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Abstract

This dissertation makes contributions to two rapidly developing fields: quantum

information theory and machine learning. It has recently been demonstrated that

reinforcement learning is an effective tool for a wide variety of tasks in quantum

information theory, ranging from quantum error correction to quantum control to

preparation of entangled states. In this work, we demonstrate that reinforcement

learning is additionally highly effective for the task of multiple quantum hypothesis

testing.

Quantum hypothesis testing consists of finding the quantum measurement which

allows one to discriminate with minimal error between m possible states tρku|
m
k“1

of a quantum system with corresponding prior probabilities pk “ Prrρ “ ρks. In

the general case, although semi-definite programming offers a way to numerically

approximate the optimal solution [EMV03], a closed-form analytical solution for the

optimal measurement is not known.

Additionally, when the quantum system is large and consists of many subsystems,

the optimal measurement may be experimentally difficult to implement. In this

work, we provide a comprehensive study of locally adaptive approaches to quantum

hypothesis testing where only a single subsystem is measured at a time and the

order and types of measurements implemented may depend on previous measurement

results. Thus, these locally adaptive protocols present an experimentally feasible

approach to quantum state discrimination.
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We begin with the case of binary hypothesis testing (where m “ 2), and gen-

eralize previous work by Acin et al. (Phys. Rev. A 71, 032338) to show that a

simple Bayesian-updating scheme can optimally distinguish between any pair of ar-

bitrary pure, tensor product quantum states. We then demonstrate that this same

Bayesian-updating scheme has poor asymptotic behaviour when the candidate states

are not pure, and based on this we introduce a modified scheme with strictly better

performance. Finally, a dynamic programming (DP) approach is used to find the

optimal local protocol for binary state discrimination and numerical simulations are

run for both qubit and qutrit subsystems.

Based on these results, we then turn to the more general case of multiple hypoth-

esis testing where there may be several candidate states. Given that the dynamic-

programming approach has a high complexity when there are a large number of

subsystems, we turn to reinforcement learning methods to learn adaptive protocols

for even larger systems. Our numerical results support the claim that reinforcement

learning with neural networks (RLNN) is able to successfully find the optimal locally

adaptive approach for up to 20 subsystems. We additionally find the optimal collec-

tive measurement through semidefinite programming techniques, and demonstrate

that the RLNN approach meets or comes close to the optimal collective measurement

in every random trial.

Next, we focus on quantum information theory and provide an operational in-

terpretation for the entropy of a channel. This task is motivated by the central

role of entropy across several areas of physics and science. We use games of chance

as a more systematic and unifying approach to define entropy, as a system’s per-

formance in any game of chance depends solely on the uncertainty of the output.

We construct families of games which result in a pre-order on channels and provide

an operational interpretation for all pre-orders (corresponding to majorization, con-

ditional majorization, and channel majorization respectively), and this defines the
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unique asymptotically continuous entropy function for classical channels.

vi



Contents

Abstract iv

List of Figures x

Acknowledgements xiii

1 Introduction 1

2 Brief Overview of Quantum Information Theory 8

2.1 Dirac Notation and Wavefunctions . . . . . . . . . . . . . . . . . . . 8

2.2 Density Matrices and Measurements . . . . . . . . . . . . . . . . . . 9

2.3 Tensor Product States and Local Operations . . . . . . . . . . . . . . 10

2.4 Quantum Channels and Superchannels . . . . . . . . . . . . . . . . . 12

2.5 Entropy for Classical and Quantum States . . . . . . . . . . . . . . . 14

3 Locally Greedy Protocols for Binary Quantum State Discrimina-
tion 16

3.1 Quantum State Discrimination . . . . . . . . . . . . . . . . . . . . . . 16

3.2 Notation and Structure . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.3 Locally Greedy Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 20

3.3.1 Modified Locally Greedy (MLG) algorithm . . . . . . . . . . . 28

4 Dynamic Programming-Based Locally Adaptive Protocols 33

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2 Order-Optimized Locally Greedy Algorithm . . . . . . . . . . . . . . 34

vii



4.2.1 Ordering and Grouping . . . . . . . . . . . . . . . . . . . . . . 38

4.3 Measurement- and Order-Optimized DYnamic (MOODY) Algorithm 40

4.3.1 Results for Qubits and Qutrits . . . . . . . . . . . . . . . . . . 42

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5 Reinforcement Learning for Quantum Hypothesis Testing 49

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.2 Reinforcement Learning . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.3 Details of Implementation . . . . . . . . . . . . . . . . . . . . . . . . 53

5.4 Numerical Results for RLNN Performance . . . . . . . . . . . . . . . 54

5.5 Comparison to SDP-based Locally Adaptive Strategies . . . . . . . . 56

5.6 Pure State Discrimination . . . . . . . . . . . . . . . . . . . . . . . . 58

5.7 Gap between Locally Optimal Algorithm and Collective Measurement 63

5.8 Performance for a Large Number of Subsystems . . . . . . . . . . . . 64

5.9 Robustness under noise . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.10 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

6 Quantifying Uncertainty Through Games of Chance 70

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

6.2 Dice Games and Majorisation . . . . . . . . . . . . . . . . . . . . . . 73

6.3 Conditional Majorization: Games with a correlated source. . . . . . 75

6.4 Channel Majorization: Games with a classical channel. . . . . . . . . 78

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

7 Entropy of a Channel 86

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7.2 Channel Entropy Definition and Properties . . . . . . . . . . . . . . . 87

viii



7.3 Uniqueness of Entropy Function . . . . . . . . . . . . . . . . . . . . . 92

7.4 Operational Interpretation of Dynamical Monotones . . . . . . . . . . 94

7.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

8 Conclusions 97

Bibliography 119

ix



List of Figures

3.1 Performance of locally greedy method for varying depolarizing param-
eters, as a function of number of copies . . . . . . . . . . . . . . . . . 24

3.2 Performance of MLG for varying depolarizing parameters, as a func-
tion of number of copies . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.1 Performance of locally algorithm with distinct subsystems for varying
depolarizing parameters . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.2 Performance of locally algorithm with identical copies versus distinct
subsystems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.3 Success probability as a function of identical subsystems simultane-
ously measured . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.4 Success probability as a function of distinct subsystems simultaneously
measured . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.5 Success probability as function of subsystems measured for fixed de-
polarizing parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.6 Success probability for best versus worst ordering as a function of
depolarizing parameter . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.7 Best versus worst ordering performance as a function of depolarizing
parameter for varying number of subsystems . . . . . . . . . . . . . . 44

4.8 Performance of best and worst ordering for both binary and ternary
projective measurements . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.9 Relative performance of best and worst ordering for both binary and
ternary projective measurements . . . . . . . . . . . . . . . . . . . . . 48

5.1 Performance of tuned network versus the collective Helstrom (SDP)
measurement. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

x



5.2 Performance of network before tuning versus the collective Helstrom
measurement. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.3 Neural network configuration . . . . . . . . . . . . . . . . . . . . . . 54

5.4 RLNN versus optimal collective measurement for binary pure states . 55

5.5 RLNN training error for binary pure states when m “ 3 . . . . . . . . 55

5.6 RLNN performance for special state set . . . . . . . . . . . . . . . . . 57

5.7 RLNN versus SDP-based local algorithm for pure states . . . . . . . . 58

5.8 RLNN versus SDP-based local algorithm for mixed states . . . . . . . 58

5.9 Optimal locally adaptive protocol for double trine . . . . . . . . . . . 60

5.10 RLNN versus SDP performance when m “ 2 and n “ 3 . . . . . . . . 64

5.11 RLNN versus SDP performance when m “ 3 and n “ 3 . . . . . . . . 64

5.12 Success probability for m “ 2, n “ 10 where all candidate states are
pure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.13 Success probability for m “ 2, n “ 20 where all candidate states are
pure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.14 10 trials with m “ 3, n “ 5. . . . . . . . . . . . . . . . . . . . . . . . 66

5.15 Difference between RLNN reward and SDP success probability as a
function of training iteration. . . . . . . . . . . . . . . . . . . . . . . 66

5.16 Training curves for five independent trials where n “ 10, n “ 20, and
one trial of n “ 50. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.17 Gap in success probability as a function of rotation parameter θ for
five trials where m “ n “ 3. . . . . . . . . . . . . . . . . . . . . . . . 68

6.1 Classical gambling game with a correlated source. . . . . . . . . . . . 75

6.2 Action of conditional random relabeling map on a correlated source. . 77

6.3 Classical gambling game with a channel. . . . . . . . . . . . . . . . . 79

6.4 The simulation of M with N in the case that M À N . . . . . . . . . . . 84

7.1 General classical superchannel. . . . . . . . . . . . . . . . . . . . . . . 90

7.2 Restructuring a general uniformity preserving superchannel. . . . . . 91

xi



1 Comparison of success probability for varying γ with distinct subsys-
tems, as a function of the number of available systems, N . . . . . . . 108

2 Comparison of success probability as a function of the number of avail-
able systems, N , for depolarizing parameter γ “ 0.3. . . . . . . . . . 108

xii



Acknowledgements

One of the best parts of completing a PhD thesis is the opportunity to finally express

gratitude towards the many people who have been so helpful along the way.

I am extremely grateful for the opportunity to work in Dr. Henry Pfister’s research

group. I don’t think it would have been possible to ask for a better academic advisor.

I am also grateful to Dr. Robert Calderbank for his support and for agreeing to co-

supervise my research.

Likewise, I am grateful to the rest of the Pfister group and those in Gross Hall,

especially Kevin Stubbs, Narayanan Rengaswamy, and Mengke Lian. Mengke’s ex-

tensive knowledge of computer programming and willingness to share that knowledge

was invaluable for starting the work done in this thesis. I am grateful to Narayanan

for his contribution to our research projects, as well as for being such an excellent

teacher in general. I appreciated the opportunity to work with Kevin, and am grate-

ful for his contributions to both works on quantum hypothesis testing. Finally, I am

grateful to James Leung for helpful physics discussions and for teaching me more

about the experimental side of quantum information.

I also am grateful to the Eisenstein group at Caltech for helping me find a start

in physics, and to the Vedral group at the National University of Singapore (NUS)

for first introducing me to quantum information theory. As a beginning researcher,

it was Dr. Johannes Pollanen, Dr. Michele Dall’Arno, and Dr. Francesco Buscemi

who first taught me how to approach research. Over the past year, it has also

xiii



been a privilege to collaborate with the University of Calgary. I appreciate the

time investment that Dr. Gilad Gour and Dr. Carlo Maria Scandolo have made

in explaining their research projects, and have greatly enjoyed collaborating with

Isabelle Jianing Geng on the channel entropy work.

Finally, I am grateful to Grants No. 1908730 and 1910571 from the National

Science Foundation (NSF) which financially supported this work.

Aside from physics, I am grateful to have become acquainted with many other

wonderful people- Sehaj, Xiaoqing, Zehui, Meimei, Erin, Faye, Dave, and many

others. Above all, I am deeply grateful to my family, my spouse Ruijie, and my

toddler Johann. Watching Johann grow from a frail preemie to a happy and healthy

toddler has been the greatest source of joy during my time at Duke.

xiv



1

Introduction

Quantum information theory and reinforcement learning are both rapidly advancing

fields with enormous potential. The development of a working quantum computer

would revolutionize computing and offer speedups in areas ranging from cryptogra-

phy to quantum search and solving linear equations. Likewise, the ability of machine

learning algorithms to independently learn and adapt from any dataset has applica-

tions ranging from self-driving cars to fraud detection. At the intersection of these

two fields, machine learning can be applied to problems in quantum information the-

ory to find flexible and effective quantum protocols.

Quantum information theory has progressed at a dizzying rate over the past few

decades. In the 1970s, Richard Feynman famously suggested that quantum physics

would be best simulated with quantum computers [Tra12]. Since Feynman’s original

suggestion, it has become clear that quantum properties such as superposition and

entanglement offer unique computational advantages. Perhaps the most famous ex-

ample of a likely quantum advantage lies in the field of cryptography. Most modern

cryptographic systems are based on integer factorization, as there is no currently
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known protocol which would allow ordinary computers to factor the product of two

sufficiently large prime numbers. On the other hand, Shor’s algorithm [Sho94] would

allow a quantum computer to efficiently find the factors and thus break most modern

cryptographic systems. As a more recent example, in 2019 Google used 54 qubits

to complete a series of operations in the span of 200 seconds. At the time Google

believed that it would take a classical supercomputer 10,000 years to complete the

same operations, though this estimate was subsequently reduced to 2.5 days by IBM.

A general introduction to quantum information theory as well as a summary of mul-

tiple key results in the field can be found in [NC11a].

Current state-of-the-art experiments include superconducting quantum computers

and trapped ion quantum computers. In trapped ion quantum computers, ions are

suspended via electromagnetic fields and the electronic state of each ion corresponds

to a qubit (quantum bit), and quantum operations are completed through coupling

induced by lasers. Such trapped ion quantum computers have demonstrated signifi-

cant success, including the ability to successfully entangle up to 20 qubits at a time.

One of the largest quantum simulations performed thus far utilized 53 trapped ion

qubits to simulate the properties of many body magnetic interactions. [ZPH`17]

Despite these remarkable advances, some limitations still exist. For example, IonQ, a

state-of-the-art quantum computer, can perform single-qubit gates on 79 qubits and

two qubit gates on arbitrary pairs of qubits for chains of up to 11 qubits. Thus, one

key barrier to implementing arbitrary quantum algorithms is the difficulty in imple-

menting gates involving more than two qubits. Instead, algorithms involving multi-

qubit operations become experimentally feasible when they can be implemented as

a short sequence of one- and two-qubit quantum operations.
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Quantum hypothesis testing is a key task in quantum information which is affected

by limitations on multi-qubit gates. In quantum hypothesis testing, a system is in a

state represented by the density matrix ρ. This must belong to one of m candidate

states tρju|
m
j“1 with probabilities tpj “ Prpρ “ ρjqu. The state of a quantum system

cannot be observed directly– instead, quantum measurements are used to extract in-

formation about a system. Thus, the task of quantum hypothesis testing amounts to

finding the quantum measurement which allows one to guess the state of the system

with the smallest probability of error. A literature review of key results in quantum

hypothesis testing can be found in [BC09].

Quantum hypothesis testing has multiple applications, including discriminating be-

tween coherent quantum states and decoding codewords that have been sent through

a known, noisy quantum channel. Despite the central nature of this task, the optimal

measurement generally requires simultaneous operations on all qubits in the system.

Thus, if the system is sufficiently large, implementing the optimal measurement will

generally be experimentally infeasible. The goal of this thesis is then to implement

optimal or almost-optimal quantum hypothesis testing algorithms in a locally adap-

tive way. In the locally adaptive algorithms that we consider, each step consists of a

single-qubit measurement, with subsequent steps depending on measurement results

from previous rounds. Thus, such a locally adaptive measurement scheme is experi-

mentally feasible.

We begin by investigating several locally adaptive schemes in the case of binary

state discrimination, including various locally greedy measurement schemes and a

more general dynamic-programming based locally adaptive protocol. The latter pro-

tocol finds the optimal locally adaptive measurement sequence (and order) for state

discrimination. Despite its optimality, dynamic programming computationally ex-
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pensive. Hence, we turn to reinforcement learning to approach general quantum

hypothesis testing on larger systems.

Reinforcement learning algorithms consist of training an agent to make a sequence

of decisions to optimize a future reward [SB18]. More specifically, a reinforcement

learning agent controls a policy π where πpa, sq is the probability of choosing action

a given that the system is in state s. In each round, the agent starts in state s and

chooses action a. The agent then receives a reward from the environment, as well as

information about the updated state s1 of the system. Through repeated training,

the agent aims to learn the best choice of a for each state s, thus reaching the optimal

policy π˚ which maximizes expected reward.

The use of reinforcement learning is further motivated by its remarkable success

across multiple different applications. Perhaps the most famous example occurred in

2016, when the reinforcement-based computer program AlphaGo beat 9-dan profes-

sional Go player Lee Sedol in a five game match [BBC16]. The ability of an computer

program to beat world-class professionals was a landmark for artificial intelligence.

Reinforcement learning has additionally been utilised in a diverse range of tasks,

from creating preliminary models of self-driving cars [KHJ`18] to developing novel

approaches to medical imaging [MKHV18]. Finally, reinforcement learning has been

successfully applied to certain tasks in quantum error correction.

The final portion of this thesis focuses on characterising entropy in physical sys-

tems. Entropy is a crucial quantity in multiple different areas of science, from

physics to statistics to chemistry. This is also evident in the multiple different def-

initions of entropy: von Neumann entropy [BZ], Renyi entropy [Ren60], Shannon

entropy [Sha48], Boltzmann entropy [Jay65], entropy of mixing [Pri67], and so on.
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Despite the very different interpretation of each entropy, each function shares one

key trait in common– namely, all entropies are measurements of uncertainty. Thus,

the key task finding the entropy of physical systems amounts to characterising their

uncertainty.

The second law of thermodynamics motivates the importance of thermodynamic

entropy, stating that the total entropy of any isolated thermodynamic system is

nondecreasing over time. Thus, entropy provides a way to rule out impossible ther-

modynamic physical processes (namely, processes that would decrease disorder), and

provides understanding of the direction of spontaneous change in a physical sys-

tem [Mac92]. Similar interpretations exist for other forms of entropy.

We introduce a unifying approach for characterising the entropy of a given phys-

ical system. In this approach, games of chance are used to quantify the uncertainty

of a given system. Such games of chance– also known as gambling games– are ideal

for measuring uncertainty, as the probability of winning a gambling game with a

given system depends only on the certainty of the system’s output. Therefore, if

system A outperforms system B for all reasonable games of chance, then system B

has at least as much entropy as system A.

Although the entropy of classical and quantum states is known to be the Shan-

non and Von Neumann entropy respectively, the entropy of classical and quantum

channels remain unknown. The entropy of a channel additionally has a special im-

portance given the key role of channels in information theory– channels are one of

the most general physical processes, as any physical mapping of an input state to

an output state can be represented as a channel. We therefore apply our framework

to find the unique, asymptotically continuous entropy of a channel and provide an

5



operational interpretation for this result.

Structure and Contributions

The remainder of this thesis is structured as follows:

1. Chapter 2: Introduces notation and key concepts in quantum mechanics and

information theory

2. Chapter 3: Introduces quantum hypothesis testing and discusses locally greedy

algorithms for binary state discrimination. One key result is that locally greedy

algorithms are fully optimal when both candidate states are pure.

3. Chapter 4: Extends Chapter 3 and discusses dynamic programming-based lo-

cally adaptive protocols for binary state discrimination.

4. Chapter 5: Introduces a reinforcement-learning based algorithm for locally

adaptive state discrimination in the general case (that is, when there may be

multiple different candidate states.) Numerical simulations are provided com-

paring the reinforcement based algorithm with an optimal (non-local) measure-

ment.

5. Chapter 6: Introduces families games of chance and finds pre-orders of channels

based on games of chance. Operational interpretations are provided for each

pre-order.

6. Chapter 7: Based on the pre-orders found in chapter 6, the minimum output

entropy [Sho04] is found to be the unique asymptotically continuous entropy

function. Additionally, connections to quantum dynamical resource theory are

discussed.

7. Chapter 8: Conclusions
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2

Brief Overview of Quantum Information Theory

2.1 Dirac Notation and Wavefunctions

In order to represent the state of a quantum mechanical system, we first introduce

Dirac notation. In this notation, vectors are represented as kets belonging to a

Hilbert space H and are denoted as |ψy P H. Physically, kets represent a pure state

of some quantum system. Likewise, bras are denoted as xψ| and belong to the dual

space of kets such that:

|ψy fi

¨

˚

˚

˚

˚

˝

ψ1

ψ2

...

...
ψn

˛

‹

‹

‹

‹

‚

ùñ xψ| “
`

ψ˚1 ψ˚2 .. .. ψ˚n
˘

which can be equivalently represented as:

p|ψyq: “ xψ| and pxψ|q: “ |ψy

where : represents the conjugate transpose operation.

One can then define the inner product of ket |ψy with bra xφ| as:

xφ |ψy “
ÿ

j

φ˚jψj

8



and the outer product |ψy xφ| is defined via standard matrix multiplication rules. A

wavefunction is defined to be normalised if the inner product of the wavefunction

with itself is one- that is, |ψy is normalised if xψ |ψy “ 1.

A complete orthonormal basis for a d-dimensional system is then a set of vectors

t|iyu|di“1 such that

xi |jy “ δi,j @i, j P t1, 2, ..., du

From the above, it follows that any normalised wavefunction in d-dimensions can be

expressed as:

|ψy fi
d
ÿ

j“1

αj |jy s.t.
d
ÿ

j“1

|αj|
2
“ 1

Two-dimensional systems have a special place in quantum mechanics and quantum

information theory, and are denoted as qubits (quantum bits).

|ψy “ α |0y ` β |1y

where β “
?

1´ α2.

2.2 Density Matrices and Measurements

We can now introduce the concepts of mixed states. A quantum system with a

mixed state cannot be described by a single pure state, but rather by a probabilistic

ensemble of pure states. Given that the ensemble of quantum states is t|φxyux and

the corresponding probabilities are tpxu, the mixed state may then be represented

as a density matrix ρ:

ρ fi
d
ÿ

j“1

pj |φjy xφj|

Given that the probabilities must sum up to 1, it follows that Trrρs “ 1. Likewise,

ρ is positive semidefinite and Hermitian such that ρ “ ρ:.
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We denote the set of density matrices compatible with system A as DpAq or equiva-

lently as DpHAq where HA represents the Hilbert space corresponding to system A.

Information about a quantum state can be extracted through quantum measure-

ment. Quantum measurements are given the name of POVM (Positive Operator

Valued Measurements), such that a POVM Π̂ is a collection of measurement elements

tΠju|
n
j“1. Additionally, such measurement elements must satisfy the constraints:

Πj ě 0 @j

n
ÿ

j“1

Πj “ I

where the last condition ensures that the probability of achieving some measurement

result is 1. Given that measurement Π̂ is implemented on a system in state ρ, the

probability of obtaining outcome j is given by:

pj “ TrrΠjρs

One unique feature of quantum mechanics is that measurement disturbs the system.

In other words, the state after measurement will depend on the measurement re-

sult. In the case of a projective measurement where Π2
j “ Πj for all j, then the

postmeasurement state given outcome j is observed is defined as:

ρpjq fi
ΠjρΠj

TrrΠjρs

In this thesis, we assume that all measurements are projective unless explicitly stated

otherwise.

2.3 Tensor Product States and Local Operations

Suppose that a quantum system contains n subsystems.

10



One special class of quantum states is tensor product states. Consider a simple

bipartite system containing system A and system B. If system A has density matrix

ρA and system B has density matrix ρB, then the the joint system AB has the state

ρAB fi ρA b ρB

The above state belongs to the class of tensor product quantum states (TPQS).

In general, the combined state of a n-subsystems is a tensor product if it can be

represented as

ρ “
n
â

j“1

ρj

where for all j, then ρj is the state of the jth subsystem.

Note that not all density matrices can be written as tensor product states. For

example, entangled states involve interactions between subsystems and therefore do

not belong to the set of TPQS. One simple entangled state for a two-qubit system

would be:

ρent “
1

2

´

|00y ` |11y
¯´

x00| ` x11|
¯

and there are no qubit density matrices, ρA, ρB, such that ρent “ ρA b ρB.

Finally, we discuss the implementation of local measurements on a tensor product

quantum state. In a local measurement, only one subsystem is measured while the

remaining subsystems are acted on trivially. Let Π̂ “ tΠ1, ...,Πd1u be a quantum

measurement acting on system j. This measurement can be extended to the full

system by transforming each measurement element as:

Π Ñ Ip1q b ...b Ipj´1q
b Πpjq b Ipj`1q

b ...b Ipnq

where Ipkq is the identity matrix acting on the kth subsystem. Equivalently, a local

operation on subsystem j is equivalent to a joint operation where all other subsys-

tems are acted on trivially with the identity.

11



Then the probability of obtaining outcome k when implementing a local projective

measurement Π̂ on subsystem j of a TPQS ρ is:

Prpout “ kq “ Tr

«

´

Ip1q b ...b Ipj´1q
b Πpjq b Ipj`1q

b ...b Ipnq
¯´

ρ1 b ...ρn

¯

ff

“

´

j´1
ź

i“1

Trrρis
¯

TrrΠkρjs
´

n
ź

i“j`1

Trrρis
¯

“ TrrΠkρjs

and the post-measurement state given measurement outcome k is then:

ρpkq fi
j´1
â

`“1

ρ` b
ΠjρΠj

TrrΠjρs
b

n
â

`“j`1

ρj

Thus, a local measurement on a TPQS only changes one subsystem and leaves

all others unaffected.

2.4 Quantum Channels and Superchannels

A quantum channel is a completely positive, trace preserving map that takes a quan-

tum state as an input and outputs another quantum state. Thus, if quantum channel

N takes as input density matrices in system A and outputs density matrices in sys-

tem B, then N belongs to the set of completely positive trace preserving maps from

A to B which we denote as CPTPpA Ñ Bq.

We now introduce a few important types of channels: the family of depolarising

channels, classical channels, the identity channel, unitary channels, and the family

of replacement channels.

The identity channel which acts on system A, denoted as IA P CPTPpA Ñ Aq,
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preserves the input state and so is defined as:

IApρq fi ρ @ρ P DpAq

The family of depolarising channels is determined by a noise parameter γ which

corresponds to a uniform noise distribution. Then Dγ P CPTPpA Ñ Aq is defined

as:

Dγpρq fi p1´ γqρ` γ
I|A|
|A|

@ρ P DpAq

Unitary channels are determined by a unitary operator U which satisfies UU : “

U :U “ I where : denotes the Hermitian conjugate. Such channels are typically

represented as U P CPTPpA Ñ Aq where

Upρq fi UρU : @ρ P DpAq

Classical channels are those which take diagonal inputs to diagonal outputs. That

is, if N P CPTPpA Ñ Bq is a classical channel, then there exists an orthonormal

basis t|xyu of system A and t|yyu for system B such that

N p|xy xx|q fi
ÿ

py|x |yy xy| @x

Replacement channels, also known as discarding channels, throw away the input

state and prepare a fixed output state. A replacement channel Rσ P CPTPpA Ñ Bq

is thus defined as:

Rσpρq fi σ @ρ P DpAq

evidently when A is trivial, this is equivalent to a state preparation device.

Finally, we introduce superchannels. While channels map quantum states to quan-

tum states, superchannels map quantum channels to quantum channels. The set of

superchannels which takes as an input a channel in CPTPpA Ñ Bq and outputs a
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channel in CPTPpA1 Ñ B1q may be denoted as CPTPspAB Ñ A’B’q. Such super-

channels are typically denoted as ΘABÑA’B’. Additionally, in the remainder of this

work we will interchangeably write N P CPTPpA Ñ Bq and NAÑB.

Additionally, a superchannel ΘABÑA’B’ is called uniformity preserving if:

ΘABÑA’B’
pRAÑB

q “ RA1ÑB1

where R “ Dγ“1 is the completely randomising (equivalently, completely depolaris-

ing) channel.

2.5 Entropy for Classical and Quantum States

In this section we briefly overview key entropy measures. The entropy (or uncer-

tainty) of a density matrix can be found via the von Neumann entropy, which is

defined as

HVNpρq fi ´Trrρ logpρqs

In the case where ρ is a classical state, such that it is diagonal and its diagonal

entries represent a probability distribution tpxu|x, the above entropy reduces to the

Shannon entropy:

HSppq fi ´
ÿ

x

pxlog2ppxq

Finally, the relative entropy of a quantum state ρ and a positive semidefinite operator

σ is defined as:

Dpρ
ˇ

ˇ

ˇ

ˇσq fi Trrρ
`

logpρq ´ logpσq
˘

s
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In the case where both ρ and σ are classical states which can be represented by

probability distributions p and q respectively, the above reduces to the Kullback-

Leibler divergence:

DKLpp
ˇ

ˇ

ˇ

ˇqq fi
ÿ

x

pxlog
`px
qx

˘
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3

Locally Greedy Protocols for Binary Quantum
State Discrimination

Portions of this chapter are adapted from [BLS`19]. Statement on collaborative

work: This work is done in collaboration with Mengke Lian, Kevin D Stubbs,

Narayanan Rengaswamy, and Dr. Henry Pfister. I found the main analytical results

and wrote the final manuscript. Mengke Lian improved the computer algorithms

used and generated several of the numerical results. Kevin Stubbs and Narayanan

Rengaswamy provided useful feedback for many ideas on this project, reviewed and

edited the final manuscript, and contributed to analytical results for the modified

locally greedy algorithm. Dr. Pfister oversaw the project.

3.1 Quantum State Discrimination

Measurement lies at the heart of quantum mechanics. Since the exact state of a quan-

tum system cannot be directly observed, measurements are the means of extracting

information from quantum systems. However, due to the inherent uncertainty in

quantum systems, it is impossible to design a quantum measurement capable of
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perfectly discriminating between two non-orthogonal quantum states [NC11b].

Quantum state discrimination is the task of finding the optimal measurement

for distinguishing between a set of quantum states. Consider a quantum system

whose actual state is ρ, where ρ can take on values from the set of candidate states

tρ1, ..., ρmu with corresponding prior probability vector q “ tq1, ..., qmu. This prior

probability vector is defined such that Prpρ “ ρjq “ qj for every j P t1, ...,mu. Then

the measurement Π̂ “
 

Πj

(
ˇ

ˇ

m

j“1
will yield the success probability

Psucc

`

tρju,q, Π̂
˘

“
ÿ

j

qjTrrΠjρjs

The aim of minimal-error quantum state discrimination is then to find the measure-

ment Π̂ which maximizes the probability of success. In the special case of binary

quantum state discrimination, there are exactly two candidate states and the state

set can be represented as tρ`, ρ´u and with a scalar prior Prpρ “ ρ`q “ q (since

Prpρ “ ρ´q “ 1´ q). In this case, the optimal (Helstrom) measurement [Hel69] has

the simple description

Π fi
ÿ

|vyPV

|vy xv| , where V fi

!

|vy
ˇ

ˇ

ˇ
Dλ ě 0, pp1´ qqρ´ ´ qρ`q |vy “ λ |vyu, (3.1)

However, for composite quantum systems composed of several subsystems, the

Helstrom measurement is often impractical to implement experimentally because it

requires simultaneously measuring all subsystems. This creates a need for experimen-

tally feasible state discrimination protocols. We thus aim to achieve or approximate

the Helstrom success probability via locally adaptive protocols where only a single

subsystem is measured in each round and where each measurement may depend on

previous measurement results.

The simplest strategy, a näıve “majority vote”, has been shown to have probability of

error which approaches zero exponentially fast in N [ABB`05, HDB`11]. Previous

algebraic results [VSPM01] demonstrated that locally adaptive protocols are optimal
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for pure binary state discrimination. However, a simple description of how to im-

plement the optimal protocol was not discovered until a subsequent work [ABB`05]

demonstrated that a greedy adaptive strategy involving Bayesian updates of the prior

after each measurement result is optimal in the special case where all subsystems are

pure states and identical copies.

In this approach, after each measurement one updates the prior probability using

Bayes’ theorem. Then in the jth round, a greedy measurement is implemented on

subsystem j based on the updated prior (where a greedy measurement is a measure-

ment that would be optimal if j were the last subsystem.)

In this chapter, we generalize previous works and consider the problem of dis-

crimination between two general tensor product states with subsystems of arbitrary

dimension and where the subsystems are in general distinct. More specifically, we

suppose that we are given either ρ` or ρ´ with prior probability q and 1 ´ q re-

spectively, where ρ˘ “ ρ̂
p1q
˘ b ¨ ¨ ¨ b ρ̂

pNq
˘ and ρ̂

pjq
˘ is potentially different for each

j P t1, ¨ ¨ ¨ , Nu.

We extend the result [ABB`05] and prove that if all of the systems are pure

states then the order of measurement does not matter and a Bayesian update-based

fixed measurement strategy is optimal. In the case where the states are not pure, we

prove that the performance is not only suboptimal, but additionally plateaus as the

number of subsystems increases. A similar phenomena was observed and discussed

in [FBC19], where it was demonstrated that for the case of noisy qubit copies the error

rate of the standard locally greedy strategy is nonzero even in the limit of infinite

copies.1 We then introduce a new modified locally greedy algorithm that exhibits

asymptotically optimal performance as the number of subsystems approaches infinity.

1 Our results were found independently of those in [FBC19]. We presented our results at TQC
on 5 June, 2019; and their arXiv paper was released around the same time on 26 June, 2019. Our
arXiv paper was released in December, 2019 after collecting additional results related to dyanmical
programming.
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We additionally conjecture that this algorithm is optimal or near-optimal for the case

where there are a finite number of subsystems corresponding to identical copies of

depolarized states.

3.2 Notation and Structure

Following the same notation as above, ρ is the random variable representing the given

state, so that either ρ “ ρ` “ ρ
p1q
` b ¨ ¨ ¨ b ρ

pNq
` or ρ “ ρ´ “ ρ

p1q
´ b ¨ ¨ ¨ b ρ

pNq
´ , and we

refer to N as the number of subsystems. Each ρ
pjq
˘ is in general any density matrix

of finite dimensions, but we will only consider qubits and qutrits in this paper. The

prior probability that the given state is ρ` is denoted by q fi Prρ “ ρ`s. The number

of subsystems measured jointly in each round is denoted by m P t1, . . . , Nu, where

m divides N , and m “ 1 unless otherwise mentioned. The permutation σ P SN ,

where SN is the symmetric group on N elements, is unknown at the beginning

of the protocol, and is defined progressively in each round (index by index) when

the algorithm determines the next subsystem to measure (assuming no grouping of

subsystems, i.e., m “ 1). At round j P t1, . . . , Nu, we determine the next subsystem

σpjq and the action aσpjq P A on it by optimizing a cost function, then execute

the action and obtain a result dσpjq P D. Here A is a generic action set which is

specified by the type of measurements in any specific scheme, and D is the space

containing possible outcomes for the chosen action set. For example, if A contains

projective measurements on qubits, then D “ t˘1u. For a natural number n, define

rns fi t1, . . . , nu. Then at round j, the past actions and results are recorded into the

vectors aσ
rj´1s “ paσp1q, . . . , aσpj´1qq and dσ

rj´1s “ pdσp1q, . . . , dσpj´1qq respectively.
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3.3 Locally Greedy Algorithm

We first describe a simple locally greedy algorithm, which was labeled the “locally

optimal locally adaptive” algorithm in [HDB`11]. For m “ 1, at each round j P rN s,

the algorithm updates the probability that the given state is ρ` based on results of

past measurements. The algorithm does not consider any non-trivial ordering of the

N subsystems, so σpjq “ j for all j P rN s. Once the prior is updated at round j,

it performs the Helstrom measurement on the subsystem j according to the given

ρ
pjq
˘ and this updated prior. In order to formally describe this process and later

generalize it to the dynamic programming-based algorithm in the next section, we

begin by defining the credulity at round j for a non-trivial permutation σ on the N

subsystems.

Definition 1. The credulity Cσ
j pq, a

σ
rjs,d

σ
rjsq is defined as the probability that ρ “ ρ`

given that the starting prior is q, that the first j rounds of measurement were executed

with ordering σ and actions aσ
rjs, and that the results are dσ

rjs. Therefore,

Cσ
j pq, a

σ
rjs,d

σ
rjsq fi P

ˆ

ρ “ ρ`

ˇ

ˇ

ˇ

ˇ

prior “ q, actions “ aσrjs, results “ dσrjs

˙

. (3.2)

We define the prior as the credulity when j “ 0, namely Cσ
0 pqq fi q.

Then the credulity can be computed using past actions and results as

Cσj pq,a
σ
rjs,d

σ
rjsq “

P
ˆ

ρ`, dσpjq

ˇ

ˇ

ˇ

ˇ

q,aσ
rjs,d

σ
rj´1s

˙

P
ˆ

dσpjq

ˇ

ˇ

ˇ

ˇ

q,aσ
rjs,d

σ
rj´1s

˙ (3.3)

“

P
ˆ

dσpjq

ˇ

ˇ

ˇ

ˇ

ρ`, q,a
σ
rjs,d

σ
rj´1s

˙

P
ˆ

ρ`

ˇ

ˇ

ˇ

ˇ

q,aσ
rjs,d

σ
rj´1s

˙

P
ˆ

dσpjq

ˇ

ˇ

ˇ

ˇ

q,aσ
rjs,d

σ
rj´1s

˙ , (3.4)

where in the second equality we have marginalized over the possible values of ρ in

the denominator.
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For simplicity, we drop the prior q from Cσ
j pq, a

σ
rjs,d

σ
rjsq in the following. Now we

may write Cσ
j pq, a

σ
rjs,d

σ
rjsq recursively as

Cσj pa
σ
rjs, d

σ
rjsq “

P
ˆ

dσpjq

ˇ

ˇ

ˇ

ˇ

ρ`,aσpjq

˙

Cj´1pa
σ
rj´1s,d

σ
rj´1sq

P
ˆ

dσpjq

ˇ

ˇ

ˇ

ˇ

q,aσ
rjs,d

σ
rj´1s

˙ . (3.5)

Now we observe that in the recursion, only the term Cσ
j´1pa

σ
rj´1s,d

σ
rj´1sq involves

the variables aσ
rj´1s,d

σ
rj´1s and implicitly q. Thus, we can simplify the notation by

defining two quantities:

Lpq, a, dq fi P pd | ρ`, aq ¨ q ` P pd | ρ´, aq ¨ p1´ qq, Ppq, a, dq fi
P pd | ρ`, aq ¨ q
Lkhdpq, a, dq

.

(3.6)

Note that the naming follows from observing that they represent a likelihood and

posterior, respectively. Thus we can write

P
ˆ

dσpjq

ˇ

ˇ

ˇ

ˇ

q, aσrjs,d
σ
rj´1s

˙

“ LpCσ
j´1pq, a

σ
rj´1s,d

σ
rj´1sq, aσpjq, dσpjqq, (3.7)

Cσ
j pq, a

σ
rjs,d

σ
rjsq “ PpCσ

j´1pq, a
σ
rj´1s,d

σ
rj´1sq, aσpjq, dσpjqq. (3.8)

This completes our description of the Bayesian update for the locally greedy algo-

rithm.

Next, we discuss the performance of this algorithm when the N subsystems are

identical copies of qubits. In this case, the ordering of the subsystems is clearly

immaterial. Thus, at round j, the locally greedy algorithm uses the updated credulity

pj´1 “ Cσ
j´1pq, a

σ
rj´1s,d

σ
rj´1sq and applies the (optimal) Helstrom measurement on the

j-th subsystem. For qubits, this measurement is defined by the projector

Πppj´1, jq fi
ÿ

|vyPVppj´1,jq

|vy xv| (3.9)

where Vppj´1, jq is taken to be any orthonormal basis for the space spanned by all

non-negative eigenvectors of
`

p1´ pj´1qρ
pjq
´ ´ pj´1ρ

pjq
`

˘

.
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Since ρ
piq
˘ “ ρ

pjq
˘ for all i, j P rN s, Πppj´1, jq changes at every round only because

of the changing pj´1. The outcome probabilities for this measurement are given by

P
´

d | ρ
pjq
˘ ,Πppj´1, jq

¯

“

#

1´ Tr
“

Πppj´1, jqρ
pjq
˘

‰

if d “ `1,

Tr
“

Πppj´1, jqρ
pjq
˘

‰

if d “ ´1,
(3.10)

and the overall probability of error (at round j) is given by

Perr,j “ p1´ Tr
“

Πpp, jqρ
pjq
´

‰

q ¨ p1´ pj´1q ` Tr
“

Πpp, jqρ
pjq
`

‰

¨ pj´1. (3.11)

Hence, we can define the probability of successfully distinguishing between states ρ`

and ρ´ under the locally greedy algorithm as

Ps,lgpq, ρ˘q fi 1´ Perr,N . (3.12)

In the special case where ρ˘ is a tensor product of arbitrary pure states, we

now prove analytically that the locally-greedy algorithm achieves the same success

probability as the optimal Helstrom measurement.

Theorem 2. Let Ps,hpq, ρ˘q and Ps,lgpq, ρ˘q denote the probabilities of successful state

discrimination, given initial prior Ppρ “ ρ`q “ q, using the joint N-system Helstrom

measurement and the locally greedy measurement technique, respectively. If ρ` and

ρ´ are pure states, i.e., ρ
pjq
˘ “ |˘θjy x˘θj| where |θy fi cos θ

2
|0y ` sin θ

2
|1y, for some

θj P p0, 2πq for every j P rN s, then

Ps,hpq, ρ˘q “ Ps,lgpq, ρ˘q (3.13)

“
1

2

´

1`
b

1´ 4qp1´ qqΠN
j“1 cos2pθjq

¯

. (3.14)

Sketch of Proof: The strategy is to prove the result for N “ 2 and then ex-

tend via induction for arbitrary N . A complete proof is provided in Appendix 1.

�

Plateau with locally-greedy algorithm

We observe the plateau in performance using the following experimental setup (drop-

ping for now the prior q as we assume q “ 1
2

in all cases unless specified otherwise):
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1. Choose a set of allowed depolarizing parameters and number of trials. In this

case, we choose Sdep “ t0.01, 0.05, 0.1, 0.3u and ntrial “ 1000.

2. Generate θ
ptq
˘ P p0, 2πq uniformly, where t P rntrials denotes the trial index.

3. For each γ P Sdep, define the corresponding qubit quantum states ρ˘pγ, tq fi

p1´ γq |θ
ptq
˘ y xθ

ptq
˘ | `

γ
2
I, where

|θy fi cos
θ

2
|0y ` sin

θ

2
|1y . (3.15)

Note that the subscript ˘ in θ
ptq
˘ is used to represent that the angles are chosen

independently for the ρ` and ρ´ states.

4. For all γ P Sdep and all N “ 1, 2, . . . , 12, we define the candidate TPQS gener-

ated by the random sampling as denoted by

PsuccpN, γq “
1

ntrial

ntrial
ÿ

t“1

Ps,lg

´

ρ˘pγ, tq
bN

¯

, (3.16)

where Ps,lgpρ˘q is the success probability for the locally greedy algorithm and

candidate states ρ˘pγ, tq
bN .

In the above, we randomly sample a set of pure states
!

|θ
ptq
˘ y xθ

ptq
˘ |

)

|
ntrial
t“1 and

generate the corresponding set of candidate states tρ˘pγ, tq
bNu|

ntrial
t“1 for each

N and γ. Thus, PsuccpN, γq represents the Monte Carlo average of performance

for fixed N and γ.

We plot the results of this computational experiment in Fig. 3.1. We observe that

the average probability of success (asymptotically) approaches a value strictly less

than 1 when the depolarizing parameter is sufficiently high. In the limit as γ “ 0,

the probability of success must approach 1 with increasing N because the locally-

greedy approach recovers the optimal Helstrom performance (see Theorem 2). Next,

we prove a result that explains the performance plateau in Fig. 3.1 and then define
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Figure 3.1: Comparison of probability of success for varying γ in the case of
identical copies, as a function of the number of available systems. Based on the
computational results, we observe that as the depolarizing parameter increases, the
probability of success levels off for large N .

a modified locally-greedy approach that overcomes this suboptimality. Note that an

arbitrary qubit state (density matrix) can always be expressed as a pure state passed

through a depolarizing channel, because this procedure can define any state in the

Bloch sphere [NC11b].

Lemma 3. Consider two d-dimensional qudit states ρ` and ρ´. Suppose that we are

given ρ` with probability q and ρ´ with probability 1´q where q ď 1
2
. The depolarized

versions of ρ˘ are defined as follows:

ρdep
˘ :“ p1´ γqρ˘ `

γ

d
I. (3.17)

Consider sufficiently small γ, such that γ
1´γ

1´2q
d

is less than the magnitude of the

largest negative eigenvalue of p1´qqρ´´qρ`. Then if the probability of distinguishing

ρ` and ρ´ is Psucc, the probability of distinguishing ρdep
` and ρdep

´ is given by

P dep
succ “ γq `

γp1´ 2qqk

d
` p1´ γqPsucc, (3.18)

where k is the rank of the Helstrom projector distinguishing ρ` and ρ´.

Proof. The Helstrom measurement is given by the orthogonal projector onto the

positive eigenspace of the operator
“

p1´ qqρ´ ´ qρ`
‰

. More explicitly, it is given by

24



the orthogonal projector onto the vector space spanned by all eigenstates |vy such

that

xv|
”

p1´ qqρ´ ´ qρ`

ı

|vy ě 0.

Let us denote this projector as ΠHel. Using this orthogonal projector, the probability

of success is given by:

Psucc “ qTrpI ´ ΠHelqρ` ` p1´ qqTrΠHelρ´

“ q ` TrΠHel

”

p1´ qqρ´ ´ qρ`

ı

.

Now let us consider the optimal measurement for distinguishing ρdep
` and ρdep

´ . Cal-

culating the analogous operator for ρdep
` and ρdep

´ gives

p1´ qqρdep
´ ´ qρdep

` “ p1´ qq
”

p1´ γqρ´ `
γ

d
I
ı

´ q
”

p1´ γqρ` `
γ

d
I
ı

“
γp1´ 2qq

d
I ` p1´ γq

”

p1´ qqρ´ ´ qρ`

ı

.

Since γ ă 1, we can divide by 1 ´ γ without changing the positive eigenspace.

Therefore, the Helstrom optimal measurement projects onto the space of eigenstates

|vy such that the following is positive:

xv|

ˆ

γ

1´ γ

1´ 2q

d
I `

”

p1´ qqρ´ ´ qρ`

ı

˙

|vy “ xv|
”

p1´ qqρ´ ´ qρ`

ı

|vy (3.19)

`
γ

1´ γ

1´ 2q

d
. (3.20)

Therefore, if γ is sufficiently small, then the optimal projector distinguishing ρdep
`

and ρdep
´ is ΠHel. Hence, for γ sufficiently small, we have:

P dep
succ “ q ` TrΠHel

”

p1´ qqρdep
´ ´ qρdep

`

ı

“ q `
γp1´ 2qq

d
TrΠHel ` p1´ γqTrΠHel

”

p1´ qqρ´ ´ qρ`

ı

“ γq `
γp1´ 2qqk

d
` p1´ γqPsucc.
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In the case of qubits, this lemma implies the following corollary.

Corollary 4. Consider the problem of distinguishing between two distinct single qubit

states ρdep
` and ρdep

´ with prior probabilities q and 1´q respectively. Assume that ρdep
`

and ρdep
´ are depolarized such that there exist pure states |ψ`y xψ`|, |ψ´y xψ´| such

that

γ˘ P r0, 1s and ρdep
˘ fi p1´ γ˘q |ψ˘y xψ˘| `

γ˘
2
I.

For any choice of γ˘, q P r0, 1s the probability of correctly distinguishing ρdep
` and

ρdep
´ , is denoted by P dep

succ and satisfies

P dep
succ ď max

!

1´ q, q, 1´
γmin

2

)

(3.21)

where γmin fi minpγ`, γ´q.

Proof. Let us denote the Helstrom measurement for t|ψ`y xψ`| , |ψ´y xψ´|u by ΠHel,|ψ˘yxψ˘|

and the Helstrom measurement for tρdep
` , ρdep

´ u by ΠHel,ρ˘ . Since ρdep
˘ are qubit states,

rankpΠHel,ρ˘q is 0, 1, or 2.

If rankpΠHel,ρ˘q “ 0, then ΠHel,ρ˘ “ 0 and

P dep
succ “ q ` Tr

”

ΠHel,ρ˘

´

p1´ qqρdep
´ ´ qρdep

`

¯ı

“ q.

If rankpΠHel,ρ˘q “ 2, then ΠHel,ρ˘ “ I and

P dep
succ “ q ` Tr

”

ΠHel,ρ˘

´

p1´ qqρdep
´ ´ qρdep

`

¯ı

“ 1´ q.

Finally, consider the case where rankpΠHel,ρ˘q “ 1. The state discrimination

problem between tρdep
` , ρdep

´ u is physically equivalent to a black box which outputs

one of the following four separate discrimination problems:

!

 

|ψ`y xψ`| , |ψ´y xψ´|
(

,
 

|ψ`y xψ`| ,
I
2

(

,
 I

2
, |ψ´y xψ´|

(

,
 I

2
,
I
2

(

)

,
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with probabilities

!

p1, p2, p3, p4

)

fi

!

p1´ γ`qp1´ γ´q, p1´ γ`qγ´, γ`p1´ γ´q, γ`γ´

)

respectively. (This follows from viewing ρdep
˘ as corresponding to a quantum system

prepared in state |ψ˘y xψ˘| with probability 1 ´ γ˘ and prepared in state I
2

with

probability γ˘.)

We denote by Psuccpρ`, ρ´,Πq the probability of successfully discriminating between

tρ`, ρ´u given measurement tΠ, I ´ Πu where the prior is implicitly defined as q.

Then we can upper bound the success probability as

P dep
succ ďp1 max

|ψ`y,|ψ´y,Π
Psucc

´

|ψ`y xψ`| , |ψ´y xψ´| , Π
¯

` p2 max
|ψ`y,Π

Psucc

´

|ψ`y xψ`| ,
I
2
, Π

¯

` p3 max
|ψ´y,Π

Psucc

´ I
2
, |ψ´y xψ´| , Π

¯

` p4 ˆ
1

2

“p1Psucc

´

|0y x0| , |1y x1| , ΠHel,t|0yx0|,|1yx1|u

¯

` p2Psucc

´

|0y x0| ,
I
2
, ΠHel,t|0yx0|,|1yx1|u

¯

` p3Psucc

´ I
2
, |1y x1| , ΠHel,t|0yx0|,|1yx1|u

¯

`
p4

2

“Psucc

´

p1´ γ`q |0y x0| `
γ`
2
I, p1´ γ´q |1y x1| `

γ´
2
I, ΠHel,t|0yx0|,|1yx1|u

¯

.

Thus, the success probability for ρdep
˘ is upper bounded by the success probability

when |ψ`y and |ψ´y are orthogonal (w.l.o.g. we have set |ψ`y “ |0y and |ψ´y “ |1y).

Upon solving for Psucc

´

|0y x0|dep , |1y x1|dep ,ΠHel,t|0yx0|,|1yx1|u

¯

, it immediately follows

that:

P dep
succ ď p1´

γ`
2
qq ` p1´

γ´
2
qp1´ qq ď 1´

γmin

2
.

Assuming w.l.o.g. that q ď 1
2
, observe that 1 ´ q ě 1 ´ γ

2
implies γ ě 2q and

therefore γ
1´γ

p1´2qq
qd

ě 1 (d “ 2). In the notation of Lemma 3, set ρ˘ “ |ψ˘y xψ˘|.
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Since the spectrum of
“

p1 ´ qq |ψ´y xψ´| ´ q |ψ`y xψ`|
‰

lies in the interval r´1, 1s,

eq. (3.19) implies that the smallest eigenvalue of
“

p1´qqρdep
´ ´qρdep

`

‰

will now be non-

negative and hence ΠHel,ρ˘ “ I will be trivial. Hence, in this scenario, the Helstrom

measurement is equivalent to guessing according to the prior.

In summary, this corollary implies that, for equally depolarized states, once the

prior is updated so that either q or 1 ´ q is greater than 1 ´ γ
2
, the locally greedy

algorithm will be stuck making trivial measurements for all subsequent subsystems

and therefore the error will not approach 0 as N Ñ 8. In Appendix 2 we show that

the locally greedy method also exhibits plateaus in more general scenarios.

This result provides motivation for us to modify the conventional locally greedy

method discussed above (first introduced by [ABB`05] and [HDB`11]). In partic-

ular, a “modified Helstrom” measurement is implemented whenever the Helstrom

measurement is trivial (namely, ΠHel,ρ˘ P tI, 0u). In the next section, we introduce

this modified locally greedy method (MLG method) and show that for arbitrary,

qubit-subsystem ρ˘, we have Ps,mlgpρ˘q ě Ps,lgpρ˘q where Ps,mlgpρ˘q is the proba-

bility of successful discrimination under the MLG method. We further show that

for any ρ˘, Ps,mlgpρ˘q Ñ 1 as the number of subsystems j such that ρ
pjq
` ‰ ρ

pjq
´

approaches infinity.

3.3.1 Modified Locally Greedy (MLG) algorithm

Like the locally greedy algorithm, the MLG algorithm updates the prior after each

measurement round. Thus, it performs the modified Helstrom measurement ac-

cording to the new prior. Before defining the modified Helstrom measurement, we

introduce the quantities λmin and λmax. For a given ρ´, ρ`, and p, these quantities

are defined as:

λmin fi min
λ

!

λ
ˇ

ˇ

ˇ

`

p1´ pqρ
pjq
´ ´ pρ

pjq
`

˘

|vλy “ λ |vλy
)

λmax fi max
λ

!

λ
ˇ

ˇ

ˇ

`

p1´ pqρ
pjq
´ ´ pρ

pjq
`

˘

|vλy “ λ |vλy
)
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We now define the modified Helstrom measurement as:

Π˚pp, jq fi

$

’

&

’

%

Πpp, jq if Πpp, jq R tI, 0u
|vλmaxy xvλmax | if Πpp, jq “ 0,

I´ |vλmin
y xvλmin

| if Πpp, jq “ I,

where the final state is decoded as ρ̂ “ ρ` if Cσ
Npq, a

σ
rNs,d

σ
rNsq ě

1
2

and as ρ̂ “ ρ´

otherwise.

Whenever the Helstrom measurement is nontrivial, the modified Helstrom mea-

surement is equivalent and thus locally-optimal by definition. In the case where the

Helstrom measurement is trivial, then any other measurement and outcome would

lead to identical posterior-based decoding (i.e. any measurement is locally optimal).

The modified Helstrom measurement takes advantage of this degeneracy to replace

the trivial Helstrom measurement with a more informative measurement.

Consider the measurement given by the set of projectors
!

|vλy xvλ|
ˇ

ˇ

ˇ

`

p1´pqρ
pjq
´ ´

pρ
pjq
`

˘

|vλy “ λ |vλy
)

and w.l.o.g. let p ě 1
2
. Given a measurement outcome corre-

sponding to projector |vλy xvλ|, the posterior-based decoding is uniquely determined

by the sign of λ, with larger values of λ being a stronger predictor that ρ “ ρ´.

The Helstrom measurement then partitions these projectors by the sign of their

eigenvalues and groups all projectors together into a trivial measurement when all

eigenvalues have the same sign. In the case where the Helstrom measurement is

trivial, the modified Helstrom measurement instead partitions the projectors based

on the ordering of their eigenvalues. Thus, it separates out the projector that is most

strongly predictive of the less-likely candidate state.

Lemma 5. Let ρ
pjq
˘ and p be such that Πpp, jq “ I or Πpp, jq “ 0.

Then maxΠ

´

pTrrρ
pjq
` Πs

TrrΠpp1´pqρ
pjq
´ `pρ

pjq
` s

¯

ă 1
2

or minΠ

´

pTrrρ
pjq
` Πs

TrrΠpp1´pqρ
pjq
´ `pρ

pjq
` s

¯

ě 1
2

respectively.

Namely, any local measurement is optimal given posterior-based decoding.

Proof. Define M fi p1´ pqρ´´ pρ` and let the resulting projector be Πhpp, ρ˘q “ I.

Then the eigenvalues of M satisfy λj ą 0 @j, and as M is Hermitian the eigenvectors
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t|vjyu are orthogonal and form a basis. Any projector diagonal in this basis may be

defined ΠS ”
ř

jPS |vjy xvj| for some set of indices S. It follows that TrrMΠss “

ř

jPS λj ą 0, so TrrΠSpρ`s ă TrrΠSp1 ´ pqρ´s. Then, the updated prior upon

obtaining measurement corresponding to ΠS is:

p1 “
TrrΠSρ`ps

TrrΠSpρ`s ` TrrΠSp1´ pqρ´s
ă

1

2
@S

Now suppose the projector is diagonal in an arbitrary basis t|wkyu s.t. |wky “
ř

j αk,j |vjy where tαk,ju form the entries of some unitary operator. Then it is suffi-

cient to show that TrrM |wky xwk|s ą 0 for all k, since then TrrM
ř

kPS |wky xwk|s ą 0

for all S. We observe:

TrrM |wky xwk|s “
ÿ

j,j1

αk,jα
˚
k,j1λjTrr|vjy xvj1 |s

“
ÿ

j

|αk,j|
2λj ą 0

Similarly, for any basis t|wkyu, then TrrM |wky xwk|s ď 0 if Πhpp, ρ˘q “ 0.

Denote by Ps,mlgpq, ρ˘q the success probability of distinguishing tρ`, ρ´u with

initial prior q using the MLG algorithm. We now show that the MLG method

exhibits the desired asymptotic behaviour in the limit of large N . Additionally, we

show Ps,mlgpρ˘q ě Ps,lgpρ˘q for all ρ˘ so the MLG algorithm always performs at least

as well as the LG algorithm.

Corollary 6. For any ρ˘ where ρ
pjq
` ‰ ρ

pjq
´ for all subsystems j, then in the limit

N Ñ 8, Ps,mlgpq, ρ˘q “ 1.

Proof. It is sufficient to show that for all j P t0, 1, ..., Nu and for all pj P p0, 1q we

have

f`ppjq fi Erpj`1|ρ “ ρ
pjq
` ,Π

˚
ppj, jqs ą pj and f´ppjq fi Erpj`1|ρ “ ρ

pjq
´ ,Π

˚
ppj, jqs ă pj,
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and that f˘ppjq is continuous with no fixed points other than pj “ 0 or 1. For

simplicity, we drop the superscript on ρ
pjq
˘ in the following whenever the subsystem

index is unambiguous. We denote the modified Helstrom measurement as Π “

Π˚ppj, jq, such that by definition TrrΠρ´s ą TrrΠρ`s.

Let x fi TrrΠρ´s ´ TrrΠρ`s “ TrrΠKρ`s ´ TrrΠKρ´s s.t. x P p0, 1s. Then, there

exists y P rx
2
, 1 ´ x

2
s such that the conditional measurement probabilities may be

represented as follows:

TrrΠKρ˘s “ y ˘
x

2
, TrrΠρ˘s “ 1´ y ¯

x

2

Finally, we calculate f`ppjq as follows:

f`ppjq “ TrrΠρ`s
´ pjTrrΠρ`s

TrrΠppjρ` ` p1´ pjqρ´qs

¯

` TrrΠKρ`s
´ pjTrrΠKρ`s

TrrΠKppjρ` ` p1´ pjqρ´qs

¯

“ pj

˜

p1´ y ´ x
2
q2

pjp1´ y ´
x
2
q ` p1´ pjqp1´ y `

x
2
q
`

py ` x
2
q2

pjpy `
x
2
q ` p1´ pjqpy ´

x
2
q

¸

ą pj

where the final line follows from solving symbolically for the range pj P p0, 1q; x P

p0, 1q; y P rx
2
, 1 ´ x

2
s. We then check for any fixed points p˚j “ f`ppjq. This results

in the condition p˚j p´x
2 ` 2p˚jx

2 ´ pp˚jxq
2q “ 0 so the only fixed points are p˚j “ 0 or

1. Additionally, f`ppjq is continuous in pj as it is differentiable for all pj.

A similar argument holds for the case ρ “ ρ´. Thus, the probability of success

converges to 1 under the MLG algorithm.

From the above, we can conclude that Ps,mlgpρ˘q ě Ps,lgpρ˘q as the MLG and

LG methods are equivalent whenever the Helstrom measurement is nontrivial. When

the Helstrom measurement is trivial, it follows that the MLG method does strictly

better. The improved asypmptotic behaviour of the MLG algorithm is depicted in
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Figure 3.2: Comparison of probability of success for varying γ in the case of
identical copies, as a function of the number of available systems using the MLG
algorithm. We observe that as the depolarizing parameter increases, the probability
of success no longer levels off for large N .

Fig. 3.2, where we repeat the previous experimental setup with the MLG algorithm,

and plot the resulting PsuccpN, γq “
1

ntrial

řntrial
t“1 Ps,lgpρ˘pγ, tq

bNq.

In the next chapter, we generalize to a dynamic programming based algorithm

capable of optimizing over the order of subsystem measurement as well as the mea-

surement performed on each subsystem.
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4

Dynamic Programming-Based Locally Adaptive
Protocols

Portions of this chapter are adapted from [?]. Statement on collaborative work: this

work is done in collaboration with Mengke Lian, Kevin Stubbs, Narayanan Ren-

gaswamy, and Dr. Henry Pfister. I found the main analytical results and wrote the

final manuscript. Mengke Lian improved the computer algorithms used and gener-

ated several of the numerical results. Kevin Stubbs and Narayanan Rengaswamy

provided useful feedback for many ideas on this project, reviewed and edited the fi-

nal manuscript, and contributed to analytical results for the modified locally greedy

algorithm. Dr. Pfister oversaw the project.

4.1 Introduction

In this chapter, we utilise dynamic programming to recursively minimize the expected

future error probability over all allowed measurements, and thus yield the optimal

adaptive strategy for any given family of allowable measurements [HDB`11]. This

dynamic programming strategy includes the locally greedy strategies introduced in

the previous chapter as a special case. Additionally, we extend the dynamic pro-
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graming strategy described in [HDB`11] to optimize over not only the adaptive

measurement sequence but also over the order in which subsystems are measured.

The dynamic programming (DP) algorithm performance is also tested on qutrit

states, and the results demonstrate that, in general, the number of measurement

outcomes affects performance (namely, ternary local measurements outperform bi-

nary local measurements).

4.2 Order-Optimized Locally Greedy Algorithm

Before introducing the most general DP algorithm, we first discuss a variant on the

locally greedy algorithm where we now also choose σpjq carefully at each round j.

We recursively compute an expected future risk function RS : r0, 1s Ñ r0, 1s, where

S denotes the set of subsystem indices that are yet to be measured and the domain

corresponds to the current updated prior (credulity). Formally, at round j,

S fi rN szσprj ´ 1sq. (4.1)

• For the base case S “ H, one can make a hard decision on Cσ
Npq, a

σ
rNs,d

σ
rNsq,

i.e., by comparing it to 0.5. Hence

RH
`

Cσ
N

`

q, aσrNs,d
σ
rNs

˘˘

“ min
`

Cσ
N

`

q, aσrNs,d
σ
rNs

˘

, 1´ Cσ
N

`

q, aσrNs,d
σ
rNs

˘˘

,

(4.2)

which can be written as function of p P r0, 1s as RHppq “ minpp, 1´ pq.

• For the general case S ‰ H and j “ N ´ |S| ` 1, consider N ´ |S| measure-

ments are performed, the goal is to choose the best subsystem to be measured

next in order to minimize the expected error probability over the remaining
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measurements, i.e.,

RS

`

Cσ
N´|S|

`

q, aσrN´|S|s,d
σ
rN´|S|s

˘˘

“ min
kPS

ÿ

dkPD
P
`

dk
ˇ

ˇq, paσrN´|S|s, akq,d
σ
rN´|S|s

˘

(4.3)

ˆRSztku

`

Cσ
N´|S|`1

`

q, paσrN´|S|s, akq, pd
σ
rN´|S|s, dkq

˘˘

, (4.4)

where ak “ Πpp, kq is defined by (3.9), with

p “ Cσ
N´|S|pq, a

σ
rN´|S|s,d

σ
rN´|S|sq “ Cσ

j´1pq, a
σ
rj´1s,d

σ
rj´1sq

We now allow for subsystems ρ
pkq
˘ to be distinct.

This expression can be written as a function of p P r0, 1s as

RSppq “ min
kPS

ÿ

dkPD
Lkhdpp,Πpp, kq, dkq ¨RSztku pPostpp,Πpp, kq, dkqq . (4.5)

Hence, during the execution of the algorithm, the next mapping for σ at round

j can be defined as

σpjq fi argmin
kPS

ÿ

dkPD
Lkhdpp,Πpp, kq, dkq ¨RSztku pPostpp,Πpp, kq, dkqq , (4.6)

As for the case of identical copies, the probabilities of measurement comes are

given by (3.10), the probability of error at round j is given by (3.11), and the

overall probability of success of the order-optimized locally greedy algorithm is given

by (3.12) with N replaced by σpNq.

The performance plateau remains in the order-optimized algorithm

We generalize the experiment in the identical copies scenario to the case where the

subsystems are distinct. The primary change is that we now sample states param-

eterized by θ
pt,jq
˘ so that each subsystem in both ρ` and ρ´ can have (potentially)

distinct copies. Also, the vector of success probabilities is altered accordingly.
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Figure 4.1: Comparison of prob-
ability of success for varying γ in
the distinct subsystems scenario, as
a function of the number of available
systems, N . Results are average over
1000 trials.
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Figure 4.2: Comparison of proba-
bility of success as a function of the
number of available systems, N , for
depolarizing parameter γ “ 0.3. Re-
sults are averaged over 1000 trials.

1. Choose a set of depolarizing parameters and number of trials. Again we set

Sdep “ t0.01, 0.05, 0.1, 0.3u and ntrial “ 1000.

2. Set N “ 12 and generate θ
pt,jq
˘ P p0, 2πq uniformly, where t P rntrials denotes the

trial index, and j P rN s denotes the subsystem index.

3. For each γ P Sdep and N P r12s, define the corresponding qubit quantum states

ρ˘pγ, t, Nq fi
N
â

j“1

´

p1´ γq |θ
pt,jq
˘ y xθ

pt,jq
˘ | `

γ

2
I
¯

. (4.7)

4. For all γ P Sdep and all N P r12s, denote

PsuccpN, γq “
1

ntrial

ntrial
ÿ

t“1

Ps,lg pρ˘pγ, t, Nqq , (4.8)

where Ps,lgpρ˘q indicates that we perform the locally greedy algorithm on states

ρ˘.

We plot the results of this experiment in Fig. 4.1.
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When the subsystems are not identical copies, we notice that the plateau is much

higher when compared to the case of identical copies. At first glance this appears

to violate the bound obtained in Corollary 4, since here the pair of states in each

subsystem are pure states depolarized with the same parameter γ, as required in the

hypothesis of Corollary 4. However, the reason for the higher plateau is as follows.

The algorithm orders the subsystems in such a way that the credulity can be updated

to be as close to 1´ γ
2

as possible (where we assume the states ρ˘ may be relabeled

at any step to ensure the credulity is always greater than 1
2
). In the next round,

it is still possible to obtain one more non-trivial measurement, after which either

the updated credulity exceeds 1 ´ γ
2

and all subsequent rounds are trivial, or the

credulity is lowered below the threshold and another measurement is permitted until

the updated credulity again exceeds 1´ γ
2
. This permitted “jump” in credulity due

to the final measurement explains why the value appearing as the plateau in Fig.

4.1 can be larger than 1´ γ
2
.

The best “jump” beyond 1 ´ γ
2

is obtained when the states in that subsystem

are an orthogonal pair of pure states subjected to the depolarizing channel and a

measurement result which increases the credulity is attained, as formalized in the

following lemma.

Lemma 7. Suppose that we are given one of two quantum states ρ` “
ÂN

j“1

´

p1 ´

γq |θj,`y xθj,`| `
γ
2
I
¯

and ρ´ “
ÂN

j“1

´

p1 ´ γq |θj,´y xθj,´| `
γ
2
I
¯

where γ is a fixed

depolarizing parameter. Then an upper bound on the probability of success using the

locally greedy method is given by

Ps,lgpq “
1

2
, ρ˘q ď Pboundpγq ”

p1´ γ
2
q2

p1´ γ
2
q2 ` p

γ
2
q2
.

Proof. We show that the probability of success is upper bounded by the maximal

attainable credulity after N measurements, and proceed by induction. For details,
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see Appendix 2.

To illustrate the predictive value of this bound, we list the observed numerical

asymptotic values found when N “ 12 for non-identical subsystems (Pobspγq) and

the predicted upper bound for γ “ 0.1, 0.3, 0.4, 0.5 respectively, as depicted in the

following table:

γ Pobs Pbound

0.1 0.9943 0.9972

0.3 0.9549 0.9698

0.4 0.9198 0.9412

0.5 0.8732 0.900

Finally, we compare the two scenarios for the specific value of the depolarizing

parameter γ “ 0.3 in Fig. 4.2. This plot shows the non-trivial advantage obtained

from subsystems being distinct rather than copies of each other, which is the case

most considered in the literature. For the special case of γ “ 0, we have shown

in Theorem 2 that the order of subsystems does not matter and that the simple

locally greedy algorithm itself achieves the optimal performance obtained with the

joint N -system Helstrom measurement.

4.2.1 Ordering and Grouping

The restriction to measurement of a single subsystem is largely artificial, so we now

generalize to the case where m subsystems may be jointly measured at each round.

We plot the corresponding empirical results for the scenario of identical copies and

distinct subsystems in Fig. 4.3 and Fig. 4.4 respectively. When all subsystems are

copies, the probability of success strictly increases as a function of m. However, when

the subsystems are not copies, this no longer holds. In particular, for γ sufficiently

large, the probability of success is (on average) lower for m “ 2 and m “ 3 than for

m “ 1 as seen for the case of γ “ 0.3 in Fig. 4.5. This demonstrates the non-trivial

nature of the result of measuring multiple subsystems at once. Intuitively, we might
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Figure 4.3: Probability of success
for identical copies as a function of γ
and number of subsystems measured
simultaneously, m. Here N “ 6. Re-
sults are averaged over 1000 trials.
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Figure 4.4: Probability of success
for distinct subsystems as a function
of γ and the number of subsystems
measured simultaneously, m. Here
N “ 6. Results are averaged over 1000
trials.

expect that when m ą 1, every measurement biases the credulity by a larger amount

thereby increasing the chances of a trivial measurement in the next round. However,

the difference in behavior for m “ 2 and m “ 3 is not clear. Hence, the complete

behavior for m ą 1 is not yet understood.
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Figure 4.5: Probability of success for the special case γ “ 0.3 when the subsystems
are not necessarily copies. Here N “ 6. Results are averaged over 1000 trials. This
clearly illustrates the initial dip in probability of success with increasing m.
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4.3 Measurement- and Order-Optimized DYnamic (MOODY) Algo-
rithm

The MOODY algorithm is a generalization of the order-optimized locally greedy

algorithm described above for the distinct subsystems scenario. At each round j

during execution, it optimizes over all choices of σpjq as well as the measurement

actions that could be performed over the chosen subsystem σpjq. Hence, the expected

future risk function is given by

RSppq “ min
pk,akqPSˆA

ÿ

dkPD
Lpp, ak, dkq ¨RSztku pPostpp, ak, dkqq . (4.9)

The optimal choice for the next subsystem, k P S, and the optimal action to be

performed on that subsystem, ak P A, form the minimizer ASppq “ pk, akq of the

above function:

ASppq fi argmin
pk,akqPSˆA

ÿ

dkPD
Lpp, ak, dkq ¨RSztku pPostpp, ak, dkqq . (4.10)

Therefore, during the execution of the algorithm, at round j, we have j “ N´|S|`1

and we set

pσpjq, aσpjqq “ AS
`

Cσ
j´1

`

q, aσrj´1s,d
σ
rj´1s

˘˘

. (4.11)

The MOODY algorithm can be summarized as below. Once the DP subroutine

is completed, we have a set of expected future error functions tRS|S Ď rN su and a

set of best measurement action functions tAS|S Ď rN su. Setting p0 “ Ppρ̂ “ ρ̂`q “ q

and S0 “ t1, . . . , Nu, we then have for i “ 0, . . . , N ´ 1:

P err
i “ RSippiq,

pσpi` 1q, aσpi`1qq “ ASippiq,

Ppdσpi`1q “ d | pi, aσpi`1qq “ Lppi, aσpi`1q, dq,

pi`1 “ Pppi, aσpi`1q, dσpi`1qq,

Si`1 “ Siztσpi` 1qu.
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Finally, after N rounds of measurements we can conclude that

State Estimate “

#

ρ`, if pN ą 0.5,

ρ´, if pN ď 0.5,
and Psucc “ maxppN , 1´ pNq. (4.13)

Implementation and Complexity

We compute functions RS and AS using dynamic programming (DP), which requires

collapsing the states pq, aσ
rN´|S|s,d

σ
rN´|S|sq P r0, 1s ˆAN´|S| ˆDN´|S| to

Cσ
N´|S|pq, a

σ
rN´|S|s,d

σ
rN´|S|sq P r0, 1s. Moreover, these functions can be stored for later

use in the following scenarios:

• problems with the same states but different initial priors;

• problems on larger systems where the current system is a subsystem of it.

Since the interval r0, 1s and action space A are continuous, they have to be quantized

properly for a tractable implementation. The computation complexity and memory

complexity of DP is highly dependent on this quantization. For programming imple-

mentation, we again apply a quantized version of the above DP where the input p is

quantized into Qp equi-spaced points over r0, 1s and the measurement action space

A is quantized into a size-Qa set to make the minimization over A tractable. To

store expected future error functions tRS|S Ď rN su and a set of best measurement

action functions tAS|S Ď rN su, the memory complexity is Op2NQpq. Besides, each

value is obtained from a minimization over S ˆ A, so the total computation is of

complexity Op2NQpNQaq. The number of DP functions AS and RS is 2N as the

order of measurement matters in general. However, DP still represents a speedup

over the case of naive exhaustion for all possible orders, which has complexity N !.

If all the qubits are identical copies, then the ordering is immaterial, and the differ-

ent subsets S with same size correspond to the same case. Therefore, in this scenario

the memory complexity is OpNQpq and the computation complexity is OpNQpQaq.

Since there are only two possible states ρ` and ρ´, we can also use log-likelihood

ratios (LLR) to describe the probabilities. This parameterization can greatly simplify
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the computation of credulities. For j P rN s, define

`σ0 pqq fi ln

ˆ

Cσ
0 pqq

1´ Cσ
0 pqq

˙

,

`σj pq, a
σ
rjs,d

σ
rjsq fi ln

˜

Cσ
j pq, a

σ
rjs,d

σ
rjsq

1´ Cσ
j pq, a

σ
rjs,d

σ
rjsq

¸

,

˜̀
σpjqpaσpjq, dσpjqq fi ln

ˆ

Ppdσpjq|ρ`, aσpjqq
Ppdσpjq|ρ´, aσpjqq

˙

.

It is easy to check that

expp`σj pq, a
σ
rjs,d

σ
rjsqq “

Cσ
j pq, a

σ
rjs,d

σ
rjsq

1´ Cσ
j pq, a

σ
rjs,d

σ
rjsq

“
Ppdσpjq|ρ`, aσpjqqCσ

j´1pq, a
σ
rj´1s,d

σ
rj´1sq

Ppdσpjq|ρ´, aσpjqq p1´ Cσ
j´1pq, a

σ
rj´1s,d

σ
rj´1sqq

“ expp˜̀σpjqpaσpjq, dσpjqqq ¨ expp`σj´1pq, a
σ
rj´1s,d

σ
rj´1sqq.

This yields the simpler recursive equation

`σ0 pqq “ ln

ˆ

q

1´ q

˙

, `σj pq, a
σ
rjs, d

σ
rjsq “

˜̀
σpjqpaσpjq, dσpjqq ` `

σ
j´1pq, a

σ
rj´1s,d

σ
rj´1sq.

(4.14)

4.3.1 Results for Qubits and Qutrits

The exact properties of the most general adaptive algorithm remain unknown. For

the special case where ρ̂˘ are both pure, we have proven in Theorem 2 that the

optimal adaptive strategy consists of binary projective measurements and that its

performance is unaffected by subsystem ordering. Therefore, a natural claim to test

is whether adaptive binary projective measurements are always sufficient for general

states. Additionally, we will address the question of whether subsystem ordering

affects the probability of success when optimization is done over all “reasonable”

adaptive protocols.
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Qubit Results

We first address the question of ordering when ρ̂
pjq
˘ are all real qubit states, setting

Aqubit fi

!

t|φy xφ| , |φKy xφK|u : φ P
”

0,
π

2

ı)

(4.15)

to be the standard action space of real orthogonal projectors [HDB`11] where we

quantize φ into Qφ “ 128 equally spaced points. We perform the following experi-

ments.

1. Choose a set of depolarizing parameters

Sdep “ t0, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1u

and number of trials ntrial “ 1000.

2. Generate θ
pt,jq
˘ P p0, 2πq uniformly, where t P rntrials denotes the trial index, and

j “ 1, 2, . . . , 7 denotes the subsystem index.

3. For each γ P Sdep and N P t3, 4, 5, 6, 7u, define the corresponding qubit quan-

tum states:

ρ˘pγ, t, Nq fi
N
â

j“1

´

p1´ γq |θ
pt,jq
˘ y xθ

pt,jq
˘ | `

γ

2
I
¯

. (4.16)

4. For each ρ̂˘pγ, t, Nq perform two separate optimizations corresponding to the

best and worst ordering respectively, where the corresponding future risk func-

tions are

RS,best

´

p, tρ̂˘pγ, t, Nqu
¯

“ min
pk,akqPSˆA

ÿ

dkPt`,´u

Lpp, ak, dkq ¨RSztkupPpp, ak, dkqq,

(4.17)

RS,worst

´

p, tρ̂˘pγ, t, Nqu
¯

“ max
kPS

min
akPA

ÿ

dkPt`,´u

Lpp, ak, dkq ¨RSztkupPpp, ak, dkqq.

(4.18)
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Figure 4.6: Comparison of prob-
ability of Psucc,bestpN “ 3, γq and
Psucc,worstpN “ 3, γq as a function
of the depolarising parameter γ over
1000 trials. Although Psucc,bestpN “

3, γq ‰ Psucc,worstpN “ 3, γq, the rela-
tive difference is small.
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Figure 4.7: Comparison of differ-
ence in maximum and minimum prob-
ability of success, Psucc,diffpN, γq, as a
function of the depolarizing parameter
γ over 1000 trials for N “ 3, 4, 5, 6, 7.

5. For γ P Sdep and N P t3, 4, 5, 6, 7u, given an order of “best” or “worst”, denote:

Psucc,orderpN, γq “
1

ntrial

ntrial
ÿ

t“1

Ps,order pρ˘pγ, t, Nqq (4.19)

where Ps,orderpρ˘q indicates that we perform the MOODY algorithm with the

specified ordering on states ρ˘.

We plot Psucc,orderpN “ 3, γq as a function of γ in Fig. 4.6 and we also compare the

difference Psucc,diffpN, γq fi Psucc,bestpN, γq ´ Psucc,worstpN, γq for N P t3, 4, 5, 6, 7u in

Fig. 4.7. From these results, we observe that the difference in probability of success

with respect to ordering persists even using the MOODY algorithm.

Qutrit Results

Finally, we investigate whether restricting the action space to binary projectors is

sufficient for non-qubit states, and in particular for qutrit states.

Definition 8. We say that action space A is sufficient for state space H if and only

if for all ρ̂˘ P H and q P r0, 1s,

Psucc,Apq, ρ̂˘q “ Psucc,Aall
pq, ρ̂˘q,
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where Aall is the set of all quantum measurements of appropriate dimension, i.e.,

dimpρ˘q.

For pure states Theorem 2 confirms that binary projectors are sufficient, and

by the definition of the Helstrom measurement, binary projectors are additionally

sufficient whenever N “ 1.

We show that binary projective measurements are not sufficient for general state

spaces. To this aim, we define Hqutrit to be the space of depolarized, real qutrit states

and define the action space of real binary (ternary) measurements as Ab (At).

Ab fi

!

tΠb
j u

2
j“1

ˇ

ˇ

ˇ
Πb
jΠ

b
j1 “ δj,j1Π

b
j @ j, j

1
P t1, 2u, rankpΠb

1q “ 2, rankpΠb
2q “ 1

)

,

(4.20)

At fi

!

tΠt
ju

3
j“1

ˇ

ˇ

ˇ
Πt
jΠ

t
j1 “ δj,j1Π

t
j, rankpΠt

jq “ 1 @ j, j1 P t1, 2, 3u
)

. (4.21)

Note that it is sufficient to consider real quantum measurements, as TrrρΠs “

TrrρRepΠqs for any Hermitian projector Π. Additionally, any ternary set of orthogo-

nal projectors may be chosen to have all elements rank 1, as any rank 2 or 3 element

can be viewed as grouping the corresponding rank 1 projectors post-measurement.

Then parameterizing the action spaces is equivalent to generating (with some

quantization) all orthonormal basis t|u1y , |u2y , |u3yu, and for each choice of basis

defining the corresponding ternary POVM Πt
´

t|u1y , |u2y , |u3yu

¯

and three corre-

sponding binary POVMs Πb,k
´

t|u1y , |u2y , |u3yu

¯

, for k P t1, 2, 3u as follows:

Πt
´

t|u1y , |u2y , |u3yu

¯

fi t|u1y xu1| , |u2y xu2| , |u3y xu3|u, (4.22)

Πb,k
´

t|u1y , |u2y , |u3yu

¯

fi

!

ÿ

l‰k

|uly xul| , |uky xuk|
)

, (4.23)

We implement this quantization through the following steps:

1. We quantize the unit sphere by subdividing an icosahedron for T steps ac-

cording to vector ~r “ rr1, ..., rT s such that at the jth step we subdivide each

45



segment by rj. Then according to the Euler characteristic of convex polyhe-

drons [Eul58], the number of vertices after all subdivisions are complete is given

by 10
śT

i“1 r
2
i ` 2, and we denote this set of vertices as Subp~rq.

2. For each point px, y, zq in Subpr2, 2, 2sq, convert to polar coordinates pφ, θq

according to

x “ sinpθq cospφq, y “ sinpθq sinpφq, z “ cospθq.

3. For each pair pφ, θq, define the rotation matrix Rpφ, θq as

Rpφ, θq fi

»

–

´ sinpφq cospφq cospθq cospφq sinpθq
cospφq sinpφq cospθq sinpφq sinpθq

0 ´ sinpθq cospθq

fi

fl .

4. Choose Q as the resolution on the equatorial plane, let ω P t πq
2Q
u
Q´1
q“0 and define

~u1pφ, θ, ωq “ Rpφ, θq

»

–

cospωq
sinpωq

0

fi

fl , ~u2pφ, θ, ωq “ Rpφ, θq

»

–

´ sinpωq
cospωq

0

fi

fl , ~u3pφ, θ, ωq “ Rpφ, θq

»

–

0
0
1

fi

fl .

The created action spaces At and Ab are then used to compare the probability

of successful discrimination in the ternary and binary cases, respectively. Using the

following procedure, we demonstrate that for general real depolarized qutrit states

tρ̂`, ρ̂´u, Psucc,Ab
p1

2
, ρ̂˘q ă Psucc,Atp

1
2
, ρ̂˘q, and hence binary projective measurements

are not sufficient.

1. Fix N “ 3, and choose a set of allowed depolarizing parameters Sdep “

t0.1, 0.2, 0.3, 0.4, 0.5, 0.6u and number of trials ntrial “ 1000.

2. Generate α
pt,jq
˘ , β

pt,jq
˘ P p0, 1q uniformly, where t P rntrials denotes the trial index,

and j “ 1, 2, . . . , N denotes the subsystem index. Set φ
pt,jq
˘ “ 2πα

pt,jq
˘ and

θ “ arccosp1´ 2β
pt,jq
˘ q, such that

|vpφ, θqy “ rsinpθq cospφq, sinpθq sinpφq, cospθqs

is uniformly distributed over the set of all unit vectors.
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3. For each γ P Sdep, define the corresponding qutrit quantum states

ρ˘pγ, t, Nq fi
N
â

j“1

´

p1´ γq |vpφ
pt,jq
˘ , θ

pt,jq
˘ qy xvpφ

pt,jq
˘ , θ

pt,jq
˘ q| `

γ

3
I
¯

. (4.24)

4. For each ρ̂˘pγ, t, Nq perform the MOODY algorithm for Ab and At for both

best ordering and worst ordering.

5. For γ P Sdep, given an order of “best” or “worst”, and given an action space

A P tAb,Atu, denote

Psucc,orderpγ,Aq “
1

ntrial

ntrial
ÿ

t“1

Ps,order pρ˘pγ, t, Nq,Aq (4.25)

where Ps,orderpρ˘,Aq indicates that we perform the MOODY algorithm over

action space A with corresponding ordering on states ρ˘.

We plot the results for all four methods in Fig. 4.8, and compare the difference of

the remaining three methods to the ternary, best ordering method (Pdiff,orderpγ,Aq “

Psucc,bestpγ,Atq ´ Psucc,orderpγ,Aq) in Fig. 4.9. We observe that the best ternary

ordering is optimal compared to the best binary ordering, and therefore ordering

still affects performance even in MOODY algorithm. It remains an open question

whether it is sufficient to consider d rank 1 orthogonal projectors for a state space

Hd containing d-dimensional real quantum states.

4.4 Summary

In chapters 3 and 4, we investigate simple locally-greedy and modified locally-greedy

algorithms as well as more general dynamic programming algorithms for quantum

state discrimination when the given states are tensor products of N arbitrary qubit

or qutrit states. We prove analytically that, when the individual subsystems are

pure states, the simple locally-greedy algorithm achieves the optimal performance of

the joint N -system Helstrom measurement.
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Figure 4.8: The average probability
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Figure 4.9: Difference in average
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methods, namely, Pdiff,orderpγ,Aq as a
function of γ when N “ 3. Results
are averaged over 1000 trials.

For the scenario where each subsystem contains arbitrary qubit states, we demon-

strate a plateau in the probability of success attained by the locally-greedy algorithm

with increasing N . The reason for this plateau is found and an explicit bound is de-

rived for the success probability as a function of the channel depolarizing parameter

and initial prior. Based on these results, a modified locally-greedy algorithm is intro-

duced with strictly better performance and its state discrimination becomes perfect

in the large N limit.

For the general DP algorithm, we show that ordering of subsystems affects the

performance when the individual subsystems have distinct states. For qutrit states,

we show that binary projective measurements are inadequate to achieve optimal

performance.

In the following chapter, we extend our results developing reinforcement learning

algorithms to adaptively distinguish between more than two candidate states.
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5

Reinforcement Learning for Quantum Hypothesis
Testing

Portions of this chapter are adapted from [BSP20]. This work was done in collabo-

ration with Kevin D. Stubbs and Dr. Henry Pfister. I developed the reinforcement

learning algorithm, found the numerical results, and wrote the final manuscript.

Kevin Stubbs showed the RLNN algorithm is robust under noise and contributed to

writing the final manuscript. Dr. Pfister oversaw the project.

5.1 Introduction

In this chapter, we move from binary state discrimination to arbitrary state discrim-

ination where in general one might have multiple candidate states in a state set.

Unlike the Helstrom measurement for binary state discrimination, for more general

state discrimination problems there is no known closed-form optimal measurement.

Instead, the optimal measurement can be written as the solution of a semidefinite

programming problem [Hol73, YKL75]. Techniques for solving semidefinite pro-

gramming then can be used to find the minimal-error measurement and compute the
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optimal success probability [KM18, KRS09].

As demonstrated in the prior chapter, dynamic programming can be used to find an

optimal local approach [Bel54]. However, even in the simplest case where m “ 2, the

complexity grows like Op2nnQq, where n is the number of qubit subsystems and Q is

the number of different local measurements considered [BLS`19]. A powerful alterna-

tive tool for developing optimal adaptive protocols is reinforcement learning with neu-

ral networks (RLNN), where an agent learns an optimized protocol through repeated

interaction with an environment. While RLNN was introduced more than 20 years

ago [Tes92, Gor95], interest in these methods was recently rekindled by its remarkable

success for Atari games [MKS`13, MKS`15]. RLNN and other machine-learning ap-

proaches have been successfully applied to a variety of problems in quantum informa-

tion theory: generating error-correcting sequences [FTWM18, PDM`14], preparation

of special quantum states [Buk18, MPNK`18, MDW20], setting up experimental Bell

tests [MSS20], quantum communication [WMDB20], fault-tolerant quantum compu-

tation [SKvNE21a], quantum control [SKBL20, ZWA`19, SKvNE21b, XLL`19], and

nonequilibrium quantum thermodynamics [SPP21]. Additionally, RLNN has been

applied in the closely related topic of adaptive quantum metrology [PWS16, HS10,

PWZ`17, PS19]. Motivated by these successes, in this work we use RLNN to find

optimal locally-adaptive measurement protocols.

We demonstrate that our approach using reinforcement learning with neural net-

works (RLNN) achieves excellent performance when the total number of subsystems

is 10 or fewer. This performance holds even when the candidate states are subjected

to small perturbations. For cases where the exact locally optimal protocol is not

known, we compare the RLNN performance to an SDP upper bound and find that

for each trial the RLNN comes close to the upper bound. Additionally, we introduce

a min-entropy based locally adaptive approach which reduces to the optimal local
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approach for binary pure states, and show that the RLNN meets or exceeds this

approach in every trial.

Finally, we note that for pure states the existence of a gap between local and non-

local strategies depends solely on the number of candidate states. In the previous

chapters, we have extended results by [ABB`05] to provide a constructive locally

greedy approach which is fully optimal for any tensor product pure state discrimina-

tion problem when m “ 2. However, prior work [CBW17, WHBC18, BDF`99] has

demonstrated that the simplest possible nontrivial system of two qubits with three

equally likely candidate states is sufficient to find a gap between local and nonlocal

measurement strategies.

5.2 Reinforcement Learning

Each round of the reinforcement learning process involves an agent choosing one ac-

tion from an allowed action space, implementing the action, and receiving a reward

from the environment. For a Markov decision process, the agent can eventually learn

to choose actions according to an optimal policy that maximizes the expected future

reward. For the problem at hand, the agent is trained to learn the optimal adaptive

measurement strategy as well as the optimal adaptive order in which subsystems

should be measured.

In the context of state discrimination, the environment is a parameterized measure-

ment protocol for the quantum system of interest. The action space (denoted by A)

is the set of allowed quantum measurements. Denote by st the state of the environ-

ment just before round t and let n be the total number of rounds. The agent’s policy,

πθpat|stq, is parameterized by θ and equals the probability of selecting action at P A

in round t conditioned on the state st of the environment. The goal of training is for

the agent to learn the optimal policy π˚θ which maximizes a given reward function.

We consider the task of deriving the minimum-error adaptive measurement protocol
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to distinguish between m tensor-product quantum states tρju|
m
j“1 with prior prob-

ability vector q where qj “ Prpρ “ ρjq. To reduce the number of measurement

parameters and thus the size of the action space, we restrict to the case where each

candidate state is real-valued. Since each candidate state is assumed to be a tensor

product of n subsystems, it can be written as

ρj “
n
â

k“1

ρ
pkq
j ,

where ρ
pkq
j is a qubit density matrix for all j P t1, ...,mu and all k P t1, ..., nu. Thus,

the quantum system ρ is composed of n unentangled qubit subsystems.

We build an OpenAI gym environment [BCP`16] capable of simulating local

measurement protocols. In each round, the algorithm chooses the next subsystem j

to measure as well as which measurement to implement.

The action space A consists of elements p`, kq where ` P t1, ..., 20u selects which

measurement in the allowed measurement set is to be implemented and k P t1, ..., nu

is the subsystem to be measured. More specifically, ` corresponds to implementing

the binary real qubit POVM

Π̂Qp`q fi

#˜

sin2p `π
2Q
q 1

2
sinp `π

Q
q

1
2

sinp `π
Q
q cos2p `π

2Q
q

¸

,

˜

cos2p `π
2Q
q ´1

2
sinp `π

Q
q

´1
2

sinp `π
Q
q sin2p `π

2Q
q

¸+

and Q “ 20 (unless otherwise specified). The set of allowed measurement is then

tΠ̂Qp`qu|
Q
`“1 which corresponds to binary real qubit POVMs spaced evenly on the

Bloch sphere. For a given Q, this action set minimizes the worst case quantization

error. Increasing the quantization beyond Q “ 20 (or allowing continuous choice of

measurement) slowed the training time and did not offer observable gain in perfor-

mance, so Q “ 20 was chosen as the smallest quantization which yields near optimal

results.
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For a given set of candidate states, the state of the environment consists of the up-

dated probabilities for each candidate state as well as a list of which subsystems

have already been measured. Given starting prior q and measurement results d,

the updated prior is denoted by ppq,dq. The list of subsystems which have been

measured is given by the length-n vector v where vk “ 1 if subsystem k has already

been measured and 0 else. Thus, the state of environment before each round can

be represented as s fi pv, ppq,dqq. The episode is terminated when all subsystems

except one have been measured, or equivalently when
ř

i vi “ n´ 1.

When only one subsystem remains unmeasured the optimal final measurement is

automatically determined through semidefinite programming. The reward is given

by the probability of successfully decoding the actual state (ρ “ ρj˚) after the final

local measurement, where a successful decoding occurs if

j˚ “ argmax
jPt1,...,mu

ppjpq,dqq,

where d is the vector containing all previous measurement results and ppq,dq is

the updated probability given initial prior q and previous measurement results d.

Additionally, a penalty of ´0.3 is given if at any round the agent attempts to re-

measure an already measured subsystem, as for qubit subsystems re-measuring an

already measured subsystem is non-informative.

5.3 Details of Implementation

We train the agent using the proximal policy optimization (PPO) algorithm [SWD`17].

Results are then generated using the default PPO algorithm from the RLlib package

included in Ray version 0.7.3 [LLN`18, LLM`17]. After hyperparameter tuning of

the learning rate, we set the learning rate to be η “ 5 ˆ 10´5. For the remaining

hyperparameters, we find the default parameter settings to be optimal, including the

clipping parameter ε “ 0.3 and the discount factor γ “ 0.99. Comparison of the
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Figure 5.1: Performance of tuned
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(SDP) measurement.
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Figure 5.2: Performance of net-
work before tuning versus the collec-
tive Helstrom measurement.

tuned versus untuned network is depicted in Figures 1 and 2.
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πpa1|sq

πpa2|sq

πpa|A||sq

V psq

Figure 5.3: Neural Network configuration, consisting of one input layer, two
parallel subnetworks. One subnetwork outputs an estimate of the value V psq for
state s, one outputs an estimate of the policy πpa|sq.

5.4 Numerical Results for RLNN Performance

As an initial benchmark of the RLNN performance, we compare it to known optimal

results in several special cases.

In the case of binary discrimination (i.e. m “ 2) between tensor products of pure
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states such that ρ
pkq
j “ |ψ

pkq
j y xψ

pkq
j | for all k P t1, ..., nu and j P t1, 2u, it has been

shown that the optimal collective success probability, PSDP can be achieved through

locally-adaptive strategies [ABB`05, BLS`19]. The collective success probability,

PSDP, is found using semidefinite programming techniques introduced by [EMV03].

We randomly generate ten trials with n “ 3 and order the trials according to in-

creasing distinguishability measured by PSDP. For each trial, we compare this success

probability with the RLNN success probability, PRLNN, as shown in Fig. 5.4. The

neural network attains the correct (optimal) success probability in each case, with a

very small gap that is likely due to action space quantization.
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Figure 5.4: Probability of suc-
cess for the optimal RLNN policy after
1000 training iterations vs. the opti-
mal collective measurement for tensor-
products of pure states when m “ 2,
n “ 3. The neural network closely ap-
proximates the optimal success prob-
ability in each trial.
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Figure 5.5: Difference between
RLNN reward and Helstrom (SDP)
success probability as a function of
training iteration. We observe that
the RLNN success probability stabi-
lizes after 100 training iterations, with
occasional fluctuations.

An additional case where locally adaptive protocols are strictly optimal has been

found by Sasaki et. al in [SKIH98]. Consider a set of states S1 fi tρju|
m
j“1 and

associated probabilities tqju|
m
j“1. Suppose the known optimal POVM for these is
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tΠju|
m
j“1. The set of n-subsystem product states generated by S can be written as

Sn fi

" n
â

j“1

ρij

ˇ

ˇ

ˇ
i P t1, ...,mun

*

,

with corresponding probabilities defined as qi1...in fi qi1 ˆ ...ˆ qin . Then, the optimal

POVM candidate state set Sn has elements that can be written in tensor product

form as:

Πi1...in “

n
â

j“1

Πij .

This provides a useful test of the neural network performance. We take the initial

state set to be S1 “ tρ1, ρ2u, where ρ1 “ p
0.85 0

0 0.15 q and ρ2 “ p
0.15 0

0 0.85 q. Since the op-

timal local POVM belongs to the allowed action set, there should be no quantization

loss. We train the neural network for 1000 iterations (using a custom learning rate

schedule where the learning rate starts at 5.5 ˆ 10´5 and decays by 0.95 every 10

iterations), and compare the neural network performance after training to the opti-

mal success probability. For 1 ď n ď 8, the neural network attains or approximately

attains the exact success probability, as depicted in Fig. 5.6.

5.5 Comparison to SDP-based Locally Adaptive Strategies

Just as the collective SDP measurement provides an upper bound for the optimal

locally adaptive success probability, simple locally adaptive algorithms such as locally

greedy algorithms provide a lower bound. In this section, we introduce a local SDP-

based approach, and demonstrate that the RLNN always meets or exceeds the success

probability of the local SDP-based approach.

In the case of binary state discrimination, locally greedy algorithms are optimal

for pure states and close-to-optimal for mixed states. Our choice of the local SDP-

based algorithm as a “good” simple strategy is then motivated by the fact that
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Figure 5.6: Performance of the RLNN policy after 150 training iterations vs. the
optimal success probability as a function of the number of subsystems n. The RLNN
approach converges to the optimal local approach in this example for 1 ď n ď 8.

it reduces to a locally greedy protocol when m “ 2. Additionally, for m ą 2,

we found through numerical simulation that the local SDP-based based approach

generally performs better than locally greedy protocols. Finally, we compare the

RLNN algorithm to the local SDP-based algorithm via simulations with n “ 3 and

n “ 4 and demonstrate that the RLNN always meets or significantly exceeds the

local SDP-based success probability.

The SDP-based local algorithm selects the local measurement which maximizes

the expected (collective) success probability of future rounds. Let S be the set

of remaining unmeasured subsystems. For each round, the algorithm chooses to

measure the subsystem l P S and implement the measurement a such that:

pa, lq “ argmax
pa,`qPAˆS

|a|
ÿ

d1“0

Prpdn´|Sz`| “ d1q

ˆ Psucc, coll

ˆ

tρ
Szl
j u

ˇ

ˇ q, dn´|Sz`| “ d1
˙

where Psucc, coll

`

tρ
Szl
j u

ˇ

ˇ q, dn´|Sz`| “ d1
˘

equals the success probability of implement-

ing an optimal collective measurement on the remaining subsystems (with indices
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belonging to set Szl), given the prior for round j was q and the outcome of action a

was d1.

In the special case where m “ n “ 3, all candidate states are pure states, and all

subsystems identical copies, the performance of the SDP-based local algorithm and

the RLNN algorithm appear to be identical for each of 5 random trials, as depicted

in Fig. 5.7. However, we demonstrate that simpler locally adaptive strategies such

as the min-entropy approach are not sufficient to find the optimal locally adaptive

strategy, as when n “ 4 and the candidate states are mixed, a significant gap appears

between the RLNN results and the SDP-based local algorithm, as shown in Fig. 5.8.
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Figure 5.7: Plot of success proba-
bility for RLNN after 250 training it-
erations, the collective optimal (SDP)
measurement, and the SDP-based lo-
cal algorithm, over 5 trials with m “

3, n “ 3 and pure states.
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Figure 5.8: Plot of success proba-
bility for RLNN after 250 training it-
erations, the collective optimal (SDP)
measurement, and the SDP-based lo-
cal algorithm, over 5 trials with m “

3, n “ 5.

5.6 Pure State Discrimination

In the special case of binary state discrimination (m “ 2), it has been shown [ABB`05,

BLS`19] that locally-greedy algorithms are optimal for distinguishing between pure

tensor product states. Thus, for pure binary state discrimination, the success proba-

bility of the optimal collective measurement can be achieved through a simple locally-
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greedy algorithm.

This optimality result does not extend to m ě 3 even in the simplest case of a

two-qubit system, as the trine state ensemble provides a counterexample. In partic-

ular, the unique locally-greedy algorithm is no longer the optimal local algorithm.

Additionally, for the trine state ensemble, the optimal locally adaptive algorithm

performs worse than the optimal collective measurement. This raises the question,

“what is the maximum possible gap in success probability between the optimal locally

adaptive measurement strategy and optimal collective measurement as a function of

m and n?”

We now demonstrate that a gap exists even for the case where n “ 2 and m “ 3.

Original results for the double trine were found in [CBW17]. We present an alternate

proof which utilizes the results of subsequent work [WHBC18]. The trine ensemble

is defined to be symmetric with

ρj fi
´

U j
|0y x0| pU j

q
:
¯b2

“ pU b Uqj |00y x00|
´

pU b Uqj
¯:

,

where U fi

´

cosp 2π
3
q ´ sinp 2π

3
q

sinp 2π
3
q cosp 2π

3
q

¯

and q “ r1{3, 1{3, 1{3s.

Since pU b Uqm “ I, and the starting prior is balanced, the PGM is opti-

mal [Ban97], with a corresponding collective success probability of Pcoll “
1
6
p3 `

2
?

2q « 0.971. Hence to prove the theorem, it is enough to show that any choice

of local measurements will give a probability of success which is strictly less than

1
6
p3` 2

?
2q.

We now show that the optimal locally adaptive method is to measure the first

subsystem with an “anti-trine” measurement. The anti-trine is defined as Π̂AT “

t2
3
U

1
2ρjpU

1
2 q:u|3j“1, and is depicted in Figure 5.9. After obtaining the measurement

outcome for the first subsystem, the updated prior is a permutation of q “ r1
2
, 1

2
, 0s,
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Figure 5.9: The top picture illustrates the optimal first (anti-trine) measurement
with blue dotted lines and trine states with black lines. The bottom picture illus-
trates the optimal second measurement conditioned on the first measurement result,
namely, a Helstrom measurement on the two remaining states.

and the second subsystem is measured according to the optimal measurement for the

remaining two candidate states (see Figure 5.9).

The most general local approach is to implement measurement Π̂1 “
 

Π1,j

(

|mj“1 on

the first subsystem. We may label the result of the first subsystem out1. Then

the second and last measurement can be chosen as Π̂2pout1q “
 

Π2,jpout1q
(

|3j“1

and is in general allowed to depend on the outcome out1. It is conventional to

label the elements of the second measurement such that state ρ is decoded as ρj

if measurement element j is obtained in the final round, and thus it is sufficient

to consider 3-element measurement outcomes in the second and final round given
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that there are three candidate states. (Note that a binary measurement may be

represented as a three-element measurement with one element set to be zero.)

The success probability of this approach is then:

Psucc

´

Π̂1,
 

Π̂2pout1q
(

¯

“

2
ÿ

j“0

Prpρ “ ρjq
ÿ

d1

Prrout1 “ Π
p1q
d1
, out2 “ Π

p2q
j pd1q

ˇ

ˇ

ˇ
ρ “ ρjs

“

2
ÿ

j“0

ÿ

d1

Pr
”

ρ “ ρj

ˇ

ˇ

ˇ
out1 “ Π

p1q
d1
, out2 “ Π

p2q
j pd1q

ı

Pr
”

out1 “ Π
p1q
d1
, out2 “ Π

p2q
j pd1q

ı

Suppose the first outcome is d1 for measurement Π̂1. Then the conditional success

probability evidently becomes:

Psucc

´

Π̂p2qpd1q

ˇ

ˇ

ˇ
Π
p1q
d1

¯

“

2
ÿ

j“0

Pr
”

ρ “ ρj
ˇ

ˇout2 “ Π
p2q
j pd1q, out1 “ Π

p1q
d1

ı

Pr
”

out2 “ Π
p2q
j pd1q

ˇ

ˇout1 “ Π
p1q
d1

ı

“

2
ÿ

j“0

Pr
”

ρ “ ρj
ˇ

ˇout1 “ Π
p1q
d1

ı

Pr
”

out2 “ Π
p2q
j pd1q

ˇ

ˇout1 “ Π
p1q
d1
, ρ “ ρj

ı

Thus, in the most general locally adaptive approach, the probability of successful de-

coding given that the first system was measured with Π̂1 and the outcome obtained

is out1 is simply the probability of successfully distinguishing between the states of

the second qubit given the updated priors qd1 “
!

Prpρ “ ρj|out1 “ d1q

)

|2j“0.

It follows that the second measurement is immediately determined to be the op-

timal measurement for tU j |0y x0| pU jq:u|2j“0 given the updated prior from the first
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measurement. What remains is to optimize over the first measurement.

Psucc

´

Π̂1,
 

Π̂2pd1q
(

¯

“

m
ÿ

d1“1

Prrout1 “ Π
p1q
d1
sPsucc

`

Π̂p2qpd1q

ˇ

ˇ

ˇ
out1 “ Π

p1q
d1

˘

ď max
d1

Psucc

´

Π̂p2qpd1q

ˇ

ˇ

ˇ
out1 “ Π

p1q
d1

¯

Evidently, the second line presents an upper bound on the success probability of any

locally adaptive strategy, as it gives the success probability of the best possible two

outcomes.

Let the first step be the anti-trine measurement Π̂AT and denote with tΠ̂˚2pd1qu

our conjectured optimal second step. It then follows that a sufficient condition for

the optimality of this method is

Psucc

´

Π̂AT,
 

Π̂˚2pd1q
(

¯

“ max
tΠ̂p2qpd1qu,Π

p1q
d1

˜

Psucc

´

Π̂p2qpd1q

ˇ

ˇ

ˇ
out1 “ Π

p1q
d1

¯

¸

ě max
tΠ̂p2qpd1qu,Π̂p1q

˜

Psucc

´

Π̂1,
 

Π̂2pd1q
(

¯

¸

By symmetry, we know the expected success probability for the anti-trine is

equivalent regardless of which outcome is obtained, and can immediately compute

PsuccpΠ̂ATq “ 0.933. From [WHBC18], when the outcome for the first subsystem is

Πpθq “
´

sin2pθq cospθq sinpθq

cospθq sinpθq cos2pθq

¯

, the expected success probability given optimal choice

of subsequent measurement is given by:

max
tΠ̂p2qpd1qu

˜

Psucc

´

Π̂p2qpθq
ˇ

ˇ

ˇ
out1 “ Πpθq

¯

¸

“
1

3
´

1

12
cosp2θq ´ 0.288675 cospθq sinpθq

`
1

2

c

5

12
´

1

6
cosp2θq ´ 0.57735 cospθq sinpθq.

when the optimal measurement on the second subsystem has two outcomes. We can

directly verify from [WHBC18] that for the limited range of θ such that the optimal
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measurement on the second subsystem has three outcomes, then

max
tΠ̂p2qpd1qu

˜

Psucc

´

Π̂p2qpθq
ˇ

ˇ

ˇ
out1 “ Πpθq

¯

¸

ď 0.85

Finally, it follows from the above that:

max
tΠ̂p2qpd1qu,Π

p1q
d1

˜

Psucc

´

Π̂p2qpd1q

ˇ

ˇ

ˇ
out1 “ Π

p1q
d1

¯

¸

“ max
θ

´1

3
´

1

12
cosp2θq ´ 0.288675 cospθq sinpθq

`
1

2

c

5

12
´

1

6
cosp2θq ´ 0.57735 cospθq sinpθq

¯

“ Psucc

´

Π̂AT,
 

Π̂˚2pd1q
(

¯

thus proving optimality of the conjectured local method so that Plocptρju,qq “ 0.933.

Clearly, Plocptρju,qq ă Pcollptρju,qq. �

We note that the locally greedy method in this case consists of measuring the first

subsystem with a local trine measurement, and then measuring the second subsystem

with the optimal local measurement for the updated prior. This locally greedy

method has a success probability of Pgreedy “ 0.8, substantially lower than both

the collective and optimal locally adaptive success probability.

5.7 Gap between Locally Optimal Algorithm and Collective Measure-
ment

Finally, we use RLNN to estimate the gap between the best locally adaptive algorithm

and the optimal collective (non-local) measurement in more general cases where the

best locally adaptive algorithm is not otherwise known.

The simulation setup for a given m and n is as follows: for each trial, we randomly

generate pure tensor product candidate states and then apply depolarizing noise with

a randomly chosen noise parameter. The RLNN algorithm is independently trained

5 times over 2000 iterations, and the average final success probability is compared
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Figure 5.10: Probability of success
for SDP and RLNN when m “ 2 and
n “ 3. For each trial, the RLNN suc-
cess probability is computed by sepa-
rately training the neural network five
times with 2000 iterations each. The
error bars, were they visible, would
represent the standard deviation in
the final success probability over the
five independent trainings. But in all
trials, the error bars have collapsed to
nothing, and the gap between local
and non-local measurements is very
small.
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Figure 5.11: Probability of suc-
cess for SDP and RLNN after 2000
training iterations when m “ 3, n “
3. For each trial, the RLNN success
probability is computed by separately
training the neural network five times
with 2000 iterations each. In all tri-
als, the error bars have collapsed to
nothing and the gap between local and
non-local measurements is very small.
Compared to the case where m “ 2,
there is a slightly larger gap between
local and non-local measurements.

(with error bars) to the optimal collective success probability found via SDP. Results

are plotted for m “ 2, n “ 3 in Figure 5.10 and for m “ 3, n “ 3 in Figure 5.11, and

indicate that the gap between local and collective measurements increases with m.

5.8 Performance for a Large Number of Subsystems

We examine how the RLNN performance varies as a function of n, and demonstrate

good performance for up to n “ 10 subsystems. However, for n ě 20, the RLNN

begins to have suboptimal performance.

First, we consider the case of binary pure state discrimination, where a locally-

greedy (LG) technique is known to be optimal. We restrict the LG algorithm to the
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same action space as the RLNN to remove any gap due to action space quantization,

and compare the resulting success probabilities. Results are depicted in Fig. 5.13,

and indicate that the RLNN matches or almost matches the LG algorithm when

n “ 10 but develops a performance gap for n “ 20.

2 4 6 8 10

0.6

0.7

0.8

0.9

1

trial

P
su

cc

LG
RLNN

Figure 5.12: Success probability
for m “ 2, n “ 10 where all candi-
date states are pure. Success proba-
bility for the RLNN is based on 750
training iterations for each round.
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Figure 5.13: Success probability
for m “ 2, n “ 20 where all candi-
date states are pure. Success proba-
bility for the RLNN is based on 1000
training iterations for each round.

Next, we consider the performance of multiple state discrimination where m “ 3.

For n ă 8 we can compare directly to the collective SDP. For n ě 8, computing Psucc

via SDP techniques is infeasibly slow, so we instead look at the RLNN training curve

shape to determine whether the neural network converges to a steady solution.

As a first test of RLNN performance for multiple state discrimination when m “

3, we consider the case of pure states with n “ 5 and plot the success probability vs

SDP as well as the training curves in Fig. 5.14.The RLNN success probability plateaus

after approximately 100 training iterations, and the RLNN success probability comes

close to the collective SDP in each case.

We then examine the training curves for general state discrimination when m “ 3

as a function of n, with results shown in Fig. 5.16. Although stable plateaus are
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Figure 5.14: 10 trials with m “ 3,
n “ 5. Success probability for RLNN
after 300 training iterations compared
to success probability of SDP
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Figure 5.15: Difference between
RLNN reward and SDP success prob-
ability as a function of training itera-
tion. The RLNN success probability
plateaus after 100 training iterations

reached for both n “ 10 and n “ 20, as n increases the RLNN spends more train-

ing iterations learning not to re-measure subsystems. In the case where n “ 50,

approximately 500 training iterations are spent learning not to re-measure subsys-

tems, leading to a negative initial reward. This leads to the question of whether it

is possible to extend the RLNN performance to a larger number of subsystems by

predetermining a close-to-optimal ordering,

5.9 Robustness under noise

We demonstrate that the success probability is stable when the candidate states are

subject to a small perturbation. Consider an over-rotation noise model where the

noise is parametrised by rotation angle θ, s.t.

ρ̃
pkq
j pθq “ Upθqρ

pkq
j U :pθq @ j, k

where ρ̃
pkq
j pθq is the noisy state and we set the rotation matrix as Upθq “

´

cospθq sinpθq
´ sinpθq cospθq

¯

.

We prove that the error due to noise is negligible for sufficiently small enough per-
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Figure 5.16: Training curves for five independent trials where n “ 10 (right),
n “ 20 (centre), and one trial of n “ 50 (left). As n increases, the training curve
becomes less stable, and the number of iterations required for the reward to reach its
maximal value increases. For n “ 50, the shape of the training curve also changes to
include an initial dip in reward before convergence to the ideal, and we observe less
stability.

turbations, indicating that the RLNN adaptive method is still close-to-optimal when

the candidate states are subjected to sufficiently small amounts of unitary noise.

Theorem 9. Consider candidate set tρju|
m
j“1 with prior q. Denote by Psucc

´

tρju
¯

the probability of success using the optimal locally adaptive method on the original

state set. Likewise, let Psucc

´

tρ̃jpθqu
¯

be the success probability for the noisy state

set. Then for all θ,

|Psucc

´

tρju
¯

´ Psucc

´

tρ̃jpθqu
¯

| ď n|θ|

where n is the number of subsystems.

Proof. See Appendix 3 for a complete proof.

Finally, we generate five candidate state sets with m “ 3, d “ 2. For each

candidate state set tρju, we train the neural network to find the optimal locally

adaptive method. The original adaptive measurement scheme is then applied to

the rotated state set tρ̃jpθqu, and we plot the gap in success probabilities diffpθq fi

Psucc

´

tρju
¯

´ Psucc

´

tρ̃jpθqu
¯

.
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Figure 5.17: Gap in success probability as a function of rotation parameter θ for
five trials where m “ n “ 3. We observe that the gap is negligible for sufficiently
small θ.

5.10 Summary

We apply RLNN to calculate a near-optimal locally-adaptive measurement scheme for

multiple state discrimination. We provide preliminary results for the neural network

performance in cases where the locally-adaptive probability of success is known, and

show that the network can achieve good performance when the total number of

subsystems is 10 or fewer. This performance holds even when the candidate states

are subjected to small perturbations. For cases where the exact locally optimal

protocol is not known, we compare the RLNN performance to an SDP upper bound

and find that for each trial the RLNN comes close to the upper bound. Additionally,

we introduce a min-entropy based locally adaptive approach which reduces to the

optimal local approach for binary pure states, and show that the RLNN meets or

exceeds this approach in every trial.

Finally, we discuss pure state discrimination and note that the existence of a gap

between adaptive locally greedy algorithms and collective measurements depends

solely on the number of candidate states. Future work aims to extend the RLNN

performance to a larger number of subsystems, as well as to characterize the maximal
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gap between the optimal local and optimal collective success probability as a function

of the number of candidate states (m) and subsystems (n).
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6

Quantifying Uncertainty Through Games of Chance

Portions of this chapter are adapted from [BGG21]. This work is done in collab-

oration with Isabelle Jianing Geng and Dr. Gilad Gour. Dr. Gour oversaw the

project, found results for conditional majorization, and developed the project idea.

I found the remaining analytical results. Isabelle Jianing Geng and I finalized the

manuscript.

6.1 Introduction

Entropy plays a central role in many scientific areas including statistical mechanics,

thermodynamics, information theory, black hole physics, cosmology, chemistry, and

even economics [Jak20, Bek72, Bek73]. Consequently, there are multiple approaches

to understanding entropy. In thermodynamics, it can be understood as a measure

of energy dispersal at a given temperature. In information theory, entropy can be

viewed as a compression rate. Other properties related to entropy such as disorder,

chaos, randomness of a system, and the arrow of time [Mac92], have also been stud-

ied extensively in literature. Despite the many different definitions of entropy, one
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unifying theme is the idea of uncertainty.

The diverse roles of entropy would benefit from a more systematic and unifying

approach, where entropy is defined rigorously and in a way that is independent of

the physical context. In this work, we introduce games of chance as a means of

characterizing the uncertainty of a physical system. Games of chance are ideal can-

didates for studying uncertainty, as the performance in such games depends solely

on the certainty about the outcome of the game such that “more uncertain” systems

will have a lower expected reward. Thus, for any physical object such as a system,

measurement, or channel, we define its degree of uncertainty in terms of the proba-

bility of winning a game of chance. Since we construct a family of games, uncertainty

cannot be quantified with one function that is induced by a single game, but rather

is characterized with a partial order where system A is said to be “less uncertain”

than system B if system A performs at least as well as system B for all games of

chance. Equivalently, we say that A majorizes B.

We then apply our framework to the task of characterizing the entropy of a chan-

nel. The classical channel is a fundamental concept in classical information theory,

as classical states (which can be viewed as a probability distribution), random re-

labelings, and stochastic evolutions can all be viewed as a certain type of classical

channels. Likewise, quantum states, unitary evolutions, quantum measurements,

state preparations and marginalization over any subsystem of a larger quantum sys-

tem can be regarded as special cases of quantum channels [GMN`15]. Over the past

few years, several works have aimed to characterise and order channels based on their

performance for certain tasks [GW18, Yua19, FFRS20, DKJR06, DHBS20, DBB17].

The seminal work by John Kelly [Kel56] in 1956 developed the Kelly criterion which

yields the optimal protocol for a player to maximize the growth rate of their gam-
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bling profit via N uses of a communication channel in the limit as N Ñ 8.

The idea of using majorization to study entropy could be found in [Par11], while the

notion of conditional majorization was first introduced in [FGG13], and extended

in [GGH`18]. However, channel majorization had not been considered in previous

literature, nor had a unifying operational interpretation across different types of ma-

jorization. In our work, we construct gambling games that give rise to three types of

partial orders: majorization, conditional majorization, and channel majorization.The

first two partial orders characterize the degree of uncertainty and conditional un-

certainty in (possibly composite) physical systems, while the last characterizes the

uncertainty associated with a channel. Critically, we provide operational interpreta-

tions for each type of majorization and demonstrate that the definition of conditional

majorization coincides with the definition provided in [GGH`18]. In the following

chapter, we define channel entropy based on the definition of channel majorization

given in this chapter.

6.1.1 Notation

We denote the conditional probability distribution of random variable Y on random

variable X as tpy|xu where py|x fi PrpX “ x
ˇ

ˇY “ yq. Likewise, the joint distribution

for X and Y is denoted as tpyxu such that pxy fi PrpX “ x, Y “ yq. We denote

the set of all mˆ n stochastic matrices as Stochpm,nq, such that P P Stochpm,nq if

PX,Y “ py|x (ie, P is a transition probability matrix).

We use calligraphic letters such as P , Q, R to represent classical channels, and

text capital letters such as P,Q,R, S for the corresponding transition probability

matrices. At times, we will use superscripts of the form NmÑn to indicate that

the channel N takes inputs from an alphabet of size m and produces outputs in an

alphabet of size n.
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6.2 Dice Games and Majorisation

Gambling games are games in which a player is provided with partial information

and uses statistical inference to make their best guess in the face of incomplete

information. We first consider a gambling game in which the host rolls a biased dice,

and the player has to guess its outcome. Denote by p “ pp1, ..., pnq
T the probability

vector corresponding to the n possible outcomes, and denote by pÓ “ ppÓ1, ..., p
Ó
nq
T

the vector obtained from p by rearranging its components in non-increasing order.

For simplicity, we will always assume that the components of any probability vectors

p are arranged in non-increasing order so that p “ pÓ.

A w-gambling game occurs when the player is allowed to provide a set with w-

numbers as guesses prior to rolling the dice. The player then wins if the outcome

from the dice roll belongs to the set of guesses. For example, if w “ 2, then the

player will choose to provide numbers t1, 2u (as these have the highest probability of

occurring), and will win the game with probability pÓ1`p
Ó

2. In general, the probability

of winning a w-game with dice p can be denoted as:

Probwppq “ }p}pwq :“
w
ÿ

x“1

pÓx

where } ¨ }pwq denotes the Ky-Fan norm.

Suppose that at the beginning of each game, the player is allowed to choose

between two dice with corresponding probabilities p and q. Clearly, the player will

choose the dice which gives better odds of winning the game, and so will choose the

p-dice if }p}pwq ě }q}pwq. In general, the player’s choice will depend on the value of

w- for example, if p “ p1
2
, 1

2
, 0q and q “ p2

3
, 1

6
, 1

6
q then the player will choose q when

w “ 1 and p when w “ 2.

If the parameter w is chosen randomly from the distribution ttwu
m
w“1, then the
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probability that the optimal play wins is given by

Probtppq “
m
ÿ

k“1

tk}p}pkq “
m
ÿ

x“1

m
ÿ

k“x

tkpx ”
m
ÿ

x“1

rxpx “ r ¨ p (6.1)

where the vector r with components trxu is given by r ” Ut and U is the m ˆ m

invertible upper triangular matrix

U ”

¨

˚

˚

˚

˝

1 1 ¨ ¨ ¨ 1
0 1 ¨ ¨ ¨ 1
...

...
. . .

...
0 0 ¨ ¨ ¨ 1

˛

‹

‹

‹

‚

(6.2)

Note that the vector r satisfies r “ rÓ and that r has this property if and only if

the vector t “ U´1r has non-negative components. In general, we allow t ”
ř

w tw

to be strictly smaller than one, in which case there is a non-zero probability that

the player loses the game irrespective of the dice outcome. We likewise set pÓx ” 0 if

x ą n.

Finally, we say that p majorizes q and write q À p if and only if

Probtpqq ď Probtppq . (6.3)

for all (possibly incomplete) distributions ttwu. This is equivalent to saying that

q À p if the player will always choose the p-dice over the q-dice for any gambling

game.

One can additionally consider games with resources, where a player may be pro-

vided with an additional s-dice. The probability to win such a w-gambling game

with resources is given by }p b s}pwq, such that a p-dice has less uncertainty than

a q-dice if }p b s}pwq ě }q b s}pwq for all w and for all s. However, this condition

is equivalent to q À p, so the class of w-games is sufficient to induce the pre-order

generated by the larger class of games with resources.
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6.3 Conditional Majorization: Games with a correlated source.

Here we consider a game in which the host rolls a die where each side is labeled

with two outcomes, x and y. The host sends the value of x to the player, and the

value y is kept hidden from the player. The player knows the distribution tpxyu from

which x and y are sampled, and the player’s goal is to guess the value of y. Our

goal is to construct all possible gambling games that incorporate a correlated source,

so we allow the player to choose a value z and then have the host select w from a

conditional distribution ttwzu after receiving the value z from the player. We denote

the player’s choice of z with a function z “ fpxq. In general, the player will choose

z based on their knowledge of x, as well as the fixed distributions tpxyu and ttw|zu.

In Fig. 6.1 we depict such a T -gambling game.

Tf

x

y

z w

Figure 6.1: Classical gambling game with a correlated source. The player is provided

with the value x. Based on this value, the player choose z (or the function f) give and

send it to the host. The host then chooses the w game based on a (possibly incomplete)

distribution matrix T “ ptw|zq. The player will then guess t1, ..., wu and will win the game

if y ď w.

Let P “ ppxyq be the m ˆ n probability matrix, and w.l.o.g. suppose P “ P Ó

such that

px1 ě px2 ě ¨ ¨ ¨ ě pxn @ x “ 1, ...,m. (6.4)

For a given x and z, the probability to win the game can be expressed as rz ¨ px,
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where tpxu are the rows of P and rz ” Utz, where ttzu are the columns of the `ˆ q

matrix T “ ptw|zq. As before, we only require that
ř`
w“1 tw|z ď 1 for all z “ 1, ..., q.

Therefore, the optimal probability to win a T -game is given by

ProbT pP q “
m
ÿ

x“1

max
z

rz ¨ px . (6.5)

We are now ready to compare between two dice, a P -dice and a Q-dice, and call this

comparison conditional majorization.

Definition 10. Let P “ ppxyq be an mˆ n probability matrix, and Q “ pqx1y1q be an

m1 ˆ n1 probability matrix. We say that P conditionally majorizes Q and write

Q Àc P if and only if ProbT pQq ď ProbT pP q (6.6)

for all (column) sub-stochastic matrices T .

We note that the term ‘conditional majorization’ was first introduced in [GGH`18],

however it was not defined in an operational way. We now demonstrate conditional

majorization as defined by games of chance is equivalent to the original definition

in [GGH`18].

Theorem 11. Let P and Q be two mˆ n column stochastic matrices. Then,

Q Àc P ðñ Q “
ÿ

z

SzPVz (6.7)

where each Sz is a sub-stochastic matrix such that
ř

z Sz is a column stochastic matrix

(i.e. a classical channel), and each Vz is a permutation matrix.

This theorem provides an operational characterization for conditional majoriza-

tion.1 It states that conditional majorization is equivalent to a relation induced by

a conditional random relabeling map; see Fig 6.3.

1 For convenience we assume that the two matrices have the same dimensions, as if this is not the
case one can add zero rows and columns to make them the same dimension.

76



Figure 6.2: The action of conditional random relabeling map on a correlated source

P “ ppxyq yields the correlated source Q “ pqx1y1q “
ř

z SzPVz.

Proof. The proof follows from the following two lemmas.

Lemma 12. [GGH`18] The matrices P and Q are related as in the RHS of (16)

if and only if there exists a column stochastic matrix S such that

QU ď SPU , (6.8)

where the inequality is entry-wise and U is the upper triangular matrix

Lemma 13. [GGH`18] There exists a column stochastic matrix S that satisfies (6.8)

if and only if for any set of m vectors r1, ..., rm P Rn
` whose components are arranged

in non-decreasing order,

m
ÿ

x“1

max
z

px ¨ rz ě
m
ÿ

x“1

qx ¨ rx . (6.9)

We now prove the theorem. If Q Àc P then from (6.5) and Definition 10 we get

m
ÿ

x“1

max
z

px ¨ rz ě
m
ÿ

x“1

max
z

qx ¨ rz ě
m
ÿ

x“1

qx ¨ rx . (6.10)

Hence, from the above two lemmas it follows that P and Q are related as in the RHS

of (16).
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6.4 Channel Majorization: Games with a classical channel.

We now identify the class of gambling games corresponding to the uncertainty of a

channel. Roughly speaking, our aim is to identify games in which the player has a

lower probability of winning the game with a noisier channel. We will consider a

classical channel MmÑn which takes inputs from the alphabet X “ t1, ...,mu and

gives outputs in the alphabet Y “ t1, ..., nu. Each channel has a corresponding

transition matrix P “ ppy|xq. The goal of the game is for the player to correctly

guess the value y at the output of the channel.

In the most general settings, the host does not provide the player the full infor-

mation about w at the early stage of the game. Instead, the player receives a number

z that is sampled from a joint distribution ttwzu with w “ 1, ...,m and z “ 1, ..., `.

Denote by ttzu the columns of T . Then PrpZ “ zq “ |tz|, and one can write the

conditional probability for w given z as tw|z “
twz
|tz |

for all w, z.

The player knows the m ˆ ` joint probability matrix T “ ptwzq. While T in

the previous section represented a classical channel which takes z as an input and

outputs w, here T represents a correlated bipartite source which generates w and z.

Based on this partial information about the value of w, the player will choose the

optimal value of x to send through the channel. Finally, the host draws the value of

w and the player wins if y ď w.

Such a T -gambling game with channel M is then depicted in Fig. 6.1.

Let P “ ppy|xq “ P Ó be the ordered transition matrix of the channelM, in which

the columns of P are arranged in non-increasing order. For a given choice of x and

z the probability that the player wins the game is given by

m
ÿ

w“1

tw|z

w
ÿ

y“1

py|x “
m
ÿ

y“1

m
ÿ

w“y

tw|zpy|x ”
rz ¨ px
|tz|

(6.11)
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T

ME

Figure 6.3: Classical gambling game with a channel. The host provides the player with

a value z that is drawn from a probability distribution T “ ptwzq. The player chooses an

input to the channel x “ fpzq that may depends of the value of z. The host then selects

w, and the player wins if y ď w since they will always provide the first w numbers with

the highest corresponding probabilities.

where rz ” Utz and tpxu are the columns of the transition matrix P ; and in par-

ticular, each px is a probability vector. For each value of z the player will choose x

(i.e. fpzq) such that rz ¨ px “ maxx1 rz ¨ px1 . We therefore conclude that the optimal

probability to win a T -gambling game with a classical channel M “ P is given by

ProbT pMq “
ÿ̀

z“1

max
x

rz ¨ px (6.12)

Note that the above quantity is the dual of (6.5) in the sense that the role of x and

z are flipped. Unlike (6.5), here px is a probability vector for each x.

Definition 14. LetM and N be two classical channels with corresponding transition

matrices P “ ppy|xq and Q “ pqy1|x1q. We say that the channel N majorizes M and

write

M À N if and only if ProbT pMq ď ProbT pN q (6.13)

for all (column) sub-stochastic matrices T .

We now provide the following characterization of channel majorization, which

demonstrates that M À N if and only M can be simulated using N , an arbitrary
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pre-processing channel, and random isometry post-processing channels which may in

general be correlated with the input to the pre-processing channel.

Theorem 15. Let MmÑn and Nm1Ñn1 be two classical channels with probability

transition matrices Q and P respectively. Then, M À N if and only if there exists a

preprocessing channel SmÑm1ˆ` with transition probability matrix S “ tsx1,w1|xu, and

postprocessing channels tVn1Ñnw1 uw1 whose corresponding transition matrices tVw1uw1

are permutation matrices, such that

Q “
ÿ

w1

Vw1PSw1 (6.14)

where Sw1 “ tsx1,w1|xu|x1,x for all w1 (see Fig. 7.1).

Proof. Note that w.l.o.g. we can assume m1 “ m, so that P is an mˆn1 matrix and

Q is an mˆ n matrix. We will need the following two lemmas to prove the theorem

statement:

Lemma 16. The matrices P and Q are related as in (6.14) if and only if there exists

a column stochastic matrix S “
ř

w1 Sw1 such that

UTQ ď UTPS , (6.15)

where the inequality is entry-wise and U is the upper triangular matrix as defined

in (6.2).

To prove the lemma, denote by tpx1u
n1

x1“1 and tqxu
n
x“1 the n1 and n columns of

the matrices P and Q, and by sx1w1|x and sx1|x the components of the matrices Sw1

and S ”
ř`
w1“1 Sw1 . Then, the relation (6.14) can be expressed as:

qx “
n1
ÿ

x1“1

sx1|xDx1xpx1 where Dx1x ”
ÿ̀

w1“1

sx1w1|x
sx1|x

Vw1 . (6.16)
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Since for each x1 and x the matrix Dx1x is an m ˆm doubly-stochastic matrix, we

have that for each x and x1, Dx1xpx1 ă px1 . Thus, if the matrices Q and P are related

as in (6.14) then there must exists a column stochastic matrix S “ psx1|xq such that

qx ă
n1
ÿ

x1“1

sx1|xpx1 @x “ 1, ..., n. (6.17)

The above relation is equivalent to (6.15) since for each x and x1, qx “ qÓx and

px1 “ pÓx1 .

Conversely, suppose (6.15) holds. Therefore, also (6.17) holds, so that there exists

an mˆm doubly-stochastic matrix D such that

qx “
n
ÿ

x1“1

sx1|xDpx1 @x “ 1, ..., n. (6.18)

Expressing D “
ř`
w1“1 cw1Vw1 as a convex combination of permutation matrices we

obtain

qx “
n1
ÿ

x1“1

sx1|x
ÿ̀

w1“1

cw1Vw1px1 “
ÿ

x1,w1

Vw1px1sx1|xcw1 @x “ 1, ..., n. (6.19)

Finally, denote sx1w1|x ” cw1sx1|x and note that with this notation the above equation

is equivalent to (6.14), where for each w1 the the components of the matrix Sw1 are

sx1w1|x. This completes the proof of the lemma.

The question of whether there exists such a column stochastic matrix S that

satisfies (6.15) can be solved with linear programming.

Lemma 17. There exists a n1 ˆ n column stochastic matrix S that satisfies (6.15)

if and only if for any set of n vectors r1, ..., rn P Rm
` whose components are arranged

in non-decreasing order,

n
ÿ

x“1

max
x1

rx ¨ px1 ě
n
ÿ

x“1

rx ¨ qx . (6.20)
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To prove the lemma, denote by tsxu
n
x“1 the columns of S, so that (6.15) can be

expressed as

UTP sx ě UTqx @ x “ 1, ..., n . (6.21)

and the condition that S is column stochastic is equivalent to e ¨ sx “ 1 for each

x “ 1, ..., n, where e ” p1, ..., 1qT P Rn. Note however that it is sufficient to require

that e ¨ sx ď 1 since by adding to sx a non-negative vector, the relation (6.21) is

preserved. Denote further by e1 ” p1, ..., 1qT P Rn1 ,

A ”

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

UTP 0 ¨ ¨ ¨ 0
0 UTP ¨ ¨ ¨ 0
...

...
. . .

...
0 0 ¨ ¨ ¨ UTP
´eT 0 ¨ ¨ ¨ 0

0 ´eT ¨ ¨ ¨ 0
...

...
. . .

...
0 0 ¨ ¨ ¨ ´eT

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P Rpm`1qnˆn1n (6.22)

b ”

¨

˚

˚

˚

˝

UTq1
...

UTqn
´e1

˛

‹

‹

‹

‚

P Rpm`1qn, s ”

¨

˚

˝

s1
...

sn

˛

‹

‚

P Rn1n
` (6.23)

Using this notation, (6.21) is equivalent to As ě b. The question of whether there

exists a s ě 0 that satisfies As ě b is a feasibility problem in linear programming.

From Farkas lemma, such a row vector s P Rn1n
` exists if and only if for any vector

t P Rpm`1qn
` that satisfies tTA ď 0 we also have b ¨ t ď 0. Denote t “ pt1, ..., tn,vq

T ,

where for each x1 “ 1, ..., n, tx P Rm
` and v “ pv1, ..., vnq

T P Rn. With this notation,

the dual problem has the form

vxe ě tTxU
TP @x “ 1, ..., n ñ e1 ¨ v ě

n
ÿ

x“1

tTxU
Tqx (6.24)

Note that the condition vxe ě tTxU
TP implies that vx ě tTxU

Tpx1 for all x1 “ 1, ..., n1

and x “ 1, ..., n. Therefore, taking the optimal value vx “ maxx1 t
T
xU

Tpx1 we get
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that (6.24) holds if and only if for any n vectors t1, ..., tn P Rm
`

n1
ÿ

x“1

max
x1

tTxU
Tpx1 ě

n1
ÿ

x“1

tTxU
Tqx . (6.25)

Denoting by rx ” Utx we obtain the the above equation is equivalent to (6.20). This

completes the proof of the lemma.

We are now ready to prove Theorem 15. We therefore assume now thatM À N .

Then, by definition we have for all ` and any r1, ..., r` P Rm
` whose components are

arranged in a non-decreasing order

ÿ̀

w1“1

max
x1

rw1 ¨ px1 ě
ÿ̀

w1“1

max
x

rw1 ¨ qx. (6.26)

Taking ` “ n we get that

n
ÿ

x“1

max
x1

rx ¨ px1 ě
n
ÿ

w1“1

max
x

rw1 ¨ qx ě
n
ÿ

x“1

rx ¨ qx . (6.27)

Therefore, from the two lemmas above it follows that P and Q are related as

in (6.14). This completes the “only if” direction in the theorem statement.

The ”if” direction of the theorem follows quickly:

ProbT pMq “ ProbT pN q

“
ÿ

z

max
x

˜

m
ÿ

w“1

tw|z

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

w1

Vw1PSw1 êx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pwq

¸

ď
ÿ

z

max
x

˜

m
ÿ

w“1

tw|z max
w1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Vw1P êx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pwq

¸

“
ÿ

z

max
x

˜

m
ÿ

w“1

tw|z

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
P êx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pwq

¸

“ ProbT pN q

where êx is a vector with a one at position x and zeros else.
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S
N Vw1

The Channel M

Figure 6.4: The simulation of M with N in the case that M À N .

We now provide a lemma showing that it is sufficient to consider only games with

a fixed value of z.

Lemma 18. The pre-order induced by the set of classical gambling games is un-

changed if we restrict to the set of gambling games such that T “ p where p is a vector

probability distribution. Equivalently, M À N if and only if ProbppMq ď ProbppN q

for all p.

Proof. Referring to the definition of ProbT pN q from the previous section,

ProbT pN q “
ÿ̀

z“1

max
x

´

m
ÿ

y“1

m
ÿ

w“y

twzpy|x

¯

“
ÿ̀

z“1

tz max
x

´

m
ÿ

y“1

m
ÿ

w“y

tw|zpy|x

¯

“
ÿ̀

z“1

tzProbttzupN q

where tkz “ tztw|z such that ttzu “ tt1|z, ..., tm|zu. The statement then follows.
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6.5 Summary

In this chapter, we used games of chance as a method for characterizing the uncer-

tainty of classical states and channels. This gives rise to majorization, conditional

majorization, and channel majorization. We prove that the resulting conditional

majorization is equivalent to [GGH`18] and thus provide the first operational inter-

pretation of conditional majorization.

In the following chapter, we use the channel majorization found in this chapter to

define the entropy of a channel (ie a function is a channel entropy if it is both mono-

tonic under channel majorisation and satisfies additivity under tensor products) and

we then find the unique asymptotically continuous entropy. Thus, games of chance

are a step towards addressing the open question how to characterise channel entropy.
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7

Entropy of a Channel

Portions of this chapter are adapted from [BGG21]. This work is done in collabora-

tion with Isabelle Jianing Geng and Dr. Gilad Gour. Dr. Gour oversaw the project,

found results for conditional majorization, and developed the project idea. I found

the remaining analytical results, and wrote the final manuscript. Isabelle Jianing

Geng made substantial editorial contributions to the final manuscript and verified

all analytical results.

7.1 Introduction

The previous chapter provided an ordering of channels based on uncertainty as quan-

tified through games of chance. Previous works have investigated necessary condi-

tions for entropy functions [Abe00, IS14, Tem16]. Based on these results as well as

the channel ordering induced by games of chance, we define the set of allowed chan-

nel entropy functions. We then find that the minimum output entropy [Sho04] is the

unique asymptotically continuous entropy of a channel. For a classical channel, the
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minimum output entropy is defined as

HpN q fi min
x

´

HSpN pxqq
¯

where HS is the Shannon entropy.

Finally, this chapter connects games of chance to quantum dynamical resource the-

ory and discusses additional potential physical applications of channel entropy. More

specifically, we prove that the expected reward functions from games of chance pro-

vide a first operational interpretation of monotones in quantum dynamical resource

theory [GS20, CG19, CFS16].

7.2 Channel Entropy Definition and Properties

Equipped with the pre-order introduced in the previous chapter, we now provide an

operational definition for the family of entropy functions.

Definition 19. (cf. [GW18, Gou19]) Let LpmÑ nq be the set of all classical chan-

nels which take inputs from t1, ...,mu and yield outputs in t1, ..., nu. A non-zero

function

H :
ď

m,n P Z`
Lpm Ñ nq Ñ R

is a channel entropy if it satisfies the following two conditions:

1. It is monotonic under the channel majorization; i.e.

HpMq ě HpN q if M À N

2. It is additive under tensor products; i.e.

HpN bMq “ HpN q `HpN q (7.1)

for all channels N and M.
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The above definition is equivalent to the definition of entropy for classical channels

previously outlined in [GW18, Gou19]. In these works, entropy was defined based on

additivity and monotonicity under uniformity-preserving superchannel, or channels

which map the completely randomizing channel R to itself. That is, if RmÑnpρq “ I
n

for all ρ, then Θpn,mqÑpn1,m1q is a completely randomizing superchannel if and only if:

Θpm,nqÑpm1,n1q
rRmÑn

s “ Rm1Ñn1

The following lemma demonstrates the equivalence of previous entropy definitions

with our operational definition:

Lemma 20. For any classical channels MmÑn and Nm1Ñn1, then

M ĺ N ðñ M “ Θpm1,n1qÑpm,nq
pN q

where Θpm1,n1qÑpm,nq is a uniformity-preserving superchannel taking an input channel

in Lpm1 Ñ n1q and outputting a channel in LpmÑ nq.

Proof. In Theorem 15, we proved that M ĺ N if and only if there exists a super-

channel Θ satisfying ΘrN s “M and where Θ is of the form

Θpm1,n1qÑpm,nq
rPs “

ÿ

z

Vz ˝N ˝ Sz @P P Lpm1
Ñ n1q

where Sz are sub-stochastic pre-processing processes (given bipartite pre-processing

channel S, then Sz “
 

sx1,z|x
(

|x1,x represents the action of S on the first subsystem

when the output of S on the second subsystem is fixed to be z), and V implements

a conditioned post-processing isometry Vz on the first subsystem (see Figure 6.4).

This is equivalent to requiring Θ to be a classical, random unitary superchannel.

Note that this implies for any P P Lpm1 Ñ n1q, then:

Θpm1,n1qÑpm,nq
rPspxq “

ÿ

z

ppz|xqVz ˝ P ˝ S 1zpxq @x P r1, ...,ms

where S 1z “
 

sx1|x,z
(

|x,x1 is a pre-processing channel.
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In the remainder of this proof, we demonstrate that the set of random unitary

classical superchannels are equivalent to the set of uniformity-preserving classical

superchannels. First, we show that classical random unitary channels are uniformity

preserving:

ΘrRm1Ñn1
spxq “

ÿ

z

Vz
´

RpS 1zpxqq
¯

@x

“
ÿ

z

ppz|xqVz
´In
n

¯

@x

“
ÿ

z

ppz|xq
In
n

@x

“
In
n

@x

Next, we show that any classical uniformity preserving superchannel Θ can be

written in the above form. First, we note that the most general classical superchannel

can be written as

ΘrN sp|xy xx|q “
ÿ

z

ppz|xqP
´

N
´

Szp|xy xx|q
¯

b |zy xz|
¯

@ x

where P is an arbitrary post-processing channel and Sz is the effect of S on subsystem

1 when the output of S on subsystem 2 is z. (See Figure 7.1). We use Dirac notation

to denote xÑ |xy xx|

Upon imposing the restraint that Θ be uniformity-preserving, we have
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S
N

P

Superchannel ΘrN s

Figure 7.1: General classical superchannel.

I
n
“ ΘrRs

`

|xy xx|
˘

@x

“
ÿ

z

ppz|xqP
´

R
´

Szp|xy xx|q
¯

b |zy xz|
¯

@ x

“
ÿ

z

ppz|xqP
´ I
n
b |zy xz|

¯

@x

“
ÿ

z

ppz|xqPz
´ I
n

¯

@x

where Pzpρq fi Ppρb|zy xz|q. Finally, denote by P x the transition probability matrix

corresponding to the channel
ř

z ppz|xqPz. Clearly,
ř

z ppz|xqPz must be unital for

all x s.t.

P xuB “ uB

where uB is the uniform distribution for system B. It follows from the above that P x

is doubly stochastic for all x, and therefore (from Birkhoff’s lemma), can be written

as a convex combination of permutation matrices.

Then there exists a set of permutation matrices tVw,xu corresponding to isometry

channels tVw,xu and probability distribution
ř

w qw|x “ 1 for all x s.t.

ÿ

z

ppz|xqPz fi
ÿ

w

qw|xVw,x @x

90



Finally, we can then rewrite our superchannel Θ as:

ΘrN sp|xy xx|q “
ÿ

z

ppz|xqPz
´

N
´

Szp|xy xx|q
¯¯

@ x

“
ÿ

t

qtVt
´

N
´

S̃zp|xy xx|q
¯¯

where t “ pw, zq and where S̃z represents the action of S̃ on the first subsystem when

the second output is z. Then S̃ is related to the original pre-processing channel as

shown in Fig. 7.2.

S
N

P

S1 N
Vw,x

q

S̃
N Vt

Figure 7.2: Restructuring a general uniformity preserving superchannel.
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7.3 Uniqueness of Entropy Function

We now prove that there is only one channel entropy function that reduces to the

Shannon entropy on classical states. An entropy function H reduces to to the Shan-

non entropy on states if and only if for all state preparation channels Np which take

a trivial input and prepare a fixed output distribution p, then:

HpNpq “ HSppq

where HS is the Shannon entropy. Given that states are special cases of channels, we

expect any reasonable channel entropy function to reduce to the Shannon entropy

on states.

Theorem 21. Let H be a classical entropy that reduces to the Shannon entropy, HS,

on classical states. Then for all N P
Ť

m,nPZ`
Lpm Ñ nq,

HpN q “ min
x
HS

´

N pxq
¯

and H is asymptotically continuous.

Proof. We first show that there is a unique function H which reduces to the Shannon

entropy on classical states. To this aim, we define the minimal extension H and

maximal extension H of H as:

HpN q fi log|B| ´ lim
kÑ8

˜

1

k
inf
p,q

´

Dpp
ˇ

ˇ

ˇ

ˇqq
¯

¸

HpN q fi log|B| ´max
x

´

D
´

N
`

xq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Rpxq

¯¯

where D is the Kullback-Leibler divergence and the infimum in the second line is over

all p, q satisfying pp,qq ă
`

Nbkp~xq,Rbkp~xq
˘

for all sequences ~x. Since H reduces
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to the Shannon entropy on classical states, then log|B|´HpN q reduces to DpN
ˇ

ˇ

ˇ

ˇRq.

From [Gou21], it then follows that

HpN q ď HpN q ď HpN q

It was additionally shown in [Gou21] that

max
x

´

D
´

N
`

xq
ˇ

ˇ

ˇ

ˇRpxq
¯¯

“ lim
kÑ8

˜

1

k
inf
p,q

´

Dpp
ˇ

ˇ

ˇ

ˇqq
¯

¸

where the infimum is over all p, q satisfying pp,qq ă
`

Nbkp~xq,Rbkp~xq
˘

for all

legnth-k sequences ~x. Thus,

HpN q ď HpN q ď HpN q “ HpN q

and so

HpN q “ log|B| ´max
x

´

D
´

N
`

xq
ˇ

ˇ

ˇ

ˇRpxq
¯¯

“ min
x
HSpN pxqq

where HS is the Shannon entropy.

Finally, we demonstrate that HpN q “ minxHS

`

N pxq
˘

satisfies definition 20 and

thus is an entropy. It has been shown in [GW18] that H is additive and non-

decreasing under the action of a uniformity-preserving superchannel. It then follows

from Appendix D that H is non-decreasing under superchannels of the form

ΘrN spxq “
ÿ

z

ppz|xqVz ˝N ˝ S 1zpxq @x

and therefore HpMq ě HpN q if M ĺ N .

Finally, we note that one natural extension of these results is to characterise the

uncertainty of quantum channels. Unlike the classical case, we expect the ordering

induced by quantum gambling games to also take into account resources such as

entanglement.
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7.4 Operational Interpretation of Dynamical Monotones

In this section, we demonstrate that the payoff function ProbT pN q provides a first

operational interpretation of the dynamical monotones introduced in [GW18].

We begin by defining a quantum channel N as a completely-positive trace preserving

map from system A to system B, which can be written as N P CPTPpA Ñ Bq. A su-

perchannel Θ is then defined as a map from quantum channels to quantum channels

s.t. Θ : CPTPpA0 Ñ A1q Ñ CPTPpB0 Ñ B1q.

The Choi matrix JN of channel N is defined as

JN fi
ÿ

i,j

|iy xj| bN p|iy xj|q

We first restate the lemma first proved in [GW18], which introduces dynamical mono-

tones fP .

Lemma 22. Let FREEpA Ñ Bq be a convex and topologically closed set where

A “ pA0, A1q and B “ pB0, B1q. Denote the Choi matrix for any channel N as JN

For any quantum channel PB P CPTPpB0 Ñ B1q, define

fPpNAq fi max
ΘPFREEpAÑBq

〈
P ,ΘrNAs

〉
“ max

ΘPFREEpAÑBq
Tr
´

J:PJΘrN s

¯

for every NA P CPTPpA0 Ñ A1q. Let NA P CPTPpA0 Ñ A1q andMB P CPTPpB0 Ñ

B1q be two quantum channels. Then, MB “ ΘAÑBrNAs, for some super-channel

Θ P FREEpAÑ Bq if and only if

fPpNAq ě fPpMBq @P P CPTPpB0 Ñ B1q

Proof. See [GW18] for a complete proof.
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We now demonstrate that our work provides an operational interpretation of

Lemma 9. Namely, the reward functions for expected channel payoff, ProbT corre-

spond to dynamical monotones in quantum resource theory:

Theorem 23. Define the set of free classical superchannels FREEpA Ñ Bq to be all

classical, uniformity preserving superchannels Θ and define

fPpN q fi max
ΘPFREEpAÑBq

xP ,ΘrN sy

for any quantum channel P. Then, M ĺ N if and only if

fPpNAq ě fPpMBq @P P CPTPpB0 Ñ B1q

Proof. See Appendix 5 for details.

7.5 Summary

In Chapters 6 and 7, we introduce a new method for characterizing channel uncer-

tainty via payoff functions from games of chance. From this, we introduce families of

games of chance which give rise to three different partial orders: majorization, condi-

tional majorization, and channel majorization. For each order we provide an opera-

tional interpretation, and for the case of channel majorization we find the unique

corresponding asymptotically continuous channel entropy. Finally, we provide a

connection between our results and dynamical monotones in quantum dynamical

resource theory.

One natural extension of this work is to characterise the uncertainty of quantum

channels. Unlike the classical case, we expect the ordering induced by quantum gam-

bling games to also take into account resources such as entanglement. Preliminary

work in this direction suggests that their also exists a unique asymptotically contin-

uous channel entropy in the quantum case.

Finally, previous works on majorization have led to a variety of applications such as
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finding the capacity of bosonic Gaussian channels, computing quantum discord, char-

acterizing allowed thermodynamic transformations, and developing entanglement de-

tection protocols [MGH14, GHM15, HO15, GJB`18, WWS20]. Likewise, previous

entropy definitions such as the Shannon entropy have had wide-reaching applications

in thermodynamics and data compression [CC05, BFL11]. Thus, given the central

role of channels in multiple areas of physics and our results for characterizing channel

entropy via majorization, we expect broad potential applications in thermodynamics

and information theory.
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8

Conclusions

The first part of this thesis discusses locally adaptive procedures for quantum hy-

pothesis testing. Adaptive protocols offer a local, experimentally feasible alternative

to collective measurements on a large quantum system. First, this thesis discusses

variations of locally greedy algorithms for binary state discrimination. In the first

locally greedy protocol, subsystems are measured in order with each measurement

consisting of the locally optimal Helstrom measurement for the updated prior. Thus,

all information about previous measurements is encoded via the prior which is up-

dated using Bayes’ theorem after each measurement result.

As an extension of previous results by Acin et al [ABB`05], this thesis demon-

strates that the locally greedy strategy is completely optimal for distinguishing any

two pure TPQS. Despite the optimality for pure states, the locally greedy approach

is not even asymptotically optimal when the candidate states are mixed. To rem-

edy this, we introduce a modified locally greedy algorithm which is asymptotically

optimal for mixed states and retains optimality for pure states. Finally, a general

dynamic programming algorithm is introduced which is capable of finding the opti-
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mal locally adaptive measurement and order of measurement for any pair of TPQS.

We provide results of numerical simulations on up to 10 subsystems, and note that

beyond 10 subsystems the computational complexity of the DP algorithm makes it

difficult to implement.

We then demonstrate that for larger dimensional subsystems (ie qutrits) the dynamic

programming algorithm performs better when allowed to implement measurements

with multiple outcomes. It remains an open question whether one can upper bound

the number of measurement outcomes needed to obtain an optimal adaptive mea-

surement scheme as a function of the subsystem dimension.

The remainder of the work on state discrimination discusses implementation of an

effective reinforcement learning (RLNN) algorithm for multiple state discrimination.

Multiple numerical simulations are run for a variety of system sizes and numbers of

candidate states, and results for the RLNN performance are compared to the optimal

(collective) performance as found via SDP programming. The results demonstrate

that RLNN is optimal or close-to-optimal in every trial if the system has less than 20

qubits. Additionally, the RLNN algorithm is provably robust under small rotation

errors.

This work paves the way for developing even more sophisticated RLNN protocols

capable of finding locally adaptive protocols for even larger systems. Other key open

questions are whether locally adaptive protocols are equally effective for entangled

states, and what the “worst case” gap is between the best locally adaptive procedure

and the best collective procedure.

The second part of this thesis discusses using games of chance as a way to measure
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uncertainty in physical systems. Such families of games of chance allow for pre-orders

on classical channels corresponding to channel entropy. Additionally, this thesis pro-

vides an operational interpretation for the preorder– namely, channel M ĺ N if

and only if M can be simulated with N using classical communication and shared

randomness.

Finally, we demonstrate that the payoff functions from the games of chance pro-

vide a first operational interpretation of monotones in quantum dynamical resource

theory. We additionally find the unique asymptotically continuous entropy of a quan-

tum channel. Future work aims to extend this approach to quantum gambling games

and thus to characterise the entropy of a quantum channel.

In summary, this dissertation contributes to the topics of quantum state discrim-

ination and characterisation of quantum devices. More broadly, this work adds to

the building evidence [FTWM18, MKHV18] that reinforcement learning is a powerful

tool capable of improving current protocols in quantum information theory.
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Appendix 1

Theorem Let Ps,hpq, ρ˘q and Ps,lgpq, ρ˘q denote the probabilities of successful state

discrimination, given initial prior Ppρ “ ρ`q “ q, using the joint N-system Helstrom

measurement and the locally greedy measurement technique, respectively. If ρ` and

ρ´ are pure states, i.e., ρ
pjq
˘ “ |˘θjy x˘θj| where |θy fi cos θ

2
|0y ` sin θ

2
|1y, for some

θj P p0, 2πq for every j P rN s, then

Ps,hpq, ρ˘q “ Ps,lgpq, ρ˘q (1)

“
1

2

´

1`
b

1´ 4qp1´ qqΠN
j“1 cos2pθjq

¯

. (2)

We prove the statement by induction, first considering the base case where N “ 2

and additionally specifying q “ 1
2
. Then the probability of success can be written as

Ps,lg

ˆ

1

2
, ρ˘

˙

“
ÿ

d1Pt`,´u

Ppρ “ ρ`qP
ˆ

d1

ˇ

ˇ

ˇ

ˇ

ρ`,
1

2

˙

P
ˆ

d2 “ `

ˇ

ˇ

ˇ

ˇ

ρ`, d1,
1

2

˙

(3)

`
ÿ

d1Pt`,´u

Ppρ “ ρ´qP
ˆ

d1

ˇ

ˇ

ˇ

ˇ

ρ´,
1

2

˙

P
ˆ

d2 “ ´

ˇ

ˇ

ˇ

ˇ

ρ´, d1,
1

2

˙

“
1

2

ÿ

d1Pt`,´u

”

P
ˆ

d1

ˇ

ˇ

ˇ

ˇ

ρ`,
1

2

˙

P
ˆ

d2 “ `

ˇ

ˇ

ˇ

ˇ

ρ`, d1,
1

2

˙

` P
ˆ

d1

ˇ

ˇ

ˇ

ˇ

ρ´,
1

2

˙

P
ˆ

d2 “ ´

ˇ

ˇ

ˇ

ˇ

ρ´, d1,
1

2

˙

ı

“ P
ˆ

d1 “ `

ˇ

ˇ

ˇ

ˇ

ρ`,
1

2

˙

P
ˆ

d2 “ `

ˇ

ˇ

ˇ

ˇ

ρ`, d1 “ `,
1

2

˙

` P
ˆ

d1 “ `

ˇ

ˇ

ˇ

ˇ

ρ´,
1

2

˙

P
ˆ

d2 “ ´

ˇ

ˇ

ˇ

ˇ

ρ´, d1 “ `,
1

2

˙

,

(4)

where the final equality follows from symmetry of probability outcomes for pure

states, i.e.,

P
ˆ

dj “ `

ˇ

ˇ

ˇ

ˇ

ρ`, Pj´1 “
1

2
˘ α

˙

“ P
ˆ

dj “ ´

ˇ

ˇ

ˇ

ˇ

ρ´, Pj´1 “
1

2
¯ α

˙

.

From the definition of the Helstrom measurement, we observe that

P
ˆ

d1 “ ˘

ˇ

ˇ

ˇ

ˇ

ρ˘,
1

2

˙

“
1

2
p1` sinpθ1qq, P

ˆ

d1 “ ˘

ˇ

ˇ

ˇ

ˇ

ρ¯,
1

2

˙

“
1

2
p1´ sinpθ1qq. (5)
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Hence the updated prior is P1pq “
1
2
, d1q “

1
2
p1` d1 sinpθ1qq. Then according to the

locally greedy algorithm,

P
ˆ

d2

ˇ

ˇ

ˇ

ˇ

ρ˘, d1,
1

2

˙

“

#

1´ Tr
“

Π
`

P1pq “
1
2
, d1q, j “ 1

˘

ρ˘
‰

if d2 “ `,

Tr
“

Π
`

P1pq “
1
2
, d1q, j “ 1

˘

ρ˘
‰

if d2 “ ´.
(6)

After some simplifications and using a result from [Hel69], we observe

P
ˆ

d2 “ ˘

ˇ

ˇ

ˇ

ˇ

ρ`, d1 “ ˘,
1

2

˙

“
1

2

˜

1˘
sin2 θ2 ˘ cos θ2 sin θ1

2
a

cos2pθ2q sin2pθ1q ` sin2pθ2q

¸

. (7)

Again using the symmetry property we have

P
ˆ

d2 “ ˘

ˇ

ˇ

ˇ

ˇ

ρ´, d1 “ ˘,
1

2

˙

“
1

2

˜

1¯
sin2 θ2 ˘ cos θ2 sin θ1

2
a

cos2pθ2q sin2pθ1q ` sin2pθ2q

¸

. (8)

Upon substitution we obtain

Ps,lg

ˆ

1

2
, ρ˘

˙

“ P
ˆ

d1 “ `

ˇ

ˇ

ˇ

ˇ

ρ`,
1

2

˙

P
ˆ

d2 “ `

ˇ

ˇ

ˇ

ˇ

ρ`, d1 “ `,
1

2

˙

(9)

` P
ˆ

d1 “ `

ˇ

ˇ

ˇ

ˇ

ρ´,
1

2

˙

P
ˆ

d2 “ ´

ˇ

ˇ

ˇ

ˇ

ρ´, d1 “ `,
1

2

˙

“
1

2

ˆ

1`
b

cos2pθ2q sin2pθ1q ` sin2pθ2q

˙

“
1

2

´

1`
a

1´ cos2pθ1q cos2pθ2q

¯

. (10)

For the inductive step, we define a new variable θ̃ P r0, πs such that cos2pθ̃q fi

ΠN´1
i“1 cos2pθiq. Then by assumption

Ps,lg

ˆ

1

2
, ρ
p1,...,N´1q
˘

˙

“
1

2

ˆ

1`

b

1´ ΠN´1
i“1 cos2pθiq

˙

“
1

2

ˆ

1`

b

1´ cos2pθ̃q

˙

.

(11)

We then apply the previously shown statement for N “ 2, letting the first subsystem
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now be the combined subsystems 1, 2, . . . , N ´ 1, i.e., ρ
p1,...,N´1q
˘ .

Ps,lg

ˆ

1

2
, ρ˘

˙

“
1

2

ˆ

1`

b

1´ cos2pθ̃q cos2pθNq

˙

“
1

2

ˆ

1`

b

1´ ΠN´1
i“1 cos2pθiq cos2pθNq

˙

(12)

“
1

2

ˆ

1`
b

1´ ΠN
i“1 cos2pθiq

˙

. (13)

Now we consider the case of general priors. We can artificially rearrange this

problem so that it is mathematically equivalent to a new quantum state discrimina-

tion problem between two transformed states ρ̂1˘. We start by defining θ0 such that

q “ 1
2
p1` sinpθ0qq. For pure states, we have Ps,hpq, ρ˘q “ Ps,hp1´ q, ρ˘q, so

Ps,hpq, ρ˘q “
1

2

„

Ps,h

ˆ

1` sin θ0

2
, ρ˘

˙

` Ps,h

ˆ

1´ sin θ0

2
, ρ˘

˙

“ Ps,lg

ˆ

1

2
, ρ
p0q
˘ b ρ˘

˙

“
1

2

«

P
ˆ

d0 “ `

ˇ

ˇ

ˇ

ˇ

q0 “
1

2
, ρp0q “ ρ

p0q
`

˙

¨ P
ˆ

dN “ `

ˇ

ˇ

ˇ

ˇ

q “
1` sin θ1

2
, ρ “ ρ`

˙

` P
ˆ

d0 “ `

ˇ

ˇ

ˇ

ˇ

q0 “
1

2
, ρp0q “ ρ

p0q
´

˙

¨ P
ˆ

dN “ ´

ˇ

ˇ

ˇ

ˇ

q “
1` sin θ1

2
, ρ “ ρ´

˙

` P
ˆ

d0 “ ´

ˇ

ˇ

ˇ

ˇ

q0 “
1

2
, ρp0q “ ρ

p0q
`

˙

¨ P
ˆ

dN “ `

ˇ

ˇ

ˇ

ˇ

q “
1´ sin θ1

2
, ρ “ ρ`

˙

` P
ˆ

d0 “ ´

ˇ

ˇ

ˇ

ˇ

q0 “
1

2
, ρp0q “ ρ

p0q
´

˙

¨ P
ˆ

dN “ ´

ˇ

ˇ

ˇ

ˇ

q “
1´ sin θ1

2
, ρ “ ρ`

˙

ff

,

where we define the newly appended states ρ
p0q
˘ fi |θ0,˘y xθ0,˘| such that | xθ0,`y θ0,´|

2 “

cos2pθ0q. Here PpdN | P1pq0 “
1
2
, d0q, stateq denotes the probability of obtaining dN

as the measurement result on the N th subsystem given the specified (updated) prior

and state, with all local measurements determined by the locally greedy algorithm.
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Since we have restricted all quantum subsystems to be in pure states, we can

simplify through symmetry as follows.

P
ˆ

dN “ `

ˇ

ˇ

ˇ

ˇ

q “
1´ sin θ1

2
, ρ “ ρ`

˙

“ P
ˆ

dN “ ´

ˇ

ˇ

ˇ

ˇ

q “
1` sin θ1

2
, ρ “ ρ´

˙

P
ˆ

dN “ ´

ˇ

ˇ

ˇ

ˇ

q “
1´ sin θ1

2
, ρ “ ρ´

˙

“ P
ˆ

dN “ `

ˇ

ˇ

ˇ

ˇ

q “
1` sin θ1

2
, ρ “ ρ`

˙

.

Substituting these properties we obtain

Ps,hpq, ρ˘q “ P
ˆ

d0 “ `

ˇ

ˇ

ˇ

ˇ

q0 “
1

2
, ρp0q “ ρ

p0q
`

˙

¨ P
ˆ

dN “ `

ˇ

ˇ

ˇ

ˇ

q “
1` sin θ1

2
, ρ “ ρ`

˙

` P
ˆ

d0 “ `

ˇ

ˇ

ˇ

ˇ

q0 “
1

2
, ρp0q “ ρ

p0q
´

˙

¨ P
ˆ

dN “ ´

ˇ

ˇ

ˇ

ˇ

q “
1` sin θ1

2
, ρ “ ρ´

˙

“ Ps,lgpq, ρ˘q.

Thus, the probability of success is equivalent under both the joint N -system Helstrom

measurement and the locally greedy method for pure states.
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Appendix 2

We show the plateau remains in the order-optimized locally greedy algorithm by

generalizing the experiment from identical copies to the case where the subsystems

are distinct. The primary change is that we now sample states parameterized by θ
pt,jq
˘

so that each subsystem in both ρ` and ρ´ can have (potentially) distinct copies. Also,

the vector of success probabilities is altered accordingly.

1. Choose a set of depolarizing parameters and number of trials. Again we set

Sdep “ t0.01, 0.05, 0.1, 0.3u and ntrial “ 1000.

2. Generate θ
pt,jq
˘ P p0, 2πq uniformly, where t P rntrials denotes the trial index, and

j “ 1, 2, . . . , 12 denotes the subsystem index.

3. For each γ P Sdep and N “ 1, 2, . . . , 12, define the corresponding qubit quantum

states

ρ˘pγ, t, Nq fi
N
â

j“1

´

p1´ γq |θ
pt,jq
˘ y xθ

pt,jq
˘ | `

γ

2
I
¯

. (14)

4. For all γ P Sdep and all N “ 1, 2, . . . , 12, denote

PsuccpN, γq “
1

ntrial

ntrial
ÿ

t“1

Ps,lg pρ˘pγ, t, Nqq , (15)

where Ps,lgpρ˘q indicates that we perform the locally greedy algorithm on states

ρ˘.

We plot the results of this experiment in Fig. 4.1. When the subsystems are not

identical copies, we notice that the plateau is much higher when compared to the

case of identical copies. At first glance this appears to violate the bound obtained in

Corollary 4, since here the pair of states in each subsystem are pure states depolarized

with the same parameter γ, as required in the hypothesis of Corollary 4. However,

the reason for the higher plateau is as follows. The algorithm orders the subsystems

in such a way that the credulity can be updated to be as close to 1 ´ γ
2

as possible
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(where we assume the states ρ˘ may be relabeled at any step to ensure the credulity

is always greater than 1
2
). In the next round, it is still possible to obtain one more

non-trivial measurement, after which either the updated credulity exceeds 1´ γ
2

and

all subsequent rounds are trivial, or the credulity is lowered below the threshold and

another measurement is permitted until the updated credulity again exceeds 1 ´ γ
2
.

This permitted “jump” in credulity due to the final measurement explains why the

value appearing as the plateau in Fig. 1 can be larger than 1´ γ
2
.

The best “jump” beyond 1 ´ γ
2

is obtained when the states in that subsystem

are an orthogonal pair of pure states subjected to the depolarizing channel and a

measurement result which increases the credulity is attained, as formalized in the

following lemma.

Lemma 24. Suppose that we are given one of two quantum states ρ` “
ÂN

j“1

´

p1´

γq |θj,`y xθj,`| `
γ
2
I
¯

and ρ´ “
ÂN

j“1

´

p1 ´ γq |θj,´y xθj,´| `
γ
2
I
¯

where γ is a fixed

depolarizing parameter. Then, an upper bound on the probability of success using the

locally greedy method is given by

Ps,lg

`1

2
, ρ˘

˘

ď Pboundpγq ”
p1´ γ

2
q2

p1´ γ
2
q2 ` p

γ
2
q2
.

Proof. Given the sequence of measurement results drNs, the probability of success

is maxppN , 1 ´ pNq where pN “ Cσ
Npq, a

σ
rNs,d

σ
rNsq (and where aσpjq “ Πpj, pjq.) We

suppose that at any step we may swap the labels of the composite states to enforce

pj ě
1
2
@ j. Then, the probability of success is upper bounded by the maximal

attainable probability, namely Ps,lgp
1
2
, ρ˘q ď maxdσ

rNs
PDN

`

Cσ
Np

1
2
,dσ
rNsq

˘

.

We then show by induction that pj ď
p1´ γ

2
q2

p1´ γ
2
q2`p

γ
2
q2
@ j P t0, 1, ..., Nu. For the base

case, j “ 0 and the statement is trivially true as p0 “ q “ 1
2
. For the inductive step,

we assume that the statement holds for j P t0, 1, ..., N ´ 1u and show that it then

also holds for j`1. First, consider the case where the updated prior at the j-th step
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exceeds the critical value 1´ γ
2
ď pj. Then, all future measurements are trivial and

pk “ pj for all k ě j. Thus, the inductive hypothesis again holds.

Next, consider the case where pj P r
1
2
, 1´ γ

2
s. For simplicity, we define pj`1ppj,d

σ
j`1q fi

Cσ
j`1pq, a

σ
rj`1s,d

σ
rj`1sq with aσpjq “ Πpj, pjq. If the Helstrom measurement Πhel ”

Πpj ` 1, pjq is trivial, then pj “ pj`1 and the inductive hypothesis holds. In the case

where Πhel is nontrivial, the prior will increase when dj`1 “ ` and the new maximal

credulity p˚j`1 is defined as follows:

p˚j`1 “ max
´

pj`1ppj, dσj`1 “ `q, pj`1ppj, dσj`1 “ ´q

¯

“ pj`1ppj, dσj`1 “ `q

“
pjTrr

`

I´ Πh

˘`

p1´ γq |θj,`y xθj,`| `
γ
2
Iqs

Trr
`

I´ Πh

˘`

pjp1´ γq |θj,`y xθj,`| ` p1´ pjqp1´ γq |θj,´y xθj,´| `
γ
2
Iqs

“
p1´ γqpjTrr

`

I´ Πh

˘

|θj,`y xθj,`|s `
pjγ

2

p1´ γqTrr
`

I´ Πh

˘`

pj |θj,`y xθj,`| ` p1´ pjq |θj,´y xθj,´|s `
γ
2

“
p1´ γqpjx` `

pjγ

2

p1´ γqppjx` ` p1´ pjqx´q `
γ
2

for x˘ ” TrrpI ´ Πhq |θj,˘y xθj,˘|s P r0, 1s. The third line follows from substituting

into Bayes’ law and simplifying. In the following, we derive an upper bound on p˚j`1

and thus the success probability by optimizing over x`, x´, pj without placing any

restrictions on whether the optimal set tx˚`, x
˚
´, p

˚
j u is actually physically realizable.
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p˚j`1 ď max
x˘Pr0,1s

max
pjPr

γ
2
,1´ γ

2
s

´ p1´ γqpjx` `
pjγ

2

p1´ γqppjx` ` p1´ pjqx´q `
γ
2

¯

“ max
x`Pr0,1s

max
pjPr

γ
2
,1´ γ

2
s

´p1´ γqpjx` `
pjγ

2

p1´ γqpjx` `
γ
2

¯

“ max
pjPr

γ
2
,1´ γ

2
s

´p1´ γqpj `
pjγ

2

p1´ γqpj `
γ
2

¯

“
p1´ γqp1´ γ

2
q `

γ
2
p1´ γ

2
q

p1´ γqp1´ γ
2
q `

γ
2

“
p1´ γ

2
q2

p1´ γ
2
q2 ` p

γ
2
q2

Thus, Ps,lg
`

1
2
, ρ˘

˘

ď p˚j`1 ď
p1´ γ

2
q2

p1´ γ
2
q2`p

γ
2
q2

. Finally, we note that the bound on p˚j`1

is tight and is achieved when pj “ 1´ γ
2

and ρ
pjq
˘ “ p1´ γq |˘π

4
y x˘π

4
| `

γ
2
I.

To illustrate the predictive value of this bound, we list the observed numerical

asymptotic values found when N “ 12 for non-identical subsystems (Pobspγq) and

the predicted upper bound for γ “ 0.1, 0.3, 0.4, 0.5 respectively:
"

`

Pobsp0.1q “ 0.9943, Pboundp0.1q “ 0.9972
˘

,
`

Pobsp0.3q “ 0.9549, Pboundp0.3q “ 0.9698
˘

,

`

Pobsp0.4q “ 0.9198, Pboundp0.4q “ 0.9412
˘

,
`

Pobsp0.5q “ 0.8732, Pboundp0.5q “ 0.9000
˘

*

.

Finally, we compare the two scenarios for the specific value of the depolarizing

parameter γ “ 0.3 in Fig. 2. This plot shows the non-trivial advantage obtained

from subsystems being distinct rather than copies of each other, which is the case

most considered in the literature. For the special case of γ “ 0, we have shown

in Theorem 2 that the order of subsystems does not matter and that the simple

locally greedy algorithm itself achieves the optimal performance obtained with the

joint N -system Helstrom measurement.
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Figure 1: Comparison of success
probability for varying γ with distinct
subsystems, as a function of the num-
ber of available systems, N .
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larizing parameter γ “ 0.3.
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Appendix 3

Theorem: Consider candidate set tρju|
m
j“1 with prior q. Denote by Psucc

´

tρju
¯

the

probability of success using the optimal locally adaptive method on the original state

set. Likewise, let Psucc

´

tρ̃jpθqu
¯

be the success probability for the noisy state set.

Then for all θ,

|Psucc

´

tρju
¯

´ Psucc

´

tρ̃jpθqu
¯

| ď n|θ|

where n is the number of subsystems. Any adaptive measurement protocol consists

of a series of measurements, tΠ1,Π2pd1q, ...Πnpdrn´1squ where all measurements after

the first depend on previous measurement results. Then any individual measurement

sequence can be written as a tensor product:

Πdrns “

n
â

k“1

Πkpdrk´1sq

Let Πj be the sum of all such measurement sequences s.t. the post-measurement

decoding is ρ̂ “ ρj. Then the difference between the two success probabilities can be

bounded as:

Psucc

´

tρju
¯

´ Psucc

´

tρ̃jpθqu
¯

“
ÿ

qjTrrΠjpρj ´ ρ̃jpθqqs

ď max
j

˜

Tr
“

Πj

`

ρj ´ ρ̃jpθq
˘‰

¸

ď max
j, drns

˜

TrrΠdrnspρj ´ ρ̃jpθqqs

¸

“ max
j, drns

˜

TrrpΠdrns ´ Π̃drnspθqqρjs

¸

where

Π̃drnspθq “
n
â

k“1

UpθqΠkpdrk´1sqU
:
pθq
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For simplicity, we here drop notation indicating previous measurement outcomes and

represent Πdrns “
Ân

k“1 Πk. Likewise, we drop the dependence on θ. Then:

Tr
”

â

k

Πkρ
pkq
j

ı

´Tr
”

â

k

Π̃kρ
pkq
j

ı

“ Tr

«

´

â

k

Πk ´
â

k

Π̃k

¯

â

k

ρ
pkq
j

ff

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

â

k

Πk ´
â

k

Π̃k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

â

k

ρ
pkq
j

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

â

k

Πk ´
â

k

Π̃k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8
Πk b Πn ´

n
â

k“1

Π̃k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

n
â

k

Πk ´

n´1
â

k“1

Π̃k b Πn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8
`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

n
â

k“1

Π̃k b Πn ´

n
â

k“1

Π̃k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

ď

n´1
ÿ

`“0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ầ

k“1

Π̃k b

n
â

k“``1

Πk ´

``1
â

k“1

Π̃k b

n
â

k“``2

Πk

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

“

n
ÿ

`“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Π̃` ´ Π`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

ď nmax
`

˜

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Π̃` ´ Π`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

¸

.
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Finally, upon substituting Π̃` “ UΠ`U
:, this becomes

nmax
`

˜

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Π̃` ´ Π`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

¸

“ nmax
`

˜

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Π` ´ UΠ`U

:

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

¸

“ nmax
`

˜

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Π` ´ prU,Π`s ` Π`UqU

:

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

¸

“ nmax
`

˜

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
rU,Π`sU

:

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

¸

“ nmax
`

˜

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
rpU ´ Iq, pΠ` ´

1

2
Iqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8
U :

¸

“ nmax
`

˜

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
rpU ´ Iq, pΠ` ´

1

2
Iqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8

¸

ď n
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
U ´ I

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

8
.

Since U “ Upθq “
´

cospθq sinpθq
´ sinpθq cospθq

¯

it’s easy to check that

›

›

›
U ´ I

›

›

›

8
“

›

›

›

ˆ

1´ cospθq sinpθq
´ sinpθq 1´ cospθq

˙

›

›

›

8

“
?

2
a

1´ cos pθq

ď |θ|

Combining everything, we find:

|Psucc

´

tρju
¯

´ Psucc

´

tρ̃jpθqu
¯

| ď
?

2n|θ|.
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Appendix 4

Theorem: Let P and Q be two mˆ n column stochastic matrices. Then,

Q Àc P ðñ Q “
ÿ

z

SzPVz (16)

where each Sz is a sub-stochastic matrix such that
ř

z Sz is a column stochastic matrix

(i.e. a classical channel), and each Vz is a permutation matrix.

Lemma 25. [GGH`18] The matrices P and Q are related as in the RHS of (16)

if and only if there exists a column stochastic matrix S such that

QU ď SPU (17)

where the inequality is entry-wise and U is the upper triangular matrix

To prove the lemma, denote by tpxu
n
x“1 and tqwu

n
w“1 the n rows of the matrices

P and Q, and by swz|x and sw|x the components of the matrices Sz and
ř

z Sz. Then,

the RHS of (16) can be expressed as:

qw “
n
ÿ

x“1

sw|xpxDwx where Dwx ”
ÿ

z

swz|x
sw|x

Vz . (18)

Since Dwx is a doubly-stochastic matrix we have that for each x and w, pxDwx ă px.

We therefore conclude that if the matrices Q and P are related as in (18) then there

must exists a column stochastic matrix S “ psw|xq such that

qw À

n
ÿ

x“1

sw|xpx @w “ 1, ..., n. (19)

Conversely, if the relation above holds, then there exists n doubly-stochastic matrices

Dw such that

qw “
n
ÿ

x“1

sw|xpxDw @w “ 1, ..., n. (20)
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Expressing each Dw “
ř

z cz|wVz as a convex combination of all permutation matrices

we obtain the form (16). Finally, recall that for each w the row vectors px “ pÓx and

qw “ qÓw so that (19) is equivalent to

qwU ď
n
ÿ

x“1

sw|xpxU @w “ 1, ..., n, (21)

where the inequality is entry-wise. This completes the proof of the lemma.

The question of whether there exists such a column stochastic matrix S that

satisfies 17 can be solved with linear programming. In the following lemma, which

was proved in [GGH`18], we show that the dual problem can be expressed in terms

of sub-linear functionals.

Lemma 26. [GGH`18] There exists a column stochastic matrix N that satisfies (??)

if and only if for any set of n vectors v1, ...,vn P Rm
` whose components are arranged

in non-decreasing order,

n
ÿ

w“1

max
x

pw ¨ vx ě
n
ÿ

w“1

qw ¨ vw . (22)

To prove the lemma, denote by sx the rows of S, so that (??) can be expressed

as

sxPU ě qxU (23)

and the condition that N is column stochastic is equivalent to
ř

x sx “ e ” p1, ..., 1q.

Denote further by s ” ps1, ..., snq an n2-dimensional vector, and b ” pq1U, ...,qnU,´eq

an pnm` nq-dimensional vector, and by A the n2 ˆ npm` 1q matrix

A ”

¨

˚

˚

˚

˝

PU 0 ¨ ¨ ¨ 0 ´In
0 PU ¨ ¨ ¨ 0 ´In
...

...
. . .

...
...

0 0 ¨ ¨ ¨ PU ´In

˛

‹

‹

‹

‚

(24)

With these notations (23) is equivalent to sA ě b. Now, the question whether there

exists s ě 0 that satisfies sA ě b is a feasibility problem in linear programming.
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From the Farkas lemma, such a row vector s P Rn2

` exists if and only if for any

column vector t P Rnpm`1q
` that satisfies At ď 0 we also have b ¨ t ď 0. Denote

t “ pt1, ..., tn, rq
T , where for each x “ 1, ..., n, tx P Rm

` and r P Rn. Then, with this

notation the dual problem has the form

r ě PUtx @x “ 1, ..., n ñ e ¨ r ě
n
ÿ

x“1

qx ¨ pUtxq (25)

Note that the condition that r ě PUtx for all x can be expressed as rw ě maxx pw ¨

pUtxq. Therefore, taking rw “ maxx pwUtx we conclude that (25) holds if and only

if for any n vectors t1, ..., tn P Rm
`

n
ÿ

w“1

max
x

pw ¨ pUtxq ě
n
ÿ

x“1

qx ¨ pUtxq . (26)

Denote by vx ” Utx , and note that vx “ vÓx. Moreover, the inverse of U is given by

U´1
“

¨

˚

˚

˚

˚

˚

˝

1 ´1 0 0 ¨ ¨ ¨ 0
0 1 ´1 0 ¨ ¨ ¨ 0
0 0 1 ´1 ¨ ¨ ¨ 0
...

...
...

...
. . .

...
0 0 0 0 ¨ ¨ ¨ 1

˛

‹

‹

‹

‹

‹

‚

(27)

Hence, tx ě 0 if and only if vx “ vÓx. We therefore conclude that (25) holds if

and only if for any n vectors v1, ...,vn P Rm
` whose components are arranged in

non-decreasing order,

n
ÿ

w“1

max
x

pw ¨ vx ě
n
ÿ

x“1

qx ¨ vx . (28)

This completes the proof of the lemma.
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Appendix 5

Theorem Define the set of free classical superchannels FREEpA Ñ Bq to be all

classical, random unitary superchannels Θ and define

fPpN q fi max
ΘPFREEpAÑBq

xP ,ΘrN sy

for any quantum channel P. Then, M ĺ N if and only if

fPpNAq ě fPpMBq @P P CPTPpB0 Ñ B1q

From Theorem 2 of this work, ProbT pMq ď ProbT pN q for all T if and only if there

exists a free classical superchannel s.t. ΘrN s “M. Thus, the application above will

hold if we can demonstrate the following:

• For every T with fixed z, there exists a classical channel P and positive constant

αT such that ProbT p..q “ αTfPp..q

• For every classical channel P , there exists a distribution T and positive constant

αP such that fPp...q “ αPProbT p...q

We first prove the second statement.

fPpN q fi max
ΘPFREEpAÑBq

Tr
´

J:PJΘrN s

¯

“ max
ΘPFREEpAÑBq

Tr

˜

´

ÿ

ij

Pp|iy xj|q b |iy xj|
¯´

ÿ

i1j1

ΘrN sp|iy xj|q b |iy xj|
¯

¸

“ max
ΘPFREEpAÑBq

Tr

˜

ÿ

j

Pp|jy xj|q b |jy xj|
´

ÿ

j1

ΘrN sp|j1y xj1|q b |j1y xj1|
¯

¸

“ max
ΘPFREEpAÑBq

Tr

˜

ÿ

j

Pp|jy xj|qΘrN sp|jy xj|q

¸

where the simplification of the Choi Matrix follows from noting that both P and N
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are classical channels. Recalling the definition of free operations, the above becomes

fPpN q “ max
S,tVzu,tppk|zqu

ÿ

k

Tr

«

Pp|ky xk|q
ÿ

z

ppz|kqVz

˜

N
´

Sp|ky xk|q
¯

¸ff

“ max
S,tVzu,tppk|zqu

ÿ

k

ÿ

z

ppz|kq

ˆ Tr

«

Pp|ky xk|qVz

˜

N
´

Sp|ky xk|q
¯

¸ff

“ max
S,tVku

ÿ

k

Tr

«

Pp|ky xk|qVk

˜

N
´

Sp|ky xk|q
¯

¸ff

The third line follows by setting ppz|kq “ δz,k and noting that this will always be

optimal, as

ÿ

z

ppz|kqTr

«

Pp|ky xk|qVz

˜

N
´

Sp|ky xk|q
¯

¸ff

ď max
z

´

Tr

«

Pp|ky xk|qVz

˜

N
´

Sp|ky xk|q
¯

¸ff

¯

We continue simplifying this expression:

fPpN q “ max
S,tVku

d
ÿ

k“1

Tr

«

Pp|ky xk|qVk

˜

N
´

Sp|ky xk|q
¯

¸ff

“ max
S,tVku

d
ÿ

k“1

d
ÿ

y“1

qy|k xy|Vk

˜

N
´

Sp|ky xk|q
¯

¸

|yy

“ max
S

d
ÿ

k“1

d
ÿ

y“1

qÓy|k xy|N
Ó
´

Sp|ky xk|q
¯

|yy

“

d
ÿ

k“1

max
x

d
ÿ

y“1

qÓy|k xy|N
Ó
p|xy xx|q |yy

“

d
ÿ

k“1

max
x

d
ÿ

y“1

qÓy|kp
Ó

y|x
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where qy|k fi xy|Pp|ky xk|q |yy and pÓy|x fi xy|N Óp|xy xx|q |yy. Finally, we manipu-

late the above expression to rewrite it in the form of ProbT pN q:

fPpN q “
d
ÿ

k“1

max
x

˜

qÓ1|kp
Ó

1|x `

d
ÿ

y“2

qÓy|kp
y
ÿ

j“1

pÓj|x ´
y´1
ÿ

j“1

pÓj|xq

¸

“

d
ÿ

k“1

max
x

˜

qÓ1|kp
Ó

1|x `

d
ÿ

y“2

qÓy|k

y
ÿ

j“1

pÓj|x ´
d
ÿ

y“1

qÓy`1|k

y
ÿ

j“1

pÓj|xq

¸

“

d
ÿ

k“1

max
x

d
ÿ

y“1

pqÓy|k ´ q
Ó

y`1|kq

y
ÿ

j“1

pÓj|x

“

d
ÿ

k“1

|t̃k|max
x

d
ÿ

y“1

t̃y|k

|t̃k|

y
ÿ

j“1

pÓj|x

“
ÿ

k

|̃tk|Prob t̃pkq

|t̃pkq|

pN q

where t̃k “ tpq
Ó

1|k ´ q
Ó

2|kq, pq
Ó

2|k ´ q
Ó

3|kq, ..., pq
Ó

d´1|k ´ q
Ó

d|kq, pq
Ó

d|k ´ 0qu and in line two we

use the definition qÓd`1|k “ 0 (as qÓy|k can always be padded with extra zeros).

Finally, we relabel the dummy variable k to z and simplify:

fPpN q “
ÿ

z

|̃tz|Prob t̃z
|t̃z |

pN q

“ p
ÿ

z1

|̃tz1 |q
ÿ

z

|t̃z|
`
ř

z1 |̃tz1 |
˘Prob t̃z

|t̃z |

pN q

“ p
ÿ

z1

|̃tz1 |qProbT pN q

where T is defined by its elements:

tk,z “
|t̃z|

ř

z1 |̃tz1 |
ˆ
t̃Ók|z

|t̃z|
“

t̃Ók|z
ř

z1 |̃tz1 |

Finally, we need to show that for every T with fixed z “ 1 (i.e. T is a vector),

there exists a classical channel P and positive constant αT such that ProbT pN q “
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αTfPpN q. However, from the above expression it immediately follows that we can

select t̃z“1 s.t. T “ t̃z“1

|t̃z“1|
. Then the channel P corresponding to t̃ will satisfy

ProbT pN q “ αTfPpN q.
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[FTWM18] Thomas Fösel, Petru Tighineanu, Talitha Weiss, and Florian Mar-
quardt. Reinforcement learning with neural networks for quantum feed-
back. Phys. Rev. X, 8:031084, 2018.

[GGH`18] G. Gour, A. Grudka, M. Horodecki, W. Klobus, J. Lodyga, and
V. Narasimhachar. The Conditional Uncertainty Principle. Phys. Rev.
A 97, 042130, 2018.

[GHM15] V. Giovannetti, A.S. Holevo, and A. Mari. Majorization and additiv-
ity for multimode bosonic gaussian channels. Theor Math Phys 182,
284–293, 2015.

[GJB`18] G. Gour, D. Jennings, F. Buscemi, R. Duan, and I. Marvian. Quantum
majorization and a complete set of entropic conditions for quantum
thermodynamics. Nat Commun 9, 5352, 2018.

[GMN`15] G. Gour, M.P. Muller, V. Narasimhachar, R.W. Spekkens, and N.Y.
Halpern. The resource theory of informational nonequilibrium in ther-
modynamics. Physics Reports 583, 1-58, 2015.

[Gor95] Geoffrey J. Gordon. Stable fitted reinforcement learning. In Proceedings
of the 8th International Conference on Neural Information Processing

121



Systems, NIPS’95, page 1052–1058, Cambridge, MA, USA, 1995. MIT
Press.

[Gou19] G. Gour. Comparison of quantum channels by superchannels. IEEE
Transactions on Information Theory, 65(9):5880–5904, 2019.

[Gou21] G. Gour. Uniqueness and Optimality of Dynamical Extensions of Di-
vergences. PRX Quantum 2, 010313, 2021.

[GS20] G. Gour and C. M. Scandolo. Dynamical Resources.
arXiv:2101.01552v1, 2020.

[GW18] G. Gour and M. M. Wilde. Entropy of a quantum channel.
arXiv:1808.06980v2, 2018.

[HDB`11] B. L. Higgins, A. C. Doherty, S. D. Bartlett, G. J. Pryde, and H. M.
Wiseman. Multiple-copy state discrimination: Thinking globally, acting
locally. Phys. Rev. A, 83:052314, 2011.

[Hel69] Carl W Helstrom. Quantum detection and estimation theory. Journal
of Statistical Physics, 1(2):231–252, 1969.

[HO15] M. Horodecki and J. Oppenheim. Fundamental limitations for quantum
and nanoscale thermodynamics. Nat Communications 4, 2059, 2015.

[Hol73] Alexander Semenovich Holevo. Bounds for the quantity of information
transmitted by a quantum communication channel. Problemy Peredachi
Informatsii, 9(3):3–11, 1973.

[HS10] Alexander Hentschel and Barry C. Sanders. Machine learning for precise
quantum measurement. Physical Review Letters, 104(6), 2010.
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