
Efficient Algorithms for High-dimensional Eigenvalue
Problems

by

Zhe Wang

Department of Mathematics
Duke University

Date:
Approved:

Jianfeng Lu, Advisor

Xiuyuan Cheng

Jonathon Mattingly

Weitao Yang

Dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in the Department of Mathematics
in the Graduate School of

Duke University

2020



ABSTRACT

Efficient Algorithms for High-dimensional Eigenvalue
Problems

by

Zhe Wang

Department of Mathematics
Duke University

Date:
Approved:

Jianfeng Lu, Advisor

Xiuyuan Cheng

Jonathon Mattingly

Weitao Yang

An abstract of a dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in the Department of Mathematics
in the Graduate School of

Duke University

2020



Copyright © 2020 by Zhe Wang
All rights reserved



Abstract

The eigenvalue problem is a traditional mathematical problem and has a wide appli-

cations. Although there are many algorithms and theories, it is still challenging to

solve the leading eigenvalue problem of extreme high dimension. Full configuration

interaction (FCI) problem in quantum chemistry is such a problem. This thesis tries

to understand some existing algorithms of FCI problem and propose new efficient

algorithms for the high-dimensional eigenvalue problem. In more details, we first es-

tablish a general framework of inexact power iteration and establish the convergence

theorem of full configuration interaction quantum Monte Carlo (FCIQMC) and fast

randomized iteration (FRI). Second, we reformulate the leading eigenvalue problem

as an optimization problem, then compare the show the convergence of several coor-

dinate descent methods (CDM) to solve the leading eigenvalue problem. Third, we

propose a new efficient algorithm named Coordinate descent FCI (CDFCI) based on

coordinate descent methods to solve the FCI problem, which produces some state-of-

the-art results. Finally, we conduct various numerical experiments to fully test the

algorithms.
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Chapter 1

Introduction

1.1 Leading eigenvalue problem

This thesis focuses on solving the leading eigenvalue problem (LEVP) of extreme

high dimensions. Given a symmetric matrix A, the LEVP is defined as

Av1 = λ1v1, (1.1)

for A ∈ Rn×n, A> = A, λ1 is the largest eigenvalue of A, and v1 ∈ Rn is the corre-

sponding eigenvector (we assume here and in the sequel that the leading eigenvalue

is positive and non-degenerate). In general, assume λ1 > λ2 ≥ λ3 ≥ · · · ≥ λn are

the eigenvalues of A, λ1 > 0, and the corresponding orthonormal eigenvectors are

v1, v2, v3, · · · , vn. In the case that several leading eigenpairs are needed, we can com-

bine the methods for LEVP together with deflation technique to obtain all desired

eigenpairs.

General edge eigenvalue problems can be easily transformed to the LEVP problem

defined in (1.1). If the eigenvalue of the smallest eigenvalue λn < 0 is needed, we

can consider −A instead. If the eigenvalue of largest magnitude is needed, we can

apply the algorithms to both A and −A and then select the desired one. Another

transformation is I±δA, where δ > 0 is a small positive number. For δ small enough,

the largest (smallest) eigenvalue is transformed to the largest positive eigenvalue of

I ± δA and the eigenspace is invariant. Moreover, I ± δA is positive definite and can

be viewed as a perturbation to identity for δ small enough.

Leading eigenvalue(s) problems appear in a wide range of applications, includ-

ing principal component analysis (PCA), spectral clustering, dimension reduction,
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electronic structure calculation, quantum many-body problems, etc. As a result,

many methods have been developed to address the leading eigenvalue(s) problems,

e.g., power method, Lanczos algorithm [26, 44], randomized SVD [30], (Jacobi-

)Davidson algorithm [20, 82], local optimal block preconditioned conjugate gradient

(LOBPCG) [43], projected preconditioned conjugate gradient (PPCG) [93], orbital

minimization method (OMM) [18, 56], Gauss-Newton algorithm [55], etc. In the lit-

erature of numerical linear algebra, the eigenvalue problem is a traditional problem

and there are plenty of discussions of the algorithms for leading eigenvalue problems.

It seems that we already know everything of this problem.

However, the story of the leading eigenvalue problem is far from over. On the one

hand, due to the limit of the computational resource, the dimension of the problems

we can handle is usually below one million. Most of the traditional iterative methods

apply the matrix A every iteration and require many iterations before convergence,

where the iteration number usually depends on the condition number of A or the

leading eigengap of A. Some other methods conduct the inverse of the matrix every

iterations, which is too expensive for large A. On the other hand, leading eigen-

value problems of extreme high dimension (n ∼ 1010, 1020 or even higher) appear

in applications, where the traditional algorithms are powerless. Full configuration

interaction (FCI) problem in quantum chemistry and quantum physics is such an

example of interest. For such a problem, it is infeasible to store the matrix even the

vector in the main memory of the computer. Therefore, it is important to understand

and develop efficient algorithms for eigenvalue problems of extreme high dimension.

1.2 Full Configuration Interaction

Solving quantum many-body problems of fermions is a well-known challenging prob-

lme in quantum chemistry and quantum physics, while full configuration interaction
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(FCI) is one of the most accurate formulation of the quantum many-body problem

yet the most difficult one to solve. In this section, we will give a brief overview of the

FCI problem and the algorithms to solve the FCI problem.

In quantum mechanics, the state of a quantum system is represented by a vector

|Φ〉 in a Hilbert space H. The Schrödinger equation describes the evolution of the

quantum system:

i∂t |Φt〉 = Ĥ |Φt〉 , (1.2)

where Ĥ is a Hermitian operator on H, known as the Hamiltonian operator. For a

typical electronic many-body Hamiltonian, it has the form of

Ĥ =

nelec∑
i=1

p̂2
i

2m
+

nelec∑
i=1

natom∑
I=1

ZI
‖r̂i −RI‖

+

nelec∑
i=1

nelec∑
j=i+1

1

‖r̂i − r̂j‖
+Hcore, (1.3)

where nelec is the number of electrons; natom is the number of atoms; m is the mass

of electron; ZI is the charge of the I-th nucleus; p̂i is the momentum operator of the

i-th electron; r̂i is the position operator of the i-th electron; RI is the position of the

I-th nucleus; and Hcore is the energy among nuclei. It includes the kinectic energy

of electrons, the Coulomb interaction between electrons and nuclei, the Coulomb

interaction between electrons and electrons and the Coulomb interaction between

nuclei and nuclei.

Given a complete set of spin-orbitals {χp}, which forms an orthonormal basis of

the one-body Hilbert space, the many-body electronic Hamiltonian operator (1.3),

under the second quantization, can be written as

Ĥ =
∑
p,q

tpqâ
†
pâq +

1

2

∑
p,r,q,s

vprqsâ
†
pâ
†
râqâs, (1.4)

where â†p and âp denote the creation and annihilation operator of an electron with

spin-orbital index p, tpq and vprqs are one- and two-electron integrals respectively.
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The problem we are interested is to solve the ground state and the ground

state energy of the quantum system, which can be obtained from solving the time-

independent Schrödinger equation

Ĥ |Φ0〉 = E0 |Φ0〉 , (1.5)

where E0 denotes the ground state energy (the smallest eigenvalue) and |Φ0〉 denotes

the corresponding ground state wavefunction. Without loss of generality, we assume

that E0 is negative and non-degenerate, i.e., the eigenvalues of Ĥ are given as E0 <

E1 ≤ E2 ≤ · · · . We see that the problem is actually an edge eigenvalue problem. If

we consider A = −H or A = I−δH, it is exactly the LEVP problem defined in (1.1).

However, the eigenvalue problem (1.5) is usually of infinite dimension. To make

the problem solvable, further simplification is needed. In FCI formulation, the com-

plete spin-orbital set is truncated to a finite subset {χp}norb
p=1 , obtained e.g., by Hartree-

Fock or Kohn-Sham calculations. The FCI variational space V is spanned by all possi-

ble Slater determinants constructed from {χp}norb
p=1 , and the dimension of V is denoted

as NFCI also known as the total number of configuration interactions. The ground

state wavefunction is then discretized in V , i.e., |Φ0〉 ∈ V = span
{
|D1〉 , . . . , |DNFCI〉

}
,

where |D1〉 denotes the reference determinant, |Di〉 for 1 < i ≤ NFCI denotes other

Slater determinants constructed from the finite set of spin-orbitals. Correspond-

ingly, the Hamiltonian operator is represented by a many-body Hamiltonian matrix

H with its (i, j) entry as Hi,j = 〈Di| Ĥ |Dj〉. Let x and z denote coefficient vectors

with entry xi and zi respectively. The ground state wavefunction can be written as

|Φ0〉 =
∑

i xi |Di〉. The time-independent Schrödinger equation (1.5) has its matrix

representation as,

Hx = E0x, (1.6)

which is known as the FCI eigenvalue problem. The second-quantized Hamiltonian

operator as in (1.4) implies that Hi,j is nonzero if and only if |Di〉 can be obtained
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from |Dj〉 via changing at most two occupied spin-orbitals. Hence, we say that |Di〉

is H-connected with |Dj〉 if Hi,j is nonzero. The set of all indices i such that |Di〉

is H-connected with |Dj〉 is called the H-connected index set of j and is denoted as

IH(j). Since the cardinality of IH(j) is much smaller than NFCI, the matrix H is

extremely sparse.

The FCI eigenvalue problem is difficult in two aspects: the infamous fermion sign

problem and the exponential scaling of the problem size. By the construction of the

many-body Hilbert space H, we see that the dimension n is in the scaling of
(
norb
nelec

)
.

Therefore, even for a small quantum system, the size n can be hugh. For example, for

a water molecule H2O which consists of only 10 electrons, the dimension n is about

4.5× 108 if 48 spin-orbitals are used. For a slightly larger system, the dimension will

be beyond the imagination. So the dimension of FCI eigenvalue problem is extreme

high.

However, the FCI problem also has a good property. The magnitudes of co-

ordinates of the ground state eigenvector span widely. Many coordinates are rela-

tively negligible. Hence, although traditional methods, which treat all coordinates

evenly, are unfavorable for FCI problems, it is still possible to design novel algo-

rithms adapted to the properties of FCI which can solve the extreme high eigenvalue

problem.

In the literature of quantum chemistry and quantum physics, there are many al-

gorithms to solve FCI approximately besides the direct diagonalization of the FCI

Hamiltonian matrix [42]. The algorithms can be roughly organized into three groups.

The first group proposes an ansatz of the wavefunction vector, which greatly reduces

the degree of freedom while captures the structure, just as the neural network ansatz

in deep learning or the linear function ansatz in linear regression. Density matrix

renormalization group (DMRG) [96, 14, 63] is a representative of this group. DMRG
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adopts tensor train ansatz in representing the variational wavefunction. DMRG has

been routinely applied to study the ground and excited state of strongly correlated

π-conjugated molecules and one-dimensional systems [63]. The second group, like

full configuration interaction quantum Monte Carlo (FCIQMC) [8, 6, 57], assumes

that the ground state variational wavefunction can be represented as the empiri-

cal distribution of a large number of stochastic walkers. To reduce the variance of

the energy estimator and the required number of walkers, initiator-FCIQMC (iF-

CIQMC) [16] and semi-stochastic FCIQMC (S-FCIQMC) [70] are developed aiming

at a good trade-off between variance and bias. The third group first solves a selected

configuration interaction (SCI) problem and then conducts a perturbation calcula-

tion. This family of algorithms (SCI+PT), includes the early work on configura-

tion interaction by perturbatively selecting iteration (CIPSI) [36], and more recently,

adaptive configuration interaction (ACI) [75], adaptive sampling configuration inter-

action (ASCI) [91], etc. Heat-bath configuration interaction (HCI) [34] significantly

reduces the computational cost of the selected CI phase based on the information

from magnitudes of the double excitations. With perturbation, HCI is able to cal-

culate the ground state energy of a strongly correlated all electron chromium dimer

up to 1 mHa accuracy in Ahlrichs VDZ basis. More recently, semi-stochastic HCI

(SHCI) [79] further accelerates the perturbation phase with a stochastic idea similar

to FCIQMC.

1.3 Contributions

Per the previous discussion, we know that there is not enough understanding of

the eigenvalue problem of extreme high dimension. In the community of applied

mathematics, there are plenty of discussions of algorithms for eigenvalue problems.

However, they hardly work for high-dimensional problems. In the community of

6



quantum chemistry and quantum physics, there are many algorithms to approxi-

mately solve the FCI problem. However, they are mostly based on the intuition of

the background of physics and chemistry, thus lack of understanding in mathemat-

ics. We do not even know whether the algorithms converge to the true answer or

not. Also, most algorithms rely on the physical property of the problem too much,

which make it hard to extend to high-dimensional eigenvalue problems in other com-

munities. There is a huge gap between the community of applied mathematics and

the community of quantum chemistry and quantum physics. This is where my PhD

research contributes. We try to understand the algorithms proposed by quantum

chemists mathematically and try to propose new efficient algorithms for high dimen-

sional eigenvalue problems, especially for FCI eigenvalue problem. In more details,

we contribute in the following three aspects.

First, we establish a general framework to understand the recently proposed ran-

domized algorithms for FCI problem. In recent years, following the work of full

configuration interaction quantum Monte Carlo (FCIQMC) [8, 16], the idea of us-

ing randomized or truncated power method to solve the FCI eigenvalue problem has

become quite popular in quantum chemistry literature. However, the mathemati-

cal understanding of the randomized algorithms is missing. As we shall see, from

the angle of numerical linear algebra, these recent methods can be understood as

generalizations of conventional power method when inexact matrix-vector product is

used. As a result, the convergence of these methods can be dealt with by a simple

extension of the usual proof of convergence of power method. A natural consequence

of this understanding is that, to compare the various approaches, the crucial part

is to understand the error caused by different strategies of inexact matrix-vector

multiplication. Using this insights, we will compare a few of the recently proposed

randomized or truncated FCI methods analytically and also numerically.
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Second, we dive deeply into the coordinate descent methods (CDM) which could

be used to solve the LEVP problem. The LEVP naturally can be rewritten as the

following unconstrained optimization problem,

min
x∈Rn

∥∥A− xx>∥∥2

F
, (1.7)

where ‖·‖F denotes the Frobenius norm. Based on the eigendecomposition of A, it is

easy to verify that x = ±
√
λ1v1 are minimizers of (1.7), Therefore, if the optimization

problem (1.7) can be solved, the leading eigenpair (λ1, v1) can be reconstructed from

the minimizer x∗, i.e., λ1 = ‖x∗‖2 and v1 = x∗

‖x∗‖ . Such an unconstrained optimization

problem (1.7) has appeared before for solving eigenvalue problems [48, 55].

To solve the optimization problem (1.7), coordinate descent methods are a class

of strong competitors. Recently, as the rise of big data and deep learning, stochas-

tic iterative methods are revived and revisited to reduce the computational cost per

iteration, allow aggressive choice of stepsize, and fully adopt the modern computer

architecture. Stochastic gradient descent methods and coordinate descent methods

(CDMs) are two popular groups of methods among them. Considering CDMs, when

single coordinate is updated every iteration, they only access one column of A each

iteration and hence cost O(n) operations per-iteration for n being the size of the

problem. Meanwhile, the stepsize could be often n times bigger than that in the tra-

ditional gradient descent method for convex objective function [61, 71, 97]. Massive

parallelization capability is also observed [52, 53, 66, 87, 102], which is achieved mostly

via its “asynchronized” property of different coordinates. 1 We develop and analyze

methods within the scope of coordinate descent methods addressing the LEVP.

Third, we propose a novel efficient algorithm named Coordinate descent FCI (CD-

FCI) for the FCI eigenvalue problem based on the coordinate descent methods[95].

1Although different coordinates can be updated in an asynchronized way, these stochastic iterative
methods still requires synchronization every now and then.
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CDFCI belongs to the third group method (SCI+PT) in our classification of FCI

algorithms. Our goal is to improve the variational stage of the computation i.e., the

selective CI part. Our proposed algorithm, CDFCI, is an adaptive coordinate-wise

(i.e., determinant-wise) iterative method. It updates the coefficient of an apprecia-

tive determinant each iteration and has the nice feature of visiting determinants with

different frequencies proportional to their importance. As not all determinants con-

tribute equally to the ground state wavefunction, CDFCI is able to efficiently capture

the important part of the FCI space and obtain a good approximation to the ground

state. Figure 1.1 indicates the relation between the updating frequency of determi-

nants and magnitudes of the determinant coefficients of the ground state wavefunction

for an all-electron C2 calculation with cc-pVDZ basis by CDFCI. Coefficients of con-

figuration interaction wavefunction are sorted in a decreasing order based on their

magnitudes. Smaller panel shows the results of the largest 200 coefficients. As shown

in Figure 1.1, many coefficients are only updated once throughout iterations, which

shows the efficiency of the updating strategy in CDFCI. During iterations, CDFCI

also compresses those unappreciative determinants through hard thresholding. Our

implementation philosophy of CDFCI is to reserve memory resource for storing vari-

ational wavefunction as much as possible, hence, the Hamiltonian matrix is evaluated

on-the-fly. Eventually, CDFCI is able to capture the binding curve of all-electron N2

with cc-pVDZ basis up to 6 digits accuracy in one week and compute the ground

state energy of all-electron Cr2 with Ahlrichs VDZ basis to −2086.443565 Ha, which

is the state-of-the-art variational result.

1.4 Notations and Organization

Throughout this thesis, we define some common notations, as shown in Table 1.1.

These notations will be used without further explanation for the rest of the paper.
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Table 1.1: Common notations.

Notation Explanation
n the size of the problem
i, j coordinate index
Ω a set of coordinate index
k the size of Ω
` the iteration index
α, β real coefficients
λ, λ1 an eigenvalue and the largest eigenvalue
v, v1 an eigenvector and the eigenvector associated with λ1

ei indicator vector with one on the i-th entry and zero everywhere else
x, y, z vectors
x(`) the vector of the `-th iteration
xi the i-th entry of vector x
xΩ a vector with entries indexed by Ω of x
A the matrix under consideration
I identity matrix, the size may depend on the context
Ai,j the (i, j)-th entry of matrix A
Ai,:, A:,j the i-th row and the j-th column of matrix A
‖·‖F , ‖·‖2 Frobenius norm and 2-norm
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Figure 1.1: Correlation between the updating frequencies and magnitudes of the
ground state wavefunction by CDFCI.

Some of the notations in Table 1.1 can be used in a combined way, e.g., x(`)
i

denotes the i-th entry of the vector x at `-th iteration. The set of coordinate index,

Ω, can also be applied to the subscript of a matrix, e.g., A:,Ω denotes the columns of

A with index in Ω. Notice that Frobenius norm and 2-norm are different measure for

a matrix, but they are the same measure acting on a vector. Therefore, we will drop

the subscript of the norm for vectors, i.e., ‖x‖ = ‖x‖2 = ‖x‖F .

The rest of this thesis is organized as follows. Chapter 2 establishes the frame-

work of inexact power iteration and establish the convergence theorems for several

randomized algorithms including full configuration interaction quantum monte carlo

(FCIQMC) and fast randomized iteration (FRI). Chapter 3 formulates the LEVP

as an optimization problem, and analyzes and compares several coorinate descent

methods. Chapter 4 proposed the Coordinate descent FCI for FCI problem. Chapter

5 shows the numerical experiments of the algorithms considered. Chapter 6 is the

conclusion.
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Chapter 2

Inexact Power Iteration

2.1 Introduction

In this chapter, we propose a general analysis framework for inexact power itera-

tion, which can be used to efficiently solve LEVP. Under the proposed framework,

we establish the convergence theorems for several recently proposed randomized algo-

rithms, including the full configuration interaction quantum Monte Carlo (FCIQMC)

and the fast randomized iteration (FRI).

To obtain the largest eigenvalue and the corresponding eigenvector, one of the

simplest algorithm is standard power iteration, given by

z(`+1) = Ax(`);

x(`+1) = z(`+1)/
∥∥z(`+1)

∥∥
2

with some initial guess x(0) and iterate till convergence. The algorithm is simple to

understand: The matrix multiplication Ax(`) amplifies x(`) in the leading eigenspace.

The convergence of the algorithm is also well known: As long as the initial vector

satisfies that v>1 x(0) is nonzero and there exists an eigengap (λ1 > λ2), the subspace

spanx(`) converges to the eigenspace span v1 linearly as `→∞ with rate proportional

to λ2/λ1.

Since only the convergence of subspace is of interest, the norm of the vector x(`)

plays no role. Hence the normalization step of power iteration may be omitted

x(`+1) = Ax(`).

This is equivalent with the original power method. Of course, in practical computa-

tions, the normalization is important to avoid issues like arithmetic overflow.
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Motivated by the recent proposed algorithms in quantum chemistry literature, in

this work, we take the view point that we cannot afford (or choose not to perform) the

matrix-vector multiplication z(`+1) = Ax(`) exactly. Among other applications, such

a scenario naturally arises when the dimension of the matrix A is extremely large, so

that even storage of the vector z(`+1) (even in sparse format) is too expensive. For

example, this is a common situation for FCI calculations in quantum chemistry since

the dimension of the matrix A grows exponentially with respect to the number of

electrons in chemical system.

Thus, in power iteration, we would replace the matrix multiplication step by a

map

z(`+1) = Fm(A, x(`)). (2.1)

Here, given the matrix A and the current iterate x(`), the map Fm, either deterministic

or stochastic, outputs an approximation of the product z(`+1) ≈ Ax(`). Different

choices of Fm corresponds to various recently proposed algorithms, as will be discussed

below. We have used the indexm to indicate the “complexity” (computational cost) of

Fm, the specific meaning depends on the choice of the family of maps. Replacing the

matrix-vector multiplication by (2.1), we get Inexact Power Iteration Algorithm 1a

13



and its unnormalized version 1b.

Algorithm 1a: Inexact Power Iteration
Initialization: Choose a normalized vector x(0) ∈ Rn,

∥∥x(0)
∥∥

2
= 1, v>1 x(0) 6= 0.

for ` = 0, 1, 2, · · · , while not converged do
z(`+1) = Fm(A, x(`));
x(`+1) = z(`+1)/

∥∥z(`+1)
∥∥

2
;

end

Algorithm 1b: Inexact Power Iteration without Normalization
Initialization: Choose a vector x(0) ∈ Rn, v>1 x(0) 6= 0.
for ` = 0, 1, 2, · · · , while not converged do

x(`+1) = Fm(A, x(`));
end

Notice that the two versions of inexact power iteration Algorithm 1a and 1b are

equivalent if the function Fm(A, ·) is homogeneous; we will make this as a standing

assumption in our analysis.

Various inexact matrix-vector multiplication has been proposed in the literature

for configuration interaction calculations, either deterministic or stochastic, see e.g.,

earlier attempts in [36, 10, 32, 37, 19, 27, 28, 38, 1], the FCIQMC approach [8, 6, 16, 5,

76], the semi-stochastic approach [70, 4, 33, 79], other stochastic approaches [88, 25,

50], and various deterministic strategies for compressed or truncated representation

of the wave functions [72, 73, 58, 22, 41, 104, 91, 54, 74, 106, 105]. In this work, we

will focus on two of such strategies: the full configuration-interaction quantum Monte

Carlo (FCIQMC) [8, 16] and the fast randomized iteration (FRI) [50]. In some sense,

these methods represent two ends of the spectrum of the possibilities; so that the

analysis of those can be easily extended to other methodologies. The FCIQMC uses

interacting particles to represent the vector x(`) and stochastic evolution of particles

to represent the action of the matrix A on the vector x(`). The FRI on the other hand

is based on exact matrix-vector multiplication and stochastic schemes to compress

the resulting vectors into sparse ones with given number of nonzero entries. These
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algorithms will be discussed and analyzed in Section 2.3, following the general analysis

framework we establish in Section 2.2.

The rest of the chapter is organized as the following. In Section 2.2, we provide a

convergence analysis for a generic class of inexact power iteration. In Section 2.3, we

give more details of FCIQMC and FRI and analyze them following the convergence

analysis established in Section 2.2.

2.2 General convergence analysis of inexact power
iteration

As an advantage of taking a unified framework of various algorithms, the convergence

of those can be understood in a fairly generic way, which also facilitates comparison

of different proposed strategies. In this section, we establish a general convergence

theorem of the inexact power iteration.

The convergence of the iteration to the desired eigenvector will be measured in

the angle of the vectors. Recall that the angle between two vectors v and w is given

by

θ(v, w) = arccos

(
|〈v, w〉|
‖v‖2‖w‖2

)
. (2.2)

From the definition, it is obvious that θ(v, w) = θ(av, bw) for any vectors v, w and

real numbers a, b. In view of this insensitivity of the constant multiple of vectors in

the error measure, if the inexact matrix-vector multiplication Fm(A, x(`)) satisfies the

homogeneity assumption below, the two versions of inexact power iterations with or

without normalization Algorithm 1a and 1b are equivalent.

Assumption 2.2.1 (Homogeneity).

Fm(A, cx) = cFm(A, x), (2.3)
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for all vectors x ∈ Rn and real number c ∈ R.

More precisely, if the initial vectors of the two algorithms are the same up to a

number y(0) = c0x
(0), then there exist numbers c` such that y(`) = ctx

(`) for all `.

Therefore, θ(v1, y
(`)) = θ(v1, x

(`)). In the following, when we analyze the algorithm,

we will always use x(`) for the unnormalized iterate and y(`) for the normalized version

y(`) = x(`)/
∥∥x(`)

∥∥
2
.

To analyze the effect of the inexact matrix-vector multiplication, we write

Fm(A, x(`−1)) as a sum of the exact matrix-vector product with an error term

x(`) = Fm(A, x(`−1)) = Ax(`−1) + ξ(`), (2.4)

where ξ(`) is the error of the inexact multiplication at step `, and the dependence on

m is suppressed to keep the notation simple. Note that ξ(`) can be either deterministic

or stochastic depending on the choice of Fm. For example, ξ(`) is deterministic for the

hard thresholding compression and stochastic for both FCIQMC and FRI methods.

While we will proceed viewing x(`) as a stochastic process, the results apply to the

deterministic case as well.

Denote F` = σ(x(1), x(2), · · · , x(`)) the σ-algebra generated by x(1), x(2), · · · , x(`).

We assume that error ξ(`) satisfies the following properties. Note that this assumption

holds for both FCIQMC and FRI algorithms, as we will prove in Section 2.3.

Assumption 2.2.2. The error ξ(`) in the inexact matrix-vector product (2.4) satisfies

a) Martingale difference sequence condition

E (ξ(`) | F`−1) = 0. (2.5)

b) Expectation 2-norm bound

E (
∥∥ξ(`)

∥∥2

2
| F`−1) ≤ Ce

‖A‖2
1

∥∥x(`−1)
∥∥2

1

m
, (2.6)
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where Ce is a constant that is scale invariant of A (i.e., it does not depend on

the norm of A).

c) Growth of expectation 1-norm bound

E (
∥∥x(`)

∥∥
1
| F`−1) ≤ ‖A‖1

∥∥x(`−1)
∥∥

1
. (2.7)

A few remarks are in order to help appreciate the Assumption 2.2.2. The mar-

tingale difference sequence property is just assumed here for convenience, in fact the

convergence result extends to the biased case as we will see in Corollary 2.2.5. The

other two assumptions are more essential. Assumption 2.2.2b indicates that the error

of the inexact matrix-vector product Fm(A, x(`−1)) can be controlled by the sparsity

of the x(`−1), as the 1-norm of x(`−1) is a sparsity measure. This is a natural as-

sumption considering that the compression of a vector would be easier if the vector

is more sparse. The bound depends proportional to inverse of m, so that one could

control the error of the inexact matrix-vector multiplication at the price of increasing

the complexity. Note that 1/m dependence can be understood as a standard Monte

Carlo error scaling. More detailed discussions can be found in Section 2.3 when spe-

cific algorithms are analyzed. Assumption 2.2.2c then assumes that the sparsity is

not destroyed by the error in the iteration; since otherwise we will lose control of the

accuracy of the inexact matrix-vector multiplication.

We now state the convergence theorem for the inexact power iteration Algorithms

1a and 1b. The theorem provides a convergence guarantee with high probability given

that the complexity parameter is sufficiently large with the number of iteration steps

L chosen properly. Note that the logarithmic dependence of L on the spectral gap

λ1/λ2 and the error criteria δ and ε is expected from the standard power method.

The dependence of m0, the complexity parameter, on the ratio of the 1-norm and 2-

norm of A is due to the competition between the 1- and 2-norm growth of the iterate,
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where the 1-norm matters for the control of the error of the inexact matrix-vector

product.

Theorem 2.2.3. For the inexact power iteration Algorithm 1b, under Assumption 2.2.2,

for any precision ε > 0 and small probability δ ∈ (0, 1), there exist time

L = log(λ1/λ2)−1 log

(
2
√

2√
δε cos θ(v1, x(0))

)
(2.8)

and measure of complexity

m0 =
4Ce

δε2
(
cos θ(v1, x(0))

)2

∥∥x(0)
∥∥2

1

‖x(0)‖2
2

L

(
‖A‖1

‖A‖2

)2L

, (2.9)

such that with probability at least 1− 2δ, for any m ≥ m0, it holds

tan θ(v1, x
(L)) ≤ ε (2.10)

Moreover, if Assumption 2.2.1 is satisfied, the same result holds for Algorithm 1a.

Before proving the theorem, let us collect a few immediate consequences of As-

sumption 2.2.2. The proof is obvious and will be omitted.

Lemma 2.2.4. If the error ξ(`) satisfies Assumption 2.2.2, we have

a) The error is unbiased

E ξ(`) = 0. (2.11)

b) The error at different step is uncorrelated, in particular

E ξ(`)>Arξ(s) = 0 (2.12)

for any ` 6= s and for all non-negative integer r.
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c) The expected 2-norm of the error can be controlled as

E
∥∥ξ(`)

∥∥2

2
≤ Ce‖A‖2`

1

∥∥x(0)
∥∥2

1

m
. (2.13)

Proof of Theorem 2.2.3. From the iteration of Algorithm 1b, we obtain

x(`) = Ax(`−1) + ξ(`)

= Atx(0) + A`−1ξ(1) + · · ·+ Aξ(`−1) + ξ(`).

Since the error ξ(`) is unbiased, we have

Ex(`) = Atx(0).

We now control the variance of x(`). Since ξ(`) is uncorrelated, we have

Ex(`)>x(`) = x(0)>A2`x(0) + E ξ(1)>A2`−2ξ(1) + · · ·E ξ(`−1)>A2ξ(`−1) + E ξ(`)>ξ(`).

Thus,

Ex(`)>x(`) − Ex(`)>Ex(`) = E ξ(1)>A2`−2ξ(1) + · · ·E ξ(`−1)>A2ξ`−1 + E ξ(`)>ξ(t).

Using Lemma 2.2.4, we estimate∣∣∣Ex(`)>x(`) − Ex(`)>Ex(`)
∣∣∣ =

∣∣∣E ξ(1)>A2`−2ξ(1) + · · ·+ E ξ(t−1)>A2ξ(t−1) + E ξ(`)>ξ(`)
∣∣∣

≤ E
∣∣∣ξ(1)>A2`−2ξ(1)

∣∣∣+ · · ·+ E
∣∣∣ξ(`−1)>A2ξ(`−1)

∣∣∣+ E
∣∣∣ξ(`)>ξ(`)

∣∣∣
≤ λ2`−2

1 E
∣∣∣ξ(1)>ξ(1)

∣∣∣+ · · ·+ λ2
1E
∣∣∣ξ(`−1)>ξ(`−1)

∣∣∣+ E
∣∣∣ξ(`)>ξ(`)

∣∣∣
≤ Ce

‖A‖2
1

∥∥x(0)
∥∥2

1

m

(
λ2`−2

1 + · · ·+ λ2
1‖A‖

2`−4
1 + ‖A‖2`−2

1

)

= Ce
‖A‖2

1

∥∥x(0)
∥∥2

1

m

‖A‖2`
1 − ‖A‖

2`
2

‖A‖2
1 − ‖A‖

2
2

,
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where in the last step, we used the fact that λ1 = ‖A‖2 since λ1 is the largest

eigenvalue. Recall that for symmetric matrix, ‖A‖1 ≥ ‖A‖2, hence we have

∣∣∣Ex(`)>x(`) − Ex(`)>Ex(`)
∣∣∣ ≤ Ce

∥∥x(0)
∥∥2

1

m
`‖A‖2`

1 . (2.14)

By analogous arguments for

Ex(`)x(`)>−Ex(`)Ex(`)> = EA`−1ξ(1)ξ(1)>A`−1 + · · ·+EAξ(`−1)ξ(`−1)>A+E ξ(`)ξ(`)>,

we get

∥∥Ex(`)x(`)> − Ex(`)Ex(`)>∥∥
2
≤ Ce

∥∥x(0)
∥∥2

1

m
`‖A‖2`

1 . (2.15)

Let us now estimate the angle between x(`) and v1 – the eigenvector associated

with the largest eigenvalue. By definition,

(
tan θ(v1, x

(`))
)2

=

∥∥x(`)
∥∥2

2
− (v>1 x

(`))2

(v>1 x
(`))2

. (2.16)

For the denominator, we know the expectation

E v>1 x(`) = v>1 A
`x(0) = λ`1(v>1 x

(0)),

and the variance

δ
(
v>1 x

(`)
)

= v>1 (Ex(`)x(`)> − Ex(`)Ex(`)>)v1

≤
∥∥∥Ex(`)x(`)> − Ex(`)Ex(`)>

∥∥∥
2

(2.15)
≤ Ce

∥∥x(0)
∥∥2

1

m
`‖A‖2`

1 .

The Chebyshev inequality implies that

P
(∣∣v>1 x(`) − λ`1v>1 x(0)

∣∣ ≥√Ce`

mδ

∥∥x(0)
∥∥

1
‖A‖`1

)
≤ δ,
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and hence, as
∣∣λ`1v>1 x(0)

∣∣− ∣∣v>1 x(`)
∣∣ ≤ ∣∣v>1 x(`) − λ`1v>1 x(0)

∣∣,
P
(∣∣v>1 x(`)

∣∣ ≤ ∣∣λ`1v>1 x(0)
∣∣−√Ce`

mδ

∥∥x(0)
∥∥

1
‖A‖`1

)
≤ δ,

or equivalently

P
(∣∣v>1 x(`)

∣∣2 ≤ (∣∣λ`1v>1 x(0)
∣∣−√Ce`

mδ

∥∥x(0)
∥∥

1
‖A‖`1

)2)
≤ δ,

For the numerator of (2.16), the expectation is

E
(∥∥x(`)

∥∥2

2
− (v>1 x

(`))2
)

=
n∑
i=2

v>i Ex(`)x(`)>vi

=
n∑
i=2

v>i (Ex(`)x(`)> − Ex(`)Ex(`)>)vi +
n∑
i=2

(v>i Ex(`))2

≤ tr
(
Ex(`)x(`)> − Ex(`)Ex(`)>

)
+ λ2`

2

∥∥x(0)
∥∥2

2

= (Ex(`)>x(`) − Ex(`)>Ex(`)) + λ2`
2

∥∥x(0)
∥∥2

2

(2.14)
≤ Ce

∥∥x(0)
∥∥2

1

m
`‖A‖2`

1 + λ2`
2

∥∥x(0)
∥∥2

2
.

By Markov inequality, for any δ ∈ (0, 1)

P

(∥∥x(`)
∥∥2

2
− (v>1 x

(`))2 ≥ 1

δ

(
Ce

∥∥x(0)
∥∥2

1

m
`‖A‖2`

1 + λ2`
2

∥∥x(0)
∥∥2

2

))
≤ δ.

Therefore,

P

(tan θ(v1, x
(`))
)2 ≤ 1

δ

Ce
‖x(0)‖2

1

m
`‖A‖2`

1 + λ2`
2

∥∥x(0)
∥∥2

2(∣∣λ`1v>1 x(0)
∣∣−√Ce`

mδ
‖x(0)‖1‖A‖

`
1

)2

 ≥ 1− 2δ. (2.17)

We can explicitly check then with the choices (2.8) and (2.9), for m ≥ m0, we have

P
(
tan θ(v1, x

(L)) ≤ ε
)
≥ 1− 2δ,
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thus the claim of the theorem.

As mentioned above, it is possible to drop the martingale difference sequence

condition in Assumption 2.2.2 and get a similar result. The reason is that the second

moment bound (2.6) can be used to control the bias of ξ(t). We state this as the

following theorem.

Theorem 2.2.5. For the inexact power iteration Algorithm 1b, under the Assump-

tions 2.2.2(b) and 2.2.2(c), for any precision ε > 0 and small probability δ ∈ (0, 1),

there exist time

L = log(λ1/λ2)−1 log

(
4√

δε cos θ(v1, x(0))

)
(2.18)

and measure of complexity

m0 =
8Ce

δε2
(
cos θ(v1, x(0))

)2

∥∥x(0)
∥∥2

1

‖x(0)‖2
2

L2

(
‖A‖1

‖A‖2

)2L

, (2.19)

such that with probability at least 1− 2δ, for any m ≥ m0, it holds

tan θ(v1, x
(L)) ≤ ε (2.20)

Moreover, if Assumption 2.2.1 is satisfied, the same result holds for Algorithm 1a.

Proof. Note that

v>1 x
(`) = v>1 A

`x(0) + v>1 A
`−1ξ(1) + · · ·+ v>1 Aξ

(`−1) + v>1 ξ
(`)

= λ`1v
>
1 x

(0) + λ`−1
1 v>1 ξ

(1) + · · ·+ λ1v
>
1 ξ

(`−1) + v>1 ξ
(`),
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so we get

E (v>1 x
(`) − λ`1v>1 x(0))2 = E (λ`−1

1 v>1 ξ
(1) + · · ·+ λ1v

>
1 ξ

(`−1) + v>1 ξ
(`))2

=
∑̀
i,j=1

λ2`−i−j
1 E v>1 ξ(i)ξ(j)>v1

≤
∑̀
i,j=1

λ2`−i−j
1

(
E
∥∥ξ(i)

∥∥2

2
E
∥∥ξ(j)

∥∥2

2

)1/2

≤ Ce`
2‖A‖2`

1

∥∥x(0)
∥∥2

1

m
.

Moreover,

E
(∥∥x(`)

∥∥2

2
− (v>1 x

(`))2
)2

=
n∑
i=2

(v>i A
`x(0))2 + 2

n∑
i=2

∑̀
b=1

E v>i A`x(0)ξ(b)>A`−bvi

+
n∑
i=2

∑̀
a=1

∑̀
b=1

E v>i A`−aξ(a)ξ(b)>A`−bvi

≤ λ2`
2

∥∥x(0)
∥∥2

2
+ 2`

√
Ceλ

`
2

∥∥x(0)
∥∥

2
‖A‖`1

∥∥x(0)
∥∥

1√
m

+ `2Ce‖A‖2`
1

∥∥x(0)
∥∥2

1

m

≤ 2λ2`
2

∥∥x(0)
∥∥2

2
+ 2`2Ce‖A‖2`

1

∥∥x(0)
∥∥2

1

m
,

where the Cauchy-Schwarz inequality is used in the last line. Thus we can again use

the Markov inequality to bound both numerator and denominator on the right hand

side of (2.16) to obtain the claimed result.

2.3 Algorithms

In this section, we will review two stochastic power iteration methods recently pro-

posed in the literature: full configuration-interaction quantumMonte Carlo (FCIQMC)
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[8] and fast randomized iteration (FRI) [50]. They can be analyzed in the same frame-

work we established in the previous section. In particular, we prove the convergence

of the two algorithms using Theorem 2.2.3. We focus on these two methods since in

some sense they represent two opposite ends of strategies inexact matrix-vector mul-

tiplications. It is possible to combine the ideas and get a zoo of different approaches,

which possibly yield better results; and our analysis can be extended to these as

well. We will also comment on two variants: iFCIQMC and hard thresholding (HT),

closely related to the FCIQMC and FRI approaches.

Without loss of generality, we will assume the matrix A is close to the identity

matrix and thus the eigenvalues λi are close to 1 (we can always scale and center the

original matrix so that this is true).

2.3.1 Full configuration-interaction quantum Monte Carlo

Algorithm Description

FCIQMC is an algorithm originated in quantum chemistry literature to calculate the

ground energy of a many-body electron system by a Monte Carlo algorithm for the

full configuration-interaction of the many-body Hamiltonian [8].

Let the Hamiltonian be a real symmetric matrix H ∈ Rn×n under the Slater

determinant basis. To find the ground state (the smallest eigenvector) of H, we write

A = I − δH for δ > 0 sufficiently small and hence focus on the largest eigenvalue of

A; this can be viewed as a first order truncation of the Taylor series of e−δH . It is

also possible to construct other variants of A from H, which we will not go here.

The FCIQMC can be viewed as a stochastic inexact power iteration for finding

the largest eigenvector of A, which corresponds more naturally to the unnormalized

version of the inexact power iteration (Algorithm 1b). In the algorithm, the vector

x(`) is not stored as a vector, but represented as a collection of “signed particles”
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{α(`,i)}M`
i=1, whereM` is the number of signed particles at iteration step `. Each signed

particle α has two attributes: location locα ∈ {1, 2, · · · , n} and sign sα ∈ {1,−1}.

Denote ei ∈ Rn the standard basis vector with value 1 at its i-th component and 0 at

every other component. Then each signed particle α represents a signed unit vector

α = sαelocα . The vector x(`) ∈ Zn is given by the sum of all signed particles at time

`:

x(`) =

M∑̀
i=1

α(`,i). (2.21)

With some ambiguity of notation, we refer to both the set of particles and the corre-

sponding vector as x(`), connected by (2.21). As we always assume that the particles

with opposite signs on the same location are annihilated (see the annihilation step

in the algorithm description below), the vector x(`) uniquely determines the set of

particles.

In FCIQMC, the inexact matrix-vector multiplication Fm(A, x(`)) consists of three

steps of particle evolution: spawning, diagonal death/cloning and annihilation. Write

A = Ad +Ao with Ad the diagonal part and Ao the off-diagonal part. The spawning

step approximates Aox(`); the diagonal death / cloning step approximates Adx(`), and

the annihilation step sums up the results from the previous two steps and approxi-

mates the summation Ax(`) = Aox
(`) + Adx

(`). The three steps will be described in

more details below.

Spawning. Each signed particle α (we suppress the index of α(`,i) to simplify no-

tation) is allowed to spawn a child particle to another location, corresponding to a

nonzero component of Aoα = sαAo(:, locα).1 The location of spawning is chosen at

random, with probability ploc(loc | locα), which is chosen in the original FCIQMC al-

gorithm to be uniformly random over all nonzero components of Aoα for some simple

1MATLAB notation A(:, loc) is used to denote the loc-th column of A.
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Hamiltonian H. In general, ploc(· | locα) can be more complicated; we refer readers

to [8] for more details. In the following of the paper, ploc(· | locα) is assumed to be

uniform distribution over all nonzero components of Aoα, while our analysis can be

extended to other choice of ploc(· | locα).

Once the location loc is chosen, n′ (possibly 0) children particles are spawned

with the same sign s = sgn(Ao(loc, locα)sα) determined by the sign of vector entry

(Aoα)(loc) and the particle α. The location loc and number n′ are stochastically

chosen such that the overall step gives an unbiased estimate of Aoα:

E (n′seloc | α) = Aoα. (2.22)

Please refer Algorithm 2a for details.

Algorithm 2a: FCIQMC - Spawning
Input : Set of particles: {α(`,i)}i=1,...,M , matrix A
Output: New set of particles after spawning: {α(`+1,j), sp}j=1,...,Msp

M sp = 0;
for each particle α ∈ {α(`,i)}i=1,...,M do

Select a spawning location loc with probability ploc(loc | locα);
Determine the expected number of children

Q =
|Ao(loc, locα)|
ploc(loc | locα)

;

Randomly choose the number of children

n′ =

{
bQc w.p. 1− (Q− bQc)
bQc+ 1 w.p. Q− bQc

Assign sign of each children as
s = sgn(Ao(loc, locα)sα) = sgn

(
(Aoα)(loc)

)
;

Increase the number of particles M sp = M sp + n′;
Add n′ particles with location loc and sign s into the spawning set
{α(`+1,j),sp}.

end

Diagonal cloning / death. This step represents Adx(`) as a collection of particles

in an analogous way to the spawning step. For every signed particle α, we would
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consider children particles on the location locα (i.e., the location of the new particles

is chosen to be locα) and obtain an unbiased representation

E (n′selocα | α) = Adα. (2.23)

The details can be found in Algorithm 2b, the key steps are similar to Algorithm 2a.

Algorithm 2b: FCIQMC - Diagonal cloning / death
Input : Set of particles: {α(`,i)}i=1,...,M , matrix A
Output: New set of particles after diagonal cloning / death:

{α(`+1,j), diag}j=1,...,Mdiag

Mdiag = 0;
for each particle α ∈ {α(`,i)}i=1,...,M do

Determine the expected number of children at locα

Q = |A(locα, locα)|,

Randomly choose the number of children

n′ =

{
bQc w.p. 1− (Q− bQc)
bQc+ 1 w.p. Q− bQc

Assign sign of each children as s = sgn
(
(Adα)(locα)

)
;

Increase the number of particles Mdiag = Mdiag + n′;
Add n′ particles with location locα and sign s into the set {α(`+1,j),diag}.

Annihilation. The annihilation step merges the children particles from the previous

two steps and remove all pairs of particles with the same location and opposite

signs. If we denote x(`+1,sp) and x(`+1,diag) the corresponding vector representation of

the particles are the spawning and diagonal cloning / death steps, the annihilation

steps create a collection of particles representing the new vector x(`+1) = x(`+1,sp) +

x(`+1,diag). Applying the three steps above to the particles representing x(`), we obtain

the new set of particles x(`+1) at time `+ 1. Since by construction

E (x(`+1,sp) | x(`)) = Aox
(`), and E (x(`+1,diag) | x(`)) = Adx

(`),
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we have on expectation

E (x(`+1) | x(`)) = Ax(`). (2.24)

In terms of the notations used in the framework of inexact power iteration, x(`+1)

represented using particles can be viewed as the approximate matrix-vector product

Fm(A, x(`)):

Fm(A, x(`)) := x(`+1) =

M`+1∑
i=1

α(`+1,i) = Ax(`) + ξ(`+1), (2.25)

where ξ(`+1) is introduced in the last equality to denote the error from the approximate

matrix-vector multiplication through the stochastic particle representation. As we

will show in the analysis below, the accuracy of FCIQMC iteration is controlled by

the number of particles M`; and thus it plays the role of the complexity parameter

m in our general framework. We would drop the subscript m for Fm in the sequel for

FCIQMC, as the complexity parameter is implicit.

Now that we have defined the inexact matrix-vector multiplication F (A, x(`)) in

FCIQMC, we may apply this in the inexact power iteration as Algorithm 1b. How-

ever, this can be problematic in practice. Recall that A = I − δH is assumed to be a

perturbation of identity so its eigenvalue is around 1. If the largest eigenvalue of A is

strictly larger than 1, when the signed particles become a good approximation to the

leading eigenvector, the number of particles M` will grow exponentially with rate λ1,

which quickly increases the computational cost and memory requirement. It is also

possible (while the probability is tiny) that the number of particles may decrease to

0 due to the randomness.

In practice, it is desirable to have controls on the number of particles to make

the algorithm more stable. One such strategy is to introduce a shift s` ∈ R and use

matrix

Ã = A+ δs`I = I − δ(H − s`I) (2.26)
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instead of A at the `-th step. Notice that s` only shifts the eigenvalues while not

changing the eigenspace. The shift s` is adjusted dynamically to control the number

of particles. With such shifts, the full FCIQMC algorithm is presented in Algorithm 2.

Algorithm 2: FCIQMC
Initialization: ` = 0 and set initial particles x(0).
while M` ≤M target, the target population do

// Phase 1: FCIQMC with fixed shift s0

Spawning step: Use algorithm 2a with x(`) and A+ δs0I to get particle
set x(`+1,sp);

Diagonal death / cloning step: Use algorithm 2b with x(`) and A+ δs0I
to get particle set x(`+1,diag);

Annihilation step to get the particle set of the next time step
x(`+1) = x(`+1,sp) + x(`+1,diag);

Update M` and set ` = `+ 1;
end
Set s` = s0; // Initialize the dynamic shift
while ` < `max do

// Phase 2: FCIQMC with dynamic shift s`
Spawning step: Use algorithm 2a with x(`) and A+ δs`I to get particle
set x(`+1,sp);

Diagonal death / cloning step: Use algorithm 2b with x(`) and A+ δs`I
to get particle set x(`+1,diag);

Annihilation step: Merge the two set of particles
x(`+1) = x(`+1,sp) + x(`+1,diag);

Update the shift s` as

s` =

s`−q −
η

q

(
lnM` − lnM`−q

)
, if ` = 0 (mod q),

s`−1, otherwise;
(2.27)

Update M` and set ` = `+ 1;
end

The Algorithm 2 contains two phases for different strategies of choosing the shifts

and thus controlling the particle population. In Phase 1, the shift is fixed to be s0,

which is chosen such that |A(i, i)− s0| ≥ 1 for all i so that the particle number is

most likely to grow exponentially till the target population M target. In the second

phase, the shift is dynamically adjusted, so to control the growth of the population
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by a negative feedback loop. The target number of populationM target is chosen to be

sufficiently large that the variance is small enough to ensure convergence. It plays the

role as the ‘complexity’ m in Theorem 2.2.3. η and q are two parameters to control

the fluctuation of number of particles. For the details of the parameter choices, we

refer the readers to the original paper on FCIQMC [8] for details.

Energy Estimator. Several estimators can be used to estimate the smallest eigen-

value of H based on the FCIQMC Algorithm 2, which is just a linear transformation

of the largest eigenvalue λ1 of A. One estimator is simply the shift s`. When the algo-

rithm converges, x(`) is approximately proportional to the eigenvector v1. Since s` is

adjusted to control the number of particles steady, the largest eigenvalue of A+δs`I is

approximately 1, hence connecting s` with the desired eigenvalue estimate, cf. (2.26).

The other estimator we will consider is the projected energy estimator

E` =
v>∗ Hx

(`)

v>∗ x
(`)

.

Here v∗ is some fixed vector, for example the Hartree-Fock state of the system. It is

clear that when x(`) becomes a good approximation of the eigenvector v1, E` gives a

good estimate of the leading eigenvalue. In the numerical examples, we will focus on

the projected energy estimator, since it can be applied to all algorithms we consider

in this work (while shift estimator is unique for FCIQMC, in practice, it gives similar

results compared to the projected energy estimator).

Convergence Analysis

Since FCIQMC can be viewed as an inexact power iteration as in (2.25), we apply

Theorem 2.2.3 to analyze the convergence of FCIQMC. For simplicity, we will focus

on the case that the shift is constantly 0, s` = 0, since the shift does not affect the

eigenvector which is the main focus of Theorem 2.2.3. The probability distribution
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in the spawning step ploc(· | locα) is assumed to be uniform distribution over all the

nonzero entries of Ao(:, locα). To avoid some degenerate case, we will assume that

each diagonal entry of A is non-zero and each column of A has more than 2 nonzero

entries (so there is at least one possible location for children particles in the spawning

step).

We now check the three conditions in Assumption 2.2.2. The unbiasedness is

guaranteed by construction as discussed above for the FCIQMC algorithm, we have

E (x(`+1) | F`) = Ax(`), (2.28)

or equivalently, the error ξ(`) is a martingale difference sequence:

E (ξ(`+1) | F`) = 0. (2.29)

The expectation 2-norm bound is established in the following proposition.

Proposition 2.3.1. For the inexact matrix-vector multiplication (2.25) in FCIQMC

Algorithm 2, the error ξ(`) satisfies

E
(∥∥ξ(`+1)

∥∥2

2
| F`

)
≤
(

max
1≤k≤n

(‖ak‖0 − 2)‖ao,k‖2
2 +

1

2

) ∥∥x(`)
∥∥2

1

Mt

, (2.30)

where ak = A(:, k) is the k-th column vector of A, and ao,k is the k-th column vector

of Ao, thus ao,k equals ak except for the k-th entry ao,k(k) = 0.

Proof. Since each particle evolves independently,

F (A, x(`)) = F
(
A,

M∑̀
i=1

α(`,i)
)

=

M∑̀
i=1

F (A,α(`,i)).

Moreover F (A,α
(`,i)
) and F (A,α(`,j)) are independent for i 6= j conditioned on F`.

By construction, F (A,α(`,i)) is unbiased, i.e.,

E
(
F (A,α(`,i))− Aα(`,i) | F`

)
= 0.
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Therefore,

E (
∥∥ξ(`+1)

∥∥2

2
| F`) = E

(∥∥∥∥ M∑̀
i=1

(F (A,α(`,i))− Aα(`,i))

∥∥∥∥2

2

| F`
)

= E
(( M∑̀

i=1

F (A,α(`,i))− Aα(`,i)
)>( M∑̀

j=1

F (A,α(`,j))− Aα(`,j)
)
| F`

)

=

M∑̀
i=1

E
(
(F (A,α(`,i))− Aα(`,i))>(F (A,α(`,i))− Aα(`,i)) | F`

)
+ 2

∑
1≤i<j≤M`

(
E
(
(F (A,α(`,i))− Aα(`,i))> | F`

)

× E
(
(F (A,α(`,j))− Aα(`,j)) | F`

))

=

M∑̀
i=1

E
(∥∥F (A,α(`,i))− Aα(`,i)

∥∥2

2
| F`

)
.

Hence, it suffices to consider each particle individually. To simplify the notation,

without loss of generality, let us consider a particle with α(`,i) = ek for some k. Since

the spawning and diagonal cloning/death steps are independent and unbiased, we

have the decomposition

E (‖F (A, ek)− Aek‖2
2 | F`) = E (‖F (Ao, ek)− Aoek‖2

2 | F`)+E (‖F (Ad, ek)− Adek‖2
2 | F`).

For the spawning step, since Aoek = ao,k, there are ‖ao,k‖0 locations to spawn.

Remind that ploc(· | k) is assumed to be uniform distribution, so each location is

chosen with probability 1

‖ao,k‖
0

. Following the Algorithm 2a, we calculate that

F (Ao, ek) =


b‖ao,k‖0 |ak(j)|c sgn(ak(j))ej,

w.p.
(
1−

(
‖ao,k‖0 |ak(j)| − b‖ao,k‖0 |ak(j)|c

))
/ ‖ao,k‖0 ,(

b‖ao,k‖0 |ak(j)|c+ 1
)

sgn(ak(j))ej,

w.p.
(
‖ao,k‖0 |ak(j)| − b‖ao,k‖0 |ak(j)|c

)
/ ‖ao,k‖0 ,
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for each j such that ao,k(j) 6= 0. Straightforward calculation yields

E ‖F (Ao, ek)− Aoek‖2
2 = (‖ao,k‖0 − 1) ‖ao,k‖2

2

+
1

‖ao,k‖0

∑
j, ao,k(j)6=0

((
‖ao,k‖0 ak(j)− b‖ao,k‖0 ak(j)c

)

×
(

1−
(
‖ao,k‖0 ak(j)− b‖ao,k‖0 ak(j)c

)))

≤ (‖ao,k‖0 − 1) ‖ao,k‖2
2 +

1

4
.

For the diagonal cloning/death step, we have

F (Ad, ek) =

{
b|ak(k)|c sgn(ak(k))ek, w.p. 1−

(
|ak(i)| − b|ak(i)|c

)
;

(b|ak(k)|c+ 1) sgn(ak(k))ek, w.p. |ak(i)| − b|ak(i)|c.

Therefore

E (‖F (Ad, ek)− Adek‖2
2 | Ft) =

(
|ak(i)| − b|ak(i)|c

)(
1−

(
|ak(i)| − b|ak(i)|c

))
≤ 1

4
.

Summing up the contribution from the two steps, we arrive at

E (‖F (A, ek)− Aek‖2
2 | Ft) ≤ (‖ak‖0 − 2) ‖ao,k‖2

2 +
1

2
,

where we used ‖ao,k‖0 = ‖ak‖0 − 1. Thus

E (
∥∥F (A, x(`))− Ax(`)

∥∥2

2
| F`) ≤M`

(
max

1≤k≤n
(‖ak‖0 − 2) ‖ao,k‖2

2 +
1

2

)
.

Since M` =
∥∥x(`)

∥∥
1
, we can rewrite the above estimate as

E (
∥∥F (A, x(`))− Ax(`)

∥∥2

2
| F`) ≤

‖v`‖2
1

M`

(
max

1≤k≤n
(‖ak‖0 − 2)‖ao,k‖2

2 +
1

2

)
.
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Here we emphasize the important role of the annihilation step in FCIQMC re-

flected in the error analysis above. Only with the annihilation step is M` =
∥∥x(`)

∥∥
1

true, so that the growth of error is controlled as in the last step of the proof. In

general, without annihilation, the error will be exponentially larger as M`

‖x(`)‖
1

grows

exponentially even when x(`) is close to the eigenvector v1. Suppose x(`) is approx-

imately v1. Then x(`+1) ≈ λ1x
(`). Therefore,

∥∥x(`+1)
∥∥

1
≈ ‖A‖2

∥∥x(`)
∥∥

1
. However

for the number of particles M` without annihilation, M`+1 ≈ ‖|A|‖2M`, where |A|

is the entry-wise absolute value of A. To see this, let us denote x(`,+) the vec-

tor represented by all the particles with positive sign and −x(`,−) the vector repre-

sented by all the particles with negative sign. Then x(`) = x(`,+) − x(`,−). Denote

x̃(`) = x(`,+) + x(`,−). Then M` =
∥∥x̃(`)

∥∥
1
without annihilation. We can easily check

that x̃(`) evolves according to x̃(`+1) = |A|x̃(`). So finally, x̃(`) will converge to the

eigenvector of |A|, and M`+1 ≈ ‖|A|‖2M`. Noticing that ‖A‖2 ≤ ‖|A|‖2 ≤ ‖A‖1, we

know M`

‖x(`)‖
1

grows exponentially at rate ‖|A|‖2‖A‖2
after convergence. Therefore if the

number of particles M` has an upper bound, which is always true in practice due

to computational resource constraint,
∥∥x(`)

∥∥
1
will decay to zero exponentially, which

means the algorithm will not converge to the correct eigenvector. Also comment that

if the spawning distribution ploc(· | locα) is not exactly uniform distribution, then

E (‖F (Ao, ek)− Aoek‖2
2 | F`) will be bound by another constant depending on Ao.

Therefore the bound of E
(∥∥ξ(`+1)

∥∥2

2
| F`

)
in the Proposition will only differ by a

constant multiplier.

Compared with Assumption 2.2.2, we observe that the particle number M` plays

the role of the “complexity” parameter. The more particles we have, the smaller the

error is. We have the following corollary assuming the particle number is bounded

from below by m
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Corollary 2.3.2. If the particle number satisfies M` ≥ m,

E (
∥∥F (A, x(`))− Ax(`)

∥∥2

2
| F`,M` ≥ m) ≤ Ce

‖A‖2
1

∥∥x(`)
∥∥2

1

m
, (2.31)

where Ce =
maxk(‖ak‖0 − 2)‖ao,k‖2

2 + 1
2

‖A‖2
1

is a parameter scale-invariant of A.

In summary, FCIQMC satisfies Assumption 2.2.2b, as long as the particle number

is not too small. Note that in practice the particle number can be controlled by the

dynamic shift s` to ensure that it does not drop below the required lower bound.

The Assumption 2.2.2c, the growth of expectation 1-norm bound, can also be

checked easily, since we have

E (
∥∥x(`+1)

∥∥
1
| F`) = E

(∥∥∥∥F (A,

M∑̀
i=1

α(`,i))

∥∥∥∥
1

| F`
)

= E
(∥∥∥∥ M∑̀

i=1

F (A,α(`,i))

∥∥∥∥
1

| F`
)

≤
M∑̀
i=1

E (
∥∥F (A,α(`,i))

∥∥
1
| F`) =

M∑̀
i=1

∥∥Aα(`,i)
∥∥

1

≤
M∑̀
i=1

‖A‖1

∥∥α(`,i)
∥∥

1
= ‖A‖1

∥∥x(`)
∥∥

1
.

In conclusion, we have verified the assumptions of Theorem 2.2.3, and thus it can

be applied for the convergence and error analysis of FCIQMC.

Remarks on iFCIQMC

iFCIQMC (initiator FCIQMC) [16] is a modified version of FCIQMC. It can be

viewed as a bias-variance tradeoff strategy to reduce the computational cost and

error of the FCIQMC approach, by restricting the spawning step.

The n locations are divided into two sets: the initiators Li and non-initiators Ln

with Li ∩ Ln = ∅, Li ∪ Ln = {1, 2, · · · , n}. The rule of iFCIQMC is that for any
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particle α at a non-initiator location locα ∈ Ln, it is only allowed to spawn children

particles at locations already occupied by some other particles. If α spawns particles

to a location unoccupied, then the children particles are discarded. An exception

rule is that if at least two particles at non-initiator locations spawn children particles

with the same sign at one unoccupied location, then the children particles are kept.

There are no restrictions for spawning steps for particles in initiators. In the case

that all the locations are initiators Ln = ∅, iFCIQMC reduces to FCIQMC.

The initiators Li are chosen at the beginning according to some prior knowledge.

The initiators are then updated at each step of iteration. Suppose ni,thre ∈ n is a

fixed threshold. As soon as the number of particles at a non-initiator location is

greater than the threshold ni,thre, then the location becomes an initiator. Intuitively,

initiators are more important locations for the eigenvector since they are occupied

by many particles. The restrictions on the spawning ability of non-initiators reduce

the computational cost and the variance of the inexact matrix-vector product while

only introducing small bias since there are few particles on non-initiators. Therefore,

iFCIQMC can be viewed as a variance control technique for FCIQMC.

2.3.2 Fast Randomized Iteration

In this section, we provide a numerical analysis based on our general framework

for the convergence of the fast randomized iteration (FRI), recently proposed in the

applied mathematics literature [50], inspired by FCIQMC type algorithms. The basic

idea of the FRI method is to first apply the matrix A on the vector of current iterate,

and then employ a stochastic compression algorithm to reduce the resulting vector to

a sparse representation. The original convergence analysis [50] uses a norm motivated

by viewing the vectors as random measures. In comparison, as we have seen in the

proof of Theorem 2.2.3, our viewpoint and analysis is closer in spirit to numerical
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linear algebra, in particular the standard convergence analysis of power method.

Algorithm Description

The fast randomized iteration (FRI) algorithm is based on a choice of random com-

pression function Φm : Rn → Rn, which maps a full vector x to a sparse vector Φm(x)

with approximately only m nonzero components. The sparsity of Φm(x) reduces the

storage cost of the vector and associated computational cost. To combine FRI with

the inexact power iteration, define

Fm(A, x(`)) = Φm(Ax(`)) (2.32)

in Algorithm 1a and 1b. The error is ξ(`+1) = Φm(Ax(`))− Ax(`).

Thus the FRI algorithm is completely characterized by the choice of compression

function Φm, about which we assume the following properties. These are adaptations

of the Assumptions 2.2.1 and 2.2.2 in the context of a compression function.

Assumption 2.3.3. For any vector x ∈ Rn, the compression function Φm satisfies:

a) Homogeneity: For all c ∈ R,

Φm(cx) = cΦm(x); (2.33)

b) Unbiasedness

E (Φm(x) | x) = x; (2.34)

c) Variance bound. For some constant CΦ independent of m and x,

E (‖Φm(x)− x‖2
2 | x) ≤ CΦ

‖x‖2
1

m
; (2.35)

d) Expectation 1-norm bound

E (‖Φm(x)‖1 | x) = ‖x‖1. (2.36)
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The compression function Φm introduced in [50] is as follows. For a given vector

x ∈ Rn, first we sort the entries as |x(q1)| ≥ |x(q2)| ≥ · · · ≥ |x(qn)|, where q : [n]→ [n]

is a permutation. The compression function consists of two parts. In the first part,

large components of the vector are preserved exactly. Define

τ = max
1≤i≤n

{
i : |x(qi)| ≥

∑n
j=i |x(qj)|
m+ 1− i

}
,

with the convention max{∅} = 0, so 0 ≤ τ ≤ m. The compression function keeps the

entries x(qi) for any 1 ≤ i ≤ τ ,

(
Φm(x)

)
(qi) = x(qi), ∀i ≤ τ.

Note that if ‖x‖0 ≤ m, all components are ‘large’ and Φm(x) = x, the input vector is

kept without compression. The remaining n− τ components are considered ‘small’.

Under the compression we only keep a few entries so the resulting vector Φm(x) has

about m nonzero entries, as in Algorithm 3; the details are further discussed below.

In the second part of Algorithm 3, the set B = {qτ+1, qτ+2, · · · , qn} consists of

the indices of all ‘small’ components to be compressed. Note that for the integer

random variable Ni, i ∈ B, only its expectation ENi ∈ (0, 1) is specified, so there is

still freedom to choose the probability distribution of {Ni}i∈B. Here we only discuss

independent Bernoulli (which is easy to understand) and systematic sampling (which

we use in the numerical examples) approaches, while other choices are possible. Let

us focus on the entries in B and define x′ ∈ Rn such that x′(i) = x(i)1{i∈B}. It follows

that ‖x′‖1 = ‖x‖1 −
∑τ

i=1 |x(qi)|.

For the independent Bernoulli, Ni is independent for each i ∈ B and follows the

Bernoulli distribution as

Ni =

{
0, w.p. 1− |x(i)|

‖x′‖1/(m−τ)
;

1, w.p. |x(i)|
‖v′‖1/(m−τ)

.
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Algorithm 3: FRI - compression function Φm

Input : x ∈ Rn, sparsity parameter m
Output: X = Φm(x) ∈ Rn

// Part 1: Keep large components
B = {1, 2, · · · , n};
s = ‖x‖1;
i′ = arg max

i∈B
|x(i)|;

τ = 0;
while |x(i′)| ≥ s

m− τ
do

X(i′) = x(i′);
s = s− |x(i′)|;
τ = τ + 1;
B = B\{i′};
i′ = arg max

i∈B
|x(i)|;

end
// Part 2: Compress small components
for each i ∈ B do

Generate nonnegative random integer {Ni}, such that

ENi =
m− τ
s
|x(i)|;

X(i) = sgn(x(i))Ni
s

m− τ
;

end

Note that the probability is well defined due to the choice of τ . The number of

nonzero components of the compressed vector is ‖Φm(x)‖0 = τ +
∑

i∈B Ni. From the

choice of Ni, E (‖Φm(x)‖0 | x) = m; so m is the expected sparsity of Φm(x).

Another choice is the systematic sampling [50]: Take a random variable U uni-

formly distributed in (0, 1). Then for k = 1, 2, · · · ,m− τ , define

Uk =
U + k − 1

m− τ
.
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Given {q′1, q′2, · · · , q′n−τ} any permutation of indices in B, define

Ik = max
1≤i≤n−τ

{
i :

i−1∑
j=1

|x(q′i)| ≤ Uk‖x′‖1 <
i∑

j=1

|x(q′i)|
}
,

then Ni is given by

Ni =

{
1, if i = q′Ik for some k,
0, otherwise.

Notice that by construction, the number of nonzero Nis is exactly m − τ , therefore

‖Φm(x)‖0 = m. The Nis generated by systematic sampling is obviously correlated

as only one random number U drives the generation. The two approaches will be

analyzed in the next section in the framework of inexact power iteration.

Convergence Analysis

We now apply Theorem 2.2.3 to analyze the convergence of the FRI algorithm with

either independent Bernoulli or systematic sampling. Notice that we have the imme-

diate result

Lemma 2.3.4. Assumption 2.3.3 implies Assumptions 2.2.1 and 2.2.2.

Therefore it suffices to check Assumption 2.3.3 for the compression function Φm.

Homogeneity is obvious. From the construction of Φm, the unbiasedness is guaranteed

by the expectation of Nis, no matter which particular distribution is used for Ni.

E (Φm(x) | x) = x. (2.37)

The variance bounds are proved in the following lemmas.

Lemma 2.3.5. For FRI compression with either independent Bernoulli or systematic

sampling,

E (‖Φm(x)− x‖2
2 | x) ≤ ‖x

′‖2
1

m− τ
≤ ‖x‖

2
1

m
.
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Moreover, we have the almost sure bound for systematic sampling,

‖Φm(x)− x‖2
2 ≤

2‖x′‖2
1

m− τ
≤ 2‖x‖2

1

m
, a.s.

It is not possible to obtain an almost sure bound as above for independent

Bernoulli, since for example it is possible that all the Bernoulli variables are 1, which

gives large error ‖Φm(x)− x‖2
2 ≥

(N−2m+τ)‖x′‖21
(m−τ)2

. This Lemma thus implies the ad-

vantage of using the systematic sampling strategy, which in practice gives smaller

variance in general. We will only show numerical results using the systematic sam-

pling strategy in the numerical examples later.

Proof. Since large components of x are kept exactly by Φm(·), we have

‖Φm(x)− x‖2
2 =

n∑
i=τ+1

(Φm(x)(qi)− x(qi))
2

=
n∑

i=τ+1

(
(Φm(x)(qi))

2 + x(qi)
2 − 2Φm(x)(qi)x(qi)

)
.

Take the expectation

E
(
‖Φm(x)− x‖2

2 | x
)

=E
( n∑
i=τ+1

(Φm(x)(qi))
2 | x

)
+

n∑
i=τ+1

x(qi)
2

− 2
n∑

i=τ+1

x(qi)E (Φm(x)(qi) | x).

Since both independent Bernoulli and systematic sampling are unbiased,

EΦm(x)(qi) = x(qi).

Moreover, because there are
∑n

i=τ+1 Ni number of ‖x
′‖1

m−τ and n−τ−
∑n

i=τ+1Ni number
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of 0 in {|Φm(x)(qi)|}i∈B, we have

E
( n∑
i=τ+1

(Φm(x)(qi))
2 | x

)
= E

(
E
( n∑
i=τ+1

(Φm(x)(qi))
2 |

n∑
i=τ+1

Ni

)
| x
)

=
‖x′‖2

1

(m− τ)2
E
( n∑
i=τ+1

Ni | x
)
.

For independent Bernoulli, E
(∑n

i=τ+1Ni | x
)

= m− τ and for systematic sampling,∑n
i=τ+1Ni = m− τ , so

E
( n∑
i=τ+1

(Φm(x)(qi))
2 | x

)
=
‖x′‖2

1

m− τ
.

Finally,

E
(
‖Φm(x)− x‖2

2 | x
)

=
‖x′‖2

1

m− τ
− ‖x′‖2

2 ≤
‖x′‖2

1

m− τ
.

We now show that ‖x
′‖1

m−τ ≤
‖x‖1
m

, which follows from the fact that
∑n
j=i |x(qj)|
m+1−i is

nonincreasing in i for i ≤ τ . Indeed, recall from the choice of τ that for i ≤ τ ,

|x(qi)| ≥
∑n
j=i |x(qj)|
m+1−i , which is equivalent to

∑n
j=i |x(qj)|
m+ 1− i

≥
∑n

j=i+1 |x(qj)|
m− i

.

Thus, combined with ‖x′‖1 ≤ ‖x‖1, we arrive at

E (‖Φm(x)− x‖2
2 | x) ≤ ‖x

′‖2
1

m− τ
≤ ‖x‖

2
1

m
.

Next we give the almost sure bound for systematic sampling. Note that if Ni 6= 0

for i ∈ B, since
(
Φm(x)

)
(qi) and x(qi) have the same sign, we have

(Φm(x)(qi)− x(qi))
2 ≤ Φm(qi)

2 =
‖x′‖2

1

(m− τ)2
.
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Since there are exactly m− τ nonzero Nis, we can estimate

‖Φm(x)− x‖2
2 =

n∑
i=τ+1

(
(
Φm(x)

)
(qi)− x(qi))

2

≤
n∑

i=τ+1

x(qi)
21Ni=0 +

(
Φm(x)

)
(qi)

21Ni 6=0

≤ ‖x′‖2
2 + (m− τ)

‖x′‖2
1

(m− τ)2

≤ ‖x
′‖2

1

m− τ
+
‖x′‖2

1

m− τ
=

2‖x′‖2
1

m− τ
≤ 2‖x‖2

1

m
.

The expectation 1-norm bound can be easily checked from the definition.

Lemma 2.3.6. For FRI with independent Bernoulli compression,

E (‖Φm(x)‖1 | x) = ‖x‖1.

For FRI with systematic sampling compression,

‖Φm(x)‖1 = ‖x‖1, a.s.

Therefore, the compression function Φm satisfies Assumption 3, and thus the

convergence follows Theorem 2.2.3.

Deterministic compression by hard thresholding

Another way to choose the compression function Φm is by simple hard thresholding,

which means Φm = ΦHT
m keeps the m largest entries (in absolute value) and drops the

remaining ones. Compared to the previously discussed approaches of compression,

the hard thresholding obviously has smaller variance since it is deterministic, as a
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price to pay, it introduces bias to the inexact matrix-vector multiplication. The bias-

variance tradeoff between hard thresholding and FRI type algorithm is similar to

that between iFCIQMC and FCIQMC.
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Chapter 3

Coordinate Descent Methods

3.1 Introduction

In this section, we consider coordinate descent methods (CDM) for LEVP based

on a reformulation of the leading eigenvalue problem as a non-convex optimization

problem. The convergence of several coordinate descent methods is analyzed and

compared.

As discussed in Section 1.3, the LEVP can be rewritten as the following uncon-

strained optimization problem,

min
x∈Rn

∥∥A− xx>∥∥2

F
, (3.1)

Throughout this chapter, we denote f(x) =
∥∥A− xx>∥∥2

F
as the objective function.

This chapter is organized as follows. First we introduce the background of co-

ordinate descent methods in Section 3.1. After the introduction, We analyze the

landscape of (3.1) in Section 3.2. Section 3.3, 3.4 and 3.5 follow the same structure,

which first introduces or reviews several CDMs, and then conducts the corresponding

analysis. Section 3.3 focuses on CDMs with conservative stepsize, whereas Section 3.4

and Section 3.5 focus on greedy and stochastic CDMs respectively. Numerical com-

parisons between CDMs are discussed in Section 5.2.

The history of coordinate descent methods (CDMs) dates back to the early de-

velopment of the discipline of optimization [21]. It did not catch much attention

until very recently. Readers are referred to the recent surveys [80, 97] and refer-

ences therein for detailed history of the development and analysis of general CDMs.
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Since the survey papers, the area of CDMs is still under fast development, see e.g.,

[40, 69, 98, 101]. Momentum acceleration can also be combined with the CDMs to

further accelerate the convergence [3, 47, 51, 61]. Besides these new development of

methodology, new applications adopt CMDs to accelerate computations, including

but not limit to the area of imaging processing [31], signal processing [2, 59, 103],

wireless communication [99, 100], data science [81, 90, 92], etc. It is worth men-

tioning that Peng et al. [68] discussed coordinate friendly structure, which could be

beneficial for more applications.

In terms of designing CDMs for LEVP, Lei et al. [48] proposes coordinate-wise

power method (CPM) addressing the LEVP. CPM accelerates the traditional power

method by the coordinate-wise updating technique. In the same paper, a symmet-

ric greedy coordinate descent (SGCD) method is proposed, which will be reviewed

in detail in the following. Wang et al. [94] adopts shift-and-invert power method

to solve the LEVP, where the inverse of the shifted linear system is addressed by

coordinate-wise descent method. Different coordinate updating rules are employed,

i.e., Gauss-Southwell-Lipschitz rule (SI-GSL), cyclic rule (SI-Cyclic), and accelerated

randomized coordinate descent methods (SI-ACDM). All these methods are proposed

as methods calculating the leading eigenvector and outperforms many other method

when an accurate upper bound of the leading eigenvalue is given. It is not clear how

to obtain such upper bound efficiently in practice however.

A general coordinate-wise descent method (CDM) for the LEVP can be sum-

marised as Algorithm 4. Given a symmetric matrix A and the initial vector x(0). CDM

first picks a coordinate j` according to a specific rule “coordinate-pick(x(`), z(`))”.

Then it updates the j`-th coordinate of x(`) with “coordinate-update(x(`), z(`), j`)”

and reaches the vector x(`+1) for the next iteration. One key to obtain a good choice

of j` and the update is to get z(`) = Ax(`) involved in the calculation. Since x(`+1)
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Algorithm 4: General coordinate-wise descent method for LEVP
Input: Symmetric matrix A ∈ Rn×n; initial vector x(0).
1: z(0) = Ax(0)

2: ` = 0
3: while (not converged) do
4: j` = coordinate-pick(x(`), z(`))

5: x
(`+1)
j =

{
coordinate-update(x(`), z(`), j`), j = j`
x

(`)
j , j 6= j`

6: z(`+1) = z(`) + A:,j`

(
x

(`+1)
j`

− x(`)
j`

)
7: ` = `+ 1
8: end while

and x(`) only differ by a single coordinate, we have an efficient updating expression

for z(`),

z(`+1) = Ax(`+1) = A
(
x(`) +

(
x

(`+1)
j`

− x(`)
j`

)
ej`

)
= z(`) + A:,j`

(
x

(`+1)
j`

− x(`)
j`

)
.

Therefore, updating z(`+1) from z(`) costs O(n) or less operations. Generally, most

coordinate-wise descent methods cost O(n) or less operations per iteration, which is

much smaller than traditional iterative method with O(n2) operations per iteration.

Such a gap of the computational cost per iteration enables CDM focusing on the

update of more important coordinates throughout iterations. The increase of the

number of iterations is also leveraged by the choice of stepsize in the updating. The

upper bound for the stepsize with guaranteed convergence in the CDM could be much

larger than that in the traditional gradient descent method. Therefore, although

CDM requires a little more number of iterations to achieve the convergence criteria,

the operations counts and the runtime is much smaller than that of many traditional

iterative methods [15, 48].

Throughout this paper, several proposed CDMs together with existing methods

will be mentioned many times. In order to reduce the difficulty in remembering all

these names, we will follow a systematic name convention. The name of a CDM is
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Table 3.1: Short names in name convention of CDMs.

Short name Explanation

Type of CDM
CD plain CDM

GCD greedy CDM, the coordinate is pick via a
greedy way

SCD stochastic CDM, the coordinate is sampled
from a probability distribution

Coordinate-pick

Cyc the coordinate is chosen in a cyclic way
Uni the coordinate is sampled uniformly

Grad the coordinate is chosen according to the
magnitude of the gradient

LS the coordinate is chosen according to the ex-
act line-search

Coordinate-update
Grad the coordinate is updated according to the

gradient multiplying a stepsize

LS the coordinate is updated according to the
exact line-search

vecLS the exact line-search is applied to a sparse
vector direction

composed of three parts, the type of coordinate-wise descent, coordinate-pick strat-

egy, and coordinate-update strategy. Three parts are separated with hyphens. Ta-

ble 3.1 defines the short names used in each part. Some of the short name works

with specific choice of the type of CDM. For example, Uni can only be combined

with SCD. We remark that some of the existing methods in literature are renamed

under this system, e.g., the coordinate descent method considered in [21, 35] and

[46] are called CD-Cyc-LS and CD-Cyc-Grad respectively; SGCD [48] is renamed as

GCD-Grad-LS; etc.

For our contributions, we first highlight them as the following bullet points and

then discuss in detail.

• Analyze the landscape of f(x) as (3.1) in detail;
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• Derive GCD-LS-LS as the most greedy CDM of f(x) and show that most of

the saddle points can be avoided under the method;

• Propose SCD-Grad-vecLS(t) and SCD-Grad-LS(t) as a family of stochastic

CDMs of f(x) for t being the sampling power, and the local convergence is

proved with a convergence rate monotonically increasing as t increases.

In more details, we first analyze the landscape of the objective function f(x).

Through our analysis, we show that, although f(x) is non-convex, x = ±
√
λ1v1 are

the only two local minima of f(x). Since they are of the same function value, we

conclude that all local minima of f(x) are global minima.

Then, we investigate a gradient based CDM, CD-Cyc-Grad. It selects coordinate

in a cyclic way and the updating follows the gradient vector restricted to that coordi-

nate multiplying by a fixed stepsize. Thanks to the locality of the gradient updating,

we show that CD-Cyc-Grad converges to global minima almost surely for the LEVP

optimization problem (3.1).

As many other problems solved by CDMs, exact line search along each coordinate

direction can be conducted for (3.1). We further derive that maximum coordinate

improvement is achievable in O(n) operations, which leads to a CDM called GCD-

LS-LS. Through the analysis of saddle points and the greedy strategy in GCD-LS-LS,

we find that many saddle points of the non-convex problem in (3.1) are escapable.

Though greedy method, the GCD-LS-LS, is efficient with single coordinate update

per-iteration, they often fail in convergence when multiple coordinates are updated

per-iteration. Such a problem can be resolved by introducing stochastic coordinate

sampling. The SCD-Grad-vecLS(t) and the SCD-Grad-LS(t) sample several coor-

dinates per-iteration with the probabilities proportional to the t-th power of the

gradient vector at current iteration. When the power goes to infinity, the stochastic

CDMs become the greedy ones. Further, we analyze the local convergence property

49



for the stochastic CDMs for different sampling power t. The theorem can be applied

to show the local convergent property of GCD-Grad-LS and GCD-LS-LS as corollar-

ies. One important message of the theorem is that larger sampling power t leads to

faster local convergence rate. Therefore the convergence rate of either GCD-LS-LS

or SCD-Grad-LS(t) with t > 0 is provably faster or equal to that of SCD-Grad-LS(0)

which corresponds to the uniform sampling. However, greedy CDMs or stochastic

CDMs with larger t are more difficult to escape from strict saddle points when the

objective is non-convex. Therefore, through our analysis and numerical experiments,

we recommend SCD-Grad-LS(1) for LEVP.

Although all methods are introduced as a solution to f(x) in (3.1), they, especially

SCD-Grad-vecLS(t) and SCD-Grad-LS(t), can be widely extended to other problems.

Most of the associated analysis could be extended as well.

All proposed and reviewed methods are tested on synthetic matrices and eigen-

value problems from quantum many-body problems. In all examples, CDMs of (3.1)

outperform power method, coordinate-wise power method, and full gradient descent

with exact line search. When the matrix is shifted by a big positive number, CDMs

of (3.1) converges in the similar number of iterations as in the case without shifting.

While power method or coordinate-wise power method, which are sensitive to the

shifting, converge much slower. For the matrix from quantum many-body problems,

where we know a priori that some of the coordinates of the leading eigenvector is more

important than others due to the physical property, all CDMs including CDMs of

(3.1) and coordinate-wise power method significantly outperform full vector updating

methods. This shows great potential of applying the CDMs to quantum many-body

problems.
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3.2 Landscape Analysis

This section focuses on the analysis of the variational problem (3.1). More specif-

ically, we analyze the landscape of f(x), especially properties of stationary points

in this section. The results show some advantages in working with (3.1), and more

importantly, provide insights in designing optimization algorithms.

Stationary points and global minimizers. When working with non-convex problems,

the understanding of the landscape of the objective function is crucial for itera-

tive methods. If the objective function is bounded from below and the gradient of

the objective function is assumed to be Lipschitz continuous, gradient based itera-

tive methods generally are guaranteed to converge to a stationary point such that

‖∇f(x)‖ < ε within O(1/ε2) iterations [60]. Without rate, Lee et al. [46] show that

gradient based iterative methods converge to local minima almost surely if all sad-

dle points are strict saddle points. Adding a random perturbation to the gradient

based iterative methods enables the analysis of the convergence to local minima with

various rates [23, 39]. However, convergence to global minima in most cases is not

guaranteed if the landscape of the objective function is complicated.

In this section, we analyze the landscape of (3.1) and show that every local min-

imum is a global minimum. For simplicity of presentation, we assume that f(x)

is a second order differentiable function (which obviously holds when f is given by

(3.1)). Denote the gradient vector and Hessian matrix of f(x) as ∇f(x) and ∇2f(x)

respectively. We give the following definitions.

Definition 3.2.1 (Stationary point). A point y is a stationary point of f if ∇f(y) =

0.

Definition 3.2.2 (Strict saddle point). A point y is a strict saddle point of f if

y is a stationary point and λmin (∇2f(y)) < 0, where λmin (∇2f(y)) is the smallest
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eigenvalue of the Hessian matrix.1

Definition 3.2.3 (Local minimizer). A point y is a local minimizer of f if there

exists an ε such that f(y) ≤ f(x) for any ‖x− y‖ ≤ ε. If further f(y) < f(x) when

x 6= y, then y is called a strict local minimizer.

Following these definitions, we explicitly write down the form of the stationary

points, strict saddle points and local minimizers of the objective function f(x) in

(3.1). The assumptions on the matrix A are summarized in Assumption 3.2.4.

Assumption 3.2.4. The matrix A is symmetric with eigenvalues and eigenvectors

λ1 > λ2 ≥ λ3 ≥ · · · ≥ λn and v1, v2, v3, . . . , vn respectively. In addition, the largest

eigenvalue is positive, λ1 > 0.

Lemma 3.2.5. Under Assumption 3.2.4, x = 0 is a stationary point of f(x). Other

stationary points of f(x) are of the form
√
λv where λ is a positive eigenvalue of A

and v ∈ null
(
λI−A

)
with ‖v‖ = 1. In particular, ±

√
λ1v1 are both stationary points.

Proof. The stationary point of f(x) satisfies

∇f(x) = −4Ax+ 4
(
x>x

)
x = 0. (3.2)

Obviously, x = 0 is a stationary point. When x 6= 0, we have
(
x>xI − A

)
x = 0.

This implies that x>xI−A is singular, i.e., x>x = λ for λ being a positive eigenvalue

of A. When λ = λ1, we have x ∈ null
(
λ1I − A

)
= span

(
v1

)
and x>x = λ1, which

implies x = ±
√
λ1v1. When 0 < λ < λ1, we have x ∈ null

(
λI − A

)
and x>x = λ.

Hence, x =
√
λv for v ∈ null

(
λI − A

)
and ‖v‖ = 1.

Lemma 3.2.6. Under Assumption 3.2.4, 0 and
√
λv with v ∈ null

(
λI − A

)
and

‖v‖ = 1 are strict saddle points of f(x), where λ < λ1 and λ is a positive eigenvalue

of A.
1This definition of the strict saddle point includes local maximizer as well, which does not cause
trouble in minimizing f(x) as in (3.1).
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Proof. According to Lemma 3.2.5, 0 and
√
λv are stationary points of f(x). It suffices

to validate the second condition in Definition 3.2.2, i.e.,

λmin
(
∇2f(x)

)
= λmin

(
−4A+ 8xx> + 4x>xI

)
< 0. (3.3)

When x = 0, (3.3) is obvious since λ1 > 0. When x =
√
λv, we apply ∇2f(x) to v1

and get

∇2f(x)v1 = 4(λ− λ1)v1, (3.4)

where we have used the orthogonality between v and v1. Therefore 4(λ − λ1) is a

negative eigenvalue of ∇2f(x) and
√
λv is a strict saddle point.

From the proof, we observe that for all the strict saddle points of f , the lead-

ing eigenvector v1 of A is always an unstable direction. This will help us in the

convergence proof.

The following theorem follows directly from Lemmas 3.2.5 and 3.2.6.

Theorem 3.2.7. Under Assumption 3.2.4, local minimizers of f(x) are given by

±
√
λ1v1 and both local minimizers of f(x) are global minimizers.

Proof. Lemma 3.2.5 and 3.2.6 imply that the only possible local minimizers are
√
λ1v1

and −
√
λ1v1. We easily check that the objective function values are equal at both

√
λ1v1 and −

√
λ1v1:

f(
√
λ1v1) = f(−

√
λ1v1) =

∥∥A− λ1v1v
>
1

∥∥2

F
. (3.5)

Because f(x) ≥ 0 is bounded from below and |f(x)| → ∞ as x → ∞, global mini-

mizers exist. Therefore, ±
√
λ1v1 are both local minimizers as well as global minimiz-

ers.

Theorem 3.2.7 shows that f(x) has no spurious local minima. If an iterative

method converges to a local minimum of f(x), it achieves the global minimum. The

remaining obstacle of the global convergence is the (strict) saddle points.
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3.3 Coordinate descent method with conservative step-
size

In this section, we discuss CD-Cyc-Grad, whose “coordinate-update” is as the entries

of the gradient multiplied by a stepsize. The method has guarantee that for almost

all initial values, the iterative procedure converges to the global minimum. While,

the choice of stepsize is problem-dependent and conservative. According to our nu-

merical experiments, the number of iterations of these coordinate-wise gradient based

methods are too large to be competitive.

Algorithm 5: CD-Cyc-Grad for LEVP
Input: Symmetric matrix A ∈ Rn×n; initial vector x(0); stepsize γ.
1: z(0) = Ax(0)

2: ` = 0
3: while (not converged) do
4: j` = (` mod n) + 1

5: x
(`+1)
j =

{
x

(`)
j − γ

(
−4z

(`)
j + 4

∥∥x(`)
∥∥2
x

(`)
j

)
, j = j`

x
(`)
j , j 6= j`

6: z(`+1) = z(`) + A:,j`

(
x

(`+1)
j`

− x(`)
j`

)
7: ` = `+ 1
8: end while

3.3.1 CD-Cyc-Grad and SCD-Cyc-Grad

The first coordinate-wise descent method we consider addressing (3.1) is CD-Cyc-

Grad, following the name convention in Section 3.1.

CD-Cyc-Grad conducts the “coordinate-pick” step in Algorithm 4 in a cyclic way,

i.e.,

j` = (` mod n) + 1. (3.6)

Hence, all coordinates are picked in a fixed order with almost equal number of updat-

ings throughout iterations. The “coordinate-update” adopts coordinate-wise gradient,

54



that is

x
(`+1)
j`

= x
(`)
j`
− γ∇j`f(x(`)) = x

(`)
j`
− γ
(
−4Aj`,:x

(`) + 4
∥∥x(`)

∥∥2
x

(`)
j`

)
, (3.7)

where ∇j`f(x(`)) denotes the j`-th entry of the gradient of f at x(`) and γ is the

stepsize. CD-Cyc-Grad is detailed as Algorithm 5, with z(`) = Ax(`) being adopted

in (3.7). The advantage of CD-Cyc-Grad over the full gradient descent (GD) method

is mainly that the choice of the stepsize in CD-Cyc-Grad could be much larger than

that in GD, which could lead to faster convergence [61].

Here we mention another widely used choice of the “coordinate-pick” called ran-

dom cyclic, which involves randomness. In the beginning of every n iterations, a

random permutation Π(`) of the indices 1, . . . , n is generated. Π(`) is a vector of size

n and the superscript ` denotes the iteration number when the random permutation

is generated. Once the random permutation is provided, the following n iteration up-

date the coordinate according to the order in Π(`). Recently, several works [29, 45, 86]

discussed the comparison of the convergence rates for CDMs with cyclic and random

strategy of “coordinate-pick” for convex problems.

3.3.2 Global convergence of gradient based coordinate-wise

descent method

In this section, we show the global convergence of CD-Cyc-Grad in Theorems 3.3.1.

In this paper, global convergence means the iterate points converge to the global

minimum as the number of iterations goes to infinity. For simplicity of the argument,

here we further restrict the assumption of A such that the positive eigenvalues of A

are distinct.

The following theorem establish the global convergence (up to measure 0 set of

initial conditions) of the Algorithms 5 without convergence rate.

55



Theorem 3.3.1. Let R ≥
√

maxj ‖A:,j‖ be a constant and γ ≤ 1
4(n+4)R2 be the step-

size. Assume the iteration follows CD-Cyc-Grad as in Algorithm 5 and the iteration

starts from the domain W0 = {x : ‖x‖∞ < R}. The iteration converges to global

minima for all x(0) ∈ W0 up to a measure zero set.

The proof of the theorem can be found in Appendix A.1. The idea of the proof

follows the recent work [46]. Comparing the choice of stepsize in Theorem 3.3.1 with

the CDM stepsize for some other optimization problems, for example [71, 97], the

stepsize γ here is about a fraction of 1/n smaller. This is due to the fact that the

diagonal of the Hessian of f(x), as in (3.3), is unbounded from above. The choice of

R and γ ensures that the iteration stays withinW0, in which the Hessian of f remains

bounded. It is worth pointing out that, according to our numerical experiments, when

x(0) is set to be close to the boundary of W0, larger γ leads to divergent iteration.

When x(0) is set close to the origin, the stepsize γ can be tuned sightly larger for the

our testing cases with some randomly generated matrix A. Although the choice of

γ is very restrictive and leads to slow convergence, CD-Cyc-Grad has a guarantee of

global convergence up to a measure zero set of initial points.

3.4 Greedy coordinate descent method

In this section, we will review a greedy CDM, GCD-Grad-LS, and present another

fully greedy CDM, named GCD-LS-LS. Both greedy methods update the coordinate

according to exact line search, and thus the stepsize could be much larger than the

conservative choice in CD-Cyc-Grad. GCD-Grad-LS selects coordinate according to

the magnitude of the gradient vector and then performs the exact line search along

that coordinate, while GCD-LS-LS conducts an exact line search along all coordinate

directions and move to the minimizer. We show the advantage of the exact line search

in GCD-LS-LS, as it can escape certain saddle points of f , which will be discussed
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in Section 4.2.

3.4.1 GCD-Grad-LS and GCD-LS-LS

We first review GCD-Grad-LS, proposed in [48]. One of the most widely used greedy

strategy in the “coordinate-pick” is the Gauss-Southwell rule [83],

j` = arg max
j

∣∣∇jf
(
x(`)
)∣∣, (3.8)

which is the “coordinate-pick” strategy in GCD-Grad-LS. Since the Gauss-Southwell

rule selects the coordinate according to the magnitude of the gradient vector, we

denote such strategy as “Grad” under the name convention.

Once the coordinate is selected, we solve the minimization problem for the exact

line search,

αj` = arg min
α

f
(
x(`) + αej`

)
. (3.9)

Since h(α) = f
(
x(`) + αej`

)
is a quartic polynomial in α, solving the minimization

problem is equivalent to find the roots of h′(α) = 0. Straightforward calculation

shows that,

h′(α) = 4
(
α3 + bj`α

2 + cj`α + dj`
)

= 0, (3.10)

where the coefficients are defined as

bj` = 3x
(`)
j`
, cj` =

∥∥x(`)
∥∥2

+ 2
(
x

(`)
j`

)2 −Aj`,j` , and dj` =
∥∥x(`)

∥∥2
x

(`)
j`
− z(`)

j`
. (3.11)

We notice that the coefficients of the cubic polynomial requires O(n) operations to

compute. Once the coefficients are calculated, solving (3.10) can be done in O(1)

operations. There could be multiple roots of (3.10), and we can use the following

root picking strategy to find the one minimizing h(α):

• If there is only one root of (3.10), then it minimizes h(α).
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• If there are two roots of (3.10), according to the property of cubic polynomial,

one of them must be single root and the other one is of multiplicity two. The

single root minimizes h(α).

• If there are three roots in a row, the middle one is a local maximizer of h(α)

and the root further away from the middle one minimizes h(α).

Therefore, with this root picking strategy to find the minimizer of h(α), the solution

of (3.9) can be achieved in O(n) operations.

Algorithm 6: GCD-Grad-LS for LEVP
Input: Symmetric matrix A ∈ Rn×n; initial vector x(0).
1: z(0) = Ax(0)

2: ` = 0
3: while (not converged) do
4: ν =

∥∥x(`)
∥∥2

5: j` = arg maxj

∣∣∣νx(`)
j − z

(`)
j

∣∣∣
6: bj` = 3x

(`)
j`

7: cj` = ν + 2
(
x

(`)
j`

)2 − Aj`,j`
8: dj` = νx

(`)
j`
− z(`)

j`

9: Solve α3 + bj`α
2 + cj`α + dj` = 0 with the root picking strategy for αj`

10: x
(`+1)
j =

{
x

(`)
j + αj` , j = j`

x
(`)
j , j 6= j`

11: z(`+1) = z(`) + A:,j`αj`
12: ` = `+ 1
13: end while

Algorithm 6 describes the steps of GCD-Grad-LS in detail. The local convergence

of GCD-Grad-LS can be established: GCD-Grad-LS can be viewed as a special case of

SCD-Grad-LS(t) with t =∞ and k = 1, which will be discussed later in Section 3.5.2;

We will prove the local convergence of SCD-Grad-LS for all t ≥ 0, where the local

convergence of GCD-Grad-LS is automatically implied.

We observe that in (3.10), all the O(n) computational cost comes from the cal-
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culation of
∥∥x(`)

∥∥2. Once ν =
∥∥x(`)

∥∥2 is pre-calculated, all coefficients in (3.10) can

be calculated in O(1) operations and hence (3.9) can be solved in O(1) operations.

Therefore, applying this to each coordinate, once ν is pre-calculated, solving (3.9)

for all coordinates can be done in O(n) operations. This leads us to investigate the

possibility of conducting exact line search along all coordinates,

j`, αj` = arg min
j,α

f
(
x(`) + αej

)
⇐⇒ j` = arg min

j
f
(
x(`) + αjej

)
with αj = arg min

α
f
(
x(`) + αej

)
.

(3.12)

Based on the discussion above, αj for all j = 1, . . . , n can be obtained in O(n)

operations. Now, we will show that evaluating the difference of f
(
x(`) + αjej

)
and

f
(
x(`)
)
for all j can be done in O(n) operations as well. Therefore the minimization

problem of j in the second line of (3.12) can be solved efficiently. Through tedious

but straightforward calculation, we obtain

∆fj := f
(
x(`) + αjej

)
− f

(
x(`)
)

= α4
j +

4bj
3
α3
j + 2cjα

2
j + 4djαj (3.13)

where bj, cj and dj are defined analogous to (3.10). Combining (3.10) and (3.13), we

conclude that (3.12) is achievable in O(n) operations. The corresponding method is

described in Algorithm 7.

Similar to GCD-Grad-LS, the local convergent of GCD-LS-LS can be established;

we will defer the local convergence analysis to the end of Section 3.5.2.

3.4.2 Escapable saddle points using exact line search

This section discusses one advantage in working with the exact line search along all

coordinate directions, (3.12), of escaping some of the saddle points. The iteration of
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Algorithm 7: GCD-LS-LS for LEVP
Input: Symmetric matrix A ∈ Rn×n; initial vector x(0).
1: z(0) = Ax(0)

2: ` = 0
3: while (not converged) do
4: ν =

∥∥x(`)
∥∥2

5: for j = 1, 2, . . . , n do
6: bj = 3x

(`)
j

7: cj = ν + 2
(
x

(`)
j

)2 − Aj,j
8: dj = νx

(`)
j − z

(`)
j

9: Solve α3 + bjα
2 + cjα + dj = 0 with the root picking strategy for αj

10: ∆fj = α4
j +

4bj
3
α3
j + 2cjα

2
j + 4djαj

11: end for
12: j` = arg minj ∆fj

13: x
(`+1)
j =

{
x

(`)
j + αj, j = j`

x
(`)
j , j 6= j`

14: z(`+1) = z(`) + A:,j`αj`
15: ` = `+ 1
16: end while

GCD-LS-LS can be summarized as

x(`+1) = x(`) + α`ej` ,

with α`, j` = arg min
α,j

f
(
x(`) + αej

)
.

(3.14)

Theorem 3.4.1. Assume Assumption 3.2.4 holds and xs 6= 0 is a strict saddle point

associated with eigenvalue λ < maxiAi,i. There exists a constant δ0 such that if∥∥x(0) − xs
∥∥ < δ0, then f(x(1)) < f(xs).

Since exact line search in all direction guarantees that f
(
x(`+1)

)
< f

(
x(`)
)
, the

theorem guarantees that the iteration will never come back to the neighborhood of

the saddle point.

Proof. Without loss of generality, we assume that A1,1 = maxiAi,i.
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Let ∆x = x − xs and ‖∆x‖ = δ. We update x by β1e1. The update of the

objective function is given by

f (x+ β1e1) = f(xs) + C0 + ∆x>C1 + ∆x>C2∆x+ (∆x>∆x)∆x>C3 + (∆x>∆x)2,

(3.15)

where

C0 = β2
1

(
β2

1 + 4xs1β1 + 2λ+ 4 (xs1)2 − 2A1,1

)
=: q(β1),

C1 = −4β1A:,1 + 4β1λe1 + 8β1x
s
1x

s + 4β2
1x

s + 8β1x
s
1e1 + 4β3

1e1,

C2 = −2A+ 4xs (xs)> + 4β1e1e
>
1 + 2λI + 4β1e1 (xs)> + 4β1x

se>1 + 4β1x
s
1I + 2β2

1I,

C3 = 4xs + 4β1e1.

(3.16)

Applying Cauchy-Schwartz inequality to the last four terms in (3.15), we have

f(x+ β1e1) ≤ f(xs) + q(β1) + ‖C1‖δ+ ‖C2‖2δ
2 + ‖C3‖δ3 + δ4 = f(xs) + p(δ), (3.17)

where p(δ) = q(β1) +‖C1‖δ+‖C2‖2δ
2 +‖C3‖δ3 + δ4 is a quartic polynomial in δ with

constant coefficient (independent of ∆x). Observe that for the polynomial in β

q(β) = β2
(
β2 + 4xs1β + 2λ+ 4 (xs1)2 − 2A1,1

)
, (3.18)

β2 is always positive, and the discriminant of the remaining 2-nd order polynomial is

∆ = 8(A1,1−λ) > 0 by assumption of λ. Thus we can choose β1 such that q(β1) < 0,

and hence p(δ = 0) = q(β1) < 0.

By continuity, there exists δ0 > 0 such that ∀0 ≤ δ < δ0, p(δ) < 0. Hence,

following the greedy coordinate-wise iteration as in (3.14) and x(0) = x for ‖x− xs‖ ≤

δ < δ0, we obtain,

f
(
x(1)
)

= f
(
x(0) + α`ej`

)
≤ f

(
x(0) + β1e1

)
< f(xs). (3.19)

The iteration escapes the strict saddle point xs in one step.
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To authors’ best knowledge, the analysis of global convergence of greedy coordinate-

wise descent method is still open for non-convex objective function. Theorem 3.4.1

provides more insights of the behavior of the methods around the saddle points of

(3.1). The number of problematic saddle points can be very limited or even zero for

a given matrix in practice. For example, combining the result with the Gershgorin

circle theorem to locate the eigenvalues can rule out many saddle points. In the liter-

ature, there are some analysis of the convergence of coordinate-wise descent method,

such as [89]. However, the analysis [89] shows the convergence to coordinate-wise

local minima but not the general local minima.

3.5 Stochastic coordinate descent methods

Greedy coordinate-wise descent method, including both GCD-Grad-LS and GCD-

LS-LS in Section 3.4, updates a single coordinate every iteration. These methods

are beautiful from the theoretical point of view. In practice, these single coordinate

methods are not satisfactory on modern computer architecture. Distributed memory

super computing cluster, shared big memory machine or even personal laptop have

multi-thread parallelism enabled. In order to fully use the computing resources,

multi-coordinate updating per iteration is desired for practical usage so that each

thread can process a single coordinate simultaneously. The direct extension of the

greedy methods to multi-coordinate version simply replaces “coordinate-pick” from

the most desired coordinate to the k most desired coordinates; and the “coordinate-

update” remains the same for each picked coordinate. However, this change leads to

non-convergent iteration. In Figure 3.1, we demonstrate the convergence behavior for

solving (3.1) on the matrix A108, which is a random matrix of size 5000 with largest

eigenvalue being 108 and other eigenvalue equally distributed in [1, 100). Figure 3.1

(a) demonstrates the non-convergence behavior of the greedy CDMs with k = 4.
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In this section, we propose another natural extension of the greedy methods, i.e.,

stochastically sampling multiple coordinates from certain probability distribution and

updating each coordinate accordingly. We also provide the analysis of the method for

(locally) strongly convex problems. The local convergence analysis of SCD-Uni-LS

and GCD-Grad-LS can be viewed as two extreme cases of our analysis. Moreover,

the local convergence of GCD-LS-LS also follows as a direct corollary. As will be

shown in the analysis part, greedy CDMs are provably outperforms stochastic CDMs

when the initial value is in a strongly convex region near the minimizers and single

coordinate updating is adopted. If the iteration starts from a non-convex region, as

shown in Figure 3.1 (b), stochastic CDMs could converge faster than greedy CDMs.

The behavior in the figure will be discussed in more detail at the end of this section.
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(a) The non-convergence behavior of greedy
CDMs on A108 with k = 4 comparing with
convergent greedy CDMs with k = 1. The
initial vector is e1.
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(b) The convergence behavior of greedy
CDMs and stochastic CDMs on A108−100I.
The initial vector has 100 non-zero entries
on random coordinates. Note that the only
saddle point is the origin.

Figure 3.1: Convergence behavior of greedy coordinate descent methods vs stochas-
tic coordinate descent methods.

3.5.1 SCD-Grad-vecLS and SCD-Grad-LS

The first stochastic coordinate-wise descent method we consider is SCD-Grad-
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Algorithm 8: SCD-Grad-vecLS for LEVP
Input: Symmetric matrix A ∈ Rn×n; initial vector x(0); probability power t;
number of coordinates k.
1: z(0) = Ax(0)

2: ` = 0
3: while (not converged) do
4: ν =

∥∥x(`)
∥∥2

5: for j = 1, 2, . . . , n do
6: c

(`)
j = νx

(`)
j − z

(`)
j

7: end for
8: Sample k coordinates with probability proportional to

∣∣c(`)
∣∣t, denote it

as Ω
9: Solve (3.20) with the root picking strategy for α`

10: x
(`+1)
j =

{
x

(`)
j + α`∇jf

(
x(`)
)
, j ∈ Ω

x
(`)
j , j 6∈ Ω

11: z(`+1) = z(`) + A:,Ω

(
x

(`+1)
Ω − x(`)

Ω

)
12: ` = `+ 1
13: end while

vecLS as in Algorithm 8. SCD-Grad-vecLS is a stochastic version of GCD-Grad-LS:

Instead of picking the coordinate with largest magnitude in c(`)
j , we sample k coordi-

nates with probability proportional to
∣∣c(`)
j

∣∣t for t ≥ 0 and the set of sampled indices

is denoted as Ω, where as in GCD-Grad-LS in Section 3.4.1, c(`) is proportional to the

gradient vector, ∇f(x(`)). Hence the sampling strategy here is equivalent to sampling

with probability proportional to the t-th power of the absolute value of the gradient

vector. Through the similar derivation as in Section 3.4, we can show that the exact

line search can also be conducted along a given search direction. We denote the line

search objective function as h(α) = f
(
x(`) + αv

)
= f

(
x(`) + α

∑
j∈Ω∇jf

(
x(`)
)
ej
)
,

where v =
∑

j∈Ω∇jf
(
x(`)
)
ej defines the search direction. Function h(α) is again a

quartic polynomial of α. All candidates of optimal α are roots of the cubic polyno-
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mial,

dh

dα
(α) =4‖vΩ‖4α3 + 12

(
v>Ωx

(`)
Ω

)
‖vΩ‖2α2

+ 4

(
ν‖vΩ‖2 + 2

(
v>Ωx

(`)
Ω

)2

− v>ΩAΩ,ΩvΩ

)
α + 4ν

(
v>Ωx

(`)
Ω

)
− 4v>Ωz

(`)
Ω = 0,

(3.20)

where ν =
∥∥x(`)

∥∥2. We notice that all coefficients in (3.20), given ν, can be computed

in O(k2) operations for k being the number of indices in Ω. Hence all candidates of

the optimal α can be obtained in O(k2) operations. Analog to Section 3.4, we adopt

the root picking strategy to find the optimal α which has lowest function value. We

conclude that the optimal α is achievable in O(k2) operations given pre-calculated ν.

Algorithm 8 describes the steps in detail.

Algorithm 9: SCD-Grad-LS for LEVP
Input: Symmetric matrix A ∈ Rn×n; initial vector x(0); probability power t;
number of coordinates k.
1: z(0) = Ax(0)

2: ` = 0
3: while (not converged) do
4: ν =

∥∥x(`)
∥∥2

5: for j = 1, 2, . . . , n do
6: c

(`)
j = νx

(`)
j − z

(`)
j

7: end for
8: Sample k coordinates with probability proportional to

∣∣c(`)
∣∣t; denote Ω the

sampled index set
9: for j ∈ Ω do
10: pj = ν −

(
x

(`)
j

)2 − Aj,j
11: qj = Aj,jx

(`)
j − z

(`)
j

12: Solve α3
j + pjαj + qj = 0 for real αj

13: end for

14: x
(`+1)
j =

{
x

(`)
j + αj, j ∈ Ω

x
(`)
j , j 6∈ Ω

15: z(`+1) = z(`) + A:,Ω

(
x

(`+1)
Ω − x(`)

Ω

)
16: ` = `+ 1
17: end while
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One drawback of Algorithm 8 is that the exact line search relies on all selected

coordinates, which is unsuitable for asynchronous implementation. Here we propose

an aggressive SCD method, SCD-Grad-LS, which can be implemented in an asyn-

chronized fashion. The method combines the coordinate picking strategy in SCD-

Grad-vecLS and coordinate updating strategy in GCD-Grad-LS. But the updating

strategy in SCD-Grad-LS updates each coordinate with the coordinate-wise exact

line search independently and can be delayed. Algorithm 9 is the pseudo code of

SCD-Grad-LS.

Updating k > 1 coordinates independently as in Algorithm 9 does not have guar-

antee of convergence. When k is large or t is large such that the same coordinate

is updated multiple times, we do observe non-convergent behavior of the iteration

in practice. However, as shown in the numerical results, when k is relatively small

compared to n and t = 1, 2, SCD-Grad-LS, on average, requires about a fraction of

1/k number of iterations. There exists a fix to guarantee the convergence for any

k > 1. Instead of updating as x(`+1) = x(`) +
∑

j∈Ω αjej, we update as

x(`+1) = x(`) +
1

k

∑
j∈Ω

αjej, (3.21)

where αj is the optimal step size in j-th coordinate as in (3.9). Such a change enables

convergence but usually increases the iteration number by a factor of k if both cases

converge.

In the sampling procedure of stochastic CDMs, there are two ways of sampling,

sampling with replacement and sampling without replacement. We claim that when

k � n and the variance of
∣∣c(`)

∣∣t is small, sampling with or without replacement

behaves very similarly. While, for
∣∣c(`)

∣∣t with large variance or k ≈ n, these two sam-

pling strategies behave drastically differently. For example, when t→∞, probability

proportional to
∣∣c(`)

∣∣t becomes an indicator vector on a single coordinate (assum-
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ing non-degeneracy). Sampling with replacement results a set Ω of k same indices,

whereas sampling without replacement results a set of k different indices correspond-

ing to the largest k entries in
∣∣c(`)

∣∣. In the analysis below, we prove the local conver-

gence analysis of the Algorithm 8 and Algorithm 9 when k = 1 (the two algorithms

are equivalent when k = 1). Similar but more complicated analysis could be done

for k ≥ 1 when sampling with replacement is adopted and the modified updating

strategy (3.21) is adopted in Algorithm 9.

3.5.2 Local convergence of stochastic coordinate descent method

In this section, we analyze the convergence properties of stochastic coordinate-wise

descent methods for SCD-Grad-LS. We will present the analysis for a general strongly

convex objective function with Lipschitz continuous gradient. The analysis uses the

following notations and definitions. We take

B± =

{
y

∣∣∣∣ ∥∥∥y ∓√λ1v1

∥∥∥ ≤ 1

30

min(2λ1, λ1 − λ2)√
λ1

}
(3.22)

as two neighborhoods around global minimizers ±
√
λ1v1 respectively.

Definition 3.5.1 (Coordinate-wise Lipschitz continuous). Let a function g(x) : S 7→

R be continuously differentiable. The gradient of the function ∇g(x) is coordinate-

wise Lipschitz continuous on S if there exists a positive constant L such that,

|∇ig(x+ αei)−∇ig(x)| ≤ L|α|, ∀x, x+ αei ∈ S and i = 1, 2, . . . , n. (3.23)

Compared to the usual Lipschitz constant of ∇g(x), denoted as Lg, we have the

relation, L ≤ Lg. If g(x) is further assumed to be convex, then we have Lg ≤ nL. If

g(x) is twice-differentiable, Definition 3.5.1 is equivalent to
∣∣e>i ∇2g(x)ei

∣∣ ≤ L for all

i = 1, 2, . . . , n and x ∈ S. An important consequence of a coordinate-wise Lipschitz
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continuous function g(x) is that

g(x+ αei) ≤ g(x) +∇ig(x)α +
L

2
α2, ∀x ∈ S and x+ αei ∈ S. (3.24)

The following lemma extends [48, Lemma A.3] to objective function f(x) with

matrix A satisfying Assumption 3.2.4.

Lemma 3.5.2. Function f(x) defined in (3.1) is a continuously differentiable func-

tion. Further the gradient function ∇f(x) is coordinate-wise Lipschitz continuous on

either B+ or B− with constant L = 12λ1 + 2 min(2λ1, λ1 − λ2) + 4 maxi |Ai,i|.

Definition 3.5.3 (strongly ‖·‖p-convexity). Let a function g(x) : S 7→ R be contin-

uously differentiable. It is said to be strongly ‖·‖p-convex, if there exists a constant

µp > 0 such that

g(y) ≥ g(x) +∇g(x)>(y − x) +
µp
2
‖y − x‖2

p, ∀x, y ∈ S. (3.25)

Throughout the paper, we assume p ≥ 1 in the definition. Definition 3.5.3 is a

generalized version of the traditional strong convexity, which corresponds to p = 2

case.

Combine (3.25) with the equivalence of different norms in finite dimensional vector

space, we obtain for any p ≥ q ≥ 1

g(y) ≥ g(x) +∇g(x)>(y − x) +
µp
2
‖y − x‖2

p

≥ g(x) +∇g(x)>(y − x) + n
2/p−2/qµp

2
‖y − x‖2

q, ∀x, y ∈ S.
(3.26)

Therefore, if g(x) is a strongly ‖·‖p-convex function with constant µp, then g(x) is

a strongly ‖·‖q-convex function with constant µq ≥ n2/p−2/qµp, which is equivalent to

n2/qµq ≥ n2/pµp. On the other hand side, using the inequality of vector norm together
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with (3.25), we obtain for any p ≥ q ≥ 1,

g(y) ≥ g(x) +∇g(x)>(y − x) +
µq
2
‖y − x‖2

q

≥ g(x) +∇g(x)>(y − x) +
µq
2
‖y − x‖2

p, ∀x, y ∈ S.
(3.27)

Therefore, if g(x) is a strongly ‖·‖q-convex function with constant µq, then g(x) is a

strongly ‖·‖p-convex function with constant µp ≥ µq. Putting two parts together, we

have the following inequalities of µp and µq

n
2/p−2/qµp ≤ µq ≤ µp, (3.28)

where p ≥ q ≥ 1.

Lemma 3.5.4. Function f(x) defined in (3.1) is strongly ‖·‖2-convex on either B+

or B− with constant µ2 = 3 min(2λ1, λ1 − λ2), and hence, there exists µp such that

f(x) is strongly ‖·‖p-convex for any p ≥ 1.

The proof of the strongly ‖·‖2-convexity in Lemma 3.5.4 follows an extension of

the proof of Lemma A.2 in [48], where the minimum eigenvalue of the Hessian matrix

is modified according to the assumption of the matrix A. Combining with (3.28), we

have the existence of µp for all p ≥ 1.

B+ and B− are two disjoint 2-norm ball around global minimizers. Next we define

two sublevel sets D+ and D−, contained in B+ and B− respectively as

D± =

{
x ∈ B±

∣∣∣∣ f(x) ≤ min
y∈∂B±

f(y)

}
, (3.29)

where ∂B± denote the boundary of B±. Obviously, two global minimizers lie in D±

respectively, i.e., ±
√
λ1v1 ∈ D±. Lemma 3.5.5 shows monotonic decay property of

the iteration defined by Algorithm 9 once the iterations falls in D±. It also shows

that D+ ∪D− is a contraction set for the iteration.
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Lemma 3.5.5. Consider function f(x) as defined in (3.1) and the iteration follows

Algorithm 9 with k = 1. For any x(`) ∈ D+ ∪D−, we have

f
(
x(`+1)

)
≤ f

(
x(`)
)
− 1

2L

(
∇j`f

(
x(`)
))2

, (3.30)

where j` is the index of the coordinate being picked. Moreover, we have x(`+1) ∈

D+ ∪D−.

The proof of Lemma 3.5.5 can be found in Appendix A.2.

In Algorithm 9, we notice that the iteration of x(`) in the SCD-Grad-LS samples

coordinate j with probability proportional to
∣∣∇jf

(
x(`)
)∣∣t for some non-negative

power t. In the following lemma and theorem, we adopt notation f ∗ as the minimum

of the function and X∗ be the set of minimizers, i.e., X∗ =
{
±
√
λ1v1

}
. A distance

function between two sets or between a point and a set is defined as, dist
(
S1, S2

)
=

minx∈S1,y∈S2 ‖x− y‖.

Lemma 3.5.6. Consider function f(x) as defined in (3.1) and the iteration follows

Algorithm 9 with k = 1. For any x(`) ∈ D+ ∪D−,

E
[
f
(
x(`+1)

)
| x(`)

]
− f ∗ ≤

(
1− µq

Ln2− 2
q

)(
f
(
x(`)
)
− f ∗

)
, (3.31)

where q = t+2
t+1

.

The proof of Lemma 3.5.6 can be found in Appendix A.2.

Theorem 3.5.7. Consider function f(x) as defined in (3.1) and the iteration follows

Algorithm 9 with k = 1. For any x(0) ∈ D+ ∪D−,

E
[
f
(
x(`)
)
| x(0)

]
− f ∗ ≤

(
1− µq

Ln2− 2
q

)` (
f
(
x(0)
)
− f ∗

)
, (3.32)
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where q = t+2
t+1

. Moreover,

E
[
dist
(
x(`), X∗

)2 | x(0)
]
≤ 2

µ2

(
1− µq

Ln2− 2
q

)` (
f
(
x(0)
)
− f ∗

)
. (3.33)

The proof of Theorem 3.5.7 can be found in the Appendix A.2. Theorem 3.5.7

is slightly more complicated than Lemma 3.5.6 since Algorithm 9 adopts the exact

line search and there are two sublevel sets D± for the non-convex objective function

f(x). The iteration x(`) might jump between the two sets. The monotonicity of the

exact line search is the key to extend Lemma 3.5.6 to Theorem 3.5.7.

Remark 3.5.8. According to Theorem 3.5.7, the convergence rate depends on n2/qµq,

which depends on q and hence t. The right side of (3.28) indicates that, for a problem

such that µ1 = µq = µ2, the convergence rate of q = 1 ⇔ t = ∞ is n times larger

than that of q = 2 ⇔ t = 0. This means that greedy CDM could be potentially n

times faster than stochastic CDM with uniform sampling. According to the left side

of inequality (3.28), for p ≥ q, we have n2/pµp ≤ n2/qµq, which means the convergence

rate of q is equal to or faster than that of p. In terms of t, we conclude that the

convergence rate of smaller t is smaller than that of larger t and larger t potentially

leads to faster convergence.

Remark 3.5.9. For a fair comparison between CDMs with traditional methods such

as gradient descent, we should take n iterations of CDM and compare it against

a single iteration of gradient descent since one iteration of CDM only updates one

coordinate whereas one iteration of gradient descent updates n coordinates. Under

such a setting, Theorem 3.5.7 implies that

E
[
f
(
x(n`)

)
| x(0)

]
− f ∗ ≤

(
1− µq

Ln2− 2
q

)n` (
f
(
x(0)
)
− f ∗

)
≤
(
e−

µq
L
n

2
q−1)` (

f
(
x(0)
)
− f ∗

)
,
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and

E
[
dist
(
x(n`), X∗

)2 | x(0)
]
≤ 2

µ2

(
e−

µq
L
n

2
q−1)` (

f
(
x(0)
)
− f ∗

)
.

For uniform sampling, t = 0 and q = 2, the decreasing factor is e−
µq
L
n

2
q−1

= e−
µ2
L ,

which is independent of n. This result implies Algorithm 9 with uniform sampling

has the same convergence rate as gradient descent. Combining with Remark 3.5.8, we

conclude that Algorithm 9 with arbitrary t ≥ 0 converges at least as fast as gradient

descent.

Remark 3.5.10. If we extend Definition 3.5.1 to multi-coordinate Lipschitz conti-

nuity, and assume f(x) is multi-coordinate Lipschitz continuous with L̃, a natural

extension of Theorem 3.5.7 would follow. Unfortunately, if the coordinates are sam-

pled independently, in an extreme case when k same coordinates are sampled, the

convergence rate would be the same as that in Theorem 3.5.7. In the end, the con-

vergence rate would not be improved and could be even worse. This is similar to the

argument of CDM vs. full gradient descent method. In practice, when k is not too

large, and the sampled coordinates are distinct, we do observe k-fold speed-up of the

iterations. This observation suggests that the convergence rate in Theorem 3.5.7 is

not sharp for k > 1.

Combining Theorem 3.5.7 together with the monotonicity of µq as (3.28) shows

that the lower bound of the convergence rate increases monotonically as q decreases.

In terms of t, the larger t corresponds to smaller q which leads to larger µq for

q = t+2
t+1

. Here we would like to argue that the equality of (3.28) is achievable

which demonstrates the power of CDMs with such a sampling strategy. Consider

a simple example f(x) = ‖Ax− b‖2 for A being a diagonal matrix with diagonal

entries Ai,i = 1000, i = 1, 2, . . . , 4999, A5000,5000 = 1 and b =
[
0 · · · 0 1

]> being

a column vector of size 5000. Through elementary calculations, we can show that
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(a) single-coordinate updating
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(b) double-coordinate updating

Figure 3.2: Convergence behavior of SCD-Grad-Grad method with different choice
of t. The axis of iterations on (a) is twice as long as that in (b).

∇2f(x) = 2A2, µ0 = 2 and µ∞ ≈ 1.99. Therefore all µt lies in the small interval

[1.99, 2] and different choice of t would lead to different rate of convergence. We

minimize f(x) using the SCD-Grad-Grad method. The step size is fixed to be 10−6

and the initial vector is chosen randomly. Figure 3.2 (a) demonstrates the first

104 iterations of the SCD-Grad-Grad with different choice of t. The relative error is

defined to be
(
f
(
x(`)
)
−f
(
x∗
))
/f
(
x(0)
)
. Clearly, different choice of t leads to different

convergence rates. And we also notice that the most significant improvement appears

when increasing t from 0 to 1, which implies that sampling with respect to magnitude

of gradient is much better than sampling uniformly. In Figure 3.2 (a), the line with

t = 4096 and that with t =∞ overlap.

According to either Theorem 3.5.7 or Figure 3.2 (a), it is convincing that for single-

coordinate updating CDM, picking the index with largest gradient magnitude should

be the optimal strategy. Figure 3.2 (b) investigates the case with double-coordinate

updating, i.e., sample two coordinates independently and update two entries simul-

taneously in every iteration. Comparing Figure 3.2 (a) and (b), we notice for small

t, double-coordinate updating strategy almost reduces the required number of iter-
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ations by half. As t → ∞, the sampling approaches choosing the coordinate with

largest gradient magnitude with probability 1. Sampling two coordinates indepen-

dently thus results in sampling the same index twice and the iteration behaves similar

to the single-coordinate updating CDM. Readers may argue that we should sample

without replacement or sampling two indices with two largest gradient magnitudes

and updating accordingly. However, when the objective function is non-convex, for

example, the objective function f(x) defined in (3.1), the iteration usually stick in

the middle of iteration (see Figure 3.1 (a)).

Remark 3.5.11 (Local convergence of greedy coordinate-wise descent method). The

local convergence analysis of SCDMs can be extended to the greedy coordinate-wise

descent methods. GCD-Grad-LS as in Algorithm 7 is a special case of SCD-Grad-LS

with t = ∞ and k = 1. 2 Hence Theorem 3.5.7 proves the local convergence of the

GCD-Grad-LS with q = 1.

GCD-LS-LS as in Algorithm 7 conducts optimal coordinate-wise descent every

iteration. Therefore, for GCD-LS-LS, Lemma 3.5.5 can be proved for any index of

coordinate j and then Lemma 3.5.6 holds for q = 1. The modified lemmas lead to the

following corollary.

Corollary 3.5.12. Consider function f(x) as defined in (3.1) and the iteration fol-

lows Algorithm 7. For any x(0) ∈ D+ ∪D−,

E
[
f
(
x(`)
)
| x(0)

]
− f ∗ ≤

(
1− µ1

L

)` (
f
(
x(0)
)
− f ∗

)
. (3.34)

Moreover,

E
[
dist
(
x(`), X∗

)2 | x(0)
]
≤ 2

µ2

(
1− µ1

L

)` (
f
(
x(0)
)
− f ∗

)
. (3.35)

2Previous work [48] provides a local convergence proof for GCD-Grad-LS, which uses the theorem
in [61, 62]. Unfortunately, there is a small gap in the proof. The local domain defined in the proof
is not a contractive domain of the iteration. Instead, the D± defined in (3.29) is local domain of
contraction, and can be used to fill in the gap of the proof.
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The local convergence of GCD-Grad-LS and GCD-LS-LS are achieveable, while

the global convergences are so far still open. Numerically, both methods converge to

global minima for most the cases we tested.

Remark 3.5.13 (Convergence behavior in non-convex area). We demonstrate one

example such that the stochastic CDMs outperforms greedy CDMs even all methods

are conducting single coordinate updating. We generate a random matrix A108−100I

of size 5000, whose the largest eigenvalue is 8 and other eigenvalues are distributed

equally on [−99, 0). According to Lemma 3.2.6, 0 is the only strict saddle point of

the problem. If all methods start with a sparse initial vector, in this problem, they all

converge to the strict saddle point first, and then escape from it. Figure 3.1 (b) shows

the convergence behavior of five methods ordered by the degree of greediness. The

horizontal line is the relative error at the strict saddle point 0. As we can see that it

takes more time for greedier method to escape from the saddle point. And although

SCD-Grad-LS(0) escape from the saddle point fastest, but the overall performance is

worse than SCD-Grad-LS(1). This motivates us to apply SCD-Grad-LS with small t

in practice. Such methods are almost as efficient as the greedy methods, as shown in

Figure 3.2, they are also robust to non-convex objective functions near saddle points.
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Chapter 4

Coordinate Descent Full Configuration
Interaction

4.1 Introduction

Solving quantum many-body problem for electrons is a well-known challenging task.

While weakly correlated (single-reference) systems can be well approximated using

density functional theory and coupled cluster methods such as CCSD(T); strongly

corrected (multi-reference) systems remain challenging. The difficulty comes in two

aspects: the infamous fermion sign problem and combinatorial scaling of the prob-

lem size. Inspired by the discussion of the coordinate descent methods in Chapter 3,

we propose an efficient algorithm, named coordinate descent FCI (CDFCI) based

on GCD-Grad-LS, to calculate the ground state energy and its corresponding varia-

tional wavefunction for both weakly and strongly correlated fermion systems in the

framework of full configuration interaction[95].

The rest of the chapter is organized as follows. Section 4.2 presents the CDFCI

algorithm. The implementation detail is stated in Section 4.3. In Section 5.3, we

demonstrate the efficiency and accuracy of CDFCI via applying it to various molecules

including H2O, C2, N2, and Cr2. Also the binding curve of N2 is characterized.
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4.2 Coordinate descent FCI

As discussed in Section 1.2, we want to solve the ground state and the ground state

energy of a quantum system with Hamiltonian

Ĥ =
∑
p,q

tpqâ
†
pâq +

1

2

∑
p,r,q,s

vprqsâ
†
pâ
†
râqâs, (4.1)

under second quantization. The ground state |Φ0〉 and the ground state energy E0

satisfies the time-independent Schrödinger equation

Ĥ |Φ0〉 = E0 |Φ0〉 , (4.2)

where E0 is the smallest eigenvalue (assume E0 < 0) of Ĥ.

In FCI formulation, the many-body Hilbert space H is truncated to a finite-

dimensional subspace spanned by all possible Slater determinants

V = span
{
|D1〉 , . . . , |DNFCI〉

}
⊂ H

, which are formed by a finite basis {χp}norb
p=1 , known as spin-orbitals, of the one-body

Hilbert space. Under the basis of the Slater determinants {|Di〉}NFCI
i=1 , the time-

independent Schrödinger equation (4.2) has its matrix representation as,

Hx = E0x, (4.3)

known as the FCI eigenvalue problem.

If we define A = −H or A = I − δH, the FCI eigenvalue problem (4.3) is exactly

the leading eigenvalue problem defined in (1.1). However, we will work with H

directly throughout this chapter since we aim to solve the particular FCI eigenvalue

problem in quantum physics and quantum chemistry. Note in most places, there is

just a sign difference.
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As the equation (1.7), the FCI eigenvalue problem (4.3) can be reformulated as

the following unconstrained non-convex optimization problem,

min
x∈RNFCI

f(x) =
∥∥H + xx>

∥∥2

F
, (4.4)

where ‖·‖F denotes the Frobenius norm of a matrix. The gradient of the objective

function is

∇f(x) = 4Hx+ 4
(
x>x

)
x.

As analyzed in Chapter 3, the stationary points are 0 and ±
√
−Eivi for Ei < 0, where

vi is the normalized eigenvector corresponding to Ei. Furthermore, importantly,

±
√
−E0v0 are the only two local minimizers with the same objective value, while

other stationary points are saddle points. Thus, solving the optimization problem

(4.4) reveals the ground state energy E0 and the ground state wavefunction coefficient

vector v0. For such an optimization problem, higher order methods converge to

global minima efficiently but their per iteration computational costs are too expensive

for FCI problems. Hence, only first order methods, like gradient descent methods

(GDs), stochastic gradient descent methods (SGDs), and coordinate descent methods

(CDMs), are discussed here.

The first order optimization methods applied to (4.4), compared with solving

(4.3) using traditional methods, e.g., power method, Davidson method, and Lanczos

method, have two main advantages. First, GDs, SGDs, and CDMs do not need any

tuning parameters: no diagonal shift is needed to turn the smallest eigenvalue into

the largest one in magnitude [49] and the stepsize can be addressed by an exact line

search. Second, since no orthonormality constraint appears explicitly in (4.4), solving

(4.4) with GDs, SGDs, and CDMs does not need any orthonormalization step. While

in traditional methods like Davidson or Lanczos methods, orthonormalization step

is needed every a few iterations to avoid numerical instability issue, which would be
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expensive for FCI problems.

Among the first order optimization methods, CDMs are more suitable for FCI

problems. GDs evaluate and update the exact gradient each iteration, which is pro-

hibitively expensive for FCI problems, due to the huge problem dimension. SGDs

evaluate and update a stochastic approximation of the full gradient, which is of much

cheaper computational cost per iteration. SGDs actually have been applied to FCI

problems in an implicit way: as FCIQMC, iFCIQMC, and S-FCIQMC can all be

regarded as SGDs applied to a similar objective function as (4.4) with constant step-

sizes [57]. SGDs, in general, converge efficiently to a neighborhood of minimizers

and then wander around the minimizer due to the stochastic approximation. CDMs

select and update a single coefficient each iteration, which is of cheap computational

cost. Comparing to GDs, CDMs provably achieve faster convergence rate in terms

of the prefactor [49], whereas comparing to SGDs, CDMs are approximately of equal

cost per iteration, but is much more stable towards convergence. Further, with a

properly designed selecting strategy, CDMs updates different coefficients with differ-

ent frequencies, taking advantage of the different importance of determinants in FCI

problems. Taking these advantages into consideration, we design CDFCI, which is a

CDM tailored for FCI problems with compression strategy, to efficiently solve (4.4).

This method is described in details below.

4.2.1 Algorithm

The CDFCI algorithm stores two sparse vectors x(`) and z(`) in the main memory

that are contiguously maintained throughout iterations: x(`) denotes the computed

coefficient vector of the ground state wavefunction in the `-th iteration and z(`) is a

compressed approximation of Hx(`).

Let us first give a sketch of the CDFCI algorithm: In the `-th iteration, CDFCI
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first finds the i(`+1)-th determinant with potentially steepest objective function value

decrease among all H-connected determinants of |Di(`)〉. Then CDFCI conducts an

exact line search to find the optimal update α such that f(x(`) +αei(`+1)) is minimized

and hence the estimator for the ground state energy is reduced, where ei(`+1) denotes

the indicator vector of i(`+1). z(`) plays an important role in all above steps. In

preparation for next iteration, the vector z(`+1) needs to be updated incorporating

with x(`+1) = x(`) + αei(`+1) . However, an exact update z(`+1) = z(`) + αH:,i(`+1) could

waste limited memory resource on unappreciative determinants. Our compression

step updates coefficients only when they do not cost extra memory resource or if

they are significantly large in magnitudes. Although the compression step introduces

error along the iterations, as we will show, we can still calculate the Rayleigh quotient

corresponding to x(`+1) exactly, which is used as the ground state energy estimator

in CDFCI.

In the following, we will discuss each part of CDFCI in detail and then conclude

this section with a pseudo-code for the algorithm.

Determinant-select and coefficient-update

Determinant-select is the first step in each iteration. Assume that the `-th iteration

updates determinant |Di(`)〉 and results in a coefficient vector x(`). We select the

determinant to be updated at the current iteration, |Di(`+1)〉, according to local infor-

mation at x(`). In order to decrease the objective function value to the largest extent,

we could select the determinant with the largest magnitude of the approximated

gradient at x(`), i.e., |Di(`+1)〉 with

i(`+1) = arg max
j

∣∣∣4z(`)
j + 4

((
x(`)
)>
x(`)
)
x

(`)
j

∣∣∣,
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where z(`) is a compressed approximation of Hx(`). However, the above strategy

requires checking each j (i.e., all determinants), which is prohibitive for even moderate

size problems. Hence, instead of checking all determinants, CDFCI only checks the

H-connected determinants of |Di(`)〉, i.e.,

i(`+1) = arg max
j∈IH(i(`))

∣∣∣4z(`)
j + 4

((
x(`)
)>
x(`)
)
x

(`)
j

∣∣∣. (4.5)

Since our compression strategy introduced later in Section 4.2.1 truncates unappre-

ciative determinants, the expression in (4.5) remains a good approximation of the

exact gradient at x(`). Empirically, such a gradient-based determinant-select strategy

outperforms other perturbation-based determinant-select strategies as used in other

SCI algorithms (see Section 5.3 for details).

Once the i(`+1)-th determinant is selected, CDFCI determines the stepsize by the

line search along that direction so to decrease the objective function value by the

largest amount. Denoting the update as α, the line search can be formulated as

α = arg min
α̃∈R

f(x(`) + α̃ei(`+1)). (4.6)

Since h(α̃) = f(x(`) + α̃ei(`+1)) is a quartic polynomial in α̃, solving the minimization

problem (4.6) is equivalent to finding roots of h′(α̃) – the derivative of h(α̃). If h′(α̃)

has a unique root, then the root is the minimizer. If h′(α̃) has two roots, then the

one with multiplicity one is the minimizer. If h′(α̃) has three roots, then the one

further away from the middle one is the minimizer. Given the update α, we can

easily update x(`) as

x
(`+1)
i =

{
x

(`)
i , i 6= i(`+1);

x
(`)
i + α, i = i(`+1).

(4.7)

In CDFCI, we also need to maintain z(`+1) ≈ Hx(`+1) for future determinant-

select steps. Since only one coefficient is updated in x(`), the corresponding z(`) can
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be updated accordingly as,

z(`+1) ≈ Hx(`+1) ≈ z(`) + αH:,i(`+1) . (4.8)

Therefore, each update step requires evaluation of all H-connections from |Di(`+1)〉.

Besides the update from x(`+1), we also recalculate the current i(`+1)-th entry in z(`+1)

to guarantee the correctness and increase the numerical stability of our algorithm.

Such a recalculation could improve the accuracy of the determinant-select (4.5) and

line search (4.6) in the following iterations, and also provide an accurate Rayleigh

quotient as the estimator of the ground state energy as in (4.11). We argue this

correction comes for free in addition to (4.8), since

z
(`+1)

i(`+1) =Hi(`+1),:x
(`+1)

=
∑

j∈IH(i(`+1))

(Hj,i(`+1))∗x
(`+1)
j ,

(4.9)

where (Hj,i(`+1))∗ denotes the complex conjugate of Hj,i(`+1) , which has already been

evaluated when updating (4.8).

Coefficient compression

Since CDFCI initializes x(0) with the reference determinant |D1〉 and z(0) = Hx(0),

the coefficient of the reference determinant in z(0) is nonzero and the reference de-

terminant is in z(0). In later iterations, CDFCI is designed to follow one rule: if a

determinant is in x(`), then it is in z(`) as well. Under this rule, if a determinant

|Dj〉 is neither in x(`) nor in z(`), according to (4.5), this determinant has zero value

therein and will not be selected. Hence (4.5) selects either a new determinant not in

x(`) but in z(`) or an old determinant already in both x(`) and z(`). In CDFCI, thus,

the compression strategy compresses only the unappreciative determinants in z(`) to

control the computation and memory cost, which in turn restricts the growth of the

coefficient vector x(`).
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Detailed compression strategy is as follows. When a coefficient αHj,i(`+1) is added

to b(`)
j , we use a predefined tolerance ε to compress the update. If the j-th determinant

is already selected before, then αHj,i(`+1) is added to z(`)
j without any compression. If

the j-th determinant has not been selected in z(`), but the update is quantitatively

large, i.e.,
∣∣αHj,i(`+1)

∣∣ > ε, it indicates that the j-th determinant is appreciable and

the j-th determinant will be added to z(`) with the coefficient αHj,i(`+1) . Otherwise,

the update is truncated, i.e., the coefficient in z(`) remains 0. The described compres-

sion strategy is deterministic and satisfies the rule that determinants with nonzero

coefficients in x(`) are in z(`) as well. For molecules, such a deterministic strategy

outperforms other strategies including stochastic compression schemes [50] due to its

effectiveness and cheap cost.

Energy estimation

Although the vector z(`+1) is compressed, we emphasize that the Rayleigh quotient

r(x) = x>Hx
x>x

can be maintained accurately for x(`+1), which is used in CDFCI as the

estimator of the ground state energy. First, the squared norm of x(`) can be updated

up to numerical error, i.e.,

(
x(`+1)

)>
x(`+1) =

(
x(`)
)>
x(`) + 2αc

(`)

i(`+1) + α2. (4.10)

An exact update can be computed for the numerator of the Rayleigh quotient as well,

i.e., (
x(`+1)

)>
Hx(`+1) =

(
x(`)
)>
Hx(`)

+ 2αz
(`+1)

i(`+1) − α2Hi(`+1),i(`+1) ,

(4.11)

where z(`+1)

i(`+1) is recalculated accurately as discussed in Section 4.2.1 around (4.9).

Hence this update is accurate. The Rayleigh quotient of the updated variational
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wavefunction, r(x(`+1)) is the ratio of two accurately cumulated quantity and hence

accurate. Both in theoretical and numerical results, we observed that the Rayleigh

quotient is much more accurate than the projected energy estimator [8, 6, 16, 70],

which is z
(`+1)
1

x
(`+1)
1

in our notation.

Stopping criteria can be tricky for all iterative methods, including DMRG, FCIQMC,

HCI, SHCI, etc, and is also the case for CDFCI. Here we propose three suggestions.

As for many iterative methods, we can stop the iteration if the updated value is

small. For CDFCI, it is suggested to monitor the cumulated updated values across

a few iterations as the stopping criteria. Another stopping criteria is based on the

change of the Rayleigh quotient. Usually, we observe monotone decay of the Rayleigh

quotient before iteration converges. Therefore, we can stop the algorithm if the decay

of the Rayleigh quotient after a few iterations is small. The third suggestion is based

on the ratio of the number of nonzero coefficients in z and x. When the algorithm

converges, this ratio converges to 1. When the ratio is close to 1, the error introduced

by the compression slows down the convergence significantly. Hence more iterations

do not make much accuracy improvement. Mixed use of these stopping criteria is

suggested in practice.

We conclude this section with a pseudo-code for CDFCI:

1. Initialize x(0) by the reference state |D1〉 with coefficient being 1, initialize

z(0) = Hx(0), and initialize ` = 0.

2. Select a determinant with the largest gradient magnitude according to (4.5).

Denote the selected determinant as |Di(`+1)〉.

3. Solve a cubic polynomial equation to obtain the optimal update α for the

selected determinant. Update the i(`+1)-th coefficient as (4.7).
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4. Update z(`+1)
j = z

(`)
j + αHj,i(`+1) if the j-th determinant is already selected in

z(`). Otherwise, add new determinant |Dj〉 to z(`+1) with coefficient αHj,i(`+1) if∣∣αHj,i(`+1)

∣∣ > ε. Exactly reevaluate z(`+1)

i(`+1) as (4.9).

5. Update
(
x(`+1)

)>
x(`+1) and

(
x(`+1)

)>
Hx(`+1) as (4.10) and (4.11) respectively.

Calculate the exact Rayleigh quotient for x(`+1).

6. Repeat 2-5 with `← `+ 1 until some stopping criteria is achieved.

4.3 Implementation and complexity

We now give some implementation details of the algorithm, focusing on the computa-

tionally expensive parts and the numerical stability issues. In the end of this section,

a per iteration complexity analysis is conducted.

The indices of Slater determinants are encoded in the way that coincides with

that in the second quantization. Suppose there are norb spin-orbitals in the FCI

discretization, and nelec electrons in the system. Then a Slater determinant is encoded

as an norb-bit binary string, with each bit representing a spin-orbital. The spin-orbital

is occupied if the corresponding bit is 1 and unoccupied if the bit is 0. The norb-bit

binary string is stored as an array of 64-bit integers. Thus, dnorb
64
e integers are needed

to represent the index of a determinant.

We now focus on the implementation detail of the determinant-update step, as

it dominates the runtime. Since the vectors z and x are sparse and compressed in

the algorithm, their entries cannot be contiguously stored in memory. For CDFCI,

we have tried two different data structure implementations for the combined vector

(since the indices of nonzero coefficients of x are contained in z, these two vector are

stored together in a single data structure): red-black tree and hash table [17].
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Red-black tree is a memory compact representation of the vector: Given that z

at current iteration has n nonzero coefficients, red-black tree requires O(n) memory.

Inserting, updating and deleting a nonzero coefficient to this red-black tree cost

O(log n) operations. The drawback is that each nonzero coefficient is a node on the

tree and hence requires extra memory to store pointers, which turns out to be more

expensive comparing to the hash table.

In CDFCI, therefore, we prefer to use a fixed-size open addressing hash table.

The hash function mapping a configuration string to an array index is chosen as

Hash(d) = s · d (mod p), (4.12)

where the size of the hash table is chosen to be a large prime number p; d is the

vector of dnorb
64
e integers with bits representing the configuration of the determinant;

and s is a fixed vector of the same length as d with entries randomly chosen from

[0, p − 1] during the CDFCI initialization step. In our current implementation, for

each execution of the algorithm, we allocate an array of size approaching machine

memory limit for the hash table, which could be modified to enable dynamic resizing

feature in order to be memory compact. Inserting, updating and deleting a nonzero

coefficient in hash table cost O(1) operations on average; while in the worst case, when

the table is almost full, inserting and deleting operation would cost O(p) operations.

In order to avoid such inefficient scenarios, we limit the load factor below 80%. In

practice, these settings of hash table work well and significantly outperform red-black

tree. All the numerical results in this paper are produced with hash table.

Besides the expensive data accessing step, the computational expensive step is the

evaluation of H:,i(`+1) . Let NH = maxi |IH(i)| be the maximum number of nonzero en-

tries in columns of the Hamiltonian matrix. Although NH � NFCI, NH still scales as

O(n2
elecn

2
orb). The computational cost for evaluating each entryHi,j also depends mod-

erately on nelec. CDFCI uses an efficient Fortran implemented open source quantum
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chemistry code Hande-QMC as backend for the evaluation of Hamiltonian entries.

Shared memory parallelism based on OpenMP is used in our implementation. For

each iteration, the double excitation calculation is the bottleneck for the evaluation

H:,i(`+1) , which is embarrassingly parallelized with OpenMP. In terms of runtime,

accessing a nonzero coefficient of z and x is also expensive due to the lack of memory

continuity. Therefore, we also parallelize the access to zIH(i(`+1)) and xIH(i(`+1)) with

OpenMP. Due to the possible collision of the hash function of open addressing, we

partition the hash array into 2000 blocks and set locker for each block, such that

no two threads can access the same block simultaneously. Increasing the number of

lockers would reduce the idling time of threads but would increase the memory cost.

We did not try to optimize the number of blocks.

Last point on implementation focuses on the numerical stability of the Rayleigh

quotient. Different from other iterative methods, CDFCI updates one determinant

per iteration. Hence, for large systems, the number of iteration could easily go

beyond 108. For cumulated quantities such as x>x and x>Hx, the value is updated

at least 108 times, hence the accumulated numerical error could pollute the chemical

accuracy, and thus careful treatment is needed. In our implementation, we use a

quadruple-precision floating point for x>x and x>Hx such that the relative error is

at most 10−16 unless the number of iteration exceeds 1016.

Let us remark that our current implementation of CDFCI is by no means optimal.

The bottleneck of the current implementation is the naïve hash table. Random access

to the main memory is expensive since the cache hierarchy is not fully adapted. An

optimized hash table may improve the performance by a big constant.

To conclude the section, let us conduct a leading order per iteration complexity

analysis for CDFCI. In determinant-select step, since all z(`)
i and x(`)

i for i ∈ IH(i(`+1))

have been accessed in the previous iteration, i(`+1) can be computed without paying
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the cost of accessing the data structure of z and x. Hence the leading cost is O(NH)

with a small prefactor. Line search and updating x cost O(1) operations and are

hence negligible. Updating z is the most expensive step throughout the algorithm.

It requires evaluating O(NH) entries of Hamiltonian matrix and accessing z and x

O(NH) times. This step costs O(NH) operation with a prefactor being the Hamil-

tonian per entry evaluation cost plus the averaged data structure accessing cost. In

our implementation, the compression step is combined with the updating step. Once

H:,i(`+1) has been evaluated, z(`)
i and x

(`)
i for i ∈ IH(i(`+1)) are accessed, then exact

update of z(`+1)

i(`+1) , cumulative updates of x>x and x>Hx cost O(NH) operations with

a small prefactor. Overall, CDFCI costs O(NH) operations per iteration with the

prefactor dominated by the computation cost of one Hamiltonian entry and the av-

eraged access cost of the data structure. The memory cost of CDFCI is dominated

by the cost of allocating the data structure.
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Chapter 5

Numerical Results

5.1 Comparison of FCIQMC and FRI

In this section, we give some numerical tests of the FCIQMC and FRI algorithms,

and their variance iFCIQMC and Hard Thresholding to compare the performance.

The numerical problem is to compute the ground energy of a Hamiltonian H for a

quantum system. As discussed before, we define A = I−δH for δ small so the problem

is equivalent to find the largest eigenvalue of A. We will test these methods with

two types of model systems: the 2D fermionic Hubbard model and small chemical

molecules under the full CI discretization. The Hamiltonians for these have the same

structure. In our test examples, we choose the total spin Stot = 0. Therefore the

dimension of the space is
(
Norb

Nelec/2

)2
, neglecting other constraints like symmetry. The

dimension grows exponentially as Norb and N elec grows. Here we summarize the

system in our numerical tests in the Table 5.1:

Table 5.1: Test systems for FCIQMC and FRI

System Norb N elec dimension HF energy Ground energy
4× 4 Hubbard 16 10 1.2× 106 -17.7500 -19.5809

Ne, aug-cc-pVDZ 23 10 1.4× 108 -128.4963 -128.7114
H2O, cc-pVDZ 24 10 4.5× 108 -76.0240 -76.2419

The exact ground energy of the Hubbard model and Ne are computed using ex-

act power iteration, and the ground energy of H2O is from the paper [64]. We use

HANDE-QMC[85] (http://www.hande.org.uk/), an open source stochastic quan-

tum chemistry program written in Fortran, for FCIQMC and iFCIQMC calculation.

FRI and HT subroutines are implemented in Fortran based on HANDE-QMC. The
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Hamiltonian of the Hubbard model is included in the HANDE-QMC package and the

Hamiltonians of Ne and H2O are calculated using RHF (restricted Hartree Fock)

by Psi4 (http://www.psicode.org/), an open source ab initio electronic structure

package. The code to generate the entries of Hamiltonian H is the same for all four

algorithms, so the comparison among algorithms is fair in terms of computational

time. The four algorithms are tested on a computer with 6 Core Xeon CPU at

3.5GHz and 64GB RAM.

Note that our comparison is mostly for illustrative purpose and should not be

taken as benchmark tests for the various algorithms especially for large scale cal-

culations, which would depend on parallel implementation, hardware infrastructure,

etc. On the other hand, even for small problems, the numerical results still offer

some suggestions on further development of inexact power iteration based solvers for

many-body quantum systems.

5.1.1 Hubbard Model

The Hubbard model is a standard model used in condensed matter physics, which

describes interacting particles on a lattice. In real space, the Hubbard Hamiltonian

is

Ĥ = −
∑
〈r,r′〉,σ

ĉ†r,σ ĉr′,σ + U
∑
r

n̂r↑n̂r↓, (5.1)

where we have scale the hopping parameter to be 1 and so the on-site repulsion

parameter U gives the ratio of interaction strength relative to the kinetic energy. We

choose an intermediate interaction strength U = 4 in our test.

In the d dimensional Hubbard Hamiltonian (5.1), r is a d-dimensional vector

representing a site in the lattice, 〈r, r′〉 means r and r′ are the nearest neighbor, and

σ takes values of ↑ and ↓, which is the spin of the electron. ĉr,σ and ĉ†r,σ are the

annihilation and creation operator of electrons at site r with spin σ. They satisfy the
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commutation relations

{ĉr,σ, ĉ†r′,σ′} = δr,r′δσ,σ′ , {ĉr,σ, ĉr′,σ′} = 0, and {ĉ†r,σ, ĉ
†
r′,σ′} = 0,

where {A,B} = AB + BA is the anti-commutator. n̂r,σ is the number operator and

defined as n̂r,σ = ĉ†r,σ ĉr,σ. We will consider Hubbard model on a finite 2D lattice with

periodic boundary condition.

When the interaction strength U is small, it is better to work in the momentum

space instead of the real space, since the planewaves are the eigenfunctions of the

kinetic part of the Hamiltonian. The annihilation operator in momentum space is

ĉk,σ = 1√
Norb

∑
r e

ik·rĉr,σ, where k = (k1, k2) is the wave number and Norb is the total

number of orbitals or sites. The Hubbard Hamiltonian in momentum space is then

Ĥ =
∑
k,σ

ε(k)n̂k,σ +
U

Norb

∑
k,p,q

ĉ†p−q,↑ĉ
†
k+q,↓ĉk,↓ĉp,↑, (5.2)

where ε(k) = −2
∑2

i=1 cos(ki).

Written as a matrix, the Hubbard Hamiltonian in the momentum space is just a

real symmetric matrix with diagonal entries ε(k) and off-diagonal either 0 or ± U
Norb .

For inexact power iteration, we take A = I − δH with δ = 0.01. In our numerical

test, we will use the projected energy estimator for the smallest eigenvalue of H; the

projected vector v∗ is chosen to be the Hartree-Fock state. The initial iteration of all

methods is also chosen as the Hartree-Fock state (a vector whose only nonzero entry

is at the Slater determinant corresponding to the Hartree-Fock ground state of the

system).

Figure 5.1 plots the error of projected energy of each iteration versus wall-clock

time (first 1500 seconds) for a typical realization. The error is defined as the difference

between the projected energy estimate and the exact ground energy. The complexity

parameters of the algorithms are shown in Table 5.2, which are chosen such that FRI
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and FCIQMC use about the same amount of memory (e.g., the particle number in

FCIQMC is roughly equal to the non-zero entries of the matrix-vector product in FRI

or HT before compression), and also chosen so large that all the algorithms converge.

The time per iteration listed in Table 5.2 is averaged over several realizations and is

used in the Figure 5.1.

0 500 1000 1500
-0.5

0

0.5

1

1.5

2

FCIQMC

iFCIQMC

FRI

HT

1250 1300 1350 1400 1450
-0.02

-0.01

0

0.01

0.02

300 350 400 450 500
-0.02

-0.01

0

0.01

0.02

time (s)

p
ro

je
c
te

d
 e

n
e

rg
y
 e

rr
o

r

Figure 5.1: Convergence of the projected energy with respect to time for System 1,
a 4× 4 Hubbard model for comparison between FCIQMC and FRI.

Table 5.2: Parameters and numerical results for System 1, a 4× 4 Hubbard Model
for comparison between FCIQMC and FRI.

m ‖Avt‖0 avg. error std. MSE
FCIQMC 1.7× 106 - 4.4× 10−4 3.0× 10−4 2.6× 10−7

iFCIQMC 1.7× 106 - 3.2× 10−4 2.2× 10−4 1.8× 10−7

FRI 3.0× 104 9.4× 105 1.2× 10−4 6.1× 10−5 2.8× 10−8

HT 3.0× 104 7.2× 105 1.6× 10−2 - 2.5× 10−4

τauto compr. error time/iter.(s)
FCIQMC 14.1 4.6× 10−2 1.1
iFCIQMC 13.8 2.6× 10−2 0.91

FRI 13.7 1.6× 10−1 3.6
HT - 4.5× 10−3 3.5
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As shown in Figure 5.1, all four algorithms converge to result close to the exact

eigenvalue and the estimated value from each iteration stays around the eigenvalue

for a long time. FCIQMC and iFCIQMC take much less time to converge, thanks

to their much lower-cost inexact matrix-vector multiplication compared to FRI and

HT, but the variance is also larger. In terms of iteration number, the convergence

of the four algorithms is similar, which can be understood from our analysis since

it is the same eigenvalue gap of the Hamiltonian that drives the convergence. As

we mentioned already, per iteration, the FCIQMC and iFCIQMC is much cheaper

in comparison. The reason is that FRI and HT need to access all nonzero elements

of A for each column associated with a non-zero entry in the current iterate (for

multiplying A with the sparse vector), while FCIQMC and iFCIQMC just need to

randomly pick some, without accessing the others. The number of non-zero entries

per row is large and accessing elements of A is quite expensive for FCI type problems.

More quantitatively, we see in Table 5.2 that for a sparse vector of 3× 104 non-zero

entries in FRI, after multiplication by A before compression, the number of non-zero

entries increases to roughly 106. Thus for this problem, on average, each column has

about 40 nonzero entries that FRI needs to access, while FCIQMC algorithm only

needs access of few entries after the random choice.

After convergence, the projected energy of FCIQMC and iFCIQMC fluctuate

around the exact ground state energy. Although iFCIQMC is biased, the bias is

not large for the current problem, while the variance is smaller than FCIQMC. So

iFCIQMC is an effective strategy for bias-variance trade-off. The projected energy

of FRI also varies around the true energy, and the variance is much smaller than

FCIQMC or iFCIQMC. HT is deterministic and the projected energy shows no vari-

ance. However the bias is also quite visible.

We can average the projected energy over the path to get a better estimate.
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The variance of the estimator will decay to zero as we include longer time period in

the average. Thus, due to unbiasedness, the error of FCIQMC and FRI can be made

smaller if we run for long enough. In Table 5.2, we give more quantitative comparison

of the results of the algorithms. The quantities in the table are defined as below

avg. error
1

w

i0+w−1∑
i=i0

∣∣Ei − Etrue
∣∣

std.

√√√√ 1

w − 1

i0+w−1∑
i=i0

(
Ei −

1

w

i0+w−1∑
j=i0

Ei

)2
√

1 + 2τauto

W

MSE avg. error2 + std.2

τauto

w−1∑
t=1

1
w−1

∑i0+w−t−1
i=i0

(
Ei − 1

w

∑i0+w−1
j=i0

Ei

)(
Ei+t − 1

w

∑i0+w−1
j=i0

Ei

)
1

w−1

∑i0+w−1
i=i0

(
Ei − 1

w

∑i0+w−1
j=i0

Ei

)2

compr. error
1

w

i0+w−1∑
i=i0

∥∥ξ(i+1)
∥∥

2

‖Ax(i)‖2

Here Etrue is the true ground energy obtained by exact power iteration, i0 is a burn-in

parameter and w is the window size of the average. For FCIQMC and iFCIQMC,

w = 1600 and i0 = 2400. For FRI and HT, w = 400 and i0 = 600. The numerical

tests show that the quantities above are insensitive to the choice of w and i0, as long

as the algorithms indeed converge after i0 steps and the window size w is not too

small. τauto is the integrated autocorrelation time and W is the number of iterations

averaged. The std. is short for the standard deviation of the sample mean Ē(W )

defined as Ē(W ) = 1
W

∑i0+W−1
i=i0

Ei. Since the time cost per iteration of different

algorithms is quite different, to make a fair comparison, we take W = 10000
time per iter.

for each algorithm. It gives the standard error of the sample mean if we run each

algorithm for 10000 seconds after convergence. The mean square error (MSE) is
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simply defined to incorporate the variance and bias together.
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(a) Relative compression error
‖ξt+1‖2/‖Avt‖2 as a function of itera-
tion steps.
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Figure 5.2: Convergence of error and ground state of 4 × 4 Hubbard model for
comparison between FCIQMC and FRI.

To further obtain insights of the interplay between the error per step of inexact

power iteration and the convergence, we plot in Figure 5.2 the relative compression er-

ror and the tangent of the angle between vt and the exact eigenvector u1. We observe

that that FRI and HT reach convergence after about 100 steps and FCIQMC and

iFCIQMC converge after about 350 steps; the more steps of FCIQMC and iFCIQMC

are related with the first phase of the algorithm where the particle number is expo-

nentially growing. This can be seen from Figure 5.2(left) as the huge error growth of

the initial stage of the iterations. Only when the particle number reaches a certain

level, the compression error becomes small and the power iteration convergence kicks

in.

After convergence, FRI has the largest compression error and HT has the smallest.

The compression error of iFCIQMC is also smaller than the one of FCIQMC. It

is reasonable since HT and iFCIQMC reduce variance and thus compression error

compared with the fully stochastic FRI and FCIQMC. As shown in Figure 5.2, in
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this example with the parameter choice, FCIQMC has smaller compression error than

FRI; and the larger the compression error is, the further vt is away from the true

eigenvector u1. This agrees with the theoretical results we obtain in Theorem 2.2.3,

because tan θ(vt, u1) is controlled by the error ξt at each step.

We remark that the tan θ(vt, u1) error measure does not directly translate to the

error of the projected energy estimator using say the Hartree-Fock state. In fact, we

observe in Figure 5.1 and Table 5.2 that per iteration, the projected energy estimated

by FRI is smaller than FCIQMC and iFCIQMC. As an explanation, in our parameter

regime, the exact ground state has a large overlap with the Hartree-Fock state, so

in FRI, that component is kept unchanged in the compression, while for FCIQMC

and iFCIQMC, the stochastic error is more uniformly distributed over all the entries.

This behavior seems more problem dependent though, as we will see in the chemical

molecular examples that the MSE of FRI become comparable with FCIQMC.

5.1.2 Molecules

We also tested the four algorithms for some molecule examples. The FCI Hamiltonian

is obtained by a Hartree-Fock calculations in a chosen chemical basis (for single-

particle Hilbert space), such as cc-PVDZ. We choose Ne and H2O at equilibrium

geometry as examples, which is described in Table 5.1. The time step is taken as

δ = 0.01.

The convergence of projected energy error versus wall-clock time is shown in Fig-

ure 5.3 and Figure 5.4 respectively. The parameter choice of the algorithms and

more quantitative comparison are shown in Table 5.3 and Table 5.4. The four algo-

rithms also work well for molecule systems. The convergence behavior is similar to

the Hubbard case.

The complexity parameter m needed to achieve convergence depends on the sys-
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tem. The ratiom/N of Ne is smaller than H2O. The time cost of FRI and HT is much

larger than FCIQMC and iFCIQMC, because they require the exact matrix-vector

multiplication Avt, which is still expensive although vt is sparse. Unlike the Hubbard

case where FRI gives much smaller error, the MSE of FRI is similar to FCIQMC and

iFCIQMC in these cases.
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Figure 5.3: Convergence of the projected energy with respect to time for Ne in
aug-cc-pVDZ basis for comparison between FCIQMC and FRI

Table 5.3: Comparison of FCIQMC and FRI for Ne in aug-cc-pVDZ basis

m ‖Avt‖0 avg. error std. MSE
FCIQMC 1.8× 106 - 1.1× 10−4 3.8× 10−5 1.8× 10−8

iFCIQMC 1.8× 106 - 7.7× 10−5 2.4× 10−5 9.6× 10−9

FRI 1.0× 104 7.9× 106 8.0× 10−5 4.8× 10−5 1.1× 10−8

HT 1.0× 104 3.3× 106 1.7× 10−3 - 2.8× 10−6

τauto time/iter.(s)
FCIQMC 12.4 1.5
iFCIQMC 15.3 1.1

FRI 12.3 11.6
HT - 7.9

In summary, the numerical examples show that the FCIQMC, FRI and their
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Figure 5.4: Convergence of the projected energy with respect to time for H2O in
cc-pVDZ basis for comparison of FCIQMC and FRI

variants can achieve convergence using much less memory and computational time

compared to the standard power iteration. The stochastic algorithms FCIQMC, iF-

CIQMC and FRI give better estimates than the deterministic method HT in general.

The numerical test also points out directions to further improve these inexact power

iterations, including variance and memory cost reduction of the inexact matrix-vector

multiplication and efficient parallel implementation to overcome the memory bottle-

neck. These will be leaved for future works.

5.2 Comparison of CDMs

In this section, we perform numerical tests of the coordinate descent methods on two

different kinds of matrices. The first numerical test calculates the largest eigenvalue

of a random symmetric dense matrix, where we have control of the difficulty of the

problems. The leading eigenvector is evenly distributed among all the entries. The

second test calculates the ground energy and ground state of the two dimensional (2D)

Hubbard model, which is one of our target applications for the quantum many-body
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Table 5.4: Comparison of FCIQMC and FRI for H2O in cc-pVDZ basis

m ‖Avt‖0 avg. error std. MSE
FCIQMC 6.0× 107 - 4.1× 10−5 1.7× 10−4 2.1× 10−9

iFCIQMC 6.0× 107 - 1.4× 10−5 5.3× 10−5 2.7× 10−10

FRI 1.2× 105 1.6× 108 2.2× 10−5 1.2× 10−4 8.9× 10−10

HT 1.2× 105 3.4× 107 1.1× 10−3 - 1.2× 10−6

τauto time/iter.(s)
FCIQMC 25.6 54.1
iFCIQMC 119 36.6

FRI 12.8 379.3
HT - 227.0

calculation. The ground state problem in quantum many-body system is equivalent to

find the smallest eigenvalue of a huge sparse symmetric matrix, with each coordinate

representing the coefficient of a Slater determinant. Although the eigenvector in this

example is dense, it is also ‘sparse’ in some sense, which means a great majority

of the entries is close to zero. Without eigenvector compression, for the quantum

many-body calculation, the state-of-the-art algorithms are in fact variants of power

iterations. Hence in this paper, we compare coordinate-wise methods against power

method as it is a simple baseline algorithm. Due to the nature of the problem, it is

anticipated that CDMs will have much better performance over the traditional power

method.

Three quantities are used to measure the convergence of the methods: the square

root of the relative error of the objective function value (3.1), the relative error of

the eigenvalue and the tangent of the angle between x(`) and the eigenvector. The

square root of the relative error of the objective function value is defined as

εobj =

√
f
(
x(`)
)
− f ∗

f ∗
, (5.3)

where f ∗ denotes the minimum of f(x). Since f ∗ is on the scale of λ2
1, we use the
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square root of the relative error of the objective function which is on the same scale

as λ1. To estimate the eigenvalue, we use

E =
x>∗ Ax

(`)

x>∗ x
(`)

, (5.4)

where x∗ is the reference vector that overlaps with the eigenvector v1. In our test, x∗

is a unit vector and will be specified later. This estimator is referred as the projected

energy in the context of quantum chemistry. Thus the relative error is define by

εenergy =
|E − λ1|
|λ1|

. (5.5)

Last,

εtan = tan θ(v(`), v1) (5.6)

is used to measure the convergence of the eigenvector.

The number of matrix column evaluation is used to measure the efficiency of the

methods. There are several reasons why the number of matrix column evaluation is

a good measure. First it is independent of the computation environment. Second

we assume the evaluation of matrix column is the most expensive step. It is usually

true in quantum many-body calculation in chemistry (full configuration interaction

method) because the matrix is too large to be stored, the evaluation has to be on-

th-fly and the evaluation of each entry is relatively expensive. Third, it can be used

to compare with other related methods.

All methods are implemented and tested in MATLAB R2017b. The exact eigen-

value and eigenvector of each problem are calculated by the “eigs” function in Matlab

with high precision.
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Table 5.5: Performance of various CDMs for A108

Method k Min Iter Med Iter Max Iter Total Col Access

PM 5000 - 135 - 675000
CPM 1 - 309085 - 309085
CPM 4 - 75829 - 303316
CPM 16 - 18809 - 300944

SI-GSL(λ1) 1 - 260000 - 260000
SI-GSL(1.5λ1) 1 - 1002283 - 1002283

Grad-vecLS 5000 - 80 - 400000
GCD-Grad-LS 1 - 109751 - 109751

GCD-LS-LS 1 - 100464 - 100464

SCD-Grad-vecLS(0) 4 86054 94837 128467 379348
SCD-Grad-vecLS(0) 16 21409 24066 30850 385056
SCD-Grad-vecLS(1) 4 36081 40866 52279 163464
SCD-Grad-vecLS(1) 16 9225 10205 11934 163280
SCD-Grad-vecLS(2) 4 29867 33538 45480 134152
SCD-Grad-vecLS(2) 16 7417 8334 11410 133344

SCD-Grad-LS(0) 1 342945 377783 483842 377783
SCD-Grad-LS(0) 4 86241 96074 150090 384296
SCD-Grad-LS(0) 16 21952 24487 31313 391792
SCD-Grad-LS(1) 1 146161 166415 223471 166415
SCD-Grad-LS(1) 4 38034 41773 53257 167092
SCD-Grad-LS(1) 16 9207 10479 15063 167664
SCD-Grad-LS(2) 1 120411 136468 177161 136468
SCD-Grad-LS(2) 4 30200 34091 44993 136364
SCD-Grad-LS(2) 16 7583 8631 11415 138096

5.2.1 Dense random matrices

We first show the advantage of the coordinate-wise descent methods over power

method on dense random matrices. All matrices tested in this section involve sym-

metric matrices of size 5000 with random eigenvectors, i.e.,

Aλ1 = Q


λ1

λ2

. . .
λ5000

Q>, (5.7)
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where λ2, . . . , λ5000 are equally distributed on [1, 100) and Q is a random unitary

matrix generated by a QR factorization of a random matrix with each entry being

Gaussian random number. We use λ1 to control the difficulty of the problem. In

particular, we tested three matrices A108, A101, and A108 + 1000I. The last one

is a shifted version of A108. It is obvious that A108 + 1000I is more difficult than

A108 for power methods. For the optimization problem (3.1), it is also more difficult

since the landscape of the objective function becomes steeper. While, in practice,

CDMs for the optimization problem is less sensitive to the shift. In this section, all

results are reported in terms of number of column accesses, converging to 10−6 under

the measure of εobj. For non-stochastic methods, we report the number of column

accesses from a single run and reported in the column named “Med Iter”. While,

for stochastic methods, we report the minimum, medium, and maximum numbers of

iterations from 100 runs. In all tables, the column named “Total Col Access” provides

the total number of matrix column evaluation, which is calculated as the product of

number of coordinates updating each iteration, i.e., k, and the medium number of

iterations. The initial vector of CDM is always chosen to be the unit vector e1, with

1 in the first coordinate and 0 in all others.

Among the methods compared, PM and Grad-vecLS with k = 5000 update all

coordinates per iteration. All other methods are coordinate-wise methods and all of

them show speedup. PM converges the slowest. Although the iteration number is

small, the cost of each iteration is huge. CPM reduces the cost by half on average,

which is a big improvement. Grad-vecLS with k = 5000 is equivalent to gradient

descent with exact line search. Since it updates at the full gradient direction, the cost

is also large. SI-GSL(λ1) and SI-GSL(1.5λ1) adopt λ1 and 1.5λ1 as the estimation of

the leading eigenvalue respectively, and other parameters in SI-GSL are set to be the

underlying true values. SI-GSL(λ1) in general performs compariable to GCD-Grad-
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Table 5.6: Performance of various CDMs for A101

Method k Min Iter Med Iter Max Iter Total Col Access

PM 5000 - 839 - 4195000
CPM 1 - 1899296 - 1899296
CPM 4 - 471779 - 1887116
CPM 16 - 125525 - 2008400

SI-GSL(λ1) 1 - 460000 - 460000
SI-GSL(1.5λ1) 1 - 3972548 - 3972548

Grad-vecLS 5000 - 480 - 2400000
GCD-Grad-LS 1 - 726093 - 726093

GCD-LS-LS 1 - 554521 - 554521

SCD-Grad-vecLS(0) 4 444954 557394 788291 2229576
SCD-Grad-vecLS(0) 16 118259 140177 178029 2242832
SCD-Grad-vecLS(1) 4 207804 253035 389396 1012140
SCD-Grad-vecLS(1) 16 53497 62959 84697 1007344
SCD-Grad-vecLS(2) 4 173455 206857 367199 827428
SCD-Grad-vecLS(2) 16 43618 51701 82524 827216

SCD-Grad-LS(0) 1 1896835 2208812 3279223 2208812
SCD-Grad-LS(0) 4 483657 571571 832675 2286284
SCD-Grad-LS(0) 16 119192 139788 203427 2236608
SCD-Grad-LS(1) 1 871362 1022169 1481621 1022169
SCD-Grad-LS(1) 4 206500 262616 402321 1050464
SCD-Grad-LS(1) 16 54106 63607 94236 1017712
SCD-Grad-LS(2) 1 717007 820728 1205225 820728
SCD-Grad-LS(2) 4 176141 209155 288910 836620
SCD-Grad-LS(2) 16 43237 51768 75115 828288

LS and GCD-LS-LS, while SI-GSL(1.5λ1) is siganificantly slower than all optimization

based CDMs. The performance of SI-GSL sensitively depends on the provided a

priori estimation of the leading eigenvalue, which makes it impractical for our target

application settings. The greedy methods GCD-Grad-LS and GCD-LS-LS speed up

significantly. They are about six times faster than PM for A108 and A101. While, for

A108 + 1000I, the greedy methods is about 70 times faster. The two greedy methods

themselves have similar cost. For the stochastic methods, we use gradient information

to pick the coordinates and use vecLS or LS to update. Different probability power t

and number of coordinates updated k are tested. With the same parameters, SCD-

103



Table 5.7: Performance of various CDMs for A108 + 1000I

Method k Min Iter Med Iter Max Iter Total Col Access

PM 5000 - 1214 - 6070000
CPM 1 - 3338202 - 3338202
CPM 4 - 853724 - 3414896
CPM 16 - 214645 - 3434320

SI-GSL(λ1) 1 - 140000 - 140000
SI-GSL(1.5λ1) 1 - 1409635 - 1409635

Grad-vecLS 5000 - 875 - 4375000
GCD-Grad-LS 1 - 92532 - 92532

GCD-LS-LS 1 - 102098 - 102098

SCD-Grad-vecLS(0) 4 78212 92682 126872 370728
SCD-Grad-vecLS(0) 16 18632 21257 30375 340112
SCD-Grad-vecLS(1) 4 31107 34023 48125 136092
SCD-Grad-vecLS(1) 16 7888 8570 10915 137120
SCD-Grad-vecLS(2) 4 25047 27733 37547 110932
SCD-Grad-vecLS(2) 16 6111 7000 9788 112000

SCD-Grad-LS(0) 1 336724 404492 486490 404492
SCD-Grad-LS(0) 4 88807 100736 127954 402944
SCD-Grad-LS(0) 16 22687 25715 34403 411440
SCD-Grad-LS(1) 1 125623 139462 192680 139462
SCD-Grad-LS(1) 4 31205 34731 54808 138924
SCD-Grad-LS(1) 16 8081 9524 13275 152384
SCD-Grad-LS(2) 1 101177 110757 147548 110757
SCD-Grad-LS(2) 4 25399 31354 52048 125416
SCD-Grad-LS(2) 16 do not converge

Grad-vecLS and SCD-Grad-LS share the similar performance. For t = 0, which is

equivalent to uniform sampling, the number of column accesses are almost the same

as the steepest gradient descent. It is reasonable since uniform sampling does not

pick the important coordinate and should behave similar with the full gradient. For

t = 1 and t = 2, the speedup is obvious. The performance for different t agrees with

Theorem 3.5.7, since larger t shows faster convergence. Another thing to notice is that

the cost is not influenced by the different choices of k for CPM and SCD. Therefore

if we do the real asynchronized version, more speedup can be gained. Moreover, for

stochastic CDMs, the variance is not large.
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Comparing the performance for A101 and A108, the numbers of column accesses for

A101 are approximately six times as many as for A108 for all methods. This behavior

is anticipated. Comparing A108 to A108 + 1000I, we see that PM, CPM and Grad-

vecLS slow down significantly by the shift, since the condition number ( λ1
λ1−λ2 for PM

and the condition number of the Hessian for gradient descent) increases. However,

all SI-GSL, GCD and SCD methods converge at almost the same speed, or even a

little faster.

5.2.2 Hubbard models

In this test, we calculate the ground state energy and ground state of the 2D Hubbard

model. The fermion Hubbard model is the same as introduced in Section 5.1.1.

To study the performance of methods, we test several 2D Hubbard models with

different sizes. Here we report the results of two Hubbard models: both of them are

on the 4× 4 lattice with periodic boundary condition. The hopping strength is t = 1

and the interaction strength is U = 4. The first example contains 6 electrons, with

3 spin up and 3 spin down, whereas the second example contains 10 electrons, with

5 spin up and 5 spin down. The properties of the Hamiltonians are summarized in

Table 5.8. The nonzero off-diagonal entries of H take value ± U
Norb = ±0.25, and the

diagonal entries distribute in (−20, 30) with bell-like shape. From the table we see

that the Hamiltonians are indeed sparse. The smallest eigenvalue (Eigenvalues Min)

is the ground energy we are to compute, thus the difference between the smallest

one and the second smallest one is the eigengap. Since the spectra of H of the

two examples live in the interval (−100, 100), the matrix A = 100I − H is used for

calculation such that the smallest eigenvalue of H becomes the largest one of A and

A is positive definite. Both the initial vector and the reference vector of the energy

estimator are chosen to be 10 eHF for all calculation, this amounts to an initial guess
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of eigenvector eHF with eigenvalue 102 = 100 on the same scale as the diagonal of A

(due to the 100I shift). Notice that the reference vector has only one nonzero entry,

so computing the projected energy is cheap.

Table 5.8: Properties of the 2D Hubbard Hamiltonian for numerical comparison of
CDMs

H Dim nnz per col Eigenvalues
Min Med Max Min 2nd Min Max

6 electrons 1.96× 104 100 102 112 −14.90 −14.55 20.26
10 electrons 1.19× 106 196 202 240 −19.58 −17.08 32.73

For the first example, the 4 × 4 Hubbard model with 6 electrons, we run the

methods until the relative error of the objective function value eobj < 10−6. The

result is shown in Table 5.9.

Table 5.9: Performance of various CDMs for 4× 4 Hubbard model with 6 electrons

Method k Min Iter Med Iter Max Iter Total Col Access

PM 19600 - 2255 - 44198000
CPM 1 - 456503 - 456503
CPM 16 - 29293 - 468688

Grad-vecLS 19600 - 361 - 7075600
GCD-Grad-LS 1 - 31997 - 31997

GCD-LS-LS 1 - 30996 - 30996

SCD-Grad-vecLS(1) 4 36966 38763 40224 155052
SCD-Grad-vecLS(1) 16 11490 12115 12644 193840
SCD-Grad-vecLS(1) 32 6283 6642 6991 212544
SCD-Grad-vecLS(2) 4 18934 19260 19613 77040
SCD-Grad-vecLS(2) 16 6438 6547 6652 104752
SCD-Grad-vecLS(2) 32 3880 3946 4002 126272

SCD-Grad-LS(1) 1 117261 120613 123744 120613
SCD-Grad-LS(1) 2 58536 60470 62209 120940
SCD-Grad-LS(1) 4 28716 30152 30918 120608
SCD-Grad-LS(1) 8 13053 15352 20197 122816
SCD-Grad-LS(2) 1 47603 48136 48802 48136
SCD-Grad-LS(2) 2 23789 24059 24399 48118
SCD-Grad-LS(2) 4 do not converge
SCD-Grad-LS(2) 8 do not converge
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In Table 5.9, the second column k is the number of coordinates updated in one

iteration. Each stochastic method runs for 100 times and we report the number of

iterations and matrix column accesses, similar to the previous tests.

Since the dimension of the Hubbard model is larger and the eigenvector v1 is

sparser than that in the first dense matrix example, the advantage of the coordinate-

wise methods is more significant. They are 102 to 103 faster than PM. GCD-Grad-LS

and GCD-LS-LS are still the fastest one. Stochastic CDMs also outperform PM and

CPM. Comparing with the greedy CDMs, they are about 3-5 times slower, which is

more than that in the previous tests.

For the second model with 10 electrons in the 4 × 4 grid, we also compare with

other methods, such as SCPM (stochastic version of CPM), SCD-Uni-Grad (which

samples coordinate uniformly and updates the coordinate as the gradient multiplying

a fixed stepsize), CD-Cyc-LS (which picks the coordinate in a cyclic way and updates

the coordinate using line search), and SCD-Uni-LS (i.e., SCD-Grad-LS(0)). The step

size, if used, is chosen to be 2. This step size is larger than that in Theorem 3.3.1, but

numerically the iteration converges. All methods besides PM update single coordinate

per iteration and running up to 107 column accesses or desired accuracy. Stochastic

CDMs sample coordinate with respect to the magnitude of the gradient, i.e., t = 1.

The convergence of the square root of the relative error of objective function value εobj,

eigenvalue estimator εenergy and eigenvector estimator εtan are plotted in Figure 5.5.

From Figure 5.5, we see that the convergence of the three error measures share a

similar pattern, thus the convergence of one quantity should imply the convergence

of the other two in practice. The convergence of all methods tested consist of one

or two stages: a possible fast decay followed by linear convergence. We know that

both power method (PM) and gradient descent (Grad) converge linearly. In this

figure there are only 8 iterates of PM since each iteration needs the full access of
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Figure 5.5: Convergence behavior of CDMs for the 4 × 4 Hubbard model with 10
electrons. k = 1 for all methods except PM.
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the matrix. CD-Cyc-Grad and SCD-Uni-Grad seem to behave similarly with slow

linear decay, which is reasonable since they treat each coordinate equally and should

behave similarly as the gradient descent method. CD-Cyc-LS and SCD-Uni-LS also

decay linearly, but with a faster rate. This is because updating coordinates by Grad

uses the same step size for all coordinates and all iterates, which has to be small thus

not optimal. LS always gives the fastest local decay for different coordinates and

different iterates. This argument can be confirmed by the sudden-decay-behavior of

CD-Cyc-LS. When CD-Cyc-LS updates the important coordinate, it will give a large

‘step size’ and the error drops down rapidly.

All the other methods decay very fast at the beginning, and the common feature

is that they pick the coordinates for updating according to their importance, instead

of treating them equally. This justifies the motivation of coordinate descent methods.

Within 105 column accesses, equivalent to 1/12 iteration of PM, the projected energy

reaches 10−2 to 10−4 accuracy. This is really amazing, and agrees with the result of

the previous examples. GCD-Grad-LS and GCD-LS-LS behave almost the same and

they converge fastest both at the initial stage and the linear convergence stage. The

projected energy reaches 10−8 accuracy when PM only iterates 3 times. SCD-LS-LS

and SCD-Grad-LS also converge fast. The convergence rates of CPM and SCPM are

not as fast as SCD-LS-LS and SCG-Grad-LS, but they are still much better than

PM.

Comparing between the stochastic CDMs and the greedy CDMs, greedy methods

always converge a little faster, such as CD-Cyc-LS versus SCD-Uni-LS and GCD-

Grad-LS versus SCD-Grad-LS. This agrees with our theoretical results and previous

examples. If more than 1 coordinate is updated at each iteration, greedy CDMs

often get stuck but stochastic CDMs are much less likely. Another thing to mention

is that in a small neighborhood of the minimum, updating by LS is almost the same
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as updating by Grad with some step size depending on the Hessian of the minimum.

Thus, updating by Grad could perform as well as LS ideally if there exists a step size

which both guarantees the convergence and also converges fast. On the other hand

size, LS choose a optimal step size every iteration.

5.3 Benchmark of CDFCI

In this section, we perform a sequence of numerical experiments to demonstrate the

efficiency of CDFCI. First, we compare the performance of CDFCI, Heat-bath CI

(HCI), DMRG and iS-FCIQMC (FCIQMC with initiator and semi-stochastic adap-

tation) on H2O, C2 and N2 under cc-pVDZ basis. Then, we benchmark the binding

curve of nitrogen dimer under cc-pVDZ basis using CDFCI up to 10−3 mHa accuracy.

Finally, we use CDFCI to calculate the ground state energy of chromium dimer Cr2

under the Ahlrichs VDZ Basis at r = 1.5Å, which is a well-known challenging task

due to the strong correlation.

In all experiments, the orbitals and integrals are calculated via restricted Hartree

Fock (RHF) in Psi4[67] package. All the reported energies are in Hartree (Ha)

but the length unit is in either Bohr radius (a0) or ångström (Å) due to different

configurations in the references.

5.3.1 Numerical results of H2O, C2, and N2

We first compare the performance of CDFCI with other algorithms, HCI, DMRG and

iS-FCIQMC. In this paper, we choose iS-FCIQMC instead of FCIQMC or iFCIQMC

because it balances well among bias, variance and runtime. CDFCI is implemented as

stated in Section 4.3 with the on-the-fly Hamiltonian elements evaluation interfaced

from Hande-QMC[85, 84]. HCI adopts the original implementation in Dice [34];

DMRG adopts the widely used implementation in Block[12, 11, 24, 78, 63]; iS-
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FCIQMC adopts the implementation in NECI code [7]. All programs are compiled

by Intel compiler 19.0.144 with -O3 option. MPI and OpenMP support are disabled

for all programs in this section. All the tests in this section are produced on a

machine with Intel Xeon CPU E5-1650 v2 @ 3.50GHz and 64GB memory. For all

algorithms, the Hartree-Fock state is used as the initial wavefunction. Most param-

eters in CDFCI, HCI, DMRG, and iS-FCIQMC will be clearly stated in the later

content. We run HCI with different truncation threshold ε1, DMRG with different

maximum bond dimension maxM and iS-FCIQMC with different target population

m. Any unspecified parameter is set to be the default value. Besides the specified

or default parameters, for iS-FCIQMC, the time step is optimized by NECI; the

initiator truncation threshold is 3 and the size of the deterministic space is 1000.

For all the tests reported in Table 5.11, Table 5.12, and Table 5.13, iS-FCIQMC

runs for 10000 steps and the energy is estimated by the block analysis in NECI .

In all algorithms, the energy is reported without any perturbation or extrapolation

post-calculation. Variational energy (Rayleigh quotient) is reported for CDFCI, HCI

and DMRG, while average projected energy is reported for iS-FCIQMC. Since iS-

FCIQMC is a stochastic method, we also report one significant digit of the Standard

Error of the Mean (SEM) in the parenthesis and the SEM is of the same accuracy level

as the last digit of the average. SEM is estimated as the sample standard deviation

divided by the square root of the sample size. Also Root Mean Square Error (RMSE)

of the average estimator is adopted as the error of iS-FCIQMC, which is defined as√
standard error2 + bias2. We emphasize that similar perturbation calculation as in

HCI can also be applied to CDFCI and the comparison is left as future work.

In this section, we test the four algorithms on three molecules: H2O with OH

bond length 1.84345a0 and HOH bond angle 110.6° [65, 8], C2 with bond length

1.24253Å [34, 77] and N2 with bond length 2.118a0 [13]. The properties of the systems
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are summarized in Table 5.10, where the reference ground state energy is calculated

by CDFCI to a high precision.

Table 5.10: Properties of test molecule systems for CDFCI. HF energy and GS
energy denote Hartree-Fock energy and ground state energy respectively.

Molecules Basis Electrons Orbitals Dimension HF Energy GS Energy

H2O cc-pVDZ 10 24 4.53× 108 -76.0240386 -76.2418601
C2 cc-pVDZ 12 28 1.77× 1010 -75.4168820 -75.7319604
N2 cc-pVDZ 14 28 1.75× 1011 -108.9493779 -109.2821727

H2O molecule

Table 5.11 and Figure 5.6 illustrate numerical results for H2O. In Table 5.11, we

report the detailed results and the corresponding used parameters. For CDFCI, we

run the test once and report the wall time to reach the accuracy. For other tests, each

row corresponds to one test. We also report the wall clock time for CDFCI to reach

the same accuracy as well as the ratio of the wall time of the method over the wall

time of CDFCI in the last two columns. iS-FCIQMC runs for 10000 iterations and

reports the average projected energy and the standard error (in parenthesis) through

block analysis in the energy column. RMSE is reported as the error of iS-FCIQMC.

Figure 5.6 plots the convergence of the energy against the wall-clock time based on

the results in Table 5.11. For iS-FCIQMC, we run another test with m = 50000

for longer time and plot the curve of the projected energy as well as the cumulative

average of energy starting at iteration 5000.

From Table 5.11 and Figure 5.6, we shall see that all algorithms reach chemical

accuracy efficiently. CDFCI has a good performance in general. The energy drops

quickly to the level of 0.1 mHa accuracy at the beginning. Then it has a slower but

steady linear decay. This behavior proves the rationale behind CDFCI: contributions

of different determinants to the FCI energy vary a lot, especially in the early stage
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Table 5.11: Convergence of ground state energy of H2O to benchmark CDFCI.

Algorithm Parameter Energy Error Time(s) CDFCI
Time(s) Ratio

CDFCI ε = 0

-76.2318601 1.0× 10−2 3.7 -
-76.2408601 1.0× 10−3 96.2 -
-76.2417601 1.0× 10−4 592.5 -
-76.2418501 1.0× 10−5 2780.0 -
-76.2418591 1.0× 10−6 9569.5 -
-76.2418600 1.0× 10−7 25227.5 -
-76.2418601 1.0× 10−8 54242.2 -

HCI

ε1 = 1.0× 10−4 -76.2412891 5.7× 10−4 58.4 156.3 0.37x
ε1 = 2.0× 10−5 -76.2417533 1.1× 10−4 312.9 565.3 0.55x
ε1 = 1.0× 10−5 -76.2418109 4.9× 10−5 593.5 993.1 0.60x
ε1 = 5.0× 10−6 -76.2418402 2.0× 10−5 1148.3 1823.2 0.63x

DMRG

maxM = 500 -76.2418170 4.3× 10−5 1731 1089.7 1.59x
maxM = 1000 -76.2418557 4.4× 10−6 5224 4435.7 1.18x
maxM = 2000 -76.2418596 4.5× 10−7 17839 13802.6 1.29x
maxM = 4000 -76.2418599 1.7× 10−7 77023 20585.9 3.74x

iS-FCIQMC

m = 10000 -76.2418(3) 2.7× 10−4 222.4 277.2 0.80x
m = 50000 -76.24197(8) 1.4× 10−4 1009.0 470.5 2.14x
m = 100000 -76.24181(5) 7.1× 10−5 1942.8 762.1 2.55x
m = 500000 -76.24181(3) 5.9× 10−5 9074.3 875.2 10.37x

of iterations. Since CDFCI always updates the “best” determinant at each iteration,

it is able to reach high accuracy with only a few iterations.

For small molecules like H2O, HCI is also an excellent algorithm and costs less time

to achieve the same accuracy comparing to CDFCI. It shows that the determinant

selecting strategy used in HCI, which relies on decaying property of Hamiltonian

entries, is also quite efficient for molecules. For example, when ε1 = 5.0× 10−6, HCI

uses only 3006594 determinants to reach 2.0 × 10−5 Ha accuracy, whereas CDFCI

uses 1823176 determinants, which is about 60% determinants used by HCI to achieve

the same accuracy.

The speedup of HCI over CDFCI is due to the different implementation strate-

113



0 0.5 1 1.5 2

Wall time (s) 104

10-6

10-4

10-2

100

E
n
e
rg

y
 e

rr
o
r 

(H
a
)

Energy estimate of H
2
O in cc-pVDZ basis

CDFCI

HCI

DMRG

iS-FCIQMC

iS-FCIQMC mean

Figure 5.6: Convergence of ground state energy of H2O against time to benchmark
CDFCI. Each point or curve represents one test as in Table 5.11.

gies of the algorithms. The implementation of HCI in Dice stores the submatrix of

the Hamiltonian with respect to the selected determinants in the main memory, and

reuses them for inner Davidson iterations. Both the submatrix and the vector are

stored and accessed in contiguous memory. Therefore, two advantages of the imple-

mentation come into play: one-time evaluation of Hamiltonian entries and efficient

usage of memory hierarchy. However, the disadvantage is also obvious: huge memory

cost for the submatrix. In Table 5.11 and Figure 5.6, we do not report results for

smaller ε1 because Dice reaches the memory limit. The high memory cost is also the

reason why the variational stage of HCI does not perform good for chromium dimer

(see Section 5.3.3). As a comparison, CDFCI uses a different philosophy in the im-

plementation. CDFCI calculates the Hamiltonian entries on-the-fly, which saves all

memory for the coefficient vector, and stores the coefficients in a hash table. Hence

much more coefficients can be used to represent the ground state but paying the cost
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of repeated evaluation of Hamiltonian entries and limited usage of memory hierarchy.

DMRG also achieves high accuracy in reasonable time with small memory cost.

But it is always slower than CDFCI and HCI for H2O.

iS-FCIQMC is very efficient for small number of walkers and iterations. It is

able to achieve reasonable accuracy in a short time. In Figure 5.6 we see the con-

vergence behavior of iS-FCIQMC projected energy. It can reach accuracy level of 1

mHa very efficiently, but hard to converge to higher accuracy due to the slow con-

vergence of Monte Carlo and the bias introduced by the initiator approximation. It

could be possible to use more walkers to reduce the variance and bias. However, as

shown in Table 5.11, moderate increase of the amount of walkers does not change the

convergence behavior.

Carbon dimer and nitrogen dimer
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Figure 5.7: Convergence of ground state energy of C2 against time to benchmark
CDFCI. Each point or curve represents one test as in Table 5.12.
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Table 5.12: Convergence of ground state energy of C2 to benchmark CDFCI.

Algorithm Parameter Energy Error Time(s) CDFCI
Time(s) Ratio

CDFCI ε = 3.0× 10−8

-75.7219604 1.0× 10−2 49.0 -
-75.7309604 1.0× 10−3 388.2 -
-75.7318604 1.0× 10−4 2687.3 -
-75.7319504 1.0× 10−5 13717.6 -
-75.7319594 1.0× 10−6 55210.2 -

HCI

ε1 = 1.0× 10−4 -75.7305361 1.4× 10−3 100.9 277.8 0.36x
ε1 = 2.0× 10−5 -75.7317130 2.5× 10−4 745.0 1319.1 0.56x
ε1 = 1.0× 10−5 -75.7318541 1.1× 10−4 1261.8 2565.2 0.49x
ε1 = 5.0× 10−6 -75.7319170 4.4× 10−5 2644.3 4989.8 0.53x

DMRG

maxM = 500 -75.7312704 6.9× 10−4 8624 544.4 15.84x
maxM = 1000 -75.7318227 1.4× 10−4 14163 2102.9 6.73x
maxM = 2000 -75.7319403 2.0× 10−5 24377 8582.9 2.84x
maxM = 4000 -75.7319583 2.2× 10−6 68071 35435 1.92x

iS-FCIQMC

m = 10000 -75.729(1) 2.9× 10−3 229.5 140.8 1.63x
m = 50000 -75.7301(5) 1.9× 10−3 1041.4 212.9 4.89x
m = 100000 -75.7314(4) 7.0× 10−4 2038.2 539.8 3.78x
m = 500000 -75.7320(1) 1.5× 10−4 9604.2 2003.2 4.79x
m = 1000000 -75.7318(1) 2.1× 10−4 18644.8 1497.4 12.45x

Carbon dimer C2 and nitrogen dimer N2 are more challenging than H2O molecule

since their correlation is stronger and the dimension NFCI is higher. The results of

C2 are reported in Table 5.12 and Figure 5.7; and the results of N2 are reported in

Table 5.13 and Figure 5.8. For iS-FCIQMC, the projected energy and its cumulative

average from iteration 5000 are plotted with target population m = 500000 in for

both C2 and N2 in Figure 5.7 and Figure 5.8. And in Table 5.12 and Table 5.13,

iS-FCIQMC runs for 10000 iterations and reports the average projected energy and

standard error (in parenthesis) through the block analysis in the energy column.

RMSE is reported as the error of iS-FCIQMC.

In general, C2 costs more time than H2O to converge to a fixed accuracy and N2

costs more time than C2, which agrees with their system complexities.
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Table 5.13: Convergence of ground state energy of N2 to benchmark CDFCI.

Algorithm Parameter Energy Error Time(s) CDFCI
Time(s) Ratio

CDFCI ε = 5.0× 10−7

-109.2721727 1.0× 10−2 33.4 -
-109.2811727 1.0× 10−3 752.6 -
-109.2820727 1.0× 10−4 7892.6 -
-109.2821627 1.0× 10−5 49862.6 -

HCI

ε1 = 1.0× 10−4 -109.2805259 1.7× 10−3 100.7 427.1 0.24x
ε1 = 2.0× 10−5 -109.2817822 3.9× 10−4 730.9 2107.4 0.35x
ε1 = 1.0× 10−5 -109.2819787 1.9× 10−4 1335.2 4266.8 0.31x
ε1 = 5.0× 10−6 -109.2820857 8.7× 10−5 3330.0 8920.3 0.37x

DMRG

maxM = 500 -109.2809830 1.2× 10−3 9936 619.6 16.04x
maxM = 1000 -109.2818757 3.0× 10−4 17647 2806.7 6.29x
maxM = 2000 -109.2821098 6.3× 10−5 37549 11857.1 3.12x
maxM = 4000 -109.2821632 9.5× 10−6 85703 51574.7 1.66x

iS-FCIQMC

m = 10000 -109.2818(4) 5.2× 10−4 235.7 1556.8 0.15x
m = 50000 -109.2822(3) 2.6× 10−4 1068.9 3161.5 0.34x
m = 100000 -109.2818(2) 4.0× 10−4 2090.5 2077.2 1.01x
m = 500000 -109.2822(1) 1.2× 10−4 9839.3 6832.6 1.44x
m = 1000000 -109.28214(5) 5.0× 10−5 18959.7 14510.0 1.31x

CDFCI shows similar convergence pattern for C2 and N2, with fast decay at the

beginning followed by a slower but steady linear decay. It takes only several minutes

to reach the chemical accuracy. Therefore, CDFCI is consistently efficient for different

systems with different correlation strength.

HCI also shows similar convergence behavior for C2 and N2. It converges to chem-

ical accuracy the fastest among tested algorithms. However, HCI can not converge

to higher accuracy due to the memory limit of the implementation. Comparing to

CDFCI in terms of the number of operations, however, CDFCI uses less operations

and determinants than HCI to the same accuracy level, as in the case of H2O.

DMRG also performs similar for C2 and N2 but is significantly slower than CDFCI

and HCI. One reason is that DMRG needs more iterations to converge due to the
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Figure 5.8: Convergence of ground state energy of N2 against time to benchmark
CDFCI. Each point or curve represents one test as in Table 5.13.

strong correlation. In this sense, determinant selecting algorithms are less affected

by the correlation strength than DMRG.

iS-FCIQMC, however, has a different behavior for C2 and N2. While N2 is signif-

icantly harder than C2 for CDFCI, HCI and DMRG, iS-FCIQMC reaches a higher

accuracy for N2 within 10000 iterations, as shown by the data in Table 5.12 and

Table 5.13. We point out that iS-FCIQMC performs quite well for N2, as it can reach

10−4 Ha error in a short time with only m = 10000 or m = 50000 walkers, whereas

CDFCI takes more time to converge since the dimension of N2 is higher than H2O

and C2. iS-FCIQMC seems to be less influenced by the increase of dimensionality.

In conclusion, as shown in both Section 5.3.1 and Section 5.3.1, CDFCI is efficient

for both weakly-correlated and strongly-correlated systems. It can achieve chemical

accuracy efficiently and is able to achieve higher accuracy in all tested molecules.

HCI costs more operations than CDFCI to achieve the same accuracy but costs less
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time due to the different philosophies in implementations. Comparing to CDFCI

and HCI, DMRG is less efficient for strongly-correlated systems. While similar as

CDFCI, DMRG can also achieve much higher accuracy than the chemical accuracy.

iS-FCIQMC is also efficient to reach chemical accuracy with a few walkers in short

time for the testing molecules, but it may need much more time and walkers to reach

higher accuracy.
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Figure 5.9: Error of energy and the number of nonzeros entries in the vector z after
convergence for different compression tolerance ε in CDFCI.

In terms of the usability, CDFCI, HCI, and DMRG only have one single parameter

to be tuned, whereas iS-FCIQMC has more parameters. The proper parameter in

CDFCI can be revealed in a few minutes, judging from whether the stabilized vector

z properly utilizes the given amount of memory. By choosing ε, we can easily balance

between accuracy and memory cost, as shown in Figure 5.9. We conclude that CDFCI

is an easy-to-use efficient algorithm for FCI problems.
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5.3.2 Binding curve of N2

In this section, we benchmark the all-electron nitrogen binding curve using CDFCI

under the Dunning’s cc-pVDZ basis. The nitrogen binding curve is a well-known

difficult problem. When the nitrogen atoms are stretched away from the equilibrium

geometry, Hartree-Fock theory no longer gives a good approximation and the system

becomes multi-referenced due to the triple bond between the atoms. DMRG and

coupled cluster theory, e.g., CCSD, CCSD(T), CCSDT, etc., have been tested on

this problem, but only on 6 geometry configurations [13]. Here we show that CDFCI

is capable to efficiently benchmark the all-electron nitrogen binding curve on a very

fine grid of bond length and the variational energy converges to at least 10−3 mHa

accuracy in each configuration.

In this problem, there are 14 electrons and 28 orbitals, and the dimension of

the FCI space is about NFCI ≈ 1.75 × 1011. In all configurations, ε = 10−6 is

used in CDFCI for truncation. Here we use the same computing environment as in

Section 5.3.1 but with OpenMP enabled with 5 threads. Each configuration on the

bind curve results take roughly one day to achieve the 10−3 mHa accuracy. Figure 5.10

shows the binding curve and Table 5.16 in Section 5.3.4 list all converged variational

energies for every configuration in the figure. In Table 5.14, we compare selected

results obtained from CDFCI with that from other algorithms reported in Ref. [13].

Several remarks are in order regarding the benchmark results. First, Figure 5.10

demonstrates a smooth standard shape binding curve. Different from the carbon

binding curve [34], no jump is observed in our benchmark results, where D2h sym-

metry is used for all configurations. Second, Table 5.14 shows that CDFCI gives

the lowest energy. CDFCI energy is accurate beyond the level of 10−3 mHa whereas

DMRG is accurate up to 10−2 mHa. The DMRG results in Table 5.14 are taken from

previous work [13], which agree with the results obtained in Section 5.3.1. Other algo-
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Figure 5.10: Binding curve and the corresponding Hartree-Fock values and number
of nonzeros in x of N2 under cc-pVDZ basis computed by CDFCI.

rithms such as CCSDTQ are much less accurate. Third, the more the nitrogen dimer

molecule is stretched from the equilibrium, the more determinants and iterations are

needed for CDFCI to converge to 10−3 mHa accuracy. This is because Hartree-Fock

theory only works well near equilibrium configuration. However, the number of de-

terminants and iterations do not increase significantly, which shows the efficiency of

CDFCI again. Other algorithms become less accurate for larger stretching distance.

5.3.3 All electron chromium dimer calculation

Chromium dimer is hard to compute due to its strong correlation. We calculate

the all-electron molecule using CDFCI under the Ahlrichs VDZ basis with radius

r = 1.5Å. There are 48 electrons and 42 orbitals, and the dimension of the FCI

space is about 2× 1022. Many methods have been applied to this problem including

DMRG [63] and HCI [34]. Table 5.15 summarizes all results, including our CDFCI

results and others from literature [63, 34].

In this paper, we only consider variational ground state energy without any
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Table 5.14: Nitrogen molecule ground state energy using CDFCI, DMRG (maxM =
4000) and couple cluster theories. Slant digits indicate inaccurate digits.

Bond Length 2.118a0 2.4a0 2.7a0

CDFCI -109.282173 -109.241908 -109.163600
DMRG -109.282157 -109.241886 -109.163572
CCSD -109.267626 -109.219794 -109.131491

CCSDTQ -109.281943 -109.241321 -109.162264
MRCISD -109.275356 -109.234925 -109.156473
MRCCSD -109.280646 -109.240362 -109.161969

Bond Length 3.0a0 3.6a0 4.2a0

CDFCI -109.089405 -108.998083 -108.970132
DMRG -109.089380 -108.998052 -108.970090
CCSD -109.052884 -108.975885 -108.960244

CCSDTQ -109.086502 -108.993736 -108.968124
MRCISD -109.082149 -108.990759 -108.963070
MRCCSD -109.087613 -108.995885 -108.967865

Table 5.15: Energy of Cr2 by CDFCI, DMRG, HCI and coupled cluster theories.
CDFCI produces the state-of-the-art variational energy.

Algorithm Energy (Ha)

HCI (variational) −2086.384
CCSD(T) −2086.422229
CCSDTQ −2086.430244

DMRG (maxM = 8000) −2086.443334
CDFCI −2086.443565

HCI (perturbed) −2086.44404
DMRG (extrapolated) −2086.444784
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perturbation or extrapolation. Regarding the variational ground energy, CDFCI

achieves lowest energy among all algorithms in one month running time on a ma-

chine with Intel Xeon CPU E5-1650 v3 @ 3.50GHz and 128GB memory. Both DMRG

(maxM = 8000) and CDFCI achieve the chemical accuracy if the energy of DMRG

(extrapolated) is regarded as the ground truth. But HCI(variational) and coupled

cluster theory cannot achieve chemical accuracy. HCI converges to −2086.384 Ha in

about eight minutes [34], whereas CDFCI reaches the same accuracy in about twenty

minutes, although different computing environments are used. As the dimension of

the Hamiltonian becomes larger and the system becomes more correlated, HCI can

only afford storing the submatrix in the main memory with very limited number of

determinants and such a limited number cannot achieve higher accuracy in the vari-

ational phase. With perturbation phase enabled, HCI can achieve accuracy less than

1 mHa. Similar perturbation phase can be adapted to CDFCI to further boost the

accuracy or extend the applicability of our algorithm to larger systems.

5.3.4 N2 Binding Curve Data

Figure 5.10 plots the binding curve of nitrogen dimer in cc-pVDZ basis with data given

in Table 5.16. The bond length of nitrogen dimer in equilibrium geometry is 2.118a0.

Table 5.16 list variational energies of nitrogen dimer produced by CDFCI with bond

lengths smaller and larger than 2.118a0 respectively. In both tables, CDFCI used

ε = 10−6 as the truncation threshold.

The bond lengths are selected through the following two steps. CDFCI first

calculates energies for a vector of bond lengths linearly spaced between and including

1.50a0 and 4.50a0 with gap 0.10a0. Then, according to the initial rough binding

curve, another vector of bond lengths is added to smooth out the curve. These added

bond lengths are in the sharp changing range around the equilibrium setting.
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Table 5.16: Energy of nitrogen dimer with different bond lengthsThe energy refers
to variational ground state energy calculated by CDFCI with ε = 10−6.

Bond length (a0) Energy (Ha)

1.50 −108.6300476
1.55 −108.7719968
1.60 −108.8888460
1.65 −108.9843136
1.70 −109.0615754
1.75 −109.1233484
1.80 −109.1719641
1.85 −109.2094264
1.90 −109.2374578
1.95 −109.2575411
2.00 −109.2709530
2.05 −109.2787896
2.10 −109.2819938
2.118 −109.2821727

Bond length (a0) Energy (Ha)

2.118 −109.2821727
2.15 −109.2813737
2.20 −109.2776211
2.25 −109.2713283
2.30 −109.2630013
2.35 −109.2530718
2.40 −109.2419079
2.45 −109.2298228
2.50 −109.2170830
2.60 −109.1905077
2.70 −109.1635998
2.80 −109.1373583
2.90 −109.1124729
3.00 −109.0894053
3.10 −109.0684502
3.20 −109.0497787
3.30 −109.0334619
3.40 −109.0194835
3.50 −109.0077466
3.60 −108.9980829
3.70 −108.9902691
3.80 −108.9840499
3.90 −108.9791625
4.00 −108.9753572
4.10 −108.9724102
4.20 −108.9701316
4.30 −108.9683664
4.40 −108.9669909
4.50 −108.9659102
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Chapter 6

Conclusion

Eigenvalue problems of extreme high dimension are a class of challenging problem

which traditional theories and algorithms are powerless. However, they +t+++++++++are

important in many applications, for example, the full configuration interaction prob-

lem in quantum chemistry and quantum physics. In this thesis which summarizes my

Ph.D. research, we pu sh the boundary of solving this challenging problem a little

further.

First, to understand the recent proposed randomized algorithms such as full con-

figuration interaction quantum Monte Carlo (FCIQMC) and fast randomized inter-

action (FRI), we establish a framework of inexact power iteration which fits the

randomized algorithms. Convergence theorems are proved and comparison between

the algorithms are discussed based on both the convergence theory and the numer-

ical experiments. We find that inexact power iteration such as FCIQMC and FRI

perform much better than the traditional power iteration since they put more weight

on the important coordinates.

Second, inspired by the inexact power iteration, we analyze coordinate descent

methods which share the advantages of inexact power iterations and have poten-

tial tobe efficient for the high-dimensional eigenvalue problems. We formulate the

eigenvalue problem as an optimization problem and analyze the landscape of the

non-convex objective function f(x) of LEVP as (3.1) and conclude that all local

minima of f(x) are global minima. We then investigate CD-Cyc-Grad and prove the

global convergence of CD-Cyc-Grad on f(x) almost surely. Through the derivation of

the exact line search along a coordinate, GCD-LS-LS is presented as the most greedy
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CDM and avoids many saddle points of f(x). Finally we propose SCD-Grad-vecLS(t)

and SCD-Grad-LS(t). The local convergence analysis for these stochastic CDMs

shows that convergence rate of either GCD-LS-LS or SCD-Grad-LS(t) with t > 0 is

provably faster or equal to that of SCD-Uni-LS. And one example as in Figure 3.1

(b), demonstrates the robustness of the SCD-Grad-LS(t) with small t. Therefore we

recommend SCD-Grad-LS(1) as an efficient and robust CDM for LEVP. Numerical

results agree with our analysis. The performance of CDMs on a protypical quantum

many-body problem of the Hubbard model shows that CDMs has great potential for

quantum many-body calculations.

Finally, based on the analysis of coordinate descent methods, we propose a novel

efficient algorithm coordinate descent FCI (CDFCI). The proposed CDFCI is an easy-

to-use, accurate, and efficient algorithm for full configuration interaction eigenvalue

problems of quantum many-body systems, especially for strongly correlated systems.

The only tuning parameter in CDFCI, ε, controls the trade-off between memory cost

and accuracy. Given the fixed amount of memory, the “close-to-optimal” ε can be

determined within a few minutes without waiting for convergent results. Hence, we

believe that CDFCI is one of the most easy-to-use algorithms among competitors.

Besides the user friendly property, CDFCI performs competitively with many other

methods, including heat-bath configuration interaction (HCI), density matrix renor-

malization group (DMRG), and full configuration interaction quantum Monte Carlo

with initiator and semi-stochastic adaptation (iS-FCIQMC). The CDFCI can give

the state-of-art results for many strongly correlated FCI problems.

There are several directions worth exploring for future works. Momentum accel-

eration for coordinate descent [3, 47, 51, 61] can be combined with the coordinate

descent methods to potentially accelerate the convergence at least in the local convex

area. Also it is of interest to pursue the asynchronous implementation of the coordi-
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nate descent methods and prove the convergence property in that setting. Another

possible future direction is to employ the sparsity of the matrix into the method such

that per-iteration cost could be further reduced.

For CDFCI, we can apply CDFCI to current examples with larger basis sets and

other more challenging systems; add perturbation stage to further improve the ac-

curacy; and, parallelize CDFCI in a distributed-memory setting. The earlier two

can be accomplished directly, while the massive distributed-memory parallelization

of CDFCI requires modification of the greedy determinant-select strategy. Hence

FCIQMC type methods currently have some advantage in that regard. As discussed

in Chapter 3, with a stochastic variant of the current determinant-select strategy,

the asynchronized feature of coordinate descent methods can be enabled. 1 Massive

distributed-memory parallelized CDFCI is expected to achieve good performance.

Besides these, we are also exploring (semi-)stochastic CDFCI to improve the paral-

lelizability of the algorithm, and further accelerating the initial iterations. Replacing

the current hash function with a more efficient one to fully utilize the memory hi-

erarchy is also under investigation. It is also interesting to design an auto-tuning

procedure for “close-to-optimal” ε to remove the only tuning parameter in the algo-

rithm.

Beyond ground state computation, CDFCI is also suitable for excited state com-

putation. The extension of the optimization problem (4.4) to low-lying k excited

states can be achieved without orthogonality constraint, i.e.,

min
x∈RNFCI×k

f(x) =
∥∥H + xx>

∥∥2

F
. (6.1)

This is favorable as it removes the expensive orthogonalization step for FCI wave-

functions during iterations. Hence extending CDFCI to solve low-lying excited states
1While it is called asynchronized parallelization in coordinate descent methods, communication is
still needed after every several iterations. Hence the embarrassing parallelization of Monte Carlo
methods, as in FCIQMC type methods, is of better scalability.
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is another promising future direction to be explored.
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Appendix A

Proofs of Theorems

A.1 Proof of Theorem 3.3.1

In order to show the global convergence of the CD-Cyc-Grad, we introduce a few

definitions and terminologies here. Let χs be a set of strict saddle points of f(x),

i.e., χs is characterized by Lemma 3.2.6. Let gj(x) be the “coordinate-updating” in

Algorithm 5, mapping from x(`) to x(`+1) with coordinate j, i.e.,

x(`+1) = gj(x
(`)). (A.1)

When n steps of updating are composed together, we denote the composed mapping

as

g = gn ◦ gn−1 ◦ · · · ◦ g1. (A.2)

The corresponding iteration then is

x((k+1)n) = g(x(kn)), k = 0, 1, 2, . . . . (A.3)

We first establish a few lemmas for the proof of Theorem 3.3.1.

Lemma A.1.1. Let R ≥
√

maxj ‖A:,j‖ be a constant, γ ≤ 1
4(n+4)R2 be the stepsize,

and W0 = {x : ‖x‖∞ < R} be the set of initial vectors. For any x(0) ∈ W0, and any

coordinate index j, the following iteration is still in W0, i.e.,

x(1) = gj(x
(0)) = x(0) − γ

(
−4z

(0)
j + 4

∥∥x(0)
∥∥2
x

(0)
j

)
ej ∈ W0, (A.4)

where gj is defined as (A.1).
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Proof. Since x(0) and x(1) only differ by one entry from each other, in order to validate

that x(1) ∈ W0, it is sufficient to show that

∣∣∣x(0)
j − γ

(
−4z

(0)
j + 4

∥∥x(0)
∥∥2
x

(0)
j

)∣∣∣ < R. (A.5)

In the rest of the proof, we drop the superscript (0) to simplify the notations. We

denote the expression in the absolute value in (A.5) as

h
(
xj
)

= −4γx3
j +

(
1 + 4γAj,j − 4γ

∑
i 6=j

x2
i

)
xj + 4γ

∑
i 6=j

Ai,jxi, (A.6)

which is a cubic polynomial. Showing (A.5) is equivalent to show that −R < h
(
x
)
<

R for any x ∈ (−R,R). The local maximizer and minimizer of h(x) are the roots of

h′(x),

x± = ±

√
1

12γ
+
Aj,j

3
−
∑

i 6=j x
2
i

3
, (A.7)

where we have used the fact that 1 + 4γAj,j − 4γ
∑

i 6=j x
2
i ≥ 0, which can be verified

using the constraints on R and γ. Again, by the constraints, we obtain

∣∣x±∣∣ ≥
√
R2 +

R2 + Aj,j
3

+
nR2 −

∑
i 6=j x

2
i

3
> R, (A.8)

which means the local maximizer and minimizer are beyond the interval (−R,R).

The leading coefficient of h(x) is −4γ < 0. Therefore, showing −R < h(x) < R for

any x ∈ (−R,R) can be implied by h(R) < R and h(−R) > −R.

The inequality h(R) < R can be shown as

h(R) = R + 4γ

(∑
i

Ai,jxi −R
∑
i

x2
i

)
≤ R + 4γ

(
‖A:,j‖‖x‖ −R‖x‖2)

≤ R + 4γ‖x‖
(
‖A:,j‖ −R2

)
< R,

(A.9)
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where the first inequality adopts Hölder’s inequality and the second inequality is due

to the fact that ‖x‖ ≥ R. The inequality h(−R) > −R can be shown analogously.

Hence we proved the lemma.

Lemma A.1.2. For any x ∈ W0,

max
i,j

∣∣e>i ∇2f(x)ej
∣∣ < 4(n+ 3)R2, (A.10)

where W0 and R are as defined in Lemma A.1.1, f is the objective function as in

(3.1).

Proof. For any x ∈ W0 and any i, j = 1, 2, . . . , n, we have,

∣∣e>i ∇2f(x)ej
∣∣ =

∣∣−4Ai,j + 8xixj + 4‖x‖2
∣∣ < 4|Ai,j|+ 8R2 + 4nR2 < 4(n+ 3)R2.

(A.11)

One direct consequence of Lemma A.1.2 is that for any consecutive iterations in

either CD-Cyc-Grad, we have the following relation,

f
(
x(`+1)

)
≤ f

(
x(`)
)

+∇j`f
(
x(`)
)(
x

(`+1)
j`

− x(`)
j`

)
+
L

2

∣∣∣x(`+1)
j`

− x(`)
j`

∣∣∣2 (A.12)

where j` is the chosen coordinate at the `-th iteration and L = 4(n + 3)R2 is the

Lipschitz constant for the gradient of f . To simplify the presentation below, we will

use L instead of the explicit expression.

Lemma A.1.3. Let R ≥
√

maxj ‖A:,j‖ be a constant, γ ≤ 1
4(n+4)R2 be the stepsize,

and W0 = { x | ‖x‖∞ < R } be the set of initial vectors. For any x(0) ∈ W0, and the

iteration follows either CD-Cyc-Grad, we have

lim
`→∞

∥∥∇f(x(`)
)∥∥ = 0. (A.13)
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Proof. Substituting the updating expression in Algorithm 5 into (A.12), we obtain,

f
(
x(`+1)

)
≤ f

(
x(`)
)
− γ
(
∇j`f

(
x(`)
))2

+
Lγ2

2

(
∇j`f

(
x(`)
))2

. (A.14)

Since 1− γL
2
> 0, we have for any `

(
∇j`f

(
x(`)
))2 ≤ 1

γ
(
1− γL

2

)(f(x(`)
)
− f

(
x(`+1)

))
. (A.15)

Summing over all ` from 0 to T = nK for any big integer K, we have

K∑
k=0

n(k+1)−1∑
`=nk

(
∇j`f

(
x(`)
))2 ≤ 1

γ
(
1− γL

2

)(f(x(0)
)
− f

(
x(T )

))
≤ 1

γ
(
1− γL

2

)(f(x(0)
)
− f ∗

)
.

(A.16)

where f ∗ denotes the minimum of the objective function. Hence this means

lim`→∞∇j`f
(
x(`)
)

= 0. The limit is equivalent to say that for any δ0, there exists a

constant K0 such that for any k ≥ K0, we have,

∣∣∇j`f
(
x(`)
)∣∣ ≤ δ0, ` = kn, . . . , (k + 1)n− 1. (A.17)

Let `1 and `2 be two iterations within kn and (k + 1)n − 1, we first conduct a

loose Lipschitz bound on the coordinate-wise gradient, without loss of generality, we

assume `1 ≤ `2,∣∣∣∇j`1
f
(
x(`1)

)
−∇j`1

f
(
x(`2)

)∣∣∣ ≤ `2−1∑
`=`1

∣∣∣∇j`1
f
(
x(`)
)
−∇j`1

f
(
x(`+1)

)∣∣∣
≤L

`2−1∑
`=`1

∣∣x(`) − x(`+1)
∣∣

≤L
`2−1∑
`=`1

∣∣γ∇j`f
(
x(`)
)∣∣ ≤ nδ0,

(A.18)
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where the last inequality is due to (A.17) and γL ≤ 1. Let `0 be an iteration within

kn and (k+1)n−1. And another important point in Algorithm 5 is that {j`}(k+1)n−1
`=nk

is {1, 2, . . . , n}. Next, we would show that the square norm of the full gradient also

converges to zero,

∥∥∇f(x(`0)
)∥∥2

=
n∑
j=1

(
∇jf

(
x(`0)

))2

=

(k+1)n−1∑
`=nk

(
∇j`f

(
x(`0)

)
−∇j`f

(
x(`)
)

+∇j`f
(
x(`)
))2

≤
(k+1)n−1∑
`=nk

((
∇j`f

(
x(`)
))2

+ 2δ0

∣∣∇j`f
(
x(`0)

)
−∇j`f

(
x(`)
)∣∣

+
∣∣∇j`f

(
x(`0)

)
−∇j`f

(
x(`)
)∣∣2)

≤(n+ 2n2 + n3)δ2
0.

(A.19)

Since δ0 can be arbitary small, therefore, we conclude that lim`→∞
∥∥∇f(x(`)

)∥∥ = 0.

Here, the initial vector of the method must be chosen in the W0 to guarantee the

bounded Lipschitz condition on the gradient of f and iteration stays within W0.

Proof of Theorem 3.3.1. Since R ≥
√

maxj ‖A:,j‖ and γ ≤ 1
4(n+4)R2 , Lemma A.1.1

states that for any x ∈ W0 and j, we have gj(x) ∈ W0. Hence we have, for any x ∈ W0,

g(x) ∈ W0, where g is defined as (A.2). Further, as stated by Lemma A.1.2, f has

bounded Lipschitz coordinate gradient inW0 and the stepsize γ obeys γ ≤ 1
4(n+4)R2 <

1
4(n+3)R2 . Proposition 4 in [46] shows that under these conditions, det(Dg(x)) 6= 0.

Corollary 1 in [46] shows that µ
({
x(0)

∣∣ limk→∞ g
k(x(0)) ∈ χs

})
= 0. Combining

with the conclusion of Lemma A.1.3, we obtain the conclusion of Theorem 3.3.1.
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A.2 Proof of local convergence of SCD methods

Proof of Lemma 3.5.5. For any x(`) ∈ D+ ⊂ B+ and fixed index j, f
(
x(`)
)
is a quartic

monic polynomial of x(`)
j , denoted as p(x(`)

j ). Since f
(
x(`)
)

= p(x
(`)
j ), I = {y : p(y) ≤

f
(
x(`)
)
} is a non-empty set.

When p′(x(`)
j ) = ∇jf

(
x(`)
)

= 0, we obtain,

f
(
x(`+1)

)
≤ f

(
x(`)
)
− 1

2L

(
∇jf

(
x(`)
))2

. (A.20)

When p′(x
(`)
j ) = ∇jf

(
x(`)
)
< 0, there exists an interval [a, b] with a < b such

that p(a) = p(b) = f
(
x(`)
)
and p(y) < f

(
x(`)
)
for all y ∈ (a, b). It can be further

confirmed that a = x
(`)
j . By mean value theorem, there exists at least one number

c ∈ (a, b) such that p′(c) = 0. If there are two, let c denote the smaller one so that

p′(y) < 0 for y ∈ (a, c). Applying the mean value theorem one more time, we have,

0 < −∇jf
(
x(`)
)

= −p′(a) = p′(c)− p′(a) = (c− a)p′′(ξ) ≤ (c− a)L, (A.21)

which means

a−
∇jf

(
x(`)
)

L
= x

(`)
j −

∇jf
(
x(`)
)

L
∈ (a, c). (A.22)

Equation (A.22) implies x(`)− 1
L
∇jf

(
x(`)
)
ej ∈ D+. Following the Lipschitz condition

of ∇jf in D+, we obtain,

f
(
x(`+1)

)
≤f
(
x(`) − 1

L
∇jf

(
x(`)
)
ej
)

≤f
(
x(`)
)
− 1

L

(
∇jf

(
x(`)
))2

+
L

2

(
1

L
∇jf

(
x(`)
))2

=f
(
x(`)
)
− 1

2L

(
∇jf

(
x(`)
))2

.

(A.23)

Similarly, equation (A.23) can be obtain when p′(x
(`)
j ) = ∇jf

(
x(`)
)
> 0 as the

case of p′(x(`)
j ) = ∇jf

(
x(`)
)
< 0.
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Analogically, we can show the same conditions with the same constants hold for

f in D−.

Once we have f
(
x(`+1)

)
≤ f

(
x(`)
)
− 1

2L

(
∇jf

(
x(`)
))2, it is straightforward to show

that x(`+1) ∈ D+∪D−. If x(`+1) 6∈ D+∪D− then there exist more than two minimizers

of f(x) which violates Theorem 3.2.7. Hence, x(`+1) ∈ D+ ∪D−.

Proof of Lemma 3.5.6. By Lemma 3.5.5, we have,

f
(
x(`+1)

)
≤ f

(
x(`)
)
− 1

2L

(
∇j`f

(
x(`)
))2

, (A.24)

where j` denotes the index picked at `-th iteration. Subtracting f ∗ from both side of

(A.24) and taking the conditional expectation, we obtain,

E
[
f
(
x(`+1)

)
| x(`)

]
− f ∗ ≤f

(
x(`)
)
− f ∗ − 1

2L
E
[(
∇j`f

(
x(`)
))2 | x(`)

]
=f
(
x(`)
)
− f ∗ − 1

2L

n∑
j=1

∣∣∇jf
(
x(`)
)∣∣t+2∥∥∇f(x(`)
)∥∥t

t

=f
(
x(`)
)
− f ∗ − 1

2L

∥∥∇f(x(`)
)∥∥t

t+2∥∥∇f(x(`)
)∥∥t

t

∥∥∇f(x(`)
)∥∥2

t+2

≤f
(
x(`)
)
− f ∗ − 1

2Ln
2
t+2

∥∥∇f(x(`)
)∥∥2

t+2
,

(A.25)

where the first equality uses the probability pj of the sampling procedure and the

last equality is due to elementary vector norm inequality.

Next, we will bound the last term in (A.25) with the strongly ‖·‖ t+2
t+1

-convex prop-

erty of f(x). Minimizing both side of (3.25) with respect to y and substituting

x = x(`), we have,

f ∗ ≥f
(
x(`)
)
− sup

y

{
−∇f

(
x(`)
)> (

y − x(`)
)
− µq

2

∥∥y − x(`)
∥∥2
t+2
t+1

}
≥f
(
x(`)
)
− 1

2µq

∥∥∇f(x(`)
)∥∥2

t+2
,

(A.26)
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where q = t+2
t+1

and the last supreme term in the first line is a conjugate of function

µq
2
‖·‖2

t+2
t+1

and the result is given by Example 3.27 in [9], which is 1
2µq
‖·‖2

t+2. Here

‖·‖t+2 is the dual norm of ‖·‖ t+2
t+1

.

Substituting (A.26) into (A.25), we obtain,

E
[
f
(
x(`+1)

)
| x(`)

]
−f ∗ ≤

(
1− µq

Ln2−2 t+1
t+2

)(
f
(
x(`)
)
−f ∗

)
=
(
1− µq

Ln2− 2
q

)(
f
(
x(`)
)
−f ∗

)
.

(A.27)

Proof of Theorem 3.5.7. By Lemma 3.5.5, we know that if x(0) ∈ D+ ∪ D−, then

x(`) ∈ D+ ∪D− for all `. Hence Lemma 3.5.6 holds for all x(`) ∈ D+ ∪D−. We take

expectation condition on the sigma algebra of x(0),

E
[
f
(
x(`)
)
| x(0)

]
− f ∗ ≤

(
1− µq

Ln2− 2
q

) (
E
[
f
(
x(`−1)

)
| x(0)

]
− f ∗

)
≤ · · · ≤

(
1− µq

Ln2− 2
q

)` (
f
(
x(0)
)
− f ∗

)
,

(A.28)

where we adopt property of conditional expectation.

Assume x(`) ∈ D+ and x∗ =
√
λ1v1 ∈ D+. Due to the strongly convexity of f(x),

we have

E
[
dist
(
x(`), X∗

)2 | x(0)
]
≤E
[∥∥x(`) − x∗

∥∥2 | x(0)
]

≤ 2

µ2

E
[
f
(
x(`)
)
− f(x∗) | x(0)

]
≤ 2

µ2

(
1− µq

Ln2− 2
q

)` (
f
(
x(0)
)
− f ∗

)
.

(A.29)

If x(`) ∈ D−, then we choose x∗ = −
√
λ1v1 ∈ D− and the conclusion follows as

above.
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