arXiv:1801.06938v1 [math.OC] 22 Jan 2018

RANDOMIZED SAMPLING FOR BASIS FUNCTIONS
CONSTRUCTION IN GENERALIZED FINITE ELEMENT METHODS

KE CHEN, QIN LI, JJIANFENG LU, AND STEPHEN J. WRIGHT

ABSTRACT. In the context of generalized finite element methods for elliptic equations
with rough coefficients a(x), efficiency and accuracy of the numerical method depend
critically on the use of appropriate basis functions. This work explores several random
sampling strategies for construction of basis functions, and proposes a quantitative
criterion to analyze and compare these sampling strategies. Numerical evidence shows
that the optimal basis functions can be well approximated by a random projection of

generalized eigenvalue problem onto subspace of a-harmonic functions.

1. INTRODUCTION

The focus of the paper is the construction of basis functions for elliptic equations with
rough coefficients in the framework of generalized finite element methods. Consider an
elliptic partial differential equation

—div (a(z)Vu(x)) = f(z), x €

(1) u(z) =0, x € 08,

with f € L?(Q2) and the coefficient a € L*°(Q) uniformly elliptic, that is, there exists
a, B« > 0 such that a(z) € [, Bs] for all x € Q. Note that we assume only L regular-
ity of a, so the coefficient could be rather rough, which poses challenges to conventional
numerical methods, such as the standard finite element method with local polynomial
basis functions.

Numerical methods can be designed to take advantage of certain analytical properties
of the problem (LLI]). A classical example is when a is two-scale, that is, a(z) = ao(z, £)
where ag(z,y) is 1-periodic with respect to its second argument. (Thus, ¢ characterizes
explicitly the small scale of the problem.) Using the theory of homogenization [4, 24],
several numerical methods have been proposed over the past decades to capture the ho-
mogenized solution of the problem and possibly also provide some microscopic informa-
tion. Approaches of this type include the multiscale finite element method [8, 13, 14} [12]

and the heterogeneous multiscale method [0} [7} 20].
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While one could apply methods designed for numerical homogenization to the cases
of rough media (a € L), the lack of favorable structural properties often degrades
the efficiency and convergence rates. Various numerical methods have been proposed
for L® media, including the generalized finite element method [2], upscaling based on
harmonic coordinate [22], elliptic solvers based on H-matrices [3, [10], and Bayesian
numerical homogenization [21], to name just a few. Our work lies in the framework of
the generalized finite element method (gFEM) originally proposed in [2]. The idea is
to approximate local solution space by constructing good basis functions locally and to
use either the partition-of-unity or discontinuous Galerkin method to obtain a global
discretization.

According to the partition-of-unity finite-element theory, which we will recall briefly
in Section 2 the global error is controlled by the accuracy of the numerical local so-
lution spaces. Thus, global performance of the method depends critically on efficient
preparation of accurate local solution spaces. Towards this end, in [I], Babuska and
Lipton studied the Kolmogorov width of a finite dimensional approximation to the op-
timal solution space, and showed that the distance decays almost exponentially fast,
as we recall in Section 2l The basis construction algorithm proposed in [I] follows the
analysis closely: a full list of a-harmonic functions (up to discretization) is obtained in
each patch, and local basis functions are obtained by a “post-processing” step of solving
a generalized eigenvalue problem to select modes with highest “energy ratios”. Since the
roughness of a necessitates a fine discretization in each patch, and thus a large number
of a-harmonic functions per patch, the overall computational cost of the above strategy
is high.

Our work is based on the gFEM framework [2] together with the concept of optimal
local solution space via Kolmogorov width studied in [I]. Our main contribution in this
work is to accelerate the procedure in [I] by incorporating random sampling techniques.
Randomized algorithms have been shown to be powerful in reducing computational com-
plexities in looking for low rank structures of matrices. Since the generalized eigenvalues
decay almost exponentially fast, the local solution space is of low rank, and we find that
random sampling approaches can effectively capture the local solution space. The effi-
ciency of the approach certainly depends on the particular random sampling strategy
employed; we explore several strategies and identify the most successful ones.

The idea of random sampling or oversampling to construct local basis functions has
been proposed before in the literature. In [9], the authors proposed to sample the a-
harmonic function space by choosing random boundary conditions, and use SVD thresh-
olding to obtain well-conditioned basis functions. The method was developed further in
[5], where the randomized sample basis functions are selected by solving a local eigen-
value problem associated with the elliptic operator. This post-processing step is similar
to the method developed in [I7] in the context of solving elliptic eigenvalue problems
with a rough coeflicient.
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There are several important differences between our approach and that of [9,[5]. First,
we find that the best randomized sampling strategy is not based on random sampling of
boundary conditions, but rather on projection of a Gaussian function randomly centered
in the domain. Second, our postprocessing step is based on the Kolmogorov n-width
analysis in [I], so a low rank approximation is guaranteed. Third, we provide a quanti-
tative criterion for evaluating the efficiency and accuracy of the method.

Other basis construction approaches based on gFEM framework have been explored
in the literature, mostly based on a similar offline and online strategy. In the offline
step, one prepares the solution space (either local or global). In the online step, one
assembles the basis through the Galerkin framework (see, for example, [19, 23], [15]). The
random sampling strategy can be also explored in these contexts.

The organization of the rest of the paper is as follows. We review preliminaries in
Section 2 including the basics of basis construction and error analysis . In Section [3]
we describe the random sampling framework, and present a few particular sampling
strategies. We will also connect and compare the framework with the randomized sin-
gular value decomposition (rSVD) in Section To compare the various sampling
approaches, we propose a criterion in Section [, according to which random sampling
in the interior of the subdomains is more effective than random sampling of boundary
conditions, as we demonstrate through numerical examples in Section

2. PRELIMINARY RESULTS

Here we provide some preliminary results about the generalized finite element method
and review the construction of optimal basis set. Consider the following elliptic equation:

Lu = —div(a(x)Vu(z)) = f(x), =€

@1) uw(z) =0, z€09,

with 0 < ax < a(z) < B, where L denotes the elliptic operator. The corresponding
weak formulation is given by

(a(z)Vu,Vv)r2q) = (f,v) L2
for all test functions v, where (f, g) 2 := [q, f(z)g(z)dz.

In the Galerkin framework, one constructs the solution space first. Given the approx-

imation space
(2.2) Span{¢;,i =1,2,...n},

we substitute the ansatz U = )" | ¢;¢; and test functions ¢;, i = 1,2,...,n into (2.1

to obtain:
n

> {a(@)Ve;, Véira)e; = (f 5 did 120
j=1
We write this system in matrix form as follows:

—

(2.3) AZ=1,
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where A is a symmetric matrix with entries Apn = (aVom , Von)r2(q), and ¢ (with
Cm = Cn) 1s a list of coefficients to be determined. The right hand side is the load vector
b, with entries by, = (f s dm)r2()-

It is well known that uw — U is a-perpendicular to the ansatz space (2.2]), and the
following quasi-optimality property holds:

|u—=Ulle@ < Cllu—Pullg@y

where C' is some constant depending on «, and ., and Pu is the projection of the true
solution u onto the space (2.2)). Here the energy norm on any subdomain w C Q is
defined by

1/2
(2.4) vl = <aVU,Vv>1L/22(w) = [/ a\Vv(x)Fdx} .

Thus the existence of a small numerical error ||u—Ul|¢(q) requires a set of basis functions
that form a space for which [|[u — Pul¢(q) is small.

The main difficulty of computing the elliptic equation with rough coefficient is the
number of basis functions needed. When a(z) is rough with ¢ as its smallest scale, for
standard piecewise affine finite elements, the mesh size Ax needs to resolve the smallest
scale, so that Ax < € in each dimension. It follows that the dimension n of the system
@3) is n = O(1/e?) > 1, where d is the spatial dimension. The large size of stiffness
matrix A and its large condition number (usually on the order of O(1/¢?)) make the
problem expensive to solve using this approach.

The question is then whether it is possible to design a Galerkin space for which n is
independent of €7 As mentioned in Section [I the offline-online procedure makes this
possible, as we discuss next.

2.1. Generalized Finite Element Method. The generalized Finite Element Method
was one of the earliest methods to utilize the offline-online procedure. This approach is
based on the partition of unity. One first decomposes the domain 2 into many small
patches w;, i = 1,2,...,m, that form an open cover of €). Each patch w; is assigned
a partition-of-unity function v; that is zero outside w; and 1 over most of the set w;.
Specifically, there are positive constants C7 and C5 such that

(2.5a) 0 <wy(z) <1, forallz € Qandall i =1,2,...,m,
(2.5b) vi(xz) =0, forall z € Q\w; and all i =1,2,...,m,
(2.5¢) max vi(z) < Ch, foralli=1,2,...,m,
Tre
Cy :
(2.5d) max |Vy(z)| < ————, foralli=1,2,...,m.
2€Q diam(w;)

Moreover, we have

m

(2.6) vi(z) =1, foralaxeQ.

=1



RANDOMIZED SAMPLING FOR GFEM 5

In the offline step, basis functions are constructed for each patch w;, 1 =1,2,...,m.
We denote the numerical local solution space in patch w; by:

(27) q)[z} = Span{qbi,j s J=12,... 7ni} )

where n; is the number of basis functions for w;. In the online step, the Galerkin
formulation is used, with the space in (2.2]) replaced by:
(2.8) ¢ = @ Qv = Span{¢; jv;,i =1,2,...,m, j=1,2,...,n;}.
i=1,2,....,m
Details can be found in [2].

The total number of basis functions is > ;" n;. If all n;, ¢ = 1,2,...,m are bounded
by a modest constant, the dimension of the space ® is of order m, so the computation in
the online step is potentially inexpensive. It is proved in [2] that the total approximation
error is governed by the summation of all local approximation errors.

Theorem 2.1. Denote by u the solution to (Z1I). Suppose {w; }i=1,2, . m forms an open
cover of Q and let {v;}i=12 . m denote a set of partition-of-unity functions as defined
in (2.5). Assume that in each patch w; the solution can be approximated well by ¢; € P
Then the global error is small too. More specifically, if we assume that

(2.9) Ju—GillL2@) <e1(i) and [u— Gllew,) < e2(4),
and define

=Y Gl@wila),
i=1

then ((z) € H*(Q), and for the constants C; and Cy defined in (Z.3]), we have

m 1/2
lu—=Cllr2) < C1 <Z 5%(2'))
i—1

and
m

1/2
’l
[u—Clle@) < Co <Z + C? 252 ) .

This theorem shows that the approximation error of the Galerkin numerical solution

dlam

for the gFEM depends directly on the accuracy of the local approximation spaces in
each patch.

2.2. Low-Rank Local Solution Space. One reason for the success of gFEM is that
the local numerical solution space is approximately low-rank, meaning that n; can be
made small for all ¢ in ([2.7)); see [I]. We review the relevant results in this section, and
show how to find ®.

Denote by w; an enlargement of the patch w;. To simplify notation, we suppress
subscripts ¢ from here on. We introduce a restriction operator:

P:H,(w")/R — H,(w)/R,
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where H,(w*) is the collection of all a-harmonic functions in w* and H,(w*)/R represents
the quotient space of H,(w*) with respect to constant function. (This modification is
needed to make || - ||g(,+) @ norm, since an a-harmonic function is defined only up to an
additive constant.) The operator P is determined uniquely by a(z) restricted in w* and
w. We denote its adjoint operator by P* : H,(w)/R — Hy(w*)/R. It is shown in [I]
that the operator P*P is a compact, self-adjoint, nonnegative operator on H,(w*)/R.
To derive an n-dimensional approximation of H,(w)/R, we first define the distance of
an arbitrary n-dimensional function subspace S,, C Hy(w)/R to H,(w*)/R, as follows:

Pu — w
d(Sp,w*) = sup  inf M_fﬁ__§ﬂ§Ll.
weHq(w)/R 650 |ullews)

By considering all possible S,,, we can identify the optimal approximation space ¥,
(called the optimal n-dimensional set) that achieves the infimum:

. o . [Py —Ellew)
(2.10) ®,, := arginf d(S,,w") = arginf  sup inf ———
Sn Sn ueHq(w*)/R §€E5n ||uH€(w*)

We now define a distance measure between w and w* as follows:

Pu — w
do(w.) = (@) = sup g 14 e
ueHo(w)/R €620 [lulle(r)

The term d,(w,w*) is the celebrated Kolmogorov n-width of the compact operator P.
It reflects how quickly a-harmonic functions supported on w* lose their energies when
confined on w. According to [25], the optimal space ®,, and Kolmogorov n-width can
be found explicitly, in terms of the eigendecomposition of P*P on w™*, which is

(2.11) P* Py = Nt
with \; arranged in descending order. We then have

o, := PV,, = Span{¢1, d2,... ,dn},
where
(2.12) W, = Span{tr - b} and ¢ = Py,
and
(2.13) dp(wW,w*) = v/ Ani1 -

Note that ¢; are all supported in the enlarged domain w*, while ¢; are their confinements
in w. Almost-exponential decay of the Kolmogorov width with respect to n was proved
in [I], as follows.

Theorem 2.2. The accuracy d,(w,w*) has nearly exponential decay for n sufficiently
large, that is, for any small &, we have

dp(w,w*) <e”
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It follows that for any function u that is a-harmonic function in the patch w* C R?, we
can find a function in space v € ®,, for which

_pl/3

[u = vllew) < dnlw,w”)|lullg) ~ e

Remark 1. Note that d,, is the (n + 1)-th singular value \/A,41 of P. Because of
the fast decay of d,, with respect to n indicated by Theorem 2.2 P is considered to
be an approximately-low-rank operator. It follows that almost all a-harmonic functions
supported on w*, when confined in w, look almost alike, and can be represented by a
relatively small number of “important” modes.

Remark 2. We note that enlarging the domain for over-sampling is not a new idea.
In [I2], the boundary layer behavior confined in w*/w was studied and utilized for

computation.

2.3. Computing the Local Solution Space. We describe here the computation of
an approximation to ®,, via a discretized implementation of the definitions in the pre-
vious subsection. The idea is to discretize the enlarged patch w* with a fine mesh,
collect all a-harmonic functions in this discrete setting, and then solve ([ZI1)) in a finite
basis. To collect all a-harmonic functions, we would need to solve the system with el-
liptic operator (L) locally, with all possible Dirichlet boundary conditions on dw*. For
ease of presentation, here and in sequel, we assume that we choose a piecewise-affine
finite-element discretization of the patch for computing the local a-harmonic functions.
Then the discretized a-harmonic functions are determined by their values on grid points
{y1,92,...,yn,} on the boundary of dw*. We proceed in three stages.

Stage A. Approximate the space of a-harmonic functions H,(w*) via the functions x;

obtained by solving the following system, for i = 1,2,..., N:
Lx; = —div(a(x)Vyx;) =0, z€w*
(2.14) Xi v (a(z)Vxi)
X|8w* = 5@'7 Yi € 8"‘}*7

where §; is the hat function that peaks at y; and equals zero at other grid points y;,
j # 1. Recall that we have assumed a piecewise-affine finite-element discretization of w*.
Stage B. Compute (ZII) in the space spanned by {x;,i = 1,2,...,N,}. To do this,
we first note that:

(2.15) (P*PYi,0)eur) = (Pi, Po)e(y = (i, 0)e(wy, V0 € Ho(w")/R,
Thus the weak formulation of (Z1IT]) is given by
(Wi X)ew) = Nil¥i s X)e@w+) > VX €span{x1,...,Xn,}-
Expanding the eigenfunction 1; in terms of x;, j = 1,2,..., Ny:
(2.16) pi=Y .
J
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we obtain the following equation for the coefficient vector &®:
Z C(i)< ) ) —\: OFNS
G \XG o Xk E(w) = ZZC]' <X]7Xk‘>5(w*)‘
J J

This system can be written as

St =\, E |

(2.17) ) i

with Smn = <Xm 7Xn>€(w) = <Xm ) Xn>6(w) and S;,, = <Xm 7Xn>€(w*) .
This generalized eigenvalue problem can be solved for A;, ¢ = 1,2,..., N,, arranged in
descending order, and their associated eigenfunctions v;, ¢ = 1,2,..., N, defined from

(2I0) using the generalized eigenvectors @9 from (ZI7). Index n is chosen such that
An+1 < TOL < Ay, where TOL is a given error tolerance.
Stage C. Obtain ®,, by substituting the functions v;, 7 = 1,2,..., N, from Stage B

into (212).

3. RANDOMIZED SAMPLING METHODS FOR LOCAL BASES

In this section we propose a class of random sampling methods to construct local
basis functions efficiently. As seen in Section 23] finding the optimal basis functions
amounts to solving the generalized eigenvalue problem in (2.I7)). The main cost does
not come from performing the eigenvalue decomposition, but rather from computing the
a-harmonic functions y;, which are used to construct the matrices S and S* in (2.17)).
As shown in Section 2.2 the eigenvalues decay almost exponentially fast, indicating
that, locally, only a limited number of modes is needed to well represent the whole
solution space. This low-rank structure motivates us to consider randomized sampling
techniques.

Randomized algorithms have been highly successful in compressed sensing, where they
are used to extract low rank structure efficiently from data. The Johnson-Lindenstrauss
lemma [I6] suggests that structure in high dimensional data points is largely preserved
when projected onto random lower-dimensional spaces. The randomized SVD (rSVD)
algorithm uses this idea to captures the principal components of a large matrix by
random projection of its row and column spaces into smaller subspaces; see [I1] for a
review. In the current numerical PDE context, knowing that the local solution space
is essentially low-rank, we seek to adopt the random sampling idea to generate local
approximate solution spaces efficiently.

For our problem, unfortunately, randomized SVD cannot be applied directly, as we
discuss further in Section Instead, we propose a method based on Galerkin ap-
proximation of the generalized eigenvalue problem on a small subspace. One immediate
problem is that an arbitrarily given random function is not necessarily a-harmonic.
Thus, our method first generates a random collection of functions and projects them
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onto the a-harmonic function space, and then solves the generalized eigenvalue prob-
lem (ZI7) on the subspace to find the optimal basis functions. A detailed description

of our procedure is shown in Algorithm [l

Algorithm 1 Determining Optimal Local Bases

Stage 1: Randomly generate a collection of N, a-harmonic functions.
Stage 1-A: Randomly pick functions {&; : k=1,2,..., N,} supported on w*;
Stage 1-B: For each k = 1,2,..., N,, project & onto the a-harmonic function
space to obtain ~g;

Stage 2: Solve the generalized eigenvalue problem to determine leading modes.
Stage 2-A: Define:

(3.1) Symn = (Ym  Ym)ew) s Symn = (Ym > Tn)ews) »
and compute the associated generalized eigenvalue problem:
(3.2) S, = NS0,
with (A, 7]) denoting the j-th eigen-pairs, such that A} > Ay > - -

Stage 2-B: Collect the first few eigenfucntions according to the preset error toler-

ance and use them as the local basis functions:

(33) (I); = Spa‘n{(ﬁ{?(ﬁg? i 7¢;} = Spaﬂ{PT/f;' yJ=1,2,... 7n}7

where ¢ = >, 1_)?,1@716 and n is chosen such that A\] >--- > A} > TOL > \] ;.

Note that the steps in Stage 2 of Algorithm [ are parallel to those of Section 2.3]
but only a small number of functions v; is used in the generalized eigenvalue problem,
rather that the whole list of a-harmonic functions (i.e., N, < Ny). We therefore save
significant computation in preparing the a-harmonic function space, in assembling the
S and S* matrices, and in solving the generalized eigenvalue decomposition.

The key is to use the random sampling strategy in Stage 1 of Algorithm [I]to generate
an effective small subspace for the generalized eigenvalue problem. This aspect of the
algorithm will be the focus of the rest of this section.

3.1. a-Harmonic Projection. Let us first discuss the a-harmonic projection of a given
function & supported on w*. This problem can be formulated as a PDE-constrained
optimization problem:

1 2
(3.4) min §\|7—5||L2(m) st. Ly=0,

where £ = —divaV is the elliptic operator defined in ([2]). The Lagrangian function
for ([B.4)) is as follows:

1
(3.5) F(y,2) = 5l = €lfan) = X £2) 2y



RANDOMIZED SAMPLING FOR GFEM 10

where A is a Lagrange multiplier. In the discrete setting, we form a grid {z;} over
w* and denote by (; the hat function centered at grid point x;. (Recall that we have
assumed piecewise affine finite element discretization.) The Lagrangian function for the
corresponding discretized optimization problem is

(3.6) F(y,0) =50 =€) T (1" =€) = ATATy = ATA™Y,

where the superindices 7 and b stand for interior and boundary grids, respectively, and
A is the stiffness matrix:

Amn = <(IVCm s an>L2(w*) .

In the discrete setting, \ is a vector of the same length as 4* (the number of grid points
in the interior). Note that in the translation to the discrete setting, we represent £y = 0
by Ay = 0, which leads to

Here A% is the stiffness matrix confined in the interior, and A® is the part of the stiff-
ness matrix generated by taking the inner product of the interior basis functions and
the boundary basis functions. To solve the minimization problem, we take the partial
derivatives of (B.6]) with respect to v and A and set them equal to zero, as follows:

VF =q =& —-A'X=0,
Vo F = APT) =0,
Vo F = Alini 4 AbAb — 0
Some manipulation yields the following systems for 4% and ~%:
AT (Aii)_2 Albyb — _ADT (Aii)_l g = (Aii)_l Albrb
and the solution to this system gives the solution of ([B.4]) in the discrete setting.

3.2. Random sampling strategies. We have many possible choices for the random
functions functions &, k = 1,2,..., N, in Stage 1-A of [l Here we list a few natural

ones.

1. Interior d-function. Choose a random grid point in w and set £(z) = 1 at this
grid point, and zero at all other grid points. That is, £ is the hat function
associated with the grid point x.

2. Interior i.i.d. function. Choose the value of £ at each grid point in w indepen-
dently from a standard normal Gaussian distribution. The values of £ at grid
points in w*\w are set to 0.

3. Full-domain i.i.d. function. The same as in 2, except that the values of £ at the

grid points in w*\w are also chosen as Gaussian random variables.

(z—z )2
4. Random Gaussian. Choose a random grid point xy € w and set {(z) = e~ 7

at all grid points in w*.
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We aim to select basis functions (through Stage 2) that are associated with the largest
eigenvalues, so that the Kolmogorov n-width can be small (ZI3). Thus, we hope that
in Stage 1, the chosen functions {, provide large eigenvalues \; in (2.I7). A large value
of X\ indicates that a large portion of the energy is maintained in w, with only a small
amount coming from the buffer region w*\w. It therefore suggests to choose functions
&, with most of their variations inside w. However, the projection to a-harmonic space
step makes the locality of the resulting functions hard to predict. In Section H we
propose and analyze a criterion for the performance of the random sampling schemes.
In particular, we compare the choices listed above.

We mention here two other approaches that have been proposed in the literature
for producing bases of a-harmonic functions. In these previous works, the functions
obtained are used directly as basis functions, without applying the post-processing step
of the generalized eigenvalue problem (ZI7]) in Phase 2 above.

1. Random boundary sampling. In [9], the authors proposed to obtain a list of ran-
dom a-harmonic functions by computing the local elliptic equation with i.i.d. ran-
dom Dirichlet boundary conditions. Assuming there are N, grid points on the
boundary dw*, we define g to be a vector of length IV, with i.i.d. random variables
for each component. We then define v by solving

Ly=0, zew"
V0ow = g-

This process is repeated for IV, times to obtain NV, random a-harmonic functions
{% : k=1,2,...,N,}.

2. Randomized boundary sampling with exponential covariance. A technique in
which the Dirichlet boundary conditions are chosen to be random Gaussian
variables with a specified covariance matrix is described in [I§]. This matrix
is assumed to be an exponential function, that is,

(3.8) Cov(yi,y;) = exp(—|yi — y;l/0) .

The first few modes of a Karhunen-Loéve expansion are used to construct a
boundary condition in ([B.7]), with which basis functions are computed. Although
a justification for this approach is not provided, numerical computations show
that it is more efficient than the i.i.d. random boundary sampling.

3.3. Connection with Randomized SVD. We briefly address the connection of the
random sampling method we propose in this paper with the well-known randomized
SVD (rSVD) algorithm. Although rSVD cannot be used directly in our problem, it
served as a motivation for our randomized sampling strategies.

The randomized SVD algorithm, studied thoroughly in [11]], speeds up the computa-
tion of the SVD of a matrix when the matrix is large and approximately low rank. With
high probability, the singular vector structure is largely preserved when the matrix is
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projected onto a random subspace. Specifically, for a random matrix R with a small
number of columns (the number depending on the rank of A), it is proved in [II] if we
obtain Q from the QR factorization of AR, we have

(3.9) 1A~ QQTA[l2 < [|A]2 -

This bound implies that any vector in the range space of A can be well approximated
by its projection into the space spanned by Q. For example, if & = A¥, we have from

B9) that
(3.10) li—QQT | < |-

We note that Q and AR span the same column space, but Q is easier to work with
and better conditioned, because its columns are orthonormal. Equivalent to ([B.I0]), we
can also say that any @ in the image of A can be approximated well using a linear
combination of the columns of AR.

To see the connection between rSVD and our problem, we first write the generalized
eigenvalue problem (ZI7)) into a SVD form. Recall the definitions ([B.1]) of S and S*:

Sin = / a(x)Vxm(x) - Vxn(z)dz, S;,. = / a(x)Vxm(z) - Vxn(x)dz,
and define

(3.11) ®* = [\aVx1,VaVxa,..., Vavxy,] . =",

Then one could denote S = & ' & and S* = ®* T &*, and rewrite the generalized eigenvalue
problem (ZIT) as follows:

(3.12) dTdE= A T O*C.
We write the QR factorization for ®* as follows:
" = Qo+Rox ,
and denote d = Re+€. By substituting into ([312]), we obtain
(@R31) " (BR5) d'= Ad,
meaning that (v/X,d) forms a singular value pair of the matrix @R;&.

According to the rSVD argument, the leading singular vectors of (IJR(; are captured
by those of

(3.13) PR,IR,

where R is a matrix whose entries are i.i.d Gaussian random variables. Specifically, with
high probability, the leading singular values of @Rg}R are almost the same as those of
@R;}, and the column space spanned by (B3] largely covers the image of @R;}, as

in (BI10).
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We now interpret @R;iR from the viewpoint of PDEs. Decomposing R;} R into
columns as follows:

(314) R;}R: [7’1,7’2,...], with T = [Tk17rk27...]—r7

and denoting 7y, = >~ 7;X;, we have from (B.II)) that

bry = v/aV (Z rijj> = VaVy .
J
Numerically, this corresponds to solving the following system for ~:

(3.15) Loy = —div(a(z)Vy) =0, zew

Vilows = D Thjy;-

It is apparent from this equation that to obtain (IJR;,}R, we do not need to compute all
functions x;, j = 1,2,..., N, and use them to construct ~,. Rather, we can compute
directly by solving the elliptic equation with random boundary conditions given by 7y,
j=1,2,...,Ny. The cost of this procedure is now proportional to N,, which is much
less than N,.

Unfortunately, this procedure is difficult to implement in a manner that accords with
the rSVD theory. R is constructed using i.i.d. Gaussian random variables, but Rg}
is unknown ahead of time, so the distribution of r; ([BI4]) is unknown. The theory
here suggests that there is a random sampling strategy that achieves the accuracy and
efficiency that characterize rSVD, but it does not provide such a strategy.

4. EFFICIENCY OF VARIOUS RANDOM SAMPLING METHODS

As discussed in Section [ given multiple ways to choose the random samples in Stage
1 of Algorithm [ it is natural to ask which one is better, and how do to predetermine
the approximation accuracy? We answer these questions in this section.

The key requirement is that Algorithm [I] should capture the high-energy modes of
[2I0I) — the modes that correspond to the highest values of \;. We start with a simple
example in Section [£]] that finds the relationship between the energy captured by a
certain single mode, and the angle that that mode makes with the highest energy mode
(which corresponds to the Kolmogorov 1-width). We extend this discussion beyond a
single mode in Section 4.2 again using the language of linear algebra. The relevance to
local PDE basis construction is outlined in Section

4.1. A One-Mode Example. Suppose we are working in a three-dimensional space,
with symmetric positive definite matrices A and B and generalized eigenvectors x1, xo,
and x3 such that

(4.1) (Ti,75)B = x] Bx; = Oij, (@i, xj)a = xl Az = 0ijNi
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for generalized eigenvalues A\ > Ao > A3. We thus have

Suppose we have some vector x that is intended to approximate the leading eigenvector
1. The energy of x is

T
z' Ax
4.2 E(r) = ——
(42) (r) = T2,
and the angle between the space spanned by x and that spanned by z; is defined by:
(4.3) L(z,20) = max min 192 =B71llA i 10 = B2ila
glgi<t o |zlslleills  sisi<t @ z]|e

We have the following result (which generalizes easily to dimension greater than 3).

Proposition 1. The angle ([£3) is bounded in terms of the energy ([@2]) as follows:

)\1)\2 ()\1 — E(l‘))
(4.4) L(z,x1) < \/ O — VB ()

Proof. The proof is simple algebra. As {z1,z2,x3} span the entire space and are B-

orthogonal, we have
(4.5) T = wir1 + ware + w33,
with w; = 2 "Bx;, i = 1,2,3. According to the definition of the angle, one can reduce
the problem by setting 8 =1 and >, w? = 1, so that ||z|g = 1 in [@E3). (With these
normalizations, we have from (&) and [@2) that F(z) = 27 Az = \jw? + w3 + A3w?.)
We thus have
(£(z,21))* = min [laz — 21
= moin [(qwy — 1)x1 + qwszs + awszs||a
= min ((awl — 1)2)\1 + azwg)\g + azwg)\g) .
(0%

The minimum is achieved at a@ = wy A1/ E(x), with the minimized angle being

E(z) — wih

To bound the numerator in ([Z6]) we observe that

(4.6) (ZL(z,21))* = Al

E(z) —wiAy = wiky + wids < wiky + wily = (1 — wi)Ag,

and moreover
2 2 2 o _ A1 — E()
Ex)<wihi+1—-—wir = M —E(x)>1—-wi))(A—A2) = 1—wi < o
1— A2

By conbining these last two bounds, we obtain
A1 — E(x)
A=Ay
By substituting this bound into (£.0), we obtain (4. O

E(l’) — w%)\l < )\2
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Note that the bound ([@4]) decreases to zero as A\; — E(z) | 0.

According to ([@4)), a larger gap in the spectrum between A; and A yields a tighter
bound, thus better control over the angle. The theorem indicates that the “energy”
is the quantity that measures how well the randomly given vector x captures the first
mode, and thus serves as the criterion for the quality of the approximation.

4.2. Higher-Dimensional Criteria. In this section, we seek the counterpart in higher
dimensional space of the previous result. Suppose now that the two symmetric positive
definite matrices A and B are n x n, and their generalized eigenpairs (\;, z;) satisfy the

following:
(4.7) (zi,xj)B = 0ij, (@i, Tj)a = 0ijAi,
so that
A'l‘i:)\iB'$i, with /\12"'2>\k>/\k+12"'2>\n>07

or
(4.8) A-X=B-X-A, with A=diag(A,A2,...,\n).

Suppose we are trying to recover X" = [x1,zs,...,2;], the matrix whose columns
are the first & modes. Define X! = [z41,...,2,] to collect the remaining modes, and

let Y = [y1,v2,...,yr] be our proposed approximation to X" We seek a quantity that
measures how well Y approximates X" in the energy norm.
To proceed, we assume first that Y is B-orthonormal, that is,

(4.9) Y'BY =1.

(If necessary, a QR procedure based on the B-norm can be used to ensure this property.)
Extending (42]), we define the energy for an n x k matrix Z as follows:

T T
(4.10) E(Z) = %

The Kolmogorov width between space Y and the optimal subspace X" is a generalization
of the angle (4.3]), defined as follows:

(4.11) d(X" Y) = sup inf [ly —z||a,
z€Span X, ||z]g<1 YEY

where “Span X" denotes the space spanned by the columns of X". We show below how
E(Y) is related to d(X",Y).
Since X spans the entire space, we can express Y as follows:
(4.12) Y=X-C=X".ch4x.
where C € R™*. We have that C has orthonormal columns, because from (7)) and

[#9), we have
(4.13) Y=X-C=1=Y"-B.Y=C"-X".B-X-C=C"-C.
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We denote by C" the upper R¥** portion of C, and by C! the lower R("¥)*k portion.
We denote the elements of C by cj;, that is

(4.14) C" = [ejiljm12 kim12. g C = [iljmkttibt, nie1 2. k-

By orthonormality of C, we have that

k n
Zc?,-—l— Z c?izl, 1=1,2,... k.
j=1

j=k+1

and thus

(4.15) [C”Cﬂ

7

—1- [ChTCh]Hzl—Zcﬁ, i=1,2,... k.

J=1

Lemma 4.1. The trace of C'TC! is bounded by energy difference between optimal space
X" and the proposed space Y

k(E(X") — E(Y))

4.16 Tr(C'TCh <

(419 O =T
Furthermore, C" is invertible if

(4.17) EXM —E(Y) < w .

Proof. Since Y is B-orthonormal, we have from (£I2]) that
(4.18) chich 4 clicl=1.
Since both X" and Y are B-orthonormal and have k columns, we have:
Tr (X"TBX") =Tr (YTBY) = k.

By plugging X" and Y into the definition of energy (@I0), we have

k (E(Xh) - E(Y)) _ (thAxh - YTAY>
By substituting for Y from (412, and using ([@.7]), we have
k (E(Xh) - E(Y)) _ (thAxh _ X AXPCh - c”x”Axlcl>
) = Te (A" - CPTARC — CTACY)
For the terms on the right-hand side of (£19), we have

(4.20) Tr (C'TAICY) < Ay Te (€7
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and that
k k k
Tr (A" = CMTARCH) = S = D03 i
j=1 i=1 j=1
k k
= Z)\] <1 — ZC§Z>
j=1 i=1
k k
- (1-34)
j=1 i=1
(4.21) — A\ Tt <C”cl)

where we used ([{I5]). By bubstituting (£.20) and [@.21]) into (ZI9]), we obtain
k (E(Xh) - E(Y)> > Ak — Aepr) Tr (c”cl) ,

which is equivalent to ([ZI0)).

When condition (ZI7) holds, we have from (ZIG) that Tr(C'TC') < 1. Thus since
ChTCh = 1 — T and setting ||[C'TC|| < Tr(C'TCY) < 1, we have that C*TCh is
nonsingular, so that the k& x k& matrix C" is nonsingular. O

We finally use energy distance E(X") — E(Y) to estimate the Kolmogorov width
d(X")Y), as follows.

Theorem 4.1. Consider the optimal space spaned by the columns of X" and the pro-
posed space spanned by the columns of Y. If

(4.22) B — B(Y) < A
then we have

CchlH
4.2 dXP Y)Y < /A Hi.
( 3) ( ) )—\/ k-l—ll_HclTClH

and furthermore

k(E(XX") — E(Y))
Me— M1

(4.24) d(X")y) < \/ 2\t 1

Proof. Choosing an arbitrary z = X"a with ||a|| < 1, we look for 3 such that y = Y3 is
closest to z in A-norm. The solution, obtained from the minimization problem

(4.25) min f(3) =y = 23 = (Y8 = X"a) 'A(YS = X"a)
is

(4.26) B = (YTAY) Y TAX a .

From (471) and ([@I2]), we have

(4.27) YTAY = CTAC = ChTARCh + CTTANC,
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which is invertible, since C has orthonormal columns and A is diagonal and positive
definite. Thus * is well defined by ([@28). By substituting in (£23]), we obtain

(4.28) F(8%) = —aT(YTAXM T(YTAY) LY TAXM) o + o "X T AX G,
Note from (£I2]) and (£8) that
AY = AX'Ch 4+ ax!Icl = BXPARC + BXIA!NC,
so from (&1, we have
XPTAY = (XPTBXMARCh 4 (XPTBXY)AICh = AMCh.
By substituting this equality together with ([£27) into (£28]), we have
(4.29) f(8%) = —aT (APCh)(ChTARCh + CTTAICH L (AC) Ta + o T A

Invertibility of C* follows from Lemma 1] and the condition [@22)), so that (A")Y/2Ch
is invertible, and we can transform (£29) to
(4.30)

-1
f(ﬂ*) _ —aT(Ah)1/2 1+ (ChT(Ah)1/2)—1ClTAlCl((Ah)1/2ch)—l ()\h)l/2a + aTAha.
For any matrix A with (1 + A) nonsingular, we have that
(4.31) (I+A)P=1-A+(1+A)'A%
Moreover, if A is symmetric positive semidefinite, the last term (1+A)~*A? is symmetric
positive semidefinite, since if we write the eigenvalue decomposition of A as A = USUT
where U is orthogonal and S is nonnegative diagonal, we have that (1 + A)~1A? =
A%2(1 +A)~' = U(1 +S)~!S2UT. Thus for any vector z, we have from [@31)) that
2T (A +A) 22T < 2T (1 - A)z+ 272 = 2TAz
By substituting A = (C*T(A™M)1/2)=1CtTAICH(AM)Y/2Ch) =1 and 2z = (A\")Y2a into this
expression, we have from ([L30) that
f(ﬁ*) _ aT(Ah)1/2(ChT(Ah)1/2)_1ClTAlCl((Ah)1/2ch)_l(Ah)l/2a
— aT(ch)—TclTAlcl(Ch)—l
(4.32) < [l T IC T AT,
Note that [|a]| < 1, |[C'TAICH| < Agyq||CHTCl| and
1
AT hy—1]] _ IT < HClTClH
J@Ten =fa-cmey| Z RS Tardlh
so by substituting into (£32]), we have

I

(4.33) f(5%) < )\k+1m .
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Under condition ([£22]) we have from Lemma [.1] that

k(EXM — B(Y
HCITCH STI‘(CITC)S ( ( ) ( )) S17
Ak — Akt1 2
so that
aNel k(EXM) — B(Y
€T gycimeyy < o BN = B
L—(circh e — Aot

yielding ([F24). O

4.3. Criteria Used in Random Sampling for Local Basis Functions. In our
local basis construction problem, we identify A and B in Section with S and S*,
respectively, from (ZI7). After obtaining a number of random a-harmonic functions
Ty ={m,7%,---,7}, we compute the energy according to the definition in (ZI0):

S (a(@) Vel g w)
> i1 (a(@) | VaeyiP e

By Theorem (1] larger values of F indicate better sampling strategies.

(4.34) E(T,) =

Remark 3. The criterion in Theorem [£]]indicates that a sampling strategy that results
in energy E(Y) close to the optimal value of E(X") will result in a small Kolmogorov
width. Larger energy is achieved when the samples have their energies largely supported
in the interior w. Further, it suggests that construction of a-harmonic functions through
random sampling of boundary conditions may not be the best strategy, because the
boundary layer close to dw* quickly damps out the solution and the energies concen-
trate in the margin w*\w, leading to relatively small energy in w, thus a small value
of the energy (£34]). This would give a weak bound for the Kolmogorov width. These
observations are borne out by the numerical experiments reported in the next section.

Theorem 4.2. In two-dimensional space, given any u € H,(w*)/R and a subspace I';, =
Span{vy1,72,--.,7n}, a list of random samples of a-harmonic functions, the accuracy of
approximating « with a function v from I';, is bounded by the following estimate:

. _,1/3
min flu — ¥l < [Jullgew (6 " +d(‘I’an)> ,

vely

where U, is defined in (ZI2) and d(¥,,T',) is defined in equation (ZIT).

Proof. Without loss of generality, we assume |[[u[/¢(,~) = 1. Consider the optimal basis
{4i}3°, C Ho(w*)/R computed in (ZI5), for which we have

(Wis¥i)esy = 0ij s (Vi V) ew) = Nidij-

We therefore have scalars uq,uo, ... such that

o o
2
u:g wuy, E uj =1.
i=1 i=1
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Define @ € Hy(w*)/R by
u= Z Uﬂ/)z )
i=1
the restriction v = Pu € H,(w)/R has
0 1/2
[u—="2llgw) = llu— Pillgw) = ( > U%z) -
i=n+1
By the definition [@II]) of Kolmogorov width, there exists v € I, such that
v = Ylle@w) < lille@d(Yn,Tn),
where W,, := Span{ty,...,¥,}. We further note that
n 1/2
fillswr = (30)

i=1

and therefore

lu—=7lew) < llu—vllew +llv—"llew)
00 1/2 n 1/2
< < > u?)\i> + (Z u?) d(V,,T,)
i=n+1 i=1

< ()‘n+1)1/2 + d(\IJna Fn)

1/

<e ™ 4 d(,,T,),

where the last inequality comes from Theorem O

5. COMPUTATIONAL RESULTS

We present numerical results in this section that show how the Kolmogorov width
between the optimal space and the solution space constructed via random sampling de-
creases with the number of basis functions, for different sampling strategies. Throughout
the section, the domain w and enlarged domain w* are defined by

w=[-1,1] x [-1,1], w*=[-14,1.4] x [~1.4,1.4],

The media a(z,y) is defined to be

(5.1) alz,y) = 1/11+ s%n(?wx) 1.1 + sin(97y) n 1.1+ cos(13my)
5\ 1.1 +sin(7ry)  1.14cos(9mx) 1.1 + cos(13mx)
1.1+ C?S(9F$) 1.1+ s.in(77ry) (o) € Wt
1.1 +sin(97y) 1.1 + sin(77z)

Numerical results will be shown for discretization parameters dz = dy = 1/40.

The reference solution is obtained from the procedure summarized in Section 2.3l
To find the optimal solution space, we prepare the entire a-harmonic function space
by going through all possible boundary condition configurations, before computing the

general eigenvalue problem (2I7]) for basis selection. This process requires computation
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of the elliptic equation ([2I4]) 444 times (each time with a hat function on the boundary
of Ow* concentrated at a specific grid point) followed by computation of the generalized
eigenpairs of two matrices of size 444 x 444.

We also implement the random sampling method proposed in Section [3 with four
different sampling strategies, together with a “boundary i.i.d. function” method adopted
from [5]:

1. Interior delta: Perform harmonic projection described in Section 3] of a given
delta function supported in w;

2. Interior i.i.d. function: Perform harmonic projection described in Section [B.1] of
a function given by i.i.d. Gaussian supported in w;

3. Full-domain i.i.d. function: Same as the previous one, except that the support
is enlarged to w*;

4. Random Gaussian: Perform harmonic projection of Gaussian distribution cen-
tered at randomly chosen point in w.

5. Boundary i.i.d. function: This is the strategy described in (7)) where the bound-
ary condition on dw* is defined by i.i.d. Gaussian variables.

As we see below, the five strategies have varying degrees of efficiency, but all capture

the low rank structure of the optimal space.

High-Energy Modes. The first four modes {¢; 234} of the reference solution are
shown in Figure 5.l These are obtained by following the procedure described in Sec-
tion 2.3l We note here the presence of boundary layers in w*, as the functions exhibit fine
scale oscillations near the boundary dw*; moreover, these oscillations in the boundary

layer are unseen when solutions are confined to the patch w.

0.02 0.02
0.01 0.01

0.02
0.01
-0.01 -0.01
-0.02

-0.01
-0.02

1 2 a
0.02 0.02 0.02
0.01 0.01 0.01
o o o
-0.01 ‘ -0.01 -0.01
-0.02 -0.02 -0.02
1 1 1
1 1
o o o o
v 1 1 x v 1 1 x

FIGURE 5.1. The first row shows the four modes ¢1 234 supported on
w*, and the second row shows the same modes confined in w.
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Recovery of General Eigenvalues. We now describe results obtained by random
sampling method with the five sampling strategies. For each strategy, we sample only 20
a-harmonic functions for the computation in equation ([B.2]), hoping that these 20 random
samples still capture the highest energy modes. In Figure [5.2] we plot (in log scale) the
20 generalized eigenvalues obtained from each of the five sampling strategies, together
with the leading 20 eigenvalues from the optimal reference solution. All methods give
almost exponential decay of the eigenvalues, but the random Gaussian method does by
far the best at tracking the eigenvalues of the reference solution.

It is expected that as the number of random samples increases, all random methods
should do better at capturing the eigenvalues of the reference solution. We see that this is
true in Figure [5.3] where we use 300 random samples for all five sampling strategies. All
except the strategies involving the full-domain i.i.d. function and possibly the boundary
i.i.d. function do well at matching the reference eigenvalues.

102 T T T T T T T T T

—4—Optimal
10t —x—Interior E
——Interior i.i.d. function
ol Full-domain i.i.d. function| ]

10
Random Gaussian

—o—Boundary i.i.d. function

10tk

102

F1GURrRE 5.2. Eigenvalues obtained from the five different random sam-
pling strategies, using 20 samples each, and the leading 20 eigenvalues
from the reference solution. Eigenvalues are computed from B.2]) for
the random sampling strategies and (ZI7T]) for the reference solution. All
methods show almost exponential decay of the eigenvalues, with the Ran-
dom Gaussian strategy doing best at matching the reference eigenvalues.

Figure 5.4l shows the recovery of eigenspace by random sampling procedures. We
regard @5, defined in (2I0), as the optimal space (the space expanded by the five
modes with highest energies), and use @], defined in (B3] to approximate it, for m =
1,2,...,20. The vertical axis shows Kolmogorov width, whose computation is described
in the appendix [Al As expected, using more random modes leads to better recovery
and thus smaller Kolmogorov width (dIT]). The plots show Kolmogorov width decays
roughly exponentially fast with respect to m, for all five sampling strategies. Once
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—&—Optimal

——nterior 0

—— Interior i.i.d. function
Full-domain i.i.d. function
Random Gaussian

—6—Boundary i.i.d. function

60

23

FIGURE 5.3. Same as Figure 5.2, but with 300 random samples instead

of 20. Since N, ~

tend to match the reference eigenvalues more closely.

Ny, the eigenvalues obtained from ransom sampling

again, the Random Gaussian strategy is by far the best: ®%5, approximates ®5 with

accuracy near 107°. The other four strategies attain accuracies of around 10~! to 1072

for m = 20.

107

Kolmogorov distance

—x—Interior ¢
—*— Interior i.i.d. function

Random Gaussian

3 Full-domain i.i.d. function

—6—Boundary i.i.d. function

5 10

Dimension of proposed random space

FIGURE 5.4. Kolmogorov distance between ®; and ®;,, for m

1,2,...,20 sampling modes.

15

20

Eigenspace Recovery for the Random Gaussian Strategy. Finally, we focus on

the the Random Gaussian sampling strategy, which is clearly the most successful one.

In Figure 5.5, we plot in the first row the high energy modes {¢; 234} for the reference
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solution, and in the second row we plot the high energy modes {(;5’1"727374} obtained from
the Random Gaussian strategy with 20 samples. The similarity is evident.

1 2 3 4
0.02 0.02 0.02 0.02
0.01 0.01 0.01 0.01
o o o o A
-0.01 -0.01 -0.01 -0.01 .
-0.02 -0.02 -0.02 -0.02
1 1 1 1
o ° ! o ° 1 o - 1
Yy 1 1 x y -1 1 x y =1 1 x
1 2 4
0.02 0.02 0.02 0.02
0.01 0.01 0.01 0.01 g
o o 0 o ‘
-0.01 -0.01 0.01 -0.01
-0.02 -0.02 0.02 -0.02
1 1 1 1
o ! o ! o ! o !
o o o o
Y 1 1 X Y 1 1 X Y 1 1 x Y 1 1 x

F1GURE 5.5. Recovery of high energy modes using Random Gaussian
sampling strategy, with 20 samples. First row shows the first four modes
of the reference solution; second row shows the first four modes obtained

from the Random Gaussian sampling strategy.

6. CONCLUSION

In this paper we have proposed to compute elliptic equations with rough coefficients
using random sampling strategies in the context of generalized finite element methods.
It is shown that the random sampling methods capture the main part of the local so-
lution spaces with high accuracy, and that efficiency can be evaluated by the energy
contained in the proposed random space. Numerical comparisons of five different sam-
pling strategies show that the use of Random Gaussian functions sampled in the interior
of each patch, in conjunction with a-harmonic projection, yield the smallest Kolmogorov
width, and thus perform better in approximating the solution space.

APPENDIX A. CALCULATION OF THE KOLMOGOROV DISTANCE
Suppose we are given the optimal space
®,, = Span X, where X = [¢1,...,0n],
and a proposed space
¢ = SpanY, where Y = [¢],...,¢,], where n > m,

such that
(Diy bj)ewr) = 0ij and (&5, P} )ewr) = bij -
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Recall the following definition of Kolmogorov width from (@IT):

d(D,,, ®T) = max min ||z — .
(P, @) A y@;” Ylle(w)

To calculate d(®,, P],) explicitly, we write z = Xa for some o € R™ and y = Y3 for
some 3 € R". The Kolmogorov width is achieved when [|z[|¢,+) = 1, which implies that
|lafl;z2 = 1. By expanding the objective, we have

1 1
gl = Yl = giXa—Yp Xa-YBew

1 1
= §5TYA,8 — aTCAB + §aTXAa,
where (Ya)ij = (6], 8})ew), (Xa)ij = (¢, dj)e(w) and (Ca)ij = (¢, ¢} )e(w)- The mini-

mizing value of 3 is given explicitly by
B=Y,'Cya,
for which we have

1 _ _
(@, Pr)? = max o (Xg—CrY,'Ca)a=||Xa—C Y 'Cal3.

lelz=1

The Kolmogorov width is therefore

d(®m, ®}) = V2| X4 — CAY; ' Call2.

REFERENCES

[1] I. BABUSKA AND R. LIPTON, Optimal local approximation spaces for generalized finite element
methods with application to multiscale problems, Multiscale Model. Simul., 9 (2011), pp. 373-406.

[2] 1. BABUSKA AND J. MELENK, The partition of unity method, International Journal for Numerical
Methods in Engineering, 40 (1997), p. 727758.

[3] M. BEBENDORF, Why finite element discretizations can be factored by triangular hierarchical ma-
trices, STAM Journal on Numerical Analysis, 45 (2007), pp. 1472-1494.

[4] A. BENSOUSSAN, J. LIONS, AND G. PAPANICOLAOU, Asymptotic Analysis for Periodic Structures,
AMS Chelsea Publishing Series, American Mathematical Society, 2011.

[5] V. M. CaLo, Y. EFENDIEV, J. GALVIS, AND G. LI, Randomized oversampling for generalized
multiscale finite element methods, Multiscale Modeling & Simulation, 14 (2016), pp. 482-501.

[6] W. E AND B. ENGQUIST, The heterogeneous multi-scale methods, Commun. Math. Sci., 1 (2003),
pp- 87-133.

[71 W. E, P. MING, AND P. ZHANG, Analysis of the heterogeneous multiscale method for elliptic
homogenization problems, J. Amer. Math. Soc., 18 (2005), pp. 121-156.

[8] Y. EFenDIEV, T. Y. Hou, AND X.-H. Wu, Convergence of a nonconforming multiscale finite
element method, STAM J. Numer. Anal., 37 (2000), pp. 888-910.

[9] J. GALviS AND Y. EFENDIEV, Domain decomposition preconditioners for multiscale flows in high
contrast media: Reduced dimension coarse spaces, Multiscale Model. Simul., 8 (2010), pp. 1621
1644.

[10] W. HACKBUSCH, Hierarchical Matrices: Algorithms and Analysis, Springer Series in Computational
Mathematics, Springer, 2015.



RANDOMIZED SAMPLING FOR GFEM 26

[11] N. HALKO, P. G. MARTINSSON, AND J. A. TROPP, Finding structure with randomness: Probabilistic
algorithms for constructing approzimate matriz decompositions, STAM Review, 53 (2011), pp. 217-
288.

[12] T. Y. Hou aAND X.-H. Wu, A multiscale finite element method for elliptic problems in composite
materials and porous media, J. Comput. Phys., 134 (1997), pp. 169 — 189.

[13] ——, A multiscale finite element method for pdes with oscillatory coefficients, Notes on Numerical
Fluid Mechanics, 70 (1999), pp. 58-69.

[14] T. Y. Hou, X.-H. Wu, AND Z. Cal, Convergence of a multiscale finite element method for elliptic
problems with rapidly oscillating coefficients, Math. Comp., 68 (1999), pp. 913-943.

[15] T. Y. Hou AND P. ZHANG, Sparse operator compression of higher-order elliptic operators with
rough coefficients, Research in Mathematical Sciences, (in press).

[16] W. B. JOHNSON AND J. LINDENSTRAUSS, Eztensions of Lipshitz mapping into Hilbert space, Con-
temporary Mathematics, 26 (1984), pp. 189-206.

[17] L. Lin, J. Lu, L. YING, AND W. E, Adaptive local basis set for KohnSham density functional theory
in a discontinuous Galerkin framework I: Total energy calculation, J. Comput. Phys., 231 (2012),
pp- 2140-2154.

[18] R. LipTON, P. SINZ, AND M. STUEBNER, Uncertain loading and quantifying mazimum energy
concentration within composite structures, Journal of Computational Physics, 325 (2016), pp. 38 —
52.

[19] A. MALQVIST AND D. PETERSEIM, Localization of elliptic multiscale problems, Math. Comp., 83
(2014), pp. 2583-2603.

[20] P. MING AND X. YUE, Numerical methods for multiscale elliptic problems, J. Comput. Phys., 214
(2006), pp. 421-445.

[21] H. OWHADI, Bayesian numerical homogenization, Multiscale Modeling & Simulation, 13 (2015),
pp. 812-828.

[22] H. OWHADI AND L. ZHANG, Metric-based upscaling, Comm. Pure Appl. Math., 60 (2007), pp. 675—
723.

[23] H. OwHADI, L. ZHANG, AND L. BERLYAND, Polyharmonic homogenization, rough polyharmonic
splines and sparse super-localization, M2AN Math. Model. Numer. Anal., 48 (2014), pp. 517-552.

[24] G. PAPANICOLAOU, Asymptotic analysis of transport process, Bull. American Math. Soc., 81 (1975),
pp- 330-392.

[25] A. PINKUS, N-widths in approzimation theory, Ergebnisse der Mathematik und ihrer Grenzgebiete,
Springer, 1985.

MATHEMATICS DEPARTMENT, UNIVERSITY OF WISCONSIN-MADISON, 480 LINCOLN DR., MADISON,
WI 53706 USA.

FE-mail address: ke@math.wisc.edu

MATHEMATICS DEPARTMENT, UNIVERSITY OF WISCONSIN-MADISON, 480 LINCOLN DR., MADISON,
WI 53706 USA.

E-mail address: qinli@math.wisc.edu

DEPARTMENT OF MATHEMATICS, DEPARTMENT OF PHYSICS AND DEPARTMENT OF CHEMISTRY,
DukEe UNIVERSITY, Box 90320, DurHAaM, NC 27708 USA.

E-mail address: jianfeng@math.duke.edu

COMPUTER SCIENCES DEPARTMENT, UNIVERSITY OF WISCONSIN-MADISON, 1210 W DAYTON ST,
MabisoN, WI 53706 USA.

E-mail address: swright@cs.wisc.edu



	1. Introduction
	2. Preliminary Results
	2.1. Generalized Finite Element Method
	2.2. Low-Rank Local Solution Space
	2.3. Computing the Local Solution Space

	3. Randomized Sampling Methods for Local Bases
	3.1. a-Harmonic Projection
	3.2. Random sampling strategies
	3.3. Connection with Randomized SVD

	4. Efficiency of Various Random Sampling Methods
	4.1. A One-Mode Example
	4.2. Higher-Dimensional Criteria
	4.3. Criteria Used in Random Sampling for Local Basis Functions

	5. Computational Results
	High-Energy Modes
	Recovery of General Eigenvalues
	Eigenspace Recovery for the Random Gaussian Strategy

	6. Conclusion
	Appendix A. Calculation of the Kolmogorov Distance
	References

