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In the final paper of this series, we extend our results on magnification invariants to
the infinite family of A,(n=2),D,(n=4),E,,E;,Eg caustic singularities. We prove
that for families of general mappings between planes exhibiting any caustic singu-
larity of the A,(n=2),D,(n=4),Eq,E7,Eg family, and for a point in the target
space lying anywhere in the region giving rise to the maximum number of lensed
images (real preimages), the total signed magnification of the lensed images will
always sum to zero. The proof is algebraic in nature and relies on the Euler trace
formula. © 2010 American Institute of Physics. [doi:10.1063/1.3271043]

I. INTRODUCTION

In Papers I and II of this series,"” we established a universal magnification theorem for all
higher-order caustics up to codimension 5. It was shown that to each such caustic singularity is
associated a magnification sum rule of the form

Ef)ﬁ,-=0.

All of these bifurcation sets or big caustics occur in an n-parameter space. Slices of the big
caustics give rise to caustic metamorphoses that occur in gravitational lensing (see, e.g., Refs. 5,
13, and 11 and Chaps. 7 and 9 in Ref. 12). It was discussed in Paper I, using the hyperbolic
umbilic, in particular, how the above magnification relations may be used for substructure studies
of four-image lens galaxies.

We now extend these results to all higher-order caustic singularities beyond codimension 5.
These are classified according to Arnol’d’s A, D, E classification of Lagrangian map-germs.3 Thus,
we show that for families of general mappings between planes exhibiting any caustic singularity
with corresponding Coxeter-Dynkin diagram of type A,(n=2),D,(n=4),E4,E;,Eg, and for a
point anywhere in the region of the target space giving rise to the maximum number of lensed
images (real preimages), the total signed magnification is identically zero. Our proof is algebraic
and relies on the Euler trace formula. Finally, we emphasize that the magnification sum relations
are geometric invariants, being the reciprocals of Gaussian curvatures at critical points.

The outline of this paper is as follows. In Sec. II we give a brief overview of the A,D,E
family of caustic singularities. In Sec. III we state our main theorem. The proof itself is presented
in the Appendix.
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TABLE 1. For each type of Coxeter—Dynkin diagram listed, indexed by n, the second column shows the corresponding
universal local forms of the smooth (n—1)-parameter family of general functions F, along with their (n—3)-parameter
family of induced general maps f, between planes. This classification is due to Arnol’d (Ref. 3).

A,(n=2) Feg(x,y)=2xm 1 £y24c x0T obepxd+ 5,02 =510 £ 5,y
< -
~
germ unfolding terms

f.(x,y)=(=(m+1)x"+(m=1)c,_ X"+ -+3c3x> F dyx, F2y)

Du(” = 4) Fc s(x,y) =x2y * y”_] +Cn—2yn_2+ o '+c2y2—s2y—s|x
L Y x —— o
germ unfolding terms

fo(x,y)=2xy, a2 = (n=1)y" 2+ (n=2)c, )"+ " +2¢,y)

E() Fcys(x,y)=x3iy4+c3xy2+c2y2+clxy—s2y—s]x
—— - ~— ~
germ unfolding terms

f.(x,y)=(Bx2+c3y*+c1y, £ 4y +2c3xy+2¢,y+c¢1x)

E; Fes(x,y)=x+xy’+egyt+ sy’ + ooy’ +eixy—spy—six
— — < _
'S
germ unfolding terms

f.(x,y)=Bx>+y3+c1y,3xy*+4c 33 +3c3y*+ 20,y +¢1X)

Eqg Feos(x,y)=03+y  +csxy +caxy® + 303+ 32+ xy =5,y — 81X
5 ; i A )
N~
germ unfolding terms

f.(x,y)=(Bx2+csy> + %401y, 5y +3csxy? + 2c,xy +3c3y> +2¢,y +¢1x)

Il. HIGHER-ORDER CAUSTICS OF THE A, D, E FAMILY

We inherit the notation and terminology of Paper II. To that end, consider a smooth
n-parameter family F. (x) of functions on an open subset of R? that induces a smooth
(n—2)-parameter family of mappings f.(x) between planes (n=2). One uses F g to construct a
Lagrangian submanifold that is projected into the space {c,s}=R""2X R?. The caustics of f, will
then be the critical values of the projection (see, e.g., Refs. 9, 10, and 7 and pp. 276-286 in Ref.
12). These projections are called Lagrangian maps, and they are differentiably equivalent to f..

Arnol’d classified all stable simple Lagrangian map-germs of n-dimensional Lagrangian sub-
manifolds by their generating family F ¢ (Ref. 3, pp. 330 and 331 in Ref. 4, and p. 282 in Ref. 12).
In the process, he found a connection between his classification and the Coxeter—Dynkin diagrams
of the simple Lie algebras of types A,(n=2),D,(n=4),E4,E;,Eg. This classification is shown in
Table I. The singularities in Paper II arose as follows: A, (fold), A5 (cusp), D} (elliptic umbilic),
Dy (hyperbolic umbilic), A4 (swallowtail), A5 (butterfly), D5 (parabolic umbilic), A (wigwam), Eg
(symbolic umbilic), Dy (second elliptic umbilic), and D (second hyperbolic umbilic).

For the f. shown in Table I, call x € R? a lensed image (or a real preimage) of the target point
s € R% if f,(x)=s (in particular, our lensed images are always in R?, not C2). A point x; € R? is a
lensed image of the target point s € R? if and only if x; is a critical point of F,4 (relative to a
gradient in x). Next, we define the magnification 91(x;;s) at a critical point x; of the family F ¢ by
the reciprocal of the Gaussian curvature at the point (x;,F.s(x;)) in the graph of Fg,

1

m S)=———————————__°
(xi35) Gauss(x;, F 4(x;))

(1)

This makes it clear that the magnification invariants established in our theorem are geometric
invariants. In addition, since Gauss(x;,F.(x;))=det(Hess F)(x;), and since each f, in Table I
satisfies det(Jac f.)=det(Hess F,), we can also express the magnification in terms of f,
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1

MXi3S) = GerTac f)(x)

where x; is a lensed image of s under f.. We now proceed to our main theorem.

lll. STATEMENT OF THE MAIN THEOREM

Theorem 1: For any of the universal, smooth (n—1)-parameter family of general functions
F.s (or induced general mappings f.) in Table I, and for any noncaustic point s (light source
position) in the indicated region, the following results hold for the magnification ;=M (x;;s):

(1) A,(n=2) obeys the magnification relation in the n-image region: =!_90;=0,
(2) D,(n=4) obeys the magnification relation in the n-image region: X7_,9;=0,
(3) Eg4 obeys the magnification relation in the six-image region: Eg’:lfmizO,

(4) E; obeys the magnification relation in the seven-image region: ELISDT,:O,
(5) Eg obeys the magnification relation in the eight-image region: 2;_9;=0.

The magnification relations for A, (fold) and A5 (cusp) are known.*'*”" Those for Dy, (elliptic

umbilic), D} (hyperbolic umbilic), A, (swallowtail), As (butterfly), D5 (parabolic umbilic), Ag
(wigwam), E¢ (symbolic umbilic), Dy (second elliptic umbilic), and D (second hyperbolic um-
bilic) were discovered recently in Refs. 1 and 2.

Remarks: First, the results of Theorem 1 actually apply even when the noncaustic point s is
not in the maximum number of real preimage region. However, preimages from C? will appear,
which are unphysical in gravitational lensing. Second, it is important to point out that Theorem 1
is not a direct consequence of the Euler—Jacobi formula, of multidimensional residue integral
methods, or of Lefschetz fixed point theory because some of the singularities have fixed points at
infinity that must be treated individually. Third, we point out that for n=6 there are Lagrangian
maps that cannot be approximated by stable Lagrangian map—germs.3

IV. CONCLUSION

This paper presented a theorem about the magnification of lensed images for all caustic
singularities appearing in the infinite family of A,(n=2),D,(n=4),E,E;,E3 caustic singulari-
ties. We proved that for families of general mappings between planes locally exhibiting any
caustic singularity of the A,(n=2),D,(n=4),E4,E;,Es family, and for a target point lying any-
where in the region giving rise to the maximum number of lensed images (real preimages), the
total signed magnification of the lensed images will always sum to zero. The signed magnifica-
tions are geometric invariants as they are Gaussian curvatures at critical points. The proof was
algebraic in nature and made use of the Euler trace formula. Our result goes beyond previous work
that considered singularities up to codimension five.
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APPENDIX: PROOF OF THE MAIN THEOREM

1. Overview of the method and the Euler trace formula

We summarize the key elements of our algebraic method (see Paper II for a detailed presen-
tation). Consider any polynomial ¢(x)=a,x"+---+a,x+a, € C[x] with distinct roots xi, ... ,x, and
any rational function A(x) € R, where R C C(x) is the subring of rational functions defined at the
roots of ¢(x). In Paper Il we showed algebraically that for any rational function h(x) € R, the
following holds:
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bn—l

a

> h(x;) = (Euler trace formula), (A1)
i=1

where b,,_, is the (n—1)st coefficient of the unique polynomial representative r(x) of degree less
than n in the coset ¢’ (x)h(x) € R/(¢(x)). (An alternate proof of the Euler trace formula using
residues can be found in Ref. 8.) We employ the Euler trace formula as follows. For any caustic
singularity in Table I, we shall realize the lensed images of its corresponding family of mappings
f. as solutions of a polynomial in one variable, obtained by eliminating one of the preimage
coordinates, say y. Denote this polynomial by

o(x)=ax"+ - +ax+a, € C[x].

Generically, we can assume that the roots of ¢(x) are distinct, an assumption made throughout the
paper. We would then be able to express the magnification 9t(x,y;s) at a general preimage point
(x,y) as a function of one variable, in this case x, so that

1 1

M(x,y(x);s) = det(Jac £,) (x,y(x)) ~ det(Jac fo)(x)

= M(x),

where the explicit notational dependence on s is dropped for simplicity. Since we shall consider
only noncaustic target points s giving rise to lensed images (x;,y;(x;)), we have det(Jac f.)(x;)
# 0. We thus know that for the singularities in Table I, the rational function 91(x) is defined at the
roots of ¢(x), i.e., M(x) € R. Now, denote by m(x) the unique polynomial representative of degree
less than n in the coset ¢’ (x)M(x) € R/(@(x)), and let b,_; be its (n—1)st coefficient. In the
notation used above, we have h(x) =9(x) and r(x)=m(x). Euler’s trace formula (Corollary Al)
then tells us immediately that the total signed magnification satisfies

n

b
St 2

It therefore remains to determine the coefficient b,_; for each caustic singularity in Table I.

2. Magnification sum rule for type A,

We begin with type A,, n=2. Since the cases 2=n=6 were treated in Paper II, we will
consider n=7 here. The (n—1)-parameter family of general functions F*» is given in Ref. 3 by

Fhl(x,y) = =x"™ £ 32 4o X e, 4 e + ooxX + 0y X.
N _

—
germ unfolding terms (A3)

To convert this into the form shown in Table I, we use the following coordinate transformation on
the domain {(x,y)}=R*

(x,y) — (x,y + %) (A4)
This transforms Eq. (A3) to

2

Fﬁ’;(x,y) = =X ey e T e, X" T e Xt — X T 85y, (A5)

where c¢; =-s; and ¢,=s,. The parameters s;,s, are to be interpreted in the context of gravita-
tional lensing as the rectangular coordinates on the source plane S=R2. Note that we omitted the
constant term from Eq. (A5) since it will not affect any of our results below. Note also that
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det(Hess F4n) = det(Hess F?,Z),

so that the magnification [as defined in Eq. (1)] is unaltered. We will work with the form of Fﬁg in
Eq. (A5). The corresponding (n—3)-parameter family of general mappings fi7: R?— R? is

f?”(x,y) =(F(m+Dx"+ (n=1)c, X2+ (n=2)c, oX" > + -+ 3c3x? F dyx, F 2y) = (51,5,).
Here, s=(s,,s,) is a noncaustic target point lying in the region with the maximum number of

lensed images. Since s,= * 2y, we can eliminate y to obtain a polynomial in the variable x,

3

(pAn(x) =+ (m+Dx"+(n—1Dep X2+ (n=2)c, X+ -+ 3c3x% + 250x — 51, (A6)

whose n roots are the x-coordinates of the lensed images x; of s. The Jacobian determinant of fﬁ"
expressed in the single variable x is

det(Jac fé”)(x) = F2[tnn+ Dx" '+ (n=2)(n—1)c, i X"+ (n=3)(n=2)c,x"" "+ -+ + 6c3x
+25,]. (A7)
A comparison of Egs. (A6) and (A7) then shows that

+2¢) (x) = det(Jac £ (x) = %

We thus have

¢h M) = = 1.

Thus, the unique polynomial representative of the coset ¢y (x)9(x) is the polynomial m(x)
= +1/2, whose (n—1)st coefficient is b,_;=0 for all n="7. Euler’s trace formula in the form of
Eq. (A2) then tells us that the total signed magnification is

>Mm=0 (A.n=2).

i=1

3. Magnification sum rules for type D,

For type D,,, n=4, the cases 4 =n =6 were treated in Paper II, so we will consider n=7 here.

The corresponding (n—3)-parameter family of induced general maps ff nR2—R? is shown in
Table I,

n—(i+1)

ch;(x,y) =2xy, x>+ (n=1)y"2 4+ (n=2)c,0y" >+ -+ (n—i)c,_;y + 4+ 20,y) = (51,57).
(A8B)

Once again the point s=(s;,s,) is a noncaustic target point lying in the region with the maximum
number of lensed images. This time, however, we eliminate x to obtain a polynomial in the
variable y,

ep=(y) = £ 4n=1)y" +4(n=2)c, 0" + -+ 4= D)c, y" TV + o+ 8ery’ —dsyy? + 57,

whose n roots are the y-coordinates of the n lensed images x; of s. The derivative of ¢p=(y) is
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(,DIDr(y) = 4n(n-1)y" " +4(n-1)(n-2)c,y" 2+ - +4dn—(i-1))n-i)c,y" "+ -+
+24c,y% - 8s,y, (A9)

while the Jacobian determinant of ff’ " s

det(ac £7)(x.y) = det| > >
etlac £ )ey) =det) ) 2 1y" + (1= 3)(1=2)e, ™+ -+ 26,
= +2(n=2)n—-1)y"2+2(n=3)n—-2)c, )" >+ -+ - +2(n-(+1)(n

- i)cn_,-y”_(”]) + o+ deyy —4x°,
We can use Eq. (A8) to eliminate x as follows:

=+2n-2)n-1)y"2+2(n-3)(n-2)c,y" >+ 42—+ 1))(n -,y "D+ -

+adey + 4 (n=1)y"2+(n=2)c, )"+ -+ (n— i)cn_iy"_<i+l) + o+ 20,y = 5p)

N _
—~

=—x? (by Eq. (A8))

= +2n(n=1)y"2+2(n=1)(n-2)c, "+ - +2(n—(i=1))n—i)c,.y"™" "D+ -+ 12¢,y

— 45, = det(Jac £)(y) = M(y) "

A comparison with Eq. (A9) then shows that

¢p= (M) =2y.

The unique polynomial representative of the coset go’Dr(y)i)ﬁ(y) is therefore the polynomial

m(y) =2y, whose (n—1)st coefficient is b,_;=0 for all n =7. Equation (A2) then tells us that the
total signed magnification is

n

> M=0 (D,n=4).

i=1

4. Magnification sum rules for types E,

The case E¢ corresponds to the symbolic umbilic, whose magnification sum rule was proved
in Paper II. For type E-, Table I gives the corresponding 4-parameter family of induced general
maps f£7:R?— R?,

57(x,y) = Bx2 + ¥ + c13,3xy” + degy® + 3392 + 20,y + €1x) = (51,5,). (A10)
Once again, the point s=(s;,s,) is a noncaustic point lying in the region with the maximum
number of lensed images. We eliminate x to obtain a polynomial in the variable y,
op,(y) = 9y7 +48c3y® + (15¢; + 72c3¢4)y° + (2765 + 48c5c4 — 95))y* + (T¢3 + 36¢5¢3 — 24¢45,)y°
+(12¢5 = 6¢15) = 18¢35,)y” + (¢ = 12¢58,)y — 151 + 353,

whose seven roots are the y-coordinates of the seven lensed images x; of s. The derivative of
ep,(y) is

Downloaded 16 Mar 2011 to 152.3.237.20. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



023503-7 A universal magnification theorem. III. J. Math. Phys. 51, 023503 (2010)

¢ (v) =63y°+ 288¢2y” + (75¢ + 360c5c4)y* + (108¢3 + 192¢5¢4 — 3651)y° + (213 + 108¢,¢5
—72¢455)y + (24¢5 — 12¢151 — 36¢35,)y + ¢; — 126555, (A11)
while the Jacobian determinant of 57 is

3y2 +c

det(Jac ££7)(x,y) = det{ ] =36x7y + 72¢4xy* + 36¢5xy + 12¢,x

X

3y2+¢; 6xy+ 12,y + 6¢3y + 2¢,
—9y*—6¢,y* - c%.

To convert this into a function in the single variable y, we use Eq. (A10) twice, as follows:
=36x2y + 72¢,xy* + 36¢3xy + 12050 — 9y* = 6,y% - C%

o —4dcgy = 3c3y7 = 2¢,y

w3
= 36y(%) +(72¢4y* + 363y + 12c2)< ) —9y*—6cy* -

3y2 + Cq
. J
— S
=x2 (by Eq. (A10)) =x (by Eq. (A10))

= (c1+3y2)7'[= ¢ + 126555 + (= 245 + 12¢5, + 36¢35,)y + (= 21¢7 = 108c505 + T2¢45,)y?
+ (= 108¢5 — 192¢5¢4 + 3651)y° — (75¢; + 360c5¢4)y* — 288ciy” — 63y°]
= det(Jac £7)(y) = M(y)~". (A12)

A comparison of Egs. (A11) and (A12) then shows that

Pr, (M) == (c; +3y%),

and so the unique polynomial representative of the coset (p,'%(y)fm(y) is the polynomial m(y)=
—(c;+3y?), whose sixth coefficient is bg=0. We conclude via Eq. (A2) that the total signed
magnification is

7
EmFO (E7)-

i=1
For type Eg, Table I gives the corresponding S5-parameter family of induced general maps
ff5: R2 - R?,

ffg(x,y) = (3x? + sy’ + % + 17,5y + 3esxy? + 2¢,xy + 3¢3y% + 20,y + €1%) = (51,5).
(A13)

As usual, the point s=(s,s,) is a noncaustic target point lying in the region with the maximum
number of lensed images. We eliminate x to obtain a polynomial in the variable y,

@Es(y) =75y% +9csy” + (90c; + 21c4c§)y6 + (60c, + 16cic5 + 15clc§)y5 + (27c§ + 4ci +22¢;c4c5
—9¢2s1 = 305,)y* + (36¢2c5 + 8¢ ¢ + Tctes — 12¢4c58))y° + (1265 + 5¢cs — 4chs,

—6c1¢551 — 18¢355)y% + (€3 — deycas) — 12¢55,)y — c2sy + 353,

whose eight roots are the y-coordinates of the eight lensed images x; of s. The derivative of <pE8(y)
is
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@1, (v) = 600y + 63¢5y° + (540c3 + 126¢4¢3)y° + (300¢; + 80cies + 75¢,c3)y* + (108¢3 + 16¢;
+88¢ c4c5 — 36¢3s, — 1205,)y° + (108¢yc5 + 24¢,¢5 + 21ctes — 36¢4c58))y” + (24¢5
+ 100%c4 - SCisl —12cc55, = 36C35,)y + c? —dcicys) — 12¢58,, (A14)
and the Jacobian determinant of 4% is

6x 3esy? +2¢,y + ¢

det(Jac ffg)(x,y) = det =— c% + 12¢,x

3esy? +2cqy + ¢ 20y° + 6c5xy + 2¢4x + 6¢3y + 2¢,
+ 12¢,x6% — 4cycqy + 36¢3xy + 360557y — 4c42‘y2 — 6¢1¢5y° = 12¢405° + 120xy°
—9cky*.

Similar to the case E; above, we convert this to a function in the single variable y with the aid of
Eq. (A13),

=— c% + 12¢5x + 12¢40° — dejegy + 36¢3xy + 36¢5x%y — 4cﬁy2 — 6c1c5y% = 12¢4059° + 120xy° — 9c§y4

5= 5y* = 3c3y* = 2¢,y

e 23
)+(12c4+36(:5y)<s1 ar ;‘4y c5y>

v « J
VT N
=x (by Eq. (A13)) =x* (by Eq. (A13))

=(12¢, + 36 +1203(
(12¢, csY v) 365y2+2c4y+cl

- c% —4cicyy — 4c42‘y2 — 6c,c5y% = 12¢,405y° — 9c§y4

=(c; +2¢4y +3¢5y?) " [= €] + dejegs) + 12658, + (= 24¢3 — 10c3c, + 8chs) + 12¢1¢55, + 36¢35,)y

+ (= 108cyc5 — 24¢ 5 — 21¢ies + 36¢4cs5,)y? + (= 108¢3 — 16¢; — 88ccqcs + 36¢3s, + 120s,)y°

+ (= 300c, — 80cics — 75¢,c2)y* — (540c5 + 126¢4¢2)y° — 63¢2y® — 600y ]
=det(Jac ffs)(y) =M(y)". (A15)
A comparison of Egs. (A14) and (A15) thus shows that

P, (M) == (¢ + 2c4y +3¢5)%),

and so the unique polynomial representative of the coset (p"Ex(y)Em(y) is the polynomial m(y)=
—(cy+2c4y+3csy?), whose seventh coefficient is b,=0. Euler’s trace formula tells us once again
that

8

2 M;=0 (Eg)-
i=1

This completes the proof of the magnification relations for all higher-order caustic singularities
appearing in the infinite A,(n=2),D, (n=4),E¢,E;,Eg family. O
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