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Abstract

To every Legendrian link in R3, we can assign a differential graded algebra (dga)

called the Chekanov-Eliashberg DGA. An exact Lagrangian cobordism between two

Legendrian links induces a DGA map between the corresponding Chekanov-Eliashberg

DGAs, and this association is functorial. This DGA map was written down explicity

for exact, decomposable Lagrangian fillings as Z2-count of certain pseudoholomor-

phic disks by Ekholm, Honda, and Kálmán, and this was combinatorially upgraded

to an integral count by Casals and Ng. However, this upgrade only assigned an au-

tomorphism class of DGA maps. We approach the same problem of integral lifts by

a different strategy, first done for the differential in the Chekanov-Eliashberg DGA

by Ekholm, Etnyre, and Sullivan. Here, we find the precise DGA maps for all exact,

decomposable Lagrangian cobordisms through this more analytic method.
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1

Introduction

1.1 Background for Main Results

Symplectic Topology and Contact Topology first arose as mechanisms to study Ce-

lestial mechanics. Since then, they have become instrumental in the study of low-

dimensional topology, algebraic geometry, and various problems in Physics. Sym-

plectic Topology is the study of symplectic manifolds-even-dimensional manifolds

equipped with closed, nondegenerate 2-forms ω. Likewise, Contact Topology is the

study of contact manifolds, odd-dimensional manifolds equipped with a codimen-

sion one, maximally nonintegrable hyperplane distribution ξ Ă TM , called a contact

structure. In the case where our contact structure is coorientable, it may be ex-

pressed as the kernel of a 1-form α, which we call the contact form of our contact

manifold. For p2n ` 1q-dimensional coorientable contact manifolds, the maximally

nonintegrable condition may be rewritten as the following: α ^ pdαqn is a volume

form on our contact manifold. As we only consider coorientable contact manifolds

equipped with contact forms in this manuscript, we will write pY, αq for the data of

a Contact manifold equipped with a contact form, and sometimes pY 2n`1, αq when
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we wish to specify its dimension. For any contact form α on a contact manifold Y ,

there exists a unique vector field Rα such that αpRαq “ 1 and ιRαpdαq “ 0, where

ιX denotes the interior product. Rα is called the Reeb vector field of α.

By the Darboux theorem, all symplectic/contact manifolds are locally symplecto/contacto

-morphic to standard structures-namely, the standard symplectic and contact struc-

tures on R2n and R2n`1 respectively. It then becomes necessary to study global

invariants of these manifolds if the community at large has any hope of classify-

ing such manifolds. One method of studying these manifolds have been through

the study of certain special submanifolds. In a 2n-dimensional symplectic manifold

W 2n, a Lagrangian submanifold is an n- dimensional submanifold, for which all

tangent vectors v, w P TpL satisfy ωppv, wq “ 0, for all p P L. Likewise, a Legen-

drian submanifold of a p2n` 1q-dimensional contact manifold is an n-dimensional

submanifold Λ such that TpΛ Ă ξp for all p P Λ.

The standard contact structure on R2n`1 that we mentioned before is one we

will focus on-in particular, when the dimension is 2n ` 1 “ 3. In this case, the

standard contact form is of the form αstd “ dz ´ ydx. In this case, closed Leg-

endrian submanifolds will be links. The problem of classifying Legendrian links in

pR3, αstdq is a major overarching theme in much of the research in contact topology.

A number of invariants have been introduced in the past decades in order to distin-

guish Legendrian links, such as the rotation number and Thurson-Bennequin

number. These, along with the underlying topological knot type, are the classical

invariants of Legendrian links. However, in the past two decades, a large amount of

focus has been dedicated to non-classical invariants of Legendrian links, such as the

Chekanov-Eliashberg Differential Graded Algebra, whose homology is known

as Legendrian Contact Homology. The Legendrian Contact Homology was the

first invariant to be able to distinguish the so-called Chekanov-Eliashberg Knots,

which are both Legendrian representatives of the 52 knot, but are not Legendrian
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isotopic, see [Che02] Section 4.4.

In short, the Chekanov-Eliashberg DGA of a Legendrian link Λ, written as CEpΛq

is generated, as an algebra, by Reeb chords of the Legendrian link. Reeb chords are

trajectories of the Reeb vector field with endpoints on the Legendrian link. Since

we are in pR3, dz ´ ydxq, Reeb chords are simply trajectories of Bz with endpoints

on Λ. We go into detail on the grading of the Reeb chords in Chapter 2-these are

computed by a certain index associated to paths of Lagrangian subspaces in R2. To

talk about the differential, we must first introduce a specific symplectic manifold

called the symplectization of R3. The symplectization is the following symplectic

manifold:

pRˆR3, dpetαstdqq

where t is the first coordinate. This is indeed a symplectic manifold since dpetαstdq^

dpetαstdq is a volume form on R4, and dpetαstdq is exact (and thus closed).

On the symplectization, we may consider a special almost-complex structure

Jsymp, which we fully define in Chapter 2. We may, furthermore, consider the La-

grangian submanifold RˆΛ Ă pR4, dpetαstdqq. Let pDm, iq denote the unit disk with

m ` 1 boundary points tp, q1, ..., qmu removed, equipped with its standard complex

structure. We are now able to look at pseudoholomorphic disks

u : pDm, iq Ñ pR4, Jsympq

i.e smooth maps which satisfy the equality du ˝ i “ Jsymp ˝ du. The differential then

counts these punctured pseudoholomorphic disks with specific boundary punctures.

Namely let a P CEpΛq be a generating Reeb chord of Λ. We may define Bsymppaq as

the count of all punctured pseudoholomorphic disks with one distinguished positive

puncture asymptotically approaching a at the positive end of our symplectization,

and with all other punctures asymptotically approaching bi P CEpΛq at the negative

end of our symplectization (we describe this in more precision and detail in the Back-
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ground). By ”count”, we mean that we restrict attention to all p0 ` 1q-dimensional

moduli spaces of such pseudoholomorphic disks. Here, our p0` 1q notation indicates

an extra dimension which carries a standard R-action which we may mod out by,

leaving us with a 0-dimensional moduli space, which is furthermore compact. Thus,

it is valid to count such moduli spaces. We will describe this in more detail in the

following chapter.

These pseudoholomorphic disks will be the main players of this manuscript. These

punctured disks do not only appear in the differential, but also in DGA maps which

are induced by exact Lagrangian cobordisms:

Definition 1. Let Λ` and Λ´ be Legendrian links. An exact Lagrangian Cobor-

dism from Λ´ to Λ` is the data pL, fq, where L Ă pR4, dpetαstdqq is a Lagrangian

such that, for T ąą 0, LXprT,8qˆR3q “ rT,8qˆΛ` and LXpp´8,´T sˆR3q “

p´8,´T s ˆ Λ´. f is a function f : L Ñ R such that etαstd|L “ df |L, and f takes

on (potentially different) constant values on rT,8q ˆ Λ` and p´8,´T s ˆ Λ´.

Λ`

Λ´

Figure 1.1: An exact Lagrangian Cobordism from Λ´ to Λ`

As discussed, to each Legendrian link, we have an associated DGA CEpΛq.
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Ekholm, Honda, and Kálmán show that, to each exact Lagrangian cobordism L from

Λ´ to Λ` we have an associated DGA map CEpLq : CEpΛ`q Ñ CEpΛ´q [EHK16].

In more categorical language, the association CE is a contravariant functor from the

category Cob to Dgh. Here, Cob is the category whose objects are Legendrian links

and whose morphisms are exact Lagrangian cobordisms; in this way, we may some-

times write an exact Lagrangian cobordism as a morphism L : Λ´ Ñ Λ`. Dgh is

the homotopy category whose objects are Differential Graded Algebras (DGAs) and

whose morphisms are chain homotopy classes of DGA maps. The object associated

to a Legendrian link Λ is the Chekanov-Eliashberg DGA of Λ, i.e CEpΛq.

As mentioned previously, the differential of CEpΛq counts pseudoholomorphic

disks. Originally, this count was defined over Z2 coefficients, but a lift to Zrt, t´1s

coefficients was introduced in [ENS02], where t is a formal variable represented geo-

metrically by a basepoint on our Legendrian knot. This lift was based on a combi-

natorial model of the Chekanov-Eliashberg DGA, in particular by a shading rule

which we describe more precisely in Section 2.2.2. On the other hand, [EES05a]

showed that this actually corresponded to a lift of the honest Chekanov-Eliashberg

DGA-that is, the definition given by the symplectization- by analytic means. As for

DGA maps associated to exact Lagrangian cobordisms, [Kar20] showed, once again

by analytic means, that an honest lift of the DGA map exists. However, no concrete

formula was given for any such lift.

A combinatorial approach to lifting coefficients in DGA maps was done in [CN22],

but was limited. In particular, the DGA map associated to a saddle move was only

computed up to an automorphism of the Chekanov-Eliashberg DGA called a link

automorphism.

Here, we instead approach the problem of assigning upgraded coefficients by the

analytic methods utilized in [EES05a]. To describe the result we achieve, we must

first describe the types of exact Lagrangian cobordisms which we investigate. A
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Legendrian isotopy is an isotopy through the space of Legendrian links. The first

type of cobordism we may consider is simply the trace of a Legendrian isotopy. By

trace, we mean that we parametrize the Legendrian isotopy by the interval r´T, T s for

sufficiently large T , and then consider the cobordism which agrees with p´8,´T s ˆ

Λ´ over p´8,´T s ˆ R3, agrees with rT,8q ˆ Λ` over rT,8q ˆ R3 and has that

the slice at t is Λt for t P r´T, T s. It can be shown that any such trace may be

perturbed to an exact Lagrangian cylinder [EHK16]. To pin this down further, note

that two Legendrian links are Legendrian isotopic if and only if they are related by

a sequence of Legendrian Reidemeister moves, which we describe below. Thus,

if we wish to investigate exact Lagrangian cobordisms that come from Legendrian

isotopies, it suffices to consider concatenations of traces of Legendrian Reidemeister

moves. Outside of traces of Legendrian isotopies, two other types of exact Lagrangian

cobordisms come from considering 0-handle and 1-handle attachment, the latter of

which results in saddle cobordism. We call any exact Lagrangian cobordism which

is the trace of a Reidemeister move or the result of an orientable saddle cobordism,

an elementary piece.

Definition 2. An orientable decomposable cobordism is an exact Lagrangian

cobordism which can be written as the concatenation of elementary pieces and 0-

handle attachment.

For the purposes of this dissertation, we ignore 0-handle attachment. This may

be done by removing a neighborhood of any 0-handle, which then may add additional

unknots to the bottom of our cobordism. In this way, we may consider ”orientable

0-handle free” decomposable cobordisms.

Remark. Note here that 0-handles only appear as the unique disk fillings of Legen-

drian unknots, whose DGA map over integral coefficients is well understood. As a
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result, we do not lose anything by considering these orientable 0-handle free decom-

posable cobordisms, but gain certain conveniences in presentation.

The first types of exact Lagrangian cobordisms we investigate are those given

by traces of Reidemeister moves. Specifically, we look at the Triple Point move

(sometimes called Reidemeister III) and the Death isotopy, leaving the Birth isotopy

for later work (the Death and Birth isotopies are often called Reidemeister II moves).

The two possible triple point move are shown below in Figure 1.2.

a1

a2 a3

a1

a2 a3

a1

a3 a2

a1

a3 a2

Figure 1.2: The two Triple Point moves: Triple Point A on top and Triple Point
B on the bottom

We first note that, by work of [EHK16], the pseudoholomorphic disks which are

considered in the DGA map of the trace of Triple Point A are only trivial strips,

which correspond to the DGA map a ÞÑ a for all Reeb chords a P CEpΛq for some

Legendrian link. As it turns out, all trivial strips are given a positive sign when

the corresponding DGA map is lifted to Z-coefficients, which will be shown in the

proofs of our main theorems. Thus, the main legwork consists of showing the signs

for Triple Point B. It follows from the work of [EHK16] that, with Z2-coefficients,

7



the DGA map takes on the following form:

Φtppa1q “ a1 ` a3a2

Φtppaiq “ ai for all i

Φtppxq “ x for all other reeb chords

Consider now the Death isotopy. We also have a description of the DGA map

of the Death isotopy over Z2-coefficients. We first note that information about

both grading and the differential is located in the Background section; the reader

may refer to these sections or accept the following as fact. First, we note that

|x| “ |y| ` 1, and B`x “ y ` v (over Z2-coefficients), where v P CEpΛq is a sum of

monomials of generating Reeb chords which account for the other terms appearing

in the differential.

It follows from [EHK16] that the DGA map associated to the Death isotopy, over

Z2-coefficients, has the following form:

Φdpxq “ 0

Φdpyq “ v

Φdpaq “ a for all other Reeb chords a

The third type of cobordism we consider in this manuscript is the saddle cobor-

dism, or pinch move.

The result we prove is in a simplified setting, called a minidipped saddle cobor-

dism. What ths means is that we flank the contractible Reeb chord in our saddle

cobordism by extra crossings that are the result of two Birth isotopies, the DGA

maps of which we know by work of Kálmán [Kál05]. See Figure 1.4 to see a local

picture of such a minidipped saddle move. This simplified picture greatly reduces

the pseudoholomorphic disks which appear in our exact Lagrangian cobordism. Note

8



x y

Figure 1.3: The Death isotopy goes from right to left

s

´s´1

Figure 1.4: A mini-dipped saddle cobordism.

that Figure 1.4 is viewed going from the bottom to the top, but can be viewed as

going from top to bottom by resolving a Reeb chord.

In the following, the s, s´1 variables correspond to basepoints in the diagram,

which we go into further detail on in our Background section. In short, these are

meant to track homology classes of our holomorphic disks, which correspondingly

extend our coefficient ring.

Over Z2rs, s
´1s-coefficients, by [EHK16], we have that our corresponding DGA

map is of the following form:

9



Φpaq “ s

Φpa1q “ a1 ` s
´1

Φpa2q “ a2 ` s
´1

Φpaiq “ ai

1.2 Main Results

Our results concern integral lifts of the DGA maps associated to the Death isotopy,

Triple Point move, and oriented Saddle cobordism. To be precise, given certain

auxiliary data on our exact Lagrangian cobordisms, we are able to provide concrete

formulas for the DGA maps. Note that, by work of Kálmán, we have the DGA map

for the Birth isotopy. It turns out that this is enough to be able to provide concrete

formulas, provided that certain auxiliary data are compatible with the decomposition

into elementary pieces.

However, before going into our results, we must provide the auxiliary data needed

to concretely provide formulas for our DGA maps. First, as is the case in [EES05a],

we need basic orientation choices ; these consist of orientations of certain determi-

nant line bundles which we will define in Section 3.3, an orientation of R3, and an

orientation of C. We will fix these basic orientations once and for all by simply

matching the choices [EES05a] made. In particular, these basic orientation choices

applied to the differential give us the combinatorial shading rule.

To define concrete signs for the orientable 0-handle free decomposable cobordisms,

we need spin structures on the cobordisms, or rather a well-defined trivialization of

the stabilized tangent bundle on the 1-skeleton which extends to the 2-skeleton. To

define this trivialization, we appeal to the systems of basepoints and arcs described

in Section 2.2. A priori, these basepoints are used to define the grading of our Reeb

chords, which we have not yet gone into detail on. However, we may use them

additionally to track the spin structure.

10



Definition 3. Let L : Λ´ Ñ Λ` be an orientable 0-handle free decomposable cobor-

dism. A system of arcs and basepoints, σ, on L is a set of basepoints on Λ` and

Λ´ along with a set of disjoint arcs on L which meets the Legendrian ends exactly

at these basepoints.

We use these basepoints and arcs to extend our category Cob to a new category

ArcCob. The objects of ArcCob pΛ, τ, τ` Y τ´q are Legendrian links equipped

with a number of basepoints, τ , along with a partition of these basepoints into +

and - basepoints, in such a way that each Legendrian link component contains an

odd number of - basepoints. The morphisms of ArcCob,

pL, γ, γTB Y γBBq : pΛ´, τ, τ` Y τ´q Ñ pΛ`, λ, λ` Y λ´q

are orientable 0-handle free decomposable cobordisms L equipped with arcs, γ, parti-

titioned into arcs γTB with endpoints on Λ` and Λ´ (TB = Top to Bottom), and γBB

with both endpoints on Λ´ (BB = Bottom to Bottom) which satisfy the following:

1. γ Y τ Y λ “ σ is a system of arcs and basepoints for L

2. The endpoints of the γTB arcs are either both + or both - basepoints

3. The endpoints of the γBB arcs consist of one (+1) and one (-1) basepoint

4. Cutting along these arcs produces a simply connected manifold with boundary

In later sections, we shall show how this data is enough to produce a well-defined

spin structure on our cobordism. Specifically, as we see in later sections, this will

determine the null-cobordant spin structure on each elementary piece of a decompo-

sition of our cobordism. In fact it defines a 1-skeleton and a well-defined trivialization

of the stabilized tangent bundle along that 1-skeleton rel the 0-skeleton.

11



Remark. There is some subtlety here. While [Kar20] shows that a spin structure is

sufficient to define signs, the actual formula that comes about may change depending

on how we change either the 1-skeleton or the specific trivialization. While we believe

that there is a sytematic way to track how the DGA maps change (e.g by some sort

of homotopy), we leave this for future work. For now, it suffices to instead nail down

the trivialization using the arcs as we outlined above.

However, our goal is to provide direct computations; this we are able to do as

long as the cobordism can be decomposed into elementary pieces. Furthermore, the

explicit computations that we can produce require a few more condititions on our

systems of arcs and basepoints. As we shall state, these computations fit into a larger

framework provided by a functor that is well-defined up to Hamiltonian isotopy. We

use this to define the DGA map for any exact Lagrangian cobordisms which are

Hamiltonian isotopic to those we consider. We begin by describing the conditions

these systems of arcs and basepoints need to meet on elementary pieces.

Consider an elementary piece Le : Λ´ Ñ Λ`; i.e either an exact Lagrangian

cobordism corresponding to the trace of a Reidemeister move or a Saddle cobordism.

On Λ`, we have an unspecified number of basepoints ttiu. Each of these basepoints

trace out an arc in the cobordism, given by (before perturbation) Rˆ ti. For a Rei-

demeister move, we demand that the only arcs are those traced out by the basepoints

on Λ`; this then implies a corresponding set of basepoints on Λ´, since the arcs must

meet the Legendrian ends only at basepoints. For a Saddle move (once again, we

view the cobordism from top to bottom), we once again have those arcs given by

tracing the basepoints on Λ` throughout the cobordism; however we also add two

additional basepoints along with arc with endpoints on either basepoint which goes

through the 1-handle, see Figure . If a system of arcs satisfy these conditions on an

elementary piece, we say that the elementary piece is equipped with an elementary
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system of arcs and basepoints.

Figure 1.5: An elementary system of arcs and basepoints for a Saddle cobordism

Now, for an arbitrary orientable 0-handle free decomposable cobordism, consider

a decomposition into elementary pieces. Every system of basepoints and arcs on

our cobordism then determines one on each elementary piece. This is described as

follows. We get arcs by just restricting each arc to the given elementary piece. We

then get basepoints on the Legendrian ends of each elementary piece by considering

the intersection of our arcs on the overall cobordism with the Legendrian ends of our

elementary pieces.

Definition 4. Let pL, σq be an orientable 0-handle free decomposable cobordism L,

equipped with a system of basepoints and arcs σ. Let L “ Len Y ... Y Len be a

decomposition of our cobordism into elementary pieces, denoted by Σ. Then, σ is

subordinate to Σ if σ restricts to an elementary system of arcs and basepoints on

each elementary piece.

Now, we are in a position to state our results.
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Consider the Triple Point B move, along with its associated DGA map over Z2-

coefficients. The proof of the following is half of the content of Chapter 6.

Theorem 1. Consider the exact Lagrangian cobordism given by the Triple Point

move. Choose the basic orientation choices provided for the shading rule, given in

[EES05a]. In addition, decorate the cobordism with an elementary system of arcs

and basepoints. With these choices, we obtain a combinatorial lift of the DGA map

to Z-coefficients.

Consider now the Death isotopy, and its associated DGA map over Z2-coefficients.

The proof of the following is the other half of the content of Chapter 6

Theorem 2. Consider the exact Lagrangian cobordism given by the Death isotopy.

Choose the basic orientation choices provided for the shading rule, given in [EES05a].

In addition, decorate the cobordism with an elementary system of arcs and basepoints.

With these choices, we obtain a combinatorial lift of the DGA map to Z-coefficients.

We make the important note that the integral lifts of the two Reidemeister moves

is also a combinatorial consequence of work of Kálman [Kál05] However, the nov-

elty of the above results is the methods by which we find these formulas; rather

than relying on the combinatorics of the diagrams, we appeal to orientations of the

determinant line bundles of the relevant operators.

The final result is in regard to the saddle move. The proof of the following is the

content of Chapter 5.

Upgrading to Z-coefficients gives the following:

Theorem 3. Consider the exact Lagrangian cobordism given by the saddle move.

Consider the basic orientation choices provided for the shading rule, given in [EES05a].

In addition, decorate the cobordism with an elementary system of arcs and basepoints.

With these choices, we obtain a combinatorial lift of the DGA map to Z-coefficients.
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Now we may formally state how this enables us to define combinatorial DGA

maps for all orientable 0-handle free decomposable cobordisms, subordinate to some

decomposition into elementary pieces. By using Theorem 2.6 of [Kar20] as well as

[Kál05] for the Birth isotopy, we obtain the following:

Theorem 4. Consider the basic orientation choices provided for the shading rule,

given in [EES05a]. We have a well-defined functor CEarc : ArcCob Ñ Dgh which

lifts the functor CE to Z-coefficients. This functor takes decorated cobordisms to

DGA maps, and takes Hamiltonian isotopic cobordisms to chain homotopic DGA

maps. Furthermore, suppose we have an orientable 0-handle free decomposable cobor-

dism, equipped with a system of arcs and basepoints that is subordinate to some

decomposition L “ Ln Y ... Y L1 into elementary pieces. Then, we may explicitly

compute CEpLq “ CEpLnq ˝ ... ˝ CEpL1q.

1.3 Outline

In Chapter 2, we review the background of the Chekanov-Eliashberg DGA. In par-

ticular, we review the generators, grading, and differential involved in the Chekanov-

Eliashberg DGA of a Legendrian link. This discussion necessarily involves a discus-

sion of basepoints, in particular the role they play in extending our grading to Z.

In Chapter 3, we introduce our methods of extending the coefficients in our DGA

map to Z-coefficients, first with a broad overview, followed by a detailed account of

orienting the determinant line bundle of the fredholm operators determined by our

pseudoholomorphic disks. In Chapter 4, we discuss how these analytic methods can

be translated into the topology of our situtation. Finally, in Chapter 5 we compute

the DGA map associated to the saddle cobordism over Z-coefficients. We then do

the same for the Death isotopy and Triple Point move in Chapter 6.
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2

Background

2.1 The Standard Contact Structure on R3

Here we review some basic definitions of contact topology in R3. Much (if not all)

of this material is covered in [Etn05].

A contact manifold pY, ξq is a manifold equipped with a maximally nonintegrable

field of hyperplanes ξp Ă TpY for all p P Y . A symplectic manifold W is a manifold

equipped with a symplectic form, i.e a 2-form ω such that ωn is a volume form on W .

All contact manifolds are necessarily odd-dimensional and all symplectic manifolds

are necessarily even-dimensional. A contact manifold is coorientable if there exists

a global 1-form α such that kerαp “ ξp for all p P Y . In the coorientable case, the

maximally nonintegrable condition translates to α ^ pdαqn being a volume form on

our 2n` 1-dimensional contact manifold.

A submanifold Λ Ă Y is isotropic if TpΛ Ă ξp for all p P Y . One can check

that an isotropic submanifold of a p2n ` 1q-dimensional contact manifold is at

most n-dimensional; if it is n-dimensional, we call the isotropic submanifold Legen-

drian. For a given Legendrian submanifold, an isotopy of the submanifold through
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a parametrized family of Legendrian submanifolds is called a Legendrian isotopy.

Here and throughout, we will be dealing specifically with the contact manifold

R3
std, equipped with its standard coorientable contact structure kerpdz ´ ydxq. The

1-form αstd “ dz´ydx is the standard contact form on R3. In this case, our closed

Legendrian submanifolds are links, and we call these Legendrian links. Moreover,

the Reeb vector field in this scenario is simply Bz. A trajectory of Bz with endpoints

on a Legendrian link Λ is called a Reeb chord.

We now define two projections of Legendrian links Λ in R3
std. The first is the

Lagrangian projection, obtained by projecting onto the first two coordinates, i.e

Πx,y : px, y, zq ÞÑ px, yq. Note that Πx,ypR
3q is then a symplectic manifold pR2, ωstd “

dx ^ dyq. For a symplectic manifold pW 2n, ωq, an n-dimensional submanifold L is

Lagrangian if ωppv, wq “ 0 for all v, w P TpL. Furthermore, for any Legendrian

link Λ, we have Πx,ypΛq is a closed, immersed Lagrangian curve in pR2, ωstdq. After

a generic Legendrian isotopy of Λ, we may assume that the only self-intersections of

Πx,ypΛq are transverse double points-we may then note that these transverse double

points correspond exactly to Reeb chords of Λ.

The second projection we will be considering is the front projection, given by

Πx,z : px, y, zq ÞÑ px, zq

Figure 2.1: A lagrangian projection of the Legendrian right-handed trefoil on the
left, and its front projection on the right
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With these definitions in hand, we may introduce the rotation number, rotpΛq

of an oriented, null-homologous Legendrian knot. Assume Λ “ BΣ. A trivialization

of ξ|Σ may then be restricted to the boundary, i.e ξ|Λ, and the tangent vectors to Λ

then has a winding number in this trivialization as we go around the knot. We may

directly calculate the rotation number by looking at the Lagrangian projection and

keeping track of the winding number of the tangent vector to the immersed curve

in the standard trivialization of R2. In the front projection, the formula becomes

particularly simple:

rotpΛq “
1

2
(#down cusps-#up cusps)

Clearly, the rotation number is sensitive to the orientation of the Legendrian knot.

Switching the orientation switches the sign of the rotation number. To define the

rotation number for an oriented Legendrian link, we simply take the sum of the

rotation numbers of each link component.

The rotation number is important for our purposes because, without the presence

of an additional basepoint/generator, it is the obstruction to getting a well-defined

Z-grading on the generators of our Chekanov-Eliashberg Differential Graded Algebra

(DGA), an invariant of Legendrian links which we will now proceed to define.

2.2 The Chekanov-Eliashberg DGA

In this section, we will define the Chekanov-Eliashberg DGA. Much of this is included

in the original literature on the topic [Che02], [EES05a], [ENS02].

2.2.1 The grading

The Chekanov-Eliashberg DGA of a Legendrian link, Λ, denoted CEpΛ), is gener-

ated, as an algebra, by Reeb chords of Λ. The grading of a Reeb chord, a is given
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as follows. First, note that we may consider all strands to be intersecting orthogo-

nally at the double points. Consider Πx,ypΛq; then, the Reeb chord a corresponds

to a transverse double point of Πx,ypΛq. Choose a capping path γ of a; that is, a

path in Πx,ypΛq running from a` the endpoint of a with higher z-coordinate to a´,

the endpoint of a with lower z-coordinate. Consider the tangent vector to Πx,ypΛq

along this path, and consider the number of fractional counterclockwise rotations the

oriented tangent vector undergoes, denoted rpγq. Note that this number will be a

multiple of 1
4
. Then define the grading to be

|a| “ 2rpγq ´
1

2

This grading is not well-defined over Z, however; as we mentioned before, the ob-

struction to it being so is the rotation number of our Legendrian knot. To be precise,

if we take another capping path, we may get another grading, but the difference be-

tween the two gradings is a multiple of 2rotpΛq. In particular, note that without any

extra data, we may always define our grading over Z2. In particular, the Z2 grading

can be read off simply by looking at the sign of the crossing, see Figure 2.2. This is

proven for knots in [ENS02], but is true in the general case as well.

Figure 2.2: Double point with odd grading on the left, even grading on the right

To fix this issue, we, endow Πx,ypΛq with a basepoint which avoids any double

points. We call this basepoint t, but note that this notation is not ideal, as we may
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pick up a t or a t´1 when we cross the basepoint, depending on which direction we are

traversing when we cross it. In this way, we expand our base ring to Zrt, t´1s. The

grading of these extra generators are |t| “ ´2rotpΛq and |t´1| “ 2rotpΛq. We may

now redefine the capping path of a Reeb chord a to be the unique path going from

a` to a´ which does not pass through the basepoint t. Suppose now that we have,

for example, a path from a` which goes through our basepoint (note that by our

new notation this is no longer considered a capping path of a). If our path crosses

our basepoint in the direction following the orientation of the link, we pick up a t,

and a t´1 if we cross the basepoint in the direction not following the orientation of

the knot. In this way, if we have a double point a, and we (for example) consider a

path γ which crosses our basepoint in a way following the orientation of the knot,

we would get that 2rpγq ´ 1
2
“ |at|, where our grading is extended to all possible

multiples of our generators additively.

To define grading for Reeb chords in a link, the picture is more complicated.

First note that double points in this scenario may have the overstrand in one link

component, while the understrand is in another link component. A priori, it is not

clear what capping paths for these mixed Reeb chords would even be. Furthermore,

when we start introducing cobordisms in later sections, we will see that not only

may we have multiple link components, but that it is possible to also have multiple

basepoints on a given link component. The following is meant to fix these issues.

Consider the Lagrangian projection of a given oriented Legendrian link, Λ, with

link components Λ1, ...,Λn. Furthermore, assume that each Πx,ypΛiq is endowed with

a set of basepoints t1i , ..., t
j
i which avoid the double points. Here, we order t1i , ..., t

jpiq
i

by the order we cross them as we traverse the link component according to the

orientation of Λ. There is then a unique path γj1i1 Ă Πx,ypΛi1q which

1. follows the orientation of Λ
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2. goes from tj2i1 to tj1i1 , with j1 “ pj2` 1qmodpjpi1qq (the indices are equal if there

is a unique basepoint, i.e jpi1q “ 1)

Now, alter a neighborhood of each basepoint by a small planar isotopy, so that

at that every basepoint (even ones on different link components) the oriented tan-

gent vectors are all pointing horizontally in the same direction. By considering the

standard trivialization of R2, and with this planar isotopy, we now have that γj1i1

induces a loop of oriented tangent vectors, starting from the oriented tangent vector

at tj1i1 and ending at the oriented tangent vector at tj2i1 . We set |tj1i1 | “ ´2rpγj1i1 q. Here,

rpγj1i1 q is defined the same as before, but since the loop of vectors is closed, this is an

integer.

To each basepoint tji , we will also associate a teleportation point, which appears an

epsilon distance after tji if we follow the link component along its given orientation.

By a slight abuse of notation, we will also call this teleportation point tji , and we

will assume that the tangent vectors to all teleportation points also agree with one

another. The purpose of these teleportation points is to create well-defined notions of

capping path. Indeed, to define a capping path, or to be more precise, a well-defined

grading, one does not need a genuine geometric path in the Legendrian, but rather

simply a path of oriented tangent vectors. Now, with these teleportation points, we

may jump from one link component to another in order to define a capping path, i.e

a path of tangent vectors associated to a Reeb chord.

To formalize this, we will have to define two more relevant paths for a given Reeb

chord (mixed or pure-i.e not mixed) a: γa` and γa´ . To define γa` consider the path

we would obtain if we started from a` P Λi and followed our link in the direction

opposite of the orientation of the link until we hit a basepoint, say tmi . We analogously

define γa´ , by starting from a´ P Λk and following the link along the orientation of

the link, until we hit a basepoint, say tnk . As our notation suggest, these paths could
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very well be on different link components (although they do not have to be). We

may now consider γa :“ γa` Y γa´ . This does not necessarily form a path from a` to

a´ as in the knot case, but by the argument in the previous paragraph, it does form

a well-defined path of oriented tangent vectors, starting from the oriented tangent

vector at a` and ending at the oriented tangent vector at a´. Indeed, the path we

obtain starts from a`, then follows the path of oriented tangent vectors along γa` .

We then teleport from tmi to tnk , and follow γa´ . Call this path the capping path of

a, and note that it indeed generalizes the notion of capping path given in the knot

case. We may then define the grading of a using the same formula we used for the

knot case.

2.2.2 The Differential

With a grading in hand, we now proceed to the differential. The differential can

be defined in two equivalent ways: through the symplectization and through the

Lagrangian projection. The symplectization definition is advantageous because it

more easily resembles the DGA map induced by an exact Lagrangian cobordism.

The Lagrangian projection version is advantageous for any real computations of

the Chekanov-Eliashberg DGA, and because the associated signs can be defined

combinatorially.

The Differential in the Lagrangian Projection

We start by defining the differential in the Lagrangian projection, along with the

shading rule which will enable us to define the differential with Z-coefficients. In

this case, the generators of the Chekanov-Eliashberg DGA CEpΛq correspond to the

double points of Πx,ypΛq. Let D2
m :“ D2 ´ tp, q1, ..., qmu denote the unit disk with

m ` 1 punctures on its boundary. Let a, b1, .., bm be a family of double points of

Πx,ypΛq.
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First, for each quadrant of each double point, we define both a Reeb sign and

Orientation sign. Both are given in Figure 2.3. The Reeb sign of a quadrant is on

the left of a figure. Basically, a quadrant has positive Reeb sign if, when traversed

counterclockwise, we go from the bottom strand to the top strand. Likewise, a Reeb

sign is negative if, traversing counterclockwise, we go from the top to bottom strand.

The Reeb signs are used to define our relevant moduli spaces. The Orientation signs

of each quadrant is -1 if the quadrant is shaded, and +1 otherwise.

There will be points in the later chapters of this manuscript where we employ

a shading that is exactly the same as the current shading, but with the other two

quadrants shaded on a positive crossing. This is to match the notation of [CN22],

and amounts to an algebra isomorphism sending a ÞÑ ´a for even-graded chords,

and a ÞÑ a for odd-graded chords.

+ +
-

-

Figure 2.3: Reeb signs on the left and shading conventions on the right

Define ∆pa; b1, ..., bmq to be the space (modulo reparametrization of the domain,

denoted by „) of immersed disks

tu : pD2
m, BD

2
mq Ñ pΠx,ypR

3
q,Πx,ypΛqqu{ „
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satisfying the following conditions:

1. u sends punctures (limitwise) to double points of Πx,ypΛq

2. u sends a neighborhood of p to a quadrant of a with a positive Reeb sign

3. u sends a neighborhood of qi to a quadrant of bi with a negative Reeb sign

For each puncture of the domain of our immersed disk, we have that the punc-

ture is sent to a unique quadrant of a double point-denote the Orientation sign of

that unique quadrant by εx, where x P tp, q1, ..., qnu is the puncture being sent to

the quadrant, and let εpuq “ ΠxPtp,q1,...,qnuεx, where the domain of u has the n ` 1

punctures indicated. By a slight abuse of notation, denote by upxq the double point

that x is being sent to.

The final item we must address before we can define the differential is how the

basepoints t1, ..., tk are incorporated. Consider BDm “ I0 Y ... Y Im as the union of

m`1 arcs. Let tpInq “ t˘j1i1
...t˘jlil

denote the basepoints that upInq crosses, in the order

that they are crossed, counted with sign according to the orientation of the link (this

is the ˘ in each exponent). Finally, consider an immersed disk u P ∆pa; b1, ..., bmq.

Define wpuq :“ tpI0qb1...bntpImq.

Now we are in a position to define the differential of a Reeb chord a in the context

of the Lagrangian projection:

BLaga “
ÿ

uP∆pa;b1,...,bmq
@b1,...,bm,
mě0

εpuqwpuq

We consider this as the differential in the Lagrangian projection, but the content

at the end of the following subsection is how this is equivalent to the alternate

definitions, even when the differential is considered with signs.
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The Differential in the Symplectization

The differential reduces grading by one, and is defined by a count of pseudoholo-

morphic disks, which we describe in further detail below. Let Λ Ă pR3, αstdq be

a Legendrian link. To start, consider the symplectization of R3, defined to be

pR ˆ R3, dpetαstdqq, where t is the coordinate corresponding to the first R-factor,

which we will also call the symplectization direction. Since dpetαstdq ^ dpe
tαstdq is a

volume form on R4, we have that the symplectization is indeed an open symplectic

manifold. We may now consder R ˆ Λ Ă pR ˆ R3, dpetαstdqq, and note that, due

to the Legendrian condition on Λ, R ˆ Λ is now a Lagrangian submanifold of the

symplectization.

Recall that an almost-complex structure on a manifold M is an endomorphism

J : TM Ñ TM such that J2 “ ´id. If pM,ωq is symplectic, we may consider

ω-compatible almost-compatible structures, i.e those almost-complex structures J

such that ωp¨, J ¨q forms a Riemannian metric and ωpJ ¨, J ¨q “ ωp¨, ¨q. It is a fact that

the space of compatible almost-complex structures on a given symplectic manifold

is contractible.

Now, consider the almost-complex structure on the symplectization of R3,

JpBxq “ By ` yBt

JpByq “ ´Bx ´ yBz

JpBzq “ ´Bt

JpBtq “ Bz

This almost complex structure is compatible with ω “ dpetαstdq. Now, we may

proceed to the pseudoholomorphic disks which we use to define our differential. Let

D2
m :“ D2´tp, q1, ..., qmu denote the unit disk with m`1 punctures on its boundary,
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equipped with its standard complex structure j. We call p the positive puncture and

q1, .., qm negative punctures.

A pseudoholomorphic disk u : D2
m Ñ pR ˆR3, dpetαstdqq is a mapping such

that

J ˝ du “ du ˝ j

Let a, b1, ...bm be Reeb chords of Λ. To describe the type of disks we will be interested

in, parametrize a neighborhood of p with the coordinates ps, tq P p0,8q ˆ r0, 1s.

Taking limits as s goes to infinity then gives a parametrization of our Reeb chord a

by the t-variable. Consider uR the projection of u onto the symplectization direction.

Also, in this neighborhood, consider u as a 1-parameter family of functions to R3;

we will denote this as usR3 . We say that a pseudoholomorphic disk is positively

asymptotic to a at p if

lim
sÑ8

uRps, tq “ 8

lim
sÑ8

usR3ptq “ aptq

Similarly, we may define a pseudoholomorphic disk to be negatively asymptotic to

a Reeb chord bi at qi by parametrizing a neighborhood of qi with the coordinates

ps, tq P p´8, 0q ˆ r0, 1s and taking the above limits with sÑ ´8 instead.

Now, let a, b1, ..., bn be Reeb chords of Λ. The moduli spaces we will be considering

Mpa; b1, ..., bnq :“ tu : pD2
n, BD

2
nq Ñ pRˆR3,Rˆ Λqu{ „

are those with boundary sent to the cylinder over our Legendrian link which satisfy

the following conditions:

1. Finite energy condition
ż

D2
n

u˚pdαq ă 8
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2. u is positively asymptotic to a at p and is negatively asymptotic to bi at qi

Note that „ is the space of conformal automorphisms on the unit disk; that is,

the moduli space we are considering is modded out by the action of this space. We

are able to consider the basepoints t1, ..., tk in this context as well. We obtain an

arc in R ˆ ti Ă R ˆ Λ. Consider u P Mpa; b1, ..., bnq, and Bu : I0 Y ... Y In the

union of n ` 1 arcs. We define tpIlq :“ tj1i1 ...t
jl
il

, where the terms now record upInq

crossing R ˆ tik , in the order that they are crossed. For u P Mpa; b1, ..., bnq, define

wpuq :“ tpI0qb1tpI1q....bntpInq. Then, we have that

Bsymppaq :“
ÿ

uPMpa;b1,...,bnq

wpuq

where, we take the sum over holomorphic disks where indpuq “ |a| ´ |wpuq| “ 1

As we mentioned at the end of the previous section, the two definitions of the

differential we have mentioned here are indeed equivalent. It follows, in fact from

Ekholm-Etnyre-Sullivan, [ENS02], that, over Z2-coefficients, the two definitions are

equivalent. What is meant by this is that the two definitions are equivalent when

we do not consider the Orientation signs from the previous section, i.e before the

differential has signs associated. Indeed, note that the above definition of the differ-

ential in the symplectization does not involve signs for the moduli spaces involved.

However, it turns out that the correspondence actually does extend to a setting with

signs.

We discuss this correspondence chronologically. First, the Orientation signs,

which are an entirely combinatorial manifestation of signs, were first defined in

[ENS02]. What this means is that these signs only involve the diagram of the La-

grangian projection, and are obtained by starting from the fact that B2 should be

zero, and then finding signs associated to the differential that would give us this

relation. We distinguish this method from analytic signs. Analytic signs start from
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the relevant moduli spaces. It recognizes (as we recognize even over Z2-coefficients)

that the moduli spaces we obtain in the relation B2 are actually zero-dimensional

endpoints of a one-dimensional moduli space. As such, orienting the tangent bun-

dles of these moduli spaces give us signs that will cancel out, from which the relation

B2 “ 0 follows naturally (compare with Morse homology). Analytic signs for the

differential in the Lagrangian projection were obtained in [EES05a]. These were

then lifted to Bsymp in [Kar20], thereby extending the correspondence established in

[Che02] to Z-coefficients.

2.3 DGA Map associated to an Exact Lagrangian Cobordism

2.3.1 Exact Lagrangian Cobordisms

Consider R3 equipped with its standard contact structure αstd “ dz ´ ydx.

Recall that a decomposable Lagrangian cobordism consists of those exact La-

grangian cobordisms which are either traces of Legendrian isotopies or are pinch

moves. To each of these decomposable cobordisms, [EHK16] determines an associ-

ated DGA map over Z2 coefficients. For the traces of Legendrian isotopies, explicit

integral lifts of these DGA maps can be computed combinatorially, as a consequence

of work by Kálmán. For the pinch move, a combinatorial lift is determined in [CN22],

but only up to a notion of DGA automorphism called a link automorphism.

To start, we shall make the notion of the DGA map induced by an exact La-

grangian cobordism precise. To do this, we must introduce the relevant moduli

spaces, but we must also introduce a series of arcs which make it easier to track

the homology coefficients we will be working with. From there, we will define the

notion of a link automorphism in order to describe the results of [CN22]. We will

then describe our plan to upgrade these result through analytical means.

To start with, we define the relevant moduli spaces necessary for our context.

Consider an exact Lagrangian cobordism L : Λ´ Ñ Λ`, where Λ˘ are both Legen-
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drian links in pR3, αstdq. Define

MLpa; b1, ..., bmq :“ tu : pDm, BDmq Ñ pR3, Lq : du` J ˝ du ˝ j “ 0 and indpuq “ 0u

where a P CEpΛ`q and b P CEpΛ´q to be the space such that

1. Finite energy condition
ż

D2
n

u˚pdαq ă 8

2. u is positively asymptotic to a at p and is negatively asymptotic to bi at qi

Before we define the associated DGA map, a discussion of basepoints is in order.

Recall from our Introduction the notion of a system of arcs and basepoints on an

exact Lagrangian cobordism. Now, our arcs consist of TB and BB arcs. For now,

we ignore whether the basepoints are marked or unmarked; the marked nature of

the basepoints is only relevant once we upgrade to Z-coefficients. Each of these arcs

may be assumed to be intersecting the boundaries of our pseudoholomorphic disks

transversely. We orient our TB arcs upward, and denote the endpoints by ti; for

the BB arcs, we denote the basepoint at which the arc points upward by si and

the basepoint at which the arcs points downwards by s´1
i . We may now count our

pseudoholomorphic disks weighted with signed intersections against these arcs. If

the intersection is positive, we pick up our basepoint raised to a positive 1, and

raise to -1 otherwise. Let txiu :“ ttju Y tsku denote the union of all the basepoints.

Now, the boundary of our holomorphic disk will (potentially) hit a certain number of

basepoints (counted with sign), then a Reeb chord b1, (potentially) more basepoints,

then b2, and so on. In the same way as the differential, this spells out a word

wpuq :“ xpI0qb1xpI1q....bmxpImq, where xpIlq “ xj1i1 ...x
jl
il

records the basepoints that

the lth arc of our holomorphic disk traverses.
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It follows from [EES07] that after a perturbation of the almost-complex structure,

we may assume transversality. Thus, this moduli space is a zero-dimensional man-

ifold. Furthermore, the moduli space is compact, so we may legitimately consider

a Z2 count of the disks in our moduli space. Let |MLpa; b1, ..., bmq|2 denote the Z2

count. We then have that our DGA map is of the form. Let

Φpaq “
ÿ

uPMLpa;b1,...,bmq
@b1,...,bmPCEpΛ´q

mě0

|MLpa; b1, ..., bmq|2wpuq

It follows from [EHK16] that this is indeed a DGA map, which we may write

(categorically) as CEpLq for L our exact Lagrangian cobordism. This satisfies a

contravariant functoriality in the following sense. Given a concatenation of ex-

act Lagrangian cobordisms L “ L2 ˝ L1 in Cob the category of Legendrian link

with morphisms exact Lagrangian cobordism, we have the corresponding equality:

CEpLq “ CEpL1q ˝ CEpL2q.

30



3

Arriving at Coherent Orientations

3.1 Coherent Orientations of Moduli spaces of Holomorphic Disks

We begin with a heuristic discussion of what it means to coherently orient moduli

spaces. To understand the purpose and difficulties in doing so, it is beneficial to

first consider combinatorial lifts to Z-coefficients, such as those done in [ENS02] for

the differential and in [CN22] for the DGA map. These lifts to Z-coefficients give

a finer invariant. In theory, doing computations with Z-coefficients provides all the

information of counting with Z2-coefficients, with potentially more given that the

larger base ring has the potential to differentiate more Legendrian links.

The main challenge in upgrading coefficients is that the master equations still

must be satisfied. Namely, for the differential, we must have that B2 “ 0, and for the

DGA map, we must have the DGA map criterion Φ ˝ B` “ B´ ˝Φ. Furthermore, we

must have that the functor CE remains a functor, i.e CEpL2˝L1q “ CEpL1q˝CEpL2q

even with Z-coefficients.

The combinatorial way of tackling this issue is to work backwards; starting from

the master equations, come up with a combinatorial lift which satisfies them. This
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sometimes starts with some combinatorial reformulation of the original theory; for

instance, the definition of the Chekanov-Eliashberg DGA in the Lagrangian projec-

tion, which only involves immersed disks. Lifting these combinatorial reformulations

usually involves more combinatorics, such as the shading rule, but it is unclear if this

actually corresponds to orienting the relevant moduli spaces that come about in the

original theory.

The theory of coherent orientations, which we will often refer to as analytical

lifts, approaches the issue from a different angle. It instead takes the original Floer

theoretic approach, that these moduli spaces are manifolds (in the transverse setting)

which can be oriented. Like in Morse Homology, the moduli spaces that appear in

the master equations Floer theory are endpoints of 1-dimensional moduli spaces.

Orienting these 1-dimensional moduli spaces and looking at the induced boundary

orientations then immediately gives us the master equations.

We make this slightly more precise, with more precision provided in later sec-

tions. Consider one of the moduli spaces involving holomorphic disks discussed in

the background section: the moduli space used to define the differential in the sym-

plectization or the moduli space used to define the DGA map. These moduli spaces

are, by definition, zero sets of a certain B operator. This operator is a nonlinear

elliptic differential equation, whose linearization (in natural Sobolev settings) will be

described in Section 3.4. In these contexts, there are various transversality results;

that is, there are a variety of results which state that zero is a regular value of our,

potentially perturbed, Cauchy-Riemann equation. For instance, consider the differ-

ential in the symplectization. In this case, our moduli space is Mpa; b1, ..., bnq, and

by [Riz16] section 4.2.4, this moduli space is indeed the inverse image of a regular

value. It thus follows by Sard-Smale [Sma65] that this is then a manifold. The man-

ifold is of dimension |a| ´ |b1| ` ...|bn|, a number provided by the Fredholm index of

the relevant linearized operator.
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To illustrate our next point, consider the DGA map induced by an exact La-

grangian cobordism. In the chain map equation for instance, we have two sets of

moduli spaces: those coming from the DGA map and those coming from the differ-

ential. Similarly, for functoriality, we have two sets of moduli spaces; those coming

from both the first and second cobordism, and those coming from the concatenation.

In [EHK16], it is shown that these can be recast as the endpoints of a 1-dimensional

moduli space of holomorphic disks, in the same way broken trajectories can be con-

sidered as endpoints of 1-dimensional moduli spaces of flow lines in Morse homology.

After an appropriate compactification theorem, we obtain the master equations by

noting that the endpoints of compact 1-dimensional manifolds cancel when counted

over Z2.

To then preserve these master equations even when lifted to Z-coefficients, we

must do this in an oriented fashion. We must orient the tangent spaces of these

1-dimensional moduli spaces, and count the 0-dimensional endpoints with the sign

given by the induced boundary orientation; this then will also give that the endpoints

cancel when counted over Z. To this end, we consider the construction of Floer and

Hofer: the determinant line bundle [FH93].

To explain, consider the case when a nonlinear elliptic Fredholm operator F has a

regular value y, and with x P F´1pyq. In this case, we may identify the tangent space

of the level set corresponding to the regular value with kerxpdF q. We note then that

an orientation, at x, of the manifold cut out as the zero set of our operator, amounts

to a section of ΛmaxpkerxpdF qq. In the case that the operator is surjective, this is

precisely equivalent to a section of

Λmax
pkerxpdF qq b Λmax

ppcokerxpdF qq
˚
q “: detpdF q

the determinant line of our operator. It turns out that this is the appropriate gener-

alization when working with nonsurjective operators.
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Remark. At first, it may seem strange that such an operator needs to be considered

in our context; after all, we stated that in our case, our operators are surjective.

However, surjectivity is actually only achieved after a stabilization of our domain by

the tangent space to the space of conformal structures (we will often call this the space

of conformal variations, following the convention of [EES05a]). To be precise, the B-

operator Bκ we consider is necessarily defined at a specific conformal structure, and is

actually not necessarily surjective by itself. On the otherhand, our full linearization

is actually of the form dΓ :“ Bκ ` Ψ, where Ψ is a map whose domain is TCm, the

space of conformal variations on Dm and whose codomain is the same as Bκ. This

full linearization is indeed surjective, but it will indeed be important to consider the

determinant line of the operator Bκ in order to get a sign. In fact, in order to get

an overall sign of the full linearization, we will be comparing the orientation on the

determinant line of Bκ to a natural orientation on the space of conformal variations.

Thus, the question becomes how we orient the determinant line of the lineariza-

tions of our Cauchy-Riemann operators. To do this, we work wholly in the do-

main of our maps. To illustrate what we mean by this, consider a holomorphic

disk u : pDm, BDmq Ñ pM,Lq, where M has the almost-complex structure JM with

boundary sent to a Lagrangian. The pullback bundle u˚TM is then a complex vector

bundle over Dm, with complex structure JM . A totally real subbundle F of a

complex vector bundle pE, Jq is a subbundle with F X JpF q “ 0. One can see that

a maximal rank totally real subbundle F has rankRF “ rankCE. We can now note

that u˚TL Ă u˚TM |BDm (this is really u|˚BLTL, but we employ this abuse of notation

for convenience) is now a totally real subbundle of the pullback tangent bundle over

the boundary of Dm, and it is of maximal rank. We will write this as

pu˚TM, u˚TLq Ñ pDm, BDmq

This then slightly recasts our problem of finding coherent orientations. Now,

34



we may consider an arbitrary bundle pair pE,F q over pDm, BDmq; that is, the

data of a complex vector bundle over Dm along with a totally real subbundle over

BDm. To this, associate a Cauchy-Riemann operator (in practice this is given by the

pseudoholomorphic condition of the pseudoholomorphic disk), whose determinant

line bundle we may analyze.

However, there are still steps to doing this. First of all, such a space does not

actually carry a canonical orientation. In fact, the determinant line bundle detpBE,F q

over the space of pE,F q need not even be orientable in this case. What is orientable

is the bundle detpBE,F q Ñ pE,F, γq, where γ : F Ñ BDmˆRn is a real trivialization

of the totally real subbundle F . To get this, we must first close up the punctures

using capping operators, to obtain the data pE,F, γq over the closed disk pD2, BD2q

(we continue to use the notation pE,F, γq for both the bundle over the punctured disk

and the extended bundle-we ask that the reader forgive the slight abuse of notation,

for it makes following discussion simpler). The determinant line of the corresponding

operator over the closed disk carries a canonical orientation by [FOOO09], which will

be the subject of Section 3.2. Closing up the disk with capping operators will be the

subject of Section 3.3.

3.2 The Space of Trivialized Lagrangian Boundary
Conditions Over the Closed Disk

Here and throughout, all totally real subbundles will be of maximal rank, so we will

drop this from our notation.

The first line bundle that we mention is the determinant line bundle over the

space of trivialized Lagrangian boundary conditions, detailed in [EES05a, Kar20].

Definition 5. [Trivialized Lagrangian Boundary Condition] A Trivialized Lagrangian

Boundary Condition consists of the data pE,F, γq over pD2, S1 :“ BD2q, where D2

is the unit disk and S1 is its boundary, in the following way. E is an n-dimensional
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complex vector bundle over D2 equipped with a complex trivialization, F Ă E|S1 is a

totally real subbundle over the boundary, and γ : F Ñ S1ˆRn is a real trivialization

of our totally real subbundle.

Now consider the space LpUpnqq the free loop space of Upnq. In [EES05a], it is

shown that this free loop space is in one to one correspondence with the space of

trivialized Lagrangian Boundary conditions, provided that we fix a basis tfju of Rn.

We recall the argument. For each element A P LpUpnqq, we obtain the trivialized

Lagrangian boundary condition pD2 ˆCn, ApθqRn, γf q. Here, at θ, γf : ApθqRn Ñ

Rn is defined by γf pApθqfjq “ ej, where teiu is the standard basis of Rn Conversely,

suppose we have a trivialized Lagrangian boundary condition pE,F, γq. Consider

γ´1peiq, where ei is the standard basis of Rn. We then have, for each θ P S1, a

totally real vector space Fθ, along with a specified basis of Fθ. There is a unique

element L P LpUpnqq such that Lθpeiq “ γ´1
θ peiq.

It is important to note that an element of the loop space actually induces a

trivialized Lagrangian boundary condition where E “ D2 ˆ Cn, which is why we

include the complex trivialization of E in the definition of a trivialized Lagrangian

boundary condition. This is a reasonable assumption in our case, because all of the

complex vector bundles we will be working with are pullbacks of tangent bundles of

Euclidean space, and so will be equipped with standard trivializations.

Note that Lagpnq the space of Lagrangian subspaces of Cn is isomorphic to

Upnq{Opnq. Thus, if we have a trivialized lagrangian boundary condition in the

sense of Definition 1, and we change only the trivialization, the change in the above

equivalence would amount to pointwise multiplication of the corresponding element

of LpUpnqq by an element of LpOpnqq.

Proposition 1. [[EES05a] Lemma 3.8] The determinant line bundle over the space

LpUpnq is orientable, and carries a canonical orientation
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We briefly describe this canonical orientation, and for further details, we refer the

reader to [FOOO09] Proposition 8.1.4. Beginning with the premise that the bundle

is indeed orientable, once the canonical orientation is described at a single point, it

can be described globally by a parametrized gluing procedure, see [FH93].

To obtain the canonical orientation at a single holomorphic disk with boundary,

equipped with a trivialized Lagrangian boundary condition, we extend the trivializa-

tion radially to a small annulus, and then use the trivialization to identify the inner

circle of the annulus to a point. What we end up with is a nodal riemann surface

consisting of a copy of the disk and CP 1, intersecting at a node. One can show that

the induced vector bundle over the disk now has a totally real boundary condition

whose maslov index is zero; this, along with the induced trivialization along the

boundary, induces an orientation of the kernel of the B-problem along the disk. As

for the copy of CP 1, we may note that the kernel and cokernel of the B problem are

complex vector spaces, and thus carry canonical orientations. This then induces a

canonical orientation on the determinant line over our copy of CP 1 and D2

Now, we have a canonical orientation on both the disk and the copy of the

sphere; to get back to our original problem, we must do a procedure called gluing at

an interior puncture, which we shall describe in the next subsection. The end result

is that this gluing process induces a canonical orientation on the determinant line of

the original problem.

Since we use an explicit trivialization to get the canonical orientation, it is not

obvious that the canonical orientation only depends on the homotopy class of the

trivialization. Nevertheless, this is certainly the case. We summarize this in the

following lemma, along with what happens if we change the homotopy class of the

trivialization.

Lemma 1 ([FOOO09] Chapter 8). Suppose we have a trivialized Lagrangian bound-
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ary condition pE,F, γq over pD2, S1q. A homotopy of γ through the space of trivializa-

tions tf : F Ñ S1ˆRnu preserves the canonical orientation. Now, let A : S1 Ñ Opnq

be a representative of the nontrivial homotopy class of Opnq, and consider the trivi-

alized Lagrangian boundary condition pE,F, g ˝ γq, where g : S1 ˆRn Ñ S1 ˆRn is

given by gpθ, vq “ pθ, Apθqvq. Then, the canonical orientations induced by g ˝ γ and

γ on detpBE,F q are the opposite of one another.

3.3 Capping Disks/Operators

Before going into how to obtain a trivialized Lagrangian boundary conditions over the

punctured disk, we discuss capping disks and their associated capping operators. In

short, these will be used to “close up” the trivialized Lagrangian boundary conditions

over the punctured disk, to provide a trivialized Lagrangian boundary condition on

the closed disk. The determinant line of the associated B-operator will then carry a

canonical orientation by Proposition 1. We will then utilize the ”gluing at a boundary

puncture” exact sequence to obtain an orientation on the B-operator associated to

the trivialized Lagrangian boundary condition over the punctured disk.

In [Kar20], theorems concerning DGA maps associated to exact Lagrangian cobor-

disms, such as functoriality and the chain map condition, are proven using systems

of capping operators. The definition is as follows. First, consider the tangent bundle

to Λ, projected down to the Lagrangian projection. In practice, this tangent bundle

will be stabilized by an additional auxiliary direction. In either case, we will have

oriented frames Xa,` and Xa,´ at the lifts of the stabilized tangent bundles of the

bottom strand and top strand respectively of a Reeb chord a, provided by consider-

ing the trivialization at the upper and lower strands and taking the inverse images

of the standard bases.

Definition 6. [Admissible System of Capping Disks/Operators] A pair of capping

38



disks associated to a Reeb chord a of Λ are two maps Ra,˘ : BD2zt˚u Ñ Upn` dAq,

where dA is the number of auxiliary directions. To this, we consider the associated

capping operator (see remark below), which is the Ba,˘-operator of the associated

trivialized Lagrangian boundary condition over the punctured disk. In addition, we

pick the additional data of an orientation of detpBa,´q, denoted by σ´. The two triples

pRa,˘, Ba,˘, σ´q associated to a are admissible if they satisfy the following criteria:

1. Ra,˘ takes the oriented frame Xa,¯ to Xa,˘ respectively

2. The dimensions of the respective kernels and cokernels are the following:

(a) dim KerpBa,`q ” 0mod2

(b) dim KerpBa,´q ” 1mod2

(c) dim CokerpBa,`q ” p|a| ` n` dA ` 1qmod2

(d) dim CokerpBa,´q ” |a|mod2

Remark. Note that the B-operators that we get on our capping disks are obtained

in the following way. We consider the punctured disk to be the unit disk in C punc-

tured at 1, and give it the associated complex structure in its interior. We take a

trivial complex vector bundle over this disk, of dimension n ` dA, and associate to

it the trivialized Lagrangian boundary condition given by the capping disk condition.

The trivial complex vector bundle carries a canonical holomorphic structure and B-

operator, and we may then consider this with the boundary conditions given by the

trivialized Lagrangian boundary condition.

For our purposes, we will use a very specific system of capping disks/operators,

i.e the ones used in [EES05a]. The justification for this choice is that the goal of this

article is to produce specific computations that are compatible with the results of

[EES05a]. More precisely, the specific choices of capping disks/operators in [EES05a]
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are used to produce the shading rule that is prevalent in the literature associated to

Legendrian Contact Homology. The goal here is to prove that these same choices force

particular integral lifts of chain maps associated to exact Lagrangian cobordisms.

Before writing out our capping disks, we must define the complex angle associated

to two Lagrangian subspaces, which we order Λ0,Λ1, of Cn, as defined in [EES05b].

Let α P r0, πq be the smallest angle such that dimpeiα1pΛ0q XΛ1q “ r ą 0 (note that

α might be zero). At this point, define θi to be α1, for i “ 1, .., r. If n ´ r “ 0, we

are done; otherwise, we continue. Now consider Cn´r the Hermitian complement of

Cb pΛ0 X Λ1), and note that Λ1i :“ Λi XCn´r for i “ 0, 1 is an ordered Lagrangian

pair of Cn´r with its induced symplectic structure. There then exists α2 P p0, πq

such that eiα2pΛ0q X Λ1 “ r1 ą 0, and now we define θr`1, ..., θr`r1 “ α1 ` α2. We

may then repeat this process until we have defined θi for i “ 1, ..., n. The intuition

for the complex angle between two Lagrangian subspaces can be understood by

the following. If we have two transverse Lagrangian subspaces V1, V2 Ă Cn, there

exists complex coordinates x1` iy1, ..., xn` iyn such that V1 “ Rspanpx1, ..., xnq and

V2 “ Rspanpeiθ1x1, ..., e
iθnxnq.

Returning to our capping disks, in the case of lagrangian projections of Legendrian

links, it suffices to stabilize the tangent bundle once, see [EES05a] Section 4.5.2.

There are four capping disks, depending on both the parity of the double point, see

Figure 2.2, and whether we are considering a positive or negative puncture. This

is what the subscript on each capping disk represents; for instance, “pe” refers to

“positive, even”, and so on. The specific choices of capping disks are then as follows:

1. RnerV1, V2spsq “ Diagpeiθ1s, e´ipπ´θ2qsq

2. RperV1, V2spsq “ Diagpe´ipπ´θ1qs, e´ip2π´θ2qsq

3. RnorV1, V2spsq “ Diagpeiθ1s, e´ip2π´θ2qsq

40



4. RporV1, V2spsq “ Diagpe´ipπ´θ1qs, e´ipπ´θ2qsq

Remark. Note that the angle θ we use above is the complex angle of the ordered

pair pV1, V2q. However, the ordered pair that we consider switches when we go from a

negative Reeb chord to a positive Reeb chord. For a negative Reeb chord, the ordered

pair will be pV`, V´q while for a positive puncture, the ordered pair is pV´, V`q, where

V´ is the tangent space at the strand with the lower z-coordinate equipped with a

trivialization and V` is the tangent space at the strand with the lower z-coordinate

equipped with a trivialization. In particular, note that if the complex angle of pV1, V2q

is ~θ, then the complex angle of pV2, V1q is ~π ´ ~θ. From this, we may notice that

RperV2, V1sp1q˝RnerV1, V2sp1q “ id, and that the same is true for the odd Reeb chords.

This will be important to explain why we only need to choose an orientation on

the determinant line of the operators at the negative punctures, which we will go

into detail over in the sections where we describe the “gluing at a puncture” exact

sequence.

One additional point that is important is that the above operators do not imme-

diately seem to satisfy condition 1 of Definition 6 for odd punctures, at least not with

the obvious trivialization given by the orientation of the link. To this end, we must

change the trivialization slightly, as shown in [EES05a] section 4.5.2. In particular,

we will follow the orientation of the knot, and the trivialization induced by such

an orientation, in all places other than neighborhoods of odd Reeb chords. In the

neighborhood of an odd Reeb chord, we will rotate the trivialization by a π-rotation

before arriving at the top of the Reeb chord (following the orientation) and then

perform a ´π-rotation right after. Observe now, with this additional change, that

the operators above are admissible.

To consider these capping operators in the symplectization, we define the triv-

ialized Lagrangian boundary condition to be the identity in the Rt-direction, as is
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done in [Kar20]. It is shown there that, as long as we attach a small positive ex-

ponential weight in this direction, we obtain canonical isomorphisms between the

kernels (resp. cokernels) of the capping operators before adding the t-summand and

the kernels (resp. cokernels) after adding this additional summand.

Remark. The way that we have presented our capping operators can be misleading.

As we stated when defining complex angles, there are conformal coordinates in which

we can present our ordered pair pV1, V2q as pRn, eiθpRnqq, where eiθ is a vector con-

taining the data of our complex angle ~θ, and we mean componentwise multiplication

with Rn. However, when considering the identification of the loop space of Upnq and

trivialized Lagrangian boundary conditions, we need to fix a choice of basis of Rn.

In our presentation above, the capping operators are represented in the former way,

with conformal coordinates that depend on our Lagrangian subspaces. However, this

is just for the purposes of understanding the various indices of the related operators.

This will be important when we discuss the various moves, such as type T2 and L

moves, because we might be homotoping our subspaces. In this case, although the

presentation (in the conformal coordinates determined by these spaces) might look

the same, they should really be distinguished as they determine different trivialized

Lagrangian boundary conditions.

3.4 The Space of Trivialized Lagrangian Boundary
Conditions over the Punctured Disk

3.4.1 The Linearized B Operator

The gluing operations that we will consider in subsequent sections will be gluings

of triples pu, Bκu, σcapq consisting of pseudoholomorphic disks and their associated

B-operator at a specified conformal structure, to the triples associated to capping

disks/operators. σcap is an orientation of the associated determinant line, but is a

little misleading here. It is not the case that we start with this data, but rather
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that an orientation is induced on the determinant line associated to our pseudoholo-

morphic disk. This is through a combination of our admissible system of capping

disks and operators and the canonical orientation defined in the first section of this

chapter; the induced orientation is then σcap.

In any case, a description of Bκu is in order. We follow the discussion in [Kar20].

To describe the idea shortly, we will expand our relevant functional analytic spaces

to certain Sobolev spaces. However, the domains of our pseudoholomorphic disks

are noncompact, so for any hope of Fredholm properties of the associated linearized

operators, we will need to attach weights to the Sobolev spaces at the punctures of

the disks. The idea behind these weights is to restrict the class of candidate maps

from all locally L2 to only those maps that are globally L2 (after taking k weak

derivatives) when we attach these weights.

Let pj be a puncture of Dm. To define our weights, we start by identifying

a conformal neighborhood of pj with a half-infinite strip Epj r1s :“ r0, 1s ˆ r1,8q;

we will also use the notation Epj rM s :“ r0, 1s ˆ rM,8q, with coordinates ps, tq,

to denote subspaces of Epjr1s where M ě 1. A weight vector at pj is a vector

pε1, .., εnq P p´
π
2
, π

2
qn.

Definition 7 (Weight Function). A weight function is a smooth function µε : Dm Ñ

GLpnq such that:

1. µε|Epj r3s “ Diagpeε1|t|, ..., eεm|t|q, for pε1, .., εmq a weight vector

2. µε|DmzYiEpi r2s “ id

Consider the following three spaces:

1. HkpDm`1,C
nq which is the elements of L2pDm`1,C

nq whose weak derivatives

up to order n “ k are also L2
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2. Hloc
k pDm`1,C

nq, defined to be the space tu : u|V P HkpDm`1,C
nq for all V Ă

Dm`1 compactu

3. Hloc
k,εpDm`1,C

nq :“ tu P Hloc
k pDm`1,C

nq:µεu P HkpDm`1,C
nqu, with norm

||u||ε,2 “ ||µεu||2.

Now consider a punctured holomorphic disk u : pDm, BDmq Ñ pCn, Lq, where L

is a Lagrangian submanifold. Consider the vector bundle pair pu˚TCn, u˚TLq over

pDm, BDmq, and equip the bundle u˚TCn with its natural complex trivialization. In

the next section, we shall describe how a spin structure on L provides us with a real

trivialization of the real vector bundle u˚TL. To be precise, write the boundary of

our disk as a disjoint union of intervals
n
Ů

j“1

Ij. Then, from the next section, we see

that our spin structure provides us a trivialization of u˚TL that is well-defined up to

homotopy rel BIj for all j. We shall denote the data of such a complex bundle over

the interior of the punctured disk, along with the data of a totally real subbundle

over the boundary, and a real trivialization of the totally real subbundle that is

well-defined up to homotopy in the above sense, to be a trivialized Lagrangian

boundary condition on the punctured disk

With this in mind, we may now consider the following spaces:

Hloc
2,εrA, 0spDm`1,C

nq “ ts P Hloc
2 pDm`1,C

nq : uppq P Appq for all p P BDm and

Bus|BDm “ 0u

and

Hloc
1,εr0spDm`1, T

˚0,1Dm`1 b u
˚TCnq “ ts P Hloc

1 pDm`1, T
˚0,1Dm`1 b u

˚TCnq :

s|BDm “ 0u

Here, Hloc
1 pDm`1, T

˚0,1Dm`1 b u˚TCnq is defined similarly to the previously de-

fined Hloc
k pDm`1,C

nq. The difference is we have now replaced functions with sections
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of a certain bundle, so we now rely on integration of sections using a partition of

unity. Then, we have finally the associated linearized operator

BA,ε : Hloc
2,εrA, 0spDm`1, TCnq Ñ Hloc

1,εr0spDm`1, T
˚0,1Dm`1 b u

˚TCnq

It is shown in [EES05a] that this operator is Fredholm, as long as the components

of the weight vectors at the jth puncture are not ´θj ` kπ, where θj is the complex

angle at the jth puncture and k is an integer.

Furthermore, as explained in [Kar20], based on results in [Riz16], if we instead

are considering pseudoholomorphic curves in the cobordisms, we need only to extend

our weight vector by ´δ, where δ ą 0 is small, in the symplectization direction. We

then obtain the same Fredholm condition, along with surjectivity of the operator.

It should be noted that everything up until now could very well be defined without

the usage of the trivialization. Indeed, all the analogous operators will also be

Fredholm, and so we will be able to build the relevant determinant line bundles

detpBuq. However, as explained in [EES05a], without the data of the trivialization,

this bundle is not orientable. With the additional data of the trivialization, not only

is the associated determinant line bundle orientable, but by making certain choices,

we are able to determine a specific orientation. This orientation will be called the

capping orientation.

3.4.2 Spin Structures

To obtain a trivialized Lagrangian boundary condition on the punctured disks that

define both our differential and our chain maps, we employ spin structures. To be

precise, consider a spin structure s on our exact Lagrangian cobordism L : Λ´ Ñ

Λ` between two Legendrian links. Pick a triangulation of our exact Lagrangian

cobordism such that the 0-skeleton contains the endpoints of all Reeb chords (and

potentially more basepoints as we shall see) in Λ´ and Λ`. What s then provides
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is a trivialization, along a choice of 1-skeleton, of the stabilized tangent bundle of

L. This extends to the 2-skeleton. This extension is unique up to homotopy. To see

this, suppose that we have another extension of our trivialization to the 2-skeleton.

Consider a single 2-cell. We then have two extensions τ0 and τ1 of the trivialization

along our 1-skeleton to this 2-cell, i.e two bundle maps τ0,1 : T̃D2 Ñ D2 ˆ Rn`2,

where T̃D2 denotes the stabilized tangent bundle, which agree on the boundary.

Using these two trivializations, we may define a map ξ : D2 Ñ SOpn` 2q, given by

ξpxq “ Ax, where Axpτ0px, vqq “ τ1px, vq. Since our two trivializations agreed over

the boundary, we have that ξ is the identity over the boundary, and so this descends

to a continuous mapping ξ : S2 Ñ SOpn ` 2q. Since π2pSOpn ` 2qq “ 0, we may

homotope this to the constant map S2 Ñ id; this homotopy then corresponds to a

homotopy between τ0 and τ1.

Now, to obtain a trivialization of the stabilized tangent bundle T̃Dm of our holo-

morphic disk with m punctures, we do the following, which is similar to the procedure

done in the proof of Proposition 3.1 of [Sol06]. By simplicial approximation, we may

homotope the boundary of our holomorphic disk onto the 1-skeleton Lp1q. The triv-

ialization along the 1-skeleton then induces a corresponding trivialization on the

boundary of our holomorphic disk. Denote the homotopy by

Φ1 : r0, 1s ˆ pD2, BD2q Ñ pR4, Lq

To see that this produces a well-defined trivialization, consider another homotopy

Φ2 : r´1, 0s ˆ pD2, BD2q Ñ pR4, Lq onto the 1-skeleton, and consider the concate-

nation of the two homotopies, given by Φ : r´1, 1s ˆ pD2, BD2q Ñ pR4, Lq, where

Φp0, pD2, BD2qq is our original pseudoholomorphic disk without any homotopy ap-

plied. By simplicial approximation, we may homotope Φpr´1, 1s, BD2q onto Lp2q rel

the portion of the image in Lp1q. Since our trivialization is well-defined up to homo-

topy on our 2-skeleton, this provides a homotopy of trivialization rel the endpoints.
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The fact that the trivialization is well-defined up to homotopy is important in

light of Lemma 1. We will be attaching our capping operators to our punctured

disks, to produce trivialized Lagrangian boundary conditions on the closed disk. By

Lemma 1, the induced canonical orientation is well-defined even after homotoping

the trivialization, and so is well-defined by the above discussion. This will then in

turn induce a well-defined capping orientation on the punctured disk.

Spin structures on Cobordisms and Link components In the context of our differential,

there are 2n possible spin structures, where n is the number of components of our

Legendrian link. This follows from the fact that each component carries two possible

spin structures, which we describe. For our purposes, we will consider a spin structure

to be a trivialization of the (potentially stabilized) tangent bundle restricted to the 1-

skeleton which extends to the 2-skeleton. We may consider this to be a trivialization

up to homotopy rel the 0-skeleton. On each link component, we can either consider

the null-cobordant spin structure-i.e the trivialization which extends to the unique

spin structure on the disk- or the Lie group spin structure, which does not extend

to any spin structure on the disk. We follow [EES05a] notion of basic orientations-

a choice of orientation on R2 (the extra dimension is because of a stabilization in

an auxiliary direction), a choice of orientation of C, and a choice of orientation σ´

on our negative capping operators. It is shown in [EES05a] that, with a choice of

basic orientation, along with the choice of the Lie group spin structure on each link

component, we obtain that the differential is precisely the combinatorial differential

obtained in [ENS02]. We record this differential as BLie.

To obtain the corresponding null-cobordant spin structure, we need to first change

the homotopy class of the trivialization of the stabilized tangent bundle. We can do

this as follows. Leave the auxiliary direction alone, and consider the (true) tangent

bundle to the link. On each component, put a basepoint away from the Reeb chord
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endpoint; it follows that we may identify a certain strand of our Legendrian, or arc,

going from one Reeb chord endpoint to another on which our basepoint lies. In the

context of grading, we need to put a basepoint t on each component anyway in order

to obtain a Z-grading, so this choice of basepoint will also suffice to record spin

structures. What this basepoint will be recording is a rotation of the trivialization

by 2π; this changes the homotopy class of our trivialization to the null-cobordant

spin structure. The reason this strategy is advantageous is because the only part of

the trivialization that is affected is on the strand containing the basepoint. Thus,

any disk that does not pass through this strand is unaffected.

Now, for the disks that do pass through this basepoint, we must record the change

in capping orientation. However, this immediately follows from Lemma 1 Indeed, if

we attach our capping operators, we obtain the exact same Lagrangian boundary

condition as with the Lie group setup, except now we have an additional 2π-rotation

which changes our homotopy class on the closed disk. By Lemma 1, this changes the

canonical orientation. Looking at our gluing at a boundary puncture exact sequence,

we observe that a) none of the orientations associated to the capping operators have

changes while b) the canonical orientation on the closed disk has. The only way this

can be is if the induced capping orientation on the punctured disk has also changed.

Thus, we have that all disks in the null-cobordant spin structure whose boundary

pass through the basepoint pick up an extra minus sign in the differential.

Now, we may relate this back to the category ArcCob which we defined in the

introduction. Recall that ArcCob consists of objects which are Legendrian links

decorated with basepoints, an odd number of which are ´ basepoints, and the rest of

which are ` basepoints. The morphisms of ArcCob are 0-handle free decomposable

cobordisms decorated with arcs that meet certain compatibility conditions with the

basepoints on the Legendrian ends, see the introduction for more detail. Recall from

the Background section that each of these basepoints have an associated teleportation
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point which appears an epsilon distance after the basepoint. We will also now need to

associate 2π twists, but these will happen an epsilon distance before the -1 basepoint

as we follow the orientation of our link components.

To be precise, as we follow the orientation of a particular link component, we

hit a variety of basepoints, either `1 or ´1 basepoints. For each basepoint, we

have an associated teleportation point right after the basepoint, but now, we also

have a 2π twist in the natural trivialization to the tangent direction before every

´1 basepoint. We may now see that our condition of having an odd number of

basepoints corresponds to an odd number of twists on each link component; in other

words, we are demanding that each link component carries the null-cobordant spin

structure. This is quite natural in the context of cobordisms; since we often consider

exact Lagrangian fillings, it is necessary that our spin structure on our Legendrian

ends extend to disk fillings.

In particular, for every morphism in ArcCob, we have a set of basepoints on

each Legendrian end which determines the null-cobordant spin structure on each

component of that end.

Let L be a decorated 0-handle free decomposable cobordism. We now describe

a cell decomposition of L. The 0-skeleton consists of all basepoints and Reeb chord

endpoints. The Legendrian ends, along with the arcs on our cobordism, make up

a 1-skeleton of the cobordism by the condition demanding cutting along the arcs

produced a simply-connected domain. We have determined the trivialization along

the Legendrian ends. Along each arc I, we invoke a trivialization Φ : TL|I Ñ I ˆR2

that satisfies the following. Let te1, e2u be the standard basis of R2; at each point p

of our arc, we have that the inverse image of e1 under our trivialization is in Tp. This

condition, along with demanding our trivialization is continuous on the 1-skeleton,

determines a trivialization which is unique up to homotopy rel the 0-skeleton. This

trivialization also extends to the 2-skeleton, so, by earlier arguments, determines a
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unique spin structure on the cobordism.

3.4.3 Various Gluing Exact Sequences

As described in the previous sections, [FOOO09] gave us a recipe for assigning a

canonical orientation to the determinant line bundle over the space of trivialized

Lagrangian boundary conditions over the closed disk. However, we need to obtain

such an orientation over the space of trivialized Lagrangian boundary conditions over

the boundary punctured disk. As described earlier, this is done by gluing capping

operators. The capping operators have already been described-now we must describe

how we glue. This is done through several exact sequences.

To start, consider the following exact sequence:

0 Ñ A
α
ÝÑ B

β
ÝÑ C

γ
ÝÑ D Ñ 0

It is a standard fact that such an exact sequence induces an isomorphism

(*) ΛmaxAb ΛmaxD˚ « ΛmaxB b ΛmaxC˚

This isomorphism is not canonical, but depends on choices of oriented bases of each

of the vector spaces. Here and throughout, we follow the conventions of [Kar20],

which we now describe.

First, note that we may discuss the vector spaces C and D without discussing

their duals, with the understanding that we identify, for a vector space V, ΛmaxV

with ΛmaxV ˚ by the map v1^...^vn ÞÑ v˚1^...^v˚n, where v1...vn is a basis of V and

v˚i is the dual of vi.

Now, pick a basis a1,...,an ofA. Pick elements b1,...,bl of B such that αpa1q,...,αpanq,

b1,...,bl forms a basis of B. Pick elements c1,..,ck of C such that γpc1q,...,γpckq is a

basis of D; then, by exactness, βpb1q,...,βpblq, c1,...ck is a basis of C. Our isomorphism

is then
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a1 ^ ... ^ an b γpc1q ^ ... ^ γpckq ÞÑ αpa1q ^ ... ^ αpanq ^ b1 ^ ... ^ bn b βpb1q ^

...^ βpblq ^ c1 ^ ...^ ck

Although this appears to be dependent upon the basis that we have the chosen,

the induced identification of orientations of the determinant line bundles is not, as

changing a term on the left from one oriented basis to another will affect a corre-

sponding term on the right hand side of the correspondence.

We now briefly describe how we obtain a sign on a punctured holomorphic disk

equipped with a trivialized lagrangian boundary condition. We will then go into

detail in the following subsections.

To start, we construct two four-term exact sequences as above. One of these

exact sequences is induced by gluing at an interior point and the other is induced by

gluing at a boundary puncture. The idea is that these exact sequences are of the form

above, and thus induce isomorphisms of the form (*). To get an orientation of the

determinant line over the punctured disk, we will first establish that the determinant

line bundle over our space of candidate punctured disk is indeed orientable in the first

place. From there, we will orient at a single punctured disk by gluing capping disks

equipped with capping operators to each of the punctures-these capping operators

will depend on the parity and sign of the relevant puncture. The gluing at a boundary

puncture exact sequence then relates the determinant lines of the closed disk with

trivialized lagrangian boundary condition to the determinant lines of the capping

operators and punctured disk. We then make a priori choices of the orientations

over the capping operators, and choose the canonical orientation over the closed

disk-this induces an orientation over the punctured disk. Finally, a parametrized

version of this gluing sequence gives us that the determinant line bundle over our

space of punctured disks can be granted an orientation which, over each point, is the

orientation obtained through the above procedure-this orientation will be called the

capping orientation.
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However, to have gotten a canonical orientation, we needed a trivialization of the

tangent bundle, and we need it in a way that is consistent; this is obtained using a

spin structure on the legendrian; see section 3.4.2.

Finally, we need to get a sign. This is obtained by comparing the induced orienta-

tion (obtained by the above discussion) to another orientation. This new orientation

is obtained by an isomorphism relating the determinant line bundle to the space of

conformal variations. If these signs agree, we get a plus sign; otherwise, we get a

minus sign.

To extend this strategy to exact Lagrangian cobordisms, we now need spin struc-

tures over the entire cobordism. In this case, it is shown in [Kar20] that we obtain

both functoriality, and a well-defined DGA map.

Returning to points made in previous sections, the way that we obtain a canon-

ical orientation on a closed disk pD2, BD2q equipped with a bundle pair pẼ, F̃ q is

by using the trivialization to induce trivializations on a maslov index 0 disk along

with a bundle over a sphere. The determinant line of the B-operator over each of

these portions have canonical orientations. The following theorem from Woodward-

Wehrheim [WW15] then induces an orientation on the determinant line bundle of

the B-operator of the reglued operator-i.e the original bundle pair.

Lemma 2 ([WW15] Theorem 2.4.5; Gluing at an Interior Puncture). We have the

following exact sequence:

0 Ñ kerpBẼ,F̃ q
α
ÝÑ kerpBpCn,Rnqq ‘ kerpBEq

β
ÝÑ Ez ‘ cokerpBpCn,Rnq ‘ cokerpBEq

γ
ÝÑ

cokerpBẼ,F̃ q Ñ 0

From this point, we must now use this canonical orientation on the closed disk to

induce an orientation on the punctured disk. We use the capping operators discussed

in Section 3.3, glued at the boundary punctures of our punctured disk, to then induce

our capping orientation. This induced orientation is given by the next lemma.
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Lemma 3 ([EES05a] Lemma 3.4; Gluing at a Boundary Puncture). We have the

following exact sequence:

0 Ñ kerpBA#Bq
α
ÝÑ kerpBBq ‘ kerpBAq

β
ÝÑ cokerpBBq ‘ cokerpBAq

γ
ÝÑ cokerpBA#Bq Ñ 0

Finally, using these lemmas, we have an induced orientation on detpBuq. Using

the information provided in Section 3.5, we obtain another induced orientation, now

induced by the space of conformal automorphims/variations. Comparing these is

how we obtain a sign.

3.5 The Space of Conformal Variations

Note that the space of conformal variations refers to the tangent space to the space of

conformal structures on a disk at a specified conformal structure. Here, we describe

the orientations on the space of conformal variations (automorphisms) on Dm for

m ě 3 (m ď 2). Recall, from the earlier discussions, that this then induces an

orientation on our relevant moduli spaces. Thus, we have two orientations on our

dimension zero moduli spaces: the capping orientation and the conformal orientation.

If these are the same, we obtain a plus; otherwise, the sign is a minus.

We start with the orientation on the space of conformal automorphisms Am of

the m-punctured disk Dm for m ď 2. First, note that the tangent space, at the

identity, to the space of conformal automorphisms on the closed disk is naturally

identified with the space of holomorphic vector fields tangent to BD. To understand

TA1 (resp. TA2) we must restrict to those conformal automorphisms which preserve

our fixed point(resp. two fixed points). The corresponding restriction of the tangent

space is then to those holomorphic vector fields that vanish at our fixed points.

Let us now orient our tangent spaces, starting with TidA2. Note that in this case,

the space of conformal automorphisms can be visualized using Steiner circles; since

we have two fixed points, the Steiner circles are preserved, which gives us our 1-
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dimensional family of automorphisms. To orient the tangent space, consider our two

fixed points, which subdivide our boundary into two arcs-we may consider these two

points to be 1 and -1. Consider a point in the lower hemisphere, say q. Orient the

tangent space according to the natural orientation on the boundary of the circle. We

may orient our 1-dimensional tangent space of holomorphic vector fields vanishing

at 1 and -1 by then evaluation at q, and using the inverse image of our orientation.

We then use the group structure to orient the entire tangent bundle.

We use a similar strategy to orient TidA1. This time, we fix two points near our

fixed point p, say q1, q2, with q1 slightly clockwise of p and q2 slightly counterclock-

wise. Note that the space of automorphisms in this case is 2-dimensional, so the

evaluations evi : TidA1 Ñ TqiD1 are surjective. Viewed another way, we consider

the tangent space to be the direct sum of 1) the tangent space of conformal auto-

morphisms with two fixed points at p and q1, and 2) the tangent space of conformal

automorphisms with two fixed points at p and q2-this can be visualized in Figure 3.1,

where we draw out the appropriate Steiner circles. When considering the former, we

evaluate at q2, and at the latter, we evaluate at q1. With the natural orientations on

the tangent spaces at our qi, given by the orientation along the boundary, we may

orient by pulling back the orientation given by ev1 ` ev2 : TidA1 Ñ Tq1D1 ‘ Tq2D1

Let Cm denote the space of conformal structures on the unit disk with m boundary

punctures. Recall that we call the tangent space TCm the space of conformal varia-

tions. Now we orient the space of conformal variations TCm for m ě 3. Note that the

space of conformal structure may be understood in the following way. Identify three

fixed punctures, and note that the only map that would both fix those punctures

and preserve our conformal structure is the identity. As such, the position of the

other m ´ 3 punctures specifies a conformal structure, and so we may parametrize

the space of conformal structures by the positions of these other m ´ 3 punctures.

Fix a conformal structure κ on Dm along with three punctures p0, p1, p2, and identify
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the conformal structure with the position of the other m ´ 3 punctures p3, ...pm.

Note that here we are numbering our punctures in the order they appear as we go

counterclockwise along the boundary of the disk. Accordingly, we may identify the

tangent space TκCm with the direct sums of the tangent spaces at these points, and

may once again use evaluation at these points to orient TκCm, where we once again

have chosen the orientations at Tpi to be the orientations induced by the natural

counterclockwise orientation on the boundary of the unit disk. The only thing left is

the choice of identification, for which we make a somewhat unnatural choice. This

is to match the conventions of [Kar20]. The identification of the tangent spaces is

given by the isomorphism φ : TκCm Ñ TpmDm ‘ ...‘ Tp3Dm

p

q2

p

q1

Figure 3.1: Visualization of Orientations for 1-punctured disk
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4

Computing DGA Maps

4.1 Various Homotopies

Before we begin computing signs associated to DGA maps, it is convenient to as-

semble a list of legal moves-i.e homotopies, of either trivializations or both boundary

conditions and trivializations-which behave well with respect to our computations.

However, some caveats must be added. In [EES05a], section 4.5.5, it is shown that

the only way that spaces of capping operators have orientable determinant line bun-

dles is if we have put restrictions on the auxiliary directions. To be precise, in all

auxiliary directions, we have that the trivialization at the punctures are e´iθ0 at the

lower strand and eiθ0 at the upper strand, where θ0 is some fixed small angle. As for

the Rt -direction, we may not worry about this by [Kar20] Proposition 4.1.1, which

states that the extra t direction produces an isomorphism of the kernel and cokernel

with the operator before adding the t direction. We call these restricted spaces of

capping operators Ype, Ypo, Yne, Yno, following the notation from [EES05a].

To start, we consider homotopies of the trivializations along our holomorphic

disks; however, our homotopies will only be happening in such a way that our capping
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operators remain admissible. We start with homotopies that leave the trivializations

in a neighborhood of our Reeb chord endpoints unchanged. We call these type

of homotopies of type T1 (T for trivialization). Applying these homotopies to the

auxiliary directions is also allowed, since these homotopies happen in the spaces

Ype, Ypo, Yne, Yno. Homotoping the trivialization rel the endpoints leaves the capping

operators untouched (since these only depend on the trivialized Lagrangian boundary

conditions at those ends), and moreover, by Lemma 1, leave the canonical orientation

of the closed disk-obtained by gluing the capping disks to the punctured disk- the

same. As a result, the capping orientation stays the same. In addition, changing

the trivialization but not changing the Lagrangian boundary condition will not affect

the orientation induced by the space of conformal automorphisms/variations. Hence,

not only is our capping orientation the same, but the sign is the same.

The second homotopy, which we denote to be of type T2, are general homotopies

of the trivialization, changing at the endpoints as well. Since we require for the aux-

iliary directions to have fixed trivializations at the endpoints, type T2 homotopies

cannot be performed in these auxiliary summands. The same capping operator,

considered as maps going from X˘ to X¯ (our oriented bases at the top end and

bottom end of our Reeb chord, as in Definition 6), might not change, but the ac-

tual trivialized Lagrangian boundary condition on the capping disk will change by

pointwise multiplication with a map S1 Ñ Opnq. But as stated before, the spaces

Ype, Ypo, Yne, Yno have orientable determinant line bundles, so homotoping the trivi-

alization will not affect the orientation. Moreover, the canonical orientation of the

glued disk is unaffected by this change, so the induced capping orientation also stays

the same. Note finally that our homotopies must be through families of trivializa-

tions which preserve the admissibility of our capping operators. So, homotopies of

type T2 change our endpoints, but in a way such that condition 1 of Definition 6 is

preserved.
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The final homotopy we consider are those homotopies which change the La-

grangian boundary condition, which we call homotopies of type L. These homotopies

will in fact change our capping operators, and they will change not just the trivial-

ization along the capping disk, but the actual Lagrangian boundary condition. The

way these affect our orientation will vary case by case, so we will separately analyze

them as they arise in our proofs of the main theorems. We summarize these moves

in Tabel 4.1.

Table 4.1: Moves for Trivializations

Type T1

Leaves trivializations unchanged at
endpoints of arcs making up punctured
disk

Leaves capping
disks/operators
unchanged

Type T2
Changes trivialization at endpoints of
arcs making up punctured disk

Leaves capping
disks/operators
unchanged

Type L
Changes Lagrangian boundary condi-
tions

Changes
capping
disks/operators

4.2 Diagram Orientations and Trivializations

While investigating the differential of the Chekanov-Eliashberg DGA in three dimen-

sions, [EES05a] consider a special class of trivializations of the tangent bundle of the

relevant Legendrians. First consider a Legendrian link Λ in R3. Then consider a holo-

morphic disk u : Dm Ñ C, with boundary sent to ΠpΛq the Lagrangian projection of

Λ and punctures sent to double points-i.e the sort of holomorphic disks which appear

when considering the differential in LCH. Note that Dm has one positive puncture

p “ q0 and m ´ 1 negative punctures q1, ..., qm´1. Decompose BDm into I0, ..., Im´1,

where Ij is the arc which runs from qj to qj`1, where the indices are considered modulo

m (i.e Im´1 runs from qm´1 to q0 “ p. With this setup, we may consider the pullback

bundle u˚TC, and thus the Lagrangian subspace Lupxq “Spanpdupτx, e
iθpxqqq, where
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τx represents the positive unit tangent vector to our holomorphic disk at x. We may

then specify the trivialization which [EES05a] consider.

Here, we follow the notation provided in [EES05a]. However, it must be noted

that we are about to define two notions: Diagram Orientations and Diagram Trivi-

alizations. However, these are BOTH trivializations, so the term orientation might

be misleading. The distinction is that Diagram Orientations are the natural trivi-

alization that one may consider in the above context. A Diagram Trivialization on

the other hand is different in a neighborhood of the odd punctures-that is, punctures

corresponding to Reeb chords of odd grading. The purpose of this change is to meet

Condition 1 of Definition 6 (Admissible Systems of Capping Operators), we must

modify by a π rotation of the trivialization in a neighborhood of the odd puncture.

In the following, we have the T̃ “ TX ‘R, where R is our auxiliary direction.

Definition 8 (Diagram Orientation). A Diagram Orientation of pu˚T̃C, u˚T̃Lq is a

trivialization of the form p˘dupτxq, e
iθpxqq.

Definition 9 (Diagram Trivialization). A Diagram Trivialization of pu˚T̃C, u˚T̃Lq

is a triviailization which agrees with a Diagram orientation everywhere aside from

neighborhood of odd punctures. At the odd punctures, we modify as in the discussion

after Definition 6.

In the spirit of the previous section, it is important for us to be able to reformu-

late the analysis built into the construction of the capping orientation as information

that can be read off with only topological informtation. The previous section begins

this investigation by describing the local moves which we may understand topo-

logically. To take this further, note that [EES05a] formulates the relevant shading

formulas (which are purely topological/combinatorial) by using Diagram Trivializa-

tions. Thus, in order for us to recover sign formulas, it is useful to homotope our
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trivializations until they form Diagram Trivializations. Then, we may import the

machinery of [EES05a].

Remark. In the computations that we will perform, the basic goal will be to homotope

our trivializations, using the T1, T2 moves, into valid Diagram Trivializations. To

understand what we mean by that (since Diagram Trivializations are only defined in

the three-dimensional case) note that our pullback bundle decomposes as direct sum

of the tangent bundle of our domain and the normal bundle. Using T1, T2 moves, we

may homotope the trivialization of our pullback bundle to one represented by vectors

lying in each of these bundles. The vectors in the tangent bundle would represent

a Diagram Orientation, which we may then create a Diagram Trivialization from

and import the results of [EES05a]. We then may separately consider the other

summands.

60



5

The Saddle Cobordism

Throughout, we shall interchange between the terms saddle cobordism and pinch

move-both refer to the same elementary cobordism. We recall the move. It is ob-

tained by the following local picture in the Lagrangian projection of a Legendrian

link.

In fact, we may consider this move to be happening inside of a local box depicted

Figure 5.1: Saddle Cobordism is performed from left to right
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by Figure 5.1. That is, everything outside of the local move may be assumed to be

the trace of a constant isotopy.

We consider our Saddle cobordism as the resolution of a contractible Reeb chord,

given in Figure 5.1 by the double point in the right picture. Here, contractible,

as defined in [EHK16], is the condition that there exists a homotopy of our Legen-

drian link through Legendrian immersions whose Lagrangian projections only contain

transverse double points such that, after the homotopy, we are left with a Legendrian

with a transverse intersection obtained by sending the height of our Reeb chord to

zero. Let CpΛq denote the set of reeb chords of a legendrian link Λ. There is then

an identification between CpΛ`q and CpΛ´q Y a, where a is our chord that has been

contracted. For the purposes of this manuscript, we consider our contractible chord

to be proper as defined in [CN22] Definition 4.3. In the case outlined, i.e the case

of a proper contractible chord, we then have a map with Z2-coefficients, provided in

[EHK16].

We consider a mini-dipped version of this move, as shown in Figure 5.2. This

is obtained by flanking both sides of the contractible chord by extra double points

resulting form Birth isotopies. This does not change our level of generality, since we

may always perform such moves. These force the DGA map, with coefficients in Z2,

to have the following form:

Φpaq “ s

Φpa1q “ a1 ` s
´1

Φpa2q “ a2 ` s
´1

Φpaiq “ ai

Recall our setup of arcs and basepoints. Λ` is a link with an arbitrary number

of components, but each component contains an unspecified number of unmarked

points, denoted with a ` or `1, and an odd number of marked points, denoted with
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s

´s´1

Figure 5.2: A mini-dipped saddle cobordism

a ´ or ´1. An epsilon distance before each ´1 basepoint, according to the orientation

of our link, we twist the trivialization by 2π-that is, an addition of a marked basepoint

denotes a change of spin structure on our link component. Moreover, since we are

here considering an elementary piece, we have an elementary system of arcs and

basepoints. This, as we have described in Section 3.4.2, gives us a well-defined cell

decomposition, along with a well-defined trivialization along our 1-skeleton.

We denote the basepoints at the end of our TB arcs (see the definition of ArcCob

in the introduction for this notation) by ˘ti depending on whether the point is

marked or unmarked, and the endpoints of our BB arc by s˘1 and ´s¯1-here the

˘ in our exponent is to record the homology coefficient. See Figure 5.2 to see the

endpoints of a BB arc, labelled as s and ´s´1.

Note that many of the terms from the DGA map associated to the Pinch move

are coming from trivial strips. These are two-punctured disks which positively tend

to a Reeb chord a in Λ`, and negatively tend to the corresponding Reeb chord a

in Λ´. As it turns out, we may evaluate the sign associated to these strips all at

once, not just for the Pinch move, but for all elementary moves we consider in this

manuscript.

Lemma 4. Consider the Pinch move, Triple Point move, and Death isotopy, each
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equipped with elementary systems of arcs and basepoints. Further, consider the basic

orientation choices in [EES05a] used to determine the shading rule. Then, every

trivial strip considered in the Pinch move, Triple Point move, and Death Isotopy has

a `1 sign associated to it when counted over Z-coefficients.

Proof. First consider all trivial strips in our Reidemeister moves. In these cases, the

associated exact Lagrangian cobordisms are cylinders. In this case, the basepoints

on Λ` trace out arcs and track down to corresponding basepoints on Λ´. These arcs,

along with Λ` and Λ´, form the 1-skeleton. Suppose we have a trivial strip going

from a Reeb chord a to itself. Consider the following homotopy of the boundary of

this trivial strip onto this 1-skeleton. The boundary of the disk consists of two arcs,

say I1 and I2. Without loss of generality, we consider I1 after the homotopy. The

boundary of I1 will start from either the positive or negative end of a in Λ`, make its

way to a basepoint along a path γ, travel down the arc, and then traverse backwards

across the same path in Λ´ which corresponds to γ until it gets back to a. The same

thing happens with I2. The result is that whatever twists in the trivialization that

might happen in Λ` is undone in Λ´. Thus, the trivialization we end up with on the

trivial strip is as follows. In the first factor, we have that the trivialization is given,

in each slice of our cylinder, by the oriented unit tangent vectors to Λ` at the top

and bottom endpoints of a. In the second factor, we have Bt.

We argue that we obtain the same trivialization even when we consider the Pinch

move. Consider a saddle cobordism L : Λ´ Ñ Λ` To see this, all we need to note is

the 1-skeleton. of our cobordism. The 1-skeleton consists of Λ`, all arcs traced out

by the basepoints ti in Λ`, and finally also a BB arc which is given by an arc which

goes over the 1-handle which we attach to obtain our cobordism. It is useful here to

replace this BB arc with two BB arcs; these are as in Figure 5.3 With these extra

BB arcs, we are once again able to employ our arguments that we used with the
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Figure 5.3: BB arcs in green; on the left shown in the cobordism, on the right is
Λ´ viewed from the top of the cobordism

cylinders, simply by undoing any interesting parts of the trivialization in Λ` with

the corresponding parts in Λ` and these additional BB arcs.

We briefly recall the orientation of our determinant line bundle which is induced

by the space of conformal automorphisms, fully fleshed out in Section 3.5 Consider

one puncture of the unit disk to be at 1, and the other at -1, with the former be-

ing positive and the latter negative. Consider a point, q, in the lower semicircle.

The tangent space at this point has a natural orientation given by considering the

boundary of the disk as the unit circle in the complex plane, and this induces an

orientation on the tangent space at the identity of the space of conformal automor-

phisms as follows. We may identify this space with the space of holomorphic vector

fields that vanish at our punctures. The orientation on the tangent space at q then

induces an orientation on the one-dimensional space of holomorphic vector fields via

the evaluation map of our holomorphic vector fields at q. The bijection v ÞÑ du ˝ v

from the tangent space to the space of conformal automorphisms to the kernel of our

B-operator then provides us with our orientation. Note that this is because, when

we have fewer than three punctures, the B operator has trivial cokernel, so we only
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need to orient the kernel.

Let v be the induced oriented basis of the tangent space to the space of con-

formal automorphisms on the disk with two boundary punctures. We have that

du ˝ v “ dpu ˝ φtq, where φt is the conformal flow whose integral curves go from the

negative puncture to the positive puncture. A trivial strip has a naturally associated

trivialized Lagrangian boundary condition as follows. Call the map associated to the

trivial strip u : D2 Ñ R4. We consider the bundle u˚TR4 over D2, along with the

pulled back almost complex structure. The totally real subbundle over the boundary

consists of the pullbacks of the tangent spaces to Λ` equipped with with the triv-

ialization provided by our orientation of Λ at the two endpoints of a chord in Λ`,

along with Bt, simply translated down the symplectization. We will call such a strip

a trivial strip with standard boundary conditions. It is clear that the orientation

induced on the determinant line from the conformal automorphisms in this case is

given by the basis Bt of our kernel.

Now, we consider the capping orientation of our trivial strips. We follow [Kar20].

Recall the trivializations on all trivial strips, established earlier in the proof. Now

consider the gluing of our capping disk and the corresponding bundle over the closed

disk. In the direction tangent to the Legendrian link in each slice, this is the same

as just gluing our positive capping disk to our negative capping disk. Along the

symplectization direction, gluing the capping disks/operators gives us a closed disk

equipped with a Maslov index-0 line bundle, trivialized by Bt, while along the ”hor-

izontal” direction, the orientations of the positive and negative capping operators

glue to the canonical orientation. Hence, it immediately follows that the induced

capping orientation on our trivial strip is Bt, and so agrees with that induced by the

space of conformal automorphisms. Hence, these inherit a positive sign.
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We now are able to prove our result for the mini-dipped Pinch move/saddle cobor-

dism. Note that the term Φpaq “ s provided in the DGA map over Z2-coefficients

corresponds to the basic disk, which is a 1-punctured disk that positively tends to

a. There is a unique such disk in the DGA map of a saddle cobordism, as shown

in [EHK16]. Furthermore, it follows from [EHK16] that, aside from trivial strips,

the only other pseudoholomorphic disks which contribute to the DGA map for the

minidipped saddle cobordism are two different 1-punctured disks that tend positively

to a1 and a2 respectively.

The following Theorem is shown in the Introduction as Theorem 3-we distinguish

our numbering here due to the fact that we include an actual specific formula.

Theorem 5. Consider the mini-dipped saddle cobordism move performed in Figure

5.2, equipped with an elementary system of arcs and basepoints. Consider the basic

orientation choices used to determine the shading rule for the differential of the

Chekanov-Eliashberg DGA. These same basic orientation choices induce the following

DGA map Φ over Z-coefficients:

Φpaq “ σs

Φpa1q “ a1 ´ σs
´1

Φpa2q “ a2 ´ σs
´1

Φpaiq “ ai

Proof. First, from Lemma 4, it is immediate that Φpaiq “ ai for i ‰ 1, 2. Also the

a1 term in Φpa1q as well as the a2 term in Φpa2q are both immediate as well. This

is because, as seen from [EHK16], these terms all come from trivial strips, and thus

are given a `1 sign from our Lemma.

We start with the basic disk. We first make the observation that, since we are

considering orientable cobordisms, the grading of our contractible chord will be even.
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Now, attaching Rpe (along with the a priori orientation on the determinant bundle

of Rpe used in the shading rule of [EES05a]) to our contractible Reeb chord a at

the positive end of our symplectization will induce a capping orientation, which then

yields us a sign σ for the basic disk associated to our contractible chord.

We now proceed to the chords a1, a2. The two terms we need to evaluate are 1)

the term coming from a trivial strip and 2) the term coming from a one-punctured

disk, which we will call Da1 , Da2 respectively. We evaluate the one-punctured disk

and do the trivial strip separately with all the other trivial strips below. Our goal

is to show that the sign associated to these one-punctured disks is the opposite of

the sign for the basic disk, i.e ´σ. Consider a1. The argument for a2 is identical.

Consider Figure 5.4. Here we homotope BDa and BDa1 to the 1-skeleton given by

a1

a

a2

Figure 5.4: The induced trivializations on the disks with positive end at a vs. a1.

the union of Λ` and Λ´, along with the arcs traced by all the ti and ˘s˘1
k . Near a

and a1, our homotoped boundaries look like Figure 5.4.

Note that the red arc and blue arc in Figure 5.4 are not meant to indicate dif-

ferent boundary components-indeed, Da and Da1 each only contain one boundary

component. Rather, they are meant to illustrate how the two homotoped conditions

compare to one another. In both case, the capping operator Rpe takes us from our

understrand to our overstrand. So, for Da, Rpe takes us from the blue arc to the red,

while for Da1 , Rpe takes us from the red arc to blue.

The rest of the homotoped picture is dependant on a variety of factors-where our
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basepoints are, the number of basepoints we have, our number of components etc.

However, what we can deduce from our picture is that, whatever the homotopy of the

boundary of the basic disk ends up as, the homotoped boundary of Da1 will be exactly

the same, except traversed in the opposite direction. Moreover, the homotoped

boundary condition of Da1 will not include the boundary of the unique disk with

positive endpoints at both a and a1, indicated in Figure 5.4 with boundary one red

and one blue arc.

Consider now the domains of the map representing Da and Da1-i.e the one-

punctured unit disk. Further, endow the two domains with their respective pullback

bundle pairs, each equipped with their respective trivializations. In each case, the

pullback bundle of the tangent bundle of our exact Lagrangian cobordism decom-

poses as a summand representing the tangent bundle to the disk sitting inside a copy

of C and a maslov index 0-bundle sitting inside another copy of C.

We start with the pullback bundle associated to the basic disk Da. From in-

spection of Figure 5.4, it is clear that we may perform a Type T1 homotopy, which

changes our homotopy until, outside of N small distinct neighborhoods along the

boundary of the disk, the trivialization is a), along the tangent direction to the disk

for our tangent summand, and b) is pointing consistently in one direction for the

maslov index-0 summand. In these N neighborhoods (N could very well be zero),

our trivializations undergo 2π twists.

Now we consider the pullback bundle associated to Da1 . Since this trivialization

is the same trivialization as the one associated to Da traversed backwards, we may

perform a type T1 homotopy to get the same conditions a) and b) outside of N

neighborhoods, except in these N neighborhoods now ´2π twists will be occurring.

Since 2π and ´2π twists have the same effect on the homotopy class of trivialization,

it follows from [FOOO09] that they will have the same effect on the overall sign of our

disks. Thus, it suffices to assume that we do not have these twists; by comparing our
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two disks assuming they do not have twists, we may ascertain whether they have the

same sign, and this will carry over to the case with twists since the twists affect the

signs in the same way in both cases. Now, our two trivializations are identical, except

in the first factor (the tangent bundle to the disk), where the trivialization of our

pullback bundle corresponding to the disk Da1 is a rigid rotation of the trivialization

corresponding to the disk Da by π.

Since the space of trivializations of a rank one line bundle is disconnected, we

must appeal to a Type L rotation of our actual Lagrangian subspaces in order to

achieve this rigid π-rotation. We claim that this difference amounts to change in sign

by a ´1. To see this, note that, from [EES05a], such a Type L move for an even

puncture produces a negative sign; combinatorially, this can be seen by the shading

rule-if we reverse the directions of the arrows near a quadrant of a puncture, that

quadrant goes from shaded to unshaded or vice versa. To see that this situation is

not at all affected by our extra dimension, note that our maslov index-0 bundle is

closed up (via our capping operator) by the identity, producing a maslov index 0

summand over the closed disk which trivially carries its canonical orientation.
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6

Reidemeister Moves

6.1 Triple Point Move

Recall that we have two triple point moves, illustrated by the Figure 6.1. We write

Φtp1 for the DGA map associated to Triple Point move A and Φtp2 for the DGA map

associated to Triple Point move B. From [EHK16], we know that the formulas for

these DGA maps with Z2-coefficients, is the following:

Φtp1paiq “ ai for all i

for Triple Point move A and

Φtp2pa1q “ a1 ` a3a2

Φtp2paiq “ ai for i ‰ 1

for Triple Point move B.

For Φtp1 , all terms come from trivial strips, so we may apply Lemma 4 to obtain

that all terms are endowed with a `1 sign, resulting in a formula over Z which is

identical to the Z2 formula.
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a3a2

a1 a2a3

a1

a1

a2 a3

a3 a2

a1

Figure 6.1: The two triple point moves, Triple Point move A and Triple Point
move B

We move on to Φtp2 . All of the terms in this DGA map come from trivial strips,

except for one nontrivial disk with positive puncture at a1 and negative punctures

at a3 and a2. The left-hand side of Figure 6.2 has three quadrants marked with

quarter circles. These quadrants determine the sign of this three-punctured disk, as

described in Theorem 6.

a1

a2 a3

a1

a3 a2

Figure 6.2: The relevant quarter circles for determining our sign
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The following Theorem is shown in the Introduction as Theorem 1-we distinguish

our numbering here due to the fact that we include an actual specific formula.

Theorem 6. Equip the exact Lagrangian cobordism given by the trace of Triple Point

move B with an elementary system of arcs and basepoints. Consider the basic orien-

tation choices used to determine the shading rule for the differential of the Chekanov-

Eliashberg DGA. These same basic orientations choices induce the following formula

over Z-coefficients

Φpa1q “ a1 ` σa3a2

Φpaiq “ ai for all i ‰ 1

Here, σ “ p´1qn, where n is the number of quadrants marked with quarter circles in

Figure 6.2 that are also shaded according to the shading rule for the differential.

Proof. In the following, we will slightly abuse the notion of a capping path. We will

simply consider a capping path to be a path (or union of paths in the case of a link)

from the top end of a Reeb chord to the bottom end. In the case of a union of paths,

the tangent vectors to the paths must form a closed path from the tangent vector at

the top of our Reeb chord to the tangent vector at the bottom. In other words, we

will not be strict about how these paths interact with basepoints. Note that nothing

we describe in this proof has anything to do with grading or the like, so we lose

nothing by adding this extra convenience..

We proceed. By Lemma 4, all trivial strips are given a `1 sign. This leaves the

nontrivial disk with positive puncture at a1 and negative punctures at a3 and a2. We

prove that the sign of this disk is completely determined by local pictures, and that

all possibilities for the local pictures yield the same sign σ.

We first distinguish the different possible local pictures. The 23 different ways to

orient the strands give us eight possibilies. Figure 6.3 depicts four possibilities; the
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other four are obtained by reversing all orientations. Note that a1 is odd in the first

two pictures and even in the last two.

Figure 6.3: Four of the eight possible configurations for a triple point move, with
the associated shaded quadrants

We now consider the homotopies onto the 1-skeleton. We claim that in all cases,

we may homotope our boundary condition to the following. The homotoped bound-

ary condition will consist of 1) a capping path Ca1 of a1 in Λ` containing K, 2) one

or two of the TB arcs running along the cobordism, and 3) a segmented path γ in

Λ´.

We start by arguing this for the case of a knot with a single basepoint t. To see

1), note that we will be travelling from the top strand of a1, which we will denote

a1,` to the basepoint t. It will then travel down to Λ´, eventually make its way

back to the basepoint t (note here that we are identifying basepoints of Λ` and Λ´),

travel back up the cobordism, and then travel back until it hits the lower strand of

a1, i.e a1,´. One may then see that the homotoped boundary condition restricted

to its portions in Λ` is then necessarily a path from a1,` to a1,´, i.e a capping path

(in our loose definition of the term). 2) is simply because we traverse this arc when
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Figure 6.4: Our homotopies in the cobordism; a1 odd on the left, a1 even on the
right

going from our positive Reeb chord to our negative Reeb chords.

Note that since ca1 is a capping path for a1, it will depend on the two cases where

a1 is either odd or even. As it turns out, these are the only two cases we will need to

consider to completely describe our homotopies. For this reason, Figure 6.5 and 6.6,

which depict our homotopies, will remain unoriented, as they each represent two of

the cases in Figure 6.3.

We now describe γ, which will also depend on the parity of a1. First, recall

(from when we explained 1)), that we started at a1,` in Λ`, made our way to t, and

travelled along the arc traced by t down the cobordism. In showing this, we pick a

specific basepoint, as shown in Figures 6.5 and 6.6. We address why it is okay to

choose such a basepoint in a remark below.

The homotopy then travels backward along the same path, except it turns at a3,

travels along the path drawn in purple (in both of the following figures), then turns

at a2. The result is that, for when a1 was odd, we obtain exactly the same capping

path for a1 in Λ` except we remove the arc connecting a1 and a3 and substitute in
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Figure 6.5: The induced diagram orientations for a1 odd in Figure 6.3. Orientation
on third arc depends on the orientation on the purple portion

the arc connecting a3 and a2 and the arc connecting a2 and a1. Meanwhile, for when

a1 is an even chord, the capping path in Λ´ now contains the paths connecting a3

and a1 along with the path connecting a2 and a1. We take these out and substitute

with the path connecting a3 and a2. See Figure 6.4 to see these homotoped boundary

conditions. The homotoped boundary condition starts with the red path, then purple

path, then green path. The same is the case with Figure 6.5 and 6.6.

The same argument applies for Λ˘ being links. The only difference is that we may

have that a1,` and a1,´ may be in different link components. Nevertheless, we will

still have that the homotoped boundary condition will contain an arc going from a1,`

to a basepoint, and an arc from a1,´ going to a (now potentially different) basepoint,

all in Λ`. Meanwhile, the same adjustments will be made in Λ´. But this union

of arcs still constitutes a capping path in Λ` of our Reeb chord a-all we need to do

is alter neighborhoods of our basepoints by planar isotopy to render closed paths of

tangent vectors, which would correspond to Type T1 homotopies of the boundary of

our disk.

Now consider Figure 6.5. For convenience, we assume again that there is only

one link component and one basepoint, but the argument for links is the same except

with the considerations we mentioned above. We start at the upper strand of a1,
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moving along until we hit the basepoint t, use this to travel down the cobordism,

then continue along the red path until we hit a3. At this point, we turn to the purple

path. Thus far, it is clear how we obtain the diagram orientation also portrayed in

Figure 6.5. This continues to be the case as we switch to the green path, but we

notice that the arrow switches by a π rotation as we go back up the cobordism along

the path represented by the basepoint t. To fix this, we simply rotate back using a

type T2-move. The resultant deformation of the operator Rpe happens entirely within

the family Ype, so this move is fully valid. We thus obtain the diagram orientation

in the bottom of Figure 6.5. This figure does not portray the trivialization in the

symplectization direction, but observe that this is just pointing straight up as a

result of our Type T2 move, and so attaching our capping operator (which is just the

identity in the direction) gives us the canonical orientation in the symplectization

direction.

Now consider the trivializations which consist of vectors along the boundary of our

disk-i.e those shown in Figures 6.5. By choosing the same basic orientation choices

as what [EES05a] use for the shading rule, we may also apply the shading rule. Each

vertex from our two diagram orientations (with both possibilities of orientations on

the third arc) render signs of the disk by the shading rule. Observe that, in each

case, the products of the signs associated to each vertex agrees exactly with the

product of the signs from shading of the three quadrants in Figure 6.2. Recall that

we may also obtain configurations that are not shown in Figure 6.3 by reversing the

orientations on all strands. If we reverse all the configurations, this would turn each

arrow in the corresponding diagram orientation, switching the signs associated to

each even quadrant. But this change would also be reflected in the shading of the

relevant quadrants in Figure 6.2, so we still obtain the result.

Now we may consider Figure 6.6, which reflects the bottom two configurations

in Figure 6.3. In this case, we start from the upper strand of a1, go down the arc
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traced by our basepoint t, then go backwards to meet a3. This results in another

π twist, which we will need to alter by a Type T2 move, which will be done to the

incoming red strand, the outgoing purple strand, and the next green strand. The

result is that we get exactly the shading of the quadrants from 6.2

Figure 6.6: The induced diagram orientations for a1 even in Figure 6.3. Orientation
on third arc depends on the orientation on the purple portion

Remark. Suppose we had chosen another basepoint b which was in the same com-

ponent as a1,`. This could then be connected to our original choice of basepoint t by

an arc as well. Then, we may travel from a1,` to t, then back to b, down the arc,

then reverse this path to get back to t. This would amount to a Type T1 move, which

does not affect our computations.

6.2 Death Isotopy

The death isotopy can be described locally by Figure 6.7, where the cobordism goes

from right to left, while the induced DGA map goes from the Chekanov-Eliashberg

DGA of the left image to the Chekanov-Eliashberg DGA of the right image. In the

following DGA map, the terms corresponding to Φpaiq “ ai are all trivial strips.

The following Theorem is shown in the Introduction as Theorem 2-we distinguish

our numbering here due to the fact that we include an actual specific formula.
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Figure 6.7: The death isotopy goes from right to left, the Birth cobordism from
left to right (as cobordisms-the DGA maps go in the other direction)

Theorem 7. Equip the exact Lagrangian cobordism given by the trace of the Death

isotopy with an elementary system of arcs and basepoints. Consider the basic orien-

tation choices used to determine the shading rule for the differential in LCH. These

same basic orientation choices induce the following map on the Death isotopy move

over Z-coefficients:

Φpxq “ 0

Φpyq “ ´σv

Φpaiq “ ai

where v and σ are defined by B`x “ σy ` v

Proof. By Lemma 4, we have that all trivial strips have an associated positive sign.

We start with the case of a knot with a single basepoint. To see that we get the

shading rule as stated, we start by traversing the path shown. We then go down the

cobordism along the path given by the basepoint t, continue along the bottom end

of the cobordism past x to the terms v which appear in the differential of x. We

turn counterclockwise at each of these. After turning at each of these double points,

consider a point w on the final arc after turning at the last double point in v. There
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t

w

Figure 6.8: Our homotoped boundary condition viewed on the cobordism

is a corresponding point w in Λ`. Take any path to get back to our basepoint, travel

up the basepoint, then reverse the path to get back to our w P Λ`-this whole process

will be homotopic to just staying at w. From there, go straight from w P Λ` to the

bottom strand in Λ`. In this way, we obtain the diagram orientation shown in 6.9.

The shading rule obtained from this is exactly what is claimed. The case for a link

is analogous to our argument for the Triple Point move-we alter by planar isotopy in

neighborhoods of the basepoints so that the tangent vectors are all the same, which

render a Type T1 homotopy of the boundary of our disk.
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Figure 6.9: The induced diagram orientation for the death move
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7

Conclusion

We conclude by summarizing the theorems proven throughout this manuscript. By

using the techniques developed by [FOOO09], [EES05a], and [Kar20], we are able to

compute analytical signs for elementary moves equipped with a decoration of arcs

and basepoints. In particular, if we strictly choose these arcs and basepoints, we

obtain the following theorems.

Theorem 5. Consider the mini-dipped saddle cobordism move performed in Figure

5.2, equipped with an elementary system of arcs and basepoints. Consider the basic

orientation choices used to determine the shading rule for the differential of the

Chekanov-Eliashberg DGA. These same basic orientation choices induce the following

DGA map Φ over Z-coefficients:

Φpaq “ σs

Φpa1q “ a1 ´ σs
´1

Φpa2q “ a2 ´ σs
´1

Φpaiq “ ai

where σ “ ˘1
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Theorem 6. Equip the exact Lagrangian cobordism given by the trace of Triple Point

move B with an elementary system of arcs and basepoints. Consider the basic orien-

tation choices used to determine the shading rule for the differential of the Chekanov-

Eliashberg DGA. These same basic orientations choices induce the following formula

over Z-coefficients

Φpa1q “ a1 ` σa3a2

Φpaiq “ ai for all i ‰ 1

Here, σ “ p´1qn, where n is the number of quadrants marked with quarter circles in

Figure 6.2 that are also shaded according to the shading rule for the differential.

Theorem 7. Equip the exact Lagrangian cobordism given by the trace of the Death

isotopy with an elementary system of arcs and basepoints. Consider the basic orien-

tation choices used to determine the shading rule for the differential in LCH. These

same basic orientation choices induce the following map on the Death isotopy move

over Z-coefficients:

Φpxq “ 0

Φpyq “ ´σv

Φpaiq “ ai

where v and σ are defined by B`x “ σy ` v

By the arguments provided in Section 3.4.2, our systems of arcs and basepoints

determine spin structures on our exact Lagrangian cobordisms. In particular, every

element of the category ArcCob have a priori spin structures attached to them. This

combined with the work of [Kar20], along with Theorems 5-7, prove the following

theorem.
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Theorem 4. Consider the basic orientation choices provided for the shading rule,

given in [EES05a]. We have a well-defined functor CEarc : ArcCob Ñ Dgh which

lifts the functor CE to Z-coefficients. This functor takes decorated cobordisms to

DGA maps, and takes Hamiltonian isotopic cobordisms to chain homotopic DGA

maps. Furthermore, suppose we have an orientable 0-handle free decomposable cobor-

dism, equipped with a system of arcs and basepoints that is subordinate to some

decomposition L “ Ln Y ... Y L1 into elementary pieces. Then, we may explicitly

compute CEpLq “ CEpLnq ˝ ... ˝ CEpL1q.
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