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Abstract

This work studies the atomistic Thomas-Fermi-Dirac-von Weiszacker model on a Bra-
vais lattice, and establishes its relationship with the continuum elasticity model, thus
provides it a solid microscopic foundation at the atomistic level. More specifically,
we derive the stored energy density from the atomistic TFDW functional by homog-
enization. In addition, by assuming a reasonable stability condition, the discrete
deformation function we get from the atomistic model converges to the Cauchy-Born
solution from solving the continuum model with a quadratic rate due to underlying
inversion symmetry of the lattice. In our analysis, we use the two-scale ansatz to
construct approximate solutions, the discrete Fourier analysis in the consistence es-
timate, and the perturbation technique as well as the decaying property to analyze

the Hessian in the stability analysis.
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1

Introduction

One interesting problem in studying solid materials is to connect the macroscopic
and the microscopic models. At the macroscopic level, one of the models we use to
study the mechanical property of the material is the continuum theory. While at the
microscopic level, we use quantum mechanics to study the atomistic and electronic
properties of the material. So it is natural to ask what the relationship between these
two kinds of theories is.

This idea of connecting macro and microscopic models of solids dates back to
Cauchy as in Cauchy (1828a), Cauchy (1828b). Cauchy studies solids with the
assumption that the atoms interact via a pairwise central potential, with which
he derived expressions for the elastic moduli of cubic crystals. Later armed with
the principles of quantum mechanics, Born extended Cauchy’s work to initiate a
systematic study of the microscopic foundation of macroscopic properties of solids.
A central object formulated by him that we will discuss is the so-called Cauchy-Born
rule. The classic reference is the book "Dynamical Theories of Crystal Lattice”,
Born and Huang (1968), and more description about the classical Cauchy-Born rule

can be found in Ball and James (1992), Ericksen (2005). In addition, more recent
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application of Cauchy-Born rule can be found in E and Ming (2007a), E and Ming
(2007b), E and Lu (2007), E and Lu (2011), E and Lu (2012).

Specifically, the purpose of this work is to provide a microscopic foundation of one
macroscopic model for the simple crystal lattices as stated in E and Lu (2014). More
specifically, we are going to study the relationship between the continuum model and
the atomistic-electronic model of the deformation of a simple crystal lattice called the
Bravais lattice. Macroscopically, we use a continuum elasticity model to describe the
deformation in which the corresponding functional involves a stored energy density
function of the gradient of the deformation. So this model can be regarded as a first-
order description of the elasticity problem. Meanwhile, crystal lattices can also be
studied on the atomistic level, and in this work we use the Thomas-Fermi-Dirac-von
Weizsacker model which uses an electron density function to describe the system.
We will derive the stored energy density from this atomistic TFDW model by the
Cauchy-Born rule. With this connection between the two models, we show quadratic
convergence of the deformations derived from the models in a limiting process.

A similar work connecting microscopic and macroscopic models is done in E and
Ming (2007a) using the classical potential function instead of the TFDW model we
will use. Blanc et al. (2002) studies the TFDW model for smoothly deformed crystals
and shows the convergence of the total energy of the system to a limiting value given
by the Cauchy-Born rule in the continuum limit. A similar analysis of the electronic
TFDW model with spin-polarization is given in E and Lu (2012). Another useful
reference using the classical potential is Lu and Ming (2013) in which a force-based
hybrid method is used to combine discrete and continuum models. A more general
discussion on the Thomas-Fermi type models is provided in Lieb (1981). Friesecke
and Theil (2002) studied a lattice-spring model and showed minimizers may not
satisfy the Cauchy-Born rule. Parallel to the Thomas-Fermi type of models, or more
generally, orbital-free models, there is another type of quantum mecahnics models
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among which the Kohn-Sham density functional model is an important one. 7, Kohn
and Sham (1965) provide more details on this type of model. Finally, a thorough
overview is given in the survey E and Lu (2014).

One recent related work is Nazar and Ortner (2015) which establishes a pointwise
stability estimate for the Thomas-Fermi-von Weizsacker (TFW) model and demon-
strates that a local perturbation of a nuclear arrangement results in a local response
in the electron density and electrostatic potential. This locality property will also
play an important role in this work. For the numerical algorithm application of the
locality property, please consult Benzi et al. (2013), 7, Ismail-Beigi and Arias (1999),
Prodan and Kohn (2005) for Kohn-Sham type models.

This work makes improvement by studying the Thomas-Fermi-Dirac-von Weiz-
sacker model at the atomistic level involving the discrete deformation function of
the lattice. More specifically, following this line of analysis, derivation of the stored
energy density, the consistence estimate and the concept of stability are established
at the atomistic level, which extends analysis of the classic electronic TFDW model.

In this work, we will use the Cauchy-Born rule in several contexts. The Cauchy-
Born rule is the principle that we use to connect microscopic and macroscopic models.
The rule states that the stored energy density Wep in the macroscopic continuum
elasticity model can be obtained from the energy density of a uniformly deformed

lattice as given below

1

Wep(A) = lim mITFDW(VCB(A)§ Poo(A)) (1.1)

where Zrppw is the total energy functional, €2 is the unit cell, A is a constant matrix

1

|nQ\ITFDW represents the energy density.

representing the uniform deformation. So
As we will show in this work, because of periodicity, we can nicely remove the limit
and thus get an explicit expression of Wcg.

Besides its use to derive the stored energy density, we also apply the principle
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of the Cauchy-Born rule in our analysis of the electronic TFDW model with a fixed
deformation to construct the leading-order approximate solution Vg of the electron
density and the potential. In this context, we combine the Cauchy-Born rule and
the two-scale ansatz so that locally around each atom, we approximate the electron

density v and the potential V' with a uniform deformation as illustrated below

ven(x) == VCB(% Vu(z)), Ven(x) = Vep(Z; Vu(a)). (1.2)

€
Now let us describe the problem in more detail. The underlying object we study
in this work is the deformation of a crystal lattice. So let us introduce the definition

of a Bravais lattice which contains only one kind of atom. A Bravais lattice LL is a

discrete set of points in R3:

3
L = {X e R*|X = ) nja;,n; € Z}. (1.3)
j=1

where {ay, as, az} are the basis vectors of L.

The unit cell or unit domain 2 of L is

3
Q={reRz=> ¢a;,0<c <1} (1.4)

j=1
The deformation u of the lattice is a function defined on the unit domain
u:Q— R (1.5)

Our macroscopic model is described by the following continuum elasticity func-

tional

T (v) = L Wen(Vo(x)) — f(x) - v(z)dz, (1.6)

where f is an external force. We want to find a local minimizer u such that
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Zeo(u) = ming, geexZy(v), w—B-z€X, (1.7)

where

X —{ve W{““ﬂj v =0}, (1.8)
Q

in which B € M35 is a constant matrix, and W7" 2P represents the space of periodic
Wm+2P functions from € to R3.

For this purpose, we will study the corresponding Euler-Lagrange equation

(1.9)

—diVDAWCB(VU) = f in Q
v— B-x periodic on o).

On the microscopic level, we use the Thomas-Fermi-Dirac-von Weizsacker model,

in which the total energy functional is

5 4 1

Trepw = j ) + IV — o W)y + 5D~ prp— ), (110)
where p : R* — R is the electronic density in Eulerian coordinates with the con-
straints {4 p(y = (e p(y)dy and p > 0, where p, is the background charge

density. The shorthand notation D(-, ) is defined as

J Fw)ote) 4, (1.11)
|y1 - y2
R3xR3
Thus
Dlo—prp=m) = | Vo~ pm)(w)dy (1.12)
R
where V' is the potential
N /
R3 |y -y |

5



In our context, we will use a periodic version of the TFDW functional

5 4 1
Treow = | o) + (Vo) = )y + 5Dl = prop =) (114)

Next, in order to describe the limiting process, we consider scaling of the system.
We introduce a scaling parameter ¢ = % to scale the lattice, and thus the whole
problem. As n — o or € — 0, the lattice in the fixed unit domain will become a
macroscopic piece of solid, thus this liming process provides the connection which
we need between our macroscopic and microscopic models.

For a fixed scaling parameter € = %, where n is a positive integer, the scaled

lattice is
L. = {eX|X e L}. (1.15)
Define 2, as
3
Q=0nL,= {X€R3|X=chaj,cjeeZm[O,1)} (1.16)
j=1

which contains all the scaled atom positions in the unit domain.

We then define the discrete deformation function Y on 2. which is simply the
restriction of the deformation u to the discrete atom positions in 2. Otherwise, we
can also define Y, and interpret the deformation u as an interpolation of Y.

The above scaling is called e-scaling. Sometimes it is easier to analyze the system
with a unit scaling which assume that the consecutive atom positions have a unit

scale. For example, with e-scaling, The system of Euler-Lagrange equations for

(ve = A/p(3),Ve = V(2)) in Eulerian coordinates is

(1.17)

1 5
—EAv + 3¢ — 3¢ + Ve =0, yeQ
—2AV, = 4Ax (V2 —p5), yeQ,



While with unit scaling, the corresponding system of Euler-Lagrange equations
of (v = /p,V) in Eulerian coordinates with a fixed Y which is the scaled version of
Y is

3

~Av+3vs — S+ Vv =0, yenQ (1.18)
—AV =4x(v? — p), yenQ.

Next, we introduce the stored energy density function. The connection between
the continuum elasticity model and the TFDW model is the derivation of the stored
energy density from the TFDW functional by the Cauchy-Born rule. More specifi-
cally, the stored energy density in the macroscopic continuum elasticity model can be
obtained from the energy density of a uniformly deformed lattice. So explicitly with
a fixed deformation 7 = id + u which extends Y to €2, we construct the Cauchy-Born
solutions

ven(@) = VCB(% Vu(z)), Vep(r) := VCB(% Vu(z)), (1.19)

and the corresponding TFDW functional is

Trrow(ves, Ves, pio) (1.20)
= [ v+ 1Vl = vy + Vw2 — pa)dy — S0 3 SO - X)
Xee
(1.21)
:f Fop(Z,0)de — &0 Y] fFXO(Y(X) - X) (1.22)
Q €

XeQe

where py is the first-order approximation of p.
Now we assume the deformation is uniform, i.e. u(z) = Az for any x € ), where

A is a constant matrix. Then the stored energy density is defined as

) 1
Wep(A) = lim —=Zrrpw(ves, Ves, Poo) (1.23)

n—o |nfl|

In order to assure that the Cauchy-Born rule gives a stable approximation, we

need certain stability conditions at various levels. In order to give the stability
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conditions, we need to analyze the linearization of the system of Euler-Lagrange
equations. When there is no deformation, denote the electron density and the po-
tential as (Vper, Vper) Which are periodic, then the linearization of the system of the

Euler-Lagrange equations without deformation is
w _ Ll,per Vper w
e (i) - (i 23) () =

35 4 20 2
El,per =—-A+ gypg’er - 3 pSer + ‘/pep (125)

in which

The Stability Condition A states that
H‘ﬁ}:elr”ll((lzﬁ)z) < Mper (126)

for any arbitrary positive integer n = %, where M, is a positive constant indepen-
dent of n.

Once we solve the electronic TFDW model and get the local minimizer (Vexa, Vexa),
we define the the atomistic TFDW functional Z,(Y) = Zrrpw (Vexa(Y), Vexa(Y),Y)
as a functional of the discrete deformation function Y. Denote the Hessian of the
functional as Ha.¢[Id] in the undeformed case. Then Stability Condition B states
that the eigenvalues wi4[£] of the dynamical matrix D[£] of the Hessian H,;[Id]
satisfy

€] > Alel, (1.27)

for k = 1,2,3, any £ € ¥ and some constant A > 0, where 2 is the reciprocal
space of (.. Finally Stability Conditions A and B imply the following Stability

Condition C for the continuum elasticity model

DiWen(0)(E®@n, £ @n) = Al |n? (1.28)

for any &,m e R3.

With the above brief description of the setup, we now give the main theorem
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Theorem 1.0.1. Under Stability Conditions A, B (then Stability Condition
C holds), there exists a positive constant M so that if m, € CF(R?) (used in defining

py), and | fwere) < 0p for some constant §p > 0 and p > 1, we have

|Yor = Yepler < Mé?. (1.29)

where Yy is a Wh* local minimizer of the atomistic TFDW functional
Iat(y) = ITFDW(Vem(Y), Vem(Y)7 Y)7

and Y¢p is the restriction of Tcp = id + ucp which is a I/Vll’OO local minimizer of the

continuum elasticity functional
Zo(v) = J Wep(Vo(x)) — f(z) - v(x)d.
Q

The reason we can achieve quadratic rate of convergence though the Cauchy-
Born rule only provides a first-order approximation is that the underlying lattice has
inversion symmetry which leads to the cancelation of the first-order terms.

Finally, we introduce the methods used to prove the main theorem. We first
study the system of the Euler-Lagrange equations in (v, V') with a fixed deformation
u under Stability Condition A to get the solution (Vexa,Vexa). Then we study
the atomistic TFDW functional Z,((Y) = Zrrpw (Vexa(Y), Vexa(Y'),Y) under Stabil-
ity Condition B to construct Y,. In the process of constructing Y, we use Ycp
which we get from the continuum elasticity model Z.; which by homogenization is
the leading-order approximation of Z,(Y) under Stability Condition C as the
first-order approximation. Then explicit computation shows that the first-order ap-
proximation vanishes due to the inversion symmetry of the underlying lattice, thus
we can achieve quadratic rate of convergence.

In our analysis of the TFDW model with a fixed deformation, we are going to find
a local minimizer of the functional by solving the system of Euler-Lagrange equations

9



n (v, V). We start with the undeformed case, and get (Vper, Vper) from a system of
Poisson equations. Then we analyze the equations with a small uniform deformation
u(z) = Bxz. By using the implicit function theorem in normed spaces and the
Cauchy-Born rule, we get the Cauchy-Born solutions (vcg, Veg). Then in order to
achieve higher-order approximation, we use the two-scale ansatz to decompose the
equations, and get 10 = vop + vy + 210, VO = Vg + €V + €215, Finally we are able
to use Newton-Raphson iteration to get the exact solutions (Vexa, Vexa). These exact

solutions preserve the decaying property which originally holds for the background

charge py:
6 C - —X; +r,b ex
|y esal Y| < (1.30)
a C —Xi+7i ex
— V)| e Mot 1.31
IIaYiVexa(% N s—e , (1.31)

Furthermore, we study the perturbation of the exact solutions with respect to the
deformation which will be used for our analysis of the perturbation of the Hessian

Hae|1d]:

0 0
||6_Y}Vexa(x7 1/*2) a}/]

jE(E

—Venal, V)] € O 2 Y, — Yy

where Vexa = (Vexam ‘/exa)'
Besides the stability conditions, we also need the following consistence estimate

in the proof of the main theorem

| FaclYerllles < C(lucauz)e’. (1.32)

where Fo[Y] denotes the Euler-Lagrange equation in Y of the atomistic TDFW
functional Z,(Y"). Notice that our final quadratic rate of convergence comes from
the €2 factor in the consistence estimate. In the derivation of the estimate, we
first expand F,|Ycog| according to orders of €. Then the leading-order terms form
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the Euler-Lagrange equation of the continuum elasticity model in which ucg is the
solution, so these terms vanish. The e-order terms are all canceled due to the inversion
symmetry of the underlying lattice. Therefore we can achieve e2-order estimate on
the right hand side.

The other component we will need is the following stability result which we prove
in the final part of this work:

Given Stability Condition B, i.e. the eigenvalues of the dynamical matrix

DU[€] without deformation satisfy

Wil [E1P = AlEP?, j=1,2,3 (1.33)

for every € € Q*, then the eigenvalues of the dynamical matrix DY,'[¢] at Y satisfy

Wl €] = CAl¢P, j=1,2,3 (1.34)

for every £ € Q. Here Y =tY + (1 —t)Yep for 0 <t < 1, and Y is close to Yop.
This result comes from the analysis of the perturbation of the Hessian with respect

to the deformation:
|Hat [V2](5, ) — Hae[Y11(, 5) ]| < Cre e« XY, = Yif e (1.35)

whose proof needs our previous estimate on the decaying property of the potential

and the perturbation of the linearized operator:

Loy = Laim | eeat+2ye ey

<C. max(||V1 - VQH(W}C,‘A(nQ))Z, ||7'1 — 7'2||W1k+3,7,‘)

<C, max(||V1 — VQH(Hk+2(nQ))2, ||7'1 — TQ“W{chs,m)

With these estimates in hand, it is then straightforward to apply the fixed point

theorem to prove the main theorem.
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2

Basic Setup

In this chapter, we introduce the necessary objects and tools for this work.
2.1 Lattice, Domain and Scaling

We consider Bravais lattices which are simple lattices. They take the form:
3
L ={X eR*|X = ) nja;,n; € Z}. (2.1)
j=1

where {ay,as, a3} are the basis vectors of L. Define the reciprocal basis vectors
{b1,bo, b3} that satisfies a; - b; = 276;;, where 6;; is the Kronecker delta. Then the

corresponding reciprocal lattice is defined as
3
L* = {¢ e R*E = ) mybj,n; € Z}, (2.2)
j=1

Notice that both I and IL* have the translational symmetry.
The unit cell or unit domain €2 of IL is

3
Q= {x€R3|x=chaj,0<cj < 1}. (2.3)

j=1

12



Similarly the unit domain of the reciprocal lattice is
€€R3|€ ZC] ],——\C]< } (24)

For a fixed scaling parameter ¢ = %, where n is a positive integer, the scaled

lattice is
= {eX|X e L}. (2.5)
Define €2, as
3
Qe =QnLe = {X eRX = ) ¢jaj,¢; € eZn[0,1)} (2.6)
j=1

which contains all the scaled atom positions in the unit domain.

The corresponding reciprocal space €2} is

3
Q= {gemg:;cjbj,cjezm[—%,zle)}. (2.7)
Notice that £ = O(1), and
Xt =1, VXel Ve Qr (2.8)
Furthermore, the cardinality is
card(Q.) = card(Q¥) = n® = ¢ °. (2.9)

The space n{? is call the supercell which is more convenient to use in some context,

and define its discrete version €2, as
Q, = no. (2.10)
Next consider the basic wave functions defined on €.: {€¥*} xcq. for each fixed
e IfX =37 Xia; & = 3, &, then X - & = X7, Xitha;b, =
27 Zikzl X6, = 2m 23:1 X7¢7. We have the following orthonormality

13



Lemma 2.1.1.
63 Z 61(Xi7Xj)'£ = 5@‘, VX“ Xj € QE. (211)
£eQd
Proof. If X; = Xj, then € 3, s 1 = €'n® = 1.

If X; # X, without loss of generality, assume X} # X jl, then
Z ! Xi=X;)-€
£eQd

_ 2 p2m oy (X=X P)ek

£eQd

_ Z o2 Yo (XF—xF)ek p2m(X ] =X et

62763620[7%7%) 5162(7[*%7%)

2m( X} - X1)[- 5] (1 N ezm(){i1 7X]1)n)

_ Z o2m Nk (XF-XF)ek €

| —e i J

Notice X!, X € ¢(Zn0,1)) and Zn [—%, %) contains n integers, so (X} —X1)n € Z

which implies e2™(Xi —X)n — 1, —

Similarly, for each fixed X € ()., we have a basic wave function defined the

reciprocal space QF: {€X ¢} o which satisfy the orthonormality condition

Lemma 2.1.2.

63 Z EZX.(&V*&]') = 51‘]’7 Vfl, gj c Q: (212)

X€ee

The proof is similar to that of the previous lemma.
2.2 Periodic Function Spaces

We will need to study various functions defined on spaces related to the lattice.
Since the lattice has the translational symmetry, we consider periodic functions. We

14



first define function spaces on the unit domain 2, and then define their discrete

counterpart on €.
2.2.1 Functions on the continuous domains

For a given n = % e N, define

[P = {fe &' (R®)|raf = f,VR € nL,f

n

| f|Pdx < o},
Q

with the norm

3=

Iz = 00 |

n

|fIPdx)» 1< p< oo
"
Similarly define
LY ={fe S RY|rpf = f,VRenL,inflae R : u(f'(a,o)) = 0} < oo},

with the norm

| flzz = inf{fae R : w(f~(a,0)) = 0}.

(2.13)

(2.14)

(2.15)

(2.16)

In the above definitions, 7r is the translational operator on nl. with translation

vector R, (Trf)(x) = f(z — R).

Similarly we define the periodic Sobolev space

HY = {fe 'R} |rrf = f,VRe nL, f € H*(nQ)},

with norm
Il = D 10°f e ke Ze.
lal<k
Similarly,
Wy ={f e S (R)|raf = f,YR € nlL; f e W5 (nQ)},
with norm

|l = D 10 flloz ke Zs

lo| <k
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2.2.2  Sobolev Inequalities

We will use the following Sobolev inequality: if ’HT_O‘ = % with o € (0,1), then
Wk,p(Rn) - CT’Q(Rn).

Pick n=3,p=2,a = %, then r = k — 2, so we get
Hk(RS) - C’“’Q’%(RS) - kaQ,OO(R?)) - Hk(RS)'
Then on the torus, we have
H*(nQ) c W22 (nQ) < H*(nQ). (2.21)

2.2.8 Lattice Functions

After introducing periodic functions on €2,,, we now define periodic discrete functions
on ).

A lattice function u : L, — R? is called Q.-periodic if
wX) =u(X") VX, X €L, X — X' =a; for some j =1,2,3,

where {ay, as, az} is the basis of the lattice L. Therefore it is sufficient to specify its
restriction on (..

Define the translation operator T* with u € Z3

(Tru)(X) = u(X +€ ) pja;), XeR?, (2.22)

=1

for u: Q. — R3.

Define the forward and backward discrete gradient operators

D}, = e (T 1), D_, = eI — T M), (2.23)

€

where s = 23:1 p;a;, 1is the identity operator. Notice Df_, = —D_

€,5"

16



Given a multi-index a = (aq, ag, a3), with a; = 0,7 = 1,2,3, |a| = a1 + as + as,

define the difference operator

o + (o 7]
‘De - H(De,aj) 7. (224)
j=1
For a lattice function u : . — R3, a nonnegative integer k, define the difference

norm

lulf =2, € X IDfw)X)” (2.25)

0<lal<k XeQe

Denote the corresponding spaces as H* and L? when k = 0. Similarly define the

uniform norms on 2,

lull Ly = maxxeq,Ju(X)], (2.26)
Jullyrr = > maxyeo, |(Dfu)(X)). (2.27)
0<|al<k

2.3 Fourier Transform And Fourier Interpolation

2.3.1 Discrete Fourier Transformation

The discrete Fourier transform of a lattice function f : Q, — R3 is

f&) =€ > e f(X),ceqr (2.28)

XeQe,

The corresponding inversion is

FX) =D X f(9), X e Q.. (2.29)

ceql

The Plancherel-type formula holds

1£120 = 20 1F©F. (2.30)

¢eQl

17



Moreover, the discrete Sobolev norm has a simple equivalent representation

cAflZe < D) A < C|f 12k (2.31)

ceQ¥

with positive constants ¢, C' depending on k and the basis {a;}. Let
1 €€ .
Aj7€(€):_|e ]_1|7 j:17273a
€

then A2(¢) is defined as
3
2O =1+ A9 —1+Z—sm (2.32)
=1

We will consider functions with f(0) = 0, so we need to estimate nonzero :

Lemma 2.3.1. For any nonzero £ € QF, then
AL () < [E° < CAL(E) (2:33)
for some positive constants c,C'.

Proof. Tt is easy to see 1+|¢]* = A2(€). For any € € Q\0, we have |£] = min;_; 2 3/b;| =
b > 0, then

(47 + 1617 = Smin(, 1)1+ [€) = (1 + [€P) > es2(€).

N | —

1
€ = SO + 1€P) >

On the other hand, from cA%(¢) < A%(£), where A%(§) = 1 + [€]?, we get |* <
CAZ(S)- O

2.3.2  Fourier Interpolation

Given a function ¢ : Q — R? which can be extended periodically to R3

ol +71)=p(x), VYeeQ,rel.

18



The Fourier coefficients are
N 1 —z-€ *
o) = 9] e hp(r)dr, Vel (2.34)
Q

Then we have the plane-wave expansion

o(x) = Z o(€)e™s, VYaxe Q. (2.35)

Eell*®

Notice 2, < € and consider the finite set of values or equivalently a lattice

function {p(X)|X € Q.} which contains e = n3 values. Take the discrete Fourier

transform
2a(€) =€ ), e Cp(X), VEeQr. (2.36)
X€eQe
Then
P(X) = ) @al&)e™e. (2.37)
£eQ

Now we can define the Fourier interpolation of the lattice function {p(X)|X € Q.}

pel@) = D Qal€)e*

£eql

= Z @d (£)€Z$'§7

gelL*

(2.38)

where we define ¢q(§) = 0 for £ € L*\Q*.
Denote the lattice function {o(X)|X € Q.} as ¢q4, then we have the following

lemma

Lemma 2.3.2. For k = 0, there exists constants cg, Cy, > 0 such that for any pg,
e paller < [Pellar@) < Crledl - (2.39)

Proof. This is easily deduced from the inequalities

o1+ [6P) < A2 < 1+, veeQr, (2.40)
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Moreover, the following Poisson summation formula holds

Lemma 2.3.3.
pa€) = Y., pE+m), Ve (2.41)

nee 1L*

Proof. By the DFT formula, it suffices to show

(X)) =3 (Y @+, ¥XeQ.

£eQ¥F nee1L*

The computation is straightforward

DD eE+m)et

£eQ¥ nee—1L*

= 2, ), AE ket

nee~1L* ¢eQ¥

Z 2 zXEn)

nee 1L* ¢eQ¥ +n

= ) Peere

eQ¥ +n,nee—1L*

= D, PO

geLx
=p(X).
Notice that X -n =27 Zi:l X*nk where X* € eZ and nf € e 'Z, so e X" =1. O
We will also need the following interpolation error between ¢ and ¢,
Theorem 2.3.4. For the periodic function ¢ : Q — R3, if o€ CP,p = 3 + |al, then
|D%p(x) — DY, (2)] < Cer 3ol Vreq. (2.42)

Proof. From the discrete Fourier transform, we know

_ Z\a| Z a z:v&:

E€Ly
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If € C7, then |p()] < Cle| 7.
Let buyin = argminy, , ;. {01/, [b2, [bs]}, for any £ € QF, p = 3 + |a] > 2, from the

Poisson summation formula, we have

2a(§) — 2 =] >, #E+n)

nee~1L* n+0

<C ) e+l

nee1L* n#0

bmin . B
<o ¥ e(Pmhin, ol sl

meZ3 m#0

bmin -
<co Y (P g

m1,ma,m3€7Z3
=C'eP.
Therefore
|2a(§) = p(&) < C'e”, ¥ e
Now we can estimate the pointwise difference of the derivatives
| D%p(x) — D%pc()]

< ) 1N@(6) — @a(9)]

EelL*
= > 1Ee(e) — pa(©)l + D 1Elp(&)]
e gelL*\Q¥
=]+ 11,
in which
I<Ce ) ¢
£eQl
<cre [|[ tg1eag
[-5,5)3

21



<crer [|[ 1epelag

By (0)

T r27 p2
:c”epf j f P12 6in 0drd6dy
0 0 0

:C«lllepf?)f\od

and
IIr<c >, gl
ceL*\Q¥
e ||]erera
R3\[-2,2)3
<o ||| teterrag
R3\By (0)
T 2T 00
=C"J J J rl=P+2 gin 9drdfdy
0oJo Jz
:Cvlllep—3—‘01|.
Therefore

[D%p(x) = D%pe(z)] < Ce 1.

2.4 Deformation Of The Lattice

The deformation of the crystal lattice is described either by the discrete deformed
atom positions or the continuous deformation function. The connection between

these two functions is simulated by the Fourier interpolation.
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2.4.1 The Deformed Atom Positions

the deformed atom positions can be described by a discrete vector function defined
on {).:

Y: Q. — R3,
and it is extended periodically to L.,
Y : L. - R3
by
Y X+r)=Y(X)—r
for any X € Q.,rel.
2.4.2  The Deformation

Fix a deformed atom position function Y : Q. — R3, define 7 as the Fourier interpo-

lation of Y

T(z) = Z ezx'giA/(X)

geqk

= Z Z ey (X).

fEQ? XeQe

(2.43)

Let 7(z) = x +u(x), then u is the deformation corresponding to Y. From Lemma
2.3.2 we have
Y ler < lullmr@) < CrlY ek, (2.44)

for k € N, and constants ¢, Cj, > 0.
Furthermore, since the crystal does not collapse, it is reasonable to assume a
nondegeneracy condition on the deformation function: inf,eq |V7(z)| = 6, > 0 for

1
Te W, ™.
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2.5 Background Charge

2.5.1 Definition

Assume m, € CP(R?) is a compactly supported smooth function which represents
the background charge contribution from each nucleus. Then the total charge con-

tribution from the nuclei on an undeformed lattice L is

pp(z) = Z me(z — X), weR> (2.45)

XelL
Now assume the lattice is scaled by a constant ¢ = %, and is deformed by the peri-
odic atom position function Y : Q. — R3, then define the corresponding background

charge as

y —Y(X)

€

Py, Y) = D ma( ), yeR’ (2.46)

XeLe
Let 7 : Q — R3 be the Fourier interpolation of Y : . — R3, then we can

represent the background charge function in Lagrangian coordinates:

7(z) — 7(X)

€

i, Y) = J(x) Y ma( ), zeR? (2.47)

XelLe

We assume the normalization constraint on the electron density

J pp(z)dr = €32 (2.48)
n
which is equivalent to
J pp(x)de = Z (2.49)
Q
2.5.2  Periodicity

The background charge inherits the periodicity of Y
pp(x,Y) =pp(x+1Y), Vrel. (2.50)

Because of this periodicity, we restrict the domain to 2.

24



2.5.83 Two-Scale Ansatz

In order to study the system by approximation, we will use a two-scale ansatz of the

background charge on a deformed lattice L, with Y,

pi(@) = poo(Co2) + epna(5,2) + Eppal(C. ) + O(), we (2:51)
in which
poo(z,7) = > me(V7(2)(2 — X)) (2.52a)
XelL
1 0°7(x 5
poa(z,x) == > ml (Vr(x)(z = X)) D il axﬁ X —2) (2.52D)
XeL 18]=2
1 1 %7 (x 9
poa(z,7) == > ml(Vr(z) Ny —2)%)
e . 5 51’5 (2.52¢)
.02¢
1 0°7(x
— Z m, (VT Z — 2)",
XeL 18]= 35' &Eﬁ

for x € 2, z € n€). Notice that py, pp.1, pp2 are periodic in z € €.

Lemma 2.5.1. If m, € C*, then pyo is C* in NV1; pyy is C*~1 in Vr, C° in V?1;
and pyo is C* 2 in V1, C° in V7, V37,

In order to study the consistency of the Cauchy-Born rule, we will derive even

higher-order expansion of pj in Chapter 6.
2.5.4  Inversion Symmetry

It is reasonable to assume the function m, has inversion symmetry mg(z) = mq(—z),
for any # € R3, then so is the background charge on undeformed lattice with or

without scaling:

po(r) = po(—2), pj = pj(—x), xR’ (2.53)
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This is because the undeformed lattices I and L. have the inversion symmetry. We
will see that this inversion symmetry plays a vital role in our analysis, and it improves
the rate of convergence.

Moreover, from the two-scale ansatz expansion, it is straightforward to see that
Poo(2, ) = poo(—2,2)
poi(z,2) = —ppa(—2, @)
Po2(2, ) = pp2(—2,7)

2.5.5 Localization and Decaying Property

Lemma 2.5.2. Assume m, has compact support such that mq(x) = 0 for any
|z| = M,, M, is a given positive constant. Then m, satisfies the pointwise decaying
property:

|ma(x)] < Cpe 1!

where Cy = e|mgl|p-, 0 < v < Miu More generally,
IVFm,(2)] < Cpe ML
where k is any positive integer, Cy = e||mg|lyr-, 0 <y < MLG
Proof. From m,(z) = 0 for any |z| = M,, it is easy to see that in order for

Hma”Lw < Coe_vMa

to hold, we need

=M, Imal| =

So we can pick Cy = e|mgllr=,0 < v < M%l The same analysis applies to prove the

second inequality. O]
Define a set

S =1{0, £ay, £as, fas, ar £ as, *ay £ az, *as + as, +a; + ax + as} (2.54)
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Then S + 2 are all the translations of €2 that intersect (2.

Lemma 2.5.3. Assume 7 € I/Vll’OO has the nondegeneracy property inf,eq |V7| =

d; > 0, then ps(x,Y) has the following expression

i) = 3 3 m (TR (2.55)

XeQ, reS

Proof. If |x + 7 — X| > eé\f‘l, then

IT(x +7)—7(X)| = (inf |VT)|z+r — X| =0, |z +r— X]| = eM,,

then |M| > M,, so ma(w) = 0. Therefore for any z € Q, X € Q,, we

only consider those r € L such that |z +7r — X| < Gé‘f'l. By choosing € small enough,
it is sufficient to only consider r» € S. Thus
c 7(z) — 7(X)
i) = 3 w7
XelLe
7(x) —7(X) +r
- Y NI
XeQe rell
() —7(X) +r
S I ECELCIELS
XeQe reS

]

Proposition 2.5.4. Assume inf,eq |V7(z)| = 6; > 0, then for € small enough, the

following pointwise estimates hold

0 € ¢ 2 x—X;+r;
IayPh(e V)| < e el Xitrial (2.56)
§ € c¢ —Yo—Xi+ri x| ,— L|lo—Xj+7; 4
|| a}/za}/; pb(x7 Y)H <€_2€ ¢ e o« T (257)

for all small positive constant v > 0. Moreover x € Q, Y; = Y (X;),Y; = Y(X;) with
Xi, X;€Qc. 154,750 €S, and their choices depend on z, X; or x, X;.
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Proof. By choosing ¢ small enough, for any x € Q, X; € ()., there is at most one

rie € S, such that |z +r;, — X;| < ﬁéw“. If no such r;, exists, then the inequalities

are trivially true. Moreover, r; , is smooth in z a.e..
The first inequality is easily derived from the above expression of pf(x,Y’) and

|T(x+7i0) —T(Xi)| = 6| +rip—Xi|, 50 C =e|mgl1,6,0 <7y < ]‘\54—1. For the second

inequality, notice that %pi(m, Y) =0if i # j. Then the case i = j is obvious and
i0Yj
C = e|mgyl2,0,0 < v < 2?\}(1'

]

By a change of variable, with the same notations in the previous proposition, it

is straightforward to get

Proposition 2.5.5.
0

—Xi+7 ex
€

C
Vs 2.58
& C oy Xitries| o ~Xitrje
| m@}/jpb(x,Y)\\ S L (2.5

for x € nf).
2.5.6 Perturbation

Lemma 2.5.6. Given a deformed atom position function Y, which satisfies the
nondegeneracy condition inf,.q|VTi(x)| = 0, for some §; > 0. Assume there is

another Yy close to Yy such that ||7e — 71,00 < Oz

%, we have the following estimate for

the difference between the corresponding background charge functions

los(Y2) = (Y1) L= mey = 105 (Y2) = pp(Y1)llo(e) < Chllma

1eoll¥a = Vil (260)

or equivalently

1po(T2) = po(T1) | L2y = [P5(72) — p5(T1) | Lo() < Cylmalliew| — 7110 (2.61)
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Proof. By our condition on 71, 7, we have inf,eq| V7 ()], infoeq|Vr(z)| =

\py (2, T2) — py(x, 7))

< Z |ma(7'2(x)—7'2(X)+7“)

XeQ,rel € €

<Z Z |ma(72(x+7’)€—72(X))_ma(Tl(x+r)—Tl(X))|

T€S XeQe:|(z+1)—X|<2eMy /6

<), > ||ma||1,oo%|(72—ﬁ)($+7“) = (2 = m)(X))]

€S X€Qe:|(z+1)—X|<2eMy /57

As in previous context, we assume € is small enough so that only r € S come into
play. The second inequality holds because, if |x +r — X| = %, then |7;(z + 1) —
7(X)| = (inf|V7]) |z + r — X| = eM,, so ma(w) =0 fori=1,2.

Pick consecutive atom positions {X = X,,,, X,,,,---, X,,} so that z +r € Q,, =
Xy, +€Q, which means | X,,,,, —X,,| = ea;, forsome k = 1,2,3andanyi =1,...,[—1.
Then [ ~ O(1) since |(z + 1) — X| < 2eM,/d, = O(¢). Therefore

|04 (x, 72) — piy(, 7))
1y
<> > [0 1.00 (D =1(r2 = 70) (Xn,) = (72 = 71) (X,

: € |
€S XeQe:|(z+r)—X|<2e Mo /5 i=1

A - 7)) — (- ) )

-1

< Z Z ||ma||1,oo(2 |D:a,% (72 — Tl)(Xn;k)| +[lm2 — Tl||1,oo)
€S XeQe:|(z+r)—X|<2e Mo /5> i=1

<C[Yz = Yi[ i + |72 — 71100

<C'IY; = Vil

<C"|m2 — 71100
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aki € {alaa’27a3}a Xn:‘ € {anvXn
eM,/5.} = O(1).

}, and notice that #{X € Q. : |(z +r) — X| <

i+1

[
From the equivalence of |[7]1 ., and [Y|y1-, it is easy to see
[ Je(,7v,) = Je(@, )| = |J(€x,7yv,) — J(e, 7v,)| < Oy Yo = Yi|ypae, @€l
S0
[Je(@, 7v,) = Je(, 7)) Lo nery < Cl[Ya = Yafypaoe
Furthermore we have
Lemma 2.5.7. Denote Y; = Y(X;),Y; = Y(X;), for X;, X; € Qc, and 9; = 55,0, =
aiyjf assume inf,eq|V7i(z)| = 0, for some 6. >0 and |12 — 71|10 < &, then
10,05(x, Ya) — 035w, Y1) < Chpe ™t e =50l Yy — V| 1. (2.62)
10:0;05(x, Ya) — 0,0;p(w, Y1)| < CpePe el XitrualgmtlomXatrial |y, — vy 1
(2.63)

for all small positive constant v > 0.

Proof. First we compute

ipy(r,Y)

:Z _%Vma(T(x) —7(X;) + 7")

rell €

= — % Z Vma(T(x + Tk)G_ T(Xj))

if we assume € is small enough. Then
10504, Y2) = 0jpy(w, Y1)

<1|vma(72(f€ + 7)) — T2(X5)
€




T(x + 7)) — 7(X;)

<%|V2ma( )|%|(T2—Tl)($+7“j,x)—(72—71)(Xj)|

where 7, = (1 — t)7 + t75 for some 0 < ¢t < 1. For any z € R?,
|V7i(z)] =|(1 = t)Vri(z) + tVa(2)]

=|Vr(z) + t(Vra(x) — Vi (2))|

=|Vr(x)| — t|Vra(z) — Vi (z)]

)

=|Vr(x)| — |Vr(z) — Vi (z)]

So inf,eq = inf,eps [V7i(2)] = & because V7, is periodic on Q. Thus

(x + 1) — 7 (X;)

€

|V2ma(

)|

gcge—%ht(x”k)—ﬁ(xjﬂ
<C2e—%inf‘VTtH£E+Tk—X]‘|
5
<0267%7T\x+rk7Xj\
’Y" X
<C2e € | k J‘7

5
2M, *

5
where 0 <" = &7 <
We can use the same technique as in the previous lemma to analyze %|(TQ —7)(z+

riz) — (T2 — 11)(X;)|, then we can conclude
10505, Y2) — 035 (2, Y1) < Cpetem e PNl Yy — Vi e (2.64)

Next notice that when ¢ # j, 0,0;p5(z,Y) = 0, then it is easy to use the same

method to show
|az‘5jP(€,(l’7 YZ) _@ajpz(x, Y1)| < Obe—Qe—%kE—Xi-‘r?"i,ac‘6_%‘$—Xj+7‘j,z‘ HY2 _YIHWS"/’? (2_65)

for some positive constant C}, and all small enough positive constant ~. O]
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By a change of variable, we have

Proposition 2.5.8.

A e

|0;00(2, Y2) — pp(x, Y1)| < Cpe e et = lys - Y1||W51,‘x,

—Xi+7 ex | AT e

|6i6jpb(x7 }/2) — d‘ﬁjpb(l’, Yi)| < C’be_26—7\x+ -

|a:+

Y, —

for x € nf).

32

(2.66)
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3

Formulation Of The Problem

In this chapter, we decompose the main problem into three subproblems. We first
solve the electronic TFDW model assuming a fixed deformation, then once we have
Vexa, We proceed to study the atomistic TFDW model in which we interpret the
discrete deformation function Y as varied. Meanwhile, we also study the Cauchy-
Boron continuum elasticity model. Finally, we combine results from these models

together to give the statement of the main result.
3.1 The electronic TFDW model

Assume a deformation represented by a discrete atom position function Y : Q. — R3

is given and fixed, the electronic TFDW functional is

1 1
I(v,V;pp) = J Vs 4 |Vu|? — i+ §V(u2 — pp)dy (3.1)

nf)

where the background charge p is given

ooy, Y) = 3 maly — Y (X)), (3.2)

Xel
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The electronic TFDW problem with a fixed deformation is formulated as follows:

Given a deformation Y € H! or equivalently v € HY, find (v, V) € (W-*)? such that
(Vexaa ‘/exa) = argmin(yyv)e(wﬁmy](% V; pb) (33)

The system of Euler-Lagrange equations Frrpw (v, V') = 0 in nf is

3

—Av + gl/% — i V=0 (3.4)
—AV =4dx(v? — pp).

Theorem 3.1.1. Under Stability Condition A, i.e., the linearized operator of the

the above equations at undeformed solutions satisfies |L7) ] zqr2)2) < Mper for any

n, and My, s a positive constant independent of € = %, then there exist positive

constants hg, €y,6 such that for any |u|y7e < ho,e < €, there exists a unique
1

s0lution Vega = (Vega, Veza) € (H2)? with the properties
1. (Veza, Veza) Satisfies the system of Euler-Lagrange equations
Frepw(Vesa, Vera) = 0
2. (Vewas Veza) s close to the approximation given by the Cauchy-Born rule

|(Vezar Veaa) — (ven(@; Vulex)), Vep(a; Vu(ex)))|| a2y < de. (3.5)

3. (Veza, Veza) 18 a (H})? local minimizer of the electronic TFDW functional I(v,V; py).

3.2 The atomistic TFDW model

The above solution (Vexa, Vexa) and the background charge p, depend on the deforma-
tion u which is constructed as the Fourier interpolation of the discrete atom position

function Y:

() =z tuy(x) =€ D Y (X). (3.6)
XeQ, £eQ¥
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Now consider the following atomistic TFDW functional

Li(Y) = I{Vexa(7v ), Vexa(Ty); o3 (17, Y')) (3.7)

where we assume ||uYHW17,w < hg, $0 that (Vexa, Vexa) is well-defined.

Define the space of the discrete deformation function Y as

Xe={Y : el > R}Y(X) = X + u(X),u is Q-periodic, > u(X)=0}. (3.8)

XeQe

The atomistic TFDW problem is formulated as follows: Given an external force

f.: Q. —» R3 find Y € X, such that
Y = argmin,ex, [at(2). (3.9)

The Euler-Lagrange equation for the atomistic problem is

FulY(X) = f(X), XeQ (3.10)
where

Fal (X = = [ VeuSay (3.11)
and

> fx) =0. (3.12)

XeQe

Theorem 3.2.1. Under Stability Condition B, i.e., the dynamical matriz DI[E] of
the Hessian Hqy|Id] of the above Euler-Lagrange equation in the undeformed state,

r.e., Y = Id or u =0, satisfies
det D[] = auh§ (€), €€ QF, (3.13)

further assume m, € CF°(R®), fo € WZo* with | fc]y2ne < hy for some constant
hy > 0, then there exists a unique Yy € HY n X, with the properties
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1. Yy satisfies the Euler-Lagrange equation

FalYal(X) = [(X), X eQ. (3.14)
2. The consistency estimate of the Cauchy-Born rule holds

[ FaelYenlles < C(lual o )€ (3.15)

3. Y is a discrete Wh* local minimizer of the atomistic TFDW functional I,(Y).
3.3 The Cauchy-Born continuum elasticity model

Assume the above f, is constructed from a function f defined on 2 with zero mean,

£(X) = e3f (). (3.16)
X+eQ
Define
Xz{U:Q—)R3|U€an+2’p,Jv=0} (3.17)
Q

form > 0,p > 3.
The Cauchy-Born continuum elasticity problem is formulated as follows: find a

deformation function u € X such that
u = argmin,exIop(v) (3.18)

where

Ten(v) = L Wen(Vo()) — f(2)(v(x) — 2)da, (3.19)

in which the Cauchy-Born stored energy density Weg is

WCB(A) :ﬁ o J_§ (A)l/é?(];(A) — l/CB(lij (A)&ZZ(?Z] VcB (A)
T A (A) + S Ven(A)((A) — T(A)pnoA))d=
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The corresponding Euler-Lagrange equation is

Fep(u(z)) = f(x), xe€Q (3.20)

where

Fep(u(z)) = =V - (DaWep(Vu(z))). (3.21)
Theorem 3.3.1. If Stability Condition C holds
DiWep(0)(€@n,E®@n) = AEf|nf?, (3.22)

and p > 3,m = 0, then there exist constants 0, k1, ko, such that for any B € R¥*3
with |B| < k1 and | f|lwmr@) < k2, there exists a unique solution ucp € X such that

the following properties hold

1. ucp satisfies the Euler-Lagrange equation
Feplucp(r)) = f(x), xe; (3.23)

2. ucp 15 a Wll’oo local minimazer of the Cauchy-Born continuum elasticity func-

tional Iop(v).
3. |uep — B - z|wm+2p < 8, for any x € Q.

3.4 the Main Theorem

Theorem 3.4.1. With the assumptions in the above theorems, further assume m =
27, denote Yep as the discrete deformation function associated with wep, then there

exists a positive constant C' independent of € such that

||Yat — YCBHE,? < 062. (3.24)
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4

TFDW Functional

4.1 Setup of the TFDW Functional

4.1.1  Original TEFDW functional
The original deformed unscaled TFDW functional is

5

5 4 1
I(p, py) = f 5(y) + [V p))? = p3 (y) dy+20(p Pbs 0 — Db); (4.1)

where p : R® — R is the electron density in Eulerian coordinates with the constraints

$gs pdy = $gs pody and p = C' > 0. The shorthand notation D(-,) is defined as

f Fo)ote) g a, (4.2)
|y1 - 3/2
R3xR3
Thus

D(p—po,p—pp) = JRB V(p — pv)dy, (4.3)

where V' is the potential

) —ply')

Viy) = f ———dy". 4.4
( ) R3 |y - ?J'| ( )
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Moreover, py is the background charge density

p(y.Y) = Y ma(y — Y(Xy))
X;ell
where Y : L — R? is a discrete deformation function. In the use of m,(y — Y(X;)),
we assume the charge contribution of each nucleus does not change under the defor-

mation. We also denote Y (X;) as Y;.
4.1.2  Periodicity and scaling

Now assume we have a periodic discrete deformation function Y : Q. — R3, define

the rescaled version of it Y€ : Q,, — R3
1

Y¢(X):=-Y(eX), VXeQ, (4.5)
€

then Y€ is periodic in 2,,.

Next we define the periodic TFDW functional with unit scaling as

o) = |

n

5 4 1 € €
Pt VVoI* = p3dy + 5 Daalp = po(Y), p = po(Y)), (4.6)

with the constraints SnQ pdy = SnQ pp(Y)dy = Z and p = C > 0 for a constant C

and

Duc(p— oY), 0 — oY) = f Vi Yy (4.7)

where V satisfies

{—AV = d4m(p— pp(Y))  in nQ (4.8)

V' is periodic on d(n2).

Introduce v = /p. We can rescale the system by the e-scaling with € = % Let

us change the variables correspondingly for y € €:

Y

pg(y7 Y) 1=,0b(z, YE)

39



XelL
y—Y(X)
= Z Ma( c )
Xel.
yt+tr—Y
= D 2 —)
X,€Qe TelL €

Then we have
| w2ty = | vy - 2.
Q Q

The following formula gives the connection between the unit scaling and the

e-scaling for the TFDW functional:

1
I :f V4 Vo = uE 4 VR = p(Y)dy
n$
(4.9)

10 8 1
:e3fu£+fﬂV%V—V3+§K@f_ﬁquy
Q

4.1.3  The Lagrangian coordinates

Given the periodic discrete deformation function Y : €, — R3, the corresponding
deformation function u or 7 = id + u :  — R3 is given as the Fourier interpolation
of Y. We also use 7y or uy to explicitly indicate its dependence on Y. Let J(z) =
det V7(z), and also define the scaled version of the deformation: 7.(z) := L7 (ex) for
x € nf). Denote J.(x) = det V7.(z) for z € nQ, then J.(z) = J(ex).

Define

v(x) = JE (2)(r(0), V() = V(r(2)). po(a) = Jo(@)pp(rela), Y, € 0
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ve(x) = 2 (@)ve(r(2)), Vel) = V(7 (@), () = pj(7(2),Y ),z € Q

then the TFDW functional in Lagrangian coordinates is

-

1 1
I :J Jo 3u3 + J| VT TV(J 2 )| — Je 31/% + §V(1/2 — Jepp(Y))dx (4.10)
ng)
10 s ]
=6‘3J TSl 4+ STV (I )P - T Velwd = Jpy(Y))de. (4.11)
Q

4.2 Euler-Lagrange Equations

4.2.1 e-scaling
The e-scaled TFDW functional with an external force f : Q. — R3 is

I(ve, Vopy) = 19 Y f(X

Xee
(4.12)

:e3f 1/63 + |V ? — Ve + V(l/ — py)dy — Q| Z FX)Y(X)
Q X€eQe
Assume Y is fixed, then the system of Euler-Lagrange equations of v, V, in Eu-

lerian coordinates is

7 5
2 5,5 _ 4.3 _
{ e“Ave + své — 3ve + Ve =0, (4.13)

—2 AV, =4 (V2 —p5), yeQ,

€

The system of Euler-Lagrange equations of v, V¢ in Lagrangian coordinates is

e 57-2,5 a1 _
eDve +3J 3V 3 J 3Ve + V=0 (4.14)
—e2JD,V, = An(v? — pr), x €,
where Dy = > ;5a;;0;0; + >, b;0; + ¢ in which
= (V7'71V7'7T)Z'j
bj = 2k VTz‘;laiVTing —2J3 D aij&ijié (4.15)

C = J% Zijk VTiglﬁiVT,;jTﬁjJ*% + J% Zij aij@@jJ’%
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and Dy = } ;. a;;0;0; + >, d;0; in which

{aij = (VT_IVT_T)U (416)

dj = 3, V1oVt
4.2.2  Unat scaling

The TFDW functional under unit scaling with the external force f : Q. — R? is

I, V,po) = > €elQf(eX)Y(X)

(4.17)
1 1
:J VP 4 VR = )y — ) dQIFEX)Y(X),
n

XeQ,

the system of Euler-Lagrange equations of v, V' with fixed Y ¢ in Eulerian coordinates

1S
5 7 4.5
—Av+3vs —3vs + Vv =0, (4.18)
—AV =4 (v? — py), ye€ nQ,
the system of Euler-Lagrange equations of v,V in Lagrangian coordinates is
e, 5775, T 45758
—Div+3Je *vs —3Je Pv3s + Vv =0 (4.19)
—J.DSV = 4x(v® — J.py), €N,

where D = > ;5 a5;0;0; + >, b50; + ¢ in which

bs(z) = bj(ex) (4.20)

and D5 = > a5;0,0; + 3;; d50; in which

iy g

{a; (v) = ay(ex) (.21)
d5(z) = dj(exr)

42



4.3 Linearization of the System of Euler-Lagrange Equations

Denote V. = (v, V;), the linearized operator Ly, of the system of Euler-Lagrange
equations of (v, V) in Eulerian coordinates is given by

Ly, (w) _[(—eA+2ud — %021/5 + Vow + vW (4.22)
W vew + o AW

where w, W € L*(Q, R).
Similarly, with unit scaling, denote V = (v, V'), the linearized operator Ly, of the

system of Euler-Lagrange equations of (v, V') in Eulerian coordinates is given by

wy (—A—i—%y%—%ug—i—\/)w—i—uW
Lv (W) B ( vw + =AW (423)

where w, W € L*(nQ, R).

Moreover, the above linearized operator Ly, in Lagrangian coordinates is given

by
wY _ (Lya v w
e (i) = (% 1) (i) 121
where
Ly =—Dj+ %Je_gVé — 29—0J5_§I/§ + V. (4.25)

4.4 Solutions In Undeformed Crystals

Assume there is no deformation u = 0, so Y(X) = X, X € Q.. Then the background
charge becomes ppper(2) = X yep Ma(z — X) which is periodic in €. So v,V shall
also be periodic in Q. Denote them as vper, Vper, and we solve the corresponding

Euler-Lagrange equations

5

7
5,,3 4.3
{_Ayper + gyger - §V§er + V;)eryper = 07 rel)

(4.26)
_A‘/;Jer = 47T(V1:2)er - pb,per)a z € )
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with the constraints SQ I/gerdff = SQ Poperdr and v, = C' > 0 for some positive
constant C.
Given m, € CP(R?) n Wh we have Vper, Vper € Wlk ® and can be extended

periodically to vper, Vper € W,’?OO.
4.5 The Stability Condition

The undeformed solutions Vyer, Vper € W™ satisfy the Euler-Lagrange equations

7 5
5.3 4.3
{—Ayper + 3Vper — 3Vper + Voperlper =0, T € ns?

(4.27)
—AVper = 4m (V2 — pb), T € NS

for any n. The linearization in n{) becomes

w _ ﬁl,per Vper w
ae ) - (G 12) () 42

4 2

35 & 2
‘Cl,per =-A + 5 Ser - 5 Ser + ‘/per- (429)

where

We introduce the electronic stability condition which we call Stability Condi-
tion A:

|Loelczzyy < M (4.30)

for arbitrary n, where M is a positive constant independent of n.
4.6 The Cauchy-Born Solution With Fixed Deformation

In order to construct the exact solutions v, V' on nf2, we first construct approximate
solutions by the two-scale ansatz of v, V¢, pj, in which the first step is to construct
the Cauchy-Born solution of the leading-order equation. We give the construction of

the Cauchy-Born solution in this section.
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4.6.1 Two-Scale Ansatz

We assume the following approximation for z € €2,

ve(z) = no(%, ) + evi (£, 2) + €1a(E, ),
Ve(z) = Vo(%,2) + eVi(%,2) + 62‘/2(f,a:), (4.31)
Pi(@) = pro(E. @) + eppa(F, @) + €ppa(f, ).

Recall that py, pp,1, pp2 are periodic in z = £ in (2, so we assume the same periodic

property for vy, vy, 5 and Vg, V7, Vs.
Plug the ansatz into the system of Euler-Lagrange equations of (v, V;) (4.14),

combine terms of the same orders of €, we get the leading-order € system of equations:

— 2.ij 4ij 0z 00 + gJ’%VO —3J 31/0 + Vovy =0 (4.32)
—JZ” (Iijaziazj% = 47'((1/8 pr70).

In addition, the system of equations of order €' is

ZZ] az]azlﬁzjl/l + 5 J 37/01/ — J 3V0 v1 + Vouu
— 22 @i (O, 0z, 10 + drﬁzj V) — Zj b;0.,v0 + Vivg = 0
) (4.33)
—J D5 4ij0,0,; Vi — 8mvouy + dmJ pya
—J 235 i (02;0:, Vo + 0,0, Vo) — J 25;,d;0.,Vo = 0

and equations of order €? are

-

— 22ij @ij0x, 052 + 3795J*§V6”V2 — @J*§V§V2 + VOVQ
1
2 -1 =32
_Zij a’ij(axjaziyl + axiazjyl) sz b azj g + J 3V0 - J *Vo 3V1 T ‘/lyl
_ Zij aijﬁwiﬁiijo — Zj bjﬁm]-VO cvy + Vo = 0

—J 2 0ij05,05, Vo — 8mvgra + 4w pr o
_JZz'j aijamiamj% - sz djﬁwjvo =0

\

(4.34)
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4.6.2 Regularity of the linearized operator

In order to achieve higher regularity of the solutions, we need the following lemma

Lemma 4.6.1. Assume Stability Condition A holds, that is | £, .| cr2y2) < M

for a positive constant M and all nonnegative integer n, then we have
HﬁpeT”L‘, (HF)2,(HET2)2) = < C(k)M, (4.35)

where C(k) is constant for each nonnegative integer k provided Vper, Vyer € Wf’oo.

Specifically, when n = 1, we have
H‘CpeT”E (Hk) (Hk+2)2) C(k)M (436)

Proof. We use induction to prove the lemma. For k£ = 0, we want Eper : (L2)?

(H?)? to be bounded. This is to say given (w, W) € (L?)?, we want to show

w
b2z (37 ) e < O (53 s

It suffices to prove

w w
gt () e = 301 (§7) sz
-A 0
WhereA—(O %A)

Since
w o F Vper —1 w
(W) £Per£per (W) - [A + (Vper 0 )]ﬁper (W)

2
where F = —l/per - %uﬁer + Vier, we get

,1w_w_F1/per,1w
et (i) = () = (o "57) & ().
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Therefore
_ w
||A£pelr (W) ” (L2)?

w _ w
<1 (§7) Vs + w1l Do) el () Ve

w
SUIEAITS

Next, assume
Hﬁ;eerl: HE)2, Hﬁ+2 9 < C(k)M

for k < kg. Then for k = kg + 1, it suffices to prove

HVﬁ;elr||c((H§)2,(H,’i“)2) sM

Notice
VLl =r£lv+ [V, Eil]

per per per

=LAV~ LIV, Loe) £52

per per per’

so it suffices to prove
”‘C;elr[v? £per]£;elrHﬁ((H,’g)Q,(H,’iH)Z) < M.

Direct calculation yields

[v7 Lper] = V‘Cper - Eperv

(Vv A+ F  vpy _ A+ F  vpe \V4

- \V4 Vper %A Vper %A \V4
_(—VA+VE Vi) (“AV+EV 16V

N YV Vper %VA Vper V LAV

B VF —-FV  Vipe — VpeaV
N Vper — Vper V 0 '
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Notice VF, Vvper € WF L% since vper, Voper € WP and so F € WE®. Hence we get
the bound

IV, Eper]||c((H5§+1)2,(H£—1)2) < M.
Thus

”E;elr [V, ‘Cper]ﬁgelr ||£((H,’§)2,(H,f§+1)2)

<||£1;elr||L((mrl)a(}a@’g“)2) v, ['per] Hc((H;gH)Z,(Hy’rlp) ||£;e1rHc((H,’g*I)a(H,’gHV)

<C(k)M.

4.6.3  Cauchy-Born Rule

Now we apply the Cauchy-Born rule to analyze the system of leading order € equa-

tions Fo(Vo, Vu(z)) = 0,

—Zij aij(1)05,0:,v0(x, 2) + éj_g(x)uo (x,2) — %J_%(x)yog (x,2) + Vo(z, 2)vo(x, 2)
=0,
—J () 2555 i (2)0:,0:, Vo, 2) = An (v (w, 2) — J(x)puo(z, 7)),

(4.37)
where we assume x € € is fixed thus the deformation is homogeneously linear, and
z € () is the variable.

We will use the implicit function theorem in the functional form to find the

solution. So first recall the undeformed base case in which v = 0. Then 7(x) =

x,J(x) =1 and Fo(Vo, Vu(z)) = 0 becomes

{ —Avy(z) + gyog(z) — 3V (4.39)

—AVy(2) = 47 (v5(2) = poper(2)),
where ppper(2) = Xy e Ma(2 — X;) is periodic in z € €.

Lemma 4.6.2. If m, € H*"2, then there exist periodic solutions Vyer = (Vpers Vyer) €
(W2 and vper = C, > 0 in Q for some constant C,, > 0.
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Recall the linearized operator at the undeformed solutions V., is

£1 1%
L er — ( ber per) 5 (439)
P Vper %A
4 2
where £ perw = —Aw + %yg’erw — %Vﬁ’erw + Vperw, and according to Stability Con-

dition A, it satisfies | £;0 ] z(r2)2) < M.
Based on our construction of the undeformed periodic solution Ve, we next

construct solutions with a small homogeneously linear deformation.

Lemma 4.6.3. If the deformation is homogeneously linear in the sense that u(z) =
Az for some 3 x 3 matriz A. Then under Stability Condition A and V,., € Wlk’oo,
there exist positive constants h and 0, and a unique smooth map from Bp ., to
(HY)?: A= V(5 A) = (v(5A),V(5A) such that V(5 A) = Vel < 0 and
Fo(V(;A),A) =0. Here By, = {A € Msys||Allr < h}.

Proof. When u(x) = Ax, we have V7(x) =7 + A, then

aij(x) = [(V7(2)) (V@) "]y = [T+ AT+ A) ],

J(z) = det V7 (z) = det(Z + A).

So Fo(Mo, Vu(x)) = 0 becomes

7

— YT+ A)HT + A)7T]350.,0,1m0(2; A) + 2det(T + A) 5w (25 A)
—3 det(Z + A)_%VO%(Z; A) + Vo(z; Ag(z;A) =0

—det(Z + A) X, [T+ AT + A)7550.,0-,Vo(z; A)

= 4An (V3 (z; A) — det(Z + A)ppo(z; A)),

where pyo(2; A) = ZXie]L mq((Z + A)(z — X3)).

The functional Fy : (HF)? x Ms,3 — (H¥?)? satisfies the following conditions:

49



1. When u(z) = Az =0, Fo(Vper, 0) = 0 for Vyer € (W™)2 < (HF)?,

2. Fois C* in Vy = (1, Vp) and A,

0 Fo(Vo, A)

5V0 |(Vper70) = Eper : (}If)2 - (Hf_2)2
satisfies

1Loel a2y, aapyy < C(k =2)M

per

by Lemma 4.6.1 since Vpe, € (Wlkvoo)Q - (W1k_2’oo)2~

So we can apply the implicit function theorem for Banach spaces. There exist
a neighborhood of A = 0: By, ap,,, = {A € Msys||Allr < h} and a neighborhood of
Voert D5 = {V||V = Voer| (a2 < 6} such that there exists a unique C* map from
B, s to Ds : A — V(-; A) which satisfies Fo(V(-; A), A) = 0.

Notice that by Sobolev inequality, v — vper|ry < |V — tperllz < 6, s0 if we let

|V = vper| L < C,/2, then v = C, /2 > 0. O
Finally we can construct the Cauchy-Born solution:

Theorem 4.6.4. For the system of € order equations Fo(Vo, Vu(z)) = 0, un-
der Stability Condition A, i.e. L]z < M and m, € H{*? so that
Vper € (Wlkm)Q, there exist positive constants h and 6 such that for any deforma-
tion u satisfying |u|gm < h for any positive integer m, there exists a unique solution
Vo(z,2) € H™ (S, (H})?)? so that Fo(Vo(%,x), Vu(x)) = 0 for any © € Q and
Vo(s ) = Vier() | aty2 < 6.

Proof. For each fixed x € €, u(z) = Az for some matrix A € By, pg,, which de-
pends on z. From the previous lemma, there exists a unique solution Vy(z; A)

satisfying Fo(Vo(z; A), A) = 0 at each fixed x € Q. Define Vy(z,z) = Vo(z; A) =
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Vo(z; Vu(z)), then Vo(-, z) € (HF)?. Since u € H™ and Vy(z; Vu(z)) is C° in Vu(x),
Vo(z,+) € (H"™1)2. Extend Vy(-, ) periodically from Q to n(2, so that finally we
have Fo(Vo(%, ), Vu(x)) = 0 for any z € (2. O

We call Vy(%, z) the Cauchy-Born solution, and denote it as Ve = (vcs, Ves) so

that Vep(2) = (ves(@), V(@) = (vo(%, 2), Vo(%, 2))-
4.7 The Exact Solution With Fixed Deformation

Theorem 4.7.1. Under Stability Assumption A, |L,.|cr2y2) < M, there exist

positive constants h, €y and 0, such that for any deformation HUHWE’““(Q) < h, and

any € < €y, there exists a unique solution Vs = (Vega, Veza) € (H?2)? that satisfy
1. f(vexa) =0
2. va — VC’B”(H%)Q < 563,

where Vep is the Cauchy-Born solution and F(V) = 0 is given by

{—Dlu+§J_§I/;—§J_§Vg+VV=0 (4.40)

—JDyV = 4x(v? — pp).
4.8 Minimizing the TFDW Functional

In the above analysis of the TFDW functional, we assumed the deformation Y or
u is fixed. In order to study inf, vy I(v., V., p;(Y)), we use the Hellmann-Feymann

theorem which states that if
(Vexa(Y), Vexa(Y)) = argianEMI(l/E, Ve, p(Y)), (4.41)

then

infve,‘/s7Y](V67 Ve, pZ(Y)) = ianI(Vexa(Y)7 Vexa(Y)v plea(Y)) (442)
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Recall Ii(Y) = I(Vexa(Y), Vexa(Y), p5(Y)) is the atomistic TFDW functional
which we will study in the later chapters. The Hellmann-Feymann theorem tells
us that the minimizer Y, of (YY) together with Vexa(Yat) = (Vexa(Yat), Vexa(Yat))

form the minimizer of I(v¢, V<, p5(Y)).
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5

The Fixed Deformation Case

5.1 Introduction

In this chapter, we are going to solve the system of Euler-Lagrange equations of
(v, V) in Lagrangian coordinates on nf). The system of the equations is

_2 1
—Diy + 3J s AT V=0
—J.DSV = 4n(v? — Jpp), @€ N,

where Df =}, a5;0;0; + >;b50; + ¢ in which

ij 1j

and D5 = >, a5;0,0; + 3; d50; in which

1y g

ag;(x) = a(ex)
{dj- (z) = d;(ex) (5:3)

In the previous chapter, we constructed the undeformed solution (Vper, Vper), based

on which we applied the Cauchy-Born rule to get the first-order approximate solution
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(veB, Vep). In this chapter we will use the two-scale ansatz technique to construct an
approximate solution (¢, V?) with higher accuracy so that we can use the Newton-
Raphson iteration to find the exact solution (Vexa, Vexa) € (H2)2.

After we derive the exact solution, we will prove that the exact solution preserves

the decaying property

C o |CC+ —Xi+Tiex

||aiyexa(xa Y)” s—e 7 € (54)
€
C o |x+ —Xi+Tiex

||ai‘/exa(-ra Y)” <—e v € R (55)
€

for any x € nf) and v > 0 small enough but independent of €, which holds for the
background charge py.

For further analysis in later chapters, we need to study the perturbation of the
exact solution and combine it with the decaying property to derive the following

estimate for the potential Vi,

i*Tiex

X
10 Vexa(, Y2) = jVexa(, Y1) | < Ce %757V = Yi e

The essential tool we use for these estimates is the perturbation of the linearized
operator. Since this perturbation is used in various places and in various forms, we

now prove a general proposition of it.

5.2 Perturbation Of The Linearized Operator

Proposition 5.2.1. Given two sets of functions Vi = (v1,V1), Vo = (0, Vo) satis-
fying [Vigllowrzmaye < hy,vip = C, > 0 and two deformations 11,7, satisfying
||7-172HW1k+3,oo < hy, [VTio| = 8, > 0, we have the following estimate for the perturba-

tion of the linearized operator
||£(v1,n) - ﬁ(vwz)||c((H,’§+2)2,(H;§)2)

<Cmax(|[Vy, — VQH(Wk,m(nQ))27 | — TQHWIICH,I)
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<C max(HVl - VQH(Hk+2(nQ))2, H7'1 — 7'2||W1k+3m>

where C' = C(hy, h,,C,,0,) > 0.

Proof. Recall the linearized operator Ly ;) in Lagrangian coordinates is given by

e () = (3 o) () (56)

where (w, W) € (H?(nQ2))? and

35 -2 20 1
Ly, =-D;+ EJE s — EJE Wi+ V. (5.7)

Notice that by using the notation Ly ;) instead of £y, we do not assume the defor-
mation 7 is fixed.

Denote W = (w, W), we consider Ly ;) acting on W € (HE?)?, we have
3
1Ly W a2 =n"2 [ Loy W]k
3
<n” 2 [ Loyl ecas2maz rkma) WV | s (a2

= ||£(V,7—) ||£((Hk+2(nQ))2,(Hk(nQ))2) HW” (H'7§+2)2 ,

then

Ll ey ey < VLowm |2 a2 s mayy2)-

So we analyze ||,C(V177-1) — ‘C(Vz,Tz)”E((Hk‘*'Q(nQ))Q,(Hk(nQ))Q)-

We have
L —L vy — U
L ) — L ) = V1,m1),1 (V2,m2),1 1 2
(Vim) =~ ( Vi — Uy & (D5(11) — Ds(2))
where
‘C(Vlﬂ'l),l - ‘C(VQ,TQ),I

; ; 3%~z 4 -2z 4
= — (Di(n) — Di(m2)) + _[Je (r)vy — Je (72)’/2]



= I () = S (s | + (Vi — W)

2
3

It is straightforward to analyze the two vy — 15 terms:

(v — V2)W||Hk(nﬂ) < v — vl (nQ)”W”Hk(nQ) < fm = V2||Wkwﬁ(n9)HWHH'H?(nQ)-

SO

1 = va| pemroma), HE ey < V1 — Vawkoe (-

and similarly

Vi = Val e ey, mrmay) < Vi — Vallwko (nay-

Next we analyze

_2 4 2 4
|Je * (ro)vi — Je 2 (1) V3 || cemmve(n), 1k (ns2)
_2 4 _2 4
<[ Je * (r)v? = Je * (m)vs [lwnon(ney
_2 _2 4 _2 4 4
<[ Je * (1) = Je * () lwrn oy |04 [wroenay + [ 2 (72) [wen ey [V = v3 | wen (ne)
By the mean value theorem, we get
i 4
i —vs HW"”"“(nQ)
4 1
<§H(tV1 + (1 — t)VQ)S Hka”ﬁ‘(nQ)”Vl — I/g”Wk,q (n€)
<C(hy, C))llv1 = vallwr= ey
_z _z
[Je (1) = Je * (72) [wrz (e
1 _5
<§H(SJE(T1) + (1 = 8)Je(12) 2 e ey | Je(T1) = Je(2) [ Wk (e

<C(h7, (ST) HTl - TQHWlk'+1,“L,

for some 0 < s,t < 1. So

_2 i 2 1
e 2 (v = Je 2 (T2)v3 | sy
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<C max(HVl - VQH(Wk,m(nQ))Q, HTl — 7'2||W1k+1,~n>

<Cmax(|Vy, — VQH(Hk+2(nQ))2, | — 7—2||Wf+1’f‘)7

and similarly
_1 2 _1 2
e 2 (r)ve = Je > (T2)v3 | popre pmy
<C max(HVl - VQH(Hk+2(nQ))2, ||7'1 - 7-2||W1k+1,’[*),
where C' = C(hy, h,,C,, ;) > 0.

Next we analyze D{(m) — D{(72) and D5(1) — D5(72). Recall D{ = >, . a$.0,0; +

i Qi
>.; 0505 + ¢ in which

and D5 = >, a5;0,0; + 3; d50; in which

1y g

{a; (2) = ay(ex) 59)

d5(x) = dj(er)
Further recall

Qaij = (VT_IVT_T)ij
bj = S VriRloiVr ! =202 3, a0, (5.10)
Cc= J% Zijk VTizlﬁiVTk_jTﬁjJ_% + J% Zij aijﬁiﬁj(]_%

and

{aij = (v7'71VTiT)ij (511)

dj =Y vri;aiw,;f
So

ID1(11) = Di(72) | c(are+2 (ne2), 1% (n))
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<HZ Q;j (71) 72))55 ||£ HF+2(nQ),HF (nQ)) T HZ (1) — b5 (72))5 Iz (HF+2(nQ),H* (nQ))
J

+ |e(m1) — e“(72) | a2 (ne), 14 (n))

<Z |ag; (1) — ai;(72) [wrs oy +Z 105(71) = 05(72) [wro (nery + € (1) = ¢ (72) i (o)
J

<C(hr, 8, = Tollpesane.

Similarly,

”D;(Tl) - DS(TQ)”E(H’“’Q(nﬂ),Hk(nQ)) < C(h‘ra 57’)”7—1 - TQHW{H'?”%'

Therefore we can combine these estimates to get the proof of the proposition.

]

5.3 Approximate Solution From Two-Scale Ansatz

Recall the systems of equations of orders e! and €2: For €'

( 9 4 1 2
35 7—2 3 20 7—L 3
— Eijaijaz,-(?zﬂl‘i‘g] sygr — 5 J T syg v + Vo

— 235 @i (0, 02,0 + 00, 02,00) — D35 050,00 + Vivg = 0

) (5.12)
—J Zij aijazﬁzjm — 8y +4mdpy

—J Zij aij (0,05, Vo + 02,02, Vo) — sz d;0.,Vo =0

For €2

r 2 4 1 2
g 3B 753y, — @ “3y3
— 22ij Wij0s, 05,2 + 5] 3U5 1 JTsy e + VOVQ

— 2. i (00, 001 + 00,0:,11) — Zw b0, 01 + 22~ ‘Vo vi—32J suy Vl + Vin
_ZZ] aijﬁxiﬁijo _ZJ bjamjVO Cl/0+‘/v2yo - 0

—J 2 0ij05,05, Vo — 8Tvgra + 4w pr o
\ _JZz’j aijaziamj‘/o — JZJ dja’tj‘/() =0

(5.13)
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Rewrite the equations as

EVCBVI = (i;i) ) EVCBVQ = (52) )

Lyep1  VeB

_ CB>» _

where Ly, = ( vor LDy ) Dy = Zij aij0-,0.;, and
81

35 2 1 20 i 2
Lyena = —Da+ 50~ vy — EJ_%V(%B + Ves

fl = Z aij(atj azlyCB + axzézj VCB) + Z b’aZjVCB
g1 = J au (696] aZZVYCB + aazzaz] VCB) J Zj bjaz]-VCB + %pr,l

T 8w

1
fo = Z 0ij (0, 02,1 + 03,0, 11) + Z b;0.,v1 — ;(;J SVCBV1 —|— J VCB3 v

—Viv, + Z ij0z,0z,VCB + Z bj0x,vcB + cves — Vaves
1prQ - S{rz az](ax]a Vi +amlazj‘/l) Sir Zj djaZj‘/l
L az]axlax] VCB J Zj djamjVCB-

T 8r

92

Let us establish the regularity of Ly:

Proposition 5.3.1. For sufficiently small h > 0,6 > 0 such that ||U||W1k+3,w

h, [Vep — VperH(an)z <68, Ly, - (HF)?2 — (HF)? is invertible, and

“£Vc3“£((Hk)2 (Hk+2)2) < C(k)M

Proof. Fix x € Q, consider |£,, — E;pler C((HE)2,(HE+2)2), from

e8]
Lyl = Lok = L0 2 (1) [(Lvey = Ly ) L5 1"
n=1
we have
o0
1£ven = Lvperll gty a2y < 2 F)M Lven = Lver etz cpn ™
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It is sufficient to show Ly, — Ly, C(HE2)2 (Hby2) < m, which is a special case

of Proposition 5.2.1 by choosing n = 1,71 =id + u, 72 = id, V1 = Vcg, Vo = Vper-
O

Theorem 5.3.2. If |lul| gy < hy, [ma| grez < hy for sufficiently small by, ha > 0, we

have

Ves(z,x) € HMHQ, (HF)?)?

Vi(z,2) e H™2(Q, (HF)?)?

Vo(z,2) € H™3(Q, (HF)?)2
Proof. From previous construction we have Vog € H™ Y, (HF)?)2. This implies
fi,g1 € H™2(Q, (HF1)?). So by the proposition just proved, we have

HCVCBHL: Hk 2)2 (Hk) ) < C(kf — 2)M

Then it follows that V; € H™=2(Q, (HF)?). By the same argument and the fact that

vy = C, >0 so V(;% is bounded above, we have fy, g, € H™ 3(Q, (HF1)?), and thus
Vo € H™3(Q, (HY)?).

5.4 General approximate solution

With the spirit of the previous section, we can construct approximate solutions up

to higher orders of €. More generally, we consider

ve(x) ZVCB(%,x) + Z ekyk(g,x) (5.14)
Vi(2) VCB ) Z (5.15)

l
ph(x) Pbo + e Pbk ). (5.16)

k=1
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Plug the above v, V¢, pj into the Euler-Lagrange equations

—€ D+ 7 (V)5 = 3T () + VY =0 (5.17)
—e2J DoV = 4m((v°)? — Jp§) ‘
then we have
5 2 I 4 1 2
= 2.4 0§ 0=,0:,v0m + 5 5vép — 5 3 vép + Vesves = 0 (5.18)
—J 25 4302, 02 Vop = A (Vep — Jpoo)
and
Lyog (‘V/]]z) = (5:) ., k=1,...,1 (5.19)
where

fo =f(Vor, 00072V 0 =1,2,3,¢=0,....k—1,|1| + ¢ < k,|B2| = 0,1)

g =gr(VOT, 0007V, pygsa = 1,2,3, = 0,k — L, [B1| + ¢ <k, 52| = 0,1)
Theorem 5.4.1. Given u € H™, m, € H**?, we have
Vie H" YO, (HD?), k=1,...,1 (5.20)

Proof. The result holds for £k = 1,2 from previous section. Generally, fi,gr €
H™ F1(Q, (HF71)?) implies Vj, € H™ *1(Q, (HF)?), which further implies fy 1, grs1 €
H™*=2(Q, (H})?). So the theorem holds by induction. O

5.5 Analysis of the Cauchy-Born approximate solution

For the purpose to achieve V., € (H2)? for the exact solution Ve = (Vexa, Vexa) ON
nfl.
We give three lemmas for V° = (1, V) that will be used in the construction of
the exact solution by Newton-Raphson iteration, where
V(2) = vep(w, ex) + evi(z, €x) + 1y, €x)
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VOx) = Vep(w, ex) + €Vi(x, ex) + € Va(w, ex),

in which we rescale the functions so that z € n{) and € = % In Theorem 5.3.2 if we

assume m > 5,k > 2, then V° € (H?)%.
Lemma 5.5.1. With the above assumption, we have
7O 2y < €.

Proof. Recall the expression of F(V°):

1

D0 + 3T (W05 — TP (0)5 + VOO = f
—J.DSVO — A (V) — Jepp) = g

Plug in the expression of the two-scale ansatz approximate solution V° and remove
equations for vy, vy, s, Vy, Vi, Vo from f, g, so only € or higher order terms are left.

More specifically,
f=hH+fo+ f3+ 4,

where
3 € 3 € 3 €
fi=—c¢ Zaijﬁxié’xjyl —€ ijﬁmjyl — €°ciy
ij J
4 € 3 € 3 € 4 € 4 €
—€ Zaijaxﬁle/g — 2¢ Zaijﬁxjﬁzil/g —€ Z bjazjl/g —€ ijale/g — €1
ij ] J J

5 _2 9 I O -2 1T -2 2
f2 =§Je *(vep + vy + €1p) 7 — gJe "Uip — gde “vepl

35 5 -2 4 70, _2 1
4 _1 4 _1 s 20 _1 2
fs=— §Je H(vep + evy + )3 + gJe ‘Vap + EEJE Vgl

20 )

+ —€2J_%V% vy + @EZJ_%V_%I/
9 € CBY2 27 € CB"1
fa =3 Vg + Vg + € Vous.
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Similarly,

g=0a1 + 92,
where
g1 =— €Y 050,00, Vi — €0 Y 1 di0u, Vi — €10 af;0,,0,, Vi
ij J ]
—26%J Y 05,05, 0., Vo — €0 > d50, Vo — €8, ) d50., Vs
] J J
go = — 8y — 47re41/§.
Recall
ag;(r) = a;j(exr)
bj(x) = bj(ex)
() = c(ex)
Je(x) = J(ex) = VT (ex)
and

Qi5 = (VT_IVT_T)ij
by = 2 VT oV, =202 Y, a0 2
1 1 1 1
c=J2 0 VT N 0072 + T2 Y a;0,0;0 72
Thus if [[u|ym> < hy,V° € (H7)?, then we have
7OV wzye = I1(F, Dz < €

]

Lemma 5.5.2. There exist positive constants h, and ey such that for all 0 < e < €

and HuHWEm < hy, we have

L0l cq2y2 a2y < 1

PT’OOf. Notice £V0 = ‘CVper + (Evo — Evper), SO E;OI = £;pler (Z + (L‘vo — Evper)ﬁljpler)il.

Therefore it suffices to impose ||Lyo — Ly, [|c((m2)2,(£2)2) to be small enough so that
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the series expansion of (Z + (Lyo — Evper)ﬁgpler)*l can be finite. This is a simple case

of Proposition 5.2.1 by choosing 7, = 75 = id +u, V; = V%, V, = Vper S0 that

|Lyo — Ly,

ez 2y2) < CV° = Voerllwr o ey

where

V" = Voerllwne ey < IV° = Vaopllwremay + [Ves = Voerl wire () < €+ 6.

Lemma 5.5.3. If [V¥ = V|22 < C1€® and |[VF 1 =V (g2y2 < C1€°, then
[£36 (FOVF) = FOVE) = Lyo(VF = V) e < CLC2 [V = VE e

Proof. Recall ‘% =Ly, so

FOVOP) — FOWVFY — Lpo(VE -V

= f(cvt — Lyo)(VF = VFHat

0

where V! = tV* + (1 — t)V*~L. So it suffices to prove
3
VP EVOIL((HR)?),(L7)? = 1)€ - (HR)?»
[£ve = Lyo| < C(Cr)e =V =V

which is the consequence of Proposition 5.2.1 with 71 = 75 = 7 and notice that

V=V 2 mayyz = € 2[VE = V0| k22

5.6 Newton-Raphson Iteration

Recall our main theorem on the electronic TFDW model
Assume m, € H* and Stability Condition A, ie. ||£}]z(r2)2) < M, there ex-
ists positive constants hy, €g, 0, such that for any deformation u satisfying HUHWlfmo <
hg, and any 0 < € < €, there exists a unique solution Ve = (Voxa, Vexa) € (H?)? that
satisfy
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1. F(Vexa) = 0 on nf2,
2. [Vexa = VO (m2)2 < 0€°.
Recall V' is the two-scale ansatz approximate solution V° = Vg + €V + €2V2.
Proof. We use Newton-Raphson iteration to define
PR pb o F(ORY,
for integer k£ > 0.
When £ = 0,

V"= VO azy2 =1L50 FOO) gtz

<50 eqcrz )z 2y [ F V)l 22

(NI

<Cl€ .
Now suppose for any k < ko, we have [V* — V0 y2y2 < C1€®, then for any k < ko,
PR Yk L F(VF) — FOR) — Lpe(VF — VR

SO

[VEXY — V[ 22 < C(C1)e2 [VF = VP71 2y

Assume C(C))e? < 1, then
1
[V =Vl < ()5 IV =Vl

then
Hvko+1 _ VOH(H%)Q

ko
< Z HVk:—H _ VkH(H,%P
k=0
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<2V =V 2y

<O, éd.
Therefore for any integer £ > 0, we have
IVE =V (122 < Ci€®
and
IV V¥ < ZIVE =V gy

then {V"} is Cauchy. Suppose the unique limit is V* = (v*,V*), then it is easy to
see

||V>l< — VOH(H%)2 < 0163

and since F(V¥) is C® in V¥,
|7V
 lim [0
< khm 1Lyo | [VF — V|

=0.

Thus this unique limit V* is the exact solution Ve, € (H2)2.

5.7 Properties of the approximate solution and the exact solution

5.7.1 Preservation of the Decaying Property

Let us first establish the invertability of the linearized operator £y, at the exact

solution Veya:

Proposition 5.7.1. The linearized operator Ly,,, satisfies

ICy!

2y 22 < C,
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for some constant C' > 0 independent of € = %

Proof. Recall
HVexa — VOH(H%)Q < 5é

So by Proposition 5.2.1, we have
[£vea = Lvolleqazyz 2y

<CHVexa - ]}OH(HQ(nQ))2
<Cn% [ Vexa — VOH(H%)Z’
3
<Clez.
Combined with the previous estimate on E;&
1£50leqzzyz 2y < C

and the formula
Lyl =Ly =Ly Y (1) "[(Lve — Lro) Ly ]
n=1

it is straightforward to finally prove the result.

O

Proposition 5.7.2. Recall that the background charge function has the decaying

property
C —-X; +7iex

10ipp(z, V)| < —e e+ —51 0 2 enQ, (5.21)
€

for any 0 <y < ‘SMT. This implies the same decaying property for Vega, Veza:

O _ ‘33"1‘ 7Xi+'ri,ez‘

Haiyeaca(xy Y)” <—e? € (522)
€
C _ ‘fE"r —Xi+Tiex

Hﬁive:ca(xy Y)” <—e v € R (523)
€

for any x € nQ) and v > 0 small enough but independent of €.
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Proof. By taking linearization of the system of Euler-Lagrange equations, the fol-

e@iuexa i 0
Evess (eai‘/exa> B (%@‘Pb) '

Xi+7i oz
€

lowing formula holds

Denote n(x) = |z |, then [n]lw2.=ma) < C, where C' > 0 is independent

of e.

Given an exponential function e*7, define the perturbed operator
Lsyea W) = €Ly, (eW).
So given a system of linear elliptic equations
LyeV = |

we have

Lsy,..(e""W) = e*f.

Notice esf € (L2(nf2))? < (L®(nQ))? means |f(z)| < Cre @ for any = € nQ
and some constant Cy > 0. So we say Ly, , preserves the decaying property if

e f e (L*(n2))? implies e¥"W € (H?*(nQ2))?. Then it is sufficient to show

Ly, ez maye (r2may?y < M

for some constants s > 0 and M’ > 0 provided

LY2 N ez manye (r2mey) < M,

for some constant M > 0.
Then
”eanH(L‘f‘(nQ))Q <CH€S77W”(H2(”Q))2
<ULy, leqremayz rzman e flazmay: < CM'Cy
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which means |W(r)| < CM'Cre=51@).

Now let us establish

(2, (2 may?) < Cls|.

|| Esyvexa - Evexa

E w - Lvexa,l Vexa w
Voo \W) 7\ Vexa  =2D5) \W

35 2 4 20 1 2
‘CVean = _Di + §JE * Véka — ?Je * Véka + Vexa,

Recall

where

and Di = Zij aff&i@j + Zj b{é’] + ¢, D; = Zij aijaiaj + Zj dga]

So
w
(‘Csyvexa - Evexa) (W)

:(esnﬁvexae_sn - ‘CVexa) ({j{;)

(e Ly 167 = Ly )W
- %(esane*s" — D)W

—(e*"Dje " — D{)w

- (é(e”’Dge_S” — Dg)W)

Compute
e*0;(e *"w) — djw = — sonuw

es"(?i&j (e*S"w) — (Zéjw = — s(&mz?jw + 81778@10 + &@nw) + 826iéjnw

Thus

w w w
Cusne = £ (33) Kooy < €Ol () Koy < €Il (57) oy

Therefore
|cr2may)e, (2 may2) < Cls|.

H £57Vexa - £Vexa
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ﬁfl

s 7Vexa

= (Es,vexa - £Vexa + £Vexa)71

— (T + L5 (Lo — L) L0

= (T+ Y [-L55 (Loven — Lo )L
k=1

Pick s so that |s| < 15, then

1L (Lo — Lyl ciz2manz, (m2manz) < MC|s| < 1.

Therefore from the above expansion of Es_ilfexa’ we get the proof.

5.7.2  Perturbation of the exact solution

Lemma 5.7.3. Assume |7y, |5 < b, |1y, [yse < he Let V' = tVea(Ya) + (1 -

t)Ve;Ea(Yi), Tt = tTy2 + (1 - t)Tyl, 0<t<l, then ”»C(_Vltﬂ-t)HE((L%)Q,(H%P) < M.

Proof. By the assumptions ||7'y1HW15m < h, HTYQHWls,oc < h, we have
||Vexa(Y1) - VperH(HQ(nQ))Q < maX(Ce, 5h)

Hvexa(YvQ) - Vper||(H2(nQ))2 < maX(C’e, (Sh)?

then
V' = Voerll (r2(n))2
=[(1 = )Vexa (Y1) + Vexa(Y2) = Voerll (2 msr)2
<(1 = 1) Vexa(Y1) = Voerl(m2(n0)2 + | Vexa(Y2) = Vper| (rr2(ns2y)2

<max(Ce, dp,).

Then by Proposition 5.2.1, we have

Loty = Lperllcqmz)z (12)2)
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perH(HQ(nQ))27 HTt — Ty, HWE»/) < C’max(e, 5}“ h)

<Cmax(|V' =V,
which could be made as small as desired if we pick € and h small enough. So again

from the expansion formula

o0
L(Jf,rt) per - per Z ﬁ(Vt T Lper)f';elr]n

it is straightforward to finally prove the result similar to the proof in previous propo-

sition.
O

Lemma 5.7.4.
||Ve$a(}/é) - Vexa(yvl)HL"“‘(nQ) < CHYé - le”WEl"f (524)

Proof. The exact solution Vega = (Vexa, Vexa) Satisfies the system of Euler-Lagrange

equations
€ 7 4 _
—D{Vexa + 3 J Vexa J Vexa + VexaVexa = 0 (5.25)
JéD;‘/exa 47T( exa pb)
Denote
€ 5 72 = _ 4
FVew) = | 7P F J; 3’ ’”’ +Vr=0 (5.26)
5-Je DEV —l— Vi
Then
FVa) = (1, 001 ) = 30010 (527
exa\11 - %pb(}/l) —- 2pb 1) .
Then from F(Vexa(Y2)) = $p5(Y2), we get
1 1
FVal¥s) = Voul41) + Vo) = 50(%2) = 5(00) + 3%) (529
Expand it to the first order, we get
1 1 1
VealV)) = 32u) + 5(2) — (Y1), (529

F(Vexa(}/l)) + 'C(Vt,‘rt)(vexa()é) 9
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Which simplifies to

Loy (Vesa(¥2) = Veua(¥1)) = 51(¥5) — 51(13) (5.30)

where V! = tVeo (Y2) + (1 — ) Vera (Y1), 78 = t72 + (1 — t)71, for some 0 < ¢ < 1.

Therefore
H‘/:axa(yé) - Vg}xa(yrl)||(L‘7~‘(nﬂ))2
<O||ngxa(3/2) - ‘/exa(Yl)”(HQ(nQ))Q

—COn2 [Via (Y2) = Ve (Y1) | 1122

I
SSONZ L ol ez (V) = (VD) (22

< pp(Y2) — po(Y1) || 22(ne2)
< po(Y2) = po(Y1) || 2 (ne2)

<C/HY2 - }/1 ||W€1,7,‘ .

Proposition 5.7.5.

itrie

X
||5jVem(:E, Ys) — ajvem(xv )| < Ce2e == ‘HY2 - Yl”Wf’“"

Proof. Given
Lya01) (0 Vexa(Y1)) = 0jp(Y1)

LY (v2) (0 Vexa(Y2)) = 0;pp(Y2)

we have
'CVexa(Yl)(ﬁjVexa(YQ) - ajVexa(YVI))

:(a]pb(n) - 5]pb(Y1)) + (Evexa(yl) - Evexa(YQ))(ﬁjVexa(}/Q))
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Then it suffices to show

€™ (L (11) = Lra(32)) (0 Vexa(Y)) | (2 ez < Ce Yo = Yi|yyae.

We proceed as follows
1€ (Lyiar1) = LVera(¥2)) (0 Vexa(Y2)) | (£ (ner))2
SO Lyea(r1) = LVera(v2)) (0 Vexa (Y2)) | (12 (n02))2
SO (Lya(m) = Lvewava)) | £((r2m0)2 (52(02))2) [0 Vexa(Y2)) | (22 (ne))2
<C'e e wer(ue) | Lveavi) = Lyeatvleizzmoye (r2may?)
<O Lyouv1) = Lyoatv)lcizzmoye (r2may?)
<C"e ™! max([Vexa(Y1) = Vexa(Yo)l (= a2, [11 = 7o)

<O Vs — Ya o
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6

Consistency Of Cauchy-Born Rule

6.1 The Consistency Estimate

In this chapter, we are going to prove the following estimate of the consistency of
the Cauchy-Born rule. This estimate will be used in the last chapter to derive the

quadratic rate convergence in the main theorem.

Theorem 6.1.1. Given a deformation, Yep = idg, + ucp, where uep solves the

FEuler-Lagrange equation of the continuum elasticity model, we have

| FalYenllles < Cllucsl @))€’ (6.1)

In the above estimate, we can achieve € control instead of the typical € control
because we can exploit the inversion symmetry of the underlying Bravais lattice.

Now recall the atomistic TFDW functional is

" s
[at(Y) = f Vexa + |vyVexa|2 — Véka + 5‘/:3xa(ye2xa - pb)dy - Z f(X)Y(X)
n XeQe

So

Fat[y](Xz) = Iat(Y)

av;
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10 z 8 s
= J [?Ve%(a - 2Ayyexa - gyegxa + V;zxayexa]aYiVexady
ns
- f VexaOv, pody — f(X)
ns)
| IVewtvde — X)
n$

There the explicit form of the corresponding FEuler-Lagrange equation is

N
n)
6.2 Derivation Of The Stored Energy Density

Next we derive the stored energy density Wep we will use in the continuum elasticity
model from the above atomistic TFDW functional. Recall with a fixed deformation

7 = Id + w which interpolates Y on (2, we constructed the Cauchy-Born solutions

ven(@) = vep(Z: Vu(z)),  Ves(z) = Ves(L: Vu(z)), z € Q. (6.2)

€ €
The corresponding atomistic TFDW functional in Eulerian coordinates is

10 8 1
ITFDW(VCB7 VCB) =€3J V(,?B + |VVCB|2 — V(S}B + §VCB(ngB — pb,O)dy (63)
Q
The Cauchy-Born continuum elasticity functional is given as
Icg(v) = J Wes(Vo(z)) — f(z)v(z)dx (6.4)
Q

where the Cauchy-Born stored energy density Wegp(A) is defined as

Wep(A)

) 1
= 1}1_{1010 WITFDW(VCB(A); Pb,O(A))

75



-3 10

: 10 s 1
~ Q vip (Y A) + €| Vyren(y: A))? — vép(y; A) + §VCB(?J§ A) (VéB(Z/S A)
— poo(y; A))dy
1 %0 2 2 % 1 9
:@ 0 VCB(y; A) + € |vyVCB(y§ A)| - VCB(y; A) + §VCB(y; A) (I/CB(y; A)
— poo(y; A))dy

With the explicit expression of Weg, we now derive the Euler-Lagrange equation
for the Cauchy-Born continuum elasticity model. First compute D4Wcp(A)
DsWeg(A)

1 5 1 4 s
:@ JQ 2(§VCBB — 62AyI/CB — gVéB + VCBVCB)DAVCde

1
- @ Jﬂ VCBDAPb,ody
1
= - @f J(A)Ves(z; A)Dapeo(z; A)dz
Q

where
z— I+ A)X +r
€

pro(zA) = Do ml

XeQe,rell

).

Then the Euler-Lagrange equation
—div, D Wep(Vu(z)) = f(z)

18

ﬁ L div,[J(Vu(2))Ves (2 V(@) Dapyo(2; Vu(z))|dz = f(2)

The above Euler-Lagrange equation will appear in F,[Ycg] valued at each X € €2,
as the leading-order approximation which vanishes. As we will see, the next order
terms also vanish due to the inversion symmetry of the lattice. Thus we can achieve

€2 estimate.
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6.3 Homogenization

We will need the following homogenization-type estimate in our analyze of Fu[Ycg]:

Theorem 6.3.1. Given a function ¢(z, ) periodic and H? in z € Q, while periodic

H12+k

and in x € ), we have the following estimate:

e [ o in)onVrtopds + | divple, X dels 5 €
Q Q

Proof.

.
€’ gp(z, x)0y,VT(x)dx
Ja €

.
=3 gp(g, r)e? Z e @ Xy dy
JQ € feﬂ?

f 1
=3 _J p(z,2)e* Y e X igdzde + orry (X,)
Q |Q| Q ceQl

1
=— Z f eZE'Xi—J ez, v)drrédz + erry (X;)
o 19 Ja

£eQd

.
S 2 e Xip(z, Enédz + erry (X;)
D geqr

.
=— Z e Xip(z, Enédz + err (X;) + erray(X5)
Ja Eell*

.

= — | divee(z, X;)dz + erry(X;) + erra(X;)
JQ

where

1
erry (X;) :J ‘P(zax) Z X da —f @J ©(z,) Z e Xt dzdy
Q Q

f ¢ geQl £eQ¥
(6.5)

erray(X;) = —f Z e Xip(z, E)kdz (6.6)

© eeLx\*

7



We first estimate erry,

erry (Xz)

=J - Z e (e X>z§dx—J ﬁf o(z,x) Z e @ Xyedzda
0 0

£eQ¥ £eQ

- % e [ et - i [ pedsdang

ceQ

= Z e—zﬁ.Xi J;Z $-x z{’ [@(l‘,gl) |g12| ( f)dZ]d$Z€

€
£eQ¥ grel*

_ Z e—zg-Xif Wz z§ T zf” 2 :(6” S)dng
Q

£eQE 'el* el *\{0}

1 A ey A X
12 @Le“““) dad(€",€)e " Ning

67517511
fll
=10 > 4(¢ )i
5//
So
Herleas

CN1 CN2 —6
<|Q|Z: |£//|N1 & N -Ce
X% €+ 5]

Z Z |5//|N1 |€£ +€//|N2

569* 6//
<o Y 1
~ |5// |N1 + Ny
§"ell*\{0}

<ek

~

if o(z,-) € CN Ny = 9+ k, so that Zg"eL*\{o}W < M < oo, where M is
independent of e. Notice e£ 4+ &": " € L*\{0}, so £" = > ¢jbj,¢c; # 0€ Z; £ € QF, so
€€ = Y ¢;b;, ¢j € €~ [—3, 3). Therefore [ef + &"| ~ €]

78



Next, let us estimate
erry(X;)

f DT €N (2, gdz,

fe]L*\Q*
SO

lerrales < Y f (2, €)[d=e

ceL*F\Q¥

1
S 2 G

ge]L*\Q*
1
:Ek Z p—6—k
e

<€k

~

if p(z,-) € CP,p > 9 + k. By the Sobolev embedding H* = C*~23 we need ¢(z

H"** which is satisfied by the condition. So we can conclude

||e—3f P(=, 2)y, V7 (w)da +f divaplz Xi)dzles =
Q

6.4 Proof of the consistency estimate

We compute

Far[YeB](Xi)

== | Wonsivsfda - 70
Q

) €

=—c? L TVexae Y. Vma(TCB(I) — TCB(X))%(%TCB(JI) — Oy, Top(X))dz — f(X;)

€
XelLe
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_ _Eglj TVone 3 vma(TCB(x) —TCB(X))eg T Ky
Q

€
XE]LE 56522‘

+ 63lf J‘/:axa,e Z Vma(TCB(‘r) - 7_CB(‘XVi) + r)dl’ . f(Xz)
Q

€ €
re€lle

=T1(X;) + Tx(X,),

where 7¢p is the Fourier interpolation of Y¢g. It is not the same as the Cauchy-Born

solution ucp we solved from the continuum elasticity model. Moreover, Ve, (x) =

Vext(%)'
6.4.1 General approximation of the background charge

The idea of analyzing F.[Ycg] is to use Taylor expansions of Vexae, Vexae, o5, for
which we need to first have the expansion of the deformation in hand. For z € ()

close to X € ()., expand 7¢p around x:

%[TCB@) ~ 7en(X)]

!
- X
v k 1 k=1 1 oB x 8 l
e 164 Z Z V Tep( - )+ € Ter(z, X)
k=2 |B]= k
¥ -1
ZVTCB(x)(ng )+ eka(x, X) + ElTerr(I, X)

>
Il
—

where 7,(z, X) = (_1)k2\6|=k+1 [%!VfBTCB(x)(’”;X)’B and T = Ten(Vitop;lh =
1)
Next we expand Vmy:

TCB(.T) — TCB(X)

l
Vina( ) =Pog( + e EP (R 2) + L P (2, X)
€ k=1
where
r—X r—X
Peg( , ) = Vma(Vrep(@)( )



and

=P.(Vimg, 1l =2, k+ 1,1, =1,....k)

z—X z—X

=P (V' ma(Vres(z)( ), V7en (), e

h=2..k+1|68=1....,k+1)

Perr = Perr(Terh Vllmm vl27_CB; ll = 27 ce al + 2, l2 = 1a te J)
6.4.2 Analysis of Ty

We plug the above expansions into 77, so

Ty (X;)

1 _

= - - J J‘/exa,e Z Vma(TCB( TCB Z el z—X;)
€Jo XeLe ceQ
1 10 10

=—= J J(Vep + Y, Vi €Wan) D (Pep + ) P+ €' Puy) Y| €0 X dy
€ Ja k=1 XeL. k=1 et
1 r—X )

=— —J JVes Z Pes( , ) Z eS@=Xi) gy
€ Ja XeL € cenr

- X €(z—X;)
JZ VCBP1( )+V1PCB Ze

Q XG]L EEQ*

— X r—X r—X
J J Z VCBP2( ,x) + V1P ( ,x) + VoPog( , )]
Q € € €

XeLe

. Z elﬁ(i—xi)dw

gk
9
— Z ekf J Z gak x)dx
k=2 Xel
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- X x
— 0 TN Vewr(© = ) P, X)] Y €56 X0g
€ J [ QOP( 7517>+80V(6>$) (l’, )] € T

€
 Xel. £k

S j J(Xi)Von (2, X3) Y, Vma(Vren(Xi) (= = X))dz

€ XelL

—~ f J(X3) D [Ven(z, Xi)Pi(z = X, X;) + Vi(z, Xi) Pep(z — X, X;)]dz

XelL

— ef J(X:) D [VesP + ViPy + VaPeg](2, X, X;)dz
Q

Xel

G f J(X:) D er(z = X, Xi)dz + ertpion (Xi) + € 0Py e (X5)

k=2 Q Xel

k
or =VopPrer + ) ViPesioi + Vier Pop
=1

10

op =Fcp + Z " P,
k=1

10

v =Vep + Z Vi

k=1

(I)l,err = — f J Z [‘/YerrSOP + QOVPerr] Z elf(:ﬂ_Xi)d‘r
Q

XLe e

and
erTHom (X5)

10

= Z €ITk Hom (Xz)

k=0

z—X

_ Ly L J(x)VCB(%x) 3 Pog( 1)y, V7o (z)de

€ XelL.

- L J(Xi)Ven(z, Xi) Y Pos(z — X, X;)dz]

XelL
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£ ) e L 7@) Y e X )0y Vren(2)de

k=1 XelLe

- L J(Xi) ) ez — X, X;)dz]

XelL

So
HerrHom + €10(I)Lerr||e,5 S 62
provided
J()Ven(z, ) Z P(z—X,)e HY
Xel

Z QOO P H14
Xel
Z (101 5 — H13
XelL
ngkz_ EH12 k:2,...,9,
XelL

or more specifically, v € H?* and m, € H?3.
6.4.3 Analysis of Ty

We have the following expression for 75

Th(X;)
L[ Vi 3 v (DT g, g

relle

10

1 10
:—6_3J J(VCB + Z Eka + 611‘/;3”) Z(PCB(Xi + T) + Z EkPk(Xi + T)
Q k=1

€ k=1 rell

+ ' P (X 4 1))dx — F(X3)

=€ J Z JVepPop(Xi + 1) + J(VesPi(X; + 1) + Vi Pep(X; + 1))
Q

TG]L
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+ eJ(VepPo(X; + 1) + ViPL(X; + 1) + VoPep(X; + 1))

9
+ 3 ETop(Xi + 1) + € Ve (X + 1) + v Pere (X + 1)]d — £(X)
k=2
Recall our purpose is to derive the Euler-Lagrange equation of the continuum
elasticity model which thus vanishes, and use inversion symmetry to show the e-
order terms also vanish.
Let us analyze the first term, while others except the error terms are similar. So

expand the term around X,

J ~JVep Y Pep(X; + r)da
Q€

rel.
1 — X, —
=—€_3j J(x )VCB =.1) ) Vmg(Vrep(x () da
€ Q rel. €
o8 r—X;,—r
J VCB Xi) Y Vma( Vren(Xi)(—————))dx
rel.
- X, —
ehe? J —vﬂ J(X)VCB X)) Y Vma (Vres(X) (=220
Q= 1 B rel €

_(a:—Xi—r)ﬁdx

€

— X, —
+61°e—3f 3 —,vﬁ[J(x*)VCB(f,x*)vaa(vTCB(x*)(u))]
Q51=11 p! € relL €
_ X —

. (M)de

€
1 X;

- J (X)) Von (2, X0) Y Vima(Vron (X:) (2 — : ")dz + Verro(X;)
n

relL

+Z f —Vﬁ[J( i)Ver(z, Xi)

n{ | g)= k+1
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X I (Fren(X)(e ~ SN

=0 3 J,vente + ) Vi (Ve () (e = S s
*;,ééfmﬂﬁwf (X)Ve(= + =, X)

X I (Fren(X0)( ~ S )] e =

+ e'%rry (X;)

ZEL J(X;)Ves(z, X5) Z Vm,(V1es(Xi)(z — X))dz

€ XelL

+ kzoek L > —vﬂ[J( DVen(2,Xi) Y. Vma(Vre(X)) (2 — X)) (2 — X)°dz

' x
|Bl=k+1 Al XeL

+ e%erro (X;)

:%J T(Xi)Ven (2, X)) Y Vi (Vres(X:)(z — X))dz
f Vol J (X)) Ven(z, Xi) Y Vma(Vres(X)(z — X))](z — X)dz

+ Z L pa 1@V§ X)VCB(Z,XZ‘)%VMQ(VTCB(XZ)(Z — X))z — X)Pdz

+ e'%erry (X;)

where
eerro(X;)
r—X;—r
10 f Wen(E,2%) Y] Vina(Vion(e*)( D)
251 rel, ‘
X, -
. (91; T)ﬁd:r
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with 2* = tX; + (1 — t)x for some 0 < t < 1.

Similarly we have

5J ZJ VepPL(X; 4+ 1) + Vi Pop(X; + 7))dx

Q el

= J J(X)) ) [Ven(z, Xi)Pi(z — X, X;) + Vi(z, Xi) Pes(z — X, X;)]dz

f X)WV (2 X P (2 — X, Xi) + J(X)Vi (2, X)) Pan(z — X, X))]
(z—X dz—!—Z J Z X)Vep(z, Xi)Pi(z — X, X;)

2 18= W0

+ J(X)Vi(z, Xi)Pep(z — X, X)](2 — X)Pdz + ¢err, (X))

ZJ J(Xi)[VCB(Z, Xi)Pl(Z — X, Xz) + %(Z,XZ)PCB(Z - X, Xz)]dz

+Z f —vﬂ [J(X:)Ve(z, Xi)Pi(z — X, X;)

2181 k+1
+ J(X)Vi(z, Xi)Pep(z — X, X)](z — X)Pdz + ¢err, (X))

where

e'Perr; (X;)

r—X;—r
J > WZ vCB 2t P (———— a¥)
Q81211 rel. €

x—Xi—r’x*))](:v—Xi _r)ﬂdx

€

x
+V1(?$*)PCB(

with 2* = tX; + (1 — t)x for some 0 < t < 1.

J ZeJ VepPo(X; + 1) + VIPI(X; + 1) + VoPep(X; + 1))dx

rell

:EJ J(X3) Z [Vep(z, Xi) Po(2 — X, X)) + Vi(2, X)) Pi(z — X, X;) + Va(z, X))

XelL
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1
- Pop(z — X, X;)]dz + E f —‘Vg[VCB(z,Xi)PQ(z — X, X;)
Q .

P

+ Vi(z, X)) Pi(z — X, X3) + Va(z, Xi) Pop(2 — X, X))](z — X)Pdz + €Oerry(X;)

where
e'Oerry (X))
Xi -r
J > |v52 vCB R Y Y (i B
R ¢

r—X;—r T, r—=X,—1r =X, —r
———— %)) + Va(=, 0") Pep(—————, ") (—————)da

€ € € €

T
+ %(E,ﬁ*)Pl(

with 2* = tX; + (1 — t)x for some 0 <t < 1.

k=2 rell
99—k
T 1 —
= Z ek[z € JQ Z EVQ[J(XZ) Z or(z, 2 — X, X)](z — X)Pdz + €9 Ferry 1 (X))]
k=2 =0 |8l=r XeL
where
errk+1(Xi)

3 L

with z* = tX; + (1 — t)x for some 0 <t < 1.

—X; — —X; -
) @VﬂZ “Vosu(2, )t Ndr, k=2,...,9

|8|=11 relL

6.4.4 Final estimate

Now we combine all the terms in the above expressions of T1(X;) and T5(X;) to get
FauY1(X;) = Th(X;) + To(X)
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= L Vol J(Xi)Ver(z, X)) Vima(Vres(X:) (2 — X))](z — X)dz — f(X;)

XelL

~

;ek ), m;; 1 Evﬂ[J( WVes(z, X3) ;LVma(vTCB(Xi)(Z — X))](z — X)%d=

+
Ed

.
" Z —,VB[J(Xi)VCB(Z,Xz‘)Pl(Z - X, Xi)
> 25 P

e

_l’_

e
Il

+ J(X)Vi(z, X)) Pep(z — X, X)](z — X)Pdz

f —vﬂ [J(Xi)Ven (2, X0 Pz — X, X;) + J(X)Vi(2, X))
2 |5|=k~ P

Pl(Z—X,XZ)

+ J(Xi)Valz, Xi)Pep(z — X, X)](2 — X)Pdz + €0 o0 (X;) + erTiom (Xi)

+Z§f

+ e Ferry 1 (X3)]

Z B|Vﬁ J(Xi) Z op(z — X, Xi)](z — X)ﬁdz

|B|=r XelL

_ L V[T (X Ver(2 X)) Y Vma(Vres(X,) (= — X)](z — X)dz — f(X,)

Xel
+ €2®(X1) + errHom(XZ-) + 610((1)17err(Xi) + @2’err(XZ'))

:EZCI)(Xl) + errHom(XZ-) + 610((13176”()(1‘) + @27err(XZ'))

where
10
E (1)2 err 7, Z errk
and
10 2
||€ (I)Z,errHe,5 S €
provided

or(z, 2 — X, ) e WH® k=29
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or more specifically, if u e H(Q), m, € CF.

Now we analyze €2®(X;) which is the shorthand notation for

EP(X;)
= 2 f —vﬁ [J(X)Ves(2, X)) D Vme(Vies(Xi)(z — X)|(z — X) dz
—2  JQ8= k+1 XeL
+ Z J —vﬂ [J(X)Ves(z, Xi)Pi(z — X, X;)
2 5o P

+ J(X)Vi(z, Xi)Pep(z — X, X)](z — X)Pdz

—VP[J(X. 2 X)) Py(2 — X, X;
+Z Lmkl Vol J(Xi)Ves(z, Xi) Pa(z — X, X;)

+ J(X)Vi(z, X)) Py(z — X, X3) + J(Xi)Va(z, Xi) Pe(z — X, X))](z — X)Pdz

+2;j

¥ VI Y el = X X))z - X) s

1]=r XeL

from which we can see that ||€*®| 5 < €* if u e H(Q),m, € CF.

So finally we have the consistency estimate

[ Facl¥ Tlles < Cllul o ey)e”
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7

Stability Conditions

7.1 The Atomistic Hessian

Recall the atomistic functional

Iat (Y) = I(Vexa(TY)y ‘/;exa(TY)a pb(Y))

10 s 1 (7.1)
:J Ve?(a + |v’/exa|2 - Ve3xa + _‘/;xa(sta - pb)dy
nQ 2
and the corresponding Euler-Lagrange equation
_ Py 4
fat[y](Xl) - ‘/exa_dy = f(Xz) (72)
The Hessian is defined as
0Fa

HMHZzp%;ﬁY+M} (7.3)
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So

(7.4)

52
Yl(z,9) := 7
Hat[ ](Z>]) 5Y;(5Y3 (Vexa7 ‘/exaa pb)
RV
- a}/] at 7
OVexa 0 o
:_J —ﬁ_l_ exa Py dy
av;}xa apb 62pb
= - € € exa—d
LQJ () Gy g+ el Vo gt
Similarly in undeformed case Y = Id, we have
Proposition 7.1.1.
. —2 2 X; T
HalId](i,5) = — € 81 Voer Y, VPmg(z — =L 4 =)
n{2 relL € €
1 Xz r _ X r
+35 D Vmg(z — =+ 2)(Lh)nl ). Vme(- — =L + 2)]da
€ € € €
rle]L T‘QE]L
Proof. We have
.. 5‘/ rﬁpb er aQPb er
o [1d - _ Zper Z/o,per or Per g
Ht[ ](273) 0 6}/; 6}/; + P 6}/361/1 €,
then it suffices to show
L.
anVper(x) = §(£vper($))22(anpb,per) (13) (7-5>
Denote
7 5
—2AVper + 2Ver — 3USer + VoerV
F(Vper) = | € S Vper T gler = glper T Vperper 7.6
(Vper) < /Y > (7.6)
Then

Ful?D = (1,0 1)) )



Take derivative with respect to Y;, we get

Oy 1, er(:r;)) ( 0 )
Ly (z i P = 7.8
Vper (T) (8yj Vper(I) % 6yj ;Ob,per(x) ( )
then it is straightforward to calculate the formula. m

Now we begin to further analyze the Hessian H,[Id] by diagonalizing it and derive
the eigenvalues for its dynamical matrix. We first show that H,[Id] is translation
invariant, next diagonalize it by using the plane wave functions, then we show the
dynamical matrix is Hermitian so that its eigenvalues are real, finally we give the

Stability Condition B and its equivalent interpretations.

7.1.1 Translation invariant

For fixed o, § € {1,2,3}, we regard H2°[Id] as an operator Ho [Id] : L*(Q,R) —
L2(2,R) given by Ha! [Id](2)(X,) = Xy eq. Hat [1d](Xi, X;) Z(X;).

Lemma 7.1.2. The operator Ho[Id](X;, X;) is translation invariant:
Hoy [1d) (X, X;) = Hoy [Td)(X; + 7, X5 +71),  VX;, Xj € Qere el (7.9)

Proof. For X; € €,

Har [1d](X;, X,)

1 Xi  n
= 6_2 JnQ Z vpor(x)vavﬂma(x — ? + ?)dﬁ
Tle]L
1 Xi | 1o _1 X, 13 T
- 2e? LQ ;;L Vismma(e - € * ?)[(ﬁper)”[réh Vama(- — P + ?)](ff)] dx

for XZ # Xj,
Hap [14)(X;, X;)
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X; 7"2 j "3 r
- 262[ ) Vomale = =1+ 2 (Ll Y Vama(- = =2 + 2)](@)] da
Q roell r3elL
Recall
L o (El,per Vper)
per — A
Vper g
353 203
where L) per = —A + SWer — G Vper + Vier- Since A, any power of 1 and

Vper commute with the translation 7, for r € L, we have L7, = 7,Lper, therefore

Llr =71.L71

per per*

This implies 7.(£, 5 )22T—r = (L 0)22, Which says

per

(L50)( D) Varmal— 22+ = D)+ D) = (£51)n( Y V- — 22+ 2)) (@)

ri€l € € € € ro€ll € €

for r € elL.

So for r € €L,

Xi+r r B X;j+r r T
3 Vomale — 2 [l 3 Vol — )]
Jn ro€ll r3el.
i X, r _ X, r T r
—| X Vemalar = =+ D)[(Lh)nl Y] Vama( = =2+ 2 = D)@+ )] da
JnQ—r € € € € € €
ro€ll rs€el.
. i Xz T2 1 Xj T3 T
=] Z Vsmg(z + - )[(Eper)gg[z Vame( - + ; ()] da
T roell r3€ll
[ Xi 1 X; 13 T
= - — e dx.
)y rzZﬂnga(a: - + ; )[ per )2 TSZELV aMa(: ; + - )](x)] x

The last equality holds because the integrand is periodic in nf).

Similarly for the diagonal part

Xi
JQ per( Z VsVama(x — s + E)d:c

€ €
ri1€L

Xi
:J Voer (T 4+ 17 Z VsVame(z — — + E)dx
n—r

ri1€lL € €
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X
:J Voer () Z VsVamg(z — — + E)dgz:
nQ—r ri€l € €
X
_ J Vier(2) 3 VaVama(e = =4+ L)da
nfl ri1€l

[
7.1.2  Diagonalization
Theorem 7.1.3. The operator H,|1d] satisfies
Hau[1d](eX0)(X) = DU[E]e™s, X e, (7.10)

for any & € QF, where DI[€] is a 3 x 3 matriz.

Proof. Assume Hy[Id](eX)(X) = 2. g Am(&a)e™ . Then for any a € €L, we

have

Ha[1d] (0 0) (X,) = o H [I] (XY (X)) = 6 3T A (€ )N,

EmeQ¥

On the other hand, we have
Has[1d] ("X H4) (X,)

= Z Hat [Id] (X’La Xj)@Z(XJ +a)'§n
XjEQE

= Z Hat[ld] (Xz + a, X] —+ a)eZ(Xj"‘a)'fn
XjGQE

=H,.[1d](e**)(X; + a)

= Y Anlge K

EmeQ¥

These imply

D ()Xt (e — ey = 0, Vae eL.
EmeQ¥
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So An(&,) = 0 for m # n. Denote \,(&,) = DM[E,], then we have
Hae[1d](e€) (X) = D[Ele™,
from which we can also get the formula for the dynamical matrix DM[¢]:

D[l =€ D) Ha[ld](X;, X;)ero X0, (7.11)

Xi,XjEQE

7.1.3  Hermitian property

Lemma 7.1.4. For each £ € ¥, DI|¢] is Hermitian, so its eigenvalues are real and

it 1s diagonalizable.

Proof. Check (D[€])*” = (Di[&])*

(Dld )Ba =3 Z Hﬁa Id](X;, X;)edXi—Xi)€

X5, X ;€0

N I IAN(X, X et
X, X;€Q

SN HEIA(X, X )ert Xt

X5, X560

So it suffices to prove HO[Id](X;, X;) = HEP[1d](X;, X;). Knowing that Vm, is a

symmetric matrix, we analyze the non-diagonal part

i T ; T
262] 3 Vmale = 24 )bl Y Vi — 2+ (@)
ro€ll r3ell
Thus we need to show
X; X,
Opmg(r — — + 2)(/Qper)gg (8 ma(- — —2 + E))(:c)d:n'
o Jue € € € €
X X;
= S | amale — 2L+ )LD (@ma(- — =+ ) (2)da
o Jna € € € €
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X X;
= 3 | amale = 2L+ YLD (@ma- — =+ 2
nQ € € € €

))(:v)dx

T2,T3€]L

where the second equality holds because ry,r3 € IL are arbitrary. So it suffices to

prove
X; _ X;
|t = =2 4 ) ban @umal- ~ “2 4 ) (2)do
n$ € € € €
X r Xz r
o R e N
nQ € € € €

which is equivalent to (£, )22 being a symmetric operator on (L)?.

E _ (/Cl ,per Vper)
per = \ A
per T

2
where £ per = —€2A + %I/per — %Vﬁer + Vper. Since A, any power of v, and V' are

Recall

ol

symmetric operators, so is Lpe:

w! w? wl w?
<£per <W1> ) <W2> >(L%)2 = <(W1> 7£per <W2> >(L%)2'

Rewrite the above equality as

w! _ w? _ wl w?
(2 e (e - s (22) e (2

Since L., is invertible, we have

wl _ w2 _ w1 wQ
<<W1) 7‘Cpelr <W2> >(L%)2 = <£pelr <W1> ) <W2> >(L$z)2
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7.1.4 FEigenvalues

We have shown that DX [¢] is Hermitian, so it is diagonalizable DI{[¢] = PeA¢ Py,

where P: = (P¢, PZ, P?) consists of the eigenvectors which form a basis, A =

diag(wid (&), wit(€), wid(€)) contains the eigenvalues.

Then
HallI(PLe4) ()

DR

=P AP Ple™ s

=wi (&) Ple ™t
for any X € Q& € QF. Therefore Hy[Id] has eigenfunctions Pe™¢ with the
corresponding eigenvalues wj?(¢), for j = 1,2,3, £ € QF.
7.1.5 Stability Condition

We introduce Stability Condition B for the atomistic TFDW model, which states

that
i ()] = AlEP, (7.12)

where wid, k = 1,2,3 are eigenvalues of DM[¢], for any £ € QF and some constant

A > 0.

It is straightforward to see that the following two statements are equivalent
L wd(§)] = A€, VE € QF k= 1,2,3,
2. det DM[¢] = aatAg,e(g),vg e QF,

where A, a, are some positive constants and AF (&) = 1 + |£]%.
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7.2 The Stability Condition For The Continuum Elasticity Model

Up to now we have introduced Stability Condition A for the electronic TFDW
model and Stability Condition B for the atomistic TFDW model. These two
stability conditions are independent. We still need a stability condition for the
Cauchy-Born continuum elasticity model. However, this stability condition is not

independent. In fact, we have

Theorem 7.2.1. Stability Condition B implies Stability Condition C for the

continuum elasticity model

DiWep(0)(€ ®n, £ @n) = Al n|” (7.13)
where Weg is the stored energy density function, and £, are arbitrary vectors in R3.

Proof. Let us compute DoWcp(A) in Eulerian coordinates,

DsWeg(A)
1
ZDA— J FCB(Z, A)dz
12| Jo
1 5 2 8
:DA@ QVCB(y;A) + |Vyvep(y; AIF — vég(y; A)
1 2
+ 5 Ven(y; A) (ves(y; A) — pro(y; A))dy
2 5 z 4 3
=— (—AVCB + Ve — Ve T VCBI/CB)DAVCB(Z/; A)dy
12| Jo 3 3
1
— EJ Ver(y)Dapro(y, A)dy
12 Jo
1
— i | Vet Dapnaty: Ay
12| Jo

Then

1

DAleAij WCB(O) = _@

J DAkl VperDAijpb,per + VperDAleAijpb,perdI (714>
Q
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We derive Dy, Vyer as follows. The system of Euler-Lagrange equations for Veg

in Eulerian coordinates is

7 5
—Avep + 203, — 208, + Vel < 0 >
F(Vep, A) = CB T 37”CB — 37CB T VCBYCB | — 7.15
(Ves, 4) ( CAVos + 102y ) 3P0 (715)

Take derivative of F(Vcp, A) with respect to A and evaluate at A = 0, we get

LoDt Vrer = Oan F (Ver, 0) = <% DA,Spb,per> (7.16)
Thus
D Vier = (L322l Dot er) (717
Therefore

1 _ 1
DAM DA WCB(O) - @f ‘/perDAleAijpb,per + DAijpb,per(ﬁpelr)22_DAkzpb,perdx
Q

2
(7.18)
Recall
I+A)X r
poo(x; A) = Z me(x — U+4)X +-) (7.19)
XeQe,rell € €
SO
X
Da,pro(x;0) == > Vimg(z ——+ Dy xi (7.20)
XeQe,rell €
X I
Da,Da,poo(z;0) = > ViVimg(z — =+ Dyxix (7.21)
XeQe,rell € €
So
D 4, Da,, Weg(0) (7.22)
X I
= Vper Z ViVimg(z — — + )d:cXJX (7.23)
|Q| XeQe,rell
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1

Xp Ty
— m Z V,‘ma(ﬂj - — + —)(ﬁper)gz

2 X, eQ.,rel € €

T Y Vemal— 204 D (@)dexiX]

Xq€Qe,rel € €
—9 _X ‘
- E_J Voer Z vkvima(u)dIXle
9] Jo XeQe,rel €
€2 z—X+r B
20 vima(f)(cpelr)22
Q Xp€Qe,rell

1Y Ve D (@)dexi X

€
Xq€Qe,reL

Next we compute

Z DAkl DAij Wen (O)ijl

jl

€2 r—X+r
e X e g
Xe

€
Qe,rell

€2 r—Xp,+r

o —1
2|Q| vma( )(‘Cper)22

Q XpeQe,rell
=Xy
€

D Vmal )" (@)dz (X, - (X, - €)

X€Q,,rell

= Y] Halld](0, ) (X ;- €)

X3, X ;€0

By translation invariance of the lattice, we have

DT Halld](i5) =0, ) Haulld](G,5) = 0.

Xjeﬂe X,‘EQS
So
1 .
5 O A0, DX, - €7
X‘jGQE
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X;—X;€Q
3
== 5 2 Halldl (X - € - 20X (X, - ) + X - €P)
X, X;€Q
3
263 Z %at[ld](l7])(Xz : é)(XJ ’ 5) - % Z Hat[Id](Zaj)GXl ’ £|2 + |X] ’ £|2)
X, X;€Q X, X;€Q

= Y] Hallld)(0, ) (X (X, ) — 0

Xi ,X‘j EQE

On the other hand, let us compute DM[¢]. Notice that by translation invariance

we have >y o Har[Id](0,j) = 0. Then

Dyil¢]

= Y Ha[1d](j, 1)t Y0E

Xj,XlEQe

= > Hau[1d](0, j)ei<

XjEQE

1 Xt e
=5 D) Halld](0, j)(e € + )

XjEQe

= D Hau[1d](0, ) cos(X; - )

X]EQE

= > Ha[1d](0, ) (cos(X; - €) — 1)

XjGQe

=2 3] A0, sin( )

X;€Qe

_ —% D Hal1d](0, ) (- X;)* + 22Hat[1d](0,j)[(sz'§>2 —Sin<ij'§)]
X;€Qe J

S0 Y DayDa,Wen(06& +2 Y Hu[ld)0, DL )2 — sin( 2475
X, X600 X;€0e
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22

From cos(z) < 1— % + %,Vx € R, we have

XL X8y L KANE
2 12

<
0<( 5

(7.30)

~

Then since H,[Id](0,5) = O(e?), we have

2 ) Hl1d](0, IS —sin(25)

XjEQe

<

D M [1d1(0, )1 X

X]'EQS

| =

Recall H.[1d] (7, k) = Ha[Id](0, k —3) is nonzero if | Xy — X;| < 2eM since m, has
compact support m,(x) = 0,Y|z| = M. So in the above sum over . only those with
| X;| < 2eM is nonzero. This means the number of those X is O(1), and | X;|* < Ce.

Therefore

23 Hal1d]0, IS = sin(Z5-5)] < cegl (731

Now assume we only consider those & € ¥ that satisfy £ = O(1), then for any

n € R3, we have
QIDAWen(0)(€ @1, £ ®n) =" Dy [€ln — Ce €| |n?

> (A = CEEPIEPInP
A 2 2

>__

> IePInP.

The above inequality is homogeneous with respect to &, so it is valid for any & € R3.

[]
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8

The Continuum Elasticity Model

In this chapter, we analyze the Cauchy-Born continuum elasticity model to derive

the corresponding solution Yop. Recall

X = {0:0 > Boe W2P(Q:RY) Wﬁl’p(Q;Rg),J v=0}  (8.1)
Q

form = 0,p > 3.
The Cauchy-Born continuum elasticity problem is formulated as follows: find a

deformation function v € X such that
u = argming,ex Icp(v) (8.2)

where

Icp(v) = JQ Wep(Vo(z)) — f(z)(v(z) — z)dz, (8.3)

where the Cauchy-Born stored energy density Wep is

WCB(A) :ﬁ o J_§ (A)l/i(A) — l/CB(lij (A)é’zlé‘z] VcB (A)
T A (A) + S Ven(A)((A) — T(A)pnoA))d=
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The corresponding Euler-Lagrange equation is

Fep(u(z)) = f(x), xe€Q (8.4)

where

Fep(u(z)) = =V - (DaWep(Vu(z))). (8.5)
Theorem 8.0.1. If Stability Condition C holds
DiWeg(0)(E@n,E®n) = AlEf|nf?, (8.6)

and p > 3,m = 0, then there exist constants 0, k1, ko, such that for any B € R¥*3
with |B| < k1 and | f|lwmr@) < k2, there exists a unique solution ucp € X such that

the following properties hold

1. ucp satisfies the Euler-Lagrange equation
Feplucp(r)) = f(x), xe; (8.7)

2. ucp is a WH* local minimizer of the Cauchy-Born continuum elasticity func-

tional Zep(v).
3. |uep — B - z|wm+2p < 8, for any x € Q.

Proof. We will use the implicit function theorem to derive the solution. We first

prove that

c
f Vo DAWen(B) - Vudr > |l
Q

Rewrite v as

v(x) = Z ane*™™ . a, = J v(x)e ™" dy,
Q

nezZ3
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and denote

*Wep
Caﬂ'yé = ma))a

then
f Vo - D3Weg(0) - Vodx
Q

:47’(’2 Z Z Caﬁ%n&mW&ﬂﬁamgf 627rl(n—m).a;dl‘
Q

afy0 n,meZ3

2
=47 Z Z CaprsNaTtyln,Qn,

afy0 neZ3

247N ) [na,

nezs

:AJ |Vo|*dw
Q

Ar? 9
ZmHUHr

The last inequality comes from Poincaré’s inequality and SQ v=0.

Let Cy = AT M = max eps«s| D3 Wes(A)|, 51 = min(Cy/(2M), 1), then || B| <

142

k1 implies
2 2 4
[DiWen(B) = DiWen(0)| < M|B| < =~

Therefore

f Vv - D3Weg(B) - Vudr > %v%
0

Define T: Y x X — R3 by
T(f,U):L(U—FBSL’)—f,
then

1. T(0,0) = 0;
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2. D,T(0,0) is a bijection from X to Y

3. DaWep € C?(R¥*3 R3*3), since W*P(Q; R?) is a Banach algebra for p > 3, k >
1.

So we can apply the implicit function theorem: there exist constants R,r such
that for any || f|wme < r, there exists a unique v(f) € X such that T(f,v(f)) =
0, |[v(f)wm+2r < R, and v(0) = 0.

Define ucg = v(f) + B - x, then ucp satisfies the Euler-Lagrange equation and
lucg — B - z|wm+2p < R.

Next we show ucp is a W1 local minimizer of Icg(v).

[CB(U) — [CB(UCB) = JQ V(U — UCB) ( Jol(l — t)DiWCB(Vut)dt) . V(’U — uCB)d:c

where u' = tv + (1 — t)ucp. Since
Vu' — B =tV (v — ucg) + Vu(f),
there exist kg, such that for any | f|r < ke, and|v — ucgl1,0 < 9, we have

C
J V(v —ucg)D3Wes(Vul) - V(v — ucg)dr = Zl”U — ucg|?
Q
for any 0 < ¢ < 1. Hence

C
Ics(v) — Ies(ucs) = ZIHU —ucsl7.

Therefore ucp is a WH® local minimizer of Icg(v).
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9

The Atomistic Model

9.1 Introduction

In this final chapter, we are going to finish our proof of the main theorem stated in

Chapter 3:

Theorem 9.1.1. Given m, € CF(R?), Hf||le7,p < hy for some constants hy > 0,p >
3, assume Stability Conditions A and B hold (then Stability Condition C' also
holds), we have the following estimate for the discrete form Yep of the solution of the
continuum elasticity model and the solution Y, of the atomistic TFDW model with
some positive constant M > 0 and all sufficiently small ¢ > 0 on a simple crystal
lattice:

|| Yat - YCB

€,7 < MEQ. (91)

To prove the theorem we need to analyze the stability conditions and the consis-
tence estimate. In Chapter 7, we have derived the consistence estimate:
Given Yop € H?, the Fourier interpolation satisfies 7cg € H?. Moreover, assume

me € H?3. then with these assumptions, we have the estimate

| FaclYenllles < C(lucsaz)e’. (9-2)
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For stability, we analyze the perturbation of the eigenvalues of the dynamical
matrices with nearby deformations:
Given Stability Condition B, i.e. the eigenvalues of the dynamical matrix

DH[€] without deformation satisfy
i€l = AP, =123 (9:3)

(9.4)

for every £ € QF, then the eigenvalues of the dynamical matrix DBYL: [£] satisty

i € = CAlE?, j=1,2,3 (9.5)

for every £ € QF. Y =tY + (1 —t)Yep, and Y € B.

9.2 Stability Condition

Define the dynamical matrix

1 (XX
DLlE) = D, Hali e (9.7)
X, X5
Then
Hau|V]ere'™* = Dy[€lere™ (9.8)
and

[l = 3 DL [Eele]
3

Diagonalize DM[¢] which is Hermitian

Dy (€] = Q" [¢]diag(wy[¢], wy'[€], wi' [€]) Q€] (9.9)

Stability Condition B states that the eigenvalues of the dynamical matrix
DH[¢] without deformation satisfy
Wit = AP, j=1,2,3 (9.10)
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for every £ € QF.

9.3 Estimates of norms

Define the following norms that we will use

|23,y = €727 Har[1d] 2

212, = 3, €

la|=1 XeQe

217 =

Xi,XjEQG

Lemma 9.3.1.

Proof.

2024

6*%|Xz‘*Xj\|z(

S CHZH%LM[M]

|23 = €27 Ha[1d] 2

S

ziTHat[Id](i,j)zj

Xi,XjEQS

_62

—1XiE 5 T
IR

1,5 &€, 5”6(2*

3rD;(3 [gl]efl(Xjfxi)flelXjfﬂ2[5/1]

Z X))
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j
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(9.13)
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>Cz[2,

O
Lemma 9.3.2.
[z < Cllzl2, (9.16)
Proof. Assume
X}, = nyeay + nieas + njeas (9.17)
then nllc?n%n%: = 1727"' 7% =n.
Recall
||ZH2:€3 Z 1X; X\| (X)_Z(X)|2
XX, €9, €
—93¢3 Z T11X; X\| (X)_z(X)|2
nj}nf,s=l,2 3 €
Decompose |M|2 as below
|Z(XZ) B Z(X]) |2
€
(X; + (0 = il = Deay) — 2(X;)
z i n, —n;, — €Ea1) — 2 1
<(nj=n)[ ) DL, #(Xi + kean)[ + | : ]
k=0 €
Zn D, 2K+ Kear)?

2(X; +(n —n; fl)ea1+(n —n3 71)60,2) 2(X; )|2

€

<(nj —n;) (2 — ) (Zk 0 |Dja2z(X + (nj —nj — L)eay + keay)| )
+|

<(n]1 — n})(Al + (n —n: )(Ag + (n —n: )Ag))

3
< H(TL; — nf)(Al + AQ + Ag)

s=1
where
n}fnllfl
Al = Z |De a1 (Xl + k€d1)|2
k=0
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22
ni—n; 1

Ay = Z |DF,,2(X; + (nj1 —n} — 1)ea; + keay)|?
k=0
nd
Ay = Z D7, 2(Xi + (nj —nj — 1)eay + (nf —ni — 1)eay + keas)|?
k=0

7n 31

Group coefficients of each |D7, 2(X})|, we get

[
Z 1<nl<n Kok —nzén?n —nk<n3 Hs 1( ) ‘X % ‘|De a1 (X )|2
< 2363 Z —1—2 L<n}=nl,n2<n? <n?n?=nd<n? HS 1(71}g n)e” UXi—X; \|D+ (Xk)|2
Niefe +Z 1<ni—n} n2<ni—n? fé ‘2 st 1( j ) _7|X N ‘|Dea3 (Xk)|2

Analysis of the three sums are the same, so we analyze the first one in detail.

Notice
| Xi — X;| = \[ 31X; — X2
1 1
2—3\/3[(n —nl )262a + (n? —n? )2€2CL + (n} —n? )262 2]
1 1 1 2 2 3 3 2
2—3 (|nl —njlear + |ni — nileay + [n — nj|ea3>
1 1 1 2 2 3 3
=—3(|nl — ngleay + nj —njleas + [n; — nj|ea3)
So
e~ =Nl e IV P i P L (9.18)

Now consider the sum in the coefficient of |DF, 2(Xy)|?

3
> [ e 7%
=1

1<ni<n1 n27nk<n2 n3:ni<

290 (1l 9222
< Z (n} —nie 7 (=) Z n —n? 5 (g =m)
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123 n

= Z J (r — ng)ejx/%(x "dz + O(1)
n%zO nllc
nllc nfn%

n, —ﬁ((n _ nil)e—%(”—nél) — (nl — n%)e—%(”i—”i))
= Z yai 5 _m(n—nl _m(n1_n1) + O(].)
n11=0 _—('yal)Q (6 V3 i e /3 k i )
g —ﬁ((n — x)e_%(n_m) — (n}, — x)e_%(”’lv_z))
= T 3 7m(nf:v) 7m(n17:r) dx + 0(1)
0 —W(e V3 —e V3'k )
_ 3 znllce_mln}“ _ 3\/53 _1%pl 1)
(yas) (va1)
3 29, — Y (n—n
+ G e T = (n—np)e )
1
+ 3V3 (ef%n - e%("fnllc)) — _3\/5 (ef%”}e —1)
(ya1)? (ya1)?

34/3 ya1

(7a1)3(6_ " —1)+ 0(1)
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Similarly

So

3
2 [T —np)e?¥ %l < . (9.19)

2_ 2 2 ,3_.3 3 s=1
Z.fnkgnj,nifnkgnj

1 1 1
n; <nk<n].,n

C is a positive constant independent of e.

The same results hold for the other two sums )] , <nl—nln?
i 50"

21 Tl 2202 p3 3B
ux <nk—nj Ty énk—nj 1 <nk <7”Lj

Therefore

|21 < 2°€C 3 (ID&0,2(Xu)? + IDE,,2(Xi) P + IDE,,2(Xi) ) < Oz,

€,a2 €,a3
Xk €0

]
9.4 Perturbation of the Hessian
Lemma 9.4.1.
[HaulYa] (i, 5) = HalV11(0, )| < Ce e e XNy, — Yy e (9.20)
Proof.
Halvlid) =)

_i (5Iat aV exa, 5Iat aVvexa 5Iat 8pb)
SOy N ov oY, SV oY dpy 0Y5

0 aVexa 1 a‘/exa 1 apb
(| 0%ergy o | - dy—~ | Vi
ay] (LQ aY; Y+ 9 LQ(Vexa pb) 5Y; Y 92 LQ ay; y)
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_ 0 V. ﬁpb

NS exa_d

0 ‘/exa 6pb 62:0 b
S | Ve rdy
o Y, Y, Lo oYY,

_ av:exa 5Pb 52pb
- LQ J(1y) 3y, ov; + LQ Je(TY)VeX&_&Yj&’Yidx

Then we have

”/Hat [}/2] (17.]) - Hat[}/l] (%])H

<J 1 Je(Tyy) Vexa(Y2) 005,06 (Y2) — Je(Tv; ) Vexa (Y1) 0i0; 05 (Y1) | dv
n

1

+ §J 1Je(7v5) 03 Vexa(Y2) 0ipi(Ya) — Je(7v1) 03 Vexa (Y1) Gippy (Y1) | de
n2

<J‘Q H(JE(TYz) - Je(7_Y1))‘/exa(YVQ)&Z'&]'pb(YQ)”d‘T

r

+ | Ie(mvy) (Vexagya) — Vexavi)) 00 5(Y2) | d

JnQ

r

+ | [Je(mvi) Vexar) (0i0506(Ya) — 0:0;06(Y1))|de

JnQ

~

+ | 1Ue(mys) = Je(1v1))0; Vexa(Ya) dipp(Y2) | de

JnQ

r

+ | 1m0 Vexa(Ya) = 0jVexa (V1)) i (Ya) | dx

JnQ

r

+ | e(mv1)0;Vexa (Y1) (0ipp(Ya) — dipp(Y1)) | dx

JnQ

Recall

—Xi+7 ex
€

C
(V)| < e

C
[0:Vesa(, Y) | < e
€

—Xi+7i ex
€

1 Je(mv,) = Je(mvi )= ey < CfY2 = Vi
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lou(¥2) = oY) ey < OV — Ylegm

]e"c

338(2,Ya) = Sypu(, Y1) < Gt Ty, - Y1||wg~"f-

Xi+ri,ez ] ex
10,0;p5(, Y2) — 0:0;p(2, Y1) < Ce 2e M= lem o= Y, —
”V;:xa(YZ) - Vexa(Yl)HL"‘(nQ) < OHYQ - YlHWel’w
105 Vera (2, Y2) = 0 Vi (@, Y2)| < Cc e 7 Jex'”Yz—Ylelf

Therefore we get
| Hae[Ya](d,5) — Hae[Y1] (2, )|

Xi+ri,ez ‘

_9 | DT e _
<Ce f e e
n)

<Ce 2 Z J P
nf)

resS

jEZ

]| Y, — Yy

Xt *’Y\xf Idgcny2 Yleg’“‘

<Ce2 Z e~ HX= Xl |y, — Y[y
res

<Ce e < XlYy — Vi e

Proposition 9.4.2. Given €2 H4[Y1]z = k| 2|3, Jqia and Y1 = Yoy

sufficiently small, we have €327 H 4[Ys]z = %”Z”H(n[Id]

Proof. By translation invariance,

Thus
> (& = ) Ha[Yal () — Hu[Y1](,5)) (20 — 2)]
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<Ce?|Vy = Yallyor D 7 XNl — P2
Xi,Xjeﬂé

— _ X
<C6e? Z e XXl — o)

Xi,XjEQG
<Coe 2,

<C5€73 ||Z||%{at [1d]

Therefore
2T Hy[Ya]z = €20 Hy[YVi]z + €27 (Hy [Ya] — Ha[Y1])2

>A|2] e 1a) = OOz |, pray

Ky 2
Z§HZHHM[IC1]-

[

Corollary 9.4.3.
T HauYeoslz = k2| ;at[ld] (9.21)
ST Hu[Y2 = ““Z“%{at[ld] (9.22)

where Y' = tYep + (1 = )Y, for Y € B.

Proposition 9.4.4. If

ST Hu[Y]z = /{HZ’H%{M[M]

then
wy [€] = OrA|E)?, VEeQ* k=1,2,3.

where w) [€] are eigenvalues of DY[€].

Proof. For a given £ € 2}, we have
D, = Py diag(wy [€]) Pey
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let 2(X;) = Py ere™®, then
T Ha[Y]2 = ef Py DY[EI P yer = wy [€]
On the other hand, if z(X;) = ngeke’Xﬂf, then Z[¢'] = (P!yerdger), so
e Z 1D [€12(€]

=2"[€] D5 (€] 2[¢]

=cy, Pey Dy €] Peyex

=e; Pey Plgdiag(w ' [€]) Pe1a Pey e
=>CA¢)%.

Therefore
wy [€] = €2 Hau Y]z = kll2]5,, qq) = CrAJEP.

9.5 The atomistic model

Theorem 9.5.1. Under Stability Condition B, i.e., the dynamical matriz DI[¢] of
the Hessian Hqy|Id] of the above Euler-Lagrange equation in the undeformed state,

r.e., Y = Id or u =0, satisfies
det Dtﬁl[g] = aatAS,e(S)a 5 € Q:7 (923)

further assume m, € C®, f. € H?", then there exists unique Yo € H?> n X, with the
properties

Y. satisfies the Fuler-Lagrange equation
Far Yo (X) = fo(X), X e, (9.24)
Consistency of Cauchy-Born rule holds

| FalYeslles < C(lucslwss)e* (9.25)
117



Yo is a Wh* local minimizer of the functional I,.

Finally, there exists a positive constant C' such that

|Yar = YeBller < Cé.

(9.26)

Proof. To solve Fo|Y] = fein Be7(Yep) = {Y||Y = Yeg[er < €7, veq, Y(X) = 0},

k€ (2,2), consider

FurlY] = Far|Yes] + Jol Hat|Y']dt(Y — Yeg)

(9.27)

in which Yop(X) = X + ucp(X), X € Q, Y! =tYep + (1 — t)Y, for some 0 <t < 1,

and |Y — Yegller < €. So it is equivalent to find a fixed point F(Y) =Y for

Jl Hat[Y]dt(F(Y) — Yop) = —Fui|Yen]

n Bn,?(YCB) .

Take discrete Fourier transform, we get

L Hu[Y]dH(F(Y) — Yep)[€] = —Fu[Yonll€],  VE € QF

Using the dynamical matrix, we get

—

L DY [€Jdt(F(Y) — Yep)[€] = ~FulYesl[€], VEe

— T

Multiply both sides by (F(Y) — Ycg) [€]

— T

(9.28)

(9.29)

(9.30)

(F(V) ~ Yen) [¢] f DY €l (F(Y) — Yep)l€] = —(F(V) — Yep) [€)FulYos) €]
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By our perturbation of the Hessian above, i.e. Proposition 9.4.2, Corollary 9.4.3,

Proposition 9.4.4 and Stability Condition C, we get

AJEP|(F (V) = Yom)[E]P < [(F(Y) = Ye) [l FulYon][€]| (9.32)

Multiply both sides by [£]'?, then sum over £ and use Cauchy-Schwartz inequality

on the RHS
AZI&I”I ) — Yon)[€ Zlél (F(Y) = Yeu)[€)]I€P | FulYes][€]]
) ) (9.33)
Z|€|14| 7) — Yen)[€]17)* ( Z|€| FulVosll€]P)?
then by Lemma 2.3.1 we get
A|F(Y) = Yesi7 < [F(Y) = Yo | Fae[Yen]les (9.34)
So if F(Y) - YCB # 0, then
|F(Y) = Yenler < A FaelYen]les < A'Ce*uce| < €. (9-35)

Thus we use Brouwer fixed point theorem to conclude that there is a unique solution

Yat € Bi7(Yeg). In fact, from the last inequality (9.35), we have the stricter estimate
|Yae — Yegller < C€. (9.36)

The consistency of Cauchy-Born rule was proved in Chapter 6. Now we show Y is
a W1 local minimizer of the functional I,; by Proposition 9.4.2.

Given any Y : Q. — R? with [V — Yy < S, write

1
«Fat(Y) - fat(Y;Lt) = (Y - Yat) ' J\ Hat[yt]dt : (Y - Y:axt).
0
Note that

|Yt — YCB|W€17‘T‘ < t|Yat - YCB|W€L‘7~‘ + |Y — YCB|W51"I <9
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for sufficiently small e. Then there exists a constant C' such that
Faur(Y) = Fas(Yar) = Ce?|Y = Yo |5, >0,

at[Id]

Therefore Yy is a W1 ® local minimizer.
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