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Abstract

Let F' be a non-degenerate quadratic form on an n-dimensional vector space V' over
the rational numbers, and let J be the symmetric matrix associated to F'. One is
interested in counting the number of zeros of the quadratic form whose coordinates
are restricted in a smoothed box of size B. Heath-Brown gave an asymptotic for
this question of the form: ¢; B"~2 4+ O, (B™~19/2+€) for any € > 0 and dimV > 5,
where ¢; € C and § = 0 or 1, according as n is odd or even. For dimV = 3 and
dimV = 4, Heath-Brown also gave similar asymptotics. More recently, Getz gave
an asymptotic of the form: ¢, B" 2 4+ ¢;B™? + O;.(B™?*7!) when n is even, in
which ¢y € C has a pleasant geometric interpretation. We consider the case where
n is odd with diagonal unimodular J and give an analogous asymptotic of the form:
1 B"2 4 ¢, B2 1 0, (B™/?+<71). We use the circle method and work classically
to exploit Gauss sums and find Dirichlet characters that fit into the odd degree
case. We also provide an explicit description of the Dirichlet series arisen during
the investigation, which is useful in applications. It turns out that the geometric
interpretation of the constant ¢y of the asymptotic in the odd degree and even degree

cases is strikingly different.
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Chapter 1

Introduction and Statement of Results

1.1 Introduction

The circle method, originated by G. H. Hardy and S. Ramanujan in 1918 and
then improved by G. H. Hardy and J. E. Littlewood a few years later, is a powerful

tool in the study of Diophantine equations of the form

flzy,...,2,) =0, (1.1.1)

where f is a polynomial of degree k > 1 with integer coefficients.

One is interested in counting the number of integral zeros x = (xy,...,x,) of
f restricted to a box B = [-B, B]", where B > 1. By a heuristic probabilistic
argument, one expects that the number Ny(B) of solutions to (1.1.1) in x € BN Z"

has size
Ny(B) < B" "

By using the integral expression of the §-symbol,

1 1 ifn=0
On :/ e(na) da = :
0

0 otherwise

where e(z) := e*™* one has

Nf(B):/O < > e(af(:c))) da. (1.1.2)



As mentioned in [HB96a], the behavior of the inner summation is determined by
an appropriate approximation of a/q to c. One hopes that the contribution of small

q is the main term.

By the Dirichlet approximation theorem (see [IK04] Section 20.2), with P, >

2P, > 2, one defines the so-called “major arc”

Qﬁz{a:‘a—g
q

1
< —, withg < P, =1
_qP17 W1 q = 27(a7q> }7

and the “minor arc” m = [0, 1] \ 9. Then, one hopes to estimate N;(B) asymptoti-
cally on 9t while giving an upper bound for the contribution from m . This first type
of application of the circle method utilizes a variety of mean-values techniques, for
instances, Weyl’s bound, Hua'’s inequality, etc., to deal with the minor arcs. Results

in Waring’s problem are generally proved this way.

The second type of application of the circle method to N¢(B) is that one com-
pletely ignores the minor arcs and treats the inner summation in (1.1.2) asymptot-
ically for all a. Here, the saving comes from good estimates of exponential sums,
instead of the mean-value ideas used in the first type of the problem. Kloosterman’s
work on quaternary quadratic forms, and the papers of Heath-Brown, Hooley on

cubic forms are of this type (see [Klo26, HB83, Hoo88]).

In most cases, one only obtains the main term in the asymptotic. This changed
in the recent papers of Vaughn and Wooley, Schindler, and Getz (see [VW18, Sch17,
Get18al). In this thesis, we continue this investigation on quadratic form following
the Heath-Brown’s new version of the circle method [HB96a], which is rooted from a
double-summation representation of the -symbol that we will address in due course.
In [Get18a], Getz established for the first time the existence of a secondary term in
the asymptotic for the (smoothed) number of zeros of quadratic forms in even number
of variables over arbitrary number field. We consider the case of an odd number of

variables over the rational numbers and wish to count the number of its zeros whose

2



heights are at most B, for a real number B > 1. Roughly, we obtain an asymptotic

of the form

can—Q + C2B(n—l)/2 + ije(Bn/}‘re—l)’

where n > 5 is the number of variables of the quadratic form. In the boundary case

n = 3, our asymptotic has the form
¢\Blog B + ¢,B + Oy (BY?*).

These asymptotic formulas imply that Heath-Brown’s estimates (see [HB96a], Theo-

rems 5 and 8) are sharp.

1.2 Statement of results

To state our main theorem, we briefly introduce our counting function, N(B),

which is defined by
N(B) = N(B,w,J) = xezzjnw () ore

where J is the symmetric matrix associated to the quadratic form F'(z), and w(z) is
a smooth compactly supported function in R”. We assume for simplicity that J is
diagonal with entries b; = £1, where? = 1, ..., n, though our methods are completely
general. In the definition of N(B), the d-symbol plays a role in detecting zeros of
F(z), while w(x), which can be thought of as a bump function, ensures the zeros are

restricted in a smoothed box of size B.

We adapt the method of Heath-Brown to initiate and transform the zero-counting

function N(B) into a sum of contour integrals:

> /Re( - D(c,s)B*g(c, s) ds, (1.2.1)

ceL™



where o is chosen appropriately so that the Dirichlet series D(c, s) converges abso-

lutely, and g(c, s) is defined in terms of Fourier and Mellin transforms as in (3.1.6).

It turns out that the analytic continuation of D(c,s) g(c, s) as a function of s
ultimately determines the shape of the asymptotic of N(B). In other words, the
further one can continue D(c, s) g(c, s) analytically, viewed a function of s, the more
accurate the asymptotic of interest is. In fact, Heath-Brown gave a meromorphic
continuation of D(c,s) g(c, s) to the half plane Re(s) > 1 —n/2 — « for some a > 0,
which is good enough to obtain the asymptotics proven in [HB96a]. In order to
acquire the secondary term, in [Get18al], Getz extended the regime of meromorphic
continuation of D(c,s) g(c,s) to Re(s) > —n/2. Getz’s arguments use the fact that
n is even, and it is not obvious how to extend the theorem proven in [Get18a] to the

odd degree case.

Motivated by the work of Heath-Brown and Getz, we consider the odd degree
case of the quadratic forms over the rational numbers. We work classically to exploit
Gauss sums, find the Dirichlet characters that fit into the odd degree case, and also
give an explicit expression of D(c, s), which is continued meromorphically to the

regime of interest.

Here is our main theorem:

Theorem. Let € > 0 and denote by L a perfect square. If n > 5 is odd,

N(B) — Can—Q + CQB(n_l)/2 + OJ757w(Bn/2+€_1), (1‘2‘2)



where

Cl:::RBSS:—1<I)(078)9(078>%

and ¢y = Z Res s=1/2-n/2 (D(c, 5) g(c, 5))+

ceZ™

ctJ le=0

+ Z Res s=1/2-n/2 (D(c, 5) g(c, 5)). (1.2.3)
0# cezn
ctJle#£0

in=D?/2 ct j=1¢ det J =0

Moreover, if n = 3,
N(B) = ¢,Blog B+ ¢yB + O .(BY?*), (1.2.4)

where

¢ =— [ Z(x,1)dx, (1.2.5)
™ Jr

and ¢y = Z Ress——1(D(c,s) g(c,s)) + Z Ress——1 (D(c, s) g(c, 9)).

ceTn 0# ceZ™
ctJ " le=0 ctJle#0
—ctJ ledetJ=0

(1.2.6)

Remark 1. Before we dive into our investigation, we make some comments here.

e The function Z(z,1) in (1.2.5) is defined as (3.4.1) in Section 3.4.

e Our asymptotic formulas (1.2.2) and (1.2.4) are fundamentally consistent with
those of Getz’s paper [Get18a]. However, it is notable that the secondary terms
(1.2.3) and (1.2.6) involve the solutions to a quadratic form in n + 1 variables,
i(m=1%/2 ¢t 7=1¢ det J = O, not just a quadratic form in n variables, ¢!.J ¢ = 0.

This is in marked contrast to the corresponding results in [Get18a].

e In [Get18a], the secondary term is given in a less explicit manner. In this thesis,

we work classically and give an explicit description of the secondary term, at



least outside the infinite place, which sheds light on the questions of whether
the secondary term is identically to zero and whether it is positive or negative
in the odd degree case of quadratic forms. This information will be useful in

applying the theorem.

e The D(c,s) g(c,s), viewed as a function of s, admits the analytic continuation
to Re(s) > —n/2 with possible simple poles only at s = 0, —1, and 1/2 — n/2.
For application, it may be necessary to know the existence conditions of these

poles. We present these results in Lemma 3.5.4 and Section 3.6.

We postpone the proof of our main theorem until Section 3.5. We address back-
ground information in Chapter 2 before starting our approach to the main theorem
in Chapter 3. Specifically, we study exponential double summations, namely S(q, ¢)
as defined in (3.1.3), which are the coefficients of the Dirichlet series D(c, s), and sub-
sequently analyze D(c,s) in Sections 3.2 and 3.3. These two sections are the most
technical parts of this thesis. Using Getz’s results, we briefly treat g(c, s) in Section
3.4. We end this thesis with some further discussions in Chapter 4. We entirely work

and use classically analytic language throughout the thesis.



Chapter 2

Background Information

We devote this chapter to build up some relevant backgrounds that are useful
to our investigation. We follow closely some selected materials presented in [Apo76],

[Coh07a], [Coh07b], [IK04], [MV07], and [SS03].

2.1 Arithmetic functions

Definition: A complex-valued function f defined on the natural numbers N is

called an arithmetic function, i.e., f : N — C.

Arithmetic functions play an important role in number theory. Of particular im-
portance are (completely) multiplicative and periodic functions, which possess many
nice identities. Any arithmetic function f(n) can be expressed in terms of its sum-
function g(n) = >_,,, f(n) via Mobius inversion. Among common arithmetic func-
tions, we study the Mébius function and the Euler totient function, denoted by p(n)
and p(n) respectively. Along the way, we aim to get an evaluation of the so-called

Ramanujan sum.

2.1.1 The Mobius and Euler totient functions

Definition: The Mobius function u(n), introduced by A.F. Mobius in 1832, is

defined as follows:

a) u(1) =1,



b) If n > 1, write n = p{*...py*. Then

(=D)* ifay=ay=...=a, =1
p(n) =
0 otherwise

The Mobius function arises in many different places in this chapter. One of
its fundamental properties is a remarkably simple formula for the sum ) dn wu(d)

extended over the positive divisors d of n. That is, if n > 1,

1 ifn=1
S u(d) = b(n) = , (21.1)
dln 0 ifn>1
which can be verified by using prime factorization of n.

Definition: The Euler totient function ¢(n) counts the number of positive integers

not exceeding n which are relatively prime to n. In other words,

p)= 1,

k}(mod n)

where the * applied to the summation indicates (k,n) = 1.

As in the case of the p(n), if n > 1, we have (see [Coh07b], Proposition 10.1.11)

> (d) =n = N(n), (2.1.2)

d|n

where N(n) is an arithmetic function mapping a natural number n to itself.

2.1.2 The Mobius inversion formula

Definition: If f and g are two arithmetic functions, their Dirichlet product or

convolution, denoted by f * g, is defined to be the arithmetic function h, where

hn) = £+ g(n) = > fld)g (%)

dln



By definition, it is clear that Dirichlet convolution is commutative and associative.

That is, for any arithmetic functions f, g, k,

fxg=gxf,
(fxg)*xk=[x(g*k)

Moreover, if f is an arithmetic function with f(1) # 0, there is a unique arithmetic

function, denoted by f~!, such that

frfHn) = f"x f(n) =d(n). (2.1.3)
The function f~! can be given inductively and it is called the Dirichlet inverse of f

(see [Apo76] Theorem 2.8).

Having studied Dirichlet multiplication, Dirichlet inverse and their properties, we
can see that the set of all arithmetic functions equipped with the usual addition
and the Dirichlet multiplication forms a commutative ring, whose the multiplicative

identity element is the d-symbol, §(n).

Using commutativity and associativity, given f(1) # 0 and g(1) # 0, we also get
(fxg) ' =f"xg"

Now, the identities (2.1.1) and (2.1.3) imply that x=! = v and u™' = u, where

u(n) =1 for all n. Using (2.1.1) again, we can deduce:

Moébius inversion formula: The following are equivalent:
=> g(d)
dn

= f(d) u(n/d) = [ p(n)

dn

Applying the M6bius inversion to (2.1.2), we obtain

= N(d)p(n/d) = dp(n/d). (2.1.4)

din din



2.1.3 Multiplicative and periodic properties

Definition: An arithmetic function f is called multiplicative if f is not identically

zero and

f(lmn) = f(m) f(n) whenever (m,n) = 1.

It is called completely multiplicative if f(mn) = f(m)f(n) holds for all m,n.

Examples: The functions d(n), u(n), and N(n) defined above are completely
multiplicative, while the functions p(n) and ¢(n) are multiplicative by noting u(4) =
0, m(2) =1, p(4) =2, and ¢(2) = 1.

Multiplicative and completely multiplicative arithmetic functions are pleasant to
deal with. In fact, if f is multiplicative, then f(1) = 1 and evaluating f(n) can be
simplified to finding f(p®) by means of f(n) = HpO‘Hn f(p®). Using this observation,

we have

> uld) f(d) =TT = f). (2.1.5)
dln

pln

Moreover, the Dirichlet inverse f~! of a completely multiplicative function f is
especially easy to determine. In fact, by using the identity (2.1.1) of u(n), we can
show that f~!(n) = u(n)f(n) in this case.

Example: The inverse of the Euler ¢ function is ¢~ 1(n) = > dn @p(d). Indeed,
(2.1.4) means ¢ = N * p, then o=t = N~ % =1, While =% = u as seen previously,
we have N~! = N since N is completely multiplicative. Then, ¢~ = uN *u, which
is

o~ (n) = uN xu(n) = > u(n/d) p(d) N(d) = > du(d) = [[(1 - p),
dn dln pln
where the last equality comes from (2.1.5) applied to f = N.

10



Definition: Let k£ be a positive integer. An arithmetic function f is said to be
periodic with period k if f(n + k) = f(n) for all positive integers n.

Examples: The Dirichlet characters mod k, the greatest common divisor (n, k)

2mimn/k

regarded as a function of n, or the exponential e , where m, k are fixed integers,

are periodic with period k.

Every periodic arithmetic function has a finite Fourier expansion (see [Apo76]
Theorem 8.4). More precisely, let f be an arithmetic function with period k. Then

there is a uniquely determined arithmetic function g, also period k, such that

k—1
f(n) = Z g(m) e2mimn/k, (2.1.6)
m=0
where ¢ is given by
=
glm) = 1 37 fln) e2mmm (217
n=0

Since f and g have period k, the above summations can be extended over any complete
residue system modulo k. The first sum is called the finite Fourier expansion of f

and the numbers g(n) are called the Fourier coefficient of f.

In light of (2.1.6) and (2.1.7), we consider si(n) = >_,, ) f(d)g(k/d), which is
a periodic function of n with period k. Together with the fact d|(n, k) if and only if

d|n and d|k, we get

sk(n) = Z ag(m) e¥mimn/k, (2.1.8)

m(mod k)
where
m(m) = 3 old) Fk/a) 5. (2.1.9)
d|(m,k)

Furthermore, if f is completely multiplicative, g = p h, where h is multiplicative,
f(p) # 0, and f(p) # h(p) for all primes p, then we obtain

o (n) = T B g(k/(n. k)
: F(k/(n.k))

(2.1.10)

11



in which F' = f x g (see [Apo76] Theorem 8.8).

2.1.4 Evaluation of Ramanujan sum

Definition: For integers k& and n, the Ramanujan sum is defined by

ck(n): Z* 627rimn/l€7

m(mod k‘)

where the * applied to the summation indicates (k,m) = 1.

By using the results from previous sections, we will evaluate this sum (see also
[IK04] Chapter 3). Indeed, we take f = N and g = p in the definition of si(n) and
apply (2.1.6) and (2.1.7) to get

Z du(k/d) = Z ax(m) e2mimn/k, (2.1.11)

d| n, k (mod k)
where
d
ar(m) = D, pld) N(k/d) 2= > p(d).
d|(m,k) d|(m,k)
Also, we recall (2.1.1) to have
Y uld) =6((m, k).
d|(m,k)
Thus, (2.1.11) becomes
Z d,l,b(l{?/d) _ Z* €2m'mn/k’
d|(n,k) m(mod k)

in which the right-hand side is the so-called Ramanujan sum.

Moreover, since f = N, which is completely multiplicative, and g = u, which
implies h = u that is (completely) multiplicative, we can use (2.1.10) to proceed and

obtain

27rzmn/k ( ) u(k:/(n, k))
%M Z Tk /D) = = e Ry

12



in which the identity (2.1.4) gives us

F(k) = Nxp(k)=> N(d)u(k/d) =Y du(k/d) = o(k).

d|k dlk
Hence, we arrive at
Jmimnfk _ P _ 2.1.12
2 (/0. ) -

m(mod k‘)

In particular, for prime power p*, we use the fact p(p*) = p*~1(p — 1) to conclude

0 if pt=L g n
k
. p(0") 12 m)
Z eszmn/pk — pk( ,P*) — _pk—l if pk—l H n (2113)
m(mod pk) SO((,nﬂpk))

PP —1) ifpfin
where a|b (resp. a{b) means a divides (resp. does not divide) b, and p*~!||n means
pn and p* f n.

We will employ this evaluation (2.1.13) when we investigate exponential sums in

Section 3.2.

2.2 Characters

2.2.1 Definition and basic properties

Definition: Let G be a finite abelian group. A character xy of G is a group

homomorphism from G to the multiplicative group C* of nonzero complex numbers.

In the multiplicative operation in G, x : G — C* has the properties x(zy) =
x(x)x(y) for all z,y € G, x(1) =1, and x(z)™ = 1, where m = |G| is the order of G.

h

The last property implies that x(x) is an m' root of unity, i.e., any character takes

values in the unit circle of complex plane.

13



The characters of G form a group G with multiplication given by

(x1x2)(x) = x1(z) x2(x) for all z € G.

The group G is called the dual group of GG, and its identity element is the trivial
character yo, which sends all elements of G to 1. Since |x(z)| = 1, the inverse of a
character x is its complex conjugate Y, which satisfies X(z) = x(x™!). It turns out

that the dual group G is isomorphic to G (see [IK04] Section 3.1).

If G is cyclic of order m and g is a generator of G, then every character of G is of

type xao(x) = e2™/™ where x = gV for some fixed residue class a modulo m. These

are distinct characters, therefore G is also cyclic of order m.

One of the most important properties of characters is the following orthogonality

relations (see [IK04] Section 3.1 and also [Apo76] Section 6.7):

|G| if x = xo
> x(@) = ‘ :
2€G 0 if x # Xo

G| ifz=1
>_x(x) = ,
YeC 0 ifz#1
which allows us to detect the group identity element.

We will frequently make use of these two properties throughout the thesis.

2.2.2 The characters of Z/mZ and (Z/mZ)*

Since ((Z/mZ),+) is cyclic, the characters of the additive group Z/mZ of residue

classes modulo m can be described explicitly. Specifically, they are given by

an

ealn) = ().

m

14



where e(r) = €™ and a is any fixed number from 1 to m — 1.

The Euler’s formula, e = cos(z) + isin(x), extends this additive character to
a function on Z, periodic with period m. The orthogonality property of characters

becomes

e _— =
a(mod m) m 0 otherwise
We call ¢,(n) = e (22) primitive if (a,m) = 1. Taking a sum over all the additive
primitive characters, we obtain the Ramanujan sum, which is explicitly computed in

(2.1.12):

cm(n) = Z* e (@) _ w(m) u(m/(n, m))

N m p(m/(n, m))

a(mod m)

Now, we consider the multiplicative group of units of Z/mZ, denoted by (Z/mZ)*,
and its character ¢ : (Z/mZ)* — C*. We recall that (Z/mZ)* = {ay,az, ..., Gum) }
where residue classes @;’s, @; = {a : @ = a;(mod m)}, are incongruent modulo m and
(a;,m) = 1. The multiplicative operation is defined by @b = ab with the identity 1.
The inverse of @, namely @', is b, where ab = 1(mod m). We also note that the dual

group of (Z/mZ)* has exactly ¢(m) characters.

Since (Z/mZ)* = (Z/miZ)* x (Z/msZ)*, where m = mymy and (mq,ms) = 1,
every multiplicative character ¢» mod m is a product 1115 of multiplicative characters

11 mod m; and ¥y mod ms. Moreover, for prime power m = p® , we observe
Zp*Z = (Z/p*Z)* Up(Z/p* ' Z) U...Up (Z/p*Z)* U...Up* HZ/pZ)* U0,

which is useful in transferring a non-Ramanujan-type sum to the sum of Ramanujan-

type sums, which will be revisited in Proposition 3.2.2.
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2.2.3 Dirichlet characters

Definition: A Dirichlet character modulo m is a map x from Z to C such that
there exists a character ¢ € (Z/mZ)* satisfying x(n) = ¥ (n) if (n,m) = 1, while

x(n) = 0 otherwise, where 7 denotes the residue class of n modulo m.

The Dirichlet character x is completely multiplicative by observing ning = 0y ng,
and y is periodic with period m since x(m + n) = x(n) for all n. Furthermore,
|(Z/mZ)*| = p(m) tells us that the values of y are either equal to 0 or ¢(m)™ roots

of unity in Z, and there are ¢(m) distinct Dirichlet characters modulo m.

The converse is also true (see [Apo76] Theorem 6.15). That is, if x is completely
multiplicative, periodic with period m, and x(n) = 0 if (n,m) > 1, then x is one the

©(m) Dirichlet characters modulo m.

By abuse of language, we will say that y has order n if the corresponding character

Y has order n. Thus the order of a Dirichlet character modulo m divides p(m).

Definition: Let x be a Dirichlet character modulo m.

1. For d|m, x is said to be defined modulo d if there exists a Dirichlet character

Xq¢ modulo d such that x(n) = xq4(n) whenever (n,m) = 1.

2. The conductor of a Dirichlet character is the smallest divisor [ of m such that
x can be defined modulo [. The character x is primitive if the conductor of y

is equal to m.

3. The trivial Dirichlet character yq is the character defined by xo(n) = 1 when
(n,m) =1 and xo(n) = 0 when (n,m) > 1. It is the unique character modulo

m of conductor 1.

4. The Dirichlet character y is said to be even or odd according as x(—1) =1 or
x(—1) = —1, respectively.
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It is clear that x is primitive if and only if x can not be defined modulo m/p for
every prime p|m. Moreover, for m = my;msy and (my,my) = 1, there exist unique
characters x; modulo m; such that x = x1x2 (see [Coh07a] Proposition 2.1.34). The
order of y is equal to the least common multiple of the orders of x; and y», and Y is

primitive if and only if both x; and y» are primitive (see [MV07] Lemma 9.3).

Moreover, the orthogonality properties applied to Dirichlet characters y modulo
m yield
p(m) if x = xo
> x(a) = :
a(mod m) O OtherWlse
and
e(m) if a = 1(mod m)
> xla) =
X mod m 0 otherwise

Since Y(b) = x(b™'), the second orthogonality property implies

Z (@) %(b) = w(m) if a = b(mod m)

X mod m 0 otherwise

2.2.4 Legendre - Jacobi - Kronecker symbols

The Dirichlet characters of order two are just the real characters, i.e., real-valued
characters. In a number of ways, they play a special role, particularly they are

fundamental in the theory of quadratic forms.
Legendre symbol: Let p be an odd prime. There exists exactly one real primitive

character of conductor p, namely the Legendre symbol x,(a) =: (%), where

0 ifpla
a
<—) = 1 if 22 = a(mod p) has a non-zero solution -

—1 if 22 = a(mod p) has no solutions

17



Equivalently, the Legendere symbol x,(a) can be defined by saying that 1+ x,(a)
is the number of solutions x modulo p to x* = a(mod p). There are exactly (p—1)/2
values of a modulo p, called quadratic residues, such that (%) =1,and (p—1)/2
values of @ modulo p, called quadratic non-residues, such that (#) = —1 (see [Coh07a]
Proposition 2.2.1).

We list here some basic properties of the Legendre symbol (see [Coh07a] Section

2.2.1):

1. The Legendre symbol is a real primitive Dirichlet character modulo p. It is

completely multiplicative viewed as a function of a for fixed p:

() =G)G)

2. The Legendre symbol satisfies

<g> = a»V/2(mod p).

p
3. For fixed a, the Legendre symbol depends only on the residue class of p. For

example,

p

p

(_1) 1 if p=1(mod 4) (2) 1 ifp=1or 7(mod 8)
1 ifp=3(mod4) 1 ifp=3or 5(mod 8)

4. Quadratic Reciprocity: For p and ¢ are distinct odd primes,

() -

Jacobi symbol: It is convenient to extend the Legendre symbol (%) to a symbol
(%), where b is an arbitrary positive odd integer. This generalization, called the
Jacobi symbol, is defined by multiplicativity. In other words, if b = p{* ... p*, where

the p; are odd primes, we set

G,=G) G

18



where the subscript J is used to emphasize the Jacobi symbol and can be omitted if

it is clear from the context.

As usual with empty products, we set (%) = 1. By definition, the Jacobi symbol
is still completely multiplicative in a. Unlike the Legendre symbol, (%) = 1 does not
guarantee that a is a quadratic residue modulo 6. Nevertheless, the Jacobi symbol

admits the following properties (see [Coh07a] Proposition 2.2.4):

1. For fixed b and variable a, the Jacobi symbol (%) is a Dirichlet character modulo

|b|, where [b] > 2.

2. If m and n are coprime positive odd integers, the same quadratic reciprocity

formula holds:

(3) ) - e

3. If n is an odd positive integer, the same complementary laws hold:

Y

(_1> 1 if n=1(mod 4)
—1 if n =3(mod 4)

(2) 1 ifn=1or 7(mod 8)
—1 if n =3 or 5(mod 8)

4. The Jacobi symbol (%) is completely multiplicative in b for fixed a.

Kronecker symbol: We can further extend the Jacobi symbol by multiplicativity
to have a symbol (%)  defined for all integers a and n; this is called the Kronecker

symbol. More precisely,

<2) , where a,n € 7Z, is defined by:
n/ K
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a) (E> = 0 whenever an = 0 or (Jal, |n|) > 1.
K

n
a a a\ v2(n) a\ ™
b) (—) = (—) (—) H (—) , where p%™ || n,
n/ K 1) \2/k s \P/ L
a a 2 1 ifa=1,7 (mod 8)
— ] :=sgn(a), and (—) =(2) =
-1/ g 2/ K @) K -1 if a=3,5 (mod 8)

We note that the completely multiplicative property of the Jacobi symbol is still
preserved by the Kronecker symbol, and (%)K = (%)J and (%)K = (%)L if n is
positive odd integer or positive odd prime, accordingly. Moreover, the Kronecker
symbol admits the law of quadratic reciprocity for two nonzero integers m and n (see

[Coh07a] Proposition 2.2.6):

(ﬁ) — (= 1)(Om =D =1)+(sign(m)=1)(sign(m)~1))/4 (@)
m n/’

where m = 2%m; and n = 28n; with m; and ny odd.

More importantly, the Kronecker symbol is used to characterize real primitive
characters. We recall that a fundamental discriminant, say D, is 1 or the discriminant
of a quadratic field. Moreover, any quadratic extension K /Q can be written uniquely
in the form K = Q(v/d) with |d| squarefree. Then, the fundamental discriminant D
is

d if d =1(mod 4)

4d if d =2 or 3(mod 4)
Then, the theorem 2.2.15 in [Coh07a] states that: If D is a fundamental discrimi-
nant, the Kronecker symbol (2) defines a real primitive character modulo m = |D|.
Conversely, if x is a real primitive character modulo m, then D = x(—1)m is a
fundamental discriminant and x(n) = (£) =: xp(n).

We remark that if y is a non-primitive real character modulo m, there still exists

D such that x(n) = (£), but we can not in general choose D equal to x(—1)m.

20



However, the theorem does not address x, when a is not a fundamental discrim-
inant. In fact, such x, might be primitive Dirichlet characters, e.g. Y2, imprimitive
characters, e.g. x4, or even not a character at all, e.g. x3. In fact, the theorem 3.2
in [AG18] shows that x, = (%) is not periodic for a = 3 (mod 4), so it can not be a
character. By analyzing the proofs of theorem 3.1 and proposition 3.5 in [AG18], we

conclude that

a) If a # 3 (mod 4), then x, is a Dirichlet character modulo 4]a.

b) Otherwise, x, is not a character. However, it is worthwhile to observe that

0. =), ),

where (=) is a Dirichlet character modulo |a].

2.3 Gauss sums

Other types of arithmetic functions are given by exponential sums over (Z/mZ) or
(Z/mZ)*. They include Ramanujan sums, which were evaluated in Section 2.1.4, and
Gauss sums. In particular, we will study Gauss sums related to Dirichlet characters,

and also quadratic Gauss sums, both in one and higher dimensions.

2.3.1 Gauss character sum

Definition: Let x be a Dirichlet character modulo k. For integers m, the Gauss

character sum associated to x, denoted by 7(m, x), is defined by

N
—

m(m, ) = Y x(m)e (51

Il
=)

n

where e(z) := >,



It is easy to notice that the summation over n does not depend on the representa-
tives chosen for n modulo £ as both y and the exponentials are periodic with period

k, which were discussed in Sections 2.2.2 and 2.2.3.

If x = xo0, we have xo(n) = 11if (n, k) = 1. In this case, the Gauss character sum

reduces to the Ramanujan sum

Tr(Mm, Xo0) = Z* e <%> = ci(m).

n(mod k)

If m and k are relatively prime, the Gauss character sum 75 (m, x) can be simplified

to k(1, x). Specifically, if (m, k) = 1, then

(M, X) = x(m) 7%(1, x). (2.3.1)

We adapt the trick used in Theorem 1.1.3 of [BEW9S] to present a proof of (2.3.1)

as follows:

Since y(n) = X(m)x(m)x(n) = X(m)x(mn), we have

r(mox) = 3 xtn)e () = Xtm) - xtmmye (%)
) > x(ne (%) = X(m) (L, x),

where the penultimate equality comes from the fact that mn, where (m, k) = 1, run

through a complete residue system mod k as n does.

Moreover, if 7;,(m, x) satisfies (2.3.1) for every m, then
|7(L,x)| = k2. (2.3.2)

Once again, it is useful to see an application of the orthogonal property of additive
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characters e () here (see also [BEW98] Theorem 1.1.4):

|7(L, x)1* = 7(L, )7 (1, x) = 7i(1,X) ) X(n)e <_%>

H
T
_
|

“Xe () e (7)1 ()
:k—l kle( ) zx(l)k’zk-

For (m, k) > 1, the Gauss character sum 7(m, x) also admits (2.3.1) and (2.3.2)
if x is primitive (see [MVO07] Theorem 9.7). This implies that Gauss sums associated

to primitive characters are easier to handle than that of imprimitive ones.

We assume that x is non-trivial Dirichlet character modulo & with conductor [,

i.e., x is a primitive Dirichlet character modulo /. As mentioned in Section 1.6 of

[BEWOS8|, we observe that

— mbY LS ma
b - _
A “( : ) 2 e((k/l))’
b=0 a=0
where the inner sum vanishes unless k|(Im) due to orthogonality property.

Therefore, we have

k/D)(lm/k, if kl[(Im
oy = J T K 043
0 otherwise

where

n(lm/k,x) = i <lm/k) )

=0

The identity (2.3.3) means that we can restrict our study to the Gauss char-
acter sum 7g(m, x), where x is primitive character modulo k, for arbitrary m, not

necessarily coprime to k.
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2.3.2 Quadratic Gauss sum

Definition: Let m and k be integers with £ > 0. The quadratic Gauss sum g(m, k)

over the ring of integers modulo £ is defined by

st =Y e (40,

n=1

where e(r) := >,

When (m, k) = 1, the determination of g(m,k) is presented in Section 1.5 of

[BEWOSg| as follows:

(%)\/E if k=1 (mod4)

(an2> ) 0 if k=2(mod4) .

(™) ik if ¢=3(mod4)

(£) (1+i)VE if k=0(mod4)

g(m, k) = Ze

n=1

\

In particular, for prime power k = p”, where p is odd, we use the real-valued

property of (%) and the fact p = +1 (mod 4) to deduce

g — Zh:@ (an) _ Vit 2|k
| 7T () Ve e

n=1

Likewise, with k = 2", i.e., for prime 2, we obtain

0 if h=1
2k 9
gm2y =3"e (mn ) - 1+ /ph  if 20k

9h
(Z) (L+am)\/ph it 24h,h>1

n=1

Moreover, for odd prime p { m, the Gauss character sum associated to the Legen-

dre symbol, x(n) = (%) , is equal to the quadratic Gauss sum g(1,p) (see [BEW9S|
L
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Theorem 1.5.1). That is, one has

=3 (), (5) -

n=0 n

;:e (mp”2> = ¢(1,p). (2.3.5)

Alternatively, the identity (2.3.5) follows from the observation mentioned in Sec-

tion 2.2.4, the number of solutions modulo p to 2* = n (mod p) is equal to 1 + (%),

together with the orthogonality property. Specifically, we have
1 fmn? 1 /mn n
> () -2 () 0-6),)
n=0 p =0 p PJrL
L /mn L /n mn
el— )+ —) el —
()2 6) 05

We also note that if p|m, then 7,(m, x) = 0 while g(m,p) = p.

=3

(]

n=0
p—1

).

n=0

Nevertheless, one often encounters the quadratic Gauss sums g(m, p"*) with (m, p") >
1, i.e., p|m, which make (2.3.4) and (2.3.5) invalid. In this case, the periodic property
of the exponentials in the sum can be taken into account to reduce to the coprime

case. Indeed, we set m = ap®, where p{a. Then, we have:

a) If B> h, the exponentials are identical to 1, which implies g(m, p") = p".

b) Otherwise,

n=0 n=ph—~ n=(pf—-1)ph—~8
h—ﬁfl
,Bp an’ 3 h—p
=p e\ 5= ) =r 9(ap"™")
n=0 p



2.3.3 n-dimensional Gauss sum

Definition: Let A be a symmetric n X n matrix with entries in Z and let v € Z".

For k£ > 1, the normalized n-dimensional Gauss sum associated with A and v is

defined by

Gk(A’ U) = p_nk/2 Z e(ﬂ'ixtAJ?/pk)e(Qﬂ’i’U-x/pk)'
z€(Z/p*L)™

We also write Gi(A) := Gi(A,0).
In [DF97], Dabrowski and Fisher state properties of Gi(A,v) in Lemma 2.3.1,

which we verify here for reference.

Lemma 2.3.1. The n-dimensional Gauss sum Gi(A,v) satisfies

Gr(A,v) = GR(P'AP, P'v), where P € GL,(Z),

A
and Gi(A) = Gp(A1) Gr(Ag) if A= is block-diagonal.
Ay

Proof. Since P is invertible, we have (Z/p"Z)" = P(Z/p"Z)". Indeed, it follows from

the inclusions
(Z/p"Z)" > P(Z/p"Z)" > P P(Z/p"Z)" = I.(Z/p"Z)" = (Z/p"Z)".
Moreover, by observing P'v - x = v' Pz = v - (Px), we get

Gk.(PtAP, Pt,U) _ pfnk/Z Z e(msztAP;c/pk)e(szfv-x/pk)
z€(Z/PFZ)"

—nk/2 Z o (Ti(Px) A(Pz) [p*) ,(2miv-(Px) /p*)
z€(Z/PF L)

—nk/2 Z o (Ti(P2)' A(Px) [p) o (2miv-(Px) /p*)

(Pz)€(Z/p*Z)"

= Gk(A, U).

=P

=P
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Secondly, by writing X{" = [21... 2, and X 1 = [Ty41 ... 2] and assuming Aq m

and Ay (n—m)x (n—m), We can perform blockwise matrix multiplication to obtain

T
Ay
o' Ar =[xy ... 2

As

Tn
_ [le X,?HJ Ay (X)*
A | | (X0
(X7
(X i)

- X{nAl (X{n)t + X;Lz+1A2(ng+1)ta

— |Xr A X7, A

which implies

Gk(A) _ pfnk/Q Z ewimtAm/pk

z€(Z/p*Z)"

_ pfmk/pr(nfm)k/Q 2 : eTIXT AL /pF omiX L As (X ) /PR

z€(Z/p*Z)"

_ <p—mk/2 Z eﬂithN?/pk) (p—(n—m)k/Q Z eﬂiﬁAgx/p’“)

z€(Z/pkZ)™ z€(Z/pkZ)n—m

= Gi(A1)Gr(A2).

]

By observing v-z = V" - X{"+ V., - X ., the second property in Lemma 2.3.1

m

also holds for G(A,v), i.e., Gk(A,v) = Gr(A1,v1) Gr(Ag, v2).
Dabrowski and Fisher gave a proof of Proposition 2.3.2, and we give an alternative

proof for the convenience of the reader.

Proposition 2.3.2. Let A be a symmetric n X n matriz with entries in Z and let
v e Z". For odd prime p,
Gr(A,v) # 0 if and only if v = Au for some u € Z".
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Moreover, if v = Au, then Gp(A,v) = "™ AP G (A).
Proof. By replacing x by = + y, where y € (Z/p*Z)", and noting that
(z+y)'Alz +y) = 2" Az + 24y - = + y' Ay,

we get Gr(A,v) = e A/ @rivy/v) G (A v + Ay). If v = Au, we choose y = —u

and obtain

Gk<A, U) _ e(ﬂiutAu/pk)e(fQﬁiutAu/pk) Gk(A>

— e(—ﬂiutAu/pk) Gk(A) ?é 0.

On the other hand, as p is odd, there exists P € GL,(Z) such that P*AP is diagonal
(see [DF97] Remark 1.14) with entries uip™, usp®, ..., u,p*, where p 1 u; for all
t =1,...,n. By Lemma 2.3.1 and the fact that v € Z", it suffices to consider the

one-dimensional Gauss sum Gy (u;p*,v;) and to show that for each i,
Gr(u;p*, v;) = 0 whenever p* { v,

where v;’s are coordinates of v.

Indeed, the sum is invariant by changing x; to z; + yp*~%, for some non-zero
y € Z/p*Z. That is,
Gk (Uipai, vi) — pfnk/2 Z e(ﬂix%uipai /pk)e(ﬂ'iy2uipk"li)e(?ﬂ'ivixi/pk)e(?ﬂ'ivip’“iy)
2, €EL/pFZ

020 ok—a; inrar i @4 .
= 67”?/ uptT % 6271—“]17%]7 Yiy Gk} (uipaly vi)a
which implies G (u;p*,v;) = 0 whenever p* { v;. ]

Consequently, we have seen that the n-dimensional Gauss sum can be reduced
to the quadratic Gauss sum, which was studied in the previous section, for odd p or

diagonal matrix A.
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2.4 Dirichlet series and Euler product

2.4.1 Dirichlet series

To an arithmetic function f, we attach two natural infinite series, the power series

P(z) and the Dirichlet series D(s) defined by

P(:)= Y fm)=",
D=3 1"

where z, s are complex variables.

We usually deal with additive problems by using power series and with multiplica-
tive ones by Dirichlet series. Indeed, the product of A(z)B(z), where A(z) = > ap2"

and B(z) =Y b,2™, yields a power series C'(z) = > ¢,2" with

Cp = Z ag by,. (2.4.1)

k+m=n
The index of ¢, is the sum of the indices of a; and b,, because of z¥2z™ = z¥*™ On

the other hand, the product of Dirichlet series a(s) = > axk™ and S(s) = > byym™*

s

is a Dirichlet series y(s) = >_ ¢,n~*, whose coefficients are

=Y arbp. (2.4.2)

km=n

This is similar to (2.4.1), but the resulting index is the product of the indices of a

and b,,, which is due to k™*m™° = (km)~*.

Among the Dirichlet series, we will study the so-called Riemann zeta function and

Dirichlet L-functions, respectively defined by

o0

1
C(S> = %7
n=1
— x(n)
L(SaX) - g ns )



where y is a Dirichlet character.

As an example of (2.4.2), if we choose a(s) = 5(s) = ((s), then we have

o= Y 1= 1=:d(n),

km=n kln

where d(n) is called the divisor function. Thus, the product a(s)g(s) yields

S0 s,

n
which is defined for Re(s) > 1 in Section 2.5.2.

Having defined Dirichlet series, we now recall some of its analytic properties. We
write Re(s) = o and note that if ¢ > a, we have |n®| = n” > n® and then

Fm)| _ Lf(m)

ns n

Y

which extends the regime of absolute convergence of Dirichlet series > f(n)n™* from

a point s = a + it to the half-plane Re(s) > a.

This observation implies the half-plane of absolute convergence of Dirichlet series
(see [Coh07b] Proposition 10.1.15): Suppose > |f(n)n~*| does not converge for all s
or diverge for all s. Then there exists a real number o,, called the abscissa of absolute
convergence, such that the series Y f(n)n~=* converges absolutely if o > o,, but does

not converge absolutely if o < ag,,.

Examples:

1. The Riemann zeta function ((s) = > o~ -& converges absolutely for o > 1.

When s =1, it diverges, so o, = 1.

2. If f is bounded, i.e., [f(n)] < M for all n > 1, then Y f(n)n™° converges
absolutely for 0 > 1, so 0, < 1. In particular, the Dirichlet L-function L(s, x) =
> x(n)n=* converges absolutely for o > 1.
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Suppose we are given two functions F'(s) and G(s) represented by Dirichlet series,

F(s) = i J(n) for o > a,

and

G(s) = Z g?(;:) for o > b.
n=1

Then, in the half-plane where both series converge absolutely, we have

F(s)G(s) = 3 M)

n=1

ns ’

where h = f % g, the Dirichlet convolution of f and g, is given by
am) =" fld)g(5)-
d
dln
We note here that the absolute convergence guarantees that this rearrangement of

sums is justified.

Example: Assume F(s) = > f(n)n™® converges absolutely for ¢ > o, and f
is completely multiplicative, i.e., f~'(n) = pu(n)f(n) . Since |f~(n) < |f(n)|, the
series G(s) = Y. f~!(n)n~* also converges absolutely for o > o,. Then, the product
F(s)G(s) has coefficients

_ -1 ™ = n
h(n) = %f @7 (%) %u(d)f(d)f (2)

= f(n) Y p(d) = f(n)d(n) = f(1) =1,
dn

which yields

oo

nz:l M(nq)l{(n) = Fzs) if 0 > 0,. (2.4.3)

In particular, with f(n) = u(n) =1 for all n, we get

p(n) 1
e —@1f0’>1,

n=1
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and for every Dirichlet character x, we have

i p(n)x(n) _

ifo>1.
L(s, x)

n=1

Moreover, by revoking the Mobius inversion formula in Section 2.1.2, that is,

fn) =2 g(d)

dn
if and only if  g(n) = f(d) u(n/d) = f * u(n),
dn
we obtain
i g(n) _ i f(n) i p(n)
&
= 0 ; e (2.4.4)

Thus, (2.4.3) and (2.4.4) are examples of interrelation between arithmetic func-

tions and their corresponding Dirichlet series.

While a power series represents an analytic function inside its disk of convergence,
a Dirichlet series represents an analytic function inside its half-plane of convergence.
This analytic property follows from the uniform convergence of the Dirichlet series
on every compact subset lying in the half-plane of convergence o > o, (see [Apo76]

Theorem 11.11).

Furthermore, some functions which are defined by Dirichlet series can be continued
analytically beyond the line 0 = .. We recall the principle of analytic continuation:
If F'(s) and G(s) are analytic in regions Qr and Q¢, respectively, where Qp C Qg, and
F(s) = G(s) on some non-empty open subset of Q0 or even for s in some sequence
of distinct points with a limit in Qp, then F(s) = G(s) for all s € Qp. In this case,

we say G is the analytic continuation of F' to Q.
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For example, the Riemann zeta function ((s) can be continued analytically beyond
the line ¢ = 1 to a function which is analytic for all s except for a simple pole at
s = 1. Similarly, if x is a nontrivial Dirichlet character, the Dirichlet L-function
L(s,x) can be continued analytically beyond the line ¢ = 1 to an entire function.

We will study these examples in detail in Section 2.5.

2.4.2 Euler product

The Euler product, discovered by Euler in 1737, is sometimes called the analytic

version of the fundamental theorem of arithmetic.

Suppose we are given an absolutely convergent series Y | f(n), where f is mul-
tiplicative. Then the series can be expressed as an absolutely convergent infinite

product (see [MV07] Theorem 1.9), namely the Euler product,

o0

S fm) =T+ f) + @™ + ..},

n=1
extended over all primes. If f is completely multiplicative, evaluating the geometric

series simplifies the summation on the right-hand side and yields
NS | ety
= L1-f(p)

We consider the Dirichlet series Y f(n)n™® and assume it converges absolutely

for 0 > 0,. If f is multiplicative, and so is f(n)n~*. Then, we have

if(?):H{1+%+f(p2)+...}if0>am

n p28

and if f is completely multiplicative, it is simplified to

— f(n) _ 1 .
nz:l e _l;ll—f(p)ps if 0 > o,,
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Examples: With ((s), we have f(n) = 1 for all n, i.e., f(n) is completely multi-

plicative. Thus, the Euler product of ((s) is of the form

o0

o= =11

p

= it o > 1,

which implies

(s=1) ypl-p—°

0s) gl—pl—slf0>2’

X)) 1 .
L(s,x)—n:1 > _gl—x(p)p if o > 1,

Lo = 30 [T =TT T - = <o [T -

plk plk plk

where g is the trivial Dirichlet character modulo k.

2.5 Analytic continuation, zeros, and poles

2.5.1 The Gamma function

For real number s > 0, the gamma function I'(s) has the integral representation

F(s):/ et dt.
0
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It is well-defined by observing that

1 1
/ et ar < / t*1dt < oo and
0 0

ts_l e’} 0 0
lim = ( yields / e ttThdt < / e tet? dt = / e 2 dt < .
1 1 1

oo et/2

We list some basic properties of the gamma function I'(s) here (see [Apo76] Section

12.2), particularly to derive the analytic continuation of I'(s) to C.

1. The integral representation of I'(s) is holomorphic for Re(s) > 0.

2. For Re(s) > 0,
I(s+1)=sT(s).

In particular, I'(n + 1) = n! for n € Zs.

3. For all s € C,
T

P(1—s)D(s) =

sin(7s)’

4. (Legendre’s duplication formula) For s ¢ {—n/2 : n € N},

1
F(s) T (3 + 5) — 21—25 71_1/2 F(QS)

It is known that the gamma function I'(s) can be continued over the whole
complex plane to a non-vanishing meromorphic function with only simple poles at

s =0,—1,—2,.... The residues of I'(s) at these poles are given by

—1)»
ResT'(s) = (=1) ,where n =10,1,2,...

s=—n n!

Indeed, we consider

I'(s+m)
(s+m—1)(s+m—2)...(s+1)s

Fo.(s) = , where m € N.

Using the properties (1) and (2) above, F,,(s) is meromorphic on Re(s) > —m with
simple poles at s = 0,—1,...,—(m — 1), and F,(s) = I'(s) on Re(s) > 0. Then
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the principle of analytic continuation yields the analytic continuation of I'(s) to C as

desired, and

_ I'(—n+m)
Res Enls) = o T i =2 (=)
(m—n—1)! (_1)71'

S (m—1-n)!(=1)(=2)...(—n)  n!

Moreover, the property (3) gives us

1 . sin(7s)
I'(s) L —s) T

Since the zeros of sin(7s), which are all integers, contains the poles of I'(1 —s), which
are only positive integers, the reciprocal of I'(s) is holomorphic everywhere. This

confirms the non-vanishing property of I'(s) over the whole complex plane.

2.5.2 The Riemann zeta function

Let s = o +it, where o,t € R. As seen in Section 2.4.2, for o > 1, the Riemann

zeta function ((s) is a Dirichlet series given by

SOEDIE

ns’
n=1

By using Weierstrass M-test and observing
>
n=1 n®

we conclude that the Riemann zeta function ((s) is holomorphic for ¢ > 1.

00 1 0o 1
:ZESZn1+5<OO,Where 1+d<oandd >0,
n=1 n=1

The ((s) can be expressed as an integral for ¢ > 1 (see [SS03] Theorem 2.2).

Specifically,
1

72T (s/2) ¢(s) = 5 /000 w* 7 (O(u) — 1) du, (2.5.1)
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where the theta function 6(t), with ¢ > 0, is defined by the infinite sum

o(t) = Z e~

ne’

As in the case of I'(s), the Riemann zeta function {(s) admits the analytic con-
tinuation to s € C except a simple pole at s = 1 with residue 1. Indeed, this follows

by recalling the integral expression of ((s) for o > 1 in (2.5.1),

1

TG = g [ o) = 1) du

1 o0
setting I(s) = 5/ w*/*71(A(u) — 1) du, and using the following properties of I(s)
0
(see [SS03] Theorem 2.3):

i) I(s) is holomorphic for o > 1.

ii) I(s) has the meromorphic continuation to the whole complex plane being only

simple poles at 0 and 1 with residues —1 and 1 respectively.

iii) I(s) =1(1—s) for all s € C.

As studied in the previous section, the nowhere-vanishing I'(s/2) has only simple
poles at s = 0,—2,—4,.... Then, we can extend ((s) beyond the line ¢ = 1 by the

virtue of the identity

7TS/2

(s/2)

Besides the analytic continuation property, the ((s) also admits its Euler product,

((s) = g L (5). (2.5.2)

as seen in Section 2.4.2; and functional equation.

For all s € C, the ((s) satisfies

¢(s) = 7°712° sin (%S)m —§)¢(1 - s), (2.5.3)
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which can be deduced from the functional equation of I(s), i.e., I(s) = I(1 — s),
and properties of I'(s). Specifically, we apply properties (3) and (4) of the gamma

function I'(s) with % and 3, respectively, to get

I(s/2)T <8 ; 1) — 91 2121 (5) and T (1 ) 3) r (3 ‘g 1) - CO;(T%),

which yields

—

(s/2
(L=

2
Furthermore, I(s) = I(1 — s) is equivalent to

~—

=7 122175 cos (7;8> I'(s).

—

72T (s/2) ¢(s) = n~ =92 (1 ; S) C(1—s).

Putting all together, we obtain the functional equation of ((s) as

_ s—% F(%) _ _ _so0s—1 1 _
= ) U =T e
= rilos! s:; iﬂf; (1 —s)¢(1—s)=n""2%sin (?)F(l —5)((1—s).

2

Consequently, the Riemann zeta function ((s) has

a) no zeros in o > 1.
b) simple zeros at s = —2, —4, —6, .. ., called trivial zeros of ((s), in o < 0.

c¢) infinitely many non-trivial zeros in 0 < ¢ < 1, namely the critical strip.

Proof. In the regime of the validity of the Euler product of ((s), we use limit com-

parison test to get

g

=l

ps—1

=1
%Z—a
n=2

Then the non-vanishing property ((s) in o > 1 follows from the fact that if >~ | |a,| <

oo, then []>2,(1 + a,) converges and converges to zero if and only if one factor is
zero (see [SS03] Proposition 3.1).
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With o < 0, we study zeros of ((s) via its functional equation (2.5.3), that is,

((s) = 7 12%sin (%)F(l —5)C(1 = s).

It is obvious that (1 —s) is non-zero in o < 0, and I'(1 — s) is also nowhere-vanishing
with only simple poles at s = 1,2,3,.... Thus, the zeros of ((s) with ¢ < 0 are the

zeros of sin (7) in this case, which are s = —2,—4, —6, .. ..

Lastly, we recall the analytic continuation of {(s) beyond the line ¢ = 1 (2.5.3)

and the identity I'(s + 1) = sI'(s) to define a function £(s) as

£(s) = %s(s ~ )1 (5) ¢ (2.5.4)

The function &(s) is entire by using property ii) of I(s). Moreover, it can be showed
that |£(s)| < c1esI"™ Ve > 0, for some positive constants ¢y, ¢z, but no better. Then
the Weierstrass product, see Chapter 5 in [SS03], yields that £(s) has infinitely many
zeros in the complex plane, which is equivalent to say that the ((s) has infinitely

many zeros in the critical strip. O

We also note that ((s) is non-zero at the line 0 = 1 (see [SS03] Theorem 1.2).
Then the functional equation (2.5.3) implies that it does not vanish at the line 0 = 0

either.

2.5.3 The Dirichlet L-function

The Dirichlet L-fucntions L(s, x) is defined for o > 1 by the series

L(s,x) =Y _ xﬁ:)’

where y is a Dirichlet character modulo &.
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The treatment of both ((s) and L(s, x) can be unified by introducing the Hurwitz

zeta function ((s,a), where 0 < a < 1, defined for ¢ > 1 by the series

1
((s,a) = ;m

1 <& >0 ¢
~ 2 ;qﬂ/k =7 DA Gl ) (25.5)

This representation of L(s,y) as a linear combination of Hurwitz zeta functions

shows that the properties of Dirichlet L-functions follow from the corresponding ones
of ((s,a).

Similarly to ((s), the Hurwitz zeta function ((s,a) is analytic in the half-plane

o > 1. For o > 1, it has an integral representation seen through
((s,a) =T(1 —s)I(s,a), (2.5.6)

where I(s,a) is an entire function of s, see Theorem 12.3 in [Apo76], defined by

1 s—1_,az
I(s,a):—,/z ¢ dz for 0 < a <1,
21 Jo 1 —e€?

where the contour C'is a loop around the negative real axis.

By analytic continuation, the identity (2.5.6) provides the analytic continuation
of {(s,a) in the entire s-plane. Specifically, ((s,a) is analytic for all s except for a
simple pole at s = 1 with residue 1 (see also [Coh07b] Proposition 9.6.6). Using the

relation (2.5.5) and orthogonality property, we obtain the analytic continuation of

L(s, x):

1. If x = xo, the Dirichlet L-function L(s, xo) is analytic everywhere except for a

simple pole at s = 1 with residue ¢(k)/k.
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2. If x # xo, L(s,x) is an entire function of s.

The Dirichlet L-function admits its functional equation. In particular, if x is any
primitive character mod k, then for all s, the Theorem 10.2.6 in [Coh07b] yields

_ ETI(s)

L(1—s,x) = )" {e™/2 Ly (=1)e™ 2} 7(1, x) L(s, %), (2.5.7)

where 7(1, x) is the Gauss sum associated to x, which was discussed in Section 2.3.1.

Moreover, the functional equation of L(s, ), where x is not necessarily primitive,
can be deduced from the functional equation of L(s, 1), where ¢ is the primitive

Dirichlet character induced by Y.

Indeed, let x be any Dirichlet character mod k with conductor [. Using Euler
product and the identity x(n) = ¥ (n)xo(n), where v is the corresponding primitive

character mod [, we have

O I
_ lpg (1 w}gf))_l _ 1;[ (1 ~ wg))_l g <1 - w;f))
= I( ,wH(l_@igf))

Consequently, the zeros of the Dirichlet L-function are obtained as follows (see

[Coh07b] Corollaries 10.2.15, 10.3.2 and Theorem 10.5.29):

a) For any character y, L(s, x) has no zeros in o > 1.

b) For y is primitive and o < 0: L(s, x) = 0 at negative even integers if y is even,

and at negative odd integers if x is odd.
c¢) L(0,x) vanishes if y is an even character.

d) For any nontrivial Dirichlet character x, we have L(y,1) # 0.

41



¢) The nontrivial zeros of L(s,y) is in the strip 0 < ¢ < 1, which includes a

possible exceptional zero.

2.6 Poisson summation formula

2.6.1 The Schwartz space

Definition: The Schwartz space on R, denoted by S := S(R), consists of the
set of all indefinitely differentiable functions f so that f and all its derivatives

o7 fW, . are rapidly decreasing, in the sense that

sup,eg |2|" | fV(z)| < oo for every k,1> 0.

It is easy to verify that S is a vector space over C.

Examples: The Gaussian function defined by f(z) = e~*" is smooth. By the chain

2

and product rules of differentiation, the derivatives of f(x) are of the form P(x)e™",
where P(zx) is a polynomial, which implies f(z) € S. In fact, e**" belongs to S
whenever a > 0. Another Schwartz functions are the smooth compactly supported
functions. On the contrary, although e ¥l decreases rapidly at infinity, it is not

differentiable at 0 and therefore does not belong to S.

2.6.2 Fourier transform and inversion

Definition: The Fourier transform of a function f € S(R) is defined by
for= [ fapercan
Example: If f(z) = e ™ | then f(£) = f(£) = e ¢*".
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Some basic properties of the Fourier transform are summarized as follows (see

[SS03] Chapter 3, Theorem 1.4 and Chapter 5, Section 1.4):

1. If f € S(R), then f € S(R).

2. Riemann-Lebesgue Lemma:
7(6) = / F(@)e ™ dr =5 0 as |¢] = oo,

3. If feS(R), heR,§ >0, then

—2mizf(x) = ['(€)

Another important identity, called the multiplication formula: if f,g € S(R),
then

| t@iwdr= [ fwew .
which can be used to obtain the Fourier inversion (see [SS03] Chapter 5, Section 1.5).
That is, if f € S(R), then

~

ﬂ@=/wﬂ@dﬁwf

—00

Therefore, the Fourier transform is a bijective mapping on the Schwartz space.
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2.6.3 The Poisson summation formula

Given a function f € S(R), we can construct a new function
oo
Fi(x) = Z f(z+mn).
n=-—oo
Since f is rapidly decreasing, the series converges absolutely and uniformly on every
compact subset of R, so F7 is continuous. Since the summation extends over integers,

F7 is periodic with period 1. The function Fj is called the periodization of f.

Alternatively, we can start with the Fourier inversion,

fo = | " F(E) e(at) de

and consider its discrete analogue

Fy(x) = Z f(n)e(xn)

n=—oo

Once again, the fact f € § implies continuity of F3, and the Euler’s formula yields

periodicity of period 1 of F5.

It turns out that these two approaches, which produce F; and F5, actually lead to
the same function, which can be seen in the proof of Proposition 2.2.16 in [Coh07a]
(see also [SS03] Chapter 5, Theorem 3.1). The resulting equality is called the Poisson
summation formula:

Y. flatn)= Y fn)elan).
In particular, setting x = 0 we have

Yoty =Y [

n—=——oo n—=——oo
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2.6.4 Mellin transform and inversion

Definition: Given a real-valued function f(x) satisfying f(z) = O(z~%) asx — 0F
and f(x) = O(x™°) as * — oo, where a < b are real numbers. Then, the Mellin

transform of f(x), defined by

M[f(z),s] = f*(s) = /000 f(z)2* tda,

exists in the strip (a,b) :={s =0+ it € C: o < 0 < 8}, called fundamental strip.

Example: The function f(x) = e satisfies f(z) — 1 as z — 07 and f(x) =

O(27%) as * — oo for any b > 0. Then,

which is defined in Section 2.5 for Re(s) > 0.

We list some properties of the Mellin transform here for reference. In fact, they

can be used to derive (3.1.7) instead of using Mellin inversion.

Given p, pg, v, p € Ry, and a finite A C N, the Mellin transform satisfies:
L MIf (), ] = 1= £*(s)

2 M Mef(ue).s] = (30 i) £(5)

keA keA

3. Mla"f(x),s] = f*(s +v)

4MW@%%=%F%)

k
5. M[z* % (z),8] = (=1)" (s)r f*(s) , where (s)p =s(s+1)...(s+k—1).

In particular, Mz dif(x), s| = —s f*(s).
T
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The Mellin transform not only converges absolutely in the strip (a,b), but also

defines a holomorphic function in that strip (see [Coh07b] Proposition 9.7.7).

Moreover, the Mellin transform can be defined in terms of the Fourier transform.

Indeed, by change of variable x — e and substituting s = a + 273, we get

ML (@).a-+ 2mif] = [ f(e e I (o) da
_ /oo f(e_x)e_x(a—i—%riﬁ) dr
/OO f(e—:c)e—za 6—z27ri,3 dx

—

= Fle)e ™ (p). (2.5.8)

In the same manner, we apply Fourier inversion to have

flenye = [ Fene (@ eas.

Using (2.5.8) with s = o + 27if3, it becomes

flem) = /_Oo M[f(z), a + 2mif] e *+270) 45 = % /_OO fr(s)e ™ ds,

which yields the Mellin inversion

by changing e™* — .
More precisely, let f(z) be absolutely integrable with fundamental strip («, ). If
f(z) is continuous at z, then for any ¢ € (a, ), one gets the Mellin inversion:

c+i00
f(z) = L/ fr(s)x™*ds.

210 Jo—ino
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Chapter 3

The Main Theorem

3.1 Preliminary steps

We start our investigation by adapting a double-summation expression of the
d-symbol, which was essentially due to Duke, Friedlander, and Iwaniec (see [DFI93],
Section 2), and then later refined by Heath-Brown (see [HB96a|, Theorem 1). In
contrast to Heath-Brown, we keep the d-symbol in terms of non-Ramanujan sums.
To ease notation, we denote e(z) by €™, and ¢, ;s = (¢/p’)'J (c/p’), where t
means transpose. We use the subscript L to denote both the Legendre symbol and
its extension, the Jacobi symbol, while the subscript K stands for the Kronecker

symbol. Also, the notation 1g is 1 if the statement S is true and 0 otherwise.

Proposition 3.1.1. Assume ®(z,y) € S(R?), where ®(z,0) = 0 for all z and

fR ®(0,y)dy = 1. For any integer n and any real number @ > 1,

DI N

mod q

where cqg = 1+O0x(Q™N) for any positive integer N, and h(z,y) = ®(z,y) — (y, z).

Proof. Since % runs over all divisors of n as ¢ does and the fact that every integer

divides 0, we have

> (2a) (@) ~Ze(g) v

qln qEZ
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Since ® is Schwartz, Poisson summation yields

24 (03) - [+ o0

q€Z q€Z

By integrating by parts and changing variables, the inner integral is equal to () when
q =0 and Ox(Q(Q|q])™") for all ¢ # 0. Then, we may define cg by writing

>o(0d) -

q€Z

which implies cg = 1 4+ Ox(Q™Y) as desired. Thus, we have

o gle(ipd) o (5]

Moreover, we can use orthogonality property to detect divisors of n and then rewrite

the §,, as

n=we 2 (7)) [2(58) -2 (G70)]

a(mod q)
—0 ' 3 () g)
where h(x,y) = ®(z,y) — @(y,x). O

Our smoothed counting function is defined by

NB) = 3w (%) drw,

TEL™

where F'(x) is a non-degenerate quadratic form in an odd number n of variables over

the rational numbers, and w(z) is a smooth compactly supported function in R™.

We apply Proposition 3.1.1 and write x = ¢ + qy to get

B)—cq@ ZI > Y e(g)e (52558

a(mod q IEZ"

. Z s oy e(@)Z@(xogq%h(F(az;gqy)%).

mod q) .TOG Z/qZ)n yeL™
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Q ’Q

of y. Then, we apply the n-dimensional Poisson summation to f(zo + qy) and use

We set f(zo + qy) = w (25 h (F(quy) i), which is Schwartz as a function

property 3 of Fourier transform in 2.6.2 to obtain

Z f(xo+qy) = Z fol©)

yeL™ ceZ™

where

Thus, we obtain

R ORI

ceZ™ q=1

where

S (aF(:co)vLc-xU)‘ (313

a(mod q) xo€(Z/qZ)"

Here, we interchange summations in (3.1.2) by an application of absolute conver-
gence. Indeed, the absolute convergence of (3.1.2) is justified by using trivial bound

of S(q, c) and integrating by parts .

We end this section by representing N(B) as a sum of contour integrals:

Proposition 3.1.2.

B 1
N(B) = . Z/R (¢,8)B%g(c, s)ds, (3.1.4)

271
ceZmn

where

= S(q,c
D(c,s)=)Y_ qs(-&-n-&-z’ (3.1.5)
q=1
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with S(q,c) is defined in (3.1.3), and o is chosen large enough so that the Dirichlet

series D(c, s) converges absolutely.

Proof. By using trivial bound ¢"*! of S(q, c), the Dirichlet series D(c, s) converges

absolutely as long as oy > 1. Together with Mellin inversion, we then have

2Lm' Re( (c;s / / (yg) g) (—%) d:vys%ds (3.1.7)
:Z:: jrl 2mi /Re(s / /n ( yg) cyg) (_%) dﬂfys%qs ds
S L (58) ()

which is the inner sum of N(B) in (3.1.2). We note that interchanging integration

and summation in (3.1.7) is permissible as a consequence of Propositions 3.4.1 and

3.4.2.

We also make our choice of Q) = B. By changing variables (z,y) — (Bx, By) and
utilizing homogeneous property of quadratic forms, we can extract B out of the two

inner integrals in (3.1.7) and obtain
(z) y c-x sdy
/ /n ( B'B)\ "y ry y
Lo (B ()t
0 Jrn 'B y v
[ [ wton (252 ) (-0 Bras by
= x —_—
n yB yB
= B*t" / / w(z)h ( ) e (—2) dx y° @
n ) Y

Using this double-integral identity, (3.1.7), and (3.1.2), we obtain the representa-

tion of N(B) as required in (3.1.4). Hence, we have proved the proposition. ]
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3.2 Exponential sums

In order to analyze the Dirichlet series D(c,s) of (3.1.5), we devote this section

on studying its coefficients S(q, ¢), which are exponential double sums given by

Y Y . (amo);c-xo)

mod q) .TOG Z/qZ)n

By the mean of Chinese remainder theorem, S(g, ¢) is multiplicative as a function

of ¢ (see also [HB96a], page 45). We record the proof in the following lemma:

Lemma 3.2.1. S(q,c) is multiplicative as a function of q. That is, one has

S(uv,c) = S(u,c) S(v,c) whenever (u,v) = 1.

Proof. Assume ¢ = uv, where (u,v) = 1, which implies vz = 1 (mod v) and vv =
1 (mod u). By setting a = ua,+va, and zy = vuz, +vvz,, where a; and coordinates
of n-dimensional vector z; run modulo j for j = {u, v}, we get

S(uv, 0 Z Z Le<aF(x0ch~xo)

a(mod uv) xo€(Z/(uv)Z)"

— Z S 3 S e (avF(xv)UJr c Hxv) . (auF(xu)u+ c- mu)

Gy (mod u) ay(mod v) ,€(Z/(W)Z)" zvE(Z/(v)Z)™

_ ¥ Z e(auF(xu—l—c vxu> > Z e(avF(xv)U—l—c-ﬂxv)

au(mod u) Ty € Z/ av(mod 'U) Ty € Z/

= S(u,ve)S (v, uc).

Moreover, using the fact that z and y, where x = ay and (a,b) = 1, run over the
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same complete residue system modulo b, we have

S(u,se) = Y Z e<auF(ﬂ:u)u+c-mu>

Ay (mod u) T, €(Z/(u

_ Z Z e<auU2F($Z)+C'xu)

au(mod u) {EuE(Z/(

Z Z . (auF(quJr c-xu)

ay (mod u) z,€(Z/(u

= S(u,c),

and S(v,uc) = S(v, ¢) similarly.

Thus, we obtain S(uv,c) = S(u,c)S(v,c) whenever (u,v) = 1 as desired. O

Since S(q, ¢) is multiplicative as a function of ¢, it can be rewritten as

o) = HS(pk,c): H Z Z e(aF(xo):—c.x())

p
P*llq P* || q a(mod p*) mo€(Z/p*Z)"™

=11 > »"Gu2at0), (3.1.8)

P* | ¢ a(mod p*)

where Gi(A,v) = p~™ 2 3 o /przn e(miz' Az/p") o (2miv-a/p¥) ig the n-dimensional Gauss

sum we studied in Section 2.3.3.

In view of Proposition 2.3.2, the multiplicative property of S(g, ¢) regarded as a
function of ¢ in Lemma 3.2, and the sake of simplicity, we now assume the symmetric
matrix J associated to the quadratic form F'(z) is diagonal with entries b; = +1,
where i = 1,...,n. This implies that Proposition 2.3.2 applied to G(2aJ, ¢) in (3.1.8)
is valid for all primes and J=! = J. As mentioned in Section 3.1, the expansion of
the d-symbol (3.1.1) we use is not in the form of Ramanujan sum with respect to
a. To facilitate our upcoming computation and to take quadratic Gauss sums into

account, we turn S(p¥, ¢) into a sum of Ramanujan-type sums in Proposition 3.2.2:
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Proposition 3.2.2.

aF(xo)—i-I%wO
Y Y X ( | )

J=0 a(mod pF=7) z0€(Z/P*Z)"

where the * applied the summation indicates (a,p*=7) = 1.

Proof. Assume f is defined on Z/p*Z. As seen previously in Section 2.2.2; we have
Zp*7 = (Z/p*Z)* Up(Z/p* ' Z) U ... Up (Z/p*Z)* U...Up* Z/pZ)* U0,

which yields
Soof@=Y > )
a(mod p%) J=0 a(mod pa—J)

Then, we can rewrite S(p*,c) as

DIV NNIES ]

Jj= Oa(modpk J) .Z‘()E Z/ka

By replacing zy by x + p*~Jy, for some fixed non-zero y € (Z/p’Z)", the inner most

sum vanishes unless p’|c. Indeed,

z0€(Z/p*L)"

C o E ) ()

zo+pF—Iye(Z/p*Z

—e(SN) xR
v " P

z0€(Z/pkZ

Here, in the last equality, we use the fact that each component of zy and zo + p* 7y

runs over a complete residue system modulo p*. O

We are now in a position to prove two main theorems, Theorems 3.2.3 and 3.2.4,

of this section, accounting for the odd prime and even prime cases respectively.
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3.2.1 The odd prime case

Theorem 3.2.3. If ¢ # 0 and p is an odd prime, one has

[(k=1)/2] B
Z p p ]lpk—(2l+1)|c 1p2(k—l)—2‘ctj—1c+
L

[k/2]
_ pnkfl Z p(27n)l ]lpk—21|c ILpQ(kfl)—l HCtJ—16+

Lk/2]
+pnk—1(p —1) Z p(2—n)l T pe—2c ]lp2(k—l)‘ctJflc +pnk 1o,
=1

where i = prE—n/2H1/2 j(n=1)(p=1)2/1 (M) ‘
L

p

Proof. Using Lemma 2.3.1, Propositions 2.3.2 and 3.2.2, and periodicity of e(-/pF=7),

aF(zo) + 5 - 2o
‘ pk=d Lyite
kz)”

aF(xg) + 5 -z -
) p

a(mod p*=7) wo€(Z/pF—IZ)"

we get

S(p c)

»»M»
= o
@M
8
o
m
Slvg

wb

M

T
=]

M

Z p" IR Gy _i(2ad, ¢/p) Ly + P Ly,

a(mod pk—J)

— DD (Lf”) Ly Giey(207) + " Ly,

k—j
]:0 (l(mod pk J) p

yr <.
Il
,_. ()

where ¢, ;5 := (¢/p’)' T (c/p’), and Gk_;(2aJ) in turn can be simplified by using
Lemma 2.3.1 together with the determination of quadratic Gauss sum discussed in

Section 2.3.2. Specifically,

(k=32 ab, z*
Gi—j(2aJ) HGk i(2ab,) H Z e pr

r=1 :E(modpk_j)
_ H LY LI WP P U R
k —j pkfj ’
L L

o4




where (=) actually means the Jacobi symbol. Thus,

pk=i
— - det J
S(pk, C) — an(k-i-j)/Q Z-n(p’“ﬂ_l)2/4 ( - ) X, ]]-pj|c + pnk ]lpk|cv (319)
j=0 p L
in which

. * a acphj”]
= 3 (p’“‘j)L e( pki )

a(mod pk_j)

If 24 (k—j), we use (2.3.1), (2.3.3), (2.3.4), and (2.3.5) to obtain

hej—1 a a(p ey /P*7)
Xl =p J Z (—)L e ( ]]-pk7j|(pcp,j,(])

a(mod p) p p
g (Pia /PPN o)z
=p Jj—1/ ( » LZ(p )?/ ]lpk*j|(pcp,jyj)7

Since p*~7 = p (mod 4) with 2 (k — j) and the Legendre symbol is of order 2, the

summation in S(p*, c) (3.1.9) under the assumption 2 1 (k — j) is equal to

k-1

P det J eti)/2 i Cp /P
;=D 1)2/4 ( )Zp (k+])/2pk Jj—1/2 (M) ]lzjfk_j ]lpj|c ]]_pk7j|(pcpj‘,)
r )= p L -
[(k—1)/2] t -1, /,2(k—1)—2
cJ e
=y Z p2—m ( /]]; ) Lo Lpp-n-2)ct y-1c
L

1=0
where p = prk—n/2+1/2 j(n=1(p-1)*/4 (%) . We obtain the first term in Theorem
L
3.2.3.

Now, we consider (k — j) > 0 even. In this case, p*7 = 1(mod 4) and then the
summation in S(p*,c) (3.1.9) becomes
k-1 e
n . * — "’J
Zp (k+3)/2 ]lpj|c]12|k,j Z e (k—p]]> R
Jj=0 a(mod pk—7) p

where the real-valued Ramanujan sum has values as in (2.1.13),

0 if pkijiljf Cp,j,J
* —Qa cC o L . .
> e( pkfjj ): =T AP e
PPN p—1) i e
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Thus, we obtain the following two middle terms of S(p*, ¢) in Theorem 3.2.3:

k—1
Do EIE L gy (=077 iy, #0570 = 1) Tpiigey ]
=0
Lk/2]
_ _pnk—l Z p(Q—")l ]lpk—Zl‘c ]lp2<kfl)*1 ||ch*1c+
=1

Lk/2]
ol (p — 1) Z P D e Lot g1,
=1

Hence, the theorem follows. O]

In particular, by considering some specific values of ¢, we apply Theorem 3.2.3 to

deduce the following corollaries.

Corollary 3.2.3.1. If c =0 and p is an odd prime, one has

1k/2)
SEr ) =p" T (p—1) > p . O

1=1
Corollary 3.2.4.2. Ifc # 0, cJ e =0, and p is an odd prime, one has

Lk/2]

S ) =p" =1 Y P e + 9" L
=1

In particular, if p 1 ¢, one has
S(*,c) = (p — 1)pk/2Tht Lo, k>1 + Tr=o. [

Corollary 3.2.3.3. Ifc # 0, !J'c # 0, ptc, pt T e, and p is an odd prime,

one has

t 7—1
S(pF, ¢) = Tjg + plmHD/2 j(n=D(p-1*/1 (M) 1, O
p

These Corollaries are the cases that contribute to the asymptotic.
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3.2.2 The prime 2 case

We assumed p is odd in Theorem 3.2.3. We also need a companion statement
when p = 2 in Theorem 3.2.4. In fact, for p = 2, the quadratic Gauss sum yields
an extra term of (1 +i#), for some variable # (see [BEW9S8], Theorem 1.5.4), which
generally makes computation related to this case more irritating and complicated.

To claim Theorem 3.2.4, we first prove the following Lemmas 3.2.4.1 and 3.2.4.2.

Lemma 3.2.4.1.

n
* —QCj ab k—j—1
2 < = )H“”T: ks 27777
r=1

a(mod 2k7J)

where
( .
0 ’Lf 2k7]72 'i' C2,5,.0
o X4( CQ,j,J/2k_j_2) 2n/2 sin ((2m4—n)7r) Zf 2k—j—2 H Cojg
njk,g = . . (3.1.10)
—21/2 cog <—(2m4_n)7r> if 265071 g
\ 21/2 cos (—(sznh) if 28] ¢y .5

and x4 s the real Dirichlet character modulo 4 defined by

1 ifa=1(mod4)
xala) =q =1 ifa = 3 (mod 4).
0 if2a

Proof. By setting m = #{b. : b, = 1,r = 1,...,n}, which yields 1 < m < n —1,
and switching sides of the quadratic form as necessary, we assume m > n —m, i.e.,

2m > n. Then,

H(l + iabr) _ 2n—m(1 + Z'a>2m—n.

r=1

Since 1* depends only on a modulo 4, we get

* —QaCj4g - ar n—m m—n m—n
> (ij)li[luzb = 2" Iy (1+4)* " 4+ 1 (1 — i)™,

(l(mod 2k—j )
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where we write

L § :* a2, L § :* —aC,
I+ = (& <2k——]> and I_ := e <—2k—] ) .
a(mod Qkij) a(mod Qkfj)
a= l(mod 4) G,E3(mod 4)

While the sum of I, and I_ comes down to the Ramanujan sum, their difference

turns to be a Gauss character sum. Specifically,

1 ifa = 1(mod 4)
* —a o,
L-L= Y xiae (ﬁ) ,where xa(a) ={ —1 ifa = 3(mod 4).

a(mod 2k7j)

0 if2]a

We note that x4 is primitive. Using (2.3.3) and (2.3.1), this Gauss character sum can

be explicitly evaluated, and so
I+ e 2k_j_1 X4( CQ’j’J/Qk_j_Z) (-Z)
Moreover, the real-valued Ramanujan sum yields

0 if 2k—i—1 )[ C2,5.J

* —Qa Cy g,J * a Cco g,J . .
2J ) — 1J — _ k*]*l . k*]*l .
Z € ( 9k—j ) Z € ( ok—j 2 if 2 | cojr -

mo k—j mo k—j
e ) 2hTh it 2K ey

Thus,
SHRIRCDEPWRCEC =D
a(mod 25—7) almod 2877)
( 0 if 28972 % ¢y 5 5
) F2 (e /200 G282 | ey
N —9k—j—2 if 2k—i—1 || c2j. |
oh—j-2 if 2877] ¢y 55

o8



which implies

S

a(mod 2k—Jj )

2n—m

n
[[0+)

r=1

_CLCQJJ
S 2k

0

—2k=i29 Re((1 4 i)*"")

9k=i=29 Re((1 + i)2"")

0

— 2RIy (€9, /257972) 272 sin (M)

_ok—j—19n/2 (og ((2m;n)ﬂ)

if 2k7j72 'f C2,5,J

2T o (e0,0/269 )02 Tn((1+0)277) i 24972 | ey

if 2k_j_1 || C2.5.J
if 2k7j| C2,5.J

if 2k—i-2 J( C2,4,7

if 2k—i—2 || C2.j,J

if 2k_j_1 || C2.5,7

ok—j—19n/2 g (w) it 97| ¢y 1

O
Lemma 3.2.4.2.
2 ac -
* 4 —ac2;,J abr k—j—3/2
Z _ (CL>L < 9k—j >H ) = enjns 277 Lok—ss ey 55
(l(mod Qk_J) r=1

where

02]

. ) 2m — n)m Co i 2m —n)mw
e = 2" [X&Q (2k—7j1]3> o <( 1 | > e <2k2—j—J3> o (( 4 | ) ]

(3.1.11)

and Xs.2,Xs,3 are the real Dirichlet characters modulo 8 satisfying

a(mod 8)| 1| 35| 7

X8,2(a) = X873(a) =0 fO?” ((Z, 8) # L, and X&Q(Cl) 111 \|-1]|-1}

ngg(d) 1 -1 -1 1

Proof. Similar to Lemma 3.2.4.1, we get

* 2 —a 62] J - aby
> (2) () Ma+i)
a(mod 2’“7]) r=1

=" L (L +d) T+ L (L= = I (1 — i)™ " = I (L +4)*™ "],

29



in which

L= Y (%) with i = 1,3,5, and 7.

a(mod Qkfj)
a= i(mod 8)

We observe that
( * —aCy
11—17—]3+I5 = Z Xg,l(a)€(k—2;“]

* —Q Cy
11—17—|—[3—I5 B Z X872(a)6(k—2;‘j“]) Bl A2

2
a(mod 2k_])
Lh-L—I = Y xssla)e( —=220) = A ’
1 7 3 5 8,3 oh D Ag
a(mod?k*j)
LL+L+I = Y e =220) 4
1 7+ 13 5 o DAy

\ a(mod Qkfj)

where xs 1, Xs2, Xs.3 are the real Dirichlet characters modulo 8 satisfying

a(mod 8) |1 |3 |5 |7

X871<a) 1 -1 1 -1

xs.1(a) = xs2(a) = xs3(a) =0 for (a,8) # 1 and )
X&g((l) 1 1 -1 -1

X&g(&) 1 -1 -1 1

Moreover, A4 is the Ramanujan sum, and applying (2.3.1) and (2.3.3), we have

Ar =27 xg1(eaya /2877 Z Xs1(a)e <§> =0
a(mod 8)
Ay =273 xg0( .0 /28777) Z xs2(a)e (g) = 257 g o (005,028 7%) (=),
a(mod 8)
and
A, = 2k 3X8,3(C2,j,J/2k j 3) Z Ysa(a)e (§> — 9k—j=3/2 X8,3(02,j,J/2k J 3).
a(mod 8)
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Thus,

I = (1/4)(A; + Ay + A3 + Ay)

"
0 if 2k_j_3 'f C2.45.J

(1/4)(A2 + Ag) lf 2k_j_3 H 0273'7(]
(1/4)144 if 2k7j71 || C2.4.0
(1/4)A4 if 2k_j| C2,5,0

13 = (1/4)(-141 + AQ - A3 + A4)
0 if 2k—3-3 ’f Coj.J

(1/4)(Ag — Az) if 28973 2,7
(1/4)A4 lf 2k_j_1 || CQJ'J
(1/4)A4 if 2k7j| C2,5,.0

Y

Is = (1/4)(A; — Ay — A3 + Ay)

;

0 if Qk’j’3f Cj.J

B (1/4)(— Ay — A3) if ok—j—3 | 2.0

E (DA 2 | ey
(1/4)A4 if Qk’j| C2,5,7

and

I; = (1/4)(— Ay — As + Az + Ay)

( 0 if 2F=7=3 4 2.7
A Ay 2 ey
N (A, 2| ey

(1/4)A4 if 2k7j| C2,5,7
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which ultimately yields

« 2 — , L
= (2), () oo -
a(mod Qkfj) a L r=1
s
0 if 2k_j_3 'i' C27j7]
2k_j_3/2 €n.jk,J if 2k—i—3 || C2.5,J

0 if 2k7j71 || C2,5.J

0 if 2k_j’ C2,5,0

\

_ k—j—3/2 )
= €n,jk,J 2 / Tok—j-s Il c2,5,07

where

Coj , 2m —n)mw Co : 2 — n)r

Combining Lemmas 3.2.4.1 and 3.2.4.2 together, we deduce Theorem 3.2.4:

Theorem 3.2.4. Ifc¢ # 0 and p = 2, one has

k—2
S(Qk, C) — Z 2j(n/2*1)+k(n/2+1)71dn’j,k,‘] ]12j|c ]12|k—j +
j=0

k—2
i(n/2— n — 2 n
+§ :23( /2=1)+k(n/2+1)-3/2 (detJ)K Cniid ]12”6]1%7]‘ ]12,671_73" o 4+ 9 k]12k|c’
Jj=0

where dy, j .y (3.1.10) and ey iy (3.1.11) are constants depending on n, j, k, and J.

Proof. We proceed similarly as the case p # 2 and get

S(Qk, C) — Z onj Z* 2n(kfj)/2 e (%) ]12].‘8 Gk—j(2aJ> + onk ]12k|c‘

j=0 a(mod 2k_j)

z n , ab, z?
Gij(20]) = [ [ Grey@abr) = [T27 092 3 e (gk—) |
r=1

r=1 x(mod 2k7j)

Using the results discussed in Section 2.3.2, we get
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o Ifk—j=1,

2
Y e (ab;x ) — 0, which implies Gj_;(2a.J) = 0.
)

x(mod?
o Ifh—j>1,

n

Gi—j(2aJ) = H Gi—;(2ab,) HQ(’“] Z e(%)

Cc(mod 2k7j)

2k3—j/2 1 sabry - 1 abr
H ( )L (1+4) a”detJ Tl_[l i

Thus, S(2*%, ¢) becomes

k—2 o . i} 2k:7j —acyis n ,

3> aT
> 2 <deu> S (), (o) T )t 2
Jj= r=1

a(mod 2’{73‘)

We consider the parity of (k — j) and use Lemmas 3.2.4.1 and 3.2.4.2 to complete
the proof. n

As in the case p # 2, the following corollaries are the consequences of Theorem

3.2.4 applied to certain values of c¢. Specifically,

Corollary 3.2.4.1. If c=0 and p = 2, one has
k—2
S(2F ¢) = Z 9i(n/2=1)+k(n/2+ 1)1y Top, + onk.
=0

where

20-0/2 i oam —n =1 or7 (mod8)
dn,; = (3.1.12)
—2=D/2 if9m —n = 3 or5 (mod 8)

Proof. 1t follows by applying Theorem 3.2.4 to the case ¢ = 0 and noting that
2 2m —

(—) =0 for (2,7) # 1 and cos (W) = 42712 depending only on 2m—n
/)L

modulo 8. O
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Using the arguments in Corollary 3.2.4.1, we also obtain

Corollary 3.2.4.2. Ifc # 0, c/{J ¢ =0 and p = 2, one has

k—2
S(2k, C) — Z 2j(n/2_1)+k(n/2+1)_1dn”] ]12]_‘0 ]12“;7‘]' 4 2nk ]12’“‘0
j=0

where d,, ; (3.1.12) is defined as in Corollary 3.2.4.1.

In particular, if 2 1 ¢, one has

S(Qk,C) = 2k(n/2+1)_ldn7J ]12|k +]1k:0- ]

3.3 The Dirichlet series D(c, s)

Let s = o + it. We recall that the Dirichlet series D(c,s) defined as in (3.1.5)
converges absolutely for ¢ = o9 > 1, and it has multiplicative coefficient S(q,c) as
seen in Lemma 3.2. Therefore, D(c, s) admits the Euler product with Euler’s factor
D,(c, s) given in

o] S ’ o] S k7
D)= 30 288 =TT bty = [T Difeo)
q=1

p k=0 p

Having studied S(p*,c) in Section 3.2, we are ready to investigate the analytic
continuation of D(c, s) regarded as a function of s. Indeed, D(c, s) can be written in
terms of the most basic and well-known Dirichlet series, the so-called Riemann zeta
function, and Dirichlet L-functions. To ease the exposition, we further divide this

section into 3 subsections corresponding to the values of ¢ of interest.

3.3.1 The case c=0

We recall that the summation over ¢ occurring in our secondary term ¢, in (1.2.3) is

the result of an application of Poisson summation. We thereby expect to retrieve the
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main term in the asymptotic of N(B) in (3.1.2) at ¢ = 0. In this case, it turns out that

the Dirichlet series D(0, s) has the form of a convergent infinite product multiplied

¢(s+1) ¢(254n)

by a quotient of ¢ functions, CstntD)

, in the half plane 0 > —n/2. Consequently,
D(0, s) can be meromorphically continued beyond the half plane o = o by inheriting

the meromorphic continuation of ¢ in the whole complex plane.

Theorem 3.3.1. If ¢ =0, one has

GER2s+n+1) ((s+1)¢(2s+ n)'

PO =20 DG ) C@s 0D
Moreover,

GE2s+n+1)
Ca(s + 1) G2(25 +n)

Dy (0, ) KLpel foro>—n/2 +¢,
where (,(s) is the Euler’s factor of ((s) at prime p.

Proof. By Corollary 3.2.4.1, we have

el L1 & ek
H DP(O, 3) = H [gn—l —p Z pk(s—i-l) o L Zp k(s+1) ]

n—1 __
p#£2 p#£2 p p k=0 p
H [ p s+t ]
o (s+1 _ pn—(2s+n) ’
11 L= p )

where the last equality is due to

o0 (2—n)|k/2] (2—n)l %) (2—n)l 1 00 1
p p P
AN S A S sy _) 1
e pr(s+1) 12; p2l(s+1) zz:; p2LH1L)(s+1) < pstl ; pl(2s+n)

Using Euler’s product of zeta function, see Section 2.4.2, we have

=[] Dy(0.5) = D2(0,5) [] D0, 5)

pF#2
1 — p—(2$+n+1)
=Dy(0,9) [] {
! _ p—(s+1) —_ mn—(2s+n)
oy L= pmCH) (1 —p )

G(2s+n+1) Q(s+1)§(2s+n)‘

= Da(0,5) G(s+1)G(2s+n) ((2s+n+1)
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Moreover, Corollary 3.2.4.1 yields
[k/2]

=L S(2%,0) onk=lq, ; 42"k {2—n)
DQ(O’ S) - Z 9k (s+n+1) - Z 9k (s+n+1) Z 2
k=0 k=0
14+a a
_ —(s+1) nd n,J
=(1+2 ) (1 ey 2_(25+n)> ,
dn J . . . .
where a,, ; = m and d,, ; given in (3.1.12) is a constant depending on n and J.

Thus, for o0 > —n/2 + €, we obtain

D (O 8) C2(2S +n+ ]-) _ (]- 2~ (2stn) +d, j 2S+”+1)> (3 5 1)
U Gls+1) G(2s+n) 1—2- (2s+n+1) -3
(1 + 27),/27176)(1 2 + d 2€+1))
K

(1 — 92— (2e+1))

<<n,e,J 1.

3.3.2 Thecasec # 0and c¢/'J lc=0

For the case ¢ € Z" — {0}, we further restrict D(c, s) to ¢'s satisfying ¢!Jtc = 0.
¢

_((2s4n)

st as a factor of D(c, s).

We again obtain a quotient of Riemann zeta functions,

More precisely,

Theorem 3.3.2. Ifc # 0 and ¢!.J 'c =0, one has

¢(2s+n) C (2s+n+1)
D = D,( L .
(c,5) = 23+n+ H (25 +n)
Moreover, for 0 > —n/2 + €, one has
(2 1
HD Cp s+n+1) et |C|n/2+e‘
Cp(2s +n)

ple

Proof. We recall Corollary 3.2.4.2 and assume p 1 ¢. Then, we get

Lk/2]
S(pk, C) nk 1 - 1 Z P (2= n)l k—zl‘c —|—p"k ]].pk|c

= (p— 1)p"™* " o por + Lico,
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which implies

HDCS HZk(s+n+1:H

1 + Z s+n+1 ]

ple,p#2 ple,p#2 k= o P ple,p#2
_ 1 _ p—(1+n+23)
- H 1+ Z 2s+n ] H |: 1 — p—(2s+n)
ple,p#2 ple, p#£2

C(2s +n) H { 1 — p@stn) ] 1 — 9—(2s+n)

T (@2s+ntl) 1 — p—@s+ntl) | 1 — 2—(2s+n+1)’
C( s+n—+ ) plepat2 P

Then, we have

s) = H Dy(c,s) = Dsy(c, s) H Dy(c, s) H D,(c, s)

ple,p#2 ple,p#2

1 — 27(2s+n) 28 + TL p7(25+n)
= D26 8) T C(zs Fntl H Difers l —p‘(%*”“)] '
ple,p#2

The other parts of the theorem follow by Lemmas 3.3.2.1 and 3.3.2.2 below. O

Lemma 3.3.2.1. Ifc # 0, 'J'¢c=0, and 0 > —n/2 + ¢, one has
1 — p7(2s+n) n/2te
H Dy(c, s) [W < el :

Proof. 1t suffices to consider p® || ¢ for some positive integer a. We make use of

Corollary 3.2.4.2 again to get

0 a o0 _ [k/2]
S(p 1 P p - 1)
_ oo\ ) (2—n)l
Z pk s+n+1 - Z pk(s+1) + Z pk(n+s+1) Z p ’
k=0 k=0 k=2+a I=[(k—a)/2]

where the double summation, having inner geometric sum, can be simplified to

|t i (p2-m(k=a)/2] _ pe-n)(Lk/21+1))
_ pn(2—n) k(s+1) )
1 p k=24« p

Moreover, we observe that

i p(2 n)[(k—a)/2] p—a(s+1)—25—n +p—(1+a)(s+1)+2—2n—25
s+1

k=24«

1— p—(2s+n) ?

67



and

Z p |_k/2j+1)) _ P (2s+n)[(24+0a)/2]4+2—n +p—(25+n)((1+a)/21+1—n—s
k(s+1) — p»—(2s+n

k=24« 1 p ( )

Then, we get

o

1 1—pt X
IQ2pp<c,s> = II [Xemtioe :
pic,p

3.3.2)
s+1) 1 — p2=n) 1 — p—(2s+n) |’ (
pllep#2 k=0 P P

where
X, :p—a(s+1)—28—n +p—(1+a)(s+1)+2—2n—25+

. p—(2s+n)]'(2+a)/2'\+2—n . p—(2$+n)[(1+a)/2'\+1—n—s.

Thus, in the half-plane 0 > —n/2 + ¢, we have
1 — p—(25+n)
I Dites) {m
ple,p#2

(2s+n)

-1 X.
o H [1_ 2s+n+1)z le(s+1) — 5

i # p(2 n) 1 — p(28+n+1):|
pelle,p#2

< H Zpk(n/2+e)_|_po¢(n/2—e) +pa(n/2+5)+pa(—n/2+2 e)+p (—n+3 5):|
p*|le,p#2 k=0

By taking the product over all p dividing ¢, then expanding terms, and noting
[1pe)cp™ < lc|, we obtain

1 —p~ (st n/2+e
H Dy(c, s) 1= p@srntl) < Pi(|e]) < |ef ;
ple,p#2

where Pj(x) is a sum of power functions with leading power n/2 + ¢

Lemma 3.3.2.2. Ifc # 0, ¢'J'c=0, and 0 > —n/2 + ¢, one has

1— 2—(25+n)
Ds(c, )W Lpyes 1.
Proof. We recall Corollary 3.2.4.2; which gives
k—2
S(zkv C) = Z 2j(n/271)+k(n/2+1)71dn,] ]12]‘0 ]12\k J +2 12’“\07
j=0

where d,, ; is defined in (3.1.12). We consider two cases: 2 { ¢ and 2|c
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e If 21 ¢, we have
S(2% ¢) = 2" 1y, d,, 5 2871 for k> 2,

and so

B o S(Qk,c) B 1—92- (23+n)+d —(2s+n+1)
6s)= Z ok(stntl) 1— o (28+n) :

Thus, for 0 > —n/2 + €, we get

1 — 2—(2s+n) 1—9- (25+n) 4 d —(2s+n+1)
Dy(c, s) — =
1 — 2—(2s+n+1) 1—92- (25+n+1)
1 — 92 + d —(1+2¢)
1—2- <1+2e> Snes

o If 2|c, i.e., 2% || ¢, for some positive integer «, we have

a2 72 on(k+)/2

>\ S5(2%,¢) i1 1
Dale:s) = 3 ity = 2 2 icerareny Lo s 2707 +Zwﬂ

k=0 k=2 j=0

where the double summation is equal to

dn 5 a+2 1 a+2 2(2—n) |k/2]
on—1 _ 9 Z ok(s+1) Z Ok(s+1) :

We also observe that

A2 o@-n) k2| LD/ 5np UedD/2] ooy

ZW: Z 20 Z 21 1)(s+1)

k=2 =1
lo2)/2) (s g(s+1) ] o(stD)
- Z 91(2s+n) + Z 21(2s+n) = 1 — 2—(2s+n)’
=1 =1
Hence,
1 — 2—(25+n)
D2(cv S) <

1 — 2—(2s+n+1)

.t <1 LA 2n/2—1—e) 1 1 4 2n/2-1-¢

< oan—=1_ 9 1 — 92—« 1 — 2—(2e+1) + (1 _ 2—6)(1 _ 2—(26+1))
<<n,e,J 1.
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3.3.3 The case ¢ # 0 and ¢'J 'c # 0

Lastly, it is also interesting to see that D(c, s), where ¢ # 0 and ¢!'J ¢ # 0,

Listn/211/2 k) ¢
L(2s+n+1, ke, 7)

can be written in terms of a quotient of Dirichlet L-functions,
character k. ; defined as in Theorem 3.3.3. Moreover, the character x. ; turns out to
be a product of Dirichlet characters, which will be seen in detail in Lemma 3.5.3 of

Section 3.5.

Theorem 3.3.3. If ¢ # 0 and ¢!'J'c # 0, one has

D(c,s) =

L(s—l—%—k%,/@c,J) H Lp(28+n+1,/fc’J)D(C )
p\& )

L2s+n+1kes) oo, Lo(s+5+ L Keg)

where

Foo,s (p) = i" D12/ (w) .
bl p K

with (M> 15 the Kronecker symbol.
K

Moreover, for 0 > —n/2 + ¢,

H L,2s+n+1,kcy)

D ¢, s) < CSn/273+e.
Lp(s+%+%7/{c7j) p( ) ’ ‘

pl2ctI—1c

Proof. By applying Theorem 3.2.3 with p{ ¢ and pt c!'J ¢, we have

> S k7 {(n—1)(p—1)2/4 t Tt det J
Dp(c,s):Z—(p °) —1—1—2 (c cce > )
K

P pk(s+n+1) - pn/2+s+1/2 P

We set kg (p) 1= i DE-D/4 <—ct‘]716de“>K and pes(p) =1+ e

p
Then, we get
H DP<C> S) - H Pc,J(p)
ple,ptet J—te,p#2 ple,ptet J—te,p#£2

= pcj@) [Ires 1 ! 11 !

ple,p#£2 pC,J(p) ple,pletJ=1e,p#£2 pC,J(p)

1 L(s+n/24+1/2 k) H 1 H 1

Cpes(2) L@s+ntLkes) L pes(p) pe.a(p)’

ple,plctJ=te,p#2
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which yields

D(c,s) = Do(c, s) H D,(c, s) H D,(c, s) H D,(c, s)
ple,p#2 ple,pletJ~1e,p#2 ple,pfctJ~le,p#2
~ Dy(c,s) L(s+n/2+1/2,kc 1) H D,(c, s) H D,(c, s)
pea(2)  L(2s+n+1, k) Pe.(P) Pe(p)

ple,p#2 ple,plctT~te,p#2

Hence, the remaining parts of the theorem are justified by the following Lemmas

3.3.3.1, 3.3.3.2, and 3.3.3.3. O
Lemma 3.3.3.1. Ifc # 0, ¢'J ¢ # 0, and 0 > —n/2 + ¢, one has

D
H p(c7 S) < |C|3n/2_7/2.
ple,p#2 pe.s (P)

Proof. Since p|c implies p?|ctJ~lc, we consider p®||c and p?**# || ctJ~te for some

integers a > 1 and 3 > 0. Applying Theorem 3.2.3 to p®|| ¢ and p***# || ctJ e, we

get
— S )
Dp(c,s) = ZW = X3+ Xy + X5 + X,
k=0
where
datBil pylatB/2+1/2)~2a—F-3/2 ;(n—1)(p—1)?/4 (m) - .
X3 = Z ! Z L (Ct‘] 1c/p2 +ﬂ> 1y
o k(n+s—1 9
k=0t f+1 P ) p K
«a 20+p+1 99—
1 _pn(1/2+a+ﬁ/2) 2—2a—f3
Xy = Z SR X5 = Z e L5, and
k=0 k=a+pB+1
248 -1 LgJ
= p_(p—1) @2-n)l
Xo = Z PrG+D) Z D .
k=max{[1+a+6/2],a+2} I=max{[k—a—B/2],[¥521}

For 0 > —n/2 + €, we observe that

2a+p+1 p(2a+,3)(n*5/2) - k(n/2—1—¢)
Xo < Y, S X< p ’

k=a+p+1 k=0
2a+6+1 (2a+5)(n73) 20+
p _ k(n/2—1—¢)
X5 < Z W, and X6 = Z p .
k):Oé-‘rB-f-l k:max{ [1+a+,8/2],a+2}
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Moreover,
-1 -1 e+1/2
1 XeTle 1 _ D

and (ptY2 — 1)7! < 1 for p > 5.

Hence,
2a+p+1 o n—
H D,(c, s) < H cr1/2 Z p(2at+B8)(n=5/2)
ch(p) p pk(n/271+e)
ple,p#2 7 ple,p#2 k=a+p+1
a 2a+4
+ Zpk’(n/Q—l—e) + Z pk(n/Z—l—e) :
kZO k:max{ [1+O¢+5/2—‘ ,Oé+2}

which is bounded by a sum of power functions of |¢| with leading power 3n/2—7/2. [
Lemma 3.3.3.2. Ifc # 0, 'J ¢ # 0, and 0 > —n/2 + ¢, one has

D,(c, s
11 _,,(( >) < Jeft/2+,
ple,pletJ~te,p#2 Pe,J\P

Proof. Since p 1 ¢ and p|ctJ e, it suffices to consider p® || ¢! J ¢ for some positive

integer . Given p®||c'J !¢, Theorem 3.2.3 yields

i(n—1)(p—1)%/4 det J tJ=1c/p®
Dy(cs) =1+ i ( e ) (c c/p > Lot

pn/2+s+1/2+an/2+as p D
Loja ~ (1-p
pr/2+st1tan/2+as + Z W Lok (3.3.3)
k=[1+a/2]

We observe that the two middle terms in (3.3.3) are bounded by p®(= while the last

one is bounded by ZLQ/ 2l p"=29 . Thus, we obtain

l:]'“"'_;/ﬂ‘\
la/2]
D,(c,s
H p(( )) < H pe+1/2|:1+pa(—e)+ Z pl(—2e):|7
ple,pletdle,p#2 Pe,J\P ple,p#2 1= Bte/2ly

which is bounded by a sum of power functions of |¢| with leading power 1/2+¢€. [

Lemma 3.3.33. Ifc # 0, 'J ¢ # 0, and 0 > —n/2 + ¢, one has
D2(C7 S)
qu(Q)
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Proof. We recall Theorem 3.2.4 to get

k—2
S(Qk, C) _ Z 2j(n/2_1)+k(n/2+1)_ldn,j,k,J ]121|c ]12|k—j +
=0
k2 9
+ ) 2i(n/2whn/2 ) =5/2 (m) Cn.jk.J Laije Loh—j Lor—i—s|c;, ,+
i=0 L
+ 2”"7 ]12k\c’ (334)

and we examine

L S(2%,¢)
Dafe,s) =Y soreryy
k=0

by computing contribution of S(2¥, ¢) (3.3.4) to Dy(c,s). For the first summation of

S(2%,¢) in (3.3.4), we proceed by considering the divisibility by 2 of c.

o If 2 4 ¢, then j = 0 and it equals 2(/2+D=1q, o s 1oy 5o, We further con-
sider 2 t ¢! J !¢, which contributes nothing to Dy(c, s). Otherwise, we assume

2% || ! J7 e, where a € Z>1. Then, the contribution equals

/2] n/2— n(a «
2 cos ((Qm - n)7r> 2 D2 g1 0412 2/2 (o (—(2m — nh) +
9l(2s+n) 4 2(a+1)(n+s+1) 4

=1

on(a+2)/2 Loj(aro 9ot1 - o (2m B n)ﬂ-
a 2(a+2)(n|(+s+1)) xa(ct T e/2%) 2 /% sin (T) <
2n/271
<7 5=t gn/2—clatl)=1 o g

e If 2|c, we assume 2% || c and 22+8 || ¢! J~1¢, for some integers a > 1,3 > 0. Then,
the condition 27|c makes the contribution of the first summation of S(2*,¢) in

(3.3.4) to D(c,s) equal to

at2 k-2 2j(n/271)+k(n/2+1)71dn

kg Lojk—j
> TRy , (3.3.5)
k=2 j=0

By (3.1.12), dyjxs < 2"7D/2 and so the contribution to D(c,s) (3.3.5) is
bounded by

(Cl’—i- 1)2—n/2—7/2
1—2-¢
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Similarly, we return to S(2¥, ¢) in (3.3.4) and consider its second summation under
two cases, 21 ¢ or 2|c. By noting that e, < 2"*1/2 as seen in (3.1.11), the former

case yields a contribution of

> 1 2(n+1)/2
E —3/2—n/2—s —3/2—3€
2 €n,0,J 2 Si2stn) < 1 _ o2 2 <<n,e ]_,

while the latter one with 2% || ¢ and 22¢+7 || ¢!.J ¢, for some integers a > 1,3 > 0,

gives us

at2 2n<kz+y>/z

. ok—j—3/2 - _
§ : 9k(s+n+1) Lot €n.j. 2 Lor-i=3jjc, 5, =0,
k=2 j=0

by observing that e, j; # 0if and only if 2"7773 || ¢o; 5, which yields k+j—3 = 2a+,
and so 7 = 2a+ f — k + 3. Also, the conditions 0 < j <k —-2and 2 <k < a+2

imply 5 < —1, which is a contradiction.

We complete checking the boundedness of Ds(c, s) by observing that the infinite

sum o, Q:t—i'f), which comes from the last term of S(2*,¢) in (3.3.4), is identically

to 1 if 21 c. Otherwise, with 2% || ¢, for some a € Z~;, we have

«

Z ]lzj-li - Z 2k(:+1 < ZQk n/2m1md Lena 1.

k=0 k=0 k=0

Lastly, we prove the theorem by considering p. ;(p) and observing that

-1 1 1 ! < 9et1/2 .
pe(p)” < (1- Ry S Soop g el

3.4 The Archimedean factor g(c, s)

We recall that the Archimedean factor ¢(c, s) is the Mellin transform in the second

variable applied to the Fourier transform in the first variable of a two-variable smooth
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function. That is, it is defined by

e [ o (25

To analyze this integral, we use stationary phase. We contest ourselves with

quoting the relevant results from [Get18a].

Proposition 3.4.1. Let s = o +it, ¢ # 0, and N be any positive integer. For

N >0y >0>09>-n/2, g(c,s) converges absolutely, and

(c,5) K e ! ! O
c, s w — .
G CA+ N oo tn2 o —N

Proposition 3.4.2. If ¢ =0, ¢g(0,s) converges absolutely for o > —3/4. In the strip
N >0y >0 > -3/4,

(0, 5) < 1 1 1
s w — .
I CAT Y\ =3/4+n/2 o —-N

Moreover, g(0,s) can be meromorphically continued to the half plane o > —n/2 by

the virtue of

(=2
g(O,s)wsHﬂM—/Z(x,—s) dr,
r R

(*2)

where
Z@r@:/ folw, &) € = (3.4.1)
0
with fz(x, €) is the Fourier transform of f(x,y) with respect to y, and

f(z,y) /n/ e(try) dt e(—zF(2)) dz.

In particular, in the strip N > —1/4 > 0 > 09 > —n/2,

1 1 1
2. — . O
A (@, $m<@+ww<@+wfﬂm+N)

We end this section by making some remarks of these above results.
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a) The bound of g(c, s) in Proposition 3.4.1 implies that g(c, s) is rapidly decreas-

ing as |c| approaches to infinity or |t| goes to infinity.

b) The function Z(z, —s) of (3.4.1) is simply the Mellin transform of f(z, £) with
respect to & evaluated at —s. The Mellin transform is a special case of the local
zeta function, which admits the functional equation as seen in [Get18a], page

292. In our case, the functional equation becomes

o [ e = [Ty

B 7= U=)20((1 - 5)/2)
() = 7521 (s/2)

where

¢) Furthermore, having an explicit form of the meromorphic continuation of g(0, s)
beyond the line ¢ = —3/4 in Proposition 3.4.2, we can deduce the poles and
zeros of ¢(0, s), which ultimately contribute to the poles of D(0,s) g(0, s) that
will be discussed in the next section. In fact, the meromorphic continuation of
gamma function produces poles of ¢(0,s) at s =1 — 2k, where 1 < k < |22],
providing that [, Z(z, —s) dz # 0 at these poles, and zeros of ¢(0, s) at positive

even integers and at the zeros of [, Z(x,—s) dz that are not poles of g(0, s).

3.5 Proof of the main theorem

We revisit our zero-counting function obtained in Proposition 3.1.2,

N(B) _ B Z/R ) (c,s)B?g(c, s)ds. (3.5.1)

2mi n JRe(s)=00

We started our study with o9 > 1 so that D(c,s) converges absolutely. Then we
were able to meromorphically continue both D(c, s) and g(c, s) to the half plane o >
—n/2, which was previously discussed in Theorems 3.3.1-3.3.2-3.3.3 and Propositions
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3.4.1-3.4.2 in Sections 3.3 and 3.4. In light of Cauchy’s residue theorem, we want to
make a contour shift for the integrand D(c, s)B®g(c, s) in (3.5.1). While shifting, we
search for poles of D(c, s) g(c, s), viewed as a function of s, at different values of ¢, and
pick up the corresponding residues, which eventually contribute to our asymptotic
evaluation. We present poles of D(c, s) g(c, s) in Lemmas 3.5.1, 3.5.2, and 3.5.3, and

derive our asymptotic formula in the main theorem, Theorem 3.5.5.

Lemma 3.5.1. Let s = o + it and € > 0. If c = 0, then D(0,s)g(0,s) is analytic

except for possible simple poles at s = 0, —1, and %—% in the half plane o0 > —n/2+e.

Proof. Using Theorem 3.3.1, we can analyze poles and zeros of D(0,s) in the half

plane o > —n/2 + €. Indeed, Theorem 3.3.1 yields

GR2s+n+1)  ((s+1)¢(2s+n)
Gls+1)G2s+n) (2s+n+1)

D(0,s) = D5(0,s)

where

o o G(2s+n+1)
D2(0,$) - = D2(073) CQ(S + 1) CZ(QS _|_n)

<<n,e 1.

Restricted to the regime o > —n/2 + €, the analytic continuation of Riemann Zeta

function yields simple poles of D(0,s) at s =0 and s =

1_n
2 2

We also recognize the zeros of D(0,s) in the half plane 0 > —n/2 + €, which are
at s = —1 — 2k, where positive integer k with ”T’?’ #+ k< L”T’QJ, and at non-trivial
zeros of ((s+1) and ((2s+n), and at zeros of Dy(0,s). Together with the poles and
zeros of ¢(0, s), which are previously remarked in Section 3.4, we obtain the poles of

D(0,5s) g(0,s) as desired.

As for application, it is vital to see whether Dy(0,s) vanishes at these poles. It
turns out that the poles at s =0, —1, and %—% are not cancelled by zeros of Dy(0, 5).

We defer this justification to Section 3.6, Proposition 3.6.1. O
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Lemma 3.5.2. Let s = o+it ande > 0. Ifc # 0 and ' J~'c =0, then D(c, s) g(c, s)

— %5 in the half plane 0 > —n/2+e.

15 analytic except for a possible simple pole at s = %

Proof. We recall D(c, s) in Theorem 3.3.2 in order to locate its poles and zeros given

the conditions ¢ # 0 and ¢'J'c = 0. That is,

C(2s+n) (2s+n+1
Dles) = s vnr 1) 25+n+1 HD Cpg,,szrn))'
Together with Lemmas 3.3.2.1 and 3.3.2.2, the analytic continuation of { function
yields a single simple pole of D(c, s) at s = 2 —% in the half plane 0 > —n/2+¢, which
is also not absorbed by other factors of D(c, s) as seen in Section 3.6, Propositions
3.6.2 and 3.6.3. Nevertheless, the zeros of D(c, s) are non-trivial zeros of ((2s + n)
and zeros of other factors in the above expansion of D(c, s). Applying Proposition

3.4.1, g(e, s) is analytic in the region in question. Hence, the lemma follows. O

Lemma 3.5.3. Let s = o+it ande > 0. Ifc # 0 andc'J e # 0, then D(c, s) g(c, s)

is analytic except for a possible simple pole at s = %—% in the half plane o > —n/2+t€

((n—1)2/2

whenever i ctJ e det J is a perfect square.

Proof. Similar to the previous two lemmas, we use Theorem 3.3.3, when ¢ # 0 and
ctJ ¢ # 0, to study poles and zeros of D(c,s). That is,

L(s+ 2+ 3% k) Ly(2s +n+1,Fe.g)

D(c,s) =
(c:5) L(2s+n+1, k) LP(S‘f‘%—’_%,K/C,J)

Dy(c, ),
pl2ctT—1c

Together with Lemmas 3.3.3.1, 3.3.3.2 and 3.3.3.3, the analytic continuation of Dirich-
let L-function supplies a simple pole of D(c,s) at s = % — 5 in the half plane
o > —n/2 + € if and only if k.; becomes trivial character, namely xo. Here the
zeros of D(c,s) are non-trivial zeros of L(s + n/2 + 1/2, k. ;) and zeros of other

factors in the above expansion of D(c, s).

78



As seen in Lemma 3.5.2, the pole at s = 1/2 — n/2 is also not cancelled by a
zero of D(c, s) in this case. This is justified in Propositions 3.6.4, 3.6.5, and 3.6.6 of

Section 3.6.

It remains to detect ¢’s that make x, ; trivial. We recall

o J(p) _ Z,(n_l)(p_l)2/4 (CtJ_lc det J)
7 K

p

and observe the facts that i"T ®=D? and (_71) depend only on p modulo 4. Using
L

the results noted at the end of Section 2.2.4, we have

o If ¢!J71c det J # 3 (mod 4), we then define

'J e det J
Xa(p) = <$) , i.e., a Dirichlet character modulo 4|c'J !¢ det J|,
p K
1 if p = 1 (mod 4)
Nei(p) =19 (=)™ D2 ifp = 3 (mod 4) , i.e., a Dirichlet character mod 4.
0 if 2|p

o If c'JlcdetJ = 3 (mod 4), we then define

—ctJ e det J
Xe2(p) == (i) , 1.e., a Dirichlet character mod 4|ct<]_1c det J|,
p K
1 if p = 1 (mod 4)
Ne2(p) = q (—=1)™*/2 if p = 3 (mod 4) , i.e., a Dirichlet character mod 4.
0 if 2|p

Using the Dirichlet characters x.1, Xe2, N1, and 7. defined above and observing

that (’71) k 1s the only non-trivial Dirichlet character modulo 4, we can determine

existence conditions of the pole s = 5 — 7 in two cases as follow:

1
2
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e If n = 1 (mod 4), then ¢!'J tcdetJ # 3 (mod 4) implies ., = xo. Thus,
XelMet = Xo if tJ e det J is a perfect square. Otherwise, c!J e detJ =
3 (mod 4) yields 1. # xo. Hence, xe2 12 = xo if

1 ifp =1 (mod4)

> =nea(p) =9 —1 ifp = 3 (mod 4) ,
) 0 if2|p

(_ctJ_lc det J
D

which is not possible since ¢!J7'c det J # 1 (mod 4).

e If n = 3 (mod 4), then ¢!J'c det J # 3 (mod 4) gives us 1 # Xo. Thus,
Xet Tt = Xo if
1 ifp =1 (mod 4)
) =na(p) =4 —1 ifp = 3 (mod 4) ,
: 0 if 2lp

(ctJ_lc det J
p

which is impossible given that ¢!J ¢ det J # 3 (mod 4). Otherwise, 7. = Xo
follows from ¢!J~'c det J = 3 (mod 4). This implies Y2 12 = Xo if —c'J ¢ det J

is a perfect square.
Consequently, we have proved the lemma. O

Given the simple pole at s = 0 in Lemma 3.5.1, the counting function N(B), as
in (3.5.1), would be expected to have a leading term of order B"~!, which is different
from the heuristic expectation of order B"~2. However, the following lemma implies
that the simple pole at s = 0 contributes nothing to our asymptotic formula because
the residue of D(0, s) (0, s) at this simple pole vanishes. We note that it also vanishes

in the even degree case (see [Get18a], Lemma 3.4).

Lemma 3.5.4. For ¢ =0,

Ress—o (D(0,s) g(0,s)) = 0.
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Proof. We recall D(0,s) in Theorem 3.3.1 and ¢(0, s) of 3.1.6 to get

G@2s+n+1) ((s+1)((2s+mn)
Gls+1)GR2s+n) ((2s+n+1)

909 = [ [ wton(Fy) doy .

where h(z,y) = ®(x,y) — ®(y, x).

D(0, s) = Do(0, s)

and

Thus, to show the residue of D(0,s)g(0,s) at s = 0 vanishes, it suffices to show

[ Lo (F) s [ (o2

Indeed, by interchanging order of integrations and changing of variables, y — F'(x)y,
and then y — 1/y, we get

[ Lot Lo
/]R/o 20/y F _d“"—/n/ <1><y,F;$> _Tdydx
i QAN R

in which the interchange of integrations is justified by Fubini’s theorem, provided

that

that w and ® are Schwartz. O]

In view of the results presented in Sections 3.3 and 3.4 and Lemmas 3.5.1-3.5.2-
3.5.3-3.5.4, D(c, s) g(c, s), regarded as a function of s, admits the meromorphic con-
tinuation to ¢ > —n/2. For odd n > 5, D(0,s) g(0, s) has two possible simple poles
at s = —1,1/2—n/2, and it has only one possible simple pole at s = 1/2 —n/2 when
¢ # 0. In particular, when n = 3 and ¢ = 0, it has a double pole at s = —1. Invoking

Cauchy’s residue theorem, we prove our asymptotic formula in Theorem 3.5.5:
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Theorem 3.5.5. Let € > 0 and denote by O a perfect square. If n > 5 is odd,
N(B) = CIB"*Z + CQB(nfl)/Q + OJ767W<Bn/2+671)’

where

and ¢y = Z Res s—1/2-n/2 (D(c, s) g(c, s))+

ctJ le=0

+ Z Ress:l/Q—n/Q (D(C, 8) 9(07 S))
0# ceZ™
ctJ e #0

i(n=1%/2 ¢t J=1¢ det J =0

Moreover, if n = 3,
N(B) = ¢,Blog B + ¢y,B + Oj.(BY*™),

where

—4
¢, =— [ Z(x,1)dx,

™ Jr

and dy = Z Ress—_1 (D(c, s) g(c, s)) + Z Ress——1 (D(c, s) g(c, 5)).
cezn 0# cezn
ctJ le=0 ctJ e #0
—ctJ e detJ=0
Remark 2. The Dirichlet series D(c, s), for all ¢ € Z", are given explicitly in Theorems
3.3.1-3.3.2-3.3.3 in Section 3.3, and Z(x, 1) is defined as in (3.4.1) of Proposition 3.4.2

in Section 3.4.

Proof. By Proposition 3.1.2, the zero-counting function N(B) is of the form

CBBn—l

271

> [ Do
Re(s)=00

ceZ™

where 0g > 1 and cg = 1 + On(B™Y) for any positive integer N.

For odd n > 5, all the poles of D(c,s) g(c, s) collected in Lemmas 3.5.1, 3.5.3,
and 3.5.3 are simple. Since ¢(c, s) is rapidly decreasing as |t| goes to infinity given
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—n/2 < 0y < 0 < o7 as seen in Proposition 3.4.1, we apply the Cauchy’s residue
theorem to shift our original line integral at ¢ = o0y > 1 to the line integral at

0 = —n/2 + € and obtain

N(B) =cB" " Res,—o(D(0, 5) g(0,5)) + c B ? Res,—_1(D(0, 5) g(0, s))+

+egB™ Y2 Res,_y j5nsa(D(0, 5) g(0, 5))+

+ B2 Z Ress—1/2-n/2 (D(c, 8) g(c, s))+ (3.5.2)
0# cez”
ctJte=0
+ cg B/ > Reso—1/2ns2 (D(c,8) g(c, )+ (3.5.3)
0# ceZ™
ctJ 1le#£0
in=1%/2 gt j=1¢ ger] =0
CBBn—l 5
+ , Z D(c,s)B%g(c,s)ds.  (3.5.4)
211 04 cezn Re(s)=—n/2+e
ctJ te#0

i(n=12/2 ¢t J-1 e ger g #0

The first three terms in N(B) accounts for the case ¢ = 0. Moreover, Lemma

3.5.4 implies that the first term in N(B) is zero.

We wish to show (3.5.2) and (3.5.3) converges absolutely. Indeed, when ¢ # 0 and
ctJ7tc = 0, the factor ((2s+n) of D(c, s) contributes the simple pole s = 1/2 —n/2

to D(c, s) g(c, s), and we have

Resam/a-ns2 (D(e,8) g(e,8)) = | Iim (s = 1/2+n/2)D(c, ) g(¢c, 5),

in which Theorems 3.3.2 says D(c,1/2—n/2)/((2s+n) is bounded by a power function
of ¢, while Proposition 3.4.1 asserts that g(c,1/2 — n/2) is rapidly decreasing in c.
Thus, the infinite sum over ¢ (3.5.2) is absolutely convergent as a p-series with p > 1.
Likewise, we can apply these arguments to L(s+n/2+1/2, xo) of D(c, s) in Theorem
3.3.3 when ¢ # 0 and ¢!'J !¢ # 0, and obtain absolutely convergent property for
(3.5.3) as desired.

Moreover, we claim that the last term (3.5.4) contributes to our error term of
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order B™/?~1*¢. By Lebesgue’s dominated convergence theorem, it suffices to show

that
/ 3 D, —n/2 + e + it) g, —n/2 + e + it)| dt = O(1).
o 0# cezZ™
ctJ le#£0

i(n=1%/2 ¢t 7=1¢ det J # O
(3.5.5)
Indeed, we apply Proposition 3.4.1 and Theorem 3.3.3 again to see that the sum-

mand of the inner sum in (3.5.5) is bounded by

P/ L(1)2 + €, key) 1 1 1
¥ L1426 k0y) (L+]t)Y \o2+n/2 o, —N

Thus, the absolute convergence of the infinite sum over ¢, seen as a p-series with
p > 1 again, in (3.5.5) tells us that the improper integral (3.5.5) is in turn bounded
by

> 1
/oo T = 0).

For the boundary case n = 3, the product rule of differentiation yields the residue

of the double pole at s = —1, when ¢ = 0, with an extra term of In B, that is,

Res,—_; (D(0,5)B%g(0,5)) =B~ 'In B lim ((s + 1)2D(0, ) (0, s))+

s——1

+ B 'Res—_1 (D(0, 5) g(0, 5)). (3.5.6)

Furthermore, using (3.3.1) in Theorem 3.3.1 and Proposition 3.4.2, the limit in
(3.5.6) is equal to

4¢(0)Ress=—1((25+3) _3oRess=1l'((s +1)/2)

3 (@ g (12 JRCSIE

—4
= Z(z,1)dx,

7T4 R

where Z(x,1) is defined as in (3.4.1). Hence, the asymptotic form for n = 3 follows.

Consequently, we have proved the main theorem. O
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3.6 Existence condition of poles

As seen in Theorems 3.3.1-3.3.2-3.3.3, the expansion of D(c, s) has a quotient of
Riemann zeta functions or Dirichlet L-functions as one of its factors, we would not
only expect to obtain its analytic continuation, but also its poles, particularly the pole
at s = 1/2—n/2 that contributes to the secondary term. Moreover, we discussed the
possible poles of D(c, s) g(c, s), which are at s = —1 and s = 1/2 — n/2, in Lemmas
3.5.2-3.5.2-3.5.3-3.5.4. For application, we wish to know whether or not these pole
are cancelled by zeros of other factors of D(c, s). For ease of exposition, we present
our results here via Proposition 3.6.1 for the case ¢ = 0, via Propositions 3.6.2-3.6.3
for the case ¢ # 0 and ¢!'J~'c = 0, and finally via Propositions 3.6.4-3.6.5-3.6.6 for
the case ¢ # 0 and c¢'J~1c # 0 below.

Proposition 3.6.1. Ifc=0, for s=—1 and s =1/2 —n/2, one has

— G(2s+n+1)

Da0:5) = Dal0o8) ey s vy 7 °

Proof. By the argument used in Theorem 3.3.1, Dy (0, s) is simplified to (3.3.1), which

18

1 — 2—(2s+n) 2—(25+n+1)
( + dn,J )
1 — 2—(2s+n+1) ’

We claim that D5(0,5) # 0 at s = —1 and s = 1/2 — n/2. Indeed, D,(0,s)

vanishes at s = 5 — 7 if and only if d, ; = —2. We then recall d, s (3.1.12) from

1
2

Corollary 3.2.4.1,

; 2=D/2if 9m —n = 1 or 7 (mod 8)
n,J — )
—20=0/2 if 9m —n = 3 or 5 (mod 8)

to conclude that there is no n satisfying d,; = —2. Thus, Dy(0,s) # 0 at s =
1/2 — n/2.
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Moreover, for s = —1, Dy(0, —1) = 0 yields n = 3 and 4 —n = 5 (mod 8), which

is a contradiction. Hence, we obtain the proposition as desired. O

Proposition 3.6.2. Ifc # 0 and ¢!'J 'c =0, one has

1—9- (25+n)

Ds(c, s) ) #0ats=1/2—n/2.

1 — 2—(2s+n+1

Proof. 1t suffices to check if Dy(c,1/2 — n/2) vanishes. We recall Ds(c, s) discussed

in Lemma 3.3.2.2 with two cases depending on the parity of c.

e If 21 ¢, Dy(c,s) has the form of

1 —9- (2s+n) —|—d —(2s+n+1)
1—92- (2.s+n) ’

Dy(c,s) =

which implies that it vanishes at s = 1/2—n/2 if and only if 1—27'+d,, ;272 = 0,
and so d,, ; = —2. This is impossible by checking the definition of d,, ; in
(3.1.12).

o If 2|c, i.e., 2%|| ¢, for some positive integer o, Do(c,1/2 — n/2) is equal to

o . S P CP TS
k(50 4 k(5% _ -

Doy ool DA D g 2 Ty (66D

k=0 =1 =1

In particular, if n = 3, then Dy(c, —1) = 0 means
a+1—(a+1—(1—271D2y (1 _o-lle+D2l)y —
and so
o-lat2)/2] | o=lle+)/2] _ 9 _

which contradicts to the assumption o > 1. On the other hand, with n > 5,

we use d,, s in (3.1.12) and geometric sum to rewrite (3.6.1) as

nfl)

1 — 2% (a+1) otz
+
1 — 2"z on—=1 _ 9

1 — 9"z (a+1)
(271 3 +
1—20%3
S (1 -2y 93— o L“?"J)).
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We now consider the parity of o to get rid of the floor function. By checking

2-power factors, we find that Dy(c,1/2 —n/2) = 0 implies & = n — 5 when « is

even. Substituting @ =mn — 5 to Dy(c,1/2 —n/2) = 0 and simplifying, we get
2(23("%3)*1 _o=D)(F)=1 _o(®FH) -1 4 1 _ on=1)("F) 2(%))

_ 9n=2(] — gln)(52) _ gln-a)(2)-n42y (3.6.2)

If n = 5, the equality (3.6.2) yields —2 = —10, which is false. Otherwise, it
implies n = 3 and n > 7, which is also false. Likewise, we obtain o = n — 4

when « is odd. Upon substitution and factorization, we get

2(23(%_3)—1 _ 2(n)(nT—3)_1 + 1 — 2n—4)

_ 2n—2(1 . 2(n—3)(nT_3) _ 2("‘3)(%_3)_”""2)‘ (363)

Then the case n = 5 gives us —26 = —28, while the remaining case, n > 7,

yields n = 3. These false statements confirm no solution to (3.6.3).

Hence, we have proved that the pole at s = 1/2 —n/2 does not vanish as desired.

]

Proposition 3.6.3. Ifc # 0 and ¢!'J'c =0, one has

1 — p7(2s+n)
II Diles) {W

ple,p#2

>0ats=1/2—n/2.

Proof. By using (3.3.2) in Lemma 4.2.1, it suffices to show that D,(c,1/2—n/2) > 0,

where

D,(c,1/2 —n/2)

N, k() p (=03 4 p=(n=1=(a)(%52) _ pp=(n=24[221) _ - (2514 H2)
=> T 1 |
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We observe that, for a@ > 1,

24+« n—3
n—2+] 5 1>n—1-(a+1)( 5 ),
-1 1 -3
and ~ +[ +a1>1—an :
2 2
Thus, by positivity, D,(c,1/2 —n/2) is strictly positive. O

Proposition 3.6.4. Ifc # 0 and ¢! J 'c # 0, one has

D
H p(075)>0f0r3:1/2_n/2'
ple,plctJ e, p#2 pc,.],s(p>

Proof. Using the expression of D,(c, s) in the proof of Lemma 3.3.3.2 and evaluating

it at s =1/2 —n/2, we obtain

(n—D)(—-1%/4 "/ qet J t 1 /p®
D,(c,1/2 —n/2) =1+ ‘ ( ° ) (C o/ > Lo+
K K

pa/2+1 P P
Lota ~ (1-p"
+ po/2+3/2 + Z pk(/2) Lojg-
k=[1+a/2]

By positivity, the pole s = 1/2 —n/2 does not vanish on D,(c, s). Indeed,

1 —~ (1-p)
1= po/2+1 + Z pk(1/2) Loy > 0.
k=[1+0a/2]
Since pe,71/2-n2(p) = 1+ Xo(p)’ the proposition follows. O

Proposition 3.6.5. Ifc # 0 and ¢!J 'c # 0, one has

D
H L’(S; >0 fors=1/2—n/2,
ple,p#2 Pe.ds\P

Proof. Using the argument in Lemma 3.3.3.1, we get

Dp(C, 1/2 — n/2) = <X3 + X4 —|—X5 +X6)|5:1_T"7
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where

2a§+1 p"(aw/%lﬂ)_m_ﬁ_?’/ziw <dez§J) ctJ e /pPeth
Xl ign = k K ( ) Lo
5= (n/2-1/2) ;
R SN} p P K

< 2a46+1 n(1/24a+B/2)—2—2a—R

_ = B —p

Xilsmtn = kzop (%), Xslomron = ) Zﬁ 1 P2172) Los,

= =a+p+

20-+f3 o 5]
pp—1 _
and X6|S:lan = Z ﬁ p(2 n)l‘
k=max{[Tta+p/2la+2) P2 7 i Th—ap/2], 15521

We observe that XG’SZI—TTL > (0. Moreover, X3|8:1—Tn, X4|S:1—Tn, and X5|8:1—Tn have
the same number of terms in their summation expansions. If 2|3, D,(c,1/2—n/2) =0

means the vanishing of

204+1 prlatB/2+1/2)-2a—5-3/2 j(n=1)(p—1)%/4

7 <%> CtJ—lc/p2a+ﬁ

k—a+,8+1 p

—l—Zp +X6|

which only might be possible in the case of

204841 (a+B/241/2)—20—B—3/2 o
p k(= 3
- Z P2 172) + Zp (=5 )+X6! 1 = 0. (3.6.4)
k=a+pB+1 k=0

However, by our previous observations and noting that the leading power of the

first summation in (3.6.4) is a("—g) g— 1, which is smaller than that of, a("2_3), in the
second summation in (3.6.4), the equality (3.6.4) does not hold for any «, 5, and n.
In fact, D,(c,1/2—n/2) > 0 in this case. Using a similar argument, we also conclude

that Dy(c,1/2 —n/2) > 0 when 2 { 3. Hence, we have proved the proposition. O

Proposition 3.6.6. Ifc # 0 and ¢!J'c # 0,

D2<Ca S)
PC7J,3(2)

# 0 fors=1/2—n/2.
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Proof. Following Theorem 3.2.4 and the argument presented in the proof of Lemma
3.3.3.3, we get different explicit expressions of Ds(c, s) depending on values of ¢. With
2 1 ¢, Do(c, s) vanishes when 2 { ¢!'J~'c. However, when 2¢%||c!J ¢, with o € Z>y,

we use geometric sum to simplify Ds(c,1/2 —n/2) to

2 — o n—a— 2 -
14221 cog (M) (1—(1/2)L5)) — 2" cos (M> Loj(asy+

4

n—a-4 2m —n)w _ o
_ 9™ gin <%> xal(c'J 10/2 ) Lojata)+

| gmtg=e 2 dJ e in (2m —n)m N dJ e cos (2m —n)w
det g ), \®2\ 2o 1 83| e 1 ‘

We further consider parity of o to proceed. When 2|a, upon simplification, finding

the vanishing condition of Ds(c,1/2 — n/2) is amount to finding solutions of the

following equations

25(1@2"7 ) =2"T (@1 2) (3.6.5)

or 28 (1@2"7 ) =2"" (®1®2@®2%), (3.6.6)

where the notation @ can take either + or — sign, and it is chosen independently
from others. By checking all the possible values of @, the equation (3.6.5) yields a

possible solution with v = 2 and n = 7, which satisfies 25 (1 —2"2") = 2"2" (=1 —2).

Moreover, after considering signs of cos z, sin z, residues x of x5 2(2), xs,3(x), xa(2),
and noting that —c'J 'cdet J = 00 and y* = 1(mod 8), where y is odd, the possible
solution @ = 2 and n = 7 is not in the domain of the equation. Specifically, it yields

Jc/4 = —y* = 5(mod 8), which is a contradiction to the odd parity of y.

Likewise, the second equation (3.6.6) also yields o =2 and n = 7 as a candidate
of its solutions, which results from 25 (1+2"2") = 22" (—1+2+2%). However, upon

considering the domain conditions mentioned earlier, it ends up with

cdJ7te/4 = 1(mod 8)

cdJte/4 = 3(mod 4)
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which is also a contradiction. Thus, Dsy(¢,1/2—n/2) does not vanish in the even case
of a. We then consider the odd case of «, which actually requires no effort to see
that Dy(c,1/2 —n/2) has no solution by observing the fact that 2 || c!'J !¢ implies
|ctJ tedet J| # O, providing « is odd and det J = 41. Thus, we have verified the

proposition for the case 2 1 c.

It remains to deal with the case 2|c, i.e., 2% || c and 22247 || ¢! J~1¢, for some integers

a > 1,8 > 0. Using arguments in Lemma 3.3.3.3, we have

a+2 k—2 «
2] (n/2=1)+k(n/2+1) ldnij]12|k—j 1
9k(n+s+1) + Z 9k(s+1)’ (367>
k=2 j—0 =0
where d,, j s is given in (3.1.10) as
( .
0 if k=72 Jf Cj.J
p — X4<Cj7(]/2k7j72) 2n/2 sin (M) if 2k7j72 || C2,5.J
n,j,k,J — .
. 2n/2 COS <(2m;n)ﬂ) if 2k:—j—1 H i
\ 22 cos <M) if 2"|c;

We then expand the double summation in (3.6.7), in which we use the notations

diz%},k,] = 2”/2 COSs ((2an> and d - X4(027j“]/2k7j72) 2n/2 sin <(2m;n)ﬂ—>, to
get
j(n/2— n — 2
29(n/2= 1)+ k(n/241) ldfz,;,k,J ]12|k71' 1
- 9k(n+s+1) B=lj=ak=a+2t (3.6.8)
93 (n/2—1)+k(n/2+1) 1d(3, . Sl
T 9k(n+s+1) ]IBZO,j:a,k:a+2+ (369)
atl k=2 9j(n/2-1)+k(n/2+1)—-1
2 d 7 Lojk—j
+ Z 9k(n+s+1) nk Tg—01+ (3.6.10)
k=2 j=0
—2 9i(n/2=1)+k(n/2+1) 1d7(1 ol
* 2(oc+2)(n+s+1,)J’ ’ Ls=0k=a+2t (3.6.11)
7=0
+.
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a—1 2j(n/2—1)+k(n/2+1)—1dg;’k“} T

+ Z 9(a+2)(n+s+1) 1p=1k=ar2t (3.6.12)
j=0
at2 k=2 9j(n/2-1)+k(n/2+1)~ 1dnij]l2|k J

+ Z Z ok(nts+1) 1g>2. (3.6.13)
k=2 j=0

Since (3.6.8)-(3.6.13) are mutually exclusive, we have 6 subcases for Dy(c,1/2 —
n/2). In fact, (3.6.10) and (3.6.13) only differ by one more term in the summation
over k. That is, we can easily deduce Ds(c, 1/2 —n/2) for the case (3.6.13) from that
of (3.6.10) by replacing o by a + 1. Indeed, with (3.6.10), Ds(c,1/2 — n/2) can be

simplified to

COS(( i )ﬂ> S k(252 - l(=1) _ ("5 S ol(-1) ' ok(252)
_ cos(Cm=nm) (1 . on/2-1 _ 91— n/2> gr:l wnsd) L§EJ S _2(@)%21(_1)
- on/2-1 _ 91-n/2 COS 2m n)mw = —

By observing that for all n > 3,
2n/2—1 _ 21—n/2

(2m—n)mw
4

1
21,209 > 9, andLLJﬂgJ:a,

COS

Ds(c,1/2 —n/2) can never be zero in this case (3.6.10), and so neither for the case

(3.6.13).

With (3.6.11), upon simplification, Ds(c, 1/2 —n/2) arrives at

232
2047-5-3" 4COS< ) Z 2l2 n)+22k

For n = 3, it comes down to

[2F2)

1/2 (2m — 3)m (1)

2 cos(—4 ZZ +a+1,
1=2

which is evidently positive. In the case n > 5, by positivity, Ds(c,1/2 —n/2) =

means

n—3 14n

920" =1 (1 — 2@ (LD (1 — 2777 ) = (1 — 2" ) (1 — 2277,
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and so

204”7_3+n7_5(2(n—2)(LaT+2J—1) _ 1)(1 _ 2”%‘5) _ 2(2—n)(L“T+2J—1)(1 _ 2(a+1)"7_3)(2n—2 _ 1>’

which implies

S if 9o
o = y
5 if 24«

which in turn contradicts to the condition o > 1. Thus, Ds(c,1/2 — n/2) = 0 has
no solution in the case (3.6.11) and subsequently in the case (3.6.12) by observing
that Lo, jr—at2 makes (3.6.11) and (3.6.12) differ by only /3 in their computations
toward Dy(c,1/2 —n/2).

It remains to check Dy(c,1/2—mn/2) in the cases (3.6.8) and (3.6.9). With (3.6.9),

we get

29m — R R
Dy(c,1/2 —n/2) = — xa(ca.) sin (( m . n)w) gongSengt sz(%).
k=0

For n = 3, Dy(c, —1) vanishes if —27!+a+1 = 0, and so @ = —1/2, which contradicts

to the positive condition of a. On the other hand, the case n > 5 yields

_2an53+ng5 n Z Qk(%) _ 0’ (3614)
k=0

which is false by considering parities of the two terms in the left-hand side of (3.6.14).

In the same manner, we proceed the case (3.6.8) and get

2 - n— n— e n—
D2<C7 1/2 — n/2> — — COS (W) 2CYT3+T4 4 ; 2]4:(73)7

which results to the same conclusion as we got in the case (3.6.9).

Hence, Ds(c,1/2 —n/2) does not vanish in the case 2|c. Consequently, we have

proved the proposition. O
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Chapter 4

Conclusion

We end this thesis by making some remarks on the result obtained in the main

theorem and also addressing some possible future research plans.

a)

Given the explicit description of the Dirichlet series D(c, s) in Section 3.3, it is
natural to ask a question on whether the secondary term is positive, negative,

or identically to zero.

By choosing test functions that make the first order term B"~2 of N(B) vanish-

ing, for odd n > 5, the Theorem 3.5.5 yields the following summation formula:

Z Res,_i-nD1(c, s) + Z Res _i-n Di(c, s)

cezn 0£ceZ™
ctJle=0 ctJ71e£0
i(n=1?/2 t J=1¢ det =01

I N(B)
= lim ———=

Booo B(n—1)/2
+ E Res,_1-n Dy(c,s) + E Res,_1-n Do(c,s). (4.1)

2 2
ceZ” 0FceZ™
ctJle=0 ctJ 0

in=12/2 gt j=1¢ det J =)
In certain cases, the limit in (4.1) can be computed spectrally. In fact, this sort
of summation formula was used to give a new proof of the analytic properties
of the Rankin-Selberg L-function (see [Get18b]). In number theory, Poisson
summation formula is widely utilized. It makes sense that the other naturally
defined summation formula should also be useful. Specifically, given a sum over
a lattice, one often uses Poisson summation formula to analyze the sum. Having

a new summation formula (4.1) in hand, it is reasonable to pose the possibility
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of using this summation formula as a replacement of Poisson summation. For
example, one might want to investigate sums over the zero locus of quadratic

forms intersected with the lattice instead of the lattice itself.

Having a result for the secondary term in the case of quadratic form F(z), it
is natural to consider the corresponding in-homogeneous problems related to
F(z). In more detail, one can try to count integral solutions of F(z) = m,
where m is a variable integer, restricted to a smoothed box of size B, which is
commonly chosen to be |m|"/2. In fact, in [HB96a], for n > 4, Heath-Brown

"/2-1 a5 the main term plus an error term

gave an asymptotic of N(m) having m
of order (n — 1)/4 + ¢, where € > 0. Analogous to the in-homogeneous shape
F(z) = m with variable integer m, one can fix m (for instance, m is prime) and

ask the question of how many times the quadratic form F(x) represents m.

It is also natural to ask the same question for cubic forms. The existence of
non-trivial solutions of cubic forms has been studied via the circle method,
including the works of Davenport, Heath-Brown, Hooley (see [Dav63] [HB83]
[Hoo88| [HBOT7]). A reason to have hope of finding the secondary terms in the
cubic case is that Heath-Brown’s new version of the circle method is still useful

in degree three (see [HB96al).

As mentioned earlier, the result of Theorem 3.5.5 can be viewed as a type of
summation formula. One would expect that if one has a summation formula,
then one should be able to figure out secondary terms. In view of the work of
Braverman and Kazhdan and Sakellaridis (see [BK00] [BK02] [Sak12]), there
should be a Poisson summation formula for some large class of varieties, partic-
ularly spherical varieties. Therefore, if one looks for secondary terms, it makes
sense to look among the spherical varieties. As a degree three example, one

can consider affine varieties cut out of M3.3 x A, where A stands for the affine
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line, by the equation det X = a®, where X € Ms,3 and a € A. The equation

det X = a3 can be viewed as a cubic form in 10 variables.
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