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Abstract

For at least two thousand years, voting has been used as one of the most effective
ways to aggregate people’s ordinal preferences. In the last 50 years, the rapid devel-
opment of Computer Science has revolutionize every aspect of the world, including
voting. This motivates us to study (1) conceptually, how computational think-
ing changes the traditional theory of voting, and (2) methodologically, how
to better use voting for preference/information aggregation with the help
of Computer Science.

My Ph.D. work seeks to investigate and foster the interplay between Computer
Science and Voting Theory. In this thesis, I will discuss two specific research di-
rections pursued in my Ph.D. work, one for each question asked above. The first
focuses on investigating how computational thinking affects the game-theoretic as-
pects of voting. More precisely, I will discuss the rationale and possibility of using
computational complexity to protect voting from a type of strategic behavior of the
voters, called manipulation. The second studies a voting setting called Combinatorial
Voting, where the set of alternatives is exponentially large and has a combinatorial
structure. I will focus on the design and analysis of novel voting rules for combina-
torial voting that balance computational efficiency and the expressivity of the voting

language, in light of some recent developments in Artificial Intelligence.
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1

Introduction

People hold different opinions and preferences over almost everything. Yet in many
situations a common decision must be made. For example, sometimes people need
to select a leader, or decide whether or not to provide a public good such as national
defense. The best-known way to achieve these goals is by voting, which has been a
critical component of democracy since ancient time. As early as around 350 B.C.,
Plato (424/423 B.C.-348/347 B.C.), in spite of being famous for his objection against
democracy, proposed several multi-stage voting processes to elect the “guardians” of
the law and officeholders, etc., in his unfinished book “The Law’. Obviously Plato
was not the first person who thought about voting. In fact, Socrates (469 B.C.—
399 B.C.), Plato’s teacher, was sentenced to death by a majority voting. Plato
thus had good reasons to object to democracy. After Plato, the first well-known
voting system that is not based on majority voting was proposed by Ramon Llull
(1232-1315). Then, the systematic study of the theory of voting prospered with the
French Revolution in the 18th century. During that time, two of the most famous
philosophers who made significant contributions to the theory of voting are Marie

Jean Antoine Nicolas de Caritat, marquis de Condorcet (1743-1794, also known as
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Nicolas de Condorcet, who proposed the Condorcet criterion), and Jean-Charles,
chevalier de Borda (1733-1799, who proposed the Borda voting rule). More recently,
Kenneth Arrow (a co-recipient of the Nobel Memorial Prize in Economics in 1972)
showed that it is impossible to design a voting rule that satisfies some very natural
properties (Arrow, 1950). This seminal work is thus named Arrow’s impossibility
theorem, and is broadly regarded as the beginning of modern Social Choice Theory,
which is an active research direction in Economics.

In recent years, rapid developments in computers and networks have brought big
changes to human society. Computers not only have helped us solve problems faster,
but also have brought revolutions to the ideology of the human society. For exam-
ple, the ultimate goal of Artificial Intelligence (Al)is to build computers that are as
“intelligent” as, if not more intelligent than, human beings. These changes have led
to many new interdisciplinary areas. In particular, the interdisciplinary area lying
in the intersection of Computer Science and Economics has attracted huge atten-
tion, partly due to the emerging electronic commerce of the Internet era. One place
where Computer Science meets Economics is the new subarea of Al called Multi-
Agent Systems, which studies interactions and collaborations in systems that consist
of multiple intelligent agents (Wooldridge, 2009). Similar as for human beings, vot-
ing could help intelligent agents to make a joint decision in many situations. For
example, in the system developed by Ephrati and Rosenschein (1991), agents use
voting to decide the next step in their joint plan. There are also many applications
of voting in electronic commerce, for example, Ghosh et al. (1999) proposed to use
voting to help build recommendation systems; Pennock et al. (2000) adopted the
core method in traditional Voting Theory—the axiomatic approach—to analyze col-
laborative filtering algorithms in recommendation systems; and Dwork et al. (2001)
proposed to treat web-search engines as agents, and use voting to decide the best

matching website.



In many new applications of voting, we encounter an extremely large number
of alternatives or an overwhelming amount of information, which leads to signifi-
cant computational challenges. To handle these situations, we need to design faster
algorithms or build faster computers. On the other hand, higher computational ca-
pability makes it easier for voters to figure out beneficial strategic behavior, which
might lead to undesirable outcomes. In order to reap the benefits of these potential
applications and overcome the emerging problems, we need to develop new algo-
rithms and methodologies. A burgeoning area— Computational Social Choice—aims
to address problems in computational aspects of information/preference representa-
tion and aggregation in multi-agent scenarios (Chevaleyre et al., 2007).

A first question that should be asked is: why it is voting that people or intel-
ligent agents should want to use to aggregate their preferences? Certainly in some
situations people use other mechanisms. For example, sometimes auctions are used
to determine an allocation of resources or tasks. A key feature in the situations
where people or agents use voting is that they only have, or are limited to express,
ordinal preferences, in contrast to cardinal preferences measured by real numbers
that represent utilities and allow for monetary transfers. In this dissertation, I put
aside the discussion of many important topics, including the comparison between
voting and other mechanisms, cardinal vs. ordinal preferences, rationale behind the
utility theory, etc. An interested reader may refer to Conitzer (2010) for discus-
sions on such topics. Instead, I will focus on the situations where voting is used.
It should be kept in mind that voting is a good option for preference/information
aggregation in many, but not all situations. My research seeks to investigate and
foster the interplay between Computer Science and Voting Theory. In particular, my
research focuses the conceptual and methodological aspects of the interplay: (1) how
computational thinking (Wing, 2006) changes the traditional voting theory
conceptually, and (2) methodologically how can we better use voting for

3



preference/information aggregation with the help of Computer Science.
1.1 Structure of This Dissertation

The structure of my dissertation is illustrated in Figure 1.1. Most of my research
focuses on Computational Voting Theory, which is the most active branch of Compu-
tational Social Choice (Node 1 in Figure 1.1). To make the dissertation coherent and
to keep it at a reasonable length, I will discuss two research directions that belongs
to the two high-level aspects mentioned in the end of the last section. The first direc-
tion focuses on investigating how computational thinking affects the game-theoretic
aspects of voting (Node 2 in Figure 1.1). The second direction studies the design and
analysis of novel voting rules when the set of alternatives is exponentially large and
has a combinatorial structure, with the help of some recent developments in Artificial
Intelligence (Node 3 in Figure 1.1). These two research directions converge to the

study of the game-theoretic aspects of combinatorial voting (Node 4 in Figure 1.1).

1 Computational Voting Theory

2 Game-theoretic aspects 3 Combinatorial voting 5 Other topics
(Chapter 3-7) (Chapter 8-10) Briefly discussed in Section 1.5

4 Game-theoretic aspects of combinatorial voting
(Chapter 11,12)

FI1GURE 1.1: Structure of my dissertation.

In the remainder of this chapter, I will slightly expand on the nodes in Figure 1.1.



1.2 Computational Voting Theory

Computational Voting Theory, which studies computational issues in voting, is the
most active branch of Computational Social choice. Throughout the dissertation, a
vote is a linear order! over the set of alternatives (candidates), we ask each voter
(agents) to cast one vote. These votes constitute a profile. Then, we apply a voting

rule to the profile to determine the winning alternative (the winner).

Example 1.2.1. Suppose three candidates { Clinton, Obama, McCain} are competing
for a presidential position. We use the plurality rule to select the winner. That is, the
candidate who is ranked at the top the most time in the votes wins, and suppose ties
are broken alphabetically. Suppose there are five voters whose votes are as follows:
Voter 1 :  Clinton> Obama>McCain
Voter 2,3:  Obama> McCain> Clinton
Voter 4,5:  McCain> Clinton> Obama
Then, the winner is McCain, because he is ranked in the top position for two times

(tied with Obama), and the tie is broken in favor of McCain.

The formal definition of voting systems and some popular voting rules can be
found in Chapter 2. In Computational Voting Theory, researchers have extensively

investigated at least the following questions.

e How can we compute the winner or ranking more efficiently?
e How can we communicate and elicit voters’ preferences more efficiently?

e How can we use computational complexity to protect elections from bribery

and control?

! However, see Pini et al. (2007), for a discussion of voting where preferences over the candidates
are represented by a partial order.



e How can we prevent voters from misreporting their preferences?
e How can we analyze voters’ incentive and strategic behavior?

e How can we design novel voting rules when the set of alternatives has a com-

binatorial structure, and is exponentially large?

Nodes 2-4 correspond to the last three questions. More detailed discussions as well

as references can be found in Chapter 2.
1.3 Node 2: Game-theoretic Aspects

An important yet always implicit assumption when most popular voting rules were
designed is that all voters report their preferences truthfully. However, in many
real world voting systems, a voter may well lie to make herself better off. This
phenomenon is call a manipulation. For example, let us recall Example 1.2.1, and
suppose that the votes described in the example are the voters’ true preferences. We
have already seen that if all five voters report truthfully, then McCain is the win-
ner. However, if the first voter reports that her vote is Obama>Clinton>McCain,
while the other voters all report truthfully, then Obama is the winner. Note that
the first voter prefers Obama to MaCain, which means that she has an incentive
to misreport her preferences to make herself better off. This kind of strategic be-
havior makes the outcome of the voting process unpredictable, and can sometimes
hurt the voters, including the manipulators themselves, when there is more than one
manipulator. Therefore, it is important to investigate the strategic behavior of the
voters. This falls under Game Theory (Fudenberg and Tirole, 1991). First of all, it
would be great if we can use a voting rule for which there is never any opportunity
for manipulation, i.e., a strategy-proof voting rule. This objective might seem to
be too ambitious at first glance, but in fact, there are many strategy-proof mecha-
nisms in other settings where voters are allowed to express their cardinal preferences,

6



their preferences are quasi-linear, and monetary transfers are allowed. For example,
the well-known VCG mechanisms are strategy-proof (Vickrey, 1961; Clarke, 1971;
Groves, 1973). Unfortunately, in voting settings where no monetary transfers are
allowed, due to the celebrated Gibbard-Satterthwaite theorem (Gibbard, 1973; Sat-
terthwaite, 1975), when there are three or more alternatives, no strategy-proof voting
rule satisfies the following two desired properties: (1) non-imposition (i.e., each al-
ternative wins for some profile) and (2) non-dictatorship (i.e., there is no dictator, a
voter whose first-ranked alternative is always the winner). To circumvent this very
negative result, economists have proposed to restrict the domain of preferences to
obtain strategy-proofness. That is, we assume that voters’ preferences always lie in a
restricted set of linear orders. One example of such a class is the set of single-peaked
preferences (Black, 1948). For single-peaked preferences, desirable strategy-proof
rules exist, such as the median rule (Moulin, 1980). More details can be found in
Chapter 12, where I will discuss our own results along this line as well.

Besides this, my research on the game-theoretic aspects of Voting Theory di-
verges into two directions, illustrated in Figure 1.1. The first direction (the left
branch) focuses on exploring the idea of using computational complexity to prevent
manipulation. The second direction (the right branch) focuses on analyzing the

equilibrium outcome in a type of voting games.



’2 Game-theoretic aspects‘

Manipulation is inevitable
(Gibbard-Satterthwaite Theorem)

Can we use computational complexity

as a barrier against manipulation?

e

Yes
(Chapter 4)

|

Is it a strong barrier?

;

No
(Chapter 5)

|

Other barriers?

l

Why prevent manipulations?

AN

May lead to very undesirable
outcomes (Chapter 7,11)

Information constraints (Chapter 6)
Domain restrictions (Chapter 12)

How often?

|

Seems not very often
(experiments in Chapter 7)

FIGURE 1.2: Two directions in game-theoretic aspects of voting.

1.3.1  Fuirst Direction: Computational Complexity of Manipulation

Even though a manipulation is guaranteed to exist, if we can prove that finding a
manipulation is computationally hard for some common voting rules, then a ma-
nipulation might not occur simply because the manipulator(s) cannot find it in a
reasonable amount of time, or it is computationally too costly to do so. This idea
was first explored by Bartholdi et al. (1989a), which, together with Bartholdi et al.
(1989b, 1992), have been broadly considered the starting point of Computational
Social Choice. After that, a number of results have been obtained on the computa-
tional complexity of manipulation in various settings. See Faliszewski et al. (2010b);

Faliszewski and Procaccia (2010) for recent surveys. More details will also be given

in Chapter 4.




Chapter 4 focuses on the most natural setting where voters are equally weighted,
and there are multiple manipulators who want to cast their votes collaboratively to
make a favored alternative win. I will show that for some common voting rules,
finding a manipulation is NP-hard, while for some other voting rules, there exist
polynomial-time algorithms to find a manipulation. Therefore, at least for some
common voting rules, the answer to the question “Can we use computational com-
plexity as a barrier against manipulation?” is “Yes”. This answer is quite positive,
because it implies that at least for these voting rules, even if the potential manipula-
tors use the fastest computer in the world, they are unlikely to find an algorithm that
can always tell them the answer quickly even for large instances (assuming P# NP).
Consequently, these potential manipulators might have less incentive to misreport
their preferences.

Proving the NP-hardness of finding a manipulation is only a first step. Even
though it is NP-hard to find a manipulation, the manipulators may still not always
report their true preferences. For example, they can certainly run a heuristic algo-
rithm for a certain amount of time, say one minute, and if the algorithm returns
a successful manipulation, then they will cast the votes returned by the algorithm;
otherwise, if the algorithm fails to compute an answer in one minute, they may
then report their true preferences. Technically, this problem is due to the fact that
NP-hardness is a worst-case concept. Therefore, it is natural to ask, informally,
whether manipulations are computationally hard to find in “most” cases. Some pre-
vious work gave partial answers to this question. Again, more details and discussion
can be found in Faliszewski et al. (2010b); Faliszewski and Procaccia (2010) and/or
Chapter 4. We will see in Chapter 5 that, for a very general class of voting rules
called generalized scoring rules, which include many common voting rules, the cases
where manipulations are hard to find are exceptions rather than the rule. There-
fore, computational complexity does not seem to be a very strong barrier against

9



strategic behavior, so that we need to seek other barriers. For example, we may
try to limit the manipulators’ information about the preferences of the other voters
(Chapter 6), or only allow the voters to pick a vote from a restricted set of linear

orders (Chapter 12).2
1.3.2  Second Direction: Equilibrium Outcomes in Voting Games

In fact, the very first question that should be asked is, is it ever desirable to prevent
the voters’ strategic behavior? After all, the ultimate objective of voting is to select
a “good” alternative. So if somehow the strategic behavior of the voters leads to the
same, or an even better, outcome, then there is no reason to even try to prevent the
voters from being strategic. Moreover, in such cases, maybe the strategic behavior
should actually be encouraged! Surprisingly, this question was not answered before.
To analyze the outcome when voters are strategic, the most natural way is to use
Game Theory to model the voting process as a game, and then focus on the winner in
the outcome of the game in terms of some solution concept, e.g., Nash equilibrium.?
However, in general a voting game has too many (Nash) equilibria. This makes it
very hard to draw any useful conclusions on the impact of strategic behavior on the
outcome of voting.

In Chapter 7, we study a type of voting games where voters cast their votes one
after another sequentially. We call such games Stackelberg voting games. We will fo-
cus on a finer solution concept called subgame-perfect Nash equilibrium. Fortunately,
in any Stackelberg voting game, the outcome is unique in all subgame-perfect Nash

equilibria. One might expect that the strategic behavior would sometimes harm the

voters, but there are two main difficulties in drawing such a conclusion, which come

2 As mentioned earlier, this idea has been approached mainly by economists. I will further explore
it in the setting of combinatorial voting.

3 In general simultaneous-move voting games, a Nash equilibrium is a profile where no voter can
benefit from casting a different vote. The formal definition of voting games, Nash equilibrium, and
its refinement subgame-perfect Nash equilibrium can be found in Chapter 7.
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from the following two natural questions.

1. To what extent can the strategic behavior harm the voters? The main difficulty
here is that voting aims at aggregating voters’ ordinal preferences, which means

that generally it is nontrivial to measure how good/bad an alternative is.*
2. How often does the strategic behavior harm the voters?

Chapter 7 answers the above two questions. The first question is answered by show-
ing some paradoxes, which state that sometimes the (unique) equilibrium winner is
ranked in extremely low positions in almost all voters’ true preferences. Without
doubt this is an extremely undesirable outcome. Therefore, these paradoxes illus-
trate the cost of strategic behavior of the voters, and suggest that at least in some
cases, strategic behavior should be prevented. The second question is partly an-
swered by simulations. Surprisingly, for most common voting rules, the winner in
the equilibrium outcome is slightly “better” for the voters on average, compared to

the winner when they vote truthfully.
1.4 Node 3: Combinatorial Voting

So far we have been discussing voting over unstructured sets of alternatives. In many
real-life situations, there are multiple issues (attributes, or characteristics), and each
alternative can be uniquely characterized by a vector of the values these issues take.
Such settings are called combinatorial voting (or voting in combinatorial domain).
For instance, when agents vote to select a president and a treasurer, each position

corresponds to an issue whose value corresponds to the person selected to hold the

4 This is in sharp contrast to the settings where there is a well-defined social welfare function,
especially in the settings where the agents have quasilinear utility functions, and are allowed to
express their cardinal preferences, for example in auctions. In those situations, the cost of strategic
behavior can be measured by the price of anarchy (Koutsoupias and Papadimitriou, 1999), that is,
the ratio of the optimal social welfare over the worst social welfare in equilibrium outcomes.
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position. In combinatorial voting, selecting a winner amounts to making a public
choice for each of the issues. The main difficulty resides in the exponentially large
number of alternatives. Therefore, it is computationally impractical to directly apply
a common voting rule designed for unstructured sets of alternatives in the setting of
combinatorial voting.> For combinatorial voting, we need to design new voting rules
that are computationally tractable.

In the literature, researchers in Economics and Political Science have extensively
studied voting processes where the agents vote over issues separately in parallel. This
method works well when agents’ preferences over one issue do not depend on any
other issues. However, in general agents’ preferences over one issue may depend on
the value of other issues. For example, if a Democrat is selected to be the president,
then a voter may prefer selecting a Republican to be the treasurer; but if a Republican
is selected to be the president, then the voter may prefer selecting a Democrat to be
the treasurer. There are two main challenges for combinatorial voting: Language-
wise we need a more natural way for the agents to truthfully report their preferences.
Methodology-wise we also need a more general theory of computational tractable
combinatorial voting.

My research in combinatorial voting can be roughly categorized into two direc-
tions, illustrated in Figure 1.3. The first direction focuses on designing computation-
ally tractable voting rules for combinatorial voting. The second direction (Node 4 in
Figure 1.1) focuses on game-theoretic aspects of combinatorial voting, where we aim

at analyzing and preventing voters’ strategic behavior in combinatorial voting.

5 Some voting rules that only use a very small portion of the voters preferences to select the
winner, for example the plurality rule, do not have significant computational issues when they are
used in combinatorial voting. However, in general these rules will not select a “good” outcome in
combinatorial voting. More discussions will be given in Chapter 8.
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FiGure 1.3: Two directions in combinatorial voting.

1.4.1 Designing New Rules for Combinatorial Voting

One attempt to design computationally tractable voting rules consists of sequential
voting rules, where agents vote sequentially, in the sense that they vote to make
the choice for the first issue by a “local” voting rule, then move on to the second
issue and vote to make the choice by another local voting rule, etc., given an order
over the issues (Lang, 2007). Much of my work was built on the idea of sequential
voting, which allows the agents’ preferences over one issue to depend on some (but
not necessarily all) other issues. Formally, the voters are advised to use a compact
voting language called CP-nets (Boutilier et al., 2004), which was recently proposed
in the Artificial Intelligence community as a preferential counterpart of Bayesian
networks (Pearl, 1988).

However, in order for sequential voting to work well, there are two levels of

technical constraints. First, each voter’s preferences must be represented by an
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acyclic CP-net. In other words, for each voter, there exists at least one linear ordering
over the issues, such that the voter’s preferences over later issues in this order only
depend on the values of all previous issues. That is, the voter’s preferences are
compatible with that ordering over issues. The second is that all voters’ preferences
must be compatible with a common (linear) ordering over the issues. For example,
consider a combinatorial voting setting where there are two issues: an issue for
“main dish”, which can be either fish or beef, and another issue for “wine”, which
can be either red wine or white wine. The two constraints state that there exists
an ordering over the two issues, w.l.o.g. main dish>wine, with which all voters’
preferences are compatible. That is, each voter” preferences over wine depends on the
value of main dish. From a high-level point of view, these two constraints imply that
sequential voting rules have high computational efficiency, but the voting language
(i.e., acyclic CP-nets that are compatible with a common ordering over issues) is
too restrictive. On the other hand, common voting rules designed for unstructured
sets of alternatives have low computational efficiency in the setting of combinatorial
voting, but the voters have more flexibility in expressing their preferences.
Designing a good voting rule with high computational efficiency and a fully ex-
pressive language seems to be a mission impossible. Therefore, my work in com-
binatorial voting aims to design voting rules that tradeoff computational efficiency
and expressiveness of the voting language. We will start designing such voting rules
by assuming all voters vote truthfully (Chapter 9, 10). Complications caused by
the strategic behavior of the voters will be examined later (Chapter 11, 12). In
Chapter 9, we will see a framework that first considers a directed graph over all
alternatives by applying local voting rules, then uses a choice set function to select
the winner from this graph. This framework allows a voter to use any CP-net (even
an acyclic one) to represent her preferences. We will also see that whether or not
the voting rule defined by this framework satisfies some desired properties for voting
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rules, e.g., anonymity, neutrality, etc., depends on both the choice set function and
whether the local voting rules satisfy these properties. In general, computing the
winners in this framework is hard. However, we will see an algorithm that could save
significant amounts of time when the (possibly cyclic) CP-nets that represent voters’
preferences share some common structure.

Chapter 10 takes a different approach towards defining new rules for combina-
torial voting. Suppose there is a “correct” winner and the voters’ preferences are
noisy perceptions of it. If we have a probabilistic model that generates voters’ pref-
erences given the “correct” winner, and a probability distribution for an alternative
to be the “correct” winner, then having seen the voters vote, we can compute the
posterior probability for each alternative to be the “correct” winner via standard
Bayesian reasoning. In other words, the voting rule defined by this process can be
viewed as the mazimum likelihood estimator (MLE) of the probabilistic model. This
idea was actually introduced two hundred years ago by Condorcet (1785) to design
a voting rule for unstructured sets of alternatives. The main question is, how should
we define the probabilistic model? In Chapter 10, we will see a natural probabilistic
model for sets of alternatives composed of binary issues, called distance-based noise
models, where the conditional probability given the “correct” winner is decomposed
into local distributions, one for each issue 7. More precisely, the local distribution
over any issue ¢ under some setting of the other issues depends only on the Hamming
distance from this setting to the restriction of the “correct” winner to the issues other
than 7. Some results on the computational complexity of winner computation will
be presented, followed by discussions about the relation between the MLE approach

and sequential voting rules.
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1.5 Node 4: Game-Theoretical Aspects of Combinatorial Voting

The formulation of a voting game largely depends on the voting rule used in the
voting process. As I argued in the last section, in combinatorial voting it is generally
computationally costly to use common voting rules designed for unstructured sets
of alternatives. Therefore, the arguments and results in Section 1.3, which were
made for common voting rules designed for unstructured sets of alternatives, do
not directly apply to combinatorial voting. Since sequential voting is one of the
most natural approaches in combinatorial voting, this suggests to study a voting
game where voters cast votes strategically on one issue after another, following some
ordering over the issues. Indeed, strategic voting is arguably more likely in such a
sequential game than in “one shot” voting. We call this type of voting games strategic
sequential voting, which is the main topic of Chapter 11.5 Compared to (truthful)
sequential voting mentioned in the previous subsection, for strategic sequential voting
the focus is on different aspects. In truthful sequential voting, a major concern is
how expressive the voting language is. In strategic sequential voting, however, the
expressivity of the voting language is not the most important issue. Instead, what
really matters is how a strategic voter’s preferences and knowledge about the other
voters’ preferences determine her behavior in the voting game, and thus influence the
outcome of the game. Therefore, in the game-theoretic part on combinatorial voting,
we are interested in the following two questions. The first question is exactly the
same as question 1 asked in Section 1.3.2, but here it is asked for strategic sequential

voting.

1. To what extent can the strategic behavior harm the voters in strategic sequen-

6 We note that strategic sequential voting is different from the Stackelberg voting games mentioned
in Section 1.3.2. In Stackelberg voting games voters cast their votes one after another, while in
strategic sequential voting, voters cast votes simultaneously on individual issues, one issue after
another.
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tial voting?

2. If the strategic behavior of the voters can harm the voters badly, how can we

prevent it?

The first question is answered by three types of multiple-election paradozes: there
exists a profile for which (1) the winner under strategic sequential voting is ranked
nearly at the bottom in all voters’ true preferences, (2) the winner is Pareto-dominated
by almost every other alternative, and as a consequence, (3) the winner is an almost

" Even worse, changing the ordering over the issues on which the

Condorcet loser.
voters vote cannot completely prevent these paradoxes. Hence, the outcome of strate-
gic sequential voting can be extremely undesirable to all voters. Similar paradoxes
have been shown for other models of behavior in combinatorial voting in the liter-
ature (Scarsini, 1998; Brams et al., 1998), but as far as we know, we were the first
to discover these paradoxes in a strategic environment, to illustrate the cost of the
strategic behavior of the voters. See Chapter 11 for more references and discussion.

One approach to addressing the concern raised by the second question is restrict-
ing the voters’ preferences. We will see in Chapter 11 that by restricting the voters’
preferences to be separable or lexicographic, all three types of multiple-election para-
doxes mentioned earlier disappear. In fact, by putting more constraints on the voters’
preferences, we can obtain strategy-proof sequential voting rules for combinatorial
voting. We can further show that if the domain restriction satisfies some mild condi-
tions, then a voting rule is strategy-proof if and only if it is a sequential voting rule,

where each local rule is strategy-proof over its respective local domain. This will be

discussed in Chapter 12.

7 The definitions for Pareto-domination and Condorcet loser will be found in Chapter 11.
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1.6 Node 5: Work Excluded from My Dissertation

During my Ph.D. studies, I also have worked on some other important topics in
preference/information representation and aggregation. These works will not be
discussed in detail in the dissertation due to considerations of length and coherence
of the dissertation. In this section, I will briefly describe these works, illustrated in

Figure 1.4. An interested reader may also refer to Xia (2010).

Combinatorial prediction markets

An efficient pricing algorithm
(Xia and Pennock, 2011)

Pricing with Bayesian Networks
(Pennock and Xia, 2011)

@rk excluded from@

MLE approach
(Conitzer et al., 2009;
Xia and Conitzer 2011b)

Possible/Necessary winners
(Xia and Conitzer, 2008, 2011a,;
Chevaleyre et al., 2010b; Xia et al., 2011)

Compilation complexity
(Xia and Conitzer, 2010)

Computational voting theory

FIGURE 1.4: Topics excluded from my dissertation.

1.6.1 My Other Work in Computational Voting Theory

In addition to the topics discussed in Section 1.3, 1.4, and 1.5, I have also worked on

the following three topics.

e Computing possible/necessary winners. In practice, we may not need to
know the voters’ full preferences to compute the winner. That is, information
elicited at an early stage might suffice to conclude who the winner is. For this
purpose, it is important to know the answers to the following two computa-

tional questions when only part of the voters’ preferences are elicited: (1) Is it
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still possible for a given alternative to win? (2) Has the winner already been
determined, so that we may terminate the elicitation process and announce the
winner? These two problems are known as the possible/necessary winner prob-
lems, respectively (Conitzer and Sandholm, 2002; Konczak and Lang, 2005). I
investigated the computational complexity of these possible/necessary winner
problems for many common voting rules (Xia and Conitzer, 2008a, 2011a), as
well as in the special case where the alternatives do not arrive at the same

time (Chevaleyre et al., 2010b,a; Xia et al., 2011).

Compilation complexity. One closely related topic to possible/neccessary
winner determination is the compilation complexity of common voting rules.
Here the agents do not arrive at the same time, and we are asked in the mid-
dle of the election, what is the lowest number of bits required to store enough
information about the votes cast so far to determine the winer (Chevaleyre
et al., 2009). In recent work (Xia and Conitzer, 2010a), we proved asymp-
totically matching upper and lower bounds on the compilation complexity for
many common voting rules. We also devised polynomial-time algorithms to
“compress” and store the votes in the middle of an election. These algorithms
can significantly speedup the algorithm used to compute the subgame-perfect

Nash equilibrium in Stackelberg voting games (Chapter 7).

A maximum-likelihood estimator approach towards general voting.
As I discussed in Section 1.4.1, one principled way to design a reasonable vot-
ing rule is by setting up a probabilistic model, and then define the voting rule
to be the maximum-likelihood estimator of this model. Of course this idea
is not limited to multi-issue domains, as the idea of using it for unstructured
sets of alternatives dates back to Condorcet (1785). In recent work (Conitzer

et al., 2009b), we showed that the MLE approach gives us a group of ag-
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gregation functions called ranking scoring rules, which are used to output an
aggregated linear order over all alternatives. The MLE approach can also be
used to systematically extend common voting rules that aggregate linear orders

to aggregate partial orders (Xia and Conitzer, 2011b).

In addition to the above three topics, I also did some work on sequential voting in
combinatorial domains before starting my Ph.D. studies at Duke. This work will be

mentioned in Chapter 8 as a part of the literature in combinatorial voting.
1.6.2  Combinatorial Prediction Markets

Prediction markets are financial markets that aggregate agents’ probabilistic beliefs
about the outcome of a random event. The Iowa Electronic Markets and Intrade
are two examples of real prediction markets with a long history of tested results.
See Chen and Pennock (2010) for a recent survey of prediction mechanisms. Un-
fortunately, if the space has a combinatorial structure, then the central problem of
computing the prices for securities is #P-hard (Chen et al., 2008a). For example, in
the NCAA mens basketball tournament, there are 64 teams and therefore 63 matches
in total to predict, where each match can be seen as a binary variable. Such settings
are known as combinatorial prediction markets.

Recently, I revealed two natural relationships: the first (Xia and Pennock, 2011)
bridges combinatorial prediction markets and the weighted model counting problem, a
central problem in Al; and the second (Pennock and Xia, 2011) bridges combinatorial
prediction markets and probabilistic belief aggregation, a well-studied problem in both
Statistics and Al Inspired by the first relationship, I designed an efficient novel
Monte Carlo sampling technique based on importance sampling that has a good
theoretical guarantee, for combinatorial prediction markets for tournaments (Xia
and Pennock, 2011). The second relationship helped us further explore the idea of
using a compact representation scheme (formally, a Bayesian network) to represent
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the prices of securities (Chen et al., 2008b), and completely characterize all structure-
preserving securities (meaning that these securities can be computationally efficiently

priced) (Pennock and Xia, 2011).
1.7  Summary

In this chapter, I categorized some of my Ph.D. work in Computational Voting
Theory into two lines of research directions: the game-theoretic aspects and combi-
natorial voting. I briefly discussed the motivating questions in both lines of research
and their intersection, and the results that will be presented in later chapters. To
make the dissertation coherent and to keep it at a reasonable length, some of my
work that are not included in this dissertation. Some of them were briefly discussed

in Section 1.6.
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2

Preliminaries

In this chapter, I first give definitions of voting, some common voting rules, and some
desired properties. In the end of this chapter, I will give a brief introduction to some
other major topics in Computational Social Choice not covered in this dissertation.

Let C = {c1,...,cn} denote the set of alternatives (or candidates). Each voter
uses a linear order on C to represent his/her preferences. A linear order is a transitive,
antisymmetric, and total relation on C. The set of all linear orders on C is denoted
by L(C). For any natural number n, an n-voter profile P on C is a vector consisting
of n linear orders on C, one from each voter. That is, P = (V4,...,V,), where for
every j < n, V; € L(C). The set of all n-profiles is denoted by F,,. Throughout the
dissertation, we let n denote the number of voters, and let m denote the number of
alternatives.

For any linear order V € L(C) and any i < m, we let Alt(V,7) denote the al-
ternative that is ranked in the ith position in V. A woting rule r is a function
that maps any profile on C to a unique winning alternative (the winner), that is,
r:FruFau...—C. A voting correspondence r¢ can select more than one winner,

that is, 7 : FruFu. .. — 2°\{F}. Mathematically, a voting rule is a special voting
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correspondence that always selects a unique winner.
2.1 Common Voting Rules

In this section we give definitions of some common voting rules. In fact, most of them

1 Therefore,

are defined to be the maximizer/minimizer of some type of “scores”.
these voting rules are actually defined to be voting correspondences plus some tie-
breaking mechanisms. In this paper, if not mentioned specifically, ties are broken in
the fixed order ¢; > ¢y > --- > ¢,,.2 Below is a list of common voting rules that will
be studied in this thesis.

e (Positional) scoring rules: Given a scoring vector 8, = (5,(1),...,5n(m))
of m integers, for any vote V € L(C) and any c € C, let §,,(V,¢) = 5,,(j), where j is
the rank of ¢ in V. For any profile P = (Vi,...,V,), let 5,(P,c) = .7, 5a(Vj, ).
The rule will select ¢ € C so that §,(P,c) is maximized. We assume scores are
integers and nonincreasing. Some examples of positional scoring rules are Borda,
for which the scoring vector is (m — 1,m — 2,...,0); plurality, for which the scoring
vector is (1,0,...,0); and wveto, for which the scoring vector is (1,...,1,0). When
there are only two alternatives, Borda, plurality, and veto (as well as all other voting
rules introduced below) are called majority.

The definition of positional scoring rules naturally extends to the case in which
voters are weighted; the weights are represented by a vector @ = (wy, ..., w,) € R,

where for any ¢ < n, w; is the weight of voter 7. In particular, we let
n
(P, ) = wi - 5, (Vi ),
i=1

and again, the rule will select ¢ € C so that §,(P, ¢) is maximized.

I This idea will be generalized to define a class of voting rules called generalized scoring rules. See
Section 5.1.

2 Tie-breaking can have important impact on the properties of voting rules, e.g, the computational
complexity of manipulation (Obraztsova et al., 2011; Obraztsova and Elkind, 2011).
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e Copeland, (0 < o < 1): For any two alternatives ¢; and ¢;, we can simulate
a patrwise election between them, by seeing how many votes prefer ¢; to ¢;, and how
many prefer ¢; to ¢;; the winner of the pairwise election is the one preferred more
often. Then, an alternative receives one point for each win in a pairwise election, «
points for each tie, and zero point for each loss. The winner is an alternative that
maximizes the score.

e Maximin: Let Dp(c;, ¢;) denote the number of votes that rank ¢; ahead of ¢;
minus the number of votes that rank c; ahead of ¢; in the profile P. The winner is
the alternative ¢ that maximizes min{Dp(c, ') : ¢ € C, ¢ # c}.

e Ranked pairs: This rule first creates an entire ranking of all the alternatives.
In each step, we will consider a pair of alternatives ¢;, ¢; that we have not previously
considered; specifically, we choose the remaining pair with the highest Dp(c;, c;).
We then fix the order ¢; > ¢;, unless this contradicts previous orders that we fixed
(that is, it violates transitivity). We continue until we have considered all pairs of
alternatives (hence we have a full ranking). The alternative at the top of the ranking
wins.?

e Voting trees: A voting tree is a binary tree with m leaves, where each leaf is
associated with an alternative. In each round, there is a pairwise election between
an alternative ¢; and its sibling c;; if the majority of voters prefer ¢; to ¢;, then ¢; is
eliminated, and ¢; is associated with the parent of these two nodes. The alternative
that is associated with the root of the tree (i.e., wins all its rounds) is the winner.

e Bucklin: The Bucklin score of an alternative ¢, denoted by Bp(c), is the

smallest number ¢ such that more than half of the votes rank ¢ somewhere in the top

3 We note that at any stage there could be two or more edges whose weights are the highest. In
this dissertation, we first use parallel-universe tie-breaking (Conitzer et al., 2009b) to select multiple
winners, that is, an alternative is a winner if there exists a way to break ties among the edges such
that the alternative is ranked in the top position in the ranking created by ranked pairs. After
obtaining all “parallel-universe” winners, we use a fixed-order tie-breaking mechanism to select a
unique winner from them.
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t positions. A Bucklin winner minimizes the lowest Bucklin score, and ties are broken
by the number of times that the alternative is ranked within top Bp(c) positions.

e Plurality with runoff: The rule has two steps. In the first step, all alternatives
except the two that are ranked in the top position the most often are eliminated; in
the second round, the plurality rule (a.k.a. majority rule in case of two alternatives)
is used to select the winner.

e Single transferable vote (STV), a.k.a. instant-runoff or alternative
vote: The election has m rounds. In each round, the alternative that gets the lowest
plurality score (the number of times that the alternative is ranked in the top position)
drops out, and is removed from all of the votes (so that votes for this alternative
transfer to another alternative in the next round). The last-remaining alternative is
the winner.*

e Baldwin’s rule: This is a multi-round voting rule similar to STV. The election
has m rounds. In each round, the alternative that gets the lowest Borda score drops
out. The last-remaining alternative is the winner.

e Nanson’s rule: This is another multi-round voting rule similar to STV. The
election has multiple rounds. In each round, all alternatives with less than the
average Borda score are eliminated. This process then repeated with the reduced set
of alternatives until there is a single alternative left. Nanson’s rule and Baldwin’s

rule are closely related, and indeed are sometimes confused (Niou, 1987).
2.2 Axiomatic Properties for Voting Rules

As we discussed in the introduction, since in the voting setting the voters’ preferences
are ordinal, it is hard to measure how “good” an alternative is to all voters. Therefore,

it does not seem to be obvious how can we argue that a voting rule is “good” or

4 In this dissertation we use fixed-order tie-breaking at all stages. Conitzer et al. (2009b) investi-
gated the STV rule using parallel-universe tie-breaking.
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not. To overcome this difficulty, economists have proposed some desired properties
(or, azioms) that a good voting rule should satisfy, and have investigated how to
characterize voting rules by which properties they satisfy. Below, we include a list

of such properties. We say a voting rule r satisfies:
e anonymity, if the output of the rule is insensitive to the names of the voters;

e neutrality, if the output of the rule is insensitive to the names of the alterna-

tives;

e homogeneity, if for any profile P and any n € N, n > 0, r(P) = r(nP), where

nP is the profile composed of n copies of P;

e non-imposition, if any alternative is the winner under some profile. That is,
for any alternative ¢ and any n € N, there exists an n-profile P such that that

r(P) = ¢
e unanimity, if Alt(V,1) = ¢ for all V € P implies r(P) = ¢;

e (strong) monotonicity, if for any profile P = (V4, ..., V},) and another profile
P =\...,V!

n

) such that each V/ is obtained from V; by raising only r(P),
we have r(P') = r(P);

e consistency, if, whenever we have two disjoint profiles P;, P, with r(P;) =

r(Py), we must have r(P; u Py) = r(Py) = r(P);
e participation, if for any profile P and any vote V, r(P u {V}) >y r(P);

e Pareto efficiency, if for any profile P, there is no alternative ¢ that is preferred

to r(P) by all the voters;
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e the Condorcet criterion, if, whenever there exists a Condorcet winner in
a voting profile P, we must have that r(P) is the Condorcet winner. Here a

Condorcet winner is the alternative that wins each pairwise elections;

e the majority criterion, if, whenever the majority of voters rank an alterna-

tive in the top position, that alternative must be the winner under r.

Table 2.1 summarizes whether some common voting rules mentioned above satisfy
these axiomatic properties. The Wikipidea entry for “voting system”
(http://en.wikipedia.org/wiki/Voting_system) is a good place for the defini-

tions of more voting rules and axiomatic properties.

Table 2.1: Some common voting rules and their axiomatic properties.

Pos. scoring | Copeland | Maximin | Ranked pairs | STV | Bucklin Plurality
w/ runoff
Anonymity
Neutrality Y Y % % % % %
Homogeneity
Pareto efficiency
Monotonicity Y Y Y Y N Y N
Consistency Y N N N N N N
Participation
Condorcet N Y Y Y Y N N
Majority N Y Y Y Y Y Y

Each of these axiomatic properties evaluates voting rules from a specific view-
point. For example, anonymity measures how “fair” a voting rule is to the voters,
while neutrality measures how “fair” a voting rule is to the alternatives. We next

consider some other important concepts in voting.

Definition 2.2.1. For any profile P, we let WMG(P) denote the weighted majority
graph of P, defined as follows. WMG(P) is a directed graph whose vertices are the
alternatives. For i # j, if Dp(c;,¢j) = 0, then there is an edge (c;,c;) with weight

Wij = DP(CZ‘, Cj).
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http://en.wikipedia.org/wiki/Voting_system

Example 2.2.2. Let P denote the profile defined in Fxample 1.2.1. The weighted

magority graph of P is illustrated in Figure 2.1.

FiGURE 2.1: The weighted majority graph of the profile define in Example 1.2.1.

We say that a voting rule r is based on the weighted majority graph (WMG), if
the winner for r only depends on the weighted majority graph of the input profile.
More precisely, for any pair of profiles P;, P, such that WMG(P;) = WMG(P,), we
have r(Py) = r(FP).

The following lemma will be frequently used in this dissertation. Informally, the
lemma states that for any weighted directed graph G where the weights have the same
parity, there exists a polynomially large profile whose WMG is G. This lemma allows
us to focus on constructing a WMG that satisfies some desired properties, rather than
constructing the profile directly. The lemma was first proved by McGarvey (1953),
and there is also some subsequent work studying how to use as few votes as possible
to obtain the desired WMG (Erdés and Moser, 1964). In this dissertation, we only

need the polynomiality guaranteed by McGarvey’s original result.
Lemma 2.2.3. (McGarvey, 1953) Given a function F : C x C — Z such that
1. for all c¢1,c0 € C, ¢ # o, F(c1,02) = —F(co, 1), and

2. either for all pairs of candidates c1,c € C (with ¢ # o), F(cy,¢q) is even, or

for all pairs of candidates c¢1,co € C (with ¢1 # ¢3), F(eq,¢2) is odd,
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there exists a profile P such that for all c1,c5 € C, ¢1 # co, Dp(cy,c2) = F(c1,¢2) and

1P| < > [F(er,e) = Flea,c1)]

€1,C2: Cc1#C2

N | —

2.3 A Brief Overview of Computational Social Choice

In this section, I will give a more detailed overview of some major topics in Com-
putational Social Choice, which is an emerging interdisciplinary area at the inter-
section of Computer Science and Economics. Despite being young, Computational
Social Choice has already found its place as a major topic in a number of Ph.D. dis-
sertations since 2006, for example, Conitzer (2006a), Estivie (2007), Pini (2007),
Altman (2007), Bouveret (2007), LeGrand (2008), Procaccia (2008), Faliszewski
(2008), Aziz (2009), Uckelman (2009), Guo (2010), and Betzler (2010). An ever-
increasing list of Ph.D. dissertations related to Computational Social Choice can
be found at http://www.illc.uva.nl/COMSOC/theses.html. The Computational
Social Choice workshop (COMSOC) has been held every other year since 2006. Com-
putational Voting Theory is by far the most active research direction in Computa-
tional Social Choice. Below I will describe some major research topics in Compu-
tational Voting Theory, followed by some other research topics in Computational

Social Choice.
2.3.1 Major Topics in Computational Voting Theory

Researchers in Computational Voting Theory have extensively studied the following
topics.

e How can we compute the winner or ranking more efficiently? In
traditional Social Choice Theory, voting rules are designed for aggregating voters’
preferences over a generally small set of alternatives, where determining the winner

is not a significant computational issue. In fact, computing the winner for many
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common voting rules can be done in polynomial time. However, for some voting
rules that have a long history, it has been shown that computing the winner is hard.
For example, computing the winner for Kemeny’s rule was shown to be NP-hard
by Bartholdi et al. (1989b) and was later shown to be complete for parallel access
to NP (Hemaspaandra et al., 2005); similar results have been obtained for Dodg-
son’s rule—computing the winner for Dodgson’s rule is NP-hard (Bartholdi et al.,
1989b) and is also complete for parallel access to NP (Hemaspaandra et al., 1997).
A third example is Slater’s rule, for which computing the winner is NP-hard (Ailon
et al., 2005; Alon, 2006; Conitzer, 2006b). For these voting rules, efficient approxi-
mation/heuristic algorithms have been proposed (Ailon et al., 2005; Conitzer, 2006b;
Conitzer et al., 2006; Charon and Hudry, 2000; Hudry, 2006; Betzler et al., 2009a;
Caragiannis et al., 2009, 2010). However, if the voters’ preferences are restricted to be
single-peaked, then a Condorcet winner always exists, which means that computing
winners for both Kemeny’s and Dodgson’s rules are in P (Brandt et al., 2010a).

Kemeny’s, Dodgson’s, and Slater’s rules are all defined by first computing the
(weighted) majority graph, then applying a tournament solution (also called choice
set function in Chapter 9) to the graph to select the winner. The computational
complexity of computing some important tournament solutions has been investi-
gated (Brandt et al., 2009, 2010b, 2011).

e How can we communicate the voters’ preferences more efficiently?
When the number of alternatives is extremely large, it is computationally inefficient
for the agents to communicate their full preferences to the center. Preference elic-
itation studies how to query the agents iteratively to elicit enough information for
computing the winner (Conitzer and Sandholm, 2002). The lowest number of bits of
communication required to compute the winner, called communication complexity,
was investigated for some common voting rules (Conitzer and Sandholm, 2005b).
Eliciting single-peaked preferences were studied in Conitzer (2009) and Farfel and
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Conitzer (2011)

Communication complexity provides a worst-case guarantee about the informa-
tion that must be transmitted in order to compute the winner. However, it is quite
likely that in practice, the elicitation process can usually end earlier. As I mentioned
in Section 1.6, in these situations one important problem is how to compute the
possible/necessary winners (Konczak and Lang, 2005). Besides the works discussed
in Section 1.6 (i.e., Chevaleyre et al. (2010b), Chevaleyre et al. (2010a), Xia and
Conitzer (2011a), and Xia et al. (2011)), there are a number of other works studying
computing possible/necessary winners in different settings (?Walsh, 2007; Betzler
et al., 2009b; Betzler and Dorn, 2010; Baumeister and Rothe, 2010; Bachrach et al.,
2010; Baumeister and Rothe, 2010; Baumeister et al., 2011).

e How can we prevent voters from misreporting their preferences? In
this line of research, we investigate the possibility of using computational complexity
to prevent manipulation. Therefore, we need computational problem (for a manip-
ulator to compute a manipulation) to be as hard as possible. This topic will be
discussed in Section 3.1.

e How can we use computational complexity to protect elections from
bribery and control? Bribery and control are two ways for someone (not nec-
essarily a voter) to influence the outcome of the election. In general, bribery is
the behavior where the briber makes her favored alternative win by paying money
to some voters to change their votes. Control in voting is more complicated than
bribery in some sense—there are many different types of control, for example, intro-
ducing new voters/alternatives, removing existing voters/alternatives, or partition
the voters/alternatives. Bartholdi et al. (1992) first studied several types of control
in voting systems. Recently, more computational complexity results for bribery and
control problems have been obtained. In the bribery problem setting of Faliszewski
et al. (2009a), every voter has a cost, and we are asked whether there is a way to
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bribe some voters to make a given candidate win, subject to a total budget con-
straint. Elkind et al. (2009b) considered an even finer setting called swap-bribery,
where the voters are paid to “swap” adjacent alternatives in their votes. Faliszewski
et al. (2009b) showed that the Copeland rules (for different o parameters) broadly
resist known types of bribery and control. We ((Conitzer et al., 2009a)) studied the
computational complexity of agenda control in sequential voting systems. A special
type of control that introduces clones of alternatives was studied by Elkind et al.
(2010a). The setting where the briber can use multiple types of bribery/control
simultaneously was studied by Faliszewski et al. (2011a). On the negative side, Fal-
iszewski et al. (2011b) showed that if the voters’ preferences are single-peaked, then
for many common voting rules the manipulation and control problems are in P.

e How can we analyze voters’ incentives and strategic behavior? This
topic will be discussed in Section 3.2.

e How can we design novel voting rules when the set of alternatives
has a combinatorial structure, and is exponentially large? This topic will

be discussed in Chapter 8.
2.3.2  Other Major Topics in Computational Social Choice

Besides Computational Voting Theory, researchers in Computational Social Choice
have also studied the following topics.

e Fair division, a.k.a. cake cutting (Steinhaus, 1948), aims at providing a good
allocation of resources that satisfies some desired properties. The most desired prop-
erty is envy-freeness, which states that in the allocation, no agent would prefer the
resources allocated to any other agent. Fair division is closely related to Multiagent
Resource Allocation (Chevaleyre et al., 2006). For indivisible goods, Lipton et al.
(2004) obtained approximability and inapproximability results for envy-free alloca-

tions. For one heterogeneous divisible good, Procaccia (2009) proved a lower bound
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on the number of steps that must be used in any envy-free cake-cutting algorithm.
Chen et al. (2010), and Mossel and Tamuz (2010) introduced truthfulness in cake-
cutting, and proposed several cake-cutting algorithms that are truthful, envy-free,
and also satisfy some other desired properties. Caragiannis et al. (2011) studied the
cake-cutting setting where agents’ valuation functions are piecewise uniform with
minimum length. In such settings envy-freeness does not imply proportionality, and
Caragiannis et al. proposed allocation algorithms that approximate the proportional-
ity. Cohler et al. (2011) proposed an algorithm that computes the “optimal” envy-free
allocation, that is, an envy-free allocation that has the highest social welfare among
all envy-free allocations.

e Judgement aggregation. In judgement aggregation, a group of agents (judges)
need to aggregate their opinions over several interrelated binary propositions. Re-
cently, judgement aggregation has attracted much attention in Economics and Polit-
ical Science (List and Puppe, 2009). It differs from combinatorial voting in the sense
that in judgement aggregation, the aggregated values of the propositions must be con-
sistent, while in combinatorial voting there is no such requirement. The best-known
motivating example for the study of judgement aggregation is called the “doctrinal

paradox” (Chapman, 1998), which is illustrated in the following example.

Example 2.3.1. Suppose there are three judges who want to decide whether a de-
fendant is liable. They use the majority rule to aggregate their opinions over three
binary propositions: (1) P, which is true if and only if the defendant did the action
X, (2) Q, which is true if and only if the defendant intended to do X, and finally (3)
R, which is true if and only if the judge thinks that the defendant is liable. Suppose
all judges agree that the defendant is liable if and only if he did X and intended to
do X (that is, R < (P A Q)). Consider the following three judges’ judgments and

the majority aggregation for each proposition.
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Table 2.2: The doctrinal paradox.

PIOQIR<-(PAQ)|R
Judge1 | T | T T T
Judge2 | T | F T F
Judge 3 | F | T T F
Majority | T | T T F

All judges’ valuation over these propositions are consistent. However, the proposition-

wise aggregations of the judges are not consistent (P =T, Q =T, and R & P A Q =T
imply that R =T). The message behind the example is that: under the majority rule,
the judges come to the conclusion that the defendant did X and intended to do X,
but they also agree that he is not liable, which contradicts the rule “anyone who did

X and intended to do X s liable”.

One of the first papers that considers computational aspects of judgement aggre-
gation is Endriss et al. (2010a). They investigated the computational complexity of
checking whether the set of propositions (called the agenda) satisfies some axioms,
and showed that if these axioms are satisfied, then any judgement aggregation rule
that satisfies some desired properties will never produce an inconsistent outcome.
Later, Endriss et al. (2010b) investigated the computational complexity of comput-
ing the collective judgement as well as deciding whether an agent can influence the
outcome by misreporting her valuation of the propositions. The latest work in this
line of research is by Grandi and Endriss (2011), who proposed a general framework
for aggregating binary variables under constraints, and obtained a general definition
of paradoxes in this framework. This framework includes combinatorial voting and

judgement aggregation as special cases.
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2.4 Summary

In this Chapter we recalled the voting setting, notation that is used throughout this
dissertation, and definitions of some common voting rules and axiomatic properties.
We also gave a very brief introduction to some other major research directions in

Computational Social Choice.
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3

Introduction to Game-theoretic Aspects of Voting

In this dissertation I will discuss two directions for the game-theoretic aspects of
voting. The first direction (Section 1.3.1, the left branch in Figure 1.2) aims at
investigating possibilities of using computational complexity as a barrier against
manipulation. The second direction (Section 1.3.2, the right branch in Figure 1.2)
aims at analyzing voting games and their equilibrium outcomes. The following two

sections are devoted to these two directions, respectively.
3.1 Coalitional Manipulation Problems

How to use computational complexity to escape from the Gibbard-Satterthwaite
theorem (Gibbard, 1973; Satterthwaite, 1975) has attracted a lot of attention from
researchers in both the Artificial Intelligence and Theoretical Computer Science com-
munities. We recall that the main idea is, even though a manipulation ubiquitously
exists, it might be computationally costly for a potential manipulator to find it.
Hence, if we can prove that finding a manipulation is hard, then a potential manip-
ulator might have less incentive to even try to look for the manipulation, and even

if she does, she may not find it. In the agenda of using computational complexity as
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a barrier against manipulation, the main questions are the following.

1. For which voting rules can computational complexity serve as a barrier?

2. Is computational complexity a strong barrier?

To answer the first question, early work (Bartholdi et al., 1989a; Bartholdi and Orlin,
1991) has shown that when the number of candidates is not bounded, the second-
order Copeland and STV rules are NP-hard to manipulate, even by a single voter.
More recent research has studied how to modify other existing rules to make them
hard to manipulate by a single voter (Conitzer and Sandholm, 2003; Elkind and
Lipmaa, 2005).

A more general manipulation setting is that of weighted coalitional manipulation
(WCM). In this setting, multiple manipulators have formed a coalition, with the goal
of making an agreed-upon alternative win the election. Furthermore, the voters in
this setting are weighted, that is, a voter with weight k is equivalent to k unweighted
voters that cast identical ballots. Weights are common, e.g., in corporate elections,
where voters are weighted according to the amount of stock they hold, or Electoral
College. All common voting rules studied in this paper can be easily extended to the
setting where voters are weighted. (We have already seen the definition for positional

scoring rules in Section 2.1.)

Definition 3.1.1. The Weighted Coalitional Manipulation (WCM) problem is de-

fined as follows. An instance is a tuple (r, PYM wNM ¢ k ™), where r is a voting

PNM N

rule, is the non-manipulators’ profile, W™ represents the weights of PNM,
¢ is the alternative preferred by the manipulators, k is the number of manipula-
tors, and WM = (wy,...,w) represents the weights of the manipulators. We are
asked whether there exists a profile PM of votes for the manipulators such that
r((PNM, PMY (GNM M) = c.
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Conitzer et al. (2007) showed that the WCM problem is computationally hard for
a variety of prominent voting rules, even when the number of alternatives is constant.
Subsequent work by Hemaspaandra and Hemaspaandra (2007) dealt with positional
scoring rules. They established a dichotomy theorem for the weighted coalitional
manipulation problem in scoring rules: it is either NP-complete or in P, which can
be easily told from the score vector §,, (see Section 2.1 for the definition of positional
scoring rules). Coleman and Teague (2007) showed that WCM for the Baldwin rule
is NP-hard.

A special case of weighted coalitional manipulation is its unweighted version—
unweighted coalitional manipulation (UCM), which is perhaps more natural in most
settings (e.g., political elections). Chapter 4 studies the computational complexity

of UCM for some common voting rules.

Definition 3.1.2. The Unweighted Coalitional Manipulation (UCM) problem is de-
fined as follows. An instance is a tuple (r, P"M ¢, n'), where r is a voting rule, PN
1s the non-manipulators’ profile, ¢ is the candidate preferred by the manipulators,

and n' is the number of manipulators. We are asked whether there exists a profile

PM for the manipulators such that |PM| =n' and r(P"™ o PM) = c.

Progress on the UCM problem has been significantly slower than on other varia-
tions, but many of the questions have recently been resolved. The exact complexity of
the problem has been investigated for some common voting rules (Faliszewski et al.,
2008; Zuckerman et al., 2009; Faliszewski et al., 2010a; Narodytska et al., 2011). We
will see in Chapter 4 that UCM is an NP-complete problem for some other common
voting rules, i.e., maximin and ranked pairs, but is in P for Bucklin.! In (Xia et al.,

2010), we showed that UCM is an NP-complete problem for a class of positional

! These results were published in Xia et al. (2009).

38



scoring rules (not including Borda).? Subsequent work (Davies et al., 2011; Betzler
et al., 2011) proved that UCM is also NP-complete for Borda. Obraztsova et al.
(2011); Obraztsova and Elkind (2011) investigated the computational complexity of
UCM with one manipulator, for common voting rules with randomized tie-breaking.

Table 3.1: Computational complexity of UCM for common voting rules.

Voting rule One manipulator At least two manipulators
. Faliszewski et al. (2008)
Copeland P Bartholdi et al. (1989a) NP-C Faliszewski et al. (2010a)
STV NP-C  Bartholdi and Orlin (1991) | NP-C  Bartholdi and Orlin (1991)
Veto P Bartholdi et al. (1989a) P Zuckerman et al. (2009)
Plurality w/ Runoff P Zuckerman et al. (2009) P Zuckerman et al. (2009)
Cup P Conitzer et al. (2007) P Conitzer et al. (2007)
Maximin P Bartholdi et al. (1989a) NP-C  Section 4.1
Ranked pairs NP-C  Section 4.2 NP-C Section 4.2
Bucklin P Section 4.3 P Section 4.3
. Davies et al. (2011)
Borda P Bartholdi et al. (1989a) NP-C Betzler et al. (2011)
, Same technique as in
Nanson’s rule NP-C Narodytska et al. (2011) NP-C Narodytska et al. (2011)
. Same technique as in
Baldwin’s rule NP-C  Narodytska et al. (2011) NP-C Narodytska et al. (2011)

However, all of these hardness results are worst-case results. That is, they sug-
gest that any algorithm will require superpolynomial time to solve some instances.
Therefore, it is natural to ask the second question: is computational complexity a
strong barrier in “typical” elections? Unfortunately, several recent results seem to
suggest that indeed, in various senses, hard instances of the manipulation problem
are the exception rather than the rule. One type of evidence consists of “quantita-
tive” versions of the Gibbard-Satterthwaite theorem (Friedgut et al., 2008; Dobzinski
and Procaccia, 2008; Xia and Conitzer, 2008c; Isaksson et al., 2010), which state that
(informally) for many voting rules, the proportion of the profiles that are manipu-
lable is non-negligible. These results imply that there the trivial algorithm that

first chooses a profile uniformly at random and then chooses a manipulator and her

2 This result will not be further discussed in this dissertation.

39



false vote uniformly at random will find a manipulation instance with non-negligible
probability.

Procaccia and Rosenschein (2007b) took a different perspective. They showed
that for positional scoring rules, manipulation is always easy to find w.r.t. a spe-
cific junta distribution over the profile, which means that for many other plausible
distributions, manipulation are always easy to find. Conitzer and Sandholm (2006)
showed that it is impossible to design a voting rule for which manipulation is usually
hard to find, if the voting rule satisfies some natural properties.

Peleg (1979), Baharad and Neeman (2002), Slinko (2002), and Slinko (2004 ) stud-
ied the asymptotic value of the frequency of manipulability, that is, the probability
that a coalition of manipulators can succeed. They showed that for positional scor-
ing rules and WMG-based voting rules, when the votes are drawn i.i.d. uniformly
at random from the set of all linear orders, then the probability that a coalition of
o(y/n) manipulators, where n is the number of voters, can change the outcome of the
election goes to 0 as n goes to infinity. More recently, Procaccia and Rosenschein
(2007a) showed that for positional scoring rules, when the non-manipulators’ votes
are drawn i.i.d. according to some distribution that satisfies some conditions, if the
number of manipulators is o(4/n), then the probability that the manipulators can
succeed goes to 0 as n goes to infinity; if the number of manipulator is w(y/n), then
the probability that the manipulators can succeed goes to 1.

The “dichotomy” theorem proved by Procaccia and Rosenschein (2007a) will be
significantly generalized in Chapter 5. We will introduce a notion called generalized
scoring rules, which is a type of voting rules that include almost all common vot-
ing rules.®> In Section 5.3 we give a concise axiomatization of generalized scoring

rules to show how general this class is.* We will show that the “dichotomy” theo-

3 Published in Xia and Conitzer (2008b).
4 Published in Xia and Conitzer (2009).
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rem proved by Procaccia and Rosenschein (2007a) actually holds for all generalized
scoring rules. Therefore, it leaves only a knife-edge case open—the case where the
number of manipulators is ©(y/n). For these cases, Walsh (2009) conducted simula-
tion studies for the veto rule with weighted voters, and showed an interesting smooth
phase-transition phenomenon. The manipulability of STV has been also studied by
simulations (Walsh, 2010).

Viewing the question from yet another angle, Zuckerman et al. (2009) observed
that the unweighted coalitional manipulation setting admits an optimization problem
which they called unweighted coalitional optimization (UCO). The goal is to find
the minimum number of manipulators required to make a given candidate win the

election.

Definition 3.1.3. The Unweighted Coalitional Optimization (UCO) problem is de-
fined as follows. An instance is a tuple (r, PN™ ¢), where r is a voting rule, PN™ is
the non-manipulators’ profile, and c is the candidate preferred by the manipulators.

We must find the minimum k such that there exists a set of manipulators M with

|M| =k, and a profile PM, that satisfies r(PYM o PM) = {c}.

Zuckerman et al. (2009) gave a 2-approximation algorithm for this problem under
maximin (even though this problem was not previously known to be NP-hard), and
an algorithm for Borda that finds an optimal solution up to an additive term of one.
More recently, Zuckerman et al. (2011) proposed an approximation algorithm for
UCO for maximin.

In Chapter 5, we will present an approximation algorithm for UCO for all po-
sitional scoring rules, with an additive error bounded by m (the number of alter-

5

natives).” The algorithm exploits a novel connection between UCO and a specific

scheduling problem. We first convert the UCO instance to a scheduling instance, then

® Published in Xia et al. (2010).
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apply an algorithm for scheduling problems, and finally use a rounding technique to
obtain a solution to the UCO instance.

All of this suggests that computational complexity may not be a very strong
barrier against manipulation. Therefore, the next step is to investigate other ap-
proaches to prevent manipulation. In this dissertation I will discuss two promising
ideas. In Chapter 6, we show that restricting the manipulators’ information about
the other voters can make a natural type of manipulation (which we call dominating
manipulation) computationally hard, or even make such manipulations impossible.5
In Chapter 12 we aim at obtaining and characterizing strategy-proof voting rules for
combinatorial voting, by restricting the voters’ preferences, which, as we discussed

in the introduction, is a method that has traditionally been pursued by economists.”
3.2 Game Theory and Voting

Game Theory is a useful tool to model strategic situations (for an overview, see (Fu-
denberg and Tirole, 1991)). Game Theory has been extensively used in many disci-
plines, including Economics, Political Science, Computer Science, Statistics, and even
Biology. In particular, Game Theory is often used in Multi-Agent Systems (Shoham
and Leyton-Brown, 2009). The most basic type of games, called a normal-form game,

consists of the following parts.
1. There is a finite set of n players (agents).

2. For each agent i, there is a finite set of actions A;. A vector in A; x --- x A,

is called an action profile.

3. For each agent i, there is a real-valued utility function u; that maps each action

profile to a real number. This utility function models the agent’s preferences

6 Published in Conitzer et al. (2011a).
" Published in Xia and Conitzer (2010c).
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over all action profiles.

Example 3.2.1 (Prisoner’s dilemma). There are two players (prisoners) who can
choose to either cooperate (C) with each other or defect (D). If both of them cooper-
ate, then both will stay in prison for one month; if both of them defect, then both will
stay in prison for five months; if one cooperate and the other defect, then the player
who cooperates will stay in prison for 10 months, and the player who defects will be

released immediately. The utility functions of the players are depicted in Table 3.2.

Table 3.2: The prisoner’s dilemma.

C D
C | (-L1-1) | (-10,0)
D | (0-10) | (-5.-5)

In a vector (a,b) in the table, a is the utility of the row player and b is the utility
of the column player. In this game we model a player’s utility by the negation of the

number of months he will be imprisoned.

Having set up the game, we can predict the outcome of the game by investigating
some solution concepts. (Pure) Nash Equilibrium (NE) is one of the most famous
solution concepts. A pure Nash equilibrium is defined to be an action profile where
no player can benefit from deviating to another action, assuming that all of the other
players do not change their actions. For example, the only pure NE of the game in
Example 3.2.1 is the action profile where both players defect. When both of them
defect, the row player has no incentive to change his action to cooperate, because
this would only lower his utility from —5 to —10. Similarly, in this case the column
player also has no incentive to deviate. Therefore, the action profile where both
players defect is an NE. To show that this is the only NE of the game, we observe
that (1) if both of them cooperate, then either player has an incentive to change his
action to D, because this will raise his utility from —1 to 0, and (2) if one player
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cooperates and the other player defects, then the former has an incentive to change
his action to D, because this will raise his utility from —10 to —5. Hence, there is
no other NE except the action profile where both players defect.

In a game, if for a player the following two conditions hold: (1) choosing an action
a never gives her a lower utility than choosing another action b, no matter what the
other players’ action are, and (2) sometimes choosing a gives her a strictly higher
utility than choosing b, then we say that a (weakly) dominates b for that player. Here
b is said to be (weakly) dominated. If choosing a always gives the player a strictly
higher utility than choosing b, then we say that a strictly dominates b. For example,
in the prisoner’s dilemma (Example 3.2.1), C is strictly dominated by D. A strictly
dominated action will never be played in an NE.

In a voting setting we use linear orders over alternatives to model voters prefer-
ences, instead of utility functions. Hence, the simultaneous-move voting games are

defined as follows.

Definition 3.2.2. A simultaneous-move voting game consists of the following com-

ponents.
o There is a set of m alternatives C and a set of n voters (players).

e For each voter, the set of actions is L(C), which is the set of all linear orders

over C.
e There is a voting rule r that selects a unique winner for each profile.

e [For each voter, there is a linear order over C that represents her true prefer-

ences.

The concept of pure NE naturally carries over to simultaneous-move voting games.

In such games, a pure NE is a profile where no single voter can improve the winner
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by casting a different vote, assuming that the other voters do not change their votes.
Unlike in the prisoner’s dilemma, where there is only one NE, for almost all common
voting rules there are many trivial NE. In fact, for all common voting rules, if the
number of voters is large enough, then there are many profiles where no single voter
can even change the winner by voting differently. For example, suppose there are
three voters whose true preferences are Obama>Clinton>McCain, and the plurality
rule with lexicographic tie-breaking is used to select the winner. In the profile where
all three voters vote for McCain>Clinton>Obama, no single voter can change the
winner by voting differently. Therefore, this profile is an NE, in which the winner is
the least preferred alternative in all voters’ true preferences. It is easy to see that,
generally, any alternative is the winner in some NE of simultaneous-move voting
games. This observation suggests that pure Nash equilibrium, as a solution concept,
is too coarse for analyzing voting games. One refinement was proposed by Farquhar-
son (1969), who proposed to focus on Nash equilibria in a reduced voting game, where
all iteratively dominated votes are eliminated. However, after iteratively removing
all dominated votes, in general there still too many Nash equilibria.

A solution concept that will play an important role in this dissertation is subgame-
perfect Nash Equilibrium (SPNE). SPNE are defined for eztensive-form games, which
consist of multiple stages. For simplicity, here we only define extensive-form games

with perfect information.

Definition 3.2.3. An extensive-form game with perfect information is represented

by a tree and the following components.

e Fach (decision) vertex of the tree is labeled by a player, who chooses an action
at the vertex. FEach action corresponds to an edge going deeper towards the

leaves.

e FEach leaf node is associated with an outcome vector that assigns a real value to
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each player.

Example 3.2.4. Consider the two prisoners in Fxample 3.2.1. Now suppose that
in the first stage the row player (player 1) chooses to cooperate or defect. Then in
the second stage, the column player (player 2) chooses his action. Furthermore, we
suppose that player 2 can observe player 1’s action (that is, he has perfect information
about player 1’s move). This situation can be modeled by the extensive-form game

depicted in Figure 3.1.

(-1-1) (-10,0) (0,-10) (-5,-5)

FIGURE 3.1: An extensive-form game.

In extensive-form games, a player must choose an action for each of her decision
vertices. All these actions together constitute a strategy of the player. A strategy pro-
file constitutes a strategy for each player. A (pure) subgame-perfect Nash equilibrium
is not only a Nash equilibrium, but is also a Nash equilibrium of the extensive-form
game represented by any sub-tree of the original extensive-form game. For example,
the only SPNE of the game in Example 3.2.4 is the strategy profile where player
1 chooses to defect, and player 2 chooses to defect at both of his decision vertices.
SPNE can be computed by a technique called backward induction, which starts with
the bottom decision vertices, and computes the optimal actions for the players at
these decision vertices. Then, we move up to the layer above it. Since we can predict
the outcome at each decision vertex in the lower layer, we can then compute the

optimal actions for the players at the decision vertices in the current layer. And
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after this, we move up to the next layer above, etc., until the optimal action for the
root vertex has been computed.

It is straightforward to define an extensive-form game for voting. In Chapter 7,
we will study an extensive-form voting game where voters vote one after another.
We call such games Stackelberg voting games. One nice property about Stackelberg
voting games is that, for each Stackelberg voting game, the winner is the same in all
SPNE. This allows us to focus on analyzing the quality of the winner, rather than
analyzing which NE should be the outcome (this problem is known as the equilibrium
selection problem). In Chapter 11, we will see another extensive-form game defined
specifically for combinatorial voting, where the voters vote simultaneously, but they
vote over one issue after another. We call such games strategic sequential voting
processes (SSP). For SSP we will focus on a solution concept that is similar to
SPNE. Under this solution concept, the winner in any such SSP is unique, and can

be computed by a technique that is similar to backward induction.
3.3 Summary

In this chapter, we reviewed some literature on game-theoretic aspects of voting. In
Section 3.1, I gave a brief overview of previous work on using computational com-
plexity as a barrier against manipulation. In Section 3.2, we recalled basic definitions
of normal-form and extensive-form games, and solution concepts such as (pure) Nash
equilibrium and (pure) subgame-perfect Nash equilibrium. We also pointed out that
the biggest challenge in analyzing simultaneous-move voting games is the equilibrium

selection problem, which, as we will see, is alleviated in extensive-form voting games.
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4

Computational Complexity of Unweighted
Coalitional Manipulation

In this chapter, we will study the computational complexity of manipuation for three
common voting rules. We will prove that the unweighted coalitional manipulation
problem (Definition 3.1.2) is NP-complete for maximin (Section 4.1) and ranked pairs
(Section 4.2), and we will give a polynomial-time algorithm for UCM for Bucklin
(Section 4.3).

4.1 Manipulation for Maximin is NP-complete

In this section, we prove that the UCM problem for maximin is NP-complete. The
proof uses a reduction from the TWO VERTEX DISJOINT PATHS IN DIRECTED AN-
TISYMMETRIC GRAPH problem, which is known to be NP-complete (Fortune et al.,

1980).

Definition 4.1.1. The TWO VERTEX DISJOINT PATHS IN DIRECTED GRAPH problem
1s defined as follows. We are given a directed graph G and two disjoint pairs of

vertices (u,u') and (v,v"), where u,u',v,v" are all different from each other. We
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are asked whether there exist two directed paths u — u; — ... — ug, — u' and
v— U > .. U, — U such that u, ! ug, L gy, 0,0 0, U, are all different

from each other.

Theorem 4.1.2. The UCM problem for maximin is NP-complete, for any fized

number of manipulators n' = 2.

Proof. 1t is easy to verify that the UCM problem for maximin is in NP. We now show
that UCM is NP-hard, by giving a reduction from TWO VERTEX DISJOINT PATHS
IN DIRECTED GRAPH.

Let the instance of TWO VERTEX DISJOINT PATHS IN DIRECTED GRAPH be
denoted by G = (V,E), (u,u') and (v,v") where V = {u,v/,v,v" ¢1,...,Cn 5}
Without loss of generality, we assume that every vertex is reachable from wu or v
(otherwise, we can remove the vertex from the instance). We also assume that
(u,v") ¢ E and (v,u’) ¢ E (since such edges cannot be used in a solution). Let
G' = (V,E U {(V, u),(u, v)}), that is, G’ is the graph obtained from G by adding
(v',u) and (v, v).

We construct a UCM instance as follows.

Set of alternatives: C = {c,u,u/,v,v';c1,...,Cp_5}.
Alternative preferred by the manipulators: c.
Number of unweighted manipulators: any fixed number n' > 2.

Non-manipulators’ profile: PN satisfying the following conditions:

1. For any ¢ # ¢, Dpnu(c, ) = —4n'.
2. Dpnvum(u,v'") = Dpnum(v,u') = —4n/.
3. Forany (s,t) € E'such that Dpwnu(t, s) is not defined above, we let Dpna(t, s) =

—2n' — 2.
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4. For any s,t € C such that Dp~u(t, s) is not defined above, we let | Dpnu(t, s)| =
0.

The existence of such a P¥M  whose size is polynomial in m, is guaranteed by
Lemma 2.2.3.

We can assume without loss of generality that each manipulator ranks c first.
Therefore, for any ¢ # ¢,

Dpnmpu(c, ) = —3n (4.1)

We are now ready to show that there exists P such that Maximin(PNM o PM) =
¢ if and only if there exist two vertex disjoint paths from u to u’ and from v to v’ in
G. First, we prove that if there exist such paths in G, then there exists a profile P¥
for the manipulators such that Maximin(PY¥M o PM) = ¢

Let u > u — -+ > up, —» v and v - vy - -+ — v, — v be two vertex

disjoint paths. Further, let
V= {U, ulavv Ulaula ceey Uy, U1y e >'Uk2}

Then, because any vertex is reachable from u or v in G, there exists a connected
subgraph G* of G’ (which still includes all the vertices) in which v — u; — --- —
Ug, > U —v—> v — - >y, — v — wuis the only cycle. In other words, such a
subgraph G* can obtained by possibly removing some of the edges of G'. Therefore,
by arranging the vertices of V\V' according to the direction of the edges of G*, we
can obtain a linear order O over V\V' with the following property: for any t € V\V',

it holds that either
1. there exists s € V\V' such that s >¢ t and (s,t) € E, or
2. there exists s € V' such that (s,t) € E.
We define PM by letting n’ — 1 manipulators vote the following.

C>u>up > > Uy U v > >, >0 >0
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We also let the remaining manipulator vote the following.
C>UV >0 > >, >V > u>uy > > Uy, > u >0

Then, we have the following calculations:
Dpnupu(u,v') = —4n' + (n' —1) -1
=-3n'—-2<-3n" ,
and  Dpwvupu(v,u') = —4n' + 1 — (n' — 1)

=5 +2< =3n .

Moreover, for any t € C\{c, u, v}, there exists s € C\{c} such that (s,t) € F and
Dpum(t,s) = —n', which means that
DPNI\/IUPM (t, 8) =-2n'-2-n'= —371’ -2

< —3n

It now follows from Equation (4.1) thatMaximin(PNM o PM) = ¢.

Next, we prove that if there exists a profile PM for the manipulators such that
Maximin(P¥M™ o PM) = ¢, then there exist two vertex disjoint paths from u to u’
and from v to v'.

We define a function f : V — V such that Dpyvw pu(t, f(t)) < —3n'. Indeed,
such a function exists since Maximin(P¥" o PM) = ¢. Hence, for any ¢t # ¢ there
must exist s such that

Dpnu pum (t, S) < —3n’

Moreover, s must be a parent of ¢ in G'. If there exists more than one such s, define
f(t) to be any one of them.

It follows that if (¢, f(t)) is neither (u,v’) or (v,u’), then (f(t),t) € E and
Dpu(t, f(t)) = —n', which means that f(t) > t in each vote of PM; otherwise,
if (¢, f(t)) is (u,v') or (v,u'), then Dpum(t, f(t)) < n' — 2, which means that f(t) > ¢
in at least one vote of P,
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Now, since |V| = m — 1 is finite, there must exist I; < I, < m such that f'(u) =

f2(u). That is,

fir(u) = fr 7 u) = - = 2 (u) — 2 (w)

is a cycle in G’. We assume that for any I} <} <1, < I, fi(u) # f2(u). Now we

claim that (v’,u) and (u',v) must be both in the cycle, because

1. if neither of them is in the cycle, then in each vote of PV, we must have

feu) > f2H u) > [ (u) = f2(u) |
which contradicts the assumption that each vote is a linear order;

2. if exactly one of them is in the cycle—without loss of generality, f!(u) =

v, f1*(u) = u'—then in at least one of the votes of P™ we must have

fou) > f2 N u) > o> fi(u) = f2(u)
which contradicts the assumption that each vote is a linear order.

Without loss of generality, let us assume that fi(u) = u, f1*4(u) = o', fB3(u) =

v, f3(u) = ', where I3 < I, — 2. We immediately obtain two vertex disjoint paths:
W ) = ) = ) = ) =

and v = f#(u) —» f5 1 (u) —» ... > f1'"(u) = v'. Therefore, UCM for maximin is

NP-complete. O

Notice that the NP-completeness of UCM implies the NP-hardness of UCO for

maximin.
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4.2 Manipulation for Ranked Pairs is NP-complete

In this section, we prove that UCM for ranked pairs is NP-complete (even for a single

manipulator) by giving a reduction from 3SAT.

Definition 4.2.1. The 3SAT problem is defined as follows: Given a set of variables
X ={x1,...,2,} and a formula Q = Q1 A ... A Q; such that

1. foralll <i<t, Q; =11 VvVl and

2. foralll <i<tandl <j<3,l;,; iseither a variable x € X, or the negation

of a variable (i.e.,—x where x € X ),
we are asked whether the variables can be set to true or false so that () is true.

Theorem 4.2.2. The UCM problem for ranked pairs is NP-complete, even when

there is only one manipulator.

Proof. 1t is easy to verify that UCM for ranked pairs are in NP. We first prove that
UCM is NP-complete. Given an instance of 3SAT, we construct a UCM instance
as follows. Without loss of generality, we assume that for any variable z, x and —x
appears in at least one clause, and none of the clauses contain both x and —x.

Set of alternatives: C = {c,Q1,..., Q¢ Q1,.... Qi U{z1,. .., 2g, 21, ..., —24}
Qi1 @i Qg - Qs Quias Quis } Q001 Qs @ty - -3 @ty Qs Qi -
Alternative preferred by the manipulator: c.

Number of unweighted manipulators: n’ = 1.

Tie-breaking mechanism: We recall that in ranked pairs, we first use the parallel-
universe tie-breaking to select multiple winners, then use a fixed-order tie-breaking
mechanism the select the unique winner. In the fixed-order tie-breaking, c is ranked
in the bottom position.

PNM

Non-manipulators’ profile: satisfying the following conditions.
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1. For any i < t, Dpnu(c, Q;) = 30,Dpnm(Q, ¢) = 20; for any x € C\{Q;, Q% : 1 <
i <t}, Dpvu(c,x) = 10.

2. For any j < ¢, Dpvum(xj, —z;) = 20.

3. Forany: <t,7 <3,

— if li,j = x, for some k < ¢, then Dpnu (Ql, ;k) = 30, Dprum (Q;k,xk) =
30, DPNM(—'[L’]Q,QQ%) = 30, DPNM( : Q;) = 30;

‘\Z‘k’

— if [ ; = —ay, for some k < ¢, then Dpnvu (Qy, QL) = 30, Dpnvu (Q, , 1) =

30, DPN]\/I(_'[Ek, Zxk) = 30, DPNM( ka’Q;) = 30, DPNM(QZ;M, ;,k) =
20.

4. Forany z,y € C, if Dpvu(x,y) is not defined in the above steps, then Dpwa (x,y) =
0.

For example, when () = 1 v —x5 v x3, Dp~vu is illustrated in Figure 4.1.

/C*_——“‘
Q1 RN
N
\
\
\
\
\
1 1 1 \
le Ty sz T2 ng 3 \\
I I I
! A | | \\
I | I I |
I | I I
| | | | !
| ) | | !
v v v !
I
1 1 1 I
Q-yy +— 11 Ry, +—— 22 Q-yy T3 ,
/
/
7
Q/ ____________ -7
e

FIGURE 4.1: Dpnu for Q1 = 21 v —x9 v 3.

In Figure 4.1, for any vertices vy, vy, if there is a solid edge from v; to vs, then
Dpna(v1,v9) = 30; if there is a dashed edge from vy to ve, then Dpwar (v, vg) = 20;
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if there is no edge between v; and vy and vy # ¢, vy # ¢, then Dpwar(vy,v9) = 0; for

any x such that there is no edge between ¢ and x, Dpnu(c, z) = 10.

PNM PNM

The existence of such a is guaranteed by Lemma 2.2.3, and the size of
is in polynomial in ¢ and gq.
First, we prove that if there exists an assignment v of truth values to X so that

is satisfied, then there exists a vote R, for the manipulator such that RP(PNM ¢
) M p

{Ry}) = c. We construct Ry, as follows.
e Let ¢ be on the top of Ry,.

e For any k < ¢, if v(xy) = T (that is, xy is true), then zy >g,, —xx, and for any

1< tuj < 3 such that l@j = Tk, let Q;k >Ru ‘

TR

e For any k < q, if v(zy) = L (that is, xy is false), then —zy >g,, xx, and for

any i < t,j < 3 such that [;; = —ay, let Q% >g,, Q. .
e The remaining pairs of alternatives are ranked arbitrarily.

If ), = T, then Dpvu g,y (Tr, —2x) = 21, and for any ¢ < t,j < 3 such that
lij; = =, Dpyvwogr,(QL,, QL) = 19. It follows that no matter how ties are
broken when applying ranked pairs to PN U {Ry}, if 2, = T, then x;, > —x; in
the final ranking. This is because for any l; j = =y, Dpyu g, 3 (QL,,, QL) =19 <
21 = Dpnwygpyy (@r, =), which means that before trying to fix x;, > —uy, there is
no directed path from —x; to xy.

Similarly if z, = L, then Dp~xw g,y (zr, ~21) = 19, and for any i < ¢,j < 3
such that l;j = —a, Dpymoig,(Q,,, QL) = 21. Tt follows that if 3, = L, then
—xp > Ty, and for any i < t,j < 3 such that l;; = —ay, QL,, > Q. in the final

ranking. This is because Q*, > Q. will be fixed before z > —a4.
Because () is satisfied under v, for each clause ();, at least one of its three literals
is true under v. Without loss of generality, we assume v(l;1) = T. If [;; = xy, then
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before trying to add @} > ¢, the directed path ¢ — Q; — Q,, — = — —zp —
Q- — Q) has already been fixed. Therefore, ¢ > @)} in the final ranking, which
means that for any alternatives x in C\{c, Q1,...,Q Q,...,Q}}, ¢ > z in the final
ranking because Dpwa (g, (¢, ) > 0. Hence, ¢ is the unique winner of PM" U {R)}
under ranked pairs.

Next, we prove that if there exists a vote R, for the manipulator such that
RP(PYM U {Ry}) = ¢, then there exists an assignment v of truth values to X
such that @ is satisfied. We construct the assignment v so that v(zy) = T if and
only if z >g,, —xk, and v(zy) = L if and only if —zy >g,, zx. We claim that
v(Q) = T. If, on the contrary, v(Q) = L, then there exists a clause ()1, without
loss of generality) such that v(Q1) = L. We now construct a way to fix the pairwise
rankings such that ¢ is not the winner for ranked pairs, as follows. For any j < 3,
if there exists k < ¢ such that [, ; = —xy, then x, >g,, —x; because v(—z;) = L.
Therefore, Dpnarg,, (25, —2;) = 21. Then, after trying to add all pairs x > 2
such that Dpnu g, (z,2') > 21 (that is, all solid directed edges in Figure 4.1),

it follows that z, > —z;, can be added to the final ranking. We choose to add

1
T

xr > —xp first, which means that Qik > (L, in the final ranking (otherwise, we

have Q', > QL > x> —x > QL , which is a contradiction).

For any j < 3, if there exists & < ¢ such that [; ; = j, then —x >p,, z) because
v(zy) = L. Therefore, Dpnu g, (Tk, —xr) = 19. We note that after trying to add
all pairs « > 2 such that Dpvwog,, (z,2') > 19, Q; * QL. . We recall that for

i
any j < 3, if there exists k < ¢ such that l;; = —ay, then QL 3+ Q . Hence,
it follows that )] > c is consistent with all pairwise rankings added so far. Then,
since Dpnu g, (Q1,¢) = 19, if Q] > ¢ has not been added, we choose to add it
first of all pairwise rankings of alternatives x > 2’ such that Dpnu g, (2, 2") = 19,
which means that Q)] > ¢ in the final ranking—in other words, ¢ is not at the top

in the final ranking. Therefore, ¢ is not the unique winner, which contradicts the
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assumption that RP(PYM U {Ry}) = c. O

Similarly, we can prove that when k is a constant greater than one, UCM for

ranked pairs remain NP-complete.

Theorem 4.2.3. The UCM problem for ranked pairs is NP-complete, for any fixed

number of manipulators n' = 2.

Proof. The proof is similar to that of Theorem 4.2.2. We let PNYM satisfy the follow-

ing conditions.

1. For any i < t, Dpnu(c,Q;) = 300", Dpyvm(Q),c) = 22n' — 2; for any = €
C\{Q;, @, : 1 <i<t}, Dpnu(c,x) = 100"

2. For any j < ¢, Dpnvu(xj, —x;) = 22n' — 2.

3. For any ¢ < t,j < 3,if [,; = x, then Dpvu(Q;, Q%) = 30n', Dpnvm(QL, ) =
30n', Dpnu(—x,Q,) = 30n', Dpxu(Q",, Q) = 30n'; if [;; = —x, then
Dpyu(Q;, Q%) = 300", Dpyvu(QL, ) = 300/, Dpnu (—x, Q%) = 300/,

Diwns (@ Q) = 3007, Dpse Q1. Q1) = 200

4. For any y,y" € C, if Dpnvum(y,y’) is not defined in the above steps, then

Dpvu(y,y') = 0.

First, if there exists an assignment v of truth values to X so that () is satisfied, then
we let Ry be defined as in the proof for Theorem 4.2.2. It follows that RP(PM U
{n'Ry}) = ¢ (all the manipulators can vote Ryy).

Next, if there exists a profile PM for the manipulators such that RP(PVMy PM) =
¢, then we construct the assignment v so that v(x) = T if z > —a for all V e PM,
and v(z) = L if =z >y x for all V € PM; the values of all the other variables are
assigned arbitrarily. Then by similar reasoning as in the proof for Theorem 4.2.2, we

know that () is satisfied under v. O
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4.3 A Polynomial-time Algorithm for Manipulation for Bucklin

In this section, we present a polynomial-time algorithm for the UCM problem for
Bucklin.

For any alternative x € C, any natural number d € N, and any profile P, let
B(z,d, P) denote the number of times that z is ranked among the top d alternatives
in P. The idea behind the algorithm is as follows. Let d,,;, denote the Bucklin score
of x in P, that is, d,,;, is the minimal depth so that the favorite alternative c is
ranked among the top d,.;, alternatives in more than half of the votes (when all of
the manipulators rank ¢ first). Then, we simply check if there is a way to assign
the manipulators’ votes so that none of the other alternatives is ranked among the
top din alternatives in more than half of the votes. In other words, the order of
the alternatives is not crucial, only their membership in the set of d,,;, top-ranked

alternatives is relevant.

Algorithm 1.

Input. A UCM instance (Bucklin, PY™ c,n'), where C = {c,c1,...,cm_1}.}

Stage 0.

0.1 Calculate the Bucklin score d,,;, such that

1
Ble, dmm,PNM) +n > §(|PNM| +n')

0.2 If there exists ¢ € C, ¢ # ¢ such that
1
B(C,adminaPNM) > 5(‘PNM| + n,) ) (42)

then output that there is no successful manipulation.

I This algorithm works for the fixed-order tie-breaking mechanism where c is ranked in the bottom
position. Similar algorithms can be designed for other fixed-order tie-breaking mechanisms.
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Aside. Notice that d,,;, is defined under the assumption that all the manipulators
rank c first. Consider an alternative ¢ # ¢ that satisfies the condition in Equa-
tion (4.2). Such an alternative is ranked in the top d,.;, positions of half the votes

PNM (G PM | regardless of PM. Hence, ¢ cannot be a unique winner.
Stage 1.

1.1 For every ¢ € C\{c}, let
1
do = quNM + n')J — B(c, dyin, PP,

and let ks = min{d.,n'}.

1.2 If
D ke < (doin — )0 (4.3)

c#c

then output that there is no successful manipulation.

Aside. k. is the number of times that we can place ¢’ in the first d,,;, positions of
the votes of PM, without compromising the victory of c. In particular, k. cannot be
greater than n'.

Notice that there are exactly (d.; — 1)n’ problematic positions to fill, since ¢
is ranked first by all the manipulators. Now, if the condition in Equation (4.3) is
satisfied, for any P there must be an alternative ¢’ that appears too many times
in the first d,,;, positions, that is, ks < B(c, dpin, PM). Since B(c, dyin, PM) </,
we have in particular that k. < n', hence it must hold that k. = d.. It follows that

B(¢, dyin, PN 0 PM)
=B(c, dmin, P"") + B(', dpin, PM)

>B(c, dpin, PYM) + dy
1 NM /
= §(IP | +n)
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Therefore, ¢ cannot be a unique winner.

Stage 2. Construct P by assigning the alternatives to the first d,,;, positions of

the votes in a way that for every t = 1,...,m — 1,
B(ct, duin, PM) < k, (4.4)

Complete the rest of the votes arbitrarily. Return P as a successful manipulation.

Aside. Given that (4.3) does not hold, it is clearly possible to construct P such
that (4.4) holds for every ¢’ # ¢. Moreover, this can be done in polynomial time, e.g.,
by enumerating the alternatives and placing each alternative in the next position in
ko of the votes of the manipulators, until the crucial positions are filled.

Now, for every t = 1,...,m — 1 it holds that

B(Cta dmina PNM N PM) < B(Ct> dmin> PNM) + kct

< S(NM[+n)

N —

which implies that Bucklin(P¥ o PM) = c.

We have obtained the following result.
Theorem 4.3.1. Algorithm 1 correctly decides the UCM problem in polynomial time.

It is easy to see that the tractability of UCM for Bucklin implies that UCO can

be solved in polynomial time as well.
4.4  Summary

In this chapter, we investigated the computational complexity of the UCM and UCO
problems for the maximin, ranked pairs, and Bucklin rules. The UCM problem is NP-
complete under the maximin rule for any fixed number (at least two) of manipulators.

The UCM problem is also NP-complete under the ranked pairs rule; in this case, the
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hardness holds even if there is only a single manipulator, similarly to second-order
Copeland (Bartholdi et al., 1989a) and STV (Bartholdi and Orlin, 1991). Finally,
we gave a polynomial-time algorithm for the UCM problem under the Bucklin rule.

It should be noted that all of our NP-hardness results, as well as the ones men-
tioned in the introduction, are worst-case results. Hence, there may still be an
efficient algorithm that can find a beneficial manipulation for most instances. In-
deed, nearly a dozen recent papers suggest that finding manipulations is easy with
respect to some typical distributions on preference profiles. We will see some of them

in the next chapter.
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5

Computing Manipulations is “Usually” Easy

We have seen in the last chapter that computing a manipulation is NP-complete
for maximin and ranked pairs. In particular, the coalitional manipulation problem
is NP-complete for ranked pairs even for one manipulator. This property was only
shown previously for STV and second-order Copeland. In Table 3.1 we observe that
computational complexity can serve as a barrier for many common voting rules when
there are two or more manipulators. In this chapter, we will prove that computa-
tional complexity is not a strong barrier against manipulation for almost all common
voting rules. This argument will be supported by two approaches. In Section 5.2 we
pursue the “frequency of manipulability” approach, that is, the votes are randomly
generated i.i.d. according to some distribution over all linear orders. We will show
that with a high probability the UCM problem (Definition 3.1.2) is computationally
trivial. In Section 5.4 we pursue an approximation approach. More precisely, we fo-
cus on approximating the UCO problem (Definition 3.1.3), and propose an algorithm
that approximates UCO with an additive error that only depends on the number of
alternatives (but not on the number of voters) for all positional scoring rules.

Instead of proving the results one by one for common voting rules, we take unified
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approaches. In Section 5.1 we introduce a general framework called generalized scor-
ing rules, and then characterize the frequency of manipulability for any generalized
scoring rule in Section 5.2. To show how general this class of voting rules is, we
give a concise axiomatic axiomatization in Section 5.3. In Section 5.4 we will design
an approximation algorithm that works for any positional scoring rule, in light of a

novel relationship between UCO and a scheduling problem.
5.1 Generalized Scoring Rules

A generalized scoring rule (GSR) associates a vector of k real numbers with every
vote, for some k that depends on (but is not necessarily equal to) m. The decision
that the rule makes is based only on the sum of these vectors. Even more specifically,
the decision is based only on comparisons among the components in this sum. That
is, if we know, for every i,j € {1,...,k}, whether the ith component in the sum is
larger than the jth component, the jth is larger than the ith, or they are the same,
then we know enough to determine the winner. Sometimes, the components can be
partitioned so that the decision only depends on comparisons within elements of the
partition, which will be helpful.

Let k e N, and let 2 = {K,,..., K} be a partition of K = {1,...,k}. That is,
forany i < ¢, K; € K, K = |J]_, K;, and for any i,j < ¢, # j, K; n K; = . We
say that two vectors of length k are equivalent with respect to a partition if, within

each element of the partition, they agree on which components are larger.

Definition 5.1.1. Let ¢ be a partition of K. For any a,b e R, we say that a and b
are equivalent with respect to £, denoted by a ~ 4 b, if for anyl < q, anyi,j € K,

a; = a; < b; = b; (where a; denotes the ith component of the vector a, etc.).
For two partitions 2" = {K,..., K.} and " = {Kj,..., K}, " is a refine-
ment of J if for any | < ¢, any I' < p, K], n K, is either K|, or . That is, ¢
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is obtained from J# by partitioning the sets in J#. In this case, we say that % is
coarser than " and "' is finer than J¢ .

Proposition 5.1.2. For any partitions &, " such that " is a refinement of K ,

and any a,be R¥, if a ~ 4 b, then a ~4 b.

We note that {K} (the partition that only contains K itself) is the coarsest

partition.

Definition 5.1.3. Let # be a partition of K. A function g : R¥ — C is compatible
with & if for any a,be R*, a ~» b= g(a) = g(b).

That is, for any mapping ¢ that is compatible with #", g(a) is determined (only)
by comparisons within each K;, | < ¢q. Namely, we do not need to compare compo-
nents across different elements of the partition.

Now we are ready to define generalized scoring rules.

Definition 5.1.4. Let ke N, f: L(C) — R* and g : R¥ — C, where g is compatible
with . [ and g determine the generalized scoring rule GS(f,g) as follows. For
any profile of votes Vi, ..., V, € L(C), GS(f,9)(Vi,.... Vo) = g3, f(V3)). We say
that GS(f,g) is of order k, and compatible with ¢ .

From Proposition 5.1.2 we know that for any partitions %, %" such that ¢ is
a refinement of Z°, GS(f,g) is compatible with #”, then GS(f, g) is also compat-
ible with . Given a profile P of votes, we use f(P) as shorthand for >, f(V).
We will call f(P) the total generalized score vector. By definition, any unweighted
generalized scoring rule satisfies anonymity (that is, every voter is treated equally)
and homogeneity (that is, if we add any number of copies of the profile to the pro-
file, the winner does not change). Any generalized scoring rule is compatible with

the partition {K}. Nevertheless, being compatible with {K} is not vacuous: if we
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modified the definition so that g is not required to be compatible with any partition,
then any anonymous voting rule would belong to the resulting class of rules. If a
generalized scoring rule is compatible with a partition, this effectively means that,
within each element of the partition, the scores are of the same “type,” so that we
can compare them.

We now illustrate how general the class of generalized voting rules is by showing
how some standard rules belong to the class. Many other rules can also be shown to

belong to the class.

Proposition 5.1.5. All positional scoring rules, Copeland, STV, maximin, ranked

pairs, and Bucklin are generalized scoring rules.

Proof of Proposition 5.1.5: We explicitly give k, f, g, % for each of these rules.
In the remainder of the proof, the number of alternatives is fixed to be m. Let
V e L(C) be a vote, and let P be a profile of votes. To simplify the construction,
we will not specify how ties are broken when we describe these rules as generalized
scoring rules. It is easy to incorporate the tie-breaking mechanism to define the g
function for all these voting rules.

Positional scoring rules: Suppose the scoring vector for the rule is

Sm = ($Sm(1),...,8m(m)). The total generalized score vector will simply consist of

the total scores of the individual alternatives. Let

o fz (V)=(5.V.c1),...,50(V,cm)).
® g5, (f5(P)) = arg max;(f(F));.
o iz ={K}.

Copeland: For Copeland, the total generalized score vector will consist of the scores
in the pairwise elections. Let
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® kcopelana = m(m — 1); the components are indexed by pairs (4, j) such that
1,) <m, 1 #j.
1 if Ci >v Cj
o (feopetana(V)) i) = { 0 otherwise
® GCopeland Selects the winner based on feoperand(P) as follows. For each pair i # j,
if (foopetand(P)) (i) > (fcopetand(P)) (), then add 1 point to i’s Copeland score;
if (feopetand(P)) (i) > (foopetana(P))i,j), then add 1 point to j’s Copeland score;
if tied, then add 0.5 to both ¢’s and j’s Copeland scores. The winner is the

alternative that gets the highest Copeland score.

® (Copeland = w (we recall that ¢ is the number of elements in the partition).

The elements of the partition are indexed by (i,j), i < j. For any [ = (i, j),
1< j> let Kl = {(za])a (]7 Z)} Let %opeland = {Kl = (Za])al < ]}

STV: For STV, we will use a total generalized score vector with many components.
For every proper subset S of alternatives, for every alternative ¢ outside of .S, there
is a component in the vector that contains the number of times that ¢ is ranked first

if all of the alternatives in S are removed. Let

o ksry = 30! (") (m — 4); the components are indexed by (S, ), where S is a

2

proper subset of C and j < m,c; ¢ S.

o (fsrv(V))(sy = 1, if after removing S from V', ¢; is at the top; otherwise, let

(fsrv(V))(sj) = 0.

e gsry selects the winner based on fsry (P) as follows. In the first round,
find j; = argmin;((fsrv(P))(z,j)). Let Si = {c¢;;}. Then, for any 2 <
i < m — 1, define S; recursively as follows: S; = S; 1 U {j;}, where j; =
argmin;(fsrv (P)(s, ,,)); finally, the winner is the unique alternative in C —
Sm1-
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e sty = 2™ — 1. The elements of the partition are indexed by the S < C. For
any S < C, let Kg ={(5,7) : ¢; ¢ S}. Let Hsry = {Kg:5 c C}.

Maximin: For maximin, we use the same total generalized score vector as for

Copeland, that is, the vector of all scores in pairwise elections. Let

° kfmaximin = m(m — 1)7 the COmpOHthS are indexed by pairs (Z’j) such that
1 if ¢ >y ¢

° (fmaximin(v))(m) - { 0 otherwise

L gmaximin(fmaximin(P)) is the C; such that for any i/ < m, i’ # i’ there exists

Jj' < m, j' # i’ such that for any j < m, j # i, we have frazimin(P)@;) >

(fmaximin(P))(i'J’)’
L] c%/mamimin = {K}

Ranked pairs: We use the same total generalized score vector as for Copeland and

maximin, that is, the vector of all scores in pairwise elections. Let

o k., = m(m —1); the components are indexed by pairs (i, j) such that 4, j < m,
1# ],
1 if Ci >v Cj
* (V)i = { 0 otherwise
e g,, selects the winner based on f,,(P) as follows. In each step, we consider a
pair of alternatives ¢;, ¢; that we have not previously considered; specifically, we
choose the remaining pair with the highest (f.,(P))i,;). We then fix the order
¢; > ¢;, unless this contradicts previous orders that we fixed (that is, it violates
transitivity). We continue until we have considered all pairs of alternatives.

The alternative at the top of the ranking wins.
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o 7, ={K}.

Bucklin: For Bucklin, the total generalized score vector will have one component
for every combination of an alternative and a position; this component contains the
number of times that that alternative is ranked either in that position or in a higher

position. We only need to consider positions from 1 through m — 1. Let

® kpuckiin = 2m(m — 1); the components are indexed by (7,7)' and (4, 5)?, i <

m—1,7 <m.

o fuckiin(V)ijn = 1 and fuckin(V) (2 = 0 if ¢; is ranked among the top i

alternatives in V; otherwise fpyckiin(V )@ = 0 and fpuckiin(V) @2 = 1.

® 9pucklin([Buckiin(P)) is the ¢; such that there exists i < m, (i,7)! > (4, )%, and

for any j' # j, (i,7")* = (i,5)"

® (Buckin = m — 1. Forany | < m — 1, let K; = {(I,5)',(1,5)? : j < m}. Let
Ji/Bucklin = {Kl ol < m}

[

We have shown that STV is a generalized scoring rule in the proof. In fact, we can
generalize this and show that any multiround run-off process where in each round,
alternatives are eliminated according to a generalized scoring rule (to be precise, a
correspondence) must itself be a generalized scoring rule. For example, for STV,
the voting rule that only eliminates one alternative (the alternative that has the
lowest plurality score among all remaining alternatives) is used in every round. As
another example, for Baldwin’s rule, a reverse version of Borda that only eliminates
one alternative (the alternative that has the lowest Borda score among all remaining
alternatives) is used in every round. The proof can be found in the appendix of Xia

and Conitzer (2008b), and is omitted here.
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5.2 Frequency of Manipulability for Generalized Scoring Rules

Let 7 be a probability distribution over L(C) that is positive everywhere. For any
n* € N, let ¢, ,+ be the distribution over profiles of n* voters in which each vote is
drawn i.i.d. according to 7. Given a manipulation instance (r, PY™ ¢, n'), if there
is only one possible winner, then we say that this manipulation instance is closed;
otherwise we say this manipulation instance is open (Procaccia and Rosenschein,

2007a).

NM e n') is closed if for any profiles

Definition 5.2.1. A manipulation instance (r, P
PM PM for the manipulators, r(PN™ o PM) = r(PNM U PM). An instance is open

if it is not closed.

We note that in the above definition, whether a UCM instance is open or closed
does not depend on the choice of ¢. That is, for any ¢, € C, (r, P’ ¢, n') is
open (respectively, closed) if and only if (r, PN ¢/, n') is open (respectively, closed).
Procaccia and Rosenschein (2007a) have shown that, suppose the following four

conditions are satisfied.

1. The rule is a positional scoring rule,
2. the number of manipulators |M| is o(y/n),
3. the votes are drawn independently, and

4. there exists d > 0 such that for each vote’s distribution, the variance of the

difference in scores for any pair of alternatives is at least d.

Then, when n — oo, the probability that a weighted manipulation instance is
open is 0. In this section, we generalize this result to generalized scoring rules; in

addition, we characterize the rate of convergence to 0. However, unlike Procaccia and

69



Rosenschein, we do assume that votes are drawn i.i.d.; this is needed to obtain the
convergence rate. Hence, strictly speaking, our result is not a generalization of their
result. We can also obtain a strict generalization of Procaccia and Rosenschein’s
results to generalized scoring rules, but without proving a convergence rate; we will

not do so in this paper.
5.2.1 Conditions under Which Coalitional Manipulability is Rare

In this section, we study the probability that a manipulation instance is open when
there are O(n®) (0 < a < %) manipulators, and the nonmanipulator votes are drawn
i.i.d. Let n* = |[PYM] denote the number of nonmanipulators. Then, n is the total
number of voters, n* + n' (nonmanipulators and manipulators). We will prove that
for any generalized scoring rule, this probability is O(ﬁ) Let T'(r,m,n,m,n') denote

this probability. That is, let ¢ be an arbitrary alternative,
T(’l", m,n,, nl) = P"APNM~(1>7r ik {(Tv PNMa ¢, nl) is Open}

Lemma 5.2.2. Let N € N. LetYy,..., Yy bei.i.d. random variables with E(Y;) < oo,
E(Y1—E(Y1))?) >0, and E(]Y1—E(Y1)]?) < 0. LetY = Zévzl Y;. For any constant
0 < p < 5 that does not depend on N, and any function f(N) that is Q(1), we have

that Pr(|Y| < f(N)) is O(L).

Proof of Lemma 5.2.2: Let ®(x) be the cumulative distribution function of the
standard normal distribution N(0,1). Let ¢* = E((Y; — E(Y1))?), p = E(]Y1 —
E(Y1)]?). Then we have:

Pr(lY] < f(N))

BN _f(N) _Y BN __EQON ()

E A ys s iy i

)
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Then by the Berry-Esséen theorem (Durrett, 1991),

Pr(lY| < f(N))

CEYV)N f(N), o, BN (V) Cp
<®( TN +o—\/N) O( TN a\/N)+a3\/N
LR Cp
ZJE%NC{% N0, 1))+ 7
<2f(N) 1 Cp

X +
oVvVN V21 o3/N

which is O(Ljp), because C' is a constant that does not depend on N and f(N) =

Q(1). O

Theorem 5.2.3. Let r = GS(f, g) be a generalized scoring rule of order k. For any
m € N, any constant 0 < a < %, and any constant h (where both m and h do not
depend on n), there exists a constant t,, opn > 0 (that does not depend on n) such
that if n' < hn®, then

1
T(r,m,n,m,n') < tyann® 2

Proof of Theorem 5.2.3: We recall that each vote is drawn i.i.d. according to .

For any pair 71,15 < k, i1 # Jo, and any ¢ > 0, let
R(ir,is,t,m,n') = Pr{|(f(PY))i, — (f(PY™)),| <t}

We recall that (f(PN)); is the ith component of f(P¥*). In other words,

R(iy, 49, t,m,n') is the probability of profiles of nonmanipulators’ votes PY™ such
that the difference between the i;th component and the isth component of f(PN)
is no more than ¢, when each vote is drawn i.i.d. according to m. We also recall
that n* = [PYM]. Let Y;*™ ..., Y'" be n* ii.d. random variables, where the

distribution for each Ygl’iz is the same as the distribution for (f(V));, — (f(V))i,,
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where V' is drawn according to 7. That is, for any V' € L(C), with probability =(V),
YY" takes value (f(V)i, — (f(V)),. Let Yiviz — Zgil Ye.

Let Upae = max  (f(V));. That is, v, is the maximum component of all score
1<k,VeL(C)

vectors corresponding to a single vote. We note that v,,,, is a constant that does not

depend on n. We also note that since n’ is O(n*) and a < %, it must be that n* is

Q(n), so that n is O(n*), vmehn® is O((n*)*). Therefore, by Lemma 5.2.2 (in which

we let N = n*), we know that Pr(]Y "%

< 'Uma:chna) 1S O(%) — O((n*)a—E)’

n*

so it is O(n®2). Hence, there exists a constant #;, ;, such that

a_l

P7“(|Y"1’i2

< Umaxh'na) < til,izn

We let ¢4, = max; j<k,ixjti;. If a manipulation instance is open, then there exists a
profile PM for the manipulators such that GS(f, g)(PM u PNM) %= GS(f, g)(PNM),
which means that f(P™ o PYM) x f(PNM). In this case there must exist i, j, i # J,

such that Pr(|(f(P"M)); — (f(P"M));] € vpmazn®) < Upmaghn®. Therefore,

T(GS(f,g),mnmn)< > R(i,j Upahn®, mn')

1<i<j<m

We note that R(i, j, Ve hn®, 7,n') = Pr(|Y"I

< Upazhn®). Therefore, we have

T(GS(f,g),m,n,m,n') < Z R(i, j, Umazhn®, m,n')

i#j
k(k—1
< timet < %tmna%
i#]
Let tpan = @tmax. We know that t,, o5 is a constant that does not depend on
n.
(End of the proof for Theorem 5.2.3.) O

From Proposition 5.1.5 and Theorem 5.2.3, we obtain the following corollary.
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Corollary 5.2.4. Let r be any positional scoring rule, Copeland, STV, mazimin,

ranked pairs, or Bucklin. For any m € N, any constant 0 < a < %, and any constant

27

h (where m, o, and h do not depend on n), there exists a constant ty, o > 0 (that

does not depend on n) such that if n' < hn®, then

N

T(r,m,n,m,n') < tmann®

A profile is said to be tied if a single additional voter can change the outcome. By
letting @« = 0 and h = 1 in Theorem 5.2.3, we have that for any generalized scoring

rule and any fixed m, the number of tied profiles is O(ﬁ)
5.2.2  Conditions under which Coalitions of Manipulators are All-Powerful

Let us consider a positional scoring rule and a distribution over nonmanipulator
votes. Furthermore, let us consider each alternative’s expected score; let C,,q. be
the set of alternatives with the highest expected score. Procaccia and Rosenschein

(2007a) have shown that, suppose the following conditions hold.

1. The number of manipulators is in both w(y/n) and o(n), and

2. votes are drawn i.i.d.

Then, the probability that the manipulators can make any alternative in C,,q.
win converges to 1 as n — oo0. Hence, assuming |C,..| > 1, the probability that the
instance is open converges to 1 (however, if |C,.| = 1, it converges to 0).

In this section, we prove a similar result for generalized scoring rules; in addition,
we characterize the rate of convergence to 0. (In fact, in this case, Procaccia and
Rosenschein also characterize this rate—for positional scoring rules.)

Specifically, in this section, we study the case where the number of manipulators
is Q(n®) (3 < @ < 1) and o(n), the votes are drawn i.i.d. according to m, and a

generalized scoring rule is used. We provide a sufficient condition under which the
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manipulators can make any alternative in a particular set of alternatives win with
probability 1 — O(e "**™")). (We need the o(n) assumption for a technical reason.
If " = ©(n), then obviously the probability that the manipulators are all-powerful

is higher.)

Definition 5.2.5. 7 is compatible with 2 w.r.t. f, if, for V. ~ 7w, for any | < q,
any i,j € Ky (i # j), E((f(V)):) = E((f(V));)-

That is, 7 is compatible with 2" w.r.t. f if within each element of the partition
, the expectation of the components of f(V') are the same (where V is drawn
according to ).

Given GS(f, g), it will be useful to have a profile P such that for some partition
 that GS(f, g) is compatible with, the components of f(P) within each K; (I < q)

are all different. The next definition makes this precise.

Definition 5.2.6. For any GS(f,g) compatible with ¢, a profile P is said to be

distinctive w.r.t. GS(f,g) and & if for each | < q and each pair i,j € K;, i # j,
(f(P))i # (f(P));-

The next definition concerns the set of alternatives that can be made to win using

a distinctive profile.

Definition 5.2.7. For any GS(f,g) compatible with &, let W (f, g) be a subset of

the alternatives defined as follows.
W (f,g9) ={GS(f,g9)(P): P is distinctive w.r.t. GS(f,g) and '}

For any profile P of manipulators and any alternative ¢, we define T'(m, n, 7, ¢, PM) =

Pr(GS(f,g)(PM™u PNM) = ¢). That is, given a profile of votes P of the manipula-

tors, T'(m, n, 7, c, PM) is the probability that the winner of the profile PM u PNM is

74



¢, when the number of alternatives is m, the number of voters is n, and the nonma-
nipulators’ votes PV are drawn i.i.d. according to 7. Now we are ready to present

the theorem.

Theorem 5.2.8. Let GS(f,g) be a generalized scoring rule that is compatible with
H . Let wy be a distribution over L(C) such that wy is compatible with & w.r.t. f.
For any m > 0, there exist constants t,, > 0 and u,, > 0 (neither of which depend on

n) such that for any constant h > 0 (that does not depend on n) and any alternative
1
ce Wy (f,q), if the number of manipulators is at least hn® (5 <a<1) (as well as

o(n)), then there exists a coalitional manipulation PM such that
T(m7 n,my,C, PM) >1— tm67u7rln2a71

Theorem 5.2.8 states that when the number of alternatives is held fixed, if the
number of manipulators is large (Q(n®) for a > 1, as well as o(n)) then for any
alternative ¢ € W (f, g), there exists a manipulation P such that when the non-
manipulators’ votes are drawn i.i.d. according to 74, then ¢ is the winner with a
probability of 1 — O(e ),

Proof of Theorem 5.2.8: Let n’ = hn®. If W (f,g9) = &, then Theorem 5.2.8
vacuously holds. So we assume that W (f,g) # . For each ¢ € W (f,g), we
associate ¢ with a distinctive profile (w.r.t. f and %), denoted by P, such that
c=GS(f,g9)(PF). We recall that P* is distinctive if and only if for each | < ¢ and

[

each pair 4,j € K, i # j, (f(PF)): # (f(P}F));. Let

dmin = min (CF(PE))i = (F(PE))5l)

1<q,i,jeK,i#],ceW ¢ (f,9)
That is, d,,;, is the minimal difference between any two components within the
same element of J# of f(P¥), taken over all c € W (f,g). Since |[W(f,g) < m
(which does not depend on n), and P is distinctive, we know that d,,;, > 0 and

[
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does not depend on n. Let pa. = maxec |P¥|. That is, for all c € W (f,g), the
number of votes in P* is no more than p,,,,. We note that p,,,, does not depend on
n.

For any ¢ € C, define a profile of the manipulator votes PM as follows. PM

c c

consists of two parts:

1|

nl

——|P¥, and
| P

/

2. an arbitrary profile for the remaining n’ — | " || P¥| votes.

| P

C

nl

P

That is, PM consists mostly of | ——| copies of P*; the remaining votes (at most

| P¥|) are chosen arbitrarily. We note that |P¥| is a constant that does not depend
on n, so that the second part becomes negligible when n — co.
The next claim provides a lower bound on the difference between any two com-

ponents of f(PM).

Claim 5.2.1. There exists a constant d. that does not depend on n such that the

minimum difference between components of f(PM) is at least d.n®.

Proof of Claim 5.2.1: Since the minimal difference between any two components

of P* is at least d,n;,, the minimal difference between any two components of f(PM)

/

n
is at least [Wjdmm We note that the number of arbitrarily assigned votes in PM
Cc

is no more than |P¥|, and the difference between any two components in a vote is no
more than v,,,,. Therefore the minimal difference between any two components of

f(PM) is at least

- 1)dm2n — UmazPmaz

[y dmin = Vmaa EZ] 2 (-
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Note that this number is 2(n®) because Pz, dmin, and Uy, are constants that
do not depend on n, and n’ is Q(n®). Therefore, there exists a d.. that does not depend
on n such that the minimal difference between any two components of f(PM) is at
least d.n®.

(End of the proof for Claim 5.2.1.) [

The next lemma is known as Chernoff’s inequality (Chernoff, 1952).

Lemma 5.2.9 (Chernoft’s inequality). Let N € N. LetYy,..., Yy be N i.i.d. random
variables with variance 0. Let Y = ZéV:IYC. For any 0 < 1 < 2¢/No, Pr(|Y —

E(Y)| = IW/No) < 2e P/4,

For any profile PMM for the nonmanipulators, any i,is < k, i1 # 49, let
D(PNM iy i) = |(f(PYM));, — (F(PYM)),,|. The next claim states that if each
vote of PVYM is drawn i.i.d. according to 7, then for any different 7,7, within the
same element K of the partition .2, the probability that the difference between the

i1th and the ioth component of f(PVM) is larger than d.n® is O(e 2™ ).

Claim 5.2.2. For any | < q and any 1,12 € K, (i1 # i), there exists a constant

de.i i, > 0 that does not depend on n such that
PT(D(PNM>i1>i2) > dcna) < 26*d0,i1,i2"2a71

Proof of Claim 5.2.2: Let Yf'l’lé, e Y;fi’i? be n* i.i.d. random variables such that
the distribution for each Ygl’iz is the same as the distribution for (f(V)):, — (f(V))s,,
where V' is drawn according to m. That is, for any V € L(C), with probabil-
ity m(V), i takes value (f(V))i, — (f(V))i. Let Yiiz = SV y7%2  Then,
Pr(D(PNM 4,,iy) > d.n®) = Pr(Y2 > d.n®).

Since 7, is compatible with ", for any [ < ¢, i1,i5 € K;, we know that

E((f(V))i,) = E((f(V))s,), where V is drawn according to 7. Therefore, E(Y;"") =
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0. Let o?

11,12

o2 . =0, then for any V € L(C), (f(V))y, = (f(V))i, (because for any V € L(C),

11,82

be the variance of ¥y, We note that 0i, i, does not depend on n. If

7 (V) > 0), which means that W, (f,g) = &J. This contradicts the assumption

that Wy (f,9) # &. Hence o2 . > 0. Since n' = o(n), n* = Q(n), and for suffi-

11,02

ciently large n we have oild::\/n** < 20y, 4,v/n*. Therefore, we can use Lemma 5.2.9

(in which we let N = n*) to bound Pr(D(P M iy,iy) > d.n®) above as follows.
Pr(D(PYM iy, iy) > den®)

=Pr([Y""| > d.n®)

=Pr(jy"?=2| > 7dcn°‘*% X Oy is VI¥)
O-il’iQ /,'7[,1= 11,22

<%e “niVnF (Lemma 5.2.9)
__d? n2o—1
<2e 4931 g (n* < n)
We note that 40‘2‘% is a constant that does not depend on n. Therefore, there

11,12
i iy > 0 such that Pr(D(PNM 4, i dn®) < 2e Ueinia*
exists U, 4, > 0 such that Pr(D( L1, 19) > don®) < 2e eiria

(End of the proof for Claim 5.2.2.) O

Let u, = min  u.;;. Then u, > 0 and is a constant (that does not depend
1<q,i,jeK,i#j ”

on n). We note that for any PVM if (PYM  PM) %, PM then there exists | < g,

ij € K, i # j, such that |(f(PYM)); — (f(PYY);] > [(f(PM)i— (f(PM));] > den®.
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Therefore, we can bound the probability of (PY o PM) ~_ , PM below as follows.
Pr((P"™ u P) ~ 5 P
=1—Pr((P"™ O PM) %4 PM)
>1— Pr((3l < q)(Fi,j € K)D(P"M i, 5) > d.n®)

>1-> Y Pr(D(P"Mi j) > dn®)

lgq iquKhi;éj

\Y

oa— - 1 oa—
1— Z Z 2€7ucn2 1 >1— m(m2 ) % 2€7ucn2 1

l<qi,jeKi#yg

When n is sufficiently large, PM ~ , P*. Therefore, we know that there exists a
constant t. > 0 (that does not depend on n) such that Pr((PYM u PM) ~,, P*) >
1 —t.e %™ Hence

T(m,n, 7y, c, PM)

>Pr((PYM o PM) ~, PY)

_ 2a—1
=1 —t.e %"

(End of the proof for Theorem 5.2.8.) O
5.2.8  All-Powerful Manipulators in Common Rules

We already showed how Theorem 5.2.3, which states a condition under which manip-
ulability is rare, can be applied to common voting rules in Corollary 5.2.4. We have

1 Specifically,

not yet done so for Theorem 5.2.8, and we will do so in this section.
we prove that if the number of alternatives is fixed, then for any positional scoring

rule, Copeland, STV, ranked pairs, and maximin, if the number of manipulators is

I Except for Bucklin.
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Q(n*) (o > %) and o(n), and the nonmanipulators’ votes are drawn i.i.d. accord-

ing to the uniform distribution, then for any alternative ¢, there exists a coalitional
manipulation that will make ¢ win with a probability of 1 — O(e "™ "),

The next theorem provides a necessary and sufficient condition for W (f,g) to

be nonempty.

Theorem 5.2.10. Let G(f,g) be compatible with . W (f,g) # & if and only

if for any | < q, any i,j € K;, i # j, there exists a vote V € L(C) such that
(fF(V))i = (F(V));

Proof of Theorem 5.2.10: First we prove the “if” part. Suppose that for any
[ <gq,anyi,je K, i # j, there exists a vote V € L(C) such that (f(V)); # (f(V));.

For any [ < ¢, let

hmae = max  {[(f(V))i = (f(V));]},

1,jeK;,VeL(C)

himin = min  {(F(V))i = (FV));] = [(FV))i = (F(V));] > 0}

1,jeK;,VeL(C)

That is, hy maee 1s the maximum difference between any two components within £,
for any f(V'); himin is the minimum positive difference between any two components
within K, for any f(V'). Then, for any | < ¢, himaz = himin > 0. Let h be a natural

number such that for any [ < ¢, h > 2mer 4 1 Suppose L(X) = {Ly,..., L}

l,min

Then, let P = Z;n:'l h™=*L,. We now show that P is distinctive w.r.t. GS(f, g) and
H .

For any | < ¢, any 4,7 € K, let t be the minimum natural number such that
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(F(L))i # (F(L0);. Wlog. Tet (F(Le)) > (F(L));. Then
(F(P)); — (f(P));

= ML) — (L))

:hm!ft((f(Lt))i _ (f(Lt))]) + Z his((f(Ls))z - (f(Ls))])

s=t+1
m!
>hm!7thl,min - Z hm!ish'l,max
s=t+1
11—
:hm!it(hl min _#hl mam)
h 14
>hm!7t(hl min Lh’l max)
) h _ 1 )
>0
The last inequality holds because h > Z’lﬂ + 1. Therefore, we know that for any

l<q,anyi,je K, i# 7, (f(P)); # (f(P));. Hence, P is distinctive w.r.t. GS(f, g)
and %, completing the proof of the “if” part.

Now we prove the “only if” part. Suppose there exist | < ¢, i, j € K; such that for
any V e L(C), (f(V)): = (f(V));. Then, for any profile P, (f(P)); = (f(P));, which
means that P is not distinctive w.r.t. GS(f,g) and J#. Therefore W (f,g9) = &,
completing the proof of the “only if” part.

(End of the proof for Theorem 5.2.10.) O

Now we show how the conditions in Theorem 5.2.8 are satisfied for any positional
scoring rule, STV, Copeland, maximin, and ranked pairs, when the nonmanipulator

votes are drawn from the uniform distribution.

Proposition 5.2.11. Let w, be the uniform distribution. For any rule r that is a
positional scoring rule, Copeland, STV, mazximin, or ranked pairs, let k., GS(f,, g,)
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and %, be defined as in Proposition 5.1.5. Then, m, is compatible with J,, and

for any | < q, and any i,j < K; (i # j), there exists a vote V € L(C) such that
(fr(V))i # (f:(V));-

Proof of Proposition 5.2.11: We verify the condition in Theorem 5.2.10 for the
common voting rules mentioned in the proposition by simple calculation, w.r.t. the
GSR-formulation mentioned in the proof of Proposition 5.1.5.

positional scoring rule with scoring vector v: for any i < m,

m

By r, ((f5(V))i) =

Copeland, maximin, or ranked pairs: for any i < m, 7 < m, i # 7,

By ((fr(V)ig) = %

STV: for any (95, j) such that S < C, |S| =1, ¢; ¢ S,

1
m—1

By ro (fsrv(V))(s5)) =

It left us to show, for each of these voting rules, and for any two given components
(that lie within the same element of the partition), the vote that makes these two
components different.
positional scoring rule with scoring vector ¢: for any 7,7 < m, ¢ # j, let V be the
vote that ranks ¢; at the top and ¢; at the bottom; then, (fz(V)); = v(1) # v(m) =
(fa(V));-

Copeland, maximin, or ranked pairs: for any iy, < m, j1,J2 < m, i1 # Ji,
ia # jo, and (i1,71) # (i2,J2), let V be any vote in which ¢;, >v ¢;, and ¢j, >v ¢,.

Because (i1, j1) # (42, j2), such a V exists. Then,

rV) gy =1#0=(fr(V))i2.52)
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STV: for any S < C, j1 # jo such that ¢;, ¢ S, ¢j, ¢ .S, let V be the vote in which
cj, is at the top. Then (fsrv(V))sj) =1# 0= (farv(V))(s,a)-
(End of the proof for Proposition 5.2.11.) ]
By combining Proposition 5.2.11 and Theorem 5.2.10, we know that for any of
the rules in Proposition 5.2.11, there exists a distinctive profile; hence, W, (f, g) is
nonempty (some alternative will win under the distinctive profile, without any tie).
Also, all of these rules are neutral (they treat every alternative in the same way)

when restricted to profiles that do not cause a tie, so if W (f,g) is nonempty, it

must be that W (f,g) = C.

Corollary 5.2.12. Let w, be the uniform distribution over L(C). For any rule r that

s a positional scoring rule, Copeland, STV, mazimin, or ranked pairs, if the number
1
of manipulators is Q(n®) (5 < a < 1) as well as o(n), then for any c € C, there

exists a coalitional manipulation PM such that the probability that r(PM u PNM) = ¢

is 1 — O(e ),
5.3 An Axiomatic Characterization for Generalized Scoring Rules

We have explicitly shown in the proof of Proposition 5.1.5 that a variety of common
rules fall into the category of GSRs. However, we did not give any formal result about
the generality of this class of rules. The apparent wide applicability of GSRs makes
this class potentially interesting from the perspective of other problems in compu-
tational social choice. Indeed, some such uses are quite obvious. GSRs map every
vote to a vector of scores (which are not necessarily associated with alternatives),
and the outcome of the rule is based strictly on the sum of these vectors. As a result,
the votes of a subset of the electorate can be summarized completely by the sum of

their score vectors.? In fact, the definition of GSRs is even more restrictive: the final

2 The problem of summarizing the votes of a subelectorate was introduced and studied (Chevaleyre
et al., 2009; Xia and Conitzer, 2010a).
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outcome only depends on direct comparisons among the components of the summed
score vector. For example, the outcome may depend on a comparison between the
first component and the third component of the summed vector; then, it does not
matter (for this comparison) whether these components are 42 and 50, respectively,
or 101 and 967, because in both cases component 1 is smaller. Because of this, the
GSR framework is also useful for preference elicitation, specifically, for determining
whether enough information has been elicited from the voters to declare the winner.
In particular, if it becomes clear that the remaining (not yet elicited) information
about the voters’ preferences can no longer change any of the comparisons in scores,
then we can terminate elicitation.

In Social Choice, axiomatic characterizations of voting rules are important be-
cause they give us deeper insight into rules, and can often be used to prove im-
portant results about rules. For GSRs, having an axiomatic characterization is
especially important in order to know how the frequency-of-manipulability result
for large number of manipulators (Theorem 5.2.8), which are negative results for
the agenda of making manipulation computationally hard, might be circumvented.
Axiomatic characterization of voting rules is a common topic in the social choice
literature. For two alternatives, the majority rule has been characterized in May
(1952). Young (1975) characterized positional scoring correspondences (that is, the
voting correspondences that select all alternatives that have the highest total scores)
by consistency, neutrality, and anonymity. Here we say that a voting correspondence
r¢ satisfies consistency, if for any pair of profiles Py, Py, if 7¢(Py) nr¢(P,) # ¢, then
(P U Py) = 1r°(P)) nr°(FPy). When r' is a voting rule, that is, it always select a
unique winner, this consistency coincides with the consistency defined in Section 2.2.
In this section we will only consider voting rules.

In this section, we introduce a new axiomatic property for voting rules, which we
call finite local consistency. A voting rule satisfies finite local consistency if the set
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of all profiles can be partitioned into finitely many parts, such that the voting rule is
consistent within each part. The minimum number of parts for a rule is the degree
of consistency for the rule. For example, a consistent rule has degree of consistency
1. We then characterize generalized scoring rules by anonymity, homogeneity, and
finite local consistency, and show that the order of a GSR (that is, the dimension of
the score vector) is related to the degree of consistency of the rule. It follows that

Dodgson’s rule is not a GSR, because it does not satisfy homogeneity (Brandt, 2009).
5.3.1 Finite Local Consistency

In this subsection, we formally define finite local consistency.

Definition 5.3.1. Let S be a set of profiles. r is locally consistent on S if for any
Py, Py e S with r(Py) = r(P,), we have Py U P, € S and r(Py U Py) = r(Py) = r(FP2).

Definition 5.3.2. For any natural number t, a voting rule r is t-consistent if there
exists a partition {Si, ..., S} of all profiles such that for all i < t, r is locally con-
sistent within S;. A voting rule r s finitely locally consistent if it is t-consistent for

some natural number t.

We emphasize that in this definition, a rule is defined for a fixed number m of
alternatives, but for profiles of arbitrarily many voters. Later, we will show that
some common rules are finitely locally consistent for every m € N; however, in those
cases, t depends on m, which is allowed, as long as t is finite. We note that this
finiteness condition is important: for any voting rule, there exists a partition that
has infinitely many elements such that the voting rule is locally consistent, simply
by letting each profile be an element by itself.

The degree of consistency of a voting rule r (for a particular m) is the smallest
number of elements in a locally consistent partition of profiles. That is, the degree of

consistency of r is t if r is t-consistent, and for any ¢’ < ¢, r is not ¢’-consistent. (We
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note that the partition corresponding to this lowest ¢ is not necessarily unique.) The
degree of consistency can be seen as an approximation to consistency: the lower the
degree of consistency of a voting rule, the more “consistent” it is, and 1-consistency
is equivalent to the standard definition of consistency. We will be interested in the
exact degree of consistency (rather than just whether it is finite or not), because,
as we will show, this degree is related to the order of a GSR equivalent to the rule,
which in turn is important for the summarization and elicitation problems that we

mentioned in the introduction.
5.3.2  Finite local consistency characterizes generalized scoring rules

We now present our main result of this section. Let P(k) be the number of total
preorders over k elements, that is, the total number of ways to rank k elements,

allowing for ties.

Theorem 5.3.3. r is a generalized scoring rule if and only if r is anonymous, ho-
mogenous, and finitely locally consistent. Moreover, for any t-consistent voting rule
r, there exists a GSR of order (W)m! + 1 that is equivalent to r; conversely,
for any GSR GS(f,g) of order k, there exists a P(k)-consistent voting rule r that is

equivalent to GS(f,g).2

Proof of Theorem 5.3.3: We prove the “if” part by a geometrical representation

of a voting rule that is anonymous and homogenous, similarly to Young (1975). Let

L(C) = {l1,...,lm} be the set of all linear orders over C. Let  be an anonymous and

homogenous voting rule, so that profiles can be represented as multisets of votes.

Hence, there is a one-to-one correspondence between the set of all profiles and the
m!

set of all points in N"™: any profile P = Do Wyly, wy € N is associated with the

point 7 = (wy, ..., wmy), that is, € N™ and for any j < m!, the jth component

3 The P(k) bound can be improved if more information about the structure of the GSR is taken
into account. For the sake of simplicity, we omit further discussions of it.
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of p'is exactly the number of voters whose preferences are [; in P. Therefore, r
can also be seen as a mapping from N™ to C, defined as follows: for any p'e N™,
r(p) = r(P), where P is the profile that p corresponds to. In the remainder of the
proof, we will not distinguish between the point p" and the profile P. Also, because
r is homogenous, the domain of  can be extended to Qo™ (vectors of nonnegative
rationales) in the following way. For any 7€ Q=™ let h € N be such that ke N™;
then, let r(p) = r(hp). (This is well defined because by homogeneity, the choice of h
does not matter.)

Because 7 is t-consistent, there exists a partition (Si,...,S;) of N™ such that r
is locally consistent within each S;. We note that p e S; implies hp € S; for each
h € N, because each S; must be closed under the union of vectors that produce the
same result, and we can take the union of h vectors p. Now, for any ¢ < t, we define

Q = {q7: q € Q=0,p € S;}. Tt follows that Q=™ = UZ 1 Z , and for any iy # i,
SQ N SQ = {0}. For any i <t, any j < m, we define S} = S® ~r'(¢;). That is, S/
is the set of points (equivalently, profiles) in SZQ whose winner is ¢;. It follows that
for any pi, ps € Sij N N™ we have py + p» € Sij; for any p'e Sij, any q € Q-¢, we must
have gp' e SZ’ For any S < R-™, we say that S is Q-convez if for any A € Q N [0,1],
any pi, ps € S, we have A\py + (1 — \)py € S. We say a Q-convex set S is a Q-conver

cone, if for any g € Q=¢, any p'e S, we have qp'e S.
Claim 5.3.1. For anyt <t, any j < m, S] 15 a Q-convex cone.

Proof. For any ¢1, g2 € Q~¢, any pi, ps € Sij, there exists T € N such that T'qyp1, T'qops €

N™. We note that Tq1p1, T qap» € Sij , which implies that T'qp + T'qop5 is also in Sij :
1 .

It follows that ¢1p7 + qaps = T(quﬁl + Tqaps) € 5. L]

For any S € R=¢™, we let conv(S) be the convezx hull of S in R=o™. That is,
conv(S) = {Z?Zlaiﬁi ch= 1,2,...,2?:1%- =1,(Vi<h)a >0,0; e R, p; € S}.
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Lemma 5.3.4 (proved in Young (1975)). S € Q™ is Q-conver if and only if S =
conv(S) n Q™.

Let d e N, S;,89 < RY and for any # € R, let §(z) = 1 if 2 > 0, 6(z) = —1
if z < 0, and §(0) = 0. We say that S; and Sy are separated by a finite set of
vectors I = {p1,...,D,}, in which p; € R! for all i < o, if there exist two sets
01,05 € {-1,0,1} such that O; n Oy = {0}, and for any p € S; (p # 0), we
have §(p, 1) = (6(p - p1),...,0(p - Po)) € Oq; for any p € Sy (p # 0), we have
(0P P1)s---,0(P-Ps)) € Oz. In this case we also say that I separates S; from Sy via
O1, Os.

S < R? is called an affine space if for any pi,p» € S, any ¢i,¢ € R, we have
Qp1 + P € S. For any S’ € R4, we let aff(S’) denote the affine extension of S’ as
follows: aff(S") = {30 cif; : h = 1,2,...,(¥i < h) oy € R, j; € S'}. That is, aff(S")
is the smallest affine space in R? that contains S’. We let relint(conv(S)) denote
the relative interior of conv(S), defined as follows. relint(conv(S)) is the set of all
vectors p € R? such that there exists ¢ > 0 such that B(p,€) n aff(S) < conv(S),

where B(p, €) is the ball centered on p’ with radius e.

Lemma 5.3.5. Let S < R™ be an affine space, and let S1, 55 € S N Q=o™ be two
Q-convex cones such that Sy # Ss, S1 0 Sy = {0}. There exists a finite set of vectors

I < R™ that separates Sy from Sy, and |I| < dim(S).

Proof. We prove the claim by induction on dim(S). When dim(S) = 1, it must be
the case that one of S} and S5 is {0}, and the other has an element p’ # 0. Without
loss of generality, we let S; = {0}, Sy # {0}. In this case, we let I = {p'}, O; = {0},
and O = {0, 1}.

Suppose Lemma 5.3.5 holds for dim(S) < d. Without loss of generality, we

assume dim(aff(S7)) = dim(aff(5;)). When dim(S) = d + 1, there are two cases.
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Case 1: dim(aff(S7)) = dim(aff(S5)) = d + 1. In this case S = aff(S;) = aff(.55).
First we prove that relint(conv(Sy)) n relint(conv(Sy)) = . If not, suppose j €
relint(conv(S))) n relint(conv(Sy)). Let p = Z?:l a;p;, where Z?:l a; = 1, for all
Jj<h,p;e S and o; = 0, and B(p,€) NS < conv(Sy), B(p,e) NS < conv(Ss). There
exist 3; € Qs (j < h) such that p* = Z;L:l Bip; # 0, and the distance between p*
and p'is less than e (by setting the ; sufficiently close to the «;). We note that
S1 is Q-convex, which means that p* € S;. It follows that p* € conv(Ss), because
p* € B(p,€)nS. From Lemma 5.3.4 we have that Sy = conv(S;) N Q=o™. Therefore,
P* € conv(Ss) N Qs¢™ = S,. This contradicts the assumption that S; N Sy = {0}.

Because relint(conv(S)) n relint(conv(Ss)) = &, we apply the separating hyper-
plane theorem: there exists a hyperplane Hp characterized by p* € R™, such that
for any p; € Sy, p1 - p* < 0; for any py € Ss, P - p* = 0; and at least one of S; and
So is not contained in Hg«. We let S = S n Hp, and 57 = S1n S, S5 =S n .
Hz does not contain S, so it follows that dim(S’) < dim(S) = d + 1. Applying
Lemma 5.3.5 on S’, 57,55 (using the induction assumption), there exists a set of
vectors I' that separates S| from S} via O}, 04, [I'| < d. Let I = {p*} u I' and
O ={ae{-1,0,1} : @y = —1 v (a@ly = 0 A dlp € O} (here, for J S I, let
d|; be the components of @ corresponding to the vectors in J). This works because
for any p'e Sy, either p'is in the open halfspace {p' : p' - p* < 0}, or p'is in Sy N Hps.
Similarly, let Oy = {@ € {—1,0,1} : @|pr; =1 v (d@]p*; = 0 A d|p € O)}. Tt follows
that I separates Sy from Sy via Oy, 0, and |I| = [I'| +1 < d + 1.

Case 2: dim(aff(S2)) < d + 1. If aff(S)) = aff(Ss), then let S’ = aff(S;), |9 <
d + 1. Applying Lemma 5.3.5 on S’,S1, Sy (by the induction assumption), we can
conclude that there exists I’ € Q=™ that separates Sy from Sy, and |I'| <d < d+1.
If aff(Sy) # aff(S), then there exists a hyperplane Hy (orthogonal to p*) such that

0 € Hpx, Sy  Hp+, and S1 & Hpx (because the intersection of all hyperplanes that
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contains Sy is Sy). Let S’ = aff(Sy), and S} = S} n S’. §' is an affine space whose
dimension is dim(aff(S;)) < d + 1. For any pj,p> € S, any A € Qsp, we have that
Ap1 + (1 — AN)py € S1 (because S; is Q-convex), and Ap; + (1 — A\)py € S” (because S’
is an affine space); hence, A\pj + (1 — \)py € S. Therefore, S] is a Q-convex cone.
By applying Lemma 5.3.5 on S’, S}, Sy (using the induction assumption), there
exists I' = Qo™ (|I'] < d) that separates S from S, via O}, 0} We let I =
I' v {p*}; 01 = {@ € {—1,0,1} : @l # 0 v (@l = 0 A dlp € O)}. This
works because for any p € Sy, either p’- p* # 0 (meaning that p is not in S’), or
p-p* =0, and 0(p,I') € O (meaning that p'is in S} n S’). Similarly we define
Oy ={de {—1,0,1}) : @y = 0 A alp € Oh}. Tt follows that I separates S; from Sa,
and |I| = |I'/ + 1 < d + 1. This completes the proof of Lemma 5.3.5. O
For any i,y < t, j1, jo < m, where either 7; # iy or j; # Jjo, Sfll N Sf; = {0}. (We

recall that S7 is the set of points in S? whose winner is ¢;.) From Lemma 5.3.5, there

Lo 02
1171,22J27 7 11J1,1272)

exists a finite set I;,;, ;,;, of vectors that separates Sfll from Sf; via O
where |1; j, i,5,] < m!. Now we can define a corresponding generalized scoring rule,
as follows.

o k= U(i17j1)¢(2.2’j2) I i injn] + 1, and the components are indexed by vectors in some
I i1 izjs» and a 0 component (which is always 0). Because |1;,, i,5,| < m!, we have
fo < (UEDmlm Uy g,

o For any (i1, j1) # (i2,J2), any § = (P1,---,Pm1) € ILiyjyinjy, any b < ml, the p

component of the generalized score vector given vote (ranking) I, is f(ly) = pp. We

note that for any profile p'= (w1, ..., wy), any p* = (pf, ..., k) € Liyj1injs, the P

i

component of f(p) is Z;’il wepk =p-pr.
e For any d@ € Q=" with @ # 0, g(@) = ¢; if and only if there exists i < ¢ such

1

that for any ¢’ <, j* < m, there exists o € O; ;. such that for any p* € I;;»/, the

following three conditions hold: (1) @z is strictly larger than O (the value of the 0
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component), if and only if o[z = 1; (2) @+ is equal to 0, if and only if o] = 0; and
(3) d|p+ is strictly smaller than 0, if and only if o = —1. That is, g(@) = ¢; if and
only if there exists ¢ < ¢ such that for any i, j’, we always have d ¢ SZ, by using the
set of separation vectors I;; . (That ¢ is well defined will follow from the following
argument. )

Next, we prove that GiS(f,g) = r. For any profile j € Q=¢™, suppose p' € 5.
For any (i,7) # (i,j'), since € S}, by using the separation vectors I, and
OL ., 0% .., 7should be classified as “not in SZ,”. That is, there exists o € O}

ij,i'j"r igyily ij,i'!

2

i there exists

such that for any p* € I, ol = 0(p'- p*); and for any o' € O
p* € I #j» such that o[z # d(p- p*). It follows that GS(f, 9)(p) = ¢;.

The “only if” part is straightforward. For any total preorder O over {1,..., k}, we
let So = {Fe Q=0 : f(p) ~ O}. Forany py, iz € So, f(P1+02) = f(7)+f(72) ~ O,
so that GS(f, 9)(p1) = GS(f,9)(P2) = GS(f,9)(Py + p2). Hence, GS(f, g) is locally
consistent within Sp. It follows that {Se} is a finitely locally consistent partition for
the rule, of size P(k). O

We are not aware of any closed-form formula for P(k), though there exist recursive
formulas. We now give a simple upper bound on P(k). Any total preorder V' can be
represented by a strict order (¢;; > ¢;, > ... > ¢;, ) and a string § = (S1,...,8,1) €
{0,131, as follows: if s; = 0 then ¢;, >y ¢;,,,, and if s, = 1 then ¢;, ~v ¢;,,,. This

implies P(k) < k121,
5.4 A Scheduling Approach for Positional Scoring Rules

So far in this chapter we have been focusing on characterizing the frequency of ma-
nipulability for common voting rules, in order to show that computational complexity
is not a strong barrier against manipulation. In this section, we argue that compu-

tational complexity is not a strong barrier against manipulation from the viewpoint
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of approximation. The optimization problem we will look at in this section asks for
the smallest total number (weight) of the manipulators that can make a given alter-
native win. This optimization problem severs as our basis for approximation, and
has two dimensions: the first dimension concerns whether the votes are weighted or
unweighted, and the second dimension concerns whether the manipulators’ votes are
divisible (that is, each manipulator can cast a convex combination of linear orders as
her vote) or not. For example, when the voters are unweighted and are not allowed
cast divisible votes, the problem is the UCO problem (Definition 3.1.3).

Our main contribution is the exploration of a surprising and fruitful connection
between coalitional manipulation for positional scoring rules and scheduling. We
demonstrate that some of work on the latter problem can be leveraged to obtain
nontrivial algorithmic results for the former problem.

The intuition behind the reduction is as follows. The scheduling problem to which
we reduce is that of scheduling on parallel machines where the goal is to minimize
makespan. In the coalitional manipulation problem for a positional scoring rule
with scoring vector S,,, each manipulator j always ranks the coalition’s preferred
alternative c first, but must award s,,(i) - w; points to the alternative it ranks ith,
where w; is the manipulator’s weight. For any ¢ > 2, we define a machine for 5, ();
the larger §,,() is in relation to §,,(1), the slower the machine is. Furthermore, each
alternative besides c is a job; the larger the gap between the score of this alternative
and the score of ¢, the larger the job is. When a manipulator with weight w; ranks
an alternative in the ith position, it decreases the gap between ¢ and this alternative
by (5, (1) — &5, (i))w; points, which, under the detailed reduction, is equivalent to
processing the corresponding job on the (i — 1)th slowest machine for w; time units.

In addition to WCM (Definition 3.1.1), UCM (Definition 3.1.2), and UCO (Def-
inition 3.1.3). In this section we also study the following problem for positional
scoring rules.
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Definition 5.4.1. The Coalitional Optimization for divisible votes (COd) problem

T, PNM, ,u—j‘NM

is defined as follows. An instance is a tuple ( ,¢), where r is a voting

rule, PNM is the non-manipulators’ profile, W™ represents the weights of PN™ | and
c is the alternative preferred by the manipulators. We are asked to find the minimum
WM such that there exist a divisible vote VM for one manipulator with weight W™,
such that

r((PYY AV, @Y, W) = c

In the remainder of this section, we assume that ¢ is ranked in the top position in
the fixed-order tie-breaking mechanism. We let WCMd, UCMd, UCOd denote the
variants of WCM, UCM, UCO, respectively, in which votes are divisible.* We note
that it is irrelevant whether the votes of the non-manipulators are divisible or not;
what matters is whether the manipulators’ votes are divisible.

In Section 5.4.1, we consider WCMd, which may be interesting in its own right,
but mainly serves to prepare the ground for our results regarding WCM. We give
a polynomial-time algorithm for WCMd under any positional scoring rule by re-
ducing it to the well-studied scheduling problem known as Q|pmin|Ci,., (in which
preemptions are allowed). This algorithm also solves COd.

In Section 5.4.2 we deal with the indivisible case (WCM), and augment the
WCMd algorithm with a rounding technique. Based on existing results from the
scheduling literature, we can assume that the scheduling solutions use relatively few
preemptive break points. We then show that in the coalitional manipulation prob-
lem, we need at most one additional voter per preemptive break point. We obtain
the following theorem, which is a somewhat weaker but far more generally applicable

version of the main result of Zuckerman et al. regarding Borda (Zuckerman et al.,

4 We do not need to define similar variant for COd, because it is not hard to see that any solution
to a COd instance where the votes are divisible can be converted in polynomial time to a solution
to the same instance where the votes are indivisible.
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2009, Theorem 3.4).
THEOREM 5.4.10. Algorithm 2 runs in polynomial time and

1. if the algorithm returns false, then there is no successful manipulation (even

for the WCMd version of the instance);

2. otherwise, the algorithm returns a successful manipulation for a modified set of
manipulators, consisting of the original manipulators plus at most m — 2 addi-
tional manipulators, each with weight at most W /2, where W is the mazximum

weight of the manipulators.

Crucially, in most settings of interest (e.g., political elections), the number of
alternatives m is small compared to the number of voters, or even the number of
manipulators. Moreover, WCM is NP-complete under scoring rules such as Borda and
Veto, even when there are only three alternatives (Conitzer et al., 2007). Therefore,
in many important scenarios, m — 2 additional manipulators constitute a very small
fraction of the total number of manipulators, that is, the algorithm gives a good
“approximation” to WCM.

A direct implication of Theorem 5.4.10 is that in the unweighted case (UCM)
our approximation algorithm always finds a manipulation with at most m — 2 addi-
tional manipulators, if there exists one for the given instance. Put another way, the
algorithm approximates UCO to an additive term of m — 2.

" in the following sense: the opti-

In Section 5.5, we establish an “integrality gap,’
mal solution to UCO can require m — 2 more manipulators than the optimal solution
to UCOd (Theorem 5.5.3). Moreover, we show that there is a family of instances
of UCO such that any algorithm that is based on rounding an optimal solution for
COd requires m — 2 more votes than the optimal UCO solution (Theorem 5.5.4).
These results suggest that the analysis of the guarantees provided by our technique

is tight.
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5.4.1 Algorithms for WCMd and COd

In this section we present algorithms for WCMd and COd. We devise a polynomial-
time algorithm that solves WCMd by reducing it to the scheduling problem known
as Qpmitn|C,q.. This algorithm also solves COd exactly. In the next subsection
(Section 5.4.2), we augment the algorithm for WCMd with a rounding technique,
and obtain an approximation algorithm for WCM as a result. While our solution for
WCMd may be interesting in its own right, its main purpose is to provide intuitions
and techniques that are subsequently leveraged for approximating WCM.

We will show how to reduce WCMd/COd to the scheduling problem of paral-
lel uniform machines with preemption, categorized as Q|pmin|C,.. (see, for exam-
ple, Brucker (2007) for the meaning of the notation). In an instance of Q|pmitn|Ci,az,
we are given n jobs ¢ = {Ji,...Jz} and m machines M = {M;, ..., Mz}; each job
J; has a workload p; € R, and the processing speed of machine M, is s* € R, , that is,
it will finish s’ amount of work in one unit of time. A preemption is an interruption
of the job that is being processed on one machine (the job may be resumed later, not
necessarily on the same machine). Preemptions are allowed in Q|pmin|Ciua.. We
are asked for the minimum makespan, i.e., the minimum time to complete all jobs,
and an optimal schedule.

We first draw a natural connection between WCMd/COd under positional scor-
ing rules and Q|pmtn|Ci,... After counting the non-manipulators’ votes only, each
alternative will have a total non-manipulator score. For any i < m — 1, we let p;
denote the gap between the non-manipulator score of ¢; and the non-manipulator
score of ¢ (which is positive if the former is larger; the case where the gap is negative
is trivial). In particular, the p;’s can be seen as the workload of m — 1 jobs. We
note that, without loss of generality, the manipulators will always rank ¢ in the top

position. Therefore, a manipulator vote (of weight 1) in which ¢; is ranked in the
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ith position decreases the gap between ¢; and ¢ by §,,(1) — §,,(¢) points.

We consider a set of m — 1 machines My, ..., M,, ; whose speeds are §,,(1) —
Sm(2),...,8n(1l) — Sn(m), respectively. A ranking (a vote) is equivalent to an al-
location of the m — 1 jobs to machines: an alternative ranked 7 positions below ¢
corresponds to a job allocated to the ith slowest machine. We can now see that the
minimum makespan of the scheduling problem is the minimum total weight of the
manipulators required to make ¢ a winner, that is, the optimal solution to COd.

7 of manipulators

For WCMd, the goal is to compute the votes for Zle w; “amoun
(since the votes are divisible, a problem instance with & manipulators with weights
w is equivalent to a problem instance with a single manipulator whose weight is
Zle w;), such that the final total score of ¢ is at least the final total score of any
other alternative. This is equivalent to computing a schedule that completes all jobs
within time at most 3% | w;.
Formally, for a WCMd instance (5, = (5,,(1),. .., 8m(m)), PN wNM

¢, k, (wy,...,wg)), we construct an instance of Q|pmitn|Cy,., with m — 1 jobs and
m — 1 machines (that is, m = n = m — 1) as follows. For any i < m — 1, we let
st =5,(1) — 3n(i + 1), p; = max{3,,(PY w"M ¢;,) — 5, (P"M w™M ¢),0}. We do
not distinguish between alternative ¢; and job J;. This reduction is illustrated in the

following example.

Example 5.4.2. Let m =4, C = {c, ¢y, ¢2, c3}. The positional scoring rule is Borda
(which corresponds to the scoring vector (3,2,1,0)). The non-manipulators are un-
weighted (that is, their weights are 1), and their profile is

PNM = (Y NM Yy NM y NM yNMY - defined as follows.

VM = ¢ > ¢ > ¢y > c3], VM = ¢y > ¢ > ¢ > c3]
VM = [y > ¢y > 1 > (], VM = [c; > ¢y > 3 > ]

We have that s(PYM ¢) = 3, s(P"M ¢)) = 9, s(P"M ¢y) = 8, s(P"M ¢3) = 4.
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Therefore, we construct a Q|pmitn|C,,,, instance in which there are 3 machines
M, My, M5 whose speeds are s' = 1,52 = 2,53 = 3, corresponding to the 2nd, 3rd,
and 4th position in the votes, respectively, and 3 jobs Ji, Js, J3, whose workloads are

P =6=(9—-3),po=5=(8-3),p3 =1=(4—3), respectively. ]

Let Wy = 0, W = max;<;w;, and for any 1 <i < k, W; = Z;:ij. A schedule
is usually represented by a Gantt chart, as illustrated in Figure 5.1. (We note that

Figure 5.1 is not the solution to Example 5.4.2.)

M 1 J 1 J: 2 J 3
M. 2 J 1 J. 3 J. 2
M| o . Ji
|
0 T, Ty 3 I, W

FIGURE 5.1: An example schedule. The machines are idle in shaded areas.

Let w be the minimum makespan for the Q|pmitn|C,,., instance constructed
above, and let f*: M x [0,w] — _# u {I} be an optimal solution to Q|pmitn|Ci,q.a,
where I means that the machine is idle. If w > W), then there is no successful
manipulation that makes ¢ a winner. If w < Wy, we first extend the optimal solution
f* to make it fully occupy the whole time interval [0, W} |; any way of allocating jobs
to machines in the added time would suffice. Let f be the solution obtained in this
way.

Given f, for any time ¢t € [0, W}|, we say that t is a preemptive break point if
there is a preemption at t—formally, there exists a machine M; such that for some
¢ > 0, we have that for all € € [0,€], f(M;,t —€) # f(M;,t + ¢€), that is, the job
being processed at time ¢t — € on M; is different from the job being processed at time
t+e Welet By = {T},...,T;} denote the preemptive break points of f, where

0<T)y <Ty <...<T, < W,y Forexample, the set of preemptive break points of
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the schedule in Figure 5.1 is By = {13, T, T3, T,}.

Example 5.4.3. The minimum makespan of the scheduling problem instance in

Example 5.4.2 is (6 + 5)/5 = 11/5. An optimal schedule f is as follows.

M; : Forany 0 <t < 11/5, f(My,t) = Js.

M, : For any 0 < t < 8/5, f(Ms,t) = Jy; for any 8/5 <t < 11/5, f(Ms,t) = J;.
Mj; : For any 0 < t < 8/5, f(Ms,t) = Jy; for any 8/5 <t < 11/5, f(Mjs,t) = Js.

t = 8/5 is the only preemptive break point in this schedule. O]

Any solution to the Q|pmin|C,,., instance obtained from the reduction can be
converted to a solution to WCMd in the following way. First, we assign jobs to all
idle machines arbitrarily to ensure that at any time between 0 and W}, no machines
are idle and all jobs are allocated. Formally, we define f': M x [0, W] — _# such
that {f'(My,t),..., [ (M 1,t)} = {J1,..., Jm_1} for all £, and for any M € M and
t € |0, Wy], we have that if f(M,t) e #, then f'(M,t) = f(M,t). For example, we
can assign jobs to the shaded areas (which represent idle time) in the schedule in

Figure 5.1 in the way illustrated in Figure 5.2.

ap oy aj af 0 a3
—~—~— Y — Y —— ——
M1 J1 : J1 J2 J2 i J2 J3
/V
Mo J3%2 J1 J1 Js Jo
.
M| Jo | Js 1 s Js | A
WO T1 T2 Wl TS T4 W2
w1 w2

F1GURE 5.2: Conversion of an optimal schedule to a solution for WCMd.

Next, for any 1 < 7 < k, we convert the schedule to the manipulators’ votes in

the natural way:

98



e If there are no preemption break points in (W; 1, W;), we let manipulator i
vote for ¢ > f'(My,W; 1 +¢€) > f'(My, W; 1 +¢€) > ... > f'( My, 1,W;_1+¢),

where € > 0 is sufficiently small.

e If there are preemptive break points in (W;_1, W;), denoted by T, T4 1, - - ., Turp_1,
then we let Vi,...,V}., denote the orders that correspond to the schedule
at times W;_1 + €, T, +€,...,T,.p_1 + €, respectively. Let oﬁi =T, — W;_1,
o = Ty — Toyooovap oy = Wi — Thyp1. We let manipulator ¢ vote for

S/ (W = W) V.

Example 5.4.4. Suppose there are two manipulators whose weights w; and wy are
illustrated in Figure 5.2. Manipulator 1 votes [(1/4)(c > ¢; > ¢3 > ¢2) + (1/4)(c >
c1 > ¢ > ¢3) + (1/2)(¢ > ¢o > ¢ > ¢3)]; manipulator 2 votes [(1/3)(c > ¢2 > ¢; >

c3) + (1/3)(¢ > co > e3> 1) + (1/3)(c > c3 > ¢o > ¢1)]. H

On the basis of the exposition above we now refer the reader to Algorithm 1.
The algorithm solves WCMd in three steps: 1. convert the WCMd instance to a
Q|pmin|Cq, instance; 2. apply a polynomial-time algorithm that solves Q|pmitn|C),q.
(for example, the algorithm in Gonzalez and Sahni (1978)); 3. convert the solution
to the scheduling instance to a solution to the WCMd instance. Algorithm 1 also
solves COd, because the makespan w computed in Line 3 is the optimal solution to
COd. It is easy to verify that the algorithm runs in polynomial time. To conclude,

we have the following result.
Theorem 5.4.5. Algorithm 1 solves WCMd and COd (ezxactly) in polynomial time.
5.4.2  Algorithm for WCM

We now move on to the more difficult indivisible case. We first note that Algorithm 1

cannot be directly applied to WCM, because the manipulators’ votes constructed in

99



Algorithm 1: compWCMd

1 Vi <m— 1, Si <« gm(l) — Si+1

Vi <m — 1, p; < max{s(PY" wM ¢;) — s(PNM wNM ) 0}

Solve the Q|pmin|C.. instance (e.g., by the algorithm in Gonzalez and Sahni
(1978)). Let w and f denote the minimum makespan and an extended
optimal schedule; let T7,...,T; denote the preemptive break points.

if w > Wy then

‘ return false.

end

Let f": M x [0,W,] — _# be such that

{f'(My,t),....,f'(My, 1,t)} ={J1,...,Jm_1}, and for any M € M, any
t € [0, Wy], we have that if f(M,t)e ¢, then f'(M,t) = f(M,t).

g for i =1to k do

N O ovbs

Let ‘/f = [C > fl(Ml, Wifl + 6) > 0> fl(Mmfl, Wifl + E)]

10 J2

11 for each preemptive break point T € (W; 1, W;) (in order) do

12 Let V) = [c> f/(M\, T +¢€) > ... > f'(My 1, T +¢€)]

14 end

15 For any j, let o be the length of the jth interval in [W;_y, W;] induced by
the preemptive break points. '

16 Let manipulator ¢ vote >};[af/(W; — W;_1)] -V}, and add this vote to pM

17 end

M
18 return P

Line 16 can be divisible. For any positional scoring rule, if there is a successful
manipulation (in which all manipulators rank ¢ in the top position), and we increase
the weights of the manipulators, then ¢ still wins the election. This property is
known as monotonicity in weights (see Zuckerman et al. (2009) for a formal definition
and the proof). Therefore, instead of having manipulator ¢ cast the divisible vote
>lal /(Wi — Wii)] -V}, we let her cast the indivisible vote V., which is one of
the Vf with the highest weight among all the Vji’s constructed for manipulator .
In addition, for any j # j*, we add one extra manipulator whose weight is a;'-, and

let the new manipulator vote V]Z It turns out that if we use a particular algorithm

for the scheduling problem, then the solution will not require too many additional
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manipulators. This gives us Algorithm 2 for WCM.

Algorithm 2: compWCM

This algorithm is the same as Algorithm 1, except for the following two lines:

3 Use the algorithm in Gonzalez and Sahni (1978) to solve the scheduling
problem

16 Let manipulator ¢ vote for Vji*, where for any 7 # 7%, ozj-* > ozé-; and for any

j # j*, we add a new manipulator whose weight is o, and let her vote V'

Example 5.4.6. Let the coalitional manipulation problem instance be the same as
in Example 5.4.2. Suppose we have two manipulators whose weights are both 1;
then, because the minimum makespan is 11/5 > 2 (as observed in Example 5.4.3),
there is no solution to the WCMd and WCM problem instances. The solution to the
COd problem instance is 11/5.

Now suppose we have two manipulators, whose weights are w; = 1 and wy = 6/5,
respectively. Let f be the optimal schedule defined in Example 5.4.3. A solution to
the WCMd problem instance is obtained as follows. Manipulator 1 votes [¢ > ¢3 >
¢y > 1], and manipulator 2 votes [(1/2)(¢c > ¢3 > ¢a > ¢1)+(1/2)(c > ¢3 > ¢1 > )]
For WCM, the vote of manipulator 1 is the same, the vote of manipulator 2 is
[c > ¢3 > 3 > ¢1], and there is one additional manipulator, whose weight is 3/5 and

whose vote is [¢ > ¢3 > ¢1 > ¢3]. (]

Example 5.4.7. Suppose there are two manipulators whose weights are illustrated
in Figure 5.2. The vote of manipulator 1 is ¢ > ¢y > ¢; > c¢3, and we introduce
two new manipulators with weight w;/4 whose votes are ¢ > ¢; > ¢3 > ¢y and
¢ > ¢ > ¢ > c3. The vote of manipulator 2 is ¢ > ¢y > ¢; > ¢3, and we introduce
two new manipulators with weight ws/3 whose votes are ¢ > ¢3 > ¢3 > ¢ and
¢ > c3 > ¢y > ¢1. Since |By| (the number of preemptive break points) is 4, there are

in total four additional manipulators. ]

For any j # j*, we must have o/ < (W; — W;_1)/2 < W/2 (recall that W =
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max,<x w;). Moreover, for any preemptive break point we introduce at most one
extra manipulator. Therefore, we immediately have the following lemma that relates

the number of the new manipulators to the number of preemptive break points.

Lemma 5.4.8. If w = W,, then there is no successful manipulation for WCMd
(nor for WCM); otherwise, Algorithm 2 returns a manipulation with at most |By|

additional manipulators, each with weight at most W /2.

Therefore, the smaller |By| is, the fewer new manipulators are introduced by
Algorithm 2. | By| depends on which algorithm we use to solve Q|pmtn|Ciyq, in Line 3.
In fact, there are many efficient algorithms that solve Q|pmin|C,... For example,
Qlpmin|Cya. can be solved in time O(n%m) by a greedy algorithm (Brucker, 2007).
At each time point ¢, the algorithm (called the level algorithm) assigns jobs to the
machines in a way such that the greater the remaining workload of a job, the faster
the machine it is assigned to.> However, this algorithm in some cases generates a
schedule that has as many as m(m—1)/2 preemptive break points. Therefore, we turn
to the algorithm by Gonzalez and Sahni (1978), which runs in time O(n + mlogn)
using at most 2(m — 1) preemptions. Gonzalez and Sahni also showed that this
bound is tight. We note that one preemptive break point corresponds to at least two
preemptions, and in the instances that were used to show that the 2(m — 1) bound is
tight, m — 1 preemptive break points are required. Therefore, we immediately have

the following lemma.

Lemma 5.4.9. The number of preemptive break points in the solution obtained by
the algorithm of Gonzalez and Sahni (1978) is at most m — 1. Furthermore, this

bound is tight.

We note that m = m — 1. Hence, combining Lemma 5.4.8 and Lemma 5.4.9, we

® The greedy algorithm of Zuckerman et al. (2009) is effectively a discrete-time version of the level
algorithm.
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have the following theorem, which is our main result.
Theorem 5.4.10. Algorithm 2 runs in polynomaial time and

1. if the algorithm returns false, then there is no successful manipulation (even

for the WCMd wversion of the instance);

2. otherwise, the algorithm returns a successful manipulation for a modified set
of manipulators, consisting of the original manipulators plus at most m — 2

additional manipulators, each with weight at most W /2.
5.5 Algorithms for UCM and UCO

We now consider the case where votes are unweighted. UCMd and UCOd can be
solved using Algorithm 1. As for UCM /UCO, every manipulator’s weight is one (so
that W = 1), and we are only allowed to add new manipulators whose weight is also
1. We recall that increasing the weights of the manipulators never prevents ¢ from
winning. Therefore, in the context of UCM/UCO we use a slight modification of
Algorithm 2, by adding one unweighted manipulator whenever Algorithm 2 proposes

adding a weighted manipulator (whose weight can be at most 1/2).

Algorithm 3: compWCM

This algorithm is the same as Algorithm 1, except for the following two lines:

3 Use the algorithm in Gonzalez and Sahni (1978) to solve the scheduling
problem.

16 Let manipulator ¢ vote for V}; for any j > 1, we add a new manipulator who
votes for V.

The following corollary immediately follows from Theorem 5.4.10.

Corollary 5.5.1. For UCM, if Algorithm 3 returns false, then there is no successful
manipulation; otherwise, Algorithm 3 returns a successful manipulation with at most

m — 2 additional manipulators.
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Recall that Lines 1-3 of Algorithm 3 compute the minimum makespan w (the
solution to COd) of the scheduling problem that is obtained from the UCM instance.
It is easy to see that if votes are divisible then |w]| is the minimum number of
unweighted manipulators required to make ¢ win the election, that is, [w] is the
optimal solution to UCOd. Therefore, Algorithm 1 can easily be modified to yield an
algorithm that solves UCOd. We further note that Algorithm 3 is an approximation
algorithm for UCQO, as the number of manipulators returned by Algorithm 3 is no
more than |w|+m—2. Put another way, Algorithm 3 returns a solution to UCO (with
indivisible votes) that approximates the optimal solution to UCOd (with divisible
votes) to an additive term of m — 2.

Generally, if there exists a successful manipulation, then Algorithm 3 returns a
manipulation with additional manipulators. However, there are some special po-
sitional scoring voting rules under which UCM can always be solved exactly by
Algorithm 1. Given [ € {1,...,m — 1}, the l-approval rule is the scoring rule where
Sn(l) = ... = 5,(I) = 1and §,(l+1) = ... = §,(m) = 0. For example, Plu-
rality (with scoring vector (1,0,...,0)) and Veto (with scoring vector (1,...,1,0))
are l-approval and (m — 1)-approval, respectively. We note that UCM under any
[-approval rule reduces to the scheduling problem in which all machines have the
same speed. This corresponds exactly to the scheduling problem P|pmitn|C,,q, in
discrete time (that is, the preemptions are allowed only at integer time points),
which has a polynomial-time algorithm: Longest Remaining Processing Time first
(LRPT) Pinedo (2008). Therefore, if we modify Algorithm 3 by solving the reduced
scheduling instance with LRPT, then we can solve UCM under any k-approval voting

rule in polynomial time.® To summarize:

Corollary 5.5.2. Letle {1,...,m —1}. UCM/UCO for l-approval is in P.

6 The simple observation that UCM is in P for approval voting rules was also recently made by
Andrew Lin (via personal communication), who employed a completely different (greedy) approach.
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5.5.1 On The Tightness of The Results

We presently wish to argue that we have made the most of our technique. The next
theorem states that the m — 2 bound is tight in terms of the difference between the
optimal solution to UCO and the optimal solution to UCOd under the same input.
It also implies that Algorithm 3 is optimal in the sense that for any g < m — 2, there
is no approximation algorithm for UCO that always outputs a manipulation with at
most ¢ manipulators more than the optimal solution to UCOd. This result can be

seen as a new type of integrality gap, which applies to our special flavor of rounding.

Theorem 5.5.3. For anym > 3, there exists a UCO instance such that the (additive)

gap between the optimal solution to UCOd and the optimal solution to UCO is m — 2.

Proof. For any m > 3, we let the scoring vector be (m(m—1)(m—2)—1,...,m(m—
Him—2)—1L,m(m — 1)(m —2) —2,0). Let V= [¢; > ... > ¢n1 > ¢, and let
7 be the cyclic permutation on C\{c}, that is, 7 : ¢y —> ... = ¢, 1 — ¢;. For
any ¢ < m — 1, let V; be the linear order over C in which ¢ is ranked in position
(m —1), and 7(c1) >v, 7(c2) >v; .. >y, T (cm-1). Let P = (V,Vi,..., Vi 1),
PYM = PUn(P)u...un™ 2(P). It follows that for any i < m — 1, s(P¥M ¢;) —
s(PYM ¢y = (m — 1) — 1. Let V' = [¢ > ¢ ... > ¢u_1]; it can be verified that the

divisible vote

is sufficient to make ¢ win, hence the optimal solution to UCOd is 1.
We next prove that the solution to UCO is m — 1. Clearly the following profile

is a successful manipulation.
V', x(V"), e*(V"),...,7™ (V"))

Hence, it remains to show that the solution is at least m — 1. For the sake of

contradiction we assume that the solution is m — 2, and P™ is the corresponding
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successful manipulation. Therefore, there must exist ¢ < m — 1 such that ¢; is not

ranked at the bottom of any of the votes of PM. Therefore,
s(PY.¢) —s(PY",c;) <m —2<(m—1)? 1,

which means that s(PNY o PM ¢) — s(PYM  PM ¢;) < 0. This contradicts the

assumption that PV is a successful manipulation. O

We next ask the following natural question: is it possible to improve the rounding
technique so that the algorithm achieves a better bound, relative to the optimal
solution for the indivisible case? This is not ruled out by Theorem 5.5.3, since
that theorem compares to the optimal UCOd solution rather than the optimal UCO
solution. Nevertheless, the answer is negative, as long as all linear orders in an
optimal solution to the COd problem appear in the output of the algorithm. We
say that an approximation algorithm Z for UCO is based on COd if for any UCO
instance, there exists an optimal solution to COd such that every linear order that
appears in that solution also appears in the output of Z (as a fraction of the vote of

a manipulator).

Theorem 5.5.4. Let 7 be an approximation algorithm based on COd. For any
m = 3, there exists a UCO instance such that the gap between the optimal solution

to UCO and the output of Z is m — 2.

Proof. For any m > 3, we construct an instance such that the solution to the UCO
problem is 1, but at least m — 1 linear orders appear in any optimal solution to the
COd problem (so the gap is m — 2).

We let the scoring vector be (m +2,1,0,...,0). Let
V= [C>Cl >...>Cm,1],

and
Vi=[chm1>c1>c>co>...>Cpal
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Furthermore, let

mT.C —C — ... > Cp_1 — (1,

and

Tt ic—> e > ... > Cpo1 — C.

We define preference profiles by letting
P =V V,r* V), (" )(V),..., (x*)"*(V))

and P’ = Pun(P)u...ur™ ?(P).

We have that s(P,¢) = m + 2, s(P,¢c;) = m + 4, and for any 2 < i < m — 1,
s(P,¢;) = m+ 3. Therefore, s(PYM ¢) = (m+2)(m —1) and for any 2 <i < m— 1,
s(PYM ¢,y = (m + 3)(m — 1) + 1. Therefore, for any i < m — 1, s(P¥M ¢;) —
s(PVM ¢) = m. Tt follows that one manipulator suffices to make ¢ the winner (by
voting ¢ > ¢; > ... > ¢y 1).

On the other hand, the minimum weight for COd is (m — 1)/m, for example,

v o m-—1 1 1 1
VT = - (m—lv+m—1ﬂ(v)+”'+

In any manipulator’s vote corresponding to the minimum total weight, every alterna-
tive except ¢ must appear in the second position for a fraction of the vote. Therefore,

any algorithm based on COd must output at least m — 1 linear orders. O
5.6 Summary

In this chapter, we extensively examined how strong computational complexity is
as a barrier against manipulation. Most results in this chapter are negative. In
Section 5.1 we showed that (roughly) for all generalized scoring rules, if the number of
manipulators is o(n®) for some o < 1/2, then the probability that these manipulators
can succeed goes to 0 as n goes to infinity; however, if the number of manipulators is
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w(n®) for some av > 1/2, then the probability that these manipulators are all-powerful
goes to 1 as n goes to infinity (except they cannot make alternatives against which
the nonmanipulators are systematically biased win). We note that as n goes to
infinity, \/n/n goes to zero.

This “dichotomy” result implies that when the total number of voters is large,
even if the number of manipulators is very small compared to the number of nonma-
nipulators, the manipulators can still manipulate the winner with a high probability.
We further gave an axiomatization in Section 5.3, which tells us how general the class
of GSRs is—it is the class of all voting rules that satisfies anonymity, homogeneity,
and finite local consistency.

Section 5.4 aimed at directly designing (approximation) algorithms for a number
of coalitional manipulation problems for positional scoring rules. Built on top of a
novel connection between coalitional manipulation problems and scheduling prob-
lems, we proposed polynomial-time algorithms that solve WCMd and COd. We also
used these algorithms plus a rounding technique to obtain approximation algorithms
for WCM, UCM, and UCO, with an additive error bound of m — 2, which is tight in
a sense.

Therefore, it seems that computational complexity is not a very strong barrier
against manipulation. An obvious next step is to look for other ways to prevent
manipulation. Note that one assumption made in all previous manipulation settings
is that the manipulators have full information about the votes of the nonmanipu-
lators. Therefore, a natural question to ask is: What if the manipulators do not
have full information about the other voters’ votes? The work in the next chapter is
motivated by this question. We will study the case of one manipulator with limited
information about other voters’ votes. We will prove that restricting the information
of the manipulator can effectively make a certain type of manipulation, which we

call dominating manipulation, NP-hard. At one extreme, if the manipulator knows
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nothing, many voting rules are immune to dominating manipulations. These results
seem very natural at a high level, but to obtain them, we need a formal model to

analyze voters’ strategic behavior.
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6

Preventing Manipulation by Restricting
Information

It was shown in the last chapter that computational complexity does not seem to be
a very strong barrier against manipulation. Consequently, we need to look for new
barriers. In this chapter we examine some preliminary ideas to prevent manipula-
tion for the cases where there is one manipulator, by restricting the manipulator’s
information about the other voters’ votes. We recall that in all previously studied
manipulation problems, it is normally assumed that the manipulator has full infor-
mation about the votes of the non-manipulators. The argument often given is that
if it is NP-hard with full information, then it only can be at least as computationally
difficult with partial information. However, when there is only one manipulator,
computing a manipulation is in P for most common voting rules, including all posi-
tional scoring rules, Copeland, maximin, and voting trees (see Table 3.1). The only
known exceptions are STV (Bartholdi and Orlin, 1991), ranked pairs (Xia et al.,
2009), and Nanson’s and Baldwin’s rules (Narodytska et al., 2011). It is not clear
whether it is computationally easy for a single manipulator to find a manipulation

when she only has partial information for other rules.
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In this chapter, we first model how one manipulator computes a manipulation
based on partial information about the other votes. For example, the manipulator
may know that some voters prefer one alternative to another, but might not be able
to know all pairwise comparisons for all voters. We suppose the knowledge of the
manipulator is described by an information set E. This is some subset of possible
profiles of the non-manipulators which is known to contain the true profile. Given an
information set and a pair of votes U and V/, if for every profile in F, the manipulator
is not worse off voting U than voting V', and there exists a profile in £ such that
the manipulator is strictly better off voting U, then we say that U dominates V. If
there exists a vote U that dominates the true preferences of the manipulator then
the manipulator has an incentive to vote untruthfully. We call this a dominating
manipulation. If there is no such vote, then a cautious manipulator might have little
incentive to vote strategically.

We are interested in whether a voting rule r is immune to dominating manipula-
tions, meaning that a voter’s true preferences are never dominated by another vote.
If r is not immune to dominating manipulations, we are interested in whether r is
resistant, meaning that computing whether a voter’s true preferences are dominated
by another vote U is NP-hard, or vulnerable, meaning that this problem is in P. These
properties depend on both the voting rule and the form of the partial information.
Interestingly, it is not hard to see that most voting rules are immune to manipu-
lation when the partial information is just the current winner. For instance, with
any majority consistent rule (for example, plurality), a risk averse manipulator will
still want to vote for her most preferred alternative. This means that the chairman
does not need to keep the current winner secret to prevent such manipulations. On
the other hand, if the chairman lets slip more information, many rules stop being
immune. With most scoring rules, if the manipulator knows the current scores, then
the rule is no longer immune to such manipulation. For instance, when her most
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preferred alternative is too far behind to win, the manipulator might vote instead
for a less preferred candidate who can win.

In this chapter, we focus on the case where the partial information is represented
by a profile P,, of partial orders, and the information set E consists of all linear
orders that extend P,,. The dominating manipulation problem is related to the pos-
sible /necessary winner problems, which I have briefly talked about in Section 1.6 and
Section 2.3. We recall that in possible/necessary winner problems, we are given an
alternative c and a profile of partial orders P,, that represents the partial information
of the voters’ preferences. We are asked whether ¢ is the winner for some extension of
P,, (that is, ¢ is a possible winner), or whether ¢ is the winner for every extension of
P,, (that is, ¢ is a necessary winner). We note that in the possible/necessary winner
problems, there is no manipulator and P,, represents the chair’s partial information
about the votes. In dominating manipulation problems, P,, represents the partial
information of the manipulator about the non-manipulators.

In the following sections, we start with the special case where the manipulator
has complete information. In this setting the dominating manipulation problem
reduces to the standard manipulation problem, and many common voting rules are
vulnerable to dominating manipulation (from known results). When the manipulator
has no information, we show that a wide range of common voting rules are immune to
dominating manipulation. When the manipulator’s partial information is represented
by partial orders, our results are summarized in Table 6.1.

Our results are encouraging. For most voting rules r» we study in this paper
(except plurality and veto), hiding even a little information makes r resistant to
dominating manipulation. If we hide all information, then r is immune to dominat-

ing manipulation. Therefore, limiting the information available to the manipulator

L All hardness results hold even when the number of undetermined pairs in each partial order is
no more than a constant.
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Table 6.1: Computational complexity of the dominating manipulation problems with
partial orders, for common voting rules.

DOMINATING MANIPULATION
STV Resistant (Proposition 6.2.2)
Ranked pairs Resistant (Proposition 6.2.2)

Borda Resistant (Theorem 6.3.1)
Copeland Resistant (Corollary 6.3.7)
Voting trees Resistant (Corollary 6.3.7)
Maximin Resistant (Theorem 6.3.8)
Plurality Vulnerable (Algorithm 5)

Veto | Vulnerable (Similar to plurality)

appears to be a promising way to prevent strategic voting.
6.1 Framework for Manipulation with Partial Information

We now introduce the framework of this paper. In this chapter, we suppose there
are n — 1 > 1 non-manipulators and one manipulator to make notion easier. The
information the manipulator has about the votes of the non-manipulators is repre-
sented by an information set E. The manipulator knows for sure that the profile
of the non-manipulators is in E. However, the manipulator does not know exactly
which profile in F it is. Usually E' is represented in a compact way. Let Z denote

the set of all possible information sets in which the manipulator may find herself.

Example 6.1.1. Suppose the voting rule is r.

e [f the manipulator has no information, then the only information set is E =
Fn-1. Therefore T = {F, 1}. Here we recall that F, 1 is the set of all (n—1)-profiles

o [f the manipulator has complete information, then T = {{P}: P € F, 1}.

o [f the manipulator knows the current winner (before the manipulator votes),
then the set of all information sets the manipulator might know isZ = {F1, Es, ..., E,},
where for any i < m, E; = {Pe F, 1:r(P)=c¢}.

Let Vj, denote the true preferences of the manipulator. Given a voting rule r
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and an information set E, we say that a vote U dominates another vote V', if for
every profile P € E, we have (P u {U}) >y,, r(P u {V}), and there exists P' € £
such that (P U {U}) >v,, 7(P'u {V}). In other words, when the manipulator only
knows the voting rule r» and the fact that the profile of the non-manipulators is in
E (and no other information), voting U is a strategy that dominates voting V. We

define the following two decision problems.

Definition 6.1.2. Given a voting rule r, an information set E, the true preferences
Vi of the manipulator, and two votes V' and U, we are asked the following two ques-
tions.

e Does U dominate V¢ This is the DOMINATION problem.

e Does there exist a vote V' that dominates Va; ? This is the DOMINATING MANIPU-

LATION problem.

We stress that usually F is represented in a compact way, otherwise the input
size would already be exponentially large, which would trivialize the computational
problems. Given a set Z of information sets, we say a voting rule r is immune to
dominating manipulation, if for every E € Z and every V), that represents the ma-
nipulator’s preferences, V), is not dominated; r is resistant to dominating manipula-
tion, if DOMINATING MANIPULATION is NP-hard (which means that r is not immune
to dominating manipulation, assuming P#NP); and r is vulnerable to dominating
manipulation, if r is not immune to dominating manipulation, and DOMINATING

MANIPULATION is in P.
6.2 Manipulation with Complete/No Information

In this section we focus on the following two special cases: (1) the manipulator has
complete information, and (2) the manipulator has no information. It is not hard to

see that when the manipulator has complete information, DOMINATING MANIPULA-
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TION coincides with the standard manipulation problem. Therefore, our framework
of dominating manipulation is an extension of the traditional manipulation problem,
and we immediately obtain the following proposition from the Gibbard-Satterthwaite

theorem (Gibbard, 1973; Satterthwaite, 1975).

Proposition 6.2.1. When m > 3 and the manipulator has full information, a voting
rule satisfies non-imposition and is immune to dominating manipulation if and only

if it is a dictatorship.

The following proposition directly follows from the computational complexity of
the manipulation problems for some common voting rules (Bartholdi et al., 1989a;
Bartholdi and Orlin, 1991; Conitzer et al., 2007; Zuckerman et al., 2009; Xia et al.,
2009).

Proposition 6.2.2. When the manipulator has complete information, STV, ranked
pairs, Nanson’s and Baldwin’s rules are resistant to DOMINATING MANIPULATION;
all positional scoring rules, Copeland, voting trees, and maximin are vulnerable to

dominating manipulation.

Next, we investigate the case where the manipulator has no information. We

obtain the following positive results.

Theorem 6.2.3. When the manipulator has no information, any Condorcet consis-

tent voting rule r s immune to dominating manipulation.

Proof. For the sake of contradiction, let U dominates V};. Because U # V), there
exist two alternatives a and b such that a >y,, b and b >y a. We prove the theorem
in the following two cases.

Case 1: n — 1 is even. For any j such that 1 < j < (n —1)/2, we let V3, 1 =

[a > b > (C\{a,b})], where the alternatives in C\{a,b} are ranked according to
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the ascending order of their subscripts; let Vo; = [b > a > Rev(C\{a,b})|]. Here
Rev(C\{a, b}) is the reverse of C\{a,b}. Let P = (Vi,...,V,_1,). It follows that a
is the Condorcet winner for P u {Vj;} and b is the Condorcet winner for P u {U}.
Because a >v,, b, Vi is not dominated by U, which contradicts the assumption.
Case 2: n—1is odd. For any j such that 1 < j < (n—2)/2, we let V5, 1 = [a >
b > (C\{a,b})] and Vo = [b > a > Rev(C\{a,b})]. Suppose a = ¢;, and b = ¢;,. Let

Vi1 = " %f =t g p— (Vi,...,Vu1). It follows that a is the Condorcet
Vo if iy < iy
winner for P u {Vj,} and b is the Condorcet winner for P u {U}, which contradicts

the assumption. O

Theorem 6.2.4. When the manipulator has no information, Borda is immune to

dominating manipulation.

Proof. For the sake of contradiction, let U dominates V};. Because U # V), there
exists i* < m such that Alt(V),i*) # Alt(U,i*) and for every i < i*, Alt(Vyy,i) =
Alt(U,4). That is, ¢* is the first position from the top where the alternatives in V),
and U are different. Let ¢;; = Alt(Vyr,*) and ¢;, = Alt(Upy,i*). We prove the
theorem in the following three cases.

Case 1: n—11is even. For any i < i < m, let VJ\[/}"i,] denote the sub-linear-order
of Vs that starts at the ith position of V3 and ends at the i'th position of Vj;.
For any j such that 1 < j < (n —1)/2, we let V5,1 = [VA[}*’m] > ReV(VA[;’i**lD]
and Va; = [Rev(VLE™) > Rev(VE" W] Let P = (Vi,...,V,_1). It follows that
Borda(P u {Vi}) = ¢;, and Borda(P u {U}) = ¢;,. We note that ¢;, >v,, ¢;,, which
contradicts the assumption.

Case 2: n — 1 is odd and ¢; is ranked within top ¢* positions in Vj;. For
any j such that 1 < j < (n —2)/2, we let Vo1 = [¢1 > ¢2 > -+ > ¢,] and

Voj = [em > eme1 > -+ > 1. Let Vo1 = Rev(V) and P = (V4,...,V,q). It
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follows that Borda(P u {V}) = ¢; and Borda(P u {U}) # c¢;, which contradicts the
assumption.

Case 3: n — 1 is odd and ¢ is not ranked within top ¢* positions in Vj;. Let
Vi,...,Vu_o be defined the same as in Case 2. Let V' = [VE*’m] > ReV(VA[}’i*fl])].
Let U = [UFm > Rev(UM -], Tt follows that Borda(V', Vi) = ¢;,. Let
a = Borda(V',U). If a # ¢, then ¢;; >y,, a. This is because the alternatives
ranked within top ¢* — 1 positions in V), gets exactly the average score in {V' U},
which means that in order for any of them to win, the scores of all alternative
in {V',U} must be the same. However, due to the tie-breaking mechanism, the
winner is ¢y, which contradicts the assumption that c¢; is not ranked within top *
positions in Vi, Let P’ = (Vi,...,V,9,V’), we have that Borda(P' u {Vi}) =
¢, >v,, @ = Borda(P' u {U}), which contradicts the assumption. If @ = ¢;,, then
Borda(U’, Vi) = Borda(V',U) = a = ¢;,. Let P* = (Vi,...,V,_2,U’). We have
Borda(P* u {Vir}) = ¢, >v,, ¢i, = Borda(P* U {U}), which is a contradiction.

Therefore, the theorem is proved. O

Theorem 6.2.5. When the manipulator has no information and n = 6(m —2) + 1,

any positional scoring rule is immune to dominating manipulation.

Proof. For the sake of contradiction, let U dominates V). Let ¢ = argmax.x«{s,,(Vas, c*) :
Sm(Var, ¢®) > §,(U,c*)}. It follows that there exists an alternative ¢’ such that
Sm(Var, ) < 8n(Var,e) and 5, (U, ') = §,(Var, ). It follows that s, (Vi c) >

Sm(Var, @) and 8, (U, ) = 8, (Vir, ¢) > 5 (U, ©).

V)

We prove the theorem for the case where ¢ = ¢; and ¢ = ¢o. The other cases
can be proved similarly. Let M,, 5 denote the cyclic permutation such that c3 —
€y — -+ — Cp — c3. For any k€ N and any ¢ € C\{cy, ca}, we let M? ,(c) = ¢ and
MFE () = M(MFL(c)). Let W =[c; > ca > c3 > -+ > cp] and W = [¢y > ¢ >

c3 > -+ > ¢p]. Let Py denote the 6(m — 2)-profile that is composed of three copies
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of {W, W', My 2 (W), Mo (W'), ..., M5 (W), My =3 (W)},

If n — 1 is even, then let P be composed of P plus (n —1)/2 — 3(m — 2) copies
of {W,W'}. If n — 1 is odd, then let W* denote the a vote obtained from Vj; by
exchanging the positions of ¢ and ¢ and let P be composed of P, u {WW*} plus
|(n —1)/2] — 3(m — 2) copies of {W,W'}. Because s,,(1) > §,,(m), we have that
r(Pu{Viu}) = ¢p and (P U {U}) = c2. We note that ¢; >y,, ca. Therefore, we

obtain a contradiction, which means that V}, is not dominated. 0

These results demonstrate that the information that the manipulator has about
the votes of the non-manipulators plays an important role in determining strategic
behavior. When the manipulator has complete information, many common vot-
ing rules are vulnerable to dominating manipulation, but if the manipulator has no
information, then many common voting rules become immune to dominating manip-

ulation.
6.3 Manipulation with Partial Orders

In this section, we study the case where the manipulator has partial information
about the votes of the non-manipulators. We suppose the information is repre-
sented by a profile P,, composed of partial orders. That is, the information set is
E ={PeF,: P extends P,,}. We note that the two cases discussed in the previous
section (complete information and no information) are special cases of manipulation
with partial orders. Consequently, by Proposition 6.2.1, when the manipulator’s in-
formation is represented by partial orders and m > 3, no voting rule that satisfies
non-imposition and non-dictatorship is immune to dominating manipulation. It also
follows from Theorem 6.2.4 that STV and ranked pairs are resistant to dominat-
ing manipulation. The next theorem states that even when the manipulator only

misses a tiny portion of the information, Borda becomes resistant to dominating
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manipulation.

Theorem 6.3.1. DOMINATION and DOMINATING MANIPULATION with partial orders
are NP-hard for Borda, even when the number of unknown pairs in each vote is no

more than 4.

Proof. We only prove that DOMINATION is NP-hard, via a reduction from ExXAcCT
COVER BY 3-SETS (x3C). The proof for DOMINATING MANIPULATION is similar
to the proof of the NP-hardness of the possible winner problems under positional
scoring rules in Xia and Conitzer (2011a).

In an X3C instance, we are given two sets V = {vy,...,v,}, S = {S1,..., S},
where for any j < ¢, S; € V and |S;| = 3. We are asked whether there exists a
subset &’ of S such that each element in V is in exactly one of the 3-sets in S’. We
construct a DOMINATION instance as follows.

Alternatives: C = {c,w,d} UV, where d is an auxiliary alternative. Therefore,
m = |C| = q + 3. Ties are broken in the following order: ¢ > w >V > d.
Manipulator’s preferences and possible manipulation: V), = [w > ¢ > d >
V]. We are asked whether V' = V}; is dominated by U = [w > d > ¢ > V].

The profile of partial orders: Let P, = P, U P, defined as follows.

First part () of the profile: For each j < ¢, We define a partial order O; as
follows.

O; = [w > S; > d > Others|\[{w} x (S; U {d})]

That is, O, is a partial order that agrees with w > S; > d > Others, except that
the pairwise relations between (w, S;) and (w,d) are not determined (and these are
the only 4 unknown relations). Let P, = {Oq,..., O}.

Second part (P,) of the profile: We first give the properties that we need P;
to satisfy, then show how to construct P, in polynomial time. All votes in P, are

linear orders that are used to adjust the score differences between alternatives. Let
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Pl ={w > S; > d > Others : i < t}. That is, P| (|P{| = t) is an extension of P, (in
fact, P| is the set of linear orders that we started with to obtain P;, before removing
some of the pairwise relations). Let 3, = (m — 1,...,0). P, is a set of linear orders
such that the following holds for @ = P{ u P, u {V'}:

(1) For any i < q, 8,,(Q,¢) — S (Q,v;) = 1, $,(Q,w) — §,(Q, c) = 4q/3.

(2) For any i < ¢, the scores of v; and w, ¢ are higher than the score of d in any
extension of Py u P, u {V} and in any extension of P, u P, u {U}.

(3) The size of P, is polynomial in t + g.

We now show how to construct P, in polynomial time. For any alternative a # d,
we define the following two votes: W, = {[a > d > Others|, |[Rev(Others) > a > d|},
where Rev(Others) is the reversed order of the alternatives in C\{a, d}. We note that
for any alternative a’ € C\{a, d}, 3,,(W,a)—8,,(W,a') = 1 and s,,(W, a’)— 5, (W, d) =
1. Let Q1 = P/ u {V}. P, is composed of the following parts:

(1) tm — 8,,(Q1, ¢) copies of W..
(2) tm +4q/3 — 5,,(Q1, w) copies of W,,.
(2) For each 7 < ¢, there are tm — 1 — §,,(Q1, v;) copies of W,,..

We next prove that V' is dominated by U if and only if ¢ is the winner in at least
one extension of P, U {V}. We note that for any v € V u {w}, the score of v in V
is the same as the score of v in U. The score of ¢ in U is lower than the score of
c in V. Therefore, for any extension P* of P, if r(P* u {V}) € ({w} u V), then
r(P* U {V}) =r(P*u{U}) (because d cannot win). Hence, for any extension P* of
P,,, voting U can result in a different outcome than voting V' only if r(P* U V) = c.
If there exists an extension P* of P,, such that r(P* U {V}) = ¢, then we claim
that the manipulator is strictly better off voting U than voting V. Let P denote
the extension of P, in P*. Then, because the total score of w is no more than the
total score of ¢, w is ranked lower than d at least £ times in P;*. Meanwhile, for each
t < ¢, v; is not ranked higher than w more than one time in P, because otherwise
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the total score of v; will be strictly higher than the total score of ¢. That is, the
votes in P where d > w make up a solution to the X3C instance. Therefore, the
only possibility for ¢ to win is for the scores of ¢, w, and all alternatives in V to be
the same (so that ¢ wins according to the tie-breaking mechanism). Now, we have
w = r(P* v {U}). Because w >y,, ¢, the manipulator is better off voting U. It
follows that V' is dominated by U if and only if there exists an extension of P, u {V'}
where c is the winner.

The above reasoning also shows that V' is dominated by U if and only if the X3¢
instance has a solution. Therefore, DOMINATION is NP-hard. For the DOMINATING
MANIPULATION problem, we add to P,, a profile Pp defined as follows. For each
eeV u{w} and each i <[ — 1, we obtain a vote V,; from V), by exchanging the
alternative ranked in the (74 1)th position and e, and then exchanging the alternative
ranked in the 7th position and d; let O, ; denote the partial order obtained from V ;
by removing d > e. Let M denote the following cyclic permutation ¢ - w — d —
V — A — c. Let Py denote g copies of {Og;, M(Vei), M(V.;)?, ..., M"Y (V. ;) e €
V u {w},i <1 —1}. We note that in an extension P} of Pgr where the extension of
O, is V., then the scores of the alternatives in Pj are the same.

For any vote W where there exists v € V such that the score difference between w
and v is different from the score difference between w and v in V), there must exists
v' € V such that the score difference between w and v’ in W is strictly smaller than
their score difference in Vj;. Then, it is not hard to find an extension of P, such that
if the manipulator votes V), then w wins, and if the manipulator votes W, then v’
wins, which means that Vj; is not dominated by W. Therefore, if V), is dominated
by another W, then the score differences between w and the alternatives in V are
the same across V3, and W. Following the same reasoning as for the DOMINATION

problem, we conclude that DOMINATING MANIPULATION is NP-hard. O
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Theorem 6.3.1 can be generalized to a class of scoring rules similar to the class of
rules in Theorem 1 in Xia and Conitzer (2011a), which does not include plurality or
veto. In fact, as we will show later, plurality and veto are vulnerable to dominating
manipulation.

We now investigate the relationship to the possible winner problem in more depth.
In a possible winner problem (r, P,,, ¢), we are given a voting rule r, a profile P,,
composed of n partial orders, and an alternative ¢. We are asked whether there
exists an extension P of P,, such that ¢ = r(P). Intuitively, both DOMINATION and
DOMINATING MANIPULATION seem to be harder than the possible winner problem
under the same rule. Next, we present two theorems, which show that for any
WMG-based rule, DOMINATION and DOMINATING MANIPULATION are harder than
two special possible winner problems, respectively.

We first define a notion that will be used in defining the two special possible
winner problems. For any instance of the possible winner problem (7, P, c), we
define its WMG partition R = {R. : ¢ € C} as follows. For any ¢ € C, let Ry =
{WMG(P) : P extends P,, and r(P) = ¢'}. That is, R~ is composed of all WMGs
of the extensions of P,,, where the winner is ¢’. It is possible that for some ¢ € C,
R is empty. For any subset C' < C\{c}, we let G¢ denote the weighted majority
graph where for each ¢’ € C', there is an edge ¢ — ¢ with weight 2, and these are the
only edges in G¢e. We are ready to define the two special possible winner problems

for WMG-based voting rules.

Definition 6.3.2. Let d* be an alternative and let C' be a nonempty subset of
C\{c,d*}. For any WMG-based voting rule r, we let PWi(d*,C") denote the set

of possible winner problems (r, Py, ¢) satisfying the following conditions:
1. For any G € R., r(G + Ge) = d*.

2. For any ¢ # ¢ and any G € Ry, r(G + Ger) = r(G).
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3. Foranycd e(C', Ry = (.

We recall that R. and R. are elements in the WMG partition of the possible

winner problem.

Definition 6.3.3. Let d* be an alternative and let C' be a nonempty subset of
C\{c,d*}. For any WMG-based voting rule r, we let PWy(d*,C") denote the problem
instances (r, Py, ¢) of PWi(d*,C'), where for any ¢ € C\{c,d*}, Ry = &.

Theorem 6.3.4. Let r be a WMG-based voting rule. There is a polynomial time

reduction from PWi(d*,C") to DOMINATION with partial orders, both under r.

Proof. Let (r, Py, c) be a PW(d*,C’) instance. We construct the following DOMI-
NATION instance. Let the profile of partial orders be Q,, = Py, U {Rev(d* > ¢ >
C' > Others)}, V = Vi = [d* > ¢ > C" > Others|, and U = [d* > C’ > ¢ > Others].
Let P be an extension of P,,. It follows that WMG(P u {Rev(d* > ¢ > C" >
Others),V}) = WMG(P), and WMG(P u {Rev(d* > ¢ > C'" > Others),U}) =
WMG(P) + Ger. Therefore, the manipulator can change the winner if and only if
WMG(P) € R., which is equivalent to ¢ being a possible winner. We recall that by
the definition of PW,(d*,(’), for any G € R., r(G + G¢) = d*; for any ¢ # ¢ and
any G € Ro, (G + Ge) = 5 and d* >y c. It follows that V' (=V),) is dominated

by U if and only if the PW,(d*,C’) instance has a solution. O

Theorem 6.3.4 can be used to prove that DOMINATION is NP-hard for Copeland,
maximin, and voting trees, even when the number of undetermined pairs in each
partial order is bounded above by a constant. It suffices to show that for each
of these rules, there exist d* and C’ such that PW;(d*,C’) is NP-hard. To prove
this, we can modify the NP-completeness proofs of the possible winner problems for

Copeland, maximin, and voting trees by Xia and Conitzer Xia and Conitzer (2011a).
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Corollary 6.3.5. DOMINATION with partial orders is NP-hard for Copeland, max-
imin, and voting trees, even when the number of unknown pairs in each wvote is

bounded above by a constant.

Proof. Copeland: We tweak the reduction in the NP-completeness proof of PW
w.r.t. Copeland (Xia and Conitzer, 2011a, Theorem 3) by letting D(c,v) = 1 for any
alternative v € V and use the tie-breaking mechanism where w > ¢ > Others. Let
d*=w,C" =B,V =U=|w>c>C_C > Others| and W = [w > C" > ¢ > Others]|.
It follows that the alternatives in B never wins the elections, and if ¢ wins the election
in an extension P of P,,, then the Copeland score of ¢ is 8 + 1 and the Copeland
score of w = 8t. However, in the weighted majority graph WMG(P) + Ger, ¢ loses
to all alternatives in C’ in their pairwise elections, which means that the Copeland
score of ¢ is t + 1. Consequently w is the winner. On the other hand, for any
extension P where ¢ is not the winner, w is the winner, and w is also the winner
in the weighted majority graph WMG(P) + G¢. Therefore, the PW instance is a
PW, (d*,C") instance.

Maximin: We tweak the reduction in the NP-completeness proof of PW w.r.t. max-
imin (Xia and Conitzer, 2011a, Theorem 5) by letting D(w',w) = t. Let d* = w,
C={u'},V=U=|lw>c>w >V]and W = [w > w' > ¢ > V|. We adopt the
tie-breaking mechanism where w > ¢ > V > w'. It is easy to check that w' never
wins the elections. If ¢ wins the election in an extension P of P,,, then the minimum
pairwise score of ¢ is —t+2, and the minimum pairwise score of w and the alternatives
in V are —t. We note that in the majority graph WMG(P) + G¢, the minimum pair-
wise score of ¢ is —t (against w’), which means that r(WMG(P) + G¢/) = w. For any
extension P of P,, such that r(P) # c, it easy to check that the winner is in {w} UV,
and the minimum pairwise scores of them are the same as in the weighted majority

graph WMG(P) + Ge¢r. Therefore, the PW instance is a PW;(d*,C’) instance.
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Voting trees: We tweak the reduction in the NP-completeness proof of PW
w.r.t. voting trees (Xia and Conitzer, 2011a, Theorem 7) by letting D(c,d) = 1. Let
d* =w,C" ={d},V =U = [w > ¢ > d > Others| and W = [w > d > ¢ > Others]|.
For any extension P of F,, where ¢ wins, the winner for the weighted majority
graph WMG(P) + G is w, because ¢ loses to d in the first round, and w beats any
other alternatives (except c) in their pairwise elections. For any extension P of P,,
where ¢ does not win, the winner is w. Therefore, the PW instance is a PW;(d*,C’)

instance. 0

Theorem 6.3.6. Let r be a WMG-based voting rule. There is a polynomial-time
reduction from PWs(d*,C") to DOMINATING MANIPULATION with partial orders, both

under r.

Proof. The proof is similar to the proof for Theorem 6.3.4. We note that d* is the
manipulator’s top-ranked alternative. Therefore, if ¢ is not a possible winner, then
V' (= Vi) is not dominated by any other vote; if ¢ is a possible winner, then V' is

dominated by U = [w > C' > ¢ > Others]. O
Similarly, we have the following corollary.

Corollary 6.3.7. DOMINATING MANIPULATION with partial orders is NP-hard for
Copeland and voting trees, even when the number of unknown pairs in each vote is

bounded above by a constant.

It is an open question if PWy(d*, C") with partial orders is NP-hard for maximin.
However, we can directly prove that DOMINATING MANIPULATION is NP-hard for

maximin by a reduction from X3c.

Theorem 6.3.8. DOMINATING MANIPULATION with partial orders is NP-hard for

maximin, even when the number of unknown pairs in each vote is no more than 4.
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Proof. We prove the hardness result by a reduction from X3C. Given an X3C instance
V= A{uv,...,v5}, § = {S1,...,S}, where ¢ = t > 3, we construct a DOMINATING
MANIPULATION instance as follows.

Alternatives: V u {c, w,w'}. Ties are broken in the order w >V > ¢ > w'.

First part P, of the profile: for each ¢ < ¢, we start with the linear order V; =
[w > S; > ¢ > (V\S;) > w'], and subsequently obtain a partial order O; by removing
the relations in {w} x (S; U {c}). For each i < ¢, we let O} be a partial order obtained
from V! = [w > v; > Others| by removing w > v;. We let O’ be a partial order
obtained from V' = [w’ > w > Others] by removing w’ > w. Let P, be the profile
composed of {O1, ..., O}, 2 copies of {O7,...,0;}, and 3 copies of O’. Let P denote
the extension of P; that consists of Vi,...,V;, 2 copies of {V/,..., V/}, and 3 copies
of V.

Second part P, of the profile: P, is defined to be a a set of linear orders such

that the pairwise score differences of P/ U P, u {V'} satisfy:

2
(1) D(w,c) = 2t + ?q’ D(w',w) = 2t + 6, D(w',c) = 2t, and for all i < ¢,

D(w,v;) =2t +4 and D(v;,w') = 4(t + q).
(2) D(l,r) < 1 for all other pairwise scores not defined in (1).

Manipulator’s preferences: Vy; = [w >V > ¢ > v/].

We note that in any extension of P, u P, after the manipulator changes her vote
from Vj; to [w >V > w' > ¢], the only change made to the weighted majority graph
is that the weight on w — ¢ increases by 2. Since w’ never wins in any extension, if
¢ does not win when the manipulator votes for V), then the winner does not change
after the manipulator changes her vote to [w >V > w' > ¢]. It follows from the proof
of Theorem 6.3.4, Corollary 6.3.5, and Theorem 5 in Xia and Conitzer (2011a) that

if the X3¢ instance has a solution, then Vj; is dominated by U = [w >V > w' > ¢|.
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Suppose that the X3¢ instance does not have a solution, we next show that V), is
not dominated by any vote.

For the sake of contradiction, suppose the X3¢ instance does not have a solution
and V), is dominated by a vote U. There are following cases.
Case 1: There exist v; € V such that w >y v; and v; > w. We let P* be the
extension of P, U P, obtained from P] U P, as follows. (1) Let w > w’ in 3 extensions
of O" (we recall that there are ¢ > 3 copies of O’ in P;). (2) Let v; > w in 2
extensions of O.. It is easy to check that in P*, the minimum pairwise score of w is
—2t (via w') and the minimum pairwise score of v; is —2¢ (via w). Therefore, due to
the tie-breaking mechanism, w wins. However, if the manipulator changes her vote
from V), to U, then the minimum pairwise score of w at most —2¢ and the minimum
pairwise score of v; is at least —2t + 2, which means that v; wins. We note that
w >y v;. This contradicts the assumption that U dominates V.
Case 2: w >y wv; for each v; € V. By changing her vote from Vj; to U, the
manipulator might reduce the minimum score of U by 2, increase the minimum score
of ¢ by 2, or increase the minimum score of w’ by 2. Therefore, by changing her vote
to U, the manipulator would either make no changes, make w lose, or make ¢ win (we
note that w' is not winning anyway). In each of these three cases the manipulator
is not better off, which means that U does not dominate Vj;. This contradicts the

assumption. [

For plurality and veto, there exist polynomial-time algorithms for both DOMINA-
TION and DOMINATING MANIPULATION. Given an instance of DOMINATION, denoted
by (7, Ppo, Var, V,U), we say that U is a possible improvement of V', if there exists
an extension P of P,, such that r(P u {U}) >y,, r(P u {V}). It follows that U
dominates V if and only if U is a possible improvement of V', and V is not a pos-

sible improvement of U. We first introduce an algorithm (Algorithm 4) that checks
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whether U is a possible improvement of V' for plurality.

Let ¢+ (resp., ¢jx) denote the top-ranked alternative in V' (resp., U). We will
check whether there exists 0 <! < n, d,d" € C with d’ >y,, d, and an extension P* of
P,,, such that if the manipulator votes for V, then the winner is d, whose plurality
score in P* is [, and if the manipulator votes for U, then the winner is d’. We note
that if such d, d’ exist, then either d = ¢;+ or d' = ¢;» (or both hold). To this end,
we solve multiple maximum-flow problems defined as follows.

Let C' < C denote a set of alternatives. Let € = (eq,...,e,) € N™ be an arbitrary
vector composed of m natural numbers such that 3" | e; = n. We define a maximum-
flow problem F§, as follows.

Vertices: {s,01,...,0,,¢1,...,¢n,y,t}.
Edges:

e For any O;, there is an edge from s to O; with capacity 1.

For any O; and c;, there is an edge O; — ¢; with capacity 1 if and only if ¢;

can be ranked in the top position in at least one extension of O;.

e For any ¢; € C’, there is an edge ¢; — t with capacity e;.

For any ¢; € C\C', there is an edge ¢; — y with capacity e;.

There is an edge y — t with capacity n — ZciEC’ €;.

For example, F; fclm} is illustrated in Figure 6.1.

It is not hard to see that Fj§, has a solution whose value is n if and only if there
exists an extension P* of P,,, such that (1) for each ¢; € C', the plurality of ¢; is
exactly e;, and (2) for each ¢y ¢ C', the plurality of ¢; is no more than e;. Now,
for any pair of alternatives d = ¢;,d’ = ¢; such that d’' >y,, d and either d = ¢;« or

d' = c;+, we define the set of admissible mazimum-flow problems AL, to be the set
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of maximum flow problems F? «; Where ¢; = [, and if F, ° ., has a solution, then the

manipulator can improve the winner by voting for U. More precisely, we define AL,

as follows.

o If i = ¢* and j # j* then let ¢, = [, ¢; = [ + 1 — d(¢j,¢;), and ejx =
min(l + 1 — 6(j*,1),e; — 1 —6(j*,7)). For any ¢ € C\{c;, ¢j, ¢+, we let ey =
min(l + 1 — 6(¢',4),e; — 0(¢', 7). Let AL, = {F{ii’cj}}.

o If i # 4" and j = j*, then let ¢, = [, ¢; = | — d(¢j,¢;), and e;+ = min(l —

1 —6(i*,4),e; + 1 —d(i*, 7). For any ¢ € C\{c;, ¢j, cix}, we let ey = min(l —
5(i,7i)7€j +1- 6(117.])) Let AlPlu = {F{gci,cj}}‘

o If i =4* and j = j*, then we define AL, as follows.
— Let e, =1, e =1+1—2(cj,c;). For any ¢y € C\{c;,¢c;}, we let ey =
min(l + 1 — (', 4),e; + 1 —0(¢, 7)).
— Let ej = ¢ = [. For any ¢y € C\{c;, ¢}, we let ¢j, = min(l+1—5(', 1), e; +

1-06(,7)). Let & = (e,...,€.,).

T m

Let APlu — {F{Ci,Cj}’ F{C,;,Cj}}'

Algorithm 4 solves all maximum-flow problems in AL, to check whether U is a

possible improvement of V.
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Algorithm 4: Possiblelmprovement(V,U)
Let ¢;+ = Alt(V,1) and ¢;+ = Alt(U, 1).
for any 0 <1 < n and any pair of alternatives d = ¢;,d" = ¢; such that
d' >v,, d and either d = c;x or d' = c¢;+ do

Compute AL, .

for each mazimum-flow problem Fg in A%, do

if > o€ < n and the value of mazimum flow in FS is n then

Output that the U is a possible improvement of V', terminate the
algorithm.

end

end
end
Output that U is not a possible improvement of V.

AL, The algorithm for DOMINATION (Algorithm 5) runs Algorithm 4 twice to
check whether U is a possible improvement of V', and whether V is a possible im-

provement of U.

Algorithm 5: Domination

if PossibleImprovement(V U )= “yes” and PossibleImprovement(U,V )=“no”
then

| Output that V' is dominated by U.
end

else
| Output that V' is not dominated by U.
end

The algorithm for DOMINATING MANIPULATION for plurality simply runs Algo-
rithm 5 m — 1 times. In the input we always have that V = Vj;, and for each
alternative in C\{Alt(V, 1)}, we solve an instance where that alternative is ranked
first in U. If in any step V is dominated by U, then there is a dominating ma-
nipulation; otherwise V' is not dominated by any other vote. The algorithms for

DOMINATION and DOMINATING MANIPULATION for veto are similar.
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6.4 Summary

We have shown in this chapter that for many common voting rules, restricting the
manipulator’s information about the other voters’ votes is an effective way to make
dominating manipulation computationally hard, or even impossible. Analysis of
manipulation with partial information provides insight into what needs to be kept
confidential in an election. For instance, in a plurality or veto election, revealing
(perhaps unintentionally) part of the preferences of non-manipulators may open the
door to strategic voting.

In Chapter 4, 5, and 6 we have seen some recent work and discussions on us-
ing computational complexity as a barrier against manipulation. However, a more
important question that should be asked is: Why should we even try to prevent ma-
nipulation and other types of strategic behavior? In the next chapter, we will show
that indeed, the strategic behavior of the voters can lead to extremely undesirable

outcomes, in a type of voting games which we call Stackelberg voting games.
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7

Stackelberg Voting Games

Using computational complexity to protect elections from manipulation, bribery,
control, and other types of strategic behavior is one of the major topics of Compu-
tational Social Choice. This raises the following fundamental question: Why should
we prevent voters’ strategic behavior? Of course we may answer this question by
arguing that people should be sincere in voting due to ethical, sociological, political,
or even divine reasons. However, after all, the most important objective of voting
is to select a “good” alternative, especially in multi-agent systems. Therefore, we
would prefer to give an answer that is similar to the following: we want to prevent
voters’ strategic behavior because it might lead to undesirable outcomes.

Showing evidence for this answer in the voting setting is not as simple as it may
seem to be. One approach is to consider the game where all voters vote at the
same time, and study the equilibria of this simultaneous-move voting game. Un-
fortunately, even in a complete-information setting where all voters’ preferences are
common knowledge, this leads to an extremely large number of equilibria, many of
them bizarre. For example, as we have seen in an example in Section 3.2, in a plural-

ity election with the lexicographic tie-breaking mechanism, it may be the case that
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all voters’ true preferences are Obama>Clinton>McCain. Nevertheless, the profile
where all three voters vote for McCain>Clinton>0Obama is a Nash equilibrium. This
equilibrium is quite robust, because voting for Obama is a waste, given that nobody
else is expected to vote for Obama and some votes went to Clinton. There has
been some work exploring different solution concepts in simultaneous-move voting
games—e.g., Farquharson (1969) and Moulin (1979)—but in some sense, the equi-
librium selection issue in the above example is inherent in settings where voters vote
simultaneously.

In many practical situations, the voters vote one after another, and the later vot-
ers know the votes cast by the earlier voters. For example, consider online systems
that allow users to rate movies or other products. We consider the setting where the
voters vote one after another in this chapter to overcome the equilibrium selection
problem. We assume that voters’ preferences over the alternatives are strict; we also
make a complete-information assumption that the voters’ preferences are common
knowledge (among the voters themselves, though not necessarily to the election or-
ganizer).! This results in an extensive-form game of perfect information that can be
solved by backward induction. In sharp contrast to the simultaneous-move setting,
this results in a unique outcome (winning alternative). We refer to this game as a
Stackelberg voting game.

Our main theoretical results will be shown in Section 7.2. As a corollary to our
main theorem, which is quite technical but very general, we will show that for any
voting rule r that satisfies the majority criterion (see Section 2.2 for the definition),
no matter how many voters there are, there always exists a profile such that the

backward-induction winner (i.e., the unique winner in all SPNE) of the Stackelberg

1 While this is clearly a simplifying assumption, it approximates the truth in many settings, and
with this assumption we do not need to specify prior distributions over preferences. Also, naturally,
our negative results still apply to more general models, including models allowing for incomplete
information, so long as the complete-information setting is a special case.
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voting game that uses r is ranked within the bottom two positions in all voters’ true
preferences, with only two exceptions. This result is quite negative, because it says
that if we allow voters to vote strategically, then sometimes the outcome is almost
the worst outcome for all but two voters. Therefore, to some extent we are showing
an ordinal price-of-anarchy (PoA) (Koutsoupias and Papadimitriou, 1999). The PoA
is the ratio of the optimal social welfare over the worst social welfare in equilibrium
outcomes. In fact, in the settings where social welfare is not well-defined, it is even
not clear how the PoA should be defined. Fortunately, the paradoxes we will show
are clearly very negative results.

Similar to the “worst case vs. typical case” debate about the results on hardness
of manipulation, here again we can ask how often the paradoxes happen. To answer
this question, we will pursue an empirical approach in Section 7.4. We will use the
techniques developed in Section 7.3 to run simulations to compare the backward-
induction winner to a benchmark outcome—namely, the alternative that would win
if all voters voted truthfully. Our experimental results show that, surprisingly, more
voters prefer the backward-induction outcome over the truthful outcome on aver-
age. Therefore, it seems that on average the backward-induction outcome is not too
undesirable.

The idea of modeling a voting process in which voters vote one after another as
an extensive-form game is not new. Sloth (1993) studied elections with two alterna-
tives, as well as settings with more alternatives where a pairwise decision between
two options is made at every stage. She relates the outcomes of this process to the
multistage sophisticated outcomes of the game (McKelvey and Niemi, 1978; Moulin,
1979). In the extensive-form games studied by Dekel and Piccione (2000), multi-
ple voters can vote simultaneously in each stage. They compare the equilibrium
outcomes of these games to the outcomes of the symmetric equilibria of their simul-
taneous counterparts. Battaglini (2005) studies how these results are affected by the
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possibility of abstention and a small cost of voting.

Our approach is significantly different from the previous approaches in several
aspects. First, the prior work focuses mostly on the case of two alternatives or, in
the case of multiple alternatives, on particular voting procedures; in contrast, we
consider general (anonymous) voting rules with any number of alternatives, and cor-
respondingly derive very general paradoxes. Second, we show some paradoxes to
illustrate that the strategic behavior of the voters sometimes leads to very undesir-
able outcomes. Third, we also study how the backward-induction outcome can be
efficiently computed, and we use these algorithmic insights in simulations to evaluate
the quality of the Stackelberg voting game’s outcome “on average.”

Desmedt and Elkind (2010) simultaneously and independently studied a similar
setting in which voters vote sequentially under the plurality rule, and showed several
different types of paradoxes. In their model, voters are allowed to abstain, and
voting comes at a small cost. They assume random tie-breaking and therefore need
to consider expected utilities, while in our model studied in this chapter, voters’

preferences are ordinal.
7.1 Stackelberg Voting Game

We now consider the strategic Stackelberg voting game. We use a complete-information
assumption: all the voters’ preferences are common knowledge. Given this assump-
tion, for any voting rule r, the process where voters vote in sequence can be modeled
as an extensive-form game of perfect information. In Section 3.2 we gave the formal
definition of simultaneous-move voting games, and mentioned that extensive-form
voting games can be defined similarly. Here I will be more specific. The game has
n stages. In stage j (j < n), voter j chooses an action from L(C). Each leaf of the
tree is associated with an outcome, which is the winner for the profile consisting of
the votes that were cast to reach this leaf.
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Because the voters’ preferences are linear orders (which implies that there are
no ties), we can solve the game by backward induction, which results in a unique
outcome. We note that this requires only ordinal preferences, that is, we do not
need to define utilities. The backward-induction process works as follows. First, for
any subprofile of votes by the voters 1 through n — 1 (that is, any node that is the
parent of leaves), there will be a nonempty subset of alternatives that n can make
win by casting some vote. She will pick her most preferred one. Now, because we can
predict what voter n will do, we take voter (n—1)’s perspective: for any subprofile of
votes by the voters 1 through n — 2, there will be a nonempty subset of alternatives
that voter n — 1 can make win by casting some vote (taking into account how voter
n will act). She will pick her most preferred one; etc. We continue this process all
the way to the root of the tree; the outcome there is called the backward-induction
outcome.

As noted above, only the ordinal preferences of the voters matter; that is, a voter’s
preferences correspond to a member of L(C). While votes and preferences both lie in
the same set L(C), we must be careful to distinguish between them, because in this
context, a voter will sometimes cast a vote that is different from her true preferences.
Nevertheless, we can use P € F,, to denote a profile of preferences, as well as a profile
of votes. For a given voting rule r, let 7(P) be the outcome if the votes are P; let

SG,(P) be the backward-induction outcome if the true preferences are P.?
7.2 Paradoxes

In this section, we investigate whether the strategic behavior described above will

lead to undesirable outcomes. It turns out that it can. Our main theorem is a

2 Of course, because it is a function from profiles of linear orders to alternatives, SG, can also
be interpreted as a voting rule, though there is a significant risk of confusion in doing so. We note
that even if r is anonymous, SG, (as a voting rule) is not necessarily anonymous (the order of the
voters matters).
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general result that applies to many common voting rules. We will show that, for
such a rule, there exists a profile that has two types of paradox associated with it in
the backward-induction outcome: first, the winner loses all but one of its pairwise
elections; second, the winner is ranked somewhere in the bottom two positions in
almost every voter’s true preferences. For the second type of paradox, we will show
that the number of exceptions (voters who rank the winner higher) is closely related
to a parameter called the domination indexr. The domination index of a voting rule
r that satisfies non-imposition is the smallest number ¢ such that any coalition of
|n/2| + q voters can make any given alternative win (no matter how the remaining
voters vote) under . We note that the domination index is always well defined for

any rule that satisfies non-imposition, and is at least 1.

Definition 7.2.1. For any voting rule r that satisfies non-imposition, and any n €
N, we let the domination index DI.(n) be the smallest number q such that for any
alternative ¢, and for any subset of |n/2| + q voters, there exists a profile P for these

voters, such that for any profile P' for the remaining voters, r(P v P') = c.

The domination index DI, is closely related to the anonymous wveto function
VF, : {1,...,n} - {0,...,m} (Definition 10.4 in Moulin (1991)), defined as follows.
VF, (i) is the largest number j < m — 1 such that any coalition of i voters can veto
any subset (that is, make sure that none of the alternatives in the set is the winner)
of no more than j alternatives. We note that the domination index DI,.(n) for a
voting rule r is the smallest number ¢ such that VF,.(|n/2] + ¢) = m — 1 (that is,
any coalition of size |n/2| 4+ ¢ can veto any set of m — 1 alternatives).

The next proposition gives bounds on the domination index for some common

voting rules.

Proposition 7.2.2. For any positional scoring rule r, DI. < |n/2|—|n/m|. DI.(n) =
1 for any voting rule v that satisfies the majority criterion (Section 2.2), including
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any rule that satisfies the Condorcet criterion (Section 2.2), plurality, plurality with
runoff, Bucklin, and STV.

The next lemma provides a sufficient condition for an alternative not to be the
backward-induction winner. It says that if there is a coalition of size k > |n/2| +
DI,.(n) who all prefer ¢ to d, and another condition holds, then d cannot win.? For any
alternative ¢ € C and any V € L(C), we let Up(c, V') denote the set of all alternatives

that are ranked higher than ¢ in V.

Lemma 7.2.3. Let P be a profile. An alternative d is not the winner SG,.(P) if there
exists another alternative ¢ and a sub-profile Py = (V;,,..., Vi) of P that satisfies
the following conditions: 1. k = |n/2| + DI.(n), 2. ¢ > d in each vote in Py, 3. for

any 1< jl <,j2 < k; Up(C, ‘/ijl) = Up(c"/l )

J2

Proof. Let Dy = {iy,...,ig}. Since k = |n/2] + DI, (n), this coalition of voters can
guarantee that any given alternative be the winner under r, if they work together.
Let Py = (V¥,...,V;¥) be a profile that can guarantee that ¢ be the winner under r.
That is, for any profile P’ for the other voters ({1, ...,n}\Dy), we have r(P}, P') = c.
For any j < k, we let D; = {1,...,i;}\Dj—that is, the first i; voters, except those
in the coalition Dy. For any j < k, we let P/ = (V7,...,V;*). That is, P/ consists
of the first j votes in P. For any ¢ < n— 1 and any pair of profiles P; (consisting of
i votes) and P, (consisting of n — i votes), we let SG,.(P, : P;) denote the backward-
induction winner of the subgame of the Stackelberg voting game in which voters 1

through ¢ have already cast their votes P;, and the true preferences of voters 7 + 1

through n are as in P,. We prove the following claim by induction.

3 This may seem trivial because the coalition can guarantee that ¢ wins if they work together.
However, we have to keep in mind that the members of the coalition each pursue their own interest.
For example, it may be the case that whenever the second-to-last voter in the coalition votes in a
way that enables the last voter in the coalition to make ¢ the winner, it also enables this last voter
to make e the winner, which this last voter prefers—but the second-to-last voter actually prefers
d to e, and therefore votes to make d win instead. We need the extra condition to rule out such
examples.
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Claim 7.2.1. For any 7 < k and any profile PZ’J for the voters in D;j,

SGT’((‘/Z ij+1y - >Vn) . Piljypj*,l) ZV-. C

37 ij

Claim 7.2.1 states that for any j < k, if voters ¢y,...,%,1 have already voted

as in P}, and voter i; will vote next, then the backward-induction outcome of the
corresponding subgame must be (weakly) preferred to ¢ by voter ;.
Proof of Claim 7.2.1: The proof is by (reverse) induction on j. First, we consider
the base case where j = k. If voter i, casts V;*, then the winner is ¢, because the
subprofile P will guarantee that ¢ wins. Voter i, will only vote differently if it
results in at least as good an outcome for her as ¢. Therefore, the claim holds for
j=k.

Now, suppose that for some j’, the claim holds for j' < j7 < k. We will now show
that it also holds for j = j' — 1. Let ¢’ be the backward-induction outcome when
voter ¢;,_; submits Vijf,l' By the induction hypothesis, we have that ¢ >v;, ¢ That
is, voter i; (weakly) prefers ¢’ to c. We recall that Up(c, Vi, ) 2 Up(c,V;,), which
means that ¢ is also (weakly) preferred to ¢ by voter i;_;. This means that voter
ij;—1 can guarantee that the outcome be at least as good as ¢ for her. She will only
vote differently from Vij_‘_l if it results in at least as good an outcome for her as ¢
(which is at least as good as ¢ already). Therefore, the claim also holds for j' — 1,
and Claim 7.2.1 follows by induction. O]

Letting j = 1in Claim 7.2.1, we have that SG,(P) >v; c. Therefore, d # SG,(P)

(because ¢ >y, d). This completes the proof of Lemma 7.2.3. O

We are now ready to present our main theorem. We note that this theorem does

not depend on the tie-breaking mechanism used in the rule.

Theorem 7.2.4. For any voting rule r that satisfies non-imposition, and any n € N,
there exists a profile P such that SG,.(P) is ranked somewhere in the bottom two
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positions in n — 2DI.(n) of the votes, and, if DI.(n) < n/4, then SG,.(P) loses to all

but one alternative in pairwise elections.

Proof. The proof is constructive. Let P = (V;,...,V,) be the profile (the voters’

true preferences) defined as follows.

Vi=--- :V'[n/2J7DIT(n) = [Cg > ... >Cp > C >CQ]
Vin2)-pL(m)+1 = =+ = Vinj2|4DL,(n) = [c1 > ca > c3 > >
Vin2)4DLi(n)41 = =+ = Vi = [co > e3> > cp > i

We now use Lemma 7.2.3 to prove that SG,(P) = ¢;. First, we let k = |n/2| +
DI, (n), and let Py be the first k votes. It follows from Lemma 7.2.3 (letting ¢ = ¢
and d = ¢3) that ¢ # SG,.(P). Next, for any ¢ € C\{c1, co}, we let k = [n/2]+DI,.(n)
and let P, be the last &k votes, that is, P, = (Vjn/2)-D1,(n)+1, - - - » Vn). By Lemma 7.2.3
(letting ¢ = ¢y and d = ), we have that ¢ # SG,.(P). It follows that SG,.(P) = c.

In P, ¢; is ranked somewhere in the bottom two positions in n — 2DI,.(n) votes
(the first |n/2] — DI,.(n) votes and the last [n/2] — DI,.(n) votes). If DI.(n) < n/4,
then 2DI,(n) < n/2, which means that ¢; will lose to any other alternative (except

¢2) in pairwise elections. O

Combining Proposition 7.2.2 and Theorem 7.2.4, we obtain the following corollary

for common voting rules.

Corollary 7.2.5. Let r be any rule that satisfies non-imposition and majority crite-
rion, and let n = 5. There exists a profile P such that SG,.(P) is ranked somewhere
in the bottom two positions in n — 2 votes; moreover, SG,(P) loses to all but one

alternative in pairwise elections. (This holds regardless of how ties are broken.)

While this is a strong paradox already, it is sometimes possible to obtain even

stronger paradoxes if we restrict attention to individual rules. We have illustrated
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this on some voting rules including plurality, which can be found in Xia and Conitzer

(2010D).
7.3 Computing the Backward-Induction Outcome

We have shown in the last section that the backward-induction solution to the Stack-
elberg voting game is socially undesirable for some profiles. We may ask ourselves
whether such profiles are common, or just isolated instances that are not very likely
to happen in practice. For this purpose, we would like to compare the backward-
induction winner to the truthful winner by running simulations. For this purpose,
we should be able to compute the backward-induction winners reasonably fast. How-
ever, even if the outcome of the rule r is easy to compute, it does not follow that
the outcome of SG, is easy to compute. The straightforward backward-induction
process described above is very inefficient, because the game tree has (m!)™ leaves.

In this section, we first propose a general dynamic-programming algorithm to
compute SG,(P), for any anonymous voting rule r. Then, we show how to use com-
pilation functions (Chevaleyre et al., 2009) (see also Section 1.6) to further reduce the
time/space-complexity of the dynamic-programming algorithm. These techniques
are crucial for obtaining our later experimental results.

The dynamic-programming algorithm still solves the game tree in a bottom-up
fashion, but does not need to consider all the different profiles separately. Because
r is anonymous, at any stage j of the game, the state (the profile of votes 1 through
j —1) can be summarized by a vector composed of m! natural numbers, one for each
linear order: each number in the vector represents the number of times that the
corresponding linear order appears in the (j — 1)-profile. Formally, for any j < n, we
let the set of these vectors (states) be S; = {(s1, ..., 8m) € Nog™ : Zﬁl si=7j— 1}.
For any anonymous voting rule r and any § € S, 1, let 7(5) be the winner for any
profile that corresponds to § (because r is anonymous, the winner only depends on
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the vector §). More generally, for arbitrary 5;, the algorithm computes a labeling
function g that maps each state 5'e S; to the alternative representing the backward-

induction outcome of the subgame whose root corresponds to §.

Algorithm 7.3.1.

Input. P = (V4,...,V,) and an anonymous voting rule r.
Output. SG,(P).

1. For j from n + 1 to 1, do Step 2.

2. For any state 5 S;, do
2.1 If j = n + 1, then let g(5) = r(3).

2.2If j < n+1, then let €* € arg ming g rank(V}, g(5+¢€))), where E consists of
all vectors that are composed of m!—1 zeroes and only one 1, and rank(V}, g(5+
€)) is the position of g(5+ €) in V;. (Thus, e* corresponds to an optimal vote

for j.) Then, let g(5) = g(5+ €%).

3. Output ¢((0,...,0)).

j+m!—2

i ) (this is a basic combinatorial result, see

Analysis. For any j < n, |5;| = (
e.g. Bender and Williamson (2006)). To analyze the runtime of the algorithm, we
note that the total number of states considered is Z;L;l (j :{,”:2), which is O((n +
1)™+1): in each state, we need to consider m! vectors €, resulting in a total bound
of O(m!(n + 1)™*1). To analyze the space requirements of the algorithm, we note
that we only need to keep the last stage j + 1 and the current stage j in memory,
so that the maximum number of states in memory is (":ﬁ;l) + (":ﬁﬂ;z), which is
O((n + 1)™). Therefore, when m is bounded above by a constant, Algorithm 7.3.1
runs in polynomial time (using polynomial space).

However, when there is no upper bound on m, Algorithm 7.3.1 runs in exponential

time and uses exponential space. We conjecture that for many common voting rules
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(e.g., plurality), computing SG, is PSPACE-hard, but we have not managed to
obtain any such result yet.*

Compilation. In the step corresponding to stage j in Algorithm 7.3.1, a very large
set S; is used to keep track of all possible m!-dimensional vectors whose entries sum
to exactly j — 1, representing the possible states. While it may be necessary to have
this many states for anonymous rules in general, it turns out that for specific rules
like plurality or veto, we need far fewer states to represent the profiles, because many
of the states in Algorithm 7.3.1 will be equivalent for the specific rule. For example,
if we have so far received only a single vote a > b > ¢, this in general is not equivalent
to having received only a single vote a > ¢ > b. However, if the rule is plurality,
these states are equivalent.

Pursuing this idea, for any anonymous voting rule r, we can ask the following
questions. (1) What is the smallest set of states needed for stage j? (2) How can we
incorporate smaller sets of states into Algorithm 7.8.1¢

The answer to question (1) corresponds to the compilation complexity of r, a
concept introduced by Chevaleyre et al. (2009). For any k,u € N with k£ + u = n,
the compilation complexity C,, . (r) is defined to be the smallest number of bits
needed to represent all “effectively different” k-profiles, when there are u remaining
votes and the winner is chosen by using . (Two k-profiles are “effectively the same”
if, for any profile of u votes that we may add to them, they result in the same
outcome.) It follows that, if we tailor Algorithm 7.3.1 to a specific rule 7, the size

I and

of the smallest possible set of states for stage j is between 2Cmi-tn—i+1(r)-
2Cm.i-1n=3+1(") ~ Chevaleyre et al. (2009) also studied the compilation complexity for
some common voting rules.

Now we turn to address question (2). Suppose that we have already determined

4 We have obtained a PSPACE-hardness result for a not-so-common rule with a different type
of voter preferences, which thus falls somewhat outside of the setting described so far. We omit it
due to the space constraint.
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that we can use a smaller set of states. In order to modify the dynamic-programming
algorithm to use this smaller set of states, for step (2.2) we must have a function that
takes a state in S; and a vote V' as inputs, and outputs a state in S;,; moreover, this
function must be easy to compute. Fortunately, the compilation functions designed
for some common voting rules in Chevaleyre et al. (2009) and Xia and Conitzer
(2010a), which map each profile to a string (state), can serve as such functions.
For example, the compilation function for plurality simply counts how often each
alternative has been ranked first, and this is easy to update. More generally, we can
modify Algorithm 7.3.1 for any specific rule r as follows. Let f[ , , be a compilation
function for r. For any j < n, we let S; = f . (F; 1), that is, the set of all
“compressed” (j — 1)-profiles. Then, in step (2.2), for each given state § € S5; and
each® given vote V € L(C), the next state (which lies in S}, 1) is computed by applying
the compilation function f7, ; , to the combination of §and V. Among these resulting
states, we again find voter j’s most-preferred outcome.

Illustration. Let us illustrate how the use of compilation functions helps reduce
the time and space requirements of Algorithm 7.3.1 for the nomination rule, which
selects the alternative that is ranked in the first position in at least one vote, where
ties are broken in the order ¢; > - -- > ¢,,. In this case, for any j < n, let S; = C, and
let fNem he the following compilation function. For any profile P, let fN°m(P) be
the first alternative (according to the order ¢; > --- > ¢,,) that has been nominated
(is ranked first in some vote in P). For any profile P and any vote V, fNom(P U {V})
can be easily computed from fN°m(P) and V, by determining which of fN°m(P) and
the alternative ranked in the top position in V' is earlier in the order. (As in the
case of plurality, we do not need to consider every vote V: we only need to consider

which alternative is ranked first.) Because |S;| = m for all j in this case, it follows

5 For some rules, we do not need to consider every vote: for example, under plurality, we do not
need to consider both a > b > c and a > ¢ > 0.
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that Algorithm 7.3.1 (using fN°™) runs in polynomial time for the nomination rule.

Proposition 7.3.1. SGy,,, can be computed in polynomial time (and space) by

Algorithm 7.3.1 (using fN°™).

For other, more common voting rules, the runtime of the dynamic-programming
algorithm is also significantly reduced by using compilation functions, though it
remains exponential. For example, for plurality and veto, the time/space complexity
of our approach is O(n"), which allows us to conduct the simulation experiments in

the next section much more efficiently.
7.4 Experimental Results

Using the algorithmic techniques developed in the last section, we are able to run
simulations to compare the backward-induction winner SG,.(P) to a benchmark
outcome—namely, the alternative r(P) that would win under r if all voters vote
truthfully. This may seem like a difficult benchmark to achieve, because often
strategic behavior comes at a cost (cf. price of anarchy, first-best vs. second-best
in mechanism design, etc.) Nevertheless, in the experiments that we describe in this
section, it turns out that in randomly chosen profiles, in fact, slightly more voters
prefer the backward-induction outcome SG,(P) to the truthful outcome r(P) than
vice versal!

The setup of our experiment is as follows. We study the plurality and veto rules
(these are the easiest to scale to large numbers of voters, because they have low
compilation complexity).®

For any m, n, and r € {Plurality, Veto}, our experiment has 25,000 iterations. In

each iteration, we perform the following three steps.

6 We also investigated other rules. It appears that they may lead to similar results, though it
is difficult to say this with high confidence because we can only solve for the backward-induction
outcome for small numbers of voters.
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1. In iteration j, an n-profile P; is chosen uniformly at random from F,.

2. We calculate SG,(F;) using Algorithm 7.3.1 (with a compilation function to

reduce time/space-complexity), and we calculate ().

3. We then count the number of voters in this profile P that prefer SG,.(P) to
r(P) (according to their true preferences in P), denoted by n;, and vice versa,

denoted by ng. If SG,.(P) = r(P), then n; = ny = 0.

For each m,n,r, we calculate the total percentage (across all 25,000 iterations)
of voters that prefer the backward-induction winner for their profile to the winner
under truthful voting for their profile, that is, p; = Z?iolo 0 nl /(25000m). We also
compute py = Z?ioloo n},/(25000n). We note that it is not necessarily the case that
p1 + p2 = 1, because if SG,(P) = r(P), then n; =ny = 0. Let p3 =1 — p; — ps be
the percentage of profiles for which the backward-induction (SG,) winner coincides

with the truthful (r) winner. We are primarily interested in p; — ps.

The results are summarized in Figure 7.1.
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FIGURE 7.1: Simulation results for plurality and veto

In Figure 7.1, the x-axis gives the number of voters (n); the y-axis gives the
percentage of voters. In each case we consider various numbers of alternatives (m).
(a) The percentage of voters who prefer the SG, winner to the r winner minus the
other way around, under plurality. (b) The percentage of profiles for which the SG,
winner and the r winner are the same, under plurality. (¢) The percentage of voters
who prefer the SG, winner to the » winner minus the other way around, under veto.
(d) The percentage of profiles for which the SG, winner and the truthful r» winner

are the same, under veto. Please note the different scales on the y-axis for (a) and
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(c).

First, from (a) and (c) it can be observed that for plurality and veto, perhaps
surprisingly, on average, more voters prefer the backward-induction winner to the
winner under truthful voting than vice versa. Generally, the difference becomes
smaller when 7 increases; the difference is larger when m is larger; and the percentage
seems to converge to some limit as n — 0. Second, from (b) and (d) it can be
observed that the percentage of profiles for which the two winners coincide is smaller
for larger values of m; the percentage is decreasing in the number of voters n for

plurality, but increasing for veto.
7.5 Summary

In this chapter we studied the voting game where voters cast votes one after an-
other and the later voters can observe all previous voters’ votes. We proved some
paradoxes, which state that sometimes the strategic behavior of the voters can be
harmful in Stackelberg voting games. To some extent, these paradoxes justify the
line of research in which people seek to use computational complexity to prevent
strategic behavior. We also developed algorithmic techniques to run simulations.
Our simulation results show that, surprisingly, the strategic behavior of the voters

does not seem as harmful as we might have expected.
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8

Introduction to Combinatorial Voting

We recall from Section 2.3 that one major direction in Computational Social Choice
is to investigate the computational complexity of winner determination for some
common voting rules, and then design heuristic, fixed-parameter tractable, or ap-
proximation algorithms for voting rules for which the winner is hard to compute.
In those situations, the computational complexity mainly comes from the choice of
voting rule.

However, in many real life group decision making problems, the computational
complexity comes from the extremely large number of alternatives. In such cases
it may take an unbearably long time to compute the winner even for simple voting
methods such as Borda. Perhaps the most natural and prominent voting setting
in real-life with an extremely large number of alternatives is combinatorial voting,
a.k.a. voting in multi-issue domains. In combinatorial voting, the set of alternatives
has a combinatorial (namely, multi-issue) structure. That is, there are multiple issues
(or attributes, or characteristics) and each alternative can be uniquely characterized
by a vector of the values these issues take. For example, consider a situation where

the inhabitants of a county vote to determine a government plan. The plan is com-
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posed of multiple sub-plans for several interrelated issues, such as transportation,
environment, and health (Brams et al., 1998). Another example is voting by com-
mittees, in which the voters select a subset of objects (Barbera et al., 1991), where
each object can be seen as a binary issue. In such situations, a voters’ preferences
over one issue may well depend on the values of other issues. For example, a voter
may prefer creating a natural reserve if a highway is built, but if the highway is not
built, she may prefer not creating a reserve.

In the remainder of this dissertation (Chapter 8-12), we will focus on the design
and analysis of voting rules when the set of alternatives has a multi-issue structure. In
this chapter, we give the formal definitions and notation that will be used throughout

these chapters.

Definition 8.0.1 (Combinatorial voting). Let Z = {X;,..., X,} denote a set of p >
2 issues, where for eachi < p, X; takes a value in alocal domain D;, where |D;| = 2.1
Combinatorial voting refers to the voting setting where the set of alternatives is

X =D; x---xD,. X is called a multi-issue domain or combinatorial domain.

Example 8.0.2. A group of people must make a joint decision on the menu for
dinner (the caterer can only serve a single menu to everyone). The menu is composed
of two issues: the main course (M) and the wine (W ). There are three choices for
the main course: beef (b), fish (f), or salad (s). The wine can be either red wine (r),

white wine (w), or pink wine (p). The set of alternatives is a multi-issue domain:

X = {b, f, s} x {r,w, p}.

We call that the set of alternatives C studied in previous chapters constitutes an
unstructured domain, because it does not need to have a multi-issue structure. In the

above definition, we use X (instead of C) to emphasize that the set of alternatives

I This is the standard assumption for studying voting in multi-issue domains, because otherwise
either the domain can be simplified (by removing issues that can only take one value), or it has no
multi-issue structure (when there is only one issue).
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has a multi-issue structure. Following convention, for any ¢+ < p we let D_; =
Dy x---x D1 xDjyq x---xD,.

A special case of multi-issue domains consists of the domains where all variables
are binary, that is, for all i < p, D; = {0;, 1;}. Such multi-issue domains are called
multi-binary-issue domains. Even in multi-binary-issue domains, the number of al-
ternatives is 2P, which is already exponentially large. Moreover, we recall that the
voting setting we defined in Chapter 2 requires a voter to submit a linear order over
the set of alternatives. This requirement causes the major problem in combinato-
rial voting, which is that it is infeasible for a voter to give a full ranking over an
exponentially large number of alternatives. Therefore, in combinatorial voting, the
voters need to use another voting language to represent their preferences, and then
we can design novel voting rules to aggregate voters’ preferences represented by such
a voting language.

An obvious solution is the following: we can simply ask voters to report only
a (small) part of their preference relation and apply a voting rule that needs this
information only. For example, we can ask the voters to report their most-preferred
alternatives, and then apply the plurality rule. The voting language used in this case
is the set of all alternatives instead of the set of all linear orders over the alternatives.
One problem with this type of solution is the following: as soon as the number of
alternative is large (2P » n), the voters are likely to be unhappy about only expressing
a small portion of their preferences. Moreover, the result of voting is likely to be
completely insignificant or even catastrophic. For instance, with 5 voters and 6
binary issues, it is very likely that all 5 voters vote for different alternatives (since
there are 26 = 64 alternatives), and the winner under the plurality rule might be
disliked by all but one voter. In fact, this phenomenon is a type of multiple-election
paradox, which we will discuss in more detail in the next section.

Even though the above (plurality) solution itself does not work very well, it
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reveals the following two important high-level criteria for voting rules in multi-issue

domains.

The first criterion: The quality of the voting language, which includes compactness

and expressiveness.

The second criterion: The quality of the voting rule after the votes have been
collected. Here the quality is measured by computational efficiency, satisfia-
bility of axiomatic properties (see Section 2.2), resistance to multiple-election

paradoxes, etc.

The compactness of a voting language can be measured by the number of bits that
is used to represent a voter’s preferences. For example, O(p - 2P) bits are necessary
and sufficient to represent the voting language that consists of all linear orders over
X, because log((2P)!) is ©(p- 2P). Measuring the expressiveness of a voting language

is more complicated. We consider the following two dimensions.

The first dimension of expressiveness: the general usability of the language.
That is, the percentage of voters who are comfortable using this language to
express their preferences. For example, if we only ask the voters to report their
top-ranked alternative, no voter will feel ill at ease to do so. However, as we
will see in the next section, voters are not always comfortable expressing their

preferences in issue-by-issue voting and sequential voting.

The second dimension of expressiveness: the informativeness of the language.
That is, how much of the voters’ preferences are expressed by the language. For
example, the top-ranked alternative only represents a tiny portion of the voter’s
preferences. The languages used in issue-by-issue voting rules and sequential

voting rules both allow voters to express much more of their preferences.
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8.1 Multiple-Election Paradoxes

Combinatorial voting has been extensively studied by economists. Most of previous
work has focused on letting voters vote on the issues separately, in the following way.
For each issue (simultaneously, not sequentially), each voter reports her preferences
for that issue, and then, a local rule is used to select the winning value that the
issue will take. This voting process is called issue-by-issue or seat-by-seat voting.?
Recently, Ahn and Oliveros (2011) studied a Bayesian game of combinatorial voting,
and showed the existence equilibrium under some conditions. We will not discuss
the Bayesian setting in this dissertation.

Issue-by-issue voting has some drawbacks. First, a voter may feel uncomfortable
expressing her preferences over one issue independently of the values that the other
issues take. This means that, even though the voting language used in issue-by-issue
voting can express more of a voter’s preferences than the voting language that is used
in plurality, it lack usability. That is, only voters whose preferences are separable
(that is, for any issue i, regardless of the values for the other issues, the voter’s pref-
erences over issue i are always the same) are comfortable expressing their preferences
in issue-by-issue voting (Kadane, 1972; Schwartz, 1977). Second, multiple-election
paradozes arise in issue-by-issue voting (Brams et al., 1998; Scarsini, 1998; Lacy and
Niou, 2000), which we will discuss below in more detail.

Brams et al. (1998) showed that for multi-binary-issue domains, there exists a
profile where the winner under issue-by-issue voting (where all local voting rules are
majority rules) receives zero votes (that is, it is never ranked in the top position by

any voter). Scarsini (1998) showed an even stronger paradox: there exists a profile

2 The names “issue-by-issue” and “seat-by-seat” are a little bit misleading. It may sound like
there is an ordering over issues, according to which the voters vote over issues sequentially. Even
though the election can be organized in this sequential way, effectively these issue-wise elections
are conducted in parallel in issue-by-issue voting, because the voters do not learn the outcomes of
other issues before deciding on an issue.
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where any alternative that is “close” to the winner in terms of Hamming distance
under issue-by-issue voting receives zero votes. These paradoxes exist even when the
voters’ preferences are separable.

We are more interested in the paradoxes demonstrated by Lacy and Niou (2000)
for issue-by-issue voting when the voters’ preferences are non-separable. Of course
in such cases the voters may feel ill at ease reporting their preferences over a single
issue without knowing the values of the other issues. In Lacy and Niou (2000), it is
assumed that voters vote according to their top-ranked alternative. That is, when
a voter is asked to report her preferences over issue X;, she will report the value
of the X; component in her top-ranked alternative. This behavior in some sense
corresponds to very optimistic voters, and Lacy and Niou argued that when a voter
does not know the votes of the other voters, she is likely to vote in this way. They

illustrated the paradoxes in the following example.

Example 8.1.1. Suppose there are three voters and the multi-issue domain is com-
posed of three binary issues. The top-ranked alternatives of the three voters are 110,
101, and 011, respectively; and all voters rank 111 in their bottom positions. Now,
by voting over each issue separately in parallel using the majority rule, the winner is

111, which is the least-preferred alternative for all voters.

The above example illustrates the following three types of multiple-election para-

doxes for issue-by-issue voting:

First type of paradox: the winner is a Condorcet loser (who loses to all the

other alternatives in their pairwise elections).

Second type of paradox: the winner is Pareto-dominated by another alter-

native (that is, that alternative is preferred to the winner by all voters).
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Third type of paradox: the winner is ranked in a very low position in all

voters’ true preferences.
8.2 CP-nets

We have seen so far that none of the approaches mentioned above works well. One
common deficiency of them is that the voting languages are not expressive enough.
We have seen that the voting language used by plurality has a high usability (meaning
that all voters are comfortable using it), but it lacks informativeness (meaning that
it only represents a tiny portion of the voters’ preferences). The language used by
issue-by-issue voting is much less usable, because only voters whose preferences are
separable are comfortable with reporting their preferences in issue-by-issue voting,
and only a tiny fraction of the linear orders are separable (Hodge, 2006). But in gen-
eral it is much more informative when the voters’ preferences are separable. However,
none of these languages model the preferential dependence among the issues.
Fortunately, a new language for preference representation in multi-issue domains,
called conditional preference networks, or CP-nets, that captures the dependence
of voters’ preferences among individual issues, was recently proposed in Artificial
Intelligence (Boutilier et al., 2004). Next, we first give the formal definition of CP-
nets, then discuss how to use them as the voting language for sequential voting.
The definition of a CP-net is similar to that of a Bayesian network (Pearl, 1988).

We first give the formal definitions, and the present an example.

Definition 8.2.1. A CP-net N over X consists of two parts:

(a) A directed graph G = (I, E).

(b) A set of conditional linear preferences >3» over D;, for each setting d of the
parents of X; in G. Let CPT(X;) be the set of the conditional preferences of a
voter on D;; this is called a conditional preference table (CPT).
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A CP-net N captures dependencies across issues in the following sense. N induces
a partial preorder >, over the alternatives X', representing the voter’s preferences,
as follows: for any a;,b; € D;, any setting d of the set of parents of X; (denoted by
Parg(X;)), and any setting 7 of Z\(Parg(X;) v {X:}), (ai,d, 2) >x (b;,d, Z) if and
only if a; >i? b;. In words, the preferences over issue X; only depend on the setting
of the parents of X; (but not on any other issues). For any 1 < ¢ < p, CPT(X;)
specifies conditional preferences over X;. Now, if we obtain an alternative d from d
by only changing the value of the ¢th issue of af, we can look up CPT(Xj;) to conclude
whether the voter prefers d to CZ: or vice versa. In general, however, from the CP-net,
we will not always be able to conclude which of two alternatives a voter prefers, if
the alternatives differ on two or more issues. This is why N usually induces a partial
preorder rather than a linear order.

When the graph of N is acyclic, >, is transitive and asymmetric, that is, a strict
partial order (Boutilier et al., 2004). Let O = X; > --- > X,. We say that a CP-net
N is compatible with (or, follows) O, if the following is true: if X; is a parent of X
in the graph, then this implies that ¢ < j. That is, preferences over any issue only
depend on the values of earlier issues in O. A CP-net is separable if there are no
edges in its graph, which means that there are no preferential dependencies among

issues.

Example 8.2.2. Let X be the multi-issue domain defined in FExample 8.0.2. We
define a CP-net N as follows: M (the main course) is the parent of W (the wine),
and the CPTs consist of the following conditional preferences: CPT (M) = {b > f >
s}, CPT(W)={b:r>p>w,f:w>p>nr,s:p>w>r}, whereb:r >p>w
is interpreted as follows: “when M is b, then, r is the most preferred value for W,
p is the second most preferred value, and w is the least preferred value.” N and its

induced partial order >, are illustrated in Figure 8.1. N is compatible with M > W..
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N is not separable.

br — bp — bw

CPT (M)
b>f>s

CPT(W) Jw——> fp—— fr

M W
b:r>p>w
frw>p>r

S:p>w>r Sp— > SW—> ST

(a) A CP-net NV. (b) The partial order induced by N.

FIGURE 8.1: A CP-net N and its induced partial order.

When all issues are binary, a CP-net A can be visualized as a hypercube with
directed edges in p-dimensional space (Domshlak and Brafman, 2002), in the follow-
ing way. Each vertex is an alternative, each dimension corresponds to an issue, and
any two adjacent vertices differ in only one component (issue). That is, for any i < p
and any d ;e D_;, there is a directed edge connecting (0;, J,Z) and (1;, dii), and the

direction of the edge is from (0;,d_;) to (1;,d_;) if and only if (0;,d_;) >x (1;,d_;).

Example 8.2.3. Let p = 3 and let N be a CP-net defined as follows: the directed
graph of N has an edge from X to Xy and an edge from X, to X3; the CPTs are
CPT(Xy) ={0; > 13}, CPT(Xs) = {01 : 09 > 15,11 : 15 > 0o}, CPT(X3) = {05 :
03 > 13,15 : 13 > 03}. N is illustrated as a hypercube in Figure 8.2 (for simplicity,
in the figure, a vertex abc represents the alternative aibycs, for example, the vertex

000 represents the alternative 0;0503).

A linear order V over X extends a CP-net N, denoted by V' ~ N/, if it extends
the partial order that A induces. (This is merely saying that V' is consistent with

the preferences implied by the CP-net N.) V is separable if it extends a separable
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100 ——— 101

000 001
X1 X5 X3
110 111

010 011

F1GURE 8.2: The hypercube representation of the CP-net in Example 8.2.3.

CP-net. Given an ordering O over issues, V is O-legal if it extends a CP-net that is
compatible with O. The set of all O-legal linear orders is denoted by Legal(O).

To present our results, we will frequently use notations that represent the projec-
tion of a vote/CP-net /profile to an issue X; (that is, the voter’s local preferences over
X;), given the setting of all parents of X;. These notations are defined as follows.
For any issue X;, any setting d of Parg(X;), and any linear order V' that extends

N, we let V| 7and Ny ;denote the the projection of V' (or, equivalently N') to
X;, given d. That is, each of these notations evaluates to the linear order >2~ in
the CPT associated with X;. For example, let N be the CP-net defined in Exam-
ple 8.2.2. Nlw. = r > p > w. For any O-legal profile P, P‘X,L-:J is the profile over

D; that is composed of the projections of each vote in P on X;, given d. That is,

P

vd = Wlxa - Valx.d) = WNilx.g - Naly,.g), where P = (Vi,...,V,), and
for any 1 < ¢ < p, V; extends N;.

Let O = X; > --- > X,. The lexicographic extension of an O-compatible CP-net
N w.r.t. O, denoted by Lexp(N), is an O-legal linear order V over X such that for
any 1 <17 < p, anyci;- € Dyx---xD,;_q,any a;,b; € D;,and any ¢/, 2 € D; 1 x---xD,, if
@G >Ny . b;, then (d:, a;, ) >v (d:, b;, Z). Intuitively, in the lexicographic extension
of N, X, is the most important issue, X, is the next-most important issue, and
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so on; a desirable change to an earlier issue always outweighs any changes to later
issues. We note that the lexicographic extension of any CP-net is unique w.r.t. the
order 0. Again, the subscript “O” is sometimes omitted when there is no risk of
confusion. We say that V' € L(X) is lexicographic if it is the lexicographic extension
of a CP-net N. For example, let AV be the CP-net defined in Example 8.2.2. We
have Lex(N) = br > bp > bw > fw > fp > fr > sp > sw > sr. A profile P is
O-legal /separable/lexicographic, if each of its votes is in Legal(O)/ is separable/ is

lexicographic.
8.3 Sequential Voting

One natural approach to combinatorial voting is sequential voting. Let O denote be
an ordering over the issues. W.lo.g. O = X; > Xy > --- > X,,. Sequential voting
selects the winner in p rounds. In round %, the voters report their preferences over the
1th issue in O, based on which the winning value is selected by applying a local voting
rule, and this winning value is then announced to all the voters. The idea of sequential
voting is not new. For example, Lacy and Niou (2000) suggested to use sequential
voting to circumvent multiple-election paradoxes. But, again, in the sequential voting
process they proposed, voters are sometimes ill at ease reporting their preferences
over issues, and the voters are still assumed to behave optimistically.> Moreover,
Lacy and Niou argued that the sequential voting process “takes too long,” because
the voters must wait for the results of previous issues to be announced before moving
to the subsequent issues. They argued that “the cost to voters of going to the polls
and the cost to governments of keeping polls open for several days will likely prevent
the use of sequential voting schemes” (Lacy and Niou, 2000).

In fact, the voters do not need to go to voting booths multiple times. It suffices

3 Lacy and Niou (2000) also suggested to let voters vote strategically and sequentially, and showed
that the outcome will always be the Condorcet winner whenever one exists. This is the strategic
sequential voting procedure that will be discussed in Chapter 11.
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for them to report in one shot all their local preferences over single issues, given
all (relevant) valuations of the previous issues. That is, to apply sequential voting
w.r.t. the order O over issues, it suffices for the voters to use an O-compatible CP-
net to represent their preferences. Of course the voters need to report more of their
preferences, and some of them are not used for the voting rule to decide the winner.
This is not a big problem as long as the language is compact (as we will see later
in this section). Similarly to the situation in issue-by-issue voting (where only the
voters with separable preferences are comfortable with reporting their preferences), in
sequential voting we have a similar criterion: if a voter’s preferences are O-legal, then
she is comfortable with reporting their preferences; otherwise she is not comfortable
with reporting her preferences.

The ground-breaking systematic method for analyzing sequential voting was pro-
posed by Lang (2007), who focused on the profiles where voters are comfortable
reporting their preferences (that is, O-legal profiles), and defined sequential voting

rules on top of these profiles.

Definition 8.3.1. (Lang, 2007) Given a vector of local rules (ry,...,r,), where
for each 1 < ¢ < p, r; is a voting rule on D;, the sequential composition of
T, ...,17p w.r.t. O, denoted by Seqo(ri,...,rp), is defined for all O-legal profiles
as follows: Seqo(ri,...,rp)(P) = (di,...,d,) € X, so that for any 1 < i < p,

di = /r'l'(P‘Xi:dl“'difl)'

The sequential composition of local correspondences 1, ..., ry, denoted by
Seqo(r§,...,r5), is defined in a similar way: for any O-legal profile P,

d e Seqo(rs, . .. ,75)(P) if and only if for each i < p, we have that d; € §(P

Xiidl...difl)'
The subscript “O” in Seqp is sometimes omitted when there is no risk of confu-
sion. We note that when a voter’s preferences are O-legal, she only needs to submit

an O-compatible CP-net instead of reporting the entire O-legal linear order. Hence,
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the voting language used by a sequential rule is essentially the set of all O-compatible
CP-nets. Similarly, the voting language used in issue-by-issue voting is essentially
the set of all separable CP-nets (where there are no edges in the graph). We note that
if the voters’ profile is separable, then sequential voting rules become issue-by-issue
voting rules. In that sense, sequential voting rules are extensions of issue-by-issue
voting rules.

To examine the compactness of the set of all O-compatible CP-nets as a voting
language, let us calculate the size of an O-compatible CP-net (which is the sum of
the sizes of all CPTs). It is easy to see that the size of a CP-net largely depends on

how many parents each issue has in the graph. In fact, the size of a CP-net is

> 11 [IDslog( il

i=1 XjEParg(Xi)

Therefore, if both the number of members in each local domain and the number
of parents for each issue are small, then the size of the CP-net is polynomial in
the number of issues (for comparison, we recall that in multi-issue domains we need
O(p - 2P) bits to represent a linear order, which is exponential in the number of
issues); on the other hand, in the worst case the size of an O-compatible CP-net
is exponentially large in the number of issues. However, in practice it is reasonable
to expect that all local domains are small, and the voters’ preferences over each
issue only depends on a few other issues. Hence, we can expect in practice that
O-compatible CP-nets are a compact language. Obviously O-compatible CP-nets,
as a voting language, are more expressive than the language used by issue-by-issue
voting (that is, separable CP-nets), simply because separable CP-nets are special
cases of O-compatible CP-nets. In fact, it has been shown that the ratio between

the number of O-legal linear orders and the number of separable linear orders is
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more usable O-compatible CP-nets are, compared to separable CP-nets. Table 8.1

9 ) (Lang and Xia, 2009), which in some sense shows quantitatively how much

provides a comparison of plurality, common voting rules that require voters to report
linear orders (e.g., Borda), issue-by-issue voting rules, sequential voting rules, the
framework introduced in Chapter 9, and the MLE approach taken in Chapter 10, in
terms of the following three aspects: (1) computational efficiency of computing the
winner, (2) compactness of the voting language, and (3) expressiveness of the voting

language, which includes general usability and informativeness.

Table 8.1: Comparing voting rules and languages for combinatorial voting.

. Computational Expressiveness
Voting method efficiency Compactness General usability | Informativeness
Plurality High High High Low
Borda, etc. Low Low High High
Issue-by-issue High High Low Medium
Sequential voting High Usually high Medium Medium
H-composition Low-High
in Chzi)pter 9 (depends on the voters’ | Usually high High Medium
common prcforcncc
structure)
MLE approach Low—High . . .
in Chapter 10 (depends on the Usually high High Medium
probabilistic model)

For (truthful) sequential voting, multiple-election paradoxes are alleviated (Lacy
and Niou, 2000; Lang and Xia, 2009), though they return when voters vote strategi-
cally, as we will see in Chapter 11. One natural question to ask is whether sequential
voting rules satisfy some other desired axiomatic properties for voting rules (see Sec-
tion 2.2). Not surprisingly, the answer depends on whether the local voting rules
satisfy these axiomatic properties. Lang and Xia (2009) asked the following two

questions for any axiomatic property Y.
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1. If the sequential voting rule satisfies Y, is it true that all its local voting rules

also satisfy Y7 This corresponds to the “Global to local” column in Table 8.2.

2. If all local voting rules satisfy Y, is it true that their sequential composition

also satisfies Y7 This corresponds to the “Local to global” column in Table 8.2.

The answers for some of the axiomatic properties described in Section 2.2 are sum-

marized in Table 8.2.4

Table 8.2: Local vs. global for sequential rules (Lang and Xia, 2009).

Criteria Global to local | Local to global
Anonymity
Neutrality
Consistency

Participation
Pareto efficiency
(Strong) monotonicity

| 2| 2| <] 2| <

e e e

For neutrality and Pareto efficiency, Xia and Lang (2009) showed that the ex-
istence of voting correspondences that satisfy neutrality (respectively, Pareto ef-
ficiency) can be characterized by the structure of the multi-issue domain: if the
multi-issue domain is composed of two binary variables, then there exists a voting
correspondence that satisfies neutrality (respectively, Pareto efficiency); otherwise
no voting correspondence satisfies neutrality (respectively, Pareto efficiency).?

Nevertheless, we may still argue that in order for voters to feel comfortable ex-
pressing their preferences, sequential voting is quite restrictive at two levels: first,
at the individual voters’ level, sequential voting requires that a voter’s preferences

must be represented by an acyclic CP-net. Second, at the profile level, it requires

4 Since sequential voting rules are defined for O-legal profiles, the definitions of neutrality, Pareto
efficiency, and monotonicity are slightly different. See Lang and Xia (2009).

5 Again, here the definitions of neutrality and efficiency are slightly different from the definitions
in Section 2.2.
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that all voters’ preferences are compatible with the same ordering O. To overcome
these restrictions, we need to consider even more expressive voting languages. One
option is the set of all (possibly cyclic) CP-nets. Obviously it is more expressive,
because it is a superset of the set of all acyclic CP-nets. Chapters 9 and 10 aim at
designing new voting rules for combinatorial voting where the voters use (possibly
cyclic) CP-nets to represent their preferences. In Chapter 9, we will further show
how much more general (possibly cyclic) CP-nets are, by showing the ratio between
the number of O-legal votes and the number of all linear orders over X' (note that
any voter should be comfortable with using a possibly cyclic CP-net to represent
her preferences, in the sense that for any linear order, a possibly cyclic CP-net can
be constructed such that the linear order extends this CP-net). Then, we propose
an extension of sequential voting rules to aggregate (possibly cyclic) CP-nets, which
we call hypercubewise composition (H-composition). We will analyze its normative
and computational aspects. This framework was further studied by Li et al. (2011)
and Conitzer et al. (2011b). In Chapter 10, we extend Condorcet’s MLE model to
combinatorial voting.

Chapters 11 and 12 investigate game-theoretic aspects of combinatorial voting.
In Chapter 11 we study the sequential voting game mentioned by Lacy and Niou
(2000), that is, the game where voters cast votes strategically on one issue after
another, following some ordering over the issues. We call this type of voting games
the strategic sequential voting procedure (SSP). Lacy and Niou (2000) proved that
strategic sequential voting® always selects the Condorcet winner whenever one exists,
but they did not examine whether there are any multiple-election paradoxes for
SSP. In Chapter 11 we show that all three types of multiple-election paradoxes still
arise in strategic sequential voting. Moreover, changing the ordering of the issues

according to which the voters vote on them cannot avoid at least the first and the

6 They called it sophisticated sequential voting, following the convention of Farquharson (1969).
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third paradoxes. Then, in Chapter 12, we will see how to restrict voters’ preferences
over multi-issue domains to obtain strategy-proof voting rules.

At the end of this chapter, let me briefly mention some other work in preference
aggregation over multi-issue domains. Rossi et al. (2004) studied aggregating voters’
preferences represented by partial CP-nets, which allows voters to be “indifferent”
with between the values of some issues. Gonzales et al. (2008) studied aggregating
preferences represented by another compact language called GAI-networks. Xia et al.
(2007a) slightly extended sequential voting rules by removing the constraint that
the order O is fixed before the voting process. However, the above two levels of
restrictions for sequential voting rules still exist. Recently, Conitzer et al. (2009a)
studied the agenda control problem in sequential voting—that is, the chair gets to
choose the over in which the issues are voted on, and investigated its computational

complexity.
8.4 Summary

In this chapter, we introduced the notation used in this dissertation for combinatorial
voting, multiple-election paradoxes, CP-nets, sequential voting rules, and important
criteria for designing new voting rules in combinatorial domains. We also evaluated
voting rules proposed in previous work by these criteria, and the result is summarized
in Table 8.1. We observed that all previous approach either used voting languages

that lack expressivity, or is computationally intractable.
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9

A Framework for Aggregating CP-nets

In this chapter, we define a new family of voting rules for combinatorial voting that
allows voters to use any CP-nets (even cyclic ones) to represent their preferences. The
set of all CP-nets, as a language, is compact and is much more expressive than acyclic
CP-nets or separable CP-nets, which are used in sequential voting and issue-by-issue
voting, respectively.! The voting rules we define are parameterized by: (1) the local
voting rules that are used on individual attributes—we will use these to define a
particular graph on the set of alternatives; and (2) a choice set function T that selects
the winners based on this induced graph.?2 We show that if 7" satisfies a very natural
assumption, then the voting rules induced by 7" extend the sequential voting rules
(and therefore, also issue-by-issue voting rules) and the order-independent sequential
composition of local rules from Xia et al. (2007b). We study whether properties of the
local rules transfer to the global rule, and vice versa. Then, we focus on a particular

choice set function, namely the Schwartz set (Schwartz, 1970), which has been argued

! Earlier work has also considered social choice for potentially cyclic CP-nets (Purrington and
Durfee, 2007). However, that approach does not apply to all possible (cyclic) CP-nets.

2 In principle, T could select multiple winners from the graph. We can use any tie-breaking
mechanism to select the unique winner.
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to be the largest reasonable choice set for tournament graphs (Laslier, 1997). For

the Schwartz set, we study how to compute the winners under this methodology.
9.1 Acyclic CP-nets Are Restrictive

In this section, we show quantitatively that the set of all acyclic CP-nets lacks general
usability as a voting language. We will show that even when each local domain is bi-
nary, the number of legal linear orders—the set of all linear orders > for which there is
some acyclic CP-net that > extends—is exponentially smaller than the number of all
linear orders. Let CP(X) = {V € L(X) : There exists a CP-net A such that V' ~
N}, That is, CP(X) = |J, Legal(O).

CP(X)| _ _p!
LX) 22

Theorem 9.1.1. If X = {0, 1}, then
Proof. We prove the theorem by constructing a set of exponentially many permu-
tations on the set of alternatives, and we prove that for any two different linear
orders compatible with the same order over attributes, for any two (not necessarily
different) permutations in the set, if we apply the first permutation to the first linear
order and the second permutation to the second linear order, the results are different.
That is, for any linear order compatible with a given order O, we can find a large
set of corresponding linear orders by applying the set of permutations to it; and the
sets of linear orders corresponding to different Gp-legal linear orders are disjoint.
More precisely, we define a set of permutations on X', denoted by K(X'), and
show that it satisfies the following two properties:
1 |K(X)| =227,
2. For any Vi, V5 € Legal(X; > -+ > X)) and any M, My € K(X), if My # M,
then M;(V}) # My(Va).
Now we show how to construct K (X). Given any setting z,—5 of (X1,..., X, 2),

let Mm be the permutation that only exchanges (7, 3,0,0) and (2, 2,0,1). Then,
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for any E, o < {0,1}72 let Mg, _, = o where o is the composition of

s
l'p,QEEpngl' _9’

two permutations. This notion is well-defined because for any 7, 5,7, 5 € {0, 1}7 "2

Mx,? and Mm/ are exchangeable, that is, M«> o M. T3 Mxp,g' o MST

Let K(X) = {Mg, , : B, 5 = {0,1}""?}. Then, [K(X)| = [{0,1}*V"] =
92" For any Vi, Vs € Legal(X; > --- > X,) any Mg ,, Mgz , € K(X) such that
Mp: , # Mgz |, since B, , # E} 5, w.lo.g. there exists 2,73 such that 2,73 € E,_,

but 7,75 ¢ E2 ,. Then, V} T extends a CP-net on {0,1}?, and the CP-

‘{X —1,Xp X

net is compatible with X, ; > X,. Here, V} is the restriction of V; to

—
‘{prth}:LL’p,g

{X, 1, X,}, given that (Xi,...,X, 2) = z,5. However, Mm(%)‘{prl,Xp}:m is
not compatible with X, ; > X,—it either does not extend a CP-net, or extends a

CP-net that is not compatible with X, ; > X,. We note that

MEzl?*2 (‘/1) |{Xp717Xp}:l’pf2 - ‘/1 ‘ {Xp717Xp}ixpf2 ’

MEZZ?*2 (%)‘{prlyXp}5xp72 - Mxp72(‘/2)|{Xp717Xp}3xp72

Hence, ME;#(Vl) # MEI2)72(‘/2), which means that K (X) satisfies the two properties
mentioned above.
Therefore, from the two properties of K(X'), we know that |K(X)(Legal(X, >
X)) = 2% %|Legal(Xy > ... > X,)|. Since K(X)(Legal(X; > ... > X,)) <
L(X), and |CP(X)| < p!|L(X; > ... > X,)| (because there are p! linear orders

over {zy,...,x,}, and a CP-net must be compatible with some order), we have
CP@) _
LX) 2
U

We note that |X'| = 2P. Theorem 9.1.1 implies that the expressivity ratio of legal
crPx
|L(X)

linear orders ( |)) O((2°2)*), which is exponentially small even in the

168



number of alternatives.
9.2 H-Composition of Local Voting Rules

In this section, we introduce a new framework for composing local voting rules. We
call this hypercubewise composition (H-composition) of local voting rules. The reason
is that the outcome only depends on preferences between alternatives that differ on
only one attribute. We can visualize the set of all alternatives as a hypercube, and
alternatives that differ on only one attribute are neighbors on this hypercube, as
discussed in Section 8.2. An H-composition of local rules is defined for all profiles in
which for each vote, there exists a (possibly cyclic) CP-net that it extends. In fact,
for any linear order V on X, there exists a CP-net N such that V extends N, so we
can apply this to any linear orders (but also some partial orders). By Theorem 9.1.1,
this means that the voting language used by these H-compositions (i.e., possibly
cyclic CP-nets) is much more general than the voting language used by sequential
voting rules (i.e., O-compatible CP-nets for some ordering O over Z, in the sense we
have discussed in Section 8.3.

An H-composition of local rules is defined in two steps. In the first step, an
induced graph is generated by applying local rules to the input profile. Then, in the
second step, a choice set function is selected based on the induced graph as the set of
winners (the definition and examples of some major choice set functions are deferred
to Definition 9.2.4 and the text below it). We first define the induced graph of P

w.r.t. local rules (or correspondences) ry,...,7,.

Definition 9.2.1. Given a profile P = (V4,...,V,) and local rules (or correspon-
dences) ry, . ..,ry, theinduced graph of P w.r.t. r1,...,1,, denoted by IG(r1,...,1,)(P) =
(X, E), is defined by the following edges between alternatives. For any i < p, any

setting ¥, let C; = Ti(P‘Xi:LL’—,))" for any ¢; € C;, any d; € D;, let there be an edge

i
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(Ci> IT:) - (dZ> IT:)

Example 9.2.2. Suppose the multi-issue domain consists of two binary attributes: S
ranging over {S, S} and T ranging over {T,T}. The local rules are both the magority
rule. Two votes Vi, Vy and their induced graph IG(Maj, Maj)(Vi, Va) are illustrated
in Figure 9.2.2, where Maj denotes the majority correspondence. We note that V;

1s compatible with S > T, V5 is compatible with T > S.

Vi:S>T Vo:T >S Induced graph
(8, T) — (5,T) (S, T) — (S5,T) (S, T) — (S,T)
(8, 1)+— ST | | S1)—s@E D) | | G 5D

FI1GURE 9.1: Two votes and their induced graph.

Next, we define the dominance relation in a directed graph.

Definition 9.2.3. Given a directed graph G = (V, E), for any vy,ve € V, vy is said
to dominate vy, denoted by vy > v, if and only if:
1. there is a directed path from vy to v, and

2. there is no directed path from vy to vy.

Let >4 be the transitive closure of E, that is, >4 is the minimum preorder such
that if (v1,v9) € E, then vy >g vo. Then, another equivalent way to define the
dominance relation is: >4 is the strict order induced by >4, that is, v; >¢ vs if and
only if v; >¢ vy and vy }¢ v1.

We further define two kinds of special vertices in a directed graph G as follows.
The first is a vertex that dominates all the other vertices, and the second is a vertex
that dominates all its neighbors. We call the former the global Condorcet winner

(which must be unique), and the latter a local Condorcet winner.
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Now, we are ready to define the choice set function, which specifies a choice set

for each graph.

Definition 9.2.4. A choice set function T" is a mapping from any graph to a subset

of its vertices.

We now recall the definitions of some major choice sets in a graph G = (V, E).

e The Schwartz set is the union of all maximal mutually connected subsets. A
maximal mutually connected subset is a subset of vertices such that there is a
path between any two vertices in the set, but there is no path from a vertex

outside the set to a vertex inside the set.

e The Smith set is the smallest set of vertices such that every vertex in the set

dominates all the vertices outside the set.

e The Copeland set: A vertex ¢’s Copeland score is the number of vertices that
are dominated by ¢ minus the number of vertices that dominate ¢. The vertices

with the highest Copeland score are the winners.

Choice sets were originally introduced to make group decisions for tournament
graphs. However, the definitions are easily extended to general graphs, as we did
above. See Laffond et al. (1995) and Brandt et al. (2007) for more discussion.

We say a choice set function T' always chooses the global Condorcet winner, if for
any graph G = (V| F) in which ¢ is the global Condorcet winner, we have T'(G) = {c}.
We say that T always chooses local Condorcet winners, if every local Condorcet
winner is always in 7'(G). We emphasize that here, the meaning of a Condorcet
winner is different from traditional meaning of a Condorcet winner, which refers to
an alternative that wins every pairwise election. We say that 1" is monotonic, if for
any graph (V, E), any c € T(V, E), and any (V, E') that is obtained from (V, E) by
only flipping some of the incoming edges of ¢, we have c € T(V, E').
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Theorem 9.2.5 (known/easy). The Schwartz set, Smith set, and Copeland set
are monotonic and always choose the global Condorcet winner; the Smith set and

Schwartz set always choose local Condorcet winners.
We are now ready to define the H-composition of local rules (correspondences).

Definition 9.2.6. Let T be a choice set function. The Hypercubewise-T (H-T') com-
position of local rules ry,...,r,, denoted by Hr(ry,...,1,), is defined as follows. For

any profile P of linear orders on X,
Hp(ry,...,rp)(P) =T(G(ry,...,1,)(P))

That is, for any profile P, Hy(ry,...,r,) computes the winner in the following
two steps. First, the induced graph IG(ry,...,r,)(P) is generated by applying local
rules r,..., 7, to the restrictions of P to all the local domains. Then, in the second
step, the set of winners is selected by the choice set function 7' from the induced
graph I1G(ry,...,1,)(P).

From Theorem 9.1.1, the fact that all linear orders are consistent with some CP-
net, and all CP-nets can be used under H-composition, we know that the domain
of H-composition of local rules is exponentially larger than the domain of order-
independent sequential composition. We note that to build the induced graph, only
the preferences between adjacent alternatives are necessary. We note that the H-
composition of local rules is a correspondence, and we can use any tie-breaking
mechanism to select a unique winner.

One interesting question is how H-compositions are related to (order-independent)
composition of local rules. Because the H-compositions are defined by both local
rules and the choice set, the relationship should also depend on local rules and the
properties of the choice set. The next theorem states that if a choice set function T’

always chooses the global Condorcet winner, then H-T' composition of local rules is
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an extension of order-independent sequential composition of the same local rules (Xia
et al., 2007b). The order-independent sequential composition of local rules; denoted
by Seq?!(ry,...,rp), extends the domain of sequential composition of local rules to
the set of all legal profiles P, which means that the order O is not held fixed in
the definition. For any permutation o on {1,...,p}, let O = X1y > ... > Xy.
Then, for any O-legal profile P, Seq®!(r1,...,1,)(P) = Seqo(ro),-- - To@p))(P).
The order-independent sequential composition of local correspondences is defined
similarly. This voting rule is well-defined because it has been shown in Lang (2007)
that the winner does not depend on which ordering O that is used in the definition,

as long as the profile is O-legal.

Theorem 9.2.7. Let T be a choice set function that always chooses the global Con-

dorcet winner. Then, for all legal profiles P, Hr(ry, ..., r,)(P) = Seq®!(ry,...,r,)(P).
The proof is quite straightforward and is thus omitted.

Corollary 9.2.8. IfT is the Schwartz set, Smith set, or Copeland set, then Hyp(ry,...,7p)

is an extension of Seq®!(ry,...,r,).
9.3 Local vs. Global Properties

In this section we examine the “quality” of the H-compositions of local rules in
terms of whether they satisfy some common voting axioms described in Section 2.2.
We recall that in Section 8.3 we have asked a similar question for sequential voting
rules, and whether sequential voting rule satisfies some desired axiomatic properties
depends on whether the local voting rules satisfy these axiomatic properties. Lang
and Xia (2009) asked the following two questions for any axiomatic property Y, and

the answers are summarized in Table 8.2.

1. If the sequential voting rule satisfies Y, is it true that all its local voting rules
satisfy Y7
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2. If the sequential voting rule satisfies Y, is it true that all its local voting rules

satisfy Y7

For H-composition of local rules, we can ask the same question. From Theo-
rem 9.2.7 we know that if T" always chooses the global Condorcet winner, then Hrp is
an extension of Seq®!. We can use this observation to carry over some of the results
in Lang (2007); Xia et al. (2007a,b) to Hy. Specifically, if T" always chooses the global
Condorcet winner, and if a criterion transfers from the order-independent sequential
composition of local rules to each local rule, then it also transfers for H-T' compo-
sition; if a criterion does not transfer from local rules to their order-independent
sequential composition, then it also does not transfer for H-T' composition. Given
the results in Xia et al. (2007b), these observations allow us to resolve everything ex-
cept how anonymity, homogeneity, monotonicity, and consistency transfer from local
rules to their H-T' composition. It is easy to see that anonymity and homogeneity
always transfer. The next example shows that if 7" always chooses local Condorcet
winners, then consistency does not transfer, even when the votes in the profile extend

(possibly different) acyclic CP-nets.

Example 9.3.1. Let X = {01, 11} x {09, 1o} x {03, 13}, and let all the local rules be
the magjority rule. Consider the following three CP-nets (the non-specified parts of
the CPTs do not matter):

Nl.' compatible with Xl > X2 > Xg, and 1, > 01, 1, 0 19 > 02, 1915 2 13 > 03,
01: 09 > 15, 0102 : O3 > 13.

NQ.’ compatible with X9 > X3 > Xl, and 1y > 02, 15 : 13 > 03, 1913 : 13 > 04,
0y : 03 > 13, 0505 : 0 > 1;.

Nl.' compatible with X3 > X1 > Xg, and 13 > 03, 13 1 > 01, 1311 1y > 02,
03 : 01 > 11, 0301 102 > 12.
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For any Vi, Vs, Vs extending Ny, Na, N3, respectively, let P = (Vi,Va, V3). Let
Hr(M) = Hp(Maj, Maj, Maj). Suppose ties are broken in favor of 0,0505. Because
010503 is a local Condorcet winner, so Hp(M)(P) = 010503. However, Hr(M)(V;) =
Hr(M)(Vy) = Hp(M)(V3) = 111513, so Hp(M) does not satisfy consistency (because

otherwise, we must have Hp(M) = 111513, which we know is not the case).

The next proposition states that for any monotonic choice set function 7', the
monotonicity is transferred from local rules to their H-T' composition. The proof is

quite straightforward and is omitted.

Proposition 9.3.2. Let T' be a monotonic choice set function. If all local rules

{r,..., 1} satisfy monotonicity, then Hr(r,...,r,) also satisfies monotonicity.

For choice sets T that always choose the global Condorcet winner, whether prop-
erties of local rules transfer to their H-T' composition and vice versa is summarized

in Table 9.1.

Table 9.1: Local vs. global for H-compositions.

Criteria Global to local Local to global
Anonymity Y Y
Homogeneity Y Y
Neutrality Y N
Monotonicity Y Y for monotonic T’
Consistency Y N if T" always chooses
local Condorcet winner
Participation Y N
Pareto efficiency Y N

9.4 Computing H-Schwartz Winners

Among all choice sets, we are most interested in the Schwartz set, because first,
it has been argued that the Schwartz set is the “largest” reasonable choice set for
tournaments (Laslier, 1997), and second, it corresponds to the nondominated set pre-

viously considered in the context of CP-nets (Boutilier et al., 2004). In this section,
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we investigate the computational complexity of computing H-Schwartz winners. We
note that in this section H-Schwartz is a voting correspondence. Recent work on the
complexity of computing dominance relations in CP-nets shows that the dominance
problem in a CP-net is hard (Goldsmith et al., 2008). More precisely, given a CP-net
N and two alternatives a and b, it is PSPACE-complete to compute whether or not
a > b. This can be used to show that checking membership in the Schwartz set is
PSPACE-complete (Goldsmith et al., 2008).

Although computing the Schwartz set is hard in general, if the preferences are
more structured it can be easy. As an extreme example, if the voters’ preferences
extend an acyclic CP-net N, then H-Schwartz is equivalent to order-independent
sequential composition of local rules, under which computing the winner is easy. In
this section, we introduce a technique to exploit more limited independence infor-
mation in the submitted votes for the purpose of computing the set of H-Schwartz

winners.

Definition 9.4.1. Let {Zy,...,Z,} (q < p) be a partition of the set of issues . We
say a CP-net N whose graph is G is compatible with the ordering 7, > --- > I,
if for any l < q and any X € Z;, Parg(X) € Iy v ... U Z;. A linear order V is
compatible with Ty > ... > T, if there exists a CP-net N such that V' extends N and

N is compatible with T, > ... > 1,.

Let O = X; > ... > X,. One special case is the following: if the input profile
is O-legal, then we can use the partition Z; = {X;},...,Z, = {X,}. We can use the
following algorithm to find a partition with which the input profile P is compatible.
Suppose that we already know the graphs of the CP-nets that the votes in P extend.
Algorithm 1
1. Let Gp be the union of all the graphs of the CP-nets that the votes in P extend.

2. Let ¢ = 0; repeat step 3 until Gp = &.
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3. Let ¢ < ¢ + 1. Find a maximal mutually connected subset of G'p, and call it Z,,.
Remove Z, and all edges connecting it to G'p.
4. Output the partition Z; U ... U Z,.

This algorithm runs in time O(p®). Now we are ready to present the technique
for computing the set of H-Schwartz winners more efficiently. Suppose the set of
attributes can be partitioned into Z; U Z, so that P is compatible with Z; > 7. Let
rz, denote the sub-vector of (ry,...,7,) that contains the local rules r; if and only if
X, €1;.
Process 1
1. Compute the Schwartz set Hsenwariz(17,)(Plz,) = Wi U ... 0 W, where the W/}
are the maximal mutually connected subsets in IG(rz, ) (P|z,).
2. For each i < k, let IG(rg,)(Plz,w;) = Uzﬁewf IG(rz,)(P|z1,.3); then, compute the
Schwartz set Wy for IG(rz,)(P|z,.w;)-
3. Output W, = I, Wi x Wi,

The next theorem states that we can compute the winners of Hsepwartz(71, - - -, 7p) (P)

by Process 1.
Theorem 9.4.2. Wp = Hscpwart=(T1, - -, 7p) (P).

Proof. Let W, be a setting of Z, and ), w)| be settings of Z; such that w; and )
differ only on one attribute. Since P is compatible with Z; > 7, we have that there
is an edge from (), W) to (W), W) in IG(rz)(P) if and only if there is an edge from

Wy to W) in IG(rz,)(Plz,). This implies the following claim.

Claim 9.4.1. If there is a path from (W, ws) to (W, W) in IG(rr)(P), then its

projection on Iy is a path from @y to W) in IG(rg,)(Plz,).

Proof of Claim 9.4.1: W.l.o.g. we only need to prove the case where there is an

edge from (w,ws) to (W, wh) in IG(rz)(P). Because only neighboring alternatives
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are connected in IG(rz)(P), either w, = W] or wy = . If Wy = W) then the
claim is automatically proved, because the projections of the two alternatives in
IG(rz,)(P|z,) are the same (that is, ). If @y = ), then by definition there is an
from @, to W] in IG(rz,)(P|z,). This proves the claim. O

We note that for any i < k, any ), @) € W7 such that there is a path from ) to
w4, and any W, € Dz,, there is a path from (w;, wy) to (@}, Ws). Therefore, we have

the following claim.

Claim 9.4.2. For anyi < k, any (W, W), (@}, wh) € Wi x Dz,, there is a path from

(@1, Wa) to (wh, ) if and only if there is a path from Wy to Wy in IG(rz,)(Plrw:)-

Proof of Claim 9.4.2: We first prove the “only if” part. W.l.o.g. we only need
to prove the case where there is an edge from (w,ws) to (W, @) in IG(rz)(P).
In this case either W, = W} or Wy = w). If W = W}, then there is an edge from
Wy to Wh in IG(rg,)(P|zy.m, ), which means that there is an edge from s to @ in
IG(rg,)(P|z,w;). I Wy = wy, then the claim is automatically proved.

Now we prove the “if” part. W.l.o.g. we only need to prove the case where there
is an edge from w to W in IG(rz,)(Plg,ws). By definition of IG(rz,)(P|z,.:), there
exists w} € WY such that there is an edge from w to wh in IG(rz,)(P|z,.q+), Which
means that there is an edge from (W, wy) to (Wf, @) in IG(rz)(P). Because Wi is a
maximum mutually connected set, there exist a path from w; to @} and another path
from W} to @) in IG(rz,)(P|z,). Because P is compatible with Z; > Z,, there exist
two paths in IG(rz)(P), one from (wy,ws) to (W, ws) and the other from (W}, )
to (), wh). These two paths can be connected by the edge from (W5, ws) to (W}, w))
to form a path from (w, wWs) to (W}, w)). O

Based on Claim 9.4.1 and Claim 9.4.1 we are now ready to prove that Wp <
Hsehwart>(17) (P) and Hsepwart=(r7) (P) € Wp, which mean that Wp = Hgepware-(17) (P)-

We first prove that Wp © Hgepwartz(17)(P). Equivalently, we need to prove that
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for any (wh,wy) € Wp, there is no alternative (w}, ) € X such that (1) there is a
path from (&}, @) to (@, W), (2) there is no path from (i, W) to (W, w)). We
prove this by contradiction. Suppose there exists (], w)) that satisfies the above
two conditions. Suppose w; € Wi. By Claim 9.4.1, there is a path from @} to
in IG(rz,)(P|z,). Because W} is a maximum mutually connected set, w; € W/. By
Claim 9.4.2 there exists a path from ) to @y in IG(rz,)(P|z,w;). Because wy € Wy,
there must exist a path from @ to @ in IG(rz,)(P|z,.w;). Now, by Claim 9.4.2 there
exists a path from (), ws) to (W), w)), which contradicts the condition (2) above.

Next, we prove that Hgsepwarz(17)(P) S Wp. Let (W, wWs) € Hsenwartz(r7)(P).
We first show that @ € Hgsehwart-(T7,)(Plz,). Suppose for the sake of contradic-
tion Wy ¢ Hgsehwartz(T7,) (Plz,), then there exists @) € Dz, such that (1) there is a
path from @] to @, in IG(rz,)(P|z,), and (2) there is no path from ) to /] in
IG(rg,)(Plz,). From (1) we know that there is a path from (@}, ws) to (@, ws).
From (2) we know that there is no path from (), w,) to (W}, ws), because other-
wise by Claim 9.4.1 there is a path from w; to W), which is a contradiction. It
follows that (u,ws) is dominated by (w},ws), which contradicts the assumption
that (W, Ws) € Hsehwart(T7)(P). Therefore, W € Hsepwart-(T7, ) (Plz,)-

Now, suppose w; € W7. If w, ¢ Wi, then there exists ) € W2 that dominates .
However, it follows from Claim 9.4.2 that (), @) dominates (w0, ws) in IG(rz)(P),
which contradicts the assumption that (wy,Ws) € Hgehwart-(r7)(P). It follows that
Wy € Wi, which means that (), @) € Wp.

Therefore, Wp = Hgehwart-(r7)(P), which completes the proof. O

If the decomposition is Z; > ... > 7, with ¢ > 2, then Process 1 can be applied
recursively to find the Schwartz set, as follows. First, compute the Schwartz set
over 77 x Iy by Process 1, then use this result to compute the Schwartz set over

(Zy x Iy) x Iy, etc. up to (Iy x ... x L, 1) x I,,.
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The next example shows how Process 1 works.

Example 9.4.3. Let X = {0,1}3, and let three votes Vi, Va, Vs extend three CP-nets
such that Vi is (X7 > Xy > X3)-legal, Va is (Xo > X7 > X3)-legal, and V3 is sep-
arable. Let the partition be I; = {X1, Xo}, Iy = {X3}. Then, for all i = 1,2,3,
V; is compatible with Z; > T,. Suppose that {1, W1} = Hsehware=(11,72) (Plix,,x51),
so that there is no path from W, to W, and vise versa. Also suppose that {wy} =
Hsehwart=(73) (Pl xg:x 5= ) and {Wy} = Hsenwartz(73)(P|x5:x_s=a). Then, the win-

ners are (W, W) and (W, 7).

The next theorem states that if P is compatible with Z; > ... > Z,, then the
time required to compute the set of Schwartz winners by applying Process 1 is a
polynomial function of the number of winners, the longest time it takes to apply

local rules, p, n, and max |Dz,|.

Theorem 9.4.4. Suppose an n-vote profile P is compatible with I, > ... > 1,. Let
Amae = Max;<q |Dz,|. Let tma(n) be the longest time it takes to apply local rules on
n inputs. Then, the running time of Process 1 is O(apdmaz(np + tmaz(n)p + dmaz)),

where a is the number of H-Schwartz winners.

Usually ,,4:(n) is polynomial. Therefore, the computational complexity of Pro-
cess 1 mainly comes from the number of H-Schwartz winners, and the size of the

largest partition d,,q.
9.5 Summary

Sequential voting rules require the voters’ preferences to extend acyclic CP-nets
compatible with a common order on the attributes. We showed that this requirement
is very restrictive, by proving that the number of linear orders extending an acyclic

CP-net is exponentially smaller than the number of all linear orders. This means
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that the voting language used in sequential voting rules lacks general usability. To
overcome this, in this chapter we introduced a very general methodology that allows
us to aggregate preferences when voters express CP-nets that can be cyclic. There
does not need to be any common structure among the submitted CP-nets. We
studied whether properties of the local rules transfer to the global rule, and vice

versa. We also addressed how to compute the winning alternatives.
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10

A Maximum-Likelihood Approach

In voting, the joint decision is made based on the agents’ preferences. Therefore,
in some sense, this means that the agents’ preferences are the “causes” of the joint
decision. However, there is a different (and almost reversed) point of view: there is
a “correct” joint decision, but the agents may have different perceptions (estimates)
of what this correct decision is. Thus, the agents’ preferences can be viewed as noisy
reports on the correct joint decision. Even in this framework, the agents still need to
make a joint decision based on their preferences, and it makes sense to choose their
best estimate of the correct decision. Given a noise model, one natural approach is
to choose the maximum likelihood estimate of the correct decision. The maximum
likelihood estimator is a function from profiles to alternatives (more accurately, sub-
sets of alternatives, since there may be ties), and as such is a voting rule (more
accurately, a correspondence).

This maximum likelihood approach was first studied by Condorcet (1785) for the
cases of two and three alternatives. Much later, Young (1995) and Young (1988)
showed that for arbitrary numbers of alternatives, the MLE rule derived from Con-

dorcet’s noise model coincides with Kemeny’s rule (Kemeny, 1959). The approach
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was further pursued by Drissi-Bakhkhat and Truchon (2004). More recently, Conitzer
and Sandholm (2005a) studied whether and how common voting correspondences can
be represented as maximum likelihood estimators. Truchon (2008) studied a differ-
ent way of viewing Borda as an MLE. We studied the relationship between MLEs
and ranking scoring rules (Conitzer et al., 2009b). Conitzer (2011) took an MLE
approach towards voting in social networks. We studied an MLE approach towards
voting with partial orders Xia and Conitzer (2011b). The related notion of dis-
tance rationalizability has also received attention in the computational social choice
community recently (Elkind et al., 2009a).

All of the above work does not assume any structure on the set of alternatives.
In this chapter, we take an MLE approach to preference aggregation in multi-issue
domains, when the voters’ preferences are represented by (not necessarily acyclic)
CP-nets. Considering the structure of CP-nets, we focus on probabilistic models
that are very weakly decomposable. That is, given the “correct” winner, a voter’s
local preferences over an issue are independent from her local preferences over other
issues, and as well as from her local preferences over the same issue given a different
setting of (at least some of) the other issues.

After reviewing some background, we start with the general case in which the
issues are not necessarily binary. The goal here is to investigate when issue-by-
issue or sequential voting rules can be modeled as maximum likelihood estimators.
When the input profile is separable, we completely characterize the set of all voting
correspondences that can be modeled as an MLE for a noise model satisfying a weak
decomposability (respectively, strong decomposability) property. Then, when the
input profile of CP-nets is compatible with a common order over issues, we prove
that no sequential voting rule satisfying unanimity can be represented by an MLE,
provided the noise model satisfies very weak decomposability. We show that this
impossibility result no longer holds if the number of voters is bounded above by a
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constant.

Then, we move to the special case in which each issue has only two possible
values. For such domains, we introduce distance-based noise models, in which the
local distribution over any issue ¢ under some setting of the other issues depends only
on the Hamming distance from this setting to the restriction of the “correct” winner
to the issues other than ¢. We characterize distance-based noise models axiomatically.
Then we focus on distance-based threshold noise models in which there is a threshold
such that if the distance is smaller than the threshold, then a fixed nonuniform local
distribution is used, whereas if the distance is at least as large as the threshold, then
a uniform local distribution is used. We show that when the threshold is one, it is
NP-hard to compute the winner, but that when it is equal to the number of issues,

the winner can be computed in polynomial time.

10.1  Maximum-Likelihood Approach to Voting in Unstructured Do-
mains

In the maximum likelihood approach to voting, it is assumed that there is a correct
winner d € C, and each vote V is drawn conditionally independently given d, accord-
ing to a conditional probability distribution 7(V'|d). The independence structure of
the noise model is illustrated in Figure 10.1. The use of this independence structure
is standard. Moreover, if conditional independence among votes is not required, then
any voting rule can be represented by an MLE for some noise model (Conitzer and

Sandholm, 2005a), which trivializes the question.
Under this independence assumption, the probability of a profile P = (Vi,...,V})

given the correct winner d is 7(P|d) = [[;_, 7(Vi|d). Then, the maximum likelihood
estimate of the correct winner is M LE,(P) = arg maxgec 7(P|d).
MLFE, is a voting correspondence, as there may be several alternatives d that

maximize 7(P|d). Of course we can turn it into a voting rule by using a tie-breaking
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“correct” outcome

FIGURE 10.1: The noise model.

mechanism, but for most part of this chapter, we will study the properties of MLE
correspondences. Another model that has been studied assumes that there is a
correct ranking of the alternatives. Here, the model is defined similarly: given the
correct linear order V*, each vote V' is drawn conditionally independently according

to m(V|V*). The maximum likelihood estimate is defined as follows.

MLE.(P) = arg max m(V|V*
() = e s []5(V1V°)

In this chapter, we require that all such conditional probabilities to be positive

for technical reasons.

Definition 10.1.1. (Conitzer and Sandholm, 2005a). A wvoting rule (correspon-
dence) r is a maximum likelihood estimator for winners under i.i.d. votes (MLEWIV)
if there exists a noise model ™ such that for any profile P, we have that MLE,(P) =
r(P).

Conitzer and Sandholm (2005a) studied which common voting rules/correspondences

are MLEWIVs.

10.2  Multi-Issue Domain Noise Models

In this section, we extend the maximum-likelihood estimation approach to multi-
issue domains (where X = Dy x ... x D,). For now, we consider the case where
there is a correct winner, de X. We let the voting language to be the set of all
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(possibly cyclic) CP-nets, that is, votes are given by CP-nets and are conditionally
independent, given d. Let CPnet(X) denote the set of all (possibly cyclic) CP-nets
over X. The probability of drawing CP-net N given that the correct winner is d is
T(N |Jj, where 7 is some noise model. We note that 7 is a conditional probability
distribution over all CP-nets (in contrast to all linear orders in previous studies).
Given this noise model, for any profile of CP-nets Pop = (N, ..., N, ), the maximum

likelihood estimate of the correct winner is

n

MLE,(P) = arg max H (N d)

deX j=1

Again, M LE, is a voting correspondence.

Even if for all 4, |D;| = 2, the number of CP-nets (including cyclic ones) is o2
(2 options for each entry of each CPT, and the CPT of any issue i has 2P~ ! entries,
one for each setting of the issues other than 7). Hence, to specify a probability
distribution over CP-nets, we will assume some structure in this distribution so that
it can be compactly represented. Throughout the chapter, we will assume that the
local preferences for individual issues (given the setting of the other issues) are drawn
conditionally independently, both across issues and across settings of the other issues,

given the correct winner. More precisely:

Definition 10.2.1. A noise model is very weakly decomposable if for every de X,

every i < p, and every d_; € D_;, there is a probability distribution ﬂg’i over L(D;),

so that for everyd € X and every N € CPnet(X), #(N|d) = [] D ng"(/\/’\xizafi)

i<p,d
For instance, if D; = {0;, 1;,2;}, wg’i(oi > 2; > 1;) is the probability that the
CP-net of a given voter contains @_; : 0; > 2; > 1;, given that the correct winner is d.

Then, the probability of CP-net N is the product of the probabilities of all its local

preferences Ny, , over specific X; given specific @ ; (which contains the setting
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for X;’s parents as a sub-vector), when the correct winner is d. (We will introduce
stronger decomposability notions soon.)

Assuming very weak decomposability is reasonable in the sense that a voter’s
preferences for one issue are not directly linked to her preferences for another issue.
We note that this is completely different from saying that the voter’s preferences
for an issue do not depend on the walues of the other issues. Indeed, the voter’s
preferences for an issue can, at least in principle, change drastically depending on
the values of the other issues. For instance, in Example 8.2.2, the event “the voter
prefers white to pink to red wine when the main course is fish” is probabilistically
independent (conditional on the correct outcome) of the event “the voter prefers beef
to salad to fish when the wine is red.”

However, we do not want to argue that such a distribution always generates
realistic preferences. In fact, with some probability, such a distribution generates
cyclic preferences. This is not a problem, in the sense that the purpose of the
maximum likelihood approach is to find a natural voting rule that maps profiles to
outcomes. The fact that this rule is also defined for cyclic preferences does not hinder
its application to acyclic preferences. Similarly, Condorcet’s original noise model for
the single-issue setting also generates cyclic preferences with some probability, but
this does not prevent us from applying the corresponding (Kemeny) rule (Kemeny,
1959) to acyclic preferences.

Even assuming very weak decomposability, we still need to define exponentially
many probabilities. We will now introduce some successive strengthenings of the
decomposability notion. First, we introduce weak decomposability, which removes
the dependence of an issue’s local distribution on the settings of the other issues in

the correct winner.

Definition 10.2.2. A very weakly decomposable noise model 7 is weakly decompos-
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able if for any 1 < p, any d:, dy € X such that d]Xl = d;\XN we must have that for

any d—; € Dy, 75" = ﬁg’i. Here d|x, is the X;-component of d;.
1 2

Next, we introduce an even stronger notion, namely strong decomposability, which
removes all dependence of an issue’s distribution on the settings of the other issues.
That is, the local distribution only depends on the value of that issue in the correct

winner.

Definition 10.2.3. A very weakly decomposable noise model 7 is strongly decom-

posable if it is weakly decomposable, and for any i < p, any c?,i,g,i e D, any

St

7

de X, we must have that Wg’ =T

—1i

2y

10.3 Characterizations of MLE correspondences

It seems that the MLE approaches are quite different from the voting rules that
have previously been studied in the context of multi-issue domains, such as issue-
by-issue voting and sequential voting. This may imply that the maximum likelihood
approach can generate sensible new rules for multi-issue domains. Nevertheless, we
may wonder whether previously studied rules also fit under the MLE framework.

In this section, we study whether or not issue-by-issue and sequential voting
correspondences can be modeled as the MLEs for very weakly decomposable noise
models. We note that even though MLEs for very weakly decomposable noise models
are defined over profiles of CP-nets, they can be easily extended to deal with profiles
of linear orders in the following way. For each linear order V; in the input profile P,
let \V; denote the CP-net (possibly cyclic) that V; extends. Then, we apply the MLE
rule to select winner(s) from (N, ..., N, ). We recall that voting rules (which always
output a unique winner) are a special case of voting correspondences. Therefore,
our results easily extend to the case of voting rules. First, we restrict the domain
to separable profiles, and characterize the set of all correspondences that can be
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modeled as the MLEs for strongly/weakly decomposable noise models.

Theorem 10.3.1. Qver the domain of separable profiles, a voting correspondence ¢
can be modeled as the MLE for a strongly decomposable noise model if and only if r¢

s an issue-by-issue voting correspondence composed of MLEWIVs.

Proof of Theorem 10.3.1: First we prove the “if” part. Let r° be an issue-by-

issue voting correspondence that is composed of r{, ..., 7S, in which for any i < p, r{

Y p7
is an MLEWIV over D; of the noise model Pr(V*|d;), where V' € L(D;) and d; € D;.
Let 7 be a noise model over X defined as follows: for any ¢ < p, any de X , any
@ ;€ D_;and any V' € L(D;), we have that 7%(V;) = Pr(V*|d;). We next prove that
for any separable profile P, we must have that M LE, (P) = r°(P).
MLE,(P) = arg max n H ﬂg’i (V})

4 i<pa_ieD_;j=1

—argmax [ | [ ] Pr((Vilx)ld) >

1<p j=1

Therefore, b e M LE.(P) if and only if for any i < p, we have

b; € arg maxn Pr((Vilx,)|bi)
j=1

d;

We note that for any d’ € r(P), we must have that d; = arg max [ 1=, Pr((Vilx,)|ds).

Therefore, d € MLE,(P).

Next, we prove the “only if” part. For any M LE, where 7 is strongly decom-
posable, we define an issue-by-issue voting rule as follows: for any i < p, let r{ be
the MLEWIV that corresponds to the noise model in which for any d; € D;, we have
that Pr(Vi|d;) = W?’i(Vi). Similar to the proof for the “if” part, we have that r°
and M LE, are equivalent over the domain of separable profiles. ]
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A candidate scoring correspondence ¢ is a correspondence defined by a scoring

function s : L(X) x X — R in the following way: for any profile P, ¢(P) =

arg maxgex Y op S(V, d).

Theorem 10.3.2. Quver the domain of separable profiles, a voting correspondence r¢
can be modeled as the MLE for a weakly decomposable noise model if and only if r¢
s an issue-by-issue voting correspondence composed of candidate scoring correspon-

dences.

Proof of Theorem 10.3.2: First we prove the “if” part. Let r° be an issue-by-
issue voting correspondence in which the issue-wise correspondence over D; is ry,,
which has scoring function s;. Let ng_’i denote W?’i, where the ith component of d is

i

d;. Because r is strongly decomposable, wj; is well-defined. For any 7 < p, we claim
that there exists a set of probability distributions ng", de X ,d_; € D_; over L(D;)

such that for any d; € D;, d; € argmaxy,ep, 1—[?:1 [li en, ﬂli’(V]

x,) if and only if

di € ’/’;(P Xi)'

We note that for any scoring function s and any constant ¢, the ranking scoring
rule that corresponds to s is equivalent to the ranking scoring rule that corresponds
to s +t. Therefore, without loss of generality we let s;(V?, d;) < 0 for any i < p, any
Vi € L(DZ), and any dl € Dz Let Kz = ‘DZ‘, L(DZ) = {ll, ey lKi!}-

Claim 10.3.1. There exist k;, t; € R with k; > 0, such that for any V' € L(D;) and
any d; € D;, we have that n([ |7 W;li’i(Vi)) = kisiy(V',d;) + t;.
Proof of Claim 10.3.1: We let k; be a real number such that for any d; € D;, we

have that Zﬁ’l(exp(si(lj,di)))ki < 1; let ﬁfli = exp(si(l;,d;)). For any d; € D;, any
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Ki'—1 ~j

fala) = (@ — ) Py - (K, - D)

= ¢

Because Z 1pd < 1, we have that In(1 — Zji‘l 1]5{1) > lnﬁffii! = kisi(lg,, d;).
Therefore, fq,(1) = kisi(lxy, di) — In(K;!). We note that lim | x;1 fg, () = —oc. It
K1

follows that there exists 1 < ay, < such that fy, (ag,) = kisi(lx,, d;) —In(K;!).

K;!
Kl—1
For any i < p, any d; € D;, we let @’ ,,a*, € D_; such that @, #jdii. We define

di.
Ty, as follows.

a 1 a*. Qq.

o for any j < Kl — 1, m, ' (I;) = a—d(eXp(Si(ljadi)))ki> g, (1) = ik

e for any j < K;!, any d_; € D_; such that d_; # a , and d_; # @, we have

79
N

that w5 (I;) = 2.

For any d; € D; and any j < K;! — 1, we have that

i
nﬂda‘

= Inmy," (1) -, () + (D] = 2 In( )
=1n<a—di<exp<si<z],dz>>>k@ - Kqu (1D-i| = 2) (K
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For j = K;!, we have the following calculation.

1_[ 7Td le

ZED,

I (i) - “(lea)) + (D=~ D))
~fae) — (1D~ 2)In(i)

~kusillices di) — (D] — 1) In(EG))

Therefore, let t; = —(|D_;| — 1) In(K;!). It follows that for any V* e L(D;), and any
d; € D;, we must have that In([ [; ., 7rd (V) = kisi(VEdy) + . O
Next, we show that for any separable profile P, r¢(P) = MLE.(P). Simi-

lar to in the proof of Theorem 10.3.1, it suffices to prove that for any ¢ < p,

Q.
argmaxgep; | [, [ 17 ,ep , ma, ' (V) x,)-

ar maxn H 7l "Vilx,)
g dieD, d ‘ 1

JSnd_eD_;
_argmaxlnn n 7rdi ix.))
ZE K2
Jjsng .eD_,;

:argmax_z Z ln(ﬂifi(‘/}|xi))

—argmaxz Z (Kisi(Vilx,, di) +t;)

d;eD;
JsSng .eD_;

Next, we prove the “only if” part. Let m be a weakly decomposable noise
model. For any i < p, any d; € D;, and any V' € L(D;), we let s;(V% d;) =
In[l; cp 7Td “(V%). Then, we have that d; maximizes s;(P|x,,d;) if and only if d;
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maximizes [ [yep [ 15 ep . ng(MXi), which means that r¢(P) = M LE,(P).
(End of the proof of Theorem 10.3.2). ]
However, for sequential voting correspondences, we have the following negative
result. A voting correspondence r¢ satisfies unanimity if for any profile P in which
each vote ranks an alternative d first, we have r(P) = {d}. In the remainder of this

section, w.l.o.g. welet O = X; > --- > X,

Theorem 10.3.3. Let Seq(r{,...,75) be a sequential voting correspondence that sat-
1sfies unanimity. Over the domain of O-legal profiles, there is no very weakly decom-

posable noise model such that Seq(rS, ..., rS) is the MLE.

»Ip

This theorem tells us that even assuming the weakest conditional independence
of the noise model, the voting correspondence defined by the MLE of that noise
model is different from any sequential voting correspondence satisfying unanimity.
This suggests that the MLE approach gives us new voting rules/correspondences.
Proof of Theorem 10.3.3: For the sake of contradiction, we let Seq(r§,... ,rl‘f,)
be a sequential voting correspondence and M LE, be an MLE model equivalent
to it. A voting correspondence c¢ satisfies consistency, if for any profiles P;, P, if
r°(Py) = r°(P,), then (P, U Py) = r°(P)); ¢ satisfies anonymity, if it is indifferent
with the name of the voters. Because M LE, satisfies consistency and anonymity,

we have the following claim.

Claim 10.3.2. For any i < p, r§ satisfies consistency, anonymity (see Lang and Xia

(2009)) and unanimity.
For any d € X, any O-legal CP-net A, we let

W) =[] w5 Wik

d

2<i<p,d_eD_;
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Let N1, N, be CP-nets. We note that if NV;|y, = Ns|y,, then 7r§1 (M) = 7T2~(1 (N2);

if for any dy € Dy, M|x_;.q, = MNalx_,.q,, then we must have that W;:f’l(_/\/'l) —
w?’l(/\fg), where Ni|x_,.q, is the sub-CP-net of N} given X; = d;. For any O-
legal vote V' that extends a CP-net N, we write w(‘}(l(V) = 7T§1 (N) and w?’l (V) =

Wflf’l (N); for any O-legal profile P, we write Wflfl (P) =11yep Wflfl (V) and Wg(” (P) =

[ Tvep W?’l(V). It follows that for any O-legal profile P, we have that

MLE.(P) = arg rgax[wflfl(P) - (P)]
deX

For any linear order V', let top(V') = Alt(V, 1). That is, top(V) is the alternative
that is ranked in the top position of V. For any V', Vj! € L(D;) with top(V}') #
top(Vy'), and any n € N, we let Pllm be the profile that is composed of n copies of
Vi'; let Py, be the profile that is composed of n copies of V. Because r{ satisfies
unanimity, we must have that r{(P},) = {top(V{')} and r{(P5,) = {top(V3)}. For
any j < n, we let @), be the profile in which the preferences of the first j voters
are V|', and the preferences of the remaining n — j voters are V3. We have that
Qin = P}, and Q,, = P5,. Therefore, there exists j < n — 1 and by € D; with
by # top(V}!), such that top(V}') € 7{(Qj.n) and by € r§(Q;4+1.,). For any n € N, we

let ), denote the set of pairs (ay,b;) such that
(] al,bl € Dl, a; # bl.

e There exists two profiles W', W over D; such that a; € r{(W), by € r$(Wy),

and W} differs from W, only on one vote.

That is, C,, is composed of the pairs (aj, by) such that there exists a profile Q over D,
that consists of n votes, a; € r{(Q), and by changing one vote of @), there is another
alternative b; who is one of the winners. We note that for any n € N, (a1, b;) € C, if
and only if (by,a1) € C,. It follows that for any n € N, C,, # ¢J. Because |D;| < o,
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there exists (ay,b;) € (D;)? such that for any k € N, there exists n > k such that
(al, bl) € Cn

Claim 10.3.3. For any a1, b, € D_1, and any pair of CP-nets N, N'*, we must
W*i(*l(/\/") Wf{’l(/\/*) - 7

have that —% = , where d = (a1,d 1), b= (b1,b_1).

TN ()

—

Proof of Claim 10.3.3: Suppose for the sake of contradiction there exist @ 1,0 1,

X_1 / X1 *
and N', N'* so that W‘} W) # W?‘;} W )
7 (N > N

b

Without loss of generality we let

. We next claim that there exits a natural number k such

that for any 7 < p and any profile P? composed of k votes, if at least k — 1 votes in

P rank the same alternative d; in the top position, then r¢(P%) = {d,}.

Claim 10.3.4. There exists k € N such that for any ¢+ < p, any d; € D;, and
any profile P* = (V{,..., V) with d; = top(V}) = ... = top(V}'_,), we have that
r5(P) = (d)
Proof of Claim 10.3.4: Let U = max M‘d}) Let u = min M‘d})
d1.d2 N Pr(N|dy) &y #do NitopWN)=di Pr(N|ds)
Because M LE,(N) satisfies unanimity, for any d; and A such that top(N) = d,
we must have that MLE,(N) = {d;}, which means that u > 1. Let k be a natural
number such that ©*~! > U. We arbitrarily choose af,,- € D_;, and let d = (d;, diz)
We define k& CP-nets N, ..., N, as follows.

o For any j < k, top(A;) = (d ., top(V")).

e For any j < k, N

_ Y/t
Xi:dl,...,di,1 - V .

e Other conditional preferences are defined arbitrarily.
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Because Seq(rf, . .., 75) satisfies unanimity, we have that Seq(r{, ..., 75) (N, ..., Ni1) =

{cf} Therefore, for any d € X and any CP-net A/, we have the following calculation:

Pr((M,.. NId) T2 PriNGld)  Pr(NGd)
Pr((/\/l,.. N d') nk L Pr(N;|d) Pr(/\/k\df)
Zu(kl)% > 1
Therefore 7¢(V, ..., VF) = {d;}.
(End of proof of Claim 10.3.4.) ]

Let Ny be a CP-net such that top(NVz) = @ and top(N|x_,4,) = b1. That
is, Nz is a CP-net in which @ is ranked in the top position, and given X; =

by, b_; is ranked in the top position. Next, we show that for any CP-net N,

X_ 1 a
W‘z( W) = (N) Suppose for the sake of contradiction, there exists N such
. (N) 1(/\f*)
X 1 -1 2 3(71
that f‘; W) # g”( W . We next show contradiction in the case 7%{7(/\/) >
mN) T (NG m (N
X (NG T (N)
e Let Ux, = max — . Let K be a natural number such that
(M) o T
X_1 X_1 2
(Wd (N)/Wd (Na))K > U% . Let n € N be such that n > kK and (a,b;) € C,,. Tt
X,1 X,1 X1
T (W) T (Na)

follows that there exist (Vi,..., V1) and W} such that a; € r$(V,..., V1) and b, €
re(WE VL, ... V1), We define 2n+ 1 CP-nets N/, N1, Na, ... \ Ny, N1, Na, ..., N, as

follows.
e For any j < n, Nj|x, = AA/’j|X1 =V Mlx, =W

e Forany j; < K,1<js <k—1,and any di € Dy, Nij,—1)krjo| x_1:ar = Nalx 1,
and Njklx 1.0, = Nlx y.ap; for any j < n and any dy € Dy, Nj|x . =
Nalx_y:ds-
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o Forany kK +1<j<n, N;=N; =Nz

e For any di € Dy, N|x ,.a, = Nalx ,ar-

~ ~

For any j < n, we let V; (V;) be an arbitrary linear order that extends N; (N);
let V/ be an arbitrary linear order that extends N{; let P = (V4,...,V,,), P' =

(VI Vay ..., Vo), P = (Vi,..., V), P = (V{,Va,..., V). We make the following

observations.
® a4 € Tf(P|X1)7a1 € Tf(p|X1)v bl € Tf(PI|X1)7b1 € Tf(plbfl)‘

e Forany 1<i:<p—1, P

Xiar..a;—1 — K((k - 1)/\[6
(n—kK)Nzlx .0, ,- From Claim 10.3.4 we have that 7¢((k—1)Nzl x,.a1...a;, U
Nl

Xiay..a;—1 Y N’ Xiialmaiﬂ) v

Xiar.a,) = {a;}. Because r¢ satisfies unanimity and consistency, and for
any ¢ < p, top(Nzlx,.a1..a,_,) = a;, we have that for any i < p, (Pl x, 010, 1) =

{ai}' Simﬂaﬂy for any 1< b, Tic(p‘Xi:aL..aiq) - {al}

e [or any I<i< p71> P‘Xiibl---bi—l - K((k‘iil)N@"Xﬁbl---bifl UN’|Xi5b1---bi71)U(n7
kKN

Tz'c(p,‘Xisz..bi,l) = {bl}

Xiby..b_, - Similarly, we have that for any 1 < i < p, 7¢(P'| x5y, ,) =

~

Therefore, we have that @ € Seq(r¢,...,r%)(P),@ € Seq(r$,...,r<)(P), and b €

’p

. . . Pr(P'|b) Pr(P'|b)
Seq(r{,...,r¢)(P"),b e Seq(r{,...,r¢)(P"). That i, ——= > 1, ————= >1
a1 (P),B € Seq(rs, .., 15)(P) P > b el

We note that P and P’ differ only on the first vote. Therefore, we have the following
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calculation.

| PP
= Pr(P|a)
_T () W;Ll(vll) n2<]<n(ﬂ-“ H(V)) 775(71(‘/}))
i (V) g (V) T aejen(ma (Vi) - g (V)

Therefore,

Y

Pr(P|a)

P
We note that ( T

) = 1. Therefore,

il

> U%,, which is a contradiction.

Pr(P|b) Pr(P|b)
X 1 X 1 ",
Similarly, for the case of “ Eﬁg < ‘; 1ENa; we still have a contradiction.
g a

X 1 1 a
Hence, Wg”( W) = “ ; (NG for all A/, which means that for any N’ and N*, we
mN) T (MNG)
X 1 / X 1 *
must have that ‘} W) = ?‘;} V)
SN T )
(End of proof of Claim 10.3.3.) ]
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By Claim 10.3.3, for any CP-net A, any b 1,0, € D_;, we must have that

X 1 X1 X 1 X 1

(b1 3 1)(_/\[) B 7_(_?71(/\/’) B 7T(b1 2 )(N) - that ﬂ-(bl,gq)(/\/‘) - W(bl’gil)(j\/’ﬁ)

X I = = Nﬂ) = (N:) ; which means that —— (/\f) = = (N:)
T gyWNa) 7 (Na <b1 3 Tbn8) Tor, 5 )\Ve

Let N, be a CP-net such that top(N7) = (by,b ), Na be a CP-net such that
top(Na) = (by,b_1) and Ni|x, = MNa|x,. Because Seq(rs,...,r<) satisfies unanim-

P
Pr(M|(by, V' ))) o 1 and Pr(Naf(b, V)
P’f’(/\/’1|(bl,b,1)) P’l“(./\/’2|(bl,b,1))

the following calculation.

< 1. However, we have

ity, we have that

PT’(N1|(51>§' 1)
Pr(Ni|(by,b 1))

1<

(N -
) -wxiaﬂwn

(b1 v,

71‘ .
(b17b71)

NG ()
A2y (NG)

(b1 v,

(Because MV |x, = Naly,)
ﬂ-(bl,g—l)
7TX1 . )(NQ) - 7TX7

(blybL1
X X_
! Nz) =T

(b1b-1) (

™

Pr(Na|(by, b 1))

 Pr(N| (b1, b))

<1

Therefore, we have a contradiction. (End of proof of Theorem 10.3.3.) ]

However, a connection between MLEs for very weakly decomposable noise models
and sequential voting correspondences can be obtained if there is an upper bound on
the number of voters. The next theorem states that for any natural number n and any
sequential composition of MLEWIVs, there exists a very weakly decomposable noise

model such that for any profile of no more than n O-legal votes, the set of winners
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under the MLE for that noise model is always a subset of the set of winners under
the sequential correspondence. That is, if the local correspondences can be justified
by a noise model, then, to some extent, so can the sequential voting correspondence

that uses these local rules.

Theorem 10.3.4. For anyn € N and any sequential voting correspondence Seq(r, . ..

where for each 1 < p, r$ is an MLEWIV, there exists a very weakly decomposable

(2

noise model ™ such that for any O-legal profile P composed of no more than n votes,
we have that MLE,(P) < Seq(r{,...,r5)(P).

Proof of Theorem 10.3.4: Let r; be the MLEWIV with the conditional probability
distribution Pr;(Vi|d;), where V¢ € L(D;), d; € D;. For any i < p, we let R\ =

Pri(P;|d})

(2

mMaxp, p! d; d, { }, where d;,d; € D;, and P; and P/ are profiles with the

same number (but no more than n) of linear orders over D;. We let R™" = 1 if

min

r; is the trivial correspondence that always outputs the whole domain; and R"" =
Pri(Bild:) - Pri(Fd:)

mip 7 7 {pn(md;) - Pry(P|d))

> 1}, where d;, d; € D;, and P; is a profile of no

more than n linear orders over D,;. We note that for any ¢ < p, any n € N, we have

that Ri" > R™™ > 1,

For any V' e L(D;), any de X, and any @_; € D_;, we let
B Pry(Vijd)ki/Z; itd_; =d_
UV = 1
T (V") w otherwise ’
where Z; = ZViEL(Di) Pr;(Vid;)* is a normalizing factor, and 1 = k; > ky > --- >

k, > 0 are chosen in the following way: for any ¢/ < i < p, any V', W' e L(D;), and

any d;,d, € D;, if R®" > 1, then we must have that (R:" )% < (R:,;’Zl)ki’/?%,.

min max

We next prove that for any profile Pop of no more than n CP-nets, we must have

that M LE;(FPcp) < Seq(rf, ..., 75)(Pcp). For the sake of contradiction, let Pop be a

profile of no more than n CP-nets with M LE(Pcp) & Seq(r{,...,r)(Pep). Let de
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MLE,(Pzp), and i* be the number such that there exists d* € Seq(r{,...,r5)(Pop)

such that for all i' < i*, dy = d};, and d ¢ 754 (Pop|x,4:d;..d4 ,)- Because
75 (PoP| X v :di.dw ) # Dix, we must have that R"™ > 1. Because d € MLE, (Pcp),

7 (Pepld)

> 1. However, we have the following calculation that
™ (P C p|d*)

we must have that

leads to a contradiction.

n(Pepld) 1Ty PriPeplx d..a, . |di)

7(Pop|d®) i1 Pri(Poplx,.ar..ax |d})

1= z* PTZ(PCP|XZ dy...d;— 1‘d)
PTZ(PCP|X d¥.df |d )

zz*

p
in \k;
Rz*n 1_[ Rma:c
( mzn i=1% 41
1 P ;i * i—i*
i*n k*/27’ [3
(Rz* n) ' 1_[ (Rmzn) ‘ <1
min i=1%+1

Therefore, we must have that M LE(P) < Seq(r{,...,r;)(P) for all profiles P that

consist of no more than n CP-nets. ]
10.4 Distance-Based Models

We have shown in the previous section that the MLE approach may give us new
voting rules in multi-issue domains. However, assuming very weak decomposability,
there are too many (exponentially many) parameters in the noise model, which makes
it very hard to implement a rule based on the MLE approach. In this section, we
focus on a family of maximum likelihood estimators that are based on noise models
defined over multi-binary-issue domains (domains composed of binary issues), and
that need only a few parameters to be specified. We recall that a CP-net on a
multi-binary-issue domain corresponds to a directed hypercube in which each edge
has a direction representing the local preference. A very weakly decomposable noise
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model 7 can be represented by a collection of weighted directed hypercubes, one for
each correct winner, in which the weight of each directed edge is the probability of
the local preference represented by the directed edge. For any outcome de X , any
issue X, any € ; € D_;, and any d; # d, € D;, the weight on the directed edge
((€4,d;), (€ 4,d;)) of the weighted hypercube corresponding to the correct winner
d is denoted by ﬂ;’i(di > d}), and represents the probability that a given voter
reports the preference € ; : d; > d; in her CP-net, given that the correct winner is
d.! For example, when the correct winner is 0,0503, the weight on the directed edge
(011203,071513) is the probability ngéjog(og > 13). We now propose and study very
weakly decomposable noise models in which the weight of each edge depends only
on the Hamming distance between the edge and the correct winner.

For any pair of alternatives CZ; deXx , the Hamming distance between d and d ,
denoted by \af —d |, is the number of components in which d is different from d’ , that
is, |[d —d| = #{i < p:d; # d}}. Let e = (dy, d») be a pair of alternatives such that
dy — dy| = 1 (equivalently, an edge in the hypercube). The distance between e and
an alternative d € X , denoted by |e — cﬂ , is the smaller Hamming distance between
d and the two ends of e, that is, le — d| = min{|d; — d|,|d> — d|}. For example,
|011203 — 010203| = 1, |011213 — 010203| = 2, and |(011503,0;1513) — 010203 = 1.

We next introduce distance-based noise models in which the probability distri-

i

bution ng only depends on d; and the Hamming distance between a_; and af,i.

Definition 10.4.1. Let X' be a multi-binary-issue domain. For any ¢ = (qo, ..., qp-1)
such that 1 > qo,...,qy—1 > 0, a distance-based (noise) model 7 is a very weakly

decomposable noise model such that for any de X, anyi < p, and any d_; € D_;

L For every pair of alternatives differing on exactly one issue, there is exactly one weighted edge between them; the
direction of the edge only says that we are going further from the correct winner. This will be made more precise
after Definition 10.4.1.
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with |d_; — cf,z\ =k <p—1, we have that Wg’i(di > d;) = q.

The intuition behind the notion of a distance-based model is as follows. First, it is
plausible to assume that the “closer” two alternatives are to the correct alternative,
the more likely a given voter will order them in the “correct” way, that is, will prefer
the one which is closer to the correct alternative. The family of distance-based voting
rules is actually more general than this, because we do not impose ¢; = ... = g, 1,
but we may of course add this restriction if we wish to. Moreover, the choice of the
Hamming distance is not necessary, and other intuitive distance-based models can be
defined, using other distances — for instance, domain-dependent distances. But, the
Hamming distance is a natural starting point (most works in distance-based belief
base merging and distance-based belief revision also focus on the Hamming distance).

Given the correct winner af, a distance-based model 7z can be visualized by the

following weighted directed graph built on the hypercube:

e For any undirected edge e = (cfl, d_;) in the hypercube, where d:, dy differ only
on the value assigned to X; for some 7 < p, if d1| x, = d;, then the direction of e
is from d; to d;; if d;\Xl = d;, then the direction of e is from d; to afl That is,
the direction of the edge is always from the alternative whose X; component
is the same as the X; component of the correct winner to the other end of the

edge.

e For any edge e with |e — cf| = [, the weight of e is g;.

For example, given that 0;0503 is the correct winner, the distance-based model is

illustrated in Figure 10.2.
We are especially interested in a special type of distance-based models in which

there exists a threshold 1 < k < p and g > %, such that for any ¢ < k, we have that

¢ = q, and for any k < i < p — 1, we have that ¢, = % Such a model is denoted
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FIGURE 10.2: The distance-based model 7(4, ¢, 4,) When the correct winner is 000.

by 74 We call m, a distance-based threshold noise model with threshold k. We
say that a noise model 7 has threshold k£ < p if and only if there exists ¢ > = such
that m = m,,. The MLE for a distance-based threshold model 7, is denoted by
MLE

Tk,q"

Example 10.4.2. Let p = 3. m, and ma, are illustrated in Figure 10.3 (when the

correct winner is 000 ).

101 100 == ¢ e—— 101

/7| q/

q q /
( q O(l)l
\ 111 q /1104]1—111
/ / /' /

010 011 010 == g e——()]1
(a) The threshold is 1. (b) The threshold is 2.

FiGUurRE 10.3: Distance-based threshold models. The weight of the bold edges is
q> %; the weight of all other edges is %

We next present a direct method for computing winners under the MLE corre-

spondences of distance-based threshold models. For any 1 < k < p, any de X, and
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any CP-net A, we define the consistency of degree k between d and N , denoted by
Ni(d,N), as follows. Ni(d,N) is the number of triples (@,b,7) such that @ ; = b_;,
a; = d;, b; = d;, |(as, b;) —af\ < k—1, and NV contains a_; : d; > d;. That is, Nk(cZN)
is the number of local preferences (over any issue X;, given any @_; € D_;) in A that
are d; > d;, where the distance between d and the edge ((d;, @ ;), (d;,@_;)) is at most

k — 1. For any profile Pop of CP-nets, we let Nk(cf, Pop) = ZNGPCP Nk(cZ N).

Theorem 10.4.3. For any k < p, any q > %, and any profile Pop of CP-nets, we

27
have that MLE,, (Pcp) = arg maXJNk(aZ Pcp).
That is, the winner for any profile of CP-nets under any MLE for a distance-based

threshold model 7 , maximizes the sum of the consistencies of degree k between the

winning alternative and all CP-nets in the profile.

Proof of Theorem 10.4.3: For any k < p, any de X, welet L, = #le:|e— cﬂ <
k — 1}. That is, Ly is the number of edges in the hypercube whose distance from a
given alternative d is no more than k — 1. For any d e X and any CP-net NV, we

have that

—

IHW(PCP‘CZ)

= > I [] w5 Wk

NePcp 1,d_;€D_;

— Z (Ni(d, N Ing + (L — Nio(d N)) In(1 — q))

NEPCP

_ Z (Ny(d, N') In : g . + Ly In(1 - q))
NePcp

—

Therefore, MLE,, (Pcp) = argmax;m(Pop|d)

= arg maXJZNePCP(Nk(d_; N)In & + Ly In(1 — g))

= arg maXJNk(oZ Pcp). L]
Therefore, we have the following corollary, which states that the winners for any

profile under M LEr, =~ do not depend on ¢, provided that ¢ > %
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Corollary 10.4.4. For any k < p, any q1 > %,QQ > %, and any profile Pop of
CP—nets, we have MLEWk,tn (Pcp) = MLEWk,q2 (Pcp).

Example 10.4.5. Consider two binary issues X1, Xo, and three voters, who report
the following CP-nets:

e N1 has an edge from X1 to Xy, and the following local preferences: {01 > 11,07 :
0 > 1o, 17 : 15 > 05}.

e Ny has an edge from X, to Xy and an edge from Xy to Xy, and the following
local preferences: {09 : 17 > 01,15 : 03 > 11,07 : 19 > 09,11 : 0 > 15}.

o N3 has no edge, and the following local preferences: {1; > 01,15 > 05}.

Let Pcp = (N1, N2, N3).
First, consider k = 1. Let us compute Ny(1115,N7). There are two edges whose
distance to 1115 is 0: one from 1115 to 1,09 and one from 1115 to 0115. The first
one 1is in the preference relation induced from N; the second one is not. There-
fore, Ni(1119,N7) = 1. Similarly, we get N1(1;15,N3) = 0 and Ny(1112,N3) = 2,
henceforth, Ny(111s, Pop) = 3. Similar calculations lead to Ny(1109, Pop) = 3,
Ni(011y, Pop) = 4 and N1(0,02, Pop) = 2, hence MLE, (Pcp) = {0112} (for any
value of ¢ > %)
Now, consider k = 2. Let us compute Ny(1113,N7). Now, we have to consider all
four edges, since all of them are at a distance 0 or 1 to 1115. The two edges not
considered for the case k = 1 are the edge from 0115 to 0,05 and one from 1,04 to
0115. In both cases, voter 1 prefers the alternative which is further from 1115, there-
fore, No(1119,N7) = 1. Similarly, we get No(1115, N3) = 2 and Ny(1115,N3) = 4,
henceforth, Na(111a, Pop) = 7. Similar calculations lead to Ny(1,04, Pop) = 5,
Ny(0112, Pop) = 7 and Ny(0,02, Pcp) = 5, hence MLE,, (Pcp) = {0112, 1115},

We next investigate the computational complexity of applying MLE rules with

distance-based threshold models. First, we present a polynomial-time algorithm that
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computes the winners and outputs the winners in a compact way, under MLE, ,
where p is the number of issues. This algorithm computes the correct value(s) of
each issue separately: for any issue X;, the algorithm counts the number of tuples
(@ ;,N), where @_; € D_; and N is a CP-net in the input profile Pop, such that
N contains a_; : 0; > 1;. If there are more tuples (@ ;, N) in which N contains
a_; : 0; > 1; than there are tuples in which A contains a_; : 1; > 0,, then we select
0; to be the ith component of the winning alternative, and vice versa. We note that
the time required to count tuples (@ ;, N') depends on the size of N'. Therefore, even
though computing the value for X; takes time that is exponential in |Parg(X;)| (the
number of parents of X; in the directed graph of N'), the CPT of X; in N itself is

also exponential in |Parg(X;)| (for each setting of Parg(X;), there is an entry in

CPT(X;)). This explains why the algorithm runs in polynomial time.

Algorithm 10.4.1. INPUT: p e N, % < q < 1, and a profile of CP-nets Pop over
a binary domain consisting of p issues.

1. For each 7 < p:

la. Let S; =0, W, = &.

1b. For each CP-net N € Pep: let Parg(X;) = {X;,,..., X ,} be the parents of X;
in the directed graph of N'. Let [ be the number of settings i of Parg(X;) for which
N

X;, and (2P 7" — 2P~ 1 is the number of edges in the CP-net where 0; > 1;, minus the

xp7 = 0; > 1;. Let S; < S§; + [27=7" — 2p=1 Here, p' is the number of parents of

number of edges where 1; > 0;.

lc. At this point, let W; = {1;} if S; <0

2.0utput Wy x ... x W,.

Proposition 10.4.6. The output of Algorithm 10.4.1 is MLE. (FPcp), and the

algorithm runs in polynomaial time.
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Proof of Proposition 10.4.6: First we prove that the output of Algorithm 10.4.1
is MLE,, (Pcp). For any d € X, Ny(d, Pep) = X, #{d 1 € Dy : (did@ ;) >
(di,a@ ;),N € Pop}. We note that d; € W; if and only if #{@ ;€ D 1 : (ds,@ ;) >
(di,d_;),N € Pop} > #{d_1 € D_y : (d;,d_;) >n (di,d_;),N € Pop}. Therefore,
de MLE,, (Pcp) if and only if for all i < p, we have that d; € W;.

Next we prove that the algorithm runs in polynomial time. We note that in step
1b, the complexity of computing [ is O(2/7 X)) “and CPT(X;) of the CP-net N

[Para (X3l entries, which means that the complexity of computing [ is in

has exactly 2
polynomial of the size of CPT(X;) of the input. Therefore, Algorithm 10.4.1 is a
polynomial-time algorithm. O
The next example shows how to compute the winners under MLE, _ for the
profile defined in Example 10.4.5.
Example 10.4.5, continued Let us first compute Sy. In Ny (respectively, N1 and
N3), the table for xy contributes to 2 edges (respectively, one edge and no edge)
from 01 to 11, and to no edge (respectively, one edge and two edge) from 11 to 0y,
therefore Sy = (+2) + 0 + (—2) = 0. Similarly, S = 0+ 0 + (—2) = —2. Therefore,
Wi = {01, 11} and W, = {12}, which gives us MLE,, (Pcp) = {0112, 1115}.
However, when the threshold is one, computing the winners is NP-hard, and the

associated decision problem, namely checking whether there exists an alternative d

such that N; (CZ: Pcop) = T, is NP-complete.
Theorem 10.4.7. It is NP-complete to find a winner under MLE,, .. More pre-

cisely, it is NP-complete to decide whether there exists an alternative d such that

Ni(d, Pep) = T.

Proof of Theorem 10.4.7: By Theorem 10.4.3, the decision problem of finding

a winner under MLE;,  is the following: for any profile P that consists of n CP-
nets, and any 7" < pn, we are asked whether or not there exists d € X such that
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Ni(d,P)=T.

We prove the NP-hardness by reduction from the decision problem of MAX2SAT.
The inputs of an instance of the decision problem of MAX2SAT consists of (1) a set
of ¢ atomic propositions xy, ...,z (2) a formula ' = C; A ... A C,, represented in
conjunctive normal form, in which for any ¢ < m, C; = [;, v l;,, and there exists
J1,jo < tsuch that [, is z;, or —x;,, and [;, is z;, or —xj,; (3) T" < m. We are asked
whether or not there exists a valuation & for the atomic propositions z1, ..., x; such
that at least T" clauses are satisfied under 7.

Given any instance of MAX2SAT, we construct a decision problem instance of
computing a winner under M LEy, = as follows.

e Let X be composed of t issues X1, ..., X;.

o Let 7" = 16T — 12m.

e For any ¢« < m, we let v;; be the valuation of x;, under which /;, is true; let v;, be
the valuation of x;, under which [;, is true. For any j < ¢, we let 0; corresponds to X
being false, and 1; corresponds to X; being true. Then, any valuation of the atomic
propositions is uniquely identified by an alternative. We next define six CP-nets as
follows:

— N;1: the DAG of NV;; has only one directed edge (X;,, X;,). In N1, v, > 0y,
Uiy Uiy > Uiy, Uiy 1 Uiy, > Uy, and for any j # ¢ and j # o, we have that 0; > 1;.

— N, 2: the DAG of N, has only one directed edge (X;,, X;,). In N;a, vy, > 0y,
Uiy Uiy > Uiy, Uiy 1 Uiy > Uy, and for any j # ¢, and j # o, we have that 0; > 1;.

— N, 3: the DAG of N, 3 has only one directed edge (X;,, X;,). In N1, vy, > 0y,
Vi @ Uiy > Uiy, Uiy V5 > Uy, and for any j # ¢, and j # o, we have that 0; > 1;.

We next obtain N/, N,, and N3 from N, Nis, and N3, respectively, by let-
ting 1, > 0; for any j with j # i; and j # is. Let N; = (N, N1 Nig, Ni o, Nig, N ).

We let the profile of CP-nets be Pop = (/\71, N,
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We make the following claim about the number of consistent edges between an

alternative d and J\7'Z

Claim 10.4.1. For any de X and any v < m,

(2

N (d—' —") - 4 ZfCZ;l = V;; or di2 = Vi,
e —12  ifd;, = v;, and d;, = v,

Claim 10.4.1 states that the number of consistent edges between d and N; within
distance 1 is 4 if the clause C} is true under the valuation represented by cf, otherwise

it is —12. For any de X, we let T; denote the number of clauses in Cy,...,Cp,

that are true under d. Then, we have that Ni(d, Pop) = ATy — 12(m — T;) =
1677 — 12m. It follows from Theorem 10.4.3 that for any ¢ > 1, MLE,, (Pcp) =

arg maXJNl(cZ Pep) = argmax;T;. Therefore, a winner of Pop under MLE,
corresponds to a valuation under which the number of satisfied clauses is maximized;
and any valuation that maximizes the number of satisfied clauses corresponds to a
winner of Pop under MLE, . We note that the size of Pop is O(mt). It follows
that computing a winner under M LFEx,  is NP-hard.

Clearly the decision problem is in NP. Therefore, the decision problem is NP-
complete to compute a winner under MLE;, . O

As we have seen (cf. Corollary 10.4.4), for a given multi-issue domain composed
of p binary issues, there are ezxactly p voting correspondences defined by distance-
based threshold models. As far as we know, these voting correspondences are entirely
novel, and are tailored especially for multi-issue domains. Now, among these p voting
correspondences, two are even more natural and interesting: MLE;, and MLE,, .
MLE, , proceeds by electing the alternatives which maximize the sum, over all

voters, of the number of neighboring alternatives in the voter’s hypercube to which

she prefers . Now, recall that the Borda correspondence can be characterized as
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the correspondence where candidate x is a winner if it maximizes the sum, over all
voters, of the number of candidates the voter prefers to x. Therefore, MLE,,  is
somewhat reminiscent of Borda—except, of course, that we do not count all alter-
natives defeated by & but only defeated alternatives that are one of its neighbors in
the hypercube. MLE,  is even more intuitive: for each issue Xj, the winning value
maximizes the number of edges (summing over all voters) that are in favor of it, that
is, it is somewhat reminiscent of Kemeny.

So, MLE,, , and MLE

=, are genuinely new voting correspondences for multi-

issue binary domains, which can be characterized in terms of maximum likelihood
estimators and are quite intuitive; lastly, M LE, _ can be computed in polynomial
time. We conjecture that for any 2 < k < p — 1, winner determination for M LE;,

is NP-hard.
10.5 Summary

In this chapter, we considered the maximum likelihood estimation (MLE) approach
to voting, and generalized it to multi-issue domains, assuming that the voters’ pref-
erences are expressed by CP-nets. We first studied whether issue-by-issue voting
rules and sequential voting rules can be represented by the MLE of some noise
model. For separable input profiles, we characterized MLEs of strongly/weakly
decomposable models as issue-by-issue voting correspondences composed of local
MLEWIVs/candidate scoring correspondences. Although we showed that no se-
quential voting correspondence can be represented as the MLE for a very weakly
decomposable model, we did obtain a positive result here under the assumption that
the number of voters is bounded above by a constant.

In the case where all issues are binary, we proposed a class of distance-based noise
models; then, we focused on a specific subclass of such models, parameterized by a
threshold. We identified the computational complexity of winner determination for
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the two most relevant values of the threshold.

We note that, whereas Section 10.3 has a non-constructive flavor because we stud-
ied existing voting mechanisms and Theorem 10.3.3 is an impossibility theorem, quite
the opposite is the case for Section 10.4. Indeed, the MLE principle led us to define
genuinely new families of voting rules and correspondences for multi-issue domains.
These rules are radically different from the rules that had previously been proposed
and studied for these domains. Unlike sequential or issue-by-issue rules, they do not
require any domain restriction, and yet their computational complexity is not that
bad (the decision problem is NP-complete at worst, and sometimes polynomial in

the size of the CP-nets). We believe that these new rules are promising.
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11

Strategic Sequential Voting

In previous two chapters we have been focusing on designing “good” voting rules
for combinatorial voting. In most of the previous work on combinatorial voting, it
was assumed that the voters report their true preferences using the voting language
we provide to them, when the voting language is expressive enough to do so. Now,
if the voters vote on issues sequentially, one issue after another according to some
ordering over issues, and are assumed to know the preferences of other voters well
enough, then we can expect them to vote strategically at each step, forecasting the
outcome at later steps conditional on the outcomes at earlier steps. Let us consider
the following motivating example (a similar example was shown in Lacy and Niou

(2000)).

Example 11.0.1. Three residents want to vote to decide whether they should build
a swimming pool and/or a tennis court. There are two issue S and T. S can take
the value of s (meaning “to build the swimming pool”) or § (meaning “not to build
the swimming pool”). Similarly, T takes a value in {t,f}. Suppose the preferences

of the three voters are, respectively, st > 5t > st > 5t, st > st > 5t > 5t and
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5t > 5t > st > st. Voter 2 and 3 do not rank st as their first choices, because they
thought that the money could be spent on something else. Suppose the voters first
vote on issue S then on issue T. Since both issues are binary, the local rule used at
each step is majority (there will be no ties, because the number of voters is odd).
Voter 1 is likely to reason in the following way: if the outcome of the first step is
s, then voters 2 and 3 will vote for t, since they both prefer st to st, and the final
outcome will be st; but if the outcome of the first step is 5, then voters 2 and 3 will
vote for t, and the final outcome will be 5t; because I prefer st to st, I am better off
voting for s, since either it will not make any difference, or it will lead to a final
outcome of st instead of st. If voters 2 and 3 reason in the same way, then 2 will
vote for s and 3 for §; hence, the result of the first step is §, and then, since two
voters out of three prefer 5t to §t, the final outcome will be 5¢. Note that the result
is fully determined, provided that (1) it is common knowledge that voters behave
strategically according to the principle we have stated informally, (2) the order in
which the issues are decided, as well as the local voting rules used in all steps, are also
common knowledge, and (3) voters’ preferences are common knowledge. Therefore,
these three assumptions allow the voters and the modeler (provided he knows as

much as the voters) to predict the final outcome.

Let us take a closer look at voter 1 in Example 11.0.1. Her preferences are
separable: she prefers s to 5 whatever the value of T is, and ¢ to ¢ whatever the
value of S is. And yet she strategically votes for s, because the outcome for S affects
the outcome for T. Moreover, while voters 2 and 3 have nonseparable preferences,
still, all three voters’ preferences enjoy the following property: their preferences over
the value of S are independent of the value of T. That is, the profile is (S > T)-
legal. Hence, we can apply the sequential voting rule w.r.t. the order S > T, using

majority rules for S and T. For the profile given in Example 11.0.1, the outcome of
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the first step under the sequential voting rule will be s (since two voters out of three
prefer s to 5, unconditionally), and the final outcome will be st. This outcome is
different from the outcome we obtain if voters behave strategically. The reason for
this discrepancy is that in Lang and Xia (2009), voters are not assumed to know the
others’ preferences and are assumed to vote truthfully.

We have seen that even if the voters’ preferences are O-legal, voters may in
fact have no incentive to vote truthfully. Consequently, existing results on multiple-
election paradoxes are not directly applicable to situations where voters vote strate-

gically.
QOverview of this chapter

In this chapter, we analyze the complete-information game-theoretic model of se-
quential voting that we illustrated in Example 11.0.1. This model applies to any
preferences that the voters may have (not just O-legal ones), though they must be
strict orders on the set of all alternatives.

We focus on voting in multi-binary-issue domains, that is, for any ¢ < p, X;
must take a value in {0;, 1;}. This has the advantage that for each issue, we can use
the majority rule as the local rule for that issue. We use a game-theoretic model
to analyze outcomes that result from sequential voting. Specifically, we model the
sequential voting process as a p-stage complete-information game as follows. There is
an order O over all issues (without loss of generality, let O = X; > X3 > --- > X)),
which indicates the order in which these issues will be voted on. For any 1 <17 < p,
in stage i, the voters vote on issue X; simultaneously, and the majority rule is used to
choose the winning value for X;. We make the following game-theoretic assumptions:
it is common knowledge that all voters are perfectly rational; the order O and the
fact that in each step, the majority rule is used to determine the winner are common

knowledge; all voters’ preferences are common knowledge.
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We can solve this game by a type of backward induction already illustrated in
Example 11.0.1: in the last (pth) stage, only two alternatives remain (corresponding
to the two possible settings of the last issue), so at this point it is a weakly dominant
strategy for each voter to vote for her more preferred alternative of the two. Then,
in the second-to-last ((p — 1)th) stage, there are two possible local outcomes for the
(p — 1)th issue; for each of them, the voters can predict which alternative will finally
be chosen, because they can predict what will happen in the pth stage. Thus, the
(p — 1)th stage is effectively a majority election between two alternatives, and each
voter will vote for her more preferred alternative; etc. We call this procedure the
strategic sequential voting procedure (SSP).*

Given exogenously the order O over the issues, this game-theoretic analysis maps
every profile of strict ordinal preferences to a unique outcome. Since any function
from profiles of preferences to alternatives can be interpreted as a voting rule, the
voting rule that corresponds to SSP is denoted by SSPo.

Lacy and Niou (2000) showed that whenever there exists a Condorcet winner, it
must be the SSP winner. That is, SSP is Condorcet consistent. We will show that,
unfortunately, all three major types of multiple-election paradoxes (see Section 8.1)
also arise under SSP. To better present our results, we introduce a parameter which
we call the minimax satisfaction index (MSI). For an election with m alternatives
and n voters, it is defined in the following way. For each profile, consider the highest
position that the winner obtains across all input rankings of the alternatives (the
ranking where this position is obtained corresponds to the most-satisfied voter); this
is the mazimum satisfaction index for this profile. Then, the minimax satisfaction
index is obtained by taking the minimum over all profiles of the maximum satisfaction

index. A low minimax satisfaction index means that there exists a profile in which

! Lacy and Niou (2000) called such a procedure sophisticated voting following the convention
of Farquharson (1969).
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the winner is ranked in low positions in all votes, thus indicating a multiple-election
paradox. Our main theorem is the following.

Theorem 11.3.1 For any p € N and any n = 2p* + 1, the minimax satisfaction
index of SSP when there are m = 2P alternatives and n voters is |p/2+2|. Moreover,
in the profile P that we use to prove the upper bound, the winner SSPo(P) is Pareto-
dominated by 2P — (p 4+ 1)p/2 alternatives.

We note that an alternative ¢ Pareto-dominates another alternative ¢’ implies
that ¢ beats ¢’ in their pairwise election. Therefore, Theorem 11.3.1 implies that the
winner for SSP is an almost Condorcet loser. It follows from this theorem that SSP
exhibits all three types of multiple-election paradoxes: the winner is ranked almost
in the bottom in every vote, the winner is an almost Condorcet loser, and the winner
is Pareto-dominated by almost every other alternative. We further show a paradox
(Theorem 11.3.6) that states that there exists a profile such that for any order O over
the issues, for every voter, the SSP winner w.r.t. O is ranked almost in the bottom
position. We also show that even when the voters’ preferences can be represented by
CP-nets that are compatible with a common order, multiple-election paradoxes still

arise.
Related work and discussion

The setting of SSP has been considered by Lacy and Niou (2000). But at a high
level, our motivation, results, and conclusion are quite different from those of Lacy
and Niou. We focus on the game-theoretic aspects of SSP, and we aim at examining
the equilibrium outcomes in voting games. They viewed SSP as a voting rule (see
Section 11.1.3 for more discussion on this point of view), and aimed at proposing
solutions to aggregate non-separable profiles in combinatorial voting. They showed
that SSP satisfies Condorcet consistency, but did not mention whether the other

types of multiple-election paradoxes can be avoided. We, on the other hand, show
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that the other three types of multiple-election paradoxes still arise in SSP.2 In terms
of their conclusion, Lacy and Niou argued that SSP might not be a good solution
as a voting rule, because it requires the voters to have complete information about
the other voters’ true preferences. The paradoxes that will be shown in this chapter,
like the paradoxes we showed for Stackelberg voting games in Chapter 7, are an
ordinal version of price-of-anarchy results. Consequently, these paradoxes provide
more evidence that strategic behavior of the voters should be prevented, and therefore
motivate the study in the next chapter, where the objective is to design strategy-proof
voting rules that are computationally tractable for combinatorial domains.

More generally, SSP is closely related to multi-stage sophisticated voting, studied
by McKelvey and Niemi (1978), Moulin (1979), and Gretlei (1983). They investi-
gated the model where the backward induction outcomes correspond to the truthful
outcomes of voting trees. Therefore, SSP is a special case of multi-stage sophisti-
cated voting. However, their work focused on the characterization of the outcomes
as the outcomes in sophisticated voting (Farquharson, 1969), and therefore did not
shed much light on the quality of the equilibrium outcome. We, on the other hand,
are primarily interested in the strategic outcome of the natural procedure of voting
sequentially over multiple issues. Also, the relationship between sequential voting
and voting trees takes a particularly natural form in the context of domains with
multiple binary issues, as we will show. More importantly, we illustrate several
multiple-election paradoxes for SSP, indicating that the equilibrium outcome could
be extremely undesirable.

Another paper that is closely related to part of this work was written by
Dutta and Sen (1993). They showed that social choice rules corresponding to bi-

nary voting trees can be implemented via backward induction via a sequential vot-

2 In fact, those paradoxes were also discovered by Lacy and Niou in the same paper (Lacy and
Niou, 2000), but they did not discuss whether they arise in SSP. See Section 8.1.

218



ing mechanism. This is closely related to the relationship revealed for multi-stage
sophisticated voting and will also be mentioned later in this chapter, that is, an
equivalence between the outcome of strategic behavior in sequential voting over mul-
tiple binary issues, and a particular type of voting tree. It should be pointed out
that the sequential mechanism that Dutta and Sen consider is somewhat different
from sequential voting as we consider it—in particular, in the Dutta-Sen mechanism,
one voter moves at a time, and a move consists not of a vote, but rather of choosing
the next player to move (or in some states, choosing the winner).

Nevertheless, the approach by Dutta and Sen and our approach are related at a
high level, though they are motivated quite differently: Dutta and Sen are interested
in social choice rules corresponding to voting trees, and are trying to create sequential
mechanisms that implement them via backward induction. We, on the other hand
again, are primarily interested in the strategic outcome of the natural mechanism for
voting sequentially over multiple issues, and use voting trees merely as a useful tool

for analyzing the outcome of this process.

11.1  Strategic Sequential Voting

11.1.1  Formal Definition

In this chapter, we focus on multi-binary-issue domains. That is, the multi-issue
domain is composed of multiple binary issues. Sequential voting on multi-binary-
issue domains can be seen as a game where in each step, the voters decide whether
to vote for or against the issue under consideration after reasoning about what will

happen next. We make the following assumptions.

1. All voters act strategically (in an optimal manner that will be explained later),

and this is common knowledge.

2. The order in which the issues will be voted upon, as well as the local voting rules
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used at the different steps (namely, majority rules), are common knowledge.

3. All voters’ preferences on the set of alternatives are common knowledge.

Assumption 1 is standard in game theory. Assumption 2 merely means that
the rule has been announced. Assumption 3 (complete information) is the most
significant assumption. It may be interesting to consider more general settings with
incomplete information, resulting in a Bayesian game. Nevertheless, because the
complete-information setting is a special case of the incomplete-information setting
(where the prior distribution is degenerate), in that sense, all the worst-case negative
results obtained for the complete-information setting also apply to the incomplete-
information setting. That is, the restriction to complete information only strengthens
negative results. Of course, for incomplete information setting in general, we need a
more elaborate model to reason about voters’ strategic behavior.

Given these assumptions, the voting process can be modeled as a game that is
composed of p stages where in each stage, the voters vote simultaneously on one
issue. Let O be the order over the set of issues, which without loss of generality we
assume to be X; > --- > X,. Let P be the profile of preferences over X'. The game
is defined as follows: for each i < p, in stage i the voters vote simultaneously on
issue 7; then, the value of X; is determined by the majority rule (plus, in the case of
an even number of voters, some tie-breaking mechanism), and this local outcome is
broadcast to all voters.

We now show how to solve the game. Because of assumptions 1 to 3, at step ¢ the
voters vote strategically, by recursively figuring out what the final outcome will be if
the local outcome for X; is 0;, and what it will be if it is 1;. More concretely, suppose
that steps 1 to 2 — 1 resulted in issues Xq, ..., X;_; taking the values dy,...,d;_1, and
let d = (dy,...,d; 1). Suppose also that if X; takes the value 0; (respectively, 1;),

then, recursively, the remaining issues will take the tuple of values @ (respectively,
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l;) Then, X; is determined by a pairwise comparison between (cf, 0;,d) and (af, 1;, E)
in the following way: if the majority of voters prefer (CZ: 0;,@) over (CZ: 1;, g), then X;
takes the value 0;; in the opposite case, X; takes the value 1;,. This process, which
corresponds to the strategic behavior in the sequential election, is what we call the
strategic sequential voting (SSP) procedure, and for any profile P, the winner with
respect to the order O is denoted by SSPo(P).

As we shall see later, SSP can not only be thought of as the strategic outcome of
sequential voting, but also as a voting rule in its own right. The following definition
and two propositions merely serve to make the game-theoretic solution concept that

we use precise; a reader who is not interested in this may safely skip them.

Definition 11.1.1. Consider a finite extensive-form game which transitions among
states. In each nonterminal state s, all players simultaneously take an action; this
joint local action profile (a3, ..., a’) determines the next state s'.> Terminal states t
are associated with payoffs for the players (alternatively, players have ordinal pref-
erences over the terminal states). The current state is always common knowledge
among the players.*

Suppose that in every final nonterminal state s (that is, every state that has
only terminal states as successors), every player i has a (weakly) dominant action
as. At each final nonterminal state, its local profile of dominant actions (af, ..., a’)
results in a terminal state t(s) and associated payoffs. We then replace each final
nonterminal state s with the terminal state t(s) that its dominant-strategy profile
leads to. Furthermore suppose that in the resulting smaller tree, again, in every final

nonterminal state, every player has a (weakly) dominant strategy. Then, we can

repeat this procedure, etc. If we can repeat this all the way to the root of the tree,

3 In the extensive-form representation of the game, each state is associated with multiple nodes,
because in the extensive form only one player can move at a node.

4 Hence, the only imperfect information in the extensive form of the game is due to simultaneous
moves within states.
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then we say that the game is solvable by within-state dominant-strategy backward

induction (WSDSBI).

We note that the backward induction in perfect-information extensive-form games

is just the special case of WSDSBI where in each state only one player acts.
Proposition 11.1.2. If a game is solvable by WSDSBI, then the solution is unique.

Proposition 11.1.3. The complete-information sequential voting game with binary
issues (with majority as the local rule everywhere) is solvable by WSDSBI when voters

have strict preferences over the alternatives.

Both propositions are straightforward to prove and have been mentioned implic-
itly in Lacy and Niou (2000). We note that SSP corresponds to a particular balanced
voting tree, as illustrated in Figure 11.1 for the case p = 3. In this voting tree, in the
first round, each alternative is paired up against the alternative that differs only on
the pth issue; each alternative that wins the first round is then paired up with the
unique other remaining alternative that differs only on the (p — 1)th and possibly
the pth issue; etc. This bottom-up procedure corresponds exactly to the backward
induction (WSDSBI) process.

Of course, there are many voting trees that do not correspond to an SSP election;
this is easily seen by observing that there are only p! different SSP elections (cor-
responding to the different orders of the issues), but many more voting trees. The
voting tree corresponding to the order O = X; > --- > X, is defined by the property
that for any node v whose depth is i (where the root has depth 1), the alternative
associated with any leaf in the left (respectively, right) subtree of v gives the value

0; (respectively, 1;) to X.
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0oo 001 o010 o011 100 101 110 111

FIGURE 11.1: A voting tree that is equivalent to the strategic sequential voting
procedure (p = 3). 000 is the abbreviation for 0,0503, etc.

11.1.2 Strategic Sequential Voting vs. Truthful Sequential Voting

We have seen on Example 11.0.1 that even when the profile P is O-legal, SSPo(P)
can be different from Seqo(Maj, ..., Maj)(P). This means that even if the profile
is O-legal, voters may be better off voting strategically than truthfully. However,
SSPo(P) and Seqo(May, ..., Maj)(P) are guaranteed to coincide under the further

restriction that P is O-lexicographic.
Proposition 11.1.4. For any O-lexicographic profile P,
SSPo(P) = Seqo(May, ..., Maj)(P)

The intuition for Proposition 11.1.4 is as follows: if P is O-lexicographic, then,
as is shown in the proof of the proposition, when voters vote strategically under
sequential voting (the Seq process), they are best off voting according to their
true preferences in each round (their preferences in each round are well-defined
because voters have O-legal preferences in this case). When voters with O-legal
preferences vote truthfully in each round under sequential voting, the outcome is
Seqo(May, ..., Maj)(P); when they vote strategically, the outcome is SSPo(P);
and so, these must be the same when preferences are O-lexicographic.

Now, there is another interesting domain restriction under which SSPp(P) and
Seq(Mayj, ..., Maj)(P) coincide, namely when P is inv(QO)- legal, where inv(O) =
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(X, >...>Xy).

Proposition 11.1.5. Let inv(O) = X, > ... > X;. For any inv(O)-legal profile P,
SSP@(P) = Seqmv(@)(Maj, ceey Maj)(P)

As a consequence, when P is separable, it is a fortiori inv(Q)-legal, and therefore,
SSPo(P) = Seqinwoy(Maj, ..., Maj)(P), which in turn is equal to

Seqo(Maj, ..., Maj)(P) and coincides with issue-by-issue voting.
Corollary 11.1.6. If P is separable, then SSPo(P) = Seqo(Maj, ..., Maj)(P).
11.1.3 A Second Interpretation of SSP

The first interpretation of SSP (that we follow in this chapter) is the one we have
discussed so far, namely, SSP consists in modeling sequential voting as a complete-
information game, which allows us to analyze sequential voting on multi-issue do-
mains from a game-theoretic point of view. For this, assumptions 1, 2, and 3 above
are crucial. Under this interpretation, SSPo(P) is a (specific kind of) equilibrium
for sequential voting.

However, there is a second interpretation of SSP. It consists in seeing SSPp
as a new voting rule on multi-issue domains (which is implementable in complete-
information contexts by using sequential voting).> This seems to be the point of view
of Lacy and Niou (2000). This defines a family of voting rules (one for each order over
issues), which can be applied to any profile. The family of voting rules thus defined is
a distinguished subset of the family of voting trees. This interpretation does not say
anything about how preferences are to be elicited; unlike in the game-theoretic inter-
pretation, the p-step protocol does not apply here. The communication complexity

of finding the outcome of SSPy (without any complete-information assumption, of

® Of course, by Gibbard-Satterthwaite (Gibbard, 1973; Satterthwaite, 1975), SSP is not strategy-
proof.
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course)® is given as follows.

Proposition 11.1.7. When the voters’ preferences over alternatives are unrestricted,

the communication complexity of SSPo is ©(2P - n).

Proof of Proposition 11.1.7: This now follows immediately from a result in
Conitzer and Sandholm (2005b), where it is established that the communication
complexity for balanced voting trees is ©(m - n) for m alternatives and n voters.
Since we do not place any restrictions on the preferences in the multi-issue domain
in the statement of the proposition, the communication complexity is identical, and
m = 2P, ]
The upper bound in this proposition is obtained simply by eliciting the voters’
preferences for every pair of alternatives that face each other in the voting tree.
Now, Propositions 11.1.4 and 11.1.5 immediately give us conditions under which
this communication complexity can be reduced. Indeed, these Propositions say that
when P is O-lexicographic or inv(O)-legal, then the SSP winner coincides with the
sequential election winner in the sense of Lang and Xia (2009). Now, the sequential
election winner in the sense of Lang and Xia (2009) can be found with O(pn) com-
munication, simply by having each agent vote for a value for the issue at each round.
This leads immediately to the following two corollaries (to Propositions 11.1.4 and

11.1.5, respectively).

Corollary 11.1.8. When the voters’ preferences over alternatives are O-lexicographic,

the communication complexity of SSPo is O(pn).

Corollary 11.1.9. When the voters’ preferences over alternatives are

inv(QO)-legal, the communication complezity of SSPo is O(pn).

6 The communication complexity of a voting rule is the smallest number of bits that must be trans-
mitted to compute the winner of that rule (i.e., taking the minimum across all correct protocols).
See Conitzer and Sandholm (2005b).
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11.1.4 The Winner is Sensitive to The Order over The Issues

In the definition of SSP, we simply fixed the order O to be X; > Xy > --- > X,
A question worth addressing is, to what extent is the outcome of SSP sensitive
to the variation of the order @7 More precisely, given a profile P, let PW(P) =
{d € X | d = SSPy(P) for some order O'}|. PW(P) is the number of different
alternatives that can be made SSP winners by choosing a particular order O'. Then,
for a given number of binary issues p, we look for the maximal value of PW(P), for
all profiles P on X = D; x ... x D,; we denote this number by MW (p).

A first observation is that there are p! different choices for O'. Therefore, a trivial
upper bound on MW(p) is p!. Since there are 2P alternatives, the p! upper bound
is only interesting when p! < 2P, that is, p < 3. Example 11.1.10 shows that when
p = 2 or p = 3, this trivial upper bound is actually tight, i.e. MW(2) = 2! and
MW (3) = 3!: there exists a profile such that by changing the order over the issues,
all p! different alternatives can be made winners. Due to McGarvey’s Theorem (see
Lemma 2.2.3), any complete and asymmetric directed graph G over the alternatives
corresponds to the majority graph of some profile (we recall that the majority graph
of a profile P is the directed graph whose vertices are the alternatives and containing
an edge from c to ¢ if and only if a majority of voters in P prefer ¢ to ¢’). Therefore,
in the example, we only show the majority graph instead of explicitly constructing

the whole profile.

Example 11.1.10. The majority graphs for p = 2 and p = 3 are shown in Fig-
ure 11.2. Let P (respectively, P') denote an arbitrary profile whose majority graph
is the same as Figure 11.2(a) (respectively, Figure 11.2(b)). It is not hard to verify
that SSPx,~x,(P) = 00 and SSPx,-x,(P) = 01. For P', the value of SSPo (P')
for the siz possible orders is shown on Table 11.1. Note that 2! = 2 and 3! = 6. It

follows that when p = 2 or p = 3, there exists a profile for which the SSP winners
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w.r.t. different orders over the issues are all different from each other.

Table 11.1: The SSP winners for P’ w.r.t. different orders over the issues.

Theorder | X1 >Xo> X5 | X;1>X3>X, | Xo> X > X5
SSP winner 010 011 001

The order X2 > X3 > Xl X3 > Xl > X2 X3 > X2 > Xl
SSP winner 100 110 101

100 — 101 010 — 011

SN

110 «=— 111 000 «——001

00 — 01

10 «—11

(a)

(b)

F1GURE 11.2: The majority graphs for p = 2 and p = 3.

In Figure 11.2, (a) is the majority graph for p = 2. (b) is the majority graph
for p = 3, where four edges are not shown in the graph: 100 — 000, 101 — 001,
110 — 010, and 111 — 011. The directions of the other edges are defined arbitrarily.

000 s the abbreviation for 0,0503, etc.

When p > 4, p! > 2P. However, it is not immediately clear whether MW (p) = 27
or not, i.e., whether each of the 2P alternatives can be made a winner by changing

the order over the issues. The next theorem shows that this can actually be done,

that is, MW(p) = 27.

Theorem 11.1.11. For any p = 4 and any n = 142 + 4p, there exists an n-
profile P such that for every alternative J; there exists an order O' over I such

that SSP@/(P) = J
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Proof. We prove the theorem by induction on the number of issues p. Surprisingly,
the hardest part in the inductive proof is the base case: when we first show how to
construct a desirable majority graph M for p = 4, then we show how to construct a
n-profile that corresponds to M.

To define M when p = 4, we first define a majority graph M3 over X3 = Dy x
D3 x Dy. Let M’ denote the majority graph defined in Example 11.1.10 when p = 3.
We note that M’ is defined over Dy x Dy x Ds. The structure of M3 is exactly the
same as M’, except that M3 is defined over Dy x D3 x D,. Formally, let hy : D1 — Dy
be a mapping such that h1(0;) = 02 and hy(11) = 1o; let hy : Dy — D3 be a mapping
such that hy(02) = 03 and hy(1y) = 13; and let hsy : D3 — D4 be a mapping such
that hg(03) = 04 and hg(1l3) = 14. Let h : Dy x Dy x D3 — Dy x D3 x Dy be a
mapping such that for any (as, as, aq) € {0, 1}, h(ay, as,a3) = (hi(ay), ha(as), hs(as)).
For example, h(0;1503) = 021304. Then, we let M3 = h(M').

For any @ = (ag,as,a4) € X3, let f(@) = (11,d) and let g(@) = (01, az, as, ay).
That is, f concatenates 1; and @, and g flips the first two components of f(&). For

example, f(020304) = 11050304 and g(050304) = 11150304. We define M as follows.
(1) The subgraph of M over {1;} x X; is f(Mj3). That is, for any @,b € Xs, if
@— bin M, then f(@) — f(b) in M.
(2) The subgraph of M over {0} x A3 is g(M3).
(3) For any d € X5, we have (1;,d) — (01,a). For any d € X5 and @ # 111, we have
9(a@) — f(@).

(4) We then add the following edges to M. 0100 — 1110, 1000 — 0010, 1101 —
0111, 0001 — 1011, 1101 — 0100, 1000 — 0001, 0001 — 1101, 0100 — 1000,
1111 — 0110, 1100 — 0101, 0011 — 1010, 1001 — 0000, 1111 — 0011,
0011 — 1100, 0011 — 1001, 1111 — 0000.
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(5) Any other edge that is not defined above is defined arbitrarily.

Let P be an arbitrary profile whose majority graph satisfies conditions (1) through

(4) above. We make the following observations.

o If X is the first issue in @', then the first component of SSPy/(P) is 1;.
Moreover, every alternative whose first component is 1; (except 1111 and 1000)

can be made to win by changing the order of X5, X3, X4.

o If X, is the last issue in (', then the first component of SSPy/(P) is 0. More-
over, every alternative whose first component is 0; (except 0011 and 0100) can

be made to win by changing the order of X5, X3, X,.

o Let O = X3 > X; > X, > Xy, we have SSPo/(P) = 0100; let O’ = X3 > X; >
X4 > Xy, we have SSPo/(P) = 1000; let O = Xy > X; > X3 > X3, we have
SSPO/(P) = 0011, let O = X2 > X4 > Xl > Xg, we have SSPO/(P) = 1111.

In summary, every alternative is a winner of SSP w.r.t. at least one order over the
issues. The reader can also check out the java program online at
http://www.cs.duke.edu/~1xia/Files/SSP.zip, to verify the correctness of such
a construction. We notice that conditions (1) through (4) impose 79 constraints on
pairwise comparisons. Therefore, using McGarvey’s trick (Lemma 2.2.3), for any
n = 2 x 79 = 158, we can construct an n-profile whose majority graph satisfies
conditions (1) through (4). This means that the theorem holds for p = 4.

Now, suppose that the theorem holds for p = p'. Let P = (Vi,...,V,) be an
n-profile over X' = Dy x ... x D,y such that n > 142 + 4p’ and each alternative
in X’ can be made to win in SSP by changing the order over Xs,..., X, ;1. Let
X =Dy x--xDyiq. Let f: X' — X be the mapping defined as follows. For
any d € X', f(@) = (1y,a@). That is, for any @ € X', f concatenates 1; and @. Let
g : X' — X be the mapping defined as follows. For any @ = (ag,...,ay41) € X',
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g(@) = (0y,az,as,...,ay41). That is, for any @ € X’ g flips the first two components

of f(a@). Next, we define an (n + 4)-profile P = (V{,..., V. ,) as follows.

» - ;) f(Vi) > g(Vi) ifdis odd
For any i < 2|(n — 1)/2], we let V = { g(Vy) > f(V;) ifiiseven

2l(n—1)/2|+1<i<mn,welet V) =[f(V;) > g(Vi)]. For any j < 4, we let

For any

g(02 . 0p+1) > f(02 R 0p+1) > 9(02 R Op1p+1) i
dd
v ) > 020 L) > g(le e L) > f(La e L) nJmoe
nty g(]_2 R 1p+1) > f(12 R 1p+1) > g(12 R 1p0p+1)

%
> f(lg...1,0p41) > g(02...0ps1) > f(O2...0,41) 1I 7 1s even

For any pair of alternatives ¢, ¢, and any profile P*, we let Dpx«(c, ') denote the
number of times that ¢ is preferred to ¢/, minus the number of times ¢’ is preferred
to ¢, both in the profile P*. That is, Dpx(c,c’) > 0 if and only if ¢ beats ¢’ in their

pairwise election. We make the following observations on P’.

e For any @ e X', Dp/(f(d),g(d@)) > 0 and Dp((11,@), (01,a)) > 0.

-,

e For any @,b e X' (with @ # b), Dp(f(@), (b)) > 0 if and only if Dp(a@,b) > 0;

= —,

Dpi(g(d@),g(b)) > 0 if and only if Dp(d,b) > 0.

It follows that for any order O" over {Xs,..., X1}, we have SSPx, .o (P') =
f(SSPo/(P)) (because after voting on issue X;, all alternatives whose first com-
ponent is 0; are eliminated, then it reduces to SSP over X’); we also have that
SSPiorsx,1(P') = g(SSPo/(P)) (because in the last round, the two competing al-
ternatives are considering are f(SSPo/(P)) and g(SSPo/(P)), and the majority of
voters prefer the latter). We recall that each alternative in X’ can be made to win
w.r.t. an order O" over {Xs, ..., X,/;1}. It follows that each alternative in X’ can also
be made to win w.r.t. an order over {Xi, ..., X;y;1}, which means that the theorem

holds for p = p' + 1. Therefore, the theorem holds for any p > 4. O
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11.2 Minimax Satisfaction Index

In the rest of this chapter, we will show that strategic sequential voting on multi-
issue domains is prone to paradoxes that are almost as severe as previously studied
multiple-election paradoxes under models that are not game-theoretic (Brams et al.,
1998; Lacy and Niou, 2000).” To facilitate the presentation of these results, we define
an index that is intended to measure one aspect of the quality of a voting rule, called

the minimax satisfaction index.

Definition 11.2.1. For any voting rule r, the minimax satisfaction index (MSI) of

r is defined as

MSI.(m,n) = Pg(lg{l)n max (m + 1 ranky (r(P)))

where m is the number of alternatives, n is the number of voters, and ranky (r(P))

is the position of r(P) in vote V.

We note that in this chapter m = 2P, where p is the number of issues. The MSI
of a voting rule is not the final word on it. For example, the MSI for dictatorships is
m, the maximum possible value, which is not to say that dictatorships are desirable.
However, if the MSI of a voting rule is low, then this implies the existence of a paradox
for it, namely, a profile that results in a winner that makes all voters unhappy.

The third type of multiple-election paradoxes (see Section 8.1) implicitly refer
to such an index. We recall that the third type of multiple-election paradoxes state
that if voters vote on issues separately and optimistically, then there exists a profile
such that in each vote, the winner is ranked near the bottom; therefore this rule has

a very low MSI.

" Even though Lacy and Niou (2000) have studied SSP, they actually did not examine whether
there are any multiple-election paradoxes in SSP.
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11.3  Multiple-Election Paradoxes for Strategic Sequential Voting

In this section, we show that over multi-binary-issue domains, for any natural number
n that is sufficiently large (we will specify the number in our theorems), there exists
an n-profile P such that SSPp(P) is ranked almost in the bottom position in each
vote in P. That is, the minimax satisfaction index is extremely low for the strategic
sequential voting procedure.

We first calculate the MSI for SSP» when the winner does not depend on the
tie-breaking mechanism. That is, either n is odd, or n is even and there is never a tie
in any stage of running the election sequentially. This is our main multiple-election

paradox result.

Theorem 11.3.1. For anype N (p = 2) and any n > 2p* + 1, MSIgsp,(m,n) =
|p/2 + 2|8 Moreover, in the profile P that we use to prove the upper bound, the

winner SSPo(P) is Pareto-dominated by 2P — (p + 1)p/2 alternatives.

Proof of Theorem 11.3.1: The upper bound on MSIssp,(m,n) is constructive,
that is, we explicitly construct a paradox.

For any n-profile P = (Vi,...,V,,), we define the mapping fp : X — N" as
follows: for any ¢ € X, fp(c) = (h1,...,h,) such that for any i < n, h; is the
number of alternatives that are ranked below c¢ in V;. For any [ < p, we denote
=Dy x---xDyand Oy = X; > X1 > > X, Foranyvectorf_iz (hi,...,hy)
and any [ < p, we say that & is realizable over X, (through a balanced binary tree)
if there exists a profile P, = (V4,...,V},) over &} such that fp (SSPy,(P)) = h. We

first prove the following lemma.

8 If n is even, then to prove M SIssp,(m,n) = |p/2 + 2|, we restrict attention to profiles without
ties.
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Lemma 11.3.2. For any l such that 1 <[ < p,

hy = (0,...,0,1,..., 1,207 0 1 op-t+l )
— Y~ ~— g
[n/2]-p+l p—l+1 [n/2]—1

18 realizable over Xj.

Proof of Lemma 11.3.2: We prove that there exists an n-profile P, over X; such
that SSPp,(P,) =1;---1, and h, is realized by P. Forany 1 <i<p—1+1, welet
bi =11y i0pi1_ilyio ;- 1,. That is, b; is obtained from 1; - -1, by flipping the
value of X, ;1_;. We obtain P, = (V4,...,V},) in the following steps.

1. Let Wy,..., W, be null partial orders over X;. That is, for any ¢ < n, the
preference relation W; is empty.

2. For any j < |n/2| —p+ 1, we put 1;---1, in the bottom position in W;; we
put {51, c gp,l+1} in the top positions in W;.

3. For any j with |n/2] +2 < j < n, we put 1;---1, in the top position of W},
and we put {51, . gp,lﬂ} in the positions directly below the top.

4. For j with |n/2| —p+ 1+ 1< j < |n/2| + 1, we define preferences as follows.
For any ¢« < p—1+ 1, in W, 2—pt144, we put I;Z in the bottom position, 1;---1, in
the second position from the bottom, and all the remaining b; (with j # i) at the
very top.

5. Finally, we complete the profile arbitrarily: for any j < n, we let V; be an
arbitrary extension of W.

Let P, = (V4,...,V,). We note that for any i < p—1+1, Z;Z beats any alternative
in X\{1,---1,, by,..., gp,lﬂ} in pairwise elections. Therefore, for any i < p — 1+ 1,
the ith alternative that meets 1,---1, is I;Z-, which loses to 1;---1, (just barely). It
follows that 1;---1, is the winner, and it is easy to check that fp,(1;---1,) = .

This completes the proof of the lemma. ]
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Because the majority rule is anonymous, for any permutation 7 over 1,...,n and
any [ < p, if (hy,..., hy) is realizable over &j, then (A1), ..., hr(n)) is also realizable

over ;. For any k € N, we define Hy, = {h e {0,1}" : 3] h; = k}. That is, Hj, is

j<n
composed of all n-dimensional binary vectors in each of which at least £ components
are 1. We next show a lemma to derive a realizable vector over X;_; from two

realizable vectors over Aj.

Lemma 11.3.3. Let |l < p, and let i_il, 52 be vectors that are realizable over X;. For
any he Hinjops1, hy + (Eg + f) - I is realizable over X1, where 1 = (1,...,1), and

for any @ = (ay,...,a,) and any b= (by,...,b,), we have a - b= (a1by, ..., anby).

Proof of Lemma 11.3.3: Without loss of generality, we prove the lemma for

h = (0,...,0,1,...,1). Let P, P, be two profiles over X}, each of which is composed
S~ Y~
[n/2]-1  |n/2]+1

—

of n votes, such that f(P)) = hy and f(P) = hy. Let P, = (Vi,...,V}), Py =
(VE,...,V2), @ =SSPy, (P), b =SSPy, (P). We define a profile P = (V;,...,V,)
over X;_; as follows.

1. Let Wy,..., W, be n null partial orders over X, ;.

2. For any j < n and any €}, ¢, € &}, we let (1;_1,€1) >w, (1;_1, ) if & >y €5
and we let (0,1, €1) >w, (0;-1,6) if € >y 5.

3. For any [n/2] < j <n, welet (1, 1,@) >w, (0;_1,b).

4. Finally, we complete the profile arbitrarily: for any j < n, we let V; be an
(arbitrary) extension of W; such that (1,_;, @) is ranked as low as possible.

We note that (1, 1, a) is the winner of the subtree in which X; ; =1, 1, (0; 1, l;)
is the winner of the subtree in which X; ; = 0;,, and (1, 1, @) beats (0, 1, g) in their
pairwise election (because the votes from [n/2] to n rank (1,_1,d) above (0;_1,b)).

Therefore, SSPo, ,(P) = (1;-1,d).
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Finally, we have that fp((1,_1,@)) = A1 + (hs + 1) - k. This is because (1,_1, @) is
ranked just as low as in the profile P; for voters 1 through [n/2] — 1; for any voter j
with [n/2] < j < n, additionally, (0,_1,b) needs to be placed below (1, 1,), which
implies that also, all the alternatives (Ol,l,g’ ) for which j ranked b below b in Py
must be below (1, 1,d) in j’s new vote in P. This completes the proof of the lemma.
(]

Now we are ready to prove the main part of the theorem. It suffices to prove that
for any n > 2p® + 1, there exists a vector fzp e N” such that each component of fzp is
no more than |p/2 + 1|, and Ep is realizable over X'. We first prove the theorem for
the case in which n is odd. We show the construction by induction in the proof of

the following lemma.

Lemma 11.3.4. Let n be odd. For anyl' < p (such that ' is odd),

= ([0/2], 1205021 [0/2)

. N J

[n/2]—(1"2+1)/2 [n/2]+(1"2+1)/2

is realizable over X,_p.1, and if I' < p, then

R =(/2, (P21 /20 2L 2+ 1 T2+ )

-~ -~

e n—(l'+5)(1'+1)/2 (I'+3)(1' +1)/2

is realizable over X,,_p.

Proof of Lemma 11.3.4: The base case in which [’ = 1 corresponds to a single-
issue majority election over two alternatives, where [n/2] — 1 voters vote for one
alternative, and |n/2|+ 1 vote for the other, so that only the latter get their preferred
alternative.

Now, suppose the claim holds for some I’ < p — 2; we next show that the claim
also holds for I’ + 2. To this end, we apply Lemma 11.3.3 twice. Let  =p —1' + 1.

First, let h, = (1,...,1,2" —1,...,2" —=1,0,...,0,2" —1,...,2" — 1)

< N DGR ARN >

_\/—'J " v "
v I+1 [n/2]—1+1 [n/2]—1'—2
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By Lemma 11.3.2, &, is realizable over X, (via a permutation of the voters). Let

h=(1,...,1,0,...,0,1,...,1,0,...,0).
S~ -~ Y~ Y=
I U1 |n/2) 41 /2] -2

Then, by Lemma 11.3.3, i_iy + (fz* + T) - h is realizable over X;_1. We have the

following calculation.

—

El/+(h*+f)-};
=([l'/2] +1,...,[l'/2] + 1,
v

/20, 2L 02, (2],

- N —y

l’Il [n/2]7(l/;r3)(l/+1)/2
(2] +1,... (U2 + 1, [I')2],...,[I'/2])
(l’+132f/2+1 [n/2jlrl'—1

The partition of the set of voters into these five groups uses the fact that n >
2p? + 1 implies [n/2] — (I' + 3)(I' + 1)/2 = 0. After permuting the voters in this
vector, we obtain the following vector which is realizable over &} :

o =(0/2), 020 [1/2) /2L 2+ 1, 2]+ 1)

-~ -~ -~

41 n—(l'+5)(I' +1)/2 (I'+3)(1' +1)/2

We next let b = (1,...,1,0,...,0) and
D i e
[n/2]+1  [n/2]-1

h;:(1""71?07"'70a211+1*1>...,2l,+1*1)
—

— — ~~ o

U+l nj2)—l [n/2]—1

By Lemma 11.3.2, the latter is realizable over &; ;. Thus, by Lemma 11.3.3, i_ilurl +
(W, +1)-H is realizable over X;_». Through a permutation over the voters, we obtain

the desired vector:

Frgs = (/20 + 1, U2+ L [1/2] + 1, [1/2] + 1)

J

[n/2]—("+2)(I'+1)/2—1 [n/2]+ (" +2)(I'+1)/2+1
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which is realizable over X;_,. Therefore, the claim holds for " + 2. This completes
the proof of the lemma. ]
If p is odd, from Lemma 11.3.4 we know that the theorem is true, by setting
I' = p. If pis even, then we first set I’ = p — 1; then, the maximum component of
hyovis [I/2]+1 = [(p—1)/2] +1 = p/2 + 1. Thus we have proved the upper bound
in the theorem when n is odd.
When n is even, we have the following lemma (the proof is similar to the proof

of Lemma 11.3.4, so we omitted its proof).

Lemma 11.3.5. Let n be even. For anyl' < p (such that ' is odd),

= ([0/2], U205 (021 17/2))

- - N\ -7

n/2—(2—U+1)/2  n/2+(2—1+1)/2

is realizable over X, _y.q1, and if ' + 1 < p, then

R =(/2), V2L /20 2L 2+ L T2+ )

- -~ o -
" " "

I'+1 n—1—('+4)(1"+1)/2 "+2)(+1)/2+1

is realizable over X,,_p.

The upper bound in the theorem when n is even follows from Lemma 11.3.5.
Moreover, we note that in the step from I’ to I’ + 1 (respectively, from I’ + 1 to
I' +2), no more than I' new alternatives are ranked lower than the winner in the
profile that realizes El/+1 (respectively, lel+2). It follows that in the profile that
realizes hy 1 (respectively, ﬁl/+2) in Lemma 11.3.4 or Lemma 11.3.5, the number of
alternatives that are ranked lower than the winner by at least one voter is no more
than (I'+1)I'/2+1U'+1 = (I'+1)(I'+2)/2 (respectively, (I'+2)(I'+3)/2), which equals
(p+1)p/2if I"+1 = p (respectively, (p+1)p/2if I'’+ 2 = p). Therefore, in the profile
that we use to obtain the upper bound, the winner under S'S Py is Pareto-dominated
by 27 — (p + 1)p/2 alternatives.
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Finally, we show that |p/2 + 2| is a lower bound on MSIggp,(m,n). Let P be
an n-profile; let SSPo(P) = d, and let 51, e gp be the alternatives that a defeats
in pairwise elections in rounds 1,...,p. It follows that in round j, more than half of
the voters prefer a to gj, because we assume that there are no ties in the election.
Therefore, summing over all votes, there are at least p x (|n/2] + 1) occasions where
a is preferred to one of 51, ey gp. It follows that there exists some V' € P in which
a is ranked higher than at least [p x (|n/2]| + 1)/n|] = |p/2 + 1| of the alternatives
bi,...,b,. Thus MSIssp,(m,n) = |p/2 +2].

(End of proof for Theorem 11.3.1.) ]

We note that the number of alternatives is m = 2P. Therefore, |p/2 + 2| is
exponentially smaller than the number of alternatives, which means that there exists
a profile for which every voter ranks the winner very close to the bottom. Moreover,
(p + 1)p/2 is still exponentially smaller than 2P, which means that the winner is
Pareto-dominated by almost every other alternative.

Naturally, we wish to avoid such paradoxes. One may wonder whether the para-
dox occurs only if the ordering of the issues is particularly unfortunate with respect
to the preferences of the voters. If not, then, for example, perhaps a good approach is
to randomly choose the ordering of the issues.” Unfortunately, our next result shows
that we can construct a single profile that results in a paradox for all orderings of the
issues. While it works for all orders, the result is otherwise somewhat weaker than
Theorem 11.3.1: it does not show a Pareto-dominance result, it requires a number
of voters that is at least twice the number of alternatives, the upper bound shown
on the MSI is slightly higher than in Theorem 11.3.1, and unlike Theorem 11.3.1, no

matching lower bound is shown.

9 Of course, for any ordering of the issues, there exists a profile that results in the paradoxes in
Theorem 11.3.1; but this does not directly imply that there exists a single profile that works for all
orderings over the issues.
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Theorem 11.3.6. For any p,n € N (with p = 2 and n = 2°P™!), there exists an
n-profile P such that for any order O over {Xi,..., X,}, SSPo(P) =1y---1,, and

any V € P ranks 1, ---1, somewhere in the bottom p + 2 positions.
Proof of Theorem 11.3.6: We first prove a lemma.

Lemma 11.3.7. For any c € X, X' ¢ X such that ¢ ¢ X', and anyn € N (n >
2m = 2P*1) there ewists an n-profile that satisfies the following conditions. Let
F=X\(X"u{c}).

o For any ' € X', ¢ defeats ¢ in their pairwise election.

e Forany cd e X' and de F, ¢ defeats d in their pairwise election.

e For any V € P, c is ranked somewhere in the bottom |X'| + 2 positions.

Proof of Lemma 11.3.7: Welet P = (V4,...,V,,) be the profile defined as follows.
Let Fi,..., Flu41 be a partition of F such that for any j < [n/2| + 1, |Fj| <
[2m/n| = 1. For any j < [n/2]| + 1, we let V; = [(F\F}) > ¢ > X’ > F;]. For any
n/2] +2 < j <n,welet V; = [X" > F > ¢|. It is easy to check that P satisfies all
conditions in the lemma. H

Now, let ¢ = 1;---1, and X’ = {0y15---1,,1,0515---1,,..., 1;---1,40,}. By
Lemma 11.3.7, there exists a profile P such that ¢ beats any alternative in X’ in
pairwise elections, any alternative in X’ beats any alternative in X\(X’ U {c}) in
pairwise elections, and c is ranked somewhere in the bottom p + 2 positions. This is
the profile that we will use to prove the paradox.

Without loss of generality , we assume that O = X; > Xy > --- > X,,. (This is
without loss of generality because all issues have been treated symmetrically so far.) ¢
beats 1; - -- 1,10, in the first round; ¢ will meet 1, ---1, 50,11, in the next pairwise
election, because 1y - - -1, 20, 11, beats every other alternative in that branch (they

are all in F'), and ¢ will win; and so on. It follows that ¢ = SSPp(P). Moreover, all
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voters rank ¢ in the bottom p + 2 positions.

(End of proof for Theorem 11.3.6.) ]

11.4 Multiple-Election Paradoxes for SSP with Restrictions on Pref-
erences

The paradoxes exhibited so far placed no restriction on the voters’ preferences. While
SSP is perfectly well defined for any preferences that the voters may have over the
alternatives, we may yet wonder what happens if the voters’ preferences over al-
ternatives are restricted in a way that is natural with respect to the multi-issue
structure of the setting. In particular, we may wonder if paradoxes are avoided by
such restrictions. It is well known that natural restrictions on preferences sometimes
lead to much more positive results in social choice and mechanism design—for ex-
ample, single-peaked preferences allow for good strategy-proof mechanisms (Black,
1948; Moulin, 1980). In the next chapter we will see that we can characterize all
strategy-proof voting rules when the voters’ preferences are lexicographic, and their
local preferences over issues are restricted.

In this section, we study the MSI for SSPp for the following three cases: (1)
voters’ preferences are separable; (2) voters’ preferences are O-lexicographic; and
(3) voters’ preferences are O-legal. For case (1), we show a mild paradox (and
that this is effectively the strongest paradox that can be obtained); for case (2), we
show a positive result; for case (3), we show a paradox that is nearly as bad as the

unrestricted case.

Theorem 11.4.1. For any n = 2p, when the profile is separable, the MSI for SS Py

is between 2Pl qnd 2lP/21+1,

That is, the MSI of SSP» when votes are separable is O(y/m). We still have

that lim,, . O(y/m)/m = 0, so in that sense this is still a paradox. However, its
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convergence rate to 0 is much slower than for ©(logm)/m, which corresponds to the
convergence rate for the earlier paradoxes.

Proof of Theorem 11.4.1: Let P = (V4,...,V,). For any i < p, we let d; =
maj(P|x,). That is, d; is the majority winner for the projection of the profile to
the ith issue. Because any separable profile is compatible with any order over the
issues, P is an O !-legal profile. It follows from Corollary 11.1.6 that SSPp(P) =
(dy,...,d,). Without loss of generality (dy,...,d,) = (11,...,1,).

First, we prove the lower bound. Because for any ¢ < p, at least half of the voters
prefer 1; to 0;, the total number of times that a voter prefers 1 to 0 for an issue,
counted across all voters and issues, is at least p- (n/2). Therefore, there exists j < n
such that voter j prefers 1 to 0 on at least p/2 issues, otherwise the total number of
times that a voter prefers 1 to 0 for an issue, counted across all voters and issues, is
no more than n - (p/2) — 1 < p- (n/2), which is a contradiction. Formally put, there
exists j < n such that [{i < p:1; >y, 0;}] = p/2. Without loss of generality for
every i < [p/2], 1; >y, 0;. It follows that for any @ € Dy x --- Dy, we have that
(11,...,1,) >v, (@ 1241, - -+, 1,). Therefore, the minimax satisfaction index is at
least 2/7/21,

Next, we prove the upper bound. We first show that there exists a set of n

CP-nets NV, ..., N, that satisfies the following two conditions.

1. For each j < n, the number of issues on which N prefers 1 to 0 is exactly

Ip/2] + 1.
2. For each i < p, maj(Ni|x,,...,Nalx,) = 1;.

The proof is by explicitly constructing the profile through the following n-step pro-
cess. Informally, we will allocate p(|n/2| + 1) CPT entries “1 is preferred to 07,
|n/2| + 1 entries per issue, to n CP-nets as even as possible. Let ky = --- =k, =
|n/2] + 1. In the jth step, we let [; = {i1,...,4y2+1} be the set of indices of the
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highest k’s. Then, for any i € I;, we let N|x, = [1; > 0;] and k; < k; — 1; for any
i ¢ I;, welet Nj|x, = [0; > 1;]. Because of the assumption that n > 2p, we have
that n(|p/2]+1) = p(|n/2] + 1), which means that after n steps, for all i < p, k; < 0.

It left to show that there exist extensions of N, ..., N, such that in each of these
extensions, 1; - - -1, is ranked within bottom 2lP/21+1 positions. To show this, we use

the following lemma.

Lemma 11.4.2. For any partial order W and any alternative ¢, we let | Downy, (c)| =
{c' 1 c=w '}, that is, |Downw(c)| is the set of all alternatives (including c) that are
less preferred to ¢ in W. There exists a linear order V' such that V' extends W and

¢ is ranked in the | Downyy (c)|th position from the bottom.

The proof of Lemma 11.4.2 is quite straightforward: for every alternative d such
that d ¢ Downy/(c), we put d > ¢ in the partial order. This does not violate
transitivity, which means that the ordering relation obtained in this way is a partial
order, denoted by W'. Then, let V' be an arbitrary linear order that extends W'. It
follows that ¢ is ranked at the Downy, (c)th position from the bottom in V.

We note that for any j < n, the number of entries in A; where 1 > 0 is no

more than |p/2 + 1|. Therefore, for any j < |Down>N (1 -+ 1,)| < 22U (we
recall that >y, is the partial order that N encodes). Let Vi,...,V, be extensions
of M1, ..., N, respectively, where for all j < n, 1;---1, is ranked as low as possible

in any V;. It follows from Lemma 11.4.2 that for any j < n, 1, --- 1, is ranked in the
2lP/2+1th position from the bottom in V}. This proves the upper bound.
(End of proof for Theorem 11.4.1.) ]

Theorem 11.4.3. For any p € N (p = 2) and any n = 5, when the profile is O-
lexicographic, MST(SSPp) = 3272+ 1. Moreover, SSPo(P) is ranked somewhere

in the top 2P~ positions in at least n/2 votes.
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Naturally lim,, 4 (3m/4+1)/m = 3/4, so in that sense there is no paradox when

votes are O-lexicographic.
Proof of Theorem 11.4.3: The proof is for profiles without ties. The other cases
can be proved similarly. Without loss of generality SSPo(P) = 1;---1, and for
every j < [n/2|+1, 13 >vily, O1- It follows that in Vi, ..., Vj,/241, 11+ -+ 1, is ranked
within top 2°~! = m/2 positions. Because in at least |n/2| + 1 votes 1; : 1o > 0o,
there exists a vote V € P such that 1; >Vix, 0; and 17 : 1, >Vixy, 0. It follows
that 1, -- -1, is ranked in the (3 -2P~2 + 1)th position from the bottom. This proves
that when the profile is O-lexicographic, MST(SSPp) = 3-2P2 + 1.

We next prove that 3 - 272 + 1 is also an upper bound. Consider the profile
P = W,...,V,) defined as follows. For any j < [n/2] + 1, 11 >y, 0y; for any
[n/2] +2<j<n, 1y >y, O forj=1,2, 15>y, 0y for any 3 < j <n and
any 3 <4 <p, Li >vj,, , , 0; for any local preferences of any voter that is not
defined above, let 0 be preferred to 1.

We note that for any ¢ < p, more than n/2 votes in P|x,.1,..1, , prefer 1; to 0,
which means that SSPo(P) = 11 ---1,. It is easy to check that in any vote, 1;---1,
is ranked somewhere within the bottom 3 - 2P~2 + 1 positions.

(End of proof for Theorem 11.4.3.) ]

Under the previous two restrictions (separability and O-lexicographicity), SSPo
coincides with Seq(Mayj, ..., Maj) (by Corollary 11.1.6 and Proposition 11.1.4, re-
spectively). Therefore, Theorems 11.4.1 and 11.4.3 also apply to sequential voting
rules as well as issue-by-issue voting rules.

Finally, we study the MSI for SSP» when the profile is O-legal. Theorem 11.4.6
shows that it is nearly as bad as the unrestricted case (Theorem 11.3.1). The proof
of Theorem 11.4.6 is the most involved proof in this chapter. The idea of the

proof is similar to that of the proof for Theorem 11.3.1, but now we cannot ap-
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ply Lemma 11.3.3, because O-legality must be preserved. We start with a simpler

result that shows the idea of the construction.

Theorem 11.4.4. There exists a way to break ties in SSPo such that the following
is true. Let SSP;, be the rule corresponding to SSPo plus the tiebreaking mechanism.
For any p € N, there exists an O-legal profile that consists of two votes, such that
in one of the two votes, no more than |p/2| alternatives are ranked lower than the

winner SSP,(P); and in the other vote, no more than |p/2| alternatives are ranked

lower than SSP,L(P).

Proof of Theorem 11.4.4: The proof is by induction on p. When p = 2, let
the CPT of N} be 0; > 11,01 : 1y > 05,11 : 1o > 09; let the CPT of N5 be
13 > 01,07 : 03 > 19,15 : 0g > 1g; Vi = [0115 > 0105 > 1715 > 1,02]; Vo = [1,09 >
0105 > 1715 > 0115]. In the first step, ties are broken in favor of 1;1,. Given 1y, ties
are broken in favor of 15; given 0y, ties are broken in favor of 1s.

Suppose the claim is true for p = [. Next we construct N7 and N, for p = [ + 1.
Let N{, N, V{, V] be the CP-nets and the votes for the case of p = [, where the multi-
issue domain is Dy x - -+ x D;y1. Without loss of generality |Downy, (1o« 1;41)| <
[1/2] and |Downy, (1g---1;41)| < |I/2]. We recall that for any vote V' and any al-
ternative ¢, Downy (c) (defined in Lemma 11.4.2) is the set of all alternatives that
are ranked below ¢ in V, including ¢. Let € € Dy x -+ x D;.; be an arbitrary
alternative such that 1,---1;417 >y, €. Such an € always exists, because if on the
contrary 1s---1;,1 is in the bottom of V5, it must be ranked higher than at least [
other alternatives in V; to win the election, which contradicts the assumption that
|Downy, (13- --1;51)| < [1/2]. We will explain later why we choose € in such a way.

Let N} (respectively, N) be the separable CP-net (we recall that a CP-net
is separable if its graph has no edges) Dy x -+ x D;;1 in which € is in the top

(respectively, bottom) position. For i = 1,2, we let N; be a CP-net over Dy x - -+ x
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D1, defined as follows:
o 0 >u; 1.
e The sub-CP-net of N restricted on X; = 17 is N/;
e The sub-CP-net of N restricted on X; = 0y is N¥;

Let Vi, V5 be the extension of N; and N, respectively, that satisfy the following

conditions:

e For any l;,afe Dy x -+ x D;,q1 such that b # e, and any ¢ = 1,2, we have

—, -

(01,b) >v; (11,d). This condition can be satisfied, because we have 01 >, 1;.

e For any b,de Dy x - x Dy.q, and any ¢ = 1,2, we have that (11,5) >y (11,cf)
if and only if b >y d. This condition says that if we focus on the order of the

alternatives whose X; component is 1; in V;, then it is the same as in V.
e For any d € Dy x --- x Dy,1, we have that (01,€) >y, (11,0f).

b (117"'a11+1) > Vs (01>éj > Vs (11>éj'

We let the tie-breaking mechanism be defined as follows: in the first step, ties are
broken in favor of 1y; in the subgame in which X; = 14, ties are broken in the same
way as for the profile (V/,V]) (such that 15---1;, is the winner for the profile); in
the subgame in which X; = 0y, ties are broken in such a way that € is the winner
(because € is ranked in the top position in one vote, and in the bottom position in
the other, there exists a tie-breaking mechanism under which € is the winner).

We note that 1;--- 1, >, dif and only if d = (14, J;) for some d' € Dy x---x Dy

such that 1y - - -1, >y d'. Tt follows that [Downy, (1; - -~ 1,41)| = [Downyy (1 1541)|-

We also note that 1y --- 1,41 >y, b if and only if b = (01,€) or b = (1;,) for some
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V'€ Dy x -+ x Dyyy such that 1y -1, >yy b'. Tt follows that |Downy, (17« -+ 1;41)| =

[Downyy (15 - - 1;41)| + 1. Therefore, we have the following inequalities.
[Downy, (11 -+ L) < [(1+1)/2]
|Downy, (17 ---1,)| < [1/2]| +1 < [(I1 +1)/2]

Here the trick to choose € such that 151,41 >yy € is crucial, because we force
01 >n, 1y and 1y -+ 1549 >y, (01, €), which implies that 1;---1;11 >, (01,€) >y,
(11, €) (since V; extends N3). If we chose € such that € >yy 1 -+~ 141, then we would
have that |[Downy, (1; - 1;41)| = [Downyy (13- - 1j51)[ + 2, which does not prove the
claim for p =1 + 1.

Next, we verify that SSPo(Vi, Vo) = 11 --- 1;41. Wenote that (01,€) >y, 11+ 1j41.
Therefore, in the first step voter 1 will vote for 0;. Meanwhile, 1, --- 1,11 >y, (01, €),
which means that in the first step voter 2 will vote for 1;. Because ties are broken
in favor of 1; in the first step, we will fix X; = 1;. Then, in the following steps (step
2,...,l+1), 15,...,1;,1 will be the winners by induction hypothesis, which means
that SSPo(Vi, Vo) =11+ 1;41.

Therefore, the claim is true for p = [ + 1. This means that the claim is true for

any p € N.

Example 11.4.5. Let us show an example of the above construction from p = 2 to
p=3. In N7, we have 01 > 11, 11 : Ni¥, and 01 : N, where N is O3 > 15,05 : 13 >
03,15 : 13 > 03. (We note that N7 is defined over Dy x Ds.) Vi restricted to 1y is
V] = [0213 > 0503 > 1513 > 1503] (which is, again, over Dy x D3). Let € = 0q13.
Therefore, we have the following construction:

Vi = 010213 > 011215 > 010503 > 071503 > 170015 > 170503 > 111513 > 171503

Vo = 011503 > 070503 > 071513 > 171503 > 1;0503 > 111513 > 0;0913 > 1;0513

Ties are broken in a way such that if we are in the branch in which X, = 14,
then 1513 is the winner; and if we are in the branch in which Xy = 01, then € = 0513
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1s the winner. In the first step, ties are broken in favor of 1,. Then, the sub-game
winners are 111513 and 010913. Since exactly one vote (V1) prefers 010513 to 111513,

and the other vote Vo prefers 111513 to 010913, the winner is 111513.

(End of proof for Theorem 11.4.4.) ]

We emphasize that, unlike any of our other results, Theorem 11.4.4 is based on
a specific tie-breaking mechanism. The next theorem concerns the more general and
complicated case in which n can be either odd or even, and the winner does not
depend on the tie-breaking mechanism. That is, there are no ties in the election.

The situation is almost the same as in Theorem 11.3.1.

Theorem 11.4.6. For any p,n € N with n > 2p> + 2p + 1, there ewists an O-
legal profile such that in each vote, no more than [p/2] + 4 alternatives are ranked

lower than SSPo(P). Moreover, SSPo(P) is Pareto-dominated by at least 2P — 4p?

alternatives.

Of course, the lower bound on the MSI from Theorem 11.3.1 still applies when
the profile is O-legal, so together with Theorem 11.4.6 this proves that the MSI for
SS Py when the profile is O-legal is ©(logm), just as in the unrestricted case.
Proof of Theorem 11.4.6: For simplicity, we prove the theorem for the case
in which n = 2p* + 2p + 1. The proof for the case in which n > 2p* + 2p + 1
is similar. For any | < p, we let &, = {0;,1;} x {041, 141} x -+ x {0, 1,}; let

O =X; > X4 >--- > X,. We first prove the following claim by induction.

Claim 11.4.1. For any | < p, there exists a O;-legal profile P, = A, u B, U /11 U
B, U {d} over X, where A, = {dh, .. als}), Br= {0, 00, A = {ai,... ak},

B ={b,. .., IA);}, that satisfies the following conditions.

SSPo,(P) =1, 1,.

For any V € P, |Downy(1,---1,)| < [(p— 1+ 1)/2] + 5.
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e Forany (p—l)p < j < P2, [Downg (1, -+~ 1,)| < [(p—1+1)/21+3, | Downy (1, 1,)| <

[(p—1+1)/2] + 3.

e Foranyp—Il < j <p,|Downy (1;---1,)| < [(p—1+1)/2]+3, |Downy (1;-- - 1,)| <

[(p—1+1)/2] + 3.

o I[fp—1+1is odd, then

— for any Vi € B, |Downy, (1,---1,)| < [(p — 1+ 1)/2] + 4;
— for any (p—)p < j < p?, |D0wnbé(11 L) <[|(p—1+1)/2] +2;

— and for anyp — 1 < j <p, |Downy (1;---1,)] < [(p — 1 +1)/2] + 2.

e 1;---1, is ranked higher than 1;---1, 90,10, in all votes in P.

Proof of Claim 11.4.1: We prove the claim by induction on [. When [ =p—1, we
let all votes in P, 4 be 1, 41, > 1,_,0, > 0,11, > 0,_10,. It is easy to check that
P, ; satisfies all the conditions in the claim. Suppose the claim is true for | < p, we
next prove that the claim is also true for [ — 1. We show the existence of P,_; by
construction for the following two cases.

Case 1: p — [+ 1 is even.

We let N, ..., N}, 1, N}, N} be separable CP-nets over &;, defined as follows.

e Let 1;---1, 50, 10, be in the bottom position of N'y; let 1;---1, 50, 10, be in

the top position of N}.

e For any 1 <1 < p — [ — 1, let 11 st 1l+i720l+i711l+i T 1;177201)710;0 be in the
top position of Nf; let 1;---1, 51,10, be in the top position of N ; let

1;---1,20,_11, be in the top position of N, ;.

For any linear order V over X}, we let the composition of V and N (where N €
(N N N NG} be a partial order O' ! over )y, defined as follows.
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e The restriction of O'~! on X; 1 = 1;_1 is V. That is, for any dﬁl,dﬁg € A such

that dy >y da, we let (1,_1,dy) >oi1 (1,1, do).

e The restriction of O'~' on X;_; = 0,_; is the partial order encoded by N. That

is, for any d:,dg € X, such that d, >\ d;, we let (Ol,l,afl) >oi-1 (Ol,l,afg).
e For any de X, we let (Ol,l,cij >0l-1 (11,1,@.
e N e {N, ... N . N}, welet 1 g1y -1, >0t 011y -+ - 150,10,

We are now ready to define P,_;. Any V € P, has a counterpart in F,. For
example, the counterpart of @' ' is a}. For any V € P_;, V is defined to be the
extension of the composition of V’s counterpart in P, and some N (where N €
(N N NG NG}, inwhich 1, - -+ 1, is ranked as low as possible. Next we
specify which A/ that each V' € P, corresponds to in the following table.

Table 11.2: From P, to P,_;.

for all votes in P,_; | is composed of
1<j<p al ! al N
i<(@-Dp ai™! al N}
(p—Dp+1<j<(p—1l+1)p aj ! G N o
(p—I+Dp+1<j<p? al ! al N
Efr;luz Béfuz N}
jEp—L+2 bt b N
i< T8 | M
A=t c NL

It follows that P,y is O;_;-legal. By Lemma 11.4.2, we have the following calcu-
lation.
e For any 1 < j < p, |Downg1(1;1---1,)| = |[Downg (1;---1,)| + 1. This is
J J
because for any d € X, such that d e Downgi (1;---1,), 1,-1---1, is ranked
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higher than (1l,1,cf) in dgﬁl; and moreover, 1;_;---1, is ranked higher than

011y 120,10, in @},
< 7 < _ Ce = ce
e For any 1 < j < p, ‘Downa’(pil)p”(ll*l 1) |Downa’(p,l)p+j(1l 1,)| + 3.

This is because for any de X, such that de Downa(pfl)pﬂ(ll 1), L er 1,

is ranked higher than (1, 1, cf) in ag_jyp+;; and moreover, 1; ;- --1, is ranked

higher than 0;_11;--+1,_20,_10, in ag_)p;-

e Forany j < (p—lpor (p—1+1)p+1<j<p? [Downy(l_1---1,)| =

|Down, (1;---1,)] + 1.

° |D0WHBL:1I+2(1l71 I ‘DOWHBL, (1 1,)] + 1.

142
o Forany Vi € (Bi1 U Bi1 U {e)\{by 142},
Downy, (11 1,)] = [Downyy (11,

where Vé is the counterpart of Vp in P,.

We next prove that SSPp, ,(P-1) = 1,-1---1,. We note that P_4|x, ,-1, , = B.
Therefore, if in the first step 1;_; is chosen, then the winner is 1;_;---1,. We also
note that P_i|x, ,-o,_, is separable (and the CP-nets are N},... . Nl ., p* +p
copies of Ny and p? + p copies of N}). Therefore, if in the first step 0, ; is
chosen, then the winner is 0;_11;---1, 21, 11,. Because exactly p? + p — 1 votes
in Py prefer 0;_41;---1, 91, 11, to 1,_y---1, (those votes corresponds to ./\/'fg in
the construction), we have that 1, ; is the winner in the first step. Therefore,
SSPo, (P—1) = 1,-1---1,. It is also easy to verify that P,_; satisfies all condi-
tions in the claim.

Case 2: p—1+1is odd. The construction is similar as in the even case. The only

difference is that we switch the role of A; and B; (also A; and Bl) H
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The theorem follows from Claim 11.4.1 by letting [ = 1, and it is easy to check
that in P, in Claim 11.4.1 (I = 1), no more than 4p* alternatives have been ranked
lower than SSPp(P) in any vote, which means that SSPo(P;) is Pareto-dominated
by at least 2P — 4p? alternatives.

(End of proof for Theorem 11.4.6.) ]
11.5 Summary

In this chapter, we considered a complete-information game-theoretic analysis of se-
quential voting on binary issues, which we called strategic sequential voting. Specifi-
cally, given that voters have complete information about each other’s preferences and
their preferences are strict, the game can be solved by a natural backward induction
process (WSDSBI), which leads to a unique solution. We showed that under some
conditions on the preferences, this process leads to the same outcome as the truthful
sequential voting, but in general it can result in very different outcomes. We ana-
lyzed the effect of changing the order over the issues that voters vote on and showed
that, in some elections, every alternative can be made a winner by voting according
to an appropriate order over the issues.

Most significantly, we showed that strategic sequential voting is prone to multiple-
election paradoxes; to do so, we introduced a concept called minimax satisfaction
index, which measures the degree to which at least one voter is made happy by the
outcome of the election. We showed that the minimax satisfaction index for strategic
sequential voting is exponentially small, which means that there exists a profile for
which the winner is ranked almost in the bottom positions in all votes; even worse,
the winner is Pareto-dominated by almost every other alternative. We showed that
changing the order of the issues in sequential voting cannot completely avoid the
paradoxes. These negative results indicate that the solution of the sequential game
can be extremely undesirable for every voter. We also showed that multiple-election
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paradoxes can be avoided to some extent by restricting voters’ preferences to be
separable or lexicographic, but the paradoxes still exist when the voters’ preferences

are O-legal.
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12

Strategy-Proot Voting Rules over Restricted
Domains

We have seen in Chapter 7 and Chapter 11 that in some voting games, strategic
behavior sometimes leads to extremely undesirable outcomes. Therefore, we may
want to prevent voters’ strategic behavior. However, the Gibbard-Satterthwaite the-
orem tells us that for any voting rule that satisfies some natural properties, there
must exist at least one voter who has an incentive to misreport her preferences, if
the voters are allowed to use any linear order to represent their preferences. To
circumvent the Gibbard-Satterthwaite theorem, researchers in Computational So-
cial Choice have investigated the possibility of using computational complexity to
prevent voters’ strategic behavior. Chapter 4 showed that for some common vot-
ing rules computational complexity can provide some protection from manipulation,
while Chapter 5 gave some evidence that computational complexity does not seem
to be a very strong barrier against manipulation.

In fact, there is another, older, line of research on circumventing the Gibbard-
Satterthwaite theorem. This line, which has been pursued mainly by economists, is

to restrict the domain of preferences. That is, we assume that voters’ preferences
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always lie in a restricted class. An example of such a class is that of single-peaked
preferences (Black, 1948). For single-peaked preferences, desirable strategy-proof
rules exist, such as the median rule. Other strategy-proof rules are also possible in
this preference domain: for example, it is possible to add some artificial (phantom)
votes before running the median rule. In fact, this characterizes all strategy-proof
rules for single-peaked preferences (Moulin, 1980). On the other hand, preferences
have to be significantly restricted to obtain such positive results: Aswal et al. (2003)
extend the Gibbard-Satterthwaite theorem, showing that if the preference domain is
linked, then with three or more alternatives the only strategy-proof voting rule that
satisfies non-imposition is a dictatorship.

In this chapter we will focus on exploring the possibility of using domain restric-
tion to circumvent the Gibbard-Satterthwaite theorem in multi-issue domains. The
problem of characterizing strategy-proof voting rules in multi-issue domains has al-
ready received significant attention. Strategy-proof voting rules for high-dimensional
single-peaked preferences (where each dimension can be seen as an issue) have been
characterized (Border and Jordan, 1983; Barbera et al., 1993, 1997; Nehring and
Puppe, 2007). Barbera et al. (1991) characterized strategy-proof voting rules when
the voters’ preferences are separable, and each issue is binary (that is, the domain for
each issue has two elements). Ju (2003) studied multi-issue domains where each issue
can take three values: “good”, “bad”, and “null”, and characterized all strategy-proof
voting rules that satisfy null-independence, that is, if a voter votes “null” on an issue
1, then her preferences over other issues do not affect the value of issue i.

The prior research that is closest to ours was performed by Le Breton and Sen
(1999). They proved that if the voters’ preferences are separable, and the restricted
preference domain of the voters satisfies a richness condition, then, a voting rule is
strategy-proof if and only if it is an issue-by-issue voting rule, in which each issue-wise
voting rule is strategy-proof over its respective domain.
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Despite its elegance, the work by Le Breton and Sen is limited by the restrictive-
ness of separable preferences: as we have argued in Chapter 8, in general, a voter’s
preferences on one issue depend on the decision taken on other issues. On the other
hand, one would not necessarily expect the preferences for one issue to depend on
every other issue. Therefore, it seems that sequential voting (Section 8.3) is better
than issue-by-issue voting. While the assumption of sequential voting that there
exists an ordering O over issues such that all voters’ preferences are O-legal is still
restrictive, it is much less restrictive than assuming that preferences are separable.
Chapter 9 and Chapter 10 concerned how to design new voting rules when voters
use a much more expressive voting language (i.e., possibly cyclic CP-nets), but in
this chapter, we only study the setting where all voters’ preferences are O-legal, and
wlog wefix O =X, > Xy > > X,

The main theorem of this chapter is the following: over lexicographic preference
domains (where earlier issues dominate later issues in terms of importance to the
voters), the class of strategy-proof voting rules that satisfy non-imposition is exactly
the class of voting rules that can be decomposed into multiple strategy-proof local
rules, one for each issue and each setting of the issues preceding it. Technically, it is
exactly the class of all conditional rule nets (CR-nets), defined later in this chapter
but analogous to CP-nets, whose local (issue-wise) entries are strategy-proof voting
rules. CR-nets represent how the voting rule’s behavior on one issue depends on the
decisions made on all issues preceding it. Conceptually, this is similar to how acyclic
CP-nets represent how a voter’s preferences on one issue depend on the decisions

made on all issues preceding it.
12.1 Conditional Rule Nets (CR-Nets)

In this section, we give the motivation and formal definition of CR-nets. In a se-
quential voting rule, the local voting rule that is used for a given issue is always the
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same, that is, the local voting rule does not depend on the decisions made on earlier
issues (though, of course, the voters’ preferences for this issue do depend on those
decisions).

However, in many cases, it makes sense to let the local voting rules depend on
the values of preceding issues. For example, let us consider again the setting in
Example 8.0.2, where a group of people must make a joint decision on the menu
for dinner, and the menu is composed of two issues: the main course (M) and the
wine (W). Let us suppose that the caterer is collecting the votes and making the
decision based on some rule. Suppose the order of voting is M > W. Suppose the
main course is determined to be beef. One would expect that, conditioning on beef
being selected, most voters prefer red wine (e.g., » > p > w). Still, it can happen
that even conditioned on beef being selected, surprisingly, slightly more than half
the voters vote for white wine (w > p > r), and slightly less than half vote for red
(r > p > w). In this case, the caterer, who knows that in the general population
most people prefer red to white given a meal of beef, may “overrule” the preference
for white wine among the slight majority of the voters, and select red wine anyway.
While this may appear somewhat snobbish on the part of the caterer, in fact she
may be acting in the best interest of social welfare if we take the non-voting agents
(who are likely to prefer red given beef) into account.

To model voting rules where the local rules depend on the values chosen for earlier
issues, we introduce conditional rule nets (CR-nets). A CR-net is defined similarly
to a CP-net—the difference is that CPTs are replaced by conditional rule tables
(CRTSs), which specify a local voting rule over D; for each issue X; and each setting

of the parents of X;.!

Definition 12.1.1. An (acyclic) conditional rule net (CR-net) M over X is com-

posed of the following two parts.

L Tt is not clear how a cyclic CR-net could be useful, so we only define acyclic CR-nets.
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1. A directed acyclic graph G over {X;,..., X,}.
2. A set of conditional rule tables (CRTs) in which, for any variable X; and any
setting d of Parg(X;), there is a local conditional voting rule M| z over D;.

A CR-net encodes a voting rule over all O-legal profiles (we recall that we fix

O = X; > --- > X, in this chapter). For any 1 < i < p, in the ith step, the value

d; is determined by applying M| x,.4,..q; , (the local rule specified by the CR-net for
the ith issue given that the earlier issues take the values dy ---d; 1) to Plx,.ay.d, ,
(the profile of preferences over the ith issue, given that the earlier issues take the
values dy ---d;—1). Formally, for any O-legal profile P, M(P) = (di,...,d,) is
defined as follows: d; = M|x,(Plx,), d2 = M|x,.4,(P|xy.a,), €tc. Finally, d, =
My dyy (P Xpedydyr )

A CR-net M is separable if there are no edges in the graph of M. That is, the

local voting rule for any issue is independent of the values of all other issues (which

corresponds to a sequential voting rule).

12.2  Restricting Voters’ Preferences

We now consider restrictions on preferences. A restriction on preferences (for a
single voter) rules out some of the possible preferences in L(X). Following the
convention of Le Breton and Sen (1999), a preference domain is a set of all admissible
profiles, which represents the restricted preferences of the voters. Usually a preference
domain is the Cartesian product of the sets of restricted preferences for individual
voters. A natural way to restrict preferences in a multi-issue domain is to restrict
the preferences on individual issues. For example, we may decide that » > w > p
is not a reasonable preference for wine (regardless of the choice of main course),
and therefore rule it out (assume it away). More generally, which preferences are
considered reasonable for one issue may depend on the decisions for the other issues.

Hence, in general, for each ¢, for each setting d; of the issues before issue X, there
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is a set of “reasonable” (or: possible, admissible) preferences over X;, which we call
L) x.q- Formally, admissible conditional preference sets, which encode all possible

conditional preferences of voters, are defined as follows.

Definition 12.2.1. An admissible conditional preference set £ over X is composed
of multiple local conditional preference sets, denoted by £|Xz-:d7-’ such that for any
1<i<pandany die Dy x - x D; 4, E‘Xi;dZ is a set of (not necessarily all) linear

orders over D;.

That is, for any 1 < ¢ < p and any J; € Dy x -+ x D;_q, £|Xi:d; encodes the
voter’s local language over issue i, given the preceding issues taking values d;. In
other words, if £ is the admissible conditional preference set for a voter, then we
require the voter’s preferences over X; given d: to be in L] X,

An admissible conditional preference set restricts the possible CP-nets, prefer-
ences, and lexicographic preferences. We note that Le Breton and Sen (1999) defined
a similar structure, which works specifically for separable votes.

Now we are ready to define the restricted preferences of a voter over X. Let £
be the admissible conditional preference set for the voter. A voter’s admissible vote
can be generated in the following two steps: first, a CP-net A is constructed such
that for any 1 < i < p and any d; € D; x --- x D; 1, the restriction of AN on X;
given J; is chosen from L| x,.d,; second, an extension of NV is chosen as the voter’s
vote. By restricting the freedom in either of the two steps (or both), we obtain a set

of restricted preferences for the voter. Hence, we have the following definitions.

Definition 12.2.2. Let £ be an admissible conditional preference set over X.

e CPnets(L) = {N : N is a CP-net overX, and Vi,Vd; € Dy x-- XD 1, Nx g €
Lix.a}

o Pref(L) ={V : V ~ N,N € CPnets(L)}.

e LD(L) = {Lex(N) : N € CPnets(L)}.
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That is, CPnets(L) is the set of all CP-nets over X corresponding to preferences
that are consistent with the admissible conditional preference set £. Pref(£) is the
set of all linear orders that are consistent with the admissible conditional preference
set L. LD(L), which we call the lexicographic preference domain, is the subset of
linear orders in Pref(L£) that are lexicographic. For any L < Pref(£), we say that L
extends L if for any CP-net in CPnets(L), there exists at least one linear order in
L consistent with that CP-net. It follows that LD(L) extends £; in this case, for
any CP-net N in CPnets(L), there exists exactly one linear order in LD(L) that
extends N. Lexicographic preference domains are natural extensions of admissible
conditional preference sets, but they are also quite restrictive, since any CP-net only
has one lexicographic extension.

We now define a notion of richness for admissible conditional preference sets.
This notion says that for any issue, given any setting of the earlier issues, each value

of the current issue can be the most-preferred one.?

Definition 12.2.3. An admissible conditional preference set L is rich if for each
1 < i < p, each valuation d: of the preceding issues, and each a; € D;, there exists

Vie Ly g such that a; is ranked in the top position of V'.

We remark that richness is a natural requirement, and it is also a very weak
restriction in the following sense. It only requires that when a voter is asked about
her (local) preferences over X; given d;, she should have the freedom to at least
specify her most preferred local alternative in D; at will. We note that [£]y 7| can
be as small as |D;| (by letting each alternative in D; be ranked in the top position
exactly once), which is in sharp contrast to |L(D;)| = |D;|! (when all local orders are
allowed).

A CRrnet M is locally strategy-proof if all its local conditional rules are strategy-

2 This is not the same richness notion as the one proposed by Le Breton and Sen, which applies
to preferences over all alternatives rather than to admissible conditional preference sets.
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proof over their respective local domains (we recall that the voters’ local preferences
must be in the corresponding local conditional preference set). That is, for any
1<i< p’d:. €Dy x---x D; 4, M‘Xi:d:- is strategy-proof over H?:1 £j|XZ_:Ji.

12.3  Strategy-Proof Voting Rules in Lexicographic Preference Do-

mains

In this section, we present our main theorem, which characterizes strategy-proof
voting rules that satisfy non-imposition, when the voters’ preferences are restricted
to lexicographic preference domains. Our main theorem states the following: if
each voter’s preferences are restricted to the lexicographic preference domain for
a rich admissible conditional preference set, then a voting rule that satisfies non-
imposition is strategy-proof if and only if it is a locally strategy-proof CR-net. We
recall that there are at least two issues with at least two possible values each, and
the lexicographic preference domain for a rich admissible conditional preference set
L is composed of all lexicographic extensions of the CP-nets that are constructed

from L.

Theorem 12.3.1. For any 1 < j < n, suppose L; is a rich admissible conditional
preference set, and voter j’s preferences are restricted to the lexicographic preference
domain of L;. Then, a voting rule r that satisfies non-imposition is strategy-proof if

and only if r is a locally strategy-proof CR-net.

Proof of Theorem 12.3.1: In this proof, for any 1 < ¢ < p, we let X ; denote
T\{X;}. For any 1 < j < n, any profile P of n votes, we let P_; denote the profile
that consists of all votes in P except the vote by voter j.

Before formally proving the theorem, let us first sketch the idea behind the proof.
The “if” part is easy. The “only if” part is proved by induction on p (the number of
issues). More precisely, suppose the theorem holds for p issues. For p + 1 issues, let
r be a strategy-proof voting rule that satisfies non-imposition. We first prove that r
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can be decomposed in the following way: there exists a local rule r; over D; and a
voting rule 7x ., over Dy x --- x Dy, for each a; € D; that satisfy the following

two conditions.

1. For any profile P, the first component of r(P) is determined by applying r; to

the projection of P on Xy, and

2. the remaining components are determined by applying rx_,.,, to the restriction
of P on the remaining issues given X; = a;, where a; is the first component of

r(P), which is just determined by 7.

Moreover, we prove that r; and rx_ .., (for all a; € D;) satisfy non-imposition
and strategy-proofness. Therefore, by the induction hypothesis, for each a; € D,
TX a0, 18 @ locally strategy-proof CR-net over Dy x --- x D,.;. It follows that r is
a locally strategy-proof CR-net over Dy x --- x Dy, in which the (unconditional)
rule for X7 is r1, and given any a; € Dy, the sub-CR-net conditioned on X; = a; is
TX_iay-

We now formally prove the theorem. We will use Lemma 12.3.2, which states
that any strategy-proof rule r satisfies monotonicity, that is, for any profile P, if

each voter changes her vote by ranking r(P) higher, then the winner is still (P).
Lemma 12.3.2 (Known). Any strategy-proof voting rule satisfies monotonicity.

Proof of Lemma 12.3.2: Suppose for the sake of contradiction r is strategy-proof
but does not satisfy monotonicity. It follows that there exists a profile P, i, and
V! such that V! is obtained from V; by raising r(P), and r(P_;, V) # r(P). If
r(P-i, V) >v: r(P), then we must have that r(P_;, V) >y, 7(P), which means that
voter ¢ has incentive to falsely report that her true preferences are V/; if r(P) >y
r(P_;, V), then when voter i’s true preferences are V; and the other voters’ profile

is P_;, she has incentive to falsely report that her preferences are V;. In either case
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there is a manipulation, which contradicts the assumption that r is strategy-proof.
[]

First, we prove the “only if 7 part by induction on p. When p = 1, the theorem
is immediate. Now, suppose that the theorem holds when p = k. When p = k + 1,
for any strategy-proof rule r that satisfies non-imposition, over X1 = Dy x -+ x
D)1, we prove that this rule can be decomposed into two parts: first, it applies
a local voting rule r for X, and subsequently, it applies a rule r|y_,.,, for X i,
which depends on the outcome of r;. Thus, we have the property that for any
P e [T}, LD(L;), we have 7(P) = (r(P|x,), 7[x_yir(Plxy) (PIx_1im(Plx,)))- Then,
we will show that the induction assumption can be applied to the second part.

To prove these, we claim that for any strategy-proof voting rule r satisfying non-
imposition, and any P € ]—[?:1 LD(L;), the value of issue X; for the winning alter-
native only depends on the restriction of the profile to X;. That is, we show that for
any pair of profiles P, Q) € H?:l LD(L;), where P = (V4,...,V,,), @ = (Wy,...,W,)
and Plx, = Q|x,, we must have 7(P)|x, = r(Q)|x,. Suppose on the contrary that
r(P)|x, # r(Q)|x,. For any 0 < j < n, we define P; = (Wy,...,W;,Viiq,..., Vp).
It follows that Py = P and P, = (). We claim that for any 0 < j < n — 1,
r(Pj)|x, = r(Pj+1)|x,. For the sake of contradiction, suppose r(P;)|x, # r(Pj+1)|x,
for some j < n —1. Let a; = r(F))|x, and by = r(Pj41)|x,- If a1 >v;,, 1, b1, then,
because Vji1|x, = Wjs1lx,, (Pj+1, Vis1) is a successful manipulation; on the other
hand, if by >v;,,, |, a1, then, (Pj,W;41) is a successful manipulation. This contra-
dicts the strategy-proofness of . Thus, we have shown that the value of issue X; for
the winning alternative only depends on the restriction of the profile to Xj.

Therefore, we can define a voting rule r; over D; as follows. For any P! ¢
[1/_1 £jlx,s 1(PY) = r(P)|x,, where P € []}_, LD(L;) and P|x, = P'. Such a P
exists because LD(L;) extends L; for all j, and this is well-defined by the observation
from the previous paragraph. r; satisfies non-imposition because r satisfies non-
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imposition.

Next, we prove that rq is strategy-proof. If we assume for the sake of contradiction
that r; is not strategy-proof, then there exists a successful manipulation (P?, \711) over
Dy, where voter [ is the manipulator, and P' = (V{',..., V). Let M1, ..., Ny, N be
n + 1 CP-nets satisfying the following conditions.

e For any 1 < j <n, Njlx, = V}'; Mlx, = V.

e For any 1 < j <n, N € CPnets(L;), N; € CPnets(L,).

For 1 < j < n, let V; be the lexicographic extension of N;. Let V; be the
lexicographic extension of N;. Let P = (Vi,...,V,). We note that the X; component
of r(P_;, V) is ri(PL,, V;!) >y1 r1(P'), which is the X; component of r(P). Because
V; is the lexicographic extension of N, and N;|x, = V;!, we have that (P, f/}) >,
r(P), which means that (P, Vl) is a successful manipulation. This contradicts the
strategy-proofness of r. So, we have shown that r; is strategy-proof.

We next show that the second part of r can be written as 7°|X71;7«1(P‘X1) (P‘Xil;rl(p‘xl)).
That is, the rule for the remaining issues X ; only depends on the outcome for X;.
For any V' € Legal(Q) and any a; € Dy, we let V|x_,.,, denote the linear preference
over D_; that is compatible with the restriction of V' to the set of alternatives whose

X, component is aq, that is, for any 6,1,5,1 eD_,d ZVIx 5,1 if and only if

(a1,@_1) >v (a1,b_1). For any O-legal profile P, P|x ,.q, is composed of V|x .,
for all V€ P. For any CP-net N, we let N|x_,.., denote the sub-CP-net of N/
conditioned on X7 = a;. It follows that if V ~ N, then, V|x_ .0y ~ N|x_ 10y

Now, we claim that for any pair of profiles P, P, € H;L:I LD(L;), P, =(W,...,V,)
and Py = (W4, ..., W,), such that a; = r1(P1) = r1(P) and Pi|x_,.a;, = Pa|x_y .0y, We
must have r(P;) = r(P,). To prove this, we construct a profile P such that r(P;) =
r(P) = r(P,). Forany 1 < j < n, we let V" € Lj|x, be an arbitrary linear order

over Dy in which a; is in the top position. Let P = (Q1,..., Q) € [[}_, LD(L))
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be the profile in which for any 1 < j < n, @); is the lexicographic extension of the
CP-net N; that satisfies the following conditions.

o Njlx, = V"

e Njlx_ 1oy = Njlx_y:ar, Where Nj is the CP-net that V; extends.

Let @ = (a1,@ 1) = r(P)). Forany 1 < j <nandany b€ X with b >q, @, we have
that the X; component of b must be ay, because (); is lexicographic, and a, is in the

top position of Q);|x,. We let b= (a, l;,l). It follows that b_; >Q, a_;. We note

Ix_1:aq
that Q;|x ., is the lexicographic extension of Nj|x a5 Vilx 1 :a, 1S the lexicographic
extension of Nj|x_ ., and Nj|x_ e, = Njlx_1:a,- Therefore, Qilx o = Vilx_yars
which means that b_, >Vi|x_ ., G-1. Hence, we have b >y, . By Lemma 12.3.2,
we have r(P) = r(P;). By similar reasoning, r(P) = r(F,), which means that
r(P) = r(P) = r(P,). It follows that for any a; € D;, there exists a voting rule

T|x_,:a, OVer Dy x --- x D, such that for any P € ]_[;;1 LD(L;),

r(P) = (r(Plx,), 7lx_im@lx) (Plx 1r(pix,))

At this point, we have shown that r can be decomposed as desired. We next show
that for any a; € Dy, 7[x ., is strategy-proof over [[7_; LD(L;|x ,.0,). Suppose
for the sake of contradiction that there exists a successful manipulation (P!, ‘A/l’l),
where voter [ is the manipulator, and P~1 = (V; 1, ..., V. 1), Let My, ..., N, N; be
n + 1 CP-nets satisfying the following conditions.

e For any 1 < j < n, top(Nj|x,) = a;. That is, a; is ranked in the top position
in the restriction of N to X;. Also, top(Ni|x,) = a.

e For any 1 < j < n, Nj|x ., is the CP-net over D_; that Vj’1 extends; /\A/}|X71:a1
is the CP-net over D_; that f/l’l extends.

o For any 1 < j <n, N € CPnets(L;); N; € CPnets(L)).

The existence of these CP-nets is guaranteed by the richness of £; for any 1 <
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Jj <n. For any 1 < j < n, let V; be the lexicographic extension of N;. Let V; be the

lexicographic extension of V. Let P = (Vi,...,V,). We note that
T(P) = (rl(P‘Xl)’T|X7137’1(P‘X1)(P|X7157"1(P‘X1)))

= (CLl’T‘X—l:al(P‘X—l:al)) = (a17T‘X—11f11 (Pil))

~ ~

<y (ala T|X71:a1 (P:l1> W)) - T(P*b VD

This contradicts the strategy-proofness of r. Hence, we have shown that for any
a1 € Dy, 7|x_.q, 18 strategy-proof over [ [7_; LD(Lj|x ,.a,)-

Moreover, because r satisfies non-imposition, for any a; € Dy, r|x_,.., satisfies
non-imposition. Hence, for any a; € Dy, we can apply the induction assumption to
Tl x_,.a; and conclude that it is a locally strategy-proof CR-net over D ;. It follows
that r is a locally strategy-proof CR-net over X', completing the first part of the
proof.

We next prove the “if” part. If the proposition does not hold, then there exists a
locally strategy-proof CR-net M for which there is a successful manipulation (P, Vl)

Let i < p be the smallest natural number such that M(P)|x, # M(P_, V)

X;-
Let d; be the first i — 1 components of M(P) and M(P_;,V;). Because M. 18

strategy-proof, we have the following calculation.

M(P)|x; = M x5 (Plx.q)

=ity g, Ml (P Vilxq)
= M(P,l, ‘A/E) X

Because V] is lexicographic, for any ¢,z € D;y1 x -+ x D, we have
(dl? M‘de: (P)’ ?j) >Vl (dﬂ M|de: (Pfla W)a 5)

Therefore, M(P) >y, M(P_1,V;), which contradicts the assumption that (P,V}) is
a successful manipulation. Hence, locally strategy-proof CR-nets are strategy-proof
for lexicographic preferences. ]
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It follows from Theorem 12.3.1 that any sequential voting rule that is composed
of locally strategy-proof voting rules is strategy-proof over lexicographic preference
domains, because a sequential voting rule is a separable CR-net. Specifically, when
the multi-issue domain is binary (that is, for any 1 < i < p, |D;| = 2), the sequential
composition of majority rules is strategy-proof when the profiles are lexicographic. It
is interesting to view this in the context of previous works on the strategy-proofness
of sequential composition of majority rules: Lacy and Niou (2000) and Le Breton
and Sen (1999) showed that the sequential composition of majority rules is strategy-
proof when the profile is restricted to the set of all separable profiles; on the other
hand, Lang and Xia (2009) showed that this rule is not strategy-proof when the
profile is restricted to the set of all O-legal profiles.

The restriction to lexicographic preferences is still limiting. Next, we investigate
whether there is any other preference domain for the voters on which the set of
strategy-proof voting rules that satisfy non-imposition is equivalent to the set of all
locally strategy-proof CR-nets. The answer to this question is “No,” as shown in
the next result. More precisely, over any preference domain that extends an admis-
sible conditional preference set, the set of strategy-proof voting rules satisfying non-
imposition and the set of locally strategy-proof CR-nets satisfying non-imposition

are identical if and only if the preference domain is lexicographic.

Theorem 12.3.3. For any 1 < j < n, suppose L; is a rich admissible conditional
preference set, L; < Pref(L;), and L; extends L;. If there exists 1 < j < n such
that L; is not the lexicographic preference domain of L;, then there ewists a locally

strategy-proof CR-net M that satisfies non-imposition and is not strategy-proof over

H;L:1 Lj'

Proof of Theorem 12.3.3: If, for some j < n, thereis a V/ € LD(L;) that is not in

L;, then there must also be a V; € L; that is not in LD(L,), because some vote in L;
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must extend the CP-net that V; extends. Hence, if [[;_, LD(L;) # [[;_, LD(L;),
there must exist some j < n, V; € L; such that V; is not in LD(L;). For this V},

there must exist ¢ < p, a;_1 € Dy x---xD;_1, a;,b; € D;, di11,bi11 € Diyy x ---x D,

such that a; >y, ) bi, and (d@;—1,b;, biy1) >v, (di—1,ai, di1). Now, let us define a

‘X,L-:ai,

CR-net M as follows.

o M|x,a_, is the plurality rule that only counts voter 1 and voter j’s votes; ties

are broken in the order b; > a; > D; — {a;, b;}.

e Any other local conditional voting rule is a dictatorship by voter 1.

Now, let A € CPnets(£;) be a CP-net such that top(N1) = (@;_1,a, dit1),
and for any k& = ¢ + 1, top(Ni|x,.@ bibiss-bp,) = bk. Here top(N}) is the top-
ranked alternative in Nj. Let N € CPnets(L;) be a CP-net such that top(N}) =
(@ 1,bi, bis1). Let Vi € Ly be such that Vi ~ A, and let Vi € L; be such that
Vj’ ~ /\fj’ Such V; and Vj’ must exist, because L; extends £, and L; extends L;.
For any profile P = (Vi,...,V;,...,V,) € [[j_; LD(L;) (that is, for any I # 1,7,
V, is chosen arbitrarily, because M(P) does not depend on them), it follows that
M(P) = (@1, a5,@541), and M(P_;, V!) = (@1, bi, bis1), which means that (P, V)
is a successful manipulation for voter j. So, M is not strategy-proof (and it satisfies

non-imposition). ]
12.4  Summary

In this chapter, we studied strategy-proof voting rules when the voters’ preferences
are represented by acyclic CP-nets that follow a common order over issues. We
showed that if each voter’s preferences are restricted to a lexicographic preference

domain, then a voting rule satisfying non-imposition is strategy-proof if and only if
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it is a locally strategy-proof CR-net. We then proved that this characterization only
works for lexicographic domains.

Our characterization is quite positive; however, beyond that, it is still not clear
how much we can hope for desirable strategy-proof voting rules in multi-issue do-
mains.®> Of course, it is well known that it is difficult to obtain strategy-proofness
in voting settings in general, and this does not mean that we should abandon vot-
ing as a general method. Similarly, difficulties in obtaining desirable strategy-proof
voting rules in multi-issue domains should not prevent us from studying voting rules
for multi-issue domains altogether. From a mechanism design perspective, strategy-
proofness is a very strong criterion, which corresponds to implementation in dominant
strategies. It may well be the case that rules that are not strategy-proof still result

in good outcomes in practice—or, more formally, in (say) Bayes-Nash equilibrium.

3 In fact, we also proved two impossibility theorems, which (informally) both state that as soon
as we go beyond lexicographic domains, there are no strategy-proof voting rules, except CR-nets
where local rules are dictatorships. These results are omitted due to their heavy technicality and
notation. They can be found on my homepage.
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13

Conclusion and Future Directions

In recent years, rapid developments in computers and networks have brought big
changes to human society. These changes have led to many new interdisciplinary
areas among which the interdisciplinary area lying in the intersection of Computer
Science and Economics has attracted much attention. Computational Social Choice
is a burgeoning subarea in this intersection. This dissertation includes my Ph.D. re-
search on two aspects of Computational Voting Theory, which is the most active and
major branch of Computational Social Choice. The novel research contributions are

as follows.

1. Game-theoretic aspects (Chapter 4-Chapter 7). In this part I examined the
motivation and possibility to circumvent the Gibbard-Satterthwaite theorem by

using computational complexity as a barrier against voters’ strategic behavior.

2. Combinatorial aspects (Chapter 9-Chapter 12). In this part I focused on
the design and analysis of computationally tractable voting rules for multi-issue
domains to overcome the computational difficulties in preference representation

and aggregation caused by the exponential blowup in the number of alterna-
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tives.
13.1 Summary of Chapters

Chapter 1 served as a general and high-level introduction to the work included in
this dissertation, where I briefly described the motivating questions for my research,
the methodology we have developed and the results we have obtained, and how
these results answered the motivating questions. Chapter 2 introduced notation
used throughout the dissertation, definitions of some common voting rules and some
axiomatic properties for voting, and gave a brief introduction to other major research
directions in Computational Social Choice. Chapter 3 is a mixture of introduction
and preliminaries for the game-theoretic aspects of my work, which are covered in
Chapter 4 through Chapter 7.

In Chapter 4, we characterized the computational complexity for the unweighted
coalitional manipulation problem for three common voting rules. We showed that
UCM is NP-complete for maximin (Section 4.1) and ranked pairs (Section 4.2), and in
P for Bucklin (Section 4.3). These worst-case hardness results imply that at least for
maximin and ranked pairs, computational complexity can provide some protection
against manipulation. Therefore, for these results, it gives an affirmative answer to
the question “Can we use computational complexity to prevent manipulation?”

In Chapter 5, we continued investigating the possibility of using computational
complexity as a barrier against manipulation. We focused on the question “Is com-
putational complexity a strong barrier against manipulation?” Unfortunately, the
answer was quite negative, as illustrated by our research in two directions. In Sec-
tion 5.2, we pursued the “frequency of manipulability” approach, and showed that
for most common voting rules, with a high probability the UCM problem is compu-
tationally trivial. To prove this result, we introduced generalized scoring rules, and

then characterized the frequency of manipulability for all generalized scoring rules.
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To show how general this class of voting rules is, we gave a concise axiomatic charac-
terization of it in Section 5.3. In Section 5.4, we pursued an approximation approach.
We devised an efficient polynomial-time algorithm that approximately computes the
smallest number of manipulators that are needed to make a given alternative win,
for all positional scoring rules.

Since computational complexity does not seem to be a strong barrier against
manipulation, we need to look for other ways to circumvent Gibbard-Satterthwaite.
In Chapter 6, we examined some preliminary ideas about preventing manipulations
by restricting the manipulator’s information about the other voters’ votes. Our
results are encouraging: restricting the manipulator’s preferences can make a certain
type of manipulation, which we called “dominating manipulation”, computationally
hard or even impossible.

In fact, the very first question that should be asked is probably not “How can we
circumvent Gibbard-Satterthwaite?”, but is rather, “Is the strategic behavior unde-
sirable?” Surprisingly, in the literature little work attempted to answer this question.
The difficulty mainly comes from the fact that there are too many (trivial) equilibria
in voting games. In Chapter 7, we partly answered this question by showing that in
any Stackelberg voting game, there is a unique winner across all equilibria, and it
is sometimes ranked within the bottom two positions in all voters’ true preferences,
with only a few exceptions. Therefore, the main theoretical results of Chapter 7 (the
paradoxes) are extremely negative. Their high-level message is what we may have
expected to see: sometimes the strategic behavior of the voters leads to extremely
undesirable outcomes. This justifies the previous line of research of using compu-
tational complexity to prevent manipulation. We also devised some techniques to
speed up the computation of the equilibrium outcome. These techniques were used
in our simulations, which showed that, surprisingly, on average the equilibrium out-
come is preferred by slightly more voters compared to the winner where the voters
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vote truthfully.

The combinatorial voting part of this thesis started in Chapter 8, where we intro-
duced the notation for combinatorial voting, multiple-election paradoxes, CP-nets,
sequential voting rules, and important criteria for designing new voting rules. We
also evaluated voting rules proposed in previous work by these criteria (Table 8.1).
We observed that all previous approaches either used voting languages that lack ex-
pressivity, or are computationally intractable. This motivated my work in Chapter 9
and Chapter 10.

Chapter 9 and Chapter 10 both focused on designing new voting methods for
combinatorial voting. We first showed quantitatively in Chapter 9 that (possibly
cyclic) CP-nets are much more usable than the voting languages used in sequential
voting and issue-by-issue voting. The voting methods we proposed in Chapter 9 and
Chapter 10 both allow voters to use (possibly cyclic) CP-nets to represent their pref-
erences. In the framework we proposed in Chapter 9, which we called H-compositions,
we first consider an induced graph over all alternatives by applying local voting rules,
then apply a choice set function to select the winner. We showed that H-compositions
are an extension of sequential voting rules, and then examined whether they satisfy
some common axiomatic properties. We also studied how to compute the winners
for the H-compositions for a common choice set function called the Schwartz set.

In Chapter 10, we took an MLE approach by extending Condorcet’s MLE model
to multi-issue domains. We studied the relationship between the voting correspon-
dences defined by the MLE approach and sequential voting correspondences, and
showed that the MLE approach gives us genuinely new correspondences. We then
focused on multi-issue domains composed of binary issues; for these, we proposed a
general family of distance-based noise models that are parameterized by a threshold.
We identified the complexity of winner determination for the corresponding MLE
voting rules in the two most important subcases of this framework.
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Chapter 11 and Chapter 12 were both devoted to studying game-theoretic as-
pects of combinatorial voting. Chapter 11 in some sense told us the same high-level
message as Chapter 7, which is: strategic behavior of the voters sometimes leads
to extremely undesirable outcomes. More precisely, we studied strategic sequential
voting, which is a complete-information extensive-form game of sequential voting in
multi-issue domains. We focused on domains characterized by multiple binary issues,
and illustrated three types of multiple-election paradoxes in strategic sequential vot-
ing. We showed that changing the order of the issues cannot completely prevent
such paradoxes. We also investigated the possibility of avoiding the paradoxes for
strategic sequential voting by imposing some constraints on the profile.

Finally, Chapter 12 pursued an older line of research to circumvent Gibbard-
Satterthwaite, which has typically been pursued by economists. We studied how to
restrict voters’ preferences over multi-issue domains to obtain strategy-proof voting
rules. Our main result is a simple full characterization of strategy-proof voting rules
over restricted sets of lexicographic profiles. This result is a counterpart of a well-
known previous characterization of strategy-proof voting rules over restricted sets of

separable profiles by Le Breton and Sen (1999).

13.2 Future Directions

Computational Social Choice is still in its infancy. There are many promising theo-
retical and practical directions for future research. On the one hand, I plan to further
explore the conceptual changes in Social Choice brought by computational thinking.
On the other hand, I plan to work on designing and employing new voting systems for
preference representation and aggregation in Multi-Agent Systems, which is one of
the best application fields for Computational Social Choice. In what follows, I will
point out some future/on-going research directions for the game-theoretic aspects
and combinatorial aspects of Computational Voting Theory, respectively.
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18.2.1 Game-Theoretic Aspects

The computational complexity of UCM has been resolved for many common voting
rules (see Table 3.1). It can be easily observed from the table that multi-stage
voting rules seem to be harder to manipulate. In fact, as far as we know, the only
four voting rules for which UCM is hard for only one manipulator are all composed
of multiple stages (STV, ranked pairs, Nanson’s and Baldwin’s rules). Among them,
STV, Nanson’s and Baldwin’s rules are defined in a very similar way: in each round, a
voting correspondence is used to eliminate some alternatives based on some “scores”
(plurality score for STV, Borda score for Nanson’s and Baldwin’s rules). We note that
for plurality and Borda, manipulation is easy for one manipulator. Hence, it seems
that the multi-stage-elimination pattern used in STV, Nanson’s and Baldwin’s rules
is an effective way to make manipulation computationally hard. Therefore, we may
ask the following open question: Can we characterize the computational complexity
of UCM for the voting rules that are defined similar by STV, Nanson’s and Baldwin’s
rules? For example, we can study the computational complexity for UCM under the
voting rules where a positional scoring rule that is different from plurality and Borda
is applied in each round, and the alternatives whose scores are the lowest (or below
the average score) are eliminated.

There are also some open questions about the “typical-case” complexity of ma-
nipulation. Recall that our characterization of the frequency of manipulability for
generalized scoring rules (Section 5.2) leaves a knife-edge case open, which is the case
where the number of manipulators is ©(y/n). Thus, the “typical-case” complexity of
manipulation is an open question for such cases. Another important assumption we
made in our characterization is that the voters’ votes are i.i.d. However, in real life
the voters’ votes are generally correlated. Therefore, it is interesting to investigate

the frequency of manipulability with correlated voters. We note that Walsh (2009)
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studied both questions by simulations.
Open questions along the research direction of approximating the UCO prob-
lem include extending our scheduling approach to other common voting rules, for

example, generalized scoring rules. Recently, Zuckerman et al. (2011) proposed a

5
(?—approximation algorithm for UCO under maximin. It would be nice to see a

unified approach for a large class of voting rules.

In Chapter 6, we took a first step in the research direction of using information
constraints to make manipulations computationally hard or even impossible. There
are many interesting open questions left for future research. Our results showed that
by restricting the manipulator’s information, sometimes we can increase the hardness
of computing dominating manipulations from in P to NP-hard. One open question
here is to characterize the exact computational complexity of computing dominating
manipulations under information constraints. We could analyze the “typical-case”
complexity, or it might be possible to prove completeness results for higher levels
of the polynomial hierarchy. Since we only studied manipulation with one manip-
ulator in Chapter 6, we may also consider using information constraints to prevent
other types of strategic behavior in our framework, including coalitional manipula-
tion, bribery, and control, or even more generally, to prevent strategic behavior in
other mechanism design or game-theoretic settings. Also, the notion of dominating
manipulation might be too strong, in the sense that it corresponds to a very cautious
manipulator who always wants to make sure that whatever the possible world is, she
is never worse-off (and sometimes better-off). This does not model some real-life
situations, where manipulators may want to take some risk to obtain higher pay-
offs. One important next step is to investigate other types of manipulation when the
manipulators have incomplete information.

In addition to coalitional manipulation, bribery and control, some other mod-
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els of voters’ strategic behavior have been studied in Computational Social Choice.
For example, false-name manipulation (Yokoo et al., 2004) refers to the strategic
behavior of an agent who creates multiple false identities to participate in auctions
or elections, to make the outcome more preferable to her. See (Conitzer and Yokoo,
2010) for an overview. In this voting setting, this problem is related to a special
control type called “control by adding new voters” (Bartholdi et al., 1992). Because
traditional manipulation is a special case of false-name manipulation, it is not sur-
prising to see negative results in the voting setting. In fact, Conitzer (2008) gave
a complete characterization of randomized false-name-proof voting rules that sat-
isfy voluntary participation. The characterization is significantly more negative than
the characterization of randomized strategy-proof voting rules obtained by Gibbard
(1977). Some positive results have also been obtained to prevent false-name manip-
ulations. Wagman and Conitzer (2008) modeled the cost of creating false identities,
and designed optimal false-name-proof voting rules for two alternatives. Conitzer
et al. (2010) proposed a voting rule that uses the social-network structure of the
voters to detect potential false identities, and then block them from casting votes. I
believe that designing new ways to protect elections from false-name-manipulations
deserves more attention, and again, we may consider using information constraints
to prevent false-name manipulation.

Another example of voters’ strategic behavior is safe manipulation (Slinko and
White, 2008). In the safe-manipulation model, a manipulator (the leader) can send
a message to all voters who have the same preferences as her (the followers), asking
them to cast the same vote V' which is not necessarily the same as their true pref-
erences. If there exists such a vote V' that (1) no matter how many followers follow
the suggestion of the leader, they are never worse off, meaning that the winner is
at least as preferred as the winner when all voters report their preferences truth-
fully, and (2) sometimes they are strictly better-off, then this is a safe manipulation.
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Slinko and White (2008) extended the Gibbard-Satterthwaite result to the notion
of safe manipulation. Therefore, we can ask the question “Is computational com-
plexity a barrier against safe manipulation?” In fact, the computational complexity
of safe manipulation has been investigated for some common voting rules (Hazon
and Elkind, 2010; Ianovski et al., 2011), but it is still open for some other common
voting rules, for example, positional scoring rules in general. Once again, we can
ask the “worst-case” vs. “typical-case” question, and see to what extent restricting
manipulators’ information about the preferences of the other voters (for example, the
maximum number of followers) can help prevent safe manipulations. At a high level,
it is still not clear how well the safe-manipulation model captures the voters’ strategic
behavior in coalition formation. In this dissertation we only studied the case where
there is only one group of manipulators. In real life, sometimes there are multiple
groups of manipulators aiming at making different alternatives win. Also, the group
of manipulators were given exogenously. Therefore, it would be nice to have some
justifications or improvements of the coalitional manipulation model. For example,
Bachrach et al. (2011) modeled the coalition formation process of the manipulators
as a coalitional game, and investigated its computational aspects.

Modeling a voting process as a game and analyzing its equilibrium outcomes is
an old yet fascinating topic. In the Stackelberg voting games studied in Chapter 7,
we assumed that the voters vote according to an exogenously-given order, and every
voter cast exactly one vote. However, in many online rating systems, a voter is free to
decide when she cast the vote, or simply not casting any vote. Desmedt and Elkind
(2010) allowed voter to absent, but if a voter decides to absent, then she cannot come
back to vote later. Therefore, the equilibrium analysis of voting games where voters
can decide when to cast votes is an interesting line of research. For Stackelberg
voting games, we still do not how to characterize the computational complexity of
computing the SPNE outcome. We conjecture that it is PSPACE-complete (Desmedt
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and Elkind (2010) also proposed the same conjecture for their model). We recall that
our simulation results showed that the equilibrium outcome seems to be preferred by
more voters than the truthful outcome when the voters’ preferences are generated
i.i.d. uniformly. One open question here is: Can we obtain a theoretical result? It
is also very interesting to know which voters in Stackelberg voting games have more

power to control the outcome: the voters who vote early, late, or in the middle?
13.2.2  Combinatorial Aspects

Combinatorial voting settings, in which the space of all alternatives is exponential in
size, constitute an important area in which techniques from Computer Science can be
fruitfully applied. As we summarized in Table 8.1, none of the previous approaches
to combinatorial voting (including ours) are perfect. Designing a “good” voting
rule over combinatorial domains that uses a very expressive and compact language
seems too ambitious to be possible. Therefore, I believe that the future design of
voting rules for combinatorial domains should focus on achieving a balance among
the criteria we proposed in Chapter 8, that is, the compactness and expressiveness
of the voting language, and the quality (including computational efficiency) of the

voting rule. Such a balance can be envisioned in the following three directions.

1. Exploring richer connections between combinatorial voting and com-
binatorial auctions. Combinatorial voting and combinatorial auctions share
many common high-level characteristics: (1) Mathematically, the objectives
are to decide the value of multiple variables based on participants’ (cardinal or
ordinal) preferences. In combinatorial auctions, one item corresponds to one
variable, whose value determines which participant obtains the item. (2) The
main difficulty comes from the exponential blow-up of the problem size. (3) So
far, the main research agendas are proposing compact and expressive languages
for the participants to express their preferences, and designing computation-
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ally tractable mechanisms to select the outcome thereafter. For example, the
popular XOR-language used in combinatorial auctions has a close relation-
ship with a language that has been investigated in combinatorial voting called
GAI-networks (Gonzales et al., 2008). See also Conitzer (2010). Therefore,
exploring richer connections between combinatorial voting and combinatorial

auctions can help in designing good voting/auction rules for both of them.

. Designing voting rules based on “local” voting rules. Our H-composition
framework leaves several computational challenges. Some of them have been
resolved in Conitzer et al. (2011b), where we proved that for several choice
set functions, the winner under H-composition is NP-hard to compute. Future
work includes designing heuristic, approximation, or fixed-parameter tractable
algorithms that would work well under certain natural assumptions, for exam-

ple, when the voters” preferences share some common structure.

. Other principled approaches. We have shown that the MLE approach
taken in Chapter 10 allowed us to define genuinely new families of voting cor-
respondences for multi-issue domains. However, the computational aspects of
determining the winners under MLE correspondences are still not completely
clear. For example, we only characterized the complexity of computing win-
ners under MLEs of distance-based threshold models with thresholds 1 and p
(the number of issues). It would be interesting to identify the complexity for
other thresholds (however, we conjecture that it is at least NP-hard). Another
promising principled approach that has not yet been applied to combinato-
rial voting is distance-rationalizable voting rules (Meskanen and Hannu, 2008;
Elkind et al., 2009a, 2010b,c, 2011). To define a voting rule in the distance-
rationalizability framework, a distance (metric) is defined for any pair of pro-

files, and a winner is associated to some profiles where the voters reach a
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consensus (for some notion of consensus, for example, profiles with a Con-
dorcet winner). Then, a voting rule can be viewed as the function that selects
the winner in the closest consensus profile. The distance-based rationalizable
framework can be easily adopted to design new rules for combinatorial vot-
ing: we only need to define a natural distance between profiles represented
by some compact language (for example, some distance that is based on the
Hamming distance between CP-nets over multi-binary-issue domains), and a
set of profiles where voters reach a consensus. The main question here is the
quality of the voting rule that is distance-rationalized in this way, especially

the computational complexity.

There are also many interesting topics for future research about the game-theoretic
aspects of combinatorial voting. For example, is there any criterion for the selection
of the order over the issues in sequential voting games? Perhaps more importantly,
how can we get around the multiple-election paradoxes in sequential voting games?
For example, Theorem 11.4.3 shows that if the voters’ preferences are lexicographic,
then we can avoid the paradoxes. It is not clear if there are other ways to avoid the
paradoxes (paradoxes occur even if we restrict voters’ preferences to be separable or
O-legal, as shown in Theorem 11.4.1 and Theorem 11.4.6). Another approach is to
consider other, non-sequential voting procedures for multi-issue domains. What are
good examples of such procedures? Will these avoid paradoxes? What is the effect of
strategic behavior for such procedures? How should we even define “strategic behav-
ior” for such procedures, or for sequential voting with non-binary issues, or for voting
rules in general? How can we extend these results to incomplete-information settings?
Also, beyond proving paradoxes for individual rules, is it possible to show a general
impossibility result that shows that under certain minimal conditions, paradoxes

cannot be avoided? Can we find other domain restrictions to obtain strategy-proof
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voting rules in multi-issue domains?
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