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Abstract

This dissertation examines the use of information design as a tool to mitigate the
spread of infection. Specifically, I investigate how central planners, or senders, with
access to more information can utilize their informational advantage to enhance social

welfare.

In the first chapter, I analyze a scenario where a single sender must determine the
best information revelation policy when receivers have varying levels of social activ-
ity and must choose binary protection levels, which then determine a transmission
network for the infection. I establish that, in this case, it is optimal to obfuscate
information only for intermediate transmission rates and low initial infection proba-
bilities.

In the second chapter, I further explore the use of information when there are
multiple senders, each caring for their own population. I characterize the equilibrium
actions of the populations given any information and the equilibrium information
disclosure policies between two senders. I establish that two senders will choose to
disclose no information when they are either heavily economically focused with high
economic costs and a low prior belief about the disease or focused on health with
low economic costs. In situations where one sender is heavily economically focused
with high economic costs and a high prior belief about the disease, while the other
sender is either heavily economically focused with high economic costs or focused on
health with low economic costs, the optimal equilibrium strategy is to disclose partial
information. Finally, the optimal strategy for the senders to disclose full information
occurs when at least one sender is either concerned but not extremely concerned

about the economy or focused on health with high economic costs.
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Chapter 1

Introduction

This dissertation investigates the use of information design for containing epidemics.
When facing the spread of an infection, people need to make a trade-off between the
costs of getting infected and adopting protective actions, which is complicated by the
fact that higher protection levels from others create an incentive for individuals to
free-ride. In this context, a social planner will possess more information about the
severity of the infection, particularly early on during a pandemic. Therefore, a natural
information design question arises: can the social planner leverage the information
advantage to improve social welfare? More specifically, when is it optimal to disclose
no information, full information, or partial information in the sense of generating
higher collective social welfare?

In the first chapter, I study this question in a model with a single sender and a
network of individuals. I develop an extension of the Reed-Frost model to capture
the spread of the infection among individuals with heterogeneous social activity and
protection levels. Using an information design model inspired by the Bayesian per-
suasion game, I show that it is optimal for the sender to fully reveal the information
when the transmission rate is very high or very low and to reveal partial information
when the transmission rate is intermediate. 1 also show that it is optimal for the
sender to fully reveal the information when the initial infection probability is high
and to reveal partial information otherwise.

Building on this, I extend the question to multiple social planners who possess

the same information advantage and perform information design simultaneously. In



the second chapter, I answer this question for a model with two senders and two
populations with heterogeneous economic costs for social distancing. I analyze the
equilibrium information disclosure policies between two senders who may bear dif-
ferent levels of priority over the health and the economy objectives. I show that the
senders will reveal no information when they are heavily economically concerned with
high economic costs and a low prior belief about the disease or health-concerned with
low economic costs. The senders will reveal partial information when one sender is
heavily economically concerned with high economic costs and a high prior belief about
the disease, while the other sender is either heavily economically concerned with high
economic costs or health-concerned with low economic costs. The senders will re-
veal full information when at least one sender is either concerned but not extremely
concerned about the economy or health-concerned with high economic costs.

I am confident that these findings will be of interest to researchers and policy-
makers seeking to understand the optimal use of information design for controlling
epidemics and will provide valuable insights into how to balance economic and health

concerns during a pandemic.



Chapter 2

Controlling Epidemics: the Value of
Information Design

2.1 Introduction

When facing the spread of an infection, people need to make a trade-off between
the costs of getting infected and adopting some protective actions. This trade-off is
more complicated than one may imagine because the spread of infection in a social
network is endogenous. That is, one individual’s infection probability depends on
her protective action as well as the protective actions of everyone else in the society.
As a result, higher protection levels from others create an incentive to free-ride. If
everyone wants to free-ride, however, then the societal protection level becomes too
low to curb infection.

Generally speaking, a social planner possesses more information about the sever-
ity of the infection, especially early on during a pandemic. Therefore, a natural
information design question arises: can the social planner leverage the information
advantage to improve social welfare? More specifically, is it possible that obfuscating
information generates higher collective social welfare than being transparent?

In this paper, we develop a model to answer these questions. In particular, we
study how a more informed social planner should inform a population about the
severity of an infection when the individuals have heterogeneous social activity levels
and decide their own protection levels. In particular, we consider a social planner who
observes the infection severity, which has two possible values (high or low). We also

have n individuals who have heterogeneous social activity levels. The social activity
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level captures the likelihood of an agent being connected to others. Additionally,
the protection level of each agent captures the likelihood of that agent being present
in the society and therefore susceptible to the infection. The social activity and
protection levels of agents determine a social network among them that governs the

spread of the infection.

To model the spread of the infection with heterogeneous social activity and pro-
tection levels, we develop an extension of the Reed-Frost model (a stochastic and
discrete variation of the SIR model). Formally, each agent decides a binary protec-
tion level that captures the probability that a node representing this agent appears
on the network. Furthermore, each agent has a social activity level independently
and identically drawn from a uniform distribution. The product of the social activity
levels between two agents determines the chance that an edge exists between them in
the contact network. Before the infection starts, each agent becomes an origin of the
infection independently with an initial infection probability. After that, each infected
and unprotected agent will transmit the infection to each one of her unprotected
neighbors in the contact network independently with a transmission rate.

Our information design model is motivated by the Bayesian persuasion game of
[KG11]. The social planner (sender) commits to a messaging policy, privately observes
the state of the world, and sends a one-shot public message to all agents based on
the state. Each agent obtains information solely from the sender and chooses her
protection level based on her belief about the state of the world and her own social
activity level. A higher protection level is more costly but decreases the infection
probability. In particular, the dis-utility of each agent is the protection cost plus the
severity of the infection times her infection probability.

We first show some properties of the stochastic process dictating the spread of the

infection. Naturally, higher social activity levels increase the infection probability,
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and higher protection levels decrease the infection probability. In addition, the in-
fection probability is submodular in the protection level and the social activity level.
That is, protection is more effective when social activity levels are higher. Using
these properties, we establish the existence and uniqueness of Bayes Nash equilib-
rium among agents. We further characterize the agents’ equilibrium and establish
that it is a threshold strategy. That is, agents whose social activity levels are below
(resp. above) a threshold choose the low (resp. high) protection level. We further
explicitly characterize the equilibrium threshold as a function of the agents’ posterior
belief of the infection severity. Equipped with these characterizations, we then turn

to our main question: can obfuscating information improve social welfare?

To gain an intuition on why obfuscating information can be helpful, let us first
consider the situation in which the social planner truthfully reveals the severity of
the infection, which leads to the corresponding “full disclosure equilibrium protection
levels” in the society. Now imagine hypothetically that the social planner is able to
dictate each agent’s action in order to maximize social welfare. In this case, the
corresponding “centralized protection levels” may be different from the equilibrium
ones. By obfuscating information, it may be possible to distort the resulting equilib-
rium protection levels towards the centralized ones, hence improving social welfare.
Even if one can show that such an improvement is indeed possible, how to most ef-
fectively convey the information to maximize this improvement remains a challenge.

Therefore, in this paper, we attempt to address the following main questions:

When is it optimal to obfuscate information? How can one design the

information design policy to mazimize social welfare?

In order to answer these questions, we approximate the infection probability in
the limit as the number of agents goes to infinity. We first consider the situation

bt



in which information asymmetry between the social planner and the society at large
only occurs at the onset of the infection. In our model, this corresponds to imposing
the simplifying assumption that the infection transmits only through one step from
the origins. With this one-step transmission, we show that it is optimal for the social
planner to fully reveal the information to the public when the transmission rate is
very high or very low and when the initial infection probability is very high or very
low. We further establish that when the transmission rate and the initial infection

probability are intermediate, it may be optimal to obfuscate the information.

We then extend our results to the more general model of infection, such that
a node is infected as long as there is a path linking to an origin. We prove that
the results of the simpler one-step transmission model in terms of the impact of the
transmission rate continue to hold, while the results in terms of the impact of the
initial infection probability change. In particular, it is no longer optimal for the social
planner to reveal full information to the public when the initial infection probability

is very small.

Our main results confirm the major benefit society can reap when the social plan-
ner reveals information about the severity of an infection strategically to the public
but also lead to two new insights. First, for very high or low transmission rates, fully
revealing information to the public is optimal because the social planner’s informa-
tion revelation cannot convince individuals to change their (equilibrium) decisions
about protection levels. We also show that, for a nontrivial set of intermediate trans-
mission rates, obfuscating information is optimal. Second, we show that when the
initial infection probability of individuals is large enough, the optimal information-
revealing policy is again full disclosure. When the initial infection probability is small,
it becomes optimal to obfuscate information. Although our model is a simplification

and abstraction from reality, we hope that our analysis sheds lights on the design of
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information revelation policies for pandemic control.

2.1.1 Related literature

From a methodological perspective, our paper relates to Bayesian persuasion and
belongs to the rapidly growing literature on information design. Earlier works on
Bayesian persuasion include [CS82], [Mye97], and [KG11]. More recently, [Elyl7]
extends the Bayesian persuasion framework to a dynamic setting and discusses the
trade-off between current persuasion and the ability to persuade in the future. See
also [BM19] and [Kam19] for a survey. Bayesian persuasion has also found several
applications in operations. Representative papers include [LI19], [AIM20], [DJR21],
[CD20], and [PBS18]. See [Can20] for a survey of these applications.

More specifically, our paper is related to the literature on information design in the
context of epidemics. Representative papers are [AdVW20], [dVGW21], and [DR21].
The most closely related paper to ours is [{VGW21], which studies how governments
may effectively inform the public about an epidemic to induce compliance under
different emphasis on economy concerns or population health concerns. They model
the infection probability as a linear function of the number of socially active users
and prove that when the government does not distort economic versus health costs
of the users in its objective, it is optimal to be fully transparent. However, when
the government heavily prioritizes the economy over population health cost (or vice
versa), it becomes optimal to strategically obfuscate the information. We depart from
this work by considering a more explicit model of the network formation to account
for the heterogeneity in the social activity level of users. We also explicitly model
the spread of information by developing an extension of the Reed-Frost model. The

heterogeneity of users in terms of their social activity levels and explicitly modeling



the infection probability (as opposed to a linear function of the socially active users)
have a profound impact on the insights we obtain and are in sharp contrast with
the work of [dVGW21]. In particular, we establish that, when we account for the
heterogeneity of social activity levels, fully transparent policies may no longer be

optimal even if we do not distort economic versus health costs of the users.

Our paper is also related to the literature on contagion processes. Representative
papers in this area include [JW96b], [BGOOb], [KKT15], and [CJP09] (see [Jac08a]
and [DM10] for surveys). Differently from the most common approach in this lit-
erature, which is to consider (variations of) the SIR (susceptible-infective-removed)
model, we use an extension of Reed-Frost model (a discrete and stochastic version
of the standard SIR model) to account for protection level and heterogeneous social
activity level. As we explain in Appendix ??, our contagion model leads to the same
behavior of cumulative infections as Reed-Frost but enables a tractable and much
more general analysis on how the spread of infection depends on protection levels
of agents. Additionally, our contagion model is related to the independent cascade
model of [KKT15] but again extends it to account for heterogeneous protection level
and heterogeneous social activity level.

Lastly, our paper is related to the emerging literature on COVID-19. [FHLO20]
and [JCXT20], for example, study the effect of lock-downs and confinement for slowing
the spread of COVID-19. [BCF22] studies targeted closure policies in controlling
epidemic spread. [HHKM™20] and [CGL*22] analyze the health benefits and the
economic costs that social distancing brings about. [BDG121] studies the design
and performance of a reinforcement learning system for resource allocation during
COVID-19. [BK20] studies the externality of infection and isolation during COVID-
19. Closer to our work is [AMMO20], which studies the effects of testing in the spread

of an infection. In particular, our network formation and the contagion model build
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on this paper. However, we depart from this paper in two main ways. First, we
extend their model to account for users’ (endogenous) protection levels. Second, we
consider information design, which is not studied in [AMMO20].

The remainder of this paper is organized as follows. Section 2.2 presents the
model setup. Section 2.3 describes the general information design policy and ex-
plains a reduction using the revelation principle. Section 2.4 proves key properties
of the infection probability and establishes the existence and uniqueness of equilib-
rium among the agents. Section 2.5 studies the model with a one-step transmission
setting. Section 2.6 analyzes results about the general transmission model. Section

2.7 concludes the paper. The appendix includes proofs omitted from the text.

2.2 Model Description

2.2.1 The Environment

We consider the problem of informing agents to take actions in order to minimize the
spread of an infection. The problem consists of one sender (the social planner) and
n receivers (the agents) represented by the set I = {1,--- ,n}. Welet ¢ € I for a
typical agent. Consider a binary set of states © = {0,0y} with 0 < 0, < 0. The
state 6 € © represents the severity level of the infection, i.e., the unit loss incurred by
agents from getting infected. The realized state of the world 6 is private information
to the sender, and agents share a common prior u(-) € A(O).

We assume that agents are heterogeneous and that their types are denoted by their
social activity levels x = (x1,-+- ,2,). Intuitively, higher social activity provides
greater utility to the agents but also leads to higher probability of infection. We

further assume each agent’s social activity level z; is randomly and independently



drawn from a uniform distribution over [0, 1]. We let v denote the probability density
function (pdf) of z; and v the joint pdf of x. We further let v_; denote the pdf of x_;,
where x_; represents the (n — 1)-dimensional vector that includes the social activity
levels of all agents except i. The realized social activity level of each agent i (i.e., x;)
is her private information, and the sender only knows the prior v, which is common
for all agents.

Each agent ¢ € I decides a protection level ¢; from a binary set Q; = {q1,qn},
where 0 < q;, < gg < 1. As we make it more precise later, a higher level of protection
makes the infection probability smaller. We let Q = Q1 x--- X Q,, = {q1,qn}" denote
the action space of all agents. Intuitively, adopting a higher protection has higher
cost but also reduces the spread of the infection. We normalize the cost of adopting
a low protection (i.e., ¢;) to 0 and the cost of adopting a high protection (i.e., qy)
to 1. Welet q = (g1, -+ ,¢n) € @ denote the protection levels of all agents.

Throughout, we make use of the following notation. For any vector p € R™ and
set Z C I, pz denotes the vector of entries whose indices belong to S, and p_z
denotes the vector of entries whose indices belong to I\ Z.

We next describe how social activity levels determine the social network in the

society and how the infection spreads, given the protection level of agents.

2.2.2 Network of Contacts

The social activity levels x = (z1,- -+ ,x,) generate a social network in which agents
1 and j are connected with a probability that depends on their social activity levels
z; and z;. Let G = (V, E) denote a random network where V = I and E € {0,1}""".
The entries of E are independent binary random variables. The probability distribu-

tion of the (i, j)-th entry, denoted by E;;, is P [E;; = 1] = z;x;. We let G = (V, E)

10



denote a realized network, where £;; = 1 means there exists a link between agents ¢

and j.

2.2.3 The Spread of Infection

For a given network G = (V, E), the stochastic process that governs the spread of
the infection is as follows. A subset of the agents, denoted by O, becomes infected
uniformly at random. Then, the infection spreads according to a variation of the
independent cascade model [KKT15|, described in the following. At the beginning
of the game, each agent chooses a protection level ¢; € ();. With probability ¢;, this
agent will be fully protected and no longer get the infection, i.e., node 7 and all edges
linked to 7 are removed from the network. After the protection level is chosen, at
time 0, each unprotected agent will become infected independently with an initial
infection probability m € (0,1). If an agent is infected, she will be active for one
round and transmits infection to her unprotected neighbors with a transmission rate
B. Given the number of agents n, the transmission probability between any pair of
infected and uninfected neighbors is 5/n € [0,1]. Given active agents, the infection
simultaneously and independently transmits to each of their uninfected neighbors. If
an uninfected agent is a neighbor to multiple active infected agents, then the infection
is transmitted in an order-independent fashion. For example, if j is uninfected and
unprotected and is connected to two active infected agents, then j becomes infected
with probability 1 — (1 — /8 /n)2 At any round r > 0, for any uninfected agent i,
let us denote by d] the number of neighbors that are infected and active. Then, the

probability of agent ¢ getting infected at time r + 1 is

da;
1_(1_5) .
n
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Because an infected agent stays active for only one period, if a neighbor of an active
agent does not become infected at round r, then the neighbor will never become

infected via that node. A formal definition for the infection probability is as follows.

Definition 1 (Infection probability). For any agent i € I, social activity profile
x € [0,1]", and protection profile q € @Q, we let Pgn) (q,x) denote the probability
of infection reaching agent i. This probability is over the randomness in the formed
network, the randomness over the origin of infection, and the randomness in the
stochastic process governing the spread of the infection. We formally define this
probability using an indicator function on whether the node © is connected to the

origin in the realized graph, i.e.,
P! (q,x) =Ev [Egopn [L{O" ~i}]], (2.1)

where

0  with probability ¢;
V = {V;.}Z.E[, with V; = ’

1 with probability 1 — ¢;

o VE={iel:V,=1},

0 with probability 1 — ﬁ“il—z’
E ‘ VR = {Eij}i,jEVR’ with Eij =

1 with probability 2%

n

)

0  with probability 1 —
O VR: Oz VR, ’U}Zthol: )
eV

1 with probability 7

) OR:{iEVR:Oizl},
o O ~ i means there exists an element o € OF and a sequence of nodes i, =
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0 — iy — -+ — ip = i for some k € [n] such that iy,...,i, € VE and

Eijiy = Biyiy =+ =

=1. Ifi € OF, we say]l{ORwi}zl.

Tk—10k

We next illustrate the stochastic process and the infection probability by means

of an example.

Example 1. We consider a setting with two agents {1,2} and find the probability
of infection reaching agent 1. Given a protection profile q = (q1,q2) and a social
activity level profile x = (x1,x3), we now find the infection probability of agent 1,
denoted by P§2) (q,x). Note that agent 1 gets infected if and only if the agent 1 € VE
and 1 {OR ~ 1} =1, i.e., the agent is left unprotected in the contact network and is
in the connected component to the origins of the infection. Thus, using Definition 1,

we can write

PP (q,x)=P(1eVH1{0f ~1}=1)=P(1eVE1c0®)+P(1 eV Ol ={2},E,=1).

There are two scenarios where agent 1 gets infected: either agent 1 is initially
infected or the infection spreads from agent 2 to agent i. In the first scenario, agent

1 is initially infected if 1 € Of. The probability of infection, in this case, is
P1eOH=P1ecVHPLcO1 eV =(1-q)n.

In the second scenario, agent 1 is left unprotected in the contact network but is
not initially infected. Agent 2 must be a neighbor to agent 1 and initially infected
and then successfully spread the infection to agent 1. The corresponding probability

of infection is

PAlcVEOR={2),E,=1)=P(1,2c VEPO={2} | 1,2 VEYP(E1, =1|1,2€ V)

= (=) (- @) w0 —m) Gaea

The total infection probability of agent 1 is the sum of the probabilities calculated

13



in the above two cases. Thus, we have

PP (qx)=(1—qg)r+(1—q)1—qg)r(1—mr) gxle.

This example illustrates a basic scenario of finding the probability of infection.
When the number of agents is large, the number of possible cases will be large and
finding the probability of infection will be analytically challenging. Later, in Section
2.4, we will prove key properties of P and establish how the properties help us in

obtaining useful results.

One thing we want to highlight here is that our model for the spread of infection
is an extension of the Reed-Frost model. We establish this connection formally in

the following.

2.2.4 Reed-Frost model and its connection to our model

The Reed-Frost model is a commonly used model for epidemics that is the discrete and
stochastic equivalence of the celebrated SIR (susceptible-infective-removed) model
([DM10], Chapter 2.1). Here, we briefly introduce the Reed-Frost model and establish
that our model, explained in Subsection 2.2.3, is an extension of it.

The basic version of a Reed-Frost model with parameters n and p, as described
in [DM10], Chapter 2.1, is as follows. A set of n individuals is given, indexed by i €
{1,...,n}. At step 0, a single individual is infected. Once infected, an individual is
infectious during the subsequent time slot, after which she is removed (either dead or
immunized). While infectious, she will succeed in infecting a healthy individual with
probability p, and this occurs independently for all target individuals and infectious

individuals.
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A more formal description is as follows. Let Z, (t) € {S, I, R} denote the state of

node u during step t. Then, the process Z (t) = {Z, (t)} n} is a homogeneous

ue{l,...,
discrete-time Markov process; i.e., conditional on its state Z (¢) at time ¢, the future
evolution of the process after t is independent of the states visited prior to t. Given
two states z, 2’ in {S,I, R}", a transition from z to 2’ can take place only if for all
i=1,...,n,if z; € {I, R}, then we have z/ = R. That is, all nodes are removed
after being infected and remain removed afterwards, and if z; = S, then we have
2t € {S,I}. Denote I (z) (respectively, S (z) and R (z)) as the number of infectious

(respectively, susceptible and removed) nodes in state z. The transition probability

for a node u is given by

(1—p)'® if Z,(t)=S,Z,(t+1)=S
_ _ )\ i u =/ —
P2 (1) | Zu (1) — 1—(1-p) £ Z,(t) =S, Z, (t+1) 1‘
1 if Z,(t)=1,Z,(t+1)=R

1 it Z,(t) =R, Zu(t+1) =R

Provided the pair of states z, 2’ satisfies the above constraints, the transition proba-

bility is given by
P(Z(t+1)=4|Z(t)=2) = (S (Z>) (1= gy 5 [ 1 = ],

where I(2') = S(z) — S(%).

Our model of the spread of infection defined in Subsection 2.2.3 is an extension
of the Reed-Frost model. Our model is similar to the Reed-Frost model in the sense
that the spread of the infection can be modeled by a Markov process, i.e., the future

evolution of the process is independent of the states visited prior to the current
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time step. However, our model differs from the basic Reed-Frost model in two main
aspects. First, we consider heterogeneity in terms of the social activity levels among
the agents. Therefore, the identity of agents matters, and we need to keep track of
the states of all agents at each time step in our model instead of the total number of
agents in each state (susceptible vs infective vs removed) in the Reed-Frost model.
Second, we model possible isolation of agents according to their protection levels.
That is, the initial set of removed agents can be nonempty: each node is initially
removed with a probability equal to its protection level. In addition to the two
major differences, we also have multiple origins instead of a single one in the basic

Reed-Frost model introduced above.

A formal description of our model, using the same notation as the Reed-Frost
model, is as follows. Again, we let Z, (t) € {S,I, R} denote the state of node u in
step t. Let ¢, denote the protection level of agent u, x,, denote the social activity level
of agent u, $/n denote the independent pairwise transmission rate of the infection,

and 7 denote the initial infection probability. For all v € {1,...,n},

(

R with probability ¢,
Zy(0) =41 with probability (1 —g,) -

S otherwise

\

Similarly, we let Z (t) = {Z, (t)} .y denote the state of the stochastic process

ue{l,...
governing the spread of the infection. Given two states z, 2’ in {S, I, R}", a transition
from z to 2z’ can take place only if for all i = 1,...,n, if z; € {I, R}, then we have
2 = R. That is, all nodes are removed after being infected and remain removed

afterwards, and if z; = S, then we have 2/ € {S,I}. Denote I (2) (respectively, S (z)

and R (z)) as the set of the nodes that are infectious (respectively, susceptible and
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removed) in state z. The transition probability for a node u is given by

Mociczey (1= 25) if Z,(t) =S8, Z,(t+1) =S

n

n

- 4 _ ZTuZof i ” -5, 7, _
P(Z,(t+1)| Z, (1)) = 1 HveI(Z(t))(l ) HZ,()=52,t+1) =1

1 itz,t)=1,Z,(t+1)=R
1 it Z,(t)=R,Z,(t+1) =R
\

(2.2)

Provided the pair of states z,z’ satisfies the above constraints, the transition

(=) 1 (1 (-2)

vel(z) w'eS(z) \wel(z)

probability is given by

PZt+1)=2Z2(t)=2)= ][] <1—

uel(z")

where I(2') = S(2) \ S(2).

Next, we establish the equivalence between this extension of the Reed-Frost model
and our model for the spread of infection introduced in Definition 1. We prove that
the probability of infection is equal across the two models. First, let us consider our
model introduced in Definition 1. Let L (OR ~ z) denote the length of the shortest
path between i and an element in OF. If no such path exists, we say L (OF ~ i) = .

If i € OF, we say L (OR ~ z) = 0. With this auxiliary notation, we can write
P(node i gets infected in model with Definition 1) = Z P(L (0%~ i) =1).
t=0

Note that by Definition 1, a node i gets infected if and only if 1 (OR ~ z) =1. 1If
such a path exists, we have L (OR ~ z) < n because there are at most n nodes in

the network.
Next, let us consider the extension of the Reed-Frost model introduced above.
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Note that a node i gets infected if and only if for some ¢t < n, Z;(t) = I. By
definition, for each ¢, there exists at most one ¢ such that Z;(¢) = I (this is because
once a node is infected, it will become removed in the next round). Therefore, we

have

n

P(node ¢ gets infected in the extended Reed-Frost model) = Z P(Z(t)=1)).

t=0

To establish the equivalence of our extension of the Reed-Frost model and Defi-

nition 1, we prove the following result.
Claim 1. For anyt € ZT <n, P(L (OR ~ z) =t)=P(Zi(t) =1I).

Proof. We prove this Claim by induction on ¢. First, consider ¢ = 0. By definition,
we have P(Z;(0) = 1) = (1 — ¢;)m. We also have

P(L(O%~i)=0)=P>icO0f)=P@iecOf|icVHP(ie V") =r(1-q)=P(Z(0)=1).

Now assume the result holds for any ¢t < k. We prove that the result holds for

t =k + 1 as well. By the transitional probability defined in (2.2), we have

P(Z(k+1)=1)=P(Z(k) =S Z(k+1)=1)=1— ][] (1_%%5)'

i n
vel(Z(k))

Next, let N,(O%) = {i € V#: L (0" ~» i) =t} denote the set of nodes for which
there is a shortest path from an element of O to them with length ¢. Thus, we can

write



By induction hypothesis, we have I(Z(k)) = Ni(O), which completes the proof of

the claim. [

Using Claim 1, we obtain

n

P(node i gets infected in model with Definition 1) = » P(L (0" ~ i) =1t)
t=0

= Z P(Zi(t) = I)) = P(node i gets infected in the extended Reed-Frost model),
=0

which proves that the probabilities of infection across our model defined in Definition

1 and the extended Reed-Frost model described above are equal.

2.2.5 The Utility of Agents

Each agent ¢ € I has a utility function ugn) @ x X x © — R that is a mapping
from the action profile of all agents, the (ex ante) unknown social activity profile of
all agents, and the state of the world. The utility function of agent 7 is given by

i

where the first term, —PE”) (x,q) 6, captures the loss from getting infected, and
the second term, —1 (¢; = qu), represents the protection cost. Here, we use the
superscript (n) to highlight the case with a finite number of agents. Later in the

paper, we will let n approach infinity.

2.2.6 Equilibrium

We now consider the game among the agents and discuss the equilibrium of the

game with incomplete information. Each agent ¢ knows her own social activity
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level z;, the distribution p(-) € A(©) over the state of the world 6, and the dis-
tribution v_; over the remaining agents’ social activity levels. We denote an ac-
tion strategy by a : [0,1] x A(O) — {qr,qn}, which maps an agent’s social ac-
tivity level and belief about the state of the world into a protection level. We use
the notation a(x,u) = (a(x1,pu),a(xe, p), -+ ,a(ry, 1)) to denote the symmetric
protection profile based on the action strategy a for a social activity profile x and
denote a (x_;, 1) = (a(xy, 1), - ,a(zi—1, 1), a (T, pt), -+ ,a(x,, 1)) in a similar
way. Note that because any message from the social planner is public, everyone in
the society shares the same belief about the state of the world.

Next, we formally define the notion of equilibrium in the game. We consider the
symmetric Bayesian Nash equilibrium a® (z, 1) that maximizes the expected utility
for each agent under the belief 1 and given that all other agents follow the same action

E That is, a strategy profile af (z, 1) is a Bayesian Nash equilibrium if

strategy a
and only if for every agent i, keeping the strategies of every other agent fixed, action

a® (

x;, ;) maximizes the expected utility of agent ¢ according to her belief. Notice
that the symmetry assumption means that the strategy of each agent depends on her

social activity level  and her belief 11, and not her identity — the function a” (-, -)

is not indexed by 7. A formal definition is as follows.
Definition 2 (Symmetric Bayesian Nash Equilibrium). For any belief 1 (1) € A (©),
we say a¥ : [0,1] x A(©) = {qr,qu} is a symmetric Bayesian Nash equilibrium if

for every agent i and social activity level x; € [0, 1],

]EHN,u,x,ZNV,i [ugn) (aE (X7 ,u) ) X, 0):| > Eewu,x,iwu,i |:u£n) ((q7,,7 aE (Xfia N)) » X, 9)] )
(2.4)

for all ¢, € {qr,qu} -

In Section 2.4.2, we prove the existence and uniqueness of symmetric Bayesian
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Nash equilibrium.

2.3 Information Design

In this section, We discuss the information design policies by the sender to maximize
social welfare. In general, the sender can choose any signal space S and announce
any message s € S publicly. We assume S is a finite set but general enough. We let
F ={f:0— A(S5)} denote the space for all possible information design policies.
The sender commits to a specific policy before the game among agents starts. Agents
will form a posterior belief p, (1) € A (©) after seeing the information policy f and
the generated message s. More specifically, for any § € © and s € S, the agents’

belief becomes
f(s]6)p(0)
Zefee)f(s | 60") p(07)

Agents will then play an equilibrium game as discussed in Subsection 2.2.6. The

ps (0) =

extensive form game between the sender and the agents is as follows:

1. The sender picks and commits to a policy f € F for providing the agents with

an extra message;
2. The true state 6 is realized and is private information to the sender;

3. The agents see a realized message s according to the sender’s information policy

f (-] 0) and form a posterior belief jg;

4. The social activity levels x are realized, and each agent ¢ € I observes her own

T,

5. Each agent i then plays an equilibrium protection level ¢; = a” (x;, us) based

on her activity level x; and the posterior belief pg;
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6. The network is realized, the infection spreads, and the payoffs are realized.

Next, we define social welfare and introduce the sender’s problem.

2.3.1 Social Planner’s Problem

Definition 3 (Social welfare). For any state 6, social activity profile x, and protection
profile q, the (normalized) social welfare is the average of the utilities of all agents
given by

w® (q,x,6) Zu( ") (a,%,0) . (2.5)
With the timing discussed above, the social planner’s problem becomes

Zo = max, EBxE [W(")( (X, f1s) X, 0)} (2.6)

st Bovp, x_imv; [ugn) (aE (x, s) 7x,9)} 2 Eonp,x_imv; [ufn) ((q;,aE (Xfiw“S)) » X 9)} )

forallie I,x; €[0,1],s € 5,q, € {qr,qu} (2.7)
> f(s10)=1, forall 6 € © (2.8)
seS
f(s]|0) >0, forall s € S,0 € 6. (2.9)

The social planner’s problem is a constrained optimization problem. The objective
function (2.6) maximizes the expected social welfare. Constraint (2.7) defines the
equilibrium of the Bayesian game among the agents, following Definition 6. In the
case that there are multiple equilibria in the Bayesian game, the optimization problem
selects the one that yields the maximum social welfare. Later, in Section 2.4.2, we
prove that there exists a unique symmetric equilibrium given any belief y. Lastly,
constraints (2.8) and (2.9) ensure f satisfies general probability rules and is an element
of F. The value Z, is the optimal objective value of the constrained optimization

problem.
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2.3.2 Revelation Principle and the Reduction of the Signal
Space

In general, the sender can choose any signal space S, as discussed in the earlier
paragraph. However, in this section, we establish that there is no loss of generality
by focusing on the signal space of mappings from the social activity levels to the
action set {qr,qn}. We consider the signal space M = {m :[0,1] = {qr,qu}} and
the space for communication rules H = {h : © — A (M)}. In particular, we focus on
the mappings M because given that the social activity levels of the agents are private,
the sender will need to announce the communication rule without such knowledge
and as a function of the agents’ social activity levels. The structure of this section will
be as follows. First, we discuss the extensive form game with the reduced signal space
M. Then, we define a notion of obedience constraints imposed on the communication
rule h € H. Lastly, we prove a revelation principle that draws an equivalence between
using a general policy f followed by a Bayesian equilibrium and a communication
rule h over the reduced signal space M that satisfies the obedience constraint.

We let m (x) = (m (z1),--- ,m(x,)) denote the mapped protection profile of all
agents for a social activity profile x and denote m (x_;) = (m (1), ,m (z;_1),
m(xit1), - ,m(z,)) in a similar way. Given these notations, the extensive form
game between the sender and the agents is as follows:

1. The sender picks and commits to a communication rule h € H to send a message

to the agents;
2. The true state 6 is realized and is private information to the sender;

3. The agents see a realized message m according to the sender’s communication

rule;

4. The social activity levels x are realized, and each agent ¢ € I observes her own
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Ti;

5. Each agent then picks her protection level ¢; based on the prior information,

the message m provided by the sender, and her activity level x;;

6. The network is realized, the infection spreads, and the payoffs are realized.

This setting is different from a typical information design problem described by
[BM19] in that the communication rule cannot be conditioned on the realization of
the social activity profile. We use this assumption because in the context of infection
protection, it is hard for the sender to have agents reveal their social activity levels
with certain precision and accuracy. Instead, the message m above can be viewed
as a public announcement that specifies instructions for different types of agents.
The communication rule encodes the information that the agents receive about the
realized state of the world. The conditional dependence of the announced message

m on the state of the world 6 represents the information conveyed to the agents.

Next, we define the obedience constraint on the communication rule A. Obedience
is the requirement that the message m : [0,1] — {qr,¢n} announced publicly to all
agents according to the pre-committed rule h : © — A (M) is such that each agent i
would prefer to follow her recommended protection level m (z;) rather than choosing

any other protection level ¢;. A formal definition is as follows.

Definition 4 (Obedience Constraint). A communication rule h : © — A (M) with
M ={m:[0,1] — {qr,qu}} is obedient if, for each i € I, x; € [0,1], and m € M,

we have

EyE, [h (m | 9) <u§"> (m (x),x, 9)} > BB, [h (m | 9)u™ ((¢/ym (x_,)) ,x, 9))] ,
(2.10)
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fOT all q; S {QL7QH}7 Z"e‘7

/ (0,17 p(0) vi (x=i) h(m | 0) “z(n) (m (x),x,0)dx_;
peco v x—icly,

> / p(0) voi (x—) h(m | 0)uf (¢}, m(x—;)),x,0) dx_;.
gco Y x—i€[0,1]" !

The obedience constraint requires that after observing the public announcement
m, each agent ¢ with a social activity level x; finds that no other action ¢, could
yield her a strictly higher utility than following the recommendation m (x;). Next,
using the obedience constraint and the reduced set of signals, we write the social
planner’s problem and establish the revelation principle: a communication rule h
satisfies obedience if and only if there exists an information policy f that gives rise

to this communication rule in the Bayesian Nash equilibrium.

Using the social welfare introduced in Definition 3, the social planner’s problem

becomes
- (n)
71 Iglea;{( EyELEp, {W (m (x),x, 9)} (2.11)

st EgEy [h (m | 0)u™ (m (x),x,a)] > EoEy_, [h (m | 0)ul™ (¢}, m (x_,)),x,0)],

foralli € I,x; € [0,1],m € M,q; € {qr,qu} (2.12)

> h(m[0) =1, forall 6 € © (2.13)
meM

h(m|]6) >0, for all m € M,0 € O, (2.14)

where

EoBxEn (W™ (m(x),x,0)] =) / > p(@)v(x)h(m| )W (m(x),x,0) dx.

0O ¥ X meM

The social planner’s problem is a constrained optimization problem. The objec-
tive function (2.11) maximizes the expected (normalized) social welfare. Constraint

25



(2.12) ensures that h is obedient (Definition 4). Constraints (2.13) and (2.14) en-
sure h satisfies general probability rules and is an element of H. The value Z; is
the optimal objective value of the constrained optimization problem. Note that this
is an extremely large-scale optimization problem and cannot be solved for practical
purposes. In the next section, we show that it is sufficient to focus on communication

rules that recommend protections based on social activity thresholds.

In the next result, we establish the equivalence between the optimization problem
(2.6) - (2.9) and the optimization problem (2.11) - (2.14) by proving that Z; is

identical to Z, under all circumstances. The result is as follows.
Proposition 1 (Revelation Principle). Zy = Z; for any prior u (-).

Proof. First, we show that Z; > Z,. Let f’,a” be the optimal solution to the
optimization problem (2.6) - (2.9). That is, Zy = EEEp [W®™ (a (x, 1) ,x,6)].

Let the communication rule i’ be defined as

W | 0) =3 f (s 6)1{m=a"(p)}. (2.15)

SES

that is, the communication rule A’ recommends the message m only if the information
policy f’ sends the signal s and the message m is the same as the symmetric Bayesian
Nash equilibrium a® (-, j15) in the followed game with realized signal s and posterior
ts. We now show that the communication rule A’ is a feasible rule that satisfies
the constraints (2.12)-(2.14) and also attains the same social welfare in (2.11) as Zj.
This suffices to show that Z; > Z,. For now, we assume a” is the unique symmetric
equilibrium and later prove this claim. This implies that there is a unique m where

1{m =a” (-, us)} = 1. Since f’ is feasible, by (2.7), we have for all i € I, z; € [0, 1],
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and s € S,

Ee’\‘#s,x—i’vv_i |:u£”) (aE <X7 /’LS) y X5 Q) - uz(n) ((qgv aE (X—ia N’S)) y X5 0)i| 2 07

which implies

e L 10n)
[ e S T )

|:u§n) (aE (X7 :us) » X, 9) - Ugn) ((q;, aE (X—ia ,Ug)) y Xy 9):| dx—’i 2 07

for all ¢;. Multiplying >, f'(s| €)1 (¢') on both sides and summing over s, we
have for all i € I and z; € [0, 1],

JEES) WIOY AR
X_4 0

seS

|:u§") (aE (X7 ,us) y X, 9) - Ugn) ((q;, aE (X—ia ,ug)) y Xy 9):| dx—’i > 07

which, by invoking (2.15), implies
EoBs (] 0) [u” (m () ,x,0) = (g}, m (x 1)), %,0)] = 0.

Therefore, constraints (2.12) are satisfied.

Moreover, for all 8, we have

SoHml6) =D S lo1{m=a"(.u)} 2N Fs16) P,

meM meM seS SES

where (a) follows from the fact that there is a unique m where 1 {m = a” (-, i)} =

1, and (b) follows from equation (2.8). Therefore, constraints (2.13) are satisfied.
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Constraints (2.14) are satisfied because for all m € M and 0 € ©, we can write

R (m|6)= Zf (s]6) ]l{m—a(-,,us)}(go,

seS

where (a) follows from (2.9). This completes the feasibility proof for the communi-
cation rule h'. Lastly, we show that h’ attains the same social welfare as f’. We can

write

EgExEw [W™ (m (x),x, 0)]

—Z/ZN ) (m | 0) W™ (m (x) ,x,0) do

meM

S @)Y (s 1)W™ (@ (x.p) x.6) do

seS

= EoEEy [V (a” (x, 1) %, 0)] = Zo,

where (a) follows from (2.15) and the uniqueness of the equilibrium. Since (2.6) is a
maximization problem, we have Z; > Z.

Next, we prove the reverse direction, i.e., Zyg > Z;. Let h’ be the optimal
communication rule for the optimization problem (2.11) - (2.14). That is, Z; =
E¢E<Ey [W™ (m(x),x,6)]. Note that the signal space S is general enough and
that any message m can be considered as a signal itself. We construct the informa-

tion disclosure policy f" as

R (ml|0) if s=m
75 16) = (2.16)

0 otherwise.

Next, we prove that the information disclosure policy f’ is a feasible policy that

satisfies the constraints (2.7) - (2.9) and also attains the same social welfare in (2.6)
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as Z;. This suffices to prove that Zy > Z;. The non-negativity constraints (2.9) are

trivially satisfied by construction. We have

S 110 =3 Wm|6)=1

for all #, which satisfies constraints (2.8). To prove (2.7), we construct the following

action a : [0,1] x A(©) = {qr,qu} as

a (2, pim) = m (z)
and prove that a satisfies (2.4) and is thus a Bayesian Nash equilibrium. We have

Eomyo, B, [ul"” (2 (5, ) %,0) = " ((ghs 2 (x—s: 1)) . %, 0)

_ 1010 T (s x.0) —u™ (o m(x_)) x
]&fiizwfn”y)(g[z< (x),%,0) — u (g}, m (x-)) . x.0)]

= i 17 PP [ 19 [ (m 00 5,0) — (gl m (x-). . 0)]] = 0

for all ¢/ € {qr,qu} and z; € [0, 1] following (2.12). Therefore, a satisfies (2.4) and

is indeed a Bayesian Nash equilibrium. Constraints (2.7) are satisfied.

Lastly, we show that the constructed f’ and a attain the same social welfare in

(2.6) as b’ attains in (2.11). We have

EoExE; [W™ (aF (x, 15) ., x,0)] = EeBxE; [W™ (a (z, i) %, 0)]

= EyELE, [W(") (m (x),x, 9)] =

by construction. Since (2.6) is a maximization problem, we have Z, > Z;. Therefore,

we have Z; = Z,. This completes the proof. O
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2.4 Existence and Uniqueness of Equilibrium

In this section, we prove the existence and uniqueness of the symmetric Bayesian
Nash equilibrium in the incomplete information game among the agents. We start

with proving some properties of the infection probability P from Definition 1.

2.4.1 Properties of the Infection Probability

In this section, we first analyze key properties of the infection probability P. As
illustrated in Example 1, the infection probability depends on the graph structure
as well as the protection profile of the agents. We first prove that the infection
probability satisfies natural monotonicity and linearity. In what follows, for two

vectors p,p € R”, we write p > p to denote p; > p; foralli=1,--- n.
Lemma 1 (Monotonicity and Linearity).

(a) For any i € I and q € @, we have

P (q,%) > P (q,x), forall % >x.

(b) For anyi € I and x € X, we have

P (q,x) < P{" (q,x), forallq>q.

(¢) For anyi,j e I, x € X, and any protection profile q_; € Q_;,

PE") ((g5,9-;) ,x) is linear in g;.

Proof. We prove that for any set of nodes O € I that are infected at time 0 where
i ¢ O, the probability of infection reaching node i is increasing in x and decreasing
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in q. We denote this probability by
P! (q,x | origin = O).
We have
P (q,x) = (1-q) (7? +(1—m) P! (q,x | origin = 0)) :

We also use an auxiliary infection probability in this lemma. In particular, for any
set of nodes O, we let

p" (q,x | origin = O)

(2

denote the probability of infection reaching node i, i ¢ O, in one round (i.e., only

through the nodes in O).

Claim 2. For any set O and i € I, the probability 131(-”) (q,x | origin = O) is increas-

ing in X and decreasing in q.

Proof of Claim 2: We prove this claim by induction on the size of O. If |O] = 1 and
contains only node j (i.e., O = {j}), then the probability is z;z; (1 — ¢;) (1 — g;) g,
which is increasing in x and decreasing in q. Now suppose |O| > 1 and let j € O.

We can write

~ (n) ..
P, (q,x |origin = 0) = z;z; (1 — ¢;) (1 — g¢;) -

# (1= -0 1-0) ) P fax origin =0\ ().

Taking derivative of this expression with respect to x; gives

=(n)
P
8.%‘1' v

(q,x | origin = O)
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=0 (1= a) (1~ 4) 2,5 (1= 0) (1~ 4) P (@, | origin = 0\ (7))

B\ 9 zm L @
+(1-ziwg(1-a)A-q¢) | 5-Pi" (q,x | origin = O\ {j}) 2 0,

where (a) follows from the induction hypothesis. This establishes the monotonicity
in x;. Furthermore, the monotonicity in x_; follows by induction hypothesis, which
says Pin) (q,x | origin = O\ {j}) is increasing in x_;.

Taking the derivative of this expression with respect to ¢; gives

0 ~(n L. ~(n
8q-PE )(q,x | origin = O) = xlacjﬁ (1—q])+xlx]§ (1- qj)PE )

(q,x | origin = O\ {;})
- (1 iy (1) (1 - qﬁ) 8%135—") (a,x | origin = 0\ {7}) £ 0,
where (a) follows from the induction hypothesis. This establishes the monotonicity
in ¢;. Furthermore, the monotonicity in q_; follows by induction hypothesis, which
says 152”) (q,x | origin = O\ {j}) is decreasing in q_;. ]
We now proceed with the proof of Lemma 1 by induction on the number of nodes

in the network. The lemma evidently holds for n = 2. We can write

Pg") (q,x | origin = O) :PE”) (q,x | origin = O) + (1 - PE”) (q,x | origin = O))

X Z P(O™ | 0O)P (q,X | origin = O™Y).

orevel\O

Taking the derivative of this expression with respect to x; leads to

0 9 =(n)

a—xin") (q,x | origin = O) = oz, P, (q,x | origin = O)

0 ~(n n -

-3 P (q,x|origin=0) 3 PO |0)P" (q,x | origin = 0™")
Ti Onevel\S

+ (1 - 1:-’1(»") (q,x | origin = ) @ZQ;VP (0" | 0) ai (q,x | origin = O"°%)

0 ~(n n .

= PZ(- ) (q,x | origin = O) (1 - Z P(O*"Y ] 0) PZ(- ) (q,x | origin = O“ew)>
al.i Onew
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o =(n) PR new i (n) ioin — (OMEW
+ (1 P, " (q,x | origin = O)) ;VIE”(O | O) o7, P.;" (q,x | origin = O™°%)

where (a) follows from Claim 1 and the induction hypothesis. Since

P, =

2P (q,x] origin = 0),

this establishes monotonicity in x;. Furthermore, the monotonicity in x_; follows by

induction hypothesis.

Taking the derivative of this expression with respect to ¢; leads to

88qi P (q,x | origin = 0) = 8?11‘ R@) (q,x | origin = O)
- 881131(-”) (q,x | origin = O) Z P(O™Y ] 0) PEH) (q,x | origin = O"*Y)
K Onewe\O
( 5 (n) N new 0 p(w foin — OPew
+(1-P; (q,x|origin = O)) Z P(O"Y ] 0) %Pi (q,x | origin = O"®")
Onew i
- aﬁq P (q,x | origin = O) (1 ~ 3" PB(0™" | 0) P\ (q,x | origin = O“CW)>
% Onew
+ (1 ~ P (q,x | origin = 0)) S PO 0) %pgm (q,x | origin = O"")
Onew i
(a)
<0

where (a) follows from Claim 1 and the induction hypothesis. Therefore,

0
0g;

P (q,x) = —1+ (1 — 1) 2

94 Pgn) (q,x | origin = 0) < 0.

This establishes monotonicity in ¢;. Furthermore, the monotonicity in q_; follows by

induction hypothesis.

To show part (c) of the lemma, we construct the following probabilities. For any

J € [n], we let an) (q-j,x) denote the probability of agent ¢ getting infected when j
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is not protected, i.e., ¢; = 0. We also let E(")

1

(q—j,x) denote the probability of agent

i getting infected when j is protected, i.e., g; = 1. By construction, we have

n —=(n) =—=(n) n
P (%)= (1-a)P;" (a0 x) + 4 x 0= (1-¢) P, (a_j, %) + ¢P™ (a_j,%).  (2.17)

Since an) (q—;,x) is irrelevant to ¢; and @En) (q-j,x), Egn) (q_j,x) is irrelevant to

q;, we have

0 Hmw )
— P (q,x) = —P;" (q,x) = 0.
This completes the proof. n

Part (a) of Lemma 1 proves that the infection probability for an agent is increasing
in the social activity levels of all agents because higher social activity leads to a denser
social network over which the infection can spread. Similarly, part (b) establishes
that the infection probability for an agent is decreasing in the protection levels of all
agents because higher protection results in a smaller social network over which the
infection can spread. Furthermore, part (c¢) of Lemma 1 proves that this probability
is linear in any agent’s protection level.

Next, we establish that the stochastic process of the spread of the infection not

only satisfies natural monotonicity and linearity but also satisfies submodularity.

Lemma 2 (Submodularity). For any i € I, we have
P (q,%) - P (4,%) > P{" (a,%) - P\" (4,%), (2.18)

for allq > q and x > x.

Proof. We first show the submodularity in ¢; and x using equation (2.17), which we
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proved in the proof of Lemma 1. We have

P (q.x) = (1—q)P" (qi,x).

Therefore,

(PE") (¢ = qu,q-i) ;%) — Pgn) (¢ = qu,q-) ,X)>
< qi = 4L, d- )J)AC) _P'En) ((% IQqufi)7X)>
~ —=(n)
=(1-an)P < %) = (U= an) B (i x)
—( —(n)
(1—qL )P (@)~ (1= ) P (a0,%))
_ =(n) - —=(n)
- (QL - QH) ]Pz (q—ivx) - ]Pz (q—i7X) < O’
since ?En) (q_s,x) is increasing in x by Lemma 1 and ¢q; < qp.

For any j # i, we have

n (n) n
P (a,%) = (1— ) P;" (a;, %) + P (a5, %).
Therefore,

(P (0 = an.a-) %) = P (0 = a1, a-4) %)

— (P (4 = a2.a-) %) = P (g = az.a-5) %)
= (1 —qm) PV (@ %) + 4P (a5, %) — (1 am) PL" (a-ix) — anP™ (q-1,%)
- (1 —qr) ?En) (qﬂv X) — QLEEH) (qﬂv X)+(1—qr) ?'En) (quwx) + QLEE'”) (qfi,x)

=gz = am) [ (P (a-0%) =PI (a-0:9)) = (B} (a-i%) =PI (-0 ] -

The lemma follows by showing that ?En) (q_s,x) — Egn) (g-i,x) is increasing in x;.

Note that the infection probability is a linear expectation of the indicator functions.
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Therefore, for z; > z;, we have

?'En) (q,“ (i'jvxf )) - Egn) (q,“ (i'j,ij)) - (Pgn) (qfla (g_p ij)) - Erfn) (qua (gj, X*J)))

—Eyovi B~g [Eo [L{O ~ i} — 1{O ~» ¢ not through j}]],

where O is the same as in definition 1; V' = (V4,--- | V,,) is such that for i # j,
Vi is a Bernoulli random variable that is 1 with probability 1 — ¢; and V; is 1 with
probability 1; and E is defined in the same way as in Definition 1 with x; = T; while
E is defined with z; = z,. Note that I, v/ 7 [Eo [1{O ~ i not through j}]] is

unchanged in x;. Therefore, we obtain

P (ami, (@5%5)) = B (@i, (@5%5)) = (B (i (%)) = (e (25,%5)) )

P\ (a_i, (@;,%-3)) - P\ (a_s, (2),x-3)) 2 0.

Since an) (g_i,x) is increasing in z; by Lemma 1, together with the assumption

qr < qu, we get

This completes the proof of submodularity. O

Lemma 2 proves that the infection probability for an agent is submodular in
the social activity and protection levels of all agents. That is, both sides of the
inequality (2.18) represent how much the infection probability is reduced due to
higher protection levels. This inequality indicates that high social activity leads to

a higher reduction in infection probability from additional protection. Intuitively,
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this is because higher social activity increases transmission paths, which makes the

effectiveness of protection (removing nodes) more prominent in reducing infection.

2.4.2 Existence and Uniqueness of Equilibrium

Before analyzing the optimal messaging policy in the information design problem,
we take a deeper look into the Bayesian Nash equilibrium among the agents. We
start our analysis by considering the case in which the information is fully revealed
and then extend it. In this case, the true state 6 is public information to all agents.

Following Definition 6, we define a full information equilibrium as follows.

Definition 5 (Full Information Equilibrium). For any 6 € O, we say a protection
strategy a™® : [0,1] x © — {qz,qu} is a symmetric full information equilibrium if for
every agent i and social activity level z; € [0,1],

Ex—i |:u(”) (aFE (X7 9) )y X, 0) - ugn) ((qia aFE (Xia M)) » X, 9)} > 07 (219)

)

for all ¢; € {qr, qu }-

We assume that whenever an agent is indifferent between exerting high and low
protection levels, she will choose low protection. With this assumption, we prove
that there exists a unique full information equilibrium that is a threshold strategy.
That is, agent i exerts low (resp. high) protection if her social activity level is no
higher (resp. lower) than the threshold. We make use of the following notation. For

a protection threshold denoted by o € [0, 1], we define a threshold protection strategy
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q(o,x) as q(o,x) = (q1, - ,qn) such that

q r; <o

q; =
qg X; > 0.

To characterize the unique full information equilibrium, we introduce the following

variation of utility. For any x € [0,1]" ", ¢ € {q,qu} and z € [0, 1], let

a(n) (Q7 x,o, >~(7 Q) = U’z(n) ((qz =4q,9-; = q (Jv i)) ) (xz =T, X_; = 5() 70) (220>

denote the utility for the agent with social activity level z and protection ¢, where
the rest of the agents have social activity profile x and follow a threshold strategy

with threshold ¢ € [0, 1].
Proposition 2. Given any 0 € O, there exists a unique symmetric full information

equilibrium ot (0) such that for all i € I,

g v <o (0)
at® (z;,0) =

qu  otherwise.

Moreover, there are three possibilities for the threshold:
o IfEx [a™ (qz,1,1,%,0) — 4™ (qx,1,1,%,0)] >0, then oF'F () = 1.
o IfEx [a™ (qr,0,0,%,0) — @™ (i, 0,0,%,0)] <0, then o7 () = 0.
o Otherwise, the equilibrium threshold is the solution of
Ex [ﬂ(") (qL, oE(0),0"F ()%, 9) — g (qH, o"E(0),0"F (0),x, 0)} =0.

(2.21)
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Proof. First, we generalize the notation of @ to the infection probability P in a similar
way, i.e.,

™ (a,z,0,%,0) = _p™ (a,z,0,%x)0 — 1{a=qgu}.

Note that by definition, we have

Therefore, the result follows directly from Lemma 2 that establishes the submodu-
larity of the infection probability P;. First, let us show that a threshold ¢ as defined

in the proposition is indeed an equilibrium. Therefore, for ¢t € (0,1), we have
Ex [a™ (qr.t,t,%,0) — @™ (qu, t,t,%,0)] = 0.

Denote the protection profile induced by this threshold ¢ as q; = q (t,x). The above

equation implies that for agent ¢ with social activity level x; = t, we have

]Ex,i [Ugn) (qt7 (t> X*i) 56) - Ugn) ((qia qu') ) (ta X*i) 70):| = Oa

for all ¢/ € [qr, qr]. Therefore the equilibrium condition for agents with an activity
level right at the boundary is satisfied. Next, we show that the condition is also
satisfied for agents on the two sides of the threshold. Substituting the equation for

utility and evaluating at x; = t yields

Ex [P (g a (t.%)) (£:%) = P{” (qu.a (%)), (.2)] 6 +1 = 0.

By using Lemma 2, we have that P is submodular in q and x. Therefore, for z; < ¢,
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we have

Ex [PV (g a (%)) , (2;,%)) = PV (g, q (%)) , (2;,%))| 0 +1 > 0,

Denote q_; = q(¢,x). This is equivalent to

Ex_, [uﬁ”) (azsay) (25, %) ,0) — o ((qrr.ay) s (), %) 79)] > 0,

since in q¢, we have ¢; = ¢ as x; < t, and the equilibrium condition is satisfied for all
agents with activity levels below the threshold ¢. Similarly, using the submodularity

(shown in Lemma 2), for z; > ¢, we have

which is equivalent to

B, [ ((ama ), (25, %5),0) = ul” (ar,a5) s (25,%5),0)] = 0.

Now in q;, we have ¢; = gy as x; > t. Therefore, the equilibrium condition is
satisfied for all agents with activity levels above the threshold ¢. Therefore, q; is an
equilibrium protection profile.

Next, we show that q; is the unique symmetric equilibrium. Suppose that there
is a threshold equilibrium ¢’ where the condition in the proposition is not satisfied.

Then, there can be two cases. In the first case, we have
Ex [a™ (qr, ., %,0) — @™ (qu, t',t',%,0)] < 0.

By definition, the action for an agent with activity level ¢ in the equilibrium is qy.
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The above equation shows that the agent will be strictly better off by exerting high
protection and will then have an incentive to deviate. This contradicts ¢’ being an

equilibrium. In the second case, we have
Ex [a™ (g, ', ¢, %,0) — @™ (qu,t',¥',%,0)] > 0.

Since o is defined continuously in [0, 1] and the utility function u is continuous over

o, there exists an € > 0 small enough where
Ex [a™ (qr,t' +e,t,%,0) — @™ (qu,t’ + €,t',%,0)] > 0.

By definition, the action for agent with activity level ¢’ + € is ¢y in the equilibrium.
However, the above equation shows that the agent will be strictly better off by exert-
ing low protection and will then have an incentive to deviate. This again contradicts
t’ being an equilibrium. We next show that equilibrium must satisfy the equation in
the statement of the proposition. By invoking Lemma 1, we know that the infection
probability is monotone decreasing in q. Accordingly, the utility function as a linear
function of the infection probability is monotone increasing in ¢ and thus decreasing

in 0. Combining with the assumptions
Ex [a™ (qr,1,1,%,0) — @™ (qu,1,1,%,0)] <0

and
Ef( [a(n) (QL707075(7 6) - ﬂ(n) (qH70707)~<7 6)] > 07
we know that there is a unique root to (2.21). O

Intuitively, if the agent is very active and no one else is protecting, then the agent
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will prefer to exert high protection. If the agent is very inactive and everyone else is
protecting, then the agent will prefer to exert low protection. We next establish the

relationship between the equilibrium threshold and the state of the world 6.

Lemma 3. ofF (0) is weakly decreasing in 0, i.e., for all ' > 0, we have

O'FE (0/) S O_FE (9) )

Proof. From the proof of Proposition 2, we know that o¥® (6) is the unique solution

to
Ex [P ((ar.a (0" (0).%)) . (07 (0).%)) = P (. a(o"" (6) %)) . ("7 (6) %)) = 0.
By invoking Lemma 1 and Lemma 2, we know that
Ex [P ((a.a (7" (0).9)) . (077 (0).%)) = P{” (2.0 (o7" (0) %)) . (77 (0) .%))]

is decreasing in the value of o (0). Thus, for ¢’ > 0, we have o¥ (0') < o¥ (0). O

Lemma 3 establishes that the equilibrium attained by the agents in the full infor-
mation benchmark is weakly decreasing in the severity level of the infection. Intu-
itively, when the impact from the infection becomes larger, more agents will choose
to protect themselves.

Furthermore, we prove that the Bayesian Nash equilibrium following any belief

i (+) € A(O) is also unique and admits a threshold strategy, as proved next.

Proposition 3. Given any belief ;n € A (), there exists a unique symmetric Bayesian
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Nash equilibrium o (1) such that for alli € I,

qu  otherwise.

Moreover, the Bayesian Nash equilibrium threshold satisfies

oF (1) = oFF (9) : (2.22)

where 0 =3, 11(0) 6.
Proof. The proof follows by noting that

™ (a,x,0,%,0) = —_p™ (a,z,0,%)0 — 1{a = qy}
is linear in 6. Therefore, using the definition yields
EoBsx i) (a0 = 0" (1), 0" (), %,0) =@ (g, 0™ (1), 0" (), %,0)] =0,

which in turn results in

Ex |u

This completes the proof. n

We prove in Proposition 1 that a communication rule A satisfies the obedience
constraint if and only if there is a Bayesian Nash equilibrium following an information

policy f that induces the decision rule. In Proposition 3, we establish that the
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unique symmetric Bayesian Nash equilibrium follows a threshold rule. Therefore, it
is without loss of generality to assume that the sender recommends only thresholds

that satisfy the obedience constraint.

2.4.3 Social Planner’s Problem with Thresholds

In this subsection, we write the social planner’s problem using information policies
that recommend only thresholds. We define the infection probability for agent ¢ with

a protection threshold o as

P (0,x) = P\ (q (0, %) ,x), (2.23)

7 7

the utility of agent ¢ with a protection threshold o as

W™ (0,x,0) = —P™ (0,x)0 — 1 (2; > 0), (2.24)

)

and the social welfare with a protection threshold o as
W™ (0,x,6) Zu() 0,x,0). (2.25)

Recall that z;’s follow a uniform distribution over [0,1]. The expected social

welfare with a protection threshold o becomes

n

E:P?me4—41—ay

=1

Ex [W™ (0,x,0)] =

Zu ax@]——ﬁlEx

Furthermore, we denote the expected probability of infection for any agent in the

network as

P (0) = Ey [IPYL) (o, x)} ; (2.26)



where the subscript 1 in the above definition is arbitrary and the definition of
P™ (o,n) would be the same if we take expectation of any other agent’s infection
probability. For any # € ©, we define the welfare function A™ (¢, §) with a protection

threshold o and a state of the world 6 as
A" (0,0) = Eyx [W™ (0,%,0)] = —0P™ (0) — (1 — 0) (2.27)

and define the incentive function B (o, 6, n) with a protection threshold o and a state

of the world 8 as

B™ (0,0) = Ex [~( ) (qu,0,0,%,0) — "™ (qp,0,0,% 0)] . (2.28)

To formulate the social planner’s problem, using the information policies that
recommend only thresholds, we need one more discussion about the dimension of
the threshold space. Recall that in the social planner’s problem (2.6)-(2.9) defined in
Subsection 2.3.1, we assume that the signal space S is a general finite space. Here, we
introduce a similar assumption for the threshold space o € ¥, where ¥ is a large but
finite set with its elements in [0, 1]. We include {0,1,077 (6,),0"F ()} in T, where
the inclusion of {¢# (0,),0"" (6y)} ensures that the set of feasible solutions to the
social planner’s problem is nonempty. (We will later define a full disclosure policy
in Subsection 2.5.3 and prove that it is always a feasible solution to the following
optimization problem.) With a slight abuse of notation, we let A : © — A (X) denote

the communication rules on thresholds and have the following result.

Proposition 4. Consider the following optimization formulation.

maXZZ# (o] 6)A™ (0,0) (2.29)
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s.t.

ZM h(o|0)B™ (0,0) =0, Voex\{0,1}, (2.30)
ZM h(1]6)B™ (1,0) <0, (2.31)
Z“ h(0]6) B™ (0,0) > 0, (2.32)
Y h(o]0)=1, Voo, (2.33)
;(0]9)20, Voex,0e0. (2.34)

For any prior p(-), we have

Zy = L.

Proof. We first prove that Z; > Z,. Let hy be the optimal solution to the optimization
problem (2.29) - (2.34). We have Zy = >, 5" 1 (0) hy (0| 0) A™ (5,60). We then

construct hy as

hy(o]0) ifm(z)=q,Vael0,0] and m(x)=qgyVa € (0,1]
he (m | 6) =

0 otherwise

and prove that hy is a feasible solution to the problem (2.11) - (2.14) and attains the
same objective function value as Z,. This suffices to show that Z; > Z,. The prob-
ability rules (2.13) and the non-negativity constraints (2.14) are trivially satisfied,

where
> ha(m]0) =) hi(o|0)=1

for all # € ©. Now we look at the obedience constraints (2.12). Note that for m

not following a threshold structure, i.e., there does not exist a o where m(x) = qr,
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for all + < o and m(x) = gy for all z > o, hy (m | 0) = 0 for all § by construction.
Therefore, both sides of (2.12) are zero, and the constraints are satisfied. Consider
m, which follows a threshold structure with a threshold o. Note that by definition,

we have

m (x) = q(0,x).

Since h; is feasible and satisfies (2.30), we have

EoEy . [hl (o] 6) (a“” (g, 0,0,%_3,0) — @™ (qr.,0,0,%_;, 9))] —0

DB, [0 ]0) (u" (g a(0,x-0)) (@ = 0.x-).0) = ul (gr.q 0.x1) (@ = 0,x-4) ,0) )|

where (x) follows from the definition of @ in (2.20). Moreover, using the submodu-
larity in the infection probability P; and following the proof process of Proposition

2, we have

EoEx, I (0] 0) (" (an,a(0.x-0))  (@ix0) ) = u™ ((qza(0:x-) (@, x-0) .0) )| <0,

for all z; < o, and
EoBx_, [ (0 ]0) (u™ ((arr,a(0.%-) (@i,%-4),0) = uf™ ((az,a(0,%-4) (@i, x-1) . 0)) | = 0,

for all z; > o.

Now let us continue proving the feasibility of hy. For z; < o,

EoBx_, b2 (m | 0) (1" (m (x),x,6) = u” (g}, m (x1)) ,%,0) ) |
= BB, [ (m | 0) (" ((ar, a(:%)),%.0) = uf"” ((qn, a(5,%)) , %,))]

= BoEx, [ (0 ]6) (u" ((az. a (0. ) . x.6) =" (g a(0,x)) . x.0) ) | 0.
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Similarly, for z; > o,

EoBx_, b2 (m | 0) (1" (m (x),x,0) = u” (g}, m (x 1)), %,0) ) |
= BBx, [ (m | 0) (" (g, a(0,%)) %, 6) — uf"” (g1, 9 (5,%)) , %,))]

= EoBx, [ (0| 0) (u” (@.0(0,:2) x.0) — ") ((a2.0(0.%)) . x.0)) ] >

Therefore, hy satisfies all obedience constraints (2.12). Lastly, we have

EgExEn, [WM (m(x),x,0)] = EgExEy, [W™ (0,%,0)] = By, [A(”) (0,0)]

—ZZ“ )hi (o] 0) A™ (0,0) =

by the definition of the welfare function A™ (o, 6) in (2.27). Since (2.11) is a maxi-

mization problem, we have Z; > Zj.

Next, we prove the reverse direction, i.e., Zy > Z;. Let hl, be the optimal solution
to the optimization problem (2.11) - (2.14). We have Z; =
EgExEn, [W(”) (m (x),x, 9)} By Proposition 1, there exists an information disclo-

sure policy f': © — A (S) to the optimization problem (2.6) - (2.9), given by

fl(s|0)= > hy (m | 6),

m:a® (z;,pus)=m(z;) Vi

where

Zy = EgE Ep [W™ (2P (x, ps) ,x,0)] =

By Proposition 3, the equilibrium action a” following any posterior belief 1, is unique
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and follows a threshold strategy with threshold o (u,). We then construct A} as
Wiolo)= >  fl(s]6)
s:08 (ug)=0

and prove that b/ is a feasible solution to the optimization problem (2.29) - (2.34) and
attains the same objective function value as Z;. This suffices to show that Z, > Z;.
Again, the non-negativity constraints (2.34) are trivially satisfied. Moreover, the

probability rules (2.33) are satisfied as

S H(o0) =37 (s]6) =1,

for all 6 given f’ satisfies (2.8). For the obedience constraints (2.30) - (2.32), we have

Ey [By (0| 0)B™ (0,0)] =y | D> f'(s|6)B™ (c” () .0)

s:0F8 (us)=c
=0, ifoe(0,1),
>0, ifo=0,

<0, ifo=1,

by the definition of B(™ in (2.28) and the characterizations of equilibrium o, o'

in Proposition 2 and Proposition 3. Therefore h) satisfies all obedience constraints

(2.30) - (2.32). Lastly, we have

ZZM 0) hi (0| 6) A ZZ Z f'(s 10)A™ (0" (s),0)

o s:0B(us)=

= XX R MO (5] A @ o) .0
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:Z():Zl.

Since (2.29) is a maximization problem, we have Z, > Z;. Therefore, we have

Zy = Zy. This completes the proof. O

The objective function (2.29) maximizes the expected social welfare. Constraints
(2.30)-(2.32) ensure that h is obedient (Definition 4 and Proposition 3). Constraints
(2.33) and (2.34) ensure h satisfies general probability rules. The value Z, is the
optimal objective value of the optimization problem (2.29) - (2.34). Recall Z; is the
optimal objective value of the optimization problem (2.11) - (2.14). Proposition 4
establishes the equivalence between the two optimization problems and the reduction

over the scale of the optimization.

2.5 One-Step Transmission and Mean-Field Ap-
proximation

In this section, we consider a one-step infection transmission process and then
consider a mean-field approximation of the infection probability. On the one hand,
one can consider this as a “warm up” for the general model introduced previously.
On the other hand, the model can be considered as capturing the situation in which

information design is only relevant at the outset of a pandemic.

Specifically, we assume the infection can only transmit one time, i.e., an agent
that is not the origin can only be infected directly by the origin. To distinguish

the general model from the one-step model, we define Pt™ (g, 2,t), ugl’”) (

0-7 X7 9)7
W (g,x,0), A& (g,0), and B&™ (0,0) in the same formats as equations (2.23)

- (2.28) and change the superscripts from (n) to (1,n).
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2.5.1 Mean-Field Approximation

To derive the mean-field approximation, we first consider a discretization of the social
activity levels. That is, suppose the agents’ social activity levels are uniformly drawn
from ¢ types {a',--- ,a'}. With t types, there are n/t agents of each possible type,
and then we let both n and ¢ go to infinity. For x € {a',--- ,a'}, we have

IP(l,TL) (vaat) = (1 - qH]]' {I > 0’} - qul {l’ S U})

t
X

T+ (1—m) (1 11 (15fcy7r(1QH1{y>0}qu{y§0})>
ye{al,at \{o}

2
(1— ngW(l—qH]l{Jf >o}—qrl{x < U})) )] (2.35)
In (2.35), the term (1 — gyl {z > 0} — q; 1 {z < o}) is the probability that the type
x agent remains in the contact network. Conditional on that, this agent can be
infected as the origin with probability 7. If the agent is not initially infected with
probability 1 — 7, the infection reaches her through any other agent who is an origin.

In particular, the infection reaches this agent through a type y origin with probability

Note that because of the limited transmission assumption, the type y agents can
transmit infection only if they are present in the contact network and are initially
infected, with a probability 7 (1 — gz 1{y > o} — ¢, 1 {y < o}). Equation (2.35) then
follows because there are n/t agents of type y # x and n/t—1 remaining type x agents
(besides the focal one).

Notice that this infection probability only depends on the social activity level

of an agent and not her identity. We further denote P! (o, z) as the mean-field
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approximation of the infection probability Pt (o, x,1), i.e.,

P (o, z) = lim lim PY™ (o, z,¢). (2.36)

t—00 n—00

We can interpret the quantity P1 (o, 2) as the fraction of type z agents infected.

Our next proposition characterizes this quantity.

Proposition 5. For any social activity level x and protection threshold o, we have
Pl (o,2) =(1 —qul{z >0} —ql{z <o)} [71' +(1—mn) (1 - e_wTw[l_QH"‘(QH_qL)UZ])} . (2.37)
Proof. We show the result starting with (2.35). Take n to infinity and define

Pl (o, 2,t) = lim PO (0,,1)

n—oo

Beym(1—api{y>o}—ap1{y<o}
=1 —-qul{zr>oc}—qrl{z<o0}) [7T+(1—7T) (1— H e bty ))]
‘}

yee{al, - a

t

=(1—qul{zr >0} —ql{z <o}) |7+

Zjl/E{n,l,---,n,t} Brym(1—qgl{y>o}—qr1{y<o})
(I-m(1—e"
(2.38)

Let us introduce a notation for the exponent that appears in the above equation as

S etare a9 (L= aul {y > 0} — a1 {y < o))

(1) t) = —
e (a.1) t

(2.39)

Now we take ¢ to infinity and return to the original [0, 1] space of z. With a slight

abuse of notation, we define

() = im o () =~ [ Y1t {y >0} ~ w1 {y < o))y
— 00 0
o 1 1 )
= [ y(l—q)dy+ yl—qH 5[1—qH+(qH—qL)o—}. (2.40)
0
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Using (2.38) and (2.40), we have

P[l] (07 .’E) :tli{n h~>m ]P(Ln) (0—71'7t)
:tlirglo (1—gqul{x >0} —ql{z <o} [71- +(1—m7) (1 _ efzﬁwe(a,t))]
= (1 —qul {LL’ > O’} —qrl {x < g}) |:71- + (1 _ ﬂ-> (1 _ 6,—9::,6’71'1imtHoo e(a’7t))i|
=(1—-—qgul{z >0} —qrl{z <o}) [W +(1—m) (1 _ e—mﬂwe(g))]

=1 —qul{z >0} —ql{z <o}) [n +(1-m) (1 e [1—4H+<qH—qL>02]>} .

This completes the proof. n

We next characterize the fraction of infected agents (of any type) following any

protection threshold.

Corollary 1. For any protection threshold o € [0, 1], the fraction of infected agents

18

Pl (o) = B, [P (0,2)]
2(1—-m)
Br (1 —qu + (qu — qr) 0°)
X [— (1—qz) + (1 — qg) e 7 (antlan—an)o®) g gp) e*“*‘za"(lquf*(qff*%)”?)} . (2.41)

=1—qu+(qu —qr) 0 +

Proof. By definition, we have

1
pll (o) = pll (0,2)dx
0

zBm

:/ (1 —gul{z>o}—qrl{r<o}) {ﬁ+ (1—m) (1 —e 2 [1—‘1H+(QH—QL)02])} dzx
0

2(1—m)
(1 —qu + (qg —qr) 0?)

x [= (1= q0) + (1= qu) e FOmrrlan=adr®) (g — gp) e =5 (martlan ) |

=1—qu+ (qu —qr) 0o +

This completes the proof. n

As we introduced in the beginning of Section 2.5, we let AA™ (¢, §) and BE™ (o, 6)
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represent the welfare function and the incentive function in this one-step model cor-

responding to the A™ (o,6) and B™ (o,6) defined in the general model.

Next, we define A (0, 6) as the limit of the welfare function, i.e.,

A (5,0) = lim A (5,0),

n—oo

and Bl (0, 0) as the limit of the incentive function, i.e.,

B (0,60) = lim B®" (0,0).

n—oo

The following result characterizes the limits of the welfare function and the in-

centive function.

Corollary 2. For any protection threshold o € [0,1] and state of the world 6 € O,

the limit of the welfare function is
At(g,0) = - 0P (0) — (1 —0). (2.42)
The limit of the incentive function is

BY (0,0) = (qu — q1) [W +(1—7) (1 _ e_i;<1—QH+(QH_QL)Uz)>:| o1 (243)
Proof. By definition, we have

Al (5,0) = lim A®™ (5,6) = lim —0PE™ (o) — (1 —0) = 0P (6) = (1 - 0) .

n—oo n—oo

BW (0,0) = lim B (5,0) = lim Eg [aw (q11,0,0,%,0) — @™ (qr, 0,0, %, 9)}

n—oo n— oo

=—1-(1—qm) [H(l—w) (1_6—’””;”("))} —(1-q) [H(l—w) (1—5‘””’5”“’))}
=(qm —qr) {W-F(l—w) (1—6—8”65)(”))]9_1
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=(qa —qr) [F +(1—m) (1 - e_wT"(l_QHJF(QH_qL)”Z))} 0—1.
This completes the proof. O

2.5.2 Information Design with Mean-Field Approximation

With the mean-field approximation, the information design problem presented in

Proposition 4 for the general model becomes

maxzz 1 (0) (o | 0) AW (5,0) (2.44)
s.t.
Z“ ho|0)BY(6,0)=0, Voex\{0,1}, (2.45)
Z“ h(1]6)BY(1,0) <o, (2.46)
Z 1 (0)h (0] 6) BH(0,0) >0, (2.47)
Y h(o|0)=1, Voo, (2.48)
i:e(a 16)>0, VoeXx,0€e0, (2.49)

where A} Bl are defined in (2.42) and (2.43). The interpretations of (2.44)-(2.49)
correspond to those of (2.29)-(2.34) defined in Subsection 2.4.3 but are now with the

one-step transmission and the mean-field approximation.

Next, we establish that any basic feasible solution to the optimization problem

(2.44)-(2.49) contains only a few nonzero elements. Before stating the result, notice
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that following Propositions 2 and 3, we have

1, B (1,0) <0,

" (6) = { o, Bl (0,6) > 0,

o* such that Bl (6%,0) =0, otherwise.

\

Theorem 1. For any basic feasible solution to the linear program (2.44)- (2.49), the

number of o values such that h (o | 6) > 0 for some 6 € {0,,0y} is at most 2|0).

Proof. First, notice that we have |©| = 2, but we prove that this result holds for
arbitrary |©] = d. We assume |X| = m. Therefore, the linear program (2.44) -
(2.49) has dm variables. Any basic feasible solution to the linear program will have
at least dm tight and linear independent constraints. Suppose there are ¢ < m o’s
that satisfy h (o | ) > 0 for some 6 € ©. We want to prove that ¢ < 2d in any basic
feasible solution.

We denote Xon—trivial = {0 € X : h (o | 0) > 0 for some 0} as the set of o’s with
nontrivial recommendation probabilities, |X,on_trivial]| = ¢. Then, we have
|2\ Xhon—triviat]| = m — ¢. That is, we have m — ¢ o’s that satisfy h(oc|0) = 0
for all & € ©, which contribute d (m — ¢) binding constraints from non-negativity
constraints (2.49).

One thing to note is that m — ¢ constraints from the obedience constraints (2.45)
- (2.47) are linearly dependent because Y, u(0) h (o | 8) B (0,0) = >, 1 (6) - 0 -
B (5,0) = 0 for 0 € ¥\ Cpon—trivial- This implies that constraints (2.45) - (2.47) can
contribute at most ¢ independent binding constraints.

Next, we analyze the h (o | 0) for 0 € Ypon_triviai. With the d 6’s, we have d
associated equilibrium thresholds {o*'” (0)}969. Denote by Spp = {ofF (6’)}9697
|Xre| = d. Let |Ehon—trivial N Xpp| = ¢ < min(c,d), i.e., there are at most min (¢, d)
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o’s that both have nontrivial recommendation probabilities and are equal to a equi-

librium threshold following a state of the world.

For any ¢ € Y, on_trivial N 2rp, the obedience constraints (2.45) - (2.47) can
be satisfied with at most d — 1 6’s that have h(c|#) = 0. Denote by 67! (0) =
{0 | oF'E () = 0}. Note that this notation is not an inverse function. It is valid
by the existence and uniqueness of the full equilibrium threshold as established in
Proposition 2. The obedience constraints (2.45) - (2.47) can be satisfied by having

h(o|67' (o)) > 0 and all other recommendation probabilities as 0, i.e.,

> 1@ h(o|6)BY (0,0)
0

= Y uO)h(o|0)BY(0,0)+pu (07" (o)) h(o |07 () BY (0,07 (0))
0#40-1 (o)

= Z 1 (0)-0- BH (0,0) + 1 (07" (o)) h(c |07 (0))-0=0.
0401 (o)

Therefore, each 0 € Y00 trivial N2 pE can contribute at most d—1 binding constraints
from non-negativity constraints (2.49). There are ¢’ elements in X0 trivial N 2 F g,
which amounts to at most (d — 1) ¢ binding constraints.

For any 0 € Y,on_trivial \ 2FE, the obedience constraints (2.45) - (2.47) can be
satisfied with at most d — 2 6’s that have h (o | 6) = 0. B (0| ) # 0 for all § € ©.
Therefore, each 0 € Xon_trivial \ 2FE can contribute at most d — 2 binding constraints
from non-negativity constraints (2.49). There are ¢ — ¢ elements in X0 trivial \ 2FE,

which amounts to at most (d — 2) (¢ — ¢’) binding constraints.

To summarize, the non-negativity constraints (2.49) can contribute at most
dim—c)+(d-1)d+(d-2)(c—)=dm —2c+¢

binding constraints. The obedience constraints (2.45) - (2.47) contribute at most

¢ independent binding constraints. The probability constraints (2.48) contribute d
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independent binding constraints. According to theorem 2.2 ([BT97]), for any basic

feasible solutions, the number of independent active constraints must satisfy

dm —2c+cd +c+d>dn=c<d+d<2d.

This completes the proof. n

Theorem 1 enables us to greatly reduce the space of decision variables that we
need to consider in solving problem (2.44).

In closing this subsection, we should highlight that the information design problem
with one-step transmission, formulated in (2.44), is a linear program. In Section 2.6,
we see that once we consider full transmission, the corresponding information design

problem is no longer a linear program, which complicates its analysis.

2.5.3 The Effect of the Infection Transmission Rate

In this section, we study the benefit of information design with different transmission
rates 8. We formally prove that for small and large 3, the optimal information policy
is to reveal full information and have agents act according to their corresponding
equilibria. We then illustrate that, for intermediate values of 3, it may not be optimal

to fully disclose information. We formally define a full disclosure policy as

ein=d =7 (2.50)

0 Otherwise.
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Note that (2.50) is always a feasible policy for the optimization problem (2.44)-(2.49).

This is because, by definition,

(

/L((QL) B[l] (O'FE (QL),QL) UZO'FE (QL)

D 1O hF (o | 0) B (0.0) = § 1u(0i) BY (67 (0u) . 0u) 0 = 0 (01r)

0 Otherwise.

\

Again, by definition, if ¢77 (85),0"7 (6,) € (0,1), then BY (77 (0,),6,) =

BY (oFF (0y),0x) = 0, and thus, (2.45) is satisfied. If % (§) = 0, then B! (0,6) >
0, so (2.47) is satisfied. If oF (9) = 1, then B (1,0) < 0, so (2.46) is satisfied. It
can be easily checked that the probability rules (2.48) and (2.49) are satisfied. This
proves the feasibility of full disclosure policy (2.50).

Now the effect of the transmission rate $ can be summarized as follows.

Theorem 2. Consider the one-step transmission model with mean-field approxima-

tion.

e For any 7, (q1,qu), and (0r,0y), there exist 1,52 € (0,00) such that for
B < B1 and B > P, the full disclosure policy defined in (2.50) is an optimal
solution to the linear program (2.44)-(2.49), i.e., the optimal strategy is to reveal

full information to the public.

o There exist w, (qr,qy), and (0r,0g) for which the full disclosure policy is not
optimal for 8 € [Bs, B4 for some B3 and Sy.

Proof. We prove the theorem by showing that with the two limits § — 0 and § — oo,

(2.50) is the optimal solution to the linear program. To clear the equations, we denote

by Q = (1—qu + (qg —qr)o?). First, look at 3 — 0. Using definition (2.41), we have
lim P (o) =1 = i + (g — ar) o
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_B7mQ _zofrQ
2(1—m) [~ (1= ) + (1= gm) e "5 + (gir — qu) e~ 5]
+ lim

B—0 ,871'@

=l—qu+(qu—qr)o

2(1—m) {7(1*5151)776267% _ UW(QH;QL)Q€7%:|

.
* /313}) TQ
2(1—m) _(1—45)%2 _ mr(qHz—qL)Q}
=l—qn+(qu —qr)o+ 0

=(1—qu+(qg —qr)o) (1 —(1—m))

=1 (1 —qu+ (gu —q1)0),
and

lim A (0,0) =—0r (1 —qu + (qu —qr) o) — (1 — 0)
B—0

=—0r(l—qu)—1+(1-07(qu —qr)) o,

which is linear in . Moreover, for fixed 7 and 0 < 0, < 0y < oo, we have

lim BY (0,0) = (¢ — q) 70 — 1.
B—0

There are three cases: 0; < 0y < n( <

1 1 1
qa—qL)’ 0L < m(qH—qL) < 0p, and m(q

m(an—ar)
0; < 0. For the first case 0; < Oy < m, Bl (0,0) < 0 for all o and 0. This
implies o (0;) = 0% () = 1. We have shown that (2.50) is always a feasible
solution to (2.44) - (2.49). Now we show its optimality by showing that (2.50) is the
only feasible solution to (2.44) - (2.49). Consider any information policy h’' # h¥.
This implies that there exists ¢’ # 1 and 6’ € © such that 2/ (¢’ | ") # 0. If ¢/ = 0,
we have >, 1 (0)h (0] 60) BH(0,0) = —u(0)h(0]8) < 0, which violates (2.47).
If o' € (0,1), we have Y ,u(0)h (0’| 0)BY (¢/,0) = —u(0) (0] ¢') < 0, which
violates (2.45). Therefore, (2.50) is the only feasible solution to the linear program

and is thus optimal.
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For the second case 6, < < 0y, we have o' (0;) = 1 and ¢ (0y) = 0.

1
(g —qr)
Moreover, notice that in this case, argmax, Al (5, 60;) = 1 since 1 — 0,7 (qg — q1) >
0. arg max, Al (¢,05) = 0 since 1—0u7 (g — qz) < 0. This implies that h¥ defined

in (2.50) is also the first best solution in this case. Since the first best solution gives an

upper bound on the optimization objective, we have shown the optimality of (2.50).

Finally, for the third case < 01, < Oy, we have oF (0;) = oF'F (0y) =

7r(ququ)
0. This is a similar case, where (2.50) is the only feasible solution to (2.44) -
(2.49). Consider any information policy h' # h¥. This implies that there ex-
ists 0/ # 0 and @ € © such that ' (¢/ |€) # 0. If o/ = 1, we have for ¢,
S (@) h(1]6)BY(1,0) = —p(@)h(1]60) < 0, which violates (2.46). If o’ €
(0,1), we have >, (0) h (o’ | 0) BY (07,0) = —pu(0") h (0’ | ') < 0, which violates
(2.45). Therefore, (2.50) is the only feasible solution to the linear program and is
thus optimal.

Combining the three cases, we show that the full information policy defined in

(2.50) is optimal when 8 — 0.

Next, we consider the other limit, 5 — oco. By definition, this implies

lim P (o) =1~ qu+ (qu —aqr) o

B—o0

and

lim A" (0,0) = —0(1 —qu + (qu —qr) o) — (1 —0) = —0(1 —qu) =1+ (1 -0 (qu — q1.)) 0,

B—o0

which is linear in . Moreover, for fixed 7 and 0 < 0, < 0y < 0o, we have

lim B (6,0) =6 (qy — q1) — 1

B—o00

for all o.
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1
9H—4L

1
9H—4qL

1
9H—4qL

There are three cases: 0; < 0y < , 0 < < Oy, and <0 < 0y.

For the first case 0, < 0y < quqL, Bl (0,0) < 0 for all ¢ and 6. This implies

ol'E(01) = oF'F (By) = 1, and this is the same case as for 8 — 0, 0, < 0y <

w(qg—qr) "

With the same proof, we can see how (2.50) is the only feasible solution and is thus
optimal.

< Oy, we have o' (0;) = 1 and o"'F (0y) = 0.

For the second case 6 < pr—
Moreover, notice that for 5 — oo, argmax, A (¢,6,) = 1 since 1 —0; (qg — q1) > 0.
Similarly, arg max, A (o,05) = 0 since 1 — 0 (g — qz) < 0. This implies that h*”
defined in (2.50) is also the first best solution in this case. Since the first best solution

gives an upper bound on the optimization objective, we have shown the optimality

of (2.50).

Finally, for the last case QHl_QL < 0 < 0y, we have of'F (0;) = o'F (0y) = 0.

This is the same case as for 5§ — 0, e < 01, < 0. With the same proof, we can

1
H—qL)

show (2.50) is the only feasible solution to the linear program and is thus optimal.
Combining the three cases, we show that the full information policy defined in

(2.50) is optimal when 3 — oo. By definition of limit, this completes the proof for

the first part of the theorem.

To show the existence in the second part of the theorem, we use an example.
Take 6 = 100, qg = 0.86, q, = 0.24, @ = 0.2, 0, = 1.7, and 0y = 7.5. The
full information equilibrium under severe harm of infection is o*'¥ (8y) = 0, i.e., all
agents will take high protection. The full information equilibrium under mild harm
of infection is o' (6;) = 0.502, i.e., agents with social activity levels above 0.502
will take high protection, and the rest will take low protection. The social welfare

under full information disclosure is —4.68.
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Consider the following information policy:

0.2075 6 =40y
1 (0.001 | 6) =
0.9406 Otherwise,
and
0.7925 6 =46,
h(0.497 | 6) =

0.0594 Otherwise.

That is, if the sender sees a mild harm of infection, with probability 0.2075, she rec-
ommends that agents with activity levels above 0.001 take high protection and, with
the remaining probability, recommends that agents with activity levels above 0.497
take high protection. If the sender sees a severe harm of infection, with probability
0.9406, she recommends that agents with activity levels above 0.001 take high pro-
tection and, with the remaining probability, recommends that agents with activity
levels above 0.497 take high protection. This information policy is feasible and will

attain a social welfare of —0.977, which is higher than —4.68. m

The first part of Theorem 2 states that when the infection transmission rate is very
large or small, the sender finds it optimal to fully disclose the information. Based on
different values of other parameters, there are two intuitions to this result. On the one
hand, when the infection is barely (resp. highly) transmissible, the potential threat
of loss from infection is too low (resp. high) even when the state is bad (resp. good).
Therefore, in both states, no agent (resp. all agents) will choose to protect, and the
feasible set is a singleton, i.e., it is impossible to induce any protection behaviors
other than the full information equilibrium. On the other hand, when the potential
threat of loss from infection is too low or too high compared with the protection

cost, the influence of free-riding diminishes, and there is no incentive misalignment
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between the central planner and the agents.

The second part provides a complementary observation by establishing that for
intermediate values for the infection transmission rate, the full disclosure policy may

no longer be optimal.

The next example illustrates the result of Theorem 2.

Example 2. Let us define the “price of full disclosure” as the social welfare difference
between the full disclosure and the optimal (i.e., the solution to the linear program
(2.44) ) policies divided by the social welfare from the full disclosure policy. The higher
the price of full disclosure, the more valuable it is for the social planner to design an
information policy that is not fully revealing. A zero price for full disclosure means
that the sender can do nothing with the information advantage and the best strategy

is to reveal the full information to the public.

With this definition in hand, we next illustrate the impact of intermediate 3 in
the context of an example. We set the high protection level as qg = 0.86, the low
protection level as qr, = 0.24, the initial infection probability as m = 0.2, the mild
harm of infection as 0 = 1.7, and the severe harm of infection as 0y = 7.5. The
price of full disclosure for this setting as a function of different transmission rates
B is depicted in Figure 2.1. As we observe, when the transmission rate is low, in
particular, lower than 38, the price of full disclosure is 0, which means that the
full information disclosure policy is the optimal policy. Moreover, the price of full
disclosure decreases to 0 as [ increases over 490, confirming the results of part (a)
of Theorem 2. For an intermediate transmission rate, however, as established in part
(b) of Theorem 2, we see that it is socially beneficial to disclose partial information.
In particular, for certain transmission rates, mixing information can result in more

than 30 percent of improvement in social welfare.
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Figure 2.1: Price of full disclosure under different S with (qm,qr, 7 0m,0L) =
(0.86,0.24,0.2,7.5,1.7)

2.5.4 The Effect of the Initial Infection Probability

Next, we study the benefit of information design under different values for the initial
infection probability 7. We formally prove that for small and large 7, the optimal
information policy is to reveal full information, and consequently, the agents play
according to the full disclosure equilibrium. We then illustrate that, for intermediate

values of 7, the full disclosure policy may not be optimal.

Theorem 3. Consider the one-step transmission model with mean-field approxima-

tion.

e For any B, (q1,qu), and (01,0y), there exist w1, m € (0,1) such that if © €
[0,71) or m € (ma, 1], the full disclosure policy defined in (2.50) is an optimal
solution to the linear program (2.44) - (2.49), i.e., the optimal strategy is to

reveal full information to the public.

e There exist 3, (qr,qu), and (01,0y) for which the full disclosure policy is not

optimal for m € [m3, w4 for some w3 and my.
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Proof. We prove the first part of the theorem by showing that in the two limits,
7 — 0 and m — 1, (2.50) is the optimal solution to the linear program. First, let us
consider 7 — 0. For fixed § and 0 < 0 < 6y < 0o, we have

lim BY (0,0) = =1 < 0

m—0
for all . This implies that o”# (8) = ¥ (§5) = 1. Moreover, lim,_,o P (o) =0

and

lim A% (5,0) = 1 + o,

T—0

which implies that argmax,cp 1] AY (0,0) = 1 for all §. Therefore, (2.50) is the

optimal solution to the linear program.

Next, let us consider 7 — 1. By definition, this implies

lim P (0)=1—qu+(qu—qr)0

T—1

and
7lg_}rri A (o) =01 —qu+ (qu—qr)o)—(1—0) = —-0(1 — qu)—14+(1 — 0 (qu — q1)) 0,
which is linear in . Moreover, for fixed § and 0 < 0, < 0y < 0o, we have

lim B (0,0) = (qi — q1) 0 — 1.

T—1

1
< Oy, and L

H—qL)

There are three cases: 0; < 0y < ( ! 0, < <

1
qH—qL)’ (qz—qr)

0; < 0. For the first case 0, < 0y < — Bl (5,0) < 0 for all ¢ and #. This

(qur—qr)’

implies o (0;) = 0% () = 1. We have shown that (2.50) is always a feasible

solution to (2.44) - (2.49). Now we show its optimality by showing that (2.50) is the
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only feasible solution to (2.44) - (2.49). Consider any information policy b’ # h¥.
This implies that there exists ¢’ # 1 and ¢’ € © such that h' (¢’ | ') # 0. If o/ = 0,
we have Y, 1 (0)h (0] 60) BH(0,0) = —u(0)h(0]6) < 0, which violates (2.47).
If o' € (0,1), we have Y, u(0)h (0’| 0)BY (¢/,0) = —u(¢) (0] ¢') < 0, which
violates (2.45). Therefore, (2.50) is the only feasible solution to the linear program
and is thus optimal.

For the second case 0, < L < 0y, we have ¢7F (0;) = 1 and of'F (0y) = 0.

(arr—ar)
Moreover, notice that in this case, arg max, A (¢,60;) = 1 since 1 -0, (g — qr) > 0.
arg max, Al (0,05) = 0 since 1 — 0y (¢ — qr) < 0. This implies that h¥ defined in
(2.50) is also the first best solution in this case. Since the first best solution gives an
upper bound on the optimization objective, we have shown the optimality of (2.50).

Finally, for the last case m < 01 < 0g, we have 0% (0;) = o'F (0y) =
0. This is a similar case where (2.50) is the only feasible solution to (2.44) -
(2.49). Consider any information policy h' # h%. This implies that there ex-
ists 0/ # 0 and ¢ € © such that b’ (o' |0') # 0. If ¢/ = 1, we have for ¢,
S (@) h(1]6)BY(1,0) = —p(@)h(1]60) < 0, which violates (2.46). If o’ €
(0,1), we have >, u(0) h (o’ | 0) BY (07,0) = —pu(0") h (0’ | ') < 0, which violates
(2.45). Therefore, (2.50) is the only feasible solution to the linear program and is
thus optimal.

Combining the three cases, we show that the full information policy defined in
(2.50) is optimal when m — 1. By definition of limit, this completes the proof for the
first part of the theorem.

The same example that we used in the proof of Theorem 2 establishes the second

part of the theorem. O

The first part of Theorem 3 states that when the initial infection probability 7
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is too small or too large, there is no need for obfuscation. In these two cases, the
best policy is to completely reveal the information to the public. When 7 is small,
the economic concern of the protection costs dominates the health concern of getting
infected. There is no incentive misalignment between the sender and the agents,
and therefore, the optimal policy is full disclosure. When 7 is large, two phenomena
can happen. The first is that the potential threat of loss from the infection is too
high even when @ = 6. Therefore, in both states of the world, all agents choose
to protect. That is, it is impossible to induce any other protection behaviors than
everyone protecting from the full information equilibrium. The second is that the
potential threat of loss from infection is too high compared to the protection cost.
In this situation, the health concern dominates the economic one. Again, there is
no incentive misalignment between the sender and the agents, and therefore, full
disclosure becomes the optimal policy.

The second part provides a complementary observation by establishing that for
intermediate values of the initial infection probability =, the full disclosure policy
may no longer be optimal.

The next example illustrates the result of Theorem 3.

Example 3. Recall the price of full disclosure that we introduced in Example 2. Sim-
tlar to Example 2, we set the high protection level as qg = 0.86, the low protection
level as q;, = 0.24, the mild harm of infection as 0, = 1.7, and the severe harm
of infection as Oy = 7.5. We fix the transmission rate = 39 and vary the initial
infection probability w. The price of full disclosure in this model as a function of ™
is depicted in Figure 2.2. We observe that when the initial infection probability is
smaller than 0.19, the price of full disclosure is 0. In this case, a full information
disclosure policy is optimal. When the initial infection probability is larger than 0.43,
the price of full disclosure is again 0. The sender cannot do anything with her infor-
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Figure 2.2: Price of full disclosure under different 7 with (¢m,qr,08,0m,0L) =
(0.86,0.24,39,7.5,1.7)

mation advantage, and the best strateqy is full disclosure. These observations confirm
the results of part (a) of Theorem 3. For an intermediate initial infection probabil-
ity, as established in part (b) of Theorem 3, we observe that it is socially beneficial
to disclose partial information. In particular, for intermediate values of w, mixing

information can result in more than 30% improvement in social welfare.

2.6 Full Transmission

In this section, we return to the full transmission model and analyze the mean-
field approximation of the infection probability. We first note that, unlike with the
one-step transmission, the social planner’s information problem is no longer a linear
program. Nevertheless, we show that the impact of the transmission rate § that we
obtained in the simpler one-step transmission model continues to hold in this more
general setting. In contrast, we establish that the impact of the initial infection

probability 7 changes.
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2.6.1 Mean-Field Approximation for Full Transmission

We consider the same discretization of the social activity levels as developed in Sub-
section 2.5.1. To derive the mean-field approximation, we discretize the agents’ social
activity levels so that they are uniformly drawn from ¢ types {a!,--- ,a'}. With ¢
types, there are n/t agents of each possible type, and then we let both n and ¢ go to
infinity. We use the same notation P™ (¢, 2,t) for the infection probability of each
agent with social activity level x when there are ¢ types and the protection threshold

is 0. For x € {a',--- ,a'}, we have

P™ (o,2,t) = (1 —qul{z>o} —ql{z<o})
(1 — gxyIP(n) (0'7y,t)> ‘ (1 — éxQIP(n) (o, z,t)) t_1>] . (2.51)

n

T+ (1 —m) (1 -
ye{at,...a’ P\ {a}

In (2.51), the term (1 — gyl {z > 0} — q1 {z < o}) is the probability that the type
x agent remains in the contact network. Conditional on that, this agent can be
infected as the origin with probability 7. If the agent is not initially infected with
probability 1 — 7, the infection reaches her through any other agent in an order-
independent way. In particular, the infection reaches this agent through a type y
agent with probability

éwyﬂ)(") (0,y,t).
n

Note that the type y agents can transmit infection only if they are present in the
contact network and are infected with probability P(™ (o, y,t). Equation (2.51) then
follows by noting that there are n/t agents of type y # = and n/t — 1 remaining type
T agents.

Next, we denote P (o, x) as the mean-field approximation of the infection proba-
bility P™ (o, 2, t) corresponding to what we defined in (2.36) in the one-step model.
Similarly, we interpret it as the fraction of type = agents infected. Our next propo-

sition characterizes this quantity.
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Proposition 6. For any protection threshold o and social activity level x, we have

P(o,x) = lim lim P™ (o,2,t) = (1 — qul{z >0} —qr1{z < 0o}) (W +(1—7) (1 _ e—ﬁwe(a))) ’

t—o0o n—o0

(2.52)
where e (o) is the unique positive root of the equation

2 1—m

elo

2 B2e? (o)
(1+ Boe (o)) e 4 (1 —qy) (1 + Be (o)) e_ﬁe(“)> : (2.53)

Proof. We start by proving the following claim.

Claim 3. For x € {a',--- ,a'}, the following is well defined:

P(o,z,t) = lim P™ (0, ,t).

n—o0

Moreover, we have

P(o,z,t) =1 —qul{x>0c} —ql{zr<o})x

T+ (1—-m) | 1- H e~ revPo ) . (2.54)

ye{a17"' 7at}

Proof of Claim 3: For all j € {1,---,t}, let yJ = P™ (0,a’,t) and
t
£ Wno-syn) = (1 =gl {a’ > 0} —qr1{d’ <0o}) <W+(1 —) (1 -JIa- i“jakyﬁ)?» :
k=1

We also let f, : [0,1]" = [0,1)" be f, = (f},---, f!). Note that the fixed points for

nl

[ are the solutions we want for (2.51). It can be seen that f7 is continuous. Next,
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we show that for all j and (2!, .-, 2%), we have
f (zl, e ,zt) — I (zl, e ,zt) uniformly,
where

f (zl,--- ,zt) :(1—qHIL{aj >a}—qul{aj Sa}) X

<7r +(1—7) (1 -11 e—faja’“zk» . (2.55)

The statement follows from

(1 — E) — e~ ¥ uniformly.
n

Using Taylor expansion, we have

. 2\ 1, (1 n\ 1) , « 1 4
(& —(14—5) == H.CE -+ (E_(k)ﬁ)x —Zamkﬂaz,
k>n k=0 k=0
where
L= ((1=3) - (1=51)) k<n
Ap k. =
1 otherwise

Note that 0 < a,; < 1 for all k,n. And for any fixed k, we have lim,_,o @, = 0.

Let € > 0 and choose N such that forn > N, >, %bk < %e. Then,

N N
i NG 1, 5 1 w1
e’ — (1 + E) ‘ < kgzo an’kﬂ |z|" 4+ 7€ < ,;:0 QA J; MAX (1,b ) + €
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Now choose N’ > N such that Ziv:o g < me for n > N’. We have

()

for all z. So (1 — %)n — e~ % uniformly.

<e€

Now let y, = (y. - y!). Since f, is continuous, there exists § such that for

‘yn _y’ S 57 ’fn (yn> - fn (y)‘ S
foralln > N, |f, (x) — f(2)] <

Since f,, — f uniformly, there exists IV such that

N

for all x. Taking the two together, we have

N

|fn (yn) - f(y)l = |fn (yn) — fn (y) + fa (y) - f(y)|

DO ™

Finally, we show that there exist fixed points for functions f,, and f. We have

0L Y+ Yn)

=(1—-gul{d >0} —q1{a’ <o})(1—7)

oyl
Ba’a’ B i i B i ‘
' (1—gajayn) H(l_ﬁa]aky’]i) =0
k#i
j 1 PEETY t y ]
LU (1 0) -t (0 <01) 1

5CLJ B aiatyi—1 Hef?afa >0
ki
for all 4 and j. By the Knaster-Tarski theorem ([Tarb5]), f, and f being order
preserving and the function space [0, 1]t being a complete lattice together imply that
there exist fixed points y, = f,. (y,) and y = f (y). Therefore, there exists N such
that for all n — N, |y, — y| < e. By definition, this means that y, — y uniformly,
where y is the fixed point for f = (f -+ f*) as described in (2.55). This completes

the proof of Claim 3. n
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We now proceed with the proof of Proposition 6. Again, we introduce a notation

for the exponent that appears in the above equation as

Zye{al,w ,at} yp (07 Y, t)

e(o,t) = .

(2.56)

Now we take ¢ to infinity and return to the original [0, 1] space of . With a slight

abuse of notation, we define

e (o) = lim e(o,t) :/o P (o,z,t)dx

t—o0

:/0155(1—QH1{$>U}—QL1{33§0}) (7H—(1—7r) (1—e"3‘”e(")))dx

1-— - 2 1-—
-t (gH W, 22 Z:r) (‘ (1= q) + (g — qz) (1 + Boe (o)) e 77

+ (1 —qm) (1+ pe(0)) 6_56(”))

as illustrated in (2.53). Now we show that (2.53) has a unique root between 0 and
1. We denote

l—gqug+ (g —qr)o? | (1—m)(—(L—qr)+ (qu — qr) (1 + Boz) e P + (1 — qg) (1 + Bx) e=P)
f(x) - 2 + 52.1'2

as the right-hand side of equation (2.53) and show that f(z) = x has a unique root
in [0, 1]. We have

2

f(0) =179t (g1 —qL)o (1 = 7)(—(qu — qr.)B20%weBo" — (1 — qzr)BPwe—betor)

2 +iig%) 262z

_l—qu+ (qu —qr) o 4 lim —(1—7)((qu — qr)o%eP7% 4 (1 — qi)eP7)
2 r—0 2

:W(l —qy + (ZQH —qr)o?) >0,

£(1) _l—gqu+ (ZH —qr)o?
n (1—m)(=(1—qr) + (qg — q)(1 + Bo)e 7 + (1 — qu)(1 + B)e™F)
32

Loamt(am — qr) o* L A=m(E0=a) + (9 —au) + (1 = an))
2 32

:1_QH+(QH_QL)02 <1,

2
74



and

_ Bl = ) (=%l — an)e 7" = Fall — gu)e ™)

fl(w) ﬁ4$4
~28%(1 = m)(=(1 —qr) + (g — qr)(1 + Box)e P7% + (1 — qu)(1 + Bz)e=P?)
Bzt
:(1 —m)(2(1 — qr) — (qu — qr)e P7%(B20%2? + 2Box + 2) — (1 — qu)e P%(B%2? + 2Bz + 2))
523
S =m)Q2( —qr) —2(qn —qr) = 2(1 —an)) _

- 62$3

for all x, which implies that f(z) is monotone increasing between 0 and 1. This
implies that there exists a unique positive root for equation (2.53) between 0 and 1.

Using (2.54) and (2.53), we have

P (o, ) :tlirgo (I—gqul{z>o}t—ql{z <o}) [+ (1—m)(1—e @)

=(l—gul{z >0} —ql{z <o})[r+ (1 —7m)(1—e)].

This completes the proof. n

We next characterize the fraction of infected agents (of any type) following any

protection threshold.

Corollary 3. For any protection threshold o € [0, 1], the fraction of infected agents

18
P (o) =E, [P (0, 2)]

=1—qu+(qu —qr)o+ (ﬁle_(;)) (‘ (1—qr) + (gu — q) e 77 + (1 — qn) fﬁe(g)) ;

(2.57)

where e (o) is defined in (2.53).
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Proof. By definition, we have

t—o0

1
P (o) :/0 lim P (o,x,t)dz

:/01 (1=aul{z>o}-al{e<o}) (r+ (1 =m) (1-e =) do

(1—m)
pe (o)

=1—qu+(qu —qv)o+ <— (1—qu)+ (qu —ar) e "7 + (1 - qn) e‘ﬁe(")> :

This completes the proof. O

Next, similar to what we defined in the one-step model in (2.42) and (2.43), we let
A(o,0) and A (0,0) be the limit of the welfare and inventive functions, respectively.
That is,

A(0,6) = lim A™ (0,60), and B (0,6) = lim B™ (0,0),

n—oo n—oo
in which A™ (¢,0) and B™ (0, 0) are defined in (2.27) and (2.28), respectively.
The next result characterizes the limits of the welfare function and the incentive

function.

Corollary 4. For any protection threshold o € [0,1] and state of the world 6 € O,

the welfare function is
A(0,0)=—0P(0)— (1 —0). (2.58)
The incentive function is
B(0,0) =(qu —qr) [m+ (1 —7) (1 —e )]0 -1, (2.59)

where e (o) is defined in (2.53).

76



Proof. By definition, we have

A(o,0) = lim A" (0,0) = lim —0P" (0)—(1—0)=—0P (o) —(1—0).

n—oo n—oo

B(0,0) = lim B"(0,0) = lim Ex[a" (¢u,0,0,%,0) — 4" (q1,0,0,%,0)]

n—roo n— oo

=1 [r+ (=) (1= ) g [ (- (1 )]

=(qu —qr) [7r+ (1—m) (1 e ﬂw;(a))} 01

This completes the proof. O

Following A and B as defined in (2.58) and (2.59), the full transmission informa-

tion design problem with the mean-field approximation is

maxz Zu (o ]10)A(o,0) (2.60)

s.t.
Z“ h(o|0)B(0,0)=0, Yoex\{0,1}, (2.61)
Z“ (116)B(1,0) <0, (2.62)
Z“ h(0]6)B(0,0) >0, (2.63)
Y h(o])=1, Vo€O, (2.64)
;E(a 16)>0, Yoex,0€0. (2.65)

Concluding this subsection, we would like to highlight that the social planner’s
problem with full transmission, formulated in (2.60), unlike the one-step transmission,
is not a linear program. This can be seen by noting that maximizing (2.60) involves

h(c|0)P (o), where P (o) is a nonlinear function of e (o) as established in (2.53).
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Moreover, substituting (2.59) into (2.61), we have

W[ a0 So@ o1
(I=m)(gr—qr) 326 [1(0)1(c0)0]
e(o) =— ;

Bo

which establishes that e (o) is a nonlinear function of h (o | #). The fact that the
social planner’s problem with the full transmission is no longer a linear program
complicates the analysis. Nevertheless, we prove in the next subsection that certain
insights from the simpler one-step transmission model, in terms of the impact of the

transmission rate (3, continue to hold in this more general setting.

2.6.2 The Effect of the Transmission Rate

In this section, we study the benefit of information design with different transmission
rates §. Extending the result we found with the one-step transmission in Section
2.5.3, we formally prove that for small and large /3, the optimal information policy is
to reveal full information and have agents act according to their equilibrium. We then
illustrate that, for intermediate values of 3, the optimal information design policy
is not a full disclosure policy. The effect of the transmission rate ( is stated in the

following theorem.

Theorem 4. Consider full transmission and mean-field approzimation.

o For any 7, (qr,qy), and (01,0y), there exist 0 < 51 < Po < oo such that for
B < B1 and B > [, the full disclosure policy defined in (2.50) is an optimal
solution to the social planner’s problem (2.60) - (2.65), i.e., the optimal strategy

15 to reveal full information to the public.

o There exist , (qr,qy), and (0r,0g) for which the full disclosure policy is not
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optimal for 8 € [Bs, B4] for some B3 and Sy.

Proof. We prove the theorem by showing that in the two extremes of f — 0 and
B — 00, (2.50) is the optimal solution to the social planner’s problem. First, let us

consider § — 0. To study the limit, we define the sequence f,, with n = % as

~am + (ay — ap) o2 (1—“)n2<—(1—qL)+(qH—qL)(l-s-“n—w)e*T +(1—qH)(1+%)e*ﬁ)

1
fn (x) = 5 + =

Fixing x and considering point-wise convergence, we have

_ _ 2
lim fn(a:)zl qu + (qu —qr) 0o

n— 00 2
2.2 ox 2 .z
(1—7) <(QH_QL) <—%+Z"§+”ﬂ"§ )e—7+(1_qH) (_%+%+%>e nz)

n3

:1—QH+(QH—(1L)02

2 _nh—>néo 2
1—qu+(qu —qr)o? _ (1—m) (1 —qu + (qgu —q) 0?)
2 2
(1 —qu + (qu —qz) 0?)
2

Therefore, the limit function is a constant function and is continuous. The func-
tion space is [0, 1] and is compact. Dini’s theorem states that given a sequence of
functions, if the limit function is continuous, the function space is compact, and the
sequence of functions is order preserving, then the sequence of functions converges
uniformly to the limit function. Lastly, we show that the sequence of functions is
monotone, i.e., f, (z) is monotone in n. We have

afgr(bz) 2332 1) <2n (‘ (1—qz)+(qu —qr) (1 + %) e " +(1—qn) (1 + %) 67%)

x4

2.2 2
2 o~x _ oz T _z
+n ((QH_QL) ¢ » +(l-au) e ">)
:2<_<1_QL)+(QH_QL)(1+H+
r  1la? _z

79



w(1— —qr)o?
(1 (1H+(;1H qL) ) By def—

at 8 — 0. Plugging into (2.57),

Therefore, by Dini’s theorem, f, converges uniformly to

W(l_QH+(QH_QL)U2)
2

inition, this implies that e (o) =

(2.58), and (2.59), we have

lim P (o) =1 —qu + (qu —qr) 0

B—0
. (1—m)
T Be (0)

<— (1= qr) + (g — q) e 77 + (1 — qu) e‘ﬁe(")>

:ﬂ(l—qH+<QH_QL)U>7
lim A(0,0) =—0n (1 —qn + (an —qr) o) = (1~ 0)
=—0n(1—qu)—1+ (1 —0r(qu —qr)) 0,

lim B (0,0) = (qug — qr) 70 — 1.
B—0

Note that the limits of functions A and B are the same regardless of one-step or
full transmission. This means that the result for 5 — 0 remains the same when we
extend the model from one-step to full transmission. This completes the proof of the

first part of the theorem.

Next, look at 8 — co. We now define another sequence of functions fz as

f5 () :1—QH+(gH—QL)02
(1—m) ((IQL)+(QHQL)(lJrﬁUSC)@ﬁ”Jr(IQH) (1+5I)€B‘r>

+ ﬂ2$2

Fixing  and considering point-wise convergence, we have

1— o 2
B—r00 2

(1—m) (— (1—qr) + (ga —qr) 1 + Box) e P 4+ (1 — qg) (1 + B 6‘”‘)

i
* 5l—>nolo [222

:1—QH+(QH—QL)02
5 .
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Again, the limit function is a constant function and is continuous. The function space

is [0, 1] and is compact. Lastly, we show that the sequence of functions is monotone,

i.e., f5(z) is monotone in f:

B*z* (1 —m) ( (gm — qr) Bo*z?eP7" — (1 — qn) ﬁ$26ﬁ1>
B Bzt

dfp (x)

282 (1 —m) (— (1—qr)+ (g — qr) (1 4 Box) e P7% + (1 — qu) (1 + Ba) eﬁz)

B4x4

2(1—m) (1 —qr — (qg — qr) (14 Boz + $8%0%2?) e P77 — (1 — qu) (1 + Bz + $5%2?) eﬂ“‘)

53332

>0.

Therefore, by Dini’s theorem, f3 converges uniformly to w. By defini-

tion, this implies that e (o) = w at  — oo. Plugging into (2.57), (2.58),
and (2.59), we have

P(o)=1-qu+ (g —qr)o

. (1=
Wt

(‘ (1= qu) + (g — q) e 77 + (1 = qn) 556(0))

=1—qu+ (qu —q1) 0,

lim A(0,0)=—0(1~qu+(qu—qr)o)—(1—0)=-0(1—qu)—1+(1—-0(qu —qr)) 0,

B—o0

lim B (0,0) =0 (¢ —qr,) — 1.

B—00

Note that again the limits of functions A and B are the same regardless of one-step
or full transmission. Therefore, the result for § — oo is preserved in the extension.

This completes the proof for the theorem. O
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The first part of Theorem 4 states that when the infection transmission rate is
very large or small, the sender finds it optimal to fully disclose the information. Based
on different values of other parameters, there are two intuitions to this result. On
the one hand, when the infection is barely (resp. highly) transmissible, the potential
threat of loss from infection is too low (resp. high) even when the state is bad (resp.
good). Therefore, in both states, no agent (resp. all agents) will choose to protect,
i.e., it is impossible to induce any protection behaviors other than the full information
equilibrium. On the other hand, when the potential threat of loss from infection is
too low or too high compared with the protection cost, the impact of the free-riding
diminishes, and there is no incentive misalignment between the sender and the agents.

The second part provides a complementary observation by establishing that for
intermediate values for the infection transmission rate, the full disclosure policy may
no longer be optimal.

Next, we look at how the effect of the initial infection probability extends to the

full transmission model.

2.6.3 The Effect of the Initial Infection Probability

In this section, we study the benefit of information design under different initial
infection probabilities 7. We formally prove that for large 7, the optimal information
policy is to reveal full information and have agents play the full disclosure equilibrium.
More importantly, we prove that no matter how small 7 is, there exist cases such
that the optimal information policy generates strictly higher social welfare than the
equilibrium. That is, it is socially beneficial to obfuscate the information. The formal

result is as follows.

Theorem 5. Consider full transmission and mean-field approximation.
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1. For any B8, (qr,qu), and (01,0y), there exists m such that for m > my, the full
disclosure policy defined in (2.50) is an optimal solution to the social planner’s
problem (2.60) - (2.65), i.e., the optimal strateqy is to reveal full information

to the public.

2. There exist (B,01,0u,qr,qu) and m such that for all 1 < my, the optimal
solution to the social planner’s problem (2.60) - (2.65) is strictly better than
the full disclosure policy defined in (2.50), i.e., it is beneficial to obfuscate the

information.

Proof. We prove part 1 of the theorem by showing that in the limit 7 — 1, (2.50) is
the optimal solution to the social planner’s problem. For part 2, we use an example
to prove the existence. Consider 7 — 1. We have

1 — _ 2
T—1 2

The limit function is a constant function and is continuous. The function space is
[0,1] and is compact. Lastly, we show that the sequence of functions is monotone,

i.e., fr (z) is monotone in 7.

Ofx (0) (1 — qr) — (au — qr) (1 + Bow) e P — (1 — qy) (1 + fw) e ™
ox 5222

> 0.

By Dini’s theorem, f, converges uniformly to w. By definition, this
implies that e (o) = w at m — 1. Plugging into (2.57), (2.58), and

(2.59), we have

limP (o) =1—qy+ (gg —qr) 0

T—1

83



. (1=
lim
T e (o)

_ _qL qH_qLe—O'eU _qu—eU
(1= a2) + (g = au) €77 4 (1= gur) e

=1—qu+ (qw —q1) 0,
i 4 (7 0) = lim A (0,6) = —0 (1~ gi + (g — 1)) — (1 — 0)
T— T—

=—0(1—qu)—1+(1—0(qw—aq1)) o,

lim B (0,0) = (qu — q1) 0 — 1.

T—1

Note that the limits of functions A and B are the same regardless of one-step or full
transmission. Therefore, the result for # — 1 is preserved in the extension. This

completes the proof for the first part of the result.

Part 2 of the theorem is shown by the example in Section 5.2. Next, we show a

result that studies the transformation of the obedience constraints.

Claim 4. A message rule defined in (2.66) is feasible in the social planner’s problem

(2.60) - (2.65) if and only if

0 0
oy — PP (ml L+ my H)’
my + Mo

oy = oFF ((1 —my) 0+ (1 _m2)(9H) '

2—m1—m2

Proof of Claim 4: Consider a message rule defined as (2.66). By definition, the
probability constraints (2.64) and (2.65) are satisfied. Therefore, the message rule is
feasible if and only if it satisfies

1 1
§h (0'1 | QL)B (0'170L> + §h (0’1 | QH) B (0'1,9]{) = 0,

1 1
§h(02 | 01) B (02,0L) + §h(02 | 0r) B (02,01) = 0.
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Taking the first equation, we have
mlB (0'1,0[,) + mgB (0'1,9[{) = 0,

which results in

my <(C]H —qL) [W + (1 —m) (1 - 6_509(0))} 01, — 1)

+ma ((C]H —qp) [r+ (1 —m) (1= e )] 0y — 1) =0.

This in turn implies

m1«9L + m29H _

(g —qu) [+ (1= m) (1 = e7P7°))] 1=0.

mi + Mo

Therefore, we have

Blo m19L—|—m26H —0
b my + Mo

or equivalently

m0 0
01:0FE (—1 L+ Mo H)
my + mo

Using a similar process, we will get o, = of'F <(1_m1)9L+(1_m2)9H ) This completes

2—mi—ma2

the proof for the claim and thus the proof for the theorem.

The first part of Theorem 5 states that when the initial infection probability 7

is too large, there is no need for the sender to obfuscate. The intuition behind this

part is similar to that of Theorem 3 for the one-step case. When 7 is large, two
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phenomena can happen. The first is that the potential threat of loss from infection
is too high even when the state is # = 0. Therefore, in both states of the world, all
agents will choose to protect, and it is impossible to induce any protection behaviors
other than the full information equilibrium. The second is that the potential threat
of loss from infection is too high compared to the protection cost. In this situation,
the health concern outweighs the economic one. There is no incentive misalignment
between the sender and the agents, and therefore, full disclosure becomes the optimal
policy.

The second part of Theorem 5 provides an interesting contrast between the one-
step transmission model and the full transmission one. Theorem 3 for the one-
step model shows that when 7 is small, the optimal policy is always to reveal full
information to the public. In contrast, the second part of Theorem 5 states that
there exist scenarios for which no matter how small 7 is; the full disclosure policy is

no longer optimal. The next example illustrates Theorem 5.

Example 4. We let = 1/2, the high protection level qg = 0.8, the low protection
level q;, = 0.6, the mild harm of infection 0, = 8, and the severe harm of the infection
Oy = 14. We fix the transmission rate f = 24 and let w approach 0. We consider
all message rules that mix two signals. Any rule can be defined by two probabilities

(mq1,mg) as follows.

h(01|9L):m1, h<02‘9L>:1—m1,

h(O’l | QH) = My, h(O’Q | 0H) =1- mao. (266)

Note that the message rules are symmetric and (my,ma) = (1,0) represents the
full disclosure policy. Further discussions about the transformation of obedience con-

straints are included in the appendiz. Figure 2.3 depicts achievable social welfare
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Social Welfare

Figure 2.3: The objective of feasible two-signal rules when (qm,qr,B,7,0,0L) =
(0.8,0.6,24,0,14,8)

following all feasible two-signal rules. The red dot points to the full disclosure pol-
icy. From the plot, we observe that there exist mixing policies that are strictly better
than the full disclosure one in terms of social welfare. This implies that the optimal
information policy is to obfuscate and reveal partial information. Note that this ob-
servation is different from what we see in the one-step transmission model in Example
3. This observation implies that when an infection spreads in a network, there always
exist circumstances such that, no matter how small the initial infection probability is,

it s optimal for the social planner to intervene and strategically reveal information.

2.7 Conclusion

We considered the use of information design to control the spread of an infection. In
our model, each user has a social activity level that determines the social networks
among agents. Additionally, each agent takes a binary protection action after observ-

ing the information provided by the social planner, which implies how susceptible this
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agent is. Our main objective is to identify when obfuscating information about the
severity of the infection helps to increase the social welfare of agents compared to full
information revelation. In this regard, we quantify the price of full disclosure between
disclosing full information and obfuscating partial information in different cases. In
particular, we found that when the infection transmission is limited (one step), re-
vealing full information is optimal when the infection is barely or highly transmissible
and when the initial transmission probability is high or low. In comparison, we es-
tablished that when the infection transmission is unlimited over a social network, it
is sometimes beneficial for the sender to intervene and recommend instructions even
when the initial transmission probability is small. In computational examples, we
found that mixing information can improve social welfare by more than 30%.

There are a few directions motivated by our analysis that are worth exploring.
First, obfuscating information will have some negative reputation effect for the social
planner. Therefore, a natural question is whether the gain in social welfare (obtained
by obfuscating information) is worthwhile. Studying this question would require a
dynamic model of interaction between the social planner and the agents. Second,
collecting additional information improves social welfare but is also costly. This

motivates the study of quantifying the value of information, maybe empirically.
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Chapter 3

Controlling Epidemics in a Connected
World: Information Design with Multiple
Senders

3.1 Introduction

When facing the spread of an infection, people need to make a trade-off between the
costs of getting infected and adopting some protective actions. In particular, the
social network is endogenous because more social distancing from others incentivizes
an individual to free-ride. The free-ride incentive and the level of social welfare a
central government can improve using its information advantage about the severity

of the infection have been well studied by our earlier work and by [dVGW21].

Built on this basis, we develop a further question. What if there are multiple
governments that possess the same information advantage and perform information
design simultaneously? What will be the level of information disclosure in equilibrium
among the senders, and how will that differ from the optimal information policy in
a single sender case?

In this paper, we develop a model to answer these questions. In particular, we
study the Nash equilibrium between two more-informed governments to inform two
populations about the severity of an infection when the individuals have heteroge-
neous economic costs for social distancing and decide whether they want to self-
isolate. Moreover, we study the scenario where information can travel across the
population while infection cannot. That is, all individuals in the two populations
will see messages from both governments, while an individual’s infection probability
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depends only on her social distancing action and the social distancing actions of the
other individuals in her own population. We use this assumption to model the condi-
tions where lockdown policies block physical contact and transmission of the disease

while information can still circulate over the Internet.

In particular, we consider two senders who observe the infection severity, which
has two possible values (high or low). We also have two continuums of receivers
who have heterogeneous economic costs. The economic costs capture the receivers’
economic loss from choosing self-isolation. An individual’s infection probability de-
pends on her social distancing action and the social distancing actions of all the
other individuals in her own population. The more individuals isolate themselves,
the less exposed the population is, which decreases the expected infection probability

for everyone within the same population.

Our multiple senders’ information design model is motivated by the Bayesian
persuasion game of [GK17]. The governments (senders) each commit to a messaging
policy, privately observes the same state of the world, and send a one-shot public
message to all receivers based on the state. Each receiver obtains information from
all the senders and chooses whether to self-isolate based on her belief about the state
of the world and her own economic cost. Self-isolation is costly but will completely
protect the individual from the risk of getting infected. In particular, the dis-utility
of each individual is either the economic cost if the individual chooses to self-isolate
or the healthcare cost times her infection probability if the individual chooses not to
self-isolate, where her infection probability is in turn, her perceived infectiousness of
the disease times the size of the socially active population.

We first characterize the individuals’ equilibrium within each population. We
show the existence and uniqueness of a Bayes Nash equilibrium among individuals in

a population and establish that it is a threshold strategy. That is, individuals whose
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economic costs are below (resp. above) a threshold choose to (resp. not to) self-
isolate. We further explicitly characterize the equilibrium threshold as a function of
the individuals’ perceived infectiousness of the disease based on their posterior belief.
Equipped with these characterizations, we then turn to our main question: what are
the equilibrium information disclosure policies among the two senders? Moreover,

what is the optimal one if there are multiple?

In particular, we say each government needs to balance its population’s health
with the economy, and different governments assign different levels of priority over
the two conflicting objectives to reflect different long-term and short-term political
goals. We aim to find the equilibrium that minimizes the collective social costs across

two populations.

To find the optimal equilibrium, we study the set of distributions of posterior
belief and perceived infectiousness that can be induced by two senders and convert
the model to a game that designs the distributions of belief ([GK17]). This establish-
ment of equivalence allows us to solve the informational content of equilibria by just
inspecting each sender’s social cost function in turn without worrying about strategic
considerations.

Our main result characterizes the optimal information disclosure under different
scenarios. We prove that it is optimal for the senders to obfuscate information when
both senders are heavily economically focused and have relatively high economic
costs in each population, and the prior infectiousness of the disease is high. It is
also optimal to obfuscate information when the prior infectiousness of the disease
is high, one sender is heavily economically focused and has relatively high economic
costs in his population, while the other sender is more biased toward the population’s
health and has relatively small economic costs in his population. When both senders

are either heavily economically focused, have relatively high economic costs, and
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the prior infectiousness of the disease is relatively low or more biased toward the
population’s health and have relatively small economic costs, the optimal policy is
to disclose no information. When at least one sender is weakly more biased toward
his population’s economy but not extremely economically focused or is more biased
toward the population’s health but has relatively high economic costs, the optimal
policy is to reveal full information to the public.

The remainder of this paper is organized as follows. Section 3.2 presents the model
setup and establishes the existence and uniqueness of the continuation equilibrium
among the individuals. Section 3.3 characterizes the equilibrium outcomes among
the senders’ game. Section 3.4 analyzes the impact of parameters over the optimal
information disclosure strategy. Section 3.5 concludes the paper. The appendix

includes proofs omitted from the text.

3.2 Model Description

3.2.1 The Environment

We consider an environment where two governments (which we refer to as senders)
seek to induce certain levels of social distancing in their own population (which we
refer to as receivers) that are experiencing the spread of an infectious disease. Both
senders possess the same level of information advantage over the receivers. First, the
senders inform the receivers about the epidemic’s severity in a way that may or may
not reflect its proprietary information. The message of the two senders reaches the
receivers in each population, but the spread of the infection in each population does

not reach the other population.

Observing both messages from the two senders, each receiver decides about the
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level of social interactions. To make this choice, receivers need to balance the eco-
nomic costs of social isolation with the risk of getting the infection. Importantly,
each receiver’s choice affects the probability of infection in their own population, but
not the other population. This gives rise to two different incentives depending on the

population each receiver belongs to.

3.2.2 Spread of infection and the receiver’s utility

We refer to the infectiousness of the disease as w, which is a binary random variable
w € Q = {w;,wy} taking a high value wy, (representing a highly severe epidemic) with
prior belief pg € (0,1) and a low value w; (representing a less severe epidemic) with
the complement probability. Thus, the perceived prior infectiousness of the disease is
given by o = pown + (1 — po) wy, which captures the expected severity of the disease
according to the prior belief. The realized state of the world w is private information
to the two senders, and all receivers share the common prior py.

We have two continua of receivers, indexed by i € {1,2}. Specifically, we nor-
malize both population sizes to 1. We consider receivers that are heterogeneous in
their economic costs. The costs account for the economic loss when individuals take
actions to prevent the spread of an infectious disease. We allow for the distribution
of economic cost to be heterogeneous across the two populations. In particular, for
each receiver in population ¢ € {1,2}, we let the economic cost be drawn from a
uniform distribution with support C* = [0, b']. Notice that, the larger b' is, the more
unequal the economic impact of the epidemic on the population is.

Each receiver decides a € {0,1}, such that the individual remains isolated and
avoids the disease when ae = 1 or engages in social interactions otherwise. If a = 1,

the receiver is completely isolated from the disease and will only pay her economic
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cost. Thus to make this choice, a receiver balances the trade off between her economic
cost and her potential loss from getting the infection, which we introduce in detail in

the next paragraph.

We assume that an infected receiver incurs a (per unit) healthcare cost k € R..
This cost captures the symptoms’ seriousness and may include additional economic
costs due to hospitalization. The health risk then corresponds to the probability
of being infected times the cost k. The probability of being infected for a receiver
engaging in social interactions is the product of the perceived infectiousness of the
disease, denoted by p, which captures the expected severity of the disease according to
a belief and the size of the socially active population, denoted by P for population i €
{1,2}. This yields uPk as the expected healthcare loss for a receiver in population
¢ who has decided not to isolate.

Note that the perceived infectiousness of the disease is a linear function of the
belief about the severity of the disease, given by u = pwy + (1 — p)w;. Thus, given any
belief p, the socially active population P?, and the economic cost ¢, the cost function

for a receiver in population ¢ taking action a € {0,1} is

u(p, P, c,a) = ac+ (1 — a)(pwy + (1 — p)w;) P'k. (3.1)

Again, for a receiver in population 7, the first term of the above utility is the economic
cost when she isolates, and the second term is the expected healthcare loss if she does
not. The healthcare loss depends on the receiver’s belief about the severity of the
disease, the size of the active receivers in population i and the (per unit) healthcare

cost k.
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3.2.3 Continuation Equilibrium Among Receivers

We now consider the game among the receivers and characterize the equilibrium of
the game with incomplete information. To distinguish the equilibrium of the game
between the two senders, which we discuss later, we name the equilibrium of the
game among receivers as the continuation equilibrium.

Recall that messages from the two senders are public. Thus, every receiver shares
the same belief which we denote by p. Each receiver knows her own economic cost
c, the belief p, and the distribution C* over her population’s remaining economic
costs. We denote an action strategy in population i by a’ : C* x [0,1] — {0,1} that
maps a receiver’s economic cost and her belief about the severity of disease into a
choice to social distancing. We consider the symmetric Bayesian Nash equilibrium
a* (c,p), which is the strategy that minimizes the expected cost for each receiver in
population ¢ when the common belief is p and all other receivers follow the same
strategy a™*(c, p). That is, a strategy profile a™* (¢, p) is a Bayesian Nash equilibrium
if and only if for every receiver with arbitrary economic cost ¢ in the support [0, b],
keeping the strategies of every other receivers fixed, action a™* (c,p) minimizes the
expected cost of this receiver. Notice that the symmetry assumption means that the
strategy of each receiver depends on her economic cost ¢ and her belief p, and not

her identity. A formal definition is as follows.

Definition 6 (Continuation Equilibrium). For any belief p € [0,1], we say a™ :

C' x [0,1] = {0,1} is a symmetric Bayesian Nash equilibrium if for all ¢ € C*

a”(¢,p) €aefory {ac+ (1 —a)(pwy + (1 — p)wl)Péi*’pk}, (3.2)

where
P;ii*’p = Ecwci[l — ai*(c,p)]. (33)
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We say a™(c,p) defined in (3.2) is the population #’s individual optimal choice,
and P, » defined in (3.3) is the size of the socially active population in the contin-
uation equilibrium of population i. The probability of a receiver becoming infected,

(1 — a)(pwn + (1 = p)wi) Pl ,, depends on Py,

i »» which captures the externalities
P

that engaging in social interactions create. As fewer people self-isolate (i.e., as P!, »
increases), a socially active receiver is more likely to become infected, raising her

incentives to self-isolate, giving rise to the game among receivers in the same popu-

lation. We denote the set of continuation equilibrium induced by belief p as B(p).

The next result establishes the existence and uniqueness of the continuation equi-
librium given any belief p. This equilibrium is characterized by a threshold in the

population’s individual economic cost. The result is as follows.

Proposition 7 (Uniqueness of the Continuation Equilibrium). Suppose the pos-
terior belief is p € [0,1] and the population’s economic cost is drawn from C' =
Uniform [0, b]. For anyi € {1,2}, a unique continuation equilibrium a™* : C'x [0, 1] —

{0,1} ewists and is given by threshold ¢ (p) as

N 1 ife<d*(p)
a” (c,p) = (3.4)
0 ifc>c™(p),

where
(pwp, + (1 — p)wy) kb’
(pwn + (1 — pwy)k + bF

¢ (p) =
The size of the socially active population with the continuation equilibrium is

bz’
P (pwn + (1 — p)wyk + b

F, (3.5)

Proof. Let us fix p. Notice that the two populations are isolated, which means two
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separate continuation equilibria a'*, a®* are played in each population as described
in (3.2) and (3.3). We now prove that they all follow the form described in (3.4).
The identity of the population group does not affect it. Therefore, we write the proof
without the index 4. It is straightforward to see from (3.2) and (3.3), the continuation

equilibrium a* (¢, p) in (3.4) of an individual with cost ¢ is the unique solution to

min ac+ (1 — a) (pwp, + (1 — p)w;) Pox pk
ae{0,1}

for ¢* (p) = (pwn, + (1 — p)w;) Pox pk. We next show that P, , is uniquely determined
by a* (¢,p) with ¢* (p) = (pwp + (1 — p)w;)Par ok and (3.3). Let F(-) denote the
cumulative distribution function of the uniform distribution with support [0,5]. We
can write

Porp=1—=F ((pwn + (1 = pwr) P pk) - (3.6)

Let h(z) = z — 1 + F((pwn + (1 — p)wy)xk) for all z € [0,1]. The function h
is continuous and strictly increasing. Moreover, h(0) = —1 < 0 and h(1l) =
F((pwn + (1 —p)wy)k) > 0. Thus, the mean-value theorem asserts that P, is

the unique fixed point for h(x) = 0. Solving this fixed point equation, we ob-

tain P, = (pwh+(1fp)wl)k+b. The fact that ¢* (p) = (pwn + (1 — p)w;) Pus pk yields

¢ (p) = (pwn+(1—p)wi)kb

p . This completes the proof. O

The result indicates that in the unique equilibrium, only individuals who suffer
an economic cost less than the infection loss should self-isolate. The rest of the
population with higher economic costs will still engage in social interactions.

Proposition 7 also sheds light on the role of the externalities that individual choices
create in the population. Indeed, an individual in population ¢ whose economic cost

is exactly at the threshold ¢** is indifferent between avoiding and engaging in social
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interactions, i.e., ¢*(p) = (pwy, + (1 — p)w)kPyix , = (p(wn — wy) + wy)k Py, given
(3.5). Thus, two countervailing forces shape the behavior of ¢** as a function of the
belief p. On the one hand, the higher the belief p is, the higher the value of ¢* for a

fixed size P,i«,, i.e., more receivers have a high incentive to isolate themselves. On

7p’
the other hand, a higher belief p lowers the size of the socially active population Py,
in the continuation equilibrium because fewer receivers engage in social interactions.
The net effect is that ¢* increases in p at a diminishing rate. In other words, due to

the externalities that individual choices create (via P, ), the additional number of

self-isolated receivers decreases when the epidemic appears to be more severe.

3.2.4 Information Structure and Public Information Policies

Now, we consider the information design game among the two senders to minimize
the collective social costs. As we mentioned in Subsection 3.2.1, the two senders
observe the actual realization of w € {0,1}, and thus can potentially influence a
receiver’s behavior by strategically disclosing this information. Formally, we let M =
(MY, M?) denote the pair of message space for the two senders and assume M? is
finite but general enough. Before w is realized, each sender i € {1,2} commits to
a public information policy 7* which specifies the probability 7’(m | w) of sending
message m € M given each realization of w € {0,1}. Let I = (7', 7%) denote the

information policy employed by the two senders.
Receivers will form a posterior belief pm € (0,1) after seeing the information
1

policy IT and the generated message m = (m',m?). More specifically, by using

Bayes’ rule, for any pg, Il and m € M, the individual’s posterior belief becomes

porrt(mt | wp)mw?(m? | wp)

P port (m [ wn)m2(m? wn) + (L= po)mi(m [ w)m2(m? [ )’
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Receivers will then play a continuation equilibrium as discussed in Subsection
3.2.3. The extensive form game between the two senders and the two populations of

receivers is as follows:

1. The senders pick and commit to an information policy II for providing the

receivers with message m = (m!, m?).

2. The true state w is realized and is private information to the two senders.

3. The individuals see the realized messages m = (m!, m?) according to the pre-

commited information policy II and form a posterior belief py,.

4. Receivers in each population 7 play a continuation equilibrium a** according to

the common belief p,, and the economic costs they have.

Next, we define the population’s social cost and introduce the game between the

two senders.

3.2.5 Information design and the senders’ objective

When managing an epidemic, each government faces a tradeoff between health costs
and economic costs. Different governments assign different weights to these conflicting
objectives, which may reflect different long-term and short-term goals. Our model
allows for a choice of such parameter, and in particular, we refer to C; and C
as the population ¢’s total expected health costs and economic costs, respectively.
Given the belief p and the two population’s corresponding continuation equilibria
a* = (a',a*), as defined in Proposition 7, the sum of the expected health cost of

individuals in population 7 is

Ch(p) = Eene,[(1 — a™ (e, p)) (pwn + (1 = p)wr) P k], (3.7)
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and the sum of the expected economic cost of individuals in population 7 is

Celp) = Ecc,[a”™ (¢, p)d]. (3-8)

We consider a weighted sum of the health cost and the economic cost as the senders’
objectives which we refer to as social cost. In particular, sender i’s objective, following

belief p, denoted by C?(p), is equal to

C'(p) = MiCi(p) + (1 = X)Ce(p), (3.9)

where \; € [0, 1] is a weight factor, capturing the priority of the sender in minimizing
the health cost versus the economic cost. A sender is more biased toward the popu-
lation’s health when \; > % and toward the economy when \; < % At the extremes,
the sender’s priority lies solely in reducing either health costs C? (when \; = 1) or
economic costs C? (when \; = 0).

The two senders are playing a game among themselves. We consider the Nash
equilibrium IT* that minimizes the expected social cost for each sender, given that
the other sender follows the same information policy II*. A formal definition is as

follows.

Definition 7 (Nash Equilibrium). For any prior belief py, we say IT* = (7*, 7%*) is

a Nash equilibrium if

EoEnmi [CF (Pmi miy) — C* (P miy)] < 0, (3.10)

where

por ™ (m | wp)w** (m? | wy)

Plmtm?) = pom = (ml [ wn)w2 (m? [ wn) + (1 — po)m*(m! | w)a(m? | @)’
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for alli # j € {1,2}, m' € M', and m* for which there exists w such that 7™ (m’ |

w) > 0.

The inequality (3.10) ensures that for any message that has a chance to be de-

livered to the receivers, no sender has an incentive to deviate and deliver another

message.

Applying Proposition 7, we can explicitly write down the population’s health

cost, economic cost, and the sender’s social cost using equations (3.7) - (3.9). This

is formalized in the next corollary.

Corollary 5. For any posterior p, population i’s health cost, economic cost, and the

social cost with the continuation equilibrium can be written as

(pwp, + (1 — p)wy)kb;

Citp) = ((pwn + (1 = p)wy)k + b;)?’
iy (pwn A+ (1= p)wn)®k?b;
Ce(p) o 2<<pwh + (1 — p)wl)k 4 bi)Q’
Ci(p) = (1= X)) (pwn + (1 — p)wr)?k2b; + 2\ (pwp, + (1 — p)wz)kbf‘

2((pwn + (1 = p)wr)k + b;)?

Proof. The proof follows from invoking Proposition 7. We have

ciom— [ (o + (1= pJ)k(1 - GEfORs )

h(p) = (peop (1P )b, bi ¢

(pwp,+(1—p)w;)k+b;
_ (pwn + (1 — p)wi) kb
((pwn, + (1 — pw)k + b;)?’

Citp) /JJ‘M e (ot (1= p)w) kW,

=) b 2((pwn + (1 — pwn)k + b))%

; (1 — X)) (pwn + (1 — p)wy)2k2b; + 2 (pwn, + (1 — p)w;) kb?
C'(p) = : :

2((pwn + (1 = p)wr)k + b;)?

This completes the proof.

101

(3.11)
(3.12)

(3.13)



There may be multiple equilibria for the game between the senders. Following

4

the literature on information design that considers “sender-preferred” equilibrium,
here we focus on an equilibrium that minimizes the overall social cost of the two
populations. In what follows, we focus on characterizing such equilibrium. Therefore,

the equilibrium of the game between the senders becomes

ZO = ml'}n EmNH[Cl<pm) + CQ(pm)] (314)
s.t.

IT satisfies (3.10), (3.15)

D wi(m' |w)=1,Vie{l,2},we {0,1}, (3.16)

m'(m' | w) >0,Vie{1,2},m' € M;,w € {0,1}. (3.17)

The objective function of the above optimization (3.14) minimizes the expected sum
of social costs. Constraint (3.15) ensures that the information policy II is a Nash

equilibrium for the game between the two senders. Constraints (3.16) and (3.17)

1 2

ensure Il is a valid information policy, i.e., 7° and 7 satisfy natural probability

rules.

Note that since the signal space M is large, this is an extremely large-scale opti-
mization problem and cannot be solved for practical purposes. In the next section, we
apply findings in [GK17] to convert this optimization problem to a problem that in-
volves designing posteriors instead of messaging policies, which will largely reduce the
scale and make the problem solvable. We then use this reformulation to characterize

the solution of problem (3.14).
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3.3 Senders’ Game: Equilibrium Characterization

3.3.1 Going from message spaces to designing posteriors

Recall that ©Q = {w;, wy} is the set of possible states. We let A (A (€2)) denote the set
of distributions over beliefs. Using the results in [GK17], we consider an equivalent
game that directly designs posteriors instead of messages. The formal result is as

follows.

Proposition 8. Consider the following optimization problem.

- : 1 2
Zy = Teg(uAr(lm)ET[C (p) + C(p)] (3.18)
s.t. E; [p] = po, (3.19)

E. [Ci (p’)] > C'(p) for alli,p for which 7(p) > 0,

and 7" for which E.. [p'] = p. (3.20)

We have
7= 2.

Proof. This result credits to directly applying Lemma 6 and Proposition 2 in [GK17].

We first prove that Z; < Z;. We let 7* = (7'*, 7%*) denote one optimal solution

to the optimization problem (3.14) - (3.17). Now, we construct a distribution 7 as

7(p) = > o™ (m" | wp)m®* (m? | wa)+(L—po)m™*(m" [ wi)m™ (m? | wi)].
(ml,mz)ip(m1,m2>=p

(3.21)

We next prove that the 7 constructed above is a feasible solution to the minimization
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problem (3.18) - (3.20). We have

=> > [por ™ (m" [ wp)m® (m? [ wp) + (1 = po)m'* (m" | wi)m®* (m? | wy)]

(ml ,'IYLQ):p(ml ,,,,LZ)ZP

= Z [por™* (m* | wp)m?* (m? | wp) + (1 — po)m* (m* | wy)m?* (m? | W) |P(m1 ,m2)

(m',m?)
Z Poﬂl*(ml |wh)7T2*(m2 | wh)
(m',m?)
=po Yy _[Y_m*(m' | wn)]w®* (m" | wp) pozﬂ (m® | wn) = po,
mo2 Mmi

where the last two equations follow from (3.16).

Next, we prove that 7 satisfies (3.15) by contradiction. Suppose not. That is, there
exists p and 7’ such that for some ¢ Y 7'(z)x = p and 7(p)[E[C*(x)] — C*(p)] <0
Since the identity ¢ doesn’t matter here, WLOG, we take ¢ = 1 for the remaining
proof. Let M, = {m : p,,, = p} denote the set of messages that result in the posterior
p under Bayesian update. We now construct a deviated information plan and show
that the sender 1 will strictly benefit from deviation. WLOG, we can assume that
M, = (m', m?) contains only one message. 7(p)[E,[C*(z)] — C*(p)] < 0 implies that
7(p) = port(m! | wp)m2(m? | wp) + (1 — po)7t (m! | w))m?(m? | w;) > 0. We assume 7/
takes a finite support and denote it as supp(7’') = {ps, ..., p,} and say 7’(p;) = x;. Now
we construct 7! as follows. Take n messages {m?,...,m.} from sender 1’s message
space M. Let 71(m} | wp) = W?’f% and 71(m] | w) = % for all i. By

this construction, individuals will form a posterior p; when they see message (m}, m?)

since
portt(m} | wp)m?(m? | wp)
portt(my | wp)m2(m? | wy) + (1 —po)at(m] | w)m(m? | w;

):Pi-

We now have

> [pom? (m? [ wp)7 (m [ wp) + (1 = po)w?(m® | w)) @' (m' | )/ (CH (D1 m2)) = CF (P(mr,m?2)))
m/G{m% ..... ml}

n
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TipiT zi(1 —pi)T
= Sl n? [ ) BT () ) T O 0 )~ O Pt )

=7(p) >_[ (pi)pi + 7' () (1 = p)|(C* (p) — C (p))

k3

=7(p)[C*(p) — E[C" ()] > 0

by contradiction assumption. Since the summation is less than 0, this implies that
there exist at least one m’ € {mj, ..., m, } where E E.,2[C*(pmt m2)) — C* (P m2))] >
0, contradicting to 7 being a feasible solution to (3.15). Therefore, 7 constructed in
(3.21) satisfies (3.19) and (3.20) and is thus a feasible solution to the minimization

problem (3.18). Since 7* is an optimal solution to (3.14), we have
Zy = Ex-[C"(pm) + C*(pm)] = E-[C" (p) + C*(p)] = Z1.

This completes the first half of the proof.

Next, we prove Zy < Z;. Similarly, we start with one optimal solution 7* to the
optimization problem (3.18) - (3.20). Again, we assume 7" takes a finite support
and denote it as supp(7*) = {p;, ..., pn} and say 7*(p;) = x;. Now, we construct a
message policy 7 as follows. Let m2(m* | wy) = 7%(m* | w;) = 1 for a fixed message
m*. That is, the sender 2 will always announce the same message, which provides no
additional information to the individuals. Next, take n messages {my,...,m,} from

sender 1’s message space M! and let

LiPi 1 zi(1 —pi)
, TNy | W) =~
p o T =)

m(mi | wn) =

for all 4. That is, seeing a realized message (m;, m*), individuals will form a posterior
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p; since

por! (mi | wp)?(m” | wp)

pot(my | wp)m2(m* | wy) + (1 — po)mt(m; | w)m?(m* | wy

):pi~

Moreover, the message (m;, m*) will be realized with the same probability as p; in 7*

since

powl(mi | wh)7r2(m* | wn) + (1 —po)ﬂl(mi | wl)7r2(m* | wy) = 1.

We now remain to show that the constructed (m!,7?) is a feasible solution to the
minimization problem (3.14) - (3.17). It is straightforward to see that 72 satisfies
(3.16) and (3.17). For !, we have 7!(m; | w) > 0 for all i and

1 T*(pi)pi Po
7t m; | wy) = - ]
2 mlmilen =3 — =

i

Zﬂ_l(mi | Wl) _ Z T*<pi)(1 _pi) _ 1 —po =1,

1 —po 1—po

where the equalities follow from (3.19). Next, we have
EWEpi[C* (pini m—)) = C'(P(nt m—))] = C' (9 = pmi m—)) — E[C*(P)] <0
by (3.20) for all i. Lastly, we have
Zy = E[CY(p) + C*(p)] = Ex[C" (pm) + C*(pm)] > Zo.

Since Zy > Z1 and Z, > Zy, we have Zy = Z;. This completes the proof.

O

Proposition 8 simplifies the space of decision variables and enables us to focus on
finding a distribution over beliefs instead of searching over arbitrary message spaces.
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In Section 3.3.3, we discuss how to map the solution of the above optimization back
to information disclosure policies.

Again, the senders’ optimization problem in terms of choosing posteriors, charac-
terized in Proposition 8, is a constrained optimization. The objective function (3.18)
minimizes the sum of the expected social costs of the two populations. Constraint
(3.19) is called Bayes plausibility and ensures that the expected posterior belief is the
same as the prior belief. Constraint (3.20) ensures that no sender has an incentive
to deviate and obtain a smaller expected social cost.

In view of the constraint (3.20), we consider the convexification of each sender’s

social cost function. For each i € {1,2}, we denote by V* the convexification of C? as

V'(p) =inf{z | (p,z) € co(C")},

where co(C") denotes the convex hull of the epigraph of C*. Note that for each
i € {1,2}, the function V() is convex by construction. In fact, it is the largest
convex function that is everywhere weakly lower than the function C*(-). We refer to
the posterior belief p such that C'(p) = V*(p) as coincident. We also let N* denote the
set of coincident beliefs for sender i and N = N! N N? denote the coincident belief
for the two senders’ game. The following Corollary further simplifies the senders’

optimization problem in terms of this definition.

Corollary 6. For a given 7 € A(A(Q)), Constraint (3.20) holds if and only if the

support of T lies in the coincident belief N .

Proof. Suppose the support of 7 lies in the coincident belief N. This implies that
for any p such that 7(p) > 0, C(p) = inf{z | (p, z) € co(C?)} for all i € {1,2}. By
definition, any 7’ such that E,/[p'] = p is in the convex hull co(C?) of the epigraph of
C'. Therefore, we have C*(p) < E.[C*(p')] for all such 7.
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Now it remains to show that if constraint (3.20) holds, the support of 7 lies in the
coincident belief N. We prove this statement by contradiction. Suppose not. That is,
there exists p for which 7(p) > 0 and V'(p) < C*(p) for some i. By definition, V*(p)
is in the convex hull of the epigraph of C%, i.e., there exists a convex combination
of points in the support of C? that gives the value V(p). Let 7' be this convex
combination. We then have E.[C(p')] = V'(p) < C"(p), which violates constraint

(3.20). This completes the proof.

]

Corollary 6 and Proposition 8 enable us to further simplify the sender’s opti-
mization problem because characterizing the set of coincident beliefs is typically
straightforward. We next use this observation to characterize the equilibrium out-
come. Finally, we use our characterization to find the equilibrium information design

policies of the two senders in the original problem.

3.3.2 Equilibrium characterization

Our main theorem, presented next, characterizes the optimal solution of problem
(3.18) for any set of parameters. We make use of the following notations in the

statement of this result:

(1 — 5)\1)()12 — kablkwh — kwl[(l — )\z)bz + 2(1 — 2)\1)kwh]
(e — w)[(L = \)bs + 2(1 — 27wy

*

b; =

for i € {1,2}

and p* = min {p], p5}.

Theorem 6 (Equilibrium characterization). Given the healthcare cost k, the prior

belief po, the two population’s economic cost support C* = [0, b], and the weight factors
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Ai, the optimal T* that solves (3.18) is as follows:

1. If there exists i # j € {1,2} such that \; < %, bél__;\’z\;) > 2kw;, 0 < pf < po,

and either \; < % and bﬁ:i;\;) > 2kwy, or Aj > % and bﬁ:i’]\;) < 2kwy hold,

then we have

0 otherwise .

2. If for i = 1 and 2, either \; < %, bé:‘i’\)‘)) > 2kwy, and p; > po, or A; > %,

bél_}iig) < 2kw; hold, then we have

. L p=mpo

T (p) =
0 otherwise .
3. Otherwise, we have

)

I—po p=

7(p) = Do p=1
0 otherwise .

\

Proof. We prove the result by studying the social cost functions of the two senders
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and the coincident belief given the social cost functions. By (3.13), we have

(1 — X)) (pwn + (1 — p)wy)?k2b; + 2 (pwp, + (1 — p)wl)kb?

Ci(p) = 3.22
@) (pn + (1~ )k + b,)? (3:22)
Taking derivatives with respect to p, we get
J . (wn — w2k (Nib; + (1 — 2X)kw; + (1 — 2X)k(wy, — w;)p)
—C'(p) = L , 3.23
" ) (b; + ki + k(wn — wi)p)? (3.23)

a_QCi( ) = (wn — w)bFR?(bi(1 — 5Ai) — 2k(1 — 2\)w; — 2k(1 — 2Xi) (wh — wi)p)
op? p)= (b + kw;, + k(w, — w;)p)* ’

(3.24)

When \; < %, we have that %Ci(p) > 0 for all p. That is, the social cost function

will be monotone increasing for both 7. Moreover,

bi (1=5X:)—2k(1—2);)w;
(9_202.(1)) >0 forp < 2k(1=2X;) (wp—wi)
Op? 1—-5X;)—2k(1—2);)w;

<0 forp>bi(

2k(1—2)\i)(wh—wl)

Since bzgl__;\’\;) > 2kwy, the social cost functions C* will be first convex increasing up to
the point bill=BAa) k(=X )ws - () and then concave increasing. Thus, the coincident

2k(1—2X\;) (wp—wy)

belief N* = [0, max{p},0}] U {1}, where p; can be found by

0

i _ O = C(p))
a_pC () ‘p=p2— .

1—p;

(3.25)

Substituting (3.22) and (3.23) into (3.25), we solve

(1 — p})(wn — w)b2k(Nib; + (1 — 2\ )kw; + (1 — 2\ k(wp — wi)p})
(bl + kw; + k(wh — wl)p;‘)3
(1-— )\i)w%kai + 20wrkb? (1= N)(pf (wn — wi) + wi)?k2b; + 20 (pf (wh — wi) + wy)kb?
Q(th’-i-bi)Q * 2(]);(&1}1 —wl)k—l—wlk‘—l—bi)Q
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and get

b= ke(wn — w)[(1— A)bs + 2(1 — 2\, kewon] '

Note that p* = min; {p;}. When p* > 0, we have N* = [0,p;] U {1}, and N =
[0,p*] U {1}. Denote by C = C! + C? and V(p) = inf {2 | (p, 2) € co(C)}. We have

C(p) forp € N,

C(p*) + (C(l)*(i(f’;z)(p*p*) otherwise.
That is, the convexification V(p) of the objective function C(p) is the curve C(p)

between 0 and p* and a straight line connecting C(p*) and C(1) between p* and 1.

* (C(1)=C(p*))(po—p*)
C(p*) + ﬁp* Po=P ) Therefore,

Now when py > p*, V(po) =

1— I
0 otherwise .

This proves the optimal characterization for the first part of the theorem.

Now if for all 7, \; < %, and b(gl:z“i’é)) > 2kw;, again we have p! as described

0,p*] U {1}. When py < p*, V(po) = C(po).

n (3.26), p* = min; {p;}, and

I p=npo
Therefore in this case,
0 otherwise .
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When \; > %, we have

bi(1=5X:)—2k(1—2);)w;
8_201(29) >0 forp> 2k(1-2X;) (wp—wr)
Op? bi(1—5X;) —2k(1—2); )w;

<0 forp< 2k(1—27;) (wp—w;)

When 11 2?\’\)) < 2kw;, we have %C’i(p) > 0 for all p. That is, the cost function

will always be convex. In this case, we have N* = [0,1]. If sender i satisfies \; < %,

and 11 25/\’\) > 2kw; and sender j satisfies \; > %, bﬁl_;ijg)

< 2kw;, we have N =
[0,p;] U {1} and N7 = [0,1]. Therefore, N = [0,p;] U {1}. Since py < p}, we again
L p=po
have V(po) = C(po) and 7(p) =
0 otherwise .

If for all 7, \; > ,and 2 < 2kw;, we have N = [0, 1], i.e., V(p) = C(p) for

)
I p=mno ,
all p. Therefore, 7*(p) = The three cases together prove the optimal
0 otherwise .

characterization for the second part of the theorem.

Lastly, we look at all rest possibilities. Note that if for any 7, N* = {0} U {1}, we

will have N = {0} U {1}. For all the following cases, we will have N* = {0} U {1}.

When A; < %, bél__zi’\g) > 2kw;, and p; < 0, N* = {0} U {1}. When ); < %,

b(gl:;)\’\)) < 2kwy, (%Ci(p) > 0 for all p and 82 CZ( ) < 0 for all p. That is, the cost

function will always be concave increasing. Thus we have N* = {0} U {1}. When

F<N <3, aa Ci(p) > 0 for all p and CZ( ) <0 for all p. That is, the cost function

will always be concave increasing. Again we have N* = {0} U {1}.

5 and w37y 2> Wik, 55 < gy M e e

Therefore, the cost function will be concave increasing for p <

When \; >
Nib; —kuw (22 —1
(2Xi—Dk(wn—wy

)
)
Aibi—kwr (22 —1)
Ai—Dk(wp—wi)’

bi (1—5X;)—2k(1—2X; )w;

Aibys—keon (2 —1
Al <p < (=20 (won—w1)

2Ai—Dk(wp—w;) —
by (1—5X:) —2k(1—2\; )y
2k(1-2X;) (wp—wy)

then concave decreasing for

and finally convex decreasing for p > .There will be three pos-
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sible cases and we will illustrate all in the following. First if b(ﬁ;“i’\)‘)) > 2kwy,

by (1—BA:)—2k(1—2),)
2k(1—2X;) (wp—wy)

L > 1 and %Ci(p) < 0 for all p. Thus, the cost function is al-

ways concave and N* = {0} U {1}.Now look at bél__zi)‘;) < 2kwy,. The second case is if
; oy s —X)w2k2bi+ 2w kb X)W kb 2w kb ; ;
C'(0) < CH(1), Lo, HGEIRGR < B PR we have CF(0) < C'(p)

for all p since the function is first increasing then decreasing and C*(0) < C%(1).
Moreover, the convex part of the function is decreasing. This implies for any point
p € (0,1) and on the convex part, there exists two points p; < p and py > p such that
C'(p1) < C'(p) and C*(py) < C*(p). Therefore, the coincident belief is N* = {0}U{1}.
Lastly if C?(0) > C%(1), in this case, the coincident belief is N* = {0} U [p;*, 1] if
0 <p*<1land N'= {0} U{1} otherwise, where p;* can be found by the following
equation,
9 C*(pi) — €*(0)

e I . 2

Substitute (3.22) and (3.23) into (3.27), we have

i (wn — w)b2k(Nb; + (1 — 20 kwp + (1 — 20 k(wp, — wi)pl™)
(b + kw; + k(wp, — wy)pi*)? B
(1 - )\i)(p;f‘*(wh — wl) + wl)Qkai + 2)\i(p;**(wh — wl) + cul)k:b?
2(p7* (wn — wi)k + wik + b;)?
(1 - /\Z)wszbz + 2)\1(4}[]{76@2 -0
2(wik + b;)?

Solving the above equation, we get

o (b k(L= 5Ab — 2(1 — 22,k
P = o — ) (1= A)b, — 2(1 — 27 k] (3.28)

Now given \; > %, (1 —X\)b; —2(1 — 2)\;)kw; > 0. Moreover, given wik < %, we
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have

Aibi

< (1= 5A)bs + 2(2\ — 1)h—2
< (1= 5A0)bs +2( " o =Dk

= (1 — 3)\1)1)2 < 0,

as \; > % This implies that p;* < 0 for all \; > % Therefore, the coincident belief

will be N* = {0} U {1}. To conclude, we prove that when \; > % and (giflfl) > wik,

the coincident belief in all the three cases is N* = {0} U {1}.

) 1 Aib; b (1—5X;) . . .
When A; > 5 and oDk < Wi < SN, the cost function is concave decreasing

i (1—5X;)—2k(1—2; )w;
2k(1—2\;) (wp—wy)

belief is N* = {0} U [p;*,1] if 0 < pi* < 1 and N* = {0} U {1} otherwise, where p}*

and then convex decreasing. In this case, the coincident

up to b

can be found by (3.28). Given X; > 1, (1—X\;)b; —2(1 —2\;)kw, > 0. Moreover, given

by (1-5);)

Sh(i=an) We have

wy <

bi(1 — 5A)

< (T —=50MN)b; +2(2\; — VNbk—F——%

=0,

as \; > % This implies that the root p;* < 0 for all \; > % Therefore, the coincident
belief will be N* = {0} U {1}.

When N = {0} U {1}, we have
V(p) = (1 =p)C(0) + pC(1).

That is, the convexification V' (p) of the objective function C(p) is the straight line
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connecting C(0) and C(1). Therefore,

(
l=po p=0
() = 4 po p=1
0 otherwise .
\

This completes all the proof for the theorem.

O

Theorem 6 states three possible cases in the two senders’ information design game,
each of which gives rise to a unique form of equilibrium.

In the first case of the result, one sender i is heavily focused on economic concerns
(ie, A < %), and the product of the infectiousness of the disease in the mild state

and the healthcare cost is smaller than the ratio of the highest possible economic

by (1—5\;)
(1-2X:)

cost in population i (i.e., > 2kw;). The latter condition states that the
economic cost of the population and the healthcare cost are relatively balanced. In
this case, sender ¢’s social cost will be convex and increasing with small posterior
belief, and concave and increasing with large posterior beliefs. The other sender j is
one of two possibilities. In the first possibility, the sender j is also heavily focused

on economic concerns (i.e., A; < %), and the ratio of the highest possible economic

cost in the population is also larger than the product of the infectiousness of the

disease in the mild state and the healthcare cost (i.e., bj(il_;ii‘i) > 2kw;). Here, the

interpretation is similar to what we described for sender ¢. In the second possibility,

sender j is more biased toward the population’s health (\; > 7), and the ratio

1
2
of the highest possible economic cost in the population is instead smaller than the

product of the infectiousness of the disease in the mild state and the healthcare cost

(bj(175)\j)
(1=2X))

< 2kw;). In this case, sender j’s social cost will always be convex and
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Figure 3.1: Optimal Equilibria Under Different Cost Functions

decreasing with the posterior belief. If both senders satisfy the above conditions, and

the prior infectiousness of the disease is relatively high (0 < pf < pp), the optimal

equilibrium is to mix between two posterior beliefs. Specifically, with probability 1:§ 9.

1

the optimal equilibrium will induce a posterior belief p*, where p* is the minimum

(1=5X:)b2 —2X;b; kwp, —kw; [(1—X; ) b;+2(1—2X; ) kwp,]

fraction E(wn—w) [(1=Xg)bi+2(1—2X; ) kwp,]

among the two senders. With the rest

pf:}ff, the optimal equilibrium will induce a posterior belief 1. Note that

probability
a posterior belief of 1 means that individuals believe the disease is severe for sure.
This optimal equilibrium is a case where the two senders will obfuscate information.

In Figure 3.1, we plot the social cost of a sender as a function of beliefs in blue
and the convexification of the social cost in orange. In 3.1a, we set w; = 0, w, = 1,
b=1,k=0.8, A =0.05 and py = 0.7. In this case, we have p* = 0.35 < py and
the coincident belief is N = [0,p*] U {1}. As shown in the plot, the convexification
between p* and 1 is the straight line connecting the two points. Therefore, the optimal

equilibrium, in this case, is a mixing, i.e., 7*(p*) = % and 7*(1) = pf:; . In the

next subsection, We will discuss the corresponding optimal information disclosure
policy and show that this optimal mixing equilibrium is equivalent to an optimal
partial information disclosure policy.

In the second case of Theorem 6, both senders fall into one of two possibilities.
In the first possibility, the sender is heavily focused on economic concerns (\; < %),

and the ratio of the highest possible economic cost in the population is larger than
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the product of the infectiousness of the disease in the mild state and the healthcare

b (1—5):)
1—2x)

cost ( > 2kw;), and the prior infectiousness of the disease is relatively low
(pf > po). In this case, the sender’s social cost will be convex and increasing with a
small posterior belief and concave and increasing with a large posterior belief. In the
second possibility, the sender is more biased toward the population’s health (\; > %),

and the ratio of the highest possible economic cost in the population is smaller than

the product of the infectiousness of the disease in the mild state and the healthcare

bi(1=5)s)
(1-2X;)

cost ( < 2kw;). In this case, the sender’s social cost will always be convex
and decreasing in the posterior belief. If both senders fall into one of these two
possibilities, the optimal equilibrium is to induce a posterior belief equal to the prior
belief py always, i.e., 7*(pg) = 1. Translating back to the information design game,
the optimal equilibrium in this case refers to a no information disclosure policy as
the optimal information policy. That is, each sender will provide the same message
to the individuals no matter what the severity level of the disease is. Thus, the only

information among the individuals will be the prior belief, and the posterior belief
will simply be the prior. We call this case an optimal no disclosure case.

We plot an example of the optimal no disclosure case in Figure 3.1b. We set
w=0,w,=1,b=1, k = 0.8, A = 0.05 the same as in 3.1a, but py = 0.2 < p*.
In this case, the coincident belief is again N = [0,p*] U {1}. As shown in the plot,
the convexification between 0 and p* is the social cost function itself. Therefore, the
optimal equilibrium, in this case, is a no disclosure, i.e., 7*(pg) = 1.

The last case of Theorem 6 encompasses multiple possibilities that give rise to the
same format of optimal equilibrium. In this case, there exists at least one sender that
satisfy one of the following conditions: (1) the sender is heavily focused on economic
concerns (\; < %) but the healthcare cost and the economic cost are unbalanced such

that the fraction p* is less than zero; (2) the sender is weakly more biased toward the
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population’s economy but not extremely focused on economic concerns (% <\ < %),
(3) the sender is more biased toward the population’s health (A; > 3) but the ratio
of the highest possible economic cost in the population is weakly larger than the

product of the infectiousness of the disease in the mild state and the healthcare cost

(BU1=5%)

(550 > 2kw;). In these cases, the optimal equilibrium is to induce a perceived

infectiousness equal to the true severity level of the disease. That is, with probability
Do, the optimal equilibrium will induce a posterior belief 1. With probability 1 — py,
the optimal equilibrium will induce a posterior belief 0. Note that by construction,
the true severity level of the disease is 1 with probability py and is 0 with probability
1 — po. This implies that an information policy where both senders fully disclose the
true state of the world as their messages will be an optimal policy. We call this case
an optimal full disclosure case.

We plot an example of the optimal full disclosure case in Figure 3.1c. We set
w=0,w,=1,b=1,k=1, A= 0.6, and py = 0.5. In this case, the coincident belief
is N = {0} U{1}. As shown in the plot, the convexification of the social cost is the
straight line connecting 0 and 1. Therefore, the optimal equilibrium in this case is
full disclosure, i.e., 7(0) = 1 — py and 7*(1) = po.

We have discussed the corresponding optimal information disclosure policy to the
optimal equilibrium in the second no-disclosure case and the last full-disclosure case.
In the next subsection, we will explicitly write out the equivalency and also discuss
the corresponding optimal information disclosure policy for the first mixing case in

Theorem 6.

3.3.3 Optimal Information Disclosure Policy

We start with formally stating the result.
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Corollary 7 (Optimal Information Disclosure Policy). Given the optimal equilibrium

7*, one optimal I'* in (3.14) that attains 7 is as follows:

/

1— *
= P=D
1. For m*(p) = PIO;P* p=1 , we have MY = {l,h}, M* ={L,H},
_p*
0 otherwise
\

(U w) =1, 7(h|w) ="7——,
7 (L | w) + 72 (H | wy) = 1.

L p=po
2. For m*(p) = , we have

0 otherwise

7 (m | w) = 7 (m | wy), for all m € M*,

7 (m | w) = 7 (m | wp), for all m € M2

L=po p=0
5. For 7(p) = 4 p, p=1 , we have MY = {l,h}, M* ={L,H},
0 otherwise .

(1| w) =7 (h|wy) =1

(L | w) =7 (H | wy) = 1.
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1—p*
Proof. We first prove the result for 7*(p) = D= ] Since 7* mixes two
—p*
0 otherwise

\
posterior beliefs, we can derive a T'* that attains 7* by letting M = {I, h}, M* =
{L,H},
)
(1 wy) = @, ™ (h|w)=1-x,

(U wn) =1=y1, 7w (hwn) =y,

(L | wy) = x9, T (H | w) =1 — x9,

(L wp) =1 —yo, 7 (H |wy) = 1.

\

With this message space, there are four possible messages (I, L), (I, H), (h, L), (h, H).
There are multiple ways to associate the posteriors with the four messages. Here,
we assume that the individuals form a posterior of p* after seeing (I, L), (I, H) and

a posterior of 1 after seeing (h, L), (h, H). Then, we solve the following system of

equations.
po(1 —y1)(1 —12) _ po(1 —y1)yo L,
= =p*, (3.29)
po(1 —11) (1 —y2) + (1 —po)zize  po(l — 1)y + (1 — po)z1(1 — 22)
poyr(1 = y2) _ Poy1y2 _ 1 (3.30)
poyi(1 —y2) + (L —po)(L — 1)z poyaye + (1 —po)(1 — 1) (1 — x2) 7
posn(1 = 2) (1= po) (1 = 1) poyy + (1= po)(1 = ) (1= 2) = P
(3.31)

Here, equation (3.29) is the Bayesian update for the posterior belief after messages
(I,L),(l,H). Equation (3.30) is the Bayesian update for the posterior belief after

messages (h, L), (h, H). Equation (3.31) is the probability rule specified in 7*. Solving
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the equations, we get

To+ yo = 1.
\
This completes the proof for the first part of Corollary 7.

The second and third parts of the result are straightforward and simple Bayesian
updates for beliefs.

O

Note that in Corollary 7, we only characterize one possible I'* that can attain
the corresponding optimal 7" because there exist multiple forms of I'* that can give
rise to the same optimal equilibrium 7*. The result describes three possible scenarios
for information disclosure in the two-sender game. The first case corresponds to a
partial information disclosure policy. In this case, one sender always says the state is

po—p*
1—p*

low when the disease is not severe and mixes with probability when the disease
is severe. This mixing can be seen as downplaying the health risk in the severe
disease case to induce more protective actions in the mild one. The other sender
can choose any announcement strategies that satisfy #*(L | w;) + 7#*(H | wy,) = 1.
This announcement strategy essentially discloses no additional information because

the sender provides messages with the same probability in the two different states.
Therefore, the information that individuals receive is reduced to a single sender case.
The second case corresponds to a no information disclosure policy. Each sender
will provide the same message to the individuals no matter what the severity level of
the disease is. Thus, the only information among the individuals is the prior belief,
and the posterior belief will be the same as the prior.
The last case corresponds to a full information disclosure policy, where both
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Figure 3.2: Optimal information disclosure policy with varying po and A, w, = 0.3,w;, = 0.8,k =
0.8, \g = 0.15,by = 1,by = 2.5
senders truthfully announce the severity of the disease. As a result, the posterior
belief will be the same as the true state of the disease.

Now that we have analyzed the optimal information disclosure policy in the dif-
ferent scenarios, the next section will discuss the impact of different parameters on

the optimal information disclosure policies.

3.4 Comparative Analysis

3.4.1 Prior py vs one sender’s weight factor \;

In this subsection, we discuss how the prior py and one sender’s weight factor \; affect
the optimal information disclosure policies. In Figure 3.2, we set w; = 0.3,w, =
0.8,k = 0.8, \y = 0.15,b; = 1,bs = 2.5 and plot the optimal information policies
under different py € (0,1) and A\; € (0,1). Given the other sender is biased toward the
economy (Ay = 0.15), if the sender is not extremely focused on economic concerns, the

optimal policy is always to reveal full information. If the sender is extremely focused
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Figure 3.3: Optimal information disclosure policy with varying py and w;, wp, = 0.8,k = 0.8, \; =
0.05, Ao = 0.15,b; = 1,by = 2.5
on economic concerns (A; is close to 0), then the optimal policy is to reveal no
information when the prior belief is small and to reveal partial information when the
prior belief is large. There exists a threshold value of prior py where the optimal policy
switches between a no disclosure one and a partial disclosure policy. Moreover, we
observe that the threshold value decreases as the sender’s weight factor \; increases.

If we fix any belief pg, we see that as the sender’s weight factor increases, the
optimal policy tends to reveal more information. That is, as the sender becomes more
concerned about the population’s health, the two senders will reveal more information
in the optimal equilibrium.

On the other hand, if we fix any sender’s weight factor \;, we observe that as the
prior belief increases, the optimal policy reveals more information. In other words,
as the infection becomes more severe, the two senders will reveal more information

in the optimal equilibrium.
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3.4.2 Prior p;, vs one state wj

In this subsection, we discuss how the prior py and the infectiousness of the disease
in the mild state w; change the optimal information disclosure policies. In Figure
3.3, we use wp, = 0.8,k = 0.8, \; = 0.05,\y = 0.15,b; = 1,bs = 2.5 and plot the
optimal information policies under different py € (0,1) and w; € (0,0.8). Note that
in this case, both senders are biased toward the economy. When the infectiousness of
the disease in the mild state is above a half of the infectiousness in the severe state,
the optimal information policy is to reveal full information. When the infectiousness
of the disease in the mild state is relatively small compared to the infectiousness in
the severe state, the senders will not reveal full information in the optimal strategy.
Instead, the optimal policy is to reveal no information when the prior belief is small
and to reveal partial information when the prior belief is large. Again, there exists a
threshold value of prior py where the optimal policy switches between a no disclosure
policy and a partial disclosure policy. Moreover, the threshold value decreases as the
infectiousness in the mild state w; increases.

The effect of py on the optimal information policy fixing any state w; is unchanged
compared to what we discussed in the earlier subsection. If we fix any pg, we see that
as the state w; increases, the optimal policy will tend to reveal more information.
That is, as the infectiousness of the disease becomes higher, the two senders will

reveal more information in the optimal equilibrium.

3.4.3 Prior p;, vs one population’s economic cost bound b,

In this subsection, we discuss how the prior py and the highest economic cost in a
population b; change the optimal information disclosure policies. In Figure 3.4, we

use w; = 0.3,w, = 0.8,k = 0.8, \; = 0.05, Ay = 0.15,b, = 2.5 and plot the optimal
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Figure 3.4: Optimal information disclosure policy with varying py and b1, w; = 0.3,wp, = 0.8,k =
0.8, \; = 0.05, Ay = 0.15,by = 2.5

information policies under different p, € (0,1) and b; € (0,5). Again in this case,
both senders are biased toward the economy. When the highest economic cost in
a population is low, i.e., the economic impact of the disease on the population is
relatively similar and small, the optimal information policy is to reveal full informa-
tion. When the economic cost in the population gets high, the senders will not reveal
full information in the optimal strategy. Instead, the optimal policy is to reveal no
information when the prior belief is small and to reveal partial information when the
prior belief is large. There exists a threshold value of prior py where the optimal
policy switches between a no disclosure policy and a partial disclosure policy. This
threshold value increases as the highest economic cost b; in the population increases.
Moreover, the increasing rate is large with medium values of b; and gets smaller with

larger values of b;.

Again, we do a similar discussion. Fix any prior belief py, we see that as the
population’s economic cost bound increases, the optimal policy will reveal less in-

formation. That is, as the population’s cost for action against the disease becomes
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Figure 3.5: Optimal information disclosure policy with varying A; and Ag, Ao, w; = 0.3, wp, =

0.8,k = 0.8,pp = 0.1

higher, the two senders will reveal less information in the optimal equilibrium.

3.4.4 Weight factors \; vs )

In this subsection, we discuss how the two senders’ weight factors A\;, Ao impact the
optimal information disclosure policy. In Figure 3.5, we use w; = 0.3,w, = 0.8,k =
0.8, and pg = 0.1. Here, we also consider the impact of asymmetry among the two
population. In Figure 3.5a, we use by = by = 1, i.e., the distributions of economic
costs in the two populations are the same. We plot the optimal information policies
under different \;, Ay € (0,0.4). The plot is not drawn fully to A\;, Ay € (0.4,1)
due to presentation clearness. But everything interesting is already captured. When
b1 = by, the optimal information disclosure policy plot is symmetric. When the two
senders are both extremely economic focused (A;, Ay — 0), the optimal information
policy is to reveal no information. When the two senders are both biased but not
extremely biased toward the economy, the optimal information policy is to mix and
reveal partial information. Otherwise, the optimal information policy is to reveal full
information. As the senders care more and more about their population’s health, the

optimal disclosure policy will tend to reveal more information.
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In Figure 3.5b, we use by = 1 and by = 2.5, i.e., the distributions of economic costs
in the two population are different and the later one bears higher economic costs.
Again, we plot the optimal information policies under different Ay, Ay € (0,0.4). In
this case, the plot is not symmetric anymore. When the two senders are both ex-
tremely economic focused, the optimal information policy is to reveal no information.
When sender 2 is biased but not extremely biased toward the economy, the optimal
policy is to reveal no information when sender 1 is extremely economic focused and
to reveal partial information when sender 1 is also biased but not extremely biased
toward the economy. Otherwise, the optimal information policy is to reveal full infor-
mation. While the details change slightly, a similar general pattern persists. As the
senders care more and more about their population’s health, the optimal disclosure

policy will tend to reveal more information.

3.5 Conclusion

We analyzed a game involving two senders aimed at controlling the spread of infection
across separate populations using information design. In our model, messages from
the two senders are visible to individuals in both populations. However, the disease
only spreads within each population, creating a game with externalities. The more
social distancing people within one population are taking, the less likely one individ-
ual will be infected by the disease, and thus the less willing the individual is to take
self-isolation. Our main objective is to characterize the information disclosure policies
of the two senders in the optimal equilibrium. Our findings suggest that when both
senders are either heavily focused on economic factors and have high economic costs
associated with a mild disease belief or are biased towards the population’s health

and have small economic costs, it is optimal for them to disclose no information.
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When at least one sender is biased but not extremely focused on economic factors or
is biased towards the population’s health but has high economic costs, it is optimal
for the senders to disclose full information. Lastly, when one sender is heavily focused
on economic factors with high economic costs associated with a severe disease belief
and the other sender is either heavily focused on economic factors with high economic
costs or more biased towards the population’s health with small economic costs, the
optimal equilibrium is a mix of a nonzero perceived infectiousness and 1, with the

optimal disclosure policy being to reveal partial information.
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