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Abstract

This dissertation consists of three essays on inference in non-standard scenarios. The
first essay investigates inference on union bounds, prevalent in various empirical contexts
such as relaxations of the difference-in-differences assumption and counterfactual analysis
with partially identified structural parameters. I propose novel methods for both finite and
infinite sets of bounds.

The second essay presents a bootstrap-based profiling inference technique for subvec-
tors in moment inequality models. By refining critical value calculation and simplifying
non-linear moment conditions, this method offers improved computational efficiency upon
existing methods.

The third essay, conducted jointly with Dante Amengual and Enrique Sentana, extends
score-type tests in likelihood contexts in which the nullity of the information matrix under
the null is greater than one. Our approach, leveraging higher-order derivatives, is asymp-

totically equivalent to likelihood ratio tests while requiring estimation only under the null.
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1. Introduction

This dissertation consists of three essays on inference in non-standard situations. The
first essay studies inference on union bounds. A union bound is a union of multiple bounds.
Union bounds occur in a wide variety of empirical settings, from relaxations of the difference-
in-differences parallel trends assumption to counterfactual analysis with partially identified
structural parameters. I provide the first general and systematic study of inference on these
kinds of bounds. When the union is taken over a finite set, I propose a confidence interval
based on modified conditional inference. I show that it improves upon existing methods
in a large set of data generating processes. When the union is taken over an infinite set, I
consider the set defined by moment inequalities, as is common in practice. I then propose
a calibrated projection based inference procedure that generalizes results from the moment
inequality subvector inference literature and is computationally simple. Finally, the new
procedures give statistically significant results while the pre-existing alternatives do not
in two empirical applications, the sensitivity analysis in Dustmann et al. (2022) and the
counterfactual analysis in Dickstein and Morales (2018).

The second essay introduces a bootstrap-based profiling inference method for subvectors
in moment inequality models following insights from Bugni et al. (2017). Compared to their
paper, the new method calculates the critical value by searching over a local neighborhood
of a pre-estimator, instead of the whole null parameter space, to profile out nuisance param-
eters. In this way, non-linear moment conditions are simplified by linear expansion and the
bootstrap iterates over quadratic programming problems, which significantly simplifies and
accelerates computation. This method controls asymptotic size uniformly over a large class
of data generating processes. In the Monte Carlo simulations, the new procedure improves
upon the computing time of Bugni et al. (2017) and Kaido et al. (2019) significantly. I
provide an empirical illustration estimating an airline entry game. !

The third essay is a joint work with Dante Amengual and Enrique Sentana. We study

! This essay was originally published in the Journal of Econometrics, Volume 238, Issue 1, Pages 105594,
[2024]



score-type tests in likelihood contexts in which the nullity of the information matrix under
the null is greater than one, thereby generalizing existing results in the literature. Examples
include multivariate regressions with sample selectivity, semi-nonparametric distributions,
Hermite expansions of Gaussian copulas, and purely non-linear predictive regressions among
others. Our proposal, which involves higher-order derivatives, is asymptotically equivalent
to the likelihood ratio test but only requires estimation under the null, a substantial advan-
tage for resampling-based inference. We conduct extensive Monte Carlo exercises to study
the finite sample size and power properties of our proposal, comparing it to alternative

approaches.



2. Inference on Union Bounds

In this essay, I provide the first general and systematic study of inference on union

bounds.

2.1 Introduction

This essay studies inference for a target object partially identified by the union of a set
of bounds, namely, a union bound, and provides new procedures that significantly improve
upon the existing alternatives. Union bounds commonly arise in empirical work. For
example:

1. Assessment of the importance of the parallel trends assumption in difference-in-
differences (DiD) analyses. Recent papers such as Manski and Pepper (2018) and
Rambachan and Roth (2023) study the relaxation of the classical parallel trends as-
sumption within a DiD framework. One of their approaches is to assume that the
violation of parallel trends in a post-policy period is bounded above by the maximum
violation in the pre-policy periods. In this case, the identified set for the average
treatment effect on the treated (ATT) can be characterized as a union bound, where
each bound is formed by the DiD estimand adding and subtracting the violation of a
pre-policy year, and the set is all pre-policy periods.

2. Counterfactual analysis in structural models. Dickstein and Morales (2018) study
how the information set processed by exporters affects their decisions. One of the
counterfactuals of interest is the change in the number of exporters with a change
in their information set or fixed cost. The structural parameter satisfies a set of
moment inequalities, and the counterfactual outcome may only be partially identified
even if the structural parameter is known. Consequently, the identified set of the
counterfactual outcome is a union bound, where the set contains all the structural
parameters that satisfy the moment inequality restrictions, and each bound is the
identified set of the counterfactual outcome given a potential value of the structural

parameter.



I revisit these two applications in detail for empirical illustration. I also discuss applications
to regression discontinuity designs, bunching strategies to identify the elasticity of taxable
income, marginal treatment effects, and misspecification in instrumental variable models in
Section 2.2.

In this essay, I provide the first general and systematic study of inference on union
bounds. I consider two categories of union bound inference: (i) the set is finite as in the
DiD example, and (ii) the set is infinite as in the counterfactual example. I study the
inference procedures for the target object in both cases.

In the first case when the set is finite, the main difficulty for inference is that the
endpoints of a union bound are non-smooth functions of each single bound. Hirano and
Porter (2012) show that there is no local asymptotic quantile unbiased estimator. Moreover,
Fang and Santos (2019) show that an empirical bootstrap procedure, in the terminology
of J. L. Horowitz (2019), is not uniformly valid. Similar difficulties appear in inference for
moment inequalities and directionally differentiable functions, but the existing methods do
not apply to union bounds because of the different restrictions on the null parameter space.
So far there are two uniformly valid methods. The first one is a simple confidence interval
(CI), which is the union of CIs for each bound. This method can be overly conservative,
especially when the bounds are close to each other. The second one is the adjusted bootstrap
procedure proposed in Ye et al. (2023). This method involves a subsample so the CI
converges to the identified set at a rate slower than y/n, resulting in trivial power for \/n
local alternatives. Rambachan and Roth (2023) propose an inference procedure for their
sensitivity analysis in DiD. However, the inference procedure relies on the specific structure
of DiD and does not apply to general union bound settings.

In Section 2.3, I propose a modified conditional CI. Loosely speaking, I construct a
conditional critical value exploiting the distribution of the maximum estimated upper bound
(resp. the minimum estimated lower bound) conditional on the second largest estimated
upper bound (resp. the second smallest estimated lower bound). In this way, the conditional

critical value is data-adaptive and sensitive to the binding bounds, which leads to a shorter
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CI when the bounds are relatively close to each other. However, the conditional critical value
is not uniformly valid, and for that reason, I propose a novel modification that truncates
the conditional critical value from below to guarantee uniform coverage. The modified
conditional CI converges to the identified CI at a rate of 4/n, and thus has material power
improvement upon Ye et al. (2023). I also show that under a large set of data generating
processes (DGPs), the modified conditional CI is shorter than the simple CI with probability
approaching one.

In Section 2.5, I conduct extensive simulations based on the DiD settings in Rambachan
and Roth (2023) and compare the performance of my modified conditional CI to the simple
CI, the adjusted bootstrap in Ye et al. (2023) and the hybrid CI in Rambachan and Roth
(2023). The length of the median modified conditional CI is the smallest in most simulation
designs and is close to being the smallest in all designs.! In terms of the length of the median
CI, net of median point estimates of the bound, the modified conditional CI results in a
decrease of up to 43% relative to alternative methods.

In the second case when the set is infinite, I consider the case when the set, e.g. the
identified set of the structural parameter, is formed by moment inequalities, as is often
the case in practice. I assume that each bound, e.g. the bound of the counterfactual
given a potential true structural parameter, is a function of data moments. Among the
empirical applications in this setup, it is common to estimate point-identified nuisance
parameters separately from the structural parameters to improve computational efficiency.
Thus I allow the set and the bounds to include plug-in estimands. Omne of the current
practices for counterfactual inference is to first construct a valid confidence set for the
structural parameter (the set), and then take a union of the estimated counterfactuals (the
bounds) over this confidence set, treating the plug-in estimator and the counterfactual as
known. This simple projection CI can be wide since it projects a confidence set of a higher
dimensional structural parameter. Moreover, it may not have proper coverage because it

does not adjust for sampling uncertainty in the plug-in estimator and the counterfactual.

! The median CI is the median of the endpoints of the 1 — o CI across simulated samples.
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In Section 2.4, I propose a calibrated projection based procedure. The calibrated CI
is a union of the single calibrated CI of each bound over the calibrated confidence set for
the set of structural parameters. The calibration means that the critical value used to
construct the single CI and the confidence set are chosen so that the coverage rate of the
target object, rather than the structural parameter, is above the nominal value. Calculation
of the critical value is done by repeatedly solving a set of linear programs, which makes it
computationally simple. This method uses insights from subvector inference in Kaido et al.
(2019), where a subvector is a known function, usually a single element, of the structural
parameter. Different from the subvector inference procedure, in this essay (i) the target
object can be unknown as well as partially identified even if the structural parameter is
known, and (ii) first step plug-in estimators are allowed. These two differences allow the
new inference procedure to have broader application. Simulations in Section 2.5 confirm
good size and power properties.

In Section 2.6, I illustrate the proposed inference procedures in two empirical appli-
cations. First, I consider the application using Rambachan and Roth (2023)’s sensitivity
analysis in Dustmann et al. (2022), which provides an example with a finite set. Specifically,
Dustmann et al. (2022) study the effects of the minimum wage introduced in Germany in
2015. The authors are interested in whether the employment effect is greater than the
negative wage effect, which leads to an elasticity smaller than 1. The authors conduct
the analysis using DiD and relax the parallel trends assumption following Rambachan and
Roth (2023). Under all levels of relaxation, the modified conditional CI is shorter than the
simple CI and the one provided by Rambachan and Roth (2023). Under the benchmark
relaxation, my CI suggests that the elasticity is smaller than 1 with a 95% confidence level,
while Rambachan and Roth (2023) and a simple CI do not give results significantly smaller
than 1. My method gives a breakdown relaxation 33% to 66% larger than Rambachan and
Roth (2023) and the simple CI. Next, I apply the calibrated projection CI to Dickstein and
Morales (2018). In this case, the set of bounds over which the union is taken is infinite.

The authors are interested in the percentage change in the number of exporters under a

6



counterfactual information set. They report a simple projection CI, where the results for all
three subsamples are significant. However, as previously discussed, the simple projection
CI is invalid. For that reason, I first validate their method by properly adjusting for the
estimation uncertainty in plug-in estimators and counterfactuals, and with this adjustment,
two of the Cls cross zero. Then I report the calibrated CI, which is not only valid but also

more efficient, and the calibrated projection CI restores statistical significance.
Related Literature

In the rest of this introductory section, I review the related literature.

When the set is finite

Although there are many empirical examples where the identified set is a union of finite
bounds, only a small number of inference approaches have been developed, which I discuss
next.

First, a common practice is a simple CI constructed based on the intersection union
principle discussed in Casella and Berger (2021) (ch. 8.2.3), see Conley et al. (2012),
Kolesar and Rothe (2018), Hasegawa et al. (2019), and Ban and Kedagni (2022), among
others. The idea is to first construct a CI for each bound and then take a union over the
set, which is intuitive and has uniformly valid coverage. However, taking union over the
confidence intervals inflates the coverage rate, and the simple CI can be overly conservative.
I prove that the simple CI is wider and has lower local power than my proposal under a
large set of DGPs.

Second, Ye et al. (2023) study the relaxation of the parallel trends assumption in DiD
based on a negative correlation bracketing strategy. The resulting identified set for the ATT
is a union bound. To address inference, they introduce two bootstrap methods. The first
one is an empirical bootstrap procedure, in the terminology of J. L. Horowitz (2019). This
method is not uniformly valid and may overreject when the bounds are close to each other.
The second procedure introduces an adjustment term based on a subsample so that it has

uniform asymptotic coverage, but at the cost that the CI converges to the identified set at



a rate slower than /n. This causes material power loss for a large set of local alternatives
relative to my CI.

Third, Rambachan and Roth (2023) propose an inference procedure under the specific
structure of relaxation of the parallel trends assumption in DiD. The main idea is to par-
tition the parameter space so that each element in the partition can be represented by a
set of moment inequalities. Rambachan and Roth (2023) first construct the CI for each
element in the partition based on I. Andrews et al. (2023). They then take a union over
different elements in the partition to get a valid CI for the union bound. While the CI for
each element is efficient, the efficiency may not hold after taking the union. In both the
simulation and the empirical application, my CI outperforms their CI when the bounds are
not well separated. Moreover, their method uses the specific DiD structure and does not
apply to general finite union bounds.

The inference procedure constructed in this essay also contributes to other related liter-
ature, such as intersection bounds, moment inequalities, directional differentiable functions,
and conditional inference.

The union bound inference complements the large literature on intersection bounds and
testing moment inequality models. Chernozhukov et al. (2013) investigate inference on in-
tersection bounds, where the target object is in the intersection of a set of bounds. A leading
case of intersection bounds is inference on a parameter bounded by moment inequalities.
See Chernozhukov et al. (2007), Romano and Shaikh (2008), Rosen (2008), D. W. K. An-
drews and Guggenberger (2009), D. W. K. Andrews and Soares (2010), D. W. K. Andrews
and Shi (2013), and Bugni et al. (2015), among others, for different inference procedures.
Inference for intersection bounds and union bounds share some similar challenges, but also
differ in important ways: The differences between the target object and the bounds, scaled
by 4/n, is an important element for inference, but can not be consistently estimated. With
intersection bounds, the signs of the differences are known, e.g. the target object is larger
than all lower bounds, while with union bounds, the sign is unclear, e.g. the target object

is larger than at least one lower bound. Thus the problem of inference on union bounds is

8



fundamentally different from intersection bounds and requires a different treatment.

My method also sheds light on inference on directionally differentiable functions. In
many cases, a union bound can be written as the minimum of a set of lower bounds to
the maximum of a set of upper bounds. The min and max operators are directionally
differentiable. Fang (2018) and Ponomarev (2022) study the efficient estimation of partially
differentiable functionals, but they do not consider inference. Fang and Santos (2019)
propose a novel bootstrap procedure for directionally differentiable functions. However,
their inference procedure requires that the null parameter space is convex, which does not
hold for union bounds.? This essay studies a specific non-convex null space, but the modified
conditional procedure is potentially applicable to more general settings.

My essay widens the use of the conditional inference technique. There is a growing
literature on conditional inference, see, e.g. M. J. Moreira (2003), Kleibergen (2005), I.
Andrews and Mikusheva (2016), I. Andrews et al. (2019), I. Andrews et al. (2021), I
Andrews et al. (2023), and Rambachan and Roth (2023), among others. I use their insights
by constructing a conditional CI that has proper coverage under a subset of DGPs, and
then modifying it with a lower truncation to guarantee uniform coverage. The modification

is a novel contribution that is not used in current applications of conditional inference.

When the set is infinite

Inference procedures with an infinite set are closely related to the literature on subvector
inference in moment inequality models, where a subvector is a known function, usually a
single component, of the structural parameter. Kaido et al. (2019) proposed a calibrated
projection procedure for subvector inference that uses a local linearization approach to
compute the critical value through linear programming. See I. Andrews et al. (2023), Bugni
et al. (2017), Bei (2024), Chernozhukov et al. (2023), Chen et al. (2018), G. Cox and Shi
(2023), among others, for different subvector inference procedures. However, the subvector

usually does not contain sufficient information for decision making or policy suggestions.

2 Specifically, the space of A¢ and A, under (3.2) is not convex.



Hence, it is important to extend the previous work to construct the confidence intervals
for counterfactual outcomes. In this essay, I follow the insights from Kaido et al. (2019)
and propose a calibrated projection CI for unknown and potentially partially identified
target objects, which has broad application to counterfactuals. In addition, previous papers
assume that all parameters are estimated jointly by a set of moment inequality restrictions,
which rules out plug-in estimators. Nevertheless, in practice, it is common to estimate the
point identified parameters in a first step separately from the structural model. In this
context, I propose a simple way to adjust for estimation uncertainty in plug-in estimators.

This essay is also related to the literature on counterfactual analysis and marginal
treatment effect models, but my procedure applies to general moment inequality models.
Kalouptsidi et al. (2021) study the identification of counterfactuals for structural dynamic
discrete choice models and propose an inference procedure that bypasses model estimation
and directly obtains the confidence sets for the counterfactuals. However, their procedure
requires a specific structure. Cho and Russell (2023) propose an inference procedure in a
similar but more restrictive setting where the bound and set are linear in the structural
parameters. Their procedure involves bootstrapping the value functions of randomly per-
turbed linear programming problems, which is computationally attractive but also produces
a confidence set with a coverage probability of one. Unfortunately, their method does not
apply to nonlinear moment inequalities and counterfactuals. Mogstad et al. (2016) propose
a profile based inference procedure for estimated functionals of partially identified parame-
ters that allows a nonparametric framework.? In their context, the equality restrictions are
allowed to be random while the inequalities are deterministic, formed from the parameter

space.

8 Mogstad et al. (2016) is a working paper version of Mogstad et al. (2018).
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2.2 Setup and Examples
2.2.1 Setup

A union bound is defined as a union of bounds [A¢(5), Au(B)] over set B. The goal of
this essay is to construct a uniformly valid confidence interval for the target object 8, whose
identified set is characterized as a union bound

0e | M(B), M(B)]- (2.1)

BeB

When the union bound is a connected interval, we can imply write it as

peB

g [g;,g A(8), sup Auw)] . (2.2)

In this essay, I assume that A, and A, are unknown but consistently estimable with an
asymptotically normal estimator. B is either known or consistently estimable, in the sense
that the Hausdorff distance between B and B converges to zero in probability. Below I
illustrate this setting in different examples.

I consider separately finite B and infinite B. The inference procedure for these two
cases is distinct because (i) with finite B, I consider the estimation uncertainty for all
bounds jointly, while with infinite B, I focus on a small subset of bounds each time, which is
conservative by valid, to simplify the computation; (ii) when B is finite, asymptotically we
can treat the set as known, while when B is infinite, we need to adjust the set for estimation

uncertainty.?

2.2.2 Examples
When B is finite

Example 1. (Difference in Differences). Rambachan and Roth (2023) study a more

credible approach to the parallel trends assumption in DiD. To illustrate, consider a simple

4 For simplicity, I assume that the index set for the lower and upper bounds are the same, and this is
the case in all the empirical examples listed below. Moreover, this assumption is without loss of generality,
as we can add redundant bounds to achieve this. For instance, if @ € [min{A¢1, A¢,2}, Au,1], we can add
Au,2 = Au,1 then the identified set of § has form (2.1) with B = {1, 2}.

11



panel data modelt = =T, ...,1. Let v € RT+ be a vector of “event study” coefficients, which

~pre grre
’7:<,ypost > = ( e_l_gpost )

The target object 0 is the average treatment effect on the treated, and & is a bias from a

can be decomposed as

; ; 0st re __ pre pre __ ¢bre
difference in trend. Here 6 and &P°%° are scalar, EP7¢ = ( _I,...,f_l) and vo = & = 18

normalized to zero. Under parallel trends, (fpre,fp”t) = 0 and thus 0 is point identified.
However, this is a strong assumption that may not hold exactly. One type of relazation is to
assume that the violation of parallel trends at time t = 1 is bounded above by the maximum

pre-policy trend difference

‘é‘post — 0| < Mtzfnfﬁ}f,z {gﬂi@l _ fre

: (2.3)

where M = 0 is the degree of relaxation specified by the researcher. Manski and Pepper
(2018) implement a similar concept with a natural benchmark M = 1 (see their Table 3).
Under (2.3), the identified set of 6 is a union bound in (2.2) with B = {1, ...,2T},

ot M (P =275) A=, T

(2.4)
,.Ypost - M ’Ygﬂ—eﬁ—&-l — ")/%T_eﬁ) Zfﬁ =T+1,..2T.

Hasegawa et al. (2019), Ye et al. (2023), and Ban and Kedagni (2022) study differ-
ent types of relaxations of the parallel trends assumption where the identified set is also

characterized by union bounds. O

Example 2. (Bunching and Tazable Income Elasticity). Blomquist et al. (2021)
study the identification of the taxable income elasticity with bunching information. Assume
that the after-tax income has two linear segments with slopes p1 > pa and a kink at K, as
illustrated in Figure 2.1a. Assume that the preference is specified as in Saez (2010) by the

isoelastic utility function:

¢ I
U(Cay7£)zcil+1/0 <£> ’£>030>0a
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where y is the before-tax income, ¢ = y—T (y) is the after-tax income (or consumption), 0 is
the income elasticity and & represents the unobservable heterogeneity which is continuously
distributed with density g(§). Blomquist et al. (2021) show that without the restriction on
g(&), 0 is not identified, but we can learn about 6 with smoothness restrictions on g(&).
Consider a bunching interval [y1,y2] containing the kink K, as in Figure 2.1b. Let & =
pf‘gyl and & = p;ng denote lower and upper end points for & that correspond to y1 and

Yo, respectively. Under the assumption that

ogmin{g (&1),9(€2)} < 9(§) < oumax{g(&1),g(&2)} for & € [€1,&2] (2.5)

for some gy = 1 = gy > 0, the identified set of 0 is characterized by
0 in A Au R
e |mig re(9), max )] o =,

where B = {1, 2},

v PsY<y) _ y2 _ PlyisY<ys)
)\Z(l) _ log <y; + F~(y1)ouy2 ) )\Z(2) _ log <y? FH(y2)oay )

log p1 — log p2 ’ log p1 — log po

n o PisY<ys) _ y2 _ PyisY<ys)
M) = 2 (s + P WS P (5 - )

log p1 — log p2 log p1 — log p2

f~ () = lim f(y), f* = lim f(y),

yty1 yly2

and f(y) is the density of y. Note that the identified set of 0 is restricted by Ry, but it is
easy to see that if we have a valid CI for 0 € UﬁeB [Ae(B), A\u(B)], then the intersection of
6’s CI and Ry is a valid CI for 6. Thus it suffices to consider inference for union bounds.

Blomguist et al. (2021) focus on identification and put aside inference. O

Example 3. (Regression Discontinuity Design). Kolesdir and Rothe (2018) study
inference in regression discontinuity designs with a discrete running variable. Let D =
1[X = 0] be a treatment indicator with running variable X. Let Y (1) and Y (0) denote the

potential outcome with and without the treatment, and Y = DY (1) + (1 — D)Y(0) denote

13



After-tax Income
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F1GURE 2.1: Example 2 Bunching and Taxable Income Elasticity

the observed outcome. Let u(X) = E[Y | X]. The average treatment effect at the threshold
18

0=EY(1)-Y(0)X =0] = lim () — lim p().

A standard approach to estimate 6 is to run a local OLS regression of Y on polynomial

m(X) with X € [—h, h] where
m(z) = (1[z=0],1[z = 0]z,...,1[z > 0]2P, 1,2,...,2P)".

Let p, be the regression coefficient and 0y, = €}y, where e; = (1,0,...,0)". If X is contin-
uous, the bias £(x) = pu(x) — m(x) vy is negligible if we choose h — 0 at a sufficiently fast
rate as the sample size increases. However, if X is discrete, this “undersmoothing” proce-
dure is not feasible. Kolesdr and Rothe (2018) propose an honest CI under restrictions that
specification errors at the threshold are bounded above by the specification errors at other
support points, i.e.

< max [§(Z)],
ieS}

lim &(x)

< r)|,
im €(@)] < max|€(2)

zeSy

lin £ ()

where Sy = Sx n [—h,0), St = Sx N [0,h] and Sx is the support of X. Under this

14



restriction, the identified set of 0 is characterized by (2.2) with
B = {(Sz,su,xg,l’u) 2se,su€{—1,1},xp€ Sy, xy € S;g},

)\2(567 Su, Ly, :I:u) = Au(Sg, Su, L, xu) = eh + ng(xg) + Suf(xu)

Kolesdr and Rothe (2018) use the simple CI based on union principle for inference. O

Example 4. (Falsification Adaptive Set). Masten and Poirier (2021) provide a con-
structive way for researchers to salvage a falsified instrumental variable model. Consider

the classical linear model with multiple instruments:
Y=X0+Zv+U,

where Y is the outcome, X is a scalar endogenous variable and Z is a L x 1 wvector of
potentially invalid instruments. Under (i) exogeneity cov(Z,U) = 0, (ii) exclusion v = 0
and (iii) a proper rank condition, we can point identify 6. However, if either the exogeneity
or exclusion restriction does not hold, the model may be falsified. In this context, Masten
and Poirier (2021) suggest relazing the model by £ € R, where & = 0 measures the level of

relazation. The corresponding identified set of 6 accounting for the relazation by £ is
OE) ={0eR: —£111 <var(Z)"! (cou(Z,Y) — cov(Z, X)0) < E1px1},

where the inequalities hold element wise. The authors suggest reporting the falsification
adaptive set ©(§), where £ is the minimum relazation such that ©(&) is non-empty. In

addition, they show that FAS is characterized by (2.2), where

Yg and mg are the B-th element of 1 = var(Z) teov(Z,Y), © = var(Z)Lecov(Z, X), and
B={5=1,...,L:7T5#0}.

In their empirical application, the authors implicitly assume that either mg = 0 or |mg| =

e > 0 for all B, so that B is consistently estimable, in which case my procedure applies. If
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we allow g — 0 as the sample size increases, we may not be able to consistently estimate
B, and inference is more complicated. I leave the second case for future research. Apfel and
Windmeijer (2022) propose a generalized falsification adaptive set, which also has a union
bound characterization. Both papers do not consider inference.

Stoye (2020a) studies misspecification inference for interval identified parameters. The
identified set for 0 is [01,0,], and this set is empty under misspecification where 0, > 0.

Stoye (2020a) suggests reporting the misspecification robust identified set

[0r,0u] v { (2.6)

oyfr + o0y
or, + oy
where o1, and oy are the asymptotic standard deviations for estimators éL and éU. In this

case, the identified set is a union bound in (2.2) with B = {1,2},

oyl + o0y
M1=0p, MNo=—"—""—
oL t+oy

0 0
Mot = 0y Aus = oubL + oLty

)

or +oy
Stoye (2020a) proposes a CI for (2.6), but it does not apply to general union bounds. [

When B is infinite

Example 5. (Counterfactual Analysis). Dickstein and Morales (2018) study how the
information potential exporters possess influences their decisions. In the structural model,
all firms located in the home country are indexed by i = 1,..., N and choose whether to sell
in each export market j = 1,...,J. The export profit that i would obtain in market j is
mij = dij (rij — B1 — Padist; — B3vij)
where d;j € {0,1} is firm i’s export decision, r;j is the revenue in market j, dist; denotes
the distance from the home country to j, vij ~ N (0,1) represents the determinant of m;;
observed by the firm i but not by the researcher, and (1, 52, B3) are structural parameters.
Let J;; be the information that firm i possess. A risk-neutral firm ¢ will decide to export to
j if and only if
Erij|Jij) — B1 — Badist; = Pavyj
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which implies that
dij (B3 B [rij |Tij] = B3 ' B1 — B3 Badisty — vij) = 0. (2.7)

Based on (2.7), the authors construct a set of moment inequalities to get the identified

set of B, which is, in union bound notation, B. The counterfactual outcome of interest is

E[diﬁ@%,g(ﬁ)]

the proportion change in exporter numbers 6 = B[d;:7,,.8]
ij3Jig>

under a different information

set or a different fired cost, where T is the counterfactual information set and g(p) is
the counterfactual structural parameter. Given [3, the authors show that 6 € [A(B), A\u(5)]
with A\g(B) and A\ (B) point identified. Consequently, the identified set of 0 is given by (2.1).
Further details of the moment conditions and counterfactuals are given in Appendiz A.2.2.

Structural counterfactual analysis with union bound identified set is very common in
applied microeconomics, such as industry organization, trade, political economy, etc. To list
a few, see examples Berry et al. (2016), Bombardini et al. (2023), Crawford and Yurukoglu
(2012), Ciliberto et al. (2021), Eizenberg (2014), Jia (2008), Kalouptsidi et al. (2021),

Kireyev (2020), Wollmann (2018), Yang (2020), among many others. O

Example 6. (Marginal Treatment Effects). Mogstad et al. (2018) propose a method
to partially identify the policy relevant treatment parameters, exploiting the insight that the
IV estimand and many treatment parameters can be expressed as weighted averages of the

same underlying marginal treatment effects. Assume that the treatment is determined by
D =1[U <p(2)]

where U is an unobservable with uniform [0, 1] distribution, p(Z) is the propensity score,
and Z are exogenous instruments. Assume that the marginal treatment response functions
have parametric form mo(z,w; ) and my(z,w; B), where my and my are known functions,
x s other covariates and 3 are parameters. Let E [s(D,Z)Y] be an IV-like estimand using

instrument Z, where s(D, Z) is a known function. Then B is partially identified by

B= {B cB:E Uol mo(u, X; 8)s(0, 2)1 [u > p(2)] du}
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+E Uol ma(u, X: )s(1, 2)1 [u < p(Z)] du] _ E[s(D, Z)Y]}

where B is the feasible set of structural parameter 3. Assume that the target object 0 is the

average treatment effect. Then it is point identified by

,wm=Aam=ELEmuwXﬁm4—E{mewXﬁmﬂ

for a given B, and the identified set of 0 is given in (2.1). O

Example 7. (Plausibly Exogenous IVs) Conley et al. (2012) consider an instrumental

variable model when the instruments are only plausibly exogenous:

Y =X0+2Z8+U

where Y is the outcome, X is a L1 x 1 endogenous variable and Z is a Lo x 1 vector of
potentially invalid instruments. To simplify the illustration, let Ly = 1. Similar to Masten
and Poirier (2021) in Example 4, under exogeneity E[U|Z] = 0, proper rank conditions,
and given a plausible exogenous value 3, the average treatment effect 0 is point identified by

E[XZNE[ZZ'|E[Z(Y — ZB)]

Ae(B) = Mu(B) = E[XZ|E[2Z]E[ZX]

In their empirical application, Conley et al. (2012) suggest using a continuous relazation

where
B = {ﬂ : ﬂj € [—Bj,Bj] ,j = 1, cey dzm(ﬁ)}

and B is a user chosen tuning parameter. In this case, B is known, which is a degenerate case

of consistently estimable B, and the inference procedure proposed in Section 2.4 applies. [

2.3 Inference with Finite 1B

In this section, I study inference on 6 with finite B, and I focus on connected union

bounds where

peB BeB

0e |:min>\g(,8), max)\u(ﬁ)]
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since this is the case in all examples with finite B in Section 2.2.2. A similar inference
procedure applies to general, potentially non-connected, union bounds with the form (2.1).

To simplify the presentation, I first assume that B is known. In this case, \¢(8) and
Au(B) are finite dimensional vectors indexed by 3, so I write each of them as |B| dimen-

sional vectors Ay and \,, with the b-th element Ay, and A, ;. I illustrate with a normally

distributed estimator 5\n = (5% 5\u) such that

Ao A | Xen X
()~ () m) ma=] g S 29

with ¥,, known, where Xy ,, 3y, and ¥4, , are |B| x |B| matrices. The true value A =
(Ae, Ay) € A and A can be a lower dimensional subspace of R2Bl ¢.g. as in Example 1. In
general, the normality holds asymptotically with appropriate scaling, and the asymptotic
variance can be consistently estimated. I later present theorems under general DGPs where
this condition holds in Section 2.3.4.

I propose a modified conditional CI constructed by inverting the test of the null hy-
pothesis

Hy:minMjp <0 < Aub- 2.
0 minAry max Ay (2.9)
The test takes the form

6 (6,50, %) = 1[1(0) > e™(6;0),

where T'(0) is the test statistic, and @ is rejected if T'(0) exceeds the modified conditional

critical value é¢™(0; «). Consequently, the corresponding 1 — o confidence interval is

CI™ (A, Sps @) = inf 9, sup 0. (2.10)
$(0,An,Zn)=0 (9 X,,5,)=0

2.3.1 The Test Statistic

The test statistic has a max-min form

() = in Z in Z 2.11
() = o { i Z2s, i Zu (211)
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where oy = A/ Lo ppy Oup = Mv

Aoy — 0 0 — Aup

Zgb = y and Zu,b = (212)
Tep Tub
Observing that Hp in (3.2) is equivalent to
: i — i — <0, .
Hy : max {%wb 6). min® w} 0 (2.13)

and the test statistic is constructed by replacing Ay and A, in (2.13) by their estimator,
adjusted for the standard deviation. Put another way, the population version of 7 (0), which
replaces (5\@, Xu) with (Ag, Ay), is non-positive if and only if Hy holds.

If we use a simple critical value ¢™ = ®~1(1 — §), then we will get a simple CI

. ~ o ~ (0]
5™ = | mi —opp® (1= = S 2.14
or  |wiphus - 0rs@ 7 (0= D) maxhug +owse - D)L @1

which is often used in current practice, see e.g. Kolesar and Rothe (2018), Hasegawa et al.
(2019), Ban and Kedagni (2022). The simple confidence interval is uniformly valid under
mild conditions, see Proposition 2 in Kolesar and Rothe (2018). However, in general, it can

be very conservative. To illustrate, define

by = argmindgy, b, = argmax\,y. (2.15)
beB beB

and observe that

P(@@éC[Slm :P(m {manglN rgnélzub} @1(1_(;))

< P (max {Zep, Zup} > 7' (1- )

<P (20, > 27 (1= ) + P (Zup, > 071 - 3))

5\ _Afb[ )\ébg_e
0¢b

> 311 - j)) (2.16)

Au )\u 9 - >\u —
( by Pubu bu S @1 - a)) (2.17)
O-u,b Uu,b 2



<242
S - = Q.
2

o
2
Here the first inequality holds because I replace the minimum of Z;, and Z, by the value at
by and b,, which may not be the realized minimizers in the sample. The second inequality
follows from P (A u B) < P(A)+P(B). The final inequality holds under the null hypothesis
(3.2).

The potential conservativeness comes mainly from the first and last inequalities. The
first inequality tends to be conservative when the minimum Ay, is close to other elements in
Ar. In such cases, we should consider the minimum of the vector Z, instead of merely Zy,.
The same reasoning applies to the upper bound. The last inequality becomes conservative
if the union bound is wide, i.e.

Aby — Aoy

> 0.
max {0y, , Orb, }

In such cases, either (2.16) or (2.17) is negligible, allowing us to replace ®~!(1 — §) with
®~1(1 — a). This scenario is also studied in Imbens and Manski (2004) and Stoye (2009)
for a single bound where |B| = 1. Besides the first and last inequalities, the simple CI is
also conservative because the second inequality does not fully use the joint distribution of
(Ze00s Zuby)-

That said, the simple critical value is near optimal in less favorable cases, where both

the minimum and maximum are well separated, and the length of the identified set is short,

i.e.

/\u,bu - Au,b

) . Auby = A
min ————= » 0, min » 0, o =~ 0. (2.18)
beB\bg o0p beB\by, Oub min {oyp,, Oup, }

In such scenarios, the first and last inequalities are close to equality, mitigating any signif-

icant power loss. This implies that ¢™

is nearly optimal among constant critical values
because it protects against the less favorable distributions, although at the cost of an in-

flated coverage rate against more favorable DGPs. Therefore, it is crucial to devise a
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data-dependent critical value that ensures proper coverage under case (2.18) but is more

efficient under other DGPs.

2.3.2 Conditional Critical Value

Following from the previous discussion, I now construct a data dependent critical value
that is valid under less favorable DGPs and more efficient otherwise. To do so, note that

under less favorable DGPs in (2.18),
P(E,0E,)~1 (2.19)

where®

By ={T(0) = 2,3,} 0 {\, <0} (2.20)

w={T0)= 2,5, } 0 {0 =0}

by = argminZyy, b, = argminZ, .
beBy beBy

If the critical value ¢(0) satisfies
P (T(0) > &(6) |[Er v ) <o <o, (2.21)
the unconditional rejection rate is bounded above by « following from (2.19). Therefore, I
construct a conditional critical value based on the conditional distribution
7(0) |[7(0) = 203, and T(0) [7(0) = Zu,
for by, b satisfying Mgy, < 0 < Ay p,.

Lemma 8. Under Hy and (2.8). Let b, by satisfy gy, < 6 < Ayp,, then

@ (7(6)) - @ (t,(6,61))
D (tr2(0,b1)) — @ (tg,1(0,b1))

{70) = 22, } P Unif(0,1)

@ (1(6)) = ® (tua(6,51))
D (ty2(0,01)) — @ (ty,1(0,01))

{76) = Zus,} FEP Unif(0,1)

5 If the minimizer of Z, is not unique, define by as the smallest element of the minimizers, with an analogous
definition for b,.
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where

1 - ~

min (1 + pral(b, b)> (Zu,; + pralb, b)Z&b) . if minpa(b,b) > —1
beB ’ beB

—Q0

ten (0, b) =

otherwise

—o0 otherwise

~\ —1 - -
Cmin (1=p0,8) (25— pbD)Z0s) i ming(bD) <1
beB:py(b,b)<1 ’ beB

+00

tgg(e, b) =

otherwise

~ —1 ~ ~
Comin (1= pu®0)) (25— pulbD)Z0p) i mingu(v,B) <1
beB:py (b,b)<1 beB

~ —1 N 3
min {1 + pg, (b, 2,5+ po(b,0)Zyp),  if minpg,(b,0) > —1
tu,1(0,b) = {563 ( peu( )) ( o5 T Peu(b,D) 7b> / minpeu(b,b)
tu2(0,b) = {

+00 otherwise

5 5,
po(br by) = 2 py (b, by) =~

2w brb
,0102
) 9 pfu(blabQ) = -
001, T0,bs Tubr Oubo

)
00,by Ou,by

and 2y, Z,, are defined in (2.12).

Loosely speaking, Lemma 8 implies that the distribution of 7'(8) conditional on 7'(6)

Zyp, is first order stochastically dominated by a truncated normal distribution
TN (07 1) [tf,l(ev bl)a t&?(ev bl)]) )

where TN (u, o2, [t1, tz]) is a normal distribution N (,u, 0'2) truncated at [t1,t2]. Hence, we

can guarantee conditional coverage by using the 1—a® quantile of TA (0,1, [t¢1(6,b),tr2(0,b)])
with o < a.

Define the conditional critical value ¢(6, o) as:

A ) be ™ (2.22)
271 (0@ (1,1(0,50)) + (1 )@ (12(60.5,))) i 2,5, < 2,5,

where a° € (%oz, «) is a user chosen tuning parameter, with a suggested rule of thumb value
%a. As we will see later, a® trades off the rejection rate under more and less favorable
DGPs.
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Proposition 9. Assume that
P(2,5,=2,;,) =0 (2.23)
Under Hy and (2.8), it holds that

P(Twy>&wﬂﬂ

By u Eu> <ol (2.24)

Under (2.23), the set E,u E,, can be partitioned into {T(Q) = Zg’bl} and {T(G) = ZW,Q}
for by, by satisfying A\p, < 6 < A\,. Hence (2.24) follows directly from Lemma 8. Condition
(2.23) holds in most examples previously discussed and is assumed in Proposition 9 for
simplicity. Under more favorable DGPs diverging from (2.18), the conditional quantile can
be significantly smaller than ®~1(1 — 5). To see this, let § = Ay, be the lower bound of
the identified set and assume that T(0) = Z,, 1f the identified set is very large relative

to the standard deviation, we have

t£,1(9,i)g) < <1 + péu(i)bbu)>_1 <Zu,bu + Péu(i?@ybu)zf,l;e)

~ —1 XZA — j\u,bu ~ UeA
= <1 + péu(bﬁa bu)) (M + <p€u(b€a bu) - M) Zgj,g r —0, (2'25)

Uu,bu O-'Ufybu

)\E,BZ 7A“»bu

where the approximation ~ follows from —%
u,by,

~ —0 for a large identified set. In this
case,

0,0 ~ &1 ((1 —a“)® <t572(9,35)>> <P 11— <d 11— %)

Moreover, if the minimum A, _, is not well separated from Ay j,, then the upper bound

=N Ap T Al

-1 )\ -
i : Y 0,b
te2(0,b¢) = min (1— be,b) ’ + —Z. | +2,;

2 ) beB:py (by,b)<1 il ) T 705 2,b, £,be

will be the minimum of several random variables, which will further reduce the critical
value.

I next illustrate the conditional critical value using a simple example.
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Example 10. (Simple Union Bounds) Consider a simple union bound
0e [min {)\1, /\2} , max {)\1, )\2}]

and the estimator satisfies
(Xl AL e — >\2> ~ N (0,T).

The test statistic has the form

T(Q) = max {min {5\1 —0, N — 9} ,min{@ — A1, 0 — 5\2}} )
Without loss of generality, assume that T(G) =X\ —0. In this case, the conditional critical

value s

&(0;0¢) = 1 ((1 —a%)® <X2 - 9) +a‘® (0 - ;\2))

<ol (1—a% <! (1 - %) , (2.26)

where the first line is by construction, and the first inequality follows from
o(fo-0)+@(0- 1) =1

If the minimizer and mazximizer are well separated, e.qg. Ay = 0 and Ay — 0, the efficient
critical value is @ (1 — ), as discussed in Imbens and Manski (2004). In this case, Ao will
be large and ¢°(0;a¢) — ®~1(1 — af), which is slightly conservative. This follows from the
fact that the conditional critical value is designed to correct for the case when all elements,
except for by and by, are far away from binding. On the other hand, if As is relatively small,
then the critical value is smaller. In Figure 2.2a, I plot the rejection region for the simple
and conditional critical values with o = 0.05 and a® = 0.04. The red curve is the boundary
corresponding to the conditional critical value, and the grey region is the rejection region
for the conditional critical value. Finally, the two square regions filled with lines are the
rejection region of the simple test. The rejection region of the conditional test is strictly

larger than the simple test, resulting in larger power. [l
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FI1GURE 2.2: Example 10 - Rejection Region

The red curve corresponds to é°(; a€). The blue solid line represents the lower truncation ét. The grey region on
the left panel denotes the rejection region for the test with the conditional critical value é°(0; ), and the one on
the right denotes the rejection region with the modified conditional critical value é™ (6, «). The two square regions

filled with lines represent the rejection region of the simple test. In this example, @ = 0.05 and o = 0.04.

It is important to note that ¢°(6, 1 — a®) may not serve as a valid critical value, because
P (Ey v E,) can be much smaller than one when moving away from (2.18). For that reason,
next, I show how to construct a uniformly valid modified conditional critical value that

retains favorable power properties relative to the simple critical value.

2.3.3 The Modified Conditional Critical Value

To guarantee proper coverage, I introduce a novel modification to the conditional critical

value:
™ (0; ) = &™(0,¢% a) = max {¢°(0, a%), '} (2.27)
where ¢' is defined later in (2.31).
To illustrate the construction of the lower truncation, let CI m(c) be the confidence inter-

val based on (2.10) with ¢™(0; «) replaced by ¢™ (8, ¢; ). Given a potential true parameter

A, the rejection rate at 6 is
p(c;0,A) =P (9 ¢ &m(c); )\> .

It suffices to define the lower truncation as the minimum value that achieves uniform size
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control, i.e.

c*(0) = inf {c eRy: sup p(g0,A\) < a} , (2.28)
)\EA(](Q)

where Ag is the set of feasible A satisfying Hy:
Ao(0) = (Aes Ay) € A imin Ay <6 < Aub (-
0(0) {( ¢ Au) € A min Agp max ,b}

Note that ¢*(f) < ™ = &~1(1 — §) because
p(CSim; 97 )\) Sqye’

from the discussion in Section 2.3.1. In fact ¢%(#) is usually significantly smaller than ¢5™.

The intuition is that by virtue of Lemma 9, truncation is unnecessary for DGPs such that

1—«
1—ac

P(Eyu Ey; ) = (2.29)

with a¢ < «, where Fy, E,, are defined in (2.20). Thus we only need to consider truncation
in more favorable DGPs deviating from (2.18), i.e. when the minimizer or maximizer is not
well separated, in which case a smaller critical value suffices. Given (6, A), we can calculate
p(c; 0, \) by simulation. Nevertheless, calculating o1 (c*) can be time consuming because
(i) we need to calculate ct(f) for a grid of 6 to get the confidence interval and (ii) Ag(6) is
an unbounded set, which slows the computation down.

To improve computational efficiency, I propose a lower truncation that does not depend
on 0. First, note that for given A, either 6 € [0y,0,,] or 6 € [0p,,0,], where 6, = Ay,

B = Aup, and O, = (0 + 0,)/2. As a result, we can bound p(c; 6, A) by
p(e;0,)) < max {P ([ae, 0] & CT" (c); )\) P ([em, 0,] &€ CT" (c); A)}
< max {P (T(a,z) > & (6, ¢) or {:ﬁ(em) > & (B, ¢) and T(6,) > am(eu,(;)} ;)\> ,
P (T(eu) > @ (Gy, ¢) or {T(em) > @ (G, ¢) and T(6,) > & (6, c)} ;A)}

=:p(c, A). (2.30)

27



Therefore, it is valid, but conservative, to replace p(c; 8, \) in (2.28) with p(c, A). In addition,
to avoid maximization over an unbounded set, let Abeal— n compact confidence set of

A, such as®

N ’5\4,1; — Ao o (1 n > Aup = Aup o <1 n >
< (1 , <SP(1—
aup 4|B| Tub 4|B]

with suggested value n = 0.001. In sum, it suffices to use

AU = ()\fa)‘u) €

&t = inf {c >0:sup p(c,\) +n < 04}, (2.31)
¢ AeA,

and p(c, A) is defined in (2.30). In terms of computation, p(c, A) can be conveniently calcu-
lated via simulation, and we only need to calculate the maximization over a bounded set
once rather than for a grid of §. In general, with 1 small enough, ¢* is much smaller than
11— $) by the intuition explained around (2.29). Moreover, in many examples, the
feasible space A is a lower dimensional subspace of R2Bl, so that the supremum is taken
over a space much smaller than R2Bl which reduces the computational cost.

The lower truncation ét

is more likely to bind under more favorable DGPs, and it
decreases in the tuning parameter a°. Hence, a° trades off the power between more and
less favorable DGPs. A larger af leads to higher power under less favorable DGPs, while

a smaller o leads to higher power under more favorable DGPs. It is possible to choose an

optimal af by, e.g., maximizing the weighted average power. I leave this to future research.

Remark 11. The relazation in (2.30) to get p(c, A) is not overly conservative. To see this,
if the identified set is large, 0,, will be covered by the modified conditional confidence interval
with probability close to 1, so the conservativeness introduced by this relazation is negligible.”

Conversely, if the identified set is very small, then the set’s coverage will be similar to the

6 Section 3.5.2 gives a more efficient A, set.

7" To see this, note that by construction ¢® > 0, so [)‘5,5[7>‘u,13u] c cm (S\mZn;a). If
\/H(A%bu - /\4752) — 00, we have P (5\2152 <0, < /A\uj,u> — 1.
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coverage of a point. Moreover, we can reduce conservativeness by increasing the number of
elements in the partition at the cost of increased computational difficulty. For instance, we
can add the quarter point 0,4 = (307 + 0,,)/4 and three-quarter point 03,4 = (0¢ + 30,)/4 in

addition to 0, and bound p(c; 0, \) by

p(c; 0, ) < max {P ([05,01/4] o &m(ct);A) P ([91/4,9171] o &m(ct); /\>
P ([em,93/4] & é?m(ct);x) P ([03/4,9u] & C1™(ch); )\)}

which requires conducting the test at five points 0y, 01,4, Om, 03,4 and 0y, but returns a

weakly shorter CI. O

Example 12. (Simple Union Bounds, Cont.) For simplicity, in this example I let n = 0.
With o = 0.05 and o = 0.04, we can calculate that ¢! = 1.06. In Figure 2.2b, I plot
the rejection region of the modified conditional test and the simple test. The blue dotted
curve is the boundary corresponding to the lower truncation ct, and the grey region is the
rejection region for the modified conditional test. The rest are the same as in Figure 2.2a.
As we can see, the rejection region of the modified conditional test is strictly larger than the
simple test, leading to power improvements. Compared to the simple rejection region, the
conditional test also rejects if both M1 and Mg are small. The intuition is that if both A1 and
Ao are close to zero, then there are multiple approximate minimizers and mazimizers, so

t

we only need a small critical value. The lower truncation ¢* removes some counter-intuitive

values from the rejection region close to Hy, e.g. (5\1 — 0, Ay — 0) = (e,e) ~ (0,0). O

2.3.4 Size and Power Properties

I now present the conditions under which the modified conditional CI has asymptotic

uniform validity.

Assumption 13. (Known Singularity) There are known |B| x J matrices Ay, Ay, such that

Ao = Agp, Ay = Audp (2.32)



Se=[ A4, AL T[4 A ]

~ ~

for some (0p, On, S2y).

Assumption 14. (Asymptotic Normality) Let BLy denote the set of Lipschitz functions
which are bounded by 1 in absolute value and have Lipschitz constant bounded by 1. We
assume

lim sup sup
n—=% peP feBL,

Ep | £ (vn (3u—or))| - ELr€R)| = 0.

where Ep ~ N(0,Qp).

Assumption 15. (Full Rank) Let S denote the set of matrices with eigenvalues bounded

below by e > 0 and above by € = e. For all Pe P, Qp€e S.

Assumption 16. (Consistent Covariance Estimator) We have an estimator Q, that is
uniformly consitent for Qp,

lim sup P (HQn — QPH > 8) =0

n—©0 pep

for all e > 0.

Assumption 17. (Confidence Set of (Mg, \)) For all m € [0,9), the confidence set An
satisfies

I ‘f‘fP( A f\)>1—.
iminf inf (Aes Aw) € Ay n

n

Assumptions 13, 14, 15 and 16 imply that /n <5\n —A p) is asymptotically normal with
a consistently estimable variance. The asymptotic variance is allowed to be singular, but
the source of the singularity, i.e. Ay and A,, is known to the researcher. Given this, we
only need to verify whether Ay, = —aA,p, for some a > 0 to know whether pg, (b1, b2)
is at the boundary —1, which simplifies the construction of ¢°(f, «). These assumptions
hold for the examples in Section 2.2.2 with finite B under mild conditions. Assumption 17
requires that A is a uniformly valid 1 — 7 confidence set of (A, M), €.8. A implied by (A.2)

in Section A.1.1.
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Theorem 18. (Uniform Coverage) Suppose Assumptions 13, 14, 15, 16, and 17 hold. Let

ae(0,1/2), a®e (%,a), ne [0,2952). It holds that

lim sup sup sup P (9 ¢ CI™ (S\n, f]n/n, a)) < a.
n—% " PP ge[ A4y M b
Remark 19. Theorem 18 shows that the modified conditional CI has uniform asymptotic
coverage under a large set of DGPs. Moreover, with some modification, the proposed method
can be applied to cases where Assumption 16 fails. The main idea is that we can rewrite
the union bounds as the union of several sub-union bounds, with Assumption 16 holding in

each sub-union bound. By taking the union of Cls for each sub-union bound, we can get a

valid CI for 6. O

Remark 20. The same inference procedure and coverage property apply when B is unknown
but consistently estimable in the sense that dp (B, B) 2, 0 uniformly where dg is the

Hausdorff distance and B < B is the estimator for B. B is a finite outer set of B. The

reason s that for finite B, there is € > 0 such that
hmnlnf Ilarng (B = B) = hn%lnf IIDIGI;;P (dH (B, B) < 5) =1. (2.33)

Therefore, asymptotically we can treat B as the true set without adjusting the estimation
uncertainty. Masten and Poirier (2021) and Apfel and Windmeijer (2022) implicitly assume

(2.33) in their empirical applications, see Example 4 for more discussion. ]

Next, I compare the modified CI to two existing approaches which are also uniformly
valid: (i) the simple CI given in (2.14), and (ii) the adjusted bootstrap CI proposed in Ye

et al. (2023).

Theorem 21. (Power Comparison with Simple CI) Suppose Assumptions 13, 14, 15, and

16 hold. And A, is defined as in (A.1). Let o€ (0, ), ae (%,a), ne[0,252). If one of

the following two conditions hold
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1. (Symmetric Bounds)Ay = Ay, and P, satisfies

lim sup max min py (b1, b2) < pi(a, a), (2.34)
Pepn bleB bQEB
lim sup pg(be, bu) < p3(a,n), (2.35)
PePy,

where p*(a, af) and p5(a,n) are defined in Lemma 69 and Lemma 66, respectively.’

2. (Large Bounds) Let ky, = o(+/n) and k, — o, and
K
Pn=4P€P: Aup, — Aepp, = Nk (2.36)

It holds that

1. Modified conditional CI is shorter: there is o/ > « such that

lin}hbinf inf P (Clm (5\,1, Sn/n; a) c orem (S\n, Sn/n; O/)) =1. (2.37)

PeP,

2. Modified conditional CI has higher power: for all P, € Py, there is a subsequence P,,

and k € (0,400) thus that

liminf P, (ean ¢ CI™ (Xan, S /an; a)) — P, (ean ¢ CI5m (Xan, Sa /an: a)) > 0.
(2.38)

for 0, =60, — ﬁ The same applies to the upper bound.

The first part of Theorem 21 considers the case where the upper and lower bounds are
symmetric, as in Kolesar and Rothe (2018), Masten and Poirier (2021), and Rambachan
and Roth (2023). If the correlation coefficients among A¢ are not too large, the modified
conditional CI is strictly shorter than the simple CI. The upper bounds pi(a,a‘) and

p5(c,m) can be easily solved for numerically, and I list the value for a few combinations:
p7(0.05,0.04) = 0.84, p7(0.10,0.08) = 0.83,

p%(0.05,0.001) ~ 1, p%(0.10,0.001) ~ 1.

8 Here pe(b1,b2) = pu(b1,b2) = peu(b1,b2), so I only impose restrictions on pe.
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The values are large and thus the restriction (2.34) is not binding in most applications.
The second part of Theorem 21 compares the modified conditional CI with the simple
Cl in a different set of DGPs. It shows that if the identified set is relatively large compared

to the standard deviation of the estimators, which is O(ﬁ), the modified conditional CI

is shorter than the simple CI with probability approaching one. The intuition follows from
the discussion around (2.25).
Next, I compare the modified conditional CI with the adjusted bootstrap procedure

proposed by Ye et al. (2023). Their bootstrap procedure relies on a random draw of a

subsample with size m = %, and thus the convergence rate of the confidence interval to

the identified set is 4/m, slower than \/n.

Theorem 22. (Power Comparison with Ye et al. (2023)) Let CIYKHS <5\n, Sn/n; a) be the

adjusted bootstrap procedure proposed in Hasegawa et al. (2019) Algorithm 1 equation (15)

n

with tuning parameter m = -, where k, — 0 and kn = o(n). Let a > 0, k|, = o(\/kn),

ki, — 00. Define local alternatives

/ !/

K
—a, or anril%x Aup + —=a.
S

Vn Vn

0, = min \pp —
n be 3 £,b

Then
liminf inf P <9n ¢ CI™ (Xn, Sa/n; a>> ~1 (2.39)

n—o Pe

lim sup sup P <9n ¢ O] VEHS (;\n, ﬁ]n/n; a>>

n—w PeP

A

(07

Theorem 22 follows from the convergence rate of CTYXHS and CI™. The sequence of 6,
is rejected by the modified conditional CI with probability approaching one following from

[YKHS

Lemma 61, while it is rejected by C with probability bounded above by «. Hence,

CT™ has large power improvement upon C7YKHS,
2.4 Inference with Infinite B

In this section, I explore the inference procedure with potentially infinite B. This

approach has broad applications in counterfactual analysis within a structural model, where
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B represents the identified set of the structural parameters, and the target object 6 is the
counterfactual of interest.
The identified set of # can be expressed as

0e U [)\P,g(ﬂ,@P), Apu(B,¢P)]

BeB

where B B is formed by the moment inequalities:
Ep [mj(Xii B.0p)] <0, j = 1,0 1, (2.40)

Ep[mj(Xi;B,0p)] =0, j=J1+1,...,J1 + Jo, (2.41)

as is often the case in empirical applications. Here, B is the known parameter space of 3,
{X;};_, is an independent and identically distributed (i.i.d.) sequence of random variables
with distribution P and (mq,...,my,+z) : R? x B x & — R/1*72 is a known measurable
function of a finite dimensional parameter vector (3, ) € B x ®. In turn, ¢ is a nuisance
parameter with a point identified true value ¢p, which can be estimated in a preliminary
step without using the moment inequalities in (2.40) and (2.41). Additionally, I assume

that

pr = ¢! (Ep[mg (X)), (2.42)

where m,, and @' are known measurable functions. Given a potential true value (3, the

object 0 is bounded by Ap¢(8,¢p) and Ap, (53, ¢p). For this, I assume that

Api(By9) = AL (Bp [my (X5 8,0)]) k= L,u, (2.43)

where my, : R? x B x & — R%, )\L : R% — R are known and measurable functions. I give
a detailed illustration in Section 2.5.2 based on Dickstein and Morales (2018).

It is important to note that (2.42) and (2.43) impose that estimands are functions of
moments of the data. However, it suffices to have that the asymptotic distributions of the

estimators for (Apy¢, Apy, pp, Ep [m;(X; B, ¢)]) can be easily approximated.
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2.4.1 Notation

To begin, I define the estimators used for inference. I treat moment equalities as two

opposing moment inequalities and define J = J; 4+ 2Jo moments by letting

mg = (m1> sy M+ Jos =M +Jo+15 -+ _mJ1+2J2) .

Then, define

1 n
mg (Bre) = D imyg (X5 B,¢),
1=1

3\'—‘

an (X 8,¢), k=1{u,

1 n
=— Z mey (X
n 4
=1
Intuitive point estimators for Api (83, ¢p), k = £, u, are given by

Me(B) = AL (s (8, 9)) (2.44)

with first step estimator ¢ = T (1,).

Next, I present the covariance matrix for the asymptotic distribution of

mg(8,¢) — Ep[mg(X;5,¢p)]
Gn(B) = vn Ae(B) = Aep(B,ep) : (2.45)
)\u( )_ u,P(BaSOP)

Let
Qp(B) = varp (( m' (X5 B,0p), my(X;B,0p), my(X;B,0p), my(X) )/>

denote the covariance matrix for the moments evaluated at (3, ¢p). The variation of G, (5)
arises from two sources: (i) the use of sample averages for expectations, which comes from
the variation in mf7, mg, my; and (ii) the estimation uncertainty in ¢, which comes from

the variation in m. Define the Jacobian matrix of the estimator

(M7 (B, %) Ae(B), Au(B))
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with respect to the moments as

IJ) 07 07 vtp/E [m(Xaﬁ)sOP)] VISOT
Gp(B)=1| 0, VAL o, Ve Ape(B,0p)V' ! : (2.46)
0, 0, VAL Vedeu(Bep)V'e!
Then the first source of the variation of G, () is captured by the first three block columns

of Gp while the second one is captured by the last block column of Gp. In (2.46), V’AL

is short for Vm/)\L(m) with k& = £,u and V' is short for Vm/gDT(m)}E[mw(

Elmy(B,pp)] X

Under mild regularity conditions, the asymptotic variance of G, (/) is given by

Yp(B) = Gp(B)Qp(B)GR(B).

Throughout the essay, I assume that there exist consistent estimators G(3), Q(3) for Gp(3),
Qp(B), respectively. A computationally simple and intuitive estimator of f](ﬁ) is

£(8) = GBIUBE(B).
To simplify notation, let

65(8) =[S Vi =1,y G0(B) =\/S5n1(B),  Gu(B) = \/Ssra(B), (247)

Gue(B) = \/[ Oixss 1, =1 ]S(B)[ Oreys 1, -1 ]

where ,4(3) is the estimated variance of \/n <5\u(ﬂ) — M(B) = Apu(B, 0p) + Ape(B, gpp)).

Define 0(8), o¢(8), 0ue(8) as in (2.47) with 3 replaced by .

Lastly, let
Vg Apr(B,ep)
D = T k= 2.4
P,k‘(ﬁ) O'PJC(/B’ (pp) 9 Ea u, ( 8)
Vg E[m;(X;8,0p)] .
Dp; = =1,.. 2.4
Py (ﬁ) O_P,j(ﬁg (PP) y J JREXS) J7 ( 9)

be the Jacobian of the objective and moment conditions with respect to the parameter
B normalized by the standard deviation. Furthermore, assume the existence of consistent

estimators Dy () and f)j(ﬁ).
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2.4.2 The Confidence Interval

The confidence interval has the following form

= |inf A —&E(ﬂ)é sup \ g
CIn—LelféM(ﬁ) i (B, ﬁegAu(ﬁ)Jr n

where B is an estimator for B defined as

B = {5e3; \/W < én(B), V) = 1,...,,]}, (2.51)

and ¢(f) is the critical value specified below. The same critical value is used for both the
moment restrictions and the bounds 5\5, 5\u The main reason is that, for both the objective
and moment conditions, the critical value provides an upper bound for a normal random
variable with a non-positive expectation and unit variance, and consequently it is natural
to use the same critical value.” In addition, it is computationally easier than calibrating
multiple critical values.

Next, I define the critical value é,(/3). The critical value is given by

en(B) = max {2a(8), c(B)}, (2.52)
where for k = £, u, [{] = u, [u] = ¢,
¢x(B) = inf {c eR;:P <A gi?ﬁ )Zz(ﬁ) + Dp(B)A < ¢, and (2.53)

st ) DI ) <

{Xi}?_1> >1- a} ,  (2.54)
and the random feasible set for A is

An(B,0) ={Ae VB - B)np[-1,1]":
(2.55)
Z3(8) + Dj(B)A + (8) <, j=1,..., J} .

The elements in (2.53), (2.54), and (2.55) are listed below.

9 To see this, (2.60), (2.62), (2.63) have similar structure with non-positive last term %,
Ape(B)—0  0—Xp 4 (B)

ope(B)/v/n’ opu(B)/vn

respectively.
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L. Z%(-), Zi(+), Z;,(+) is simulated from

—1/2 .

(258, Z5(B), Z5(B)) | {Xi} iy ~ N (0, diag (i(ﬁ)) X (B) diag (2(5)) 1/2)

2. (i(B), Co(B) in (2.54) and (2.55) are generalized moment selection (GMS) type func-

tions defined as

if YVBE) S g i
Gy =0 TRee 2 toerd= Al
—o0  otherwise
2 0 if — Yilu®-Ae)

G(B) = tin max{&u(8),6¢(8):6ue(B)}
—o0  otherwise
where k,, = o(ni) and k, — o0, with a suggested value v/Inn. It is easy to see that if
Co(B) = 0, it holds numerically that é&(8) = é,(8); and if (o(8) = —o0, the constraint
with ka](ﬁ) in (2.54) is negligible.

3. p > 0 is a user-chosen tuning parameter with the recommended rule of thumb value

p—! (;%(pn/(‘]ﬁf”»l/d) (2.56)

with 7 = 0.01. The critical value é,(8) is weakly decreasing in p, thus a larger
p returns a shorter confidence interval. Nevertheless, uniform validity of inference
requires p < o0.
Note that (2.53), (2.54), (2.55) are linear in A. Therefore, with polyhedral B, which is a
frequent scenario in practice, the computation of the critical value ¢(8) can be simplified
to the process of solving linear programs.
The construction of the confidence interval uses the insights of Kaido et al. (2019), and

the intuition is as follows. By definition, there is some “true value” 8 € B such that

0 e [)\P,é(ﬁv (,DP), )\P,u(67 @P)] .
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A sufficient condition for 6 being covered is that there exists
BeBn {ﬂ+p[—1,1]d} (2.57)

such that (i) € is covered

()~ 290 60(5) < 0 < () + 200 (B (2.58)
and (ii) the moment conditions are not rejected
Vnm;(8) <én(B), VYi=1,..,J (2.59)

That said, we only need to calibrate ¢(3) such that (2.58) and (2.59) hold with probability no
less than 1 — « for some B in the true value §’s local neighborhood, without considering the
coverage of 3 itself. This returns a much smaller critical value than uncalibrated projection,
which covers the structural parameter 5 with prespecified probability in the first step.

In (2.57), B is restricted to a local neighborhood of 3, and the tuning parameter p
defines its boundary. This allows us to linearize (2.58) and (2.59), so that they can be
approximated by (2.53, 2.54) and (2.55), respectively. As for (2.59), a first-order Taylor

expansion gives

\/ﬁm{(ﬁ) %Gn,j(ﬁ) + Dp,(B)

VnE [m;(8,¢p)]
5;(8)  opi(B) At

op;(B)

(2.60)

where A = \/n(3 — f3), G, Dp, and op are defined in (2.45), (2.49) and below (2.47),

respectively. In (2.55), I replace % and Dp ;(/) with their feasible analogs. In addition,
3]

VnE[m;(B:¢p)]

it is well known that the last term ,
op,j (ﬁ)

can not be consistently estimated, but
can be conservatively approximated by the GMS function proposed in D. W. K. Andrews
and Soares (2010). Therefore, (2.55) is a valid approximation of the moment restrictions in
(2.59). Similarly, (2.58) is equivalent to

W &5 m e (B
sdyva B e e (261)



Local approximations of the standardized A\o(3), Au(8) are

M(B) =0 Gnu(B) Ape(B) — 0
oByivn ore®) TR S B e (262
60— 5\u(B) Gn,u(ﬁ) + DPu(,B)A + 60— )\P,u(ﬁ) (2.63)

6u(B)/vi  oPu(B) b (B) N/

The approximations for (2.62, 2.63) are similar to the moment restrictions, except for the

last term U)‘If ;(EBB))/?/QH and :;A(%;/(\[i)ﬁ Here, 0 is unknown and partially identified, thus the

GMS function does not directly apply. However, observe that if

Vi (Aru(B) = Ape(B))

knmax{op.(B),0pe(B), opu(B)}

— 0, (2.64)

Ape(B)—0 0—-Apu(B)

either N N NG would go to —oo and at least one inequality in (2.61) is not

binding with probability approaching one. Otherwise, we can replace both terms with zero
if (2.64) does not hold, which introduces a conservative distortion, which in turn leads to

the restriction in (2.53) and (2.54).

Remark 23. The construction of ¢, uses the insights from Kaido et al. (2019) but with
two main differences. First, Kaido et al. (2019), as well as many moment inequality papers,
assume that all parameters are jointly estimated by a set of moment conditions, while in
this essay, I allow for first-step plug-in estimator ¢ and suggest an easy adjustment for its
estimation uncertainty. Second, the target object of Kaido et al. (2019) has form 6 = \(B)
with a known function \(-), while my essay assumes that 6 € [Ae(B), A\u(B)] with \¢(-) and
Au(+) estimated. In addition, the definition of Jacobian Dp; in (2.49) is different from
Kaido et al. (2019), where Df.f;MS(-) = Vg {E[m;(X;-)] Jop;(:)}. Note that under mild
conditions, Dp;(-) and Dgé\/[s(-) are asymptotically equivalent for B, € B such that the
moment is close to binding, i.e. E[m;(X;pn)] = o(1). If E[m;(X;B,)] is bounded away
from zero, Dp;(-) and D{%MS(-) become irrelevant, since in this case, moment j is either

slack or rejected with probability approaching one. I use the definition in (2.49) as it is easier
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to calculate. Moreover, the analogous Jacobian for A\ defined in (2.48) follows directly from

the Taylor expansion in (2.62)-(2.63), where the denominators are fived. O

Remark 24. The construction of the CI relies on test inversion over the structural pa-
rameter space, which can be time-consuming. However, the E-A-M algorithm proposed by

Kaido et al. (2019) can enhance computational efficiency with certain modifications. O
2.4.3 Asymptotic Results

I present next the assumptions that are important for proper coverage.

Let B® be the & expansion of B
B = {ﬂeRd . d(8,B) < g}.

Assumption 25. B < R? is a compact hyperrectangle with nonempty interior.

Assumption 25 restricts the shape of the parameter space. It is satisfied in most ap-
plications and guarantees that the calculation in (2.53) can be obtained with simple linear
programs.

Assumption 26. Let

/

Dp=[ Dpi(B) ... Dps(B) Dpu(B) Dpu(B) ] .

There is M < o0, € > 0 such that for all P € P, for all B,B eB

)

Gr(B)— Gp(B)| = M |55

)

|Dp(8) — Dp(B)] < M |5 - 5
IGp(B) <M,  |Dp(B)| <M.

Assumption 27. The following conditions hold uniformly over P.

1. There ezists estimator D(B) such that

sup
BeB®

D(B) — Dp(B)| = op(1).
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2. For all € > 0, the estimator G(B) satisfies

liminf inf P (sup sup HG(B) - GP(B)H < e) =1.
n  PeP m=n geg

Assumption 26 imposes that the derivatives Dp and Gp are sufficiently smooth in their
arguments, and Assumption 27 requires consistent estimators for the Jacobian Dp and G p.
Under these two assumptions, we can approximate the Taylor expansion in (2.60), (2.62),

(2.63) with feasible analogs.

Assumption 28. For some constants w > 0, € > 0, all distributions P € P satisfy the

following condition. Let

. Ep[m; (Xy;8,¢p)] }

Ju(P, ;g—{ efl, -, ) > el 2.65
1( 6 ) J { 1} UPJ(Ba@P) ( )
Te(P,Bic) = {u, 0, J1 + 1, ..., J1 + Ja} Z'fTo,pﬁ = —€ (2.66)

MO {k, J1 +1,...,J1 + Ja} otherwise '

where

o Ape(Biop) — Apu (B op)
OPB = max {ope(B), 0pu(B), opue(B)}

Then for k = £, u,

inf eig (S, (pgie)o (i) = @,

where eig(X) is the smallest eigenvalue of X.

Note that J1(P, 8;¢) u Ji(P, B; €) is the collection of moments that are close to binding.
Assumption 28 imposes that the covariance matrix for those moments is non-singular. In
Assumption 73 in Appendix A.4.2, I relax this assumption by allowing the covariance matrix
of paired moments to have a singular limit at the cost that the sum of two paired moments
should be non-positive for all samples. This is an analog of Kaido et al. (2019) Assumption

E3.2.
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Theorem 29. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption
28 or 73 holds. Let 0 < o < 1/2. Then

liminf inf inf POeCl,)>1-a.
n=%0 PEP ol 55| Ap.e(B)Apu(B)]

Assumptions 72, which is a regularity condition for the moments, can be found in

Appendix A.4.2.

2.5 Simulation

In this section, I study the size and power properties of the proposed procedures and

compare them to several alternatives.

2.5.1 When B is Finite

When B is finite, I conduct simulations in the context of Example 1, i.e. relaxation of
the parallel trends assumption as in Rambachan and Roth (2023). Besides the modified
conditional confidence interval proposed in Section 2.3, I consider two existing procedures
for union bounds: (i) the adjusted bootstrap in Ye et al. (2023), (ii) the simple confidence
interval in (2.14), and (iii) the inference procedure in Rambachan and Roth (2023).1% All
three methods are uniformly valid. All tuning parameters are set at the values in the papers
in which they are proposed.

Each sample {Y;}_; and estimator is generated by

1

The inference is conducted using the pair (9,3). The covariance matrix ¥ is calibrated
from the empirical results reported in (i) Dustmann et al. (2022) Figure 7(c), (ii) Benzarti

and Carloni (2019) Figure 2(E), (iii) Lovenheim and Willén (2019) Figure 3(A), and (iv) P.

10 Ye et al. (2023) propose two Cls for the parameter of interest in their Algorithm 1 equation (15): one
with the tuning parameter m/N — 0, m — oo and the other with m = N. The second one is not uniformly
valid, and thus I only consider the first one with m = N/log(log(N)) as suggested in their Section S1.4.
For Rambachan and Roth (2023), I use their hybrid conditional CI with tuning parameter n = {5, which
is the default choice in their code.
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Christensen et al. (2023) Figure 5(b). Specifically, ¥ is set to be the estimated covariance
matrix for t = =T, ..., —1,1, where T is reported under Figure 2.3. For each ¥, I considered
three true values for 74: (i) the parallel trends assumption holds, i.e. v7"¢ = Op; (ii) there
is a small violation of the parallel trends, where vP"¢ is calibrated from the same source
as X; (iii) there is a large violation, where 4#"¢ = (100a7,07-1), op = maxpeg {orp}-
Without loss of generality, I normalize 4?5 = 0 in all DGPs. In sum, I consider 4 x 3 = 12
empirically motivated DGPs. Note that the simulation results of the modified conditional
CI, the Rambachan and Roth (2023) CI, and the simple CI are invariant to n, while YKHS
depends on n because of a subsampling step. In this simulation, I set n = 5000 and
S = 1000 sample draws.

In Figure 2.3, I plot the rejection rate near the upper bound. The lower bound is
similar and thus omitted. The horizontal axis is the value of #, while the vertical axis is
the rate that 6 is not included in the CI. The asterisks represent the identified set, and
the nominal rejection rate is 10%. The modified conditional CI is the red curve and it has
proper size control in all simulation designs. The simple CI is the black dotted curve and
it has significantly lower power than modified conditional CI in all designs.

Rambachan and Roth (2023) CI is plotted in blue dashed curves. The performance of
Rambachan and Roth (2023) varies with the DGPs, and the power is usually between the
modified conditional CI and simple CI, see e.g. Figure 2.3a, 2.3d, and 2.3j. In some DGPs,
Rambachan and Roth (2023) may perform worse than the simple CI, e.g. in Figure 2.3h.
When there is only one large violation, for example in Figure 2.3¢-2.31, the minimum and
maximum of the union bound are well-separated from other bounds, and Rambachan and
Roth (2023) is near optimal by their Corollary 3.1. In this case, the modified conditional
CI has a slightly smaller rejection rate and is close to optimal.

YKHS is plotted in green circled curves. YKHS has slightly higher power than the
modified conditional CI for points very close to the identified set but often suffers from
large power loss for points farther away, see e.g. all designs except Figure 2.3g and 2.3h.

This is consistent with the slower convergence rate of the YKHS CI to the identified set
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and Theorem 22.

2.5.2 When B is Infinite

When B is infinite, I use the setting of the simulation in Dickstein and Morales (2018).
Consider a simple trade model with ¢ = 1,..., N firms deciding whether to export to a
foreign market f, f = 1,..., K. The revenues in home and foreign markets are determined
by

rp, = X1+ Xo + X3,

T = QfTy + €.

The expected profit of export is given by
pr=n""E[ri| J] - B — B,

where 7 is the elasticity, J is the information set the firms have when making the export

decision, and (X1, X9, X3,v) ~ N (0,Z4). Then the decision is given by

=1[n " E[esra| T) B — B2 = v|

where 1 = Bl_ LBy = 61_ 13,. This reparameterization is just for simplicity. The researcher
observes (X,ry,d,dry) and a subset of the information set Z < J. The parameters are
(¢f,B1,P2), and n = 2 is known to both the researcher and firms.'! The counterfactual
of interest is the change in the number of exporters if the information set changes from
Jsmall = {X1} t0 Jarge = {X1, X2, X3}. The details of moment conditions and counterfac-
tual outcomes are given in Appendix A.2.1.

In this simulation, I set the sample size NK = 2000, and the simulation is based
on S = 1000 sample draws. The nominal rejection rate is « = 0.1. The true value is

(B1,62) = (1,0.5) and ¢y = 0.5 for all f = 1,..., K. In Table 2.1, I report the calibrated

11 Note that this is in fact a normalization since 7 and 8; cannot be identified separately.
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(j) Parallel Trends with ¥4 (k) Small Violation with (y4,%4) (1) Large Violation with 34

FIGURE 2.3: Simulation Results for fiinte B - Rejection Rate with a = 0.1

The horizontal axis is 6, while the vertical axis is the rate that 6 is not included in the CI. For instance, in 2.3a,
point (0.5,0.33) on the black curve implies that 6 = 0.5 is not covered by the simple CI with probability 33%. Here
(p1,X1) is calibrated from Dustmann et al., 2022 with T = 3, (u2, X2) from Benzarti and Carloni, 2019 with T = 4,
(p3,23) from Lovenheim and Willén, 2019 with T = 9, % (4, %4) from P. Christensen et al., 2023 with T = 15.



Table 2.1: Simulation Results unknown B with o = 0.1

# markets Identified Set Calibrated Projection CI (%) Bonferroni CI (%)
Median CI Coverage Median CI Coverage
K=1 [2.344, 5.359] [0.247, 10.176]  [99.8, 99.7] [0.178, 11.457]  [100, 99.9]
K=4 [2.344, 5.359]  [0.233, 10.226]  [99.8, 99.8| 0.161, 11.559]  [100, 99.9]
K =38 [2.344, 5.359] [0.237, 10.356]  [99.9, 99.7] [0.158, 11.682] [100, 99.9]

projection CI using the inference proposed in Section 2.4, as well as a Bonferroni type CI

defined as

CI" = | min A(8,¢) = @' (1= D)oe(B),  max A, (8.¢)+ @ (L - D)au(B) |

BeB,_g 4 BeB,_g 4

where gl_% is a 1— 5 confidence set of B calculated based on D. W. K. Andrews and Soares

(2010). This Bonferroni CI is a valid alternative to the new CI, but less efficient, especially

when the dimension of S is large. Both the Bonferroni CI and the calibrated projection CI

have proper coverage, but the length of the calibrated CI is smaller than the Bonferroni
CIL

2.6 Empirical lllustration
2.6.1 Sensitivity Analysis for Effects of the Minimum Wage

In this section, I apply the modified conditional CI to the sensitivity analysis in Dust-
mann et al. (2022). The authors study the labor market effects of the minimum wage
implemented by the German government in January 2015, impacting approximately 15%
of the workforce. The minimum wage policy remains a subject of considerable controversy
within the labor market, as it simultaneously addresses wage inequality while potentially
leading to disemployment. One main conclusion of Dustmann et al. (2022) is that the
minimum wage increase resulted in higher wages without causing a decline in employment
levels.

To study the employment effect, the authors estimate the DiD design

2016
log(emp,,) = Z VGAP, 1T =t]+ o, + & + et (2.67)
T=2011,7#2014
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where log(emp,,) is the log employment in district 7, time t; GAP, is a measure of the
exposure to the minimum wage; «, and &; are district and year fixed effects. The parameter
vector 7 is the event study coefficients with 9914 normalized to zero. Figure 2.4a shows the
estimated coefficients {9;} from specification (2.67). Under the parallel trends assumption,
the high and barely exposed districts evolved at the same rate in the absence of the minimum
wage policy. In this context, the coefficients v2915 and 2016 in the post-policy years serve
as measures for the employment effects of the minimum wage policy. However, Figure
2.4a indicates that the coefficients 79011, v2012 and 9913 in the pre-policy years are not
statistically or economically indistinguishable from zero. Hence, it is evident that the
parallel trends assumption does not hold. Consequently, the authors conduct sensitivity
analysis using Rambachan and Roth (2023), as detailed in their Appendix A.14.

In particular, the authors conduct the sensitivity analysis using the second differences

relative magnitudes (SDRM) relaxation. This approach assumes that

[(§2015 — Y2014) — (V2014 — Y2013)| < M (s = Vs—1) = (Vs—1 — Vs—2)| s

max
5=2014,2013

where 9915 represents the potential differential trend without the minimum wage policy.
Essentially, without the minimum wage policy, the slope change at ¢ = 2015 is bounded
above by a factor of M times the previous slope changes. M measures the level of relax-
ation. This aligns with the approximately linear pretrend observed in Figure 2.4a. The
employment effect of interest is quantified as yo915 — €2015. That is, with one unit increase
in GAP and other covariates fixed, the employment rate will increase by 100(7y2015 —&2015) %
in expectation.

In Figure 2.4b, I report the 95% confidence intervals for different values of M constructed
based on three different methods: the modified conditional CI proposed in Section 2.3, the
hybrid CI in Rambachan and Roth (2023), and the simple CI in (2.14).'2 We can clearly

see that the modified conditional CI is the shortest and the simple CI is the widest for all

12 The estimated coefficient and covariance are available but the data for regression is confidential, thus I
can not implement the Ye et al. (2023) bootstrap procedure.
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(a) Estimated Employment Effect 4, (b) Seunsitivity Analysis under SDRM

FIGURE 2.4: Empirical Illustration for finite B with oo = 0.05

M, and the improvement of the modified conditional CI upon the simple CI doubles the
improvement of Rambachan and Roth (2023) upon the simple CI.

The authors compare the minimum wage induced disemployment effects and wage ef-
fects. To do so, they estimate the wage effect using the same DiD design as (2.67) with
regressor log(wage,,). After adjusting the linear pretrend, the point estimate of the wage
effect at ¢ = 2015 is 0.6, represented by a dashed line (with an inverse sign) in Figure 2.4b.
The authors are interested in whether the employment effect is robustly higher than —0.6,
leading to an employment elasticity with respect to own wage less than 1 in absolute value.
When using the natural benchmark M = 1, only the modified conditional CI is above the
negative wage effect. It is also informative to report the “breakdown” relaxation at which
the wage effect is no longer larger than the (negative) employment effect. In this case, the
breakdown M for the hybrid CI is around 0.75, while the one for the simple CI is around
0.6. Remarkably, the breakdown relaxation M of my method is 33% to 66% larger than

the other two.

2.6.2 Counterfactual Analysis for Exporter’s Information Set

Dickstein and Morales (2018) study how the information possessed by potential ex-

porters influences their export decisions. A challenge in modeling firms’ decisions lies in
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the fact that these decisions are contingent upon firms’ expectations of export profit, which
are rarely directly observable by researchers. Previous literature often makes the strong
assumption that firms’ expectations are rational and depend on a set of variables available
in the data, which carries the risk of model misspecification. Different from earlier research,
Dickstein and Morales (2018) do not require full knowledge of an exporter’s information
set. Instead, they specify only a subset of the variables that agents use to form their ex-
pectations. The trade-off of this approach is that it results in partial identification of the
structural parameters and counterfactuals. The empirical results show that, on average,
the number of exporters decreases when firms have access to better information. However,
this change varies with firm size.

The model details are given in Appendix A.2.2. In this model, the structural parameter
B is partially identified by moment inequalities as in (2.40) with J; = 48, Jo = 0. The
moment conditions contain 220 plug-in estimands ¢p1,...,0p 220, With each corresponding
to a specific market. The plug-in estimands are determined independently of the moment
inequalities. The counterfactual of interest, denoted as 6, is the percentage change in the
number of exporters if the information set changes from the smallest available to perfect
foresight. The smallest information set includes the firm’s own domestic sales in the previous
year, sectoral aggregate exports in the previous year, and the distance variable. Given a
specific structural parameter 3, there exists a point-identified pair A¢(3, op) and A, (8, ¢p)
that bounds the counterfactual outcome.

The original 95% CI in Dickstein and Morales (2018), denoted as CTPM18  is computed

as follows:

CTPMI8 — | min A(B), max A\, (B)
5681704 ,86817(1

Here gl_a is a 1 — a confidence set for 3, calculated based on D. W. K. Andrews and
Soares (2010) treating the estimator ¢ as the true value. This interval is reported in the
first row in Table 2.2, and it gives statistically significant results in all three subsamples.

However, CIPM18 does not account for the estimation uncertainty in Ae, Ay and ¢, mak-
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Table 2.2: Percentage Change in Number of Exporters, o = 0.05

Firm All Large Small
o S 102, 61]  [17.3,-12.7] 0.3, 0.5
DM18 - Bonferroni ajusted  [-22.9, 1.5] [-30.4, -0.8] [-0.1, 1.4]
New [-20.4, -1.6] [-27.4, -8.7] [0, 1.2]
ing it potentially invalid. Additionally, it is unclear how CITPM!® compares to the new

confidence interval. On the one hand, CIPM!® Jacks validity and may be too narrow; on
the other hand, it is a projection of the confidence set l';’l,a, which can be unnecessarily
wide. To decompose these two effects, I first validate CITPM!8 by appropriately adjusting

for estimation uncertainty with

CIPMBadi — | min N(B) — @M1 — —)6e(B), max A(B) + (1 -
feB, o 4 BeB;_

)6u(B)

=10

Here l’;"fig is the 1 —§ confidence set of 3 that takes into account the estimation uncertainty
2

in ¢. CTPM18 adj employs the same projection method used in Dickstein and Morales (2018),
but with a Bonferroni-type adjustment, ensuring its validity. This interval is reported in
the second row. CTPMI8adi i considerably wider and crosses zero for all-firm and small-
firm samples. In the third line, I report the new CI calculated by the calibrated projection
method proposed in Section 2.4. The calibrated projection method, which is not only
valid but also more efficient, is shorter than C7PM18 2dj and restores statistical significance,

signing the effect of the change in the number of exporters under perfect foresight.
2.7 Conclusion

In this essay, I propose inference procedures for a target object whose identified set is
a union of bounds. When the union is taken over a finite set, I introduce a novel modified
conditional CI based on a truncated conditional critical value, which significantly improves
upon existing procedures over a large set of DGPs. Empirical examples include sensitivity
analysis in DiD and RDD, bunching strategies to identify the elasticity of taxable income,

and misspecification in instrumental variable models. When the union is taken over an
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infinite set, I propose a calibrated projection CI, which is computationally attractive and

applicable to structural counterfactual analysis in general moment inequality settings.
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3. Local linearization based subvector inference in
moment inequality models

This essay introduces a bootstrap-based profiling inference method for subvectors in

moment inequality models. !
3.1 Introduction

A moment inequality model has the form

Ep|m;(Wi; 60)]
EF [mj (Wi; 90)]

WV

o (3.1)

where {W;}' | is an independent and identically distributed (i.i.d.) sequence of random
variables with distribution F' and m = (my,...,mz)" : R? x © — R¥ is a known measurable
function of a finite-dimensional parameter vector § € ©. Frequently the parameter 6y in
this model is not known to be point identified, a feature that complicates both estimation
and inference substantially. Most of the recent papers on inference for moment inequalities
focus on confidence sets for the entire parameter vector, e.g. D. W. K. Andrews and Shi
(2013), D. W. K. Andrews and Soares (2010), Chernozhukov et al. (2007), and Rosen
(2008). See Canay and Shaikh (2017) and Molinari (2020) for more references. However,
applied researchers are often interested in a few specific components (a subvector) of the
whole parameter vector, i.e. ¢'fy where c is a dy x d, matrix with full column rank.

Bugni et al. (2017) (BCS17) propose a bootstrap-based test procedure for Hy : ¢’y = r.
Similar to Romano and Shaikh (2008), they calculate the profiled test statistic, as well as
its bootstrap approximation, by minimizing the test statistic over the whole null parameter
space to profile out the nuisance parameters. Building on their work, this essay uses the
same test statistic and improves upon BCS17 by applying local linearization methods to
calculate the critical value. The challenge of local linearization is that the a naive boot-

strapped minimizer é,”;T may be near a different point of the identified set from the original

minimizer HAW«. To address this issue, a penalty term is added to the bootstrapped test

! This essay was originally published in the Journal of Econometrics, Volume 238, Issue 1, Pages 105594,
[2024]
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*
n,r

statistic to keep 6*  close to én,r, and therefore, close to the same point in the identified
set. This enables linearization of the moment conditions and the constraints around this
point. In this way, the bootstrap iterates over quadratic programming as opposed to general
nonlinear problems. The local linearization based test (Test LL) controls asymptotic size
uniformly over a large class of data generating processes and can be inverted to construct
the confidence interval. As for power properties, Test LL weakly dominates projection-
based procedures in any finite sample, and strictly dominates projection-based procedures
in terms of asymptotic power.

Kaido et al. (2019) (KMS19) introduce a calibrated projection-based subvector inference
method, where they calibrate the critical value so that the coverage of the subvector is above
the prespecified probability. KMS19 also linearize constraints locally around the evaluated
points, and the critical value can be calculated by analyzing linear programs. However,
KMS conducts the test for a grid of 8; while LL, as a profile based method, conducts the
test for a grid of r only. The grid search over a relatively large dimensional space can
be time-consuming, which makes the L. method more computationally efficient, especially
with dyp much larger than d,. G. Cox and Shi (2019) propose a simple test for moment
inequalities based on the rank of the active inequalities in finite samples, but it is required
that the nuisance parameters enter the moment conditions linearly to adapt it for subvector
inference. Belloni et al. (2018) study subvector inference with many moment inequalities.
Chen et al. (2018) provide Monte Carlo confidence sets for the identified sets, rather than
the true value, of both the full parameter vector and subvectors. Kline and Tamer (2016)
develop a Bayesian approach that can be used for subvector inference in partially identified
models, but they do not provide uniform validity results.

The Monte Carlo simulation studies the finite sample properties of Test LL and compares
it to BCS17 and KMS19, with all three methods implemented with the E-A-M algorithm
proposed in KMS19. The simulation study, conducted on a simple entry game, considers

two sample sizes with n = 1000,4000 and three model sizes with the number of moment

conditions k = 8,16,24 and the number of parameters dy = 7,11,15. Test LL improves
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upon the computing time of BCS17 (resp. KMS19) by a factor ranging from 30 to 170 (
resp. 3 to 27). The computational advantage of Test LL is more prominent with a larger
sample and model size, reaching the highest factors for the highest dimensional parameters.

The simulation results also confirm the good size and power properties.
3.2 Local linearization based subvector inference

In this section, I set up the model and illustrate the local linearization based test.

3.2.1 The model and notation

I assume that the distribution F belongs to a baseline distribution space P, and I

maintain the following mild assumption on ©.

Assumption 30. The parameter space © is a non-empty, convex and compact subset of

R with dg < 0.

Definition 31. For any distribution F' € P, the corresponding identified set ©1(F) is given

by

WV

0,(F) := {969: ’ j

0 =1,...,p

0, j=p+1,...k |~

By definition, the identified set ©1(F) is the set of parameter values 0 € © that are o0b-
servationally equivalent to the true value 0y. The objective of this essay is to construct a
confidence interval for 6y where c is a dg x d, matriz. I do this by inverting a test of the

hypotheses
Hy:c0g=r wvs. Hy:c0y#r, (3.2)

where r is a d, x 1 vector. The hypothesis test is based on a profiled test statistic Jy,(r) such

that Hy is rejected if Jy,(r) is too large. Specifically, it takes the form
ﬁL(T) =1 [Jn(r) > cvﬁL(T, 1-— a)] ,

where 1[-] is the indicator function, o € (0,1) is the significance level, and cvE*(r,1—a) is

the critical value I define later.
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Before presenting the test procedure, I introduce more notation. For vector a, b, denote
la|| == v/a’a and denote d(a,b) := |a — b| as the Euclidean distance between a and b. For

point a and set B, let d(a, B) = gélé |a —b|. For a scalar «, an element a and a set A, let
a+A={a+a:ae A} and oA = {aa: a € A}. The e-expansion of ©; < O is defined as
O = {0e0:d(0,0,) <.
Let
O(r):={0c0:d0=r}

be the set of parameters that satisfy the subvector restriction, and

Or(r,F):={0eO[(F): 0 =r}. (3.3)

be the set of parameters that satisfy both the moment conditions and the subvector re-
striction. ©Oj(r, F') is compact and non-empty under Hy. Define the projection operator

T" : © — © that projects 6 on O;(r, F), i.e.

T"0 € argmind(6,6),
éE@I(T‘,F)

where 1776 is well defined under Hy. If the argmin set contains more than one element,
T"6 is one of the minimizers, and the choice does not affect the results. The operator 1"

depends on F', but I leave this dependence implicit to simplify notation. Denote by
/
Sr(6) = Er [(mwv, 0) — Er[m(W,0)]) (m(W,0) ~ Ep[m(W,0)]) ]
Dp(0) = diag (Xr(0))

the variance-covariance matrix and the diagonal matrix of variance. Let [z]+ = max(z,0),

[z]- = max(—z,0) and Ry = [0, +00).

Definition 32. The parameter space of (r, F') is defined by
L:={(r,F):FeP,re{df:0c0O}},

and the null parameter space of (r, F) is

Lo={(r,F): FeP,re{d0:0c0O(F)}}.
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3.2.2 The profiled test statistic

Denote by
M (6) = % S (W3, 6),
=1
$,(6) = % S (m(Wh,6) — 70 (6)) (m (Wi, 6) — 0 (6))',
=1

the sample mean and sample variance-covariance matrix of the moment functions in (3.1).

Let

N

Dy, (0) == diag(2,(0))

be the diagonal matrix of sample variances, and

0,(6) = Dy (6)25,(60)Dr(6)
be the sample correlation matrix.
Define the profiled test statistic by
Jn(r) == inf §(Dp(8)"2y/mmn(6),2,(6)) (3.4)

where S is a test function specified by the econometrician and required to satisfy several
regularity assumptions, see Assumptions 87, 88 in the Appendix. These assumptions are
standard in the literature, see, e.g. D. W. K. Andrews and Guggenberger (2009) and
D. W. K. Andrews and Soares (2010). Two widely used test functions are the modified
method of moments (MMM) and the quasi-likelihood ratio (QLR) statistics given by
P L2 k N2
SMMM( 33) = ) [mj/zjj] + ). <mj/2;j> :
j=1 - j=p+l
SQUR (1, %) = inf (m—t)S Y m —t).

t:(tl ,Ok,p):tldRﬁ_

The test statistic takes the infimum of test function S(-) over the restricted parameter space
o(r).
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3.2.3 Local linearization based critical value

The critical value cvt¥(r,1 — ) is the 1 — o quantile of
TEEG) = inf S (050n) + @ (€00n)) + CulOn)AGnr), QlOnr)) . (35)
9n77«€®](1”)
where

~ ~ ~

A(fny) € argmin <s (050n) + @ (&0 0n)) + Cn(Onr) A, Q) ) + )\"}|A}2) .
A€A, (On.r) n

The elements in (3.5) and (3.6) are listed below.

1. v¥(-) is a stochastic process defined as

o=

vE(0) = jﬁ S Do(0) % (m(Win6) — ma(0)) G GHAY, ~ N(O,1) iid. (3.7)
=1

2. £,(0) = %Dn(ﬁ)_%mn(ﬁ) is a slackness function with k,, — o0 and k,, = O (%)
where x is defined in Assumption 88.5. Following D. W. K. Andrews and Soares
(2010), the suggested choice is k, = VInn.

3. o() = (p1(+), ..., px(+)) is a generalized moment selection (GMS) function with

) _ [EjL_ forj=1,...,p
#ile) = {0 forj=p+1,..., k. (3-8)

4. Gy(+) is a consistent estimator of the Jacobian Gg(0) = Vg <DF(0)_%EF (m(&)))

2
5. A, is a non-random sequence satisfying \,,/y/n — o0 and A, (Ink2)x = O(n) where x

is defined in Assumption 88.5. A valid choice is A, = \/nk2.

6. ©7(r) is a non-empty subset of the minimizers

& # Or(r) < argmin S <l§n(9)*%\/ﬁmn(0), Qn(9)> . (3.9)
0O (r)

More generally, O (r) can in fact be a subset of approximate minimizers satisfying

sup d(6,0((r,F)) = sup d(0,770) = o, <n_1/2(1n n%)l/x) (3.10)
0O (r) 06 (r)

58



with y defined in Assumption 88.5.
7. A”(-) is a set such that A’ (0) < /n(O(r) — T76) for all § € O;(r) with probability
approaching one.
To illustrate the construction of the critical value, first, omit the outer inf operator in (3.5)
and focus on a single én,r e 1(r). The first step estimator, én,r, needs to be recalculated
for each bootstrap draw. The problem with doing a naive bootstrap is that it may be near a

different point of the identified set rather than 776, ,. A modified bootstrapped version of

énm is given by T’”énﬂd— ﬁA(én,r) with A(énm) defined in (3.6). In that expression, the first

element S(-) is a local linearization of the test function around T’"én,,ﬂ.2 The second element
is a penalty term that keeps the bootstrap version of én,r near T’"én,r, the same point in

the identified set. The feasible set of 770, + ﬁA(énr) is O(r), hence we need to choose

A(én,T) €/n (@(r) — TTGA,W). However, TTHAW« is unknown and thus we approximate the

boundary constraint by A} (6,,). When the bootstrapped minimizer is plugged into the
linearized statistic, the result is (3.5). Lastly, note that this local optimization holds for all
On.r € ©1(r), thus we implement the outer inf operator in (3.5) to improve power.

The penalty term in (3.6) is a new contribution of this essay, and it validates the
local linearization approximation of the moment conditions, which greatly improves the
computation. When Test LL is implemented with the MMM or QLR test function and
a polyhedral A7 (#), the inner minimization in (3.6) is a simple quadratic programming
problem. Also, note that 6 7(r) is not required to contain all the minimizers for the coverage
property, and in practice, 6 7(r) contains only a few elements. In this way, the bootstrap
iterates over quadratic programming problems, which can be solved with high-speed solvers
like CVXGEN in Mattingley and Boyd (2012).

Next, I present the assumptions that are important for proper coverage.

2In (3.6), we can replace T""én,r with én,r since they are close enough.
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Assumption 33. For all (r,F') € Ly and 0 € O(r),
S(EF (m(W, 9)),2F(9)) > cmin {8, d(0, O;(r, F))}X

for some constants c¢,d > 0 and for x as in Assumption 88.5.

Assumption 33 is borrowed from BCS17. It states that in a neighborhood of the null
identified set ©;(r, F'), the population version of the test function can be bounded below by
a polynomial of the deviation of 6 from O(r, F'). It is similar to the polynomial minorant
condition in Chernozhukov et al. (2007) (Egs. (4.1) and (4.5)), but logically independent.
This assumption rules out some cases where the entire boundary is a smooth manifold,
focusing on a simpler class of models with a well-behaved ©;(r, F').3* However, it holds
under many cases of practical interest. Kaido et al. (2022) extensively analyze the constraint
qualifications in partial identification, including the minorant type condition, and so I
refer to their paper for detailed discussion. Assumption 33, together with other regularity
assumptions, guarantees that én,r is close enough to T"é,w, so that we can replace T’“én,r

with én,r in the linear approximation.

Assumption 34. For all distributions F' € P, it holds that
1. For each j, there exist Gp;(0) = Vg (DFJ(Q)_%EFJ (m(W,H))) and its estimator

Gni() such that

|60 -cr0] -0, (%)

uniformly in P, where k, is the GMS tuning parameter.

3 To give a simple example excluded by Assumption 33, let W = (Y, X1, X2). P =

{N([0,0,u],1I3) : pe (0,1]}, and m(W;0) = E[Y —X10;—X2602] = 0. © = [-1,1]* and Hy : ; = 0, it is easy
to get O1(r, F) = {0} x [—1,0]. Consider the MMM test statistic. For all 02 > 0, d((0,02),0:(r, F)) = 02
and S(EF (m(Ws,0)), EF(0)) = [—pb2])2 /(1 +63) < p?62%. In this case, x = 2 and we can not find ¢, § such
that Assumption 33 holds.

4 To give a simple example excluded by Assumption 33, let E[W] = 1, var(W) = = [-2,2]%,
m(W;0) = E[W — 6% — 03] > 0 and Hp : 61 = 1. Tt is easy to get ©;(r, F) = {(1,0)}. 0n51der the MMM
test statistic. For all 6 > 0, d((1,62),01(r, F)) = 62 and S(EF( (W3,0)), Z (9) ) =[— = 63. In this

case, x = 2 and we can not find ¢, such that Assumption 33 holds.
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2. There exists Ma, Mg < o, such that for all 1,05 € ©,

max sup [Gr;(01) — Grj(02)]| < Mg |61 — 02
J:L"'vk FeP

and

max sup sup |Gr;(0)] < Me.
Jj=1,...,k FeP 9€®I(F)

Assumption 34 requires that the normalized population moments are differentiable and
that the derivative can be consistently estimated uniformly in € and in F'. For instance, in

a separable model with Dp(0) = Dp invariant to 6, we can use

1

~ A —=

Gnj(0) = D, 2Vgm;(0).

See KMS19 Supplemental Appendix F for such estimators in some canonical moment in-
equality examples.

Lastly, I give a sufficient primitive assumption for the set Al (6).

Assumption 35. Set A! () satisfies:
1. 0 A7 (0).
2. Let g, = n_l/Q(ln m%)l/x where x satisfies Assumption 88.5. There exists a > 0 such

that

liminf inf inf P (AT (9) < O(r)—T70)) = 1. 3.11
e (r,llfr)leﬁo HGG(T)mle)lz(r,F)aen ( n(0) = Vn(6(r) )) ( )

A7 (0) is a key choice for implementing the method and sets the boundary for the local
search to get the critical value. Note that ©(r, F')*" is a non-random expansion of O (r, F')

and

Onr € Or(r) < O) N Of(r, )"

)

with probability approaching one. Thus Assumption 35 guarantees that
A (Ony) € V(O(r) = T 0p,r)
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holds asymptotically. Assumption 35 is trivially satisfied with AJ (6) = {0g4,}, but the idea
is to choose A7 () as large as possible, while still satisfying Assumption 35, to improve the
power. To give a simple example of A” (6), let © = [0,1]2, ¢ = (1,0) and O(r) = {r} x[0,1].
Note that for 8 = (61,602) € O(r) N Oy(r, F)*", d(0,T70) < €y, thus
Vn(O(r) = T70) = v/n(0(r) = 0) + v/n (0 — T70)
= {0} x [/n(0 = 02) + V(02 — (T70)2), v/n(1 — O2) + v/n(02 — (T76)2)]
2 {0} x [vn(—=bs + en),v/n(1 — b — &)

where the first two lines are straightforward and the last line follows from |y — (T76)2| <

d(0,T"0) < ,. Hence,

A7(0) = ({0} x [v/n(=02 + £n), v/n(1 — 05 — £,)]) U {02} (3.12)

satisfies Assumption 35. Also, note that Assumption 35 allows for data-dependent choices
of tuning parameters that enter A7 (6) since Al () € v/n(O(r) —T70) only needs to hold

with probability approaching one. Section 3.4.1 gives more examples.

Theorem 36. Let Assumptions 30, 33, 34, 35, 86, 87, 88, 89 hold. Then for all o € (0, %),

limsup sup Ep [gbLL(T)] < a. (3.13)

n
n—0on (T7F)€L0

Assumptions 86, 87, 88, 89 can be found in Appendix B.1.2. Assumptions 86 and
87 are borrowed from BCS17. Assumption 86 gives regularity conditions on the baseline
distribution space. It is the same as BCS17 Definition 4.2 and thus I refer to their paper
for detailed discussion. Assumption 87 is a continuity assumption on the limit distribution
of the test statistic. Assumption 88 is the maintained assumption on the test function S.

Assumption 89 restricts the rates of tuning parameters.

Remark 37. The set éj(r) 15 also used 1n BCS17 with a similar requirement, and BCS17
Remark 4.1 applies here. The key restriction for set éj(r) 1s that
sup d(6,01(r,F)) = op <n_1/2(1n H%)l/x>
Geéf(r)
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uniformly, or sufficiently
P (01(r) € O(r) (. F)) -1

uniformly with €, = an~"?(In k2)YX for some a > 0. This has two implications. First, we
do not need to consistently estimate Or(r, F') and (:)I(r) s not required to contain all the
minimizers of Jn(r). The intuition is that with fewer elements in O(r), the critical value
defined in (3.5) is larger and the coverage is higher. And thus for the asymptotic size control,
it suffices to include only one minimizer and construct the critical value by minimizing
locally around the single point. Second, (:)1(7") can also be a subset of approximate minimizers

defined as

O1(r) < {0.€ 6(r) : S(Du(0) 5 Vmn(8), 2 (0)) < Ju(r) + 30 }

with 8, = 0 and 6, = 0,(1). I give detailed guidance on calculating ©1(r) in Section 3.4.2.
3.3 Comparison with BCS critical value

BCS17 use the same profiled test statistic as in (3.4). In this section, I compare the
LL critical value with BCS critical value in terms of the choice of GMS functions, power

properties and computation.

3.3.1 BCS critical value

Let v(-) defined as in (3.7). And to simplify notation, let

o

(o}

B().A0) = inf 5 (v3(0) +@(0) + CulB)A0). 20 (0)) (3.14)

where

A(6) € arg min S (U;*;(e) +3(0) + Ca(0)A(0), Qn(e)) + % N
AeA(0)

The LL critical value is given by the 1 — a quantile of

IEE0) = Qn (O1(r). (&), AL()) - (3.15)
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The critical value of the minimum resampling test in BCS17 is given by the 1 — o quantile

of
Ty S(r) = min{ J"(r), Iy ()}
with
IPR) = Qu (Or(r), " S(6a()), {040} ) (3.16)
Tt () = Qn (6(r),n (), {04,}) , (3.17)
where ©BS(.) is a GMS function satisfying the following assumption.

Assumption 38. Given the GMS function oB93(-), there is a function p* : R’[“ioo] — le+oo]

that takes the form ¢*(§) = (go’f (€1) 505 (§p) ,Ok_p) and, forallj=1,...,p,
195 (&) = ¢; (&) for all §; € Ri,op)
2. 5 (°) is continuous

3. ¢% (&) = 0 for all & < 0 and (c0) = 0.

Assumption 38 is satisfied when ¢BCS is any of the functions @) — p®*) described in
D. W. K. Andrews and Soares (2010). For instance, in the main text and the simulation in

BCS17, they use

MW, J oo, & >Tandj=1,....p
#;(§) _{ 0, &<l orj=ptlk (3.18)

Here and after, denote Test BCS (resp. DR, PR) as the test with the test statistic in (3.4)
and 1 — a quantile of J2¢S(r) (resp. JPR(r), JPR(r)) being the critical value.

Comparing (3.15), (3.16) and (3.17), we can see that J'® minimizes over the whole
null parameter space O(r), but JY* and JPR only search around ©;(r). Compared to Test
DR, Test LL further searches around ©;(r) by minimizing over A, while Test DR imposes
A =0.

3.3.2 GMS functions

For Test LL, T only consider ¢(¢) defined in (3.8), which is ¢(®) in D. W. K. Andrews

and Soares (2010). Other GMS functions allowing for ¢;(¢) = oo for ¢ € R¥ may lead to
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overrejection. To see this, recall that we use

~

Upy (é'flﬂ") + ©n (fn(én,r)) + Gn(én,T)A(én,r)

as a linear approximation to
-1 = i) i) ) ()
Dp (0)72 v/ning (0) ~ vp (T 050) + b p(T"0p 1) + GE(0pr)v/n(0 —T70n )

with A(fn,) = vn(0 —T76,,,) = op(ni). Note that by construction, 6 can be far away
from Trén,r, in the sense that the jth moment inequality condition can be violated at 6
even if it is slack at T”én,r. To be more specific, even if hy, g ;j(T"0pnr)/kn — +0, it is not

necessary that

B i (T 0 ) + Grj (O )v/n(0 — T 0,,,) = 0.

Hence, we can not simply omit the jth moment by setting ¢; = 00. Using a GMS function
with ¢;(§) < oo for € € R*, j =1, ..., p introduces a penalty when violating the inequalities,
which mimics the behavior of the profiled test statistic.

This also suggests that the GMS function depends closely on how the feasible set AJ (6)
was chosen. If we choose a smaller A7 (#) so that it belongs to a fixed compact set, then

A(émq) = 0p(1) and 6 = Trén,r + ﬁA(én,ﬂ) is close enough to Trémr. Therefore, the jth

moment inequality condition is slack at 6 as long as it is large enough at TTGA,W. That is,

hyj(T70y, 7)/kn > 1 implies
hn,F,j(TTen,r> + GF,j(en,r)A(en,r) — +00.

In this case, we can ignore the jth moment in the approximation, and go(l) is a valid choice.
Test DR can be viewed as an extreme case here with A} (0) = {04,}.
In general, the power increases (weakly) in A](f) and we want it to be as large as

possible. Hence, I work with ¢ and do not impose further boundary restrictions on

AT (0).
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3.3.3 Power properties

In this section, I compare Test LL with Test DR and Test PR in terms of power prop-

erties.

Comparison with Test DR

Test DR is closely related to Test LL. If we assume the GMS functions ¢,, are the same

in Test LL and Test DR, we have

JEE(r) = inf S (v3(6) + 9(6a(6)) + Gu(B)A(0), 20 (0))
0eO;(r)

< inf (S(v;‘:w) £ p(6n(0)) + Cul0)A6), 0 (6)) + A”HA(@H?)
0cO;(r) n

< inf S(vE(0) + (6 (), 2 (0)) = JPR(r)
0cO;(r)

where the first line is by (3.5), the first inequality is straightforward and the second one
follows from (3.6) and 0 € A7 (). Thus the power of Test LL is greater than Test DR for

all sample sizes and all alternatives.

Remark 39. It is also common practice to use a projection-based method in applied work.

The projection-based method first computes the confidence set for the entire parameter 6 by
0S°(1—a) = {9 €0 : §(Dn(0) "2 /nmn (), 2, (0)) < ol (6,1 — a)}

where cv? (0,1 — a) is such that CSY (1 — ) has the correct asymptotic size; and then rejects
Hy if ©(r) n CS2(1 — a) = &. BCS17 proves that Test DR has higher power than this
projection-based test in finite samples for all alternatives. Thus, for all samples, it follows
that ¢BY (r) < ¢PR(r) < gL (r), where ¢BY (r), ¢PR(r) and ¢L=(r) be the projection-based
test, Test DP in BCS17 and Test LL, respectively. By Remark 4.6 in BCS17, under a
condition similar to Bugni et al. (2015)(BCS15) Assumption A.9, Test DR has strictly
higher asymptotic power than the projection-based test. Under the same condition, Test LL

has strictly higher asymptotic power than the projection-based test.
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Example 40 illustrates a case where Test LL has strictly better asymptotic power than

Test DR with MMM test function and the same GMS function ¢ in (3.8).

Example 40. Let {W;}! | = {(Wi;, Woy, Wa,)} | be an ii.d. sequence of random
variables with distribution Fy,Xp, = I3, Ep, [W1] = pikn/s/n, Eg, [Wa] = pe/+/n, and

Er, [W3] = 0 for some p1 > 0,y < 0. Consider the following model with © = [—1,1]? :

Ep, [mi (W;,0)] = Ef, [W1; —61] >0,
Ep, [ma2 (W;,0)] = Ep, [Wa; — 62] >0,

Epn [m3 (WZ’, 9)] = EFn [W3,i — 93] =0.
We are interested in testing the hypotheses
Ho . CIH = (91,02) = (0,0) v.8. H1 . CIQ = (91,02) :+: (0,0).

Below I use Z = (Z1,Z2,Z3) ~ N(0,I3). Simple algebra shows that

)=, int [Vl [V o+ (Viei (s 6s)

d
S [Zo + pua]* .

Test LL Let O1 = {(0,0, Wy3)}. Let &y = \/@ and
A;(én) = {(anaA?)) : A:} € \/ﬁ[—l +éen — Wg, 1—¢, — Wg]} v {03}

in the spirit of (3.12). This test uses the (conditional) (1 — «) quantile of

T = [vha 4 o1&+ [vh + ea€a@)] + (v — 2)°
An

Ave agmin  [ul 4 ei€0)] + [uis +ea&@)]| + (vis-A) A2,

A:(0,0,A)e AT (07)

*

Un

is defined in (3.7) and it is invariant to 0 in this additively separable model, thus I omit
the argument. It is straightforward to get Ag = U,";g,/(l + Ap/n) with probability approaching
one and

TE) S (20 + w2 + (2]
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Test DR We have

2

TR = [ra+ o1&+ [vha + ea(€a@)] + (v10)°

i [Zl + mﬁ + [ZQ]% + Z%.

Thus we have JPR(r) > JEL(r), and Test LL has strictly higher power than Test DR.

Comparison with Test PR

I first consider a simple separable linear model
E[m;j(W;0)] = E[W; + G;6] =0 j=1..,p

E[m](W,G)] ZE[Wj+Gj(9] =0 j=p+1,..k

where G is 1 x dg nonrandom known vector.

Test PR uses the (conditional) (1 — «) quantile of

P ~
JPR(r) = inf S (of + @Dn (W + Go),Q, (3.19)
" 0€O(r) " Rn

P ~ A1 ~ ~
— inf inf S <U;‘; LV (W + Gb,,,) + Vg, 2G(0 — b,,), Qn> (3.20)
6,6, 6e0(r) Fon Fin

~ A1 N N
= inf S <v;; + &0(0ny) + Dn 2 GAPR(G,,.,), Qn> (3.21)
97169[(7“)

where

L1 .
APR(@)e argmin S <U;: +&(0) + Dy 2GA, Qn> .
AeY™(O(r)-0)

Note that (3.19) follows from the definition in (3.17) and (3.20) simply rearranges terms by

P .
adding and subtracting %Dn >0pr. In (3.21), I replace the optimal value of ‘H/—f(ﬂ — On.r)
with APR(6,,.,).

Recall that Test LL uses the (conditional) (1 — «) quantile of

~ AL N ~
JEE () = ; igf( )S <U: + 0(6n(0nr)) + Dn 2GAM(8,,,), Qn> (3.22)
n€OT1(r
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A —=

1 A~
AM(9) € argminS (’U:Z + ¢(&n(0)) + Dy *GA, Qn> + ﬁHAHQ (3.23)
AeAT (6) n

The differences between (3.21) and (3.22) are the slackness function and the choice of
A. The two slackness functions are asymptotically equivalent under the null and local

alternatives, in the sense that

gn(én,r) = Qpn(fn(énﬂ“)) + 0p(1).

APR and AU differ in (i) the feasible set, AM(8,,,,) € A" (0,.,) € /n(O(r) —T6, ) , while
APR ¢ %f (@(7“) - émﬂ); (ii) the maximum divergence rate, ALt = O,(, /) = o(ni) due

to the penalty term in the objective function, while APR = Op(‘,{—f) due to the feasible set.
However, if énm is far away from the boundary of © and APR ALL = O, (1), the feasible

set constraint is not binding. In this case, Test LL and Test PR have the same asymptotic

power under the null and the local alternatives. I use Example 40 to illustrate.
Example 41 (continued). Test PR.

2 2
. n.,._1: n._1+
JPE(Y = inf {v,”; L+ \fanﬁwn,l] + [U;*; o+ ian ;WM]

03e[—1,1] ’ Kn ’ _ ’ Kn ) _

2
n.,._ -

+ <v;';,3 + \[ané(wn,g — 93)>
n

4, [Z1 + m]z, + [22]2,

with APR = on3vy 3 = Op(1). The asymptotic distribution of JPE(r) is the same as JE(r).
Note that in this example,

O = (0,0, Wy 3) B> 03
is an interior point of © and recall that A* = (0,0, vk 3/(1+ An/n)) = Op(1). As expected,
under the null (e = 0) and local alternative (uo < 0), Test LL and Test PR have the same

asymptotic power.

However, in a non-separable or nonlinear model, the previous comparison does not hold

as the random process v, Jacobian G and correlation matrix change with 6, in which
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case the power comparison of Test PR and Test LL is unclear. Below I give one example

where Test LL is dominated by Test PR.

Example 42. Let {W;} | = {(W1i, Wa;, Ws,)}i | be an i.i.d. sequence of random vari-

ables with distribution F,,,Xp, = I3, Ep, [W1] = Ep, [Wa] = 2 — u/\/n, Ep, [W3] = 0 for

some p = 0. Consider the following model with © = [—2,2]? :
Ep, [m1 (W;,0)] = Ep, [W1,; — 01+ 62] > 0,
Eg, [ma2 (Wi, 0)] = EF, [W2,; — 01 — 62] >0,
Ep, [m3 (W;,0)] = Ep, [W3; — 61 + 1+ 7 (05 —1)] =0,
and n > 0 is a known constant that measures the nonlinearity. We are interested in testing

the hypotheses

Hy:d0=60,=1vs H :d0=0 £1.

Below I use Z = (Z1,Z2,Z3) ~ N(0,13). Under Hy with p = 0, the identified set is

©:(1) ={(1,1),(1,-1)}. Under local alternatives,

Wi—1+6,]° [Wa—1—06,7° Ws+n(03—-1)\°
Jp(r) = min n[A ] —i—n[A ] +n -

01 02 03

[20(Z; — 1) + Z3)*
7=1,2 47’]2 +1

[2n(Z2—p)+25]2

[2n0(Z1—p)+Z5]*
An2+1

o is the

where is the local minimum around 0 = (1,—1) and
local minimum around 6 = (1,1). If the two local minimums are both zero, we have two min-
imizers, otherwise, the minimizer is unique. The calculation details are given in Appendix
77.

Test PR . We can show that

2
PR d . [277Zj + Z3]_
o ()W S min == ==
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Test LL. In this simple example, I use

_ - - 2

A —1+6,) 16, Ws +n (63 — 1

Or(r) =argminn[“] +n[VV2A2] +n ( i 77A( 2 )>
0e0(r) o1 _ op) _ 03

which is the set of all minimizers.®> The bootstrapped test statistic JX*(1) depends on ©1(1).

If ©1(1) is singleton with 0y close to —1, we let 6, = 1 and

9

LL 4 [2nZy + Z3)~
V{6, = 1,W,} & 22T 781

()] J PP

If ©1(1) is singleton with 0 close to 1, we let 6, = 2 and

2
IL 4 [2nZs + Z3]”
| {6, =2, W, } & == 2=
T b

And if @1(1) contains more than one elements, we let d, = 3 and

2
LL _ a . [2nZ;+ Zs]”
IE )] {0, =3, W} S j{lﬁw

See Appendiz 7?7 for a specific form of o,.

For all > 0, the asymptotic distribution of JE*(1) first order stochastically dominates
JPE(1) and Test PR has strictly higher power than Test LL. The power loss comes from the
fact that we are unable to consistently estimate ©1(r) at a fast enough rate, and thus, with
positive probability, él(r) can only approzimate a strict subset of ©r(r). In Figure 8.1, I
plot the local power of Test LL and Test PR for n from 0.125 to 10. We can see that the
power loss increases with the nonlinearity n, especially for n smaller than one. However,
when 1 changes from one to ten, the power curves do not change significantly, and thus the

power loss stablizes for large 7.

5 The asymptotic power is the same if we use éz(r) which includes only one minimizer. The reason is
that if there are two distinct minimizers, then J,,(r) = 0 with probability approaching one. In this case, we
do not reject Hp and the critical value does not matter.
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FiGURE 3.1: Example 42 local power with coverage rate 1 — a = 0.9
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3.3.4 Computational properties

To test Hy : 6y = r for a given r, the most computationally demanding step in BCS17
is Test PR. First, Test PR bootstraps a statistic that minimizes a nonlinear objective
function. Second, we need to calculate vy ;(6) for (a large number of ) 6 € ©(r). This is
computationally expensive as it requires evaluating the moment function m(Wj;, ) for all
observations 7 = 1,...,n. Test LL addresses the first point by approximating the objective
function and the constraints by linear counterparts so that the inner minimization problem
in (3.6) is simply quadratic programming. And Test LL addresses the second point by

conducting the outer minimization in (3.5) over ©;(r), so that we only need to calculate

vy, ;(0) for 6 € ©;(r), which is much smaller than O(r).

Note that both Test DR and Test LL involve a potentially nonlinear constraint 6 1(r),

which seems computationally costly. However, @1(7“) is not required to contain all the
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minimizers and the number of elements in © 1(r) trades off the computation and power
properties. In practice, © 7(r) usually contains a finite number of points, and taking mini-
mization over ©;(r) can be computationally easy.

For both Test LL and BCS, the confidence intervals are constructed by inverting the
test over a grid of r and the computing time increases linearly in the number of grid points.
BCS17 calculate the test on evenly spaced points in their simulation. An alternative method
is the E-A-M algorithm proposed in KMS19, which improves the implementation of BCS17
by a factor of roughly 4 in the KMS19 simulation. In Section 3.5, I implement both Test
BCS and Test LL with the E-A-M algorithm.

The computational gain of Test LL comes at the cost of potential power loss and addi-
tional user-chosen tuning parameters. To compute the critical value, Test PR searches over
the null set ©(r) while Test LL only searches locally around ©;(r). Thus we may sacrifice
the power compared to Test PR if © 1(r) includes only a few elements or if it can not be
a consistent estimator for ©;(r), especially when the dimension of 6 is relatively high and
©;(r) is large. As for the tuning parameters, in addition to the GMS parameter x,,, which
is also used in BCS, LL needs (i) the penalty parameter \,, and (ii) the set AJ (6) which is a
local approximation of 4/n(©(r) —776). To reduce the number of tuning parameters, I sug-

2
In k2

gest setting \, = /nx2 and constructing A" () based on shrinking O(r) by as, o

see Section 3.4.1 for detailed discussion.

3.4 Implementation

In this section, I illustrate the implementation details of constructing A7 (#) in (3.6),

O;(r) in (3.5), and give a step by step algorithm to construct the confidence interval.

3.4.1 Examples of A ()

Recall that Assumption 35 requires that for some a > 0,

0e A”(0) < /n(O(F) — T76)
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for all € O(r) N O;(r, F)*" with &, = n~"?(In /ﬁ:%)i with probability approaching one.
Note that

Vn(O(r) = T70) = \/n(O(r) — 0) + /n(6 — T70),
thus the main idea is to shrink the boundary of /n(©(r) — ) by an “upper bound” of
Vn(@—1T70).

First, for a general ©, define

or) = {06Rd9 :c’9=r,9¢®}

to be the set of parameters satisfying the subvector restriction but not in ©, and define

o(r) e = {9 cO(r):d (9,@(7«)) > en}
to be the set of parameters in ©(r) but away from the boundary of ©. A valid choice is

AL(68) = Vi (B(r) " —6) U {04,} (3.24)

Assumption 35.1 holds trivially. To verify Assumption 35.2. For all § € ©(r) n ©(r, F)*",

|T760 — 0| < ey, thus O(r) =" = O(r) — (T"6 — 6), which implies that

Vr(O@r) = = 0) € V/n (O(r) — (T70 — 0) — 0) = /n (O(r) — T"0). (3.25)

Example 43. Let © = {9 )

, <0, < éj,j =1, ...,v}. We are interested in testing Hy :

0 = r with ¢ = (1,0,—1)". In this sample,

O(r) = {(7", Oo,....,0,) : 0

J<0]<§], j=2,...,v},

O(r) = {(7’, b2, ...,0,) : 0, € (—OO,Q]) U (9], +mw), gJ= 2,...,v},

(2

O(r) ™ = {r} x [ [ 18, + n. 0, — &n] -

J=2

And (8.24) is equivalent to

AL(0) = (‘{0} X H [\/E(Qg — 0, +¢en),Vn(0, — 0, — 5n)]> U {0,}. (3.26)



We can also scale €y, in (3.26) so that the test is invariant to the unit of parameters. That
18
v —
AL(0) = <{0} X H [\/H(Qj — 0, + €ny), \/E(QJ —0,— 6n,3)]> U {0,} (3.27)

J=2

with €y, = HJ%Q]E”. In (3.27), Assumption 35 holds with a = min,—s .,

]7Q]

If © is a polytope, i.e. © = {#: A0 <b,,7=1,...,J} where A, is a 1 x dy row vector,

then we can use
AT (0) ={A: A =0,4A < vVnmax(b, — A — ||A,||en, 0),7=1,..., ]} (3.28)

It is straightforward to verify that 0 € A] () for all 6 € ©(r) and A} (0) = /n(O(r) —T76)

for all 0 € O(r) N Of(r, F)*». I illustrate (3.28) with the following two examples.

Example 44. Let © = {(01,02,03) : 01 = 0,05 = 0,6, + 05 < 1,0 < 03 < 1}. We are inter-

ested in testing Hy : '8 = r with ¢ = (0,0,1) and r = 0. Assume

N

O1(r) {(;,92,0) L0 < 6 ;}

In this case, Ay = (—1,0,0), Ay = (0,—1,0), A3 = (1,1,0), A4 = (0,0,1), A5 = (0,0,—1)
and b = (0,0,1,1,0). O(r) = {(61,02,0): 61 = 0,65 > 0,6, + 62 < 1}.
For (01,02,0) € ©1(r, F)*, we can easily calculate Al (0) defined in (3.28)

A7 (0) ={(A1,A2,0) : Ay = /nmin(e, — 61,0), Ay = v/nmin(e, — 62,0),
A1+ Ay < \/ﬁmax(l — \/Eﬁn -0 — 92,0)} .

If (01, 62) is far away from the boundary of parameter space, for instance, (01,62) = (% —

Ens %) in Figure 3.2a, then with n large enough,

AL(0) = {(A1,42,0) : Ay = v/n(en — 01), A = Vi(en — ),

A1+A2<\/ﬁ<1—(\/§sn+«91+92)>}.
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This is v/n(©(r) —0) with each side of the boundary shrunk by width \/ne,, see Figure 3.2c.
However, if (01,02) is close to the boundary of parameter space, for instance, (01,02) =
(% -, %), then with n large enough,

m(0) = {(A1, A0,0) 1 Ay = v/n(en — 1), Ag > v/n(en — 02), Ay + Ap < 0}

In this case, the hypotenuse boundary is shrunk by *f/%" The intuition is that 6 is close to

the hypotenuse boundary, thus T"6 can not be too far away along direction (1,1). Thus the

shrinkage of this bound is smaller, see Figure 3.2f.

02 0 02 0.4 06 08 1 1.2 0.6 0.4 0.2 0 02 0.4 06 0.6 0.4 0.2 0 0.2 0.4 06

(d) ©(r) (€) vn(e(r) — ) (f) AL(0)
FIGURE 3.2: Illustration of A7 () in Example 44

3.2a is the cross-section plot for the (01, 62) at 63 = 0. The horizontal axis is 01, the vertical axis is #2 and the unit
is one. The “*” dot is 6 = (% — En, i) The solid triangle is ©(r) and the vertical dash line is ©7(r). 3.2b is 3.2a
recentered at 6 and scaled by 4/n. The unit for two axes is 4/n. In 3.2c the shaded triangle is A7, (6) and the rest is

the same as 3.2b. 3.2d, 3.2e and 3.2f are the same, except (61,62) = (% — %, %)

Example 45 (continued). In the spirit of (3.27) and (3.28), it is also valid to use

v

A5 (0) = {0} x | [ [min (v(8, — 0, + €n,),0) ,max (vn(f, — 6, — €n,),0)]  (3.29)

7=2

. 0,—0
with €,, = “5>¢ep.
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3.4.2 Construction of ©;(r)

As discussed in Remark 37, we can construct ©;(r) by
O1(r) < {0.€ O() : S(Da(0) 2 v/ (8), 2u(6)) < Ju(r) + b (3.30)

with d,, — 0 being the tolerance for “approximate minimum?”. The full set on the right hand
side of (3.30) is defined by non-linear restrictions and may contain uncountably many points,
but the suggested choice of 6 7(r) is a subset with only a finite number of “approximate
minimizers”. In practice, ©7(r) can be the set of minimizers in (3.5) generated by different
initial values. For instance, we can run the MultiStart minimization algorithm in MATLAB
with K e N different initial values, where K is the maximum number of elements. The
algorithm will return the minimum J,(r) and K < K distinct minimizers. This method
avoids grid search or nonlinear restrictions.

Note that when JXE(r) is large, we can further improve the efficiency by starting with
a singleton © 1(r). Specifically, we first calculate J,(r) and simultaneously get at least one
minimizer én,'r‘- Then we can use this single value to calculate the critical value C’U%L. If
Jn(r) > cotl, there is no need to search for more elements in ©;(r) and recalculate the

critical value, since the null hypothesis is rejected anyway. If J, (r) < cv%L, we use MultiSart

with K initial values, and use © 1(r) as the collection of K minimizers and recalculate CUIL(L.

The testing result is given by
o(r) = 1[J;"(r) > cvir].
In Section 3.4.3, I give a detailed algorithm on how to construct ©;(r).

Remark 46. It plays an important role in the scalability of Test LL that the number of
elements in ©[(r) is finite and does not grow rapidly with dg. ©1(r) is chosen by the
researcher depending on the dimension of parameters, computational ability, and desired
power. This allows the researcher to balance flexibly the computational time and the length

of the confidence interval, which is not an obvious option for the existing methods. When
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the dimension of parameters is relatively large, we may use a larger K to improve power.
Moreover, the computing time increases much slower than a multiple of K for the following
two reasons. First, as discussed in the previous paragraph, a singleton (:)1(7") 1s sufficient

when Jp(r) > colt

(r). Thus ©7(r) with K > 1 elements is only needed for r close to or
inside the confidence interval. Second, the MultiStart minimization algorithm and the calcu-
lation of A*(0) in (3.23) can be easily parallelized. Therefore, the LL inference procedure

has scalability with the sample and model size even with a relatively large éj(r).
3.4.3 A step by step algorithm

In this section, I give step by step algorithm to compute the confidence interval by

inverting Test LL. For completeness, I list below the notation used in this section. Define

(3.31)

Let kp, = +/In(n), Ay, = /nk;, € = 2 and
142 k 112
S’(m, E) = Z[mj/E;j]_ + Z [mj/Zj?j]
Jj=1 Jj=p+1

And AJ(0) is a set satisfying Assumption 35, for example,

AL(0) = Vn(O(r) " —0) U {04}

h

And I assume there is a grid search algorithm R that takes {r,, J,(r)), cof™(r;, 1 — a)}jzl

as input and returns 7,1 and sp41 as the next evaluating point and a stopping indicator,
respectively. If sp1 = 1 then stop the grid search. For instance, the simplest evenly spaced

grid search with K + 1 grid points over [r, 7] is given by

R ({ry, n(r), ol (1 = @)} ) = [r+ Ex(h—1), 1[h = K + 1]] .

J=1 K
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The E-A-M algorithm in KMS19 approximates the difference between the test statistic and
critical value through a probabilistic model that is updated during the grid search. And it
picks the most relevant points as the next point to evaluate. The algorithm stops when the
grid search converges, or the maximum iteration is achieved. Lastly, set d,, to be a small
non-negative number, e.g. min {%, 10_4}, for the tolerence of the approximate minimizer
set ©7(r) in (3.30).

1. Initialize h = 1, 7 € O and s; = 0.

2. Estimate the test statistic by minimizing the test function

Tnlrn) = it S(Da(0)”2 Vi (0), 00 (6),

and get minimizer én,rh- Let (:)I(rh) = {én,rh} and Singleton = 1.9
3. Calculate the critical value for r,

a) simulate ¢ i.i.d for 2 =1,...,n, b =1, ..., B, such that
imulate ¢? i.i.d f 1 b=1,..,B,such th
GHW Ly ~ N(0,1).

(b) for each b, calculate

and G, is a consistent estimator for Vg <DF(9)_%EF (m(W3, 9))), and

A(9) € argmin (S (02(0) + $(€n(0)) + G ()2, u(0)) + A”HAH?).
AeAT (0) n

5 The procedure to start with a singleton set is a pure computational device and does not suffer from a
pre-test distortion.
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B
(c) get the 1 — v quantile of {J#L’b(rh)} , and denoted it as cvL* (1, 1 — ).

4. If Singleton = 1 and J,(ry) < cvt(rp, 1 — @),
(a) run a minimization algorithm with K initial values (e.g. MultiStart in MAT-

LAB), and let ©;(ry,) be the set of K returned minimizers and

O1(rp) = {9 € O1(rp) : S(Dn(0) 2 v/mimn(0), 0 (0)) < Ju(rn) + 5n} .

©;(rp) is the set of approximate minimizers and it rules out the local minimizers
far from the global minimizer.
(b) let Singleton =0
(c) go to Step 3
Else,
(a) go to Step 5

5. Let

[7h+1,8h41] = R ({7’]; T(ry), cop(ry, 1 = O‘)}?ﬂ) :

6. If spo1 =0, let h = h + 1 and return to Step 2. If s,1 = 1, return the confidence

interval

min Ty, max Tyl -
J<hidn (ry)<cvkl(r),1—a) J<hidn (ry)<cvkl(r),1—a)

3.5 Monte Carlo Simulations

In this section, I study the size and power properties by Monte Carlo simulations of a

simple two-player entry game.

3.5.1 Model

There are two firms j = 1,2 choosing whether to enter a market ¢ € {1,...,n}. The

payoff is given by

dx
mji = Ajileji + A 50+ D) BiaXai),
q=1

80



where A;; = 1 if j chooses to enter market i. There are dx type markets and X, ; are
observed binary market type indicators with distribution P(X,; = 1) = pg = i. Assume

Pq is known for simplicity. Let

1
(e1,i,€24)|Xi ~ N (0,[ p T ])

The moment conditions are

Er[mi,q(Wi,0)] =Er [G, ([=B1,4,0) x (=90, =24 — 82]) pg — A1,i(1 — A23)Xg1] = 0
Ep|maq(Wi,0)] =Ep[A1;(1 — As;)Xg1 — Gy ([— g, 0) X (—00, —B2,4 — 62]) g

+Gp ([=Prg: —Brg — 01) ¥ (—Pag, —B2q — 02]) pg] = 0
Ep[ma,q(Wi,0)] =Er [(1 — A1) (1 — A2,:)Xg1 — Gy (=90, =B1,q] % (—0,—B2,4]) pg] = 0

Er[maq(Wi,0)] =Er [A1i42: X1 — G, ([~Prg — 61,90) X [~fag — 62,0)) pg] = 0

where W; = (A4;, X;) and G,(A) = P ((e1,e2) € A).

To examine the performance of the inference procedures under different model sizes, I
conduct the simulation with dx = 2,4,6, where dy = 7,11, 15, the number of moment in-
equalities p = 4, 8,12 and the number of total moment conditions k = 8, 16, 24, respectively.

The true parameter is 0 = (1,1, ..., B1.dx» 52,1, ---» B2,dx » 01, 02, p) Where

B = (0.1, 1.1, =01, —0.5, 0.8, —0.5),
By = (0.3, —0.8, 0, —0.5, —0.9, —0.2),
51 = —0.1, 5y = —0.3, p =0.4.

In the region of multiple equilibria, the probability of selecting A4; = (1,0) is 0.5. The
parameter space is
O = {0 = (ﬁlaﬁ%él)é?,p) € R2dx+3 : ﬁj,q € [72’2]a6] € [*270]
forall j =1,2,qe{1,...,dx},pe[0,0.85]}.

And we are interested in constructing a 95% confidence interval (CI) for 6;. The identified

set of 01 is reported in the first row of Table 3.1a.
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3.5.2 Implementation details

I run all methods with MC = 1,000 replications and B = 600 bootstrap draws on a
server with 16 workers.” For Test BCS, I use &, = y/log(n) as recommended by D. W. K.
Andrews and Soares (2010), the MMM test function and ¢ in (3.18) as suggested in

BCS17. As for Test LL, I use A, = \/nk2, and

dy
Al(6) = {0} x H [min (0,v/n(0; — 0; + €n5) ,max (0,v/n(0; — 0; + enj)].  (3.32)
j=2
with €,,; = gj_gj)gn and g, = % as in (3.29). And I use the E-A-M algorithm

to calculate the confidence intervals for both profiling methods. As for ©;(r), I follow
BCS17 and calculate the test statistic by running Matlab command fmincon twice with
two distinct initial values, and each run returns a minimizer. © 7(r) is the set of distinct
minimizers, which has at most two elements. Test LL and Test BCS use the same ©(r).
In general, larger K gives (weakly) larger power at the cost of increasing computing time.
The recommended range of K is between two to ten, depending on the model size and
computational power.

The calibrated projection-based test proposed in KMS has form

inf o, Sup F
JEMS (9)<cpKMS (9) JEMS (9)<cokMS (6)

where JEMS(9) and cvEMS(9) are the KMS test statistic and critical value evaluated at
0 € ©. Let m be the number of initial points to use in multi-start, and I calculate the KMS
confidence interval using the E-A-M algorithm with three different m. The recommended
value of m is between 10 and 100. I run the algorithm with m = 20,40,80 for each

sample and get three confidence intervals. Note that the seeds to generate the original and

bootstrapped data are fixed, thus the difference among these three confidence intervals only

7T BCS17 set B = 301 and KMS19 report the results with both B = 301 and B = 1001. B = 600
is a reasonable choice which makes the Monte Carlo simulations computationally feasible. In practice,
researchers can use a larger B, e.g. B = 1000, to get a more accurate critical value.
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comes from the randomness in the E-A-M algorithm. It turns out that the E-A-M algorithm
can be sensitive to the choice of m, especially when dy is large. For instance, for n = 1, 000,
dx = 6, the difference between the three lower bounds is larger than 0.1 for around 16% of
the samples (with the median length of CI around 1). It is also unclear which is the optimal
m. For 19% (resp. 19% , 14%) of the samples, m = 20 (resp. m = 40, m = 80) gives a
strictly smaller lower bound than the other two by at least 0.005. Therefore, implementing
the E-A-M algorithm with different values of m can reduce sensitivity.® I take the union of

these three confidence intervals as the final one.

3.5.3 Simulation results

In this section, I present the simulation results.

Confidence intervals and coverage rates

The median 95% CI and coverage rate are reported in Table 3.1. The median CI is the
median of the lower bounds to the median of the upper bounds. The “Upper” coverage rate
is for the upper bound of the identified set of 61, and similarly for “Lower” coverage. The
median confidence intervals of LL and BCS are similar, and the coverage rates are higher
than the nominal value for all model and sample sizes. The coverage rates for KMS with
N = 4,000, dx = 4,6 and N = 1,000, dx =4 are close to, but slightly lower than, the
nominal rate. It could be a result of the sensitivity of the E-A-M algorithm. The KMS

median confidence intervals are strictly shorter than BCS and LL.

Computing time

The average computing time is reported in Table 3.2. The computing time of BCS
is in the second and third rows, where “add” represents for “additively separable model”

and “gen” represents for “general model”. Note that in this simulation, the data and the

8 It may also help to try a combination of different values of other tuning parameters, e.g. the number
of initial points and points to keep from expected improvement maximization. Here I keep other tuning
parameters at the default values because of the limit of computation.
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Table 3.1: Simulation Results: Median CI and Coverage

(a) Median 95% CI

dx =2 dx =4 dx =6
Identified Set [ 0.044, 0.265] [ 0.064, 0.167] [ 0.071, 0.159]
N =1,000 LL [-0.134, 0.817] [ -0.294, 0.926] [ -0.489, 1.052]
BCS [ -0.149, 0.842] [ -0.282, 0.922] [ -0.404, 0.997]
KMS [-0.078, 0.737] [ -0.158, 0.795] [ -0.250, 0.839]
N =4,000 LL [-0.037, 0.721] [-0.104, 0.773] [-0.177, 0.823]
BCS [ -0.046, 0.737] [ -0.110, 0.780] [ -0.164, 0.816]
KMS [ -0.013, 0.690] [ -0.048, 0.720] [ -0.083, 0.742]
(b) Coverage Rate
dx =2 dx =4 dx =6
Lower Upper Lower Upper Lower Upper
N =1,000 LL 99.3 99.9 99.7 100.0 100.0  100.0
BCS 99.4 99.9 99.3 100.0 98.9 100.0
KMS 96.6 97.7 94.4 97.7 96.8 98.3
N =4,000 LL 98.4 99.7 99.6 100.0 99.5 100.0
BCS 99.2 99.6 99.3 99.9 99.3 100.0
KMS 96.5 97.5 91.6 98.7 92.3 98.7

parameters are additively separable in the moment conditions, and so v} () is invariant
to . “BCS-add” exploits this feature and calculates vy; ;(0) only once for each bootstrap.
I also report the computing time “BCS-gen” using BCS17 code that works with general
models, which calculates v} (6) at each 6. “BCS-gen” is more relevant in a non-separable
model with similar sample and model sizes. Note that the confidence intervals calculated
by these two methods are numerically the same. The computing time of KMS is reported
in the fourth row. For each sample, I run the KMS method with three choices of m, and
the reported time is the smallest one corresponding to the largest confidence interval.”

LL is computationally attractive and takes less than 81 seconds in all models. BCS-gen

is very time-consuming and especially sensitive to the sample size. LL improves upon BCS-

% For instance, for sample s, if m = 40 gives the largest CI, record t; = 89 If both m = 20 and m = 40
give the largest CI, t; = min(tgm), t§40>). Here tgm) is the computing time for sample s with m being the

number of initial points to use in multi-start.
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gen by a factor of up to 170 (dx = 6, n = 4,000), where a factor of 9 comes from using a
local search to reduce the time evaluating v (#) (compare BCS-gen and BCS-add), and a
further factor of 19 from the linearization of moment function (compare BCS-add and LL).
The computing time of BCS-add and KMS remains approximately the same as n increases
but increases significantly with the model size dx.

LL improves upon the computing time of KMS by a factor up to 27 (dx = 6, n = 1,000).
Note that both LL and KMS use local linearization, so conducting the test for a given point
is fast.!9 However, LL, as a profile-based method, only conducts the test for a grid of r,
which is one dimensional, while KMS, as a calibrated projection-based method, conducts
the test for a grid of 6, whose highest dimension is 15. The grid search over a relatively
large dimension can be time consuming even with the E-A-M algorithm, and thus the

computational advantage of LL over KMS is more prominent with larger dy.

Table 3.2: Simulation Results: Average Time

Time (seconds per simulation) Ratio to LL
dx =2 dx =4 dx =6 dx =2 dx =4 dx =6

N =1,000 LL 30 37 55 1 1 1

BCS-add 344 762 1742 11 21 31

BCS-gen 897 2502 5037 30 68 91

KMS 87 549 1481 3 15 27
N =4,000 LL 37 50 81 1 1 1

BCS-add 373 774 1538 10 16 19

BCS-gen 1788 5602 13914 49 113 172

KMS 115 362 1019 3 7 13

In Table 3.3, I decompose the profiling method and report the computing time per grid
point with B = 600 without parallelization. The computing time of simple grid search using
the profiling method is approximately linear in the bootstrap draws B and the number of

evaluated grid points h, thus readers can estimate the computing time using simple grid

10 Here “a given point” means a given r for LL test, or a given 6 for KMS test.
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search. For instance, for n = 1000, dx = 2, 1,000 bootstrap draws, a grid search of LL

over 100 points, paralleled with 4 workers will take approximately

0.13
(047 + 55 % 1000) x 100/4 = 17 5.

The computing time of LL critical value is almost negligible compared to BCS.

Table 3.3: Simulation Results: Computing Time for Profiling Method

Time (seconds per grid point) Ratio to LL
dx =2 dx =4 dx =6 dx =2 dx =4 dx =6
N =1,000
Test Stat 0.47 1.20 2.47 - - -
Critical Val LL 0.13 0.28 0.47 1 1 1
BCS-add 147.22 410.42 785.53 1127 1447 1686
BCS-gen 378.18 1229.71 2447.61 2896 4337 5254
N =4,000
Test Stat 0.88 2.55 5.24 - - -
Critical Val LL 0.13 0.22 0.38 1 1 1
BCS-add 192.46 376.35 772.65 1498 1705 2009
BCS-gen 818.59 2828.71 6187.08 6371 12812 16087

3.6 Empirical Application

In this section, I apply the test procedures to the binary entry game in Kline and
Tamer (2016) (KT16). This empirical application is also revisited in Chen et al. (2018),
Chesher and Rosen (2020b) and KMS19 based on moment (in)equality models. The goal
is to explain the entry decision in the airline industry and the main setting is summarized
below.

All airlines are aggregated into two types: the low cost carrier (LCC) and others (OA).

The payoff of j type firm entering market ¢ is determined by two exogenous explanatory

pres

i) and market size (x517¢), as well as the opponent’s

variables, namely market presence (x ?

decision. The first one is a market- and firm- specific variable that measures the market

presence of type j firm in market . The market size is defined as the population at the
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endpoint city and it only depends on the market. Both exogenous variables are simplified to
1 if the value is larger than the median, and 0 otherwise. Assume that the payoff function
is given by

. cons pres _ pres size, .size . . .
A],z (B] +0; x Bj ;o + 5JA*J,Z + e]ﬂ)

where A; is the decision of j type airline, which equals 1 if it enters and 0 otherwise;
A_; is the opponent’s decision.  and ¢ are model parameters. A firm chooses to enter a
market if the entering payoff is non-negative. (e, e2,) follows a joint normal distribution
with correlation coefficient p and marginal mean and variance normalized to 0 and 1,
respectively. I refer to KT16 for more details and further discussion. The exogenous
variables (a:rffies,xg,rf ® x51%) can take 8 values, and for each value, there are two moment
equalities (for the probability of both entering and both not entering) and two moment
inequalities (upper and lower bounds for the probability of only OA entering). This in sum
gives 32 moment conditions.

The data is from the second quarter of the 2010 Airline Origin and Destination Survey,
which contains n = 7882 markets. Let 0 = (8788, ﬁiiéec, Bre, BERS, Bf)lff, BN OrCC, 00A, P)
and © = x?_,[0;,0;], where

0=(-8, -2, =2, =8, =2, =2, —4, —4, —0.85)

=(2, 3, 10, 2, 3, 10, 0, 0, 0.85)

following from the bound used in KMS19. The bounds on p guarantee that Assumption
34.2 holds, and are also imposed in KMS19. I set , = +/log(n), Ay = v/nK2, €, =

| 0, —9 | In k3

— and for jth parameter,

AZJ(Q) = {A : AJ =0,A, = [\/E(Qz -0, + en,z)’ \/ﬁ(éz -0, — Gn,z)] , ] F l} U {09} (3.33)

as in (3.27). All confidence intervals are calculated with E-A-M algorithms with B = 500
bootstrap draws. KMS is calculated with the number of initial points to use in multi start
m = 40, which is used in the KMS19 code for the same empirical application. The 95%

confidence intervals and computing time for each parameter are presented in Table 3.4.
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The moment condition is additively separable and the BCS computing time corresponds to
“BCS-add” in Section 3.5.

The estimation results are qualitatively consistent with those in KT16 and KMS19.
All bounds are informative. The market size (resp. market presence) has a significant
positive effect on the payoff, and the effect is larger for OA (resp. LCC) firms. The entry
of each airline significantly reduces the opponent’s payoff. LL and BCS confidence intervals
are very close, which agrees with the findings in the Monte Carlo simulations. However,
different from the simulation results, the confidence intervals of KMS are larger than LL
and BCS, especially for S{ 3¢, 01 and p. It is possible that the power advantage of calibrated
projection and profiling methods is different under different models. The power comparison
with KMS is interesting but outside the scope of this essay and I leave it for future research.

The computing time for of LL is significantly less than both BCS and KMS and it takes
less than 20 minutes to get all LL confidence intervals, while it takes 2.5 hours for KMS

and 7.5 hours for BCS.
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Table 3.4: Results for Empirical Application

(a) 95% confidence intervals

LL BCS KMS
cs [-1.11,-1.04] [-1.23,-1.00] [-2.06,-0.84]
size, [ 0.24, 0.35] [ 0.23, 0.38] [ 0.18, 0.42]
e 11,78, 1.88] [ 1.78, 1.92] [ 1.74, 1.95]
ons [ 0.47, 0.54] [ 0.45, 0.54] [ 0.40, 0.60]
se 10.42, 0.50] [ 0.41, 0.51] [ 0.33, 0.56]
PIos 1 0.45, 0.52] [ 0.43, 0.55] [ 0.39, 0.58]

dcc  [-1.25,-1.18] [1.29,-1.04] [-1.45,-0.19]
doa  [-1.38,-1.29] [1.41,-1.18] [-1.46,-0.77]
p  10.83,0.85] [ 0.80, 0.85] [ 0.21, 0.85]

(b) Computing Time
Time (seconds) Ratio to LL
LL BCS KMS BCS KMS

cons 282 5176 2857 18 10
size, 137 3444 435 25 3
pres 125 1827 327 15 3
s 108 1433 1963 13 18
RYN 93 6886 723 74 8
s T8 2363 285 30 4

dcc 101 2575 362 25 4

doa 322 2102 956 7 3

p 108 1230 321 11 3

Total 1355 27036 8229 20 6
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4. Hypothesis tests with a repeatedly singular
information matrix

In this essay, We study score-type tests in likelihood contexts in which the nullity of the

information matrix under the null is greater than one. !

4.1 Introduction

Rao (1948) score test and Silvey (1959) numerically equivalent Lagrange multiplier (LM)
version completed the triad of classical hypothesis tests (see Bera and Bilias (2001) for a
survey). Given that they only require estimation of the model parameters under the null,
in the late 1970’s and early 1980’s they became the preferred choice for many specification
tests which are nowadays routinely reported by econometric software packages (see the
surveys by Breusch and Pagan (1980), Engle (1983), and Godfrey (1988)). In addition to
computational considerations, which continue to be very relevant for resampling procedures,
two other important advantages of LM tests are that (i) rejections provide a clear indication
of the specific directions along which modelling efforts should focus, and (ii) they are often
easy to interpret as moment tests, so they remain informative for alternatives they are not
designed for. Furthermore, under standard regularity conditions, they are asymptotically
equivalent to the Likelihood ratio (LR) and Wald tests under the null and sequences of
local alternatives, and thus they share their optimality properties.

One of the crucial regularity conditions for a common asymptotic chi-square distribution
for these three tests is a full rank information matrix of the unrestricted model parameters
evaluated under the null. Nevertheless, there are empirically relevant situations in which
this condition does not hold despite the fact that the model parameters are locally identified.
In non-linear instrumental variable models, Sargan (1983) referred to those instances in
which the expected Jacobian of the influence functions is singular but the expected Jacobian
of the linear combinations of their derivatives that span its nullspace has full rank as

second-order identified but first-order underidentified. In a likelihood context, a singular

! This essay is a joint work with Dante Amengual and Enrique Sentana.
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information matrix implies that there is a linear combination of the average scores which is
identically 0, at least asymptotically. In their seminal paper, L. F. Lee and Chesher (1986)
studied some popular examples of this situation in economics: 1) univariate regression
models with sample selectivity; ii) stochastic production frontier models; and iii) certain
mixture models.?

L. F. Lee and Chesher (1986) proposed to replace the LM test by what they called an
“extremum” test. Their suggestion was to study the restrictions that the null imposes on
higher-order optimality conditions. Often, the second derivative will suffice, but sometimes
it might be necessary to study the third or even higher-order ones. They proved the asymp-
totic equivalence between their extremum tests and the corresponding LR tests under the
null and sequences of local alternatives in unrestricted contexts. Using earlier results by
D. Cox and Hinkley (1974), this equivalence intuitively follows from the fact that their
tests can often be re-interpreted as standard LM tests of a suitable transformation of the
parameter whose first derivative is 0 on average such that the new score is no longer so.
In contrast, Wald tests are extremely sensitive to reparametrization under these circum-
stances. Bera et al. (1998) provide some additional insights. In turn, Rotnitzky et al. (2000)
rigorously study the asymptotic distribution of the maximum likelihood (ML) estimators in
those contexts. Finally, Bottai (2003) looks at the validity of confidence intervals obtained
by inverting the three classical test statistics in this setup.

However, in all the existing literature the nullity of the information matrix, ¢, say, is
assumed to be 1. When the information matrix is repeatedly singular under the null, in the
sense that ¢, is two or more, the number of second-order derivatives exceeds the number of
parameters effectively affected by the singularity by an order of magnitude. The unbalance
gets worse when it becomes necessary to look at higher-order derivatives. Unfortunately,

in general there is no reparametrization that leads to a regular information matrix.®In

2 In all their examples, in fact, the average score with respect to one of the parameters of the alternative
evaluated at the restricted parameter estimators that impose the null is identically 0 in finite samples.

% An exception is the multiplicative seasonal ArRMA model considered in Amengual et al. (2023).
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particular, transforming each of the parameters individually along the lines suggested by
L. F. Lee and Chesher (1986) does not usually give rise to a test asymptotically equivalent
to the LR. On the contrary, different reparametrizations will typically give rise to different
test statistics.

The purpose of this essay is precisely to propose a feasible generalization of the L. F. Lee
and Chesher (1986) approach in repeatedly singular contexts that leads to tests asymptot-
ically equivalent to the LR, but which only require estimation under the null. Specifically,
we propose a generalized extremum test (GET) which typically maximizes an easy to inter-
pret statistic over a space of dimension ¢, — 1 when all parameters show the same degree of
underidentification, thereby simplifying to the L. F. Lee and Chesher (1986) proposal when
the nullity is one. More generally, GET is an LR-type test that compares the log-likelihood
function under the null to the maximum over ¢, dimensions of its lowest-order expansion
under the alternative capable of identifying the restricted parameters. In contrast, LR tests
require the maximization over the entire parameter space of an unrestricted log-likelihood
function which is extremely flat around its maximum when the null hypothesis is true.*These
computational advantages are particularly pertinent for bootstrap-type inference, which is
especially necessary in our context because the common sup-type asymptotic distribution
of the GET and LR tests is often non-standard, and the sample sizes required for this
distribution to be reliable unusually large.

Repeatedly singular information matrices are not a mere theoretical curiosity. In fact,
we illustrate our proposed testing procedure in detail with several examples of interest that
arise in economic and finance applications when testing: 1) exogeneous sample selectivity in
multivariate regressions; 2) normality against the flexible semi-nonparametric (SNP) family
proposed by Gallant and Nychka (1987); 3) a Gaussian copula against another flexible
Hermite expansion; and 4) unpredictability in a multiple regressor version of the purely

non-linear model considered by Bottai (2003). Further, in Amengual, Bei, and Sentana

4 Obviously, both procedures require the estimation of the model under the null, but the restricted
maximum likelihood estimator is typically available in closed form in many models subject to specification
tests.
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(2022) and Amengual et al. (2023) we discuss the application of the test proposed in this
essay to two additional examples of substantial empirical interest: testing for multivariate
normality against a skew normal distribution, and testing for neglected serial correlation in
univariate time series models, respectively.

The structure of the rest of this essay is as follows. In section 2 we obtain our theoretical
results first in the case in which all the underidentified parameters have the same degree of
underidentification, and then when the degree of underidentification may be different for
different parameters. Then, in section 3 we discuss the first two aforementioned examples in
detail, assessing the finite sample size and power properties of our proposed tests by means
of several extensive Monte Carlo exercises. Finally, we conclude in section 4, relegating

proofs, the remaining two examples, and some additional results to the appendices.
4.2 Theoretical results

Consider the estimation of the parameter vector p characterizing the distribution of
an i.i.d. random vector y. Let l;(p) = In f(y;; p) denote the log-likelihood function con-
tribution from observation ¢, so that the log-likelihood function of a sample of size n is

Ly, =Y"1li(p).°In what follows,

ali(p)
op;

Spsi(P) =

will denote the contribution of observation i to the score with respect to the j** element of
pand S, (p) = 2 8yi(p) their sum.

Let us partition p into two blocks: 1) ¢, which contains the p x 1 vector of parameters
estimated under the null; and 2) 8, which is the ¢ x 1 vector of parameters such that the
null hypothesis can be written in explicit form as Hy : @ = 0. Let p*, p and p = (¢/,0")
denote the true value of the parameter vector, its unrestricted ML estimator (UMLE), and

the restricted one (RMLE), respectively, so that p* = (¢*,0) under Hy. As usual, |.| and

5 Although we could easily generalize our results to explicitly deal with dependent data by using standard
factorizations of the sample log-likelihood function, we maintain independence to simplify the expressions.
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[|.|| denote absolute value and Euclidean norm, respectively. Finally, we use epin(A) and
emax(A) for the smallest and largest eigenvalues, respectively, of a symmetric square matrix

A.

Using this notation, we henceforth assume:

Assumption 47. (Regularity conditions)

(47.1) p takes its value in a compact subset P of RPTY that contains an open neighborhood
N of the true value p* which generates the observations.

(47.2) Distinct values of p in P correspond to distinct probability distributions.

(47.3) Efsuppep lli(p)]] < 0.

(47.4) E[0l;(¢,0)/0¢-0l;(¢h,0) /0| has full rank under the null for all (¢,0) € P.

The compactness of P in Assumption 47.1 together with the continuity of /;(p) and
Assumptions 47.2 and 47.3 guarantee the existence, uniqueness with probability tending to
1, and consistency of both the UMLE p and the RMLE p (see Newey and McFadden 1994,
Theorem 2.5). The “open neighborhood” part of Assumption 47.1 is just used to simplify
the expressions and their derivation. Extensions to situations in which the true parameters
lie at the boundary of the parameter space under the null are feasible, but at the expense
of complicating the notation and blurring the message of this essay. Finally, Assumption

47.4 guarantees the convergence of the RMLE at the usual n~3 rate.

4.2.1 Repeated singularity of the same order

We first consider the case in which ¢; elements of 8 are first-order identified, while the
remaining ¢, elements are r*-order identified under the null, a concept that will become
precisely defined after we introduce Assumption 49 below. Therefore, if we further partition
0 = (0],0.), where ¢ = dim(6;) and ¢, = dim(8,), so that ¢ = ¢1 + ¢, then the
information matrix under Hy will be such that its top (p + q1) % (p + ¢1) block is regular
and the rest contains zeros. Consequently, its nullity will be precisely .. Often, one needs
to reparametrize the model to make sure it satisfies these conditions, an issue we discuss in

detail in each of the examples that we consider.
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Let j € NP2 denote a (p + ¢) x 1 vector of indices, j! = filq jils

_ 1ali(p)
oo

where ¢,, is a vector of m ones, and ol (p) =2, ll[j] (p). Throughout this subsection, we

assume the following conditions hold:

Assumption 48. (Regularity conditions on the derivatives of the log-likelihood function)
(48.1) With probability 1, the derivatives lz[j] (p) exist for all p in N and ¢}, j < 2r, and
they satisfy E[suppeps |ll[j] (p)|] < o0.

(48.2) Forr <, j <2r, E{IY(p)]2} < for all p in N.

(48.8) When v, ,j = 2r there is some function g(y) satisfying E[¢?(y)] < o such that with

probability 1, |LY (p) — LW (pN)] < |lp — p'1| 3 9(yi) for all p and pl in N,

We borrow Assumptions 48.1-48.3 from Rotnitzky et al. (2000) with some modifications.
The main difference is that they require (27 + 1) differentiability for the Taylor expansions
they use to analyze the distribution of the MLE, while we only need 27" differentiability
to study the asymptotic distribution of our tests. Assumptions 48.1 and 48.3 guarantee the

existence of derivatives and the stochastic equicontinuity of the sample mean of lz[j] (p) with

L;Jrqj < 2r. In turn, Assumption 48.2 allows us to apply a central limit theorem to llm (p*).

Let 0?’“ =0,00,®---®80, denote the k"-order Kronecker power of the gr x 1 vector
.

~

~~
k times

/
" Ln(p) — vec 0 | " 'Lu(p)
0%k 20, aeg@(kfl) )

0., and define

Moreover, let

Ipp(®)  Ipo, (@) Igpe.(P)
(9) = | log(®) loio,(¢) Inio,(P) | = lim Var
Io.¢(®) lo.0,(®) Ilo.0.(®)

Seln(¢7 0) ¢7 0
0" Ln(¢,0)/00%"

Sl-
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denote the asymptotic covariance matrix of the relevant influence functions, which may be
understood as a generalization of the information matrix.
In addition, let

_ V9191(¢) VOlGr(d))
Voo(d) = [VgTol(cb) Verer(ﬁb)]

_ [ Te6:(®) oo, (@) | _[ Toie(@) |-
- [Ierel(ﬁl’)) IeTer(¢)] |:Igr¢(¢)]1¢q£(¢)g¢el(¢) g0, (@) -

denote the asymptotic residual variance of Sg,,(¢,0) and 0" L, (¢, 0)/002" after or-

thogonalizing these influence functions with respect to s¢.

Assumption 49. (Rank conditions for ¢, > 1)
(49.1) For all (¢,0) € P,
otardor (¢, 0)
P B
with probability 1 for all jo, = (j1, .-, Jg.)" such that ¢}, jo, <1 — 1.

(49.2) The asymptotic covariance matriz of the (scaled by \/n) sample averages of

6% *7 0
{S‘f”‘("b*’0>,Seu-<¢*,0>,0?”aﬁ,%r)}

has full rank for all possible non-zero values of 8, € R underlying the vector of coefficients

0% in the linear combination above.

Intuitively, the rationale for looking at

qr

9@7“/ arél _ Z L' (H 9]2) ale(d)a 0)

T T s r j -
o0r UG, Jor =T 307 \ =1 06y’

is that it coincides with the r*"-order term in the expansion of the log-likelihood function.

In that respect, note that although the higher order derivatives 0"1;/00%" will usually

contain many repeated elements thanks to the Clairaut-Schwartz-Young’s theorem, the

rank deficiency condition in Assumption 49.2 applies to the inner product of 62" with those
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influence functions, so the requirement is that those linear combinations of the elements in
0"1;/06%" be linearly independent of sg;(¢,0) and sg,;(¢,0).
Finally, let
0F" Drn (@)D, (0) 07"

n(6r, = — - ) 4.1
OO ) = Gt (8) — Voo, (@) b (&) Vors, (&)16F" @)

where

T La(,0)

Drn(@) = =208

— Vo,0,(#)Vg, g, (#)S0,n(0,0)

is the residual in the least squares projection of "L, (¢, 0)/00%" onto the linear span of

Sg,, (¢,0).5In this context, we can proof the following result:

Theorem 50. If Assumptions 47, 48 and 49 hold, then under Hy: 8 =0
LRy, = 2[Lu(p) — Ln(p)] = GET,, + Op(n~ %),

where

cgw) if r is odd,

_ 1 / 7 — 7 7 1 Q?’L(g’r”a
GBIy = ﬁsem(qs’ O)Velél((p)seln (6,0)+7 sup { 0,,9)1[0% D, (¢) = 0] if r is even.

n g,+0 Qn(

An important implication of Theorem 50 is that the rate of convergence of the difference
between the LR and GET tests is inversely proportional to the order of identification,
thereby generalizing the standard result for regular models.

Importantly, expression (4.1), which can be understood as a generalized Rayleigh quo-
tient evaluated at the restricted ¢% x 1 vector 897, does not effectively depend on 6, when
the nullity of the information matrix is 1, so Theorem 50 generalizes the results in L. F. Lee
and Chesher (1986) and Rotnitzky et al. (2000) by allowing for the presence of multiple

singularities under the null.

5 Importantly, Assumption 49.2 guarantees that the denominator of Q. (6,, @) is positive because Vag is
"1(¢,0)
QT 0,

linear span of s (¢,0), while Va9, — Vgrglvejél V.0, is the residual covariance matrix of the projection
of the second residual on the span of the first one, which by the Frisch-Waugh theorem coincides with the

residual in the projection of 6;%?9’?) onto the linear span of s (¢, 0) and se, (¢, 0).

the covariance matrix of the residuals from the least squares projection of sg, (¢,0) and on the
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4.2.2 Repeated singularity of different orders

There are situations in which the degree of identification of the different elements of 0
under the null hypothesis is more heterogeneous than just either one or r+1. To characterise
them in full, we need to generalize the conditions in Assumptions 48 and 49. Let <g;(¢)
and ¢p;(¢) denote two measurable functions of dimensions p x 1 and m x 1, respectively, so

that we can define the empirical process

so=[ 328 |- Setor v 0= [ 23]

Typically, ¢4;(¢) coincides with the scores with respect to ¢, and ¢g;(¢) with some higher-
order derivatives with respect to the elements 8, so that S, will serve as the analog to the

sample score in regular models. In addition, let

)

[ (6% 5 Ag(0)
CEN R e

where Ay (0) € RP and Ag(6#) € R™ are non-random vector functions of the parameters that

adequately capture their difference from the true values. Finally, let

_ | Zep(@) Zgo(e)
1(¢) = { Zop(®) Zoo(o) ]

denote a non-random positive semidefinite symmetric (p +m) x (p+m) matrix, which once
again will effectively play the role of an information matrix.
Using this notation, we state the following assumptions, many of which are simplified

versions of the conditions in Assumption 5 in Meitz and Saikkonen (2021):

Assumption 51. (LQ approximation) Ly, has a “linear-quadratic” expansion given by

Lo(6,0) ~ L(9%.0) = S,(6") A (6,6) — 10N (6,0) T($9)A (6.0) + Bo (6.,6).

where Ry, (¢,0) is a remainder term. In addition:

(51.1) X (¢, 0) is continuous in p, and such that (i) A(¢*,0) = 0 and (i) for all e > 0,

inf (@, 0)| = b, for some 6. > 0.
160) e o) 1* (600 = Oc S
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_1 d . . .
(51.2) n=28, — S for some zero-mean RPT™-valued Gaussian process with covariance

kernel

E[8(¢1)S' (¢2)] = E [si(¢1)si(¢p2)] = K (1, 92).

(51.3) Z(¢*) = K(¢*, ¢*) is Lipschitz continuous at a neighborhood of ¢* and satisfies

0 < emin[Z(@¥)] < emax[Z(¢™)] < 0.

(51.4) The remainder term Ry, (¢, 0) satisfies

sup [ (¢, 9)] = op(1)

($.0)eP:|(6,8)—(6*,0)| < 1 + 1| A (0, 0)|

for all sequences of (non-random) positive scalars {~y, : n = 1} for which v, — 0 as n — 0.

(51.5) There exists some function g(y) satisfying E [(g(y:))?] < oo such that

15(¢") — S(@*)I| < 19" — ¢*1| D &(vi) (4.2)

=1

with probability 1 for all (¢,0) € N.

(51.6) If n%)\((bn,en) = O(1), then Ry, (¢,0) = Oy(n™?) for some a such that 3 > a > 0.

Assumption 51 states that the likelihood ratio can be expressed as the sum of a linear-
quadratic approximation and a residual term, R,. The linear-quadratic part, though, rep-
resents a higher-order expansion of the likelihood ratio around € = 0. Assumption 51.1
captures the local identification condition at the true parameter value. Assumption 51.2
is analogous to the information matrix equality, while Assumption 51.3 to the standard
non-singular information matrix assumption. In turn, Assumption 51.4 ensures that the
residual is dominated by the leading terms, and thus, negligible asymptotically, while As-
sumption 51.5 enables us to substitute the true parameter ¢* with the restricted estimator

d~) after an appropriate adjustment for sampling variability. Finally, Assumption 51.6 allows
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us to obtain the convergence rate of the linear-quadratic approximation, with a typically
associated to the slowest rate of convergence of the parameter estimators under the null.

We can then prove the following result:

Theorem 52. If Assumptions 47 and 51.1- 51.5 hold, then under Hy : 0 = 0
LR = 2[Ln($,8) — Ln(¢,0)] = GET, + 0y(1),
where

GET, = sup(2[S0.1(8) —~ Zo(6)L4(#)50.1(&)] 2o (6)

—nXy (0) [Zoo(P) — Top (D)L () Lgo(h)] Ao (0)}.
If, in addition, Assumption 51.6 holds, then
LR = 2[L,(¢,6) — L($,0)] = GET, + Op(n™*).

As expected, we can easily show that our first theorem is a special case of this second
theorem when the higher-order identification is of the same order for all the parameters
involved regardless of the parity of r. More importantly, the proof of this theorem shows
that we can interpret I/n((,{)7 0) + GET, as a Taylor approximation of order 2r to the log-
likelihood function around p, which means that GET, is effectively an LR-type test that
compares the log-likelihood function under the null to the maximum of its lowest-order
approximation under the alternative capable of identifying the restricted parameters.

Although GET cannot be directly understood as a moment test, a by-product of our
most general theorem is a set of influence functions S,(¢,0) that can be used for that
purpose after taking into account the sampling uncertainty in estimating ¢ under the null.
In fact, we can prove that this moment test, which converges in distribution to a 2, under
the null, where m = dim[Ag(60)], provides an upper bound to GET,, albeit a rather loose

one in many cases.
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4.2.3 Distribution under local alternatives

Let us now consider the distribution of the test statistic under the following sequences

of local alternatives:

To do so, we need to assume that

Assumption 53. (Cone cover) The sequence of sets
A, = {v/nXg(6,) : 0 € ©}

covers a closed cone A < R¥™Xo) (yith A, — A) so that there is a sequence of closed balls

By, of radius k,, — o0 centered at the origin such that Ay, N By, = A n By, .

Let Py, and P, denote the probability measures corresponding to Hy, and Hy, respec-

tively. Then, we can prove the following result:

Theorem 54. (Distribution under local alternatives)
(54.1) Pe, is contiguous with respect to Py.

(54.2) Under Hiy,

}snw*) > N[Z(¢*) A, Z(4)].

n

(54.3) Under Hi,, and Assumption 53,

GET, iigg {2 [S + (Iee () — Zog (¢") Ty (¢*) Lo (¢*)) Ae,oo] A

X |Too (¢%) — Too (6*) Ty (67) Lo (67) | A}

where

S ~ N10,Zog (¢*) — Tos (%) Ly, (0) Lo (67)]-
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Therefore, the distribution of the empirical process underlying our tests converges to
a Gaussian random element with a non-zero mean, and consequently, our test statistic
to the supremum of a non-central y2-type process, despite the fact that our sequence of
local alternatives written in terms of the model parameters converges at rates which are
different from the usual ones. In fact, there may be different drifting sequences with the
same limit, as we will see in section 4.3.2.3. In any event, we would like to emphasize that
our proposed test is consistent against fixed alternatives because GET,, will diverge in those

circumstances.

4.3 Examples

In this section, we discuss the application of our proposed tests to the first two examples
of empirical interest that we mentioned in the introduction. Specifically, we derive a test
for irrelevant sample selectivity in multivariate regression models, for which Theorem 50
suffices, and a test for normality against SNP alternatives, which requires our more general

Theorem 52.

4.3.1 Example 1: Testing for selectivity in multivariate regressions

Arguably, the study of the determinants and consequences of non-random sample selec-
tion that followed Heckman (1974) seminal paper is one of the most important contributions
of econometrics in the last fifty years. Nevertheless, the empirical analysis of a dataset would
be much simpler if the sample from which it comes could be treated as if it were randomly
generated even though it is not necessarily so. As is well known, this will happen when
the unobserved determinants of the sample selection are independent of the unobserved de-
terminants of the variables of interest conditional on the set of predetermined explanatory
variables, or in simpler terms, when the selection is exogenous rather than endogenous.
In the rest of this subsection, we shall develop a test of irrelevant sample selectivity in a
multivariate regression context that highlights the hidden difficulties researchers often in-
advertently encounter, but which can be easily overcome by the use of the GET procedures

that we propose.
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4.3.1.1 The model and its log-likelihood function

Consider the following multivariate version of the regression model with selectivity con-

sidered by L. F. Lee and Chesher (1986):
y =y'd, (4.3)

where d is a sample selection binary variable whose value is determined by an observed
vector of exogenous regressors w and some unobserved determinant ug according to the

following equation written in terms of the usual indicator function

d=1(w'e® +ug = 0), (4.4)
while the K partially observed variables y* = (y7, ..., y}"()/ follow the multivariate regression
vi = eWx+oPu, k=1,... K, (4.5)

(2)me = oo "9 2}

with x being a vector of exogenous regressors that may partially overlap with w, so that
P = (gp? . .,gog)’ contains the standard deviations of the regression shocks, % the
correlations between them, and 1 the correlations between those shocks and the unobserved
component of the selection equation, whose variance we normalize to 1 without loss of
generality.

Therefore, the contribution of a single observation to the sample log-likelihood function

will be given (up to a constant term) by

(1-d®(-w¢°) +dnd

w'® + 9u(e, ")
VIR (pF) 9

d

-5 [2 S g + Infdet[R (9]} + w0, 0”) R (") u(e™, @D)] :

where @M = (o}, MY (M, oP) = [ui (M, oP), ..., ur (@R, %)), and

M1
Yr — p) X
uk((p]kWﬂOkD) = gODk .
k
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4.3.1.2 The null hypothesis of lack of selectivity and the GET test statistic

Under the null that the unobserved selectivity determinants are uncorrelated with the
regression residuals, one can efficiently estimate the multivariate regression coefficients ™
together with the covariance matrix parameters ¢ and ¢’ without selection bias from the
non-zero values of y only using equation by equation OLS without the need to consider the
model for d. However, under the alternative, those OLS estimators will be biased because
of the sample selectivity, which justifies testing the null hypothesis Hy : 9 = 0.

For simplicity, consider the case in which w = 1 and the regression equations contain a

constant term. Straightforward algebra shows that if we evaluate the scores at ¥ = 0, then

89, — Mi(9°)f 50 = 0 (4.8)
for k=1,..., K, where gp% contains the intercept in the conditional mean of ¥}, and
My (%) = @7 (%) 6 (¢°) (4.9)

is the usual inverse Mills ratio. As L. F. Lee and Chesher (1986) explain in their univariate
example, analogous singularities will arise for example when the observed selectivity deter-
minants w are given by a set of dummy variables and x contains those dummy variables
too. In general, singularities will be present whenever Heckman (1976) selectivity correc-
tion is perfectly collinear with the regressors that appear in the conditional means of the
y*’s even though the log-likelihood function in (4.7) is able to locally identify all the model
parameters.

In addition to the K singularities in (4.8), there are K(K + 1)/2 linear combinations
of the scores and the elements of the Hessian corresponding to ¢ that are 0 too, which
effectively means that we need to look at third-order derivatives. To do so, it is convenient
to reparametrize from ¢ and 9 to ¢ and 6 as we explain in the proof of Proposition 55
below, so that all the elements of the score and the Hessian matrix corresponding to 6
become identically 0 under the null. Fortunately, we can then show that the third-order

derivatives with respect to €, which are only zero on average under the null, will have a
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full-rank asymptotic covariance matrix, so that we can apply Theorem 50 in this context.

Somewhat remarkably, we can show the following result:

Proposition 55. The difference between LR test of Hy : 9 = 0 in model (4.4)-(4.6) based

on a random sample of n observations on (y,d) and the following test statistic

2
GET,, = sup ”;d [Zn: d; H3 (W)] (4.10)

v£0 Q=1 4 | [ v'v
is Op(n=5), where H3(2) = (2°—32)//6 is the third-order normalized Hermite polynomial
of a standardized variable z, v is a real vector of dimension K and v(e™, ") denotes
an affine transformation of the regression residuals u(p™, @) whose mean vector and
covariance matrix are 0 and Ig, respectively, when evaluated at the restricted parameter

estimators.

In simpler terms, our test statistics numerically coincides with the supremum of the
moment tests for univariate skewness based on the third Hermite polynomial over all pos-
sible linear combinations of the OLS residuals that have 0 mean and unit variance in the
sample of observations with d = 1. In fact, the standardization is unnecessary because
the moment test for univariate skewness is numerically invariant to affine transformations
of the observations, which in turn confirms that the test statistic (4.10) is homogeneous
of degree 0 in v. Thus, when K = 1 our proposed test reduces to the test for selectivity
derived by L. F. Lee and Chesher (1986) in the univariate case, which simply assesses the
symmetry of the regression residuals by looking at the sample mean of their third powers.

The rationale is also analogous in the multivariate case. Equations (4.3)-(4.6) imply
that the OLS residuals should be approximately multivariate normally distributed when
the unobserved component of the sample selection is independent of the shocks to the
observed variables. Under the alternative, in contrast, asymmetry becomes a common fea-
ture, as in the multivariate skew normal distribution we discussed in Amengual, Bei, and

Sentana (2022). Intuitively, if we orthogonalize the regression residuals with respect to the
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unobserved component of the selectivity equation, we end up with Yug as a common compo-
nent, whose distribution conditional on d = 1 is asymmetric even though the unconditional

distribution of ug is symmetric.

4.3.1.3 Local power analysis

Although the null distribution of the test statistic (4.10) is non-standard, we can still
say something about the determinants of its local power. Consider the following sequence

of local alternatives:

g, %0 = B

where the rate of convergence is 1/6 rather than 1/2 because of the need for a third-order

expansion of the log-likelihood function. Then, we can show that

Proposition 56. The local power of the test in Proposition 55 only depends on the mag-
nitude of the quadratic form

VR (") D

Intuitively, once we orthogonalize the multivariate regression residuals u by premultiply-
ing by the inverse square root matrix R~1/2 (goL ), the “direction” of the vector R~/2 (ch ) 1
is irrelevant, what matters is its magnitude. As a result, in our simulations we can choose
R (LpL) = Ix and 9, proportional to the first vector of the canonical basis without loss of

generality.

4.3.1.4 Simulation evidence

For simplicity, we let w = 21 = 1 and 29 ~ N(0,1). Given that the MLE of the
multivariate regression coefficients is equation by equation OLS, and that we are studying
the case in which all regressions contain an intercept, the sample mean of the multivariate
regression residuals 1 will be a vector of K zeros. Similarly, any orthogonalization of the s
based on the estimated covariance matrix will have the identity matrix as sample covariance
matrix because the MLEs of the residual standard deviations ¢ and correlations ¢’ match

perfectly the sample variances and covariances of @t with denominator ). ; d;. Therefore,
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it is not surprising that the particular square root that orthonormalizes the OLS residuals
in the sample is numerically irrelevant. For example, in the bivariate case, we could define
vy as the standardized value of u; and vy as the standardized value of the residual in the
OLS regression of ug on a constant and u;. But we could also define them the other way
round.

We can easily verify that the GET statistic is numerically invariant to the true values
of (M, "), so if we set K = 2, we can choose gaﬁ/[ = (0,1), P = 15 without loss of
generality. In turn, we set the selection parameter ¢° to 1 and the correlation coefficient
ol to 0.25.

If we exploited our knowledge of the values of these two parameters, we could compute
exact critical values under the null for any sample size to any degree of accuracy by repeat-
edly simulating samples from the true distribution. In practice, though, we fix the selection
parameter and the correlation coefficient to their estimated values in each sample in what is
effectively a parametric bootstrap procedure (see Appendix D.1 in Amengual and Sentana
(2015) for details), so that we can automatically compute size-adjusted rejection rates, as
forcefully argued by J. Horowitz and Savin (2000).

As alternative hypotheses, we consider ¥ = (0.57,0.57) (H,1) and ¢ = (0.80,0) (Hg2).
For each design, we generate 10,000 samples of size n and compute the parameter estimators
and tests.

In Table 1 we compare the results of our tests with a bootstrap-based LR test. Panels
A and B of Table 1 report the results for samples of length 400 and 1,600, respectively.
We can verify that the LR test statistic is also numerically invariant to the true values
(@M, ), which allows us to approximate its critical value using an analogous parametric
bootstrap procedure. For comparison purposes, we also consider a J-test based on the
influence functions underlying GET, which we label as GMM. The first three columns of
Table 1 report rejection rates under the null at the 1%, 5% and 10% levels, confirming that

our simulated critical values work remarkably well for both sample sizes.”In turn, the last

7 Given the number of replications, the 95% asymptotic confidence intervals for the Monte Carlo rejection
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six columns present the rejection rates at the 1%, 5% and 10% levels for the alternatives
we consider. Our proposed test has similar power to the LR test for the two alternatives,
and both these tests outperform the GMM one.

Finally, our results also indicate a Gaussian rank correlation®of 0.88 (0.95) between
our proposed test statistic and the LR across Monte Carlo simulations of 400 (1,600) ob-
servations that satisfy the null, which is in line with the asymptotic equivalence result in
Theorem 50. In addition, they indicate that the LR takes about 10 and 20 times as much
CPU time to compute as GET does for n = 400 and n = 1,600, respectively, which makes

a huge difference in the calculation of the bootstrap critical values.

4.3.2 Example 2: Testing for normality against SNP alternatives

Gram-Charlier expansions provide flexible and analytically tractable generalizations of
the normal distribution. Unfortunately, their truncated versions lead to negative density
values, and the parametric restrictions that Jondeau and Rockinger (2001) propose to
guarantee positivity are not easy to implement even when the truncation order is low. In
contrast, the SNP distributions introduced by Gallant and Nychka (1987) provide a Hermite
expansion of the Gaussian density that is positive by construction. Although these authors
introduced those distributions for nonparametric estimation purposes, Leon et al. (2009)
treated them as parametric ones, studied their statistical properties, and used them in
option valuation. Still, MLE under normality is much simpler than when the distribution
of the shocks follows an SNP. For that reason, we shall derive a test of normality that will

also highlight the hidden complications that researchers face in this context.

4.3.2.1 The model and its log-likelihood function

The model we consider is

y=pxa)+o(xa)u (4.11)

probabilities under the null are (.80,1.20), (4.57,5.43) and (9.41,10.59) at the 1, 5 and 10% levels.

8 The Gaussian rank correlation between z1 and x» is the Pearson correlation coefficient between ®~! (u1)
and ®'(uz), where u; and us are the usual uniform ranks of the observations and ®~'(.) the quantile
function of the standard normal (see Amengual, Sentana, and Tian (2022) for details).
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where i and o are known functions of x and a finite-dimensional unknown parameter o,
and u is independent of the predetermined variables in x with finite mean and variance ¢
and ¢V, respectively. We want to test u is normal against the alternative that it follows an
SNP density. Observations are given by (x;,v;), i = 1,2,...,n, where x; could include the
lagged value of y; to allow for time-series models such as AR and GARCH. For simplicity, we
assume that u; conditional on x; is 7id. As we will show in section 4.3.2.5 below, estimation
of av does not affect the properties of the test, so we initially assume this parameter vector
is known and focus on the case without conditioning variables, in which u () and o ()
are 0 and 1 without loss of generality. As a result, researchers only need to estimate o™

and " under the null.

The probability density function (pdf) of an SNP random variable of order K is given

by
—pM 2
)| A,
with

K
Plu;9] =1+ Zizl 0 Hi(u), (4.13)
where ¢ (+) denotes the standard normal pdf, H; (u) is the normalized Hermite polynomial
of order 7, which can be defined recursively for i > 2 as

uHi_l (u) - \/i — lHi_Q (U)

(4.14)

with initial conditions Hy (u) = 1 and Hy (u) = u, §* {P [u;9] 1 plu)du =1+ 35 97 is

a constant which guarantees that the density integrates to 1, and € is an infinitesimal factor
used to bound the density below from 0, which Gallant and Nychka (1987) introduced to
simplify their proofs. Henceforth, we will set ¢ = 0 for the purposes of developing our
testing procedure, but the same method applies with € > 0. Intuitively, a non-negative

density is automatically achieved by multiplying the Gaussian density by the square of a
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linear combination of Hermite polynomials. As explained by Leoén et al. (2009), the SNP
distributions can have non-negligible positive and negative asymmetry and excess kurtosis

even with K = 2.

4.3.2.2 The null hypothesis of normality and the GET test statistic

To simplify the notation, we focus on the case of K = 2. Normality is trivially obtained
when Hy : 91 = 99 = 0. The complication arises because

s9, — 20/ ¢V s,m =0,

7

S, — 2\f2<pvs<pv =0,

under Hp, so that the nullity of the information matrix is 2. Hall (1990) highlighted this
problem when he considered tests of normality against semi-nonparametric alternatives in
which the ¥ coefficients were in turn functions of some exogenous variable. However, his
proposed solution was to ignore the parameters involved in the singularity, focusing instead
only on those which could be regularly estimated under the null. Unfortunately, his recipe
would leave us with no test in the case of the unconditional model (4.12)-(4.13).

In fact, it is easy to prove that 91 and 9 have different orders of identification, which
means that we need to resort to our Theorem 52. In this context, we can establish
the following result after reparametrizing from (¢’,9') = (oM, ", 91,92) to (¢',0') =

(M, ¢V, 61, 05) as explained in its proof:

Proposition 57. The difference between the LR test of Hy : 9 = 0 in model (4.12)-(4.13)

based on a random sample of n observations on'y and the following test statistic

GET, =n [711 > H3(ﬂi)] + [i > H4(al-)] (4.15)
i=1 i=1

is Op(n=Y8) when the null is true, where H3(t;) and Hy(i;) are the third- and fourth-order
normalized Hermite polynomials of the u;’s, which are the values of the vy;’s standardized so

that their sample mean and variance are 0 and 1, respectively.
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Remarkably, this means that the Jarque and Bera (1980) test is asymptotically equiv-
alent to the LR test of normality against SNP densities, although they converge to each
other at a much lower rate than in the case of the Pearson family of alternative distributions

they considered.

4.3.2.3 Local power analysis

Let Xi (v) denote a non-central chi-square random variable with k& degrees of freedom

and non-centrality parameter v. We can show that

Proposition 58. Consider a sequence of parameters 8, satisfying

. —2/301 102 B 2
A,V ( VB(her, - 62,) ) = Ao € RY (4.16)

Under the sequence of DGPs indexed by 0,
d
GET, > x5( /o,oo’\t‘),OO)‘

To understand this result, it is useful to note that

\/ﬁE H3 y—E(y)
VVar@ 1l = xgo + o(1).

E!{H y—E(y)
\/ﬁ 4 Var(y)

Unlike in the multivariate regression model with selectivity, though, we can have two

different types of local alternatives compatible with (4.16):
Hyy : 01 =07 ha, 0o = 0" 7ho,
1 3
Hyp : 01p, =n"8hy, o =n" 8ho.
Interestingly, /163, dominates y/nf1,/9 along Hjj, so that the SNP distributions under

this sequence of local alternatives are platykurtic. In contrast, /n6$,/9 dominates y/n63,

along Hjo, so that the corresponding SNP distributions are leptokurtic.
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4.3.2.4 Simulation evidence

Despite the fact that we estimate the sample mean and variance of each simulated
sample, in this case there are effectively no nuisance parameters involved because both
the GET and LR test statistics are numerically invariant to affine transformations of the
observations. As a result, we can compute the exact finite sample distribution to any desired
degree of accuracy for any sample size by simulating a large number of samples of the same
size from a standard normal random variable. For that reason, we can focus directly on
studying the power of the different tests.

As alternative hypotheses, we consider ¥ = (0.25,0.10) (H,1) and ¥ = (0.75,0.05)
(Hga2), setting ™ = 0 and " = 1 without loss of generality. As in the previous example,
for each design we generate 10,000 samples of size n. In Table 2 we compare the results of
our tests with the LR test. Panels A and B of Table 2 report the results for samples of length
400 and 1, 600, respectively. Given that the LR test statistic is also numerically invariant to
M ’ V)

the true values (¢ , We once again obtain its exact critical values using an analogous

¥
parametric bootstrap procedure. The first three columns of Table 2 report rejection rates
under H,; at the same levels, while the last three columns present the rejection rates at
the 1%, 5% and 10% levels for H,. As can be seen, our proposed test has similar power
to the LR test for both alternatives.

Finally, our results also indicate that the LR takes around 160 and 100 times as much

CPU time to compute as GET does for n = 400 and n = 1,600, respectively, which

considerably slows down the calculation of the bootstrap critical values.
4.3.2.5 Robustness to the estimation of mean and variance parameters

We now extend our previous results to a situation in which the conditional mean and
variance of y are parametric functions of the variable in x, as in (4.11). In this context, the

objective becomes to test whether the innovation u follows a normal distribution versus an

SNP.
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The conditional log-likelihood of the " observation is given by:

K K
li(a, ) = —% In 277—% In 0% (z, a)—%u?(a)—i—an (1 + Z v H; [uz(a)]> —In <1 + 2 19?) .

=1 i=1

To be able to obtain the required higher-order log-likelihood expansions, we assume

that the following regularity conditions hold:

Assumption 59. (Smoothness of the conditional first two moments) The conditional mean
and variance functions py (X;, @) and oy (x;, o) that appear in (4.11) are such that
(59.1) They are eight times continuously differentiable with respect to c.

(59.2) For all ke N% and /k =1,...,8, it holds that

oy (x, @)\ ko2 (x,a) )
gl X)) | o p| ([N

ook oak

where k = (k1,...,kd,),

**uy (x, ) _ *“*uy (x, ) and
ook ookt ... 60452"‘
ko2 (x, ) _ %02 (x, )
ook ookt ... ﬁagi"‘

Then, we can prove the following result, which is entirely analogous to Proposition 8 in

Amengual, Bei, Carrasco, and Sentana (2022):

Proposition 60. Under Assumptions (59.1) and (59.2), replacing the true value of a by
a, its restricted maximum likelihood estimator under Hy, does not alter the expressions of
the GET test in Proposition 57 or its asymptotic distribution under the null or sequences

of local alternatives.
4.4 Conclusions

We propose a generalization of the extremum-type tests in L. F. Lee and Chesher (1986)

to models in which the nullity of the information matrix under the null hypothesis is larger
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than one. In the case of a single singularity, our results are consistent with theirs, as well as
with those in Rotnitzky et al. (2000). However, when the information matrix is repeatedly
singular, we provide a computationally convenient alternative to the LR test, which is
particularly useful for resampling-based calculations of p-values. Specifically, our proposed
test statistic is a sup-type test over a space whose dimension is at most the nullity of the
information matrix, and often less, while the maximization of the original log-likelihood
function is over a space of the same dimension as the vector of parameters, which is usually
much larger. In addition, the fact that several log-likelihood derivatives of various orders
are 0 under the null implies that the LR requires the estimation of all the parameters that
appear under the alternative in a model whose log-likelihood function is extremely flat
around its maximum. Intuitively, the substantial computational gains that we find arise
because GET is a LR-type test that compares the log-likelihood function under the null to
the maximum of its lowest-order approximation under the alternative capable of identifying
the restricted parameters.

Despite having many features in common, our results cannot be directly applied to test-
ing normality against finite Gaussian mixtures. Nevertheless, we used them as a powerful

lever to derive such tests in Amengual, Bei, Carrasco, and Sentana (2022).

114



5. Conclusions

This dissertation consists of three essays on inference in non-standard scenarios.

In the first essay, I propose inference procedures for a target object whose identified set
is a union of bounds. There are a few directions for future work. For finite 3, the important
tuning parameter o trades off the rejection rate between less and more favorable DGPs,
and the suggested rule of thumb value is %a. It would be useful to consider a choice
of a° that optimizes some objective function, for example, weighted average power. In
addition, the idea of modified conditional inference could potentially apply to other non-
standard inference problems like directionally differentiable functions. This idea does not
impose shape restrictions, e.g. convexity, on the null space. Lastly, for both finite and
infinite B, my inference procedures assume a correct specification that the union bound is
non-empty. If the model is misspecified, the confidence interval can be an empty set or
spuriously short. It would be interesting to consider misspecification robust inference for
general union bounds, in the spirit of Stoye (2020a) and D. W. K. Andrews and Kwon
(2023).

The second essay proposes a bootstrap test procedure for the null hypothesis Hy : ¢’ = r
in moment inequality models, which I refer to as the local linearization based test. The test
is profile-based, but to calculate the critical value, it only requires a local search around some
preliminary estimator. An appealing feature is that the bootstrap iterates over quadratic
programming problems, which significantly reduces the computing time. The new test
controls asymptotic size uniformly over a large class of data generating processes and can be
applied to construct confidence sets for subvectors by test inversion. Simulation experiments
demonstrate good statistical and computational properties.

In the third essay, We propose a generalization of the extremum-type tests in L. F.
Lee and Chesher (1986) to models in which the nullity of the information matrix under
the null hypothesis is larger than one. Interestingly, the asymptotic distribution of our
test statistic is similar to the asymptotic distribution of the usual overidentification test

statistic in a GMM model in which the expected Jacobian of the moment conditions is of
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reduced rank but the parameters are second-order identified (see Supplemental Appendix E
of Amengual et al. (2020) for a formal link to the results in Dovonon and Renault (2013)).
An application of our approach to GMM contexts in which not only the expected Jacobian
matrix is singular but some higher order Jacobian matrices are singular too would constitute

a very interesting extension.
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Appendix A. Additional Results for Chapter 2
A.1 Proofs for Section 2.3
A.1.1 Implementation Details

Below I give a step by step implementation algorithm.
1. Input Sn, Qn, a, af, Ay, A, 7, €, where € is the computational tolerence. I suggest
using a¢ = %a and n = 0.001.

2. Construct a 1 —n confidence set A for 6:

A= {(Agé, Aud)eA:éeA}, (A1)

A= {5 : M < &,V = 1,...,J} (A.2)

Wy
where w; = 4/€Q;; and

>

with Z* ~ ' <O,diag( )—%Qdiag((z)—%).
3. Calculate ¢':
(a) Initialize c=0,¢=® (1 —%).

(b) Let ¢ = (¢ + ¢)/2 and calculate

Ifp<a,c=cifpza,c=c
(c) If ¢—c> ¢, go to 3b;
Ifc—c<e = (c+0)/2
4. Construct the confidence interval by a grid search over an outer set of CI® given in
(2.10).
(a) Initialize 6 = minyep, S\g’b —®7 L1 —n)dpp.
(b) Calculate T'() and &(6; a).
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(¢) IET(0) > é™(0;a), let 6 = 0 +¢.
o If 0 < maxpep, 5\%1, + o711~ n)6up Go to Step 4b
o If 0 > maxpep, S\W, + o711~ 1)6up- The confidence interval is CI™ = ¥,
exit the algorithm.
If T(A) < &™(6; ), 61 = 6.
(d) Initialize 0 = maxpep, 5\u,b + & 11 —n)6up.
(e) Calculate T'() and &™(6; ).
(f) If T(F) > &™(0; ), § =  — . Go to Step 4e
If T(0) < é™(60; ), 05 = 6.
5. The confidence interval is CI™ = [0y, 02].
It is possible for the confidence interval to be empty, indicated by an output of . This
can occur when the model is misspecified and the lower bound exceeds the upper bound.
However, if the realized minimizer is consistently smaller than the maximizer, which is
the case in Rambachan and Roth (2023), Kolesar and Rothe (2018), and Masten and
Poirier (2021), the modified conditional confidence interval is non-empty. It would also be
interesting to consider misspecification robust inference for general union bounds, in the
spirit of Stoye (2020a) and I. Andrews et al. (2019), but this is outside the scope of this

paper and I leave it for future research.

A.1.2 Notation

For simplicity, let B, be a subset of B such that Agp, # Ay, for all by # ba, by, be € By.
If there is Ayp, = Agp, for bi,by € B, keep only min{by, ba} in By. Construct B, in the

same way. For instance, if
10 10
Ay=10 11|, A,=|11
0 1 0 1

then By = {1,2} and B, = {1,2,3}. Intuitively, B; and B, remove the redundant rows and

is (possibly an outer set of ) the support of by and by,.
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For P € P, let 6p denote the true value of §, Apy = A¢dp, Apy = Audp,

Ope+ O0py
Op, = min \ Op, = max\ 0 =
PY bel3 Plby VPu beB Pubs, YPm 2
Let
AppZs AupZs
Zs ~N(0,Q), Zp=—""— Zyp=——"—
00,6,b 00,u,b

denote the limiting distribution of

Vi (hn=0). Vi (xg,bA ~ Apip) RG (Mpoes — )

Oup Oub

with ¢ and P,, specified in Lemma 62 and

00,06 = 4/ ArpS0 A7y, 00ub = A/ AupQ0A] -

For k =4, m,u, , let

T} = max {min Zop + Ak, min 2, + )\ku,b} (A.3)
beB beB

be the asymptotic analog of T(Hpmk>, where (Ags, Aky) are specified in Lemma 62. And let

bre, biy be the asymptotic analog of (;g(ﬁk) and (;u(ﬁk), with support Bys, Biy:

bre = min { argminZyp, + Aoy o
bEBe

bgy, = min {arg minZy, j + )\ku,b} )
beBy
Bie = {be By : Ay < 0},

Biy = {b€ By : Apup < 0} .

Define the asymptotic analog of (t71,%72,tu,1,tu,2) evaluated at Op, 1 as

-1 _ 3
tre1(b) = beB ( peu(b:0) wp t Peu(b;0)Zey + Ly 1 (b, D) ninpe (b,0)
- elsewhere

(A.4)
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~ —1 ~ ~ ~
min (1 + pealb, b)) (ZZ’E + pea(B.5) Zup + 1], 1 (B, b)) . if minpg(b,b) > —1
tku(b) = < beB beB

—0 elsewhere

~\—1 ~ ~ ~
min (1 — pe(b,b Z,: — pe(b,0) Zey + 1, (b,b))  if minpy(b,b) < 1
alt) — i (L= D)  (Z = 0 D) Zea+ 1 00)) i minge(0.D)
400 elsewhere

~ —1 ~ ~
min 1— pu(b,b Z = — pu(b,b) Zup + 1 o (b,B))  if minpy(b,b) < 1
thua(b) = Eeszu(E,b)<1( pul )) ("’b Pu(b,0)Zut + B )) s (65)
+00 elsewhere

where

t;fcf,l(l% B) = Aku,g + pgu(b, E)Ake,b
tzu,l(@ 6) = )\ké,B + pgu(i), b)/\ku,b
tzm(b’ b) = Arey — Pe(b, b) Aty

tJlfcu,Q(b’ b) )\ku,g B pu(b7 b))\ku,b-

Note that if ‘)‘ku,t}‘ — 0 and [Aggp| — 0, tLZ,l(b7 b) may not be well defined. However, as

we will see later, this case is irrelevant for the proof. Same applies to tzu,p tzm and tLu,Q'

And let
o O (a® (tre1(bre)) + (1 — )P (thea(bre)) i Zope, + Moty = Zuby + Mowbpn
e I .
O (AP (g1 (k) + (1 = Q)P (tru2(0ku))) i Zobyy + Moty < Zubrs + Moy
(A.5)
be the asymptotic analog of ¢(0, a®) . Let
p(c) = max{P (Ty > cj*(c) or {T), > c;n(c) and Ty, > ;' (0)}), (A.6)
P (T, > )} (c) or {T,, > c(c) and Ty > ¢ (c)})},
where
e (e) = max (e, )
and T}, ¢, are defined in (A.75), (A.77). Lastly, let
d=inf{c=0:p(c) <a-—n}, (A7)
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be the asymptotic analog of ¢* defined (2.31).

I use @ for the CDF of N(0,1) and ®a(x1, z9; p) for the CDF of N <[ 8 ] : [ ;

_
[—
N—

A.1.3 Proofs for Theorems and Propositions

Proof of Lemma 8.

Proof. Let by satisfy Agp, < 0, and I show that

q>(f<9))_q><tm<e,b1>> . FOSD
@(m(e,bl))_@(Ml(&bl))‘{T(e):z@,bl} <" Unif(0,1). (A.8)

The proof mainly uses Theorem 5.2 and Lemma A.1 in Lee et al (2016), and below I follow

their notation. For s € B, let

_( ligx1 _ Z
e () e (2

It is easy to see that

{700) = 200, | = |J (4200, < b} (A.9)
seB

To simplify A2y, < bs, note that for all b € B,
Zop < Zop

< (1= pe(b1,0) Zop, < Zop — pe(b1,b) Z0p,

o )2 s (1= pe(b1,0)) " (Zep — pe(bi,b) Zep,)  if pe(b1,b) < 1
0< Zpp— Zppy if po(b1,b) =1

and

ZE,IH = Zu,s

< (1+ peu(b1,5)) Zepy = Zus + peu(bi, $)Z0p,

- Zopy = (1+ peu(br, 8) " (Zus + peu(b1,8)Z0p,)  if pou(br, s) > —1
0= Zys— Zp, if pey(b1,5) = —1
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Therefore,

{AsZip, < bs} ={V5 < Zgp, < VTV >0} (A.10)

where

p _ ) O+ plb19) ™ (Bus + prulbr ) Zep,)if pru(br, ) > —1
° —0 if pfu(blvs) =—1

min (1= pg(b1,b)) " (Zep — pe(b1,b) Z0p,) if {b€ B, pe(b1,b) <1} + &
V+ — bEBZpg(bl,b)<1

e if {beB,pe(br1,b) <1} =0
. Zop — 2 if pp,(b1,8) > —1, by,b) =1
beB:pI@rzéll’l,b)zl( &b é’bl) 1L pe ( 1 5) I})leaigxpg( 1 )

V=< mi ' Zon—Zon) . Zop — Z if ppu(br, s) = —1 by, b) = 1
s min beB:pI%?’b):l( 0b— Z0b1) > 2y ws ¢ if peu(bi,s) ,Iile%xpé( ¢, D)

1 elsewhere

Note that

Zyp, LV Vo VY )

by construction. We can easily verify that

[tf,l(evbl)vtf,Q(eabl)] = U [V;,V+]
seB

where t,1(6,b1) and t72(6,b1) are defined in Lemma 9.

Let

and F),(x;t1,t2) denote CDF of a N'(, 1) random variable truncated to [t1,t2], i.e.

Pz —p) — P(ts — p)
Dty — p) — D(t1 — )

F,U/(x;tlth) =

Then by Theorem 5.3 in J. D. Lee et al. (2016),

Fu(Zepy; tea(0,b1),t02(0,00)) || {AsZe, < b} ~ Unif(0,1), (A.11)
seB
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and by Lemma A.1 in J. D. Lee et al. (2016), for all z € R,
Fo (z;tm(é?,bl) tgg(e bl)) (Z tg 1(0 bl) tgyg(e, bl)) (A.12)

Therefore, we have

@ (7(9)) — @ (t01(0.b1))
P (tr2(6,b1)) — P (te1(0,01

) ’{T(G) = Zﬁ,bl}

~Fo (Ze,5t0,1(0,01),t0,2(0,01)) HT(G) = Zé,bl}

FOSD A
< Fu (Zapiten (0,01), t02(0,60) [{1(0) = Z00, }

~ Unif(0,1)

Proof of Proposition 9.

Proof. To simplify notation, let

B ={beBei Ay <0,P(b=b) >0},
Buoz{bel’a’u:/\w}G,P(():fyu) >o}.

Let b1 € Byy, by Lemma 8, it holds that

(0, a ‘T Zg,bl)

P (1)
—p (F0< )ite1(0,b1), te2(0, bl)) > Fy (&(0, ) t01(0,b1), te2(0,b1)) ]T(e) - zg,bl)
<P (£,

( tgl 9 bl) tgyg(@,bﬂ) >1—a ‘T(@) = Zé,bl)
=P (Unif(0,1) > 1 —a) = a,

where the second line follows from Fy(x;t1,t2) strictly increasing in x, the inequality follows

from (A.12) and by construction

FO (60(07 a);t&l(ev bl)vtf,Q(ev bl)) =1- «,

and the last line follows from (A.11).
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Let by € Byg. Similar argument gives
P (T(e) > (6, ) ]T(e) - zm) <a (A.13)
Therefore, we have
P (T(e) > (6, oz)‘ Eyu Eu)

— Z P (T(e) > ¢°(0, a) ‘T(H) = ZZ,bl) P (T(G) = Zip,
b1€Byo

E, u Eu>

+ Y P(T(0) > &(0,0) [T(0) = Zupy ) P (T(0) = Zupy
b2eBuo

E,u Eu)

<« ( Z P (T(G) = Zpp, | B v Eu) + Z P <T(9) = Zubs

b1€Byg b2€Buo

By u Eu>>

:a7

where the first equality follows from

ATO) = Zu,}

bz EBQ

is a partition of Eyu E,, under (2.23), and the inequality follows from (A.8) and (A.13). O

Proof of Theorem 18.

Proof. By Lemma 62, we only focus on the subsequence s,, and for simplicity, I write n for
subsequence s,,.

Step 1. I show that for all ce R,
_ 3 P
B (e ArEa/n) 2 p(e) (A.14)

where p (c, )\pn,f]n/n> is defined in (2.30) and p(c) is defined in (A.78). Note that by

Assumption 16 and (A.36), ,, & Qq, thus there is 7, = o(1) such that

Q= Qo + op(m). (A.15)
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Let

A Al
2”:{{142]9[142} :QES,|Q—QO|<Tn}.

To show (A.14), note that for all € > 0,

P, (‘]5 (c, )\pn,f]n/n> —p(c)’ > 6)

<P, (‘p (c, Ap,, 2n/n) _ p(c)’ >, € Qn) + P, (Qn ¢ Qn)

<P, (sup 15 (e Ap /) — ple)] > ) +o(1)
YeX,

=1 [ sup |p (e, Ap,,X/n) —p(c)| > 8] +o(1),
Yex,

where the first inequality follows from P(A) < P(A n B) + P(B¢), the second inequality
follows from (A.15), and the last line is by p (¢, Ap,,%/n) and p(c) are non-random. Thus

it suffices to show

sup |p (¢, Ap,,X/n) —p(c)| — 0.

YexX,

To do so, there is a sequence ¥, € 3J,, such that

lim sup Sup 1P (¢, Ap,, X/n) — p(c)| = limsup |p (¢, Ap,, Xn/n) — p(c)|
n E2ip n

and it suffices to show

limsupp (¢, A\p,, Xn/n) = p(c). (A.16)
n
First consider the case when v/n (Ap, ub, — AP,0p,) € R along Ap,, note that
9(Ty, Tin, Gy cy,) = 1 [Ty > (5, ¢) or {T, > ¢™(c,, ) and Ty, > ¢™(c;, ¢)}]
is bounded and continuous on D with
P(D°) = P (Ty = (¢, ¢) or T, = ¢™(c},,, ) or T, = ¢™(c,,¢)) =0,

because (i) (Ty, Trn,Ty) is continuously distributed and (ii) Ty L ¢j, Tp,, L ¢, T L ¢, by
construction. Thus (A.16) follows from Lemma 63.
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Second, when \/n (Ap, ub, — AP, .0b,) — © along Ap,, let

(e, Ap, , Sn/n) = max {P (T(Apn,z,bg) > E(Ap, 06y, ¢ 0°); N (Ap, zn)> . (A7)
P (T, ab,) > & Apy b, €0 N (p, B0)) |

and we have

0< B (e Ap,, Su/n) = B (e, AR, Z/n) < P (T(0m) > & (0, ;09N (Ap,, Zn) ) = 0(1)
where the last equality follows from Lemma 63. And
plc, A\p,, Xn/n) = max {P (T(Hn,g) > (O 0, c;0°); N (Ap,, En)> ,
P (T(0n) > @ O 50 N (A, Za) ) |
— max{P (Ty > cj*(c)), P (T, > c;'(c))} (A.18)
=p(c)

(A.18) follows from continuous mapping theorem.

Step 2. I show that for all € > 0,

limsup P, (éﬁ:n < - 6) =0
n

where ¢ is defined in (A.79) and ¢}, is defined in (A.38). Note that by definition
p (égz’na)‘Pnain/n> S a— n
and p (c, Ap,, i]n/n) is decreasing in c¢. Thus

limsup P, (éﬁgn <cd - 5) = limsup P, <]§ (ct —e,Ap,, ﬁ]n/n> > a— 77) =0
n

n

where the last equation is by
ﬁ(ctfs,)\pn,in/n> ip(ctfs) <a-—n, (A.19)

and (A.19) follows from Step 1 (A.14).
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Step 3. For all £ > 0, it holds that

lim sup max {Pn
n—aoo

= lim sup max {Pn
n—aoo

B, (T(6,) > (8,2 v {:ﬁ(em) > @ (G, ) A T(8)) > (8, et)} }

< lim sup max (A.20)
n—o0

{Pn (T(eg) > (0, — &) v {T(am) > @ (G, et — &) A T(By) > & (B, ! — g)}) ,
P, (T(eu) > @ (G, b — ) v {T(em) > @ (G, b — ) A T(8)) > (8, ¢ — 5)})}

+ limsup P, (é’}g < - 6)
n—w "

=p(c' —e). (A.21)

Here I omit the subcript P, in 6y, 6, 6, and « in ¢™, é™ for simplicity. Since (A.21) holds

at all € > 0, we can take a sequence of € — 0, then by Lemma 68,

lim sup max {Pn (T(eg) > (0 q) v {:ﬁ(am) > (G ) A T(0,) > ¢ (By; a)}) ,

n—0o0
2 (T(@u) > (0, Q) v {:ﬁ(am) > (G ) A T(00) > & (6y: a)})}
<lim p(cf —¢) = p(ch).
e—0
By construction,
p(c') < a—n.

Thus by Lemma 62,
lim P, (0 ¢ CI™) < a.
n
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Proof of Theorem 21.

Proof. Part I. Symmetric Bounds. Since Ay = A, and 5\5 = S\U, I will omit the subscript £,

u in this proof. Let
Ay — 0

_ 2070 yp— 1,18,
ou/v/n 151

And the test statistic is

T(0) = in {Z in{—2,} ¢ .
() = mox { i (23} i (22} }

Step 1. By Lemma 67, there is of > « such that

/
liminf inf P (ét <o l(1- al)) ~ 1 (A.22)
n PeP

By Lemma 70, there is o, > a such that

liminf inf P (T(e) > (0; %) for all § ¢ CI™ (A, S 0/2)) ~1.

n PeP

Let o/ = min {o], a4} > «, and then (2.37) follows from

lim inf inf P (crm (Xm £ /ni) € O™ (3, S /i)

sim SV
= hmnlnf Igré;ap < ™ (9; ) for all 6 ¢ CT™(\,, S ))
/
> lim inf inf P a®) for all @ ¢ CIS™(A,, S o), ¢t < d1(1 - &
2
c sim SERV/
> hmnlnf ]13r€17fDP ( af) for all 0 ¢ CI"™ (A, X ))

/
+ lim inf inf P (ét <o7(1- a)) —1
n  PeP 2

> liminf inf P (T(e) > &(0;0°) for all § ¢ CI™ (A, Sh: 0/2)>

n PeP

/
+ lim inf inf P <ét <o l(1- O”)) —1
n PeP
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=1
Step 2. I show (2.38) with 6,, = 6, — % Note that by (2.37), there is o/ > a such that
lim inf P, (en ¢ CI™ (xn, S/ a)) —p, (en ¢ O™ (Xn, S/ a))
Zlirr%inf P, (Hn ¢ CI5m <5\n, f)n/n, 0/)) - P, <9n ¢ CI5m (S\n, fln/n, a))

O”)) S (T(en) > o L(1 - %))

—lim inf P, (T(en) > o1 - 5

/
>liminf P, (T(00) e (@71 (1 — 2),0711 - 9)
n 2 2
Under P,, we can show that there is a subsequence P,, such that (A.36), (A.37) hold and

T(0n) S T* = max{min{Zb + X+ “} , min{—Zb — X — "“}} .
beB Oy beB gy

And let
B={beB:\eR}.
Note that we have S\bz =0, thus B # &.
To simplify notation, let e = % (<I>*1(1 -5)— P11 - O‘7)), and ¢; = @~ 1(1 — T) +e,
co =®71(1—9)—¢c. We have

2

lim inf P, <T(9n) e <<1>1(1 ~ Yy el -
n
Then I show that there is k € R such that
P (T* € (¢1,¢2)) > 0.

To do so, let b* be the element with largest variance, i.e. op+ > max,. g 0p. Then

P(T>X< € (61,62))

=P <CQ = Zpx + S‘b* + i =c1, 4y + j\b + m >c,be B\{b*})
Op* Oy

=P <02 = Zpx + S\b* + i =c1,Ep = 1 — pprpZpr — S\b — i,b € B\{b*})
Op* b
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Co = Lyx + S\b* + L =c,Ep = — 5\1, _4 |Pb*b|(cl - S\b* — i),b € B\{b*}>
Oy Op*

=P <

Op*
=P <CQ > Zpx + j\b* + . >c,E, = Abe B\{b*}>

Op*

- K

=P <C2 = Zpe + X + — = Cl>

Op

_ - Op* K =
P <Eb = c1 — Ao — |pprs] (c1 — Aox) — <b - ’Pb*b|> —,be B\{b*}>
op Op*

where

Ey = Zp — p(b, b*)Zb*.

Eb =Zb — p(b, b*)Zb*
_ — Op* K
A =c1 — Xy — |ppro] (c1 — Apx) — ( - \Pb*b|) —
op Op
There is k € R such that

_ — o) a =
p <Eb >C— X — |poro| (6= M) — <0b: - |Pb*b> ;,b € B\{b*}> >0

and therefore

P (T* e (5, o1 %))) =~ 0.

Part II. Large Bounds. By Lemma 71, there is ] such that

/
lim inf inf P (ét <o l(1- )> =

Let o/ = max {a},2a¢} and ¢; = ®1(1 — %) I show that

n n

e p I EN a'ub
lim inf inf P I™(A, 5, /n, o) for all . be) =1
im inf in <9¢C (A, Xp,/n, o) for a 9>r£1€a6x)\ b+ \/ﬁcl>

And the proof for the lower bound is symmetric.
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Let k), — o0 and k], € k,. Lemma 61 suggests that

Ou,b
K

) =1

lim inf inf P (9 ¢ CI™(\, Sn/n, ') for all 6 > max Aup +
n n S

Then I simplify ¢°(6, a®) for

~ o b Q of b
0 e maxA,p + —=c1, max Ay + —2=Kl | -
beB T 4/n beB T 4/n
In this case, under (2.36),
Aep, — 0
Z,; Zop, = = i
Lbg S 0 Uf,b[/\/ﬁ
é'u,bu
ALy = Aub, = ~pC
~
Gt/ VN

= = _ 2 — c1 —> —0 (A23)

and

Z o= Twhe (c1, K] (A.24)

Thus, with probability approaching one,

79) =2

u,

I;u > Cy,

e(0,0%) = @71 (0@ (1,1(0,0.) ) + (1= a)® (tu2(6,54)) )
Moreover, (A.23) and (A.24) implies that

® (tu,l(e, Eu)) <® ((1 + peu(be, Bu)) B (Zf,bg + peu(be, Bu)Zu,[}u>>

Zyp — 2
=® 7@—%-1—31‘5 £>0.
1+ pﬁu(bﬂa bu) o

Therefore,
&(0,a°) < ®1 ((1 —a)® (tu,g(e,éu))) +o(l) < e wopa. 1,
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where the last inequality follows from ¢ > 5. Thus by construction,
&MB,a) < e <T(0),

and 6 is rejected.

The proof for (2.38) is similar to Part I Step 2. O

Proof of Theorem 22.

Proof. By Lemma 61, it is easy to see that

hgg}olgf lélf P (ng ¢ CI™ (Xn,f]n/n;a>> =1 (A.25)
liminf inf P (eu,n ¢ CI™ (Xn, $/n: a)) ~ 1.

Ye et al. (2023) confidence interval has form

|: m,min Nl Q* nmln_ nm1n7p mmax A/ Q* nmax_ Anmaxal_ﬁ):|7

where S‘Z,Z,b is calculated by empirical bootstrap, and j\m,b is calculate by a subsample of
size m, and

~ Lo -
An,min = min )\n,f,ba A
beB

n,min = min A'rL 4,bs

beB

D LN p* e [%, a]. The upper bound is defined symmetrically. First consider the rejection of

¢n. Note that

P (Ggm ¢ CJYKHS (S\n, i]n/n, a))

=P <9€,n < 5\m,min Al o Q ()\Z min — 5\n,mirnﬁ))
m
+ P <0€,n > ém,max A/ EQ* (5\;: max 5\n,maxa 1- ﬁ))
m

=P (@ (vn (M min = Mamin) +5) < VmArnnin — O1n)) (4.26)
+ P (@ (VA s = A 1= B) > Vim(omma = ) ) - (A.27)
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As for (A.26), note that
\/m(j\m,min - aﬂ,n) = \/E(j\m,min - )\Z,bg) + m(Af,bg - 0&71)

~ m
= \/%(Am,min - Af,b[) + K;L\/;a

= \/m(j\m,min - )\Z,bg) + Op(l)

LN Igélél Zoy + Top
where 775 = limy, /m (App — A, ), and the limit distribution is continuous. Thus
(4.26) = P (Q* (vt (N anin = Anin) 7)< V(i = Aes,) ) + 0(1).
Similarly, if v/m(Ayp, — 00n) € R, we have
(A27) = P (Q* (mx;;,max — Amax)s 1 — ﬁ) > /1 (o anax — Am)) +o(l)  (A.28)

with similar argument. And if v/m(Ayp, — 6r,n) — 00, (A.28) still holds since both side of

the equation is o(1). In sum, we have
P (85 # CIY (A, S /mia) ) = P (A, # CI (3,80 /i) ) + 0(1),

thus by Theorem 2(d) in Ye et al. (2023), it holds that

lim sup sup P (9&” ¢ C'JYKHS (5\”, S, /n; a)) < a. (A.29)
n P
(A.25) and (A.29) gives (2.39). O

A.1.4 Auxiliary Lemmas

Lemma 61. (\/n Convergence Rate) Suppose Assumptions 13, 14, 15, 16, and 17 hold.

For all e > 0, there is k € Ry such that

lim inf jnf P <01m c {eg - %,eu n \’;ﬁ]) >1—e.
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Proof. It suffices to show that
liminf inf P (7(8) > &™(6:0) for all 0¢ |6 — —— 6, + ——|) >1—¢
n pep ¢ \ayira T Un '

Following similar argument in Lemma 62, there is subsequence F,,, € P such that

K

o o ma, - R
hrr}llnf 113217ij <T(«9) > ¢™(0; «) for all 0 ¢ [9( \/ﬁ,eu + ﬁ])

o )

—lim P, <T(9) > &(0; a) for all 6 ¢

and X(P,, ) — Xo. In addition, note that

P, (T(G) > "(0; ) for all 0 ¢ [Hg - \/%,Qu + \/%D

>P,, <T(0) > &(0;a) for all § < 0 — — >

NG

N K
+ P, (T(0) > ™ (0;«) for all 0 > 6, + —1.
(760) > (6:c) =)

Therefore, it suffices to show that for all € > 0, there is kK € R such that the following two

conditions hold

P (T(e) > &M(0; ) for all @ < 6 — —~ ) >1- g (A.30)
an
P, (T(6)> & 6;a) forall 6 < 6 — —— ) >1-E (A.31)
an I ¢ \/@ = 2 .

I will show (A.30), and the proof of (A.31) is symmetric. In the following proof, I use n for
subsequence a,, to simplify notation.

First, I show that for all € > 0, there is k1 such that

(A.32)

)

liminf P, (Ap(R1)) =1 —

S M

where

Ap(R1) = {T(e)) =2, > ¢ (1~ %), for all § < 6, — \’jlﬁ} .
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To see this,

P (An(%1))
_ o — R
=P, <Z£,be mln Zups Zz,i)e > &1 — 5 77), for all < 6, — \/%)
—1 o — T’ ’%1
=P, <Z£,be Zubur 24, > P (1-— 5 ), for all 6 < 6, — \/ﬁ>
=F Ao~ Ak Afi}e —0c 9, -0 9 — 0, Oy =0, Ou— Auib,
n O'g bé/\/> O-Z,l;g/\/a O-Z bé/,\/> Uu bu/«\/> Uu,bu/\/ﬁ &u7bu/\/ﬁ ,
)\ A A, — HK 0 — 0 o — =
Z,bz é,bg Z,bg /) . 77 A
: i 5 >¢ (11— ——), forall 0 <6, — —=
Tup /N TN G,V 2 NG
N — A _ ) R N ) )
Sp, (Chh T Cthe Rty P OuZ by Debe” Db B gt @20
g, b@/ vn O0b, Oupy  Ouby/VN G0, NG 500, 5

P, <Fo1 > AR > 5’4752‘1)_1(1 - %) —/n <5‘e,ée - Ae,zﬁ))

where

_1 N ~
A= 1 + L 9“ — )\uvbu _ AE,I;Z o )\f,i)g
Oph,  Oubu Gub /N Gy N
The existence of &1 follows from

1 1\ (6 Nb, = Mg
§ + _ AU T Auyby, - {,bg 2,by _ OP(].),
O-Z,(A)Z O-'Uabu Gu7bu/\/ﬁ O-é,i)é/\/ﬁ

~

A — a—n
O'U;e(l) 1(1 — 5 ) — \/ﬁ ()\U;e — Afj’l) = Op(l).

Second, if mingeg pgu(i)g,b) > —1, there is £ € (0,1) such that pgu(bg, w) > & — 1 with
probablity approaching one by Assumption 13, 14, 15, and 16. Then, for all € > 0, there is
M e R such that

liminf P, (By) > 1 — % (A.33)

where
Bn = Bln O B2n7
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n = I u b ) =—1 )
By {Ibne%lpe (be, D) }

. 2 7 1 Aup _S\ub v
n = ubvb _17(1 Aub’bu) ——F <M
By {rgggpe (be,b) > + Peu(be, bu) N }

because

liminf P, (B, U Bay,)

N . > ~ > -1 )\u,bu - 5\u,bu v
7 1 /\ub - 5\ub —
>1 — liminf P, in pg, (be, b -1, - | ——————== M
im in (Ig(l;élpg (be, b) > AN > )
1 [ Aub, — My _
>1 — liminf P, | - |2wbe — Zwbul o 3p
n 5 Uu,b/\/ﬁ
and the existence of M follows from
1 )\ub _S\ub
- |—=—7>*| = O0p(1).
€| Oun /v @

And by similar argument in (B.8), there is k2 such that

liminf P, (Cy(F2))

\%
—
|

(A.34)

where

Cn(R2) = {T(G) >z forall 0 <0, — @} 7

where Z is defined in Lemma 64 with M given above (A.33).

In sum, let & = max {R1, ke, 0},

D, = {T(Qn) > (0,1 —a°) for all < 0, — \I/%} ,

we have
liminf P, (D,,)
n
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> limninf P, (An(R) n By n Cp(R) N Dy)

=lim inf P, (An(R) 0 By 0 C(R))

> limninf P, (An(R)) + Pp (Bp) + P, (Cn(R)) — 2
> liminf P, (An(F1)) + P (B) + Pa (Cu(R2)) = 2

=1 - —.
2

where the equality follows from Lemma 64: the three assumptions in Lemma 64 hold
because (i) & = 0, (ii) An(R), (ili) B, n Cp(R). The last inequality follows from (B.8),

(A.33) and (A.34). O

Lemma 62. Under Assumptions 18, 14, 15, 16, 17, to prove that

limsupsup sup P (0 g CI™ (5\,1, f]n/n; a)) < a,
=0 PEP 9e[6p,,0pu ]

it suffices to show that we have

lim sup max {Pn (T(@Pn’g) > &™0p, 0, Cp ;) or T(0p,.m) > E™(0p, m, eh s a)) ,
n—o0

P, (T(epmu) > E(Opy s 1) 08 T(Op, m) > E™(Opy s a))} <a—n, (A.35)

for all sequence {P,} € P® = x°_ P, with
1. The convergence of €2,

Q(P,) — Qe S. (A.36)

2. The convergence of

APt — 0P,k 0P,k — APyub
(An ks Anku) = <(H | = — (Akes Aku), (A37)
TP tb/NT e N TPuub/NT ) pep

with Age € Ao, Auw € Mo, Aoy A € A and A, Aue € A, 000 = 4/ ArpS0A%,,

/
00,ub = 4/ AupQ0A4], 4,

Ao = {)\ € [0, +90]® : min A, = O}
beB
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A= {)\ € [—oo, —|—oo]|B‘ smin Ay < 0} .
beB

where

52 =inf{c>o:p(c,)\pn,2n/n> +?7<a}- (A.38)

Recall that ¢(0, c; o) is defined in (2.27) and p (c, Ap,, f]n/n) is defined in (2.50).

Proof. There is alwasy a subsequence {ny}, {P,,,0n,} such that

limsupsup sup P ((9 ¢ CIr™ (5\”, i]n/n; a)) =lim P,, (9% ¢ CIr™ (5\”, f]n/n; a)) i
n—00  PeP 0e[0p¢,0p ] Ma

(A.39)
Since S defined in Assumption 15 is compact (e.g. in the Frobenius norm), and Assumption
15 implies that Q(P,,) € S for all n,, there exists a further subsequence {n,} < {n,} such

that

lim Q(P,,) — Q€ S.

7—00

Also, note that the set [—o0, +90]/Pl is compact under metric d(X,\) = H@(/\) - <I>(/~\)H for
®(-) the standard normal cdf applied elementwise, and ||| the Euclidean norm. Therefore,

there is a further subsequence {ns} < {n,} along which (A.37) holds. We have found a

subsequence ng such that (A.36) and (A.37) hold. And, by (A.39), we have

linm_igp Isjl(g)) 0;912;“] P <0 ¢ CI™ (5\”, 2n/n, a)) = I%Isn P,. (Qns ¢ Cr <5\ns, ins/ns; oz)) .

With slight abuse of notation, in the following equations I use n for subsequence ng to

simplify notation:

P, (9% ¢ O™ (an, S, /s a))
<Py (0 ¢ C1™ (An Bufnia) Ap, € A) + P (Ap, ¢ &)
< max {Pn ([epmg, 0p, m] & CT™ (Xn, S /n; a) ,Ap, € f\n) :
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Recall that ¢! is defined in (2.31) and

follows from the fact that

P, ([epmm, Op, u] & CI™ (Xn, Sa/n; a) Ap, € [\n)} + Py, (Apn ¢ [\n)

< max {Pn (T(meg) > ém(epmg; Oé) or T(@pmm) >

Po (TOp,m) > & (O, mi @) or T(0p, ) >

{ ( (0p, ) > ¢ (GPn,fvétPn;O‘) or T(ePn,m) >

ns < 9Pn,

& (0p, m» @) or T(0p, u) >

ém(gpn,m; a)v APn € An) )

¢ (Op, u; ), Ap, € f\n>} +n+o0(1)

6m(0Pn,WL) étpn, O[)) y

E(Op, iy & a))} + 1+ o(1).

é},n is defined in (A.38), thus the last inequality

&, < éif Ap, € A,,. Therefore it suffices to show (A.35). O

Lemma 63. Under Assumptions 13, 14, 15, 16, 17, under sequences (A.36) and (A.837),

if

min 00.u b/\Zu b € R,
bEB b b b

1t holds that

If

(T(apmk),ecwpmk, ac)>

k=fm,u

min o A =
i3 0,u,bNu,b

it holds that

<T(9Pn,k),éc(‘9Pn,k, 045))

=L,u

and for all ce R

P, (:ﬁ(apn,m) > c> 0.

Proof. Note that

)\Pnzevbl

(A.40)

b Ty )it - (A.41)
—c0, (A.42)
= (T, ) k=t (A.43)
(A.44)

— MaXpeB AP, u,b

ligl v (Ap, op, —

)\anuybu) = hgbn O-Pn7uvb

= limmino
e bel Pr,u,b
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0p, ¢
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. 0p,.0 — AP, ub .
= min lim Upn7u7b’“—7”“% = min g 4 pAoub- (A.45)
beB n TP, ub/ VN beB

Thus the two cases in (A.40) and (A.42) correspond to whether the length of the identified

set of 6 is large asymptotically. T will show (A.41) under (A.40 in Step 1 and 2, then show
(A.43) and (A.44) under (A.42) in Step 3.

Step 1. Show that under (A.40),

(34(913",14), bu(0p, 1), T(0p, 1), ® (te(Op, k> Bre)) , @ (tu(0p, 1 Bku)))

k=fm,u
d
= (bke, b They @ (the(Bre)) » @ (treu (Bru) ) ket.mn -
where
tie(Bre) = (tkea (D), the2(D))yep,, -
tku(Bkzu) = (tku,l(b)v tk%?(b))beBku .
Step 1.1. Note that with probability one
P(Op, 1) = max 4 min 2= 02wk o Ok = A
Frok B Oup//n | bEB Gup/Vn
— x4 min Aoy = APt L TPubby APy b = Aub L TPauby
beBy 5’[75/\/5 (3@11, THRED beB.y, &Pn,u,b/\/ﬁ (3%1, R,
Ay = APth | Pt  APuub = Aup | TPaub
= max min 7A LERS) + A’r7,77 )\ min 7i7 ) ) _|__ Anz ) A
{bEBkZ Uﬁ,b/\/ﬁ O¢b kb beByy Uu,b/\/ﬁ Oub kb
9, max { min Zgp + Agep, min Zy,p + Aku’b} ) (A.46)
bEBkz beBku

The first line is by definition, the second line simply rearranges terms with A, xep, A kup

defined in (A.37) and By, B, defined in Section B.1.1 first paragraph. To see the third line,
note that by Assumption 13, 14, 15, 16, we have

5\@,17 — AP,0b APpub — 5\u,b TPy tb O Ppub
D | =2 A= | = (A.47)
O-gvb/\/ﬁ beBB O-uvb/\/ﬁ beB O-e7b beBB Uu7b beB

4 (Zt, Zuy 195)) -
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And by definition, for b € By\Bis, Arep = o0, thus with probability going to one,

~

Ni—0pok Ny — 0 Nop — A Nep— A o
min 26 wk _ ALb Puk _ AMby Pp.0by 2b Pp.tb Pp,l,b

" n - A = An kb
B O/ Gen /v Gup/Vn Gep/v/n Gy

Thus asymptotically, we can ignore By\Bgs. With the same argument, we can replace B,
with By, in the second part. The fourth line follows from (i) (A.47), (ii) Slustsky’s Lemma

and (iii) the limit distribution is well defined because

. APb =Pk . APutby — APpube  MipeB 004 pAeub
Akep = lim > lim =

n op, /N n op b/ 00,0

0P,k — APy b > lim AP, 0by — AP, b, MINpeB 00 ubAeub .

TP, ub/ VN n TP, b/ B 00,u,b

eR, (A.48)

R.

Aku,p = lim
n

Step 1.2. As for @ (£,1(0k, Bie)), let b€ By If minpy, (b,b) = —1, then @ (g1 (b)) = 0
beB
by construction in (A.76). And note that Igliélpgu(b, b) = —1 implies Ay = —aA,, ; for some
e K
a > 0, thus Igliélf)gu(b, 5) = —1 for all samples, thus with probability one, ® (fm(Hk, b) =0,
S

and the convergence is trivial. Then consider minpg, (b, b) > —1, where

beB
P (tg1(0k,b)) = min
beB
NS e Tub T )
o (1 + peu (b, b)) Z,5+ P “Ap, kup T AkePeu(b,0) | Zop + 3 b/\Pn,ke,b
'lL,b )

By (A.48) and the definition of By, we have Ay € R, and thus
P (te1(0k, b))

. . =N\ 5 Tub . N Oub
=min ® <(1 + peu(b, b>> (Zu,l; + TAP"’ICU’E + p@u(ba b) (Zf,b + = )‘Pn,kf,b)>)

beB wb 00

d . ) ! 7
—min® | (14 pg.(b,b Z i+ A i+ pey(0,0) (Zop + A
nir << peu( )) ( wb T Ay + Peu(b:0) (Zep ké,b)))

= O (tre1(D)).
Thus
® (t0,1 (O Bre)) > © (tre,1 (Bre)) - (A.49)

141



This argument also applies to ® (t72(0k, Bke)), P (tu,1(0k, Biu)), P (tu2(0k, Bru))-
Step 1.3. Let
g(X,)Y)=1[X<Y].

For by, by € By, b1 # bo,
P(Zipy + Moty = Zopy + Metypy) = P ((Arp, — Arpy) Zs = Mooy — Mtpy) = 0,

following from Aé,bl =+= Ag,bw Z§ ~ N(O, Qo), Q() non—singular and )\kf,bza )\kf,bl € R. Thus

9(Zop, + Metpy> Zoby + Mt ypy)

is almost sure continuous, and thus by continuous mapping theorem, it holds that

d
9(Z0bys Z0y) = 9 (Zopy + Netby> Zopy + Netpy) - (A.50)

Similarly, we have

d
9(Zupes Zopr) = 9 (Zuby + Meupor Zoby + Nitpr) - (A.51)

Then consider by € By and by € By,,. (i) if Agp, + Ayp,, similar argument holds, and we
have

d
9(Z0b1> Zups) = 9 (Zepy + Metbrs Zups + Meups) - (A.52)

(ii) if Aé,bl = Au,b27 then

9(Zebis Zups) = 9 (Zepy + Metbr> Zups + Meupy) = 1

for all samples, thus the convergence holds trivially. The convergence in (A.46), (A.49),
(A.50), (A.51), (A.52) holds jointly.
Step 2. Then I show the convergence of ® (¢°(0g,a)). Note that ® (¢°(0g,a)) can be

written as

P (¢(Ok, )

- ((1 —a)® (tm(ek, 85)) +ad (tm(ek, ZBZ))) 1 [Z“;g > Zuj)u]
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(1 08 o ) 25 < 2.5

Z 2 ZZ ,b1 = u ,bas ZZ,IH Z@ Bkg\blv u,by X Zu Bku\bz]

b1 EBkg bQEBku

((1 - a)(I) (tu,2(9k7 bl)) + ad (t&l(ek; bg)))

+ D0 D L[ Zes < Zubes Zehy < Z0Bi0bns Zubs < ZuBibe] X

b1€Byp b2€Byy,

(1 = a)® (tu,2(0k, b1)) + a® (tu,1(0k, b2))) w.p.a. 1

And

L[ Z0p, = Zupy Zopy < Z0 Brp\brs Lusby < Zu,Bku\bg:I

=9 (Zuby> Z001) H g<Z£,blaZg7i)l> 1_[ g(Zﬁ,bngj,z)

b1€Br\b1 bo€By\b2

L[ 20, < Zupe Zopr < Z08u0000 Zuby < Zu B \bo )

=[1—-9(Z2upy, Ze,)] H g <Z£,b1 ) ZZ,Bl) H 9 (Zz’bz’ Zéi’?)

b1eBre\b1 bo€Bre\b2

Since all function are almost sure continuous as discussed before, we have

© (&°(), ) > @ (cf(a))

following from (A.49), (A.50), (A.51), (A.52).

Step 3. Now assume (A.42) holds. We can show that

(Be(ePn,k), bu(0p, 1), T(0p, 1), ® (Le(Op, o Bre)) » @ (£u(0p, ks Bku)))

k=Cu
d
= (bke, bw, Ty ® (the(Bre)) s @ (thu(Bru))) —r 0

with similar argument as Step 1 and 2. Regarding (A.44), note that

A Aoy = Om Om — A,
T(0,) = max {min - min b }

beB 6‘51,/\/7 beB a-ub/\r

< max 5\E,bg - em gm - S\U,bu
h Gep /NN Gup,/VN
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O by O — )\u,b

e, — A b Mby — Om Auby — Aub
— max{ €7bé evbé + £7b[ £7b[ m U,0q U,0q

Gop /N Oup, Oep /NN Gup/Vn
By (A.42), (A.45) and 6 = (6 + 6.)/2,

Mev, — Om, O — My
iy b . b

noopp /Y Gup /v

Thus it is easy to see (A.44) holds.

Lemma 64. Assume that (i) 0 < 0y; (i1)

_ a—n
T(0) =2, >0 '(1- 5 );

(i) either

or

-1 )\u,bu - )\u,bu —

(1 + ﬁﬁu(i)bbu)) RN < M,

T() > z,

(}u,bu O by /\/ﬁ

where M € R, z is defined in Lemma 65 with M given in (A.54). Then

~

7(0) > é™(0,1 — a).

}

(A.53)

(A.54)

(A.55)

(A.56)

Proof. Note that ¢! < ®'(1 — %;1) by construction, thus under (A.53), T(0) > ¢t and

(A.56) is equivalent to

~

T(0) > (6,1 — o).

If min;_j, ﬁgu([;g, l~)) = —1, then

(0.1-a%) = 71 (1= a0 (t2(6,b)) ) < &1 (1—a) <071 2),

o
2

In this case, (A.57) holds trivially. If min;_, peu(be, b) > —1, we have

te1(6,by) = min (1 + peu(be, 5)>71 <Zu,5 + pru(be: E)Zm)

beB
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~ /7 -1 10— )\ub ~ /7
< u s Yu ~ = u y Yy b
(1 + Peu(be, b )) <0u,bu/\/ﬁ + Prulbe, b )Zg,bg>

A7 1 Ay, — 5\u b ~ 47
< o Thu .
= (1 + peu(b£7 bu)) < &u,bu/\/ﬁ + pfu(bﬁv b’u)z&b[>

Z

<M + b

1
2
where the second inequality uses 8 < 6y < A, by (i). Then

) (T(e)) — P (¢°(6,1 — o))

(0)) = @ (t61(60,5)) = (1= a)@ (1020, 50))

where H(z, M) is defined in Lemma 65. H(Z,; , M) > 0 follows from (A.55) and Lemma

,be”

65. O
Lemma 65. Let
-1
H(z,M)=®(z) — a® (M + 2z> — (1 —a%).
For all M € R, there is some zZ € R such that H(z) > 0 for all z > %.

Proof. Note that
3 ]\7[ »]‘72
H'(2) = ¢(2) (1 — %exp (822 Y z— 5 >> ,

and thus there is z € R such that H'(z) < 0 for all z > z. Also note that

lim H(z) =0.

zZ—00

Therefore, for all z > Z, we have H(z) > 0. O
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Lemma 66. Let a € (0,3), a®e (%,a), ne [0,2). Recall that ¢5™ = ®~1(1— ). Let

H(c,A,p) =P2(—c,A—c;p) + @ (—2 —c> ,
p3 (v, m) = sup {p ssup H (¢™™ A, p) < o — n} : (A.58)
P A=0

For all ¢ > 0, there is ¢ < ¢ such that

sup  sup H (G, A,p) <a—n. (A.59)
p<p¥ (a,m)—€ AZ0

Proof. First note that we can check numerically that for a € (0, %),

: « ~ A . 3
sup H (¢, A,0) =sup =P (A—-c")+P(——=-C"" ) <-a<a-—
(", 2,0) = g 58 (8- ) 0 (=3 - ) <o <o

and thus pj(a,n) is well defined. And

sup H (cSim,A, 1) =20 (—c) =a>a—71,
A=0

thus p5(a,n) < 1.

Second, I show that for all ¢ € (0, c*™], it holds that for all |p| < 1,

sup H (¢,A,p) = sup H(c,A,p) (A.60)
A=0 A€[0,A]

where A = 25 + 4 /4(c5im)2 4 8/310g(2). The first order derivative gives that for all

A > A,
dH (¢, A, p) o ((P=De=pA) 1 (3

2 8

< o(A —¢) 71 — 1exp <3A(A - 4cSim)>] <0

Therefore, (A.60) holds for all c € (0, c™].
Third, let p = p5(a,n) — &, and by construction,

a—n = sup H (CSima Aa p; (av 77))
Ae[0,A]
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dH (5™, A, p(A))

= sup H(cSim,A,ﬁ) + §

Ae[0,A] dp

> sup H (cSim,A,ﬁ) + a& (A.61)
Aeg[0,A]

where
dH (™ A, p . .
a= inf u = inf ¢ (=™ A= p) > 0.
A€ [0,A] dp A€ [0,A]
pe[p ps(a,n)] p € [p, p3(a,m)]

Rewrite (A.61) we get

sup H(cSim,A,ﬁ) <a—1n-—d.

A€[0,A]
Lastly,
de VI-p2  N1-p?
cp—c+ A A
Let
b= — inf ) dH (¢, A, p) = 0.
pe[(),pg‘(a,n)],ce[O,cSim],Ae[O,A] de

Choose ¢ = ¢#™m — g—g, and then for all p < p3(a,n) — &,

dH (¢(A), A, p)

sup H (cSim,A,p) = sup H(c,A,p) + (™ — &)
Ae[0,A] Ae[0,A] de
> sup H (¢ A, p) —b(c™ —¢). (A.64)
A€[0,A]
In sum, for all p < pi(a,n) — &, by (A.60), (A.61), (A.64),

_ _ a§
sup H (¢,A,p) = sup H(¢,A,p)<a—n—a+b—=<a-—n.
AZ0 Ael0,A] 2b
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Lemma 67. Suppose Assumptions 13, 14, 15, 16, and 17 hold. Let v € (0, %), ae (5, ),

ne [0, a}‘)‘c). Assume that Ay = A, and P satisfies that

sup pf(bﬂabU) < p;(a,’iﬂ, (A'65)
PeP

where pi(a,n) is defined in Lemma 66 equation (A.58). Then there is o/ > « such that

/
.. . it p-l(] o _
hmnmf }1)27%]3 <c <P (1 5 )) 1. (A.66)

Proof. Let

1
£= 5 (p’z“(a,n) — sup pe(be,bu)> > 0,
PeP

and it is easy to see that n < “_20‘C < 4. Therefore, by Lemma 66, there is ¢ < 11— %)

such that (A.59) holds. To show (A.66), note that

liminf inf P (¢' <€) > liminf inf P p(c,\) < o —
iminf inf (¢*<e) iminf inf (ilellf\)p(c )< 77)

i e <01
Recall that
p(e. ) =max {P* (T(0) > @ (00,0) v {T(0) > (0. 0) A T(0,) > & (00,0) } 3 (A D))
P (T(0.) > @(0,0) v {T(0) > € (00, 0) A T(0)) > (60,9} (1, 2) ) |

< max {PS (T(eg) > Gor T(0m) > & (), i)) . P (T(am) > cor T(0,) > & (), 2))} :

I will show that

sup P* (T(O@) >cor T(0n) > & () i)) <a—nwp.a l,
AeA

and similarly we can show that

sup P? (T(@m) > cor T(0,) > & () E)) <a—nwp.a l.
AeA
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To see this,

1 G
or maX{anG%l Ub/f min Ub/f} G (A, Z))

TR RS V) B
(ma {%é%l PN ab/\r} & E>>

— eufeﬁ
where A = EN = 0,

A
H(@E A p)=d(—¢,A—¢p)+P (—2—c) :
Under (A.65) and Assumptions 13, 14, 15, 16, and 17, it holds that
Pe(be by) < p3(a,m) —€ wpa. 1.
Thus (A.67) gives w.p.a. 1,

P (T(ee) > ¢ or T'(6) >

(A.67)



< sup  supH(¢,Ap)<a—n
p<p3 (c,m)—€ A=0

where the last inequality follows from the construction of ¢. O

Lemma 68. p(c) is continuous at ¢ = 0.

Proof. For € > 0, let

pr(c,e) =P (cf(c) 2Tk > cf(c—¢e)) < Plc—e < Ty <c).
Then
lim pi(c,e) =0
e—0
for all ¢ > 0 since (i) under (A.40) and k = ¢, m,u, or under (A.42) and k = ¢,u, T} is
continuously distributed, (ii) under (A.42) and k = m,
Pc—e<Ty<c)<P(c—e<Ty) =0.
But then
p(c—¢) —ple)
<max {P (T; > ec—e)or Ty, >l (e — e)) — P (Ty > c(c) or Ty, > cgl(c)) ,
P (Tp > ch(c—e)or Ty >ch(c—e)) — P (T > ciy(c) or T, > ch(c)) }
<max {pe(c, &) + pm(c,€), pu(c,e) + pm(c,€)}

=0 Lo

Thus p(c) is continous at ¢ = 0. O
Lemma 69. Let

H(p.a) = (1 - a*)® (1 + p)

[1]

) +a’@((p—-1E),

== (M5 )
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1. for all e (0,3), a € (,a), there is unique solution p*(a, a) € (0,1) such that

H (p*(a a),af) =1— %. (A.68)
2. Let € > 0. For all p € |0, p*(a, o) —&], there is € > 0 such that
H(p,a) < 1—%—5.

Proof. Straightforward calculation gives that for all p € (0,1),

dH (p,a€) _ af <(1 —a)(p+ 1)>(1Z’f)2 \/log (U_O‘)(P“)> > 0.

dp VTo(p + 1) ac(l—p) ac(l—p)

And note that

1 1—a%)(1
i = = lim | log (LAY
p—1 p—1 210 Oéc(l _ p)

. o 1 1-a9)(1+p)\ . (1-p)? 1
1 -1)==1 — Dy —log | —— ) = lim — | —1 -
anll(p ) anll(p )\/Zp ©8 < ac(l—p) pliri 2p A P 0

thus
lim H(p,a®) = (1—a) + et = 1- L 512
ol T 2 2 2’
limH(p,aC)z(lfozC)z1fozc<1fg,
p—0 2

where the inequality follows from a¢ € (§,). Thus H(p,af) is strictly increasing in

p € (0,1) and there is unique solution that H(p*) =1 — O

nole

Lemma 70. Suppose Assumptions 13, 14, 15, 16, and 17 hold. If

sup max min py(b1,be) < p*(a,
PE'IP; blel)S(bgeBpé( 1, 2) P ( ) )7

then there is o > o« such that

liminf inf P (T(e) > ¢%(8; %) for all 0 ¢ CI™(,, in/n,o/)) ~ 1.
n PeP
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Proof. Denote

ey — 0
Zp = — ,
NG

Zop=—2y, Zup = Zp.
Without loss of generality, assume that
T(9) = 21 and p1a2 = fe(1,2) < p*(v,a%).

The lower bound is

- -1 ~ Z - Z
. P1221 2
fug = (14— b,1) (Z (b, 1)Z ) gHz =2
w1 = min p(b,1) o5+ P00, 1) 200 1+ 12
and the upper bound is
-1 - Zy — p1aZ
= min  (1=p(0,1) (2,5 pulb1)Z01) < 2222
beBipu(b,1)<1 : 1 —p12

This 0 is rejected if
O(Z1) > () = (1 —a)P (tyz2) +a P (ty1)-

Since by construction, Z9 > 21, it sufficies to show that

— p122 Z —
®(21) > sup (1—a)P (22P121> LD <P12122> .
zo=21 1— P12 1+ D12

Let

_ Z Z
H(zQ)z(l—of')CD <Z2 P12 1>+aC<I> <P12 1 Z2>’
1—p12 1+ p1o

and it is easy to see that
lim H(z)=1—-a°<®(2),

zZ2—00

and

p12 — 1
HZ)=1-aP(Z)) +a® Z
(20 = (1- a9 (@) + oo (£271 2,

C

<u—awwzg+%«wua%
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where the second line follows from Z; > ¢ > 0. The first order derivative of H(z2) with
respect to zo is

1—0a° (22— p1221 a’ p1221 — 22
hz) = =% ( S .
1 —pi2 1—pi2 L+ p12 1+ pi2

And h(z2) = 0 is equivalent to

— nC _ _
log (1 a®1l+ P12> > log <¢ <P1231 Zz)) ~log <¢ <Zz P1231>>
a® 1—pi2 1+ p12 1= p12
 2p12 (20 — Z1p12)°
- Fe
(1 _sz)

(i) If 2a° — 1 < p < 0, then (A.70) holds trivially, and thus

(A.70)

sup H(ZQ) = lim H(ZQ) <P (Zl),

22221 #2270
and (A.69) holds.
(i) If =1 < p < 2a° — 1, straightforward calculation shows that H(z2) decreases in
[max {Z1,25}, 23] and increases in [z5, +00), where
2 =pZ+ (1 - p)VE.
Thus

sup H(z9) < maX{H(Zl), lim (22)} <P (Z).

22221 Z2— 0

(iii) if p € (0, p*(a, af) — g), straightforward calculation shows that H(z2) increases in
[max {21, 25}, 25] and decreases in [25, +00), thus
sup H(z) < H(z5) = (1— %)@ (1 + p)Z) + a°® ((p— 1)Z) < & (Z1),

22221

where the last inequality is by Lemma 69. O

Lemma 71. Suppose Assumptions 13, 14, 15, and 16 hold. And An is defined as in (A.1).

Let a € (0,3), a®e (%,a), ne [0, a_Qac). In addition, assume (2.36). It holds that

/
liminf inf P <ét <ol(1- O‘)) ~ 1.
n  PeP 2
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Proof. 1If n = 0, trivial, following from the discussion around (2.17). If n € (0, O‘*To‘c), trivial
too, as & & @11 — a + 7). O

A.2 Additional Results for Infinite 3
A.2.1 Simulation Details

Following Dickstein and Morales (2018), ¢ = (1, ..., px) is identified by

_ cov (rg,rpld =1)
LA (rpld =1)

= SOT (E [m@f (W)]) )

where
a1 — asay

o' (a1, a2, a3,a4) = 5

msof(W) = (drhrf/,dr;%,drf,drh) 1[f = f].

Importantly, (51, 32) is partially identified by the set of moment conditions:

1—® (ntopraB — Ba)
® (n~toprnpr — B2)

® (n YopraBL — B2)
1= (n~tpsrppr — B2)

¢ (N opraBi — B2)
® (n~torrpfr — B2)

o (nYopraB — B2)
1= (n~toprpfr — f2)

+(1—4d)

ma (W; B,¢) = —(1 —d) +d

ms (W;B,¢) = (1—d) (n "oprnBL — B2) — d

ma (W;B,0) = —d (0 pprnpi — B2) — (1 —d)

The moment conditions are given by
Elg(Z)®m] <0.

The counterfactual of interest for given (S, ¢) is given by

E[® (n  esrnpi — B2)]
E[® (n~tpr X161 — (2)]

=M (E[2 (07 pprnb = B2) ] E[® (07 0 X181 — B2)])

M(B,0) = (B, 0) = —1

where
aj

)\T(al, CLQ) = ;2
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A.2.2 Empirical Details with Dickstein and Morales (2018)

All firms located in a country h, indexed by ¢ = 1,..., N, decide whether to sell in each
export market j with j = 1,...,J. In the first period, firms determine the set of countries
to which they intend to export. In the second period, upon entering a foreign market, all

firms optimally set their prices and realize the associated export profits.

In the second period, the revenue firm ¢ would obtain if it were to sell in market j is 7;;

(A.71)

and
Tij = PjTih + €ij

Firms do not know e;; when deciding whether to export to market j and
(A.72)

Ejileij | Tijyrin, fij] =0
where f;; is the fixed cost and J;; is the information available to firm ¢ when deciding

whether to participate in market j. The export profits that ¢ would obtain in j is
mig =0 i — fijs
where 7 is the demand elasticity. The fixed export costs is
fij = ,31 + Bzd’istj + vy,
where dist denotes the distance from country h to country j, and the term v;;; represents

determinants of f;;; that the researcher does not observe. Firms know f;;; when deciding

whether to export to j at ¢ and

vij | (Jij, dist ;) NN<O’B§>

In the first period, a risk-neutral firm ¢ will decide to export to j if and only if
(A.73)

dij =1 {n_lE [ojrin | Tij]l b1 — B2 — Badist; = Uij/B?)}

o

1

) and the probability that i exports to j at ¢ conditional

|~
w@x‘mx

2
?
3

™Y

’
3

™

where 5 = (B1, B2, B2) = (

on J;; and dist; is
FE [dij | %j, dz’stj] = (I) (nilE [QOjTih ’ n./fz'jt] 61 — 62 — 53di$tj) . (A.74)
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Moment conditions
Odds-Based Moment Inequalities: For any Z;; < (J;j, dist;), we define the conditional

odds-based moment inequalities as

mfb d;

mOb d;

dist;; 0
dist;; 0

o 5 za
M (Zii; B, ) = ’

K ZJ’

where 17, = E [p;rin|Ji;] and the two moment functions are defined as

- (g8 - Budist)
@ (115,61 — 5o — Budist;)

— (1 —dij),

O (07151 — B — Padist,
TRl Gl el
1-® (n_lr%ﬂl — ﬂg — 63d28tj>

Revealed Preference Moment Inequalities: For any Z;; < (J;j,dist;), we define a con-
ditional revealed preference moment inequality as
m}" dijt, T’z-ojt, distj; 9

M" (Zije; B,0) = E | Zije | =0,

T .. o y e
my,  dije, 5, disty; 0

where the two moment functions are defined as
Y01 — B2 — 53di8tj>
1B — By — fudist; )

¢
my(-) = — (1 —dij) (77717’%/31 — B2 — Bsdist;) + dij (
) (77
i) ¢ (77_17’%51 — B2 — 53di8tj)
Y (n—lrgjgl By — Bgdz’stj> '

mi(-) =dij (0711 — B2 — Badisty) + (1 —

Counterfactuals

1. Changes in Information Sets J;7. The number of exporter
cl = 2 CI) -1 OC 62 — ,Bgdistj)
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where
riy = E[ogrinl T5)

E[NgT]

We are interested in the change of exporter numbers 6 =

2. Changes in Fixed Export Costs: a reduction in exporters’ fixed costs of 40%. Suppose

Zijs © Jijt and, for any 3 € B, define

2 = Z(I) n - E[ajrip | «7zy] B1 — P2 — Padist;

S~ -

not point identified

Then,
Z ; Z Zz],ﬁ
- l—l—Bl(ZZ-]’ < < 1—|—B“ Zzg,,@)
where
! [1-o (7)_17“%51 —0.6(82 + Bgdistj)) 1
B (Zij; B,¢) = E : | Zi |
| @ (77_17“%51 —0.6(82 + Bgdzstj)> |
B ( “lro b1 — 0. 6(52 + Bgdzst])) |
( zg:ﬁ 4,0) ' ‘ Zij
| 1-@ (77_17“%51 —0.6(82 + Bgdzg@)) |

We are interested in the change of exporter numbers 6 = Wei]

A.3 Proofs for Section 2.3
A.3.1 Notation

For simplicity, let By be a subset of B such that Ayy, # Agp, for all by # ba, by, ba € By.
If there is Ayp, = App, for by,ba € B, keep only min{by,be} in By. Construct B, in the

same way. For instance, if

—_ = O
b
IS
Il

O =

e )
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then By = {1,2} and B, = {1,2,3}. Intuitively, B; and B, remove the redundant rows and
is (possibly an outer set of ) the support of be and by,.

For P € P, let 6p denote the true value of 0, Apy = Apdp, Apy = Audp,

Ope + 0pu
Opy = minApyy, Opy, = maxApyp, Opym = ———.
s beB 36,00 U beBB sU,09 s 2
Let
AgpZs AupZs
Z6 ~ N(O7QO)7 Z@,b = ’ 9 Zu,b = ——
00,0,b 00,u,b

denote the limiting distribution of

v <3n B 5Pn) | Vn (5\é,bA_ )\Pn,z,b> | Vn ()\Pn,u,b - Xu,b)

Oup Oub

with Q¢ and P, specified in Lemma 62 and

! /
00,06 = A/ AepS0Ay py 00ub = 4/ Aup0A] 4

For k =4, m,u, , let

T, = max {minZgb + Agep, min Zy, 5 + )‘kub} (A.75)
beB 7 7 beB ’ ’

be the asymptotic analog of T(Gpmk), where (Ag¢, Aky) are specified in Lemma 62. And let

bre, bry be the asymptotic analog of (;g(Hk) and éu(ﬁk), with support Bys, Biy:

by = min { argminZyy + Aoy ¢
beB,

by, = min {arg minz, p + /\ku’b} ,
beB.,

Bkg = {bEBg : /\ké,b < OO},

Bku = {bGBu : Aku,b < OO}
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Define the asymptotic analog of (tz1,%72,tu,1,tu2) evaluated at Op, 1 as

~\ —1 ~ ~ ~
min (1 + pealb, b)> (Zu’,; + peu(0,0) Zey + thy (b, b)> . if minpg(b,b) > —1
tre1(b) = < beB beBB

—0 elsewhere

(A.76)

- -1 - - -
min (1 + pralD, b)) (Z&B + peu(6,0) Zup + ], 1 0, b)> . if minpg (b, b) > —1
Thou,1 (b) = < beB beB

—0 elsewhere

~\—1 ~ ~
min (1 — pe(b,b Z,:— pe(b,0) Zoy + 1, (b,b))  if minpy(b,b) < 1
alt) — i (L= D) (Z = a0 D) Zea + th00)) i minge(0.5)

400 elsewhere

A if minp,(b,b) < 1
thu,2(b) = beBs
+o0  elsewhere

where

A= min (1 - pu(ga b)) - (Z b pu(& b)Zu b+ tLu 2(b7 B))
beB:pu(b,b)<1 “ 7 ’

tzf,l(@ B) = Aku,?) + pgu(b, I;))\kﬂ,b
tLu,l(b7 B) = )\ké,g + pgu(l;, b))‘ku,b

tzz,z(b, b) = Aoy — pe(b, D) Ak

tLUQ(b’ B) = /\k:u,l; - Pu(i)? b))\ku,b-

Note that if ‘)‘ku,é‘ — 0 and [Aggp| — 0, tzm(b, b) may not be well defined. However, as

we will see later, this case is irrelevant for the proof. Same applies to tLuJ, tlm and tiuﬂ.

And let

o {‘Pl (@D (tre,1 (bre)) + (1 — )P (toe2(bre))) I Zeby, + Mot by = Zubpy + Mrusby,
-

O (P (thu1 (bku)) + (1 — )P (tku2(bku))) i Zope, + Metby < Zuby + Mewbp,

(A.77)
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be the asymptotic analog of ¢°(0, a®) . Let
p(c) = max{P (Ty > ¢j*(c) or {T), > c;n(c) and Ty, > ;' (0)}),

P (T, > c)}(c) or {T,, > cy(c) and Ty > ¢ (c)})},
where
(e) = max {c5, ¢}
and T}, ¢, are defined in (A.75), (A.77). Lastly, let

d=inf{c=0:plc)<a—n},

be the asymptotic analog of ¢* defined (2.31).

(A.78)

(A.79)

I use ® for the CDF of N'(0,1) and ®o(z1, z2; p) for the CDF Of./\/<[ 8 } , [ ; T ]) .

A.4 Proof for Section 2.4

This proof follows closely from Kaido et al. (2019). The key difference is that (i) I adjust

the covariance matrix ¥ for the estimation uncertainty in ¢; (ii) I linearize the moment

conditions and \s, A, with a slightly different Taylor expansion, thus the definition of the

Jacobian D is different from theirs; (iii) because of different objective function, the linear

program here has a different structure from theirs.

A.4.1 Notation

The € expansion of set A is defined as

AC = {a e R% : dy(a, A) < e} :
where dpy is the Hausdorff distance
dri(a, A) = inf la —af.
Let m(X, 8) be a K dimensional vector, with K = J + dy + d,, + d, and

mJ((X;Bﬁ,@))

| mu(X5 B8,

m(X”B) B mu<X7B’S0)
M (X)
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That is, with slight abuse of notation, I denote m ;1 as the first element of my, etc. For

each (B,¢), (3, 0) € B x & and P, let Qp ((ﬁ,ap), (3, gﬁ)) e REXK denote

p ((8,9),(5,9)) = cov ( m(Xii B,9) » m/(Xsi 5,9) ).

and I use Qp(8) for Qp ((8,¢p), (B,¢p)). Andlet w;(8,¢) = \/Qp,; (B,¢), (B,¢))- Let

F i I e S gl

~ _ (NAVZERY _ n(me(5, — Eme(X;; P

CalBd) = & o) |7 | Vi ma(0) — Elmu(Xi8.0))) (4.80)
G i (7 — E [ma(X)])

A.4.2 Additional Assumptions

Assumption 72. All distributions P € P satisfy the following:
1. Ep[m;(X;,8)]<0,j=1,...,J1 and Ep[m; (X;,5)] = 0,5 = Ji+1,...,Ji+Js for
some f3 € B;
2. {X;,i =1} are i.i.d.;
3. There is € > 0 such that 0'1237]-(5) ele,1/e] forj=1,...,J1 + Jo,,u for all B € B;

4. For some 6 >0 and M € (0,00) and

Ep |sup fm, (X3 B0p) P | <M, ¥j=1,.., K.
€

Assumption 73. All distributions P € P satisfy one of the following two conditions for
some constants w > 0,e > 0,M < . The functions m; (X;;6,¢), 7 = 1,..., K, are
defined on X x B° x ®°. There exists Ry e N, 1 < Ry < J1/2 and measurable functions

tj: X x B x ¢ — [0, M], j € R1={1,..., Ri} such that for each j € Rq,

For each j € Ry n Ji(P, B,¢), and any choice j € {j,j + Ry}, one of the following holds:
1. One has

ﬁeiél(fP) cig (ij> Z W,
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where

7 ={j ieR, mjl(P,B,s)}

u J1(P,B,e)\{1,....,2R;}
Y jk(P,ﬁ;«f)-

and Ji and Jy, are defined in (2.65) and (2.66).

2. There is tg : B- x @ — [0, M] such that

A (Ep [me(Xi; 8,9)]) = AL (Ep [mu(Xi; 8,9)]) = —to(8, ¢).

Let k =/, u and
T = Ji\[k].
One has
,Belzrsl(fp) eig <Ej£) > w, and 5611131{13) eig (Eju) > w.

Assumption 73 is an analog of Kaido et al. (2019) Assumption E3.2. Under the condition
that the sum of two moments is non-positive, we only need the rank condition to hold for

each of the moments, but not jointly.

Assumption 74. All distributions P € P satisfy the following conditions:
1. The class of functions {w;%(ﬁ, o)m;(-,B,¢): X >R, [ e B,pe <I>} s measurable for
each j=1,..., K.

2. The emprirical process @n 18 uniformly asymptotically op-equicontinuous. That is, for

any € > 0,
lim lim sup sup P ( sup H((N}n(ﬂ, ) — @n(ﬁ,@‘ > e) =0
U0 n—0 PEP \ gp((B.0).(3.3))<

3. Qp satisfies

lim sup sup
00 ((B1:01),(B1,81)) — ((Bsp2),(B2sp2) ) | <5 PEP
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HQP ((517801>7 (B, @1)) —Qp <(52, ©2), (Bg,cpg)> H -0
A.4.3 Details of the Inference Procedure

If Assumption 73 is invoked, we make the following adjustment to the inference proce-
dure.
In (2.51), we replace the estimated standard deviation &1, ..., Gog, with &J7, ...,6%1.

For j =1,...,Ry, let [j] = j + R; and

511(8) = 6{1(B) = fin,5(8)5;(8) + (1 = fin3(8)) 61;1(5)- (A.81)
with
]
) (7) = min {max (07 o ’[fj]<(§,’§>) s ) | 1} | (A.82)
fin,g (B) = 1= fin 15 (B, ) -
In (2.55), if

fn,j(ﬁ) =0= n,[j](ﬁ)a
we replace Z0 1 (8) with ~Z}, ;(8) and Dy, [)(8) with =Dy, ;(8) for j = 1,..., R1.

And if Assumption 73.2 is invoked, we do similar adjustment for M and \,. That is, if

é’n,o(ﬁ) = 0, we replace d¢(8) with &,(5) in (2.50), and replace Z;E(ﬁ) with —Z%(8) and
Dpo(B) with =Dy, ,(8) in (2.53), (2.54).
A.4.4 Proof of Theorem 1
Proof. Let vp = (v1,p,72,P,V3,p), Where v p = (v1,p1,---,71,PJ,71,P0) With
Nnpi(B) = 0ps(B)Ep [mj (Xi, B,0P)] 5 = 1,00, J, (A.83)

Ape(B,0pP) — Apu(B, 0P)
max {opu(8),ope(8),cpue(B)}

Y1,P0(B) = (A.84)

vy2.p = (vech (Qp(B)),vec (Dp(B)),vec (Gp(B))), and 3 p = P. We proceed in steps.
Step 1. Let

{in@'n,?en} € {(Pa670> :Pe 737/3 € B(P)79 € [AP,E(/B7€0P>7AP,U(/37()DP)]}
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be a sequence such that

liminf inf inf inf P (0, € Cl,) =liminf P, (0, € CI,,) . (A.85)
n—0  PeP BeB(P) 0e[Ae(B,pp), u(Bvp)] n—o0

Let {l,} be a subsequence of {n} such that

liminf P, (6, € CL,) = lim B, (6, € C1Ly,). (A.86)

n—a0
Then there is a further subsequence {a,} of {l,,} such that
ahinoo H(;nl\/an’)/l,Pan,j (ﬂan) =T, € R[—oo]: j = 0, 1, ceey J. <A87)
To simplify notation, I write (P, 5y, 0y) to refer to (P, , Ba,,0a,) throughout this Ap-
pendix. For j =0,1,...., J, let

¥, ={ 0 ifm,; =0 (A.88)

The true value 6,, is covered when

inf 5 Ae(B) — &3(? &(p)

. G <0,
st. feB, YmnilBd) < a3) vj=1,..J] s
65(8)
< s h(B)+ 2R
st. feB, YrmnilBd) <Gy vi=1,..J
5;(B)
infa n(z\g(ﬁn+§zgp)—0n) 4 (,Bn n %)
< \;f(ﬁ"-i_(;ﬁz . ) < 0 and
n MM, 5\ Pn T 7% ~
N O e <e(Bot B8) V=1,
Aonones) s
infa (m(&ﬁ%) —¢ (ﬁn + ﬁ) .
Vn \/ﬁmn,(ﬂn‘f' n#’) " A h
st. Ae ¥ (B—p5,), &j(;ﬁ%f) < (ﬁn+75),vJ—1, J
Vn
(A.89)
where in (A.89), I simply replace B with S, + %.
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Step 2. Simplify

Viing (Bu+52,2) Ao (Ba+ 52) — 00
(e 3) o) (s )

Straightforward calculation gives

Vi (B + i 2) (1+ 1 () 1) ) (G (6n+ - 0m.)
9 (B + %) o (B + %)

mn,j (ﬂn + %7@) - mn,j (Bn + %MPPR)

’ op,j (Bn) /1 (A.90)
Ep, |m; (Bn + 22,0p,) | — Ep, [mj (B, op,)]
: [ ( \gP (ilj(ﬁ)n]) /\/ﬁp ~ + \/ﬁfhﬂkj (ﬁn)) . (Agl)

Then I further simplify each element. For (A.90),

op,.j (Bn) /v/n

B [m (50 + 28.9)] B [ms (30 + S2m,)]

- 7brs (Br) IV o
_ Ve Ep, [m; (Ba, #)] Vi, 0 Bt s
P, (Bn) ’ 7
where G, is defined in (A.80), @ is between ¢p, and @, Vi, g = Vi, @] for some iy,
T
between m, and E[mg(W)],

O-anj (ﬁn)

As for (A.91), there is some /3, between 3, and 3, + % such that

Ep, [Mj (Bn + %»wpn)] — Ep, [mj (Bn, ¢p,)] _opi (Bn) Drs (5) A
OP,,j (Bn) /\/ﬁ op, (/Bn) nsJ n
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In sum,
_ NP
\/ﬁmn,j (Bn + un’ 90)
a'n,j <ﬁn + %)

= Up 3, (D) (A.93)

where
Tnip, (D) =1+ i (A) | Znsi MD (B Ap + /n .
n,5,8n = nn,j,b’n( )) n.j,Bn T op (ﬁ ) P,j (571,) P+ ANVP, (6m<PPn) s
g \Pn
(A.94)
@n,j Bn + A*Za wp, | + vgp’EPn [mj (Bna @Pn)] vm’ @T@n,ap
Zn,j,p.(A) = ( o ) } . +Gugy  (A.95)
O—PnJ (5TL)
“ OP,.j 571
g, B (A) = AJ(A),) — 1. (A.96)
7 (Bt 34)
Similarly, for k = ¢, u, it holds that
Vi (A (B + 22,2) —0n)
nA = an7£75n (A)7
o B+ 3£)
R Ap
Vi (60— (B + 52.0)) N
o (B + 22) o
where
_ ~ OP, .k Bn =
U k8, (A) = (14 N e 8, (A)) (Zn,k,ﬂn + (mgggDPmk (Bn) Ap + ﬁ'h,m,k(ﬁﬁ)
(A.97)
with
. 0P, .k 571
A (8) = TP Pn) g (2.98)
Ok (Bn + %)
@n,k (ﬁn + %, CPPn> + Vi Ap, k Vo Ep, [mi (B, ep,)] vmfp@.’.@n#)
L ko, B,, = : + Cn ks
O—P'naj (Bn)
(A.99)
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G (B + 22,0n) = Cu (B + 52, 0p,)

n,k = y Al
sk op,.k (Bn) (4.100)
A (/Bn+%7(pP> -0, Au (Bn"’_%?(pP)
) = ,  u(Bn) = . (A.101
Vl,Pn,f(B ) Op,4 (ﬁn) Y1,Py, (ﬁ ) 0Py (Bn) ( )
Therefore,
iananZBn( )_A<ﬁn AZ)
(A89) < st. Ae X (B-B,), <0,
Unjpn(A) < € (Bn —) Vi=1,..,J
iananuﬁn( )_ A<ﬁn %)
and st. Ae YL (B-5,), <0
Un,j,, (A) < (Bn 7) Vi=1d
Denote
A, = \pf (B—B,) n A, (A.102)

with A = {zeR?: |z;] <1,i=1,...,d}. Then the event in (A.89) is implied by

inf A Un, 0,8, (A) — ¢ (,Bn + %)
) st. Ae A, L <0, (A.103)
Un,jp, (A) < (Bn *) Vi=1,...J |
[ infadinag, (D) — ¢ (ﬂn + %)
) st. Ae A, L < 0. (A.104)

Un.jp. (D) < <5n 7) Vji=1,..J

J

Step 3. This step is used only when Assumption 73 is invoked. When this assumption

is invoked, recall we use modification in Section A.4.3. For each j = 1, ..., Ry such that

ﬂ-i] - 7Tij+Rl - O, (A105)

let
fij =1— iRy, (A.106)
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0 if v1,p,.5 (B) = 7,P.,j+R, (B) =0

o :{ A otherwise, A0
n,7,Pn n,J 1:Pn

with
Tng,8(A) = 71,P,.5 (Bn) (1 + 006, (A)). (A.108)

For each j =1, ..., Ry, replace the constraint indexed by j, that is

s (e %9) o
AT (ﬁn N %) <é (Bn + ﬁ) , (A.109)

with the following weighted sum of the paired inequalities

3 \/ﬁﬁlmj <ﬂn Ap7 A) 3 \/ﬁijrRl n (ﬂn Ap7 A) . A,O
Mg M Ap — Hj+Ry <c Bn + % ’ (A.llO)
) i (o)
and replace the constraint indexed by j + Ri, that is
Vi iy P+ 500 A
7 1< ) <é<ﬁn+\/§), (A.111)
J+R1 <5” 7)
with
B \/ﬁmn,j (ﬁn + %7 ()5) B \/ﬁmj-‘r}ﬁ n (BTL + &7 95) R Ap
— i N iR <é (ﬁn + \/ﬁ) - (A112)
0y (/Bn + %) J+R1 (/Bn 7)

It then follows from Assumption 73 that these replacements are conservative because

= A N _ A ~
Mn,j+ Ry (Bn + 7'07 90) Mp, 5 <Bn p, )
<

~ N A )
(o)l (o2
and therefore (A.110) implies (A.109) and (A.112) implies (A.111). Similarly, if Assumption

73.2 is invoked, for k = £, u, replace

ﬂn,k,ﬂn (A) <¢ <Bn + \/ﬁ)

with
o o R A
[ikn kB, (A) — [k Un, [k],8, (A) < € </8n + p) :
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where fi, = 1 — [iy and

0 if 1.5, ¢ (8) = Y.pu (B) =0
e = i, (8) T )h e (A.113)
Tt fn (A) + 7m0, (D) otherwise,
with
Tk, 8(8) = 71,8k (Bn) (1 + 7,18, (D)) - (A.114)

Step 4. Next, I show that we can replace the term /nv1 p,;(8,) with 7f ;. For
J=1..J,

T =0=71; = Ve, (B, (A.115)

Tij = —%0 =V, (Br) = —. (A.116)

For any constraint j for which 77, = 0, (A.115) yields that replacing v/ny1,p, j (Bn) in
(A.104) with 7r’f,j introduces a conservative distortion. Under Assumption 73, for any j

such that (A.105) holds, the substitutions in (A.110) and (A.112) yield

51, Paj (Brs 0p,) (14 Mg 8, (A)) = s RiVL P+ Ry (Brs ©P,) (1 + Nnjs Ry Ba (D)) =0

and therefore replacing this term with 7y ; = 0 = 7] j+R, 1s inconsequential. Same applies
to the constraints on 1y, 4, g, and Uy, -

For any j for which 7} ; = —c0, (A.116) yields that for n large enough, v/nv1,p,,; (8n)
can be replaced with wf,j. To see this, note that under Assumption 26, Assumption 72.3,

Assumption 74.3 and A € A? it follows that

n7p7

OF,.j (Bn)

mDFn,j (5n) Ap = O(1).

Together with Lemma 83.1 and Lemma 84, it holds that

P, ( max ;g,(A) <0, VAe A%) — 1. (A.117)

Jimy j=—00
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Since ¢ (Bn + %) > 0 by construction, g, (A) < ¢ (Bn + %) with 7}, = —o0 is

asmptotically not bingding and thus negligible. We therefore have that for n > N,

inf A an,f,ﬁn(A) A
P, st. Ae Afl,p, <é <5n + \/ﬁ) , and (A.118)
_ . . n
Unjp,(A) < ¢ (Bn + %) Vg

infaA Un,u,B, (A)

A
st. Ae A‘i’p, <é </8n + p) +0(1)
Un,jpn (D) S € (ﬁn + %) VJ

inf A an,é,ﬁn(A) A
>Pn s.t. Ae AZ?P’ < ¢ <5n + p> ) and (Allg)
tn i (8) < & (B + 22) )

ian ﬂn,u,ﬁn (A)

S.t. AEAZW, <é</8n+Ap>
Un,jg,(A) < ¢ </8n + %) , Vg

where

Op,,j (Bn)

0P, (Bn) Dp,.j (Bn) Ap + Wi‘}-) . (A.120)

Un,j g, (A) = (14 7 j s, (A)) (Zn,j,ﬁn(A) +

Hence, I focus on the event in (A.119) here and after.

Step 5. Ireplace iy ¢ g, and iy, 4 g, With u, g, and u, 4 g,. First, note that if Wik,o =0,

ian umgﬁn (A) A
(A.119) =P, st. Ae Al <é </Bn N \/g) and
o (B) <& (B + 22) ¥
ian un,u,ﬁn (A)
st. Ae Ad <é(6n+Ap>
Un,j,3,(A) < ¢ (Bn + %) Vi Vn
where
_ ~ OP, .k (Bn) =
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If 7§ g = —o0, we have either vy, p, ¢(Bn) — —o0 or \/ny1,p, u(Bn) — —o0 or both, thus

inf A Un 0,8, (A) A
(A.119) > min< P, s.t. A€ A’Crlt,p’ < ¢ (Bn + \Fp> ,
. . n
U g, (A) < <ﬁn n %) Y
infA up 8, (A) A
Pn st. Ae Az,pv < c </8n + \/ﬁ> + 0(1)
. . n
Un,5,Bn (A> sC (Bn + %) ,VJ
In sum, let
Un,é (ﬁnu C) = {A € Az,p :
Un,p,8, (D) < ¢, Un g, (D) + 7o < ¢ unjp, (D) <e,Vji=1,...,J}, (A.122)
Un,u (Bnu C) = {A € Az,p :
U gy (D) < ¢ unep, (A) + 7Ti0 <G upjg, (A)<ceVji=1,..., J} ) (A.123)

It holds that

(A.119) > min {Pn (Umg (m, ¢ (Bn + jg)) # @) ,

o (e 2)) o)}

Step 6. Simplify ¢ (,Bn + %). By definition ¢é(-) > 0 and thus ¢, , defined by

. . . Ap
Cn,p = Aelgf‘;iw) c <ﬁn + \/ﬁ> (A.124)

exists. Therefore, the event whose probability is evaluated in (A.119) is implied by the

event

infA unep,(A)
st. Ae AfL’p, < Cnp,

Unj g, (D) < Enp, Vi =1,...,J

infA w8, (A)
and st. Ae A%,p, < Cnyp (A.125)

Unj g, (D) < énp,Vj=1,..,J
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Then by (A.125) and the definition of Uy, o and U, ., we obtain

P, (6, € Cly,) = min{P, (Un (Bn,Cnp) # ) s Pn (Unu (Bnsnp) # D)} (A.126)

By passing to a further subsequence, we may assume that

DPn (ﬁn) — D, GPn (Bn) - G,

for some (J + 2) x d matrix D such that |D| < M, and some (J + 2) x K matrix G such
that |G| < M. In addition, we may assume that Qp, > Q for some covariance kernel €.

And Qp, (8,) — Q. By Lemma 75,

lim inf min {P,, (Upn¢ (Bn, Cnyp) # &) s Pn (Unw By Cnyp) # D)} =1 —a. (A.127)

n—o0

The conclusion of the theorem then follows from (A.85), (A.86), (A.126), and (A.127). O

A.4.5 Lemmas

In the proof, I focus on
hglilgolf P, (Un,ﬁ (/Bna én,,o) #* @) =21—a,

and the proof for P, (Un,u (Bn,Cn,p) # &) is similar.
Throughout this Appendix, let (P, 5,,0,) be a subsequence as defined in Step 1 in the

proof of Theorem 29. That is, along

{anﬁnven} € {(P7679) :Pe 737/8 € B(P)79 € [Api(ﬁva)a)\P,u(/BawP)]}

one has
K NMv1,P, 5 (Br) = 15 € Rp_gp, = 0,..., (A.128)
Op, 5 Q,
Dp, (Bn) — D, (A.129)
Gp, (Bn) = G. (A.130)
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When Assumption 73 is invoked, I use modification in Section A.4.3. And if

N %
T =0="T1;1R>

replace the constraints

Zj + ijA < ¢,

Zjt+r, + pPDj+r A <0,

with
1 (B){Zj + pDjA}Y — pjrr, (B){Zj+r, + pDjrr A} < c
—pi(B){Zj + pDjA} + pj1r, (B) {Zj+r, + pDjsr A} < €
where
(ﬂ) { 1 ® ) if Vl,Pn,j(ﬁ7 QOPn) =0= fyl,Pn,j+R1 (ﬂ7 SOPn)7
Hj = V1,Pp,i+Rq (B¢ Py, .
V1,Pp,i+ Ry (B::@Pn )1+71,Pn,j(,8:<PPn) otherwise,
(A.131)
) { (()ﬂ | if v1,p,,5(8) = 0 =71,p,j+Rr, (B),
Hi+R = Y1,Pn,i (B¢ Py, .
' V1,Pn.,i+Ry (Bv@P]n)""Yl,Pn,j(ﬁ#PPn) otherwise,
(A.132)

The same applies to the constraint on Z;, and Z,.

To simplify notation, in the following proof we do not differentiate ¢, u, and j. Moreover,
due to the substitutions in equations (A.110) and (A.112), the paired inequalities are now
genuine equalities. With some absue of notation, we index them among the j = J;+1, ..., J.

That is, under Assumption 28,
u]]l = {17 ceey Jlaga u} )

Jo = {Jl +1,...,J1 + 2J2} .

Under Assumption 73.1,
Ji1 = {2R1 +1,.., Jl,f,u},

Jo = {1, oy Ry, i+ 1,01+ JQ} .
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Under Assumption 73.2,
J1 = {2R1 +1,..., Jl},

Jo = {1, o Ry, L+ 1, T+ JQ,E}.

In all three cases,
[J2] = {[j] : j € D2},
J=J1uJ2u[Jo].

Fix ¢ > 0. For each A € R? and 3 € (B, + p/v/nA) N B, let
mj(A) =7Zj + ijA + 7Tik7j, (A.133)
mz(A) = Z¢ + pDpA,

10, (A) = Zy + pDyA + 71 .
Let A(oio,p = lim, o A‘f%p. Let
W(c) = {A e AL iwj(A)<eVje J} . (A.134)

With that convention, for given 0 € R, define

W (c) = {A e AL iwj(A) <c+6,Yjelwi(A) <eVjelsu [.,1‘12]} . (A.135)
Define the |J| + 2d matrix

[PDP,j (ﬁ)]jejl ula
[=pDp;(B)];e3,
Iy
-y

KP(/va) =

Given a square matrix A, we let eig(A) denote its smallest eigenvalue. In all lemmas below,

we assume o < 1/2.

Lemma 75. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption
28 or 78 hold. Then,

liminf Py Uz (Bns én,p) # &) 2 1 - . (A.136)
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Proof. Consider a subsequence along which
hrILglo%f P’n (Ué,n (6717 én,p) #* @)

is achieved as a limit. For notational simplicity, we use {n} for this subsequence below.

Below, we construct a sequence of critical values ¢’ (3,) such that
én (8) = e (Br) + 0p(1) (A.137)
and ¢! (8) B ¢+ for any B, € (Bn + p//nA) N B, where
cex =inf{ce Ry : P(W(c) # J) = 1—a}. (A.138)

The construction is as follows. When ¢+ = 0, let ¢/ (8) = 0 for all B, € (8, + p/v/nA)NB,

and hence cL (8.) B cpx. If ¢px > 0, let

¢y (Bn) = inf {c € Ry : P* (V] (Bn,c) # &) = 1 —a}, (A.139)
where

Vi (Bnic) = {A €Al v (A)<cje J} , (A.140)

U, (B) = Z3, 5 (81) + pDj (B,) A + ¢5 (én,j (6,2)) : (A.141)

’U;’z,é,B;L(A) =Ly 4 (Bn) + pDns (B,) A

O (B) = T (Ba) + D (8,) A + 65 (€n0 (52))

¢;<£>={§ =0 ¢3<£>={5 mo =0 (A.142)

Y
—a0 7T1’j<0 —0a0 7T1’0<0

and P? is from the conditional distribution of Z conditional on the estimators. By Lemma
77.3, this critical value sequence satisfies (A.137). Further, by Lemma 77.2, ¢! (8.) 5 ¢
for any 3], € (B, + p/v/nA) N B. For each 3 € B, let
Ap
I _ I ap
np(B) = Ae12%4) ch <ﬁ + \/ﬁ) . (A.143)
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Since the 0p(1) term in (A.137) does not affect the argument below, I redefine CiL,p (Bn) as

cém (Bn) + 0p(1). By (A.137) and simple addition and subtraction,

P, (Un,f (5”7 én,ﬂ (Bn)) 7 g)
=P (Unye (Brsch, (Bn)) # O) (A.144)

=P (W (crx) # D) + [Pa (Unit (Busch (Br)) # &) — P (W (cox) # D] .-

By Lemma 84,
T ji, (D) 5 Z ~ N(0,5).

And by Assumption 28 and Assumption 74.3,

op, e (Bn)
sup sup ————~=%
3eB AeA TP,k (Bn)

—1

Moreover, by Lemma 83,

sup sup [#,;,3(A)[ - 0
BeB AeA

uniformly in P, and by Lemma 77, cﬁm (Bn) 2 cpx. Therefore, uniformly in A € A, it

holds that

(20 (D), {inal@), cp(5)) 4 (2, 0. cro). (A.145)

In what follows, using Lemma 1.10.4 in Van Der Vaart and Wellner (1996) I take

(Z;‘;(A), M (&) AD] <o Ci)

to be the almost sure representation of the left hand side of (A.145), defined on some
probability space (€2, F, P) such that (Z*(A),ni(A),c¥) “3 (Z*,0,cpx), where Z* A

For each A € R%, we define

Op,,j (Bn)

l,(8) = (1+73(2)) {Z:;,j(m oo

Dp, ; (Bn) A+ Wik,j} ;

w;(A) = Zj + pD;A + 77 5,
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where we used that by Lemma 85.1, k,,'\/ny1,pj (Bn) — kip 'v/ny1,py (Bh) = o(1) uniformly

over 3, € (Bn + p/v/nA) n B and therefore 7y ; is constant over this neighborhood. Simi-

larly, let
Ui (B i) = {A e AL 5, (8) < ¢, Ve T, (A.146)
W (crs) = {A e AL wH(A) < cpx, Vj € J} . (A.147)

It then follows that equation (A.144) can be rewritten as
P ({Un (B, n,p (Bn)) # B})

=P (W* (crx) # &) + [P (Uy (B, ) # &) — P (W (crx) # )] (A.148)
By the definition of ¢, %, we have
P (W* (co) # &) =1 —a.

Therefore, we are left to show that the second term on the right hand side of (A.148) tends

to 0 as n — o0. Note that
[P (U, (B, cp) # D) — P (W* (crx) # D)

<P ({U; (Bn, cn) = G} 0 {07 (cnx) # DY) + P ({U5 (B, c) # D} 0 {20 (crx) = T} -
(A.149)

The conclusion holds because (A.149) converges to zero by Lemma 76. O

Lemma 76. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption
28 or 73 hold. Let (Py, By, 0n) have the almost sure representations given in Lemma 75.

For any n > 0, there exists N € N such that
P ({Uy (Buscp) # S} 0 {W" (crx) = T}) < 1/2 (A.150)

P ({Uy (Bns ) = B 0 A" (cnx) + T}) < 1/2, (A.151)

for all n = N, where the sets in the above expressions are defined in equations (A.146) and

(A.147).
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Proof. Let J* = {j eJ:ni; = O}. Observe that for j = 1,...,J, if nf ; = —o0, the corre-
sponding inequalities

U .5, (D) = (1+n,(A)) {ZZ,J-(A) + mePn,j (Bn) A + wi‘jj} <ct

wj(A) = Z; + pDjA + 77 ; < cpx

are satisfied with probability approaching one by similar arguments as in (A.117). Hence,
we can redefine the sets of interest as

Ui (B i) = {A e AL sl 5, (8) < 5, Wi e I (A.152)

W (crs) = {A e AL i wE(A) < cpx,Vj € J*} . (A.153)

I first show (A.150). I bound the left hand side of (A.150) as
P{Uy (Bn, cp) # S} 0 {W* (crx) = S})

<P

/N

(U (Busel) # @Y 0 {0 (err) = 2} ) (A.154)
+ P ({QU*’” (Crx) # @} N AW (cpx) = @}) , (A.155)

following from P(An B) < P(AnC)+ P (B n C°) for any events A, B, and C. I will then
specify ¢ such that (A.154)< 7 and (A.155)< 4. Lemma 79 (A.197) implies that there is

some 6 > 0 such that

P ({20549 (con) + B} 0 (2" (cr0) = D)

<sup P ({m* (©) + &)~ {m*ﬂs (¢) = @}) <n/2. (A.156)

c=0

Next, define the events

An(8) = {Zﬁg max |(uf 5, (8) = n) = (05 (A) = exr) | > 8 } :

with ¢ specified in (A.156). By Lemma 78 (A.195), for any 1 > 0 there exists N € N such
that
P(A,) <n/2,¥n = N. (A.157)
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Define the event L,, = {U} (Bn,c}) S 2W* (cx+ + 0)} and note that AS < L,. The right
hand side of (A.154) can further be bounded as

P{Uy (Bn, cp) # S 0 AW (e +6) = B}) < P (Uy (Bn, cn) $ W (crx +90))

=P(L;)<P(A,) <n/2 VYn=N,
(A.158)

where the penultimate inequality follows from A¢ < L, as argued above, and the last
inequality follows from (A.157). Hence, (A.150) follows from (A.154), (A.155), (A.156),
and (A.158).

To establish (A.151), I distinguish three cases.

Case 1. Suppose first that Jo = J, and hence one has only moment inequalities. Define

the event

Rop = {00* (Cax — 6) S U (Bn, c)}. (A.159)

and note that AS < Ry,. The result in equation (A.151) then follows by Lemma 79 (A.197)
using again similar steps to (A.154)-(A.158).

Case 2. Next suppose that |Ja| > d. Note that, by Lemma 81, there exists N € N such
that for all n > N, cf(6) is bounded from below by some ¢ > 0 with probability approaching
one uniformly in P € P and $ € B(P). This ensures ¢+ is bounded from below by ¢ > 0.
Note that A¢ < Roy,, where Ry, is defined as in (A.159), and therefore the same argument
as in the previous case applies using Lemma 79(A.199).

Case 3. Finally, suppose that 1 < |Ja| < d. Recall that, with probability 1,

Crx = lim ¢, (A.160)

n—0o0

and note that by construction ¢+ > 0. Consider first the case that ¢+ > 0. Then, by
taking § < ¢+, the argument in Case 2 applies.

Next, consider the case that ¢« = 0. Observe that

P{U; (Bn, cp) = S} 0 {W" (eax) # T})

<P ({U3 (Burc) = @} 0 {2 700) 2 2}) + P ({20"720) = @} 0 {20 (0) # 2})
(A.161)
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By Lemma 79, for any 1 > 0 there exists § > 0 and N € N such that
P ({20%7°(0) = @} ~ (20%(0) # B3}) < /3

for all n > N. Therefore, the second term of (A.161) can be made arbitrarily small.
I now consider the first term of (A.161), and it contains the following four steps.

Step 1. More notation. Let g be a |J| 4+ 2d vector with

— T i
IS e A (A.162)
1, J=J+1,...,)J] +2d,

where I use that wf, ; = 0 and the last assignment is without loss of generality because of the
considerations leading to the sets in (A.152), (A.153). For a given set C' < {1,...,|J| + 2d},

let the vector g¢ collect the entries of ¢ corresponding to indices in C. Let

[ij]jeJ1uJ2

K = [_pl;j]jeﬂz . (A.163)
d

—1I
Let the matrix K¢ collect the rows of K corresponding to indices in C. Let C collect
all size d subsets C' of {1,...,|J| + 2d} ordered lexicographically by their smallest, then
second smallest, etc. elements. Let the random variable C equal the first element of C

st. det K€ # 0 and AC = (Kc)fl

g¢ € W9(0) if such an element exists; else, let
C = {J]+1,...,]J] +d} and A® = 1,4, where 1; denotes a d vector with each entry
equal to 1. Recall that 20%79(0) is a (possibly empty) measurable random polyhedron in a
compact subset of R?, see, e.g., Molchanov and Molchanov (2005) (Definition 1.1.1). Thus,
if 20%79(0) # &, then 20%7°(0) has extreme points, each of which is characterized as the
intersection of d (not necessarily unique) linearly independent constraints interpreted as
equalities. Therefore, 20%79(0) # ¢ implies that A€ € 20%7°(0). Note that the associated
random vector AC is a measurable selection of a random closed set that equals 25*~%(0)

if W9(0) # & and equals A otherwise, see, e.g., Molchanov and Molchanov (2005)

(Definition 1.2.2).
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Let g, be a |J| + 2d vector with

1+ n*(A))—2ZF . (A) ifj
1, ifj=1|J+1,....,[J +2d
using again that 7 ; = 0 for j € J*. For each P € P, let
i op,.;(B) 3
P =g Dp, ‘(5)]
|: Pns (B) B ! jeJiula
_ op, (B _
k(3B = | |omone)| . (A.165)
7 JEJ2
Iy
For each n and A € A, define the mapping ¢, : A — Rfi o] by
> -1
on(8) = (K5, (Bn, B (B B),p)) 95 (A), (A.166)

where the notation 3 (8,,A) emphasizes that 3 depends on 3, and A because it lies

Ap
NS

Step 2. I show that ¢, is a contraction mapping and hence has a fixed point. For any

component-wise between (3,, and 3, +

A, A € A write

[#n(8) = én ()]

= H (K, (Bus B (Buy ) 1 0)) " g5 (A) = (KS, (Bus B (B &), 0)) " 45 (2)

) » (A.167)
< |(KE, (Bus B (B ) 10)) |05 (8) = g5 ()]
c = —1 C o / -1 C /
| (K, (BB (Ba28)0)) ™" = (KE, (BsB (B ) 10)) | LS ()],
where || - |2 denotes the spectral norm (induced by the Euclidean norm). By Assumption

74.2, for any nn > 0,k > 0, there is N € N such that
P (g5 (8) = g5 (A < kA — A7)
=P, (|Z¢(A) — Z2C ()| <k |A - A'|) =1—95,Vn = N.
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Moreover, for any 7 there exist 0 < L < o0 and N € N such that V¥n > N

p (sup lg5 (A")] < L> >1-1. (A.168)
A’eA

K1, = (min {y/a : o is an eigenvalue of KK'})™". Hence,
by the proof of Lemma 80 and the definition of C, for any n > 0, there exists 0 < L < ©
and N € N such that

P97, <) =1-nwm=nN

By Johnson and Horn (1985) (ch. 5.8), for any invertible matrices K, K such that

KYK - K)H2 <1,

|-

HK*l _ K*H (A.169)

< %1,
SR LU R

By the assumption that Dp, (8,) — D and 01;” J E ﬁ)) 1 and Assumption 26, for any n > 0,
n>J

there exists NV € N such that

Zup HKP ( (/8717 )7p) _KCH2 < n,Vn > N.
eA

By (A.169), the definition of the spectral norm, and the triangle inequality, for any n > 0,

there exist 0 < L1, Lo < o0 and N € N such that

2 (sup |05, (5 50.).)) 7 < 201

AeA

o (|67, = g R, (303,200 = )7 <2 )

AeA
L2
n (|0 < [,
= [T ES, (B (8 D) p) — K9)|
sup K5, (3 (5, 3).p) - K, < 1)



>1—2n,Yn = N, (A.170)
Again by applying (A.169), for any k > 0, there exists N € N such that

P (| (55, (5 (s 20) " = (55, (5 <ﬁn,A/>>>‘1H2 <kfa- o))

€ ]- 1’ V

where the first inequality follows from
|KE, (B (Bas A)) — K (B (Bas A)) |y < Mp B (Bay A) = B (Bny A) | < Mp?/y/n | A = A

by Assumption 26, and the last inequality follows from (A.170).
By (A.167)-(A.168) and (A.170)-(A.171), it then follows that there exists a € [0,1) such

that for any i > 0, there exists N € N such that
P(|¢n(A) —¢n (A)]| <a|A-A", VA A'eA)>1-n, Vn=N. (A.172)

This implies that with probability approaching 1, each ¢,(-) is a contraction, and therefore
by the Contraction Mapping Theorem it has a fixed point (e.g., Pata et al. (2019) (Theorem

1.1)). This in turn implies that for any n > 0 there exists a NV € N such that
P (3A£ N, (Ag)) >1—n,VYn> N. (A.173)
Step 3. I show that A¢ and A, are close enough. Next, define the mapping
Yn(A) = (K€) 7 ¢C (A.174)

This map is constant in A and hence is uniformly continuous and a contraction with Lips-
chitz constant equal to zero. It therefore has A,CL as its fixed point. Moreover, by (A.166)

and (A.174) arguing as in (A.167), it follows that for any A € A,

[9n(8) = ()] < (S, (B, 5 (5 8).0)) "] 16 = o6 (8)]

)T - (8, (805 (5. ) 61
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By (A.162) and (A.164)

l9° = gh(A)] < max | =27 — ci/ (L+ 7 5(A)) + Z5 5 (D)

jel*
< max |Z% — Z7 5 (D) + max i/ (1 +m (D). (A.175)

Moreover, Z* (A) “3 Z* and (A.160) implies ¢ — 0 so that we have
sup [° — g (A)] =3 0.
AeA

Further, by (A.164), Dp, — D and, Assumption 26, for any n > 0, there exists N € N such
that

sup (K™ = (K5, (80 B (5u8),0) | <m¥m =N, (A.176)

In sum, by (A.168), (A.170), and (A.175), (A.176), for any n,v > 0, there exists N > N

such that

P (sup [tn(A) — dn(A)]| < 1/) >1-n,Vn>N. (A.177)
AeA

Hence, for a specific choice of v = k(1 —a), where a is defined in equation (A.172), we have

that supaca |[Un(A) — ¢n(A)| < k(1 — a) implies

=

o (39~ (80

|

< [ (A7) = 6n (A7)] +

00 (58) 0 (30

</€(1—a)—|—aHA2—A£

< K.

Rearranging terms, we obtain HA% — Al
Step 4. I complete the proof. Note that by Assumptions 26 and 74.1, for any § > 0,

there exists k5 > 0 and N € N such that

P sup  |upy 5 (A) —uh 5 (A)]<6) =1=nYn=N. (A.178)
|A—A | <ks
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For AS € 20%79(0), one has

w¥ (AS) +6<0,j el (A.179)
Hence, by (A.157), (A.160), and (A.178)-(A.179), |AC — A}| < ks, for each j € Ji we
have
i s (Ag;) — ¢ (Ba) < uk g (AS) — ¢ (Ba) + 6/4 < w¥ (AS) +6/2 < 0.
For j € {|J1| +1,...,|J1| + 2|J2|}, the inequalities hold by construction given the definition

of C. In sum, for any 1 > 0 there exists § > 0 and N € N such that for all n = N we have

P ({03 (Bus ) = @ 0 {20°79(0) = @1} ) < P (3A] € UF (Ba i) 305 € 09(0))

Ae

<P ({sup 10n@) = 0n(@)] < sl =) 0 ()} ) <3

where A€ denotes the complement of the set A, and the last inequality follows from (A.157)
and (A.177). O

Lemma 77. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption
28 or 73 hold. Let {Py, Bn,0n} be a sequence satisfying (A.128)-(A.129). Then, for any
{8} such that Bl, € (Bn + p/v/nA) N B for all n, it holds that

1. For any c > 0,

Py (Vi (81 ¢) # @) — P(W(c) # &) — 0,
with probability approaching 1 ;
2. If cox > 0,k (BL) B pe:
3.
en (Br,) = ch (B) +op(1).

Proof. (i) Throughout, let ¢ > 0 and let {3],} be a sequence such that 5, € (8, + p/v/nlA)n

B for all n. By Assumption 26, 2 0. Further, by Lemma 85,

D(8,) = Dr, ()

gn,j (Bn) L m1,5. Therefore,

(75 (8), D (8) .60 (8)) 1 {Xi2y & (2, D,m) (A.180)
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for almost all sample paths {X;};;. By Lemma H.17 in Kaido et al. (2019), condi-

tional on the sample path, there exists an almost sure representation (2Z,En,£n) of

<Zf’1 (8.),D(B),én (5;)) defined on another probability space (€, F, P) such that
(2, D) £ (25 (8) . D (81) .6 (51)

conditional on the sample path. In particular, conditional on the sample, (f) (B) n (5;))

are non-stochastic. Therefore, we set (ﬁn,£n> = <]5 (Br) n (ﬁq’z)), P — a.s. The almost

a.s.

sure representation satisfies (Z%,Dmgn,o = <Z,D,7r1> for almost all sample paths,

where Z 2 7. The almost sure representation (Zg, D,, fn> is defined for each sample path

xz® = {z;};2,, but we suppress its dependence on z* for notational simplicity. Using this

representation, define
Onjigy (A) = Zs,j + pDnjA + ] (in,j) , (A.181)
Tn,p,(A) = L3, g + pDi A,

{)TIL,u,&L (A) = Zfz,u + pbn,uA + 905 (én,O) s

t‘Oj(A) = Zj + ijA + ﬂ'ij

0,(A) = Zg + pDyA

10, (A) = Zy + pDuA + 77

where Z £ 7, and 7b — 7,P — a.s. conditional on {X;}’° . With this construction, one

may write
|Bx (Vi (Br, ) # @) — P(W(e) # &)
=P (VI (81r0) # @) - PB(c) # D),

P (vnf (8l,¢) = & A W(c) # @) +P (ffnf (B,¢) + & A W(c) = @) L (A182)

A
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First, we bound the first term of (A.182). Note that
P (V! (3,) = 5 B) # )

<P (V! (Broc+8) =@ () # @) + P (Vi (Bc+6) # @ Vi (B10) = D).
(A.183)

Let

Anz{d)eflzsupmax

~T R~
sup max 5] 5, (A) 0, (A)| >5}.

Let
E = {{xi}?‘il : Hf? (Br) — DH <, ljigzj(qﬁ}‘ (ém (5&)) - Wij‘ < ?7}-

Note that, P,(E) = 1 —n for all n sufficiently large by Assumption 26 and Lemma 85. On

E., we therefore have HB” — DH < n and max;epx

o3 <5~m> - Wij’ <n,P —a.s. Below, we

condition on {X;};2, € E. For any j € J*,

T, (8) = ()] <

Zni— Zj’ tp HDj,n - DjH [A]+

¢ (&) =ty < @+ o,

uniformly in A € A, where we used Zfl — Z,P - a.s. Since n can be chosen arbitrarily
small, this in turn implies

P(An) < 77/27

for all n sufficiently large. Note also that suppca maxjey |37 i (A) —w;(A)] < 0 implies

W(c) < VI (B, c+6), and hence AS is a subset of

Using this,



for all n sufficiently large. Also, by Lemma 79,
P (f/nf (Bh,c+0) # B VI (B c) = @) <n/2, (A.185)

for all n sufficiently large. Combining (A.183), (A.184), (A.185), and using P,(FE) > 1—1n

for all n, we have

JEP (VI (81 e) = @ () # @) dPy + f PV (Be) = 2 0 B(0) # @) dP,
<n(l—n)+n < 2n.
The second term of the right hand side of (A.182) can be bounded similarly. Therefore,
|P* (V) (B ¢) # &) — P (W(c) # &) -0

with probability (under P,,) approaching 1. This establishes the first claim.

(ii) By Part (i), for ¢ > 0, we have
P (V! (B).¢) # @) = P(W(c) # B) =0
Fix ¢ > 0, and set

C—Zj, jEJ,
g; =

1, jg=1J+1,...,]J] + 2d,
Mimic the argument following (A.185) and apply Lemma 79. Then, there is 6 > 0 such
that

[P(2(c) # &) — P(W(c—6) # )| = P({W(c) # J} n {W(c—d) = F}) <n

P (e + ) # @) — P(W(c) # @)| = P({W(e +8) = B} ~ (W(e) = @) <1

which therefore ensures that ¢ — P(20(c) # &) is continuous at ¢ > 0.
Next, we show ¢ — P(20(c) # ) is strictly increasing at any ¢ > 0. For this, consider

c>0and c—6 >0 for § > 0. Define the |J| vector e to have elements e; = ¢ — Z;,j €

J. Suppose for simplicity that J* = { jel:mi,; = 0} contains the first J* inequality
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constraints. Let e/ denote the subvector of e that only contains elements corresponding

to j € J*, define D¥* correspondingly, and write

D“H*: 6“]]* 1J*
K= I, g=| p-1q |, 7= 04 |. (A.186)
—1Iy p-1q 0q

By Farkas’ lemma (R. Rockafellar (1970) Theorem 22.1) and arguing as in (A.206),
P ({2(c) #» &} 0 {W(c - 6) = T})

=P ({¢'g=0,Vue M} n{i/(g—61) <0,3pe M}), (A.187)

where M = { R‘] +2d WK = O} By Minkowski-Weyl’s theorem (R. T. Rockafellar

and Wets (2009) Theorem 3.52), there exists {I/t eM,t=1,... ,T}, for which one may

write

T
M = {u M—bzatV b>0,a; = Z }

t=1 =1
This implies
>0,YVpe M= 1vg=0vte{l,... T}

p(g—0671)<0,3ue Mg <o, Itef{l,..., T}

Hence,

(A.187) =P (0 < v”g,0 < Vg < 67, Vs, 3t) (A.188)

Note that by (A.186), for each s € {1,...,T},

J*+42d
" .
Vg = Y (g —Zga) 1o S v,
j=J%+1
J*
v = Z v
j=1
Hence
J*+2d
SR 3
j=J*+1
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where 0 < hl < hY for all se {1,...,T} due to 0 < ¢ — 4§ < c and v* eR‘f”d. One may

therefore rewrite the probability on the right hand side of (A.188) as

P(0<v¥g,0< Mg <607, Vs,3t)

_p (V&J*’ZJ* <Yt < 75 < BY, Vs, 3t> >0, (A.189)

where the last inequality follows because Zg+’s correlation matrix 2 has an eigenvalue
bounded away from 0 by Assumption 28 and 73. By (A.187), (A.188), and (A.189), ¢ —
P(2(c) # ) is strictly increasing at any ¢ > 0.

Suppose that ¢+ > 0, then arguing as in Lemma 5.(i) of D. W. K. Andrews and
Guggenberger (2010), we obtain ¢ (3/,) L.

(iii) Begin with observing that one can equivalently express ¢, (originally defined in

(2.53)) as ¢(B) =inf{ce R, : P53 (V5(B,¢c) # &) = 1 — a} where

Vi (Bric) = {A € A;il,p tup g (D) <cje€ J} , (A.190)
vh o () =Z5 5 (B1) + pDnj (B1) A+ &y (B) - (A.191)

Suppose first that Assumption 28 holds. In this case, there are no paired inequalities, and
VI differs from V,? only in terms of the function ¢; used in place of the GMS function &.
In particular, ¢7(§) < £ for any j and £, and therefore ¢ (8,) > cl (B,) by construction.

Next, suppose that Assumption 73 holds. The only case that might create concern is
one in which

1,5 € [—1,0) and T1,j+R1 = 0.

In this case, only the j+ R;-th inequality binds in the limit, but with probability approaching

1, GMS selects both in the pair. Therefore, we have

* * _
m ;= —0, and 7 j g =0,
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€ni (8,) =0, and En it (Bn) =0,
so that in V! (8, ¢), inequality j + Ry, which is
Sitr (Bh) + pDujir, (B) A<c
is replaced with inequality
~Z5; (Bn) = pDnj (Bn) A <o,
as explained in Section A.4.3. In this case, &, (8,) = ¢l (8n) is not guaranteed in finite

sample. However, let vZF be as in (A.141) but for j € Jo, replacing [j]-th component vi,[j]

with _U’rIL,j' Define V¥ as in (A.140) but replacing v! with v, Define
e (B) = inf {e e Ry : P* (V¥ (B, 0)) 21— af.

By construction, &, (8},) = cL¥ (8}, for any 8, € (B, + p/+/nB?) N B. Therefore, it suffices

to show that ¢tF (8/) — ¢l (8) & 0. For this, note that Lemma 82.3 and 82.4 establishes

sup |20 s, (B) + pDugem, (8) A+ Zh; (B) + pDug (8,) A = op(1),

AN=VA W

for almost all sample paths {X;};- ;. Therefore, replacing the j + R;-th inequality with the
j-th inequality in V,!” is asymptotically negligible. Mimicking the arguments in Parts (i)

and (ii) then yields

This therefore ensures ¢.F (8,) — ¢k (8) 5 0. O

Lemma 78. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption
28 or 73 hold. For any e, > 0 and 3, € (Bn + p/v/n[—1,1]%) N B, there exists N' € N

such that for all n > N’,

P (Zlég r?gﬂx (up 5, (D) — i) — r?gﬂx (WH(A) — ez )| = 5) <mn, (A.192)
P (Sllp max to;(A) — max@fljﬁ, (A)‘ > 5) <mn, wp. 1. (A.193)
AeA | J€] jey
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Proof. We first establish (A.192). By definition, 7 ; = —co for all j ¢ J* and therefore

P oo (A)=c*) — A — >
<21€12 Iljgg]]x (un,]ﬁn( ) cn) r?gﬂx (mj( ) cﬂ*) 8)
=P (Zgg max (up 5, (D) =) — max (W(A) —cpx) | = 8) : (A.194)

Hence, for the conclusion of the lemma, it suffices to show, for any € > 0,

28)—0.

For each A € RY, define 7, ;4,(A) = (u:‘LJan(A) —c*) — (m%‘(A) — cw*>. Using the

n J

max (uy, ; 5 (A) — ¢) — max (05 (A) — cpx)

lim P { su
P jeJ* JETJ* J

n—0 AeA

fact that 77 ; = 0 for j € J*, and the triangle and Cauchy-Schwarz inequalities, for any

AeAm%(B—ﬁn) and j € J*, we have

ors () - -
.50 (D) <|Z7y 55, — Z5| + p m&m (Bn) — Dj|| |A] + [cf; — co
g, ()] Zogan () + 22O b3y
i (B B (B) + 25 S D,
=op(1) (A.195)

where the first equality follows from |A| < +/d, Dp, (8,) — D due to Dp, (8,) — D,

Assumption 26, Assumption 27, and 3, being a mean value between 3, and 3, + Ap/\/n.

We also note that ‘

Zy ;5. H = Op(1),|Dp;(B)| being uniformly bounded for g € B(P)
(Assumption 27.1), and Lemma 83.

Note that when paired inequalities are merged, for each j = 1,..., Ry such that 771‘7 ;=
0 = 7 ;. g, we have that [fi; — u;| = op(1), where fi; and u; were defined in (A.106)-
(A.107) and (A.131)-(A.132) respectively. By (A.195) and the fact that j € J*, we have

* * *
sup max (up g, (A) = i) — max (wF(A) — cx) | < sup max|ra 5, (A)] = op(1).

(A.196)
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The conclusion of the lemma then follows from (A.194) and (A.196). The result in (A.193)

follows from similar arguments. O

Lemma 79. Let Assumptions 26, 27, 25, 72 hold. And suppose Assumption 28 or 73 hold.

For any B, € (B + p/v/nAA) 0 B,

1. For any n > 0, there exist § > 0 such that

sup P ({mw(c) £ B} {mré(c) - @}) < (A.197)

c=0

Moreover, for any n > 0, there exist > 0 and N € N such that

sup By ({Vil (B1,0) # @} 0 {ViI ™ (Bc) = @}) <n, ¥n= N, (A198)

c=0

2. Fiz c> 0. Then for any n > 0, there exists § > 0 such that

sup P ({2(c) # T} n {W(c—9) = T}) <n. (A.199)

czc

Moreover, for any n > 0, there exist > 0 and N € N such that

sup P ({Vi! (Bl c) # @} n {V)l (Bh,c—06) =@}) <m, Yn>=N.  (A.200)

c=c

Proof. We first show (A.197). Any inequality indexed by j ¢ J* is satisfied with probability
approaching one by similar arguments as in (A.117) (both with ¢ and with ¢ — § ). Hence,
one could argue for sets 2(c), W (c) but with j € J*. To keep the notation simple, below

I argue as if J = J*. Let ¢ = 0 be given. Let g be a |J| + 2d vector with entries

g =172 Icd (A.201)
1, J=1J+1,...,|J + 2d,
recalling that 7 ; = 0 for j = [J1] + 1,...,|J[. Let 7 be a (|J] + 2d) vector with entries
1, 7=1,...
=] 77" il (A.202)
0, 7=I0|+1,....[J +2d.
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Then we can express the sets of interest as
W(c) ={A: KA < g}, (A.203)
W) = {A: KA <g— 67} (A.204)
By Farkas’ Lemma, e.g. R. Rockafellar (1970) (Theorem 22.1), a solution to the system of
linear inequalities in (A.203) exists if and only if for all u € Ri+2d such that p/K = 0, one

has ¢/g = 0. Similarly, a solution to the system of linear inequalities in (A.204) exists if

and only if for all x4 € RFI*2¢ such that /K = 0, one has /(g — 67) = 0. Define
M = {u erI . /K = 0} : (A.205)

Then, one may write

P (1) # 2} n {27 (o) = 2})

P({p'g=0,Yue M} n{u(g—067) <0,3ue M})
P ({u

({ g=0,Vue /\/l} N {;/g <op'T,ne M}) . (A.206)

Note that the set M is a non-stochastic polyhedral cone. By Minkowski Weyl’s theorem

(see, e.g. R. T. Rockafellar and Wets (2009) (Theorem 3.52)), there exist
{VreM,t=1,....T},

with 7' < o a constant that depends only on |J| and d, such that any p € M can be

represented as
T
_ ¢
pw=>a Z aV’,
t=1

where b >0 and a; > 0,t =1,...,T, Zle a; = 1. Hence, if u € M satisfies p'g < dpu'r,

t

denoting ¥ the transpose of vector v, we have

T T
Z a'g <6 Z at'r
t=1 t=1
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However, due to a; = 0,Vt and v € M, this means vg < §v¥7 for some t € {1,...,T}.

Furthermore, since v* € M, we have 0 < vg. Therefore,

P ({;/g =>0,Vue ./\/l} N {//g <op'r,Ap e M})

T
< P(Ogyt/g <(51/t/7'73t€ {1,,T}) < ZP(O< yt/g<($yt/7').
t=1

(A.207)

Case 1. Consider first any ¢t = 1,...,T such that v! assigns positive weight only to

constraints in {|J| +1,...,|J| + 2d}. Then
|J]+2d
Wg = 2 V;,
J=J]+1
|J]+2d
owWi'r =46 Z 1/;7']- =0,
j=|J]+1

where the last equality follows by (A.202). Therefore P (0 <vlg < 51/“7') = 0.

Case 2. Consider now any t = 1,...,T such that v! assigns positive weight also to

constraints in J. Recall that indices j = Jo U [J2] correspond to moment equalities, each of

which is written as two moment inequalities, therefore yielding a total of 2|J2| inequalities

with Dy = —Dj for j € J2, and:

_Je—2Z;  jely,
C—i—Z[j] jE [q]]z]

For each v!, (A.208) implies

Z V]tgjzc Z V§+2(V§—V;+J2)Zj.

jeJ2u[J2] jel2u[J2] j€l2

For each j € J; U Ja, define

(A.208)

(A.209)



/
St (st St
We then let 7" = <1/n71, cees Vn,th\JrIJz\) and have

|J]+2d
Wy = Z ﬂ;Zj + CZ 1/;’: + Z V; (A.210)
jeliula jel j=|J|+1

Case 2-a. Suppose ' # 0. Then, by (A.210), % is a normal random variable with

variance (7''7) 2 Q. By Assumption 28 and Assumption 73, there exists a constant
w > 0 such that the smallest eigenvalue of € is bounded from below by w for all 8],. Hence,

letting | - |, denote the p-norm in RI+24+2 e have

7t w 7], w
5 > o> 5
(@r)” (91 + 242 oty (9] +2d)

Therefore, the variance of the normal random variable in (A.207) is uniformly bounded

away from 0, which in turn allows one to find § > 0 such that P (0 < % < 5) <n/T.

14

Case 2-b. Next, consider the case 7' = 0. Because we are in the case that v assigns
positive weight also to constraints in J, this must be because 1/;f = 0 for all j € J; and
t

v = l/fj] for all j € Jo, while 1/;- # 0 for some j € Jo. Then we have >

¢ tg = 0, and

jel Vs
el viTj = 0 because 7; = 0 for each j € Jo U [Ja]. Hence, the argument for the case that
vt assigns positive weight only to constraints in {|J| + 1,...,|J| + 2d} applies and again
P (0 <v"g < 6v'r) = 0. This establishes equation (A.197).

As for (A.198), observe that the bootstrap distribution is conditional on X, ..., X,,.
Therefore, the matrix R’n, defined as the matrix in equation (A.165) but with D, replacing
Dp, can be treated as nonstochastic. This implies that the set Mn, defined as the set in

equation (A.205) but with K, replacing K, can be treated as nonstochastic as well.

By an application of Lemma D.2.8 in Bugni et al. (2015) together with Lemma H.17
(through an argument similar to that following equation (A.180), Z? % 7 in [*(©) uni-

formly in P conditional on {Xj,..., X,}, and by Assumption 26 D, (Br) Py D, for almost
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all sample paths. Set

n

(R — C_(b;({n,j(ﬁ;z))_zi,g%,ja jeld,
970 (0n) {1, G= I+ 1, (0] + 2d,

and note that

6F (6 (5;))‘ <nforall j €J* and Z2 5 . | {X;}; % N(0,2). Then one
can mimic the argument following (A.201) to conclude (A.198).

The results in (A.199)-(A.200) follow by similar arguments, with proper redefinition of

T in equation (A.202). O

Lemma 80. Let Assumptions 26, 27, 25, 72 hold. And suppose Assumption 28 or 78
hold. Let C collect all size d subsets C of {1,...,|J| +2d} ordered lexicographically by their
smallest, then second smallest, etc. elements. Let the random wvariable C equal the first
element ofC~ s.t. det K€ # 0 and A = (KC)_l g% € W*9(0) if such an element exists;
else, let C = {|J| +1,...,|J] + d} and A = 14, and K,g and 2~ are as defined in

Lemma 76. Then, for any n > 0, there exist 0 < e, < o0 and N € N s.t. n > N implies
P (W*(—6) # &, |det K¢| < &) <7 (A.211)

Proof. (A.211) can be bounded as follows:

(0 50) 4 1t ] < ) < P (302860 A,

det K°| <£n>

< Z P (A€ A)
Ceé:|det KC|<eq

< > P(A%ea)

CEC~:|aC\<ei/d

where a® denote the smallest eigenvalue of K¢ K. Here, the first inequality holds because
209 < A and so the event in the first probability implies the event in the next one; the

second inequality is Boolean algebra; the last inequality follows because }det K C‘ > ‘aC’d/ 2,
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|J] + 2d

Noting that C has < d

) elements, it suffices to show that

‘aclésg/d:P(ACeA)éﬁE i

Thus, fix C € C. Let q© denote the eigenvector associated with o and recall that because

KCKC" is symmetric, ||qCH = 1. Thus the claim is equivalent to:
|qC’KCKC’qC| < e%/d —p ((Kc)flgc c A) <7

Now, if ‘qC’KCKC’qC| < 5%/61 and (Kc)f1 g¢ € A, then the Cauchy-Schwarz inequality
yields

’qc/gc‘ _ ’qc/Kc K(J ‘ < \/“gl/d

hence

P ((Kc)i1 g% e A) <P (’qc’gc‘ < \/86,17/d> .

If ¢© assigns non-zero weight only to non-stochastic constraints, the result follows immedi-
ately. If ¢© assigns non-zero weight also to stochastic constraints, Assumption 28 (or 73)

and Assumption 74 yield
eig() > w
= Varp (qclgc> = w
= P (’qclgc‘ < \/Es,l/d> =P <—\/g5717/d < qC,gC < \/85,17/d)
2 \/3 1/d

—_—, (A.212)
2w

where the result in (A.212) uses that the density of a normal r.v. is maximized at the

_ s\ d
expected value. The result follows by choosing ¢, = (77 2\%”) . 0l
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Lemma 81. Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption 28 or 738
hold. If |J1| = 1,|J2| = d, or if |J2| > d, then 3¢ > 0 s.t.

liminf inf inf P (c]
i sl P (e

) =1

\%
)

Proof. 1 first consider the case where J; # ¢ and |J2| = d. Fix any ¢ = 0 and restrict
attention to constraints {|J1| +1,....,[J1| +d, |J1| + [J2| +1,...,|J1| + |J2| +d}, ie. the

inequalities that jointly correspond to the first d equalities. We separately analyze the case

when (i) the corresponding estimated gradients {ﬁm(ﬁ) =1+ 1, ]+ d} are

linearly independent and (ii) they are not. If {DM (B):g= 0| +1,...,|Ju| + d} converge
to linearly independent limits, then only the former case occurs infinitely often; else, both
may occur infinitely often, and we conduct the argument along two separate subsequences
if necessary.

For the remainder of this proof, because the sequence {5,} is fixed and plays no direct
role in the proof, we suppress dependence of Dn,j (8) and me(ﬁ) on . Also, if C is an
index set picking certain constraints, then 15,? is the matrix collecting the corresponding
estimated gradients, and similarly for Zf{c.

Suppose now case (i), then there exists an index set
Cc{|ll+1,.. |0 +d | Ju| + 2| + 1, [Ja] + [J2| + d}

picking one direction of each constraint s.t. lA)n,l is a positive linear combination of the
rows of ]_55 . (This choice ensures that a Karush-Kuhn-Tucker condition holds, justifying
the step from (A.213) to (A.215) below.) Then the coverage probability P* (V,!(8,¢c) # &)

is asymptotically bounded above by

P ({AepAn: Dy <e—7;,je 1t} # )
<P ({aer!: DA <c-2,jeC # 0) (A.213)

. A\ 1 -
=p* <D;71 (fo) (cld — fo) <c— me) (A.214)
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1—p (D) 1 A (A sC
wi\Pi) la)e zs —ebr (Dn) Zs
—ps > (A.215)
e NG
o ~ =\ —1
(1 + ‘D;’l (Dg) 1, ) c
< + 0p(1) (A.216)

Here, (A.213) removes constraints and hence enlarges the feasible set; (A.214) solves in
closed form; and (A.216) uses that by Assumption 28 or 73.

In case (ii), there exists an index set

Cci{lIi|+2,... |31l +d+1,T1| + |[Ja| +2,..., | J1] + |J2| +d + 1}

collecting d or fewer linearly independent constraints s.t. D, 5,41 is a positive linear

combination of the rows of DS. (Note that C' cannot contain |J;| + 1 or |J1] + |J2| + 1.)
One can then write

P ({aepAn: DyA <e-7; )€1t} # ) (A.217)
<P* (HA i Doy A< =755 e Cu{|Ti| +|Ja| + 1})

<P? <szp {Dn,|J1|+1A : ﬁnJ'A <c— Zz’j,j € C_'}

> inf {Dajsii18 s Doy A < - ZZ,J1|+J2|+1}> (A.218)
A A, aA A L A
:PS (Dn7J1|+ng/ <Dng/) (C]_J — ZZ7C> 2 —C + Z27|J1+|32+1> (A219)

Here, the reasoning from (A.217) to (A.218) holds because we evaluate the probability of
increasingly larger events; in particular, if the event in (A.218) fails, then the constraint sets
corresponding to the sup and inf can be separated by a hyperplane with gradient ZA)M T+1

and so cannot intersect. The last step solves the optimization problems in closed form,
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using (for the sup) that a KarushKuhn-Tucker condition again holds by construction and
(for the inf) that lA?n’lewz‘H = _f)n,L]hHl' Expression (A.219) resembles (A.215), and

the argument can be concluded in analogy to Case (ii). O

Lemma 82. Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption 28 or 73
hold. Suppose that both w1 ; and m j+r, are finite. Let (P, [n) be the sequence satisfying
the conditions of Lemma 77. Then for any Bl, € (Bn + p//nA) N B,

1. ‘7}2>n,j (57,1)/‘7123”7[3'] (Bp) = 1 for j € .

2. M-»—lforjeﬂz

8. |Znj (B)) + Za 11 (Br))| B0, and ‘wa- (Br) + Zf%[j] (Br,) 2o for almost all {X;} ;.
4- | Dp, ) (Bn) + D, (By)] = 0.

—1 \/EEPn [mj (Xi§5':1790Pn )]

Proof. By Lemma 85, for each j,lim,_,o K, or (AL
mn,J n

= m,, and hence the

condition that my j,m; [;) are finite is inherited by the limit of the corresponding sequences

Vi, [my (XiBher,)] g VAR [m1) (X380,
Knop,  (Bh) K0 pp,[51(B)

(1) m1,; being finite implies that Ep,m; (X;; 5, ¢p,) — 0. Thus by Assumption 73,

Ep, (tj (Xi,8,)) — 0. We then have, using Assumption 73 again,
Var (t; (Xi, 8,)) = th (. 8,)° dPu() — Ep, [t; (X, 8,)]"
< [ (2 80) dPue) — e, [t (X0 5)]° — 0 (A.220)
Hence,
Qp, 11 (Brs 9P.) = g (B o)
=varp, (t; (Xi; 8. ¢p,)) + 2covp, (m; (Xi; Brsop,) >t (Xi; B, p,))

<varp, (t; (Xi,8)) + 2 (varp, (t; (X, 8,))) " (varp, (m; (Xi: 8l 0p,)))"> =0,
(A.221)

And similarly
Qp, (110 (B 0P.) — b, o (Brsop,) = cov (tj (X3 B, 0p, ) s mp(Xs))
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< \Jvarp, (4 (X, B})) varp, (my(X;)) = 0.
Lastly, we show that
VoE [m; (Xi; By, 0p.) | + Vo E [myj) (Xi; Brs op,) | = =V E [4:(Xi; By p.)] — 0.

Let
an = VB [tj(Xi; B, op,)]

s and then

7;7
Ep, [t; (X By, 0p, + )] =Ep, [t; (X 8, 0p,) | + Vo Ep, [t (Xi; B o) |

+ (VoEp, [t (Xi; 81, 0) ] = VoEp, [t (Xi; By 0p,)]) n

and by contradiction, assume that ¢, — ¢ # 0. Let r, = ﬁ

Kn

K2 KA
=0 _ n 0 n
(5~ ol 22 0 (%)
Therefore, we will have
EPn [tj (Xi;B;wSOPn + Tn):l <0

for n large enough, which contradicts Assumption 73 that ¢; (X;; 8, ¢p, + 1) = 0.

Then by

/ / Qp,. ;1 Qp,,j ;L
O-I%n,j (ﬁn) =[ 1 V¢/E [m]' (Xi;ﬁnaQDPn)] ] |: QPI:’;’]@(/(Bﬁ;z) f;p;i:a((ﬁi)) :|

x Vo B [m; (Xi; 8y, ¢p,) |
we have
0B, (Brsop) 198, jery (Brsop,) — 1.

(2) Note that

EanjajJ”Rl

2P, 5P, j+ R

- GP,.j(Bn, PP, (B, 0P.)Gp, iy,
\/GPn,j(57IW er,)p, (Bh: 0P, G, \/Gpn,ﬁRl (Bh:ep.)p, (B, 0P.)Gp, iRy

——1,
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where the result follows from (A.220) and (A.221).

(3) Note that, for j € Jo,
Znj (BrsP.) + L) (Brs 9Py)

GiGn(Br, 0p,)  op,.i(B) GGn(Bn, ep,)

op,.;(Bh) op,j1(Brn)  op,i(B)

(G5 — G))Cu(Bl, 0p,)  (Gy = GLGn(Bhs op,)

(TPn,j(B;m) O Py,[5] (5&)

=0p(1)

By Lemma H.15 in Kaido et al. (2019), {G5} converges in law to the same limit as {G}
for almost all sample paths {Xi};;iy This then implies the second half of Claim 3.

(4) This is similar to (2). O

Lemma 83. Assumptions 26, 27, 25, 72 hold. And suppose Assumption 28 or 78 hold.
Then,

1. foreach j=1,...,J1 + Jo, 0, u,

inf P sup |y, 8(A) —0].
pep ((ﬁ,A)eBxA "

2. Let (P,, ,) be a sequence such that P, € P, B, € B for alln, and K;l\/ﬁ’yl’pmj (Bn) —

m1; € Ri_y). Then, for any n > 0, there exists N € N such that
> ’I’]) <n

Proof. (1) First, for any € > 0 and for any j = 1, ..., J1 + J2, by Assumption 72, 74, Lemma

O-Pn’j (ﬁn)

—1
Gt (Bn)

P, | max
Jel*

for alln = N.

D.2.2 in Bugni et al. (2015) and the argument in Lemma H.10(i) in KMS19 , there is ny

such that

s P sup  swp [ Q(8,¢) — p(B,0)| <) 0.
PeP mznj (B,p)eBx @
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Next, note that by Assumption 72,

sup P <Sup ¢ —pl < 6> — 0.
PeP

m=n

Therefore, we have

sup P (sup sup Hfl(ﬁ) - QP(B)H > e)

PeP m2n geR

€
2

R €
+ sup P | sup sup [Qp(3,¢) — Qp(B, vp)|| > 5
Pep 2

mz=n Bel3

<sup P <sup sup | (8, ¢) = (5, 9)
PeP mzn BeB

~ €
<sup P ( sup  sup HQ(B,sO) — Qp(B, sO)H >3
PEP \m>n (5,5)eBx o

€
+ sup P <sup M|¢—ep| > ) — 0.
PeP mz=n 2

Together with Assumption 2 that G (8)—Gp(B) converges almost sure to 0, and Assumption

72.3, Assumption 26 that ¥p and Gp are bounded, we can get

inf P (sup sup Hf](ﬁ) - ZP(B)H < 6) — 1.

PEP \m=n (g ,)eBx o

And since
. op;(B)
nn’ '7B(A) = /\— -
’ Gng (B + 52)
Ap
_opiB+ U5 0P)  opi(Ber)
6n,g(B+ 58,8) op;(B+ 28, 0p)
= N1n,5,8(A)M2,n,5,8(A) + Nngs(A) + N2,0,5,8(A)
where

A
UP,]'(ﬁ—i_ 7§7¢P)
Mong,s(A) = -1,
) 7.775 ~ Ap ~
Un,j(/B+ %7()0)
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opj 67
772,n7jﬁ(A) = PJ( Aip) -1
O-P,j(ﬁ + %79013)

We can conclude that

inf P| sup sup |fp;8(A) =1 <e]| — 1.
pep <m>” (Bp)EBx &

Finally, note that for any € > 0,

1= lim inf P |{ su su Ao a(A)] < e
n—w PeP (mﬁb(ﬂw)egxq}’nnuﬂ( )| )

< inf lim P ﬂ { sup |77n,jﬁ(A)‘ < 6})
Pep n—w <m>n (Bsp)eBx @

= inf P | lim ﬂ sup  |7n;,8(A)] < e})
PeP (n—»oo men {(ﬁ,@)eBx @

= inf P sup  |7n;,8(A)| <€, for all but finite n |,
PeP \(Bp)eBx @

where the second equality is due to the continuity of probability with respect to monotone
sequences. Therefore, the first conclusion of the lemma follows.

(2) I first give the limit of fi,, j. Recall the definitions of fi, ;) and fi,;:

~ ) _ . On,j
fin [j) (B) = min § max | 0, - G2 4 70ul6d)

Mn, 4]
‘A’n,j(ﬁ

Gn,151(8)

) 1 )

Note that
sup 1V (B, @) _1v/nEp, [my (Xi; B, ¢p,)]
Bl epuipimal O (Br) " op,.; (B)
Gn (B}, ¢ n . VoEp, [m; (Xi; B, @) v/n (@ —
< s [Cnl )l VR ), + el 0 X B DR )
BL€Bn+p/vnA | FnTn,j (Br)  kn KnOn,j (B1)
:Op(l)a
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where the last equality follows from sups 5 |Gn (8, )| = Op(1) due to asymptotic tightness
of {G,} (uniformly in P ) by Lemma D.1 in Bugni et al. (2015), Theorem 3.6.1 and Lemma
1.3.8 in Van Der Vaart and Wellner (1996), and supgg |1n,5,8(A)| = op(1) by part (i) of
this Lemma. Hence,

/:Ln,j (6%) £> 1 — min {max <O> 71—173) 71} )

T[] T 71,5
unless 7y ;1 + m1; = 0 (this case is considered later). This implies that if 71 ; € (—00,0]
and my ;) = —00, one has
fing (Bn) & 1.

Now, one may write

M _ :Upn,j (/Bn) 5’n,j (ﬁn) B M B
G G () (% (Bn) 1) " < 6n (Bn) 1) (A.222)

~0p, (1) (W - 1) +0,(1)
n,j \Fns

where the second equality follows from the first conclusion of the lemma. Hence, for the
second conclusion of the lemma, it suffices to show &y, ; (8r) &f‘fj (Bn)—1 = 0p(1). For this,
consider two cases.

Case 1. j € (Jo v [J2]) nJ* and [j] ¢ J*. Then, nf; =0 and T = —% and

O (B) _y_ T (Bu) = O (Bu) o

(1+0p, (1)) G (Bn) + (1 = fing (Bn)) Op, (G (Bn)) 77

where we used &, ; (Bn) = Op(1) by Assumption 28 or 73 and part (i) of the lemma. By
(A.222) and (A.223), op, ; (Bn) /63" (Bn) — 1 = 0p(1).
Case 2. j € J* and [j] € J*. Then, 71 ; = 0and 7} ] = 0. In this case, fin j (Bn) € [0,1]

for all n and by Lemma 82 (1),

O-ij (671) _ ‘_ A
70&’”] (o) 1| = op(1), (A.224)
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for j = Jao U [J2]. Therefore,
UPn,j (/Bn) 1 _ O-Pn’j (5774) 711‘4 (Bn)
Bn)

oM (Bn) M (

_ [/lTLJ (Bn) + (1 - ,[Ln,j (ﬁn))] Op,,j (Bn) - [ﬂn,j (ﬁn) a'n,j (ﬁn) + (1 - ﬂn,j (Bn)) a'n,[j] (571)]
5" (Bn)

_ fnj (Bn) [op, 5 (Bn) — Om,j (Bn)] N (1= finj (Bn)) [0p, 1] (Bn) = Gnpj) (Bn) + op, (1)]
527 () ooy (Bn) ’
(A.225)

where the second equality follows from the definition of & " (Bn), and the third equality
follows from (A.224) and op, [;) bounded away from 0 due to Assumption 28 or 73. Note

that

fn,j (Bn) [UPn,j (Bn) — On,j (Bn)] o (571) <0'Pn7j (Bn)

BNy = i o) 35705 () —1) = om0

where the second equality follows from the first conclusion of the lemma. Similarly,

(1 = fing (Bn)) [P, 1) (Bn) = G 1 (Bn) + 0p, (1)]

- % ( Bn) (A.226)
. s a'n,[j] (ﬁn) Pn,lj (ﬁn) o — 0
-0 G G (GG 1 on) o)
By (A.225)-(A.226), it follows that op, ; (8,) /6% (Ba) — 1 = op,(1). O

d

Lemma 84. Z,3(A) — Z.

Lemma 85. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption

28 or 73 hold. Given a sequence

{Qn, B} e {(P,B) : PeP,BeB(P)}

such that limy, o ki, '/ny1,0, 7 (Bn) exists for each j = 0,1,...J, let x; ({Qn,Bn}) be a

function of the sequence {Qn, Bn} defined as

) . 07 Zf hmn—>00 ’i;l\/ﬁf}/l,Qn:j (ﬁn) =0
X; ({@n, Bn}) = {_OO, i T o i im o (B2) < 0 (A.227)
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Then for any 3., € Bp + L£=[—1,1]¢ for all n, one has:
n NG

1 Ky 1,95 (Br) = Ky ' v/ny1,Q,5 (Bn) = o(1);
2. x ({Qna ﬁn}) =X ({Qna Bqlm}) = WT,]';

5 \/ﬁmn,](ﬁ}%u@) B \/ﬁEQn[m]‘(XivB;wSDQn)] _ OP(l)

Knon,;(B7,) Kno Py, ;(B1)

Proof. For (i), the mean value theorem yields

s w0 VnEp [m;(X; 8,p)]  VNEP [mj(X;B, sOP)]
PeP BeB(P),Bef+ LA knop;(5) knop;(B)
Vn <EP [m;(X;8,0p)] — Ep [mj(X;B,wp)])
< sup sup
Pep ﬁeB(P),Beﬁ-&-ﬁA knopj(B)
5 Vn <UP,j(/8) - UP,j(B))
+ sup sup E [mj(X; B, @p)] =
PEP 5eB(P),fef+ 4= A knop;(B)op;(8)
|Dry(8)] v |3 - 5| M2y |5 - 6|
< sup sup + sup sup =
PEP BeB(P)fef+ £ A Kn PeP BeB(P) feft 4= A KnOP; (B)op;(B)

:O(l)a

where /3 represents a mean value that lies componentwise between 8 and B and where we

used the fact that sup pep supgep(py |Dpi(8)| < M, \/HHB - BH < pand op;(B) € [e
And it is easy to show this for v using Chain rule and similar arguments.
Result (ii) then follows immediately from (A.227).
For (iii), note that by (A.93), we have
i (5) it [ (3550
ans (5)

sup K

Bebuto/vin| On,j (5)

n

nY1,P,.,5 (Bn) .

Bepn+p/v/nA Fon

Zn' nsJ 7n D ] 771 A
()
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=op(1),

where the last equality follows from supges|Zn g| = Op(1) due to asymptotic tightness of
{Zy} (uniformly in P ) by Lemma D.1 in Bugni et al. (2015), Theorem 3.6.1 and Lemma
1.3.8 in Van Der Vaart and Wellner (1996), and supgegs |1n,j(8)| = op(1) by Lemma 83(i).

O
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Appendix B. Additional Results for Chapter 3
B.1 Proofs
B.1.1 Notation

Table B.1: Important notation

© the parameter space

O;(F) the identified set

O(r) {0e©:0=r}

Or(r, F) O(r) n O (F)

P the baseline distribution space

L the parameter space for (r, F'),

Lo {(r,F): FeP,re{d0:0e0;(F)}}
R[ioo] [*Oov JrOO]

Sr(0r,02) Ep [(m(W, 01) = Ep[m(W,0:)]) (m(W, 62) = Ex[m(W, HQ)D/]
Dr(6) diag(Xr(6,)) 1
Qr(61,00) Dp(61) 2Xr(01,09)Dr(f2) 2

T {Qp(61,02) : 01,0, € O}

A (Qr(0,0): 0 O

Gr(0) Vo (Br[Dr(0) 2m(W,0)])

val0)  Dp(0) /(i (0) — Br (m(W;0)))

hnp(0)  y/nDR(0)72 Ep [m(W,0)]

Lore(r)  {(0.0) € 0() x R : ¢ = Dy (0) B [m(W,6)]}

Let £*(0O) be the set of all uniformly bounded functions that map © — R%, u € N,

equipped with the supremum norm. The sequence of probability spaces is denoted as

{(W, A, Fy,)},,=, - Stochastic processes W maps W — £*(©). In this context, I use i, L
and %5 to denote weak convergence, convergence in probability, and convergence almost

surely in the ¢ (©) metric, respectively, in the sense of Van Der Vaart and Wellner (1996).

For any v € N, for any x1,z9 € ]Riﬂroo], we define matric

u 1/2
d(w1,x3) = (2(19(901,1') - 19(562,0)2) ,
i=1
where ¥ : Rpq) — [0,1] is such that ¥(—00) = 0, J(c0) = 1, and J(y) = ®(y) for y € R,

where ® is the standard normal CDF. Let dg denote the Hausdorfl metric associated with
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d. Specifically, for any sets A, B € © x leiw]’

du(A, B) = max sup inf  d((01,h1),(02,h2)), B.1)
(01,h1)eA (02,h2)€B

su inf J‘97h,9,h '
(92,h21))eB(91,h1)eA ((01,h1), (62 2))}

T use B to denote convergence in the Hausdorff metric, that is, A, Ap dg (Ap, B) —

0. Let C(©?) denote the space of continuous functions that map ©? to ¥, and S(0O x leiw])

denote the space of compact subsets of the metric space (© x R'f o] ). For nonstochastic

functions of 8 € ©, I use — to denote uniform in § convergence, for example, F, L Qe
supy, g,eo (2, (01,62), 2(61,602)) — 0. Let d denote the Euclidean distance.

I use ©(f) and €(¢,0) equivalently. And for a set ©; and a scalar €, the e-expansion
of © < O is defined as ©f = {# € © : d(6,0;) < €}. For a vector a, |a| = Vd'a
and for a matrix A, |A| = |vec(A)||. For a scalar z, [z]; = max(z,0) and [z]_ =
max(—x,0). For a k dimensional vector z = (1, ..., z1), let |z], = ([z1]+, ..., [zp]+, 0, ..., 0),
lz], = (—[:61],, s —Xp] =, Tpt1, ,l‘k) For a set A, an element a and a scalar «, denote
A+a={a+a:ae A} and oA = {aa : a € A}. The projection T" : © — © is defined by

T70 € argmin d(0,6).
6O (r,F)

For positive sequences {a,}, {b,}, I write a, < by, iff ‘g—: — 0. The convergence rate of \,

and K, are specified in Assumption 89.

B.1.2 Assumptions

Assumption 86. The baseline space of distributions P is the set of distributions F' satis-
fying the following properties:
1. The data {W;}-, are i.i.d. under F.
2. We have U%J(H) = Varp(m;j(W;,0)) € (0,00) for j =1,....k and all § € ©.
3. For every F e F and j = 1,...,k, {agi.(e)mj(-,a) W — R} is a measurable class
of functions indexed by 0 € ©.
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4. The empirical process vy (0) with j-component
I/mj(@) _1/2 _1 Z mJ WZ,O EF[mJ(WZ,H)]) (B.Q)

for 3 =1,... k is asymptotically pr -equicontinuous uniformly in F' € P in the sense

of Van Der Vaart and Wellner (1996) page 169. This is, for any € > 0

lim lim sup sup P}?( sup  |vn(01) — vp(62)] > 5) =0
610 noowo Fep pr(61,02)<6

where Pf. denotes outer probability and pr denotes the coordinate-wise version of the

ntrinsic variance semimetric defined as

k
F(01,0) = H{Varp (071 (01)m; (W, 01) — 072 (62)m; (W 92)]1/2}],:1 :

5. For some constant ¢ > 0 and all j =1,...k,
i W 0 2+C
sup Er | sup m; (W, 0) < 0.
FeF oco | or;(0)
6. The matriz QF satisfies
lim sup sup HQF(Ql, él) — QF(QQ, éz)“ =0.

010 [[(61,01)—(02,02)|| <5 F'EP

Assumption 87. For any {(rn, Fn) € Lo},=1, let (T,Q) be such that Qp, — Q and
Ly r, () B 1 with (I,9Q) € S(© % ]R'[ﬁ_rw]) x C(©?) and Ty F, (rn) as in Table B.1. Let

vS(T,Q,1 — a) be the (1 — a) quantile of

J(C.0) = it S (va(®) + £.90)) (B.3)

where v : © — R¥ is a tight Gaussian process with zero-mean and covariance (correlation)

kernel Q. Then the following statements hold:
1. If w¥(T,Q,1 — ) > 0, the distribution of J(I',Q) is continuous at cv®(T',Q, 1 — a).
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2. If cv¥(T,9Q,1 — a) = 0,liminf, . Pr, (Ju(r,) =0) = 1 — «a, where J,,(ry,) is as in
(3.4)-
Assumption 88. The test function S satisfies the following properties:
1. S((m1,m2),X) is nonincreasing in my for all my € RP, mo € R¥P and variance
matrices ¥ € RF¥F,

2. S(m,¥) = S(Dm,DXD) for all m € R*, variance matrices ¥ € R¥** and pd diagonal
D e RF*F,

o

S(m, Q) =0 for allmeR* and Q e V.

x RE=P gnd Q € ¥;.

-:K

S(m, ) is continuous at all m € Rz[’ioo]

5. For some x > 0. S(ecm,Q) = ¢XS(m, Q) for all scalar ¢ >0, m € R* and Q e ;.

6. We have S(m, ) > 0 if and only if mj <0 for some j =1,...,p ormj # 0 for some
j=p+1,...k where m = (my,...,my) and Q € ¥y. Equivalently, S(m,Q) = 0
if and only if mj =0 forallj=1,...,p and mj =0 forall j =p+1,...,k, where

m = (mq,...,my) and Qe V.

7. Foralln>1,8 (\/ﬁmn(G), in(0)> is a lower semicontinuous function of 6 € ©.

Assumption 89. Rate of sequences

1. kK, = © andﬁnzO(LM)

(Inn)t/x

2. % — o0 and \p(In m%)% = O(n) where x is defined in Assumption 88.5.

B.1.3 Proof of Theorem 36
B.1.3.1 Part 1

Define cvn((:),ﬁ,cﬁ,é, 1-— a) with® c ©, Qe C(0e%),¢:0 — R, G : © — RF*do to be

the 1 — a quantile of

glg S(v(0) + @(0) + G(0)A6),$2(0))

with v being a Gaussian process with covariance kernel €2, and

A(f) € argmin <S(U(0) + @(0) + G(O)A, Q(@)) + i?A’A) .

AeAL?(9)
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Note that

chI;L(r, l—a) = cvn(GI(r), Qs on, Gy 1 — a), (B.4)

thus we are interested in

limsup sup Pg <Jn(r) > cup, (@1(7‘), Qn, Ons Gn, 1-— a)) . (B.5)

n—o (7'7F)€£0

There is always a subsequence {a,}, {ra,, Fu,} s-t.

(B.5) = lim Pr, (Jan (ray) > Va, (O1(ray ), Qs Pars Canr 1 — a)).

n—0o0

By Lemma S.3.2 in BCS17, there is a further sequence {uy}n>1 of {an}n>1 s.t. Qp, 50,

Lup o, (Tuy) 2t I, for some (I', Q) € S(O x R’fiw]) x C(©?). Here I',, p(r) is defined in Table

B.1. Then, since Qp, > Qand Ly, g, (74,) T, Theorem S.2.4 in BCS17 implies that

Ju (Ta) > J(T,Q) (B.6)

n

where J(I', Q) is defined in (B.3).

B.1.3.2 Part 2

In this part, I show that for a sequence (ry, F},) € Fo with Qp, = Q, Ty g, (1) A,

for some (I',Q2) € S(O x R’fiw]) x C(©?), for all e > 0

lim sup P, (cvn(él(rn), O, Ons G, 1— a) < cvS(F, 2,1—a)— 6) =0

n—ao0

where cv®(T,Q,1 — «) is the 1 — a quantile of J(T', Q) defined in (B.3). And it also holds

if we change n to a subsequence u,,.

1
Let 71, = ae,, where &, = n~/?2 (111 H%) x and a > 0 are specified in Assumption 35. By

Assumption 89.2,

_1
2

=0 (M), (5.7)
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Let 79, satisfy % & Top & /\7" By BCS17 Lemma S.3.1.2, we have Q, 5 Qin [*(©).

1

(Ink2)X
Kn

<

Thus there is a sequence 73, = o(1) such that ‘ 0, — QH = 0p(73n). Choose T4y, s.t.

T4n < 1. Define a sequence of sets A,

v

An :{(é’ 2,¢,G):© € Orn) 0 Or(rn, Fp)7m, sup |G(6) — GE, (0)] < Ton,
€

sup [(61,02) — Qp, (61, 02)] < T30, sup H |p, (T70) — ¢(0)],
91,926@ Geé

< T4n}. (B.8)

Step 1. In this step, I consider sequences 6, and 6,, such that

B, € O(r1) O O (1, F) ™7, (B.9)
~ _1
by = T 0, + Oy(An?), (B.10)
and
[yFn(en) + h i (T70) + G, (0) v/ (G — T“Qn)Ja —0,(1). (B.11)
I show

S(Dn(8n) =2 v/ (81), 2 (0)

= 8 (1 (00) + B, (T76,) + G, (00)V/7 (B — T76,), 2, (60) ) + (1) (B.12)

First, simplify DFn(én)‘%\/ﬁmn(én), Note that
D, (B)”2/nm (6r)
—Dp, (én)*%\/ﬁ(mn(én) — Eg, (m(W, én))) + nDg, (0,) 2 B, (m(W, 6,))
—vg, (0n) + v/nDr, (T™0,) "% Eg, (m(W, T™0,)) + G, (0n)/n(6, — T™6,)
=vp, 0n) + b 5, (T700) + G, (02)v/n (0 — T776,,)
+ (G, (0,) — G, (00)) V(0 — T™6,,)
=VE, (0) + ho, (T700) + G, (0,) V100 — T 0,) + 0p(1). (B.13)
The first and third equalities are just rearranging terms; the second one is by the mean

value theorem where 6,, is between 0~n and T™0,,. Note that the Taylor expansion is for
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k rows and 6, may be different for each row, but I use 6,, for simplicity. To get the last

equality, first, note that

0,, — H”H <

0, — TT’"HnH +T0, — 0,
< Op()\gl/2> + Tin

= 0,(A\;1?) (B.14)

n

where the second line follows from (B.9) and (B.10), and the third one follows from (B.7).

And thus by Assumption 86.4
vE, (0n) = vE, (0n) + 0p(1). (B.15)

And second, by Assumption 34.2, it holds that

||Gij(9_n) - Gij(Hn)H < MGuén - 9n||

< Mold, 5]
1
= 0p(An?). (B.16)
Combine (B.14), (B.16) and Assumption 89.2, and we get
_ - _1 _1
(GF,(6n) — Gr, (60)) V(6 — TT0,) = Op(An 2)v/nOp(An ?) = 0p(1). (B.17)

(B.15) and (B.17) imply (B.13).

-

Thus, for all 8, = T8, + O,(\, ?), it holds that

where the first line follows from Assumption 88.2, and the second line from (B.13), and

D, (0n) 2D (0,)2 = I, + 0p(1)



by BCS17 Lemma S.3.1.3 and BCS17 Lemma S.3.1.2, respectively.

Lastly, by (B.11) and Lemma 90, we have

(B.18) = s(yFn(en) o, (T™0,) + G, (0) /1 (6, — T’"nen),QFn(Hn)) + 0p(1),

which completes the proof of this step.
Step 2. Then I show that for {(:)n, Qn, By én} € A,, with A,, defined in (B.8),

lim inf cvn((:)n, Qn, By Gy 1 — a) > cvS(I‘,Q, 1—a)—e (B.19)

n—o0

Recall that

va(0) = Dr, (6) "5/ (mn(6) — B, (m(W,6)) )

and by Lemma D.2.1 in BCS15, we have v, 9, ) where v is a Gaussian process with

covariance kernel €. Define v,, as a Gaussian process with covariance kernel fvln, thus we
also have v, 4 v on (*(0). By Lemma 91, there is 0, ~ v, s.t. v, — Oy 2,0 on (*(0).

Define
Ru(8) € argmin § (5,(0) + 5,(0) + Cu(0)A.0,(0)) + AN (B20)
AeAl™ () n

Since A,(f) € A (#) and by construction ©,, < O(r,) N O;(ry, Fy)™, Assumption 35.2
implies that for all 6 € ©,,
Ra(6) € Vit (B(ry) — T"6)

with probability approaching 1. This is equivalent to

L R,(0):0€0,) c 0(m) (B.21)

{T"@‘F%

with probability approaching 1. Then we have

Tnlra) = int S (bn(e)—§\/ﬁmn(e), Qn(e))

< inf S(Do(T70 + —=An(0)) v/ (T70 + —=A,(0)), 0 (T70 +

1 - 1 -
—A —A
06, Vn Vn
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+ 0p(1)

— inf s(yn(e) + B, (T™0) + G, (0)An(6), O, (9)) + 0p(1) (B.22)
0O,

the first inequality follows from (B.21). Then I show (B.22). First note that 0 € Al (0),
thus (B.20) implies

~ o b x = X 2 ~ o =
S (n(0) + 2ul0) + Gu(0)3n(8), 20(0))+ 2" |30(0)] < 5 (50(6) + $(0). 2 (9)) = Op(1).

9

Therefore, on (*(0,,)

9

Second, on £*(0,,)

[un<9> + B, (TT0) + GFJ")An(@)JaH

<

~

[90(6) + $4(0) + Cu(0)A(6) |
| nl0) = 50(0) + (G, (0) = Cu(0)) Bu(O)] + 1Ion,r,, (T0) = £u(0)],]  (B25)

<

X

[@n(e) + Bn(0) + én(e)A"(G)JaH

+ 0p(1) + 12,0, (\/)\77) + 0p(Tun) (B.26)
| [50(0) + 20(0) + Ca(0)Bn(8) | | + 0p(1). (B.27)

where (B.25) follows from |||z1 + z2|,| < |[#1], + |22],], and (B.26) follows from (i)
o 0) — 5 (6) = 0p(1) (B.29)
by the construction of ¥, and (ii)

Gr, (0) — Gn(0) = O(72y) (B.29)
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|, 1, (T770) = P ()], = O(7an) (B.30)

by the construction of A,. Therefore, by (B.24) and (B.27), we have that on £°(6,,)

[yn(e) + hop, (T70) + GFn(e)An(e)J —0,(1). (B.31)

a

In sum, (B.23), (B.31) and the conclusion in step 1, (B.12), imply (B.22).

Moreover,

Gi%f S(Un(0) + b5, (T™0) + G 1, (0)An(0), O, (0))
- ei-%f S(0n(0) + 3 (0) + Gn(0)An(0), 2 (0))
<ei€%f S (0n(0) + @n(0) + Gn(0)An(0) + |k, (T0) — Bn(0)], + 0p(1), Up, (0))

9

= inf §(3n(6) + @a(0) + Gn(0)An(6), 2(0))

9}

< inf s(@n(e) + Bn(0) + Cn(0)An(0) + 0p(1), 2 (6) + op<1))

— inf $(5(0) + $u(0) + Cu(0)A0(0), ()
0O,

< sup s(@n(m + @n(0) + Gr, (0)An(0) + 0,(1), 2 (0) + o,,(1))

Geén

— s(@n(e) + Bn(0) + Gn(9)A,(0), Qn(e))‘ = 0,(1) (B.32)
where the first inequality follows from (B.28), (B.29) and the second one from (B.30). The
last equality holds by (B.24) and Lemma 90. Therefore by (B.22) and (B.32), we have

T (1) < eieré)f S (0(0) + @n(0) + Gn(0)An(0),2,(0)) + 0p(1). (B.33)

Then taking limsup on both sides of the following inequality

Pr, ( inf S (5 (0) + 3n(0) + G (0)An(0), 2,(0)) < cvS(T, 21— a) — e)
0eO©,,

<Pp, <ei§3:>f S(Tn(6) + $(6) + Ga(0)An(0),20(0)) — Ju(ra) < —5)
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+ Pr, <Jn(7“n) <a’(0,0,1—a) — g)

and using (B.33) and J,(ry,) A J(T,Q), we get

lim sup Pr, ( inf S (5n(0) + 3n(0) + G (0)An(0), 0,(0)) < ST, 21— a) — e)

n—00 0eO,

<P(J(T,Q) < ¥, 2,1 —a) — g) <l-a. (B.34)

9

Moreover, cvn((:)n, O, Pn, Gn,1— «) is the 1 — a quantile of inf S(@n + @ + G, Qn),
0O,

thus (B.34) implies

9

lim inf cvn((:)n, O, &n, Gny 1 — ) > cvS(F, 2,1—a)—e

n—00

Step 3. I next show that

n—o0

liminf P, (cvn(él(rn), Qs oy Gy 1 — o) > (T, Q1 —a)— e) = 1. (B.35)

We can show that

liminf P, (W) = 1. (B.36)

n—a0

where

and A,, is defined in (B.8). (i) Let
0, ={0€0:S(VnEp[m(W,0)],Sr(0)) <aXlnki}. (B.37)
Then by Lemma D.13 in BCS15, we have

liminf inf Pr (en O, n @(r)) —1. (B.38)

n—0 (r,F)eLy
And by Assumption 33, Assumption 88.5, for all € ©,, n O(r), it holds that

(In K,,ZL)I/X

d6,0r(r,F)) <a n

= Tin (B.39)

220



when n is large enough. Thus we can rewrite (B.38) as

liminf inf Pp(d(ew,@](r F)) < ﬁn) ~ 1 (B.40)

n—0 (TrF)e‘CO

(ii) by Assumption 34.1 and BCS17 Lemma S.3.1.2,

lim inf Pr, ( sup H@n(G) — GFn(Q)H < Topn, Sup HQH(G) — QFn(G)H < T3n> =1

n—®w 66@1(rn) 96@] (rn)

(iii) Note that for 6, € O1(ry,)
@n(0n) =| Dul0) 2D, (0)2 D, (62)3 /o (O0) |,
=| (B + 0,(1)) (v, (B0) + P 1, (T 62)
+ Gr, (0n)V/1 (8 — T70,) + 0p(1)) /ﬁnJO
=| (B + 0 (1)) o 1, (T76) /50 + O (10 ni)l/X/Hn>J0

<hp, (T"0,) + O, ((1n ni)l/X/nn> (B.41)

where the first line is the definition of ¢y, the second line follows from (B.13), the third

line from d(6,,T"6,) = o(71,,) and Assumption 34.2, the last line follows from k, — +0c0.

< 7-4n> = 1.

Thus

liminf Pg, ( inf H [th(TTnQ) —SOn(G)Ja

n—a 96@[ (T‘n)

By (i), (ii), (iii) above, we complete the proof of (B.36).
Next, note that

lim inf Pp, <cvn(@[(rn), Qn, On, Gn, 1-— a) > CUS(F, 2,1—a)— e)

n—0o0

> liminf Pp,

n—o0

cup, G)[ (rn), n,gon,Gn,l ) > cvS(F,Q,l —a)—¢€

w;) Pr, (W)

n—oo n—ao0

Wi > lim inf P, (W))

> liminf Pr,

n—oo

> liminf P, (cvn Tn), Qns On, G, 1— ) > cvS(F, 2,1—a)—

f n(0,Q,0,G,1—a) > c’(T,Q,1—a) —
@leonG eAncv( ® @) > cv”( a) 6>
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> liminf Pp, <cvn(@Z,Q*,g0n,G* 1—a)>cv S(0,Q,1 —

n—o0

M\m
~—

>P (lim inf{cvn (O5, 25,93, Gl — @) > e’ (T, 2,1 — }>

n—0o0

=P (limigolfcvn(@,";,ﬂ*,gon,G* —a)>a’T,01-a) >

the first inequality follows from P(-) = P(- n W}) = P(-)W})P(W;); the second one is

straightforward; the third one follows from conditional on W},

~

Cup, (@[(’I"n), Qs on, Gny 1 — a) > (67Q,L?é)eAncvn (@, Q,0,G,1— a)

and (B.36); in the fourth one, (0}, ¢* G}) € A, satisfies

i — E * * *
(G’Q,;r’lcf;)eAncvn(@,Qv%G,1 a) + 5 > cvn(@n,Q Lok G )

the fifth one follows from Fatou’s lemma, the sixth one is straightforward, and the last one

follows from that (B.19) holds for all € > 0.

B.1.3.3 Part 3

Consider (r,, Fy,) € Fo with Qp, — Q, Ty g, () X T where (T',Q) e S(O x leim]) X
C(0?).

Step 1. I first show

~

linc}O Pr, (Jn(rn) > cvn(®1(rn), Qn,cpn, Gn, 1-— a) + 7]) <«

for all 7 > 0. Define € > 0 so that 7 — e > 0 and cv®(I',Q,1 — @) + n — € is a continuity

point of the CDF of J(I',Q2). It then follows that
Pr, (Ju(ra) > evn (O1(ra), Qs 0, Gin 1 = ) + 1)
<Pp, <cvn (éf(rn), Qn, On, @n, 1-— a) < cvS(F, 2,1—a)— e)

+ Pp, (Jn(rn) > (T, Q1 —a)+n— €).
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Take the limit supremum on both sides and by (B.35) and J,,(ry) 4, (I, ©2), we get

J
limsup Pr, (Jn(rn) > cup, ((:)I(Tn), Qn> Pn, Gm 1- oz) + 77)

n—00

<1—P(J(I‘,Q)<cvS(I‘,Q,1—a)+n—e) < a. (B.42)

Step 2. For n = 0, there are two cases. First, suppose cv®(T,Q,1 — ) = 0, then by

Assumption 87,

lim sup Pp, (Jn(rn) > cuy, (é)](rn), O, D, Gn,1— a)) < limsup Pr, (J,(ry) > 0) < a.

n—ao0 n—ao0

Second, suppose cv®(I',Q,1 — a) > 0. Consider a sequence {€;}m=>1 s.t- €, | 0 and
cv(I', Q2,1 — o) — €, is a continuity point of the CDF of J(I',Q2) for all m € N. For any

m € N, it follows from (B.42) that

A~

lim supPp, (Jn(rn) > CUp (@I(Tn)a Qna Pns Gna 1- a))

n—o0

<1-P(J(I,Q) <cvS(F,Q,1—o¢)—em).

Taking €,, | 0 and using Assumption 87.1 gives the RHS equal to a. Together with the

discussion in Section B.1.3.1 and (B.4), this completes the proof.
B.2 Lemmas

Lemma 90. If Vip — Vonp = Op(l), [l/gnja = Op(l), and an,ﬂgn € \Ifl, an — an = Op(l),
it holds that

S(Vlru an) = S(VQna QQTL) + Op(l)-
Proof. We want to show that for all € > 0, there is N1 such that for all n > Ny,
P (|S(l/1n,Q1n) — S(l/zn,QQn)| > 6) <e

Since |va,], = Op(1), for all € > 0, there is M such that for all n e N,

P <y2n € [~ M, +0) x [~ M, M]"‘_p> >1- g
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And by Lemma 92, there is § > 0 such that |v1, — vo,| < 6§, [Q1n — Q2n| < 6 and vy, €

[~M, +0)P x [—=M, M]*P imply that
IS (Vin, Qin) — S(van, Qan)| < €.
Since v1, — von, = 0p(1) and Qy,, — Qay, = 0p(1), there is Ny such that ¥n > N

P(Hyln — I/QnH > 5) < -, P(Han — anH > 5) <

Wl ™
Wl ™

Therefore, for n > max{Ny, Na},

P (|S(vin, Qin) — S(van, Qan)| > €)

<1 P (van € [-M, +0)° x [=M, M2, 1, — van | < 6, |01 — Qan] < 6)
< P (van ¢ [-M, 400 x [=M, M) + P (Jvin = v2n] > 6) + P (|10~ Q] > 9)
< e

O]

Lemma 91. Assume that vy, vp,v: W — £(©), vy, 9y and Up 9,y where v is a Gaussian
process with covariance kernel ) € C(©2?), then there is v} : W — £(0) (suitably enriched

* Py,

if needed) such that v ~ v, and v, — v},

Proof. 1 first show that there are identically distributed copies of v, and v,, denoted as
Uy, and Oy, defined on (W, A, F,,) (suitably enriched if needed) such that ,, — 0, 20. By
almost sure representation, there is U, ~ Up, 7 ~ U 8.t Uy — U —> 0 and Op ~ Up, U ~ V
s.t. Op — 7 =25 0. Let a be the law of (7, 7) and 3 be the law of (7, 0,,). By Theorem 1.31
in Dudley (2014), consider X,Y,Z = R% | i, defined on X, 7,7 defined on Y, ©,, defined
on Z. Since the marginal distribution of & and 5 on Y is the same, we can find a law v on

X xY x Z (denote as the law of (#,,7,0y)) such that (7,,7) has the same law as « and

(7, Up) has the same law as 8. Thus

~ a.s. ~ ~ a.s. ~ ~ a.s. ~ ~ D
vp,—v—">0,vp,—v—"5>0 =rv,—v,—0=1v,—0v,—>0.
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Then by the same argument in Chernozhukov et al. (2013) Lemma 9 ( change d,, in Lemma

2, O

9 to 1), there is an identical copy v} of v, such that v, — v}

Lemma 92. For all e >0, M > 0, there is 6 > 0 such that vy € [-M, )P x [-M, M]*P,

lv1 —va| <0 and Qq,Q9 € Uy, |Q1 — Qo <6 imply that |S(v1, Q1) — S(ve, Q)| <e.

Proof. First note that Yuvy; € [~M, ©0]P, v19 € [-M, M]¥7P,
S ((vi1,112), ) < S ((—M1,,v12), )

< max S ((=M1,,19),Q
5126[_M7M]k7p,91€\1/1 (( p 12) 1)

< O

where 1, = { 1,...,1 }, the first inequality follows from Assumption 88.1, the second
-

~~~

p elements

one is straightforward, and the last one from Assumption 88.4 and the compactness of
[~M, M]*~P and ¥;. Then consider function S : [®(—M),1]? x [®(—M),®(M)]* P - R

defined by

where for 7 = (1,...,1) € RF, @71(0) = (@7 (#1),...,® 7 (7%)). ® is the CDF of stan-
dard Normal distribution. By Assumption 88.4, we have that S is continuous for all
ve [®(—M),1]7 x [®(—M), ®(M)]*~P, which implies that S is uniformly continuous on
[®(—M),1]P x [®(—M),®(M)]*"P. That is, there is 6 > 0 s.t. if |73 — | < § and

|1 — Qo <6, it holds that

’5(91,91> — (172,92)| < €

Note that |v1 — va| < 6 implies | ®(v1) — P(v2)]| < D'(0) |v1 — vof < 6, thusif vy — el <6
and |1 — Qg < 0, it holds that

|S(V1,Q1) — S(VQ,Q2)| = |§(<D(V1),Ql) — S(CD(VQ),QQ)| < e
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