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Abstract

Quantum sl3 projectors are morphisms in Kuperberg’s sl3 spider, a diagrammatically

defined category equivalent to the full pivotal subcategory of the category of (type

1) finite-dimensional representations of the quantum group Uqpsl3q generated by the

defining representation, which correspond to projection onto the highest weight irre-

ducible summand. These morphisms are interesting from a topological viewpoint as

they allow the combinatorial formulation of the sl3 tangle invariant (in which tangle

components are labelled by the defining representation) to be extended to a combi-

natorial formulation of the invariant in which components are labelled by arbitrary

finite-dimensional irreducible representations. They also allow for a combinatorial

description of the SUp3q Witten-Reshetikhin-Turaev 3-manifold invariant.

There exists a categorification of the sl3 spider, due to Morrison and Nieh, which

is the natural setting for Khovanov’s sl3 link homology theory and its extension to

tangles. An obvious question is whether there exist objects in this categorification

which categorify the sl3 projectors.

In this dissertation, we show that there indeed exist such “categorified projec-

tors,” constructing them as the stable limit of the complexes assigned to k-twist torus

braids. These complexes satisfy categorified versions of the defining relations of the

(decategorified) sl3 projectors and map to them upon taking the Grothendieck group.

We use these categorified projectors to extend sl3 Khovanov homology to a homol-

ogy theory for framed links with components labeled by arbitrary finite-dimensional
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irreducible representations of sl3.
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1

Introduction

Categorification is the process of lifting a mathematical invariant or structure to a

higher-categorical version of that invariant or structure. We begin with an easy and

instructive example. Let

χp´q : T op ÝÑ Z

denote Euler characteristic and let

H˚p´;Qq : T op ÝÑ grVect

denote (singular) homology; here T op is the category of (nice enough) topological

spaces and grVect is the category of graded vector spaces. Recall that these invariants

are related via the formula

χpXq “
8
ÿ

i“0

p´1qi dimpHipX;Qqq. (1.0.1)

Homology is a nicer invariant than Euler characteristic for many reasons. First,

equation (1.0.1) shows that H˚pX;Qq contains as much information as does χpXq;

in fact it contains more information since there are topological spaces which are
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distinguished by their singular homology but not by their Euler characteristic, e.g.

S3 and S1 ˆ S2. Secondly, homology is functorial, meaning that it not only assigns

a (graded) vector space to each topological space, but also assigns to a continuous

map f : X Ñ Y a linear map f˚ : H˚pX;Qq Ñ H˚pY ;Qq. This structure can be

used to deduce additional information about the properties of topological spaces, e.g.

the standard proof of the Brouwer fixed-point theorem uses functoriality in a crucial

way. Note that this second feature is only possible since homology takes values in a

category rather than a set.

We say that homology categorifies Euler characteristic - it is a stronger invariant

taking values in a higher-categorical structure from which Euler characteristic can be

easily recovered. We also say that the category of (graded) vector spaces categorifies

the integers since the former is a (1-)category from which the latter set (i.e. 0-

category) can be obtained, in this case by taking the alternating sum of dimensions.

The program of categorification, first proposed by Crane and Frenkel [9], aims to

apply the above framework in other mathematical contexts. That is, to find higher-

categorical versions of known mathematical invariants and mathematical structures.

Obviously, in order to categorify an invariant one must first have categorified the

structure in which that invariant takes values, so these two flavors of categorification

are intimately linked.

Khovanov’s seminal work [12] is one of the earliest and most influential realiza-

tions of this program. In this paper, he constructs a categorification of the Jones

polynomial invariant of links1 as a bi-graded link homology theory. The Jones polyno-

mial can be recovered from this invariant, now widely known as Khovanov homology,

by taking the graded Euler characteristic. As one might expect, this invariant is for-

mally stronger than the Jones polynomial, e.g. it distinguishes some knots which

have identical Jones polynomials [1]. Moreover, this categorification possesses the

1 In this dissertation, we allow links to have only one component, i.e. tknotsu Ă tlinksu.
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other property exhibited in the Euler characteristic/(singular) homology example in

that Khovanov homology is functorial with respect to link cobordism [6], [2]. This

structure has been used by Rasmussen to give a purely combinatorial proof of the

Milnor conjecture concerning the slice genus of torus knots [20].

In [2, 3], Bar-Natan re-interpreted Khovanov homology in terms of a categorifica-

tion of the Temperley-Lieb category. The latter, denoted T L, is a diagrammatically

defined category describing the finite-dimensional representation theory of the quan-

tum group Uqpsl2q which provides a natural setting for the extension of the Jones

polynomial from an invariant of links to an invariant of tangles. Bar-Natan constructs

a 2-category BN from which T L can be recovered by taking the Grothendieck group

in each Hom-category. Moreover, he uses this structure to extend Khovanov homol-

ogy to an invariant of tangles.

The Jones-Wenzl projectors are morphisms in T L which correspond to projec-

tion onto highest weight irreducible summands of finite-dimensional representations

of Uqpsl2q. These morphisms are important in low-dimensional topology as they can

be used to give a combinatorial description of the colored Jones polynomial as well

as the SUp2q Witten-Reshetikhin-Turaev invariant of 3-manifolds. There has been

recent interest in categorifying these projectors, that is, finding 1-morphisms in (the

homotopy category of complexes in) BN which map to the Jones-Wenzl projectors

under taking the Grothendieck group. Such categorified projectors have been con-

structed by Rozansky [22], Cooper and Krushkal [7], and Frenkel, Stroppel, and

Sussan [10]. These projectors have been used to give a categorification of the col-

ored Jones polynomial [7] and it is believed that these categorified projectors will

be useful in constructing a categorification of the SUp2q Witten-Reshetkhin-Turaev

3-manifold invariant [8].

In this thesis, we consider the sl3 analog of the above results. The sl3 analog of

T L is Kuperberg’s sl3 spider [15], denoted S throughout, a diagrammatically defined
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category which describes the finite-dimensional representation theory of the quantum

group Uqpsl3q. The sl3 tangle invariant, the analog of the Jones polynomial, has a

simple combinatorial description in terms of this category. There are highest weight

sl3 projectors which again are useful in low-dimensional topology since they allow

for combinatorial constructions of the (colored) sl3 Reshetikhin-Turaev invariant of

framed tangles and the SUp3q Witten-Reshetikhin-Turaev 3-manifold invariant [19].

There exists sl3 link homology categorifying the sl3 link invariant [13] and there

exists a 2-category, denoted F , which categorifies S and allows this invariant to

be extended to a categorified tangle invariant [18]. We show that there exist 1-

morphisms in (an extension of) this 2-category which categorify the sl3 projectors. To

do so, we follow Rozansky’s approach to the sl2 case, where he realizes the categorified

Jones-Wenzl projectors as the stable limit of the categorified sl2 invariant assigned

to k-twist torus braids. We show that in the sl3 case, categorified highest weight

projectors can again be realized as the stable limit of the categorified invariant of k-

twist torus braids. We then use these categorified projectors to give a categorification

of the sl3 Reshetikhin-Turaev invariant of framed tangles.

4



2

Background

In this chapter we review the necessary background on quantum sln, monoidal cate-

gories, quantum link invariants, and sl3 link homology.

2.1 The quantum group Uqpslnq

We shall follow the exposition in [11], [17], and [5].

We first recall basic facts concerning sln and its representation theory before

turning our attention to the quantum group Uqpslnq. Our motivation for considering

the latter is the following idea: the representation theory of sln is interesting (it

gives a braided, pivotal category), but not interesting enough (the braiding is trivial,

hence so are the knot invariants derived from this structure). We thus would like to

consider an object whose representation theory is a deformation of that of sln. Since

semi-simple Lie algebras are ‘rigid’ (one can’t deform a semi-simple Lie algebra to

a non-isomorphic semi-simple Lie algebra), we instead consider a deformation of its

universal enveloping algebra in the category of Hopf algebras.
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2.1.1 Classical sln

Let sln denote the Lie algebra of traceless, complex n ˆ n matrices. If we let Ei,j

denote the matrix with 1 in the pi, jqth entry and all other entries zero then sln

is spanned by the elements ei “ Ei,i`1, fi “ Ei`1,i and hi “ Ei,i ´ Ei`1,i`1 for

i “ 1, . . . , n´ 1. These elements generate sln subject to the relations:

1. rhi, hjs “ 0,

2. rei, fis “ δijhi,

3. rhi, ejs “ aijej,

4. rhi, fjs “ ´aijfj,

5. pad eiq
1´aijej “ 0 for i ‰ j,

6. pad fiq
1´aijfj “ 0 for i ‰ j,

where A “ paijqi,j“1,...,n´1 is the Cartan matrix for sln defined by aii “ 2, aij “ ´1

if |i´ j| “ 1, and aij “ 0 otherwise. Taking εi to be the linear functional on the

space of nˆ n complex matrices given by εipMq “ mii where M “ pmijq and setting

αi “ εi ´ εi`1 for i “ 1, . . . , n´ 1, we have that

aij “ αiphjq.

The (abelian) subalgebra h spanned by the hi’s is called the Cartan subalgebra and

it’s dual space h˚ is spanned by the αi’s.

Recall that a representation of a Lie algebra g on a (complex) vector space V is

a Lie algebra homomorphism

gÑ glpV q.

6



We will concern ourselves only with finite-dimensional representations. In the case

of sln (or more generally any semi-simple Lie algebra) the finite-dimensional repre-

sentation theory is semi-simple, meaning that any finite-dimensional representation

is isomorphic to a direct sum of irreducible representations, those which have no

nontrivial subrepresentations.

Let Upslnq be the universal enveloping algebra of sln. The Poincaré-Birkhoff-Witt

theorem implies that the canonical map sln Ñ Upslnq is an inclusion and the universal

property of Upslnq then implies that the representations of Upslnq are precisely the

representations of sln.

The lattice

Λ “ tλ P h˚|λphiq P Z @i “ 1, . . . , n´ 1u

is called the weight lattice for sln. Each finite-dimensional irreducible representation

(and hence every finite-dimensional representation) V of sln (and hence of Upslnq)

decomposes into a direct sum

V “
à

λPΛ

Vλ

where Vλ “ tv P V |hv “ λphqv @h P hu. The set

h˚` “ tλ P h
˚
|λphiq ě 0 @i “ 1, . . . , n´ 1u

is the positive Weyl chamber and Λ` “ Λ X h˚ is the set of dominant (integral)

weights.

A representation V is called a highest weight representation with highest weight

λ P Λ provided there exists a vector vλ P Vλ r t0u so that eivλ “ 0 for all i “

1, . . . , n´ 1 and V “ Upslnqvλ. The following theorem is standard:

Theorem 2.1.1. Let V be a finite-dimensional irreducible representation of sln,

then V is a highest weight representation for some λ P Λ` and is determined up to

isomorphism by its highest weight.

7



Recall now that if g is a (complex) Lie algebra then Upgq has a natural comulti-

plication

Upgq ∆ // Upgq b Upgq ,

counit

Upgq ε // C ,

and antipode

Upgq S // Upgq

given on elements x P g by

∆pxq “ xb 1` 1b x

εpxq “ 0

Spxq “ ´x.

These maps give Upgq the structure of a (noncommutative, cocommutative) Hopf

algebra and give the category fdReppUpgqq of finite-dimensional representations of

Upgq the structure of a braided pivotal category (see section 2.2 below). We shall see

that the quantum group Uqpslnq is a noncommutative, noncocommutative deforma-

tion of Upslnq in the category of Hopf algebras and that its category of representations

possesses a similar structure.

2.1.2 Quantum sln

Let A be the Cartan matrix for sln defined above. Define the quantum group, or

quantized enveloping algebra, Uqpslnq to be the unital associative algebra over Cpqq

generated by the elements ei, fi, Ki, and K´1
i for i “ 1, . . . , n ´ 1 subject to the

relations

1. KiK
´1
i “ 1 “ K´1

i Ki,

2. KiKj “ KjKi,

8



3. Kiej “ qaijejKi,

4. Kifj “ q´aijfjKi,

5. eifj ´ fjei “ δij
Ki´K

´1
i

qi´q
´1
i

,

6. e2
i ei˘1 ´ r2seiei˘1ei ` ei˘1e

2
i “ 0,

7. eiej “ ejei if |i´ j| ě 2,

8. f 2
i fi˘1 ´ r2sfifi˘1fi ` fi˘1f

2
i “ 0,

9. fifj “ fjfi if |i´ j| ě 2,

where rns “ qn´q´n

q´q´1 is the quantum integer. Uqpslnq again has the structure of a Hopf

algebra with comultiplication, counit, and antipode given by

∆pK˘1
i q “ K˘1

i bK˘1
i

∆peiq “ ei bK
´1
i ` 1b ei

∆pfiq “ fi b 1`Ki b fi

εpK˘1
i q “ 1

εpeiq “ 0 “ εpfiq

SpK˘1
i q “ K¯1

i

Speiq “ ´eiKi

Spfiq “ ´K
´1
i fi

and the category fdReppUqpslnqq of (type 1) finite-dimensional representations of

Uqpslnq again has the structure of a braided pivotal category, although this is a much

more difficult result than in the case of Upslnq (see [5, Corollary 10.1.20]).

9



The (type 1) finite-dimensional representation theory of Uqpslnq is again semi-

simple and each such representation V q has a weight space decomposition

V q
“
à

λPΛ

V q
λ

where V q
λ “ tv P V q|K˘

i v “ q˘λphiqv @i “ 1, . . . , n ´ 1u. As in the classical case,

a (type 1) representation V q is called a highest weight representation with highest

weight λ P Λ provided there exists a vector vλ P V
q
λ so that eivλ “ 0 for all i “

1, . . . , n´ 1 and V q “ Uqpslnqvλ. Again, we have a complete description of the (type

1) irreducible finite-dimensional representations of Uqpslnq.

Theorem 2.1.2. Let V q be an irreducible (type 1) finite-dimensional representa-

tion of Uqpslnq, then V q is a highest weight representation for some λ P Λ` and is

determined up to isomorphism by its highest weight.

Moreover, the representation rings of Upslnq and Uqpslnq are isomorphic, and if

for λ P Λ` we denote by V pλq and V qpλq the highest weight representations of Upslnq

and Uqpslnq with highest weight λ then

dimC V pλqµ “ dimCpqq V
q
pλqµ.

These results show that fdReppUqpslnqq and fdReppUpslnqq are similar categories.

Their crucial difference is that the braiding on fdReppUpslnqq is trivial while the

braiding on fdReppUqpslnqq is not.

2.2 Monoidal categories and link invariants

We now recall the basics concerning monoidal categories, their graphical language,

and their relation to link invariants.

10



2.2.1 Graphical language of monoidal categories

Graphical language allows one to avoid writing the complicated (and mostly un-

enlightening) commutative diagrams which specify certain structures on monoidal

categories. We follow the excellent source [23]. Let pC,b, Iq denote a monoidal

category. We require that tensor product is associative and I is unital, both up to

coherent isomorphism.

We will graphically denote objects in C (or equivalently their identity morphisms)

with strands directed rightward labeled by the object and non-identity morphisms

by (labeled) boxes with edges entering and leaving specifying the tensor factors of

the domain and codomain. If a strand is to be labeled by I we simply omit it. Tensor

product of both objects and morphisms will be denoted by stacking. For example, a

morphism f : AbB Ñ C bD is represented graphically by the diagram

A C

B D
f

//

//

//

//

and the tensor product of morphisms g : AÑ C and h : B Ñ D is represented by

A C

B D

g

h

//

//

//

//

.

The coherence axioms for monoidal categories imply that two diagrams denote the

same morphism provided they are related by a planar isotopy (relative to the bound-

ary) keeping all strands directed rightward.

A monoidal category C is braided provided for every pair of objects A,B in C

there is a natural isomorphism cA,B : AbB Ñ BbA satisfying the so-called “hexagon

axioms.” Rather than write down these axioms, we shall explain their implications
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in the graphical language for C. We represent the braiding cA,B graphically by

//

//

A

B
.

Proposition 2.2.1. Two diagrams represent the same morphisms in a braided cat-

egory provided they are related by braid isotopy, i.e. 3-dimensional isotopy (relative

to the boundary) which preserves the property that all strands are oriented rightward.

Note that c´1
A,B : B b AÑ AbB is thus given graphically by

//

//

B

A
.

To illustrate the proposition, we have, for example,

//

//

//
//f

BA

C D

“ 44

//

//

//

//
f

A B

C
D

where f : Ab C Ñ D.

The final notions relevant to our discussion are those of pivotal and ribbon cat-

egories. A pivotal category is a monoidal category in which every object A has

a dual object A˚ together with distinguished morphisms ηA : I Ñ A˚ b A and

εA : Ab A˚ Ñ I satisfying certain properties and natural isomorphisms A – pA˚q˚.

As in the above cases, we do not detail the properties these morphisms need to

satisfy, but rather explain the implications for the graphical language.

We denote A˚ by a strand oriented leftward labeled by A and denote the map ηA

by

A

//

12



and εA by

A

oo
.

Proposition 2.2.2. Two diagrams represent the same morphism in a pivotal cate-

gory provided they are related by planar isotopy (relative to the boundary). Moreover,

diagrams represent the same morphism in a braided, pivotal category provided they

are related by regular 3-dimensional isotopy.

Note that such isotopies are allowed to ‘turn around’ strands, unlike in the non-

pivotal case.

A braided, pivotal category is called ribbon provided the following graphical

relation holds

A
//

“
A // .

Morphisms in ribbon categories are depicted similarly to those in other tensor cate-

gories except that strands should be replaced by ribbons.

Proposition 2.2.3. Two diagrams represent the same morphism in a ribbon category

provided they are related by framed 3-dimensional isotopy (relative to the boundary).

This observation is the crucial fact used to apply monoidal category theory in

low-dimensional topology.

2.2.2 Link and tangle invariants

The graphical language of monoidal categories leads to link invariants. Fixing a

ribbon category C, a link diagram may be viewed as an endomorphism of the unit

object in C by labeling each component of the link by an object in C. For example

13



the labeled diagram

oo

ooA

B

denotes the morphism I Ñ I given by

εA˚ ˝ pidA˚bAbεBq ˝ pidA˚ bcB,A b idB˚q ˝ pidA˚ bcA,B b idB˚q ˝ pidA˚bAbηB˚q ˝ ηA

(this example should make evident why we prefer the graphical language!). By

Proposition 2.2.3, this morphism is invariant under framed 3-dimensional isotopy and

hence can be viewed as an invariant of the framed link determined by the diagram.

As mentioned above, the category fdReppUqpslnqq has the structure of a braided

pivotal category; in fact, this category is ribbon. The invariant obtained by labeling

each component by an irreducible representation of Uqpslnq is the sln Reshetikhin-

Turaev invariant of framed links [21]. Since the unit object in this category is Cpqq,

the invariant takes values in HomUqpslnqpCpqq,Cpqqq “ Cpqq.

When each component is labeled by the defining representation of Uqpslnq this

invariant is (up to a reparametrization) the sln specialization of the HOMFLY poly-

nomial [21]. In particular, for n “ 2 this gives the Jones polynomial.

More generally, one can view a tangle with components labeled by objects in C

as a morphism in C. By proposition 2.2.3 this gives an invariant of framed tangles

taking value in the appropriate Hom-set.

2.3 Combinatorial description of fdReppUqpsl3qq

We now restrict ourselves to the case n “ 3. In this case, (a full subcategory of) the

category fdReppUqpsl3qq can be completely described graphically.

14



2.3.1 The sl3 spider

Kuperberg’s sl3 spider [15], denoted S for the duration, is the pivotal category defined

as follows. Objects of S are words in the symbols ` and ´, tensor product of objects

is given by concatenation of words, and the dual of a word is obtained by reversing

the word and interchanging ˘, e.g.

p` ´ `q b p´ ´ `q “ p` ´ `´´`q

and

p` ´ ` ´´`q
˚
“ p´ ` `´`´q.

Morphisms in S are given by Cpqq-linear combinations of webs - oriented, trivalent

planar graphs whose edges are all directed into or out from a trivalent vertex - with

appropriate boundary, modulo isotopy (rel. boundary) and local relations. Edges

should be directed into ` and out from ´ in the codomain and vice-versa in the

domain, e.g. the web

��
oo""<<

oo
<<
""

22

66

oo //

oo

denotes a morphism p` ` ` ´ ´`q Ñ p` ` ` ´ `´q. Using these conventions, it

becomes unnecessary to explicitly specify the domain and codomain of a web. The

local relations are given as follows:

pp
nn// // “ r2s // (2.3.1)

//
OO��

oo

__ ��

?? ��
“

mm

-- ` ��QQ (2.3.2)

//
“ r3s . (2.3.3)
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A web with no digon, square, or circular faces is called non-elliptic. Using the above

relations, any web can be expressed as a Zrq´1, qs-linear sum of non-elliptic webs. We

will refer to the power of q multiplying a web in such an expression as the quantum

degree (or q-degree) of the web. An Euler characteristic argument shows that there

cannot exist a non-empty, closed, non-elliptic web.

Tensor product is given by stacking webs vertically and composition, which we

shall denote by ‚, is given by gluing webs along their boundaries. For example,

//
XX

��
b // “

//
XX

��
//

and

//
XX

��
‚ // ��XX “

		

UU
//
UU
		
.

Note that web composition is denoted in the non-traditional but diagrammatically

more pleasing order; when considering morphisms in other categories we will use the

traditional order for composition. The dual of a web is obtained by rotating the web

180˝ and the pairing giving the pivotal structure is given by the webs

oo
and

oo

.

We will call these webs and their duals U -webs. The graphical description of this

category immediately gives that it is a pivotal category.

The main result of [15] is that S completely encodes the category of finite-

dimensional representations of Uqpsl3q.

Theorem 2.3.1 ([15]). S is equivalent to the full pivotal subcategory of fdReppUqpsl3qq

generated by the defining representation of Uqpsl3q.

The defining representation V of Uqpsl3q is the quantum analog of the obvious

representation of sl3 on C3. In down to earth terms, the pivotal subcategory gener-

ated by V has objects finite tensor products whose factors are all either V or V ˚.

16



The correspondence between this category and S is easy to describe. The symbols

` and ´ correspond to V and V ˚ and the morphisms

//
XX

��
and oo��FF

correspond to the unique (up to scalar multiple) maps V ˚bV ˚ Ñ V and V bV Ñ V ˚.

We will call these morphisms and their duals Y -webs. All other webs can be obtained

from Y -webs and U -webs via composition and tensor product.

The reader may at this point object to the assertion that S completely describes

the finite-dimensional representation theory of Uqpsl3q. Recall that in the classical

case, every finite-dimensional irreducible representation of sl3 appears as the highest

weight irreducible summand of a tensor product composed of the defining represen-

tation and its dual. This behavior persists in the quantum case, hence by passing to

the Karoubi envelope1 of S we recover fdReppUqpsl3qq .

We record here one final result from [15] which follows from (the proof of) The-

orem 2.3.1.

Proposition 2.3.2. For any words v and w, there are only finitely many non-elliptic

webs in Hompv, wq and these webs form a basis for this Hom-set.

2.3.2 Highest weight projectors

Kuperberg introduced ‘internal clasps’ in his initial study of S. These clasps are

idempotent elements Pw P HomSpw,wq which via Theorem 2.3.1 correspond to pro-

jection onto the highest weight irreducible summand (and then inclusion). Here w

is a word of `’s and ´’s.

We shall denote these morphisms, referred to as (quantum sl3) projectors for the

1 This is also known as the idempotent completion; see [4] for a description of this construction.
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duration, graphically by

Pw “ w

when we don’t wish to specify the word w and by orienting the strands and labeling

them with numbers corresponding to their multiplicities when we do. For instance,

Pp```´´`q “
3

2oo
//

//

where strands unlabeled on the right have multiplicity one.

These projectors can be described without reference to fdReppUqpsl3qq as follows.

Let the weight of a word w be given by

wtpwq “ pw`, w´q P Z2
ě0

where w˘ denotes the number of ˘ signs appearing in the word. There is a partial

order on words generated by the relations

pw`, w´q ą pw` ` 1, w´ ´ 2q

pw`, w´q ą pw` ´ 2, w´ ` 1q,

corresponding to the partial order on the weight lattice for sl3. The projector Pw is

the unique non-zero idempotent element in HomSpw,wq satisfying the condition that

if wtpvq ă wtpwq then Pw ‚W1 “ 0 for any W1 P HomSpw, vq and W2 ‚ Pw “ 0 for

any W2 P HomSpv, wq (recall our conventions for the order of tangle composition!).

It follows that pPwq
˚ “ Pw˚ .

Of particular importance are the segregated projectors, those of the form

m

noo

//

18



for m,n ě 0; we will refer to the domain (“ codomain) of a segregated projector

as a segregated word. All other projectors can be obtained from these by inserting

‘H-webs,’ those of the form
ii 55

��
55 ii

and
uu ))

OO
)) uu

to permute the order of the `’s and ´’s. For example Pp`´`q can be obtained from

Pp``´q as follows:

oo
//

//

“ kk
//

++
.

The following result, proved in [19], gives a recursive formula for the segregated

projectors.

Proposition 2.3.3. For m ą 0,

m// “
m´1//

//
´
rm´ 1s

rms

m´1

m´2

//

//
(2.3.4)

and for m,n ą 0

m

noo

//

“

minpm,nq
ÿ

k“0

p´1qk
rms!rns!rm` n´ k ` 1s!

rm´ ks!rn´ ks!rm` n` 1s!rks!

//

oo

k

m´k

n´k

m

n

.

(2.3.5)

From these formulas it is evident that a projector is the sum of a lone identity web,

denoted idw for the duration, in quantum degree zero with a Cpqq-linear combination

of non-identity webs. The next proposition, which follows from the definition of the

projectors, gives a characterization of Pw that we will eventually categorify.

Proposition 2.3.4. The following properties characterize Pw.
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1. Pw “ idw`
řr
i“1 fipqq ¨Wi with fi P Cpqq and Wi P HomSpw,wqr idw.

2. If wtpvq ă wtpwq then Pw ‚W1 “ 0 for any W1 P HomSpw, vq and W2 ‚Pw “ 0

for any W2 P HomSpv, wq.

3. Pw ‚ Pw “ Pw.

If the projector is segregated, Proposition 2.3.3 shows that the non-identity webs

in the sum take the form V1 ‚W ‚ V2 where V1 and V2 are (the tensor product of

identity webs with) U -webs or Y -webs, and W is an arbitrary web. This observation,

together with the semisimplicity of fdReppUqpsl3qq, implies that the second defining

property above can be replaced by the following in the case of a segregated projector:

2.’ Pw annihilates Y -webs and U -webs (when two of the boundary points are at-

tached to Pw).

This can also be deduced from the following result of Kuperberg which shall be used

in the sequel.

Proposition 2.3.5 ([15]). If w is a segregated word and v is a word of lower or

incomparable weight, then any non-elliptic web in HomSpw, vq factors through a Y -

web or a U-web, i.e. has a Y -web or U-web with two of its boundary points attached

to w.

A similar result holds for HomSpv, wq by taking duals.

2.4 sl3 tangle invariant

We now aim to describe the quantum sl3 tangle invariant combinatorially. We begin

with the invariant in which every component is labeled by V or V ˚. It suffices to

express the braiding morphisms from fdReppUqpsl3qq as morphisms in S via Theorem

2.3.1 and assign these values to the crossings. Such formulas are written down
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explicitly in [15]; however, it is more convenient from a categorification standpoint

to instead use the skein relations
B ??__ F

“ q2

__ ??

´ q3
ii 55

��
55 ii

(2.4.1)

B __ ?? F

“ q´2

__ ??

´ q´3
ii 55

��
55 ii

(2.4.2)

from [13] and [18]. The morphisms determined by these formulas are scalar multiples

of the standard braiding on fdReppUqpsl3qq, but do not themselves determine a

braiding since, for example, we have the equation

B OO

||

bb

//

F

“ q8

B OO

//

\\

��

F

. (2.4.3)

There are similar corrections of q8 for other orientations of this diagram with the

factor of q8 always appearing on the side of the equation with smaller writhe.

Nevertheless, equations (2.4.1)and (2.4.2) still determine a well defined map from

tangles to morphisms in S which turns out to be independent of framing. In par-

ticular, links can be viewed as morphisms in HomSpH,Hq – Cpqq so this gives a

Cpqq-valued invariant of links. The local relations (2.3.1), (2.3.2), and (2.3.3) and

skein relations (2.4.1) and (2.4.2) show that this link invariant is actually Zrq´1, qs-

valued.

Using the sl3 projectors we can extend this formulation to give a combinatorial

description of the sl3 Reshetikhin-Turaev invariant of framed tangles, i.e. the in-

variant of framed tangles in which each component is labeled by a finite-dimensional

irreducible representation of sl3. Recall that such a representation is determined by

its highest weight, i.e. by λ “ wtpwq for some object w in S. To compute this in-

variant xT ytλiuri“1
for an r-component tangle T , consider any word wi corresponding

to the highest weight λi of the irreducible representation labeling the ith component.
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Take the cable of the tangle corresponding to the tangle’s framing with strands di-

rected according to wi and insert Pwi anywhere along the cabling. Finally, use the

skein relations to evaluate the (sum of) tangled webs.

Example 2.4.1. Equation (2.3.5) gives

oo
//
“

55

yy
´

1

r3s

BB

��

so we compute

C

0

��

G

p`´q

“ ��OO “ r3s2 ´ 1

where the zero denotes the framing.

It is possible to show that for each labeling this gives an invariant of framed

tangles; in particular it does not depend on where we insert the projector on each

component.

2.5 The categorified sl3 tangle invariant

Using the cohomology rings of projective space and flag varieties and certain singular

surfaces called foams, Khovanov constructed a categorification of the quantum sl3

link invariant in [13]. This construction gives a bigraded homology theory for links

from which the quantum sl3 link invariant can be recovered by taking the graded

Euler characteristic. In [16], Mackaay and Vaz gave a geometric reformulation of this

theory in the spirit of [2], which was later refined by Morrison and Nieh in [18] to an

invariant of tangles. This latter theory is the setting for our categorification of the

quantum sl3 projectors.

We now outline Morrison and Nieh’s construction, referring the reader to their

work for complete details. The invariant of a tangle takes values in the Hom-
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categories of the homotopy category of complexes in a certain (weak) 2-category2

F which we now describe.

The objects of F are words in the symbols ` and ´, just as in S. Given two

words v and w, the category Hompv, wq is the additive category whose objects (the 1-

morphisms in F) are q-graded formal direct sums of webs3 with boundary determined

by v and w. Morphisms between such objects (the 2-morphisms) are matrices of C-

linear combinations4 of isotopy classes of degree-zero foams - oriented surfaces with

singular arcs which locally look like the product of the letter Y and an interval -

having the webs as boundary. The ‘vertical’ boundaries of a foam are required to

be the product of the boundary of the webs it maps between with an interval. For

example, we have the foam

which we read as mapping from the web at the bottom to the web at the top (we

have omitted orientations from these webs).

A foam F : qk1W1 Ñ qk2W2 is graded via

degpF q “ 2χpF q ´ |B| `
|V |

2
` k2 ´ k1

where χ is the Euler characteristic, B is the boundary of W1 (or W2 - their boundaries

agree!), and V is the set of trivalent vertices in W1

š

W2. Certain (degree homoge-

neous) local relations are imposed on these foams; we refer the reader to [18] for the

2 Morrison and Nieh take the viewpoint that this structure is a canopolis, which is essentially a
2-category with some dualities. They denote what we call F by MatpCobpsu3qq.
3 Note that we don’t quotient by local relations or isotopy. These relations will instead be encoded

by certain 2-isomorphisms in F .

4 We could actually work over any ring in which 2 and 3 are invertible.
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precise definition of a foam and for the local relations, rather than re-LATEX-ing the

complicated pictures here.

Vertical composition of 2-morphisms, given by gluing foams along webs, is de-

noted by ˝. Horizontal composition, the bifunctor

Hompv, wq ˆ Hompw, uq Ñ Hompv, uq

given by gluing 1-morphisms along their boundary and gluing 2-morphisms along

the corresponding vertical segments, is denoted by ‚. As in S this composition is

written in the non-traditional, but diagrammatically pleasing, order. Tensor product

is defined on 1-morphisms by stacking vertically, as in S, and in the obvious manner

for 2-morphisms.

For the duration, we will denote the Hom-category between objects v and w by

Hom‚pv, wq and the vector space of morphisms between two 1-morphisms V and W

by Hom˝pV,W q. A useful perspective on the 2-category F is that we extend the

planar diagrammatics for S into a third dimension via (singular) surfaces.

The categorified sl3 tangle invariant takes values in Kb
pFq, the homotopy 2-

category of bounded (cochain) complexes in F . This 2-category is obtained from F

by replacing each Hom‚-category by the homotopy category of bounded (cochain)

complexes in this category. Vertical composition is then given by composition of

(homotopy classes of) chain maps. Horizontal composition and tensor product are

extended to Kb
pFq in a manner analogous to the tensor product of complexes of

R-modules.

The invariant for a tangle T , denoted JT K, is given on crossings by

s ??__ {
“

¨

˚

˚

˚

˝

q2

__ ??

// q3

ii 55

��
55 ii

˛

‹

‹

‹

‚

(2.5.1)
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s __ ?? {
“

¨

˚

˚

˚

˝

q´3

ii 55

��
55 ii

// q´2

__ ??

˛

‹

‹

‹

‚

(2.5.2)

and extended to all tangles using horizontal composition and tensor product. Note

that these foams, and hence the differentials in all complexes, have degree zero. We

shall refer to the foam in equation (2.5.1) as a zip and the foam in (2.5.2) as an

unzip, often denoting these morphisms by z and u respectively. Here and for the

duration we will underline the term of a complex in homological degree zero; if no

underline is present (and the homological degrees are not explicitly specified) then

the leftmost term is assumed to be in homological degree zero.

Applying a Reidemeister move to a tangle changes the corresponding complex by

a homotopy equivalence, so we obtain a Kb
pFq-valued invariant of tangles. Taking

the Euler characteristic of the complex assigned to a tangle gives the quantum sl3

invariant, as is evident by comparing equations (2.5.1) and (2.5.2) to equations (2.4.1)

and (2.4.2).

This construction generalizes the sl3 Khovanov homology of links as defined in

[13]. Let W ÞÑ zHompH,W q be the functor which assigns to a closed web W the

graded vector space of foams mapping from H to W . Applying this functor to the

complex in Kb
pFq assigned to a link gives a complex of graded vector spaces and

taking (co)homology recovers Khovanov’s sl3 link invariant.

2.6 Grothendieck groups and categorification

We now aim to make precise the statement that F categorifies S. In order to do so,

we must first discuss Grothendieck groups of additive and triangulated categories.

The main result of this section is Theorem 2.6.1 which equates the (split) Grothendieck

group of an additive category with the (triangulated) Grothendieck group of the ho-
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motopy category of bounded complexes over that additive category. It has recently

been pointed out to the author that this result is known to those working in the

field of algebraic K-theory. The proof presented here was found prior to this and

independently of any references.

2.6.1 Grothendieck groups

Let C be an abelian category. Recall that the Grothendieck group of C, denoted

K0pCq is the quotient of the free abelian group of isomorphism classes rCs of objects

of C by the relation that rC2s “ rC1s ` rC3s for every short exact sequence

0 Ñ C1 Ñ C2 Ñ C3 Ñ 0

in C.

Since the categories discussed above are not abelian, we need the analog of this

construction in additive (and triangulated) categories. Let A be an additive cate-

gory. Recall that this means that A has a zero object, finite biproducts, and that

HomApA1, A2q is an abelian group for any objects A1, A2 in A with addition dis-

tributing over composition. The split Grothendieck group of A, denoted K‘pAq, is

the abelian group generated by isomorphism classes rAs of objects in A modulo the

relations rA1‘A2s “ rA1s` rA2s for all objects A1, A2 in A. We can think of this as

the analog of the Grothendieck group of an abelian category where we impose a rela-

tion for the only notion of exact sequence that makes sense in an additive category,

that of a split exact sequence.

Now suppose that T is not only additive but in addition triangulated. In this case,

we define the triangulated Grothendieck group, denoted K4pT q, to be the abelian

group generated by isomorphism classes rT s of objects in T modulo the relations

rT2s “ rT1s ` rT3s for all distinguished triangles T1 Ñ T2 Ñ T3 in T .

We’ll note here for later use that if in either of the above constructions the
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category A or T is graded then we can keep track of this grading when we take the

Grothendieck group. This endows the Grothendieck group of such a category with

the structure of a Zrq´1, qs-module.

Now, fix an additive category A and recall that Kb
pAq has the structure of a

triangulated category. A natural (and relevant!) question is the relation between the

abelian groups K‘pAq and K4pK
b
pAqq.

Let A¨ “

ˆ

Ak dk // ¨ ¨ ¨
dl´1

// Al
˙

be a (bounded) complex in Kb
pAq and let Arms¨

denote the complex shifted up5 by m in homological degree (i.e. Armsi “ Ai´m).

Recall for later use that the differential on Arms¨ is given by the differential on A¨

multiplied by p´1qm.

The distinguished triangle

A¨ Ñ 0 Ñ Ar´1s¨

gives that
“

Ar´1s¨
‰

“ ´rA¨s (2.6.1)

and the distinguished triangle

Ak Ñ

ˆ

Ak`1 dk`1
// ¨ ¨ ¨

dl´1
// Al

˙

Ñ Ar´k ´ 1s¨

shows (via induction) that

rA¨s “ χpA¨q (2.6.2)

in K4pK
b
pAqq. Here χpA¨q :“

ř8

i“´8p´1qirAis and Ai is shorthand for the complex

with the object Ai in degree zero and all other terms zero. From this we see that

K4pK
b
pAqq and K‘pAq are generated by the same elements.

5 My apologies to any algebraic geometers in the audience; I learned homological algebra from
[25].
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Given complexes A¨1 and A¨2, the distinguished triangle

A¨1 Ñ A¨1 ‘ A
¨
2 Ñ A¨2

shows that

rA¨1 ‘ A
¨
2s “ rA

¨
1s ` rA

¨
2s. (2.6.3)

Equations (2.6.2) and (2.6.3) then imply that there is a surjective map K‘pAq Ñ

K4pK
b
pAqq which sends (the equivalence class of) an object A in A to the (equiv-

alence class of the) complex with A in homological degree zero and all other terms

zero.

Theorem 2.6.1. The map K‘pAq Ñ K4pK
b
pAqq is an isomorphism.

Before proving this result, we recall the following fact concerning cones of (co)chain

maps and homotopy equivalence. Our convention is that for a map f : A¨1 Ñ A¨2, the

complex conepfq is given by

conepfqi “ Ai`1
1 ‘ Ai2

with differential
´

´dA1
0

´f dA2

¯

.

Proposition 2.6.2. A chain map ϕ : A¨1 Ñ A¨2 is a homotopy equivalence iff conepϕq¨

is null-homotopic.

For an elementary proof of this fact for complexes of abelian groups (which carries

over to the case of arbitrary additive categories) see [24, pg. 167]. We now prove

Theorem 2.6.1.

Proof. It suffices to show that there are no additional relations imposed onK4pK
b
pAqq

other than those given in equations (2.6.1), (2.6.2), and (2.6.3). Given a map
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f : A1 Ñ A2, these equations show that

rconepfq¨s “
8
ÿ

j“8

´

p´1qjrAj2s ` p´1qj`1
rAj1s

¯

(2.6.4)

“ rA¨2s ´ rA
¨
1s

so distinguished triangles of the form

A¨1
f // A¨2 // conepfq¨ (2.6.5)

contribute no new relations. Since all distinguished triangles are isomorphic to those

of the form (2.6.5) and isomorphism in Kb
pAq is homotopy equivalence, it suffices

to show that A¨1 » A¨2 implies that χpA¨1q “ χpA¨2q when the latter are viewed as

elements in the group K‘pAq. Here and for the duration, we let the symbol » denote

homotopy equivalence of complexes, i.e. isomorphism in Kb
pAq.

To this end, suppose that ϕ : A¨1 Ñ A¨2 is a homotopy equivalence and consider

the distinguished triangle

A¨1
ϕ // A¨2 // conepϕq¨ .

Proposition 2.6.2 gives that conepϕq » 0 so equation (2.6.4) implies that it suffices

to show that if A¨ is a null-homotopic complex then χpA¨q “ 0 when viewed as an

element of K‘pAq.

Let A¨ be such a complex; we may assume that

A¨ “

ˆ

A0 d0 // A1 d1 // ¨ ¨ ¨
d2k // A2k`1

˙

contains all of the non-zero terms of A¨. It suffices to show that

k
à

i“0

A2i
–

k
à

i“0

A2i`1
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which we shall do by explicitly writing down matrices (which determine morphisms

between finite direct sums in additive categories) giving the isomorphism.

Since A¨ is null-homotopic there exist maps hj : Aj Ñ Aj´1 so that

idj “ dj´1hj ` hj`1dj.

Using these equations, we can deduce the relations

hjhj`1
¨ ¨ ¨hj`2l`1

“ dj´2hj´1hj ¨ ¨ ¨hj`2l`1
` hj ¨ ¨ ¨hj`2l`1hj`2l`2dj`2l`1.

For instance, we can compute

hjhj`1
“ hj idj h

j`1

“ hjdj´1hjhj`1
` hjhj`1djhj`1

“ hjhj`1
´ dj´2hj´1hjhj`1

` hjhj`1
´ hjhj`1hj`2dj`1

and

hjhj`1hj`2hj`3
“ hjhj`1 idj`1 h

j`2hj`3

“ hjhj`1djhj`1hj`2hj`3
` hjhj`1hj`2dj`1hj`2hj`3

“ hjhj`1hj`2hj`3
´ hjdj´1hjhj`1hj`2hj`3

` hjhj`1hj`2hj`3
´ hjhj`1hj`2hj`3dj`2hj`3

“ dj´2hj´1hjhj`1hj`2hj`3
` hjhj`1hj`2hj`3hj`4dj`3.

and similar computations (or induction on l) show the result in general.

Consider now the maps

R :
k
à

i“0

A2i
Ñ

k
à

i“0

A2i`1

and

L :
k
à

i“0

A2i`1
Ñ

k
à

i“0

A2i
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given by

R “

¨

˚

˚

˚

˚

˚

˚

˚

˝

d0 α0h
2 α1h

2h3h4 α2h
2 ¨ ¨ ¨h6 ¨ ¨ ¨ αk´1h

2 ¨ ¨ ¨h2k

0 d2 α0h
4 α1h

4h5h6 ¨ ¨ ¨ αk´2h
4 ¨ ¨ ¨h2k

0 0 d4 α0h
6 ¨ ¨ ¨ αk´3h

6 ¨ ¨ ¨h2k

0 0 0 d6 ¨ ¨ ¨ αk´4h
8 ¨ ¨ ¨h2k

...
...

...
...

. . .
...

0 0 0 0 ¨ ¨ ¨ d2k

˛

‹

‹

‹

‹

‹

‹

‹

‚

(2.6.6)

and

L “

¨

˚

˚

˚

˚

˚

˚

˚

˝

α0h
1 α1h

1h2h3 α2h
1 ¨ ¨ ¨h5 α3h

1 ¨ ¨ ¨h7 ¨ ¨ ¨ αkh
1 ¨ ¨ ¨h2k`1

d1 α0h
3 α1h

3h4h5 α2h
3 ¨ ¨ ¨h7 ¨ ¨ ¨ αk´1h

3 ¨ ¨ ¨h2k`1

0 d3 α0h
5 α1h

5h6h7 ¨ ¨ ¨ αk´2h
5 ¨ ¨ ¨h2k`1

0 0 d5 α0h
7 ¨ ¨ ¨ αk´3h

7 ¨ ¨ ¨h2k`1

...
...

...
...

. . .
...

0 0 0 0 ¨ ¨ ¨ α0h
2k`1

˛

‹

‹

‹

‹

‹

‹

‹

‚

(2.6.7)

where tαku are integers defined by the recursion α0 “ 1, α1 “ ´1, and

αk “ ´
k´1
ÿ

j“0

αjαk´1´j.

It is easy to see that in fact αk “ p´1qkck where ck is the kth Catalan number.

We now compute the entries of the matrices RL and LR. For i ă j we have

pRLqij “ αj´id
2i´2h2i´1

¨ ¨ ¨h2j´1
` α0αj´i´1h

2i
¨ ¨ ¨h2j´1

` ¨ ¨ ¨

` αj´i´1α0h
2i
¨ ¨ ¨h2j´1

` αj´ih
2i
¨ ¨ ¨h2jd2j´1

“ αj´ipd
2i´2h2i´1

¨ ¨ ¨h2j´1
` h2i

¨ ¨ ¨h2jd2j´1
´ h2i

¨ ¨ ¨h2j´1
q

“ 0

and pRLqij “ 0 for i ą j. We also compute

pRLqjj “ α0pd
2j´2h2j´1

` h2jd2j´1
q “ id2j´1
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which shows that RL “ id. Similarly, for i ă j we have

pLRqij “ αj´id
2i´3h2i´2

¨ ¨ ¨h2j´2
` α0αj´i´1h

2i´1
¨ ¨ ¨h2j´2

` ¨ ¨ ¨

` αj´i´1α0h
2i´1

¨ ¨ ¨h2j´2
` αj´ih

2i´1
¨ ¨ ¨h2j´1d2j´2

“ αj´ipd
2i´3h2i´2

¨ ¨ ¨h2j´2
` h2i´1

¨ ¨ ¨h2j´1d2j´2
` h2i´1

¨ ¨ ¨h2j´2
q

“ 0

and pLRqij “ 0 for i ą j. We also see that

pLRqjj “ α0pd
2j´3h2j´2

` h2j´1d2j´2
q “ id2j´2

so LR “ id.

We record a corollary of the above proof for later use.

Corollary 2.6.3. Let A¨ be a null-homotopic, bounded below (cochain) complex in

A, then

8
à

i“´8

A2i
–

8
à

i“´8

A2i`1.

Proof. We can assume that A¨ is supported in non-negative homological degree. The

infinite matrices determined by taking k Ñ 8 in equations (2.6.6) and (2.6.7) then

give the desired isomorphism.

2.6.2 Categorification

Given an abelian group A, we say that an abelian, additive, or triangulated category

C categorifies6 A if the (appropriate) Grothendieck group of C is isomorphic to A.

If A additionally has the structure of a Zrq´1, qs-module then we require that C is

graded and that this grading gives the module structure when we ‘decategorify’ - i.e.

take the Grothendieck group.

6 See [14] for a more refined notion of categorification.
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Similarly, if we have an additive category C, we say that a 2-category 2C categori-

fies C if we can recover C by taking the Grothendieck group in each Hom-category of

2C. Again, if the Hom-groups of C are Zrq´1, qs-modules then we require the Hom-

categories of 2C to be graded and for the grading to give the module structure on

the Grothendieck group.

Now, consider the subcategory Sint Ă S whose morphisms are given by Zrq´1, qs-

linear sums of webs. Equations (2.3.1), (2.3.2), and (2.3.3) show that this is indeed

a subcategory. The following result relating F and Sint is proved in [18].

Theorem 2.6.4. The 2-category F categorifies Sint.

In particular, categorified versions of equations (2.3.1), (2.3.2), and (2.3.3) hold:

pp
nn// // – q // ‘ q´1 // (2.6.8)

//
OO��

oo

__ ��

?? ��
–

mm

-- ‘ ��QQ (2.6.9)

//
– q2

H‘ q0
H‘ q´2

H (2.6.10)

where – denotes isomorphism in F . See [18, Theorem 3.11] for the foams giving

these isomorphisms. The categorified version of equation (2.4.3) also holds:

s
OO

||

bb

//

{
»

s OO

//

\\

��

{
r2st8u (2.6.11)

in Kb
pFq, where tku denotes a shift up in q-degree by k.

Theorems 2.6.1 and 2.6.4 pair to give the following result.

Corollary 2.6.5. The 2-category Kb
pFq categorifies Sint.

Observe now that equations (2.4.1) and (2.4.2) imply that the sl3 invariant of a

tangle actually takes values in the appropriate Hom-set of Sint, i.e. is defined over
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the ring Zrq´1, qs. We have the commutative diagram

Kb
pFq
χ

��
T ang x´y //

J´K
::

Sint

(2.6.12)

which sums up the relation between the sl3 tangle invariant and its categorified

counterpart. In this diagram T ang is the collection of tangles and the vertical map

χ assigns to each complex the corresponding morphism in K4pK
b
pFqq. Concretely,

this is the alternating sum of the (equivalence classes of the) terms in the complex,

i.e. its (graded) Euler characteristic. We shall denote by χ the operation of taking

the alternating sum of the terms of a complex for the duration.
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3

Summary of results

Having digested the relevant background information, we now summarize the results

of this thesis. Our main result is the following.

Theorem 3.0.1. For each word w (in the symbols ` and ´) there exists a complex

P̃w with terms in Hom‚pw,wq supported in non-negative homological degree so that

1. idw appears only once in P̃w and does so in quantum and homological degree

zero,

2. all other webs in the complex factor through words of lower weight,

3. if wtpvq ă wtpwq then P̃w ‚W1 » 0 for any W1 P Hom‚pw, vq and W2 ‚ P̃w » 0

for any W2 P Hom‚pv, wq, and

4. P̃w ‚ P̃w » P̃w.

It follows from this description that such a complex is unique up to homotopy.

One should compare this theorem to Proposition 2.3.4, observing that the prop-

erties characterizing the categorified projector P̃w are categorical analogs of those

characterizing Pw.
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We construct such complexes as the stable limit (up to homotopy) of the com-

plexes
t

... w

k
|

rk ¨ c´stk p3c´ ´ 2c`qu (3.0.1)

as k Ñ 8. The notation indicates that there are k full twists on strands directed

according to the word w and c˘ is the number of ˘ crossings in one twist.

Our inspiration for this construction is Rozansky’s work [22], where he proves the

analogous result in the sl2 case, constructing categorified Jones-Wenzl projectors as

the stable limit of the categorified sl2 invariant assigned to such ‘torus braids.’

Although the complexes P̃w will be semi-infinite (i.e. only bounded below), we

will show that it is possible to take their graded Euler characteristic and that the

next result holds.

Theorem 3.0.2. χpP̃wq “ Pw.

Theorems 3.0.1 and 3.0.2 will be proved in Chapter 5. As a consequence of the

above we obtain an alternate characterization of the sl3 projectors, known to experts

in the field. The author is unaware of a proof appearing in the literature.

Corollary 3.0.3. Let w be a word, then

w “ lim
kÑ8

qkp3c´´2c`q

C

... w

k
G

.

This limit is a finite sum of webs with coefficients in Zrq´1, qss and corresponds

to the left hand side using the inclusion of coefficients Cpqq ãÑ Crq´1, qss.

Finally, we shall use the categorified projectors P̃w to give a categorification of

the sl3 Reshetikhin-Turaev invariants of framed tangles. Let K`
pFq denote the

homotopy category of bounded below complexes in F .
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Theorem 3.0.4. Let T be an r-component framed tangle with components labeled by

finite-dimensional irreducible representations of Uqpsl3q with highest weights tλiu
r
i“1.

There exists a complex JT K
tλiuri“1

in K`
pFq, invariant up to homotopy under regular

isotopy, which gives a categorification of the sl3 Reshetikhin-Turaev invariant; that

is, the diagram

K`
pFq
χ

��
T ang

x´ytλiu
r
i“1

//

J´Ktλiuri“1

66

S

commutes.

This result is proved in Chapter 6. As in the unlabeled categorified sl3 invariant,

we can apply the functor zHompH,´q to the complex assigned to a (labeled, framed)

link and compute (co)homology to obtain an honest-to-goodness link homology the-

ory.
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4

Some homological algebra

In this chapter we present the requisite homological algebra for our results. The first

section contains elementary results. The following two sections present the ‘calculus’

of chain complexes. The aim of these results is to establish a theoretical framework

to define the limit of the complexes in equation (3.0.1). Almost all of the results

in the latter two sections (or rather the dual statements) are taken from [22], but

we repeat them in the interest of giving a self contained treatment and in order to

provide some proofs omitted there.

4.1 Basic technical tools

Let A be an additive category. We will consider both the category KompAq of

(cochain) complexes of objects inA and the category KpAq, the homotopy category of

KompAq. As above, we use the superscripts b and ` to denote the full subcategories

of these categories consisting of bounded and bounded below complexes. We will use

– to indicate isomorphism in KompAq and » to denote isomorphism in KpAq, that

is, homotopy equivalence.

The first result, a technical tool from [3], concerns Gaussian elimination homotopy
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equivalences. Such homotopy equivalences are ubiquitous in the study of Khovanov

homology and its generalizations.

Proposition 4.1.1 (Gaussian elimination). Let

¨ ¨ ¨ // A
p ˚α q // B ‘ C

´

ψ β
γ δ

¯

// D ‘ E
p ˚ ε q // F // ¨ ¨ ¨

be a complex in KompAq where ψ : B Ñ D is an isomorphism, then this complex is

homotopy equivalent to the following complex:

¨ ¨ ¨ // A α // C
δ´γ˝ψ´1˝β // E ε // F // ¨ ¨ ¨ .

Moreover, if A is graded and the differentials in the complex are degree 0 then so are

the maps giving the homotopy equivalence.

Our next result relates the cone of a chain map with the cone of that chain map

composed with a homotopy equivalence.

Proposition 4.1.2. Let ϕ and ψ be homotopy equivalences and α be a chain map,

then conepϕ ˝ α ˝ ψq » conepαq.

Proof. Given chain maps f and g, there is a homotopy equivalence

cone

¨

˝ conepfq

´

id 0
0 g

¯

// conepg ˝ fq

˛

‚» conepgq

so there is a distinguished triangle

conepfq // conepg ˝ fq // conepgq // conepfqr´1s .

Considering the rotations of this triangle, the result follows from Proposition 2.6.2

assuming in turn that f or g is a homotopy equivalence.
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Let tAi,ju be a double complex. By convention, the horizontal dh and vertical

dv differentials anti-commute. Given a double complex we can obtain an element in

KompKompAqq by negating the differentials in every other row, and vice-versa. We

will use this trick to show the following.

Proposition 4.1.3 (Replacement). Let tAi,ju be a double complex with 0 ď i ď 8

and 0 ď j ď m (a triply-bounded double complex). Suppose that for each j there

exist complexes D¨,j and homotopy equivalences ϕj : A¨,j » D¨,j, then TotptAi,juq is

homotopy equivalent to a complex Dm which has ‘i`j“kD
i,j in homological degree k.

Proof. We proceed via induction on m. The case m “ 0 is obvious. We will show

the m “ 1 case as this informs the proof of the general case. We consider a double

complex tAi,ju of the form

A0,1 dh // A1,1 dh // A2,1 dh // ¨ ¨ ¨

A0,0

dv

OO

dh // A1,0

dv

OO

dh // A2,0

dv

OO

dh // ¨ ¨ ¨

(4.1.1)

where each square anti-commutes. We find that

TotptAi,juq “ A0,0

´

dh
dv

¯

// A1,0 ‘ A0,1

´

dh 0
dv dh

¯

// A2,0 ‘ A1,1

´

dh 0
dv dh

¯

// ¨ ¨ ¨ . (4.1.2)

Negating the top row of equation (4.1.1) to view dv as a chain map between the

complexes pA¨,0, dhq and pA¨,1,´dhq we find that TotptAi,juq “ conepdvqr1s. Consider

the composition ϕ1 ˝ dv ˝ ϕ
´1
0 : D¨,0 Ñ D¨,1. Proposition 4.1.2 shows that

conepϕ1 ˝ dv ˝ ϕ
´1
0 q » conepdvq

which gives the result since the degree k term of conepϕ1˝dv˝ϕ
´1
0 qr1s is Dk,0‘Dk´1,1.

We now prove the general case. Let tAi,jujďm`1 be a double complex with 0 ď

i ď 8 and 0 ď j ď m ` 1 and let tAi,jujďm be the double complex obtained by
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truncating the last row of tAi,jujďm`1. We find that

TotptAi,jujďm`1q – cone

ˆ

TotptAi,jujďmq
dv // A¨,m`1 rms

˙

r1s

where we have negated the differential on A¨,m`1rms in the case that m is even to

view dv as a chain map (recall how r´s acts on differentials). By induction, there

exists a homotopy equivalence ψ : Dm Ñ TotptAi,jujďmq and the result follows from

conepϕm`1rms ˝ dv ˝ ψq » conepdvq

as above.

We will typically apply this result to double complexes of the form tAi‚Bju where

A¨ and B¨ are complexes in KompFq and the complexes Ai ‚ B¨ can be simplified

using Gaussian elimination.

The final result we shall need describes how tensor products interact with cones

and homotopy equivalence.

Proposition 4.1.4. Suppose A is a monoidal category, then

cone

ˆ

A¨
f // B¨

˙

b C ¨ “ cone

ˆ

A¨ b C ¨
fbidC // B¨ b C ¨

˙

and if A¨ » B¨ then A¨ b C ¨ » B¨ b C ¨.

Similar results holds for other operations that behave like the tensor product of

complexes. In particular, we will use the analogous result for horizontal composition

in KompFq.

4.2 Homological calculus in the category of chain complexes

In this section, we study the calculus of chain complexes in KompAq. Let A¨ be such

a complex.
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Definition 4.2.1. The kth truncation of A¨ is the complex tďkA
¨ with

tďkA
i
“

"

Ai if i ď k
0 if i ą k

and the obvious differentials.

Extend tďk to a functor KompAq Ñ KompAq by defining tďkf for a chain map

f : A¨ Ñ B¨ to be the obvious map tďkA
¨ Ñ tďkB

¨. We will say that a chain

complex A¨ is Oh
pkq if Ai “ 0 for all i ă k. Equivalently, A¨ is Oh

pkq if and only if

tďpk´1qA
¨ “ 0.

Definition 4.2.2. The isomorphism order of a chain map f : A¨ Ñ B¨ is given by

|f |
–
“ sup

k
tk | tďkf is an isomorphismu

Clearly, a chain map f is a chain isomorphism if and only if |f |
–
“ 8.

Proposition 4.2.3. Let A¨
f
ÝÑ B¨

ι
ÝÑ conepfq

δ
ÝÑ Ar´1s¨ be a distinguished trian-

gle and suppose B¨ is Oh
pkq, then |δ|

–
ě k ´ 1.

Proof. The result follows since δ is given by the diagram

¨ ¨ ¨ // Ai`1 ‘Bi //

“

��

¨ ¨ ¨ // Ak ‘Bk´1 //

“

��

Ak`1 ‘Bk //

?
��

¨ ¨ ¨

¨ ¨ ¨ // Ai`1 // ¨ ¨ ¨ // Ak // Ak`1 // ¨ ¨ ¨

noticing that the degree i term of conepfq is Ai`1 ‘Bi.

Define an inverse system in KompAq to be a sequence of chain complexes linked

by chain maps:

A “

´

A¨0
f0
ÐÝ A¨1

f1
ÐÝ ¨ ¨ ¨

¯

.

Definition 4.2.4. An inverse system A is stabilizing if limlÑ8 |fl|– “ 8.
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Definition 4.2.5. An inverse system has a Kom-limit, denoted limKom A, if there

exist chain maps limKom A
f̃l
ÝÑ A¨l so that

limKom A
f̃l´1

yy

f̃l

$$
A¨l´1 A¨l

fl´1oo

(4.2.1)

commutes and limlÑ8

ˇ

ˇ

ˇ
f̃l

ˇ

ˇ

ˇ

–
“ 8.

In fact, these preceding two notions coincide.

Theorem 4.2.6. An inverse system A has a Kom-limit if and only if it is stabilizing.

Such a limit is unique up to isomorphism.

Proof. First, assume that A “

´

A¨0
f0
ÐÝ A¨1

f1
ÐÝ ¨ ¨ ¨

¯

is a stabilizing inverse system.

We shall give a direct construction of A¨ “ limKom A.

For each homological degree k, there exists a minimal lpkq so that fkl : Akl`1 Ñ Akl

is an isomorphism for all l ě lpkq; let Ak “ Aklpkq. Since all of the fl are chain maps,

there is an obvious choice of boundary map Ak Ñ Ak`1. Indeed, the construction is

demonstrated in the following diagram:
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. . .
. . .

. . .
. . .

. . .
. . .

A
lf
l´

1

OO

“
¨
¨
¨

//
A
k l

!!//

OO

A
k
`

1
l

//

OO

A
k
`

2
l

//

OO

A
k
`

3
l

//

OO

A
k
`

4
l

//

OO

¨
¨
¨

A
l`

1f
l

OO

“
¨
¨
¨

// A
k l`

1
//

–

OO

A
k
`

1
l`

1

��

//

OO

A
k
`

2
l`

1
//

OO

A
k
`

3
l`

1
//

OO

A
k
`

4
l`

1
//

OO

¨
¨
¨

A
l`

2f
l`

1

OO

“
¨
¨
¨

// A
k l`

2
//

–

OO

A
k
`

1
l`

2
//

–

OO

A
k
`

2
l`

2
//

OO

A
k
`

3
l`

2

��

//

OO

A
k
`

4
l`

2
//

OO

¨
¨
¨

A
l`

3f
l`

2

OO

“
¨
¨
¨

// A
k l`

3
//

–

OO

A
k
`

1
l`

3
//

–

OO

A
k
`

2
l`

3

<< //

OO

A
k
`

3
l`

3
//

–

OO

A
k
`

4
l`

3
//

OO

¨
¨
¨

. . .f
l`

3

OO

. . .

–

OO

. . .

–

OO

. . .

–

OO

. . .

–

OO

. . .OO
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where the boundary maps are uniquely determined as any path between the selected

‘nodes’ since the grid commutes. Define the maps f̃l : A¨ Ñ Al using the obvious

maps Ak “ Aklpkq ÝÑ Akl .

We now show that A¨ is a Kom-limit for A. Since A is stabilizing, for every N

there exists lN so that l ą lN implies |fl|– ě N . This in turn implies that if l ą lN

then
ˇ

ˇ

ˇ
f̃l

ˇ

ˇ

ˇ

–
ě N , showing that limlÑ8

ˇ

ˇ

ˇ
f̃l

ˇ

ˇ

ˇ

–
“ 8. The result now follows since the

diagram (4.2.1) commutes by construction.

Next, assume that A has a Kom-limit. Commutativity of (4.2.1) shows that

|fl|– ě min
´
ˇ

ˇ

ˇ
f̃l

ˇ

ˇ

ˇ

–
,
ˇ

ˇ

ˇ
f̃l`1

ˇ

ˇ

ˇ

–

¯

so limlÑ8 |fl|– “ 8, i.e. A is stabilizing.

Finally, we show that Kom-limits are unique up to isomorphism in KompAq.

Suppose that both A¨ and pA1q¨ are Kom-limits. For each homological degree k0,

there exists mpk0q so that for all m ě mpk0q the maps f̃km and f̃ 1
k

m are isomorphisms

for all k ď k0. Define the isomorphism pA1q¨
–
ÝÑ A¨ in the kth0 homological degree by

pf̃kmpk0qq
´1
˝ f̃ 1

k

mpk0q
: pA1qk Ñ Ak.

Commutativity of (4.2.1) implies that this gives a chain isomorphism, well defined

independent of the choice of mpk0q.

4.3 Homological calculus in the homotopy category of chain com-
plexes

We now describe the extension of the definitions and results from the previous section

to the homotopy category KpAq.

Let A¨ be a complex in KpAq. Define the homological order of A¨ via

|A¨|h “ suptk | A¨ » B¨ where B¨ is Oh
pkqu.
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We think of a complex as homologically negligible if |A¨|h is large. In the same vein,

we view complexes A¨ and B¨ as homologically close if there is a chain map A¨
f
ÝÑ B¨

so that conepfq is homologically negligible.

The next two definitions generalize the notions of stabilizing inverse system and

Kom-limit.

Definition 4.3.1. An inverse system A “

´

A¨0
f0
ÐÝ A¨1

f1
ÐÝ ¨ ¨ ¨

¯

is Cauchy if

limlÑ8 |conepflq|h “ 8.

Definition 4.3.2. An inverse system A “

´

A¨0
f0
ÐÝ A¨1

f1
ÐÝ ¨ ¨ ¨

¯

has a K-limit, de-

noted limK A, if there exist chain maps limK A
f̃l
ÝÑ A¨l so that

limK A
f̃l´1

zz

f̃l

##
A¨l´1 A¨l

fl´1oo

(4.3.1)

commutes in KpAq and limlÑ8

ˇ

ˇ

ˇ
conepf̃lq

ˇ

ˇ

ˇ

h
“ 8.

We now aim to state and prove the analog of Theorem 4.2.6 in the homotopy

category. Before doing so, we need two preparatory lemmata.

Lemma 4.3.3. Suppose we have the commutative diagram

A¨

f
��

k

!!
B¨

g // C ¨

in KpAq (i.e. k » g ˝ f), then

|conepgq|h ě mint|conepkq|h , |conepfq|h ´ 1u,

|conepfq|h ě mint|conepgq|h ` 1, |conepkq|hu,
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and

|conepkq|h ě mint|conepfq|h , |conepgq|hu.

Proof. The result follows from the various rotations of the distinguished triangle

conepfq Ñ conepg ˝ fq Ñ conepgq Ñ conepfqr´1s,

noting that for any chain map X ¨ α
ÝÑ Y ¨ we have the inequality |conepαq|h ě

mint|Y ¨|h , |X
¨|h ´ 1u.

Theorem 4.3.4. An inverse system A has a K-limit if and only if it is Cauchy.

The following proof is essentially taken from [22], but we reproduce the argument

in our context as a construction contained therein will be used later.

Proof. First, assume that A “

´

A¨0
f0
ÐÝ A¨1

f1
ÐÝ ¨ ¨ ¨

¯

is Cauchy. This implies that

there exist complexes C ¨l so that

1. Clr´1s¨ » conepflq,

2. C ¨l is Oh
pmlq,

3. and limlÑ8ml “ 8.

We now construct a new inverse system B “

´

B¨0
δ0
ÐÝ B¨1

δ1
ÐÝ ¨ ¨ ¨

¯

with B¨l » A¨l

via the following procedure. Let B¨0 “ A¨0; to define B¨l for l ě 1, consider the

distinguished triangle

A¨l
fl´1
ÝÑ A¨l´1

ιl´1
ÝÑ conepfl´1q. (4.3.2)
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Using the diagram

Al´1r1s
¨ //

“

��

conepfl´1qr1s //

»

��

A¨l
fl´1 //

“

��

A¨l´1

“

��
Al´1r1s

¨ //

»

��

C ¨l´1
//

“

��

A¨l
//

“

��

A¨l´1

»

��
Bl´1r1s

¨
jl´1 //

“

��

C ¨l´1
//

“

��

A¨l
//

»

��

B¨l´1

“

��
Bl´1r1s

¨
jl´1 // C ¨l´1

// conepjl´1q
δl´1 // B¨l´1

whose first row is obtained from rotating (4.3.2), we define B¨l “ conepjl´1q. Note

that indeed B¨l » A¨l and under these homotopies we have the commutative diagram

A¨l
fl´1 //

»

��

A¨l´1

»

��
B¨l

δl´1 // B¨l´1 .

(4.3.3)

Consider now the inverse system B “

´

B¨0
δ0
ÐÝ B¨1

δ1
ÐÝ ¨ ¨ ¨

¯

whose objects fit into

distinguished triangles

Blr1s
¨ jl
ÝÑ C ¨l ÝÑ B¨l`1

δl
ÝÑ B¨l.

Since C ¨l is Oh
pmlq, Proposition 4.2.3 gives that |δl|– ě ml ´ 1; this in turn implies

that B is stabilizing so it has a Kom-limit B¨ “ limKom B.

We now see that B¨ gives a K-limit for A. The commutative square 4.3.3 together

with the fact that B¨ is a Kom-limit gives the diagram

B¨

δ̃0

vv δ̃1~~
δ̃2
��   

B¨0

α0»

��

B¨1

α1»

��

δ0
oo B¨2

α2»

��

δ1
oo ¨ ¨ ¨oo

A¨0 A¨1f0
oo A¨2f1

oo ¨ ¨ ¨oo

(4.3.4)
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where limlÑ8

ˇ

ˇ

ˇ
δ̃l

ˇ

ˇ

ˇ

–
“ 8 (and where the squares commute up to homotopy). Since αl

is a homotopy equivalence, conepαl ˝ δ̃lq » conepδ̃lq which implies
ˇ

ˇ

ˇ
conepαl ˝ δ̃lq

ˇ

ˇ

ˇ

h
“

ˇ

ˇ

ˇ
conepδ̃lq

ˇ

ˇ

ˇ

h
. Define f̃l : B¨ Ñ A¨l via f̃l “ αl ˝ δ̃l; Gaussian elimination of complexes

implies that
ˇ

ˇ

ˇ
conepf̃lq

ˇ

ˇ

ˇ

h
ě

ˇ

ˇ

ˇ
f̃l

ˇ

ˇ

ˇ

–
so we have

lim
lÑ8

ˇ

ˇ

ˇ
conepf̃lq

ˇ

ˇ

ˇ

h
ě lim

lÑ8

ˇ

ˇ

ˇ
δ̃l

ˇ

ˇ

ˇ

–

“ 8 .

Since fl ˝ f̃l`1 » f̃l this shows that B¨ is a K-limit for A.

Now, suppose that A has a K-limit. Equation (4.3.1) and Lemma 4.3.3 give that

|conepflq|h ě min
!
ˇ

ˇ

ˇ
conepf̃lq

ˇ

ˇ

ˇ

h
,
ˇ

ˇ

ˇ
conepf̃l`1q

ˇ

ˇ

ˇ

h
´ 1

)

so

lim
lÑ8

|conepflq|h “ 8

showing that A is Cauchy.

Similar to the case of limits in KompAq, there is also a uniqueness statement;

however, we need a few preparatory results before giving its proof.

The next result (which will be used in the proof of uniqueness) will later pair

with the uniqueness result to show that K-limits actually give categorical limits.

Lemma 4.3.5. Let A be a Cauchy inverse system and let B¨ be the K-limit con-

structed in the proof of Theorem 4.3.4, then if A¨ is a complex and there are maps

A¨
ai
ÝÑ A¨i so that the diagram

A¨

a0

vv
a1~~

a2
��   

A¨0 A¨1f0
oo A¨2f1

oo ¨ ¨ ¨oo
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commutes in KpAq, then there exists a map A¨
h
ÝÑ B¨ so that the triangles

A¨

h
��

ai

~~
A¨i B¨

αi˝δ̃i

oo

commute in KpAq.

Proof. Consider the diagram

A¨

a0

~~
a1
�� a2   ((

A¨0 A¨1f0
oo A¨2f1

oo ¨ ¨ ¨oo

B¨
b0

``
b1

OO
b2

>> 66

where bi “ αi ˝ δ̃i (in the notation from the proof of Theorem 4.3.4). Using (4.3.4)

we can assume that bi “ fi ˝ bi`1 and by throwing out terms and re-indexing we can

suppose that |bi|– ě i. It suffices to show that such an h : A Ñ B exists with the

(remaining) triangles

A¨

h
��

ai

~~
A¨i B¨

bi
oo

commuting up to homotopy.

To this end, consider the sub-diagrams given by

A¨

ai

~~

ai`1

""
A¨i A¨i`1fi
oo

B¨.
bi

``

bi`1

<<
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We begin by constructing maps gi : tďiA
¨ Ñ tďiB

¨ so that gi`1 is homotopic to a

map ĝi`1 with tďj ĝi`1 “ tďjgi for j ă i and so that the triangles

tďiA
¨

gi

��

tďiai

{{
tďiA

¨
i tďiB

¨

tďibi
oo

commute. Define gi “ ptďibiq
´1 ˝ tďiai. Since ai » fi ˝ ai`1 there exist maps Hk

i so

that

aki “ fki ˝ a
k
i`1 ` dAi ˝H

k´1
i `Hk

i ˝ dA. (4.3.5)

Consider the map ĝi`1 : tďi`1A
¨ Ñ tďi`1B

¨ defined in homological degree k by

ĝki`1 “

$

&

%

gi`1
i`1 if k “ i` 1
gii`1 ` dB ˝ pb

i´1
i q´1 ˝H i´1

i if k “ i
gki`1 ` dB ˝ pb

k´1
i q´1 ˝Hk´1

i ` pbki q
´1 ˝Hk

i ˝ dA if k ă i

which is a chain map homotopic to gi`1. Note that for k ă i

ĝki`1 “ gki`1 ` dB ˝ pb
k´1
i q

´1
˝Hk´1

i ` pbki q
´1
˝Hk

i ˝ dA

“ pbki q
´1
˝ fki ˝ a

k
i`1 ` dB ˝ pb

k´1
i q

´1
˝Hk´1

i ` pbki q
´1
˝Hk

i ˝ dA

“ pbki q
´1
˝
`

fki ˝ a
k
i`1 ` dAi ˝H

k´1
i `Hk

i ˝ dA
˘

“ pbki q
´1
˝ aki

“ gki

so the gi have the desired properties.

We now define maps hi : tďiA
¨ Ñ tďiB

¨ with hi » gi and so that tďjhi`1 agrees

with tďjhi for all j ă i as follows. Let h0 “ g0 and h1 “ ĝ1 » g1; we will construct

hi`1 assuming that we have constructed h0, . . . , hi. Since hi » gi there exist maps

Gk
i so that

hii “ gii ` dB ˝G
i´1
i

hki “ gki ` dB ˝G
k´1
i `Gk

i ˝ dA if k ă i.
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Define hi`1 via

hki`1 “

$

’

’

&

’

’

%

gi`1
i`1 if k “ i` 1
gii`1 ` dB ˝

`

pbi´1
i q´1 ˝H i´1

i `Gi´1
i

˘

if k “ i
gki`1 ` dB ˝

`

pbk´1
i q´1 ˝Hk´1

i `Gk´1
i

˘

`
`

pbki q
´1 ˝Hk

i `G
k
i

˘

˝ dA if k ă i

and observe that hi`1 » gi`1 (and that in fact we take Gi´1
i “ 0). We also compute

hki`1 “ gki`1 ` dB ˝
`

pbk´1
i q

´1
˝Hk´1

i `Gk´1
i

˘

`
`

pbki q
´1
˝Hk

i `G
k
i

˘

˝ dA

“ ĝki`1 ` dB ˝G
k´1
i `Gk

i ˝ dA

“ gki ` dB ˝G
k´1
i `Gk

i ˝ dA

“ hki

for k ă i, so the hi have the desired properties.

Finally, let h : A¨ Ñ B¨ be defined as the stable limit of the maps hi, ie hk “ hki

for any i ą k. It remains to check that bi ˝ h » ai for all i. Observe first that we

have the equalities

hk “

"

hkk`1 if k ě i
hki if k ă i

“

"

gkk`1 ` dB ˝ pb
k´1
k q´1 ˝Hk´1

k if k ě i
gki ` dB ˝G

k´1
i `Gk

i ˝ dA if k ă i

and so

pbi ˝ hq
k
“

"

bki ˝ g
k
k`1 ` b

k
i ˝ dB ˝ pb

k´1
k q´1 ˝Hk´1

k if k ě i
bki ˝ g

k
i ` b

k
i ˝ dB ˝G

k´1
i ` bki ˝G

k
i ˝ dA if k ă i

“

$

’

’

&

’

’

%

bki ˝ pb
k
k`1q

´1 ˝ akk`1

`dAi ˝ b
k´1
i ˝ pbk´1

k q´1 ˝Hk´1
k if k ě i

bki ˝ pb
k
i q
´1 ˝ aki

`dAi ˝ b
k´1
i ˝Gk´1

i ` bki ˝G
k
i ˝ dA if k ă i

“

$

&

%

fki ˝ ¨ ¨ ¨ ˝ f
k
k ˝ a

k
k`1

`dAi ˝ f
k´1
i ˝ ¨ ¨ ¨ ˝ fk´1

k´1 ˝H
k´1
k if k ě i

aki ` dAi ˝ b
k´1
i ˝Gk´1

i ` bki ˝G
k
i ˝ dA if k ă i.
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Using (4.3.5) we compute

fki ˝ ¨ ¨ ¨ ˝ f
k
k ˝ a

k
k`1 “ aki ´ dAi ˝

`

Hk´1
i ` fk´1

i ˝Hk´1
i`1 ` ¨ ¨ ¨

`fk´1
i ˝ ¨ ¨ ¨ ˝ fk´1

k´1 ˝H
k´1
k

˘

´
`

Hk
i ` f

k
i ˝H

k
i`1 ` ¨ ¨ ¨

`fki ˝ ¨ ¨ ¨ ˝ f
k
k´1 ˝H

k
k

˘

˝ dA

and

pbi ˝ hq
k
“

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

aki ´ dAi ˝
`

Hk´1
i ` fk´1

i ˝Hk´1
i`1 ` ¨ ¨ ¨

`fk´1
i ˝ ¨ ¨ ¨ ˝ fk´1

k´2 ˝H
k´1
k´1

˘

´
`

Hk
i ` f

k
i ˝H

k
i`1 ` ¨ ¨ ¨

`fki ˝ ¨ ¨ ¨ ˝ f
k
k´1 ˝H

k
k

˘

˝ dA if k ě i` 2
ai`1
i ´ dAi ˝H

i
i ´

`

H i`1
i ` f i`1

i ˝H i`1
i`1

˘

˝ dA if k “ i` 1
aii ´H

i
i ˝ dA if k “ i

ai´1
i ` dAi ˝ b

i´2
i ˝Gi´2

i if k “ i´ 1
aki ` dAi ˝ b

k´1
i ˝Gk´1

i ` bki ˝G
k
i ˝ dA if k ď i´ 2

from which it is evident that bi ˝ h » ai.

The next result shows that if a complex is ‘infinitely’ homologically negligible,

then it is contractible.

Lemma 4.3.6. If |A¨|h “ 8 then A¨ is contractible.

The following proof is taken from [22].

Proof. Since |A¨|h “ 8 we have that A¨ » A¨i for complexes A¨i which are Oh
pmiq with

limiÑ8mi “ 8. We have the following diagram in which each map is a homotopy

equivalence

A¨
f0 **

A¨1
**

g0
jj ¨ ¨ ¨

**
jj A¨i

fi ,,
jj A¨i`1

gi
jj

**
¨ ¨ ¨ll ;

in particular idAi ´gi ˝ fi “ dAi ˝ Hi ` Hi ˝ dAi where the Hi are chain homotopies

(and A¨0 “ A¨).
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Now, define maps f̃i “ fi ˝ ¨ ¨ ¨ ˝ f0, g̃i “ g0 ˝ ¨ ¨ ¨ ˝ gi, and H̃i “ H0` g̃0 ˝H1 ˝ f̃0`

¨ ¨ ¨ ` g̃i´1 ˝Hi ˝ f̃i´1 which are related by

idA´g̃i ˝ f̃i “ dA ˝ H̃i ` H̃i ˝ dA. (4.3.6)

The equality limiÑ8mi “ 8 implies that the maps H̃i stabilize in each homological

degree as i Ñ 8, so we can define their stable limit H̃. Equation (4.3.6) stabilizes

as well (for the same reason) to give

idA “ dA ˝ H̃ ` H̃ ˝ dA

which shows that A¨ is contractible.

We can now prove a uniqueness result concerning limits in KpAq.

Theorem 4.3.7. The limit of a Cauchy sequence A is unique up to homotopy equiv-

alence.

Proof. Since A is Cauchy we can construct the limit B¨ as in the proof of Theorem

4.3.4. If A¨ is another K-limit then Lemma 4.3.5 gives a map A¨
h
ÝÑ B¨ so that the

triangles

A¨

h
��

ai

~~
A¨i B¨

bi
oo

commute (up to homotopy) for all i.

Lemma 4.3.3 gives that

|conephq|h ě mint|conepbiq|h ` 1, |conepaiq|hu

for all i. Taking the limit of the right hand side as i Ñ 8 and using the fact that

both A¨ and B¨ are K-limits, we find |conephq|h “ 8. Lemma 4.3.6 then shows that

conephq is contractible, which is equivalent to h being a homotopy equivalence.
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We conclude this section with two easy results concerning K-limits.

Proposition 4.3.8. If A “

ˆ

A¨0 A¨1
f0oo ¨ ¨ ¨

f1oo

˙

is a Cauchy system and

limlÑ8 |A
¨
l|h “ 8 then limK A » 0.

Proof. Let f̃l “
´

0 // A¨l

¯

.

Proposition 4.3.9. If A “

ˆ

A¨0 A¨1
f0oo ¨ ¨ ¨

f1oo

˙

is a Cauchy system in KpAq

and A is a monoidal category then

B¨ bA “

ˆ

B¨ b A¨0 B¨ b A¨1
idbf0oo ¨ ¨ ¨

idbf1oo

˙

is a Cauchy system and limK pB
¨ bAq » B¨ b limK A.

Proof. Consider the maps limK A
f̃l // A¨l which satisfy

lim
lÑ8

ˇ

ˇ

ˇ
conepf̃lq

ˇ

ˇ

ˇ

h
“ 8.

These give maps B¨ b limK A
idbf̃l // B¨ b A¨l which also satisfy

lim
lÑ8

ˇ

ˇ

ˇ
conepidb f̃lq

ˇ

ˇ

ˇ

h
“ 8

since conepid b f̃lq “ B¨ b conepf̃lq. The result follows since K-limits are unique up

to homotopy.
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5

Categorified sl3 projectors

In this chapter we construct the categorified projectors and prove Theorems 3.0.1

and 3.0.2. Section 5.1 contains the construction of P̃w for w “ p` ¨ ¨ ¨ `q; in Section

5.2 we show that in this case χpP̃wq “ Pw, where χ is the map sending a complex

to the alternating sum of (the equivalence classes of) its terms. The case w “

p` ¨ ¨ ¨ ` ´ ¨ ¨ ¨ ´q is treated in Section 5.3 and the results for general w are given in

Section 5.4.

5.1 P̃w for w “ p` ¨ ¨ ¨ `q

We begin by constructing the categorified projectors P̃w and giving a proof of The-

orem 3.0.1 when w “ p` ¨ ¨ ¨ `q. The general case differs from this one only in the

technical details.

We will refer to the process of applying equations (2.6.8), (2.6.9), and (2.6.10)

to express a web in terms of the direct sum of webs with fewer digon, square, and

circular faces as reduction. Recall that a web which has no digon, square, or circular

faces is called non-elliptic and that any web can be reduced to a direct sum of non-
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elliptic webs. When we write the complex JDK for a tangle diagram D we will assume

that we have reduced all webs appearing to direct sums of non-elliptic webs. If we

would like to consider the complex with terms unreduced we will denote it by JDKun.

A shifted version of sl3 knot homology will be useful for our considerations. Given

a tangle diagram D, define the shifted complex by

JDKs “ JDK rc´st3c´ ´ 2c`u

where c˘ is the number of ˘ crossings in D; the complex JDKuns is defined similarly.

This complex is not an invariant of the tangle corresponding to D as it acquires shifts

in both homological and quantum degree under R1 and R2 Reidemeister moves (but

is invariant under R3). Nevertheless, this shifting convention will prove useful. In

particular, for any diagram D the shifted complex JDKs is supported in non-negative

homological degree.

We begin with a basic result describing the complex assigned to a Y -web attached

to a positive crossing.

Lemma 5.1.1. There are homotopy equivalences

q
oo
>>

  ‚
//
//
y
s
»

q
oo
>>

  

y
s
r1st2u

and
q //

// ‚
oo  >>
y
s
»

q
oo  >>
y
s
r1st2u.

Proof. We have

q
oo
>>

  ‚
//
//
y
s
“ oo

>>

  

p id
˚ q //

`

oo
>>

  ‘ q
2 oo

>>

  

˘

and

q //
// ‚

oo  >>
y
s
“ oo  >>

p id
˚ q //

`

oo  >> ‘ q2 oo  >>
˘

.

The result then follows from Proposition 4.1.1.
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Now consider the complex
r

...
//
//m
zun

s
assigned to the diagram of a full twist on

m strands and note that every web W appearing in the complex except the lone

identity web in homological degree zero takes the form

W “ oo  >>

//

//
‚W 1

‚ oo
>>

  

//

//
, (5.1.1)

where we have omitted multiplicities from the identity strands (we will often do this

to simplify notation). Since reduction cannot affect such a decomposition, we find

that
r

...
//
//m
z

s
“ p m// q

z // C1 // C2 // ¨ ¨ ¨

“ cone
´

J m// Ks
z // Cr´1s¨

¯

r1s

where every web appearing in each Ci is of the form (5.1.1) and non-elliptic (by

definition we take Ci “ 0 for i ď 0). We thus have the distinguished triangle

J m// Ks
z // Cr´1s¨ //

r
...
//
//m
z

s
r´1s

gr´1s // J m// Ks r´1s

where the map g is the identity in homological degree zero and zero in all other

homological degrees. This implies that there is a homotopy equivalence

Cr´1s¨ » cone

ˆ r
...
//
//m
z

s

g // J m// Ks

˙

.

We now consider the inverse system

Tw “ J m// Ks
r

...
//
//m
z

s

g0oo

s
...
//
//m

2
{

s

g1oo ¨ ¨ ¨oo (5.1.2)

for w “ p` ¨ ¨ ¨ `q
looomooon

m

where gk is defined as

r
...
//
//m
z

s
‚

s
...
//
//m

k
{

s

g‚id // J m// Ks ‚
s

...
//
//m

k
{

s

.
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Here
...
//
//m

k

denotes k full twists on m strands.

Proposition 5.1.2. The inverse system Tw is Cauchy.

Proof. We inductively construct complexes C ¨k satisfying the following conditions.

1. Ckr´1s¨ » conepgkq.

2. C ¨k is Oh
p2k ` 1q.

3. Every web appearing in C ¨k takes the form (5.1.1).

Let C ¨0 “ C ¨ and suppose we have constructed C ¨0, . . . , C
¨
k´1 as above. Since Propo-

sition 4.1.4 gives that

conepgkq “ conepgk´1q ‚

r
...
//
//m
z

s

» Ck´1r´1s¨ ‚
r

...
//
//m
z

s

so we must show that C ¨k´1 ‚

r
...
//
//m
z

s
is homotopy equivalent to a complex satis-

fying the second and third of the above conditions.

To this end, consider the tangled web

//

//
oo

55
)) ‚

...
//

//
m .

Using Reidemeister 3 moves, we can pull the crossings on the two strands aligning

with the Y -web through so that they take place before any other crossings, giving

the tangled web

//

//

oo
55
)) ‚

//

//

//
// ‚

...
//
//

//

//
m .
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The rightmost tangle above is the result after pulling the crossings on the two strands

through and out of the twist; we shall denote such a tangle in this way for the

duration. Lemma 5.1.1 gives the homotopy equivalence

u

v
//

//

oo
55
)) ‚

//

//

//
// ‚

...
//
//

//

//
m

}

~

s

»

u

v
//

//

oo
55
)) ‚

...
//
//

//

//
m

}

~

s

r2st4u

so we have homotopy equivalences

r
W ‚

...
//
//m
z

s
»

u

vW ‚
...

//
//

//

//
m

}

~

s

r2st4u (5.1.3)

for each web W appearing in C ¨k´1. Proposition 4.1.3 now gives that

C ¨k´1 ‚

r
...
//
//m
z

s

is homotopy equivalent to a complex which is Oh
p2k`1q and whose terms come from

complexes taking the same form as the right side of equation (5.1.3); define C ¨k to be

this complex. Since all such webs take the form (5.1.1), the result follows.

Since Tw is Cauchy, Theorem 4.3.4 implies that limK Tw exists. Let P̃w denote

the limiting complex for Tw explicitly constructed using the proof of Theorem 4.3.4.

The next result follows from analysis of the details of that proof.

Proposition 5.1.3. Let w “ p` ¨ ¨ ¨ `q. The web idw “ p m// q appears only once in

P̃w and does so in quantum and homological degree zero. All other webs appearing

in P̃w take the form oo  >>

//

//
‚W ‚ oo

>>

  

//

//
.

Proof. The limit of the Cauchy sequence is given as the Kom-limit of the stabilizing
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system B constructed in the proof of Theorem 4.3.4. In the current case, we see that

B¨0 “ J m// Ks

B¨1 “ cone pJ m// Ksr1s Ñ C ¨0q

...

B¨k “ cone
`

B¨k´1r1s Ñ C ¨k´1

˘

.

The result now follows from our description of the complexes C ¨k above.

Proposition 5.1.4. Let w “ p` ¨ ¨ ¨ `q. If wtpvq ă wtpwq then P̃w ‚W1 » 0 for any

W1 P Hom‚pw, vq and W2 ‚ P̃w » 0 for any W2 P Hom‚pv, wq.

Proof. Let W1 P Hom‚pw, vq and note that it suffices to consider the case when W1

is non-elliptic. Proposition 2.3.5 then implies that

W1 “ oo  >>

//

//
‚W 1

1

for some W 1
1. Lemma 5.1.1 gives the homotopy equivalence

s
...
//
//m

k

‚ oo  >>

//

//

{

s

»

u

v ...
//
//

//

//
m

k

‚ oo  >>

//

//

}

~

s

r2kst4ku

so we have
ˇ

ˇ

ˇ

ˇ

s
...
//
//m

k

‚W1

{

s

ˇ

ˇ

ˇ

ˇ

h

ě 2k.

Propositions 4.3.8 and 4.3.9 now give

P̃w ‚W1 “

´

lim
K

Tw

¯

‚W1

» lim
K
pTw ‚W1q

» 0.

The proof concerning W2 is completely analogous.
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Proposition 5.1.5. Let w “ p` ¨ ¨ ¨ `q, then

P̃w ‚ P̃w » P̃w.

Proof. Proposition 5.1.3 gives that

P̃w “
´

p m// q
z // D1 // D2 // ¨ ¨ ¨

¯

where each web appearing in Di takes the form (5.1.1). Setting Di “ 0 for i ď 0 we

have

P̃w “ cone pJ m// Ks Ñ Dr´1s¨q r1s

which gives the distinguished triangle

P̃w // J m// Ks // Dr´1s¨ .

This in turn gives the distinguished triangle

P̃w ‚ P̃w // P̃w // Dr´1s¨ ‚ P̃w

so by Proposition 2.6.2 it suffices to show that D¨ ‚ P̃w » 0.

We can write

D¨ “ cone
`

D1
r2s Ñ tě2D

¨
˘

where D1 stands for the complex with all terms zero except D1 sitting in homological

degree zero and těkD
¨ denotes the truncation of D¨ from below. As above, this gives

the distinguished triangle

tě2D
¨ ‚ P̃w // D¨ ‚ P̃w // D1r1s ‚ P̃w .

Proposition 5.1.4 implies that D1r1s ‚ P̃w » 0 so tě2D
¨ ‚ P̃w » D¨ ‚ P̃w. Repeating

this procedure gives

těkD
¨
‚ P̃w » D¨ ‚ P̃w

for all k ą 0. Lemma 4.3.6 then implies that D¨ ‚ P̃w » 0.
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Propositions 5.1.3, 5.1.4, and 5.1.5 give the proof of Theorem 3.0.1 when w “

p` ¨ ¨ ¨ `q.

5.2 Decategorification for w “ p` ¨ ¨ ¨ `q

We now aim to show that χpP̃wq “ Pw when w “ p` ¨ ¨ ¨ `q. Doing so requires several

steps. We must show that it is possible to define and compute χpP̃wq since the graded

Euler characteristic of an unbounded complex is not generally well-defined. Since Pw

is an element in S (which is defined over Cpqq) and Euler characteristics of complexes

are ‘integral’ objects, we must also explain the context for the above equality. Finally,

we must prove this equality.

To resolve the first issue, we consider a full subcategory of K`
pFq in which we

restrict the support of complexes A¨. By definition, supppA¨q is the set of pairs

ph, lq P Z2 for which Ah has a non-zero summand in q-degree ql. We shall identify

supppA¨q with the corresponding discrete subset in R2; by a slight abuse of notation

we shall call this latter set the ph, qq-plane.

If we wish to translate a subset of the ph, qq-plane, we will use the same notation

which we use to shift complexes, viewing homological degree as the first (horizontal)

coordinate and q-degree as the second (vertical) coordinate. For instance,

tph, qq|h ě 2 and q ě 1ur2st1u “ tph, qq|h ě 4 and q ě 2u.

Now consider the subset of R2 given by

Rt “ tph, qq P R2
|h ě 0 and q ě t ¨ hu

and let Ŝint denote the sl3 spider considered over the ring Zrq´1, qss :“ Zrrqssr1
q
s,

i.e. Ŝint “ Zrq´1, qss bZrq´1,qs Sint. By Proposition 2.3.2, the following conditions are

sufficient to guarantee that the Euler characteristic χpA¨q of a complex A¨ in K`
pFq

is a well-defined element in Ŝint:
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1. supppA¨q Ă Rtrastbu for some t ą 0 and a, b P Z.

2. All webs appearing in A¨ are non-elliptic.

Denote by K=
pFq the full subcategory of K`

pFq whose objects satisfy the above

conditions. This subcategory is obviously closed under taking direct sums, cones,

and tensor products. The horizontal composition of two complexes in K=
pFq is

isomorphic (in K`
pFq) to a complex in K=

pFq by reducing each term. In this sense,

we can view K=
pFq as closed under horizontal composition.

Our interest in K=
pFq stems from the fact that the sl3 projectors can be viewed

as elements of Ŝint. Indeed, we have an inclusion1 S ãÑ Ŝ “ Crq´1, qssbCpqqS induced

by the inclusion Cpqq ãÑ Crq´1, qss. Proposition 2.3.3 shows that under this map Pw

actually lies in Ŝint, so K=
pFq is a reasonable setting for our categorified projectors.

We now aim to show that P̃w is an object in K=
pFq. Before doing so, we need

some preparatory lemmata. Our first result enables us to bound the q-degree of the

webs appearing when we express a web as a direct sum of non-elliptic webs.

Lemma 5.2.1. Let W be a web with no closed components, then when reducing W

to a direct sum of non-elliptic webs we can assume that no closed component forms.

If W has r faces, W – ‘si“1q
ki ¨Wi is the direct sum decomposition into non-elliptic

webs resulting from reduction, and ri is the number of faces in Wi, then ki ě ri ´ r.

Proof. Suppose that a reduction does produce a closed component. We can assume

that no reductions are possible which do not split off a closed component; otherwise,

perform these reductions. Since a closed component can only form upon application

of equation (2.6.9), we have that

W “
`

U ‚ ‚ V
˘

1 That this is indeed an inclusion can be proved using the pairing from Proposition 5.2.4 below.
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and hence the isomorphism

W –

´

U ‚ ‚ V
¯

‘

´

U ‚ ‚ V
¯

.

We can assume that ‚ V has no internal digon faces. Indeed, if a digon face is

formed then we must have V “ ‚ V 1 so we can instead consider the reduction

corresponding to W “ U 1 ‚ ‚V 1 where U 1 “ U ‚ . Similarly, we can assume that

‚ V has at most one internal square face since otherwise we have V “ V 2 ‚ ‚ V 1

and again we can consider the reduction corresponding to W “ U2 ‚ ‚ V 1 where

U2 “ U ‚ ‚ V 2.

We analyze the closed web

C “ ‚ V

which has at most one internal square face and no internal digon faces. The orien-

tations of edges around vertices shows that all faces must have an even number of

edges. Considering the web on the surface of the 2-sphere creates an external face

which may have any (even) number of edges. Since every edge borders two regions

we compute

eC ě
1

2
p6pfC ´ 2q ` 4` 2q “ 3pfC ´ 1q

where eC is the number of edges in C and fC is the number of faces bounded on the

2-sphere by C. Since C is trivalent we have vC “
2
3
eC where vC is the number of

vertices in C. We thus find

2 “ fC ´ eC ` vC

“ fC ´
1

3
eC

ď fC ` p1´ fCq “ 1,

a contradiction.
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The second statement follows from the first by noticing that each reduction lowers

the number of internal faces and that (2.6.10) need never be used.

Given a diagram D, define the 0-resolution as the unique web appearing in JDKuns

in homological degree zero. Concretely, this is the web obtained by taking the smooth

resolution of each positive crossing and the singular resolution of each negative

crossing. Define the smooth resolution of D to be the web obtained by taking the

smooth resolution of both positive and negative crossings.

Lemma 5.2.2. Let D be a tangle diagram and let the smooth resolution of D have

no closed components. Let r be the number of internal faces in the 0-resolution of D

and c` be the number of positive crossings in D, then the complex JDKs satisfies

supp pJDKsq Ă R1{c`t´r ´ 1u.

If a web W appearing in JDKs has rW internal faces then that term is supported in

R1{c`trW ´ r ´ 1u. Moreover, if D has no negative crossings then the ´1 shifts can

be omitted from both statements.

Proof. Since any web in JDKuns is obtained from the smooth resolution by switching

smoothings of crossings to singular resolutions, no web appearing in this complex has

closed components. Also, note that changing the resolution of a crossing from the

smooth resolution to the singular resolution produces at most one new internal face

while changing from the singular resolution to the smooth resolution cannot produce

new internal faces.

It follows that a web V appearing in JDKuns in homological degree h has at most

r`minph, c`q internal faces. Next, note that the complex JDKuns is supported along

the line h “ q in the ph, qq-plane. Hence by Lemma 5.2.1, if qlW appears in JDKs in
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homological degree h then

l ě h` rW ´ r ´minph, c`q

ě rW ´ r ´ 1`
h

c`

which gives the result.

For the final statement, note that if D has no negative crossing then the 0-

resolution and the smooth resolution agree. All webs appearing in JDKuns are thus

obtained from the smooth resolution by changing a crossing to the singular resolution.

Since no internal faces are formed when the first resolution is changed, we find that a

web V appearing in JDKuns in homological degree h ą 0 has at most r`minph, c`q´1

internal faces. The result then follows as above.

Proposition 5.2.3. Let w “ p` ¨ ¨ ¨ `q. The categorified projector P̃w lies in K=
pFq.

Proof. Since the terms of P̃w are the stable limit of the terms from the complexes Bk

given in the proof of Proposition 5.1.3 and all webs appearing there are non-elliptic,

it suffices to show that the complexes C ¨k lie in A1{t for some fixed t ą 0.

Lemma 5.2.2 gives that each web W appearing in J ...
//
//mKs is supported in

A1{MtrW u where M “ mpm ´ 1q and rW is the number of internal faces in W . It

follows that the same is true for webs appearing in C ¨0. We now show, via induction,

that the same result holds for the complexes C ¨k.

Recalling how C ¨k is constructed from C ¨k´1 ‚ J ...
//
//mKs, it suffices to show that

if W is a web appearing in C ¨k´1 then any web V appearing in

u

vW ‚
...

//
//

//

//
m

}

~

s

r2st4u
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is supported in A1{MtrV ´ rW u. Since the zero (“ smooth) resolution of

W ‚
...

//
//

//

//
m

is simply W there are rW internal faces and no closed components. The result then

follows from Lemma 5.2.2.

We hence can consider the Zrq´1, qss-linear combination of webs χpP̃wq. The

equality χpP̃wq “ Pw (in Ŝint) will follow easily from the following result.

Proposition 5.2.4. Let A¨1 » A¨2 in K=
pFq, then χpA¨1q “ χpA¨2q.

Proof. As in the proof of Theorem 2.6.1, it suffices to show that if A¨ » 0 then

χpA¨q “ 0. Let A¨ be such a complex; we wish to employ Corollary 2.6.3, but first

must introduce the appropriate category in which the desired isomorphism holds.

Let E be an extension of (the skeleton of) the 2-category F where the objects in

the category Hom‚pv, wq are (countably) infinite formal q-graded direct sums of non-

elliptic webs where the q-degrees are bounded below and there exists only finitely

many direct summands in each q-degree. Morphisms between these direct sums are

infinite matrices of C-linear combinations of isotopy classes of degree-zero foams

having only finitely many non-zero entries in each column. Note that (the skeleton

of) F Ă E (consisting of non-elliptic webs) is a full subcategory.

Corollary 2.6.3 now implies that

8
à

i“´8

A2i
–

8
à

i“´8

A2i`1.

in E . It hence suffices to show that if ‘8i“1q
liWαi – ‘

8
i“1q

l1iWα1i
as objects in E , then

the corresponding sums
ř8

i“1 q
liWαi and

ř8

i“1 q
l1iWα1i

are equal in Ŝint.

To do so, we will make use of the tools from [18, Section 5.4.2]. Fix words v

and w and consider the pairing on webs in HomSpv, wq, denoted xW,W 1ysl3 for webs
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W,W 1 P HomSpv, wq, given by reversing the orientation of edges in W , gluing W and

W 1 along their boundary, and evaluating the closed web.

If tW1, . . . ,Wlu is the basis for HomSpv, wq consisting of all non-elliptic webs then

this pairing satisfies the relation

xWi,Wjysl3 “ q|v|`|w| qdim zHompWi,Wjq (5.2.1)

where |v| and |w| denote the lengths of the words v and w, qdim is the Laurent

polynomial in q giving the graded dimension of a graded vector space, and zHom

denotes the graded vector space of morphisms between webs (so Hom˝pW,W
1q is the

degree-zero component of zHompW,W 1q). In addition, this pairing is non-degenerate,

i.e. the matrix Aij “ xWi,Wjysl3 is non-singular.

We can extend the pairing x´,´ysl3 to a non-degenerate semi-linear2 form on

HomSintpv, wq by taking

C

l
ÿ

i“1

pipqqWi,
l
ÿ

j“1

hjpqqWj

G

sl3

“

l
ÿ

i,j“1

pipq
´1
qhjpqqxWi,Wjysl3

for any pipqq, hjpqq P Zrq´1, qs. Equation (5.2.1) then gives

xχpXq, χpY qysl3 “ q|v|`|w| qdim zHompX, Y q

for any 1-morphisms X and Y in Hom‚pv, wq (in F).

We would like to extend this fact to a relation between E and Ŝint, but cannot

for a variety of reasons3. Nevertheless, suppose that ‘8i“1q
liWαi is a 1-morphism in

E and that W is a fixed web (with all webs mapping between words v and w), then

2 This means that xqV,W ysl3 “ q´1xV,W ysl3 and xV, qW ysl3 “ qxV,W ysl3 for webs V and W .

3 Two such reasons are the following: the pairing cannot be extended to Ŝint due to semi-linearity
and the fact that Zrq´1, qss is not closed under the map q ÞÑ q´1; even if the pairing could be
extended, the desired equality would not hold since the infinite formal direct sums in E as defined
are coproducts but not products.
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we have

q|v|`|w| qdim zHomp‘8i“1q
liWαi ,W q “ q|v|`|w| qdim

8
ź

i“1

zHompqliWαi ,W q

“ q|v|`|w|
8
ÿ

i“1

qdim zHompqliWαi ,W q

“

8
ÿ

i“1

q´lixWαi ,W ysl3

in the ring Zrrq´1, qs “ Zrrq´1ssrqs.

Now, suppose that ‘8i“1q
liWαi and ‘8i“1q

l1iWα1i
are isomorphic 1-morphisms in E .

This implies that

zHomp‘8i“1q
liWαi ,W q –

zHomp‘8i“1q
l1iWα1i

,W q

for any fixed web W . This then implies that

8
ÿ

i“1

q´lixWαi ,W ysl3 “
8
ÿ

i“1

q´l
1
ixWα1i

,W ysl3

i.e. that
C

8
ÿ

i“1

qliWαi ´

8
ÿ

i“1

ql
1
iWα1i

,W

G

sl3

“ 0 (5.2.2)

for any fixed web W ; in particular this holds when W is a (non-elliptic) basis web.

We now claim this implies that
ř8

i“1 q
liWαi “

ř8

i“1 q
l1iWα1i

in Ŝint. Indeed, write

8
ÿ

i“1

qliWαi ´

8
ÿ

i“1

ql
1
iWα1i

“

l
ÿ

i“1

fipqqWi

where fipqq P Zrq´1, qss and as before tW1, . . . ,Wlu are the non-elliptic basis. Equa-

tion (5.2.2) then gives that the row vector

`

f1pq
´1
q, . . . , flpq

´1
q
˘
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in Zrrq´1, qsl lies in the kernel of the map determined by left multiplication by the

matrix Aij. This in turn implies that fipqq “ 0 for all i since Aij is non-singular.

Propositions 5.1.5 and 5.2.4 now give that

χpP̃wq ‚ χpP̃wq “ χpP̃w ‚ P̃wq “ χpP̃wq

and Proposition 5.1.4 gives that if wtpvq ă wtpwq then

χpP̃wq ‚W “ χpP̃w ‚W q “ 0

for any W P Hom‚pw, vq and

W 1
‚ χpP̃wq “ χpW 1

‚ P̃wq “ 0

for any W 1 P Hom‚pv, wq. Propositions 5.1.3 and 5.2.3 show that

χpP̃wq “ idw`
r
ÿ

i“1

fipqq ¨Wi

with fi P Zrq´1, qss and Wi P Hom‚pw,wq r idw. These facts, together with Propo-

sition 2.3.4, give a proof of Theorem 3.0.2 in the case that w “ p` ¨ ¨ ¨ `q where we

view the equality χpP̃wq “ Pw as holding in Ŝint.

Example 5.2.5. The computations given in [18, Section 6.1] show that

P̃p``q “
//
//

z // q
��
II oo
II

��
ψ´ // q3 ��II oo

II

��
ψ` // q5 ��II oo

II

��
ψ´ // q7 ��II oo

II

��
ψ` // ¨ ¨ ¨

where ψ˘ are the morphisms defined in that section. Note that

χpP̃p``qq “
//
// ´ pq ´ q

3 ` q5 ´ q7 ` ¨ ¨ ¨ q
��
II oo
II

��

“
//
// ´

1
r2s

��
II oo
II

��

“ Pp``q

by Proposition 2.3.3.
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5.3 P̃w and decategorification for w “ p` ¨ ¨ ¨ ` ´ ¨ ¨ ¨´q

In this section we construct P̃w and prove Theorems 3.0.1 and 3.0.2 for

w “ p` ¨ ¨ ¨ `
loomoon

m

´ ¨ ¨ ¨ ´
loomoon

n

q.

Since we have already considered the case n “ 0 (and m “ 0 by taking duals

everywhere in sight) we assume m,n ą 0. We proceed by mimicking the proof for

w “ p` ¨ ¨ ¨ `q. Let
...
//

oo
m

n
denote a full twist on m`n strands directed as indicated.

The first step is to construct a map

r
...
//

oo
m

n

z

s

g //
q //
oo

m

n

y
s

and use it to build the inverse system

Tw “
q //
oo

m

n

y
s

r
...
//

oo
m

n

z

s

g0oo

s
...
//

oo
m

n

2
{

s

g1oo ¨ ¨ ¨oo .

This is trivial when w “ p` ¨ ¨ ¨ `q since the degree zero term of the complex assigned

to a single twist is the identity tangle. This fails for w “ p` ¨ ¨ ¨ ` ´ ¨ ¨ ¨ ´q, but we

shall see that it holds up to homotopy; this is sufficient to define the map g.

We begin with a lemma showing this for the case m “ 1 “ n, which will also be

of use later.

Lemma 5.3.1.

J
//

oo Ks »
ˆ

44
tt

s // q2
DD

��
ct´ // q4

DD
��

˙

Here s is a saddle cobordism and ct´ “ ctL ´ ctR where ctL denotes the foam
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which is the identity foam on the right arc and has a ‘choking torus:’

on the left arc. The foam ctR is defined similarly.

Proof. We have

J
//

oo Ks –
44

tt ‘
DD

��
A // q2

DD
�� ‘

DD
�� ‘ q2

DD
�� ‘

DD
��

B // q4
DD

�� ‘ q2
DD

�� ‘
DD

��

where

A “

¨

˚

˚

˝

s ˚

0 id
s ˚

0 id

˛

‹

‹

‚

and

B “

¨

˝

˚ ˚ ˚ ˚

˚ ˚ id ˚

0 ˚ 0 ´ id

˛

‚.

Using Gaussian elimination, we find that

J
//

oo Ks »
44

tt
s // q2

DD
��

// q4
DD

�� .

We deduce the second map since, up to scalar multiple, it is the only degree zero

map which makes the diagram a complex. A computation shows that it is indeed

non-zero.

We now prove the general case.
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Proposition 5.3.2.

r
...
//

oo
m

n

z

s
»

´ //
oo

m

n
// C1 // C2 // ¨ ¨ ¨

¯

where every web appearing in C ¨ is non-elliptic and takes the form

WL ‚W ‚WR (5.3.1)

for

WL “

//

//
oo

oo  >> or

//
oo

oo
//

``

~~
or

//

ww
oo

and

WR “

//

//
oo

oo
>>

  or

//
oo

oo
// ~~`` or

//

''
oo

where the strands involved in the Y -webs and U-webs have multiplicity one (and the

other strands may have higher multiplicities).

Proof. We proceed via induction on m, noting that the result holds trivially in the

cases m “ 0 or n “ 0. We have

s
...

//

oo

m

n

{

s

»

t

oo

11

-- m´1

n

|

s

‚

t //

...
//

oo

m´1

n

|

s

where the first tangle diagram on the right hand side indicates one strand wrapping

around the others and the second denotes the tensor product of a strand with a

full twist on m ` n ´ 1 strands, directed as indicated. By induction, the second

complex has the desired form. Since the composition of two webs of the form (5.3.1)

is isomorphic to a direct sum of non-elliptic webs of this form, it suffices to show

that the first complex has the desired form. We have

t

oo

11

-- m

n

|

s

“

s

oo

//
//
m´1

n

{

s

‚

s //
//

oo

m´1

n

{

s

‚

s

oo

//
//m´1

n

{

s
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where the middle term on the right side is the tensor product of m´ 1 strands with

a single strand wrapping around n strands (which do not twist themselves - note the

subtle difference in notation!). Since the two outside terms on the right side have

the desired form, it now suffices to show that

r //
oo n

z

s

has this form. We claim that this complex is homotopy equivalent to a complex

` //
oo n

˘

// D1 // D2 // ¨ ¨ ¨ (5.3.2)

where each web in Di takes the form

...

oo´

or
¯ ´

or
¯

´

or
¯ ´

or
¯

¨̈
¨

¨̈
¨

oo

oo nn

oo

oo oo

l

(5.3.3)

for l ě 0.

We proceed via induction on n. The n “ 1 case follows from Lemma 5.3.1. We

now compute

r //
oo n

z

s
“

s
oo //
oo n´1

{

s

‚

s oo
//

oo n´1

{

s

‚

s //oo

oo n´1

{

s

»

s
oo //
oo n´1

{

s

‚ cone

ˆ

´ oo
//

oo n´1

¯

// oo
D¨r´1s

˙

r1s ‚

s //oo

oo n´1

{

s

.

Here
oo
D¨ denotes the tensor product of the complex D¨ with a single strand. By

Proposition 4.1.4, the above complex is homotopy equivalent to

cone

˜ r //
oo oo n´1

z

s

//

s
oo //
oo n´1

{

s

‚
oo
D¨r´1s ‚

s //oo

oo n´1

{

s

¸
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which has the form (5.3.2). Since reducing a web of the form (5.3.3) gives webs of

the form (5.3.1), the result follows.

There thus exists a map
r

...
//

oo
m

n

z

s

g
ÝÑ

q //
oo

m

n

y
s

which we use to construct the

inverse system

Tw “
q //
oo

m

n

y
s

r
...
//

oo
m

n

z

s

g0oo

s
...
//

oo
m

n

2
{

s

g1oo ¨ ¨ ¨oo (5.3.4)

for w “ p` ¨ ¨ ¨ ` ´ ¨ ¨ ¨ ´q; gk is defined as

r
...
//

oo
m

n

z

s
‚

s
...
//

oo
m

n

k
{

s

g‚id //
q //
oo

m

n

y
s
‚

s
...
//

oo
m

n

k
{

s

.

In the case w “ p` ¨ ¨ ¨ `q, both the proof that the limit of the system exists (i.e.

that the system is Cauchy) and that the limit lies in K=
pFq involved analysis of the

complexes conepgkq. In this case, we combine these facts into one result.

Proposition 5.3.3. Let w “ p` ¨ ¨ ¨ ` ´ ¨ ¨ ¨ ´q. The inverse system Tw is Cauchy

and its limit lies in K=
pFq.

Of course, since limits are unique only up to homotopy, we mean that there is a

representative of the homotopy class of the limit which lies in K=
pFq.

Proof. As in the proofs of Propositions 5.2.3 and 5.1.2, it suffices to construct com-

plexes C ¨k satisfying the following conditions:

1. Ckr´1s¨ » conepgkq,

2. C ¨k is Op2k ` 1q,

3. Every web appearing in C ¨k is non-elliptic and takes the form (5.3.1),
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4. and C ¨k is supported in A1{M for some fixed M . Moreover, if a web W in C ¨k

has rW internal faces then that web is supported in A1{MtrW u.

We shall see that it suffices to take M “ 2pm` nq2, so fix this value.

We begin by reconsidering the complex
r

...
//

oo
m

n

z

s
and showing that it is homo-

topic to a complex of the form

` //
oo

m

n

˘

// C1 // C2 // ¨ ¨ ¨

which is supported in A1{M and where each web in Ci takes the form (5.3.1). Using

only R3 moves we find that the tangle
...
//

oo
m

n
is isotopic to the tangle

oo

11

-- m´1

n

‚

//
11
--

qq
m´2

n

‚ ¨ ¨ ¨ ‚

//
//

oo

m´1

n

‚

//

...
oo

oo
n

m

(5.3.5)

where all the strands directed to the right wrap (one by one, starting with the top

strand) around the strands directed to the left at the beginning. We consider the

complex assigned to this tangle. We next use Lemma 5.3.1 and Proposition 4.1.4 to

express this complex in terms of complexes assigned to tangles obtained from (5.3.5)

by replacing the tangle

//
//

oo

m´1

n

with tangles of the form

//

oo

oo

oo

//
m´1

n´p´1

p .

We can then use R2 moves to slide the left strand which ‘turns back’ through the

entire tangle. We now repeat the procedure for all terms in (5.3.5), moving leftward

from
//
//

oo

m´1

n
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and one by one expressing complexes assigned to tangles of the form

oo

11

-- x

y

in terms of complexes assigned to

oo

tt

oo

//

55

x

y´z´1

z

then sliding the left strand which turns around through the tangle. In the end we find

that the terms in the complex assigned to (5.3.5) come from the complexes assigned

to tangles τ which, for example, take the form

ll

oo

oo

//

//

//

//

// . (5.3.6)

It hence suffices to show that JτKs, suitably shifted to take into account the shifts

in quantum and homological degree that arise from the Gaussian elimination homo-

topies and R2 moves, is supported in A1{M .

We first establish some notation. Noting that

q y
s
» J Ks r1st1u

for all possible orientations of the strands, we call an R2 move which reduces the

number of crossings in a tangle a ‘good’ R2 move. These moves are good in the sense

78



that the corresponding Gaussian elimination homotopy equivalence yields a complex

whose support is (properly) contained in that of the original complex.

Now, if m1 is the number of strands which turn back on the left side of τ then,

assuming m1 ą 1, we make at least

2
m1´1
ÿ

i“1

i “ pm1
q
2
´m1

good R2 moves to arrive at such a presentation. The right hand side of this formula

also works in the cases when m1 “ 0, 1.

Next, let l denote half the total number of negative crossings in τ . We can apply

l good R2 moves to eliminate all negative crossings involving the strands which turn

back on the right to produce a tangle of the form

ρ “ RR��
σ1

σ2 oo P3

P2P1 //
//

oo

// //

oo

m

n

m1 (5.3.7)

where the Pi are positive braids. The σi are negative braids, but of a particular sort

- every braid determines an element of the symmetric group and these braids are the

simplest ones corresponding to their particular element (i.e. there is no twisting).

The braid σ2 has the further property that all crossings consist of a strand leaving

P3 crossing under a strand leaving σ1.

All of the internal faces in the 0-resolution of (5.3.7) come from the tangle

N “
��

// σ1

σ2oo oo

//m´m1

n´m1

m1 (5.3.8)

and it follows from inspection that if r is the number of such faces then

r ď l ´ 1
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unless l “ 0 in which case there are no negative crossings in (5.3.7) and no internal

faces in the zero resolution. We assume for now that we are not in the exceptional

case l “ 0.

For later use, we’ll bound the values for l. The number of crossings in σ1 is

bounded by
ˆ

m1

2

˙

“
1

2
m1
pm1

´ 1q,

the length of the longest element in the symmetric group. The remaining crossings

come from σ2 where some of the n ´ m1 strands pass underneath some of the m1

strands leaving σ1, producing at most m1pn´m1q crossings. We thus have

l ď
1

2
m1
pm1

´ 1q `m1
pn´m1

q “
1

2
m1
p2n´m1

´ 1q ă mn.

Lemma 5.2.2 gives that any web W appearing in JρKs is supported in

A1{c`t´r ´ 1` rW u Ď A1{c`t´l ` 1´ 1` rW u

where rW is the number of internal faces in W and c` is the number of positive

crossings in ρ. Since

c` ď pm` nqpm` n´ 1q ăM

we see such a web is supported in

A1{Mt´l ` rW u.

Considering all the shifts due to Gaussian elimination homotopies and good R2

moves, we see that the contribution to
r

...
//

oo
m

n

z

s
is given by

JρKs rpm
1
q
2
´m1

` astpm1
q
2
´m1

` aurm1
` bst2m1

` 2burlstlu

where a ď m2 ´ pm1q2 ´m`m1 ď m2 and b ď m1 ď m. Indeed, the shifts of r1st1u

come from the good R2 moves and the shifts of r1st2u come via Lemma 5.3.1 from
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the strands which turn back. The web W is hence supported in

A1{M rpm
1
q
2
` a` b` lstpm1

q
2
`m1

` a` 2b` rW u.

We have

pm1
q
2
` a` b` l ď 2m2

`m`mn ďM

so we see that each web W in the contribution to
r

...
//

oo
m

n

z

s
coming from JρKs with

l ‰ 0 is supported in A1{MtrW u (we have used the fact that l ‰ 0 implies m1 ě 1 so

pm1q2 `m1 ` a` 2b ě 1).

In the case that l “ 0, i.e. there are no negative crossings in τ , it follows from

Lemma 5.2.2 that any web W contributing to
r

...
//

oo
m

n

z

s
is supported in A1{MtrW u.

We have thus shown that

r
...
//

oo
m

n

z

s
»

´ //
oo

m

n
// C1 // C2 // ¨ ¨ ¨

¯

where each web W in Ci is supported in A1{MtrW u and comes from the tangles

(5.3.7). It is easy to see that all such tangles take the form (5.3.1). It will be useful

for our further considerations to note that every web of the form (5.3.1) is of the

form

W 1
‚R , W 1

‚

//
oo

oo
// ~~`` , or W 1

‚

//

//
oo

oo
>>

  (5.3.9)

where R is a non-elliptic web of the form

//

S
//
oo

oo

m´u

n´u

u
u

and S is a non-elliptic web with no left boundary. While the latter two webs in

(5.3.9) do not preclude the first, we employ the convention that if we claim a web

has either of these two forms it is implicit that it does not have the first. We will

also assume that u is chosen maximal for the first type of web.
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We now proceed with our construction of the complexes C ¨k. Let C ¨0 be the com-

plex constructed above with the degree zero term truncated off. We now construct

C ¨k assuming we have constructed C ¨k´1; we have

conepgkqr1s “ conepgk´1qr1s ‚
r

...
//

oo
m

n

z

s

» C ¨k´1 ‚

r
...
//

oo
m

n

z

s
.

Since each web W in C ¨k´1 has the form (5.3.9) (and also (5.3.1)), is supported in

A1{MtrW u, and has homological degree at least 1` 2pk ´ 1q, it suffices to show that

each of the complexes

r
W 1
‚R ‚

...
//

oo
m

n

z

s
,

s
W 1
‚

//
oo

oo
// ~~`` ‚

...
//

oo
m

n

{

s

,

s
W 1
‚

//

//
oo

oo
>>

  ‚
...
//

oo
m

n

{

s

is homotopic to a complex with terms of the form (5.3.1), minimal homological de-

gree 2, and with webs V supported in A1{MtrV ´ rW u with W “ W 1 ‚R or W 1. We

shall analyze each case separately.

Case 1:
r
W 1 ‚R ‚

...
//

oo
m

n

z

s

We compute

r
W 1
‚R ‚

...
//

oo
m

n

z

s
“

t

W 1
‚

//

S
//
oo

oo

m´u

n´u

u
u ‚

...
//

oo
m

n

|

rc´st3c´ ´ 2c`u (5.3.10)

which is homotopy equivalent to the complex

t

W 1
‚

...
//

oo
m´u

n´u
‚

//

S
//
oo

oo

m´u

n´u

u
u ‚

//

oo

...
//

oo
u

u

|

rc´ ´
2

3
∆st3c´ ´ 2c` ´

8

3
∆u (5.3.11)
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where c˘ is the number of ˘-crossings in
...
//

oo
m

n
and ∆ is the change in writhe

between the right side of (5.3.10) and (5.3.11). The shifts involving ∆ can be deduced

from (2.6.11).

We have the formulae

c` “ m2
´m` n2

´ n

c´ “ 2mn

and ∆ “ 0. Taking into account the shifts due to the changes in the number of

crossings, this gives that
r
W 1 ‚R ‚

...
//

oo
m

n

z

s
is homotopy equivalent to

t

W 1
‚

...
//

oo
m´u

n´u
‚

//

S
//
oo

oo

m´u

n´u

u
u ‚

//

oo

...
//

oo
u

u

|

s

r2upm` n´ 2uqst2upm` n´ 2uqu.

Similarly, taking into account the change in writhe, we compute

r
S
//
oo
u
u ‚

...
//

oo
u

u

z

s
» JS

//
oo
u
uKs r2u

2
st2upu` 2qu

and so
r
W 1 ‚R ‚

...
//

oo
m

n

z

s
is homotopy equivalent to

t

W 1
‚

...
//

oo
m´u

n´u
‚

//

S
//
oo

oo

m´u

n´u

u
u

|

s

r2upm` n´ uqst2upm` n´ u` 2qu. (5.3.12)

Since u ě 1, m ` n ´ u ě 1, and each web appearing in (5.3.12) takes the form

W 1 ‚R, it suffices to show that every web V appearing in this complex is supported

in A1{MtrV ´ rpW 1‚Rqu.

We have

supp

˜t

W 1
‚

...
//

oo
m´u

n´u
‚

//

S
//
oo

oo

m´u

n´u

u
u

|

s

¸

Ď supp
´r
W 1
‚

...
//

oo
m´u

n´u

z

s

¯
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so we will consider complexes

r
W 1
‚

...
//

oo
m̂

n̂

z

s

for m̂ ă m and n̂ ă n. As before, we can express the complex assigned to the twist

in terms of the complexes assigned to tangles

ρ̂ “ RR��
σ̂1

σ̂2 oo P̂3

P̂2P̂1 //
//

oo

// //

oo

m̂

n̂

m̂1 . (5.3.13)

We must show that the complexes JW 1 ‚ ρ̂Ks, with appropriate shifts, are supported

in A1{M . Let n̂1 be the number of strands which leave P̂3 and actually cross strands

in σ̂2. Refining our earlier estimate, if r is the number of internal faces in the zero

resolution of ρ then

r ď maxp0, l̂ ´ n̂q

where l̂ is the number of negative crossings in (5.3.13). The 0-resolution of W 1 ‚ ρ̂

hence has at most

rW 1 ` l̂ ´ n̂1 ` 2m̂1
` n̂1 ´ 1 “ rW 1 ` l̂ ` 2m̂1

´ 1

internal faces where rW 1 is the number of internal faces in W 1 (the additional 2m̂1 `

n̂1 ´ 1 possible faces come from gluing W 1 to ρ̂).

Since we chose u maximal, the smooth resolution of W 1 ‚ ρ̂ has no closed compo-

nents; Lemma 5.2.2 gives that JW 1 ‚ ρ̂Ks is supported in

A1{Mt´rW 1 ´ l̂ ´ 2m̂1
u.

The contribution to
r
W 1 ‚

...
//

oo
m1

n1

z

s
is obtained considering the shifts. As before we

find it is given by

JW 1
‚ ρ̂Ks rpm̂

1
q
2
´ m̂1

` astpm̂1
q
2
´ m̂1

` aurm̂1
` bst2pm̂1

` bqurl̂stl̂u
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with a ď m̂2 and b ď m̂ so this complex is supported in

A1{M rpm̂
1
q
2
` a` b` l̂stpm̂1

q
2
´ m̂1

` a` 2b´ rW 1u.

Since pm̂1q2 ` a` b` l̂ ďM we see that this support is contained in

A1{Mt´rW 1 ´ 1u.

The contribution to
r
W 1 ‚R ‚

...
//

oo
m

n

z

s
is supported in

A1{M r2upm` n´ uqst2upm` n´ u` 2q ´ rW 1 ´ 1u

which is contained in A1{Mt´rW 1u since 1 ď u ď minpm,nq and

2upm` n´ uq ďM.

Moreover, applying the second statement from Lemma 5.2.2 throughout the preced-

ing argument, we see that any web V in the contribution to

r
W 1
‚R ‚

...
//

oo
m

n

z

s

is supported in A1{MtrV ´ rpW 1‚Rqu.

Case 2:

s
W 1 ‚

//
oo

oo
// ~~`` ‚

...
//

oo
m

n

{

s

We assume that W 1 ‚

//
oo

oo
// ~~`` does not take the form W 1 ‚ R above. We begin by

using R3 moves to express the tangle
...
//

oo
m

n
as in (5.3.5). We then use R3 moves

to pull the two strand twist which ‘lines up’ with // ~~`` to the left through the tangle.

Lemma 5.1.1 gives

s
W 1
‚

//
oo

oo
// ~~`` ‚

...
//

oo
m

n

{

s

»

s
W 1
‚

//
oo

oo
// ~~`` ‚ T

{

s

r2st4u
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where

T “
oo

11

-- m´1

n

‚

//
11
--

qq
m´2

n

‚ ¨ ¨ ¨ ‚

//
//

oo

m´1

n

‚

//

...
oooo
oo

oo
n

m

.

As in our analysis of the complex assigned to a single twist, we use Lemma 5.3.1

starting with

//
//

oo

m´1

n

and moving left to express JT Ks in terms of complexes JρKs or

s
ρ ‚

//
oo

oo

oo
oo

{

s

with ρ as

in (5.3.7). In the latter case the top strand of the crossing in

//
oo

oo

oo
oo

turns back to the right in ρ; this case arises due to the pair of non-twisting strands in

T which prevent the use of a good R2 move which in our previous analysis removed

the crossing.

We hence analyze the complexes

s
W 1 ‚

//
oo

oo
// ~~`` ‚ ρ

{

s

and

s
W 1 ‚

//
oo

oo
// ~~`` ‚ ρ ‚

//
oo

oo

oo
oo

{

s

not-

ing that every web appearing takes the form (5.3.1). It suffices to consider the

support of such complexes and we begin with the former (and slightly easier) case.

The smooth resolution of W 1 ‚

//
oo

oo
// ~~`` ‚ ρ takes the form

W 1
‚

//
oo

oo
// ~~`` ‚

//m´m1

oo
m1

//

oo n´m1

which has no closed components (since W 1 ‚

//
oo

oo
// ~~`` ‰ W 1 ‚ R). The 0-resolution of

W 1 ‚

//
oo

oo
// ~~`` ‚ ρ has at most

rW 1 ` l ´ n1 ` 2m1
` n1 ´ 1 “ rW 1 ` l ` 2m1

´ 1
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internal faces, where n1 is the number of strands in ρ leaving P3 and crossing under

strands in σ2.

Lemma 5.2.2 now gives that any web V appearing in

s
W 1 ‚

//
oo

oo
// ~~`` ‚ ρ

{

s

is supported

in A1{MtrV ´ rW 1 ´ l´ 2m1u. The contribution to

s
W 1 ‚

//
oo

oo
// ~~`` ‚

...
//

oo
m

n

{

s

is computed

considering the shifts and as before we see it is given by

s
W 1
‚

//
oo

oo
// ~~`` ‚ ρ

{

s

rpm1
q
2
´m1

` astpm1
q
2
´m1

` aurm1
` bst2pm1

` bqurlstlur2st4u

with a ď m2 and b ď m. Any web V in this complex is supported in

A1{M rpm
1
q
2
` a` b` l ` 2stpm1

q
2
´m1

` a` 2b` rV ´ rW 1 ` 4u

and since pm1q2 ` a` b` l ` 2 ďM this is contained in A1{MtrV ´ rW 1u.

We now consider

s
W 1 ‚

//
oo

oo
// ~~`` ‚ ρ ‚

//
oo

oo

oo
oo

{

s

. The smooth resolution of

W 1
‚

//
oo

oo
// ~~`` ‚ ρ ‚

//
oo

oo

oo
oo

takes the form W 1 ‚

//
oo

oo
// ~~`` ‚

m´m1

m1

n´m1

//m´m1

oo
m1

//

oo
which again has no closed components. Due

to the alignment of the negative crossing, the 0-resolution has the same number of

internal faces as the case where it is not present. It follows that the only difference

from the previous case is that we make one less good R2 move. It follows that any

web V in the contribution to

s
W 1 ‚

//
oo

oo
// ~~`` ‚

...
//

oo
m

n

{

s

is supported in

A1{M rpm
1
q
2
` a` b` l ` 1stpm1

q
2
´m1

` a` 2b` rV ´ rW 1 ` 3u

which is contained in A1{MtrV ´ rW 1u and has minimal homological degree 2 (since

we necessarily have l ě 1).
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Case 3:

s
W 1 ‚

//

//
oo

oo
>>

  ‚
...
//

oo
m

n

{

s

This case can be handled completely analogously to case 2 above. In some detail,

begin by rotating the diagram W 1 ‚

//

//
oo

oo
>>

  ‚
...
//

oo
m

n
180˝ about a horizontal axis and

reversing the direction of all strands. We are then in case 2 (with m and n switched).

Apply the above analysis (noting that M is symmetric in m and n) then rotate every

web appearing in the complexes 180˝ about a horizontal axis and reverse the direction

of all strands.

Now, let P̃w be the limit of Tw lying in K=
pFq constructed using the complexes

C ¨k from the above proof.

Proposition 5.3.4. Let w “ p` ¨ ¨ ¨`´ ¨ ¨ ¨ ´q. The web idw appears only once in P̃w

and does so in quantum and homological degree zero; all other webs in the complex

take the form (5.3.1). If wtpvq ă wtpwq then P̃w ‚W1 » 0 for any W1 P Hom‚pw, vq

and W2 ‚ P̃w » 0 for any W2 P Hom‚pv, wq. Finally, P̃w ‚ P̃w » P̃w.

Proof. The first statement follows as in the proof of Proposition 5.1.3 from the de-

scription of the complexes C ¨k in the proof of Proposition 5.3.3. The third statement

follows from the first and second as in the proof of Proposition 5.1.5.

It hence suffices to prove the second statement. Pulling the strands lining up

with a U -web through the twist and using the homotopy equivalence

J oo Ks » J qq Ks r2st6u (5.3.14)

we see that

ˇ

ˇ

ˇ

ˇ

s
...
//

oo
m

n

k

‚
//

ssoo

{

s

ˇ

ˇ

ˇ

ˇ

h

ě 2k. A similar analysis using Lemma 5.1.1 shows the

same for the complexes

s
...
//

oo
m

n

k

‚

//

//
oo

oo  >>

{

s

and

s
...
//

oo
m

n

k

‚

//
oo

oo
//

``

~~

{

s

. Using Proposition
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2.3.5 and following the proof of Proposition 5.1.4 we have that P̃w ‚W1 » 0. The

result for W2 follows similarly.

This gives Theorem 3.0.1 for the case w “ p` ¨ ¨ ¨`´ ¨ ¨ ¨ ´q. Since we have already

seen that P̃w lies in K=
pFq, Theorem 3.0.2 follows from Proposition 5.2.4 as in the

case w “ p` ¨ ¨ ¨ `q.

The methods used to show that P̃w is supported in K=
pFq can be employed to

simplify their computation. We exhibit this in the following computation of P̃p`´q.

Proposition 5.3.5.

P̃p`´q “
44

tt
s // q2

DD
��

ct´ // q4
DD

��

1
3
ctB´T` // q8

DD
��

ct´ // ¨ ¨ ¨ (5.3.15)

where ctB “ ctL ˝ ctR with ct´, ctL and ctR as in Lemma 5.3.1. T` “ TL` TR where

TL is the identity foam on the right arc and is the foam:

on the left arc; TR is defined similarly.

Proof. Lemma 5.3.1 gives that

J
//

oo Ks » cone

ˆ

J
44

tt K s
ÝÑ

ˆ

q2
DD

��
´ct´ // q4

DD
��

˙˙

r1s

from which we compute that J
//

oo Ks ‚ J
//

oo Ks is homotopy equivalent to

cone

ˆ

J
44

tt K s
ÝÑ

ˆ

q2
DD

��
´ct´ // q4

DD
��

˙˙

r1s ‚ J
//

oo Ks
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» cone

ˆ

J
//

oo Ks
f 1
ÝÑ

ˆ

q2
DD

��
´ct´ // q4

DD
��

˙

r2st6u

˙

r1s

“
44

tt
s // q2

DD
��

ct´ // q4
DD

��
f // q8

DD
��

ct´ // q10
DD

�� .

A direct (and tedious!) computation shows that f “ 1
3
ctB ´ T`, although it can

be argued based on degree that f must be a multiple of this map. Repeating this

procedure inductively to compute

s
//

oo

k´1
{

s

‚ J
//

oo Ks shows that

s
//

oo

k
{

s

is given by the complex (5.3.15) truncated at homological degree 2k.

5.4 P̃w and decategorification for non-segregated words

In the decategorified case, we construct the projector Pw for a non-segregated word

w by considering the segregated projector of the same weight and (horizontally)

composing with (a composition of) H-webs on both sides. This procedure works in

the categorified setting as well.

Indeed, suppose that w1 is a word for which we have constructed P̃w1 satisfying the

conditions of Theorem 3.0.1 and w is a word of the same weight obtained by trans-

posing one pair of adjacent ` and ´ signs in w1. Let h be the web in Hom‚pw
1, wq

given by the tensor product of (oriented appropriately) and identity webs. Con-

sider h̄ ‚ P̃w1 ‚ h where h̄ is the web in Hom‚pw,w
1q obtained from h by reversing the

orientation of the strands in . If V is a web in Hom‚pv, wq with wtpvq ă wtpwq

then

V ‚ h̄ –
à

α

qlαWα
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for Wα in Hom‚pv, w
1q. Since wtpvq ă wtpw1q we have that

V ‚ h̄ ‚ P̃w1 ‚ h –

˜

à

α

qlαWα

¸

‚ P̃w1 ‚ h

–
à

α

´

qlαWα ‚ P̃w1
¯

‚ h

» 0.

A similar computation shows that h̄ ‚ P̃w1 ‚ h ‚ V » 0 for V in Hom‚pw, vq with

wtpvq ă wtpwq.

If h is as above, h ‚ h̄ – idw‘W where W ‚ P̃w1 » 0 so we have

´

h̄ ‚ P̃w1 ‚ h
¯

‚

´

h̄ ‚ P̃w1 ‚ h
¯

– h̄ ‚ P̃w1 ‚ pidw‘W q ‚ P̃w1 ‚ h

» h̄ ‚ P̃w1 ‚ P̃w1 ‚ h

» h̄ ‚ P̃w1 ‚ h.

Since all non-identity webs appearing in P̃w1 factor through a word of lower weight,

these webs will not contribute an identity web to h̄ ‚ P̃w1 ‚h. Noting that h̄ ‚h is the

direct sum of an identity web and a web factoring through a word of lower weight,

this shows that h̄ ‚ P̃w1 ‚ h gives the categorified projector P̃w.

Since any word can be obtained from the segregated word of the same weight

via a sequence of permutations of the symbols ` and ´, this proves Theorem 3.0.1

for arbitrary w. Theorem 3.0.2 also follows since K=
pFq is (essentially) closed under

horizontal composition and

χpP̃wq “ χph̄ ‚ P̃w1 ‚ hq

“ h̄ ‚ χpP̃w1q ‚ h

“ h̄ ‚ Pw1 ‚ h

“ Pw.
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Since the above construction of P̃w for non-segregated w is somewhat indirect, a

natural question to ask is whether this projector can also be realized as the stable

limit of torus braids. In fact, the answer is yes. To illustrate this, let w1 be a

segregated word and suppose that w is the word that results from switching the last

` in w1 with the first ´. We then have

P̃w “

//

oo

ii 55
��55 ii ‚

ˆ

lim
kÑ8

s
...
//

oo

k
{

s

˙

‚

//

oo
uu ))
OO)) uu

» lim
kÑ8

s //

oo

ii 55
��55 ii ‚

...
//

oo

k

‚

//

oo
uu ))
OO)) uu

{

s

» lim
kÑ8

s //

oo

// OO�� oo

__ ��

?? ��
‚

...
k

w

{

s

» lim
kÑ8

s
...
k

w

{

s

‘ lim
kÑ8

s //oo
////
‚

...
k

w

{

s

» lim
kÑ8

s
...
k

w

{

s

where
...
k

w denotes k full twists on strands oriented according to w. The fact that

lim
kÑ8

s //oo
////
‚

...
k

w

{

s

is null-homotopic follows from equation (5.3.14) and Lemma

4.3.6. Repeating this argument to switch all desired `’s and ´’s gives the general

result.

92



6

Categorification of the sl3 Reshetikhin-Turaev
invariant of framed tangles

We now use the categorified projectors P̃w to give a categorification of the sl3

Reshetikhin-Turaev invariant of framed tangles. Recall that this invariant assigns an

element of the appropriate Hom-set in S for each labeling of the components of the

framed tangle by finite-dimensional irreducible representations of sl3. In particular,

this assigns an element of Cpqq to each labeled, framed link.

Our definition of the categorified sl3 Reshetikhin-Turaev invariant is given by

replacing every structure in the combinatorial formulation of this invariant, described

in Section 2.4, by its categorified counterpart.

Definition 6.0.1. The categorified sl3 Reshetikhin-Turaev invariant of an r-component

framed tangle T with ith component labeled by the finite-dimensional irreducible rep-

resentation of highest weight λi, denoted JT K
tλiuri“1

, is computed as follows: choose

words wi with weights λi, cable each component according to the framing with strands

directed according to the corresponding words, insert P̃wi anywhere along the relevant

components, and evaluate using the categorified sl3 skein relations (equations (2.5.1)
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and (2.5.2)) to obtain a complex in K=
pFq.

To prove that this defines an invariant of framed tangles it suffices to show that

the resulting complex is invariant up to homotopy under R2 and R3 Reidemeister

moves and does not depend on where P̃wi is inserted along the ith component.

We first establish some diagrammatic notation. Let

q
w

y
:“ P̃w

and given a tangle T denote the composition
q
w

y
‚ JT K by

q
w ‚ T

y
(and

similarly for composition on the left).

Lemma 6.0.2. Let w be a word. We have

s
w

{
»

s
w

{
»

s
w

{

where the vertical strand can be oriented in either direction. A similar result holds

for sliding a categorified projector over a strand.

Proof. It suffices to show the first homotopy equivalence. We have (dropping the

word specifying the projector)

s {
“

s {
‚

´

C0 // C1 // ¨ ¨ ¨
¯

where Ci is a direct sum of webs annihilated by P̃w for i ą 0 and C0 is the direct

sum of an identity web and webs annihilated by P̃w. If V is one such (non-identity)

web, equation (2.6.11) gives

s
‚ V

{
»

s
‚ V ‚

{

» 0.
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It then follows, using Propositions 4.1.3 and 4.3.6, that

s {
»

s
‚ C0

{

»

s {
.

Note that a form of the above argument previously appeared in [7].

Proposition 6.0.3. The complex assigned to a labeled, framed tangle according to

Definition 6.0.1 is invariant up to homotopy equivalence under R2 and R3 Reide-

meister moves and choice of where along each component the categorified projector

is inserted.

Proof. The preceding lemma shows that the categorified projector can be slid along

a component to any desired location without changing the complex up to homotopy.

Invariance under R2 and R3 Reidemeister moves follows since we can assume that

the projector is not located in the region of the tangle diagram where the moves take

place.

Theorem 3.0.4 now follows from Proposition 6.0.3, Theorem 3.0.2, and the anal-

ogous definitions of the categorified and decategorified invariants.

Note that JT K
tλiuri“1

appears to depend on the choice of words wi with weight λi;

in particular, if the tangle has boundary they determine the Hom-category in which

this invariant takes values. All such Hom-categories are isomorphic, so this does not

present an issue.

More troubling, perhaps, is the apparent dependence on the words labeling the

closed components. We now show that the invariant does not depend on this choice.

For simplicity, suppose that the tangle is in fact a link L. Let wj be a word of weight
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λj and w1j be a word obtained from wj by transposing the symbols ` and ´ in wj.

We then compute
u

v
Lwi‰j

wj

}

~ “

u

v
Lwi‰j

w1
j

}

~

»

u

v
Lwi‰j

w1
j

}

~

»

u

v
Lwi‰j

w1
j

}

~

where Lwi‰j denotes the tangle obtained from removing an arc from the jth com-

ponent of L (cabled appropriately with P̃wi inserted along the ith component for

i ‰ j) and and denote the tensor product of these webs with appropriate iden-

tity webs. The first homotopy equivalence follows via sliding the H-web through the

cabled link L. A similar argument applies to closed components in arbitrary tangles.

We conclude with some explicit computations of this invariant.

Example 6.0.4. Using Example 5.2.5 we find that

u

ww
v

0

��

}

��
~

p``q

“

u

ww
v

����

}

��
~

“ OOOO z // q �� �� ��
0 // q3 �� �� ��

p // q5 �� �� ��
0 // ¨ ¨ ¨

where p is the foam which zips and then unzips along the two downward arcs. Using

Gaussian elimination (and a somewhat involved foam calculation), we find that this

complex is homotopy equivalent to the complex

q´2 // 0 // q2 T // q6 0 // q6 T // q10 0 // ¨ ¨ ¨
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where

T “

and we have omitted the orientation of the circles. Applying the functor zHompH,´q

to obtain a complex of graded vector spaces, we have that

zHompH, q “ C ‘ C ‘ C

in gradings 2, 0, and ´2 respectively. We find that the map zHompH, T q has rank 1,

giving the cohomology as

Hi,j

¨

˝

t
0

��

|

p``q

˛

‚“

$

’

’

&

’

’

%

C i “ 0 and j “ ´4,´2, 0
C i “ 2k and j “ 4k ´ 4, 4k ´ 2 for k ą 0
C i “ 2k ` 1 and j “ 4k ` 2, 4k ` 4 for k ą 0
0 else .

In the above formula, i denotes homological degree while j denotes the vector space

grading.

Example 6.0.5. Using Proposition 5.3.5 we compute

u

ww
v

0

��

}

��
~

p`´q

“

u

ww
v

��OO

}

��
~

“
s // q2 0 // q4 ´3T // q8 0 // q10 ´3T // ¨ ¨ ¨

» q´2 ‘ // 0 // q4 T // q8 0 // q10 T // q14 0 // ¨ ¨ ¨
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where again we have omitted the orientation of the circles. Applying zHompH,´q and

taking cohomology gives

Hi,j

¨

˝

t
0

��

|

p`´q

˛

‚“

$

’

’

’

’

&

’

’

’

’

%

C2 i “ 0 and j “ ´2, 0
C i “ 0 and j “ ´4, 2
C i “ 2k and j “ 6k ´ 4, 6k ´ 2 for k ą 0
C i “ 2k ` 1 and j “ 6k ` 2, 6k ` 4 for k ą 0
0 else .
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