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1 Introduction

A house allocation problem! is a resource allocation problem where a set of indivisible objects,
say houses, has to be assigned to a set of agents. Some real-life applications include on-
campus housing, public housing, office space assighment and parking space assignment.

Lotteries are widely used to restore fairness in house allocation problems. In particular
random priority (also known as the random serial dictatorship), is very popular in real-life
applications: Randomly order the agents and assign the first agent her top choice, the next
agent her top choice among remaining houses, and so on. An important feature of this
mechanism is that it merely relies on ordinal preferences over deterministic outcomes (i.e.,
houses) but not the preferences over lotteries. Indeed, in most applications it is unrealistic
to expect agents to reveal their preferences over lotteries. So this feature of random priority
is a major reason for its popularity in real-life applications.

Using a lottery restores fairness but how should one evaluate efficiency of these lotteries?
Until recently the literature focused on ez-post efficiency when only ordinal preferences are
available. Bogomolnaia and Moulin [3] recently provide an example in which the random
priority, despite its ex-post efficiency, results in unambigious efficiency loss.? In their exam-
ple the random assignment that is induced by this mechanism is stochastically dominated
by another feasible random assignment. Based on this example, they defined a random as-
signment to be ordinally efficient if and only if it is not stochastically dominated by another
random assignment.

Ordinal efficiency is a stronger requirement than ex-post efficiency. Bogomolnaia and
Moulin (3| study these notions from a mechanism design perspective. We, on the other
hand, do not consider mechanism design aspect of the problem. Our main purpose is to
understand the relation between these two notions of efficiency. In particular, we would
like to understand why ex-post efficient lotteries might induce ordinally inefficient random
assignments.

We start our quest to understand how these efficiency notions are related with a sur-
prising observation: An ex-post efficient lottery may induce the same random assignment
with an ex-post inefficient lottery (Example 2). In that sense an ex-post efficient lottery
may be equivalent to an ex-post inefficient lottery and this equivalence provides at least a

partial explanation to why ex-post efficient lotteries might induce ordinally inefficient ran-

'Hylland and Zeckhauser [12] initiate the literature on house allocation problems. See Zhou [24], Ab-
dulkadiroglu and Sénmez [1, 2], Svensson [23], Ehlers [6], Frgin [7], Papai [17], Bogomolnaia and Moulin
[3], Miyagawa [16] for some recent results and Shapley and Scarf [22] for the closely related class of housing
markets.

2Bogomolnaia and Moulin [4] show that a similar phemomenon happens in a related model where (1)
objects are ranked the same way by all agents, (2) receiving no object is possible and (3) agents might

consider different objects desirable. This model was initially introduced and studied by Crés and Moulin [3].



dom assignments. Nevertheless this potential equivalence is not the main reason (Example
3). We introduce a domination notion which compares sets of assignments and show that
randomizing between the members of a dominated set is responsible from this phenomenon
(Theorem 1). Based on this result, we feel that our domination notion is the primary con-
tribution of this paper. It is an extension of Pareto domination: Any set which consists of
Pareto inefficient assignments is dominated. But more importantly, sets which consist of
only Pareto efficient assignments might still be dominated.

An implication of our paper is the following: Use of social choice correspondances in
social choice theory as well as in mechanism design is not uncommon. One interpretation of
the use of social choice correspondances is that the eventual outcome will be chosen with a
lottery. Requiring these correspondences not to contain dominated sets of outcomes would

be a sensible normative criterion.

2 The Model

A house allocation problem is a triple (N, H,>) where N = {1,2,... ,n} is a finite set
of agents, H = {hy,hy,... ,h,} is a finite set of objects (say houses) of the same cardinality
with the set of agents and == (>1,>9,... ,>,) is a list of preferences. Here >; is the strict
preference relation of agent 7 over H. Let >; denote the weak preference relation and ~;
denote the indifference relation induced by ;. Note that we have h ~; I if and only if
h="h.

An assignment is a function p: N — H. Given a house h, let p'(h) = {i € N : p(i) =
h} denote the set of agents who are assigned house h under p. Let M denote the set of all

assignments. A feasible assignment is an assignment g such that

Vi € N i = pli) # pl).

Equivalently a feasible assignment is a bijection from N to H. Let M7 denote the set of all
feasible assignments.

A feasible assignment can be also represented as a permutation matrix 7 (a n X n matrix
with entries 0 or 1 and exactly one non-zero entry per row and one per column) where each
row represents an agent and each column represents a house. Let II denote the set of all
permutation matrices.

An assignment ¢ € M Pareto dominates another assignment v € M if (1) p(i) =; v(i)
for all i € N and (2) p(i) >; v(i) for some i € N. A feasible assignment is Pareto efficient
if it is not Pareto dominated by any other feasible assignment.

A random consumption is a probability distribution over H. Let AH denote the set of
all random consumptions. A lottery is a probability distribution over feasible assignments.
A lottery is denoted by £ = ) «, oyt where o, € [0,1] is the probability weight of the
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feasible assignment p € M7, Given i € N, let £(i) denote the random consumption lottery
L allocates to agent i. Let AM!/ denote the set of all lotteries. A lottery is ex-post efficient
if it assigns positive weight to only Pareto efficient assignments.

Each lottery induces a random assignment P = [pi)ic v nen where py, € [0, 1] is the
probability that agent i receives house h. Let F; denote the resulting random consumption
for agent i. Note that P, € AH.

Let 7(p) be the permutation matrix that represents the feasible assignment pu € M.
Then the random assignment that is induced by lottery > o ,opis P =) o,.m(p). Clearly,

vieNheH,  pa=0, Y pm=) pw=L (1)

i'eEN h'e H

Given any random assignment P which satisfies (1), by the well-known Birkhoff-von
Neumann theorem there exists at least one lottery £ that induces P.® In this case we say
L is a decomposition of P. Two distinct lotteries £ and £’ may induce the same random
assignment P.* We refer to any pair of such lotteries as equivalent lotteries. Note that for

any agent i € N, the equivalent lotteries £ and L' allocate the same random consumption

L(i) = L'(i) = P, to agent i.

2.1 Ordinal Efficiency

Given a strict preference relation >; and a house h, let U(>;, h) = {W € H : I/ =; h} be the
upper contour set of i at >;. Given a pair of random consumptions F;, ); and a strict

preference relation >;, P; stochastically dominates (); under >; if and only if

Vh e H, Z Dint 2 Z Qin' -

heU(>4,h) R eU(,h)

That is, P, stochastically dominates (); if and only if for any house h, the probability of
receiving a house that is at least as good as h is at least as large under P, than under Q;.°
Given a pair of distinct random assignments P, () and a preference list >, P stochastically
dominates () under > if and only if P; stochastically dominates (); under »; for all i € V.
A random assignment P is ordinally efficient (Bogomolnaia and Moulin [3]) at >, if and
only if it is not stochastically dominated by any other random assignment under >.

An important implication of the lack of ordinal efficiency (i.e., ordinal inefficiency) of

a random assignment P is the following: Suppose agents are expected utility maximizers.

3See also Remark 1 in Garratt and Qin [9].

4See Roth, Rothblum and Vande Vate [20] for a similar observation in the context of two-sided matching
markels (Gale and Shapley [8]).

5TFor stochastic dominance, see also Karlin [13], Quirk and Saposnik [18], Hadar and Russell [10], Mas-
Colell, Whinston and Green [14] and Roth and Rothblum [19].



Since P is stochastically dominated by another random assignment @), every agent i weakly
prefers (Q; to F; and at least one of them strictly prefers Q; to F; no matter what their von
Neumann-Morgenstern utility functions are. Therefore a lottery which induces an ordinally
inefficient random assignment cannot be Pareto efficient whenever agents are expected utility
maximizers.® This also shows that every ex-ante efficient lottery induces an ordinally efficient
random assignment.”

Even when agents are expected utility maximizers, expecting them to reveal their von
Neumann-Morgenstern utility functions is often unrealistic. A common compromise is re-
quiring ex-post efficiency rather than ex-ante efficiency. Therefore an important question is
whether an ex-post efficient lottery necessarilly induces an ordinally efficient random assign-
ment. Bogomolnaia and Moulin [3] show that the answer is negative. More specifically they
show that although the popular real life mechanism random priority is ex-post efficient, the

random assignment it induces might be ordinally inefficient.®

Example 1 (Bogomolnaia and Moulin [3]): Let N = {1,2,3,4} be the set of agents

and H = {a,b,c,d} be the set of houses. Preferences are as follows:

agent 1: a>=1b>1c>1d agent 3: b>3a>3d>3c
agent 2: a>9b>9c>o9d agent4: b>,a>,d>4c

Random priorily randomly orders the agents with uniform distribution and the first agent
receives her top choice, the next agent receives her top choice among the remaining houses,
and so on. This mechanism always selects an ex-post efficient lottery and it induces the

following random assignment for this problem:

a b c d
1(5/12|1/12|5/12|1/12

P= 2]5/121/12|5/12|1/12
311/1215/12|1/12|5/12
411/12|5/12 1 1/12 | 5/12

Next consider the following lottery

L=0.5 1234 + 0.5 1234
a ¢ b d c a d b

which induces the random assignment

8This is not to say that ordinal efficiency is appealing only when agents are expected utility maximizers.
Indeed it is difficult to imagine any natural preference relation over AH where an agent prefers a random
consumption to another one which stochastically dominates it.

"McLennan [15] proves a converse statement which was conjectured in Bogomolnaia and Moulin [3]: Each

ordinally efficient random assignment is induced by an ex-ante efficient lottery.
8 Bogomolnaia and Moulin [3] also show that an ex-post efficient lottery necessarilly induces an ordinally

efficient random assignment whenever there are at most 3 agents.



a b c d
/21 0 |1/2] 0
/21 0 |1/2] 0

0 |1/2] 0 |1/2

0 |1/2] 0 |1/2

O
I

= W o

Note that the random assignment P assigns everyone their top choices with 5/12 prob-
ability, second choices with 1/12 probability, third choices with 5/12 probability and last
choices with 1/12 probability whereas () assigns everyone their top choices with 1/2 prob-
ability and third choices with 1/2 probability. Hence @) stochastically dominates P and

therefore P is ordinally inefficient.

Bogomolnaia and Moulin [3] also characterize the class of all ordinally efficient random
assignments by a natural constructive algorithm. Think of each house as 1 unit of an infinitely
divisible commodity where “agent i receives p € [0, 1] units of house h” means she receives
house h with probability p. Each agent is given an exogenous eating speed function,
specifying a rate of instant consumption for each time ¢ € [0,1] such that the integral of each
function is 1. Given a profile of preferences, their algorithm works as follows: Each agent
“eats” from her best available house at the given speed, where a house is available at time ¢

if and only if less than 1 unit has been eaten away up to time ¢ by all agents.

2.2 Equivalent Lotteries and Ex-post Efficiency

Example 1 (Bogomolnaia and Moulin [3]) makes a very important point. Expecting agents to
reveal their preferences over lotteries is often unrealistic (not only in the present context but
in other resource allocation problems as well). As a result, agents are often asked to reveal
their ordinal preferences over deterministic outcomes. Until very recently the literature
considered ex-post efficiency the main efficiency notion when only ordinal preferences are
available. Bogomolnaia and Moulin (3| shows that an ex-post efficient outcome might still
result in unambigious efficiency loss. One of our purposes in this paper is to understand why
ex-post efficient lotteries induce ordinally ineflicient random assignments.

A natural question at this point is the following: Consider a pair of equivalent lotteries
L, L and suppose L is ex-post efficient. Does that imply that £ is also ex-post efficient? If
not, that means the random assignment P which is induced by £ is not ordinally efficient
and hence provides at least a partial understanding of why ex-post efficient lotteries might

induce ordinally inefficient random assignments.

Example 2 (Two equivalent lotteries, one ex-post efficient - the other not): Let
N = {1,2,3,4} be the set of agents and H = {a,b,c,d} be the set of houses. Preferences



are as follows:

agent 1: a>=1b>1c>1d agent 3: b>3a>3d>3c
agent 2: a>9b>9c>od agent4: b>y4a>4d>4c

Consider the following random assignment:

a b c d
0.5 0 |05] O
0 05 0 (05
0 05 0 (05
0.5 0 |05] O

= W o

P has two decompositions:

1 2 4 1 2 4
L=0.5 s + 0.5 3

a b d c c d b a

1 2 3 4 1 2 3 4
L =05 +0.5

a d b c c b d a

Among the two £ is ex-post efficient but £’ is not. Indeed L’ is a lottery between exclusively

and

Pareto inefficient assignments.

At this point we have at least a partial understanding of why ex-post efficient lotteries
might induce ordinally inefficient random assignments. A natural next question is the follow-
ing: Suppose not only a lottery is ex-post efficient, but also all its equivalent lotteries as well.
Does that imply that the induced random assignment is ordinally efficient? If the answer
is positive, then the potential equivalence between ex-post efficient and ex-post inefficient
lotteries provides us a complete understanding of why ex-post efficient lotteries might induce
ordinally inefficient random assignments. It turns out that the answer to this question is

negative.

Example 3 (An ex-post efficient lottery with no equivalent lottery and which
induces an ordinally inefficient random assignment): Let N = {1,2 3,4,5} be the

set of agents and H = {a,b,¢,d, e} be the set of houses. Preferences are as follows:

agentl:c>1a>1b>1d>1e agent4:a>4d>4b>4c>4e
agent 2:a>9b>9e>9c9d agent 5:b>5d >5a >=5c>5e
agent3zb>3c>3e>3a>3d

Consider the following random assignment:



a b c d e

11051 0 |05 0|0

P 210 |05 0| 0 |05
31 0] 0105|0105
4105 0] 0 (05| 0

5/ 0 (05| 0 (05| 0

P has a unique decomposition:®

1 2 3 45 1 2 3 45
L=05 +0.5
a e c d b c b e ad
L is an ex-post efficient lottery. Next consider the following lottery

£ —05 1 2 3 4 5 05 1 2 3 45
"\ c a e dd "\ e e b oad

which induces

b ¢ d €
1lo]ol1]o]o
_2105] 0 |0[ 0|05
@= 31 0105[0| 005
410500 ]0l05] 0

51 0105[(0/05] 0

Fori =1, 2,3 the random consumption (); stochastically dominates the random consump-
tion P, and for i = 4,5 the random consumption @); is equal to the random consumption
P,. Therefore P (which can only be induced by the expost-efficient lottery £) is ordinally

inefficient.

2.3 Dominated Sets of Assignments

We need some additional notation in order to introduce a new domination notion which will
be of key importance for this paper.

A set of assignments M C Mis frequency equivalent to a set of assignments M’ C M
with | M| = U\Aﬂ if and only if

vieN || @)= || #6)

MEM neM’

9Let the permuation matrix 7 be one of the bases for an arbitrary decomposition of P. Either w11 = 1 or
w41 = 1. For the former case m1 = 1 => T3 =0=> 733 = 1= 35 = 0= s = 1 => M =0=> 5 = 1 =
m54 = 0 = g4 = 1 imposing a unique permutation matrix. For the latter case 7y = 1= m; =0=m13 =
1l=m33=0=m35 =1= 795 =0= 1o = 1= 750 =0 = 754 = 1 also imposing a unique permutation

matrix. Therefore m should be one of these two permutation matrices.



where | | denotes the variant of the union operator which allows for replicated elements.
A set of feasible assignments M’ C M/ dominates a set of feasible assignments M C M/
if and only if

1. there exists a set of assignments M C M that is frequency equivalent to M’ and
2. there exists a one-to-one function f : M — M such that

(a) for all p € /M/, i Pareto dominates or equal to f(x), and
(b) there exists p € M such that i Pareto dominates f(u).

Remark 1: Suppose that a set of infeasible assignments M is frequency equivalent to a set
of feasible assignments M’. Since a lottery is defined to be a probability distribution over

feasible assignments, the uniform probability distribution over M (i.e. Eueﬂ ﬁ o ) is not

a lottery. Nevertheless Eu i ﬁ o i induces the same random assignment with the uniform
lottery over M’. This observation will be key to relate our domination notion with ordinal

efficiency.

Clearly the singleton that consists of a feasible but Pareto inefficient assignment v € M/
is dominated by the singleton that consists of a feasible assignment u € M/ that Pareto
dominates v. (Here M’ = M = {p} and f(u) = v.) Therefore our domination notion is an
extension of Pareto domination.

What is more important is that a set of feasible and Pareto efficient assignments might
still be dominated.

Example 3 (continued): Consider the random assignment problem in Example 3. Both

assignments in the set

1 2 3 45 1 2 3 4 5
M: pr—
EREY {(a e ¢ d b)’(c b e ad)}

are feasible and Pareto efficient. Next consider the sets

1 2 3 4 5 1 2 3 4 5
M/: / / — d
Y {(caedb)’(c € bad)}an
~ 1 2 3 45 1 2 3 4 5
M =101, [ls} = .
L, fio} {(c e b d b)’(caead)}

Note that (1) both elements of M’ are feasible assignments, (2) M is frequency equivalent to

M’ and (3) ji; Pareto dominates p; and jip Pareto dominates po. Therefore M’ dominates
M.
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Remark 2: Even though members of M’ do not Pareto dominate members of M on a
one-by-one basis, members of M do. Therefore infeasible assignments play a key role in our

dominance condition.

One could also consider the following stronger version of our domination notion: A set of
feasible assignments M’ C M/ strictly dominates a set of feasible assignments M C M/
if and only if

1. there exists a set of assignments M C M that is frequency equivalent to M’ and

2. there exists a one-to-one function f : M — M such that for all IS /]\\4/, 1 Pareto
dominates f(u).

Our first result states that these two notions are essentially equivalent.

Proposition 1: Let M C M/ be dominated. Then there exists A* C M that is strictly

dominated.

Proof: See the Appendix.

3 Main Characterization Result

Ordinal efficiency and our domination notion are closely related. In order to explain this
relation, we need additional notation.

Given a lottery £ = > oy, op, let M(L) = {p € M’ : o, > 0} be the full support of
lottery L.

What is wrong with a lottery which has a subset of its full support that is dominated?
Loosely speaking, the flaw of such a lottery is similar to that of a lottery which gives positive
weight to Pareto inefficient assignments. We illustrate this point with the following (familiar)

example.

Example 3 (continued again): We have already shown that both assignments in M are
Pareto efficient and yet M is dominated by M’. Now consider the lottery £ = 0.5x41 4+ 0.5415.
Had any of the assignments in M, say 1, been Pareto inefficient, replacing it with a feasible
assignment that Pareto dominates pq would result in a “better” lottery. Similarly had
assignments fi1, (s been feasible, replacing g with fi; and ps with fiy would result in a
“better” lottery. That is because, ji; Pareto dominates p; and 15 Pareto dominates po.
Unfortunately neither fi; nor fis is feasible. Nevertheless, because M = {fi1, o} and M' =
{}, ph} are frequency equivalent, agents do not care whether |u; is replaced with fi; and
o 1s replaced with fig] or [py is replaced with g} and ps is replaced with p)]. Hence lottery
L= 0.5u] 4+ 0.5p is a “better” lottery than £ = 0.5p1 + 0.59.

We are now ready to generalize this observation.

11



Proposition 2: Let £ be an arbitrary decomposition of a random assignment P and let M
be an arbitrary subset of the full support of lotter £. If M is dominated then P is ordinally

inefficient.

Proof: We construct a random assignment () which stochastically dominates P.

Let M C M(L) be dominated by M’ C M7, Let ¢ = min{c, : p € M},

E’zﬁ—e.Zu—l—e.Zu

neM neM’

and () be the random assignment that is induced by lottery £'.

Recall that M’ is frequency equivalent to a set of assignments M whose members Pareto
dominate members of M on a one-to-one basis. Therefore modifying lottery £ by decreasing
weights of members of M by € and replacing them by members of M’ results in a lottery
L' such that £'(i) stochastically dominates L£(i) for each i € N. Therefore the random
assignment () that is induced by £’ stochastically dominates P. &

It turns out that the converse statement holds as well. We need the following Lemma in

order to prove this result.

Lemma 1: Let M = {fi1, fra, - .., fix } C M Dbe a set of assignments such that
k
VheH Y | t(h) =k
=1

Then there exists a set of feasible assignments M’ = {p], pih, . .. , ptf. } € M/ such that M is

frequency equivalent to M.

Proof: See the Appendix.

Theorem 1: Let £ be an arbitrary decomposition of a random assignment P. P is ordinally

efficient if and only if each subset M of the full support of lottery £ is undominated.
Proof : Proof of the “only if” part follows from Proposition 2. We next prove the “if” part.

Let P be an arbitrary random assignment. Suppose P is ordinally inefficient. That
means there exists a random assignment () which stochastically dominates P. Since both
P and @ are random assignments, () — P is a zero-sum matrix (i.e. an n X n matrix where
each row and each column adds up to zero). Then we can decompose () — P = A— B where

the matrices A = [a;p)iennen and B = [bi|sen nen ave such that

) @n—pin i Gn—pin >0 ) pn—q@n i pin— G >0
Qip = . and bip, = .
0 otherwise 0 otherwise

12



Then

VZEN,hEH alh>0:>blh:0andblh>0:>alh:0 (2)
ViEN,hEH aih>0:>5|i’7éisuch that by, > 0 (3)
Vie NNhe H by, > 0= 31 € H such that a; > 0and ' >; h (4)

Here (2) follows by construction, (3) follows by construction together with the fact that
A— B =@ — P is a zero-sum matrix and (4) follows by definition.

Since () stochastically dominates P, there exists an agent-house pair (gl, iLl) e NxH
such that b;;: > 0. Moreover relation (4) implies there exists h? € H such that az;, > 0
and h? ! h' and hence relation (3) implies there exists i> € N such that bz > 0.

Similarly, given a sequence of (not necessarilly distinct) agent-house pairs

(i',hY), (12, h?),... , (i* h¥) with
1. byju >0forl=1,2,... ,k and
2. Wty Bl for1=1,2,... k—1

there exists another pair (gkﬂ,ﬁkﬂ) € N x H such that by 151 > 0 and pE+1 > k.

When we construct a sequence in this way, since there are n? distinct pairs, at some point

a pair in this sequence will re-appear in the sequence. Therefore there exists a sequence!®

(i1, A, (%, h?), ..., (%, hF) of distinct pairs such that

bilhl>0f0rl:1,2,...,kf (5)
R a Bl forl=1,2,... ,k—1and h' = A (6)

Relations (2) and (5) imply a;;: = 0 for I =1,2,...  k and this together with Q— A = P—B
imply

Vi € {1,2, e ,l{f} Pitpt — bilhl = Qi — Qupl = Qpl Z 0
Therefore

Vi € {1,2, e ,l{f} Pitnl Z bilhl >0 (7)

0Existence of such a sequence is also implied by Lemma 3 in Bogomolnaia & Moulin [3] where they
characterize the set of ordinally efficient random assignments by the acyclicity of the following binary relation
on H:

Yh,h' € H h7(P,=)h' < {there exists ¢ € N : h =; h' and p; > 0}

13



Let £ be an arbitrary decomposition of P. We want to show that there exists M C M(L)
that is dominated. Relation (7) implies that

vie{1,2,... ,k}  3p € M(L) such that u(i') = '

Next recursively construct a subset M of M (L) together with a function g : {1,2,... [k} —
{1,2,...  k} as follows:

1. For I =1, pick a feasible assignment ;1 € M (L) such that p(z') = h'. Set M' = {p}
and g(1) = 1.

2. Given M' !, if there is a feasible assignment p, € M’ ! such that (') = h' then set
M!"= M1 and g(I) = t. Otherwise let s = |M'"!| + 1 and pick a feasible assighment
ps € M(L) such that ps(i') = h'; set M= M1 U {ps} and g(I) = s.

3. Set M = M*={py,... ,p}. Note that k' < k.
By construction
Vie{1,2,... .k}  popy@)="n (8)
Let gt :{1,...  kK'} — {1,... ,k} be the inverse correspondence of g. That is,
vie{l,... K} g ={lel{l,... k}:g()=1t}

Now construct the set of assignments M = {f1,... , e} as follows: For all t €

{17"' 71{;/}7

Vie (Lo n}\g () fuli') = plih), and (9)
if 1 <k then ﬁt(ll) = Mg(H»l) (Z.l+1) = hl+1

Vieg it 10
€9 ( ) { ifl=k then [Lt(il) = /Lg(l)(il) = hl ( )

Note that

k' k'
VheH Y | (W=D |u (W) =&
t=1 =1

Therefore M is frequency equivalent to a set of feasible assignments M’ = {p},... , )} by
Lemma 1. Moreover relations (6), (8), (9) and (10) imply that for all ¢ € {1,... |k},

Vie{l,...,n}\g '(t) (") ~3 p (i), and
Vie g (t) &t(il) i @i@

v-/
hl+1 hl
Hence M’ dominates M C M(L) completing the proof. &

14



A Appendix: Omitted Proofs

Proposition 1: Let M C M/ be dominated. Then there exists A* C M that is strictly

dominated.

Proof: Let M C M/ be dominated by M’ C M/. Then
1. there exists a set of assignments M C M that is frequency equivalent to M’ and
2. there exists a one-to-one function f : M — M such that

(a) for all p € /]\\4/, i Pareto dominates or equal to f(x), and
(b) there exists p € M such that i Pareto dominates f(u).

Let M = {p € M : @ = f(p)}. Note that /]\\4/\ M # (). Moreover since the range of f is
M C M/ wehave M C M N M.
We are now ready to show that M* = M\ M is strictly dominated. Let g : M\ M — M*
be such that
Vpe MAM  g(p) = f(p)
Then

Vi e /M/\ M i Pareto dominates g(1) (11)
Moreover since M is frequency equivalent to M’ C M/, McM C M/ implies
e 3D Ju i) =M\ )
peM\M

and therefore by Lemma 1 there exists a set of feasible assignments M” C M/ such that
M\ M is frequency equivalent to M”. This together with relation (11) implies that M"
strictly dominates M* C M. &

In order to prove Lemma 1, we need the following well-known result as well as Lemma

0:

Hall’s Theorem (Hall [11]):" Fix H(I) C H for each I C N. A feasible assignment
p € M’ with

exists if and only if |H([)| > |I] for all I C N.

HSee also Roth and Sotomayor [21].

15



Lemma 0: Let M = {fi1, fra, - .., fix } C M Dbe a set of assignments such that

k
wheH Y| (] =k
=1

Then there exists a feasible assignment pu € M/ such that
Vie N p(i) € [ Ju)

Proof: Let I = {i',... ,i™} be an arbitrary subset of agents and let

H(I) = | J|J ()

{=1t=1

Thanks to Hall’s theorem all that needs to be shown is that |I| =m < H(I).'?
Suppose m > |H([)|. Two simple counting exercises yield the desired contradiction.

First we have

m k

|_| |_| e (i)

{=1t=1

= | Qe mnn (12)

he H(I) t=1

Next we have

|_| |_|/7Lt(@'€)

{=1t=1

=k.m (13)

whereas

> | (hy N

t=1

< Y k=k[H(I)| < km

heH(I)

L L@tmnn|= >

heH(I) t=1 heH(I)

12 Alternatively one can show that the following recursive construction yields one such feasible assignment
e M
Let i' € N be such that

Vie N <

)] < Ut

Pick h' € U, fir(i') and set pu(i') = h'.

In general, given (i', h'), (i2,h%),... ,(*"1, h~1), let i € N be such that

k
lU m(i)] \{nh,..
t=1

Vie N\ {d,... i1} <

k
[U ﬁt(ié)] \{nt,... hfh)
Pick ht € I, a(i) \ {n',... ,n" 1} and set u(i) = A,
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contradicting (12), (13) and completing the proof. &
Lemma 1: Let M = {fu1, fro, .., fig} C M Dbe a set of assignments such that

k
VheH Y | t(h) =k
t=1

Then there exists a set of feasible assignments M’ = {p}, b, . .. , ptf, } € M/ such that M is

frequency equivalent to M.

Proof: By induction. For k = 1 the proof is obvious.
Assume that the claim is correct for k = r. Let M = {fi1,... , fir, firy1} C M be such
that

r+1

VheH ) | ‘()| =r+1
t=1

Then by Lemma 0, we can always find a feasible assignment p € M/ such that

r+1

Vie N p(i) e | )

For eachi € N, let ¢; € {1,... ,r+ 1} be such that p(i) = fi,, (7). Next construct the set of
assignments M = {fi1,... [, } as follows:

Ve {l,....r} i)

G £y

By construction

whe Y|l =
=1

and therefore by the induction hypothesis, there exists a set of feasible assignments M =
{p1, ... , -} such that M is frequency equivalent to M. But then, M is frequency equivalent
to M’ = M U {u}. &
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