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1 Introduction

7?7John please read carefully and see what you want to modify

We present a numerical method for computing time-dependent Stokes flow in
two dimensions with a moving interface consisting of material which responds
elastically to its stretching. The resulting force creates jumps in the fluid ve-
locity gradient and pressure at the interface. The Immersed Boundary Method
of C. Peskin [19] has been used extensively to model biological problems with
Stokes or Navier-Stokes flow with elastic interfaces. The present work develops
an alternative approach for this class of problems. To move the interface we
use the semi-Lagrangian contouring method developed in a series of papers
[24-28]: Given the location of the curve and the fluid velocity at the current
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time, the signed distance function for the curve is found on a tree of cells
and transported by the semi-Lagrangian or backward characteristic method.
The curve at the new time is then contoured from this transported distance
function. The fluid velocity, determined by the interface location and jump
conditions, is computed as a potential integral in a periodic box using Ewald
summation, with the velocity split into two parts. The smooth part is calcu-
lated as a Fourier series, while the local part is approximated using asymptotic
analysis, resulting in a local correction. The velocity can be evaluated accu-
rately at arbitrary points. The stretching of the interface, which determines
the elastic force, is expressed in a simple way in terms of the computed motion
of the curve. We report results for a test problem with an exact solution with
time-periodic motion in which the interface is an ellipse of varying eccentricity.
Our tests verify that the method is second order accurate.

We begin with the statement of the problem. We consider fluid flow in a two-
dimensional periodic box modeled by Stokes flow, that is, very viscous, incom-
pressible flow in which the material derivative in the Navier-Stokes equations
is omitted. The velocity v(z,t) and pressure p(z,t) satisfy the equations

—vAv+Vp = F, Vov=0 (1.1)

with a force F' consisting of an interfacial force on a curve I' and possibly a
body force,

F = for + Fy. (1.2)
I' is a closed curve consisting of elastic material immersed in the fluid and
moving with the fluid velocity. The interfacial force is defined by its action on
a test function w(x),

| [ f@a@s@) x = [ ) dsia) (1.3)

where s is the arclength on the curve at the current time. We assume density
p = 1 for simplicity.

The force term orf amounts to a jump in the normal stress at the boundary
('see [20]),

[Tijln; = —fi, 1=1,2 (1.4)
with sum over j implicit, where T}; is the stress tensor

,Tij = —p5ij + v (’Ui,j + ’Ujﬂ') . (15)

Here [-] is the outside value minus the inside, and the normal vector n points
outward. Resolving this jump in normal and tangential directions, we obtain
jump conditions for p and dv/dn (see [20,16,17])

b= w|3] = - (16)



(We assume the viscosity v is constant.) We suppose the force f at the curve
is determined by interfacial tension and thus has the form

0

7= %

(y7) (1.7)
where + is the (variable) coefficient of surface tension and s is the arclength.
(For derivation from classical force balance arguments, see e.g. [14,12,22]). An
equivalent form of (1.7) is

f = (0v/0s)T — vkn (1.8)

where r is the curvature, defined by 07/0s = —kn. We assume that the
interfacial tension comes from the elastic response of the material on the curve
to stretching, so that v is a function of the form

7 =(sa—1). (1.9)

Here « is a material coordinate, taken to be the arclength parameter in the
equilibrium configuration; if the curve is parametrized as * = X(a,t), then

Sq = 0s/0a = |0X/0a]. (1.10)
In our examples we suppose v is linear when the stretching is positive:

v = Y(s.— 17 (1.11)

Our formulation is the same as that of Peskin et al., except that our « corre-
sponds to their s, and our f differs from theirs by the factor s,. Stokes flow is
an appropriate model at small scales, with viscous forces dominant, and is of-
ten used for biological problems (e.g. see references in [19]). We have included
the body force Fj primarily to allow us to work with exact test problems, as
was done in [17].

In Sec. 2 we describe the evolution of the stretching factor. Cottet et al. [8,9]
showed that it is related to the gradient of a level set function transported by
the physical velocity. We derive a generalization of this fact. For any extension
of the physical velocity on the curve, the evolution of s, can be expressed in
a surprisingly simple way; see (2.2), (2.7). This fact allows us to incorporate
the evolution of s, along with the curve motion, without keeping track of the
material coordinate av. In Sec. 3 we summarize the semi-Lagrangian contouring
approach and outline the algorithm used in this work. The velocity solving the
Stokes equations can written as a singular integral (3.1) using the fundamental
solution in a periodic box. Sec. 4 explains the Ewald splitting of this periodic
fundamental solution, starting with splitting of the Green functions for the
Laplacian and biharmonic operators. In Sec. 5 approximations are derived for



the local part of the Stokes velocity, with force on the curve, resulting in a
single layer potential on the curve, or with a body force which has a jump at
the curve, resulting in a convolution on the box.

In Sec. 6 we describe a test problem with an exact periodic solution of the
elastic interface problem, (1.1), (1.6), (1.7), (1.11). The membrane is an ellipse
which changes eccentricity in time. There is a body force which is discontinuous
at the interface. 77In Sec. 7 our numerical results are presented...

In the immersed boundary method of Peskin [19], the fluid velocity is calcu-
lated on a grid; the force on the curve is spread to the grid points by replacing
it with a sum of smoothed delta functions with a carefully designed shape.
Although the method is generally first order, a second order version has been
designed for the case where the interface is replaced by a layer of positive thick-
ness [11]. Other papers concerned with the accuracy of the method include
[18,20,31]. In [7] an alternate version was designed in which the smoothed
delta functions are projected analytically onto the space of divergence-free
vector fields, rather than discretizing first and projecting numerically, thereby
removing an important source of error. In the method of [8,9] the location
of the curve is found from a level set function advected with the fluid; the
smoothed delta function is composed with the level set function. By contrast,
in the methods of [15-17], the interface is sharp. The velocity is again com-
puted on a regular grid, using finite differences, but the force at the interface
is incorporated through the immersed interface method; that is, jump terms
are added to the difference operators when the stencil crosses the boundary.
A level set function was used for the curve motion in [17]. In the present work
the interface is also sharp, but the interfacial curve is moved by the semi-
Lagrangian contouring method and the velocity is computed from the integral
representation. Recent work for boundary value problems [4,5] has aspects of
several of these methods.

Boundary integral methods have been used extensively for Stokes flow in free
space, in two or three dimensions, with different viscosities, to model particles,
drops, or bubbles; see e.g. [21,22]. Most often the force is normal and propor-
tional to curvature, as in the second term in (1.8). The integral formulation
is natural, since the free space kernels are known explicitly, and since, with
Stokes flow, the velocity is needed only on the moving boundary. However, if
the velocity field is calculated at points on a regular grid in the fluid region,
the integrals are nearly singular for points near the curve. The present method
handles the more general task of computing the velocity at arbitrary points in
periodic geometry. This capability will be needed if this approach is extended
to Navier-Stokes flow.

In [13] the boundary integral method was used for moving boundaries in Stokes
flow with equal arclength parametrization of the interface. With normal force,



it was found that the inherent stability requirement for explicit treatment of
the boundary motion was k& < Ch, where k is the time step and h is the
spacing on the boundary. We expect that similar considerations apply with
the general force (1.7), (1.8). However, stiffness may be a more serious problem
with Navier-Stokes flow and with more general elastic response, e.g. as in [30].

The Ewald splitting of the Stokes velocity kernel is akin to regularization of the
kernel of a singular or nearly singular integral with a local correction [2,3,6]. In
fact, for the free space Laplacian, Gaussian regularization as in [2,3] gives the
same splitting as the Ewald method [29]. Approximations for the local parts of
nearly singular integrals have been derived in [2,3,10,29]. A general approach to
Ewald splitting and local corrections for systems of elliptic equations has been
developed in [23]. Cortez [6] used regularization of the Stokes fundamental
solution in a variety of Stokes problems, with corrections from [2] added for
forces on curves.

2 The stretching factor

7?7 this section is ”finished”!

We describe the evolution of the stretching factor which occurs in the ex-
pression for the elastic boundary force. We suppose the moving curve I'(¢) is
parametrized by a material coordinate «, corresponding to arclength in the
unstretched position. If s = s(a,t) is the arclength along the curve at the
current time, the stretching factor is s, (a,t) = | X, (o, t)|, as in (1.10).

We suppose that a neighborhood of the curve is moved by a velocity field
V' (z,t) which agrees with the physical velocity on I'(#) but may be different off
the curve. Although the exact evolution of s, depends only on the velocity on
the curve, we will relate it to the extended velocity V' and the signed distance
function ¢, introduced at time ty near I'(t). Thus each point 2y nearby has
the form zy = X(a,to) + @©(xo, to)n(a, ty) for some «, where n(a,ty) is the
unit normal vector at X («, ). Assuming I'(¢y) is C?, the inverse mapping
(ar, ) — x is differentiable near I'(¢y). (These facts follow from the Tubular
Neighborhood Theorem, with a similar statement for a surface in R3.) The
determinant det(X,, X,,) of the mapping (o, ) — x, at a point on the curve is
+| X, ||n| = £|Xa| = £5a, since X, L n. The sign depends on the conventions
for a, ¢, and n.

Now suppose the curve and a neighborhood evolve in time according to the
velocity V' (z,t), that is, dz/dt = V (z,t) with x(to; z0) = xo. Let J = J(x0, 1)
be the Jacobian determinant of 0x/0xy. We can think of a, ¢ as coordinates for
a neighborhood of I'(¢) via the composition («, ¢) — ¢ — x. The determinant



of this composition for ¢ = 0 is £Js%, where s? is evaluated at z, at time
to. Using this fact we can express the derivative of the inverse function x =

(1, x9) — (v, ) as the inverse matrix of the derivative of (o, ¢) — =,

aloé 820( B 1 T2, —T1,p (2 1)

81()0 82()0 o —I2.« T1,a

From the second row of this formula we see that V| = | X,|/(Js%). Solving
for s, = | X,|, we have s, = |V|Js. More explicitly, for a material point on
the curve, for which the marker « is preserved by the flow,

Sala,t) = |Vo(z,t)|J(xo, t)sala, to), xo=X(a,ty), x=X(a,t). (2.2)

Thus the stretching s, at later time t is determined by its initial value, the
mapping induced by V', and V¢, which in turn is determined by the mapping.
Further simplification depends on the choice of V. If V' is the physical velocity,
with V-V =0, then J = 1, and (2.2) reduces to s, (,t) = |Vo(x,t)|sq(a, to)
as shown by Cottet et al. [9], Cor. 2.1 and [8], Lemma 3.1.

For a surface in R?, (2.2) has a direct analogue with entirely similar derivation.
If the material coordinates are o« = (ay, az), the stretching factor is s, =
|(0X/0ay1) x (0X/Das)|. The 3D analogue of (2.1) has as its third row the
equation Vo = (X,, x X,,)/(Js?), leading again to the formula (2.2).

2.1 Stretching with normal velocity extension

We now assume that the velocity field V(z,t) is extended from the curve so
that its normal derivative is zero on the curve at each time t,

(n-V)V(x,t) =0, xeI(t). (2.3)

Then, since |V¢| = 1 at time ¢y on the curve I'(¢y), the same is true at later
time as well,

[Vo(x,t) =1, reT(t). (2.4)
This is essentially the observation of Lemma A.1 in [32]; it is readily verified by

differentiating |V¢|? in time. In this case the formula (2.2) for the stretching
reduces to

Sa(a,t) = J(xg,t)sa(c, tp) . (2.5)
Moreover, it is a standard fact that
d
Ej(xo,t) =V - -V(z,t)J(zo,t). (2.6)



Thus, with assumption (2.3) we have the following simple differential form of
the stretching law

Esa(a,t) = V. -V(x,t)sq(a,t), r=X(a,t). (2.7)

We use this equation to evolve s, in our scheme.

3 The numerical method

7?7 J, see if you like the first part, esp. as related 7?7 to the rest of the paper
7?7 You will want to revise the description of your method ?? Check whether
the 12 steps need revision 77 stretching factor is called sal, currently set to q

At each time we need to find the location of the curve I' and the stretching
factor s,. The curve moves with the velocity field v, determined from (1.1).
The interfacial force in (1.7)—(1.9) is determined by s,. Our procedure for
moving the curve uses an extension of the velocity of the curve along normal
lines, rather than the physical velocity. In this case condition (2.3) holds, and
we can use (2.7) to update s,.

The velocity in Stokes flow has an integral representation derived from poten-
tial theory, in terms of the (periodic) fundamental solution S;; of the Stokes
equations (e.g., see [22]). The velocity v = (v1,vy) defined in the periodic
domain @ solving (1.1) is

/ Sii(y — 2(5))f;(s) ds + / / Sii(y — o) Fyy(2) derdzs (3.1)

with sum over 7 = 1,2. This representation is derived in Sec. 4, and the
method for computing the velocity is described in Secs. 4 and 5. To find the
motion of I' we need only compute the velocity on I', but the full velocity field
can be found as needed.

The motion of the interface is computed using a method developed in [24-28]
which combines the following modules:

Distancing. Given the curve I', a distance tree is built near I', that is, a
quadtree mesh consisting of square cells on several levels, with pointers to
nearby elements of I'. In building the tree, cells are split if a larger concentric
cell intersects I'. The signed distance function ¢ is known on the vertices of
the tree, and interpolated to other points. (See Sec. 1.3 of [25], and for more
detail in an earlier version, Secs. 3 and 4 of [26].)

Velocity extension. Given the velocity v on the curve I, values are extended



to the vertices of the tree by finding the nearest point on I' and assigning its
velocity. The extended velocity V' at an arbitrary point is found by interpo-

lation. This is a numerical version of the Whitney extension procedure. (See
[25], Sec. 2.)

Advection. Given the signed distance function ¢ on the curve I' and the
extended velocity V', solve approximately the advection equation

g0t+V‘V90:O

from time t to t + k by the semi-Lagrangian, or CIR, method. That is, given
T, define

P(T) = (T - kV(T)).

The predicted curve ' at time ¢ + k will be the zero set of 1. (For the second-

order version in predictor-corrector form, see [25], Sec. 1.2, or steps (4),(9),(10)
below.)

Contouring. Given the advected level set function ¢, find its zero set I':
Introduce a new tree, splitting each cell whose length exceeds the minimum
value of ¢ on the cell. Triangulate the cells and find the zero set of the piecewise
linear interpolant of 1. Move each vertex to reduce |¢)| at the vertex below a

specified tolerance. Split segments as needed to reduce [i| between vertices.
(See [24], Sec. 2.)

We can now summarize our procedure. We denote the function s, on the curve
by ¢. We outline one time step from time t to t + k:

(0) At time t we know the curve I, the associated signed distance function ¢,
the tree T', and the stretching factor ¢ on I'.

(1) Introduce a fine local mesh near I'. Compute the normal n (equivalently
tangent 7), and curvature k. Compute the force f on the curve I'; using (1.8),

(1.11).

(2) From f on I', and possibly a body force Fy(t), find the velocity v on I'
from (3.1).

(3) Extend v to V' on the tree T" for the curve I'.
(4) Find T as the set of # with ¢(z) = 0, where z = 7 — kV ().
(5) Build new tree T and compute @, the signed distance function to I, on 7.

(6) Find V - V(x) for z € T’ via a local mesh on I'. Update ¢ to q(7) =
(14+kV -V (x))g(z) for  on I'. (This completes the predictor half-cycle.)



(7) Introduce a local mesh near . Compute the new normal, tangent, curva-
ture, and the force f on the curve T, determined by g.

(8) From f on T, and possibly a body force Fy(t + k), find the velocity @ on T
using (3.1).

(9) Extend ¥ to V on the tree T for the curve I'. Set V() = %V(T) +iV(@ -
kV(T)) on T.

(10) Find T as the set of T with ¢(z) = 0, where 2 = T — kV (7).

(11) Build new tree T and compute B, the signed distance function to I', on
T.
(12) [ find V - V(x) via a local mesh on I'. 7? John is this needed??

For z €
For T € T find V - V(Z) via a local mesh on T. For T € T, update ¢, with
T — kV(T) as in (10),

q(T) = q(x) + 3kV - V(z)q(x) + 3kV - V(T)q(T)
with the last term locally implicit, or equivalently

14 3kV -V (2)
1kV - V(T)

(7) = q()

=]

(This ends the complete cycle.)

4 Ewald summation for Stokes flow

77 section 4 is "finished”! 77 Ewald parameter (formerly tau) is called ew,
currently sigma

4.1 The steady Stokes equations

The steady Stokes equations on a d-dimensional periodic box Q = [, 7]¢ C
R? for the velocity v : Q@ — R and pressure p: Q — R are

—vAv+Vp = F, V-v =0, (4.1)

where F' is a force with mean zero (for consistency). Applying the divergence
operator yields Ap = V-F' = 9, F}, and substituting back in gives a biharmonic
equation

vA*y; = 0;0;F; — AF; (4.2)



where 0; = 0/0z; and repeated indices imply summation. Let
AG = 6—1/|Q), /Odezo, (4.3)
define the periodic mean-zero Green function for the Laplace equation and
AB = G, /Qde — 0, (4.4)
define the periodic mean-zero Green function for the biharmonic equation,
with |Q| = (2m)%. Then
vv; = 0;0;Bx F; — AB % F}. (4.5)

We now seek convenient formulas for G, B and 0,0,5.
4.2 Fwald summation for the Laplacian

The obvious Fourier series

Gla) = _(%)_d%: #ek (4.6)

for G does not converge quickly enough to be useful in computation. Ewald
summation expresses G as the sum of two rapidly converging series, one
smooth and one singular but localized. The technique can be derived in a
variety of ways which suggest various extensions. The following derivation ap-
pears to be new. Let K; be the fundamental solution of the periodic heat
equation given in two different forms as

Kt(l’) _ (2W>—dze—t\k|2€ikm _ (47Tt>_d/2 Z e—rfn/4t’ (47>
k

meZzZd

where r,, = |[xt — 2mm/|. As t — 0, Ky(x) — Ko(z) = d(z), a periodic delta
function as ¢t — 0. Note that K; has mean 1/|@Q)] for all ¢ > 0. Fix a smoothing
parameter o > 0 and write

G=Gx(6-1/|Q|) = Gx (K, —1/[Q|) + G* (0 — K,)
Gx(0—K,) = Gx (Ko — K,) = —G*/OU@tht

_ —G*/OUAtht - —/OUtht +0/lQ].

Finally we write G as the sum G = G¥ + G* of Fourier and local parts, with
G defined as

G" = G* (K, —1/1Q]) +0/IQ)| (4.8)

10



so that

e
GF(z) = (2m)™ (O’ -> elk'x) . (4.9)

iz K

The k = 0 term in the Fourier series for G is nonzero. This does not matter
when convolving with a function F' which has mean zero, but will make a
difference when evaluating pointwise values of the full Green function.

By integration, we find the complementary local part,

ara) = — /0 T Ki(@)dt = -3 /0 T (dart) /2 gy (4.10)
1 —d/2 2—d T72n
== zm:rm I'd/2 1,40 : (4.11)

Here I'(a,2) = [° e *s*ds is the usual incomplete gamma function, which
is appropriately singular as z — 0 but decays exponentially as z — oo. Thus
we can usually omit the images 2rm whenever x is well inside the box Q).

4.8  Biharmonic Fwald summation by squaring

The straightforward approach to Ewald summation for the biharmonic equa-
tion requires the inverse Fourier transform of e~"" which is difficult to eval-
uate. Thus we consider two different approaches, both based on the Ewald
splitting of the Green function G for Laplacian, which we call squaring and
subtraction. The second is used in the present work. In the squaring approach,
we observe that

B =GxG = (GF +G") *(GF +GF)
= G« (GF +2G*) + GF«G* = BF + BY

where (since convolution multiplies Fourier coefficients)

e—0lk (9 _ o=olkl?y
B (z) = (2m)™¢ (—0—2 +> (2 )e””) (4.12)

k0 k|t

and
B (x) = /0 0 /0 (K K (2)dsdt = /0 0 /0 " Ky (x)dsdt (4.13)

since the heat kernel defines a semigroup. Consider G¥(x;0) as a function of
the smoothing parameter o, (as well as x) and let H(z;t) = [{ G¥(x;0)do be

11



an antiderivative; then
B () = / TOH(zit +0) — O,H(z: t)dt = H(20) —2H(0)  (4.14)
0

where a tedious calculation gives

H(t) = ! > rpd At d/2—1i +T d/2—2@ (4.15)
~16md/2 4 Tm r2, T4t T4t '

4.4 Biharmonic Fwald summation by subtraction

We can use a more direct approach in which the local part of the biharmonic
Ewald sum is defined by modifying the free-space Green function in a way
that preserves the local singularity. We take the two-dimensional case d = 2
for simplicity. The free-space Green function for the Laplace equation is

1
Goo(x) = %logm, (4.16)

and the corresponding free-space Green function for the biharmonic is
Lo
Byo(z) = 8_7rm (log|z| —1). (4.17)

The derivation of harmonic Ewald summation and the singularity

© d
0, 2) = / 6—8_5N_1ng as z — 0
z S

suggests that we define

1 r2
B (z) = —— 217 (0, 4.18

to provide a periodic rapidly-decaying function which matches the local sin-
gularity of B. We then use the Poisson summation formula to evaluate the
smooth part Bf = B — B” as a Fourier series. Note that neither B nor B*
have mean zero, but their sum B does. Reversing the computation of G*(z)
shows that

1 o
BX(z) = _Z/o ern(élﬂt)_le_rgl/‘“dt

1 o d 2
-~ et —rz J4t _ -2
=1 /0 t ; d e dt = —(2m)7*)

k

/ i t%(te—”“)dt etke

0

12



where we have integrated by parts and used the equality (4.7), a case of the
Poisson summation formula. Then, since B¥ = B — B* and

B(z) = (2m) %Y e, (4.19)
we obtain the rapidly converging Fourier series for BY,
Bf(z) = (2« ( +> — |k|4 (1+ o|k|* + 02|k|4)e_"k|2eik'z) . (4.20)
k0

Its second partial derivatives are given by

hik; 1+ olk|? + o2|k| e oM etk 4.21
k|

0:0;B" (x) = —(2m)™* )

k0
4.5 Application to the Stokes velocity

The decomposition B = B + BY above leads to a corresponding decomposi-
tion of the operator producing the Stokes velocity into a smooth part and a
local part. We write (4.5) in the form

vu; = Ej Sij *F’j (422)
with
It is natural to write S;; as the sum
Sij = SE + Sk (4.24)
with
Sk = 0,0;B" — 6;AB". (4.26)

The smooth part S¥ has the Fourier representation

SH(x) = (2m) 72 sy (k)e™™ (4.27)
k#0
5 K|? — Kik; e
Sz'j(k‘) = %(1+0|k’|2+02|k‘|4)6 k| . (428)

The local part will be written explicitly in the next section.

13



5 Computation of the Stokes velocity

7?7 Section 5 is "finished”! 77 tangent is tnt, currently set to tau

In the last section the velocity v, determined by the Stokes equations (4.1),
with given force F', was written as the convolution

J

The velocity kernel S, given by (4.23), was decomposed into a smooth part
and a local part, S = S¥ + ST, The two parts will be treated separately. For
convenience we write the velocity as v = vt + vl

5.1 The Fourier part

The velocity term v contributed by the smooth part of the kernel is computed
as a Fourier series. The method is similar to that of [29]. Writing F in a Fourier
series,

ZF dke (k) = (2m)? /Q Flx)e®de  (5.2)

and using the Fourler representation (4.27,4.28) of S¥', we have
= DD siy(k)Ey(k)e™ . (5.3)
ik

Because of the exponential decay of s;;(k) in (4.28) we can truncate the series.
We choose parameter p and sum over k = (kq, ko) with | k|, |ks| < p. The error
Er due to this truncation is at most

e~ P’
pPad/2

|Er| < V2r——75 (5.4)

(See [29], p. 253.) The estimate depends only on p?c. For example, p*c = 20
gives an error less than 10719,

7?7 John, see if what’s below should be revised?? If the force F'is on the curve,
in the form ' = fér, the Fourier coefficient of F'is an integral over the curve,

F(k) = (2m)° / Fla)e ®du(s) . (5.5)

We compute these coefficients by a quadrature rule over the line segments of
which T' is constructed. (Compare [29], p. 255.) If F' is a body force, we use a
trapezoidal rule for the integral (5.5). If F' has a jump discontinuity at I', we

14



approximate I' by a line segment in each grid square it cuts and choose some
value of F' on the correct side for each part of the square.

5.2 The local part

We derive approximations to the contribution v* valid for small . This is
possible because the kernel S* has Gaussian decay away from the singularity.
It is convenient to replace the Ewald parameter ¢ with a new parameter ¢,
defined by

6 = do. (5.6)
It is the radius of smoothing in G*" and B and the length scale for the decay
in S”. We obtain an expansion in powers of §. Similar expansions have been
used in [10],]29],]2], [3]. The analytical technique here is close to that in [2].

We ignore the periodic reflections in the formulas (4,11,4.18) for G*, BL,
presuming that the sources are well inside the periodic boundary. Thus, with
r= |$ |7

GHr) m D007, BHr) &~ T (57)

Corresponding to B”, the local part of the Stokes velocity is v} = X;57 x F}
with

To obtain detailed expressions we start with derivatives of G*, BL:
]_ 2 /82
L _ =~ -r¥s
0,G 5t (5.9)
1 €Z; _r2/52
08" = - (2ijL + ST ) (5.10)
and with p = r/0,
00,8" = b, (Lot + ) 4 B (5.11)
o - 7\2 8T 472 pe ’
and in particular
AB" = 9B" = G" + Lo 7 e (5.12)
i 2 2 ’ '

Now substituting (5.11,5.12) in (4.26) we can write S* explicitly as

2 T Ar 42

g 2 1
SZ-Lj = % Gt + 52']‘6_’)2 <—8i + p—) + i (1 - P2) e (5.13)
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To proceed further we consider separately the two cases of the force.
5.8 The local integral over a curve

We now analyze the local part of velocity v* when F' = fdr, representing a
force f on a curve I'. At an arbitrary point y

vol(y) = [ 30 SEy—a()fi(s)ds (5.14)

where s is the arclength parameter on the curve. We will derive an approxi-
mation valid to O(§%). Since S* is localized we are only concerned with y near
the curve I' and the part of the integral with x(s) near y. For such y we can
write y = x(so) + bn(sg) where z(sg) is a point on I' and n(sp) is the unit
normal at that point. For simplicity we assume so = 0. We write 7 = 2/(0) for
the unit tangent, and n = n(0) for the normal, denoting the s-derivative with
’. We have z”(0) = —kn, where k is the curvature at x(0).

We use Taylor expansions in s and b to identify the largest terms in (5.14).
We begin with

x(s)—y = 75 — (3rs” + b)n + O(s%). (5.15)
Let 72 = |2(s) — y|? and R? = s? + b?. Then

r? = s* + b+ kbs® + O(RY) (5.16)

We now introduce a new variable £ = £(s,b) defined by r? = &2+ b? in order
to simplify the dependence of the integrand on 7. Solving for £ in (5.16) we
have £2 = (1 + kb)s®> + O(R*) or

& = (1+1ikb)s+ O(R?). (5.17)

We can now solve for s = s(&, b), obtaining

s = (1= 3kb)E+0O(r") (5.18)
and J
d_z = 1-1rb+0(?). (5.19)

Now substituting for s in terms of £ in (5.15) we get
x(s) —y = (1—Lkb)ér — (3K +b)n + O(r®) (5.20)
and similarly for f

f = F(0)+ f(0)s + O(s*) = f(0) + f(0)¢ + O(r?). (5.21)
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In evaluating various parts of the integral (5.14) we use the substitution £ = §¢
and b = ¢, noting that p = r/é = \/(? + 52. Four integrals related to the
Gaussian will be needed. If

© e —(¢2+5?) » B o0 (P46 rp
I, = / <2+62§ c, J, = /_Ooe G+ ep g (5.22)
then
Iy = (n/|B))erfe|B], I = re® — 7|B|erfc|f|, (5.23)
= yre ™, =72, (5.24)

We begin with the integral of GL f;, corresponding to the part of (5.14) coming
from the first term of (5.13):

/GL r/8) fz—dg — /GL r/8) [(foi + 1) (1 — 2wb) + +O(2)] dé
= (1 — ikb) fOi/GL r/0)d¢ + odd term + remainder (5.25)

We evaluate the last integral as follows:

/GLr/(s g—a/GL d(——é/aGLgdC

_ —5/8GL Cd¢ = —5/ _ngz d¢ = 2‘;

The term in (5.25) with f},¢ is odd in ¢ and integrates to 0. The O(r?) re-

mainder in (5.25) is a sum of terms, each a monomial of degree 2 in £, b times
a bounded function, and the integral is O(6 - §%) = O(6%). Thus

Ay = /GL(r/cs)f,. ds — —%(1 — Leb) Ly fo + O(6%) (5.26)
Looking at the next terms in (5.13) we see in a similar but simpler way that
Agi = / e fide = 6(1— Lkb)Jofor + O(5%), (5.27)
A = [0 fids = 5(1—{rb)(e+ B0 fox + O(Y).  (5.29)

To handle the remaining part of S¥, we note that

S —y)fy = (1= 360) (£r6 + f1€7) — (3RE +b) (fu + £2€) + O()

J

where fr = 32; fo;7j, fo = X; fojn; and similarly f'_, f’, are tangential and
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normal components of f. Then

Z(Iz - yi)(xj - ?/j)fjg—z = (1- %/‘fb)fzfﬂ'i + (52 - %/‘653 + bffﬁz) Jnn;
— b (f',7i + f'rni) + odd terms + O(r?)

and proceeding as with the earlier terms we find, with M, = I, — J,,

A= [ R B EBG pet dg

r2
= 5(1 - %Hb)MngTZ‘ + 552(1 — %Iib)MofnnZ + 52BHM2fnni
— 8BMy(f i+ f'oni) + O(8%) . (5.29)

We can now substitute (5.26)—(5.29) into (5.13),(5.14) to get an expression for
the local part of the velocity,

1 3 1 1
L P _ [ . —_ . —_ . 3
vy, = 2A12 87TA22 + 47TA32 + 47TA42 + 0(5 ) : (53())

It is convenient to combine the first three terms and rewrite this as

dmvol = 6(1— Lb) (I — (1= 52)Jo) foi + Asi + O(8%). (5.31)
In the special case when b = 0, i.e. y is on the curve, this expression simplifies
to

drvvf = Lov/Tfm + O(6%) (5.32)

-2
5.4 The local integral of a body force

Next we approximate the local velocity resulting from a body force F' which
may be discontinuous across a curve I'. We first suppose that F' is nonzero
only inside the domain D bounded by I'. In place of (5.14) we have the integral

vl (y) = //DZSZ%(y—ﬁ)Fj(x)dxldxg. (5.33)

If y is away from T, it can be seen that this local velocity is O(§%) because of
the form (5.8) for ST in second derivatives of BE; the fact that BL in (5.7)
is 62 times a function of p = r/J; and the rapid decay of B%. For this reason
we consider a point y near the curve. For simplicity we assume y is along a
vertical normal line to the curve at distance b, and we set y = (0,0) . Thus
we suppose the curve has the form

vy = Y(®) = ~b + 1¥yad + Oa) (5.34)
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so that the curve passes through (0, —b) with normal (0, 1). The integrand is
significant only for x near 0. Assuming b is small, we introduce new coordinates
¢ = (&1,&) so that the exterior xo > Y (z1) corresponds to & > —b and the
radial distance is preserved, that is,

E+6 =i+ =12, (5.35)
Given x we first define &, as
§ = 2= Y (1) — b = x5 — 3V 2T 4+ O(}) (5.36)

so that (5.35) reduces to & = 23+ 2&(Y 4+ ) + (Y +b)% Since (Y +b) /23 is
smooth, this equation defines &;, with the convention that & and x; have the
same sign. We have £2 = 23(Y)'& + O(z)) or

&G o= (1+3Y/&)e + O(a?). (5.37)
From the approximations (5.36,5.37) it follows that
Ox

z = £+ 00, J = det <8§> =1+0(r). (5.38)

We now convert the integral (5.33) to the new variables,
—b oo
vk = /_ / S SE (@) Fy () déydés (5.39)
00 J—00

and note that the dependence on /4§ is unaffected by the conversion. We will
evaluate to O(63). We will make crude approximations, and it will become
evident that further terms are of the order neglected. Thus we replace Fj(z)
with Fy; = F;(0,0) and J with 1. We ignore the distinction between x and ¢,
obtaining

—b oo
vl a2 /_OO /_OOZSZ%(:E)FOJ- dxidzs . (5.40)
j

For i = 2 we can use (5.8) to write the integrand as 0y BYFy, — 011 B Fig;
since this is an xi-derivative, the integral is zero. For ¢« = 1, the integrand is
019 BY Fyy — 099 BV Fyy1; the first term again integrates to zero, and for the same
reason we can replace the second term by —(ABL)Fy;. We now have

—-b roo
l/’UlL ~ —F01/ / ABY dxidxs . (5.41)

One term in AB* is G¥. We rewrite the z;-integral of this term as



Substituting from (5.12) and combining terms we have

E — 1
nl ~ =2 / / < x2 2(1’% +x§)> e dayday .

We now rescale the variables, (x1,xs) — (0x1,dx2). and set 3 = b/d, so that

&2 F01 —3 1 —r2
ol / / <x1 +2:C2 2(:6% + x%)) e dxydrsy .

We note that the integrand is even in x5 and the integral from 0 to oo is zero.
Thus for § > 0, the integral from —oco to —( is minus that from 0 to 3, and
for § < 0, the integral is equal to that from 0 to |3|. Evaluating the integral
we find

6 F01
8m

ok & B (Ve — 2| erfe|d]) . (5.42)
The term just found was O(d?) because of the rescaling of the area form. If
we considered further terms we would have additional factors of £, which after
rescaling would contribute terms to the integral of order §” - §% with p > 1.
Returning to general coordinates, we summarize the conclusion for the local
velocity (5.33): For a point y near the curve, if y = = + bn, where z is on the
curve and n is the normal at x,

vl = _85_;6 (\/7_1'6_52 — 27|03 erfc|ﬁ|) F.7+0(8) (5.43)

where = b/d, T is tangent at x, and F, is the tangential component of F' at
x.

Finally, we consider the case of an integral over the full periodic domain but
with a discontinuity in F' at the curve I'. In the analysis above, if our integral
were outside D rather than inside, the y-integral would have been from —b to
oo rather than —oo to —b. The answer would be the same except for a change
of sign. Thus, for an integral with discontinuity across I', the result would be
the difference of two terms as in (5.43),

L = g—;ﬂ (\/7_1'6_ —27T|ﬂ\erfc|6|)[ T+ O(6?) (5.44)

where [F;] means the outside value minus the inside.

6 An exact solution with elastic force

77 Sign of curvature changed to conform with other sections 7?7 This is a minor
rewrite of earlier note 7?7 We should do some cutting before submitting
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We will shall construct an exact solution in the 27-periodic domain in which
the elastic interface is a moving ellipse. We take the ellipse to be

x = a(t)cosb, y =b(t)sind (6.1)

parametrized by 6, so at one time the ellipse is

113'2 y2
St =L (6.2)

The area must remain constant since the flow is incompressible, and we take
a(t)b(t) = 1 to preserve the area. To be specific, we take

1
a(t) = 1+ 7 608 wt (6.3)

with some frequency w so that 3/4 < a < 5/4 and 4/5 < b < 4/3, and the
ellipse is well within the square —7/2 < z,y < 7/2. We assume that the points
move along rays 6 = constant. Then the velocity of a point on the ellipse is

(a'cos @, b sinf) . (6.4)
We note for later that ds/df = o is

o = Va2sin 62 + b2 cos 02 = /bta? 4 aly? (6.5)

where s = arclength. The unit tangent and normal vectors are

T = (—a*y,b*z) /o, n = (b’r,a’y)/o. (6.6)

Also 07/0s = —o~3n. We have 97/0s = —rn with curvature k = o73.

The next step is to find a velocity field which gives the motion specified for
the ellipse. We choose a stream function ¢ and then define the velocity
as (2/)?50), —{9), so that the divergence is zero. Note that a’/a = —b'/b since
ab=1. For —7/2 < z,y < 7/2 we define

a/

O = —ay (6.7)
a
so that oy
o _ (> v 6.8
o0 = (La,2y) (63)

in this smaller region, matching the velocity already specified on the curve.
Later we extend ¢(0) to —m < x,y < m so that it is periodic. We note for later
use that Av(©® =0,

We suppose that the equilibrium of the membrane is the circle of radius 1/2,
with total length 7, and = 2« or v = 6/2, so that « is a material coordinate.
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Then ds/da = (ds/df)(df/da) = 20. The force f on the curve is given in terms
of 7, n, and s, = ds/da,

f = 0s[(8a —1)7] = 205(s9)T — (259 — 1)kn = fr7 + fun (6.9)

with
fT = 2(95(89) y fn = —(259 — 1>I<L (610)
and since o = sy,
fr = 2s¢9/0 = 207 %(a® — b*)xy (6.11)
fo=—072Q0c—1)=-20"2+073. (6.12)

We must choose v and p with the jump conditions (outside minus inside)

v
= — — A
F=lin-v|o] (6.13)
or, separating tangent and normal components,
ov
- _ — . 14
o= b= (6.14)

To create tangential force on the boundary, we will add a term to the velocity
inside the ellipse, giving the jump in normal velocity. Since the velocity must
be continuous, the new term must be zero on the curve. We again define it
through a stream function. We define p by

2 2
2 T Y
P = ? + b_2 (615)
so that the ellipse corresponds to p = 1. Let g be any function near the ellipse.
Define
oW =g -1)?, oW = (), =) (6.16)
For any choice of g, the velocity will be continuous with a jump in dv/dn
depending on g. We find A(p? — 1) = 802. Since 1) = 0 and V) = 0 on the
ellipse we get
v

Erae —g(A(p* — 1)) = —8a?gr. (6.17)

Looking at f, above, we need —802g = f. on the ellipse, or

1
g= —@(az —b*)sinfcosf = —o~*(a® — b?)

A (6.18)

on the ellipse. We will extend o positively to the interior p < 1 and then
define, for p < 1,

_ Y
YW = —o7H(a® - bz)m(ﬁ - 1) (6.19)
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Similarly, we define p inside as the extension of —f,, = 073(20 — 1), with p = 0
outside, so that the jump condition for pressure in (6.14) is satisfied. We have
now defined the velocity and pressure so that the ellipse moves with the fluid
velocity and the jump conditions (6.14) hold.

To extend o to p < 1, keeping it positive, we define o? inside as

2 Y 2 a?

o? =1+ (a® —1)b2 (b —1);. (6.20)

Then 02 — 1 as (z,y) — (0,0), and for p =1 it is
2y a?
1+a b2+b——1 (6.21)
which agrees with (6.5) since ab = 1. We check it is strictly positive:

22

o =1-p* +d? 2+b2 (6.22)

b

Choose ¢o > 0 so that a,b > ¢y at each time. (For our example, ¢y = 3/4.)
Then

o2>1—p*dep’=1—(1—c))p*>c (6.23)

for p? < 1, as desired.

We need third derivatives of ¢!, since v = ({V, =) and the body force

depends on AvM). To record various derivatives, we write

v = CoryQR, Co = (b* — a®)/(4ab), (6.24)
Q=01 R=(p*—1)> (6.25)

with o extended to p < 1 as in (6.20),(6.22). For convenience write

p? = b*® + a*y?, o =1+ b*(b* — 1)a* + a*(a® — 1)y (6.26)
or
0? =1+ Ba? + Ay, B=0b*"—1), A=d*a*—-1) (6.27)
Then
R,=4(p* - 1)Vz, R,=4(p>—1)d’y, R,,=38zy (6.28)
Ry, = 8b*2% + 4(p? 1)b2 Ry, = 8a'y® +4(p*> — 1)a*, (6.29)
AR, =8z(1+3b*), AR, =8y(1+ 3a?) (6.30)
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Q. = —40 Bz, , = —407%Ay, Q., =240 *ABxy (6.31)

Quw = 40 °B(5B2*> — 1 — Ay?), Q,, =40 %A(BAy* —1— Bz?), (6.32)
AQ, =240 ""Bx(3B — 5B*2* + 3ABy* + A + ABx* — 7TA%?)  (6.33)
AQ, = 240" Ay(3A — 5A%y* + 3AB2® + B+ ABy* — TB**)  (6.34)

Using derivatives of R and ) we can write

v = () = CozQR + Cozy(Q,R + QR,) (6.35)
o§Y = — () = —CoyQR — Cory(Q.R + QR,,) (6.36)

AV /Cy = AV /Cy = 2QR, +2Q,R
+ 2y(QxyR + Q:cRy + Qny + QyR:c)
+ 2(6Qy Ry, + 3QR,, + 3Qy R + Qe R+ QRuy + 2Q.R,)
+ xy((AQy)R + 3nyRy + 3QyRyy + QARy
+ Que Ry + 2Quy Ry + 2Q Ry + QyRyr)  (6.37)

— AvV /Cy = AYD /Cy = 2QR, + 2Q, R
+22(Quy R + QyR: + QR,y + Q. Ry)
+y(6QuRy 4 3QRug + 3Quu R + QuyR + QR + 2Q,R,)
+ 2y((AQ4) R + 3Quu Ry + 3Q, Ryw + QAR,
+ QuyRs + 2Quy Ry + 2Q,Ruy + QuR,,) (6.38)

With these pieces in place, we can write explicitly the velocity v, pressure p,
and body forces, inside and outside the ellipse. Inside we use (6.8), (6.35),
(6.36) to define

v = 0@ 4O p<l1 (6.39)
and p as stated before, using the extended o in (6.20),
p=03020—-1), p<1 (6.40)
so that
Vp = 07 °(3 — 40)(Bz, Ay) , p<1. (6.41)

To define v outside the ellipse, we use a periodic extension of ((x) = x for
|x| < /2, extended to |z| < 7, as defined below. Outside the ellipse we define,
in place of (6.7),

¥ (a,y) = L)) (6.42)

so that the outside velocity is

b= @0, —0) = SE@CW), (@), p>1. (643)
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We take the pressure to be zero outside,

p=0, p>1. (6.44)

To use this example as a test problem, we need to give the nonhomogeneous
terms, or body force, as well as the force on the boundary, in order to compute
v and p, and compare with the exact ones above. The Stokes equations have
the form (1.1), (1.2) with force F' = fdr + F, where Fj is the body force
(interior and exterior) and fdr is the force on the boundary. The boundary
force is f = fun + f;7, with n, 7 given by (6.6) and f,, f, given by (6.10) or
(6.11),(6.12). As for the body force Fj, we have with the choices above,

F, = —vAuM +Vp, p<1 (6.45)

and

By = —v(Ap0, Ay p>1. (6.46)
Inside, the components of F, are given by (6.37),(6.38),(6.41), taking into
account the factors Cy and —v.) Outside they are

a/

Fy = —v—(("(2)C(y) +C@)¢"(v) . p>1 (6.47)

/

Fio = v (("(@)6) + (@) W) . p> 1. (6.48)

Finally we give the definition of . We first construct an odd polynomial ¢(z)
on [—7/2,7/2], so that after translation { will be odd about z = +7. We
specify ¢'(7/2) = 1; ¢"(7/2) = 0; ¢""(7/2) = 0. With

q(z) = 1o + cx® + c35® + cyx” (6.49)
we get
27 35 42 40
C1:—§> C2:ﬁ’ CSZ_Fa 0425- (6'50)
Now define
((x) = =z, /2 <z <7/2 (6.51)
((x) = qlx —m), 7/2<z<m (6.52)
((z) = q(z+m), —r<z<-—m/2 (6.53)

We have defined ¢ so that " is continuous but not differentiable at x = +7/2.
Thus the body force F, has the same property. For reference here are the
derivatives of p:

¢ (v) = 1 + 3cox® + Bega® + Teya® (6.54)
q"(z) = 6cox + 20c33® + 42¢42° (6.55)
¢"(z) = 6cy + 60c3r? + 210c42* (6.56)
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The maximum of |¢"| is about 11, occurring near = = 0 (which gets converted
to o = %m). In between it peaks at about —8. The maximum of |g| itself is
about 2. But the maximum of ¢"” is about 50.

7 Numerical results

8 Future Directions

7?7 How’s that for the title? 77 start by saying we have a new method 77 and
it works great?

The algorithm used in this work extends directly to three dimensions, al-
though more work is required. If the force on a moving surface is determined
by stretching of area, the description of the evolution in Sec. 2 applies directly.
The Stokes velocity resulting from the interfacial force is a single layer poten-
tial on the surface with 1/r singularity. The Ewald splitting applies to the
fundamental solution, and the treatment of the Fourier part of the integral is
the same [29]. The local part can be approximated as in Sec. 5; a method of
this type for surface layer potentials for the Laplacian was developed in [3]
and a general approach given in [23]. A code has already been written for the
semi-Lagrangian contouring method in three dimensions. 77 J, do you want a
citation for the above? Or delete this?

We have assumed that the viscosity is the same on both sides of the interface.
Boundary integral methods have been used for Stokes flow with different vis-
cosities (e.g. see [22,21]). The calculation of the velocity determined by the
force on the moving boundary requires the solution of an integral equation on
the boundary as a preliminary step (e.g., see [22,21,1]). The present method
should extend to the case of differing viscosities in this way.

The Stokes equations (1.1) describe fluid flow only for very low Reynolds num-
ber. More generally (1.1) should be replaced by the Navier-Stokes equations

v +v-Vu+ Vp = vAv + for, V-v=0. (8.1)

We expect the present method can be extended to Navier-Stokes flow with
an elastic interface. One way to proceed begins with the observation that the
jump conditions (1.6) are the same in the two cases. At each time we can write
the Navier-Stokes velocity v of (8.1) as a sum v = v°+v" where v* is the Stokes
velocity, the solution of (1.1). Then v" is C! at the interface; the jump in the
normal derivative has been removed. The evolution equation for the regular
part v" is similar to (8.1), without the interfacial force, but with a forcing
term determined by v®. It should be possible to solve for v" accurately on a
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regular grid. With this additional step the procedure could be an extension of
the method presented here for Stokes flow.
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