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Abstract

This dissertation makes contributions to two rapidly developing fields: quantum
information theory and machine learning. It has recently been demonstrated that
reinforcement learning is an effective tool for a wide variety of tasks in quantum
information theory, ranging from quantum error correction to quantum control to
preparation of entangled states. In this work, we demonstrate that reinforcement
learning is additionally highly effective for the task of multiple quantum hypothesis
testing.

Quantum hypothesis testing consists of finding the quantum measurement which
allows one to discriminate with minimal error between m possible states {px}|7,
of a quantum system with corresponding prior probabilities p, = Pr[p = pi]. In
the general case, although semi-definite programming offers a way to numerically
approximate the optimal solution [EMV03], a closed-form analytical solution for the
optimal measurement is not known.

Additionally, when the quantum system is large and consists of many subsystems,
the optimal measurement may be experimentally difficult to implement. In this
work, we provide a comprehensive study of locally adaptive approaches to quantum
hypothesis testing where only a single subsystem is measured at a time and the
order and types of measurements implemented may depend on previous measurement
results. Thus, these locally adaptive protocols present an experimentally feasible

approach to quantum state discrimination.
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We begin with the case of binary hypothesis testing (where m = 2), and gen-
eralize previous work by Acin et al. (Phys. Rev. A 71, 032338) to show that a
simple Bayesian-updating scheme can optimally distinguish between any pair of ar-
bitrary pure, tensor product quantum states. We then demonstrate that this same
Bayesian-updating scheme has poor asymptotic behaviour when the candidate states
are not pure, and based on this we introduce a modified scheme with strictly better
performance. Finally, a dynamic programming (DP) approach is used to find the
optimal local protocol for binary state discrimination and numerical simulations are
run for both qubit and qutrit subsystems.

Based on these results, we then turn to the more general case of multiple hypoth-
esis testing where there may be several candidate states. Given that the dynamic-
programming approach has a high complexity when there are a large number of
subsystems, we turn to reinforcement learning methods to learn adaptive protocols
for even larger systems. Our numerical results support the claim that reinforcement
learning with neural networks (RLNN) is able to successfully find the optimal locally
adaptive approach for up to 20 subsystems. We additionally find the optimal collec-
tive measurement through semidefinite programming techniques, and demonstrate
that the RLNN approach meets or comes close to the optimal collective measurement
in every random trial.

Next, we focus on quantum information theory and provide an operational in-
terpretation for the entropy of a channel. This task is motivated by the central
role of entropy across several areas of physics and science. We use games of chance
as a more systematic and unifying approach to define entropy, as a system’s per-
formance in any game of chance depends solely on the uncertainty of the output.
We construct families of games which result in a pre-order on channels and provide
an operational interpretation for all pre-orders (corresponding to majorization, con-
ditional majorization, and channel majorization respectively), and this defines the
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unique asymptotically continuous entropy function for classical channels.
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Introduction

Quantum information theory and reinforcement learning are both rapidly advancing
fields with enormous potential. The development of a working quantum computer
would revolutionize computing and offer speedups in areas ranging from cryptogra-
phy to quantum search and solving linear equations. Likewise, the ability of machine
learning algorithms to independently learn and adapt from any dataset has applica-
tions ranging from self-driving cars to fraud detection. At the intersection of these
two fields, machine learning can be applied to problems in quantum information the-

ory to find flexible and effective quantum protocols.

Quantum information theory has progressed at a dizzying rate over the past few
decades. In the 1970s, Richard Feynman famously suggested that quantum physics
would be best simulated with quantum computers [Tral2]. Since Feynman’s original
suggestion, it has become clear that quantum properties such as superposition and
entanglement offer unique computational advantages. Perhaps the most famous ex-
ample of a likely quantum advantage lies in the field of cryptography. Most modern

cryptographic systems are based on integer factorization, as there is no currently



known protocol which would allow ordinary computers to factor the product of two
sufficiently large prime numbers. On the other hand, Shor’s algorithm [Sho94] would
allow a quantum computer to efficiently find the factors and thus break most modern
cryptographic systems. As a more recent example, in 2019 Google used 54 qubits
to complete a series of operations in the span of 200 seconds. At the time Google
believed that it would take a classical supercomputer 10,000 years to complete the
same operations, though this estimate was subsequently reduced to 2.5 days by IBM.
A general introduction to quantum information theory as well as a summary of mul-

tiple key results in the field can be found in [NC11a].

Current state-of-the-art experiments include superconducting quantum computers
and trapped ion quantum computers. In trapped ion quantum computers, ions are
suspended via electromagnetic fields and the electronic state of each ion corresponds
to a qubit (quantum bit), and quantum operations are completed through coupling
induced by lasers. Such trapped ion quantum computers have demonstrated signifi-
cant success, including the ability to successfully entangle up to 20 qubits at a time.
One of the largest quantum simulations performed thus far utilized 53 trapped ion

qubits to simulate the properties of many body magnetic interactions. [ZPH"17]

Despite these remarkable advances, some limitations still exist. For example, IonQ), a
state-of-the-art quantum computer, can perform single-qubit gates on 79 qubits and
two qubit gates on arbitrary pairs of qubits for chains of up to 11 qubits. Thus, one
key barrier to implementing arbitrary quantum algorithms is the difficulty in imple-
menting gates involving more than two qubits. Instead, algorithms involving multi-
qubit operations become experimentally feasible when they can be implemented as

a short sequence of one- and two-qubit quantum operations.



Quantum hypothesis testing is a key task in quantum information which is affected
by limitations on multi-qubit gates. In quantum hypothesis testing, a system is in a
state represented by the density matrix p. This must belong to one of m candidate
states {p;}|jL, with probabilities {p; = Pr(p = p;)}. The state of a quantum system
cannot be observed directly— instead, quantum measurements are used to extract in-
formation about a system. Thus, the task of quantum hypothesis testing amounts to
finding the quantum measurement which allows one to guess the state of the system
with the smallest probability of error. A literature review of key results in quantum

hypothesis testing can be found in [BC09].

Quantum hypothesis testing has multiple applications, including discriminating be-
tween coherent quantum states and decoding codewords that have been sent through
a known, noisy quantum channel. Despite the central nature of this task, the optimal
measurement generally requires simultaneous operations on all qubits in the system.
Thus, if the system is sufficiently large, implementing the optimal measurement will
generally be experimentally infeasible. The goal of this thesis is then to implement
optimal or almost-optimal quantum hypothesis testing algorithms in a locally adap-
tive way. In the locally adaptive algorithms that we consider, each step consists of a
single-qubit measurement, with subsequent steps depending on measurement results
from previous rounds. Thus, such a locally adaptive measurement scheme is experi-

mentally feasible.

We begin by investigating several locally adaptive schemes in the case of binary
state discrimination, including various locally greedy measurement schemes and a
more general dynamic-programming based locally adaptive protocol. The latter pro-
tocol finds the optimal locally adaptive measurement sequence (and order) for state
discrimination. Despite its optimality, dynamic programming computationally ex-

3



pensive. Hence, we turn to reinforcement learning to approach general quantum

hypothesis testing on larger systems.

Reinforcement learning algorithms consist of training an agent to make a sequence
of decisions to optimize a future reward [SB18]. More specifically, a reinforcement
learning agent controls a policy m where 7(a, s) is the probability of choosing action
a given that the system is in state s. In each round, the agent starts in state s and
chooses action a. The agent then receives a reward from the environment, as well as
information about the updated state s’ of the system. Through repeated training,
the agent aims to learn the best choice of a for each state s, thus reaching the optimal

policy 7* which maximizes expected reward.

The use of reinforcement learning is further motivated by its remarkable success
across multiple different applications. Perhaps the most famous example occurred in
2016, when the reinforcement-based computer program AlphaGo beat 9-dan profes-
sional Go player Lee Sedol in a five game match [BBC16]. The ability of an computer
program to beat world-class professionals was a landmark for artificial intelligence.
Reinforcement learning has additionally been utilised in a diverse range of tasks,
from creating preliminary models of self-driving cars [KHJ*18] to developing novel
approaches to medical imaging [MKHV18]|. Finally, reinforcement learning has been

successfully applied to certain tasks in quantum error correction.

The final portion of this thesis focuses on characterising entropy in physical sys-

tems. Entropy is a crucial quantity in multiple different areas of science, from

physics to statistics to chemistry. This is also evident in the multiple different def-

initions of entropy: von Neumann entropy [BZ], Renyi entropy [Ren60], Shannon

entropy [Sha48], Boltzmann entropy [Jay65], entropy of mixing [Pri67], and so on.
4



Despite the very different interpretation of each entropy, each function shares one
key trait in common— namely, all entropies are measurements of uncertainty. Thus,
the key task finding the entropy of physical systems amounts to characterising their

uncertainty.

The second law of thermodynamics motivates the importance of thermodynamic
entropy, stating that the total entropy of any isolated thermodynamic system is
nondecreasing over time. Thus, entropy provides a way to rule out impossible ther-
modynamic physical processes (namely, processes that would decrease disorder), and
provides understanding of the direction of spontaneous change in a physical sys-

tem [Mac92]. Similar interpretations exist for other forms of entropy.

We introduce a unifying approach for characterising the entropy of a given phys-
ical system. In this approach, games of chance are used to quantify the uncertainty
of a given system. Such games of chance- also known as gambling games— are ideal
for measuring uncertainty, as the probability of winning a gambling game with a
given system depends only on the certainty of the system’s output. Therefore, if
system A outperforms system B for all reasonable games of chance, then system B

has at least as much entropy as system A.

Although the entropy of classical and quantum states is known to be the Shan-
non and Von Neumann entropy respectively, the entropy of classical and quantum
channels remain unknown. The entropy of a channel additionally has a special im-
portance given the key role of channels in information theory— channels are one of
the most general physical processes, as any physical mapping of an input state to
an output state can be represented as a channel. We therefore apply our framework

to find the unique, asymptotically continuous entropy of a channel and provide an
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operational interpretation for this result.

Structure and Contributions

The remainder of this thesis is structured as follows:

1. Chapter 2: Introduces notation and key concepts in quantum mechanics and

information theory

2. Chapter 3: Introduces quantum hypothesis testing and discusses locally greedy
algorithms for binary state discrimination. One key result is that locally greedy

algorithms are fully optimal when both candidate states are pure.

3. Chapter 4: Extends Chapter 3 and discusses dynamic programming-based lo-

cally adaptive protocols for binary state discrimination.

4. Chapter 5: Introduces a reinforcement-learning based algorithm for locally
adaptive state discrimination in the general case (that is, when there may be
multiple different candidate states.) Numerical simulations are provided com-
paring the reinforcement based algorithm with an optimal (non-local) measure-

ment.

5. Chapter 6: Introduces families games of chance and finds pre-orders of channels
based on games of chance. Operational interpretations are provided for each

pre-order.

6. Chapter 7: Based on the pre-orders found in chapter 6, the minimum output
entropy [Sho04] is found to be the unique asymptotically continuous entropy
function. Additionally, connections to quantum dynamical resource theory are

discussed.

7. Chapter 8: Conclusions
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2

Brief Overview of Quantum Information Theory

2.1 Dirac Notation and Wavefunctions

In order to represent the state of a quantum mechanical system, we first introduce
Dirac notation. In this notation, vectors are represented as kets belonging to a
Hilbert space H and are denoted as [i)) € H. Physically, kets represent a pure state
of some quantum system. Likewise, bras are denoted as (1| and belong to the dual

space of kets such that:
1
(e>
[y = | o | = Wl=(ef ¥5 . . ¥p)
(o
which can be equivalently represented as:

([0))" =@l and (@) =¥

where f represents the conjugate transpose operation.

One can then define the inner product of ket |¢)) with bra {(¢| as:

(Dlwy =D 67,

8



and the outer product [1) (¢ is defined via standard matrix multiplication rules. A
wavefunction is defined to be normalised if the inner product of the wavefunction
with itself is one- that is, |¢)) is normalised if (¢ [¢p) = 1.

A complete orthonormal basis for a d-dimensional system is then a set of vectors

{|i>}|L, such that

(lgy =65 Vi,je{l,2,..,d}

From the above, it follows that any normalised wavefunction in d-dimensions can be

expressed as:
d d
[0y = > il st Dyt =1
j=1 j=1

Two-dimensional systems have a special place in quantum mechanics and quantum

information theory, and are denoted as qubits (quantum bits).

) = al0)+ G1]1)
where 8 = /1 — 2.
2.2 Density Matrices and Measurements

We can now introduce the concepts of mixed states. A quantum system with a
mixed state cannot be described by a single pure state, but rather by a probabilistic
ensemble of pure states. Given that the ensemble of quantum states is {|¢,)}, and
the corresponding probabilities are {p,}, the mixed state may then be represented

as a density matriz p:
d
p= > i lo) (sl
j=1

Given that the probabilities must sum up to 1, it follows that Tr[p] = 1. Likewise,
p is positive semidefinite and Hermitian such that p = pf.

9



We denote the set of density matrices compatible with system A as D(A) or equiva-

lently as D(H ) where Ha represents the Hilbert space corresponding to system A.

Information about a quantum state can be extracted through quantum measure-
ment. Quantum measurements are given the name of POVM (Positive Operator
Valued Measurements), such that a POVM I1 is a collection of measurement elements

{II;}|7_,. Additionally, such measurement elements must satisfy the constraints:

>0 Vj
PRI
j=1

where the last condition ensures that the probability of achieving some measurement
result is 1. Given that measurement II is implemented on a system in state p, the
probability of obtaining outcome j is given by:

pj = Tr[IL;p]

One unique feature of quantum mechanics is that measurement disturbs the system.
In other words, the state after measurement will depend on the measurement re-
sult. In the case of a projective measurement where H? = II; for all j, then the
postmeasurement state given outcome j is observed is defined as:

G) » 1Pl

p
Tr[1L;p]

In this thesis, we assume that all measurements are projective unless explicitly stated

otherwise.
2.3 Tensor Product States and Local Operations

Suppose that a quantum system contains n subsystems.

10



One special class of quantum states is tensor product states. Consider a simple
bipartite system containing system A and system B. If system A has density matrix
pa and system B has density matrix pg, then the the joint system AB has the state

PAB = pA X pB

The above state belongs to the class of tensor product quantum states (TPQS).
In general, the combined state of a n-subsystems is a tensor product if it can be

represented as

where for all j, then p; is the state of the j subsystem.

Note that not all density matrices can be written as tensor product states. For
example, entangled states involve interactions between subsystems and therefore do
not belong to the set of TPQS. One simple entangled state for a two-qubit system

would be:

Pent, = %(\oo> + |11>> (<00| + <11])

and there are no qubit density matrices, pa, pg, such that pe, = pa ® pp.

Finally, we discuss the implementation of local measurements on a tensor product
quantum state. In a local measurement, only one subsystem is measured while the
remaining subsystems are acted on trivially. Let I = {IIy, ..., II;,} be a quantum
measurement acting on system j. This measurement can be extended to the full

system by transforming each measurement element as:

I-1"g.. Vel glit) g ... @I™

where I is the identity matrix acting on the k** subsystem. Equivalently, a local
operation on subsystem j is equivalent to a joint operation where all other subsys-
tems are acted on trivially with the identity.

11



Then the probability of obtaining outcome k when implementing a local projective

measurement II on subsystem j of a TPQS p is:

Pr(out = k) = Tr[(l[(l) ®..0IV VeI It ... ®]I(n)> (,01 ® pn>]

(ﬁTr p,)Tr I p;] < n Tr[ pl>

=1 i=j+1

= Tr[Ixp;]

and the post-measurement state given measurement outcome k is then:

j—1

(k) & JP j

P Pr @ ——= P
~@nogirre ®n

Thus, a local measurement on a TPQS only changes one subsystem and leaves

all others unaffected.
2.4 Quantum Channels and Superchannels

A quantum channel is a completely positive, trace preserving map that takes a quan-
tum state as an input and outputs another quantum state. Thus, if quantum channel
N takes as input density matrices in system A and outputs density matrices in sys-

tem B, then N belongs to the set of completely positive trace preserving maps from

A to B which we denote as CPTP(A — B).

We now introduce a few important types of channels: the family of depolarising
channels, classical channels, the identity channel, unitary channels, and the family
of replacement channels.

The identity channel which acts on system A, denoted as Zy € CPTP(A — A),

12



preserves the input state and so is defined as:

Ia(p) = p VpeD(A)

The family of depolarising channels is determined by a noise parameter v which
corresponds to a uniform noise distribution. Then D., € CPTP(A — A) is defined
as:

D,(p) = (1 —=7)p+ ’y% Vpe D(A)

Unitary channels are determined by a unitary operator U which satisfies UUT =
U'U = T where T denotes the Hermitian conjugate. Such channels are typically
represented as Y € CPTP(A — A) where

U(p) = UpUT VYpeD(A)

Classical channels are those which take diagonal inputs to diagonal outputs. That
is, if N e CPTP(A — B) is a classical channel, then there exists an orthonormal

basis {|x)} of system A and {|y)} for system B such that

N2y Cal) = Y pyely) Gyl Va

Replacement channels, also known as discarding channels, throw away the input
state and prepare a fixed output state. A replacement channel R, € CPTP(A — B)

is thus defined as:

Ro(p) =0 VpeD(A)

evidently when A is trivial, this is equivalent to a state preparation device.

Finally, we introduce superchannels. While channels map quantum states to quan-
tum states, superchannels map quantum channels to quantum channels. The set of

superchannels which takes as an input a channel in CPTP(A — B) and outputs a

13



channel in CPTP(A" — B’) may be denoted as CPTP,(AB — A’B’). Such super-

@AB—>A’B’

channels are typically denoted as . Additionally, in the remainder of this

work we will interchangeably write N'€ CPTP(A — B) and N*A7E.

Additionally, a superchannel ©4B~A®" is called uniformity preserving if:

6AB—>A’B’(RA—>B) _ RA/—>B/

where R = D.,_; is the completely randomising (equivalently, completely depolaris-

ing) channel.
2.5  Entropy for Classical and Quantum States

In this section we briefly overview key entropy measures. The entropy (or uncer-

tainty) of a density matrix can be found via the von Neumann entropy, which is

defined as

Hyx(p) = —Tr[p log(p)]

In the case where p is a classical state, such that it is diagonal and its diagonal
entries represent a probability distribution {p,}|., the above entropy reduces to the

Shannon entropy:

Hs(p) = — ) plogy(pa)

Finally, the relative entropy of a quantum state p and a positive semidefinite operator

o 1s defined as:

D(p||o) = Tr[p(log(p) — log(0))]
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In the case where both p and o are classical states which can be represented by
probability distributions p and q respectively, the above reduces to the Kullback-

Leibler divergence:

Dy (p||q) = prlog(%)
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3

Locally Greedy Protocols for Binary Quantum
State Discrimination

Portions of this chapter are adapted from [BLS*19]. Statement on collaborative
work: This work is done in collaboration with Mengke Lian, Kevin D Stubbs,
Narayanan Rengaswamy, and Dr. Henry Pfister. I found the main analytical results
and wrote the final manuscript. Mengke Lian improved the computer algorithms
used and generated several of the numerical results. Kevin Stubbs and Narayanan
Rengaswamy provided useful feedback for many ideas on this project, reviewed and
edited the final manuscript, and contributed to analytical results for the modified

locally greedy algorithm. Dr. Pfister oversaw the project.

3.1 Quantum State Discrimination

Measurement lies at the heart of quantum mechanics. Since the exact state of a quan-
tum system cannot be directly observed, measurements are the means of extracting
information from quantum systems. However, due to the inherent uncertainty in

quantum systems, it is impossible to design a quantum measurement capable of
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perfectly discriminating between two non-orthogonal quantum states [NC11b).
Quantum state discrimination is the task of finding the optimal measurement
for distinguishing between a set of quantum states. Consider a quantum system
whose actual state is p, where p can take on values from the set of candidate states
{p1, .., pm} with corresponding prior probability vector q = {qi, ..., ¢n}. This prior
probability vector is defined such that Pr(p = p;) = g; for every j € {1,...,m}. Then

the measurement I = {Hj}rjn:l will yield the success probability

Psuce ({p]}v q, ﬂ) = Z QjTr[ijj]

J

The aim of minimal-error quantum state discrimination is then to find the measure-
ment IT which maximizes the probability of success. In the special case of binary
quantum state discrimination, there are exactly two candidate states and the state
set can be represented as {p;,p_} and with a scalar prior Pr(p = p;) = ¢ (since
Pr(p = p-) =1 —¢q). In this case, the optimal (Helstrom) measurement [Hel69] has

the simple description

M 3 oyl where V= {Jo) |30 20, (L- g —ap.) o) = Ao}, (3.1)
[v)yeV

However, for composite quantum systems composed of several subsystems, the
Helstrom measurement is often impractical to implement experimentally because it
requires simultaneously measuring all subsystems. This creates a need for experimen-
tally feasible state discrimination protocols. We thus aim to achieve or approximate
the Helstrom success probability via locally adaptive protocols where only a single
subsystem is measured in each round and where each measurement may depend on
previous measurement results.

The simplest strategy, a naive “majority vote”, has been shown to have probability of
error which approaches zero exponentially fast in N [ABB*05, HDB*11]. Previous

algebraic results [VSPMO01] demonstrated that locally adaptive protocols are optimal
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for pure binary state discrimination. However, a simple description of how to im-
plement the optimal protocol was not discovered until a subsequent work [ABB*05]
demonstrated that a greedy adaptive strategy involving Bayesian updates of the prior
after each measurement result is optimal in the special case where all subsystems are
pure states and identical copies.

In this approach, after each measurement one updates the prior probability using
Bayes’ theorem. Then in the j* round, a greedy measurement is implemented on
subsystem j based on the updated prior (where a greedy measurement is a measure-
ment that would be optimal if j were the last subsystem.)

In this chapter, we generalize previous works and consider the problem of dis-
crimination between two general tensor product states with subsystems of arbitrary
dimension and where the subsystems are in general distinct. More specifically, we
suppose that we are given either p, or p_ with prior probability ¢ and 1 — ¢ re-
spectively, where py = /3(;) Q- ® ﬁSLN) and ﬁgjj) is potentially different for each
jed{l,---,N}.

We extend the result [ABB*05] and prove that if all of the systems are pure
states then the order of measurement does not matter and a Bayesian update-based
fixed measurement strategy is optimal. In the case where the states are not pure, we
prove that the performance is not only suboptimal, but additionally plateaus as the
number of subsystems increases. A similar phenomena was observed and discussed
in [FBC19], where it was demonstrated that for the case of noisy qubit copies the error
rate of the standard locally greedy strategy is nonzero even in the limit of infinite
copies.! We then introduce a new modified locally greedy algorithm that exhibits

asymptotically optimal performance as the number of subsystems approaches infinity.

L Our results were found independently of those in [FBC19]. We presented our results at TQC
on 5 June, 2019; and their arXiv paper was released around the same time on 26 June, 2019. Our
arXiv paper was released in December, 2019 after collecting additional results related to dyanmical
programming.
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We additionally conjecture that this algorithm is optimal or near-optimal for the case
where there are a finite number of subsystems corresponding to identical copies of

depolarized states.
3.2 Notation and Structure

Following the same notation as above, p is the random variable representing the given
state, so that either p = p, = p(f) Q- ®p(+N) or p=p_ = p(,l) & ®p(,N), and we
refer to N as the number of subsystems. Each pgjj) is in general any density matrix
of finite dimensions, but we will only consider qubits and qutrits in this paper. The
prior probability that the given state is p, is denoted by g = P[p = p;]. The number
of subsystems measured jointly in each round is denoted by m € {1,..., N}, where
m divides N, and m = 1 unless otherwise mentioned. The permutation o € Sy,
where Sy is the symmetric group on N elements, is unknown at the beginning
of the protocol, and is defined progressively in each round (index by index) when
the algorithm determines the next subsystem to measure (assuming no grouping of
subsystems, i.e., m = 1). At round j € {1,..., N}, we determine the next subsystem
o(j) and the action a,;) € A on it by optimizing a cost function, then execute
the action and obtain a result d,;y € D. Here A is a generic action set which is
specified by the type of measurements in any specific scheme, and D is the space
containing possible outcomes for the chosen action set. For example, if A contains

projective measurements on qubits, then D = {£1}. For a natural number n, define

[n] = {1,...,n}. Then at round j, the past actions and results are recorded into the
vectors af; ;) = (ap(1), - - - Ap(j—1)) and d‘[’j_l] = (do(1), - - -, do(j—1)) Tespectively.
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3.3 Locally Greedy Algorithm

We first describe a simple locally greedy algorithm, which was labeled the “locally
optimal locally adaptive” algorithm in [HDB*11]. For m = 1, at each round j € [N],
the algorithm updates the probability that the given state is p, based on results of
past measurements. The algorithm does not consider any non-trivial ordering of the
N subsystems, so o(j) = j for all j € [N]. Once the prior is updated at round j,
it performs the Helstrom measurement on the subsystem j according to the given
pg) and this updated prior. In order to formally describe this process and later
generalize it to the dynamic programming-based algorithm in the next section, we
begin by defining the credulity at round j for a non-trivial permutation o on the N

subsystems.

Definition 1. The credulity Cf(q, af, dfj]) is defined as the probability that p = p,

given that the starting prior is q, that the first j rounds of measurement were executed

o

with ordering o and actions afy, and that the results are df‘j]. Therefore,

C7(q,afy,df;) =P (p = p4| prior = q, actions = ay;), results = d‘[’j]> . (3.2

A

We define the prior as the credulity when j = 0, namely CJ(q) = q.

Then the credulity can be computed using past actions and results as

, . . IP (p+7da'(j) q, a([?’]ad([?_l])
C7 (g, afj), dfyy) = . (3:3)
F <do(a'> ¢, d[jl])
P (dO'(j) P+ Q7a([;‘]7 d([jj_l]) P <P+ q, a([g'yd([}_l]) ( )
— , 3.4

P <d0'(j) q, aE’] ) d@u)

where in the second equality we have marginalized over the possible values of p in

the denominator.
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For simplicity, we drop the prior ¢ from Cf (g, al, d‘[’j]) in the following. Now we

may write C¥ (g, af}), df})) recursively as

P (da(j) Pt s am)) Cj1(af_ypdf_y)
G (afy), ) = (3.5)
P (dg(j) q,a[j], d[j-l])

Now we observe that in the recursion, only the term qu(afj_qadﬂ_q) involves
the variables a‘[’j_l], d‘[’j_l] and implicitly q. Thus, we can simplify the notation by
defining two quantities:

P (d | P+, a) “q
Lkhd(q,a,d)
(3.6)

L(g.a,d) = P(d| p,a)- g+ P(d|p-,a)-(1—-q), Plgad) =

Note that the naming follows from observing that they represent a likelihood and

posterior, respectively. Thus we can write

P (da(j) q, af‘j]a d([rj_l]) = L(C}T_l(q’ a([jj—l]a d([yj—l])a ao(j)7 da(j))> (37)
C;<Q7 a([7j]7 d([j]]) = P(C]qfl((b a{[jjfl]7 d([zfl])a aa(j)7 dtf(j))' (38)

This completes our description of the Bayesian update for the locally greedy algo-

rithm.

Next, we discuss the performance of this algorithm when the N subsystems are
identical copies of qubits. In this case, the ordering of the subsystems is clearly
immaterial. Thus, at round 7, the locally greedy algorithm uses the updated credulity

pi-1=C74(q, af; ), d‘[’j_l]) and applies the (optimal) Helstrom measurement on the

j-th subsystem. For qubits, this measurement is defined by the projector

) D S )XC (3.9)

[v)eV(pj-1.7)

where V(p;_1,7) is taken to be any orthonormal basis for the space spanned by all
non-negative eigenvectors of ((1 — pj,l)p(,j) — pj,lpgf)).
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Since pg_f) = p(ﬁ for all ¢, j € [N], II(pj_1, j) changes at every round only because

of the changing p;_;. The outcome probabilities for this measurement are given by

: 1—Te[H(pi_r, §)pP"] ifd=+1
P (d]p? T(ps1,5)) = (s t9) 2] ifd-+L (3.10)
+ Te[(pj-1,7)p3’] ifd=—1,

and the overall probability of error (at round j) is given by
Perr,j = (1 - TI‘[H(p,j)p(j)]) ’ (1 - pj*l) + TI'[H(p,]) S‘z)] "Pj-1- (311>

Hence, we can define the probability of successfully distinguishing between states p,

and p_ under the locally greedy algorithm as
Pog(q,p+) = 1 — Perr v (3.12)

In the special case where p4 is a tensor product of arbitrary pure states, we
now prove analytically that the locally-greedy algorithm achieves the same success

probability as the optimal Helstrom measurement.

Theorem 2. Let P,y (q, p+) and Ps14(q, p+) denote the probabilities of successful state
discrimination, given initial prior P(p = py) = q, using the joint N-system Helstrom
measurement and the locally greedy measurement technique, respectively. If p, and
p— are pure states, i.e., ij) = |+0,){+0;| where |6) = cos & |0) + sin £ [1), for some
6, € (0,2m) for every j € [N], then

Ps,h(Q7 pi) = Ps,lg(q’ pi) (313)

(1Tt g c0(s,)). .14

Sketch of Proof: The strategy is to prove the result for N = 2 and then ex-
tend via induction for arbitrary N. A complete proof is provided in Appendix 1.

Plateau with locally-greedy algorithm

We observe the plateau in performance using the following experimental setup (drop-

ping for now the prior ¢ as we assume ¢ = % in all cases unless specified otherwise):
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. Choose a set of allowed depolarizing parameters and number of trials. In this

case, we choose Sgep = {0.01,0.05,0.1, 0.3} and 745, = 1000.

. Generate Q(it) € (0, 27) uniformly, where ¢ € [ng;.] denotes the trial index.

. For each v € S4ep, define the corresponding qubit quantum states pi(y,t) =

(1 =) (095 ¢0Y] + 11, where
0 0
|6) = cos§|0>+s1n§|1>. (3.15)

Note that the subscript + in GS_f) is used to represent that the angles are chosen

independently for the p, and p_ states.

. For all v € Sqep and all N =1,2,...,12, we define the candidate TPQS gener-

ated by the random sampling as denoted by

1 Ntrial
PSUCC(N7 7) = Nisial Z Ps,lg <pi (77 t)®N) ; (316)
rial

where P ,(p+) is the success probability for the locally greedy algorithm and

candidate states p4 (7, t)®V.
In the above, we randomly sample a set of pure states { |9£_f) ><€(it)| } pirial and

generate the corresponding set of candidate states {p4 (7, t)®N}[[7j«! for each

N and . Thus, Pyuec(V,7) represents the Monte Carlo average of performance
for fixed N and 7.

We plot the results of this computational experiment in Fig. 3.1. We observe that

the average probability of success (asymptotically) approaches a value strictly less

than 1 when the depolarizing parameter is sufficiently high. In the limit as v = 0,

the probability of success must approach 1 with increasing N because the locally-

greedy approach recovers the optimal Helstrom performance (see Theorem 2). Next,

we prove a result that explains the performance plateau in Fig. 3.1 and then define
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Ficure 3.1: Comparison of probability of success for varying v in the case of
identical copies, as a function of the number of available systems. Based on the
computational results, we observe that as the depolarizing parameter increases, the
probability of success levels off for large N.

a modified locally-greedy approach that overcomes this suboptimality. Note that an
arbitrary qubit state (density matrix) can always be expressed as a pure state passed
through a depolarizing channel, because this procedure can define any state in the

Bloch sphere [NC11b].
Lemma 3. Consider two d-dimensional qudit states p, and p_. Suppose that we are
gien py with probability q and p_ with probability 1 —q where q¢ < % The depolarized

versions of p+ are defined as follows:

e 2
PP = (1 —7)ps + 2L (3.17)
Consider sufficiently small v, such that 1%/1%2‘1 18 less than the magnitude of the

largest negative eigenvalue of (1—q)p— —qps. Then if the probability of distinguishing

P P

py and p_ is Py, the probability of distinguishing pie and p*® is given by

1—2q)k
Pdep = Yq + u + (1 - ’V)Psucca (318)

succ d

where k is the rank of the Helstrom projector distinguishing p. and p_.

Proof. The Helstrom measurement is given by the orthogonal projector onto the
positive eigenspace of the operator [(1 —q)p- — qp+]. More explicitly, it is given by
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the orthogonal projector onto the vector space spanned by all eigenstates |v) such

that
(vl [(1 —q)p- — qp+] jv)=0

Let us denote this projector as Ilge. Using this orthogonal projector, the probability
of success is given by:

Psucc = qTr(] - HHel)p+ + (1 - q>TrHHe1p—

=q+ TrHHel[(l —q)p- — qm]-

Now let us consider the optimal measurement for distinguishing pi®® and p?®. Cal-

and pP gives

(1—q)p2P — gpi™ = (1 — Q)[(l —Y)p- + %I] - Q[(l —Y)p+ + %I]

culating the analogous operator for pi

— (1~ 2q) ; 2q)[ + (1 - ’y)[(l —q)p- — qp+].

Since v < 1, we can divide by 1 — v without changing the positive eigenspace.
Therefore, the Helstrom optimal measurement projects onto the space of eigenstates

|v) such that the following is positive:

Gl (ﬁl‘(l?qu[(l—q)p_—qm]) 0 =l [0 - a)o- —aps| vy (319)

1-2
+ 7 q.
1—~v d

(3.20)

Therefore, if v is sufficiently small, then the optimal projector distinguishing piep
and p?P is Ilye. Hence, for 4 sufficiently small, we have:
P =aq+ TrHHel[(l —q)pZ® - qp‘iep]

1—2
wTﬂTHa + (1 - V)TTHHel[(l —q)p- — qm]

(1 —29)k
d

= vq + =+ (1_’7>Psucc'
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In the case of qubits, this lemma implies the following corollary.

Corollary 4. Consider the problem of distinguishing between two distinct single qubit

P dep dep

states pde and p_* with prior probabilities ¢ and 1 — q respectively. Assume that py

and p*® are depolarized such that there exist pure states 1)y |, |1_){p_| such
that

e [0.1] and pIP = (1) |ou) (hu] + 1.

For any choice of v+, q € [0,1] the probability of correctly distinguishing p‘iep and

,O(iCp, is denoted by PP and satisfies

succ

PP < max {1 -q,q,1— ’y;in} (3.21)

where Yinin = min(y;,v-).

Proof. Let us denote the Helstrom measurement for {|¢, ) (¢ |, [t ) (|} by I,y s |

and the Helstrom measurement for { piep, pdep} by ITxelp, . Since ,OJr are qubit states,

rank (ITgerp, ) is 0, 1, or 2.
If rank(Ilgep, ) = 0, then ITge ,, = 0 and
Pyd =q+Tr [HHeLpi ((1 — q)pP — qpiep)] =q.
If rank(Ige,, ) = 2, then Iy ,, = I and

Pscteclz =4q+ Tr I:HHel,pi ((1 - q)piep qpiepﬂ =1- q.

Finally, consider the case where rank(Ilge,,) = 1. The state discrimination

problem between {pl®, p*"} is physically equivalent to a black box which outputs

one of the following four separate discrimination problems:

[ @l oo @t} (Red el 5 ) {5 0@l {553
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with probabilities

{pl,pg,pg,m} = {(1 =) =7-), (1= v )= 7+ (1 — 7—),%7—}

respectively. (This follows from viewing p‘fp as corresponding to a quantum system
prepared in state |14 ) (14| with probability 1 — 74 and prepared in state % with
probability vy .)

We denote by Piuec(p, p—, IT) the probability of successfully discriminating between
{p+,p_} given measurement {II,I — I} where the prior is implicitly defined as g.

Then we can upper bound the success probability as

I
Pgl‘zf; < max succ( , |- _, H) + py max Psucc< , =, 1‘[)
<pu s Pe(1020 0], 1625, 11) + s e e (10204,

1
Psucc( ) a
Py max ) Y-], )+ pa x5

I
=p1Psucc<!0><0!, 1) (1], Tgel (oo, |1><1\}> +p2Psucc<\0><0! » IThel, (oo, \1><1|}>

p
+p3Psucc( Al HHeL{|0><0\,I1><1I}> + 54

=Psucc((1 —74+)[0)<0] + —11 (1 =) [l + —11 el {j0ycol, u><1|}>

dep

Thus, the success probability for p3 " is upper bounded by the success probability

when |1 ) and [i)_) are orthogonal (w.l.o.g. we have set |10, ) = |0) and |¢p_) = |1)).
Upon solving for Psucc< |0) <O]dep , \1><1\dep , HHel,{|O><O\,|1><1\}>> it immediately follows
that:

T+ V- “Vmin
PP < (1 - = 1—-S)1—-¢)<1— .
succ ( 2 )q + ( 2 )( q) 2

Assuming w.l.o.g. that ¢ < % observe that 1 —¢ > 1 — 1 implies v > 2¢ and

therefore ﬁ(lqdzq > 1 (d = 2). In the notation of Lemma 3, set py = [th4){(P4].
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Since the spectrum of [(1 — q) |_){¢_| — q[¢p4) (4| ] lies in the interval [—1, 1],

eq. (3.19) implies that the smallest eigenvalue of [(1 —q)p2P —Q/?(}rep] will now be non-

negative and hence Ilye ,, = I will be trivial. Hence, in this scenario, the Helstrom
measurement is equivalent to guessing according to the prior.

In summary, this corollary implies that, for equally depolarized states, once the
prior is updated so that either ¢ or 1 — ¢ is greater than 1 — 3, the locally greedy
algorithm will be stuck making trivial measurements for all subsequent subsystems
and therefore the error will not approach 0 as N — oco. In Appendix 2 we show that
the locally greedy method also exhibits plateaus in more general scenarios.

This result provides motivation for us to modify the conventional locally greedy
method discussed above (first introduced by [ABB*05] and [HDB*11]). In partic-
ular, a “modified Helstrom” measurement is implemented whenever the Helstrom
measurement is trivial (namely, ITge ,, € {I,0}). In the next section, we introduce
this modified locally greedy method (MLG method) and show that for arbitrary,
qubit-subsystem py, we have Psmig(ps) = Psig(p+) where Pspig(ps) is the proba-
bility of successful discrimination under the MLG method. We further show that

for any pi, Pimig(ps) — 1 as the number of subsystems j such that pgf) # p(,j)

approaches infinity:.

3.3.1 Modified Locally Greedy (MLG) algorithm

Like the locally greedy algorithm, the MLG algorithm updates the prior after each
measurement round. Thus, it performs the modified Helstrom measurement ac-
cording to the new prior. Before defining the modified Helstrom measurement, we
introduce the quantities A\, and A\p.¢. For a given p_, p,, and p, these quantities

are defined as:

Auia = min {A | (1= p)p? = pp?) [o2) = Ao |

Amae % MaX {A ( (1 =p)p? = pp?) [y = A |w>}
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We now define the modified Helstrom measurement as:

I(p, j) if I(p, j) ¢ {L, 0}
IF(p,7) 2§ [0 Wrmal 1 1L(p, ) =0,
]I - ‘/U)\min><v>\min lf H<p7]) = ]17

where the final state is decoded as p = p, if C%(q, a‘[’N],d‘[’N]) > s and as p = p_

N[ —=

otherwise.

Whenever the Helstrom measurement is nontrivial, the modified Helstrom mea-
surement is equivalent and thus locally-optimal by definition. In the case where the
Helstrom measurement is trivial, then any other measurement and outcome would
lead to identical posterior-based decoding (i.e. any measurement is locally optimal).
The modified Helstrom measurement takes advantage of this degeneracy to replace
the trivial Helstrom measurement with a more informative measurement.

Consider the measurement given by the set of projectors { lux) vy | ‘ ((1 —p)p(,j) -

ppSf)) lun) = A |v,\>} and w.lo.g. let p > ;. Given a measurement outcome corre-

sponding to projector |vy)<{v,|, the posterior-based decoding is uniquely determined
by the sign of A\, with larger values of A being a stronger predictor that p = p_.
The Helstrom measurement then partitions these projectors by the sign of their
eigenvalues and groups all projectors together into a trivial measurement when all
eigenvalues have the same sign. In the case where the Helstrom measurement is
trivial, the modified Helstrom measurement instead partitions the projectors based
on the ordering of their eigenvalues. Thus, it separates out the projector that is most

strongly predictive of the less-likely candidate state.

Lemma 5. Let pgj) and p be such that I1(p,j) =1 or II(p,j) = 0.

pIx[p 1] pTr[p{ 1]

1 i > 1 ;
Then maxyy (Tr[n((l_p)p(j)+pp(+j)]> < 5 or ming <“[H((1_p)p(j>+pp(+j)]> > 5 respectively.

Namely, any local measurement is optimal given posterior-based decoding.

Proof. Define M = (1 —p)p_ — pp, and let the resulting projector be 11 (p, p4) = L.

Then the eigenvalues of M satisfy A\; > 0 Vj, and as M is Hermitian the eigenvectors
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{|v;>} are orthogonal and form a basis. Any projector diagonal in this basis may be

defined Ils = > . |v;) (v;| for some set of indices S. It follows that Tr[MIL;] =
ZjeS A;j > 0, so Tr[lgpps] < Tr[lIg(1 — p)p—]. Then, the updated prior upon
obtaining measurement corresponding to Ilg is:

p/ _ Tr [HSerp] <

Tr[IIgpp] + Tr[Ils(1 — p)p_] v

N | —

Now suppose the projector is diagonal in an arbitrary basis {|lwg)} s.t. |wg) =
2. @5 [v;) where {ay,;} form the entries of some unitary operator. Then it is suffi-
cient to show that Tr[M |wy) (w|] > 0 for all k, since then Tr[M Y, ¢ |wyi) (w|] > 0
for all S. We observe:

Te[M |wyy wil] = > agjag A Te[Jo) (o]

33

= Z |ozk7j|2/\j >0
J

Similarly, for any basis {|wg)}, then Tr[M |wy ) {wy|] < 0 if I, (p, p+) = 0. [

Denote by Pimig(q, p+) the success probability of distinguishing {p, p_} with
initial prior ¢ using the MLG algorithm. We now show that the MLG method
exhibits the desired asymptotic behaviour in the limit of large N. Additionally, we
show Py mig(p+) = Peg(ps) for all py so the MLG algorithm always performs at least
as well as the LG algorithm.

Corollary 6. For any py+ where pgf) # p(_j) for all subsystems j, then in the limit
N — 0, Ps,mlg(Q7pi) =1

Proof. 1t is sufficient to show that for all j € {0,1,..., N} and for all p; € (0,1) we

have

Fe()) = Elpyaalp = o, 11%(ps, )] > py and f-(p;) = Elpsalp = o9, 11 (ps, )] <y,
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and that fi(p;) is continuous with no fixed points other than p;, = 0 or 1. For
simplicity, we drop the superscript on pg_rj) in the following whenever the subsystem
index is unambiguous. We denote the modified Helstrom measurement as II =
II*(p;, 7), such that by definition Tr[IIp_] > Tr[IIp,].

Let z = Tr[llp_] — Tx[llp,] = Tr[ltp,] — Tx[lItp_] s.t. o € (0,1]. Then, there
exists y € [5,1 — 5] such that the conditional measurement probabilities may be

2

represented as follows:

X
Tr[Itps] =y & 7 Trllps] =1-y 7

N8

Finally, we calculate f.(p;) as follows:

p; Tr[Ip, ] )

£402) = W) (o (]

—y—3) . (y +2)? ))

. (1
_pj(pj(l—y—%)+(1—pj)(1—y+§) pi(y+35) + (L=p)y—3

where the final line follows from solving symbolically for the range p; € (0,1); = €
(0,1); y € [5,1 —5]. We then check for any fixed points pj = f,(p;). This results
in the condition p}(—z* + 2pja® — (p¥x)®) = 0 so the only fixed points are p§ = 0 or
1. Additionally, f1(p;) is continuous in p; as it is differentiable for all p;.

A similar argument holds for the case p = p_. Thus, the probability of success

converges to 1 under the MLG algorithm. |

From the above, we can conclude that Ps,5(p+) = Psy(ps) as the MLG and
LG methods are equivalent whenever the Helstrom measurement is nontrivial. When
the Helstrom measurement is trivial, it follows that the MLG method does strictly

better. The improved asypmptotic behaviour of the MLG algorithm is depicted in
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Ficure 3.2: Comparison of probability of success for varying v in the case of
identical copies, as a function of the number of available systems using the MLG
algorithm. We observe that as the depolarizing parameter increases, the probability
of success no longer levels off for large N.

Fig. 3.2, where we repeat the previous experimental setup with the MLG algorithm,

and plot the resulting Pyye.(N,7) = ntjml Sl Poo(pe (v, 6)®N).
In the next chapter, we generalize to a dynamic programming based algorithm
capable of optimizing over the order of subsystem measurement as well as the mea-

surement performed on each subsystem.
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4

Dynamic Programming-Based Locally Adaptive
Protocols

Portions of this chapter are adapted from [?]. Statement on collaborative work: this
work is done in collaboration with Mengke Lian, Kevin Stubbs, Narayanan Ren-
gaswamy, and Dr. Henry Pfister. I found the main analytical results and wrote the
final manuscript. Mengke Lian improved the computer algorithms used and gener-
ated several of the numerical results. Kevin Stubbs and Narayanan Rengaswamy
provided useful feedback for many ideas on this project, reviewed and edited the fi-
nal manuscript, and contributed to analytical results for the modified locally greedy

algorithm. Dr. Pfister oversaw the project.
4.1 Introduction

In this chapter, we utilise dynamic programming to recursively minimize the expected
future error probability over all allowed measurements, and thus yield the optimal
adaptive strategy for any given family of allowable measurements [HDB*11]. This
dynamic programming strategy includes the locally greedy strategies introduced in

the previous chapter as a special case. Additionally, we extend the dynamic pro-
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graming strategy described in [HDB*11] to optimize over not only the adaptive

measurement sequence but also over the order in which subsystems are measured.

The dynamic programming (DP) algorithm performance is also tested on qutrit
states, and the results demonstrate that, in general, the number of measurement
outcomes affects performance (namely, ternary local measurements outperform bi-

nary local measurements).
4.2  Order-Optimized Locally Greedy Algorithm

Before introducing the most general DP algorithm, we first discuss a variant on the
locally greedy algorithm where we now also choose o(j) carefully at each round j.
We recursively compute an ezpected future risk function Rg: [0,1] — [0,1], where
S denotes the set of subsystem indices that are yet to be measured and the domain

corresponds to the current updated prior (credulity). Formally, at round j,

S = [No(lj = 1D). (4.1)

e For the base case S = (J, one can make a hard decision on C%(q, aly); d‘[’N]),

i.e., by comparing it to 0.5. Hence

Ry (CX/ (Qa afN]a di])) = min (CJUV ((L afN]» d([TN]) , 1=C% ((173([IN]» d([fN])) )

which can be written as function of p € [0, 1] as Rg(p) = min(p, 1 — p).

e For the general case S # ¥ and j = N — |[S| + 1, consider N — |S| measure-
ments are performed, the goal is to choose the best subsystem to be measured

next in order to minimize the expected error probability over the remaining
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measurements, i.e.,

Rg (C]UV_|S| (Qa aE‘N—\Sl]7 dE‘N—|S|]))

=min > P (dilg, (@5 k), dfy-sp)) (4.3)
dkED
X Rk} (CJUV_|S|+1 (C]a (afN_|S|]7ak)a (dfzv_w\]a dk))) ) (4.4)

where a, = II(p, k) is defined by (3.9), with
p = CXis1(q, afn_ s Ain—ysy) = CF-1(q, af_yy, dfj_13)

We now allow for subsystems pgf) to be distinct.

This expression can be written as a function of p € [0, 1] as

dkED

Hence, during the execution of the algorithm, the next mapping for ¢ at round

j can be defined as

o(j) = argmin Z Lkhd(p, I(p, k), di,) - Rs\y (Post(p, I(p, k), dy)), (4.6)

keS deeD

As for the case of identical copies, the probabilities of measurement comes are

given by (3.10), the probability of error at round j is given by (3.11), and the

overall probability of success of the order-optimized locally greedy algorithm is given

by (3.12) with N replaced by o(N).

The performance plateau remains in the order-optimized algorithm

We generalize the experiment in the identical copies scenario to the case where the

subsystems are distinct. The primary change is that we now sample states param-

eterized by QS_f’j ) so that each subsystem in both p, and p_ can have (potentially)

distinct copies. Also, the vector of success probabilities is altered accordingly.
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FIGURE 4.1: Comparison of prob-

ability of success for varying ~ in
the distinct subsystems scenario, as
a function of the number of available
systems, N. Results are average over
1000 trials.

1 -
0.9
«
o
0.8
<
Z 07|
0.6 1 —— Identical Copies
05 —o— Distinct Subsystems
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N
FiGure 4.2: Comparison of proba-

bility of success as a function of the
number of available systems, N, for
depolarizing parameter v = 0.3. Re-
sults are averaged over 1000 trials.

1. Choose a set of depolarizing parameters and number of trials. Again we set

Saep = {0.01,0.05, 0.1, 0.3} and nga = 1000.

2. Set N = 12 and generate Qg_f’j ) e (0, 27) uniformly, where ¢ € [ng.1] denotes the

trial index, and j € [N] denotes the subsystem index.

3. For each v € Syep and N € [12], define the corresponding qubit quantum states

N

A 7. 1' ’Y
pe(3,t N) = @ (1 =) (0808  + 1)

j=1

4. For all v € Sgep and all N € [12], denote

Psucc(Na 7) =

where P, ,(p+) indicates that we perform the locally greedy algorithm on states

P+-

MNtrial

Z Ps,lg (pi(77 tv N)) ) (48)

Ntrial =1

We plot the results of this experiment in Fig. 4.1.
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When the subsystems are not identical copies, we notice that the plateau is much
higher when compared to the case of identical copies. At first glance this appears
to violate the bound obtained in Corollary 4, since here the pair of states in each
subsystem are pure states depolarized with the same parameter v, as required in the
hypothesis of Corollary 4. However, the reason for the higher plateau is as follows.
The algorithm orders the subsystems in such a way that the credulity can be updated
to be as close to 1 — 2 as possible (where we assume the states p+ may be relabeled
at any step to ensure the credulity is always greater than %) In the next round,
it is still possible to obtain one more non-trivial measurement, after which either
the updated credulity exceeds 1 — 7 and all subsequent rounds are trivial, or the
credulity is lowered below the threshold and another measurement is permitted until
the updated credulity again exceeds 1 — 2. This permitted “jump” in credulity due
to the final measurement explains why the value appearing as the plateau in Fig.
4.1 can be larger than 1 — 3.

The best “jump” beyond 1 — 3 is obtained when the states in that subsystem
are an orthogonal pair of pure states subjected to the depolarizing channel and a

measurement result which increases the credulity is attained, as formalized in the

following lemma.

Lemma 7. Suppose that we are given one of two quantum states p, = @jvzl ((1 —

Y) 165,40, 1| + %H) and p_ = @;\;1 ((1 —7)10;-)<0; | + %H) where v is a fized
depolarizing parameter. Then an upper bound on the probability of success using the

locally greedy method is given by

1
Psalg(q = iapi> < Pbound(V) = (1 - %)2 + (’57)2

Proof. We show that the probability of success is upper bounded by the maximal

attainable credulity after N measurements, and proceed by induction. For details,
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see Appendix 2. |

To illustrate the predictive value of this bound, we list the observed numerical
asymptotic values found when N = 12 for non-identical subsystems (Pops(7y)) and
the predicted upper bound for v = 0.1,0.3,0.4, 0.5 respectively, as depicted in the
following table:

Y Pobs Pbound

0.10.9943 | 0.9972
0.3 10.9549 | 0.9698
0.40.9198 | 0.9412
0.5 0.8732 | 0.900

Finally, we compare the two scenarios for the specific value of the depolarizing
parameter v = 0.3 in Fig. 4.2. This plot shows the non-trivial advantage obtained
from subsystems being distinct rather than copies of each other, which is the case
most considered in the literature. For the special case of v = 0, we have shown
in Theorem 2 that the order of subsystems does not matter and that the simple
locally greedy algorithm itself achieves the optimal performance obtained with the

joint N-system Helstrom measurement.

4.2.1 Ordering and Grouping

The restriction to measurement of a single subsystem is largely artificial, so we now
generalize to the case where m subsystems may be jointly measured at each round.
We plot the corresponding empirical results for the scenario of identical copies and
distinct subsystems in Fig. 4.3 and Fig. 4.4 respectively. When all subsystems are
copies, the probability of success strictly increases as a function of m. However, when
the subsystems are not copies, this no longer holds. In particular, for v sufficiently
large, the probability of success is (on average) lower for m = 2 and m = 3 than for
m = 1 as seen for the case of v = 0.3 in Fig. 4.5. This demonstrates the non-trivial

nature of the result of measuring multiple subsystems at once. Intuitively, we might
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FIGURE 4.4: Probability of success
for distinct subsystems as a function
of v and the number of subsystems
measured simultaneously, m. Here
N = 6. Results are averaged over 1000
trials.

FIGURE 4.3: Probability of success
for identical copies as a function of ~
and number of subsystems measured
simultaneously, m. Here N = 6. Re-
sults are averaged over 1000 trials.

expect that when m > 1, every measurement biases the credulity by a larger amount
thereby increasing the chances of a trivial measurement in the next round. However,
the difference in behavior for m = 2 and m = 3 is not clear. Hence, the complete

behavior for m > 1 is not yet understood.

0.914 -

0.912

6,7 = 0.3)

0.909 |

0.906 -

Psucc (N

0.905 |

FIGURE 4.5: Probability of success for the special case v = 0.3 when the subsystems
are not necessarily copies. Here N = 6. Results are averaged over 1000 trials. This
clearly illustrates the initial dip in probability of success with increasing m.
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4.3 Measurement- and Order-Optimized DYnamic (MOODY) Algo-
rithm

The MOODY algorithm is a generalization of the order-optimized locally greedy
algorithm described above for the distinct subsystems scenario. At each round j
during execution, it optimizes over all choices of o(j) as well as the measurement
actions that could be performed over the chosen subsystem o (7). Hence, the expected

future risk function is given by

Rs(p) = (k’ar:)l(ifrsledZE:DL(p, ay, di) - Rs\(ky (Post(p, ay, dy)) . (4.9)
k

The optimal choice for the next subsystem, £ € S, and the optimal action to be
performed on that subsystem, a; € A, form the minimizer Ag(p) = (k,ay) of the

above function:

As(p) = argmin > L(p, ay, di) - Rs\gry (Post(p, ay, dy)) (4.10)
(k,ak)eSx.A dkED

Therefore, during the execution of the algorithm, at round j, we have j = N —[S|+1

and we set

(0(4), as(j)) = As (C;—l (q’a([Tj—l]vd([Tj—l])) : (4.11)

The MOODY algorithm can be summarized as below. Once the DP subroutine
is completed, we have a set of expected future error functions {Rs|S < [N]} and a
set of best measurement action functions {Ag|S < [N]}. Setting po = P(p = p4) = ¢
and Sy = {1,..., N}, we then have fori =0,..., N — 1:

P = R, (pi),
(0(i+1),a53i11)) = As; (i),
P(da(iJrl) =d | pi, aa(i+1)) = L(p, A (i+1); d),
pir1 = P(ps, A (i+1); da(i+1))7
Si1 = S\{o(i + 1)}
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Finally, after N rounds of measurements we can conclude that

p+, if py > 0.5,

State Estimate = { and Py = max(py, 1 — pn). (4.13)

P—, if PN < 057
Implementation and Complexity

We compute functions Rg and Ag using dynamic programming (DP), which requires
collapsing the states (qva([ny\S\]ad([qusu) e [0,1] x AN=ISI 5 DN=I8I to
Cj'\,7|s|(q, aly_ sy dif\su) € [0,1]. Moreover, these functions can be stored for later

use in the following scenarios:
e problems with the same states but different initial priors;
e problems on larger systems where the current system is a subsystem of it.

Since the interval [0, 1] and action space A are continuous, they have to be quantized
properly for a tractable implementation. The computation complexity and memory
complexity of DP is highly dependent on this quantization. For programming imple-
mentation, we again apply a quantized version of the above DP where the input p is
quantized into @), equi-spaced points over [0, 1] and the measurement action space
A is quantized into a size-Q), set to make the minimization over A tractable. To
store expected future error functions {Rg|S < [N]} and a set of best measurement
action functions {Ag|S < [N]}, the memory complexity is O(2VQ),,). Besides, each
value is obtained from a minimization over S x A, so the total computation is of
complexity O(2YQ,NQ,). The number of DP functions Ag and Rg is 2V as the
order of measurement matters in general. However, DP still represents a speedup
over the case of naive exhaustion for all possible orders, which has complexity N!.
If all the qubits are identical copies, then the ordering is immaterial, and the differ-
ent subsets S with same size correspond to the same case. Therefore, in this scenario
the memory complexity is O(N@),) and the computation complexity is O(NQ,Q,).
Since there are only two possible states p, and p_, we can also use log-likelihood

ratios (LLR) to describe the probabilities. This parameterization can greatly simplify
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l5(q) = In

E(jf((b a([jj]a df‘]]) -
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=
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It is easy to check that

C?(q,af;,df,)
p o Q7 — j (1> ]
exp( j (¢, Sk [J])) 1-— C}T(% ac[yj]vd([rj])

_ Pldoylpss a0() CF 1 (g,a7;_y, df_y)
P(do(j)lp— as(y) (1 = CF 1 (g, af;_yy, d7;_yy))

= exp(Lo(j)(a0(s), do(j))) - exp (€51 (g, a1 df;_1)))-

This yields the simpler recursive equation

g q g ag g 7 g g ag
& (@) =In (1—q) ) Ej (4, ar d[j]) = ga(j)(aa(j)v do(j)) + 53‘71((17 a1 d[j71]>‘

(4.14)

4.8.1 Results for Qubits and Qutrits

The exact properties of the most general adaptive algorithm remain unknown. For
the special case where p; are both pure, we have proven in Theorem 2 that the
optimal adaptive strategy consists of binary projective measurements and that its
performance is unaffected by subsystem ordering. Therefore, a natural claim to test
is whether adaptive binary projective measurements are always sufficient for general
states. Additionally, we will address the question of whether subsystem ordering
affects the probability of success when optimization is done over all “reasonable”

adaptive protocols.
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Qubit Results

We first address the question of ordering when [)(i?) are all real qubit states, setting

Aquis = {{16)(@] |6 (0" }: o < [0. 2|} (4.15)

to be the standard action space of real orthogonal projectors [HDB*11] where we
quantize ¢ into Q)y = 128 equally spaced points. We perform the following experi-

ments.

1. Choose a set of depolarizing parameters

Saep = {0,0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1}
and number of trials 1. = 1000.

2. Generate Qg’j ) e (0, 27) uniformly, where ¢t € [n;a1] denotes the trial index, and

j=1,2,...,7 denotes the subsystem index.

3. For each v € Sqep and N € {3,4,5,6, 7}, define the corresponding qubit quan-

tum states:

+(7,t,N) :é( ) 165575 (89| + I) (4.16)

4. For each p4(7,t, N) perform two separate optimizations corresponding to the
best and worst ordering respectively, where the corresponding future risk func-

tions are
R pest (pa {p+(7,1, N)}) = min Z L(p, ax, dy) - Rs\ry(P(p, ag, d)),
(k,ar)eSxA
dke{‘h*}
(4.17)

RS,worst (pa {:ai(’% L, N)}) = Iile%,xéfgjd {z; }L(pu Ak, dk) ’ RS\{k} (P(p7 Ak, d/c))
k€T, —

(4.18)
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3,7) # Pauceworst (N = 3,7), the rela- ~ over 1000 trials for N = 3,4,5,6,7.

tive difference is small.

5. For v € Sqep and N € {3,4,5,6, 7}, given an order of “best” or “worst”, denote:

1 Mytrial
Psucc,order(Na 7) = Nirial Z Ps,order (Pi (77 ta N)) (419)
ria. t=1

where P orqer(p+) indicates that we perform the MOODY algorithm with the

specified ordering on states p..

We plot Pyyccorder (N = 3,7) as a function of 7 in Fig. 4.6 and we also compare the
difference Psucc,diff(N7 ’7) = Psucc,best(Na 7) - Psucc,worst(Na 7) for N e {37 47 57 6a 7} in
Fig. 4.7. From these results, we observe that the difference in probability of success

with respect to ordering persists even using the MOODY algorithm.

Qutrit Results

Finally, we investigate whether restricting the action space to binary projectors is

sufficient for non-qubit states, and in particular for qutrit states.

Definition 8. We say that action space A is sufficient for state space H if and only
if for all p+ € H and q € [0,1],
Psucc,.A(Q> ﬁi) = PSUCC,Aall(Q? Iai)>
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where A,y is the set of all quantum measurements of appropriate dimension, i.e.,

dim(pz).

For pure states Theorem 2 confirms that binary projectors are sufficient, and
by the definition of the Helstrom measurement, binary projectors are additionally

sufficient whenever N = 1.

We show that binary projective measurements are not sufficient for general state

spaces. To this aim, we define Hqutrit to be the space of depolarized, real qutrit states

}

=1,
(4.20)

and define the action space of real binary (ternary) measurements as A, (Ap).

I

Ay {{H'; 2 ) MTI, = 6,010V j, ' € {1,2}, rank(IT?) = 2, rank(TT})

I

A, {{H;. 5 ‘ T, = 6,511, rank(IT5) = 1V j, 7 € {1,2,3}}. (4.21)

J

Note that it is sufficient to consider real quantum measurements, as Tr[pIl] =
Tr[p Re(IT)] for any Hermitian projector IT. Additionally, any ternary set of orthogo-
nal projectors may be chosen to have all elements rank 1, as any rank 2 or 3 element
can be viewed as grouping the corresponding rank 1 projectors post-measurement.
Then parameterizing the action spaces is equivalent to generating (with some

quantization) all orthonormal basis {|u1),|us),|us)}, and for each choice of basis

defining the corresponding ternary POVM Ht({]u1>, lug) ]u3>}> and three corre-

sponding binary POVMs Hb’k<{|u1>, lug) ]u3>}>, for k € {1,2, 3} as follows:
1 (4l fuz) )} ) = {uny Gl Juo) ual, fus) s}, (4.22)
I () [, fus)}) = { D Juay Canl gy Cag . (4.23)

1#k
We implement this quantization through the following steps:

1. We quantize the unit sphere by subdividing an icosahedron for T steps ac-

cording to vector 7 = [ry,...,7r| such that at the j** step we subdivide each
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segment by r;. Then according to the Euler characteristic of convex polyhe-

drons [Eul58], the number of vertices after all subdivisions are complete is given

by 10 ]_L.T:l r? + 2, and we denote this set of vertices as Sub(7).

(2

2. For each point (z,y,z) in Sub([2,2,2]), convert to polar coordinates (¢,6)
according to

x = sin(0) cos(¢), y = sin(f)sin(¢), z = cos(h).

3. For each pair (¢, 0), define the rotation matrix R(¢,6) as

—sin(¢) cos(¢) cos(f) cos(¢)sin(h)
R(¢,0) = | cos(¢) sin(¢p)cos(f) sin(¢)sin(6)

0 — sin(6) cos(0)
4. Choose () as the resolution on the equatorial plane, let w € {% ?;01 and define
cos(w) — sin(w) 0
(¢, 0,w) = R(¢,0) | sin(w) |, ta(e,0,w) = R($,0) | cos(w) |, us(¢,0,w)=R(¢,0) 0.
0 0 1

The created action spaces A; and A, are then used to compare the probability
of successful discrimination in the ternary and binary cases, respectively. Using the

following procedure, we demonstrate that for general real depolarized qutrit states
{p+,0-}, Pouceoay (3, p+) < Poucea, (3, p+), and hence binary projective measurements

are not sufficient.

1. Fix N = 3, and choose a set of allowed depolarizing parameters Sgep =

{0.1,0.2,0.3,0.4,0.5,0.6} and number of trials ng;, = 1000.

(t.3) pt7)
+

2. Generate o} € (0, 1) uniformly, where ¢ € [n4a] denotes the trial index,

and 7 = 1,2,..., N denotes the subsystem index. Set gbg_f’j) = 27Toz(it’j) and

0 = arccos(1 — 255_:,]‘))7 such that
[0(¢,0)) = [sin(0) cos(), sin(6)sin(¢), cos(0)]

is uniformly distributed over the set of all unit vectors.
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3. For each v € Sgyep, define the corresponding qutrit quantum states

N . . .
(.t N) = @ (L= (e, 087 (et 68| + 21) . (4:24)
j=1

4. For each p4(v,t, N) perform the MOODY algorithm for 4;, and A; for both

best ordering and worst ordering.

5. For v € S4ep, given an order of “best” or “worst”, and given an action space

A € {Ay, A}, denote

1 TMtrial
Psucc,order(’% -/4) = Nirial Z Ps,order (pi (’yv t7 N)7 -’4) (425)
rial ;1

where Ps oraer(p+,A) indicates that we perform the MOODY algorithm over

action space A with corresponding ordering on states p..

We plot the results for all four methods in Fig. 4.8, and compare the difference of
the remaining three methods to the ternary, best ordering method (P order (7, A) =
Pavcepest (V5 At) — Pauccorder(7,A)) in Fig. 4.9. We observe that the best ternary
ordering is optimal compared to the best binary ordering, and therefore ordering
still affects performance even in MOODY algorithm. It remains an open question
whether it is sufficient to consider d rank 1 orthogonal projectors for a state space

‘H, containing d-dimensional real quantum states.

4.4  Summary

In chapters 3 and 4, we investigate simple locally-greedy and modified locally-greedy
algorithms as well as more general dynamic programming algorithms for quantum
state discrimination when the given states are tensor products of N arbitrary qubit
or qutrit states. We prove analytically that, when the individual subsystems are
pure states, the simple locally-greedy algorithm achieves the optimal performance of

the joint N-system Helstrom measurement.
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FIGURE 4.8: The average probability
of success for the best and worst order-
ing using both ternary and binary pro-
jective measurements for qutrit prod-
uct states when N = 3. Results are
averaged over 1000 trials.

FiGURE 4.9: Difference in average
success probability for the various
methods, namely, Py order(7,A) as a
function of v when N = 3. Results
are averaged over 1000 trials.

For the scenario where each subsystem contains arbitrary qubit states, we demon-
strate a plateau in the probability of success attained by the locally-greedy algorithm
with increasing N. The reason for this plateau is found and an explicit bound is de-
rived for the success probability as a function of the channel depolarizing parameter
and initial prior. Based on these results, a modified locally-greedy algorithm is intro-
duced with strictly better performance and its state discrimination becomes perfect
in the large N limit.

For the general DP algorithm, we show that ordering of subsystems affects the
performance when the individual subsystems have distinct states. For qutrit states,
we show that binary projective measurements are inadequate to achieve optimal
performance.

In the following chapter, we extend our results developing reinforcement learning

algorithms to adaptively distinguish between more than two candidate states.
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5

Reinforcement Learning for Quantum Hypothesis
Testing

Portions of this chapter are adapted from [BSP20]. This work was done in collabo-
ration with Kevin D. Stubbs and Dr. Henry Pfister. I developed the reinforcement
learning algorithm, found the numerical results, and wrote the final manuscript.
Kevin Stubbs showed the RLNN algorithm is robust under noise and contributed to

writing the final manuscript. Dr. Pfister oversaw the project.
5.1 Introduction

In this chapter, we move from binary state discrimination to arbitrary state discrim-
ination where in general one might have multiple candidate states in a state set.
Unlike the Helstrom measurement for binary state discrimination, for more general
state discrimination problems there is no known closed-form optimal measurement.
Instead, the optimal measurement can be written as the solution of a semidefinite
programming problem [Hol73, YKL75]. Techniques for solving semidefinite pro-

gramming then can be used to find the minimal-error measurement and compute the
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optimal success probability [KM18, KRS09].

As demonstrated in the prior chapter, dynamic programming can be used to find an
optimal local approach [Bel54]. However, even in the simplest case where m = 2, the
complexity grows like O(2"nQ)), where n is the number of qubit subsystems and @ is
the number of different local measurements considered [BLS*19]. A powerful alterna-
tive tool for developing optimal adaptive protocols is reinforcement learning with neu-
ral networks (RLNN), where an agent learns an optimized protocol through repeated
interaction with an environment. While RLNN was introduced more than 20 years
ago [Tes92, Gor95], interest in these methods was recently rekindled by its remarkable
success for Atari games [MKS*13, MKS*15]. RLNN and other machine-learning ap-
proaches have been successfully applied to a variety of problems in quantum informa-
tion theory: generating error-correcting sequences [FTWM18, PDM™*14], preparation
of special quantum states [Buk18, MPNK™*18, MDW20], setting up experimental Bell
tests [MSS20], quantum communication [WMDB20], fault-tolerant quantum compu-
tation [SKvNE21a], quantum control [SKBL20, ZWA*19, SKvNE21b, XLL*19], and
nonequilibrium quantum thermodynamics [SPP21]. Additionally, RLNN has been
applied in the closely related topic of adaptive quantum metrology [PWS16, HS10,
PWZ*17, PS19]. Motivated by these successes, in this work we use RLNN to find
optimal locally-adaptive measurement protocols.

We demonstrate that our approach using reinforcement learning with neural net-
works (RLNN) achieves excellent performance when the total number of subsystems
is 10 or fewer. This performance holds even when the candidate states are subjected
to small perturbations. For cases where the exact locally optimal protocol is not
known, we compare the RLNN performance to an SDP upper bound and find that
for each trial the RLNN comes close to the upper bound. Additionally, we introduce

a min-entropy based locally adaptive approach which reduces to the optimal local
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approach for binary pure states, and show that the RLNN meets or exceeds this
approach in every trial.

Finally, we note that for pure states the existence of a gap between local and non-
local strategies depends solely on the number of candidate states. In the previous
chapters, we have extended results by [ABB*05] to provide a constructive locally
greedy approach which is fully optimal for any tensor product pure state discrimina-
tion problem when m = 2. However, prior work [CBW17, WHBC18, BDF*99| has
demonstrated that the simplest possible nontrivial system of two qubits with three
equally likely candidate states is sufficient to find a gap between local and nonlocal

measurement strategies.
5.2 Reinforcement Learning

Each round of the reinforcement learning process involves an agent choosing one ac-
tion from an allowed action space, implementing the action, and receiving a reward
from the environment. For a Markov decision process, the agent can eventually learn
to choose actions according to an optimal policy that maximizes the expected future
reward. For the problem at hand, the agent is trained to learn the optimal adaptive
measurement strategy as well as the optimal adaptive order in which subsystems
should be measured.

In the context of state discrimination, the environment is a parameterized measure-
ment protocol for the quantum system of interest. The action space (denoted by .4)
is the set of allowed quantum measurements. Denote by s; the state of the environ-
ment just before round ¢ and let n be the total number of rounds. The agent’s policy,
mo(ag|s;), is parameterized by 6 and equals the probability of selecting action a; € A
in round ¢ conditioned on the state s; of the environment. The goal of training is for
the agent to learn the optimal policy m; which maximizes a given reward function.

We consider the task of deriving the minimum-error adaptive measurement protocol
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to distinguish between m tensor-product quantum states {p;}|7, with prior prob-
ability vector g where ¢; = Pr(p = p;). To reduce the number of measurement
parameters and thus the size of the action space, we restrict to the case where each
candidate state is real-valued. Since each candidate state is assumed to be a tensor

product of n subsystems, it can be written as

where p:”’ is a qubit density matrix for all j € {1,...,m} and all k € {1,...,n}. Thus,

(k)
J
the quantum system p is composed of n unentangled qubit subsystems.

We build an OpenAl gym environment [BCP*16] capable of simulating local

measurement protocols. In each round, the algorithm chooses the next subsystem j

to measure as well as which measurement to implement.
The action space A consists of elements (¢,k) where ¢ € {1,...,20} selects which

measurement in the allowed measurement set is to be implemented and k € {1, ..., n}

is the subsystem to be measured. More specifically, ¢ corresponds to implementing
the binary real qubit POVM

N Sin2(€ ) %sin(%) COSQ(Qe—Q —%sin %)> }
() = |
HQ( ) { (% Sin( ) COSZ(QK—W)> (—%sin %r) Sinz(%)

and @ = 20 (unless otherwise specified). The set of allowed measurement is then

3

Q5 &l

{ﬂQ(f)}]?:I which corresponds to binary real qubit POVMs spaced evenly on the
Bloch sphere. For a given (), this action set minimizes the worst case quantization
error. Increasing the quantization beyond @) = 20 (or allowing continuous choice of
measurement) slowed the training time and did not offer observable gain in perfor-
mance, so () = 20 was chosen as the smallest quantization which yields near optimal

results.
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For a given set of candidate states, the state of the environment consists of the up-
dated probabilities for each candidate state as well as a list of which subsystems
have already been measured. Given starting prior q and measurement results d,
the updated prior is denoted by p(q,d). The list of subsystems which have been
measured is given by the length-n vector v where v, = 1 if subsystem k has already
been measured and 0 else. Thus, the state of environment before each round can
be represented as s = (v,p(q,d)). The episode is terminated when all subsystems
except one have been measured, or equivalently when ), v; = n — 1.

When only one subsystem remains unmeasured the optimal final measurement is
automatically determined through semidefinite programming. The reward is given

by the probability of successfully decoding the actual state (p = p;+) after the final

local measurement, where a successful decoding occurs if

j* = argmax(pj(qu))7
je{l,...,m}

where d is the vector containing all previous measurement results and p(q,d) is
the updated probability given initial prior q and previous measurement results d.
Additionally, a penalty of —0.3 is given if at any round the agent attempts to re-
measure an already measured subsystem, as for qubit subsystems re-measuring an

already measured subsystem is non-informative.
5.3 Details of Implementation

We train the agent using the proximal policy optimization (PPO) algorithm [SWD*17].
Results are then generated using the default PPO algorithm from the RLIlib package
included in Ray version 0.7.3 [LLNT18, LLM*17]. After hyperparameter tuning of
the learning rate, we set the learning rate to be n = 5 x 107°. For the remaining
hyperparameters, we find the default parameter settings to be optimal, including the

clipping parameter ¢ = 0.3 and the discount factor v = 0.99. Comparison of the
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FIGURE 5.1: Performance of tuned FIGURE 5.2: Performance of net-

network versus the collective Helstrom
(SDP) measurement.

work before tuning versus the collec-
tive Helstrom measurement.

tuned versus untuned network is depicted in Figures 1 and 2.

Input s
Layer
Two Hidden Layers
Ficure 5.3: Neural Network configuration, consisting of one input layer, two

parallel subnetworks. One subnetwork outputs an estimate of the value V(s) for
state s, one outputs an estimate of the policy 7(als).

5.4 Numerical Results for RLNN Performance

As an initial benchmark of the RLNN performance, we compare it to known optimal
results in several special cases.

In the case of binary discrimination (i.e. m = 2) between tensor products of pure
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states such that pg-k) = |1/1](k)><¢](-k)| for all k € {1,...,n} and j € {1,2}, it has been
shown that the optimal collective success probability, Pspp can be achieved through
locally-adaptive strategies [ABB*05, BLST19]. The collective success probability,
Pspp, is found using semidefinite programming techniques introduced by [EMVO03].
We randomly generate ten trials with n = 3 and order the trials according to in-
creasing distinguishability measured by Pgpp. For each trial, we compare this success
probability with the RLNN success probability, Prinn, as shown in Fig. 5.4. The
neural network attains the correct (optimal) success probability in each case, with a

very small gap that is likely due to action space quantization.
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FIGURE 5.4: Probability of suc- training iteration
cess for the optimal RLNN policy after FIGURE 5.5: Difference between
1000 training iterations vs. the opti- RLNN reward and Helstrom (SDP)
mal collective measurement for tensor- success probability as a function of
products of pure states when m = 2, training iteration. We observe that
n = 3. The neural network closely ap- the RLNN success probability stabi-
proximates the optimal success prob- lizes after 100 training iterations, with
ability in each trial. occasional fluctuations.

An additional case where locally adaptive protocols are strictly optimal has been
found by Sasaki et. al in [SKIH98]. Consider a set of states S; = {p;}[/2; and

associated probabilities {qj}|;”=1. Suppose the known optimal POVM for these is
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{IL;}|72,. The set of n-subsystem product states generated by S can be written as

Sn = {@pzj
j=1

ie {1, ...,m}"},

with corresponding probabilities defined as ¢;, ;. = ¢;, X ... X ¢;,. Then, the optimal
POVM candidate state set S,, has elements that can be written in tensor product

form as:

i 4, = IL;;.

This provides a useful test of the neural network performance. We take the initial
state set to be 81 = {p1, p2}, where p; = (8 ,95) and ps = (°3% ;%5 ). Since the op-
timal local POVM belongs to the allowed action set, there should be no quantization
loss. We train the neural network for 1000 iterations (using a custom learning rate
schedule where the learning rate starts at 5.5 x 107° and decays by 0.95 every 10
iterations), and compare the neural network performance after training to the opti-

mal success probability. For 1 < n < 8, the neural network attains or approximately

attains the exact success probability, as depicted in Fig. 5.6.
5.5 Comparison to SDP-based Locally Adaptive Strategies

Just as the collective SDP measurement provides an upper bound for the optimal
locally adaptive success probability, simple locally adaptive algorithms such as locally
greedy algorithms provide a lower bound. In this section, we introduce a local SDP-
based approach, and demonstrate that the RLNN always meets or exceeds the success
probability of the local SDP-based approach.

In the case of binary state discrimination, locally greedy algorithms are optimal
for pure states and close-to-optimal for mixed states. Our choice of the local SDP-

based algorithm as a “good” simple strategy is then motivated by the fact that
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FI1GURE 5.6: Performance of the RLNN policy after 150 training iterations vs. the
optimal success probability as a function of the number of subsystems n. The RLNN
approach converges to the optimal local approach in this example for 1 < n < 8.

it reduces to a locally greedy protocol when m = 2. Additionally, for m > 2,
we found through numerical simulation that the local SDP-based based approach
generally performs better than locally greedy protocols. Finally, we compare the
RLNN algorithm to the local SDP-based algorithm via simulations with n = 3 and
n = 4 and demonstrate that the RLNN always meets or significantly exceeds the
local SDP-based success probability.

The SDP-based local algorithm selects the local measurement which maximizes
the expected (collective) success probability of future rounds. Let S be the set
of remaining unmeasured subsystems. For each round, the algorithm chooses to
measure the subsystem [ € S and implement the measurement a such that:

|a|

(a,l) = argmax Z Pr(d,_js\ = d')
(a,0)eAXS yi—g

X Psucc, coll ({Pf\l} ‘ q, dnf|S\f\ = d/)

where Pgycc, coll({ pj‘.s\l} ! ¢ dnjs\g = d ) equals the success probability of implement-

ing an optimal collective measurement on the remaining subsystems (with indices
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belonging to set S\/), given the prior for round j was ¢ and the outcome of action a
was d'.

In the special case where m = n = 3, all candidate states are pure states, and all
subsystems identical copies, the performance of the SDP-based local algorithm and
the RLNN algorithm appear to be identical for each of 5 random trials, as depicted
in Fig. 5.7. However, we demonstrate that simpler locally adaptive strategies such
as the min-entropy approach are not sufficient to find the optimal locally adaptive
strategy, as when n = 4 and the candidate states are mixed, a significant gap appears

between the RLNN results and the SDP-based local algorithm, as shown in Fig. 5.8.
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FIGURE 5.7: Plot of success proba- F1GURE 5.8: Plot of success proba-

bility for RLNN after 250 training it-
erations, the collective optimal (SDP)
measurement, and the SDP-based lo-
cal algorithm, over 5 trials with m =
3, n = 3 and pure states.

5.6  Pure State Discrimination

bility for RLNN after 250 training it-
erations, the collective optimal (SDP)
measurement, and the SDP-based lo-

cal algorithm, over 5 trials with m =
3, n =09.

In the special case of binary state discrimination (m = 2), it has been shown [ABB* 05,
BLS*19] that locally-greedy algorithms are optimal for distinguishing between pure
tensor product states. Thus, for pure binary state discrimination, the success proba-

bility of the optimal collective measurement can be achieved through a simple locally-
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greedy algorithm.

This optimality result does not extend to m > 3 even in the simplest case of a
two-qubit system, as the trine state ensemble provides a counterexample. In partic-
ular, the unique locally-greedy algorithm is no longer the optimal local algorithm.
Additionally, for the trine state ensemble, the optimal locally adaptive algorithm
performs worse than the optimal collective measurement. This raises the question,
“what is the maximum possible gap in success probability between the optimal locally
adaptive measurement strategy and optimal collective measurement as a function of
m and n?”

We now demonstrate that a gap exists even for the case where n = 2 and m = 3.
Original results for the double trine were found in [CBW17]. We present an alternate
proof which utilizes the results of subsequent work [WHBC18]. The trine ensemble

is defined to be symmetric with

pi = (07100l @)™

~ WUy 00| (UeU))

27

27 _sin
where U = (5.0 " 7)) and q = [1/3,1/3,1/3].
3

sin(%r) cos(

Since (U ® U)™ = 1, and the starting prior is balanced, the PGM is opti-
mal [Ban97|, with a corresponding collective success probability of P, = %(3 +
2\/5) ~ 0.971. Hence to prove the theorem, it is enough to show that any choice
of local measurements will give a probability of success which is strictly less than
13 +2v2).

We now show that the optimal locally adaptive method is to measure the first
subsystem with an “anti-trine” measurement. The anti-trine is defined as f[AT =
{%U%pj(U%)TH?:l, and is depicted in Figure 5.9. After obtaining the measurement

outcome for the first subsystem, the updated prior is a permutation of q = [%, %, 0],
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FIGURE 5.9: The top picture illustrates the optimal first (anti-trine) measurement
with blue dotted lines and trine states with black lines. The bottom picture illus-
trates the optimal second measurement conditioned on the first measurement result,
namely, a Helstrom measurement on the two remaining states.

and the second subsystem is measured according to the optimal measurement for the
remaining two candidate states (see Figure 5.9).

The most general local approach is to implement measurement I, = {Hl,j}|§”:1 on
the first subsystem. We may label the result of the first subsystem out;. Then
the second and last measurement can be chosen as IIy(out;) = {115, (outy) }[3_,
and is in general allowed to depend on the outcome out;. It is conventional to
label the elements of the second measurement such that state p is decoded as p;
if measurement element j is obtained in the final round, and thus it is sufficient

to consider 3-element measurement outcomes in the second and final round given
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that there are three candidate states. (Note that a binary measurement may be
represented as a three-element measurement with one element set to be zero.)

The success probability of this approach is then:

Paee (111, {TTa(0ut )}

2
Z Pr(p = ZPI out; = d ) outy = H§2)(d1) ‘ p = pjl

=0

.

2
Z Pr[p pj ‘ out; = Hilll),outg = H;Q)(dl)]Pr[outl = Hgl),oth = H§2)(d1)]
i=0 dy

.

Suppose the first outcome is d; for measurement II,. Then the conditional success

probability evidently becomes:

Psucc (ﬂ(2) (d1> ’H((ill)>

2
- Z [p - pj|0ut2 H( )<d1) Olltl = H((jll)]PI'[Oth = H§2)(d1)|0ut1 _ Hgl)]
=0

2
= Z Pr[p = pj|out1 = Hfjll)]Pr[outg = H;Q)(dl)‘outl == H((ill), p= ,oj]
=0

Thus, in the most general locally adaptive approach, the probability of successful de-
coding given that the first system was measured with I1; and the outcome obtained

is out; is simply the probability of successfully distinguishing between the states of
the second qubit given the updated priors qq4, = {Pr(p pjlout; = dl)}| o

It follows that the second measurement is immediately determined to be the op-

timal measurement for {U7[0)(0[ (U7)'}|?_; given the updated prior from the first
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measurement. What remains is to optimize over the first measurement.

Psucc (ﬂl, {ﬁg(dl ) Z PI' Out1 = d1 ]Psucc (ﬁ(Q) (d1>‘0ut1 = Hglll))

di=1

< max P.yce (ﬂ@)(dl)’outl = Hgl))
1

Evidently, the second line presents an upper bound on the success probability of any
locally adaptive strategy, as it gives the success probability of the best possible two
outcomes.

Let the first step be the anti-trine measurement Iyp and denote with {ITz(d;)}
our conjectured optimal second step. It then follows that a sufficient condition for
the optimality of this method is

P 50) = (P (o < 2)

{12 (dr)},115)

= max Psucc<ﬁ> IL,(d )
(P ()

By symmetry, we know the expected success probability for the anti-trine is
equivalent regardless of which outcome is obtained, and can immediately compute

PSUCC(ﬁAT) = 0.933. From [WHBC18], when the outcome for the first subsystem is

I1(0) = <coss(i;1)zs(i0n)(9) Cosc(fs)f(i;(e) >, the expected success probability given optimal choice

of subsequent measurement is given by:

. 1 1
max | Pgyec (H(Z)(Q)‘outl = H(@)) = — — —cos(26) — 0.288675 cos(f) sin(0)
{TI®(d1)} 3 12

\/— — —cos(260) — 0.57735 cos(#) sin(0).

when the optimal measurement on the second subsystem has two outcomes. We can
directly verify from [WHBC18] that for the limited range of 6 such that the optimal
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measurement on the second subsystem has three outcomes, then

max (Pm <ﬂ(2)(0)‘out1 — H(@))) <0.85

{11 (dy
Finally, it follows from the above that:

N 1 1
max Psuce (H@)(dl)’outl = Hgﬁ) = max <— — — cos(26) — 0.288675 cos(#) sin(6)
{11 (dy)}, 1) 6 \3 12

1 5 1 )
+ S\ 6 cos(260) — 0.57735 cos(6) sm(@))

= Panee (T, {113 () })

thus proving optimality of the conjectured local method so that B,.({p;},q) = 0.933.
Clearly, Pioc({p;}, q) < Pean({p;}, ). L
We note that the locally greedy method in this case consists of measuring the first
subsystem with a local trine measurement, and then measuring the second subsystem
with the optimal local measurement for the updated prior. This locally greedy
method has a success probability of Pgeeqy = 0.8, substantially lower than both

the collective and optimal locally adaptive success probability.

5.7 Gap between Locally Optimal Algorithm and Collective Measure-
ment

Finally, we use RLNN to estimate the gap between the best locally adaptive algorithm
and the optimal collective (non-local) measurement in more general cases where the
best locally adaptive algorithm is not otherwise known.

The simulation setup for a given m and n is as follows: for each trial, we randomly
generate pure tensor product candidate states and then apply depolarizing noise with
a randomly chosen noise parameter. The RLNN algorithm is independently trained

5 times over 2000 iterations, and the average final success probability is compared
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n = 3. For each trial. the RLNN suc- cess for SDP and RLNN after 2000
cess probability is computed by sepa- traiming iterations when m =3, n =
rately training the neural network five 3. For each trial, the RLNN success

times with 2000 iterations each. The probability is computed by separately
training the neural network five times

with 2000 iterations each. In all tri-
als, the error bars have collapsed to
nothing and the gap between local and
non-local measurements is very small.
Compared to the case where m = 2,
there is a slightly larger gap between
local and non-local measurements.

error bars, were they visible, would
represent the standard deviation in
the final success probability over the
five independent trainings. But in all
trials, the error bars have collapsed to
nothing, and the gap between local
and non-local measurements is very
small.

(with error bars) to the optimal collective success probability found via SDP. Results
are plotted for m = 2, n = 3 in Figure 5.10 and for m = 3, n = 3 in Figure 5.11, and

indicate that the gap between local and collective measurements increases with m.
5.8 Performance for a Large Number of Subsystems

We examine how the RLNN performance varies as a function of n, and demonstrate
good performance for up to n = 10 subsystems. However, for n > 20, the RLNN
begins to have suboptimal performance.

First, we consider the case of binary pure state discrimination, where a locally-

greedy (LG) technique is known to be optimal. We restrict the LG algorithm to the
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same action space as the RLNN to remove any gap due to action space quantization,
and compare the resulting success probabilities. Results are depicted in Fig. 5.13,

and indicate that the RLNN matches or almost matches the LG algorithm when

n = 10 but develops a performance gap for n = 20.
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FIGURE 5.12:  Success probability
for m = 2, n = 10 where all candi-
date states are pure. Success proba-
bility for the RLNN is based on 750

training iterations for each round.

FIGURE 5.13:  Success probability
for m = 2, n = 20 where all candi-
date states are pure. Success proba-
bility for the RLNN is based on 1000
training iterations for each round.

Next, we consider the performance of multiple state discrimination where m = 3.
For n < 8 we can compare directly to the collective SDP. For n > 8, computing Pycc
via SDP techniques is infeasibly slow, so we instead look at the RLNN training curve
shape to determine whether the neural network converges to a steady solution.

As a first test of RLNN performance for multiple state discrimination when m =
3, we consider the case of pure states with n = 5 and plot the success probability vs
SDP as well as the training curves in Fig. 5.14.The RLNN success probability plateaus
after approximately 100 training iterations, and the RLNN success probability comes
close to the collective SDP in each case.

We then examine the training curves for general state discrimination when m = 3

as a function of n, with results shown in Fig. 5.16. Although stable plateaus are
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Ficure 5.15:  Difference between
RLNN reward and SDP success prob-
ability as a function of training itera-
tion. The RLNN success probability

plateaus after 100 training iterations

reached for both n = 10 and n = 20, as n increases the RLNN spends more train-
ing iterations learning not to re-measure subsystems. In the case where n = 50,
approximately 500 training iterations are spent learning not to re-measure subsys-
tems, leading to a negative initial reward. This leads to the question of whether it
is possible to extend the RLNN performance to a larger number of subsystems by

predetermining a close-to-optimal ordering,
5.9 Robustness under noise

We demonstrate that the success probability is stable when the candidate states are
subject to a small perturbation. Consider an over-rotation noise model where the

noise is parametrised by rotation angle 6, s.t.

AOUNO) Y gk

where ﬁ(-k)

cos(f) sin(0) )
J

() is the noisy state and we set the rotation matrix as U(6) = ( —sin(6) cos(6)

We prove that the error due to noise is negligible for sufficiently small enough per-

66



——— " / -
0.5 —10 4 /
!/
E E —20+ / 0.85 7 T T
= = [y fill ',\,"'f“ I
0+ / 0.7 7({%“ ’M’ ' ML{' y\,
—304 ,"
0.5 L — ‘
ho 750 1,250 2,000
—0541 —404 ¥
T T T T T T T T T T T T T T
0 200 400 600 750 0 200 400 600 0 500 1,000 1,500 2,000
training iteration training iteration training iteration
FIGURE 5.16: Training curves for five independent trials where n = 10 (right),

n = 20 (centre), and one trial of n = 50 (left). As n increases, the training curve
becomes less stable, and the number of iterations required for the reward to reach its
maximal value increases. For n = 50, the shape of the training curve also changes to
include an initial dip in reward before convergence to the ideal, and we observe less

stability.

turbations, indicating that the RLNN adaptive method is still close-to-optimal when

the candidate states are subjected to sufficiently small amounts of unitary noise.

Theorem 9. Consider candidate set {p;}|7, with prior q. Denote by Psucc({pj}>
the probability of success using the optimal locally adaptive method on the original
state set. Likewise, let Psucc({ﬁj(ﬁ)}> be the success probability for the noisy state

set. Then for all @,

Pace ((03}) = Pusce (1706} ) | <l
where n is the number of subsystems.

Proof. See Appendix 3 for a complete proof.

Finally, we generate five candidate state sets with m = 3, d = 2. For each
candidate state set {p;}, we train the neural network to find the optimal locally
adaptive method. The original adaptive measurement scheme is then applied to

the rotated state set {p;(#)}, and we plot the gap in success probabilities diff(¢) =

Pasce ({65}) — Pec (17:(6)}).
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FIGURE 5.17: Gap in success probability as a function of rotation parameter 6 for
five trials where m = n = 3. We observe that the gap is negligible for sufficiently
small 6.

5.10 Summary

We apply RLNN to calculate a near-optimal locally-adaptive measurement scheme for
multiple state discrimination. We provide preliminary results for the neural network
performance in cases where the locally-adaptive probability of success is known, and
show that the network can achieve good performance when the total number of
subsystems is 10 or fewer. This performance holds even when the candidate states
are subjected to small perturbations. For cases where the exact locally optimal
protocol is not known, we compare the RLNN performance to an SDP upper bound
and find that for each trial the RLNN comes close to the upper bound. Additionally,
we introduce a min-entropy based locally adaptive approach which reduces to the
optimal local approach for binary pure states, and show that the RLNN meets or
exceeds this approach in every trial.

Finally, we discuss pure state discrimination and note that the existence of a gap
between adaptive locally greedy algorithms and collective measurements depends
solely on the number of candidate states. Future work aims to extend the RLNN

performance to a larger number of subsystems, as well as to characterize the maximal
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gap between the optimal local and optimal collective success probability as a function

of the number of candidate states (m) and subsystems (n).
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6

Quantifying Uncertainty Through Games of Chance

Portions of this chapter are adapted from [BGG21]. This work is done in collab-
oration with Isabelle Jianing Geng and Dr. Gilad Gour. Dr. Gour oversaw the
project, found results for conditional majorization, and developed the project idea.
I found the remaining analytical results. Isabelle Jianing Geng and I finalized the

manuscript.
6.1 Introduction

Entropy plays a central role in many scientific areas including statistical mechanics,
thermodynamics, information theory, black hole physics, cosmology, chemistry, and
even economics [Jak20, Bek72, Bek73]. Consequently, there are multiple approaches
to understanding entropy. In thermodynamics, it can be understood as a measure
of energy dispersal at a given temperature. In information theory, entropy can be
viewed as a compression rate. Other properties related to entropy such as disorder,
chaos, randomness of a system, and the arrow of time [Mac92], have also been stud-

ied extensively in literature. Despite the many different definitions of entropy, one
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unifying theme is the idea of uncertainty.

The diverse roles of entropy would benefit from a more systematic and unifying
approach, where entropy is defined rigorously and in a way that is independent of
the physical context. In this work, we introduce games of chance as a means of
characterizing the uncertainty of a physical system. Games of chance are ideal can-
didates for studying uncertainty, as the performance in such games depends solely
on the certainty about the outcome of the game such that “more uncertain” systems
will have a lower expected reward. Thus, for any physical object such as a system,
measurement, or channel, we define its degree of uncertainty in terms of the proba-
bility of winning a game of chance. Since we construct a family of games, uncertainty
cannot be quantified with one function that is induced by a single game, but rather
is characterized with a partial order where system A is said to be “less uncertain”
than system B if system A performs at least as well as system B for all games of

chance. Equivalently, we say that A majorizes B.

We then apply our framework to the task of characterizing the entropy of a chan-
nel. The classical channel is a fundamental concept in classical information theory,
as classical states (which can be viewed as a probability distribution), random re-
labelings, and stochastic evolutions can all be viewed as a certain type of classical
channels. Likewise, quantum states, unitary evolutions, quantum measurements,
state preparations and marginalization over any subsystem of a larger quantum sys-
tem can be regarded as special cases of quantum channels [GMN*15]. Over the past
few years, several works have aimed to characterise and order channels based on their
performance for certain tasks [GW18, Yual9, FFRS20, DKJR06, DHBS20, DBB17].
The seminal work by John Kelly [Kel56] in 1956 developed the Kelly criterion which
yields the optimal protocol for a player to maximize the growth rate of their gam-
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bling profit via N uses of a communication channel in the limit as N — 0.

The idea of using majorization to study entropy could be found in [Parl1], while the
notion of conditional majorization was first introduced in [FGG13], and extended
in [GGH*18]. However, channel majorization had not been considered in previous
literature, nor had a unifying operational interpretation across different types of ma-
jorization. In our work, we construct gambling games that give rise to three types of
partial orders: majorization, conditional majorization, and channel majorization.The
first two partial orders characterize the degree of uncertainty and conditional un-
certainty in (possibly composite) physical systems, while the last characterizes the
uncertainty associated with a channel. Critically, we provide operational interpreta-
tions for each type of majorization and demonstrate that the definition of conditional
majorization coincides with the definition provided in [GGH*18]. In the following
chapter, we define channel entropy based on the definition of channel majorization

given in this chapter.
6.1.1 Notation

We denote the conditional probability distribution of random variable Y on random
variable X as {py,} where p,, = Pr(X = z|Y = y). Likewise, the joint distribution
for X and Y is denoted as {p,,} such that p,, = Pr(X = z,Y = y). We denote
the set of all m x n stochastic matrices as Stoch(m,n), such that P € Stoch(m,n) if
Pxy = py, (ie, P is a transition probability matrix).

We use calligraphic letters such as P, Q, R to represent classical channels, and
text capital letters such as P, @, R, S for the corresponding transition probability
matrices. At times, we will use superscripts of the form N™™" to indicate that
the channel N takes inputs from an alphabet of size m and produces outputs in an

alphabet of size n.
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6.2 Dice Games and Majorisation

Gambling games are games in which a player is provided with partial information
and uses statistical inference to make their best guess in the face of incomplete
information. We first consider a gambling game in which the host rolls a biased dice,
and the player has to guess its outcome. Denote by p = (p1, ..., pn)T the probability
vector corresponding to the n possible outcomes, and denote by p' = (p%7 e pi) T
the vector obtained from p by rearranging its components in non-increasing order.
For simplicity, we will always assume that the components of any probability vectors
p are arranged in non-increasing order so that p = p'.

A w-gambling game occurs when the player is allowed to provide a set with w-
numbers as guesses prior to rolling the dice. The player then wins if the outcome
from the dice roll belongs to the set of guesses. For example, if w = 2, then the
player will choose to provide numbers {1, 2} (as these have the highest probability of
occurring), and will win the game with probability p% + p%. In general, the probability

of winning a w-game with dice p can be denoted as:

Proby,(p) = [Pl == Y, p
r=1

where | - | () denotes the Ky-Fan norm.

Suppose that at the beginning of each game, the player is allowed to choose
between two dice with corresponding probabilities p and q. Clearly, the player will
choose the dice which gives better odds of winning the game, and so will choose the
p-dice if ||p[/(w) = |dl/(w). In general, the player’s choice will depend on the value of
w- for example, if p = (%, %, 0) and q = (%, %, %) then the player will choose q when
w =1 and p when w = 2.

If the parameter w is chosen randomly from the distribution {t,,}7'_;, then the
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probability that the optimal play wins is given by

Probe(p) = > t[plawy = D, D tapa = ) TuPe =T P (6.1)
k=1 r=1k=x T

=1

where the vector r with components {r,} is given by r = Ut and U is the m x m

invertible upper triangular matrix

11 1
01 1

U= : (6.2)
0 0 - 1

Note that the vector r satisfies r = r' and that r has this property if and only if
the vector t = U~ 'r has non-negative components. In general, we allow ¢ = Y 1,
to be strictly smaller than one, in which case there is a non-zero probability that
the player loses the game irrespective of the dice outcome. We likewise set p} = 0 if
x> n.

Finally, we say that p majorizes q and write q < p if and only if
Prob¢(q) < Probg(p) . (6.3)

for all (possibly incomplete) distributions {¢,,}. This is equivalent to saying that
q < p if the player will always choose the p-dice over the g-dice for any gambling
game.

One can additionally consider games with resources, where a player may be pro-
vided with an additional s-dice. The probability to win such a w-gambling game
with resources is given by ||p ® s|/(w), such that a p-dice has less uncertainty than
a g-dice if [p @ s|w) = | ® s|(w) for all w and for all s. However, this condition
is equivalent to q < p, so the class of w-games is sufficient to induce the pre-order

generated by the larger class of games with resources.
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6.3 Conditional Majorization: Games with a correlated source.

Here we consider a game in which the host rolls a die where each side is labeled
with two outcomes, x and y. The host sends the value of x to the player, and the
value y is kept hidden from the player. The player knows the distribution {p,,} from
which x and y are sampled, and the player’s goal is to guess the value of y. Our
goal is to construct all possible gambling games that incorporate a correlated source,
so we allow the player to choose a value z and then have the host select w from a
conditional distribution {t,,.} after receiving the value z from the player. We denote
the player’s choice of z with a function z = f(z). In general, the player will choose
z based on their knowledge of x, as well as the fixed distributions {p,,} and {t,.}.

In Fig. 6.1 we depict such a T-gambling game.

/ >
Folling a
dace T Player provides w )
2| numbers, and wins if Winy=w
one of them equals v
Losey = w
1. 1
= T >

FIGURE 6.1: Classical gambling game with a correlated source. The player is provided
with the value z. Based on this value, the player choose z (or the function f) give and
send it to the host. The host then chooses the w game based on a (possibly incomplete)
distribution matrix 7" = (t,,.). The player will then guess {1, ..., w} and will win the game
if y <w.

Let P = (psy) be the m x n probability matrix, and w.l.o.g. suppose P = P*
such that

Dol ZPa2 = = Pan VYV =1,...,m. (6.4)

For a given x and z, the probability to win the game can be expressed as r, - p,,
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where {p,} are the rows of P and r, = Ut,, where {t,} are the columns of the ¢ x ¢
matrix 7 = (t,|.). As before, we only require that 22:1 tw. <1lforall z=1,..,4q.
Therefore, the optimal probability to win a 7-game is given by

Probs(P) = Z maxr, - py . (6.5)

r=1

We are now ready to compare between two dice, a P-dice and a )-dice, and call this

comparison conditional majorization.

Definition 10. Let P = (p,,) be an m x n probability matriz, and Q = (¢,y) be an

m’ x n' probability matriz. We say that P conditionally majorizes (Q and write
Q <. P if and only if Probsr(Q) < Probs(P) (6.6)
for all (column) sub-stochastic matrices T .

We note that the term ‘conditional majorization’ was first introduced in [GGH™ 18],
however it was not defined in an operational way. We now demonstrate conditional
majorization as defined by games of chance is equivalent to the original definition

in [GGH*18|.
Theorem 11. Let P and () be two m x n column stochastic matrices. Then,

Q<. P «— Q=)S.PV. (6.7)

where each S, is a sub-stochastic matriz such that ), S, is a column stochastic matriz

(i.e. a classical channel), and each V, is a permutation matriz.

This theorem provides an operational characterization for conditional majoriza-
tion.! It states that conditional majorization is equivalent to a relation induced by

a conditional random relabeling map; see Fig 6.3.

I For convenience we assume that the two matrices have the same dimensions, as if this is not the
case one can add zero rows and columns to make them the same dimension.
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Conditional Relabeling

!/
Yy Y
> >
Correlated V
source Correlated
e T Source
Sl EAR ;o Q
S z

FIGURE 6.2: The action of conditional random relabeling map on a correlated source
P = (pgy) yields the correlated source Q = (qqyy) = >, S PV..

Proof. The proof follows from the following two lemmas.

Lemma 12. [GGH*' 18] The matrices P and Q) are related as in the RHS of (16)

if and only if there exists a column stochastic matriz S such that
QU < SPU , (6.8)

where the inequality is entry-wise and U is the upper triangular matrix

Lemma 13. [GGH" 18] There exists a column stochastic matriz S that satisfies (6.8)
if and only if for any set of m vectors ry,...,r,, € R whose components are arranged

in non-decreasing order,

im&xpm-rz > iqm-rx ) (6.9)
=1

=1
We now prove the theorem. If @ <. P then from (6.5) and Definition 10 we get
Zmaxpm-rz>Zmaxqz-r222qz‘rm. (6.10)
r=1 z =1 z r=1

Hence, from the above two lemmas it follows that P and @) are related as in the RHS
of (16). |
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6.4 Channel Majorization: Games with a classical channel.

We now identify the class of gambling games corresponding to the uncertainty of a
channel. Roughly speaking, our aim is to identify games in which the player has a
lower probability of winning the game with a noisier channel. We will consider a
classical channel M™™" which takes inputs from the alphabet X = {1,...,m} and
gives outputs in the alphabet ) = {1,...,n}. Each channel has a corresponding
transition matrix P = (py,). The goal of the game is for the player to correctly
guess the value y at the output of the channel.

In the most general settings, the host does not provide the player the full infor-
mation about w at the early stage of the game. Instead, the player receives a number
z that is sampled from a joint distribution {t,,} with w = 1,...,m and z = 1, ..., L.
Denote by {t,} the columns of 7. Then Pr(Z = z) = |t.|, and one can write the
conditional probability for w given z as t,,, = ﬁ“—j for all w, z.

The player knows the m x ¢ joint probability matrix T = (¢,,). While 7 in
the previous section represented a classical channel which takes z as an input and
outputs w, here T represents a correlated bipartite source which generates w and z.
Based on this partial information about the value of w, the player will choose the
optimal value of x to send through the channel. Finally, the host draws the value of
w and the player wins if y < w.

Such a T-gambling game with channel M is then depicted in Fig. 6.1.

Let P = (py;) = P* be the ordered transition matrix of the channel M, in which
the columns of P are arranged in non-increasing order. For a given choice of x and

z the probability that the player wins the game is given by

2 tuls 2y Pyie = D) D tulyie = r‘t I‘)x (6.11)
w=1 y=1 z

y=lw=y
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FIGURE 6.3: Classical gambling game with a channel. The host provides the player with
a value z that is drawn from a probability distribution 7" = (t,.). The player chooses an
input to the channel z = f(z) that may depends of the value of z. The host then selects
w, and the player wins if y < w since they will always provide the first w numbers with
the highest corresponding probabilities.

where r, = Ut, and {p,} are the columns of the transition matrix P; and in par-
ticular, each p, is a probability vector. For each value of z the player will choose x
(i.e. f(z)) such that r, - p, = max, r, - p,». We therefore conclude that the optimal

probability to win a T-gambling game with a classical channel M = P is given by

¢
Probp(M) = Z max r, - Py (6.12)
z=1 r

Note that the above quantity is the dual of (6.5) in the sense that the role of x and

z are flipped. Unlike (6.5), here p, is a probability vector for each z.

Definition 14. Let M and N be two classical channels with corresponding transition
matrices P = (py) and Q = (qy»). We say that the channel N' magjorizes M and
write

M <N if and only if Probr(M) < Probp(N) (6.13)

for all (column) sub-stochastic matrices T'.

We now provide the following characterization of channel majorization, which

demonstrates that M < A if and only M can be simulated using N, an arbitrary

79



pre-processing channel, and random isometry post-processing channels which may in

general be correlated with the input to the pre-processing channel.

Theorem 15. Let M™" and N™ =" be two classical channels with probability
transition matrices Q and P respectively. Then, M < N if and only if there exists a
preprocessing channel S *¢ with transition probability matriz S = {80/ w/|z}, and
postprocessing channels {Vgi_’”}w/ whose corresponding transition matrices {Viy '}y

are permutation matrices, such that

Q =Y Vi PSu (6.14)

where Sy = {Sy wa}|ar e for all w' (see Fig. 7.1).

Proof. Note that w.l.o.g. we can assume m’ = m, so that P is an m x n’ matrix and
Q@ is an m x n matrix. We will need the following two lemmas to prove the theorem

statement:

Lemma 16. The matrices P and Q) are related as in (6.14) if and only if there exists

a column stochastic matriz S = Y, , Su such that
Ur'Q <UTPS, (6.15)

where the inequality is entry-wise and U is the upper triangular matriz as defined

in (6.2).

To prove the lemma, denote by {p,}"_, and {q,}"_, the n’ and n columns of

the matrices P and @), and by s, and s, the components of the matrices S,
and S = Zi},:l Swr. Then, the relation (6.14) can be expressed as:

!

n l
s = Z Sp/|eDyePy  Where Dy, = Z Setulle Vi . (6.16)

z'=1 w'=1 Sml‘x
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Since for each 2’ and x the matrix D,/ is an m x m doubly-stochastic matrix, we
have that for each x and 2/, D,,p. < p.. Thus, if the matrices () and P are related

as in (6.14) then there must exists a column stochastic matrix S = (s,) such that

i

qQe < Z Sg)ePe Vo =1,...,n. (6.17)

=1

The above relation is equivalent to (6.15) since for each z and 2/, q, = q} and
Px = pi/'
Conversely, suppose (6.15) holds. Therefore, also (6.17) holds, so that there exists

an m x m doubly-stochastic matrix D such that

Qz = Z SpjeDpe Y =1,.. 0. (6.18)

z'=1

. ¢ . . . .
Expressing D = » ,_; cuwViy as a convex combination of permutation matrices we

obtain
n’ 14
qr = Z Sa!|x Z cw/Vw/pxr = Z Vw/px/squcw/ Vo = 1, . (619)
=1 w'=1 ! w’

Finally, denote s,/,/|s = €y 84|, and note that with this notation the above equation
is equivalent to (6.14), where for each w’ the the components of the matrix S, are
Sgtw'|z- This completes the proof of the lemma.

The question of whether there exists such a column stochastic matrix S that

satisfies (6.15) can be solved with linear programming.

Lemma 17. There exists a n' x n column stochastic matriz S that satisfies (6.15)
if and only if for any set of n vectors ry,...,r, € R'" whose components are arranged

in non-decreasing order,

n

Zn: max Ty - Py > Z Iy Qs . (6.20)

r=1 r=1
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To prove the lemma, denote by {s,}”_; the columns of S, so that (6.15) can be
expressed as

U'Ps,>U"q, VYaz=1,..,n. (6.21)

and the condition that S is column stochastic is equivalent to e - s, = 1 for each

x=1,..,n, where e = (1,...,1)T € R". Note however that it is sufficient to require

that e -s, < 1 since by adding to s, a non-negative vector, the relation (6.21) is

preserved. Denote further by € = (1,...,1)7 e R™,

UTP 0 .- 0

0 urp ... 0
. 0 0 s UTP (m+1)nxn'n

0 —eT 0

0 0 —e”

T

U .(h s

b= UT c R(erl)n’ s = cle R:l_ln (623)

Using this notation, (6.21) is equivalent to As = b. The question of whether there
exists a s > 0 that satisfies As > b is a feasibility problem in linear programming.
From Farkas lemma, such a row vector s € RT}FI” exists if and only if for any vector
te R(j’””” that satisfies t7 A < 0 we also have b -t < 0. Denote t = (tq, ..., t,,v)7,
where for each 2’ = 1,...,n, t, € R” and v = (vq,...,v,)" € R". With this notation,

the dual problem has the form
vwe>tlU'P Ve=1,..n = ¢&-v=)>tlU'q (6.24)
=1

Note that the condition v,e > tLUT P implies that v, = tIUTp, for all 2’ = 1,...,n/
and x = 1,...,n. Therefore, taking the optimal value v, = max, t.UTp, we get
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that (6.24) holds if and only if for any n vectors t4, ..., t,, € R}

/ n/

2 mxz}xthTpm/ > Z t’U"q, . (6.25)

=1 x=1

Denoting by r, = Ut, we obtain the the above equation is equivalent to (6.20). This
completes the proof of the lemma.

We are now ready to prove Theorem 15. We therefore assume now that M < N.
Then, by definition we have for all £ and any rq,...,r, € R" whose components are

arranged in a non-decreasing order

¢ ¢
Z mMax Ty - Py = Z max Ty - Qg. (6.26)
w'=1 v w'=1 r

Taking ¢ = n we get that

Zn: Max Iy - Py > Zn: MAax Ty Qg > Z r, Q. (6.27)
=1 w'=1

r=1

Therefore, from the two lemmas above it follows that P and () are related as
in (6.14). This completes the “only if” direction in the theorem statement.

The 7if” direction of the theorem follows quickly:
Proby (M) = Probp(N)

:meax wZ:lth (w))
ggmgx ilthnﬁx‘lvwzpéx (w)>

= ngx wz_l Lol (w))

= Pl"ObT (N )
where €, is a vector with a one at position x and zeros else. [

> Vi PSyié,

Pe,
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FIGURE 6.4: The simulation of M with N in the case that M < N.

We now provide a lemma showing that it is sufficient to consider only games with

a fixed value of z.

Lemma 18. The pre-order induced by the set of classical gambling games is un-
changed if we restrict to the set of gambling games such that T = p where p is a vector
probability distribution. Equivalently, M < N if and only if Proby(M) < Proby,(N)

for all p.

Proof. Referring to the definition of Probz(A) from the previous section,

Probr(N) = Zé: max ( i an: thpy\m>

z=1 y=1w=y

)4 m m
= 2 t. m;}X (Z Z tw|zpy|;r>
z=1

y=lw=y

14
2 PI'Ob{t

where t, = t.t,, such that {t.} = {t.,...,tm-}. The statement then follows. [
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6.5 Summary

In this chapter, we used games of chance as a method for characterizing the uncer-
tainty of classical states and channels. This gives rise to majorization, conditional
majorization, and channel majorization. We prove that the resulting conditional
majorization is equivalent to [GGH" 18| and thus provide the first operational inter-
pretation of conditional majorization.

In the following chapter, we use the channel majorization found in this chapter to
define the entropy of a channel (ie a function is a channel entropy if it is both mono-
tonic under channel majorisation and satisfies additivity under tensor products) and
we then find the unique asymptotically continuous entropy. Thus, games of chance

are a step towards addressing the open question how to characterise channel entropy.
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7

Entropy of a Channel

Portions of this chapter are adapted from [BGG21]. This work is done in collabora-
tion with Isabelle Jianing Geng and Dr. Gilad Gour. Dr. Gour oversaw the project,
found results for conditional majorization, and developed the project idea. I found
the remaining analytical results, and wrote the final manuscript. Isabelle Jianing
Geng made substantial editorial contributions to the final manuscript and verified

all analytical results.
7.1 Introduction

The previous chapter provided an ordering of channels based on uncertainty as quan-
tified through games of chance. Previous works have investigated necessary condi-
tions for entropy functions [Abe00, IS14, Tem16]. Based on these results as well as
the channel ordering induced by games of chance, we define the set of allowed chan-
nel entropy functions. We then find that the minimum output entropy [Sho04] is the

unique asymptotically continuous entropy of a channel. For a classical channel, the
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minimum output entropy is defined as

where Hg is the Shannon entropy.

Finally, this chapter connects games of chance to quantum dynamical resource the-
ory and discusses additional potential physical applications of channel entropy. More
specifically, we prove that the expected reward functions from games of chance pro-

vide a first operational interpretation of monotones in quantum dynamical resource

theory [GS20, CG19, CFS16].
7.2 Channel Entropy Definition and Properties

Equipped with the pre-order introduced in the previous chapter, we now provide an

operational definition for the family of entropy functions.

Definition 19. (c¢f. [GW18, Goul9]) Let L(m — n) be the set of all classical chan-
nels which take inputs from {1,...,m} and yield outputs in {1,...,n}. A non-zero
function

H: U L(m—n)—>R

m,n € Z+t
18 a channel entropy if it satisfies the following two conditions:
1. It ws monotonic under the channel majorization; i.e.

HM) = HN) if M<N

2. It 1s additive under tensor products; i.e.
HN ®@M) = HN) + HN) (7.1)

for all channels N and M.
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The above definition is equivalent to the definition of entropy for classical channels
previously outlined in [GW18, Goul9]. In these works, entropy was defined based on
additivity and monotonicity under uniformity-preserving superchannel, or channels
which map the completely randomizing channel R to itself. That is, if R™~"(p) = 1

for all p, then O™ =) ig 4 completely randomizing superchannel if and only if:

@(m,n)—»(m’,n’) [Rm—>n] _ Rm’—>n’

The following lemma demonstrates the equivalence of previous entropy definitions

with our operational definition:

Lemma 20. For any classical channels M™™" and N™ =" then

M<N e M= QU m)=ma) ()

where O W)= s o uniformity-preserving superchannel taking an input channel

in L(m' — n') and outputting a channel in L(m — n).

Proof. In Theorem 15, we proved that M < N if and only if there exists a super-
channel O satisfying O[N] = M and where O is of the form
(__)(m/7n/)—>(m,n) [P] _ sz oN o Sz VP e L(m/ - n/)

where S, are sub-stochastic pre-processing processes (given bipartite pre-processing
channel S, then S, = {sx/jz‘x}h/@ represents the action of S on the first subsystem
when the output of S on the second subsystem is fixed to be z), and V implements
a conditioned post-processing isometry V, on the first subsystem (see Figure 6.4).
This is equivalent to requiring © to be a classical, random unitary superchannel.
Note that this implies for any P € L(m’ — n’), then:
Qm'm)=(mn)[P](z) = Zp(z|x)Vz oPoS' () Vrell,..m]

where S, = {sx/‘x72}|z@/ is a pre-processing channel.
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In the remainder of this proof, we demonstrate that the set of random unitary
classical superchannels are equivalent to the set of uniformity-preserving classical
superchannels. First, we show that classical random unitary channels are uniformity

preserving:

OR™ " )(z) = Y V. (R(S'.(2))) Ve
=Zp(z|x)Vz<]%n> Va
=Zp(z|x)% Vo

=

== VvV
n

Next, we show that any classical uniformity preserving superchannel © can be
written in the above form. First, we note that the most general classical superchannel

can be written as

OINT(o) (e = Lp(cla)P V(S @h) @1l ) Ve

where P is an arbitrary post-processing channel and S, is the effect of S on subsystem
1 when the output of S on subsystem 2 is z. (See Figure 7.1). We use Dirac notation
to denote x — |x) (x|

Upon imposing the restraint that © be uniformity-preserving, we have
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Superchannel O[N]
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X
SESN > N s 4

v

v

FIGURE 7.1: General classical superchannel.

= ORIl al) v

= Y ()P (R(S.(2) () @1l ) Ve
= Y0P (@Gl ) v

= Zp(z\x)Pz (%) Va

where P,(p) = P(p®|z){z|). Finally, denote by P* the transition probability matrix
corresponding to the channel ), p(z|z)P.. Clearly, >, p(z|z)P. must be unital for

all z s.t.

x
PLIBZLIB

where up is the uniform distribution for system B. It follows from the above that P*
is doubly stochastic for all z, and therefore (from Birkhoff’s lemma), can be written
as a convex combination of permutation matrices.

Then there exists a set of permutation matrices {V,, .} corresponding to isometry

channels {V,, .} and probability distribution »; qu. = 1 for all z s.t.

ZP<Z|I)PZ = ZQw\wa,x Vo

z
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Finally, we can then rewrite our superchannel © as:

Aoy el = EpleloP: (N (S.(aaD)) ¥
—thvt( (S0l D))

where t = (w, z) and where S, represents the action of S on the first subsystem when

the second output is z. Then S is related to the original pre-processing channel as

shown in Fig. 7.2.

x > N L y
S P >
Z -
x' y'
e S > N > ,
Vi o >
! N s
X
. '
x' y'
> > N > v
S

t = (w,x) ?

FIGURE 7.2: Restructuring a general uniformity preserving superchannel.
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7.3  Uniqueness of Entropy Function

We now prove that there is only one channel entropy function that reduces to the
Shannon entropy on classical states. An entropy function H reduces to to the Shan-
non entropy on states if and only if for all state preparation channels AV, which take

a trivial input and prepare a fixed output distribution p, then:

H(Np) = Hs(p)

where Hg is the Shannon entropy. Given that states are special cases of channels, we
expect any reasonable channel entropy function to reduce to the Shannon entropy

on states.

Theorem 21. Let H be a classical entropy that reduces to the Shannon entropy, Hg,

on classical states. Then for al N '€ |J L(m— n),

m,neZt

H(N) = min H (N(az))

and H 1s asymptotically continuous.

Proof. We first show that there is a unique function H which reduces to the Shannon
entropy on classical states. To this aim, we define the minimal extension H and

maximal extension H of H as:

H(N) = log|B| — lim <%inf (D(qu))>

p.a

H(N) = log] B| - max <D (N(:::)HR(Q;)))

where D is the Kullback-Leibler divergence and the infimum in the second line is over

all p, q satisfying (p,q) < (N®*(Z), R®*(Z)) for all sequences Z. Since H reduces
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to the Shannon entropy on classical states, then log| B| — H(N) reduces to D(N||R).

From [Gou21], it then follows that

HN)< HWN) < HWN)

It was additionally shown in [Gou21] that
: L.
s (D(V(0R)) = o (i (i)

where the infimum is over all p, q satisfying (p,q) < (N®(Z), R®*(Z)) for all

legnth-k sequences #. Thus,

HWN)<HWN)<HWN)=HWN)

and so

H(N) =log|B| — max (D(N(x)HR(:C)))

= min Hs(N(x))

where Hg is the Shannon entropy.

Finally, we demonstrate that H(N') = min, Hg (N (z)) satisfies definition 20 and
thus is an entropy. It has been shown in [GW18] that H is additive and non-
decreasing under the action of a uniformity-preserving superchannel. It then follows

from Appendix D that H is non-decreasing under superchannels of the form

OIN](x) = Y plzlz)V. o N 0 Su(x) Va

and therefore H(M) = HN) if M < N. [

Finally, we note that one natural extension of these results is to characterise the
uncertainty of quantum channels. Unlike the classical case, we expect the ordering
induced by quantum gambling games to also take into account resources such as

entanglement.
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7.4 Operational Interpretation of Dynamical Monotones

In this section, we demonstrate that the payoff function Probr(N') provides a first

operational interpretation of the dynamical monotones introduced in [GW18].

We begin by defining a quantum channel A/ as a completely-positive trace preserving
map from system A to system B, which can be written as N' ¢ CPTP(A — B). A su-
perchannel © is then defined as a map from quantum channels to quantum channels
s.t. ©: CPTP(Ag — Ay) —» CPTP(By — By).

The Choi matrix Ju of channel N is defined as

JNﬁZ|i><jI®N(|i><J'|)

We first restate the lemma first proved in [GW18], which introduces dynamical mono-

tones fp.

Lemma 22. Let FREE(A — B) be a convex and topologically closed set where
A = (Ao, A1) and B = (By, By). Denote the Choi matriz for any channel N as Jy
For any quantum channel Pg € CPTP(By — By), define

fp(NA) = max : <P,®[NA]>

©cFREE(A—B

- 1 (Fh o)
@eFRIJIElJ%()fLHB) "\ JpJen

for every Ny € CPTP(Ayg — A;). Let Ny € CPTP(Ayg — A1) and Mg € CPTP(By —
By) be two quantum channels. Then, Mp = ©a_,5[Na], for some super-channel

© € FREE(A — B) if and only if

fr(Na) = fp(Mp) VP e CPTP(By — By)

Proof. See [GW18] for a complete proof. [
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We now demonstrate that our work provides an operational interpretation of
Lemma 9. Namely, the reward functions for expected channel payoff, Probs corre-

spond to dynamical monotones in quantum resource theory:

Theorem 23. Define the set of free classical superchannels FREE(A — B) to be all

classical, uniformity preserving superchannels © and define

frN) = max  (P,ON])

©cFREE(A—B)

for any quantum channel P. Then, M < N if and only if

fp(./\/A) > fp(Mp) VP e CPTP(By — By)
Proof. See Appendix 5 for details. |
7.5 Summary

In Chapters 6 and 7, we introduce a new method for characterizing channel uncer-
tainty via payoff functions from games of chance. From this, we introduce families of
games of chance which give rise to three different partial orders: majorization, condi-
tional majorization, and channel majorization. For each order we provide an opera-
tional interpretation, and for the case of channel majorization we find the unique
corresponding asymptotically continuous channel entropy. Finally, we provide a
connection between our results and dynamical monotones in quantum dynamical
resource theory.

One natural extension of this work is to characterise the uncertainty of quantum
channels. Unlike the classical case, we expect the ordering induced by quantum gam-
bling games to also take into account resources such as entanglement. Preliminary
work in this direction suggests that their also exists a unique asymptotically contin-
uous channel entropy in the quantum case.

Finally, previous works on majorization have led to a variety of applications such as
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finding the capacity of bosonic Gaussian channels, computing quantum discord, char-
acterizing allowed thermodynamic transformations, and developing entanglement de-
tection protocols [MGH14, GHM15, HO15, GJB*18, WWS20|. Likewise, previous
entropy definitions such as the Shannon entropy have had wide-reaching applications
in thermodynamics and data compression [CC05, BFL11]. Thus, given the central
role of channels in multiple areas of physics and our results for characterizing channel
entropy via majorization, we expect broad potential applications in thermodynamics

and information theory.
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8

Conclusions

The first part of this thesis discusses locally adaptive procedures for quantum hy-
pothesis testing. Adaptive protocols offer a local, experimentally feasible alternative
to collective measurements on a large quantum system. First, this thesis discusses
variations of locally greedy algorithms for binary state discrimination. In the first
locally greedy protocol, subsystems are measured in order with each measurement
consisting of the locally optimal Helstrom measurement for the updated prior. Thus,
all information about previous measurements is encoded via the prior which is up-

dated using Bayes’ theorem after each measurement result.

As an extension of previous results by Acin et al [ABB*05], this thesis demon-
strates that the locally greedy strategy is completely optimal for distinguishing any
two pure TPQS. Despite the optimality for pure states, the locally greedy approach
is not even asymptotically optimal when the candidate states are mixed. To rem-
edy this, we introduce a modified locally greedy algorithm which is asymptotically
optimal for mixed states and retains optimality for pure states. Finally, a general

dynamic programming algorithm is introduced which is capable of finding the opti-
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mal locally adaptive measurement and order of measurement for any pair of TPQS.
We provide results of numerical simulations on up to 10 subsystems, and note that
beyond 10 subsystems the computational complexity of the DP algorithm makes it

difficult to implement.

We then demonstrate that for larger dimensional subsystems (ie qutrits) the dynamic
programming algorithm performs better when allowed to implement measurements
with multiple outcomes. It remains an open question whether one can upper bound
the number of measurement outcomes needed to obtain an optimal adaptive mea-

surement scheme as a function of the subsystem dimension.

The remainder of the work on state discrimination discusses implementation of an
effective reinforcement learning (RLNN) algorithm for multiple state discrimination.
Multiple numerical simulations are run for a variety of system sizes and numbers of
candidate states, and results for the RLNN performance are compared to the optimal
(collective) performance as found via SDP programming. The results demonstrate
that RLNN is optimal or close-to-optimal in every trial if the system has less than 20
qubits. Additionally, the RLNN algorithm is provably robust under small rotation

errors.

This work paves the way for developing even more sophisticated RLNN protocols
capable of finding locally adaptive protocols for even larger systems. Other key open
questions are whether locally adaptive protocols are equally effective for entangled
states, and what the “worst case” gap is between the best locally adaptive procedure

and the best collective procedure.

The second part of this thesis discusses using games of chance as a way to measure
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uncertainty in physical systems. Such families of games of chance allow for pre-orders
on classical channels corresponding to channel entropy. Additionally, this thesis pro-
vides an operational interpretation for the preorder— namely, channel M < N if
and only if M can be simulated with A/ using classical communication and shared

randomness.

Finally, we demonstrate that the payoff functions from the games of chance pro-
vide a first operational interpretation of monotones in quantum dynamical resource
theory. We additionally find the unique asymptotically continuous entropy of a quan-
tum channel. Future work aims to extend this approach to quantum gambling games

and thus to characterise the entropy of a quantum channel.

In summary, this dissertation contributes to the topics of quantum state discrim-
ination and characterisation of quantum devices. More broadly, this work adds to
the building evidence [FTWM18, MKHV 18] that reinforcement learning is a powerful

tool capable of improving current protocols in quantum information theory.

99



Appendix 1

Theorem Let Py (q, p+) and Pi.(q, ps) denote the probabilities of successful state
discrimination, given initial prior P(p = p,) = q, using the joint N-system Helstrom
measurement and the locally greedy measurement technique, respectively. If p, and
p_ are pure states, i.e. p+ = [+0,) (+0;] where |§) = cos £ |0) + sin & [1), for some
6, € (0,2m) for every j € [N], then

Pin(q, p+) = Psg(q, p+) (1)

:%<1+\/1—4q(1—q)HNlcosz(9)>. (2)

We prove the statement by induction, first considering the base case where N = 2

and additionally specifying ¢ = % Then the probability of success can be written as

1 1
B g (27Pi> = Z P(p = p4)P (dl P+; 2) P <d2 =

1 1
_ P(do=—|p_,di, =
P 2) (2 ‘p7172)
1 1 1 1 1
= — P(d —|Pdy = dy, = P(dilp_,= |P(do=—|p_,dq1, =
2d€§ }|: (1P+72) (2 +10+, 172>+ (1/)72) (2 ‘p7172>:|
1 [

1 1 1 1
=P<d1=+P+,2>P<d2=+/)+,d1=+,2> +P(d1=+‘0—,2>P<d2— ‘P di = 2>,

where the final equality follows from symmetry of probability outcomes for pure
states, i.e.,

]P’(djz—I— ia)zlp(d ’p P;_ $0¢).

From the definition of the Helstrom measurement, we observe that
1 1 .
tlor, 5 ) = 5(1—sin(@r). ()

1
+p+7d172> (3)

+ > P <d1

die{+,—}

DO | —
[\.’)lf—‘

P+, pjfl =

1 1
P (dl =T P+, 5) = 5(1 + Sin(ﬁl)), P (d1 =
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Hence the updated prior is Pi(q = 3,d1) = (1 + dy sin(61)). Then according to the

locally greedy algorithm,

1 1-Tr|[II(P(¢g=1%dy),5=1 if dy = +,
]P)(dQ P+>d17_) :{ [ 1(q jl) / )pi] . ’ (6)

After some simplifications and using a result from [Hel69], we observe

.92 .
P<d2= tlpy,dy = i,l) _! <1i s 6, £ cosfasinfy > (7)

2 2 24/ cos2(6y) sin?(0;) + sin?(6s)
Again using the symmetry property we have

.2 :
P(%Ii‘p_,dl:i,l) — 1 17 sin” 05 + cos 0, sin 0, | )
2 2 24/ cos2(6y) sin?(0;) + sin?(6s)

Upon substitution we obtain

() (o= b oo
e (o)

(1 4 4cos?(6) sin?(6,) + sin (92)>

1
+p+7d1 = +7_) (9)

N | —

<1 + /1 — cos?(6y) 0082(02)> . (10)

N | —

For the inductive step, we define a new variable § € [0,7] such that cos®(f) =

17! cos?(6;). Then by assumption

Fy g <%,Pg_r1 """ > <1+\/1— 1t cos?( 6)) % <1+ l—cosz(é)) .

(11)

We then apply the previously shown statement for N = 2, letting the first subsystem
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now be the combined subsystems 1,2,..., N —1, i.e., p}
1 1 ~
Py g (57 pi) =3 (1 + \/1 — cos?(0) COSQ(9N>)
1 N-1 2 2
=5 1+4/1—=T1I17" cos?(6;) cos?(On) (12)

_ % <1+\/1—Hf\i10082(9i)). (13)

Now we consider the case of general priors. We can artificially rearrange this

problem so that it is mathematically equivalent to a new quantum state discrimina-
tion problem between two transformed states o +. We start by defining 6, such that

q = 5(1 + sin(bp)). For pure states, we have Psy(q,p1) = Pp(1 — ¢, p1), so

1 1 + sin 6, 1 — sin 6,
Pin(q, p+) = 5 {Ps,h (Toypi) + Py (To,pi)]

1
= Ps,lg <§7PS_?) ®P+>

=%[P(do=+%—%,ﬂ()=,0+)) P<dN:+'(]: Hzmel,p:m)
+P(d0:+QO:%;P(O):p(—O) -P<dN=—q= 1+;m91,p=p—>
+P(d0=—CI0—%aP(O):P+O)) ~1P’<dzv=+q= 1_zln91,p=p+)
—l—IF’(do——QO—%,p(O):p_(])) -]P><dN=—q= 1_;m91,p=p+>],

where we define the newly appended states pg_?) = 10 + (0o +| such that | 0y 4 Y _|* =
cos?(0y). Here P(dy | Pi(go = %,do), state) denotes the probability of obtaining dy

as the measurement result on the N*'*" subsystem given the specified (updated) prior

and state, with all local measurements determined by the locally greedy algorithm.
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Since we have restricted all quantum subsystems to be in pure states, we can

simplify through symmetry as follows.

1—sin# 1+ siné
P<dN = +‘CJ= —1,p=p+) =P(dzv = —‘q= —1,/):,0—)

2 2
1 —siné 1+ sinf
]P’(sz—‘qul,pzp_) ZP(szJF‘C]:Tl,P:M)-

Substituting these properties we obtain

1 1+ sinf
a0 = 50" = ﬂ(f)) P <dN = +‘q = p= p+>

1 1+ sinf
a0 = 5" =p(_0)> ']P’<dN: _‘q: Tl’p:p‘)

Pin(g,ps) =P (do -

+P(d0=+

= Ps,lg(Q? pi)

Thus, the probability of success is equivalent under both the joint N-system Helstrom

measurement and the locally greedy method for pure states.
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Appendix 2

We show the plateau remains in the order-optimized locally greedy algorithm by
generalizing the experiment from identical copies to the case where the subsystems
are distinct. The primary change is that we now sample states parameterized by 95;’] )
so that each subsystem in both p, and p_ can have (potentially) distinct copies. Also,

the vector of success probabilities is altered accordingly.

1. Choose a set of depolarizing parameters and number of trials. Again we set

Saep = {0.01,0.05,0.1,0.3} and nga = 1000.

2. Generate Qg’j ) e (0, 27) uniformly, where t € [ngia]| denotes the trial index, and

7 =1,2,...,12 denotes the subsystem index.

3. For each v € Sqep and N = 1,2,...,12, define the corresponding qubit quantum

states

+(7,t,N) =(>§)1< ]9 ’]><9 ’])H— ) (14)

4. For all v € Sqep and all N =1,2,...,12, denote

1 Tgrial

Z Ps,lg (pi(’% ta N)) ) (15)

Nrial =1

Psucc<N7 ’7) =

where Py ,(p+) indicates that we perform the locally greedy algorithm on states

P+t

We plot the results of this experiment in Fig. 4.1. When the subsystems are not
identical copies, we notice that the plateau is much higher when compared to the
case of identical copies. At first glance this appears to violate the bound obtained in
Corollary 4, since here the pair of states in each subsystem are pure states depolarized
with the same parameter v, as required in the hypothesis of Corollary 4. However,
the reason for the higher plateau is as follows. The algorithm orders the subsystems

o

in such a way that the credulity can be updated to be as close to 1 — 7 as possible
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(where we assume the states p+ may be relabeled at any step to ensure the credulity

is always greater than %) In the next round, it is still possible to obtain one more

non-trivial measurement, after which either the updated credulity exceeds 1 — 2 and

all subsequent rounds are trivial, or the credulity is lowered below the threshold and

another measurement is permitted until the updated credulity again exceeds 1 — 3.

This permitted “jump” in credulity due to the final measurement explains why the

value appearing as the plateau in Fig. 1 can be larger than 1 — 7.

The best “jump” beyond 1 — 7 is obtained when the states in that subsystem

are an orthogonal pair of pure states subjected to the depolarizing channel and a
measurement result which increases the credulity is attained, as formalized in the

following lemma.

Lemma 24. Suppose that we are given one of two quantum states p, = ®jV:1 <(1 —

N183,4> Ossl + 3T) and p- = @Yy (1= 7)16;,-)<;-| + 31) where 5 is o fived
depolarizing parameter. Then, an upper bound on the probability of success using the

locally greedy method is given by

1

Ps,lg(§7pi) < Pbound(”}/) =

-3+ "

Proof. Given the sequence of measurement results dpy), the probability of success
is max(py, 1 — py) where py = CR(q,afy), dfy;) (and where a, ;) = I1(j,p;).) We
suppose that at any step we may swap the labels of the composite states to enforce
Dj = % YV j. Then, the probability of success is upper bounded by the maximal

attainable probability, namely P 4(3, p1) < maXgo epy (C% (3, d‘[’N])).

_ )2
We then show by induction that p; < % vV je{0,1,...,N}. For the base
2 2

case, j = 0 and the statement is trivially true as py = q = % For the inductive step,
we assume that the statement holds for j € {0,1,..., N — 1} and show that it then

also holds for j + 1. First, consider the case where the updated prior at the j-th step
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exceeds the critical value 1 — 7 < p;. Then, all future measurements are trivial and

pr = p; for all k = j. Thus, the inductive hypothesis again holds.

1

Next, consider the case where p; € [3, 1—2]. For simplicity, we define p;1(p;, d7,,) =

co

j+1(Q7 ay, dy

71 dfj1p) With ag(y = II(j,p;). If the Helstrom measurement Il =

II(j + 1,p;) is trivial, then p; = p;41 and the inductive hypothesis holds. In the case
where Il is nontrivial, the prior will increase when d;; = + and the new maximal

credulity pj,, is defined as follows:
Pji1 = max (pj+1(pj» df,; = +),pj+1(pj, djy = —))

= pj+1(pj, di 1 = +)

P Tr[(T—T0n) (1 — ) 10,0 <0+ | + 31)]
Tr[(1—T0a) (0 (1 = ) 105,40 Ose | + (1 = pi) (1 = 7) (05> <B5 -] + 3D)]

_ (1= y)p Te[(L— I0y) 6540 (05 4|] + 222
(1= ) Te[(T— T0n) (p; 1051 Bss | + (1 = ;) 105,05 |] + %

(1 —)pje, + 27

(L= pjas + (1 —pjlz-) + 3

for x4 = Tr[(I — I1;) |01 )<0j+|] € [0,1]. The third line follows from substituting
into Bayes’ law and simplifying. In the following, we derive an upper bound on p},,
and thus the success probability by optimizing over x,z_, p; without placing any

restrictions on whether the optimal set {7, 2*,p¥} is actually physically realizable.
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% (1 —ypjzs + 5
Djs1 < max max o
vef01]pse[2.1-2 \N(L =) (pjzq + (1 —pj)o_) + 3

(1 —V)pjzs + Z%)

(1 =7)pjry + %

= Imax max (
z1€[0,1] pje[5,1-3]

(1 —)p; + 5
e ( 2
piel21-31\ (1 =7)p; + 3

_ )2
Thus, Ps,lg(%, pi) <pi < % Finally, we note that the bound on pj,,

is tight and is achieved when p; = 1 — 7 and pg_rj) =(1—=7) |25+ 1L

To illustrate the predictive value of this bound, we list the observed numerical
asymptotic values found when N = 12 for non-identical subsystems (P,ps(7)) and

the predicted upper bound for v = 0.1,0.3,0.4, 0.5 respectively:

{(Pobs(o.n = 0.9943, Phoound(0.1) = 0.9972), (Pops(0.3) = 0.9549, Phoyna(0.3) = 0.9698),

(Pobs(0.4) = 0.9198, Pyouna(0.4) = 0.9412), (Pops(0.5) = 0.8732, Phouna(0.5) = 0.9000) }

Finally, we compare the two scenarios for the specific value of the depolarizing
parameter v = 0.3 in Fig. 2. This plot shows the non-trivial advantage obtained
from subsystems being distinct rather than copies of each other, which is the case
most considered in the literature. For the special case of v = 0, we have shown
in Theorem 2 that the order of subsystems does not matter and that the simple
locally greedy algorithm itself achieves the optimal performance obtained with the

joint N-system Helstrom measurement.
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Appendix 3

Theorem: Consider candidate set {p;}|7., with prior q. Denote by Psucc({pj}) the
probability of success using the optimal locally adaptive method on the original state
set. Likewise, let Psuc(;({ﬁj(ﬁ)}) be the success probability for the noisy state set.

Then for all 0,

Pasce({031) = Pasee (105(0)}) | < nl0)

where n is the number of subsystems. Any adaptive measurement protocol consists
of a series of measurements, {Il;,Il5(d,), ...IL,(d,—17)} where all measurements after
the first depend on previous measurement results. Then any individual measurement

sequence can be written as a tensor product:

Ha,,, = @Hk<d[k—1]>

Let II; be the sum of all such measurement sequences s.t. the post-measurement
decoding is p = p;. Then the difference between the two success probabilities can be

bounded as:

Posce ({63}) = Ponce (17:(0)}) = D ayTe{1L, (o = 5(0))]

J

o <Tr[nj (0~ <e>>]>

Js din)

< max <Tr[Hd[n] (pj — ﬁj(G))]>

where



For simplicity, we here drop notation indicating previous measurement outcomes and

represent g, = &)y . Likewise, we drop the dependence on . Then:

et @it vl (@n - @n)es |

N
-
H
|
-
—
=
®
NS

< ®Hk_®ﬁkH Hk®Hn_®HkH
k k © k=1 ©
n n—1 n
<R - R e, Q1L
k k=1 k=1
n—1 [ 4+1
ZH@Hk@ ® Hk—®nk® ® m|
=0 k=1 k=0+1 k=0+2
o[
=1 *©
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Finally, upon substituting II, = UILU, this becomes

nmax (Hﬁg-ﬂg“ )znmax Hg—UHgUTH )
¢ 0 1 0

— nmax ( ||, — ([0, 11,] + HgU)UTH )
o0
= npmax [U,Hg]UTH )
l 0

— nmax [0 - D), (11, - %]I)]HOOUT>

- nm?x [(U—T), (T, — %H)]Hoo>

<nHU—]I

Since U = U(f) = (fgf}g?g) f,if;(é))) it’s easy to check that

I | G AN |

— V24/1 — cos (6)

< 6|

Combining everything, we find:

Pasee ({93}) = Pavee ({:(0)}) | < V2016
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Appendix 4

Theorem: Let P and () be two m x n column stochastic matrices. Then,

Q<P <= Q=)>S5.PV (16)

where each S, is a sub-stochastic matriz such that ), S, is a column stochastic matriz

(i.e. a classical channel), and each V, is a permutation matriz.

Lemma 25. [GGH*' 18] The matrices P and Q) are related as in the RHS of (16)

if and only if there exists a column stochastic matriz S such that

QU < SPU (17)

where the inequality is entry-wise and U is the upper triangular matrix

To prove the lemma, denote by {p,}”_; and {q.,}”_; the n rows of the matrices
P and @, and by s, and s, the components of the matrices S, and >, S.. Then,
the RHS of (16) can be expressed as:

n

Quw = Z Sw\xpatDw;r where Dy = Z Swzw‘/z . (18)

Swlz

r=1 z

Since D, is a doubly-stochastic matrix we have that for each z and w, p; Dy < Pz-
We therefore conclude that if the matrices () and P are related as in (18) then there

must exists a column stochastic matrix S = (sw‘x) such that
n
Quw = Z SplzPe Yw =1,..,n. (19)

r=1

Conversely, if the relation above holds, then there exists n doubly-stochastic matrices

D,, such that
Qw = Z SplzPeDw Yw =1,....n. (20)
r=1
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Expressing each Dy, = Y. CzlwV> as a convex combination of all permutation matrices
we obtain the form (16). Finally, recall that for each w the row vectors p, = pt and

dw = q}, so that (19) is equivalent to
q.U < Z SwzPzU Yw=1,..,n, (21)
r=1

where the inequality is entry-wise. This completes the proof of the lemma.

The question of whether there exists such a column stochastic matrix S that
satisfies 17 can be solved with linear programming. In the following lemma, which
was proved in [GGH'18|, we show that the dual problem can be expressed in terms

of sub-linear functionals.

Lemma 26. [GGH" 18] There exists a column stochastic matriz N that satisfies (77?)
if and only if for any set of n vectors vy, ..., v, € R whose components are arranged

in non-decreasing order,

" max py - Vg = ” Quw * Vo - (22)
2 me 2.

w=1 w=1

To prove the lemma, denote by s, the rows of S, so that (??7) can be expressed

as
s, PU > q,U (23)
and the condition that N is column stochastic is equivalent to }} s, = e = (1,...,1).
Denote further by s = (sy, ..., s, ) an n?>-dimensional vector, and b = (q; U, ..., q, U, —e)

an (nm + n)-dimensional vector, and by A the n? x n(m + 1) matrix

PU 0O - 0 I,
0o PU --- 0 —I,

A= o . . (24)
o 0 ... PU -I,

With these notations (23) is equivalent to sA = b. Now, the question whether there

exists s = 0 that satisfies sA > b is a feasibility problem in linear programming.
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From the Farkas lemma, such a row vector s € Rf exists if and only if for any
column vector t € R™™ Y that satisfies At < 0 we also have b -t < 0. Denote
t = (t1,...,tn,r)7, where for each = 1,...,n, t, € R” and r € R". Then, with this

notation the dual problem has the form
r>PUt, Vz=1,..,n = e-r>2qx-(Utz) (25)
x=1

Note that the condition that r > PUt, for all x can be expressed as r,, = max, p. -
(Ut,). Therefore, taking r,, = max, p,Ut, we conclude that (25) holds if and only

if for any n vectors tq,...,t, e R
w=1 ¥

=1

Denote by v, = Ut, , and note that v, = v}. Moreover, the inverse of U is given by

1 -1 0 O 0
0 1 -1 0 0

yt=10 0 1 -1 0 (27)
0o 0 0 0 1

Hence, t, > 0 if and only if v, = v%. We therefore conclude that (25) holds if
and only if for any n vectors vy, ...,v,, € R" whose components are arranged in

non-decreasing order,
n n
Zmaxpw-vzzz%-vm. (28)
w=1 r =1

This completes the proof of the lemma.
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Appendix 5

Theorem Define the set of free classical superchannels FREE(A — B) to be all

classical, random unitary superchannels © and define

frN) = max  (P,ON])

©cFREFE(A—B)

for any quantum channel P. Then, M < N if and only if

fp(NA) = fp(MB) VP e CPTP(BO — Bl)

From Theorem 2 of this work, Proby(M) < Proby(N) for all T' if and only if there
exists a free classical superchannel s.t. O[N] = M. Thus, the application above will

hold if we can demonstrate the following:

e For every T with fixed z, there exists a classical channel P and positive constant

ar such that Proby(..) = arfp(..)

e For every classical channel P, there exists a distribution 7" and positive constant

ap such that fp(...) = apProbr(...)

We first prove the second statement.

2 i
fpN) = @eFR%Ea()A{AHB) Tr (JPJ@W]>

- rm<)ﬁagpmwwmmmﬂ;mwmxw®mwn

©OcFREE(A—B

lmx)E(Zwam®m@(EGWMﬂ@®@w@ﬂ>

©eFREE(A—B ~
J

max )Tr<Z7’(|j> <j|)@[/\ﬂ(!j><jl)>
J

©OcFREE(A—B

where the simplification of the Choi Matrix follows from noting that both P and N
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are classical channels. Recalling the definition of free operations, the above becomes

Swggmn;Trmwxw%ﬁumw<NGm@@W)]

" s, ZZP A
w Tt [p(yk><k|)vz (N(S(!k><k|)>>]
Pk k) vk< (S(|k><k!>)>]

fr(N) =

= max Z Tr| P

The third line follows by setting p(z|k) = ¢, and noting that this will always be

optimal, as

> p(zk)Tr

z

MW%W%N@MXWU]
mm@w4N@wxw»b

We continue simplifying this expression:
FrN) = max 33 T| PR KDV, (N(s<|k><k|>))]

d d
= max 3 auk | Vi (N(S(|k:><k|)>) Iy

k=1y=1

< max (Tr
4

d

- maxz 5 al I N (SR CRD ) Iy

k=1y=1

y|k<y|Ni(|$><x|) v

|
M=
o B

99
ﬂﬁ&

k=1
d d
_ Lol
- Z mgx Z 9y kPy|e
k=1 y=1



where gy = (gl P(Ik) (k1) ly) and p},, = | A () ) |y). Finally, we manipu-

late the above expression to rewrite it in the form of Probr(N):

d d Y y—1
N ! ! l
frN) = Z max <q1|kpla: + 2 qy\k(z Pjle — ijx)>
k=1 y=2 j=1 g=1

l

d d Y d Y
Lol ! ! ! '

2 max <q1|k’p1x + 2 Qy\k Zpﬂx - Z By-+1[k Zpﬂx))
el y=2 j=1 y=1 Jj=1

d d v

! ! !

= 2, max ) (dy = dyiage) 2, Py

k=1 y=1 j=1

d d tN " Y
= )t max Y 25N pt
kzl x ygl |tk’ = Jjlz

O]

= > [Ex|Prob g (N)
B

where t; = {(qhk - q§|k), (q§|k — qé“c), o (qilfl'k - qciqk), (qcl”k —0)} and in line two we

use the definition ¢* =0 (as ¢*, can always be padded with extra zeros).
Da+1|k Qy |k Y

Finally, we relabel the dummy variable k£ to z and simplify:

fr(N) = 2 [R:|Prob o, (A1)

-] Prob ¢, (N)

= (Z ’Ez")Z (Zz/ |Ez’|> =

2! z

= () [t))Probr(A)

z/

where T is defined by its elements:
x 7l 7l

bre = o7 X = -
Zz’ |tz’| |tZ| Zz’ ‘tz’|

Finally, we need to show that for every 7" with fixed z = 1 (i.e. T is a vector),

there exists a classical channel P and positive constant agp such that Probr(N)
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arfp(N). However, from the above expression it immediately follows that we can

Lt

select t.,_q s.t. T = 2:=L. Then the channel P corresponding to t will satisfy

z:1|

Lt

PI“ObT<N) = OZTfp (N)
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