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Abstract 

The thesis combines fundamental studies on the evolution of design and performance in 

flow fields. The first study investigates the evolving architecture of a composite material with 

configurable inserts, comparing different shapes such as plates, forks, chains, and diamonds. The 

inserts, having higher thermal conductivity and lower elasticity than the base material, lead to better 

performance in thermal conductance and mechanical strength when distributed wisely. Next, the 

thesis explores tree-shaped flow in a dendritic heat exchanger, examining two flow architectures: 

parallel orifices and sequential slits. It provides theoretical and numerical analysis on the step-down 

ratio in the size of the orifices and channels, contributing key design principles for future dendritic 

heat exchanger systems. The third study broadens the design of heat transfer systems by varying 

both the fin and flow channel aspect ratios. This comprehensive approach allows for predicting the 

complete design of high-density heat transfer architectures, providing higher heat transfer rates and 

lower pumping power. The fourth study is about periodic in-and-out airflow through a single orifice 

into an enclosure to refresh air quality. Two scenarios of airflow rhythm are analyzed, with findings 

indicating the optimal time intervals for maximum air replacement and minimal energy 

expenditure. The fifth study explores animal locomotion and the rhythm of propulsion in frogs and 

swimmers. The cyclic nature of work and energy dissipation is analyzed, revealing that 

evolutionary changes in body design and locomotion rhythm enhance power utilization and speed. 

Together, these studies highlight the role of evolving design principles in optimizing both natural 

and engineered systems, demonstrating how freedom in configuration and design leads to improved 

performance across a variety of applications. 
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1. Introduction:  

This thesis brings together several studies that explore the evolutionary design of 

systems for optimal performance across various applications. These studies share a 

common theme: the application of design freedom to evolve structures and systems that 

deliver multiple objectives such as thermal conductance, mechanical strength, and power 

consumption. By using principles from constructal theory, fluid dynamics, and 

evolutionary design, each chapter provides insight into how system architectures or rhythm 

can evolve to enhance functionality in a wide range of fields.  

The second chapter, Evolutionary Design of Composite Structures for Thermal 

Conductance and Strength, focuses on the development of composite materials where 

inserts of different configurations, such as plates, chains, and diamonds, are strategically 

distributed within a base material. The inserts have high thermal conductivity and low 

strength while the base material has the opposite features. The aim is to enhance both 

thermal conductivity and mechanical strength simultaneously. This study highlights how 

the trade-off between thermal conductance and stiffness can be optimized by evolving the 

distribution of inserts, offering valuable insights for the design of advanced composite 

materials. 

The third chapter, Tree Flows Through Hierarchical Slits and Orifices, investigates 

the hierarchical design of tree-shaped flow architectures in dendritic design heat 

exchangers. This study examines the evolution of flow channels through stepwise changes 

in the size of slits and orifices to improve access to the fluid stream. The research provides 

both theoretical and numerical evidence for the optimal ratios of flow channels and 
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dimensions, contributing a new understanding of how hierarchical flow structures can 

enhance thermal systems. 

In the fourth chapter, Evolutionary Design with Freedom – Fin Shapes and Entrance 

Length Channels for Heat Sinks, the focus shifts to heat transfer systems. By allowing 

freedom in the design of fin shapes and entrance-length channels, this study demonstrates 

how the complete architecture of heat sinks can be predicted and optimized. Several aspect 

ratios of the configuration of the extended surfaces are examined theoretically and 

numerically. The analysis shows that multiple degrees of freedom in design contribute to 

improved heat transfer rates and reduced energy consumption, offering a comprehensive 

approach to the design of efficient cooling systems. 

Chapter five, Ventilation Through a Single Port, addresses the problem of air 

ventilation and the replacement of enclosure air. This study explores different rhythms of 

periodic in-and-out airflow through a single orifice to refresh the air inside an enclosure. 

Theoretical and numerical analysis for two scenarios of puffing types are presented.  By 

examining the time intervals for air injection and withdrawal, the research identifies 

optimal ventilation rhythms that maximize air replacement efficiency while minimizing 

power consumption. 

The final chapter, Locomotion Rhythm Makes Power and Speed, examines the 

rhythmic movements in animal locomotion, such as those found in frogs, swimmers, and 

fliers. The study investigates how the timing of propulsion and recovery phases in cyclic 

movement affects the power and speed of locomotion. By modeling how the design of 



 

3 

body parts impacts the surrounding medium, this research provides key insights into how 

evolutionary changes in design can enhance locomotion efficiency. 

Together, these studies illustrate the profound impact of design freedom on system 

evolution. Whether in composite materials, heat exchangers, ventilation systems, or 

biological locomotion, the ability to freely alter configurations and shapes leads to 

improved performance. This thesis offers a comprehensive view of how evolutionary 

design principles can be applied across disciplines to optimize functionality and efficiency 

in both natural and engineered systems. 
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2. Evolutionary design of composite structures for thermal 
conductance and strength 

2.1 Introduction 

Composite materials have been evolving because of the needs of moving systems 

(bio and non bio) that incorporate such materials.  Quite often, the needs act against each 

other.  The most common conflict is between high performance (e.g., a precious property, 

such as strength, or high thermal conductivity) and low cost, weight, or power spent during 

movement.   For example, in the evolution of homogeneous materials used in 

construction (wood, stone, fired brick, concrete, steel) two needs—strength and cost—have 

paved the way to designed composites such as steel reinforced concrete.  In thermal 

engineering, expensive materials with high thermal conductivity are outcompeted by 

inexpensive materials with high-conductivity inserts. 

Key is the observation that in these evolutionary examples the inserts are not placed 

randomly.  They are placed where they are needed the most:  steel rods in the dorsal side 

of a beam of concrete in bending, and high-conductivity inserts in the body of the case of 

electronics that must discharge the generated heat to the ambient.  Inserts in the right places 

represent design, architecture, or configuration. 

The design evolves from the old composite to the new, and from the old application 

to the new application.  The success of the new composite is due to its freely evolving 

design1, which is represented by its macroscopic internal structure (the inserts) and the 

shape and orientation of the internal structure, which conforms with the application.  The 

inserts fit hand in glove in the greater system in which the designed composite is needed. 
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Composites with designed internal structure and shape are numerous, and they 

constitute the body of the evolutionary history of any animal (e.g., bones) and technology 

(e.g., construction).  The examples tend to be more complicated when the competing needs 

are more than two.  This trend is illustrated in the present work.  The composite has two 

materials, and it is intended to satisfy three needs.  The first need (the low cost) goes 

without saying.  The other two needs are high thermal conductivity and high mechanical 

strength.  We will see that the key to success is the ability to change the internal 

configuration of the composite, which has two aspects:  the architecture of each insert, and 

the nonuniform distribution of inserts in the functioning volume. 

 

2.2 Background 

The simpler problem with only two objectives (low cost, high conductivity) is well 

documented2–5, because it served as the start of constructal theory and design.  Composites 

of two materials owe their bulk thermal conductivity to the two conductivities.  There are 

many examples of such composites, for example, porous media where the two materials 

are the solid of the matrix and the fluid that fills the pores 6.  This technique of enhancing 

the bulk thermal conductivity is receiving increased attention because of the development 

and use of high conductivity inserts consisting of polymers, aluminum nanoflakes and SiC 

nanowires7–10.  The arrangement of such inserts is essentially random even when the inserts 

are flat and aligned (laminated) by pressing during manufacturing. 

A brief review of the earliest example will show how the configuration of inserts 

emerges.  Assume that there are two materials in the composite body.  The small fraction 
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is occupied by an expensive material with high thermal conductivity (kp).  The large 

fraction is occupied by an inexpensive material with low thermal conductivity (k0). 

The composite is defined by two dimensionless groups, (i) the ratio of thermal 

conductivities, 

  𝑘෨ ൌ
௞೛
௞బ
൐൐ 1 (2.1) 

where kp and k0 denote the high-conductivity inserts and the low-conductivity background, 

and (ii) the volume fraction occupied by the high-conductivity material in the composite,

  𝜙 ൌ
௩௢௟௨௠௘ ௢௙ ௞೛ ௠௔௧௘௥௜௔௟

௩௢௟௨௠௘ ௢௙ ௖௢௠௣௢௦௜௧௘
൏൏ 1 (2.2) 

 The two limiting configurations consist of parallel blades (laminae) of kp material 

inserted in the k0 material (Fig. 2.1).  When the heat flux is parallel to the kp blades, the 

effective thermal conductivity of the composite is6 

  𝑘|| ൌ 𝑘଴ሾ1 ൅ 𝜙ሺ𝑘෨ െ 1ሻሿ (2.3) 

 

  

 

Figure 2.1: Composite material with high conductivity inserts (kp) in a larger volume 

of low conductivity material (k0). 
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This shows that the kp inserts have the effect of augmenting the bulk thermal conductivity 

when 𝜙𝑘෨ ൐ 1, even though 𝜙 ൏൏ 1 and 𝑘෨ ൐൐ 1. 

When the heat flux is perpendicular to the kp blades, the bulk thermal conductivity 

of the composite is 

  𝑘ୄ ൌ
௞బ

ଵିథቀଵିభ
ೖ෩
ቁ
 (2.4) 

In this configuration, the bulk conductivity increases monotonically with both 𝜙𝑎𝑛𝑑𝑘෨ , and 

is more sensitive to changes in 𝜙 when 𝑘෨ ൐൐ 1. 

One can show that 𝑘|| is greater than 𝑘ୄ when 𝑘෨ ൐
~

2/ሺ1 െ 𝜙ሻ.  When 𝑘෨  is not much 

greater than 1 the bulk thermal conductivity is adequately approximated by the weighted 

geometric mean expression6 

 𝑘௚௘௢ ൌ 𝑘௣
థ𝑘଴

ଵିథ ൌ 𝑘଴𝑘෨థ (2.5) 

Together, the conductivity estimates reviewed above ሺ𝑘||,𝑘ୄ,𝑘௚௘௢ሻ serve as 

reference for the more complicated configurations of kp inserts that are explored next.  The 

complications are due to the fact that, unlike in Fig. 2.1, the kp material is distributed 

discontinuously through the volume. 

Reasons for the departure from the wholly laminated design (Fig. 2.1) are the 

manufacturing method, the shape of the machine or instrument part in which the composite 

is used, and the direction of the stresses experienced by the composite material under 

loading.  For all these reasons, the composite with multiple inserts distributed intelligently 

through the volume offers advantages that are worth pursuing. 
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2.3 Model 

Small inserts with high conductivity attract heat flux lines and distort the otherwise 

rectilinear heat flux.  Each finite-size kp insert belongs to an elemental volume of k0 

material in which the heat flux lines are distorted by the presence of the kp insert.  The 

elemental volume is enlarged in the upper part of Fig. 2.2.  Its role is that of a building 

block in the construction of the composite structure. 

 

Figure 2.2: Small inserts in elemental volumes that make up a sample of composite 

material. 

The elemental volume is a rectangle (H, L) defined by three points:  two corners of 

high temperature, T1, and the midpoint of the opposing side, which is at the lower 

temperature T2.  With the exception of these points, the perimeter of the rectangle is 

assumed insulated.  Heat is conducted from T1 to T2 across the volume H × L.  Said another 

way, the larger sample of composite material is represented by a distribution of discrete 
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point-temperatures such as the three points that define one element (see the lower part of 

Fig. 2.2).   

Next, on the centerline that passes through the low temperature point (T2) of the 

element we place one insert of length L, thickness D and high conductivity kp.  The small 

fraction (𝜙) that the kp volume occupies in the volume of the element is a fixed 

manufacturing parameter identified in eq. (2.2): 

  𝜙 ൌ ஽

ு
൏൏ 1 (2.6) 

The rest of the elemental volume is occupied by the matrix material (k0).  The ratio 

of the two conductivities, 𝑘෨ , is a fixed manufacturing parameter. 

Because of the two materials, a heat current (q) flows through the elemental volume 

along curvilinear paths connecting the T2 points with the T1 point.  In the limit kp >> k0, 

the heat flow through the kp material is mainly in the horizontal direction (like water in a 

rivulet), and the flow through the k0 material mainly in the vertical direction (like water 

seepage in the two hill slopes that hug the rivulet).  The scale of the temperature difference 

across the element, T2 – T1 ~ ΔT, is the sum of two temperature difference scales, one 

oriented vertically (across k0) and the other oriented horizontally (across kp): 

 𝛥𝑇଴~ ௤ு

௞బ௅
 (2.7) 

 𝛥𝑇௣~ ௤௅

௞೛஽
 (2.8) 

ΔT0 and ΔTp are different scales, and their sum constitutes the scale of the temperature 

difference across the element 

 𝛥𝑇~𝛥𝑇଴ ൅ 𝛥𝑇௣ (2.9) 
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From eqs. (7) – (9) follows the scale of the thermal resistance posed by the volume element

  
௱்

௤
𝑘଴~ ு

௅
൅ ଵ

௞෨థ

௅

ு
 (2.10) 

Of interest is the shape H/L that endows the element with minimal thermal 

resistance.  As the shape H/L varies, the two terms of eq. (2.10) contribute changes of 

opposite signs to the thermal resistance. From the trade off between the two terms emerges 

the selected shape of the element, 

  
ு

௅
~ሺ𝑘෨𝜙ሻିଵ/ଶ (2.11) 

For example, if  𝜙 ~ 0.01 and  𝑘෨  ~ 500 then H/L ~ 1/2.  The shape (2.11) agrees in 

an order of magnitude sense with the shape determined for a different elemental model: in 

Ref.2, heat was generated uniformly over the rectangular volume, and it was evacuated 

through one midpoint of one side.  In other words, the objective was the cooling of a body 

that generates heat volumetrically, unlike in Fig. 2.2 where the body does not generate heat.  

Furthermore, unlike in the scale analysis employed in this section, in Ref.2 the heat 

conduction problem was solved analytically and led to the solution 

  
ு

௅
ൌ 2ሺ𝑘෨𝜙ሻିଵ/ଶ (2.12) 

 

2.4 Computational heat transfer 

Numerical simulations of heat conduction were carried out in a rectangular domain 

that consisted of 50 of the elemental volumes considered in Fig. 2.2.  The vertical and 

horizontal dimensions of the numerical domain were Y = 10 H and X = 5 L, where H and 

L are the dimensions of the elemental rectangle of Fig. 2.2.  The left side of the numerical  
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Figure 2.3: Two‐dimensional computational domain for conduction in a composite 

with finite‐size inserts. 

domain (Y) is isothermal at the temperature Thot, and the left side is at Tcold.  The horizontal 

sides (X) are adiabatic (Fig. 2.3).  

Heat flows by conduction from Thot to Tcold.  The total heat current q' [W/m] and 

the temperature difference (ΔT = Thot – Tcold) are calculated numerically.  From these 

calculations follows the average heat flux through the left wall, q″ = q'/Y, and the average 

(effective) thermal conductivity of the X-Y medium: 

  𝑘௘௙௙ ൌ
௤"௑

௱்
 (2.13) 

In view of the X and q” formulas given above, eq. (2.13) becomes 

  𝑘௘௙௙ ൌ
௤′

ଶ௱்

௅

ு
 (2.14) 

The relative volume fraction of high-conductivity material in the X-Y domain was 

fixed at ϕ = 0.01. The ratio of high/low thermal conductivity was set at 𝑘෨ ൌ 500. The  
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Figure 2.4: Coarse and fine meshes that capture the diamond configuration of inserts. 

numerical simulations were conducted using the software package COMSOL11.  The 

module was Stationary Heat Transfer in Solids.  The relative accuracy of the calculations 

that led to eq. (2.14) were of order 10-4. We exhibited great care in implementing the model 

and finite element method 4,12 used for computational simulations of conductance and 

stiffness performance.  The number of mesh elements and the order of shape functions play 

the key role in the accuracy of the results.  Three meshes that cover the computational 

domain (Fig. 2.3) are shown in Fig. 2.4, where the inserts are arranged in the diamond 

configuration.  As shown in Fig. 2.5, the accuracy of the calculated thermal conductance 

increased dramatically when the number of mesh elements exceeded 2 × 105. The results 

reported in this chapter were based on a mesh  with 1.65 × 105 elements with quadratic 

shape functions.  They become more accurate as the order of the shape function increases 
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(e.g., from linear to quadratic). The computation time increased linearly as the number of 

mesh elements exceeded 2 × 105 as shown in Fig. 2.6. 

 

Figure 2.5: The convergence curve for the diamond with H/L = 1, showing the effect of 

mesh fineness, and the difference between using linear and quadratic shape 

functions. 

 

 

Figure 2.6: The effect of mesh fineness on computation time. 
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2.5 Conductance 

We present the evolutionary direction in which the present investigation was 

actually performed.  In the first phase of this evolutionary design, the high conductivity 

material was configured in four ways: (a) parallel plates, (b) staggered plates, (c) fork, and 

(d) chain.  These four patterns are illustrated in Fig. 2.7.  In configurations (a) and (b) the 

kp inserts had the uniform thickness dictated by the fixed volume fraction ϕ.  In 

configurations (c) and (d) the kp inserts have two thicknesses, Dx for the blades oriented 

horizontally, and Dy for the blades oriented vertically.  We varied the ratio Dx/Dy in the 

range 0.5 – 1 and found that it has no effect on the effective thermal conductivity.  

Therefore, the following numerical results were obtained by setting Dx/Dy = 1. 

 

Figure 2.7: Four configurations of high conductivity inserts in the composite material 

analyzed numerically. 

The results are presented in Fig. 2.8.  The effective thermal conductivity of the 

medium depends on the nature of the composite (ϕ, 𝑘෨), the configuration of the high 
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conductivity inserts, and the aspect ratio of the elemental volume (H/L).  Several features 

are worth noting:   

The highest keff value belongs to the parallel plates, and is in accord with eq. (2.3), 

namely, keff  =  5.99.  The other configurations (b) - (d) have lower keff values, but they 

approach the keff value of the parallel plates monotonically as H/L decreases.  For H/L 

values in the range 1/4 - 2, the better of configuration is the chain (d). 

 

Figure 2.8: The effective thermal conductivity of the composite material configured as 

(a) – (d) and diamond. 

In the second phase of this numerical work, we sought to increase the keff values 

beyond what we obtained with the chain design.  Next, we reasoned that the heat 

conduction paths in the chain design will be shorter if the 90-degree turns are eliminated.  

This led to the diamond configuration shown in the lower-right corner of Fig. 2.3.  The keff 

values of the diamond shaped inserts have been added to Fig. 2.8, and they exceed the keff 

performance of the chain inserts. 
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2.6 Strength 

In the third phase of the work we examined the effect of these kp configurations on 

the strength of the k0 substrate in which they are embedded.  In total there are 25 

configurations, 5 according to the shape of the elemental volume (H/L), times 5 according 

to the arrangement of inserts, from parallel plates to staggered segments.  The 25 

configurations were subjected to a bending test of a two-dimensional beam of thickness X 

= 5 L and height Y = 100 H. 

The beam profile is shown in Fig. 2.9.  It has the aspect ratio Y/ X = 20.  It is 

subjected to uniform pressure over the left face, and is simply supported at the top and 

bottom extremities.  The bending test performed numerically11.  The measure of the 

strength (or stiffness) was the maximum deformation of the beam, which occurs at mid 

height. We assumed that the two materials of the composite (k0, kp) have different moduli 

of elasticity, E0/Ep = 500.  Although less conductive, the base material (k0, E0) is stiffer 

than the material in the conductive inserts (kp, Ep).  Consequently, we expect a trade off 

between the conductivity and strength in the performance of such designs. 
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Figure 2.9: Diamond shaped inserts proposed in place of the chain design.  This 

drawing is for the elemental shape H/L = 1.  The beam of composite material is 

subjected tobending due to uniform pressure from the side. (Note the peripheral 

layers of thickness d.) 

  

2.7 Conductivity versus strength 

The tradeoff is revealed by Fig. 2.10 in dimensionless terms.  On the ordinate is the 

relative keff value, which is the effective conductivity (of the indicated configuration) 

divided by the keff value of the slab with uniform (k0, E0) material, i.e., without inserts (note 

the value 1 on the ordinate).  The relative conductivity increases in the vertical direction. 
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On the abscissa, the relative deflection is the deflection exhibited by the beam with 

inserts divided by the deflection of the beam without inserts.  The smallest relative 

deflection (note the value 1 on the abscissa) belongs to the pure material (k0, E0). 

In each of the 25 configurations the two objectives are high thermal conductance 

and high strength in bending.  The two objectives are indicated by the two arrows that in 

Fig. 2.10 point away from the lower-left corner.  They point toward the design domain that 

is attractive, which is the upper-right region of the frame. 

Which design is better will depend on the importance (value) of conductance 

relative to stiffness in the application that is being considered.  Evident at this stage is that 

among the original designs (Fig. 2.4a-d) the parallel plates (Fig. 2.4a) offer high 

conductance and low stiffness.  The design with greater conductance and stiffness is the 

chain design (Fig. 2.4d). 

 

Figure 2.10: Two‐objective performance:  the relative conductance and stiffness of the 

five configurations presented in Figs. 2.7‐9. 
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As we anticipated, the diamond design is more conductive than its competitors, 

including the chain design, but it is less stiff.  Can the diamond design be made stiffer while 

retaining its conductance advantage? 

 

2.8 Nonuniform distribution of inserts 

One solution is proposed in the lower part of Fig. 2.9.  The left and right extremities 

of the diamond inserts are removed from the thin layers (thickness d) that line the surfaces 

of the beam.  This change makes those layers stronger and less conductive.  The removed 

kp material was added to the remaining kp lattice in the core of the beam, so that the total 

kp volume was maintained at 1% of the total volume. 

Key is the effect of d-thin layers on beam strength, which is more significant than 

the detrimental effect on slab conductance.  The reason is that the strength in bending is 

due mainly to the strength of the dorsal and ventral layers of the deformed beam (i.e., the 

d-thin layers), whereas the transversal conductance of the composite beam is ruled by the 

thickness of the core filled uniformly with diamond inserts.  The thickness of the core is X 

– 2d and, because d << X, the removal of kp material from the peripheral layers has a minor 

impact on the overall conductance.   

Figure 2.11 shows that this is indeed the case.  Plotted is the two-objective 

performance of three designs (plates, chain, diamond) with peripheral layers and H/L = 1.  

The relative thickness of the peripheral layer covers the range d/X = 0 – 0.1.  The axes of 

Fig. 2.11 are the same as in Fig. 2.10.  In this representation, we see the advantage offered 

by the change proposed in Fig. 2.9.  As the peripheral layers become thicker, the diamond 
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and plate designs cover a territory situated above that of the chain design.  Eventually, as 

d/X becomes large enough, the three designs converge on the same two-objective 

performance, namely high strength with low thermal conductance. 

 

Figure 2.11: The effect of the peripheral layers (d/X) on the relative conductance and 

stiffness of the beam with a core of inserts shaped as plates, diamonds and chains. 

 

 



 

21 

3. Tree flows through hierarchical slits and orifices 

3.1 Introduction  

  Dendritic heat exchangers are heat transfer packages permeated by flows shaped as 

trees.  The origin of such architectures is the constructal design method that developed as 

a consequence of the constructal law of 19962,13–17.  Tree architectures offer greater flow 

access to areas and volumes.  In heat exchangers, this advantage delivers greater heat 

transfer density and lower pumping power requirement. 

  The dendritic flow architecture for heat exchangers was proposed formally in 

200218 and built and patented in 200819,20.  It has attracted considerable attention from 

various researchers and groups19,21–36.  Reviews of this subfield are available in Refs.3,5. 

  The newest trends in the evolution of dendritic heat exchanger architecture are two.  

First, the infusion of greater freedom in the ability of the configuration to morph is the path 

to greater performance volumetrically1,37.  Second, every channel, large or small, should 

be short enough so that its length matches the entrance length (the ‘developing’ length) of 

the stream that enters it18,22,30,31.  In this direction of evolutionary change, the extreme 

configuration is the tree flow through channels with negligible length, which occurs when 

the tree flow is guided by a hierarchical sequence of openings in partitions that segment 

the flow path.  The limit of short channels was the subject of a purely descriptive study 

published38 just before the present study. 

  The present work is fundamental.  Its objective is to unveil the evolutionary design 

of the tree flow as it morphs freely from a tree with hierarchical channels with finite lengths 
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and widths, to another tree flow with a hierarchical sequence of progressively smaller and 

more numerous ‘orifices’ that distribute the flow through the available volume.  In the 

extreme with orifices the tree architecture matches the point-to-line trees (and point-to-

opposing plane trees) proposed conceptually in 200239 and expanded in subsequent studies 

reviewed in3. 

 

3.2 Tree flows through orifices 

  The dendritic flow architecture becomes evident even in its simplest setting, such 

as Fig 3.1.  The flow is guided into tree-like branches (or tributaries) by partitions that have 

openings in the right places.  Only two partitions are shown in the figure, one with a single 

opening (A1) and the other with two identical openings (2A2).  The fluid flow can be 

oriented in either direction.  According to measurements of the pressure drop across a plate 

with one orifice, the pressure drop is approximately proportional to ሺ𝑚ሶ /𝐴ሻଶ, where 𝑚ሶ  is 

the mass flow rate through the orifice, and A is the cross section of the opening.  The flow 

is steady, and the total size of the openings (A1 +2A2) is fixed.  Note that here we write 

A[m2] for the size of the opening because this first treatment is general, valid for an opening 

with any shape.  Later, we focus on two-dimensional flows through openings shaped as 

slits of spacing D[m]. 
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Figure 3.1: Tree flow through hierarchical openings in parallel walls arranged in the 

downstream direction. 

  The objective in the following analysis is to determine the relative size of the 

openings (A2/A1) such that the total pressure drop across the two partitions is minimal. 

What is the ratio of the individual pressure drops across each partition (ΔP2/ΔP1)? 

The mass flow rates through the orifices of sizes A1 and A2 obey the 

proportionalities 

 𝑚ሶ ଵ~𝐴ଵ𝛥𝑃ଵ
ଵ/ଶ, 𝑚ሶ ଶ~𝐴ଶ𝛥𝑃ଶ

ଵ/ଶ (3.1) 

where 𝑚ሶ ଶ ൌ
ଵ

ଶ
𝑚ሶ ଵ.  Therefore, the total pressure drop (ΔP = ΔP1 + ΔP2) obeys the relation 

 
௱௉

௠ሶ భ
మ ~ ଵ

஺భ
మ ൅

ଵ

ସ஺మ
మ (3.2) 

subject to the constraint 

 𝐴 ൌ 𝐴ଵ ൅ 2𝐴ଶ, constant (3.3) 

Clearly, ΔP must exhibit a minimal value depending on how A is divided between 

A1 and A2, because ΔP is infinite in both extremes, A1 → 0 and A2 → 0.  The minimum 
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can be found in two ways: 

According to the method of undetermined coefficients (also known as the method 

of Lagrange multipliers), the search for the extremum of function (3.2) subject to the 

constraint (3.3) is the same as finding the extremum of the aggregate function 𝛷ሺ𝐴ଵ,𝐴ଶሻ 

constructed as a linear combination of the right hand sides of (3.2) and (3.3), 

 𝛷~ ଵ

஺భ
మ ൅

ଵ

ସ஺మ
మ ൅ 𝜆ሺ𝐴ଵ ൅ 2𝐴ଶሻ (3.4) 

where 𝜆 is the undetermined coefficient.  The extremum of 𝛷 is found by solving the 

system 

 
డః

డ஺భ
ൌ 0, డః

డ஺మ
ൌ 0 (3.5) 

and the solution is 

 𝐴ଶ ൌ
ଵ

ଶ
𝐴ଵ, 𝛥𝑃ଶ ൌ 𝛥𝑃ଵ (3.6) 

As an example, if the orifices are round, with diameters D1 and D2, then the step change 

derived in Eq. (3.6) becomes D2/D1 = 0.707. The more common (and more laborious) 

method consists of eliminating one variable by using the constraint, and minimizing ΔP 

with respect to the second variable.  Even this way, the analytical paths depend on the 

dexterity of the problem solver.  Here is a path that is more direct and less ‘opaque’ because 

it is in terms of dimensionless variables, such as the ratios 

  𝑥 ൌ ଶ஺మ
஺భ

, 𝑦 ൌ ஺భ
஺

 (3.7) 

The constraint (3.3) becomes 

  1 ൌ 𝑦ሺ1 ൅  𝑥ሻ (3.8) 

The total pressure drop expression (3.2) is now 
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 𝛥𝑃 ஺మ

௠ሶ భ
మ ~ ଵ

௬మ
൅ ଵ

ሺ௫௬ሻమ
 (3.9) 

Eliminating y between (3.9) and (3.8) yields 

 𝛥𝑃 ஺మ

௠ሶ భ
మ ~ሺ1 ൅ 𝑥ሻଶሺ1 ൅ ଵ

௫మ
ሻ (3.10) 

Taking the derivative d/dx of the right hand side and setting it equal to zero, yields x = 1, 

which is the same solution as in equation (3.6).   

  In conclusion, the total orifice size is divided in half from one partition (A1) to the 

next (2A2).  The same holds for the total pressure drop, which is divided equally between 

subsequent stages, eq. (3.6).   

  Next, we can rely on the above solution as we contemplate a more complex flow 

configuration where the number of parallel partitions is large, and the number of orifices 

doubles from one partition to the next (A1, 2A2, 4A3, ..., 2n-1An).  In this limit, the flow 

architecture is a tree that connects one ‘point’ (A1) with a ‘line’ of very many small 

openings.  

If there are more partitions downstream of 2A2, each with twice the number of 

orifices as the preceding partition, then the allocation of orifice size and pressure drop 

continues the sequence that started with the first two partitions: 

𝐴ଵ ൌ 2𝐴ଶ ൌ 4𝐴ଷ ൌ 8𝐴ସ ൌ ⋯ 

𝛥𝑃ଵ ൌ 𝛥𝑃ଶ ൌ 𝛥𝑃ଷ ൌ 𝛥𝑃ସ ൌ ⋯                             (3.11) 

In the limit where the number of partitions is very large, and if the partitions are placed 

equidistantly, the pressure decreases almost linearly (with ripples) in the flow direction. 
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3.3 Tree flows through slits 

 Consider dendritic heat exchangers as packages of flows through channels.  In Fig. 

3.2 the flow guides are two-dimensional channels (slits, formed between parallel plates) 

arranged in such a way that the flowing streams pair or bifurcate.  The elemental 

configuration that gives birth to the tree consists of one channel (L1, D1) that is continued 

by two identical channels (L2, D2).  The objective is to determine the configuration that 

offers minimum pressure drop and maximum heat transfer rate.  The configuration is 

represented by the ratios L2/L1 and D2/D1 that, if known, allow the thinker to imagine the 

drawing.  The configuration is two-dimensional, as drawn.  The direction of the flow does 

not matter.   

First, here is a preview of the analysis that will follow.  We assume that the flow is 

steady and fully developed turbulent (fully rough) in every channel.  This means that the 

friction coefficient is a constant independent of flow rate.  The pressure drop along each 

channel is due to friction along its surfaces.  The total volume of the three channels is fixed.  

We will determine the ratio D2/D1 such that the pressure drop along the entire assembly is 

minimum.  The result 𝐷ଶ/𝐷ଵ ൌ 2ିଷ/ସ is independent of the lengths of the channels. 

Next, we will show that the minimized pressure drop is proportional to (L1 + 21/4 

L2)4.  If the total length of the assembly is fixed (L1 + L2 = constant), then the problem 

reduces to determining the ratio L2/L1 for which the minimized pressure drop has the lowest 

value. 

Finally, we will consider the heat transfer between the stream (𝑚ሶ ) and the surfaces 

of the three channels.  For simplicity, we assume that the scale of the temperature difference 
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(ΔT) between wetted surfaces and flowing fluid is known, and discover that the total 

thermal resistance between surfaces and fluid varies as ሾ𝐿ଵ
ିଵ ൅ ሺ2𝐿ଶሻିଵሿ.  We then 

minimize the total thermal resistance subject to fixed (L1 + 21/4 L2), which means fixed 

pressure drop according to the preceding paragraph.  We will show that the resulting ratio 

of lengths is 𝐿ଶ/𝐿ଵ ൌ 2ିହ/଼ = 0.648. 

The aspect ratios D2/D1 and L2/L1 derived this way serve as recurrence relations in 

the construction of a tree flow consisting of many stages (plenums) with bifurcation (or 

pairing), as in the figure.  We show how the slenderness ratio of one channel (Li/Di) 

changes from one stage to the next.  How does the pressure drop along one channel change 

from one stage to the next? 

The analysis begins with the pressure drop along a single slit channel 

 𝛥𝑃 ൌ 𝑓 ସ௅

஽ℎ

ଵ

ଶ
𝜌𝑈ଶ (3.12) 

where f = constant (fully turbulent, fully rough), Dh = 2D, and 𝑈 ൌ 𝑚ሶ /ሺ𝜌𝐷𝑊ሻ, where W 

is the third dimension (perpendicular to the plane L × D).  After these substitutions, eq. 

(3.12) becomes 

 𝛥𝑃 ఘௐమ

௙
ൌ ௠ሶ మ௅

஽య
 (3.13) 

Therefore, the total pressure drop along the assembly shown in the figure (one L1 connected 

to two L2) obeys the proportionality (here the sign ~ means “proportional to”): 

 𝛥𝑃~ ௠ሶ భ
మ௅భ
஽భ
య ൅ ௠ሶ మ

మ௅మ
஽మ
య  (3.14) 

or, because 𝑚ሶ ଶ ൌ 𝑚ሶ ଶ/2, 
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 𝛥𝑃~ ௅భ
஽భ
య ൅

௅మ
ସ஽మ

య (3.15) 

The dimensions (D1, D2, L1, L2) obey the total flow volume constraint 

 V ~ D1L1 + 2D2L2, constant (3.16) 

Assume that the lengths (L1, L2) are fixed at this stage in the analysis.  The channel 

spacings (D1, D2) are determined by minimizing (3.15) with respect to the constraint (3.16).  

This operation is the same as finding the extremum of the aggregate function 

 𝛷 ൌ ௅భ
஽భ
య ൅

௅మ
ସ஽మ

య ൅ 𝜆ሺ𝐷ଵ𝐿ଵ ൅ 2𝐷ଶ𝐿ଶሻ (3.17) 

By forming the system 𝜕𝛷/𝜕𝐷ଵ ൌ 0 and 𝜕𝛷/𝜕𝐷ଶ ൌ 0, and then eliminating 𝜆, we obtain: 

 
஽మ
஽భ
ൌ 2ିଷ/ସ ≅ 0.595 (3.18) 

Combining Eqs. (3.18) and (3.15), we find that the total (minimal) pressure drop that 

corresponds to eq. (3.18) is proportional to 

 𝛥𝑃௠௜௡~ ଵ

஽భ
య ሺ𝐿ଵ ൅ 2ଵ/ସ𝐿ଶሻ (3.19) 

For the same design, the total flow volume obeys 

 𝑉~𝐷ଵሺ𝐿ଵ ൅ 2ଵ/ସ𝐿ଶሻ (3.20) 

By eliminating 𝐷ଵ between Eqs. (3.19) and (3.20) we arrive at the conclusion that 

 𝛥𝑃௠௜௡~ሺ𝐿ଵ ൅ 2ଵ/ସ𝐿ଶሻସ (3.21) 

To minimize ሺ𝐿ଵ ൅ 2ଵ/ସ𝐿ଶሻସ further, it is sufficient to minimize ሺ𝐿ଵ ൅ 2ଵ/ସ𝐿ଶሻ. 

If the constraint is the total length of the assembly (L = L1 + L2), then it is easy to 

show that the smallest value of ΔPmin occurs when L2 = 0 and L1 = L.  This conclusion is 

known as economies of scale:  it is easier to flow through one large tube than through two 
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smaller tubes in parallel (see chapter 2 in Ref.1).   

  

3.4 Heat Transfer 

A useful next step is to assume that the design consists of Eqs. (3.18) and (3.21), 

and then ask how can this design impart more heat transfer to the stream 𝑚ሶ ଵ that flows 

through the assembly.  Assume that the scale of the temperature difference (ΔT) between 

the solid surfaces and the streams ሺ𝑚ሶ ଵ,𝑚ሶ ଶሻ is known and fixed.  Next, for simplicity, 

assume that the heat transfer coefficient between solid and fluid is constant, as a scale. 

 

Table 3.1.1 The optimal ratios D2/D1 determined numerically for the channels defined 

in Fig 3.2, and for the intermediate configuration between Fig. 3.2 and Fig. 3.1.In each 

intermediate configuration, the channel lengths are half of the lengths shown in Fig. 

3.2. 

  Variable*   D2/D1 

   Channels (Fig. 2) Intermediate 

  L0/Y 0.01  0.75 0.74 
 0.05  0.75 0.73 
 0.1  0.72 0.73 

  Re 10  0.72 0.72 
 100  0.73 0.74 
 1000  0.74 0.74 

  ϕ 0.15  0.72 0.73 
 0.2  0.75 0.74 
 0.4  0.75 0.74 

   * Default values:  L0/Y = 0.04, Re = 100, ϕ = 0.2 
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The heat transfer rate experienced by the stream in the large channel is q1 ~ hA1ΔT, 

where A1 = L1W.  In one of the small channels the heat transfer rate is q2 ~ hA2ΔT, with 

A2 = L2W.  The total heat transfer rate (q = q1 + 2q2) is proportional to ΔT, 

  
௱்

௤
~ ଵ

௅భ
൅ ଵ

ଶ௅మ
 (3.22) 

This expression is the overall thermal resistance encountered by q as it flows across 

ΔT.  The resistance is large (and q is small) in both extremes, 𝐿ଵ → 0 and 𝐿ଶ → 0.  This 

means that the resistance is minimum (and q is maximum) when there is a certain balance 

between L1 and L2.  The balance is dictated by the minimized total pressure drop, Eq. 

(3.21).  In other words, the next task is to minimize (3.22) subject to ሺ𝐿ଵ ൅ 2ଵ/ସ𝐿ଶሻ = 

constant.  This task is the same as finding the extremum of the aggregate function 

  𝛹 ൌ ଵ

௅భ
൅ ଵ

ଶ௅మ
൅ 𝜆ሺ𝐿ଵ ൅ 2ଵ/ସ𝐿ଶሻ (3.23) 

Solving the system 𝜕𝛹/𝜕𝐿ଵ ൌ 0 and 𝜕𝛹/𝜕𝐿ଶ ൌ 0, and eliminating the undetermined 

multiplier 𝜆, we obtain 

 
௅మ
௅భ
ൌ 2ିହ/଼ ≅ 0.65 (3.24) 

In summary, the design is represented by the ratios D2/D1 and L2/L1 of Eqs. (3.18) 

and (3.24).  The profiles of the two channel sizes have the slenderness ratios L2/D2 and 

L1/D1, which form the ratio 

 
௅మ/஽మ
௅భ/஽భ

ൌ ௅మ஽భ
௅భ஽మ

ൌ ଶషఱ/ఴ

ଶషయ/ర ൌ 2ଵ/଼ ≅ 1.09 (3.25) 

This ratio is close to 1, and it indicates that the small and large channels have profiles that 

are roughly similar geometrically. 
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The individual pressure drops along L1 and L2 form the ratio [according to eq. (13)] 

 
௱௉మ
௱௉భ

ൌ ௠ሶ మ
మ௅మ/஽మ

య

௠ሶ భ
మ௅భ/஽భ

య ൌ
ଵ

ସ
2ିହ/଼ሺ2ଷ/ସሻଷ ൌ 2ିଷ/଼ ≅ 0.771 (3.26) 

The pressure drops are comparable, but they decrease by 23% to the next smaller channel. 

The two-stage assembly determined above can be repeated toward many stages, 

where the channels are smaller than in the preceding stage,  

 ሺ𝐿ଵ,𝐷ଵሻ, ሺ𝐿ଶ,𝐷ଶሻ, . . . , ሺ𝐿௡,𝐷௡ሻ 

            1              2                     2௡ିଵ 

where n indicates the number of stages, and 2n–1 is the number of channels.  The flow path 

that connects the single channel (L1) with the many (n) channels (Ln) is tree shaped.  In this 

complex drawing the channels have almost the same slenderness ratio, eq. (3.25), and the 

pressure drop decreases from one stage to the next. 

 

3.5 Numerical simulations 

We simulated the flow field for a wide variety of configurations that cover the range 

from trees of slits (Fig. 3.2) to trees of orifices (Fig. 3.1).  The elemental two-dimensional 

flow volume in which the computations were performed is defined in the first panel of Fig. 

3.2.  In addition to the aspect ratios identified under Eq. (3.24), the flow configurations 

differ with respect to the aspect ratio of the element (Y/X), the relative size of the spacing 

between subsequent blocks of slits (L0/Y), the Reynolds number, and the volume fraction 

(ϕ) occupied by fluid flow in the elemental volume.  In the three panels of Fig. 3.2, the 

volume fraction decreases from left to right, as every channel becomes more slender.  One 
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can show that in this direction the svelteness (Sv) of the entire drawing increases, cf. Ref.3. 

All the simulated flows are tree shaped.  One computational image is presented in 

Fig. 3.3.  It shows the streamlines through the first two stages of the configuration defined 

in Fig. 3.1.  The flow is laminar.  The Reynolds number is 1000, and it is based on the size 

of the base orifice, D1 (or A1 in Fig. 3.1), the average velocity through that orifice, and the 

kinematic viscosity of water. 

 

 

Figure 3.2: Tree flow through hierarchical slits arranged in parallel blocks in the 

downstream direction. 
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Figure 3.3: Laminar tree flow through the first two stages of the configuration defined 

in Fig. 3.1 (Re = 1000, ϕ = 0.97, L0/Y = 0.97, Y/X = 3/8). 

We implemented the numerical model and finite element method11,12.  The number 

of mesh elements and the order of shape functions play the key role in the accuracy of the 

results reported in this article.  As shown in Fig. 3.4, the accuracy increased dramatically 

when the number of mesh elements exceeded 1.1 × 104.  The results reported in this article 

were based on a mesh with 1.32 × 104 elements with quadratic shape functions.  The results 

become more accurate as the order of the shape function increases (e.g., from linear to 

quadratic).  The computation time increased almost linearly as the number of mesh 

elements exceeded 2 × 105. 
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Figure 3.4: The effect of the mesh size on computational time and accuracy. 

The expected effect of system parameters is confirmed by the numerical 

simulations.  For example, Fig. 3.5 shows that the pressure drop along the elemental 

volume (Fig. 3.2, left) decreases drastically when the flow volume function ϕ exceeds 0.15.  

The effect of the Reynolds number on overall pressure drop is illustrated in Fig. 3.6. 

 

Figure 3.5: The effect of the flow volume fraction ϕ on the pressure drop along the X × 

Y elemental volume of Fig. 3.2. 
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Figure 3.6: The effect of the flow rate (Re) on the overall pressure drop. 

Most relevant to the numerical testing of the theoretical results (sections 3.2-4) are 

the curves with minima shown in Figs. 3.7 and 3.8.  The relative spacing between 

neighboring blocks of channels (L0/Y) can be selected such that the total pressure drop is 

minimal at fixed ϕ and D2/D1.  In Fig. 3.7, the ΔP minimum occurs at L0/Y = 0.04.  The 

effect of D2/D1 on the overall pressure drop is illustrated in Figs. 3.8a-d, where the curves 

are differentiated by a second variable, respectively L0/Y, ϕ, Y/X and Re. 
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Figure 3.7: The effect of the relative spacing L0/Y on the overall pressure drop. 

 

Figure 3.8: The effect of the ratio D2/D1 on the overall pressure drop (from the 

entrance to D1 to the exit from D2) in the presence of an additional variable:  (a) L0/Y; 

(b) ϕ; (c) Y/X; (d) Re.  The abscissa indicates the values of D2/D1. 
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4. Evolutionary design with freedom - Fin shapes and entrance 
length for heat sinks 
 

4.1  Background 

Heat transfer—the discipline and practice—reached maturity in the 20th century.  

Yet, fundamental advances keep coming, and so do the new journals and the new articles 

published in them.  On this background, what is new? 

The answer depends on the background of the person that contemplates the 

question.  From our point of view, there is a new development that covers the whole heat 

transfer domain and connects it with bridges to other domains of evolutionary design:  fluid 

dynamics, flow design, and evolution everywhere, geophysical, biological, technological, 

social, language, and science in general.  New is that a single principle of physics underpins 

all the evolutionary flow designs that continue to populate diverse domains of inquiry, the 

constructal law15,40.  Advances are being reviewed regularly1,41–47. 

In heat transfer, where the principle first gained visibility, recent publications reveal 

the rewards that come from endowing the flow architecture with more degrees of freedom37 

and entrance-length flow channels for high heat transfer density22.  The objective in the 

present paper is to combine these two developments in a domain that is familiar and 

considered mature:  fins, or extended surfaces.  This domain is well documented48–53.  We 

chose it intentionally to show that ‘mature’ does not mean the end of evolution. 
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4.2  Freedom to change the configuration 

Consider the population of parallel-plates fins and the elemental volume shown in 

Fig. 4.1.  Heat flows from the base (T = ΔT) into the plate fins and finally in the stream of 

cold fluid (T = 0) that enters from the left and sweeps the fins and the base.  The flow is 

laminar and steady. 

 

Figure 4.1: Parallel fins and flow channels with heat transfer from the base, and 

coolant flowing parallel to the base. 

The flow structure is a sandwich of several elemental volumes of height H, flow 

length X, and width (D + t), where D is the spacing between fins, and t is the fin thickness.  

One elemental volume is shaded in Fig. 4.1.  The evolution and performance of the 

structure is a consequence of the free changes in the constitution of the element. 

The configuration of the elemental volume consists of several proportions, or aspect 

ratios, which account for how the design looks, and for the designer’s ability to make the 
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drawing.  With reference to the orientation of the element in Fig. 4.1, the smallest number 

of aspect ratios is this: 

 (i) The fin shape viewed from the front, t/H 

 (ii) The fin shape viewed from the side, H/X 

 (iii) The fin shape viewed from above, t/X 

 (iv) The channel shape viewed from the front, D/H 

 (v) The channel shape viewed from above, D/X 

 (vi) The solidity of the element, i.e., the volume of the solid present in the elemental 

volume, namely t/(t + D). 

Not all these ratios are free to vary independently.  Only some of them are 

independent degrees of freedom, as we will show starting with section 4.3.  On the other 

hand, shapes are not necessarily as simple as in Fig. 4.1.  There are additional ways and 

directions in which they can evolve.  For example, the fin thickness, height, and channel 

width may be allowed to vary freely in the flow direction (x).  In what follows, we treat all 

these aspects systematically, from the simple toward the more complicated.  What is free 

to change, will change.   

The direction of the evolutionary design is guided by two objectives: more intimate 

thermal contact between the base (ΔT) and the approaching cold stream, and smaller 

pressure drop along the stream that passes through the flow architecture.  To pursue two 

objectives is a challenge because of the analogy between fluid friction and heat transfer:  

the augmentation of heat transfer goes hand in hand with the increase in pressure drop40. 
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4.3  Fin shape viewed from the front 

The fin shape (t/H) that corresponds to maximum fin heat current (qb) at fixed fin 

volume per unit flow length (x, in Fig. 4.1) is given by Refs.15,40: 

 
௧

ு
ൌ 0.996 ቀℎ௧

௞
ቁ
ଵ/ଶ

≃ ቀℎ௧
௞
ቁ
ଵ/ଶ

 (4.1) 

This formula is a result of evolutionary design with freedom, where the fin 

conductivity (k) and volume were fixed, and the shape of the t × H cross section varied 

toward greater heat transfer density in the fin volume.  According to the fin model with 

unidirectional fin conduction in the H direction, t is the fin thickness, and k is the fin 

thermal conductivity.  The heat transfer coefficient h is assumed constant and known.  

Factors of order 1, such as 0.996 in Eq. (4.1), are omitted in the following analysis.   

The fin profile t/H of Eq. (4.1) expresses a balance between the resistance to fin 

conduction in the H direction and the resistance to convection at the fin surface, transversal 

to the fin.  Convection is perpendicular to the long path of conduction.  When this balance 

is reached, the fin profile is filled completely by heat flux lines that enter the fin from the 

base, and exit to the two sides, as convective heat flux.  The base heat current [W/m] that 

corresponds to Eq. (4.1) is 

  𝑞௙௜௡
′ ൌ 1.258𝑘𝛥𝑇 ቀℎ௧

௞
ቁ
ଵ/ଶ

≃ 𝑘𝛥𝑇 ቀℎ௧
௞
ቁ
ଵ/ଶ

 (4.2) 

and the fixed volume of one fin, per unit length in the fluid flow direction, is 

 𝑉௙௜௡
′ ൌ 𝑡𝐻, constant (4.3) 

The validity of Eqs. (4.1, 4.2) can be tested in two ways, numerically40 and in terms 

of scale analysis.  The analysis begins with the assumption that the effect of the base 
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temperature difference ΔT is felt in the H direction to a distance δ along the single fin (Fig. 

4.1).  Beyond δ the fin is essentially isothermal, at T = 0.  The scale of the convective heat 

current from the δ-tall section to the ambient is 

 𝑞௖௢௡௩′ ሾ𝑊/𝑚ሿ~ℎ𝛿𝛥𝑇 (4.4) 

The origin of this current is due to heat conduction from the base into the δ-tall 

portion: 

 𝑞௖௢௡ௗ
′ ሾ𝑊/𝑚ሿ~𝑘𝑡 ௱்

ఋ
 (4.5) 

Setting the scales (4.4) and (4.5) equal, we obtain 

 
௧భ/మ

ఋ
~ ቀℎ

௞
ቁ
ଵ/ଶ

 (4.6) 

This result reveals the portion of the fin (δ) that truly functions as an extended 

surface of the base.  Only the portion of height δ is useful.  The rest, from δ to H, is not 

convecting heat to the ambient fluid flow.  Therefore, the minimum working volume 

corresponds to H ~ δ, the base heat current per unit of fin volume is maximum, and Eq. 

(4.6) becomes the same as Eq. (4.1): 

  
௧భ/మ

ு
~ ቀℎ

௞
ቁ
ଵ/ଶ

 (4.7) 

Notice that the increase in heat transfer density in a two-dimensional fin (t × H) 

recommends a proportionality between t1/2 and H, Eq. (4.7), not an aspect ratio t/H.  To 

discover the configuration (the ‘design’) one needs aspect ratios, cf. section 4.2.  How to 

proceed from t1/2 /H to arrive at the needed t/H forms the subject of section 4.6.   
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4.4  Drag force on one fin 

The single fin has the swept length X, which is determined in section 4.7 from the 

requirement of maximum heat transfer density in the flow channel that is as long as the 

entrance-length of the developing flow.  For now, assume that the fin volume is fixed 

(tXH), the height H is constant and, consequently, the size of the upper surface of the fin 

is constant, 

  S = tX, constant (4.8) 

Fluid approaches from the left, impinges on the frontal area tH, and then sweeps 

the two side surfaces of size HX.  In scaling terms, the total drag force on the fin is 

 𝐹~𝐶஽𝑡𝐻
ଵ

ଶ
𝜌𝑈ଶ ൅ 2𝐻𝑋𝜏̄ (4.9) 

CD is the drag coefficient for the two-dimensional body viewed from above as the rectangle 

(t × X), 

  𝐶஽ ൌ 𝑎 𝑅𝑒௧
ି௡,𝑅𝑒௧ ൌ

௎௧

ఔ
 (4.10) 

where a and n are empirical values measured from the CD vs. Ret curve.  The Reynolds 

number is based on the transversal dimension (t) of the body encountered by the flow.  

When 𝑅𝑒௧ ൒ 10, the drag coefficient CD is essentially a constant close to 2, cf., Ref.54.  

Therefore, we set n = 0. 

The skin shear stress averaged over the swept length X is 

 𝜏̄ ൌ 𝐶௙
ଵ

ଶ
𝜌𝑈ଶ, (4.11) 

where according to laminar boundary layer theory the skin friction coefficient is 

 𝐶௙ ൌ 1.328𝑅𝑒௑
ିଵ/ଶ,𝑅𝑒௑ ൌ

௎௑

ఔ
 (4.12) 
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In view of Eqs. (4.9) – (4.12), with n = 0, the total drag force becomes 

 
ி

భ
మ
ఘ௎మு௔

ൌ෥ 𝑡 ൅ ଶ.଺ହ଺

௔
ቀ௎
ఔ
ቁ
ିଵ/ଶ

𝑋ଵ/ଶ (4.13) 

The drag force increases when both t and X increase, but t and X cannot increase 

independently because of the top surface constraint, Eq. (4.8).  Next, we eliminate X in 

favor of t by writing X = S/t, and neglect 2.656/a because it is close to 1.  Equation (4.13) 

reduces to 

 
ி

భ
మ
ఘ௎మு௔

ൌ෥ 𝑡 ൅ ቀఔௌ
௎
ቁ
ଵ/ଶ

𝑡ିଵ/ଶ (4.14) 

This expression reaches its minimum at 

 𝑡 ൌ෥ 2ିଶ/ଷ ቀఔௌ
௎
ቁ
ଵ/ଷ

 (4.15) 

which after the constraint tX = S leads to 

 𝑋 ൌ෥ 2ଶ/ଷ𝑆ଶ/ଷ ቀ௎
ఔ
ቁ
ଵ/ଷ

 (4.16) 

and 

 
௧

௑
ൌ෥ 0.4 ቀ௎ௌ

భ/మ

ఔ
ቁ
ିଶ/ଷ

 (4.17) 

In conclusion, the top view of the fin becomes slenderer as the flow intensifies and 

the Reynolds number based on U and S1/2 increases, 

 𝑅𝑒√ௌ ൌ
௎ௌభ/మ

ఔ
 (4.18) 

Note that S1/2 is the length scale of the rectangular area viewed from above the fin.  The 

same result as in Eq. (4.17), but without the 0.4 factor, is obtained more directly by 

intersecting the asymptotes15,40,55 of the function on the right side of Eq. (4.14), which 
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means to set the two terms of that expression equal. 

 

4.5  Fin shape in cross sections parallel to the frontal surface 

The heat transfer coefficient is not constant on fins swept in the third direction (x) 

by fluid flow.  If the flow is laminar, the heat transfer coefficient h(x) varies as x–1/2, in 

accord with laminar boundary layer theory40: 

 
ℎሺ௫ሻ

ℎబ
≅ ቀ ௫

௫బ
ቁ
ିଵ/ଶ

 (4.19) 

This behavior holds downstream from a short distance x0 measured from x = 0.  The 

boundary layer description is not valid between x = 0 and 𝑥 ≅ 𝑥଴ because in this region the 

would-be boundary layer thickness δBL is not smaller than x.  The downstream distance x 

should not be confused with the channel length X.  The assumption of boundary layer 

slenderness requires δBL << x, which translates into 

 𝑅𝑒௫
ଵ/ଶ ൐ 1 (4.20) 

because 𝛿஻௅~𝑥𝑅𝑒௫
ିଵ/ଶ.  As a consequence, x0 must be such that 𝑅𝑒௫బ

ଵ/ଶ is of order 1 but 

greater than 1, for example 𝑅𝑒௫బ~10, where 

 𝑅𝑒௫బ ൌ
௎௫బ
ఔ

 (4.21) 

Because of Eq. (4.21), the velocity and properties of the surrounding fluid flow 

enter the analysis, which continues here in dimensionless scaling terms.  After introducing 

the dimensionless flow coordinate 

 𝜉 ൌ ௫

௫బ
൐ 1 (4.22) 
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and h(ξ) = h0ξ–1/2, Eq. (4.7) becomes 

 
௧భ/మ

ு
~ ቀℎబ

௞
ቁ
ଵ/ଶ

𝜉ିଵ/ସ (4.23) 

The total heat current removed by convection from one fin has the scale 

 𝑞௖௢௡௩~׬ 𝑞௖௢௡௩′௑
௫బ

𝑑𝑥 ൌ ׬ ℎ଴𝜉ିଵ/ଶ௑෨

ଵ 𝐻𝛥𝑇𝑥଴𝑑𝜉                             

~ሺℎ଴𝑘ሻଵ/ଶ𝑥଴𝛥𝑇 ׬ 𝑡ଵ/ଶ𝜉ିଵ/ସ௑෨

ଵ 𝑑𝜉                         (4.24) 

where 𝑋෨ ൌ 𝑋/𝑥଴ is trailing edge of the swept fin surface.  The right-hand side of Eq. (4.24) 

can also be derived by starting with Eqs. (4.5) and (4.7) in which t and H are undetermined 

functions of x, which also means that H is a function of x through the function t(x). 

The volume of a single fin is given in Eq. (4.3), in which t and H are functions of 

x: 

  𝑉௙௜௡ ൌ ׬ 𝑉௙௜௡
′௑

௫బ
𝑑𝑥                                                                       

~ ቀ ௞
ℎబ
ቁ
ଵ/ଶ

𝑥଴ ׬ 𝑡ଷ/ଶ𝜉ଵ/ସ௑෨

ଵ 𝑑𝜉 (4.25) 

The varying architecture of the fin with maximum heat transfer capability per unit 

of fin volume [t(x), H(x)] is obtained by seeking the extremum of the integral (4.24) subject 

to the constraint (4.25).  This step is equivalent to seeking the extremum of the aggregate 

integral 

 𝐼 ൌ ׬ ሺ𝑡ଵ/ଶ௑෨

ଵ 𝜉ିଵ/ସ ൅ 𝜆𝑡ଷ/ଶ𝜉ଵ/ସሻ𝑑𝜉 (4.26) 

The integrand of I is a linear combination of the integrands of (4.24) and (4.25), 

and λ is an undetermined coefficient, or Lagrange multiplier.  Let the integrand of I be F.  

The extremum of I occurs when t(ξ) is such that 𝜕𝐹/𝜕𝑡 ൌ 0, which yields 
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 𝑡ሺ𝜉ሻ ൌ ሺ𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡ሻ𝜉ିଵ/ଶ (4.27) 

The value of (constant) can be obtained by substituting this t(ξ) solution in the 

volume constraint (4.25):   

 ሺ𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡ሻ ൌ ൤
௏೑೔೙

ଶ൫௑෨భ/మିଵ൯௫బ
൨
ଶ/ଷ

ቀℎబ
௞
ቁ
ଵ/ଷ

 (4.28) 

After combining Eq. (4.27) with Eq. (4.23), where h varies as 𝑥ିଵ/ଶ, we see that H is 

independent of x or ξ: 

  𝐻 ൌ ൤
௏೑೔೙௞/ℎబ

ଶ൫௑෨భ/మିଵ൯௫బ
൨
ଵ/ଷ

 (4.29) 

In conclusion, the three-dimensional fin with maximum volumetric heat transfer 

density has a constant height H, and a thickness that decreases as 𝜉ିଵ/ଶ in the downstream 

direction, as shown in Fig. 4.2.  The corresponding heat transfer rate through a single fin, 

Eq. (4.24), is obtained by using Eqs. (4.27) and (4.28): 

 𝑞 ൌ 1.59𝑘𝛥𝑇𝑉௙௜௡
ଵ/ଷ ቀℎబ௫బ

௞
ቁ
ଶ/ଷ

ሺ𝑋෨ଵ/ଶ െ 1ሻଶ/ଷ (4.30) 

Note that the heat transfer rate is proportional to the fin length scale 𝑉௙௜௡
ଵ/ଷ, and to 𝑋෨ଵ/ଷ when 

𝑋෨>> 1. 
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Figure 4.2: The effect of the heat transfer coefficient on the shapes of the fin and flow 

channel. 

 

4.6  Fin shape in profile, viewed from the side 

In the preceding section the degree of freedom that was exploited in route to the 

tapered thickness (Fig. 4.2) and Eq. (4.30) was the fin thickness t.  In the beginning, both t 

and H were considered unknown functions of x.  Consider now the alternative where the 

dimension that varies with x is the fin height, H(x), while the fin thickness is constant.  

From Eq. (4.23) we find that H increases downstream in proportion with ξ1/4, 

 𝐻~𝑡ଵ/ଶ ቀ ௞
ℎబ
ቁ
ଵ/ଶ

𝜉ଵ/ସ (4.31) 
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The rising crest of the fin is sketched qualitatively in Fig. 4.3.  The volume 

constraint 

 𝑉௙௜௡ ൌ ׬ 𝐻𝑡𝑑𝑥
௑
௫బ

 (4.32) 

yields the relationship between Vfin and t, 

 𝑉௙௜௡ ൌ
ସ

ହ
𝑥଴𝑡ଷ/ଶ ቀ ௞

ℎబ
ቁ
ଵ/ଶ

ሺ𝑋෨ହ/ସ െ 1ሻ (4.33) 

The total heat transfer rate 

 𝑞 ൌ ׬ ℎ𝐻𝛥𝑇𝑑𝑥
௑
௫బ

 (4.34) 

is found by using Eqs. (4.19), (4.31) and (4.33): 

 𝑞 ൌ 1.81𝑘𝛥𝑇 ቀℎబ௫బ
௞
ቁ
ଶ/ଷ

𝑉௙௜௡
ଵ/ଷ ௑෨య/రିଵ

ሺ௑෨ఱ/రିଵሻభ/య (4.35) 

When 𝑋෨ ൐൐ 1 the heat current q is proportional to 𝑋෨ଵ/ଷ, as shown qualitatively in Fig. 4.3. 

 

 

Figure 4.3: How the heat current and the fin height vary with the longitudinal flow 

direction. 
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Remarkable is that the heat transfer rate of the fin with rising profile, Eq. (4.35), is 

nearly the same as the result for the fin with tapered thickness, Eq. (4.30).  The leading 

factors, 1.81 and 1.59, are nearly the same, certainly of the same order of magnitude.  When 

𝑋෨ is sizably greater than 1, both q estimates are proportional to 𝑋෨ଵ/ଷ, or (X/x0)1/3.  In the 

remainder of this analysis we continue to assume that 𝑋෨ is greater than 1 in an order of 

magnitude sense. 

For a greater heat transfer rate the swept length X must increase, yet the exponent 

1/3 indicates that further increases in q are met with diminishing returns.  For this reason, 

we turn our attention to how to select X such that the global heat transfer performance of 

the elemental volume is as high as possible.  We continue with Eq. (4.35) instead of Eq. 

(4.30) because q is a little greater and, presumably, fins with rising crests (H) are easier to 

make than fins with tapered thickness. 

 

4.7  Entrance length channel  

The heat current from one fin (q) is carried downstream by the flows that fill the 

adjacent half-channels, each of spacing D/2.  When viewed from above in Fig. 4.1, the 

profile of the flow channel (D/X) for maximum heat transfer density corresponds to the 

design where X matches the entrance length of the flow40: 

 
௑

஽
ൌ෥ 𝐶𝑅𝑒஽ (4.36) 

The factor C is a constant of order 10–2 based on scale analysis, and 0.04 from 

numerical simulations of the developing laminar flow55.  The Reynolds number is ReD = 
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UD/ν, where the mean velocity of the flow inside the channel (U) is assumed specified. 

According to scale analysis55, the entrance length X is the longitudinal distance 

where the two boundary layers merge in the middle of the channel.  Note that according to 

Eq. (4.36) the channel spacing D behaves (versus X) the same way as the boundary layer 

thickness versus x, namely (if C ≅ 0.04): 

 𝐷 ൌ෥ 5𝑋𝑅𝑒௑
ିଵ/ଶ (4.37) 

At fixed U, the channel spacing increases as X1/2.  For boundary layer theory to be 

valid, we continue with the assumption that X is considerably greater than x0, therefore Eq. 

(4.35) reduces to 

 𝑞 ൌ 1.81𝑘𝛥𝑇 ቀℎబ௫బ
௞
ቁ
ଶ/ଷ

𝑉௙௜௡
ଵ/ଷ𝑋෨ଵ/ଷ (4.38) 

Note the factor 5 in Eq. (4.37), which resembles the factor 4.92 in Blasius’ formula 

for the laminar boundary layer thickness (cf., Ref.55). 

 

4.8  How the dimensions depend on the flow rate 

In the preceding sections we determined relations between the dimensions of the 

structure (Fig. 1) such that the density of heat transfer per unit volume is greater.  Review 

Eqs. (4.1), (4.2), (4.17), (4.23), (4.27-4.30), (4.31), (4.35), (4.37) and (4.38).  It remains to 

interpret these relations for the purpose of predicting the architectural features needed in 

the design and construction of the structure.  Review the aspect ratios (i) – (vi) identified 

in section 2. 

Start with the volume of the fluid space, Vfluid = DXH(X), where H(X) is the fin 
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height at the trailing edge.  This is the highest portion of the crest, in other words, DXH(X) 

is the size of the parallelepipedal box in which one flow channel fits.  Therefore, we use 

Eq. (4.31) with 𝜉 ൌ 𝑋෨ ൌ 𝑋/𝑥଴, and Eq. (4.37): 

  𝑉௙௟௨௜ௗ ൌ 5𝑋ଽ/ସ𝑡ଵ/ସ𝑥଴
ଵ/ସ ቀ ௞

ℎబ௫బ
ቁ
ଵ/ଶ

ቀ ఔ

௎௑
ቁ
ଵ/ଶ

 (4.39) 

Next, we assume that the Nusselt number at the start of the valid section of the 

laminar boundary layer (at x0) is approximated adequately by the Pohlhausen solution, cf., 

Ref.55, Eq. (2.103). 

 
ℎబ௫బ
௞೑

ൌ෥ 0.332𝑃𝑟ଵ/ଷ ቀ௎௫బ
ఔ
ቁ
ଵ/ଶ

 (4.40) 

in which kf is the fluid thermal conductivity, and 𝑃𝑟 ≅ 0.7, for air. It is helpful to introduce 

V1/3 as the length scale of the elemental volume V = Vfluid + Vfin, so that instead of Reynolds 

numbers such as UX/ν in Eq. (4.39), we use the specified Reynolds number based on the 

length scale V1/3 of the elemental volume, 

 𝑅𝑒௏ ൌ
௎௏భ/య

ఔ
 (4.41) 

Additionally, for the longitudinal position x0, beyond which the boundary layer 

theory becomes valid, we state that the boundary layer thickness 𝛿଴~5𝑥଴ሺ𝑈𝑥଴/𝜈ሻିଵ/ଶ is 

comparable with x0, therefore 

 𝑥଴ ൌ෥ 25 ఔ

௎
 (4.42) 

After these substitutions, Eq. (4.39) becomes 

 
1/2

3/4 1/2 7/4fluid
V

f

V k
~ 9.21 Re

V k
 

  
 

 (4.43) 
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where 𝜏 and 𝜒 are the dimensionless fin thickness and channel entrance length, 

 𝜏 ൌ ௧

௏భ/య , 𝜒 ൌ ௑

௏భ/య (4.44) 

The expression for the fin volume is developed similarly, this time by starting with 

𝑉௙௜௡ ൌ 𝑡𝑋𝐻ሺ𝑋ሻ, in which t is constant, and H is evaluated at the channel exit, X.  The result 

is then combined with Eqs. (4.40) – (4.42) to yield 

 
1/2

1/4 3/2 5/4fin
V

f

V k
~ 1.842 Re

V k
 

  
 

 (4.45) 

where the solid fraction of the volume element is labeled σ: 

 𝜎 ൌ
௏೑೔೙
௏

, 1 െ 𝜎 ൌ
௏೑೗ೠ೔೏
௏

 (4.46) 

By solving the system of Eqs. (4.43) and (4.45) we arrive at the fin thickness and 

channel length of a volume populated by fins and channels with maximum heat transfer 

density 

 𝜏~𝐾ଵ
ହ/଼𝐾ଶ

ି଻/଼ ఙళ/ఴ

ሺଵିఙሻఱ/ఴ (4.47) 

  𝜒~𝐾ଵ
ିଷ/ସ𝐾ଶ

ଵ/ସ ሺଵିఙሻయ/ర

ఙభ/ర  (4.48) 

where 

 
1/2

3/4
1 V

f

k
K 9.21 Re

k
 

  
 

 (4.49) 

 
1/2

1/4
2 V

f

k
K 1.842 Re

k
 

  
 

 (4.50) 

When the fluid is air and the solid is copper or aluminum, the factor (k/kf)1/2 is of order 102. 
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4.9  Heat transfer rate 

To obtain the rate of heat transfer from the base of the fin to stream that flows 

through the channel, we start with Eq. (4.35) and, after using Eqs. (4.40) and (4.42), and 

the notation (4.44) and (4.46)-( 4.50), we arrive at the dimensionless expression called 𝑞෤:  

 
௤

௞௱்௏భ/య ൌ 𝑞෤ ൌ෥ 0.484 ቀ
௞೑
௞
ቁ
ଷ/ସ

𝑅𝑒௏
ଵ/ଶሾ𝜎ሺ1 െ 𝜎ሻሿଵ/ସ (4.51) 

Note that 𝜎 takes values between 0 and 1, and 𝑞෤ ൌ 0 in both extremes.  If the solid 

volume fraction 𝜎 is a parameter that can be selected independently of other parameters 

such as V and U, then 𝑞෤ is maximum at 𝜎 ൌ 1/2.  Is this volume fraction the most 

beneficial for this flow architecture?  For the answer, we turn our attention to the physics 

behind one degree of freedom (section 4.10), and the pressure drop encountered by the 

stream from one end to the other end of the channel (section 4.11). 

 

4.10  Degrees of freedom bring more freedom, not rigid prescriptions 

The highest heat transfer density (4.51) arrived on a path traced by many degrees 

of freedom reviewed at the start of section 4.8.  The most recent degree of freedom is the 

solid fraction σ, which according to Eq. (4.51) should have the value 1/2 such that the high 

𝑞෤ reaches its highest value. 

Throughout science, not just engineering, the concept of optimum (“the best” in 

Latin) is cherished, taught, and not questioned.  Here is why the concept of “optimum” 

should be questioned, and why it is much more valuable than we are taught56. 

The 𝑞෤ value derived from Eq. (4.51) depends on σ in proportion with the factor 
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ሾ𝜎ሺ1 െ 𝜎ሻሿଵ/ସ.  As noted already, the optimum is σopt = 1/2, the maximum of ሾ𝜎ሺ1 െ 𝜎ሻሿଵ/ସ 

is 2ିଵ/ଶ, and the ratio 𝑞෤/𝑞෤௠௔௫ becomes 

 
௤෤ሾ௘௤.ሺହଵሻሿ

௤෤೘ೌೣ
ൌ 2ଵ/ଶሾ𝜎ሺ1 െ 𝜎ሻሿଵ/ସ (4.52) 

Consider now the deviation of σ from its optimum, such that σ can have any value 

around σopt, 

 𝑥 ൌ ఙ

ఙ೚೛೟
ൌ 2𝜎 (4.53) 

The ratio 𝑞෤/𝑞෤௠௔௫ of Eq. (4.52) is called y, and it depends on x this way: 

 𝑦 ൌ ௤෤ሾ௘௤.ሺହଵሻሿ

௤෤೘ೌೣ
ൌ ሾ𝑥ሺ2 െ 𝑥ሻሿଵ/ସ (4.54) 

As shown in Fig. 4.4, the curve y(x) is symmetric about x = 1 and has the peak at y 

(1) = 1.  This is a shallow peak, more like a flat hilltop.  If the design performance is not 

exactly at the same level as the peak performance, then 

  𝑦 ൌ 1 െ 𝑖 (4.55) 

where i << 1 is the degree of imperfection that is present in the design.  The imperfect 

design corresponds to two values of σ, namely 

 𝑥 ൌ 1 േ 𝑓 (4.56) 

where f < 1 is the freedom of selecting the value of x when the optimum (x = 1) is not 

accessible (for example, too expensive, or too time consuming to identify).  The relation 

between f and i is obtained by substituting Eqs. (4.55, 4.56) in Eq. (4.54).  In the limit i << 

1, the result is 

 𝑓 ൌ 2𝑖ଵ/ଶ (4.57) 
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Figure 4.4: The relationship between a small degree of imperfection (i) and a wide 

bandwidth of freedom (2f) to select a design with near‐maximum performance. 

 

For example, if the degree of imperfection is only 1 percent, or i = 0.01, the freedom 

to miss the optimum (x = 1) to one side is 2 (0.01)1/2 = 0.2, which means 20 percent to one 

side.  This amounts to a total window of freedom of 40 percent on both sides of the precise 

optimum. 

In conclusion, the degree of freedom that empowers the search for the unique 

design called “optimum” reveals an entire world of designs that promise essentially the 

same high level of performance as the optimum.  One degree of freedom brings with it the 

freedom to miss the unique design, along with the certainty of reaching the highest 

performance. 
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4.11  Pressure drop  

The pumping power required by the flow through the volume element is 𝑊ሶ ൌ 𝐹𝑈, 

where F is the scale of the skin friction force on the fins.  There are two fin surfaces HX 

swept by the stream, therefore 𝐹~2𝐻𝛸𝜏̄, where 𝜏̄ is given in Eqs. (4.11, 4.12).  As noted 

in Eq. (4.14), there are two contributions to F, the skin friction stream-wise and the flow 

stagnation on the front of the fin.  These two effects are of the same order of magnitude 

[cf., Eq. (4.14)], therefore we continue with 𝐹~2𝐻𝛸𝜏̄.   For the scale of H we use Eq. 

(4.31) with 𝜉~𝛸/𝑥଴ ൐൐ 1, and for h0 we repeat the procedure outlined in Eqs. (4.40) – 

(4.42) and (4.47) – (4.58).  The resulting H and 𝑊ሶ  scales are 

  𝐻 ൌ 1.93𝑉ଵ/ଷ𝑅𝑒௏
ିଵ/ସ ൬

௞

௞೑
൰
ଷ/଼

𝜎ଷ/଼ሺ1 െ 𝜎ሻିଵ/଼ (4.58) 

 𝑊ሶ ൌ 1.2𝜌𝜈ଷ𝑉ିଵ/ଷ𝑅𝑒௏
ହ/ଶ ൬

௞

௞೑
൰
ଵ/ସ

ሾ𝜎ሺ1 െ 𝜎ሻሿଵ/ସ (4.59) 

The pumping power increases with the flow speed to the power 5/2 and in 

proportion with the factor ሾ𝜎ሺ1 െ 𝜎ሻሿଵ/ସ, which was first encountered in Eq. (4.51).  The 

discussion of the heat transfer rate in section 4.10 and Fig. 4.4 holds here as well:  the effect 

of σ is weak in the vicinity of σopt and, therefore, when σ is comparable with σopt (= 1/2) 

the pumping power requirement reaches its highest level. 

 

4.12  Analogy between heat transfer and fluid friction 

One way to verify the validity of the scales for q and 𝑊ሶ  is to question whether they 

reveal the analogous behavior of heat transfer rate and pumping power as the coolant flow 
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rate increases.  Based on the heat transfer and fluid friction analogy40,55 we expect both q 

and 𝑊ሶ  to increase as ReV increases.  This is indeed the case.  Equations (4.51) and (4.60) 

show that both q and 𝑊ሶ  increase as ReV increases. 
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5. Ventilation through a single port 

5.1 Introduction 

Ventilation is a flow system that renews the air that occupies an enclosure, such as 

a room, hallway, aircraft cabin, or building. This is an established technology and research 

domain, with a vast literature (recent reviews are Refs.57–60).  The common design consists 

of a steady flow of fresh air that enters the enclosure through one or more inlet ports and 

exits through one or more outlet ports. The positions of the inlets and outlets are fixed. The 

positions can be designed such that the existing room air is mixed and replaced more 

effectively by fresh air (Fig. 5.1)61–63. 

 

Figure 5.1: Enclosure with steady‐flow ventilation and four possible arrangements of 

the inlet relative to the outlet62. 

Ventilation of the whole enclosure is not always necessary. When the need for fresh 

air is minimal, local, and personal, as on an airplane, or under the surgeon's scalpel on the 

operation table, directed jets in steady flow have the unwanted effect of disturbing the 

immediate environment of the individual served by the fresh air.  Air quality is maintained 

in the local volume.  If the in & out flow is repeated many times, air quality is maintained 

in the whole enclosure, in S-curve fashion, as we will show in section 5.4 and Fig. 5.7. 
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The one-way flow from one port into an enclosure has been studied in the past 

under several scenarios such as starting jets64,65, personal jets66,67, impinging jets68–70, 

confluent jets70–74, subway and tunnel ventilation75,76, puff motions65,77,78 and coughing79.  

These advances received considerable attention after 2020, because of the covid 

pandemic55,80.  Noteworthy in this sequence is the human cough study79, which preceded 

the covid pandemic and shed predictive light on the effect of social distancing. 

The present article examines an alternating inflow & outflow design that is at once 

novel and familiar. Like the lung, the proposed design has a single port, which functions 

intermittently as inlet (inhaling) and outlet (exhaling). The one-port design is the simplest 

that it can be. As in respiration, a key feature is the rhythm. To determine the relation 

between the rhythm and the effectiveness of refreshing the air of the enclosure is the main 

objective. 

 

5.2 Rate of cleaning the enclosure with one puff of air 

We start with the model of a single puff, as shown in Fig. 5.2.  The charge (M) of 

fresh air is pushed into the enclosure as a puff during the time t1.  The fresh air and the 

enclosure air are distinguished by their different concentrations of polluting gases, water 

vapor, and solid suspensions (e.g., CO, dust, viruses, droplets, smoke). The concentration 

of fresh air is C0, and the concentration of air in the enclosure is C1.  If the temperatures of 

fresh air and enclosure air are sufficiently close such that buoyancy is a minor effect in the 

puff and jet flows described here, then the different values assigned to C0 and C1 can also 

account for the two temperatures when the application is to cool or heat the enclosure with  
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Figure 5.2: Scale representation of the fresh air injected into the enclosure. 

fresh air. 

Imagine that the fresh air is pushed by a piston that moves with the speed U0 through 

a cylinder of length Lp and diameter D0. The nozzle diameter D0 is considerably smaller 

than the length scale of the enclosure, L.  In the numerical simulations in sections 5 and 6 

the ratio L/D0 varied from 5 to 100. In terms of scale analysis40 the injected mass is of order 

M ~ ρLpD0
2, and its initial kinetic energy is KE ~ M U0

2. 

Immediately outside the nozzle, the M charge becomes a region of fresh fluid with 

the length scale D, rectilinear velocity U, mass ρD3, and kinetic energy ρD3U2. We assume 

that the time scale of the initial movement of the ball of fresh air is short such that viscous 

dissipation has not penetrated the ball to the depth D. In other words, the time scale is such 

that the ball movement is inviscid, and the ball maintains its identity as a small region 

discernible from the surrounding fluid.  This happens immediately downstream of the 

nozzle. 

Invoking the conservation of mass and kinetic energy while M moves through the 

nozzle, we have two scaling relations 

 LpD0
2 ~ D3 (5.1) 
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 LpD0
2U0

2 ~ D3U2 (5.2) 

and two conclusions: U ~ U0 and D/D0 ~ (Lp/D0)1/3. For simplicity in the analysis that 

follows, we assume that (Lp/D0)1/3 is comparable with 1 so that D ~ D0. 

The M charge passes through the nozzle during the time t1 and delivers to the 

enclosure fresh air in proportion with min ~ MC0. We distinguish two regimes: 

t0 < t1.  As shown in Fig. 2b, after a short time t0 (shorter than t1) the cylinder & 

piston apparatus retrieves (during another interval t1) an equal charge (M) of mixed air (C0 

and C1) in proportion with 

 𝑚௢௨௧ ∼ 𝑀 ቀ𝐶ଵ
௧బ
௧భ
൅ 𝐶଴

௧భି௧బ
௧భ

ቁ  (5.3) 

The duration of the cycle is t1 + t0 + t1.  The net rate of fresh air delivery to the 

enclosure is of order 

 𝑚ሶ ∼ ௠೔೙ି௠೚ೠ೟

ଶ௧భା௧బ
∼ 𝑀 ஼బି஼భ

௧భ

ఛ

ଶାఛ
, where 𝜏 ൌ ௧బ

௧భ
൏ 1  (5.4) 

t0 > t1.  As shown in Fig. 5.2c, the air in the vicinity of the port is essentially of 

concentration C1.  During an interval t1, the room air retrieved from the enclosure is MC1.  

The net amount of fresh air delivered to the enclosure during the cycle (t1 + t0 + t1) is MC0 

– MC1.  The cycle-averaged rate of fresh air delivery is 

 𝑚ሶ ∼ 𝑀ெሺ஼బି஼భሻ

ଶ௧భା௧బ
ൌ ெሺ஼బି஼భሻ

௧భ

ଵ

ଶାఛ
 (5.5) 

If C0 and C1 change places in Eqs. (5.4, 5.5), then ṁ represents the net rate of 

enclosure air removal, as on the ordinate of Fig. 5.3.  Equations (5.4) and (5.5) are the two 

asymptotes of the function that represents the time-averaged rate of cyclical fresh air 
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delivery.  The rime ratio τ is the freedom in adjusting the rhythm.  The intersection of the 

asymptotes (5.4) and (5.5) occurs at τ = 1, and identifies the rhythm in which 𝑚ሶ  is at its 

peak.  When τ << 1 the right side of Eq. (5.4) varies approximately as τ/2, and when τ >> 

1 the right side of Eq. (5.5) varies as 1/τ.  Setting τ/2 ~ 1/τ, we learn that the peak rate of 

fresh air delivery is in the vicinity of τ ~ 21/2, which is of order 1, or 

 t0 ~ t1 (5.6) 

 

Figure 5.3: The intersection of asymptotes for effective removal of contaminant during 

one in & out flow cycle. 

The balancing of the time scales [Eq. (5.6)] is just a beginning, the simplest way to 

explore the idea and opportunity to identify the freedom in the design, the rhythm. The 

cycle of in & out flow through a single orifice is more complicated even in the simple 

description given in Fig. 5.2.  For example, the completion of the cycle would come after 

the third step (Fig. 5.2c) by taking into account the configuration of the pump mechanism 

that lies to the left of the wall of the enclosure. An additional time scale is associated with 

extracting the C1 batch from the enclosure, discarding it and filling the cylinder (Fig. 5.2a) 

with a new charge of fresh air. 



 

63 

5.3 Power spent during cleaning the enclosure with one jet 

Next, consider a jet of longer duration than a single puff.  The model can be made 

more realistic by abandoning the assumption that the nozzle velocity is a known constant 

(Fig. 5.2). Instead, we model the cyclical process in the configuration shown in Fig. 5.4.   

The nozzle diameter is D, and the enclosure is a cylinder with diameter much larger than 

D. 

 

Figure 5.4: Air injection with flow resistance, and round turbulent jet advancing and 

spreading in the enclosure. 

The piston pushes with a force that creates the excess pressure ΔPଵ in the cylinder. 

The compressed charge of clean air expands through a contraction–enlargement flow 

resistance and enters the enclosure with the velocity 𝑈ଵ. The duration of the injection of 

clean air is t1, and the volume of the air charge is 𝑉.  The process is described analytically 

by  
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 𝛥𝑃ଵ ≅ 𝑟𝑈ଵ
ଶ (5.7) 

 𝑈ଵ𝐴𝑡ଵ ൌ 𝑉 (5.8) 

 𝑊ଵ ൌ VΔPଵ (5.9) 

where 𝑟 is shorthand for the flow resistance factor 
ଵ

ଶ
𝜌ሺ𝐾௖ ൅ 𝐾௘ሻ, which accounts for 

acceleration and deceleration during contraction and enlargement40.  In Eqs. (5.8, 5.9), 𝐴 

is the cross-sectional area of the nozzle, and 𝑊ଵ is the work done by the piston during 𝑡ଵ. 

The duration of the withdrawal of 𝑉 from the enclosure is 𝑡ଶ. The piston moves out, 

creates a pressure deficit ΔPଶ, and pulls mixed air with nozzle velocity 𝑈ଶ. The flow 

resistance factor during withdrawal (r) is the same as during injection: this is based on the 

assumption that the nozzle cross sectional area is sufficiently smaller than the cylinder and 

enclosure cross sectional areas. In other words, the direction of the flow through the nozzle 

does not affect the value of r. The withdrawal period is described by 

 𝛥𝑃ଶ ≅ 𝑟𝑈ଶ
ଶ (5.10) 

 𝑈ଶAtଶ ൌ 𝑉 (5.11) 

 𝑊ଶ ൌ VΔPଶ (5.12) 

where 𝑊ଶ is the work done by the piston during 𝑡ଶ. 

Consider now the power consumed during the rhythmic flow.  Minimizing power 

is not the same as the objective pursued in Eqs. (5.4, 5.5).  The total work is 𝑊 ൌ 𝑊ଵ ൅

𝑊ଶ, and the cycle–averaged power expenditure is 𝑊ሶ ൌ ௐ

ሺ௧భା௧మሻ
. After using Eqs. (5.7) – 

(5.12), the power averaged over one cycle becomes 

 𝑊ሶ ൌ 𝐶 ௧భ
షమା௧మ

షమ

௧భା௧మ
 (5.13) 
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where the constant factor is 𝐶 ൌ rVయ

஺మ
. Note that 𝑊ሶ  increases in both extremes, decreasing 

𝑡ଵ at constant cycle time 𝑡 ൌ 𝑡ଵ ൅ 𝑡ଶ, and decreasing 𝑡ଶ. This means that 𝑊ሶ  is minimal 

between the extremes. Indeed, if we introduce in Eq. (5.12) the time fraction 𝑥 ൌ ௧భ
௧

, or (1 

– x) = t2/t, we find that the minimum of 𝑊ሶ  is located at 𝑥 ൌ ଵ

ଶ
 , which means 𝑡ଵ ൌ 𝑡ଶ and, 

after using Eqs. (5.7) – (5.12), ΔPଵ ൌ ΔPଶ, 𝑈ଵ ൌ 𝑈ଶ, and  

 𝑊ሶ௠௜௡ ൌ
଼௥

஺మ
ቀ௏
௧
ቁ
ଷ
 (5.14) 

 𝑊min ൌ
8rVయ

஺మ௧మ
 (5.15) 

The minimal power requirement is proportional to the rate of clean air input ሺ௏
௧
ሻ 

cubed. Decreasing the power spent is a desirable outcome. Added to this is the objective to 

remove contaminated air from the enclosure. The mass of contaminant removal during 𝑡ଶ 

is 

 𝑀 ൌ ׬ 𝜌𝐶௣𝑈ଶ𝐴𝑑𝛽
௧మ
଴  (5.16) 

where 𝐶௣ሺ𝛽ሻ (dimensionless) is the concentration of contaminant in the air at the port, as 

it is withdrawn from the enclosure (density 𝜌), and 𝛽 is the dummy time variable. The 

density 𝜌 is assumed to have nearly the same value throughout this analysis (during t1 and 

t2, in the cylinder and the enclosure). 

 

5.4 The S-curve of mixing the enclosure air 

Like all flow systems that are invaded or depleted by a stream (e.g., river deltas, 

drainage basins), their size and contents increase in S-curve fashion, slow-fast-slow40.  The 
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S-curve history of the contents of the enclosure can be predicted based on the model shown 

in Fig. 5.4.  According to the time-averaged description of a turbulent round jet40, the self-

similar region is a cone with the virtual origin upstream of the nozzle.  The transversal 

length scale of the cone, D(x), is roughly one tenth of the distance to the virtual origin.  We 

assume that the jet is long enough such that the distance to the virtual origin is essentially 

the same as the distance to the nozzle. 

In the constant-x plane, the jet velocity decreases from the centerline, Uc(x), to zero 

outside the jet.  The scale of the centerline velocity is 

 𝑈௖~ ௄భ/మ

௫
 (5.17) 

where K is the jet strength, and U0 is the average velocity through the nozzle, 

 𝐾 ൌ ሺ𝑈଴𝐷଴ሻଶ (5.18) 

As the jet is long enough, it advances from location x with the speed Uc = dx/dt, 

which in view of Eq. (5.17), yields the jet length (x) as a function of time, 

 𝑥~𝐾ଵ/ସ𝑡ଵ/ଶ (5.19) 

The volume (B) of the jet cone increases as D2x, which means 

 𝐵~𝐾ଷ/ସ𝑡ଷ/ଶ (5.20) 

This volume accounts for the fresh air that invades the enclosure.  According to Eq. (5.19), 

the jet cone reaches the wall at the time (taxial) when x ~ L, where L is the length scale of 

the enclosure, 

 𝑡௔௫௜௔௟~𝐿ଶ𝐾ିଵ/ଶ (5.21) 
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Figure 5.5: The S‐curve history of the volume of mixed air in the enclosure. 

At times smaller than taxial, the volume increases in accelerated fashion (as t3/2), as 

indicated by Eq. (5.20) and the line with slope 3/2 drawn on Fig. 5.5a.  At times greater 

than taxial, the volume B continues to increase by eddy diffusion (mixing) in all radial 

directions.  The depth of eddy radial diffusion is of order 𝛿~ሺ𝜀ெ𝑡ሻଵ/ଶ, in which the eddy 

momentum diffusivity of a round jet is a constant, 

 𝜀ெ~𝐾ଵ/ଶ (5.22) 

The radial expansion of B ends when 𝛿 matches the transversal length scale of the enclosure 

(L), 

 ሺ𝜀ெ𝑡௥௔ௗ௜௔௟ሻଵ/ଶ~𝐿 (5.23) 

In other words, the time scale of radial spreading matches (and adds to) the time of axial 

invasion: 

 𝑡௥௔ௗ௜௔௟~𝐿ଶ𝐾ିଵ/ଶ (5.24) 

At times smaller than tradial, the mixed volume increases as δ2L, namely, 
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 𝐵~𝐾ଵ/ଶ𝐿𝑡 (5.25) 

which is indicated with a line of slope 1 in Fig. 5a.  Eddy mixing continues more slowly 

after tradial, as the turbulent flow has the effect of making the concentration more uniform 

throughout the enclosure. 

The concentration of the air assumed at exit (Cp) is representative of the 

concentration averaged over the enclosure.  If plotted on a field with logarithmic abscissa 

and ordinate, the piecewise continuous history of Fig. 5a looks even more like the letter S 

(cf., Fig. 5.5b).  Numerical values are not needed on the axes of Figs. 5a,b:  the scales of 

taxial and tradial are reported in Eqs. (5.21) and (5.24). 

The position in time of the steep part of the S, also known as the ‘viral phase’, is 

indicated by the time scale of its inflection, taxial or tradial.  This time scale (L2K–1/2) 

increases with the enclosure size (L), and decreases with the nozzle Reynolds number: 

 𝐿ଶ𝐾ିଵ/ଶ~ ௅మ

ఔோ௘
 (5.26) 

If we neglect the starting arc of the S-curve, the behavior of the rest of the S-curve 

of Cp(β) is as shown in Fig. 5.6.  There is a characteristic time scale tc (or taxial, tradial) before 

which 𝐶௣ is roughly proportional to β,  

 𝐶௣ ≅
ఉ

௧೎
𝐶ଵ (5.27) 

and 𝐶ଵ is the original concentration in the enclosure. Later, when 𝛽 ൐ 𝑡௖, the 𝐶௣ሺ𝛽ሻ curve 

reaches its plateau,  

 𝐶௣ ≅ 𝐶ଵ (5.28) 
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The integral (16) for the 𝑡ଶ ൏ 𝑡௖ regime of the withdrawal period (𝑡ଶ) yields  

 𝑀௧మ ழ ௧೎ ൌ 𝜌 ஼భ
௧೎

௧మ
ଶ
𝑉 (5.29) 

In the other extreme where the 𝑡ଶ scale is longer than 𝑡௖, we replace 𝐶௣ with 𝐶ଵ, and Eq. 

(5.16) yields 

 𝑀௧మ வ ௧೎ ൌ ρCଵ𝑉 (5.30) 

 

Figure 5.6: Two distinct periods in the variation of the concentration Cp during the 

discharge process. 

5.   Computational simulations 

The mixing of the enclosure air was simulated with the finite element software 

COMSOL. The simulation was conducted using the turbulent flow k-ε model based on the 

Reynolds-averaged Navier-Stokes (RANS) formulation with the time-averaged velocity 

field of the periodic flow.  The detail in Fig. 5.7 shows the cylindrical flow configuration, 

with the diameter of the port D0 = 0.01 m. The enclosure is large enough so that its size 

does not affect the flow near the port.   
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Figure 5.7: The flow configuration for computational analysis, and the difference in 

the results versus the number of mesh elements. 

As a numerical example, during the time interval t1 fresh air flows into the 

enclosure with constant velocity U0 = 0.3 m/s, which means Re = 200.  During the next 

time interval, t2, mixed air flows out of the enclosure with the same velocity U0. The fresh 

air and the original enclosure air are distinguished by their concentrations of pollutants, 

represented by C0 = 0 and C1 = 1, respectively. The flow of fresh air through the enclosure 

air has the diffusivity coefficient Cd = 1.6 × 10–5 m/s. 

In finite element analysis the accuracy of the simulation plays a pivotal rule in 

generating reliable results. The software divides the enclosure into finite elements (mesh), 

and then invokes the governing equations over each element. Increasing the number of 

elements ensures more accurate results at the expense of greater computational effort and 
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time spent. Starting with a coarse mesh, we compared the concentration obtained with a 

finer mesh until the effect of increasing the number of elements becomes negligible, as 

shown in Fig. 5.7. Therefore, we performed the computational analysis by using 1.6 ൈ 10ସ 

finite elements. This approach is known as h-refinement in the finite element method. 

Furthermore, because the flow is time dependent, the time increments over which 

the program simulates the flow may affect the accuracy of the results. We increased time 

increments for a fixed time interval until no difference in the results was observed. On this 

basis, the value of time increment for the numerical analysis was set at Δt = 0.01t1.  

We monitored the average concentration of the mixed air extracted through the port 

at several time intervals t1 and constant velocity. The chance (or mistake) of removing the 

injected fresh air is higher at a small time interval t1, as shown in Fig. 5.8. This effect 

weakens as t1 increases, and Cp culminates at a time interval t1 where the extracted air is 

 

Figure 5.8: The S‐curve of spreading fresh air in the enclosure:  the average 

concentration during the second time interval, at different t1 values. 
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mainly contaminated air.  This behavior is present when L is much larger than D.  When L 

is large but comparable with D, as in the example for L = 5D, at long times the Cp curve 

drops off because the fresh air hits the opposing wall, and circulates back toward the 

evacuation port.  When L = 100D the enclosure is long enough to absorb the fresh air away 

from the port before the withdrawal process begins. 

The behavior of the inflow of fresh air is visualized in Fig. 5.9.  The contours 

represent the concentration of air, where blue means Cp = 0 (fresh air) and red means Cp = 

1 (fully contaminated air).  The columns represent the flow at three different times 

(multiples of t1) in the flow cycle: the end of the first time interval (t1), the middle of second 

time interval, and the end of second time interval. Each row corresponds to the fixed time 

t1 beyond which the fresh air has enough momentum to move away from the port before 

being sucked back during the second time interval (t2). The extraction of mixed air was 

visualized with streamlines during one cycle 𝑡ଵ ൅ 𝑡ଶ,where𝑡ଵ ൌ
ଶ

ହ
𝑠and𝑡ଶ ൌ

ଶ

ହ
𝑠. Figure 

5.10 shows the streamlines at three moments in the flow cycle: the middle of t1, the middle 

of t2, and before the end of t2. The streamlines show that the fluid extracted during t2 comes 

from around and behind the parcel of fresh air created during t1. Therefore, the air extracted 

at long t1 intervals has a high concentration of contaminated air even in the absence of a 

pause (t0) between the time intervals t1 and t2. 
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Figure 5.9: Visualization of the flow of fresh air into the enclosure. 

 

 

Figure 5.10: Streamlines at 𝒕𝟏 ൌ
𝟐

15
s, for three different durations (t) of the in & out 

flow cycle.  
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6. Locomotion Rhythm Makes Power and Speed 
 

6.1 Introduction 

Have you noticed that frogs and breaststroke swimmers push the water back 

quickly, and reach forward slowly? Did you also notice that after the push & reach motion 

their bodies ‘glide’ during a time interval comparable with the first two? Why is this 

happening? What is the connection between this rhythm and the evolution of animal design 

and its movement on earth? 

In this article we address these questions in a fundamental way, based on theory. 

This work is predictive, as it relies on the physics law of design evolution in nature, the 

constructal law115.  First, let us review the main terms and concepts that are employed in 

the article, which build bridges between physics, animal design, and engineering: 

locomotion, thermodynamics, fluid dynamics, design, model, scale, freedom, and 

evolution.  

Locomotion (or transportation, for humans) is movement with purpose, to offer 

access to moving animals and people, from one location to another. Movement is against 

a medium—in water, on land, and in the air.  Power drives movement, and all the power is 

dissipated as the moving body advances against the opposition posed by the medium.  This 

is the thermodynamics of locomotion, in a nutshell. 

Thermodynamics is broader than fluid dynamics281. Thermodynamics means 

heating (therme, Gr.) and power (dynamis, Gr.). Between the flows of heat and power there 

are macroscopic flow configurations (designs) that convert the heating into power and the 
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movement driven by that power (called engines, animals, vehicles), or convert the power 

and movement into heating (called coolers, refrigerators, brakes, dissipators). The ‘heating’ 

originates from processes (combustion, metabolism) that consume measurable quantities 

known as food, fuel, exergy, free energy, caloric value, etc.  The rate of consumption (e.g., 

metabolism) must not be confused with the power generated for causing movement (e.g., 

locomotion).  Between the two there is the flow design that converts partially the first into 

the second.  

Essential in thermodynamics and this article is the flow configuration—the 

design—its movement in space and time, and its evolution. Evolution means change after 

change in a direction discernible to the observer.  

Regarding locomotion, fluid dynamics teaches the relation between the speed of 

the mover and the forces that the mover must overcome.  Together, thermodynamics and 

fluid dynamics teach the relation between movement and the power required (and 

dissipated) to drive the movement.  It is here that the human need is most evident.  Because 

the power from fuel is not freely abundant, the motive behind most of the advances in fluid 

dynamics has been to decrease the power requirement when the needed speed and size of 

the mover are specified. The fluid dynamics of locomotion and transportation has generated 

a rich catalog of body configurations (designs), such as the hydrodynamic shape of fish, 

birds, hulls, keels, submerged wings, turbine blades and vanes, trucks, trains, automobiles, 

airplane fuselages, wings, and engine and wheel covers15,81,82,82,83.   

The science of animal design benefits from physics, and transportation design finds 

inspiration in the animal realm84–87.  These advances continue to attract questioning and 
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revision.  For example, the work of Hirt et al.88 was addressed in Günter et al.89and Bejan 

et al.84. 

Fluid dynamics developed because of two factors: the human need to have easier 

and faster transportation, as in the adoption of boating 100,000 years ago and domesticated 

animals 10,000 years ago1,89,90, and the arrival of cheap power from fire (steam engines) 

and the industrial revolution.  Ship propulsion and aviation are the main technologies that 

stimulated the fundamental advances that became fluid dynamics.  Examples are airplanes 

during the 20th century91–104, and wind power, boats with sails105 and maritime 

transport84,106–109.  

 

6.2 Background 

The universal scaling laws of locomotion in all media came from the idea15,82,110 

that for a body to move forward it must perform work and dissipate work (Wy and Wx, Fig. 

6.1).  The body does work (Wy) to lift its weight to a height that matches its linear 

dimension (length), and while falling forward it dissipates work (Wx) to displace the 

medium in front of it.  In swimming, the lifted weight is that of the parcel of water displaced 

by the body as it moves forward.   

 

Figure 6.1: The two‐step cycle of the theory in Refs.15,81–83. 
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Unlike in the background reviewed below, the theory presented in this article is 

about the rhythm of motion during Wy alone, not during Wy + Wx.  It is about what happens 

during the motive stroke (ty) alone, which in section 6.3 will be divided into two time 

intervals, doing work, t1, followed by dissipation, t2, in other words ty = t1 + t2.   

In the original theory15,82,110 the moving body has one length, mass M, or weight 

Mg.  The time interval of ‘motive’ time, ty, must match the time interval of work dissipation 

during falling forward, tx.  The single time interval (ty, or tx) is dictated by the body weight 

(Mg), namely (M/ρ)1/6g–1/2, or (LB/g)1/2, where ρ is the body density and LB is the single 

body length, LB ~ (M/ρ)1/3.  Conversely, the frequency of the lift & fall rhythm must be 

lower in bigger bodies.  This is in accord with animal locomotion and competitive 

athletics82,111. 

The freedom in the design is in the speed of locomotion, V, which is free to vary 

while decreasing the total effort (Wy + Wx) made to cover the distance Lx. The resulting 

speed is proportional to M1/6 (ρ/ ρm)1/3, where M is the body mass and ρ and ρm are the 

body and medium densities.  The predicted (theoretical) lines are drawn in Fig. 6.2 for 

fliers and swimmers. 

In sum, bigger movers should be faster (Fig. 6.2).  Fliers should be ten times faster 

than swimmers of the same size, because the factor (ρ /ρm)1/3 in water is 1, and in air is 10. 

The frequency of the lift & fall cycle (f ~ V/Lx) must be proportional to M–1/6, therefore the 

bigger movers should move their limbs less frequently. The work per unit travel must scale 

as (ρm/ρ)1/3Mg.  Consequently, flying is ten times more economical than swimming, 

because (ρm/ρ)1/3 in air is 1/10, and in water is 1. 
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The factor (ρm/ρ)1/3 is the physics of why bio designs spread from water to land and 

later in air.  The ‘food chain’ is a consequence of the same physics.  The bigger animal is 

faster and catches the smaller animal.  The flier is faster and preys on the slower movers of 

the same size  in water.  The present article is not about legged locomotion, although the 

data covering terrestrial locomotion are included comparatively in the original theory82,110.  

For legged locomotion, the reader is directed to Günther et al.89. 

 

 

 

Figure 6.2: The universal scaling of steady locomotion in all media on earth (after 

Refs.82,84,110). 
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These predictions unite the voluminous and highly diverse body of observations. 

Figure 6.2 shows the latest compilation over the body size range 10–6 – 108 kg. The two 

straight lines are the theoretical scaling laws for fliers and swimmers.  The spacing between 

the lines (fliers vs. swimmers) is the theoretical factor (ρm/ρ)1/3 = 10, which unites 

locomotion in water with locomotion in air. The deviation of airplanes from the line is due 

to flying higher, because the air density for airplanes is lower than for animal fliers.  The 

density difference was taken into account in the upper graph, which is the most recent 785. 

Figure 6.2 is instructive for an additional reason:  it puts on display the physical 

meaning of the concept of ‘scale’.  The segments on the abscissa and the ordinate cover 

many different orders of magnitude of their respective measurements.  Coming from the 

Latin scalae, the word scale means flight of stairs, staircase, ladder, or a sequence of steps.  

The steps are marked as segments on rulers and tape measures used historically in design 

and manufacturing, from tailor shops to construction sites.  An old slide rule is segmented 

in centimeters, therefore, it is a ‘centimeter scale’ to be used for measuring centimeter-

scale bodies.  The tape measure used in landscaping and construction is marked in meters, 

therefore, it is a meter-scale.  The two scales are physically as different as the objects 

measured with them.  That is why Fig. 6.2 is a multi-scale collection of measurements of 

animals with locomotion. 

The observed animal body is an object with many features, one large, some small, 

and many much smaller.  If distinguishable, these features are different length scales.  The 

large scale (say, L) is related to the body mass of the animal (M), therefore, if M is 

measured then the large length scale is known, L ~ (M/ρ)1/3, where ρ is the body density.  
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For a person L is of order 1 m; smaller features (palms and feet) are of order 10 cm; many 

much smaller features (fingers, toes, feathers, hairs) are of order 1 cm and 1 mm.  These 

three examples represent different length scales, cf., Figs. 6.3 and 6.4. 

 

 

Figure 6.3: The proportionality between wingspan and body length is predictable112. 
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Figure 6.4: Animals and vehicles sweep the surface of the earth organized in 

hierarchies of body size and body numbers1. 

  

The body is not the object of analysis in science:  it cannot be because it is too 

complicated to describe, manipulate, and argue about.  The object of analysis is a simple 

facsimile of the observed object, which is called model.  Models are diverse, few simple 

and many complicated, or few single-scale and many multi-scale.  The simplest model of 

the animal body (LB, or M) is the ‘one-length’ model used in Fig. 6.1 and the construction 

of Fig. 6.2.  Adding more features to the one-scale model makes the model more realistic 

and multi-scale.  The first reviewer of the original manuscript of this article pointed out 

that the added features are all dictated by the body size (M), because on a small animal 
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(e.g., frog) all the features are small.  Well, they are all ’small‘ from the viewpoint of the 

observer, who is certain that a frog is smaller than a man.  Yet, as explained in the preceding 

paragraphs, the smaller features are different length scales. 

To avoid confusion, we called the smaller features ‘lengths’, not length scales.  In 

the model with multiple features, the smaller scales are accounted for in terms of aspect 

ratios.  For example, the characteristic palm length divided by the body length is one aspect 

ratio.  If in the ensuring analysis the aspect ratio is free to vary then that ratio is one degree 

of freedom in the design and performance based on that model.  Degrees of freedom are 

also the ratios of time intervals in the rhythmic movement of the animal. 

Advances continue to be made by endowing the design of the moving body with 

more degrees of freedom. If the model of the bird or airplane is endowed with several 

lengths (Fig. 6.3) instead of the single length associated with the body size M [namely LB 

~ (M/ρ)1/3], then, as we predicted analytically in Ref.112 based on the constructal law, it is 

possible to determine the four shapes that account for the flying architecture: fuselage cross 

section A, fuselage profile L/D, wing cross section t/Lw, and wing span divided by fuselage 

length, S/L.  Figure 6.3 shows that the S/L proportionality predicted from theory is in 

accord with the evolution of commercial jet aircraft112. 

The predicted architecture holds equally for animal flight, which is why airplanes 

have evolved to look like birds113.  They evolved with freedom to acquire greater access as 

they move through the medium.  They did not emerge from ‘mimicking’ bird design.  The 

evolution of civil and military helicopters was predicted the same way as for airplanes, by 

evolving the multi-length architecture with freedom and consistently toward greater access, 
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in accord with the constructal law.  For example, the rotor diameter should match the body 

length scale of the helicopter114.  Boats with sails, big or small, should look the same:  the 

height of the sails should match the length of the hull and the mast105. 

Movers on earth come in all sizes because they must scan the surface of the earth 

completely:  they achieve this with hierarchies of body sizes and body numbers. Airplanes, 

birds, and ships should be organized as hierarchical traffic routes populated by many small 

and few large movers1,115, as is suggested qualitatively in Fig. 6.4.  The biggest moves on 

earth—the river basins—share the same hierarchy, and for the same reason.  Water and air 

currents evolve into hierarchies to have access on the globe, and their organization is 

predictable1.  Extensive literature reviews are in Refs.43,82,110. 

 

6.3 Rhythm 

The following theory is to regard locomotion from a ‘more liberated’ viewpoint.  

The idea is to endow the motive stroke with an additional degree of freedom:  intermittency.  

The work motion is ‘push and reach’.  The added freedom is the rhythm in progress 

forward.  Rhythm is the duration of ‘push’ relative to ‘reach’ during the motive stroke (ty, 

Fig. 6.1). 

The analysis is presented in terms familiar to the reader: frog-like swimming (Fig. 

6.5).  The rhythm can be adjusted freely so that the time-averaged swim is faster per unit 

of power spent, or more economical (with reduced power) when the speed is specified.   

The motion of the swimming frog is symmetric in space and periodic in time. The 

legs and the front members kick back symmetrically.  The legs complete a cycle, the front 
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members do the same, and together they complete the motive stroke of pushing forward 

(ty, Fig. 6.1).  

The new feature in the present article is that the motive stroke is composed of two 

unequal time steps, t1 and t2.  The back kick (t1) is shorter than the forward reach (t2).  Why 

is this evolutionary design present in amphibians and in humans (breaststroke, Fig. 6.5)?  

 

Figure 6.5: Breaststroke:  the frog style of swimming is symmetric in space and 

periodic in time. 

Speed is one objective, because a greater speed is essential for life.  Amphibians 

swim away from danger, and they are not the only ones.  Soldiers and freedom lovers swim 

across the river to save themselves.  Athletes swim against the clock to win medals, fame, 

and opportunities for a better life after their competitive sports careers.  

The other objective is economy of effort, which is documented in many studies in 

zoology and biophysics42,43,46,86,87,116–120.   

 Size makes speed (Fig. 6.2) and gives the impression that the speed question has 

been answered.  True, bigger bodies swim faster in the animal realm, where evolution (the 

freedom to change the design) had a very long time to run its course.  It is not true in the 

swimming pool, where speed records do not come from the big bodies of obese swimmers.  
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Speed records come from two distinct features of design, the body (size, shape, svelteness) 

and the rhythm in the morphing of the body shape. 

Consider the simplest model that captures the main features of the moving design 

(Fig. 6.5).  The body of the swimmer is represented by its mass M [kg], the single scale D 

[m] and the time-averaged forward speed VB [m/s].  That VB is related to M is not the issue 

here: the challenge is to maximize VB by varying freely the rhythm in a more realistic 

description of the body architecture. 

As noted already, the two steps of the motive stroke (frog, breaststroke) are 

represented by two time intervals, t1 (back kick) and t2 (forward reach).  In the frame of 

reference attached to the moving body, the back kick is executed with the speed V1 to a 

distance (the reach) of size L, which is comparable with the body dimension D, therefore 

t1 ~ L/V1.  The body pushes against the water with a blunt member (leg, arm) with frontal 

cross section D2, which is fast so that the Reynolds number (based on D and V1) exceeds 

102, and consequently the drag coefficient CD is a constant of order 1.  In the following 

analysis we neglect factors of order 1 in accord with the rules of scale analysis55. 

The same model captures the main features of the second step.  In the frame of 

reference attached to the body, the forward reach is to a distance L of order D with the 

speed V2 during the time interval t2 ~ L/V2.  The cross section of the blunt member (leg, 

arm) is D2, and the drag coefficient is constant and of order 1. 

During t1 the legs and arms push back against the water and propel the body 

forward.  The force felt by the body is 

 𝐹ଵ~𝐶஽𝐷ଶ ଵ

ଶ
𝜌ሺ𝑉ଵ െ 𝑉஻ሻଶ (6.1) 
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where ρ is the water density and CD ~1, which in this analysis is neglected along with the 

1/2 factor.  The speed V1 refers to the movement of the arms and lengths in the frame of 

reference of the swimmer.  If the length of the swing (arm, leg) is L, 

 𝑉ଵ~ ௅

௧భ
 (6.2) 

the work done by the moving members is  

 W1 ~ F1L (6.3) 

During t2 the legs and arms moved forward to the distance L.  Their speed in the frame 

attached to the swimmer is 

 𝑉ଶ~ ௅

௧మ
 (6.4) 

The relative speed between the moving members and the water is V2 + VB, therefore the 

drag force on the members is 

 𝐹ଶ~𝐶஽𝐷ଶ ଵ

ଶ
𝜌ሺ𝑉ଶ ൅ 𝑉஻ሻଶ (6.5) 

The work done by the swimmer during t2 has the effect of a ‘brake’, and acts against 

propulsion: 

 W2 ~ F2L (6.6) 

The periodic motion has several degrees of freedom that will become clear soon.  Adjusting 

the variable features against each other is the key.  In the present analysis the objective is 

a greater speed VB, which means greater net power ሺ𝑊ሶ ሻ spent on moving forward, 

 𝑊ሶ ~ ௐభିௐమ

௧భା௧మ
 (6.7) 

or 

 𝑊ሶ ~𝐹஻𝑉஻ (6.8) 
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where FB is the averaged drag force on the body moving at speed VB: 

 𝐹஻~𝐶஽𝐷ଶ ଵ

ଶ
𝜌𝑉஻

ଶ (6.9) 

From Eqs. (6.7) – (6.9) we conclude that 𝑊ሶ  is proportional to 𝑉஻
ଷ, which means that in the 

remainder of this analysis we focus on maximizing the function f defined below: 

 
ௐሶ

భ
మ
ఘ஽మ

ൌ 𝑓ሺ𝑉ଵ,𝑉ଶ,𝑉஻ሻ ൌ
ሺ௏భି௏ಳሻమିሺ௏మା௏ಳሻమ

భ
ೇభ
ା భ
ೇమ

 (6.10) 

First, we consider V1 and VB fixed, and vary V2 by noting that the function f is equal to 

𝑉ଵ
ଷ𝑓ሚ, where 𝑓ሚ is the dimensionless function 

  𝑓ሚሺ𝑥ሻ ൌ ሺଵିఉሻమିሺ௫ାఉሻమ

ଵାభ
ೣ

ൌ 𝑥ሺ1 െ 𝑥 െ 2𝛽ሻ (6.11) 

where 

  𝑥 ൌ ௏మ
௏భ

,𝛽 ൌ ௏ಳ
௏భ

 (6.12) 

𝑓ሚሺ𝑥ሻ is maximum at 𝑥 ൌ ଵ

ଶ
െ 𝛽, which means that V2 must be smaller than half of V1: 

 𝑉ଶ ൌ
௏భ
ଶ
െ 𝑉஻ (6.13) 

The maximum power forward that corresponds to Eq. (13) assumes the form 

 𝑊ሶ௠௔௫~ ଵ

ଶ
𝐷ଶ𝜌𝑉ଵ

ଷ ቀଵ
ଶ
െ ௏ಳ

௏భ
ቁ
ଶ
 (6.14) 

which, in view of 𝑥 ൌ ௏మ
௏భ

,𝛽 ൌ ௏ಳ
௏భ

 and Eqs. (6.8, 6.9), leads to one equation for VB/V1: 

  ቀଵ
ଶ
െ ௏ಳ

௏భ
ቁ
ଶ
ൌ ቀ௏ಳ

௏భ
ቁ
ଷ
 (6.15) 

Although the exact solution is VB/V1 = 0.3194, for simplicity we will use 

  𝑉ଵ ≅ 3𝑉஻ (6.16) 
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Next, from Eqs. (6.13) and (6.16) we obtain 

  𝑉ଶ ≅
ଵ

ଶ
𝑉஻ ≅

ଵ

଺
𝑉ଵ (6.17) 

 𝑊ሶ௠௔௫ ≅
ଷ

଼
𝜌𝐷ଶ𝑉஻

ଷ (6.18) 

In conclusion, we can predict that for greater speed in swimming the reaching 

motion should be slower than the kicking motion.  This agrees with observations of 

swimmers, as we will show in sections 6.5 and 6.6. 

The total power 𝑊ሶ ௧௢௧ spent by the swimmer is greater than 𝑊ሶ௠௔௫ because the 

morphing body performs work in both directions, pushing back (W1) and reaching forward 

(W2).  The scale of 𝑊ሶ ௧௢௧ is derived by replacing Eq. (6.7) with 𝑊ሶ ௧௢௧~ሺ𝑊ଵ ൅𝑊ଶሻ/ሺ𝑡ଵ ൅

𝑡ଶሻ, and then using the results of the 𝑊ሶ௠௔௫ analysis above, namely Eqs. (6.16) and (6.17).  

The result is  

  𝑊ሶ ௧௢௧ ≅
ହଵ

ଶ଼
𝜌𝐷ଶ𝑉஻

ଷ (6.18’) 

Dividing Eqs. (6.18) and (6.18’), we find that the net power spent on moving forward is 

roughly 1/4 of the power spent by the swimmer. 

Finally, the scale  𝑊ሶ ≅ 𝐷ଶ𝜌𝑉஻
ଷ represents both efforts, Eqs. (6.18) and (6.18’).  

Inserting in this 𝑊ሶ  scale the VB scale predicted by minimizing effort per unit travel82,83, 

namely VB ~ (gD)1/2, we find that the work spent per unit travel is of order Mg (or ρD3g), 

which is in accord with the earlier theory of locomotion15,82,110 (cf., section 6.2). 

6.4 Two lengths 

The one-length model (D) of the body with rhythmic movement in water (Fig. 6.5) 

can be extended to more accurate descriptions.  The simplest step in this direction is in Fig. 
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6.6.  There are at least two lengths that capture the body construction, the frontal cross 

section of limbs that push against the water, 𝐷ଶ
ଶ, and the frontal cross section of the torso 

(shoulders, head, etc.), 𝐷ଵ
ଶ.  The length of the movement of the limbs (during kicking and 

reaching forward) continues to be represented by the body scale D1.  

In the two-length model the new degree of freedom is the relative size of the moving 

parts, namely the ratio ε = D2/D1, where ε < 1.  Interesting and potentially useful in the 

conceptual design of artificial locomotion is to discover what aspect ratio D2/D1 

characterizes a better design, the faster swimmer, and the more economical aquatic robot. 

 

Figure 6.6: Body with two lengths scales:  the body scale D1, and the moving organs 

D2. 

The analysis follows in the same steps as in Eqs. (6.1) – (6.18) while keeping in 

mind the difference between the two lengths pictured in Fig. 6.6, namely D1 and D2 (or 

εD1). Equations (6.1) and (6.5) are replaced by 

 𝐹ଵ~𝐶஽𝜀ଶ𝐷ଵ
ଶ ଵ

ଶ
𝜌ሺ𝑉ଵ െ 𝑉஻ሻଶ (6.19) 

 𝐹ଶ~𝐶஽𝜀ଶ𝐷ଵ
ଶ ଵ

ଶ
𝜌ሺ𝑉ଶ ൅ 𝑉஻ሻଶ (6.20) 
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Figure 6.7: The relation between VB/V1 and D2/D1. 

Equations (6.10), (6.14) and (6.15) are replaced by  

 
ௐሶ

భ
మ
ఘఌమ஽భ

మ ൌ 𝑓ሺ𝑉ଵ,𝑉ଶ,𝑉஻ሻ ൌ
ሺ௏భି௏ಳሻమିሺ௏మା௏ಳሻమ

భ
ೇభ
ା భ
ೇమ

 (6.21) 

  𝑊ሶ௠௔௫~ ଵ

ଶ
𝜀ଶ𝐷ଵ

ଶ𝜌𝑉ଵ
ଷ ቀଵ

ଶ
െ ௏ಳ

௏భ
ቁ
ଶ
 (6.22) 

 𝜀ଶ ቀଵ
ଶ
െ ௏ಳ

௏భ
ቁ
ଶ
ൌ ቀ௏ಳ

௏భ
ቁ
ଷ
 (6.23) 

Equation (6.23) is plotted in Fig. 6.7.  When ε approaches 1 the solution reproduces Eqs. 

(6.16) – (6.18’) of the single-length model.  More relevant is the opposite limit, ε << 1, 

because in swimmers the ratio D2/D1 is of order 1/10.  According to Eq. (6.23), in the small-

ε limit VB/V1 becomes negligible relative to 1/2 (inside the parentheses), and Eq. (6.23) 

reduces to, in accord with Fig. 6.7, 
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2/32/3

B 2

1 1

V D
~

V 2 2D

      
   

 (6.24) 

In place of Eqs. (6.17) – (6.18’) we obtain 

 𝑉ଶ~𝑉ଵ ൤
ଵ

ଶ
െ ቀఌ

ଶ
ቁ
ଶ/ଷ
൨ (6.25) 

 𝑊ሶ௠௔௫~ ቀଵ
ଶ
െ 2ିଵ/ଷ𝜀ସ/ଷ൅. . . ቁ 𝜌𝐷ଵ

ଶ𝑉஻
ଷ (6.26) 

 𝑊ሶ ௧௢௧~
ହ

଺
൤1 െ ସ

ଵହ
ቀఌ
ଶ
ቁ
ଶ/ଷ

൅. . . ൨ 𝜌𝐷ଵ
ଶ𝑉஻

ଷ (6.26’) 

 

where “+...” indicates higher order terms in ε, which are neglected.  In the limit D2 << D1 

the ratio approaches 3/5, indicating a higher fraction of power allocated to forward 

propulsion than in the result based on the one-length model [read under Eq. (6.18’)]. 

The main results of this section are compared in Table 6.1 against the corresponding 

results based on the one-length model (section 6.3).  According to both models, 𝑊ሶ௠௔௫ and 

𝑊ሶ ௧௢௧ have the same scale when based on the larger dimension (D, or D1).  The results for 

𝑊ሶ௠௔௫ are close, indicating that the simpler model captures sufficiently well the value of 

the rhythm-maximized power for forward motion.   

The results for 𝑊ሶ ௧௢௧ show that the total power responsible for the same 𝑊ሶ௠௔௫ is 

sizably smaller (by 46 percent in the limit ε << 1) in the two-length model, relative to the 

one-length model.  This is an important  finding because the change from the one-length 

model to the two-length model represents the direction toward more degrees of freedom in 

morphing the flow architecture of the swimming body. In the direction toward more 

freedom to change, the performance of the multi-length design is the recipient of rewards 
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from freedom.  Such rewards are a common occurrence in the evolution and performance 

of flow architectures with freedom to morph1,37,40.  We return to this conclusion in section 

6.8. 

 

Table 6.1: The effect of the number of model lengths on the maximized external 
power for swimming forward, relative to the total internal power spent by the 

morphing body. 

One length, D Two lengths, D1 >> D2 

𝑊ሶ௠௔௫ ≅
3
8
𝜌𝐷ଶ𝑉஻

ଷ ൐̰
1
2
𝜌𝐷ଵ

ଶ𝑉஻
ଷ 

𝑊ሶ ௧௢௧ ≅
51
28

𝜌𝐷ଶ𝑉஻
ଷ ൐̰

5
6
𝜌𝐷ଵ

ଶ𝑉஻
ଷ 

  

6.5  Frog swimming  

The frog derives most of its swimming power from the hind legs.  The frog ‘motor’ 

is at the back.  The swimming cycle is composed of three time intervals, in order: 

Reach:The knees bend and move into the body of the frog. This time interval is t2 

in the terminology of section 6.3. 

Kick:The legs push back and become straight.  This interval is t1 in the terminology 

of section 3. 

Glide: The whole body shapes itself hydrodynamically (elongated, without abrupt 

changes in its cross section perpendicular to the swimming direction), and moves 
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as if rigid while drag dissipates the kinetic energy acquired during t1.  The time to 

glide is called t3. 

 

The three time intervals are available for measuring in several videos of swimming 

frogs.  The measurements reported in Fig. 6.8 are from watching a slow-motion version of 

the video available at121.  The measured rhythm is such that if the total cycle (t2 + t1 + t3) 

has a duration of 7 time units, then 𝑡ଶ ≃ 3 units, 𝑡ଵ ≃ 2 units, and 𝑡ଷ ≃ 2 units.  Important 

are the ratios that these intervals reveal:  

 t1 and t2 have the same scale, and 𝑡ଵ/𝑡ଶ ≃ 2/3 ൏ 1, or 𝑉ଶ/𝑉ଵ ൏ 1.  This ratio is in 

accord with the one-length and two-length analyses of sections 6.3 and 6.4.   

 The motor time interval is t2 + t1.  In the earlier scaling of locomotion82,83 the gliding 

time t3 is the time of ‘falling forward’ against drag (tx in Fig. 6.1).  The earlier 

theory predicted that the motor time (ty) and the gliding time should have the same 

time scale.  This is confirmed by the measurements plotted in Fig. 6.8, where t3/(t2 

+ t1) is of order 1. 

 

 

Figure 6.8: Three time intervals in the frog swimming cycle:  reach, kick, glide. 
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6.6 Breaststroke 

The breaststroke swimmer benefits from the power furnished by two ‘motors’, one 

in front (the arms), and the other at the back (the legs).  Each motor goes through the reach 

& push cycle described in Fig. 6.8 for the single motor of the frog.  The two cycles of the 

arms and the legs are followed by an interval of gliding to dissipate the kinetic energy 

acquired from the motors. 

The time intervals of reach, push and glide are available on many videos of 

swimming lessons for amateurs and athletes.  The measurements summarized in Fig. 6.9 

came from watching the video available at122.  The units of time on the horizontal scale are 

not important, as they depend on speed selected for the slow-motion examination of the 

video.  Important are the relative sizes of the cycles and their internal reach & push 

intervals. 

 

 

Figure 6.9: Three intervals in the breaststroke cycle:  arms cycle, legs cycle, and 

sliding. 

One complete cycle consists of one ‘arms cycle’, followed smoothly by one ‘legs 

cycle’ and then by one glide interval. The complete cycle (motor + sliding) repeats itself 

nearly identically as one watches the video.  For example, a typical complete cycle began 

at time 0 and exhibited these changes: 
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 0: arms begin to push back 

 7: arms stop pushing back and begin to reach forward; 

 legs begin to bend, heels approaching buttocks 

13: legs start to kick back 

16: legs are completely extended; 

 sliding begins 

17: arms stop reaching forward 

26: sliding ends, arms begin to push back, and so on. 

Note that the arms cycle and the legs cycle overlap, and that together they constitute the 

motive interval that started at time 0 and ended at 16.  This sequence of changes is 

illustrated in Fig. 6.9, where we plotted the averages of observations of four nearly identical 

cycles. The dissipative interval started at time 16 and ended at 26. 

Three conclusions follow. First, the time ratio for push/reach during the arms cycle, 

t1/t2, is less than 1, in accord with the theory and with the measurements of rhythm in frog 

swimming.  Second, the same conclusion holds for the push/reach time ratio of the cycle 

executed by the legs.  Third, the total motor interval is of the same order as the sliding 

interval, in accord with the earlier theory of locomotion (Fig. 6.1, section 2).  

 

6.7 Hovering 

Flapping flight (Fig. 6.10) is an opportunity to extend the theory to a science and 

technology that is even wider than its aquatic counterpart. In hovering, the body maintains 

its altitude in two steps, spreading the wings and pushing the air fast downward, and closing 
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the wings and raising them above the torso.  The net work performed during one cycle is 

represented by Wy in Fig. 6.1.  In hovering the flapping is happening in place, which means 

that Lx = 0 and Wx = 0.  

The work done during the first step (t1, downward) must be greater than the work 

done while raising the wings (t2).  The wing (its face area) and downward speed must be 

greater than during the return motion (upward).  Unknown, and potentially useful for 

designs of hovering flight are the rhythm (t1/t2) and the effect of changing the frontal area 

when the wing changes direction. 

The simplest model is sketched in Fig. 6.11, where the frame of reference is 

attached to the body (DB).  This model differs from that of Fig. 6 in three respects:  it has 

three lengths not two, the motion is oriented vertically, and the length of the moving part 

changes from D1 (downward) to D2 (upward).  The three lengths are (DB, D1, D2), where 

DB is the length of the body as a whole ሺ𝑀~𝜌𝐷஻
ଷሻ, and M is the body mass.   

 

 

Figure 6.10: Two time intervals in flapping flight:  closing and raising the wings 

above the torso, and spreading the wings and pushing the air fast downward. 
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Figure 6.11: Model of hovering body with three length scales:  DB, D1 and D2. 

Interesting in a fundamental sense is to predict the effect of changing sizes (D1, D2) 

on the overall performance of the moving body. During downward motion the frontal area 

of the wings (~ 𝐷ଵ
ଶ) is greater than during return motion upward (~ 𝐷ଶ

ଶ).  The drag force, 

flap time, and work done by the wings while moving downward and upward are 

  𝐹ଵ~𝐷ଵ
ଶ ଵ

ଶ
𝜌௔𝑉ଵ

ଶ, 𝑡ଵ~ ஽ಳ
௏భ

, 𝑊ଵ~𝐹ଵ𝐷஻ (6.27) 

 𝐹ଶ~𝐷ଶ
ଶ ଵ

ଶ
𝜌௔𝑉ଶ

ଶ, 𝑡ଶ~ ஽ಳ
௏మ

, 𝑊ଶ~𝐹ଶ𝐷஻ (6.28) 

The air density is ρa, and the length of the vertical stroke is the body scale, DB.  The total 

work done for keeping the body aloft during one cycle (t1 + t2) is 

  𝑊~𝐷஻𝐷ଵ
ଶ ଵ

ଶ
𝜌௔ሺ𝑉ଵ

ଶ െ 𝜀ଶ𝑉ଶ
ଶሻ (6.29) 

where 𝜀 ൌ 𝐷ଶ/𝐷ଵ ൏̰ 1.  The total power spent during one cycle is 

  
ௐ

௧భା௧మ
~𝐷ଵ

ଶ ଵ

ଶ
𝜌௔𝑉ଵ

ଷ ଵିఌ
మ௫

ଵାభ
ೣ

 (6.30) 

where x = V2/V1.  On the right side, the function of x reaches its maximum at the x value 

obtained by solving this implicit equation: 

  𝜀ଶ ൌ ଵି௘షమೣ

ଶ௫య
 (6.31) 

Equation (31) expresses x (or V2/V1) as a function of ε (or D2/D1). Here are three cases: 
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ε, or D2/D1 1/2 3/4 1 

x, or V2/V1 1.222 0.906 0.726 

1 – ε2x2 0.627 0.538 0.473 
  

The significance of the expression (1 – ε2x2), and how to calculate it, is explained next. 

The maximum work available for maintaining the altitude of the body during one 

cycle is found from  Eq. (6.29) by substituting in it the solution obtained for x(ε) by 

solving Eq. (6.31), 

  𝑊௠௔௫~𝐷஻𝐷ଵ
ଶ ଵ

ଶ
𝜌௔𝑉ଵ

ଶሺ1 െ 𝜀ଶ𝑥ଶሻ (6.32) 

𝑊௠௔௫ equals the work required to lift the body back to a height equal to the body length 

scale: 

  𝑊௟௜௙௧~𝜌𝐷஻
ଷ𝑔𝐷஻ (6.33) 

The body density ρ is significantly greater than the air density ρa.  Setting Wmax ~ Wlift, we 

obtain  

  𝑉෨ଵ~ ଵ

ఎ
ቀ ఘ/ఘೌ
ଵିఌమ௫మ

ቁ
ଵ/ଶ

 (6.34) 

where η = D1/DB ൏̰ 1, and 𝑉෨ଵ is the downward wing speed nondimensionalized relative to 

the Galileian speed of free fall to the level DB, 

  𝑉෨ଵ ൌ
௏భ

ሺଶ௚஽ಳሻభ/మ (6.35) 

The effect of the aspect ratio D2/D1 (or ε) on Wmax and 𝑉෨ଵ is represented by the 

group 1 െ 𝜀ଶ𝑥ଶ reported in the above table. As D2/D1 increases, Wmax decreases and 𝑉෨ଵ 
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increases. These variations are minor in the small range covered by D2/D1 for wings, 

meaning that important are the orders of magnitude and trends of these results. 

One extension of the hovering analysis applies to aquatic movement.  Consider the 

two-stroke body change employed by a jellyfish123.  The extended canopy contracts as it 

ejects a part of its water volume.  During the return stroke the canopy contracts and swells 

slowly to minimize the slowdown effect of the drag.  In both strokes the tradeoff is between 

the time scales of pushing (t1) and reaching upward (t2).   

At first sight, the jellyfish cycle looks like Fig. 6.11 and, certainly, the analytical 

treatments will be related.  The difference is that the tendency to maximize the net work 

per cycle in the jellyfish comes from the need to move forward (or upward) as a neutrally 

buoyant body (the body of the jellyfish is 95% water).  In flapping hovering (Fig. 6.11), 

the need is to stay aloft, i.e., to balance the body weight against gravity. 
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7.  Conclusion 

In this research, we explored evolutionary designs across a range of systems, each 

characterized by a distinct set of objectives and constraints. Through a series of theoretical, 

numerical, and computational studies, we demonstrated how design configurations can be 

optimized for improved performance, whether in terms of thermal conductance, 

mechanical strength, heat transfer efficiency, or locomotion dynamics. 

In the second chapter, we showed that the bulk thermal conductivity of composite 

materials can be significantly enhanced by carefully designing the macroscopic 

configuration of the composite. This involves allocating the appropriate volume of matrix 

material to each high-conductivity insert, shaping each elemental volume of the composite, 

and arranging these elemental volumes to fill the larger composite material. The internal 

configuration of inserts plays a crucial role in balancing thermal conductance and 

mechanical strength, with stiffer designs offering lower thermal conductance. As a result, 

we demonstrated that nonuniform distribution of inserts can lead to architectures that 

simultaneously provide greater conductance and stiffness. 

In the third chapter, numerical simulations validated the theoretical predictions 

regarding the optimal step change in the size of flow passages in dendritic heat exchangers. 

The simulations confirmed that the step ratios for orifices and channels were consistently 

close to the theoretical values, despite the potential influence of various variables and 

numerical accuracy. This alignment between theory and simulation underlines the 

reliability of the proposed design principles for optimizing flow configurations in heat 

exchangers. 
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The fourth chapter introduced a new direction in the design of high-density heat 

transfer systems by simultaneously varying the fin and flow channel aspect ratios. By 

studying multiple degrees of freedom in the design process, we demonstrated that it is 

possible to predict the overall heat transfer rate and the required pumping power for a given 

system. The analysis highlighted the benefits of optimizing the solid fraction and other 

design parameters to enhance both heat transfer and pumping power performance. Future 

advances in this area could involve more precise numerical methods and realistic models 

to further refine the design process. 

In the fifth chapter, we examined the fundamental behavior of periodic in-and-out 

flow through a single opening, with the goal of refreshing the air in an enclosure. Our study 

revealed that optimal air exchange rates and minimal power expenditure can be achieved 

by carefully selecting the rhythm of the inflow and outflow processes. Numerical 

simulations validated the theoretical insights, particularly the S-curve behavior of air 

mixing in the enclosure. The findings have practical implications for designing efficient 

air cleaning, heating, and cooling systems, as well as other applications involving 

alternating flow. 

Finally, in the sixth chapter, we explored how freedom to change the rhythm of 

movement enables a body to evolve toward greater power efficiency and speed. By treating 

rhythm as an unknown variable rather than a given constraint, we opened up new 

possibilities for optimizing movement in natural and engineered systems. The ability to 

change configuration, rhythm, and other performance parameters is a key factor in 

achieving optimal flow systems. This insight was demonstrated quantitatively through 
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comparisons of different models, with implications for competitive swimming and other 

forms of locomotion. 

Together, these studies illustrate the power of evolutionary design principles in 

maximizing the performance of a wide range of systems, from composite materials and 

heat exchangers to ventilation systems and locomotion dynamics. The findings offer a 

strong foundation for future research and innovation in these and related fields. 
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