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Abstract

Let F be a non-degenerate quadratic form on an n-dimensional vector space V over

the rational numbers, and let J be the symmetric matrix associated to F . One is

interested in counting the number of zeros of the quadratic form whose coordinates

are restricted in a smoothed box of size B. Heath-Brown gave an asymptotic for

this question of the form: c1B
n−2 +OJ,ε(B

(n−1+δ)/2+ε), for any ε > 0 and dimV ≥ 5,

where c1 ∈ C and δ = 0 or 1, according as n is odd or even. For dimV = 3 and

dimV = 4, Heath-Brown also gave similar asymptotics. More recently, Getz gave

an asymptotic of the form: c1B
n−2 + c2B

n/2 + OJ,ε(B
n/2+ε−1) when n is even, in

which c2 ∈ C has a pleasant geometric interpretation. We consider the case where

n is odd with diagonal unimodular J and give an analogous asymptotic of the form:

c1B
n−2 + c2B

(n−1)/2 +OJ,ε(B
n/2+ε−1). We use the circle method and work classically

to exploit Gauss sums and find Dirichlet characters that fit into the odd degree

case. We also provide an explicit description of the Dirichlet series arisen during

the investigation, which is useful in applications. It turns out that the geometric

interpretation of the constant c2 of the asymptotic in the odd degree and even degree

cases is strikingly different.
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Chapter 1

Introduction and Statement of Results

1.1 Introduction

The circle method, originated by G. H. Hardy and S. Ramanujan in 1918 and

then improved by G. H. Hardy and J. E. Littlewood a few years later, is a powerful

tool in the study of Diophantine equations of the form

f(x1, . . . , xn) = 0, (1.1.1)

where f is a polynomial of degree k ≥ 1 with integer coefficients.

One is interested in counting the number of integral zeros x = (x1, . . . , xn) of

f restricted to a box B = [−B,B]n, where B ≥ 1. By a heuristic probabilistic

argument, one expects that the number Nf (B) of solutions to (1.1.1) in x ∈ B ∩ Zn

has size

Nf (B)� Bn−k.

By using the integral expression of the δ-symbol,

δn =

∫ 1

0

e(nα) dα =

 1 if n = 0

0 otherwise
,

where e(x) := e2πix, one has

Nf (B) =

∫ 1

0

( ∑
x∈B∩Zn

e(αf(x))

)
dα. (1.1.2)
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As mentioned in [HB96a], the behavior of the inner summation is determined by

an appropriate approximation of a/q to α. One hopes that the contribution of small

q is the main term.

By the Dirichlet approximation theorem (see [IK04] Section 20.2), with P1 ≥

2P2 ≥ 2, one defines the so-called “major arc”

M =

{
α :
∣∣∣α− a

q

∣∣∣ ≤ 1

qP1

, with q ≤ P2, (a, q) = 1

}
,

and the “minor arc” m = [0, 1] \M. Then, one hopes to estimate Nf (B) asymptoti-

cally on M while giving an upper bound for the contribution from m . This first type

of application of the circle method utilizes a variety of mean-values techniques, for

instances, Weyl’s bound, Hua’s inequality, etc., to deal with the minor arcs. Results

in Waring’s problem are generally proved this way.

The second type of application of the circle method to Nf (B) is that one com-

pletely ignores the minor arcs and treats the inner summation in (1.1.2) asymptot-

ically for all α. Here, the saving comes from good estimates of exponential sums,

instead of the mean-value ideas used in the first type of the problem. Kloosterman’s

work on quaternary quadratic forms, and the papers of Heath-Brown, Hooley on

cubic forms are of this type (see [Klo26, HB83, Hoo88]).

In most cases, one only obtains the main term in the asymptotic. This changed

in the recent papers of Vaughn and Wooley, Schindler, and Getz (see [VW18, Sch17,

Get18a]). In this thesis, we continue this investigation on quadratic form following

the Heath-Brown’s new version of the circle method [HB96a], which is rooted from a

double-summation representation of the δ-symbol that we will address in due course.

In [Get18a], Getz established for the first time the existence of a secondary term in

the asymptotic for the (smoothed) number of zeros of quadratic forms in even number

of variables over arbitrary number field. We consider the case of an odd number of

variables over the rational numbers and wish to count the number of its zeros whose
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heights are at most B, for a real number B ≥ 1. Roughly, we obtain an asymptotic

of the form

c1B
n−2 + c2B

(n−1)/2 +OJ,ε(B
n/2+ε−1),

where n ≥ 5 is the number of variables of the quadratic form. In the boundary case

n = 3, our asymptotic has the form

c′1B logB + c′2B +OJ,ε(B
1/2+ε).

These asymptotic formulas imply that Heath-Brown’s estimates (see [HB96a], Theo-

rems 5 and 8) are sharp.

1.2 Statement of results

To state our main theorem, we briefly introduce our counting function, N(B),

which is defined by

N(B) := N(B,ω, J) =
∑
x∈Zn

ω
( x
B

)
δF (x),

where J is the symmetric matrix associated to the quadratic form F (x), and ω(x) is

a smooth compactly supported function in Rn. We assume for simplicity that J is

diagonal with entries bi = ±1, where i = 1, . . . , n, though our methods are completely

general. In the definition of N(B), the δ-symbol plays a role in detecting zeros of

F (x), while ω(x), which can be thought of as a bump function, ensures the zeros are

restricted in a smoothed box of size B.

We adapt the method of Heath-Brown to initiate and transform the zero-counting

function N(B) into a sum of contour integrals:

∑
c∈Zn

∫
Re(s)=σ0

D(c, s)Bsg(c, s) ds, (1.2.1)

3



where σ0 is chosen appropriately so that the Dirichlet series D(c, s) converges abso-

lutely, and g(c, s) is defined in terms of Fourier and Mellin transforms as in (3.1.6).

It turns out that the analytic continuation of D(c, s) g(c, s) as a function of s

ultimately determines the shape of the asymptotic of N(B). In other words, the

further one can continue D(c, s) g(c, s) analytically, viewed a function of s, the more

accurate the asymptotic of interest is. In fact, Heath-Brown gave a meromorphic

continuation of D(c, s) g(c, s) to the half plane Re(s) > 1− n/2− α for some α > 0,

which is good enough to obtain the asymptotics proven in [HB96a]. In order to

acquire the secondary term, in [Get18a], Getz extended the regime of meromorphic

continuation of D(c, s) g(c, s) to Re(s) > −n/2. Getz’s arguments use the fact that

n is even, and it is not obvious how to extend the theorem proven in [Get18a] to the

odd degree case.

Motivated by the work of Heath-Brown and Getz, we consider the odd degree

case of the quadratic forms over the rational numbers. We work classically to exploit

Gauss sums, find the Dirichlet characters that fit into the odd degree case, and also

give an explicit expression of D(c, s), which is continued meromorphically to the

regime of interest.

Here is our main theorem:

Theorem. Let ε > 0 and denote by � a perfect square. If n ≥ 5 is odd,

N(B) = c1B
n−2 + c2B

(n−1)/2 +OJ,ε,ω(Bn/2+ε−1), (1.2.2)

4



where

c1 = Res s=−1 (D(0, s) g(0, s)),

and c2 =
∑
c∈Zn

ctJ−1c= 0

Res s=1/2−n/2 (D(c, s) g(c, s))+

+
∑

0 6= c∈Zn
ctJ−1c 6= 0

i(n−1)2/2 ctJ−1c det J =�

Res s=1/2−n/2 (D(c, s) g(c, s)). (1.2.3)

Moreover, if n = 3,

N(B) = c′1B logB + c′2B +OJ,ε,ω(B1/2+ε), (1.2.4)

where

c′1 =
−4

π4

∫
R
Z(x, 1) dx, (1.2.5)

and c′2 =
∑
c∈Zn

ctJ−1c= 0

Res s=−1 (D(c, s) g(c, s)) +
∑

0 6= c∈Zn
ctJ−1c 6= 0

−ctJ−1c det J =�

Res s=−1 (D(c, s) g(c, s)).

(1.2.6)

Remark 1. Before we dive into our investigation, we make some comments here.

• The function Z(x, 1) in (1.2.5) is defined as (3.4.1) in Section 3.4.

• Our asymptotic formulas (1.2.2) and (1.2.4) are fundamentally consistent with

those of Getz’s paper [Get18a]. However, it is notable that the secondary terms

(1.2.3) and (1.2.6) involve the solutions to a quadratic form in n+ 1 variables,

i(n−1)2/2 ctJ−1c det J = �, not just a quadratic form in n variables, ctJ−1c = 0.

This is in marked contrast to the corresponding results in [Get18a].

• In [Get18a], the secondary term is given in a less explicit manner. In this thesis,

we work classically and give an explicit description of the secondary term, at

5



least outside the infinite place, which sheds light on the questions of whether

the secondary term is identically to zero and whether it is positive or negative

in the odd degree case of quadratic forms. This information will be useful in

applying the theorem.

• The D(c, s) g(c, s), viewed as a function of s, admits the analytic continuation

to Re(s) > −n/2 with possible simple poles only at s = 0,−1, and 1/2− n/2.

For application, it may be necessary to know the existence conditions of these

poles. We present these results in Lemma 3.5.4 and Section 3.6.

We postpone the proof of our main theorem until Section 3.5. We address back-

ground information in Chapter 2 before starting our approach to the main theorem

in Chapter 3. Specifically, we study exponential double summations, namely S(q, c)

as defined in (3.1.3), which are the coefficients of the Dirichlet series D(c, s), and sub-

sequently analyze D(c, s) in Sections 3.2 and 3.3. These two sections are the most

technical parts of this thesis. Using Getz’s results, we briefly treat g(c, s) in Section

3.4. We end this thesis with some further discussions in Chapter 4. We entirely work

and use classically analytic language throughout the thesis.

6



Chapter 2

Background Information

We devote this chapter to build up some relevant backgrounds that are useful

to our investigation. We follow closely some selected materials presented in [Apo76],

[Coh07a], [Coh07b], [IK04], [MV07], and [SS03].

2.1 Arithmetic functions

Definition: A complex-valued function f defined on the natural numbers N is

called an arithmetic function, i.e., f : N→ C.

Arithmetic functions play an important role in number theory. Of particular im-

portance are (completely) multiplicative and periodic functions, which possess many

nice identities. Any arithmetic function f(n) can be expressed in terms of its sum-

function g(n) =
∑

d|n f(n) via Möbius inversion. Among common arithmetic func-

tions, we study the Möbius function and the Euler totient function, denoted by µ(n)

and ϕ(n) respectively. Along the way, we aim to get an evaluation of the so-called

Ramanujan sum.

2.1.1 The Möbius and Euler totient functions

Definition: The Möbius function µ(n), introduced by A.F. Möbius in 1832, is

defined as follows:

a) µ(1) = 1,

7



b) If n > 1, write n = pa11 . . . pakk . Then

µ(n) =

 (−1)k if a1 = a2 = . . . = ak = 1

0 otherwise
.

The Möbius function arises in many different places in this chapter. One of

its fundamental properties is a remarkably simple formula for the sum
∑

d|n µ(d)

extended over the positive divisors d of n. That is, if n ≥ 1,

∑
d|n

µ(d) = δ(n) =

 1 if n = 1

0 if n > 1
, (2.1.1)

which can be verified by using prime factorization of n.

Definition: The Euler totient function ϕ(n) counts the number of positive integers

not exceeding n which are relatively prime to n. In other words,

ϕ(n) =
∑∗

k(mod n)

1,

where the ∗ applied to the summation indicates (k, n) = 1.

As in the case of the µ(n), if n ≥ 1, we have (see [Coh07b], Proposition 10.1.11)

∑
d|n

ϕ(d) = n = N(n), (2.1.2)

where N(n) is an arithmetic function mapping a natural number n to itself.

2.1.2 The Möbius inversion formula

Definition: If f and g are two arithmetic functions, their Dirichlet product or

convolution, denoted by f ∗ g, is defined to be the arithmetic function h, where

h(n) = f ∗ g(n) =
∑
d|n

f(d) g
(n
d

)
.

8



By definition, it is clear that Dirichlet convolution is commutative and associative.

That is, for any arithmetic functions f, g, k,

f ∗ g = g ∗ f,

(f ∗ g) ∗ k = f ∗ (g ∗ k).

Moreover, if f is an arithmetic function with f(1) 6= 0, there is a unique arithmetic

function, denoted by f−1, such that

f ∗ f−1(n) = f−1 ∗ f(n) = δ(n). (2.1.3)

The function f−1 can be given inductively and it is called the Dirichlet inverse of f

(see [Apo76] Theorem 2.8).

Having studied Dirichlet multiplication, Dirichlet inverse and their properties, we

can see that the set of all arithmetic functions equipped with the usual addition

and the Dirichlet multiplication forms a commutative ring, whose the multiplicative

identity element is the δ-symbol, δ(n).

Using commutativity and associativity, given f(1) 6= 0 and g(1) 6= 0, we also get

(f ∗ g)−1 = f−1 ∗ g−1.

Now, the identities (2.1.1) and (2.1.3) imply that µ−1 = u and u−1 = µ, where

u(n) = 1 for all n. Using (2.1.1) again, we can deduce:

Möbius inversion formula: The following are equivalent:

(a) f(n) =
∑
d|n

g(d)

(b) g(n) =
∑
d|n

f(d)µ(n/d) = f ∗ µ(n)

Applying the Möbius inversion to (2.1.2), we obtain

ϕ(n) =
∑
d|n

N(d)µ(n/d) =
∑
d|n

d µ(n/d). (2.1.4)

9



2.1.3 Multiplicative and periodic properties

Definition: An arithmetic function f is called multiplicative if f is not identically

zero and

f(mn) = f(m) f(n) whenever (m,n) = 1.

It is called completely multiplicative if f(mn) = f(m)f(n) holds for all m,n.

Examples: The functions δ(n), u(n), and N(n) defined above are completely

multiplicative, while the functions µ(n) and ϕ(n) are multiplicative by noting µ(4) =

0, µ(2) = 1, ϕ(4) = 2, and ϕ(2) = 1.

Multiplicative and completely multiplicative arithmetic functions are pleasant to

deal with. In fact, if f is multiplicative, then f(1) = 1 and evaluating f(n) can be

simplified to finding f(pα) by means of f(n) =
∏

pα||n f(pα). Using this observation,

we have

∑
d|n

µ(d) f(d) =
∏
p|n

(1− f(p)). (2.1.5)

Moreover, the Dirichlet inverse f−1 of a completely multiplicative function f is

especially easy to determine. In fact, by using the identity (2.1.1) of µ(n), we can

show that f−1(n) = µ(n)f(n) in this case.

Example: The inverse of the Euler ϕ function is ϕ−1(n) =
∑

d|n dµ(d). Indeed,

(2.1.4) means ϕ = N ∗ µ, then ϕ−1 = N−1 ∗ µ−1. While µ−1 = u as seen previously,

we have N−1 = µN since N is completely multiplicative. Then, ϕ−1 = µN ∗u, which

is

ϕ−1(n) = µN ∗ u(n) =
∑
d|n

u(n/d)µ(d)N(d) =
∑
d|n

d µ(d) =
∏
p|n

(1− p),

where the last equality comes from (2.1.5) applied to f = N .

10



Definition: Let k be a positive integer. An arithmetic function f is said to be

periodic with period k if f(n+ k) = f(n) for all positive integers n.

Examples: The Dirichlet characters mod k, the greatest common divisor (n, k)

regarded as a function of n, or the exponential e2πimn/k, where m, k are fixed integers,

are periodic with period k.

Every periodic arithmetic function has a finite Fourier expansion (see [Apo76]

Theorem 8.4). More precisely, let f be an arithmetic function with period k. Then

there is a uniquely determined arithmetic function g, also period k, such that

f(n) =
k−1∑
m=0

g(m) e2πimn/k, (2.1.6)

where g is given by

g(m) =
1

k

k−1∑
n=0

f(n) e−2πimn/k. (2.1.7)

Since f and g have period k, the above summations can be extended over any complete

residue system modulo k. The first sum is called the finite Fourier expansion of f

and the numbers g(n) are called the Fourier coefficient of f .

In light of (2.1.6) and (2.1.7), we consider sk(n) =
∑

d|(n,k) f(d)g(k/d), which is

a periodic function of n with period k. Together with the fact d|(n, k) if and only if

d|n and d|k, we get

sk(n) =
∑

m(mod k)

ak(m) e2πimn/k, (2.1.8)

where

ak(m) =
∑
d|(m,k)

g(d) f(k/d)
d

k
. (2.1.9)

Furthermore, if f is completely multiplicative, g = µh, where h is multiplicative,

f(p) 6= 0, and f(p) 6= h(p) for all primes p, then we obtain

sk(n) =
F (k) g(k/(n, k))

F (k/(n, k))
, (2.1.10)

11



in which F = f ∗ g (see [Apo76] Theorem 8.8).

2.1.4 Evaluation of Ramanujan sum

Definition: For integers k and n, the Ramanujan sum is defined by

ck(n) =
∑∗

m(mod k)

e2πimn/k,

where the ∗ applied to the summation indicates (k,m) = 1.

By using the results from previous sections, we will evaluate this sum (see also

[IK04] Chapter 3). Indeed, we take f = N and g = µ in the definition of sk(n) and

apply (2.1.6) and (2.1.7) to get∑
d|(n,k)

dµ(k/d) =
∑

m(mod k)

ak(m) e2πimn/k, (2.1.11)

where

ak(m) =
∑
d|(m,k)

µ(d)N(k/d)
d

k
=
∑
d|(m,k)

µ(d).

Also, we recall (2.1.1) to have ∑
d|(m,k)

µ(d) = δ((m, k)).

Thus, (2.1.11) becomes ∑
d|(n,k)

d µ(k/d) =
∑∗

m(mod k)

e2πimn/k,

in which the right-hand side is the so-called Ramanujan sum.

Moreover, since f = N , which is completely multiplicative, and g = µ, which

implies h = u that is (completely) multiplicative, we can use (2.1.10) to proceed and

obtain ∑∗

m(mod k)

e2πimn/k =
∑
d|(n,k)

d µ(k/d) =
F (k)µ(k/(n, k))

F (k/(n, k))
,
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in which the identity (2.1.4) gives us

F (k) = N ∗ µ (k) =
∑
d|k

N(d)µ(k/d) =
∑
d|k

d µ(k/d) = ϕ(k).

Hence, we arrive at

∑∗

m(mod k)

e2πimn/k =
ϕ(k)µ(k/(n, k))

ϕ(k/(n, k))
. (2.1.12)

In particular, for prime power pk, we use the fact ϕ(pk) = pk−1(p− 1) to conclude

∑∗

m(mod pk)

e2πimn/pk =
ϕ(pk)µ( pk

(n, pk)
)

ϕ( pk

(n, pk)
)

=


0 if pk−1 - n

−pk−1 if pk−1 || n

pk−1(p− 1) if pk|n

, (2.1.13)

where a|b (resp. a - b) means a divides (resp. does not divide) b, and pk−1||n means

pk−1|n and pk - n.

We will employ this evaluation (2.1.13) when we investigate exponential sums in

Section 3.2.

2.2 Characters

2.2.1 Definition and basic properties

Definition: Let G be a finite abelian group. A character χ of G is a group

homomorphism from G to the multiplicative group C× of nonzero complex numbers.

In the multiplicative operation in G, χ : G → C× has the properties χ(xy) =

χ(x)χ(y) for all x, y ∈ G, χ(1) = 1, and χ(x)m = 1, where m = |G| is the order of G.

The last property implies that χ(x) is an mth root of unity, i.e., any character takes

values in the unit circle of complex plane.
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The characters of G form a group Ĝ with multiplication given by

(χ1χ2)(x) = χ1(x)χ2(x) for all x ∈ G.

The group Ĝ is called the dual group of G, and its identity element is the trivial

character χ0, which sends all elements of G to 1. Since |χ(x)| = 1, the inverse of a

character χ is its complex conjugate χ, which satisfies χ(x) = χ(x−1). It turns out

that the dual group Ĝ is isomorphic to G (see [IK04] Section 3.1).

If G is cyclic of order m and g is a generator of G, then every character of G is of

type χa(x) = e2πiay/m, where x = gy for some fixed residue class a modulo m. These

are distinct characters, therefore Ĝ is also cyclic of order m.

One of the most important properties of characters is the following orthogonality

relations (see [IK04] Section 3.1 and also [Apo76] Section 6.7):

∑
x∈G

χ(x) =

 |G| if χ = χ0

0 if χ 6= χ0

,

∑
χ∈Ĝ

χ(x) =

 |Ĝ| if x = 1

0 if x 6= 1
,

which allows us to detect the group identity element.

We will frequently make use of these two properties throughout the thesis.

2.2.2 The characters of Z/mZ and (Z/mZ)∗

Since ((Z/mZ),+) is cyclic, the characters of the additive group Z/mZ of residue

classes modulo m can be described explicitly. Specifically, they are given by

ϕa(n) = e
(an
m

)
,
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where e(x) = e2πix and a is any fixed number from 1 to m− 1.

The Euler’s formula, eix = cos(x) + i sin(x), extends this additive character to

a function on Z, periodic with period m. The orthogonality property of characters

becomes

∑
a(mod m)

e
(an
m

)
=

 m if m|n

0 otherwise
.

We call ϕa(n) = e
(
an
m

)
primitive if (a,m) = 1. Taking a sum over all the additive

primitive characters, we obtain the Ramanujan sum, which is explicitly computed in

(2.1.12):

cm(n) =
∑∗

a(mod m)

e
(an
m

)
=
ϕ(m)µ(m/(n, m))

ϕ(m/(n, m))
.

Now, we consider the multiplicative group of units of Z/mZ, denoted by (Z/mZ)∗,

and its character ψ : (Z/mZ)∗ → C∗. We recall that (Z/mZ)∗ = {a1, a2, . . . , aϕ(m)},

where residue classes ai’s, ai = {a : a ≡ ai(mod m)}, are incongruent modulo m and

(ai,m) = 1. The multiplicative operation is defined by a b = ab with the identity 1.

The inverse of a, namely a−1, is b, where ab ≡ 1(mod m). We also note that the dual

group of (Z/mZ)∗ has exactly ϕ(m) characters.

Since (Z/mZ)∗ ∼= (Z/m1Z)∗ × (Z/m2Z)∗, where m = m1m2 and (m1,m2) = 1,

every multiplicative character ψ mod m is a product ψ1ψ2 of multiplicative characters

ψ1 mod m1 and ψ2 mod m2. Moreover, for prime power m = pα , we observe

Z/pαZ = (Z/pαZ)∗ ∪ p(Z/pα−1Z)∗ ∪ . . . ∪ pj(Z/pα−jZ)∗ ∪ . . . ∪ pα−1(Z/pZ)∗ ∪ 0,

which is useful in transferring a non-Ramanujan-type sum to the sum of Ramanujan-

type sums, which will be revisited in Proposition 3.2.2.
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2.2.3 Dirichlet characters

Definition: A Dirichlet character modulo m is a map χ from Z to C such that

there exists a character ψ ∈ (Z/mZ)∗ satisfying χ(n) = ψ(n) if (n,m) = 1, while

χ(n) = 0 otherwise, where n denotes the residue class of n modulo m.

The Dirichlet character χ is completely multiplicative by observing n1n2 = n1 n2,

and χ is periodic with period m since χ(m + n) = χ(n) for all n. Furthermore,

|(Z/mZ)∗| = ϕ(m) tells us that the values of χ are either equal to 0 or ϕ(m)th roots

of unity in Z, and there are ϕ(m) distinct Dirichlet characters modulo m.

The converse is also true (see [Apo76] Theorem 6.15). That is, if χ is completely

multiplicative, periodic with period m, and χ(n) = 0 if (n,m) > 1, then χ is one the

ϕ(m) Dirichlet characters modulo m.

By abuse of language, we will say that χ has order n if the corresponding character

ψ has order n. Thus the order of a Dirichlet character modulo m divides ϕ(m).

Definition: Let χ be a Dirichlet character modulo m.

1. For d|m, χ is said to be defined modulo d if there exists a Dirichlet character

χd modulo d such that χ(n) = χd(n) whenever (n,m) = 1.

2. The conductor of a Dirichlet character is the smallest divisor l of m such that

χ can be defined modulo l. The character χ is primitive if the conductor of χ

is equal to m.

3. The trivial Dirichlet character χ0 is the character defined by χ0(n) = 1 when

(n,m) = 1 and χ0(n) = 0 when (n,m) > 1. It is the unique character modulo

m of conductor 1.

4. The Dirichlet character χ is said to be even or odd according as χ(−1) = 1 or

χ(−1) = −1, respectively.
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It is clear that χ is primitive if and only if χ can not be defined modulo m/p for

every prime p|m. Moreover, for m = m1m2 and (m1,m2) = 1, there exist unique

characters χi modulo mi such that χ = χ1χ2 (see [Coh07a] Proposition 2.1.34). The

order of χ is equal to the least common multiple of the orders of χ1 and χ2, and χ is

primitive if and only if both χ1 and χ2 are primitive (see [MV07] Lemma 9.3).

Moreover, the orthogonality properties applied to Dirichlet characters χ modulo

m yield

∑
a(mod m)

χ(a) =

 ϕ(m) if χ = χ0

0 otherwise
,

and

∑
χ mod m

χ(a) =

 ϕ(m) if a ≡ 1(mod m)

0 otherwise
.

Since χ(b) = χ(b−1), the second orthogonality property implies

∑
χ mod m

χ(a)χ(b) =

 ϕ(m) if a ≡ b(mod m)

0 otherwise
.

2.2.4 Legendre - Jacobi - Kronecker symbols

The Dirichlet characters of order two are just the real characters, i.e., real-valued

characters. In a number of ways, they play a special role, particularly they are

fundamental in the theory of quadratic forms.

Legendre symbol: Let p be an odd prime. There exists exactly one real primitive

character of conductor p, namely the Legendre symbol χp(a) =:
(
a
p

)
, where

(
a

p

)
=


0 if p|a

1 if x2 ≡ a(mod p) has a non-zero solution

−1 if x2 ≡ a(mod p) has no solutions

.
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Equivalently, the Legendere symbol χp(a) can be defined by saying that 1 +χp(a)

is the number of solutions x modulo p to x2 ≡ a(mod p). There are exactly (p−1)/2

values of a modulo p, called quadratic residues, such that (a
p
) = 1, and (p − 1)/2

values of a modulo p, called quadratic non-residues, such that (a
p
) = −1 (see [Coh07a]

Proposition 2.2.1).

We list here some basic properties of the Legendre symbol (see [Coh07a] Section

2.2.1):

1. The Legendre symbol is a real primitive Dirichlet character modulo p. It is

completely multiplicative viewed as a function of a for fixed p:(
ab

p

)
=

(
a

p

)(
b

p

)
.

2. The Legendre symbol satisfies(
a

p

)
≡ a(p−1)/2(mod p).

3. For fixed a, the Legendre symbol depends only on the residue class of p. For

example,(
−1

p

)
=

 1 if p ≡ 1(mod 4)

−1 if p ≡ 3(mod 4)
,

(
2

p

)
=

 1 if p ≡ 1 or 7(mod 8)

−1 if p ≡ 3 or 5(mod 8)
.

4. Quadratic Reciprocity: For p and q are distinct odd primes,(
p

q

)(
q

p

)
= (−1)(p−1)(q−1)/4.

Jacobi symbol: It is convenient to extend the Legendre symbol
(
a
p

)
to a symbol(

a
b

)
, where b is an arbitrary positive odd integer. This generalization, called the

Jacobi symbol, is defined by multiplicativity. In other words, if b = pe11 . . . pekk , where

the pi are odd primes, we set(a
b

)
J

:=

(
a

p1

)e1
. . .

(
a

pk

)ek
,
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where the subscript J is used to emphasize the Jacobi symbol and can be omitted if

it is clear from the context.

As usual with empty products, we set
(
a
1

)
= 1. By definition, the Jacobi symbol

is still completely multiplicative in a. Unlike the Legendre symbol,
(
a
b

)
= 1 does not

guarantee that a is a quadratic residue modulo b. Nevertheless, the Jacobi symbol

admits the following properties (see [Coh07a] Proposition 2.2.4):

1. For fixed b and variable a, the Jacobi symbol
(
a
b

)
is a Dirichlet character modulo

|b|, where |b| ≥ 2.

2. If m and n are coprime positive odd integers, the same quadratic reciprocity

formula holds: (m
n

)( n
m

)
= (−1)(n−1)(m−1)/4.

3. If n is an odd positive integer, the same complementary laws hold:

(
−1

n

)
= (−1)(n−1)/2 =

 1 if n ≡ 1(mod 4)

−1 if n ≡ 3(mod 4)
,

(
2

n

)
= (−1)(n2−1)/8 =

 1 if n ≡ 1 or 7(mod 8)

−1 if n ≡ 3 or 5(mod 8)
.

4. The Jacobi symbol
(
a
b

)
is completely multiplicative in b for fixed a.

Kronecker symbol: We can further extend the Jacobi symbol by multiplicativity

to have a symbol
(
a
n

)
K

defined for all integers a and n; this is called the Kronecker

symbol. More precisely,(a
n

)
K

, where a, n ∈ Z, is defined by:
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a)
(a
n

)
K

= 0 whenever an = 0 or (|a|, |n|) > 1.

b)
(a
n

)
K

:=

(
a

−1

)
K

(a
2

)v2(n)

K

∏
p 6=2

(
a

p

)vp(n)

L

, where pvp(n) ||n,

(
a

−1

)
K

:= sgn(a), and
(a

2

)
K

=

(
2

a

)
K

=

 1 if a ≡ 1, 7 (mod 8)

−1 if a ≡ 3, 5 (mod 8)
.

We note that the completely multiplicative property of the Jacobi symbol is still

preserved by the Kronecker symbol, and
(
a
n

)
K

=
(
a
n

)
J

and
(
a
n

)
K

=
(
a
n

)
L

if n is

positive odd integer or positive odd prime, accordingly. Moreover, the Kronecker

symbol admits the law of quadratic reciprocity for two nonzero integers m and n (see

[Coh07a] Proposition 2.2.6):( n
m

)
= (−1)((m1−1)(n1−1)+(sign(m)−1)(sign(n)−1))/4

(m
n

)
,

where m = 2αm1 and n = 2βn1 with m1 and n1 odd.

More importantly, the Kronecker symbol is used to characterize real primitive

characters. We recall that a fundamental discriminant, say D, is 1 or the discriminant

of a quadratic field. Moreover, any quadratic extension K/Q can be written uniquely

in the form K = Q(
√
d) with |d| squarefree. Then, the fundamental discriminant D

is

D =

 d if d ≡ 1(mod 4)

4d if d ≡ 2 or 3(mod 4)
.

Then, the theorem 2.2.15 in [Coh07a] states that: If D is a fundamental discrimi-

nant, the Kronecker symbol
(
D
·

)
defines a real primitive character modulo m = |D|.

Conversely, if χ is a real primitive character modulo m, then D = χ(−1)m is a

fundamental discriminant and χ(n) =
(
D
n

)
=: χD(n).

We remark that if χ is a non-primitive real character modulo m, there still exists

D such that χ(n) =
(
D
n

)
, but we can not in general choose D equal to χ(−1)m.
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However, the theorem does not address χa when a is not a fundamental discrim-

inant. In fact, such χa might be primitive Dirichlet characters, e.g. χ2, imprimitive

characters, e.g. χ4, or even not a character at all, e.g. χ3. In fact, the theorem 3.2

in [AG18] shows that χa =
(
a
·

)
is not periodic for a ≡ 3 (mod 4), so it can not be a

character. By analyzing the proofs of theorem 3.1 and proposition 3.5 in [AG18], we

conclude that

a) If a 6≡ 3 (mod 4), then χa is a Dirichlet character modulo 4|a|.

b) Otherwise, χa is not a character. However, it is worthwhile to observe that(a
n

)
K

=

(
−a
n

)
K

(
−1

n

)
K

,

where
(−a
n

)
K

is a Dirichlet character modulo |a|.

2.3 Gauss sums

Other types of arithmetic functions are given by exponential sums over (Z/mZ) or

(Z/mZ)∗. They include Ramanujan sums, which were evaluated in Section 2.1.4, and

Gauss sums. In particular, we will study Gauss sums related to Dirichlet characters,

and also quadratic Gauss sums, both in one and higher dimensions.

2.3.1 Gauss character sum

Definition: Let χ be a Dirichlet character modulo k. For integers m, the Gauss

character sum associated to χ, denoted by τk(m,χ), is defined by

τk(m,χ) =
k−1∑
n=0

χ(n) e
(mn

k

)
,

where e(x) := e2πix.
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It is easy to notice that the summation over n does not depend on the representa-

tives chosen for n modulo k as both χ and the exponentials are periodic with period

k, which were discussed in Sections 2.2.2 and 2.2.3.

If χ = χ0, we have χ0(n) = 1 if (n, k) = 1. In this case, the Gauss character sum

reduces to the Ramanujan sum

τk(m,χ0) =
∑∗

n(mod k)

e
(mn

k

)
= ck(m).

If m and k are relatively prime, the Gauss character sum τk(m,χ) can be simplified

to τk(1, χ). Specifically, if (m, k) = 1, then

τk(m,χ) = χ(m) τk(1, χ). (2.3.1)

We adapt the trick used in Theorem 1.1.3 of [BEW98] to present a proof of (2.3.1)

as follows:

Since χ(n) = χ(m)χ(m)χ(n) = χ(m)χ(mn), we have

τk(m,χ) =
k−1∑
n=0

χ(n) e
(mn

k

)
= χ(m)

k−1∑
n=0

χ(mn) e
(mn

k

)
= χ(m)

k−1∑
n=0

χ(n) e
(n
k

)
= χ(m) τk(1, χ),

where the penultimate equality comes from the fact that mn, where (m, k) = 1, run

through a complete residue system mod k as n does.

Moreover, if τk(m,χ) satisfies (2.3.1) for every m, then

|τk(1, χ)| = k1/2. (2.3.2)

Once again, it is useful to see an application of the orthogonal property of additive
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characters e
(
mn
k

)
here (see also [BEW98] Theorem 1.1.4):

|τk(1, χ)|2 = τk(1, χ)τk(1, χ) = τk(1, χ)
k−1∑
n=0

χ(n) e
(
−n
k

)
=

k−1∑
n=0

τk(n, χ) e
(
−n
k

)
=

k−1∑
n=0

k−1∑
r=0

χ(r) e
(nr
k

)
e
(
−n
k

)
=

k−1∑
r=0

χ(r)
k−1∑
n=0

e

(
n(r − 1)

k

)
= χ(1)k = k.

For (m, k) > 1, the Gauss character sum τk(m,χ) also admits (2.3.1) and (2.3.2)

if χ is primitive (see [MV07] Theorem 9.7). This implies that Gauss sums associated

to primitive characters are easier to handle than that of imprimitive ones.

We assume that χ is non-trivial Dirichlet character modulo k with conductor l,

i.e., χ is a primitive Dirichlet character modulo l. As mentioned in Section 1.6 of

[BEW98], we observe that

τk(m,χ) =
k−1∑
n=0

χ(n) e
(mn
k

)
=

l−1∑
b=0

(k/l)−1∑
a=0

χ(al + b) e

(
(al + b)m

k

)

=
l−1∑
b=0

χ(b) e

(
mb

k

) (k/l)−1∑
a=0

e

(
ma

(k/l)

)
,

where the inner sum vanishes unless k|(lm) due to orthogonality property.

Therefore, we have

τk(m,χ) =

 (k/l) τl(lm/k, χ) if k|(lm)

0 otherwise
, (2.3.3)

where

τl(lm/k, χ) =
l−1∑
b=0

χ(b) e

(
(lm/k)b

l

)
.

The identity (2.3.3) means that we can restrict our study to the Gauss char-

acter sum τk(m,χ), where χ is primitive character modulo k, for arbitrary m, not

necessarily coprime to k.
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2.3.2 Quadratic Gauss sum

Definition: Let m and k be integers with k > 0. The quadratic Gauss sum g(m, k)

over the ring of integers modulo k is defined by

g(m, k) =
k∑

n=1

e

(
mn2

k

)
,

where e(x) := e2πix.

When (m, k) = 1, the determination of g(m, k) is presented in Section 1.5 of

[BEW98] as follows:

g(m, k) =
k∑

n=1

e

(
mn2

k

)
=



(
m
k

)√
k if k ≡ 1 (mod 4)

0 if k ≡ 2 (mod 4)(
m
k

)
i
√
k if q ≡ 3 (mod 4)(

k
m

)
(1 + im)

√
k if k ≡ 0 (mod 4)

. (2.3.4)

In particular, for prime power k = ph, where p is odd, we use the real-valued

property of
(
m
k

)
and the fact p ≡ ±1 (mod 4) to deduce

g(m, ph) =

ph∑
n=1

e

(
mn2

ph

)
=


√
ph if 2|h(

m
p

)√
ph i(p−1)2/4 if 2 - h

.

Likewise, with k = 2h, i.e., for prime 2, we obtain

g(m, 2h) =
2h∑
n=1

e

(
mn2

2h

)
=


0 if h = 1

(1 + im)
√
ph if 2|h(

2
m

)
(1 + im)

√
ph if 2 - h, h > 1

.

Moreover, for odd prime p - m, the Gauss character sum associated to the Legen-

dre symbol, χ(n) =
(
n
p

)
L
, is equal to the quadratic Gauss sum g(1, p) (see [BEW98]
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Theorem 1.5.1). That is, one has

τp(m,χ) =

p−1∑
n=0

(
n

p

)
L

e

(
mn

p

)
=

p−1∑
n=0

e

(
mn2

p

)
= g(1, p). (2.3.5)

Alternatively, the identity (2.3.5) follows from the observation mentioned in Sec-

tion 2.2.4, the number of solutions modulo p to x2 ≡ n (mod p) is equal to 1 + (n
p
),

together with the orthogonality property. Specifically, we have

p−1∑
n=0

e

(
mn2

p

)
=

p−1∑
n=0

e

(
mn

p

)(
1 +

(
n

p

)
L

)

=

p−1∑
n=0

e

(
mn

p

)
+

p−1∑
n=0

(
n

p

)
L

e

(
mn

p

)

=

p−1∑
n=0

(
n

p

)
L

e

(
mn

p

)
.

We also note that if p|m, then τp(m,χ) = 0 while g(m, p) = p.

Nevertheless, one often encounters the quadratic Gauss sums g(m, ph) with (m, ph) >

1, i.e., p|m, which make (2.3.4) and (2.3.5) invalid. In this case, the periodic property

of the exponentials in the sum can be taken into account to reduce to the coprime

case. Indeed, we set m = apβ, where p - a. Then, we have:

a) If β ≥ h, the exponentials are identical to 1, which implies g(m, ph) = ph.

b) Otherwise,

g(apβ, ph) =

ph−1∑
n=0

e

(
apβn2

ph

)
=

ph−1∑
n=0

e

(
an2

ph−β

)

=

ph−β−1∑
n=0

e

(
an2

ph−β

)
+

2ph−β−1∑
n=ph−β

e

(
an2

ph−β

)
+ . . .

pβph−β−1∑
n=(pβ−1)ph−β

e

(
an2

ph−β

)

= pβ
ph−β−1∑
n=0

e

(
an2

ph−β

)
= pβ g(a, ph−β).
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2.3.3 n-dimensional Gauss sum

Definition: Let A be a symmetric n× n matrix with entries in Z and let v ∈ Zn.

For k ≥ 1, the normalized n-dimensional Gauss sum associated with A and v is

defined by

Gk(A, v) = p−nk/2
∑

x∈(Z/pkZ)n

e(πixtAx/pk)e(2πiv·x/pk).

We also write Gk(A) := Gk(A, 0).

In [DF97], Dabrowski and Fisher state properties of Gk(A, v) in Lemma 2.3.1,

which we verify here for reference.

Lemma 2.3.1. The n-dimensional Gauss sum Gk(A, v) satisfies

Gk(A, v) = Gk(P
tAP, P tv), where P ∈ GLn(Z),

and Gk(A) = Gk(A1)Gk(A2) if A =

A1

A2

 is block-diagonal.

Proof. Since P is invertible, we have (Z/phZ)n = P (Z/phZ)n. Indeed, it follows from

the inclusions

(Z/phZ)n ⊃ P (Z/phZ)n ⊃ P−1P (Z/phZ)n = In(Z/phZ)n = (Z/phZ)n.

Moreover, by observing P tv · x = vtPx = v · (Px), we get

Gk(P
tAP, P tv) = p−nk/2

∑
x∈(Z/pkZ)n

e(πixtP tAPx/pk)e(2πiP tv·x/pk)

= p−nk/2
∑

x∈(Z/pkZ)n

e(πi(Px)tA(Px)/pk)e(2πiv·(Px)/pk)

= p−nk/2
∑

(Px)∈(Z/pkZ)n

e(πi(Px)tA(Px)/pk)e(2πiv·(Px)/pk)

= Gk(A, v).
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Secondly, by writing Xm
1 = [x1 . . . xm] and Xn

m+1 = [xm+1 . . . xn] and assuming A1m×m

and A2 (n−m)×(n−m), we can perform blockwise matrix multiplication to obtain

xtAx = [x1 . . . xn]

A1

A2



x1

...

xn


=
[
Xm

1 Xn
m+1

]A1

A2

 (Xm
1 )t

(Xn
m+1)t


=
[
Xm

1 A1 Xn
m+1A2

] (Xm
1 )t

(Xn
m+1)t


= Xm

1 A1(Xm
1 )t +Xn

m+1A2(Xn
m+1)t,

which implies

Gk(A) = p−nk/2
∑

x∈(Z/pkZ)n

eπix
tAx/pk

= p−mk/2p−(n−m)k/2
∑

x∈(Z/pkZ)n

eπiX
m
1 A1(Xm

1 )t/pkeπiX
n
m+1A2(Xn

m+1)t/pk

=
(
p−mk/2

∑
x∈(Z/pkZ)m

eπix
tA1x/pk

)(
p−(n−m)k/2

∑
x∈(Z/pkZ)n−m

eπix
tA2x/pk

)
= Gk(A1)Gk(A2).

By observing v ·x = V m
1 ·Xm

1 +V n
m+1 ·Xn

m+1, the second property in Lemma 2.3.1

also holds for Gk(A, v), i.e., Gk(A, v) = Gk(A1, v1)Gk(A2, v2).

Dabrowski and Fisher gave a proof of Proposition 2.3.2, and we give an alternative

proof for the convenience of the reader.

Proposition 2.3.2. Let A be a symmetric n × n matrix with entries in Z and let

v ∈ Zn. For odd prime p,

Gk(A, v) 6= 0 if and only if v = Au for some u ∈ Zn.
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Moreover, if v = Au, then Gk(A, v) = e(−πiutAu/pk)Gk(A).

Proof. By replacing x by x+ y, where y ∈ (Z/pkZ)n, and noting that

(x+ y)tA(x+ y) = xtAx+ 2Ay · x+ ytAy,

we get Gk(A, v) = e(πiytAy/pk)e(2πiv·y/pk)Gk(A, v + Ay). If v = Au, we choose y = −u

and obtain

Gk(A, v) = e(πiutAu/pk)e(−2πiutAu/pk) Gk(A)

= e(−πiutAu/pk) Gk(A) 6= 0.

On the other hand, as p is odd, there exists P ∈ GLn(Z) such that P tAP is diagonal

(see [DF97] Remark 1.14) with entries u1p
a1 , u2p

a2 , . . . , unp
an , where p - ui for all

i = 1, . . . , n. By Lemma 2.3.1 and the fact that v ∈ Zn, it suffices to consider the

one-dimensional Gauss sum Gk(uip
ai , vi) and to show that for each i,

Gk(uip
ai , vi) = 0 whenever pai - vi,

where vi’s are coordinates of v.

Indeed, the sum is invariant by changing xi to xi + ypk−ai , for some non-zero

y ∈ Z/paiZ. That is,

Gk(uip
ai , vi) = p−nk/2

∑
xi∈Z/pkZ

e(πix2i uip
ai/pk)e(πiy2uip

k−ai )e(2πivixi/p
k)e(2πivip

−aiy)

= eπiy
2uip

k−aie2πiviuip
−aiy Gk(uip

ai , vi),

which implies Gk(uip
ai , vi) = 0 whenever pai - vi.

Consequently, we have seen that the n-dimensional Gauss sum can be reduced

to the quadratic Gauss sum, which was studied in the previous section, for odd p or

diagonal matrix A.
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2.4 Dirichlet series and Euler product

2.4.1 Dirichlet series

To an arithmetic function f , we attach two natural infinite series, the power series

P (z) and the Dirichlet series D(s) defined by

P (z) =
∞∑
n=1

f(n)zn,

D(s) =
∞∑
n=1

f(n)

ns
,

where z, s are complex variables.

We usually deal with additive problems by using power series and with multiplica-

tive ones by Dirichlet series. Indeed, the product of A(z)B(z), where A(z) =
∑
akz

k

and B(z) =
∑
bmz

m, yields a power series C(z) =
∑
cnz

n with

cn =
∑

k+m=n

ak bm. (2.4.1)

The index of cn is the sum of the indices of ak and bm because of zkzm = zk+m. On

the other hand, the product of Dirichlet series α(s) =
∑
akk

−s and β(s) =
∑
bmm

−s

is a Dirichlet series γ(s) =
∑
cnn

−s, whose coefficients are

cn =
∑
km=n

ak bm. (2.4.2)

This is similar to (2.4.1), but the resulting index is the product of the indices of ak

and bm, which is due to k−sm−s = (km)−s.

Among the Dirichlet series, we will study the so-called Riemann zeta function and

Dirichlet L-functions, respectively defined by

ζ(s) =
∞∑
n=1

1

ns
,

L(s, χ) =
∞∑
n=1

χ(n)

ns
,
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where χ is a Dirichlet character.

As an example of (2.4.2), if we choose α(s) = β(s) = ζ(s), then we have

cn =
∑
km=n

1 =
∑
k|n

1 =: d(n),

where d(n) is called the divisor function. Thus, the product α(s)β(s) yields

∞∑
n=1

d(n)

ns
= ζ(s)2,

which is defined for Re(s) > 1 in Section 2.5.2.

Having defined Dirichlet series, we now recall some of its analytic properties. We

write Re(s) = σ and note that if σ ≥ a, we have |ns| = nσ ≥ na and then∣∣∣f(n)

ns

∣∣∣ ≤ |f(n)|
na

,

which extends the regime of absolute convergence of Dirichlet series
∑
f(n)n−s from

a point s = a+ it to the half-plane Re(s) ≥ a.

This observation implies the half-plane of absolute convergence of Dirichlet series

(see [Coh07b] Proposition 10.1.15): Suppose
∑
|f(n)n−s| does not converge for all s

or diverge for all s. Then there exists a real number σa, called the abscissa of absolute

convergence, such that the series
∑
f(n)n−s converges absolutely if σ > σa, but does

not converge absolutely if σ < σa.

Examples:

1. The Riemann zeta function ζ(s) =
∑∞

n=1
1
ns

converges absolutely for σ > 1.

When s = 1, it diverges, so σa = 1.

2. If f is bounded, i.e., |f(n)| ≤ M for all n ≥ 1, then
∑
f(n)n−s converges

absolutely for σ > 1, so σa ≤ 1. In particular, the Dirichlet L-function L(s, χ) =∑
χ(n)n−s converges absolutely for σ > 1.
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Suppose we are given two functions F (s) and G(s) represented by Dirichlet series,

F (s) =
∞∑
n=1

f(n)

ns
for σ > a,

and

G(s) =
∞∑
n=1

g(n)

ns
for σ > b.

Then, in the half-plane where both series converge absolutely, we have

F (s)G(s) =
∞∑
n=1

h(n)

ns
,

where h = f ∗ g, the Dirichlet convolution of f and g, is given by

h(n) =
∑
d|n

f(d) g
(n
d

)
.

We note here that the absolute convergence guarantees that this rearrangement of

sums is justified.

Example: Assume F (s) =
∑
f(n)n−s converges absolutely for σ > σa and f

is completely multiplicative, i.e., f−1(n) = µ(n)f(n) . Since |f−1(n) ≤ |f(n)|, the

series G(s) =
∑
f−1(n)n−s also converges absolutely for σ > σa. Then, the product

F (s)G(s) has coefficients

h(n) =
∑
d|n

f−1(d)f
(n
d

)
=
∑
d|n

µ(d)f(d)f
(n
d

)
= f(n)

∑
d|n

µ(d) = f(n)δ(n) = f(1) = 1,

which yields

∞∑
n=1

µ(n)f(n)

ns
=

1

F (s)
if σ > σa. (2.4.3)

In particular, with f(n) = u(n) = 1 for all n, we get

∞∑
n=1

µ(n)

ns
=

1

ζ(s)
if σ > 1,
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and for every Dirichlet character χ, we have

∞∑
n=1

µ(n)χ(n)

ns
=

1

L(s, χ)
if σ > 1.

Moreover, by revoking the Möbius inversion formula in Section 2.1.2, that is,

f(n) =
∑
d|n

g(d)

if and only if g(n) =
∑
d|n

f(d)µ(n/d) = f ∗ µ(n),

we obtain

∞∑
n=1

g(n)

ns
=
∞∑
n=1

f(n)

ns

∞∑
n=1

µ(n)

ns

=
1

ζ(s)

∞∑
n=1

f(n)

ns
. (2.4.4)

Thus, (2.4.3) and (2.4.4) are examples of interrelation between arithmetic func-

tions and their corresponding Dirichlet series.

While a power series represents an analytic function inside its disk of convergence,

a Dirichlet series represents an analytic function inside its half-plane of convergence.

This analytic property follows from the uniform convergence of the Dirichlet series

on every compact subset lying in the half-plane of convergence σ > σc (see [Apo76]

Theorem 11.11).

Furthermore, some functions which are defined by Dirichlet series can be continued

analytically beyond the line σ = σc. We recall the principle of analytic continuation:

If F (s) and G(s) are analytic in regions ΩF and ΩG, respectively, where ΩF ⊂ ΩG, and

F (s) = G(s) on some non-empty open subset of ΩF or even for s in some sequence

of distinct points with a limit in ΩF , then F (s) = G(s) for all s ∈ ΩF . In this case,

we say G is the analytic continuation of F to ΩG.
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For example, the Riemann zeta function ζ(s) can be continued analytically beyond

the line σ = 1 to a function which is analytic for all s except for a simple pole at

s = 1. Similarly, if χ is a nontrivial Dirichlet character, the Dirichlet L-function

L(s, χ) can be continued analytically beyond the line σ = 1 to an entire function.

We will study these examples in detail in Section 2.5.

2.4.2 Euler product

The Euler product, discovered by Euler in 1737, is sometimes called the analytic

version of the fundamental theorem of arithmetic.

Suppose we are given an absolutely convergent series
∑∞

n=1 f(n), where f is mul-

tiplicative. Then the series can be expressed as an absolutely convergent infinite

product (see [MV07] Theorem 1.9), namely the Euler product,

∞∑
n=1

f(n) =
∏
p

{1 + f(p) + f(p2) + . . .},

extended over all primes. If f is completely multiplicative, evaluating the geometric

series simplifies the summation on the right-hand side and yields

∞∑
n=1

f(n) =
∏
p

1

1− f(p)
.

We consider the Dirichlet series
∑
f(n)n−s and assume it converges absolutely

for σ > σa. If f is multiplicative, and so is f(n)n−s. Then, we have

∞∑
n=1

f(n)

ns
=
∏
p

{1 +
f(p)

ps
+
f(p2)

p2s
+ . . .} if σ > σa,

and if f is completely multiplicative, it is simplified to

∞∑
n=1

f(n)

ns
=
∏
p

1

1− f(p)p−s
if σ > σa,
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Examples: With ζ(s), we have f(n) = 1 for all n, i.e., f(n) is completely multi-

plicative. Thus, the Euler product of ζ(s) is of the form

ζ(s) =
∞∑
n=1

1

ns
=
∏
p

1

1− p−s
if σ > 1,

which implies

1

ζ(s)
=
∞∑
n=1

µ(n)

ns
=
∏
p

(1− p−s) if σ > 1,

ζ(2s)

ζ(s)
=
∏
p

1

1 + p−s
if σ > 1,

ζ(s− 1)

ζ(s)
=
∏
p

1− p−s

1− p1−s if σ > 2,

L(s, χ) =
∞∑
n=1

χ(n)

ns
=
∏
p

1

1− χ(p)p−s
if σ > 1,

L(s, χ0) =
∞∑
n=1

χ0(n)

ns
=
∏
p-k

1

1− p−s
=
∏
p

1

1− p−s
∏
p|k

(1− p−s) = ζ(s)
∏
p|k

(1− p−s),

where χ0 is the trivial Dirichlet character modulo k.

2.5 Analytic continuation, zeros, and poles

2.5.1 The Gamma function

For real number s > 0, the gamma function Γ(s) has the integral representation

Γ(s) =

∫ ∞
0

e−t ts−1 dt.
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It is well-defined by observing that∫ 1

0

e−t ts−1 dt ≤
∫ 1

0

ts−1 dt <∞ and

lim
t→∞

ts−1

et/2
= 0 yields

∫ ∞
1

e−t ts−1 dt ≤
∫ ∞

1

e−tet/2 dt =

∫ ∞
1

e−t/2 dt <∞.

We list some basic properties of the gamma function Γ(s) here (see [Apo76] Section

12.2), particularly to derive the analytic continuation of Γ(s) to C.

1. The integral representation of Γ(s) is holomorphic for Re(s) > 0.

2. For Re(s) > 0,

Γ(s+ 1) = sΓ(s).

In particular, Γ(n+ 1) = n! for n ∈ Z≥0.

3. For all s ∈ C,

Γ(1− s) Γ(s) =
π

sin(πs)
.

4. (Legendre’s duplication formula) For s /∈ {−n/2 : n ∈ N},

Γ(s) Γ

(
s+

1

2

)
= 21−2s π1/2 Γ(2s).

It is known that the gamma function Γ(s) can be continued over the whole

complex plane to a non-vanishing meromorphic function with only simple poles at

s = 0,−1,−2, . . .. The residues of Γ(s) at these poles are given by

Res
s=−n

Γ(s) =
(−1)n

n!
,where n = 0, 1, 2, . . .

Indeed, we consider

Fm(s) =
Γ(s+m)

(s+m− 1)(s+m− 2) . . . (s+ 1)s
, where m ∈ N.

Using the properties (1) and (2) above, Fm(s) is meromorphic on Re(s) > −m with

simple poles at s = 0,−1, . . . ,−(m − 1), and Fm(s) = Γ(s) on Re(s) > 0. Then
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the principle of analytic continuation yields the analytic continuation of Γ(s) to C as

desired, and

Res
s=−n

Fm(s) =
Γ(−n+m)

(m− 1− n)!(−1)(−2) . . . (−n)

=
(m− n− 1)!

(m− 1− n)!(−1)(−2) . . . (−n)
=

(−1)n

n!
.

Moreover, the property (3) gives us

1

Γ(s)
= Γ(1− s) sin(πs)

π
.

Since the zeros of sin(πs), which are all integers, contains the poles of Γ(1−s), which

are only positive integers, the reciprocal of Γ(s) is holomorphic everywhere. This

confirms the non-vanishing property of Γ(s) over the whole complex plane.

2.5.2 The Riemann zeta function

Let s = σ + it, where σ, t ∈ R. As seen in Section 2.4.2, for σ > 1, the Riemann

zeta function ζ(s) is a Dirichlet series given by

ζ(s) =
∞∑
n=1

1

ns
.

By using Weierstrass M-test and observing

∞∑
n=1

∣∣∣ 1

ns

∣∣∣ =
∞∑
n=1

1

nσ
≤

∞∑
n=1

1

n1+δ
<∞, where 1 + δ < σ and δ > 0,

we conclude that the Riemann zeta function ζ(s) is holomorphic for σ > 1.

The ζ(s) can be expressed as an integral for σ > 1 (see [SS03] Theorem 2.2).

Specifically,

π−s/2 Γ(s/2) ζ(s) =
1

2

∫ ∞
0

us/2−1(θ(u)− 1) du, (2.5.1)
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where the theta function θ(t), with t > 0, is defined by the infinite sum

θ(t) =
∑
n∈Z

e−πn
2t.

As in the case of Γ(s), the Riemann zeta function ζ(s) admits the analytic con-

tinuation to s ∈ C except a simple pole at s = 1 with residue 1. Indeed, this follows

by recalling the integral expression of ζ(s) for σ > 1 in (2.5.1),

π−s/2 Γ(s/2) ζ(s) =
1

2

∫ ∞
0

us/2−1 (θ(u)− 1) du,

setting I(s) =
1

2

∫ ∞
0

us/2−1(θ(u)− 1) du, and using the following properties of I(s)

(see [SS03] Theorem 2.3):

i) I(s) is holomorphic for σ > 1.

ii) I(s) has the meromorphic continuation to the whole complex plane being only

simple poles at 0 and 1 with residues −1 and 1 respectively.

iii) I(s) = I(1− s) for all s ∈ C.

As studied in the previous section, the nowhere-vanishing Γ(s/2) has only simple

poles at s = 0,−2,−4, . . .. Then, we can extend ζ(s) beyond the line σ = 1 by the

virtue of the identity

ζ(s) =
πs/2

Γ(s/2)
I(s). (2.5.2)

Besides the analytic continuation property, the ζ(s) also admits its Euler product,

as seen in Section 2.4.2, and functional equation.

For all s ∈ C, the ζ(s) satisfies

ζ(s) = πs−12s sin
(πs

2

)
Γ(1− s)ζ(1− s), (2.5.3)
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which can be deduced from the functional equation of I(s), i.e., I(s) = I(1 − s),

and properties of Γ(s). Specifically, we apply properties (3) and (4) of the gamma

function Γ(s) with s+1
2

and s
2
, respectively, to get

Γ(s/2) Γ

(
s+ 1

2

)
= 21−s π1/2Γ(s) and Γ

(
1− s

2

)
Γ

(
s+ 1

2

)
=

π

cos(πs
2

)
,

which yields

Γ(s/2)

Γ(1−s
2

)
= π−1/2 21−s cos

(πs
2

)
Γ(s).

Furthermore, I(s) = I(1− s) is equivalent to

π−s/2 Γ(s/2) ζ(s) = π−(1−s)/2 Γ

(
1− s

2

)
ζ(1− s).

Putting all together, we obtain the functional equation of ζ(s) as

ζ(s) = πs−
1
2

Γ(1−s
2

)

Γ(s/2)
ζ(1− s) = πs 2s−1 1

cos
(
πs
2

)
Γ(s)

ζ(1− s)

= πs−1 2s−1 sin (πs)

cos
(
πs
2

) Γ(1− s) ζ(1− s) = πs−1 2s sin
(πs

2

)
Γ(1− s) ζ(1− s).

Consequently, the Riemann zeta function ζ(s) has

a) no zeros in σ > 1.

b) simple zeros at s = −2,−4,−6, . . ., called trivial zeros of ζ(s), in σ < 0.

c) infinitely many non-trivial zeros in 0 ≤ σ ≤ 1, namely the critical strip.

Proof. In the regime of the validity of the Euler product of ζ(s), we use limit com-

parison test to get ∑
p

∣∣∣ 1

ps − 1

∣∣∣ ≤ ∞∑
n=2

1

nσ − 1
∼=

∞∑
n=2

1

nσ
<∞.

Then the non-vanishing property ζ(s) in σ > 1 follows from the fact that if
∑∞

n=1 |an| <

∞, then
∏∞

n=1(1 + an) converges and converges to zero if and only if one factor is

zero (see [SS03] Proposition 3.1).
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With σ < 0, we study zeros of ζ(s) via its functional equation (2.5.3), that is,

ζ(s) = πs−12s sin
(πs

2

)
Γ(1− s)ζ(1− s).

It is obvious that ζ(1−s) is non-zero in σ < 0, and Γ(1−s) is also nowhere-vanishing

with only simple poles at s = 1, 2, 3, . . .. Thus, the zeros of ζ(s) with σ < 0 are the

zeros of sin
(
πs
2

)
in this case, which are s = −2,−4,−6, . . ..

Lastly, we recall the analytic continuation of ζ(s) beyond the line σ = 1 (2.5.3)

and the identity Γ(s+ 1) = sΓ(s) to define a function ξ(s) as

ξ(s) =
1

2
s(s− 1)π−s/2 Γ

(s
2

)
ζ(s). (2.5.4)

The function ξ(s) is entire by using property ii) of I(s). Moreover, it can be showed

that |ξ(s)| ≤ c1e
c2|s|1+ε ∀ε > 0, for some positive constants c1, c2, but no better. Then

the Weierstrass product, see Chapter 5 in [SS03], yields that ξ(s) has infinitely many

zeros in the complex plane, which is equivalent to say that the ζ(s) has infinitely

many zeros in the critical strip.

We also note that ζ(s) is non-zero at the line σ = 1 (see [SS03] Theorem 1.2).

Then the functional equation (2.5.3) implies that it does not vanish at the line σ = 0

either.

2.5.3 The Dirichlet L-function

The Dirichlet L-fucntions L(s, χ) is defined for σ > 1 by the series

L(s, χ) =
∞∑
n=1

χ(n)

ns
,

where χ is a Dirichlet character modulo k.
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The treatment of both ζ(s) and L(s, χ) can be unified by introducing the Hurwitz

zeta function ζ(s, a), where 0 < a ≤ 1, defined for σ > 1 by the series

ζ(s, a) =
∞∑
n=0

1

(n+ a)s
.

Indeed, it is evident that ζ(s, 1) = ζ(s) and

L(s, χ) =
∞∑
n=1

χ(n)

ns
=

k∑
r=1

∞∑
q=0

χ(qk + r)

(qk + r)s

=
1

ks

k∑
r=1

χ(r)
∞∑
q=0

1

(q + r/k)s
= k−s

k∑
r=1

χ(r) ζ(s, r/k). (2.5.5)

This representation of L(s, χ) as a linear combination of Hurwitz zeta functions

shows that the properties of Dirichlet L-functions follow from the corresponding ones

of ζ(s, a).

Similarly to ζ(s), the Hurwitz zeta function ζ(s, a) is analytic in the half-plane

σ > 1. For σ > 1, it has an integral representation seen through

ζ(s, a) = Γ(1− s)I(s, a), (2.5.6)

where I(s, a) is an entire function of s, see Theorem 12.3 in [Apo76], defined by

I(s, a) =
1

2πi

∫
C

zs−1eaz

1− ez
dz for 0 < a ≤ 1,

where the contour C is a loop around the negative real axis.

By analytic continuation, the identity (2.5.6) provides the analytic continuation

of ζ(s, a) in the entire s-plane. Specifically, ζ(s, a) is analytic for all s except for a

simple pole at s = 1 with residue 1 (see also [Coh07b] Proposition 9.6.6). Using the

relation (2.5.5) and orthogonality property, we obtain the analytic continuation of

L(s, χ):

1. If χ = χ0, the Dirichlet L-function L(s, χ0) is analytic everywhere except for a

simple pole at s = 1 with residue ϕ(k)/k.
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2. If χ 6= χ0, L(s, χ) is an entire function of s.

The Dirichlet L-function admits its functional equation. In particular, if χ is any

primitive character mod k, then for all s, the Theorem 10.2.6 in [Coh07b] yields

L(1− s, χ) =
ks−1Γ(s)

(2π)s
{e−πis/2 + χ(−1)eπis/2} τ(1, χ)L(s, χ), (2.5.7)

where τ(1, χ) is the Gauss sum associated to χ, which was discussed in Section 2.3.1.

Moreover, the functional equation of L(s, χ), where χ is not necessarily primitive,

can be deduced from the functional equation of L(s, ψ), where ψ is the primitive

Dirichlet character induced by χ.

Indeed, let χ be any Dirichlet character mod k with conductor l. Using Euler

product and the identity χ(n) = ψ(n)χ0(n), where ψ is the corresponding primitive

character mod l, we have

L(s, χ) =
∏
p

(
1− χ(p)

ps

)−1

=
∏
p

(
1− ψ(p)χ0(p)

ps

)−1

=
∏
p-k

(
1− ψ(p)

ps

)−1

=
∏
p

(
1− ψ(p)

ps

)−1 ∏
p|k

(
1− ψ(p)

ps

)

= L(x, ψ)
∏
p|k

(
1− ψ(p)

ps

)
.

Consequently, the zeros of the Dirichlet L-function are obtained as follows (see

[Coh07b] Corollaries 10.2.15, 10.3.2 and Theorem 10.5.29):

a) For any character χ, L(s, χ) has no zeros in σ > 1.

b) For χ is primitive and σ < 0: L(s, χ) = 0 at negative even integers if χ is even,

and at negative odd integers if χ is odd.

c) L(0, χ) vanishes if χ is an even character.

d) For any nontrivial Dirichlet character χ, we have L(χ, 1) 6= 0.
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e) The nontrivial zeros of L(s, χ) is in the strip 0 < σ < 1, which includes a

possible exceptional zero.

2.6 Poisson summation formula

2.6.1 The Schwartz space

Definition: The Schwartz space on R, denoted by S := S(R), consists of the

set of all indefinitely differentiable functions f so that f and all its derivatives

f ′, f ′′, . . . , f (l), . . . , are rapidly decreasing, in the sense that

supx∈R |x|k |f (l)(x)| <∞ for every k, l ≥ 0.

It is easy to verify that S is a vector space over C.

Examples: The Gaussian function defined by f(x) = e−x
2

is smooth. By the chain

and product rules of differentiation, the derivatives of f(x) are of the form P (x) e−x
2
,

where P (x) is a polynomial, which implies f(x) ∈ S. In fact, e−ax
2

belongs to S

whenever a > 0. Another Schwartz functions are the smooth compactly supported

functions. On the contrary, although e−|x| decreases rapidly at infinity, it is not

differentiable at 0 and therefore does not belong to S.

2.6.2 Fourier transform and inversion

Definition: The Fourier transform of a function f ∈ S(R) is defined by

f̂(ξ) =

∫ ∞
−∞

f(x) e−2πixξ dx.

Example: If f(x) = e−πx
2

, then f̂(ξ) = f(ξ) = e−ξx
2
.
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Some basic properties of the Fourier transform are summarized as follows (see

[SS03] Chapter 3, Theorem 1.4 and Chapter 5, Section 1.4):

1. If f ∈ S(R), then f̂ ∈ S(R).

2. Riemann-Lebesgue Lemma:

f̂(ξ) =

∫ ∞
−∞

f(x)e−2πixξ dx→ 0 as |ξ| → ∞.

3. If f ∈ S(R), h ∈ R, δ > 0, then

f(x+ h)
∧

= f̂(ξ) e(hξ)

f(x)e(−xh)
∧

= f̂(ξ + h)

f(δx)
∧

= δ−1 f̂(δ−1ξ)

f ′(x)
∧

= 2πiξ f̂(ξ)

−2πixf(x)
∧

= f̂ ′(ξ)

Another important identity, called the multiplication formula: if f, g ∈ S(R),

then ∫ ∞
−∞

f(x) ĝ(x) dx =

∫ ∞
−∞

f̂(y) g(y) dy,

which can be used to obtain the Fourier inversion (see [SS03] Chapter 5, Section 1.5).

That is, if f ∈ S(R), then

f(x) =

∫ ∞
−∞

f̂(ξ) e(xξ) dξ

Therefore, the Fourier transform is a bijective mapping on the Schwartz space.
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2.6.3 The Poisson summation formula

Given a function f ∈ S(R), we can construct a new function

F1(x) =
∞∑

n=−∞

f(x+ n).

Since f is rapidly decreasing, the series converges absolutely and uniformly on every

compact subset of R, so F1 is continuous. Since the summation extends over integers,

F1 is periodic with period 1. The function F1 is called the periodization of f .

Alternatively, we can start with the Fourier inversion,

f(x) =

∫ ∞
−∞

f̂(ξ) e(xξ) dξ,

and consider its discrete analogue

F2(x) =
∞∑

n=−∞

f̂(n) e(xn).

Once again, the fact f̂ ∈ S implies continuity of F2, and the Euler’s formula yields

periodicity of period 1 of F2.

It turns out that these two approaches, which produce F1 and F2, actually lead to

the same function, which can be seen in the proof of Proposition 2.2.16 in [Coh07a]

(see also [SS03] Chapter 5, Theorem 3.1). The resulting equality is called the Poisson

summation formula:

∞∑
n=−∞

f(x+ n) =
∞∑

n=−∞

f̂(n) e(xn).

In particular, setting x = 0 we have

∞∑
n=−∞

f(n) =
∞∑

n=−∞

f̂(n).
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2.6.4 Mellin transform and inversion

Definition: Given a real-valued function f(x) satisfying f(x) = O(x−a) as x→ 0+

and f(x) = O(x−b) as x → ∞, where a < b are real numbers. Then, the Mellin

transform of f(x), defined by

M[f(x), s] = f ∗(s) =

∫ ∞
0

f(x)xs−1 dx,

exists in the strip 〈a, b〉 := {s = σ + it ∈ C : α < σ < β}, called fundamental strip.

Example: The function f(x) = e−x satisfies f(x) → 1 as x → 0+ and f(x) =

O(x−b) as x→∞ for any b > 0. Then,

M[e−x, s] =

∫ ∞
0

e−xxs−1 dx = Γ(s),

which is defined in Section 2.5 for Re(s) > 0.

We list some properties of the Mellin transform here for reference. In fact, they

can be used to derive (3.1.7) instead of using Mellin inversion.

Given µ, µk, ν, ρ ∈ R>0, and a finite A ⊂ N, the Mellin transform satisfies:

1. M[f(µx), s] = µ−s f ∗(s)

2. M
[∑
k∈A

λkf(µkx), s
]

=
(∑
k∈A

λkµ
−s
k

)
f ∗(s)

3. M[xνf(x), s] = f ∗(s+ ν)

4. M[f(xρ), s] =
1

ρ
f ∗(

s

ρ
)

5. M[xk
dk

dxk
f(x), s] = (−1)k (s)k f

∗(s) , where (s)k = s(s+ 1) . . . (s+ k − 1).

In particular, M[x
d

dx
f(x), s] = −s f ∗(s).
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6. M[

∫ ∞
0

f
(x
u

)
g(u)

du

u
, s] = f ∗(s) g∗(s).

The Mellin transform not only converges absolutely in the strip 〈a, b〉, but also

defines a holomorphic function in that strip (see [Coh07b] Proposition 9.7.7).

Moreover, the Mellin transform can be defined in terms of the Fourier transform.

Indeed, by change of variable x 7→ e−x and substituting s = α + 2πiβ, we get

M[f(x), α + 2πiβ] =

∫ −∞
∞

f(e−x)e−x(α+2πiβ−1) (−e−x) dx

=

∫ ∞
−∞

f(e−x)e−x(α+2πiβ) dx

=

∫ ∞
−∞

f(e−x)e−xα e−x2πiβ dx

= f(e−x)e−xα
∧

(β). (2.5.8)

In the same manner, we apply Fourier inversion to have

f(e−x) e−xα =

∫ ∞
−∞

f(e−x)e−xα
∧

(β) ex2πiβ dβ.

Using (2.5.8) with s = α + 2πiβ, it becomes

f(e−x) =

∫ ∞
−∞

M[f(x), α + 2πiβ] e−x(α+2πiβ) dβ =
1

2πi

∫ ∞
−∞

f ∗(s) e−xs ds,

which yields the Mellin inversion

f(x) =
1

2πi

∫
Re(s)=α

f ∗(s)x−s ds,

by changing e−x 7→ x.

More precisely, let f(x) be absolutely integrable with fundamental strip 〈α, β〉. If

f(x) is continuous at x, then for any c ∈ (α, β), one gets the Mellin inversion:

f(x) =
1

2πi

∫ c+i∞

c−i∞
f ∗(s)x−s ds.
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Chapter 3

The Main Theorem

3.1 Preliminary steps

We start our investigation by adapting a double-summation expression of the

δ-symbol, which was essentially due to Duke, Friedlander, and Iwaniec (see [DFI93],

Section 2), and then later refined by Heath-Brown (see [HB96a], Theorem 1). In

contrast to Heath-Brown, we keep the δ-symbol in terms of non-Ramanujan sums.

To ease notation, we denote e(x) by e2πix, and cp,j,J := (c/pj)tJ−1(c/pj), where t

means transpose. We use the subscript L to denote both the Legendre symbol and

its extension, the Jacobi symbol, while the subscript K stands for the Kronecker

symbol. Also, the notation 1S is 1 if the statement S is true and 0 otherwise.

Proposition 3.1.1. Assume Φ(x, y) ∈ S(R2), where Φ(x, 0) = 0 for all x and∫
R Φ(0, y) dy = 1. For any integer n and any real number Q > 1,

δn = cQQ
−1

∞∑
q=1

1

q

∑
a(mod q)

e

(
an

q

)
h

(
n

q Q
,
q

Q

)
, (3.1.1)

where cQ = 1+ON(Q−N) for any positive integer N , and h(x, y) = Φ(x, y)− Φ(y, x).

Proof. Since n
q

runs over all divisors of n as q does and the fact that every integer

divides 0, we have

∑
q|n

[
Φ

(
n

q Q
,
q

Q

)
− Φ

(
q

Q
,
n

q Q

)]
=
∑
q∈Z

Φ

(
0,
q

Q

)
1n=0.
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Since Φ is Schwartz, Poisson summation yields∑
q∈Z

Φ

(
0,
q

Q

)
=
∑
q∈Z

∫
R

Φ

(
0,
x

Q

)
e(−xq) dx.

By integrating by parts and changing variables, the inner integral is equal to Q when

q = 0 and ON(Q(Q|q|)−N) for all q 6= 0. Then, we may define cQ by writing∑
q∈Z

Φ

(
0,
q

Q

)
= c−1

Q Q,

which implies cQ = 1 +ON(Q−N) as desired. Thus, we have

δn = cQQ
−1
∑
q|n

[
Φ

(
n

q Q
,
q

Q

)
− Φ

(
q

Q
,
n

q Q

)]
.

Moreover, we can use orthogonality property to detect divisors of n and then rewrite

the δn as

δn = cQQ
−1

∞∑
q=1

1

q

∑
a(mod q)

e

(
an

q

)[
Φ

(
n

qQ
,
q

Q

)
− Φ

(
q

Q
,
n

q Q

)]

= cQQ
−1

∞∑
q=1

1

q

∑
a(mod q)

e

(
an

q

)
h

(
n

q Q
,
q

Q

)
,

where h(x, y) = Φ(x, y)− Φ(y, x).

Our smoothed counting function is defined by

N(B) =
∑
x∈Zn

ω
( x
B

)
δF (x),

where F (x) is a non-degenerate quadratic form in an odd number n of variables over

the rational numbers, and ω(x) is a smooth compactly supported function in Rn.

We apply Proposition 3.1.1 and write x = x0 + qy to get

N(B) = cQQ
−1

∞∑
q=1

1

q

∑
a(mod q)

∑
x∈Zn

ω
( x
B

)
e

(
aF (x)

q

)
h

(
F (x)

q Q
,
q

Q

)

= cQQ
−1

∞∑
q=1

1

q

∑
a(mod q)

∑
x0∈(Z/qZ)n

e

(
aF (x0)

q

)∑
y∈Zn

ω

(
x0 + qy

B

)
h

(
F (x0 + qy)

q Q
,
q

Q

)
.
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We set f(x0 + qy) := ω
(
x0+qy
B

)
h
(
F (x0+qy)

q Q
, q
Q

)
, which is Schwartz as a function

of y. Then, we apply the n-dimensional Poisson summation to f(x0 + qy) and use

property 3 of Fourier transform in 2.6.2 to obtain

∑
y∈Zn

f(x0 + qy) =
∑
c∈Zn

f̂q(c),

where

f̂q(c) = q−n e

(
c · x0

q

)
f̂(
c

q
).

Thus, we obtain

N(B) = cQQ
−1
∑
c∈Zn

∞∑
q=1

q−n−1 S(q, c)

∫
Rn
ω
( x
B

)
h

(
F (x)

q Q
,
q

Q

)
e

(
−c · x

q

)
dx,

(3.1.2)

where

S(q, c) =
∑

a(mod q)

∑
x0∈(Z/qZ)n

e

(
aF (x0) + c · x0

q

)
. (3.1.3)

Here, we interchange summations in (3.1.2) by an application of absolute conver-

gence. Indeed, the absolute convergence of (3.1.2) is justified by using trivial bound

of S(q, c) and integrating by parts .

We end this section by representing N(B) as a sum of contour integrals:

Proposition 3.1.2.

N(B) =
cBB

n−1

2πi

∑
c∈Zn

∫
Re(s)=σ0

D(c, s)Bsg(c, s) ds, (3.1.4)

where

D(c, s) =
∞∑
q=1

S(q, c)

qs+n+1
, (3.1.5)
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g(c, s) =

∫ ∞
0

∫
Rn
ω(x)h

(
F (x)

y
, y

)
e

(
−c · x

y

)
dx ys

dy

y
, (3.1.6)

with S(q, c) is defined in (3.1.3), and σ0 is chosen large enough so that the Dirichlet

series D(c, s) converges absolutely.

Proof. By using trivial bound qn+1 of S(q, c), the Dirichlet series D(c, s) converges

absolutely as long as σ0 > 1. Together with Mellin inversion, we then have

1

2πi

∫
Re(s)=σ0

D(c, s)

∫ ∞
0

∫
Rn
ω
( x
B

)
h

(
F (x)

yQ
,
y

Q

)
e

(
−c · x

y

)
dx ys

dy

y
ds (3.1.7)

=
∞∑
q=1

S(q, c)

qn+1

1

2πi

∫
Re(s)=σ0

∫ ∞
0

∫
Rn
ω
( x
B

)
h

(
F (x)

yQ
,
y

Q

)
e

(
−c · x

y

)
dx ys

dy

y
q−s ds

=
∞∑
q=1

S(q, c)

qn+1

∫
Rn
ω
( x
B

)
h

(
F (x)

q Q
,
q

Q

)
e

(
−c · x

q

)
dx,

which is the inner sum of N(B) in (3.1.2). We note that interchanging integration

and summation in (3.1.7) is permissible as a consequence of Propositions 3.4.1 and

3.4.2.

We also make our choice of Q = B. By changing variables (x, y) 7→ (Bx,By) and

utilizing homogeneous property of quadratic forms, we can extract B out of the two

inner integrals in (3.1.7) and obtain∫ ∞
0

∫
Rn
ω
( x
B

)
h

(
F (x)

yB
,
y

B

)
e

(
−c · x

y

)
dx ys

dy

y

=

∫ ∞
0

∫
Rn
ω(x)h

(
B2F (x)

yB
,
y

B

)
e

(
−c ·Bx

y

)
Bndx ys

dy

y

=

∫ ∞
0

∫
Rn
ω(x)h

(
B2F (x)

yB2
, y

)
e

(
−c · x

y

)
BndxBs ysB

dy

yB

= Bs+n

∫ ∞
0

∫
Rn
ω(x)h

(
F (x)

y
, y

)
e

(
−c · x

y

)
dx ys

dy

y
.

Using this double-integral identity, (3.1.7), and (3.1.2), we obtain the representa-

tion of N(B) as required in (3.1.4). Hence, we have proved the proposition.
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3.2 Exponential sums

In order to analyze the Dirichlet series D(c, s) of (3.1.5), we devote this section

on studying its coefficients S(q, c), which are exponential double sums given by

S(q, c) =
∑

a(mod q)

∑
x0∈(Z/qZ)n

e

(
aF (x0) + c · x0

q

)
.

By the mean of Chinese remainder theorem, S(q, c) is multiplicative as a function

of q (see also [HB96a], page 45). We record the proof in the following lemma:

Lemma 3.2.1. S(q, c) is multiplicative as a function of q. That is, one has

S(uv, c) = S(u, c)S(v, c) whenever (u, v) = 1.

Proof. Assume q = uv, where (u, v) = 1, which implies uu ≡ 1 (mod v) and vv ≡

1 (mod u). By setting a = uav+vau and x0 = uuxv+vvxu, where aj and coordinates

of n-dimensional vector xj run modulo j for j = {u, v}, we get

S(uv, c)
∑

a(mod uv)

∑
x0∈(Z/(uv)Z)n

e

(
aF (x0) + c · x0

uv

)

=
∑

au(mod u)

∑
av(mod v)

∑
xu∈(Z/(u)Z)n

∑
xv∈(Z/(v)Z)n

e

(
avF (xv) + c · uxv

v

)
e

(
auF (xu) + c · vxu

u

)

=
∑

au(mod u)

∑
xu∈(Z/(u)Z)n

e

(
auF (xu) + c · vxu

u

) ∑
av(mod v)

∑
xv∈(Z/(v)Z)n

e

(
avF (xv) + c · uxv

v

)
= S(u, vc)S(v, uc).

Moreover, using the fact that x and y, where x = ay and (a, b) = 1, run over the
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same complete residue system modulo b, we have

S(u, vc) =
∑

au(mod u)

∑
xu∈(Z/(u)Z)n

e

(
auF (xu) + c · vxu

u

)

=
∑

au(mod u)

∑
xu∈(Z/(u)Z)n

e

(
auv

2F (xu) + c · xu
u

)

=
∑

au(mod u)

∑
xu∈(Z/(u)Z)n

e

(
auF (xu) + c · xu

u

)
= S(u, c),

and S(v, uc) = S(v, c) similarly.

Thus, we obtain S(uv, c) = S(u, c)S(v, c) whenever (u, v) = 1 as desired.

Since S(q, c) is multiplicative as a function of q, it can be rewritten as

S(q, c) =
∏
pk || q

S(pk, c) =
∏
pk || q

∑
a(mod pk)

∑
x0∈(Z/pkZ)n

e

(
aF (x0) + c · x0

pk

)
=
∏
pk || q

∑
a(mod pk)

pnk/2Gk(2aJ, c), (3.1.8)

where Gk(A, v) = p−nk/2
∑

x∈(Z/pkZ)n e
(πixtAx/pk)e(2πiv·x/pk) is the n-dimensional Gauss

sum we studied in Section 2.3.3.

In view of Proposition 2.3.2, the multiplicative property of S(q, c) regarded as a

function of q in Lemma 3.2, and the sake of simplicity, we now assume the symmetric

matrix J associated to the quadratic form F (x) is diagonal with entries bi = ±1,

where i = 1, . . . , n. This implies that Proposition 2.3.2 applied to Gk(2aJ, c) in (3.1.8)

is valid for all primes and J−1 = J . As mentioned in Section 3.1, the expansion of

the δ-symbol (3.1.1) we use is not in the form of Ramanujan sum with respect to

a. To facilitate our upcoming computation and to take quadratic Gauss sums into

account, we turn S(pk, c) into a sum of Ramanujan-type sums in Proposition 3.2.2:
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Proposition 3.2.2.

S(pk, c) =
k∑
j=0

∑∗

a(mod pk−j)

∑
x0∈(Z/pkZ)n

e

(
aF (x0) + c

pj
· x0

pk−j

)
1pj |c,

where the ∗ applied the summation indicates (a, pk−j) = 1.

Proof. Assume f is defined on Z/pαZ. As seen previously in Section 2.2.2, we have

Z/pαZ = (Z/pαZ)∗ ∪ p(Z/pα−1Z)∗ ∪ . . . ∪ pj(Z/pα−jZ)∗ ∪ . . . ∪ pα−1(Z/pZ)∗ ∪ 0,

which yields ∑
a(mod pα)

f(a) =
α∑
j=0

∑∗

a(mod pα−j)

f(apj).

Then, we can rewrite S(pk, c) as

S(pk, c) =
k∑
j=0

∑∗

a(mod pk−j)

∑
x0∈(Z/pkZ)n

e

(
aF (x0) + c

pj
· x0

pk−j

)
.

By replacing x0 by x0 + pk−jy, for some fixed non-zero y ∈ (Z/pjZ)n, the inner most

sum vanishes unless pj|c. Indeed,

∑
x0∈(Z/pkZ)n

e

(
aF (x0) + c

pj
· x0

pk−j

)

=
∑

x0+pk−jy∈(Z/pkZ)n

e

(
aF (x0) + c

pj
· x0

pk−j

)
e

(
c · y
pj

)

= e

(
c · y
pj

) ∑
x0∈(Z/pkZ)n

e

(
aF (x0) + c

pj
· x0

pk−j

)
.

Here, in the last equality, we use the fact that each component of x0 and x0 + pk−jy

runs over a complete residue system modulo pk.

We are now in a position to prove two main theorems, Theorems 3.2.3 and 3.2.4,

of this section, accounting for the odd prime and even prime cases respectively.
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3.2.1 The odd prime case

Theorem 3.2.3. If c 6= 0 and p is an odd prime, one has

S(pk, c) =µ

b(k−1)/2c∑
l=0

p(2−n)l

(
ctJ−1c/p2(k−l)−2

p

)
L

1pk−(2l+1)|c 1p2(k−l)−2|ctJ−1c+

− pnk−1

bk/2c∑
l=1

p(2−n)l 1pk−2l|c 1p2(k−l)−1 || ctJ−1c+

+ pnk−1(p− 1)

bk/2c∑
l=1

p(2−n)l 1pk−2l|c 1p2(k−l)|ctJ−1c + pnk 1pk|c,

where µ := pnk−n/2+1/2 i(n−1)(p−1)2/4
(

det J
p

)
L

.

Proof. Using Lemma 2.3.1, Propositions 2.3.2 and 3.2.2, and periodicity of e(·/pk−j),

we get

S(pk, c) =
k∑
j=0

∑∗

a(mod pk−j)

∑
x0∈(Z/pkZ)n

e

(
aF (x0) + c

pj
· x0

pk−j

)
1pj |c

=
k−1∑
j=0

pnj
∑∗

a(mod pk−j)

∑
x0∈(Z/pk−jZ)n

e

(
aF (x0) + c

pj
· x0

pk−j

)
1pj |c + pnk 1pk|c

=
k−1∑
j=0

pnj
∑∗

a(mod pk−j)

pn(k−j)/2Gk−j(2aJ, c/p
j)1pj |c + pnk 1pk|c

=
k−1∑
j=0

pnj
∑∗

a(mod pk−j)

pn(k−j)/2 e

(
−a cp,j,J
pk−j

)
1pj |cGk−j(2aJ) + pnk 1pk|c,

where cp,j,J := (c/pj)tJ−1(c/pj), and Gk−j(2aJ) in turn can be simplified by using

Lemma 2.3.1 together with the determination of quadratic Gauss sum discussed in

Section 2.3.2. Specifically,

Gk−j(2aJ) =
n∏
r=1

Gk−j(2abr) =
n∏
r=1

p−(k−j)/2
∑

x(mod pk−j)

e

(
a br x

2

pk−j

)

=
n∏
r=1

p−(k−j)/2
(
abr
pk−j

)
L

p(k−j)/2 i(p
k−j−1)2/4 =

(
an det J

pk−j

)
L

in(pk−j−1)2/4,
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where ( ·
pk−j

)L actually means the Jacobi symbol. Thus,

S(pk, c) =
k−1∑
j=0

pn(k+j)/2 in(pk−j−1)2/4

(
det J

pk−j

)
L

X1 1pj |c + pnk 1pk|c, (3.1.9)

in which

X1 =
∑∗

a(mod pk−j)

(
a

pk−j

)
L

e

(
a cp,j,J
pk−j

)
.

If 2 - (k − j), we use (2.3.1), (2.3.3), (2.3.4), and (2.3.5) to obtain

X1 = pk−j−1
∑

a(mod p)

(
a

p

)
L

e

(
a (p cp,j,J/p

k−j)

p

)
1pk−j |(p cp,j,J )

= pk−j−1/2

(
(p cp,j,J/pk−j)

p

)
L

i(p−1)2/4 1pk−j |(p cp,j,J ),

Since pk−j ≡ p (mod 4) with 2 - (k − j) and the Legendre symbol is of order 2, the

summation in S(pk, c) (3.1.9) under the assumption 2 - (k − j) is equal to

i(n−1)(p−1)2/4

(
det J

p

) k−1∑
j=0

pn(k+j)/2 pk−j−1/2

(
p cp,j,J/p

k−j

p

)
L

12-k−j 1pj |c 1pk−j |(p cp,j,J )

= µ

b(k−1)/2c∑
l=0

p(2−n)l

(
ctJ−1c/p2(k−l)−2

p

)
L

1pk−(2l+1)|c 1p2(k−l)−2|ctJ−1c,

where µ = pnk−n/2+1/2 i(n−1)(p−1)2/4
(

det J
p

)
L
. We obtain the first term in Theorem

3.2.3.

Now, we consider (k − j) > 0 even. In this case, pk−j ≡ 1(mod 4) and then the

summation in S(pk, c) (3.1.9) becomes

k−1∑
j=0

pn(k+j)/2 1pj |c 12|k−j
∑∗

a(mod pk−j)

e

(
−a cp,j,J
pk−j

)
,

where the real-valued Ramanujan sum has values as in (2.1.13),

∑∗

a(mod pk−j)

e

(
−a cp,j,J
pk−j

)
=


0 if pk−j−1 - cp,j,J

−pk−j−1 if pk−j−1 || cp,j,J

pk−j−1(p− 1) if pk−j| cp,j,J

.
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Thus, we obtain the following two middle terms of S(pk, c) in Theorem 3.2.3:

k−1∑
j=0

pn(k+j)/2 1pj |c 12|k−j
[
(−pk−j−1) 1pk−j−1 || cp,j,J + pk−j−1(p− 1) 1pk−j | cp,j,J

]
= −pnk−1

bk/2c∑
l=1

p(2−n)l 1pk−2l|c 1p2(k−l)−1 || ctJ−1c+

+ pnk−1(p− 1)

bk/2c∑
l=1

p(2−n)l 1pk−2l|c 1p2(k−l)|ctJ−1c.

Hence, the theorem follows.

In particular, by considering some specific values of c, we apply Theorem 3.2.3 to

deduce the following corollaries.

Corollary 3.2.3.1. If c = 0 and p is an odd prime, one has

S(pk, c) = pnk−1(p− 1)

bk/2c∑
l=1

p(2−n)l + pnk. �

Corollary 3.2.4.2. If c 6= 0, ctJ−1c = 0, and p is an odd prime, one has

S(pk, c) = pnk−1(p− 1)

bk/2c∑
l=1

p(2−n)l 1pk−2l|c + pnk 1pk|c.

In particular, if p - c, one has

S(pk, c) = (p− 1)pnk/2+k−1 12|k, k≥1 + 1k=0. �

Corollary 3.2.3.3. If c 6= 0, ctJ−1c 6= 0, p - c, p - ctJ−1c, and p is an odd prime,

one has

S(pk, c) = 1k=0 + p(n+1)/2 i(n−1)(p−1)2/4

(
ctJ−1c det J

p

)
1k=1. �

These Corollaries are the cases that contribute to the asymptotic.
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3.2.2 The prime 2 case

We assumed p is odd in Theorem 3.2.3. We also need a companion statement

when p = 2 in Theorem 3.2.4. In fact, for p = 2, the quadratic Gauss sum yields

an extra term of (1 + i#), for some variable # (see [BEW98], Theorem 1.5.4), which

generally makes computation related to this case more irritating and complicated.

To claim Theorem 3.2.4, we first prove the following Lemmas 3.2.4.1 and 3.2.4.2.

Lemma 3.2.4.1. ∑∗

a(mod 2k−j)

e

(
−a c2,j,J

2k−j

) n∏
r=1

(1 + iabr) = dn,j,k,J 2k−j−1,

where

dn,j,k,J =



0 if 2k−j−2 - c2,j,J

−χ4( c2,j,J/2
k−j−2) 2n/2 sin

(
(2m−n)π

4

)
if 2k−j−2 || c2,j,J

− 2n/2 cos
(

(2m−n)π
4

)
if 2k−j−1 || c2,j,J

2n/2 cos
(

(2m−n)π
4

)
if 2k−j| c2,j,J

, (3.1.10)

and χ4 is the real Dirichlet character modulo 4 defined by

χ4(a) =


1 if a ≡ 1 (mod 4)

−1 if a ≡ 3 (mod 4).

0 if 2|a

Proof. By setting m = #{br : br = 1, r = 1, . . . , n}, which yields 1 ≤ m ≤ n − 1,

and switching sides of the quadratic form as necessary, we assume m > n −m, i.e.,

2m > n. Then,

n∏
r=1

(1 + iabr) = 2n−m(1 + ia)2m−n.

Since ia depends only on a modulo 4, we get∑∗

a(mod 2k−j)

e

(
−a c2,j,J

2k−j

) n∏
r=1

(1 + iabr) = 2n−m [I+ (1 + i)2m−n + I− (1− i)2m−n],
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where we write

I+ :=
∑∗

a(mod 2k−j)
a≡ 1(mod 4)

e

(
−a c2,j,J

2k−j

)
and I− :=

∑∗

a(mod 2k−j)
a≡ 3(mod 4)

e

(
−a c2,j,J

2k−j

)
.

While the sum of I+ and I− comes down to the Ramanujan sum, their difference

turns to be a Gauss character sum. Specifically,

I+ − I− =
∑∗

a(mod 2k−j)

χ4(a) e

(
−a c2,j,J

2k−j

)
,where χ4(a) =


1 if a ≡ 1 (mod 4)

−1 if a ≡ 3 (mod 4).

0 if 2|a

We note that χ4 is primitive. Using (2.3.3) and (2.3.1), this Gauss character sum can

be explicitly evaluated, and so

I+ − I− = 2k−j−1 χ4( c2,j,J/2
k−j−2) (−i).

Moreover, the real-valued Ramanujan sum yields

∑∗

a(mod 2k−j)

e

(
−a c2,j,J

2k−j

)
=

∑∗

a(mod 2k−j)

e
(a c2,j,J

2k−j

)
=


0 if 2k−j−1 - c2,j,J

−2k−j−1 if 2k−j−1 || c2,j,J

2k−j−1 if 2k−j| c2,j,J

.

Thus,

I± =
1

2

 ∑∗

a(mod 2k−j)

e

(
−a c2,j,J

2k−j

)
±

∑∗

a(mod 2k−j)

χ4(a) e

(
−a c2,j,J

2k−j

)

=



0 if 2k−j−2 - c2,j,J

∓2k−j−2χ4( c2,j,J/2
k−j−2) i if 2k−j−2 || c2,j,J

−2k−j−2 if 2k−j−1 || c2,j,J

2k−j−2 if 2k−j| c2,j,J

,
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which implies∑∗

a(mod 2k−j)

e

(
−a c2,j,J

2k−j

) n∏
r=1

(1 + iabr) =

= 2n−m



0 if 2k−j−2 - c2,j,J

2k−j−2 χ4( c2,j,J/2
k−j−2) i 2i Im((1 + i)2m−n) if 2k−j−2 || c2,j,J

−2k−j−2 2 Re((1 + i)2m−n) if 2k−j−1 || c2,j,J

2k−j−2 2 Re((1 + i)2m−n) if 2k−j| c2,j,J

=



0 if 2k−j−2 - c2,j,J

−2k−j−1 χ4( c2,j,J/2
k−j−2) 2n/2 sin

(
(2m−n)π

4

)
if 2k−j−2 || c2,j,J

−2k−j−1 2n/2 cos
(

(2m−n)π
4

)
if 2k−j−1 || c2,j,J

2k−j−1 2n/2 cos
(

(2m−n)π
4

)
if 2k−j| c2,j,J

.

Lemma 3.2.4.2.∑∗

a(mod 2k−j)

(
2

a

)
L

e

(
−a c2,j,J

2k−j

) n∏
r=1

(1 + iabr) = en,j,k,J 2k−j−3/2 12k−j−3 || c2,j,J ,

where

en,j,k,J = 2n/2
[
χ8,2

( c2,j,J

2k−j−3

)
sin

(
(2m− n)π

4

)
+ χ8,3

( c2,j,J

2k−j−3

)
cos

(
(2m− n)π

4

)]
,

(3.1.11)

and χ8,2, χ8,3 are the real Dirichlet characters modulo 8 satisfying

χ8,2(a) = χ8,3(a) = 0 for (a, 8) 6= 1, and

a (mod 8) 1 3 5 7

χ8,2(a) 1 1 -1 -1

χ8,3(a) 1 -1 -1 1

.

Proof. Similar to Lemma 3.2.4.1, we get∑∗

a(mod 2k−j)

(
2

a

)
L

e

(
−a c2,j,J

2k−j

) n∏
r=1

(1 + iabr)

= 2n−m
[
I1 (1 + i)2m−n + I7 (1− i)2m−n − I3 (1− i)2m−n − I5 (1 + i)2m−n] ,
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in which

Ii :=
∑∗

a(mod 2k−j)
a≡ i(mod 8)

e

(
−a c2,j,J

2k−j

)
with i = 1, 3, 5, and 7.

We observe that

I1 − I7 − I3 + I5 =
∑∗

a(mod 2k−j)

χ8,1(a) e

(
−a c2,j,J

2k−j

)
=: A1

I1 − I7 + I3 − I5 =
∑∗

a(mod 2k−j)

χ8,2(a) e

(
−a c2,j,J

2k−j

)
=: A2

I1 + I7 − I3 − I5 =
∑∗

a(mod 2k−j)

χ8,3(a)e

(
−a c2,j,J

2k−j

)
=: A3

I1 + I7 + I3 + I5 =
∑∗

a(mod 2k−j)

e

(
−a c2,j,J

2k−j

)
=: A4

,

where χ8,1, χ8,2, χ8,3 are the real Dirichlet characters modulo 8 satisfying

χ8,1(a) = χ8,2(a) = χ8,3(a) = 0 for (a, 8) 6= 1 and

a (mod 8) 1 3 5 7

χ8,1(a) 1 -1 1 -1

χ8,2(a) 1 1 -1 -1

χ8,3(a) 1 -1 -1 1

.

Moreover, A4 is the Ramanujan sum, and applying (2.3.1) and (2.3.3), we have

A1 = 2k−j−3 χ8,1( c2,j,J/2
k−j−3)

∑∗

a(mod 8)

χ8,1(a) e
(a

8

)
= 0,

A2 = 2k−j−3 χ8,2( c2,j,J/2
k−j−3)

∑∗

a(mod 8)

χ8,2(a) e
(a

8

)
= 2k−j−3/2 χ8,2( c2,j,J/2

k−j−3) (−i),

and

A3 = 2k−j−3 χ8,3( c2,j,J/2
k−j−3)

∑∗

a(mod 8)

χ8,3(a) e
(a

8

)
= 2k−j−3/2 χ8,3( c2,j,J/2

k−j−3).
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Thus,

I1 = (1/4)(A1 + A2 + A3 + A4)

=



0 if 2k−j−3 - c2,j,J

(1/4)(A2 + A3) if 2k−j−3 || c2,j,J

(1/4)A4 if 2k−j−1 || c2,j,J

(1/4)A4 if 2k−j| c2,j,J

,

I3 = (1/4)(−A1 + A2 − A3 + A4)

=



0 if 2k−j−3 - c2,j,J

(1/4)(A2 − A3) if 2k−j−3 || c2,j,J

(1/4)A4 if 2k−j−1 || c2,j,J

(1/4)A4 if 2k−j| c2,j,J

,

I5 = (1/4)(A1 − A2 − A3 + A4)

=



0 if 2k−j−3 - c2,j,J

(1/4)(−A2 − A3) if 2k−j−3 || c2,j,J

(1/4)A4 if 2k−j−1 || c2,j,J

(1/4)A4 if 2k−j| c2,j,J

,

and

I7 = (1/4)(−A1 − A2 + A3 + A4)

=



0 if 2k−j−3 - c2,j,J

(1/4)(−A2 + A3) if 2k−j−3 || c2,j,J

(1/4)A4 if 2k−j−1 || c2,j,J

(1/4)A4 if 2k−j| c2,j,J

,
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which ultimately yields∑∗

a(mod 2k−j)

(
2

a

)
L

e

(
−a c2,j,J

2k−j

) n∏
r=1

(1 + iabr) =

=



0 if 2k−j−3 - c2,j,J

2k−j−3/2 en,j,k,J if 2k−j−3 || c2,j,J

0 if 2k−j−1 || c2,j,J

0 if 2k−j| c2,j,J

= en,j,k,J 2k−j−3/2 12k−j−3 || c2,j,J ,

where

en,j,k,J = 2n/2
[
χ8,2

( c2,j,J

2k−j−3

)
sin

(
(2m− n)π

4

)
+ χ8,3

( c2,j,J

2k−j−3

)
cos

(
(2m− n)π

4

)]
.

Combining Lemmas 3.2.4.1 and 3.2.4.2 together, we deduce Theorem 3.2.4:

Theorem 3.2.4. If c 6= 0 and p = 2, one has

S(2k, c) =
k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1dn,j,k,J 12j |c 12|k−j +

+
k−2∑
j=0

2j(n/2−1)+k(n/2+1)−3/2

(
2

det J

)
K

en,j,k,J 12j |c 12-k−j 12k−j−3 || c2,j,J + 2nk 12k|c,

where dn,j,k,J (3.1.10) and en,j,k,J (3.1.11) are constants depending on n, j, k, and J .

Proof. We proceed similarly as the case p 6= 2 and get

S(2k, c) =
k−1∑
j=0

2nj
∑∗

a(mod 2k−j)

2n(k−j)/2 e

(
−a c2,j,J

2k−j

)
12j |cGk−j(2aJ) + 2nk 12k|c.

where

Gk−j(2aJ) =
n∏
r=1

Gk−j(2abr) =
n∏
r=1

2−(k−j)/2
∑

x(mod 2k−j)

e

(
a br x

2

2k−j

)
.

Using the results discussed in Section 2.3.2, we get
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• If k − j = 1,

∑
x(mod 2)

e

(
a br x

2

2

)
= 0, which implies Gk−j(2aJ) = 0.

• If k − j > 1,

Gk−j(2aJ) =
n∏
r=1

Gk−j(2abr) =
n∏
r=1

2−(k−j)/2
∑

x(mod 2k−j)

e

(
a br x

2

2k−j

)

=
n∏
r=1

2−
(k−j)

2

(
2k−j

a br

)
L

2k−j/2(1 + iabr) =

(
2k−j

an det J

)
L

n∏
r=1

(1 + iabr).

Thus, S(2k, c) becomes

k−2∑
j=0

2
n(k+j)

2

(
2k−j

det J

)
L

∑∗

a(mod 2k−j)

(
2k−j

a

)
L

e

(
−a c2,j,J

2k−j

) n∏
r=1

(1 + iabr)12j |c + 2nk 12k|c.

We consider the parity of (k− j) and use Lemmas 3.2.4.1 and 3.2.4.2 to complete

the proof.

As in the case p 6= 2, the following corollaries are the consequences of Theorem

3.2.4 applied to certain values of c. Specifically,

Corollary 3.2.4.1. If c = 0 and p = 2, one has

S(2k, c) =
k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1dn,J 12|k−j + 2nk,

where

dn,J =

 2(n−1)/2 if 2m− n ≡ 1 or 7 (mod 8)

−2(n−1)/2 if 2m− n ≡ 3 or 5 (mod 8)
(3.1.12)

Proof. It follows by applying Theorem 3.2.4 to the case c = 0 and noting that(
2

x

)
L

= 0 for (2, x) 6= 1 and cos

(
(2m− n)π

4

)
= ±2−1/2 depending only on 2m−n

modulo 8.
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Using the arguments in Corollary 3.2.4.1, we also obtain

Corollary 3.2.4.2. If c 6= 0, ctJ−1c = 0 and p = 2, one has

S(2k, c) =
k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1dn,J 12j |c 12|k−j + 2nk 12k|c,

where dn,J (3.1.12) is defined as in Corollary 3.2.4.1.

In particular, if 2 - c, one has

S(2k, c) = 2k(n/2+1)−1dn,J 12|k + 1k=0. �

3.3 The Dirichlet series D(c, s)

Let s = σ + it. We recall that the Dirichlet series D(c, s) defined as in (3.1.5)

converges absolutely for σ = σ0 > 1, and it has multiplicative coefficient S(q, c) as

seen in Lemma 3.2. Therefore, D(c, s) admits the Euler product with Euler’s factor

Dp(c, s) given in

D(c, s) =
∞∑
q=1

S(q, c)

qs+n+1
=
∏
p

∞∑
k=0

S(pk, c)

pk(s+n+1)
=:
∏
p

Dp(c, s).

Having studied S(pk, c) in Section 3.2, we are ready to investigate the analytic

continuation of D(c, s) regarded as a function of s. Indeed, D(c, s) can be written in

terms of the most basic and well-known Dirichlet series, the so-called Riemann zeta

function, and Dirichlet L-functions. To ease the exposition, we further divide this

section into 3 subsections corresponding to the values of c of interest.

3.3.1 The case c = 0

We recall that the summation over c occurring in our secondary term c2 in (1.2.3) is

the result of an application of Poisson summation. We thereby expect to retrieve the
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main term in the asymptotic of N(B) in (3.1.2) at c = 0. In this case, it turns out that

the Dirichlet series D(0, s) has the form of a convergent infinite product multiplied

by a quotient of ζ functions, ζ(s+1) ζ(2s+n)
ζ(2s+n+1)

, in the half plane σ > −n/2. Consequently,

D(0, s) can be meromorphically continued beyond the half plane σ = σ0 by inheriting

the meromorphic continuation of ζ in the whole complex plane.

Theorem 3.3.1. If c = 0, one has

D(0, s) = D2(0, s)
ζ2(2s+ n+ 1)

ζ2(s+ 1) ζ2(2s+ n)

ζ(s+ 1) ζ(2s+ n)

ζ(2s+ n+ 1)
.

Moreover,

D2(0, s)
ζ2(2s+ n+ 1)

ζ2(s+ 1) ζ2(2s+ n)
�n,ε 1 for σ ≥ −n/2 + ε,

where ζp(s) is the Euler’s factor of ζ(s) at prime p.

Proof. By Corollary 3.2.4.1, we have

∏
p 6= 2

Dp(0, s) =
∏
p 6= 2

[
pn−1 − 1

pn−1 − p

∞∑
k=0

1

pk(s+1)
− p− 1

pn−1 − p

∞∑
k=0

p(2−n)bk/2c

pk(s+1)

]

=
∏
p 6= 2

[
1− p−(2s+n+1)

(1− p−(s+1))(1− p−(2s+n))

]
,

where the last equality is due to

∞∑
k=0

p(2−n)bk/2c

pk(s+1)
=
∞∑
l=0

p(2−n)l

p2l(s+1)
+
∞∑
l=0

p(2−n)l

p(2l+1)(s+1)
=

(
1 +

1

ps+1

) ∞∑
l=0

1

pl(2s+n)
.

Using Euler’s product of zeta function, see Section 2.4.2, we have

D(0, s) =
∏
p

Dp(0, s) = D2(0, s)
∏
p 6= 2

Dp(0, s)

= D2(0, s)
∏
p 6= 2

[
1− p−(2s+n+1)

(1− p−(s+1))(1− p−(2s+n))

]
= D2(0, s)

ζ2(2s+ n+ 1)

ζ2(s+ 1) ζ2(2s+ n)

ζ(s+ 1) ζ(2s+ n)

ζ(2s+ n+ 1)
.
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Moreover, Corollary 3.2.4.1 yields

D2(0, s) =
∞∑
k=0

S(2k, 0)

2k(s+n+1)
=
∞∑
k=0

2nk−1dn,J + 2nk

2k(s+n+1)

bk/2c∑
l=1

2l(2−n)

= (1 + 2−(s+1))

(
1 + an,J

1− 2−2(s+1)
− an,J

1− 2−(2s+n)

)
,

where an,J =
dn,J

2n−1 − 2
and dn,J given in (3.1.12) is a constant depending on n and J .

Thus, for σ ≥ −n/2 + ε, we obtain

D2(0, s)
ζ2(2s+ n+ 1)

ζ2(s+ 1) ζ2(2s+ n)
=

(1− 2−(2s+n) + dn,J 2−(2s+n+1))

1− 2−(2s+n+1)
(3.3.1)

� (1 + 2n/2−1−ε)(1− 2−2ε + dn,J 2−(2ε+1))

(1− 2−(2ε+1))
�n,ε,J 1.

3.3.2 The case c 6= 0 and ctJ−1c = 0

For the case c ∈ Zn − {0}, we further restrict D(c, s) to c′s satisfying ctJ−1c = 0.

We again obtain a quotient of Riemann zeta functions, ζ(2s+n)
ζ(2s+n+1)

, as a factor of D(c, s).

More precisely,

Theorem 3.3.2. If c 6= 0 and ctJ−1c = 0, one has

D(c, s) =
ζ(2s+ n)

ζ(2s+ n+ 1)

∏
p|2c

Dp(c, s)
ζp(2s+ n+ 1)

ζp(2s+ n)
.

Moreover, for σ ≥ −n/2 + ε, one has∏
p|c

Dp(c, s)
ζp(2s+ n+ 1)

ζp(2s+ n)
�n,ε,J |c|n/2+ε.

Proof. We recall Corollary 3.2.4.2 and assume p - c. Then, we get

S(pk, c) = pnk−1(p− 1)

bk/2c∑
l=1

p(2−n)l 1pk−2l|c + pnk 1pk|c

= (p− 1)pnk/2+k−1 12|k, k≥1 + 1k=0,
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which implies

∏
p-c, p 6= 2

Dp(c, s) =
∏

p-c, p 6= 2

∞∑
k=0

S(pk, c)

pk(s+n+1)
=

∏
p-c, p 6= 2

[
1 +

∞∑
k=1

S(pk, c)

pk(s+n+1)

]

=
∏

p-c, p 6= 2

[
1 +

∞∑
l=1

(p− 1)p−1

pl(2s+n)

]
=

∏
p-c, p 6= 2

[
1− p−(1+n+2s)

1− p−(2s+n)

]

=
ζ(2s+ n)

ζ(2s+ n+ 1)

∏
p|c, p 6= 2

[
1− p−(2s+n)

1− p−(2s+n+1)

]
1− 2−(2s+n)

1− 2−(2s+n+1)
.

Then, we have

D(c, s) =
∏
p

Dp(c, s) = D2(c, s)
∏

p-c, p 6= 2

Dp(c, s)
∏

p|c, p 6= 2

Dp(c, s)

= D2(c, s)
1− 2−(2s+n)

1− 2−(2s+n+1)

ζ(2s+ n)

ζ(2s+ n+ 1)

∏
p|c, p 6= 2

Dp(c, s)

[
1− p−(2s+n)

1− p−(2s+n+1)

]
.

The other parts of the theorem follow by Lemmas 3.3.2.1 and 3.3.2.2 below.

Lemma 3.3.2.1. If c 6= 0, ctJ−1c = 0, and σ ≥ −n/2 + ε, one has

∏
p|c, p 6= 2

Dp(c, s)

[
1− p−(2s+n)

1− p−(2s+n+1)

]
� |c|n/2+ε.

Proof. It suffices to consider pα || c for some positive integer α. We make use of

Corollary 3.2.4.2 again to get

Dp(c, s) =
∞∑
k=0

S(pk, c)

pk(s+n+1)
=

α∑
k=0

1

pk(s+1)
+

∞∑
k=2+α

pnk−1(p− 1)

pk(n+s+1)

bk/2c∑
l=d(k−α)/2e

p(2−n)l,

where the double summation, having inner geometric sum, can be simplified to

1− p−1

1− p(2−n)

∞∑
k=2+α

(p(2−n)d(k−α)/2e − p(2−n)(bk/2c+1))

pk(s+1)
.

Moreover, we observe that

∞∑
k=2+α

p(2−n)d(k−α)/2e

pk(s+1)
=
p−α(s+1)−2s−n + p−(1+α)(s+1)+2−2n−2s

1− p−(2s+n)
,
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and
∞∑

k=2+α

p(2−n)(bk/2c+1))

pk(s+1)
=
p−(2s+n)d(2+α)/2e+2−n + p−(2s+n)d(1+α)/2e+1−n−s

1− p−(2s+n)
.

Then, we get∏
p|c, p 6= 2

Dp(c, s) =
∏

pα || c, p 6= 2

[ α∑
k=0

1

pk(s+1)
+

1− p−1

1− p(2−n)

X2

1− p−(2s+n)

]
, (3.3.2)

where

X2 =p−α(s+1)−2s−n + p−(1+α)(s+1)+2−2n−2s+

− p−(2s+n)d(2+α)/2e+2−n − p−(2s+n)d(1+α)/2e+1−n−s.

Thus, in the half-plane σ ≥ −n/2 + ε, we have∏
p|c, p 6= 2

Dp(c, s)

[
1− p−(2s+n)

1− p−(2s+n+1)

]

=
∏

pα || c, p 6= 2

[ 1− p−(2s+n)

1− p−(2s+n+1)

α∑
k=0

1

pk(s+1)
+

1− p−1

1− p(2−n)

X2

1− p−(2s+n+1)

]
�

∏
pα || c, p 6= 2

[ α∑
k=0

pk(n/2+ε) + pα(n/2−ε) + pα(n/2+ε) + pα(−n/2+2−ε) + pα(−n+3−ε)
]
.

By taking the product over all p dividing c, then expanding terms, and noting∏
pα || c p

α < |c|, we obtain∏
p|c, p 6= 2

Dp(c, s)

[
1− p−(2s+n)

1− p−(2s+n+1)

]
� P1(|c|)� |c|n/2+ε,

where P1(x) is a sum of power functions with leading power n/2 + ε.

Lemma 3.3.2.2. If c 6= 0, ctJ−1c = 0, and σ ≥ −n/2 + ε, one has

D2(c, s)
1− 2−(2s+n)

1− 2−(2s+n+1)
�n,ε,J 1.

Proof. We recall Corollary 3.2.4.2, which gives

S(2k, c) =
k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1dn,J 12j |c 12|k−j + 2nk 12k|c,

where dn,J is defined in (3.1.12). We consider two cases: 2 - c and 2|c.
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• If 2 - c, we have

S(2k, c) = 2nk/2 12|k dn,J 2k−1 for k ≥ 2,

and so

D2(c, s) =
∞∑
k=0

S(2k, c)

2k(s+n+1)
=

1− 2−(2s+n) + dn,J 2−(2s+n+1)

1− 2−(2s+n)
.

Thus, for σ ≥ −n/2 + ε, we get

D2(c, s)
1− 2−(2s+n)

1− 2−(2s+n+1)
=

1− 2−(2s+n) + dn,J 2−(2s+n+1)

1− 2−(2s+n+1)

� 1− 2−2ε + dn,J 2−(1+2ε)

1− 2−(1+2ε)
�n,ε,J 1.

• If 2|c, i.e., 2α || c, for some positive integer α, we have

D2(c, s) =
∞∑
k=0

S(2k, c)

2k(s+n+1)
=

α+2∑
k=2

k−2∑
j=0

2n(k+j)/2

2k(s+n+1)
12|k−j dn,J 2k−j−1 +

α∑
k=0

1

2k(s+1)
,

where the double summation is equal to

dn,J
2n−1 − 2

(
α+2∑
k=2

1

2k(s+1)
−

α+2∑
k=2

2(2−n)bk/2c

2k(s+1)

)
.

We also observe that

α+2∑
k=2

2(2−n)bk/2c

2k(s+1)
=

b(α+2)/2c∑
l=1

2(2−n)l

22l(s+1)
+

b(α+1)/2c∑
l=1

2(2−n)l

2(2l+1)(s+1)

=

b(α+2)/2c∑
l=1

1

2l(2s+n)
+

b(α+1)/2c∑
l=1

2−(s+1)

2l(2s+n)
≤ 1 + 2−(s+1)

1− 2−(2s+n)
.

Hence,

D2(c, s)
1− 2−(2s+n)

1− 2−(2s+n+1)
�

� dn,J
2n−1 − 2

(
1 + 2n/2−1−ε

1− 2−ε
+ 1 + 2n/2−1−ε

)
1

1− 2−(2ε+1)
+

1 + 2n/2−1−ε

(1− 2−ε)(1− 2−(2ε+1))

�n,ε,J 1.
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3.3.3 The case c 6= 0 and ctJ−1c 6= 0

Lastly, it is also interesting to see that D(c, s), where c 6= 0 and ctJ−1c 6= 0,

can be written in terms of a quotient of Dirichlet L-functions,
L(s+n/2+1/2, κc,J )

L(2s+n+1, κc,J )
, of

character κc,J defined as in Theorem 3.3.3. Moreover, the character κc,J turns out to

be a product of Dirichlet characters, which will be seen in detail in Lemma 3.5.3 of

Section 3.5.

Theorem 3.3.3. If c 6= 0 and ctJ−1c 6= 0, one has

D(c, s) =
L(s+ n

2
+ 1

2
, κc,J)

L(2s+ n+ 1, κc,J)

∏
p|2 ctJ−1c

Lp(2s+ n+ 1, κc,J)

Lp(s+ n
2

+ 1
2
, κc,J)

Dp(c, s),

where

κc,J(p) = i(n−1)(p−1)2/4

(
ctJ−1c det J

p

)
K

.

with
(
ctJ−1c det J

·

)
K

is the Kronecker symbol.

Moreover, for σ ≥ −n/2 + ε,∏
p|2 ctJ−1c

Lp(2s+ n+ 1, κc,J)

Lp(s+ n
2

+ 1
2
, κc,J)

Dp(c, s)� |c|3n/2−3+ε.

Proof. By applying Theorem 3.2.3 with p - c and p - ctJ−1c, we have

Dp(c, s) =
∞∑
k=0

S(pk, c)

pk(s+n+1)
= 1 +

i(n−1)(p−1)2/4

pn/2+s+1/2

(
ctJ−1c det J

p

)
K

.

We set κc,J(p) := i(n−1)(p−1)2/4
(
ctJ−1c det J

p

)
K

and ρc,J(p) := 1 +
κc,J (p)

ps+n/2+1/2 .

Then, we get∏
p-c, p-ctJ−1c, p 6= 2

Dp(c, s) =
∏

p-c, p-ctJ−1c, p 6= 2

ρc,J(p)

=
1

ρc,J(2)

∏
p

ρc,J(p)
∏

p|c, p 6= 2

1

ρc,J(p)

∏
p-c, p|ctJ−1c, p 6= 2

1

ρc,J(p)

=
1

ρc,J(2)

L(s+ n/2 + 1/2, κc,J)

L(2s+ n+ 1, κc,J)

∏
p|c, p 6= 2

1

ρc,J(p)

∏
p-c, p|ctJ−1c, p 6= 2

1

ρc,J(p)
,
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which yields

D(c, s) = D2(c, s)
∏

p|c, p 6= 2

Dp(c, s)
∏

p-c, p|ctJ−1c, p 6= 2

Dp(c, s)
∏

p-c, p-ctJ−1c, p 6= 2

Dp(c, s)

=
D2(c, s)

ρc,J(2)

L(s+ n/2 + 1/2, κc,J)

L(2s+ n+ 1, κc,J)

∏
p|c, p 6= 2

Dp(c, s)

ρc,J(p)

∏
p-c, p|ctJ−1c, p 6= 2

Dp(c, s)

ρc,J(p)
.

Hence, the remaining parts of the theorem are justified by the following Lemmas

3.3.3.1, 3.3.3.2, and 3.3.3.3.

Lemma 3.3.3.1. If c 6= 0, ctJ−1c 6= 0, and σ ≥ −n/2 + ε, one has∏
p|c, p 6= 2

Dp(c, s)

ρc,J(p)
� |c|3n/2−7/2.

Proof. Since p|c implies p2|ctJ−1c, we consider pα || c and p2α+β || ctJ−1c for some

integers α ≥ 1 and β ≥ 0. Applying Theorem 3.2.3 to pα || c and p2α+β || ctJ−1c, we

get

Dp(c, s) =
∞∑
k=0

S(pk, c)

pk(s+n+1)
= X3 +X4 +X5 +X6,

where

X3 =

2α+β+1∑
k=α+β+1

pn(α+β/2+1/2)−2α−β−3/2 i(n−1)(p−1)2/4
(

det J
p

)
K

pk(n+s−1)

(
ctJ−1c/p2α+β

p

)
K

12|β,

X4 =
α∑
k=0

1

pk(s+1)
, X5 =

2α+β+1∑
k=α+β+1

−pn(1/2+α+β/2)−2−2α−β

pk(n+s−1)
12-β, and

X6 =

2α+β∑
k=max{d1+α+β/2e,α+2}

p−1(p− 1)

pk(s+1)

b k
2
c∑

l=max{dk−α−β/2e,d k−α
2
e}

p(2−n)l.

For σ ≥ −n/2 + ε, we observe that

X3 �
2α+β+1∑
k=α+β+1

p(2α+β)(n−5/2)

pk(n/2−1+ε)
, X4 �

α∑
k=0

pk(n/2−1−ε),

X5 �
2α+β+1∑
k=α+β+1

p(2α+β)(n−3)

pk(n/2−1+ε)
, and X6 =

2α+β∑
k=max{d1+α+β/2e,α+2}

pk(n/2−1−ε).
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Moreover,

ρc,J(p)−1 =

(
1 +

χcηc
ps+n/2+1/2

)−1

�
(

1− 1

pε+1/2

)−1

=
pε+1/2

pε+1/2 − 1
,

and (pε+1/2 − 1)−1 < 1 for p ≥ 5.

Hence, ∏
p|c, p 6= 2

Dp(c, s)

ρc,J(p)
�

∏
p|c, p 6= 2

pε+1/2
[ 2α+β+1∑
k=α+β+1

p(2α+β)(n−5/2)

pk(n/2−1+ε)

+
α∑
k=0

pk(n/2−1−ε) +

2α+β∑
k=max{d1+α+β/2e,α+2}

pk(n/2−1−ε)
]
,

which is bounded by a sum of power functions of |c| with leading power 3n/2−7/2.

Lemma 3.3.3.2. If c 6= 0, ctJ−1c 6= 0, and σ ≥ −n/2 + ε, one has∏
p-c, p|ctJ−1c, p 6= 2

Dp(c, s)

ρc,J(p)
� |c|1/2+ε.

Proof. Since p - c and p|ctJ−1c, it suffices to consider pα || ctJ−1c for some positive

integer α. Given pα || ctJ−1c, Theorem 3.2.3 yields

Dp(c, s) = 1 +
i(n−1)(p−1)2/4

pn/2+s+1/2+αn/2+αs

(
det J

p

) (
ctJ−1c/pα

p

)
12|α+

+
12-α

pn/2+s+1+αn/2+αs
+

α∑
k=d1+α/2e

(1− p−1)

pk(n/2+s)
12|k. (3.3.3)

We observe that the two middle terms in (3.3.3) are bounded by pα(−ε) while the last

one is bounded by
∑bα/2c

l=d d1+α/2e
2

e
pl(−2ε). Thus, we obtain

∏
p-c, p|ctJ−1c, p 6= 2

Dp(c, s)

ρc,J(p)
�

∏
p|c, p 6= 2

pε+1/2
[
1 + pα(−ε) +

bα/2c∑
l=d d1+α/2e

2
e

pl(−2ε)
]
,

which is bounded by a sum of power functions of |c| with leading power 1/2 + ε.

Lemma 3.3.3.3. If c 6= 0, ctJ−1c 6= 0, and σ ≥ −n/2 + ε, one has

D2(c, s)

ρc,J(2)
�n,ε 1.
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Proof. We recall Theorem 3.2.4 to get

S(2k, c) =
k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1dn,j,k,J 12j |c 12|k−j +

+
k−2∑
j=0

2j(n/2−1)+k(n/2+1)−3/2

(
2

det J

)
L

en,j,k,J 12j |c 12-k−j 12k−j−3 || cj,k,J+

+ 2nk 12k|c, (3.3.4)

and we examine

D2(c, s) =
∞∑
k=0

S(2k, c)

2k(n+s+1)

by computing contribution of S(2k, c) (3.3.4) to D2(c, s). For the first summation of

S(2k, c) in (3.3.4), we proceed by considering the divisibility by 2 of c.

• If 2 - c, then j = 0 and it equals 2k(n/2+1)−1 dn,0,J 12|k, k≥2. We further con-

sider 2 - ctJ−1c, which contributes nothing to D2(c, s). Otherwise, we assume

2α || ctJ−1c, where α ∈ Z≥1. Then, the contribution equals

bα/2c∑
l=1

2n/2−1

2l(2s+n)
cos

(
(2m− n)π

4

)
−

2n(α+1)/2 12|(α+1)2
α

2(α+1)(n+s+1)
2n/2 cos

(
(2m− n)π

4

)
+

−
2n(α+2)/2 12|(α+2)2

α+1

2(α+2)(n+s+1)
χ4(ctJ−1c/2α) 2n/2 sin

(
(2m− n)π

4

)
�

� 2n/2−1

1− 2−2ε
+ 2n/2−ε(α+1)−1 �n,ε,α 1.

• If 2|c, we assume 2α || c and 22α+β || ctJ−1c, for some integers α ≥ 1, β ≥ 0. Then,

the condition 2j|c makes the contribution of the first summation of S(2k, c) in

(3.3.4) to D(c, s) equal to

α+2∑
k=2

k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1dn,j,k,J 12|k−j

2k(n+s+1)
, (3.3.5)

By (3.1.12), dn,j,k,J ≤ 2(n−1)/2 and so the contribution to D(c, s) (3.3.5) is

bounded by

(α + 1)2−n/2−7/2

1− 2−ε
�n,ε,α 1.
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Similarly, we return to S(2k, c) in (3.3.4) and consider its second summation under

two cases, 2 - c or 2|c. By noting that en,0,J ≤ 2(n+1)/2 as seen in (3.1.11), the former

case yields a contribution of

∞∑
l=1

en,0,J 2−3/2−n/2−s 1

2l(2s+n)
� 2(n+1)/2

1− 2−2ε
2−3/2−3ε �n,ε 1,

while the latter one with 2α || c and 22α+β || ctJ−1c, for some integers α ≥ 1, β ≥ 0,

gives us

α+2∑
k=2

k−2∑
j=0

2n(k+j)/2

2k(s+n+1)
12-k−j en,j,J 2k−j−3/2 12k−j−3 || c2,j,J = 0,

by observing that en,j,J 6= 0 if and only if 2k−j−3 || c2,j,J , which yields k+j−3 = 2α+β,

and so j = 2α + β − k + 3. Also, the conditions 0 ≤ j ≤ k − 2 and 2 ≤ k ≤ α + 2

imply β ≤ −1, which is a contradiction.

We complete checking the boundedness of D2(c, s) by observing that the infinite

sum
∑∞

k=0

1
2k|c

2k(s+1) , which comes from the last term of S(2k, c) in (3.3.4), is identically

to 1 if 2 - c. Otherwise, with 2α || c, for some α ∈ Z≥1, we have

∞∑
k=0

12k|c

2k(s+1)
=

α∑
k=0

1

2k(s+1)
�

α∑
k=0

2k(n/2−1−ε) �ε,n,α 1.

Lastly, we prove the theorem by considering ρc,J(p) and observing that

ρc,J(p)−1 �
(

1− 1

pε+1/2

)−1

≤ 2ε+1/2

2ε+1/2 − 1
�ε 1.

3.4 The Archimedean factor g(c, s)

We recall that the Archimedean factor g(c, s) is the Mellin transform in the second

variable applied to the Fourier transform in the first variable of a two-variable smooth

74



function. That is, it is defined by

g(c, s) =

∫ ∞
0

∫
Rn
ω(x)h

(
F (x)

y
, y

)
e

(
−c · x

y

)
dx ys

dy

y
.

To analyze this integral, we use stationary phase. We contest ourselves with

quoting the relevant results from [Get18a].

Proposition 3.4.1. Let s = σ + it, c 6= 0, and N be any positive integer. For

N > σ1 > σ > σ2 > −n/2, g(c, s) converges absolutely, and

g(c, s)�ω,Φ
|c|−N

(1 + |t|)N

(
1

σ2 + n/2
− 1

σ1 −N

)
. �

Proposition 3.4.2. If c = 0, g(0, s) converges absolutely for σ > −3/4. In the strip

N > σ1 > σ > −3/4,

g(0, s)�ω,Φ
1

(1 + |t|)N

(
1

−3/4 + n/2
− 1

σ1 −N

)
.

Moreover, g(0, s) can be meromorphically continued to the half plane σ > −n/2 by

the virtue of

g(0, s) πs+1/2 Γ
(−s

2

)
Γ
(
s+1

2

) =

∫
R
Z(x,−s) dx,

where

Z(x,−s) =

∫ ∞
0

f̂2(x, ξ) ξ−s
dξ

ξ
, (3.4.1)

with f̂2(x, ξ) is the Fourier transform of f(x, y) with respect to y, and

f(x, y) =

∫
Rn

∫
R
ω(z)h(t, y) e(txy) dt e(−xF (z)) dz.

In particular, in the strip N > −1/4 > σ > σ2 > −n/2,∫
R
Z(x,−s) dx� 1

(1 + |t|)N

(
1

σ2 + n/2
+

1

1/4 +N

)
. �

We end this section by making some remarks of these above results.
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a) The bound of g(c, s) in Proposition 3.4.1 implies that g(c, s) is rapidly decreas-

ing as |c| approaches to infinity or |t| goes to infinity.

b) The function Z(x,−s) of (3.4.1) is simply the Mellin transform of f̂2(x, ξ) with

respect to ξ evaluated at −s. The Mellin transform is a special case of the local

zeta function, which admits the functional equation as seen in [Get18a], page

292. In our case, the functional equation becomes

γ(s)

∫ ∞
0

f(y) ys
dy

y
=

∫ ∞
0

f̂(y) y1−s dy

y
,

where

γ(s) =
π−(1−s)/2 Γ((1− s)/2)

π−s/2 Γ(s/2)
.

c) Furthermore, having an explicit form of the meromorphic continuation of g(0, s)

beyond the line σ = −3/4 in Proposition 3.4.2, we can deduce the poles and

zeros of g(0, s), which ultimately contribute to the poles of D(0, s) g(0, s) that

will be discussed in the next section. In fact, the meromorphic continuation of

gamma function produces poles of g(0, s) at s = 1− 2k, where 1 ≤ k < bn+2
4
c,

providing that
∫
R Z(x,−s) dx 6= 0 at these poles, and zeros of g(0, s) at positive

even integers and at the zeros of
∫
R Z(x,−s) dx that are not poles of g(0, s).

3.5 Proof of the main theorem

We revisit our zero-counting function obtained in Proposition 3.1.2,

N(B) =
cBB

n−1

2πi

∑
c∈Zn

∫
Re(s)=σ0

D(c, s)Bsg(c, s) ds. (3.5.1)

We started our study with σ0 > 1 so that D(c, s) converges absolutely. Then we

were able to meromorphically continue both D(c, s) and g(c, s) to the half plane σ >

−n/2, which was previously discussed in Theorems 3.3.1-3.3.2-3.3.3 and Propositions
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3.4.1-3.4.2 in Sections 3.3 and 3.4. In light of Cauchy’s residue theorem, we want to

make a contour shift for the integrand D(c, s)Bsg(c, s) in (3.5.1). While shifting, we

search for poles of D(c, s) g(c, s), viewed as a function of s, at different values of c, and

pick up the corresponding residues, which eventually contribute to our asymptotic

evaluation. We present poles of D(c, s) g(c, s) in Lemmas 3.5.1, 3.5.2, and 3.5.3, and

derive our asymptotic formula in the main theorem, Theorem 3.5.5.

Lemma 3.5.1. Let s = σ + it and ε > 0. If c = 0, then D(0, s) g(0, s) is analytic

except for possible simple poles at s = 0,−1, and 1
2
− n

2
in the half plane σ ≥ −n/2+ε.

Proof. Using Theorem 3.3.1, we can analyze poles and zeros of D(0, s) in the half

plane σ ≥ −n/2 + ε. Indeed, Theorem 3.3.1 yields

D(0, s) = D2(0, s)
ζ2(2s+ n+ 1)

ζ2(s+ 1) ζ2(2s+ n)

ζ(s+ 1) ζ(2s+ n)

ζ(2s+ n+ 1)
.

where

D2(0, s) : = D2(0, s)
ζ2(2s+ n+ 1)

ζ2(s+ 1) ζ2(2s+ n)
�n,ε 1.

Restricted to the regime σ ≥ −n/2 + ε, the analytic continuation of Riemann Zeta

function yields simple poles of D(0, s) at s = 0 and s = 1
2
− n

2
.

We also recognize the zeros of D(0, s) in the half plane σ ≥ −n/2 + ε, which are

at s = −1 − 2k, where positive integer k with n−3
4
6= k < bn−2

4
c, and at non-trivial

zeros of ζ(s+ 1) and ζ(2s+n), and at zeros of D2(0, s). Together with the poles and

zeros of g(0, s), which are previously remarked in Section 3.4, we obtain the poles of

D(0, s) g(0, s) as desired.

As for application, it is vital to see whether D2(0, s) vanishes at these poles. It

turns out that the poles at s = 0,−1, and 1
2
− n

2
are not cancelled by zeros of D2(0, s).

We defer this justification to Section 3.6, Proposition 3.6.1.
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Lemma 3.5.2. Let s = σ+it and ε > 0. If c 6= 0 and ctJ−1c = 0, then D(c, s) g(c, s)

is analytic except for a possible simple pole at s = 1
2
− n

2
in the half plane σ ≥ −n/2+ε.

Proof. We recall D(c, s) in Theorem 3.3.2 in order to locate its poles and zeros given

the conditions c 6= 0 and ctJ−1c = 0. That is,

D(c, s) =
ζ(2s+ n)

ζ(2s+ n+ 1)

∏
p|2c

Dp(c, s)
ζp(2s+ n+ 1)

ζp(2s+ n)
.

Together with Lemmas 3.3.2.1 and 3.3.2.2, the analytic continuation of ζ function

yields a single simple pole of D(c, s) at s = 1
2
− n

2
in the half plane σ ≥ −n/2+ε, which

is also not absorbed by other factors of D(c, s) as seen in Section 3.6, Propositions

3.6.2 and 3.6.3. Nevertheless, the zeros of D(c, s) are non-trivial zeros of ζ(2s + n)

and zeros of other factors in the above expansion of D(c, s). Applying Proposition

3.4.1, g(c, s) is analytic in the region in question. Hence, the lemma follows.

Lemma 3.5.3. Let s = σ+it and ε > 0. If c 6= 0 and ctJ−1c 6= 0, then D(c, s) g(c, s)

is analytic except for a possible simple pole at s = 1
2
− n

2
in the half plane σ ≥ −n/2+ε

whenever i(n−1)2/2 ctJ−1c det J is a perfect square.

Proof. Similar to the previous two lemmas, we use Theorem 3.3.3, when c 6= 0 and

ctJ−1c 6= 0, to study poles and zeros of D(c, s). That is,

D(c, s) =
L(s+ n

2
+ 1

2
, κc,J)

L(2s+ n+ 1, κc,J)

∏
p|2 ctJ−1c

Lp(2s+ n+ 1, κc,J)

Lp(s+ n
2

+ 1
2
, κc,J)

Dp(c, s),

Together with Lemmas 3.3.3.1, 3.3.3.2 and 3.3.3.3, the analytic continuation of Dirich-

let L-function supplies a simple pole of D(c, s) at s = 1
2
− n

2
in the half plane

σ ≥ −n/2 + ε if and only if κc,J becomes trivial character, namely χ0. Here the

zeros of D(c, s) are non-trivial zeros of L(s + n/2 + 1/2, κc,J) and zeros of other

factors in the above expansion of D(c, s).
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As seen in Lemma 3.5.2, the pole at s = 1/2 − n/2 is also not cancelled by a

zero of D(c, s) in this case. This is justified in Propositions 3.6.4, 3.6.5, and 3.6.6 of

Section 3.6.

It remains to detect c’s that make κc,J trivial. We recall

κc,J(p) = i(n−1)(p−1)2/4

(
ctJ−1c det J

p

)
K

and observe the facts that i
n−1
4

(p−1)2 and
(
−1
p

)
L

depend only on p modulo 4. Using

the results noted at the end of Section 2.2.4, we have

• If ctJ−1c det J 6≡ 3 (mod 4), we then define

χc1(p) :=

(
ctJ−1c det J

p

)
K

, i.e., a Dirichlet character modulo 4|ctJ−1c det J |,

ηc1(p) :=


1 if p ≡ 1 (mod 4)

(−1)(n−1)/2 if p ≡ 3 (mod 4) , i.e., a Dirichlet character mod 4.

0 if 2|p

• If ctJ−1c det J ≡ 3 (mod 4), we then define

χc2(p) :=

(
−ctJ−1c det J

p

)
K

, i.e., a Dirichlet character mod 4|ctJ−1c det J |,

ηc2(p) :=


1 if p ≡ 1 (mod 4)

(−1)(n+1)/2 if p ≡ 3 (mod 4) , i.e., a Dirichlet character mod 4.

0 if 2|p

Using the Dirichlet characters χc1, χc2, ηc1, and ηc2 defined above and observing

that (−1
p

)K is the only non-trivial Dirichlet character modulo 4, we can determine

existence conditions of the pole s = 1
2
− n

2
in two cases as follow:
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• If n ≡ 1 (mod 4), then ctJ−1c det J 6≡ 3 (mod 4) implies ηc1 = χ0. Thus,

χc1 ηc1 = χ0 if ctJ−1c det J is a perfect square. Otherwise, ctJ−1c det J ≡

3 (mod 4) yields ηc2 6= χ0. Hence, χc2 ηc2 = χ0 if

(
−c

tJ−1c det J

p

)
K

= ηc2(p) =


1 if p ≡ 1 (mod 4)

−1 if p ≡ 3 (mod 4)

0 if 2|p

,

which is not possible since ctJ−1c det J 6≡ 1 (mod 4).

• If n ≡ 3 (mod 4), then ctJ−1c det J 6≡ 3 (mod 4) gives us ηc1 6= χ0. Thus,

χc1 ηc1 = χ0 if

(
ctJ−1c det J

p

)
K

= ηc1(p) =


1 if p ≡ 1 (mod 4)

−1 if p ≡ 3 (mod 4)

0 if 2|p

,

which is impossible given that ctJ−1c det J 6≡ 3 (mod 4). Otherwise, ηc2 = χ0

follows from ctJ−1c det J ≡ 3 (mod 4). This implies χc2 ηc2 = χ0 if−ctJ−1c det J

is a perfect square.

Consequently, we have proved the lemma.

Given the simple pole at s = 0 in Lemma 3.5.1, the counting function N(B), as

in (3.5.1), would be expected to have a leading term of order Bn−1, which is different

from the heuristic expectation of order Bn−2. However, the following lemma implies

that the simple pole at s = 0 contributes nothing to our asymptotic formula because

the residue of D(0, s) g(0, s) at this simple pole vanishes. We note that it also vanishes

in the even degree case (see [Get18a], Lemma 3.4).

Lemma 3.5.4. For c = 0,

Ress=0 (D(0, s) g(0, s)) = 0.
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Proof. We recall D(0, s) in Theorem 3.3.1 and g(0, s) of 3.1.6 to get

D(0, s) = D2(0, s)
ζ2(2s+ n+ 1)

ζ2(s+ 1) ζ2(2s+ n)

ζ(s+ 1) ζ(2s+ n)

ζ(2s+ n+ 1)
,

and

g(0, s) =

∫ ∞
0

∫
Rn
ω(x)h

(
F (x)

y
, y

)
dx ys

dy

y
,

where h(x, y) = Φ(x, y)− Φ(y, x).

Thus, to show the residue of D(0, s)g(0, s) at s = 0 vanishes, it suffices to show

that ∫ ∞
0

∫
Rn
ω(x) Φ

(
F (x)

y
, y

)
dx

dy

y
=

∫ ∞
0

∫
Rn
ω(x) Φ

(
y,
F (x)

y

)
dx

dy

y
.

Indeed, by interchanging order of integrations and changing of variables, y 7→ F (x)y,

and then y 7→ 1/y, we get∫ ∞
0

∫
Rn
ω(x) Φ

(
F (x)

y
, y

)
dx

dy

y
=

∫
Rn

∫ ∞
0

ω(x) Φ

(
F (x)

y
, y

)
dy

y
dx

=

∫
Rn

∫ ∞
0

ω(x) Φ (1/y, F (x)y)
dy

y
dx =

∫
Rn

∫ 0

∞
ω(x) Φ

(
y,
F (x)

y

)
−dy
y

dx

=

∫
Rn

∫ ∞
0

ω(x) Φ

(
y,
F (x)

y

)
dy

y
dx =

∫ ∞
0

∫
Rn
ω(x) Φ

(
y,
F (x)

y

)
dx

dy

y
,

in which the interchange of integrations is justified by Fubini’s theorem, provided

that ω and Φ are Schwartz.

In view of the results presented in Sections 3.3 and 3.4 and Lemmas 3.5.1-3.5.2-

3.5.3-3.5.4, D(c, s) g(c, s), regarded as a function of s, admits the meromorphic con-

tinuation to σ > −n/2. For odd n ≥ 5, D(0, s) g(0, s) has two possible simple poles

at s = −1, 1/2−n/2, and it has only one possible simple pole at s = 1/2−n/2 when

c 6= 0. In particular, when n = 3 and c = 0, it has a double pole at s = −1. Invoking

Cauchy’s residue theorem, we prove our asymptotic formula in Theorem 3.5.5:
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Theorem 3.5.5. Let ε > 0 and denote by � a perfect square. If n ≥ 5 is odd,

N(B) = c1B
n−2 + c2B

(n−1)/2 +OJ,ε,ω(Bn/2+ε−1),

where

c1 = Res s=−1 (D(0, s) g(0, s)),

and c2 =
∑
c∈Zn

ctJ−1c= 0

Res s=1/2−n/2 (D(c, s) g(c, s))+

+
∑

0 6= c∈Zn
ctJ−1c 6= 0

i(n−1)2/2 ctJ−1c det J =�

Res s=1/2−n/2 (D(c, s) g(c, s)).

Moreover, if n = 3,

N(B) = c′1B logB + c′2B +OJ,ε,ω(B1/2+ε),

where

c′1 =
−4

π4

∫
R
Z(x, 1) dx,

and c′2 =
∑
c∈Zn

ctJ−1c= 0

Res s=−1 (D(c, s) g(c, s)) +
∑

0 6= c∈Zn
ctJ−1c 6= 0

−ctJ−1c det J =�

Res s=−1 (D(c, s) g(c, s)).

Remark 2. The Dirichlet series D(c, s), for all c ∈ Zn, are given explicitly in Theorems

3.3.1-3.3.2-3.3.3 in Section 3.3, and Z(x, 1) is defined as in (3.4.1) of Proposition 3.4.2

in Section 3.4.

Proof. By Proposition 3.1.2, the zero-counting function N(B) is of the form

cBB
n−1

2πi

∑
c∈Zn

∫
Re(s)=σ0

D(c, s)Bsg(c, s) ds,

where σ0 > 1 and cB = 1 +ON(B−N) for any positive integer N .

For odd n ≥ 5, all the poles of D(c, s) g(c, s) collected in Lemmas 3.5.1, 3.5.3,

and 3.5.3 are simple. Since g(c, s) is rapidly decreasing as |t| goes to infinity given
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−n/2 < σ2 < σ < σ1 as seen in Proposition 3.4.1, we apply the Cauchy’s residue

theorem to shift our original line integral at σ = σ0 > 1 to the line integral at

σ = −n/2 + ε and obtain

N(B) =cBB
n−1 Ress=0(D(0, s) g(0, s)) + cBB

n−2 Ress=−1(D(0, s) g(0, s))+

+ cBB
(n−1)/2 Ress=1/2−n/2(D(0, s) g(0, s))+

+ cBB
(n−1)/2

∑
0 6= c∈Zn
ctJ−1c=0

Res s=1/2−n/2 (D(c, s) g(c, s))+ (3.5.2)

+ cBB
(n−1)/2

∑
0 6= c∈Zn
ctJ−1c 6= 0

i(n−1)2/2 ctJ−1c detJ =�

Res s=1/2−n/2 (D(c, s) g(c, s))+ (3.5.3)

+
cBB

n−1

2πi

∑
0 6= c∈Zn
ctJ−1c 6= 0

i(n−1)2/2 ctJ−1c detJ 6= �

∫
Re(s)=−n/2+ε

D(c, s)Bsg(c, s) ds. (3.5.4)

The first three terms in N(B) accounts for the case c = 0. Moreover, Lemma

3.5.4 implies that the first term in N(B) is zero.

We wish to show (3.5.2) and (3.5.3) converges absolutely. Indeed, when c 6= 0 and

ctJ−1c = 0, the factor ζ(2s+ n) of D(c, s) contributes the simple pole s = 1/2− n/2

to D(c, s) g(c, s), and we have

Res s=1/2−n/2 (D(c, s) g(c, s)) = lim
s→1/2−n/2

((s− 1/2 + n/2)D(c, s) g(c, s)),

in which Theorems 3.3.2 saysD(c, 1/2−n/2)/ζ(2s+n) is bounded by a power function

of c, while Proposition 3.4.1 asserts that g(c, 1/2 − n/2) is rapidly decreasing in c.

Thus, the infinite sum over c (3.5.2) is absolutely convergent as a p-series with p > 1.

Likewise, we can apply these arguments to L(s+n/2+1/2, χ0) of D(c, s) in Theorem

3.3.3 when c 6= 0 and ctJ−1c 6= 0, and obtain absolutely convergent property for

(3.5.3) as desired.

Moreover, we claim that the last term (3.5.4) contributes to our error term of
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order Bn/2−1+ε. By Lebesgue’s dominated convergence theorem, it suffices to show

that∫ ∞
−∞

∑
0 6= c∈Zn
ctJ−1c 6= 0

i(n−1)2/2 ctJ−1c det J 6= �

|D(c,−n/2 + ε+ it) g(c,−n/2 + ε+ it)| dt = O(1).

(3.5.5)

Indeed, we apply Proposition 3.4.1 and Theorem 3.3.3 again to see that the sum-

mand of the inner sum in (3.5.5) is bounded by

|c|3n/4−7/4+ε

|c|N
L(1/2 + ε, κc,J)

L(1 + 2ε, κc,J)

1

(1 + |t|)N

(
1

σ2 + n/2
− 1

σ1 −N

)
.

Thus, the absolute convergence of the infinite sum over c, seen as a p-series with

p > 1 again, in (3.5.5) tells us that the improper integral (3.5.5) is in turn bounded

by ∫ ∞
−∞

1

(1 + |t|)N
dt = O(1).

For the boundary case n = 3, the product rule of differentiation yields the residue

of the double pole at s = −1, when c = 0, with an extra term of lnB, that is,

Res s=−1 (D(0, s)Bsg(0, s)) =B−1 lnB lim
s→−1

((s+ 1)2D(0, s) g(0, s))+

+B−1Res s=−1 (D(0, s) g(0, s)). (3.5.6)

Furthermore, using (3.3.1) in Theorem 3.3.1 and Proposition 3.4.2, the limit in

(3.5.6) is equal to

4

3

ζ(0) Res s=−1ζ(2s+ 3)

ζ(2)
π−3/2 Res s=−1Γ((s+ 1)/2)

Γ(1/2)

∫
R
Z(x, 1) dx

=
−4

π4

∫
R
Z(x, 1) dx,

where Z(x, 1) is defined as in (3.4.1). Hence, the asymptotic form for n = 3 follows.

Consequently, we have proved the main theorem.
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3.6 Existence condition of poles

As seen in Theorems 3.3.1-3.3.2-3.3.3, the expansion of D(c, s) has a quotient of

Riemann zeta functions or Dirichlet L-functions as one of its factors, we would not

only expect to obtain its analytic continuation, but also its poles, particularly the pole

at s = 1/2−n/2 that contributes to the secondary term. Moreover, we discussed the

possible poles of D(c, s) g(c, s), which are at s = −1 and s = 1/2− n/2, in Lemmas

3.5.2-3.5.2-3.5.3-3.5.4. For application, we wish to know whether or not these pole

are cancelled by zeros of other factors of D(c, s). For ease of exposition, we present

our results here via Proposition 3.6.1 for the case c = 0, via Propositions 3.6.2-3.6.3

for the case c 6= 0 and ctJ−1c = 0, and finally via Propositions 3.6.4-3.6.5-3.6.6 for

the case c 6= 0 and ctJ−1c 6= 0 below.

Proposition 3.6.1. If c = 0, for s = −1 and s = 1/2− n/2, one has

D2(0, s) := D2(0, s)
ζ2(2s+ n+ 1)

ζ2(s+ 1) ζ2(2s+ n)
6= 0.

Proof. By the argument used in Theorem 3.3.1, D2(0, s) is simplified to (3.3.1), which

is

(1− 2−(2s+n) + dn,J 2−(2s+n+1))

1− 2−(2s+n+1)
.

We claim that D2(0, s) 6= 0 at s = −1 and s = 1/2 − n/2. Indeed, D2(0, s)

vanishes at s = 1
2
− n

2
if and only if dn,J = −2. We then recall dn,J (3.1.12) from

Corollary 3.2.4.1,

dn,J =

 2(n−1)/2 if 2m− n ≡ 1 or 7 (mod 8)

−2(n−1)/2 if 2m− n ≡ 3 or 5 (mod 8)
,

to conclude that there is no n satisfying dn,J = −2. Thus, D2(0, s) 6= 0 at s =

1/2− n/2.
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Moreover, for s = −1, D2(0,−1) = 0 yields n = 3 and 4− n ≡ 5 (mod 8), which

is a contradiction. Hence, we obtain the proposition as desired.

Proposition 3.6.2. If c 6= 0 and ctJ−1c = 0, one has

D2(c, s)
1− 2−(2s+n)

1− 2−(2s+n+1)
6= 0 at s = 1/2− n/2.

Proof. It suffices to check if D2(c, 1/2 − n/2) vanishes. We recall D2(c, s) discussed

in Lemma 3.3.2.2 with two cases depending on the parity of c.

• If 2 - c, D2(c, s) has the form of

D2(c, s) =
1− 2−(2s+n) + dn,J 2−(2s+n+1)

1− 2−(2s+n)
,

which implies that it vanishes at s = 1/2−n/2 if and only if 1−2−1+dn,J2−2 = 0,

and so dn,J = −2. This is impossible by checking the definition of dn,J in

(3.1.12).

• If 2|c, i.e., 2α || c, for some positive integer α, D2(c, 1/2− n/2) is equal to

α∑
k=0

2k(n−3
2

) +
dn,J

2n−1 − 2

α+2∑
k=2

2k(n−3
2

) −
b(α+2)/2c∑

l=1

1

2l
−
b(α+1)/2c∑

l=1

2(n−3
2

)

2l

 . (3.6.1)

In particular, if n = 3, then D2(c,−1) = 0 means

α + 1− (α + 1− (1− 2−b(α+2)/2c)− (1− 2−b(α+1)/2c)) = 0,

and so

2−b(α+2)/2c + 2−b(α+1)/2c − 2 = 0

which contradicts to the assumption α ≥ 1. On the other hand, with n ≥ 5,

we use dn,J in (3.1.12) and geometric sum to rewrite (3.6.1) as

1− 2(n−3
2

)(α+1)

1− 2(n−3
2

)
± 2(n−1

2
)

2n−1 − 2

(
2n−3 1− 2(n−3

2
)(α+1)

1− 2(n−3
2

)
+

− (1− 2−b
α+2
2
c)− 2(n−3

2
)(1− 2−b

α+2
2
c)
)
.
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We now consider the parity of α to get rid of the floor function. By checking

2-power factors, we find that D2(c, 1/2− n/2) = 0 implies α = n− 5 when α is

even. Substituting α = n− 5 to D2(c, 1/2− n/2) = 0 and simplifying, we get

2(23(n−3
2

)−1 − 2(n−1)(n−3
2

)−1 − 2(n−3
2

)−1 + 1− 2(n−1)(n−5
4

) + 2(n−1
2

))

= 2n−2(1− 2(n−4)(n−3
2

) − 2(n−4)(n−3
2

)−n+2). (3.6.2)

If n = 5, the equality (3.6.2) yields −2 = −10, which is false. Otherwise, it

implies n = 3 and n ≥ 7, which is also false. Likewise, we obtain α = n − 4

when α is odd. Upon substitution and factorization, we get

2(23(n−3
2

)−1 − 2(n)(n−3
2

)−1 + 1− 2n−4)

= 2n−2(1− 2(n−3)(n−3
2

) − 2(n−3)(n−3
2

)−n+2). (3.6.3)

Then the case n = 5 gives us −26 = −28, while the remaining case, n ≥ 7,

yields n = 3. These false statements confirm no solution to (3.6.3).

Hence, we have proved that the pole at s = 1/2−n/2 does not vanish as desired.

Proposition 3.6.3. If c 6= 0 and ctJ−1c = 0, one has

∏
p|c, p 6= 2

Dp(c, s)

[
1− p−(2s+n)

1− p−(2s+n+1)

]
> 0 at s = 1/2− n/2.

Proof. By using (3.3.2) in Lemma 4.2.1, it suffices to show that Dp(c, 1/2−n/2) > 0,

where

Dp(c, 1/2− n/2)

=
α∑
k=0

pk(n−3
2

) +
p−(1−αn−3

2
) + p−(n−1−(α+1)(n−3

2
)) − p−(n−2+d 2+α

2
e) − p−(n−1

2
+d 1+α

2
e)

1− p2−n .
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We observe that, for α ≥ 1,

n− 2 + d2 + α

2
e > n− 1− (α + 1)(

n− 3

2
),

and
n− 1

2
+ d1 + α

2
e > 1− αn− 3

2
.

Thus, by positivity, Dp(c, 1/2− n/2) is strictly positive.

Proposition 3.6.4. If c 6= 0 and ctJ−1c 6= 0, one has

∏
p-c, p|ctJ−1c, p 6= 2

Dp(c, s)

ρc,J,s(p)
> 0 for s = 1/2− n/2.

Proof. Using the expression of Dp(c, s) in the proof of Lemma 3.3.3.2 and evaluating

it at s = 1/2− n/2, we obtain

Dp(c, 1/2− n/2) = 1 +
i(n−1)(p−1)2/4

pα/2+1

(
det J

p

)
K

(
ctJ−1c/pα

p

)
K

12|α+

+
12-α

pα/2+3/2
+

α∑
k=d1+α/2e

(1− p−1)

pk(1/2)
12|k.

By positivity, the pole s = 1/2− n/2 does not vanish on Dp(c, s). Indeed,

1− 1

pα/2+1
+

α∑
k=d1+α/2e

(1− p−1)

pk(1/2)
12|k > 0.

Since ρc,J,1/2−n/2(p) = 1 +
χ0(p)

p
, the proposition follows.

Proposition 3.6.5. If c 6= 0 and ctJ−1c 6= 0, one has

∏
p|c, p 6= 2

Dp(c, s)

ρc,J,s(p)
> 0 for s = 1/2− n/2,

Proof. Using the argument in Lemma 3.3.3.1, we get

Dp(c, 1/2− n/2) = (X3 +X4 +X5 +X6)|s= 1−n
2
,
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where

X3|s= 1−n
2

=

2α+β+1∑
k=α+β+1

pn(α+β/2+1/2)−2α−β−3/2 i
(n−1)(p−1)2

4

(
det J
p

)
K

pk(n/2−1/2)

(
ctJ−1c/p2α+β

p

)
K

12|β,

X4|s= 1−n
2

=
α∑
k=0

pk(
n−3
2 ), X5|s= 1−n

2
=

2α+β+1∑
k=α+β+1

−pn(1/2+α+β/2)−2−2α−β

pk(n/2−1/2)
12-β,

and X6|s= 1−n
2

=

2α+β∑
k=max{d1+α+β/2e,α+2}

p−1(p− 1)

pk(
3−n
2 )

b k
2
c∑

l=max{dk−α−β/2e,d k−α
2
e}

p(2−n)l.

We observe that X6|s= 1−n
2
> 0. Moreover, X3|s= 1−n

2
, X4|s= 1−n

2
, and X5|s= 1−n

2
have

the same number of terms in their summation expansions. If 2|β, Dp(c, 1/2−n/2) = 0

means the vanishing of

2α+β+1∑
k=α+β+1

pn(α+β/2+1/2)−2α−β−3/2 i(n−1)(p−1)2/4
(

det J
p

)
pk(n/2−1/2)

(
ctJ−1c/p2α+β

p

)
+

+
α∑
k=0

pk(
n−3
2 ) +X6|s= 1−n

2
,

which only might be possible in the case of

−
2α+β+1∑
k=α+β+1

pn(α+β/2+1/2)−2α−β−3/2

pk(n/2−1/2)
+

α∑
k=0

pk(
n−3
2 ) +X6|s= 1−n

2
= 0. (3.6.4)

However, by our previous observations and noting that the leading power of the

first summation in (3.6.4) is α(n−3)
2
− β

2
−1, which is smaller than that of, α(n−3)

2
, in the

second summation in (3.6.4), the equality (3.6.4) does not hold for any α, β, and n.

In fact, Dp(c, 1/2−n/2) > 0 in this case. Using a similar argument, we also conclude

that Dp(c, 1/2− n/2) > 0 when 2 - β. Hence, we have proved the proposition.

Proposition 3.6.6. If c 6= 0 and ctJ−1c 6= 0,

D2(c, s)

ρc,J,s(2)
6= 0 for s = 1/2− n/2.
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Proof. Following Theorem 3.2.4 and the argument presented in the proof of Lemma

3.3.3.3, we get different explicit expressions of D2(c, s) depending on values of c. With

2 - c, D2(c, s) vanishes when 2 - ctJ−1c. However, when 2α || ctJ−1c, with α ∈ Z≥1,

we use geometric sum to simplify D2(c, 1/2− n/2) to

1 + 2n/2−1 cos

(
(2m− n)π

4

)
(1− (1/2)b

α
2
c)− 2

n−α−3
2 cos

(
(2m− n)π

4

)
12|(α+1)+

− 2
n−α−4

2 sin

(
(2m− n)π

4

)
χ4(ctJ−1c/2α)12|(α+2)+

+ 2
n+α−6

2

(
2

det J

)
L

(
χ8,2

(
ctJ−1c

2α

)
sin

(2m− n)π

4
+ χ8,3

(
ctJ−1c

2α

)
cos

(2m− n)π

4

)
.

We further consider parity of α to proceed. When 2|α, upon simplification, finding

the vanishing condition of D2(c, 1/2 − n/2) is amount to finding solutions of the

following equations

2
α
2 (1 ± 2

n−3
2 ) = 2

n−5
2 (± 1 ± 2) (3.6.5)

or 2
α
2 (1 ± 2

n−3
2 ) = 2

n−5
2 (± 1 ± 2 ± 2α), (3.6.6)

where the notation ± can take either + or − sign, and it is chosen independently

from others. By checking all the possible values of ±, the equation (3.6.5) yields a

possible solution with α = 2 and n = 7, which satisfies 2
α
2 (1− 2

n−3
2 ) = 2

n−5
2 (−1− 2).

Moreover, after considering signs of cosx, sinx, residues x of χ8,2(x), χ8,3(x), χ4(x),

and noting that −ctJ−1c det J = � and y2 ≡ 1(mod 8), where y is odd, the possible

solution α = 2 and n = 7 is not in the domain of the equation. Specifically, it yields

ctJ−1c/4 = −y2 ≡ 5(mod 8), which is a contradiction to the odd parity of y.

Likewise, the second equation (3.6.6) also yields α = 2 and n = 7 as a candidate

of its solutions, which results from 2
α
2 (1 + 2

n−3
2 ) = 2

n−5
2 (−1 + 2 + 2α). However, upon

considering the domain conditions mentioned earlier, it ends up with ctJ−1c/4 ≡ 1 (mod 8)

ctJ−1c/4 ≡ 3 (mod 4)
,
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which is also a contradiction. Thus, D2(c, 1/2−n/2) does not vanish in the even case

of α. We then consider the odd case of α, which actually requires no effort to see

that D2(c, 1/2 − n/2) has no solution by observing the fact that 2α || ctJ−1c implies

|ctJ−1c det J | 6= �, providing α is odd and det J = ±1. Thus, we have verified the

proposition for the case 2 - c.

It remains to deal with the case 2|c, i.e., 2α || c and 22α+β || ctJ−1c, for some integers

α ≥ 1, β ≥ 0. Using arguments in Lemma 3.3.3.3, we have

D2(c, s) =
α+2∑
k=2

k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1dn,j,k,J 12|k−j

2k(n+s+1)
+

α∑
k=0

1

2k(s+1)
, (3.6.7)

where dn,j,k,J is given in (3.1.10) as

dn,j,k,J =



0 if 2k−j−2 - cj,J

−χ4(cj,J/2
k−j−2) 2n/2 sin

(
(2m−n)π

4

)
if 2k−j−2 || c2,j,J

− 2n/2 cos
(

(2m−n)π
4

)
if 2k−j−1 || cj,J

2n/2 cos
(

(2m−n)π
4

)
if 2k−j|cj,J

.

We then expand the double summation in (3.6.7), in which we use the notations

d
(2)
n,j,k,J := 2n/2 cos

(
(2m−n)π

4

)
and d

(1)
n,j,k,J := −χ4(c2,j,J/2

k−j−2) 2n/2 sin
(

(2m−n)π
4

)
, to

get

−
2j(n/2−1)+k(n/2+1)−1d

(2)
n,j,k,J 12|k−j

2k(n+s+1)
1β=1,j=α,k=α+2+ (3.6.8)

+
2j(n/2−1)+k(n/2+1)−1d

(1)
n,j,k,J 12|k−j

2k(n+s+1)
1β=0,j=α,k=α+2+ (3.6.9)

+
α+1∑
k=2

k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1d
(2)
n,j,k,J 12|k−j

2k(n+s+1)
1β=0,1+ (3.6.10)

+
α−2∑
j=0

2j(n/2−1)+k(n/2+1)−1d
(2)
n,j,k,J 12|k−j

2(α+2)(n+s+1)
1β=0,k=α+2+ (3.6.11)

+ . . .
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+
α−1∑
j=0

2j(n/2−1)+k(n/2+1)−1d
(2)
n,j,k,J 12|k−j

2(α+2)(n+s+1)
1β=1,k=α+2+ (3.6.12)

+
α+2∑
k=2

k−2∑
j=0

2j(n/2−1)+k(n/2+1)−1d
(2)
n,j,k,J 12|k−j

2k(n+s+1)
1β≥2. (3.6.13)

Since (3.6.8)-(3.6.13) are mutually exclusive, we have 6 subcases for D2(c, 1/2 −

n/2). In fact, (3.6.10) and (3.6.13) only differ by one more term in the summation

over k. That is, we can easily deduce D2(c, 1/2−n/2) for the case (3.6.13) from that

of (3.6.10) by replacing α by α + 1. Indeed, with (3.6.10), D2(c, 1/2 − n/2) can be

simplified to

cos( (2m−n)π
4

)

2n/2−1 − 21−n/2

α+1∑
k=2

2k(n−3
2

) −
bα+1

2
c∑

l=1

2l(−1) − 2(n−3
2

)

bα
2
c∑

l=1

2l(−1)

+
α∑
k=0

2k(n−3
2

)

=
cos( (2m−n)π

4
)

2n/2−1 − 21−n/2

(1 +
2n/2−1 − 21−n/2

cos (2m−n)π
4

)
α+1∑
k=2

2k(n−3
2

) −
bα+1

2
c∑

l=1

2l(−1) − 2(n−3
2

)

bα
2
c∑

l=1

2l(−1)

 .

By observing that for all n ≥ 3,∣∣∣2n/2−1 − 21−n/2

cos (2m−n)π
4

∣∣∣ ≥ 1, 2(n−3
2

) > 2−1, and bα + 1

2
c+ bα

2
c = α,

D2(c, 1/2 − n/2) can never be zero in this case (3.6.10), and so neither for the case

(3.6.13).

With (3.6.11), upon simplification, D2(c, 1/2− n/2) arrives at

2α
n−3
2

+ 3n
2
−4 cos

(
(2m− n)π

4

) bα+2
2
c∑

l=2

2l(2−n) +
α∑
k=0

2k(n−3
2

).

For n = 3, it comes down to

21/2 cos

(
(2m− 3)π

4

) bα+2
2
c∑

l=2

2l(−1) + α + 1,

which is evidently positive. In the case n ≥ 5, by positivity, D2(c, 1/2 − n/2) = 0

means

2α
n−3
2
− 1+n

2 (1− 2(2−n)(bα+2
2
c−1))(1− 2

n−3
2 ) = (1− 2(α+1)n−3

2 )(1− 22−n),
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and so

2α
n−3
2

+n−5
2 (2(n−2)(bα+2

2
c−1) − 1)(1− 2

n−3
2 ) = 2(2−n)(bα+2

2
c−1)(1− 2(α+1)n−3

2 )(2n−2 − 1),

which implies

α =


5−n
2n−5

if 2|α
3

2n−5
if 2 - α

,

which in turn contradicts to the condition α ≥ 1. Thus, D2(c, 1/2 − n/2) = 0 has

no solution in the case (3.6.11) and subsequently in the case (3.6.12) by observing

that 12|k−j,k=α+2 makes (3.6.11) and (3.6.12) differ by only β in their computations

toward D2(c, 1/2− n/2).

It remains to check D2(c, 1/2−n/2) in the cases (3.6.8) and (3.6.9). With (3.6.9),

we get

D2(c, 1/2− n/2) = −χ4(c2,j,J) sin

(
(2m− n)π

4

)
2α

n−3
2

+n−4
2 +

α∑
k=0

2k(n−3
2

).

For n = 3, D2(c,−1) vanishes if −2−1+α+1 = 0, and so α = −1/2, which contradicts

to the positive condition of α. On the other hand, the case n ≥ 5 yields

−2α
n−3
2

+n−5
2 +

α∑
k=0

2k(n−3
2

) = 0, (3.6.14)

which is false by considering parities of the two terms in the left-hand side of (3.6.14).

In the same manner, we proceed the case (3.6.8) and get

D2(c, 1/2− n/2) = − cos

(
(2m− n)π

4

)
2α

n−3
2

+n−4
2 +

α∑
k=0

2k(n−3
2

),

which results to the same conclusion as we got in the case (3.6.9).

Hence, D2(c, 1/2 − n/2) does not vanish in the case 2|c. Consequently, we have

proved the proposition.
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Chapter 4

Conclusion

We end this thesis by making some remarks on the result obtained in the main

theorem and also addressing some possible future research plans.

a) Given the explicit description of the Dirichlet series D(c, s) in Section 3.3, it is

natural to ask a question on whether the secondary term is positive, negative,

or identically to zero.

b) By choosing test functions that make the first order term Bn−2 of N(B) vanish-

ing, for odd n ≥ 5, the Theorem 3.5.5 yields the following summation formula:

∑
c∈Zn

ctJ−1c=0

Ress= 1−n
2
D1(c, s) +

∑
06=c∈Zn
ctJ−1c 6=0

i(n−1)2/2 ctJ−1c det J =�

Res s= 1−n
2
D1(c, s)

= lim
B→∞

N(B)

B(n−1)/2
+

+
∑
c∈Zn

ctJ−1c= 0

Res s= 1−n
2
D2(c, s) +

∑
06=c∈Zn
ctJ−1c6=0

i(n−1)2/2 ctJ−1c det J =�

Res s= 1−n
2
D2(c, s). (4.1)

In certain cases, the limit in (4.1) can be computed spectrally. In fact, this sort

of summation formula was used to give a new proof of the analytic properties

of the Rankin-Selberg L-function (see [Get18b]). In number theory, Poisson

summation formula is widely utilized. It makes sense that the other naturally

defined summation formula should also be useful. Specifically, given a sum over

a lattice, one often uses Poisson summation formula to analyze the sum. Having

a new summation formula (4.1) in hand, it is reasonable to pose the possibility
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of using this summation formula as a replacement of Poisson summation. For

example, one might want to investigate sums over the zero locus of quadratic

forms intersected with the lattice instead of the lattice itself.

c) Having a result for the secondary term in the case of quadratic form F (x), it

is natural to consider the corresponding in-homogeneous problems related to

F (x). In more detail, one can try to count integral solutions of F (x) = m,

where m is a variable integer, restricted to a smoothed box of size B, which is

commonly chosen to be |m|1/2. In fact, in [HB96a], for n ≥ 4, Heath-Brown

gave an asymptotic of N(m) having mn/2−1 as the main term plus an error term

of order (n − 1)/4 + ε, where ε > 0. Analogous to the in-homogeneous shape

F (x) = m with variable integer m, one can fix m (for instance, m is prime) and

ask the question of how many times the quadratic form F (x) represents m.

d) It is also natural to ask the same question for cubic forms. The existence of

non-trivial solutions of cubic forms has been studied via the circle method,

including the works of Davenport, Heath-Brown, Hooley (see [Dav63] [HB83]

[Hoo88] [HB07]). A reason to have hope of finding the secondary terms in the

cubic case is that Heath-Brown’s new version of the circle method is still useful

in degree three (see [HB96a]).

e) As mentioned earlier, the result of Theorem 3.5.5 can be viewed as a type of

summation formula. One would expect that if one has a summation formula,

then one should be able to figure out secondary terms. In view of the work of

Braverman and Kazhdan and Sakellaridis (see [BK00] [BK02] [Sak12]), there

should be a Poisson summation formula for some large class of varieties, partic-

ularly spherical varieties. Therefore, if one looks for secondary terms, it makes

sense to look among the spherical varieties. As a degree three example, one

can consider affine varieties cut out of M3×3×A, where A stands for the affine
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line, by the equation detX = a3, where X ∈ M3×3 and a ∈ A. The equation

detX = a3 can be viewed as a cubic form in 10 variables.
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