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Abstract

The development of interpretable causal estimation methods is a fundamental prob-
lem for high-stakes decision settings in which results must be explainable. Matching
methods are highly explainable, but often lack the accuracy of black-box nonpara-
metric models for causal effects. In this work, we propose to investigate theoretically
the statistical bias and variance of Almost Matching Exactly (AME) methods for
causal effect estimation. These methods aim to overcome the inaccuracy of match-
ing by learning on a separate training dataset an optimal metric to match units on.
While these methods are both powerful and interpretable, we currently lack an un-
derstanding of their statistical properties. In this work we present a theoretical char-
acterization of the finite-sample and asymptotic properties of AME. We show that
AME with discrete data has bounded bias in finite samples, and is asymptotically
normal and consistent at a y/n rate. Additionally, we show that AME methods for
matching on networked data also have bounded bias and variance in finite-samples,
and achieve asymptotic consistency in sparse enough graphs. Our results can be used
to motivate the construction of approximate confidence intervals around AME causal

estimates, providing a way to quantify their uncertainty.
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Chapter 1

Introduction

Causal inference is growing in both usefulness and importance in virtually all areas
of high-stakes decision making. Important decisions such as government policies,
medical treatments, business strategies and judicial sentences are increasingly being
informed by causal estimates obtained on either new or existing data. While these
developments have increasingly led to better informed and more accurate decision-
making, they also have created an explainability problem for the decision-makers.
Complex, black-box algorithms are often used to compute causal estimates that in-
form high-stakes decisions, and decision-makers are left unable to explain how the
algorithms themselves reached their conclusions on the given data. This is highly
problematic in contexts in which decision-makers wishing to take causal findings into
account for their decisions have to be accountable to some external entity: results
from uninterpretable, black-box methods would be hard, if not impossible to justify
to such an entity.

To remedy this problem, it is possible to employ interpretable methods, instead of
black-boxes, to obtain causal estimates, and matching, the subject of this work, is one
such interpretable method. In matching, similar individuals are compared to each
other to determine what would happen if the same person received the treatment,
i.e., the policy, medical intervention, business strategy, etc., in question, or did not.
This comparison leads to easily interpretable estimates, which can be justified in
terms of the cases that were compared to produce them. Unfortunately, the use of
an interpretable method such as matching often comes at a cost: the simplicity of
matching can lead to less accurate causal estimates than those of a complex black-box
model on the same data.

In this work, we study a family of matching methods called Almost Matching
Exactly (AME) that tries to marry the accuracy of complex machine-learning black-
boxes, with the interpretability of matching. In short, AME tries to use machine
learning to learn an accurate similarity metric between cases on the cases them-
selves. Matching is then performed by comparing cases on this learned, accurate
similarity metric. In this way, the AME family of methods can deliver accurate and
interpretable causal estimates that can be used to justify any high-stakes decision,
while still be explainable “all the way down” to the data used to produce them. While
the AME methods have been shown empirically to achieve good performance and to
produce interpretable matches on both simulated and real-world datasets, little is
still understood about their statistical properties. Specifically, it is important to be
able to characterize the bias and variance of any statistical method, ideally in finite
samples, but also asymptotically. This work aims to provide such characterization
for several AME methods. Using both theoretical and empirical methodologies, we
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will characterize the bias and variance of AME for discrete, continuous and network
data. We will show that bounds on finite-sample bias and variance can be obtained
for some of the AME methods, and that asymptotic behavior can be characterized
as well in some cases.

1.1 Causal Inference

The problem of causal inference is that of estimating the effect of a treatment (a
policy, business decision, medication, etc.) on an outcome (economic growth, profits,
health indicators, etc.). Usually, we will have data on n cases or units, some of which
have received the treatment, and some who have not. We will generally use the
notation ¢ = 1 to denote whether a unit that has received the treatment and ¢t = 0
to denote a unit that has not. If we denote the value of the outcome for unit ¢ under
the treatment with Y;(1) € R and without the treatment with Y;(0) € R, then these
two variables will denote the value of the outcome either when the treatment has
or has not been received by i. Notably, we will never observe both Y;(1) and Y;(0)
at the same time: a unit either receives the treatment or does not. For all intents
and purposes, these outcomes are only potential, and never both realized at the same
time. Clearly, comparing these two values directly is impossible. This is known as
the fundamental problem of causal inference [Hol86], and the aim of statistical causal
inference is to provide methodologies to overcome it. In practice, we will model the
treatment assignment received by a unit with a binary random variable, T;, and the
value of the outcome we actually observe with Y; = Y;(1)7;+Y;(0)(1 —T;). Generally,
we will also observe a p-dimensional vector of contextual covariates for each unit. This
will be denoted by the random variable X; € RP. We will also be making the following
general assumptions, unless otherwise stated:

e (Strong) conditional ignorability (CI): (Y;(1),Y;(0)) I T;|X;

e Stable Unit Treatment Value Assumption (SUTVA): Potential out-
comes do not depend on treatments assigned to units other than i.

e Random Sample: {(Y;(1),Y;(0),T;,X;)}", is an i.i.d. random sample from
the joint distribution, of these variables, and (Y'(1),Y(0),7,X) denotes an ar-
bitrary draw from this distribution, and y(1),y(0),t,x denote arbitrary values
within the domain of this distribution.

Throughout this work, we will specify which of these assumptions holds in the setting
studied, or if special cases are being analyzed.

Conditional Ignorability is the key assumption among these that permits us to
indirectly compare potential outcomes, and reach a conclusion as to what outcomes

a specific unit would attain with or without the treatment. This is the case because,
it follows from CI that: E[Y (¢)|X = x| = E[Y|X = x,T = t], and the quantity on the
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rhs of the equality can be estimated from the observed data using regular statistical
tools. This highlights the idea that what makes causal inference possible, are the
assumptions that we make on our data, rather than the specific methodologies that
we employ. Under the correct set of assumptions, causal results can be produced
with interpretable methods as easily as they can be with black-boxes.

Throughout this work, we will be interested in the difference between the value
of the potential outcomes of each unit. This quantity is known as the Conditional
Average Treatment Effect (CATE), and is denoted as follows:

r(x) = EYi(1) = V:(0)|X; = xi] = E[Y|X = x,7 = 1]  E[Y[X = x,T = 0],

where the second equality follows from the assumptions introduced before. Note
that this quantity is the difference of two components: p;(x) = E[Y(1)|X = x], and
po(x) = E[Y(0)|X = x]. These two quantities are known as Conditional Response
Function (CRF), and their estimation is directly related to the problem of estimating
the CATE.

1.2 Matching and Almost Matching Exactly

Once the assumptions needed to estimate the CATE are clarified, the problem of
estimator choice arises: which is the best method to estimate 7(x) on the given
data? As outlined at the beginning of this work, we would like our method to not
only be accurate, but also interpretable: because of this we choose matching.

In a very general sense, matching works as follows: suppose that a unit, j, has
covariates x, and that we would like to compute 7(x), i.e., the CATE for unit 5. A
matching method will select a subset of the n units available, which in this work we
call a matched group, and which we denote by MG, such that each unit within MG
is considered matched to j. Given this subset of units, we will then use the following
estimators for the CRFs and CATE:

) = 5= Hlm — S VIT - o),

1€EMG iEMG

7(x) = [ (%) = fo(x)-

note that the estimator for p,(x) is just the average of units who were assigned
treatment ¢ in the matched group, and the estimator for 7(x) is the difference between
the two estimators for the respective CRFs.

The question now is how should matched groups be constructed: i.e., how should
we choose which units to include in MG? In practice, most matching methods will
compute some distance metric d(x,x’) between the covariates of candidate units and
the unit to be matched, and choose the K-closest units in terms of d. This is simple
and interpretable, but often leads to inaccurate estimates using the estimators just
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defined. The AME methods aim to solve this problem by informing the selection
of units to be included in MG with accurate machine learning predictions. The idea
behind AME is to choose these units based on the outputs of an accurate but uninter-
pretable machine learning model applied to a subset of the data: since these models
will likely accurately predict p;(x), their outputs can be used to inform which units
should be included in MG to estimate the CATE accurately, but interpretably.

Characterizing the statistical error and variance of the estimators introduced is
fundamental, since virtually all the downstream application of these estimators rely
on some form of uncertainty and error quantification. For this purpose, this work
aims to offer such quantification for two of the AME methodologies.

1.3 Plan of the Thesis and Summary of Contribu-
tions

This project aims to characterize the bias and variance of fi; and 7 when matches are
made with the AME methodologies in two settings: first, when covariates are discrete
and all three assumptions introduced prior hold. We will see that in this settings the
bias of 7 for 7 can be easily bounded in finite samples with quantities that depend
directly on the matching method used, and we will also show that CATE and CRF
estimates constructed with AME matches for discrete data are asymptotically normal
at a v/n rate. We will then move to a setting in which SUTVA does not hold, and the
units are connected in an observed network. For an extension of the AME framework
to this setting, this work will show that finite-sample bias can indeed be bounded, as
a function of certain network features, and that some asymptotic properties of the
estimators can indeed be established.

The work in this thesis has been published as part of the papers [WMA*17], and
[AMO™20]. The theoretical results presented in this thesis were developed indepen-
dently by the author, and included in the papers cited above. The descriptions of
the algorithms that the results refer to were developed jointly between the author
and his coauthors, and are included here as a way to contextualize and introduce the
theoretical results that contribute the main body of this work.

This work will now proceed by introducing AME for discrete data, and by sum-
marizing some theoretical results concerning bias and variance of CRF and CATE
estimates. Second, the settings of causal inference with network data will be intro-
duced, and an algorithm that adapts AME to this setting will be described. Follow-
ing that, theoretical results concerning the finite-sample and asymptotic error of the
AME-Networks method will be described.



Chapter 2

Bias and Variance of Almost Matching
Exactly Methods with Discrete Variables

We start by introducing AME methods for matching with discrete covariates. In this
setting, we have n units denoted by §™¢, and indexed by 7, each of which is associated
with a set of p covariates x, taking binary value 0 or 1. As previously introduced,
we wish to estimate the CATE for each unit 7. Note that, since covariates are binary,
matches can only be made either exactly, or by completely ignoring certain covariates.
When units do not have other units that exactly match with them on all p covariates,
we will have to choose which covariate to ignore, and which others to match exactly
on. How should we choose which covariates to match on and which to ignore when
complete exact matches do not exist in the data?

We will use 8 € {0,1}? to denote the variable selection indicator vector for a
subset of covariates to match on. For AME we will define the matched group for
a unit with covariates x, with respect to covariates selected by @ as the units that
match x exactly on the covariates 6:

MG(x,0)={iel,....n:X;00 =x00}.

Suppose for now that we are given a set of p nonnegative weights, one for each covari-
ate, denoted by w, and that these weights denote the importance of the covariates for
matching: covariates associated with a larger weight should be prioritized for match-
ing. If we were given these weights, then we would select to match x exactly on the
covariates with the highest values of w to as many units as possible. In practice, we
would want to choose 6 that solves the following problem:

0" c argmaxw’, s.t.:3i € S™: X;00 =x080, and, [(T; =1) = t,
6c{0,1}r

i.e., we wish to find 6 that maximizes the sum of weights of covariates that are
considered for matching, but also such that at least a unit with the desired treatment
level, ¢, that matches exactly with x on all the covariates selected by @ exists in
our dataset. Note that this problem can be solved separately for each unit ¢, using
X, as input, to find the matched group MG(X;,0). Once the problem is solved,
the main matched groups can be used to estimate treatment effects, by considering
the difference in outcomes between treatment and control units in each group, and
possibly smoothing the estimates from the matched groups if desired, to prevent
overfitting of treatment effect estimates.

How should we proceed when we are not given a vector of weights w? We suggest
to use the following criterion to estimate covariate weights from the data: We would
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like to ensure that each unit is matched using at least a set of covariates that is
sufficient to predict outcomes well. Conversely, if a unit is matched using a set of
covariates that do not predict outcomes sufficiently well, we would not trust the
results from its matched group. Let us formalize the problem of matching each
unit on a set of covariates that together predict outcomes well. The value of a set
of covariates @ is determined by how well these covariates can be used together to
predict outcomes. In practice, w can be estimated on a separated training set, by
fitting an outcome model to the data, and computing prediction errors. For an in-
depth description of how this can be done for discrete covariates, see [WMAT17] and
[DLR*19].

Here, we will focus on studying the statistical bias and variance of the CRF
and CATE estimators with either known, or arbitrary importance weights. The
asymptotic result that we will give, will hold for any set of covariate importance
weights.

2.1 A Bound on the Finite-Sample Bias of Dis-
crete AME

If we do not match on all relevant covariates, a bias is induced on the treatment effect
estimates. As shown before, solving the Full-AME problem ensures that this bias is
as small as possible, and zero if the covariates excluded are all irrelevant (i.e., have
weight 0). Here we present a simple worst-case bound on the in-sample estimation
bias when a CATE is estimated with units matched according to a chosen subset of
covariates (defined by 8). This bound is worst-case in that it holds for any subset of
relevant covariates. This implies that the bias resulting from Full-AME will be much
smaller than the bound given here in most cases.

Before proceeding with establishing this bound, we introduce some notation and
define some quantities and assumptions: first, we will assume that there is no ran-
domness in the potential outcomes, i.e., Y;(t) = pu(x;). Additionally, define the
variables: n1(x,0) = >, cyex0) Li and no(x,0) = > icex0)(1 — Ti) to be the count
of units in MG(x, #) with treatment 1 and 0 respectively. Finally, Let WTl(x;&x') be
the (positive) weighted Hamming distance between x and x’ with a vector of weights
of length p, denoted by w, where each entry of w is a positive real number, and such
that 0 < ||wl|2 < 0o, and define M = maxy xe(o,1} %_f”(x)‘

te{0,1} S
Proposition 1. Fiz a value of the covariates x € {0,1}?, and a value of @ € {0,1}?.
We have, for any 6 € {0,1}?:

nl()lc, 5 2 )YiTi - m Yi(l—T) —7(x)| < 2Mw'(1 - ), (2.1)

1EMG(x,0 1EMG(x%,0)



where 1 is a vector of length p that is 1 at all entries.

Proof. For a set of i = 1,...,n units, consider potential outcomes p;(x;), with co-
variates x € {0,1}” and treatment indicator ¢ € {0,1}. Let 1(x1x) be a vector that
is one at position j if z; # 2/ and 0 everywhere else. For all x,x" € {0,1}? and
t € {0,1}, by the definition of M above, we have: | (x) — p1¢(x')| < MW 1 (x4 and

pe(x) = MW" Loy < (X)) < (%) + MW L ey, (2.2)

Now we pick an arbitrary pair of x and 6 and consider the term WTl(,Qéx/) for any
i € MG(x,0):

p

W L ety = Z W;L (a2t (zj(vesp. %) is the j-th entry of x (resp.
j=1
p

= Z wj(l — Gj)l(mﬁéx;_) (Sil’lCG x' € MG(X, 0))

j=1
p

<> w1 - 6;) = wT(1-0), (23)
j=1

where 1 is a vector of length p that is one in all entries. The second line follows
because x' € MG(x,60) implies that x’ must match exactly with x on the covari-
ates selected by 6. We want to use the estimator 7(x,0) = m D icua(x.0) Yili —
m > ienaix0) Yi(l — Ti) to estimate 7(x) = pi(x) — pro(x) for some fixed x and
0. We can construct an upper bound on the estimation error of this estimator as
follows:

B y;n_m S Y(-T) - 7(x)

m(x, 9) i€MG(x,0) 1€MG(x,0)
1 1
= )T — ——— N1 =T — _ ’
ni(x,0) Ege) () no(x, 0) ,e§ 0 Ho(xi)( ) = (1 (%) = p1o(x))

(2.4)

where we use Y; = Ty (x;) + (1 — T;)po(x:), and T? = T; and T;(1 — T;) = 0 for any
i. Then from (2.2) we get:

1 1
)T — N1 =T — _
m(x,0) 2 ()T no(x,0) po(xi)(1 = Ti) = (pa(x) = o (x))
1€MG(x,0) iEMG(x,0)
1
< 111 (%) + MW )| T
ni(x, 0) ie%;ﬂ)[ 1(%) ()]
1 T
T o 0 MHo(X) — Mw'1 x£x! 1— E
no(x, 6) @%ﬂ)[ o(x) (x| (1 = T0)
— p1(x) + po(x). (2.5)



Next, we combine (2.4) and (2.5) to get:

- D W(-T) =1

zEMG (x,0) iEMG(x,0)
1
< [11(x) + MWL s | T
ni(x, 0) ier%,e) (x#xi)
1
 no(x,0) D 00 = MW L [(1 = T3) = pa (%) + (%)
O T ema(x,0)
1 1
T — 1-T) —
pu(x) m(x.0) > fo(x) (. 0) > ) — pa(x) + po(x)
1EMG(x,0) ieMG(x,0)
T; 1-—T:
+ D MW ) ( L+ ’ )
1EMG(x,0) n <X7 0) TL()(X, 0)
T, 1-T
Mw?T 1 (x, ( ¢ + ¢ )
26%0 7 nl(X7 0) no(X, 0)
T; 1-T,
>, Mwi(1-9) ( + )
iEMG(x,0) nm(x,0)  no(x,0)
=2Mw"(1-0),

where the inequality in the second to last line follows from Equation (2.3). Using the
same set of steps we can construct a lower bound on the estimation error:

n1(>1<,9> 3 m—no(;m S V(- T - 7(%)

1€EMG(x,0) 1EMG(x,0)

1

> (%) — MWL T,
), 2 )
1
- [110(%) + MW 1 (3] (1 = T})
0, 2 )

— p1(X) + pio(x)

- Y mw- >(n1<§,a)+nt<;,j;))

1EMG(x,0)

= —2Mw'(1-9).

Putting together these two bounds we obtain the statement in the proposition. []

As asserted by Proposition 1, we should select 8 to minimize w’ (1—8) in order to
minimize AME’s bias. In real problems, we should think about w as a non-uniform
vector that has some small entries. AME would tend to remove those entries so that
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the bias is minimized for the remaining covariates that are used for matching. This
bound provides guidance in designing the AME procedure as it suggests that the
amount of bias, in estimating treatment effects with almost-exact matching, depends
heavily on 8: AME will try to match on sets of covariates that minimize such bias.

2.2 Asymptotic Normality of Discrete AME

We now seek to establish the asymptotic behavior of Discrete AME causal estimates.
Since we will be dealing with population quantities, we will consider the variable
Y (t) as random, with: s (x) = E[Y (¢)|X = x], for t € {0,1}. The following theorem
describes the asymptotic behavior of AME estimates:

Theorem 1. Let all quantities be defined as prior, assume conditional ignorability,
SUTVA, and boundedness of E[|Y (¢)>*°||X = x| for all t and x, and some § > 0. Let
0 be the solution to the universal AME problem:

0 cargminl?@, st.:3Fi=1,...,n: X;00=x%x080, and, T, = t,
6c{0,1}r

where 1 is a vector of length p that is one in all entries. Then:

VaG) = o) N (0.5 20 ).

and,

R d ot (x) 05 (x)
Vn(r(x) = 7(x)) = N (0, PrX—x.T=1) + Pr(X = x.T 0)) .

The proof follows. Note that, as we will show, asymptotically 8 that solves the
universal AME problem will equal 1 almost surely. This implies that any 6 that
solves the AME problem with any set of weights on the covariates will eventually
also converge to 1, thus displaying the same set of asymptotic properties as 8. We
also note that a similar result in the context of balancing weights is given in Theorem
2 of [LMZ18|.

Proof. First we show that, if 8 solves the universal AME problem, then it will almost
surely converge to 1, we have, for any x € {0, 1}?:

Pr(@ #1)=Pr(ficl,....n: X, =x,T; =t)

Il

(1-Pr(X; =x,T; =1))

I
=
|
)—U
~
b
I
™
S
I
=
=



where the second and third equalities follows by the random sample assumption.
Finally, it follows that lim, (1 — Pr(X; = x,7; = t))* = 0. We now move to
show asymptotic normality of fi;(x). Start by noticing that our quantity of interest,
V(e (x) — i (x)), can be decomposed as follows:

o ym
,ut(x) - nt(x70)

— nt(\)/fe) Z (Vi — (X)) (T = 1) + nt(\)/fe) | Z (e (X)) — pe (X)) (T} = t)

> YT =t)

1EMG(x,0)

1EMG(x,0) 1€EMG(x,0)
<V > (Y= w(X))IT; = t) + vnMw" (1 - 6)
= nt(x, 0) . 7 t ) 7
1EMG(x,0)
= Di+o,(1),
i=1
where D; = W%(}Q — (X)) I(T; = t), and the inequality follows from Proposition

1, and the fact that Mw’ (1 — @) converges to 0 exponentially fast, as we have just
shown.

To prove the theorem, it remains to show that D, = ZieMG(x,G) D; is asymptot-
ically normally distributed. We can do so by applying the Lindeberg-Levy CLT to
this quantity. The theorem requires three conditions to hold on each D;. First:
E[D;] = 0, which is easily verified because, by definition E[Y;T;|X;] = u:(X;)E[T;|X;]
for all 4.

Second, the limit as n — oo of ) ) V[D;] must be a constant. This can be

1€EMG(x,0

10



seen as follows:

V[D;|i € MG(x, 8)] = E[D?]i € MG(x, 6)]
(v =)
( nt(x 0 >

)
- ( ntxe )

=E|E

79

(x, 9)] (Xi)]

zEMGXG] ?(x)

+E (WHEX’:) )> X.,i € Mo(x, 9)] (0(X,) - 02(}())]
<E (@fg :)t))2 i € Ma(x, 9)] o2(x)

+E (\/Z]fg :)t>>2 i € MG(x, e)] Mw'(1—9)

<E <\/Z]tlg :)t))2 i € NG(x, 9>: 2(x) + nCE[wT(1 — 0)]
_E (*/Z}jg :)t))Q i € MG(x, 0): o2(x) + 0p(1).

The first inequality follows because boundedness of p;(x) for all x implies bounded-
ness of o2(x) for all x and some constant C, which then lets us apply Proposition
1 to bound the difference 0?(X;) — 0%(x). The second inequality follows by upper
bounding the fraction with 1, and the last line follows because @ converges to 1
exponentially fast. Note now that:

> ()

1€EMG(x,0)
by definition of n;(x, @). We now need to establish convergence of the quantity —

n

i € MG(x, 0)] o’(x)=E {m} o?(x),

Es 0)
This can be done by noticing that ns(x,8) is a binomial random variable Wlth size
n, and probability Pr(X o0 =x06,T = t). Therefore:

E [nt(x,ﬂ)] _nPr(Xof=x00,T=1)
n

=Pr(Xo0=x00,T=1),
n
and since 6 %% 1, it must be that Pr(X o8 =x060,7 =t) — Pr(X = x,T = t).
Therefore: E [n 3 9)} o%(x) — —Pr()gi(:}:t).

Third and final, Lindeberg’s regularity condition, which is implied by Lyapunov’s
condition, a stronger, but easier to verify, criterion. This latter condition states that
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lim,, ;00 E[|D;|>T°] — 0. For simplicity define W; as I(i € MG(x, 8)), a random variable
denoting whether unit 7 is a member of MG(x, 8). We have, for some ¢ > 0:

- 2+6-
NZD
E[|D;[**] =E (%0 Wil(T; = 1) (Y — m(X5))
e
_— n1+0/2 2+5__
=E |I(T; = t)W,————|Y; — (X, )
I ( ) nt(x, 0)2+5 ‘ lL[/t( >| |

Recall now that E[|Y;|*"|X;, I(T; = t)] < M for some constant M < oo by assump-
tion. Since conditionally on X; and I(7; = t), both 1;(X;), ni(x,8), W; and I(T; = t)
are constants, it follows that:

e [ nito/2 v e el nitd/2 By X (T
i~ pvars i T i = i || Y — i sl =t
[ nt(x,0)2+5| (X)) } [ (X, 0)2 I e (X)) ( )]
1 +0/2
SE\Wi———5M)| .
< ]

Putting the bounds together we have, as n — oo:

N
nl+o/2 }

B < M3 Wi g
i=1 ’

i=1

nite/2 7 1 n 1+6

=ME|—| = M——E _— .
o] =Vt | (s

144
Finally, we can show that the quantity: E ( > } is asymptotically bounded

n
e (Xve)

for 6 = 1 as follows:

E

2

n n

CMxOvj__Mn—DPﬂXoO:xo&T:ﬁy+nPNXoe:xo&T:ﬂ

=Pr(Xo0=x00,T =1t)*
Pr(XoOzxoO,T:t)2+Pr(X00:X00,T:t)

n n

=Pr(Xo0=x00,T =t)>+0(1) = O(1),

where the expansion in the first equality follows from properties of binomial random
variables. Therefore for § = 1:
1
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and Lyapunov’s condition holds, proving the statement in the theorem. The state-
ment for the CATE follows because f11(x) and fip(x) are independent of each other,
since either only treated or control units are used in each estimator, and, there-
fore, their difference will asymptotically converge to the difference of their limiting
distributions. O]

This theorem shows that discrete AME estimates are asymptotically normal at
a rate of y/n. This result is not unexpected: matches are always exact asymptoti-
cally due to the discreteness of the covariate space. However, the result is instructive
because it theoretically justifies the construction of approximate confidence inter-
vals around fi;(x) and 7(x) using the classical standard normal approximation with
asymptotic variance given in the theorem. Note that this variance can be estimated
with the regular variance estimator applied to MG(x, @), and the probability in the
denominator, with any consistent density estimator.
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Chapter 3

Bias of Almost Matching Exactly for
Network Data

In this section, we present an extension of the AME framework to the problem of in-
terference in networked experiments: experimental units are connected in a network
represented as a graph, and treatment is allowed to “spread” from unit to connected
unit. This will, in order, lead to biased causal estimates. To remedy this issue, we
will propose a set of assumptions together with an algorithm that will allow us to
account for this interference. Following the introduction of this methodology, we will
study its finite-sample and asymptotic behavior in a certain setting. We begin by
stating some additional notation needed for the network causal inference setting.

We have a set of n experimental units indexed by i¢. These units are connected
in a known graph G = (V, E), where V(G) = {1,...,n} is the set of vertices of G,
and F(G) is the set of edges of G. We disallow self-loops in our graph. We say
that H is a subgraph of G if V(H) C V(G) and E(H) C E(G). Let t; € {0,1}
represent the treatment indicator for unit ¢, t represent the vector of treatment
indicators for the entire sample, and t_; represent the treatment indicators for all
units except i. Given a treatment vector t on the entire sample (i.e., for all vertices
in G), we use G* to denote the labeled graph, where each vertex i € V(G) has been
labeled with its treatment indicator ¢;. In addition, we use Gp to denote a graph
induced by the set of vertices P C V(G) on G, such that V(Gp) = P and E(Gp) =
{(e1,62) € E(G) : e; € P,es € P}. We use the notation N; = {j : (i,j) € E(G)}
to represent the neighborhood of vertex i. The labeled neighborhood graph of a unit
i, G}c\m is defined as the graph induced by the neighbors of i, and labeled according
to t. We also define ty; to be the vector of treatment indicators corresponding to
unit i’s neighborhood graph. A unit’s response to the treatment is represented by
its random potential outcomes Y;(t) = Y;(t;,t_;). Unlike other commonly studied
causal inference settings, unit ¢’s potential outcomes are now a function of both the
treatment assigned to i, and of all other units’ treatments. Observed treatments
for unit ¢ and the whole sample are represented by the random variables T; and
T respectively. We assume that the number of treated units is always nV), i.e.,
> T =nlb.

Unlike the discrete AME setting, we do not have contextual covariates now.
Therefore, we assume that ignorability holds unconditionally on the covariates, i.e.,
Yi(1),Y;(0) 1L T;. As stated before, we do not make the canonical Stable Unit
Treatment Value Assumption (SUTVA) [Rub80], which, among other requirements,
states that units are exclusively affected by the treatment assigned to them. We do
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not make this assumption because our units are connected in a network: it could
be possible for treatments to spread along the edges of the network and to affect
connected units’ outcomes. We do maintain the assumption of comparable treatments
across units, which is commonly included in SUTVA.

Our causal quantity of interest will be the Average Direct Effect (ADE), which is
defined as follows:

ADE = % iE[}Q(l, 0) — Y;(0,0)], (3.1)

i=1

where t_; = 0 represents the treatment assignment in which no unit other than 7 is
treated. The summand represents the treatment effect on unit ¢+ when no other unit
is treated, and, therefore, no interference occurs [HS95].

We outline the requirements of our framework for direct effect estimation under
interference. We denote interference effects on a unit ¢ with the function f;(t) :
{0,1}" = R, a function that maps each possible treatment allocation for the n units
to the amount of interference on unit 7. We will use several assumptions to restrict
the domain of f to a much smaller set (and overload the notation f; accordingly).
To characterize f, we rely on the typology of interference assumptions introduced by
[SA17]. The first three assumptions (A1-A2) needed in our framework are common
in the interference literature [Man13, TK13, EKB16, AEI1S]:

A1l: Additivity of Main Effects. First, we assume that main treatment effects
are additive, i.e., that there is no interaction between units’ treatment indicators.
This allows us to write:

Yi(t, t_i) = tTi + fz(t_z) + € (32)

where 7; is the direct treatment effect on unit i, and ¢; is some baseline effect.

A2: Neighborhood Interference. We focus on a specific form of the interference
function f; by assuming that the interference experienced by unit ¢ depends only on
treatment of its neighbors. That is, if for two treatment allocations t,t" we have
ta, = t)y, then fi(t) = fi(t'). To make explicit this dependence on the neighborhood
subgraph, we will write f;(ty;) = fi(t).

A3: Isomorphic Graph Interference We assume that, if two units ¢ and j have
isomorphic labeled neighborhood graphs, then they receive the same amount of inter-
ference, denoting isomorphism by ~, G%. ~ G%. = fi(tx;) = fi(tn;) = f(G%;) =
f (G}“\G) While Assumptions Al and A2 are standard, A3 is new. This assumption
allows us to study interference in a setting where units with similar neighborhood
subgraphs experience similar amounts of interference.

All our assumptions together induce a specific form for the potential outcomes,
namely that they depend on neighborhood structure G}“vi, but not exactly who the
neighbors are (information contained in N;) nor treatment assignments for those
outside the neighborhood (information contained in ty;). Namely:
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Proposition 2. Under ignorability, overlap, and assumptions A1-AS3, potential out-
comes in (3.2) for all units i can be written as:

where 7; 1s the direct treatment effect on unit i, and €; is some baseline response.

In addition, suppose that baseline responses for all units are equal to each other
in expectation, i.e., for all i, Ele;] = a. Then under assumptions A1-A3, for neigh-
borhood graph structures g; of unit i and treatment vectors t, the ADE is identified
as:

1 n
ADE = WZIE[TM(E[KIGE@ ~g;, T; = 1]
—B[Yi|GY = g;, T = 0])],

where G}}i 1s the neighborhood graph of i labelled according to the treatment assign-
ment T.

The proposition (whose proof follows) states that the interference received by a
unit is a function of each unit’s neighborhood graph. Further, the outcomes can be
decomposed additively into this function and the direct treatment effect on 7. The
proposition implies that the ADE is identified by matching each treated unit to one
or more control units with an isomorphic neighborhood graph, and computing the
direct effect on the treated using these matches. This effect is, in expectation over
individual treatment assignments, equal to the ADE.

Proof. We start by writing potential outcomes for an arbitrary unit i from (3.2)
as Yi(t,t_;) = fi(t;;t_;) + €;, where ¢; is some pre-treatment value of the potential
outcome, and f;(t,t_;) is the treatment response function, dependent both on unit
i’s treatment and on everyone else’s. Using A1-A3 we can write (3.2) as:

Y;(t, t_i) = tTi + fz(t_z) + € (By Al)
= t7i + filty) + & (By A2)
=17+ f(G};\/Z) + € (By A3)

To prove identification for the ADE, we must show that the individual TE is
identified for a treated unit i. We need to show that: E[Y;(1,0)—Y;(0,0)|] = E[Y;|T; =
1,S(GX.) = s] — E[Y;|T; =0, S(G?\'}j) = s]. Assuming that E[¢;] = E[¢;] = a we have
first:
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with the first equality following from (3.3). Second we have:
EYIGE, = ¢, 7, = 1] - E[Y;|G, = ¢ T, = 0]
—E[Y;(1,T_)T; + Y0, T_)(1 - T)|GE. ~ ¢t T; = 1]
— E[Y;(1, T_))T; + Y;(0, T_;)(1 - T})|GR, ~ ¢".T; = 0]
=E[r + f(¢") + &GN, =~ ¢, T = 1] = E[f (") + ¢|GN, = ¢*, T; = 0]
=a+ f(g") + 7 —a—f(g)
=T;. (3.5)

The first equality follows from the definition of ¥; and Y}, the second equality from
the result in (3.3) and A3, and the third equality follows from independence of T" and
Y given by ignorability: Ele;|T;] = Ele;] = « for all i. Finally, we can use both of the
results above to obtain the ADE:

Y EILEVIGE, = ¢ T: = 1] - EI|GE, ~ ¢',T; = 0))
= 2Bl (By (3.5)

= 2_E[L(E[(1,0) - Yi(0,0))) (By (3-4))

=1

- LS B0 - 0.0

where Pr(T; = 1) = %f by assumption of complete randomization. O

3.1 AME for Subgraph Matching

Given Proposition 1 and the framework established in the previous section, we would
ideally like to match treated and control units that have isomorphic neighborhood
graphs. This would allow us to better estimate the ADE without suffering interference
bias: for a treated unit 7, if a control unit j can be found such that Gf\a_ ~ Gf\[j, then
j’s outcome will be identical in expectation to ¢’s counterfactual outcome and can be
used as a proxy. Unfortunately, the number of non-isomorphic (canonically unique)
graphs with a given number of nodes and edges grows incredibly quickly [Har94] and
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finding such matches is infeasible for large graphs. We therefore resort to counting all
subgraphs that appear in a unit’s neighborhood graph and matching units based on
the counts of those subgraphs. However, instead of exactly matching on the counts
of those subgraphs, we match treated and control units if they have similar counts,
since matching exactly on all subgraph counts implies isomorphic neighborhoods and
is also infeasible. Further, absolutely exact matches may not exist in real networks.

As we have previously shown, AME provides a framework for the above problem
that is explicitly geared towards building interpretable, high-quality matches on dis-
crete covariates, which in our setting are the counts of the treated subgraphs in the
neighborhood. AME performs inexact matching while learning importance weights
for each covariate from a training set, prioritizing matches on more important covari-
ates. In this way, it neatly addresses the challenge of inexact matching by learning a
metric specific to discrete covariates (namely, a weighted Hamming distance), which
in our network interference setting, are vectors of subgraph counts. The vector w
denotes the importance of each subgraph in causing interference. We will leverage
both information on outcomes and networks to construct an estimate for it.

The procedure we employ can be summarized as follows: We start by enumerating
(up to isomorphism) all the p subgraphs gy, ..., g, that appear in any of the vai,i €
1,...,n. The covariates for unit i are then given by S(G%.) = (S1(G%.), ..., Sp(GY))
where Sk(Gj\/i) denotes the number of times subgraph g, appears in the subgraphs
of Gf.. These counts are then converted into binary indicators that are one if the
count of subgraph g; in each unit’s neighborhood is exactly z, for all x observed in
the data. Thus, units will be matched exactly if they have identical subgraph counts.
We then approximately solve the AME problem to find the optimally important set of
subgraphs upon which to exactly match each treated unit, such that there is at least
one control unit that matches exactly with the treated unit on the chosen subgraph
counts. The key idea behind this approach is that we want to match units exactly
on subgraph counts that contribute significantly to the interference function, trading
off exactly-matching on these important subgraphs with potential mismatches on
subgraphs that contribute less to interference.

3.2 A Bound on the Finite-Sample Bias of AME
for Network Data

We study the expected error for one AME match on subgraphs under two assump-
tions: that the true weights for the AME objective (the weighted Hamming distance)
are known, and that the candidate units for matching all have independently gener-
ated neighborhoods, and none of the units in these neighborhoods are being matched.
Additional information on this setting is available in the proof.

Proposition 3. (Oracle AME Error With Independent Neighborhoods) Suppose that
there are N independently generated graphs, each with n vertices, and all i.i.d. from
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the same distribution over graphs: Pr(Gy = g1,...,Gy = gn) = [ 1o, p(g;). Assume
matches are only allowed between units in different graphs. Suppose additionally
that nY) randomly chosen units within each graph are assigned treatment, so that
Pr(T; =t;) = (nﬁ))_l. Assume further that interference functions obey the following:
If(g) — f(h)| < KwTI[S(g) # S(h)], where w is a vector of positive, real-valued,
importance weights for the subgraphs counts, such that ||wl|y = M, for some constant
0 < M,, < oo, and such that the condition above is satisfied for w, and 1[S(g) # S(h)]
is the Hamming distance: a vector of the same length as w that is 0 at position k
if graphs g and h have the same count of subgraph k, and 1 otherwise. Assume that
baseline responses have variance Var(e;) = o Vi. Then, for a treatment unit i, if j
solves the AME problem, i.e., j € argminw'I[S(h}.) # S(G}; )], under A1-A3:

k=1,...,n
T,=0

E[]Y; - Y; = 7l|T = 1, Gy, = hiy] < V20

+ K("n(_l)l)_ x> Y wWIIS(hy) # S(ghs,)plg)

g€Gn teT
tj=0
(1) _n® N-2
n n n
X C(gt, ,
( T (9/\@))

where G, s the set of all graphs with n units, and C’(hf\/j) <1 forall g and t.

A proof is available in the following section. The first element in the right hand
side of the inequality is the standard deviation of the baseline responses. One summa-
tion is over all possible graphs with n units, and the other summation is over possible
treatment assignments. The expression inside the summation is the product of three
terms. First, the weighted Hamming distance between a graph and the target graph
we are trying to match. Second, the probability of observing that graph. Third, an
upper bound on the probability that unit j is among the minimizers of the weighted
Hamming distance. Note that wI[S(g%;) # S(g%;)lp(g) is bounded for fixed n for
all g and t. This implies that the bound converges to 24/c as N — oo, as long as the
size of neighborhood graphs is held fixed, because perfect matching is possible with
large amounts of data in this regime.

Before giving a proof of the statement, we briefly review some notation and as-
sumptions to be used. For the purposes of theory, we study a simplified setting, in
which we have to AME-match a unit 7 to one unit in a set of candidate units of size
N such that: a) all the candidate units belong to disconnected graphs, which we
refer to as candidate graphs. b) within each candidate graph there is only one pre-
determined candidate unit c¢) candidate units have neighborhood graphs denoted by
Gj;. d) all the candidate graphs are drawn independently from the same distribution
over graphs: Pr(Gpa, = g1,...,Gny = gn) = vazlp(gi). The support of p will be
G,: the set of all graphs with exactly n units. We use gy; to denote the subgraph
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induced over g by the units in the set of neighbors of unit i, NV; C V(g), i.e., gy, is
the graph consisting only of the vertices that share an edge with 7, in g, and of the
edges in g that are between these vertices. The ego ¢ is not included in gu,.

Assigned treatments are denoted by T, where T € {0,1}", but in this setting
treatment assignment is assumed to be independent within the N candidate graphs.
Formally, the assumption we make is that Pr(T; =t,..., Ty =ty) = Hfil (nﬁ))fl,
i.e., n(M) units are always treated uniformly at random within each of the N candidate
graphs.

The direct treatment effect for any unit ¢ is given by 7,. We use I[S(g) # S(h)]
to indicate the Hamming distance between subgraph counts of graphs g and h. This
means that 1[S(g) # S(h)] is a vector of size |G, | that will be 1 in the £*" entry if g and
h have the same amount of occurrences of graph g, among their subgraphs. Note that
this distance is coloring sensitive: two subgraphs that are isomorphic in shape but not
labels will belong to different entries in this distance. The matched group of a treated
unit ¢, denoted MG; is the set of all control units that match with 7. In our setting
j € MG; if it solves the AME problem, that is j € argmin w'I[S(G}; ) # S(g%,)]-
Finally, we assume that both the graph for the unit we want to match and the
treatment assignment for that unit’s graph are fixed: t; is the treatment assignment
in the graph of 7, and hfv is the neighborhood graph of ¢, where h denotes unit ¢’s
graph. All other notation is as in the main paper.

Proof. We start by upper-bounding our quantity of interest as follows:

E[Y; ~ ¥; — 7| € MG

= E[|Y;(1,ti-s) — Y;(0,Tj—;) — 7[|j € MG}]

, T; :
, T\ | . :

<E[|f(hS:) — F(GA)I|7 € MG] + E[le; — ]| j € MGy]

< KEWI[S(h},) # S(GA)]]j € MGi] + Elle; — €] € MGy,
where the notation T;_; denotes the treatment indicator for candidate graph j for all
units except j. The first equality follows from A1 since the event j € MG; implies that
T; = 0, as only control units are allowed in the matched groups. The second equality
follows from Proposition 2. The first inequality is an application of the triangle
inequality. The last line follows from the condition on the interference functions.

Consider the second term. We can use the Cauchy-Schwarz inequality to construct
a simple upper bound on it:

Elle; - ¢j]|j € MG)] = Elle; — ¢]]

< \/Ele — ;)2

- \/]E[eg] + E[¢?] — 2B[e;]Ee;] = V20
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where the last equality follows for the fact that the ¢; have mean 0 and are indepen-
dent, with Var(e;) = o for all 7.

Consider now the term E[wTI[S(h};) # S(G;f/j)ﬂj € MG;]. To upper-bound this,
we write it out as follows using the definition of expectation:

E[w[S(hf;) # S<Gf/‘>nj € MG,]
=Y > WIS(hY,) # S(gx) Pr(G = gl T; = t]j € MGy).

9EGn teT t;=0

We want to find an upper bound on Pr(GN = gN, = t|j € MG;). We start by
writing this quantity out as a product of two probablhtles

T .
Pr(Gy = In;» Tj = t[j € MGy)
= Pr(G/ = gi,|j € MG;, T; = t) Pr(T; = t|j € MG,)

T. i n—1\
= Pr(Gy/ :gf\/jb € MG;, T; :t)< ) >

Note that Pr(T; = t[j eMG;) = ("))~ " because treatment is uniformly randomized
with n(® units always treated in each candidate graph, but T; = 0 conditionally on
We use Bayes’ rule to write out the first term in the final product as Pr(G;{‘/j =

Me Tt O — ot VPHCTT —at . 1T
g/t\[] |] c MGZ, Tj _ t) _ PT(JEMGZ‘Tj_t’lf;\g;jé\:‘j;f:ifi\fj gNj|TJ t)

By assumption, if all neighborhood graphs are empty, all units are used for all
matched groups, and we are restricting ourselves to assignments in which 7; = 0,
therefore, Pr(j € MG;|T; = t) = 1. Second, by assumption Pr(G;fé =gx,|T; =1t) =
p(g). This is because treatment assignment is independent of the graph. We are left
with having to find an expression for the likelihood, this can be written as:

Pr(j € MG| T, = t,Gy! = gk)
=Pr(j € argmglw T[S (hy,) # S(GWNT; = t,GY, = gkr,)

,,,,,

ki
“T1 [ S(hts) # S(GE)] > WS () # (gl ]|k = 0) Pr(Ti = 0)
)
N n—n®  pO
=TT | Pr(w7Iis0) # SGR] 2 wHIS(0%,) # S(ako T = 0) =+ 2.
)
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The second equality follows because k can never be in the matched group of unit ¢ if
T, = 1, and, if T, = 0, then k must be one of the minimizers of the weighted Hamming
distance between neighborhood subgraph counts. The probability is a product of
densities because of independence of candidate subgraphs. For an arbitrary unit,
k, we define the following compact notation for the probability that k’s weighted
Hamming distance from ¢ is larger than the weighted Hamming distance from j to i:

Pr(wlI[S(hy;) # S(G\E)] 2 WT]I[ (hx,) # S(gp)NITh = 0)

Note that the last inequality follows from the fact that the expression above is a
probability. Since graphs and treatment assignments, GGy, and T, are the only random
variables in the probability denoted by C’k(gfvj), and since they are all independent,
and identically distributed, we can say that Ci(gf,) = Ca(gk;) = -~ = Cn(g%;) =
C(gk;,)- Because of this we have:

n® o ))NQ

. T,
Pr(j € MGG/ :gf\/j,Tj =t) = ( - + n Clgy,

Putting all the elements we have together we get the expression for the first term in
the bound:

E[w'I[S(hy,) # S(fo)]lj € MG;]

J

=Y > wIS(gk) # S(hi)] x Pr(GY, = gk, T, =t lj € MGy)

J
9E€Gn tET t;=0

n® o ))N—2

=Y Y wIS(gk) #S(h/\/)](nn;)l)_lp(g)<n +———Cldgk,

gEGN tET ;=0

3.3 Asymptotic Behavior

Here we expand on the asymptotic consequences of Proposition 3: note first, that,

by assumption ||wl|j; = M,, and that, therefore w'I[S(g) # S(h)] < M, for any

graphs g, h € G,,. That is to say, the weighted Hamming distance between any two

graphs with n units will be upper-bounded by the sum of the weights. Recall also that

C( g}vj) < 1for all g and t as this quantity is a probability, and let C,. = rgrégx C(g/t\/j).
teT
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We can combine all these bounds with the upper bound in Proposition 3 to write:
E[w'I[S(hy;) # S (Gfé)]lj € MG]

B Z (ko) # S5 (nm_l)l) “alo) (n(l) + 1= n(l)C(g/tvj))N_2

n n
geGN teT ;=
1) EPNCY -1

n n—mn n

s () Uy ¥ (e Y) bt
9€Gn teT t;=0

— M, (n(l) N n—n® C’max) N_Q‘

n n

The first equality follows from Proposition 3, the first inequality from the bounds
previously discussed, and the second equality follows from the fact that the sum in
the second to last line is a sum of probability distributions over their entire domain,
and therefore is equal to 1. Under the condition that n, the number of units in

each unit’s candidate graph, stays fixed, and that C,,,, < 1, then, as N — oo, we
N—2
have M, (”(1) + = "(I)C’max> — 0, because the quantity inside the parentheses

is always less than 1. This makes sense, because asymptotically, matches can be
made exactly; i.e., units matched in the way described in our theoretical setting have
isomorphic neighborhood subgraphs asymptotically. This also has a consequence
that the bound in Proposition 3 converges to /20 asymptotically in N. This is
the variance of the baseline errors and can be lowered by matching the same unit
with multiple others. As noted before, for this argument to apply, candidate graphs
must remain of fixed size n as they grow in number, so that the quantity M,, remains
constant: this setting is common in cluster-randomized trials where a growing number
of units is clustered into fixed-size clusters of size at most n. The asymptotic behavior
of our proposed methodology is less clear in settings in which the analyst cannot
perform such clustering before randomization and n is allowed to grow with N, and
is an avenue for potential future research.

3.4 Heteroskedasticity in The Baseline Effects

In a network setting such as the one we study, it is possible that baseline effects
of units do not have equal variance. Here we discuss how this setting affects our
result in Proposition 3. Here, we maintain that E[e;] = « for all 4, but we assume
that Var(e;) = o2, and that Cov(ezej) # 0. Starting from the upper bound on the
estimation error given in the proof of Proposition 3, we can see that the baseline
effects only come in in the term: Elle; —¢;||j € MG;], we therefore focus our attention
on this term, as the rest of this bound does not change when the variance of these
terms changes. Note first, that E[|e; —¢€;||j € MG;] = El[|e; —¢€;]] as the event j € MG; is
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independent of the baseline effects. We can now apply the Cauchy-Schwarz inequality,
in the same way as we do in the proof of Proposition 3, to obtain:

Ellei — & < \/El(& — €;)°]

= \/E[€}] + E[¢}] - 2E[c]E[¢)

Z\/U§+a2+aj2+oz2—2a2

— |52 2
=/ 0; +0j.

Clearly, this is not too different from the homoskedastic setting we study in the propo-
sition: as long as neither of the unit variances is too large for inference, results in the
heteroskedastic setting will suffer from similar bias as they would under independent
baseline effects with equal variance.
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Chapter 4

Conclusions

Quantification of statistical bias and variance is of fundamental importance in all sta-
tistical inference settings, but even more so in causal inference. This is because causal
estimates are often used in high-stakes decision making, and statistical uncertainty
and error must be known or at least approximated in order to make fully informed
decisions. Almost-Matching Exactly methods permit decision-makers to take advan-
tage of causal estimates that are interpretable: similar cases can be pinpointed as the
reason why a certain treatment effect was estimated. This allows decision-makers
to fully justify the data-based conclusion that they are used to inform their deci-
sions. It follows that being able to quantify statistical uncertainty for AME methods
is extremely important: a measure of uncertainty must be reported alongside these
interpretable estimates in order to make them really useful and trustworthy to high-
stakes decision makers.

In this work we have offered such a quantification for two methods of the AME
family: AME for discrete data, and AME-Networks, which applies discrete AME to
the problem of matching with network interference. Using theoretical arguments, we
have shown that the finite-sample bias of both methodologies can be upper-bounded
as a function of the quality of both the data and the matches made. We have
additionally shown that these finite-sample bounds have asymptotic consequences:
asymptotic normality in the case of discrete AME, and consistency in the case of
AME-Networks on disconnected graphs. Our result inform the construction of ap-
proximate confidence intervals around AME causal estimates, and can be used to
both report statistical uncertainty around such estimates, and to inform empirical
investigations into the variance of AME in specific settings.

Our work here suggests several avenues for future research: for example, the ex-
tension of our analysis to AME methods for continuous covariates, such as [MOR™20],
and [PRV18], or the development of algorithms for network settings that do not de-
pend on isolated graphs for consistency. The development of causal inference methods
that are interpretable and accurate is of paramount importance for better decision-
making, and we hope to further this research agenda with this and future projects.
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