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Abstract

We devise and study a random particle blob method for approximating the Vlasov-Poisson-
Fokkker-Planck (VPFP) equations by a N-particle system subject to the Brownian motion in
R? space. More precisely, we show that maximal distance between the exact microscopic and
the mean-field trajectories is bounded by N-5+e (% <e< %) for a system with blob size
NS (é <6< % — %) up to a probability 1 — N~ for any a > 0, which improves the cut-off in
[10]. Our result thus leads to a derivation of VPFP equations from the microscopic N-particle
system. In particular we prove the convergence rate between the empirical measure associated
to the particle system and the solution of the VPFP equations. The technical novelty of this
paper is that our estimates crucially rely on the randomness coming from the initial data and

from the Brownian motion.

Keywords: Coupling method, propagation of chaos, concentration inequality, Wasserstein metric.

1 Introduction

The research to be carried out in this manuscript is a microscopic derivation of the Vlasov-Poisson-
Fokker-Planck (VPFP) system. The VPFP system is the kinetic description of the Brownian
motion of a large system of particles in a surrounding bath. For example, in the mathematical
model for an electrostatic plasma, when the collisions between the electron distribution and a
surrounding medium are taken into account, the time evolution of the electron distribution function
flz,v,t): (x,0,t) € R3 x R? x [0,00) — R satisfies the following VPFP equations

{ O f(z,v,t) +v-Vaf(x,0,8) +k*px,t) - Vo f(2,0,1) = oAy f(2,0,1), 1)

f(x,v,()) = fo(l‘,’U),

where k is the Coulomb kernel
k(z) = aw, (2)

for some real number a and
plat) = [ flav,t)dv, 3)
R3
is the charge density introduced by the distribution f(z,v,t). The case a > 0 corresponds to the
electrostatic (repulsive) interaction of charged particles in a plasma, while a < 0 describes the
attraction between massive particles subject to gravitation. We denote by F(z,t) := k* p(x,t) the
Coulombic or gravitational force field.
The VPFP equations are based on particle-like description of a set of large individuals, or we
can call it individual-based model. Denote by x; € R? and v; € R3 the position and verlocity of
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particle ¢. The evolution of the system is given by the following stochastic differential equations
(SDEs),

N
dxi:vidt, dvizﬁZk(l‘i—xj)dt—F\/%dBi, i=1,'-- ,N, (4)
J#i
where k(z) models the pairwise interaction between the individuals and B; are independent real-
izations of Brownian motions which count for extrinsic random perturbations.

The analysis of the scaling limits of interacting particle systems is usually called the mean-
field limit, which passes the limit from the microscopic discrete particle system to the macroscopic
continuum model. When ¢ = 0, namely there is no randomness coming from the noise, classical
results for globally Lipschitz forces was obtained by Braun and Hepp [7] and Dobrushin [16]. Then
Bolley, Caiizo and Carrilo [4] presented an extension of the classical theory to the particle system
with only locally Lipschitz interacting force. The last few years have seen great progress in mean-
field limits for singular forces by treating them with an N-dependent cut-off. In particular, Hauray
and Jabin [29] discussed mildly singular force kernels satisfying |k(z)| < ﬁ with @« < d—1in
dimensions d > 3. For 1 < a < d — 1, they perform the mean-field limit for typical initial data
and the cut-off that can be chosen to be N™2a. For a < 1, they prove molecular chaos without
cut-off. Unfortunately, their method fails precisely at the Coulomb threshold when @ = d — 1.
More recently, Boers and Pickl [3] proposed a novel method for deriving mean-field equations with
interaction forces scaling like W’% (5/6 < A < 1), and they were able to obtain the cut-off as

small as N~. Furthermore, Lazarovici and Pickl [33] extended the method in [3] to include the
Coulomb singularity and they obtained a microscopic derivation of the Vlasov-Poisson equations
with a cut-off N° (0 < § < 1). When o > 0, Jabin and Wang [30] rigorously justified the mean-
filed limit and propagation of chaos for VPFP system with bounded forces by using a relative
entropy method. Most recently, Carrilo et.al. [10] investigated the VPFP system with the singular
force and obtained the propagation of chaos through a cut-off N=9 (0 < § < %) For a general
overview of this topic we refer readers to [11, 28, 31, 45].

When the interacting kernel k is singular, it poses problems for both the theory and numerical
simulations. An easy remedy is to regularize the force with an N-dependent cut-off parameter
and get k. The delicate question is how to choose this cut-off. On one hand, the larger cut-
off is, the smoother £V will be and the easier it will be to show the convergence. However the
regularized system is not a good approximation to the actual system. On the other hand, the
smaller cut-off is, the closer k% is to the real k, thus the less information will be lost through the
cut-off. Consequently, the necessary balance between accuracy (small cut-off) and regularity (large
cut-off) is significant. The analysis we review above tries to justify that. In this manuscript, we
set 0 > 0. The main technical innovation of this paper is that we fully use the randomness coming
from the initial conditions and the Brownian motion to significantly improve the cut-off: we can
assume it to be smaller than N~ (see Remark 1.2), which is a sort of average minimal distance
between N particles in dimension d. This manuscript significantly improves the ideas presented in
[8]. There the potential is split up into a more singular and less singular part. The less singular
part is controlled in the usual manner while the mixing coming from the Brownian motion is used
to estimate the more singular part. The technical innovation in the present paper is that we in
addition use that the possible number of particles subject to the singular part of the interaction
can be bounded due to the fact that the support of the singular part is small using a law of large
numbers argument based on the randomness coming from the initial condition. This is carried out
in Lemma 3.2, the proof of which can be found in section 5. [8] and the present paper are, to our
knowledge, so far the only results where the mixing from the Brownian motion has been used in
the derivation of a mean-field limit for an interacting many-body system.

As a companion of (4), some also consider the first order stochastic system

N
1 .
doi = Zk:(x —a;)dt +V20dB;, i=1,---,N. (5)
J#i
As before, one can expect that as the number of the particles N goes to infinity we can get the
continuous description of the dynamics as the following nonlinear PDE

8tf($,t)+V(f(k*f)):0'Af7 (6)



where f(z,t) is now the spatial density.
The particle system (5) has many important applications. One of the best known classical
application is in the fluid dynamics with the Biot-Savart kernel

_ L zee

This leads to the the well-known vortex method introduced by Chorin in 1973 [14]. The convergence
of the vortex method for two and three dimensional inviscid (¢ = 0) incompressible fluid flows was
first proved by Hald et al. [21, 22], Beale and Majda [1, 2]. When the effect of viscosity is involved
(o > 0), the vortex method is replaced by the so called random vortex method by adding a
Brownian motion to every vortex. The convergence analysis of the random vortex method for the
Navier-Stokes equation has been given by [20, 38, 39, 41] in 1980s. For a more recent result we
refer to [19]. Another well-known application of the system (5) is to choose the interaction to be
the Poisson kernel .

k(z) = de, d>2. (8)
Now the system (5) coincides with the particle models to approximate the classical Keller-Segel
(KS) equation for chemotaxis [32, 42]. We refer mainly to [8, 17, 25, 26, 27, 36] for the mean-field
limit of the KS system. Many techniques used in this manuscript are adapted from these papers.
For the Poisson-Nernst-Planck equation (k is set to be repulsion), [35] proved the propagation of
chaos without cut-off.

Introduction in the following will be split into three parts: We start with introducing the
microscopic random particle system underlining VPFP equations in Section 1.1. Then we present
the result of the existence to macroscopic mean-field VPFP equations in Section 1.2. Last, our
main theorem will be stated in Section 1.3, where we obtain the degree of the approximation of
solutions to VPFP equations by random evolving system.

1.1 Microscopic random particle system

We are interested in the time evolution of a system of N-interacting Newtonian particles with
noise in the N — oo limit. The motion of the system studied in this manuscript is described by a
trajectory on phase space, i.e. a time dependent ®; : R — RV, We use the notation

;= (X, V) = (mﬁ,...,x’}v,vf,...vf\,),

where 2% stands for the position of the 4 particle at time ¢, v} for the momentum of the 4th
particle at time t. The system is a Newtonian system with a noise term coupled to the momentum,

whose evolution is governed by a system of SDEs of the type

dzt = vldt,

C L NSt s VIedB (9)
dv = —— Z:k(a:z — x5)dt + V20dB; ,
J#i

where k is the Coulomb kernel (2) modeling interaction between particles and B! are independent
realization of Brownian motions. All masses will be set to one, thus we do not distinguish between
momentum and velocity.

We regularize the the kernel k by a blob function 0 < (z) € C%(R3), supp ¥ (x) C B(0,1) and
Jgs ¥(@)dz = 1. Let ¥ = N3%4(N°z), then Coulomb kernel with regularization has the form

EN(z) = kx Y. (10)
Thus one has the regularized microscopic N-paticle system for ¢ =1,2--- /N
dz! = vldt,
(11)

N
1
dvf = 7 KV (el — a})dt + V20dB,
i#]



here the initial condition ®y of the system is independently, identically distributed (i.i.d.) with
common probability density given by fy. And the corresponding regularized VPFP equations are

8th(33,v,t) +uv- meN(m,v,t) +EN & pN(J;,t) . vaN(x,v,t) = O‘AUfN<.’E,’U,t),
pN(x, t) = fN(x, v, t)dv, (12)
R3

fN(IL‘,’U,O) = fO(‘T7U)'

1.2 Existence of the Vlasov-Poisson-Fokker-Planck system

The existence of weak and classical solutions to VPFP equations (1) and related systems have been
very well studied. Degond [15] first showed the existence of a global-in-time smooth solution for
the Vlasov-Fokker-Planck equations in one and two space dimensions in electrostatic case. Later
on, Bouchut [5, 6] extended the result to three dimensions when the electric field was coupled
through a Poisson equation, and the results were given in both electrostatic and gravitational
cases. Also, Victory and O’Dwyer [46] derived the classical solutions for VPFP equations when
spacial dimension is less or equal to two, but the local existence for all other dimensions. Then,
Carrillo and Soler [12] proved the global existence of weak solutions for the VPFP equations in
three dimensions with an L' N L? initial data. Furthermore, they [13] considered the distribution
of particles to be the measures with special decay contained in Morrey spaces and the existence
of weak solutions, local and global in time solutions for small initial distribution of particles were
obtained. The long time behavior of the VPFP system was studied by Ono and Strauss [40],
Carpio [9] and Carrillo et al. [44].

For our purposes, we summarize the following existence result from Bouchut [5], where his
proof relied on the techniques introduced by Lions and Perthame [34] concerning regularity for the
Vlasov-Poisson system (the VPFP system without diffusion term, namely o = 0).

Theorem 1.1. (Bouchut) Given fo >0, fo € L' N L>(RS) satisfying

a) there exists a mo > 6, such that
// (2™ -+ [0]™) fo (2, v)dadv < +o00; (13)
R6

b) fo has a compact support in the v-variable, namely fo(z,v) =0 when |v| > Q,.

Then VPFP equations (1) has a unique continuous, bounded solution satisfying
f(t) € CRY; LP(R®)) N L°(RT; LN L®(RP)), for 1 <p < +oo, (14)

and for all T < 400, m < my

sup // (2™ + [o|™) f(z, v, £)dadv < +o0, (15)
t€[0,T] R6
sup [[p(-t)]|cc < +00,  sup [|E(:t)][ec < +00, (16)
te[0,T] t€[0,T]

where p(x,t) is the charge density and E(x,t) = k * p(x,t) is the force field.

Remark 1.1. The uniform-in-time L°- bound of the charge density p was obtained in [43] by
means of the stochastic characteristic method under the assumption the fj is compactly supported
in velocity. And [10] provided a proof of the local-in-time L bound for p by employing Feynman-
Kac’s formula assuming the initial data is polynomial decay.

Notice that Theorem 1.1 shows in particular the force field E € L>([0,7] x R?) for T > 0. By
a classical result [24], this implies that initial smooth data remain smooth for all times. In this
manuscript, we assume the initial data fy satisfying the following assumption:

Assumption 1.1. The initial density 0 < fo(z) € Wh1 n W1 (RE) satisfies



1. there exists a mg > 6, such that (|z|™° + |v|™°) fo € WH(RS).
2. fo(z,v) =0 when |v| > Q,.
The above assumption makes sure we have the regularity needed for this article:
f(,t) € CRY;WEP(R®)) N L RT; WHE nWheo(R)), for 1 < p < +o0, (17)
and for all T' < 400, m < mg

sup Hp(~,t)||W1,oo(R3)+ sup ||f(‘,‘,t)”Wl,lle,oc(]RB)
te[0,T] te[0,T]

+ sup [[([-[" A+ -G Dllwrrgey < Crys (18)
t€[0,T
where Cy, depends only on || follwt.1awtee ey, [[(| -7 + |- ") follw11(rey and Q.. Notice that
one can obtain the bound estimate for fV or p"v uniformly in N equivalently.

1.3 The statement of main results

Our objective is to derive the macroscopic mean-field PDE (1) from the microscopic particle system
(11). This we will do by using probabilistic methods as in [8, 26, 25, 33]. More precisely, we shall
prove the convergence rate between the solution of VPFP equations (1) and the empirical measure
associated to the particle system ®; satisfying (11). We assume that the initial condition ®¢ of
the system is independently, identically distributed (i.i.d.) with common probability density given
by fo.

Given the solution f% to the mean-field equation (12), we first construct an auxiliary trajectory
U, from (12). Then we prove the closeness between ®; and ¥;. For the auxiliary trajectory
U, = (X4, V) = (7,...,7%,0%,... 7)), we shall consider again a Newtonian system with noise,
however, this time not subject to the pair interaction but under the influence of the external mean
field kN * p™ (1)

dzt = vtdt,

19
dvt = / EN (@ — 2)p" (2, t)dxdt + V20dB?, (19)
R3

here we let ¥; has the same initial condition as ®; (i.i.d. with common density fy). Since the
particles are subject to an external field, the independence is conserved. Therefore the WU, are
distributed i.i.d. according to the common probability density fV. We remark that the VPFP
equation (12) is Kolmogorov’s forward equation for any solution of (19), and in particular their
probability distribution fV solves (12). This i.i.d. property will play a crucial role below, where
we shall use the concentration inequality (see in Lemma 2.5) on some functions depending on ;.

Our main result states that the N-particle trajectory ®; starting from ®¢ (i.i.d. with common
density fy) remains close to the mean-field trajectory ¥; with the same initial configuration ®¢ =
U, during any finite time [0,7]. More precisely, we prove that the measure of the set where
the maximal distance sup ||®; — U4 s on [0,7] exceeds N~*2 decreases exponentially with the

t€[0,T]
number of particles N, as N grows to infinity. Here the distance ||®; — W]/~ is measured by
16 = Uiloo == VIog(N)[IXs = Xilloo + Vi = Viloo- (20)

Theorem 1.2. Assume that trajectories ®, = (X4, V;), U, = (X4, V) satisfy (11) and (19)
respectively with the initial data ®g = Vg, which is i.i.d. sharing the common density fo satisfying
Assumption 1.1. Then for any o > 0 and 0 < Ag < %, there exists some 0 < A\ < % and No > 0
depending only on o, T and Cjy,, such that for N > Ny, the following estimate holds with the
cut-off index § € [%, min {%, %})

P sup [ — Uyflee <N 2| >1-N"°,
t€[0,7)

where | @y — Uy||oo is defined in (20).



L choosing Ay = L _cand A\ =

367 3 9
a convergence rate N~31¢ with the cut-off size N9 (3 <0 < 1 —2). In other words, the
cut-off parameter § can be chosen very close to é—z in particular larger than %, which is a significant

improvement to previous results in the literature.

Remark 1.2. In particular, for any le3 <e< L _ ¢, we have

To quantify the convergence of probability measures, we give a brief introduction on the topol-
ogy of the p-Wasserstein space. In the context of kinetic equations, it was first introduced by
Dobrushin [16]. Consider the following space

Pp(R?) = {u| pu is a probability measure on R and / |z[Pdp(x) < +o0}. (21)
Rd
We denote the Kantorovich-Rubinstein distance in P,(R%) as follows
WP(u,v) =  inf {/ —ylPd ,}: inf {IEXfYP}, 29
plav) = Inf . o —yldn(z,y)p = inf Ll 1”1 (22)

where A(p, v) is the set of joint probability measures on R x R? with marginals y and v respectively
and (X,Y) are all possible couples of random variables with p and v as respective laws. For
notational simplicity, the notation for a probability measure and its probability density is often
abused. So if p, v have densities py, p2 respectively, we also denote the distance as W2 (p1, p2). For
further details, we refer reader to the book of Villani [47].

Following the same argument as [33, Corollary 4.3], Theorem 1.2 implies molecular chaos in
the following sense:

Corollary 1.1. Let F¥ := @ fo and F}Y be the N-particle distribution evolving with the micro-
scopic flow (11) starting from FYN. Then the k-particle marginal

(k)FtN(Z17"' 7Zk) = /FtN(Z)de+1"'dZN

converges weakly to @* f; as N — oo for all k € N, where f; is the unique solution of the VPFP
equations (1) with fi|t—o = fo. More precisely, under the assumptions of Theorem 1.2, Then for
any a > 0, there exists some constants C > 0 and Ny > 0 depending only on o, T and Cy,, such
that for N > Ny, the following estimate holds

8 ((’“)FtN, ®’“ft> < kexp (TC«/log(N)> N Vo<t<T,
where Ao 1s used in Theorem 1.2.

Another result from Theorem 1.2 is the derivation of the macroscopic mean-field VPFP equa-
tions (1) from the microscopic random particle system (11). We define the empirical measure
associated to the microscopic N-particle systems (11) and (19) respectively as

1 & 1 &
palt) i= 1 30 — 2o —vh), palt) = 1 36 ~ T ~ 7). (23)
i=1 i=1

The following theorem shows that under additional moment control assumptions on fj, the
empirical measure pq(t) converges to the solution of VPFP equations (1) in W), distance with high
probability.

Theorem 1.3. Under the same assumption as in Theorem 1.2, let f; be the unique solution to
VPFP equations (1) with the initial data satisfying Assumption 1.1 and ue(t) be the empirical
measure defined in (23) with ®; being the particle flow solving (11). Let p € [1,00) and assume
that there exists m > 2p such that [[pe(|z[™ + [v]™) fo(x,v)dzdv < +o00. Then for any T > 0 and
K < min{%, ﬁ,é}, there exists a constant Cy depending only on T' and C'y, and constants Co, C3

c 2
depending only on m, p, K, such that for all N > 6(1*31*2) it holds that

IP’( sup Wy (fi, pa(t)) < N7rH1I=3%2 4 N’\Q)
t€[0,T]

Z 1— 02 (e_CBN17max{6,2p}n + Nli%) . (24)

where § and \o are used in Theorem 1.2.



This theorem provides a derivation of VPFP equations from a interacting N-particle system,
bridging the gap between a microscopic description in terms of agent based model and macroscopic
or hydrodynamic descriptions for the particle probability density.

2 Preliminaries

In this section we collect the technical lemmas that are used in the proofs of main theorems.
Throughout this manuscript, the generic constants will be denoted generically by C, even if it is
different from line to line. We use ||-||, for the L? (1 < p < co) norm of a function. Moreover if
v = (v1, - ,vnN) is a vector, then ||v||oo := sup |v;]-

i=1,-- ,N

1=

2.1 Local Lipschitz bound
First let us recall some estimates of the regularized kernel kv defined in (10):
Lemma 2.1. (/25, Lemma 2.1])
(i) kN (0) =0, kN (x) = k(x) for any |z| > N70 and |kN (2)| < |k(z)|;
(i) |0PkN (z)| < CNCHIBDI for any x € R3;
(iii) |6V 2 < ON*E.
Next we define a cut-off function ¢V, which will provide the local Lipschitz bound for k.

Definition 2.1. Let

3
N iga if |$‘ Z6N757
N(x) =< |7 (25)
N3 else

and LN : RN — RN be defined by (LN (Xy))i :== 5= > £~ (zf — «}). Furthermore, we define
i#]

—N — —N — _

V(%) by (¥ (X)) = fy O (7 — )0 (2, ).

We summarize our first observation of kv and ¢V in the following lemma:

Lemma 2.2. There is a constant C > 0 independent of N such that for all x,y € R with
|z —y| < N2> N9 (\y < §) the following holds:

’Vk;N(x)’
N (y)

where k™ is the Coulomb kernel (2) and ¢~ satisfies Definition 2.1.

< C’N3(5*>\2),

Proof. Let us first consider the case |y| < 2N~*2. Tt follows with the bound from Lemma 2.1 and
monotonicity of £V that

|VEN (2)] N30

< _ NS((S*)\Q) )
) e N 2

where we used that 2N~*2 > 6N =%, thus ¢V (2N~*2) = 27N3*2,
Next we consider the case |y| > 2N "2 it follows that |z| > N~*2 and thus by Lemma 2.1 (i)

|VEN (z)| _ Clo| =3 (Jjy = N~*)—3
< <C <C, 27
MNy) T oyl T ly|=3 - @7)

where we used in the last step that |z| > (Jy| — N~*2) > %‘ for |y| > 2N~*2. Collecting (26) and
(27) finishes the proof. O



Denote

(KN(X,)); == N_ > kN (@l -7, (28)
J#i

then we have the local Lipschitz continuity of K*V:

Lemma 2.3. If || X; — X{||oc <2N7°, then it holds that
[ EN(X:) = KN (X < CILY (X ) [loo 1 X = Xitloo (29)
for some C > 0 independent of N.
Proof. For any & € R3 with |¢] < 4N~° it follows from [33, Lemma 6.3] that
kY (2 +€) — kY (2)] < CE¥ ()¢, (30)

where ¢V (q) is defined in (25). Therefore

(KN (X0))i = (K™Y (X)) — k(@ - 7))

J

J#Z

N ZC’EN To)|e) —af —T 4+ T
J#l

< CLY(X)illXe = Xelloo < CILY (X)Xt = Xelloo,  (31)

which leads to (29). O
The following observations of £~ and ¢V turn out to be very helpful in the sequel:

Lemma 2.4. Let ¢V (z) be defined in Definition 2.1 and p € WHI N WL°(R3). Then there exists
a constant C > 0 independent of N such that

16 5 plloo < Clog(N)(llpll + llplle)s  1(6¥)? % pllse < ONEI([lplly + lIpllc);  (32)

and
1EY 5 pllso < Cllolls + llolloe)s  IIVEY % plloe < CUIVAlL + 1VAll0)- (33)

Proof. We only prove one of the estimates above, since all the estimates can be obtained through
the same procedure. One can estimate

Il = | [ £ ) “dwa

< / (@ —y)p(y)dy||  + / (@ = y)p(y)dy
lz—y|<6N =9 oo 6N —°<|z—y|<1 o
+ / (@ = y)p(y)dy
1<|z—y| oo
38 -5 C
<llpllo N IB6N"")| + [loll —5dy +Clpls
6N < |z—y|<1 | ‘
<Clog(N)(llplloo + lloll1), (34)
where B(r) denotes the ball with radius » in R?, which concludes the proof. O



2.2 Law of large numbers

Also, we need the following concentration inequality to provide us the probability bounds of random
variables:

Lemma 2.5. Let Z1,---,Zn be i.i.d. random vectors with E[Z;] = 0, E[Z?] < g(N) and |Z;| <
C\/Ng(N). Then for any a > 0, the sample mean Z = Zf\il Z; satisfies

. ( 7> ca\ﬁg% loguv)) <N, (35)

where C,, depends only on C' and «.

The proof can be seen in [20, Lemma 1], which is a direct result of the Taylor expansion and
the Markov’s inequality.

Denote
N

® @)= [ B @t -0 @), (36)
R3
then we can introduce the following lemma of law of large numbers:

Lemma 2.6. At any fived time t € [0, T, suppose that X, satisfies the mean-field dynamics (19),

KN and B are defined in (28) and (36) respectively, L™ and TV are showed in Definition 2.1.
For any a« > 0 and % <4 < 1, there exist a constant C1.o > 0 depending only on «, T and Cj,
such that
P (&YX - FYX)|_ 2 CraN®tlog()) < N7, (37)
(oo}

i P (HLN(E) - ZN(E)HOO > ). N3 log(N)) < N, (38)

Proof. We can prove this lemma by using Lemma 2.5. Due to the exchangeability of the particles,
we are ready to bound

(KN = (K (X)) = g 2ok @ =) - |

N
1
N (=t N ,
EY (] — 2)p” (x, t)de = N1 JE:Q Zj,

(39)
where
Zj = kN @ — fz) — /R3 EN (@ — 2)p"N (x,t)da.

Since T} and T are independent when j # 1 and k™ (0) = 0, let us consider T} as given and denote
E'[] = E[|z}]. Tt is easy to show that E'[Z;] = 0 since

E [kN (@ - 7)) = //R EN (@ — 2) fN (z, v, t)dzdo
= /R3 EN (@ — 2)p"N (x, t)da. (40)

To use Lemma 2.5, we need a bound for the variance

E'[|Z;|’] =FE UkN(xtl —T5) — / EN (@ — 2)pN (x, t)da
R3

] | ()

Since it follows from Lemma 2.4 that
/RB EN (@ — 2)p™ (2, t)dz < C(|lpN 1 + 0™ (o) (42)
it suffices to bound

B[ (@ - 7)) = [ K@ -0 @ )de < o+ 1 ) < O Cr), (43



and

B[ @ = 7)%) = [ V(@ = 00V (e 0o < [V BV < OT.Cr)NP, (a4

where we have used |[kV|| < CN% in Lemma 2.1 (iii). Hence one has
E'[|Z;]*] < CN°. (45)
So the hypotheses of Lemma 2.5 are satisfied with g(N) = CN%~!. In addition, it follows
from (ii) in Lemma 2.1 that |Z;| < CN? < C/Ng(N). Hence, using Lemma 2.5, we have the
probability bound
— — N — _ _
P (‘(KN(Xt))l (K (Xt))l‘ > C(a, T, Cy, )N 110g(N)) < N7, (46)
Similarly, the same bound must also apply hold to other term with ¢ = 2,--- , N, which leads to

P(HKN(E) “®V XY

> C(a, T, Oy, )N20~1 log(N)) < N'-e, (47)

Let C1,o be the constant in (47), we conclude (37).
To prove (38), we follow the same procedure above

N
(LY (X))~ (Ko = Nl_ljz_;f%ﬁ—x;)— R DL

where

Z; =N (3 — ) — . N (@ — x)pN (2, t)da.

It is easy to show that E’'[Z;] = 0. To use Lemma 2.5, we need a bound for the variance. One
computes that

E'[ (@) —75)] = /Rs N(@ — 2)p" (2, t)dz < Clog(N)(llpllL + llpll) < C(T, Cy,) log(N), (49)

and

B[N (@) —75)*] = - Y@} — 2)*p" (@, )de < ON*(|lplls + lplls) < C(T,Cp,)N*, (50)

where we have used the estimates of ¢V in Lemma 2.4. Hence one has
E[|Z;"] < CN®. (51)

So the hypotheses of Lemma 2.5 are satisfied with g(N) = C N1, In addition, it follows from
Definition 2.1 that |Z;| < CN?®® < C/Ng(N). Hence, we have the probability bound

— —N — _ —a
P(|(LY (X = (7 (Xi)n| 2 C(a,T,Cpp) N¥ log(N) ) < N7, (52)
by Lemma 2.5, which leads to

IP’(HLN(Yt) A

> C(a, T, Oy, )N3~1 1og(N)) < N'-e, (53)

Thus, (38) follows from (53).

3 Proof of Theorem 1.2

We do the proof by following the idea in [25, 26], which is that consistency and stability imply
convergence.
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3.1 Consistency

In order to obtain the consistency error in all time, we divide [0, 7] into M + 1 sunintervals with
length At = N~3 for some v > 3 and t,, = nAt, n=0,--- , M. The choice of v will be clear from
the discussion below. Here the choice of At is only for the purpose of proving consistency and it
is different from the one in the proof of stability in the next subsection.

First, we summarize the following lemma by using only the randomness coming from the Brow-
nian motion.

Lemma 3.1. Assume that (X;,V;) satisfies the mean-field dynamics (19). There exists some
v > 3, such that it holds

N t€[tn,tnt1]

P(sup sup Hyt—ytnn > CgN~" ><C’BN 5 exp(— CBN%), (54)

where Cp depending only on T and Cy,.
Proof. Notice that

¢
X — Xy, :/ Vds —/ F)drds + V2 / Bt ))ds+/ V., ds,
t" tn ¢

n

)+ I (t) + I3(t), (55)

where

Vet / BV (X,)ds + V2o B(t). (56)

The estimation of I7(t) follows from Lemma 2.4
/ / &Y (X, )drds < (A2 K ||l < ON- % (57)

So we have )
sup  sup I (t)]loo < CN™ 3. (58)

n te [tn 7tn+1]

To estimate I (t), recall a basic property of the Brownian motion [26, Lemma 2.7]:

P ( sup || B(s) — B(t)|loo > b) < C1(VAL/b) exp(—Cab?* /At), (59)
t<s<t+At
which leads to
P sup |B(t)=B(tn)leo > N5 | <CIN™'F exp(—CoN75 ). (60)
tE€[tn,tny1)
Since  sup | IZ(#)|loc < AtV20 sup ||B(t) — B(tn)||co, it follows from (60) that
tE[tn tnt1] tE€[tn tnt1]
P sup [I2(t)]e > CNF | <CIN™'F exp(—CoN 7)), (61)
te[tn,tn+1]

which leads to
P <sup sup |75 (1) ]|oe > czv”“) < OIN™F exp(—CyN 7). (62)
N tE€[tn,tnt1]

Last, we prove the estimate of I3 (t). It is obvious that
tn

KN (X,)ds < At|K" ||loo < ON73, (63)
0

11



and it follows from (59) that
P(|B(tn)]loc > N¥) < LN~ 3VT exp(—CaNF /T). (64)

Moreover, it follows from the assumption in Theorem 1.1 b) the distribution f¥(v) of Vj has a
compact support:

fiw) = / fo(x,v)dz =0, when |v] > Q, (65)
R3
one has
P(|Vollow = N3) = /  fo(v)dv =0, when N > Q2. (66)
lv|>N3

Recall that

t
—_— ~ _ 2y
sup III:?(t)IIoo:/I\th\loodsSN‘g(IIVoHoo+v20||B(tn)|loo)+CN =, (67)
tn

t€(tn,tnt1)
then it yields

P suwp ||, >3N"5
te|

tnytny1]

<P(|[Volloo > N5) + P(||B(tn)]loc > N3)

<0+ CN3 exp(—CN3) < CNF exp(—CN3), (68)
which leads to
Plsup sup [[IF(1)]. >3N"F | <CON exp(~CN3), (69)
N t€[tn,tnt1]

Then it follows from (58), (62) and (69) that

P(sup sup ||X;—X, [ > ON~TF
N tE€[tn,tnt1]
<CIN™% exp(—CoN "5 ) + CN 5" exp(—CN3) < CN 5" exp(—~CN3), (v > 3)
which completes the proof. O

Now we can prove the consistency error in all time.

Proposition 3.1. (Consistency) Let (X, V) satisfying the mean-field dynamics (19) with initial

density fo(z,v), KN and K" be defined in (28) and (36) respectively. For any o > 0 and 3 <
0 < 1, there exist a constant Ca o > 0 depending only on depends on o, T and Cy, such that

P ( sup HKN(E) - FWYQH > Cy o N2 log(N)> < N-°, (70)
te[0,T) e
and
P < sup HLN(Yt) - ZN(X)H > Cp o N3 1og(N)> < N7, (71)
t€[0,T] 00

Proof. Denote events:

H = {Sup sup Hyt fythoo < CBNT} ) (72)

N t€[tn,tny1]

12



and
Cp = {HKN(E”) - KN(E")HOO < o NP1 1og(N)}, (73)

where Cp and C , are used in Lemma 2.6 and Lemma 3.1 respectively. According to the Lemma
2.6 and Lemma 3.1, one has

P(C;) <N, P(H®) < CpN'% exp(~CpN7), (74)

for any a > 0.
Furthermore, we denote

Br, = {||1Y (X0) - TV (X)) | < CraN¥ M log() (75)
o0
then under the event B, , it holds that

— —N — _ 35—
ILY (X0 )lloo < 127 (X4, )lloo + CLaN* " og(N) < C(a, T, Cp, )N*~'log(N).  (76)

and P(Bf ) < N~ by Lemma 2.6.
For all ¢ € [t,, tn+1], under the event By, NC;, NH, we obtain

| &N - K (X

— - - —N = —N — —N =
< KN = KN+ |5 R - BV )|+ [ R -F X
<OILN(Xe)lool Xt = X, lloc + C1a N~ log(N) + Clog(N) || Xt — X, ||,
<C(a,T,Cy)N¥ 1 og(N)N~"5 + C1 o N?~'log(N)
<C(a,T,Cf,)N* tlog(N), (35+1<7) (77)
where in the second inequality we have used the local Lipschitz bound of K~
[EY(Xe) = KN (X)), < CILY (X, ool Xt = X, [loo, (78)
under the event H (see in Lemma 2.3). It yields that
sup HKN(Z) ~EVX)| < Cla,T,Cp)N* 1 log(N), (79)
t€[0,T o
M
holds under the event () B, NC;, NH. Therefore
n=0
P ( sup [[KV(X) - KV (X))|| = Cla, T Cp )N log(N)>
te[0,T] 00
M M
<> P(B;)+ > P(CE)+ P(H)
n=0 n=0
<TN~ 5" + TN~ "5 + CgN 5 exp(—CpN¥) < N (80)

Denote Cs o+ to be the constant C(«, T, Cy,) in (80). Since a > 0 is arbitrary and so is o/, hence
(70) holds true. The proof of (71) can be done similarly. O

3.2 Stability

In this subsection we obtain the stability result under certain conditions.

Proposition 3.2. (Stability) Assume that trajectories ®; = (X4, V;), ¥y = (Xy, V) satisfy (11)
and (19) respectively with the initial data 9 = Yo which is i.i.d. sharing the common density

13



0< A\ < 22 gnd

fo satisfying Assumption 1.1, KN is showed in (28). For any 0 < Ay < 4 5

37
% <6 < 1, we denote events:

aim { o VRO~ Tl < )
and
S(8) = {100 = K ()l < Alog(N) 1 - X
+ Alog(N)(NS—1= =42 | jog?(N)N3M =202 L N20-1) vy ¢ ¢ [O,T]}. (82)

Then for any o > 0, there exists some Cs o > 0 depending only on depends on o, T and Cy, such
that

M/
ANByN B3N (() Gr,) € S(Cs.a), (83)

n=0

where events Bz, Bs and G, are defined in (93), (101) and (105) respectively. Here the event
S(Cs,0) can be seen as the stability result and the events A, Ba, Bs and G,, can be treated as the
stability conditions.

Proof. First, we split S(A) into the intersection of non-overlapping sets {S, (A)}M',, where
5,08 s= {5 () = KN () < Alog(N) [~ X
+ Alog(N)(NO=1=M=4A2 4 o2 (N)N3M =202 | N20-1) vy ¢ € [tn,thrl]}. (84)

M/
with At := t, 1 —t, = N~ then S = () Sn. Notice that here the choice of At is for the

n=0
purpose of proving stability and it is different from the one in the proof of consistency.
To prove this proposition, we split the interaction force KV into K¥ = KV + K, where K3
is the result of choosing a wider cut-off of order N~*2 > N~? in the force kernel k and

K :=KN - K}, kY =kxyy, (85)

which means that we choose § = A2 in (10) to be k2 and respectively in (25) to be £ .
Following the approach in [8], we introduce the following auxiliary trajectory in time ¢ €

[tna thrl] _ _
dX; = Vidt,
g t (56)
dV; = K (X3)dt + V20dB*
starting from the initial phase L
(Xt Vi) = (X, Vi), (87)

where (X, ,V;, ) satisfies (11) at time ¢,.
For later reference let us estimate the difference | X; — X;||o and [[V; — V;||o. Using the
equations of motion for these trajectories we have

d .~ o
a”Xt — Xtllo = IV = Vill oo (88)
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and

d, — =~ —N — —N, >
L7 = Villoe =R (X0) - B (Xl

N . 7. p— N . .
< max (K7 p( 8)(T5) — K7 p( 1) (75)]

< T~ N .
< max [~ Bl VK 5 o 1)

<C([Vpll + 1V plloo) Xt = Xtlloo
<C|I Xt = Xilloo » (89)

where C' depends only on T and Cf,. Summarizing we get that

d — ~ — ~ — ~ _ ~
2 (I = Rilloo + 172 = Villoe) < € (12 = Rilloo + IV = Vill )
Using Gronwall’s inequality it follows that

sup (I = Killoo + Vi = Villoo ) < exp(CAN(IK s, = X, lloo + [V, = Vi )
tn <t<tn41
<exp(CN™M)N™*2 < ON—2, (90)

under the event A.
Then for any t € [ty,t,+1], one splits the error

[N (X)) = KM (X0)lo
<[ (Xe) = K3 (X o) lloo + [ (Xe) — K (X) oo + [T (Xe) — K7 (X0 [loo
::Il +IQ +Ig, (91)

First, let us compute Zy:
K5 (Xe) = K3 (X ) lloo < CILY (X ) lloo || X — Xe| . (92)

where we have used the local Lipschitz bound of K2 under the event A (see in Lemma 2.3).
Furthermore, we denote

B, ;:{ sup HLgV(Yt)—Z;V(E)H SC’Q,QNB)‘Qllog(N)}, (93)
t€[0,T) o

then under the event By, it holds that
_ N N 1
125" (X)) loo < Ly (X0 oo + Co.aN*2 " Hlog(N) < Clog(N) (%2 < 3), (94)
where ||Z;V (X1)||oo < Clog(N) follows from Lemma 2.4. Hence, one has

153" (Xe) = K3 (X)lloe < Clog(N) [ Xe = Xe[ o VYt € [tn, tnral, (95)

under event AN Bs.
To estimate Zy, notice that by triangle inequality and (90) one has

t t
1X: — Kl s/ Vi = Villoods < / IV = Valoo + [T — Valloods (96)
tn tn
<At sup (Vo= Villoo + IV, = Vill ) (97)
SE[tn,t]
SCN M2, (98)
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holds under the event 4, which leads to

1KY (X0) = KV (X)lloo < (IVEY (X0)lloo + IVET (X)) Xe = Xelloo

<SCON*O2 LN (X)) [loo | Xe = Xellow < ONF 2712 | LV (KX)o (99)
Here the bound W% < ON3(0=22) yges Lemma 2.2 since
[ X: = Xuf| < N2 >N (100)
And the similar estimate goes to % < ON30=22),
We denote the event
By = { sup HLN(E) - ZN(E)H < Oy o N371 log(N)} , (101)
te(o, 0

it has been proved in Proposition 3.1 that

P(B3) < N7 (102)
Then under the event B3 it follows that
— —N — _ _
LN (X ) lloo < IIL7 (X1)]loo + Ca.a N* " Hog(N) < CN* ' log(N), (103)
thus we have
T, < ONO—1=M=4A2 jo0(N), (104)

under the event A4 N Bs.
The estimate of Z3 is a result of Lemma 3.2. Indeed, we denote the event

G, = { sup  ||EN(X,) - KN (Yt)H < CraN¥log(N)
tE[tn tnt1] 00
+ Cualog? (NN (| Xy, — X lloe + Vi, = Ve, oo)lk‘{vl} (105)

then one has
KN (X)) = KDY (X0) oo
<Clog*(N)N**=2% 4 0y \N*~!log(N)
<CO(T, Cj,)(log?(N)N3 =222 1 N2~ 1og(N)), (106)

under the event A N G,,, where we have used the fact that ||k |; < CN~*2. Indeed, it is easy to
compute that

1
152l = 16~ = k3"l < C/ —dz < CN~. (107)
0<|z|<N—A2 ||

Collecting (95), (104) and (106), it yields that
1KY (Xe) = KN (X))o
<Clog(N) || X; — Xy||  + CNO 12422 4 O(log?(N) N3 222 4 N2~ 1og(N))
<Clog(N) || X; — Xy| + Clog(N)(NO~1=M=422  log(N) N3 =22 4 N2071) it € [ty b 4],

under the event BoNBsN.ANG,. Denote C(a, T, Cy,) in the above inequality as Cs . This implies
BaNBsNANG, C S,(Cs5,4), which yields that

M’ v
BynBsNAN(()Gn) C (ﬂnosn(cm)) = 5(Cs.0). (108)
n=0
Thus, the proposition has been proved. O
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Lemma 3.2. Let Ki¥ be defined in (35) and consider two trajectories ()Z't, ‘Z), (X, V) satisfying
(86) and (19) respectively with two different initial phases (Xy,,Vi,) and (Xy,,Xy,). Then for
any a > 0, there exists Cyo > 0 depending only on depends on o, T and Cy, such that for N
sufficiently large it holds that

IP’( sup
te [tn 7tn+1]

+ Cralog? (N)N* (| Xe, = X, [l + Ve, —thoo)lkfvlll) <NTY (109)

K (X)) = K1Y (X0)

> CyaN? " log(N)

where we require t,,1 —t, = At = N2 with0 < M\ < );3—2 and 0 < Ao < %

This lemma plays a crucial role in improving the cut-off. The proof will be carried out in
Section 5.

3.3 Convergence and the proof of Theorem 1.2

In this section, we achieve the convergence by using the consistency from Proposition 3.1 and the
stability from Proposition 3.2. Denote the event

C .= { sup. HKN(E) _EVX)

< Co NP1 1og(N)} : (110)
tel0,T oo

Consider the quantity e(t) defined as

e(t) == /1og(N) || Xe = X¢|| _ + [|[Ve = V. - (111)

Computing under the event C N S(C o) and using the fact % < || 92|/, one has

) < Vioa) Vi~ Vill,+ [ o) - BV (%)
< ViogW) ||Vi = Vil| . + [ KV (X)) = KN (X)) + |[KY (X0 - K (X0
< Viog(N) ||Vi = V|
+ Caalog(N) [ Xi = X + Cs.alog(N)(NP 7172742 4 log(N)NPM =24 4 N20-1)
+ Cq o N2~ 1og(N)

< C(e, T, Cy,)\/log(N)e(t)
+ C(a,T,Cf,) log(N)(NSO1=2=4r2 | jog( V) N3 =242 4 201y (112)

o0

Using Gronwall’s inequality with e(0) = 0, it follows from (112) that

sup e(t) < CTeCVIBMNT og(N) (N1 =82 | Jog( N N3 —2X2 4 N20-1y (113)
t€[0,T]

If we denote the event

M = { sup e(t) < CTeCVos(N)T 1og(]\7)(N65*1*>‘174A2 —|—log(]\7)]\73)‘172)‘2 + N%l)} . (114)
t€[0,T)

then it follows from Proposition (3.2) that

M/
CNBNBsNAN([)Gr,) CCNS(Csa) C M. (115)
n=0
Notice that for
0<ha<1/30<A < %; ;g5<mm{A1+36A2“, 12A2}, (116)
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there exists some Ny depending only on o, T' and CY,, such that for N > Ny

sup +/log(N) HXt —YtHoo + HVt _VtHoo < sup e(t)
te[0,T] te[0,T)

<OTeCVIEMNT 1og(N)(N®P-1-M =2 | Jog( N) N3} —2A2 4 N20-1) < %NW < N7 (117)

Since e(t) is a continuous function and it vanishes at ¢ = 0, it can never reach N=*2. So the
condition A defined in (81) has never been used. The above argument is a standard a-priori
estimate in PDE analysis, which has been used in [20, 26, 27, 38]. Thus it follows from (115) that

M’
CNByNBsN([)Ge,) CCNSE(Csa) CM, (118)

n=0

which concludes that

¥
P( sup e() 2 N%) < PUMY) < YRGS+ BB + P + P(C)
sts n=0

< ON~*tM 4 3N~ < N~ (119)

by using Proposition 3.1, Proposition 3.2 and Lemma 3.2. Since o > 0 is arbitrary and so is o/,
we have proved Theorem 1.2.

4 Proof of Theorem 1.3

In order to prove the error estimate between f; and pqe(t), let us split the error into three parts

W (fes na () < Wy (fe, f5) + Wi (Y, i (8) + Wy (pw (1), pa (1)) (120)

Then the idea of the proof of Theorem 1.3 is to obtain the error estimates of those three parts
respectively.

Proof of Theorem 1.3. e The first term W,(f;, f&). The convergence of this term is a deterministic
result: solutions of the regularized VPFP equations (12) approximate solutions of the original
VPFP equations (1) as the width of the cut-off goes to zero. It follows from [10, Lemma 3.2] that

S[up | W(fe, fI¥) < N70eCrVlos), (121)
te[0,T

where p € [1,00), N > 3 and C; depends only on T and Cy,. The proof is inspired by the method
of Leoper [37]. Note that here we can’t follow the method in [33] directly since the support of f~
and f are not compact in our present case.

e The second term Wy (f, uw(t)). This term concerns the sampling of the mean-field dynamics
by discrete particle trajectories. The convergence rate has been proved in [33, Corollary 9.4] by
using the concentration estimate of Fournier and Guillin [18]. We summarize the result as following:

let p € [1,00), kK < min{d, %, 2—11)} and N > 3. Assume that there exists m > 2p such that

// (l=]™ + [v]™) fo(z, v)dxdv < +o0.
R6

Then there exists a constants Cy and Cs such that it holds

P( sup W (£, (t)) < \/mwnewm)

t€[0,T

S ] GRS ) B (122)
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o The third term W, (uw(t), to(t)). The convergence of this term is a direct result of Theorem
1.2. Indeed, it follows from [33, Lemma 5.2] that for all p € [0, o0]

sup Wy (pw(t), pa(t)) < sup [[¥(t) — (¢)| - (123)
te[0,T] te[0,T]
Then we choose o = % — 1 in Theorem 1.2 so that
IP’( sup W, (py(t), pa(t)) < N’\2> >1—- N2, (124)
t€[0,T]

e Convergence of Wy(ft, na(t)). Collecting estimates (121), (122) and (124) and choosing k <
min{4d, %, %}, it yields that

IP’( sup Wy (fe, pa(t)) < (14 /log(N))N " VIea(N) 4 N = AQ)
te[0,T]

>1-C <e*C7N1"“““‘6‘2”“ N'TE), (125)

where Cs depends only on 7" and Cy, and Cg, C7 depend only on m, p, k. We can simplify this

20, 2
result by demanding N > 6(1*35*’2) , which yields N'=3* > (1 4 /log(N))e“sV1°s(N) " Hence we
concludes that

IP’( sup Wy (fi, pa(t)) < N™rH1I=3%2 4 N*2>
t€[0,T]

Z 1— CG (e_C7N1ﬂnax{6,2p}n + lez%) - (126)

5 The proof of Lemma 3.2

In this section, we present the proof of Lemma 3.2, where it provides the difference between the
actions of the force k¥ on solutions of (19) starting at different points X;, and X, . First, let us
consider the fundamental solution G(z,v,t) of the equation

0:G+v- V.G =A,G, (127)
which can be calculated explicitly as

1 v[? 3|z —tv/2]?
G(z,v,t) = C’t—6 exp <—|| - /|> , (128)

4t t3

where C' is a normalization constant. The following lemma states some estimates of the funda-
mental solution.

Lemma 5.1. Let
|v]? 3|ztv/2|2>

1
G(x,v,t):Ct6e p< i e

and p € [1,00], there exists a Cp, such that for any j € Ny the following holds

2 VG| <Ot w2 VLG <t (129)
p,1 — p,1 p
and
1 1 p+9 —10p+9
G(-—a—b)—G(-—b—a) < Cpla—> 4+t 2 , 130
lo(-5a-n ) | I TG ). s

19



as well as

1 1 —7p+9 —9p+9
e -za-n)-c(-—50-a) SCp|a—b|<t Bt ) (131)
p,1
The norm || - ||p,q denotes the p-norm in the x and g-norm in the v-variable, i.e. for any f :

R xR3 5 R
1/p

= ( [ ([ iswora)” dx> . (132)

Proof. 1t is easy to compute that

I/

1 3z v — 5
G= Ct—6 exp (— e ) exp (_t (133)
and ) | -
1 3|z| v— 57 v 3z
V.G = C’t—6 exp (— e ) exp (_t - + =) (134)

Then we can do the calculation of [, |G|dv and [ps |V, G|dv:

1 3|x|? v — %"L|2
/RS |G|dv = Ct—ﬁ exp <_4t3> /RS exp <_tt dv

1 3|x]?
respectively
1 3|z|? lv — 322 v 3z
+Gldv = C— — ——2 ) [ -=+ =) d
R3|v ldv t‘)eXp( 4t3)/RgeXp( t pte )
1 3lx|? 9 1 3|x|?
< C't—5 exp (— e /]RB uexp (—u ) du < C’t—5 exp | ——r5 |- (136)
As a direct result from (135) and (136), one has
PG|, <Coom |- FVG]| ., < O (137)
00,1 = 7 $(9-35)/2 Voo, 1 = T 45-35/2"
For1 <p< o
1
I1-bel,, < o ([ jeprep (25 )ar)
p,l = R3 4¢3
1
< Gy #H </ P exp (=) dy) <G (138)
R
and
3pa?\  \ 7
Il |JVUGHp,1 <Ct (/Rs |z]” exp (— o ) dm)
1
<o ([ Whew () )" <L
R3
We also have
1 3|z |? lv— 322 6z 3v
V.G = 76 &XP (— 3 ) exp <_t 7 + - ) (140)
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which leads to

1 3|x|?
. |V.Gldv = C’t—6 exp (— JTE; ) /RS exp ( > (
1 3|x|? 2z
<cgom (5) [ (1550 ()
(-

ok

2
< Ct 85 exp (_3|x| )/ (\/u—— ) exp (—u?) du

4¢3
1 3|z|? 1z 3|30\2
< (= _ —
< Ct6 exp ( e ) + Ct6 3 ( (141)
It follows from above that 1
- VVIGHOOJ < Cit@'*?*j/?' (142)
For1<p<oo
1+ P VaGllpa
1 - 3pz? 3p|z|? PoNF
SCtTS ((/R3 |z’ exp (—4753> ) + </ || exp( e P dz
—12p+3jp+9 j j P %
<SGyt [y exp (~v?) dy ) [yl exp (—py?) lylPdy
R3 R3
<Gt EE (143)
which concludes the proof of (129).
As a direct result from (129), we can prove (130). Indeed,
1 1
(-4 o(-4o)
! 1
<la — VG (-—Q(b—a)—i-s(b—a)) ds
! 1
<la — V,G (-—Q(b—a)+s(b—a)) ds
! 1
V.G ( — i(b —a)+s(b— a)) ds. (144)
which leads to
1
[GCHEDRICHED)
2 o
p+9 —10p+9
<Cla= bl (IV.Gllp1 + [VoGlpa) < Cpla—bl (757 +¢757). (145)
Next we prove (131):
1 1
(o-3e)-o~30-4)
1 1 1 1
<(|-=Z(a— — Z(a— |- == (b— = (b—
(13016 (- 5@-0) -1 -5 0-al6 (- 50-0))
t 2ot (G(—2@-b))+G(—=b-a (146)
2" 2" 2V ¢
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In view of (138), the (p,1)-norms of the terms in the last line have the right bound. With the
other term we proceed as above, using the function H = | - |G:

(15016~ 5@-0)~1--50-al6 (- 50-0))

§|ab|/01 VH(~;(ba)+s(ba)>
§|ab|/01 va<.;(ba)+s(ba))‘d5

1
+\afb\/
0

It follows from our estimates in (129) that

ds

Vo H ( - %(b —a)+s(b— a)) ‘ ds. (147)

1 1 1 1
=5 @=0I6 (=5 a=b) - [-—5b-alc (-5 06-a (145)
2 2 2 2 ol
<Cla =] (Il IVsGllp + I+ 192Gl + Gl )
<Cypla—b| (75 +1757) (149)
which leads to (131). O
Next we need to introduce a process: For time 0 < s < ¢ and a := (a,,a,) € RSV, let
ZZ’SN = (Z;,fvs, Zglf\;) be the process starting at time s at the position (as, a,) and evolving from
. . . —N
time s up to time ¢ according to the mean-field force K :
azge =20 dt, (150)
ng:ti:éV = fR3 kN(Z::z:év - .%‘)pN(:L‘,t)d.%‘ +v ZUdBf’ i=1--,N,
and _ _ o
(Zgod Zgd) = (ah, ap). (151)

Furthermore (Z%,, Z%N) has the strong Feller property, implying in particular that it has a

x,t,s) “u,t,s
. - : N . N N N
transition probability density u;”;" is given by the product uy”;" := [[._; uyw" . Hence each term

u?; N is the transition probability density of (Z;;f, Zg;év ) and also the solution to the linearized
equation:

Ol s + v Voug N RV pN VY = AP ultN = 6 (152)
where pV = ng N (t,z,v)dv and fV solves the regularized VPFP equation with initial condition

Jo-

Consider now the process Zﬁ ’SN and ny’SN for two different starting points a,b € RV, It is
intuitively clear that the probability density u?:N and ui’zN are just a shift of each other. The
next lemma gives an estimate for the distance between any two densities in terms of the distance

between the starting points a and b and the elapsed time ¢ — s.

Lemma 5.2. There exists a positive constant C depending on Cy, and T such that for each N € N,
any starting points a,b € RSN and any time 0 < t < T the following estimates for the transition
probability densities ugéN resp. u(t’év of the processes ZZ’SN resp. ZZ’;V given by (150) hold for
t—s<1:

(i) lug looa < O(t = )75,

(i) lugy” = upy lloon < C(t = 5)~%la—b].
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Proof. The proof of the estimates follows the ideas of [8, Lemma 2]. However, the evolution
equation for the present system is more difficult to handle, in particular the spacial overlap is
suppressed for short times since we have a noise term in the momentum variable only. Both
estimates can be proved in the same way. We just give the proof for the more difficult part (i7),
which can be easily adapted for part (7). Without loss of generality we set s =0 and ¢ < 1.

Note that the force Eiv (z) := kN % pl¥ we consider is globally Lipschitz and L because of (33),
thus there exists a C > 0 independent of N such that

sup M <C. (153)
0<t<T;z,ycR3 |z — 1y

Let ¢; be the trajectory on phase space following the Newtonian equations of motion with
—N
respect to the force k, starting with %(a +b) at time 0, i.e.

— 1
e = (a5, v5), gp=vi, =R @), c=gath).

dt

/b,N

We use the trajectory c to change the frame of inertia we use to look at ua , i.e. we define

for any ¢ > 0 the density wwN on phase space by

wip' ((@,0) = gy ((2,0) +¢0). (154)

b,N

From the evolution equation of u;;”" and ¢, one gets directly

a a a a a T T
awt){)b"N (x,v) = Ath){)b"N (z,v) — Vowy /b Nov-v, wy /b N (kiv (x + x7) — kiv (acf)) . (155)

with wgp =6 (-~ (5 (a—b))) and woy =6 (- = (§ (b~ a))).
Since w is built from u by translation we have for any 1 < p < oo
N b,N _ N b,N
Hug,o —Uo lp1 = Hw?,o — W llp,1 - (156)
Before proceeding we would like to explain the advantage of looking at w instead of v first.
The difficulties arise when dealing with short times. There the u®/® are peaked around the center
roughly given by %(a + b), respectively the w®? are peaked roughly at 0. Here the force term of
w — which is zero at = 0 — suppresses the last term of (155). Thus w will be very close to the
heat-kernel G; of our time evolution.
Using (155) and the properties of the heat kernel we get

w _Gt*é( (; a—b>) /Gts Vol (R (- +28) — E(xg)))ds

:Gt< —;(a—b)) -/ 0.Gy s (w N (R (- +a°) —F (xg)))ds (157)
and
wf:(])v =Gy ( — % (b— a)) _ Ot VG * (ws’év (ks (- +25) -k (a:g))) ds
thus

Wi — = (Gt ( _ % (a— b)) e ( - % (b @)) (158)
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Defining 77 : RS — R{ by 0 (z,v) = [(z,v)| ‘wZ’ON - wfév‘ and using (153), we can find a
constant C such that

o <llfec (- ye-n) -6 (-~ jo-a) (159)

t
+C / VUGt_s*ngods
0

Using the properties of the heat kernel (129), (131) and Young’s inequality in (159), we get

t
Il y <Cla—bl+C [ =72 ], . (160)

Applying a generalized Gronwall’s inequality with weak singularities [23, Lemma 7.1.1] leads to

ol < Cla—b| uniform in ¢ € 0,77 . (161)

Further (159) gives for any 1 < p < oo

[n2oll,,, < HI |Gy < - % (a— b)) -G < = % (b— a)>

t/2 t
4 [T ViG], ds + c// R AT
0 ’ t/2 ’

(162)

p,1

Using Young’s inequality we get for 1 +p~! = % +q L

—9p49
2

t/2
[l <Cla b5 1 [ 19l [l
t
+ C/ VoGi—sllio0,1 Hngqu , ds
t/2 ’
Due to (129), one has [[VyGi—sl19,9 1 < C(t — 5)719/20 This and (161) give

o, t/2
%], , < Cla— bt ™% + Cla— / I9.Gisllyuds+C sup o], . (163)
’ 0 t/2<s<t ’

10pg
10—pg

We use this formula starting at p; = 1 and setting pr4+1 = . Therefore, starting with our

estimate for

n; bNH (see (161)) we can then iteratively estimate the LP norms of 77, for higher
UM | P ;

exponents, i.e.

N —9pp41+9 t/2 N
J— 2 —
[935],,,. < Cla=be 55 +Cla—t | IVuGielly s +C s o], (164
The exponent pi1 = oo is attained after k£ = 10 steps. It follows that
—9
[150]| ., < Cla—blt= . (165)
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Having good control of [|;\]|oc,1 We can now estimate waN - wf_”év using (158):
aN BN 1 1

Jwry =i’ <l (- 5-b) -G (- 50-a (166)
’ ’ 0,1 2 2 00,1

t
/
0

t/2
<Cla—bjt5 + c/o IVuGi-slloor 051, , ds

Voo s (i = ol) (oo Fo o) | s

¢
+/ ||vat—s||1,1H7750Hoo1dS
/2 ’
t

t/2 L 0
§C|a—b|t76—|—0|a—b|/ (t —s)"°ds + Cla — b (t—s)"2s 2ds
0 t/2

<Cla=0b|(t7°+t7*) <Cla—b|t°. (167)

With (156) statement (i7) of the lemma follows.
O

Next we define the random sets

My, = {2 <G <N fafr =l + (= )] — o)

< N2 4 log N(t — tn)3/2} . (168)
and
M, = {2 <GS N:[Er —F 4 (t—t) (@ — )| < BN 4 log N(t — tn)3/2}, (169)

where My, is the indies of particles which are in the ball of radius N ~2 4 log N(t — t,,)*/% around
z'» and M, is an intermediate set introduced to help control M;, .
We also random sets

2
S, = {w LM, (w)] < 2C.N (3N*’\2 +log N(t — tn)?*/?) } : (170)

and
_ _ 2
3, = {w M, (w)| < 20N (3N**2 +log N(t —tn)3/2> } : (171)

where C, will be defined later. Here S;, indicates the event where the number of particles inside
the set M, is smaller than 2C, N (3N~*2 + log N (t — tn)3/2)2 and the event S;, is introduced to
help estimate of P(S;,).

Our next lemma provides the probability estimate of the event where particle %; is close to
7! (distance smaller than N~*2) during a short time interval ¢ — t,,, which contributes to the
interaction of ki, since the support of k; has radius N~*2. The same result goes to E; and T¢.

Lemma 5.3. Let the indices set My, satisfy (168), then for any a > 0, there exists some constant
No > 0 depending only on o, T' and CYy, such that it holds

Pjenss. (te[ inf |7} - T < N7 ) <N,

tnytny1]

Pjenme inf |7 - | <N <N
JEME, (te[ti,r,ltnﬂ] ’xl J’ - ’

which indicates that for particles outside My, , T4 and f; contribute to the interaction of ki with
low probability (almost zero).
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Proof. Let a*,b" € RS be given by a'» = 0 and b’ = 0 and we use the notation a’ = (a',a’),

xr v

bt = (b, b!), which satisfy stochastic differential equations dal, = a!dt, dat = /20dB?, db, = bt dt

T v

and dbl, = v20dB. Tt follows with the evolution equation (86) that
d(# —ab) = (3 —al)dt and d (&} —al) =& (7)),

and

d (7 —b) = (5 — bL) dt and d (51 — bL) = B (7).,

—N
where k& = kv % pV. Integrating twice we get for any s > ¢,

and

And by the same argument
t s _N S _N
tn tn tn

Since E(i;) is bounded, it follows that there is a constant 0 < C' < oo such that

|75 =T = [F) =35+ (¢ — )@ = 05)| = ag — bL| — Ot — ).

Thus for (t — t,) < 1 it follows that j € Mg, ie. |Z" =T — (t —tn) (0" —0")| > N7*2 +

log N (t—t,)3/?, together with  inf  |Z{ — Z%| < N~*2 implies that ~ sup |a}, — bL[ > (In N—
tE€[tn,tnt1] tE€[tn,tnt1]

C)(t — t,,)%/?. Hence

]P‘ c 1 f Zt —~t < N_AQ
jeM;, <t€[1n }a:l LL‘J’

tn 7tn+1]

<P ( sup  |al —bL| > (InN —O)(t — tn)3/2>

tE[tn,tny1]

<P ( sup  |al, —bL| > (InN - C)(t — tn)1/2> ) (172)

tE[tn,tny1]

where we used that af, = fg asds and b, = fg bids in the second step. In the same way we can
argue that

Piens <t€[inf 17— 7| < NN )

tn 7tn+l]

<P| sup ol —bl|> (N -C)(t—t,)"?] . (173)
tE[tn,tny1]
Due to independence the difference ¢!, = (¢}, cb, c}) = af — bl is itself a Wiener process. Splitting

up this Wiener process into its three spacial components and using the reflection principle we get

P sup  |al, — b| > (InN — C)(t —t,)"/?
te[tn,tn+1]

S3[P’< sup |Ci| > (IIIN— C)(t —tn)1/2>

t€[tnstni1]
<6P sup & > (InN = C)(t —t,)"/?
t€[tnstni1]

—12P (ctl"“ > (InN - O)(t — tn)1/2> .
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Recall that the time evolution of @, and b!, are standard Brownian motions, i.e. the density is
a Gaussian with standard deviation o; = o(t — t,)'/2. Due to independence of a, and b, also ¢} is
normal distributed with standard deviation of order (¢ — t,,)'/2. Hence there is for N sufficiently
large, it holds that

P sup o, —0bL|>(WN-C)(t—t,)"? ) <N".
tE[tn,tny1]

With (172) and (173) the lemma follows.

Now we have all the estimates needed for the proof of Lemma 3.2.

Proof of Lemma 3.2. We show that for any « > 0 there exists a C, depending only on «, T" and
Cy, such that

IP( su Zkl 7)) — k(T — TL)| > Ca N log(N)
te[t,,,tn+1] N-1 A
+cm§mmﬁmun—nm+ma—vtwmwm)SNw. (174)

This is done in three steps:

(1) We prove that the number of particles inside M, is smaller than
2
20, N (3N‘A2 +log N(t — tn)3/2)
with probability almost one, namely

PANS;) <PANS; ) <P(S; )< N~ (175)

(2) We prove that particles outside M;, do not contribute interaction of k; with probability
almost one, namely

P(Aﬁ sup Z ky (T — k(@ — 7 >o) < N7e (176)
te]

tnytn+l] ]EMC

(3) Since particles outside M, do not contribute interaction of k; with high probability, we only
consider particle inside My, . And we know already from (a) that the number of particles
inside M, is small with high probability. Hence we can prove

IP’(AHSt" sup Z ki (% — k(@ —74)| > CaN? " log(N)
tE[fmtn-H} JGMf

+m%%MN”ﬂWu—XMM+W@—VMMWWN>SN”~(Nﬁ

eStep 1: To prove the first part of (175), note that on the set A and assuming that |t, —¢| < 1

|27 — &l 4 (= tn) (] —0))] S N7 log N(t — tn),

implies
[z — T 4 (t— o) (0 — )| <3N T2 +log N(t — tn) -

Hence M;, C M;, and thus for any R > 0, |Mtn| < R implies that |M; | < }Mtn| < R,
consequently Sy, D S, i.e. S C 3;
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Figure 1: Illustration of the sets M;, and M, : The set M, contains all indices of particles which
are in the ball of radius 7 = N~*2 4+ log N (t — t,,)*/? around z;. In the figure this is the ball with
solid boundary. Since on the set A the distance d of the particles x; and T; can not be larger
than N2, it follows that a particle T; is in the solid ball only if the particle x; is in the ball with
discontinued boundary, i.e. with radius R = 3N~*2 4 log N(t — t,,)*/? around z; (see for example
particles 3 and Z3). Controlling M;, by M, will be helpful to estimate the number of particles
inside these sets. The Z; are i.i.d., the probability to find any of these Z; inside the solid ball is
small due to the small volume of the ball. This helps to estimate the number of particles in the set
M, (see step (1)). Particles outside the ball, i.e. indices not in M, do practically not contribute
to the interaction k;. This comes from the fact that in order to get a sufficiently small distance
to x1 to interact, they have to travel a long distance during the short time interval (¢t — ¢,): the
distance log N (t — t,)/? (recall that the support of k; has radius N~*?). Due to the Brownian
motion, this is possible, of course, but the probability to travel that far will be smaller than any
polynomial in N. This argument is worked out in (2). The main contribution thus comes from
(3). Knowing that the number of particles in M, is quite small helps to estimate this term.
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The second part of (175) is trivial, for the third part we use independence of the Z-particles.
For any j € {2,..., N} the probability to find j € M, is given by

]P’(j Gﬂtn) = /W/B ( )fN(x,v,tn)dxdv,
R(p

where the center  of the ball is given by p = " + (t — t,,) (7" — v), the radius of the ball is given
by 3N 22 4 log N(t — t,,)%/2.
Define ¢V (z,v,s) := f¥(x — vs,v,t,), then it satisfies the following transport equation

asgN +uv- ngN = 07
~ N (178)
9" (z,v,0) = fY(x,v,tp).
It follows that the probability to find j € M, is given by
P(jeM,,)= / / gV (z,v,t — t,)dxdv, (179)
R3 J Br(po)

where the center g of the ball is given by po = Zi" + (t —t,,)0'", in particular the integration area
is independent of v.
Next, We computes

Pas)i= [ gMaosd= [ s [ ¥ usd
R3 |lv|<r [v|>r

1
< Cl||gN('7'7S)”OOr3+T76 ol |’U|6gN(LL',U,S)d’U
v|>r

1
3

=207 [lg™ (-, 9)ll% </| IvlﬁgN(wa)dv) ; (180)
v|>r

where we have chosen )
v|gN (z,v,s)dv °
r= Jipo | |N (w0, ) . (181)
CillgN (5 8)lloo

It follows that

19 o) dn < 8CE1g™ ol [l (oo, s)dade
< O (I~ Comss)lwrmmne oy, (0104 1V G )limesy),  (182)

where the bound of [[gV (-, -, 8)||oc and [ [z6 [0|°9"™ (@, v, s)dadv can be found in [34], which concludes
that
1675 < C, (183)

where Cy depends only on T, and Cy,. It follows from (179) that
PGEM,) = [ V- ta)de < sl Batuo)l
Br(po)

4 2
< Cy(3m)’ (SN_AZ +log N (t — t,,)3/2
2
-, (3N’*2 Flog N(t — tn)3/2) —p, (184)

where we define C, := CQ(%TF)%, which depends only on T" and CY,.

The probability to find k particles inside the set M, is thus bounded from above by the
binomial probability mass function with parameter p at position k, i.e. for any natural number
0<A<SN

N
P(T,]>4) <Y @)pj(l N,

i=A
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Binomially distributed random variables have mean Np and standard deviation /N p(l—p) <
v/ Np and the probability to find more than Np + a+/Np particles in the set M, is exponentially
small in a, i.e. there is a sufficiently large N for any « > 0 such that

P <|Mtn\ > Np+a\/Np> <a*.

Since p > CN =32 we get that /Np > CN2(1=3%2) (), < 1/3). Hence the probability to find
more than 2Np = Np + /Npy/Np (ie. a = /Np > C’N%(l_”"‘)) particles is the set M, is
smaller than any polynomial in N, i.e. there is a C, for any o > 0 such that

C

P(S;,) =P (|M,| > 2Np) < N™*.

eStep 2: For (176) it is sufficient to show that for any a > 0 there is a sufficiently large N such
that for some j ¢ M;,

]P’(Am sup |k1@ggz;)kl(xgx;)|>o>gjva

tE[tn,tnt1]

The total probability we have to control in (176) is at maximum the N-fold value of this. The key
to prove that is Lemma 5.3. To have an interaction k; (2] — Z}) # 0 the distance between particle
1 and particle j has to be reduced to a value smaller than N~*2. Due to the Brownian motion,
this is possible, but suppressed. Due to the fast decay of the Gaussian it is very unlikely that
ki (x5 — %) # 0, the probability is smaller than any polynomial in N (see Lemma 5.3).The same
holds true for ki (Z§ — T5).

In more details: due to the cut-off N~*2 we introduced for k;

<

1 ~ o~
(Aﬂ sup |~ Z k(7] — 25) — k(2 — T5) >0)

tE€[tn ,tnt1] jeM¢
n

1

tE[tn tnt1] jeMg
n

1

tE[tn tnt1] jeMg
n

<N <n»jern ( nffat -] < N > T Peus (te[ inf |7 -7 < N )) .

tE[tn,tnt1 tnstnti]

With Lemma 5.3 we get the bound for (176).
eStep 3: For (177), let @, = (X, Vi) and W, = (X", V") be given. We assume that

P| sup ||[® — Uyljoo SN2 | >1 - N
t€[0,7)

Note that the Brownian motion on the time interval [t,,t,+1] is independent of ®; and U,
To get (177) we prove that for any natural number

n*

2
0< M <20.N (3N—*2 +log(N)(t — tn)3/2)
2
< 20,N (SN‘A"’ n log(N)N_%)‘l)

2
<4C,Nlog*(N)N3M (0< )\ < 3N2);
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one has

]PMM_M( sup > k(@ -7 - k(@ - 7h)| > CaN?og(N)

J
tE[tn, tnt1] JEM,

+Clog*(N)N* (|| X, = X, lloo + [V, —thloo)llk{VHl) <N (185)

It suffices to prove (185) for M = C'N log?(N)N 3.
We use Lemma 2.5 which we repeat below for easier reference:

Lemma 2.5 Let Z1,---,Zys be i.i.d. random vectors with E[Z;] = 0, E[Z2] < g(M) and |Z;| <
C/Mg(M). Then for any o > 0, the sample mean Z = 4, Zf\il Z; satisfies

. <| 2> cm/g<\z\/%10g<M>> . (16)

where C,, depends only on C and .

We choose Z; := ki (T} — Z%) — 5E[ki (74 — 7)) and g(M) := CMN*~2, then following

the same argument as in (45), the conditions

M2

E[Z}] gcm

NOJJuf N [l < CMPNP2NEM < g(M),

. : N
is satisfied, where we use the fact |ju;

that

00,1 < CN3M from (¢) in Lemma 5.2. We can also deduce

M
2] < O— N* < \/M(CMN*=2) = \/Mg(M).

Thus one has
1 — o~
Pl sup |—— Y (k@ —2) —Ek (@ —2))])| > CaN*log N | <N, (187)
t€[tn,tnt1) N-1 jeEM
tn
and, in a similar manner,
1
P sup  |—— Z (k1(@§ — %) — E[ky(z] — T5)])| > CoNPLlogN | < N7, (188)
N-1
te[tn,tn+1] JeMtn

It is left to control the difference

1 ~t o~ S —
N—-1 (E[kl(xl - %)] — Elk1 (7] — x)]) )
JEMy,,

31



which can be done by using Lemma 5.2. Writing a = Xtn and b= X " it follows that

1
JEMy,
Z //ﬁ — ) (uf N (@, v )uf? N (2, v5)
JEMtn
b,1,N

—ulg (21, vl)ug’g’N(xj, vj))dxldvlda?jdvj

/’f{v(wl —zj)up N (w1, 01) (Ut IV (25, 05) —upd N(%»”j)) dzidvidz;dv;

JEM,
1 .
+ 7 ‘/ kY (01 — a)ugd ™ (1, 01) (Ut o (g, 0) - uf’i”(%%‘)) dxydvydajdv;
JEMy,
1 aj, N  bjN a,1,N al,N _ blN b N
sN_l > (g™ =i Y T Vb
JjEMy,,
a,1,N 20N
< Z C(t —)"a = bl (I&N 1ol ™ [l + eV 1 llor 2 ™)
]EMtn
<Clog?(N)N3*|a — b|||EN |1, (189)

by Lemma 5.2, where pg’ LN () = Jrs u?y’sl’N(xl,vl)dvl. Collecting (187), (188) and (189) we get
(185). which ﬁmshes the proof of (177).

e Step 4: Using the results (175), (176) and (177) from Steps 1 — 3 we have for any a > 0 there
exists constants C, > 0 and Ny > 0 depending only on «, T' and C}, such that for N > Ny it
holds

19>< sup Z k(@ — 5) — k(@ —T5)| = CaN?~log(N)
te[tn,t"+1] J#l

+ Clog® (N)N*M (|1 X, = X, lloo + Vi, = Vo, IIm)IIk{VII1> <N (190)
Since the particles are exchangeable, the same result holds for ¢ and Z! when i = 2,--- , N, which
concludes the proof of Lemma 3.2. O
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