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Abstract
This dissertation consists of three essays on inference in non-standard scenarios. The

first essay investigates inference on union bounds, prevalent in various empirical contexts

such as relaxations of the difference-in-differences assumption and counterfactual analysis

with partially identified structural parameters. I propose novel methods for both finite and

infinite sets of bounds.

The second essay presents a bootstrap-based profiling inference technique for subvec-

tors in moment inequality models. By refining critical value calculation and simplifying

non-linear moment conditions, this method offers improved computational efficiency upon

existing methods.

The third essay, conducted jointly with Dante Amengual and Enrique Sentana, extends

score-type tests in likelihood contexts in which the nullity of the information matrix under

the null is greater than one. Our approach, leveraging higher-order derivatives, is asymp-

totically equivalent to likelihood ratio tests while requiring estimation only under the null.
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1. Introduction
This dissertation consists of three essays on inference in non-standard situations. The

first essay studies inference on union bounds. A union bound is a union of multiple bounds.

Union bounds occur in a wide variety of empirical settings, from relaxations of the difference-

in-differences parallel trends assumption to counterfactual analysis with partially identified

structural parameters. I provide the first general and systematic study of inference on these

kinds of bounds. When the union is taken over a finite set, I propose a confidence interval

based on modified conditional inference. I show that it improves upon existing methods

in a large set of data generating processes. When the union is taken over an infinite set, I

consider the set defined by moment inequalities, as is common in practice. I then propose

a calibrated projection based inference procedure that generalizes results from the moment

inequality subvector inference literature and is computationally simple. Finally, the new

procedures give statistically significant results while the pre-existing alternatives do not

in two empirical applications, the sensitivity analysis in Dustmann et al. (2022) and the

counterfactual analysis in Dickstein and Morales (2018).

The second essay introduces a bootstrap-based profiling inference method for subvectors

in moment inequality models following insights from Bugni et al. (2017). Compared to their

paper, the new method calculates the critical value by searching over a local neighborhood

of a pre-estimator, instead of the whole null parameter space, to profile out nuisance param-

eters. In this way, non-linear moment conditions are simplified by linear expansion and the

bootstrap iterates over quadratic programming problems, which significantly simplifies and

accelerates computation. This method controls asymptotic size uniformly over a large class

of data generating processes. In the Monte Carlo simulations, the new procedure improves

upon the computing time of Bugni et al. (2017) and Kaido et al. (2019) significantly. I

provide an empirical illustration estimating an airline entry game. 1

The third essay is a joint work with Dante Amengual and Enrique Sentana. We study

1 This essay was originally published in the Journal of Econometrics, Volume 238, Issue 1, Pages 105594,
[2024]
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score-type tests in likelihood contexts in which the nullity of the information matrix under

the null is greater than one, thereby generalizing existing results in the literature. Examples

include multivariate regressions with sample selectivity, semi-nonparametric distributions,

Hermite expansions of Gaussian copulas, and purely non-linear predictive regressions among

others. Our proposal, which involves higher-order derivatives, is asymptotically equivalent

to the likelihood ratio test but only requires estimation under the null, a substantial advan-

tage for resampling-based inference. We conduct extensive Monte Carlo exercises to study

the finite sample size and power properties of our proposal, comparing it to alternative

approaches.

2



2. Inference on Union Bounds
In this essay, I provide the first general and systematic study of inference on union

bounds.

2.1 Introduction

This essay studies inference for a target object partially identified by the union of a set

of bounds, namely, a union bound, and provides new procedures that significantly improve

upon the existing alternatives. Union bounds commonly arise in empirical work. For

example:

1. Assessment of the importance of the parallel trends assumption in difference-in-

differences (DiD) analyses. Recent papers such as Manski and Pepper (2018) and

Rambachan and Roth (2023) study the relaxation of the classical parallel trends as-

sumption within a DiD framework. One of their approaches is to assume that the

violation of parallel trends in a post-policy period is bounded above by the maximum

violation in the pre-policy periods. In this case, the identified set for the average

treatment effect on the treated (ATT) can be characterized as a union bound, where

each bound is formed by the DiD estimand adding and subtracting the violation of a

pre-policy year, and the set is all pre-policy periods.

2. Counterfactual analysis in structural models. Dickstein and Morales (2018) study

how the information set processed by exporters affects their decisions. One of the

counterfactuals of interest is the change in the number of exporters with a change

in their information set or fixed cost. The structural parameter satisfies a set of

moment inequalities, and the counterfactual outcome may only be partially identified

even if the structural parameter is known. Consequently, the identified set of the

counterfactual outcome is a union bound, where the set contains all the structural

parameters that satisfy the moment inequality restrictions, and each bound is the

identified set of the counterfactual outcome given a potential value of the structural

parameter.

3



I revisit these two applications in detail for empirical illustration. I also discuss applications

to regression discontinuity designs, bunching strategies to identify the elasticity of taxable

income, marginal treatment effects, and misspecification in instrumental variable models in

Section 2.2.

In this essay, I provide the first general and systematic study of inference on union

bounds. I consider two categories of union bound inference: (i) the set is finite as in the

DiD example, and (ii) the set is infinite as in the counterfactual example. I study the

inference procedures for the target object in both cases.

In the first case when the set is finite, the main difficulty for inference is that the

endpoints of a union bound are non-smooth functions of each single bound. Hirano and

Porter (2012) show that there is no local asymptotic quantile unbiased estimator. Moreover,

Fang and Santos (2019) show that an empirical bootstrap procedure, in the terminology

of J. L. Horowitz (2019), is not uniformly valid. Similar difficulties appear in inference for

moment inequalities and directionally differentiable functions, but the existing methods do

not apply to union bounds because of the different restrictions on the null parameter space.

So far there are two uniformly valid methods. The first one is a simple confidence interval

(CI), which is the union of CIs for each bound. This method can be overly conservative,

especially when the bounds are close to each other. The second one is the adjusted bootstrap

procedure proposed in Ye et al. (2023). This method involves a subsample so the CI

converges to the identified set at a rate slower than
?
n, resulting in trivial power for

?
n

local alternatives. Rambachan and Roth (2023) propose an inference procedure for their

sensitivity analysis in DiD. However, the inference procedure relies on the specific structure

of DiD and does not apply to general union bound settings.

In Section 2.3, I propose a modified conditional CI. Loosely speaking, I construct a

conditional critical value exploiting the distribution of the maximum estimated upper bound

(resp. the minimum estimated lower bound) conditional on the second largest estimated

upper bound (resp. the second smallest estimated lower bound). In this way, the conditional

critical value is data-adaptive and sensitive to the binding bounds, which leads to a shorter

4



CI when the bounds are relatively close to each other. However, the conditional critical value

is not uniformly valid, and for that reason, I propose a novel modification that truncates

the conditional critical value from below to guarantee uniform coverage. The modified

conditional CI converges to the identified CI at a rate of
?
n, and thus has material power

improvement upon Ye et al. (2023). I also show that under a large set of data generating

processes (DGPs), the modified conditional CI is shorter than the simple CI with probability

approaching one.

In Section 2.5, I conduct extensive simulations based on the DiD settings in Rambachan

and Roth (2023) and compare the performance of my modified conditional CI to the simple

CI, the adjusted bootstrap in Ye et al. (2023) and the hybrid CI in Rambachan and Roth

(2023). The length of the median modified conditional CI is the smallest in most simulation

designs and is close to being the smallest in all designs.1 In terms of the length of the median

CI, net of median point estimates of the bound, the modified conditional CI results in a

decrease of up to 43% relative to alternative methods.

In the second case when the set is infinite, I consider the case when the set, e.g. the

identified set of the structural parameter, is formed by moment inequalities, as is often

the case in practice. I assume that each bound, e.g. the bound of the counterfactual

given a potential true structural parameter, is a function of data moments. Among the

empirical applications in this setup, it is common to estimate point-identified nuisance

parameters separately from the structural parameters to improve computational efficiency.

Thus I allow the set and the bounds to include plug-in estimands. One of the current

practices for counterfactual inference is to first construct a valid confidence set for the

structural parameter (the set), and then take a union of the estimated counterfactuals (the

bounds) over this confidence set, treating the plug-in estimator and the counterfactual as

known. This simple projection CI can be wide since it projects a confidence set of a higher

dimensional structural parameter. Moreover, it may not have proper coverage because it

does not adjust for sampling uncertainty in the plug-in estimator and the counterfactual.

1 The median CI is the median of the endpoints of the 1 ´ α CI across simulated samples.

5



In Section 2.4, I propose a calibrated projection based procedure. The calibrated CI

is a union of the single calibrated CI of each bound over the calibrated confidence set for

the set of structural parameters. The calibration means that the critical value used to

construct the single CI and the confidence set are chosen so that the coverage rate of the

target object, rather than the structural parameter, is above the nominal value. Calculation

of the critical value is done by repeatedly solving a set of linear programs, which makes it

computationally simple. This method uses insights from subvector inference in Kaido et al.

(2019), where a subvector is a known function, usually a single element, of the structural

parameter. Different from the subvector inference procedure, in this essay (i) the target

object can be unknown as well as partially identified even if the structural parameter is

known, and (ii) first step plug-in estimators are allowed. These two differences allow the

new inference procedure to have broader application. Simulations in Section 2.5 confirm

good size and power properties.

In Section 2.6, I illustrate the proposed inference procedures in two empirical appli-

cations. First, I consider the application using Rambachan and Roth (2023)’s sensitivity

analysis in Dustmann et al. (2022), which provides an example with a finite set. Specifically,

Dustmann et al. (2022) study the effects of the minimum wage introduced in Germany in

2015. The authors are interested in whether the employment effect is greater than the

negative wage effect, which leads to an elasticity smaller than 1. The authors conduct

the analysis using DiD and relax the parallel trends assumption following Rambachan and

Roth (2023). Under all levels of relaxation, the modified conditional CI is shorter than the

simple CI and the one provided by Rambachan and Roth (2023). Under the benchmark

relaxation, my CI suggests that the elasticity is smaller than 1 with a 95% confidence level,

while Rambachan and Roth (2023) and a simple CI do not give results significantly smaller

than 1. My method gives a breakdown relaxation 33% to 66% larger than Rambachan and

Roth (2023) and the simple CI. Next, I apply the calibrated projection CI to Dickstein and

Morales (2018). In this case, the set of bounds over which the union is taken is infinite.

The authors are interested in the percentage change in the number of exporters under a

6



counterfactual information set. They report a simple projection CI, where the results for all

three subsamples are significant. However, as previously discussed, the simple projection

CI is invalid. For that reason, I first validate their method by properly adjusting for the

estimation uncertainty in plug-in estimators and counterfactuals, and with this adjustment,

two of the CIs cross zero. Then I report the calibrated CI, which is not only valid but also

more efficient, and the calibrated projection CI restores statistical significance.

Related Literature

In the rest of this introductory section, I review the related literature.

When the set is finite

Although there are many empirical examples where the identified set is a union of finite

bounds, only a small number of inference approaches have been developed, which I discuss

next.

First, a common practice is a simple CI constructed based on the intersection union

principle discussed in Casella and Berger (2021) (ch. 8.2.3), see Conley et al. (2012),

Kolesár and Rothe (2018), Hasegawa et al. (2019), and Ban and Kedagni (2022), among

others. The idea is to first construct a CI for each bound and then take a union over the

set, which is intuitive and has uniformly valid coverage. However, taking union over the

confidence intervals inflates the coverage rate, and the simple CI can be overly conservative.

I prove that the simple CI is wider and has lower local power than my proposal under a

large set of DGPs.

Second, Ye et al. (2023) study the relaxation of the parallel trends assumption in DiD

based on a negative correlation bracketing strategy. The resulting identified set for the ATT

is a union bound. To address inference, they introduce two bootstrap methods. The first

one is an empirical bootstrap procedure, in the terminology of J. L. Horowitz (2019). This

method is not uniformly valid and may overreject when the bounds are close to each other.

The second procedure introduces an adjustment term based on a subsample so that it has

uniform asymptotic coverage, but at the cost that the CI converges to the identified set at

7



a rate slower than
?
n. This causes material power loss for a large set of local alternatives

relative to my CI.

Third, Rambachan and Roth (2023) propose an inference procedure under the specific

structure of relaxation of the parallel trends assumption in DiD. The main idea is to par-

tition the parameter space so that each element in the partition can be represented by a

set of moment inequalities. Rambachan and Roth (2023) first construct the CI for each

element in the partition based on I. Andrews et al. (2023). They then take a union over

different elements in the partition to get a valid CI for the union bound. While the CI for

each element is efficient, the efficiency may not hold after taking the union. In both the

simulation and the empirical application, my CI outperforms their CI when the bounds are

not well separated. Moreover, their method uses the specific DiD structure and does not

apply to general finite union bounds.

The inference procedure constructed in this essay also contributes to other related liter-

ature, such as intersection bounds, moment inequalities, directional differentiable functions,

and conditional inference.

The union bound inference complements the large literature on intersection bounds and

testing moment inequality models. Chernozhukov et al. (2013) investigate inference on in-

tersection bounds, where the target object is in the intersection of a set of bounds. A leading

case of intersection bounds is inference on a parameter bounded by moment inequalities.

See Chernozhukov et al. (2007), Romano and Shaikh (2008), Rosen (2008), D. W. K. An-

drews and Guggenberger (2009), D. W. K. Andrews and Soares (2010), D. W. K. Andrews

and Shi (2013), and Bugni et al. (2015), among others, for different inference procedures.

Inference for intersection bounds and union bounds share some similar challenges, but also

differ in important ways: The differences between the target object and the bounds, scaled

by
?
n, is an important element for inference, but can not be consistently estimated. With

intersection bounds, the signs of the differences are known, e.g. the target object is larger

than all lower bounds, while with union bounds, the sign is unclear, e.g. the target object

is larger than at least one lower bound. Thus the problem of inference on union bounds is

8



fundamentally different from intersection bounds and requires a different treatment.

My method also sheds light on inference on directionally differentiable functions. In

many cases, a union bound can be written as the minimum of a set of lower bounds to

the maximum of a set of upper bounds. The min and max operators are directionally

differentiable. Fang (2018) and Ponomarev (2022) study the efficient estimation of partially

differentiable functionals, but they do not consider inference. Fang and Santos (2019)

propose a novel bootstrap procedure for directionally differentiable functions. However,

their inference procedure requires that the null parameter space is convex, which does not

hold for union bounds.2 This essay studies a specific non-convex null space, but the modified

conditional procedure is potentially applicable to more general settings.

My essay widens the use of the conditional inference technique. There is a growing

literature on conditional inference, see, e.g. M. J. Moreira (2003), Kleibergen (2005), I.

Andrews and Mikusheva (2016), I. Andrews et al. (2019), I. Andrews et al. (2021), I.

Andrews et al. (2023), and Rambachan and Roth (2023), among others. I use their insights

by constructing a conditional CI that has proper coverage under a subset of DGPs, and

then modifying it with a lower truncation to guarantee uniform coverage. The modification

is a novel contribution that is not used in current applications of conditional inference.

When the set is infinite

Inference procedures with an infinite set are closely related to the literature on subvector

inference in moment inequality models, where a subvector is a known function, usually a

single component, of the structural parameter. Kaido et al. (2019) proposed a calibrated

projection procedure for subvector inference that uses a local linearization approach to

compute the critical value through linear programming. See I. Andrews et al. (2023), Bugni

et al. (2017), Bei (2024), Chernozhukov et al. (2023), Chen et al. (2018), G. Cox and Shi

(2023), among others, for different subvector inference procedures. However, the subvector

usually does not contain sufficient information for decision making or policy suggestions.

2 Specifically, the space of λℓ and λu under (3.2) is not convex.

9



Hence, it is important to extend the previous work to construct the confidence intervals

for counterfactual outcomes. In this essay, I follow the insights from Kaido et al. (2019)

and propose a calibrated projection CI for unknown and potentially partially identified

target objects, which has broad application to counterfactuals. In addition, previous papers

assume that all parameters are estimated jointly by a set of moment inequality restrictions,

which rules out plug-in estimators. Nevertheless, in practice, it is common to estimate the

point identified parameters in a first step separately from the structural model. In this

context, I propose a simple way to adjust for estimation uncertainty in plug-in estimators.

This essay is also related to the literature on counterfactual analysis and marginal

treatment effect models, but my procedure applies to general moment inequality models.

Kalouptsidi et al. (2021) study the identification of counterfactuals for structural dynamic

discrete choice models and propose an inference procedure that bypasses model estimation

and directly obtains the confidence sets for the counterfactuals. However, their procedure

requires a specific structure. Cho and Russell (2023) propose an inference procedure in a

similar but more restrictive setting where the bound and set are linear in the structural

parameters. Their procedure involves bootstrapping the value functions of randomly per-

turbed linear programming problems, which is computationally attractive but also produces

a confidence set with a coverage probability of one. Unfortunately, their method does not

apply to nonlinear moment inequalities and counterfactuals. Mogstad et al. (2016) propose

a profile based inference procedure for estimated functionals of partially identified parame-

ters that allows a nonparametric framework.3 In their context, the equality restrictions are

allowed to be random while the inequalities are deterministic, formed from the parameter

space.

3 Mogstad et al. (2016) is a working paper version of Mogstad et al. (2018).
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2.2 Setup and Examples
2.2.1 Setup

A union bound is defined as a union of bounds rλℓpβq, λupβqs over set B. The goal of

this essay is to construct a uniformly valid confidence interval for the target object θ, whose

identified set is characterized as a union bound

θ P
ď

βPB
rλℓpβq, λupβqs . (2.1)

When the union bound is a connected interval, we can imply write it as

θ P

«

inf
βPB

λℓpβq, sup
βPB

λupβq

ff

. (2.2)

In this essay, I assume that λℓ and λu are unknown but consistently estimable with an

asymptotically normal estimator. B is either known or consistently estimable, in the sense

that the Hausdorff distance between B̂ and B converges to zero in probability. Below I

illustrate this setting in different examples.

I consider separately finite B and infinite B. The inference procedure for these two

cases is distinct because (i) with finite B, I consider the estimation uncertainty for all

bounds jointly, while with infinite B, I focus on a small subset of bounds each time, which is

conservative by valid, to simplify the computation; (ii) when B is finite, asymptotically we

can treat the set as known, while when B is infinite, we need to adjust the set for estimation

uncertainty.4

2.2.2 Examples
When B is finite

Example 1. (Difference in Differences).Rambachan and Roth (2023) study a more

credible approach to the parallel trends assumption in DiD. To illustrate, consider a simple

4 For simplicity, I assume that the index set for the lower and upper bounds are the same, and this is
the case in all the empirical examples listed below. Moreover, this assumption is without loss of generality,
as we can add redundant bounds to achieve this. For instance, if θ P rmintλℓ,1, λℓ,2u, λu,1s, we can add
λu,2 “ λu,1 then the identified set of θ has form (2.1) with B “ t1, 2u.
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panel data model t “ ´T , ..., 1. Let γ P RT`1 be a vector of “event study” coefficients, which

can be decomposed as

γ “

ˆ

γpre

γpost

˙

“

ˆ

ξpre

θ ` ξpost

˙

.

The target object θ is the average treatment effect on the treated, and ξ is a bias from a

difference in trend. Here θ and ξpost are scalar, ξpre “

´

ξpre
´T , ..., ξ

pre
´1

¯

and γ0 “ ξpre0 is

normalized to zero. Under parallel trends,
`

ξpre, ξpost
˘

“ 0 and thus θ is point identified.

However, this is a strong assumption that may not hold exactly. One type of relaxation is to

assume that the violation of parallel trends at time t “ 1 is bounded above by the maximum

pre-policy trend difference

ˇ

ˇξpost ´ 0
ˇ

ˇ ď M max
t“´1,...,´T

ˇ

ˇξpret`1 ´ ξpret

ˇ

ˇ , (2.3)

where M ě 0 is the degree of relaxation specified by the researcher. Manski and Pepper

(2018) implement a similar concept with a natural benchmark M “ 1 (see their Table 3).

Under (2.3), the identified set of θ is a union bound in (2.2) with B “ t1, ..., 2T u,

λℓpβq “ λupβq “

$

&

%

γpost `M
´

γpre
´β`1 ´ γpre

´β

¯

if β “ 1, ..., T ,

γpost ´M
´

γpreT´β`1 ´ γpreT´β

¯

if β “ T ` 1, ..., 2T .
(2.4)

Hasegawa et al. (2019), Ye et al. (2023), and Ban and Kedagni (2022) study differ-

ent types of relaxations of the parallel trends assumption where the identified set is also

characterized by union bounds.

Example 2. (Bunching and Taxable Income Elasticity). Blomquist et al. (2021)

study the identification of the taxable income elasticity with bunching information. Assume

that the after-tax income has two linear segments with slopes ρ1 ą ρ2 and a kink at K, as

illustrated in Figure 2.1a. Assume that the preference is specified as in Saez (2010) by the

isoelastic utility function:

U pc, y, ξq “ c´
ξ

1 ` 1{θ

ˆ

y

ξ

˙1`1{θ

, ξ ą 0, θ ą 0,
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where y is the before-tax income, c “ y´T pyq is the after-tax income (or consumption), θ is

the income elasticity and ξ represents the unobservable heterogeneity which is continuously

distributed with density gpξq. Blomquist et al. (2021) show that without the restriction on

gpξq, θ is not identified, but we can learn about θ with smoothness restrictions on gpξq.

Consider a bunching interval ry1, y2s containing the kink K, as in Figure 2.1b. Let ξ1 “

ρ´θ
1 y1 and ξ2 “ ρ´θ

2 y2 denote lower and upper end points for ξ that correspond to y1 and

y2, respectively. Under the assumption that

σℓmin tg pξ1q , g pξ2qu ď gpξq ď σumax tg pξ1q , g pξ2qu for ξ P rξ1, ξ2s (2.5)

for some σu ě 1 ě σℓ ą 0, the identified set of θ is characterized by

θ P

„

min
βPB

λℓpβq, max
βPB

λupβq

ȷ

X R`

where B “ t1, 2u,

λℓp1q “

log
´

y1
y2

`
P py1ďY ďy2q

f´py1qσuy2

¯

log ρ1 ´ log ρ2
, λℓp2q “

´ log
´

y2
y1

´
P py1ďY ďy2q

f`py2qσuy1

¯

log ρ1 ´ log ρ2
,

λup1q “

log
´

y1
y2

`
P py1ďY ďy2q

f´py1qσℓy2

¯

log ρ1 ´ log ρ2
, λup2q “

´ log
´

y2
y1

´
P py1ďY ďy2q

f`py2qσℓy1

¯

log ρ1 ´ log ρ2
,

f´py1q “ lim
yÒy1

fpyq, f` “ lim
yÓy2

fpyq,

and fpyq is the density of y. Note that the identified set of θ is restricted by R`, but it is

easy to see that if we have a valid CI for θ̃ P
Ť

βPB rλℓpβq, λupβqs, then the intersection of

θ̃’s CI and R` is a valid CI for θ. Thus it suffices to consider inference for union bounds.

Blomquist et al. (2021) focus on identification and put aside inference.

Example 3. (Regression Discontinuity Design). Kolesár and Rothe (2018) study

inference in regression discontinuity designs with a discrete running variable. Let D “

1 rX ě 0s be a treatment indicator with running variable X. Let Y p1q and Y p0q denote the

potential outcome with and without the treatment, and Y “ DY p1q ` p1 ´ DqY p0q denote
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Figure 2.1: Example 2 Bunching and Taxable Income Elasticity

the observed outcome. Let µpXq “ E rY | Xs. The average treatment effect at the threshold

is

θ “ E rY p1q ´ Y p0q |X “ 0 s “ lim
xÓ0

µpxq ´ lim
xÒ0

µpxq.

A standard approach to estimate θ is to run a local OLS regression of Y on polynomial

mpXq with X P r´h, hs where

mpxq “ p1 rx ě 0s ,1 rx ě 0sx, . . . ,1 rx ě 0sxp, 1, x, . . . , xpq
1 .

Let γh be the regression coefficient and θh “ e1
1γh, where e1 “ p1, 0, ..., 0q1. If X is contin-

uous, the bias ξpxq “ µpxq ´ mpxq1γh is negligible if we choose h Ñ 0 at a sufficiently fast

rate as the sample size increases. However, if X is discrete, this “undersmoothing” proce-

dure is not feasible. Kolesár and Rothe (2018) propose an honest CI under restrictions that

specification errors at the threshold are bounded above by the specification errors at other

support points, i.e.

ˇ

ˇ

ˇ

ˇ

lim
xÒ0

ξpxq

ˇ

ˇ

ˇ

ˇ

ď max
x̃PS´

X

|ξpx̃q| ,

ˇ

ˇ

ˇ

ˇ

lim
xÓ0

ξpxq

ˇ

ˇ

ˇ

ˇ

ď max
x̃PS`

X

|ξpx̃q| ,

where S´
X “ SX X r´h, 0q, S`

X “ SX X r0, hs and SX is the support of X. Under this
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restriction, the identified set of θ is characterized by (2.2) with

B “
␣

psℓ, su, xℓ, xuq : sℓ, su P t´1, 1u, xℓ P S´
X , xu P S`

X

(

,

λℓpsℓ, su, xℓ, xuq “ λupsℓ, su, xℓ, xuq “ θh ` sℓξpxℓq ` suξpxuq.

Kolesár and Rothe (2018) use the simple CI based on union principle for inference.

Example 4. (Falsification Adaptive Set). Masten and Poirier (2021) provide a con-

structive way for researchers to salvage a falsified instrumental variable model. Consider

the classical linear model with multiple instruments:

Y “ Xθ ` Z 1γ ` U,

where Y is the outcome, X is a scalar endogenous variable and Z is a L ˆ 1 vector of

potentially invalid instruments. Under (i) exogeneity covpZ,Uq “ 0, (ii) exclusion γ “ 0

and (iii) a proper rank condition, we can point identify θ. However, if either the exogeneity

or exclusion restriction does not hold, the model may be falsified. In this context, Masten

and Poirier (2021) suggest relaxing the model by ξ P R, where ξ ě 0 measures the level of

relaxation. The corresponding identified set of θ accounting for the relaxation by ξ is

Θpξq “
␣

θ P R : ´ξ1Lˆ1 ď varpZq´1 pcovpZ, Y q ´ covpZ,Xqθq ď ξ1Lˆ1

(

,

where the inequalities hold element wise. The authors suggest reporting the falsification

adaptive set Θpξq, where ξ is the minimum relaxation such that Θpξq is non-empty. In

addition, they show that FAS is characterized by (2.2), where

λℓpβq “ λupβq “
ψβ

πβ
,

ψβ and πβ are the β-th element of ψ “ varpZq´1covpZ, Y q, π “ varpZq´1covpZ,Xq, and

B “ tβ “ 1, ..., L : πβ ‰ 0u .

In their empirical application, the authors implicitly assume that either πβ “ 0 or |πβ| ě

ε ą 0 for all β, so that B is consistently estimable, in which case my procedure applies. If
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we allow πβ Ñ 0 as the sample size increases, we may not be able to consistently estimate

B, and inference is more complicated. I leave the second case for future research. Apfel and

Windmeijer (2022) propose a generalized falsification adaptive set, which also has a union

bound characterization. Both papers do not consider inference.

Stoye (2020a) studies misspecification inference for interval identified parameters. The

identified set for θ is rθL, θus, and this set is empty under misspecification where θL ą θU .

Stoye (2020a) suggests reporting the misspecification robust identified set

rθL, θU s Y

"

σUθL ` σLθU
σL ` σU

*

, (2.6)

where σL and σU are the asymptotic standard deviations for estimators θ̂L and θ̂U . In this

case, the identified set is a union bound in (2.2) with B “ t1, 2u,

λℓ,1 “ θL, λℓ,2 “
σUθL ` σLθU
σL ` σU

λu,1 “ θU , λu,2 “
σUθL ` σLθU
σL ` σU

.

Stoye (2020a) proposes a CI for (2.6), but it does not apply to general union bounds.

When B is infinite

Example 5. (Counterfactual Analysis). Dickstein and Morales (2018) study how the

information potential exporters possess influences their decisions. In the structural model,

all firms located in the home country are indexed by i “ 1, . . . , N and choose whether to sell

in each export market j “ 1, . . . , J . The export profit that i would obtain in market j is

πij “ dij prij ´ β1 ´ β2distj ´ β3vijq

where dij P t0, 1u is firm i’s export decision, rij is the revenue in market j, distj denotes

the distance from the home country to j, vij „ N p0, 1q represents the determinant of πij

observed by the firm i but not by the researcher, and pβ1, β2, β3q are structural parameters.

Let Jij be the information that firm i possess. A risk-neutral firm i will decide to export to

j if and only if

E rrij |Jij s ´ β1 ´ β2distj ě β3vij
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which implies that

dij
`

β´1
3 E rrij |Jij s ´ β´1

3 β1 ´ β´1
3 β2distj ´ vij

˘

ě 0. (2.7)

Based on (2.7), the authors construct a set of moment inequalities to get the identified

set of β, which is, in union bound notation, B. The counterfactual outcome of interest is

the proportion change in exporter numbers θ “
Erdij ;J c

ij ,gpβqs
Erdij ;Jij ,βs

under a different information

set or a different fixed cost, where J c
ij is the counterfactual information set and gpβq is

the counterfactual structural parameter. Given β, the authors show that θ P rλℓpβq, λupβqs

with λℓpβq and λupβq point identified. Consequently, the identified set of θ is given by (2.1).

Further details of the moment conditions and counterfactuals are given in Appendix A.2.2.

Structural counterfactual analysis with union bound identified set is very common in

applied microeconomics, such as industry organization, trade, political economy, etc. To list

a few, see examples Berry et al. (2016), Bombardini et al. (2023), Crawford and Yurukoglu

(2012), Ciliberto et al. (2021), Eizenberg (2014), Jia (2008), Kalouptsidi et al. (2021),

Kireyev (2020), Wollmann (2018), Yang (2020), among many others.

Example 6. (Marginal Treatment Effects). Mogstad et al. (2018) propose a method

to partially identify the policy relevant treatment parameters, exploiting the insight that the

IV estimand and many treatment parameters can be expressed as weighted averages of the

same underlying marginal treatment effects. Assume that the treatment is determined by

D “ 1 rU ď ppZqs

where U is an unobservable with uniform r0, 1s distribution, ppZq is the propensity score,

and Z are exogenous instruments. Assume that the marginal treatment response functions

have parametric form m0px, u;βq and m1px, u;βq, where m0 and m1 are known functions,

x is other covariates and β are parameters. Let E rspD,ZqY s be an IV-like estimand using

instrument Z, where spD,Zq is a known function. Then β is partially identified by

B “

"

β P B : E

„
ż 1

0
m0pu,X;βqsp0, Zq1 ru ą ppZqs du

ȷ
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`E

„
ż 1

0
m1pu,X;βqsp1, Zq1 ru ď ppZqs du

ȷ

“ E rspD,ZqY s

*

where B is the feasible set of structural parameter β. Assume that the target object θ is the

average treatment effect. Then it is point identified by

λℓpβq “ λupβq “ E

„
ż 1

0
m1pu,X;βqdu

ȷ

´ E

„
ż 1

0
m0pu,X;βqdu

ȷ

for a given β, and the identified set of θ is given in (2.1).

Example 7. (Plausibly Exogenous IVs) Conley et al. (2012) consider an instrumental

variable model when the instruments are only plausibly exogenous:

Y “ Xθ ` Zβ ` U

where Y is the outcome, X is a L1 ˆ 1 endogenous variable and Z is a L2 ˆ 1 vector of

potentially invalid instruments. To simplify the illustration, let L1 “ 1. Similar to Masten

and Poirier (2021) in Example 4, under exogeneity E rU |Zs “ 0, proper rank conditions,

and given a plausible exogenous value β, the average treatment effect θ is point identified by

λℓpβq “ λupβq “
E rXZ 1sE rZZ 1sE rZpY ´ Zβqs

E rXZ 1sE rZZ 1sE rZXs
.

In their empirical application, Conley et al. (2012) suggest using a continuous relaxation

where

B “
␣

β : βj P
“

´β̄j , β̄j
‰

, j “ 1, ..., dimpβq
(

and β̄ is a user chosen tuning parameter. In this case, B is known, which is a degenerate case

of consistently estimable B, and the inference procedure proposed in Section 2.4 applies.

2.3 Inference with Finite B

In this section, I study inference on θ with finite B, and I focus on connected union

bounds where

θ P

„

min
βPB

λℓpβq, max
βPB

λupβq

ȷ
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since this is the case in all examples with finite B in Section 2.2.2. A similar inference

procedure applies to general, potentially non-connected, union bounds with the form (2.1).

To simplify the presentation, I first assume that B is known. In this case, λℓpβq and

λupβq are finite dimensional vectors indexed by β, so I write each of them as |B| dimen-

sional vectors λℓ and λu, with the b-th element λℓ,b and λu,b. I illustrate with a normally

distributed estimator λ̂n “

´

λ̂ℓ, λ̂u

¯

such that

ˆ

λ̂ℓ
λ̂u

˙

„ N
ˆˆ

λℓ
λu

˙

,Σn

˙

, Σn “

„

Σℓ,n Σ1
ℓu,n

Σℓu,n Σu,n

ȷ

(2.8)

with Σn known, where Σℓ,n, Σu,n and Σℓu,n are |B| ˆ |B| matrices. The true value λ “

pλℓ, λuq P Λ and Λ can be a lower dimensional subspace of R2|B|, e.g. as in Example 1. In

general, the normality holds asymptotically with appropriate scaling, and the asymptotic

variance can be consistently estimated. I later present theorems under general DGPs where

this condition holds in Section 2.3.4.

I propose a modified conditional CI constructed by inverting the test of the null hy-

pothesis

H0 : min
bPB

λℓ,b ď θ ď max
bPB

λu,b. (2.9)

The test takes the form

ϕ
´

θ, λ̂n,Σn

¯

“ 1
”

T̂ pθq ą ĉmpθ;αq

ı

,

where T̂ pθq is the test statistic, and θ is rejected if T̂ pθq exceeds the modified conditional

critical value ĉmpθ;αq. Consequently, the corresponding 1 ´ α confidence interval is

CImpλ̂n,Σn;αq “

«

inf
ϕpθ,λ̂n,Σnq“0

θ, sup
ϕpθ,λ̂n,Σnq“0

θ

ff

. (2.10)

2.3.1 The Test Statistic

The test statistic has a max-min form

T̂ pθq “ max

"

min
bPB

Zℓ,b, min
bPB

Zu,b

*

(2.11)
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where σℓ,b “
a

Σℓ,bb, σu,b “
a

Σu,bb,

Zℓ,b “
λ̂ℓ,b ´ θ

σℓ,b
, and Zu,b “

θ ´ λ̂u,b
σu,b

. (2.12)

Observing that H0 in (3.2) is equivalent to

H0 : max

"

min
bPB

pλℓ,b ´ θq, min
bPB

pθ ´ λu,bq

*

ď 0, (2.13)

and the test statistic is constructed by replacing λℓ and λu in (2.13) by their estimator,

adjusted for the standard deviation. Put another way, the population version of T̂ pθq, which

replaces pλ̂ℓ, λ̂uq with pλℓ, λuq, is non-positive if and only if H0 holds.

If we use a simple critical value csim “ Φ´1p1 ´ α
2 q, then we will get a simple CI

CIsim “

„

min
bPB

λ̂ℓ,b ´ σℓ,bΦ
´1p1 ´

α

2
q, max

bPB
λ̂u,b ` σu,bΦ

´1p1 ´
α

2
q

ȷ

, (2.14)

which is often used in current practice, see e.g. Kolesár and Rothe (2018), Hasegawa et al.

(2019), Ban and Kedagni (2022). The simple confidence interval is uniformly valid under

mild conditions, see Proposition 2 in Kolesár and Rothe (2018). However, in general, it can

be very conservative. To illustrate, define

bℓ “ argmin
bPB

λℓ,b, bu “ argmax
bPB

λu,b. (2.15)

and observe that

P
`

θ R CIsim˘ “ P

ˆ

max

"

min
bPB

Zℓ,b, min
bPB

Zu,b

*

ą Φ´1p1 ´
α

2
q

˙

ď P
´

max tZℓ,bℓ , Zu,buu ą Φ´1p1 ´
α

2
q

¯

ď P
´

Zℓ,bℓ ą Φ´1p1 ´
α

2
q

¯

` P
´

Zu,bu ą Φ´1p1 ´
α

2
q

¯

“ P

˜

λ̂ℓ,bℓ ´ λℓ,bℓ
σℓ,b

`
λℓ,bℓ ´ θ

σℓ,b
ą Φ´1p1 ´

α

2
q

¸

(2.16)

` P

˜

λu,bu ´ λ̂u,bu
σu,b

`
θ ´ λu,bu
σu,b

ą Φ´1p1 ´
α

2
q

¸

(2.17)
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ď
α

2
`
α

2
“ α.

Here the first inequality holds because I replace the minimum of Zℓ and Zu by the value at

bℓ and bu, which may not be the realized minimizers in the sample. The second inequality

follows from P pAYBq ď P pAq`P pBq. The final inequality holds under the null hypothesis

(3.2).

The potential conservativeness comes mainly from the first and last inequalities. The

first inequality tends to be conservative when the minimum λℓ,bℓ is close to other elements in

λℓ. In such cases, we should consider the minimum of the vector Zℓ instead of merely Zℓ,bℓ .

The same reasoning applies to the upper bound. The last inequality becomes conservative

if the union bound is wide, i.e.

λu,bu ´ λℓ,bℓ
max tσu,bu , σℓ,bℓu

" 0.

In such cases, either (2.16) or (2.17) is negligible, allowing us to replace Φ´1p1 ´ α
2 q with

Φ´1p1 ´ αq. This scenario is also studied in Imbens and Manski (2004) and Stoye (2009)

for a single bound where |B| “ 1. Besides the first and last inequalities, the simple CI is

also conservative because the second inequality does not fully use the joint distribution of

pZℓ,bℓ ,Zu,buq.

That said, the simple critical value is near optimal in less favorable cases, where both

the minimum and maximum are well separated, and the length of the identified set is short,

i.e.

min
bPBzbℓ

λℓ,b ´ λℓ,bℓ
σℓ,b

" 0, min
bPBzbu

λu,bu ´ λu,b
σu,b

" 0,
λu,bu ´ λℓ,bℓ

min tσℓ,bℓ , σu,buu
« 0. (2.18)

In such scenarios, the first and last inequalities are close to equality, mitigating any signif-

icant power loss. This implies that csim is nearly optimal among constant critical values

because it protects against the less favorable distributions, although at the cost of an in-

flated coverage rate against more favorable DGPs. Therefore, it is crucial to devise a
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data-dependent critical value that ensures proper coverage under case (2.18) but is more

efficient under other DGPs.

2.3.2 Conditional Critical Value

Following from the previous discussion, I now construct a data dependent critical value

that is valid under less favorable DGPs and more efficient otherwise. To do so, note that

under less favorable DGPs in (2.18),

P pEℓ Y Euq « 1 (2.19)

where5

Eℓ “

!

T̂ pθq “ Zℓ,b̂ℓ

)

X

!

λℓ,b̂ℓ ď θ
)

, (2.20)

Eu “

!

T̂ pθq “ Zu,b̂u

)

X

!

λu,b̂u ě θ
)

,

b̂ℓ “ argmin
bPBℓ

Zℓ,b, b̂u “ argmin
bPBu

Zu,b.

If the critical value ĉpθq satisfies

P
´

T̂ pθq ą ĉpθq |Eℓ Y Eu

¯

ď αc ă α, (2.21)

the unconditional rejection rate is bounded above by α following from (2.19). Therefore, I

construct a conditional critical value based on the conditional distribution

T̂ pθq

ˇ

ˇ

ˇ
T̂ pθq “ Zℓ,b1 and T̂ pθq

ˇ

ˇ

ˇ
T̂ pθq “ Zu,b2

for b1, b2 satisfying λℓ,b1 ď θ ď λu,b2 .

Lemma 8. Under H0 and (2.8). Let b1, b2 satisfy λℓ,b1 ď θ ď λu,b2 , then

Φ
´

T̂ pθq

¯

´ Φ ptℓ,1pθ, b1qq

Φ ptℓ,2pθ, b1qq ´ Φ ptℓ,1pθ, b1qq

ˇ

ˇ

ˇ

!

T̂ pθq “ Zℓ,b1

)

FOSD
ĺ Unifp0, 1q

Φ
´

T̂ pθq

¯

´ Φ ptu,1pθ, b1qq

Φ ptu,2pθ, b1qq ´ Φ ptu,1pθ, b1qq

ˇ

ˇ

ˇ

!

T̂ pθq “ Zu,b2

)

FOSD
ĺ Unifp0, 1q

5 If the minimizer of Zℓ is not unique, define b̂ℓ as the smallest element of the minimizers, with an analogous
definition for b̂u.
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where

tℓ,1pθ, bq “

$

&

%

min
b̃PB

´

1 ` ρℓupb, b̃q
¯´1 ´

Zu,b̃ ` ρℓupb, b̃qZℓ,b

¯

, if min
b̃PB

ρℓupb, b̃q ą ´1

´8 otherwise

tu,1pθ, bq “

$

&

%

min
b̃PB

´

1 ` ρℓupb̃, bq
¯´1 ´

Zℓ,b̃ ` ρℓupb̃, bqZu,b

¯

, if min
b̃PB

ρℓupb̃, bq ą ´1

´8 otherwise

tℓ,2pθ, bq “

$

&

%

min
b̃PB:ρℓpb,b̃qă1

´

1 ´ ρℓpb, b̃q
¯´1 ´

Zℓ,b̃ ´ ρℓpb, b̃qZℓ,b

¯

if min
b̃PB

ρℓpb, b̃q ă 1

`8 otherwise

tu,2pθ, bq “

$

&

%

min
b̃PB:ρupb̃,bqă1

´

1 ´ ρupb̃, bq
¯´1 ´

Zu,b̃ ´ ρupb̃, bqZu,b

¯

if min
b̃PB

ρupb, b̃q ă 1

`8 otherwise

ρℓpb1, b2q “
Σℓ,b1b2

σℓ,b1σℓ,b2
, ρupb1, b2q “

Σu,b1b2

σu,b1σu,b2
, ρℓupb1, b2q “

Σℓu,b1b2

σℓ,b1σu,b2
,

and Zℓ, Zu are defined in (2.12).

Loosely speaking, Lemma 8 implies that the distribution of T̂ pθq conditional on T̂ pθq “

Zℓ,b1 is first order stochastically dominated by a truncated normal distribution

T N p0, 1, rtℓ,1pθ, b1q, tℓ,2pθ, b1qsq ,

where T N
`

µ, σ2, rt1, t2s
˘

is a normal distribution N
`

µ, σ2
˘

truncated at rt1, t2s. Hence, we

can guarantee conditional coverage by using the 1´αc quantile of T N p0, 1, rtℓ,1pθ, bq, tℓ,2pθ, bqsq

with αc ă α.

Define the conditional critical value ĉcpθ, αcq as:

ĉcpθ, αcq “

$

&

%

Φ´1
´

αcΦ
´

tℓ,1pθ, b̂ℓq
¯

` p1 ´ αcqΦ
´

tℓ,2pθ, b̂ℓq
¯¯

if Zℓ,b̂ℓ
ě Zu,b̂u

Φ´1
´

αcΦ
´

tu,1pθ, b̂uq

¯

` p1 ´ αcqΦ
´

tu,2pθ, b̂uq

¯¯

if Zℓ,b̂ℓ
ă Zu,b̂u

(2.22)

where αc P p12α, αq is a user chosen tuning parameter, with a suggested rule of thumb value

4
5α. As we will see later, αc trades off the rejection rate under more and less favorable

DGPs.
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Proposition 9. Assume that

P
´

Zℓ,b̂ℓ
“ Zu,b̂u

¯

“ 0. (2.23)

Under H0 and (2.8), it holds that

P
´

T̂ pθq ą ĉcpθ, αcq

ˇ

ˇ

ˇ
Eℓ Y Eu

¯

ď αc. (2.24)

Under (2.23), the set EℓYEu can be partitioned into
!

T̂ pθq “ Zℓ,b1

)

and
!

T̂ pθq “ Zu,b2

)

for b1, b2 satisfying λb1 ď θ ď λb2 . Hence (2.24) follows directly from Lemma 8. Condition

(2.23) holds in most examples previously discussed and is assumed in Proposition 9 for

simplicity. Under more favorable DGPs diverging from (2.18), the conditional quantile can

be significantly smaller than Φ´1p1 ´ α
2 q. To see this, let θ “ λℓ,bℓ be the lower bound of

the identified set and assume that T̂ pθq “ Zℓ,b̂ℓ
. If the identified set is very large relative

to the standard deviation, we have

tℓ,1pθ, b̂ℓq ď

´

1 ` ρℓupb̂ℓ, buq

¯´1 ´

Zu,bu ` ρℓupb̂ℓ, buqZℓ,b̂ℓ

¯

“

´

1 ` ρℓupb̂ℓ, buq

¯´1
˜

λ̂ℓ,b̂ℓ ´ λ̂u,bu

σu,bu
`

ˆ

ρℓupb̂ℓ, buq ´
σℓ,b̂ℓ
σu,bu

˙

Zℓ,b̂ℓ

¸

« ´8, (2.25)

where the approximation « follows from
λ̂ℓ,b̂ℓ

´λ̂u,bu

σu,bu
« ´8 for a large identified set. In this

case,

ĉcpθ, αcq « Φ´1
´

p1 ´ αcqΦ
´

tℓ,2pθ, b̂ℓq
¯¯

ď Φ´1 p1 ´ αcq ă Φ´1p1 ´
α

2
q.

Moreover, if the minimum λℓ,´bℓ is not well separated from λℓ,bℓ , then the upper bound

tℓ,2pθ, b̂ℓq “ min
b̃PB:ρℓpb̂ℓ,b̃qă1

´

1 ´ ρℓpb̂ℓ, b̃q
¯´1

˜

λ̂ℓ,b̃ ´ λℓ,b̃
σℓ,b̃

`
λℓ,b̃ ´ λℓ,bℓ

σℓ,b̃
´ Zℓ,b̂ℓ

¸

` Zℓ,b̂ℓ

will be the minimum of several random variables, which will further reduce the critical

value.

I next illustrate the conditional critical value using a simple example.
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Example 10. (Simple Union Bounds) Consider a simple union bound

θ P rmin tλ1, λ2u , max tλ1, λ2us

and the estimator satisfies

´

λ̂1 ´ λ1, λ̂2 ´ λ2

¯

„ N p0, I2q .

The test statistic has the form

T̂ pθq “ max
!

min
!

λ̂1 ´ θ, λ̂2 ´ θ
)

,min
!

θ ´ λ̂1, θ ´ λ̂2

))

.

Without loss of generality, assume that T̂ pθq “ λ̂1 ´ θ. In this case, the conditional critical

value is

ĉcpθ;αcq “ Φ´1
´

p1 ´ αcqΦ
´

λ̂2 ´ θ
¯

` αcΦ
´

θ ´ λ̂2

¯¯

ă Φ´1 p1 ´ αcq ă Φ´1
´

1 ´
α

2

¯

, (2.26)

where the first line is by construction, and the first inequality follows from

Φ
´

λ̂2 ´ θ
¯

` Φ
´

θ ´ λ̂2

¯

“ 1.

If the minimizer and maximizer are well separated, e.g. λ1 “ θ and λ2 Ñ 8, the efficient

critical value is Φ´1p1´αq, as discussed in Imbens and Manski (2004). In this case, λ̂2 will

be large and ĉcpθ;αcq Ñ Φ´1p1 ´ αcq, which is slightly conservative. This follows from the

fact that the conditional critical value is designed to correct for the case when all elements,

except for bℓ and bu, are far away from binding. On the other hand, if λ̂2 is relatively small,

then the critical value is smaller. In Figure 2.2a, I plot the rejection region for the simple

and conditional critical values with α “ 0.05 and αc “ 0.04. The red curve is the boundary

corresponding to the conditional critical value, and the grey region is the rejection region

for the conditional critical value. Finally, the two square regions filled with lines are the

rejection region of the simple test. The rejection region of the conditional test is strictly

larger than the simple test, resulting in larger power.
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(a) Conditional Critical Value (b) Modified Conditional Critical Value

Figure 2.2: Example 10 - Rejection Region

The red curve corresponds to ĉcpθ;αcq. The blue solid line represents the lower truncation ĉt. The grey region on

the left panel denotes the rejection region for the test with the conditional critical value ĉcp0;αcq, and the one on

the right denotes the rejection region with the modified conditional critical value ĉmpθ, αq. The two square regions

filled with lines represent the rejection region of the simple test. In this example, α “ 0.05 and αc “ 0.04.

It is important to note that ĉcpθ, 1´αcq may not serve as a valid critical value, because

P pEℓ Y Euq can be much smaller than one when moving away from (2.18). For that reason,

next, I show how to construct a uniformly valid modified conditional critical value that

retains favorable power properties relative to the simple critical value.

2.3.3 The Modified Conditional Critical Value

To guarantee proper coverage, I introduce a novel modification to the conditional critical

value:

ĉmpθ;αq “ c̃mpθ, ĉt;αq “ max
␣

ĉcpθ, αcq, ĉt
(

(2.27)

where ĉt is defined later in (2.31).

To illustrate the construction of the lower truncation, let ĂCI
m

pcq be the confidence inter-

val based on (2.10) with ĉmpθ;αq replaced by c̃mpθ, c;αq. Given a potential true parameter

λ, the rejection rate at θ is

ppc; θ, λq “ P
´

θ R ĂCI
m

pcq;λ
¯

.

It suffices to define the lower truncation as the minimum value that achieves uniform size
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control, i.e.

ctpθq “ inf

#

c P R` : sup
λPΛ0pθq

ppc; θ, λq ď α

+

, (2.28)

where Λ0 is the set of feasible λ satisfying H0:

Λ0pθq “

"

pλℓ, λuq P Λ : min
bPB

λℓ,b ď θ ď max
bPB

λu,b

*

.

Note that ctpθq ď csim “ Φ´1p1 ´ α
2 q because

ppcsim; θ, λq ď α

from the discussion in Section 2.3.1. In fact ĉtpθq is usually significantly smaller than csim.

The intuition is that by virtue of Lemma 9, truncation is unnecessary for DGPs such that

P pEℓ Y Eu;λq ě
1 ´ α

1 ´ αc
(2.29)

with αc ă α, where Eℓ, Eu are defined in (2.20). Thus we only need to consider truncation

in more favorable DGPs deviating from (2.18), i.e. when the minimizer or maximizer is not

well separated, in which case a smaller critical value suffices. Given pθ, λq, we can calculate

ppc; θ, λq by simulation. Nevertheless, calculating ĂCI
m

pctq can be time consuming because

(i) we need to calculate ctpθq for a grid of θ to get the confidence interval and (ii) Λ0pθq is

an unbounded set, which slows the computation down.

To improve computational efficiency, I propose a lower truncation that does not depend

on θ. First, note that for given λ, either θ P rθℓ, θms or θ P rθm, θus, where θℓ “ λℓ,bℓ ,

θu “ λu,bu and θm “ pθℓ ` θuq{2. As a result, we can bound ppc; θ, λq by

ppc; θ, λq ďmax
!

P
´

rθℓ, θms Ę ĂCI
m

pcq;λ
¯

, P
´

rθm, θus Ę ĂCI
m

pcq;λ
¯)

ďmax
!

P
´

T̂ pθℓq ą c̃mpθℓ, cq or
!

T̂ pθmq ą c̃mpθm, cq and T̂ pθuq ą c̃mpθu, cq
)

;λ
¯

,

P
´

T̂ pθuq ą c̃mpθu, cq or
!

T̂ pθmq ą c̃mpθm, cq and T̂ pθℓq ą c̃mpθℓ, cq
)

;λ
¯)

“:p̄pc, λq. (2.30)
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Therefore, it is valid, but conservative, to replace ppc; θ, λq in (2.28) with p̄pc, λq. In addition,

to avoid maximization over an unbounded set, let Λ̂ be a 1 ´ η compact confidence set of

λ, such as6

Λ̂η “

$

&

%

pλℓ, λuq P Λ :

ˇ

ˇ

ˇ
λ̂ℓ,b ´ λℓ,b

ˇ

ˇ

ˇ

σℓ,b
ď Φ

ˆ

1 ´
η

4|B|

˙

,

ˇ

ˇ

ˇ
λ̂u,b ´ λu,b

ˇ

ˇ

ˇ

σu,b
ď Φ

ˆ

1 ´
η

4|B|

˙

,

.

-

with suggested value η “ 0.001. In sum, it suffices to use

ĉt “ inf
c

"

c ě 0 : sup
λPΛ̂η

p̄pc, λq ` η ď α

+

, (2.31)

and p̄pc, λq is defined in (2.30). In terms of computation, p̄pc, λq can be conveniently calcu-

lated via simulation, and we only need to calculate the maximization over a bounded set

once rather than for a grid of θ. In general, with η small enough, ĉt is much smaller than

Φ´1p1 ´ α
2 q by the intuition explained around (2.29). Moreover, in many examples, the

feasible space Λ is a lower dimensional subspace of R2|B|, so that the supremum is taken

over a space much smaller than R2|B|, which reduces the computational cost.

The lower truncation ĉt is more likely to bind under more favorable DGPs, and it

decreases in the tuning parameter αc. Hence, αc trades off the power between more and

less favorable DGPs. A larger αc leads to higher power under less favorable DGPs, while

a smaller αc leads to higher power under more favorable DGPs. It is possible to choose an

optimal αc by, e.g., maximizing the weighted average power. I leave this to future research.

Remark 11. The relaxation in (2.30) to get p̄pc, λq is not overly conservative. To see this,

if the identified set is large, θm will be covered by the modified conditional confidence interval

with probability close to 1, so the conservativeness introduced by this relaxation is negligible.7

Conversely, if the identified set is very small, then the set’s coverage will be similar to the

6 Section 3.5.2 gives a more efficient Λ̂η set.
7 To see this, note that by construction ĉm ě 0, so

”

λ̂ℓ,b̂ℓ
, λ̂u,b̂u

ı

Ď CIm
´

λ̂n,Σn;α
¯

. If
?
n pλu,bu ´ λℓ,bℓq Ñ 8, we have P

´

λ̂ℓ,b̂ℓ
ď θm ď λ̂u,b̂u

¯

Ñ 1.
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coverage of a point. Moreover, we can reduce conservativeness by increasing the number of

elements in the partition at the cost of increased computational difficulty. For instance, we

can add the quarter point θ1{4 “ p3θℓ ` θuq{4 and three-quarter point θ3{4 “ pθℓ ` 3θuq{4 in

addition to θm, and bound ppc; θ, λq by

ppc; θ, λq ď max
!

P
´

“

θℓ, θ1{4

‰

Ę ĂCI
m

pctq;λ
¯

, P
´

“

θ1{4, θm
‰

Ę ĂCI
m

pctq;λ
¯

P
´

“

θm, θ3{4

‰

Ę ĂCI
m

pctq;λ
¯

, P
´

“

θ3{4, θu
‰

Ę ĂCI
m

pctq;λ
¯)

which requires conducting the test at five points θℓ, θ1{4, θm, θ3{4 and θu, but returns a

weakly shorter CI.

Example 12. (Simple Union Bounds, Cont.) For simplicity, in this example I let η “ 0.

With α “ 0.05 and αc “ 0.04, we can calculate that ct “ 1.06. In Figure 2.2b, I plot

the rejection region of the modified conditional test and the simple test. The blue dotted

curve is the boundary corresponding to the lower truncation ct, and the grey region is the

rejection region for the modified conditional test. The rest are the same as in Figure 2.2a.

As we can see, the rejection region of the modified conditional test is strictly larger than the

simple test, leading to power improvements. Compared to the simple rejection region, the

conditional test also rejects if both λ̂1 and λ̂2 are small. The intuition is that if both λ1 and

λ2 are close to zero, then there are multiple approximate minimizers and maximizers, so

we only need a small critical value. The lower truncation ĉt removes some counter-intuitive

values from the rejection region close to H0, e.g.
´

λ̂1 ´ θ, λ̂2 ´ θ
¯

“ pε, εq « p0, 0q.

2.3.4 Size and Power Properties

I now present the conditions under which the modified conditional CI has asymptotic

uniform validity.

Assumption 13. (Known Singularity) There are known |B| ˆJ matrices Aℓ, Au such that

λℓ “ AℓδP , λu “ AuδP (2.32)

λ̂ℓ “ Aℓδ̂n, λ̂u “ Auδ̂n
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Σ̂n “
“

A1
ℓ A1

u

‰1
Ω̂n

“

A1
ℓ A1

u

‰

for some pδP , δ̂n, Ω̂nq.

Assumption 14. (Asymptotic Normality) Let BL1 denote the set of Lipschitz functions

which are bounded by 1 in absolute value and have Lipschitz constant bounded by 1. We

assume

lim
nÑ8

sup
PPP

sup
fPBL1

ˇ

ˇ

ˇ
EP

”

f
´?

n
´

δ̂n ´ δP

¯¯ı

´ E rfpξP qs

ˇ

ˇ

ˇ
“ 0,

where ξP „ N p0,ΩP q.

Assumption 15. (Full Rank) Let S denote the set of matrices with eigenvalues bounded

below by e ą 0 and above by ē ě e. For all P P P, ΩP P S.

Assumption 16. (Consistent Covariance Estimator) We have an estimator Ω̂n that is

uniformly consitent for ΩP ,

lim
nÑ8

sup
PPP

P
´›

›

›
Ω̂n ´ ΩP

›

›

›
ą ε

¯

“ 0

for all ε ą 0.

Assumption 17. (Confidence Set of pλℓ, λuq) For all η P r0, α4 q, the confidence set Λ̂η

satisfies

lim inf
n

inf
PPP

P
´

pλℓ, λuq P Λ̂η

¯

ě 1 ´ η.

Assumptions 13, 14, 15 and 16 imply that
?
n
´

λ̂n ´ λP

¯

is asymptotically normal with

a consistently estimable variance. The asymptotic variance is allowed to be singular, but

the source of the singularity, i.e. Aℓ and Au, is known to the researcher. Given this, we

only need to verify whether Aℓ,b1 “ ´aAu,b2 for some a ą 0 to know whether ρℓupb1, b2q

is at the boundary ´1, which simplifies the construction of ĉcpθ, αq. These assumptions

hold for the examples in Section 2.2.2 with finite B under mild conditions. Assumption 17

requires that Λ̂ is a uniformly valid 1´ η confidence set of pλℓ, λuq, e.g. Λ̂ implied by (A.2)

in Section A.1.1.
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Theorem 18. (Uniform Coverage) Suppose Assumptions 13, 14, 15, 16, and 17 hold. Let

α P p0, 1{2q, αc P pα2 , αq, η P r0, α´αc

2 q. It holds that

lim sup
nÑ8

sup
PPP

sup
θPrλℓ,bℓ

,λu,bus

P
´

θ R CIm
´

λ̂n, Σ̂n{n;α
¯¯

ď α.

Remark 19. Theorem 18 shows that the modified conditional CI has uniform asymptotic

coverage under a large set of DGPs. Moreover, with some modification, the proposed method

can be applied to cases where Assumption 16 fails. The main idea is that we can rewrite

the union bounds as the union of several sub-union bounds, with Assumption 16 holding in

each sub-union bound. By taking the union of CIs for each sub-union bound, we can get a

valid CI for θ.

Remark 20. The same inference procedure and coverage property apply when B is unknown

but consistently estimable in the sense that dH
´

B̂,B
¯

p
ÝÑ 0 uniformly where dH is the

Hausdorff distance and B̂ Ď B is the estimator for B. B is a finite outer set of B. The

reason is that for finite B, there is ε ą 0 such that

lim inf
n

inf
PPP

P
´

B̂ “ B
¯

“ lim inf
n

inf
PPP

P
´

dH

´

B̂,B
¯

ă ε
¯

“ 1. (2.33)

Therefore, asymptotically we can treat B̂ as the true set without adjusting the estimation

uncertainty. Masten and Poirier (2021) and Apfel and Windmeijer (2022) implicitly assume

(2.33) in their empirical applications, see Example 4 for more discussion.

Next, I compare the modified CI to two existing approaches which are also uniformly

valid: (i) the simple CI given in (2.14), and (ii) the adjusted bootstrap CI proposed in Ye

et al. (2023).

Theorem 21. (Power Comparison with Simple CI) Suppose Assumptions 13, 14, 15, and

16 hold. And Λ̂η is defined as in (A.1). Let α P p0, 12q, αc P pα2 , αq, η P r0, α´αc

2 q. If one of

the following two conditions hold
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1. (Symmetric Bounds)Aℓ “ Au, and Pn satisfies

lim sup
PPPn

max
b1PB

min
b2PB

ρℓpb1, b2q ă ρ˚
1pα, αcq, (2.34)

lim sup
PPPn

ρℓpbℓ, buq ă ρ˚
2pα, ηq, (2.35)

where ρ˚
1pα, αcq and ρ˚

2pα, ηq are defined in Lemma 69 and Lemma 66, respectively.8

2. (Large Bounds) Let κn “ op
?
nq and κn Ñ 8, and

Pn “

"

P P P : λu,bu ´ λℓ,bℓ ě
κn
?
n

*

. (2.36)

It holds that

1. Modified conditional CI is shorter: there is α1 ą α such that

lim inf
n

inf
PPPn

P
´

CIm
´

λ̂n, Σ̂n{n;α
¯

Ď CIsim
´

λ̂n, Σ̂n{n;α1
¯¯

“ 1. (2.37)

2. Modified conditional CI has higher power: for all Pn P Pn, there is a subsequence Pan

and κ P p0,`8q thus that

lim inf
anÑ8

Pan

´

θan R CIm
´

λ̂an , Σ̂an{an;α
¯¯

´ Pan

´

θan R CIsim
´

λ̂an , Σ̂an{an;α
¯¯

ą 0.

(2.38)

for θn “ θℓ ´ κ?
n
. The same applies to the upper bound.

The first part of Theorem 21 considers the case where the upper and lower bounds are

symmetric, as in Kolesár and Rothe (2018), Masten and Poirier (2021), and Rambachan

and Roth (2023). If the correlation coefficients among λ̂ℓ are not too large, the modified

conditional CI is strictly shorter than the simple CI. The upper bounds ρ˚
1pα, αcq and

ρ˚
2pα, ηq can be easily solved for numerically, and I list the value for a few combinations:

ρ˚
1p0.05, 0.04q “ 0.84, ρ˚

1p0.10, 0.08q “ 0.83,

ρ˚
2p0.05, 0.001q « 1, ρ˚

2p0.10, 0.001q « 1.

8 Here ρ̂ℓpb1, b2q “ ρ̂upb1, b2q “ ρ̂ℓupb1, b2q, so I only impose restrictions on ρ̂ℓ.
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The values are large and thus the restriction (2.34) is not binding in most applications.

The second part of Theorem 21 compares the modified conditional CI with the simple

CI in a different set of DGPs. It shows that if the identified set is relatively large compared

to the standard deviation of the estimators, which is Op 1?
n

q, the modified conditional CI

is shorter than the simple CI with probability approaching one. The intuition follows from

the discussion around (2.25).

Next, I compare the modified conditional CI with the adjusted bootstrap procedure

proposed by Ye et al. (2023). Their bootstrap procedure relies on a random draw of a

subsample with size m “ n
κn

, and thus the convergence rate of the confidence interval to

the identified set is
?
m, slower than

?
n.

Theorem 22. (Power Comparison with Ye et al. (2023)) Let CIYKHS
´

λ̂n, Σ̂n{n;α
¯

be the

adjusted bootstrap procedure proposed in Hasegawa et al. (2019) Algorithm 1 equation (15)

with tuning parameter m “ n
κn

, where κn Ñ 8 and κn “ opnq. Let a ą 0, κ1
n “ op

?
κnq,

κ1
n Ñ 8. Define local alternatives

θn “ min
bPB

λℓ,b ´
κ1
n?
n
a, or θn=max

bPB
λu,b `

κ1
n?
n
a.

Then

lim inf
nÑ8

inf
PPP

P
´

θn R CIm
´

λ̂n, Σ̂n{n;α
¯¯

“ 1 (2.39)

lim sup
nÑ8

sup
PPP

P
´

θn R CIYKHS
´

λ̂n, Σ̂n{n;α
¯¯

ď α

Theorem 22 follows from the convergence rate of CIYKHS and CIm. The sequence of θn

is rejected by the modified conditional CI with probability approaching one following from

Lemma 61, while it is rejected by CIYKHS with probability bounded above by α. Hence,

CIm has large power improvement upon CIYKHS.

2.4 Inference with Infinite B

In this section, I explore the inference procedure with potentially infinite B. This

approach has broad applications in counterfactual analysis within a structural model, where
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B represents the identified set of the structural parameters, and the target object θ is the

counterfactual of interest.

The identified set of θ can be expressed as

θ P
ď

βPB
rλP,ℓpβ, φP q, λP,upβ, φP qs ,

where B Ď B is formed by the moment inequalities:

EP rmjpXi;β, φP qs ď 0, j “ 1, ..., J1, (2.40)

EP rmjpXi;β, φP qs “ 0, j “ J1 ` 1, ..., J1 ` J2, (2.41)

as is often the case in empirical applications. Here, B is the known parameter space of β,

tXiu
n
i“1 is an independent and identically distributed (i.i.d.) sequence of random variables

with distribution P and pm1, ...,mJ1`J2q1 : Rd ˆ B ˆ Φ Ñ RJ1`J2 is a known measurable

function of a finite dimensional parameter vector pβ, φq P B ˆ Φ. In turn, φ is a nuisance

parameter with a point identified true value φP , which can be estimated in a preliminary

step without using the moment inequalities in (2.40) and (2.41). Additionally, I assume

that

φP “ φ: pEP rmφ pXiqsq , (2.42)

where mφ and φ: are known measurable functions. Given a potential true value β, the

object θ is bounded by λP,ℓpβ, φP q and λP,upβ, φP q. For this, I assume that

λP,kpβ, φq “ λ:

k pEP rmk pXi;β, φqsq k “ ℓ, u, (2.43)

where mk : Rd ˆ B ˆ Φ Ñ Rdk , λ:

k : Rdk Ñ R are known and measurable functions. I give

a detailed illustration in Section 2.5.2 based on Dickstein and Morales (2018).

It is important to note that (2.42) and (2.43) impose that estimands are functions of

moments of the data. However, it suffices to have that the asymptotic distributions of the

estimators for pλP,ℓ, λP,u, φP , EP rmjpX;β, φqsq can be easily approximated.
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2.4.1 Notation

To begin, I define the estimators used for inference. I treat moment equalities as two

opposing moment inequalities and define J “ J1 ` 2J2 moments by letting

mJ “ pm1, ...,mJ1`J2 ,´mJ1`J2`1, ...,´mJ1`2J2q .

Then, define

m̄J pβ, φq “
1

n

n
ÿ

i“1

mJ pXi;β, φq ,

m̄k pβ, φq “
1

n

n
ÿ

i“1

mk pXi;β, φq , k “ ℓ, u,

m̄φ “
1

n

n
ÿ

i“1

mφ pXiq .

Intuitive point estimators for λP,kpβ, φP q, k “ ℓ, u, are given by

λ̂kpβq “ λ:

k pm̄k pβ, φ̂qq , (2.44)

with first step estimator φ̂ “ φ: pm̄φq.

Next, I present the covariance matrix for the asymptotic distribution of

Gnpβq “
?
n

»

–

m̄J pβ, φ̂q ´ EP rmJ pX;β, φP qs

λ̂ℓpβq ´ λℓ,P pβ, φP q

λ̂upβq ´ λu,P pβ, φP q

fi

fl . (2.45)

Let

ΩP pβq “ varP
´

`

m1
J pX;β, φP q, m1

ℓpX;β, φP q, m1
upX;β, φP q, m1

φpXq
˘1
¯

denote the covariance matrix for the moments evaluated at pβ, φP q. The variation of Gnpβq

arises from two sources: (i) the use of sample averages for expectations, which comes from

the variation in m1
J ,mℓ,mu; and (ii) the estimation uncertainty in φ̂, which comes from

the variation in mφ. Define the Jacobian matrix of the estimator

`

m̄J pβ, φ̂q1, λ̂ℓpβq, λ̂upβq
˘1
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with respect to the moments as

GP pβq “

»

–

IJ , 0, 0, ∇φ1E rmpX;β, φP qs∇1φ:

0, ∇1λ:

ℓ, 0, ∇φ1λP,ℓpβ, φP q∇1φ:

0, 0, ∇1λ:
u, ∇φ1λP,upβ, φP q∇1φ:

fi

fl . (2.46)

Then the first source of the variation of Gnpβq is captured by the first three block columns

of GP while the second one is captured by the last block column of GP . In (2.46), ∇1λ:

k

is short for ∇m1λ:

kpmq

ˇ

ˇ

ˇ

Ermkpβ,φP qs
with k “ ℓ, u and ∇1φ: is short for ∇m1φ:pmq

ˇ

ˇ

ErmφpXqs
.

Under mild regularity conditions, the asymptotic variance of Gnpβq is given by

ΣP pβq “ GP pβqΩP pβqG1
P pβq.

Throughout the essay, I assume that there exist consistent estimators Ĝpβq, Ω̂pβq for GP pβq,

ΩP pβq, respectively. A computationally simple and intuitive estimator of Σ̂pβq is

Σ̂pβq “ ĜpβqΩ̂pβqĜ1pβq.

To simplify notation, let

σ̂jpβq “

b

Σ̂jj , @j “ 1, ..., J, σ̂ℓpβq “

b

Σ̂J`1pβq, σ̂upβq “

b

Σ̂J`2pβq, (2.47)

σ̂uℓpβq “

b

“

01ˆJ , 1, ´1
‰

Σ̂pβq
“

01ˆJ , 1, ´1
‰1

where σ̂uℓpβq is the estimated variance of
?
n
´

λ̂upβq ´ λ̂ℓpβq ´ λP,upβ, φP q ` λP,ℓpβ, φP q

¯

.

Define σjpβq, σℓpβq, σuℓpβq as in (2.47) with Σ̂ replaced by Σ.

Lastly, let

DP,kpβq “
∇β1λP,kpβ, φP q

σP,kpβ, φP q
, k “ ℓ, u, (2.48)

DP,jpβq “
∇β1E rmjpX;β, φP qs

σP,jpβ, φP q
, j “ 1, ..., J, (2.49)

be the Jacobian of the objective and moment conditions with respect to the parameter

β normalized by the standard deviation. Furthermore, assume the existence of consistent

estimators D̂kpβq and D̂jpβq.
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2.4.2 The Confidence Interval

The confidence interval has the following form

CIn “

«

inf
βPB̂

λ̂ℓpβq ´
σ̂ℓpβq
?
n
ĉnpβq, sup

βPB̂
λ̂upβq `

σ̂upβq
?
n
ĉnpβq

ff

, (2.50)

where B̂ is an estimator for B defined as

B̂ “

"

β P B :

?
nm̄jpβ, φ̂q

σ̂jpβq
ď ĉnpβq, @j “ 1, ..., J

*

, (2.51)

and ĉpβq is the critical value specified below. The same critical value is used for both the

moment restrictions and the bounds λ̂ℓ, λ̂u. The main reason is that, for both the objective

and moment conditions, the critical value provides an upper bound for a normal random

variable with a non-positive expectation and unit variance, and consequently it is natural

to use the same critical value.9 In addition, it is computationally easier than calibrating

multiple critical values.

Next, I define the critical value ĉnpβq. The critical value is given by

ĉnpβq “ max tĉupβq, ĉℓpβqu , (2.52)

where for k “ ℓ, u, rℓs “ u, rus “ ℓ,

ĉkpβq “ inf

"

c P R` : P

ˆ

min
∆P∆npβ,cq

Zs
kpβq ` D̂kpβq∆ ď c, and (2.53)

min
∆P∆npβ,cq

Zs
rkspβq ` D̂rkspβq∆ ` ζ̂0pβq ď c

ˇ

ˇ

ˇ

ˇ

tXiu
n
i“1

˙

ě 1 ´ α

*

, (2.54)

and the random feasible set for ∆ is

∆npβ, cq “

!

∆ P
?
npB ´ βq X ρ r´1, 1s

d :

Zs
jpβq ` D̂jpβq∆ ` ζ̂jpβq ď c, j “ 1, . . . , J

)

.

(2.55)

The elements in (2.53), (2.54), and (2.55) are listed below.

9 To see this, (2.60), (2.62), (2.63) have similar structure with non-positive last term
Ermjpβ,φP qs
σP,jpβ,φP q{

?
n
,

λP,ℓpβq´θ

σP,ℓpβq{
?
n
, θ´λP,upβq

σP,upβq{
?
n

respectively.
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1. Zs
J p¨q,Zs

ℓp¨q,Zs
up¨q is simulated from

`

Zs
J pβq1,Zs

ℓpβq,Zs
upβq

˘1
ˇ

ˇ

ˇ
tXiu

n
i“1 „ N

ˆ

0, diag
´

Σ̂pβq

¯´1{2
Σ̂ pβq diag

´

Σ̂pβq

¯´1{2
˙

2. ζ̂jpβq, ζ̂0pβq in (2.54) and (2.55) are generalized moment selection (GMS) type func-

tions defined as

ζ̂jpβq “

#

0 if
?
nm̄jpβ,φ̂q

κnσ̂jpβq
ě ´1 or j “ J1 ` 1, ..., J

´8 otherwise

ζ̂0pβq “

$

&

%

0 if
?
npλ̂upβq´λ̂ℓpβqq

κn maxtσ̂upβq,σ̂ℓpβq,σ̂uℓpβqu
ď 1

´8 otherwise

where κn “ opn
1
4 q and κn Ñ 8, with a suggested value

?
lnn. It is easy to see that if

ζ̂0pβq “ 0, it holds numerically that ĉℓpβq “ ĉupβq; and if ζ̂0pβq “ ´8, the constraint

with Zs
rks

pβq in (2.54) is negligible.

3. ρ ą 0 is a user-chosen tuning parameter with the recommended rule of thumb value

ρ “ Φ´1

˜

1

2
`

1

2

ˆ

1 ´ η{

ˆ

J1 ` J2 ` 2
d

˙˙1{d
¸

(2.56)

with η “ 0.01. The critical value ĉnpβq is weakly decreasing in ρ, thus a larger

ρ returns a shorter confidence interval. Nevertheless, uniform validity of inference

requires ρ ă 8.

Note that (2.53), (2.54), (2.55) are linear in ∆. Therefore, with polyhedral B, which is a

frequent scenario in practice, the computation of the critical value ĉpβq can be simplified

to the process of solving linear programs.

The construction of the confidence interval uses the insights of Kaido et al. (2019), and

the intuition is as follows. By definition, there is some “true value” β P B such that

θ P rλP,ℓpβ, φP q, λP,upβ, φP qs .

38



A sufficient condition for θ being covered is that there exists

β̃ P B X

"

β `
ρ

?
n

r´1, 1s
d

*

(2.57)

such that (i) θ is covered

λ̂ℓpβ̃q ´
σ̂ℓpβ̃q
?
n
ĉnpβ̃q ď θ ď λ̂upβ̃q `

σ̂upβ̃q
?
n
ĉnpβ̃q (2.58)

and (ii) the moment conditions are not rejected

?
nm̄jpβ̃q

σ̂jpβ̃q
ď ĉnpβ̃q, @j “ 1, ..., J. (2.59)

That said, we only need to calibrate ĉpβ̃q such that (2.58) and (2.59) hold with probability no

less than 1´α for some β̃ in the true value β’s local neighborhood, without considering the

coverage of β itself. This returns a much smaller critical value than uncalibrated projection,

which covers the structural parameter β with prespecified probability in the first step.

In (2.57), β̃ is restricted to a local neighborhood of β, and the tuning parameter ρ

defines its boundary. This allows us to linearize (2.58) and (2.59), so that they can be

approximated by (2.53, 2.54) and (2.55), respectively. As for (2.59), a first-order Taylor

expansion gives
?
nm̄jpβ̃q

σ̂jpβ̃q
«
Gn,jpβq

σP,jpβq
`DP,jpβq∆ `

?
nE rmjpβ, φP qs

σP,jpβq
(2.60)

where ∆ “
?
npβ̃ ´ βq, Gn, DP , and σP are defined in (2.45), (2.49) and below (2.47),

respectively. In (2.55), I replace Gn,jpβq

σP,jpβq
and DP,jpβq with their feasible analogs. In addition,

it is well known that the last term
?
nErmjpβ,φP qs

σP,jpβq
can not be consistently estimated, but

can be conservatively approximated by the GMS function proposed in D. W. K. Andrews

and Soares (2010). Therefore, (2.55) is a valid approximation of the moment restrictions in

(2.59). Similarly, (2.58) is equivalent to

λ̂ℓpβ̃q ´ θ

σ̂ℓpβ̃q{
?
n

ď ĉpβ̃q,
θ ´ λ̂upβ̃q

σ̂upβ̃q{
?
n

ď ĉnpβ̃q. (2.61)
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Local approximations of the standardized λ̂ℓpβq, λ̂upβq are

λ̂ℓpβ̃q ´ θ

σ̂ℓpβ̃q{
?
n

«
Gn,ℓpβq

σP,ℓ pβq
`DP,ℓpβq∆ `

λP,ℓ pβq ´ θ

σP,ℓ pβq {
?
n

(2.62)

θ ´ λ̂upβ̃q

σ̂upβ̃q{
?
n

«
Gn,upβq

σP,u pβq
`DP,upβq∆ `

θ ´ λP,upβq

σP,u pβq {
?
n
. (2.63)

The approximations for (2.62, 2.63) are similar to the moment restrictions, except for the

last term λP,ℓpβq´θ

σP,ℓpβq{
?
n

and θ´λP,upβq

σP,upβq{
?
n
. Here, θ is unknown and partially identified, thus the

GMS function does not directly apply. However, observe that if

?
n pλP,upβq ´ λP,ℓpβqq

κnmax tσP,upβq, σP,ℓpβq, σP,uℓpβqu
Ñ 8, (2.64)

either λP,ℓpβq´θ

σP,ℓpβq{
?
n

or θ´λP,upβq

σP,upβq{
?
n

would go to ´8 and at least one inequality in (2.61) is not

binding with probability approaching one. Otherwise, we can replace both terms with zero

if (2.64) does not hold, which introduces a conservative distortion, which in turn leads to

the restriction in (2.53) and (2.54).

Remark 23. The construction of ĉn uses the insights from Kaido et al. (2019) but with

two main differences. First, Kaido et al. (2019), as well as many moment inequality papers,

assume that all parameters are jointly estimated by a set of moment conditions, while in

this essay, I allow for first-step plug-in estimator φ̂ and suggest an easy adjustment for its

estimation uncertainty. Second, the target object of Kaido et al. (2019) has form θ “ λpβq

with a known function λp¨q, while my essay assumes that θ P rλℓpβq, λupβqs with λℓp¨q and

λup¨q estimated. In addition, the definition of Jacobian DP,j in (2.49) is different from

Kaido et al. (2019), where DKMS
P,j p¨q “ ∇β1

␣

E rmjpX; ¨qs
L

σP,jp¨q
(

. Note that under mild

conditions, DP,jp¨q and DKMS
P,j p¨q are asymptotically equivalent for βn P B such that the

moment is close to binding, i.e. E rmjpX;βnqs “ op1q. If E rmjpX;βnqs is bounded away

from zero, DP,jp¨q and DKMS
P,j p¨q become irrelevant, since in this case, moment j is either

slack or rejected with probability approaching one. I use the definition in (2.49) as it is easier
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to calculate. Moreover, the analogous Jacobian for λk defined in (2.48) follows directly from

the Taylor expansion in (2.62)-(2.63), where the denominators are fixed.

Remark 24. The construction of the CI relies on test inversion over the structural pa-

rameter space, which can be time-consuming. However, the E-A-M algorithm proposed by

Kaido et al. (2019) can enhance computational efficiency with certain modifications.

2.4.3 Asymptotic Results

I present next the assumptions that are important for proper coverage.

Let Bε be the ε expansion of B

Bε
“

!

β P Rd : dpβ,Bq ď ε
)

.

Assumption 25. B Ă Rd is a compact hyperrectangle with nonempty interior.

Assumption 25 restricts the shape of the parameter space. It is satisfied in most ap-

plications and guarantees that the calculation in (2.53) can be obtained with simple linear

programs.

Assumption 26. Let

DP “
“

DP,1pβq1 ... DP,Jpβq1 DP,ℓpβq1 DP,upβq1
‰1
.

There is M ă 8, ε ą 0 such that for all P P P, for all β, β̃ P Bε

›

›

›
GP pβq ´GP pβ̃q

›

›

›
“ M

›

›

›
β ´ β̃

›

›

›
,

›

›

›
DP pβq ´DP pβ̃q

›

›

›
ď M

›

›

›
β ´ β̃

›

›

›
,

}GP pβq} ď M, }DP pβq} ď M.

Assumption 27. The following conditions hold uniformly over P.

1. There exists estimator D̂pβq such that

sup
βPBϵ

›

›

›
D̂pβq ´DP pβq

›

›

›
“ oP p1q.
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2. For all ε ą 0, the estimator Ĝpβq satisfies

lim inf
n

inf
PPP

P

˜

sup
měn

sup
βPB

›

›

›
Ĝpβq ´GP pβq

›

›

›
ď ϵ

¸

“ 1.

Assumption 26 imposes that the derivatives DP and GP are sufficiently smooth in their

arguments, and Assumption 27 requires consistent estimators for the Jacobian DP and GP .

Under these two assumptions, we can approximate the Taylor expansion in (2.60), (2.62),

(2.63) with feasible analogs.

Assumption 28. For some constants ω ą 0, ε ą 0, all distributions P P P satisfy the

following condition. Let

J1pP, β; εq “

"

j P t1, ¨ ¨ ¨ , J1u :
EP rmj pXi;β, φP qs

σP,jpβ, φP q
ě ´ε

*

, (2.65)

JkpP, β; εq “

#

tu, ℓ, J1 ` 1, ..., J1 ` J2u if τ0,P,β ě ´ε

tk, J1 ` 1, ..., J1 ` J2u otherwise
(2.66)

where

τ0,P,β “
λP,ℓ pβ, φP q ´ λP,u pβ, φP q

max tσP,ℓpβq, σP,upβq, σP,uℓpβqu
.

Then for k “ ℓ, u,

inf
βPB

eig
`

ΣJ1pP,β;εqYJkpP,β;εq

˘

ě ω,

where eigpΣq is the smallest eigenvalue of Σ.

Note that J1pP, β; εqYJkpP, β; εq is the collection of moments that are close to binding.

Assumption 28 imposes that the covariance matrix for those moments is non-singular. In

Assumption 73 in Appendix A.4.2, I relax this assumption by allowing the covariance matrix

of paired moments to have a singular limit at the cost that the sum of two paired moments

should be non-positive for all samples. This is an analog of Kaido et al. (2019) Assumption

E3.2.
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Theorem 29. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption

28 or 73 holds. Let 0 ă α ă 1{2. Then

lim inf
nÑ8

inf
PPP

inf
θP

Ť

βPBrλP,ℓpβq,λP,upβqs
P pθ P CInq ě 1 ´ α.

Assumptions 72, which is a regularity condition for the moments, can be found in

Appendix A.4.2.

2.5 Simulation

In this section, I study the size and power properties of the proposed procedures and

compare them to several alternatives.

2.5.1 When B is Finite

When B is finite, I conduct simulations in the context of Example 1, i.e. relaxation of

the parallel trends assumption as in Rambachan and Roth (2023). Besides the modified

conditional confidence interval proposed in Section 2.3, I consider two existing procedures

for union bounds: (i) the adjusted bootstrap in Ye et al. (2023), (ii) the simple confidence

interval in (2.14), and (iii) the inference procedure in Rambachan and Roth (2023).10 All

three methods are uniformly valid. All tuning parameters are set at the values in the papers

in which they are proposed.

Each sample tYiu
n
i“1 and estimator is generated by

Yi „ N pγ, nΣq , γ̂ “
1

n

ÿ

Yi „ N pγ,Σq .

The inference is conducted using the pair pγ̂,Σq. The covariance matrix Σ is calibrated

from the empirical results reported in (i) Dustmann et al. (2022) Figure 7(c), (ii) Benzarti

and Carloni (2019) Figure 2(E), (iii) Lovenheim and Willén (2019) Figure 3(A), and (iv) P.

10 Ye et al. (2023) propose two CIs for the parameter of interest in their Algorithm 1 equation (15): one
with the tuning parameter m{N Ñ 0,m Ñ 8 and the other with m “ N . The second one is not uniformly
valid, and thus I only consider the first one with m “ N{ logplogpNqq as suggested in their Section S1.4.
For Rambachan and Roth (2023), I use their hybrid conditional CI with tuning parameter η “ α

10
, which

is the default choice in their code.
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Christensen et al. (2023) Figure 5(b). Specifically, Σ is set to be the estimated covariance

matrix for t “ ´T , ...,´1, 1, where T is reported under Figure 2.3. For each Σ, I considered

three true values for γ: (i) the parallel trends assumption holds, i.e. γpre “ 0T ; (ii) there

is a small violation of the parallel trends, where γpre is calibrated from the same source

as Σ; (iii) there is a large violation, where γpre “ p10σM , 0T´1q, σM “ maxbPB tσℓ,bu.

Without loss of generality, I normalize γpost “ 0 in all DGPs. In sum, I consider 4ˆ 3 “ 12

empirically motivated DGPs. Note that the simulation results of the modified conditional

CI, the Rambachan and Roth (2023) CI, and the simple CI are invariant to n, while YKHS

depends on n because of a subsampling step. In this simulation, I set n “ 5000 and

S “ 1000 sample draws.

In Figure 2.3, I plot the rejection rate near the upper bound. The lower bound is

similar and thus omitted. The horizontal axis is the value of θ, while the vertical axis is

the rate that θ is not included in the CI. The asterisks represent the identified set, and

the nominal rejection rate is 10%. The modified conditional CI is the red curve and it has

proper size control in all simulation designs. The simple CI is the black dotted curve and

it has significantly lower power than modified conditional CI in all designs.

Rambachan and Roth (2023) CI is plotted in blue dashed curves. The performance of

Rambachan and Roth (2023) varies with the DGPs, and the power is usually between the

modified conditional CI and simple CI, see e.g. Figure 2.3a, 2.3d, and 2.3j. In some DGPs,

Rambachan and Roth (2023) may perform worse than the simple CI, e.g. in Figure 2.3h.

When there is only one large violation, for example in Figure 2.3c-2.3l, the minimum and

maximum of the union bound are well-separated from other bounds, and Rambachan and

Roth (2023) is near optimal by their Corollary 3.1. In this case, the modified conditional

CI has a slightly smaller rejection rate and is close to optimal.

YKHS is plotted in green circled curves. YKHS has slightly higher power than the

modified conditional CI for points very close to the identified set but often suffers from

large power loss for points farther away, see e.g. all designs except Figure 2.3g and 2.3h.

This is consistent with the slower convergence rate of the YKHS CI to the identified set
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and Theorem 22.

2.5.2 When B is Infinite

When B is infinite, I use the setting of the simulation in Dickstein and Morales (2018).

Consider a simple trade model with i “ 1, ..., N firms deciding whether to export to a

foreign market f , f “ 1, ...,K. The revenues in home and foreign markets are determined

by

rh “ X1 `X2 `X3,

rf “ φfrh ` e.

The expected profit of export is given by

pf “ η´1E rrf |J s ´ β̃2 ´ β̃1ν,

where η is the elasticity, J is the information set the firms have when making the export

decision, and pX1, X2, X3, νq „ N p0, I4q. Then the decision is given by

d “ 1

«

η´1E rrf |J s
1

β̃1
´
β̃2

β̃1
´ ν ě 0

ff

“ 1
“

η´1E rφfrh|J sβ1 ´ β2 ě ν
‰

where β1 “ β̃´1
1 , β2 “ β̃´1

1 β̃2. This reparameterization is just for simplicity. The researcher

observes pX, rh, d, drf q and a subset of the information set Z Ď J . The parameters are

pφf , β1, β2q, and η “ 2 is known to both the researcher and firms.11 The counterfactual

of interest is the change in the number of exporters if the information set changes from

Jsmall “ tX1u to Jlarge “ tX1, X2, X3u. The details of moment conditions and counterfac-

tual outcomes are given in Appendix A.2.1.

In this simulation, I set the sample size NK “ 2000, and the simulation is based

on S “ 1000 sample draws. The nominal rejection rate is α “ 0.1. The true value is

pβ1, β2q “ p1, 0.5q and φf “ 0.5 for all f “ 1, ...,K. In Table 2.1, I report the calibrated

11 Note that this is in fact a normalization since η and β1 cannot be identified separately.
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(a) Parallel Trends with Σ1 (b) Small Violation with pγ1,Σ1q (c) Large Violation with Σ1

(d) Parallel Trends with Σ2 (e) Small Violation with pγ2,Σ2q (f) Large Violation with Σ2

(g) Parallel Trends with Σ3 (h) Small Violation with pγ3,Σ3q (i) Large Violation with Σ3

(j) Parallel Trends with Σ4 (k) Small Violation with pγ4,Σ4q (l) Large Violation with Σ4

Figure 2.3: Simulation Results for fiinte B - Rejection Rate with α “ 0.1

The horizontal axis is θ, while the vertical axis is the rate that θ is not included in the CI. For instance, in 2.3a,

point p0.5, 0.33q on the black curve implies that θ “ 0.5 is not covered by the simple CI with probability 33%. Here

pµ1,Σ1q is calibrated from Dustmann et al., 2022 with T “ 3, pµ2,Σ2q from Benzarti and Carloni, 2019 with T “ 4,

pµ3,Σ3q from Lovenheim and Willén, 2019 with T “ 9, and pµ4,Σ4q from P. Christensen et al., 2023 with T “ 15.46



Table 2.1: Simulation Results unknown B with α “ 0.1
# markets Identified Set Calibrated Projection CI (%) Bonferroni CI (%)

Median CI Coverage Median CI Coverage
K “ 1 [2.344, 5.359] [0.247, 10.176] [99.8, 99.7] [0.178, 11.457] [100, 99.9]
K “ 4 [2.344, 5.359] [0.233, 10.226] [99.8, 99.8] [0.161, 11.559] [100, 99.9]
K “ 8 [2.344, 5.359] [0.237, 10.356] [99.9, 99.7] [0.158, 11.682] [100, 99.9]

projection CI using the inference proposed in Section 2.4, as well as a Bonferroni type CI

defined as

CIBon “

»

– min
βP rB1´ α

2

λ̂ℓpβ, φ̂q ´ Φ´1p1 ´
α

4
qσ̂ℓpβq, max

βP rB1´ α
2

λ̂upβ, φ̂q ` Φ´1p1 ´
α

4
qσ̂upβq

fi

fl ,

where rB1´α
2

is a 1´ α
2 confidence set of B calculated based on D. W. K. Andrews and Soares

(2010). This Bonferroni CI is a valid alternative to the new CI, but less efficient, especially

when the dimension of β is large. Both the Bonferroni CI and the calibrated projection CI

have proper coverage, but the length of the calibrated CI is smaller than the Bonferroni

CI.

2.6 Empirical Illustration
2.6.1 Sensitivity Analysis for Effects of the Minimum Wage

In this section, I apply the modified conditional CI to the sensitivity analysis in Dust-

mann et al. (2022). The authors study the labor market effects of the minimum wage

implemented by the German government in January 2015, impacting approximately 15%

of the workforce. The minimum wage policy remains a subject of considerable controversy

within the labor market, as it simultaneously addresses wage inequality while potentially

leading to disemployment. One main conclusion of Dustmann et al. (2022) is that the

minimum wage increase resulted in higher wages without causing a decline in employment

levels.

To study the employment effect, the authors estimate the DiD design

logpemprtq “

2016
ÿ

τ“2011,τ‰2014

γτGAP r1 rτ “ ts ` αr ` ξt ` εrt (2.67)
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where logpemprtq is the log employment in district r, time t; GAP r is a measure of the

exposure to the minimum wage; αr and ξt are district and year fixed effects. The parameter

vector γ is the event study coefficients with γ2014 normalized to zero. Figure 2.4a shows the

estimated coefficients tγ̂τu from specification (2.67). Under the parallel trends assumption,

the high and barely exposed districts evolved at the same rate in the absence of the minimum

wage policy. In this context, the coefficients γ2015 and γ2016 in the post-policy years serve

as measures for the employment effects of the minimum wage policy. However, Figure

2.4a indicates that the coefficients γ2011, γ2012 and γ2013 in the pre-policy years are not

statistically or economically indistinguishable from zero. Hence, it is evident that the

parallel trends assumption does not hold. Consequently, the authors conduct sensitivity

analysis using Rambachan and Roth (2023), as detailed in their Appendix A.14.

In particular, the authors conduct the sensitivity analysis using the second differences

relative magnitudes (SDRM) relaxation. This approach assumes that

|pξ2015 ´ γ2014q ´ pγ2014 ´ γ2013q| ď M max
s“2014,2013

|pγs ´ γs´1q ´ pγs´1 ´ γs´2q| ,

where ξ2015 represents the potential differential trend without the minimum wage policy.

Essentially, without the minimum wage policy, the slope change at t “ 2015 is bounded

above by a factor of M times the previous slope changes. M measures the level of relax-

ation. This aligns with the approximately linear pretrend observed in Figure 2.4a. The

employment effect of interest is quantified as γ2015 ´ ξ2015. That is, with one unit increase

in GAP and other covariates fixed, the employment rate will increase by 100pγ2015´ξ2015q%

in expectation.

In Figure 2.4b, I report the 95% confidence intervals for different values ofM constructed

based on three different methods: the modified conditional CI proposed in Section 2.3, the

hybrid CI in Rambachan and Roth (2023), and the simple CI in (2.14).12 We can clearly

see that the modified conditional CI is the shortest and the simple CI is the widest for all

12 The estimated coefficient and covariance are available but the data for regression is confidential, thus I
can not implement the Ye et al. (2023) bootstrap procedure.
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(b) Sensitivity Analysis under SDRM

Figure 2.4: Empirical Illustration for finite B with α “ 0.05

M , and the improvement of the modified conditional CI upon the simple CI doubles the

improvement of Rambachan and Roth (2023) upon the simple CI.

The authors compare the minimum wage induced disemployment effects and wage ef-

fects. To do so, they estimate the wage effect using the same DiD design as (2.67) with

regressor logpwagertq. After adjusting the linear pretrend, the point estimate of the wage

effect at t “ 2015 is 0.6, represented by a dashed line (with an inverse sign) in Figure 2.4b.

The authors are interested in whether the employment effect is robustly higher than ´0.6,

leading to an employment elasticity with respect to own wage less than 1 in absolute value.

When using the natural benchmark M “ 1, only the modified conditional CI is above the

negative wage effect. It is also informative to report the “breakdown” relaxation at which

the wage effect is no longer larger than the (negative) employment effect. In this case, the

breakdown M for the hybrid CI is around 0.75, while the one for the simple CI is around

0.6. Remarkably, the breakdown relaxation M of my method is 33% to 66% larger than

the other two.

2.6.2 Counterfactual Analysis for Exporter’s Information Set

Dickstein and Morales (2018) study how the information possessed by potential ex-

porters influences their export decisions. A challenge in modeling firms’ decisions lies in
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the fact that these decisions are contingent upon firms’ expectations of export profit, which

are rarely directly observable by researchers. Previous literature often makes the strong

assumption that firms’ expectations are rational and depend on a set of variables available

in the data, which carries the risk of model misspecification. Different from earlier research,

Dickstein and Morales (2018) do not require full knowledge of an exporter’s information

set. Instead, they specify only a subset of the variables that agents use to form their ex-

pectations. The trade-off of this approach is that it results in partial identification of the

structural parameters and counterfactuals. The empirical results show that, on average,

the number of exporters decreases when firms have access to better information. However,

this change varies with firm size.

The model details are given in Appendix A.2.2. In this model, the structural parameter

β is partially identified by moment inequalities as in (2.40) with J1 “ 48, J2 “ 0. The

moment conditions contain 220 plug-in estimands φP,1,...,φP,220, with each corresponding

to a specific market. The plug-in estimands are determined independently of the moment

inequalities. The counterfactual of interest, denoted as θ, is the percentage change in the

number of exporters if the information set changes from the smallest available to perfect

foresight. The smallest information set includes the firm’s own domestic sales in the previous

year, sectoral aggregate exports in the previous year, and the distance variable. Given a

specific structural parameter β, there exists a point-identified pair λℓpβ, φP q and λupβ, φP q

that bounds the counterfactual outcome.

The original 95% CI in Dickstein and Morales (2018), denoted as CIDM18, is computed

as follows:

CIDM18 “

«

min
βP rB1´α

λ̂ℓpβq, max
βP rB1´α

λ̂upβq

ff

.

Here rB1´α is a 1 ´ α confidence set for β, calculated based on D. W. K. Andrews and

Soares (2010) treating the estimator φ̂ as the true value. This interval is reported in the

first row in Table 2.2, and it gives statistically significant results in all three subsamples.

However, CIDM18 does not account for the estimation uncertainty in λ̂ℓ, λ̂u and φ̂, mak-
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Table 2.2: Percentage Change in Number of Exporters, α “ 0.05
Firm All Large Small
DM18 [-10.2, -6.1] [-17.3, -12.7] [0.3, 0.5]
DM18 - Bonferroni ajusted [-22.9, 1.5] [-30.4, -0.8] [-0.1, 1.4]
New [-20.4, -1.6] [-27.4, -8.7] [ 0, 1.2]

ing it potentially invalid. Additionally, it is unclear how CIDM18 compares to the new

confidence interval. On the one hand, CIDM18 lacks validity and may be too narrow; on

the other hand, it is a projection of the confidence set B̂1´α, which can be unnecessarily

wide. To decompose these two effects, I first validate CIDM18 by appropriately adjusting

for estimation uncertainty with

CIDM18 adj “

»

– min
βPB̂1´ α

2

λ̂ℓpβq ´ Φ´1p1 ´
α

4
qσ̂ℓpβq, max

βPB̂a
1´ α

2

λ̂upβq ` Φ´1p1 ´
α

4
qσ̂upβq

fi

fl .

Here B̂a
1´α

2
is the 1´ α

2 confidence set of β that takes into account the estimation uncertainty

in φ̂. CIDM18 adj employs the same projection method used in Dickstein and Morales (2018),

but with a Bonferroni-type adjustment, ensuring its validity. This interval is reported in

the second row. CIDM18 adj is considerably wider and crosses zero for all-firm and small-

firm samples. In the third line, I report the new CI calculated by the calibrated projection

method proposed in Section 2.4. The calibrated projection method, which is not only

valid but also more efficient, is shorter than CIDM18 adj and restores statistical significance,

signing the effect of the change in the number of exporters under perfect foresight.

2.7 Conclusion

In this essay, I propose inference procedures for a target object whose identified set is

a union of bounds. When the union is taken over a finite set, I introduce a novel modified

conditional CI based on a truncated conditional critical value, which significantly improves

upon existing procedures over a large set of DGPs. Empirical examples include sensitivity

analysis in DiD and RDD, bunching strategies to identify the elasticity of taxable income,

and misspecification in instrumental variable models. When the union is taken over an
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infinite set, I propose a calibrated projection CI, which is computationally attractive and

applicable to structural counterfactual analysis in general moment inequality settings.
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3. Local linearization based subvector inference in
moment inequality models

This essay introduces a bootstrap-based profiling inference method for subvectors in

moment inequality models. 1

3.1 Introduction

A moment inequality model has the form

EF

“

mjpWi; θ0q
‰

ě 0, j “ 1, ..., p
EF

“

mjpWi; θ0q
‰

“ 0, j “ p` 1, ..., k
(3.1)

where tWiu
n
i“1 is an independent and identically distributed (i.i.d.) sequence of random

variables with distribution F and m “ pm1, ...,mkq1 : Rd ˆ Θ Ñ Rk is a known measurable

function of a finite-dimensional parameter vector θ P Θ. Frequently the parameter θ0 in

this model is not known to be point identified, a feature that complicates both estimation

and inference substantially. Most of the recent papers on inference for moment inequalities

focus on confidence sets for the entire parameter vector, e.g. D. W. K. Andrews and Shi

(2013), D. W. K. Andrews and Soares (2010), Chernozhukov et al. (2007), and Rosen

(2008). See Canay and Shaikh (2017) and Molinari (2020) for more references. However,

applied researchers are often interested in a few specific components (a subvector) of the

whole parameter vector, i.e. c1θ0 where c is a dθ ˆ dr matrix with full column rank.

Bugni et al. (2017) (BCS17) propose a bootstrap-based test procedure for H0 : c
1θ0 “ r.

Similar to Romano and Shaikh (2008), they calculate the profiled test statistic, as well as

its bootstrap approximation, by minimizing the test statistic over the whole null parameter

space to profile out the nuisance parameters. Building on their work, this essay uses the

same test statistic and improves upon BCS17 by applying local linearization methods to

calculate the critical value. The challenge of local linearization is that the a naive boot-

strapped minimizer θ̂˚
n,r may be near a different point of the identified set from the original

minimizer θ̂n,r. To address this issue, a penalty term is added to the bootstrapped test

1 This essay was originally published in the Journal of Econometrics, Volume 238, Issue 1, Pages 105594,
[2024]
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statistic to keep θ̂˚
n,r close to θ̂n,r, and therefore, close to the same point in the identified

set. This enables linearization of the moment conditions and the constraints around this

point. In this way, the bootstrap iterates over quadratic programming as opposed to general

nonlinear problems. The local linearization based test (Test LL) controls asymptotic size

uniformly over a large class of data generating processes and can be inverted to construct

the confidence interval. As for power properties, Test LL weakly dominates projection-

based procedures in any finite sample, and strictly dominates projection-based procedures

in terms of asymptotic power.

Kaido et al. (2019) (KMS19) introduce a calibrated projection-based subvector inference

method, where they calibrate the critical value so that the coverage of the subvector is above

the prespecified probability. KMS19 also linearize constraints locally around the evaluated

points, and the critical value can be calculated by analyzing linear programs. However,

KMS conducts the test for a grid of θ; while LL, as a profile based method, conducts the

test for a grid of r only. The grid search over a relatively large dimensional space can

be time-consuming, which makes the LL method more computationally efficient, especially

with dθ much larger than dr. G. Cox and Shi (2019) propose a simple test for moment

inequalities based on the rank of the active inequalities in finite samples, but it is required

that the nuisance parameters enter the moment conditions linearly to adapt it for subvector

inference. Belloni et al. (2018) study subvector inference with many moment inequalities.

Chen et al. (2018) provide Monte Carlo confidence sets for the identified sets, rather than

the true value, of both the full parameter vector and subvectors. Kline and Tamer (2016)

develop a Bayesian approach that can be used for subvector inference in partially identified

models, but they do not provide uniform validity results.

The Monte Carlo simulation studies the finite sample properties of Test LL and compares

it to BCS17 and KMS19, with all three methods implemented with the E-A-M algorithm

proposed in KMS19. The simulation study, conducted on a simple entry game, considers

two sample sizes with n “ 1000, 4000 and three model sizes with the number of moment

conditions k “ 8, 16, 24 and the number of parameters dθ “ 7, 11, 15. Test LL improves
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upon the computing time of BCS17 (resp. KMS19) by a factor ranging from 30 to 170 (

resp. 3 to 27). The computational advantage of Test LL is more prominent with a larger

sample and model size, reaching the highest factors for the highest dimensional parameters.

The simulation results also confirm the good size and power properties.

3.2 Local linearization based subvector inference

In this section, I set up the model and illustrate the local linearization based test.

3.2.1 The model and notation

I assume that the distribution F belongs to a baseline distribution space P, and I

maintain the following mild assumption on Θ.

Assumption 30. The parameter space Θ is a non-empty, convex and compact subset of

Rdθ with dθ ă 8.

Definition 31. For any distribution F P P, the corresponding identified set ΘIpF q is given

by

ΘIpF q :“

"

θ P Θ :
EF

“

mjpWi; θq
‰

ě 0, j “ 1, ..., p
EF

“

mjpWi; θq
‰

“ 0, j “ p` 1, ..., k

*

.

By definition, the identified set ΘIpF q is the set of parameter values θ P Θ that are ob-

servationally equivalent to the true value θ0. The objective of this essay is to construct a

confidence interval for c1θ0 where c is a dθ ˆ dr matrix. I do this by inverting a test of the

hypotheses

H0 : c
1θ0 “ r v.s. H1 : c

1θ0 ‰ r, (3.2)

where r is a dr ˆ1 vector. The hypothesis test is based on a profiled test statistic Jnprq such

that H0 is rejected if Jnprq is too large. Specifically, it takes the form

ϕLL
n prq :“ 1

“

Jnprq ą cvLL
n pr, 1 ´ αq

‰

,

where 1r¨s is the indicator function, α P p0, 1q is the significance level, and cvLL
n pr, 1´αq is

the critical value I define later.
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Before presenting the test procedure, I introduce more notation. For vector a, b, denote

}a} :“
?
a1a and denote dpa, bq :“

›

›a ´ b
›

› as the Euclidean distance between a and b. For

point a and set B, let dpa,Bq :“ inf
bPB

}a´ b}. For a scalar α, an element a and a set A, let

a`A “ ta` ã : ã P Au and αA “ tαa : a P Au. The ε-expansion of Θ1 Ď Θ is defined as

Θε
1 :“ tθ P Θ : d pθ,Θ1q ď ϵu .

Let

Θprq :“
␣

θ P Θ : c1θ “ r
(

be the set of parameters that satisfy the subvector restriction, and

ΘIpr, F q :“
␣

θ P ΘIpF q : c1θ “ r
(

. (3.3)

be the set of parameters that satisfy both the moment conditions and the subvector re-

striction. ΘIpr, F q is compact and non-empty under H0. Define the projection operator

T r : Θ Ñ Θ that projects θ on ΘIpr, F q, i.e.

T rθ P argmin
θ̃PΘIpr,F q

dpθ̃, θq,

where T rθ is well defined under H0. If the argmin set contains more than one element,

T rθ is one of the minimizers, and the choice does not affect the results. The operator T r

depends on F , but I leave this dependence implicit to simplify notation. Denote by

ΣF pθq “ EF

„

´

mpW, θq ´ EF

“

mpW, θq
‰

¯´

mpW, θq ´ EF

“

mpW, θq
‰

¯1
ȷ

DF pθq “ diag pΣF pθqq

the variance-covariance matrix and the diagonal matrix of variance. Let rxs` “ maxpx, 0q,

rxs´ “ maxp´x, 0q and R` “ r0,`8q.

Definition 32. The parameter space of pr, F q is defined by

L :“
␣

pr, F q : F P P, r P tc1θ : θ P Θu
(

,

and the null parameter space of pr, F q is

L0 :“
␣

pr, F q : F P P, r P tc1θ : θ P ΘIpF qu
(

.
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3.2.2 The profiled test statistic

Denote by

m̄npθq :“
1

n

n
ÿ

i“1

mpWi, θq,

Σ̂npθq :“
1

n

n
ÿ

i“1

`

mpWi, θq ´ m̄npθq
˘`

mpWi, θq ´ m̄npθq
˘1
,

the sample mean and sample variance-covariance matrix of the moment functions in (3.1).

Let

D̂npθq :“ diag
`

Σ̂npθq
˘

be the diagonal matrix of sample variances, and

Ω̂npθq :“ D̂npθq´ 1
2 Σ̂npθqD̂npθq´ 1

2

be the sample correlation matrix.

Define the profiled test statistic by

Jnprq :“ inf
θPΘprq

S
`

D̂npθq´ 1
2
?
nm̄npθq, Ω̂npθq

˘

(3.4)

where S is a test function specified by the econometrician and required to satisfy several

regularity assumptions, see Assumptions 87, 88 in the Appendix. These assumptions are

standard in the literature, see, e.g. D. W. K. Andrews and Guggenberger (2009) and

D. W. K. Andrews and Soares (2010). Two widely used test functions are the modified

method of moments (MMM) and the quasi-likelihood ratio (QLR) statistics given by

SMMMpm,Σq “

p
ÿ

j“1

„

mj{Σ
1
2
jj

ȷ2

´

`

k
ÿ

j“p`1

ˆ

mj{Σ
1
2
jj

˙2

,

SQLRpm,Σq “ inf
t“pt1,0k´pq:t1PRp

`

pm´ tq1Σ´1pm´ tq.

The test statistic takes the infimum of test function Sp¨q over the restricted parameter space

Θprq.

57



3.2.3 Local linearization based critical value

The critical value cvLL
n pr, 1 ´ αq is the 1 ´ α quantile of

JLL
n prq :“ inf

θ̂n,rPΘ̂Iprq

S
´

υ˚
npθ̂n,rq ` φ

´

ξnpθ̂n,rq

¯

` Ĝnpθ̂n,rq∆pθ̂n,rq, Ω̂npθ̂n,rq

¯

. (3.5)

where

∆pθ̂n,rq P argmin
∆P∆r

npθ̂n,rq

ˆ

S
´

υ˚
npθ̂n,rq ` φ

´

ξnpθ̂n,rq

¯

` Ĝnpθ̂n,rq∆, Ω̂npθ̂n,rq

¯

`
λn
n

›

›∆
›

›

2
˙

.

(3.6)

The elements in (3.5) and (3.6) are listed below.

1. υ˚
np¨q is a stochastic process defined as

υ˚
npθq “

1
?
n

n
ÿ

i“1

D̂npθq´ 1
2

`

mpWi, θq ´ m̄npθq
˘

ζi, ζi|tWıu
n
ı“1 „ Np0, 1q i.i.d. (3.7)

2. ξnpθq “
?
n

κn
D̂npθq´ 1

2 m̄npθq is a slackness function with κn Ñ 8 and κn “ O
´

n1{4

plnnq1{χ

¯

where χ is defined in Assumption 88.5. Following D. W. K. Andrews and Soares

(2010), the suggested choice is κn “
?
lnn.

3. φp¨q “ pφ1p¨q, ..., φkp¨qq is a generalized moment selection (GMS) function with

φjpξq “

#

rξjs`
for j “ 1, ..., p

0 for j “ p` 1, ..., k.
(3.8)

4. Ĝnp¨q is a consistent estimator of the Jacobian GF pθq “ ∇θ1

´

DF pθq´ 1
2EF pmpθqq

¯

.

5. λn is a non-random sequence satisfying λn{
?
n Ñ 8 and λnplnκ2nq

2
χ “ Opnq where χ

is defined in Assumption 88.5. A valid choice is λn “
?
nκ2n.

6. Θ̂Iprq is a non-empty subset of the minimizers

H ‰ Θ̂Iprq Ď argmin
θPΘprq

S
´

D̂npθq´ 1
2
?
nm̄npθq, Ω̂npθq

¯

. (3.9)

More generally, Θ̂Iprq can in fact be a subset of approximate minimizers satisfying

sup
θPΘ̂Iprq

d pθ,ΘIpr, F qq “ sup
θPΘ̂Iprq

d pθ, T rθq “ op

´

n´1{2plnκ2nq1{χ
¯

(3.10)
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with χ defined in Assumption 88.5.

7. ∆r
np¨q is a set such that ∆r

npθq Ď
?
npΘprq ´ T rθq for all θ P Θ̂Iprq with probability

approaching one.

To illustrate the construction of the critical value, first, omit the outer inf operator in (3.5)

and focus on a single θ̂n,r P Θ̂Iprq. The first step estimator, θ̂n,r, needs to be recalculated

for each bootstrap draw. The problem with doing a naive bootstrap is that it may be near a

different point of the identified set rather than T rθ̂n,r. A modified bootstrapped version of

θ̂n,r is given by T rθ̂n,r` 1?
n
∆pθ̂n,rq with ∆pθ̂n,rq defined in (3.6). In that expression, the first

element Sp¨q is a local linearization of the test function around T rθ̂n,r.2 The second element

is a penalty term that keeps the bootstrap version of θ̂n,r near T rθ̂n,r, the same point in

the identified set. The feasible set of T rθ̂n,r ` 1?
n
∆pθ̂n,rq is Θprq, hence we need to choose

∆pθ̂n,rq P
?
n
´

Θprq ´ T rθ̂n,r

¯

. However, T rθ̂n,r is unknown and thus we approximate the

boundary constraint by ∆r
npθ̂n,rq. When the bootstrapped minimizer is plugged into the

linearized statistic, the result is (3.5). Lastly, note that this local optimization holds for all

θ̂n,r P Θ̂Iprq, thus we implement the outer inf operator in (3.5) to improve power.

The penalty term in (3.6) is a new contribution of this essay, and it validates the

local linearization approximation of the moment conditions, which greatly improves the

computation. When Test LL is implemented with the MMM or QLR test function and

a polyhedral ∆r
npθq, the inner minimization in (3.6) is a simple quadratic programming

problem. Also, note that Θ̂Iprq is not required to contain all the minimizers for the coverage

property, and in practice, Θ̂Iprq contains only a few elements. In this way, the bootstrap

iterates over quadratic programming problems, which can be solved with high-speed solvers

like CVXGEN in Mattingley and Boyd (2012).

Next, I present the assumptions that are important for proper coverage.

2 In (3.6), we can replace T r θ̂n,r with θ̂n,r since they are close enough.
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Assumption 33. For all pr, F q P L0 and θ P Θprq,

S
´

EF

`

mpW, θq
˘

,ΣF pθq

¯

ě cmin tδ, dpθ,ΘIpr, F qqu
χ

for some constants c, δ ą 0 and for χ as in Assumption 88.5.

Assumption 33 is borrowed from BCS17. It states that in a neighborhood of the null

identified set ΘIpr, F q, the population version of the test function can be bounded below by

a polynomial of the deviation of θ from ΘIpr, F q. It is similar to the polynomial minorant

condition in Chernozhukov et al. (2007) (Eqs. (4.1) and (4.5)), but logically independent.

This assumption rules out some cases where the entire boundary is a smooth manifold,

focusing on a simpler class of models with a well-behaved ΘIpr, F q.34 However, it holds

under many cases of practical interest. Kaido et al. (2022) extensively analyze the constraint

qualifications in partial identification, including the minorant type condition, and so I

refer to their paper for detailed discussion. Assumption 33, together with other regularity

assumptions, guarantees that θ̂n,r is close enough to T rθ̂n,r, so that we can replace T rθ̂n,r

with θ̂n,r in the linear approximation.

Assumption 34. For all distributions F P P, it holds that

1. For each j, there exist GF,jpθq “ ∇θ1

´

DF,jpθq´ 1
2EF,j pmpW, θqq

¯

and its estimator

Ĝn,jp¨q such that

sup
θPΘ

›

›

›
Ĝn,jpθq ´GF,jpθq

›

›

›
“ Op

ˆ

κn
?
n

˙

uniformly in P, where κn is the GMS tuning parameter.

3 To give a simple example excluded by Assumption 33, let W “ pY,X1, X2q. P “

tNpr0, 0, µs, I3q : µ P p0, 1su, and mpW ; θq “ ErY ´X1θ1´X2θ2s ě 0. Θ “ r´1, 1s
2 and H0 : θ1 “ 0, it is easy

to get ΘIpr, F q “ t0u ˆ r´1, 0s. Consider the MMM test statistic. For all θ2 ą 0, dpp0, θ2q,ΘIpr, F qq “ θ2

and S
´

EF

`

mpWi, θq
˘

,ΣF pθq

¯

“ r´µθ2s
2
´{p1` θ22q ď µ2θ22. In this case, χ “ 2 and we can not find c, δ such

that Assumption 33 holds.
4 To give a simple example excluded by Assumption 33, let ErW s “ 1, varpW q “ 1, Θ “ r´2, 2s

2,
mpW ; θq “ ErW ´ θ21 ´ θ22s ě 0 and H0 : θ1 “ 1. It is easy to get ΘIpr, F q “ tp1, 0qu. Consider the MMM
test statistic. For all θ2 ą 0, dpp1, θ2q,ΘIpr, F qq “ θ2 and S

´

EF

`

mpWi, θq
˘

,ΣF pθq

¯

“ r´θ22s
2
´ “ θ42. In this

case, χ “ 2 and we can not find c, δ such that Assumption 33 holds.
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2. There exists MG, M̄G ă 8, such that for all θ1, θ2 P Θ,

max
j“1,...,k

sup
FPP

}GF,jpθ1q ´GF,jpθ2q} ď MG }θ1 ´ θ2}

and

max
j“1,...,k

sup
FPP

sup
θPΘIpF q

}GF,jpθq} ď M̄G.

Assumption 34 requires that the normalized population moments are differentiable and

that the derivative can be consistently estimated uniformly in θ and in F . For instance, in

a separable model with DF pθq “ DF invariant to θ, we can use

Ĝn,jpθq “ D̂
´ 1

2
n,j ∇θ1m̄jpθq.

See KMS19 Supplemental Appendix F for such estimators in some canonical moment in-

equality examples.

Lastly, I give a sufficient primitive assumption for the set ∆r
npθq.

Assumption 35. Set ∆r
npθq satisfies:

1. 0 P ∆r
npθq.

2. Let εn “ n´1{2plnκ2nq1{χ where χ satisfies Assumption 88.5. There exists a ą 0 such

that

lim inf
n

inf
pr,F qPL0

inf
θPΘprqXΘIpr,F qaεn

P
`

∆r
npθq Ď

?
npΘprq ´ T rθq

˘

“ 1. (3.11)

∆r
npθq is a key choice for implementing the method and sets the boundary for the local

search to get the critical value. Note that ΘIpr, F qaεn is a non-random expansion of ΘIpr, F q

and

θ̂n,r P Θ̂Iprq Ď Θprq X ΘIpr, F qaεn

with probability approaching one. Thus Assumption 35 guarantees that

∆r
npθ̂n,rq Ď

?
npΘprq ´ T rθ̂n,rq
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holds asymptotically. Assumption 35 is trivially satisfied with ∆r
npθq “ t0dθu, but the idea

is to choose ∆r
npθq as large as possible, while still satisfying Assumption 35, to improve the

power. To give a simple example of ∆r
npθq, let Θ “ r0, 1s2, c “ p1, 0q and Θprq “ truˆr0, 1s.

Note that for θ “ pθ1, θ2q P Θprq X ΘIpr, F qεn , dpθ, T rθq ď εn, thus
?
n pΘprq ´ T rθq “

?
n pΘprq ´ θq `

?
n pθ ´ T rθq

“ t0u ˆ
“?
np0 ´ θ2q `

?
n
`

θ2 ´ pT rθq2
˘

,
?
np1 ´ θ2q `

?
n
`

θ2 ´ pT rθq2
˘‰

Ě t0u ˆ
“?
np´θ2 ` εnq,

?
np1 ´ θ2 ´ εnq

‰

where the first two lines are straightforward and the last line follows from |θ2 ´ pT rθq2| ď

dpθ, T rθq ď εn. Hence,

∆r
npθq “

`

t0u ˆ
“?
np´θ2 ` εnq,

?
np1 ´ θ2 ´ εnq

‰˘

Y t02u (3.12)

satisfies Assumption 35. Also, note that Assumption 35 allows for data-dependent choices

of tuning parameters that enter ∆r
npθq since ∆r

npθq Ď
?
npΘprq ´ T rθq only needs to hold

with probability approaching one. Section 3.4.1 gives more examples.

Theorem 36. Let Assumptions 30, 33, 34, 35, 86, 87, 88, 89 hold. Then for all α P p0, 12q,

lim sup
nÑ8

sup
pr,F qPL0

EF

“

ϕLLn prq
‰

ď α. (3.13)

Assumptions 86, 87, 88, 89 can be found in Appendix B.1.2. Assumptions 86 and

87 are borrowed from BCS17. Assumption 86 gives regularity conditions on the baseline

distribution space. It is the same as BCS17 Definition 4.2 and thus I refer to their paper

for detailed discussion. Assumption 87 is a continuity assumption on the limit distribution

of the test statistic. Assumption 88 is the maintained assumption on the test function S.

Assumption 89 restricts the rates of tuning parameters.

Remark 37. The set Θ̂Iprq is also used in BCS17 with a similar requirement, and BCS17

Remark 4.1 applies here. The key restriction for set Θ̂Iprq is that

sup
θPΘ̂Iprq

d pθ,ΘIpr, F qq “ op

´

n´1{2plnκ2nq1{χ
¯

62



uniformly, or sufficiently

P
´

Θ̂Iprq Ď Θprq X ΘIpr, F qεn
¯

Ñ 1

uniformly with εn “ an´1{2plnκ2nq1{χ for some a ą 0. This has two implications. First, we

do not need to consistently estimate ΘIpr, F q and Θ̂Iprq is not required to contain all the

minimizers of Jnprq. The intuition is that with fewer elements in Θ̂Iprq, the critical value

defined in (3.5) is larger and the coverage is higher. And thus for the asymptotic size control,

it suffices to include only one minimizer and construct the critical value by minimizing

locally around the single point. Second, Θ̂Iprq can also be a subset of approximate minimizers

defined as

Θ̂Iprq Ď

!

θ P Θprq : S
`

D̂npθq´ 1
2
?
nm̄npθq, Ω̂npθq

˘

ď Jnprq ` δn

)

with δn ě 0 and δn “ opp1q. I give detailed guidance on calculating Θ̂Iprq in Section 3.4.2.

3.3 Comparison with BCS critical value

BCS17 use the same profiled test statistic as in (3.4). In this section, I compare the

LL critical value with BCS critical value in terms of the choice of GMS functions, power

properties and computation.

3.3.1 BCS critical value

Let υ˚
np¨q defined as in (3.7). And to simplify notation, let

Qn

´

Θ̃, φ̃p¨q, ∆̃p¨q

¯

“ inf
θPΘ̃

S
´

υ˚
npθq ` φ̃pθq ` Ĝnpθq∆pθq, Ω̂npθq

¯

(3.14)

where

∆pθq P argmin
∆P∆̃pθq

S
´

υ˚
npθq ` φ̃pθq ` Ĝnpθq∆pθq, Ω̂npθq

¯

`
λn
n

}∆}
2 .

The LL critical value is given by the 1 ´ α quantile of

JLL
n prq “ Qn

´

Θ̂Iprq, φpξnp¨qq,∆r
np¨q

¯

. (3.15)
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The critical value of the minimum resampling test in BCS17 is given by the 1 ´ α quantile

of

JBCS
n prq “ mintJDR

n prq, JPR
n prqu

with

JDR
n prq “ Qn

´

Θ̂Iprq, φBCSpξnp¨qq, t0dθu

¯

, (3.16)

JPR
n prq “ Qn pΘprq, ξnp¨q, t0dθuq , (3.17)

where φBCS
n p¨q is a GMS function satisfying the following assumption.

Assumption 38. Given the GMS function φBCSp¨q, there is a function φ˚ : Rk
r˘8s

Ñ Rk
r`8s

that takes the form φ˚pξq “
`

φ˚
1 pξ1q , . . . , φ˚

p pξpq ,0k´p

˘

and, for all j “ 1, . . . , p,

1. φ˚
j pξjq ě φj pξjq for all ξj P Rr`8s

2. φ˚
j p¨q is continuous

3. φ˚
j pξjq “ 0 for all ξj ď 0 and φ˚

j p8q “ 8.

Assumption 38 is satisfied when φBCS is any of the functions φp1q ´ φp4q described in

D. W. K. Andrews and Soares (2010). For instance, in the main text and the simulation in

BCS17, they use

φ
p1q

j pξq “

"

8, if ξj ą 1 and j “ 1, ..., p
0, if ξj ď 1, or j “ p` 1, ..., k

. (3.18)

Here and after, denote Test BCS (resp. DR, PR) as the test with the test statistic in (3.4)

and 1 ´ α quantile of JBCS
n prq (resp. JDR

n prq, JPR
n prq) being the critical value.

Comparing (3.15), (3.16) and (3.17), we can see that JPR
n minimizes over the whole

null parameter space Θprq, but JLL
n and JDR

n only search around Θ̂Iprq. Compared to Test

DR, Test LL further searches around Θ̂Iprq by minimizing over ∆, while Test DR imposes

∆ “ 0.

3.3.2 GMS functions

For Test LL, I only consider φpξq defined in (3.8), which is φp3q in D. W. K. Andrews

and Soares (2010). Other GMS functions allowing for φjpξq “ 8 for ξ P Rk may lead to
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overrejection. To see this, recall that we use

υ˚
npθ̂n,rq ` φnpξnpθ̂n,rqq ` Ĝnpθ̂n,rq∆pθ̂n,rq

as a linear approximation to

DF pθq
´ 1

2
?
nm̄n pθq « νnpT rθ̂n,rq ` hn,F pT rθ̂n,rq `GF pθ̄n,rq

?
npθ ´ T rθ̂n,rq

with ∆pθ̂n,rq “
?
npθ ´ T rθ̂n,rq “ oppn

1
4 q. Note that by construction, θ can be far away

from T rθ̂n,r, in the sense that the jth moment inequality condition can be violated at θ

even if it is slack at T rθ̂n,r. To be more specific, even if hn,F,jpT rθn,rq{κn Ñ `8, it is not

necessary that

hn,F,jpT
rθ̂n,rq `GF,jpθ̄n,rq

?
npθ ´ T rθ̂n,rq ě 0.

Hence, we can not simply omit the jth moment by setting φj “ 8. Using a GMS function

with φjpξq ă 8 for ξ P Rk, j “ 1, ..., p introduces a penalty when violating the inequalities,

which mimics the behavior of the profiled test statistic.

This also suggests that the GMS function depends closely on how the feasible set ∆r
npθq

was chosen. If we choose a smaller ∆r
npθq so that it belongs to a fixed compact set, then

∆pθ̂n,rq “ Opp1q and θ “ T rθ̂n,r ` 1?
n
∆pθ̂n,rq is close enough to T rθ̂n,r. Therefore, the jth

moment inequality condition is slack at θ as long as it is large enough at T rθ̂n,r. That is,

hn,jpT
rθn,rq{κn ą 1 implies

hn,F,jpT
rθn,rq `GF,jpθn,rq∆pθn,rq Ñ `8.

In this case, we can ignore the jth moment in the approximation, and φp1q is a valid choice.

Test DR can be viewed as an extreme case here with ∆r
npθq “ t0dθu.

In general, the power increases (weakly) in ∆r
npθq and we want it to be as large as

possible. Hence, I work with φp3q and do not impose further boundary restrictions on

∆r
npθq.
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3.3.3 Power properties

In this section, I compare Test LL with Test DR and Test PR in terms of power prop-

erties.

Comparison with Test DR

Test DR is closely related to Test LL. If we assume the GMS functions φn are the same

in Test LL and Test DR, we have

JLL
n prq “ inf

θPΘ̂Iprq

S
´

υ˚
npθq ` φpξnpθqq ` Ĝnpθq∆pθq, Ω̂npθq

¯

ď inf
θPΘ̂Iprq

ˆ

S
`

υ˚
npθq ` φpξnpθqq ` Ĝnpθq∆pθq, Ω̂npθq

˘

`
λn
n

||∆pθq||2
˙

ď inf
θPΘ̂Iprq

S
`

υ˚
npθq ` φpξnpθqq, Ω̂npθq

˘

“ JDR
n prq

where the first line is by (3.5), the first inequality is straightforward and the second one

follows from (3.6) and 0 P ∆r
npθq. Thus the power of Test LL is greater than Test DR for

all sample sizes and all alternatives.

Remark 39. It is also common practice to use a projection-based method in applied work.

The projection-based method first computes the confidence set for the entire parameter θ by

CSθnp1 ´ αq ”

!

θ P Θ : S
`

D̂npθq´ 1
2
?
nm̄npθq, Ω̂npθq

˘

ď cvθnpθ, 1 ´ αq

)

where cvθnpθ, 1´αq is such that CSθnp1´αq has the correct asymptotic size; and then rejects

H0 if Θprq X CSθnp1 ´ αq “ H. BCS17 proves that Test DR has higher power than this

projection-based test in finite samples for all alternatives. Thus, for all samples, it follows

that ϕBP
n prq ď ϕDR

n prq ď ϕLLn prq, where ϕBP
n prq, ϕDR

n prq and ϕLLn prq be the projection-based

test, Test DP in BCS17 and Test LL, respectively. By Remark 4.6 in BCS17, under a

condition similar to Bugni et al. (2015)(BCS15) Assumption A.9, Test DR has strictly

higher asymptotic power than the projection-based test. Under the same condition, Test LL

has strictly higher asymptotic power than the projection-based test.
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Example 40 illustrates a case where Test LL has strictly better asymptotic power than

Test DR with MMM test function and the same GMS function φ in (3.8).

Example 40. Let tWiu
n
i“1 “ tpW1,i,W2,i,W3,iqu

n
i“1 be an i.i.d. sequence of random

variables with distribution Fn,ΣFn “ I3, EFn rW1s “ µ1κn{
?
n,EFn rW2s “ µ2{

?
n, and

EFn rW3s “ 0 for some µ1 ą 0, µ2 ď 0. Consider the following model with Θ “ r´1, 1s3 :

EFn rm1 pWi, θqs “ EFn rW1,i ´ θ1s ě 0,

EFn rm2 pWi, θqs “ EFn rW2,i ´ θ2s ě 0,

EFn rm3 pWi, θqs “ EFn rW3,i ´ θ3s “ 0.

We are interested in testing the hypotheses

H0 : c
1θ “ pθ1, θ2q “ p0, 0q v.s. H1 : c

1θ “ pθ1, θ2q ­“ p0, 0q.

Below I use Z “ pZ1, Z2, Z3q „ Np0, I3q. Simple algebra shows that

Jnprq “ inf
θ3Pr´1,1s

”?
nσ̂´1

n,1W̄n,1

ı2

´
`

”?
nσ̂´1

n,2W̄n,2

ı2

´
`

´?
nσ̂´1

n,3pW̄n,3 ´ θ3q

¯2

d
Ñ rZ2 ` µ2s

2
´ .

Test LL Let Θ̂I “ tp0, 0, W̄n,3qu. Let εn “

b

lnκ2
n

n and

∆r
npθ̂nq “

!

p0, 0, ∆̃3q : ∆̃3 P
?
n
“

´1 ` εn ´ W̄3, 1 ´ εn ´ W̄3

‰

)

Y t03u

in the spirit of (3.12). This test uses the (conditional) p1 ´ αq quantile of

JLL
n prq “

”

υ˚
n,1 ` φ1pξnpθ̂nqq

ı2

´
`

”

υ˚
n,2 ` φ2pξnpθ̂nqq

ı2

´
`
`

υ˚
n,3 ´ ∆3

˘2

∆3 P argmin
∆̃:p0,0,∆̃qP∆r

npθ̂nq

”

υ˚
n,1 ` φ1pξnpθ̂nqq

ı2

´
`

”

υ˚
n,2 ` φ2pξnpθ̂nqq

ı2

´
`

´

υ˚
n,3 ´ ∆̃

¯2
`
λn
n
∆̃2.

υ˚
n is defined in (3.7) and it is invariant to θ in this additively separable model, thus I omit

the argument. It is straightforward to get ∆3 “ υ˚
n,3{p1`λn{nq with probability approaching

one and

JLL
n prq

d
ÝÑ rZ1 ` µ1s

2
´ ` rZ2s

2
´ .
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Test DR We have

JDR
n prq “

”

υ˚
n,1 ` φ1pξnpθ̂nqq

ı2

´
`

”

υ˚
n,2 ` φ2pξnpθ̂nqq

ı2

´
`
`

υ˚
n,3

˘2

d
ÝÑ rZ1 ` µ1s

2
´ ` rZ2s

2
´ ` Z2

3 .

Thus we have JDR
n prq ą JLL

n prq, and Test LL has strictly higher power than Test DR.

Comparison with Test PR

I first consider a simple separable linear model

ErmjpW ; θqs “ ErWj `Gjθs ě 0 j “ 1, ..., p

ErmjpW ; θqs “ ErWj `Gjθs “ 0 j “ p` 1, ..., k

where Gj is 1 ˆ dθ nonrandom known vector.

Test PR uses the (conditional) p1 ´ αq quantile of

JPR
n prq “ inf

θPΘprq
S

ˆ

υ˚
n `

?
n

κn
D̂

´ 1
2

n pW̄ `Gθq, Ω̂n

˙

(3.19)

“ inf
θ̂nPΘ̂I

inf
θPΘprq

S

ˆ

υ˚
n `

?
n

κn
D̂

´ 1
2

n pW̄ `Gθ̂n,rq `

?
n

κn
D̂

´ 1
2

n Gpθ ´ θ̂n,rq, Ω̂n

˙

(3.20)

“ inf
θ̂nPΘ̂Iprq

S

ˆ

υ˚
n ` ξnpθ̂n,rq ` D̂

´ 1
2

n G∆PRpθ̂n,rq, Ω̂n

˙

(3.21)

where

∆PRpθq P argmin
∆P

?
n

κn
pΘprq´θq

S

ˆ

υ˚
n ` ξnpθq ` D̂

´ 1
2

n G∆, Ω̂n

˙

.

Note that (3.19) follows from the definition in (3.17) and (3.20) simply rearranges terms by

adding and subtracting
?
n

κn
D̂

´ 1
2

n θ̂n,r. In (3.21), I replace the optimal value of
?
n

κn
pθ ´ θ̂n,rq

with ∆PRpθ̂n,rq.

Recall that Test LL uses the (conditional) p1 ´ αq quantile of

JLL
n prq “ inf

θ̂nPΘ̂Iprq

S

ˆ

υ˚
n ` φpξnpθ̂n,rqq ` D̂

´ 1
2

n G∆LLpθ̂n,rq, Ω̂n

˙

(3.22)
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∆LLpθq P argmin
∆P∆r

npθq

S

ˆ

υ˚
n ` φpξnpθqq ` D̂

´ 1
2

n G∆, Ω̂n

˙

`
λn
n

||∆||2. (3.23)

The differences between (3.21) and (3.22) are the slackness function and the choice of

∆. The two slackness functions are asymptotically equivalent under the null and local

alternatives, in the sense that

ξnpθ̂n,rq “ φnpξnpθ̂n,rqq ` opp1q.

∆PR and ∆LL differ in (i) the feasible set, ∆LLpθ̂n,rq P ∆r
npθ̂n,rq Ď

?
npΘprq´T θ̂n,rq , while

∆PR P
?
n

κn

´

Θprq ´ θ̂n,r

¯

; (ii) the maximum divergence rate, ∆LL “ Opp

b

n
λn

q “ opn
1
4 q due

to the penalty term in the objective function, while ∆PR “ Opp
?
n

κn
q due to the feasible set.

However, if θ̂n,r is far away from the boundary of Θ and ∆PR,∆LL “ Opp1q, the feasible

set constraint is not binding. In this case, Test LL and Test PR have the same asymptotic

power under the null and the local alternatives. I use Example 40 to illustrate.

Example 41 (continued). Test PR.

JPR
n prq “ inf

θ3Pr´1,1s

„

υ˚
n,1 `

?
n

κn
σ̂´1
n,1W̄n,1

ȷ2

´

`

„

υ˚
n,2 `

?
n

κn
σ̂´1
n,2W̄n,2

ȷ2

´

`

ˆ

υ˚
n,3 `

?
n

κn
σ̂´1
n,3pW̄n,3 ´ θ3q

˙2

d
ÝÑ rZ1 ` µ1s

2
´ ` rZ2s

2
´

with ∆PR “ σ̂n,3υ
˚
n,3 “ Opp1q. The asymptotic distribution of JPR

n prq is the same as JLL
n prq.

Note that in this example,

θ̂n,r “ p0, 0, W̄n,3q
p
ÝÑ 03

is an interior point of Θ and recall that ∆LL “
`

0, 0, υ˚
n,3{p1 ` λn{nq

˘

“ Opp1q. As expected,

under the null (µ2 “ 0) and local alternative (µ2 ă 0), Test LL and Test PR have the same

asymptotic power.

However, in a non-separable or nonlinear model, the previous comparison does not hold

as the random process υ˚
n, Jacobian Ĝ and correlation matrix Ω̂ change with θ, in which
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case the power comparison of Test PR and Test LL is unclear. Below I give one example

where Test LL is dominated by Test PR.

Example 42. Let tWiu
n
i“1 “ tpW1,i,W2,i,W3,iqu

n
i“1 be an i.i.d. sequence of random vari-

ables with distribution Fn,ΣFn “ I3, EFn rW1s “ EFn rW2s “ 2 ´ µ{
?
n,EFn rW3s “ 0 for

some µ ě 0. Consider the following model with Θ “ r´2, 2s2 :

EFn rm1 pWi, θqs “ EFn rW1,i ´ θ1 ` θ2s ě 0,

EFn rm2 pWi, θqs “ EFn rW2,i ´ θ1 ´ θ2s ě 0,

EFn rm3 pWi, θqs “ EFn

“

W3,i ´ θ1 ` 1 ` η
`

θ22 ´ 1
˘‰

“ 0,

and η ą 0 is a known constant that measures the nonlinearity. We are interested in testing

the hypotheses

H0 : c
1θ “ θ1 “ 1 v.s. H1 : c

1θ “ θ1 ­“ 1.

Below I use Z “ pZ1, Z2, Z3q „ Np0, I3q. Under H0 with µ “ 0, the identified set is

ΘIp1q “ tp1, 1q, p1,´1qu. Under local alternatives,

Jnprq “ min
θ2Pr´2,2s

n

„

W̄1 ´ 1 ` θ2
σ̂1

ȷ2

´

` n

„

W̄2 ´ 1 ´ θ2
σ̂2

ȷ2

´

` n

˜

W̄3 ` η
`

θ22 ´ 1
˘

σ̂3

¸2

d
ÝÑ min

j“1,2

r2ηpZj ´ µq ` Z3s
2
´

4η2 ` 1

where r2ηpZ1´µq`Z3s
2
´

4η2`1
is the local minimum around θ “ p1,´1q and r2ηpZ2´µq`Z3s

2
´

4η2`1
is the

local minimum around θ “ p1, 1q. If the two local minimums are both zero, we have two min-

imizers, otherwise, the minimizer is unique. The calculation details are given in Appendix

??.

Test PR . We can show that

JPR
n p1q

ˇ

ˇWn
d
ÝÑ min

j

r2ηZj ` Z3s
2
´

4η2 ` 1
.
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Test LL. In this simple example, I use

Θ̂Iprq “ argmin
θPΘprq

n

„

W̄1 ´ 1 ` θ2
σ̂1

ȷ2

´

` n

„

W̄2 ´ 1 ´ θ2
σ̂2

ȷ2

´

` n

˜

W̄3 ` η
`

θ22 ´ 1
˘

σ̂3

¸2

which is the set of all minimizers.5 The bootstrapped test statistic JLL
n p1q depends on Θ̂Ip1q.

If Θ̂Ip1q is singleton with θ̂2 close to ´1, we let δn “ 1 and

JLL
n p1q

ˇ

ˇ tδn “ 1,Wnu
d
ÝÑ

r2ηZ1 ` Z3s
2
´

4η2 ` 1
.

If Θ̂Ip1q is singleton with θ̂2 close to 1, we let δn “ 2 and

JLL
n p1q

ˇ

ˇ tδn “ 2,Wnu
d
ÝÑ

r2ηZ2 ` Z3s
2
´

4η2 ` 1
.

And if Θ̂Ip1q contains more than one elements, we let δn “ 3 and

JLL
n p1q

ˇ

ˇ tδn “ 3,Wnu
d
ÝÑ min

j“1,2

r2ηZj ` Z3s
2
´

4η2 ` 1
.

See Appendix ?? for a specific form of δn.

For all η ą 0, the asymptotic distribution of JLL
n p1q first order stochastically dominates

JPR
n p1q and Test PR has strictly higher power than Test LL. The power loss comes from the

fact that we are unable to consistently estimate ΘIprq at a fast enough rate, and thus, with

positive probability, Θ̂Iprq can only approximate a strict subset of ΘIprq. In Figure 3.1, I

plot the local power of Test LL and Test PR for η from 0.125 to 10. We can see that the

power loss increases with the nonlinearity η, especially for η smaller than one. However,

when η changes from one to ten, the power curves do not change significantly, and thus the

power loss stablizes for large η.

5 The asymptotic power is the same if we use Θ̂Iprq which includes only one minimizer. The reason is
that if there are two distinct minimizers, then Jnprq “ 0 with probability approaching one. In this case, we
do not reject H0 and the critical value does not matter.
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Figure 3.1: Example 42 local power with coverage rate 1 ´ α “ 0.9
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3.3.4 Computational properties

To test H0 : c
1θ0 “ r for a given r, the most computationally demanding step in BCS17

is Test PR. First, Test PR bootstraps a statistic that minimizes a nonlinear objective

function. Second, we need to calculate υ˚
n,jpθq for (a large number of ) θ P Θprq. This is

computationally expensive as it requires evaluating the moment function mpWi, θq for all

observations i “ 1, ..., n. Test LL addresses the first point by approximating the objective

function and the constraints by linear counterparts so that the inner minimization problem

in (3.6) is simply quadratic programming. And Test LL addresses the second point by

conducting the outer minimization in (3.5) over Θ̂Iprq, so that we only need to calculate

υ˚
n,jpθq for θ P Θ̂Iprq, which is much smaller than Θprq.

Note that both Test DR and Test LL involve a potentially nonlinear constraint Θ̂Iprq,

which seems computationally costly. However, Θ̂Iprq is not required to contain all the
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minimizers and the number of elements in Θ̂Iprq trades off the computation and power

properties. In practice, Θ̂Iprq usually contains a finite number of points, and taking mini-

mization over Θ̂Iprq can be computationally easy.

For both Test LL and BCS, the confidence intervals are constructed by inverting the

test over a grid of r and the computing time increases linearly in the number of grid points.

BCS17 calculate the test on evenly spaced points in their simulation. An alternative method

is the E-A-M algorithm proposed in KMS19, which improves the implementation of BCS17

by a factor of roughly 4 in the KMS19 simulation. In Section 3.5, I implement both Test

BCS and Test LL with the E-A-M algorithm.

The computational gain of Test LL comes at the cost of potential power loss and addi-

tional user-chosen tuning parameters. To compute the critical value, Test PR searches over

the null set Θprq while Test LL only searches locally around Θ̂Iprq. Thus we may sacrifice

the power compared to Test PR if Θ̂Iprq includes only a few elements or if it can not be

a consistent estimator for ΘIprq, especially when the dimension of θ is relatively high and

ΘIprq is large. As for the tuning parameters, in addition to the GMS parameter κn, which

is also used in BCS, LL needs (i) the penalty parameter λn and (ii) the set ∆r
npθq which is a

local approximation of
?
npΘprq´T rθq. To reduce the number of tuning parameters, I sug-

gest setting λn “
?
nκ2n and constructing ∆r

npθq based on shrinking Θprq by aεn9

b

lnκ2
n

n ,

see Section 3.4.1 for detailed discussion.

3.4 Implementation

In this section, I illustrate the implementation details of constructing ∆r
npθq in (3.6),

Θ̂Iprq in (3.5), and give a step by step algorithm to construct the confidence interval.

3.4.1 Examples of ∆r
npθq

Recall that Assumption 35 requires that for some a ą 0,

0 P ∆r
npθq Ď

?
npΘprq ´ T rθq
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for all θ P Θprq X ΘIpr, F qaεn with εn “ n´1{2plnκ2nq
1
χ with probability approaching one.

Note that
?
npΘprq ´ T rθq “

?
npΘprq ´ θq `

?
npθ ´ T rθq,

thus the main idea is to shrink the boundary of
?
npΘprq ´ θq by an “upper bound” of

?
npθ ´ T rθq.

First, for a general Θ, define

Θprq “

!

θ P Rdθ : c1θ “ r, θ R Θ
)

to be the set of parameters satisfying the subvector restriction but not in Θ, and define

Θprq´εn “

!

θ P Θprq : d
´

θ,Θprq

¯

ě εn

)

to be the set of parameters in Θprq but away from the boundary of Θ. A valid choice is

∆r
npθq “

?
n
`

Θprq´εn ´ θ
˘

Y t0dθu . (3.24)

Assumption 35.1 holds trivially. To verify Assumption 35.2. For all θ P Θprq X ΘIpr, F qεn ,
›

›T rθ ´ θ
›

› ď εn, thus Θprq´εn Ď Θprq ´ pT rθ ´ θq, which implies that

?
n
`

Θprq´εn ´ θ
˘

Ď
?
n pΘprq ´ pT rθ ´ θq ´ θq “

?
n pΘprq ´ T rθq . (3.25)

Example 43. Let Θ “
␣

θ : θȷ ď θȷ ď θ̄ȷ, ȷ “ 1, ..., v
(

. We are interested in testing H0 :

c1θ “ r with c “ p1, 0v´1q1. In this sample,

Θprq “
␣

pr, θ2, ..., θvq : θȷ ď θȷ ď θ̄ȷ, ȷ “ 2, ..., v
(

,

Θprq “
␣

pr, θ2, ..., θvq : θȷ P p´8, θȷq Y pθ̄ȷ,`8q, ȷ “ 2, ..., v
(

,

Θprq´εn “ tru ˆ

v
ź

ȷ“2

“

θȷ ` εn, θ̄ȷ ´ εn
‰

.

And (3.24) is equivalent to

∆r
npθq “

˜

t0u ˆ

v
ź

ȷ“2

“?
npθȷ ´ θȷ ` εnq,

?
npθ̄ȷ ´ θȷ ´ εnq

‰

¸

Y t0vu. (3.26)
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We can also scale εn in (3.26) so that the test is invariant to the unit of parameters. That

is

∆r
npθq “

˜

t0u ˆ

v
ź

ȷ“2

“?
npθȷ ´ θȷ ` ϵn,ȷq,

?
npθ̄ȷ ´ θȷ ´ ϵn,ȷq

‰

¸

Y t0vu (3.27)

with ϵn,ȷ “
θ̄ȷ´θȷ

2 εn. In (3.27), Assumption 35 holds with a “ minȷ“2,...,v
θ̄ȷ´θȷ

2 .

If Θ is a polytope, i.e. Θ “ tθ : Aȷθ ď bȷ, ȷ “ 1, ..., Ju where Aȷ is a 1 ˆ dθ row vector,

then we can use

∆r
npθq “

␣

∆ : c1∆ “ 0, Aȷ∆ ď
?
nmaxpbȷ ´Aȷθ ´ ||Aȷ||εn, 0q, ȷ “ 1, ..., J

(

. (3.28)

It is straightforward to verify that 0 P ∆r
npθq for all θ P Θprq and ∆r

npθq “
?
npΘprq ´T rθq

for all θ P Θprq X ΘIpr, F qεn . I illustrate (3.28) with the following two examples.

Example 44. Let Θ “ tpθ1, θ2, θ3q : θ1 ě 0, θ2 ě 0, θ1 ` θ2 ď 1, 0 ď θ3 ď 1u. We are inter-

ested in testing H0 : c
1θ “ r with c “ p0, 0, 1q and r “ 0. Assume

ΘIprq “

"

p
1

2
, θ2, 0q : 0 ď θ2 ď

1

2

*

.

In this case, A1 “ p´1, 0, 0q, A2 “ p0,´1, 0q, A3 “ p1, 1, 0q, A4 “ p0, 0, 1q, A5 “ p0, 0,´1q

and b “ p0, 0, 1, 1, 0q. Θprq “ tpθ1, θ2, 0q : θ1 ě 0, θ2 ě 0, θ1 ` θ2 ď 1u.

For pθ1, θ2, 0q P ΘIpr, F qεn, we can easily calculate ∆r
npθq defined in (3.28)

∆r
npθq “

␣

p∆1,∆2, 0q : ∆1 ě
?
nminpεn ´ θ1, 0q,∆2 ě

?
nminpεn ´ θ2, 0q,

∆1 ` ∆2 ď
?
nmaxp1 ´

?
2εn ´ θ1 ´ θ2, 0q

)

.

If pθ1, θ2q is far away from the boundary of parameter space, for instance, pθ1, θ2q “ p12 ´

εn,
1
4q in Figure 3.2a, then with n large enough,

∆r
npθq “

␣

p∆1,∆2, 0q : ∆1 ě
?
npεn ´ θ1q,∆2 ě

?
npεn ´ θ2q,

∆1 ` ∆2 ď
?
n
´

1 ´ p
?
2εn ` θ1 ` θ2q

¯)

.
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This is
?
npΘprq´θq with each side of the boundary shrunk by width

?
nεn, see Figure 3.2c.

However, if pθ1, θ2q is close to the boundary of parameter space, for instance, pθ1, θ2q “

p12 ´ εn
2 ,

1
2q, then with n large enough,

∆r
npθq “

␣

p∆1,∆2, 0q : ∆1 ě
?
npεn ´ θ1q,∆2 ě

?
npεn ´ θ2q,∆1 ` ∆2 ď 0

(

.

In this case, the hypotenuse boundary is shrunk by
?
nεn

2
?
2

. The intuition is that θ is close to

the hypotenuse boundary, thus T rθ can not be too far away along direction p1, 1q. Thus the

shrinkage of this bound is smaller, see Figure 3.2f.
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Figure 3.2: Illustration of ∆r
npθq in Example 44

3.2a is the cross-section plot for the pθ1, θ2q at θ3 “ 0. The horizontal axis is θ1, the vertical axis is θ2 and the unit

is one. The “*” dot is θ “ p 1
2

´ εn,
1
4

q. The solid triangle is Θprq and the vertical dash line is ΘIprq. 3.2b is 3.2a

recentered at θ and scaled by
?
n. The unit for two axes is

?
n. In 3.2c the shaded triangle is ∆r

npθq and the rest is

the same as 3.2b. 3.2d, 3.2e and 3.2f are the same, except pθ1, θ2q “ p 1
2

´
εn
2
, 1
2

q.

Example 45 (continued). In the spirit of (3.27) and (3.28), it is also valid to use

∆r
npθq “ t0u ˆ

v
ź

ȷ“2

“

min
`?
npθȷ ´ θȷ ` ϵn,ȷq, 0

˘

,max
`?
npθ̄ȷ ´ θȷ ´ ϵn,ȷq, 0

˘‰

(3.29)

with ϵn,ȷ “
θ̄ȷ´θȷ

2 εn.
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3.4.2 Construction of Θ̂Iprq

As discussed in Remark 37, we can construct Θ̂Iprq by

Θ̂Iprq Ď

!

θ P Θprq : S
`

D̂npθq´ 1
2
?
nm̄npθq, Ω̂npθq

˘

ď Jnprq ` δn

)

(3.30)

with δn Ñ 0 being the tolerance for “approximate minimum”. The full set on the right hand

side of (3.30) is defined by non-linear restrictions and may contain uncountably many points,

but the suggested choice of Θ̂Iprq is a subset with only a finite number of “approximate

minimizers”. In practice, Θ̂Iprq can be the set of minimizers in (3.5) generated by different

initial values. For instance, we can run the MultiStart minimization algorithm in MATLAB

with K̄ P N different initial values, where K̄ is the maximum number of elements. The

algorithm will return the minimum Jnprq and K ď K̄ distinct minimizers. This method

avoids grid search or nonlinear restrictions.

Note that when JLL
n prq is large, we can further improve the efficiency by starting with

a singleton Θ̂Iprq. Specifically, we first calculate Jnprq and simultaneously get at least one

minimizer θ̂n,r. Then we can use this single value to calculate the critical value cvLL
1 . If

Jnprq ą cvLL
1 , there is no need to search for more elements in Θ̂Iprq and recalculate the

critical value, since the null hypothesis is rejected anyway. If Jnprq ď cvLL
1 , we use MultiSart

with K̄ initial values, and use Θ̂Iprq as the collection of K minimizers and recalculate cvLLK .

The testing result is given by

ϕprq “ 1
“

JLL
n prq ą cvLL

K

‰

.

In Section 3.4.3, I give a detailed algorithm on how to construct Θ̂Iprq.

Remark 46. It plays an important role in the scalability of Test LL that the number of

elements in Θ̂Iprq is finite and does not grow rapidly with dθ. Θ̂Iprq is chosen by the

researcher depending on the dimension of parameters, computational ability, and desired

power. This allows the researcher to balance flexibly the computational time and the length

of the confidence interval, which is not an obvious option for the existing methods. When

77



the dimension of parameters is relatively large, we may use a larger K̄ to improve power.

Moreover, the computing time increases much slower than a multiple of K̄ for the following

two reasons. First, as discussed in the previous paragraph, a singleton Θ̂Iprq is sufficient

when Jnprq ą cvLL
1 prq. Thus Θ̂Iprq with K ą 1 elements is only needed for r close to or

inside the confidence interval. Second, the MultiStart minimization algorithm and the calcu-

lation of ∆LLpθq in (3.23) can be easily parallelized. Therefore, the LL inference procedure

has scalability with the sample and model size even with a relatively large Θ̂Iprq.

3.4.3 A step by step algorithm

In this section, I give step by step algorithm to compute the confidence interval by

inverting Test LL. For completeness, I list below the notation used in this section. Define

m̄npθq :“ 1
n

řn
i“1mpWi, θq,

Σ̂npθq :“ 1
n

řn
i“1

`

mpWi, θq ´ m̄npθq
˘`

mpWi, θq ´ m̄npθq
˘1
,

D̂npθq :“ diag
`

Σ̂npθq
˘

,

Ω̂npθq :“ D̂npθq´ 1
2 Σ̂npθqD̂npθq´ 1

2 .

(3.31)

Let κn “
a

lnpnq, λn “
?
nκ2n, εn “

b

lnκ2
n

n and

S
`

m,Σ
˘

“

p
ÿ

j“1

”

mj{Σ
1
2
jj

ı2

´
`

k
ÿ

j“p`1

”

mj{Σ
1
2
jj

ı2
.

And ∆r
npθq is a set satisfying Assumption 35, for example,

∆r
npθq “

?
n
`

Θprq´εn ´ θ
˘

Y t0dθu .

And I assume there is a grid search algorithm R that takes
␣

rȷ, Jnprȷq, cv
LL
n prȷ, 1 ´ αq

(h

ȷ“1

as input and returns rh`1 and sh`1 as the next evaluating point and a stopping indicator,

respectively. If sh`1 “ 1 then stop the grid search. For instance, the simplest evenly spaced

grid search with K ` 1 grid points over rr, r̄s is given by

R
´

␣

rȷ, Jnprȷq, cv
LL
n prȷ, 1 ´ αq

(h

ȷ“1

¯

:“

„

r `
r̄ ´ r

K
ˆ ph´ 1q, 1 rh ě K ` 1s

ȷ

.
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The E-A-M algorithm in KMS19 approximates the difference between the test statistic and

critical value through a probabilistic model that is updated during the grid search. And it

picks the most relevant points as the next point to evaluate. The algorithm stops when the

grid search converges, or the maximum iteration is achieved. Lastly, set δn to be a small

non-negative number, e.g. min
␣

1
n , 10

´4
(

, for the tolerence of the approximate minimizer

set Θ̂Iprhq in (3.30).

1. Initialize h “ 1, r1 P c1Θ and s1 “ 0.

2. Estimate the test statistic by minimizing the test function

Jnprhq “ inf
θPΘprhq

S
`

D̂npθq´ 1
2
?
nm̄npθq, Ω̂npθq

˘

,

and get minimizer θ̂n,rh . Let Θ̂Iprhq “

!

θ̂n,rh

)

and Singleton “ 1.6

3. Calculate the critical value for rn

(a) simulate ζbi i.i.d for i “ 1, ..., n, b “ 1, ..., B, such that

ζbi |tWıu
n
ı“1 „ Np0, 1q.

(b) for each b, calculate

JLL,b
n prq “ inf

θPΘ̂nprhq

S
´

υ˚,b
n pθq ` φpξnpθqq ` Ĝnpθq∆̃pθq, Ω̂npθq

¯

,

where υ˚,b
n pθq “ 1?

n

řn
i“1 D̂

´ 1
2

n pθq pmpWi, θq ´ m̄npθqq ζbi ,

φjpξnpθqq “

$

&

%

”?
nm̄n,jpθq

κnσ̂n,jpθq

ı

`
if j “ 1, ..., p

0 if j “ p` 1, ..., k,

and Ĝn is a consistent estimator for ∇θ1

´

DF pθq´ 1
2EF pmpWi, θqq

¯

, and

∆pθq Pargmin
∆P∆r

npθq

ˆ

S
´

υ˚,b
n pθq ` φpξnpθqq ` Ĝnpθq∆, Ω̂npθq

¯

`
λn
n

›

›∆
›

›

2
˙

.

6 The procedure to start with a singleton set is a pure computational device and does not suffer from a
pre-test distortion.
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(c) get the 1 ´ α quantile of
!

JLL,b
n prhq

)B

b“1
, and denoted it as cvLLn prh, 1 ´ αq.

4. If Singleton “ 1 and Jnprhq ď cvLLn prh, 1 ´ αq,

(a) run a minimization algorithm with K̄ initial values (e.g. MultiStart in MAT-

LAB), and let Θ̃Iprhq be the set of K̄ returned minimizers and

Θ̂Iprhq “

!

θ P Θ̃Iprhq : S
`

D̂npθq´ 1
2
?
nm̄npθq, Ω̂npθq

˘

ď Jnprhq ` δn

)

.

Θ̂Iprhq is the set of approximate minimizers and it rules out the local minimizers

far from the global minimizer.

(b) let Singleton “ 0

(c) go to Step 3

Else,

(a) go to Step 5

5. Let

rrh`1, sh`1s “ R
´

␣

rȷ, Jnprȷq, cv
LL
n prȷ, 1 ´ αq

(h

ȷ“1

¯

.

6. If sh`1 “ 0, let h “ h ` 1 and return to Step 2. If sh`1 “ 1, return the confidence

interval
„

min
ȷďh:JnprȷqďcvLL

n prȷ,1´αq
rȷ, max

ȷďh:JnprȷqďcvLL
n prȷ,1´αq

rȷ

ȷ

.

3.5 Monte Carlo Simulations

In this section, I study the size and power properties by Monte Carlo simulations of a

simple two-player entry game.

3.5.1 Model

There are two firms j “ 1, 2 choosing whether to enter a market i P t1, ..., nu. The

payoff is given by

πj,i “ Aj,i

`

ej,i ` δjA´j,i `

dX
ÿ

q“1

βj,qXq,i

˘

,
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where Aj,i “ 1 if j chooses to enter market i. There are dX type markets and Xq,i are

observed binary market type indicators with distribution P pXq,i “ 1q “ pq “ 1
dX

. Assume

pq is known for simplicity. Let

pe1,i, e2,iq|Xi „ N

ˆ

0,

„

1 ρ
ρ 1

ȷ˙

The moment conditions are

EF

“

m1,qpWi, θq
‰

“EF rGρ pr´β1,q,8q ˆ p´8,´β2,q ´ δ2sq pq ´A1,ip1 ´A2,iqXq,1s ě 0

EF

“

m2,qpWi, θq
‰

“EF rA1,ip1 ´A2,iqXq,1 ´Gρ pr´β1,q,8q ˆ p´8,´β2,q ´ δ2sq pq

`Gρ pr´β1,q,´β1,q ´ δ1q ˆ p´β2,q,´β2,q ´ δ2sq pqs ě 0

EF

“

m3,qpWi, θq
‰

“EF rp1 ´A1,iqp1 ´A2,iqXq,1 ´Gρ pp´8,´β1,qs ˆ p´8,´β2,qsq pqs “ 0

EF

“

m4,qpWi, θq
‰

“EF rA1,iA2,iXq,1 ´Gρ pr´β1,q ´ δ1,8q ˆ r´β2,q ´ δ2,8qq pqs “ 0

where Wi “ pAi, Xiq and GρpAq “ P ppe1, e2q P Aq.

To examine the performance of the inference procedures under different model sizes, I

conduct the simulation with dX “ 2, 4, 6, where dθ “ 7, 11, 15, the number of moment in-

equalities p “ 4, 8, 12 and the number of total moment conditions k “ 8, 16, 24, respectively.

The true parameter is θ “ pβ1,1, ..., β1,dX , β2,1, ..., β2,dX , δ1, δ2, ρq where

β1 “ p0.1, 1.1, ´0.1, ´0.5, 0.8, ´0.5q,
β2 “ p0.3, ´0.8, 0, ´0.5, ´0.9, ´0.2q,
δ1 “ ´0.1, δ2 “ ´0.3, ρ “ 0.4.

In the region of multiple equilibria, the probability of selecting Ai “ p1, 0q is 0.5. The

parameter space is

Θ “

!

θ “ pβ1, β2, δ1, δ2, ρq P R2dX`3 : βj,q P
“

´2, 2
‰

, δj P r´2, 0s

for all j “ 1, 2, q P
␣

1, . . . , dX
(

, ρ P r0, 0.85s
(

.

And we are interested in constructing a 95% confidence interval (CI) for θ1. The identified

set of θ1 is reported in the first row of Table 3.1a.
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3.5.2 Implementation details

I run all methods with MC “ 1, 000 replications and B “ 600 bootstrap draws on a

server with 16 workers.7 For Test BCS, I use κn “
a

logpnq as recommended by D. W. K.

Andrews and Soares (2010), the MMM test function and φp1q in (3.18) as suggested in

BCS17. As for Test LL, I use λn “
?
nκ2n, and

∆r
npθq “ t0u ˆ

dθ
ź

j“2

“

min
`

0,
?
npθj ´ θj ` ϵn,j

˘

,max
`

0,
?
npθ̄j ´ θj ` ϵn,j

˘‰

. (3.32)

with ϵn,j “
pθ̄j´θjq

2 εn and εn “

b

lnpκ2
nq

n as in (3.29). And I use the E-A-M algorithm

to calculate the confidence intervals for both profiling methods. As for Θ̂Iprq, I follow

BCS17 and calculate the test statistic by running Matlab command fmincon twice with

two distinct initial values, and each run returns a minimizer. Θ̂Iprq is the set of distinct

minimizers, which has at most two elements. Test LL and Test BCS use the same Θ̂Iprq.

In general, larger K̄ gives (weakly) larger power at the cost of increasing computing time.

The recommended range of K̄ is between two to ten, depending on the model size and

computational power.

The calibrated projection-based test proposed in KMS has form

«

inf
JKMS
n pθqďcvKMS

n pθq
c1θ, sup

JKMS
n pθqďcvKMS

n pθq

c1θ

ff

,

where JKMS
n pθq and cvKMS

n pθq are the KMS test statistic and critical value evaluated at

θ P Θ. Let m be the number of initial points to use in multi-start, and I calculate the KMS

confidence interval using the E-A-M algorithm with three different m. The recommended

value of m is between 10 and 100. I run the algorithm with m “ 20, 40, 80 for each

sample and get three confidence intervals. Note that the seeds to generate the original and

bootstrapped data are fixed, thus the difference among these three confidence intervals only

7 BCS17 set B “ 301 and KMS19 report the results with both B “ 301 and B “ 1001. B “ 600
is a reasonable choice which makes the Monte Carlo simulations computationally feasible. In practice,
researchers can use a larger B, e.g. B “ 1000, to get a more accurate critical value.
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comes from the randomness in the E-A-M algorithm. It turns out that the E-A-M algorithm

can be sensitive to the choice of m, especially when dθ is large. For instance, for n “ 1, 000,

dX “ 6, the difference between the three lower bounds is larger than 0.1 for around 16% of

the samples (with the median length of CI around 1). It is also unclear which is the optimal

m. For 19% (resp. 19% , 14%) of the samples, m “ 20 (resp. m “ 40, m “ 80) gives a

strictly smaller lower bound than the other two by at least 0.005. Therefore, implementing

the E-A-M algorithm with different values of m can reduce sensitivity.8 I take the union of

these three confidence intervals as the final one.

3.5.3 Simulation results

In this section, I present the simulation results.

Confidence intervals and coverage rates

The median 95% CI and coverage rate are reported in Table 3.1. The median CI is the

median of the lower bounds to the median of the upper bounds. The “Upper” coverage rate

is for the upper bound of the identified set of θ1, and similarly for “Lower” coverage. The

median confidence intervals of LL and BCS are similar, and the coverage rates are higher

than the nominal value for all model and sample sizes. The coverage rates for KMS with

N “ 4, 000, dX “ 4, 6 and N “ 1, 000, dX “4 are close to, but slightly lower than, the

nominal rate. It could be a result of the sensitivity of the E-A-M algorithm. The KMS

median confidence intervals are strictly shorter than BCS and LL.

Computing time

The average computing time is reported in Table 3.2. The computing time of BCS

is in the second and third rows, where “add” represents for “additively separable model”

and “gen” represents for “general model”. Note that in this simulation, the data and the

8 It may also help to try a combination of different values of other tuning parameters, e.g. the number
of initial points and points to keep from expected improvement maximization. Here I keep other tuning
parameters at the default values because of the limit of computation.
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Table 3.1: Simulation Results: Median CI and Coverage

(a) Median 95% CI

dX “ 2 dX “ 4 dX “ 6

Identified Set [ 0.044, 0.265] [ 0.064, 0.167] [ 0.071, 0.159]

N “ 1, 000 LL [ -0.134, 0.817] [ -0.294, 0.926] [ -0.489, 1.052]
BCS [ -0.149, 0.842] [ -0.282, 0.922] [ -0.404, 0.997]
KMS [ -0.078, 0.737] [ -0.158, 0.795] [ -0.250, 0.839]

N “ 4, 000 LL [ -0.037, 0.721] [ -0.104, 0.773] [ -0.177, 0.823]
BCS [ -0.046, 0.737] [ -0.110, 0.780] [ -0.164, 0.816]
KMS [ -0.013, 0.690] [ -0.048, 0.720] [ -0.083, 0.742]

(b) Coverage Rate

dX “ 2 dX “ 4 dX “ 6

Lower Upper Lower Upper Lower Upper
N “ 1, 000 LL 99.3 99.9 99.7 100.0 100.0 100.0

BCS 99.4 99.9 99.3 100.0 98.9 100.0
KMS 96.6 97.7 94.4 97.7 96.8 98.3

N “ 4, 000 LL 98.4 99.7 99.6 100.0 99.5 100.0
BCS 99.2 99.6 99.3 99.9 99.3 100.0
KMS 96.5 97.5 91.6 98.7 92.3 98.7

parameters are additively separable in the moment conditions, and so υ˚
npθq is invariant

to θ. “BCS-add” exploits this feature and calculates υ˚
n,jpθq only once for each bootstrap.

I also report the computing time “BCS-gen” using BCS17 code that works with general

models, which calculates υ˚
npθq at each θ. “BCS-gen” is more relevant in a non-separable

model with similar sample and model sizes. Note that the confidence intervals calculated

by these two methods are numerically the same. The computing time of KMS is reported

in the fourth row. For each sample, I run the KMS method with three choices of m, and

the reported time is the smallest one corresponding to the largest confidence interval.9

LL is computationally attractive and takes less than 81 seconds in all models. BCS-gen

is very time-consuming and especially sensitive to the sample size. LL improves upon BCS-

9 For instance, for sample s, if m “ 40 gives the largest CI, record ts “ t
p40q
s . If both m “ 20 and m “ 40

give the largest CI, ts “ minpt
p20q
s , t

p40q
s q. Here t

pmq
s is the computing time for sample s with m being the

number of initial points to use in multi-start.
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gen by a factor of up to 170 (dX “ 6, n “ 4, 000), where a factor of 9 comes from using a

local search to reduce the time evaluating υ˚
npθq (compare BCS-gen and BCS-add), and a

further factor of 19 from the linearization of moment function (compare BCS-add and LL).

The computing time of BCS-add and KMS remains approximately the same as n increases

but increases significantly with the model size dX .

LL improves upon the computing time of KMS by a factor up to 27 (dX “ 6, n “ 1, 000).

Note that both LL and KMS use local linearization, so conducting the test for a given point

is fast.10 However, LL, as a profile-based method, only conducts the test for a grid of r,

which is one dimensional, while KMS, as a calibrated projection-based method, conducts

the test for a grid of θ, whose highest dimension is 15. The grid search over a relatively

large dimension can be time consuming even with the E-A-M algorithm, and thus the

computational advantage of LL over KMS is more prominent with larger dθ.

Table 3.2: Simulation Results: Average Time
Time (seconds per simulation) Ratio to LL

dX “ 2 dX “ 4 dX “ 6 dX “ 2 dX “ 4 dX “ 6

N “ 1, 000 LL 30 37 55 1 1 1
BCS-add 344 762 1742 11 21 31
BCS-gen 897 2502 5037 30 68 91
KMS 87 549 1481 3 15 27

N “ 4, 000 LL 37 50 81 1 1 1
BCS-add 373 774 1538 10 16 19
BCS-gen 1788 5602 13914 49 113 172
KMS 115 362 1019 3 7 13

In Table 3.3, I decompose the profiling method and report the computing time per grid

point with B “ 600 without parallelization. The computing time of simple grid search using

the profiling method is approximately linear in the bootstrap draws B and the number of

evaluated grid points h, thus readers can estimate the computing time using simple grid

10 Here “a given point” means a given r for LL test, or a given θ for KMS test.
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search. For instance, for n “ 1000, dX “ 2, 1, 000 bootstrap draws, a grid search of LL

over 100 points, paralleled with 4 workers will take approximately

p0.47 `
0.13

600
ˆ 1000q ˆ 100{4 “ 17 s.

The computing time of LL critical value is almost negligible compared to BCS.

Table 3.3: Simulation Results: Computing Time for Profiling Method
Time (seconds per grid point) Ratio to LL

dX “ 2 dX “ 4 dX “ 6 dX “ 2 dX “ 4 dX “ 6

N “ 1, 000

Test Stat 0.47 1.20 2.47 - - -
Critical Val LL 0.13 0.28 0.47 1 1 1

BCS-add 147.22 410.42 785.53 1127 1447 1686
BCS-gen 378.18 1229.71 2447.61 2896 4337 5254

N “ 4, 000

Test Stat 0.88 2.55 5.24 - - -
Critical Val LL 0.13 0.22 0.38 1 1 1

BCS-add 192.46 376.35 772.65 1498 1705 2009
BCS-gen 818.59 2828.71 6187.08 6371 12812 16087

3.6 Empirical Application

In this section, I apply the test procedures to the binary entry game in Kline and

Tamer (2016) (KT16). This empirical application is also revisited in Chen et al. (2018),

Chesher and Rosen (2020b) and KMS19 based on moment (in)equality models. The goal

is to explain the entry decision in the airline industry and the main setting is summarized

below.

All airlines are aggregated into two types: the low cost carrier (LCC) and others (OA).

The payoff of j type firm entering market i is determined by two exogenous explanatory

variables, namely market presence (xpres
j,i ) and market size (xsize

i ), as well as the opponent’s

decision. The first one is a market- and firm- specific variable that measures the market

presence of type j firm in market i. The market size is defined as the population at the
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endpoint city and it only depends on the market. Both exogenous variables are simplified to

1 if the value is larger than the median, and 0 otherwise. Assume that the payoff function

is given by

Aj,i

´

βcons
j ` βpres

j xpres
j,i ` βsize

j xsize
i ` δjA´j,i ` ej,i

¯

where Aj is the decision of j type airline, which equals 1 if it enters and 0 otherwise;

A´j is the opponent’s decision. β and δ are model parameters. A firm chooses to enter a

market if the entering payoff is non-negative. pe1,i, e2,iq follows a joint normal distribution

with correlation coefficient ρ and marginal mean and variance normalized to 0 and 1,

respectively. I refer to KT16 for more details and further discussion. The exogenous

variables pxpres
1,i , x

pres
2,i , x

size
i q can take 8 values, and for each value, there are two moment

equalities (for the probability of both entering and both not entering) and two moment

inequalities (upper and lower bounds for the probability of only OA entering). This in sum

gives 32 moment conditions.

The data is from the second quarter of the 2010 Airline Origin and Destination Survey,

which contains n “ 7882 markets. Let θ “ pβcons
LCC, β

size
LCC, β

pres
LCC, β

cons
OA , βsize

OA , β
pres
OA , δLCC, δOA, ρq

and Θ “ ˆ9
i“1rθi, θ̄is, where

θ “ p ´8, ´2, ´2, ´8, ´2, ´2, ´4, ´4, ´0.85 q

θ̄ “ p 2, 3, 10, 2, 3, 10, 0, 0, 0.85 q

following from the bound used in KMS19. The bounds on ρ guarantee that Assumption

34.2 holds, and are also imposed in KMS19. I set κn “
a

logpnq, λn “
?
nκ2n, ϵn,ȷ “

|θ̄ȷ´θȷ|
2

b

lnκ2
n

n and for ȷth parameter,

∆r
n,ȷpθq “

␣

∆ : ∆ȷ “ 0,∆ı “
“?
npθı ´ θı ` ϵn,ıq,

?
npθ̄ı ´ θı ´ ϵn,ıq

‰

, ȷ ‰ ı
(

Y t09u (3.33)

as in (3.27). All confidence intervals are calculated with E-A-M algorithms with B “ 500

bootstrap draws. KMS is calculated with the number of initial points to use in multi start

m “ 40, which is used in the KMS19 code for the same empirical application. The 95%

confidence intervals and computing time for each parameter are presented in Table 3.4.
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The moment condition is additively separable and the BCS computing time corresponds to

“BCS-add” in Section 3.5.

The estimation results are qualitatively consistent with those in KT16 and KMS19.

All bounds are informative. The market size (resp. market presence) has a significant

positive effect on the payoff, and the effect is larger for OA (resp. LCC) firms. The entry

of each airline significantly reduces the opponent’s payoff. LL and BCS confidence intervals

are very close, which agrees with the findings in the Monte Carlo simulations. However,

different from the simulation results, the confidence intervals of KMS are larger than LL

and BCS, especially for βcons
LCC, δ1 and ρ. It is possible that the power advantage of calibrated

projection and profiling methods is different under different models. The power comparison

with KMS is interesting but outside the scope of this essay and I leave it for future research.

The computing time for of LL is significantly less than both BCS and KMS and it takes

less than 20 minutes to get all LL confidence intervals, while it takes 2.5 hours for KMS

and 7.5 hours for BCS.
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Table 3.4: Results for Empirical Application

(a) 95% confidence intervals

LL BCS KMS
βcons

LCC [-1.11,-1.04] [-1.23,-1.00] [-2.06,-0.84]
βsize

LCC [ 0.24, 0.35] [ 0.23, 0.38] [ 0.18, 0.42]
βpres

LCC [ 1.78, 1.88] [ 1.78, 1.92] [ 1.74, 1.95]
βcons

OA [ 0.47, 0.54] [ 0.45, 0.54] [ 0.40, 0.60]
βsize

OA [ 0.42, 0.50] [ 0.41, 0.51] [ 0.33, 0.56]
βpres

OA [ 0.45, 0.52] [ 0.43, 0.55] [ 0.39, 0.58]
δLCC [-1.25,-1.18] [-1.29,-1.04] [-1.45,-0.19]
δOA [-1.38,-1.29] [-1.41,-1.18] [-1.46,-0.77]
ρ [ 0.83, 0.85] [ 0.80, 0.85] [ 0.21, 0.85]

(b) Computing Time

Time (seconds) Ratio to LL
LL BCS KMS BCS KMS

βcons
LCC 282 5176 2857 18 10

βsize
LCC 137 3444 435 25 3

βpres
LCC 125 1827 327 15 3

βcons
OA 108 1433 1963 13 18

βsize
OA 93 6886 723 74 8

βpres
OA 78 2363 285 30 4

δLCC 101 2575 362 25 4
δOA 322 2102 956 7 3
ρ 108 1230 321 11 3
Total 1355 27036 8229 20 6
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4. Hypothesis tests with a repeatedly singular
information matrix

In this essay, We study score-type tests in likelihood contexts in which the nullity of the

information matrix under the null is greater than one. 1

4.1 Introduction

Rao (1948) score test and Silvey (1959) numerically equivalent Lagrange multiplier (LM)

version completed the triad of classical hypothesis tests (see Bera and Bilias (2001) for a

survey). Given that they only require estimation of the model parameters under the null,

in the late 1970’s and early 1980’s they became the preferred choice for many specification

tests which are nowadays routinely reported by econometric software packages (see the

surveys by Breusch and Pagan (1980), Engle (1983), and Godfrey (1988)). In addition to

computational considerations, which continue to be very relevant for resampling procedures,

two other important advantages of LM tests are that (i) rejections provide a clear indication

of the specific directions along which modelling efforts should focus, and (ii) they are often

easy to interpret as moment tests, so they remain informative for alternatives they are not

designed for. Furthermore, under standard regularity conditions, they are asymptotically

equivalent to the Likelihood ratio (LR) and Wald tests under the null and sequences of

local alternatives, and thus they share their optimality properties.

One of the crucial regularity conditions for a common asymptotic chi-square distribution

for these three tests is a full rank information matrix of the unrestricted model parameters

evaluated under the null. Nevertheless, there are empirically relevant situations in which

this condition does not hold despite the fact that the model parameters are locally identified.

In non-linear instrumental variable models, Sargan (1983) referred to those instances in

which the expected Jacobian of the influence functions is singular but the expected Jacobian

of the linear combinations of their derivatives that span its nullspace has full rank as

second-order identified but first-order underidentified. In a likelihood context, a singular

1 This essay is a joint work with Dante Amengual and Enrique Sentana.

90



information matrix implies that there is a linear combination of the average scores which is

identically 0, at least asymptotically. In their seminal paper, L. F. Lee and Chesher (1986)

studied some popular examples of this situation in economics: i) univariate regression

models with sample selectivity; ii) stochastic production frontier models; and iii) certain

mixture models.2

L. F. Lee and Chesher (1986) proposed to replace the LM test by what they called an

“extremum” test. Their suggestion was to study the restrictions that the null imposes on

higher-order optimality conditions. Often, the second derivative will suffice, but sometimes

it might be necessary to study the third or even higher-order ones. They proved the asymp-

totic equivalence between their extremum tests and the corresponding LR tests under the

null and sequences of local alternatives in unrestricted contexts. Using earlier results by

D. Cox and Hinkley (1974), this equivalence intuitively follows from the fact that their

tests can often be re-interpreted as standard LM tests of a suitable transformation of the

parameter whose first derivative is 0 on average such that the new score is no longer so.

In contrast, Wald tests are extremely sensitive to reparametrization under these circum-

stances. Bera et al. (1998) provide some additional insights. In turn, Rotnitzky et al. (2000)

rigorously study the asymptotic distribution of the maximum likelihood (ML) estimators in

those contexts. Finally, Bottai (2003) looks at the validity of confidence intervals obtained

by inverting the three classical test statistics in this setup.

However, in all the existing literature the nullity of the information matrix, qr say, is

assumed to be 1. When the information matrix is repeatedly singular under the null, in the

sense that qr is two or more, the number of second-order derivatives exceeds the number of

parameters effectively affected by the singularity by an order of magnitude. The unbalance

gets worse when it becomes necessary to look at higher-order derivatives. Unfortunately,

in general there is no reparametrization that leads to a regular information matrix.3In

2 In all their examples, in fact, the average score with respect to one of the parameters of the alternative
evaluated at the restricted parameter estimators that impose the null is identically 0 in finite samples.

3 An exception is the multiplicative seasonal Arma model considered in Amengual et al. (2023).
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particular, transforming each of the parameters individually along the lines suggested by

L. F. Lee and Chesher (1986) does not usually give rise to a test asymptotically equivalent

to the LR. On the contrary, different reparametrizations will typically give rise to different

test statistics.

The purpose of this essay is precisely to propose a feasible generalization of the L. F. Lee

and Chesher (1986) approach in repeatedly singular contexts that leads to tests asymptot-

ically equivalent to the LR, but which only require estimation under the null. Specifically,

we propose a generalized extremum test (GET) which typically maximizes an easy to inter-

pret statistic over a space of dimension qr ´ 1 when all parameters show the same degree of

underidentification, thereby simplifying to the L. F. Lee and Chesher (1986) proposal when

the nullity is one. More generally, GET is an LR-type test that compares the log-likelihood

function under the null to the maximum over qr dimensions of its lowest-order expansion

under the alternative capable of identifying the restricted parameters. In contrast, LR tests

require the maximization over the entire parameter space of an unrestricted log-likelihood

function which is extremely flat around its maximum when the null hypothesis is true.4These

computational advantages are particularly pertinent for bootstrap-type inference, which is

especially necessary in our context because the common sup-type asymptotic distribution

of the GET and LR tests is often non-standard, and the sample sizes required for this

distribution to be reliable unusually large.

Repeatedly singular information matrices are not a mere theoretical curiosity. In fact,

we illustrate our proposed testing procedure in detail with several examples of interest that

arise in economic and finance applications when testing: 1) exogeneous sample selectivity in

multivariate regressions; 2) normality against the flexible semi-nonparametric (SNP) family

proposed by Gallant and Nychka (1987); 3) a Gaussian copula against another flexible

Hermite expansion; and 4) unpredictability in a multiple regressor version of the purely

non-linear model considered by Bottai (2003). Further, in Amengual, Bei, and Sentana

4 Obviously, both procedures require the estimation of the model under the null, but the restricted
maximum likelihood estimator is typically available in closed form in many models subject to specification
tests.
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(2022) and Amengual et al. (2023) we discuss the application of the test proposed in this

essay to two additional examples of substantial empirical interest: testing for multivariate

normality against a skew normal distribution, and testing for neglected serial correlation in

univariate time series models, respectively.

The structure of the rest of this essay is as follows. In section 2 we obtain our theoretical

results first in the case in which all the underidentified parameters have the same degree of

underidentification, and then when the degree of underidentification may be different for

different parameters. Then, in section 3 we discuss the first two aforementioned examples in

detail, assessing the finite sample size and power properties of our proposed tests by means

of several extensive Monte Carlo exercises. Finally, we conclude in section 4, relegating

proofs, the remaining two examples, and some additional results to the appendices.

4.2 Theoretical results

Consider the estimation of the parameter vector ρ characterizing the distribution of

an i.i.d. random vector y. Let lipρq “ ln fpyi;ρq denote the log-likelihood function con-

tribution from observation i, so that the log-likelihood function of a sample of size n is

Ln “
řn

i“1 lipρq.5In what follows,

sρjipρq “
Blipρq

Bρj

will denote the contribution of observation i to the score with respect to the jth element of

ρ and Sρjnpρq “
řn

i“1 sρjipρq their sum.

Let us partition ρ into two blocks: 1) ϕ, which contains the pˆ 1 vector of parameters

estimated under the null; and 2) θ, which is the q ˆ 1 vector of parameters such that the

null hypothesis can be written in explicit form as H0 : θ “ 0. Let ρ˚, ρ̂ and ρ̃ “ pϕ̃1,01q1

denote the true value of the parameter vector, its unrestricted ML estimator (UMLE), and

the restricted one (RMLE), respectively, so that ρ˚ “ pϕ˚,0q under H0. As usual, |.| and

5 Although we could easily generalize our results to explicitly deal with dependent data by using standard
factorizations of the sample log-likelihood function, we maintain independence to simplify the expressions.
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||.|| denote absolute value and Euclidean norm, respectively. Finally, we use eminpAq and

emaxpAq for the smallest and largest eigenvalues, respectively, of a symmetric square matrix

A.

Using this notation, we henceforth assume:

Assumption 47. (Regularity conditions)

(47.1) ρ takes its value in a compact subset P of Rp`q that contains an open neighborhood

N of the true value ρ˚ which generates the observations.

(47.2) Distinct values of ρ in P correspond to distinct probability distributions.

(47.3) ErsupρPP |lipρq|s ă 8.

(47.4) ErBlipϕ,0q{Bϕ¨Blipϕ,0q{Bϕ1s has full rank under the null for all pϕ,0q P P.

The compactness of P in Assumption 47.1 together with the continuity of lipρq and

Assumptions 47.2 and 47.3 guarantee the existence, uniqueness with probability tending to

1, and consistency of both the UMLE ρ̂ and the RMLE ρ̃ (see Newey and McFadden 1994,

Theorem 2.5). The “open neighborhood” part of Assumption 47.1 is just used to simplify

the expressions and their derivation. Extensions to situations in which the true parameters

lie at the boundary of the parameter space under the null are feasible, but at the expense

of complicating the notation and blurring the message of this essay. Finally, Assumption

47.4 guarantees the convergence of the RMLE at the usual n´ 1
2 rate.

4.2.1 Repeated singularity of the same order

We first consider the case in which q1 elements of θ are first-order identified, while the

remaining qr elements are rth-order identified under the null, a concept that will become

precisely defined after we introduce Assumption 49 below. Therefore, if we further partition

θ “ pθ1
1,θ

1
rq1, where q1 “ dimpθ1q and qr “ dimpθrq, so that q “ q1 ` qr, then the

information matrix under H0 will be such that its top pp ` q1q ˆ pp ` q1q block is regular

and the rest contains zeros. Consequently, its nullity will be precisely qr. Often, one needs

to reparametrize the model to make sure it satisfies these conditions, an issue we discuss in

detail in each of the examples that we consider.
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Let j P Np`q denote a pp` qq ˆ 1 vector of indices, j! “
śp`q

i“1 ji!,

l
rjs
i pρq “

1

j!

B
ι1
p`qjlipρq

Bρj
,

where ιm is a vector of m ones, and Lrjs
n pρq “

řn
i“1 l

rjs
i pρq. Throughout this subsection, we

assume the following conditions hold:

Assumption 48. (Regularity conditions on the derivatives of the log-likelihood function)

(48.1) With probability 1, the derivatives lrjsi pρq exist for all ρ in N and ι1
p`qj ď 2r, and

they satisfy ErsupρPN |l
rjs
i pρq|s ă 8.

(48.2) For r ď ι1
p`qj ď 2r, Etrl

rjs
i pρqs2u ă 8 for all ρ in N .

(48.3) When ι1
p`qj “ 2r there is some function gpyq satisfying Erg2pyqs ă 8 such that with

probability 1, |L
rjs
n pρq ´ L

rjs
n pρ:q| ď ||ρ ´ ρ:||

ř

i gpyiq for all ρ and ρ: in N .

We borrow Assumptions 48.1–48.3 from Rotnitzky et al. (2000) with some modifications.

The main difference is that they require p2r`1qth differentiability for the Taylor expansions

they use to analyze the distribution of the MLE, while we only need 2rth differentiability

to study the asymptotic distribution of our tests. Assumptions 48.1 and 48.3 guarantee the

existence of derivatives and the stochastic equicontinuity of the sample mean of lrjsi pρq with

ι1
p`qj ď 2r. In turn, Assumption 48.2 allows us to apply a central limit theorem to lrjsi pρ˚q.

Let θbk
r “ θr b θr b ¨ ¨ ¨ b θr

l jh n

k times

denote the kth-order Kronecker power of the qr ˆ 1 vector

θr, and define

BkLnpρq

Bθbk
r

“ vec

#

B

Bθr

«

Bk´1Lnpρq

Bθ
bpk´1q
r

ff1+

.

Moreover, let

Ipϕq “

»

–

Iϕϕpϕq Iϕθ1pϕq Iϕθrpϕq

Iθ1ϕpϕq Iθ1θ1pϕq Iθ1θrpϕq

Iθrϕpϕq Iθrθ1pϕq Iθrθrpϕq

fi

fl “ lim
nÑ8

V ar

$

&

%

1
?
n

»

–

Sϕnpϕ,0q

Sθ1npϕ,0q

BrLnpϕ,0q{Bθbr
r

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ϕ,0

,

.

-
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denote the asymptotic covariance matrix of the relevant influence functions, which may be

understood as a generalization of the information matrix.

In addition, let

Vθθpϕq “

„

Vθ1θ1pϕq Vθ1θrpϕq

Vθrθ1pϕq Vθrθrpϕq

ȷ

“

„

Iθ1θ1pϕq Iθ1θrpϕq

Iθrθ1pϕq Iθrθrpϕq

ȷ

´

„

Iθ1ϕpϕq

Iθrϕpϕq

ȷ

I´1
ϕϕpϕqrIϕθ1pϕq Iϕθrpϕqs .

denote the asymptotic residual variance of Sθ1npϕ,0q and BrLnpϕ,0q{Bθbr
r after or-

thogonalizing these influence functions with respect to sϕ.

Assumption 49. (Rank conditions for qr ě 1)

(49.1) For all pϕ,0q P P,

Bι1
qr jθr lipϕ,0q

Bθ
jθr
r

“ 0

with probability 1 for all jθr “ pj1, ..., jqrq1 such that ι1
qr jθr ď r ´ 1.

(49.2) The asymptotic covariance matrix of the (scaled by
?
n) sample averages of

"

sϕipϕ
˚,0q, sθ1ipϕ

˚,0q,θbr1
r

Brlipϕ
˚,0q

Bθbr
r

*

has full rank for all possible non-zero values of θr P Rqr underlying the vector of coefficients

θbr
r in the linear combination above.

Intuitively, the rationale for looking at

θbr1
r

Brli

Bθbr
r

“
ÿ

ı1qr jθr“r

r!

jθr !

˜

qr
ź

k“1

θjkrk

¸

Brlipϕ,0q

Bθ
jθr
r

is that it coincides with the rth-order term in the expansion of the log-likelihood function.

In that respect, note that although the higher order derivatives Brli{Bθbr
r will usually

contain many repeated elements thanks to the Clairaut-Schwartz-Young’s theorem, the

rank deficiency condition in Assumption 49.2 applies to the inner product of θbr
r with those
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influence functions, so the requirement is that those linear combinations of the elements in

Brli{Bθbr
r be linearly independent of sϕipϕ,0q and sθ1ipϕ,0q.

Finally, let

Qnpθr,ϕq “
θbr1
r DrnpϕqD1

rnpϕqθbr
r

θbr1
r rVθrθrpϕq ´ Vθrθ1pϕqV ´1

θ1θ1
pϕqVθ1θrpϕqsθbr

r
, (4.1)

where

Drnpϕq “
BrLnpϕ,0q

Bθbr
r

´ Vθrθ1pϕqV ´1
θ1θ1

pϕqSθ1npϕ,0q

is the residual in the least squares projection of BrLnpϕ,0q{Bθbr
r onto the linear span of

Sθ1npϕ,0q.6In this context, we can proof the following result:

Theorem 50. If Assumptions 47, 48 and 49 hold, then under H0 : θ “ 0

LRn “ 2 rLnpρ̂q ´ Lnpρ̃qs “ GETn `Oppn´ 1
2r q,

where

GETn “
1

n
S1
θ1npϕ̃,0qV ´1

θ1θ1
pϕ̃qSθ1npϕ̃,0q`

1

n
sup
θr‰0

"

Qnpθr, ϕ̃q if r is odd,
Qnpθr, ϕ̃q1rθbr1

r Drnpϕ̃q ě 0s if r is even.

An important implication of Theorem 50 is that the rate of convergence of the difference

between the LR and GET tests is inversely proportional to the order of identification,

thereby generalizing the standard result for regular models.

Importantly, expression (4.1), which can be understood as a generalized Rayleigh quo-

tient evaluated at the restricted qrr ˆ 1 vector θbr
r , does not effectively depend on θr when

the nullity of the information matrix is 1, so Theorem 50 generalizes the results in L. F. Lee

and Chesher (1986) and Rotnitzky et al. (2000) by allowing for the presence of multiple

singularities under the null.

6 Importantly, Assumption 49.2 guarantees that the denominator of Qnpθr,ϕq is positive because Vθθ is
the covariance matrix of the residuals from the least squares projection of sθ1pϕ,0q and Brlpϕ,0q

Bbrθr
on the

linear span of sϕpϕ,0q, while Vθrθr ´ Vθrθ1V
´1
θ1θ1

Vθ1θr is the residual covariance matrix of the projection
of the second residual on the span of the first one, which by the Frisch-Waugh theorem coincides with the
residual in the projection of Brlpϕ,0q

Bbrθr
onto the linear span of sϕpϕ,0q and sθ1pϕ,0q.
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4.2.2 Repeated singularity of different orders

There are situations in which the degree of identification of the different elements of θ

under the null hypothesis is more heterogeneous than just either one or r`1. To characterise

them in full, we need to generalize the conditions in Assumptions 48 and 49. Let ςϕipϕq

and ςθipϕq denote two measurable functions of dimensions pˆ 1 and mˆ 1, respectively, so

that we can define the empirical process

Snpϕq “

„

Sϕ,npϕq

Sθ,npϕq

ȷ

“

n
ÿ

i“1

ςipϕq, where ςipϕq “

„

ςϕipϕq

ςθipϕq

ȷ

.

Typically, ςϕipϕq coincides with the scores with respect to ϕ, and ςθipϕq with some higher-

order derivatives with respect to the elements θ, so that Sn will serve as the analog to the

sample score in regular models. In addition, let

λ pϕ,θq “

„

pϕ ´ ϕ˚q ` λϕpθq

λθpθq

ȷ

,

where λϕpθq P Rp and λθpθq P Rm are non-random vector functions of the parameters that

adequately capture their difference from the true values. Finally, let

Ipϕq “

„

Iϕϕpϕq Iϕθpϕq

Iθϕpϕq Iθθpϕq

ȷ

denote a non-random positive semidefinite symmetric pp`mq ˆ pp`mq matrix, which once

again will effectively play the role of an information matrix.

Using this notation, we state the following assumptions, many of which are simplified

versions of the conditions in Assumption 5 in Meitz and Saikkonen (2021):

Assumption 51. (LQ approximation) Ln has a “linear-quadratic” expansion given by

Lnpϕ,θq ´ Lpϕ˚,0q “ Snpϕ˚q1λ pϕ,θq ´
1

2
nλ1 pϕ,θq Ipϕ˚qλ pϕ,θq `Rn pϕ,θq ,

where Rn pϕ,θq is a remainder term. In addition:

(51.1) λ pϕ,θq is continuous in ρ, and such that (i) λ pϕ˚,0q “ 0 and (ii) for all ϵ ą 0,

inf
}pϕ,θq´pϕ˚,0q}ěϵ

}λ pϕ,θq} ě δϵ for some δϵ ą 0.
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(51.2) n´ 1
2Sn

d
ÝÑ S for some zero-mean Rp`m-valued Gaussian process with covariance

kernel

E
“

Spϕ1qS 1pϕ2q
‰

“ E
“

ςipϕ1qς 1
ipϕ2q

‰

“ Kpϕ1,ϕ2q.

(51.3) Ipϕ˚q “ Kpϕ˚,ϕ˚q is Lipschitz continuous at a neighborhood of ϕ˚ and satisfies

0 ă eminrIpϕ˚qs ă emaxrIpϕ˚qs ă 8.

(51.4) The remainder term Rn pϕ,θq satisfies

sup
pϕ,θqPP:}pϕ,θq´pϕ˚,0q}ďγn

|Rn pϕ,θq|

1 ` n }λ pϕ,θq}
2 “ opp1q

for all sequences of (non-random) positive scalars tγn : n ě 1u for which γn Ñ 0 as n Ñ 8.

(51.5) There exists some function gpyq satisfying E
“

pgpyiqq2
‰

ă 8 such that

||Spϕ:q ´ Spϕ˚q|| ď ||ϕ: ´ ϕ˚||

n
ÿ

i“1

gpyiq (4.2)

with probability 1 for all pϕ,0q P N .

(51.6) If n
1
2λ pϕn,θnq “ Op1q, then Rn pϕ,θq “ Oppn´aq for some a such that 1

2 ě a ą 0.

Assumption 51 states that the likelihood ratio can be expressed as the sum of a linear-

quadratic approximation and a residual term, Rn. The linear-quadratic part, though, rep-

resents a higher-order expansion of the likelihood ratio around θ “ 0. Assumption 51.1

captures the local identification condition at the true parameter value. Assumption 51.2

is analogous to the information matrix equality, while Assumption 51.3 to the standard

non-singular information matrix assumption. In turn, Assumption 51.4 ensures that the

residual is dominated by the leading terms, and thus, negligible asymptotically, while As-

sumption 51.5 enables us to substitute the true parameter ϕ˚ with the restricted estimator

ϕ̃ after an appropriate adjustment for sampling variability. Finally, Assumption 51.6 allows
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us to obtain the convergence rate of the linear-quadratic approximation, with a typically

associated to the slowest rate of convergence of the parameter estimators under the null.

We can then prove the following result:

Theorem 52. If Assumptions 47 and 51.1– 51.5 hold, then under H0 : θ “ 0

LR “ 2rLnpϕ̂, θ̂q ´ Lnpϕ̃,0qs “ GETn ` opp1q,

where

GETn “ sup
θ

t2rSθ,npϕ̃q ´ Iθϕpϕ̃qI´1
ϕϕpϕ̃qSϕ,npϕ̃qs1λθ pθq

´nλ1
θ pθq rIθθpϕ̃q ´ Iθϕpϕ̃qI´1

ϕϕpϕ̃qIϕθpϕ̃qsλθ pθqu.

If, in addition, Assumption 51.6 holds, then

LR “ 2rLnpϕ̂, θ̂q ´ Lpϕ̃,0qs “ GETn `Oppn´aq.

As expected, we can easily show that our first theorem is a special case of this second

theorem when the higher-order identification is of the same order for all the parameters

involved regardless of the parity of r. More importantly, the proof of this theorem shows

that we can interpret Lnpϕ̃,0q ` GETn as a Taylor approximation of order 2r to the log-

likelihood function around ρ̃, which means that GETn is effectively an LR-type test that

compares the log-likelihood function under the null to the maximum of its lowest-order

approximation under the alternative capable of identifying the restricted parameters.

Although GET cannot be directly understood as a moment test, a by-product of our

most general theorem is a set of influence functions Snpϕ,0q that can be used for that

purpose after taking into account the sampling uncertainty in estimating ϕ under the null.

In fact, we can prove that this moment test, which converges in distribution to a χ2
m under

the null, where m “ dimrλθpθqs, provides an upper bound to GETn, albeit a rather loose

one in many cases.
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4.2.3 Distribution under local alternatives

Let us now consider the distribution of the test statistic under the following sequences

of local alternatives:

H1n :
?
n

„

λϕpθnq

λθpθnq

ȷ

“

„

λϕ,8

λθ,8

ȷ

“ λ8 P Rdimpλθq.

To do so, we need to assume that

Assumption 53. (Cone cover) The sequence of sets

Λn “
␣?

nλθpθnq : θ P Θ
(

covers a closed cone Λ Ď Rdimpλθq (with Λn Ñ Λ) so that there is a sequence of closed balls

Bkn of radius kn Ñ 8 centered at the origin such that Λn XBkn “ Λ XBkn.

Let Pθn and P0 denote the probability measures corresponding to H1n and H0, respec-

tively. Then, we can prove the following result:

Theorem 54. (Distribution under local alternatives)

(54.1) Pθn is contiguous with respect to P0.

(54.2) Under H1n,

1
?
n
Snpϕ˚q

d
Ñ N rIpϕ˚qλ8, Ipϕ˚qs.

(54.3) Under H1n and Assumption 53,

GETn
d
ÝÑ sup

λPΛ

"

2
”

S `

´

Iθθ pϕ˚q ´ Iθϕ pϕ˚q I´1
ϕϕ pϕ˚q Iϕθ pϕ˚q

¯

λθ,8

ı1

λ

´λ
”

Iθθ pϕ˚q ´ Iθϕ pϕ˚q I´1
ϕϕ pϕ˚q Iϕθ pϕ˚q

ı

λ
)

where

S „ N r0, Iθθ pϕ˚q ´ Iθϕ pϕ˚q I´1
ϕϕ pϕ˚q Iϕθ pϕ˚qs.
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Therefore, the distribution of the empirical process underlying our tests converges to

a Gaussian random element with a non-zero mean, and consequently, our test statistic

to the supremum of a non-central χ2-type process, despite the fact that our sequence of

local alternatives written in terms of the model parameters converges at rates which are

different from the usual ones. In fact, there may be different drifting sequences with the

same limit, as we will see in section 4.3.2.3. In any event, we would like to emphasize that

our proposed test is consistent against fixed alternatives because GETn will diverge in those

circumstances.

4.3 Examples

In this section, we discuss the application of our proposed tests to the first two examples

of empirical interest that we mentioned in the introduction. Specifically, we derive a test

for irrelevant sample selectivity in multivariate regression models, for which Theorem 50

suffices, and a test for normality against SNP alternatives, which requires our more general

Theorem 52.

4.3.1 Example 1: Testing for selectivity in multivariate regressions

Arguably, the study of the determinants and consequences of non-random sample selec-

tion that followed Heckman (1974) seminal paper is one of the most important contributions

of econometrics in the last fifty years. Nevertheless, the empirical analysis of a dataset would

be much simpler if the sample from which it comes could be treated as if it were randomly

generated even though it is not necessarily so. As is well known, this will happen when

the unobserved determinants of the sample selection are independent of the unobserved de-

terminants of the variables of interest conditional on the set of predetermined explanatory

variables, or in simpler terms, when the selection is exogenous rather than endogenous.

In the rest of this subsection, we shall develop a test of irrelevant sample selectivity in a

multivariate regression context that highlights the hidden difficulties researchers often in-

advertently encounter, but which can be easily overcome by the use of the GET procedures

that we propose.
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4.3.1.1 The model and its log-likelihood function

Consider the following multivariate version of the regression model with selectivity con-

sidered by L. F. Lee and Chesher (1986):

y “ y˚d, (4.3)

where d is a sample selection binary variable whose value is determined by an observed

vector of exogenous regressors w and some unobserved determinant uS according to the

following equation written in terms of the usual indicator function

d “ 1pw1φS ` uS ě 0q, (4.4)

while the K partially observed variables y˚ “ py˚
1 , ..., y

˚
Kq

1 follow the multivariate regression

y˚
k “ φM 1

k x ` φD
k uk, k “ 1, . . . ,K, (4.5)

ˆ

u
uS

˙

|x,w „ N

"

0,

„

R
`

φL
˘

ϑ
ϑ1 1

ȷ*

, (4.6)

with x being a vector of exogenous regressors that may partially overlap with w, so that

φD “ pφD
1 , . . . , φ

D
Kq1 contains the standard deviations of the regression shocks, φL the

correlations between them, and ϑ the correlations between those shocks and the unobserved

component of the selection equation, whose variance we normalize to 1 without loss of

generality.

Therefore, the contribution of a single observation to the sample log-likelihood function

will be given (up to a constant term) by

p1 ´ dq lnΦ
`

´w1φS
˘

` d lnΦ

«

w1φS ` ϑ1upφM ,φDq
a

1 ´ ϑ1R´1 pφLqϑ

ff

(4.7)

´
d

2

”

2
ÿK

k“1
lnφD

k ` lntdetrR
`

φL
˘

su ` u1pφM ,φDqR´1
`

φL
˘

upφM ,φDq

ı

,

where φM “ pφM 1
1 , . . . , φM 1

K q1, upφM ,φDq “ ru1pφM
1 , φ

D
1 q, ..., uKpφD

K , φ
D
Kqs1, and

ukpφM
k , φ

D
k q “

yk ´ φM 1
k x

φD
k

.
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4.3.1.2 The null hypothesis of lack of selectivity and the GET test statistic

Under the null that the unobserved selectivity determinants are uncorrelated with the

regression residuals, one can efficiently estimate the multivariate regression coefficients φM

together with the covariance matrix parameters φD and φL without selection bias from the

non-zero values of y only using equation by equation OLS without the need to consider the

model for d. However, under the alternative, those OLS estimators will be biased because

of the sample selectivity, which justifies testing the null hypothesis H0 : ϑ “ 0.

For simplicity, consider the case in which w “ 1 and the regression equations contain a

constant term. Straightforward algebra shows that if we evaluate the scores at ϑ “ 0, then

sϑk
´M1pφSqφD

k sφM
k1

“ 0 (4.8)

for k “ 1, . . . ,K, where φM
k1 contains the intercept in the conditional mean of y˚

k , and

M1

`

φS
˘

“ Φ´1
`

φS
˘

ϕ
`

φS
˘

(4.9)

is the usual inverse Mills ratio. As L. F. Lee and Chesher (1986) explain in their univariate

example, analogous singularities will arise for example when the observed selectivity deter-

minants w are given by a set of dummy variables and x contains those dummy variables

too. In general, singularities will be present whenever Heckman (1976) selectivity correc-

tion is perfectly collinear with the regressors that appear in the conditional means of the

y˚’s even though the log-likelihood function in (4.7) is able to locally identify all the model

parameters.

In addition to the K singularities in (4.8), there are KpK ` 1q{2 linear combinations

of the scores and the elements of the Hessian corresponding to ϑ that are 0 too, which

effectively means that we need to look at third-order derivatives. To do so, it is convenient

to reparametrize from φ and ϑ to ϕ and θ as we explain in the proof of Proposition 55

below, so that all the elements of the score and the Hessian matrix corresponding to θ

become identically 0 under the null. Fortunately, we can then show that the third-order

derivatives with respect to θ, which are only zero on average under the null, will have a

104



full-rank asymptotic covariance matrix, so that we can apply Theorem 50 in this context.

Somewhat remarkably, we can show the following result:

Proposition 55. The difference between LR test of H0 : ϑ “ 0 in model (4.4)-(4.6) based

on a random sample of n observations on py,dq and the following test statistic

GETn “ sup
υ‰0

1
řn

i“1 di

«

n
ÿ

i“1

diH3

ˆ

υ1vipφ̃
M , φ̃Dq

?
υ1υ

˙

ff2

(4.10)

is Oppn´1{6q, where H3pzq “ pz3´3zq{
?
6 is the third-order normalized Hermite polynomial

of a standardized variable z, υ is a real vector of dimension K and vpφM ,φDq denotes

an affine transformation of the regression residuals upφM ,φDq whose mean vector and

covariance matrix are 0 and IK , respectively, when evaluated at the restricted parameter

estimators.

In simpler terms, our test statistics numerically coincides with the supremum of the

moment tests for univariate skewness based on the third Hermite polynomial over all pos-

sible linear combinations of the OLS residuals that have 0 mean and unit variance in the

sample of observations with d “ 1. In fact, the standardization is unnecessary because

the moment test for univariate skewness is numerically invariant to affine transformations

of the observations, which in turn confirms that the test statistic (4.10) is homogeneous

of degree 0 in υ. Thus, when K “ 1 our proposed test reduces to the test for selectivity

derived by L. F. Lee and Chesher (1986) in the univariate case, which simply assesses the

symmetry of the regression residuals by looking at the sample mean of their third powers.

The rationale is also analogous in the multivariate case. Equations (4.3)-(4.6) imply

that the OLS residuals should be approximately multivariate normally distributed when

the unobserved component of the sample selection is independent of the shocks to the

observed variables. Under the alternative, in contrast, asymmetry becomes a common fea-

ture, as in the multivariate skew normal distribution we discussed in Amengual, Bei, and

Sentana (2022). Intuitively, if we orthogonalize the regression residuals with respect to the
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unobserved component of the selectivity equation, we end up with ϑuS as a common compo-

nent, whose distribution conditional on d “ 1 is asymmetric even though the unconditional

distribution of uS is symmetric.

4.3.1.3 Local power analysis

Although the null distribution of the test statistic (4.10) is non-standard, we can still

say something about the determinants of its local power. Consider the following sequence

of local alternatives:

lim
nÑ8

n1{6θn “ θ8

where the rate of convergence is 1/6 rather than 1/2 because of the need for a third-order

expansion of the log-likelihood function. Then, we can show that

Proposition 56. The local power of the test in Proposition 55 only depends on the mag-

nitude of the quadratic form

ϑ1
8R´1

`

φL
˘

ϑ8.

Intuitively, once we orthogonalize the multivariate regression residuals u by premultiply-

ing by the inverse square root matrix R´1{2
`

φL
˘

, the “direction” of the vector R´1{2
`

φL
˘

ϑ

is irrelevant, what matters is its magnitude. As a result, in our simulations we can choose

R
`

φL
˘

“ IK and ϑ8 proportional to the first vector of the canonical basis without loss of

generality.

4.3.1.4 Simulation evidence

For simplicity, we let w “ x1 “ 1 and x2 „ Np0, 1q. Given that the MLE of the

multivariate regression coefficients is equation by equation OLS, and that we are studying

the case in which all regressions contain an intercept, the sample mean of the multivariate

regression residuals û will be a vector of K zeros. Similarly, any orthogonalization of the û1s

based on the estimated covariance matrix will have the identity matrix as sample covariance

matrix because the MLEs of the residual standard deviations φD and correlations φL match

perfectly the sample variances and covariances of û with denominator
řn

i“1 di. Therefore,
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it is not surprising that the particular square root that orthonormalizes the OLS residuals

in the sample is numerically irrelevant. For example, in the bivariate case, we could define

v1 as the standardized value of u1 and v2 as the standardized value of the residual in the

OLS regression of u2 on a constant and u1. But we could also define them the other way

round.

We can easily verify that the GET statistic is numerically invariant to the true values

of pφM ,φDq, so if we set K “ 2, we can choose φM
k “ p0, 1q, φD “ ι2 without loss of

generality. In turn, we set the selection parameter φS to 1 and the correlation coefficient

φL to 0.25.

If we exploited our knowledge of the values of these two parameters, we could compute

exact critical values under the null for any sample size to any degree of accuracy by repeat-

edly simulating samples from the true distribution. In practice, though, we fix the selection

parameter and the correlation coefficient to their estimated values in each sample in what is

effectively a parametric bootstrap procedure (see Appendix D.1 in Amengual and Sentana

(2015) for details), so that we can automatically compute size-adjusted rejection rates, as

forcefully argued by J. Horowitz and Savin (2000).

As alternative hypotheses, we consider ϑ1 “ p0.57, 0.57q (Ha1) and ϑ1 “ p0.80, 0q (Ha2).

For each design, we generate 10,000 samples of size n and compute the parameter estimators

and tests.

In Table 1 we compare the results of our tests with a bootstrap-based LR test. Panels

A and B of Table 1 report the results for samples of length 400 and 1, 600, respectively.

We can verify that the LR test statistic is also numerically invariant to the true values

pφM ,φDq, which allows us to approximate its critical value using an analogous parametric

bootstrap procedure. For comparison purposes, we also consider a J-test based on the

influence functions underlying GET, which we label as GMM. The first three columns of

Table 1 report rejection rates under the null at the 1%, 5% and 10% levels, confirming that

our simulated critical values work remarkably well for both sample sizes.7In turn, the last

7 Given the number of replications, the 95% asymptotic confidence intervals for the Monte Carlo rejection
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six columns present the rejection rates at the 1%, 5% and 10% levels for the alternatives

we consider. Our proposed test has similar power to the LR test for the two alternatives,

and both these tests outperform the GMM one.

Finally, our results also indicate a Gaussian rank correlation8of 0.88 (0.95) between

our proposed test statistic and the LR across Monte Carlo simulations of 400 (1,600) ob-

servations that satisfy the null, which is in line with the asymptotic equivalence result in

Theorem 50. In addition, they indicate that the LR takes about 10 and 20 times as much

CPU time to compute as GET does for n “ 400 and n “ 1, 600, respectively, which makes

a huge difference in the calculation of the bootstrap critical values.

4.3.2 Example 2: Testing for normality against SNP alternatives

Gram-Charlier expansions provide flexible and analytically tractable generalizations of

the normal distribution. Unfortunately, their truncated versions lead to negative density

values, and the parametric restrictions that Jondeau and Rockinger (2001) propose to

guarantee positivity are not easy to implement even when the truncation order is low. In

contrast, the SNP distributions introduced by Gallant and Nychka (1987) provide a Hermite

expansion of the Gaussian density that is positive by construction. Although these authors

introduced those distributions for nonparametric estimation purposes, León et al. (2009)

treated them as parametric ones, studied their statistical properties, and used them in

option valuation. Still, MLE under normality is much simpler than when the distribution

of the shocks follows an SNP. For that reason, we shall derive a test of normality that will

also highlight the hidden complications that researchers face in this context.

4.3.2.1 The model and its log-likelihood function

The model we consider is

y “ µ px,αq ` σ px,αqu (4.11)

probabilities under the null are (.80,1.20), (4.57,5.43) and (9.41,10.59) at the 1, 5 and 10% levels.
8 The Gaussian rank correlation between x1 and x2 is the Pearson correlation coefficient between Φ´1

pu1q

and Φ´1
pu2q, where u1 and u2 are the usual uniform ranks of the observations and Φ´1

p.q the quantile
function of the standard normal (see Amengual, Sentana, and Tian (2022) for details).
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where µ and σ are known functions of x and a finite-dimensional unknown parameter α,

and u is independent of the predetermined variables in x with finite mean and variance φM

and φV , respectively. We want to test u is normal against the alternative that it follows an

SNP density. Observations are given by pxi, yiq, i “ 1, 2, . . . , n, where xi could include the

lagged value of yi to allow for time-series models such as Ar and Garch. For simplicity, we

assume that ui conditional on xi is iid. As we will show in section 4.3.2.5 below, estimation

of α does not affect the properties of the test, so we initially assume this parameter vector

is known and focus on the case without conditioning variables, in which µ pαq and σ pαq

are 0 and 1 without loss of generality. As a result, researchers only need to estimate φM

and φV under the null.

The probability density function (pdf) of an SNP random variable of order K is given

by

f py; ϱq “
1

φ2
ϕ

˜

y ´ φM

a

φV

¸

»

—

—

—

–

ϵ`

p1 ´ ϵq

"

P

„ˆ

y´φM
?

φV

˙

;ϑ

ȷ*2

ş8

´8
tP ru;ϑsu

2 ϕpuqdu

fi

ffi

ffi

ffi

fl

, (4.12)

with

P ru;ϑs “ 1 `
ÿK

i“1
ϑiHipuq, (4.13)

where ϕ p¨q denotes the standard normal pdf, Hi puq is the normalized Hermite polynomial

of order i, which can be defined recursively for i ě 2 as

Hi puq “
uHi´1 puq ´

?
i´ 1Hi´2 puq

?
i

, (4.14)

with initial conditions H0 puq “ 1 and H1 puq “ u,
ş8

´8
tP ru;ϑsu

2 ϕpuqdu “ 1 `
řK

i“1 ϑ
2
i is

a constant which guarantees that the density integrates to 1, and ϵ is an infinitesimal factor

used to bound the density below from 0, which Gallant and Nychka (1987) introduced to

simplify their proofs. Henceforth, we will set ϵ “ 0 for the purposes of developing our

testing procedure, but the same method applies with ϵ ą 0. Intuitively, a non-negative

density is automatically achieved by multiplying the Gaussian density by the square of a
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linear combination of Hermite polynomials. As explained by León et al. (2009), the SNP

distributions can have non-negligible positive and negative asymmetry and excess kurtosis

even with K “ 2.

4.3.2.2 The null hypothesis of normality and the GET test statistic

To simplify the notation, we focus on the case of K “ 2. Normality is trivially obtained

when H0 : ϑ1 “ ϑ2 “ 0. The complication arises because

sϑ1 ´ 2
a

φV sφM “ 0,

sϑ2 ´ 2
?
2φV sφV “ 0,

under H0, so that the nullity of the information matrix is 2. Hall (1990) highlighted this

problem when he considered tests of normality against semi-nonparametric alternatives in

which the ϑ coefficients were in turn functions of some exogenous variable. However, his

proposed solution was to ignore the parameters involved in the singularity, focusing instead

only on those which could be regularly estimated under the null. Unfortunately, his recipe

would leave us with no test in the case of the unconditional model (4.12)-(4.13).

In fact, it is easy to prove that ϑ1 and ϑ2 have different orders of identification, which

means that we need to resort to our Theorem 52. In this context, we can establish

the following result after reparametrizing from pφ1,ϑ1q “ pφM , φV , ϑ1, ϑ2q to pϕ1,θ1q “

pϕM , ϕV , θ1, θ2q as explained in its proof:

Proposition 57. The difference between the LR test of H0 : ϑ “ 0 in model (4.12)-(4.13)

based on a random sample of n observations on y and the following test statistic

GETn “ n

$

&

%

«

1

n

n
ÿ

i“1

H3pũiq

ff2

`

«

1

n

n
ÿ

i“1

H4pũiq

ff2
,

.

-

(4.15)

is Oppn´1{6q when the null is true, where H3pũiq and H4pũiq are the third- and fourth-order

normalized Hermite polynomials of the ũi’s, which are the values of the yi’s standardized so

that their sample mean and variance are 0 and 1, respectively.

110



Remarkably, this means that the Jarque and Bera (1980) test is asymptotically equiv-

alent to the LR test of normality against SNP densities, although they converge to each

other at a much lower rate than in the case of the Pearson family of alternative distributions

they considered.

4.3.2.3 Local power analysis

Let χ2
k pυq denote a non-central chi-square random variable with k degrees of freedom

and non-centrality parameter υ. We can show that

Proposition 58. Consider a sequence of parameters θn satisfying

lim
nÑ8

?
n

ˆ

´2
?
3θ1,nθ2,n?

6p19θ
4
1,n ´ θ22,nq

˙

“ λθ,8 P R2. (4.16)

Under the sequence of DGPs indexed by θn,

GETn
d

Ñ χ2
2pλ1

θ,8λθ,8q.

To understand this result, it is useful to note that

»

—

—

–

?
nE

"

H3

„

y´Epyq?
V arpyq

ȷ*

?
nE

"

H4

„

y´Epyq?
V arpyq

ȷ*

fi

ffi

ffi

fl

“ λθ,8 ` op1q.

Unlike in the multivariate regression model with selectivity, though, we can have two

different types of local alternatives compatible with (4.16):

Hl1 : θ1n “ n´ 1
4h1, θ2n “ n´ 1

4h2,

Hl2 : θ1n “ n´ 1
8h1, θ2n “ n´ 3

8h2.

Interestingly,
?
nθ22n dominates

?
nθ41n{9 along Hl1, so that the SNP distributions under

this sequence of local alternatives are platykurtic. In contrast,
?
nθ41n{9 dominates

?
nθ22n

along Hl2, so that the corresponding SNP distributions are leptokurtic.
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4.3.2.4 Simulation evidence

Despite the fact that we estimate the sample mean and variance of each simulated

sample, in this case there are effectively no nuisance parameters involved because both

the GET and LR test statistics are numerically invariant to affine transformations of the

observations. As a result, we can compute the exact finite sample distribution to any desired

degree of accuracy for any sample size by simulating a large number of samples of the same

size from a standard normal random variable. For that reason, we can focus directly on

studying the power of the different tests.

As alternative hypotheses, we consider ϑ1 “ p0.25, 0.10q (Ha1) and ϑ1 “ p0.75, 0.05q

(Ha2), setting φM “ 0 and φV “ 1 without loss of generality. As in the previous example,

for each design we generate 10,000 samples of size n. In Table 2 we compare the results of

our tests with the LR test. Panels A and B of Table 2 report the results for samples of length

400 and 1, 600, respectively. Given that the LR test statistic is also numerically invariant to

the true values pφM , φV q, we once again obtain its exact critical values using an analogous

parametric bootstrap procedure. The first three columns of Table 2 report rejection rates

under Ha1 at the same levels, while the last three columns present the rejection rates at

the 1%, 5% and 10% levels for Ha2. As can be seen, our proposed test has similar power

to the LR test for both alternatives.

Finally, our results also indicate that the LR takes around 160 and 100 times as much

CPU time to compute as GET does for n “ 400 and n “ 1, 600, respectively, which

considerably slows down the calculation of the bootstrap critical values.

4.3.2.5 Robustness to the estimation of mean and variance parameters

We now extend our previous results to a situation in which the conditional mean and

variance of y are parametric functions of the variable in x, as in (4.11). In this context, the

objective becomes to test whether the innovation u follows a normal distribution versus an

SNP.
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The conditional log-likelihood of the ith observation is given by:

lipα, ϑq “ ´
1

2
ln 2π´

1

2
lnσ2Y pxi,αq´

1

2
u2i pαq`2 ln

˜

1 `

K
ÿ

i“1

ϑiHi ruipαqs

¸

´ln

˜

1 `

K
ÿ

i“1

ϑ2i

¸

.

To be able to obtain the required higher-order log-likelihood expansions, we assume

that the following regularity conditions hold:

Assumption 59. (Smoothness of the conditional first two moments) The conditional mean

and variance functions µY pxi,αq and σY pxi,αq that appear in (4.11) are such that

(59.1) They are eight times continuously differentiable with respect to α.

(59.2) For all k P Ndα and ι1k “ 1, . . . , 8, it holds that

E

»

–

˜

Bι1kµY px,αq

Bαk

¸2
fi

fl ă 8, E

»

–

˜

Bι1kσ2Y px,αq

Bαk

¸2
fi

fl ă 8,

where k “ pk1, . . . , kdαq,

Bι1kµY px,αq

Bαk
“

Bι1kµY px,αq

Bαk1
1 . . . Bα

kdα
dα

, and

Bι1kσ2Y px,αq

Bαk
“

Bι1kσ2Y px,αq

Bαk1
1 . . . Bα

kdα
dα

.

Then, we can prove the following result, which is entirely analogous to Proposition 8 in

Amengual, Bei, Carrasco, and Sentana (2022):

Proposition 60. Under Assumptions (59.1) and (59.2), replacing the true value of α by

α̃, its restricted maximum likelihood estimator under H0, does not alter the expressions of

the GET test in Proposition 57 or its asymptotic distribution under the null or sequences

of local alternatives.

4.4 Conclusions

We propose a generalization of the extremum-type tests in L. F. Lee and Chesher (1986)

to models in which the nullity of the information matrix under the null hypothesis is larger
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than one. In the case of a single singularity, our results are consistent with theirs, as well as

with those in Rotnitzky et al. (2000). However, when the information matrix is repeatedly

singular, we provide a computationally convenient alternative to the LR test, which is

particularly useful for resampling-based calculations of p-values. Specifically, our proposed

test statistic is a sup-type test over a space whose dimension is at most the nullity of the

information matrix, and often less, while the maximization of the original log-likelihood

function is over a space of the same dimension as the vector of parameters, which is usually

much larger. In addition, the fact that several log-likelihood derivatives of various orders

are 0 under the null implies that the LR requires the estimation of all the parameters that

appear under the alternative in a model whose log-likelihood function is extremely flat

around its maximum. Intuitively, the substantial computational gains that we find arise

because GET is a LR-type test that compares the log-likelihood function under the null to

the maximum of its lowest-order approximation under the alternative capable of identifying

the restricted parameters.

Despite having many features in common, our results cannot be directly applied to test-

ing normality against finite Gaussian mixtures. Nevertheless, we used them as a powerful

lever to derive such tests in Amengual, Bei, Carrasco, and Sentana (2022).
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5. Conclusions
This dissertation consists of three essays on inference in non-standard scenarios.

In the first essay, I propose inference procedures for a target object whose identified set

is a union of bounds. There are a few directions for future work. For finite B, the important

tuning parameter αc trades off the rejection rate between less and more favorable DGPs,

and the suggested rule of thumb value is 4
5α. It would be useful to consider a choice

of αc that optimizes some objective function, for example, weighted average power. In

addition, the idea of modified conditional inference could potentially apply to other non-

standard inference problems like directionally differentiable functions. This idea does not

impose shape restrictions, e.g. convexity, on the null space. Lastly, for both finite and

infinite B, my inference procedures assume a correct specification that the union bound is

non-empty. If the model is misspecified, the confidence interval can be an empty set or

spuriously short. It would be interesting to consider misspecification robust inference for

general union bounds, in the spirit of Stoye (2020a) and D. W. K. Andrews and Kwon

(2023).

The second essay proposes a bootstrap test procedure for the null hypothesisH0 : c
1θ “ r

in moment inequality models, which I refer to as the local linearization based test. The test

is profile-based, but to calculate the critical value, it only requires a local search around some

preliminary estimator. An appealing feature is that the bootstrap iterates over quadratic

programming problems, which significantly reduces the computing time. The new test

controls asymptotic size uniformly over a large class of data generating processes and can be

applied to construct confidence sets for subvectors by test inversion. Simulation experiments

demonstrate good statistical and computational properties.

In the third essay, We propose a generalization of the extremum-type tests in L. F.

Lee and Chesher (1986) to models in which the nullity of the information matrix under

the null hypothesis is larger than one. Interestingly, the asymptotic distribution of our

test statistic is similar to the asymptotic distribution of the usual overidentification test

statistic in a GMM model in which the expected Jacobian of the moment conditions is of
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reduced rank but the parameters are second-order identified (see Supplemental Appendix E

of Amengual et al. (2020) for a formal link to the results in Dovonon and Renault (2013)).

An application of our approach to GMM contexts in which not only the expected Jacobian

matrix is singular but some higher order Jacobian matrices are singular too would constitute

a very interesting extension.
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Appendix A. Additional Results for Chapter 2
A.1 Proofs for Section 2.3
A.1.1 Implementation Details

Below I give a step by step implementation algorithm.

1. Input δ̂n, Ω̂n, α, αc, Aℓ, Au, η, ε, where ε is the computational tolerence. I suggest

using αc “ 4
5α and η “ 0.001.

2. Construct a 1 ´ η confidence set ∆̂ for δ:

Λ̂ “

!

pAℓδ, Auδq P Λ : δ P ∆̂
)

, (A.1)

∆̂ “

#

δ :
|δ̂j ´ δj |

ω̂j
ď ĉη,@j “ 1, ..., J

+

(A.2)

where ω̂j “

b

Ω̂jj and

ĉη “ Q

ˆ

max
j“1,...,J

|Z˚
j |, 1 ´ η

˙

with Z˚ „ N
´

0, diagpΩ̂q´ 1
2 Ω̂diagpΩ̂q´ 1

2

¯

.

3. Calculate ĉt:

(a) Initialize c “ 0, c̄ “ Φ´1p1 ´ α
2 q.

(b) Let c “ pc` c̄q{2 and calculate

p “ inf
δP∆̂

p̄ pc, pAℓδ, Auδqq .

If p ă α, c̄ “ c; if p ě α, c “ c.

(c) If c̄´ c ą ε, go to 3b;

If c̄´ c ď ε, ĉt “ pc` c̄q{2.

4. Construct the confidence interval by a grid search over an outer set of CIh given in

(2.10).

(a) Initialize θ “ minbPBℓ
λ̂ℓ,b ´ Φ´1p1 ´ ηqσ̂ℓ,b.

(b) Calculate T̂ pθq and ĉhpθ;αq.
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(c) If T̂ pθq ą ĉmpθ;αq, let θ “ θ ` ε.

• If θ ď maxbPBu λ̂u,b ` Φ´1p1 ´ ηqσ̂u,b Go to Step 4b

• If θ ą maxbPBu λ̂u,b ` Φ´1p1 ´ ηqσ̂u,b. The confidence interval is CIm “ H,

exit the algorithm.

If T̂ pθq ď ĉmpθ;αq, θ1 “ θ.

(d) Initialize θ “ maxbPBu λ̂u,b ` Φ´1p1 ´ ηqσ̂u,b.

(e) Calculate T̂ pθq and ĉmpθ;αq.

(f) If T̂ pθq ą ĉmpθ;αq, θ “ θ ´ ε. Go to Step 4e

If T̂ pθq ď ĉmpθ;αq, θ2 “ θ.

5. The confidence interval is CIm “ rθ1, θ2s.

It is possible for the confidence interval to be empty, indicated by an output of H. This

can occur when the model is misspecified and the lower bound exceeds the upper bound.

However, if the realized minimizer is consistently smaller than the maximizer, which is

the case in Rambachan and Roth (2023), Kolesár and Rothe (2018), and Masten and

Poirier (2021), the modified conditional confidence interval is non-empty. It would also be

interesting to consider misspecification robust inference for general union bounds, in the

spirit of Stoye (2020a) and I. Andrews et al. (2019), but this is outside the scope of this

paper and I leave it for future research.

A.1.2 Notation

For simplicity, let Bℓ be a subset of B such that Aℓ,b1 ‰ Aℓ,b2 for all b1 ‰ b2, b1, b2 P Bℓ.

If there is Aℓ,b1 “ Aℓ,b2 for b1, b2 P B , keep only mintb1, b2u in Bℓ. Construct Bu in the

same way. For instance, if

Aℓ “

»

–

1 0
0 1
0 1

fi

fl , Au “

»

–

1 0
1 1
0 1

fi

fl

then Bℓ “ t1, 2u and Bu “ t1, 2, 3u. Intuitively, Bℓ and Bu remove the redundant rows and

is (possibly an outer set of ) the support of b̂ℓ and b̂u.
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For P P P, let δP denote the true value of δ, λP,ℓ “ AℓδP , λP,u “ AuδP ,

θP,ℓ “ min
bPB

λP,ℓ,b, θP,u “ max
bPB

λP,u,b, θP,m “
θP,ℓ ` θP,u

2
.

Let

Zδ „ N p0,Ω0q , Zℓ,b “
Aℓ,bZδ

σ0,ℓ,b
, Zu,b “ ´

Au,bZδ

σ0,u,b

denote the limiting distribution of

?
n
´

δ̂n ´ δPn

¯

,

?
n
´

λ̂ℓ,b ´ λPn,ℓ,b

¯

σ̂ℓ,b
,

?
n
´

λPn,u,b ´ λ̂u,b

¯

σ̂u,b

with Ω0 and Pn specified in Lemma 62 and

σ0,ℓ,b “

b

Aℓ,bΩ0A1
ℓ,b, σ0,u,b “

b

Au,bΩ0A1
u,b.

For k “ ℓ,m, u, , let

Tk “ max

"

min
bPB

Zℓ,b ` λkℓ,b, min
bPB

Zu,b ` λku,b

*

(A.3)

be the asymptotic analog of T̂ pθPn,kq, where pλkℓ, λkuq are specified in Lemma 62. And let

bkℓ, bku be the asymptotic analog of b̂ℓpθkq and b̂upθkq, with support Bkℓ, Bku:

bkℓ “ min

#

argmin
bPBℓ

Zℓ,b ` λkℓ,b

+

,

bku “ min

"

argmin
bPBu

Zu,b ` λku,b

*

,

Bkℓ “ tb P Bℓ : λkℓ,b ă 8u ,

Bku “ tb P Bu : λku,b ă 8u .

Define the asymptotic analog of ptℓ,1, tℓ,2, tu,1, tu,2q evaluated at θPn,k as

tkℓ,1pbq “

$

&

%

min
b̃PB

´

1 ` ρℓupb, b̃q
¯´1 ´

Zu,b̃ ` ρℓupb, b̃qZℓ,b ` t:kℓ,1pb, b̃q
¯

, if min
b̃PB

ρℓupb, b̃q ą ´1

´8 elsewhere

(A.4)
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tku,1pbq “

$

&

%

min
b̃PB

´

1 ` ρℓupb̃, bq
¯´1 ´

Zℓ,b̃ ` ρℓupb̃, bqZu,b ` t:ku,1pb, b̃q
¯

, if min
b̃PB

ρℓupb̃, bq ą ´1

´8 elsewhere

tkℓ,2pbq “

$

&

%

min
b̃PB:ρℓpb,b̃qă1

´

1 ´ ρℓpb, b̃q
¯´1 ´

Zℓ,b̃ ´ ρℓpb, b̃qZℓ,b ` t:kℓ,2pb, b̃q
¯

if min
b̃PB

ρℓpb, b̃q ă 1

`8 elsewhere

tku,2pbq “

$

&

%

min
b̃PB:ρupb̃,bqă1

´

1 ´ ρupb̃, bq
¯´1 ´

Zu,b̃ ´ ρupb̃, bqZu,b ` t:ku,2pb, b̃q
¯

if min
b̃PB

ρupb, b̃q ă 1

`8 elsewhere

where

t:kℓ,1pb, b̃q “ λku,b̃ ` ρℓupb, b̃qλkℓ,b

t:ku,1pb, b̃q “ λkℓ,b̃ ` ρℓupb̃, bqλku,b

t:kℓ,2pb, b̃q “ λkℓ,b̃ ´ ρℓpb, b̃qλkℓ,b

t:ku,2pb, b̃q “ λku,b̃ ´ ρupb̃, bqλku,b.

Note that if
ˇ

ˇ

ˇ
λku,b̃

ˇ

ˇ

ˇ
Ñ 8 and |λkℓ,b| Ñ 8, t:kℓ,1pb, b̃q may not be well defined. However, as

we will see later, this case is irrelevant for the proof. Same applies to t:ku,1, t
:

kℓ,2 and t:ku,2.

And let

cck “

#

Φ´1 pαcΦ ptkℓ,1pbkℓqq ` p1 ´ αcqΦ ptkℓ,2pbkℓqqq if Zℓ,bkℓ ` λkℓ,bkℓ ě Zu,bku ` λku,bku
Φ´1 pαcΦ ptku,1pbkuqq ` p1 ´ αcqΦ ptku,2pbkuqqq if Zℓ,bkℓ ` λkℓ,bkℓ ă Zu,bku ` λku,bku

(A.5)

be the asymptotic analog of ĉcpθk, α
cq . Let

ppcq “ max tP pTℓ ą cmℓ pcq or tTm ą cmmpcq and Tu ą cmu pcquq , (A.6)

P pTu ą cmu pcq or tTm ą cmmpcq and Tℓ ą cmℓ pcququ ,

where

cmk pcq “ max tcck, cu ,

and Tk, cck are defined in (A.75), (A.77). Lastly, let

ct “ inf
c

tc ě 0 : ppcq ď α ´ ηu , (A.7)
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be the asymptotic analog of ĉt defined (2.31).

I use Φ for the CDF of N p0, 1q and Φ2px1, x2; ρq for the CDF of N
ˆ„

0
0

ȷ

,

„

1 ρ
ρ 1

ȷ˙

.

A.1.3 Proofs for Theorems and Propositions
Proof of Lemma 8.

Proof. Let b1 satisfy λℓ,b1 ď θ, and I show that

Φ
´

T̂ pθq

¯

´ Φ ptℓ,1pθ, b1qq

Φ ptℓ,2pθ, b1qq ´ Φ ptℓ,1pθ, b1qq

ˇ

ˇ

ˇ

!

T̂ pθq “ Zℓ,b1

)

FOSD
ĺ Unifp0, 1q. (A.8)

The proof mainly uses Theorem 5.2 and Lemma A.1 in Lee et al (2016), and below I follow

their notation. For s P B, let

As “

ˆ

1|B|ˆ1

´1

˙

, bs “

ˆ

Zℓ

´Zu,s

˙

.

It is easy to see that
!

T̂ pθq “ Zℓ,b1

)

“
ď

sPB
tAsZℓ,b1 ď bsu . (A.9)

To simplify AsZℓ,b1 ď bs, note that for all b P B,

Zℓ,b1 ď Zℓ,b

ô p1 ´ ρℓpb1, bqqZℓ,b1 ď Zℓ,b ´ ρℓpb1, bqZℓ,b1

ô

#

Zℓ,b1 ď p1 ´ ρℓpb1, bqq
´1

pZℓ,b ´ ρℓpb1, bqZℓ,b1q if ρℓpb1, bq ă 1

0 ď Zℓ,b ´ Zℓ,b1 if ρℓpb1, bq “ 1

and

Zℓ,b1 ě Zu,s

ô p1 ` ρℓupb1, sqqZℓ,b1 ě Zu,s ` ρℓupb1, sqZℓ,b1

ô

#

Zℓ,b1 ě p1 ` ρℓupb1, sqq
´1

pZu,s ` ρℓupb1, sqZℓ,b1q if ρℓupb1, sq ą ´1

0 ě Zu,s ´ Zℓ,b1 if ρℓupb1, sq “ ´1
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Therefore,

tAsZℓ,b1 ď bsu “
␣

V´
s ď Zℓ,b1 ď V`,V0 ě 0

(

(A.10)

where

V´
s “

#

p1 ` ρℓupb1, sqq
´1

pZu,s ` ρℓupb1, sqZℓ,b1q if ρℓupb1, sq ą ´1

´8 if ρℓupb1, sq “ ´1

V` “

$

&

%

min
bPB:ρℓpb1,bqă1

p1 ´ ρℓpb1, bqq
´1

pZℓ,b ´ ρℓpb1, bqZℓ,b1q if tb P B, ρℓpb1, bq ă 1u ­“ H

`8 if tb P B, ρℓpb1, bq ă 1u “ H

V0
s “

$

’

’

’

’

&

’

’

’

’

%

min
bPB:ρℓpb1,bq“1

pZℓ,b ´ Zℓ,b1q if ρℓupb1, sq ą ´1,max
bPB

ρℓpb1, bq “ 1

min

"

min
bPB:ρℓpb1,bq“1

pZℓ,b ´ Zℓ,b1q ,Zℓ,b1 ´ Zu,s

*

if ρℓupb1, sq “ ´1,max
bPB

ρℓpbℓ, bq “ 1

1 elsewhere

Note that

Zℓ,b1 K
␣

V`,
␣

V´
s ,V0

s

(

sPB
(

by construction. We can easily verify that

rtℓ,1pθ, b1q, tℓ,2pθ, b1qs “
ď

sPB

“

V´
s ,V`

‰

where tℓ,1pθ, b1q and tℓ,2pθ, b1q are defined in Lemma 9.

Let

µ “ E rZℓ,b1s “
λℓ,b1 ´ θ

σℓ,b1
ď 0

and Fµpx; t1, t2q denote CDF of a N pµ, 1q random variable truncated to rt1, t2s, i.e.

Fµpx; t1, t2q “
Φpx´ µq ´ Φpt1 ´ µq

Φpt2 ´ µq ´ Φpt1 ´ µq
.

Then by Theorem 5.3 in J. D. Lee et al. (2016),

Fµ pZℓ,bℓ ; tℓ,1pθ, b1q, tℓ,2pθ, b1qq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

sPB
tAsZℓ,b1 ď bsu „ Unifp0, 1q, (A.11)
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and by Lemma A.1 in J. D. Lee et al. (2016), for all z P R,

F0 pz; tℓ,1pθ, b1q, tℓ,2pθ, b1qq ď Fµ pz; tℓ,1pθ, b1q, tℓ,2pθ, b1qq . (A.12)

Therefore, we have

Φ
´

T̂ pθq

¯

´ Φ ptℓ,1pθ, b1qq

Φ ptℓ,2pθ, b1qq ´ Φ ptℓ,1pθ, b1qq

ˇ

ˇ

ˇ

!

T̂ pθq “ Zℓ,b1

)

„F0 pZℓ,b1 ; tℓ,1pθ, b1q, tℓ,2pθ, b1qq

ˇ

ˇ

ˇ

!

T̂ pθq “ Zℓ,b1

)

FOSD
ĺ Fµ pZℓ,b1 ; tℓ,1pθ, b1q, tℓ,2pθ, b1qq

ˇ

ˇ

ˇ

!

T̂ pθq “ Zℓ,b1

)

„Unifp0, 1q

Proof of Proposition 9.

Proof. To simplify notation, let

Bℓ0 “

!

b P Bℓ : λℓ,b ď θ, P
´

b “ b̂ℓ

¯

ą 0
)

,

Bu0 “

!

b P Bu : λu,b ě θ, P
´

b “ b̂u

¯

ą 0
)

.

Let b1 P Bℓ0, by Lemma 8, it holds that

P
´

T̂ pθq ą ĉcpθ, αq

ˇ

ˇ

ˇ
T̂ pθq “ Zℓ,b1

¯

“P
´

F0

´

T̂ pθq; tℓ,1pθ, b1q, tℓ,2pθ, b1q

¯

ą F0 pĉcpθ, αq; tℓ,1pθ, b1q, tℓ,2pθ, b1qq

ˇ

ˇ

ˇ
T̂ pθq “ Zℓ,b1

¯

ďP
´

Fµ

´

T̂ pθq; tℓ,1pθ, b1q, tℓ,2pθ, b1q

¯

ą 1 ´ α
ˇ

ˇ

ˇ
T̂ pθq “ Zℓ,b1

¯

“P pUnifp0, 1q ą 1 ´ αq “ α,

where the second line follows from F0px; t1, t2q strictly increasing in x, the inequality follows

from (A.12) and by construction

F0 pĉcpθ, αq; tℓ,1pθ, b1q, tℓ,2pθ, b1qq “ 1 ´ α,

and the last line follows from (A.11).
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Let b2 P Bu0. Similar argument gives

P
´

T̂ pθq ą ĉcpθ, αq

ˇ

ˇ

ˇ
T̂ pθq “ Zu,b2

¯

ď α. (A.13)

Therefore, we have

P
´

T̂ pθq ą ĉcpθ, αq

ˇ

ˇ

ˇ
Eℓ Y Eu

¯

“
ÿ

b1PBℓ0

P
´

T̂ pθq ą ĉcpθ, αq

ˇ

ˇ

ˇ
T̂ pθq “ Zℓ,b1

¯

P
´

T̂ pθq “ Zℓ,b1

ˇ

ˇ

ˇ
Eℓ Y Eu

¯

`
ÿ

b2PBu0

P
´

T̂ pθq ą ĉcpθ, αq

ˇ

ˇ

ˇ
T̂ pθq “ Zu,b2

¯

P
´

T̂ pθq “ Zu,b2

ˇ

ˇ

ˇ
Eℓ Y Eu

¯

ďα

˜

ÿ

b1PBℓ0

P
´

T̂ pθq “ Zℓ,b1

ˇ

ˇ

ˇ
Eℓ Y Eu

¯

`
ÿ

b2PBu0

P
´

T̂ pθq “ Zu,b2

ˇ

ˇ

ˇ
Eℓ Y Eu

¯

¸

“α,

where the first equality follows from

!

T̂ pθq “ Zℓ,b1

)

b1PB1

,
!

T̂ pθq “ Zu,b2

)

b2PB2

is a partition of Eℓ YEu under (2.23), and the inequality follows from (A.8) and (A.13).

Proof of Theorem 18.

Proof. By Lemma 62, we only focus on the subsequence sn, and for simplicity, I write n for

subsequence sn.

Step 1. I show that for all c P R`,

p̄
´

c, λPn , Σ̂n{n
¯

p
ÝÑ ppcq (A.14)

where p̄
´

c, λPn , Σ̂n{n
¯

is defined in (2.30) and ppcq is defined in (A.78). Note that by

Assumption 16 and (A.36), Ω̂n
p
ÝÑ Ω0, thus there is τn “ op1q such that

Ω̂n “ Ω0 ` oppτnq. (A.15)
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Let

Σn “

#

„

Aℓ

Au

ȷ

Ω

„

Aℓ

Au

ȷ1

: Ω P S, }Ω ´ Ω0} ď τn

+

.

To show (A.14), note that for all ε ą 0,

Pn

´
ˇ

ˇ

ˇ
p̄
´

c, λPn , Σ̂n{n
¯

´ ppcq
ˇ

ˇ

ˇ
ą ε

¯

ďPn

´
ˇ

ˇ

ˇ
p̄
´

c, λPn , Σ̂n{n
¯

´ ppcq
ˇ

ˇ

ˇ
ą ε, Ω̂n P Ωn

¯

` Pn

´

Ω̂n R Ωn

¯

ďPn

ˆ

sup
ΣPΣn

|p̄ pc, λPn ,Σ{nq ´ ppcq| ą ε

˙

` op1q

“1

„

sup
ΣPΣn

|p̄ pc, λPn ,Σ{nq ´ ppcq| ą ε

ȷ

` op1q,

where the first inequality follows from P pAq ď P pA X Bq ` P pBcq, the second inequality

follows from (A.15), and the last line is by p̄ pc, λPn ,Σ{nq and ppcq are non-random. Thus

it suffices to show

sup
ΣPΣn

|p̄ pc, λPn ,Σ{nq ´ ppcq| Ñ 0.

To do so, there is a sequence Σn P Σn such that

lim sup
n

sup
ΣPΣn

|p̄ pc, λPn ,Σ{nq ´ ppcq| “ lim sup
n

|p pc, λPn ,Σn{nq ´ ppcq|

and it suffices to show

lim sup
n

p̄ pc, λPn ,Σn{nq “ ppcq. (A.16)

First consider the case when
?
n pλPn,u,bu ´ λPn,ℓ,bℓq P R along λPn , note that

gpTℓ, Tm, c
c
ℓ, c

c
mq “ 1 rTℓ ą cmpccℓ, cq or tTm ą cmpccm, cq and Tu ą cmpccu, cqus

is bounded and continuous on D with

P pDcq “ P pTℓ “ cmpccℓ, cq or Tm “ cmpccm, cq or Tu “ cmpccu, cqq “ 0,

because (i) pTℓ, Tm, Tuq is continuously distributed and (ii) Tℓ K ccℓ, Tm K ccm, Tu K ccu by

construction. Thus (A.16) follows from Lemma 63.
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Second, when
?
n pλPn,u,bu ´ λPn,ℓ,bℓq Ñ 8 along λPn , let

p̃pc, λPn ,Σn{nq “ max
!

P
´

T̂ pλPn,ℓ,bℓq ą ĉmpλPn,ℓ,bℓ , c;α
cq;N pλPn ,Σnq

¯

, (A.17)

P
´

T̂ pλPn,u,buq ą ĉmpλPn,u,bu , c;α
cq;N pλPn ,Σnq

¯)

and we have

0 ď p̄ pc, λPn ,Σn{nq ´ p̃ pc, λPn ,Σn{nq ď P
´

T̂ pθmq ą ĉmpθm, c;α
cq;N pλPn ,Σnq

¯

“ op1q

where the last equality follows from Lemma 63. And

p̃pc, λPn ,Σn{nq “max
!

P
´

T̂ pθn,ℓq ą c̃mpθn,ℓ, c;α
cq;N pλPn ,Σnq

¯

,

P
´

T̂ pθn,uq ą c̃mpθn,u, c;α
cq;N pλPn ,Σnq

¯)

Ñmax tP pTℓ ą cmℓ pcqq , P pTu ą cmu pcqqu (A.18)

“ppcq

(A.18) follows from continuous mapping theorem.

Step 2. I show that for all ε ą 0,

lim sup
n

Pn

`

ĉtPn
ď ct ´ ε

˘

“ 0

where ct is defined in (A.79) and ĉtPn
is defined in (A.38). Note that by definition

p̄
´

ĉtPn
, λPn , Σ̂n{n

¯

ď α ´ η

and p̄
´

c, λPn , Σ̂n{n
¯

is decreasing in c. Thus

lim sup
n

Pn

`

ĉtPn
ď ct ´ ε

˘

“ lim sup
n

Pn

´

p̄
´

ct ´ ε, λPn , Σ̂n{n
¯

ě α ´ η
¯

“ 0

where the last equation is by

p̄
´

ct ´ ε, λPn , Σ̂n{n
¯

p
ÝÑ p

`

ct ´ ε
˘

ă α ´ η, (A.19)

and (A.19) follows from Step 1 (A.14).
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Step 3. For all ε ą 0, it holds that

lim sup
nÑ8

max
!

Pn

´

T̂ pθℓq ą ĉmpθℓ, ĉ
tq _

!

T̂ pθmq ą ĉmpθm, ĉ
tq ^ T̂ pθuq ą ĉmpθu, ĉ

tq

)¯

,

Pn

´

T̂ pθuq ą ĉmpθu, ĉ
tq _

!

T̂ pθmq ą ĉmpθm, ĉ
tq ^ T̂ pθℓq ą ĉmpθℓ, ĉ

tq

)¯)

“ lim sup
nÑ8

max
!

Pn

´

T̂ pθℓq ą c̃mpθℓ, ĉ
tq _

!

T̂ pθmq ą c̃mpθm, ĉ
tq ^ T̂ pθuq ą c̃mpθu, ĉ

tq

)¯

,

Pn

´

T̂ pθuq ą c̃mpθu, ĉ
tq _

!

T̂ pθmq ą c̃mpθm, ĉ
tq ^ T̂ pθℓq ą c̃mpθℓ, ĉ

tq

)¯)

ď lim sup
nÑ8

max (A.20)

!

Pn

´

T̂ pθℓq ą c̃mpθℓ, c
t ´ εq _

!

T̂ pθmq ą c̃mpθm, c
t ´ εq ^ T̂ pθuq ą c̃mpθu, c

t ´ εq
)¯

,

Pn

´

T̂ pθuq ą c̃mpθu, c
t ´ εq _

!

T̂ pθmq ą c̃mpθm, c
t ´ εq ^ T̂ pθℓq ą c̃mpθℓ, c

t ´ εq
)¯)

` lim sup
nÑ8

Pn

`

ĉtPn
ď ct ´ ε

˘

“ppct ´ εq. (A.21)

Here I omit the subcript Pn in θℓ, θm, θu and α in ĉm, c̃m for simplicity. Since (A.21) holds

at all ε ą 0, we can take a sequence of ε Ñ 0, then by Lemma 68,

lim sup
nÑ8

max
!

Pn

´

T̂ pθℓq ą ĉmpθℓ;αq _

!

T̂ pθmq ą ĉmpθm;αq ^ T̂ pθuq ą ĉmpθu;αq

)¯

,

Pn

´

T̂ pθuq ą ĉmpθu, αq _

!

T̂ pθmq ą ĉmpθm;αq ^ T̂ pθℓq ą ĉmpθℓ;αq

)¯)

ď lim
εÑ0

ppct ´ εq “ ppctq.

By construction,

ppctq ď α ´ η.

Thus by Lemma 62,

lim
n
Pn pθ R CImq ď α.
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Proof of Theorem 21.

Proof. Part I. Symmetric Bounds. Since λℓ “ λu and λ̂ℓ “ λ̂u, I will omit the subscript ℓ,

u in this proof. Let

Zu,b “ Zb “
λ̂b ´ θ

σ̂b{
?
n
, @b “ 1, .., |B|,

Zℓ,b “ ´Zb.

And the test statistic is

T̂ pθq “ max

"

min
bPB

tZbu ,min
bPB

t´Zbu

*

.

Step 1. By Lemma 67, there is α1
1 ą α such that

lim inf
n

inf
PPP

P

ˆ

ĉt ď Φ´1p1 ´
α1
1

2
q

˙

“ 1. (A.22)

By Lemma 70, there is α1
2 ą α such that

lim inf
n

inf
PPP

P
´

T̂ pθq ą ĉcpθ;αcq for all θ R CIsimpλ̂n, Σ̂n;α
1
2q

¯

“ 1.

Let α1 “ min tα1
1, α

1
2u ą α, and then (2.37) follows from

lim inf
n

inf
PPP

P
´

CIm
´

λ̂n, Σ̂n{n;α
¯

Ď CIsim
´

λ̂n, Σ̂n{n;α1
¯¯

“ lim inf
n

inf
PPP

P
´

T̂ pθq ą ĉmpθ;αq for all θ R CIsimpλ̂n, Σ̂n;α
1q

¯

ě lim inf
n

inf
PPP

P

ˆ

T̂ pθq ą ĉcpθ;αcq for all θ R CIsimpλ̂n, Σ̂n;α
1q, ĉt ď Φ´1p1 ´

α1

2
q

˙

ě lim inf
n

inf
PPP

P
´

T̂ pθq ą ĉcpθ;αcq for all θ R CIsimpλ̂n, Σ̂n;α
1q

¯

` lim inf
n

inf
PPP

P

ˆ

ĉt ď Φ´1p1 ´
α1

2
q

˙

´ 1

ě lim inf
n

inf
PPP

P
´

T̂ pθq ą ĉcpθ;αcq for all θ R CIsimpλ̂n, Σ̂n;α
1
2q

¯

` lim inf
n

inf
PPP

P

ˆ

ĉt ď Φ´1p1 ´
α1
1

2
q

˙

´ 1
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“1

Step 2. I show (2.38) with θn “ θℓ ´ κ?
n
. Note that by (2.37), there is α1 ą α such that

lim inf
n

Pn

´

θn R CIm
´

λ̂n, Σ̂n{n;α
¯¯

´ Pn

´

θn R CIsim
´

λ̂n, Σ̂n{n;α
¯¯

ě lim inf
n

Pn

´

θn R CIsim
´

λ̂n, Σ̂n{n;α1
¯¯

´ Pn

´

θn R CIsim
´

λ̂n, Σ̂n{n;α
¯¯

“ lim inf
n

Pn

ˆ

T̂ pθnq ą Φ´1p1 ´
α1

2
q

˙

´ Pn

´

T̂ pθnq ą Φ´1p1 ´
α

2
q

¯

ě lim inf
n

Pn

ˆ

T̂ pθnq P

ˆ

Φ´1p1 ´
α1

2
q,Φ´1p1 ´

α

2
q

˙˙

Under Pn, we can show that there is a subsequence Pan such that (A.36), (A.37) hold and

T̂ pθnq
d
ÝÑ T ˚ :“ max

"

min
bPB̄

"

Zb ` λ̄b `
κ

σb

*

, min
bPB̄

"

´Zb ´ λ̄b ´
κ

σb

**

.

And let

B̄ “
␣

b P B : λ̄b P R
(

.

Note that we have λ̄bℓ “ 0, thus B̄ ‰ H.

To simplify notation, let ε “ 1
4

´

Φ´1p1 ´ α
2 q ´ Φ´1p1 ´ α1

2 q

¯

, and c1 “ Φ´1p1´ α1

2 q ` ε,

c2 “ Φ´1p1 ´ α
2 q ´ ε. We have

lim inf
n

Pn

ˆ

T̂ pθnq P

ˆ

Φ´1p1 ´
α1

2
q,Φ´1p1 ´

α

2
q

˙˙

ě P pT ˚ P pc1, c2qq .

Then I show that there is κ P R such that

P pT ˚ P pc1, c2qq ą 0.

To do so, let b˚ be the element with largest variance, i.e. σb˚ ě maxbPB̄ σb. Then

P pT ˚ P pc1, c2qq

ěP

ˆ

c2 ě Zb˚ ` λ̄b˚ `
κ

σb˚

ě c1, Zb ` λ̄b `
κ

σb
ě c1, b P B̄ztb˚u

˙

“P

ˆ

c2 ě Zb˚ ` λ̄b˚ `
κ

σb˚

ě c1,Eb ě c1 ´ ρb˚bZb˚ ´ λ̄b ´
κ

σb
, b P B̄ztb˚u

˙
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ěP

ˆ

c2 ě Zb˚ ` λ̄b˚ `
κ

σb˚

ě c1,Eb ě c1 ´ λ̄b ´
a

σb
´ |ρb˚b|pc1 ´ λ̄b˚ ´

κ

σb˚

q, b P B̄ztb˚u

˙

ěP

ˆ

c2 ě Zb˚ ` λ̄b˚ `
κ

σb˚

ě c1,Eb ě A, b P B̄ztb˚u

˙

“P

ˆ

c2 ě Zb˚ ` λ̄b˚ `
κ

σb˚

ě c1

˙

P

ˆ

Eb ě c1 ´ λ̄b ´ |ρb˚b|
`

c1 ´ λ̄b˚

˘

´

ˆ

σb˚

σb
´ |ρb˚b|

˙

κ

σb˚

, b P B̄ztb˚u

˙

where

Eb “ Zb ´ ρpb, b˚qZb˚ .

Eb “Zb ´ ρpb, b˚qZb˚

A “c1 ´ λ̄b ´ |ρb˚b|
`

c1 ´ λ̄b˚

˘

´

ˆ

σb˚

σb
´ |ρb˚b|

˙

κ

σb˚

There is κ P R such that

P

ˆ

Eb ě c̄´ λ̄b ´ |ρb˚b|
`

c̄´ λ̄b˚

˘

´

ˆ

σb˚

σb
´ |ρb˚b|

˙

a

σb˚

, b P B̄ztb˚u

˙

ą 0

and therefore

P
´

T ˚ P

´

c̄,Φ´1p1 ´
α

2
q

¯¯

ą 0.

Part II. Large Bounds. By Lemma 71, there is α1
1 such that

lim inf
n

inf
n
P

ˆ

ĉt ď Φ´1p1 ´
α1
1

2
q

˙

“ 1.

Let α1 “ max tα1
1, 2α

cu and c1 “ Φ´1p1 ´ α1

2 q. I show that

lim inf
n

inf
n
P

ˆ

θ R CImpλ̂, Σ̂n{n, α1q for all θ ą max
bPB

λ̂u,b `
σ̂u,b
?
n
c1

˙

“ 1.

And the proof for the lower bound is symmetric.
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Let κ1
n Ñ 8 and κ1

n ! κn. Lemma 61 suggests that

lim inf
n

inf
n
P

ˆ

θ R CImpλ̂, Σ̂n{n, α1q for all θ ą max
bPB

λ̂u,b `
σ̂u,b
?
n
κ1
n

˙

“ 1.

Then I simplify ĉcpθ, αcq for

θ P

ˆ

max
bPB

λ̂u,b `
σ̂u,b
?
n
c1, max

bPB
λ̂u,b `

σ̂u,b
?
n
κ1
n

ȷ

.

In this case, under (2.36),

Zℓ,b̂ℓ
ď Zℓ,bℓ “

λ̂ℓ,bℓ ´ θ

σ̂ℓ,bℓ{
?
n

ď
λ̂ℓ,bℓ ´ λ̂u,bu ´

σ̂u,bu?
n
c1

σ̂ℓ,bℓ{
?
n

“
λ̂ℓ,bℓ ´ λ̂u,bu
σ̂ℓ,bℓ{

?
n

´
σ̂u,bu
σ̂ℓ,bℓ

c1 Ñ ´8 (A.23)

and

Zu,b̂u
“
θ ´ λ̂u,b̂u
σ̂u,b̂u

P
`

c1, κ
1
n

‰

. (A.24)

Thus, with probability approaching one,

T̂ pθq “ Zu,b̂u
ą c1,

ĉcpθ, αcq “ Φ´1
´

αcΦ
´

tu,1pθ, b̂uq

¯

` p1 ´ αcqΦ
´

tu,2pθ, b̂uq

¯¯

.

Moreover, (A.23) and (A.24) implies that

Φ
´

tu,1pθ, b̂uq

¯

ď Φ

ˆ

´

1 ` ρℓupbℓ, b̂uq

¯´1 ´

Zℓ,bℓ ` ρℓupbℓ, b̂uqZu,b̂u

¯

˙

“ Φ

˜

Zℓ,bℓ ´ Zu,b̂u

1 ` ρℓupbℓ, b̂uq
` Zu,b̂u

¸

p
ÝÑ 0.

Therefore,

ĉcpθ, αcq ď Φ´1
´

p1 ´ αcqΦ
´

tu,2pθ, b̂uq

¯¯

` op1q ď c1 w.p.a. 1,
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where the last inequality follows from αc ą α
2 . Thus by construction,

ĉhpθ, αq ď c1 ă T̂ pθq,

and θ is rejected.

The proof for (2.38) is similar to Part I Step 2.

Proof of Theorem 22.

Proof. By Lemma 61, it is easy to see that

lim inf
nÑ8

inf
PPPn

P
´

θℓ,n R CIm
´

λ̂n, Σ̂n{n;α
¯¯

“ 1 (A.25)

lim inf
nÑ8

inf
PPPn

P
´

θu,n R CIm
´

λ̂n, Σ̂n{n;α
¯¯

“ 1.

Ye et al. (2023) confidence interval has form

„

λ̂m,min ´

c

n

m
Q˚

´

λ̂˚
n,min ´ λ̂n,min, p̂

¯

, θ̂m,max ´

c

n

m
Q˚

´

λ̂˚
n,max ´ λ̂n,max, 1 ´ p̂

¯

ȷ

,

where λ̂˚
n,ℓ,b is calculated by empirical bootstrap, and λ̂m,b is calculate by a subsample of

size m, and

λ̂n,min “ min
bPB

λ̂n,ℓ,b, λ̂
˚
n,min “ min

bPB
λ̂˚
n,ℓ,b,

p̂
p
ÝÑ p˚ P

“

α
2 , α

‰

. The upper bound is defined symmetrically. First consider the rejection of

θℓ,n. Note that

P
´

θℓ,n R CIYKHS
´

λ̂n, Σ̂n{n;α
¯¯

“P

ˆ

θℓ,n ă λ̂m,min ´

c

n

m
Q˚

´

λ̂˚
n,min ´ λ̂n,min, p̂

¯

˙

` P

ˆ

θℓ,n ą θ̂m,max ´

c

n

m
Q˚

´

λ̂˚
n,max ´ λ̂n,max, 1 ´ p̂

¯

˙

“P
´

Q˚
´?

n
´

λ̂˚
n,min ´ λ̂n,min

¯

, p̂
¯

ă
?
mpλ̂m,min ´ θℓ,nq

¯

(A.26)

` P
´

Q˚
´?

npλ̂˚
n,max ´ λ̂n,maxq, 1 ´ p̂

¯

ą
?
mpλ̂m,max ´ θℓ,nq

¯

. (A.27)
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As for (A.26), note that
?
mpλ̂m,min ´ θℓ,nq “

?
mpλ̂m,min ´ λℓ,bℓq `

?
mpλℓ,bℓ ´ θℓ,nq

“
?
mpλ̂m,min ´ λℓ,bℓq ` κ1

n

?
m

?
n
a

“
?
mpλ̂m,min ´ λℓ,bℓq ` opp1q

d
ÝÑ min

bPB
Zℓ,b ` τℓ,b

where τℓ,b “ limm
?
m pλm,b ´ λℓ,bℓq, and the limit distribution is continuous. Thus

pA.26q “ P
´

Q˚
´?

n
´

λ̂˚
n,min ´ λ̂n,min

¯

, p̂
¯

ă
?
mpλ̂m,min ´ λℓ,bℓq

¯

` op1q.

Similarly, if
?
mpλu,bu ´ θℓ,nq P R, we have

pA.27q “ P
´

Q˚
´?

npλ̂˚
n,max ´ λ̂n,maxq, 1 ´ p̂

¯

ą
?
mpλ̂m,max ´ λℓ,bℓq

¯

` op1q (A.28)

with similar argument. And if
?
mpλu,bu ´ θℓ,nq Ñ 8, (A.28) still holds since both side of

the equation is op1q. In sum, we have

P
´

θℓ,n R CIYKHS
´

λ̂n, Σ̂n{n;α
¯¯

“ P
´

λℓ,bℓ R CIYKHS
´

λ̂n, Σ̂n{n;α
¯¯

` op1q,

thus by Theorem 2(d) in Ye et al. (2023), it holds that

lim sup
n

sup
P
P
´

θℓ,n R CIYKHS
´

λ̂n, Σ̂n{n;α
¯¯

ď α. (A.29)

(A.25) and (A.29) gives (2.39).

A.1.4 Auxiliary Lemmas

Lemma 61. (
?
n Convergence Rate) Suppose Assumptions 13, 14, 15, 16, and 17 hold.

For all ε ą 0, there is κ̄ P R` such that

lim inf
n

inf
PPP

P

ˆ

CIm Ď

„

θℓ ´
κ̄

?
n
, θu `

κ̄
?
n

ȷ˙

ą 1 ´ ε.
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Proof. It suffices to show that

lim inf
n

inf
PPP

P

ˆ

T̂ pθq ą ĉmpθ;αq for all θ R

„

θℓ ´
κ̄

?
n
, θu `

κ̄
?
n

ȷ˙

ą 1 ´ ε.

Following similar argument in Lemma 62, there is subsequence Pan P P such that

lim inf
n

inf
PPP

P

ˆ

T̂ pθq ą ĉmpθ;αq for all θ R

„

θℓ ´
κ̄

?
n
, θu `

κ̄
?
n

ȷ˙

“ lim
an
Pan

ˆ

T̂ pθq ą ĉmpθ;αq for all θ R

„

θℓ ´
κ̄

?
an
, θu `

κ̄
?
an

ȷ˙

and ΣpPanq Ñ Σ0. In addition, note that

Pan

ˆ

T̂ pθq ą ĉmpθ;αq for all θ R

„

θℓ ´
κ̄

?
an
, θu `

κ̄
?
an

ȷ˙

ěPan

ˆ

T̂ pθq ą ĉmpθ;αq for all θ ă θℓ ´
κ̄

?
an

˙

` Pan

ˆ

T̂ pθq ą ĉmpθ;αq for all θ ą θu `
κ̄

?
an

˙

´ 1.

Therefore, it suffices to show that for all ε ą 0, there is κ̄ P R` such that the following two

conditions hold

Pan

ˆ

T̂ pθq ą ĉmpθ;αq for all θ ă θℓ ´
κ̄

?
an

˙

ě 1 ´
ε

2
, (A.30)

Pan

ˆ

T̂ pθq ą ĉmpθ;αq for all θ ă θℓ ´
κ̄

?
an

˙

ě 1 ´
ε

2
. (A.31)

I will show (A.30), and the proof of (A.31) is symmetric. In the following proof, I use n for

subsequence an to simplify notation.

First, I show that for all ε ą 0, there is κ̄1 such that

lim inf
n

Pn pAnpκ̄1qq ě 1 ´
ε

6
, (A.32)

where

Anpκ̄1q “

"

T̂ pθq “ Zℓ,b̂ℓ
ą Φ´1p1 ´

α ´ η

2
q, for all θ ď θℓ ´

κ̄1
?
n

*

.
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To see this,

Pn pAnpκ̄1qq

“Pn

ˆ

Zℓ,b̂ℓ
ě min

bPB
Zu,b,Zℓ,b̂ℓ

ą Φ´1p1 ´
α ´ η

2
q, for all θ ď θℓ ´

κ̄1
?
n

˙

ěPn

ˆ

Zℓ,b̂ℓ
ě Zu,bu ,Zℓ,b̂ℓ

ą Φ´1p1 ´
α ´ η

2
q, for all θ ď θℓ ´

κ̄1
?
n

˙

“Pn

˜

λ̂ℓ,b̂ℓ ´ λℓ,b̂ℓ
σ̂ℓ,b̂ℓ{

?
n

`
λℓ,b̂ℓ ´ θℓ

σ̂ℓ,b̂ℓ{
?
n

`
θℓ ´ θ

σ̂ℓ,b̂ℓ{
?
n

ě
θ ´ θℓ

σ̂u,bu{
?
n

`
θℓ ´ θu
σ̂u,bu{

?
n

`
θu ´ λ̂u,bu
σ̂u,bu{

?
n
,

λ̂ℓ,b̂ℓ ´ λℓ,b̂ℓ
σ̂ℓ,b̂ℓ{

?
n

`
λℓ,b̂ℓ ´ θℓ

σ̂ℓ,b̂ℓ{
?
n

`
θℓ ´ θ

σ̂ℓ,b̂ℓ{
?
n

ą Φ´1p1 ´
α ´ η

2
q, for all θ ď θℓ ´

κ̄1
?
n

¸

ěPn

˜

λ̂ℓ,b̂ℓ ´ λℓ,b̂ℓ
σ̂ℓ,b̂ℓ{

?
n

`
κ̄1
σ̂ℓ,b̂ℓ

ě ´
κ̄1
σ̂u,bu

`
θu ´ λ̂u,bu
σ̂u,bu{

?
n
,
λ̂ℓ,b̂ℓ ´ λℓ,b̂ℓ
σ̂ℓ,b̂ℓ{

?
n

`
κ̄1
σ̂ℓ,b̂ℓ

ą Φ´1p1 ´
α ´ η

2
q

¸

“Pn

´

κ̄1 ě A, κ̄1 ą σ̂ℓ,b̂ℓΦ
´1p1 ´

α

2
q ´

?
n
´

λ̂ℓ,b̂ℓ ´ λℓ,b̂ℓ

¯¯

where

A “

˜

1

σ̂ℓ,b̂ℓ
`

1

σ̂u,bu

¸´1˜

θu ´ λ̂u,bu
σ̂u,bu{

?
n

´
λ̂ℓ,b̂ℓ ´ λℓ,b̂ℓ
σ̂ℓ,b̂ℓ{

?
n

¸

The existence of κ̄1 follows from
˜

1

σ̂ℓ,b̂ℓ
`

1

σ̂u,bu

¸´1˜

θu ´ λ̂u,bu
σ̂u,bu{

?
n

´
λ̂ℓ,b̂ℓ ´ λℓ,b̂ℓ
σ̂ℓ,b̂ℓ{

?
n

¸

“ OP p1q,

σ̂ℓ,b̂ℓΦ
´1p1 ´

α ´ η

2
q ´

?
n
´

λ̂ℓ,b̂ℓ ´ λℓ,b̂ℓ

¯

“ OP p1q.

Second, if minbPB ρℓupb̂ℓ, bq ą ´1, there is ξ P p0, 1q such that ρ̂ℓupb̂ℓ, buq ą ξ ´ 1 with

probablity approaching one by Assumption 13, 14, 15, and 16. Then, for all ε ą 0, there is

M̄ P R such that

lim inf
n

Pn pBnq ě 1 ´
ε

6
, (A.33)

where

Bn “ B1n YB2n,
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B1n “

"

min
bPB

ρℓupb̂ℓ, bq “ ´1

*

,

B2n “

#

min
bPB

ρℓupb̂ℓ, bq ą ´1,
´

1 ` ρ̂ℓupb̂ℓ, buq

¯´1 λu,bu ´ λ̂u,bu
σ̂u,bu{

?
n

ď M̄

+

because

lim inf
n

Pn pB1n YB2nq

“1 ´ lim inf
n

Pn

˜

min
bPB

ρℓupb̂ℓ, bq ą ´1,
´

1 ` ρ̂ℓupb̂ℓ, buq

¯´1 λu,bu ´ λ̂u,bu
σ̂u,bu{

?
n

ą M̄

¸

ě1 ´ lim inf
n

Pn

˜

min
bPB

ρℓupb̂ℓ, bq ą ´1,
1

ξ

ˇ

ˇ

ˇ

ˇ

ˇ

λu,bu ´ λ̂u,bu
σ̂u,bu{

?
n

ˇ

ˇ

ˇ

ˇ

ˇ

ą M̄

¸

ě1 ´ lim inf
n

Pn

˜

1

ξ

ˇ

ˇ

ˇ

ˇ

ˇ

λu,bu ´ λ̂u,bu
σ̂u,b{

?
n

ˇ

ˇ

ˇ

ˇ

ˇ

ą M̄

¸

and the existence of M̄ follows from

1

ξ

ˇ

ˇ

ˇ

ˇ

ˇ

λu,bu ´ λ̂u,bu
σ̂u,bu{

?
n

ˇ

ˇ

ˇ

ˇ

ˇ

“ OP p1q.

And by similar argument in (B.8), there is κ̄2 such that

lim inf
n

Pn pCnpκ̄2qq ě 1 ´
ε

6
, (A.34)

where

Cnpκ̄2q “

"

T̂ pθq ą z̄ for all θ ď θℓ ´
κ̄2
?
n

*

,

where z̄ is defined in Lemma 64 with M̄ given above (A.33).

In sum, let κ̄ “ max tκ̄1, κ̄2, 0u,

Dn “

"

T̂ pθnq ą ĉcpθn, 1 ´ αcq for all θ ď θℓ ´
κ̄

?
n

*

,

we have

lim inf
n

Pn pDnq
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ě lim inf
n

Pn pAnpκ̄q XBn X Cnpκ̄q XDnq

“ lim inf
n

Pn pAnpκ̄q XBn X Cnpκ̄qq

ě lim inf
n

Pn pAnpκ̄qq ` Pn pBnq ` Pn pCnpκ̄qq ´ 2

ě lim inf
n

Pn pAnpκ̄1qq ` Pn pBnq ` Pn pCnpκ̄2qq ´ 2

ě1 ´
ε

2
.

where the equality follows from Lemma 64: the three assumptions in Lemma 64 hold

because (i) κ̄ ě 0, (ii) Anpκ̄q, (iii) Bn X Cnpκ̄q. The last inequality follows from (B.8),

(A.33) and (A.34).

Lemma 62. Under Assumptions 13, 14, 15, 16, 17, to prove that

lim sup
nÑ8

sup
PPP

sup
θPrθP,ℓ,θP,us

P
´

θ R CIm
´

λ̂n, Σ̂n{n;α
¯¯

ď α,

it suffices to show that we have

lim sup
nÑ8

max
!

Pn

´

T̂ pθPn,ℓq ą c̃mpθPn,ℓ, ĉ
t
Pn

;αq or T̂ pθPn,mq ą c̃mpθPn,m, ĉ
t
Pn

;αq

¯

,

Pn

´

T̂ pθPn,uq ą c̃mpθPn,u, ĉ
t
Pn

;αq or T̂ pθPn,mq ą c̃mpθPn,m, ĉ
t
Pn

;αq

¯)

ď α ´ η, (A.35)

for all sequence tPnu P P8 “ ˆ8
n“1Pn with

1. The convergence of Ω,

ΩpPnq Ñ Ω0 P S. (A.36)

2. The convergence of

pλn,kℓ, λn,kuq “

ˆˆ

λPn,ℓ,b ´ θPn,k

σPn,ℓ,b{
?
n

˙

bPB
,

ˆ

θPn,k ´ λPn,u,b

σPn,u,b{
?
n

˙

bPB

˙

Ñ pλkℓ, λkuq, (A.37)

with λℓℓ P Λ0, λuu P Λ0, λℓ,u, λmu P Λ´ and λmℓ, λuℓ P Λ´, σ0,ℓ,b “

b

Aℓ,bΩ0A1
ℓ,b,

σ0,u,b “

b

Au,bΩ0A1
u,b,

Λ0 “

"

λ P r0,`8s
|B| : min

bPB
λb “ 0

*
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Λ´ “

"

λ P r´8,`8s
|B| : min

bPB
λb ď 0

*

.

where

ĉtPn
“ inf

c

!

c ě 0 : p̄
´

c, λPn , Σ̂n{n
¯

` η ď α
)

. (A.38)

Recall that c̃hpθ, c;αq is defined in (2.27) and p̄
´

c, λPn , Σ̂n{n
¯

is defined in (2.30).

Proof. There is alwasy a subsequence tnau, tPna , θnau such that

lim sup
nÑ8

sup
PPP

sup
θPrθP,ℓ,θP,us

P
´

θ R CIm
´

λ̂n, Σ̂n{n;α
¯¯

“ lim
na

Pna

´

θna R CIm
´

λ̂n, Σ̂n{n;α
¯¯

.

(A.39)

Since S defined in Assumption 15 is compact (e.g. in the Frobenius norm), and Assumption

15 implies that ΩpPnaq P S for all na, there exists a further subsequence tnru Ď tnau such

that

lim
rÑ8

Ω pPnrq Ñ Ω0 P S.

Also, note that the set r´8,`8s
|B| is compact under metric dpλ, λ̃q “

›

›

›
Φpλq ´ Φpλ̃q

›

›

›
for

Φp¨q the standard normal cdf applied elementwise, and }¨} the Euclidean norm. Therefore,

there is a further subsequence tnsu Ď tnru along which (A.37) holds. We have found a

subsequence ns such that (A.36) and (A.37) hold. And, by (A.39), we have

lim sup
nÑ8

sup
PPP

sup
θPrθℓ,θus

P
´

θ R CIm
´

λ̂n, Σ̂n{n;α
¯¯

“ lim
ns

Pns

´

θns R CIm
´

λ̂ns , Σ̂ns{ns;α
¯¯

.

With slight abuse of notation, in the following equations I use n for subsequence ns to

simplify notation:

Pns

´

θns R CIm
´

λ̂ns , Σ̂ns{ns;α
¯¯

ďPn

´

θn R CIm
´

λ̂n, Σ̂n{n;α
¯

, λPn P Λ̂n

¯

` Pn

´

λPn R Λ̂n

¯

ďmax
!

Pn

´

rθPn,ℓ, θPn,ms Ę CIm
´

λ̂n, Σ̂n{n;α
¯

, λPn P Λ̂n

¯

,
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Pn

´

rθPn,m, θPn,us Ę CIm
´

λ̂n, Σ̂n{n;α
¯

, λPn P Λ̂n

¯)

` Pns

´

λPn R Λ̂n

¯

ďmax
!

Pn

´

T̂ pθPn,ℓq ą ĉmpθPn,ℓ;αq or T̂ pθPn,mq ą ĉmpθPn,m;αq, λPn P Λ̂n

¯

,

Pn

´

T̂ pθPn,mq ą ĉmpθPn,m;αq or T̂ pθPn,uq ą ĉmpθPn,u;αq, λPn P Λ̂n

¯)

` η ` op1q

ďmax
!

Pn

´

T̂ pθPn,ℓq ą c̃mpθPn,ℓ, ĉ
t
Pn

;αq or T̂ pθPn,mq ą c̃mpθPn,m, ĉ
t
Pn

;αq

¯

,

Pns

´

T̂ pθPn,mq ą c̃mpθPn,m, ĉ
t
Pn

;αq or T̂ pθPn,uq ą c̃mpθPn,u, ĉ
t
Pn

;αq

¯)

` η ` op1q.

Recall that ĉt is defined in (2.31) and ĉtPn
is defined in (A.38), thus the last inequality

follows from the fact that ĉtPn
ď ĉt if λPn P Λ̂n. Therefore it suffices to show (A.35).

Lemma 63. Under Assumptions 13, 14, 15, 16, 17, under sequences (A.36) and (A.37),

if

min
bPB

σ0,u,bλℓu,b P R, (A.40)

it holds that
´

T̂ pθPn,kq, ĉcpθPn,k, α
cq

¯

k“ℓ,m,u

d
ÝÑ pTk, c

c
kqk“ℓ,m,u . (A.41)

If

min
bPB

σ0,u,bλℓu,b “ ´8, (A.42)

it holds that
´

T̂ pθPn,kq, ĉcpθPn,k, α
cq

¯

k“ℓ,u

d
ÝÑ pTk, c

c
kqk“ℓ,u , (A.43)

and for all c P R

Pn

´

T̂ pθPn,mq ě c
¯

Ñ 0. (A.44)

Proof. Note that

lim
n

?
n pλPn,ℓ,bℓ ´ λPn,u,buq “ lim

n
σPn,u,b

λPn,ℓ,bℓ ´ maxbPB λPn,u,b

σPn,u,b{
?
n

“ lim
n

min
bPB

σPn,u,b
θPn,ℓ ´ λPn,u,b

σPn,u,b{
?
n
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“ min
bPB

lim
n
σPn,u,b

θPn,ℓ ´ λPn,u,b

σPn,u,b{
?
n

“ min
bPB

σ0,u,bλℓu,b. (A.45)

Thus the two cases in (A.40) and (A.42) correspond to whether the length of the identified

set of θ is large asymptotically. I will show (A.41) under (A.40 in Step 1 and 2, then show

(A.43) and (A.44) under (A.42) in Step 3.

Step 1. Show that under (A.40),
´

b̂ℓpθPn,kq, b̂upθPn,kq, T̂ pθPn,kq,Φ
`

t̂ℓpθPn,k,Bkℓq
˘

,Φ
`

t̂upθPn,k,Bkuq
˘

¯

k“ℓ,m,u

d
ÝÑ pbkℓ, bku, Tk,Φ ptkℓpBkℓqq ,Φ ptkupBkuqqqk“ℓ,m,u .

where

tkℓpBkℓq “ ptkℓ,1pbq, tkℓ,2pbqqbPBkℓ
,

tkupBkuq “ ptku,1pbq, tku,2pbqqbPBku
.

Step 1.1. Note that with probability one

T̂ pθPn,kq “max

#

min
bPB

λ̂ℓ,b ´ θPn,k

σ̂ℓ,b{
?
n

, min
bPB

θPn,k ´ λ̂u,b
σ̂u,b{

?
n

+

“max

#

min
bPBℓ

λ̂ℓ,b ´ λPn,ℓ,b

σ̂ℓ,b{
?
n

`
σPn,ℓ,b

σ̂ℓ,b
λn,kℓ,b, min

bPBu

λPn,u,b ´ λ̂u,b
σ̂Pn,u,b{

?
n

`
σPn,u,b

σ̂u,b
λn,ku,b

+

“max

#

min
bPBkℓ

λ̂ℓ,b ´ λPn,ℓ,b

σ̂ℓ,b{
?
n

`
σPn,ℓ,b

σ̂ℓ,b
λn,kℓ,b, min

bPBku

λPn,u,b ´ λ̂u,b
σ̂u,b{

?
n

`
σPn,u,b

σ̂u,b
λn,ku,b

+

d
ÝÑmax

"

min
bPBkℓ

Zℓ,b ` λkℓ,b, min
bPBku

Zu,b ` λku,b

*

. (A.46)

The first line is by definition, the second line simply rearranges terms with λn,kℓ,b, λn,ku,b

defined in (A.37) and Bℓ, Bu defined in Section B.1.1 first paragraph. To see the third line,

note that by Assumption 13, 14, 15, 16, we have
˜˜

λ̂ℓ,b ´ λPn,ℓ,b

σ̂ℓ,b{
?
n

¸

bPB

,

˜

λPn,u,b ´ λ̂u,b
σ̂u,b{

?
n

¸

bPB

,

ˆ

σPn,ℓ,b

σ̂ℓ,b

˙

bPB
,

ˆ

σPn,u,b

σ̂u,b

˙

bPB

¸

(A.47)

d
ÝÑ

`

Zℓ, Zu,12|B|

˘

.
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And by definition, for b P BℓzBkℓ, λkℓ,b “ 8, thus with probability going to one,

min
b̃PB

λ̂ℓ,b̃ ´ θPn,k

σ̂ℓ,b̃{
?
n

ď
λ̂ℓ,bℓ ´ θPn,k

σ̂ℓ,bℓ{
?
n

ď
λ̂ℓ,bℓ ´ λPn.ℓ,bℓ

σ̂ℓ,bℓ{
?
n

ă
λ̂ℓ,b ´ λPn.ℓ,b

σ̂ℓ,b{
?
n

`
σPn,ℓ,b

σ̂ℓ,b
λn,kℓ,b.

Thus asymptotically, we can ignore BℓzBkℓ. With the same argument, we can replace Bu

with Bku in the second part. The fourth line follows from (i) (A.47), (ii) Slustsky’s Lemma

and (iii) the limit distribution is well defined because

λkℓ,b “ lim
n

λPn,ℓ,b ´ θPn,k

σPn,ℓ,b{
?
n

ě lim
n

λPn,ℓ,bℓ ´ λPn,u,bu

σPn,ℓ,b{
?
n

“
minbPB σ0,u,bλℓu,b

σ0,ℓ,b
P R, (A.48)

λku,b “ lim
n

θPn,k ´ λPn,u,b

σPn,u,b{
?
n

ě lim
n

λPn,ℓ,bℓ ´ λPn,u,bu

σPn,u,b{
?
n

“
minbPB σ0,u,bλℓu,b

σ0,u,b
P R.

Step 1.2. As for Φ
`

t̂ℓ,1pθk,Bkℓq
˘

, let b P Bkℓ. If min
b̃PB

ρℓupb, b̃q “ ´1, then Φ ptkℓ,1pbqq “ 0

by construction in (A.76). And note that min
bPB

ρℓupb, b̃q “ ´1 implies Aℓ,b “ ´aAu,b̃ for some

a ą 0, thus min
bPB

ρ̂ℓupb, b̃q “ ´1 for all samples, thus with probability one, Φ
`

t̂ℓ,1pθk, b
˘

“ 0,

and the convergence is trivial. Then consider min
b̃PB

ρℓupb, b̃q ą ´1, where

Φ ptℓ,1pθk, bqq “ min
b̃PB

Φ

˜

´

1 ` ρ̂ℓupb, b̃q
¯´1

˜

Ẑu,b̃ `
σu,b̃
σ̂u,b̃

λPn,ku,b̃
` λkℓρ̂ℓupb, b̃q

ˆ

Ẑℓ,b `
σℓ,b
σ̂ℓ,b

λPn,kℓ,b

˙

¸¸

By (A.48) and the definition of Bkℓ, we have λkℓ,b P R, and thus

Φ ptℓ,1pθk, bqq

“min
b̃PB

Φ

˜

´

1 ` ρ̂ℓupb, b̃q
¯´1

˜

Ẑu,b̃ `
σu,b̃
σ̂u,b̃

λPn,ku,b̃
` ρ̂ℓupb, b̃q

ˆ

Ẑℓ,b `
σℓ,b
σ̂ℓ,b

λPn,kℓ,b

˙

¸¸

d
ÝÑmin

b̃PB
Φ

ˆ

´

1 ` ρℓupb, b̃q
¯´1 ´

Zu,b̃ ` λku,b̃ ` ρℓupb, b̃q pZℓ,b ` λkℓ,bq
¯

˙

“ Φ ptkℓ,1pbqq .

Thus

Φ ptℓ,1pθk,Bkℓqq
d
ÝÑ Φ ptkℓ,1pBkℓqq . (A.49)
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This argument also applies to Φ ptℓ,2pθk,Bkℓqq, Φ ptu,1pθk,Bkuqq, Φ ptu,2pθk,Bkuqq.

Step 1.3. Let

g pX,Y q “ 1 rX ď Y s .

For b1, b2 P Bkℓ, b1 ‰ b2,

P pZℓ,b1 ` λkℓ,b1 “ Zℓ,b2 ` λkℓ,b2q “ P ppAℓ,b1 ´Aℓ,b2qZδ “ λkℓ,b2 ´ λkℓ,b1q “ 0,

following from Aℓ,b1 ­“ Aℓ,b2 , Zδ „ N p0,Ω0q, Ω0 non-singular and λkℓ,b2 , λkℓ,b1 P R. Thus

g pZℓ,b1 ` λkℓ,b1 , Zℓ,b2 ` λkℓ,b2q

is almost sure continuous, and thus by continuous mapping theorem, it holds that

g pZℓ,b1 ,Zℓ,b2q
d
ÝÑ g pZℓ,b1 ` λkℓ,b1 , Zℓ,b2 ` λkℓ,b2q . (A.50)

Similarly, we have

g pZu,b2 ,Zℓ,b1q
d
ÝÑ g pZu,b2 ` λku,b2 , Zℓ,b1 ` λkℓ,b1q . (A.51)

Then consider b1 P Bkℓ and b2 P Bku. (i) if Aℓ,b1 ­“ Au,b2 , similar argument holds, and we

have

g pZℓ,b1 ,Zu,b2q
d
ÝÑ g pZℓ,b1 ` λkℓ,b1 , Zu,b2 ` λku,b2q . (A.52)

(ii) if Aℓ,b1 “ Au,b2 , then

g pZℓ,b1 ,Zu,b2q “ g pZℓ,b1 ` λkℓ,b1 , Zu,b2 ` λku,b2q “ 1

for all samples, thus the convergence holds trivially. The convergence in (A.46), (A.49),

(A.50), (A.51), (A.52) holds jointly.

Step 2. Then I show the convergence of Φ pĉcpθk, αqq. Note that Φ pĉcpθk, αqq can be

written as

Φ pĉcpθk, αqq

“

´

p1 ´ αqΦ
´

tℓ,2pθk, b̂ℓq
¯

` αΦ
´

tℓ,1pθk, b̂ℓq
¯¯

1
”

Zℓ,b̂ℓ
ě Zu,b̂u

ı
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`

´

p1 ´ αqΦ
´

tu,2pθk, b̂ℓq
¯

` αΦ
´

tu,1pθk, b̂ℓq
¯¯

1
”

Zℓ,b̂ℓ
ă Zu,b̂u

ı

“
ÿ

b1PBkℓ

ÿ

b2PBku

1
“

Zℓ,b1 ě Zu,b2 ,Zℓ,b1 ď Zℓ,Bkℓzb1 ,Zu,b2 ď Zu,Bkuzb2

‰

ˆ

pp1 ´ αqΦ ptu,2pθk, b1qq ` αΦ ptℓ,1pθk, b2qqq

`
ÿ

b1PBkℓ

ÿ

b2PBku

1
“

Zℓ,b1 ă Zu,b2 ,Zℓ,b1 ď Zℓ,Bkℓzb1 ,Zu,b2 ď Zu,Bkuzb2

‰

ˆ

pp1 ´ αqΦ ptu,2pθk, b1qq ` αΦ ptu,1pθk, b2qqq w.p.a. 1

And

1
“

Zℓ,b1 ě Zu,b2 ,Zℓ,b1 ď Zℓ,Bkℓzb1 ,Zu,b2 ď Zu,Bkuzb2

‰

“g pZu,b2 ,Zℓ,b1q
ź

b̃1PBkℓzb1

g
´

Zℓ,b1 ,Zℓ,b̃1

¯

ź

b̃2PBkℓzb2

g
´

Zℓ,b2 ,Zℓ,b̃2

¯

1
“

Zℓ,b1 ă Zu,b2 ,Zℓ,b1 ď Zℓ,Bkℓzb1 ,Zu,b2 ď Zu,Bkuzb2

‰

“ r1 ´ g pZu,b2 ,Zℓ,b1qs
ź

b̃1PBkℓzb1

g
´

Zℓ,b1 ,Zℓ,b̃1

¯

ź

b̃2PBkℓzb2

g
´

Zℓ,b2 ,Zℓ,b̃2

¯

Since all function are almost sure continuous as discussed before, we have

Φ pĉcpθk, αqq
d
ÝÑ Φ pcckpαqq

following from (A.49), (A.50), (A.51), (A.52).

Step 3. Now assume (A.42) holds. We can show that
´

b̂ℓpθPn,kq, b̂upθPn,kq, T̂ pθPn,kq,Φ
`

t̂ℓpθPn,k,Bkℓq
˘

,Φ
`

t̂upθPn,k,Bkuq
˘

¯

k“ℓ,u

d
ÝÑ pbkℓ, bku, Tk,Φ ptkℓpBkℓqq ,Φ ptkupBkuqqqk“ℓ,u

with similar argument as Step 1 and 2. Regarding (A.44), note that

T̂ pθmq “ max

#

min
bPB

λ̂ℓ,b ´ θm
σ̂ℓ,b{

?
n
, min

bPB

θm ´ λ̂u,b
σ̂u,b{

?
n

+

ď max

#

λ̂ℓ,bℓ ´ θm
σ̂ℓ,bℓ{

?
n
,
θm ´ λ̂u,bu
σ̂u,bu{

?
n

+
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“ max

#

λ̂ℓ,bℓ ´ λℓ,bℓ
σ̂ℓ,bℓ{

?
n

`
σℓ,bℓ
σ̂ℓ,bℓ

λℓ,bℓ ´ θm
σℓ,bℓ{

?
n
,
λu,bu ´ λ̂u,bu
σ̂u,b{

?
n

`
σu,bu
σ̂u,bu

θm ´ λu,b
σu,bu{

?
n

+

By (A.42), (A.45) and θm “ pθℓ ` θuq{2,

lim
n

λℓ,bℓ ´ θm
σℓ,bℓ{

?
n

“ ´8, lim
n

θm ´ λu,b
σu,bu{

?
n

“ ´8.

Thus it is easy to see (A.44) holds.

Lemma 64. Assume that (i) θ ď θℓ; (ii)

T̂ pθq “ Zℓ,b̂ℓ
ą Φ´1p1 ´

α ´ η

2
q; (A.53)

(iii) either

min
b̃PB

ρ̂ℓupb̂ℓ, b̃q “ ´1,

or
´

1 ` ρ̂ℓupb̂ℓ, buq

¯´1 λu,bu ´ λ̂u,bu
σ̂u,bu{

?
n

ď M̄, (A.54)

T̂ pθq ą z̄, (A.55)

where M̄ P R, z̄ is defined in Lemma 65 with M̄ given in (A.54). Then

T̂ pθq ą ĉmpθ, 1 ´ αcq. (A.56)

Proof. Note that ct ď Φ´1p1 ´
α´η
2 q by construction, thus under (A.53), T̂ pθq ą ct and

(A.56) is equivalent to

T̂ pθq ą ĉcpθ, 1 ´ αcq. (A.57)

If minb̃PB ρ̂ℓupb̂ℓ, b̃q “ ´1, then

ĉcpθ, 1 ´ αcq “ Φ´1
´

p1 ´ αcqΦ
´

tℓ,2pθ, b̂ℓq
¯¯

ď Φ´1 p1 ´ αcq ă Φ´1p1 ´
α

2
q.

In this case, (A.57) holds trivially. If minb̃PB ρℓupb̂ℓ, b̃q ą ´1, we have

tℓ,1pθ, b̂ℓq “ min
b̃PB

´

1 ` ρ̂ℓupb̂ℓ, b̃q
¯´1 ´

Zu,b̃ ` ρ̂ℓupb̂ℓ, b̃qZℓ,b̂ℓ

¯
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ď

´

1 ` ρ̂ℓupb̂ℓ, buq

¯´1
˜

θ ´ λ̂u,bu
σ̂u,bu{

?
n

` ρ̂ℓupb̂ℓ, buqZℓ,b̂ℓ

¸

ď

´

1 ` ρ̂ℓupb̂ℓ, buq

¯´1
˜

λu,bu ´ λ̂u,bu
σ̂u,bu{

?
n

` ρ̂ℓupb̂ℓ, buqZℓ,b̂ℓ

¸

ď M̄ `
1

2
Zℓ,b̂ℓ

,

where the second inequality uses θ ď θℓ ď λu,bu by (i). Then

Φ
´

T̂ pθq

¯

´ Φ pĉcpθ, 1 ´ αcqq

“Φ
´

T̂ pθq

¯

´ αcΦ
´

tℓ,1pθ, b̂ℓq
¯

´ p1 ´ αcqΦ
´

tℓ,2pθ, b̂ℓq
¯

ěΦ
´

Zℓ,b̂ℓ

¯

´ αcΦ

ˆ

M̄ `
1

2
Zℓ,b̂ℓ

˙

´ p1 ´ αcq

“H
´

Zℓ,b̂ℓ
, M̄

¯

ą 0,

where Hpz, M̄q is defined in Lemma 65. HpZℓ,b̂ℓ
, M̄q ą 0 follows from (A.55) and Lemma

65.

Lemma 65. Let

Hpz, M̄q “ Φpzq ´ αcΦ

ˆ

M̄ `
1

2
z

˙

´ p1 ´ αcq.

For all M̄ P R, there is some z̄ P R such that Hpzq ą 0 for all z ě z̄.

Proof. Note that

H 1pzq “ ϕpzq

ˆ

1 ´
α

2
exp

ˆ

3

8
z2 ´

M̄

2
z ´

M̄2

2

˙˙

,

and thus there is z̄ P R such that H 1pzq ă 0 for all z ě z̄. Also note that

lim
zÑ8

Hpzq “ 0.

Therefore, for all z ě z̄, we have Hpzq ą 0.
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Lemma 66. Let α P p0, 12q, αc P pα2 , αq, η P
“

0, α4
˘

. Recall that csim “ Φ´1p1 ´ α
2 q. Let

H pc,∆, ρq “ Φ2 p´c,∆ ´ c; ρq ` Φ

ˆ

´
∆

2
´ c

˙

,

ρ˚
2pα, ηq “ sup

ρ

"

ρ : sup
∆ě0

H
`

csim,∆, ρ
˘

ď α ´ η

*

. (A.58)

For all ξ ą 0, there is c̄ ă csim such that

sup
ρďρ˚

2 pα,ηq´ξ

sup
∆ě0

H pc̄,∆, ρq ă α ´ η. (A.59)

Proof. First note that we can check numerically that for α P p0, 12q,

sup
∆ě0

H
`

csim,∆, 0
˘

“ sup
∆ě0

α

2
Φ
`

∆ ´ csim
˘

` Φ

ˆ

´
∆

2
´ csim

˙

ă
3

4
α ă α ´ η

and thus ρ˚
2pα, ηq is well defined. And

sup
∆ě0

H
`

csim,∆, 1
˘

“ 2Φ p´cq “ α ą α ´ η,

thus ρ˚
2pα, ηq ă 1.

Second, I show that for all c P p0, csims, it holds that for all |ρ| ă 1,

sup
∆ě0

H pc,∆, ρq “ sup
∆Pr0,∆̄s

H pc,∆, ρq (A.60)

where ∆̄ “ 2csim `
a

4pcsimq2 ` 8{3 logp2q. The first order derivative gives that for all

∆ ą ∆̄,

dH pc,∆, ρq

d∆
“ ϕp∆ ´ cq

«

Φ

˜

pρ´ 1qc´ ρ∆
a

1 ´ ρ2

¸

´
1

2
exp

ˆ

3

8
∆p∆ ´ 4cq

˙

ff

ď ϕp∆ ´ cq

„

1 ´
1

2
exp

ˆ

3

8
∆p∆ ´ 4csimq

˙ȷ

ď 0

Therefore, (A.60) holds for all c P p0, csims.

Third, let ρ̄ “ ρ˚
2pα, ηq ´ ξ, and by construction,

α ´ η ě sup
∆Pr0,∆̄s

H
`

csim,∆, ρ˚
2pα, ηq

˘
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“ sup
∆Pr0,∆̄s

H
`

csim,∆, ρ̄
˘

`
dH

`

csim,∆, ρ̃p∆q
˘

dρ
ξ

ě sup
∆Pr0,∆̄s

H
`

csim,∆, ρ̄
˘

` aξ (A.61)

where

a “ inf
∆ P r0, ∆̄s

ρ̃ P rρ̄, ρ˚
2pα, ηqs

dH
`

csim,∆, ρ̃
˘

dρ
“ inf

∆ P r0, ∆̄s

ρ̃ P rρ̄, ρ˚
2pα, ηqs

ϕ
`

´csim,∆ ´ csim; ρ̃
˘

ą 0.

Rewrite (A.61) we get

sup
∆Pr0,∆̄s

H
`

csim,∆, ρ̄
˘

ď α ´ η ´ aξ.

Lastly,

dH pc,∆, ρq

dc
“ ´ ϕp∆ ´ cqΦ

˜

pρ´ 1q
a

1 ´ ρ2
c´

∆ρ
a

1 ´ ρ2

¸

(A.62)

´ ϕp´cqΦ

˜

cρ´ c` ∆
a

1 ´ ρ2

¸

´ ϕ

ˆ

´
∆

2
´ c

˙

. (A.63)

Let

b “ ´ inf
ρPr0,ρ˚

2 pα,ηqs,cPr0,csims,∆Pr0,∆̄s

dH pc,∆, ρq

dc
ą 0.

Choose c̄ “ csim ´
aξ
2b , and then for all ρ ď ρ˚

2pα, ηq ´ ξ,

sup
∆Pr0,∆̄s

H
`

csim,∆, ρ
˘

“ sup
∆Pr0,∆̄s

H pc̄,∆, ρq `
dH pc̃p∆q,∆, ρq

dc
pcsim ´ c̄q

ě sup
∆Pr0,∆̄s

H pc̄,∆, ρq ´ bpcsim ´ c̄q. (A.64)

In sum, for all ρ ď ρ˚
2pα, ηq ´ ξ, by (A.60), (A.61), (A.64),

sup
∆ě0

H pc̄,∆, ρq “ sup
∆Pr0,∆̄s

H pc̄,∆, ρq ď α ´ η ´ aξ ` b
aξ

2b
ă α ´ η.
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Lemma 67. Suppose Assumptions 13, 14, 15, 16, and 17 hold. Let α P p0, 12q, αc P pα2 , αq,

η P
“

0, α´αc

2

˘

. Assume that Aℓ “ Au, and P satisfies that

sup
PPP

ρℓpbℓ, buq ă ρ˚
2pα, ηq, (A.65)

where ρ˚
2pα, ηq is defined in Lemma 66 equation (A.58). Then there is α1 ą α such that

lim inf
n

inf
PPP

P

ˆ

ĉt ď Φ´1p1 ´
α1

2
q

˙

“ 1. (A.66)

Proof. Let

ξ “
1

2

ˆ

ρ˚
2pα, ηq ´ sup

PPP
ρℓpbℓ, buq

˙

ą 0,

and it is easy to see that η ă α´αc

2 ă α
4 . Therefore, by Lemma 66, there is c̄ ă Φ´1p1 ´ α

2 q

such that (A.59) holds. To show (A.66), note that

lim inf
n

inf
PPP

P
`

ĉt ď c̄
˘

ě lim inf
n

inf
PPP

P

˜

sup
λPΛ̂

p̄pc̄, λq ď α ´ η

¸

ě lim inf
n

inf
PPP

P

ˆ

sup
λPΛ

p̄pc̄, λq ď α ´ η

˙

Recall that

p̄pc̄, λq “max
!

P s
´

T̂ pθℓq ą c̃mpθℓ, c̄q _

!

T̂ pθmq ą c̃mpθm, c̄q ^ T̂ pθuq ą c̃mpθu, c̄q
)

; pλ, Σ̂q

¯

P s
´

T̂ pθuq ą c̃mpθu, c̄q _

!

T̂ pθmq ą c̃mpθm, c̄q ^ T̂ pθℓq ą c̃mpθℓ, c̄q
)

; pλ, Σ̂q

¯)

ďmax
!

P s
´

T̂ pθℓq ą c̄ or T̂ pθmq ą c̄; pλ, Σ̂q

¯

, P s
´

T̂ pθmq ą c̄ or T̂ pθuq ą c̄; pλ, Σ̂q

¯)

.

I will show that

sup
λPΛ

P s
´

T̂ pθℓq ą c̄ or T̂ pθmq ą c̄; pλ, Σ̂q

¯

ď α ´ η w.p.a. 1,

and similarly we can show that

sup
λPΛ

P s
´

T̂ pθmq ą c̄ or T̂ pθuq ą c̄; pλ, Σ̂q

¯

ď α ´ η w.p.a. 1.
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To see this,

P s
´

T̂ pθℓq ą c̄ or T̂ pθmq ą c̄; pλ, Σ̂q

¯

“P s

˜

max

#

min
bPB

λ̂sb ´ θℓ
σ̂b{

?
n
, min

bPB

θℓ ´ λ̂sb
σ̂b{

?
n

+

ą c̄

or max

#

min
bPB

λ̂sb ´ θm
σ̂b{

?
n
, min

bPB

θm ´ λ̂sb
σ̂b{

?
n

+

ą c̄; pλ, Σ̂q

¸

ďP s

˜

max

#

min
bPB

λ̂sb ´ θℓ
σ̂b{

?
n
, min

bPB

θm ´ λ̂sb
σ̂b{

?
n

+

ą c̄; pλ, Σ̂q

¸

ďP s

˜

min

#

λ̂sbℓ ´ θℓ

σ̂bℓ{
?
n
,
λ̂sbu ´ θℓ

σ̂bu{
?
n

+

ą c̄, or
θm ´ λ̂sbu
σ̂bu{

?
n

ą c̄; pλ, Σ̂q

¸

“P s

ˆ

min

"

Zs
bℓ
,Zs

bu `
θu ´ θℓ
σ̂bu{

?
n

*

ą c̄, or
θm ´ θu
σ̂bu{

?
n

´ Zs
bu ą c̄; pλ, Σ̂q

˙

ďP s

ˆ

Zs
bℓ

ą c̄, Zs
bu `

θu ´ θℓ
σ̂bu{

?
n

ą c̄; pλ, Σ̂q

˙

` P

ˆ

θm ´ θu
σ̂bu{

?
n

´ Zs
bu ą c̄

˙

“Φ

ˆ

´c̄,
θu ´ θℓ
σ̂bu{

?
n

´ c̄; ρ̂ℓupbℓ, buq

˙

` Φ

ˆ

θm ´ θu
σ̂bu{

?
n

´ c̄

˙

ďΦ p´c̄,∆ ´ c̄; ρ̂ℓupbℓ, buqq ` Φ

ˆ

´
∆

2
´ c̄

˙

“H pc̄,∆, ρ̂ℓpbℓ, buqq (A.67)

where ∆ “
θu´θℓ
σ̂bu{

?
n

ě 0,

H pc̄,∆, ρq “ Φ p´c̄,∆ ´ c̄; ρq ` Φ

ˆ

´
∆

2
´ c̄

˙

.

Under (A.65) and Assumptions 13, 14, 15, 16, and 17, it holds that

ρ̂ℓpbℓ, buq ď ρ˚
2pα, ηq ´ ξ w.p.a. 1.

Thus (A.67) gives w.p.a. 1,

P
´

T̂ pθℓq ą c̄ or T̂ pθmq ą c̄; pλ, Σ̂q

¯

ď H pc̄,∆, ρ̂ℓpbℓ, buqq
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ď sup
ρďρ˚

2 pα,ηq´ξ

sup
∆ě0

H pc̄,∆, ρq ă α ´ η

where the last inequality follows from the construction of c̄.

Lemma 68. ppcq is continuous at c ě 0.

Proof. For ε ą 0, let

pkpc, εq :“P pcmk pcq ě Tk ą cmk pc´ εqq ď P pc´ ε ă Tk ď cq .

Then

lim
εÑ0

pkpc, εq “ 0

for all c ě 0 since (i) under (A.40) and k “ ℓ,m, u, or under (A.42) and k “ ℓ, u, Tk is

continuously distributed, (ii) under (A.42) and k “ m,

P pc´ ε ă Tk ď cq ď P pc´ ε ă Tkq “ 0.

But then

ppc´ εq ´ ppcq

ďmax
␣

P
`

Tℓ ą chℓ pc´ εq or Tm ą chmpc´ εq
˘

´ P
`

Tℓ ą chℓ pcq or Tm ą chmpcq
˘

,

P
`

Tm ą chmpc´ εq or Tu ą chupc´ εq
˘

´ P
`

Tm ą chmpcq or Tu ą chupcq
˘(

ďmax tpℓpc, εq ` pmpc, εq, pupc, εq ` pmpc, εqu

ε Ñ 0
ÝÝÝÑ Ñ 0

Thus ppcq is continous at c ě 0.

Lemma 69. Let

Hpρ, αcq “ p1 ´ αcqΦ pp1 ` ρqΞq ` αcΦ ppρ´ 1qΞq ,

where

Ξ “

d

1

2ρ
log

ˆ

p1 ´ αcqp1 ` ρq

αcp1 ´ ρq

˙

.

It holds that
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1. for all α P p0, 12q, αc P pα2 , αq, there is unique solution ρ˚pαc, αq P p0, 1q such that

H pρ˚pαc, αq, αcq “ 1 ´
α

2
. (A.68)

2. Let ξ ą 0. For all ρ P r0, ρ˚pαc, αq ´ ξs, there is ε ą 0 such that

H pρ, αcq ď 1 ´
α

2
´ ε.

Proof. Straightforward calculation gives that for all ρ P p0, 1q,

dHpρ, αcq

dρ
“

αc
?
πρpρ` 1q

ˆ

p1 ´ αcqpρ` 1q

αcp1 ´ ρq

˙´
p1´ρq2

4ρ

d

log

ˆ

p1 ´ αcqpρ` 1q

αcp1 ´ ρq

˙

ą 0.

And note that

lim
ρÑ1

Ξ “ lim
ρÑ1

d

1

2ρ
log

ˆ

p1 ´ αcqp1 ` ρq

αcp1 ´ ρq

˙

“ `8,

lim
ρÑ1

pρ´ 1qΞ “ lim
ρÑ1

pρ´ 1q

d

1

2ρ
log

ˆ

p1 ´ αcqp1 ` ρq

αcp1 ´ ρq

˙

“ lim
ρÑ1

´

d

p1 ´ ρq2

2ρ
log

ˆ

1

1 ´ ρ

˙

“ 0,

lim
ρÑ0

Ξ “ lim
ρÑ0

d

1

2ρ
log

ˆ

p1 ´ αcqp1 ` ρq

αcp1 ´ ρq

˙

“ `8,

thus

lim
ρÑ1

Hpρ, αcq “ p1 ´ αcq `
1

2
αc “ 1 ´

αc

2
ą 1 ´

α

2
,

lim
ρÑ0

Hpρ, αcq “ p1 ´ αcq “ 1 ´ αc ă 1 ´
α

2
,

where the inequality follows from αc P pα2 , αq. Thus Hpρ, αcq is strictly increasing in

ρ P p0, 1q and there is unique solution that Hpρ˚q “ 1 ´ α
2 .

Lemma 70. Suppose Assumptions 13, 14, 15, 16, and 17 hold. If

sup
PPP

max
b1PB

min
b2PB

ρℓpb1, b2q ă ρ˚pα, αcq,

then there is α1 ą α such that

lim inf
n

inf
PPP

P
´

T̂ pθq ą ĉcpθ;αcq for all θ R CIsimpλ̂n, Σ̂n{n, α1q

¯

“ 1.
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Proof. Denote

Zb “
λ̂ℓ,b ´ θ

σ̂ℓ,b{
?
n
, Zℓ,b “ ´Zb, Zu,b “ Zb.

Without loss of generality, assume that

T̂ pθq “ Z1 and ρ̂12 “ ρ̂ℓp1, 2q ď ρ˚pα, αcq.

The lower bound is

tu,1 “ min
b̃PB

´

1 ` ρpb̃, 1q

¯´1 ´

Zℓ,b̃ ` ρpb̃, 1qZu,1

¯

ď
ρ12Z1 ´ Z2

1 ` ρ12

and the upper bound is

tu,2 “ min
b̃PB:ρupb̃,1qă1

´

1 ´ ρupb̃, 1q

¯´1 ´

Zu,b̃ ´ ρupb̃, 1qZu,1

¯

ď
Z2 ´ ρ12Z1

1 ´ ρ12
.

This θ is rejected if

ΦpZ1q ą Φpĉcq “ p1 ´ αcqΦ ptu,2q ` αcΦ ptu,1q .

Since by construction, Z2 ě Z1, it sufficies to show that

ΦpZ1q ą sup
z2ěZ1

p1 ´ αcqΦ

ˆ

z2 ´ ρ12Z1

1 ´ ρ12

˙

` αcΦ

ˆ

ρ12Z1 ´ z2
1 ` ρ12

˙

. (A.69)

Let

Hpz2q “ p1 ´ αcqΦ

ˆ

z2 ´ ρ12Z1

1 ´ ρ12

˙

` αcΦ

ˆ

ρ12Z1 ´ z2
1 ` ρ12

˙

,

and it is easy to see that

lim
z2Ñ8

Hpz2q “ 1 ´ αc ă Φ pZ1q ,

and

HpZ1q “ p1 ´ αcqΦ pZ1q ` αcΦ

ˆ

ρ12 ´ 1

1 ` ρ12
Z1

˙

ă p1 ´ αcqΦ pZ1q `
αc

2
ă Φ pZ1q ,
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where the second line follows from Z1 ě c̄ ą 0. The first order derivative of Hpz2q with

respect to z2 is

hpz2q “
1 ´ αc

1 ´ ρ12
ϕ

ˆ

z2 ´ ρ12Z1

1 ´ ρ12

˙

´
αc

1 ` ρ12
ϕ

ˆ

ρ12Z1 ´ z2
1 ` ρ12

˙

.

And hpz2q ě 0 is equivalent to

log

ˆ

1 ´ αc

αc
1 ` ρ12
1 ´ ρ12

˙

ě log

ˆ

ϕ

ˆ

ρ12Z1 ´ z2
1 ` ρ12

˙˙

´ log

ˆ

ϕ

ˆ

z2 ´ ρ12Z1

1 ´ ρ12

˙˙

“
2ρ12 pz2 ´ Z1ρ12q

2

`

1 ´ ρ212
˘2 . (A.70)

(i) If 2αc ´ 1 ă ρ ď 0, then (A.70) holds trivially, and thus

sup
z2ěZ1

Hpz2q “ lim
z2Ñ8

Hpz2q ă Φ pZ1q ,

and (A.69) holds.

(ii) If ´1 ď ρ ă 2αc ´ 1, straightforward calculation shows that Hpz2q decreases in

rmax tZ1, z
˚
2 u , z˚

2 s and increases in rz˚
2 ,`8q, where

z˚
2 “ ρZ1 ` p1 ´ ρ2q

?
Ξ.

Thus

sup
z2ěZ1

Hpz2q ď max

"

HpZ1q, lim
z2Ñ8

Hpz2q

*

ă Φ pZ1q .

(iii) if ρ P

´

0, ρ˚pα, αcq ´
ξ
2

¯

, straightforward calculation shows that Hpz2q increases in

rmax tZ1, z
˚
2 u , z˚

2 s and decreases in rz˚
2 ,`8q, thus

sup
z2ěZ1

Hpz2q ď Hpz˚
2 q “ p1 ´ αcqΦ pp1 ` ρqΞq ` αcΦ ppρ´ 1qΞq ă Φ pZ1q ,

where the last inequality is by Lemma 69.

Lemma 71. Suppose Assumptions 13, 14, 15, and 16 hold. And Λ̂η is defined as in (A.1).

Let α P p0, 12q, αc P pα2 , αq, η P r0, α´αc

2 q. In addition, assume (2.36). It holds that

lim inf
n

inf
PPP

P

ˆ

ĉt ď Φ´1p1 ´
α1

2
q

˙

“ 1.
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Proof. If η “ 0, trivial, following from the discussion around (2.17). If η P p0, α´αc

2 q, trivial

too, as ĉt p
ÝÑ Φ´1p1 ´ α ` ηq.

A.2 Additional Results for Infinite B
A.2.1 Simulation Details

Following Dickstein and Morales (2018), φ “ pφ1, ..., φKq is identified by

φf “
cov prf , rh|d “ 1q

var prh|d “ 1q
“ φ:

`

E
“

mφf
pW q

‰˘

,

where

φ: pa1, a2, a3, a4q “
a1 ´ a3a4
a2 ´ a24

,

mφf
pW q “

`

drhrf 1 , dr2h, drf , drh
˘

1rf 1 “ f s.

Importantly, pβ1, β2q is partially identified by the set of moment conditions:

m1 pW ;β, φq “ ´d
1 ´ Φ

`

η´1φfrhβ1 ´ β2
˘

Φ pη´1φfrhβ1 ´ β2q
` p1 ´ dq

m2 pW ;β, φq “ ´p1 ´ dq
Φ
`

η´1φfrhβ1 ´ β2
˘

1 ´ Φ pη´1φfrhβ1 ´ β2q
` d

m3 pW ;β, φq “ p1 ´ dq
`

η´1φfrhβ1 ´ β2
˘

´ d
ϕ
`

η´1φfrhβ1 ´ β2
˘

Φ pη´1φfrhβ1 ´ β2q

m4 pW ;β, φq “ ´d
`

η´1φfrhβ1 ´ β2
˘

´ p1 ´ dq
ϕ
`

η´1φfrhβ1 ´ β2
˘

1 ´ Φ pη´1φfrhβ1 ´ β2q

The moment conditions are given by

E rgpZq bms ď 0.

The counterfactual of interest for given pβ, φq is given by

λℓpβ, φq “ λupβ, φq “
E
“

Φ
`

η´1φfrhβ1 ´ β2
˘‰

E rΦ pη´1φfX1β1 ´ β2qs
´ 1

“ λ:
`

E
“

Φ
`

η´1φfrhβ1 ´ β2
˘‰

, E
“

Φ
`

η´1φfX1β1 ´ β2
˘‰˘

where

λ:pa1, a2q “
a1
a2
.
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A.2.2 Empirical Details with Dickstein and Morales (2018)

All firms located in a country h, indexed by i “ 1, . . . , N , decide whether to sell in each

export market j with j “ 1, . . . , J . In the first period, firms determine the set of countries

to which they intend to export. In the second period, upon entering a foreign market, all

firms optimally set their prices and realize the associated export profits.

In the second period, the revenue firm i would obtain if it were to sell in market j is rij

and

rij “ φjrih ` eij (A.71)

Firms do not know eij when deciding whether to export to market j and

Ejt reij | Jij , rih, fijs “ 0 (A.72)

where fij is the fixed cost and Jij is the information available to firm i when deciding

whether to participate in market j. The export profits that i would obtain in j is

πij “ η´1rij ´ fij ,

where η is the demand elasticity. The fixed export costs is

fij “ β̃1 ` β̃2distj ` vij ,

where dist denotes the distance from country h to country j, and the term vijt represents

determinants of fijt that the researcher does not observe. Firms know fijt when deciding

whether to export to j at t and

vij | pJij , dist jq „ N
´

0, β̃23

¯

In the first period, a risk-neutral firm i will decide to export to j if and only if

dij “ 1
!

η´1E rφjrih | Jijsβ1 ´ β2 ´ β3distj ě vij{β̃3

)

(A.73)

where β “ pβ1, β2, β2q “ p 1
β̃3
, β̃1

β̃3
, β̃2

β̃3
q and the probability that i exports to j at t conditional

on Jij and distj is

E rdij | Jij , distjs “ Φ
`

η´1E rφjrih | Jijtsβ1 ´ β2 ´ β3distj
˘

. (A.74)
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Moment conditions

Odds-Based Moment Inequalities: For any Zij Ď pJij , distjq, we define the conditional

odds-based moment inequalities as

Mob pZij ;β, φq “ E

»

–

mob
l

´

dij , r
o
ij , distj ; θ

¯

mob
u

´

dij , r
o
ij , distj ; θ

¯ | Zij

fi

fl ě 0

where roij “ E rφjrih|Jijs and the two moment functions are defined as

mob
l p¨q “ dij

1 ´ Φ
´

η´1roijβ1 ´ β2 ´ β3distj

¯

Φ
´

η´1roijβ1 ´ β2 ´ β3distj

¯ ´ p1 ´ dijq ,

mob
u p¨q “ p1 ´ dijq

Φ
´

η´1roijβ1 ´ β2 ´ β3distj

¯

1 ´ Φ
´

η´1roijβ1 ´ β2 ´ β3distj

¯ ´ dij .

Revealed Preference Moment Inequalities: For any Zij Ď pJij , distjq, we define a con-

ditional revealed preference moment inequality as

Mr pZijt;β, φq “ E

»

–

mr
l

´

dijt, r
o
ijt, distj ; θ

¯

mr
u

´

dijt, r
o
ijt, distj ; θ

¯ | Zijt

fi

fl ě 0,

where the two moment functions are defined as

mr
l p¨q “ ´ p1 ´ dijq

`

η´1roijβ1 ´ β2 ´ β3distj
˘

` dij
ϕ
´

η´1roijβ1 ´ β2 ´ β3distj

¯

Φ
´

η´1roijβ1 ´ β2 ´ β3distj

¯ ,

mr
up¨q “dij

`

η´1roijβ1 ´ β2 ´ β3distj
˘

` p1 ´ dijq
ϕ
´

η´1roijβ1 ´ β2 ´ β3distj

¯

1 ´ Φ
´

η´1roijβ1 ´ β2 ´ β3distj

¯ .

Counterfactuals

1. Changes in Information Sets J c
ij . The number of exporter

N ex
c1 “

ÿ

i

Φ
`

η´1rocij β1 ´ β2 ´ β3distj
˘
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where

rocij “ E
“

αjrih|J c
ij

‰

We are interested in the change of exporter numbers θ “
ErNex

c1 s

ErNexs
.

2. Changes in Fixed Export Costs: a reduction in exporters’ fixed costs of 40%. Suppose

Zijt Ď Jijt and, for any β P B, define

N ex
c2 “

ÿ

i

Φ

¨

˚

˚

˚

˝

η´1 E rαjrih | Jijs
l jh n

not point identified

β1 ´ β2 ´ β3distj

˛

‹

‹

‹

‚

Then,

ÿ

i

1

1 `Bl pZij ;βq
ď N ex

c2 ď
ÿ

i

Bu pZij ;βq

1 `Bu pZij ;βq
,

where

Bl pZij ;β, φq “ E

»

–

1 ´ Φ
´

η´1roijβ1 ´ 0.6pβ2 ` β3distjq
¯

Φ
´

η´1roijβ1 ´ 0.6pβ2 ` β3distjq
¯ | Zij

fi

fl ,

Bu pZij ;β, φq “ E

»

–

Φ
´

η´1roijβ1 ´ 0.6pβ2 ` β3distjq
¯

1 ´ Φ
´

η´1roijβ1 ´ 0.6pβ2 ` β3distjq
¯ | Zij

fi

fl .

We are interested in the change of exporter numbers θ “
ErNex

c2 s

ErNexs
.

A.3 Proofs for Section 2.3
A.3.1 Notation

For simplicity, let Bℓ be a subset of B such that Aℓ,b1 ‰ Aℓ,b2 for all b1 ‰ b2, b1, b2 P Bℓ.

If there is Aℓ,b1 “ Aℓ,b2 for b1, b2 P B , keep only mintb1, b2u in Bℓ. Construct Bu in the

same way. For instance, if

Aℓ “

»

–

1 0
0 1
0 1

fi

fl , Au “

»

–

1 0
1 1
0 1

fi

fl
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then Bℓ “ t1, 2u and Bu “ t1, 2, 3u. Intuitively, Bℓ and Bu remove the redundant rows and

is (possibly an outer set of ) the support of b̂ℓ and b̂u.

For P P P, let δP denote the true value of δ, λP,ℓ “ AℓδP , λP,u “ AuδP ,

θP,ℓ “ min
bPB

λP,ℓ,b, θP,u “ max
bPB

λP,u,b, θP,m “
θP,ℓ ` θP,u

2
.

Let

Zδ „ N p0,Ω0q , Zℓ,b “
Aℓ,bZδ

σ0,ℓ,b
, Zu,b “ ´

Au,bZδ

σ0,u,b

denote the limiting distribution of

?
n
´

δ̂n ´ δPn

¯

,

?
n
´

λ̂ℓ,b ´ λPn,ℓ,b

¯

σ̂ℓ,b
,

?
n
´

λPn,u,b ´ λ̂u,b

¯

σ̂u,b

with Ω0 and Pn specified in Lemma 62 and

σ0,ℓ,b “

b

Aℓ,bΩ0A1
ℓ,b, σ0,u,b “

b

Au,bΩ0A1
u,b.

For k “ ℓ,m, u, , let

Tk “ max

"

min
bPB

Zℓ,b ` λkℓ,b, min
bPB

Zu,b ` λku,b

*

(A.75)

be the asymptotic analog of T̂ pθPn,kq, where pλkℓ, λkuq are specified in Lemma 62. And let

bkℓ, bku be the asymptotic analog of b̂ℓpθkq and b̂upθkq, with support Bkℓ, Bku:

bkℓ “ min

#

argmin
bPBℓ

Zℓ,b ` λkℓ,b

+

,

bku “ min

"

argmin
bPBu

Zu,b ` λku,b

*

,

Bkℓ “ tb P Bℓ : λkℓ,b ă 8u ,

Bku “ tb P Bu : λku,b ă 8u .
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Define the asymptotic analog of ptℓ,1, tℓ,2, tu,1, tu,2q evaluated at θPn,k as

tkℓ,1pbq “

$

&

%

min
b̃PB

´

1 ` ρℓupb, b̃q
¯´1 ´

Zu,b̃ ` ρℓupb, b̃qZℓ,b ` t:kℓ,1pb, b̃q
¯

, if min
b̃PB

ρℓupb, b̃q ą ´1

´8 elsewhere

(A.76)

tku,1pbq “

$

&

%

min
b̃PB

´

1 ` ρℓupb̃, bq
¯´1 ´

Zℓ,b̃ ` ρℓupb̃, bqZu,b ` t:ku,1pb, b̃q
¯

, if min
b̃PB

ρℓupb̃, bq ą ´1

´8 elsewhere

tkℓ,2pbq “

$

&

%

min
b̃PB:ρℓpb,b̃qă1

´

1 ´ ρℓpb, b̃q
¯´1 ´

Zℓ,b̃ ´ ρℓpb, b̃qZℓ,b ` t:kℓ,2pb, b̃q
¯

if min
b̃PB

ρℓpb, b̃q ă 1

`8 elsewhere

tku,2pbq “

$

&

%

A if min
b̃PB

ρupb, b̃q ă 1

`8 elsewhere

where

A “ min
b̃PB:ρupb̃,bqă1

´

1 ´ ρupb̃, bq
¯´1 ´

Zu,b̃ ´ ρupb̃, bqZu,b ` t:ku,2pb, b̃q
¯

t:kℓ,1pb, b̃q “ λku,b̃ ` ρℓupb, b̃qλkℓ,b

t:ku,1pb, b̃q “ λkℓ,b̃ ` ρℓupb̃, bqλku,b

t:kℓ,2pb, b̃q “ λkℓ,b̃ ´ ρℓpb, b̃qλkℓ,b

t:ku,2pb, b̃q “ λku,b̃ ´ ρupb̃, bqλku,b.

Note that if
ˇ

ˇ

ˇ
λku,b̃

ˇ

ˇ

ˇ
Ñ 8 and |λkℓ,b| Ñ 8, t:kℓ,1pb, b̃q may not be well defined. However, as

we will see later, this case is irrelevant for the proof. Same applies to t:ku,1, t
:

kℓ,2 and t:ku,2.

And let

cck “

#

Φ´1 pαcΦ ptkℓ,1pbkℓqq ` p1 ´ αcqΦ ptkℓ,2pbkℓqqq if Zℓ,bkℓ ` λkℓ,bkℓ ě Zu,bku ` λku,bku
Φ´1 pαcΦ ptku,1pbkuqq ` p1 ´ αcqΦ ptku,2pbkuqqq if Zℓ,bkℓ ` λkℓ,bkℓ ă Zu,bku ` λku,bku

(A.77)
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be the asymptotic analog of ĉcpθk, α
cq . Let

ppcq “ max tP pTℓ ą cmℓ pcq or tTm ą cmmpcq and Tu ą cmu pcquq , (A.78)

P pTu ą cmu pcq or tTm ą cmmpcq and Tℓ ą cmℓ pcququ ,

where

cmk pcq “ max tcck, cu ,

and Tk, cck are defined in (A.75), (A.77). Lastly, let

ct “ inf
c

tc ě 0 : ppcq ď α ´ ηu , (A.79)

be the asymptotic analog of ĉt defined (2.31).

I use Φ for the CDF of N p0, 1q and Φ2px1, x2; ρq for the CDF of N
ˆ„

0
0

ȷ

,

„

1 ρ
ρ 1

ȷ˙

.

A.4 Proof for Section 2.4

This proof follows closely from Kaido et al. (2019). The key difference is that (i) I adjust

the covariance matrix Σ for the estimation uncertainty in φ̂; (ii) I linearize the moment

conditions and λ̂ℓ, λ̂u with a slightly different Taylor expansion, thus the definition of the

Jacobian D is different from theirs; (iii) because of different objective function, the linear

program here has a different structure from theirs.

A.4.1 Notation

The ε expansion of set A is defined as

Aϵ “

!

a P Rda : dHpa,Aq ď ϵ
)

,

where dH is the Hausdorff distance

dHpa,Aq “ inf
ãPA

}a´ ã} .

Let mpX,βq be a K dimensional vector, with K “ J ` dℓ ` du ` dφ, and

mpX,βq “

¨

˚

˚

˝

mJ pX;β, φq

mℓpX;β, φq

mupX;β, φq

mφpXq

˛

‹

‹

‚

.
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That is, with slight abuse of notation, I denote mJ`1 as the first element of mℓ, etc. For

each pβ, φq, pβ̃, φq P B ˆ Φ and P , let ΩP

´

pβ, φq, pβ̃, φ̃q

¯

P RKˆK denote

ΩP

´

pβ, φq, pβ̃, φ̃q

¯

“ cov
`

mpXi;β, φq , m1pXi; β̃, φ̃q
˘

,

and I use ΩP pβq for ΩP ppβ, φP q, pβ, φP qq. And let ωjpβ, φq “
a

ΩP,jj ppβ, φq, pβ, φqq. Let

rGnpβ, φq “

¨

˚

˚

˚

˝

rGn,J pβ, φq

rGn,ℓpβ, φq

rGn,upβ, φq

rGn,φ

˛

‹

‹

‹

‚

“

¨

˚

˚

˝

?
n pm̄J pβ, φq ´ E rmJ pXi;β, φqsq

?
n pm̄ℓpβ, φq ´ E rmℓpXi;β, φqsq

?
n pm̄upβ, φq ´ E rmupXi;β, φqsq

?
n pm̄φ ´ E rmφpXiqsq

˛

‹

‹

‚

. (A.80)

A.4.2 Additional Assumptions

Assumption 72. All distributions P P P satisfy the following:

1. EP rmj pXi, βqs ď 0, j “ 1, . . . , J1 and EP rmj pXi, βqs “ 0, j “ J1 `1, . . . , J1 `J2 for

some β P B;

2. tXi, i ě 1u are i.i.d.;

3. There is ϵ ą 0 such that σ2P,jpβq P rϵ, 1{ϵs for j “ 1, . . . , J1 ` J2, ℓ, u for all β P B;

4. For some δ ą 0 and M P p0,8q and

EP

«

sup
βPB

|mj pXi;β, φP q|
2`δ

ff

ď M, @j “ 1, ...,K.

Assumption 73. All distributions P P P satisfy one of the following two conditions for

some constants ω ą 0, ε ą 0,M ă 8. The functions mj pXi;β, φq, j “ 1, ...,K, are

defined on X ˆ Bε
ˆ Φε. There exists R1 P N, 1 ď R1 ď J1{2 and measurable functions

tj : X ˆ Bε
ˆ Φε Ñ r0,M s, j P R1 “ t1, ..., R1u such that for each j P R1,

mj`R1 pX;β, φq “ ´mj pX;β, φq ´ tj pX;β, φq

For each j P R1 X J1pP, β, εq, and any choice :j P tj, j `R1u, one of the following holds:

1. One has

inf
βPBpP q

eig
´

Σ :Jk

¯

ě ω,
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where

:Jk “

!

:j : j P R1 X J1pP, β, εq
)

Y J1pP, β, εqz t1, ..., 2R1u

Y JkpP, β; εq.

and J1 and Jk are defined in (2.65) and (2.66).

2. There is t0 : B
ε

ˆ Φε Ñ r0,M s such that

λ:

ℓ pEP rmℓpXi;β, φqsq ´ λ:
u pEP rmupXi;β, φqsq “ ´t0pβ, φq.

Let k “ ℓ, u and

J̊k “ :Jkzrks.

One has

inf
βPBpP q

eig
´

ΣJ̊ℓ

¯

ě ω, and inf
βPBpP q

eig
´

ΣJ̊u

¯

ě ω.

Assumption 73 is an analog of Kaido et al. (2019) Assumption E3.2. Under the condition

that the sum of two moments is non-positive, we only need the rank condition to hold for

each of the moments, but not jointly.

Assumption 74. All distributions P P P satisfy the following conditions:

1. The class of functions
!

ω´1
P,jpβ, φqmjp¨, β, φq : X Ñ R, β P B, φ P Φ

)

is measurable for

each j “ 1, . . . ,K.

2. The empirical process rGn is uniformly asymptotically ϱP -equicontinuous. That is, for

any ϵ ą 0,

lim
δÓ0

lim sup
nÑ8

sup
PPP

P

˜

sup
ϱP ppβ,φq,pβ̃,φ̃qqăδ

›

›

›

rGnpβ, φq ´ rGnpβ̃, φ̃q

›

›

›
ą ϵ

¸

“ 0

3. ΩP satisfies

lim
δÓ0

sup
}ppβ1,φ1q,pβ̃1,φ̃1qq´ppβ2,φ2q,pβ̃2,φ̃2qq}ăδ

sup
PPP

162



›

›

›
ΩP

´

pβ1, φ1q, pβ̃1, φ̃1q

¯

´ ΩP

´

pβ2, φ2q, pβ̃2, φ2q

¯
›

›

›
“ 0

A.4.3 Details of the Inference Procedure

If Assumption 73 is invoked, we make the following adjustment to the inference proce-

dure.

In (2.51), we replace the estimated standard deviation σ̂1, ..., σ̂2R1 with σ̂M1 , ..., σ̂
M
2R1

.

For j “ 1, ..., R1, let rjs “ j `R1 and

σ̂Mj pβq “ σ̂Mrjspβq “ µ̂n,jpβqσ̂jpβq ` p1 ´ µ̂n,jpβqq σ̂rjspβq. (A.81)

with

µ̂n,rjs pβq “ min

$

&

%

max

¨

˝0,

m̄n,jpβ,φ̂q

σ̂n,jpβ,φ̂q

m̄n,rjspβ,φ̂q

σ̂n,rjspβ,φ̂q
`

m̄n,jpβ,φ̂q

σ̂n,jpβ,φ̂q

˛

‚, 1

,

.

-

,

µ̂n,j pβq “ 1 ´ µ̂n,rjs pβ, φ̂q .

(A.82)

In (2.55), if

ξ̂n,jpβq “ 0 “ ξ̂n,rjspβq,

we replace Zb
n,rjs

pβq with ´Zb
n,jpβq and D̂n,rjspβq with ´D̂n,jpβq for j “ 1, ..., R1.

And if Assumption 73.2 is invoked, we do similar adjustment for λ̂ℓ and λ̂u. That is, if

ξ̂n,0pβq “ 0, we replace σ̂ℓpβq with σ̂upβq in (2.50), and replace Z˚
n,ℓpβq with ´Z˚

upβq and

D̂n,ℓpβq with ´D̂n,upβq in (2.53), (2.54).

A.4.4 Proof of Theorem 1

Proof. Let γP “ pγ1,P , γ2,P , γ3,P q, where γ1,P “ pγ1,P,1, . . . , γ1,P,J , γ1,P,0q with

γ1,P,jpβq “ σ´1
P,jpβqEP rmj pXi, β, φP qs , j “ 1, ..., J, (A.83)

γ1,P,0pβq “
λP,ℓpβ, φP q ´ λP,upβ, φP q

max tσP,upβq, σP,ℓpβq, σP,uℓpβqu
(A.84)

γ2,P “ pvech pΩP pβqq , vec pDP pβqq , vec pGP pβqqq, and γ3,P “ P . We proceed in steps.

Step 1. Let

tPn, βn, θnu P tpP, β, θq : P P P, β P BpP q, θ P rλP,ℓpβ, φP q, λP,upβ, φP qsu
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be a sequence such that

lim inf
nÑ8

inf
PPP

inf
βPBpP q

inf
θPrλℓpβ,φP q,λupβ,φP qs

P pθn P CInq “ lim inf
nÑ8

Pn pθn P CInq . (A.85)

Let tlnu be a subsequence of tnu such that

lim inf
nÑ8

Pn pθn P CInq “ lim
nÑ8

Pln pθln P CIlnq . (A.86)

Then there is a further subsequence tanu of tlnu such that

lim
anÑ8

κ´1
an

?
anγ1,Pan ,j pβanq “ π1,j P Rr´8s, j “ 0, 1, . . . , J. (A.87)

To simplify notation, I write pPn, βn, θnq to refer to pPan , βan , θanq throughout this Ap-

pendix. For j “ 0, 1, ..., J , let

π˚
1,j “

"

0 if π1,j “ 0
´8 if π1,j ă 0

. (A.88)

The true value θn is covered when
$

&

%

inf β̃ λ̂ℓpβ̃q ´
σ̂ℓpβ̃q

?
n
ĉpβ̃q

s.t. β̃ P B,
?
nm̄n,jpβ̃,φ̂q

σ̂jpβ̃q
ď ĉpβ̃q,@j “ 1, ..., J

,

.

-

ď θn

ď

$

&

%

supβ̃ λ̂upβ̃q `
σ̂upβ̃q

?
n
ĉpβ̃q

s.t. β̃ P B,
?
nm̄n,jpβ̃,φ̂q

σ̂jpβ̃q
ď ĉpβ̃q,@j “ 1, ..., J

,

.

-

ô

$

’

’

’

&

’

’

’

%

inf∆

?
n
´

λ̂ℓ

´

βn`
∆ρ
?
n

¯

´θn
¯

σ̂ℓ

´

βn`
∆ρ
?
n

¯ ´ ĉ
´

βn `
∆ρ
?
n

¯

s.t. ∆ P
?
n
ρ

`

B ´ βn
˘

,

?
nm̄n,j

´

βn`
∆ρ
?
n
,φ̂
¯

σ̂j

´

βn`
∆ρ
?
n

¯ ď ĉ
´

βn `
∆ρ
?
n

¯

,@j “ 1, ..., J

,

/

/

/

.

/

/

/

-

ď 0 and

$

’

’

’

&

’

’

’

%

inf∆

?
n
´

θn´λ̂u

´

βn`
∆ρ
?
n

¯¯

σ̂u

´

βn`
∆ρ
?
n

¯ ´ ĉ
´

βn `
∆ρ
?
n

¯

s.t. ∆ P
?
n
ρ

`

B ´ βn
˘

,

?
nm̄n,j

´

βn`
∆ρ
?
n
,φ̂
¯

σ̂j

´

βn`
∆ρ
?
n

¯ ď ĉ
´

βn `
∆ρ
?
n

¯

,@j “ 1, ..., J

,

/

/

/

.

/

/

/

-

ď 0

(A.89)

where in (A.89), I simply replace β̃ with βn `
∆ρ
?
n
.
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Step 2. Simplify

?
nm̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂j

´

βn `
∆ρ
?
n

¯ ,
λ̂ℓ

´

βn `
∆ρ
?
n

¯

´ θn

σ̂ℓ

´

βn `
∆ρ
?
n

¯

{
?
n

and
θn ´ λ̂u

´

βn `
∆ρ
?
n

¯

σ̂u

´

βn `
∆ρ
?
n

¯

{
?
n
.

Straightforward calculation gives

?
nm̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂j

´

βn `
∆ρ
?
n

¯ “

¨

˝1 `
σPn,j pβnq

σ̂j

´

βn `
∆ρ
?
n

¯ ´ 1

˛

‚ˆ

¨

˝

rGn,j

´

βn `
∆ρ
?
n
, φPn

¯

σPn,j pβnq

`

m̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

´ m̄n,j

´

βn `
∆ρ
?
n
, φPn

¯

σPn,j pβnq {
?
n

(A.90)

EPn

”

mj

´

βn `
∆ρ
?
n
, φPn

¯ı

´ EPn rmj pβn, φPnqs

σPn,j pβnq {
?
n

`
?
nγ1,n,j pβnq

˛

‚. (A.91)

Then I further simplify each element. For (A.90),

m̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

´ m̄n,j

´

βn `
∆ρ
?
n
, φPn

¯

σPn,j pβnq {
?
n

“

EPn

”

mj

´

βn `
∆ρ
?
n
, φ

¯ı

φ“φ̂
´ EPn

”

mj

´

βn `
∆ρ
?
n
, φPn

¯ı

σPn,j pβnq {
?
n

` ζn,j

“
∇φ1EPn rmj pβn, φ̄qs∇m1

φ
φ̄:

σPn,j pβnq
rGn,φ ` ζn,j

where rGn is defined in (A.80), φ̄ is between φPn and φ̂, ∇m1
φ
φ̄: “ ∇m1

φ
φ:

ˇ

ˇ

ˇ

m̃φ

for some m̃φ

between m̄φ and ErmφpW qs,

ζn,j “

rGn,j

´

βn `
∆ρ
?
n
, φ̂n

¯

´ rGn,j

´

βn `
∆ρ
?
n
, φPn

¯

σPn,j pβnq
. (A.92)

As for (A.91), there is some β̄n between βn and βn `
∆ρ
?
n

such that

EPn

”

mj

´

βn `
∆ρ
?
n
, φPn

¯ı

´ EPn rmj pβn, φPnqs

σPn,j pβnq {
?
n

“
σPn,j

`

β̄n
˘

σPn,j pβnq
DPn,j

`

β̄n
˘

∆ρ
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In sum,

?
nm̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂n,j

´

βn `
∆ρ
?
n

¯ “ ūn,j,βnp∆q (A.93)

where

ūn,j,βnp∆q “ p1 ` η̂n,j,βnp∆qq

˜

Zn,j,βn `
σPn,j

`

β̄n
˘

σPn,j pβnq
DPn,j

`

β̄n
˘

∆ρ`
?
nγ1,Pn,j pβn, φPnq

¸

,

(A.94)

Zn,j,βnp∆q “

rGn,j

´

βn `
∆ρ
?
n
, φPn

¯

` ∇φ1EPn

“

mj

`

β̄n, φPn

˘‰

∇m1
φ
φ̄:

rGn,φ

σPn,j pβnq
` ζn,j , (A.95)

η̂n,j,βnp∆q “
σPn,j pβnq

σ̂j

´

βn `
∆ρ
?
n

¯ ´ 1. (A.96)

Similarly, for k “ ℓ, u, it holds that

?
n
´

λ̂ℓ

´

βn `
∆ρ
?
n
, φ̂

¯

´ θn

¯

σ̂ℓ

´

βn `
∆ρ
?
n

¯ “ ūn,ℓ,βnp∆q,

?
n
´

θn ´ λ̂u

´

βn `
∆ρ
?
n
, φ̂

¯¯

σ̂u

´

βn `
∆ρ
?
n

¯ “ ūn,u,βnp∆q,

where

ūn,k,βnp∆q “ p1 ` η̂n,k,βnp∆qq

˜

Zn,k,βn `
σPn,k

`

β̄n
˘

σPn,k pβnq
DPn,k

`

β̄n
˘

∆ρ`
?
nγ1,Pn,kpβnq

¸

(A.97)

with

η̂n,k,βnp∆q “
σPn,k pβnq

σ̂k

´

βn `
∆ρ
?
n

¯ ´ 1, (A.98)

Zn,k,βn “

rGn,k

´

βn `
∆ρ
?
n
, φPn

¯

` ∇m1
k
λPn,k∇φ1EPn

“

mk

`

β̄n, φPn

˘‰

∇m1
φ
φ̄:

rGn,φ

σPn,j pβnq
` ζn,k,

(A.99)
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ζn,k “

rGn,k

´

βn `
∆ρ
?
n
, φ̂n

¯

´ rGn,k

´

βn `
∆ρ
?
n
, φPn

¯

σPn,k pβnq
, (A.100)

γ1,Pn,ℓpβnq “

λℓ

´

βn `
∆ρ
?
n
, φP

¯

´ θn

σPn,ℓ pβnq
, γ1,Pn,upβnq “

θn ´ λu

´

βn `
∆ρ
?
n
, φP

¯

σPn,u pβnq
. (A.101)

Therefore,

pA.89q ô

$

’

’

&

’

’

%

inf∆ ūn,ℓ,βnp∆q ´ ĉ
´

βn `
∆ρ
?
n

¯

s.t. ∆ P
?
n
ρ

`

B ´ βn
˘

,

ūn,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j “ 1, ..., J

,

/

/

.

/

/

-

ď 0,

and

$

’

’

&

’

’

%

inf∆ ūn,u,βnp∆q ´ ĉ
´

βn `
∆ρ
?
n

¯

s.t. ∆ P
?
n
ρ

`

B ´ βn
˘

,

ūn,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j “ 1, ..., J

,

/

/

.

/

/

-

ď 0

Denote

∆n,ρ “

?
n

ρ

`

B ´ βn
˘

X ∆, (A.102)

with ∆ “
␣

x P Rd : |xi| ď 1, i “ 1, . . . , d
(

. Then the event in (A.89) is implied by

$

’

’

&

’

’

%

inf∆ ūn,ℓ,βnp∆q ´ ĉ
´

βn `
∆ρ
?
n

¯

s.t. ∆ P ∆n,ρ,

ūn,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j “ 1, ..., J

,

/

/

.

/

/

-

ď 0, (A.103)

$

’

’

&

’

’

%

inf∆ ūn,u,βnp∆q ´ ĉ
´

βn `
∆ρ
?
n

¯

s.t. ∆ P ∆n,ρ,

ūn,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j “ 1, ..., J

,

/

/

.

/

/

-

ď 0. (A.104)

Step 3. This step is used only when Assumption 73 is invoked. When this assumption

is invoked, recall we use modification in Section A.4.3. For each j “ 1, ..., R1 such that

π˚
1,j “ π˚

1,j`R1
“ 0, (A.105)

let

µ̃j “ 1 ´ µ̃j`R1 , (A.106)
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µ̃j`R1 “

#

0 if γ1,Pn,j pβq “ γ1,Pn,j`R1 pβq “ 0
τ̂n,j,βn p∆q

τ̂n,j,βn p∆q`τ̂n,j`R1,βn
p∆q

otherwise, (A.107)

with

τ̂n,j,βp∆q “ γ1,Pn,j pβnq p1 ` η̂n,j,βn p∆qq . (A.108)

For each j “ 1, ..., R1, replace the constraint indexed by j, that is
?
nm̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂Mj

´

βn `
∆ρ
?
n

¯ ď ĉ

ˆ

βn `
∆ρ
?
n

˙

, (A.109)

with the following weighted sum of the paired inequalities

µ̃j

?
nm̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂Mj

´

βn `
∆ρ
?
n

¯ ´ µ̃j`R1

?
nm̄j`R1,n

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂Mj`R1

´

βn `
∆ρ
?
n

¯ ď ĉ

ˆ

βn `
∆ρ
?
n

˙

, (A.110)

and replace the constraint indexed by j `R1, that is
?
nm̄n,j`R1

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂Mj`R1

´

βn `
∆ρ
?
n

¯ ď ĉ

ˆ

βn `
∆ρ
?
n

˙

, (A.111)

with

´ µ̃j

?
nm̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂Mj

´

βn `
∆ρ
?
n

¯ ` µ̃j`R1

?
nm̄j`R1,n

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂Mj`R1

´

βn `
∆ρ
?
n

¯ ď ĉ

ˆ

βn `
∆ρ
?
n

˙

. (A.112)

It then follows from Assumption 73 that these replacements are conservative because

m̄n,j`R1

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂Mj`R1

´

βn `
∆ρ
?
n

¯ ď ´
m̄n,j

´

βn `
∆ρ
?
n
, φ̂

¯

σ̂Mj

´

βn `
∆ρ
?
n

¯ ,

and therefore (A.110) implies (A.109) and (A.112) implies (A.111). Similarly, if Assumption

73.2 is invoked, for k “ ℓ, u, replace

ūn,k,βnp∆q ď ĉ

ˆ

βn `
∆ρ
?
n

˙

with

µ̃kūn,k,βnp∆q ´ µ̃rksūn,rks,βn
p∆q ď ĉ

ˆ

βn `
∆ρ
?
n

˙

,
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where µ̃u “ 1 ´ µ̃ℓ and

µ̃ℓ “

#

0 if γ1,Pn,ℓ pβq “ γ1,Pn,u pβq “ 0
τ̂n,u,βn p∆q

τ̂n,ℓ,βn p∆q`τ̂n,u,βn p∆q
otherwise, (A.113)

with

τ̂n,k,βp∆q “ γ1,Pn,k pβnq p1 ` η̂n,k,βn p∆qq . (A.114)

Step 4. Next, I show that we can replace the term
?
nγ1,Pn,j pβnq with π˚

1,j . For

j “ 1, ..., J1,

π˚
1,j “ 0 ñ π˚

1,j ě
?
nγ1,Pn,j pβnq , (A.115)

π˚
1,j “ ´8 ñ

?
nγ1,Pn,j pβnq Ñ ´8. (A.116)

For any constraint j for which π˚
1,j “ 0, (A.115) yields that replacing

?
nγ1,Pn,j pβnq in

(A.104) with π˚
1,j introduces a conservative distortion. Under Assumption 73, for any j

such that (A.105) holds, the substitutions in (A.110) and (A.112) yield

µ̃jγ1,Pn,j pβn, φPnq p1 ` η̂n,j,βn p∆qq ´ µ̃j`R1γ1,Pn,j`R1 pβn, φPnq p1 ` η̂n,j`R1,βn p∆qq “ 0

and therefore replacing this term with π˚
1,j “ 0 “ π˚

1,j`R1
is inconsequential. Same applies

to the constraints on ũn,u,βn and ũn,ℓ,βn .

For any j for which π˚
1,j “ ´8, (A.116) yields that for n large enough,

?
nγ1,Pn,j pβnq

can be replaced with π˚
1,j . To see this, note that under Assumption 26, Assumption 72.3,

Assumption 74.3 and ∆ P ∆d
n,ρ, it follows that

σFn,j

`

β̄n
˘

σFn,j pβnq
DFn,j

`

β̄n
˘

∆ρ “ Op1q.

Together with Lemma 83.1 and Lemma 84, it holds that

Pn

˜

max
j:π˚

1,j“´8
ūn,j,βnp∆q ď 0, @∆ P ∆d

n,ρ

¸

Ñ 1. (A.117)
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Since ĉ
´

βn `
∆ρ
?
n

¯

ě 0 by construction, ūn,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

with π˚
1,j “ ´8 is

asmptotically not bingding and thus negligible. We therefore have that for n ě N ,

Pn

¨

˚

˝

$

’

&

’

%

inf∆ ūn,ℓ,βnp∆q

s.t. ∆ P ∆d
n,ρ,

ūn,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j

,

/

.

/

-

ď ĉ

ˆ

βn `
∆ρ
?
n

˙

, and (A.118)

$

’

&

’

%

inf∆ ūn,u,βnp∆q

s.t. ∆ P ∆d
n,ρ,

ūn,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j

,

/

.

/

-

ď ĉ

ˆ

βn `
∆ρ
?
n

˙

˛

‹

‚

` op1q

ěPn

¨

˚

˝

$

’

&

’

%

inf∆ ūn,ℓ,βnp∆q

s.t. ∆ P ∆d
n,ρ,

un,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j

,

/

.

/

-

ď ĉ

ˆ

βn `
∆ρ
?
n

˙

, and (A.119)

$

’

&

’

%

inf∆ ūn,u,βnp∆q

s.t. ∆ P ∆d
n,ρ,

un,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j

,

/

.

/

-

ď ĉ

ˆ

βn `
∆ρ
?
n

˙

˛

‹

‚

.

where

un,j,βnp∆q “ p1 ` η̂n,j,βnp∆qq

˜

Zn,j,βnp∆q `
σPn,j

`

β̄n
˘

σPn,j pβnq
DPn,j

`

β̄n
˘

∆ρ` π˚
1,j

¸

. (A.120)

Hence, I focus on the event in (A.119) here and after.

Step 5. I replace ūn,ℓ,βn and ūn,u,βn with un,ℓ,βn and un,u,βn . First, note that if π˚
1,0 “ 0,

pA.119q ěPn

¨

˚

˝

$

’

&

’

%

inf∆ un,ℓ,βnp∆q

s.t. ∆ P ∆d
n,ρ,

un,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j

,

/

.

/

-

ď ĉ

ˆ

βn `
∆ρ
?
n

˙

, and

$

’

&

’

%

inf∆ un,u,βnp∆q

s.t. ∆ P ∆d
n,ρ,

un,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j

,

/

.

/

-

ď ĉ

ˆ

βn `
∆ρ
?
n

˙

˛

‹

‚

where

un,k,βnp∆q “ p1 ` η̂n,k,βnp∆qq

˜

Zn,k,βnp∆q `
σPn,k

`

β̄n
˘

σPn,k pβnq
DPn,k

`

β̄n
˘

∆ρ

¸

. (A.121)
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If π˚
1,0 “ ´8, we have either

?
nγ1,Pn,ℓpβnq Ñ ´8 or

?
nγ1,Pn,upβnq Ñ ´8 or both, thus

pA.119q ěmin

$

’

&

’

%

Pn

¨

˚

˝

$

’

&

’

%

inf∆ un,ℓ,βnp∆q

s.t. ∆ P ∆d
n,ρ,

un,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j

,

/

.

/

-

ď ĉ

ˆ

βn `
∆ρ
?
n

˙

˛

‹

‚

,

Pn

¨

˚

˝

$

’

&

’

%

inf∆ un,u,βnp∆q

s.t. ∆ P ∆d
n,ρ,

un,j,βnp∆q ď ĉ
´

βn `
∆ρ
?
n

¯

,@j

,

/

.

/

-

ď ĉ

ˆ

βn `
∆ρ
?
n

˙

˛

‹

‚

,

/

.

/

-

` op1q.

In sum, let

Un,ℓ pβn, cq “

!

∆ P ∆d
n,ρ :

un,ℓ,βnp∆q ď c, un,u,βnp∆q ` π˚
1,0 ď c, un,j,βnp∆q ď c,@j “ 1, . . . , J

(

, (A.122)

Un,u pβn, cq “

!

∆ P ∆d
n,ρ :

un,u,βnp∆q ď c, un,ℓ,βnp∆q ` π˚
1,0 ď c, un,j,βnp∆q ď c,@j “ 1, . . . , J

(

. (A.123)

It holds that

pA.119q ě min

"

Pn

ˆ

Un,ℓ

ˆ

βn, ĉ

ˆ

βn `
∆ρ
?
n

˙˙

‰ H

˙

,

Pn

ˆ

Un,u

ˆ

βn, ĉ

ˆ

βn `
∆ρ
?
n

˙˙

‰ H

˙*

.

Step 6. Simplify ĉ
´

βn `
∆ρ
?
n

¯

. By definition ĉp¨q ě 0 and thus ĉn,ρ defined by

ĉn,ρ “ inf
∆P∆d

n,ρ

ĉ

ˆ

βn `
∆ρ
?
n

˙

(A.124)

exists. Therefore, the event whose probability is evaluated in (A.119) is implied by the

event

$

&

%

inf∆ un,ℓ,βnp∆q

s.t. ∆ P ∆d
n,ρ,

un,j,βnp∆q ď ĉn,ρ,@j “ 1, ..., J

,

.

-

ď ĉn,ρ,

and

$

&

%

inf∆ un,u,βnp∆q

s.t. ∆ P ∆d
n,ρ,

un,j,βnp∆q ď ĉn,ρ,@j “ 1, ..., J

,

.

-

ď ĉn,ρ (A.125)
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Then by (A.125) and the definition of Un,ℓ and Un,u, we obtain

Pn pθn P CInq ě min tPn pUn,ℓ pβn, ĉn,ρq ‰ Hq , Pn pUn,u pβn, ĉn,ρq ‰ Hqu . (A.126)

By passing to a further subsequence, we may assume that

DPn pβnq Ñ D,GPn pβnq Ñ G,

for some pJ ` 2q ˆ d matrix D such that }D} ď M , and some pJ ` 2q ˆ K matrix G such

that }G} ď M . In addition, we may assume that ΩPn

u
ÝÑ Ω for some covariance kernel Ω.

And ΩPnpβnq Ñ Ω. By Lemma 75,

lim inf
nÑ8

min tPn pUn,ℓ pβn, ĉn,ρq ‰ Hq , Pn pUn,u pβn, ĉn,ρq ‰ Hqu ě 1 ´ α. (A.127)

The conclusion of the theorem then follows from (A.85), (A.86), (A.126), and (A.127).

A.4.5 Lemmas

In the proof, I focus on

lim inf
nÑ8

Pn pUn,ℓ pβn, ĉn,ρq ‰ Hq ě 1 ´ α,

and the proof for Pn pUn,u pβn, ĉn,ρq ‰ Hq is similar.

Throughout this Appendix, let pPn, βn, θnq be a subsequence as defined in Step 1 in the

proof of Theorem 29. That is, along

tPn, βn, θnu P tpP, β, θq : P P P, β P BpP q, θ P rλP,ℓpβ, φP q, λP,upβ, φP qsu

one has

κ´1
n

?
nγ1,Pn,j pβnq Ñ π1j P Rr´8s, j “ 0, . . . , J1 (A.128)

ΩPn

u
Ñ Ω,

DPn pβnq Ñ D, (A.129)

GPn pβnq Ñ G. (A.130)
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When Assumption 73 is invoked, I use modification in Section A.4.3. And if

π˚
1,j “ 0 “ π˚

1,j`R1
,

replace the constraints

Zj ` ρDj∆ ď c,

Zj`R1 ` ρDj`R1∆ ď c,

with

µjpβq tZj ` ρDj∆u ´ µj`R1pβq tZj`R1 ` ρDj`R1∆u ď c

´µjpβq tZj ` ρDj∆u ` µj`R1pβq tZj`R1 ` ρDj`R1∆u ď c

where

µjpβq “

#

1 if γ1,Pn,jpβ, φPnq “ 0 “ γ1,Pn,j`R1pβ, φPnq,
γ1,Pn,j`R1

pβ,φPn q

γ1,Pn,j`R1
pβ,φPn q`γ1,Pn,jpβ,φPn q

otherwise,

(A.131)

µj`R1pβq “

#

0 if γ1,Pn,jpβq “ 0 “ γ1,Pn,j`R1pβq,
γ1,Pn,jpβ,φPn q

γ1,Pn,j`R1
pβ,φPn q`γ1,Pn,jpβ,φPn q

otherwise, .

(A.132)

The same applies to the constraint on Zℓ and Zu.

To simplify notation, in the following proof we do not differentiate ℓ, u, and j. Moreover,

due to the substitutions in equations (A.110) and (A.112), the paired inequalities are now

genuine equalities. With some absue of notation, we index them among the j “ J1`1, ..., J .

That is, under Assumption 28,

J1 “ t1, ..., J1, ℓ, uu ,

J2 “ tJ1 ` 1, ..., J1 ` 2J2u .

Under Assumption 73.1,

J1 “ t2R1 ` 1, ..., J1, ℓ, uu ,

J2 “ t1, ..., R1, J1 ` 1, ..., J1 ` J2u .
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Under Assumption 73.2,

J1 “ t2R1 ` 1, ..., J1u ,

J2 “ t1, ..., R1, J1 ` 1, ..., J1 ` J2, ℓu .

In all three cases,

rJ2s “ trjs : j P J2u ,

J “ J1 Y J2 Y rJ2s .

Fix c ě 0. For each ∆ P Rd and β P pβn ` ρ{
?
n∆q X B, let

wjp∆q “ Zj ` ρDj∆ ` π˚
1,j , (A.133)

wℓp∆q “ Zℓ ` ρDℓ∆,

wup∆q “ Zu ` ρDu∆ ` π˚
1,0.

Let ∆d
8,ρ “ limnÑ8 ∆d

n,ρ. Let

Wpcq “

!

∆ P ∆d
8,ρ : wjp∆q ď c,@j P J

)

. (A.134)

With that convention, for given δ P R, define

Wδpcq “

!

∆ P ∆d
8,ρ : wjp∆q ď c` δ,@j P J1,wjp∆q ď c,@j P J2 Y

“

J̄2
‰

)

. (A.135)

Define the |J| ` 2d matrix

KP pβ, ρq “

»

—

—

–

rρDP,jpβqsjPJ1YJ2
r´ρDP,jpβqsjPJ̄2

Id
´Id

fi

ffi

ffi

fl

.

Given a square matrix A, we let eigpAq denote its smallest eigenvalue. In all lemmas below,

we assume α ă 1{2.

Lemma 75. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption

28 or 73 hold. Then,

lim inf
nÑ8

Pn pUℓ,n pβn, ĉn,ρq ‰ Hq ě 1 ´ α. (A.136)
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Proof. Consider a subsequence along which

lim inf
nÑ8

Pn pUℓ,n pβn, ĉn,ρq ‰ Hq

is achieved as a limit. For notational simplicity, we use tnu for this subsequence below.

Below, we construct a sequence of critical values cIn pβ1
nq such that

ĉn
`

β1
n

˘

ě cIn
`

β1
n

˘

` opp1q (A.137)

and cIn pβ1
nq

p
Ñ cπ˚ for any β1

n P pβn ` ρ{
?
n∆q X B, where

cπ˚ “ inf tc P R` : P pWpcq ‰ Hq ě 1 ´ αu . (A.138)

The construction is as follows. When cπ˚ “ 0, let cIn pβ1
nq “ 0 for all β1

n P pβn ` ρ{
?
n∆qXB,

and hence cIn pβ1
nq

p
Ñ cπ˚ . If cπ˚ ą 0, let

cIn pβnq “ inf
␣

c P R` : P s
`

V I
n pβn, cq ‰ H

˘

ě 1 ´ α
(

, (A.139)

where

V I
n

`

β1
n, c

˘

“

!

∆ P ∆d
n,ρ : vIn,j,β1

n
p∆q ď c, j P J

)

, (A.140)

vIn,j,β1
n

p∆q “ Zs
n,j

`

β1
n

˘

` ρD̂n,j

`

β1
n

˘

∆ ` ϕ˚
j

´

ξ̂n,j
`

β1
n

˘

¯

, (A.141)

vIn,ℓ,β1
n

p∆q “ Zs
n,ℓ pβnq ` ρD̂n,ℓ

`

β1
n

˘

∆

vIn,u,β1
n

p∆q “ Zs
n,u pβnq ` ρD̂n,u

`

β1
n

˘

∆ ` ϕ˚
0

´

ξ̂n,0
`

β1
n

˘

¯

ϕ˚
j pξq “

#

ξ π1,j “ 0

´8 π1,j ă 0
, ϕ˚

0pξq “

#

ξ π1,0 “ 0

´8 π1,0 ă 0
. (A.142)

and P s is from the conditional distribution of Zs
n conditional on the estimators. By Lemma

77.3, this critical value sequence satisfies (A.137). Further, by Lemma 77.2, cIn pβ1
nq

p
Ñ cπ˚

for any β1
n P pβn ` ρ{

?
n∆q X B. For each β P B, let

cIn,ρpβq “ inf
∆P∆d

n,ρ

cIn

ˆ

β `
∆ρ
?
n

˙

. (A.143)
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Since the opp1q term in (A.137) does not affect the argument below, I redefine cIn,ρ pβnq as

cIn,ρ pβnq ` opp1q. By (A.137) and simple addition and subtraction,

Pn pUn,ℓ pβn, ĉn,ρ pβnqq ‰ Hq

ěPn

`

Un,ℓ

`

βn, c
I
n,ρ pβnq

˘

‰ H
˘

“P pW pcπ˚q ‰ Hq `
“

Pn

`

Un,ℓ

`

βn, c
I
n,ρ pβnq

˘

‰ H
˘

´ P pW pcπ˚q ‰ Hq
‰

.

(A.144)

By Lemma 84,

Zn,j,βnp∆q
d

Ñ Z „ N p0,Σq.

And by Assumption 28 and Assumption 74.3,

sup
βPB

sup
∆P∆

σPn,k

`

β̄n
˘

σPn,k pβnq
Ñ 1

Moreover, by Lemma 83,

sup
βPB

sup
∆P∆

}η̂n,j,βp∆q}
p

Ñ 0

uniformly in P, and by Lemma 77, cIn,ρ pβnq
p

Ñ cπ˚ . Therefore, uniformly in ∆ P ∆, it

holds that
ˆ

Zn,βnp∆q,

"

η̂n,βp∆q, cIn,ρ pβnq

˙

d
Ñ pZ, 0, cπ˚q . (A.145)

In what follows, using Lemma 1.10.4 in Van Der Vaart and Wellner (1996) I take

´

Z˚
np∆q, η˚

np∆q,
␣

D˚
n,j

(

jďJ
, c˚

n

¯

to be the almost sure representation of the left hand side of (A.145), defined on some

probability space pΩ,F , P q such that pZ˚
np∆q, η˚

np∆q, c˚
nq

a.s.
Ñ pZ˚, 0, cπ˚q, where Z˚ d

“ Z.

For each ∆ P Rd, we define

u˚
n,j,βn

p∆q “ p1 ` η˚
np∆qq

#

Z˚
n,jp∆q ` ρ

σPn,j

`

β̄n
˘

σPn,j pβnq
DPn,j

`

β̄n
˘

∆ ` π˚
1,j

+

,

w˚
j p∆q “ Z˚

j ` ρDj∆ ` π˚
1,j ,
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where we used that by Lemma 85.1, κ´1
n

?
nγ1,P,j pβnq ´κ´1

n

?
nγ1,P,j pβ1

nq “ op1q uniformly

over β1
n P pβn ` ρ{

?
n∆q X B and therefore π˚

1,j is constant over this neighborhood. Simi-

larly, let

U˚
n pβn, c

˚
nq “

!

∆ P ∆d
n,ρ : u˚

n,j,βn
p∆q ď c˚

n, @j P J
)

, (A.146)

W˚ pcπ˚q “

!

∆ P ∆d
8,ρ : w˚

j p∆q ď cπ˚ , @j P J
)

. (A.147)

It then follows that equation (A.144) can be rewritten as

Pn ptUn pβn, ĉn,ρ pβnqq ‰ Huq

ěP pW˚ pcπ˚q ‰ Hq ` rPn pU˚
n pβn, c

˚
nq ‰ Hq ´ P pW˚ pcπ˚q ‰ Hqs . (A.148)

By the definition of cπ˚ , we have

P pW˚ pcπ˚q ‰ Hq ě 1 ´ α.

Therefore, we are left to show that the second term on the right hand side of (A.148) tends

to 0 as n Ñ 8. Note that

|P pU˚
n pβn, c

˚
nq ‰ Hq ´ P pW˚ pcπ˚q ‰ Hq|

ďPn ptU˚
n pβn, c

˚
nq “ Hu X tW˚pcπ˚q ‰ Huq ` Pn ptU˚

n pβn, c
˚
nq ‰ Hu X tW˚pcπ˚q “ Huq .

(A.149)

The conclusion holds because (A.149) converges to zero by Lemma 76.

Lemma 76. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption

28 or 73 hold. Let pPn, βn, θnq have the almost sure representations given in Lemma 75.

For any η ą 0, there exists N P N such that

Pn ptU˚
n pβn, c

˚
nq ‰ Hu X tW˚ pcπ˚q “ Huq ď η{2 (A.150)

Pn ptU˚
n pβn, c

˚
nq “ Hu X tW˚ pcπ˚q ­“ Huq ď η{2, (A.151)

for all n ě N , where the sets in the above expressions are defined in equations (A.146) and

(A.147).
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Proof. Let J˚ “

!

j P J : π˚
1,j “ 0

)

. Observe that for j “ 1, ..., J, if π˚
1,j “ ´8, the corre-

sponding inequalities

u˚
n,j,βn

p∆q “ p1 ` η˚
np∆qq

#

Z˚
n,jp∆q ` ρ

σPn,j

`

β̄n
˘

σPn,j pβnq
DPn,j

`

β̄n
˘

∆ ` π˚
1,j

+

ď c˚
n

w˚
j p∆q “ Z˚

j ` ρDj∆ ` π˚
1,j ď cπ˚

are satisfied with probability approaching one by similar arguments as in (A.117). Hence,

we can redefine the sets of interest as

U˚
n pβn, c

˚
nq “

!

∆ P ∆d
n,ρ : u˚

n,j,βn
p∆q ď c˚

n,@j P J˚
)

(A.152)

W˚ pcπ˚q “

!

∆ P ∆d
8,ρ : w˚

j p∆q ď cπ˚ ,@j P J˚
)

. (A.153)

I first show (A.150). I bound the left hand side of (A.150) as

P ptU˚
n pβn, c

˚
nq ‰ Hu X tW˚ pcπ˚q “ Huq

ďP
´

tU˚
n pβn, c

˚
nq ‰ Hu X

!

W˚,`δ pcπ˚q “ H

)¯

(A.154)

` P
´!

W˚,`δ pcπ˚q ‰ H

)

X tW˚ pcπ˚q “ Hu

¯

, (A.155)

following from P pAXBq ď P pAXCq `P pB X Ccq for any events A,B, and C. I will then

specify δ such that (A.154)ď η
2 and (A.155)ď η

2 . Lemma 79 (A.197) implies that there is

some δ ą 0 such that

P
´!

W˚,`δ pcπ˚q ­“ H

)

X tW˚ pcπ˚q “ Hu

¯

ď sup
cě0

P
´

tW˚ pcq ­“ Hu X

!

W˚,´δ pcq “ H

)¯

ď η{2. (A.156)

Next, define the events

Anpδq “

"

sup
∆P∆

max
jPJ˚

ˇ

ˇ

`

u˚
n,j,βn

p∆q ´ c˚
n

˘

´
`

w˚
j p∆q ´ cπ˚

˘ˇ

ˇ ě δ

*

,

with δ specified in (A.156). By Lemma 78 (A.195), for any η ą 0 there exists N P N such

that

P pAnq ă η{2,@n ě N. (A.157)
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Define the event Ln “ tU˚
n pβn, c

˚
nq Ď W˚ pcπ˚ ` δqu and note that Ac

n Ď Ln. The right

hand side of (A.154) can further be bounded as

P ptU˚
n pβn, c

˚
nq ‰ Hu X tW˚ pcπ˚ ` δq “ Huq ď P pU˚

n pβn, c
˚
nq Ę W˚ pcπ˚ ` δqq

“ P pLc
nq ď P pAnq ă η{2 @n ě N,

(A.158)

where the penultimate inequality follows from Ac
n Ď Ln as argued above, and the last

inequality follows from (A.157). Hence, (A.150) follows from (A.154), (A.155), (A.156),

and (A.158).

To establish (A.151), I distinguish three cases.

Case 1. Suppose first that J2 “ H, and hence one has only moment inequalities. Define

the event

rR2n “ tW˚ pcπ˚ ´ δq Ď U˚
n pβn, c

˚
nqu . (A.159)

and note that Ac
n Ď rR2n. The result in equation (A.151) then follows by Lemma 79 (A.197)

using again similar steps to (A.154)-(A.158).

Case 2. Next suppose that |J2| ą d. Note that, by Lemma 81, there exists N P N such

that for all n ě N , cInpθq is bounded from below by some c ą 0 with probability approaching

one uniformly in P P P and β P BpP q. This ensures cπ˚ is bounded from below by c ą 0.

Note that Ac
n Ď rR2n, where rR2n is defined as in (A.159), and therefore the same argument

as in the previous case applies using Lemma 79(A.199).

Case 3. Finally, suppose that 1 ď |J2| ď d. Recall that, with probability 1,

cπ˚ “ lim
nÑ8

c˚
n, (A.160)

and note that by construction cπ˚ ě 0. Consider first the case that cπ˚ ą 0. Then, by

taking δ ă cπ˚ , the argument in Case 2 applies.

Next, consider the case that cπ˚ “ 0. Observe that

P ptU˚
n pβn, c

˚
nq “ Hu X tW˚ pcπ˚q ‰ Huq ,

ďP
´

tU˚
n pβn, c

˚
nq “ Hu X

!

W˚,´δp0q ‰ H

)¯

` P
´!

W˚,´δp0q “ H

)

X tW˚p0q ‰ Hu

¯

.

(A.161)
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By Lemma 79, for any η ą 0 there exists δ ą 0 and N P N such that

P
´!

W˚,´δp0q “ H

)

X tW˚p0q ‰ Hu

¯

ă η{3

for all n ě N . Therefore, the second term of (A.161) can be made arbitrarily small.

I now consider the first term of (A.161), and it contains the following four steps.

Step 1. More notation. Let g be a |J| ` 2d vector with

gj “

#

´Zj , j P J,
1, j “ |J| ` 1, . . . , |J| ` 2d,

(A.162)

where I use that π˚
1,j “ 0 and the last assignment is without loss of generality because of the

considerations leading to the sets in (A.152), (A.153). For a given set C Ă t1, . . . , |J| ` 2du,

let the vector gC collect the entries of gC corresponding to indices in C. Let

K “

»

—

—

–

rρDjsjPJ1YJ2
r´ρDjsjPJ2

Id
´Id

fi

ffi

ffi

fl

. (A.163)

Let the matrix KC collect the rows of K corresponding to indices in C. Let rC collect

all size d subsets C of t1, . . . , |J| ` 2du ordered lexicographically by their smallest, then

second smallest, etc. elements. Let the random variable C equal the first element of rC

s.t. detKC ‰ 0 and ∆C “
`

KC
˘´1

gC P W˚,´δp0q if such an element exists; else, let

C “ t|J| ` 1, . . . , |J| ` du and ∆C “ 1d, where 1d denotes a d vector with each entry

equal to 1. Recall that W˚,´δp0q is a (possibly empty) measurable random polyhedron in a

compact subset of Rd, see, e.g., Molchanov and Molchanov (2005) (Definition 1.1.1). Thus,

if W˚,´δp0q ‰ H, then W˚,´δp0q has extreme points, each of which is characterized as the

intersection of d (not necessarily unique) linearly independent constraints interpreted as

equalities. Therefore, W˚,´δp0q ‰ H implies that ∆C P W˚,´δp0q. Note that the associated

random vector ∆C is a measurable selection of a random closed set that equals W˚,´δp0q

if W˚,´δp0q ‰ H and equals ∆ otherwise, see, e.g., Molchanov and Molchanov (2005)

(Definition 1.2.2).
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Let gn be a |J| ` 2d vector with

gn,jp∆q “

#

c˚
n{

´

1 ` η˚
n,jp∆q

¯

´ Z˚
n,j p∆q if j P J

1, if j “ |J| ` 1, . . . , |J| ` 2d
(A.164)

using again that π˚
1,j “ 0 for j P J˚. For each P P P, let

KP pβ, β̄, ρq “

»

—

—

—

—

—

—

—

–

„

ρ
σPn,jpβ̄q
σPn,jpβq

DP,jpβ̄q

ȷ

jPJ1YJ2
„

´ρ
σPn,jpβ̄q
σPn,jpβq

DP,jpβ̄q

ȷ

jPJ2
Id

´Id

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (A.165)

For each n and ∆ P ∆, define the mapping ϕn : ∆ Ñ Rd
r˘8s

by

ϕnp∆q “
`

KC
Pn

`

βn, β̄ pβn,∆q , ρ
˘˘´1

gCn p∆q , (A.166)

where the notation β̄ pβn,∆q emphasizes that β̄ depends on βn and ∆ because it lies

component-wise between βn and βn `
∆ρ
?
n
.

Step 2. I show that ϕn is a contraction mapping and hence has a fixed point. For any

∆,∆1 P ∆ write

›

›ϕnp∆q ´ ϕn
`

∆1
˘›

›

“

›

›

›

`

KC
Pn

`

βn, β̄ pβn,∆q , ρ
˘˘´1

gCn p∆q ´
`

KC
Pn

`

βn, β̄
`

βn,∆
1
˘

, ρ
˘˘´1

gCn
`

∆1
˘

›

›

›

ď

›

›

›

`

KC
Pn

`

βn, β̄ pβn,∆q , ρ
˘˘´1

›

›

›

2

›

›gCn p∆q ´ gCn
`

∆1
˘›

›

`

›

›

›

`

KC
Pn

`

βn, β̄ pβn,∆q , ρ
˘˘´1

´
`

KC
Pn

`

βn, β̄
`

βn,∆
1
˘

, ρ
˘˘´1

›

›

›

2

›

›gCn
`

∆1
˘›

› ,

(A.167)

where } ¨ }2 denotes the spectral norm (induced by the Euclidean norm). By Assumption

74.2, for any η ą 0, k ą 0, there is N P N such that

Pn

`›

›gCnp∆q ´ gCnp∆1q
›

› ď k
›

›∆ ´ ∆1
›

›

˘

“Pn

`
›

›Z˚,C
n p∆q ´ Z˚,C

n p∆1q
›

› ď k
›

›∆ ´ ∆1
›

›

˘

ě 1 ´ η,@n ě N.
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Moreover, for any η there exist 0 ă L ă 8 and N P N such that @n ě N

P

ˆ

sup
∆1P∆

›

›gCn
`

∆1
˘›

› ď L

˙

ě 1 ´ η. (A.168)

For any invertible matrixK,
›

›K´1
›

›

2
“ pmin t

?
α : α is an eigenvalue of KK 1uq

´1. Hence,

by the proof of Lemma 80 and the definition of C, for any η ą 0, there exists 0 ă L ă 8

and N P N such that

P
´›

›

›

`

KC˘´1
›

›

›

2
ď L

¯

ě 1 ´ η,@n ě N.

By Johnson and Horn (1985) (ch. 5.8), for any invertible matrices K, K̃ such that

›

›

›
K̃´1pK ´ K̃q

›

›

›

2
ă 1,

›

›

›
K´1 ´ K̃´1

›

›

›

2
ď

›

›

›
K̃´1pK ´ K̃q

›

›

›

2

1 ´

›

›

›
K̃´1pK ´ K̃q

›

›

›

2

›

›

›
K̃´1

›

›

›

2
. (A.169)

By the assumption that DPn pβnq Ñ D and σPn,jpβ̄q
σPn,jpβq

Ñ 1 and Assumption 26, for any η ą 0,

there exists N P N such that

sup
∆P∆

›

›KC
Pn

`

β̄ pβn,∆q , ρ
˘

´KC›
›

2
ď η,@n ě N.

By (A.169), the definition of the spectral norm, and the triangle inequality, for any η ą 0,

there exist 0 ă L1, L2 ă 8 and N P N such that

Pn

ˆ

sup
∆P∆

›

›

›

`

KC
Pn

`

β̄ pβn,∆q , ρ
˘˘´1

›

›

›

2
ď 2L1

˙

ěPn

ˆ

›

›

›

`

KC˘´1
›

›

›

2
` sup

∆P∆

›

›

›
KC

Pn

`

β̄ pβn,∆q , ρ
˘´1

´
`

KC˘´1
›

›

›

2
ď 2L1

˙

ěPn

¨

˚

˝

›

›

›

`

KC˘´1
›

›

›

2
ď L1,

›

›

›

`

KC˘´1
›

›

›

2

2

1 ´

›

›

›
pKCq

´1 `KC
Pn

`

β̄ pβn,∆q , ρ
˘

´KC
˘

›

›

›

2

ď L2,

sup
∆P∆

›

›KC
Pn

`

β̄ pβn,∆q , ρ
˘

´KC›
›

2
ď
L1

L2

˙
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ě1 ´ 2η,@n ě N, (A.170)

Again by applying (A.169), for any k ą 0, there exists N P N such that

Pn

´
›

›

›

`

KC
Pn

`

β̄ pβn,∆q
˘˘´1

´
`

KC
Pn

`

β̄
`

βn,∆
1
˘˘˘´1

›

›

›

2
ď k

›

›∆ ´ ∆1
›

›

¯

ěPn

ˆ

sup
∆P∆

›

›

›

`

KC
Pn

`

β̄ pβn,∆q
˘˘´1

›

›

›

2

2

Mρ2
?
n

›

›∆ ´ ∆1
›

› ď k
›

›∆ ´ ∆1
›

›

˙

ě 1 ´ η, @n ě N,

(A.171)

where the first inequality follows from

›

›KC
Pn

`

β̄ pβn,∆q
˘

´KC
Pn

`

β̄
`

βn,∆
1
˘˘›

›

2
ď Mρ

›

›β̄ pβn,∆q ´ β̄
`

βn,∆
1
˘›

› ď Mρ2{
?
n
›

›∆ ´ ∆1
›

›

by Assumption 26, and the last inequality follows from (A.170).

By (A.167)-(A.168) and (A.170)-(A.171), it then follows that there exists a P r0, 1q such

that for any η ą 0, there exists N P N such that

P
`ˇ

ˇϕnp∆q ´ ϕn
`

∆1
˘ˇ

ˇ ď a
›

›∆ ´ ∆1
›

› , @∆,∆1 P ∆
˘

ě 1 ´ η, @n ě N. (A.172)

This implies that with probability approaching 1, each ϕnp¨q is a contraction, and therefore

by the Contraction Mapping Theorem it has a fixed point (e.g., Pata et al. (2019) (Theorem

1.1)). This in turn implies that for any η ą 0 there exists a N P N such that

P
´

D∆f
n : ∆f

n “ ϕn

´

∆f
n

¯¯

ě 1 ´ η,@n ě N. (A.173)

Step 3. I show that ∆C
n and ∆f

n are close enough. Next, define the mapping

ψnp∆q “
`

KC˘´1
gC (A.174)

This map is constant in ∆ and hence is uniformly continuous and a contraction with Lips-

chitz constant equal to zero. It therefore has ∆C
n as its fixed point. Moreover, by (A.166)

and (A.174) arguing as in (A.167), it follows that for any ∆ P ∆,

}ψnp∆q ´ ϕnp∆q} ď

›

›

›

`

KC
Pn

`

βn, β̄ pβn,∆q , ρ
˘˘´1

›

›

›

2

›

›gC ´ gCn p∆q
›

›

`

›

›

›

`

KC˘´1
´
`

KC
Pn

`

βn, β̄ pβn,∆q , ρ
˘˘´1

›

›

›

2

›

›gC
›

› .
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By (A.162) and (A.164)
›

›gC ´ gCnp∆q
›

› ď max
jPJ˚

ˇ

ˇ´Z˚
j ´ c˚

n{
`

1 ` η˚
n,jp∆q

˘

` Z˚
n,jp∆q

ˇ

ˇ

ď max
jPJ˚

ˇ

ˇZ˚
j ´ Z˚

n,j p∆q
ˇ

ˇ ` max
jPJ˚

ˇ

ˇc˚
n{

`

1 ` η˚
n,jp∆q

˘
ˇ

ˇ . (A.175)

Moreover, Z˚
n p∆q

a.s.
Ñ Z˚ and (A.160) implies c˚

n Ñ 0 so that we have

sup
∆P∆

›

›gC ´ gCn p∆q
›

›

a.s.
Ñ 0.

Further, by (A.164), DPn Ñ D and, Assumption 26, for any η ą 0, there exists N P N such

that

sup
∆P∆

›

›

›

`

KC˘´1
´
`

KC
Pn

`

βn, β̄ pβn,∆q , ρ
˘˘´1

›

›

›

2
ď η,@n ě N. (A.176)

In sum, by (A.168), (A.170), and (A.175), (A.176), for any η, ν ą 0, there exists N ě N

such that

P

ˆ

sup
∆P∆

}ψnp∆q ´ ϕnp∆q} ă ν

˙

ě 1 ´ η,@n ě N. (A.177)

Hence, for a specific choice of ν “ κp1´aq, where a is defined in equation (A.172), we have

that sup∆P∆ }ψnp∆q ´ ϕnp∆q} ă κp1 ´ aq implies

›

›

›
∆C

n ´ ∆f
n

›

›

›
“

›

›

›
ψn

`

∆C
n

˘

´ ϕn

´

∆f
n

¯›

›

›

ď
›

›ψn

`

∆C
n

˘

´ ϕn
`

∆C
n

˘
›

› `

›

›

›
ϕn

`

∆C
n

˘

´ ϕn

´

∆f
n

¯›

›

›

ď κp1 ´ aq ` a
›

›

›
∆C

n ´ ∆f
n

›

›

›

Rearranging terms, we obtain
›

›

›
∆C

n ´ ∆f
n

›

›

›
ď κ.

Step 4. I complete the proof. Note that by Assumptions 26 and 74.1, for any δ ą 0,

there exists κδ ą 0 and N P N such that

P

˜

sup
}∆´∆1}ďκδ

ˇ

ˇu˚
n,j,βn

p∆q ´ u˚
n,j,βn

`

∆1
˘ˇ

ˇ ă δ

¸

ě 1 ´ η,@n ě N. (A.178)
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For ∆C
n P W˚,´δp0q, one has

w˚
j

`

∆C
n

˘

` δ ď 0, j P J1. (A.179)

Hence, by (A.157), (A.160), and (A.178)-(A.179),
›

›

›
∆C

n ´ ∆f
n

›

›

›
ď κδ{4, for each j P J1 we

have

u˚
n,j,βn

´

∆f
n

¯

´ c˚
n pβnq ď u˚

n,j,βn

`

∆C
n

˘

´ c˚
n pβnq ` δ{4 ď w˚

j

`

∆C
n

˘

` δ{2 ď 0.

For j P t|J1| ` 1, . . . , |J1| ` 2|J2|u, the inequalities hold by construction given the definition

of C. In sum, for any η ą 0 there exists δ ą 0 and N P N such that for all n ě N we have

P
´

tU˚
n pβn, c

˚
nq “ Hu X

!

W˚,´δp0q ‰ H

)¯

ď P
´

E∆f
n P U˚

n pβn, c
˚
nq , D∆C

n P W˚,´δp0q

¯

ď P

ˆ"

sup
∆P∆

}ψnp∆q ´ ϕnp∆q} ă κδ{4p1 ´ aq XAnp
δ

2
q

*c˙

ď η{3,

where Ac denotes the complement of the set A, and the last inequality follows from (A.157)

and (A.177).

Lemma 77. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption

28 or 73 hold. Let tPn, βn, θnu be a sequence satisfying (A.128)-(A.129). Then, for any

tβ1
nu such that β1

n P pβn ` ρ{
?
n∆q X B for all n, it holds that

1. For any c ą 0,

P b
n

`

V I
n

`

β1
n, c

˘

‰ H
˘

´ P pWpcq ‰ Hq Ñ 0,

with probability approaching 1 ;

2. If cπ˚ ą 0, cIn pβ1
nq

P
Ñ cπ˚;

3.

ĉn
`

β1
n

˘

ě cIn
`

β1
n

˘

` oP p1q.

Proof. (i) Throughout, let c ą 0 and let tβ1
nu be a sequence such that β1

n P pβn ` ρ{
?
n∆qX

B for all n. By Assumption 26,
›

›

›
D̂ pβ1

nq ´DPn pβnq

›

›

›

p
Ñ 0. Further, by Lemma 85,

ξ̂n,j pβ1
nq

P
Ñ π1,j . Therefore,

´

Zb
n

`

β1
n

˘

, D̂
`

β1
n

˘

, ξ̂n
`

β1
n

˘

¯

| tXiu
8
i“1

d
Ñ pZ, D, π1q (A.180)
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for almost all sample paths tXiu
8
i“1. By Lemma H.17 in Kaido et al. (2019), condi-

tional on the sample path, there exists an almost sure representation
´

Z̃b
n, D̃n, ξ̃n

¯

of

´

Zb
n pβ1

nq , D̂ pβ1
nq , ξ̂n pβ1

nq

¯

defined on another probability space pΩ̃, F̃ , P̃ q such that

´

Z̃b
n, D̃n, ξ̃n

¯

d
“

´

Zb
n

`

β1
n

˘

, D̂
`

β1
n

˘

, ξ̂n
`

β1
n

˘

¯

conditional on the sample path. In particular, conditional on the sample,
´

D̂ pβ1
nq , ξ̂n pβ1

nq

¯

are non-stochastic. Therefore, we set
´

D̃n, ξ̃n

¯

“

´

D̂ pβ1
nq , ξ̂n pβ1

nq

¯

, P̃ ´ a.s. The almost

sure representation satisfies
´

Z̃b
n, D̃n, ξ̃n,j

¯

a.s.
Ñ

´

Z̃, D, π1
¯

for almost all sample paths,

where Z̃ d
“ Z. The almost sure representation

´

Z̃b
n, D̃n, ξ̃n

¯

is defined for each sample path

x8 “ txiu
8
i“1, but we suppress its dependence on x8 for notational simplicity. Using this

representation, define

ṽIn,j,β1
n

p∆q “ Z̃s
n,j ` ρD̃n,j∆ ` φ˚

j

´

ξ̃n,j

¯

, (A.181)

ṽIn,ℓ,β1
n

p∆q “ Z̃s
n,ℓ ` ρD̃n,ℓ∆,

ṽIn,u,β1
n

p∆q “ Z̃s
n,u ` ρD̃n,u∆ ` φ˚

0

´

ξ̃n,0

¯

,

w̃jp∆q “ Z̃j ` ρDj∆ ` π˚
1,j

w̃ℓp∆q “ Z̃ℓ ` ρDℓ∆

w̃up∆q “ Z̃u ` ρDu∆ ` π˚
1,0

where Z̃ d
“ Z, and Z̃b

n Ñ Z̃, P̃ ´ a.s. conditional on tXiu
8
i“1. With this construction, one

may write
ˇ

ˇP s
n

`

V I
n

`

β1
n, c

˘

‰ H
˘

´ P pWpcq ‰ Hq
ˇ

ˇ

“

ˇ

ˇ

ˇ
P̃
´

Ṽ I
n

`

β1
n, c

˘

‰ H

¯

´ P̃ pW̃pcq ‰ Hq

ˇ

ˇ

ˇ

ďP̃
´

Ṽ I
n

`

β1
n, c

˘

“ H X W̃pcq ‰ H

¯

` P̃
´

Ṽ I
n

`

β1
n, c

˘

‰ H X W̃pcq “ H

¯

. (A.182)
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First, we bound the first term of (A.182). Note that

P̃
´

Ṽ I
n

`

β1
n, c

˘

“ H X W̃pcq ‰ H

¯

ďP̃
´

Ṽ I
n

`

β1
n, c` δ

˘

“ H X W̃pcq ‰ H

¯

` P̃
´

Ṽ I
n

`

β1
n, c` δ

˘

‰ H X Ṽ I
n

`

β1
n, c

˘

“ H

¯

.

(A.183)

Let

An “

"

ω̃ P Ω̃ : sup
∆P∆

max
jPJ˚

ˇ

ˇ

ˇ
ṽIn,j,β1

n
p∆q ´ w̃jp∆q

ˇ

ˇ

ˇ
ě δ

*

.

Let

E “

"

txiu
8
i“1 :

›

›

›
D̂
`

β1
n

˘

´D
›

›

›
ă η, max

jPJ˚

ˇ

ˇ

ˇ
ϕ˚
j

´

ξ̂n,j
`

β1
n

˘

¯

´ π˚
1,j

ˇ

ˇ

ˇ
ă η

*

.

Note that, PnpEq ě 1 ´ η for all n sufficiently large by Assumption 26 and Lemma 85. On

E, we therefore have
›

›

›
D̃n ´D

›

›

›
ă η and maxjPJ˚

ˇ

ˇ

ˇ
ϕ˚
j

´

ξ̃n,j

¯

´ π˚
1,j

ˇ

ˇ

ˇ
ă η, P̃ ´ a.s. Below, we

condition on tXiu
8
i“1 P E. For any j P J˚,

ˇ

ˇ

ˇ
ṽIn,j,β1

n
p∆q ´ w̃jp∆q

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
Z̃s
n,j ´ Z̃j

ˇ

ˇ

ˇ
` ρ

›

›

›
D̃j,n ´Dj

›

›

›
}∆} `

ˇ

ˇ

ˇ
ϕ˚
j

´

ξ̃n,j

¯

´ π˚
1,j

ˇ

ˇ

ˇ
ď p2 ` ρqη,

uniformly in ∆ P ∆, where we used Z̃s
n Ñ Z̃, P̃ - a.s. Since η can be chosen arbitrarily

small, this in turn implies

P̃ pAnq ă η{2,

for all n sufficiently large. Note also that sup∆P∆maxjPJ

ˇ

ˇ

ˇ
ṽIn,j,β1

n
p∆q ´ w̃jp∆q

ˇ

ˇ

ˇ
ă δ implies

W̃pcq Ď Ṽ I
n pβ1

n, c` δq, and hence Ac
n is a subset of

Ln “

!

ω̃ P Ω̃ : W̃pcq Ď Ṽ I
n

`

β1
n, c` δ

˘

)

.

Using this,

P̃
´

Ṽ I
n

`

β1
n, c` δ

˘

“ H X W̃pcq ‰ H

¯

ď P̃
´

W̃pcq Ę Ṽ I
n

`

β1
n, c` δ

˘

¯

(A.184)

“ P̃ pLc
nq ď P̃ pAnq ă η{2,

187



for all n sufficiently large. Also, by Lemma 79,

P̃
´

Ṽ I
n

`

β1
n, c` δ

˘

‰ H X Ṽ I
n

`

β1
n, c

˘

“ H

¯

ă η{2, (A.185)

for all n sufficiently large. Combining (A.183), (A.184), (A.185), and using PnpEq ě 1 ´ η

for all n, we have
ż

E
P̃
´

Ṽ I
n

`

β1
n, c

˘

“ H X W̃pcq ‰ H

¯

dPn `

ż

Ec

P̃
´

Ṽ I
n

`

β1
n, c

˘

“ H X W̃pcq ‰ H

¯

dPn

ďηp1 ´ ηq ` η ď 2η.

The second term of the right hand side of (A.182) can be bounded similarly. Therefore,

ˇ

ˇP s
`

V I
n

`

β1
n, c

˘

‰ H
˘

´ P pWpcq ‰ Hq
ˇ

ˇ Ñ 0

with probability (under Pn) approaching 1. This establishes the first claim.

(ii) By Part (i), for c ą 0, we have

P s
n

`

V I
n

`

β1
n, c

˘

‰ H
˘

´ P pWpcq ‰ Hq Ñ 0

Fix c ą 0, and set

gj “

#

c´ Zj , j P J,
1, j “ |J| ` 1, . . . , |J| ` 2d,

Mimic the argument following (A.185) and apply Lemma 79. Then, there is δ ą 0 such

that

|P pWpcq ‰ Hq ´ P pWpc´ δq ‰ Hq| “ P ptWpcq ‰ Hu X tWpc´ δq “ Huq ď η

|P pWpc` δq ‰ Hq ´ P pWpcq ‰ Hq| “ P ptWpc` δq ‰ Hu X tWpcq “ Huq ď η

which therefore ensures that c ÞÑ P pWpcq ‰ Hq is continuous at c ą 0.

Next, we show c ÞÑ P pWpcq ‰ Hq is strictly increasing at any c ą 0. For this, consider

c ą 0 and c ´ δ ą 0 for δ ą 0. Define the |J| vector e to have elements ej “ c ´ Zj , j P

J. Suppose for simplicity that J˚ “

!

j P J : π˚
1,j “ 0

)

contains the first J˚ inequality
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constraints. Let eJ˚ denote the subvector of e that only contains elements corresponding

to j P J˚, define DJ˚ correspondingly, and write

K “

»

–

DJ˚:

Id
´Id

fi

fl , g “

»

–

eJ
˚

ρ ¨ 1d
ρ ¨ 1d

fi

fl , τ “

»

–

1J˚

0d
0d

fi

fl . (A.186)

By Farkas’ lemma (R. Rockafellar (1970) Theorem 22.1) and arguing as in (A.206),

P ptWpcq ‰ Hu X tWpc´ δq “ Huq

“P
`␣

µ1g ě 0,@µ P M
(

X
␣

µ1pg ´ δτq ă 0, Dµ P M
(˘

, (A.187)

where M “

!

µ P RJ˚`2d
` : µ1K “ 0

)

. By Minkowski-Weyl’s theorem (R. T. Rockafellar

and Wets (2009) Theorem 3.52), there exists
␣

νt P M, t “ 1, . . . , T
(

, for which one may

write

M “

#

µ : µ “ b
T
ÿ

t“1

atν
t, b ą 0, at ě 0,

T
ÿ

t“1

at “ 1

+

.

This implies

µ1g ě 0,@µ P M ô νt1g ě 0,@t P t1, . . . , T u,

µ1pg ´ δτq ă 0, Dµ P M ô νt1g ă δνt1τ, Dt P t1, . . . , T u.

Hence,

pA.187q “P
`

0 ď νs1g, 0 ď νt1g ă δνt1τ,@s, Dt
˘

(A.188)

Note that by (A.186), for each s P t1, . . . , T u,

νs1g “ pνs,J
˚

q1 pc1J˚ ´ ZJ˚q ` ρ
J˚`2d
ÿ

j“J˚`1

νs,j ,

νs1τ “

J˚
ÿ

j“1

νs,j .

Hence

hUs “ c
J˚
ÿ

j“1

νs,j ` ρ
J˚`2d
ÿ

j“J˚`1

νs,j

189



hLs “ pc´ δq

J˚
ÿ

j“1

νs,j

where 0 ď hLs ă hUs for all s P t1, . . . , T u due to 0 ă c ´ δ ă c and νs P RJ˚`2d
` . One may

therefore rewrite the probability on the right hand side of (A.188) as

P
`

0 ď νs1g, 0 ď νt1g ă δνt1τ,@s, Dt
˘

“P
´

νs,J
˚1

ZJ˚ ď hUs , h
L
t ă νt,J

˚1ZJ˚ ď hUt , @s, Dt
¯

ą 0, (A.189)

where the last inequality follows because ZJ˚ ’s correlation matrix Ω has an eigenvalue

bounded away from 0 by Assumption 28 and 73. By (A.187), (A.188), and (A.189), c ÞÑ

P pWpcq ‰ Hq is strictly increasing at any c ą 0.

Suppose that cπ˚ ą 0, then arguing as in Lemma 5.(i) of D. W. K. Andrews and

Guggenberger (2010), we obtain cIn pβ1
nq

Pn
Ñ cπ˚

(iii) Begin with observing that one can equivalently express ĉℓ (originally defined in

(2.53)) as ĉℓpβq “ inf tc P R` : P s
n pV s

n pβ, cq ‰ Hq ě 1 ´ αu where

V s
n

`

β1
n, c

˘

“

!

∆ P ∆d
n,ρ : vsn,j,β1

n
p∆q ď c, j P J

)

, (A.190)

vsn,j,β1
n

p∆q “ Zs
n,j

`

β1
n

˘

` ρD̂n,j

`

β1
n

˘

∆ ` ξ̂n,j
`

β1
n

˘

. (A.191)

Suppose first that Assumption 28 holds. In this case, there are no paired inequalities, and

V I
n differs from V s

n only in terms of the function ϕ˚
j used in place of the GMS function ξ.

In particular, ϕ˚
j pξq ď ξ for any j and ξ, and therefore ĉℓ pβnq ě cIn pβnq by construction.

Next, suppose that Assumption 73 holds. The only case that might create concern is

one in which

π1,j P r´1, 0q and π1,j`R1 “ 0.

In this case, only the j`R1-th inequality binds in the limit, but with probability approaching

1, GMS selects both in the pair. Therefore, we have

π˚
1,j “ ´8, and π˚

1,j`R1
“ 0,
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ξ̂n,j
`

β1
n

˘

“ 0, and ξ̂n,j`R1

`

β1
n

˘

“ 0,

so that in V I
n pβ1

n, cq, inequality j `R1, which is

Zs
n,j`R1

`

β1
n

˘

` ρD̂n,j`R1

`

β1
n

˘

∆ ď c

is replaced with inequality

´Zs
n,j

`

β1
n

˘

´ ρD̂n,j

`

β1
n

˘

∆ ď c,

as explained in Section A.4.3. In this case, ĉn pβnq ě cIn pβnq is not guaranteed in finite

sample. However, let vIPn be as in (A.141) but for j P J2, replacing rjs-th component vIn,rjs

with ´vIn,j . Define V IP
n as in (A.140) but replacing vIn with vIPn . Define

cIPn pβnq “ inf
␣

c P R` : P ˚
`

V IP
n pβn, cq

˘

ě 1 ´ α
(

.

By construction, ĉn pβ1
nq ě cIPn pβ1

nq for any β1
n P

`

βn ` ρ{
?
nBd

˘

XB. Therefore, it suffices

to show that cIPn pβ1
nq ´ cIn pβ1

nq
p

Ñ 0. For this, note that Lemma 82.3 and 82.4 establishes

sup
∆P∆n,ρ

›

›

›
Zb
n,j`R1

`

β1
n

˘

` ρD̂n,j`R1

`

β1
n

˘

∆ ` Zb
n,j

`

β1
n

˘

` ρD̂n,j

`

β1
n

˘

∆
›

›

›
“ oP p1q,

for almost all sample paths tXiu
8
i“1. Therefore, replacing the j`R1-th inequality with the

j-th inequality in V IP
n is asymptotically negligible. Mimicking the arguments in Parts (i)

and (ii) then yields

cIPn
`

β1
n

˘ p
Ñ cπ˚ .

This therefore ensures cIPn pβ1
nq ´ cIn pβ1

nq
p

Ñ 0.

Lemma 78. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption

28 or 73 hold. For any ε, η ą 0 and β1
n P

`

βn ` ρ{
?
nr´1, 1sd

˘

X B, there exists N 1 P N

such that for all n ě N 1,

P

ˆ

sup
∆P∆

ˇ

ˇ

ˇ

ˇ

max
jPJ

`

u˚
n,j,βn

p∆q ´ c˚
n

˘

´ max
jPJ

`

w˚
j p∆q ´ cπ˚

˘

ˇ

ˇ

ˇ

ˇ

ě ε

˙

ă η, (A.192)

P̃

ˆ

sup
∆P∆

ˇ

ˇ

ˇ

ˇ

max
jPJ

w̃jp∆q ´ max
jPJ

ṽIn,j,β1
n

p∆q

ˇ

ˇ

ˇ

ˇ

ě ε

˙

ă η, w.p. 1. (A.193)
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Proof. We first establish (A.192). By definition, π˚
1,j “ ´8 for all j R J˚ and therefore

P

ˆ

sup
∆P∆

ˇ

ˇ

ˇ

ˇ

max
jPJ

`

u˚
n,j,βn

p∆q ´ c˚
n

˘

´ max
jPJ

`

w˚
j p∆q ´ cπ˚

˘

ˇ

ˇ

ˇ

ˇ

ě ε

˙

“P

ˆ

sup
∆P∆

ˇ

ˇ

ˇ

ˇ

max
jPJ˚

`

u˚
n,j,βn

p∆q ´ c˚
n

˘

´ max
jPJ˚

`

w˚
j p∆q ´ cπ˚

˘

ˇ

ˇ

ˇ

ˇ

ě ε

˙

. (A.194)

Hence, for the conclusion of the lemma, it suffices to show, for any ε ą 0,

lim
nÑ8

P

ˆ

sup
∆P∆

ˇ

ˇ

ˇ

ˇ

max
jPJ˚

`

u˚
n,j,βn

p∆q ´ c˚
n

˘

´ max
jPJ˚

`

w˚
j p∆q ´ cπ˚

˘

ˇ

ˇ

ˇ

ˇ

ě ε

˙

“ 0.

For each ∆ P Rd, define rn,j,βnp∆q ”

´

u˚
n,j,βn

p∆q ´ c˚
n

¯

´

´

w˚
j p∆q ´ cπ˚

¯

. Using the

fact that π˚
1,j “ 0 for j P J˚, and the triangle and Cauchy-Schwarz inequalities, for any

∆ P ∆ X
?
n
ρ

`

B ´ βn
˘

and j P J˚, we have

|rn,j,βnp∆q| ď
ˇ

ˇZ˚
n,j,βn

´ Z˚
j

ˇ

ˇ ` ρ

›

›

›

›

›

σF,j
`

β̄n
˘

σF,j pβnq
DPn,j

`

β̄n
˘

´Dj

›

›

›

›

›

}∆} ` |c˚
n ´ cπ˚ |

` |η̂n,j,βnp∆q|

›

›

›

›

›

Zn,j,βnp∆q `
σPn,j

`

β̄n
˘

σPn,j pβnq
DPn,j

`

β̄n
˘

∆ρ

›

›

›

›

›

“oP p1q (A.195)

where the first equality follows from }∆} ď
?
d,DPn

`

β̄n
˘

Ñ D due to DPn pβnq Ñ D,

Assumption 26, Assumption 27, and β̄n being a mean value between βn and βn ` ∆ρ{
?
n.

We also note that
›

›

›
Z˚
n,j,βn

›

›

›
“ OP p1q, }DP,jpβq} being uniformly bounded for β P BpP q

(Assumption 27.1), and Lemma 83.

Note that when paired inequalities are merged, for each j “ 1, . . . , R1 such that π˚
1,j “

0 “ π˚
1,j`R1

we have that |µ̃j ´ µj | “ oP p1q, where µ̃j and µj were defined in (A.106)-

(A.107) and (A.131)-(A.132) respectively. By (A.195) and the fact that j P J˚, we have

sup
∆P∆

ˇ

ˇ

ˇ

ˇ

max
jPJ˚

`

u˚
n,j,βn

p∆q ´ c˚
n

˘

´ max
jPJ˚

`

w˚
j p∆q ´ cπ

˘

ˇ

ˇ

ˇ

ˇ

ď sup
∆P∆

max
jPJ˚

|rn,j,βnp∆q| “ oP p1q.

(A.196)
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The conclusion of the lemma then follows from (A.194) and (A.196). The result in (A.193)

follows from similar arguments.

Lemma 79. Let Assumptions 26, 27, 25, 72 hold. And suppose Assumption 28 or 73 hold.

For any β1
n P pβn ` ρ{

?
n∆q X B,

1. For any η ą 0, there exist δ ą 0 such that

sup
cě0

P
´

tWpcq ‰ Hu X

!

W´δpcq “ H

)¯

ă η. (A.197)

Moreover, for any η ą 0, there exist δ ą 0 and N P N such that

sup
cě0

P s
n

´

␣

V I
n

`

β1
n, c

˘

‰ H
(

X

!

V I,´δ
n

`

β1
n, c

˘

“ H

)¯

ă η, @n ě N. (A.198)

2. Fix c ą 0. Then for any η ą 0, there exists δ ą 0 such that

sup
cěc

P ptWpcq ‰ Hu X tWpc´ δq “ Huq ă η. (A.199)

Moreover, for any η ą 0, there exist δ ą 0 and N P N such that

sup
cěc

P s
n

`␣

V I
n

`

β1
n, c

˘

‰ H
(

X
␣

V I
n

`

β1
n, c´ δ

˘

“ H
(˘

ă η, @n ě N. (A.200)

Proof. We first show (A.197). Any inequality indexed by j R J˚ is satisfied with probability

approaching one by similar arguments as in (A.117) (both with c and with c´ δ ). Hence,

one could argue for sets Wpcq,W´δpcq but with j P J˚. To keep the notation simple, below

I argue as if J “ J˚. Let c ě 0 be given. Let g be a |J| ` 2d vector with entries

gj “

#

c´ Zj , j P J,
1, j “ |J| ` 1, . . . , |J| ` 2d,

(A.201)

recalling that π˚
1,j “ 0 for j “ |J1| ` 1, . . . , |J|. Let τ be a p|J| ` 2dq vector with entries

τj “

#

1, j “ 1, . . . , |J1|

0, j “ |J1| ` 1, . . . , |J| ` 2d.
(A.202)
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Then we can express the sets of interest as

Wpcq “ t∆ : K∆ ď gu, (A.203)

W´δpcq “ t∆ : K∆ ď g ´ δτu (A.204)

By Farkas’ Lemma, e.g. R. Rockafellar (1970) (Theorem 22.1), a solution to the system of

linear inequalities in (A.203) exists if and only if for all µ P RJ`2d
` such that µ1K “ 0, one

has µ1g ě 0. Similarly, a solution to the system of linear inequalities in (A.204) exists if

and only if for all µ P R|J|`2d such that µ1K “ 0, one has µ1pg ´ δτq ě 0. Define

M ”

!

µ P R|J|`2d
` : µ1K “ 0

)

. (A.205)

Then, one may write

P
´

tWpcq ‰ Hu X

!

W´δ pcq “ H

)¯

“P
`␣

µ1g ě 0,@µ P M
(

X
␣

µ1pg ´ δτq ă 0, Dµ P M
(˘

“P
`␣

µ1g ě 0,@µ P M
(

X
␣

µ1g ă δµ1τ, Dµ P M
(˘

. (A.206)

Note that the set M is a non-stochastic polyhedral cone. By Minkowski Weyl’s theorem

(see, e.g. R. T. Rockafellar and Wets (2009) (Theorem 3.52)), there exist

␣

νt P M, t “ 1, . . . , T
(

,

with T ă 8 a constant that depends only on |J| and d, such that any µ P M can be

represented as

µ “ b
T
ÿ

t“1

atν
t,

where b ą 0 and at ě 0, t “ 1, . . . , T,
řT

t“1 at “ 1. Hence, if µ P M satisfies µ1g ă δµ1τ ,

denoting νt1 the transpose of vector νt, we have

T
ÿ

t“1

atν
t1g ă δ

T
ÿ

t“1

atν
t1τ
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However, due to at ě 0,@t and νt P M, this means νt1g ă δνt1τ for some t P t1, . . . , T u.

Furthermore, since νt P M, we have 0 ď νt1g. Therefore,

P
`␣

µ1g ě 0,@µ P M
(

X
␣

µ1g ă δµ1τ, Dµ P M
(˘

(A.207)

ď P
`

0 ď νt1g ă δνt1τ, Dt P t1, . . . , T u
˘

ď

T
ÿ

t“1

P
`

0 ď νt1g ă δνt1τ
˘

.

Case 1. Consider first any t “ 1, . . . , T such that νt assigns positive weight only to

constraints in t|J| ` 1, . . . , |J| ` 2du. Then

νt1g “

|J|`2d
ÿ

j“|J|`1

νtj ,

δνt1τ “ δ

|J|`2d
ÿ

j“|J|`1

νtjτj “ 0,

where the last equality follows by (A.202). Therefore P
`

0 ď νt1g ă δνt1τ
˘

“ 0.

Case 2. Consider now any t “ 1, . . . , T such that νt assigns positive weight also to

constraints in J. Recall that indices j “ J2 Y rJ2s correspond to moment equalities, each of

which is written as two moment inequalities, therefore yielding a total of 2|J2| inequalities

with Drjs “ ´Dj for j P J2, and:

g “

#

c´ Zj j P J2,
c` Zrjs j P rJ2s .

(A.208)

For each νt, (A.208) implies

ÿ

jPJ2YrJ2s

νtjgj “ c
ÿ

jPJ2YrJ2s

νtj `
ÿ

jPJ2

`

νtj ´ νtj`J2

˘

Zj .

For each j P J1 Y J2, define

ν̃tj ”

#

´νtj j P J1
´νtj ` νt

rjs
j P J2.

(A.209)
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We then let ν̃t “

´

ν̃tn,1, . . . , ν̃
t
n,|J1|`|J2|

¯1

and have

νt1g “
ÿ

jPJ1YJ2

ν̃tjZj ` c
ÿ

jPJ
νtj `

|J|`2d
ÿ

j“|J|`1

νtj (A.210)

Case 2-a. Suppose ν̃t ‰ 0. Then, by (A.210), νt1g
νt1τ is a normal random variable with

variance
`

ν̃t1τ
˘´2

ν̃t1Ων̃t. By Assumption 28 and Assumption 73, there exists a constant

ω ą 0 such that the smallest eigenvalue of Ω is bounded from below by ω for all β1
n. Hence,

letting } ¨ }p denote the p-norm in R|J|`2d`2, we have

ν̃ 1tΩν̃t

pν̃t1τq
2 ě

ω
›

›ν̃t
›

›

2

2

p|J| ` 2dq2 }ν̃t}22
ě

ω

p|J| ` 2dq2
.

Therefore, the variance of the normal random variable in (A.207) is uniformly bounded

away from 0, which in turn allows one to find δ ą 0 such that P
´

0 ď
νtg
νtτ ă δ

¯

ď η{T .

Case 2-b. Next, consider the case ν̃t “ 0. Because we are in the case that νt assigns

positive weight also to constraints in J, this must be because νtj “ 0 for all j P J1 and

νtj “ νt
rjs

for all j P J2, while νtj ‰ 0 for some j P J2. Then we have
ř

jPJ ν
t
jg ě 0, and

ř

jPJ ν
t
jτj “ 0 because τj “ 0 for each j P J2 Y rJ2s. Hence, the argument for the case that

νt assigns positive weight only to constraints in t|J| ` 1, . . . , |J| ` 2du applies and again

P
`

0 ď νt1g ă δνt1τ
˘

“ 0. This establishes equation (A.197).

As for (A.198), observe that the bootstrap distribution is conditional on X1, . . . , Xn.

Therefore, the matrix K̂n, defined as the matrix in equation (A.165) but with D̂n replacing

DP , can be treated as nonstochastic. This implies that the set M̂n, defined as the set in

equation (A.205) but with K̂n replacing K, can be treated as nonstochastic as well.

By an application of Lemma D.2.8 in Bugni et al. (2015) together with Lemma H.17

(through an argument similar to that following equation (A.180), Zs
n

d
Ñ Z in l8pΘq uni-

formly in P conditional on tX1, . . . , Xnu, and by Assumption 26 D̂n pβ1
nq

Pn
Ñ D, for almost
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all sample paths. Set

gPn,j

`

β1
n

˘

“

#

c´ ϕ˚
j pξn,j pβ1

nqq ´ Zs
n,β1

n,j
, j P J,

1, j “ |J| ` 1, . . . , |J| ` 2d,

and note that
ˇ

ˇ

ˇ
ϕ˚
j pξn,j pβ1

nqq

ˇ

ˇ

ˇ
ă η for all j P J˚, and Zs

n,β1
n,j

| tXiu
8
i“1

d
Ñ Np0,Ωq. Then one

can mimic the argument following (A.201) to conclude (A.198).

The results in (A.199)-(A.200) follow by similar arguments, with proper redefinition of

τ in equation (A.202).

Lemma 80. Let Assumptions 26, 27, 25, 72 hold. And suppose Assumption 28 or 73

hold. Let rC collect all size d subsets C of t1, . . . , |J| ` 2du ordered lexicographically by their

smallest, then second smallest, etc. elements. Let the random variable C equal the first

element of rC s.t. detKC ‰ 0 and ∆C “
`

KC
˘´1

gC P W˚,´δp0q if such an element exists;

else, let C “ t|J| ` 1, . . . , |J| ` du and ∆C “ 1d, and K, g and W˚,´δ are as defined in

Lemma 76. Then, for any η ą 0, there exist 0 ă εη ă 8 and N P N s.t. n ě N implies

P
`

W˚p´δq ‰ H,
ˇ

ˇdetKC ˇ
ˇ ď εη

˘

ď η (A.211)

Proof. (A.211) can be bounded as follows:

P
´

W˚,´δp0q ‰ H,
ˇ

ˇdetKC ˇ
ˇ ď εη

¯

ď P
´

DC P rC : ∆C P ∆,
ˇ

ˇdetKC
ˇ

ˇ ď εη

¯

ď
ÿ

CP rC:|detKC |ďεη

P
`

∆C P ∆
˘

ď
ÿ

CP rC:|αC |ďε
2{d
η

P
`

∆C P ∆
˘

where αC denote the smallest eigenvalue of KCKC1. Here, the first inequality holds because

W˚,´δ Ď ∆ and so the event in the first probability implies the event in the next one; the

second inequality is Boolean algebra; the last inequality follows because
ˇ

ˇdetKC
ˇ

ˇ ě
ˇ

ˇαC
ˇ

ˇ

d{2.
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Noting that rC has
ˆ

|J| ` 2d
d

˙

elements, it suffices to show that

ˇ

ˇαC
ˇ

ˇ ď ε2{d
η ùñ P

`

∆C P ∆
˘

ď η̄ ”
η

´

|J|`2d
d

¯ .

Thus, fix C P rC. Let qC denote the eigenvector associated with αC and recall that because

KCKC1 is symmetric,
›

›qC
›

› “ 1. Thus the claim is equivalent to:

ˇ

ˇqC1KCKC1qC
ˇ

ˇ ď ε2{d
η ùñ P

´

`

KC
˘´1

gC P ∆
¯

ď η̄.

Now, if
ˇ

ˇqC1KCKC1qC
ˇ

ˇ ď ε
2{d
η and

`

KC
˘´1

gC P ∆, then the Cauchy-Schwarz inequality

yields
ˇ

ˇqC1gC
ˇ

ˇ “

ˇ

ˇ

ˇ
qC1KC

`

KC
˘´1

gC
ˇ

ˇ

ˇ
ă

?
dε1{d

η ,

hence

P
´

`

KC
˘´1

gC P ∆
¯

ď P
´

ˇ

ˇqC1gC
ˇ

ˇ ă
?
dε1{d

η

¯

.

If qC assigns non-zero weight only to non-stochastic constraints, the result follows immedi-

ately. If qC assigns non-zero weight also to stochastic constraints, Assumption 28 (or 73)

and Assumption 74 yield

eigpΩ̃q ě ω

ùñ VarP

´

qC
1

gC
¯

ě ω

ùñ P
´ˇ

ˇ

ˇ
qC

1

gC
ˇ

ˇ

ˇ
ă

?
dε1{d

η

¯

“ P
´

´
?
dε1{d

η ă qC
1

gC ă
?
dε1{d

η

¯

ă
2
?
dε

1{d
η

?
2ωπ

, (A.212)

where the result in (A.212) uses that the density of a normal r.v. is maximized at the

expected value. The result follows by choosing εη “

´

η̄
?
2ωπ

2
?
d

¯d
.
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Lemma 81. Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption 28 or 73

hold. If |J1| ě 1, |J2| ě d, or if |J2| ą d, then Dc ą 0 s.t.

lim inf
nÑ8

inf
PPP

inf
βPBpP q

P
`

cInpβq ě c
˘

“ 1.

Proof. I first consider the case where J1 ‰ H and |J2| ě d. Fix any c ě 0 and restrict

attention to constraints t|J1| ` 1, . . . , |J1| ` d, |J1| ` |J2| ` 1, . . . , |J1| ` |J2| ` du, i.e. the

inequalities that jointly correspond to the first d equalities. We separately analyze the case

when (i) the corresponding estimated gradients
!

D̂n,jpβq : j “ |J1| ` 1, . . . , |J1| ` d
)

are

linearly independent and (ii) they are not. If
!

D̂n,jpβq : j “ |J1| ` 1, . . . , |J1| ` d
)

converge

to linearly independent limits, then only the former case occurs infinitely often; else, both

may occur infinitely often, and we conduct the argument along two separate subsequences

if necessary.

For the remainder of this proof, because the sequence tβnu is fixed and plays no direct

role in the proof, we suppress dependence of D̂n,jpβq and Zs
n,jpβq on β. Also, if C is an

index set picking certain constraints, then D̂C
n is the matrix collecting the corresponding

estimated gradients, and similarly for Zs,C
n .

Suppose now case (i), then there exists an index set

C̄ Ă t|J1| ` 1, . . . , |J1| ` d, |J1| ` |J2| ` 1, . . . , |J1| ` |J2| ` du

picking one direction of each constraint s.t. D̂n,1 is a positive linear combination of the

rows of D̂C
n . (This choice ensures that a Karush-Kuhn-Tucker condition holds, justifying

the step from (A.213) to (A.215) below.) Then the coverage probability P s
`

V I
n pβ, cq ‰ H

˘

is asymptotically bounded above by

P s
´!

∆ P ρ∆n : D̂n,j∆ ď c´ Zs
n,j , j P J˚

)

‰ H

¯

ďP s
´!

∆ P Rd : D̂n,j∆ ď c´ Zs
n,j , j P C̄

)

‰ H

¯

(A.213)

“P s

ˆ

D̂1
n,1

´

D̂C̄
n

¯´1 ´

c1d ´ Zs,C̄
n

¯

ď c´ Zb
n,1

˙

(A.214)
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“P s

ˆˆ

1 ´ D̂1
n,1

´

D̂C̄
n

¯´1
1d

˙

c ě Zs
n,1 ´ cD̂1

n,1

´

D̂C̄
n

¯´1
Zs,C̄
n

˙

“P s

¨

˚

˚

˝

ˆ

1 ´ D̂1
n,1

´

D̂C̄
n

¯´1
1d

˙

c

b

ΩC
P

ě
Zs
n,1 ´ cD̂1

n,1

´

D̂C̄
n

¯´1
Zs,C̄
n

b

ΩC
P

˛

‹

‹

‚

(A.215)

ďΦ

¨

˚

˚

˝

ˆ

1 `

ˇ

ˇ

ˇ

ˇ

D̂1
n,1

´

D̂C̄
n

¯´1
1d

ˇ

ˇ

ˇ

ˇ

˙

c

b

ΩC
P

˛

‹

‹

‚

` opp1q (A.216)

Here, (A.213) removes constraints and hence enlarges the feasible set; (A.214) solves in

closed form; and (A.216) uses that by Assumption 28 or 73.

In case (ii), there exists an index set

C̄ Ă t|J1| ` 2, . . . , |J1| ` d` 1, |J1| ` |J2| ` 2, . . . , |J1| ` |J2| ` d` 1u

collecting d or fewer linearly independent constraints s.t. D̂n,|J1|`1 is a positive linear

combination of the rows of D̂C̄
P . (Note that C̄ cannot contain |J1| ` 1 or |J1| ` |J2| ` 1.)

One can then write

P s
´!

∆ P ρ∆n : D̂n,j∆ ď c´ Zs
n,j , j P J˚

)

‰ H

¯

(A.217)

ďP s
´

D∆ : D̂n,j∆ ď c´ Zs
n,j , j P C̄ Y t|J1| ` |J2| ` 1u

¯

ďP s

ˆ

sup
∆

!

D̂n,|J1|`1∆ : D̂n,j∆ ď c´ Zs
n,j , j P C̄

)

ě inf
∆

!

D̂n,|J1|`1∆ : D̂n,|J1|`|J2|`1∆ ď c´ Zs
n,|J1|`|J2|`1

)

˙

(A.218)

“P s

ˆ

D̂n,|J1|`1D̂
C̄1
n

´

D̂C̄
n D̂

C̄1
n

¯´1 ´

c1d̄ ´ Zs,C̄
n

¯

ě ´c` Zs
n,|J1|`|J2|`1

˙

(A.219)

Here, the reasoning from (A.217) to (A.218) holds because we evaluate the probability of

increasingly larger events; in particular, if the event in (A.218) fails, then the constraint sets

corresponding to the sup and inf can be separated by a hyperplane with gradient D̂n,|J1|`1

and so cannot intersect. The last step solves the optimization problems in closed form,
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using (for the sup) that a KarushKuhn-Tucker condition again holds by construction and

(for the inf) that D̂n,|J1|`|J2|`1 “ ´D̂n,|J1|`1. Expression (A.219) resembles (A.215), and

the argument can be concluded in analogy to Case (ii).

Lemma 82. Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption 28 or 73

hold. Suppose that both π1,j and π1,j`R1 are finite. Let pPn, βnq be the sequence satisfying

the conditions of Lemma 77. Then for any β1
n P pβn ` ρ{

?
n∆q X B,

1. σ2Pn,j
pβ1

nq {σ2Pn,rjs
pβ1

nq Ñ 1 for j P J2.

2. ΣPn,j,rjs?
ΣPn,jΣPn,rjs

Ñ ´1 for j P J2.

3.
ˇ

ˇZn,j pβ1
nq ` Zn,rjs pβ1

nq
ˇ

ˇ

Pn
Ñ 0, and

ˇ

ˇ

ˇ
Zb
n,j pβ1

nq ` Zb
n,rjs

pβ1
nq

ˇ

ˇ

ˇ

P˚

Ñ 0 for almost all tXiu
8
i“1.

4.
›

›DPn,rjs pβ1
nq `DPn,j pβ1

nq
›

› Ñ 0.

Proof. By Lemma 85, for each j, limnÑ8 κ´1
n

?
nEPn rmjpXi;β

1
n,φPn qs

σPn,jpβ1
nq

“ π1,j , and hence the

condition that π1,j , π1,rjs are finite is inherited by the limit of the corresponding sequences
?
nEPn rmjpXi;β

1
n,φPn qs

κnσPn,j
pβ1

nq
and

?
nEPnrmrjspXi;β

1
n,φPn qs

κnσPn,rjspβ1
nq

.

(1) π1,j being finite implies that EPnmj pXi;β
1
n, φPnq Ñ 0. Thus by Assumption 73,

EPn ptj pXi, β
1
nqq Ñ 0. We then have, using Assumption 73 again,

Var
`

tj
`

Xi, β
1
n

˘˘

“

ż

tj
`

x, β1
n

˘2
dPnpxq ´ EPn

“

tj
`

Xi, β
1
n

˘‰2

ď M

ż

tj
`

x, β1
n

˘

dPnpxq ´ EPn

“

tj
`

Xi, β
1
n

˘‰2
Ñ 0. (A.220)

Hence,

ΩPn,rjs

`

β1
n, φPn

˘

´ ΩPn,j

`

β1
n, φPn

˘

“ varPn

`

tj
`

Xi;β
1
n, φPn

˘˘

` 2 covPn

`

mj

`

Xi;β
1
n, φPn

˘

, tj
`

Xi;β
1
n, φPn

˘˘

ď varPn

`

tj
`

Xi, β
1
n

˘˘

` 2
`

varPn

`

tj
`

Xi, β
1
n

˘˘˘1{2 `
varPn

`

mj

`

Xi;β
1
n, φPn

˘˘˘1{2
Ñ 0,
(A.221)

And similarly

ΩPn,rjs,φ

`

β1
n, φPn

˘

´ ΩPn,j,φ

`

β1
n, φPn

˘

“ cov
`

tj
`

Xi;β
1
n, φPn

˘

,mφpXiq
˘
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ď

b

varPn ptj pXi, β1
nqq varPn pmφpXiqq Ñ 0.

Lastly, we show that

∇φE
“

mj

`

Xi;β
1
n, φPn

˘‰

` ∇φE
“

mrjs

`

Xi;β
1
n, φPn

˘‰

“ ´∇φE
“

tjpXi;β
1
n, φPnq

‰

Ñ 0.

Let

qn “ ∇φE
“

tjpXi;β
1
n, φPnq

‰

and by contradiction, assume that qn Ñ q ‰ 0. Let rn “
´qn
}qn}

κ2
n?
n
, and then

EPn

“

tj
`

Xi;β
1
n, φPn ` rn

˘‰

“EPn

“

tj
`

Xi;β
1
n, φPn

˘‰

` ∇φEPn

“

tj
`

Xi;β
1
n, φPn

˘‰

rn

`
`

∇φEPn

“

tj
`

Xi;β
1
n, φ̄

˘‰

´ ∇φEPn

“

tj
`

Xi;β
1
n, φPn

˘‰˘

rn

“Op
κn
?
n

q ´ }qn}
κ2n?
n

`O

ˆ

κ4n
n

˙

Therefore, we will have

EPn

“

tj
`

Xi;β
1
n, φPn ` rn

˘‰

ă 0

for n large enough, which contradicts Assumption 73 that tj pXi;β
1
n, φPn ` rnq ě 0.

Then by

σ2Pn,j

`

β1
n

˘

“
“

1 ∇φ1E rmj pXi;β
1
n, φPnqs

‰

„

ΩPn,j pβ1
nq ΩPn,j,φ pβ1

nq

ΩPn,j,φ pβ1
nq ΩPnφ pβ1

nq

ȷ

ˆ ∇φ1E
“

mj

`

Xi;β
1
n, φPn

˘‰

we have

σ2Pn,j

`

β1
n, φPn

˘

{σ2Pn,j`R1

`

β1
n, φPn

˘

Ñ 1.

(2) Note that

ΣPn,j,j`R1
a

ΣPn,jΣPn,j`R1

“
GPn,jpβ

1
n, φPnqΩPnpβ1

n, φPnqG1
Pn,j`R1

b

GPn,jpβ
1
n, φPnqΩPnpβ1

n, φPnqG1
Pn,j

b

GPn,j`R1pβ1
n, φPnqΩPnpβ1

n, φPnqG1
Pn,j`R1

Ñ ´ 1,
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where the result follows from (A.220) and (A.221).

(3) Note that, for j P J2,

Zn,j

`

β1
n, φPn

˘

` Zn,rjs

`

β1
n, φPn

˘

“
GjGnpβ1

n, φPnq

σPn,jpβ
1
nq

´
σPn,jpβ

1
nq

σPn,rjspβ1
nq

GrjsGnpβ1
n, φPnq

σPn,jpβ
1
nq

`
pĜj ´GjqGnpβ1

n, φPnq

σPn,jpβ
1
nq

´
pĜrjs ´GrjsqGnpβ1

n, φPnq

σPn,rjs pβ1
nq

“opp1q

By Lemma H.15 in Kaido et al. (2019),
␣

Gb
n

(

converges in law to the same limit as tGnu

for almost all sample paths tXiu
8
i“1. This then implies the second half of Claim 3.

(4) This is similar to (2).

Lemma 83. Assumptions 26, 27, 25, 72 hold. And suppose Assumption 28 or 73 hold.

Then,

1. for each j “ 1, ..., J1 ` J2, ℓ, u,

inf
PPP

P

˜

sup
pβ,∆qPBˆ∆

|η̂n,j,βp∆q| Ñ 0

¸

.

2. Let pPn, βnq be a sequence such that Pn P P, βn P B for all n, and κ´1
n

?
nγ1,Pn,j pβnq Ñ

π1j P Rr´8s. Then, for any η ą 0, there exists N P N such that

Pn

˜

max
jPJ˚

ˇ

ˇ

ˇ

ˇ

ˇ

σPn,j pβnq

σ̂Mn,j pβnq
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ą η

¸

ă η

for all n ě N .

Proof. (1) First, for any ϵ ą 0 and for any j “ 1, ..., J1 `J2, by Assumption 72, 74, Lemma

D.2.2 in Bugni et al. (2015) and the argument in Lemma H.10(i) in KMS19 , there is n1

such that

sup
PPP

P

˜

sup
měn1

sup
pβ,φqPBˆΦ

›

›

›
Ω̂pβ, φq ´ ΩP pβ, φq

›

›

›
ď ϵ

¸

Ñ 0.

203



Next, note that by Assumption 72,

sup
PPP

P

ˆ

sup
měn

}φ̂´ φP } ď ϵ

˙

Ñ 0.

Therefore, we have

sup
PPP

P

˜

sup
měn

sup
βPB

›

›

›
Ω̂pβq ´ ΩP pβq

›

›

›
ą ϵ

¸

ď sup
PPP

P

˜

sup
měn

sup
βPB

›

›

›
Ω̂pβ, φ̂q ´ ΩP pβ, φ̂q

›

›

›
ą
ϵ

2

¸

` sup
PPP

P

˜

sup
měn

sup
βPB

}ΩP pβ, φ̂q ´ ΩP pβ, φP q} ą
ϵ

2

¸

ď sup
PPP

P

˜

sup
měn

sup
pβ,φqPBˆΦ

›

›

›
Ω̂pβ, φq ´ ΩP pβ, φq

›

›

›
ą
ϵ

2

¸

` sup
PPP

P

ˆ

sup
měn

M }φ̂´ φP } ą
ϵ

2

˙

Ñ 0.

Together with Assumption 2 that Ĝpβq´GP pβq converges almost sure to 0, and Assumption

72.3, Assumption 26 that ΣP and GP are bounded, we can get

inf
PPP

P

˜

sup
měn

sup
pβ,φqPBˆΦ

›

›

›
Σ̂pβq ´ ΣP pβq

›

›

›
ď ϵ

¸

Ñ 1.

And since

η̂n,j,βp∆q “
σP,jpβq

σ̂n,jpβ `
∆ρ
?
n

q
´ 1

“
σP,jpβ `

∆ρ
?
n
, φP q

σ̂n,jpβ `
∆ρ
?
n
, φ̂q

σP,jpβ, φP q

σP,jpβ `
∆ρ
?
n
, φP q

´ 1

“ η1,n,j,βp∆qη2,n,j,βp∆q ` η1,n,j,βp∆q ` η2,n,j,βp∆q

where

η1,n,j,βp∆q “
σP,jpβ `

∆ρ
?
n
, φP q

σ̂n,jpβ `
∆ρ
?
n
, φ̂q

´ 1,
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η2,n,j,βp∆q “
σP,jpβ, φP q

σP,jpβ `
∆ρ
?
n
, φP q

´ 1.

We can conclude that

inf
PPP

P

˜

sup
měn

sup
pβ,φqPBˆΦ

|η̂n,j,βp∆q ´ 1| ď ϵ

¸

Ñ 1.

Finally, note that for any ϵ ą 0,

1 “ lim
nÑ8

inf
PPP

P

˜

sup
měn

sup
pβ,φqPBˆΦ

|η̂n,j,βp∆q| ď ϵ

¸

ď inf
PPP

lim
nÑ8

P

˜

č

měn

#

sup
pβ,φqPBˆΦ

|η̂n,j,βp∆q| ď ϵ

+¸

“ inf
PPP

P

˜

lim
nÑ8

č

měn

#

sup
pβ,φqPBˆΦ

|η̂n,j,βp∆q| ď ϵ

+¸

“ inf
PPP

P

˜

sup
pβ,φqPBˆΦ

|η̂n,j,βp∆q| ď ϵ, for all but finite n

¸

,

where the second equality is due to the continuity of probability with respect to monotone

sequences. Therefore, the first conclusion of the lemma follows.

(2) I first give the limit of µ̂n,j . Recall the definitions of µ̂n,rjs and µ̂n,j :

µ̂n,rjs pβq “ min

$

&

%

max

¨

˝0,

m̄n,jpβ,φ̂q

σ̂n,jpβq

m̄n,rjspβ,φ̂q

σ̂n,rjspβq
`

m̄n,jpβ,φ̂q

σ̂n,jpβq

˛

‚, 1

,

.

-

,

µ̂n,j pβq “ 1 ´ µ̂n,rjs pβq .

Note that

sup
β1
nPβn`ρ{

?
n∆

ˇ

ˇ

ˇ

ˇ

κ´1
n

?
nm̄n,j pβ1

n, φ̂q

σ̂n,j pβ1
nq

´ κ´1
n

?
nEPn rmj pXi;β

1
n, φPnqs

σPn,j pβ1
nq

ˇ

ˇ

ˇ

ˇ

ď sup
β1
nPβn`ρ{

?
n∆

ˇ

ˇ

ˇ

ˇ

Gnpβ1
n, φ̂q

κnσ̂n,j pβ1
nq

`

?
n

κn
γ1,P,j

`

β1
n

˘

η̂n,j,β1
n

`
∇φEPn rmj pXi;β

1
n, φ̄qs

?
n pφ̂´ φq

κnσ̂n,j pβ1
nq

ˇ

ˇ

ˇ

ˇ

“oP p1q,

205



where the last equality follows from supβPB |Gnpβ1
n, φ̂q| “ OPp1q due to asymptotic tightness

of tGnu (uniformly in P ) by Lemma D.1 in Bugni et al. (2015), Theorem 3.6.1 and Lemma

1.3.8 in Van Der Vaart and Wellner (1996), and supβPB |η̂n,j,βp∆q| “ oP p1q by part (i) of

this Lemma. Hence,

µ̂n,j pβnq
p

Ñ 1 ´ min

"

max

ˆ

0,
π1,j

π1,rjs ` π1,j

˙

, 1

*

,

unless π1,rjs ` π1,j “ 0 (this case is considered later). This implies that if π1,j P p´8, 0s

and π1,rjs “ ´8, one has

µ̂n,j pβnq
p

Ñ 1.

Now, one may write

σPn,j pβnq

σ̂Mn,j pβnq
´ 1 “

σPn,j pβnq

σ̂n,j pβnq

˜

σ̂n,j pβnq

σ̂Mn,j pβnq
´ 1

¸

`

ˆ

σPn,j pβnq

σ̂n,j pβnq
´ 1

˙

(A.222)

“OPnp1q

˜

σ̂n,j pβn, φ̂q

σ̂Mn,j pβn, φ̂q
´ 1

¸

` opp1q,

where the second equality follows from the first conclusion of the lemma. Hence, for the

second conclusion of the lemma, it suffices to show σ̂n,j pβnq {σ̂Mn,j pβnq´1 “ opp1q. For this,

consider two cases.

Case 1. j P pJ2 Y rJ2sq X J˚ and rjs R J˚. Then, π˚
1,j “ 0 and π˚

1,rjs
“ ´8 and

σ̂n,j pβnq

σ̂Mn,j pβnq
´ 1 “

σ̂n,j pβnq ´ σ̂Mn,j pβnq

σ̂Mn,j pβnq
(A.223)

“
p1 ´ µ̂n,j pβnqqOPn pσ̂n,j pβnqq

p1 ` oPnp1qq σ̂n,j pβnq ` p1 ´ µ̂n,j pβnqqOPn pσ̂n,j pβnqq
“ opp1q,

where we used σ̂´1
n,j pβnq “ Opp1q by Assumption 28 or 73 and part (i) of the lemma. By

(A.222) and (A.223), σPn,j pβnq {σ̂Mn,j pβnq ´ 1 “ opp1q.

Case 2. j P J˚ and rjs P J˚. Then, π˚
1,j “ 0 and π˚

1,rjs
“ 0. In this case, µ̂n,j pβnq P r0, 1s

for all n and by Lemma 82 (1),

ˇ

ˇ

ˇ

ˇ

σPn,j pβnq

σPn,rjs pβnq
´ 1

ˇ

ˇ

ˇ

ˇ

“ opp1q, (A.224)
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for j “ J2 Y rJ2s. Therefore,

σPn,j pβnq

σ̂Mn,j pβnq
´ 1 “

σPn,j pβnq ´ σ̂Mn,j pβnq

σ̂Mn,j pβnq

“
rµ̂n,j pβnq ` p1 ´ µ̂n,j pβnqqsσPn,j pβnq ´

“

µ̂n,j pβnq σ̂n,j pβnq ` p1 ´ µ̂n,j pβnqq σ̂n,rjs pβnq
‰

σ̂Mn,j pβnq

“
µ̂n,j pβnq rσPn,j pβnq ´ σ̂n,j pβnqs

σ̂Mn,j pβnq
`

p1 ´ µ̂n,j pβnqq
“

σPn,rjs pβnq ´ σ̂n,rjs pβnq ` oPnp1q
‰

σ̂Mn,j pβnq
,

(A.225)

where the second equality follows from the definition of σ̂Mn,j pβnq, and the third equality

follows from (A.224) and σPn,rjs bounded away from 0 due to Assumption 28 or 73. Note

that

µ̂n,j pβnq rσPn,j pβnq ´ σ̂n,j pβnqs

σ̂Mn,j pβnq
“ µ̂n,j pβnq

σ̂n,j pβnq

σ̂Mn,j pβnq

ˆ

σPn,j pβnq

σ̂n,j pβnq
´ 1

˙

“ oPnp1q,

where the second equality follows from the first conclusion of the lemma. Similarly,

p1 ´ µ̂n,j pβnqq
“

σPn,rjs pβnq ´ σ̂n,rjs pβnq ` oPnp1q
‰

σ̂Mn,j pβnq
(A.226)

“ p1 ´ µ̂n,j pβnqq
σ̂n,rjs pβnq

σ̂Mn,j pβnq

ˆ

σPn,rjs pβnq

σ̂n,rjs pβnq
´ 1 ` oPnp1q

˙

“ oPnp1q.

By (A.225)-(A.226), it follows that σPn,j pβnq {σ̂Mn,j pβnq ´ 1 “ oPnp1q.

Lemma 84. Znβp∆q
d
ÝÑ Z.

Lemma 85. Suppose Assumptions 26, 27, 25, 72 hold. In addition, suppose Assumption

28 or 73 hold. Given a sequence

tQn, βnu P tpP, βq : P P P, β P BpP qu

such that limnÑ8 κ´1
n

?
nγ1,Qn,j pβnq exists for each j “ 0, 1, . . . J , let χj ptQn, βnuq be a

function of the sequence tQn, βnu defined as

χj ptQn, βnuq “

#

0, if limnÑ8 κ´1
n

?
nγ1,Qn,j pβnq “ 0

´8, if limnÑ8 κ´1
n

?
nγ1,Qn,j pβnq ă 0

(A.227)
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Then for any β1
n P βn `

ρ
?
n

r´1, 1sd for all n, one has:

1. κ´1
n

?
nγ1,Qn,j pβnq ´ κ´1

n

?
nγ1,Qn,j pβ1

nq “ op1q;

2. χ ptQn, βnuq “ χ ptQn, β
1
nuq “ π˚

1,j;

3.
?
nm̄n,jpβ1

n,φ̂q

κnσ̂n,jpβ1
nq

´

?
nEQnrmjpXi,β

1
n,φQnqs

κnσPn,jpβ1
nq

“ oP p1q.

Proof. For (i), the mean value theorem yields

sup
PPP

sup
βPBpP q,β̃Pβ`

ρ
?
n
∆

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

?
nEP rmjpX;β, φP qs

κnσP,jpβq
´

?
nEP

”

mjpX; β̃, φP q

ı

κnσP,jpβ̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
PPP

sup
βPBpP q,β̃Pβ`

ρ
?
n
∆

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

?
n
´

EP rmjpX;β, φP qs ´ EP

”

mjpX; β̃, φP q

ı¯

κnσP,jpβq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

` sup
PPP

sup
βPBpP q,β̃Pβ`

ρ
?
n
∆

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E
”

mjpX; β̃, φP q

ı

?
n
´

σP,jpβq ´ σP,jpβ̃q

¯

κnσP,jpβqσP,jpβ̃q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
PPP

sup
βPBpP q,β̃Pβ`

ρ
?
n
∆

›

›DP,jpβ̄q
›

›

?
n
›

›

›
β̃ ´ β

›

›

›

κn
` sup

PPP
sup

βPBpP q,β̃Pβ`
ρ

?
n
∆

M2?
n
›

›

›
β̃ ´ β

›

›

›

κnσP,jpβqσP,jpβ̃q

“op1q,

where β̄ represents a mean value that lies componentwise between β and β̃ and where we

used the fact that supPPP supβPBpP q }DP,jpβq} ď M̄ ,
?
n
›

›

›
β̃ ´ β

›

›

›
ď ρ and σP,jpβq P rε, 1

ε s.

And it is easy to show this for γ0 using Chain rule and similar arguments.

Result (ii) then follows immediately from (A.227).

For (iii), note that by (A.93), we have

sup
β̃Pβn`ρ{

?
n∆

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

κ´1
n

?
nm̄n,j

´

β̃, φ̂
¯

σ̂n,j

´

β̃
¯ ´ κ´1

n

?
nEQn

”

mj

´

Xi, β̃, φQn

¯ı

σQn,j

´

β̃
¯

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
β̃Pβn`ρ{

?
n∆

?
nγ1,Pn,j pβnq

κn
η̂n,j,βnp∆q

` p1 ` η̂n,j,βnp∆qq

˜

Zn,j,βn

κn
`
σQn,j

`

β̄n
˘

σQn,j pβnq

DPn,j

`

β̄n
˘

∆ρ

κn

¸
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“oP p1q,

where the last equality follows from supβPβ |Zn,β| “ OP p1q due to asymptotic tightness of

tZnu (uniformly in P ) by Lemma D.1 in Bugni et al. (2015), Theorem 3.6.1 and Lemma

1.3.8 in Van Der Vaart and Wellner (1996), and supβPβ |ηn,jpβq| “ oP p1q by Lemma 83(i).
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Appendix B. Additional Results for Chapter 3
B.1 Proofs
B.1.1 Notation

Table B.1: Important notation
Θ the parameter space
ΘIpF q the identified set
Θprq tθ P Θ : c1θ “ ru

ΘIpr, F q Θprq X ΘIpF q

P the baseline distribution space
L the parameter space for pr, F q,
L0 tpr, F q : F P P, r P tc1θ : θ P ΘIpF quu

Rr˘8s r´8,`8s

ΣF pθ1, θ2q EF

„

´

mpW, θ1q ´ EF

“

mpW, θ1q
‰

¯´

mpW, θ2q ´ EF

“

mpW, θ2q
‰

¯1
ȷ

DF pθq diag
`

ΣF pθ, θq
˘

ΩF pθ1, θ2q DF pθ1q´ 1
2ΣF pθ1, θ2qDF pθ2q´ 1

2

Ψ tΩF pθ1, θ2q : θ1, θ2 P Θu

Ψ1 tΩF pθ, θq : θ P Θu

GF pθq ∇θ1

´

EF

“

DF pθq´ 1
2mpW, θq

‰

¯

νnpθq DF pθq´ 1
2
?
n
´

m̄npθq ´ EF

`

mpW, θq
˘

¯

hn,F pθq
?
nDF pθq´ 1

2EF rmpW, θqs

Γn,F prq

!

pθ, ℓq P Θprq ˆ Rk : ℓ “
?
nD

´1{2
F pθqEF rmpW, θqs

)

Let ℓ8pΘq be the set of all uniformly bounded functions that map Θ Ñ Ru, u P N,

equipped with the supremum norm. The sequence of probability spaces is denoted as

tpW,A, Fnquně1 . Stochastic processes W maps W Ñ ℓ8pΘq. In this context, I use d
Ñ,

p
Ñ,

and a.s.
Ñ to denote weak convergence, convergence in probability, and convergence almost

surely in the ℓ8pΘq metric, respectively, in the sense of Van Der Vaart and Wellner (1996).

For any u P N, for any x1, x2 P Ru
r˘8s

, we define matric

d̃px1, x2q “

˜

u
ÿ

i“1

pϑpx1,iq ´ ϑpx2,iqq2

¸1{2

,

where ϑ : Rr˘8s Ñ r0, 1s is such that ϑp´8q “ 0, ϑp8q “ 1, and ϑpyq “ Φpyq for y P R,

where Φ is the standard normal CDF. Let dH denote the Hausdorff metric associated with
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d̃. Specifically, for any sets A,B P Θ ˆ Rk
r˘8s

,

dHpA,Bq “ max

#

sup
pθ1,h1qPA

inf
pθ2,h2qPB

d̃ ppθ1, h1q, pθ2, h2qq , (B.1)

sup
pθ2,h2qPB

inf
pθ1,h1qPA

d̃ ppθ1, h1q, pθ2, h2qq

+

.

I use H
Ñ to denote convergence in the Hausdorff metric, that is, An

H
Ñ B ðñ dH pAn, Bq Ñ

0. Let CpΘ2q denote the space of continuous functions that map Θ2 to Ψ, and SpΘˆRk
r˘8s

q

denote the space of compact subsets of the metric space pΘ ˆ Rk
r˘8s

, d̃q. For nonstochastic

functions of θ P Θ, I use u
Ñ to denote uniform in θ convergence, for example, ΩFn

u
Ñ Ω ðñ

supθ1,θ2PΘ d̃
`

ΩFnpθ1, θ2q,Ωpθ1, θ2q
˘

Ñ 0. Let d denote the Euclidean distance.

I use Ωpθq and Ωpθ, θq equivalently. And for a set Θ1 and a scalar ϵ, the ϵ-expansion

of Θ1 Ă Θ is defined as Θε
1 :“ tθ P Θ : d pθ,Θ1q ď εu. For a vector a, }a} “

?
a1a

and for a matrix A, }A} “ }vecpAq}. For a scalar x, rxs` “ maxpx, 0q and rxs´ “

maxp´x, 0q. For a k dimensional vector x “ px1, ..., xkq, let txu0 “
`

rx1s`, ..., rxps`, 0, ..., 0
˘

,

txua “
`

´rx1s´, ...,´rxps´, xp`1, ..., xk
˘

. For a set A, an element a and a scalar α, denote

A` a “ tã` a : ã P Au and αA “ tαa : a P Au. The projection T r : Θ Ñ Θ is defined by

T rθ P argmin
θ̃PΘIpr,F q

dpθ̃, θq.

For positive sequences tanu, tbnu, I write an ! bn iff an
bn

Ñ 0. The convergence rate of λn

and κn are specified in Assumption 89.

B.1.2 Assumptions

Assumption 86. The baseline space of distributions P is the set of distributions F satis-

fying the following properties:

1. The data tWiu
n
i“1 are i.i.d. under F .

2. We have σ2F,jpθq “ VarF pmjpWi, θqq P p0,8q for j “ 1, ..., k and all θ P Θ.

3. For every F P F and j “ 1, . . . , k,
!

σ´1
F,jpθqmjp¨, θq : W Ñ R

)

is a measurable class

of functions indexed by θ P Θ.
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4. The empirical process νnpθq with j-component

νn,jpθq “ n´1{2σ´1
F,jpθq

n
ÿ

i“1

`

mjpWi, θq ´ EF

“

mjpWi, θq
‰˘

(B.2)

for j “ 1, . . . , k is asymptotically ρF -equicontinuous uniformly in F P P in the sense

of Van Der Vaart and Wellner (1996) page 169. This is, for any ε ą 0

lim
δÓ0

lim sup
nÑ8

sup
FPP

P ˚
F

ˆ

sup
ρF pθ1,θ2qăδ

}νnpθ1q ´ νnpθ2q} ą ε

˙

“ 0

where P ˚
F denotes outer probability and ρF denotes the coordinate-wise version of the

intrinsic variance semimetric defined as

ρF pθ1, θ2q ”

›

›

›

›

!

V arF
“

σ´1
F,jpθ1qmjpW, θ1q ´ σ´1

F,jpθ2qmjpW, θ2q
‰1{2

)k

j“1

›

›

›

›

.

5. For some constant c ą 0 and all j “ 1, . . . , k,

sup
FPF

EF

«

sup
θPΘ

ˇ

ˇ

ˇ

ˇ

mjpW, θq

σF,jpθq

ˇ

ˇ

ˇ

ˇ

2`c
ff

ă 8.

6. The matrix ΩF satisfies

lim
δÓ0

sup
}pθ1,θ̃1q´pθ2,θ̃2q}ăδ

sup
FPP

›

›

›
ΩF pθ1, θ̃1q ´ ΩF pθ2, θ̃2q

›

›

›
“ 0.

Assumption 87. For any tprn, Fnq P L0uně1 , let pΓ,Ωq be such that ΩFn

u
Ñ Ω and

Γn,Fnprnq
H
Ñ Γ with pΓ,Ωq P SpΘ ˆ Rk

r˘8s
q ˆ CpΘ2q and Γn,Fnprnq as in Table B.1. Let

cvSpΓ,Ω, 1 ´ αq be the p1 ´ αq quantile of

JpΓ,Ωq ” inf
pθ,ℓqPΓ

S pνΩpθq ` ℓ,Ωpθqq (B.3)

where νΩ : Θ Ñ Rk is a tight Gaussian process with zero-mean and covariance (correlation)

kernel Ω. Then the following statements hold:

1. If cvSpΓ,Ω, 1 ´ αq ą 0, the distribution of JpΓ,Ωq is continuous at cvSpΓ,Ω, 1 ´ αq.
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2. If cvSpΓ,Ω, 1 ´ αq “ 0, lim infnÑ8 PFn pJnprnq “ 0q ě 1 ´ α, where Jnprnq is as in

(3.4).

Assumption 88. The test function S satisfies the following properties:

1. S ppm1,m2q,Σq is nonincreasing in m1 for all m1 P Rp, m2 P Rk´p, and variance

matrices Σ P Rkˆk.

2. Spm,Σq “ SpDm,DΣDq for all m P Rk, variance matrices Σ P Rkˆk,and pd diagonal

D P Rkˆk.

3. Spm,Ωq ě 0 for all m P Rk and Ω P Ψ1.

4. Spm,Ωq is continuous at all m P Rp
r˘8s

ˆ Rk´p and Ω P Ψ1.

5. For some χ ą 0. Spcm,Ωq “ cχSpm,Ωq for all scalar c ą 0, m P Rk and Ω P Ψ1.

6. We have Spm,Ωq ą 0 if and only if mj ă 0 for some j “ 1, . . . , p or mj ‰ 0 for some

j “ p ` 1, . . . , k, where m “ pm1, . . . ,mkq
1 and Ω P Ψ1. Equivalently, Spm,Ωq “ 0

if and only if mj ě 0 for all j “ 1, . . . , p and mj “ 0 for all j “ p ` 1, . . . , k, where

m “ pm1, . . . ,mkq
1 and Ω P Ψ1.

7. For all n ě 1, S
´?

nm̄npθq, Σ̂npθq

¯

is a lower semicontinuous function of θ P Θ.

Assumption 89. Rate of sequences

1. κn Ñ 8 and κn “ O
´

n1{4

plnnq1{χ

¯

.

2. λn?
n

Ñ 8 and λnplnκ2nq
2
χ “ Opnq where χ is defined in Assumption 88.5.

B.1.3 Proof of Theorem 36
B.1.3.1 Part 1

Define cvn
`

Θ̆, Ω̆, φ̆, Ğ, 1 ´ α
˘

with Θ̆ Ă Θ, Ω̆ P CpΘ2q, φ̆ : Θ Ñ R, Ğ : Θ Ñ Rkˆdθ to be

the 1 ´ α quantile of

inf
θPΘ̆

S
`

υpθq ` φ̆pθq ` Ğpθq∆pθq, Ω̆pθq
˘

with υ being a Gaussian process with covariance kernel Ω̆, and

∆pθq P argmin
∆P∆c1θ

n pθq

ˆ

S
`

υpθq ` φ̆pθq ` Ğpθq∆, Ω̆pθq
˘

`
λn
n
∆1∆

˙

.
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Note that

cvLLn pr, 1 ´ αq “ cvn
`

Θ̂Iprq, Ω̂n, φn, Ĝn, 1 ´ α
˘

, (B.4)

thus we are interested in

lim sup
nÑ8

sup
pr,F qPL0

PF

´

Jnprq ą cvn
`

Θ̂Iprq, Ω̂n, φn, Ĝn, 1 ´ α
˘

¯

. (B.5)

There is always a subsequence tanu, tran , Fanu s.t.

pB.5q “ lim
nÑ8

PFan

´

Janpranq ą cvan
`

Θ̂Ipranq, Ω̂an , φan , Ĝan , 1 ´ α
˘

¯

.

By Lemma S.3.2 in BCS17, there is a further sequence tununě1 of tanuně1 s.t. ΩFun

u
Ñ Ω,

Γun,Fun
prunq

H
Ñ Γ, for some pΓ,Ωq P SpΘˆRk

r˘8s
qˆCpΘ2q. Here Γn,F prq is defined in Table

B.1. Then, since ΩFun

u
Ñ Ω and Γun,Fun

prunq
H
Ñ Γ, Theorem S.2.4 in BCS17 implies that

Junprunq
d

Ñ JpΓ,Ωq (B.6)

where JpΓ,Ωq is defined in (B.3).

B.1.3.2 Part 2

In this part, I show that for a sequence prn, Fnq P F0 with ΩFn

u
Ñ Ω, Γn,Fnprnq

H
Ñ Γ,

for some pΓ,Ωq P SpΘ ˆ Rk
r˘8s

q ˆ CpΘ2q, for all ϵ ą 0

lim sup
nÑ8

PFn

´

cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

ď cvSpΓ,Ω, 1 ´ αq ´ ϵ
¯

“ 0

where cvSpΓ,Ω, 1 ´ αq is the 1 ´ α quantile of JpΓ,Ωq defined in (B.3). And it also holds

if we change n to a subsequence un.

Let τ1n “ aεn where εn “ n´1{2
`

lnκ2n
˘

1
χ and a ą 0 are specified in Assumption 35. By

Assumption 89.2,

τ1n “ O

ˆ

λ
´ 1

2
n

˙

. (B.7)
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Let τ2n satisfy κn?
n

! τ2n !

b

λn
n . By BCS17 Lemma S.3.1.2, we have Ω̂n

p
ÝÑ Ω in l8pΘq.

Thus there is a sequence τ3n “ op1q such that
›

›

›
Ω̂n ´ Ω

›

›

›
“ oppτ3nq. Choose τ4n s.t. plnκ2

nq
1
χ

κn
!

τ4n ! 1. Define a sequence of sets An

An “

!

pΘ̆, Ω̆, φ̆, Ğq : Θ̆ Ď Θprnq X ΘIprn, Fnqτ1n , sup
θPΘ

›

›Ğpθq ´GFnpθq
›

› ď τ2n,

sup
θ1,θ2PΘ

›

›Ω̆pθ1, θ2q ´ ΩFnpθ1, θ2q
›

› ď τ3n, sup
θPΘ̆

›

›

›

X

hFnpT rnθq ´ φ̆pθq
\

a

›

›

›
ď τ4n

)

. (B.8)

Step 1. In this step, I consider sequences θn and θ̃n such that

θn P Θprnq X ΘIprn, Fnqτ1n , (B.9)

θ̃n “ T rnθn `Oppλ
´ 1

2
n q, (B.10)

and
Y

νFnpθnq ` hn,FnpT rnθnq `GFnpθnq
?
n
`

θ̃n ´ T rnθn
˘

]

a
“ Opp1q. (B.11)

I show

S
`

D̂npθ̃nq´ 1
2
?
nm̄npθ̃nq, Ω̂npθ̃nq

˘

“ S
´

νFnpθnq ` hn,FnpT rnθnq `GFnpθnq
?
n
`

θ̃n ´ T rnθn
˘

,ΩFnpθnq

¯

` opp1q. (B.12)

First, simplify DFnpθ̃nq´ 1
2
?
nm̄npθ̃nq, Note that

DFnpθ̃nq´ 1
2
?
nm̄npθ̃nq

“DFnpθ̃nq´ 1
2
?
n
´

m̄npθ̃nq ´ EFn

`

mpW, θ̃nq
˘

¯

`
?
nDFnpθ̃nq´ 1

2EFn

`

mpW, θ̃nq
˘

“νFnpθ̃nq `
?
nDFnpT rnθnq´ 1

2EFn

`

mpW,T rnθnq
˘

`GFnpθ̄nq
?
npθ̃n ´ T rnθnq

“νFnpθ̃nq ` hn,FnpT rnθnq `GFnpθnq
?
n
`

θ̃n ´ T rnθn
˘

`
`

GFnpθ̄nq ´GFnpθnq
˘?
n
`

θ̃n ´ T rnθn
˘

“νFnpθnq ` hn,FnpT rnθnq `GFnpθnq
?
n
`

θ̃n ´ T rnθn
˘

` opp1q. (B.13)

The first and third equalities are just rearranging terms; the second one is by the mean

value theorem where θ̄n is between θ̃n and T rnθn. Note that the Taylor expansion is for
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k rows and θ̄n may be different for each row, but I use θ̄n for simplicity. To get the last

equality, first, note that
›

›

›
θ̃n ´ θn

›

›

›
ď

›

›

›
θ̃n ´ T rnθn

›

›

›
` }T rnθn ´ θn}

ď Oppλ´1{2
n q ` τ1n

“ Oppλ´1{2
n q (B.14)

where the second line follows from (B.9) and (B.10), and the third one follows from (B.7).

And thus by Assumption 86.4

νFnpθnq “ νFnpθ̃nq ` opp1q. (B.15)

And second, by Assumption 34.2, it holds that
›

›GFn,jpθ̄nq ´GFn,jpθnq
›

› ď MG

›

›θ̄n ´ θn
›

›

ď MG

›

›θ̃n ´ θn
›

›

“ Oppλ
´ 1

2
n q. (B.16)

Combine (B.14), (B.16) and Assumption 89.2, and we get

`

GFnpθ̄nq ´GFnpθnq
˘?
n
`

θ̃n ´ T rnθn
˘

“ Oppλ
´ 1

2
n q

?
nOppλ

´ 1
2

n q “ opp1q. (B.17)

(B.15) and (B.17) imply (B.13).

Thus, for all θ̃n “ T rnθn `Oppλ
´ 1

2
n q, it holds that

S
`

D̂npθ̃nq´ 1
2
?
nm̄npθ̃nq, Ω̂npθ̃nq

˘

“S
´

DFnpθ̃nq´ 1
2
?
nm̄npθ̃nq, DFnpθ̃nq´ 1

2 D̂npθ̃nq
1
2 Ω̂npθ̃nqD̂npθ̃nq

1
2DFnpθ̃nq´ 1

2

¯

“S
´

νFnpθnq ` hn,FnpT rnθnq `GFnpθnq
?
n
`

θ̃n ´ T rnθn
˘

` opp1q,ΩFnpθnq ` opp1q

¯

(B.18)

where the first line follows from Assumption 88.2, and the second line from (B.13), and

DFnpθnq´ 1
2 D̂npθnq

1
2 “ Ik ` opp1q

Ω̂npθnq “ Ω̂npθnq ´ ΩFnpθnq ` ΩFnpθnq “ ΩFnpθnq ` opp1q
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by BCS17 Lemma S.3.1.3 and BCS17 Lemma S.3.1.2, respectively.

Lastly, by (B.11) and Lemma 90, we have

pB.18q “ S
´

νFnpθnq ` hn,FnpT rnθnq `GFnpθnq
?
n
`

θ̃n ´ T rnθn
˘

,ΩFnpθnq

¯

` opp1q,

which completes the proof of this step.

Step 2. Then I show that for
␣

Θ̆n, Ω̆n, φ̆n, Ğn

(

P An with An defined in (B.8),

lim inf
nÑ8

cvn
`

Θ̆n, Ω̆n, φ̆n, Ğn, 1 ´ α
˘

ą cvSpΓ,Ω, 1 ´ αq ´ ϵ. (B.19)

Recall that

νnpθq “ DFnpθq´ 1
2
?
n
´

m̄npθq ´ EFn

`

mpW, θq
˘

¯

and by Lemma D.2.1 in BCS15, we have νn
d
ÝÑ ν where ν is a Gaussian process with

covariance kernel Ω. Define υn as a Gaussian process with covariance kernel Ω̆n, thus we

also have υn
d
ÝÑ ν on ℓ8pΘq. By Lemma 91, there is υ̃n „ υn s.t. νn ´ υ̃n

p
ÝÑ 0 on ℓ8pΘq.

Define

∆̃npθq P argmin
∆P∆rn

n pθq

S
´

υ̃npθq ` φ̆npθq ` Ğnpθq∆, Ω̆npθq

¯

`
λn
n
∆1∆. (B.20)

Since ∆̃npθq P ∆rn
n pθq and by construction Θ̆n Ă Θprnq X ΘIprn, Fnqτ1n , Assumption 35.2

implies that for all θ P Θ̆n

∆̃npθq P
?
n pΘprnq ´ T rnθq

with probability approaching 1. This is equivalent to

␣

T rnθ `
1

?
n
∆̃npθq : θ P Θ̆n

(

Ă Θprnq (B.21)

with probability approaching 1. Then we have

Jnprnq “ inf
θPΘprnq

S
´

D̂npθq´ 1
2
?
nm̄npθq, Ω̂npθq

¯

ď inf
θPΘ̆n

S
´

D̂n

`

T rnθ `
1

?
n
∆̃npθq

˘´ 1
2
?
nm̄n

`

T rnθ `
1

?
n
∆̃npθq

˘

, Ω̂n

`

T rnθ `
1

?
n
∆̃npθq

˘

¯
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` opp1q

“ inf
θPΘ̆n

S
´

νnpθq ` hn,FnpT rnθq `GFnpθq∆̃npθq,ΩFnpθq

¯

` opp1q (B.22)

the first inequality follows from (B.21). Then I show (B.22). First note that 0 P ∆rn
n pθq,

thus (B.20) implies

S
´

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq

¯

`
λn
n

›

›

›
∆̃npθq

›

›

›

2
ď S

´

υ̃npθq ` φ̆npθq, Ω̆npθq

¯

“ Opp1q.

Therefore, on ℓ8pΘ̆nq

∆̃npθq “ Opp

c

n

λn
q, (B.23)

Y

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq

]

a
“ Opp1q. (B.24)

Second, on ℓ8pΘ̆nq

›

›

›

Y

νnpθq ` hn,FnpT rnθq `GFnpθq∆̃npθq

]

a

›

›

›

ď

›

›

›

Y

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq

]

a

`

Y

pνnpθq ´ υ̃npθqq `

´

GFnpθq ´ Ğnpθq

¯

∆̃npθq

]

a
` thn,FnpT rnθq ´ φ̆npθqua

›

›

›
(B.25)

ď

›

›

›

Y

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq

]

a

›

›

›

`

›

›

›

›

opp1q ` τ2nOp

ˆc

n

λn

˙

` oppτ4nq

›

›

›

›

(B.26)

“

›

›

›

Y

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq

]

a

›

›

›
` opp1q. (B.27)

where (B.25) follows from }tx1 ` x2ua} ď }tx1ua ` tx2ua}, and (B.26) follows from (i)

νnpθq ´ υ̃npθq “ opp1q (B.28)

by the construction of υ̃n, and (ii)

GFnpθq ´ Ğnpθq “ Opτ2nq (B.29)
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thn,FnpT rnθq ´ φ̆npθqua “ Opτ4nq (B.30)

by the construction of An. Therefore, by (B.24) and (B.27), we have that on ℓ8pΘ̆nq

Y

νnpθq ` hn,FnpT rnθq `GFnpθq∆̃npθq

]

a
“ Opp1q. (B.31)

In sum, (B.23), (B.31) and the conclusion in step 1, (B.12), imply (B.22).

Moreover,

inf
θPΘ̆n

S
`

νnpθq ` hn,FnpT rnθq `GFnpθq∆̃npθq,ΩFnpθq
˘

´ inf
θPΘ̆n

S
`

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq
˘

ď inf
θPΘ̆n

S
`

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq ` thn,FnpT rnθq ´ φ̆npθqua ` opp1q,ΩFnpθq
˘

´ inf
θPΘ̆n

S
`

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq
˘

ď inf
θPΘ̆n

S
´

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq ` opp1q, Ω̆npθq ` opp1q

¯

´ inf
θPΘ̆n

S
´

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq

¯

ď sup
θPΘ̆n

ˇ

ˇ

ˇ

ˇ

S
´

υ̃npθq ` φ̆npθq `GFnpθq∆̃npθq ` opp1q, Ω̆npθq ` opp1q

¯

´ S
´

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq

¯

ˇ

ˇ

ˇ

ˇ

“ opp1q (B.32)

where the first inequality follows from (B.28), (B.29) and the second one from (B.30). The

last equality holds by (B.24) and Lemma 90. Therefore by (B.22) and (B.32), we have

Jnprnq ď inf
θPΘ̆n

S
`

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq
˘

` opp1q. (B.33)

Then taking limsup on both sides of the following inequality

PFn

´

inf
θPΘ̆n

S
`

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq
˘

ď cvSpΓ,Ω, 1 ´ αq ´ ϵ
¯

ďPFn

´

inf
θPΘ̆n

S
`

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq
˘

´ Jnprnq ď ´
ϵ

2

¯
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` PFn

´

Jnprnq ď cvSpΓ,Ω, 1 ´ αq ´
ϵ

2

¯

and using (B.33) and Jnprnq
d

Ñ JpΓ,Ωq, we get

lim sup
nÑ8

PFn

´

inf
θPΘ̆n

S
`

υ̃npθq ` φ̆npθq ` Ğnpθq∆̃npθq, Ω̆npθq
˘

ď cvSpΓ,Ω, 1 ´ αq ´ ϵ
¯

ďP
`

JpΓ,Ωq ď cvSpΓ,Ω, 1 ´ αq ´
ϵ

2

˘

ă 1 ´ α. (B.34)

Moreover, cvnpΘ̆n, Ω̆n, φ̆n, Ğn, 1 ´ αq is the 1 ´ α quantile of inf
θPΘ̆n

S
`

υ̃n ` φ̆n ` Ğn∆̃n, Ω̆n

˘

,

thus (B.34) implies

lim inf
nÑ8

cvnpΘ̆n, Ω̆n, φ̆n, Ğn, 1 ´ αq ą cvSpΓ,Ω, 1 ´ αq ´ ϵ.

Step 3. I next show that

lim inf
nÑ8

PFn

´

cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

ą cvSpΓ,Ω, 1 ´ αq ´ ϵ
¯

“ 1. (B.35)

We can show that

lim inf
nÑ8

PFnpW˚
nq “ 1. (B.36)

where

W˚
n “

!

`

Θ̂Iprnq, Ω̂n, φn, Ĝn

˘

Ă An

)

and An is defined in (B.8). (i) Let

Θn ”
␣

θ P Θ : S
`?
nEF rmpW, θqs,ΣF pθq

˘

ď aχ lnκ2n
(

. (B.37)

Then by Lemma D.13 in BCS15, we have

lim inf
nÑ8

inf
pr,F qPL0

PF

´

θ̂n,r Ă Θn X Θprq

¯

“ 1. (B.38)

And by Assumption 33, Assumption 88.5, for all θ P Θn X Θprq, it holds that

dpθ,ΘIpr, F qq ď a
plnκ2nq1{χ

?
n

“ τ1n (B.39)
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when n is large enough. Thus we can rewrite (B.38) as

lim inf
nÑ8

inf
pr,F qPL0

PF

´

dpθ̂n,r,ΘIpr, F qq ď τ1n

¯

“ 1. (B.40)

(ii) by Assumption 34.1 and BCS17 Lemma S.3.1.2,

lim inf
nÑ8

PFn

ˆ

sup
θPΘ̂Iprnq

›

›Ĝnpθq ´GFnpθq
›

› ď τ2n, sup
θPΘ̂Iprnq

›

›Ω̂npθq ´ ΩFnpθq
›

› ď τ3n

˙

“ 1

(iii) Note that for θn P Θ̂Iprnq

φnpθnq “

Y

D̂npθnq´ 1
2DFnpθnq

1
2DFnpθnq´ 1

2
?
nm̄npθnq{κn

]

0

“

Y

`

Ik ` opp1q
˘`

νFnpθnq ` hn,FnpT rnθnq

`GFnpθnq
?
npθn ´ T rnθnq ` opp1q

˘

{κn

]

0

“

Y

`

Ik ` opp1q
˘

hn,FnpT rnθnq{κn `Op

´

plnκ2nq1{χ{κn

¯]

0

ďhFnpT rnθnq `Op

´

plnκ2nq1{χ{κn

¯

(B.41)

where the first line is the definition of φn, the second line follows from (B.13), the third

line from dpθn, T
rnθnq “ opτ1nq and Assumption 34.2, the last line follows from κn Ñ `8.

Thus

lim inf
nÑ8

PFn

ˆ

inf
θPΘ̂Iprnq

›

›

›

X

hFnpT rnθq ´ φnpθq
\

a

›

›

›
ď τ4n

˙

“ 1.

By (i), (ii), (iii) above, we complete the proof of (B.36).

Next, note that

lim inf
nÑ8

PFn

´

cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

ą cvSpΓ,Ω, 1 ´ αq ´ ϵ
¯

ě lim inf
nÑ8

PFn

ˆ

cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

ą cvSpΓ,Ω, 1 ´ αq ´ ϵ

ˇ

ˇ

ˇ

ˇ

W˚
n

˙

PFnpW˚
nq

ě lim inf
nÑ8

PFn

ˆ

cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

ą cvSpΓ,Ω, 1 ´ αq ´ ϵ

ˇ

ˇ

ˇ

ˇ

W˚
n

˙

lim inf
nÑ8

PFnpW˚
nq

ě lim inf
nÑ8

PFn

ˆ

inf
pΘ,Ω,φ,GqPAn

cvn
`

Θ,Ω, φ,G, 1 ´ α
˘

ą cvSpΓ,Ω, 1 ´ αq ´ ϵ

˙
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ě lim inf
nÑ8

PFn

´

cvn
`

Θ˚
n,Ω

˚
n, φ

˚
n, G

˚
n, 1 ´ α

˘

ą cvSpΓ,Ω, 1 ´ αq ´
ϵ

2

¯

ěP
´

lim inf
nÑ8

!

cvn
`

Θ˚
n,Ω

˚
n, φ

˚
n, G

˚
n, 1 ´ α

˘

ą cvSpΓ,Ω, 1 ´ αq ´
ϵ

2

)¯

ěP
´

lim inf
nÑ8

cvn
`

Θ˚
n,Ω

˚
n, φ

˚
n, G

˚
n, 1 ´ α

˘

ą cvSpΓ,Ω, 1 ´ αq ´
ϵ

2

¯

“ 1

the first inequality follows from P p¨q ě P p¨ X W˚
nq “ P p¨|W˚

nqP pW˚
nq; the second one is

straightforward; the third one follows from conditional on W˚
n ,

cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

ě inf
pΘ,Ω,φ,GqPAn

cvn
`

Θ,Ω, φ,G, 1 ´ α
˘

and (B.36); in the fourth one, pΘ˚
n,Ω

˚
n, φ

˚
n, G

˚
nq P An satisfies

inf
pΘ,Ω,φ,GqPAn

cvn
`

Θ,Ω, φ,G, 1 ´ α
˘

`
ϵ

2
ą cvn

`

Θ˚
n,Ω

˚
n, φ

˚
n, G

˚
n, 1 ´ α

˘

the fifth one follows from Fatou’s lemma, the sixth one is straightforward, and the last one

follows from that (B.19) holds for all ϵ ą 0.

B.1.3.3 Part 3

Consider prn, Fnq P F0 with ΩFn

u
Ñ Ω, Γn,Fnprnq

H
Ñ Γ,where pΓ,Ωq P SpΘ ˆ Rk

r˘8s
q ˆ

CpΘ2q.

Step 1. I first show

lim
nÑ8

PFn

´

Jnprnq ą cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

` η
¯

ď α

for all η ą 0. Define ϵ ą 0 so that η ´ ϵ ą 0 and cvSpΓ,Ω, 1 ´ αq ` η ´ ϵ is a continuity

point of the CDF of JpΓ,Ωq. It then follows that

PFn

´

Jnprnq ą cvn

´

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
¯

` η
¯

ďPFn

´

cvn

´

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
¯

ď cvSpΓ,Ω, 1 ´ αq ´ ϵ
¯

` PFn

`

Jnprnq ą cvSpΓ,Ω, 1 ´ αq ` η ´ ϵ
˘

.
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Take the limit supremum on both sides and by (B.35) and Jnprnq
d
ÝÑ JpΓ,Ωq, we get

lim sup
nÑ8

PFn

´

Jnprnq ą cvn

´

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
¯

` η
¯

ď1 ´ P
`

JpΓ,Ωq ď cvSpΓ,Ω, 1 ´ αq ` η ´ ϵ
˘

ď α. (B.42)

Step 2. For η “ 0, there are two cases. First, suppose cvSpΓ,Ω, 1 ´ αq “ 0, then by

Assumption 87,

lim sup
nÑ8

PFn

´

Jnprnq ą cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

¯

ď lim sup
nÑ8

PFn pJnprnq ą 0q ď α.

Second, suppose cvSpΓ,Ω, 1 ´ αq ą 0. Consider a sequence tϵmumě1 s.t. ϵm Ó 0 and

cvpΓ,Ω, 1 ´ αq ´ ϵm is a continuity point of the CDF of JpΓ,Ωq for all m P N. For any

m P N, it follows from (B.42) that

lim sup
nÑ8

PFn

´

Jnprnq ą cvn
`

Θ̂Iprnq, Ω̂n, φn, Ĝn, 1 ´ α
˘

¯

ď1 ´ P
`

JpΓ,Ωq ď cvSpΓ,Ω, 1 ´ αq ´ ϵm
˘

.

Taking ϵm Ó 0 and using Assumption 87.1 gives the RHS equal to α. Together with the

discussion in Section B.1.3.1 and (B.4), this completes the proof.

B.2 Lemmas

Lemma 90. If ν1n ´ ν2n “ opp1q, tν2nua “ Opp1q, and Ω1n,Ω2n P Ψ1, Ω1n ´ Ω2n “ opp1q,

it holds that

Spν1n,Ω1nq “ Spν2n,Ω2nq ` opp1q.

Proof. We want to show that for all ϵ ą 0, there is N1 such that for all n ą N1,

P p|Spν1n,Ω1nq ´ Spν2n,Ω2nq| ą ϵq ď ϵ.

Since tν2nua “ Opp1q, for all ϵ ą 0, there is M such that for all n P N,

P
´

ν2n P r´M,`8qp ˆ r´M,M sk´p
¯

ě 1 ´
ϵ

3
.
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And by Lemma 92, there is δ ą 0 such that }ν1n ´ ν2n} ď δ, }Ω1n ´ Ω2n} ď δ and ν2n P

r´M,`8qp ˆ r´M,M sk´p imply that

|Spν1n,Ω1nq ´ Spν2n,Ω2nq| ď ϵ.

Since ν1n ´ ν2n “ opp1q and Ω1n ´ Ω2n “ opp1q, there is N2 such that @n ě N2

P p}ν1n ´ ν2n} ą δq ď
ϵ

3
, P p}Ω1n ´ Ω2n} ą δq ď

ϵ

3
.

Therefore, for n ě maxtN1, N2u,

P p|Spν1n,Ω1nq ´ Spν2n,Ω2nq| ą ϵq

ď 1 ´ P
´

ν2n P r´M,`8qp ˆ r´M,M sk´p, }ν1n ´ ν2n} ď δ, }Ω1n ´ Ω2n} ď δ
¯

ď P
´

ν2n R r´M,`8qp ˆ r´M,M sk´p
¯

` P p}ν1n ´ ν2n} ą δq ` P p}Ω1n ´ Ω2n} ą δq

ď ϵ.

Lemma 91. Assume that νn, υn, ν : W Ñ ℓpΘq, νn
d
ÝÑ ν and υn

d
ÝÑ ν where ν is a Gaussian

process with covariance kernel Ω P CpΘ2q, then there is υ˚
n : W Ñ ℓpΘq (suitably enriched

if needed) such that υ˚
n „ υn and νn ´ υ˚

n
p
ÝÑ 0.

Proof. I first show that there are identically distributed copies of νn and υn, denoted as

ν̃n and υ̃n, defined on pW,A, Fnq (suitably enriched if needed) such that ν̃n ´ υ̃n
p
ÝÑ 0. By

almost sure representation, there is ν̄n „ νn, ν̄ „ ν s.t. ν̄n ´ ν̄
a.s.
ÝÝÑ 0 and ¯̄υn „ υn, ¯̄ν „ ν

s.t. ¯̄υn ´ ¯̄ν
a.s.
ÝÝÑ 0. Let α be the law of pν̄n, ν̄q and β be the law of p¯̄ν, ¯̄υnq. By Theorem 1.31

in Dudley (2014), consider X,Y, Z “ Rdν , ν̄n defined on X, ν̄, ¯̄ν defined on Y , ¯̄υn defined

on Z. Since the marginal distribution of α and β on Y is the same, we can find a law γ on

X ˆ Y ˆ Z (denote as the law of pν̃n, ν̃, υ̃nq) such that pν̃n, ν̃q has the same law as α and

pν̃, υ̃nq has the same law as β. Thus

ν̃n ´ ν̃
a.s.
ÝÝÑ 0, υ̃n ´ ν̃

a.s.
ÝÝÑ 0 ñ ν̃n ´ υ̃n

a.s.
ÝÝÑ 0 ñ ν̃n ´ υ̃n

p
ÝÑ 0.
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Then by the same argument in Chernozhukov et al. (2013) Lemma 9 ( change δn in Lemma

9 to 1), there is an identical copy υ˚
n of υn such that νn ´ υ˚

n
p
ÝÑ 0.

Lemma 92. For all ϵ ą 0, M ą 0, there is δ ą 0 such that ν1 P r´M,8qp ˆ r´M,M sk´p,

}ν1 ´ ν2} ď δ and Ω1,Ω2 P Ψ1, }Ω1 ´ Ω2} ď δ imply that |Spν1,Ω1q ´ Spν2,Ω2q| ď ϵ.

Proof. First note that @ν11 P r´M,8sp, ν12 P r´M,M sk´p,

S ppν11, ν12q,Ω1q ď S pp´M1p, ν12q,Ω1q

ď max
ν̃12Pr´M,Msk´p,Ω1PΨ1

S pp´M1p, ν̃12q,Ω1q

ă 8

where 1p “ t 1, ..., 1
l jh n

p elements

u, the first inequality follows from Assumption 88.1, the second

one is straightforward, and the last one from Assumption 88.4 and the compactness of

r´M,M sk´p and Ψ1. Then consider function S̄ : rΦp´Mq, 1sp ˆ rΦp´Mq,ΦpMqsk´p Ñ R

defined by

S̄pν̄,Ωq “ S
`

Φ´1pν̄q,Ω
˘

,

where for ν̄ “ pν̄1, ..., ν̄kq P Rk, Φ´1pν̄q “
`

Φ´1pν̄1q, ...,Φ´1pν̄kq
˘

. Φ is the CDF of stan-

dard Normal distribution. By Assumption 88.4, we have that S̄ is continuous for all

ν̄ P rΦp´Mq, 1sp ˆ rΦp´Mq,ΦpMqsk´p, which implies that S̄ is uniformly continuous on

rΦp´Mq, 1sp ˆ rΦp´Mq,ΦpMqsk´p. That is, there is δ ą 0 s.t. if }ν̄1 ´ ν̄2} ď δ and

}Ω1 ´ Ω2} ď δ, it holds that

ˇ

ˇS̄pν̄1,Ω1q ´ S̄pν̄2,Ω2q
ˇ

ˇ ď ϵ.

Note that }ν1 ´ ν2} ď δ implies }Φpν1q ´ Φpν2q} ď Φ1p0q }ν1 ´ ν2} ă δ, thus if }ν1 ´ ν2} ď δ

and }Ω1 ´ Ω2} ď δ, it holds that

|Spν1,Ω1q ´ Spν2,Ω2q| “
ˇ

ˇS̄ pΦpν1q,Ω1q ´ S̄ pΦpν2q,Ω2q
ˇ

ˇ ď ϵ.
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