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Abstract In longitudinal studies, prognostic biomarkers are often measured
longitudinally. It is of both scientific and clinical interest to predict the risk of
clinical events, such as disease progression or death, using these longitudinal
biomarkers as well as other time-dependent and time-independent information
about the patient. The prediction is dynamic in the sense that it can be made
at any time during the follow-up, adapting to the changing at-risk popula-
tion and incorporating the most recent longitudinal data. One approach is to
build a joint model of longitudinal predictor variables and time to the clinical
event, and draw predictions from the posterior distribution of the time to event
conditional on longitudinal history. Another approach is to use the landmark
model, which is a system of prediction models that evolve with the follow-up
time. We review the pros and cons of the two approaches, and present a general
analytical framework using the landmark approach. The proposed framework
allows the measurement times of longitudinal data to be irregularly spaced
and differ between subjects. We propose a unified kernel weighting approach
for estimating the model parameters, calculating predicted probabilities, and
evaluating prediction accuracy through double time-dependent Receiver Op-
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erating Characteristics (ROC) curves. We illustrate the proposed analytical
framework using the African American Study of Kidney Disease and Hyper-
tension (AASK) to develop a landmark model for dynamic prediction of end
stage renal diseases or death among patients with chronic kidney disease.

Keywords Biomarker - Joint modeling of longitudinal and survival data -
Landmark analysis - Prediction - Time-dependent ROC - Varying coefficient
model

1 Introduction

Chronic kidney disease (CKD) is characterized by progressive loss of kidney
function and is estimated to affect 13.6% of the adults in the United States [41].
Kidney function is usually measured by the glomerular filtration rate (GFR),
which estimates how much blood passes through the glomeruli each minute.
Glomeruli are the tiny filters in the kidneys that filter waste from the blood.
According to National Kidney Foundation guidelines [25], the normal GFR
level for adults is greater than 90mL/min/1.73m?, and lower GFR indicates
progressively more severe stages of CKD, which may finally lead to end stage
renal disease (ESRD, including dialysis, kidney transplantation and other renal
replacement therapies) or death. Our recent research demonstrates consider-
able heterogeneity in the longitudinal progression trajectories of GFR among
patients with CKD [18]. While the GFR of CKD patients declines in general,
the individual trajectories vary, with notable periods of stabilization, acceler-
ated or decelerated decline or increase. The diversity of the GFR trajectory
patterns makes it difficult to predict the future risk of ESRD or death. How-
ever, such prediction is important for both physicians and patients to properly
manage the treatment of disease. For example, The KDIGO guidelines recom-
mended the use of risk prediction models to help determine the appropriate
time to prepare for renal replacement therapy [16].

Many risk prediction models have been proposed for CKD [8,24,37]. From
a statistical perspective, these are all static prediction models in the sense that
the predictors were measured at a fixed time, often the baseline assessment of
the cohort being analyzed, and a regression model, e.g., Cox model, is used to
relate the predictors to the time from the fixed time point to the subsequent
onset of the clinical event. This approach has several limitations when ap-
plied to the aforementioned prediction problem in CKD research. First, since
CKD is a chronic condition, the follow-up can be long and the adverse event
of interest and baseline may be many years apart, significantly attenuating
any association between the baseline predictors and the outcome. This issue
becomes particularly relevant with nonlinear progression patterns of GFR.
Second, a prediction model developed by regressing the adverse event out-
come on baseline predictors is applicable only to prediction made on a new
patient at baseline; it does not apply, for example, when the prediction needs
to be made on a new patient who lived two years after the baseline without
the adverse event. The at-risk patient populations (patients who have not had
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the adverse event at the time of prediction) may be different between baseline
and two years later, with some high risk subjects dropping out due to the
adverse events. The strength of association between predictors and outcome
could also vary over time. Third, the predictors of the static model include only
the baseline variables, but not the longitudinal history, which may be unknown
or undefined at baseline. However, for prediction in the longitudinal context, it
is often desirable to incorporate in the model the most recent clinical history,
including the rate of change and volatility of biomarkers, medication history,
hospitalization episodes, quality of life improvements, etc. These quantities
are time-varying and their distributions may vary with the at-risk population.
These issues are not addressed in the static prediction model.

The dynamic prediction model [29,44] is a desirable choice for the CKD
research problem above. It predicts the future risk of adverse events at any
time, incorporating all the time-dependent predictive information about the
patient up to the time of prediction. The model parameters are allowed to vary
with the ever-changing at-risk population and possible time-varying associa-
tion between predictors and outcome. There are mainly two distinct lines of
approaches in the literature for dynamic prediction: joint modeling [29, 30, 38]
and landmarking [42,44, 48].

The typical joint modeling (JM) approach generates prediction from a Cox
model with time-dependent covariates. Of note, usually such model cannot be
used for prediction because the hazard at a future time depends on the covari-
ate trajectory at that time, which is unknown at the end of prediction. The
JM approach avoids this problem by modeling the longitudinal trajectory of
the time-dependent covariates, typically through a subject-specific parametric
function. In the context of CKD studies, the risk factors of ESRD or death
include, among others, the GFR, proteinuria, albuminuria, medication history,
recent episodes of acute kidney injury (AKI), hospitalization, blood pressure
and diabetes control, etc. All of them are time-varying. It is nearly impossi-
ble to correctly specify a joint statistical model for all of their trajectories at
the patient level. Second, even if a small number of time-varying risk factors
are involved, the computation in fitting a joint model may be prohibitive or
unstable [15,30, 32, 39,40, 46].

In this paper, we propose innovative development along the lines of the
landmark approach, originally studied by Zheng and Heagerty [48] and Van
Houweilingen [42]. The term “landmark” came from the landmark analysis
for survival data [1,7,9]. A comprehensive review is available [44]. The idea
of landmarking has also been used for predicting long-term survival using
short-term event time [26] and for estimating the effect of a time-dependent
covariate on treatment-free survival when the treatment initiation and sur-
vival outcomes are correlated [12]. For predicting right censored events using
longitudinal data, this approach uses survival regression models relating the
predictor variables measured at or prior to the time of prediction to the time
gap from the prediction time to the outcome event of interest. It is compu-
tationally much simpler than joint modeling, and can handle large number of
time-varying predictors without excessive computation difficulties. Therefore,
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the scope of applications of the landmark method is much wider than that
of joint modeling. While this paper was motivated by problems from CKD
research, our approach is applicable to typical longitudinal cohort studies in
which longitudinal data are collected from recurring clinical visits until the oc-
currence of the adverse event of interest or the time of random right censoring,
whichever comes first. We allow the clinical visit times to be irregularly spaced
and differ by subjects. The proposed methodology differs in important aspects
from both the “super Cox model” approach [42,44] and the “partly condi-
tional survival model” [48], the two published lines of research in landmark
prediction. Within our proposed framework, the construction of the landmark
data set, the working model, and the predicted probability are all unified by a
kernel weighting approach (Section 2). In Section 3, we further extend kernel
weighting to model evaluation by proposing a double time-dependent Receiver
Operating Characteristics (ROC) curve and associated estimation procedure.
The proposed methodology is illustrated in Section 4 with data from a CKD
cohort study. Discussions are included in Section 5.

2 Dynamic Prediction Model and Estimation
2.1 The notation and landmark data set

Let i =1,2,...,n index the n subjects in the training data set from which the
dynamic prediction model is to be developed. For the ¢-th subject, the time
of the event of interest is denoted by 7; and the censoring time is denoted
by C;. We observe Y; = min(T;, C;) and the censoring indicator ¢; = 1{T; <
C;}. Denote by Z;;, or equivalently Z;(t;;), a vector of variables measured on
subject 4 at time t;5, j = 1,2, ...,n; and £;1 <t < ... < 14, < Y;. The notation
Z;; includes both the time-dependent and time-independent variables. For a
time-independent variable, Z;; = Z, for any j # j . We assume that (1)
the data from different subjects are independent and identically distributed;
(2) for a given subject, the measurement times {¢;;} are independent of both
the longitudinal data {Z;;} and survival time Tj; (3) C; is independent of Tj,
{ti;}, and {Z;;}. The measurement times from different subjects do not need
to follow the same schedule; they can either be on a fixed grid or irregularly
spaced on a continuous time scale.

Suppose at any time s, we want to develop a dynamic prediction model
to calculate the probability of the event of interest in the next time window
(s, s+ 71] using the subject’s data collected in the history window [s — 79, s]:

P(Ti € (s,s+7) | Yi > 8,Zy; with ti; € [s —72,8],5 = 1,2, ..,n;). (1)

Van Houwelingen (2007) called 71 the prediction horizon [42]. We can also
call the interval (s,s + 71] a prediction window. It quantifies how far into
the future we want to predict. Its choice depends on the scientific question
under study and needs to be specified prior to model development. If 77 is
too small, then the prediction is for the immediate future, which may not
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be of great interest for chronic disease prediction; if 7y is too large, then the
prediction is for the distant future, which may not be accurate or justifiable
for clinical events that respond quickly to a change in biomarkers and other
longitudinal information. Sometimes, the research interest is to estimate the
entire conditional distribution of the event given the history up to the time of
prediction [48]. Conceptually, we can cast that problem into the framework of
(1) by viewing 71 as any time point in (0, 00).

To make a prediction at any t;;, when new longitudinal data just become
available, we define T;; = T; — t;; and C;; = C; — t;; to be the residual times
to event and censoring starting from ¢;;. For prediction up to the horizon 7y,
we artificially censor the residual survival time 7;; at 7;. Hence, at ¢;; the de-
rived time to event up to the horizon is Y;; = min(7T;;, C;;, 7 ) and the derived
censoring indicator is ¢;; = 1{T;; < C;; and T;; < m}. T;; and C;; are in-
dependent given ¢;;. Despite causing an increase in censoring rate, artificially
censoring the residual survival at 7 remains desirable because it reduces the
chance of model misspecification. For example, with a relatively short predic-
tion horizon, one may not need to use a Cox model with an unspecified baseline
hazard; a parametric survival model may provide an adequate fit for the time
period within the horizon. This may increase the efficiency of estimation. Even
if a Cox model is used, the concern over non-proportional hazards is greatly
reduced with artificial censoring, making it plausible to avoid complicated
time-varying coefficients modeling [48].

We call the interval [s—79, s] a history window, which quantifies the amount
of the past information that we believe is relevant to the prediction of the
future. 75 can be infinity, in which case we use the entire longitudinal history
of the patient for prediction. In problems where the most predictive data are
in the immediate past and the data from the remote past are either redundant
or out-dated, a small 75 may be used. We may also allow different 7 for
different predictor variables. Both 7y and 7 can be made dependent on s, the
prediction time. When s is close to baseline, i.e., s < 75, we may need to set
T2(s) = min{s, 72 }. When s approaches the end of the follow-up in the training
data, 71 may be reduced properly to ensure identifiability.

Since the longitudinal measurement times may be irregularly spaced, dif-
ferent subjects may have varying number of longitudinal measurements falling
in the history window. Therefore, it is often convenient to summarize the
longitudinal data within the history window to create numeric predictors for
the prediction model. Let X;; be the vector of derived predictor variables at
the prediction time ¢;;. X;; is a mapping from {Z, |t,» € [tij — T27t7;j],jl =
1,2,...,n;}. Examples of possible mappings include: (1) the current value of
the time-dependent variable, i.e., X;; = Z;;, (2) the average in the history
window, i.e., X,’j = Zj' Zij/ l{t”/ S [tij 7T2atij]}/ Zj/ ]‘{tlj/ S [tij 77’2,@0‘]},
(3) a binary indicator of whether any of the measurements in the history win-
dow falls below a scientifically relevant threshold [29], (4) the slope, i.e., rate
of change, of a time-dependent variable in the history window. Since some
time-dependent variables may not be considered as predictive and used in the
model, and some other variables may contribute to multiple mappings (e.g.,
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we might simultaneously use the average, slope and volatility of a longitudinal
biomarker in the history window), the dimension of X;; is not necessarily the
same as Z;;. Since t;;’s are irregularly spaced, there could be subjects who do
not have any longitudinal data in the history window, leading to missing data
in the corresponding X;;. Excluding these missing records will not cause bias
in the model estimation procedure below, due to the assumption (2) at the
beginning of this subsection.

We have defined the derived time to event variables (Yj;,d;;) and de-
rived longitudinal predictors X;; at the measurement times ¢;;. We call the
data set of derived outcome and predictor variables {Y;jﬁij,tij,XU | i =
1,2,...,n;j =1,2,...,n;} a landmark data set. It consists of Y, n; data pieces
of (Yij,di5,tij, X%)T. In the methodological framework of this paper, each t;;
is both a landmark time, as defined below, and a prediction time, though the
prediction can also be made at other times. It can also be viewed as a new
baseline time for each data piece, as the derived time to event Y;; starts from
zero at these time points. This construction of the landmark data set is differ-
ent from the “super Cox model” approach [42,44]. In that approach, a series
of landmark times 71, 79, ..., 7 are pre-specified. For each landmark time, the
predictor variables are defined from longitudinal data measured before or at
that time, and the outcome is the time gap from the landmark to the event of
interest. A “super Cox model” is fit to the K landmark data sets stacked on
top of each other. One limitation of the super Cox model approach is that it
involves subjective choice of K and the landmark times {n1,72,...,nx}, and
there is little guideline on the optimal way to do this. Another limitation is
that with irregularly spaced measurement times, 7, may not coincide with any
t;;’s. Hence it is unclear how X;(n;) should be defined if we are interested in
using the current (at the time of prediction) value of the biomarker to make
prediction. The approach in this paper avoids the first limitation by using all
the measurement times t;; as landmark times. It avoids the second limitation
by defining X;;, Yj; and d;; in the training data only at ¢;;, synchronizing
all history windows and prediction windows at times when new longitudinal
measurements become available. This brings more rigor to the way predictors
are defined and prediction probabilities are calculated (Section 2.2).

2.2 The landmark model and predicted probabilities

We fit the landmark data set {Yij,éij,t,-j,X,;j | 1= 172, ,TL,j = 1,2, ,le}
to the following working model: at any measurement time ¢;; and given the
predictor variables in X;;, Tj; arises from a distribution with the hazard func-
tion

hi(t | tij, Xij) = Xo(t, ti) exp {B(ti;) X5}, € (0,7]

= Ao(t, tij) exp {B(ti;)Xi(ti;)} -

This is a variant of the Cox model in which both the baseline hazard function
and the log hazard ratios vary with ¢;;. We assume that \o(¢, s) is a smooth
bivariate function defined on ¢ € (0,7] and s € (0,00) (or empirically, s €

(2)
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(min{t;; }, max{¢;;})), and that B(s) is a vector of smooth functions of time.
The range of ¢ in the bivariate baseline hazard function is restricted to (0, 7]
because all the Y;;’s are no greater than 7 due to artificial censoring (Section
2.1). While in theory Ao(¢,s) can be defined for ¢ > 7, that part of the
bivariate function cannot be estimated with the landmark data set, and it
is not relevant for the purpose of estimating the survival probability at 7
either. For the same subject ¢ but at different landmark times t;;, and t;;,,
the conditional distributions of T;;, and T3;, may be dependent.

The working assumption (2) is applied at all the measurement times {t;;}.
Since both Ag(t, s) and S(s) are smooth functions in their arguments, we gen-
eralize (2) and assume that for any new subject whose data are identically
distributed as the subjects in the landmark data set, the residual survival T
at the new subject’s measurement time s has the hazard function:

h(t | s,X(s)) = Ao(t, s)exp{B(s)X(s)} , t€(0,7] 3)

where X(s) is the vector of predictor obtained from this subject at the mea-
surement time s, as defined in Section 2.1. Here s can be any time other than
the t;;’s in the training data. This generalization is not needed for model fit-
ting but necessary to make predictions. If a new subject have survived up to
time s without the event, then the predicted probability of experiencing the
event before the horizon 71, based on X(s), the data available up to prediction
time s, is calculated as

m(s,m1) = P(T € (5,5 +m]|T > s,X(s

=1 —exp{—exp / Xo(t, s dt} )

Note that in order to estimate the probability in (4), besides an estimator of
B(s), we only need the estimated A\o(t, s) function for ¢ € (0, 11].

Strictly speaking, the prediction in (4) can only be made for a subject at
the measurement time, i.e., time when new data about the subject just become
available. This is reasonable because when there is no new information about
the subject, we stick with the old data and old prediction. If we want to predict
at time s between two consecutive measurement times s; and s;1, we propose
to calculate the following predicted probability at s:

m(sk, 1) — (g, S) (5)

P(T € (s, 55+ 1][T > 5,50, X(s1)) = 1 —7(sk,s)

This prediction is consistent with the prediction made at s; and properly
adjusts for the fact that there is no new longitudinal information about this
subject except that the event of interest did not occur between s, and s. In do-
ing so, we have to change the prediction horizon to s; + 71 — s, which is shorter
than 7. When s > s; + 71, no prediction can be made, because there are no
recent data to rely on. That is an indication that the measurement frequency
needs to increase. One can avoid this situation by increasing the prediction
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horizon 71. However, as explained in Section 2.1, increasing the prediction hori-
zon may decrease the prediction accuracy and increase the possibility of model
misspecification. Another way to avoid this situation is to choose a relatively
large 75 and use something like “the average X in the history window” as the
predictor. A potential drawback of this approach is that such a predictor may
not be scientifically justified to the problem under study. In chronic disease
studies, the predictor variables may change slowly over time. In such situation,
we can reasonably approximate X(s) with X(sg), the most recent data in the
past; in such situation, a prediction with horizon 7 can be made at any time
without using (5).

We call model (2) a working assumption, and distinguish it from a data
generating assumption. It is difficult to specify a joint distribution of the origi-
nal data {Y;, 0;, t;;, Z;; } such that the derived landmark data {Y;;, d;;, 5, Xi;}
satisfy the Cox model exactly. Zheng and Heagerty (2005) discovered a joint
distribution for the special case with a single covariate, 71 = oo, time-constant
regression coefficients, and ¢;; = t;/,;,Vi # i'. Simulating data under more gen-
eral cases such as (3) remains a topic of further investigation. It remains a
question whether such a data generating distribution does not exist in some
situations. If the goal of the research is to predict the outcome, instead of
exploring the causal associations among variables, it suffices to use a flexible
model, such as (2), as a basis for prediction. The model must adapt well to
the landmark data set, instead of the original data set. This is the rationale of
the landmark approach to dynamic prediction [42,44]. In contrast, the joint
modeling approach for dynamic prediction uses data generating assumption
on the original data set, but its application is more restricted for the reasons
discussed in Section 1.

2.3 Model estimation

Under the working assumption (2), we estimate the unknown parameter func-
tions B(s) and Ao(t, s) by applying the kernel method to the landmark data
set {Yij,éij,tij,Xij | 1 =1,2,...,n,5 = 1,2,...,’112‘}. For estimation at time
s, we assign the following kernel weight to the (7,j)-th record: W;;(s) =
h=*K((t;j — s)/h), where h > 0 is the pre-specified bandwidth, and K(u)
is the kernel function. The [(s) at time s is estimated by maximizing the
following weighted partial likelihood:

n n; exp [Xz;ﬂ(S)] 055 Wij(s)
1111 {2?_1 ST (Ve > ¥y} W (5) oxp [XLG() }

i=1j=1

The landmark data set is a clustered survival data with possible intrasubject
correlation among the n; records from the same subject. A classical result
from survival analysis is that given a marginal Cox model for multivariate
survival outcomes, consistent estimators of both the log hazard ratios and the
cumulative baseline hazard function can be obtained by assuming “working
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independence” among data from the same cluster [17,22,23]. The partial like-
lihood above was derived from those results, with the incorporation of kernel
weights. The variance of B (s) can be estimated either by the sandwich estima-
tor, as described in [44], or by bootstrap, if needed.

The cumulative hazard function at prediction time s is estimated by the
following Breslow estimator. Again, this is modified from the Breslow estima-
tor for marginal Cox model with clustered data, by incorporating the kernel
weights [23,35]. Unlike the conventional case, the Breslow estimator here is a
bivariate function, indexed by both t and s.

A(tas): = I ~ 7t€(077—]
=22 Si Sk HYik > Vi bWar(s) exp [X55(5)] 1

We can repeat the estimation procedure above at any s, producing an es-
timated curve for 3(s) and an estimated bivariate surface for Ag(¢,s). The
baseline survival function is estimated as So(t, s) = exp{—Aq(t, s)}. For a new
subject, the prediction is calculated via (4) as:

P(T € (s,s+m]|T > s X(s)) =1—exp {—exp (B(s)X(s)) Ao(m1, s)} :

Given the training data, we recommend making prediction at any time s €
[0, max{(Y;—71)d;}], and leaving an adequate number of observed events within
the prediction window (s, s+ 7).

The construction of the landmark data set (Section 2.1) is similar to [48],
except the use of a finite prediction horizon and the history window. However,
the working model (2) is different. Zheng and Heagerty [48] studied a Cox
model where the coefficients vary with ¢, the time from the landmark to the
event of interest, while in this paper, the coefficients vary with s, the land-
mark time. Given the landmark time s and the corresponding predictors X(s),
our Cox model essentially has time-independent covariates. Consequently, the
model fitting method is also different, particularly for the baseline survival
function, which is estimated nonparametrically as a bivariate function. The
specification of our model (2) is similar to [42] and [44] in that the regression
coefficients are smooth curves of prediction times, but the differences include
that the baseline survival function in (2) is estimated as a nonparametric sur-
face instead of using parametric functions and that the construction of the
landmark data set is different (Section 2.1)

3 Double Time-dependent ROC Curve

We assess the accuracy of the predicted probability using the time-dependent
Receiver Operating Characteristics (ROC) curve [13], which measures how
well the predicted probabilities discriminate the subjects who experience the
event before the horizon 71 (cases) and those who do not (controls). For a fixed
prediction time, Heagerty et al [13] developed a nonparametric procedure to
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estimate the bivariate distribution of the prediction probability (or biomarker)
and event time, adjusting for censoring, and derive the time-dependent sensi-
tivity and specificity from the estimated bivariate distribution. Several other
methods of estimation are also available in that context [2].

In the context of dynamic prediction, the prediction time s is not fixed,
and so is the evaluation of the time-dependent sensitivity and specificity. We
define the dynamic time-dependent sensitivity and specificity as:

Se(c;s,m) =P(Q(s) > ¢|s < T(s) < s +71,Y(s) > s,5) sensitivity

Sp(e;s,m) =P(Q(s) < ¢|T(s) > s+1,Y(s) > s,5) specificity
(6)
T(s) is the time to event, starting from s. Q(s) is the predicted probability
or its logit transformation at time s. The high/low risk patient cutoff is de-
fined at the prediction horizon 7. We consider a pre-specified fixed cutoff at
¢ for the decision rule, though c¢ could also be specified to depend on s as
c(s). Let C(s ) be a random right censoring time starting from s such that
Y (s) = min{T(s),C(s), 7} and &(s) = 1{T(s) < C(s) and T(s) < 7, }. Due
to the ever-changing at-risk set over the prediction time s and the possible
time-varying association between the prediction and the survival outcome,
the time-dependent sensitivity and specificity above depend on both 71 and
s. The existing methods for time-dependent ROC do not apply to this double
time-dependence situation [2]. Therefore, we propose the following approach
for estimation, which is an extension of our recent work on a nonparametric
probability weighting approach to time-dependent ROC analysis [20] and R
package tdROC. Let R(s) be the subjects at risk at time s, i.e., R(s) = {i|i =
1,2,...,n, and Y; > s}. For any subject ¢ € R(s), let U; be its measurement
time closest to s, i.e., U; = {ti; | [tij —s] < [t;; — s|,Vj = 1,2,...,n;} (in
case of ties, make a random pick). We use @; to denote the predicted prob-
ability or its logit transformation made at U;, and (Tz,C’ ) the correspond-
mg residual time to event and time to censoring. Y, = mln{TZ,C“Tl} and
i = l{T < C;and Ty < 71} are the observed derived time and censoring
1nd1cator.

Let Sz(t|Ui, Q;) = P(T; > t|U;, Q) be the conditional survival function of

T; given U; and Q;, evaluated at ¢ € [0, 71]. We define the weight function

Sf(TN1|Uin)
S7(Yi|Us, Qi)

This weight function returns the probability that subject 7 is a case subject,
ie, T, <7, given the observed data Y;, 6;, U;, and Q;. When Y; < 71 and &; =
1, thls subject is observed to be a case subject and the weight equals 1. When
Y; =7 and 6; = 0, this subject is observed to be a control subject and the
weight equals 0. When Y; < 7 and 6; = 0, the status of the subject is uncertain
and the weight function returns the probability of being a case subject given
the observed data. That probability is calculated from the conditional survival
function Sz (.), which can be estimated from the kernel weighted Kaplan-Meier

W (Ui, Qi,Yi,0;) = P(T; < 1|Ui, Qi, Yi, 0:) = 1 — (1 —5;) (7)
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estimator:

{1 _ 2 ier(s) K (Us, Ui) K, (Q;, Qi) 1(Y; = )d; }
3 jer(s) K (U5, Un) Ky (Q5, Qi) 1(Y =€)

Sp(tU;, Qi) = H

Cen(<t

~ = 1 B
where (2 is the set of distinct Y;’s in R(s) with 0; = 1. K, (z,z9) = ;TK (95 h 350)
1 1

with K(.) being the kernel function and hy > 0 being the bandwidth. The no-
tation is similar for Kj,(.). The estimated weight for subject i is denoted by
W (Ui, Qi,Yi,0:), with Sz(.) replaced by its estimator in (7).

We propose to estimate the time-dependent sensitivity at s as

5 2ier(s) Kni (Ui, $YW (Us, Qi,Y3,0:)1(Qi > )
Se(c;s,m) = = —
2ier(s) Kn (Ui, s)W(Us, Qi, Y3, 6;)
and estimate the time-dependent specificity at s as

5 Yier(s) Kn (Ui, s)[1 — W (Ui, Qi, Y3, 6:)]1(Qi < c)
Sp(e; s, m1) = . S
Yier(s) Kni (Ui, s)[1 = W(U;, Qi, Y5, 6:)]

It is important to note that no data generating or working assumptions
are made to the data {Q;, U;, T}, Ci, Yi, 0;|i € R(s)}. In Appendix A, we prove
that as n — oo, (8) and (9) converge to (6), which has the interpretation by
being the time-dependent sensitivity and specificity (up to 71) at landmark
time s. The estimation above can be applied to the training data set as well
as an independent testing data set.

The time-dependent ROC curve is a plot of sensitivity (on vertical axis)
vs. 1 — specificity (on horizontal axis). In other words, the plot consists points

(z,y),z €[0,1] and y € [0, 1] such that y = R/O\C(x; $,71) = Se (gp_l (1—m;8,7); 3,7'1>.

The area under the ROC curve is estimated as A/U\C’(s, ) = fol R/O\C'(x; s, 71)dz.

Similar to [29], we focus on using time-dependent ROC as a metric for
prediction accuracy. Additional prospective accuracy metrics, such as the in-
cident/static and incident/dynamic sensitivity and specificity [14], the Brier
score [11], will be studied in further research. Blanche et al [3] studied a
joint model of longitudinal and survival data and estimated time-dependent
ROC using inverse probability censoring weighting (IPCW). Zheng and Hea-
gerty [49] studied similar prospective accuracy metric and used semiparamet-
ric regression to characterize the bivariate distribution of the event time and
biomarker values at prediction time s, possibly conditional on covariates. These
researches differ from ours in both the estimation method and the context.
We estimated the time-dependent ROC completely nonparametrically with a
probability weight between 0 and 1, instead of the IPCW weight which is al-
ways larger than 1; the censoring distribution does not need to be estimated in
our approach. The proposed time-dependent sensitivity and specificity can be
calculated without estimating the bivariate distribution of the event time and
biomarker (or prediction probability). We also incorporate kernel adjustment
to explicitly handle irregularly spaced measurement times.

(8)

9)
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Fig. 1 The estimated log hazard ratio of each of the five predictors in a landmark model
varies with the landmark time; the estimated baseline survival function also varies with the
landmark time, forming a surface. The estimated log hazard ratio over landmark time was
drawn with solid line and its 95% pointwise confidence interval was drawn with dashed lines.
Since we predict up to a horizon of 3 years, the baseline survival function is estimated up
to year 3.

4 Application

We illustrate our methodology through a data set from the African American
Study of Kidney Disease and Hypertension (AASK) [10]. AASK was a mul-
ticenter randomized clinical trial of 1,094 African Americans with baseline
eGFR (estimated GFR from creatinine) between 20-65 mL/min/1.73m?. The
study includes a trial phase and a cohort phase, with up to 12 years follow-
up (median, 9). Lab and clinical data were scheduled to be collected every
6 months, but the actual times of measurements varied. ESRD, death, acute
kidney injury, hospitalization, cardiovascular events, and medication history
were also recorded for every patient. We illustrate with a prediction horizon
of ;1 = 3 years and a history window of 7 = 3 years. The model includes
five predictors: age at time of prediction, any hospitalization in the history
window, the most recent log urine protein to creatinine ratio (Up/Cr) in the
history window, the eGFR at time of prediction, and the eGFR slope in the
history window. The estimation of eGFR slope is described at the end of this
section.
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Figure 1 shows the estimated log hazard ratios of the five predictors. They
vary over the landmark time in response to the ever-changing at-risk pop-
ulation and the possible time-varying association between the predictor and
survival outcomes. The pointwise confidence intervals of Up/Cr, hospitaliza-
tion, eGFR, and eGFR slope show notable deviation from 0 at most of the
landmark times, suggesting their strong association with the outcome. Higher
Up/Cr, presence of hospitalization, lower eGFR, and smaller eGFR slope (i.e.,
more steep decline) are associated with higher hazard of ESRD or death. These
findings are consistent with the current clinical knowledge about the prognos-
tic effects of these risk factors. Therefore, the landmark modeling can be used
as a tool not only for generating predicted probabilities, but also for studying
the association between longitudinal risk factors and clinical events. Figure 1
also shows the estimated baseline survival probability as a function of both
the landmark time s and the time to event ¢. In the notation of equation (3),

this is exp (— fg Ao(u, s)du), t € (0,71]. Unlike the conventional Cox model,

our baseline hazard function is a bivariate function of both s and ¢.

Figure 2 illustrates the predicted probabilities at various clinical visits
(measurement times) for six AASK subjects. The typical progression of CKD is
that the eGFR declines over the course of many years with or without notable
exacerbation in proteinuria, quantified by increased Up/Cr. However, the de-
cline in eGFR or the increase in proteinuria may not be linear, as shown in this
figure as well as in our previous investigation [18]. Both subject 1 and subject
2 are examples of such typical pattern. As expected, the predicted probability
of ESRD or death within the horizon generally increases in response to the
overall trend in the biomarkers. For subject 2, the predicted probability has
a spike at a clinical visit close to Year 5. This is a response to the sharply
lower eGFR measured at that visit. Subject 3’s eGFR did not change much
after Year 5, but the proteinuria worsened significantly after Year 7, the model
responded to this change with a sharp increase in the predicted probability.
Subject 4’s plot illustrates that the proteinuria did not change much between
Year 4 and 6, but there is a sudden drop in eGFR during that time. The model
picked up this change and generated a spike in the predicted probability. We
speculate that this sudden drop in eGFR may have been an Acute Kidney In-
jury (AKI). Note that there is a long hospitalization episode after this event.
Subject 5 has a sharp drop in the eGFR at Year 2. Unlike Subject 4, the drop
in eGFR is accompanied by increase in proteinuria. Both these two trends
boosted the predicted probability. After the sharp decline, the eGFR stayed
at approximately constant level for many years, but the Up/Cr decreased, in-
dicating alleviation of proteinuria. The model produced decreasing predicted
probabilities on this patient until the end of the follow-up, and the subject
did not reach ESRD or death. For Subject 6 both biomarkers as well as the
predicted probabilities were stable over the follow-up period.

We did not estimate the model parameters or calculate the predicted prob-
abilities after Year 8 because the number of non-censored clinical events are
relatively small near the end of the follow-up period. While we pre-specified



14 Liang Li et al.

Subject 1 ; baseline age = 56 Subject 2 ; baseline age = 47 Subject 3 ; baseline age = 46
110 - L 20 110 - L 20 110 - L 20
100 100 100
% % %
80 2 80 2 80 2
70 70 70
60 60 60
0 ko2 5 f o2 5 f o2
40 40 40
30 30 30
f 0.02 f 0.02 f 002
20 20 20
10 10 10
0 o002 0L ooz 01 - 0.002
LN S B e LI s s s e I s s B
0123456789 11 0123456789 11 01234567809 11
years years years
Subject 4 ; baseline age = 51 Subject 5 ; baseline age = 67 Subject 6 ; baseline age = 68
110 - T L 20 110 - L 20 110 - T I 20
| |
100 ' 100 100 '
% 1 % % 1
80 ! 2 80 2 80 ! 2
| 1
70 . 70 70 .
60 | 60 60 |
5 " ko2 5 ko2 5 ) t o2
P : 2 40 7 :
30 | 30 30 jo |
- 002 - 002 ,‘ - 002
20 1 20 20 1
10 ! 10 10 !
| |
0 L ooz 0L o002 01 ! - 0.002
T T T T T T T T T T Tl T T T T T T T T T T T T
0123456789 11 1 01234567809 11
years years years

Fig. 2 An illustration of the dynamic prediction on six AASK subjects. The horizontal
axis is years since randomization. The red vertical line is the time of ESRD or death (solid
line) or censoring (dashed line). The orange points are eGFR (mL/min/1.73m?2), drawn to
the axis on the left. The green points are urine protein to creatinine ratio (g/g), drawn on
the log scale to the axis on the right. The blue dots are predicted probabilities of ESRD or
death within a horizon of 71 = 3 years. These predicted probabilities are calculated at each
eGFR measurement time, plotted against the backdrop of six dotted light blue horizontal
lines corresponding to probabilities 0, 0.2, 0.4, 0.6, 0.8 and 1 from bottom to top. The gray
vertical lines represent hospitalization episodes, with the thickness of these lines proportional
to the number of days in the hospital, i.e., the left and right edges of the line correspond
to the admission and discharge dates. The dynamic prediction probabilities were calculated
using a landmark model with five predictors: age at time of prediction, any hospitalization
in the past three years, the most recent log urine protein to creatinine ratio, the eGFR at
time of prediction, and the eGFR slope in the past three years.

a history window size of 75 = 3 years, that window needs to shrink at the
beginning of the follow-up, when the time of prediction s is within 3 years
after the baseline. This issue is discussed in Section 2.1. We did not estimate
the model parameters or make prediction when s < 1 year in Figures 1 and
2 because there are not enough data to calculate eGFR slope as a predictor
when the follow-up is less than 1 year. However, if we use only the other four
predictors, the landmark model can be estimated from baseline.

The GFR is the most important measure of renal function. Hence, the
typical prediction model for renal events includes eGFR as a predictor variable
by default. Figure 3 shows the added value of incorporating proteinuria in the
prediction model, by comparing the prediction with and without Up/Cr as a
predictor. All three subjects had some spikes in Up/Cr: subject 1 at Year 2
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Fig. 3 Anillustration of the dynamic prediction on three AASK subjects based on landmark
models with or without log urine protein to creatinine ratio (Up/Cr) as a predictor. The
layout and symbols of the plots are the same as those in Figure 2. The two models applied to
the same subject demonstrate the difference that adding Up/Cr can make to the predicted
probabilities.
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Fig. 4 The time-dependent ROC curves for prediction made at Year 3, 5, and 7. The green
and black curves are ROC curves calculated from landmark models with or without using
log urine protein to creatinine ratio (Up/Cr) as a predictor, respectively. The areas under
the ROC curve (AUCs) are also annotated on the plots. Adding Up/Cr increases the area
under the curve.

and 5, subject 2 at Year 5, and subject 3 at Year 2. The predicted probabilities
from the model that incorporates Up/Cr are more responsive to the spikes.
Figures 1 and 3 show the “face validity” of the proposed dynamic predic-
tion method. Figure 4 further demonstrates the prediction accuracy through
the proposed double time-dependent ROC curves at three landmark times.
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The areas under the curve (AUCs) are generally above 0.8, suggesting good
discriminant power, particularly at earlier landmark time. Adding proteinuria
increased the AUC, consistent with the patterns in Figures 2 and 3. We used
hy = 2 years and hy = 0.1 as the bandwidth in the double time-dependent
ROC calculation. The result does not appear sensitive to the bandwidths. For
example, when h; varies between 1.5 to 3 and when hs alternatives between
0.1 and 0.2, the AUC at year 3 varies in a narrow range between 0.850 and
0.855 and the AUC at year 7 varies between 0.808 and 0.812. The conven-
tional time-dependent ROC analysis [13] is a special case of the double time-
dependent ROC analysis proposed in Section 3 with all the subjects having
the same baseline time (i.e., U; = U;). In a separate manuscript [20], we stud-
ied the performance of the proposed approach under the conventional case and
demonstrate through theoretical arguments and extensive simulations that the
result of the proposed weighting approach is not sensitive to the bandwidth ho
(h1 does not apply to the conventional case). The coefficient curves in Figure
1 were obtained using the same bandwidth hy as the ROC curves in Figure 4.
As hy varies, the estimated curves in Figure 1 have different smoothness, but
the overall trend does not change. The purpose of the analysis in this paper
is prediction instead of estimation. Hence, one can view h; as a tuning pa-
rameter of the prediction algorithm and adjust it to generate the best metric
of prediction accuracy in the validation data. In Figure 4 we calculated the
ROC curves from the same data set that were used to develop the dynamic
prediction model, which may cause the AUC to be biased higher due to the
possibility of overfitting [5]. Figure 4 is used only for illustrating the proposed
statistical methodology. In practice, developers of dynamic prediction models
need to test the performance of the prediction in an independent data set [3]
or using cross-validation.

The eGFR slope may be calculated for each subject, at each measurement
time, by fitting a least squares line to the longitudinal eGFR measurements
within the corresponding history window. However, when the number of eGFR
measurements is small, such an approach may produce slope estimates with
large variance. In the AASK analysis, we used the following procedure to
calculate the eGFR slope. First, for every at-risk subject, select one history
window closest to the landmark time under consideration; Second, fit a random
intercept-slope model to the selected eGFR data, with proper kernel weights
to adjust for the distance between the landmark time and the history win-
dow; Third, calculate the eGFR slope as the Best Linear Unbiased Prediction
(BLUP). Details of this procedure and justification are described in Appendix
B. This model can be fit at any landmark time, producing a “landmark” lin-
ear mixed model with all the parameters varying with the landmark time. It
characterizes how the distribution of the eGFR slope vary over time with the
at-risk population. The BLUP is a compromise between the individual least
squares slope and the average slope of the at-risk population. When there are
not enough data from the patient, the BLUP borrows information from the at
risk population average. Therefore, the BLUP is numerically more stable than
the least squares estimate of the individual slope.
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5 Discussion

This paper proposes a general analytical framework for dynamic prediction
through the landmark models. We argue that the landmark models are partic-
ularly useful in complicated problems where the other dynamic prediction ap-
proach, joint modeling, has difficulty. Our proposal uses the method of Zheng
and Heagerty (2005, [48]) to construct the landmark data set, but differs from
that paper in model specification and estimation, predicted probability defini-
tion and calculation, and estimating the double time-dependent ROC curves.
These tasks are all unified within the proposed modeling framework by the
use of kernel weighting on the scale of the landmark time. One significant
advantage of the proposed methodology over the joint modeling approaches
is that the computation can be easily implemented with little programming
effort beyond standard statistical software. For example, the result in Figure 1
was obtained by using the coxph () function in the survival package of R with
the weight argument. While there are only five predictors in our illustration
example, the methodology can tackle large problems with many time-varying
longitudinal predictors with tractable computation. Partly motivated by the
AASK study application, we focus on the situation where the measurement
times of longitudinal data are independent of the rest of the data and may be
irregularly spaced. The methodology also applies to the special case when the
measurement times are fixed at regular intervals for all subjects. The proposed
framework can be further extended to replace the kernel (local constant) ap-
proach with local polynomials, though the notation will be more complicated.

The dynamic prediction and the landmark modeling are special compared
to typical statistical modeling and estimation problems. Usually, statisticians
hypothesize that a data generating model gives rise to the observed data, and
develop methods to estimate the model parameters correctly. In this paper
as well as other landmark models for dynamic prediction, there is no guaran-
tee that the working model holds ezxactly at all the landmark times. In other
words, the working model is not a data generating model, and concepts such
as consistent estimation may not apply. However, from a practical perspec-
tive, the working model is useful because it can be specified flexible enough
to approximate the landmark data set well, and this forms a basis for gener-
ating dynamic predictions in complicated problems where the joint modeling
approach, which uses a data generating model, is difficult to implement. The
lack of a data generating model makes it difficult to use simulations to study
the usual properties of estimators, such as consistency and efficiency.

This paper has several limitations. First, we have assumed that the mea-
surement times are independent of the patient’s condition. This is a simplified
situation. In many observational studies, it is quite possible that patients have
more clinic visits when their conditions worsen, resulting in informative ob-
servational times [28,36]. To our knowledge, no published dynamic prediction
methods can deal with this challenge. This remains a topic of further research.
Second, the prognostic risk factors for ESRD and death may be different. We
predict their composite endpoint in this paper as an illustration of the pro-
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posed modeling framework for right censored time to event outcomes. Further
extension that incorporates competing risks is under investigation.
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Appendix A

We prove the consistency of the sensitivity estimator (8). The proof for the
specificity estimator (9) is similar and omitted. The proof makes use of the
following regularity conditions:

(A1) The kernel function K(.) is a symmetric density function centered around
zero with compact support.

(A2) The variable U has bounded support; its density function fy(.) is Lipschitz
continuous and fy(s) > 0, a.s.

(A3) h1 — 0, nh? — oo, and h; satisfies the conditions in Lemma 1 below.

According to [6], the kernel weighted Kaplan-Meier estimator is consis-
tent under standard regularity conditions: S (t|U;, Qi) = S7(t|Us, Qi) +0p(1).
Therefore,

S~)ST(7:1‘Ui7Qi) +Op(1)
! S7(Y;|Us, Qi) + 0p(1)
= W(Ui,Qi,Y:,0;) + 0p(1)

W(UiaQiai’/’iagi> =1- (1 -
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By using Lemma 2 below, the equation above equals:

: E{W (U, Qi ¥:.6)1(Qi > LY > 5) | s} fu(s)
Se(s,c) = — — —|—op(1)
E{W (U, Qi Vi, 5)1(Y: > 8) | 5} fuls)
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where fi7(.) is the density function of U;. Replacing W (U;, Q;, Y;, SZ) by E (1(71 <mn)|U;,Q;, Y;, Sz)
in the equation above, we have
E {1(11— < m)1Q; > )1(Y; > 5) | s}

Se(s,c) = ~ - + 0p(1)
E{1(Ti < LY > s) | s}

= P(Q; > C|Tz € (s,s +T1]7)~/;- > 5,8) + 0p(1)

This completes the proof of consistency.

Lemma 1. Let {(X;,Y;),i = 1,...,n} be independent and identically dis-
tributed random vectors, where the Y;’s are scalar random variables. Assume
that E|Y|* < oo and sup,, [ |Y]*f(X,Y)dY < oo, where f denotes the joint
density of (X,Y). K is a bounded positive function with a bounded support,
satisfying a Lipschitz condition. Then

Sl;p‘% Zn: [Kn(Xi — 2)Y; — B{K\(X; — 2)Vi}] ( - Op({W}m)

i=1

provided that n?~1h — oo for some € < 1—s~1. (This lemma was used in [47]).

Lemma 2. Suppose {(Y;,T;),i = 1,...,n} satisfy the conditions in Lemma 1;
T;’s satisfy the regularity conditions (A1)-(A3); E(Y|T) is Lipschitz continu-
ous. Then as n — co:

- log(1/h)1/2
WS KT — t0)Y: = B(Ylt0)f(t0) + 0 (4) + 0, ({ BN,
~ nh
The proof of this result uses Lemma 1 and a Taylor series expansion of
E(Y|T)f(T) around tg. (This lemma was used in [19]).

Appendix B

With irregularly spaced measurement times, some subjects may not have
adequate number of measurements within the history window (s — 72, s) for
calculating the slope, or rate of change, of a biomarker. We outline a solution to
this problem. Suppose we want to make a prediction on a subject at time s. The
repeated biomarker measurements and the corresponding measurement times
within the history window are denoted by vectors Zg and ty. Here we focus on
the case when s equals the last measurement time in ty. The case when s is not
a measurement time has been discussed in Section 2.2. Let R(s) denote the set
of subjects in the training data set that are at risk at time s, i.e., R(s) = {ili =
1,2,...,n;Y; > s}. For the i-th subject in R(s), let ¢;; be the measurement time
that is the closest to s, i.e., [t;; —s| < |t,» — s for any j €{1,2,...,n;} (in case
of ties, make a random choice). Let Z; and t; be the corresponding vectors of
biomarker measurements and measurement times in the history window (by
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definition, the last element in t; is ¢;;). Fit a random intercept and slope model
to the data {Z;,t;,7 € R(s)}, with the i-th subject weighted by the kernel
weight W; = h='K ((t;; — s)/h). This is done by maximizing the following
weighted multivariate Gaussian log-likelihood with respect to a(s), 3(s), and

o(s):
> ( Wi)log|DiE(s)D?+a(5)zI|

2
1€R(s)

+ Y <—V2V> (Zi — Dia(s))” (D;2(s)D! + 0(s)°1) " (Z: — Dia(s))
1E€ER(s)

(10)
D, is a two-column matrix consisting of a vector of 1’s and t;. a(s) is 2 x 1
vector of the fixed effect coefficients for intercept and slope. ¥(s) is the 2 x 2
variance matrix of the random effects. Given the estimated parameters, the
rate of change may be defined to be the second element of the following 2 x 1
vector:

a(s) + $(s)D] (DoB(9)Df +0(s°)  (Zo-Dpa(s)) (1)

where Dy is a two-column matrix consisting of a vector of 1’s and tg. Equation
(11) is the best linear unbiased prediction of the random intercept and slope.
Since «a(s), X(s), and o(s) can be estimated at any landmark time s, their
trajectories characterize the temporal change of the at-risk population.

We emphasize that the procedure above is not intended to provide a consis-
tent or unbiased estimate of the slope of the biomarker trajectory at time s for
each subject, or the mean slope of the at-risk subjects at time s, because the
trajectory may be nonlinear and 7o does not go to 0 as n increases. The pro-
cedure should be viewed as a principled way of defining biomarker slope other
than using the least squares estimate. It causes the individual least squares
slope to shrink toward the mean slope of the at-risk subjects, and thus increases
the stability of individual slopes. When the individual biomarker trajectory is
nonlinear and smooth, estimating the slope as a smooth time-varying function
is difficult in both the landmark modeling and joint modeling frameworks, un-
less strong assumptions are made for the trajectory shape or large numbers of
repeated measures per subject are available. In clinical practice, the concept
of a time-varying first-order derivative of a nonlinear smooth “true” trajectory
is rarely used in prognostic evaluation. Physicians often use the least square
slope in the history window to describe, in broad strokes, the overall trend of
the biomarker during that time, even when in reality most of the biomarker
trajectories are nonlinear to certain extent and their first order derivatives
are never constant within the history window. Examples include the prostate
specific antigen (PSA) velocity [45] and GFR slope [33]. The procedure above
is an algorithmic formulation of the concept of rate of change used in clini-
cal practice. Therefore, this linear mixed model with time-varying parameters
should be viewed as a working assumption.
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Even when the “true” individual trajectory is indeed linear within the
history window with a constant underlying “true” slope, the BLUP is not
the true slope and their difference is often viewed as a manifestation of mea-
surement error in the biomarker [21]. The magnitude of the error is of order
oi/ \/mj, where o; is the residual variance of subject ¢ and m; is the number
of eGFR measurements within the history window. The measurement error
model literature showed that covariate measurement error does not cause bias
in prediction if the distribution of the observed data is the same in the train-
ing and testing data sets [4]. Therefore, despite the measurement error, we can
still use the BLUP for prediction purpose. This is the justification for the pro-
posed biomarker slope definition. However, the assumption that the training
and testing data sets have the same distribution implies that the distribution
of the measurement times ¢;; must also be the same, as the measurement times
are treated as random in this paper (Section 2.1). If, for example, we develop
a landmark model out of a training data set where every subject follows a six
month visit schedule with some random deviation, and apply it to a new data
set where every patient follows a three month visit schedule, then it would
not be appropriate to use the BLUP with a time-varying linear mixed model
developed from the training data.



