, {s VION: N;s(t),rl-(t)}tho, m.

Soft Policy Improvement
80 forp=0,1,--+, pmax do
9: Each agent i runs the following iterative procedure to calculate a policy, where #! is
initialized at a uniformly random policy.
For all (angc, SNl?‘) € ﬂNi" X SNZK, update

. 1 A _ S
Q' (as angyisng) =~ D OF (SNF] o [aNE ]y @), (11)
JENF
N 1-
(2 (ar | spe)) ™"

Ap+1 i
ANCIDOE exp (”Earﬁf([wﬁ]w),je/vix/{i}[Ql(ai’ aNg i SN,-K)]): (12)
i

Z;.D (SNik)
where Zip (snx) is the normalization term.

10:  end for

11:  Each agent sets (™ «— frf"‘““.

12: end for

the state and action of node j’s f-hop neighborhood, which might not be in N/ . Therefore, when
evaluating Q ;, for the nodes ¢ € N]ﬁ /N, we use a default value for their state and action denoted

as s?efa“lt, a?,efault. More formally, we define the following extension operator:

DEFINITION 6 (EXTENSION OPERATOR). Define a state tuple s = (sj)jeqy € S for a subset of
agents J C N. We define a corresponding global state s based on sg:

o s; ifjed,
[57]; = {séefault ,j; ¢9. "

J

default

where s is a default global state. The same notation is used to extend local actions to global actions.

It is worth noting that throughout this paper, the default state s4¢f" is fixed and can be any state

tuple in S. More importantly, the value of s4@"!t does not affect our final convergence result. This
is because when i and ¢ are far away, the choice of s;, a, will almost play no role in the policy
improvement for agent i. More precisely, we show later in the proof (Lemma 22) that the difference
caused by changing a;, Q(s, a;, a—;) — Q(s, a}, a_;), is insensitive to s, a,. This allows us to use an
arbitrary default value S?Efa“h, a?‘“‘fa"“ without changing the result. With Definition 6, we can write

the evaluation of O ; as o) i ([sne] [anx] Np). This gives rise to (11). The rationale of calculating
j

5,
Nj
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Q' in this way is that, as shown later in the proof, we have for any s, a_;, a;, a;
Q'(ai, anx i) — Q'(af, aneyissnr) = Q™ (ai, ai, s) — Q™ (a, ai, s)
where 0™ (s, a) = % 2ieN Q;"(s NP a Nj/_;), the average of the truncated local Q functions for iteration

m. In other words, Q' is a good estimate of Q" (up to a function that does not depend on a;), which in

turn is a good estimate of the true Q function Q%" . Therefore, we can then conduct a multiplicative
weights policy update based on Q, which we discuss next.

Multiplicative weights policy update (12). The basic idea of (12) is for each agent i to update its
policy using the multiplicative weights algorithm, with Q' as the score for each action a;. Note that
Q' not only depends on a;, but also a N /1> S0 when conducting the update, we take the expectation

of a; using the current policy of agent j, fzf . When doing so, frf depends on states that are outside
N, and for these states, we set it to a default value (the same as the default value used in the
calculation of Q). We show later in the proof (Lemma 8) that the update (12) is approximately
solving the maximization in the Bellman optimal operator (7).

Computation and communication. The major computational burden of LPI lies in the steps
that compute the truncated local Q functions and the k-hop polices. The complexity of these scales
with the largest state-action space size of the k and f-hop neighborhood in the network. Therefore,
our algorithm can avoid the exponential computation burden associated with the exponentially
large state and action spaces.

In terms of communication, each agent only needs local communication with agents in the
max(f, k)-hop neighborhood, as opposed to centralized communication. Specifically, in Line 5 each
agent i needs to receive information on the states and actions of agents in the -hop neighborhood
S/Viﬁ(t), apb (#). In Line 9 (eq. (12)), each agent i needs to know {ﬁf}je/\/f as well as the truncated

Q-functions {Q;"} jene for the agents in the k-hop neighborhood.

4 CONVERGENCE ANALYSIS

This section provides a convergence guarantee for LPI. We first present our requirements for the
PolicyEvaluation subroutine in Definition 7. Then, under these requirements, we present our
main convergence result for LPI in Theorem 2. Finally, in Section 4.2, we provide a specific policy
evaluation subroutine, Localized TD(0), which is a variation of the approach proposed in [21], and
show that it can meet the Definition 7.

4.1 Convergence of Localized Policy Iteration

Our requirement for the PolicyEvaluation subroutine is stated formally in Definition 7. Intuitively,
the policy evaluation process involves two parts of errors: a bias is introduced because we only
estimate the truncated local Q functions (cf. (9)) using information collected within the fS-hop
neighborhood rather than global network. Such a truncation introduces a bias that is on the order
of O(v'/(p + 1)*) because of the (v’ i1)-decay property of the true local Q function (Proposition 2).
In addition to the bias caused by the truncation, a stochastic error also exists due to the inherent
stochasticity of the observed samples. Under proper assumptions, the stochastic error decays to
zero as the number of samples T increases. Since the bias part of the error is ‘inevitable’, we require
the policy evaluation algorithm to achieve an approximation error that is in the same order of the
bias with high probability after a finite number of iterations, formally stated in Definition 7.

DEFINITION 7. A policy evaluation algorithm is said to be (o, V', y)-exact if the following condition

holds: For any o regular policy { whose corresponding local Q functions {Qf} is (v/, u) decay, and § €
(0, 1), there exists a function cp. (8, 0, V', 1), such that for any p € N, there exists a Topa1 (5, 0, V', 11, f) €
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N such that when the length of the trajectory supplied to the subroutine T > T,,q (6, 0, V', i1, B) steps,
with probability at least 1 — §, the following inequality holds

Cpe(5> o, V’> )u) .

sup Q?(S,a)—Qi(sNiﬁ,aMp) < G+ Vi€ N,

(s,a) eSxA

where Qf is the true local Q-functions under policy f and Q; is the output of the policy evaluation
subroutine. When the context is clear, we may drop the parenthesis of cpe, Teval-

We will provide a concrete algorithm that satisfies Definition 7 in Section 4.2. For now, assum-
ing PolicyEvaluation satisfies Definition 7, we can now state our main convergence result for
Algorithm 1.

THEOREM 2. Supposey < 0.8, 7 > 40?%14:2]1“6, and ;e n, Cij < 1/2 foralli € {1,2,--- ,n}. Let
y_ 43y . 7(4-5y) 1

V= 35y p = min { log, 40?A§,axe(4—3y)’log2 2SUp;y X en; Cij

subroutine in Algorithm 11is (G, V', ) -exact with constants cpe(+), Teoat () (cf. Definition 7). Fixing any

1 ,
K, take the algorithm parameters as ff = KT“(WE#)# N = % and pmax = —log, % (where

we recall f (k) is the size of the largest k-hop neighborhood). Then, given M € N and § € (0, 1), when
the trajectory input to the PolicyEvaluation subroutine T > T,yq1(6/M, 6,V i, f), we have with
probability at least 1 — 9,

T = J(EM) < yMIIVE — V¥l + 3(4-3y)r ( cpe(4—5y)) 1

(1-p)?(a-5p)\  2#(4=3p)F) (x/2+ )

As shown in Theorem 2, LPI converges geometrically in M, with a steady state error on the order
of O(m), i.e., the steady state error decays polynomially in x. This steady state error is a result
of both the policy evaluation error in Definition 7, and the fact that we are using a truncated x-hop
policy as opposed to a global policy.

Sample complexity. As we discussed in Section 3.2, the PolicyEvaluation subroutine can be
chosen to be any algorithm that satisfies Definition 7 and the sample complexity of LPI depends
on the specific choice. In Section 4.2, we describe a specific PolicyEvaluation subroutine, f-hop
Localized TD(0), that satisfies the requirement. Under this specific subroutine, we derive the sample
complexity of LPI in the following corollary.

COROLLARY 3. Let the assumptions of Theorem 2 and Theorem 5 hold. For any ¢ > 0 and § € (0,1),
when using f-hop Localized TD(0) as the PolicyEvaluation subroutine, the sample complexity of
Algorithm 1 to achieve e-optimality is in the order of

o 1 f(x)*log(1/e) log[f(p)log(1/e)]
e £(a.p)? ’
where £(6, f) is defined in Lemma 4 and means the smallest probability the state-action pairs in -hop
neighborhoods are visited.

(14)

Based on the convergence result in Theorem 2, to find an e-optimal policy, we only need to
set M = ©(log(1/¢)) and k = ©((1/¢)'/#), and correspondingly f = O(x(f(k))/*). According
to (15) that we show later in Theorem 5, the iteration complexity of f-hop Localized TD(0) is
Toou = O(LH 8T HMID) | _ o (/61" logl(§) log(1/e)]

£(5.p)? £(6.p)?
follows the simple calculation MT,,,; and is given in (14). In all the ©(-) notations above, we only

keep the dependence on the network size n and the ¢ parameter, which involves ¢ itself and by
extension, the x, f, M parameters.

). Thus the sample complexity of LPI
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In this sample complexity bound, we have the % factor that is standard in the RL literature.
In addition, instead of depending on the global-state action space size (exponential in n), we
have a square dependence on ﬁ, where £(, ) is defined in Lemma 4 and means the smallest

probability the state-action pairs in f-hop neighborhoods are visited. As such, E(cr;ﬁ) scales with
the largest state action space size of the f-hop neighborhoods, as opposed to the entire network.
Therefore, LPI is much more scalable and implementable than other methods that enjoy global
convergence such as centralized tabular RL methods [4]. This advantage is especially pronounced
in sparse networks where f-hop neighborhoods are much smaller than the entire network. Lastly,
beyond the ;—z factor and W factor and a few log factors, our bound also contains a factor

f(x)?, where we recall f(x) is the size of the largest x-hop neighborhood. This factor reflects the
complexity of the x-hop policy we try to learn.

We end this section with a comparison of our results with that in [21, 28-30, 42]. The foremost
difference of our work from [21, 28, 29] is our guarantee on the global convergence, i.e. (approxi-
mately) converging to the global optimal policy, while [21, 28, 29] only offer local convergence, i.e.
converging to a local minimum of the policy optimization problem. Shin et al. [30], Zhang et al.
[42] show a (quasi-)exponential decay property of the optimal controller in the linear quadrati
control problem which is similar to our Theorem 1. Apart from studying a different problem from
ours, [30, 42] do not provide a learning algorithm that converges to the global optimal policy. In
contrast, this work proposes a learning algorithm with provable global convergence guarantee.

4.2 Policy Evaluation via -hop Localized TD(0)

Algorithm 2 -hop Localized TD(0) (Agent i)

Require: Parameter f, a sequence of S-hop state, f-hop action, and local reward tuples
{lep (1), aNf(t)’ ri(t)}, local policy {/", and a sequence of learning rate {a;}.

1: Initialize Q? to be all zero vector.
2: Set F;(t) « ri(t) — nTEuwf,-’"(-\stc(t)) log & (a; | snx(t)).
3: fort=1,---,T do
4. Update the local estimation Q; with step size a;_1,
Ol (sps(t=1),a,p(t—1)) =

(1- at—l)QAitil(sNiﬁ(t —D.ap(t=1) +a (i) + yQi ™! (sp(8):app (1)),
Qf(s/vf’a/vf) = Qf_l(sMﬁs“Nf) for (st’aNiﬁ) # (sNiﬁ(l‘ —D.aup(t- 1)).

5: end for R R R

6: For every (sMp,aM/;) pair, set QiT(sMp,aMﬁ) — QiT(SNf”a/\/iﬁ)+nTEai~§{"(‘lsN;<) log &™(ai | snx)

and return QIT()

To provide a concrete example of the PolicyEvaluation subroutine, we introduce and analyze
Localized TD(0) in this subsection. The pseudo-code of Localized TD(0) is given in Algorithm 2. It
is a variation of a policy evaluation subroutine used in [21], where each agent conducts temporal
difference learning using the states and actions of its local f-hop neighborhood. Note that compared
to [21], we also add entropy regularization in the update (see Line 4 of Algorithm 2).

In this section, we show that Algorithm 2 satisfies Definition 7 by utilizing the convergence
results in [21]. We first state the assumption needed.
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AssUMPTION 1. There exists a policy £y = ({p,1, b2, * > Cbn) € Dpolicy Such that the Markov chain
{s(t)}+>0 induced by {}, is irreducible and aperiodic.

Based on Assumption 1, we show that all o-regular policies are sufficiently explorative.

LEMMA 4. Define Z := S x A. Under Assumption 1, for any o-regular policy f the induced
Markov chain {z(t) = (s(t), a(t))} is irreducible and aperiodic, hence admits a unique stationary

distribution d € Az with strictly positive components. Further, there exists positive constants K; (o)
and K;(o) = 1 depending on o such that

Vz' € Z,Vt > 0, sup Z dzg - Z P(z(t) = z | 2(0) = 2')| < Kye™t/%e,
KeZ|ex zeK

Further, given any f € N, for each agent i and z’ € Z,;, define dfﬁ(z’) = ez b=z df(z),
i > N;

o : . T ; B _
which is the mfzrglnal stationary distribution for the state-actions in N, and define £(o, f) =
infienzez s d%(z’) as the minimum probability in this distribution.

Ni

Lemma 4 is an immediate implication of a result on the sufficient exploration of non-deterministic
policies stated in Appendix F. Note that the only assumption we need here is that there exists a
policy ¢ such that the induced Markov chain {S;} is irreducible and aperiodic (Assumption 1).
This is in contrast with the analysis in existing literature, where Lemma 4 is directly assumed to
hold [29]. Therefore, our proof of Lemma 4 is of independent interest in the literature of policy
evaluation.

Lemma 4 enables us to apply Theorem 3.2 in [21] to show that f-hop Localized TD(0) is a
(o, V', p)-exact policy evaluation algorithm.

THEOREM 5. Suppose the policy gc we want to evaluate is o regular and under the policy, the
local Q-functions satisfy the (v/, pt)-decay property. Suppose K (o), Kz(0), €(o, p) are the constants
in Lemma 4. Recall that the local reward at every time step is upper bounded by 7. Let the step size
of Algorithm 2 be a; = H_\vith ty = max(4H, 2K, logT), andH = m Then, Algorithm 2 is

t+ty
2V

(o, V', p)-exact with constant cpe (8, 0, V', 1) = p— and Topa1 (6, 0, V', 1, ) is upper bounded by

ol B+ 1)*(7 + 7log Amax) *Kz (0) log(f (f)K2(0)/9) L+ B+ DG + 7log Amax) (Ki(0) + 1) (Ka(0) +1)
()21 = )*(&(a, p))? v/(1-1)2((0. p)? ’
(15)

where we recall f(f) = sup;c |Nlﬁ| is the size of the largest -hop neighborhood.

5 CONVERGENCE PROOF FOR LOCALIZED POLICY ITERATION

We now prove our main results for the convergence of LPI. The key technical idea underlying our
analysis is a novel closure property for a class of policies with spatially decaying properties. We
introduce this property first, and then apply it to prove the results in the previous sections.

5.1 Key ldea: Closure of Decay Policy Class under Policy Iteration

We first present a prototype algorithm in Algorithm 3, which is an exact policy iteration algorithm
that runs exact policy evaluation followed by exact policy improvement to update the global policy.
While this algorithm is not practical, it is useful in developing a generic framework to analyze
the convergence of LPI (Algorithm 1). For that purpose, in this subsection we prove an important
“closure” property of the prototype algorithm (Algorithm 3): when starting at an initial policy in
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a decay policy class A, , - (defined in Definition 2), the policy at every iteration of the prototype
algorithm remains in the same A, ;, ; class. This property provides the foundation of our proof for
both Theorem 1 and Theorem 2.

Algorithm 3 Exact Policy Iteration (Prototype)

1: Input: initial global policy {p.

2: form=0,1,2,---,M—1do

3. Calculate the Q-function for policy {™ as Q%"

4. Updates the global policy {™*! = ({[™*,..., {"*!), where

n
{E™ (1) e = argmax By, (1s) et (19 [Qg"’(s, @) - Zflog”z(azm]
71 (+18) €Ay seettn (+]5) €Az, i=1
5: end for
6: Output: {M

Closure of A, ;, ; under Algorithm 3. In Theorem 6, we formally establish the property that
when starting with {° € A, ,, the iterates in Algorithm 3 remain in the policy class A, ;. The
proof of Theorem 6 can be found in Appendix B.

THEOREM 6. Supposey < 0.8 and t > 6r2 2§Afnaxe and Vi, 3 e, Cij < 1/2. Define

(4 - 5y) 1 } F(4 - 3y)
o , 0=—-—1".
6fA%naxe(él - 3)/) & 2 SUPjen ZjEM Cij (4 - SY)HT

v=1/2, u =min{log2

Then, the following holds.
(a) When initial policy satisfies {® € A, 5, all iterates {™ in Algorithm 3 will be in A, ;.
(b) Q5" is (V', ) -decay with v/ = ri 2?
(c) V&™ converges to the unique fixed point V* of T with geometric rate, ie. ||V — V|l <
0
Ve =V

The results in Theorem 6 demonstrate that the defined policy class A, is closed under the
policy iteration operator in Algorithm 3. This key observation provides a pathway for proving our
main theoretical results, as we explain below.

Pathway to prove Theorem 1. Based on the closure of the policy class A, 5, the optimal
policy is also in A, , ;. We show that if we “truncate” the optimal policy to a x-hop policy, the
performance loss is on the order of O(W). This directly leads to a proof of Theorem 1, which
we detail in Section 5.2.

Pathway to prove Theorem 2. A second consequence of Theorem 6 is that we can view
Algorithm 1 as an inexact version of the prototype algorithm (Algorithm 3), which reduces the
complexity in implementation, communication, and training. Specifically, Algorithm 1 introduces
the following types of errors:

o Error caused by truncated Q-functions: In Algorithm 1, we only learn -hop truncated versions
of the Q-functions. By Theorem 6, the true Q-functions are (v/, y)-decay, and as a result, the
truncation causes an error on the order of O((ﬁ++)“) = O(W) (Noticing k < f).

o Error caused by truncated policies: We only learn x-hop truncated policies, which also causes an
O(W) error.
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e Error caused by inexact policy evaluation: Since we use finite samples to estimate the truncated
Q-functions, this causes statistical errors depending on the sample size. However, with high
probability, this error diminishes to 0 as the number of samples T increases.

e Error caused by inexact policy improvement: In Algorithm 1, we cannot directly implement the
arg max procedure as in Algorithm 3. Instead, we use an iterative procedure (12), which we
later show corresponds to the mirror descent algorithm for solving the arg max. This causes an
optimization error, which diminishes to 0 as the number of iterations pp,y for (12) increases.

As discussed above, the first two types of errors can be bounded by the order of O(W) which
depends on the size of the neighborhood in our localized approximation of the policy and the Q
functions, while the last two types of errors can be made arbitrarily small as long as the algorithm
is run for sufficiently many steps. This eventually leads to a proof of Theorem 2, which we detail in
Section 5.3.

5.2 Proof of Theorem 1: Near-optimality of x-hop Policies

As discussed in Section 5.1, the optimal policy {* is a o-regular (v, ;)-decay policy with the values
of v, i1, o given by the condition in Theorem 6. To prove Theorem 1, we simply truncate the optimal
policy to the k-hop neighborhood. Specifically, the “truncated” policy is defined as

G Clsae) = & Clsam, sttty vi, (16)

Forany i € N, s € S, for the simplicity of notations, we re-order the set \V as follows

{119 ey llells l‘Nfi|+l’ cees ln}>
where {li, ..., [|xx 1} = N5 and {{|xx 41, ..., In} = Nf. We also use Ny, to denote {;,...,[;} and
N[N, to denote {41, ..., I, }. Then, using the triangle inequality we have

1
TV Clsng) GOl <0 D TV Gl swumgy )1 8 Clsii™ swyag, ) (1)
J=INE

where we define Nj, = @ to be the empty set, which implies for j = 1, N/Ny;,_,) = N and

SN/Nt_y = S is the global state. By the definition of the interaction matrix in Definition 2, we
immediately have
sup sup TV(&} (-lsne), &' (1)) < sup > Z;
ieN seS iENjeNfi
1 o
< sup Z (dist(i, j) + 1)”Zi].
(k + DK S v
v
< —, 18
(k+1)H (18)

where the second inequality is due to (8) and the last inequality holds because {* is in the (v, ir)-decay
class. This further indicates {Al.* is O(W) close to (7.

To proceed, we introduce the following performance difference bound that bounds the value
functions of two policies by the TV distance between the two policies:

LEmMMA 7. Suppose { g: € Apolicy are o-regular, and further, Qg is (v/, u)-decay. Then, we have

IVE =Vl <

11y@o+%)§immTV@xwxauoy (19)

i—1 S€S
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With the above Lemma 7, we have

T =T =By (V€ () = VE (9)) < V8 =V g

<1C y(m+ %) ; iggTV(§i*('|S),fi*('|S)) <7 i y(nw+ V')—(K P
7(4 - 3y) 1

T (1-y)(4-5y) (k+ ¥
4-3

where in the last inequality, we have plugged in nro =v" = f#; and v = 1/2. This demonstrates

that the x-hop policy g” *is O(K%)-optimal, and setting f K as {A * concludes the proof of Theorem 1.

5.3 Proof of Theorem 2: Convergence Analysis of Localized Policy Improvement

In this section, we prove the convergence of LPI. Our proof uses an induction argument, and the
induction assumption is that, at the m-th iteration of Algorithm 1, the policy {™ is & regular and its

local Q-functions {Qfm =, is (v', p)-decay, with constants &, v/, i given in Theorem 2’s statement.
This induction assumption is clearly true for m = 0 because of Lemma 9 and the fact that f Oisa
uniform policy.

Now under this induction assumption, we first show that the local Q functions Q;“ returned by
the policy evaluation step (i.e., the PolicyEvaluation subroutine in Line 7) of Algorithm 1 is a
good approximation of the true local Q-functions Qfm of the policy f m,

More specifically, recall that we assumed the policy evaluation step in Algorithm 1 is (&, v/, y)-
exact as defined in Definition 7. This means for any given § € (0, 1) and € N, there exists constants
Tewl(%, G, v, i, B), cpe(%, &, v’, i) such that when the input trajectory to PolicyEvaluation has
length T > Tewl(%, o, v', i, P) steps, its output Q:" satisfies

cpe(j\é/p 6-’ V,,ﬂ) ._
VER
with probability at least 1 — %. In the rest of the proof, we write cpe(A—(ZI, o, v', ) as cp, for simplicity.

Given (20), we next show that the policy improvement step (Line 11) of Algorithm 1 returns a ¢
regular policy {™*! that is O(Klﬂ) close to the policy given by the optimal Bellman operator, and

vii sup |07 (s.a) - O (s NG| < (20)

(s,a) eSxA

further {Qi{mﬂ} is (v/, i) decay. More precisely, we present the following Lemma 8, the full proof
of which can be found in Appendix E.

LEmMmA 8. Consider the settings of Theorem 2. Suppose at iteration m, the local Q-functions {Qfm -

is (v/, pt)-decay and (20) is true. Then, the policy improvement part (Line 11) will return a policy fm“
that satisfies

gm _yfmn 3(4-3))F  4+cpe(4-50)/(2(4=-3)F)  cp
7Y v : (1-y)(4-5y) (x/2+1)H T (k2 + 1A

where T is the global Bellman optimal operator with entropy regularization defined in (7). Further,
§m+1

1, (21)

is & regular and Qfm” is (v, p)-decay.

Note that Lemma 8 implies that f m+1 s G-regular and 0™ is (v, u)-decay. Therefore, condi-
tioned on the induction assumption for m, the induction assumption holds for m+ 1 with probability
atleast 1 — % As a consequence, using a union bound, we must have with probability at least 1 — 6,
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forallm =0,..., M — 1, the induction assumption, and by extension (21), is true. We now condition
on this event to show the final convergence bound.
Forany m =0,...,M — 1, by (21),

Sm+ Sm Sm Sm+ Sm Cpi
S oy gV T VE - VET < | TVET - Vol + ——

0V -V —1.
B (k/2+ 1)#

Taking the infinity norm, we get
Sm+ cm Cpi cm Cpi
V=V o < 1TV =Vl + ——— < [TV = TVl + ———
[ e <1 o+ ooy < o+ e
1 Cpi

fm * CP. £0 *
< YIVE" = Viloo + —oi— <y IVE = Vo + =y 2+ P

(k/2+ 1)
where the third inequality is due to Proposition 1. The desired convergence bound follows by
noticing J({*) = J({") < V" = V" .

6 EXPERIMENTS
Though the main focus of this paper is the theoretical convergence of the proposed localized

algorithm LPI to the global optimal policy, we also provide some preliminary experiments to
demonstrate its empirical advantages in practice.

6.1 Experimental Setup

We first describe an example of networked MARL problems, where n agents cooperatively work

together to control the spread of a global process, e.g., information leakage or an infectious disease.
In particular, we consider n agents that are connected through a line graph. For each agent

i € [n], its state is a 2-dimensional vector s; = (s], sl.z), where s} and sl.z take binary values. Each

agent has a binary action space, a; € {0, 1}. The value of s} in state s; obeys the following transition

rule that is not affected by the action:

5}(t+1)={

1 ifoneofs!  (t),s!(t), s}, () =1,
0 otherwise.

1-p ifsi(t+1)=1,

0 otherwise,

P(s}(t+1) = 1181 (14 1)) = {

where p; € (0,1). To interpret this, each agent first deterministically enters an intermediate state
51 (t + 1) based on its own and neighbors’ states in the previous time step. The true s; (¢ + 1) of
agent i will be activated (set to 1) with probability 1 — p; or 0 according to the intermediate state.
Similarly, the value of s? in state s; obeys the following transition rule determined by the action:

1 ifsi() =1,
P(sZ(t+1) = 1[s?(2), ai(t)) = { perr  if s2(t) = 0,a;(t) = 1,

0 otherwise.

1- if§2(t+1) =1,
P(siz(t+l)=l|§i2(t+l))={0 P2 i)tlsqle(r\;se)

Here §7(¢ + 1) is an intermediate state, which will be activated determnistically if the agent’s
previous state is already activated, i.e, s?(¢) = 1, or activated with probability peg if s?(t) = 0 but
the agent takes action 1. And the true s?(¢ + 1) remains activated with probability 1 — p,.
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Fig. 1. Comparison of the performance of LPI for different x under different levels of entropy regularization.

This model defines a simple form of propagating/spreading dynamics on a graph, with the
agents’ actions providing a mechanism to control the spread. We decompose the reward into two
terms, one depending only on the state s; = (s},s?) and the other depending only on the action,
ri(si,a;) = ri (s}, s?) + r?(a;), where the state reward r{(-) and action reward r?(-) are defined as

0 ifs!=1s%=0, 1 ifa; =0,
ri (st s7) = S ri(a;) = o
1 otherwise. 1—c¢ ifa;=1.

It is easy to verify that states (s}, s?) = (0,0), (1, 1), (0, 1) have a high state reward r}, and (s;, s?) =
(1,0) has a low reward (or incurs a penalty). This corresponds to an agent incurring a penalty if a
protection action is not taken before the dynamics reaches the agent. Furthermore, the protection
action itself incurs a cost ¢ in the action reward r{.

Intuitively, if an agent does not observe any of its x-hop neighbors to have s'(t) = 1, it should
take action a(t) = 0 to get the largest action reward. However, if some of its neighboring agents
have s!(t) = 1 and the cost ¢ of taking action 1 is relatively small, it should take action 1 to increase
s? in order to get a reward r® = 1 even if its s! changes to 1 at some time. If the probability pes that
action a(t) = 1 being effective is smaller, the agent should start taking action a = 1 earlier, when its
nearest agent has s'(¢) = 11is at a larger distance, to make sure that it has a high probability to have
s? = 1 when s! propagates to its position. In this sense, the optimal policy should depend on not
only the local state but the states of other agents as well, and we can expect a large performance
difference between localized policy with small x and the global optimal policy.

Parameter Settings. In our experiments, we use a variation of f-hop Localized TD(0) which has
a constant step size of 0.1. We set § = «k for simplicity. We set the environment parameters to
be p; = 0.6, p2 = 0.7, ¢ = 0.3 and peg = 0.4. We set the training parameters to be y = 0.95 and
n = 0.05. We train LPI for 50 outer loops and in the inner loop we perform policy update (Line 9
of Algorithm 1) for ppn,., = 10 steps. For each experiment, we repeat it for 10 times and plot the
median in a solid line and 25/75 percent performance values in the shaded area.

6.2 Experimental Results

In Figure 1, we compare the performance of LPI with different choices of k, which represents how
much local information we used in the local policy learning on each agent. We also present different
levels of entropy regularization in each subfigure of Figure 1 by setting 7 = 0.02, 0.05 and 0.1. We set
n = 8 in the line graph. It can be seen that a larger k leads to a better total regularized reward but a
lower convergence rate, which is consistent with our theoretical findings. Note that the theoretic
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Fig. 2. Comparison of unregularized rewards under different x when 7 = 0.05.
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Fig. 3. Comparison of the performance of LPI for different k in the settings with different network sizes.

results in this paper are for the regularized rewards. For unregularized rewards, we provide Figure 2
which shows the unregularized rewards under different k when running our algorithm (fixing
7 = 0.05). Figure 2 shows when increasing k from 0 to 2, the unregularized rewards increase, still
consistent with our theoretic results. However, x = 3 is slightly worse than k = 1, and this may be
due to our algorithm and guarantee are only tailored to the regularized case. How to better handle
the unregularized case remains an interesting future direction.

In Figure 3, we illustrate that our algorithm works for various network sizes by comparing the
training curves among different network sizes n = 5,10 and 15 while keeping 7 as a constant. In
each plot in Figure 3, larger x always leads to a better total regularized reward. Also, by comparing
these three plots, we can see similar convergence rates for these three different network sizes.

We note that some of our experimental settings violate the theoretical requirements on z, 5, and y
in our theorems, whereas LPI still performs well. Therefore, in practice, our algorithm may be more
widely applicable than what is suggested by our theoretical analysis, which could be conservative
due to proof techniques.

7 CONCLUSION AND FUTURE WORK

This paper studies a cooperative MARL problem in networked systems. We provided the first
theoretical guarantee on the performance gap between localized polices that make decisions only
based on the information within a neighborhood of each agent and the optimal centralized policy.
We achieved this by showing that a x-hop localized policy where each agent chooses actions based
on the states of its k-hop neighbors is nearly globally optimal. Our analysis relies on a novel
characterization of a class of spatial decaying policies. Further, we proposed a specific algorithm,
Localized Policy Iteration (LPI), that learns a policy in this class. LPI is communication-efficient
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and scales to large networked systems due to its localized implementation. We further provided a
finite-sample analysis of LPI showing that it converges to the globally optimal centralized policy
and achieves e-optimality using only local information of the x = ®(poly(1/¢))-hop neighborhood
of each agent. It is worth noting that LPI is the first localized algorithm that converges to the
centralized globally optimal policy in the networked MARL setting. Finally, we conducted numerical
experiments on a MARL problem where multiple agents on a graph cooperate together to control
the spreading dynamics of a global process such as information leakage or disease transmission.
There are many interesting questions motivated by this work. For example, it remains an open
problem whether the polynomial dependence of the optimality gap on the neighborhood size
can be improved to a (quasi-)exponential decaying gap, which has been shown in the LQC setting
by Shin et al. [30], Zhang et al. [42]. It is also interesting to explore whether our analysis extends
to the competitive MARL setting, where the objectives of agents are different from each other.
Another future direction is to consider continuous state and action space for each agent. We note
that the bounds in Theorem 1 and Theorem 2 depend on Anay (the action space size), which will
degenerate as Apax — 0. Despite this, we conjecture similar results as Theorem 1 and Theorem 2
will still hold in the continuous state/action space case but requires different analysis techniques.
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A NOTATION

The notations used in this paper are summarized in Table 1.

Table 1. Notations

Symbol Definition

|S| The cardinality of state space S. Similar notations apply to A, S;, and A;.
Amax  The maximum cardinality for local action spaces, i.e., Apax = arg max; |A;|.

[n] Index set {1,2,...,n}.

B,x.  The neighborhood sizes of the approximation for policy evaluation and policy im-

provement respectively in Algorithm 1.

Ni. The set including node i and all its neighbors on the graph.

N The set including node i and all its x-hop neighbors on the graph.
- The complement set of NV, i.e., N/N;. Similarly, N*, = N/NF.

f(x)  The size of the largest k-hop neighborhood, f(x) = sup;  INF|.
SN The states of agents in NV*. Similarly for sy~ and other subscripts.

Sq The extension of a local state s s that are supported on a set of indices J to a global
state. See Definition 6.
p The initial state distribution.
T The entropy regularization parameter.

Ay,us  The set of (v, y)-decay and o-regular policy. See Definition 2 and Definition 3.
Ag, the probability simplex over the set A;.
Aa,|s  The space of distributions over A; that can depend on elements in S. This is the space
agent i’s policy lies in.
Apolicy  The space of all possible joint policies, cf. Section 2.1.
{,m, {, & Letters reserved for policies. Letter 7 is used for policies in the inner-loop multiplica-
tive weight updates. The hat indicates the policy is a k-hop policy.
v¢,0¢  Value and Q functions for a given policy ¢, cf. (2) and (3).
¢ A . ; . .
V>,Q;  Local value and Q functions of agent i for a given policy {, cf. (5) and (6).
Q Vector (Qy, ..., Q) that denotes the complete profile of all local Q functions.
C The matrix that characterizes the total variation of transition probabilities. See (10).
z¢ The interaction matrix of a policy ¢ = ({3, .. ., {»). See Definition 2.
A The interaction matrix of the local Q functions Q = {Q;}7. See Definition 4.

HC? The second-order interaction matrix of a Q function. See Definition 8.

O(-)  We write f(n) = O(g(n)) if there is a constant ¢ such that f(n) < cg(n) for all large
enough n.

Q(-)  Wewrite f(n) = Q(g(n)) if there is a constant ¢ such that f(n) > cg(n) for all large
enough n.

o(-) We write f(n) = ©(g(n)) if both f(n) = O(g(n)) and f(n) = Q(g(n)).

B PROOF OF THEOREM 6: CLOSURE OF POLICY CLASS A, , ; UNDER POLICY
IMPROVEMENT

To prove the closure of policy class A, , ; under policy improvement (i.e., Theorem 6), our first step

is to show that for a policy { € A, .4, its local Q functions Q¢ = {Qf}ieN will also be (v, u)-decay
for some v’ (Lemma 9). Secondly, we show that if the local Q functions are (v’, y)-decay, conducting
policy improvement with respect to it will lead to a (v”, ;1) decay policy (Lemma 10), with v"/ < v
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(under the parameter settings of Theorem 6). Combining the two lemmas will lead to the closure
property, i.e. part (a) and (b) of Theorem 6. The proofs of Lemma 9 and Lemma 10 can be found in
Appendix C.

We first present Lemma 9 below, showing decaying policies have decaying local Q functions.

LEMMA 9. For a policy { = ({1,...,{n) € Ay 0, the interaction matrix of its corresponding local
Q-functions Q¢ = {Q?}ieN is given by

Z% <il+y(F+nro) Yy ZE(C+ ZE)'C,

t=0

,,,,,

above is element-wise. Furthermore, if we assume Vi, ZjeNi 2¢Cij < 1/2 andv < 1/2, then Q§ is
y(F+nto)
4(1-y) -

(v', p)-decay with v/ = F +

We next present Lemma 10, showing that given local Q functions that are (v/, p)-decay, the
policy improvement step will result in a (v”, pr)-decay policy for some v"* given below.

LEmMA 10. Consider Q-functions that are (v', i1)-decay. For Vs, let {(:|s) = ({1(+]s), ..., (n(-|s)) be
the solution to the following policy improvement step:

n

Bai~gi(-1)s.man~Ea (-1s) [Q(s, a) - Z rlog {i(ai|s)]- (22)

i=1

max
G (1) €daysnln(-ls) €Ay,

Then, when T > 3 x 2H*1W/A2 e, isac’ = nl; regular and (v"', p)-decay policy, where v’ =

- max
MLy AL e e
T—2H+1 v'A,zmxenL; ’

We now prove parts (a) (b) of Theorem 6 by induction. Consider {™ € A, , ;. Under the parameter
settings in Theorem 6, we have 2" sup; 3} ;cn, Cij < 1/2, and v = 1/2. As a result, we can apply
Lemma 9 to {™ and get Q%" is (v/, ) decay, where we have utilized the easy to check fact that
= y(F+nto)
TF Gy
T2 26T AL
that {"™*! is o regular and (v, i) decay with v’ < 1/2 = v. As a result, {"™*' € A, and the
induction is finished.

This concludes the proof for part of (a) and (b) of Theorem 6. For part (c), note that

= v’ (using 0 = HL;) Then, notice the parameter settings in Theorem 6 leads to

e >3 x 21y A2 ens. Therefore, we can now apply Lemma 10 to Q¢ to show

0<V =V = v — gV TV —vET < 1TV - Vel
Taking the infinity norm, we get
Ve =V oo < ITVE" = V7l
< TV =TV lw
<yIVE" = Vil
<ymvE - v,

where the third inequality is due to Proposition 1.
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C PROOF OF LEMMAS IN APPENDIX B
C.1 Proof of Lemma9

Before we present the proof of Lemma 9, we lay out some useful lemmas that will be frequently
used in our analysis.

Firstly, we use the following lemma regarding the summation and product of decaying matrices,
the proof of which can be found in Appendix D.3.

LEMMA 11. Let A € R™" be a (v, y)-decay matrix and A’ € R™" be a (v, yi)-decay matrix. Then
we have the following results.
(@) cA+c’A’ isa (cv+c'V', p)-decay matrix, where c,c’ > 0 are arbitrary constants.

(b) AA’ is a (vv, u)-decay matrix.

Next, we will use the Lipschitz property of the entropy function, the proof of which is deferred
to Appendix D.4.

LEmMA 12. Letd,d’ be two o-regular distributions over the same set {1,2,-- -, M}. Then we have
|H(d) —H(d")| < 6TV(d,d’), where H(-) is the entropy function.

Our proof also uses the following two lemmas, whose proofs can be found in [28].

LEmMA 13 (LEMMA 5 IN QU ET AL. [28]). Let f(-) be a function that maps [];cy Z; to R, where Z;
is a finite set for all i. Let P; and P; be two distributions on Z;, and further let P (and P) be the product
distribution of P; (and P;). Then we have

[Bonf(2) — B, pf (2)| < ) TV(P, P)Si(f),
ieV
where 8;(f) = sup,, sup_ - |f(zi2v)i) = f (2], zv)i)l.

LEmMA 14 (LEMMA 3,4 IN QU ET AL. [28]). Consider a Markov Chain with state z = (z1,...,2,) €
Z =21 X+ Xy, where each Z; is some finite set. Suppose its transition probability factorizes as

P(z(t+1)lz(t) = | | PiCzi(t +1)lz(1)
i=1

and further, define C* to be the following matrix,
Cy; = sup sup TV(Pi(+|zj, z-;), Pi(+|z}, z-}))
z_j Zj,Z;.
Then, fixing a pair of (i, j) for any z = (zj,z-;), 2’ = (z}, z—;), the following holds.
(a) We have,
TV (71, 77 ;) < [(C) e,
where 1 ; is the distribution of z;(t) given z(0) = z, and r;; is the distribution of z;(t) given
z(0) = z’, and e; is the indicator vector in which the j’th entry is 1 and all other entries are 0.
(b) For any function f : R< — R, we have

n

B, f(2) = Beom £(2)] < D [(C?) es1e8e(f)

=1
where &;(f) = sup,_, sup, ./ |f (ze,z—¢) — f (2}, 2z-¢)| and ; is the distribution of z(t) given
z(0) = z, and n; is the distribution of z(t) given z(0) = z’
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We start our proof by showing the following Lemma 15, where we treat the Markov Chain
in Lemma 14 as the Markov Chain induced by policy ¢ and bound the C* matrix. The proof of
Lemma 15 is deferred to Appendix D.5.

LEMMA 15. In the settings of Lemma 14, we set the Markov Chain as the induced Markov Chain
of our MDP when using policy {, and we treat z; = s; and z = s. The transition probabilities of this
induced Markov Chain is given by,

P+ Dz0) =[] D [PilsiCt+Dlsa (1), ai(6)ilai(t)ls(1))]

i=1 a;(t)eA;

=P (s; (t+1) |s(1))

the resulting Markov chain’s interaction strength parameter C* = [Cizj] i,j=1,...n (as defined in Lemma 14)
satisfies

C}; = supsup TV(P?(-lsj, s—j), Pl.g(-|s]’~, s_j)) < ij +Cyj,
S—j sj,s}
where [ij]i,jzl,_”,n is the interaction matrix of policy { (cf. Definition 2), and C = [Cij]; j=1,..n is
defined in (10).

Now we start proving Lemma 9.

ProoF oF LEMMA 9. Given the relationship between Qig and Vl.g in (6), it is easy to compute the

interaction matrix for the local value functions V¢ = {Vf} ie N> Which we define as below:

7
Zx. = sup sup |Vi§(sj, s_j) — Vig(sj'-,s_j)|. (23)
S—j sj,s}
Fixing i, j, s;, sJ’., s—j, define 7, (or ;) to be the distribution of s(¢) given s(0) = (s;,s-;) (or s(0) =

(s 5-)) Let 7 () = Bayegy(-1s) [ri(si. ai)]. Also, let HY (5) = = S, {i(ails) log Gi(ayls) be the
entropy of local policy ;(-|s) as a function of s. Then, by (5), we have

IVE (570527) = Vi (s} 52))

Ea(t)~¢(-1s() [ Z v [ri(si(1), ai (1)) = nrlog(&i(ai(t)Is(H))] |s(0) = (s, S—j)]
=0

- Ea(t)~g(-|s(t))[z y' [ri(si(0), ai(t)) — nrlog(Li(ai(t)|s(1)))] |s(0) = (S},S—j)}
=0

t

Y

IA

e 1D

By, [ () + ntH ()] = By [ (s) + neHY (s)]|

S

O [(CP) e)e8e(rf () + nH? (),

=1

<
t

I
o

where in the last inequality we have used Statement (b) of Lemma 14. Now let’s compute 5g(rl.§ () +

nTHig (+)). For any s, s;, s_¢, we have by definition that

17 (56, 52) = 75 (51, 5-0)| = 1Byt -lspss- i (505 @) = Byt lsps_ iS5 @)
< TV st 5-0). G lsf s-))7

Proc. ACM Meas. Anal. Comput. Syst., Vol. 7, No. 1, Article 13. Publication date: March 2023.



Global Convergence of Localized Policy Iteration 13:29
g -
< Z,T,
where Z¢ is the interaction matrix of global policy ¢. Similarly, we have by Lemma 12,

IHE (s¢,5-¢) = HY (54, 5-0)] < 0TV(Gi(-lse 5-0), G Clsprs-0)) < 025,

which immediately implies that
8e(r¥ () + neHE () < Z5(F + o).

As a result,

n

Vi (sjo5-) = Vi (shos )l < Dy D 1(C) e1eZgy (7 + nzo) = (F+ nea) Dy [Z5(CH) .

t=0 =1 t=0

By the definition in (23), we further have

7V < (f+m'0')ZytZ§(CZ)t. (24)

t=0

It remains to convert this result to the interaction matrix of the local Q-functions Q¢ = {Qf}ie N-
Recall that,

Q?(S, a) = ri(si, ;) + YBs-p(.|s.0) [Vf(s_)]-

Therefore, we have

|Q§(sj, aj,s_j,a_j) — Ql.{(s]", a;-, s_j,a_j)|
<rl (] = l) + Y|E§~P(~|Sj,aj,s,j,a,j) Vlg(g) - EENP(~|S"].,a},s,j,a,j) ‘/lg(§)|

_ . R 4
<FI(j=i)+y Z C,eij ,
fENj

where in the second inequality we have used Lemma 13 and the definition of C; ;. So by Definition 4
and (24) we further have

79 <Fl+ yZVgVC =Fl + y(F + nto) Z Al (e el (25)

t=0

This gives rises to the upper bound on 7% in Lemma 9.

Further, consider the scenario where we assume Z¢ is (v, p)-decay, v < % and Vi, Y, JeN; 20Cy; <
1/2. This means C is (1/2, y1)-decay since by (10), C is a sparse matrix and C;; = 0 when dist(i, j) > 1.
Combining these with the fact that Cj; < Zl.gj + Cj; (Lemma 15), we can easily prove that C* is
(v+1/2, p)-decay by Lemma 11. Also note that I is (1, y)-decay for any p. Then applying Lemma 11
to (25), we can show that 7% s (v', p)-decay, where

©0 1 =
~ ~ 1 ) 14 _ y(7 + nzo)
"= F4y(F+ by(v+1/2) = = F+v(F+ —  _<Ff+—l (26
Vi=F+y(F nro);yv(v /2) 5 =T v(F nro)l_y(v+1/2)_r 2=y (26)
where the inequality uses v < 1/2. This completes the proof. O
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C.2 Proof of Lemma 10

We first define the notion of the second order interaction matrix for the Q function.

DEFINITION 8. Consider a Q-function Q(s, a) defined on the global state-action pair. The second

order interaction matrix HC = [HQ],-,jzl n is defined by

ij

HE = sup sup |[Q(zi, 2j:2-(3,) = Q25,25 2-(1p)] = [Q(21 ) 2-1.j)) = Q25 235 21,1,
Zi,Zj,2% ;) Z=(i.f)
where —(i, j) denotes the set of nodes outside of i and j, and here for notational simplicity, we use z to

represent state-action pairs, e.g. we use z; to represent (s;, a;) and similarly z_¢; ;) = (s_(i j), a—(ij))-

Our first result is Lemma 16 on the decay property of the second order interaction matrix of the
global Q function of a given policy. The proof is deferred to Appendix D.6

LEMMA 16. Suppose the local Q functions Q = {Q;}ien is (V/, p)-decay. Then, for the corresponding
global Q function Q = % Sien Qi its second order interaction matrix H? is (2#1v', ji)-decay.

We will also frequently use the following auxilliary result, the proof of which is deferred to
Appendix D.7.

LEmMA 17. For two distributionsd, d’ on{1,2, ..., m}, suppose for alli, j, we have | log j—;—log %| <
J
€, and max (| log %L | log Z—}l) < c. Then, TV(d,d’) < m?e(e€ —1).
J J

Now we prove Lemma 10. For each state s we consider the following entropy regularized
optimization problem over Ay, X -+ Ay,

(G1Cl8), oo Ga(els)) < alr;g max | Egom(19[Q(s, a1, ..., an)] + rz H(mi(¢s)), (27)
1 (- 18,7 (+15) i=1

where H is the entropy function. When the context is clear, we also use 7;(s) to denote the

distribution 7;(+|s). We also will aggregate the subscripts, e.g. 7(s) will denote the collection of

(7 (s))iy; 7-i(s) denotes (7;(s))jzi. We consider the following multiplicative weights algorithm

(where p is the iteration counter):

70" (@ils) o 7l (ails) " exp(E, _pn o O(s,a-p.a))i=12....m, (28)

and we will set the initial distribution (p = 0) 7'[?('|S) to be the uniform distribution over A;. The
convergence of algorithm (28) is shown in the following Lemma 18 whose proof can be found in
Appendix D.8.

LEMMA 18. Whent > 2 X 2M*1W/ A2 eV'/" andp = 1, for each s, optimization problem (27) has
a unique solution ({1(-|s), ..., {n(:|s)) and the algorithm (28) will converge to it with a geometric
convergence rate:

1 e\,
sup TV (f (1s), Gi(+1s)) < | -2V AL e/
ieN T

Proor oF LEmMmA 10. Recall that Lemma 10 says that the { obtained by (22) is ¢’-regular and

(v", p)-decay. We show these two properties now.
Proof of ¢’-regular. By considering (28), we have for each i and g;

log ™" (ails) = (1 = no) log ' (ails) + nE, . [Q(s,a-i, a)] +(s), (29)
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where c(s) is a normalization constant that only depends on s and n = Z. Therefore, for any 2

n
action pairs a;, d;, we have

& (s)

log ﬂf”(ails) —log ﬂf+1(di|5)
= (1= o) (log nf (ails) — log xf (ails)) +1E,_, _op (5 [Q(s. a—i. i) = Q(s. a-i.ap)],

=& (s)

where for notational simplicity, we denote log ﬂf ! (ails) —log Jrf * (ails) = §f * (s) for now (where
we have fixed an action pair (g;, d;). Note that,

N 1 v . 1v v/
|0 (s, a-i, ai) — Q(s, a—;, d;)| < - Z |Q¢(s, azi, a;) — Qe(s, a_y, d;)| < - ZZE < o
=1 =1

Next, we show that |§‘:J (s)| < ¢’ by induction. The statement is clearly true for p = 0 as 7} (+|s) is
an uniform distribution. Suppose the statement is true for p, we have

’ V’ ’
) < (1=n0d’ 4y — <, (30)

where we have used the fact that o’ = nLT

Proof of (v”, u)-decay. The bulk of the proof is to show that for any p, 7 = (7[‘10, ...mh)isa
(v", p)-decay policy under the assumptions of Lemma 10, in other words, the interaction matrix
Z™ isa (v, p)-decay matrix. Now we fix a j and consider (28) for two values of s: s = (sj,5_)
and s’ = (sj’., s—j). The respective trajectories are (ﬂf(-Is))izown and (Jrf(-|s’)),-:0wn where p is the
iteration counter, and the two have the same initializer, that is 7" (-|s) = 77(|s’) as we initialize
both with the uniform distribution. Then, consider (29) for s and s’, we get

&) =& (s)
= (1—no)(&(s) - &(s))

+ B, pp (9 [Q(s aisai) = Q(s, a-i @) =B, _p (o) [O(s", ai, a;) = Q(s', a—y, )]
= (1-no)(&(s) - & (5))

B, pp (o [Q(s avisai) = Q(s, a-i ai)] =By _op () [Q(s. @i ai) = Q(s, a-i, ai)]

=l

+ nEa,i»vn-fi(s’) ([Q(S, a—i, ai) - Q(S, a-i, dl)] - [Q(S/, a—i, ai) - Q(S/, a—i, dl)]) .

=l

The absolute values of I}, I, can be bounded as follows:

Ll < n Y TVl (s), 7 (s')) Hy,

t#i

where we have used Lemma 13 and the definition of second order interaction matrix H9. Similarly,
for term I,, we have
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This shows that,
8% (5) = & (N < (L= )& () = &)+ ) TV (AL (5), 7l (") Hy + nHS.

t#i

Denote vector H? as the j’th column of H?, HIQ as the i’th row, and Hj%. =0foranyi j € [n]. Let
vector v” denote vf = TV(7r;O (s), ﬁf(s’)). Then it holds that

177 (5) = &7 < (1= o) (5) = & (")) + nH o + nH
p
< (1= &) = 8+ Y n(1 = o) F(HEO + HY).
k=0

Recall the definition §p+1(s) =log ﬂp+1(a,|s) - log ﬂp+1(d,|s) and that |§p+1(s)| < v’/ by (30). By
Lemma 17, we obtain the following bound on v o TV(;rp+1(s) 7TP+1 (s")):

. p
Uf+1 L |ﬂilzze (exp ((1 _”T)P+1|§O(S) _ é‘;()(s/)l +Zq(] - qr)p—k(Hi;QZ)k +H3)) - 1).

k=0
where | A;| is the cardinality of A;. Now we choose n = 1/t to simplify the presentation. Note that
in general n < 1/7 works and the proof will be more involved. Then we obtain

< |ﬂ,~|26‘7,/2(exp (U(Hi:QvP +HS)) -1).

Denote cry = A2 ax63"'/2. Foralli,j € [n] and p = 0,1,..., we have that vf < 1 and that HS <
S H lk <> H (dist(i, k) + 1)# < 2¢*1y’ by Lemma 16.

Then it holds that (X Hlevf: + HS. ) < 1/2 which is due to our choice of 7 parameter satisfies
T= % > v'2#%3, which further implies

Uf” < cTV(exp (I](ZHI%U‘;S +Hg)) - 1) < 2cTV17(ZH§U£ +H§).

k k

where the second inequality is due to the fact that for 0 < x < ¢ < 1, we have e* < 1+ x/(1 —c¢).
Stacking all v‘? ! together yields

0Pt < 2eryn(HC0P +H§),

where the absolute values and < are interpreted element-wise. By Definition 2, we have Z l.”jp =
sup;_, supy, ¢ vf . Note that for a given Q function, HY is fixed and independent of states or actions.

Since the above inequality holds for any s and s’ that only differ in the j-th entry, Vj € [n], it
immediately implies

Z7errl < ZCTvﬂ(HQZ”p +HQ).

By Lemma 16 H? is (2#*'v/, j1)-decay. Denote vy = 2#*1v". We will prove that Z7% is (vp, p)-decay
by induction, where v, is to be determined later. First, 7 is a uniform policy and thus v = 0 for
Z™. By Lemma 11, it holds that

p+l

Vpi1 < 2eTvn(vEvp + ve) < (2ervnve)P vy + Z(Zchr]vH)k
k=1

2cTvNVH
1- ZCTvl]VH
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Z;H-Z Vv cry
T—2H+2y/ ey

which implies that Z*" is ( p)-decay for all p. Further by Lemma 18, let p — oo, we have

,
WY AR emiE .
————x_— This completes the

+1 1, A2 T
T2HtL YV AG e T

that Z¢" is (v, )-decay and thus {* € Ay, where v/ =

proof of Lemma 10.
]

Based on the proof of Lemma 10, it is easy to see that the intermediate iterates in the iterative
algorithm in (28) are also (v”, u)-decay policies. We wrote this intermediate result below as a
Corollary and we will use it in other parts of the proof.

COROLLARY 19. We have that under the same setting of Lemma 10 and under the multiplicative

J
WY AL enT
%,ﬂ _decay

+1 1, A2
72Kt Y Ag o cenT

algorithm (28), n? is (

D PROOFS OF SUPPORTING LEMMAS

In this section, we provide the proofs of the lemmas we used in proving the main results.

D.1 Proof of Proposition 1
Since | sup, f(x) — sup,, g(x")| < sup, [f(x) — g(x)|, we have for any V;,V, € RISl and s € S that

T (VDI(s) = [T (V)I($)l <y sup  [Eg [Vi(s(1)) = Va(s(1)) [ 5(0) = s]|

gEApolicy

<y sup By [[Vi(s(1)) = Va(s(1)] | 5(0) =]
gEApolicy

<ylVi = Valleo.

Since the previous inequality holds for all s € S, we have the desired contraction property:
17°(V1) =T (V2)lleo < ¥IIV1 = Valloo.

We next show that if a policy ¢* is such that V& = 7 (V¢"), then {* is an optimal policy. For any
policy { € Apglicy, we have for all s € S that

VE(s) = (TVE)(s)
> By [r(s(0),a(0)) - rlog ¢ (a(0)]s(0)) + V¥ (s(1)) [ 5(0) =]
= By [7(5(0), a(0)) - rlog{(a(0)[s(0)) | 5(0) = 5] + yZ¢ [V¥" (s(1)
> B¢ [(5(0).a(0) - r1og{(a(0)[s(0)) | 5(0) = s]
+yE; [r(s(1),a(D) = logZ (a(Dls(1) | 5(0) = 5] +y*Ez |[VE' (5(2)) | 5(0) = 5]

5(0) = s]

> Z Y'Eq¢ [r(s(t),a(t)) - rlog{(a(t)ls(1)) | s(0) = s]
=0
= V4 (s).
As a result, we have for all {' € Aylicy that

JZ =D pVE () 2 ). p(s)VE(s) = J(©),

seS seS

hence {* is an optimal policy.
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D.2 Proof of Lemma 7
For each i € [n], we have

VE(s) = VE ()]

a~¢ (-1s) [7i (si» ai) = ntlog {i(ails) + YEy-p(.|s.a) Vf(s')]

—E, ¢ (15 lri(siai) = ntlogdi(ails) + yEy-p(jsa V()]

< [Bag (s [7i(sir ai) + YEy-p(.|s.a) Vf(S')] B, ¢ [risiai) + YBy-p( 5.0 Vf(s')]‘

5L

+ Ea~g;(-|s) [ri(si,ai) + }’Es’~P(‘|s,a) V,-{(s')] - Ea~§(. Is) [ri(si, a;) + YES’~P(~ |s,a) Vig(sl)]|

L
+nzlH(G(ls)) — H(G (L))

L

< YIVE = Vil +neoTVE (190,09 + D TV (o). & (19028
J=1

where in the last inequality, we have used Lemma 13 (for term I ), the definition of Z Q% in Definition 4
(for term ), and Lemma 12 (for term I3) respectively. Therefore, we have

IVE = Vil <

1 L (nmsupTV(L( 19, 5:(:1s)) +ZsupTV(§,( 19,6 (1sn 2z

Jlse

Taking the average over i, we have,

A

(A p—— supTv<;(|® GO) + - supTV<a<|9 &(19nze
1-y

11SE 11_71SE

IA

L eor Z) Y supTVGCIon G,

I-y i—1 SE€S
¢
where in the last inequality, we have used };cn Zg <v.

D.3 Proof of Lemma 11

Due to the symmetry in Definition 1, we only show the (v, )-decay property of a matrix for each
row sums. The proof for column sums follows the same process.

(a) For any ¢, ¢’ > 0, it holds that
n
Z(CAU +cAf) (dist(i, j) + DF < cv+ v

(b) Since 1 < dist(i, j) + 1 < (dist(i, k) + 1)(dist(k, j) + 1) for all i, j, k € [n], we have
D UIAA(dist(, )+ 1)# = D away(dist(i, j) + 1)
J ok

J
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< D1 away, (dist(i, k) + 1)* (dist(k, j) +1)*
J ok

= > ag(dist(i, k) + 1) > af;(dist(k, j) + 1)
k J
<w'.

D.4 Proof of Lemma 12
Define h(t) = H(d + t(d’ — d)) for all ¢t € [0, 1]. Then we have

|H(d) - H(d")| = |h(1) = h(0)]

= /01 R (t)dt

= /I(VH(d+t(d’ —d)),d" —d)dt|.
0

For simplicity of notation, denote d”’ = d + t(d’ — d). Since the set of all o-regular distributions over

{1,2,---, M} is a polytope (hence convex), the distribution d”’ as a convex combination between d
and d’ is also o-regular. Let d};,, = max,, d;; and d/};, = miny, d;;. Then, we have,
M
(VH(d"),d" = d)| = | " (1+logdy)(dm ~ dj,)
m=1
M ’” ’”
logd! . +logd
= ( & Fmax * 08 min  Jog d,',;)(dm - dy,) (31)
m=1
M ’”
10 +logd
< 8 108 din 10 gl — |
M
logd! .. —logd”.
SZ & Cmax € %min |d _d/| (32)

<0 V(dd)

where Eq. (31) is due to the fact that Z 1 ¢(dm —d;,) = 0 for any constant ¢ € R, and Eq. (32) is
due to the fact that

—(logd,. —logd”. )/2 < —(logd;,

min max

+logd”. )/2+logd) < (logd)

min max

—logd”. )/2.

min

D.5 Proof of Lemma 15

To calculate Cizj, we consider the following two cases.
Scenario 1: j ¢ Nj. The probability of the next state §; given the current state (sj,s_;) is

Z P;(Silsn;> ai)i(ailsj, s—j) = P§(§i|3j, s-j).

a;i€A;

Therefore, when s; is changed to sJ’., the TV distance is,
TV(P! (-[sj,s-1), Pf (s} s5)
Sj,5—j S} 8-

=22 D Pislswe adkitadsis) = Y Pilslns a)a(ails) s )

Si  ai€A; a;€EA;
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: 2 (Z Pi(silsw, ai>) [Galsyis-p) = iails)s-)
TV(Ei(-lsjs s-7)s Gi(-ls}ss-5))

<ij,

IA

where in the last inequality we have used the definition of the interaction matrix ij of policy ¢ in
Definition 2.
Scenario 2: j € N;: When s; is changed to sjf, we have

TV(P! (-lsjrs-5), P (15} 5))
] D PGl s adialsis) = D Piilsws s ati(ails) s

Si a; Eﬂ, a,eﬂi
1 _ _
<3 Z Z |Pi(3i|3Ni/j’sj’ai)gi(ai|sj, s-j) = Pi(Silsn s s ai) GiCails’, S—j)|
Si a;eA;
1
< 2 Z Z ‘Pi(§i|3/v,~/j, sj, ai)8i(ailsj, s—j) = Pi(Silsn,/j» Sjs ai)gi(ails;',sfj)‘
Si a;€A;
1 _ _
+s Z Z |P,~(si|sM,/j,sj,ai)gvl-(ai|sj’», s-j) = Pi(Silsni s s ai) Gi(ails’, s_j)|
Si a;ieA;
1
<5 Z ZPi(§i|SN,-/j, sj, ai)‘gi(aﬂsj,s—j) - {i(ai|3}>5—j)|
a,—eﬂ[ Si
= a(a,|sj,s_])z [PiGSils 555 a1) = PiGilsw 57 @)
a;eA;
=TV Cls s, GClshs o))+ - Gilails), s )TV (P Clswgy s @), PiCClsn 55 @)
a;eA;
< Zg + Cij-

D.6 Proof of Lemma 16

First notice the following,

H < sup sup - Z|[Qg<zl,z,,z<,j>> Qelz} 2,21

ZiZj, z z zZ- (u)
— [0e(zi, 2 21, j)) — Qe(2], 25 2 (i) |-
Clearly, by the definition of (v, u)-decay of Q function, we have
[Qe(zi, 2 2-(ijy) — Qo2 2js 2-ijy)] = [Qe (21, 25 2- i j)) — Qe (2, 25 21 j))]
<1Qe(zi zj, 2 (1)) — Qe(21, 2js 2 ()| + 1Qe (20 2}, 2 (1)) — Qe(21, 22— (i j)) |
<275
Using a symmetric argument, we also have,

[Qe(zi 2j, 2-(ij)) = Qe(21, 2js 2—(i.j))] = [Qe(2is 25 2-(1j)) — Qe(21, 2], 2—(i.j))]
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= ([Qe(zi, zj, Z—(i,j)) - Q¢(zi, Z}, Z—(i,j))] - [Q[(zl{’ Zjs Z—(i,j)) - Qf(Z;’ Z}’ Z—(i,j))]
Q
< Zij‘
As a result,
HQ < - Z 2 min( [],Zg).

As such, we have,
Z HE (dist(i, j) + 1)
j=1
n 1 n Q
< — 2'Z,Z dist(i, £) + 1 + dist(j, £) + 1)
_Z”Z min(Z,5, Z;;) (dist(i, £) ist(j,£) + 1)

< Z: Z 2min(Zg, Zg) 2" [(dist(i, £) + 1)¥ + (dist(j, £) + 1)¥]
Hn

1 o 1 1 1 _
) =1 dict(i H hl Qop=1(Jict( i 2
< Z . Z 272201 (dist(i, £) + 1)¥ + Z . D 2282w (dist(j,£) + 1)
j=1 7 t=1 j=1 " =1
< 2HY 4 2Ry = 2Ly

Similarly, we have,

n

Z HE (dist(i, j) + 1)*

i=1

<Z} Zme( . Z2)(dist(i, €) + 1+ dist(j, £) + 1)*
i =1

IA

Z % Z 2min(Z2, Z9)2"" [(dist(i, £) + 1) + (dist(j, £) + 1]

i=1

<Z Z ZZQ(dlst({’ i+ 1F+ Z ZZQ(dlst(t’ D+
=1 i=1 i=1 =1
< 2By 4 2By = oMLy,

which completes the proof.

D.7 Proof of Lemma 17

We have, 777 = exp (log gr7gf) € L™, 1. Then, |d;/d; ~d;/dj| < |d;/dj| 37 ~1] < e max(e® -

1,1-¢9) = ec(e — 1), since e — 1 > 1 — € for any €. Based on these observations, we have

d; d;

1

i %4

1

1
d; — d =
ldi = ;| = 44 5,4

< ) \d;/di - d}/df] < me®(ef - 1),

J

where we used the fact that }; d;/d; > 1. This concludes the proof.
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D.8 Proof of Lemma 18

In this subsection, we prove the convergence of the proposed algorithm in (28). This guarantees
the existence of a limiting policy, which is the solution of the entropy regularized optimization
problem in (22).

Derivation of the multiplicative weights. We derive the multiplicative weights approach
using the mirror descent perspective. For this paragraph, we drop the dependence on s as it is fixed.
We denote 7 = (71, 72, . . ., 1) € Az, X+ - - X A z,,. We consider the following h(x) = Y1, hi(m;) =
Yic1 2iaseqn, mi(a;) log mi(a;). Its corresponding Bregman divergence is

Dp(n'llm) = h(n') = h(x) = (Vh(n),n" - 7)

= Z (hi(x)) = hi(m) = (Vhi(m), n] = 7))

=Y > mila)log ZEZ;

i=1 aq;eA;

n
= ZDKL(”{H”I')'
=

Let the objective function in (22) be F(rr). Then mirror descent update rule given the Bregman
divergence is then,

P = argmin (p(=VF(x?), ) + Dy,(n||7")).

ﬂEAﬂIX"'XAﬂn

Given the additive structure of the Bregman divergence, we have the above rule can be written
component wise as

aP*! = arg min((~V, F(x*), ;) + Dicr. (7| 27)).

' ni€ha,
Therefore, 7 ! will satisfy
N[, ,nr Qs.a-i,ar) = t(log 2! (ar) + 1)] + 1+ log 7M@) — log 2P (a;) + X = 0,
where A is a Lagrangian multiplier that accounts for the constraint that 3’ JTIP a) =1.
As aresult,
" (@) o< il (a))' 77 exp(nE,,_, o Q(s, a-i, 7).

which recovers the algorithm in (28). Using this interpretation, we prove the convergence of the
algorithm (28).

Proor oF LEmMmA 18. Fixing s, we consider two runs of the multiplicative weight algorithm with
different initializers 7° and 7° respectively. Their respective trajectories are denoted as #* and 7.
The update rule in (28) suggests that for each ¢ and ay, it holds that

log "™ (acls) = (1 = n7) log 7] (arls) + 1E,_, . ([Q(s.a-r,ar)] +(s),

where c(s) is a normalization constant that only depends on s. Therefore, for any two action pairs
ae, dp, we have

p+1
t

log ™ (acls) — log 7™ (dcls)
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= (1 - UT) (log ﬂ’f(af's) - log ﬂ’f(dﬂs)) +’7Ea,g~n’f[(s) [Q(s’ a—g, a{’) - Q(ss a—y, d{’)]’

&
where for notational simplicity, we denote log ﬂf ! (aels) — log nf ! (aels) = §f ! for now (where
we have fixed an action pair a,, a;). Similar to (30), we have |§f| <v'/rforall p, .

Do the same for the other trajectory starting with a different initialization policy and define ff !
similarly. We have

p+1 _ zp+1
¢ ¢

=(1-n0)(& - &)
+ UEa,,N,[fl(s) [Q(ss a—y, af) - Q(S, a—g, d[)] - UEa,twﬁ'f{(S) [Q(S’ a—g, (1[) - Q(S, a—g, dl’)]

Using Lemma 13, we have that,

P < (=0l - &)+ ) TV (L (), 7 () Hy-

j#t
Denote HE as the £-th row of HY. Let vector v” € R" be defined as vf = TV(;rf(s), J’If(s))
(¢=1,2,...,n). Then the above update can be written as

18— &Y < (1- o) & - |+ nH 0P

P
<(1- r;r)p+1|§? - §?| + Z n(1- ryr)P—kHSvk.
k=0

Now we use n = 1/7 and obtain

p+1 zp+1 1 Q p
& =& Is;H[:v.

By the definition of f *! and the regularity of ﬂf *! it holds that

1E*| = |log 7 (agls) — log 2™ (acls)| < v//r. (33)

By Lemma 17 we have
J 1
vfﬂ < 1/242, """ (exp (;HEUP) -1) = cTV(exp(r]Hgvp) - 1),

where cry = A2, e"/"" /2. Similar to the previous proof, we have HSUP < 2#*1y due to Lemma 16
and the fact that of < 1for all £, p. Therefore, when 7 > v/2#*2, we have

1
oP*! < 2ery (nHO0P) < (2=crvHO)PHY, (34)
T

where in the first inequality we stack all Uf ! together. When taking the infinity norm on both
sides, we have

1 1 1 /
o oo < (2=er)P IHONE o llo < (2-ery2 V)P = (Z21 IV AL e IMT)PE - (35)

Therefore, when 7 > 2¢*11/A2 _¢"'/"" the right hand side of the above inequality converges to
zero when p — oo.

The above argument shows the optimization problem (27) has at most one stationary point in
the manifold A,olicy because otherwise, the algorithm (28) starting from two different stationary
points will not converge together. Also, the global maximizer of the optimization problem (27),
(&1(+1s), - - -5 £n(+]s)), must be one stationary point, and this stationary point must be unique.
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As a result, for the two trajectories considered in (35), if we select one to be the trajectory that
always sits at the unique stationary point, and the other is from an arbitrary starting point, we
have convergence the algorithm (28) will converge in the following sense:

1 Y
sup TV ( (-]s), Gi(¢ls)) < ;2"+1V’Afnaxev/"f ) (36)
ieN

This completes the proof.

E PROOF OF LEMMA 8: ANALYSIS OF POLICY IMPROVEMENT ERROR

Since Lemma 8 only concerns a single outer loop step m, for notational convenience we drop the
dependence on m and restate a slightly different version of the lemma as follows.

LEMMA 20. Suppose Q-functions {Q;}7 | are (v', 1)-decay. Further, suppose its truncated estimates

{Qi}?zl satisfies

se?ﬁﬂ@l(s a) - Qz(SNﬂ, ap)l < =G

Consider the following updates:

1 1 A S
P+ (a; |3N") o ”p(a |3N")1 7" exp (UEaj»wﬁf([W]N}(),je/Vi"/{i}[; Z Qj([SN;‘]NJ{f, [aN;‘]NJ{f\i, ai)])~
i jEIViK
(37)

Let { = ({4, ..., n) be the result of the policy improvement w.rt. Q = 1/n}; Q;, Le.

(GOl Ga(1s) & argmax  Eom(in[Q(san..an)]+7 Y H(m(ls).  (38)
i=1

71(+18)5-7Tn (+|5)

~r _ 1 ,2f(K)cpe
et = < G
1)11(&#16)”)) andn = ;. Then we have

+ L ) Assume T > max(6A2,, % 2M1V, 2284y + 2220 4(2M Y + £ (k) (K +

(B+1)

max

(a) Vp, 7 AP is ¢’ -regular.

(b) Vp, is (¥, p)-decay where v = % and g = 20 + £(x) (k + 1)H (ﬁcff),,

Cpe
(c) When p > —log, S(K/Z”" we have

2+1)H°
4+ 22
TV AP . «), Zl‘v
sup (7 Clsar), Gi(ls)) < ———— Tzt D
and
1 [2f(x)cpe 4+ 2%
Vvt — v | —2 1 39
4 ((ﬁ+1)~+ V) iz + (39

Based on Lemma 20, we now prove Lemma 8 as follows. Recall the parameter settings in
Theorem 2, which implies

)’Az
5y

T3 40 X 27~ e > 10A2_ e 2#%2) = 1042 7 2H*2y/.

max

Further, the parameter § = K” (zf(K)C”e)ﬂ ensures that f(x)(k+ 1) (ﬁc”f)ﬂ <2"vandg’ < % = 3.

As a result, one can easily venfy that the lower bound assumption on 7 in Lemma 20 holds.
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Therefore, by setting the Q-functions in Lemma 20 as {Qfm}ie N> We obtain that the returned

policy f m+l is & regular and (7, p)-decay by part (a) and part (b) of Lemma 20. Further, we can

check that 7y < 2#*2y" and 7 < % Therefore, f mtl e A Ls and we can apply Lemma 9 (more

specifically, Equation (26)) and get that the local Q-functions {Q?Wl }ien of the output policy gc m+l
=, y(F+nto)
r/lext =r+ YS?If)T/()7 ’

’
next>

satisfies (v and we can easily check v/ . < v’. As a result,

next —

1)-decay, where v

the local Q-functions {Qfm+1 }ien satisfies (v, u) decay property.
Also, by part (c) of Lemma 20, we have
Cpe Cpe (4-5Y)
Smi1 3y 4+ 50 3(4-3y)F 4+ 2z(4—3y)f Cpe
TV -V < 1= 1:= 1.
1-y(k/2+1)H (1-y)4-5y) (x/2+1)# (/2 +1)H

This concludes the proof of Lemma 8. We will next prove the three parts of Lemma 20 in the
following three subsections.

E.1 Proof of Part (a)
Recall that in (37), 7%;.0 is defined and updated only on the local state s N For each i, we define
ﬁf(-ls) = ~f(-|sNif<, SNE) = J%f(-|sNix) which is an extended version of frf with nominal (but not
actual) dependence on sy« . Then, 7%;0 (+|s) obeys,
1 N
~p+1 ~p — S -
7 (ajls) o 7 (ails)' ™" exp ’IEaj~;f5?(-|sN;<),Vj¢i[; Z/\; Qj([SNf]NJ{I, [“M"]Nf\i’ ai)D, (40)
JeNF
which is equivalent to (37). We also use the following abbreviation notation Oi(s,a i, a;) =
ﬁZ JENE Qj([snr] AP [anx] NP a;) which again has nominal (but not actual) dependence on
J J

(snx, anx ). Then the update rule (37) can be further written as for all i and s € S

il (ails) o 7f (ails)' " exp (1B, oo (e ji1Q' (5 -t ai) ) (41)

Now consider a given agent i and fix two actions a;, a;. We define gf”(s) = log frf”(a,-Is) -
log frf 1 (a}|s) which according to (41), follows the following update,

T (s) = (1= nD)E () + 1By s (5gm) il Q' (5.0 @) = Q'(s. 0, )] (42)

We now give an upper bound for 1O (s, as, a;) — Q' (s, as, a;)| as follows:

Ni Ni ’ 1 N ([ — sWakyva v ’
10" (s, a-i, ai) — Q'(s,a-,a7)| < — Z 1Q; ([sne] s Lang] s ai) = Qi ([Sne] s [ang] s o @)
n jENK L j L j 1 12 J 1 J 1
1 A _ o
= Z (’Qj([st]Nj{f, [a)\/i"]Njﬁ\i, a;) — Q;(Snx, [ans]-i, ai)|
JENF

+ 06N (@7 1-4001) = Q) (57 [N 00|

)

+ ‘Qj(SNL.", [ans]l-i,ai) — Q;(Snx, [ang]-i af)

1 0
<= > (2e+28)
JENE
K VI
sz' ’|e+—, (43)
n n
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where the second inequality is due to Definition 4 and (20). As a result, we have
77 )1 =10 =D& () + 1Bz i) il Q' (5 0 @) = O'(s, @ @)

14

= INF ’
< (1 =n0)|& (s)| +n|2 " e+; .

Considering the fact that we start from a uniform policy, we have Vp, |§p ()] <1 (2= N

~/ — (zf(K)Cpe Cpe

=y %), where we have used € = B

e+%)$

E.2 Proof of Part (b)

The proof is a similar but slightly more complicated version of the proof of Lemma 10. Similar to
the steps in the proof of Lemma 10, we fix i, j € N, and let s = (s;,s_;) and s’ = (s;, s—;j). Then, we
calculate,

N (s) - &)
= (1= n2) (& (5) = () + 1By s (e 01l Q' (5, 0o @) = Q' (5, 001, @)]
- UEWN,%{(.|%)’H,~[Q~I'(S’: a-i, a;) — Q (s ,a-i, G;)]
= (1= ) (& (s) - E(s")
+ UEa,~;}f(.|s,\7),[¢i [Qi(s’ a-i, a;) — Qi(sa a-i,di)] — Ea,~n, (-[Syx. K) l;tz[ i(s» a-i, a;) — Qi(ss a-i,dp)]

+ UEQ‘,Nﬁf(.B;Vi)’[;H [Qi(s’ a—i, ai) - Qi(s’ a—i, &l)] - a[~,1-{ ( ‘s K) i [Q (S a—i, al) - Q (S a—i, G )]

< (1= (E () = E() 41 ) TV (A af (S VHS +7H]

i
Recall the notation ZZP = SUpy v TV(frf(-|sj, S—j)s ﬁf(|sj' s—j)). We then have that,
sp+1 sp+1 5 5 e o4
& (s) = &) < (M=) & (5) = E(s)) +n ). ZE HS +nHY
i

< (1=no)(E(s) - E(s")) +qHL 27 + yHY

» _— -
< (1= (@) - 8()) + Y n(1 =P F(HZ 2T + HE).

k=0

Recalling n = -, we have,

cp+1 cp+l . 1 oL X

() = 8T < (Y 25+ HY). (44)
Since frf is 6’-regular, we can use Lemma 17 to obtain

~p+1 ~p+1 Arznaxe&, 1 Qi 24 Qi
TV(x; (-|s),7r§7 (:]s") < — exp (= (H;; Z’j +Hj; ) —1]. (45)
7 i

We have the following Lemma regarding H o

Lemma 21. HY' satisﬁes

;‘« "(dist(i, £) + 1)F < 219 4 F(k) (1 + 1) (ﬁ 1)# =g
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Therefore, %(HSIZ:’;FP + Hg) < %(Zf/H) < %, which can be satisfied when 7 > 47y. As a result,

we can simplify the above equation to
L p+l L p+l T S, LI 5
TV(E (1), 7771 (1s)) < A2 ce® ;(Hi? ZF +HY).

In the above equation, taking the sup over s_;, s;, s;., the left hand side would become Z{’}PH. Asa
result, if we repeat the above equation for all i, j pairs, we get,

= pl 01~ ~
77" < | Amax|?e® —(HZ™ + H), (46)
T

where H is a matrix whose ith row is HIQI Suppose Z™" is (Vp, p)-decay. Clearly we have 7, = 0,
and by (46), we have that

.
eO'

A2 1421

max

. 1
Vps1 < AZ e ;(VHVP +vg) < (47)

T— Arznaxe&/ 17H '
Now it remains to prove Lemma 21 to finish the proof of Part (b) of Lemma 20.

ProoF oF LEMMA 21. we give an upper bound for the term | [0} (zj, zks z_(j,k))—Qi (z;., Zk Z-(jik)) ]~

[Q%(2). 2} 2 (1)) — Q' (2}, 24 2—(jk)]|. For j, k € N, consider Q' (2}, 2k, 2—(j.k)) = Q' (2> 2k - (j))»
we have that
Q' (z), 2k, 2 (jup)) = Qi(z},zk, z_(ik) = [0 (z. 22— (jx)) — Qi(z}, 21 2= ()]
1 A . A, _
== Z [Qf(zj, Zk, [Z/V;‘]N{{f\(j’k)) = Qe(2], 2k, [ZNf]Nl{f\(j’k))

n
B~ NP
t’eNi"ﬂNj NNy

= Ouley, 24 (25 ) )+ Oe 2 2 28], )|
Notice that
10e (2}, 2 [ZnEd it () — Qo2 2k [N ]- G| < e (48)
We can use triangle inequality to obtain
[0 (2 21 2- () = Q' (2 21 2(0) | = [Q7 (25 24 2- (1) = Q' (2] 24 2 (10 ]|

Al 1 _ _
<4 nl €+ Z |Qf(Zj,Zk, Znr] =) = Qe(2) 2z, [ZNE] - (b))
teNEONP NS

= Qe(zj, 2z, [ZNF] - (b)) + Qe(2], 2, [W]—(j,k))|

Thus, we have
K
o Q IN/]
ij < ij + 476 (49)

For the decay property, note that Vj ¢ N, Hsi = 0, we have

5i N
Z HY (dist(i, j) + ¥ < Z (H7 +4| d |e)(dist(i, j)+ 1H
JEN JENE n
<Y 4 INFle(x + 1)H, (50)
which completes the proof. O
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E.3 Proof of Part (c)

Recall that in Lemma 18, we showed that the following update will converge to ¢, the policy
resulting from the exact policy improvement w.r.t. Q (with appropriate choices of 5 and 7).

ﬂf“(ai|s) oc 7 (a;|s)' 7" exp (”Eaj~7r§’(~|5),j¢i[Q(S’ a_ja;)]),Vie N,seS. (51)
For two arbitrary actions a;, a; we define §f+1 (s) =log nfﬂ (ails) —log ﬂf+1(al’.|s). The central step

of our proof is to track the difference between our algorithm (41) and the algorithm (51). To this
end, we will provide a recursive bound on

of = sup TV (r? (-|s), & (-]s)). (2)
seS

Recall (42) as follows.
Es) = (1= () + 1By _ip s il Q' (5. 0o ai) = Q' (s, 0, a))].

Now let’s track the difference of our algorithm and the prototype algorithm. For all i, and for all s,
we have

) =& (5) = (1= (E (5) = &) + 1B, ot (1) [Q(s. 0y @) = Q(s, a1, )]
= 1Bt i il Q15 ap @) = Q'(s,a5, )]
= (1= n0)(&f(s) — E'(5)) + n(Eo + Ey + Ey + Es), (53)
where we decompose the last two terms into the following four quantities:
Eo=E, (15 [Q(s,a_i,a;) = Q(s,a_;,a))] - Eajw,;f(,m,j#[Q(s, a_i,a;) — Q(s,a_;, a})]
Er =Eq it (19),j2i [O(s,a-i,a:) = Q(s,a-,a7)] - EaJ.Nﬁf(.|W),j¢i[Q(3, a-i, a;) = Q(s,a;, a;)]
By =By, a0 (g o[ Q(5 @i @) = Qs as, )]

- EaJNﬁ;’(.|W)J¢[[Q(W= [W] iy @i) — Q(W, [W]—is a;’)]

E;s = Eaj~~§’(.|w),j,+_i [Q(W, [W]—is a;) — Q(st» [W]—ia a;)]
=Byt il 05 ain ) = s e )],

First note that E, is the difference caused by sampling from 7'[}1-) (‘|s) and frf (+|s) while E; is the
difference induced by sampling from frf (+|s) and frf (+[sn%)- Second, term E; is the error between
querying Q functions at s and a_; and at syx and [@nx]-;. Finally, E5 accounts for the difference in

0 and Q. In what follows we bound these quantities one by one.
Bound on E,. Lemma 13 can be directly applied to bound E,, which leads to

[Eol < D TV(rl (1s), 7 (ls)HS < Y HYaP, (54)
i i
where in the last inequality we have used the definition of vf in (52).
Bound on E;. By Lemma 13, E; can be bounded by
~pP ~P e Q
Exl < TV (ls), 7 ([sng) HE
j#i

< 3TV Cls), 2l Cls)) + TV Cls), 2t CISRp)) + TVl (150, 28 Cap)) ) H
j#i
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<2 oPHS + 3 TV(rl (fs), 78 (-[5aF) HE

J#i J#i

<2y ofHZ+ Y HZ+ > > ZTHS

J#i jeENiK/z jENiK/Z,j#i LgNK
P7Q Q Z Z 7P 170
S2ZUJ'HU+ Z Hij+ th’ Hij
J#i jeNiK/Z jENiK/Z,j#-i edist(£,j)> 5

Vv
o+l 4 gl PV AL e

—2Ht1y A2 enL‘/r
<2y ot e e
245 (k/2+ 1)r
2p+2 /
DN
J#i ( +1)Il

where in the fourth inequality we used similar augments like we did in (17) and (18), and in the last

two inequalities we have used Lemma 16 and Corollary 19 and the conditions on 7 > 2#*21/ A% enz.
Bound on E,. To bound E,, we only have to bound

|0(s, a—i, a;) = Q(s, ai, a) — Q. [anr]-i @) + QG [anr]-i, a))]

1 - ’ _— _— ’
< Z |0j(s,a_i,a;) — Q;(s,a_,a}) — Q;(SnF, [an~]-i, a;) + Q; (Snr. [anx - a})|
=1
which further implies that we only have to upper bound each term inside the above summation. To
this end, we introduce the following lemma.

LEMMA 22. Under the scenario of Lemma 8, we have the following bound:
2V’
1Q; (s, ai, ai) = Qj(s,a-i, a;) — Qj(snx, [anw]-i, ai) + Q; (Snx, [anr]-i, aj)| < 2+ P

Proor. Indeed, we have two ways to upper bound this term, the first way is

Q) (s, a—i, ai) — Qj(s, a-i, ai) — Qi S, [anr]-i, ai) + Q; nr [anr]-i a7l
<1Qj(s azi, a;) = Qj (s, a—i, ap)| +1Q; S, [ans]-i, ai) — Q;Snr, [anx]-i, a))|
Y
< 2@t )+ )
where in the last inequality, we have used the (v’, 1)-decay property of {Q;}. Also we have another
way for this bound, that is,

|Qj(ss a—i, ai) - Qj(s) a-i, az/) - Q](Ws [W]_i’ ai) + Q](W’ [W]—i’ a:)|
< |Qj(s» a—i, ai) - Q](Wa [W]*is ai)| + |Q](5, a—i, az’) - QJ(W» [W]*i’ a:)|

<2 - .
max(1, k — dist(i, j) + 1)#

Thus we have
1Qj (s, a—i,a;) = Qj(s,as, ai) = Q; 5w, [anr]-i ai) + Q; (5nr, [anF]-i, a)l

v/ v/
< 2mi s
= mm{(dist(i, )+ DF max(1, k — dist(i, j)+1)l‘}
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2v’
< —
(k/2+ 1)
where the last inequality holds since either dist(i, j) or k — dist(i, j) will be larger than /2. O
By Lemma 22, we can derive an upper bound for E; as follows.
2 v i 2v
IEz| nJZ:;(K/2+1)/‘ (k/2+ 1)K (55

Bound on Es. Similar to the proof we presented in bounding term E,, to upper bound Es, we
only need to bound the following term.

|QGRF, [anF]-iai) — QGar, [ans] i aj) = Qs a—i, i) + Q(s,as, aj)]

1 o A _ L
== Z |:Qj(leKa [a/\/f]—i’ai) - Qj([sA/lK]Nﬁ> [aNlK]Nﬂ\l’ ai) + Z QJ(SNIK’ [a/ViK]—ia ai)
JENK ! ! JENE
- Z [Qj(W, [@ne]-i ;) = Qi ([Sar] s [ang] ypy a;)] - Z Q;G5ar, [ans]-i a7)]
J J
JENF JENE
1 - A _
<= _ZK Qi RF [aRF] - @) = Qi (SRF] o [aNF] 1 @0
JEN]
1 _ A _
+- Z Q;(swr, lan<]-i af) — Qj([sN{‘]NJﬁ» [aN;‘]Nl[f\i,a,{)
JENE

JENE
N !
N le +—2 , (56)
n n(k + 1)#

where in the last step we used the error bound on Q ; in the condition of Lemma 20, and the property
of (y, v)-decay matrices presented in (8).

Putting terms Ey, E;, E,, E5 together. Combining the bounds in the previous steps, we have,

1E 1 (s) — & (s)| < (1= o) |EF (s) — EP(s)| + n(|Eol + |l + |Ea| + |Es))

_ D g .10 2127 4 2y’ v'/n .
<(1-no)|&(s) - & (s)|+n(3;v{,Hi{,+ e rea el

~ 3 ’ 2p+2 ’
< (l—m’)|§f(s)—§f(s)|+3q;foS+q((‘;/;T);+26). (57)

Plugging 1 = % into the above inequality, we have

= 3 1(3v +2#+2y/
p+1 p+1 z : p 170
e s)— & s)| < - vvHS + | —— — 4+ 2¢].
|§l ( ) §1 ( )| = £ [ 74 ,[.( (K./z 1)‘” )

By Lemma 17, we have

1 o 3 1(3v + 2K+
p+1 2 & P17Q
v, < =AZ e’ |ex —EUH-+——+26 -1].
i 2 max ( p(T £ it T( (K?/2+1)” )) )
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Recall our definition of € = (ﬁ+1)l‘ in (20) and the choice of T > 2(2¢*v" + 2 (ﬂ+1)ﬂ) in Lemma 20.
With these results, we can easily show that the quantity inside the exp(-) can be upper bounded by

1(3v" + 202 1
P L op+l ’ 427
e
E + 2¢€ 3.-2770 43V 42 4+ 2c¢
T i (x/2+ 1)+ P

IA

1
(/3+1)”)

IA
N=

(58)

By the simple fact that e¥ < 1+ 2x for x < 1/2, we have

+3
p+1 < A2 7 Z Pi l 2K V’+2cpe
max® ey t\ (x/2+1)H ||

If we stack all o into a vector v” = [0”];c v, the above inequality implies

5 1{2M3 + 2¢
ot < A2 o (31 How = e 1
T (k/2+ 1)

and it immediately follows that

o1 2143y 4 2¢
P < A2 21g9 Pl 4 A2 I 3
||U ||0° max T” ||0°”v ||00 max T (K/2+ 1)/1 .

7 oi1y’ we have 242 e? ||H?||w/7 < 1/2. And thus for all p, it holds

Therefore, when 7 > 6A? max€

maX
that

S 12K 4 2¢ 4+ 25
||UP||oo < 2A2 pe 21y

max® T A D 3(k/2 4 DA

Further, using Lemma 18, when 7 > 2#*2)/A2 _ e"'/" we have for each i € [n] that

1
sup TV (P (-[s), Gi(-]s)) < —
seS
By triangle inequality, we have
TVO Clong) L1 < o+ A2
su QDY )< —+——
o8 R T TP RSV
+ 55
Therefore, when p > —log, W, we have
TV(#? ik 59
sup TV (A Clang ). 1) < oo (59

This completes the proof of the first statement in Part (c) of Lemma 20. Next we prove the second
statement. Since we now have a total variation bound (59), we can use Lemma 7 to bound the
value function difference between the policy {; obtained by directly applying the Bellman optimal
operator and the policy 7; carried out by our policy iteration process. Specifically, we have that

TV -v¥ <vé v
IVE = V|1

IA

IA

T+ —) ZsupTw;( I5), 7 (-lsap)1

ISE
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Spe
2Ky

(k/2+ 1)H
I (G T N
L—y (B+DH (k/2+ 1)1
where the third inequality is due to Part (b) of Lemma 20 and Lemma 7. Now that we obtain the
upper bound for each step of our outer loop, which completes the proof of part (c).

4+

IA

1
——(nt6’ +Vv')
-Y

F RESULTS ON SUFFICIENT EXPLORATION

In this section, we provide a general result on the sufficient exploration for non-deterministic
policies. Given § > 0, we define Il = {{ € Aplicy | min,, {(als) > 8}. For a o-regular policy ¢,
since {;(a;|s)/{i(a;|s) < e’ foralli=1,2---,n,s €S, and a;, a; € A;, we have

max; ca. Ci(d:ls .
min é’i(ai|s) > G;€A; é/,( i|s) S |
a;€A; eo |ﬂi|eo'

It follows that
1
. > _ v
min¢(als) = S LAl
Therefore, all o-regular policies are contained in I15 Wlth 5=1/(e" T1L, |Ail).
PROPOSITION 3. Suppose that Assumption 1 is satisfied. Then we have the following results for any
¢ ells.
(1) The Markov chain {Sy} induced by ( is irreducible and aperiodic.
(2) Let i be the unique stationary distribution of the Markov chain {Sy} induced by {, then we
have piin = infy ey minges 1 (s) > 0.
(3) There exist constants C > 0 and p € (0, 1) such that
sup TV(Pt( | s(0) =s), pe (- )) <Cp', Vt=0.
Jells

Proposition 3 states that, as long as there is one policy {;, € Ils that is explorative, then all
policies in ITs are uniformly explorative. Note that Lemma 4 is a direct consequence of Proposition 3.
Therefore, we only need to prove Proposition 3.

ProOF OF PrROPOSITION 3. Proof of Part (1). Let { € I be arbitrary, and let Py, and P; be the
transition probability matrices under {; and {, respectively. For any s,s” € S and t > 1, we have

Pgb (s,s") = Z Pgb_l (s, 50) Py, (s0.8")
ZPt 1(5,50) ) Go(also)Pals0,5")

aeA
ZPf o0 3 L el P
5 PE (s 50) ) {(also)Pa(so. )
aceA

< 5 Z Péb_l(s, $0) P (s0,8")
So
1 t—1 ’
= (PP (5.
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Since the previous inequality holds for all s and s’, we in fact have 5P§b < Pgng. Repeatedly using

the previous inequality and we obtain
tpt t
(8)°P;, < Py,

for all t > 1. When Py, is irreducible and aperiodic, the previous inequality implies that P, is
irreducible and aperiodic.
Proof of Part (2). To establish the result, we need the following sequence of lemmas.

LEMMA 23. The mapping from a policy { € Il to its corresponding transition probability matrix
Py is linear and is 1-Lipschitz continuous with respect to the fo,-norm.

Proor oF LEMMmA 23. The linearity is straightforward, we here only compute the Lipschitz con-
stant. Let {1, {> € Ils be two policies, and let P, and P;, be the transition probability matrices
induced by {7 and ¢z, respectively. We will view {7 and {; as |S| by |A| matrices. Using the definition
of induced matrix norm and we have

1Pg, = P lleo = magZS Py, (5.8') = Py, (5,5")]
= max ) | > (&(als) = &(als)Pa(s.s')

€s s’eS lacA

max > > 14i(als) = (als) Pa(s. )

s’eS aeA

= max )7 > |4i(als) = &(als)|Pas.5')

aceAs'eS

= max Z 181 (als) = &2(als)]

acA
151 = Calloo-

This completes the proof. O

IA

Since IIs is a convex compact set and the mapping from { € Il to the transition probability Py
is linear (hence continuous), the image space P, = {P; | { € IIs} is also convex and compact.

LEMMA 24. Let Py, P, € Pri,, and let jiy and i, be their corresponding unique stationary distributions,
respectively. Then there exists L (which depends on P, ) such that

llun = pallz < LIIPy = Pyl

As a result, the mapping from an irreducible and aperiodic stochastic matrix P € Pry to its unique
stationary distribution is continuous.

ProoF oF LEMMA 24. Since P; is an irreducible and aperiodic stochastic matrix, there exists
C; > 0 and p; € (0,1) such that

1P} = M|z < Cipf,

for all t > 0, where M is a matrix with |S| rows, each of which is the vector y; [20, Theorem 4.9].

By definition we have y| P! =y and p; P} = p) for all + > 0. It follows that

1 — = (P (1 — p2) + (P} = PY) "o
= (Py = My) " (p = p2) + My (1 = pi2) + (Pf = P) " piz. (60)
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Applying || - || on both sides of Eq. (60) and then using triangle inequality, and we have
i = pallz < 1(PF = My) T (py = ) ll2 + 1M (1 = o) ll2 + 11 (P = P5) " pia
< (P} = M) Tllallpn = palla + IMY (o1 = p2) [l + 1 (P] = P3) T[22
< Cipillpn = pall + 1M (o1 = p2)llz + 1P} = P32
For the term ||M]" (p1 — pi2) ||2, we have by definition of M; that
1M (1 = p2)ll2 = Il = pall2 = 0.
It follows that

i = pallz < Cipillpn = pallz + 1P} — Palla.

log(2Cy)

When t 2 5,575,

(which implies C;p} < %), we have from the previous inequality that

i = pizll2 < 2[|P} = Pyl
We next bound ||P! — PL||; in terms of [|P; — P;||,. Observe that

t—1
Pl—Pl =P+ Z(—Pf—ipg +P!7iply — p!

i=1

t
- Z(P{C_H—lpzi_l _ Plt—lpé)
i=1

t
= > PP - PP
i=1
Therefore, we have
t
IP{ - Pill> < Z IP{ N121IPs = PallolIPy Iz < tNZaylIPr = Pall,
i=1

Here Npmax := max{||P||; : P € P}, which is well-defined and finite since Py, is a compact set
and the £,-norm is a continuous function. Finally, we obtain

1 = pallz < 26ENZ, )IPy = P2,
when t > ll(f’gg((lz/cpll)) . Note that while Ny, is independent of P; and P», the factor t depends on C;
and p1, both of which are functions of the stochastic matrix P;. m]

LEmMMA 25. Forany p € RIS! the mapping from i to its minimum component is Lipschitz continuous.

Proor or LEmMmA 25. For any py, pi2 € RISI, we have

min g (s) — min g2 (s)| < max |pi(s) — p2(s)[ = g1 — pizllo-
seS seS seS
o

Combining Lemma 23, Lemma 24, and Lemma 25 and we conclude that the mapping from { € Il
to the minimum component of the stationary distribution p; of the induced Markov chain {Sy} is
continuous. In addition, since IIs is compact, we have by Weierstrass extreme value theorem that

Hmin = gigrfg min pe (s) = ?elhré Isréiélﬂg(s) > 0.
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Proof of Part (3). Given the lemmas presented in the proof of Proposition Proposition 3 (2), this
part directly follows from existing results in the literature, see for example [43, Lemma 1]. The
idea is to mimick the proof of the ergodic theorem [20, Theorem 4.9] for irreducible and aperiodic
Markov chains and perform a refined analysis. O
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