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Abstract

Since the mid-1990s there has been an active effort to develop hydrocarbon-fueled
power generation and propulsion systems on the scale of centimeters or smaller.
This effort led to the creation and expansion of a field of research focused around
the design and reduction to practice of Power MEMS (microelectromechanical sys-
tems) devices, beginning first with microscale jet engines and a generation later more
broadly encompassing MEMS devices which generate power or pump heat. Due to
small device scale and fabrication techniques, design constraints are highly coupled
and conventional solutions for device requirements may not be practicable.

This thesis describes the experimental investigation, modeling and potential ap-
plications for two classes of microscale jet pumps: jet ejectors and jet injectors.
These components pump fluids with no moving parts and can be integrated into
Power MEMS devices to satisfy pumping requirements by supplementing or replac-
ing existing solutions. This thesis presents models developed from first principles
which predict losses experienced at small length scales and agree well with experi-
mental results. The models further predict maximum achievable power densities at

the onset of detrimental viscous losses.
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1

Introduction

This chapter provides a brief background on the motivation behind efforts to minia-
turize power generation and propulsions systems and the accompanying engineering
challenges. It then provides a brief description of the Power MEMS (microelectrome-
chanical systems) field and motivates the use of microscale jet pumps in Power MEMS
applications. Finally, it provides a brief overview on the birth and development of

jet pumps in the 1800’s and the role they played in the Industrial Revolution.

1.1 Motivation

1.1.1 Microengines

Since the mid-1990s there has been an active effort to develop hydrocarbon-fueled
power generation and propulsion systems on the scale of centimeters or smaller [1-
27]. High energy density portable systems will enable both new technologies and
improved performance in existing systems. High power density devices, such as
micro heat engines, enable designers to package the power plant and fuel required
to meet system requirements with minimal volume, allowing more fuel volume and

greater energy density. In principle any thermodynamic cycle implemented at the

1



macroscale could be miniaturized, whether it be the steady flow Brayton or Rankine
cycles, or unsteady flow engines using a Diesel, Otto or Stirling cycle. However,
“the Brayton power cycle (gas turbine) is superior based on considerations of power
density, simplicity of fabrication, ease of initial demonstration, ultimate efficiency,
and thermal anisotropy” [16]. Reference [25] provides a detailed overview of these

efforts.
1.1.2  Energy storage and conversion

Although energy can be stored in many ways (chemical, mechanical, potential, nu-
clear), chemical energy densities far exceed any other current storage methods, ex-

cluding nuclear [25], as shown in Figure 1.1 (p.2).

50
Dieselfjet fusl »

g
3 40 —
=
@
5
2 304
=
D
&
E = Methanol

20 -
E
& Compressed gas
% 10,000 psi
gn e Liquid hydrogen

/ " i :
L s —————=Li battery chemistry
< T~ Metal hydrides
T I |

0 10 20 30 40
System Volumetric Energy Density (MJ/1)

FIGURE 1.1: Energy densities of some common fuels [25]



For this reason, we see automobiles, aircraft and ships operating exclusively on
chemical fuels, and in the particular case when either range or weight constraints
play a dominant role in design, we see the heat engine implemented as the transferor
of chemical potential into work. We should note the exception, however, of large
nuclear powered ships and submarines, where the volume of chemical fuel required
for satisfactory range given large vehicle mass would occupy too great of a volume
to be practical, which has led designers to instead implement nuclear power systems.
Nuclear fuels have the highest known energy densities, for example, 1 kilogram of
uranium fission releases energy equivalent to burning about 3,000,000 kilograms of
coal [28]. However, the equipment required to convert nuclear energy safely into
power requires great volume and mass, which limits its current practical use to
stationary facilities or ships. Nuclear systems have been explored in applications
where no other effective methods of energy storage exist that allow extreme range
and endurance, such as deep space exploration [28], and future investigation of such
systems may allow eventual miniaturization in the distant future.

Chemically fueled systems currently posses the highest known energy densities,
excluding nuclear [25], as shown in Figure 1.2 (p.4). Figure 1.3 provides system

energy densities for devices with smaller conversion efficiencies.
1.2 Scaling Laws

For many typical Power MEMS devices, power density increases with a decreasing
characteristic length scale until losses due to scale effects become overwhelming and
prevent intended device operation. This section provides brief description of a few

scaling laws of interest.



40

=

=

2

%‘ 30 - ® Dieselfjet at 60% eff]
&

D

&

5

g 20- irg ; *——Diesaljet at 40% off.
2

5

E

&

@ 10+ *—— Dieseljet at 20% eff.

g . Methanol (DMFC at 30% eff.)
= ‘_' e Hj for fuel cells

| @—— Primary batteries
G — 1 - 1 - 1 -
0 10 20 30 40

System Volumetnic Energy Density (MJA)
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1.2.1  Cube-square law

In the absence of scale effects, the power output of a gas turbine engine scales with
length squared, W; o L%, and the volume scales with length cubed, V o L®. Thus,
the power density scales with the inverse of length, resulting in increasing power
densities as device size decreases. For example, the power output from a turbine,

W,, is given by

W, = nuinc, )4 (1 _ HZ_1/7> (1.1)

where 7, is the turbine isentropic efficiency, m is the mass flow through the turbine,
cp is the constant pressure specific heat of the exhaust gas, T;4 is the exhaust gas
total temperature, 4 denotes the flow station at the turbine inlet (the numbered
flow station convention is commonly used in turbomachinery analysis and appears in

Kerrebrock [29] and Mattingly [30]), II; represents exit-to-inlet turbine total pressure
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From the conservation of mass,
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with the inverse of length scale,

W/V x1/L

5

10

FIGURE 1.3: System energy densities for various fuels and conversion means [25]

ratio, and finally v is the ratio of specific heats, v = ¢,/c,, which is typically v ~ 1.3

for hydrocarbon exhaust, v &~ 1.4 for nitrogen and air, v ~ 1.3 for steam and v ~ 1.1

where p is the fluid density, u represents the core or average axial velocity, A repre-
sents the flow area and L is an arbitrary length scale, such as an intake diameter.

Since volume scales with length cubed, V oc L?, the power density, W/ V scales



1.2.2  Scale effects

As length scale or Reynolds number, decreases, losses due to scale effects become
increasingly significant and at some point impede intended device operation [2, 3, 6,
8, 22, 31-33]. Above this lower limit, these losses manifest in the form of reduced

component efficiencies.

Scaling laws

| Entry length | Developed flow
| |
e — -
Boundary layer _ _
_— e — E— E— r
_ _ _ > N
——> Inviscid core _— R ——— L» Dn
_ _ _— e
- 5 - —_ —_ Viscous flow
_— E— —
_— — -

FI1GURE 1.4: Illustration of hydrodynamic entry length. The flow becomes developed
when the skin friction coefficient, C, is within 2% of its fully-developed value.

Figure 1.4 (p.6) illustrates boundary layer growth for the case of internal flow.
Once the boundary layers merge, the inviscid core disappears, and the flow becomes
developed and the axial velocity varies in the radial direction. The hydrodynamic
entry length, Ly, is typically taken to be the point where the non-dimensional wall
drag or skin friction coefficient, C; (the subscript f denotes ’'friction‘ whereas F
denotes force due to thrust in the thrust coefficient Cr), is within 2% of its fully
developed value [34]. The skin friction coefficient can be generally expressed in

terms of Reynolds number as



L\ ™"

where C'; m, and n are constants whose values depend on flow regime and appear

below in Table 1.1 [34, 35].

Table 1.1: Skin friction flow regime constants

Skin Friction C m n
Turbulent 0.046 1/5 0
Laminar entry 3.72 2/3 1/3
Laminar developed 16 1 0

The required length-to-diameter ratio, L/D,, for fully-developed flow varies with
Reynolds number, as seen in equation 1.5 [34]. Typically, conventionally sized rocket
nozzles and turbomachines operate with length-to-diameter ratios below the develop-
ment length-to-diameter ratio for a given Reynolds number, avoiding losses incurred
from fully-developed viscous flow. Flows are modeled as streamtubes with an aver-
age inviscid axial core velocity [29, 30, 36]. However, at the microscale, these rockets
and turbomachines have much smaller Reynolds numbers, making them susceptible
to viscous fully-developed flow and a commensurate decrease in performance. Fig-
ure 1.5 (p.9) plots hydrodynamic development L/D versus Reynolds number using

a laminar to turbulent transition Reynolds number of 4, 000.

L —-m
(D—h>H = C’RGDh (15)

Table 1.2: Hydrodynamic development length flow regime constants

Entry Length C m
Turbulent 1.359 1/4
Laminar 0.05 1




Boundary layer thickness, d, is also a function of Reynolds number, as seen in

Figure 1.5 (p.9). Boundary layer thickness can be generally expressed in terms of

Reynolds number as

() - oz (L) 1

Table 1.3: Boundary layer flow regime constants

Boundary Layer C m n
Turbulent 0.037 1/5 1/5
Laminar 5 1/2 1/2

Boundary layer displacement thickness, 6*, quantifies the flow area blockage from
boundary layer growth. Displacement thickness is approximately equal to a certain

fraction of the general boundary layer thickness, §, based on flow regime. Greitzer

recommends use of the following values [37]

;fkurbulent = 5/8
(1.7)
l*aminar = 5/3

For flow geometries with circular cross-sectional areas, the effective flow area,

Acsy, can be expressed in terms of the displacement thickness, 6%, and the diameter,

D, as

Aﬁfzgfﬂ[1—<1—2%)1 (1.8)

The ratio of geometric flow area to effective flow area, A/A.ss, can be approxi-

mated using equation 1.8 as

A 5
~l 44— (1.9)
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Reynolds Number

FiGURrE 1.5: Boundary layer thickness, skin friction coefficient and hydrodynamic
development length across Reynolds number.

At low Reynolds numbers and length scales, boundary layer thickness can become
significant and displace flow area. Figure 1.6 (p.10) plots blockage due to boundary
layer growth versus Reynolds number for different non-dimensional lengths, where a
non-dimensional effective area of 1 indicates no blockage from displacement thickness.
The effective flow area values indicate that, for shorter length-to-diameter ratios, the
flow cannot develop into fully viscous flow. However, the hydrodynamic length-to-
diameter ratio required decreases with Reynolds number, so even relatively shorter

length-to-diameter ratios suffer from developed flow at comparatively lower Reynolds.
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Ficure 1.6: Effective flow area versus Reynolds number for various length-to-
diameter ratios (L/D). Flow displacement from boundary layer blockage becomes
significant at low Reynolds numbers

Although scale effects manifest in different forms, such as wall drag and displaced
flow area, these effects all result from the presence of boundary layers and are the

consequence of the effective no-slip boundary condition at the wall.
1.2.8  Scale effects in microrockets

Characterization of microscale supersonic nozzles for micro propulsion systems be-
gan in the mid-1990’s when investigators tested two-dimensional (2-D) supersonic

micronozzles fabricated in silicon using deep-reactive-ion-etching (DRIE) with throat
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diameters near 30pum. Sonic flow was confirmed around 1997 for the 2-D micronozzles
etched in silicon and sandwiched between two glass plates [2]. The thrust coefficient,
Cr, which is a typical metric for nozzle performance, represents the actual thrust

divided by the ideal thrust produced by expanding gases through a rocket nozzle

Fthrust
Cr —
" pAr
(1.10)
mue,isen - (Pamb - Pe)Ae - Fdrag

_ BT

where Fip.us represents the actual thrust, P, is throat total pressure, or com-
bustion chamber pressure, A* is the nozzle throat area, or the minimum area where
choked flow occurs, 1 is the mass flow, . ;sen, is the isentropic velocity at the nozzle
exit, P,,,; is the ambient static pressure at the nozzle exit plane, P, is the exhaust
flow static pressure at the exit plane of the nozzle, A, is the nozzle exit area, and
Fiqg represents the nozzle wall drag resulting from the no-slip boundary condition
at the surface of the nozzle walls. For conventionally-sized rocket nozzles, Cr is typi-
cally between 1.4-2 [36]. Early experimental results for a 37.5um micronozzle, shown
below in Figure 1.8 (p.13), reported thrust coefficients ranging from Cp ~ 0.4 — 1.4
at Reynolds numbers near 10> — 103, respectively. This reduction in performance
stems from the onset of scale effects experienced at low Reynolds numbers, as typ-
ical nozzles with Reynolds numbers near or above 10° typically experience a 1%
reduction in thrust due to boundary layer losses [36]. Figure 1.7 (p.12) provides
pictures comparing the sizes of a microrocket [9] and a Saturn V rocket.

Follow-on work began to experimentally investigate losses in micronozzles at low
Reynolds numbers [3]. Figure 1.10 (p.15) plots measured thrust efficiency for a
37.5um throat nozzle [3]. The steep decrease in thrust efficiency results from bound-

ary layer growth at low Reynolds number, especially near the nozzle exit where
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FIGURE 1.7: Size comparison between a microrocket [9] and a Saturn V rocket

boundary layers will be thickest and may even merge, producing viscous fully-
developed flow [3]. Figure 1.9 (p.14) plots model results for a 37.5um throat nozzle
with a 16.9 : 1 expansion ratio. The operating conditions and nozzle geometry are
taken from Reference [8]. The model used to generate this plot uses the methods
presented in this dissertation in effort to capture the physics associated with losses
experienced at low Reynolds numbers. These methods allow prediction of device
performance for both on- and off-design scenarios with minimal computational effort
in comparison to approaches which simulate device performance using computational
fluid dynamics.

Figure 1.11 (p.16) compares boundary layer growth in a nozzle for Reynolds
numbers near 10 and 10®. Boundary layer thickness is typically on the order of
10%um at the nozzle throat and increases to 10'um for Reynolds numbers between
102 and 103. In the nozzle exit region, it is possible for the boundary layers to grow

and merge, resulting in fully-developed, viscous flow and a commensurate plummet
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FiGURE 1.8: Thrust coefficient versus Reynolds number for a 37.5um nozzle, from

8]

in performance [3].
1.2.4 Scale effects in microturbomachinery

Computational and analytic investigations have been performed with low Reynolds
number turbomachinery [6, 22, 32, 33], where scale effects manifest as decreased
component efficiencies. Work in this area to date has been mostly computationally
or analytically driven as the instrumentation for performing fluid flow analysis in

microscale turbomachinery requires tremendous effort to create [16]. Low Reynolds
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FIGURE 1.9: Model results for thrust coefficient versus Reynolds number for a
37.5um nozzle with a 16.9:1 expansion ratio. The model predicts micronozzle perfor-
mance using the methods presented in this dissertation and shows good agreement
with experimental data from Reference [8].

number losses in turbomachines are often compounded with additional fluid dynamic
losses such as diffuser separation or inadequate diffusion of high-velocity flow. These
fluid dynamic losses result in part due to the challenges associated with using ex-
isting microfabrcation techniques to implement features commonly employed at the
macroscale which minimize diffuser losses, some of which include the twisting of air-

foils, variation of blade heights and aspirating compressors [16]. Additionally, the
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FIGURE 1.10: Thrust efficiency for a 37.5um throat nozzle (3]

relatively thick trailing edges resulting from current MEMS fabrication techniques
produce airfoils which have trailing edge thicknesses of similar length scale to the
rotor-to-stator tip clearance, which results in increased drag [16]. The combination
of these losses reduces microscale turbomachinery efficiencies with respect to their
macroscale counterparts. For example, Figure 1.12 (p.17) maps turbine efficiency
across length scale and velocity ratio. Here we see that a 10mm turbine at 10° RPM
operates with approximately 60% efficiency with a nearly matched (= 1) velocity
ratio, whereas a 1m diameter turbine easily acheives 80% efficiency at lower velocity
ratios of (= 0.7) [33]. Table 1.4 (p.16) provides comparison between the turbine
diameters, operating speeds and efficiencies for a microengine [9, 15| and a General

Electric GE-90 engine. Figure 1.13 (p.18) provides pictures of these two engines.
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FIGURE 1.11: Boundary layer thickness from the nozzle throat to exit, from [3]

Table 1.4: Size, speed and efficiency comparison between a microturbine [9] and
GE-90 turbine

Microturbine GE-90
Turbine diameter ~ 6210 3m ~1m
Rotor speed (RPM) = 500,000 ~ 5,000
Efficiency ~ 60% ~ 93%

1.3 Current State of the Art

Figure 1.14 (p.19) provides comparison between microengine energy density and cur-
rent state-of-the-art battery chemistries. Even at relatively low thermal efficiencies
(~ 5% — 10%), with respect to macroscale combined cycle power plants (~ 50%),
microscale gas turbine power generators acheive a 2z — 5x multiple in energy density
compared to current high-performance lithium-ion batteries with energy densities of

175 W-hr /kg.
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from [33]

1.3.1 Turbomachinery tip-speed requirement

Designers have investigated microscale Brayton cycle (gas turbine) engines which
require high-speed compressors and turbines [1, 4, 15, 20, 21, 25, 38|, as well as mi-
crorockets which require high-speed turbopumps [5, 12, 14, 39]. Both devices involve
high-speed turbomachinery which requires high-speed bearings. High-speed oper-
ation is desired because high-efficiency turbomachines require high pressure ratios
which in turn create a high velocity fluid. In order to accept the high velocity flow

efficiently without inducing excessive swirl or losses, the rotor tip speed must ap-
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FIGURE 1.13: Size comparison between a microengine [9] and a GE-90 turbofan
engine

proach the fluid velocity, which is typically transonic [29, 30]. Thus, turbomachines
typical operate with transonic rotor tip speeds near Mach 1 with a velocity ratio
near 1, which corresponds to a range typically between 400 - 600 m/s depending
on temperature [29, 30, 40]. As length scale decreases, angular velocity increases,
requiring high-speeds at the microscale. Figure 1.15 (p.20) gives a few example rotor

diameters and RPM at different tip speeds.
1.8.2  Limitations of macroscale approaches

From Figure 1.15 (p.20), we see that the design space exists beyond the speed ca-
pabilities of current micro ceramic bearings of roughly 450,000 RPM. In addition to
the speed limit, these ball bearings require shafts to mate to the inner bore to allow
rotation. This shaft requirement adds an additional burden to the designer with
regards to assembly and also is of similar magnitude to the rotor diameter, which

increases inertia, material and assembly complexity. The Japanese company NSK
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FIGURE 1.14: System energy densities for microengines compared to batteries

Micro Precision, which supplies bearings for high-speed turbine driven dental drills,
has produced the world’s smallest ball bearing, with an outer diameter of 2mm and a
shaft diameter of 0.6 mm, shown in Figure 1.16(a) (p.21). In addition to radial loads,
bearing systems for a turbomachine also require the ability to resist the thrust forces
created by the unequal pressures on the upstream and downstream faces of the rotor.
Angular contact bearings in pairs could satisfy this requirement if the design speed
were satisfactory. Used in some timepieces, a low-friction jeweled bearing assembly,
such as the one shown in Figure 1.16(b) (p.21), can support radial and thrust loads.
Some options involve ruby or sapphire thrust pad endstones and journals, which

are durable and feature a coefficient of friction of 0.15 with steel (teflon is roughly
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FiGURE 1.15: RPM as a function of rotor tip speed

0.04). However, design speeds for these systems are typically limited to 10,000 RPM.
These systems also impose a shaft requirement. Ball bearing and jeweled bearing
systems also typically occupy similar or greater volumes than the turbomachinery

subassemblies themselves in microengines.
1.3.3  Gas bearings

The high-speed requirement motivated the development of gas bearings [4, 16, 20, 41,
42]. Due to the limitations of existing mechanical bearings, engineers implemented

and developed the theory for microscale gas bearing systems, which were an elegant
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(a)

FIGURE 1.16: Examples of miniaturized conventional bearings. (a) NSK Micro Pre-
cision’s micro ball bearing and rice grains(image courtesy of NSK), and (b) schematic
of a jeweled thrust bearing assembly (image courtesy of Bird Precision)

solution but require the use of pressurized fluid to both start and sustain operation.
The pressurized fluid first floats the rotor, and during operation supplies a small jet
discharging onto thrust pad of the rotor to create axial thrust. Dynamic loading, typ-
ically resulting from rotor imbalance during steady state operation, is compensated
by use of hydrodynamic bearings. Investigators have developed both the theory as
well as the fabrication recipes to successfully implement silicon high speed gas bear-
ing supported turbomachinery, which feature the highest tolerance requirement in
the microengine, typically on the order of a few microns [4, 16, 20, 41, 42]. In addition
to preventing tip leakage, high-tolerances are required to minimize rotor imbalance
and eccentricity. Eccentricities require a greater gap between the rotor and journal
bearing to avoid rotor-stator contact during operation. Figure 1.17 (p.22) shows the
configurations and photographs for hydrodynamic and hydrostatic thrust bearings
from [16]. The use of high-speed gas bearing systems in microengines is a design re-

quirement for practical engines. This requirement is also evidenced by the use of gas
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FiGure 1.17: Hydrodynamic thrust bearings and hydrostatic thrust bearings, im-
ages courtesy of [16]

bearings in turbomachinery systems which are comparatively much greater in size

but smaller than typical aircraft jet engines, such as the 30 kW Capstone engines.
1.8.4 Clearances and tolerances

For microengines, the ratio of clearance to a component length scale, or fabrication
tolerance, is typically much larger than a corresponding macroscale device [1, 16, 38].

If large enough, this clearance will permit an excessive mass flow leakage around the
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rotor and prevent the cycle from closing since the compressor will be unable to
sustain operation. Figure 1.18 (p.23) shows a schematic of tip leakage over a tur-

bomachine blade [33]. During steady-state operation, it is reasonable to have the

Vs
Vp
. N
T . =
- ‘ Zh @@
g
Pp Pg
M

FIGURE 1.18: Schematic of tip leakage over a turbomachine blade, from [33]

compressor bleed adequate mass flow for gas bearing operation while simultaneously
providing enough core mass flow to operate and close the cycle. However, the orig-
inal work required an externally supplied source of pressurized gas for the starting
sequence, which can lead to impracticalities when implementing the engine in vol-
ume constrained applications, or in scenarios requiring repeated start up sequences
[4]. Furthermore, maintenance and refilling the pressurized tank would may create
an additional burden if the application prohibits constant refilling of the pressurize

tank by the compressor.
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1.4 Power MEMS

First suggested in 1996, Power MEMS (micro-electro-mechanical systems) originally
referred to MEMS fabricated heat engines, specifically those operating on a Brayton
cycle [1, 9, 25]. The contemporary definition of Power MEMS encompasses any
microfabricated device which generates power or pumps heat [9, 25]. In the words
of Professor Carol Livermore, “Power MEMS are MEMS devices that manipulate
macroscopically-significant amounts of power in a small package.” Figure 1.19 (p.24)

shows a schematic focused on the heat engine within the Power MEMS field.

Power MEMS
'____.4-_-—_‘L'.|—__— ;_‘;‘_‘;‘;"_‘;b_ ______ 1
| Fuel Cells | Heat Engines | Energy Harvesters :
/ '__________~;\_“_~;* ______________ 1
. . | . . |
Conventional Thermodynamic Cycles I Unconventional Thermodynamic Cycles |

Brayton Cycle l Rankine Cycle

FIGURE 1.19: Schematic of the Power MEMS field

1.4.1 Power MEMS applications for jet pumps

Many MEMS devices require the means for pumping fluids at the microscale. Since
the 1980’s, investigators have explored various methods to satisfy pumping require-
ments [43-46|, some of which include mechanical, electro-osmotic, electrohydrody-
namic and magnetohydrodynamic pumps. Non-rotating pumping devices, such as
jet ejectors and jet injectors, which are more broadly classed as jet pumps, can serve
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as alternatives to pumping turbomachinery or other rotating pumps, supplementing
or eliminating some of the high-speed components in microscale turbogenerators and
rockets, enabling the fabrication of Power MEMS devices that rely on a reduced num-
ber moving parts. Figure 1.20 (p.25) shows a schematic of Power MEMS applications

for jet pumps.

| Power MEMS Jet Pumps |

Vaccum Fuel / air Gas Reagent | Compressor | |Turb0pump| Boiler Fuel
pump delivery bearings mixing feed vaporizer

|Microfuelcel| | | Microlaser | | Microengine || Microrocket

FI1GURE 1.20: Schematic of the Power MEMS applications for micro jet pumps

Microengines

For example, ejectors and injectors can be used to implement microscale vapor cycle
(Rankine) engines, one example of which is a steam locomotive engine, whose only
moving part is a piston [47], as shown below in Figure 1.21 (p.26). In lieu of a piston, a
low-speed gas turbine could be used for power offtake, as shown in Figure 1.22 (p.27)
(32, 48].

When a Brayton (air) cycle 'tops’ a Rankine (vapor) cycle, some useful work can

be recovered from the exhaust gas output from the Brayton cycle [29]. Given the
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FicUure 1.21: Conventional steam locomotive cycle schematic

comparatively low thermal efficiencies of microengines, the exhaust gas contains a
comparatively large amount of high quality heat [16], making the gains from heat
recovery or recuperation relatively significant. Exhaust energy is ultimately trans-
fered to a power turbine, though the intermediate path may vary. Figure 1.23 (p.28)
shows a turbocharged vapor cycle in which the exhaust gas directly drives a power
turbine and then exhausts through a boiler to generate vapor.

Figure 1.24 (p.29) shows a combined cycle featuring cold turbines with an after-

burner combustor in effort to thermally isolate the power turbine.
Microrockets

Jet pumps could also enable a microrocket requiring only a static structure through
substitution of turbopumps with jet injectors [49-52]. Figure 1.25 (p.30) shows

an expander cycle which uses regenerative heating in the nozzle to generate vapor,
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providing power off-take

conventionally used to drive a turbopump, that becomes the motive fluid for an
injector which is capable of pumping propellants at or above combustion chamber
pressures. In these Power MEMS applications mentioned, the resulting reduction in
complexity compared to pumping turbomachinery affords the designer a simple start-
up protocol, robust operation, and the flexibility to use microfabrication processes
that offer comparatively low tolerances.

Power MEMS field exist, as shown in Figure 1.20 (p.25), to include some that have

been demonstrated [54-60].

-

—— Combustion Products
Fuel Vapor

—— Non-condensible Products
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FIGURE 1.23: Schematic of a turbocharged Rankine cycle with a hot power turbine

Efficiency considerations

Mechanical pumps, such as compressors and turbopumps, typically operate with
relatively high efficiencies when compared to jet pumps. Jet pumps are less efficient
due to lost work from entropy generation resulting from the presence of pressure
and temperature gradients and mixing losses [29, 37, 61]. The very nature of jet
pump operation requires friction in order to entrain surrounding fluid, resulting in
a local decrease in static pressure. Turbomachinery, especially when multi-staged,
operates with relatively high efficiencies, sometimes above 95% at conventional sizes
[29], whereas jet pumps operate at sometimes half of this, depending on the efficiency
metric. However, when considering the pumping work required for a fluid, which is

equal to
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FIGURE 1.24: Schematic of a Brayton cycle topping a steam locomotive (Rankine)
cycle with a fluidically coupled power turbine

W =1mAP,/p (1.11)

where W is the required pump work, 7 is the pumped mass flow rate, AP,
represents the change in total pressure of the pumped fluid across the pump inlet to
outlet, and p is the fluid density, we can see that consequences of inefficiency will be
less pronounced for incompressible fluids simply due to density. Liquids are of order
103kg/m?, whereas gases are typically of order 1kg/m? at typical ambient conditions
(P =~ latm, T ~ 300K). Thus, jet injectors operating in vapor cycles (Rankine

or combined cycle engines) or expander cycles (rockets) will incur less penalty from
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FIGURE 1.25: Schematic of a microrocket bipropellant injector-pumped expander
cycle [53],[49]

inefficiency than jet ejectors pumping vapors or gases. In other words, in devices
which have the option to pump either the liquid or vapor phase of a substance, it
requires less pumping work when delivering a fixed mass flow rate of liquid phase
versus vapor or gas phase. For turbomachinery or, more generally, mechanically
driven pumps, this effect from density results in a smaller shaft work input to pump
a given mass flow rate. For the case of vapor driven jet pumps, this effect from
density results in a smaller motive vapor mass flow rate input, or decreased motive

total pressure, to pump a fixed mass flow rate.
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1.5 Jet Pumps: A Brief History

1.5.1 Steam locomotives

The core of the steam locomotive engine contains no moving parts; steam injectors
pump liquids, and steam ejectors pump gases. Low entrainment steam jet ejectors
were first used during the 19th century to induce a draft across the firebox of coal-
fired steam locomotives and expel its exhaust out of the stove pipe (diffuser) [47]. The
ejector’s lack of moving parts affords designers a simple start up protocol, the ability
to pump fluids containing particulates, and a reduction of moving parts. Figure
1.26 (p.31) shows a schematic of the flow paths and components in a typical steam

locomotive engine.

superheater element pipes
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chimney superheater header
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blastpipe
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air
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F1GURE 1.26: Typical steam locomotive engine flow paths and schematic
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1.5.2  Jet ejectors

Jet ejectors appeared perhaps by accident in steam locomotives during the 1820’s
when designers began injecting exhaust steam from the cylinders into the base of the
chimney, allegedly to reduce noise to avoid frightening animals such as horses used
for transport [47]. The steam jet entrained and pumped additional fluid through
the firebox, which in early application was fed solely by natural convection through
a chimney. Designers increased the volume in front of the boiler to accommodate
the steam jet and to assist the removal of ash which would travel through the boiler
firetubes, leading to the name ‘smokebox’ [47].

Operators noticed that greater steam discharge rates increased draft through the
firebox, elevating firebox temperatures and in turn evolving more steam. The process
was effectively self-acting. The performance of this ejector depends on the surface
area of the motive jet, as well the jet velocity, which is a function of supply pressure.
A high supply pressure improves performance but can lead to lower system efficien-
cies due to reduced conversion of pressure potential energy into useful work by the
piston, requiring a balance. Professor and Dean William F.M. Goss at Purdue Uni-
versity carried out the first comprehensive experimentation on the locomotive draft
systems around 1891, recommending geometries that were implemented on the Great
Western Railway and in the United Kingdom through the 1950’s [47, 62-69]. Since
locomotives operated over a range of speeds, a variety of throttling systems were im-
plemented to allow control of air flow. Designs evolved into multi-nozzle, multi-stage
systems which increased entrainment per a given supply pressure when compared to
single-nozzle and single-stage system. One successful version was the Kylchap dou-
ble exhaust blast pipe, developed and patented by the Finnish engineer, Kylala and
the French engineer, Chapelon [47]. These systems were successfully implemented

in the UK on the A4 Pacifics in 1936, and then later found greater adoption in the
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1950’s. Reference [47] provides an overview on historical development efforts of early
steam locomotive ejector systems, and Professor Goss’s book [62] provides extensive
presentation of experimental work performed on many locomotive components and
subsystems. Figure 1.27 (p.33) shows a picture of a Lempor blastpipe found in the
smoke box of a steam locomotive, and Figures 1.28 (p.34) and 1.29 (p.35) show a pic-
ture and drawing of a Kylchap blastpipe, which was a multi-staged version featuring

two mixers.

FIGURE 1.27: Lempor nozzle

1.5.8 Jet injectors

In addition to using jet pumps for pumping gases into steam engines, they were
also developed for use as a feed-water delivery system by the French engineer and
inventor Henri Giffard during the 1850’s [70, 71]. Giffard designed and patented his
injector (1860, US Patent No. 27,979 [70]) which, when supplied with live steam,

expands through a motive nozzle, entraining feed-water, and then condenses into
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F1GURE 1.28: Picture of a Kylchap blastpipe

the water stream and ’lifts’ the water stream up to boiler pressures. Figure 1.30
(p.36) shows Giffard’s sketch from his US patent in 1860 [70]. Giffard’s injector
soon became widely adopted, replacing the mechanical pumps of the era [47]. The
injector featured no continuously moving parts and required simple valves to ensure
proper operation. Later improvements, such as those featured in the Sellers injector,
incorporated venting schemes which allowed the injector to regulate itself, reducing
the need for operator input to ensure proper injector operation [71]. Reference [72]
provides the first real attempt to describe the theory behind different injector de-
signs that proceeded Giffard’s original work, and Reference [71] provides updates on
theory and practice circa 1900. Crawford (2003) [73] provides excellent contempo-
rary discussion of steam injectors and provides examples of typical dimensions for
minature hobbyist steam locomotive applications. Figure 1.31 (p.37) displays a cross

section of a vented, self-acting injector developed by Penberthy that found fairly wide
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FiGurE 1.29: Drawing of a multi-stage Kylchap blastpipe and chimney

adoption. The venting scheme eliminates the need for manual adjustment.
1.5.4 Historical perspective

Based on the historical use of jet pumps in improving the driving force behind the In-
dustrial Revolution, the steam engine, it seems reasonable to conclude that they may
be able to assist in the reduction to practice of the microengine or microrocket, which
also has great potential to shape the future. The implementation of jet pumps in
Power MEMS devices also reflects contemporary microscale manufacturing tolerances
as well as macroscale tolerances achievable during the Industrial Revolution. Despite
tremendous improvements in microfabrication processes and techniques during the
last half-century, microscale manufacturing techniques remain limited when com-
pared to temporary conventional machining capabilities. Manufacturing techniques

used during the Industrial Revolution were crude by today’s standards. Then, and
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FIGURE 1.30: Giffard’s injector from his 1860 US patent [70]

now, the use of jet pumps affords designers the flexibility to accommodate techniques
with comparatively low tolerances. Although it is possible for jet pumps to operate
less efficiently than mechanical pumps, there may be instances when the designer
chooses to accept this design trade-off to enable reduction to practice or simplifica-
tion, which tends to enable greater adoption through ease of use and decreased cost.

This reasoning motivates the current investigation into the use of jet pumps in Power

MEMS devices.
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FI1GURE 1.31: Cross section of a self-acting Penberthy injector

1.6 Objective

The objective of this thesis is to present modeling efforts verified with experimental
results for microscale jet ejectors and jet injectors. Microscale jet pumps can assist
or enable the reduction to practice of some Power MEMS devices that require fluid
pumping. This thesis presents explanation of the approach used to derive analytic
models from first principles that capture scale effects experienced at low Reynolds
numbers. The models are relatively easy to implement and are presented in effort

aid in device design.
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1.7 Overview

Chapter 1 provides the motivation and background for jet pumps. Chapter 2
presents experimental and analytic results for a single-stage jet ejector tested at
three different length scales for different fluids. Chapter 3 presents experimental and
analytic results for a single-stage jet injector tested at two different length scales for
different fluids. Chapter 4 presents experimental and analytic results for a two-stage
jet ejector tested at three different length scales. Chapter 5 presents conclusions and
recommendations for future work. The appendices contain the models derived from
first principles that include losses experienced at small length scales or low Reynolds

numbers.
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2

Single-Stage Ejector

This chapter provides a brief background on jet ejectors and potential applications
in Power MEMS devices. It also compares a model derived from first principles
inclusive of losses to experimental results for a single-stage jet ejector tested at three

length scales. Detailed derivations appear in Appendix A (p.106).
2.1 Motivation

Microelectromechanical systems (MEMS) have enabled the minaturization of many
macroscale devices, to include systems for power generation, propulsion, sensing,
analysis, and flow processing. Devices involving fluid flow require minaturized flu-
idic components much like their macroscale analogs. Figure 1.20 (p.25)shows some
potential applications for jet ejectors within the Power MEMS field.

One potential application of interest is a MEMS-fabricated Rankine cycle engine
(in abstract similar to a steam locomotive engine) whose only moving parts are those
associated with power off-take. The core of a jet-pumped Rankine cycle engine, an
example being a steam locomotive engine, contains no moving parts; vapor-driven
jet injectors pump liquids, and vapor-driven jet ejectors pump gases, as shown in
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Chapter 1 in Figure 1.22 (p.27). Low-entrainment vapor-driven jet ejectors first
appeared during the 19th century and were ultimately optimized to induce air flow
or draft across the firebox, or combustor, of coal-fired steam locomotive engines,
expelling entrained exhaust gases out of the stove pipe, or diffuser, as seen in Figure
1.26 (p.31) [47]. The ejector’s lack of moving parts affords designers a simple start
up protocol, the ability to pump fluids containing particulates, and a reduction of

moving parts.

2.2 Background and Literature Search

2.2.1 Power MEMS Applications
nwCOIL laser

One possible Power MEMS application for low entrainment vapor driven jet ejectors
is the portable micro-chemical-oxygen-iodine-laser (uCOIL). The laser generates hy-
drogen peroxide steam by catalytic decomposition, driving an ejector-based pressure

recovery system that pumps low pressure fluid to the atmosphere [54, 55].
Steam generators and microthrusters

Investigators have also designed and tested a MEMS vapor generator which can be
used to generate motive fluid for vapor driven MEMS jet ejectors, or as a monopro-
pellant microthruster for nanosatellite propulsion [56]. The device decomposes high
concentration hydrogen peroxide using a homogenous catalytic solution of ferrous

chloride and demonstrated reactor pressures of around 2atm.
Fuel and air delivery

Investigators have also used butane-vapor-driven, high-entrainment ratio micro jet
ejectors to supply fuel-air mixtures to micro combustors in Power MEMS applications

[57-60]. Two-dimensional (2-D) motive nozzles were fabricated using deep-reactive-
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ion-etching (DRIE) from bonded silicon/glass wafers and silicon/silicon wafers [57—
59]. Investigators also performed tests using a 75um capillary tube that discharged
into a larger diameter tube [60]. In other tests, a one-dimensional (1-D) axisymmet-
ric nozzle fabricated in stainless steel by electrical-discharge-machining (EDM) was

tested with a throat diameter of 42pm and throat Reynolds numbers near 3,600 [60].
Micro analytics

Other investigators have micromachined 2-D single- and multi-stage vapor driven
vacuum pumps for use in miniaturized analytical ("lab on a chip‘) systems such as
mass spectrometers [74, 75]. These vacuum pumps demonstrated jet pump operation
at the microscale [74], achieving a vacuum of 495 mbar, and presented a system with

an integrated heater and Pirani pressure sensor [75].

2.2.2  Macroscale Applications

Aerospace

Ejector nozzles have found use in high-performance supersonic aircraft to aerody-
namically vary the exhaust nozzle expansion ratio to allow for operation at different
conditions [29]. Secondary flow enters the exhaust nozzle, varying the flow area avail-
able for the engine core flow. These ejectors can be implemented using tail flaps or
blown in doors which adjust depending on operating speed. At low aircraft speed,
the secondary flow also prevents separation in the exhaust nozzle if the core engine
flow is lower than the amount required for proper nozzle operation [29].
Investigators have proposed the use of ejectors for thrust augmentation and heat
signature suppression in turbofan, rotary wing and rocket propelled aircraft [76].
These results demonstrate an increase in efficiency with multi-staging and will be

discussed in Chapter 4.
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Chemical engineering

Ejectors have also historically found wide use in the chemical engineering field, es-
pecially for steam and air driven applications, where they have been used to exhaust
fumes or air, drive vacuum evaporation, distillation, refrigeration, filtration, drying,
and air conditioning [77]. Some researchers in the chemical engineering and process
fields are examining the use of ejectors as heat pumps in lieu of electrically pow-
ered mechanically driven vapor compressors, or the comparatively larger absorption
chillers [78, 79]. Experimental work and CFD simulations have been used to analyze
ejectors driven by the vapors of ammonia, FC-134a, propane [78], methanol [79], and

water [80]. A summary of recent work in the refrigeration field appears in Reference

[81].
2.2.3 Early Work and Theory

Goss carried out the first “comprehensive work” on steam locomotive ejectors be-
tween 1890-1908 at Purdue University [47, 62-69]. Kroll provides design guidelines
and a brief summary of data for steam-air and air-air ejectors dating between 1928-
1943 [77]. Keenan presents an analytic model developed from first principles for
conventionally sized ejectors [82]. Batchelor presents equations of motion for lami-
nar free jets [83], White and Greitzer present empirical results for turbulent free jets
and shear layers [37, 84]. Shapiro, Kerrebrock, and Greitzer present inviscid ejector

models for both compressible [29, 85] and incompressible [37] flows.
2.3 Objective

The work presented in Chapter 2 demonstrates the feasibility of using single-stage
jet ejectors to either substitute or supplement mechanically driven microscale pump.
Microscale jet ejectors can meet the gas pumping requirements of Power MEMS
devices and can, in some cases, serve as a viable substitute for compressors or draft
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fans [31, 48, 86|, in addition to substituting for fuel-air delivery systems [57-60] and
vacuum pumps [74, 75].

Chapter 2 reports on experiments performed on microscale ejectors of similar
geometry, which feature three different motive nozzle throat diameters of 64um |,
187um and 733um . A theoretical model is developed from first principles (see
Appendix A on p. 106 for the detailed derivation) that includes losses due to scale
effects, or low Reynolds numbers, as well as the secondary fluid inlet losses. The
model is used to further predict a theoretical minimum ejector size corresponding to

a maximum achievable power density on the order of 1 MW /L.

2.4  Theory and Modeling

2.4.1 Physical Description

A single-stage ejector consists of a motive nozzle and mixer/diffuser. Figure 2.1 (p.
44) outlines the ejector configuration and flow paths used for analysis. Jet ejectors
pump fluid by exchanging momentum between a high velocity primary, or motive,
flow and a quiescent or low velocity secondary flow, producing a mixed-out discharge
flow with an intermediate velocity. The motive jet entrains the surrounding fluid by
viscous interaction. The jet inviscid core centerline velocity does not vary with axial
distance until the downstream point where shear layers thicken and merge, resulting
in the disappearance of the core flow. Entrainment of secondary fluid is assisted by
the local drop in static pressure surrounding the jet, which is caused by movement
of secondary fluid from viscous entrainment and also by motive jet expansion for
the case of a supersonic jet expanding to pressure lower than ambient. This drop
in static pressure causes some secondary flow towards the jet’s centerline axis and
is sometimes commonly referred to as the ‘Venturi effect’ [37, 83, 84]. This effect is
driven by secondary flow motivated by friction or viscous entrainment between the

motive jet issuing into the quiescent secondary fluid.
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FIGURE 2.1: Example ejector assembly and flow paths

2.4.2  Model Approach

The ejector model develops from theoretical first principles, applying the conservation
of mass, momentum and energy across a constant area mixing duct. The model
assumes compressible flow through the motive nozzle and models incompressible
flow through the secondary fluid inlet and mixer region for a single-stage axial flow
configuration shown in Figure 2.2 (p. 45).

In Figure 2.3 (p. 46), A,, represents the motive nozzle exit area. It should be
noted that the e subscript has been dropped, A,, . = A,,. The secondary flow area,
A,, is computed by taking the difference between the mixer area, A4, and motive
nozzle exit area, A, = Ay — A,,. In practice, the axial distance between the motive
nozzle exit plane and the mixer inlet plane can be used to restrict secondary flow.

This axial distance is typically set between 0.5 — 1D, and is made to be adjustable
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for macroscale ejectors [77, 87]. The model includes losses associated with secondary
flow inlet restriction and viscous losses throughout the motive nozzle and mixing
region. The detailed derivation of this model appears in Appendix A begining on
p. 106. The ratios of discharge and secondary fluid densities to motive fluid density
are assumed to approximately equal unity in the mixing region, py/pm ~ ps/pm =~ 1,
by use of an approximate similarity principle first introduced by Munk and Prim
and described by Greitzer and Presz in References [76, 88, 89]. The conservation
of mass and momentum in conjunction with the conservation of energy in the form
of the steady Bernoulli equation establishes expressions for entrainment ratio and

ejector suction draft. For the design considered below, we assume that the discharge

46



static pressure is equal to ambient conditions with an arbitrary supply total pressure,

P, s suppty = Pr.s.us = Ps for the secondary fluid.
2.4.8  Analytic Model

Using the aforementioned approach, the inviscid model, assuming optimal nozzle
expansion (matched exit static pressure), for ejector suction draft (or pressure coef-
ficient) can be expressed as a function of entrainment ratio, defined as the ratio of
secondary to motive mass flow rates, o = 1 /1,,, and the ejector area ratio, defined

as the ratio of secondary to motive flow areas, a = A,/A,,, shown in equation (2.1).

Pd_Pt,us 2a 2

(0% 1 le%
1/2pu? - (1+a)? {1_25_5(6“"1/@) ﬁ} (2.1)

m,isen

Inclusive of losses, equation (2.1) becomes equation (2.2). The approach and

detailed steps are provided in Appendix A (106).

Pd_Pt,us ~ 2a
1/2pu? T(1+a)?

1 2
(L)
Cy a
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-4 = .
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The leading-bracketed term represents the suction or vacuum created when the
entrainment ratio is zero, indicating no secondary flow, which occurs when the sec-

ondary flow is throttled to zero. The first term represents the incompressible, inviscid
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model which computes ejector performance for a given geometry and entrainment
ratio. The discharge static pressure, or ejector back pressure, is general but is set
equal to ambient pressure for the data presented below. The secondary fluid supply
pressure or total pressure upstream of the ejector is also general. The secondary inlet
discharge coefficient, Cy, captures the losses associated with sharp turning or non-
ideal inlet geometries. References [37, 83, 90] provide typical values for different inlet
geometries, some of which can be derived from first principles. This loss mechanism
physically manifests itself as a flow area restriction.

The third term in equation (2.2) results from friction in the motive nozzle. Typ-
ically, for nozzles which operate in the turbulent flow regime, the local skin friction
coefficient, C'y, which is the non-dimensional drag force on the nozzle walls, expe-
riences negligible variation across the nozzle’s axial length [36]. However, as nozzle
length scale decreases, the local skin friction coefficient varies and must be computed
as the assumption of negligible variation may no longer hold. This computation also
allows for prediction of more pronounced viscous losses experienced at small length
scales. The drag force on the nozzle walls is computed by integrating the product of
the local skin friction coefficient and local dynamic pressure across the wetted area
of the nozzle, as shown in equation (A.38) (p.117) in Appendix A.

The fourth term in equation (2.2) accounts for viscous losses in the mixing region
due to mixer wall drag. The drag force is modeled for a constant area duct and is a
function of the mixer Reynolds number, ejector geometry and entrainment ratio.

The fifth term in equation (2.2) results from the conservation of momentum
applied to the motive nozzle. The nozzle exit plane pressure matching term can
result in decreased nozzle performance if the exit static pressure of the nozzle flow
differs from the surrounding ambient static pressure. Under optimal conditions for
matched nozzles, this last term is zero.

Figure 2.4 (p.49) illustrates the magnitudes of the different loss terms in equa-
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tion (2.2) for an arbitrarily selected entrainment ratio of @ = 0.4, as well as the
total magnitude of viscous losses compared to the inviscid model given by equation
(2.1) across different Reynolds number based on the motive nozzle throat diameter.
Losses increase from roughly 10% at Reynolds numbers above 10 to nearly 100%
for Reynolds numbers near 102. The jump discontinuities result from flow regime

transition from turbulent to laminar.

Nozzle Throat Reynolds Number

3 4 5 6 7
1 B I A
‘ Inlet
0.97 Nozzle |70-9
0.8} Mixer  |igg
Total
0.7 - Efficiency | 10.7
0.6
0.5r
04r
0.3r
0.2+
0.1r
0 1 TR e A A | 1 Lol 1 Lol 1 Lol 1 |||||||O
107° 107 107 1072 10°° 10

Nozzle Throat Diameter (m)

FI1GURE 2.4: Magnitude of losses with respect to the inviscid model versus Reynolds
number. The jump discontinuities arise from flow regime transition.
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2.4.4 Efficiency

To establish an ejector efficiency, we invoke the conservation of momentum and mass,
assuming constant static pressure throughout the ejector, and can express the ideal
ejector suction draft as

Pamb - Pt,us 1

1/2pu? - (1+a)? (2:3)

m,isen

where the suction draft is independent of area ratio and is purely a function of
entrainment ratio. Using this as a bound on the upper performance limit, the ejector
efficiency can be defined as the ratio of the realized suction draft to the idealized

result in equation 2.3.

Pamb - pt,us
~—5 5/
1/2pu

2
m,i8en getual 1/2pum,isen ideal

Pamb - Pt,us

U

(2.4)
o Pamb - Pt,us
B 1/2puzn,isen

> (14 a)®

From the defined ejector efficiency in equation 2.4, we see that, for any given area
ratio, an optimum entrainment ratio exists which maximizes efficiency. Neglecting

viscous losses in the motive nozzle and mixer, the ejector efficiency becomes

1+a)’ a o (1 (1+a)?

which can be optimized analytically by setting dn/da = 0 to yield

~2a* + a*(1 + a)y /1 + G
Qopt = (2.6)
" G — a(1 + 3a)
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For the special case where both suction inlet and viscous loss mechanisms are
neglected, Figure 2.5 (p.51) identifies this optimum efficiency curve across various

entrainment ratio and area ratio pairings.

0.2

Area Ratio

Maximum Efficiency Line

1 ] | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

Entrainment Ratio

FIGURE 2.5: Optimum efficiency line from equation 2.5, [31]

To see the effects of the secondary discharge coefficient in equation (2.5), Fig-
ure 2.6 (p.52) plots the optiumum efficiency curve for a value of Cy = 0.5 across
various entrainment ratio and area ratio pairings.

For convenience, the relationship between the entrainment and area ratios for

maximum ejector efficiency can be approximated by a power law curve fit,
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FIGURE 2.6: Optimum efficiency line from equation 2.5 with C; = 0.5, [31]

14 rgpr & 0.685(1 + a)*57 (2.7)

which predicts the optimum entrainment ratio for a loss-free ejector to within 7%

of equation (2.5) across a range of ejector area ratios from 8 to 20.
2.4.5 Power Density

Ejector power density scaling laws may be predicted theoretically for a loss-free

device. Then, through substitution of full-loss model for the inviscid model, the
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minimum theoretical ejector size can be predicted. We begin by estimating the the

ejector volume as

V= %D*S [(L/D*m)nozzle + (L/D)mixera3/2€3/2} (28)

The pumping power is

which gives a non-dimensional power density of

Ww/v 1 AP

1/2pu? B Ea1/2pu2

m,isen m,isen

[(L/D*m)’fwz»?lee_l + (L/D)mixera?’/gel/ﬂ - (210)

Therefore, in the absence of losses the power density scales with the inverse of

the nozzle throat diameter.
2.5 Experimental Approach

The motive nozzle is a 1-D axisymmetric converging-diverging nozzle. The diverging
section for the nozzle produces a design expansion ratio of 2.5:1. Table 2.1 (p.54) pro-
vides the ejector design geometry, and Tables 2.2 (p.54) and 2.3 (p.54) compare this
design geometry to the manufactured geometries for the nozzle and ejector assem-
bly, respectively [31]. Figure 2.2 (p.45) depicts the ejector assembly, which consists
of the motive nozzle and mixer. Electrical-discharge machining (EDM) was used to
fabricate the nozzle geometries of Figures 2.7b and 2.7c¢ (p.55) in stainless steel. The
64pm nozzle shown in Figure 2.7a (p.55) was microfabricated from aluminum using
a 50um carbide drill bit from Drill Bit City (Chicago, IL) and a single-lip cutter. In
a batch process, DRIE could be used in lieu of EDM or CNC to produce 2-D nozzle
geometries [2, 3, 57, 58, 75]. The mixer region allows the motive and suction flows
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to mix out and then decelerate. An adequate mixing length must be provided to
ensure proper on-design operation, typically from 5 — 10D, for conventional mixers
and diffusers without mixing features [77].

Table 2.1: Ejector design geometry

Expansion Expansion Nozzle Ejector area Mixer
angle 6,,  L/D ratio a L/D
15° 4.3 8 10

ratio €,
2.5

Table 2.2: Comparison of design versus realized motive nozzle geometry

Motive  Design throat Design expansion Actual throat Actual expansion
Nozzle width Dy, ratio €, width Dy, ratio €,
Small 50pum 2.5 64pm 3.3
Medium 168um 2.5 187um 2.7

Large 755um 2.5 733um 2.2

Table 2.3: Comparison of design versus realized ejector geometry

Motive nozzle Design ejector Actual ejector
exit diameter area ratio area ratio
116pum 8 7.6
309um 8 5.1
1097um 8 8.7

Ejector performance tests were carried out using nitrogen gas or ethanol vapor
as the motive fluid using the test rig shown in Figure 2.8 (p.57) [31, 48, 53]. The
secondary fluid for both motive fluids was quiescent ambient air. For nitrogen tests,
pressurized tank nitrogen was delivered to the ejector using a regulated valve. For
ethanol vapor tests, a stainless steel boiler was heated to the desired pressure using
an electric hot plate. An inline 7um filter placed directly upstream of the ejector
was used to avoid clogging the motive nozzle. The secondary air mass flow rate was
measured using an MKS Alta-180 mass flow meter with a 0-20,000 sccm range and
measured reading error of 1%. The entrainment ratio was varied by adjusting an

air-side needle valve downstream of the mass flow meter at constant motive supply
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FIGURE 2.7: Realized geometry for ejector motive nozzles SEM images of (a) 64pum
nozzle, (b) 187um nozzle, (¢) 733um nozzle [31]
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total pressure. All tests were performed with atmospheric backpressure at the mixer
exit.

Realized mass flow rates through nozzles are typically compared to isentropic
mass flow rates using the nozzle discharge coefficient, Cy;, = 1 /mjsen, which is typ-
ically near unity for well-designed nozzles with Reynolds numbers around 10° [85].
The nozzle discharge coefficient for the 187um nozzle was measured using nitrogen
gas, which provided a discharge coefficient of 95% at the design Reynolds number
of 25,000, which is consistent with previous micronozzle work that reported similar
discharge coefficients above 90% at Reynolds numbers as low as 500 [2, 3]. Dis-
placement boundary layer thickness tends to be negligible at nozzle throat station.
Thus, realized mass flow rates compare well to isentropic calculations even at low

Reynolds numbers, as shown in [2, 3]. This negligible blockage at the nozzle throat
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FIGURE 2.8: Experimental test rig. The entrainment ratio is varied by needle valve
adjustment. The boiler generates ethanol vapor or accepts pressurized gas, which
is throttled to a regulated plenum. The vapor accelerates and expands through the
motive nozzle, entraining quiescent air and discharges to atmosphere. Secondary
mass flow rates are measured using an MKS Alta-180 mass flow meter, and motive
mass flow rates are computed based on measured upstream conditions and realized
nozzle geometries, [48], [31]
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is in part due to the favorable pressure gradient, which means that the downstream
locations have lower static pressure than upstream locations, across the nozzle inlet
to throat region, which suppresses boundary layer growth as the flow accelerates
29, 36, 37, 85, 90]. The image processing software, I'mageJ, was used to compute
the nozzle throat area from SEM images. This measured throat area was then used
to compute the isentropic mass flow rate. The estimated area from I'mageJ affected
the coefficient of discharge magnitude by a single percentage point or two when
compared to the area computed using the approximated circular diameter measured
from SEM images. Measured mass flow rates throught the nozzle confirm sonic con-
ditions at the nozzle throat. Figure 2.9 (p.59) compares measured mass flow rates

to computed isentropic flow rates for the 187um nozzle [48].
2.6 Experimental Results and Discussion

The observed mass flow efficiencies of the 187um nozzle deviated less than 5% from a
representative one-dimensional isentropic flow model over a range of supply pressures.
This deviation, shown in , Figure 2.9 (p.59) may be due to surface roughness, bound-
ary layer growth and corresponding viscous losses. The good agreement between the
measured mass flow efficiencies and isentropic flow computation is supported by
two-dimensional micronozzle measurements [2, 3], which report comparable mass
flow efficiencies for Reynolds numbers as low as 500. Since boundary layer growth
is typically suppressed at the nozzle throat due to the favorable pressure gradient,
blockage effects are minimal.Boundary layer growth at low Reynolds numbers tends
to have the most pronounced effect on nozzle flow near the nozzle exit region, where
the boundary layers have been allowed some axial flow length to grow and sometimes
merge.

Figure 2.10 (p.60) reports suction draft and ejector efficiency versus entrainment
ratio for the design ejector geometry provided in Table 2.1 (p.54) at three length
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F1GURE 2.9: Nitrogen mass flow experimental results compared to an isentropic flow
model for a 187um throat diameter nozzle with a 2.7:1 expansion ratio.

scales, provided Tables 2.2 (p.54) and 2.3 (p.54), in using nitrogen gas as the motive
fluid. Figure 2.11 (p.61) reports similar data for ethanol vapor and air. The small
nozzle failed during other tests, which is why only two length scales appear in Fig-
ure 2.11 (p.61). All of the model data points are computed using the design geometry
given in Table 2.1 (p.54), and all experimental parameters are computed using re-
alized geometries and measured state variables at a supply motive total pressure of
P, =10 atm.

Figure 2.10 (p.60) demonstrates good agreement between experimental observa-
tion and model prediction for ejector performance and efficiency. Suction inlet losses

become significant at higher entrainment ratios, causing a sharp decline in perfor-
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FIGURE 2.10: Model and experimental data for ejector efficiency and suction draft
performance versus entrainment ratio for nitrogen gas / air [31]

mance when compared to ideal performance. The complete viscous loss model from
equation (1) predicts ejector performance to within measurement error. The exper-
imental data points for suction draft were computed using measured pressures and
computed nozzle exit dynamic pressure based on observed pressures and tempera-
tures. Motive nozzle exit velocities were computed using the exit Mach number and
realized geometry, further assuming nozzle skin friction losses. The 64um motive
nozzle constructed from aluminum failed during the ethanol tests, perhaps due to

the decrease in yield strength at elevated temperatures. The fabrication method for
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FIGURE 2.11: Model and experimental data for ejector efficiency and suction draft
performance versus entrainment ratio for ethanol vapor / air [48]

this nozzle required a thin web in which the nozzle geometry was fabricated since
the micro drill bit can only plunge roughly 5 times its diameter of 50 um. This web
around the nozzle yielded and blew out during hot tests with ethanol vapor.

The exit momentum for both fluids is similar, as shown in Table 2.4.

The complete loss model from equation (2.2) anticipates a scaling limit for ejec-
tor performance at which the maximum power density is achieved, shown in Fig-

ure 2.12 (p.62). Below motive nozzle throat diameters of 10um, the power density
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Table 2.4: Comparison of nozzle exit momentum for ethanol vapor and nitrogen gas

Motive fluid P,y Tim Ume .
Ethanol 10 atm 424 K 558 m/s 60 mg/s
Nitrogen 10 atm 300 K 560 m/s 60 mg/s
Re,
10° 10* "0 10° 10
1 06 :_ T T T I T ;
D; = 064 m ] 0.5
= 105:_ D, =187 um
8 : * ] 0.1
:Fc: D, =733 m i -
s 5
2 10°} S
2 i i
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FIGURE 2.12: Model and experimental data for power density and ejector efficiency
as a function of nozzle throat diameter for nitrogen gas / air [31]
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and ejector performance plummet due to viscous losses. The pronounced viscous
losses in the laminar flow regime are predicted to be prohibitive to ejector perfor-
mance at smaller length scales.

When integrating the ejector into a system such as a microengine, system perfor-
mance becomes dependent on power density and efficiency. Power density peaks near
throat diameters of 10um with a Reynolds number based on throat diameter, Rep: ,
near 1,300. Equation (2.2) implies a theoretical peak power density of IMW/L,
which is nearly 3x the observed power density of 308 kW/L for the 64um ejector
driven by nitrogen gas. There may exist some applications where size constraints
take priority over performance or efficiency. For example, Figure 2.12 (p.62) shows
that a 5um throat diameter nozzle will give similar power density to the 64pm throat
diameter nozzle. For this example, the order of magnitude size reduction also carries

with it an order of magnitude reduction in efficiency, as seen in Figure 2.12 (p.62).
2.7 Conclusions

An ejector geometry was tested at three length scales with motive nozzle throat
widths of 64pum, 187um and 733um. Experimental results agree well with the ana-
lytic model derived from first principles, inclusive of secondary flow inlet losses and
viscous losses in the motive nozzle and mixing regions. The experimental data sug-
gest that viscous losses have minimal effect on the ejector performance at the tested
length scales. The 64um ejector acheived a power density of 308 kW /L during ni-
trogen gas tests using only a static structure, representing an improvement in the
state-of-the-art as compared to microscale turbomachinery with a reported power
density of 80 kW/L [15, 21]. The present theoretical model suggests that higher
power densities are possible, with a maximum estimated at 1.1 MW/L correspond-
ing to a nozzle throat diameter of 10um with a Reynolds number based on nozzle

throat diameter of 1,300 [31].
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3

Injector

This chapter provides a brief background on jet injectors and potential applications
in Power MEMS devices. It also compares a model derived from first principles
inclusive of losses to experimental results for a single-stage jet injector tested at two

length scales. Detailed derivations appear in Appendix B (p. 127 ).
3.1 Motivation

Several Power MEMS devices require liquid pumping at the microscale. Micro heat
engines [1, 4, 5, 9-11, 13, 15-17, 19, 21-23, 25-27|, rockets [1-3, 5, 8, 12, 14, 39, 49—
52] and lasers [54-56] all require some form of pressurized liquid transport. For
applications which either require or are able to incorporate a boiler or decomposition
chamber, vapor driven jet injectors can satisfy liquid pumping requirements. Me-
chanically driven pumps are often difficult to implement at the microscale [43-46]
because of comparatively small rotor-to-stator clearances (typically on the order of
a few microns [4, 16, 25]) and high operating speeds [4, 15, 16, 21, 25]. Jet injectors
require no moving parts [47, 70, 71, 73] and can thus tolerate comparatively poorer
tolerances than high-speed pumping turbomachinery.
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3.2 Background and Literature Search

3.2.1 Power MEMS Applications

Microrocket

One Power MEMS jet injector application currently being considered is a jet injector-
pumped microrocket propulsion system that require only a static structure [49-53].
In these applications, motive vapor can be generated by catalytic decomposition
of a propellant, or through regenerative cooling in the rocket nozzle, as shown in
Figure 1.25 (p.30).

Micro turbopumps were designed into microrocket systems to deliver pressur-
ized liquid propellants in early microrocket work, [12, 14, 39]. Since they are tur-
bomachines, turbopumps have design constraints similar to micro compressors or
turbochargers, [4, 15, 21|, in that they require high-tolerance rotating components
capable of sustaining high-speed operation required to maintain on-design tip speeds
at the microscale, discussed in Chapter 1. Injector-pumped microrocket designs sat-
isfy pumping requirements through use of non-rotating components and thus require

only a static structure [49-53].
Microengines: Rankine cycle and combined cycle

Jet injectors can also find use in Rankine (vapor) cycle engines and engines operat-
ing with combined cycles. These applications require delivery of pressurized liquid
phase working fluid to a boiler that generates vapor [10, 13, 17, 26, 27, 32, 48|, exam-
ples of which are shown in Figures 1.21 (p.26) and 1.22 (p.27). A combined cycle
variant, shown in Figures 1.23 (p.28) and 1.24 (p.29), has similar requirements
since combined cycles are commonly built by having a Brayton (air) cycle ‘top’ a
Rankine (vapor) cycle [29, 61, 91]. Jet injectors can satisfy liquid pumping require-

ments in a Rankine cycle or combined cycle without the use of high-speed pumping
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turbomachinery or other mechanically-driven pumps.
3.2.2  Macroscale Applications

Macroscale applications of injectors include the process industry and nuclear power
generation [92-94]. Cattadori has proposed using a steam driven injector in advanced
light water reactors for high pressure water supply [92]. His work compares different
injector designs against a reference application of an injector used as a high pressure
safety injection system in a boiling water reactor and argues the use of injectors to
satisfy the high pressure core coolant requirements for next generation pressurized
water reactors [92].

Ohmori has proposed use of a liquid-core steam injectors that operate using ex-
tracted exhaust steam from turbines in advanced boiling water reactors [93]. The
injectors supply feedwater to boilers, and they also eliminate the need for heat ex-
changers to pre-heat the feedwater since injectors themselves exchange heat between
vapor and liquid phases. The proposed design maintains overall plant thermal effi-
ciency while removing low-pressure feedwater heaters [93].

Deberne presents simulation results and an empirically driven correlation for
a liquid core steam driven injector used in nuclear power generation applications
[94]. The correlation includes modeling of the condensation shock that occurs in the
mixing region and is shown to be in agreement with experimental results [94]. The
work suggests using the assumption that static pressure varies linearly within the
combining cone between the inlet and outlet, as opposed to assuming constant static

pressure.
3.2.3  Farly Work and Theory
Jet injectors first appeared in the mid 1800’s and were widely adopted in the field of

steam locomotion, where they served as the primary method for delivering feedwater
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into boilers for over a century [47, 70, 71, 73]. The eponymous vapor-driven Giffard
jet injector was first developed by Henri Giffard in 1859 [70] and quickly found
widespread use in steam locomotives, replacing mechanical pumps for the pumping
of feedwater into boilers [47, 71, 73]. Unlike their mechanical counterparts, Giffard
injectors feature no moving parts. Instead, saturated steam tapped from the very
boiler fed by the injector is passed through a series of converging and diverging
tubes, where it condenses into, and exchanges momentum with, a liquid secondary
flow drawn from a tank, or tender. The resulting warm, high-momentum liquid
discharge stream is diffused into a high static pressure and fed into the boiler, at or
slightly above boiler pressure. Several patents and works followed Giffard’s original
work [71, 73, 95]. Kneass provides background of the history, development, theory
and practice of steam injectors circa 1900, and he also presents his experimental

results for a Sellers-type injector [71].
3.3 Objective

The work presented in Chapter 3 demonstrates the feasibility of using vapor-driven
jet injectors to either substitute or supplement microscale pumping turbomachin-
ery. Microscale jet injectors can meet the liquid pumping requirements of Power
MEMS devices and can serve as a viable substitute for turbopumps [49-53]. Chap-
ter 3 reports on experiments performed on microscale injectors at two length scales
with motive nozzle throat diameters of 187um and 733pum. A theoretical model is
developed from first principles in Appendix B (p.127) that includes viscous losses
and blockage due to pronounced boundary layer growth at low Reynolds numbers
or small length scales. The model further predicts a minimum injector size with a
throat diameter of 2um which corresponds to a maximum achievable power density

on the order of 9.3MW/L.

67



3.4 Theory and Modeling

3.4.1 Physical Description

The simplest injector consists of three parts: (1) a motive nozzle, where the motive
vapor is accelerated to a high speed; (2) a combining cone, where the high-speed
motive vapor is mixed with the nearly quiescent suction liquid and the vapor is fully
condensed; and (3) a delivery cone, or diffuser, where the resulting high-momentum
liquid discharge flow is decelerated to recover the dynamic head as static pressure
[47, 70, 71, 73]. Figures 3.1 (p.68) shows an illustration of typical components and
flow configuration within an injector. A properly designed injector is able to pump

liquid at or above the boiler which supplies motive vapor to the injector.

FIGURE 3.1: Schematic of the injector test piece, showing the motive nozzle, com-
bining cone and flow paths
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Motive nozzle

The motive nozzle uses a converging-diverging geometry to achieve supersonic veloci-
ties. The high-motive fluid velocity supplies momentum to the secondary fluid which
ultimately recovers into static pressure [70, 71, 73]. In order to function properly,
the motive vapor must fully condense, as the resulting reduction in density assists in
‘lifting” the secondary fluid into the injector, which is ultimately pressurized through
the conversion of the motive vapor velocity into static pressure in the diffuser or
delivery cone. Additionally, the expanded motive flow will be unable to flow through
combining cone throat since it’s area typically equal to or smaller than the critical
flow area in the motive nozzle. High-momentum vapor ultimately enables the pres-
surization of the secondary fluid, so converging-diverging nozzle geometries are used

in order convert the motive total pressure into high velocity.
Combining cone

Inside the combining cone, the motive jet initially entrains the surrounding fluid by
viscous interaction. Phase change occurs at the boundary between the vapor and
the surrounding liquid, leading to a concurrent reduction in vapor volume (steam at
1 atm and 100°C' occupies over 1,600 times more volume than water at 100°C' [96]).
A properly designed combing cone will contract in diameter to accommodate this
volume change, allowing constant static pressure mixing. Eventually, the motive
vapor fully condenses and the vapor core disappears. The condensation process
releases latent energy associated with expanding the liquid to vapor, and this energy
release is realized as an increase in the velocity of the entrained liquid, allowing the
delivery stream to be injected at total pressures equal to, or even greater than, the

motive vapor supply pressure [47, 70, 71, 73].
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Delivery Cone (diffuser)

The combining cone discharges across a gap, which serves as an overflow vent during
the startup process, and into the delivery cone, or diffuser, where the high-velocity
stream diffuses and travels into the boiler. A properly-designed delivery cone, with
an appropriate compound taper, will diffuse the high-speed liquid discharge stream

with minimal pressure loss.
3.4.2  Typical Injector Geometry

The values presented below for typical injector geometries are adapted from [71, 73]
and represent average values taken from several variations of steam injectors seen in
practice. These values correspond to those used in the model in Section 3.1 (71) and

are represented in Figures 3.2 (p.70).

FIGURE 3.2: Injector nomenclature
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Area ratios

Table 3.1: Typical injector area ratios, adapted from [71, 73]

Area Ratio
Secondary Inlet | As/A%, 3.9 +£20%
Combining Cone | A% /Acce 1.5 £8%
Delivery Cone Af JAgei 2.2 £6%

The most critical area ratio in injector design is the ratio of the motive nozzle
throat area to the minimum discharge flow area in mixing region, A* /A,. The typical
minimum area is the delivery cone throat area, Agy.;, giving A% /A; = A’ /A4 For
cases when the delivery cone is not installed and the injector operates with only the
combining cone, this minimum area is the combining cone throat area, Ay = Acc..
As will be shown in Section 3.4.4, this area ratio multiplied by the motive nozzle
thrust coefficient, CFr,,, has the greatest impact on injector performance since the
other terms are higher order by comparison. For this reason, the range of values seen
in practice for this area ratio is small by comparison, as shown in Table 3.1 (71).

Another critical area ratio is the ratio of the secondary flow inlet area to the
motive nozzle exit area, or throat area given a fixed nozzle expansion ratio, As/A? .
This area ratio controls the entrainment ratio and can be used to restrict secondary
fluid flow. The nozzle exit plane’s axial position within the combining cone is not as
critical to injector performance as some of the other area ratios [73]. However, if the
nozzle exit plane position can be adjusted, manufacturing errors which can mildly
affect performance through influencing the secondary flow inlet area to motive nozzle
throat area, Ags/A¥,, may be corrected through adjustment of the nozzle exit plane
axial position. However, the ability to adjust this position at the microscale may
be overly complex. Thus, any benefits from adjustability may introduce too much

complexity and make this feature an impractical design trade.
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Ezxpansion / contraction ratios and half-angles

Table 3.2: Typical injector expansion/contraction ratios, adapted from [71, 73]

Expansion/Contraction Ratio
Motive Nozzle, € Ame/Ar, 2.5 £10%
Combining Cone, Kee | Aceif/Acce 10 £%
Delivery Cone, Kqe Adee/Adei 9 £%

The motive nozzle expansion ratio, €, dictates the exit velocity discharging into
and ultimately pressurizing the secondary fluid. It also sets the exit plane static pres-
sure of the jet, which is ideally matched to the static pressure of the surroundings
[36]. For the injector, this static pressure is set by the total pressure of the secondary
fluid, P, s, for most cases where the secondary fluid velocity entering the combining
cone is negligible. The secondary fluid static pressure, P, can be computed us-
ing conservation of mass, momentum and energy in the form of the incompressible
Bernoulli equation if the entrainment ratio, or ratio of secondary mass flow to mo-
tive mass flow, can be approximated. Ideally, the nozzle will be matched to a certain
operating point (or motive total pressure) since it will operate off-design at all other
points for a fixed expansion ratio. Multi-staging or adjustable expansion ratios are
more complex alternatives that could be used in situations requiring efficient design
across multiple operating points.

Typical values for the contraction ratio of the combining cone, k.., and expansion
ratio of the delivery cone, k4., were computed using other typical values for area ratio
and length-to-diameter ratio and half-angle listed in [71, 73]. The contraction ratio
of the combining cone assists in momentum exchange between the motive and sec-
ondary fluids, as well as condensation of the motive fluid. It also suppresses boundary
layer losses in the combining cone by imposing a favorable pressure gradient and ac-
celerating flow. The expansion ratio of the delivery cone diffuses kinetic energy of the

high-speed jet into static pressure. Since the delivery cone operates with an adverse
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pressure gradient, a low expansion angle is used to prevent flow separation from the
walls in avoidance of losses [29, 30, 37, 83]. This adverse pressure gradient does not
suppress boundary layer growth, which can significantly displace flow area at low
Reynolds numbers. Also, efficient diffusers are typically challenging to implement at
the microscale in part due to the limitations imposed by using 2-D planar fabrication
techniques, which limits some common options used at the macroscale such as 3-D
variation of flow passages [16].

Table 3.3: Typical injector half-angles, adapted from [71, 73]

Half — Angle
Motive Nozzle 0, 45 +£%
Combining Cone | 0,. 4.5 £80%
Delivery Cone Osc 3 %

The low half-angle listed below for the motive nozzle is conservative compared
to typical rocket nozzles [36] and can likely be increased without excessive penalty
to injector performance. The injector is also fairly insensitive to the combining cone
half-angle, provided that adequate mixing occurs. The combining cone half-angle, 6.,
is typically around 4.5° but is listed as varying between 2.5° — 8.5° [73]. Compound
tapers have been used which feature steps from 6° to 3.75° to 3°. One account notes
that a steeper angle of 8.5° performs better at lower motive vapor pressures [73].
For reasons listed in the preceeding paragraph regarding diffusers, the delivery cone
half-angle 6,. requires a more conservative lower value in comparison to the motive

nozzle and combining cone in order to prevent separation losses.
Length-to-diameter ratios

The motive nozzle length-to-diameter ratio does not tend to adversely affect perfor-
mance within a range of roughly 15°—40° [3, 36]. However, at low Reynolds numbers,
boundary layers will become thicker and displace flow area at larger L/D values.

This blockage materially decreases performance and in some cases prevents normal
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Table 3.4: Typical injector length-to-diameter ratios, adapted from [71, 73]

Length — to — Diameter Ratio
Motive Nozzle | L/D}, 3.8 =%
Combining Cone | L/Dc.. 15 £80%
Delivery Cone L/Dgee 19 +%

operation. The combining cone length-to-diameter ratio must be great enough to
allow complete condensation of the motive vapor and mixing with the secondary
fluid in order to accelerate and pump it up to boiler pressures. As long as this con-
dition is met, injector performance is fairly insensitive to variations in L/D,... The
delivery cone length-to-diameter ratio also has potential to affect performance by
diffuser separation losses via the expansion half-angle but is otherwise insensitive to

variations.
Vents

Typical self-acting injectors feature two vents, a primary vent placed roughly in the
middle of the combining cone and a vent placed between the combining cone and
delivery cone to assist during startup. The vent areas are sized to be approximately
equal to a desired flow area in order to allow the complete escape of vented fluid. In
general, smaller vent widths promote improved performance during normal operation
but larger vents ease the starting process [71, 73].

Table 3.5: Typical combining cone primary vent geometry, adapted from [71, 73]

Primary Vent Geometry
Area Ratio Aventcc/ A, =~ 1
Vent Width Wyent,ce/ Dy, ~0.7—1.27
Axial Location | Xyentcc/Lee =~0.4—0.5

The combining cone central vent is typically located at an axial distance roughly
0.4—0.45(L/D).., or Xyent,ce/Lee = 0.5 from the vapor input side [73]. The vent area
should be sized such that the expanded motive vapor can exit freely in the absence

of any condensation from secondary fluid. For the case when the vent is located
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roughly at the combining cone’s axial midpoint, the width of the vent is typically
Wyent.ce/ DS, = 0.7—1.27, where the larger values reduce the chances of backflow. This
vent is typically valved such that, during normal operation, the suction generated
from condensation of the motive vapor is not lost. A simple check valve can be made
using a ball and a seat, such that the ball seals when drawn into its seat due to suction
created from condensation, or it can float upwards during venting [73]. This scheme
is probably not practicable using MEMS fabrication techniques, but other valves and
similar mechanisms have been investigated and fabricated at the microscale in silicon
[16]. Larger vent sizes are favorable to ensure that there is no backflow of vapor into
secondary liquid supply should interruption occur, but otherwise small gap sizes are
favorable [73]. Some designs make use of a two-piece combining cone in order to
accomodate a vent, whereby alignment of the upstream draft cone and downstream
forcing cone becomes important in effort to avoid sharp steps which incur additional
hydrodynamic losses. Instead of using a two-piece combining cone, it is probably
preferable to fabricate small channels that allow venting fluid to flow out radially in
a series or pair of small channels. This configuration could be implemented using
MEMS fabrication techniques, and it is also seen in practice on Penberthy injectors,
which feature several radially-drilled holes in the combining cone which serve as the
primary overflow vent.

Table 3.6: Typical delivery cone starting vent geometry, adapted from [71, 73]

Starting Vent Geometry
Area Ratio Avent,dc/Avent,cc ~1
Vent Width | Wyent,de/Dec,e ~1/4

The delivery cone vent located between the combining cone and delivery cone is
also referred to as the starting vent or gap [73]. This vent’s primary purpose is to
allow for an easy startup process. During startup, the discharge fluid that is not at or

above boiler pressure will escape through this vent rather than flowing backwards or
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stagnating. Thus, the area of this vent is sized to have the same area as the combining
cone throat area, Ayentgec = Acce. This gives a vent width of wyent.ae/Dece =~ 1/4.
The axial location of the vent is set by the combining cone length, half-angle and

desired starting vent width.
3.4.3 Model Approach

The injector model develops from first principles, applying the conservation of mass
and momentum across a converging mixing duct and assuming compressible flow
through the motive nozzle and incompressible flow through the combining cone for
a single stage axial flow configuration shown in

In Figures 3.3 (p.77), A, represents the motive nozzle exit area. It should
be noted that in the model the e subscript has been dropped, A,,. = A, .. The
secondary flow area, A, is computed by taking the difference between the combining
cone inlet area, Ay;, and motive nozzle exit area, A; = Ay; — A . Note that in
the model this e subscript has also been dropped for the combining cone exit area,
Aje = Ag.

In practice, the axial position of the nozzle exit plane within the combining cone
inlet can be used to restrict secondary flow and is typically set to approximately
0.5D¢, but can range between 0.1D7 — 0.9D}, [70, 71, 73]. The model includes sec-
ondary flow inlet losses and viscous losses through the motive nozzle and combining
cone, including flow area restriction due to displacement boundary layer growth. A
detailed derivation of this model appears in Appendix B. The conservation of mass,
momentum and energy establishes expressions for entrainment ratio and injector
pressure ratio. For the design considered below, we assume an arbitrary supply, or

tank, total pressure, P s ok = Prsus = Pts for the secondary fluid.
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FIGURE 3.3: Schematic detailing the control volume used to develop the injector
model

3.4.4  Analytic Model

Inviscid model

In the absence of viscous losses, the following expression for injector discharge pres-

sure results:

Pt,d - Pt,s,us _OF A:n
P 2 A4

+ K—3 Pt,s,us_Pd
4 P

| f3k—1 A" P.w—P
_02 o m ,5,US s
+t5ta { 1 eAd] P

(3.1)

Equation (3.1) may also be expressed as
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As this result shows, the discharge dynamic head from an injector’s combining
cone is proportional to the total pressure of the supplied motive vapor, the thrust
coefficient of the motive nozzle, and the ratio of the motive nozzle throat area to
the combining cone throat area. Since the thrust coefficient is typically between
1 —2 [36], this term will be the most significant term in terms of model performance.
In principle, any discharge total pressure can be achieved so long as there is ade-
quate thermal capacity in the suction flow to permit complete condensation of the
motive vapor. Higher motive total pressures require colder secondary fluids by the

conservation of energy for a fixed entrainment ratio.
Minimum entrainment ratio

We can estimate the minimum entrainment ratio required to achieve condensation
of the motive vapor by using the conservation of mass and conservation of energy.
Assuming negligible heat transfer to the walls of the combining cone, the conservation

of energy across the combining cone gives

Qin = Qout (33)

where

Qin = mmhvap + mmcp,sTsat + mmcp,me + mstTs (34)

78



Since most of the motive vapor will be fully condensed, the discharge fluid specific
heat will approximately equal to that of the secondary fluid, c,q =~ ¢, s = Cpiiquid-
The heat transfer rate leaving the control volume will be, in the absence of heat

transfer to the walls,

Qout = mdcp,de = mmcp,sTd + mmcp,de + mscp,sTd (35)

Combining equations (3.4) and (3.5) gives

mm [hvap + Cp,m (Td - Tsat) + Cp,s (Tsat - Td)] = mscp,s (Td - Tsat) (36)

Since the enthalpy of vaporization, A, is large compared to ¢, ,,, and ¢, s,

Cp,m (Td - Tsat) + Cp,s (Tsat - Td)

hva 1 ~ hva 3.7

p + hvap hvap P ( )
Thus, equation (3.6) can be approximated as
) S hUa

a="5 b (3.8)

My Cps (Ta—Ts)

Equation (3.9) represents the minimum entrainment ratio required for operation
when the discharge pressure equals the saturation temperature at a given boiler pres-
sure, T; = Tyy. This entrainment ratio implies that no secondary cooling capacity
remains and also corresponds to the maximum achievable injector discharge pressure.

mg hvap

~

mm - Cp,s (Tsat - Ts)

(3.9)

Amin =

The saturation temperature at a given pressure can be computed using a form
of the Clausius-Clapeyron relation commonly referred to as the Clausius-Clapeyron

equation

79



P’ h 1 1
In - ( - ) 3.10
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where Tygp is the ‘normal’ boiling temperature at a standard pressure Psrp.

Model with losses

The onset of scale effects at low Reynolds numbers can be predicted using equation
( 3.2) if viscous losses are included. As outlined in Appendix B, viscous losses in
the motive nozzle, combining cone, and delivery cone can be included to find the
modified model, inclusive of losses, below.

Equation (3.1) can be expanded to include losses

Pt,d - Pt,s,us CF,isen . CVf,m + Cf,cc ﬂ +
2 2 A,

1 3k —1 A | P, - P
~C3 —em | i 2 3.11
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Displacement boundary layer blockage can be included by using the effective

area ratio, Ay/Aqcrr from equation 1.9. An alternate form of equation 3.12 which

explicitly shows blockage terms is given as

Pt,d - Pt,s ~ CF,m,isen . Cf,m + C(f,cc + Cf,dc & Ad
Fim 2 2

1 psu? (As Ay 1 )
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(3.13)

(3.14)

The constants C', m and n are determined based on flow regime using Table B.1.

Magnitude of losses

Figure 3.4 (p.82) illustrates the magnitudes of the different loss terms in equation

(3.12) in comparison to the inviscid model given by equation (3.1) across different

Reynolds number based on the motive nozzle throat diameter. The state variables

used are listed below in Table 3.7 (p.82). The average geometries provided in Tables

3.1 (p.71), 3.2 (p.72), 3.3 (p.73), 3.4 (p.74) were used.
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Table 3.7: Model inputs for loss magnitude plot

Station Input

Motive total pressure P, = 10atm
Secondary total pressure | P s = 1.1latm
Secondary static pressure | Ps = latm
Discharge static pressure | P; = latm

Nozzle Throat Reynolds Number

10° 10* 10° 10°
1| Inlet 11
Nozzle
Mixer
0.8} 10.8
Total
06} N 0.6
047 \ ™
0.2 10.2
0 N N N .—ﬁ. | N N N TR | N N N MR | N N N PR T 0
10° 107 107 107 1072

Nozzle Throat Diameter (m)

FI1GURE 3.4: Magnitude of losses with respect to the inviscid model versus Reynolds
number.
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In effort to illustrate the relative magnitudes of the terms in equation (3.1), Table
3.8 (p.83) provides the magnitudes of the terms in equation (3.1) for the case of a

10pm injector using the inputs and geometries given above.

Table 3.8: Characteristic magnitudes for terms in the injector model for the case of
an injector with D} = 10pum and Rep: = 2,132

Term Magnitude
Thrust coefficient term 1.42
Nozzle skin friction 0.11
Combining cone skin friction 0.17
Secondary inlet loss 0.01
Mixing pressure matching term 0.02
Inviscid model 1.43
Loss model 1.15

3.4.5 Efficiency

Since it is useful to compare injectors to turbopumps, an efficiency measure was
chosen that represents the ratio of the power delivered to the suction flow to the
power that could be extracted by isentropically expanding the motive vapor through
a turbine, which is analogous to the spool efficiency of a turbopump. The injector
pumping power, ij is

Winj = msAP;/ps = ms(Pra — Pis)/ps (3.15)

If the motive vapor driving the injector were to instead expand isentropically
through a turbine to the static pressure of the secondary fluid, P;, the turbine power

output would be

Wturb - mmcp,mﬂ,m (1 - (Ps/Pt,m)(’ym_l)/vm) — mm(Pt,d — Pt,s)/ps (316>

The last term in equation (3.16) results from the conservation of energy and the

conservation of mass. Since the injector discharge includes the condensed motive

83



mass flow, which it pumps at the discharge total pressure, P, 4, the analogous tur-
bopump is required to pump both the secondary mass flow and the motive mass
flow. This second term captures the work required to pump the condensed motive
mass flow.

Using equations (3.15) and (3.16), the injector efficiency is defined and expressed

as

(3.17)
(JDt,d - Pt,s)/ps
Cp,mﬂ,m (1 - (Ps/Pt,m)(Wm_l)/’ym> - (Pt,d - Pt,s)/ps

In an injector with a delivery cone or diffuser, losses will be incurred by recovering
the kinetic energy of the high speed discharge stream exiting the combining cone into

static pressure across an adverse pressure gradient and diffuser of finite length.
3.4.6  Power Density

Injector power density scaling laws may be predicted theoretically for a loss-free

device. The injector volume is computed from

7T * *
V= ZD > [(L/D*1)nossie + (L) D)ceraca®*e*?] (3.18)

Combined with equation (3.15), equation (3.18) gives a non-dimensional power

density of
Wy 1 AP B
19003 . D+ 1792 L D*m nozzie -1 L D CcC C 3/2 1/2 3.19
o, = D Taput o (LD mhosse ™ + (L) D)ecsaca® 2] (3.19)

Therefore, in the absence of viscous losses, and ignoring scale dependence for the

length-to-diameter ratios of the nozzle, combining cone, and delivery cone, the power
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density of a given injector morphology scales with the inverse of its motive nozzle

throat diameter. This trend will hold until viscous losses become overwhelming.
3.5 Experimental Approach

Figures 3.5 (p.86) depicts the experimental injector assembly, which consists of the
motive nozzle and combining cone. Flow entered the converging combing cone
through a radial-to-axial near-right-angle turn with a sharp corner that extended
slightly into the secondary flow. For this configuration, Reference [90] recommends
Cy = 0.8. In a complete implementation of the injector, a delivery cone would be
installed and displaced from the exit plane of each combining cone by a small gap,
which would serve as the primary overflow vent. However, the injector was operated
without a delivery cone for all experiments reported here. Table 3.9 (p.85) provides
the injector design geometries [50, 53].

Table 3.9: Comparison of design versus realized injector geometry

Injector Design  Small Medium Large
Actual  Actual Actual
Dy, - 63um  187um  733um
€m 2.5 4.2 2.7 2.2
As/Ayg 9.7 18.8 14.9 3.9
Ar JAq 0.9 0.5 0.5 0.6

The motive nozzles were 1-D axisymmetric converging-diverging nozzles with a
design expansion ratio of 2.5:1. Electrical discharge machining (EDM) was used to
fabricate the nozzles in Figures 3.6 (p.87)(a)-(c) in stainless steel. The combining
cones were machined using carbide drill bits from Drill Bit City (Chicago, IL) and a
precision ground single-lip cutter. The combining cone was an axisymmetric converg-
ing cone with a nominal 3° taper half-angle, an inlet-to-exit area ratio s of 12, and
a nominal length-to-throat-diameter ratio, L/Dy of 24. Table 3.10 (p.86) provides

comparison between the combining cone design and realized geometries [50, 53].
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FIGURE 3.5: Injector assembly and flow paths [53]

Table 3.10: Comparison of design versus realized combining cone geometry

Combining Cone Design  Small Medium Large
Actual  Actual Actual
Dy - 89um  258um  990um
K 12 11.4 16.3 5.2
L/Dy 24 17.7 17.8 18.2
Qayq 3° 3.8° 4.9° 2.0°
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FIGURE 3.6: Realized geometry for ejector motive nozzles SEM images of (a) 64pum
nozzle, (b) 187um nozzle, (¢) 733um nozzle [31]
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Injector performance tests were carried out using liquid ethanol and vapor, using
the test rig shown in Figure 3.7 (p.89). A stainless steel boiler was heated to the
desired temperature using an electric hot plate. An inline 7um filter placed directly
upstream of the motive nozzle was used to avoid clogging the motive nozzle. The
motive mass flow rate was computed using actual flow areas and measured state
variables, in the same manner discussed in Chapter 2. All tests were performed with
atmospheric backpressure. The smallest nozzle failed during tests— the thin web
surrounding the nozzle features, required to minimize the plunge length-to-diameter
ratio of the tooling, failed at elevated temperatures.

Injector operation was achieved as follows: (1) the boiler was filled cold, sealed,
and heated using the hot plate to generate ethanol vapor at the desired supply

pressure; (2) the suction inlet stopcock was then opened, allowing the suction liquid
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FI1GURE 3.7: Experimental test rig. The boiler generates vapor that expands through
the motive nozzle, entraining quiescent secondary liquid and discharging to atmo-
sphere. Motive mass flow rates are computed based on measured upstream conditions
and realized nozzle geometries, [50, 53]
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to flow, priming the injector; (3) the motive vapor stopcock was opened, releasing
the motive vapor into the motive nozzle and establishing stable operation.

To avoid overheating the injector, the suction flow was allowed to prime the
injector before starting the motive vapor flow. Otherwise, the vapor would heat
the combining cone and inhibit condensation, preventing successful operation of the
device. It was also observed that an improper starting sequence would cause backflow
into the suction supply because the combining cone throat was of similar size to the
motive nozzle throat, causing the vapor shock to settle at the combining cone throat
rather than the motive nozzle throat. In typical devices, the overflow vent, which is
sized to have similar flow area to the motive nozzle throat [73], prevents backflow of
vapor into the secondary inlet during startup.

Operation of the injectors was also assisted by allowing the motive nozzle to heat
up slightly to avoid condensation within the nozzle. In the absence of pre-heating,
the vapor-core flow configuration selected for the tested injectors will tend to have
a nozzle wall temperature near the secondary fluid temperature due to the fact that
secondary liquid bathes the nozzle structure. The presence of wall temperatures
lower than the motive vapor, when coupled with the high heat transfer coefficients
associated with small nozzle throat diameters, may facilitate heat transfer from the
motive vapor sufficient to cause condensation of the motive nozzle flow, preventing
proper device operating. For this reason, it is recommended that liquid-core injectors
(93, 94] be considered for future microinjectors.

The stream exit pressure was measured by impinging the discharge stream against
a cantilever beam, as shown in Figure 3.8 (p.91). The cantilever beam was fabricated
from polypropylene using a laser cutter, which occluded the exit of the combining
cone. The discharge dynamic pressure was computed from the observed beam de-
flection using beam theory [97] under the assumption of a point force applied at the
point of impingement.
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FIGURE 3.8: Injector test article showing beam used to compute dynamic pressure,
(50, 53]

The beam theory results were validated against a finite element analysis per-
formed in Solidworks, wherein a fixed restraint was applied at the bolted end of the
beam, as shown in Figure 3.9 (p.92), and the same pressure was applied at the jet
stream point of contact, with an area equal to the experimentally measured combin-
ing cone throat area. The beam theory and the finite element analysis results agreed

to within 1%.
3.6 Experimental Results and Discussion

Figure 3.10 (p.93)reports the measured dynamic head at the discharge of the combin-
ing cone as a function of the motive supply pressure for a fixed suction liquid supply
pressure of 1.3 atm. Ethanol vapor was used as the motive fluid and ethanol liquid,
subcooled to 270K with dry ice in an ethanol bath, was used as the suction liquid.

All model data points are calculated using the design geometry given in Table 3.9
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FIGURE 3.9: Injector test article showing beam used to compute dynamic pressure,
(50, 53]

(p.85) and all experimental data are measured or computed using realized geometries
and measured state variables.

The experimental results demonstrated operation consistent with theoretical pre-
dictions. In particular, the injectors delivered liquid at a total pressure in excess of
the supply pressure inside of the boiler which drove it, making it self-acting and
a suitable substitute for turbopumps or other mechanical pumps in Power MEMS
applications, even at the lower uncertainty bound. Equation (3.14) predicts a the-
oretical peak power density near 9.3MW/L for motive nozzle throat diameters of

2pm and throat Reynolds numbers of 250, as shown in Figures 3.11 (p.94).
3.7 Conclusions

An ethanol-pumping micro-scale Giffard injector was tested at two length scales.
Experimental results for the injector agree with a theoretical model inclusive of
suction inlet restrictor losses and viscous losses in the motive nozzle and combining
cone. Discharge total pressure rises of up to 7.5atm were delivered from motive

supply pressures of 4.4atm, making the injector self-acting.

92



4.5

n
41 > -0.8066
;E Model with losses
' 35t -0.8080
i~
~
=
53 0.8076
E © D" =187m
9 o D" =733um
‘j* 25+ -0.8081
"
A
# af H0.8121
=
9
N 15f ! Uncertainty -10.8233
.1 | | |
0 05 1 15 2 2.5 3

{Ptmk —FPomp )/ B H-‘”i: ! Ag -1)

F1GURE 3.10: Nondimensional injector performance across different boiler pressures
for ethanol vapor and liquid

The 187um injector achieved a power density of 146 kW /L using only a static
structure. Microscale turbopumps have achieved a reported power density of 3701/ L
[12]. The theoretical model presented here further suggests that a maximum power
density of 9.3MW/L, corresponding to a nozzle throat diameter of 2um and a
Reynolds number at the motive nozzle throat of 250, is possible with the present
morphology and fluid supply conditions.

It is recommended that liquid-core injectors be considered for future micro jet

injectors to avoid condensation of the motive vapor within the motive nozzle due to
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the comparatively large heat transfer coefficients experienced at small length scales.
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4

Multi-Stage Ejector

4.1 Motivation

This chapter provides a brief background on multi-stage ejectors and presents exper-

imental data for a multi-stage ejector tested at three different length scales.
4.2 Background and Literature Search

Prior work has demonstrated that microscale single-stage jet ejectors can meet the
gas pumping requirements of Power-MEMS devices [31, 48]. Investigators have also
developed multi-staged lobed ejectors for thrust augmentation and heat signature
suppression on turbofan and rotary wing aircraft [76]. The findings demonstrate
improved efficiency over single-stage systems of the same area ratio, and for three-

dimensional lobed mixer geometries, reduced mixing length requirements.
4.3 Objective

This chapter reports on experiments performed on microscale two-stage ejectors of

similar geometry, which feature three different motive nozzle throat diameters of
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63pum, 187um and 733um.
4.4 Experimental Approach

The motive nozzle is a 1-D axisymmetric converging-diverging nozzle. The diverging
section for the nozzle produces a design expansion ratio of 2.5:1. Table 4.1 (p.97)
identifies the ejector design geometry, and Tables 4.2 (p.97) and Table 4.3 (p.97)
compare this design geometry to the manufactured geometries for the nozzle and
ejector assembly, respectively. Figure 4.1 (p.96) depicts the ejector assembly, which

consists of the motive nozzle, primary and secondary mixers.

FIGURE 4.1: Schematic and nomenclature for a multi-stage ejector

Table 4.1 provides the ejector design geometries from Reference [98].
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Table 4.1: Ejector design geometry

Expansion Expansion Nozzle Ejector area Mixer
ratio €, angle oo,  L/D ratio a L/D
2.5 15° 4.3 9 4

Table 4.2 provides the motive nozzle design versus realized geometries from Ref-

erence [98].

Table 4.2: Comparison of design versus realized motive nozzle geometry

Motive  Design throat Design expansion Actual throat Actual expansion
Nozzle width D}, ratio e, width D}, ratio €,
Small 50um 2.5 64pm 4.2
Medium 168um 2.5 187um 2.7

Large 755um 2.5 733um 2.2

Table 4.3 provides the ejector design versus realized geometries from Reference
[98].

Table 4.3: Comparison of design versus realized ejector geometry

Motive nozzle Design ejector Actual ejector
exit diameter area ratio area ratio
129um 9 7.6
309um 9 9

1097 um 9 9

Using the notation from Figure 4.1 (p.96), we define the total entrainment ratio

as the ratio of the sum of suction mass flows to the motive mass flow.

(4.1)

Using A; = A,, + A, for each stage, we define the total ejector area ratio, which

can also be expressed as a product of the stage-wise area ratios.

As 1 As 2
= (1+ 2 ) (1+ 22
( " Am,l) ( * Am,Q)

For the ejectors tested here, As1/An1 = 3.5, Asa/Ama =1

Ado
Am,l

a= (4.2)
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4.5 Experimental Results and Discussion

Experiments were carried out using a test rig similar to [31, 48], where nitrogen gas
was supplied to the motive nozzle at a fixed pressure, and entrainment ratio was
varied using a needle valve to throttle the suction fluid, which was measured using
an MKS Alta-180 mass flow meter with a 0-20,000 sccm range. The motive fluid
mass flow rate was computed using isentropic flow through the motive nozzle, which
previous experiments have shown to be within a few percentage points of measured
flow rates [3, 48].

Figure 4.2 (p.99) plots suction draft versus entrainment ratio for the three ejec-
tors. The 63um throat ejector’s peformance suffers because the nozzle is overex-
panded.

As seen from Figure 4.2 (p.99), the suction draft of the 63um throat ejector falls
off at lower entrainment ratios than the 187um or 733um ejectors. Prior work on
single-stage ejectors predicted the onset of scale effects for throat diameters as small
as 10um for throat Reynolds numbers near 1,300 and mixer Reynolds numbers near
400 [6]. Other investigations of two-dimensional micronozzle measurements report
weak viscous losses for Reynolds numbers near 2,000 [31]. Using the Reynolds number
computed at the motive nozzle throat, we can compute the secondary mixer Reynolds
number based on geometry and entrainment ratio. Table 4.4 provides values for the
throat and secondary mixer Reynolds numbers from Reference [98].

Table 4.4: Throat and secondary mixer Reynolds numbers

D*m RGD;R ReD7d72
63pum 8,300 1,500-1,600
187um 24,200  4,900-10,700
733um 94,800  21,000-30,000

The behavior seen for the 63um ejector results because the nozzle is over ex-

panded, with an expansion ratio of 4.2 from Table 4.2 (97) which reduces the nozzle

98



O Large
L 2 Medium
; 00og L Small
10" _-% OB0DmmR e o
LA o 4
iy S
[
[
S “
oA
[
0’k
fat
1|:|'4 1 ] ] ] ] 1 ]
] 0.2 0.4 0.6 1] 1 1.2 1.4

Entrainment ratio

FIGURE 4.2: Schematic and nomenclature for a multi-stage ejector

exit velocity, as seen by invoking the conservation of momentum in the form of the
isentropic thrust coefficient. The pressure matching term is computed using the noz-
zle exit plane static pressure, and the static pressure of the ambient, which for the
case of the ejector is taken to be the suction fluid static pressure. When the noz-
zle exit plane static pressure drops below its surrounding ambient, the exit stream
decelerates.

Figure 4.3 (p.100) plots computed thrust coefficients across measured entrainment
ratios which correspond to measured suction pressures. We see that the effect of

over expansion for the 63um throat nozzle results in different behavior compared to
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the 187um and 733pum nozzles, both of which have expansion ratios near design in

comparison, as shown in Table 4.2 (97).
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F1GURE 4.3: Computed isentropic thrust coefficients vs. entrainment ratio

Previous work on multi-stage ejectors [76] showed improved efficiency for multi-
stage ejectors, which manifests by creating higher suction draft than a single-stage
given the same motive total pressure and area ratio. This work employed the same
area ratio across both stages for a two-stage ejector also used shorter mixer length-
to-diameter ratios, L/D ~ 0.5 — 1, than conventional ejectors due to the presence
of three-dimensional lobes in the mixer. The lobes generate streamwise vorticity,

promoting momentum exchange between the higher velocity motive stream and the
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lower velocity secondary stream in the shear layers formed when the two streams
merge [99, 100].

The current two-stage ejector results presented here do not outperform single-
stage ejector results with the same overall area ratio from [31] and similar Reynolds
numbers, which is due to the stage-wise area ratios being off-design. The primary
and secondary area ratios were different for the test pieces considered here, which

may inhibited improvements in performance in comparison to single-stage ejectors.
4.6 Conclusions

A multi-stage ejector was tested at three different length scales (63um, 187um,
733um) using nitrogen gas to motivate and entrain ambient air. The multi-stage
ejectors performed similarly to single-stage ejectors of the same overall area ratio.
Typically, equal stage-wise area ratios of proper design allow for superior perfor-
mance compared to single-stage ejectors, but the data presented here for the case
of off-design stage-wise area ratios suggests negligible differences in ejector perfor-
mance. Performance for the 63um ejector suffered due to over expansion of the
motive nozzle.

Future work will investigate the lower scale limits of multi-stage ejectors. For
applications when volume or weight constrains design, the use of lobed mixers can
provide a reduction in ejector volume [76], which can be implemented using standard

two-dimensional etching techniques or micro-machining.
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5

Conclusions

5.1 Summary of Results and Conclusions

Experimental results for the single-stage ejector and injector agree well with the

theoretical model inclusive of losses.
5.1.1 Single-Stage Ejector

The experimental results for the single-stage ejector achieve a power density of 308
kW /L show improvement in the state of the art as compared to microscale tur-

bochargers which have demonstrated power densities near 80 W/L [15].
5.1.2  Injector

The experimental results for the injector achieve a power density of 146 kW/L show
improvement in the state of the art as compared to microscale turbopumps which

have demonstrated power densities near 370 W/L [12].
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5.2 Implications

The models in agreement with experimental results predict behavior for microscale jet
ejectors and jet injectors. Performance can be predicted to allow for implementation
on Power MEMS devices requiring fluid pumping. The model predicts the onset of
severe viscous losses and further predicts performance beyond the onset of severe
viscous losses. These cases may be of interest to designers working with austere

packaging constraints.
5.2.1 Single-Stage Ejector

The single-stage ejector model predicts maximum power densities on the order of 1.1
MW /L for Reynolds numbers, based on the nozzle hydraulic diameter, of roughly
1,300.

5.2.2  Ingector

The injector model predicts maximum power densities on the order of 9.3 MW/L

for Reynolds numbers, based on the nozzle hydraulic diameter, of roughly 250.

5.3 Suggestions for Future Work

5.8.1 Applications

Jet ejectors should be considered for use to supplement gas bearings for microengine
applications, especially during the start-up sequence. They are a simple way to
pump gases, or liquids, without moving parts and can be easily fabricated using
proven MEMS techniques.

Jet injectors show promise in replacing turbopumps for vapor cycles in micro-
engines or for use in microrockets. Although inefficient by comparison, jet injectors
do not require high-tolerances for high-speed rotating components as required in tur-

bopumps. When injectors were first developed in the mid-1800’s, existing mechanical
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pumps suffered from somewhat similar fabrication challenges as the MEMS rotating
pumps of today. Jet injectors have great potential to improve, enable and reduce to

practice several classes of Power MEMS devices.
5.3.2  Modeling

One of the limitations of the injector model is that it uses boundary layer equations
that assume a constant static pressure. In the presence of an adverse pressure gra-
dient, laminar boundary layers tend to separate with ease. This occurence creates
losses, especially at the microscale, where the diffuser geometries are typically short,
and flow passages cannot vary three-dimensionally to accomodate pressure gradients,
as they do in conventional turbomachines and rocket nozzles. The lower scale limit
for proper delivery cone operations will be dependent on approaching the separation
limit, which will be a function of the Reynolds number and the pressure gradient. It
is recommended for future investigation. The use of features which generate stream-
wise vorticity may also enable a reduction in microscale ejector and injector volumes
with a commensurate reduction in viscous losses due to less wetted area and the

avoidance of developed flow.
5.3.8  Other Flow Configurations

One interesting flow configuration is an axial hole through a plate or surface, much
like the nozzles shown here, except that the flow would make a right angle turn and
flow out radially, sandwiched between another flat plate. This flow configuration
may not be pratical for some applications due to the turning losses, and possibly
developed flow if the L/D of the lid is adequate, but it may offer an easy way to
implement a jet pump using only 2-D planar features. As the jet expands out radially
from the center port, the area ratio is constantly changing, and the secondary mass

flow rate into the jet can be controlled by the entrance ports through the top lid into
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the stream. This changing area may also act as an effective microscale diffuser in

some cases.
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Appendix A

Single-Stage Ejector: Detailed Model

This section outlines the general model used to predict jet ejector performance. It
provides a description of the different flow geometries for jet pumps and defines
stations and areas. Next, the model develops from first principles by applying the
conservation of mass, momentum and energy. The model assumes compressible flow
through the motive nozzle [31] and incompressible flow through the secondary inlet
and mixing regions for a single stage axial flow configuration [31, 76]. The fluid
densities are assumed to be approximately the same in the mixing region by an
approximate Munk and Prim principle [37, 76]. The model predicts performance

during both on- and off-design operation.
A.1 Geometry

This section defines the nomenclature and presents example flow paths for jet ejectors
and jet pumps. This section proceeds generally but highlights some differences in
geometry between jet ejectors and jet injectors.

Figure A.1 (p.107) shows the flows paths for a jet ejector.
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FIGURE A.1: Jet ejector assembly and flow paths

Figure A.2 (p.108) shows the flow paths and nomenclature for a jet pump with
a mixing area that is larger than the motive nozzle throat, typically found in jet
ejectors, and in this case the mixing region has constant area.

For a constant area duct,

Ad = Ad,i = Ad,e = Am + As (Al)

We can define the ratio of As/A,, = a, such that

A
A_i:Ha (A.2)

For the case where the mixer area converges or diverges, it is useful to define an
average area ratio for the mixer (or combining cone or delivery cone for the injector

case)
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FiGURE A.2: Jet ejector nomenclature

Ay =1/2(Agin + Adex) (A.3)

Using equation (A.3), the inlet mixer area Agine; can be expanded and Ay be-

comes

Ag=1/2(An + A+ Aae)
(A.4)
—1/2(Am + Ay + Ag)

Note that the e subscript has been dropped, A4, — Aqg.
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The contraction ratio of the mixer is expressed as

_ Ad7i o Am + As
KR = Ad7e = Ad (A5)

Again, note that the e subscript has been dropped, Age — Ajq.

Equation (B.2) can now be expressed in terms of

Ag=1/2(An + A+ Age)

) (ﬁgl)Ad (A.6)

A.2 Conservation of Mass

Consider the case of a single-stage axial flow jet ejector. The control volume is shown
below for a constant area mixing region in Figure A.3 (p.110).
The total mass flow rate exiting the mixing region is equal to the sum of the

motive and secondary mass flow rates

Mg = My, + Mg (A.7)
where
m = puA (A.8)
The mass flux is
m" = % = pu (A.9)

The entrainment ratio is defined as the ratio of the secondary mass flow rate to

the motive mass flow rate,
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(A.10)

From equation (A.7), the ratio of the discharge mass flow rate to motive mass

flow rate is expressed in terms of the entrainment ratio

— —1+a (A.11)
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A.3 Conservation of Axial Momentum

The conservation of axial momentum in the mixing region captures the inertial con-
tributions from the motive and suction flows inclusive of their respective losses, which
will first be represented by place holding terms that are later expanded. A control
volume is used with control surfaces on the inlet and exit stations. The model allows
for a difference in static pressure between the inlet and exit stations for both the
motive nozzle and mixing region.

Apply the conservation of axial momentum across the mixing region to initially

produce

Mg = MUy, + Msus + Ps(As + Ap) — Pi(Ag) (A.12)

The conservation of axial momentum in the mixing region can be expressed as

the sum realized discharge velocity times mass flow summed with loss terms

Mld,ideal = Matd + (Pi — Ps)Ad + Farag.d (A.13)

Expanding the motive mass flow term,
mdud = mmum,isen + (Pm - PS>Am - Fdrag,m + msus + (Ps - Pd)Ad — Fdrag,d <A14>

where Fyqq4 represents drag on the mixing region walls. Next, equation (A.14)

is rearranged and expressed in terms of area ratio and entrainment ratio.

(Pd - Ps)Ad = mmum,isen + msus - mdud + (Pm - Ps)Am - Fdrag,m - Fdrag,d <A15)

Ay Moy, M My
P_Ps_:_misen — Us — —/ Pm_Ps
( g )Am Amu 7 * Amu AmUd+( )

Fdrag m Fdrag d
— — — = (A1
A ™ (A.16)
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Recall from the conservation of mass that m = puA, % = pu, and 2 = A,
pu

A A, A
(Pd_ps>_d =p u2 +_psu§_A_dpdu3l+(Pm_Ps)

m .
Am m,e,isen Am

Fdrag m Fdrag d
— —— — (A1
A4, AT

Substitute the area ratio terms in terms of the defined area ratio, and multiply

(A.17) by % to get

1+a 1 1 1
(Pd - PS)% :gpmugn,e,isen + §apsu§ - 5(1 + a)%“i
1 . . (A.18)
. —(P _p >+ o L'drag,m o drag,d
2V " Anm A
Divide through by §pmu2, ¢ isen:
P,—P) (1 2 2
ipmum,e,isen 2 pmum,e,isen pmum,e,isen
1 1 1 (A.19)
§(Ps - Pm) + §Fdrag,m/Am + QFdTag,d/Am
%pmugn,e,isen %pmugm,e,isen %pmugn,e,isen
Divide through by 1£%
Py;— P, 2 U2 2
meum,e,isen (1 + CL) pmum,e,isen Iamum,e,isen
(A.20)
_ 1 (Ps - Pm) + Fdrag,m/Am + Fd'rag,d/Am
(1 + CL) %pmuzn,e,isen %pmugn,e,isen %pmu%l,e,isen
Using the conservation of mass,
ps U e A pm O o
Lo = TP 2 Pm (A.21)
Pm um,e,isen ma, As Ps a= ps
and
pa_ui g AL pm _ (1+a)®pm (A.22)

Pm u?n,e,isen N m72n A3 E (1 + Cl)2 Pd
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Substituting these expressions, we get

P, — P, 2 1+«
1(d2 ) _ [1+a———(1+a)——
meum,e,isen (1 + a) 1+

1

(Ps - Pm) + Fdrag,m/Am + Fdrag,d/Am
(1+a)

1 2 1 2 1 2
§pmum,e,isen ipmu’m,e,isen meum,e,isen

_ 2a {1 @ pm (1+a)(1+oz)2p_m]

(1+a)la a® ps a (14 a)? pa
B 1 (Ps - Pm) + FdTag,m/Am + Fdrag,d/Am
(1 + CL) %pmu?n,e,isen %pmugn,e,isen %pmu?n,e,isen
A.23
2% [Q+aq) (+aies (+ape (429
= -+ s
(1+a)? a a a
o 1 (Ps — —Pm) + Fdrag,m/Am + Fdr(zg,d/Am
(1 + CL) %pmu?n,e,isen %pmuzn,e,isen %pmugn,e,isen
1.2pm 2 pm m mo 2 Pm
2 1+a+5afo—s+a2—s—’;—s—2a’;—s a’be
(1 +a)? a
o 1 (Ps - Pm) + Fdrag,m/Am + Fdrag,d/Am
(1 + Cl) %pmu?’n,e,isen %pmugn,e,isen %pmuzn,e,isen

Here we can invoke the similarity principle, allowing the densities to cancel [37,

76).
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(P;— P,) 2a [1+a+%a2+a2—1—2a—a2

|

1 2 2
§pmu’m,e,isen (1 + CL) a
. 1 (Ps - Pm) + Fdrag,m/Am Fdrag,d/Am
(1+a) | Lpnu? L ppmu? Lo
me m,e,isen me m,e,isen 2pm m,e,isen

 2a [a—?a—i—%cﬂ]

(A.24)

(1+a) a
. 1 (Ps - Pm) Fdrag,m/Am Fdrag,d/Am
1 1 2 T2 TT 5
( + a’) zpmum,e,isen meum,e,isen meum,e,isen
P,— P, 2a a o
9PmUp, ¢ isen (1 + a) a a
. 1 (PS - Pm) + Fdrag,m/Am + Fdrag,d/Am
1 1 2 1 2 1 2
( + G) meum,e,isen QiOmum,e,isen 2pmum,e,isen

Next, we will expand the intertial terms for the motive and secondary fluids and

then return to the discharge fluid.

skin friction due to boundary layers.

Isentropic flow

given as a function of the Mach number, M by

~

Pt ’}/—1 2ﬁ
L I V)
P (o)
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A.3.1 Motive Fluid: Compressible Flow with Viscous Losses

The motive flow is treated as compressible, using isentropic flow to compute ideal

behavior [85]. Loss terms are then expressed and computed to account for nozzle

For isentropic flow, the ratio of the total pressure, P, to the static pressure P is

(A.25)



Similarly, the ratio of the total temperature, T}, to the static temperature T is
given by
Ty =1,
—=14—M A.26
2= (1433 (4.26)
The Mach number is defined as the ratio of the velocity, u to the speed of sound,

Qo

u u
— = A27
ao.  /YRT ( )

Using these relations, we can expand the motive inertial term, starting with

M

mmum - mmum,isen - (Ps - Pm>Am - Fdrag,m (A28)
where the isentropic velocity is computed using isentropic flow relations [85].
Thrust coefficient

Equation (A.28) can also be expressed in terms of the thrust coefficient, which can

be used to characterize rocket nozzle performance [36] and is defined as

CF = Fthrust
Ehrust,opt
(A.29)
_ mmum,e,isen - (Ps - Pm)Am,e - Fdrag,m
mmum,e,isen
The realized thrust, Fijue is
Fthrust = mmum,e,isen - (Pamb - Pm,e)Am,e - Fdrag,m (A30)

The optimal thrust, Fi,ust0pe OCcurs when the nozzle exit static pressure matches
the surrounding ambient static pressure, giving
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Ehrust,opt = mmum,e,isen <A31>

Equation A.29 can be expanded in terms of the nozzle throat diameter and total
pressure using the conservation of mass applied at the nozzle throat and isentropic

flow equations to give

O — Fthrust
=
P A,

(A.32)
mmum,e,isen - (Ps - Pm)Am,e - Fdrag,m

B P A

The isentropic thrust coefficient, Cr;sen, is absent of nozzle wall drag and is

mmum,e,isen - (Ps - Pm)Am,e
Bm Ay,

(A.33)

OF,isen =

From equation (A.32), we can express the nozzle wall drag, Fiqgm, in terms of

the realized thrust ceofficient, Cr, as

Fdrag,m = CFPt,mA:n — mmum’evisen + (PS — Pm>Am,e <A34)
Next, we express the nozzle wall drag using the skin friction coefficient, C.
Nozzle skin friction

Typical rocket nozzles operate in the turbulent flow regime and experience negligible
skin friction coefficient variation along the axial length of the nozzle, and boundary
layer effects cause on the order of a 1% decrease in performance [36]. However, as
the nozzle length scale decreases, scale effects become significant for low Reynolds
numbers, as in the case of micronozzles. For this case, the local skin friction coefficient

must be computed as the assumption of constant-valued skin friction may no longer
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be valid. This modeling modification enables the prediction of viscous losses or scale
effects on performance at small length scales.

The skin friction coefficient is defined as [34, 35]

-
Cr=_ v
/ 1/2pu?

avg

(A.35)

where 7, represents the wall shear stress. The skin friction coefficient is related

to the Darcy friction factor, f by

Cp = £ (A.36)

Expressions relating f to Reynolds number based on flow regime (laminar entry,
laminar developed, turbulent developed) are provided in [34, 35] and can be generally
expressed as a function of the local Reynolds number and local length-to-diameter

ratio, and C', m, and n , which are constants whose values depend on flow regime

and appear in Table A.1 [34, 35].

LN\
The axial viscous drag force resulting from viscous fluid interaction with the
motive nozzle wall may be determined by integrating the local values of the local

skin friction coefficient, local dynamic pressure, and local wetted area along the axial

length of the nozzle.
=L 1
Firogm = | Csla) o (a)du (A.38)
x=0

From the definition of the Reynolds number, we can express the local Reynolds

number, which varies with axial position, in terms of the nozzle throat Reynolds
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number, which is constant for a fixed mass flux evaluated at the nozzle throat.

puD, m'D, DX 4 m A(x) 34 W
Rep, = = = - = =
Iz D(x)m Dy, p Ar

D (A.39)

The skin friction coefficient is now expressed using (A.39) and gives

L\ (A
ey omer (1) (49 w

where the local area ratio can be expressed as a function of the local Mach number

using isentropic flow relations,

Next, we expand the local dynamic pressure term using isentropic flow relations

[

y+1 ot

o <1 + 7?—1M2<x)) o (A.41)

NI
-

and the ideal gas law to find

_ 1lpu*(z) P

—pu® P, A.42
2pu (37) 5 I2 Ptm t,m ( )
1 1 —1 T
§pu2 (z) = 57]\/[2(:5) <1 - VTM%)) Pim (A.43)

Finally, we must express the local wetted area of the nozzle by using expressions

for the wetted perimeter and axial length

dAyettea = perimeter(x)dx (A.44)

where the wetted perimeter can be expressed as

, mD(x mD;, D(x
perimeter(x) = COS(Q) =0 D(*) (A.45)
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The ratio of the local diameter to the throat diameter is expressed in terms of

areas, which are related to local Mach number from (A.41), such that

The axial length can be expressed in terms of the motive nozzle throat diameter

and length-to-diameter ratio, which appears in (A.37)

L
dx = D, * D dfw (A.47)
Equation (A.44) becomes
nD*2 [ A(x) V2L dw
A =—= — A4
d wetted cos 0 ( A:n ) D:n L ( 8)

Using equations (A.40)-(A.43) and (A.48), we expand equation (A.38) to

where

w

(M) = Mz) = (A.50)

B=m)y=(m+1)

(1 + EM(m)Q) =D

The constants C', m and n depend on flow regime. Table (A.1) summarizes values
for these constants [34, 35] and provides typical values for the terms they influence

in equation (A.49).
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Table A.1: Typical values for computation of motive nozzle hydrodynamic loss

— AT AT .
o () T S rang
Flow regime C m n v=11 =14 ~v=11 ~v=14
Turbulent 0.046 0.2 0 1.57 2.02 0.5 0.9
Laminar entry 3.72  0.67 0.33 1.4 1.77 1.3 1.3
Laminar developed 16 1 0 1.32 2.04 2.1 1.7

Finally, the drag force on the motive nozzle walls can be nondimensionalized
by dividing through by the dynamic pressure at the motive nozzle exit. To be
conservative, the laminar developed flow regime constant values are used to evaulate
the integrals in Table A.1, giving values of 2.04 and 1.7, which are later approximated
to be 4 in equation ([? |). The remaining constants C', m and n affecting the skin

friction coefficient terms are determined based on flow regime using Table A.1

Fy
C m — rag,m
g 1/2pu?n,e,isen
Vem (1435 M2,)" " 7o\ 1n
~ ’ CRep' | = 2.04)(1.7
cos 0 1m2,, by, Dr, (2.04)(1.7) (A.51)

0

~ 4/€m (1 + ’YT_IME,W) i CRe_m L o
cos 6 1Mz, D \ Dz,

The drag force may also be non-dimensionalized into a form similar to the thrust

coefficient, Cr, by instead dividing through by the motive total pressure, F,,, and

*

nozzle throat area, A} , giving
Fy
Criost = —2™
Flost PmAr
L crer (Y T @onan (A.52)
~ epe | =— : : :
cos O, D \ Dz,
4 I 1-n
~ CRep! | ——
cos O, “Ds, (D;;)
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A.3.2 Secondary Fluid: Inlet Losses

If losses occur across the suction inlet, then the downstream total pressure will not
equal the upstream total pressure. Since the upstream total pressure can be con-
veniently measured, it’s more convenient to express ejector performance using the
upstream pressure. However, we must use the downstream velocity due to the con-
trol volume analysis selected, drawn in Figure A.3 (p.110), so we need to express the
downstream velocity in terms of upstream values. Using Bernoulli and the conser-

vation of mass,
1, .
-Pts,ds - Ps + épu&ds and Msds = pus,dsAs,ds

1
2 .
Pts,us - Ps + ZpuU and Mg us = pus,usAs,us

2 S,uS

Since mass is conserved across the inlet,

Msus = Mg ds

pus,usAs,us = PUs ds As,ds

Agus
Us,ds = Us,us (A5:d5> (A53)

From Bernoulli on the upstream flow,

2
Usus = \/_ (Pts,us - Ps) <A54>
p
Substituting (A.54) into (A.53) gives

A 2
= (222 ) /= (Pigus — P A.
uS,dS ( s,ds) \/P ( o 8) ( 55)

Using the conservation of mass,

ms ds As us \/2
7 = 7 - Ps us Ps
pAs,ds <As,ds) P ( t7 )
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) Ay
Msds = As,ds <A—) \/2p (Pts,us — PS) (A56)

JuS
s,ds
Define the ratio of the upstream to downstream areas as
A
As,ds

and

ms,ds - CdAs,ds\/2p (-Pts,us - Ps) <A58)

This discharge coefficient captures losses associated with flow restriction across
the secondary inlet. Typical values based on geometry are provided in Reference
(83, 90]. For a sharp-edged inlet a value of Cy = 0.5 is recommended. For re-entrant
flow, when the sharp-edged inlet protrudes into the flow, a value of C; = 0.8 is
recommended.

Equation (A.58) is commonly presented as

ris = CyAy\/2APp (A.59)

The difference in upstream and downstream total pressures can be found by
using the Bernoulli equation to express static pressure in terms of downstream total

pressure and dynamic pressure and substituting into equation (A.58)

1

P, = Pts,ds - §Puids
.2 2 12 r
mg = CdAs,dSQP Pts,us - Pts,ds - §Pus7ds (AGO)
11, 1,
Pts,us - Pts,ds - C_gyppus,ds - §pus,ds (AG]')
Iy B g (A -1 (A.62)
s;us — Ltsds = sPUs g5 | /5 — .
ts, ts,d 2p d 0621

122



From equation (A.61), we see that in the absence of losses, the upstream and
downstream total pressures are equal when C2 = 1. Normalizing equation (A.62) by
the motive dynamic pressure,

Ps us Ps S 1 2
tous — Ttsds _ < — 1) a (A.63)

1 .2 2 2
qum,e,isen Cd a

Substitute equation (A.63) into equation (A.24) to give

_ 2 2
Pyj—Pyus  2a [1_204 (1(1—|—a) _1)04]

3PUncisen  (1+0)° a \Ci 2a a?
(A.64)
1 (Ps— Py) n Firagm/Am N Firag.a/Am
(1 + a) %pmugn,e,isen %pmu%@,e,isen %pmuzme,isen

A.3.8 Discharge Fluid: Mixer Skin Friction

The loss modeling concludes by accounting for the wall drag in the mixing region.
The drag on the mixing region wall is computed using an approach similar to the
motive nozzle drag computation. However, the subsonic core velocity in the mixer
is assumed to vary with downstream length to a lesser extent than the core flow
in the motive nozzle. This assumption allows for the use of an average velocity
and eliminates the need to compute local values for velocity within the mixer. The
computation proceeds as follows.

The viscous drag force due to the presence of walls in the mixer is expressed as

=L 1
Faraga = / CprUZ(x)dAwet (A.65)

=0

The wetted area for an arbitrary mixer is
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dAyettea = perimeter(x)dz

For a constant area mixer,

L\d
dAwetted = 7TDC21 ( ) _x

mD(z) e
cosf

mDy D(x)
cost Dy

7Dy (D(x) D id_a:
cosf \ Dy dDd L
wD% ( D(x) L\ dz
cosf \ Dy D,/ L

aD2 (A()\"? [ L\ do
cosf \ Ay D,;) L

dx

Dy) L

(A.66)

(A.67)

Similar to equation (A.37), the local skin friction coefficient, Cy, can be expressed

L —n
Cy = CRep" (D_h)

as a function of the local Reynolds number and local length-to-diameter ratio, and

C, m, and n are constants whose values depend on flow regime and appear in Table

Al

(A.68)

Using the Reynolds number definition, the ejector area ratio, a, the entrainment

number in the mixer can be expressed as
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ratio, a and the motive nozzle expansion ratio, €,,, the discharge flow Reynolds



(A.69)

1/€m ) 1/2

Assuming that changes in the core flow velocity along the mixer length are neg-
ligible, equation (A.65) is expressed in terms of the average skin friction coefficient

and average discharge flow velocity

z=L
=1
Fdrag,d %/ Cf,dapa?idAwet (A?O)

=0
Equation A.70 is integrated across the axial length of the mixer using average
flow values and the results from (A.67),(A.68) and (A.69) and non-dimensionalized
by 1/2pu?

m,e,isen

F Ta —
Lo yopezm ( (A71)

1/2pu?

m,e,isen

ﬁ 1-n (1 + a)Q
Dd 1+4+a

The constants C', m and n are determined based on flow regime using Table A.1.
Using the definition of the skin friction coefficient, equation (A.71) can also be

expressed as
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-~ Ld (1 + 04)2

A.4 General Model with Losses

The general loss model that computes the performance as a function of entrainment

ratio and area ratio is

P;— P, s 2a a 1 a? 1 o?
LY 1-22 s+t (S —1)2
o2 g G- (g )

1/2pu$n,e,isen - (1 + a)2 ﬁ
4/Em (1 + %Mim)ﬁ CR —m L o
cos IM2,, “D, Dy, (A73)
’ 73
(1 + Oé)2 - Ld 1-n
—4—=CRey" | — e

(14 a)? v \ D,
1 P, — P,

1 ta 1/2pu%1,e,isen

The constants C', m and n are determined based on flow regime using Table A.1.
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Appendix B

Injector: Detailed Model

This section outlines the general model used to predict jet injector performance. It
provides a recap of the different flow geometries for jet pumps presented in Appendix
Aand defines stations and areas. Next, the model develops from first principles by
applying the conservation of mass and momentum. The model assumes compressible
flow through the motive nozzle [31] and incompressible flow through the secondary
inlet and mixing regions for a single stage axial flow configuration [31, 76]. The
fluid densities are assumed to be approximately the same in the mixing region by
an approximate Munk and Prim principle [37, 76]. The model predicts performance
during both on- and off-design operation. For the injector, boundary layer growth
is modeled in the combining cone. Since the fluid density for a liquid is of order
10® compared to 1 for a gas, by the conservation of mass, blockages in flow area will
be more pronounced for liquids. The model approximates displacement thickness in
the combining cone using boundary layer equations for a flat plate with no pressure

gradient.
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B.1 Geometry

This section defines the nomenclature and presents example flow paths for jet ejectors
and jet pumps. This section proceeds generally but highlights some differences in
geometry between jet ejectors and jet injectors.

Figure B.1 (p.128) shows the flows paths for a jet ejector.

FIGURE B.1: Jet ejector assembly and flow paths

Figure A.3 (p.110) shows the control volume and nomenclature for a jet ejector.
The jet ejector typically features a mixing area that is larger than the motive nozzle
throat, as opposed to the jet injector, which has a mixing region throat that is
approximately equal to or smaller than the motive nozzle throat. Figure B.2 (p.129)
shows the flow paths and nomenclature for a jet pump with a mixing area that
approximately equal or smaller in area compared to the motive nozzle throat.

The converging portion, referred to here as the combining cone, is followed by
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FIGURE B.2: Jet injector assembly and flow paths

a diffuser, which is commonly called a delivery cone. Figure B.3 (p.130) provides
the nomenclature for a jet injector. Figure B.4 (p.131), A,, represents the motive
nozzle exit area. It should be noted that in the model the e subscript has been
dropped, A,,. = A,,. The secondary flow area, A,, is computed by taking the
difference between the combining cone inlet area, Ay;, and motive nozzle exit area,
As = Ay — A,,. Note that in the model this e subscript has also been dropped for
the combining cone exit area, Az = Aqg.

For the case of the jet injector where the mixer area converges or diverges, it is

useful to define an average area ratio for combining cone or delivery cone as

Ay =1/2(Agin + Ader) (B.1)

Using equation (B.1), the inlet mixer area Agner can be expanded and A, be-

comes
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F1GURE B.3: Injector nomenclature

Ag=1/2(An + Ay + Age)

(B.2)
=1/2(An + As + Ag)
Note that the e subscript has been dropped, Az, — Aq.
The contraction ratio of the mixer is expressed as
Adi Am + As
= — = B.3
" Ade Ag (B3)

Again, note that the e subscript has been dropped, Az — Ajq.

Equation (B.2) can now be expressed in terms of

Ag=1/2 (A, + Ay + Ag)

_ (/@'—l—l)Ad (B-4)

2
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B.2 Conservation of Mass

Consider the case of a single-stage axial flow jet pump. The control volume is shown

below for a typical injector geometry in Figure B.4 (p.131).

FiGURE B.4: Schematic detailing the control volume used to develop the injector
model

The total mass flow rate exiting the mixing region is equal to the sum of the

motive and secondary mass flow rates

Mg = Mg + 10 (B.5)

where

m = pul (B.6)

The mass flux is
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m’ = — = pu (B.7)

The entrainment ratio is defined as the ratio of the secondary mass flow rate to

the motive mass flow rate,

(B.8)

From equation (B.5) , the ratio of the discharge mass flow rate to motive mass

flow rate is expressed in terms of the entrainment ratio

M _ 1 4q (B.9)

mm
B.2.1  Conservation of Mass and Energy: Minimum Entrainment Ratio
We can estimate the minimum entrainment ratio required to acheive condensation
of the motive vapor by using the conservation of mass and conservation of energy.

Assuming negligible heat transfer to the walls of the combining cone, the conservation

of energy across the combining cone gives

Qin = Qout (BlO)

where

Qin = mmhvap + mmcp,sTsat + mmcp7me + mstTs (Bl]')

Since most of the motive vapor will be fully condensed, the discharge fluid specific
heat will approximately equal to that of the secondary fluid, c,q =~ ¢ps = ¢piquid-
The heat transfer rate leaving the control volume will be, in the absence of heat

transfer to the walls,
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Qout = MaCpaTy = mCp T + M Cpn T + M5Cp Ty (B.12)

Combining equations (B.11) and (B.12) gives

mm [hvap + Cp,m (Td — Tsat) + Cp,s (Tsat — Td)] - mscp,s (Td — Tsat) (B]-S)

Since the enthalpy of vaporization, A, is large compared to ¢, ,,, and ¢, s,

Cpm (Td - Tsat) + Cp,s (Tsat - Td)

hva 1 ~ hva B.14
p + hvap hvap P ( )
Thus, equation (B.13) can be approximated as
7 S h’Ua
a="5 r (B.15)

M Cps (Ta —Ty)

Equation (B.16) represents the minimum entrainment ratio required for opera-

tion when the discharge pressure equals the saturation temperature at a given boiler

pressure, Ty = T,,. This entrainment ratio implies that no secondary cooling ca-

pacity remains and also corresponds to the maximum acheivable injector discharge
pressure.

mg hvap

~

mm - Cp,s (Tsat - Ts)

(B.16)

Amin =

B.3 Conservation of Axial Momentum

The conservation of axial momentum in the mixing region captures the inertial con-
tributions from the motive and suction flows inclusive of their respective losses, which
will first be represented by place holding terms that are later expanded. A control

volume is used with control surfaces on the inlet and exit stations. The model allows

133



for a difference in static pressure between the inlet and exit stations for both the
motive nozzle and mixing region.
Apply the conservation of axial momentum across the mixing region to initially

produce

mdud = mmum,e +msus + PS(AS + Am) - Pd(Ad) - 5(143 +Am - Ad) + (Pm,e - PS)Am,e
(B.17)

where [ represents the average static pressure in the combining cone

1
f=5FitF) (B.18)
Using the geometric definitions from equation (B.4), where the average combining
cone area, Ay, is expressed in terms of the contraction ratio, , equation (B.17) is
rearranged to give

mdud = mmum,e + msus + (Ps - Pd)Ad + (Pm,e - P5>Am e

)

ot (B.19)

= mmum,e + msus + (Ps - Pd) < > Ad + (Pm,e - Ps)Am,e

The left-hand side of equation (B.19) can be rearranged using the conservation

of mass as

1

Matig = 2 (ﬁpu?l) Ag (B.20)

Using the conservation of energy in the form of the Bernoulli equation, equation

(B.20) becomes

mdud =2 (]Dt’d - Pd> Ad <B21)

Using this result, equation (B.19) can be expressed as
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2<Pt,d - Pd) Ad = mmum,e +msus + (Ps - Pd)Ad + (Pm7e - PS)Ame

)

k+1

= mmum,e + msus + (Ps - Pd) ( ) Ad + (Pm,e - Ps)Am,e

(B.22)

Next, we will expand the secondary fluid term, rm,us, and its associated inlet

losses.
B.3.1 Secondary Fluid: Inlet Losses

If losses occur across the suction inlet, then the downstream total pressure will
not equal the upstream total pressure. Since the upstream total pressure can be
conveniently measured, it’s more convenient to use the upstream pressure. However,
we must use the downstream velocity due to the control volume analysis selected, so
we need to express the downstream velocity in terms of upstream values. Starting

with the conservation of mass,

1
Msts = 2 (ﬁpsui%) As (B.23)

We can express the secondary flow inlet area, A, in terms of the mixing region

minimum area, Ay, and the motive nozzle exit area, A,, .

As :A8+Am,e_Ame

)

A
Aq Ad (B.24)

A*
= (K—GATZ> Ad

Using the Bernoulli equation and the conservation of mass,

= KAy —¢€
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1
9 .
-Pts,ds — Ps + §pu57ds and Msds = pus,dsAs,ds

1
2 .
Pts,us - Ps + §Pus7us and Mg us = pus,usAs,us

We can express downstream total pressure, P ; 45, in terms of the upstream total

pressure, P, .5, and the inlet total pressure loss, AP, as

Pt,s,ds = Pt,s,us - APt <B25)

From the derivation presented in Appendix A, we have equation (A.58) as it is

commonly presented

ms = CdAS\/ 2APtp

(B.26)
= CdAs\/2(Pt,s,us - Ps)p
The conservation of mass is used to rearrange equation (B.26) as
ms = CygAs\/2AP,p
(pus,dsAs)Q = CC%AgQ(Pt,s,us - Ps)p <B27)

msus = 05(137573,115 - Ps)

This discharge coefficient, C,; captures losses associated with flow restriction
across the secondary inlet. Typical values based on geometry are provided in Refer-
ence [83, 90]. For a sharp-edged inlet a value of Cy = 0.5 is recommended. For re-
entrant flow, when the sharp-edged inlet protrudes into the flow, a value of Cy = 0.8
is recommended.

Equation (B.27) can be substituted into equation (B.19) to give
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*

A
2 (F)t,d - Pd) Ad :mmum,e + Cg(ﬂ,s,us - Ps) <"i — € Am> Ad + ...
d

K+ 1
2

+(P5_Pd)( )Ad+(Pm,e_Ps)Am,e

Dividing through by 24, gives

1 1
(Pt,d - Pd) :mmum,em + §C§(Pt,s,us - PS) (I{ — € m) —+ ...

k+1 1 Ape
+(Ps—Pd)( 1 )+§(Pm,6_PS> Ad7

Using the expansion ratio, €, equation (B.29) becomes

. 1 1 .
(Pra — Fa) :mmum,EQ—Ad + §C§(Pt,s,us - P) (/4 —€ ) + ...

k+1 1 A*
+ (P, — P, + —(Ppe— P)e—"
(7= 2 (52 ) 4 5P = P

Next, we can subtract F; 5 ,s and add F; to both sides to give

*

. 1 1 2 m
(Pt,d - Pt,s,us) _mmum,e2_14d + §Cd<Pt,s,us - Ps) (/'i — € Ad ) + ...

k41 1 AF
+PS—P( )+—Pme—Psem—Psus+P
(Pe= Pa) (55 ) 5P = POEG™ = Pros+ Py

From the Bernoulli equation, we know that

R+1\ 1 5 (r+1
(Ps - Pd) ( 4 ) - (F)t,s,us Pd 2PUS) ( 4 )

From equation (B.27)
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(B.30)

(B.31)

(B.32)



1
Mglly = §pu§ = C3(Prgus — Ps) (B.33)

Substituting equation (B.33) into equation (B.31) gives

*

1 1
Pt,d - Pt,s,us :mmum,e_ + icg(Pt,s,us - Ps) ("{ — € m) + ...

2f4d Ad
1 1
+ B,S»US - Pd - ECE[(R,s,us - Ps>:| (I{ 1— ) + ... <B34)
1 A*
+ §<Pm:€ - PS)E Ar;l - -Pt,s,us + Py

Collecting terms and rearranging,

. 11 3 1 A
Ptvd - Pt,s,us :mmum,e2_j4d + §C§(Pt7s,us - Ps) (ZKJ - Z — € Ad > + ...
+1
+ (Pt,s,us - Pd) (H 1 ) N Pt,s,us + Pd + ... <B35)

1 1 3k —1 AF
P _Psus— mUm.e 54 ~C3 - o Psus Ps
td t,s, mMmU 24, 2d|: 1 EAd}(t” ) +
K41
+{ 1 —1} (Prsus — Pa) + - .. (B.36)
1 A*
“(Ppe— P)e="
+2( m,e s)eAd
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11 ,[3k—1 A%
IDt,d IDt,s,us mmum,eQ_fld 5 CQl |: A — € Ad:| (Ijt,s,us Ps) +
K—3
+ |: 4 :| (Pt,s,us - Pd) + ... <B37)
1 A*
a Pm e Ps =
+ 5 (P = P)

Next, we will express the motive mass flow rate and velocity assuming compress-
ible flow with losses and conclude with expressing injector performance in terms of

the motive nozzle thrust coefficient, Cp.
B.3.2  Motive Fluid: Compressible Flow with Viscous Losses

The motive flow is treated as compressible, using isentropic flow to compute ideal
behavior [85]. Loss terms are then expressed and computed to account for nozzle

skin friction due to boundary layers.
Thrust coefficient

We can express equation (B.37) in terms of the motive nozzle thrust coefficient, Cr,

which is defined as

Bhrust
Cr =
" P,
(B.38)
mmum,e,isen - (Ps - Pm,e)Am,e - Fdrag,m
- P A,

The optimal thrust, Fi,ust0pe OCcurs when the nozzle exit static pressure matches

the surrounding ambient static pressure, giving

Fthrust,opt = MmUm,eisen <B39)
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The optimal thrust coefficient, Cr 4, can be defined as

(B.40)

MmUm,eisen — Fdrag,m

CFO =
,opt A
I t,m<im

The isentropic thrust coefficient, Cr;sen, is absent of nozzle wall drag and is

mmumeisen - (Ps - Pm)Ame
Crisen = = : B.41
F7 Pt7mA:,<n ( )

We begin by dividing equation (B.37) by the motive total pressure, P, ,,,

A:@:| Pt,s,us_Ps
_— 4+ ...

Pt,d - Pt,s,us 1 1 2 3k —1
mUm.e aYd — €
-Pt,m ' 2Ad 2 4 Ad Pt,m
k=3 ]Dt,s7us Pd (B42)
4 Fim
1P,.— P, A7,
= €
2 Pt,m Ad
Equation (B.42) is then expressed in terms of the thrust coefficient as
Pt,d_Pt,s,us :&A:m + 105 3k —1 . 6% Pt,s,us - Ps +.
P 2 A, 2 1 A Pim
(B.43)
k—3 Pt,s7us - Pd
4 Pim
If we assume that P; &~ P, then equation (B.43) becomes
Ay P, s,us Ps
m} “heus s (B.44)

Ptd_Ptsus CFA* 1 2
B M ik b -_ma —1) —
+2 a|(k—1) EAd Pim

Pt,m

2 Ay

If we assume that the nozzle exit pressure is matched to the surrounding ambient

pressure, or Py ~ P, ., then equation (B.43) becomes
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Ptd_Ptsus CFoptA::n 1 2 3k —1 Arn Ptsus Pme
: = (| —— —€ = I S
Pt,m 2 Ad 2 4 Ad Pt m Pt m
(B.45)
k—3| Pisus — P,
n t,s, d
4 P
Equation (B.45) can be solved to find A} /A,
Pi, =P ,8,US 1 3rk—1 Pt,s,us Pm,e K—3 Pt,s,us*P
A dPt,:L - 503 A [ Pim Pt,m] - [T} Prom ‘
1= " ’ - > (B.46)
d Crom — 1C3e [Ty — o]

From equation (A.32), we can express the nozzle wall drag, Fiy.qgm, in terms of

the realized thrust ceofficient, Cr, as

Fdrag,m = OFPt,mA:n - mmum,e,isen + (Ps - Pm)Am,e (B47)
Next, we express the nozzle wall drag using the skin friction coefficient, C.
Nozzle skin friction

Typical rocket nozzles operate in the turbulent flow regime and experience negligible
skin friction coefficient variation along the axial length of the nozzle, and boundary
layer effects cause on the order of a 1% decrease in performance [36]. However, as
the nozzle length scale decreases, scale effects become significant for low Reynolds
numbers, as in the case of micronozzles. For this case, the local skin friction coefficient
must be computed as the assumption of constant-valued skin friction may no longer
be valid. This modeling modification enables the prediction of viscous losses or scale
effects on performance at small length scales.

The skin friction coefficient is defined as [34, 35]
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-
Cr=—Y
/ 1/2pu?

avg

(B.48)

where 7, represents the wall shear stress. The skin friction coefficient is related

to the Darcy friction factor, f by

f
Cf:Z

(B.49)

Expressions relating f to Reynolds number based on flow regime (laminar entry,
laminar developed, turbulent developed) are provided in [34, 35] and can be generally
expressed as a function of the local Reynolds number and local length-to-diameter
ratio, and C', m, and n , which are constants whose values depend on flow regime

and appear in Table A.1 [34, 35].

Cy = CRep” (Dih) (B.50)

The axial viscous drag force resulting from viscous fluid interaction with the
motive nozzle wall may be determined by integrating the local values of the local
skin friction coefficient, local dynamic pressure, and local wetted area along the axial

length of the nozzle.

=L 1
Firagm = / C’f(x)ngQ(x)dAwet (B.51)

=0
From the definition of the Reynolds number, we can express the local Reynolds
number, which varies with axial position, in terms of the nozzle throat Reynolds
number, which is constant for a fixed mass flux evaluated at the nozzle throat.
" . -1 .
_puD, m D, DI 4 m (A(:L’)) 24 1
s

R = = = —_ =
oo It D(z) 7 Dy
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The skin friction coefficient is now expressed using (B.52) and gives

o= crepr () (%ﬁ) (B.53)

where the local area ratio can be expressed as a function of the local Mach number

using isentropic flow relations,

~+1

~y—

o (1 + %M%)) (B.54)

~y+1

N|=
[NIE
-

Next, we expand the local dynamic pressure term using isentropic flow relations

and the ideal gas law to find

1, 1pu?(x) P
- == —P B.
2pu (l’) 5 I2 Pf/’m t,m ( 55)
1 1 —1 =
ipu2 (z) = éfyMQ(:c) <1 + %M%)) Pim (B.56)

Finally, we must express the local wetted area of the nozzle by using expressions

for the wetted perimeter and axial length

dApettea = perimeter(x)dx (B.57)

where the wetted perimeter can be expressed as

mD(x) wD;, D(x)
cosf  cosf Dy,

perimeter(x) = (B.58)

The ratio of the local diameter to the throat diameter is expressed in terms of

areas, which are related to local Mach number from (B.54), such that
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D(x) _ (A(x))”ﬂ

B.
Dy, Ax (B.59)

The axial length can be expressed in terms of the motive nozzle throat diameter

and length-to-diameter ratio, which appears in (B.50)

dx

L
dr =D *« —— B.60
o= D 5] (B.60)
Equation (B.57) becomes
D2 (A(x)\'? L da
dAyetted = —~ — B.61
el T cos 6 (Ajn) Dx L ( )
Using equations (B.53)-(B.56) and (B.61), we expand equation (B.51) to
1-n —mlatl Ly
_ v+1 4yl dx
F — P Al . 29| —— M)—
(B.62)
where
M(z)="
f(M) = (3—m)y—(m+1) (B'GS)

(1+ 25 M(2)2) D

The constants C', m and n depend on flow regime. Table (B.1) summarizes values
for these constants [34, 35] and provides typical values for the terms they influence
in equation (B.62).

Finally, the drag force on the motive nozzle walls can be nondimensionalized by
dividing through by the motive total pressure, P, ,, and nozzle throat area, A . To be

conservative, the laminar developed flow regime constant values are used to evaulate
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Table B.1: Typical values for computation of motive nozzle hydrodynamic loss

— AT AT .
o () T S rang
Flow regime C m n v=11 =14 ~v=11 ~v=14
Turbulent 0.046 0.2 0 1.57 2.02 0.5 0.9
Laminar entry 3.72  0.67 0.33 1.4 1.77 1.3 1.3
Laminar developed 16 1 0 1.32 2.04 2.1 1.7

the integrals in Table B.1, giving values of 1.32 and 2.1, which are approximated
to be 3. The remaining constants C'; m and n affecting the skin friction coefficient

terms are determined based on flow regime using Table B.1

C _ Fdrug,m
M By,

Q

Rep? (Di*>l_n (1.32)(2.1) (B.64)

cos Oy, ol

3 L\'"™
CRep"
cos O, “D;, (D;‘n)

B.3.3 Discharge Fluid: Mizer Skin Friction and Blockage

Q

Combining cone skin friction

For this portion, losses from skin friction in the combining cone are considered, and
skin friction in the delivery cone is neglected. Reference [73] provides that delivery
cone losses typically account for around 10% of the total losses in minature steam
injectors. Since the secondary fluid receives approximately all of its momentum from
the motive fluid, we can model the drag force between the motive fluid and secondary
fluid within the combining cone and assume it to be equal to the drag from the
combining cone wall on the secondary fluid because momentum is conserved. Thus,
the combining cone skin friction coefficient, Cy ., is computed based on the motive
nozzle exit conditions and geometry. At the entrance to the combining cone, we

assume that the motive vapor flow area is approximately equal to the nozzle exit
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area, or A, . ~ A.,;, and we also assume that the the combining cone exit area

is small compared to the combining cone inlet area, or A... < A.;. The motive

fluid dynamic pressure is as constant, and the Reynolds number based on the motive

nozzle exit is used. The drag force is integrated across the length of the combining

cone. The computation proceeds as follows.

The viscous drag force due to the presence of walls in the mixer is expressed as

z=L
Fdrag,d = /
=0

1
C’fépui(az)dAwet (B.65)

The wetted area for an arbitrary mixer is

dAyettea = perimeter(x)dx

7D (x

)dx

cosf

wDy D(x)da;
cosd Dy

m Dd
cos

2
wD3
cos 6

2
wDj

cos

(B.66)

(52) (r5)
(%) (5)
()" (%)

dx
L

dx
L

Similar to equation (B.50), the local skin friction coefficient, C's, can be expressed

as a function of the local Reynolds number and local length-to-diameter ratio, and

C, m, and n are constants whose values depend on flow regime and appear in Table

B.1.

I —n
h

(B.67)
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The Reynolds number is taken at the motive nozzle exit and is

m' -Dm .
Rep,,, = —/—=— (B.68)
1
Assuming that changes in the average core flow velocity along the mixer length

are negligible, equation (B.65) is expressed in terms of the average skin friction

coefficient and average discharge flow velocity

z=L
= 1
Fdrag,d%/ Cf,dipagn,@dAwet <B69)

=0
Equation B.69 is integrated across the axial length of the combining cone using

average flow values and becomes

1 A L tmn pa/L=1 x\m+1 dx
F, rag,cc ~ =Pm . o 4CRep” n (1 B _> L B.70
drag, g mtm.e cos 0., “Din.c (Dm e> /x/L—O L L ( )

The constants C', m and n are determined based on flow regime using Table B.1.
Equation B.69 can be non-dimensionalized by the motive total pressure, P, ,,, and

motive nozzle throat area, A’ , to give the combining cone skin friction coefficient

1/2ppnu, . ACRep) (L \'™" 1
Cf,cc ~ —€ :

_ B.71
P cos 0. D, . m—+ 2 ( )

Combining cone blockage

Blockage due to boundary layers can alter device performance by changing the area
ratios of flow passages, especially near the exit regions of flow passages where the
boundary layers become thickest in comparison to the entry regions or nozzle throats.

Boundary layer thickness, 9, is a function of Reynolds number, as seen in Figure 1.5
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(p.9). Boundary layer thickness can be generally expressed in terms of Reynolds

number as

(5)-eni (2)

Table B.2: Boundary layer flow regime constants

Boundary Layer C m n
Turbulent 0.037 1/5 1/5
Laminar 5 1/2 1/2

Boundary layer displacement thickness, 6*, quantifies the flow area blockage from
boundary layer growth. Displacement thickness is approximately equal to a certain
fraction of the general boundary layer thickness, §, based on flow regime. Greitzer
recommends use of the following values [37]

. 5/8

turbulent —

o =0/3

laminar

(B.73)

For flow geometries with circular cross-sectional areas, the effective flow area,
Acry, can be expressed in terms of the displacement thickness, 0%, and the diameter,

D, as

N 2
Ausp = %DQ [1 - (1 - 2%) ] (B.74)

The ratio of geometric flow area to effective flow area, A/A.ss, can be approxi-

mated using equation (B.74) as

~1+4— (B.75)
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B.4 General Model with Losses

Equation (B.43) can be expanded to include losses

Pt,d - Pt,s,us (CF,isen . Cf,m + Cf,cc) A

Pth = B B A—d+

1 ,[36—1 A*] Piyus—P
~C3 —em| 2 E g B.76
"2 d{ 1 EAd] P (B.76)

+ k=3 Pt,s,us_Pd
4 P

Pt,d - Pt,s,us _CF,isen A

m

Pt’m 9 A—d+

L 1-n
CReE)}:(D*) + ...

1/2pmu2, . 4CRep"™ (L. \"™" 1
m,e m,e cc o B77
+ € (Dm,e> 5 ) + ( )

+ cos b,

P, cos 6.

1 2 |:3/€—1 A:E,l:| Pt,s,us_PS
— t ...

Pim

Displacement boundary layer blockage can be included by using the effective area

ratio, Aq/Aqcrs from equation (B.75). An alternate form of equation B.77 which

explicitly shows blockage terms is given as

149



Pt,d - Pt,s ~ CF,m,isen ﬂ Ad +
Py 2 Ag Adesy
3 L\'"™"
- CRe;," | — .
cos Oy, “Dr, (D;) *
]‘/2pmu$n e,isen L e 1
oS O “D;, € (D;fn) (m+2) *
1pu? (A, A 1
+_pus(_ d ——2)+--~
2P \AdAacrr Cy
+Pd_Ps 1 1 1+As Ad 1+Am,e
P 4 AgAgerr A

(B.78)

The constants C', m and n are determined based on flow regime using Table B.1.
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Appendix C

Nozzle Skin Friction Integral Tables

C.1 Newton-Cotes Numerical Integration

This appendix provides tabluated values for the integral used to compute the nozzle
wall drag, ff/ LL::()l f(M)% for different values of « for an axisymmetric 1-D nozzle
expanding at a half-angle of § = 15°. The function f(M) is numerically integrated

using the Newton-Cotes ‘trapezoid rule’. The drag force from the nozzle wall is

derived in Appendix A and is given by

1 LN [y 1\ s g
Furagm = ——Pom A CRepr (=) 29 (2= M=
e G I G o I I

where

w

G-m)y—(miD)

(1 + 7_—1M(x)2) =D

The constants C', m and n depend on flow regime and appear in Table 1.1 [34, 35|
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and are also provided below.

Table C.1: Skin friction flow regime constants

Skin Friction C m n
Turbulent 0.046 1/5 0
Laminar entry 3.72 2/3 1/3
Laminar developed 16 1 0

152



C.2 Tables for vy =1.1
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C.3 Tables for v =1.2
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C.4 Tables for v =1.3
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C.5 Tables for y =14
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