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Abstract

This work studies the atomistic Thomas-Fermi-Dirac-von Weiszacker model on a Bra-

vais lattice, and establishes its relationship with the continuum elasticity model, thus

provides it a solid microscopic foundation at the atomistic level. More specifically,

we derive the stored energy density from the atomistic TFDW functional by homog-

enization. In addition, by assuming a reasonable stability condition, the discrete

deformation function we get from the atomistic model converges to the Cauchy-Born

solution from solving the continuum model with a quadratic rate due to underlying

inversion symmetry of the lattice. In our analysis, we use the two-scale ansatz to

construct approximate solutions, the discrete Fourier analysis in the consistence es-

timate, and the perturbation technique as well as the decaying property to analyze

the Hessian in the stability analysis.
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1

Introduction

One interesting problem in studying solid materials is to connect the macroscopic

and the microscopic models. At the macroscopic level, one of the models we use to

study the mechanical property of the material is the continuum theory. While at the

microscopic level, we use quantum mechanics to study the atomistic and electronic

properties of the material. So it is natural to ask what the relationship between these

two kinds of theories is.

This idea of connecting macro and microscopic models of solids dates back to

Cauchy as in Cauchy (1828a), Cauchy (1828b). Cauchy studies solids with the

assumption that the atoms interact via a pairwise central potential, with which

he derived expressions for the elastic moduli of cubic crystals. Later armed with

the principles of quantum mechanics, Born extended Cauchy’s work to initiate a

systematic study of the microscopic foundation of macroscopic properties of solids.

A central object formulated by him that we will discuss is the so-called Cauchy-Born

rule. The classic reference is the book ”Dynamical Theories of Crystal Lattice”,

Born and Huang (1968), and more description about the classical Cauchy-Born rule

can be found in Ball and James (1992), Ericksen (2005). In addition, more recent
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application of Cauchy-Born rule can be found in E and Ming (2007a), E and Ming

(2007b), E and Lu (2007), E and Lu (2011), E and Lu (2012).

Specifically, the purpose of this work is to provide a microscopic foundation of one

macroscopic model for the simple crystal lattices as stated in E and Lu (2014). More

specifically, we are going to study the relationship between the continuum model and

the atomistic-electronic model of the deformation of a simple crystal lattice called the

Bravais lattice. Macroscopically, we use a continuum elasticity model to describe the

deformation in which the corresponding functional involves a stored energy density

function of the gradient of the deformation. So this model can be regarded as a first-

order description of the elasticity problem. Meanwhile, crystal lattices can also be

studied on the atomistic level, and in this work we use the Thomas-Fermi-Dirac-von

Weizsacker model which uses an electron density function to describe the system.

We will derive the stored energy density from this atomistic TFDW model by the

Cauchy-Born rule. With this connection between the two models, we show quadratic

convergence of the deformations derived from the models in a limiting process.

A similar work connecting microscopic and macroscopic models is done in E and

Ming (2007a) using the classical potential function instead of the TFDW model we

will use. Blanc et al. (2002) studies the TFDW model for smoothly deformed crystals

and shows the convergence of the total energy of the system to a limiting value given

by the Cauchy-Born rule in the continuum limit. A similar analysis of the electronic

TFDW model with spin-polarization is given in E and Lu (2012). Another useful

reference using the classical potential is Lu and Ming (2013) in which a force-based

hybrid method is used to combine discrete and continuum models. A more general

discussion on the Thomas-Fermi type models is provided in Lieb (1981). Friesecke

and Theil (2002) studied a lattice-spring model and showed minimizers may not

satisfy the Cauchy-Born rule. Parallel to the Thomas-Fermi type of models, or more

generally, orbital-free models, there is another type of quantum mecahnics models
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among which the Kohn-Sham density functional model is an important one. ?, Kohn

and Sham (1965) provide more details on this type of model. Finally, a thorough

overview is given in the survey E and Lu (2014).

One recent related work is Nazar and Ortner (2015) which establishes a pointwise

stability estimate for the Thomas-Fermi-von Weizs:acker (TFW) model and demon-

strates that a local perturbation of a nuclear arrangement results in a local response

in the electron density and electrostatic potential. This locality property will also

play an important role in this work. For the numerical algorithm application of the

locality property, please consult Benzi et al. (2013), ?, Ismail-Beigi and Arias (1999),

Prodan and Kohn (2005) for Kohn-Sham type models.

This work makes improvement by studying the Thomas-Fermi-Dirac-von Weiz-

sacker model at the atomistic level involving the discrete deformation function of

the lattice. More specifically, following this line of analysis, derivation of the stored

energy density, the consistence estimate and the concept of stability are established

at the atomistic level, which extends analysis of the classic electronic TFDW model.

In this work, we will use the Cauchy-Born rule in several contexts. The Cauchy-

Born rule is the principle that we use to connect microscopic and macroscopic models.

The rule states that the stored energy density WCB in the macroscopic continuum

elasticity model can be obtained from the energy density of a uniformly deformed

lattice as given below

WCBpAq � lim
nÑ8

1

|nΩ|ITFDWpVCBpAq; ρb,0pAqq (1.1)

where ITFDW is the total energy functional, Ω is the unit cell, A is a constant matrix

representing the uniform deformation. So 1
|nΩ|ITFDW represents the energy density.

As we will show in this work, because of periodicity, we can nicely remove the limit

and thus get an explicit expression of WCB.

Besides its use to derive the stored energy density, we also apply the principle
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of the Cauchy-Born rule in our analysis of the electronic TFDW model with a fixed

deformation to construct the leading-order approximate solution VCB of the electron

density and the potential. In this context, we combine the Cauchy-Born rule and

the two-scale ansatz so that locally around each atom, we approximate the electron

density ν and the potential V with a uniform deformation as illustrated below

νCBpxq :� νCBpx
ε

;∇upxqq, VCBpxq :� VCBpx
ε

;∇upxqq. (1.2)

Now let us describe the problem in more detail. The underlying object we study

in this work is the deformation of a crystal lattice. So let us introduce the definition

of a Bravais lattice which contains only one kind of atom. A Bravais lattice L is a

discrete set of points in R3:

L � tX P R3|X �
3̧

j�1

njaj, nj P Zu. (1.3)

where ta1, a2, a3u are the basis vectors of L.

The unit cell or unit domain Ω of L is

Ω � tx P R3|x �
3̧

j�1

cjaj, 0 ¤ cj   1u. (1.4)

The deformation u of the lattice is a function defined on the unit domain

u : Ω Ñ R3. (1.5)

Our macroscopic model is described by the following continuum elasticity func-

tional

Ictpvq �
»

Ω

WCBp∇vpxqq � fpxq � vpxqdx, (1.6)

where f is an external force. We want to find a local minimizer u such that
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Ictpuq � minv�B�xPXIctpvq, u�B � x P X, (1.7)

where

X � tv P Wm�2,p
1 |

»
Ω

v � 0u, (1.8)

in which B PM3�3 is a constant matrix, and Wm�2,p
1 represents the space of periodic

Wm�2,p functions from Ω to R3.

For this purpose, we will study the corresponding Euler-Lagrange equation

#
�divDAWCBp∇vq � f in Ω

v �B � x periodic on BΩ.
(1.9)

On the microscopic level, we use the Thomas-Fermi-Dirac-von Weizs:acker model,

in which the total energy functional is

ITFDW �
»
R3

ρ
5
3 pyq � |∇

a
ρpyq|2 � ρ

4
3 pyqdy � 1

2
Dpρ� ρb, ρ� ρbq, (1.10)

where ρ : R3 Ñ R is the electronic density in Eulerian coordinates with the con-

straints
³
R3 ρpyqdy � ³

R3 ρbpyqdy and ρ ¡ 0, where ρb is the background charge

density. The shorthand notation Dp�, �q is defined as

Dpf, gq �
¼

R3�R3

fpy1qgpy2q
|y1 � y2| dy1dy2 (1.11)

Thus

Dpρ� ρb, ρ� ρbq �
»
R3

V pyqpρ� ρbqpyqdy, (1.12)

where V is the potential

V pyq �
»
R3

ρpy1q � ρbpy1q
|y � y1| dy1. (1.13)
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In our context, we will use a periodic version of the TFDW functional

ITFDW �
»

Ω

ρ
5
3 pyq � |∇

a
ρpyq|2 � ρ

4
3 pyqdy � 1

2
DΩpρ� ρb, ρ� ρbq, (1.14)

Next, in order to describe the limiting process, we consider scaling of the system.

We introduce a scaling parameter ε � 1
n

to scale the lattice, and thus the whole

problem. As n Ñ 8 or ε Ñ 0, the lattice in the fixed unit domain will become a

macroscopic piece of solid, thus this liming process provides the connection which

we need between our macroscopic and microscopic models.

For a fixed scaling parameter ε � 1
n
, where n is a positive integer, the scaled

lattice is

Lε � tεX|X P Lu. (1.15)

Define Ωε as

Ωε � Ω X Lε � tX P R3|X �
3̧

j�1

cjaj, cj P εZX r0, 1qu (1.16)

which contains all the scaled atom positions in the unit domain.

We then define the discrete deformation function Y on Ωε which is simply the

restriction of the deformation u to the discrete atom positions in Ω. Otherwise, we

can also define Y , and interpret the deformation u as an interpolation of Y .

The above scaling is called ε-scaling. Sometimes it is easier to analyze the system

with a unit scaling which assume that the consecutive atom positions have a unit

scale. For example, with ε-scaling, The system of Euler-Lagrange equations for

pνε �
a
ρp �

ε
q, Vε � V p �

ε
qq in Eulerian coordinates is

#
�ε2∆νε � 5

3
ν

7
3
ε � 4

3
ν

5
3
ε � Vενε � 0, y P Ω

�ε2∆Vε � 4πpν2
ε � ρεbq, y P Ω,

(1.17)
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While with unit scaling, the corresponding system of Euler-Lagrange equations

of pν � ?
ρ, V q in Eulerian coordinates with a fixed Y ε which is the scaled version of

Y is #
�∆ν � 5

3
ν

7
3 � 4

3
ν

5
3 � V ν � 0, y P nΩ

�∆V � 4πpν2 � ρbq, y P nΩ.
(1.18)

Next, we introduce the stored energy density function. The connection between

the continuum elasticity model and the TFDW model is the derivation of the stored

energy density from the TFDW functional by the Cauchy-Born rule. More specifi-

cally, the stored energy density in the macroscopic continuum elasticity model can be

obtained from the energy density of a uniformly deformed lattice. So explicitly with

a fixed deformation τ � id�u which extends Y to Ω, we construct the Cauchy-Born

solutions

νCBpxq :� νCBpx
ε

;∇upxqq, VCBpxq :� VCBpx
ε

;∇upxqq, (1.19)

and the corresponding TFDW functional is

ITFDWpνCB, VCB, ρb,0q (1.20)

�
»

Ω

ν
10
3

CB � |∇νCB|2 � ν
8
3
CB �

1

2
VCBpν2

CB � ρb,0qdy � ε3|Ω|
¸
XPΩε

fpXqpY pXq �Xq

(1.21)

�
»

Ω

FCBpx
ε
, xqdx� ε3|Ω|

¸
XPΩε

fpXqpY pXq �Xq (1.22)

where ρb,0 is the first-order approximation of ρb.

Now we assume the deformation is uniform, i.e. upxq � Ax for any x P Ω, where

A is a constant matrix. Then the stored energy density is defined as

WCBpAq � lim
nÑ8

1

|nΩ|ITFDWpνCB, VCB, ρb,0q (1.23)

In order to assure that the Cauchy-Born rule gives a stable approximation, we

need certain stability conditions at various levels. In order to give the stability
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conditions, we need to analyze the linearization of the system of Euler-Lagrange

equations. When there is no deformation, denote the electron density and the po-

tential as pνper, Vperq which are periodic, then the linearization of the system of the

Euler-Lagrange equations without deformation is

Lper

�
ω
W



�
�
L1,per νper

νper
1

8π
∆


�
ω
W



(1.24)

in which

L1,per � �∆ � 35

9
ν

4
3
per � 20

9
ν

2
3
per � Vper. (1.25)

The Stability Condition A states that

}L�1
per}LppL2

nq2q ¤Mper (1.26)

for any arbitrary positive integer n � 1
ε
, where Mper is a positive constant indepen-

dent of n.

Once we solve the electronic TFDW model and get the local minimizer pνexa, Vexaq,
we define the the atomistic TFDW functional IatpY q � ITFDWpνexapY q, VexapY q, Y q
as a functional of the discrete deformation function Y . Denote the Hessian of the

functional as HatrIds in the undeformed case. Then Stability Condition B states

that the eigenvalues wId
k rξs of the dynamical matrix DId

atrξs of the Hessian HatrIds
satisfy

|wId
k rξs| ¥ Λ|ξ|2, (1.27)

for k � 1, 2, 3, any ξ P Ω�
ε and some constant Λ ¡ 0, where Ω�

ε is the reciprocal

space of Ωε. Finally Stability Conditions A and B imply the following Stability

Condition C for the continuum elasticity model

D2
AWCBp0qpξ b η, ξ b ηq ¥ Λ|ξ|2|η|2 (1.28)

for any ξ, η P R3.

With the above brief description of the setup, we now give the main theorem
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Theorem 1.0.1. Under Stability Conditions A, B (then Stability Condition

C holds), there exists a positive constant M so that if ma P C8
0 pR3q (used in defining

ρb), and }f}W 27,ppΩq ¤ δf for some constant δf ¡ 0 and p ¡ 1, we have

}Yat � YCB}ε,7 ¤Mε2. (1.29)

where Yat is a W 1,8
ε local minimizer of the atomistic TFDW functional

IatpY q � ITFDWpνexapY q, VexapY q, Y q,

and YCB is the restriction of τCB � id � uCB which is a W 1,8
1 local minimizer of the

continuum elasticity functional

Ictpvq �
»

Ω

WCBp∇vpxqq � fpxq � vpxqdx.

The reason we can achieve quadratic rate of convergence though the Cauchy-

Born rule only provides a first-order approximation is that the underlying lattice has

inversion symmetry which leads to the cancelation of the first-order terms.

Finally, we introduce the methods used to prove the main theorem. We first

study the system of the Euler-Lagrange equations in pν, V q with a fixed deformation

u under Stability Condition A to get the solution pνexa, Vexaq. Then we study

the atomistic TFDW functional IatpY q � ITFDWpνexapY q, VexapY q, Y q under Stabil-

ity Condition B to construct Yat. In the process of constructing Yat, we use YCB

which we get from the continuum elasticity model Ict which by homogenization is

the leading-order approximation of IatpY q under Stability Condition C as the

first-order approximation. Then explicit computation shows that the first-order ap-

proximation vanishes due to the inversion symmetry of the underlying lattice, thus

we can achieve quadratic rate of convergence.

In our analysis of the TFDW model with a fixed deformation, we are going to find

a local minimizer of the functional by solving the system of Euler-Lagrange equations
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in pν, V q. We start with the undeformed case, and get pνper, Vperq from a system of

Poisson equations. Then we analyze the equations with a small uniform deformation

upxq � Bx. By using the implicit function theorem in normed spaces and the

Cauchy-Born rule, we get the Cauchy-Born solutions pνCB, VCBq. Then in order to

achieve higher-order approximation, we use the two-scale ansatz to decompose the

equations, and get ν0 � νCB � εν1 � ε2ν2, V
0 � VCB � εV1 � ε2V2. Finally we are able

to use Newton-Raphson iteration to get the exact solutions pνexa, Vexaq. These exact

solutions preserve the decaying property which originally holds for the background

charge ρb:

} B
BYiνexapx, Y q} ¤C

ε
e�γ|x�

�Xi�ri,εx
ε

| (1.30)

} B
BYiVexapx, Y q} ¤C

ε
e�γ|x�

�Xi�ri,εx
ε

|, (1.31)

Furthermore, we study the perturbation of the exact solutions with respect to the

deformation which will be used for our analysis of the perturbation of the Hessian

HatrIds:

} B
BYjVexapx, Y2q � B

BYjVexapx, Y1q} ¤ Cε�2e�γ|x�
Xj�rj,ε,x

ε
|}Y2 � Y1}W 3,8

ε

where Vexa � pνexa, Vexaq.
Besides the stability conditions, we also need the following consistence estimate

in the proof of the main theorem

}FatrYCBs}ε,5 ¤ Cp}uCB}H29
1
qε2. (1.32)

where FatrY s denotes the Euler-Lagrange equation in Y of the atomistic TDFW

functional IatpY q. Notice that our final quadratic rate of convergence comes from

the ε2 factor in the consistence estimate. In the derivation of the estimate, we

first expand FatrYCBs according to orders of ε. Then the leading-order terms form
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the Euler-Lagrange equation of the continuum elasticity model in which uCB is the

solution, so these terms vanish. The ε-order terms are all canceled due to the inversion

symmetry of the underlying lattice. Therefore we can achieve ε2-order estimate on

the right hand side.

The other component we will need is the following stability result which we prove

in the final part of this work:

Given Stability Condition B, i.e. the eigenvalues of the dynamical matrix

DId
atrξs without deformation satisfy

|wId
j rξs|2 ¥ Λ|ξ|2, j � 1, 2, 3 (1.33)

for every ξ P Ω�
ε , then the eigenvalues of the dynamical matrix DY tat rξs at Y t satisfy

|wY tj rξs|2 ¥ CtΛ|ξ|2, j � 1, 2, 3 (1.34)

for every ξ P Ω�
ε . Here Y t � tY � p1 � tqYCB for 0   t   1, and Y is close to YCB.

This result comes from the analysis of the perturbation of the Hessian with respect

to the deformation:

}HatrY2spi, jq �HatrY1spi, jq} ¤ CHε
�2e�

γ
ε
|Xi�Xj |}Y2 � Y1}W 1,8

ε
(1.35)

whose proof needs our previous estimate on the decaying property of the potential

and the perturbation of the linearized operator:

}LpV1,τ1q � LpV2,τ2q}LppHk�2
n q2,pHk

nq2q

¤CL maxp}V1 � V2}pWk,8pnΩqq2 , }τ1 � τ2}Wk�3,8
1

q

¤CL maxp}V1 � V2}pHk�2pnΩqq2 , }τ1 � τ2}Wk�3,8
1

q

With these estimates in hand, it is then straightforward to apply the fixed point

theorem to prove the main theorem.
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2

Basic Setup

In this chapter, we introduce the necessary objects and tools for this work.

2.1 Lattice, Domain and Scaling

We consider Bravais lattices which are simple lattices. They take the form:

L � tX P R3|X �
3̧

j�1

njaj, nj P Zu. (2.1)

where ta1, a2, a3u are the basis vectors of L. Define the reciprocal basis vectors

tb1, b2, b3u that satisfies ai � bj � 2πδij, where δij is the Kronecker delta. Then the

corresponding reciprocal lattice is defined as

L� � tξ P R3|ξ �
3̧

j�1

njbj, nj P Zu, (2.2)

Notice that both L and L� have the translational symmetry.

The unit cell or unit domain Ω of L is

Ω � tx P R3|x �
3̧

j�1

cjaj, 0 ¤ cj   1u. (2.3)
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Similarly the unit domain of the reciprocal lattice is

Ω� � tξ P R3|ξ �
3̧

j�1

cjbj,�1

2
¤ cj   1

2
u. (2.4)

For a fixed scaling parameter ε � 1
n
, where n is a positive integer, the scaled

lattice is

Lε � tεX|X P Lu. (2.5)

Define Ωε as

Ωε � Ω X Lε � tX P R3|X �
3̧

j�1

cjaj, cj P εZX r0, 1qu (2.6)

which contains all the scaled atom positions in the unit domain.

The corresponding reciprocal space Ω�
ε is

Ω�
ε � tξ P R3|ξ �

3̧

j�1

cjbj, cj P ZX r� 1

2ε
,

1

2ε
qu. (2.7)

Notice that ξ � Op1
ε
q, and

eıX�ξ � 1, @X P L, @ξ P Ω�
ε . (2.8)

Furthermore, the cardinality is

cardpΩεq � cardpΩ�
ε q � n3 � ε�3. (2.9)

The space nΩ is call the supercell which is more convenient to use in some context,

and define its discrete version Ωn as

Ωn � nΩε. (2.10)

Next consider the basic wave functions defined on Ωε: teıX�ξuXPΩε for each fixed

ξ P Ω�
ε . If X � °3

j�1X
jaj, ξ � °3

k�1 ξ
kbk, then X � ξ � °3

j,k�1X
jξkajbk �

2π
°3
j,k�1Xjξ

kδjk � 2π
°3
j�1X

jξj. We have the following orthonormality

13



Lemma 2.1.1.

ε3
¸
ξPΩ�ε

eıpXi�Xjq�ξ � δij, @Xi, Xj P Ωε. (2.11)

Proof. If Xi � Xj, then ε3
°
ξPΩ�ε 1 � ε3n3 � 1.

If Xi � Xj, without loss of generality, assume X1
i � X1

j , then¸
ξPΩ�ε

eıpXi�Xjq�ξ

�
¸
ξPΩ�ε

e2πı
°3
k�1pXk

i �Xk
j qξk

�
¸

ξ2,ξ3PZXr�n
2
,n
2
q
e2πı

°3
k�2pXk

i �Xk
j qξk

¸
ξ1PZXr�n

2
,n
2
q
e2πıpX1

i �X1
j qξ1

�
¸

ξ2,ξ3PZXr�n
2
,n
2
q
e2πı

°3
k�2pXk

i �Xk
j qξk e

2πıpX1
i �X1

j qr�n
2
sp1 � e2πıpX1

i �X1
j qnq

1 � e2πıpX1
i �X1

j q

� 0.

Notice X1
i , X

1
j P εpZXr0, 1

ε
qq and ZXr�n

2
, n

2
q contains n integers, so pX1

i �X1
j qn P Z

which implies e2πıpX1
i �X1

j qn � 1.

Similarly, for each fixed X P Ωε, we have a basic wave function defined the

reciprocal space Ω�
ε : teıX�ξuξPΩ�ε which satisfy the orthonormality condition

Lemma 2.1.2.

ε3
¸
XPΩε

eıX�pξi�ξjq � δij, @ξi, ξj P Ω�
ε . (2.12)

The proof is similar to that of the previous lemma.

2.2 Periodic Function Spaces

We will need to study various functions defined on spaces related to the lattice.

Since the lattice has the translational symmetry, we consider periodic functions. We
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first define function spaces on the unit domain Ω, and then define their discrete

counterpart on Ωε.

2.2.1 Functions on the continuous domains

For a given n � 1
ε
P N, define

Lpn � tf P S 1pR3q|τRf � f, @R P nL,
»
nΩ

|f |pdx   8u, (2.13)

with the norm

}f}Lpn � pn�3

»
nΩ

|f |pdxq 1
p 1 ¤ p   8. (2.14)

Similarly define

L8n � tf P S 1pR3q|τRf � f, @R P nL, infta P R : µpf�1pa,8qq � 0u   8u, (2.15)

with the norm

}f}L8n � infta P R : µpf�1pa,8qq � 0u. (2.16)

In the above definitions, τR is the translational operator on nL with translation

vector R, pτRfqpxq � fpx�Rq.
Similarly we define the periodic Sobolev space

Hk
n � tf P S 1pR3q|τRf � f, @R P nL, f P HkpnΩqu, (2.17)

with norm

}f}Hk
n
�

¸
|α|¤k

}Bαf}L2
n

k P Z�. (2.18)

Similarly,

W k,8
n � tf P S 1pR3q|τRf � f, @R P nL; f P W k,8pnΩqu, (2.19)

with norm

}f}Wk,8
n

�
¸
|α|¤k

}Bαf}L8n k P Z�. (2.20)
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2.2.2 Sobolev Inequalities

We will use the following Sobolev inequality: if k�r�α
n

� 1
p

with α P p0, 1q, then

W k,ppRnq � Cr,αpRnq.
Pick n � 3, p � 2, α � 1

2
, then r � k � 2, so we get

HkpR3q � Ck�2, 1
2 pR3q � W k�2,8pR3q � HkpR3q.

Then on the torus, we have

HkpnΩq � W k�2,8pnΩq � HkpnΩq. (2.21)

2.2.3 Lattice Functions

After introducing periodic functions on Ωn, we now define periodic discrete functions

on Ωε.

A lattice function u : Lε Ñ R3 is called Ωε-periodic if

upXq � upX 1q @X,X 1 P Lε, X �X 1 � aj for some j � 1, 2, 3,

where ta1, a2, a3u is the basis of the lattice L. Therefore it is sufficient to specify its

restriction on Ωε.

Define the translation operator T µε with µ P Z3

pT µε uqpXq � upX � ε
3̧

j�1

µjajq, X P R3, (2.22)

for u : Ωε Ñ R3.

Define the forward and backward discrete gradient operators

D�
ε,s � ε�1pT µε � Iq, D�

ε,s � ε�1pI � T�µ
ε q, (2.23)

where s � °3
j�1 µjaj, I is the identity operator. Notice D�

ε,�s � �D�
ε,s.
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Given a multi-index α � pα1, α2, α3q, with αj ¥ 0, j � 1, 2, 3, |α| � α1 � α2 � α3,

define the difference operator

Dα
ε �

3¹
j�1

pD�
ε,aj

qαj . (2.24)

For a lattice function u : Ωε Ñ R3, a nonnegative integer k, define the difference

norm

}u}2
ε,k �

¸
0¤|α|¤k

ε3
¸
XPΩε

|pDα
ε uqpXq|2. (2.25)

Denote the corresponding spaces as Hk
ε and L2

ε when k � 0. Similarly define the

uniform norms on Ωε

}u}L8ε � maxXPΩε |upXq|, (2.26)

}u}Wk,8
ε

�
¸

0¤|α|¤k
maxXPΩε |pDα

ε uqpXq|. (2.27)

2.3 Fourier Transform And Fourier Interpolation

2.3.1 Discrete Fourier Transformation

The discrete Fourier transform of a lattice function f : Ωε Ñ R3 is

f̂pξq � ε3
¸
XPΩε

e�ıX�ξfpXq, ξ P Ω�
ε . (2.28)

The corresponding inversion is

fpXq �
¸
ξPΩ�ε

eıX�ξf̂pξq, X P Ωε. (2.29)

The Plancherel-type formula holds

}f}2
ε,0 �

¸
ξPΩ�ε

|f̂pξq|2. (2.30)
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Moreover, the discrete Sobolev norm has a simple equivalent representation

c}f}2
ε,k ¤

¸
ξPΩ�ε

Λ2k
ε pξq|f̂pξq|2 ¤ C}f}2

ε,k, (2.31)

with positive constants c, C depending on k and the basis taju. Let

Λj,εpξq � 1

ε
|eıεξj � 1|, j � 1, 2, 3,

then Λ2
εpξq is defined as

Λ2
εpξq � 1 �

3̧

j�1

Λ2
j,εpξq � 1 �

3̧

j�1

4

ε2
sin2

�εξj
2

�
. (2.32)

We will consider functions with f̂p0q � 0, so we need to estimate nonzero ξ:

Lemma 2.3.1. For any nonzero ξ P Ω�
ε , then

cΛ2
εpξq ¤ |ξ|2 ¤ CΛ2

εpξq (2.33)

for some positive constants c, C.

Proof. It is easy to see 1�|ξ|2 ¥ Λ2
εpξq. For any ξ P Ω�

ε z0, we have |ξ| ¥ minj�1,2,3|bj| �
b ¡ 0, then

|ξ|2 � 1

2
p|ξ|2 � |ξ|2q ¥ 1

2
pb2 � |ξ|2q ¥ 1

2
minpb2, 1qp1 � |ξ|2q � cbp1 � |ξ|2q ¥ cbΛ

2
εpξq.

On the other hand, from cΛ2pξq ¤ Λ2
εpξq, where Λ2pξq � 1 � |ξ|2, we get |ξ|2 ¤

CΛ2
εpξq.

2.3.2 Fourier Interpolation

Given a function ϕ : Ω Ñ R3 which can be extended periodically to R3

ϕpx� rq � ϕpxq, @x P Ω, r P L.
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The Fourier coefficients are

ϕ̂pξq � 1

|Ω|
»

Ω

e�ıx�ξϕpxqdx, @ξ P L�. (2.34)

Then we have the plane-wave expansion

ϕpxq �
¸
ξPL�

ϕ̂pξqeıx�ξ, @x P Ω. (2.35)

Notice Ωε � Ω and consider the finite set of values or equivalently a lattice

function tϕpXq|X P Ωεu which contains ε�3 � n3 values. Take the discrete Fourier

transform

ϕ̂dpξq � ε3
¸
XPΩε

e�ıX�ξϕpXq, @ξ P Ω�
ε . (2.36)

Then

ϕpXq �
¸
ξPΩ�ε

ϕ̂dpξqeıX�ξ. (2.37)

Now we can define the Fourier interpolation of the lattice function tϕpXq|X P Ωεu
ϕεpxq �

¸
ξPΩ�ε

ϕ̂dpξqeıx�ξ

�
¸
ξPL�

ϕ̂dpξqeıx�ξ,
(2.38)

where we define ϕ̂dpξq � 0 for ξ P L�zΩ�
ε .

Denote the lattice function tϕpXq|X P Ωεu as ϕd, then we have the following

lemma

Lemma 2.3.2. For k ¥ 0, there exists constants ck, Ck ¡ 0 such that for any ϕd,

ck}ϕd}ε,k ¤ }ϕε}HkpΩq ¤ Ck}ϕd}ε,k. (2.39)

Proof. This is easily deduced from the inequalities

cp1 � |ξ|2q ¤ Λ2
εpξq ¤ 1 � |ξ|2, @ξ P Ω�

ε . (2.40)
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Moreover, the following Poisson summation formula holds

Lemma 2.3.3.

ϕ̂dpξq �
¸

ηPε�1L�
ϕ̂pξ � ηq, @ξ P Ω�

ε (2.41)

Proof. By the DFT formula, it suffices to show

ϕpXq �
¸
ξPΩ�ε

� ¸
ηPε�1L�

ϕ̂pξ � ηq�eıX�ξ, @X P Ωε.

The computation is straightforward¸
ξPΩ�ε

� ¸
ηPε�1L�

ϕ̂pξ � ηq�eıX�ξ

�
¸

ηPε�1L�

¸
ξPΩ�ε

ϕ̂pξ � ηqeıX�ξ

�
¸

ηPε�1L�

¸
ξPΩ�ε �η

ϕ̂pξqeıX�pξ�ηq

�
¸

ξPΩ�ε �η,ηPε�1L�
ϕ̂pξqeıX�ξ

�
¸
ξPL�

ϕ̂pξqeıX�ξ

�ϕpXq.

Notice that X � η � 2π
°3
k�1X

kηk, where Xk P εZ and ηk P ε�1Z, so e�ıX�η � 1.

We will also need the following interpolation error between ϕ and ϕε

Theorem 2.3.4. For the periodic function ϕ : Ω Ñ R3, if ϕ P Cp, p ¥ 3 � |α|, then

|Dαϕpxq �Dαϕεpxq| ¤ Cεp�3�|α|, @x P Ω. (2.42)

Proof. From the discrete Fourier transform, we know

Dαϕpxq � ı|α|
¸
ξPL�

ϕ̂pξqξαeıx�ξ.
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If ϕ P Cp, then |ϕ̂pξq| ¤ C|ξ|�p.
Let bmin � argminb1,b2,b3t|b1|, |b2|, |b3|u, for any ξ P Ω�

ε , p ¥ 3 � |α| ¡ 2, from the

Poisson summation formula, we have

|ϕ̂dpξq � ϕ̂pξq| �|
¸

ηPε�1L�,η�0

ϕ̂pξ � ηq|

¤C
¸

ηPε�1L�,η�0

|ξ � η|�p

¤C
¸

mPZ3,m�0

εp
� |bmin|

2
minmt|m1|, |m2|, |m3|u

��p
¤Cεp

¸
m1,m2,m3PZ3

� |bmin|
2

|m1||m2||m3|
��p

�C 1εp.

Therefore

|ϕ̂dpξq � ϕ̂pξq| ¤ C 1εp, @ξ P Ω�
ε

Now we can estimate the pointwise difference of the derivatives

|Dαϕpxq �Dαϕεpxq|

¤
¸
ξPL�

|ξ||α||ϕ̂pξq � ϕ̂dpξq|

�
¸
ξPΩ�ε

|ξ||α||ϕ̂pξq � ϕ̂dpξq| �
¸

ξPL�zΩ�ε
|ξ||α||ϕ̂pξq|

�I � II,

in which

I ¤Cεp
¸
ξPΩ�ε

|ξ||α|

¤C 1εp
½

r�n
2
,n
2
q3
|ξ||α|dξ
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¤C2εp
½
Bn

2
p0q

|ξ||α|dξ

�C2εp
» π

0

» 2π

0

» n
2

0

r|α|�2 sin θdrdθdϕ

�C3εp�3�|α|

and

II ¤C
¸

ξPL�zΩ�ε
|ξ||α|�p

¤C 1
½

R3zr�n
2
,n
2
q3
|ξ||α|�pdξ

¤C2
½

R3zBn
2
p0q

|ξ||α|�pdξ

�C2
» π

0

» 2π

0

» 8

n
2

r|α|�p�2 sin θdrdθdϕ

�C3εp�3�|α|.

Therefore

|Dαϕpxq �Dαϕεpxq| ¤ Cεp�3�|α|.

2.4 Deformation Of The Lattice

The deformation of the crystal lattice is described either by the discrete deformed

atom positions or the continuous deformation function. The connection between

these two functions is simulated by the Fourier interpolation.
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2.4.1 The Deformed Atom Positions

the deformed atom positions can be described by a discrete vector function defined

on Ωε:

Y : Ωε Ñ R3,

and it is extended periodically to Lε,

Y : Lε Ñ R3.

by

Y pX � rq � Y pXq � r

for any X P Ωε, r P L.

2.4.2 The Deformation

Fix a deformed atom position function Y : Ωε Ñ R3, define τ as the Fourier interpo-

lation of Y

τpxq �
¸
ξPΩ�ε

eıx�ξŶ pXq

�ε3
¸
ξPΩ�ε

¸
XPΩε

eıξ�px�XqY pXq.
(2.43)

Let τpxq � x�upxq, then u is the deformation corresponding to Y . From Lemma

2.3.2 we have

ck}Y }ε,k ¤ }u}HkpΩq ¤ Ck}Y }ε,k, (2.44)

for k P N� and constants ck, Ck ¡ 0.

Furthermore, since the crystal does not collapse, it is reasonable to assume a

nondegeneracy condition on the deformation function: infxPΩ |∇τpxq| ¥ δτ ¡ 0 for

τ P W 1,8
1 .
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2.5 Background Charge

2.5.1 Definition

Assume ma P C8
0 pR3q is a compactly supported smooth function which represents

the background charge contribution from each nucleus. Then the total charge con-

tribution from the nuclei on an undeformed lattice L is

ρbpxq �
¸
XPL

mapx�Xq, x P R3. (2.45)

Now assume the lattice is scaled by a constant ε � 1
n
, and is deformed by the peri-

odic atom position function Y : Ωε Ñ R3, then define the corresponding background

charge as

ρεbpy, Y q �
¸
XPLε

mapy � Y pXq
ε

q, y P R3. (2.46)

Let τ : Ω Ñ R3 be the Fourier interpolation of Y : Ωε Ñ R3, then we can

represent the background charge function in Lagrangian coordinates:

ρεbpx, Y q � Jpxq
¸
XPLε

mapτpxq � τpXq
ε

q, x P R3 (2.47)

We assume the normalization constraint on the electron density»
nΩ

ρbpxqdx � ε�3Z (2.48)

which is equivalent to »
Ω

ρεbpxqdx � Z (2.49)

2.5.2 Periodicity

The background charge inherits the periodicity of Y

ρεbpx, Y q � ρεbpx� r, Y q, @r P L. (2.50)

Because of this periodicity, we restrict the domain to Ω.
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2.5.3 Two-Scale Ansatz

In order to study the system by approximation, we will use a two-scale ansatz of the

background charge on a deformed lattice Lε with Y ,

ρεbpxq � ρb,0px
ε
, xq � ερb,1px

ε
, xq � ε2ρb,2px

ε
, xq �Opε3q, x P Ω, (2.51)

in which

ρb,0pz, xq �
¸
XPL

map∇τpxqpz �Xqq (2.52a)

ρb,1pz, xq � �
¸
XPL

m1
a

�
∇τpxqpz �Xq� ¸

|β|�2

1

β!

Bβτpxq
Bxβ pX � zqβ (2.52b)

ρb,2pz, xq �1

2

¸
XPL

m2
a

�
∇τpxqpz �Xq�� ¸

|β|�2

1

β!

Bβτpxq
Bxβ pX � zqβ�2

�
¸
XPL

m1
a

�
∇τpxqpz �Xq� ¸

|β|�3

1

β!

Bβτpxq
Bxβ pX � zqβ,

(2.52c)

for x P Ω, z P nΩ. Notice that ρb,0, ρb,1, ρb,2 are periodic in z P Ω.

Lemma 2.5.1. If ma P Ck, then ρb,0 is Ck in ∇τ ; ρb,1 is Ck�1 in ∇τ , C8 in ∇2τ ;

and ρb,2 is Ck�2 in ∇τ , C8 in ∇2τ,∇3τ .

In order to study the consistency of the Cauchy-Born rule, we will derive even

higher-order expansion of ρεb in Chapter 6.

2.5.4 Inversion Symmetry

It is reasonable to assume the function ma has inversion symmetry mapxq � map�xq,
for any x P R3, then so is the background charge on undeformed lattice with or

without scaling:

ρbpxq � ρbp�xq, ρεb � ρεbp�xq, x P R3. (2.53)
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This is because the undeformed lattices L and Lε have the inversion symmetry. We

will see that this inversion symmetry plays a vital role in our analysis, and it improves

the rate of convergence.

Moreover, from the two-scale ansatz expansion, it is straightforward to see that

ρb,0pz, xq � ρb,0p�z, xq

ρb,1pz, xq � �ρb,1p�z, xq

ρb,2pz, xq � ρb,2p�z, xq

2.5.5 Localization and Decaying Property

Lemma 2.5.2. Assume ma has compact support such that mapxq � 0 for any

|x| ¥ Ma, Ma is a given positive constant. Then ma satisfies the pointwise decaying

property:

|mapxq| ¤ C0e
�γ|x|

where C0 � e}ma}L8, 0   γ ¤ 1
Ma

. More generally,

|∇kmapxq| ¤ Cke
�γ|x|,

where k is any positive integer, Ck � e}ma}Wk,8, 0   γ ¤ 1
Ma

.

Proof. From mapxq � 0 for any |x| ¥Ma, it is easy to see that in order for

}ma}L8 ¤ C0e
�γMa

to hold, we need

γ ¤ 1

Ma

ln
C0

}ma}L8

So we can pick C0 � e}ma}L8 , 0   γ ¤ 1
Ma

. The same analysis applies to prove the

second inequality.

Define a set

S � t0,�a1,�a2,�a3,�a1 � a2,�a1 � a3,�a2 � a3,�a1 � a2 � a3u (2.54)
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Then S � Ω are all the translations of Ω that intersect Ω.

Lemma 2.5.3. Assume τ P W 1,8
1 has the nondegeneracy property infxPΩ |∇τ | ¥

δτ ¡ 0, then ρεbpx, Y q has the following expression

ρεbpx, Y q �
¸
XPΩε

¸
rPS

mapτpxq � τpXq � r

ε
q (2.55)

Proof. If |x� r �X| ¡ εMa

δτ
, then

|τpx� rq � τpXq| ¥ pinf |∇τ |q|x� r �X| ¥ δτ |x� r �X| ¥ εMa,

then | τpx�rq�τpXq
ε

| ¡Ma, so map τpx�rq�τpXq
ε

q � 0. Therefore for any x P Ω, X P Ωε, we

only consider those r P L such that |x� r �X| ¤ εMa

δτ
. By choosing ε small enough,

it is sufficient to only consider r P S. Thus

ρεbpx, Y q �
¸
XPLε

mapτpxq � τpXq
ε

q

�
¸
XPΩε

¸
rPL

mapτpxq � τpXq � r

ε
q

�
¸
XPΩε

¸
rPS

mapτpxq � τpXq � r

ε
q

Proposition 2.5.4. Assume infxPΩ |∇τpxq| ¥ δτ ¡ 0, then for ε small enough, the

following pointwise estimates hold

} B
BYiρ

ε
bpx, Y q} ¤

C

ε
e�

γ
ε
|x�Xi�ri,x| (2.56)

} B2

BYiBYj ρ
ε
bpx, Y q} ¤

C

ε2
e�

γ
ε
|x�Xi�ri,x|e�

γ
ε
|x�Xj�rj,x| (2.57)

for all small positive constant γ ¡ 0. Moreover x P Ω, Yi � Y pXiq, Yj � Y pXjq with

Xi, Xj P Ωε. ri,x, rj,x P S, and their choices depend on x,Xi or x,Xj.
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Proof. By choosing ε small enough, for any x P Ω, Xi P Ωε, there is at most one

ri,x P S, such that |x � ri,x �Xi| ¤ εMa

δτ
. If no such ri,x exists, then the inequalities

are trivially true. Moreover, ri,x is smooth in x a.e..

The first inequality is easily derived from the above expression of ρεbpx, Y q and

|τpx� ri,xq� τpXiq| ¥ δτ |x� ri,k�Xi|, so C � e}ma}1,8, 0   γ ¤ δτ
Ma

. For the second

inequality, notice that B2
BYiBYj ρ

ε
bpx, Y q � 0 if i � j. Then the case i � j is obvious and

C � e}ma}2,8, 0   γ ¤ δτ
2Ma

.

By a change of variable, with the same notations in the previous proposition, it

is straightforward to get

Proposition 2.5.5.

} B
BYiρbpx, Y q} ¤

C

ε
e�γ|x�

�Xi�ri,εx
ε

| (2.58)

} B2

BYiBYj ρbpx, Y q} ¤
C

ε2
e�γ|x�

�Xi�ri,εx
ε

|e�γ|x�
�Xj�rj,εx

ε
| (2.59)

for x P nΩ.

2.5.6 Perturbation

Lemma 2.5.6. Given a deformed atom position function Y1, which satisfies the

nondegeneracy condition infxPΩ|∇τ1pxq| ¥ δτ for some δτ ¡ 0. Assume there is

another Y2 close to Y1 such that }τ2� τ1}1,8   δτ
2

, we have the following estimate for

the difference between the corresponding background charge functions

}ρbpY2q � ρbpY1q}L8pnΩq � }ρεbpY2q � ρεbpY1q}L8pΩq ¤ Cb}ma}1,8}Y2 � Y1}W 1,8
ε

(2.60)

or equivalently

}ρbpτ2q � ρbpτ1q}L8pnΩq � }ρεbpτ2q � ρεbpτ1q}L8pΩq ¤ Cb}ma}1,8}τ2 � τ1}1,8 (2.61)
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Proof. By our condition on τ1, τ2, we have infxPΩ|∇τ1pxq|, infxPΩ|∇τ2pxq| ¥ δτ
2

.

|ρεbpx, τ2q � ρεbpx, τ1q|

¤
¸

XPΩ,rPL
|mapτ2pxq � τ2pXq � r

ε
q �mapτ1pxq � τ1pXq � r

ε
q|

¤
¸
rPS

¸
XPΩε:|px�rq�X|¤2εMa{δτ

|mapτ2px� rq � τ2pXq
ε

q �mapτ1px� rq � τ1pXq
ε

q|

¤
¸
rPS

¸
XPΩε:|px�rq�X|¤2εMa{δτ

}ma}1,8
1

ε
|pτ2 � τ1qpx� rq � pτ2 � τ1qpXq|

As in previous context, we assume ε is small enough so that only r P S come into

play. The second inequality holds because, if |x � r �X| ¥ 2εMa

δτ
, then |τipx � rq �

τipXq| ¥ pinf|∇τi|q|x� r �X| ¥ εMa, so map τipx�rq�τipXq
ε

q � 0 for i � 1, 2.

Pick consecutive atom positions tX � Xn1 , Xn2 , � � � , Xnlu so that x � r P Ωnl �
Xnl�εΩ, which means |Xni�1

�Xni | � εak for some k � 1, 2, 3 and any i � 1, . . . , l�1.

Then l � Op1q since |px� rq �X| ¤ 2εMa{δτ � Opεq. Therefore

|ρεbpx, τ2q � ρεbpx, τ1q|

¤
¸
rPS

¸
XPΩε:|px�rq�X|¤2εMa{δτ

}ma}1,8
�l�1̧

i�1

1

ε
|pτ2 � τ1qpXniq � pτ2 � τ1qpXni�1

q|

� 1

ε
|pτ2 � τ1qpXnlq � pτ2 � τ1qpx� rq|�

¤
¸
rPS

¸
XPΩε:|px�rq�X|¤2εMa{δτ

}ma}1,8
�l�1̧

i�1

|D�
ε,aki

pτ2 � τ1qpXn�i
q| � }τ2 � τ1}1,8

�
¤C}Y2 � Y1}W 1,8

ε
� }τ2 � τ1}1,8

¤C 1}Y2 � Y1}W 1,8
ε

¤C2}τ2 � τ1}1,8,
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aki P ta1, a2, a3u, Xn�i
P tXni , Xni�1

u, and notice that #tX P Ωε : |px � rq � X| ¤
εMa{δτu � Op1q.

From the equivalence of }τ}1,8 and }Y }W 1,8
ε

, it is easy to see

|Jεpx, τY2q � Jεpx, τY1q| � |Jpεx, τY2q � Jpεx, τY1q| ¤ CJ}Y2 � Y1}W 1,8
ε
, x P nΩ,

so

}Jεpx, τY2q � Jεpx, τY1q}L8pnΩq ¤ CJ}Y2 � Y1}W 1,8
ε
.

Furthermore we have

Lemma 2.5.7. Denote Yi � Y pXiq, Yj � Y pXjq, for Xi, Xj P Ωε, and Bi � B
BYi , Bj �

B
BYj , assume infxPΩ|∇τ1pxq| ¥ δτ for some δτ ¡ 0 and }τ2 � τ1}1,8   δτ

2
, then

|Bjρεbpx, Y2q � Bjρεbpx, Y1q| ¤ Cbε
�1e�

γ
ε
|x�Xj�rj,x|}Y2 � Y1}W 1,8

ε
(2.62)

|BiBjρεbpx, Y2q � BiBjρεbpx, Y1q| ¤ Cbε
�2e�

γ
ε
|x�Xi�ri,x|e�

γ
ε
|x�Xj�rj,x|}Y2 � Y1}W 1,8

ε

(2.63)

for all small positive constant γ ¡ 0.

Proof. First we compute

Bjρεbpx, Y q

�
¸
rPL

�1

ε
∇mapτpxq � τpXjq � r

ε
q

� � 1

ε

6̧

k�0

∇mapτpx� rkq � τpXjq
ε

q

if we assume ε is small enough. Then

|Bjρεbpx, Y2q � Bjρεbpx, Y1q|

¤1

ε
|∇mapτ2px� rj,xq � τ2pXjq

ε
q �∇mapτ1px� rkq � τ1pXjq

ε
q|
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¤1

ε
|∇2mapτtpx� rj,xq � τtpXjq

ε
q|1
ε
|pτ2 � τ1qpx� rj,xq � pτ2 � τ1qpXjq|

where τt � p1 � tqτ1 � tτ2 for some 0   t   1. For any x P R3,

|∇τtpxq| �|p1 � tq∇τ1pxq � t∇τ2pxq|

�|∇τ1pxq � tp∇τ2pxq �∇τ1pxqq|

¥|∇τ1pxq| � t|∇τ2pxq �∇τ1pxq|

¥|∇τ1pxq| � |∇τ2pxq �∇τ1pxq|

¥δτ � δτ
2
� δτ

2
.

So infxPΩ � infxPR3 |∇τtpxq| ¥ δτ
2

because ∇τt is periodic on Ω. Thus

|∇2mapτtpx� rkq � τtpXjq
ε

q|

¤C2e
� γ
ε
|τtpx�rkq�τtpXjq|

¤C2e
� γ
ε

inf |∇τt||x�rk�Xj |

¤C2e
� γ
ε
δτ
2
|x�rk�Xj |

¤C2e
� γ2

ε
|x�rk�Xj |,

where 0   γ2 � δτ
2
γ ¤ δτ

2Ma
.

We can use the same technique as in the previous lemma to analyze 1
ε
|pτ2�τ1qpx�

rj,xq � pτ2 � τ1qpXjq|, then we can conclude

|Bjρεbpx, Y2q � Bjρεbpx, Y1q| ¤ Cbε
�1e�

γ
ε
|x�Xj�rj,x|}Y2 � Y1}W 1,8

ε
. (2.64)

Next notice that when i � j, BiBjρεbpx, Y q � 0, then it is easy to use the same

method to show

|BiBjρεbpx, Y2q�BiBjρεbpx, Y1q| ¤ Cbε
�2e�

γ
ε
|x�Xi�ri,x|e�

γ
ε
|x�Xj�rj,x|}Y2�Y1}W 1,8

ε
, (2.65)

for some positive constant Cb and all small enough positive constant γ.
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By a change of variable, we have

Proposition 2.5.8.

|Bjρbpx, Y2q � Bjρbpx, Y1q| ¤ Cbε
�1e�γ|x�

�Xj�rj,εx
ε

|}Y2 � Y1}W 1,8
ε

(2.66)

|BiBjρbpx, Y2q � BiBjρbpx, Y1q| ¤ Cbε
�2e�γ|x�

�Xi�ri,εx
ε

|e�γ|x�
�Xj�rj,εx

ε
|}Y2 � Y1}W 1,8

ε

(2.67)

for x P nΩ.
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3

Formulation Of The Problem

In this chapter, we decompose the main problem into three subproblems. We first

solve the electronic TFDW model assuming a fixed deformation, then once we have

Vexa, we proceed to study the atomistic TFDW model in which we interpret the

discrete deformation function Y as varied. Meanwhile, we also study the Cauchy-

Boron continuum elasticity model. Finally, we combine results from these models

together to give the statement of the main result.

3.1 The electronic TFDW model

Assume a deformation represented by a discrete atom position function Y : Ωε Ñ R3

is given and fixed, the electronic TFDW functional is

Ipν, V ; ρbq �
»
nΩ

ν
10
3 � |∇ν|2 � ν

8
3 � 1

2
V pν2 � ρbqdy (3.1)

where the background charge ρb is given

ρbpy, Y q �
¸
XPL

mapy � Y pXqq. (3.2)
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The electronic TFDW problem with a fixed deformation is formulated as follows:

Given a deformation Y P H7
ε or equivalently u P H7

1 , find pν, V q P pW 1,8
n q2 such that

pνexa, Vexaq � argminpν,V qPpW 1,8
n q2Ipν, V ; ρbq (3.3)

The system of Euler-Lagrange equations FTFDWpν, V q � 0 in nΩ is

#
�∆ν � 5

3
ν

7
3 � 4

3
ν

5
3 � V ν � 0

�∆V � 4πpν2 � ρbq.
(3.4)

Theorem 3.1.1. Under Stability Condition A, i.e., the linearized operator of the

the above equations at undeformed solutions satisfies }L�1
per}LppL2

nq2q ¤ Mper for any

n, and Mper is a positive constant independent of ε � 1
n

, then there exist positive

constants h0, ε0, δ such that for any }u}W 7,8
1

¤ h0, ε ¤ ε0, there exists a unique

solution Vexa � pνexa, Vexaq P pH2
nq2 with the properties

1. pνexa, Vexaq satisfies the system of Euler-Lagrange equations

FTFDWpνexa, Vexaq � 0

2. pνexa, Vexaq is close to the approximation given by the Cauchy-Born rule

}pνexa, Vexaq � pνCBpx;∇upεxqq, VCBpx;∇upεxqqq}pH2
nq2 ¤ δε. (3.5)

3. pνexa, Vexaq is a pH1
nq2 local minimizer of the electronic TFDW functional Ipν, V ; ρbq.

3.2 The atomistic TFDW model

The above solution pνexa, Vexaq and the background charge ρb depend on the deforma-

tion u which is constructed as the Fourier interpolation of the discrete atom position

function Y :

τY pxq � x� uY pxq � ε3
¸

XPΩε,ξPΩ�ε

eıpx�Xq�ξY pXq. (3.6)

34



Now consider the following atomistic TFDW functional

IatpY q � IpνexapτY q, VexapτY q, ρεbpτY , Y qq (3.7)

where we assume }uY }W 7,8
1

¤ h0, so that pνexa, Vexaq is well-defined.

Define the space of the discrete deformation function Y as

Xε �
 
Y : εL Ñ R3|Y pXq � X � upXq, u is Ωε-periodic,

¸
XPΩε

upXq � 0
(
. (3.8)

The atomistic TFDW problem is formulated as follows: Given an external force

fε : Ωε Ñ R3, find Y P Xε such that

Y � argminzPXεIatpzq. (3.9)

The Euler-Lagrange equation for the atomistic problem is

FatrY spXq � fεpXq, X P Ωε, (3.10)

where

FatrY spXiq � �
»
nΩ

Vexa
Bρb
BYidy (3.11)

and ¸
XPΩε

fεpXq � 0. (3.12)

Theorem 3.2.1. Under Stability Condition B, i.e., the dynamical matrix DId
at rξs of

the Hessian HatrIds of the above Euler-Lagrange equation in the undeformed state,

i.e., Y � Id or u � 0, satisfies

detDId
at rξs ¥ aatΛ

6
0,εpξq, ξ P Ω�

ε , (3.13)

further assume ma P C8
0 pR3q, fε P W 27,8

ε with }fε}W 27,8
ε

¤ hf for some constant

hf ¡ 0, then there exists a unique Yat P H7
ε XXε with the properties
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1. Yat satisfies the Euler-Lagrange equation

FatrYatspXq � fεpXq, X P Ωε (3.14)

2. The consistency estimate of the Cauchy-Born rule holds

}FatrYCBs}ε,5 ¤ Cp}uat}W 29,8
1

qε2 (3.15)

3. Yat is a discrete W 1,8
ε local minimizer of the atomistic TFDW functional IatpY q.

3.3 The Cauchy-Born continuum elasticity model

Assume the above fε is constructed from a function f defined on Ω with zero mean,

fεpXq � ε�3

»
X�εΩ

fpzqdz. (3.16)

Define

X �  
v : Ω Ñ R3|v P Wm�2,p

1 ,

»
Ω

v � 0
(

(3.17)

for m ¥ 0, p ¡ 3.

The Cauchy-Born continuum elasticity problem is formulated as follows: find a

deformation function u P X such that

u � argminvPXICBpvq (3.18)

where

ICBpvq �
»

Ω

WCBp∇vpxqq � fpxqpvpxq � xqdx, (3.19)

in which the Cauchy-Born stored energy density WCB is

WCBpAq � 1

|Ω|
»

Ω

J�
2
3 pAqν

10
3

CBpAq � νCBa
ijpAqBziBzjνCBpAq

� J�
1
3 pAqν

8
3
CBpAq �

1

2
VCBpAqpν2

CBpAq � JpAqρb,0pAqqdz
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The corresponding Euler-Lagrange equation is

FCBpupxqq � fpxq, x P Ω (3.20)

where

FCBpupxqq � �∇ � pDAWCBp∇upxqqq. (3.21)

Theorem 3.3.1. If Stability Condition C holds

D2
AWCBp0qpξ b η, ξ b ηq ¥ Λ|ξ|2|η|2, (3.22)

and p ¡ 3,m ¥ 0, then there exist constants δ, κ1, κ2, such that for any B P R3�3
�

with }B} ¤ κ1 and }f}Wm,ppΩq ¤ κ2, there exists a unique solution uCB P X such that

the following properties hold

1. uCB satisfies the Euler-Lagrange equation

FCBpuCBpxqq � fpxq, x P Ω; (3.23)

2. uCB is a W 1,8
1 local minimizer of the Cauchy-Born continuum elasticity func-

tional ICBpvq.

3. }uCB �B � x}Wm�2,p ¤ δ, for any x P Ω.

3.4 the Main Theorem

Theorem 3.4.1. With the assumptions in the above theorems, further assume m ¥
27, denote YCB as the discrete deformation function associated with uCB, then there

exists a positive constant C independent of ε such that

}Yat � YCB}ε,7 ¤ Cε2. (3.24)
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4

TFDW Functional

4.1 Setup of the TFDW Functional

4.1.1 Original TFDW functional

The original deformed unscaled TFDW functional is

Ipρ, ρbq �
»
R3

ρ
5
3 pyq � |∇

a
ρpyq|2 � ρ

4
3 pyqdy � 1

2
Dpρ� ρb, ρ� ρbq, (4.1)

where ρ : R3 Ñ R is the electron density in Eulerian coordinates with the constraints³
R3 ρdy �

³
R3 ρbdy and ρ ¥ C ¡ 0. The shorthand notation Dp�, �q is defined as

Dpf, gq �
¼

R3�R3

fpy1qgpy2q
|y1 � y2| dy1dy2 (4.2)

Thus

Dpρ� ρb, ρ� ρbq �
»
R3

V pρ� ρbqdy, (4.3)

where V is the potential

V pyq �
»
R3

ρpy1q � ρbpy1q
|y � y1| dy1. (4.4)
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Moreover, ρb is the background charge density

ρbpy, Y q �
¸
XiPL

mapy � Y pXiqq

where Y : L Ñ R3 is a discrete deformation function. In the use of mapy � Y pXiqq,
we assume the charge contribution of each nucleus does not change under the defor-

mation. We also denote Y pXiq as Yi.

4.1.2 Periodicity and scaling

Now assume we have a periodic discrete deformation function Y : Ωε Ñ R3, define

the rescaled version of it Y ε : Ωn Ñ R3

Y εpXq :� 1

ε
Y pεXq, @X P Ωn (4.5)

then Y ε is periodic in Ωn.

Next we define the periodic TFDW functional with unit scaling as

Ipρ, ρbq �
»
nΩ

ρ
5
3 � |∇?ρ|2 � ρ

4
3dy � 1

2
DnΩpρ� ρbpY εq, ρ� ρbpY εqq, (4.6)

with the constraints
³
nΩ
ρdy � ³

nΩ
ρbpY εqdy � Z and ρ ¥ C ¡ 0 for a constant C

and

DnΩpρ� ρbpY εq, ρ� ρbpY εqq �
»
nΩ

V pρ� ρbpY εqqdy, (4.7)

where V satisfies #
�∆V � 4πpρ� ρbpY εqq in nΩ

V is periodic on BpnΩq. (4.8)

Introduce ν � ?
ρ. We can rescale the system by the ε-scaling with ε � 1

n
. Let

us change the variables correspondingly for y P Ω:

ρεbpy, Y q :�ρbpy
ε
, Y εq
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�
¸
XPL

mapy
ε
� Y εpXqq

�
¸
XPLε

mapy � Y pXq
ε

q

�
¸
XiPΩε

¸
rPL

mapy � r � Yi
ε

q

νεpyq :�νpy
ε
q �

c
ρpy
ε
q

Vεpyq :�V py
ε
q.

Then we have »
Ω

ν2
ε dy �

»
Ω

ρεbpY qdy � Z.

The following formula gives the connection between the unit scaling and the

ε-scaling for the TFDW functional:

I �
»
nΩ

ν
10
3 � |∇ν|2 � ν

8
3 � 1

2
V pν2 � ρbpY εqqdy

�ε�3

»
Ω

ν
10
3
ε � ε2|∇νε|2 � ν

8
3
ε � 1

2
Vεpν2

ε � ρεbpY qqdy.
(4.9)

4.1.3 The Lagrangian coordinates

Given the periodic discrete deformation function Y : Ωε Ñ R3, the corresponding

deformation function u or τ � id � u : Ω Ñ R3 is given as the Fourier interpolation

of Y . We also use τY or uY to explicitly indicate its dependence on Y . Let Jpxq �
det∇τpxq, and also define the scaled version of the deformation: τεpxq :� 1

ε
τpεxq for

x P nΩ. Denote Jεpxq � det∇τεpxq for x P nΩ, then Jεpxq � Jpεxq.
Define

νpxq � J
1
2
ε pxqνpτεpxqq, V pxq � V pτεpxqq, ρbpxq � Jεpxqρbpτεpxq, Y εq, x P nΩ
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νεpxq � J
1
2 pxqνεpτpxqq, Vεpxq � Vεpτpxqq, ρεbpxq � ρεbpτpxq, Y q, x P Ω

then the TFDW functional in Lagrangian coordinates is

I �
»
nΩ

J
� 2

3
ε ν

10
3 � Jε|∇τ�Tε ∇pJ�

1
2

ε νq|2 � J
� 1

3
ε ν

8
3 � 1

2
V pν2 � JερbpY εqqdx (4.10)

�ε�3

»
Ω

J�
2
3ν

10
3
ε � ε2J |∇τ�T∇pJ� 1

2νεq|2 � J�
1
3ν

8
3
ε � 1

2
Vεpν2

ε � JρεbpY qqdx. (4.11)

4.2 Euler-Lagrange Equations

4.2.1 ε-scaling

The ε-scaled TFDW functional with an external force f : Ωε Ñ R3 is

Ipνε, Vε, ρεbq � |Ω|
¸
XPΩε

fpXqY pXq

�ε�3

»
Ω

ν
10
3
ε � ε2|∇νε|2 � ν

8
3
ε � 1

2
Vεpν2

ε � ρεbqdy � |Ω|
¸
XPΩε

fpXqY pXq
(4.12)

Assume Y is fixed, then the system of Euler-Lagrange equations of νε, Vε in Eu-

lerian coordinates is

#
�ε2∆νε � 5

3
ν

7
3
ε � 4

3
ν

5
3
ε � Vενε � 0,

�ε2∆Vε � 4πpν2
ε � ρεbq, y P Ω,

(4.13)

The system of Euler-Lagrange equations of νε, V ε in Lagrangian coordinates is

#
�ε2D1νε � 5

3
J�

2
3ν

7
3
ε � 4

3
J�

1
3ν

5
3
ε � Vενε � 0

�ε2JD2Vε � 4πpν2
ε � Jρεbq, x P Ω,

(4.14)

where D1 �
°
ij aijBiBj �

°
j bjBj � c in which

$'&'%
aij � p∇τ�1∇τ�T qij
bj �

°
ik∇τ

�1
ik Bi∇τ�Tkj � 2J

1
2

°
i aijBiJ�

1
2

c � J
1
2

°
ijk∇τ

�1
ik Bi∇τ�Tkj BjJ�

1
2 � J

1
2

°
ij aijBiBjJ�

1
2

(4.15)
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and D2 �
°
ij aijBiBj �

°
j djBj in which

#
aij � p∇τ�1∇τ�T qij
dj �

°
ik∇τ

�1
ik Bi∇τ�Tkj

(4.16)

4.2.2 Unit scaling

The TFDW functional under unit scaling with the external force f : Ωε Ñ R3 is

Ipν, V, ρbq �
¸
XPΩn

ε|Ω|fpεXqY εpXq

�
»
nΩ

ν
10
3 � |∇ν|2 � ν

8
3 � 1

2
V pν2 � ρbqdy �

¸
XPΩn

ε|Ω|fpεXqY εpXq,
(4.17)

the system of Euler-Lagrange equations of ν, V with fixed Y ε in Eulerian coordinates

is #
�∆ν � 5

3
ν

7
3 � 4

3
ν

5
3 � V ν � 0,

�∆V � 4πpν2 � ρbq, y P nΩ,
(4.18)

the system of Euler-Lagrange equations of ν, V in Lagrangian coordinates is

#
�Dε

1ν � 5
3
J
� 2

3
ε ν

7
3 � 4

3
J
� 1

3
ε ν

5
3 � V ν � 0

�JεDε
2V � 4πpν2 � Jερbq, x P nΩ,

(4.19)

where Dε
1 �

°
ij a

ε
ijBiBj �

°
j b

ε
jBj � cε in which

$'&'%
aεijpxq � aijpεxq
bεjpxq � bjpεxq
cεpxq � cpεxq

(4.20)

and Dε
2 �

°
ij a

ε
ijBiBj �

°
j d

ε
jBj in which

#
aεijpxq � aijpεxq
dεjpxq � djpεxq

(4.21)
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4.3 Linearization of the System of Euler-Lagrange Equations

Denote Vε � pνε, Vεq, the linearized operator LVε of the system of Euler-Lagrange

equations of pνε, Vεq in Eulerian coordinates is given by

LVε

�
ω
W



�
�
p�ε2∆ � 35

9
ν

4
3
ε � 20

9
ν

2
3
ε � Vεqω � νW

νεω � ε2

8π
∆W

�
(4.22)

where ω,W P L2pΩ,Rq.
Similarly, with unit scaling, denote V � pν, V q, the linearized operator LV of the

system of Euler-Lagrange equations of pν, V q in Eulerian coordinates is given by

LV

�
ω
W



�
�
p�∆ � 35

9
ν

4
3 � 20

9
ν

2
3 � V qω � νW

νω � 1
8π

∆W



(4.23)

where ω,W P L2pnΩ,Rq.
Moreover, the above linearized operator LV in Lagrangian coordinates is given

by

LV

�
ω
W



�
�
LV,1 ν
ν 1

8π
Dε

2


�
ω
W



(4.24)

where

LV,1 � �Dε
1 �

35

9
J
� 2

3
ε ν

4
3 � 20

9
J
� 1

3
ε ν

2
3 � V. (4.25)

4.4 Solutions In Undeformed Crystals

Assume there is no deformation u � 0, so Y pXq � X,X P Ωε. Then the background

charge becomes ρb,perpxq �
°
XPLmapx � Xq which is periodic in Ω. So ν, V shall

also be periodic in Ω. Denote them as νper, Vper, and we solve the corresponding

Euler-Lagrange equations

#
�∆νper � 5

3
ν

7
3
per � 4

3
ν

5
3
per � Vperνper � 0, x P Ω

�∆Vper � 4πpν2
per � ρb,perq, x P Ω

(4.26)
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with the constraints
³
Ω
ν2

perdx � ³
Ω
ρb,perdx and νper ¥ C ¡ 0 for some positive

constant C.

Given ma P C8
0 pR3q X W k,8, we have νper, Vper P W k,8

1 , and can be extended

periodically to νper, Vper P W k,8
n .

4.5 The Stability Condition

The undeformed solutions νper, Vper P W k,8
n satisfy the Euler-Lagrange equations

#
�∆νper � 5

3
ν

7
3
per � 4

3
ν

5
3
per � Vperνper � 0, x P nΩ

�∆Vper � 4πpν2
per � ρbq, x P nΩ

(4.27)

for any n. The linearization in nΩ becomes

Lper

�
ω
W



�
�
L1,per νper

νper
1

8π
∆


�
ω
W



(4.28)

where

L1,per � �∆ � 35

9
ν

4
3
per � 20

9
ν

2
3
per � Vper. (4.29)

We introduce the electronic stability condition which we call Stability Condi-

tion A:

}L�1
per}LppL2

nq2q ¤M (4.30)

for arbitrary n, where M is a positive constant independent of n.

4.6 The Cauchy-Born Solution With Fixed Deformation

In order to construct the exact solutions ν, V on nΩ, we first construct approximate

solutions by the two-scale ansatz of νε, Vε, ρ
ε
b, in which the first step is to construct

the Cauchy-Born solution of the leading-order equation. We give the construction of

the Cauchy-Born solution in this section.
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4.6.1 Two-Scale Ansatz

We assume the following approximation for x P Ω,$'&'%
νεpxq � ν0pxε , xq � εν1pxε , xq � ε2ν2pxε , xq,
Vεpxq � V0pxε , xq � εV1pxε , xq � ε2V2pxε , xq,
ρεbpxq � ρb,0pxε , xq � ερb,1pxε , xq � ε2ρb,2pxε , xq.

(4.31)

Recall that ρb,0, ρb,1, ρb,2 are periodic in z � x
ε

in Ω, so we assume the same periodic

property for ν0, ν1, ν2 and V0, V1, V2.

Plug the ansatz into the system of Euler-Lagrange equations of pνε, Vεq (4.14),

combine terms of the same orders of ε, we get the leading-order ε0 system of equations:

#
�°

ij aijBziBzjν0 � 5
3
J�

2
3ν

7
3
0 � 4

3
J�

1
3ν

5
3
0 � V0ν0 � 0

�J°ij aijBziBzjV0 � 4πpν2
0 � Jρb,0q.

(4.32)

In addition, the system of equations of order ε1 is$''''''&''''''%

�°
ij aijBziBzjν1 � 35

9
J�

2
3ν

4
3
0 ν1 � 20

9
J�

1
3ν

2
3
0 ν1 � V0ν1

�°
ij aijpBxjBziν0 � BxiBzjν0q �

°
j bjBzjν0 � V1ν0 � 0

�J°ij aijBziBzjV1 � 8πν0ν1 � 4πJρb,1

�J°ij aijpBxjBziV0 � BxiBzjV0q � J
°
j djBzjV0 � 0,

(4.33)

and equations of order ε2 are$'''''''''''&'''''''''''%

�°
ij aijBziBzjν2 � 35

9
J�

2
3ν

4
3
0 ν2 � 20

9
J�

1
3ν

2
3
0 ν2 � V0ν2

�°
ij aijpBxjBziν1 � BxiBzjν1q �

°
ij bjBzjν1 � 70

27
J�

2
3ν

1
3
0 ν

2
1 � 20

27
J�

1
3ν

� 1
3

0 ν2
1 � V1ν1

�°
ij aijBxiBxjν0 �

°
j bjBxjν0 � cν0 � V2ν0 � 0

�J°ij aijBziBzjV2 � 8πν0ν2 � 4πJρb,2

�J°ij aijpBxjBziV1 � BxiBzjV1q � J
°
j djBzjV1 � 4πν2

1

�J°ij aijBxiBxjV0 � J
°
j djBxjV0 � 0.

(4.34)
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4.6.2 Regularity of the linearized operator

In order to achieve higher regularity of the solutions, we need the following lemma

Lemma 4.6.1. Assume Stability Condition A holds, that is }L�1
per}LppL2

nq2q ¤ M

for a positive constant M and all nonnegative integer n, then we have

}L�1
per}LppHk

nq2,pHk�2
n q2q ¤ CpkqM, (4.35)

where Cpkq is constant for each nonnegative integer k provided νper, Vper P W k,8
n .

Specifically, when n � 1, we have

}L�1
per}LppHk

1 q2,pHk�2
1 q2q ¤ CpkqM. (4.36)

Proof. We use induction to prove the lemma. For k � 0, we want L�1
per : pL2

nq2 Ñ
pH2

nq2 to be bounded. This is to say given pω,W q P pL2
nq2, we want to show

}L�1
per

�
ω
W



}pH2

nq2 ¤ Cp0qM}
�
ω
W



}pL2

nq2 .

It suffices to prove

}AL�1
per

�
ω
W



}pL2

nq2 ÀM}
�
ω
W



}pL2

nq2 ,

where A �
��∆ 0

0 1
8π

∆



.

Since �
ω
W



� LperL�1

per

�
ω
W



� rA�

�
F νper

νper 0



sL�1

per

�
ω
W




where F � 35
9
ν

4
3
per � 20

9
ν

2
3
per � Vper, we get

AL�1
per

�
ω
W



�
�
ω
W



�
�
F νper

νper 0



L�1

per

�
ω
W



.
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Therefore

}AL�1
per

�
ω
W



}pL2

nq2

¤}
�
ω
W



}pL2

nq2 � maxp}F }L8n , }νper}L8n q}L�1
per}LppL2

nq2q}
�
ω
W



}pL2

nq2

ÀM}
�
ω
W



}pL2

nq2 .

Next, assume

}L�1
per}LppHk

nq2,pHk�2
n q2q ¤ CpkqM

for k ¤ k0. Then for k � k0 � 1, it suffices to prove

}∇L�1
per}LppHk

nq2,pHk�1
n q2q ÀM

Notice

∇L�1
per � L�1

per∇� r∇,L�1
pers

� L�1
per∇� L�1

perr∇,LpersL�1
per,

so it suffices to prove

}L�1
perr∇,LpersL�1

per}LppHk
nq2,pHk�1

n q2q ÀM.

Direct calculation yields

r∇,Lpers � ∇Lper � Lper∇

�
�
∇
∇


��∆ � F νper

νper
1

8π
∆



�
��∆ � F νper

νper
1

8π
∆


�
∇
∇




�
��∇∆ �∇F ∇νper

∇νper
1

8π
∇∆



�
��∆∇� F∇ νper∇

νper∇ 1
8π

∆∇




�
�
∇F � F∇ ∇νper � νper∇
∇νper � νper∇ 0



.

47



Notice ∇F,∇νper P W k�1,8
n since νper, Vper P W k,8

n and so F P W k,8
n . Hence we get

the bound

}r∇,Lpers}LppHk�1
n q2,pHk�1

n q2q ÀM.

Thus

}L�1
perr∇,LpersL�1

per}LppHk
nq2,pHk�1

n q2q

¤}L�1
per}LppHk�1

n q2,pHk�1
n q2q}r∇,Lpers}LppHk�1

n q2,pHk�1
n q2q}L�1

per}LppHk�1
n q2,pHk�1

n q2q

¤CpkqM.

4.6.3 Cauchy-Born Rule

Now we apply the Cauchy-Born rule to analyze the system of leading order ε0 equa-

tions F0pV0,∇upxqq � 0,$'&'%
�°

ij aijpxqBziBzjν0px, zq � 5
3
J�

2
3 pxqν

7
3
0 px, zq � 4

3
J�

1
3 pxqν

5
3
0 px, zq � V0px, zqν0px, zq

� 0,

�Jpxq°ij aijpxqBziBzjV0px, zq � 4πpν2
0px, zq � Jpxqρb,0px, zqq,

(4.37)

where we assume x P Ω is fixed thus the deformation is homogeneously linear, and

z P Ω is the variable.

We will use the implicit function theorem in the functional form to find the

solution. So first recall the undeformed base case in which u � 0. Then τpxq �
x, Jpxq � 1 and F0pV0,∇upxqq � 0 becomes#

�∆ν0pzq � 5
3
ν

7
3
0 pzq � 4

3
ν

5
3
0 pzq � V0pzqν0pzq � 0

�∆V0pzq � 4πpν2
0pzq � ρb,perpzqq,

(4.38)

where ρb,perpzq �
°
XiPLmapz �Xiq is periodic in z P Ω.

Lemma 4.6.2. If ma P Hk�2, then there exist periodic solutions Vper � pνper, Vperq P
pW k,8

1 q2 and νper ¥ Cν ¡ 0 in Ω for some constant Cν ¡ 0.
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Recall the linearized operator at the undeformed solutions Vper is

Lper �
�
L1,per νper

νper
1

8π
∆



, (4.39)

where L1,perω � �∆ω� 35
9
ν

4
3
perω� 20

9
ν

2
3
perω�Vperω, and according to Stability Con-

dition A, it satisfies }L�1
per}LppL2

nq2q ¤M .

Based on our construction of the undeformed periodic solution Vper, we next

construct solutions with a small homogeneously linear deformation.

Lemma 4.6.3. If the deformation is homogeneously linear in the sense that upxq �
Ax for some 3�3 matrix A. Then under Stability Condition A and Vper P W k,8

1 ,

there exist positive constants h and δ, and a unique smooth map from Bh,M3�3 to

pHk
1 q2: A ÞÑ Vp�;Aq � pνp�;Aq, V p�;Aqq such that }Vp�;Aq � Vper}pHk

1 q2 ¤ δ and

F0pVp�;Aq, Aq � 0. Here Bh,M3�3 � tA PM3�3|}A}F   hu.

Proof. When upxq � Ax, we have ∇τpxq � I � A, then

aijpxq � rp∇τpxqq�1p∇τpxqq�T sij � rpI � Aq�1pI � Aq�T sij
Jpxq � det∇τpxq � detpI � Aq.

So F0pV0,∇upxqq � 0 becomes

$''''&''''%
�°

ijrpI � Aq�1pI � Aq�T sijBziBzjν0pz;Aq � 5
3

detpI � Aq� 2
3ν

7
3
0 pz;Aq

�4
3

detpI � Aq� 1
3ν

5
3
0 pz;Aq � V0pz;Aqν0pz;Aq � 0

� detpI � Aq°ijrpI � Aq�1pI � Aq�T sijBziBzjV0pz;Aq
� 4πpν2

0pz;Aq � detpI � Aqρb,0pz;Aqq,

where ρb,0pz;Aq � °
XiPLmappI � Aqpz �Xiqq.

The functional F0 : pHk
1 q2 �M3�3 Ñ pHk�2

1 q2 satisfies the following conditions:
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1. When upxq � Ax � 0, F0pVper,0q � 0 for Vper P pW k,8
1 q2 � pHk

1 q2,

2. F0 is C8 in V0 � pν0, V0q and A,

3.

δF0pV0, Aq
δV0

|pVper,0q � Lper : pHk
1 q2 Ñ pHk�2

1 q2

satisfies

}L�1
per}LppHk�2

1 q2,pHk
1 q2q ¤ Cpk � 2qM

by Lemma 4.6.1 since Vper P pW k,8
1 q2 � pW k�2,8

1 q2.

So we can apply the implicit function theorem for Banach spaces. There exist

a neighborhood of A � 0: Bh,M3�3 � tA P M3�3|}A}F   hu and a neighborhood of

Vper: Dδ � tV |}V � Vper}pHk
1 q2 ¤ δu such that there exists a unique C8 map from

Bh,M3�3 to Dδ : A ÞÑ Vp�;Aq which satisfies F0pVp�;Aq, Aq � 0.

Notice that by Sobolev inequality, }ν � νper}L81 ¤ }ν � νper}H2
1
¤ δ, so if we let

}ν � νper}L81 ¤ Cν{2, then ν ¥ Cν{2 ¡ 0.

Finally we can construct the Cauchy-Born solution:

Theorem 4.6.4. For the system of ε0 order equations F0pV0,∇upxqq � 0, un-

der Stability Condition A, i.e. }L�1
per}LppL2

1q2q ¤ M and ma P Hk�2
1 so that

Vper P pW k,8
1 q2, there exist positive constants h and δ such that for any deforma-

tion u satisfying }u}Hm
1
¤ h for any positive integer m, there exists a unique solution

V0pz, xq P Hm�1pΩ, pHk
1 q2q2 so that F0pV0pxε , xq,∇upxqq � 0 for any x P Ω and

}V0p�, xq � Vperp�q}pHk
1 q2 ¤ δ.

Proof. For each fixed x P Ω, upxq � Ax for some matrix A P Bh,M3�3 which de-

pends on x. From the previous lemma, there exists a unique solution V0pz;Aq
satisfying F0pV0pz;Aq, Aq � 0 at each fixed x P Ω. Define V0pz, xq � V0pz;Aq �
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V0pz;∇upxqq, then V0p�, xq P pHk
1 q2. Since u P Hm

1 and V0pz;∇upxqq is C8 in ∇upxq,
V0pz, �q P pHm�1

1 q2. Extend V0p�, xq periodically from Ω to nΩ, so that finally we

have F0pV0pxε , xq,∇upxqq � 0 for any x P Ω.

We call V0pxε , xq the Cauchy-Born solution, and denote it as VCB � pνCB, VCBq so

that VCBpxq � pνCBpxq, VCBpxqq � pν0pxε , xq, V0pxε , xqq.

4.7 The Exact Solution With Fixed Deformation

Theorem 4.7.1. Under Stability Assumption A, }L�1
per}LppL2

nq2q ¤ M , there exist

positive constants h, ε0 and δ, such that for any deformation }u}W 5,8
1 pΩq ¤ h, and

any ε ¤ ε0, there exists a unique solution Vexa � pνexa, Vexaq P pH2
nq2 that satisfy

1. FpVexaq � 0

2. }Vexa � VCB}pH2
nq2 ¤ δε3,

where VCB is the Cauchy-Born solution and FpVq � 0 is given by

#
�D1ν � 5

3
J�

2
3ν

7
3 � 4

3
J�

1
3ν

5
3 � V ν � 0

�JD2V � 4πpν2 � ρbq.
(4.40)

4.8 Minimizing the TFDW Functional

In the above analysis of the TFDW functional, we assumed the deformation Y or

u is fixed. In order to study infνε,Vε,Y Ipνε, Vε, ρεbpY qq, we use the Hellmann-Feymann

theorem which states that if

pνexapY q, VexapY qq � arginfνε,VεIpνε, Vε, ρεbpY qq, (4.41)

then

infνε,Vε,Y Ipνε, Vε, ρεbpY qq � infY IpνexapY q, VexapY q, ρεbpY qq. (4.42)
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Recall IatpY q � IpνexapY q, VexapY q, ρεbpY qq is the atomistic TFDW functional

which we will study in the later chapters. The Hellmann-Feymann theorem tells

us that the minimizer Yat of IatpY q together with VexapYatq � pνexapYatq, VexapYatqq
form the minimizer of Ipνε, V ε, ρεbpY qq.
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5

The Fixed Deformation Case

5.1 Introduction

In this chapter, we are going to solve the system of Euler-Lagrange equations of

pν, V q in Lagrangian coordinates on nΩ. The system of the equations is

#
�Dε

1ν � 5
3
J
� 2

3
ε ν

7
3 � 4

3
J
� 1

3
ε ν

5
3 � V ν � 0

�JεDε
2V � 4πpν2 � Jερbq, x P nΩ,

(5.1)

where Dε
1 �

°
ij a

ε
ijBiBj �

°
j b

ε
jBj � cε in which

$'&'%
aεijpxq � aijpεxq
bεjpxq � bjpεxq
cεpxq � cpεxq

(5.2)

and Dε
2 �

°
ij a

ε
ijBiBj �

°
j d

ε
jBj in which

#
aεijpxq � aijpεxq
dεjpxq � djpεxq

(5.3)

In the previous chapter, we constructed the undeformed solution pνper, Vperq, based

on which we applied the Cauchy-Born rule to get the first-order approximate solution
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pνCB, VCBq. In this chapter we will use the two-scale ansatz technique to construct an

approximate solution pν0, V 0q with higher accuracy so that we can use the Newton-

Raphson iteration to find the exact solution pνexa, Vexaq P pH2
nq2.

After we derive the exact solution, we will prove that the exact solution preserves

the decaying property

}Biνexapx, Y q} ¤C
ε
e�γ|x�

�Xi�ri,εx
ε

| (5.4)

}BiVexapx, Y q} ¤C
ε
e�γ|x�

�Xi�ri,εx
ε

|, (5.5)

for any x P nΩ and γ ¡ 0 small enough but independent of ε, which holds for the

background charge ρb.

For further analysis in later chapters, we need to study the perturbation of the

exact solution and combine it with the decaying property to derive the following

estimate for the potential Vexa

}BjVexapx, Y2q � BjVexapx, Y1q} ¤ Cε�2e�γ|x�
Xj�rj,ε,x

ε
|}Y2 � Y1}W 3,8

ε

The essential tool we use for these estimates is the perturbation of the linearized

operator. Since this perturbation is used in various places and in various forms, we

now prove a general proposition of it.

5.2 Perturbation Of The Linearized Operator

Proposition 5.2.1. Given two sets of functions V1 � pν1, V1q,V2 � pν2, V2q satis-

fying }V1,2}pWk,8pnΩqq2 ¤ hV , ν1,2 ¥ Cν ¡ 0 and two deformations τ1, τ2 satisfying

}τ1,2}Wk�3,8
1

¤ hτ , |∇τ1,2| ¥ δτ ¡ 0, we have the following estimate for the perturba-

tion of the linearized operator

}LpV1,τ1q � LpV2,τ2q}LppHk�2
n q2,pHk

nq2q

¤C maxp}V1 � V2}pWk,8pnΩqq2 , }τ1 � τ2}Wk�3,8
1

q
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¤C maxp}V1 � V2}pHk�2pnΩqq2 , }τ1 � τ2}Wk�3,8
1

q

where C � CphV , hτ , Cν , δτ q ¡ 0.

Proof. Recall the linearized operator LpV,τq in Lagrangian coordinates is given by

LV

�
ω
W



�
�
LV,1 ν
ν 1

8π
Dε

2


�
ω
W



(5.6)

where pω,W q P pH2pnΩqq2 and

LV,1 � �Dε
1 �

35

9
J
� 2

3
ε ν

4
3 � 20

9
J
� 1

3
ε ν

2
3 � V. (5.7)

Notice that by using the notation LpV,τq instead of LV , we do not assume the defor-

mation τ is fixed.

Denote W � pω,W q, we consider LpV,τq acting on W P pHk�2
n q2, we have

}LpV,τqW}pHk
nq2 �n�

3
2 }LpV,τqW}pHkpnΩqq2

¤n� 3
2 }LpV,τq}LppHk�2pnΩqq2,pHkpnΩqq2q}W}pHk�2pnΩqq2

�}LpV,τq}LppHk�2pnΩqq2,pHkpnΩqq2q}W}pHk�2
n q2 ,

then

}L}LppHk�2
n q2,pHk

nq2q ¤ }LpV,τq}LppHk�2pnΩqq2,pHkpnΩqq2q.

So we analyze }LpV1,τ1q � LpV2,τ2q}LppHk�2pnΩqq2,pHkpnΩqq2q.

We have

LpV1,τ1q � LpV2,τ2q �
�
LpV1,τ1q,1 � LpV2,τ2q,1 ν1 � ν2

ν1 � ν2
1

8π
pDε

2pτ1q �Dε
2pτ2qq




where

LpV1,τ1q,1 � LpV2,τ2q,1

�� pDε
1pτ1q �Dε

1pτ2qq � 35

9

�
J
� 2

3
ε pτ1qν

4
3
1 � J

� 2
3

ε pτ2qν
4
3
2

�
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� 20

9

�
J
� 1

3
ε pτ1qν

2
3
1 � J

� 1
3

ε pτ2qν
2
3
2

�� pV1 � V2q

It is straightforward to analyze the two ν1 � ν2 terms:

}pν1 � ν2qW }HkpnΩq ¤ }ν1 � ν2}Wk,8pnΩq}W }HkpnΩq ¤ }ν1 � ν2}Wk,8pnΩq}W }Hk�2pnΩq.

so

}ν1 � ν2}LpHk�2pnΩq,HkpnΩqq ¤ }ν1 � ν2}Wk,8pnΩq.

and similarly

}V1 � V2}LpHk�2pnΩq,HkpnΩqq ¤ }V1 � V2}Wk,8pnΩq.

Next we analyze

}J�
2
3

ε pτ1qν
4
3
1 � J

� 2
3

ε pτ2qν
4
3
2 }LpHk�2pnΩq,HkpnΩqq

¤}J�
2
3

ε pτ1qν
4
3
1 � J

� 2
3

ε pτ2qν
4
3
2 }Wk,8pnΩq

¤}J�
2
3

ε pτ1q � J
� 2

3
ε pτ2q}Wk,8pnΩq}ν

4
3
1 }Wk,8pnΩq � }J�

2
3

ε pτ2q}Wk,8pnΩq}ν
4
3
1 � ν

4
3
2 }Wk,8pnΩq

By the mean value theorem, we get

}ν
4
3
1 � ν

4
3
2 }Wk,8pnΩq

¤4

3
}ptν1 � p1 � tqν2q 1

3 }Wk,8pnΩq}ν1 � ν2}Wk,8pnΩq

¤CphV , Cνq}ν1 � ν2}Wk,8pnΩq

}J�
2
3

ε pτ1q � J
� 2

3
ε pτ2q}Wk,8pnΩq

¤1

3
}psJεpτ1q � p1 � sqJεpτ2qq� 5

3 }Wk,8pnΩq}Jεpτ1q � Jεpτ2q}Wk,8pnΩq

¤Cphτ , δτ q}τ1 � τ2}Wk�1,8
1

,

for some 0   s, t   1. So

}J�
2
3

ε pτ1qν
4
3
1 � J

� 2
3

ε pτ2qν
4
3
2 }LpHk�2

n ,Hk
nq
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¤C maxp}V1 � V2}pWk,8pnΩqq2 , }τ1 � τ2}Wk�1,8
1

q

¤C maxp}V1 � V2}pHk�2pnΩqq2 , }τ1 � τ2}Wk�1,8
1

q,

and similarly

}J�
1
3

ε pτ1qν
2
3
1 � J

� 1
3

ε pτ2qν
2
3
2 }LpHk�2

n ,Hk
nq

¤C maxp}V1 � V2}pHk�2pnΩqq2 , }τ1 � τ2}Wk�1,8
1

q,

where C � CphV , hτ , Cν , δτ q ¡ 0.

Next we analyze Dε
1pτ1q �Dε

1pτ2q and Dε
2pτ1q �Dε

2pτ2q. Recall Dε
1 �

°
ij a

ε
ijBiBj �°

j b
ε
jBj � cε in which $'&'%

aεijpxq � aijpεxq
bεjpxq � bjpεxq
cεpxq � cpεxq

(5.8)

and Dε
2 �

°
ij a

ε
ijBiBj �

°
j d

ε
jBj in which

#
aεijpxq � aijpεxq
dεjpxq � djpεxq

(5.9)

Further recall

$'&'%
aij � p∇τ�1∇τ�T qij
bj �

°
ik∇τ

�1
ik Bi∇τ�Tkj � 2J

1
2

°
i aijBiJ�

1
2

c � J
1
2

°
ijk∇τ

�1
ik Bi∇τ�Tkj BjJ�

1
2 � J

1
2

°
ij aijBiBjJ�

1
2

(5.10)

and #
aij � p∇τ�1∇τ�T qij
dj �

°
ik∇τ

�1
ik Bi∇τ�Tkj

(5.11)

So

}Dε
1pτ1q �Dε

1pτ2q}LpHk�2pnΩq,HkpnΩqq
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¤}
¸
ij

paεijpτ1q � aεijpτ2qqBiBj}LpHk�2pnΩq,HkpnΩqq � }
¸
j

pbεjpτ1q � bεjpτ2qqBj}LpHk�2pnΩq,HkpnΩqq

� }cεpτ1q � cεpτ2q}LpHk�2pnΩq,HkpnΩqq

¤
¸
ij

}aεijpτ1q � aεijpτ2q}Wk,8pnΩq �
¸
j

}bεjpτ1q � bεjpτ2q}Wk,8pnΩq � }cεpτ1q � cεpτ2q}Wk,8pnΩq

¤Cphτ , δτ q}τ1 � τ2}Wk�3,8
1

.

Similarly,

}Dε
2pτ1q �Dε

2pτ2q}LpHk�2pnΩq,HkpnΩqq ¤ Cphτ , δτ q}τ1 � τ2}Wk�3,8
1

.

Therefore we can combine these estimates to get the proof of the proposition.

5.3 Approximate Solution From Two-Scale Ansatz

Recall the systems of equations of orders ε1 and ε2: For ε1:$''''''&''''''%

�°
ij aijBziBzjν1 � 35

9
J�

2
3ν

4
3
0 ν1 � 20

9
J�

1
3ν

2
3
0 ν1 � V0ν1

�°
ij aijpBxjBziν0 � BxiBzjν0q �

°
j bjBzjν0 � V1ν0 � 0

�J°ij aijBziBzjV1 � 8πν0ν1 � 4πJρb,1

�J°ij aijpBxjBziV0 � BxiBzjV0q � J
°
j djBzjV0 � 0,

(5.12)

For ε2:$'''''''''''&'''''''''''%

�°
ij aijBziBzjν2 � 35

9
J�

2
3ν

4
3
0 ν2 � 20

9
J�

1
3ν

2
3
0 ν2 � V0ν2

�°
ij aijpBxjBziν1 � BxiBzjν1q �

°
ij bjBzjν1 � 70

27
J�

2
3ν

1
3
0 ν

2
1 � 20

27
J�

1
3ν

� 1
3

0 ν2
1 � V1ν1

�°
ij aijBxiBxjν0 �

°
j bjBxjν0 � cν0 � V2ν0 � 0

�J°ij aijBziBzjV2 � 8πν0ν2 � 4πJρb,2

�J°ij aijpBxjBziV1 � BxiBzjV1q � J
°
j djBzjV1 � 4πν2

1

�J°ij aijBxiBxjV0 � J
°
j djBxjV0 � 0.

(5.13)
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Rewrite the equations as

LVCB
V1 �

�
f1

g1



, LVCB

V2 �
�
f2

g2



,

where LVCB
�
�
LVCB,1 νCB

νCB
J
8π
D3



, D3 �

°
ij aijBziBzj , and

LVCB,1 � �D3 � 35

9
J�

2
3ν

4
3
CB �

20

9
J�

1
3ν

2
3
CB � VCB

#
f1 �

°
ij aijpBxjBziνCB � BxiBzjνCBq �

°
j bjBzjνCB

g1 � � J
8π

°
ij aijpBxjBziVCB � BxiBzjVCBq � J

8π

°
j bjBzjVCB � 1

2
Jρb,1

$''''&''''%
f2 �

°
ij aijpBxjBziν1 � BxiBzjν1q �

°
j bjBzjν1 � 70

27
J�

2
3ν

1
3
CBν

2
1 � 20

27
J�

1
3ν

� 1
3

CB ν
2
1

�V1ν1 �
°
ij aijBxiBxjνCB �

°
j bjBxjνCB � cνCB � V2νCB

g2 � 1
2
Jρb,2 � J

8π

°
ij aijpBxjBziV1 � BxiBzjV1q � J

8π

°
j djBzjV1 � 1

2
ν2

1

� J
8π

°
ij aijBxiBxjVCB � J

8π

°
j djBxjVCB.

Let us establish the regularity of LVCB
:

Proposition 5.3.1. For sufficiently small h ¡ 0, δ ¡ 0 such that }u}Wk�3,8
1

¤

h, }VCB � Vper}pHk�2
1 q2 ¤ δ, LVCB

: pHk�2
1 q2 Ñ pHk

1 q2 is invertible, and

}L�1
VCB

}LppHk
1 q2,pHk�2

1 q2q ¤ CpkqM.

Proof. Fix x P Ω, consider }L�1
VCB

� L�1
Vper

}LppHk
1 q2,pHk�2

1 q2q, from

L�1
VCB

� L�1
Vper

� L�1
Vper

8̧

n�1

p�1qnrpLVCB
� LVperqL�1

Vper
sn

we have

}L�1
VCB

� L�1
Vper

}LppHk
1 q2,pHk�2

1 q2q ¤ CpkqM
8̧

n�1

rCpkqM}LVCB
� LVper}LppHk�2

1 q2,pHk
1 q2qs

n.
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It is sufficient to show }LVCB
� LVper}LppHk�2

1 q2,pHk
1 q2q  

1
CpkqM , which is a special case

of Proposition 5.2.1 by choosing n � 1, τ1 � id � u, τ2 � id,V1 � VCB,V2 � Vper.

Theorem 5.3.2. If }u}Hm
1
¤ hu, }ma}Hk�2 ¤ ha for sufficiently small hu, ha ¡ 0, we

have

VCBpz, xq P Hm�1pΩ, pHk
1 q2q2

V1pz, xq P Hm�2pΩ, pHk
1 q2q2

V2pz, xq P Hm�3pΩ, pHk
1 q2q2.

Proof. From previous construction we have VCB P Hm�1pΩ, pHk
1 q2q2. This implies

f1, g1 P Hm�2pΩ, pHk�1
1 q2q. So by the proposition just proved, we have

}L�1
VCB

}LppHk�2
1 q2,pHk

1 q2q ¤ Cpk � 2qM.

Then it follows that V1 P Hm�2pΩ, pHk
1 q2q. By the same argument and the fact that

ν0 ¥ Cν ¡ 0 so ν
� 1

3
0 is bounded above, we have f2, g2 P Hm�3pΩ, pHk�1

1 q2q, and thus

V2 P Hm�3pΩ, pHk
1 q2q.

5.4 General approximate solution

With the spirit of the previous section, we can construct approximate solutions up

to higher orders of ε. More generally, we consider

νεpxq �νCBpx
ε
, xq �

ļ

k�1

εkνkpx
ε
, xq (5.14)

Vεpxq �VCBpx
ε
, xq �

ļ

k�1

εkVkpx
ε
, xq (5.15)

ρεbpxq �ρb,0p
x

ε
, xq �

ļ

k�1

εkρb,kpx
ε
, xq. (5.16)
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Plug the above νε, Vε, ρ
ε
b into the Euler-Lagrange equations

#
�ε2D1ν

ε � 5
3
J�

2
3 pνεq 7

3 � 4
3
J�

1
3 pνεq 5

3 � V ενε � 0

�ε2JD2V
ε � 4πppνεq2 � Jρεbq

(5.17)

then we have

#
�°

ij aijBziBzjνCB � 5
3
J�

2
3ν

7
3
CB � 4

3
J�

1
3ν

5
3
CB � VCBνCB � 0

�J°ij aijBziBzjVCB � 4πpν2
CB � Jρb,0q

(5.18)

and

LVCB

�
νk
Vk



�
�
fk
gk



, k � 1, . . . , l, (5.19)

where

fk �fkp∇ατ, Bβ1x Bβ2z Vq;α � 1, 2, 3, q � 0, . . . , k � 1, |β1| � q ¤ k, |β2| � 0, 1q

gk �gkp∇ατ, Bβ1x Bβ2z Vq, ρb,k;α � 1, 2, 3, q � 0, . . . , k � 1, |β1| � q ¤ k, |β2| � 0, 1q

Theorem 5.4.1. Given u P Hm
1 ,ma P Hk�2, we have

Vk P Hm�k�1pΩ, pHk
1 q2q, k � 1, . . . , l. (5.20)

Proof. The result holds for k � 1, 2 from previous section. Generally, fk, gk P
Hm�k�1pΩ, pHk�1

1 q2q implies Vk P Hm�k�1pΩ, pHk
1 q2q, which further implies fk�1, gk�1 P

Hm�k�2pΩ, pHk�1
1 q2q. So the theorem holds by induction.

5.5 Analysis of the Cauchy-Born approximate solution

For the purpose to achieve Vexa P pH2
nq2 for the exact solution Vexa � pνexa, Vexaq on

nΩ.

We give three lemmas for V0 � pν0, V 0q that will be used in the construction of

the exact solution by Newton-Raphson iteration, where

ν0pxq � νCBpx, εxq � εν1px, εxq � ε2ν2px, εxq
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V 0pxq � VCBpx, εxq � εV1px, εxq � ε2V2px, εxq,

in which we rescale the functions so that x P nΩ and ε � 1
n
. In Theorem 5.3.2 if we

assume m ¥ 5, k ¥ 2, then V0 P pH2
nq2.

Lemma 5.5.1. With the above assumption, we have

}FpV0q}pL2
nq2 À ε3.

Proof. Recall the expression of FpV0q:#
�Dε

1ν
0 � 5

3
J
� 2

3
ε pν0q 7

3 � 4
3
J
� 1

3
ε pν0q 5

3 � V 0ν0 � f

�JεDε
2V

0 � 4πppν0q2 � Jερbq � g

Plug in the expression of the two-scale ansatz approximate solution V0 and remove

equations for ν0, ν1, ν2, V0, V1, V2 from f, g, so only ε3 or higher order terms are left.

More specifically,

f � f1 � f2 � f3 � f4,

where

f1 �� ε3
¸
ij

aεijBxiBxjν1 � ε3
¸
j

bεjBxjν1 � ε3cεν1

� ε4
¸
ij

aεijBxiBxjν2 � 2ε3
¸
ij

aεijBxjBziν2 � ε3
¸
j

bεjBzjν2 � ε4
¸
j

bεjBxjν2 � ε4cεν2

f2 �5

3
J
� 2

3
ε pνCB � εν1 � ε2ν2q 7

3 � 5

3
J
� 2

3
ε ν

7
3
CB �

35

9
εJ

� 2
3

ε ν
4
3
CBν1

� 35

9
ε2J

� 2
3

ε ν
4
3
CBν2 � 70

27
ε2J

� 2
3

ε ν
1
3
CBν

2
1

f3 �� 4

3
J
� 1

3
ε pνCB � εν1 � ε2ν2q 5

3 � 4

3
J
� 1

3
ε ν

5
3
CB �

20

9
εJ

� 1
3

ε ν
2
3
CBν1

� 20

9
ε2J

� 1
3

ε ν
2
3
CBν2 � 20

27
ε2J

� 1
3

ε ν
� 1

3
CB ν

2
1

f4 �ε3V1ν2 � ε3V2ν1 � ε4V2ν2.
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Similarly,

g � g1 � g2,

where

g1 �� ε3Jε
¸
ij

aεijBxiBxjV1 � ε3Jε
¸
j

dεjBxjV1 � ε4Jε
¸
ij

aεijBxiBxjV2

� 2ε3Jε
¸
ij

aεijBxjBziV2 � ε4Jε
¸
j

dεjBxjV2 � ε3Jε
¸
j

dεjBzjV2

g2 �� 8πε3ν1ν2 � 4πε4ν2
2 .

Recall $'''&'''%
aεijpxq � aijpεxq
bεjpxq � bjpεxq
cεpxq � cpεxq
Jεpxq � Jpεxq � ∇τpεxq

and $'&'%
aij � p∇τ�1∇τ�T qij
bj �

°
ik∇τ

�1
ik Bi∇τ�Tkj � 2J

1
2

°
i aijBiJ�

1
2

c � J
1
2

°
ijk∇τ

�1
ik Bi∇τ�Tkj BjJ�

1
2 � J

1
2

°
ij aijBiBjJ�

1
2

Thus if }u}Wm,8
1

¤ hu,V0 P pH2
nq2, then we have

}FpV0q}pL2
nq2 � }pf, gq}pL2

nq2 À ε3.

Lemma 5.5.2. There exist positive constants hu and ε0 such that for all 0   ε ¤ ε0

and }u}W 5,8
1

¤ hu, we have

}L�1
V0 }LppL2

nq2,pH2
nq2q À 1.

Proof. Notice LV0 � LVper � pLV0 �LVperq, so L�1
V0 � L�1

Vper
pI � pLV0 �LVperqL�1

Vper
q�1.

Therefore it suffices to impose }LV0 � LVper}LppH2
nq2,pL2

nq2q to be small enough so that
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the series expansion of pI �pLV0 �LVperqL�1
Vper

q�1 can be finite. This is a simple case

of Proposition 5.2.1 by choosing τ1 � τ2 � id � u,V1 � V0,V2 � Vper so that

}LV0 � LVper}LppH2
nq2,pL2

nq2q ¤ C}V0 � Vper}Wk,8pnΩq

where

}V0 � Vper}Wk,8pnΩq ¤ }V0 � VCB}Wk,8pnΩq � }VCB � Vper}Wk,8pnΩq À ε� δ.

Lemma 5.5.3. If }Vk � V0}pH2
nq2 ¤ C1ε

3 and }Vk�1 � V0}pH2
nq2 ¤ C1ε

3, then

}L�1
V0 pFpVkq � FpVk�1q � LV0pVk � Vk�1qq}pH2

nq2 ¤ CpC1qε 3
2 }Vk � Vk�1}pH2

nq2 .

Proof. Recall δF
δV � LV , so

FpVkq � FpVk�1q � LV0pVk � Vk�1q

�
» 1

0

pLVt � LV0qpVk � Vk�1qdt

where V t � tVk � p1 � tqVk�1. So it suffices to prove

}LVt � LV0}LppH2
nq2q,pL2

nq2 ¤ CpC1qε� 3
2 }V t � V0}pH2

nq2 ,

which is the consequence of Proposition 5.2.1 with τ1 � τ2 � τ and notice that

}V t � V0}pH2pnΩqq2 � ε�
3
2 }V t � V0}pH2

nq2 .

5.6 Newton-Raphson Iteration

Recall our main theorem on the electronic TFDW model

Assume ma P H4 and Stability Condition A, i.e. }L�1
per}LppL2

nq2q ¤M , there ex-

ists positive constants h0, ε0, δ, such that for any deformation u satisfying }u}W 5,8
1

¤
h0, and any 0   ε ¤ ε0, there exists a unique solution Vexa � pνexa, Vexaq P pH2

nq2 that

satisfy
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1. FpVexaq � 0 on nΩ,

2. }Vexa � V0}pH2
nq2 ¤ δε3.

Recall V0 is the two-scale ansatz approximate solution V0 � VCB � εV1 � ε2V2.

Proof. We use Newton-Raphson iteration to define

Vk�1 :� Vk � L�1
V0FpVkq,

for integer k ¥ 0.

When k � 0,

}V1 � V0}pH2
nq2 �}L�1

V0FpV0q}pH2
nq2

¤}L�1
V0 }LppL2

nq2,pH2
nq2q}FpV0q}pL2

nq2

¤C1ε
3
2 .

Now suppose for any k ¤ k0, we have }Vk � V0}pH2
nq2 ¤ C1ε

3, then for any k ¤ k0,

Vk�1 � Vk � �L�1
V0 pFpVkq � FpVk�1q � LV0pVk � Vk�1qq

so

}Vk�1 � Vk}pH2
nq2 ¤ CpC1qε 3

2 }Vk � Vk�1}pH2
nq2

Assume CpC1qε 3
2   1

2
, then

}Vk�1 � Vk}pH2
nq2 ¤ p1

2
qk}V1 � V0}pH2

nq2

then

}Vk0�1 � V0}pH2
nq2

¤
k0̧

k�0

}Vk�1 � Vk}pH2
nq2
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¤2}V1 � V0}pH2
nq2

¤C1ε
3.

Therefore for any integer k ¥ 0, we have

}Vk � V0}pH2
nq2 ¤ C1ε

3

and

}Vk�1 � Vk}pH2
nq2 ¤

1

2
}Vk � Vk�1}pH2

nq2

then tVnu is Cauchy. Suppose the unique limit is V� � pν�, V �q, then it is easy to

see

}V� � V0}pH2
nq2 ¤ C1ε

3

and since FpVkq is C8 in Vk,

}FpV�q}

� lim
kÑ8

}FpVkq}

¤ lim
kÑ8

}LV0}}Vk�1 � Vk}

�0.

Thus this unique limit V� is the exact solution Vexa P pH2
nq2.

5.7 Properties of the approximate solution and the exact solution

5.7.1 Preservation of the Decaying Property

Let us first establish the invertability of the linearized operator LVexa at the exact

solution Vexa:

Proposition 5.7.1. The linearized operator LVexa satisfies

}L�1
Vexa

}LppL2
nq2,pH2

nq2q ¤ C,
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for some constant C ¡ 0 independent of ε � 1
n

.

Proof. Recall

}Vexa � V0}pH2
nq2 ¤ δε3

So by Proposition 5.2.1, we have

}LVexa � LV0}LppH2
nq2,pL2

nq2q

¤C}Vexa � V0}pH2pnΩqq2

¤Cn 3
2 }Vexa � V0}pH2

nq2

¤Cδε 3
2 .

Combined with the previous estimate on L�1
V0

}L�1
V0 }LppL2

nq2,pH2
nq2q ¤ C,

and the formula

L�1
Vexa

� L�1
V0 � L�1

V0

8̧

n�1

p�1qnrpLVexa � LV0qL�1
V0 sn

it is straightforward to finally prove the result.

Proposition 5.7.2. Recall that the background charge function has the decaying

property

}Biρbpx, Y q} ¤ C

ε
e�γ|x�

�Xi�ri,εx
ε

|, x P nΩ, (5.21)

for any 0   γ ¤ δτ
M

. This implies the same decaying property for νexa, Vexa:

}Biνexapx, Y q} ¤C
ε
e�γ|x�

�Xi�ri,εx
ε

| (5.22)

}BiVexapx, Y q} ¤C
ε
e�γ|x�

�Xi�ri,εx
ε

|, (5.23)

for any x P nΩ and γ ¡ 0 small enough but independent of ε.

67



Proof. By taking linearization of the system of Euler-Lagrange equations, the fol-

lowing formula holds

LVexa

�
εBiνexa

εBiVexa



�
�

0
ε
2
Biρb



.

Denote ηpxq � |x � Xi�ri,x
ε

|, then }η}W 2,8pnΩq ¤ C, where C ¡ 0 is independent

of ε.

Given an exponential function esη, define the perturbed operator

Ls,VexapWq � esηLVexape�sηWq.

So given a system of linear elliptic equations

LVexaW � f

we have

Ls,VexapesηWq � esηf.

Notice esηf P pL2pnΩqq2 � pL8pnΩqq2 means |fpxq| ¤ Cfe
�sηpxq for any x P nΩ

and some constant Cf ¡ 0. So we say LVexa preserves the decaying property if

esηf P pL2pnΩqq2 implies esηW P pH2pnΩqq2. Then it is sufficient to show

||L�1
s,Vexa

||LppL2pnΩqq2,pH2pnΩqq2q ¤M 1

for some constants s ¡ 0 and M 1 ¡ 0 provided

||L�1
Vexa

||LppL2pnΩqq2,pH2pnΩqq2q ¤M,

for some constant M ¡ 0.

Then

}esηW}pL8pnΩqq2 ¤C}esηW}pH2pnΩqq2

¤||L�1
Vexa

||LppL2pnΩqq2,pH2pnΩqq2q}esηf}pL2pnΩqq2 ¤ CM 1Cf
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which means |Wpxq| ¤ CM 1Cfe�sηpxq.

Now let us establish

}Ls,Vexa � LVexa}LppL2pnΩqq2,pH2pnΩqq2q ¤ C|s|.

Recall

LVexa

�
ω
W



�
�
LVexa,1 νexa

νexa
1

8π
Dε

2


�
ω
W



where

LVexa,1 � �Dε
1 �

35

9
J
� 2

3
ε ν

4
3
exa � 20

9
J
� 1

3
ε ν

2
3
exa � Vexa,

and Dε
1 �

°
ij a

ij
ε BiBj �

°
j b

j
εBj � cε, D

ε
2 �

°
ij a

ij
ε BiBj �

°
j d

j
εBj.

So

pLs,Vexa � LVexaq
�
ω
W




�pesηLVexae
�sη � LVexaq

�
ω
W




�
�pesηLVexa,1e

�sη � LVexa,1qω
1

8π
pesηDε

2e
�sη �Dε

2qW



�
� �pesηDε

1e
�sη �Dε

1qω
1

8π
pesηDε

2e
�sη �Dε

2qW



Compute

esηBjpe�sηwq � Bjw �� sBjηw

esηBiBjpe�sηwq � BiBjw �� spBiηBjw � BjηBiw � BiBjηwq � s2BiBjηw

Thus

}pLs,Vexa � LVexaq
�
ω
W



}pL2pnΩqq2 ¤ C|s|}

�
ω
W



}pH1pnΩqq2 ¤ C|s|}

�
ω
W



}pH2pnΩqq2

Therefore

}Ls,νexa � Lνexa}LppL2pnΩqq2,pH2pnΩqq2q ¤ C|s|.
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L�1
s,Vexa

� pLs,Vexa � LVexa � LVexaq�1

� �
I � L�1

Vexa
pLs,Vexa � LVexaq

��1L�1
Vexa

� �
I �

8̧

k�1

r�L�1
Vexa

pLs,Vexa � LVexaqsk
�
L�1

Vexa

Pick s so that |s|   1
MC

, then

}L�1
Vexa

pLs,Vexa � LVexaq}LppL2pnΩqq2,pH2pnΩqq2q ¤MC|s|   1.

Therefore from the above expansion of L�1
s,Vexa

, we get the proof.

5.7.2 Perturbation of the exact solution

Lemma 5.7.3. Assume }τY1}W 5,8
1

¤ h, }τY2}W 5,8
1

¤ h. Let V t � tVexapY2q � p1 �

tqVexapY1q, τ t � tτY2 � p1 � tqτY1 , 0   t   1, then }L�1
pVt,τ tq}LppL2

nq2,pH2
nq2q ¤M .

Proof. By the assumptions }τY1}W 5,8
1

¤ h, }τY2}W 5,8
1

¤ h, we have

}VexapY1q � Vper}pH2pnΩqq2 ¤ maxpCε, δhq

}VexapY2q � Vper}pH2pnΩqq2 ¤ maxpCε, δhq,

then

}V t � Vper}pH2pnΩqq2

�}p1 � tqVexapY1q � tVexapY2q � Vper}pH2pnΩqq2

¤p1 � tq}VexapY1q � Vper}pH2pnΩqq2 � t}VexapY2q � Vper}pH2pnΩqq2

¤maxpCε, δhq.

Then by Proposition 5.2.1, we have

}LpVt,τ tq � Lper}LppH2
nq2,pL2

nq2q
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¤C maxp}V t � Vper}pH2pnΩqq2 , }τ t � τY1}W 3,8
1
q ¤ C maxpε, δh, hq

which could be made as small as desired if we pick ε and h small enough. So again

from the expansion formula

L�1
pVt,τ tq � L�1

per � L�1
per

8̧

n�1

p�1qnrpLpVt,τ tq � LperqL�1
persn

it is straightforward to finally prove the result similar to the proof in previous propo-

sition.

Lemma 5.7.4.

}VexapY2q � VexapY1q}L8pnΩq ¤ C}Y2 � Y1}W 1,8
ε

(5.24)

Proof. The exact solution Vexa � pνexa,Vexaq satisfies the system of Euler-Lagrange

equations #
�Dε

1νexa � 5
3
J
� 2

3
ε ν

7
3
exa � 4

3
J
� 1

3
ε ν

5
3
exa � Vexaνexa � 0

�JεDε
2Vexa � 4πpν2

exa � ρbq
(5.25)

Denote

FpVexaq �
�
�Dε

1ν � 5
3
J
� 2

3
ε ν

7
3 � 4

3
J
� 1

3
ε ν

5
3 � V ν � 0

1
8π
JεD

ε
2V � 1

2
ν2

exa

�
(5.26)

Then

FpVexapY1qq �
�

0
1
2
ρbpY1q



�:

1

2
ρbpY1q. (5.27)

Then from FpVexapY2qq � 1
2
ρbpY2q, we get

FpVexapY2q � VexapY1q � VexapY1qq � 1

2
ρbpY2q � 1

2
ρbpY1q � 1

2
ρbpY1q (5.28)

Expand it to the first order, we get

FpVexapY1qq � LpVt,τ tqpVexapY2q � VexapY1qq � 1

2
ρbpY1q � 1

2
ρbpY2q � 1

2
ρbpY1q, (5.29)
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Which simplifies to

LpVt,τ tq
�
VexapY2q � VexapY1q

� � 1

2
ρbpY2q � 1

2
ρbpY1q (5.30)

where V t � tVexapY2q � p1 � tqVexapY1q, τ t � tτ2 � p1 � tqτ1, for some 0   t   1.

Therefore

}VexapY2q � VexapY1q}pL8pnΩqq2

¤C}VexapY2q � VexapY1q}pH2pnΩqq2

�Cn 3
2 }VexapY2q � VexapY1q}pH2

nq2

¤1

2
Cn

3
2 }L�1

pVt,τ tq}LppL2
nq2,pH2

nq2q}ρbpY2q � ρbpY1q}pL2
nq2

¤C 1}ρbpY2q � ρbpY1q}L2pnΩq

¤C 1}ρbpY2q � ρbpY1q}L8pnΩq

¤C 1}Y2 � Y1}W 1,8
ε
.

Proposition 5.7.5.

}BjVexapx, Y2q � BjVexapx, Y1q} ¤ Cε�2e�γ|x�
Xj�rj,ε,x

ε
|}Y2 � Y1}W 3,8

ε

Proof. Given

LVexapY1qpBjVexapY1qq � BjρbpY1q

LVexapY2qpBjVexapY2qq � BjρbpY2q

we have

LVexapY1qpBjVexapY2q � BjVexapY1qq

�pBjρbpY2q � BjρbpY1qq � pLVexapY1q � LVexapY2qqpBjVexapY2qq
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Then it suffices to show

}esηpLVexapY1q � LVexapY2qqpBjVexapY2qq}pL8pnΩq2 ¤ Cε�1}Y2 � Y1}W 3,8
ε
.

We proceed as follows

}esηpLVexapY1q � LVexapY2qqpBjVexapY2qq}pL8pnΩqq2

¤C}esηpLVexapY1q � LVexapY2qqpBjVexapY2qq}pH2pnΩqq2

¤C}esηpLVexapY1q � LVexapY2qq}LppL2pnΩqq2,pH2pnΩqq2q}BjVexapY2qq}pL2pnΩqq2

¤C 1ε�1}esη}W 2,8pnΩq}LVexapY1q � LVexapY2q}LppL2pnΩqq2,pH2pnΩqq2q

¤C2ε�1}LVexapY1q � LVexapY2q}LppL2pnΩqq2,pH2pnΩqq2q

¤C3ε�1 maxp}VexapY1q � VexapY2q}pL8pnΩqq2 , }τ1 � τ2}W 3,8
1
q

¤C3ε�1}Y1 � Y2}W 3,8
ε
.
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6

Consistency Of Cauchy-Born Rule

6.1 The Consistency Estimate

In this chapter, we are going to prove the following estimate of the consistency of

the Cauchy-Born rule. This estimate will be used in the last chapter to derive the

quadratic rate convergence in the main theorem.

Theorem 6.1.1. Given a deformation, YCB � idΩε � uCB, where uCB solves the

Euler-Lagrange equation of the continuum elasticity model, we have

}FatrYCBs}ε,5 ¤ Cp}uCB}H29pΩqqε2. (6.1)

In the above estimate, we can achieve ε2 control instead of the typical ε control

because we can exploit the inversion symmetry of the underlying Bravais lattice.

Now recall the atomistic TFDW functional is

IatpY q �
»
nΩ

ν
10
3

exa � |∇yνexa|2 � ν
8
3
exa � 1

2
Vexapν2

exa � ρbqdy �
¸
XPΩε

fpXqY pXq

So

FatrY spXiq � B
BYi IatpY q
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�
»
nΩ

r10

3
ν

7
3
exa � 2∆yνexa � 8

3
ν

5
3
exa � VexaνexasBYiνexady

�
»
nΩ

VexaBYiρbdy � fpXiq

� �
»
nΩ

JεVexaBYiρbdx� fpXiq

There the explicit form of the corresponding Euler-Lagrange equation is

�
»
nΩ

JεVexaBYiρbdx � fpXiq.

6.2 Derivation Of The Stored Energy Density

Next we derive the stored energy density WCB we will use in the continuum elasticity

model from the above atomistic TFDW functional. Recall with a fixed deformation

τ � Id � u which interpolates Y on Ω, we constructed the Cauchy-Born solutions

νCBpxq � νCBpx
ε

;∇upxqq, VCBpxq � VCBpx
ε

;∇upxqq, x P Ω. (6.2)

The corresponding atomistic TFDW functional in Eulerian coordinates is

ITFDWpνCB, VCBq �ε�3

»
Ω

ν
10
3

CB � |∇νCB|2 � ν
8
3
CB �

1

2
VCBpν2

CB � ρb,0qdy (6.3)

The Cauchy-Born continuum elasticity functional is given as

ICBpvq �
»

Ω

WCBp∇vpxqq � fpxqvpxqdx (6.4)

where the Cauchy-Born stored energy density WCBpAq is defined as

WCBpAq

� lim
nÑ8

1

|nΩ|ITFDWpVCBpAq; ρb,0pAqq
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� lim
nÑ8

ε�3

|nΩ|
»

Ω

ν
10
3

CBpy;Aq � ε2|∇yνCBpy;Aq|2 � ν
8
3
CBpy;Aq � 1

2
VCBpy;Aq�ν2

CBpy;Aq

� ρb,0py;Aq�dy
� 1

|Ω|
»

Ω

ν
10
3

CBpy;Aq � ε2|∇yνCBpy;Aq|2 � ν
8
3
CBpy;Aq � 1

2
VCBpy;Aq�ν2

CBpy;Aq

� ρb,0py;Aq�dy
With the explicit expression of WCB, we now derive the Euler-Lagrange equation

for the Cauchy-Born continuum elasticity model. First compute DAWCBpAq
DAWCBpAq

� 1

|Ω|
»

Ω

2
�5

3
ν

7
3
CB � ε2∆yνCB � 4

3
ν

5
3
CB � VCBνCB

�
DAνCBdy

� 1

|Ω|
»

Ω

VCBDAρb,0dy

�� 1

|Ω|
»

Ω

JpAqVCBpz;AqDAρb,0pz;Aqdz

where

ρb,0pz;Aq �
¸

XPΩε,rPL
mapz � pI � AqX � r

ε
q.

Then the Euler-Lagrange equation

�divxDAWCBp∇upxqq � fpxq

is

1

|Ω|
»

Ω

divxrJp∇upxqqVCBpz;∇upxqqDAρb,0pz;∇upxqqsdz � fpxq

The above Euler-Lagrange equation will appear in FatrYCBs valued at each X P Ωε

as the leading-order approximation which vanishes. As we will see, the next order

terms also vanish due to the inversion symmetry of the lattice. Thus we can achieve

ε2 estimate.
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6.3 Homogenization

We will need the following homogenization-type estimate in our analyze of FatrYCBs:

Theorem 6.3.1. Given a function ϕpz, xq periodic and H2 in z P Ω, while periodic

and H12�k in x P Ω, we have the following estimate:

}ε�3

»
Ω

ϕpx
ε
, xqBYi∇τpxqdx�

»
Ω

divxϕpz,Xiqdz}ε,5 À εk.

Proof.

ε�3

»
Ω

ϕpx
ε
, xqBYi∇τpxqdx

�ε�3

»
Ω

ϕpx
ε
, xqε3

¸
ξPΩ�ε

eıξ�px�Xiqıξdx

�ε�3

»
Ω

1

|Ω|
»

Ω

ϕpz, xqε3
¸
ξPΩ�ε

eıξ�px�Xiqıξdzdx� err1pXiq

� �
¸
ξPΩ�ε

»
Ω

eıξ�Xi
1

|Ω|
»

Ω

e�ıξ�xϕpz, xqdxıξdz � err1pXiq

� �
»

Ω

¸
ξPΩ�ε

eıξ�Xiϕ̂pz, ξqıξdz � err1pXiq

� �
»

Ω

¸
ξPL�

eıξ�Xiϕ̂pz, ξqıξdz � err1pXiq � err2pXiq

� �
»

Ω

divxϕpz,Xiqdz � err1pXiq � err2pXiq

where

err1pXiq �
»

Ω

ϕpx
ε
, xq

¸
ξPΩ�ε

eıξ�px�Xiqıξdx�
»

Ω

1

|Ω|
»

Ω

ϕpz, xq
¸
ξPΩ�ε

eıξ�px�Xiqıξdzdx

(6.5)

err2pXiq � �
»

Ω

¸
ξPL�zΩ�ε

eıξ�Xiϕ̂pz, ξqıξdz (6.6)
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We first estimate err1,

err1pXiq

�
»

Ω

ϕpx
ε
, xq

¸
ξPΩ�ε

eıξ�px�Xiqıξdx�
»

Ω

1

|Ω|
»

Ω

ϕpz, xq
¸
ξPΩ�ε

eıξ�px�Xiqıξdzdx

�
¸
ξPΩ�ε

e�ıξ�Xi
»

Ω

eıξ�xrϕpx
ε
, xq � 1

|Ω|
»

Ω

ϕpz, xqdzsdxıξ

�
¸

ξPΩ�ε ,ξ1PL�
e�ıξ�Xi

»
Ω

eıξ�xeıξ
1�xrϕ̂px

ε
, ξ1q � 1

|Ω|
»

Ω

ϕ̂pz, ξ1qdzsdxıξ

�
¸

ξPΩ�ε ,ξ1PL�,ξ2PL�zt0u
e�ıξ�Xi

»
Ω

eıξ�xeıξ
1�xeıξ

2�x
ε ˆ̂ϕpξ2, ξ1qdxıξ

�|Ω|
¸
ξ,ξ1,ξ2

1

|Ω|
»

Ω

eıp
ξ2
ε
�ξ1�ξq�xdx ˆ̂ϕpξ2, ξ1qe�ıξ�Xiıξ

�|Ω|
¸
ξ,ξ2

ˆ̂ϕpξ2,�ξ � ξ2

ε
qeıξ�Xiıξ

So

}err1}ε,5

¤|Ω|
¸
ξ,ξ2

CN1

|ξ2|N1

CN2

|ξ � ξ2
ε
|N2

� Cε�6

�CεN2�9pε3
¸
ξPΩ�ε

q
¸
ξ2

1

|ξ2|N1

1

|εξ � ξ2|N2

ÀεN2�9
¸

ξ2PL�zt0u

1

|ξ2|N1�N2

Àεk

if ϕpz, �q P CN2 , N2 ¥ 9 � k, so that
°
ξ2PL�zt0u

1
|ξ2|N1�N2

¤ M   8, where M is

independent of ε. Notice εξ � ξ2: ξ2 P L�zt0u, so ξ2 � °
cjbj, cj � 0 P Z; ξ P Ω�

ε , so

εξ � °
cjbj, cj P εZX r�1

2
, 1

2
q. Therefore |εξ � ξ2| � |ξ2|.
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Next, let us estimate

err2pXiq

� �
»

Ω

¸
ξPL�zΩ�ε

eıξ�Xiϕ̂pz, ξqıξdz,

so

}err2}ε,5 À
¸

ξPL�zΩ�ε

»
Ω

|ϕ̂pz, ξq|dz|ıξ|6

À
¸

ξPL�zΩ�ε

1

|ξ|p�6

�εk
¸

ξPL�zΩ�ε

1

|ξ|p�6�k

Àεk

if ϕpz, �q P Cp, p ¡ 9� k. By the Sobolev embedding Hk � Ck�2, 1
2 , we need ϕpz, �q P

H12�k which is satisfied by the condition. So we can conclude

}ε�3

»
Ω

ϕpx
ε
, xqBYi∇τpxqdx�

»
Ω

divxϕpz,Xiqdz}ε,5 À εk.

6.4 Proof of the consistency estimate

We compute

FatrYCBspXiq

� � ε�3

»
Ω

JVexa,εBYiρεbdx� fpXiq

� � ε�3

»
Ω

JVexa,ε

¸
XPLε
∇mapτCBpxq � τCBpXq

ε
q1
ε
pBYiτCBpxq � BYiτCBpXqqdx� fpXiq
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�� ε�3 1

ε

»
Ω

JVexa,ε

¸
XPLε
∇mapτCBpxq � τCBpXq

ε
qε3

¸
ξPΩ�ε

eıξpx�Xiqdx

� ε�3 1

ε

»
Ω

JVexa,ε

¸
rPLε
∇mapτCBpxq � τCBpXiq � r

ε
qdx� fpXiq

�T1pXiq � T2pXiq,

where τCB is the Fourier interpolation of YCB. It is not the same as the Cauchy-Born

solution uCB we solved from the continuum elasticity model. Moreover, Vexa,εpxq �
Vextpxε q.

6.4.1 General approximation of the background charge

The idea of analyzing FatrYCBs is to use Taylor expansions of νexa,ε, Vexa,ε, ρ
ε
b, for

which we need to first have the expansion of the deformation in hand. For x P Ω

close to X P Ωε, expand τCB around x:

1

ε
rτCBpxq � τCBpXqs

�∇τCBpxqpx�X

ε
q �

ļ

k�2

p�1qk�1εk�1
¸
|β|�k

1

β!
∇βτCBpxqpx�X

ε
qβ � εlτerrpx,Xq

�∇τCBpxqpx�X

ε
q �

l�1̧

k�1

εkτkpx,Xq � εlτerrpx,Xq

where τkpx,Xq � p�1qk°|β|�k�1
1
β!
∇βτCBpxqpx�Xε qβ and τerr � τerrp∇l1τCB; l1 �

1, � � � , l � 1q.
Next we expand ∇ma:

∇mapτCBpxq � τCBpXq
ε

q �PCBpx�X

ε
, xq �

ļ

k�1

εkPkpx�X

ε
, xq � εl�1Perrpx,Xq

where

PCBpx�X

ε
, xq � ∇map∇τCBpxqpx�X

ε
qq
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and

Pkpx�X

ε
, xq

�Pkp∇l1ma, τl2 ; l1 � 2, . . . , k � 1, l2 � 1, . . . , kq

�Pkp∇l1map∇τCBpxqpx�X

ε
qq,∇βτCBpxq, x�X

ε
;

l1 � 2, . . . , k � 1, |β| � 1, . . . , k � 1q

Perr � Perrpτerr,∇l1ma,∇l2τCB; l1 � 2, � � � , l � 2, l2 � 1, � � � , lq.

6.4.2 Analysis of T1

We plug the above expansions into T1, so

T1pXiq

� � 1

ε

»
Ω

JVexa,ε

¸
XPLε
∇mapτCBpxq � τCBpXq

ε
q
¸
ξPΩ�ε

eıξpx�Xiqdx

�� 1

ε

»
Ω

JpVCB �
10̧

k�1

εkVk � ε11Verrq
¸
XPLε

pPCB �
10̧

k�1

εkPk � ε11Perrq
¸
ξPΩ�ε

eıξpx�Xiqdx

�� 1

ε

»
Ω

JVCB

¸
XPLε

PCBpx�X

ε
, xq

¸
ξPΩ�ε

eıξpx�Xiqdx

�
»

Ω

J
¸
XPLε

pVCBP1px�X

ε
, xq � V1PCBpx�X

ε
, xqq

¸
ξPΩ�ε

eıξpx�Xiqdx

� ε

»
Ω

J
¸
XPLε

rVCBP2px�X

ε
, xq � V1P1px�X

ε
, xq � V2PCBpx�X

ε
, xqs

�
¸
ξPΩ�ε

eıξpx�Xiqdx

�
9̧

k�2

εk
»

Ω

J
¸
XPL

ϕkpx�X

ε
, xqdx
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� ε10

»
Ω

J
¸
XPLε

rVerrϕP px�X

ε
, xq � ϕV px

ε
, xqPerrpx,Xqs

¸
ξPΩ�ε

eıξpx�Xiqdx

�� 1

ε

»
Ω

JpXiqVCBpz,Xiq
¸
XPL
∇map∇τCBpXiqpz �Xqqdz

�
»

Ω

JpXiq
¸
XPL

rVCBpz,XiqP1pz �X,Xiq � V1pz,XiqPCBpz �X,Xiqsdz

� ε

»
Ω

JpXiq
¸
XPL

rVCBP2 � V1P1 � V2PCBspz,X,Xiqdz

�
9̧

k�2

εk
»

Ω

JpXiq
¸
XPL

ϕkpz �X,Xiqdz � errHompXiq � ε10Φ1,errpXiq

where

ϕk �VCBPk�1 �
ķ

l�1

VlPk�1�l � Vk�1PCB

ϕP �PCB �
10̧

k�1

εkPk

ϕV �VCB �
10̧

k�1

εkVk

Φ1,err ��
»

Ω

J
¸
XLε

rVerrϕP � ϕV Perrs
¸
ξPΩ�ε

eıξpx�Xiqdx

and

errHompXiq

�
10̧

k�0

errk,HompXiq

� � 1

ε
rε�3

»
Ω

JpxqVCBpx
ε
, xq

¸
XPLε

PCBpx�X

ε
, xqBYi∇τCBpxqdx

�
»

Ω

JpXiqVCBpz,Xiq
¸
XPL

PCBpz �X,Xiqdzs
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�
10̧

k�1

εk�1rε�3

»
Ω

Jpxq
¸
XPLε

ϕk�1px�X

ε
, xqBYi∇τCBpxqdx

�
»

Ω

JpXiq
¸
XPL

ϕk�1pz �X,Xiqdzs

So

}errHom � ε10Φ1,err}ε,5 À ε2

provided

Jp�qVCBpz, �q
¸
XPL

P pz �X, �q P H15

Jp�q
¸
XPL

ϕ0pz �X, �q P H14

Jp�q
¸
XPL

ϕ1pz �X, �q P H13

Jp�q
¸
XPL

ϕkpz �X, �q P H12, k � 2, . . . , 9,

or more specifically, u P H23
1 and ma P H23.

6.4.3 Analysis of T2

We have the following expression for T2

T2pXiq

�ε�3 1

ε

»
Ω

JV ε
exa

¸
rPLε
∇mapτCBpxq � τCBpXi � rq

ε
qdx� fpXiq

�1

ε
ε�3

»
Ω

JpVCB �
10̧

k�1

εkVk � ε11Verrq
¸
rPL
pPCBpXi � rq �

10̧

k�1

εkPkpXi � rq

� ε11PerrpXi � rqqdx� fpXiq

�ε�3

»
Ω

¸
rPL

1

ε
JVCBPCBpXi � rq � JpVCBP1pXi � rq � V1PCBpXi � rqq
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� εJpVCBP2pXi � rq � V1P1pXi � rq � V2PCBpXi � rqq

�
9̧

k�2

εkJϕkpXi � rq � ε10rVerrϕP pXi � rq � ϕV PerrpXi � rqsdx� fpXiq

Recall our purpose is to derive the Euler-Lagrange equation of the continuum

elasticity model which thus vanishes, and use inversion symmetry to show the ε-

order terms also vanish.

Let us analyze the first term, while others except the error terms are similar. So

expand the term around Xi,

ε�3

»
Ω

1

ε
JVCB

¸
rPL

PCBpXi � rqdx

�1

ε
ε�3

»
Ω

JpxqVCBpx
ε
, xq

¸
rPL
∇map∇τCBpxqpx�Xi � r

ε
qqdx

�1

ε
ε�3

»
Ω

JpXiqVCBpx
ε
,Xiq

¸
rPL
∇map∇τCBpXiqpx�Xi � r

ε
qqdx

�
9̧

k�0

εkε�3

»
Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpx

ε
,Xiq

¸
rPL
∇map∇τCBpXiqpx�Xi � r

ε
qqs

� px�Xi � r

ε
qβdx

� ε10ε�3

»
Ω

¸
|β|�11

1

β!
∇β
xrJpx�qVCBpx

ε
, x�q

¸
rPL
∇map∇τCBpx�qpx�Xi � r

ε
qqs

� px�Xi � r

ε
qβdx

�1

ε

»
nΩ

JpXiqVCBpz,Xiq
¸
rPL
∇map∇τCBpXiqpz � Xi � r

ε
qqdz � ε10err0pXiq

�
9̧

k�0

εk
»
nΩ

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,Xiq
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�
¸
rPL
∇map∇τCBpXiqpz � Xi � r

ε
qqs � pz � Xi � r

ε
qβdz

�1

ε

¸
XPΩε

»
Ω

JpXiqVCBpz � X

ε
,Xiq

¸
rPL
∇map∇τCBpXiqpz � Xi �X � r

ε
qqdz

�
9̧

k�0

εk
¸
XPΩε

»
Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz � X

ε
,Xiq

�
¸
rPL
∇map∇τCBpXiqpz � Xi �X � r

ε
qqs � pz � Xi �X � r

ε
qβdz

� ε10err0pXiq

�1

ε

»
Ω

JpXiqVCBpz,Xiq
¸
XPL
∇map∇τCBpXiqpz �Xqqdz

�
9̧

k�0

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,Xiq

¸
XPL
∇map∇τCBpXiqpz �Xqqspz �Xqβdz

� ε10err0pXiq

�1

ε

»
Ω

JpXiqVCBpz,Xiq
¸
XPL
∇map∇τCBpXiqpz �Xqqdz

�
»

Ω

∇xrJpXiqVCBpz,Xiq
¸
XPL
∇map∇τCBpXiqpz �Xqqspz �Xqdz

�
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,Xiq

¸
XPL
∇map∇τCBpXiqpz �Xqqspz �Xqβdz

� ε10err0pXiq

where

ε10err0pXiq

�ε10ε�3

»
Ω

¸
|β|�11

1

β!
∇β
xrJpx�qVCBpx

ε
, x�q

¸
rPL
∇map∇τCBpx�qpx�Xi � r

ε
qqs

� px�Xi � r

ε
qβdx
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with x� � tXi � p1 � tqx for some 0   t   1.

Similarly we have

ε�3

»
Ω

¸
rPL

JpVCBP1pXi � rq � V1PCBpXi � rqqdx

�
»

Ω

JpXiq
¸
XPL

rVCBpz,XiqP1pz �X,Xiq � V1pz,XiqPCBpz �X,Xiqsdz

� ε

»
Ω

¸
XPL
∇xrJpXiqVCBpz,XiqP1pz �X,Xiq � JpXiqV1pz,XiqPCBpz �X,Xiqs

� pz �Xqdz �
9̧

k�2

εk
»

Ω

¸
|β|�k

1

β!
∇β
xrJpXiqVCBpz,XiqP1pz �X,Xiq

� JpXiqV1pz,XiqPCBpz �X,Xiqspz �Xqβdz � ε10err1pXiq

�
»

Ω

JpXiqrVCBpz,XiqP1pz �X,Xiq � V1pz,XiqPCBpz �X,Xiqsdz

�
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,XiqP1pz �X,Xiq

� JpXiqV1pz,XiqPCBpz �X,Xiqspz �Xqβdz � ε10err1pXiq

where

ε10err1pXiq

�ε10ε�3

»
Ω

¸
|β|�11

1

β!
∇β
x

¸
rPL
rJpx�qpVCBpx

ε
, x�qP1px�Xi � r

ε
, x�q

� V1px
ε
, x�qPCBpx�Xi � r

ε
, x�qqspx�Xi � r

ε
qβdx

with x� � tXi � p1 � tqx for some 0   t   1.

ε�3

»
Ω

¸
rPL

εJpVCBP2pXi � rq � V1P1pXi � rq � V2PCBpXi � rqqdx

�ε
»

Ω

JpXiq
¸
XPL

rVCBpz,XiqP2pz �X,Xiq � V1pz,XiqP1pz �X,Xiq � V2pz,Xiq
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� PCBpz �X,Xiqsdz �
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrVCBpz,XiqP2pz �X,Xiq

� V1pz,XiqP1pz �X,Xiq � V2pz,XiqPCBpz �X,Xiqspz �Xqβdz � ε10err2pXiq

where

ε10err2pXiq

�ε10ε�3

»
Ω

¸
|β|�8

1

β!
∇β
x

¸
rPL
rJpx�qpVCBpx

ε
, x�qP2px�Xi � r

ε
, x�q

� V1px
ε
, x�qP1px�Xi � r

ε
, x�qq � V2px

ε
, x�qPCBpx�Xi � r

ε
, x�qqspx�Xi � r

ε
qβdx

with x� � tXi � p1 � tqx for some 0   t   1.

9̧

k�2

εkε�3

»
Ω

¸
rPL

JϕkpXi � rqdx

�
9̧

k�2

εkr
9�ķ

r�0

εr
»

Ω

¸
|β|�r

1

β!
∇β
xrJpXiq

¸
XPL

ϕkpz, z �X,Xiqspz �Xqβdz � ε10�kerrk�1pXiqs

where

errk�1pXiq

�ε�3

»
Ω

¸
|β|�11

1

β!
∇β
x

¸
rPL
rJpx�qϕ3,kpx

ε
,
x�Xi � r

ε
, x�qspx�Xi � r

ε
qβdx, k � 2, . . . , 9

with x� � tXi � p1 � tqx for some 0   t   1.

6.4.4 Final estimate

Now we combine all the terms in the above expressions of T1pXiq and T2pXiq to get

FatrY spXiq � T1pXiq � T2pXiq
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�
»

Ω

∇xrJpXiqVCBpz,Xiq
¸
XPL
∇map∇τCBpXiqpz �Xqqspz �Xqdz � fpXiq

�
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,Xiq

¸
XPL
∇map∇τCBpXiqpz �Xqqspz �Xqβdz

�
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,XiqP1pz �X,Xiq

� JpXiqV1pz,XiqPCBpz �X,Xiqspz �Xqβdz

�
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,XiqP2pz �X,Xiq � JpXiqV1pz,Xiq

� P1pz �X,Xiq

� JpXiqV2pz,XiqPCBpz �X,Xiqspz �Xqβdz � ε10Φ1,errpXiq � errHompXiq

�
9̧

k�2

εkr
9�ķ

r�0

εr
»

Ω

¸
|β|�r

1

β!
∇β
xrJpXiq

¸
XPL

ϕkpz �X,Xiqspz �Xqβdz

� ε10�kerrk�1pXiqs

�
»

Ω

∇xrJpXiqVCBpz,Xiq
¸
XPL
∇map∇τCBpXiqpz �Xqqspz �Xqdz � fpXiq

� ε2ΦpXiq � errHompXiq � ε10pΦ1,errpXiq � Φ2,errpXiqq

�ε2ΦpXiq � errHompXiq � ε10pΦ1,errpXiq � Φ2,errpXiqq

where

ε10Φ2,errpXiq � ε10
10̧

k�0

errkpXiq

and

}ε10Φ2,err}ε,5 À ε2

provided

ϕkpz, z �X, �q P W 16,8, k � 2, . . . , 9
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or more specifically, if u P H29
1 pΩq,ma P C8

0 .

Now we analyze ε2ΦpXiq which is the shorthand notation for

ε2ΦpXiq

�
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,Xiq

¸
XPL
∇map∇τCBpXiqpz �Xqqspz �Xqβdz

�
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,XiqP1pz �X,Xiq

� JpXiqV1pz,XiqPCBpz �X,Xiqspz �Xqβdz

�
9̧

k�2

εk
»

Ω

¸
|β|�k�1

1

β!
∇β
xrJpXiqVCBpz,XiqP2pz �X,Xiq

� JpXiqV1pz,XiqP1pz �X,Xiq � JpXiqV2pz,XiqPCBpz �X,Xiqspz �Xqβdz

�
9̧

k�2

εk
9�ķ

r�0

εr
»

Ω

¸
|β|�r

1

β!
∇β
xrJpXiq

¸
XPL

ϕkpz �X,Xiqspz �Xqβdz

from which we can see that }ε2Φ}ε,5 À ε2 if u P H29
1 pΩq,ma P C8

0 .

So finally we have the consistency estimate

}FatrY s}ε,5 ¤ Cp}u}H29
1 pΩqqε2.
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7

Stability Conditions

7.1 The Atomistic Hessian

Recall the atomistic functional

IatpY q � IpνexapτY q, VexapτY q, ρbpY qq

�
»
nΩ

ν
10
3

exa � |∇νexa|2 � ν
8
3
exa � 1

2
Vexapν2

exa � ρbqdy
(7.1)

and the corresponding Euler-Lagrange equation

FatrY spXiq � �
»
nΩ

Vexa
Bρb
BYidy � fpXiq (7.2)

The Hessian is defined as

HatrY sZ � lim
tÑ0

BFat

Bt rY � tZs. (7.3)
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So

HatrY spi, jq :� δ2

δYiδYj
Ipνexa, Vexa, ρbq

� B
BYjFatrY spXiq

� �
»
nΩ

BVexa

BYj
Bρb
BYi � Vexa

B2ρb
BYjBYidy

��
»
nΩ

JεpτY qBVexa

BYj
Bρb
BYi � JεpτY qVexa

B2ρb
BYjBYidx

(7.4)

Similarly in undeformed case Y � Id, we have

Proposition 7.1.1.

HatrIdspi, jq � � ε�2

»
nΩ

δijVper
¸
rPL
∇2mapx� Xj

ε
� r

ε
q

� 1

2

¸
r1PL
∇mapx� Xi

ε
� r1

ε
qpL�1

perq22r
¸
r2PL
∇map� � Xj

ε
� r2

ε
qsdx

Proof. We have

HatrIdspi, jq � �
»
nΩ

BVper

BYj
Bρb,per

BYi � Vper
B2ρb,per

BYjBYi dx,

then it suffices to show

BYjVperpxq � 1

2
pL�1

Vperpxqq22pBYjρb,perqpxq. (7.5)

Denote

FpVperq �
�
�ε2∆νper � 5

3
ν

7
3
per � 4

3
ν

5
3
per � Vperνper

1
8π
ε2∆Vper � 1

2
ν2

per

�
(7.6)

Then

FpVperpY qq �
�

0
1
2
ρb,perpY q



. (7.7)
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Take derivative with respect to Yj, we get

LVperpxq

�BYjνperpxq
BYjVperpxq



�
�

0
1
2
BYjρb,perpxq



(7.8)

then it is straightforward to calculate the formula.

Now we begin to further analyze the HessianHatrIds by diagonalizing it and derive

the eigenvalues for its dynamical matrix. We first show that HatrIds is translation

invariant, next diagonalize it by using the plane wave functions, then we show the

dynamical matrix is Hermitian so that its eigenvalues are real, finally we give the

Stability Condition B and its equivalent interpretations.

7.1.1 Translation invariant

For fixed α, β P t1, 2, 3u, we regard Hαβ
at rIds as an operator Hαβ

at rIds : L2pΩε,Rq Ñ
L2pΩε,Rq given by Hαβ

at rIdspZqpXiq �
°
XjPΩε

Hαβ
at rIdspXi, XjqZpXjq.

Lemma 7.1.2. The operator Hαβ
at rIdspXi, Xjq is translation invariant:

Hαβ
at rIdspXi, Xjq � Hαβ

at rIdspXi � r,Xj � rq, @Xi, Xj P Ωε, r P εL. (7.9)

Proof. For Xi P Ωε,

Hαβ
at rIdspXi, Xiq

� � 1

ε2

»
nΩ

¸
r1PL

Vperpxq∇α∇βmapx� Xi

ε
� r1

ε
qdx

� 1

2ε2

»
nΩ

¸
r2PL
∇βmapx� Xi

ε
� r2

ε
q�pL�1

perq22r
¸
r3PL
∇αmap� � Xi

ε
� r3

ε
qspxq�Tdx

for Xi � Xj,

Hαβ
at rIdspXi, Xjq
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�� 1

2ε2

»
nΩ

¸
r2PL
∇βmapx� Xi

ε
� r2

ε
q�pL�1

perq22r
¸
r3PL
∇αmap� � Xj

ε
� r3

ε
qspxq�Tdx

Recall

Lper �
�
L1,per νper

νper
∆
8π




where L1,per � �∆ � 35
9
ν

4
3
per � 20

9
ν

2
3
per � Vper. Since ∆, any power of νper and

Vper commute with the translation τr for r P L, we have Lperτr � τrLper, therefore

L�1
perτr � τrL�1

per. This implies τrpL�1
perq22τ�r � pL�1

perq22, which says

pL�1
perq22p

¸
r1PL
∇αmap� � Xj

ε
� r1

ε
� r

ε
qqpx� r

ε
q � pL�1

perq22p
¸
r2PL
∇αmap� � Xj

ε
� r2

ε
qqpxq

for r P εL.

So for r P εL,»
nΩ

¸
r2PL
∇βmapx� Xi � r

ε
� r2

ε
q�pL�1

perq22r
¸
r3PL
∇αmap� � Xj � r

ε
� r3

ε
qspxq�Tdx

�
»
nΩ�r

¸
r2PL
∇βmapx� Xi

ε
� r2

ε
q�pL�1

perq22r
¸
r3PL
∇αmap� � Xj

ε
� r3

ε
� r

ε
qspx� r

ε
q�Tdx

�
»
nΩ�r

¸
r2PL
∇βmapx� Xi

ε
� r2

ε
q�pL�1

perq22r
¸
r3PL
∇αmap� � Xj

ε
� r3

ε
qspxq�Tdx

�
»
nΩ

¸
r2PL
∇βmapx� Xi

ε
� r2

ε
q�pL�1

perq22r
¸
r3PL
∇αmap� � Xj

ε
� r3

ε
qspxq�Tdx.

The last equality holds because the integrand is periodic in nΩ.

Similarly for the diagonal part»
nΩ

Vperpxq
¸
r1PL
∇β∇αmapx� Xi � r

ε
� r1

ε
qdx

�
»
nΩ�r

Vperpx� nrq
¸
r1PL
∇β∇αmapx� Xi

ε
� r1

ε
qdx
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�
»
nΩ�r

Vperpxq
¸
r1PL
∇β∇αmapx� Xi

ε
� r1

ε
qdx

�
»
nΩ

Vperpxq
¸
r1PL
∇β∇αmapx� Xi

ε
� r1

ε
qdx

7.1.2 Diagonalization

Theorem 7.1.3. The operator HatrIds satisfies

HatrIdspeıX�ξqpXq � DId
at rξseıX�ξ, X P Ωε (7.10)

for any ξ P Ω�
ε , where DId

at rξs is a 3 � 3 matrix.

Proof. Assume HatrIdspeıX�ξnqpXq � °
ξmPΩ�ε λmpξnqeıX�ξm . Then for any a P εL, we

have

HatrIdspeıpX�aq�ξnqpXiq � eıa�ξnHatrIdspeıX�ξnqpXiq � eıa�ξn
¸

ξmPΩ�ε

λmpξnqeıXi�ξm .

On the other hand, we have

HatrIdspeıpX�aq�ξnqpXiq

�
¸

XjPΩε

HatrIdspXi, XjqeıpXj�aq�ξn

�
¸

XjPΩε

HatrIdspXi � a,Xj � aqeıpXj�aq�ξn

�HatrIdspeıX�ξnqpXi � aq

�
¸

ξmPΩ�ε

λmpξnqeıpXi�aq�ξm

These imply ¸
ξmPΩ�ε

λmpξnqeıXi�ξmpeıa�ξm � eıa�ξnq � 0, @a P εL.
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So λmpξnq � 0 for m � n. Denote λnpξnq � DId
atrξns, then we have

HatrIdspeıX�ξqpXq � DId
atrξseıX�ξ,

from which we can also get the formula for the dynamical matrix DId
atrξs:

DId
atrξs � ε3

¸
Xi,XjPΩε

HatrIdspXi, XjqeıpXj�Xiq�ξ. (7.11)

7.1.3 Hermitian property

Lemma 7.1.4. For each ξ P Ω�
ε , DId

at rξs is Hermitian, so its eigenvalues are real and

it is diagonalizable.

Proof. Check pDId
atrξsqαβ � pDId

atrξsqβα.

pDId
atrξsqβα �ε3

¸
Xi,XjPΩε

Hβα
at rIdspXi, XjqeıpXj�Xiq�ξ

� ε3
¸

Xi,XjPΩε

Hβα
at rIdspXi, XjqeıpXi�Xjq�ξ

� ε3
¸

Xi,XjPΩε

Hβα
at rIdspXj, XiqeıpXj�Xiq�ξ

So it suffices to prove Hβα
at rIdspXj, Xiq � Hαβ

at rIdspXi, Xjq. Knowing that ∇2ma is a

symmetric matrix, we analyze the non-diagonal part

� 1

2ε2

»
nΩ

¸
r2PL
∇mapx� Xi

ε
� r2

ε
q�pL�1

perq22r
¸
r3PL
∇map� � Xj

ε
� r3

ε
qspxq�Tdx

Thus we need to show¸
r2,r3PL

»
nΩ

Bpmapx� Xi

ε
� r2

ε
qpL�1

perq22

�Bqmap� � Xj

ε
� r3

ε
q�pxqdx

�
¸

r2,r3PL

»
nΩ

Bqmapx� Xj

ε
� r2

ε
qpL�1

perq22

�Bpmap� � Xi

ε
� r3

ε
q�pxqdx
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�
¸

r2,r3PL

»
nΩ

Bqmapx� Xj

ε
� r3

ε
qpL�1

perq22

�Bpmap� � Xi

ε
� r2

ε
q�pxqdx

where the second equality holds because r2, r3 P L are arbitrary. So it suffices to

prove »
nΩ

Bpmapx� Xi

ε
� r2

ε
qpL�1

perq22

�Bqmap� � Xj

ε
� r3

ε
q�pxqdx

�
»
nΩ

Bqmapx� Xj

ε
� r3

ε
qpL�1

perq22

�Bpmap� � Xi

ε
� r2

ε
q�pxqdx

which is equivalent to pL�1
perq22 being a symmetric operator on pL2

nq2.

Recall

Lper �
�
L1,per νper

νper
∆
8π




where L1,per � �ε2∆� 35
9
ν

4
3
per � 20

9
ν

2
3
per � Vper. Since ∆, any power of νper, and V are

symmetric operators, so is Lper:

xLper

�
ω1

W 1



,

�
ω2

W 2



ypL2

nq2 � x
�
ω1

W 1



,Lper

�
ω2

W 2



ypL2

nq2 .

Rewrite the above equality as

xLper

�
ω1

W 1



,L�1

perLper

�
ω2

W 2



ypL2

nq2 � xL�1
perLper

�
ω1

W 1



,Lper

�
ω2

W 2



ypL2

nq2 .

Since Lper is invertible, we have

x
�
ω1

W 1



,L�1

per

�
ω2

W 2



ypL2

nq2 � xL�1
per

�
ω1

W 1



,

�
ω2

W 2



ypL2

nq2 .

96



7.1.4 Eigenvalues

We have shown that DId
atrξs is Hermitian, so it is diagonalizable DId

atrξs � PξΛξP
�1
ξ ,

where Pξ � pP 1
ξ , P

2
ξ , P

3
ξ q consists of the eigenvectors which form a basis, Λξ �

diagpwId
1 pξq, wId

2 pξq, wId
3 pξqq contains the eigenvalues.

Then

HatrIdspP j
ξ e

ıX�ξqpXq

�DId
atrξsP j

ξ e
ıX�ξ

�PξΛξP
�1
ξ P j

ξ e
ıX�ξ

�wId
j pξqP j

ξ e
ıX�ξ.

for any X P Ωε, ξ P Ω�
ε . Therefore HatrIds has eigenfunctions P j

ξ e
ıX�ξ with the

corresponding eigenvalues wId
j pξq, for j � 1, 2, 3, ξ P Ω�

ε .

7.1.5 Stability Condition

We introduce Stability Condition B for the atomistic TFDW model, which states

that

|wId
k pξq| ¥ Λ|ξ|2, (7.12)

where wId
k , k � 1, 2, 3 are eigenvalues of DId

atrξs, for any ξ P Ω�
ε and some constant

Λ ¡ 0.

It is straightforward to see that the following two statements are equivalent

1. |wId
k pξq| ¥ Λ|ξ|2, @ξ P Ω�

ε , k � 1, 2, 3,

2. detDId
atrξs ¥ aatΛ

6
0,εpξq, @ξ P Ω�

ε ,

where Λ, aat are some positive constants and Λ2
0,εpξq � 1 � |ξ|2.
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7.2 The Stability Condition For The Continuum Elasticity Model

Up to now we have introduced Stability Condition A for the electronic TFDW

model and Stability Condition B for the atomistic TFDW model. These two

stability conditions are independent. We still need a stability condition for the

Cauchy-Born continuum elasticity model. However, this stability condition is not

independent. In fact, we have

Theorem 7.2.1. Stability Condition B implies Stability Condition C for the

continuum elasticity model

D2
AWCBp0qpξ b η, ξ b ηq ¥ Λ|ξ|2|η|2 (7.13)

where WCB is the stored energy density function, and ξ, η are arbitrary vectors in R3.

Proof. Let us compute DAWCBpAq in Eulerian coordinates,

DAWCBpAq

�DA
1

|Ω|
»

Ω

FCBpz, Aqdz

�DA
1

|Ω|
»

Ω

ν
10
3

CBpy;Aq � |∇yνCBpy;Aq|2 � ν
8
3
CBpy;Aq

� 1

2
VCBpy;Aq�ν2

CBpy;Aq � ρb,0py;Aq�dy
� 2

|Ω|
»

Ω

��∆νCB � 5

3
ν

7
3
CB �

4

3
ν

5
3
CB � VCBνCB

�
DAνCBpy;Aqdy

� 1

|Ω|
»

Ω

VCBpyqDAρb,0py, Aqdy

�� 1

|Ω|
»

Ω

VCBpy;AqDAρb,0py;Aqdy

Then

DAklDAijWCBp0q � � 1

|Ω|
»

Ω

DAklVperDAijρb,per � VperDAklDAijρb,perdx (7.14)
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We derive DAklVper as follows. The system of Euler-Lagrange equations for VCB

in Eulerian coordinates is

FpVCB, Aq �
�
�∆νCB � 5

3
ν

7
3
CB � 4

3
ν

5
3
CB � VCBνCB

1
8π

∆VCB � 1
2
ν2

CB

�
�
�

0
1
2
ρb,0



(7.15)

Take derivative of FpVCB, Aq with respect to A and evaluate at A � 0, we get

LperDAklVper � BAklFpVper, 0q �
�

0
1
2
DAklρb,per



(7.16)

Thus

DAklVper � pL�1
perq22r1

2
DAklρb,pers. (7.17)

Therefore

DAklDAijWCBp0q � � 1

|Ω|
»

Ω

VperDAklDAijρb,per �DAijρb,perpL�1
perq22

1

2
DAklρb,perdx

(7.18)

Recall

ρb,0px;Aq �
¸

XPΩε,rPL
mapx� pI � AqX

ε
� r

ε
q (7.19)

so

DAijρb,0px; 0q � �
¸

XPΩε,rPL
∇imapx� X

ε
� r

ε
qXj (7.20)

DAklDAijρb,0px; 0q �
¸

XPΩε,rPL
∇k∇imapx� X

ε
� r

ε
qXjX l (7.21)

So

DAklDAijWCBp0q (7.22)

�� 1

|Ω|
»

Ω

Vper

¸
XPΩε,rPL

∇k∇imapx� X

ε
� r

ε
qdxXjX l (7.23)
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� 1

2|Ω|
»

Ω

¸
XpPΩε,rPL

∇imapx� Xp

ε
� r

ε
qpL�1

perq22 (7.24)

� r
¸

XqPΩε,rPL
∇kmap� � Xq

ε
� r

ε
qsT pxqdxXj

pX
l
q (7.25)

�� ε�2

|Ω|
»

Ω

Vper

¸
XPΩε,rPL

∇k∇imapx�X � r

ε
qdxXjX l (7.26)

� ε�2

2|Ω|
»

Ω

¸
XpPΩε,rPL

∇imapx�X � r

ε
qpL�1

perq22 (7.27)

� r
¸

XqPΩε,rPL
∇kmap � �X � r

ε
qsT pxqdxXj

pX
l
q (7.28)

Next we compute¸
jl

DAklDAijWCBp0qξjξl

�� ε�2

|Ω|
»

Ω

Vper

¸
XPΩε,rPL

∇2mapx�X � r

ε
qdxpX � ξq2

� ε�2

2|Ω|
»

Ω

¸
XpPΩε,rPL

∇mapx�Xp � r

ε
qpL�1

perq22

� r
¸

XqPΩε,rPL
∇map � �Xq � r

ε
qsT pxqdxpXp � ξqpXq � ξq

�ε3
¸

Xi,XjPΩε

HatrIdspi, jqpXi � ξqpXj � ξq

By translation invariance of the lattice, we have

¸
XjPΩε

HatrIdspi, jq � 0,
¸
XiPΩε

HatrIdspi, jq � 0. (7.29)

So

� 1

2

¸
XjPΩε

HatrIdsp0, jq|Xj � ξ|2
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�� 1

2

¸
Xj�XiPΩε

HatrIdsp0, j � iq|Xj � ξ �Xi � ξ|2

�� ε3

2

¸
Xi,XjPΩε

HatrIdspi, jq
�|Xj � ξ|2 � 2pXi � ξqpXj � ξq � |Xi � ξ|2

�

�ε3
¸

Xi,XjPΩε

HatrIdspi, jqpXi � ξqpXj � ξq � ε3

2

¸
Xi,XjPΩε

HatrIdspi, jq
�|Xi � ξ|2 � |Xj � ξ|2

�
�ε3

¸
Xi,XjPΩε

HatrIdspi, jqpXi � ξqpXj � ξq � 0

On the other hand, let us compute DId
atrξs. Notice that by translation invariance

we have
°
XjPΩε

HatrIdsp0, jq � 0. Then

DId
atrξs

�ε3
¸

Xj ,XlPΩε

HatrIdspj, lqeıpXj�Xlq�ξ

�
¸

XjPΩε

HatrIdsp0, jqeıXj �ξ

�1

2

¸
XjPΩε

HatrIdsp0, jqpeıXj �ξ � e�ıXj �ξq

�
¸

XjPΩε

HatrIdsp0, jq cospXj � ξq

�
¸

XjPΩε

HatrIdsp0, jqpcospXj � ξq � 1q

� � 2
¸

XjPΩε

HatrIdsp0, jq sinpXj � ξ
2

q

� � 1

2

¸
XjPΩε

HatrIdsp0, jqpξ �Xjq2 � 2
¸
j

HatrIdsp0, jqrpXj � ξ
2

q2 � sinpXj � ξ
2

qs

�|Ω|
¸

Xj ,XlPΩε

DAklDAijWCBp0qξjξl � 2
¸

XjPΩε

HatrIdsp0, jqrpXj � ξ
2

q2 � sinpXj � ξ
2

qs
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From cospxq ¤ 1 � x2

2
� x4

4!
, @x P R, we have

0 ¤ pXj � ξ
2

q2 � sinpXj � ξ
2

q ¤ |ξ|4|Xj|4
12

. (7.30)

Then since HatrIdsp0, jq � Opε�2q, we have

2
¸

XjPΩε

HatrIdsp0, jqrpXj � ξ
2

q2 � sinpXj � ξ
2

qs

¤1

6

¸
XjPΩε

|HatrIdsp0, jq||ξ|4|Xj|4

Recall HatrIdspi, kq � HatrIdsp0, k� iq is nonzero if |Xk�Xi| ¤ 2εM since ma has

compact support mapxq � 0, @|x| ¥M . So in the above sum over Ωε only those with

|Xj| ¤ 2εM is nonzero. This means the number of those Xj is Op1q, and |Xj|4 ¤ Cε4.

Therefore

2
¸
j

HatrIdsp0, jqrpXj � ξ
2

q2 � sinpXj � ξ
2

qs ¤ Cε2|ξ|4. (7.31)

Now assume we only consider those ξ P Ω�
ε that satisfy ξ � Op1q, then for any

η P R3, we have

|Ω|D2
AWCBp0qpξ b η, ξ b ηq ¥ηTDId

atrξsη � Cε2|ξ|4|η|2

¥pΛ � Cε2|ξ|2q|ξ|2|η|2

¥Λ

2
|ξ|2|η|2.

The above inequality is homogeneous with respect to ξ, so it is valid for any ξ P R3.
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8

The Continuum Elasticity Model

In this chapter, we analyze the Cauchy-Born continuum elasticity model to derive

the corresponding solution YCB. Recall

X �  
v : Ω Ñ R3|v P Wm�2,ppΩ;R3q XW 1,p

7 pΩ;R3q,
»

Ω

v � 0
(

(8.1)

for m ¥ 0, p ¡ 3.

The Cauchy-Born continuum elasticity problem is formulated as follows: find a

deformation function u P X such that

u � argminvPXICBpvq (8.2)

where

ICBpvq �
»

Ω

WCBp∇vpxqq � fpxqpvpxq � xqdx, (8.3)

where the Cauchy-Born stored energy density WCB is

WCBpAq � 1

|Ω|
»

Ω

J�
2
3 pAqν

10
3

CBpAq � νCBa
ijpAqBziBzjνCBpAq

� J�
1
3 pAqν

8
3
CBpAq �

1

2
VCBpAqpν2

CBpAq � JpAqρb,0pAqqdz
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The corresponding Euler-Lagrange equation is

FCBpupxqq � fpxq, x P Ω (8.4)

where

FCBpupxqq � �∇ � pDAWCBp∇upxqqq. (8.5)

Theorem 8.0.1. If Stability Condition C holds

D2
AWCBp0qpξ b η, ξ b ηq ¥ Λ|ξ|2|η|2, (8.6)

and p ¡ 3,m ¥ 0, then there exist constants δ, κ1, κ2, such that for any B P R3�3
�

with }B} ¤ κ1 and }f}Wm,ppΩq ¤ κ2, there exists a unique solution uCB P X such that

the following properties hold

1. uCB satisfies the Euler-Lagrange equation

FCBpuCBpxqq � fpxq, x P Ω; (8.7)

2. uCB is a W 1,8 local minimizer of the Cauchy-Born continuum elasticity func-

tional ICBpvq.

3. }uCB �B � x}Wm�2,p ¤ δ, for any x P Ω.

Proof. We will use the implicit function theorem to derive the solution. We first

prove that »
Ω

∇v �D2
AWCBpBq �∇vdx ¥ C1

2
||v||21.

Rewrite v as

vpxq �
¸
nPZ3

ane
2πın�x, an �

»
Ω

vpxqe�2πın�xdx,
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and denote

Cαβγδ � B2WCB

BAαβBAγδ p0q,

then »
Ω

∇v �D2
AWCBp0q �∇vdx

�4π2
¸
αβγδ

¸
n,mPZ3

Cαβγδnαmγanβamδ

»
Ω

e2πıpn�mq�xdx

�4π2
¸
αβγδ

¸
nPZ3

Cαβγδnαnγanβanδ

¥4π2Λ
¸
nPZ3

|n|2|an|2

�Λ

»
Ω

|∇v|2dx

¥ Λπ2

1 � π2
||v||21.

The last inequality comes from Poincaré’s inequality and
³
Ω
v � 0.

Let C1 � Λπ2

1�π2 ,M � maxAPR3�3 |D3
AWCBpAq|, κ1 � minpC1{p2Mq, 1q, then }B} ¤

κ1 implies

|D2
AWCBpBq �D2

AWCBp0q| ¤M}B} ¤ C1

2
.

Therefore »
Ω

∇v �D2
AWCBpBq �∇vdx ¥ C1

2
}v}2

1.

Define T : Y �X Ñ R3 by

T pf, vq � Lpv �B � xq � f,

then

1. T p0, 0q � 0;
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2. DvT p0, 0q is a bijection from X to Y ;

3. DAWCB P C2pR3�3
� ,R3�3q, since W k,ppΩ;R3q is a Banach algebra for p ¡ 3, k ¥

1.

So we can apply the implicit function theorem: there exist constants R, r such

that for any }f}Wm,p ¤ r, there exists a unique vpfq P X such that T pf, vpfqq �
0, }vpfq}Wm�2,p ¤ R, and vp0q � 0.

Define uCB � vpfq � B � x, then uCB satisfies the Euler-Lagrange equation and

}uCB �B � x}Wm�2,p ¤ R.

Next we show uCB is a W 1,8 local minimizer of ICBpvq.

ICBpvq � ICBpuCBq �
»

Ω

∇pv � uCBq
� » 1

0

p1 � tqD2
AWCBp∇utqdt

� �∇pv � uCBqdx

where ut � tv � p1 � tquCB. Since

∇ut �B � t∇pv � uCBq �∇vpfq,

there exist κ2, δ such that for any }f}Lp ¤ κ2, and}v � uCB}1,8 ¤ δ, we have

»
Ω

∇pv � uCBqD2
AWCBp∇utq �∇pv � uCBqdx ¥ C1

4
}v � uCB}2

1

for any 0 ¤ t ¤ 1. Hence

ICBpvq � ICBpuCBq ¥ C1

4
}v � uCB}2

1.

Therefore uCB is a W 1,8 local minimizer of ICBpvq.
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9

The Atomistic Model

9.1 Introduction

In this final chapter, we are going to finish our proof of the main theorem stated in

Chapter 3:

Theorem 9.1.1. Given ma P C8
0 pR3q, }f}W 27,p

1
¤ hf for some constants hf ¡ 0, p ¡

3, assume Stability Conditions A and B hold (then Stability Condition C also

holds), we have the following estimate for the discrete form YCB of the solution of the

continuum elasticity model and the solution Yat of the atomistic TFDW model with

some positive constant M ¡ 0 and all sufficiently small ε ¡ 0 on a simple crystal

lattice:

}Yat � YCB}ε,7 ¤Mε2. (9.1)

To prove the theorem we need to analyze the stability conditions and the consis-

tence estimate. In Chapter 7, we have derived the consistence estimate:

Given YCB P H29
ε , the Fourier interpolation satisfies τCB P H29

1 . Moreover, assume

ma P H23. then with these assumptions, we have the estimate

}FatrYCBs}ε,5 ¤ Cp}uCB}H29
1
qε2. (9.2)
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For stability, we analyze the perturbation of the eigenvalues of the dynamical

matrices with nearby deformations:

Given Stability Condition B, i.e. the eigenvalues of the dynamical matrix

DId
atrξs without deformation satisfy

|wId
j ξ|2 ¥ Λ|ξ|2, j � 1, 2, 3 (9.3)

(9.4)

for every ξ P Ω�
ε , then the eigenvalues of the dynamical matrix DY tat rξs satisfy

|wY tj ξ|2 ¥ CΛ|ξ|2, j � 1, 2, 3 (9.5)

(9.6)

for every ξ P Ω�
ε . Y

t � tY � p1 � tqYCB, and Y P B.

9.2 Stability Condition

Define the dynamical matrix

DYatrξs �
1

N

¸
Xi,Xj

HY
atpi, jqeıpXi�Xjq�ξ (9.7)

Then

HatrY sekeıX�ξ � DYatrξsekeıX�ξ (9.8)

and

zTHatrIdsz � 1

N

¸
ξ

ẑT rξsDId
atrξsẑrξs

Diagonalize DId
atrξs which is Hermitian

DId
atrξs � QT rξsdiagpwId

1 rξs, wId
2 rξs, wId

3 rξsqQrξs (9.9)

Stability Condition B states that the eigenvalues of the dynamical matrix

DId
atrξs without deformation satisfy

|wId
j ξ|2 ¥ Λ|ξ|2, j � 1, 2, 3 (9.10)
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(9.11)

for every ξ P Ω�
ε .

9.3 Estimates of norms

Define the following norms that we will use

}z}2
HatrIds :� ε3zTHatrIdsz (9.12)

}z}2
ε,1 �

¸
|α|�1

ε3
¸
XPΩε

|Dαε pXq|2 (9.13)

}z}2
a � ε3ε�2

¸
Xi,XjPΩε

e�
γ
ε
|Xi�Xj ||zpXiq � zpXjq|2. (9.14)

Lemma 9.3.1.

}z}2
ε,1 ¤ C}z}2

HatrIds (9.15)

Proof.

}z}2
HatrIds � ε3zTHatrIdsz

�ε3
¸

Xi,XjPΩε

zTi HatrIdspi, jqzj

�ε3
¸
i,j

¸
ξ,ξ1,ξ2PΩ�ε

e�ıXiξẑT rξsε3DId
atrξ1se�ıpXj�Xiqξ

1
eıXjξ

2
ẑrξ2s

�
¸
ξ,ξ1,ξ2

ẑT rξsDId
atrξ1sẑrξ2s

�
ε3
¸
i

eıXipξ
1�ξq��ε3 ¸

j

eıXjpξ
2�ξ1q�

�
¸
ξ

ẑT rξsDId
atrξsẑrξs

�
¸
ξ

ẑT rξsP T rξsdiagpω2
l rξsqP rξsẑrξs

¥
¸
ξ

Λ|ξ|2|P rξsẑrξs|2

�
¸
ξ

Λ|ξ|2|ẑrξs|2
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¥C}z}2
ε,1.

Lemma 9.3.2.

}z}2
a ¤ C}z}2

ε,1 (9.16)

Proof. Assume

Xk � n1
kεa1 � n2

kεa2 � n3
kεa3 (9.17)

then n1
k, n

2
k, n

3
k � 1, 2, � � � , 1

ε
� n.

Recall

}z}2
a �ε3

¸
Xi,XjPΩε

e�
γ
ε
|Xi�Xj ||zpXiq � zpXjq

ε
|2

�23ε3
¸

nsj¥nsi ,s�1,2,3

e�
γ
ε
|Xi�Xj ||zpXiq � zpXjq

ε
|2

Decompose | zpXiq�zpXjq
ε

|2 as below

|zpXiq � zpXjq
ε

|2

¤pn1
j � n1

i q
�n1

j�n1
i�1¸

k�0

|D�
ε,a1
zpXi � kεa1q|2 � |zpXi � pn1

j � n1
i � 1qεa1q � zpXjq
ε

|2�

¤pn1
j � n1

i q

����
°n1

j�n1
i�1

k�0 |D�
ε,a1
zpXi � kεa1q|2

�pn2
j � n2

i q
�°n2

j�n2
i�1

k�0 |D�
ε,a2
zpXi � pn1

j � n1
i � 1qεa1 � kεa2q|2

�| zpXi�pn1
j�n1

i�1qεa1�pn2
j�n2

i�1qεa2q�zpXjq
ε

|2

����

¤pn1

j � n1
i q
�
A1 � pn2

j � n2
i qpA2 � pn3

j � n3
i qA3q

�
¤

3¹
s�1

pnsj � nsi qpA1 � A2 � A3q

where

A1 �
n1
j�n1

i�1¸
k�0

|D�
ε,a1
zpXi � kεa1q|2
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A2 �
n2
j�n2

i�1¸
k�0

|D�
ε,a2
zpXi � pn1

j � n1
i � 1qεa1 � kεa2q|2

A3 �
n3
j�n3

i�1¸
k�0

|D�
ε,a3
zpXi � pn1

j � n1
i � 1qεa1 � pn2

j � n2
i � 1qεa2 � kεa3q|2

Group coefficients of each |D�
ε,aszpXkq|, we get

}z}2
a

¤ 23ε3
¸

XkPΩε

���
°
n1
i¤n1

k¤n1
j ,n

2
i�n2

k¤n2
j ,n

3
i�n3

k¤n3
j

±3
s�1pnsj � nsi qe�

γ
ε
|Xi�Xj ||D�

ε,a1
zpXkq|2

�°
n1
i¤n1

k�n1
j ,n

2
i¤n2

k¤n2
j ,n

3
i�n3

k¤n3
j

±3
s�1pnsj � nsi qe�

γ
ε
|Xi�Xj ||D�

ε,a2
zpXkq|2

�°
n1
i¤n1

k�n1
j ,n

2
i¤n2

k�n2
j ,n

3
i¤n3

k¤n3
j

±3
s�1pnsj � nsi qe�

γ
ε
|Xi�Xj ||D�

ε,a3
zpXkq|2

��

Analysis of the three sums are the same, so we analyze the first one in detail.

Notice

|Xi �Xj| � 1?
3

b
3|Xi �Xj|2

� 1?
3

b
3rpn1

i � n1
jq2ε2a2

1 � pn2
i � n2

jq2ε2a2
2 � pn3

i � n3
jq2ε2a2

3s

¥ 1?
3

b�|n1
i � n1

j |εa1 � |n2
i � n2

j |εa2 � |n3
i � n3

j |εa3

�2

� 1?
3

�|n1
i � n1

j |εa1 � |n2
i � n2

j |εa2 � |n3
i � n3

j |εa3

�
So

e�
γ
ε
|Xi�Xj | ¤ e

� γa1?
3
|n1
i�n1

j |e�
γa2?

3
|n2
i�n2

j |e�
γa3?

3
|n3
i�n3

j | (9.18)

Now consider the sum in the coefficient of |D�
ε,a1
zpXkq|2

¸
n1
i¤n1

k¤n1
j ,n

2
i�n2

k¤n2
j ,n

3
i�n3

k¤n3
j

3¹
s�1

pnsj � nsi qe�
γ
ε
|Xi�Xj ||

¤
¸

n1
i¤n1

k¤n1
j

pn1
j � n1

i qe�
γa1?

3
pn1
j�n1

i q
¸

n2
i�n2

k¤n2
j

pn2
j � n2

i qe�
γa2?

3
pn2
j�n2

i q
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�
¸

n3
i�n3

k¤n3
j

pn3
j � n3

i qe�
γa3?

3
pn3
j�n3

i q

We analyze the first factor¸
n1
i¤n1

k¤n1
j

pn1
j � n1

i qe�
γa1?

3
pn1
j�n1

i q

�
n1
ķ

n1
i�0

ņ

n1
j�n1

k

pn1
j � n1

i qe�
γa1?

3
pn1
j�n1

i q

�
n1
ķ

n1
i�0

» n

n1
k

px� n1
i qe�

γa1?
3
px�n1

i qdx�Op1q

�
n1
ķ

n1
i�0

» n�n1
i

n1
k�n1

i

xe
� γa1?

3
x
dx�Op1q

�
n1
ķ

n1
i�0

�
�

?
3

γa1

�pn� n1
i qe�

γa1?
3
pn�n1

i q � pn1
k � n1

i qe�
γa1?

3
pn1
k�n1

i q�
� 3

pγa1q2
�
e
� γa1?

3
pn�n1

i q � e
� γa1?

3
pn1
k�n1

i q�
�
�Op1q

�
» n1

k

0

�
�

?
3

γa1

�pn� xqe�
γa1?

3
pn�xq � pn1

k � xqe�
γa1?

3
pn1
k�xq�

� 3
pγa1q2

�
e
� γa1?

3
pn�xq � e

� γa1?
3
pn1
k�xq�

�
dx�Op1q

� � 3

pγa1q2n
1
ke

� γa1?
3
n1
k � 3

?
3

pγa1q3 pe
� γa1?

3
n1
k � 1q

� 3

pγa1q2
�
ne

� γa1?
3
n � pn� n1

kqe�
γa1?

3
pn�n1

kq�
� 3

?
3

pγa1q3
�
e
� γa1?

3
n � e

γa1?
3
pn�n1

kq�� 3
?

3

pγa1q3 pe
� γa1?

3
n1
k � 1q

� 3
?

3

pγa1q3 pe
� γa1?

3
n � 1q �Op1q

�Op1q.
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Similarly ¸
n2
i�n2

k¤n2
j

pn2
j � n2

i qe�
γa2?

3
pn2
j�n2

i q � Op1q

¸
n3
i�n3

k¤n3
j

pn3
j � n3

i qe�
γa3?

3
pn3
j�n3

i q � Op1q.

So ¸
n1
i¤n1

k¤n1
j ,n

2
i�n2

k¤n2
j ,n

3
i�n3

k¤n3
j

3¹
s�1

pnsj � nsi qe�
γ
ε
|Xi�Xj || ¤ C, (9.19)

C is a positive constant independent of ε.

The same results hold for the other two sums
°
n1
i¤n1

k�n1
j ,n

2
i¤n2

k¤n2
j ,n

3
i�n3

k¤n3
j

and°
n1
i¤n1

k�n1
j ,n

2
i¤n2

k�n2
j ,n

3
i¤n3

k¤n3
j
.

Therefore

}z}2
a ¤ 23ε3C

¸
XkPΩε

�|D�
ε,a1
zpXkq|2 � |D�

ε,a2
zpXkq|2 � |D�

ε,a3
zpXkq|2

� ¤ C}z}2
ε,1.

9.4 Perturbation of the Hessian

Lemma 9.4.1.

}HatrY2spi, jq �HatrY1spi, jq} ¤ Cε�2e�
γ
ε
|Xi�Xj |}Y2 � Y1}W 1,8

ε
(9.20)

Proof.

HatrY spi, jq �B
2IatpY q
BYiBYj

� B
BYj

�δIat

δν

Bνexa

BYi � δIat

δV

BVexa

BYi � δIat

δρb

Bρb
BYi

�
� B
BYj

�»
nΩ

0
Bνexa

BYi dy �
1

2

»
nΩ

pν2
exa � ρbqBVexa

BYi dy �
1

2

»
nΩ

Vexa
Bρb
BYidy

�
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�� B
BYj

»
nΩ

Vexa
Bρb
BYidy

��
»
nΩ

BVexa

BYj
Bρb
BYi �

»
nΩ

Vexa
B2ρb
BYjBYidy

��
»
nΩ

JεpτY qBVexa

BYj
Bρb
BYi �

»
nΩ

JεpτY qVexa
B2ρb
BYjBYidx

Then we have

}HatrY2spi, jq �HatrY1spi, jq}

¤
»
nΩ

}JεpτY2qVexapY2qBiBjρbpY2q � JεpτY1qVexapY1qBiBjρbpY1q}dx

� 1

2

»
nΩ

}JεpτY2qBjVexapY2qBiρεbpY2q � JεpτY1qBjVexapY1qBiρεbpY1q}dx

¤
»
nΩ

}pJεpτY2q � JεpτY1qqVexapY2qBiBjρbpY2q}dx

�
»
nΩ

}JεpτY1qpVexapY2q � VexapY1qqBiBjρbpY2q}dx

�
»
nΩ

}JεpτY1qVexapY1qpBiBjρbpY2q � BiBjρbpY1qq}dx

�
»
nΩ

}pJεpτY2q � JεpτY1qqBjVexapY2qBiρbpY2q}dx

�
»
nΩ

}JεpτY1qpBjVexapY2q � BjVexapY1qqBiρbpY2q}dx

�
»
nΩ

}JεpτY1qBjVexapY1qpBiρbpY2q � BiρbpY1qq}dx

Recall

}Biρbpx, Y q} ¤ C

ε
e�γ|x�

�Xi�ri,εx
ε

|

}BiVexapx, Y q} ¤ C

ε
e�γ|x�

�Xi�ri,εx
ε

|

}JεpτY2q � JεpτY1q}L8pnΩq ¤ C}Y2 � Y1}W 1,8
ε
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}ρbpY2q � ρbpY1q}L8pnΩq ¤ C}Y2 � Y1}W 1,8
ε

|Bjρbpx, Y2q � Bjρbpx, Y1q| ¤ Cε�1e�γ|x�
Xj�rj,εx

ε
|}Y2 � Y1}W 1,8

ε

|BiBjρbpx, Y2q � BiBjρbpx, Y1q| ¤ Cε�2e�γ|x�
Xi�ri,εx

ε
|e�γ|x�

Xj�rj,εx
ε

|}Y2 � Y1}W 1,8
ε

}VexapY2q � VexapY1q}L8pnΩq ¤ C}Y2 � Y1}W 1,8
ε

|BjVexapx, Y2q � BjVexapx, Y1q| ¤ Cε�1e�γ|x�
Xj�rj,εx

ε
|}Y2 � Y1}W 1,8

ε

Therefore we get

}HatrY2spi, jq �HatrY1spi, jq}

¤Cε�2

»
nΩ

e�γ|x�
Xi�ri,εx

ε
|e�γ|x�

Xj�rj,εx
ε

|dx}Y2 � Y1}W 1,8
ε

¤Cε�2
¸
rPS

»
nΩ

e�γ|x�
Xi�r
ε

|e�γ|x�
Xj�r
ε

|dx}Y2 � Y1}W 1,8
ε

¤Cε�2
¸
rPS

e�
γ
ε
|Xi�Xj |}Y2 � Y1}W 1,8

ε

¤Cε�2e�
γ
ε
|Xi�Xj |}Y2 � Y1}W 1,8

ε

Proposition 9.4.2. Given ε3zTHatrY1sz ¥ κ}z}2
HatrIds and }Y1 � Y2}W 1,8

ε
¤ δ with δ

sufficiently small, we have ε3zTHatrY2sz ¥ κ
2
}z}2

HatrIds

Proof. By translation invariance,¸
XjPΩ

HatrY spi, jq � 0

so

zTHatrY sz � �1

2

¸
Xi,XjPΩε

pzTi � zTj qHatrY spi, jqpzi � zjq.

Thus

|
¸

Xi,XjPΩε

pzTi � zTj qpHatrY2spi, jq �HatrY1spi, jqqpzi � zjq|
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¤Cε�2}Y1 � Y2}W 1,8
ε

¸
Xi,XjPΩε

e�
γ
ε
|Xi�Xj ||zi � zj|2

¤Cδε�2
¸

Xi,XjPΩε

e�
γ
ε
|Xi�Xj ||zi � zj|2

¤Cδε�3}z}2
a

¤Cδε�3}z}2
HatrIds

Therefore

ε3zTHatrY2sz � ε3zTHatrY1sz � ε3zT pHatrY2s �HatrY1sqz

¥κ}z}HatrIds � Cδ}z}2
HatrIds

¥κ
2
}z}2

HatrIds.

Corollary 9.4.3.

ε3zTHatrYCBsz ¥ κ}z}2
HatrIds (9.21)

ε3zTHatrY tsz ¥ κ}z}2
HatrIds (9.22)

where Y t � tYCB � p1 � tqY , for Y P B.

Proposition 9.4.4. If

ε3zTHatrY sz ¥ κ}z}2
HatrIds

then

wYk rξs ¥ CκΛ|ξ|2, @ξ P Ω�
ε , k � 1, 2, 3.

where wYk rξs are eigenvalues of DYatrξs.

Proof. For a given ξ P Ω�
ε , we have

DYat � P T
ξ,Y diagpwYk rξsqPξ,Y
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let zpXjq � P T
ξ,Y eke

ıXjξ, then

ε3zTHatrY sz � eTkPξ,YDYatrξsP T
ξ,Y ek � wYk rξs

On the other hand, if zpXjq � P T
ξ,Y eke

ıXjξ, then ẑrξ1s � pP T
ξ,Y ekδξξ1q, so

}z}2
HatrIds �

¸
ξ1
ẑT rξ1sDId

atrξ1sẑrξ1s

�ẑT rξsDId
atrξsẑrξs

�eTkPξ,YDId
atrξsP T

ξ,Y ek

�eTkPξ,Y P T
ξ,IddiagpwId

k rξsqPξ,IdP T
ξ,Y ek

¥CΛ|ξ|2.

Therefore

wYk rξs � ε3zTHatrY sz ¥ κ}z}2
HatrIds ¥ CκΛ|ξ|2.

9.5 The atomistic model

Theorem 9.5.1. Under Stability Condition B, i.e., the dynamical matrix DId
at rξs of

the Hessian HatrIds of the above Euler-Lagrange equation in the undeformed state,

i.e., Y � Id or u � 0, satisfies

detDId
at rξs ¥ aatΛ

6
0,εpξq, ξ P Ω�

ε , (9.23)

further assume ma P C8, fε P H27
ε , then there exists unique Yat P H5

ε XXε with the

properties

Yat satisfies the Euler-Lagrange equation

FatrYatspXq � fεpXq, X P Ωε (9.24)

Consistency of Cauchy-Born rule holds

}FatrYCBs}ε,5 ¤ Cp}uCB}W 29,8qε2 (9.25)
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Yat is a W 1,8
ε local minimizer of the functional Iat.

Finally, there exists a positive constant C such that

}Yat � YCB}ε,7 ¤ Cε2. (9.26)

Proof. To solve FatrY s � fε in Bκ,7pYCBq � tY |}Y �YCB}ε,7 ¤ εκ,
°
XPΩε

Y pXq � 0u,
κ P p3

2
, 2q, consider

FatrY s � FatrYCBs �
» 1

0

HatrY tsdtpY � YCBq (9.27)

in which YCBpXq � X � uCBpXq, X P Ωε, Y
t � tYCB � p1� tqY , for some 0   t   1,

and }Y � YCB}ε,7 ¤ εκ. So it is equivalent to find a fixed point F pY q � Y for

» 1

0

HatrY tsdtpF pY q � YCBq � �FatrYCBs (9.28)

in Bκ,7pYCBq.
Take discrete Fourier transform, we get

{» 1

0

HatrY tsdtpF pY q � YCBqrξs � � {FatrYCBsrξs, @ξ P Ω�
ε (9.29)

Using the dynamical matrix, we get

» 1

0

DY tat rξsdt {pF pY q � YCBqrξs � � {FatrYCBsrξs, @ξ P Ω�
ε (9.30)

Multiply both sides by {pF pY q � YCBq
T rξs

{pF pY q � YCBq
T rξs

» 1

0

DY tat rξsdt {pF pY q � YCBqrξs � � {pF pY q � YCBq
T rξs {FatrYCBsrξs

(9.31)
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By our perturbation of the Hessian above, i.e. Proposition 9.4.2, Corollary 9.4.3,

Proposition 9.4.4 and Stability Condition C, we get

Λ|ξ|2| {pF pY q � YCBqrξs|2 ¤ | {pF pY q � YCBqrξs|| {FatrYCBsrξs| (9.32)

Multiply both sides by |ξ|12, then sum over ξ and use Cauchy-Schwartz inequality

on the RHS

Λ
¸
ξ

|ξ|14| {pF pY q � YCBqrξs|2 ¤
¸
ξ

|ξ|7| {pF pY q � YCBqrξs||ξ|5| {FatrYCBsrξs|

¤ �¸
ξ

|ξ|14| {pF pY q � YCBqrξs|2
� 1

2
�¸
ξ

|ξ|10| {FatrYCBsrξs|2
� 1

2

(9.33)

then by Lemma 2.3.1 we get

Λ}F pY q � YCB}2
ε,7 ¤ }F pY q � YCB}ε,7}FatrYCBs}ε,5 (9.34)

So if F pY q � YCB � 0, then

}F pY q � YCB}ε,7 ¤ Λ�1}FatrYCBs}ε,5 ¤ Λ�1Cε2}uCB} ¤ εκ. (9.35)

Thus we use Brouwer fixed point theorem to conclude that there is a unique solution

Yat P Bκ,7pYCBq. In fact, from the last inequality (9.35), we have the stricter estimate

}Yat � YCB}ε,7 ¤ Cε2. (9.36)

The consistency of Cauchy-Born rule was proved in Chapter 6. Now we show Yat is

a W 1,8
ε local minimizer of the functional Iat by Proposition 9.4.2.

Given any Y : Ωε Ñ R3 with }Y � Yat}W 1,8
ε

¤ δ
2
, write

FatpY q � FatpYatq � pY � Yatq �
» 1

0

HatrY tsdt � pY � Yatq.

Note that

|Y t � YCB|W 1,8
ε

¤ t|Yat � YCB|W 1,8
ε

� |Y � YCB|W 1,8
ε

¤ δ
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for sufficiently small ε. Then there exists a constant C such that

FatpY q � FatpYatq ¥ Cε�3}Y � Yat}2
HatrIds ¡ 0.

Therefore Yat is a W 1,8
ε local minimizer.
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